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Introduction

1.1 General Overview

The global dependence on fossil fuels, coal, petroleum, and natural gas has powered
human progress for over a century. However, these conventional energy sources
are finite, heavily polluting, and major contributors to environmental degradation
and climate change. The escalating energy demand, combined with the geopoliti-
cal and ecological consequences of fossil fuel usage, has intensified the search for
cleaner, more sustainable alternatives. Among the promising alternatives, biofu-
els have emerged as renewable energy carriers capable of reducing greenhouse gas
emissions and alleviating dependence on imported oil.

Biofuels are derived from biological materials and encompass a range of energy-
rich products, including biogas, bioethanol, and biodiesel. Biodiesel, in particular,
has gained attention as a viable substitute for diesel fuel due to its compatibility
with existing engines, biodegradability, and lower emission profile. In recent years,
biodiesel has emerged as a promising and viable alternative to conventional fos-
sil fuels, particularly in the context of increasing global concern over environmen-
tal degradation and the finite nature of petroleum resources. As a renewable and
biodegradable fuel, biodiesel is often recognized as a clean energy source, capable
of significantly reducing harmful emissions and contributing to environmental pro-
tection. One of the most notable advantages of biodiesel lies in its ability to lower the
emission levels of major pollutants such as carbon dioxide (CO,), carbon monoxide
(CO), sulfur dioxide (SO;), and unburned hydrocarbons (HC) when compared to
traditional petroleum-based diesel (Ogunkunle and Ahmed, 2021). The reduction
of sulfur dioxide emissions, in particular, is attributed to the inherently low sulfur

content present in biodiesel. This makes it a cleaner-burning alternative, thereby
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helping to curb acid rain and other forms of atmospheric pollution that are often
linked to high-sulfur fossil fuels. Unlike diesel derived from crude oil, biodiesel
combustion produces minimal SO,, making it a more environmentally sustainable

option.

1.2 Feedstocks for Biodiesel Synthesis

Biodiesel can be produced from a variety of renewable feedstocks, making it both
versatile and adaptable to regional resource availability. The feedstock used for
biodiesel production plays a crucial role in determining its cost, environmental im-
pact, and sustainability. Over the years, raw materials for biodiesel have been
broadly classified into three generations, first, second, and third generation, based
on their origin, availability, and implications for food security and land use. Each
generation represents a step forward in the search for more sustainable and eco-

friendly biofuel alternatives.

* First-Generation Feedstocks: First-generation biodiesel feedstocks primarily
include edible oils derived from food crops. Common examples include: Soy-
bean oil (widely used in North and South America), Rapeseed oil (popular in
Europe), Sunflower oil, Palm oil (abundant in Southeast Asia), Coconut oil,

etc..

¢ Second-Generation Feedstocks: These feedstocks are more sustainable, as
they do not directly compete with food crops and often make use of mate-
rials that would otherwise be discarded. Key second-generation feedstocks
include non-edible vegetable oils such as: Jatropha curcas oil, Pongamia pinnata
(karanja) oil, Castor oil, Neem oil, Waste Cooking oils (WCO) from restaurants
and households, Animal fats (tallow, lard, poultry fat), Grease trap oils and

yellow grease.

¢ Third-Generation Feedstocks: Third-generation biodiesel feedstocks are de-
rived from microalgae and other photosynthetic microorganisms, represent-
ing a breakthrough in renewable fuel technology. Some species of algae, like
Chlorella, Spirulina, and Nannochloropsis, are extensively studied for biodiesel

production.
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In our study, we focused on three specific feedstocks, Jatropha curcas oil, rape-
seed oil, and waste cooking oil, due to their relevance and potential for sustainable

biodiesel production. A concise overview of each is presented below.

1.2.1 Jatropha curcas Oil as Feedstock

Among various non-edible oilseed crops, Jatropha curcas has attracted significant
attention as a sustainable and environmental friendly feedstock for biodiesel pro-
duction, especially in tropical and subtropical regions. Jatropha curcas is a hardy
perennial shrub belonging to the Euphorbiaceae family. It can grow on marginal
lands with minimal input requirements, making it an ideal resource for cultivation
in regions unsuitable for food crops (Contran et al., 2013). The seed contains 35-40%
oil, and the kernel of Jatropha curcas contains 50-60% oil (Achten et al., 2008), which
can be extracted and converted into biodiesel through transesterification.

It requires relatively low maintenance and has a life span of over 30 years, mak-
ing it a long-term solution for renewable energy production. Moreover, being a non-
edible oil crop, it does not compete directly with food production, thereby address-
ing one of the key concerns associated with first-generation biodiesel feedstocks.
The oil is rich in unsaturated fatty acids like oleic and linoleic acids, resulting in
biodiesel with satisfactory ignition quality and acceptable cold flow properties. Ad-
ditionally, Jatropha-based biodiesel generally meets international fuel quality stan-
dards, including ASTM D6751 and EN 14214. The inclusion of Jatropha curcas in this

study offers an opportunity to assess the potential of non-food biodiesel feedstocks.

Despite its potential, several challenges hinder the commercial scalability of Ja-
tropha curcas cultivation. Similar to any other crops, Jatropha plantations are also
vulnerable to pest infestations, which significantly impact crop yield. More than 40
insect species have been reported to attack Jatropha plant (Anitha and Varaprasad,
2012). Among them, Pempelia morosalis, a lepidopteran pest, is particularly damag-
ing, especially during the second year of plantation when the plant is most vulner-
able (Terren et al., 2012). This pest feeds on the leaves and stems, causing extensive
damage. A single female P. morosalis can lay 41 — 60 eggs in its lifetime. The eggs
hatch within 5 — 7 days into larvae, which consume plant tissues for 25 — 30 days
before the mature stage. The larval stage is considered the most destructive (Sabi-

Sabi, Nacro, et al., 2016). The increasing global demand for biofuels has brought
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Jatropha into the spotlight, especially in developing countries. However, despite
its huge potential to serve as an alternative to standard fuel sources, there is a lack
of comprehensive knowledge about pest control strategies and agronomic manage-
ment practices for Jatropha cultivation (Chowdhury et al., 2016; Ranga Rao et al.,
2010).

Various pest control methods have been explored previously to address this is-
sue. Chemical control remains one of the most commonly applied strategies due to
its rapid effectiveness against pest populations (Smith, 1962). However, prolonged
use of these techniques is harmful in cultivation because these can degrade soil qual-
ity, contaminate water sources, disrupt beneficial insect populations, and ultimately
destabilize the agro-ecosystem. In contrast, biological control methods offer a more
sustainable alternative, using natural enemies such as predators, parasitoids and
pathogens to reduce the pest populations (Bhattacharyya and Bhattacharya, 2006;
Ghosh and Bhattacharya, 2010). Additionally, integrated pest management (IPM)
strategies have also garnered considerable attention from researchers lately. IPM is
a holistic and comprehensive pest management approach which aims to achieve ef-
fective and long-term pest control by working with nature and utilizing a range of
strategies. It reduces dependence on synthetic pesticides, lowering potential risks
to human health and the environment and encourages a more sustainable and eco-
logically balanced approach to pest control (Chowdhury et al., 2019). Among the
emerging strategies, the sterile insect technique (SIT) stands out as an innovative,
eco-friendly and highly targeted approach to pest management. While SIT can be
operated independently, it is widely classified as a compatible and primary compo-
nent under the IPM umbrella.

SIT requires mass-rearing and sterilizing insects using radiation. These sterile
insects are then released into the wild population to interrupt the reproductive cy-
cle of the pest. When sterile males mate with wild females, no viable offspring are
produced. This ultimately leads to a decline in the pest population over successive
generations (Dame, 1984). Thus, as a biological control method, SIT works by sup-
pressing wild pest populations through reproductive interference, which ultimately
drives the target population toward a complete collapse over time. The synergy be-
tween biological control agents and SIT was first emphasized by Knipling (Knipling,
1979) and Barclay (Barclay, 1987), who suggested that merging these two methods

enhances the overall effectiveness of the combined strategy. In recent times, SIT
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has been successfully implemented against various pest populations which include
plant pests such as fruit fly Drosophila suzukii (Sassu et al., 2019; Lanouette et al.,
2017), red palm weevil Rynchophorus ferrugineus Olivier (Liu et al., 2021, Dembilio
and Jaques, 2015), livestock pests e.g. sheep blow fly Lucilia caprina (Yan et al., 2020;
Kotze and James, 2022) and numerous vectors associated with human disease for
instance, mosquitoes (Gato et al., 2021; Bourtzis and Vreysen, 2021; Patinvoh and
Susu, 2014). Despite the successful trials of SIT, certainly, many challenges are still
to be explored by the researchers in the domain of mathematical modeling and ex-
perimental studies. In this context, key focus areas remain developing more cost-
effective mass-rearing techniques, improving strain competitiveness of sterile in-
sects, integrating SIT with other established control methods and most importantly,

expanding the application of SIT to new pest species.

Several mathematical frameworks have been developed earlier to address pest
management in Jatropha plantations (Roy et al., 2015; Al-Basir et al., 2017, 2018,
2023). Roy and collaborators proposed and analyzed biological control strategies by
incorporating viruses as pest-suppressing agents in Jatropha sp. ecosystems (Roy
et al., 2015; Chowdhury et al., 2016). In particular, Roy et al. (Roy et al., 2015)
investigated the application of bio-pesticides in a periodic impulsive framework.
Chowdhury et al. (Chowdhury et al., 2019) formulated a mathematical model based
on integrated pest management using an optimal control approach, demonstrating
its cost-effectiveness and rapid pest suppression. Basir et al. (Al Basir et al., 2023)
introduced a dual-impulse technique involving the combined release of chemical
and biological pesticides for enhanced pest control. Although several mathematical
models have explored pest control strategies in Jatropha cultivation using chemi-
cal and bio-pesticides, various significant drawbacks and limitations have been ob-
served in recent experimental literature. This certainly demands innovation and
investigation of a novel pest control strategy such as SIT by stepping outside the
box instead of existing conventional techniques experimented with so far for pest

control in Jatropha plantation.

In this thesis, we present a chapter that develops three mathematical models in-
corporating the release of sterile male insects to disrupt the mating dynamics of wild
pest populations, specifically targeting Pempelia morosalis. Considering these mod-

els we explore how different strategies for releasing sterile males at various time
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intervals can effectively control pest populations while ensuring ecological sustain-

ability.

1.2.2 Rapeseed Oil as Feedstock

In the quest for sustainable energy alternatives, rapeseed oil has emerged as one of
the most promising feedstocks for biodiesel production, particularly in Europe and
parts of Asia. Rapeseed (Brassica napus ) is an oilseed crop belonging to the Brassi-
caceae family. It is primarily cultivated in temperate climates and has become the
second most important source of vegetable oil globally after soybean. The seeds of
the plant contain a high oil content, ranging from 40% to 45%, making it highly suit-
able for biofuel applications. Rapeseed is well-suited for large-scale biodiesel pro-
duction due to its adaptation to different climate conditions, relatively short growth
cycle, and high yield per hectare, identifying it as an efficient and desirable feed-
stock.

Despite its benefits, rapeseed cultivation poses certain challenges, including com-
petition for arable land with food crops and vulnerability to pests and diseases,
which require careful management. Ongoing research focuses on improving rape-
seed cultivars with higher oil yield and resistance to biotic stresses. The inclusion of
rapeseed oil as a biodiesel feedstock in this study provides a comparative perspec-
tive with other sources, such as Jatropha curcas. This comparison offers valuable in-
sights into how the choice of feedstock, along with technological interventions and

control-based optimization, can influence the future of renewable fuel production.

1.2.3 Waste Cooking Oil as Feedstock

Among the various feedstocks considered for biodiesel production, waste cooking
oil (WCO) has gained significant attention due to its abundance, low cost, and con-
tribution to waste reduction. Waste cooking oil is a by-product generated in large
quantities from households, restaurants, food processing units, and the hospital in-
dustry. Improper disposal of WCO poses serious environmental hazards, includ-
ing water pollution and sewer blockages. Utilizing WCO for biodiesel production
provides an environmentally sustainable solution by transforming a problematic
waste into a valuable fuel. Chemically, waste cooking oil is composed of triglyc-

erides, free fatty acids (FFA), and degradation products resulting from repeated
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heat generation during cooking. These thermal alterations often increase the FFA
content and introduce impurities, making WCO a challenging but viable feedstock
for biodiesel production. Conventional transesterification methods are less effective
when the FFA content is high, as it leads to soap formation. Therefore, pretreatment
processes such as acid esterification are often employed to reduce FFAs before the
base-catalyzed transesterification step. The major advantages of using WCO include
cost-effectiveness, non-competitiveness with food sources.

Although waste cooking oil is widely recognized for its potential as a biodiesel
feedstock, its practical use is limited by challenges such as complex collection logis-
tics, variability in quality, and the high costs associated with pretreatment processes.
However, with proper infrastructure for collection and quality assessment, along
with efficient processing technologies, WCO stands out as one of the most sustain-
able and economical options for biodiesel production. The inclusion of WCO as a
biodiesel feedstock in this study emphasizes the role of waste-to-energy conversion
in promoting circular economy principles. This thesis evaluates WCO alongside
both conventional and non-edible plant-based sources, such as rapeseed oil and Ja-
tropha oil. The comparative assessment highlights how the choice of feedstock can
substantially improve the economic and environmental sustainability of biodiesel

production systems.

1.3 Transesterification Reaction for Biodiesel Production

The production of biodiesel is fundamentally a chemical transformation process in
which triglycerides, the primary constituents of fats and oils, are converted into
mono-alkyl esters (biodiesel) through a reaction with short-chain alcohols, most
commonly methanol or ethanol. This process is known as transesterification and can
be catalyzed chemically or, in some cases, biologically (Ma and Hanna, 1999; Le-
ung et al., 2010). The most widely adopted route for biodiesel production is chem-
ical transesterification using acid or base catalysts. In the base-catalyzed method,
sodium hydroxide (NaOH) or potassium hydroxide (KOH) is dissolved in methanol
to form alkoxide ions. These ions attack triglyceride molecules, releasing one mole
of fatty acid ester and forming diglycerides, which subsequently react until full con-

version. In contrast, acid catalysts such as sulfuric acid are used when feedstocks
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contain high free fatty acid (FFA) content, which would otherwise lead to soap for-
mation under alkaline conditions (Ma and Hanna, 1999). Despite its slower kinet-
ics, acid-catalyzed transesterification effectively facilitates the esterification of free
fatty acids (FFAs) as well as the transesterification of triglycerides. Beyond these,
enzymatic catalysts (lipases), either free or immobilized, offer an eco-friendly and

selective alternative, eliminating soap formation and easing purification.

1.3.1 Reaction Schema for Base-Catalyzed Transesterification
The overall stoichiometric reaction for base-catalyzed transesterification is repre-
sented as:

Triglyceride (TG) + 3 ROH —*** 3R’-COOR + Glycerol,

where ROH denotes the alcohol (typically methanol or ethanol), and R-COOR
represents the corresponding fatty acid methyl or ethyl ester, which constitutes the
biodiesel. This transformation occurs through a sequence of three consecutive and
reversible reactions, each involving the stepwise conversion of glyceride interme-
diates: In the first step, the triglyceride reacts with one mole of alcohol to form a

diglyceride (DG) and one mole of fatty acid ester:
TG + ROH = DG + R’-COOR.

In the second step, the diglyceride undergoes transesterification with another mole

of alcohol to yield monoglyceride (MG) and an additional mole of ester:
DG + ROH = MG + R’-COOR.

In the final step, the monoglyceride reacts with a third mole of alcohol to produce

glycerol and the third mole of ester:
MG + ROH = Glycerol + R’-COOR.

The reversibility of these steps underscores the need for optimized reaction condi-

tions to ensure complete conversion and high yield of biodiesel. Catalysts such as
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NaOH or KOH are commonly used to accelerate the reaction under mild tempera-

ture and pressure conditions.

1.3.2 Reaction Schema for Enzyme-Catalyzed Transesterification

In enzymatic transesterification, the production of biodiesel from Jatropha oil pri-
marily involves the conversion of triglycerides (TG) and free fatty acids (F) into
biodiesel (BD) through a two-step mechanism, catalyzed by a lipase enzyme (E).
This process is particularly advantageous due to its mild reaction conditions, sub-
strate specificity, and the ability to process high free fatty acid content without soap
formation. The overall enzymatic pathway can be described as follows: In the first
step, the enzyme (E) reacts with triglyceride (TG) to form a complex [E - T'G]. This
intermediate subsequently breaks down to produce free fatty acid (F), glycerol (GL),
and regenerates the free enzyme (E). In the second step, the free fatty acid (F) reacts
with methanol (AL) to form a second complex [F' - AL]. This complex further dis-
sociates to yield biodiesel (BD) and releases the free enzyme (E) for reuse. These

reversible reactions can be schematically represented as:

E+TG=[E-TG]=F+GL,
F+ AL =[F AL = E + BD.

The enzyme functions catalytically and is regenerated at the end of each cycle, en-

abling sustained reaction progression.

1.3.3 Mass Transfer Resistance in Transesterification Reaction

Biodiesel production through transesterification is a complex physicochemical pro-
cess involving the conversion of triglycerides into fatty acid methyl esters (FAME)
in the presence of alcohol and a catalyst. While this reaction appears simple in stoi-
chiometric terms, its efficiency is deeply influenced by several interrelated physical
and chemical phenomena, among which mass transfer plays a central role. Particu-
larly, the mass transfer resistance between alcohol and triglyceride phase emerges as
a critical barrier during the reaction, significantly impacting reaction kinetics, con-

version rates, and overall process yield.
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Nonpolar triglycerides and polar alcohol are immiscible or partially miscible un-
der reaction conditions, resulting in the formation of a two-phase system. The reac-
tion primarily occurs at the interface between the alcohol-rich and oil-rich phases,
meaning that the effective interaction between these two liquids is essential for a
smooth transesterification process. In such biphasic systems, mass transfer resis-
tance arises due to the limited solubility of methanol in the oil phase and the rel-
atively sluggish diffusion of reactants across the phase boundary. The presence of
this resistance restricts the contact between methanol and triglyceride molecules,
thereby slowing the reaction rate, especially in the early stages. This issue is even
more pronounced when methanol is used in low molar ratios, as the available al-
cohol is quickly depleted near the interface, necessitating additional diffusion from
the bulk phase to sustain the reaction.

Several studies have emphasized that enhancing mass transfer is crucial for achiev-
ing higher biodiesel yields, particularly during the initial phase of the reaction. Var-
ious factors collectively contribute to reduce mass transfer resistance between alco-
hol and triglyceride. By increasing agitation or mixing, the alcohol is dispersed into
finer droplets, which promotes better contact between the immiscible phases and
increases the interfacial area. The application of ultrasound induces cavitation and
microturbulence, which disrupts the phase boundary and accelerates mass trans-
fer. The molar ratio of alcohol to oil also plays a key role in reducing mass transfer
resistance. Higher alcohol concentrations increase the driving force for diffusion
and increase the saturation level of alcohol in the oil phase, thereby improving the
reaction rate. Reaction temperature is another important factor influencing mass
transfer. Higher temperatures lower oil viscosity, enhance diffusion, and improve
alcohol solubility in triglycerides, and so, mass transfer resistance is diminished.
Additionally, the size of the reactor vessel plays a non-negligible role in determin-
ing the overall efficiency of mass transfer.

A detailed explanation of the role of ultrasound frequency in the biodiesel pro-
duction process, along with a comparison to mechanical stirring, has been given

below.

1.4 Role of Ultrasound in Biodiesel Production

The production of biodiesel through the transesterification of triglyceride-rich oils

with alcohol often suffers from inherent limitations due to slow reaction kinetics,
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phase immiscibility, and mass transfer resistance between the reactants. Tradition-
ally, mechanical stirring has been employed to address these challenges by promot-
ing macro-level mixing. However, in recent years, the application of ultrasound
(US) technology, particularly in the form of ultrasonic cavitation, has gained promi-
nence as a highly efficient method to intensify the transesterification process. The
frequency of ultrasound plays a vital role in determining the cavitational dynam-
ics, mixing efficiency, and consequently, the reaction rate and biodiesel yield. Ultra-
sound refers to sound waves with frequencies above 20 kHz, beyond the upper limit
of human hearing. In biodiesel synthesis, ultrasound is applied through a probe (di-
rect) or bath (indirect) that delivers high-frequency acoustic energy into the reaction
mixture. This acoustic energy causes the formation, growth, and sudden collapse of
microbubbles in the liquid medium, a phenomenon known as acoustic cavitation.
When these cavitation bubbles collapse, they generate localized hot spots with tran-
sient temperatures reaching up to 5000 K and pressures over 1000 atm. This intense
micro-environment enables efficient micromixing, breaks interfacial resistance, and
boosts both mass transfer and reaction rates. As a result, it is significantly reduce re-
action time and the amount of catalyst needed for high conversion. Such effects are
particularly beneficial in overcoming the limitations posed by mechanical stirring

and enabling more sustainable, high-yield biodiesel production.

1.4.1 Mass Transfer Coefficient in terms of Ultrasound Frequency

To evaluate the impact of ultrasound on the process, the mass transfer coefficient
is mathematically modeled, as it directly reflects how efficiently reactants reach the
reaction site. This coefficient is governed by both hydrodynamic and diffusional
transport phenomena, which are typically characterized using two dimensionless
numbers: the Reynolds number (Re) and the Schmidt number (Sc). The Reynolds

number represents the ratio of inertial to viscous forces in the fluid and is given by

d*pH
Re = P ,
1
where d is the characteristic length scale (e.g., vessel diameter), p is the fluid density,

p is the dynamic viscosity, and H is the applied ultrasound frequency (analogous to
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a velocity term in this context). The Schmidt number expresses the ratio of momen-

tum diffusivity to mass diffusivity and is defined as

1

Se= -1
c oD’

where D is the molecular diffusivity of the fluid. The mass transfer coefficient r.
under ultrasonic agitation can be estimated using a semi-empirical correlation anal-

ogous to the Dittus-Boelter correlation (Dittus and Boelter, 1985):
_ D 0.8 0.33
r. = 0.023 = (Re)™™ (Se)™, (1.1)

where all variables retain their previously defined meanings. This correlation re-
flects how ultrasound-induced turbulence and acoustic streaming enhance interfa-
cial transport. Since the inverse of the mass transfer coefficient indicates the resis-
tance that the reactants face in reaching the reaction site, it follows that both the
vessel diameter and sonication conditions significantly influence this resistance. A
useful formulation is to express the overall mass transfer rate constant M, as the

mass transfer coefficient per unit vessel diameter is:

0.8
M, = %C —0.023 % (Re)™® (Se)"™ = 0.023 % (dQZ H) (p%)o'gg. (1.2)

This final expression illustrates how the mass transfer performance in ultrasound-
assisted biodiesel production depends not only on the physical properties of the
fluid (density, viscosity, diffusivity), but also on the design parameters of the system
(vessel diameter) and most importantly, on the applied ultrasound frequency. Such
mathematical modeling facilitates a more comprehensive understanding of reactor
behavior and promotes the advancement of ultrasound technology for large-scale

biodiesel production.

1.4.2 Mathematical Modeling Approach for Biodiesel Production

Biodiesel production through transesterification is a complex multiphase process

influenced by reaction kinetics, mass transfer phenomena, and mixing dynamics.
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Mathematical modeling plays a vital role in understanding, analyzing, and optimiz-
ing this process by formulating a nonlinear set of equations that describe the evo-
lution of reactants concentrations over time. Conventionally, biodiesel models are
constructed based on mass balance equations that consider both chemical reaction
rates and transport processes. In this study, reaction kinetics are typically modeled
using a set of ordinary differential equations (ODEs), accounting for sequential con-
version of triglycerides into diglycerides, monoglycerides, and ultimately glycerol
and biodiesel. By developing such models for transesterification reactions, biodiesel
production can become more cost-effective. These models assist in optimizing reac-
tion parameters while also forecasting biodiesel yield and quality under various
conditions. Several mathematical model-based studies on base-catalyzed transes-

terification reactions in biodiesel synthesis have been documented in the literature.

1.5 Literature Review and Motivation

Ultrasound has been effectively used to enhance both mass transfer and reaction
rates in homogeneous (Berlan et al., 1994; Cum et al., 1988) and heterogeneous (Jie
and Lam, 1995; Luche, 1994) systems. Its application in biodiesel production offers
notable advantages over mechanical stirring. Stavarache et al. (Stavarache et al.,
2003) showed that low-frequency ultrasound (40 kHz) accelerates transesterifica-
tion and improves biodiesel yield. Similarly, Colucci (Colucci et al., 2005) found that
ultrasound increases apparent rate constants in alkaline transesterification. Geor-
gogianni et al. (Georgogianni et al., 2007, 2009) demonstrated that ultrasound, with
both catalyst types, enhanced soybean oil conversion compared to mechanical stir-
ring. In another study, a 98% ester yield from sunflower oil was achieved in 40
minutes using a 24 kHz ultrasonic probe (200 W), while mechanical stirring yielded
only 88% in 4 hours (Georgogianni et al., 2008). Lifka et al. (Lifka and Ondruschka,
2004) reported 87% biodiesel conversion from canola oil in 30 minutes under ul-
trasound (24 kHz, 200 W) using a 6:1 molar ratio and 0.5-1% NaOH. Santos et al.
(Santos et al., 2010) achieved 98.2% yield from Nile Tilapia fish o0il in 90 minutes at
40 kHz.

Several mathematical model-based studies on base-catalyzed transesterification
reactions in biodiesel synthesis have been documented in the literature. Benavides
and Diwekar showed the effects of both deterministic control (Diwekar and Bena-

vides, 2012) and stochastic control (Benavides and Diwekar, 2012) mathematically
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for biodiesel production in a batch reactor. The effect of stirring profile on mass
transfer resistance is studied by Roy et al. (Roy et al., 2014) through mathemati-
cal modeling, combined with control theory, using Jatropha seed oil as a feedstock.
Chowdhury et al. (Chowdhury et al., 2017) demonstrated the influence of tem-
perature and catalyst loading on biodiesel production, and in a subsequent study
(Chowdhury et al., 2020), conducted a comparative analysis between chemical cat-
alytic and supercritical methods for biodiesel synthesis. The literature contains a
limited number of studies on kinetic modeling for enzymatic biodiesel production.
Al-Zuhair et al. (Al-Zuhair et al., 2007) formulated a kinetic model for producing
biodiesel catalyzed by lipase from waste cooking oil. Liu et al. (Liu et al., 2014),
Basir et al. (Al Basir et al., 2015; Al Basir and Roy, 2017; Al Basir et al., 2017), Kar-
tika et al. (Juan et al., 2011) have investigated mathematical models for enzymatic
biodiesel production from various feedstocks.

Recently, fractional-order derivatives have attracted growing interest in math-
ematical modeling for their ability to capture memory and time-dependent reac-
tive behavior in dynamic systems (Patnaik et al., 2020). Unlike traditional integer-
order derivatives, fractional derivatives account for the influence of past states on
present behavior through their integral-based formulation. Various fractional oper-
ators exist, defined by different kernel functions that determine the extent and na-
ture of memory influence (Uchaikin, 2013). Among these, the Caputo-Fabrizio (CF)
and Atangana—Baleanu in Caputo sense (ABC) derivatives have gained prominence
due to their non-singular kernel structures. Several studies have applied fractional
derivatives to heat and mass transfer, chemical kinetics, and fluid dynamics. Khan
et al. (Khan et al., 2017) compared CF and ABC derivatives in modeling second-
grade fluids and observed that ABC predicts faster flow. Singh et al. (Singh et al.,
2017) used the ABC derivative in chemical kinetics, noting its superior representa-
tion of memory effects. Edessa (Edessa, 2022) showed that CF derivatives offer a
more accurate representation of enzyme kinetics compared to classical models.

In the context of biodiesel production, particularly transesterification, memory
effects, where the system’s current state depends on its history, are significant. This
memory effect influences reaction rates and system stability, making fractional-order
models highly suitable for describing the complex kinetics involved. Among the
limited studies applying this framework to biodiesel, Basir et al. (Al Basir et al.,
2017) used a fractional-order model for enzymatic biodiesel synthesis under me-

chanical stirring. Their findings revealed improved biodiesel yield at a fractional
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order of 0.9, suggesting the benefit of incorporating memory effects.

Despite extensive research on biodiesel production, several critical gaps remain
unaddressed. While many studies have examined mass transfer limitations in me-
chanically stirred systems (Chowdhury et al., 2020; Al Basir et al., 2015), there re-
mains a notable gap in mathematical modeling focused specifically on ultrasound-
induced mass transfer in biodiesel production. After exploring the effect of ultra-
sound in reducing mass transfer limitations in biodiesel production, it becomes nec-
essary to conduct a mathematical comparison with mechanical stirring to determine
which approach is superior and cost-efficient for biodiesel production. Furthermore,
the influence of key factors like reaction rates and mass transfer coefficients in deter-
mining the yield across these mixing techniques remains poorly understood. This
opens up important questions regarding the fundamental nature of the transesteri-
fication process: does it exhibit memory-dependent behavior, and if so, which frac-
tional derivative formulation, Caputo-Fabrizio or Atangana—Baleanu, best captures
the underlying dynamics? Lastly, while enzymatic biodiesel production under ul-
trasound has been experimentally studied, no predictive, model-based mathemat-
ical framework has yet been proposed to describe this process. Addressing these
gaps can significantly advance the optimization and scalability of biodiesel produc-

tion process.

1.6 Objective of this Thesis

The objective of this thesis is to maximize biodiesel yield while minimizing produc-
tion time and cost through the use of mathematical modeling and optimal control
techniques, with a focus on improving its environmental sustainability. A central
focus of this thesis is the in-depth analysis of the role of ultrasound frequency in
enhancing mass transfer dynamics and reaction kinetics in the biodiesel produc-
tion process. To achieve this, mathematical models are formulated and analyzed
to examine the influence of ultrasound frequency on various feedstocks, such as
Jatropha oil, rapeseed oil, and waste cooking oil. Special emphasis is placed on
a comparative analysis between ultrasound frequency and mechanical stirring us-
ing rigorous mathematical modeling; on examining memory-dependent behavior
in the transesterification process through fractional-order derivatives, particularly
the Caputo-Fabrizio and Atangana—-Baleanu formulations; and on exploring enzy-

matic biodiesel production. These models aim to provide deeper insights into how
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the use of ultrasound affects biodiesel yield and conversion efficiency. In addition,
the thesis addresses a key ecological constraint in biodiesel feedstock cultivation
by proposing a novel pest management framework based on the sterile insect tech-
nique (SIT). This study focuses on controlling populations of Pempelia morosalis, a
major pest affecting Jatropha curcas, to ensure stable and sustainable biomass avail-
ability. Together, the mathematical and ecological modeling approaches constitute
an integrated pathway to enhance the efficiency, scalability, and sustainability of

biodiesel production systems.

1.7 Orientation

The thesis is organized in the following manner:

¢ In Chapter 2, a mathematical model is formulated to study ultrasound-assisted
biodiesel production from Jatropha curcas oil. The model incorporates the mod-
ified Dittus-Boelter correlation to calculate the mass transfer rate under vary-
ing ultrasound frequencies and vessel diameters. A control theoretic approach
is applied to ultrasound frequency for optimizing biodiesel yield by mini-
mizing mass transfer resistance. Numerical analysis reveals that over 97%
biodiesel yield is achievable within 50 minutes at 50 kHz frequency using a
6:1 methanol-to-oil molar ratio in a 1-meter vessel, demonstrating the poten-

tial for industrial scalability.

¢ In Chapter 3, an extension has been done of earlier work to examine biodiesel
production from rapeseed oil at three different temperatures: 30°C, 50°C, and
65°C. A comparative study between mechanical stirring (MS) and ultrasound
(US) mixing is conducted using mass transfer coefficients and molar ratios.
Sensitivity and uncertainty analyses using the LHS-PRCC method are em-
ployed to assess parameter influence. Optimal control theory is applied to
both mixing strategies, revealing that ultrasound-assisted transesterification
yields higher conversion rates in less time compared to mechanical stirring,

making it a superior method for biodiesel production from rapeseed oil.

* Chapter 4 focuses on capturing memory effects in biodiesel production by
developing two fractional-order models using the Caputo-Fabrizio (CF) and
Atangana-Baleanu (ABC) operators. These models describe the transesteri-

fication process of waste cooking oil (WCO), with analytical and numerical
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solutions validated against experimental data. Existence and uniqueness of
solutions are proven, and sensitivity analysis identifies key parameters influ-
encing biodiesel yield. An optimal control strategy based on the ABC formu-
lation is proposed for ultrasound frequency, significantly enhancing biodiesel

production efficiency under fractional dynamics.

¢ In Chapter 5, a novel mathematical model is introduced to predict enzymatic
biodiesel production under ultrasound exposure, a topic that has been exper-
imentally explored but lacks predictive modeling. The model incorporates ul-
trasound frequency as a control variable and applies Pontryagin’s Minimum
Principle to derive an optimal frequency profile for cost-effective biodiesel
synthesis. Simulation results exhibit strong agreement with experimental out-
comes, validating the model’s predictive accuracy and utility for optimizing

enzymatic transesterification process.

¢ Chapter 6 addresses the ecological limitations of Jatropha curcas cultivation by
presenting a mathematical model that incorporates the Sterile Insect Technique
(SIT) to control Pempelia morosalis, a major pest species affecting the Jatropha
plant. Three different scenarios are examined: (i) a pest-infested system with-
out any sterile males, (ii) a system with continuous release of sterile males, and
(iii) a system with periodic impulsive release of sterile males. The key purpose
of this study is to explore how SIT can be utilized to effectively control the pest
populations in Jatropha plantation while maintaining ecological sustainability.
Our proposed mathematical framework rigorously evaluates two principal re-
lease modalities, continuous and impulsive (periodic) introductions to iden-
tify cost-effective protocols that maximize pest eradication while minimizing
resource expenditure. Analytical and numerical results show that both contin-
uous and periodic sterile male releases effectively suppress pest populations

and promote sustainable growth of the Jatropha plant biomass.

¢ Finally, Chapter 7 outlines avenues for future research in biodiesel production
through the combined application of ultrasound and mechanical stirring. In
addition, potential directions for pest management in Jatropha curcas planta-
tions are discussed, particularly the integration of pesticides with the sterile

insect technique (SIT).
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Enhancement of Biodiesel Production via

Ultrasound Technology: A Mathematical Study

Mechanical stirring has long been employed at the industrial scale for effective mix-
ing of reactants and the reduction of mass transfer resistance between triglyceride
and methanol in biodiesel production process. However, ultrasound frequency has
emerged as a promising alternative, offering higher biodiesel yield in shorter re-
action times while consuming less energy than traditional stirring methods. This
chapter' develops a mathematical model for analyzing the transesterification reac-
tion mechanism with the help of ultrasound frequency. The study examines how
ultrasound influences the immiscible interaction between methanol and Jatropha
curcas oil, particularly in overcoming mass transfer limitations to improve biodiesel

production efficiency.

2.1 The Mathematical Model

In order to depict a basic mathematical model for the transesterification reaction of
alcohol (methanol) and Jatropha curcas oil (triglyceride), we have relied on the fol-
lowing assumptions:

(al): Biodiesel production through transesterification of Jatropha oil with methanol
is a chemical process that involves three stepwise and reversible reactions (Freed-
man et al., 1986).

(a2): The reaction mixture of methanol and oil includes a very small amount of wa-

ter (0.2% w/w), so the hydrolysis reaction has been neglected (Xu et al., 2005).

IThe majority of this chapter has been published in ACS Omega, American Chemical Society, Vol.
9, Issue 18, pp. 20502-20511, 2024.
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Figure 2.1: Correlation of mass transfer rate constant and Reynolds number.

(a3): Due to the presence of free fatty acid (FFA, 1% w/w) in Jatropha oil, triglyc-
eride, FFA and produced biodiesel will participate in the saponification reaction
with KOH catalyst (Komers et al., 2001).

(a4): The mass transfer coefficient r. due to ultrasound is given by

re = 0.023 % (Re)*® (Se)"* (2.1)

where Re = dQ%H and Sc = 7 are called the Reynolds number and Schmidt number
respectively (Subramanian, 2014). Here D, p, and 1 are the mass diffusivity, density,
and viscosity of Jatropha oil respectively. H is the applied ultrasound frequency and
d is the diameter of the production vessel. The inverse of the mass transfer coeffi-
cient denotes the mass transfer resistance for the molecules to reach the reaction site
which depends not only on the creation of turbulence inside the vessel but also on
the diameter of the vessel. That is why “¢ denotes total mass transfer rate coefficient.
In this case, the total mass transfer resistance depends on the sonicator frequency as

well as the size of the vessel. Thus the total mass transfer rate constant (/) becomes

0.8
Te D 0.8 0.33 D (d*pH ( iz )0'33

M, =15 =0.023 = (Re)*® (5¢)"% = 0.023 = N V)
y 7 (Re)™ (Sc) Z\ D

Here, Figure 2.1 represents the log-log plot of M, and Reynolds number Re using

parameter values from Table 2.1. The figure demonstrates how the mass transfer
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Parameter Definition Value
D diffusivity of Jatropha oil ~ 5.49 x 1075 -1.16 x 107" m?s™!
p density of Jatropha oil 896.51 kg m™*
m viscosity of Jatropha oil 24.8646 kg m~'s~!
d diameter of the tube 1-2m
H ultrasound frequency 30-70 kHz

Table 2.1: Some Liquid Properties of Jatropha curcas Oil and Input Range of
Ultrasound and Vessel Size Used in the Reaction at 50 °C

reaction constant increases as Reynolds number increases. The creation of turbu-
lence in the reaction system enhances with the increase of Reynolds number. Con-
sequently, the mass transfer resistance, which is inversely proportional to the mass
transfer coefficient between | oil and methanol, decreases, and the mass transfer
reaction constant increases. Table 2.2 shows the values of the mass transfer coef-
ficient found from the correlation defined above at various ultrasound frequencies

and vessel diameters.

H (kHz) D@m?-s7Y) d@m) pkg-m™3 pkg m*t-s7) M, (m-s™1)

40 9.1 x10° 1 896.51 24.8646 1.0 x 1073
50 9.1 x 1076 1 896.51 24.8646 1.2 x 1073
60 9.1 x 106 1 896.51 24.8646 1.4 x 1073
70 9.1 x 1076 1 896.51 24.8646 1.6 x 1073
40 9.1 x 107 2 896.51 24.8646 8.0 x 107
50 9.1 x 1076 2 896.51 24.8646 9.0 x 104
60 9.1 x 1076 2 896.51 24.8646 1.0 x 1073
70 9.1 x 1076 2 896.51 24.8646 1.2 x 1073

Table 2.2: Mass transfer coefficient (M) for different ultrasound frequencies
and vessel sizes at 50°C.

(a5): Though there is a slight temperature elevation when using ultrasound, we
keep the temperature constant at 50°C throughout this work, as viscosity and den-
sity change with respect to temperature. Moreover, Jahangir et al. (Chowdhury
et al., 2017) demonstrated that the saponification reaction accelerates and biodiesel
conversion decreases when the temperature exceeds 50°C.

(a6): The transesterification reaction for biodiesel synthesis occurs through three
stepwise reversible reactions in presence of KOH catalyst (Freedman et al., 1986). In
the first reversible step, 1 mole of triglyceride (TG) reacts with 1 mole of methanol
(AL), yielding 1 mole of biodiesel (BD) and 1 mole of diglyceride (DG). During the
second reversible step, 1 mole of diglyceride (DG) reacts with 1 mole of methanol
(AL) to produce 1 mole of biodiesel (BD) and 1 mole of monoglyceride (MG). In
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the final reversible step, 1 mole of monoglyceride (MG) reacts with another 1 mole
of methanol (AL), resulting in 1 more mole of biodiesel (BD) and 1 mole of glycerol
(GL) as by-product. In total, 1 mole of triglyceride reacts with 3 moles of methanol to
produce 3 moles of biodiesel and 1 mole of glycerol. The stepwise reaction scheme
is shown as: »
TG + AL = DG + BD,
DG+AL%MG+BQ (2.3)

MG + AL = GL + BD.

Also, there will be some soap formation of potassium by the side reaction of cat-
alyst KOH with triglyceride, diglyceride, monoglycerides, biodiesel, and free fatty
acid (FFA). Due to slow reaction rate we have neglected soap formation from diglyc-
erides and monoglycerides (Zhang et al., 2009; Chowdhury et al., 2017). This saponi-

fication reaction will happen in three steps as below:

TG+ K 35 S+ GL,
BD+ K3 S+ AL, (2.4)
F+K3S+Ww,

where, 11, r3, r5 are the rate constants for forward reaction, ry, r4, 7 are the rate
constants for backward reaction of main reaction and r~, rs, 79 are the rate constants
for forward reaction of side saponification reaction. All these rate constants follow
the Arrhenius equation by the relation r; = Aie% (Benavides and Diwekar, 2012),
where A;, T, R and E,, are the frequency factor, the reaction temperature, the uni-
versal gas constant and the activation energy for each componenti = 1,2, ....,9. The
values of r; to ryg are shown in Table 2.3 obtained by using the values of A; and others

in (Benavides and Diwekar, 2012) with the help of the Arrhenius equation.
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Parameter Definition Value
r1 forward reaction constant 0.0500 mol 'L min~!
To backward reaction constant 0.1099 mol 'L min~*
s forward reaction constant 0.1220 mol 'L min !
T4 backward reaction constant 0.2147 mol 'L min~*
s forward reaction constant 0.2420 mol 'L min !
Te backward reaction constant 0.0070 mol 'L min~*
r7 forward reaction constant 0.00281 mol 'L min !
rg forward reaction constant 0.00279 mol 'L min~*
rg forward reaction constant 0.2817 mol 'L min !
Binax maximum biodiesel production 3 mol Lt

Table 2.3: Values of various reaction constants at 50°C and the maximum
biodiesel that can be produced under ideal conditions.

Based on the above assumptions, the governing differential equations of the

main reaction and side reaction scheme can be written as:

dYp _ T1YTYA — T’QYDYB + T3YDYA - T'4YMYB + 7”5YMYA — T‘6YGYB — TgYBYK + J\/ICYB (1 — BYB ) s

dt max

D — o YrYa+rYpYs — VoY,

% = mYrYa—rYpYp —r3YpYa + 1Yy Y,

DU = p3YpYy — 1Y Ys — rsYuYa +16YoYp,

% = 1 YpYa+rYpYp — rYpYa +1ruYyuYp — 15YuYa +16YaYn + 1YY,
% = 1Yy Ya—reYaYp + Y1V,

% = _% = — (r{YrYg + rsYpYx + 1Y Yr),

% = —% = —T19YFrYk,

(2.5)
where Yg, Y7, Yp, Yur, Ya, Yo, Y, Ys, Yr and Yy are the concentration of biodiesel,
triglyceride, diglyceride, monoglyceride, methanol, glycerol, potassium hydroxide,
soap, free fatty acid and water respectively with initial condition Y5(0) = 0, Y7(0) =
Yi, Yp(0) = 0, Yiu(0) = 0, Ya(0) = Ya,, Yo(0) = 0, Yi(0) = Y, Ys(0) = 0,

Yr(0) = Y, and Yy (0) = 0. We have designed our model with a logistic approach,

Yp
B max

incorporating the term M Y5 (1 — ) during its development. Here Yz denotes
biodiesel concentration at any time ¢ and B,,,, represents maximum biodiesel pro-
duction in the transesterification reaction. Both have the same unit moles/L. This
expression has been utilized in a logistical sense, since the total mass transfer rate
goes up as mass transfer resistance diminishes and after reaching a specific ultra-
sound frequency and vessel diameter, the mass transfer resistance becomes insignif-

icant.
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2.2 The Optimal Control Problem for Chemical Reaction System

Optimal control technique focuses on determining control parameters that guide
a dynamical or chemical system over time to optimize a given objective function
(Ross, 2015). In this work, we have applied optimal control theoretic approach to
optimize ultrasound frequency over time in biodiesel production process. Initially,
the reaction proceeds slowly due to high mass transfer resistance between methanol
and Jatropha oil. Due to the application of ultrasound, this resistance is reduced and
the reaction is accelerated. However, once the reaction is underway, ultrasound is no
longer needed, allowing it to be turned off to reduce costs. Our goal is to determine
an optimal range of ultrasound frequency to maximize biodiesel production while
minimizing cost. Let the control variable z represent the ultrasound input at time ¢,
where 0 < z < 1; here, the value z = 1 denotes the highest utilization of ultrasound
frequency, while z = 0 indicates the absence of frequency.

Mathematically, the control-induced system corresponding to the System (2.5) is

formulated as:

F = e _ rYrYa —roYpYe +13YpYs — ryYu Y +1r5Yy Y4 —rYoYp — rsYpYi + M. .Yp (1 — BYB ) z,

dt max

Fy= ST = —rYpYa+ rYpYp — ri¥rYg,

F3 = d;D =1 YrYa —1roYpYp — 13YpYa + ruYuy V3,

Fy= d?;TM =1r3YpYa —14YuYp — 15YuYa +1r6YeVp,

F5 = % = —’I"1YTYA + TQYDYB — T3YDYA + T‘4Y1\,1YB — T5YMYA + T@YGYB + T'gYBYK7

Fo= 96 = YyYa—reYeYp + VoY,

dt

Fr= 9K = — (rYpYg 4+ 1sYpYi + 1oYiYr),

F8 — ‘l;;S = 7"7YTYK =+ T‘gYBYK + 7/'f)}/l(}/Fv

dy; i
Fy= Sf = —roYrYk,

Y
Fio= <3 =roYrYk,

(2.6)
with initial conditions: Y5(0) = Yg,, Y7(0) = Y71, Yp(0) = Yp,, Yar(0) = Yoy, Ya(0) =
YAO, Yg(O) = YGO, YK(O) = YK()» Ys(O) = Ygo, YF(O) = YFU and Yw(O) = YWO-

Our main objective is to maximize biodiesel production with minimum produc-

tion costs. So, we formulated the cost function as:

ty

J[z] = / [(Wh2* — WaY3] dt, (2.7)
to

where W represents the weight constant for the cost function’s benefit with W; > 0,

while W, stands for the penalty multiplier. We want to identify the best control

z* such that J(z*) = min{J(z) : z € Z}, Z represents the permissible control set,
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defined by
Z = {z(t) : z(t) is measurable with 0 < z(¢) < 1, ¢ € [to, 4]}

Here, we employ the Minimum Principle by Pontryagin’s (Pontryagin, 1987) to de-
termine 2*.

The Hamiltonian can be written as:

10
H=W12" = WYE + ) W, (2.8)

n=1

where ¥y, Us,..., Uy are adjoint variables and £}, F,..., o are functions defined in
Equation (2.6).

Now, when the optimal control z* and the solution (Y3, Y/, Y75, Y, Yi, YA, Y,
Y$,YE, Y) of the corresponding System (2.5) minimize J(z) over Z, there will be

adjoint variables ¥y, U, ...., U, that satisfy the following equations:

L= 2WAYE + Wy (rYp + 1Yy + 16Ya + 1sYk) + M. (1 - %)Z — Wara¥p
+W3(raYp — 14Yar) + Va(raYar — r6Ye) — Ws(raYp + raYu + 16Ye + Vi)

+VereYa + WrrsYy — WergYy,

T = Uy Y+ Wor Ya + WorsYe — UariYa + UsriYa — UergYi + Wore Vi — Wgri Y,

L = WyrpYp — UirYy — WoroYp + UsroYp + WarsYy — WarsYy — Wsro Vi + WsrsYa,

% = UryYp — UirsYa — WaryYp + Wy(ryYp +15Ya) — Vs (r4Yp — 15Ya) — UersYa,

B = Uy (Y7 +r3YDp +75Yar) + Wor1 Yy — Uari Yr + WsrsYp — Wy (rsYp — r5Yy) (2.9)

+Us(r Yy +r3Yp +r5Yar) — YersYay,

s (\1’1 — ‘114 - \115 + \IIG)T’GYB7

d¥g _ \IflT‘gYB + \I/2T7YT — \I/5T8YB — \I/6T7YT + \117(7”7YT + TgYB + TgYF) — \IJS(T7YT
+r8Yp +19Yr) + WorgYp — WigreYr,

a
E
oo
I
je=)

)

o = (Wy — Wy + Wy — Uyg)rg Y,

U

<

S

|
=

along with the transversality conditions V;(¢;) = 0 for all i=1, 2, ..., 10. From Equa-

tion (2.7) we can write the Hamiltonian as:
10

H=W" — WY+ WF,
n=1 (210)

Y,
=W,2% + U2 M.Yp (1 ___B

) + terms not containing z.

max
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Now, according to the necessary condition of Pontryagin Minimum Principle (Pon-

tryagin, 1987), optimal control variable z* will satisfy the condition

oH
=0 2.11
= (2.11)
From the Equation (2.9) and Equation (2.10), we have
oH Y5
— =2Wiz"+ M.Yp | 1— U,) =0. 2.12
B 12+ B( Bmw)( 1) (2.12)
Which implies that
M.Yp <1 — 5L > (=)
* = — . 2.13
z 1A (2.13)
Since the standard control is bounded (0 < z < 1), we can write
_ B \(_y,
0, () OV
x MeYp (1-5B-) (-0, MeYp (1-5B-) (-0,
sm e hlgon e
1, MCYB(l;‘E;“lB;XM_%) > 1.
or in compact form, we can write z* as
MY (1- 52 (~)
2" =max | 0,min | 1, - (2.15)

2

Based on the Minimum Principle by Pontryagin’s (Pontryagin, 1987), adjoint vari-

ables satisfy the following equations:

dv, oM

= i=1,2,..,10 2.16
dt an’ .7 ) Y ) Y ( )

where Y, = (Yg, Y YA Y Y YA Y Y YR, YI}/) and the necessary conditions

that satisfy the optimal control z* are
H(Y;, 25, 0;,t) = min(Y;, 2, 9;,t), j=1,2,..,10. (2.17)

Utilizing the relations (2.16), we obtain the whole adjoint system denoted by Equa-
tion (2.9).
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2.3 Numerical Validation

In this section, numerical simulations using the ode45 solver have been performed
to examine the system dynamics and gain deeper insight into the transesterification
reaction in the presence of a KOH catalyst. Due to the immiscibility of methanol
and Jatropha oil, significant mass transfer resistance arises from their differing po-
larities. To reduce this mass transfer limitation, we have used ultrasound frequency
and compared the biodiesel yield with and without control through the Minimum
Principle by Pontryagin’s with Hamiltonian. In the biodiesel production process,
we employ the molar ratio of Jatropha oil-to-methanol, along with ultrasound, to
investigate their respective effects. Also, we have analyzed the biodiesel yield de-

pendency on the size of the reaction vessel. Figure 2.2 represents the concentration

3 1
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Figure 2.2: Variation of concentration over time at a fixed temperature in

base-catalyzed transesterification, utilizing parameters outlined in Table-2.1.

Here ultrasound frequency H = 50 kHz, vessel diameter d = 1 meter, and
methanol-to-oil ratio 6:1.

trajectories of biodiesel, soap, glycerol and some other intermediates of transesteri-

fication reaction utilizing 50 kHz ultrasound frequency, 1 meter vessel diameter and
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Figure 2.3: Concentration profile of biodiesel production for different diame-
ters of the reaction vessel with ultrasound frequency H = 50 kHz and AL : TG
is6:1.

6 : 1 methanol-to-Jatropha oil molar ratio. Various reaction constants and B,,,, are
taken from Table 2.3. It is evident from the figure that the production of biodiesel
and glycerol gradually increased from 0 to 40 minutes, and after 40 minutes, the
production remained constant until the end of the reaction. Also a small amount of
soap is produced with increasing time.

Figure 2.3 represents the effect of the length of the vessel diameter in the reaction ki-
netics. Based on this figure, it is evident that reducing the vessel diameter results in
an enhanced biodiesel production, holding the ultrasonic frequency at 50 kHz and
the methanol-to-oil molar ratio at 6:1. Because increasing the vessel diameter for
a fixed ultrasound frequency will produce less turbulence between methanol and
jatropha oil, and decreasing the diameter will produce more turbulence. Therefore,
a reduction in vessel diameter leads to a decrease in mass transfer resistance, result-
ing in an increased biodiesel production yield. Hence, the vessel’s diameter plays
a pivotal role in biodiesel production. In this case, the considerable diameter of the
vessel is 1 meter.

The molar ratio of methanol to Jatropha oil is one of the key factor in determining
biodiesel production (Sengupta et al., 2019). In Figure 2.4, the influence of methanol-
to-Jatropha oil molar ratio has been shownfor4:1,5:1,6:1and 7: 1. At6: 1, we
get 90% of biodiesel in less than 60 minutes at 50 kHz frequency of ultrasound. Ini-
tially, the biodiesel production increases at 7:1 molar ratio with 50 kHz ultrasound
frequency but after 50 minutes, the yield conversion is almost the same as 6 : 1 mo-

lar ratio. It can also be observed from Figure 2.6(b) that there is no need to increase
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Figure 2.4: Biodiesel concentration profiles with varying methanol-to-
triglyceride molar ratios. Here ultrasound frequency H = 50 kHz and the
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Figure 2.5: Variation in biodiesel yield concentration with ultrasound fre-
quencies at a fixed methanol-to-oil molar ratio of 6:1 and vessel diameter of 1

meter with and without control.
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Figure 2.6: Biodiesel yield concentration for different (a) vessel diameters and
ultrasound frequencies and (b) molar ratio of methanol-to-triglyceride and ul-
trasound frequencies

the molar ratio of methanol to oil beyond 6:1, as there is no further increase in pro-
duction. To reduce costs, we have chosen 6 : 1 molar ratio of methanol and Jatropha
oil for the synthesis of biodiesel in our research work.

Figure 2.5 shows how biodiesel production varies with ultrasound frequency. The
reaction rate increases significantly when the frequency of ultrasound is increased
up to 50 kHz. For a further increment of frequency of ultrasound concentration
of biodiesel decreases over time. Elevating the ultrasound frequency to 60 kHz
or 70 kHz initially boosts biodiesel production. However, after 47 minutes of re-
action time, biodiesel yields start to decrease, leading to an undesirable drop in
biodiesel concentration over time. This occurs as a result of the fact that a higher
frequency of ultrasound increases the volatility of reacting methanol. The vaporiza-
tion of methanol from the reaction vessel leads to a reduction in the quantity of one
of the reactants and also interferes with the desired methanol-to-triglycerides ratio.
According to the figure, achieving the highest biodiesel output requires a 50 kHz
ultrasonic frequency in conjunction with a 6:1 methanol-to-Jatropha oil ratio and 1
meter of vessel diameter.

Figure 2.6(a) depicts the mutual effect of ultrasound frequency and vessel diam-
eter, whereas Figure 2.6(b) depicts the mutual effect of molar ratio and ultrasound
frequency for biodiesel synthesis. These figures demonstrate how biodiesel conver-
sion varies on ultrasound frequency, molar ratio of methanol and Jatropha oil and
vessel diameter.

Although mixing intensity plays a crucial role in biodiesel synthesis together with

molar ratio of reactants and vessel size, the control on ultrasound frequency holds
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Figure 2.7: (a) Time-dependent optimal control profile for ultrasound fre-

quency. (b) Biodiesel yield conversion with respect to time with and without

control at 50 kHz ultrasound frequency, 6:1 methanol-to-Jatropha oil molar
ratio, and 1 meter of vessel diameter.

substantial importance for the optimization of the intended outcomes. As triglyc-
eride and methanol are incapable of mixing because of their non-polar and polar
properties, initially a greater ultrasound frequency is required to overcome the mass
transfer limitation in the transesterification reaction. Figure 2.7(a) clearly shows
that, after 8 minutes, less control over ultrasound is necessary. This is because the
biodiesel, which is created after 8 minutes will serve as a medium for the mixture
of the two reactants, functions as a continuous state for reactants, and minimizes
mass transfer limitation. Eventually, at almost 40 minutes, a very low frequency of
ultrasound is needed because, at this point, the reaction has almost finished. Based
on the aforementioned discussion, it is apparent that, despite the substantial impact
of mixing intensity and other kinetic factors on biodiesel synthesis, controlling the
ultrasound frequency throughout the reaction process has a crucial role in optimiz-
ing biodiesel production. Figure 2.5 presents a comparison of biodiesel concentra-
tion, both with and without the incorporation of an ultrasound control technique.
Through the application of optimal control on ultrasound frequency, the constraint
of mass transfer limitation is nearly eradicated, achieving a yield conversion of more
than 97% in less than 40 minutes of reaction time. Figure 2.7(b) shows biodiesel
yield conversion with respect to time. According to this figure, control operation

enhances biodiesel yield by approximately 6%.
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2.4 Discussion and Conclusion

This chapter introduces a mathematical model for the transesterification reaction
between methanol and Jatropha oil for biodiesel production, based on several fun-
damental assumptions. It highlights the significant influence of mixing intensity
induced by ultrasound, molar ratio, and vessel diameter on the reaction’s progress.
The formulation of the Reynolds number shows a direct proportional relationship
with ultrasound frequency. Mathematically, it is evident that biodiesel production
reaches a threshold level with increasing ultrasonic frequency, indicating that higher
Reynolds numbers enhance biodiesel yield. Biodiesel concentration is evaluated un-
der different reaction conditions, including varying methanol-to-triglyceride molar
ratios and ultrasound frequencies. This study emphasizes the importance of op-
timizing ultrasonic effects and overcoming mass transfer limitations. Thus, ultra-
sound application and vessel dimensions, which contribute to turbulence genera-
tion, are identified as key parameters influencing mass transfer in the process. It
can be demonstrated that delivering ultrasound to the system has a significant ef-
fect on the economic production of biodiesel by assuming a control technique on the
ultrasound effect.

Through a comparative analysis of biodiesel yield conversion under varying ul-
trasound frequencies, we achieved 90% biodiesel yield within 60 minutes, when
we set ultrasound frequency to 50 kHz, molar ratio of methanol and Jatropha oil
to 6:1, and the vessel diameter to 1 meter without any control. But employing
control theoretic approach in conjunction with 50 kHz ultrasound frequency, while
maintaining the same molar ratio and vessel diameter, we have achieved more than
97% of biodiesel yield within a reduced time-frame of just 50 minutes. The present
study demonstrates the effectiveness of ultrasound frequency in significantly reduc-
ing mass transfer limitations during biodiesel production, with results comparable
to those obtained using mechanical stirring. However, a mathematical comparison
between mechanical stirring and ultrasound frequency has not yet been explored,
which is addressed in Third Chapter.



32

Optimization of Biodiesel Synthesis using
Ultrasound and Mechanical Stirring: A

Comparative Study

Several studies have already investigated biodiesel production from Jatropha curcas
using mechanical stirring. In second chapter, biodiesel synthesis is explored from
Jatropha curcas employing ultrasound frequency. Building upon these findings, the
current chapter' aims to perform a comparative analysis of mechanical stirring and
ultrasound frequency, using a different feedstock, rapeseed oil. To assess the com-
bined effects of temperature and mixing technique on biodiesel yield, we extend our
study across three different operating temperatures, 30°C, 50°C, and 65°C, highlight-
ing the impact of reaction rates under each condition and evaluating the efficiency

of both mixing methods.

3.1 The Mathematical Model

In transesterification reaction between rapeseed oil and MeOH to produce biodiesel
yield, mass transfer resistance can significantly affect the reaction rate, especially in
heterogeneous systems where TG and MeOH are immiscible (Likozar and Levec,
2014). This resistance occurs at the interface between two phases, primarily dur-
ing the initial stage of the reaction. Mass transfer resistance in transesterification
reaction is primarily caused by poor mutual solubility of oil and MeOH, diffusion
limitations, high oil viscosity, and limited catalyst accessibility (Su and Guo, 2014).

MS and US frequency are the most effective techniques for reducing mass transfer

IMaximum portion of this chapter is communicated in a peer-reviewed international journal.
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Figure 3.1: Transesterification of rapeseed oil using MS rotation or US fre-
quency.

resistance between the oil and alcohol phases (Yin et al., 2012). MS minimizes mass
transfer resistance by expanding the contact area between o0il and MeOH, while US
frequency improves mixing via cavitation, disrupting phase boundaries and facili-
tating enhanced diffusion. The mass transfer rate due to MS is given by (Roy et al.,
2014; Al Basir et al., 2015)

A ¢

K, = 15 eap(—bJ — )’ G-1

where a, b, c are constants and f is agitation speed which is measured in rpm and K.,
is the mass transfer resistance which is opposite to the mass transfer rate. The mass
transfer rate due to US frequency using modified Dittus-Boelter correlation is given
by (Cao et al., 2024)

0.8
1 D 0.8 0.33 D (dpH p\"
M, = — —0.023 2 —0.023 2 FY @2
3 = 0023 5 (Re)™ (56" = 0,023 5 | =7 5 (3.2)

where M, is the mass transfer resistance, Re is the Reynolds number and Sc is the
Schmidt number. D, p, ;1 are the mass diffusivity, density, and viscosity of rapeseed
oil respectively. d is the diameter of the reaction vessel and H is the applied US
frequency.

Biodiesel production involves the transesterification of rapeseed oil (TG) using
MeOH in the presence of potassium hydroxide (KOH) catalyst (see Figure 3.1).
Transesterification of triglyceride (TG) consists of three reversible steps. In first
step, TG undergo partial methanolysis to form diglycerides (DG). DG is partially

methanolyzed to produce monoglycerides (MG) in second step. In the final step,
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MG undergoes partial methanolysis to yield glycerol (GL). Each reaction step re-

leases one molecule of biodiesel (BD). The step-wise reaction scheme is shown as:

k1
TG + MeOH ff DG + BD,

1b

DG + MeOH = MG + BD, (3.3)

k
kop

MG + MeOH '%: GL + BD,
where, ki, koy, k3 are forward rate coefficient and £y, kg, ks, are backward rate co-
efficient of the transesterification reaction. These reaction rate constants are related
with temperature by the Arrhenius equation k; = aie%, where «;, E,., R, and T
are the frequency factor, the activation energy, the universal gas constant, and the
reaction temperature respectively (Benavides and Diwekar, 2012). To investigate the
effect of temperature on biodiesel production, the entire study is conducted at three
different temperatures: 30°C, 50°C, and 65°C as temperature significantly influences
liquid properties such as viscosity, density, and diffusivity of the reactants. The pa-
rameter values of p, i, D of rapeseed oil, along with the reaction rate constants for
the transesterification reaction at these three temperatures, are presented in Table

3.1 and Table 3.2. Based on the above assumptions and to show the effect of MS on

Temf)oe(lz‘;ature Density p (kg m ) X(;;?fﬁtz% le(f;?s\illt)y D
30 (Zc;gic;)et al., 908.117 97.7575 8.9339 x 107
50 (Z(;gi(;))et al., 894.735 39.6956 8.7142 x 107
65 (Zcz)gslgg))et al., 881.353 21.9229 8.3704 x 107

Table 3.1: Density, viscosity, and diffusivity of rapeseed oil at three different
temperatures.

BD production, a mathematical model corresponding to the reaction Schema 3.3 can

be written as:

% = ki YpYa+ kpYpYs — koyYpYu 4+ kY Ye — ksp Y Ya + ks YoV,
DT = —yyYrYa + kYo Vs,

DD = ko YrYa — kuYpYs — kogYpYa + kayYarVa,

d;’iu = kofYpYa — kY Yp — k3 Yy Ya + ks YaYp,

Db = ke YrYa — kiYpYp + ko YpYa — kY Y + kspYarYa — knYeYs + K.Yp (1 - T}:ix) )
D6 = foy Yo Ya — kYo Ya,

(3.4)
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and similarly, to investigate the effect of US frequency, the mathematical model for

same Schema 3.3 can be written as:

Da = ko YeYa + kuYpYs — kofYpYa + kY Y — kafYarYa + ks Yo Va,

BT =~k YrYa + knYpYs,

DD = fyfYrYa — kuYpYs — kofYpYa + koY Ya,

DU = ko YpYa — koYY — kapYuYa + kYo Va,

Do = g YrYa — kYo + kg YoYa — kaYar Yo + kagYarYa — kuYaYp + MY (1- 22,
e — Ky Yy Ya — kYo Ys,

(3.5)

where Yy, Yr, Yp, Y, Yi, and Y are the concentration of MeOH, TG, DG, MG,
BD, and GL respectively with initial condition Y4(0) = Ya,, Y7(0) = Yz, Yp(0) =0,
Yum(0) = 0, Y5(0) = 0, and Y (0) = 0. Here the effect of MS and US frequency is
represented by the terms K Y5 (1 — Biix) and M.Yg ( — Biix) respectively, where
B.x denotes the maximum biodiesel conversion achievable in an ideal scenario,

meaning a system without mass transfer limitation or resistance. These terms are
used in a logistic fashion because increased MS or US frequency reduces mass trans-

fer limitations, which become negligible after a certain point.

Rate Constant

[L - mol=" - min=1] 30°C 50°C 65°C
kr; (TG — DG) 0.0061 0.0359 0.1784
ke, (TG « DG) 0.0358 0.1781 0.8134
ks (DG — MG) 0.0767 0.6157 8.2189
kiz (DG + MG) 1.3496 6.4165 30.6887
ksy (MG — GL) 0.2181 0.4379 0.4717
ksy (MG + GL) 0.0013 0.0014 0.0020

Table 3.2: Forward and backward reaction rate constants for the transesteri-
fication reaction using rapeseed oil at three different temperatures, taken from
(Sdnek et al., 2019).

3.2 Optimal Control Approach

An optimal control problem involves determining a control policy that will optimize
a certain performance criterion for a given dynamic system. This type of problem is
prevalent in various fields such as engineering, economics, and operations research
(Bertsekas, 2012). The optimal control problem is typically represented by a set of
differential or difference equations that describe the evolution of the system-state

over time (Grass et al., 2008). In this chapter, two mathematical models for biodiesel
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production have been addressed under some basic assumptions to determine which
is more effective among MS and US frequency in maximizing biodiesel yield and
minimizing the cost of production. To reduce the cost of production, we need to
regulate or control the MS and US frequency. Here, control u(t) and z(t) are given to
the terms K, and M, respectively, to reduce mass transfer resistance by regulating
MS and US frequency over time ¢t. We want to identify the theoretical optimal ranges
for MS and US frequency while keeping the cost function, as measured by time, as
low as possible. The ranges of u(t) and z(t) are 0 < u(t) < land 0 < 2(t) < 1, in
which u(t) and z(t) represents control input with values normalized between 0 and
1. u(t) or z(t) equal to 1 represents the maximal use of MS or US frequency, and
equal to 0 represents no stirring or frequency.

Mathematically, the control-induced system corresponding to the System (3.4) can

be formulated as:

F = dg{* = —kifYpYa + kuYpYs — koyYpYa + kY Ye — kspYaurYa + ks Yo Vp,
F = dYT = —kiYrYy + kpYpYa,

Fy = ddYtD =k YrYa — kuwYpYp — koyYpYa + kY Y,

Fy= DM = |y YpYy — kY Yp — kspYuYa + ks YeYs,

F = d};B = kifYrYa — kpYpYp + koyYpYa — kayYurYp + k3 YarYa — ks YoYn + -

Fs = % = k3pYyYa — k3 YoV,

<f (1 o mdx) ’

(3.6)

and the control-induced system corresponding to the System (3.5) can be written as:

Fl= D8 =k YoYau + kuYpYs — kapYpYa + kayYarYp — kspYarYa + ks Yo Y,

Fy = d;T = —ki)YrYa + ki YpYa,

Fi = dYD = kipYrYs — kuYpYp — kogYpYa + kY Vs,

F, = dy“ = kofYpYa — kY'Y — kspYaYa + ks YoV,

Fl = % =k YrYa — kwYpYs + kofYpYa — kY Y + ksp Yy Ya — k3o Yo Y + s550 (1 — B ) ,

F} = 7 = k3 Y Ya — b YaVa,

(3.7)
with initial conditions for both the System (3.6) and System (3.7): Y4(0) = Ya,, Y7 (0) =
1,Yp(0) = 0,Y,(0) = 0,Y5(0) = 0, and Y5 (0) = 0.

We formulated the cost function for both System (3.6) and System (3.7) as:

Jg(t) = / g () — waYE] dt, (glt) = u(t), 2(2). (3.8)

to

where w;(> 0) and w, are the weight constant on the benefit of the cost function

and the penalty multiplier, respectively. Since both System (3.6) and System (3.7)
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are of the same type, we will determine the control profile only for System (3.7). The
control profile for System (3.6) can be found similarly. Now, we seek to identify the
best control z*(¢) such that

J(z*(t)) = min{J(=2(t)) : 2(t) € Z},
Z is the admissible control set defined by
Z ={z(t) : 2(t) is measurable, 0 < z(t) < 1, € [t;, t¢]}. (3.9)

Now, we employ the Minimum Principle by Pontryagin (Pontryagin, 2018) to deter-

mine z*(t).

Theorem 3.2.1. The control parameter z*(t) that minimizes J(z(t)) over Z are given by

UY5(Biar — Y5) }5

2*(t) = max | 0,min | 1, { e M B

where VU 4, Uy, Y, Wy, W, and U are the adjoint variables satisfying Equation (3.7) and

the following transversality conditions:
Valty) = Vr(ty) = ¥p(ty) = Yu(ty) = ¥p(ty) = Yealty) =0,

Proof. The Hamiltonian can be written as:

6
H = U}122(t) - 'I,UQYBg + Z \I/ZE,

=1
= w1 2%(t) — waYZ + VU a(—kyYrYa + ki YpYs — ko YpYa + kayYarYp — ks YarYa
+ ks YY) + Up(—kifYrYa + knYpYs) + Wp(kifYrYa — kuwYpYs — kofYpYa

+ kYuYs) + War(kopYpYa — kY Y — kspYuYa + kYo Ys) + U <k71fYTYA

Y Y
ki YoYes 4 ket Yo Y4 — ko Yir Ve + ks YiYa — kaYeY, 1— )
WwYDYB + RefYpYa wYMYB + K3pYpYa 36Y G B+z(t).Mr< Bmax)

+ Uea(kspYrmYa — kY Yn),
(3.10)
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where U4, ¥r,. . . ., U are adjoint variables and £, F5,..., Fg are functions defined

in Equation (3.6). Differentiating the Hamiltonian (3.10) with respect to z(t) we get:

OH \IIBYB<Bmaa: - YB)
=0=2wz"(t) —
0z*(t) wiz"(t) M, Bpaez*?

U5Y5(Buar — Y5) }5

— Z() :{ 5w M, B

As By, > Yp for all values of t, thus z*(¢) will always exist and the value of z*(¢)

will be

p
0 when A<Z0,

Z(t) =9 Xs when 0< )< 1, (3.11)

Y

1 when A>1
\

\IJBYB (Bmaac _YB)

where A = £ me—E2 and also by the Pontryagin Minimum Principle, adjoint

variables satisfy the following equations:

= _z?THA = ki Yr(Wa+Vp —Vp — Up) + ko Yp(Va+ ¥p — Wy — Up)
+k3fYM(\I/A + Uy —Vp — \I/G),
B = S =k Ya(Us+ Up — Up — V),

T ovr

d\fl/tD :—88712 :klbYB(—\I/A—\I/T—i-\I/D—i-\I/B)—i-kaYA(\I/A-F\I/D—\IJ]VI—\I[B), (3 12)

By — —;YIL =k Yp(—=Va —Vp + Wy + Vp) + kg Ya(Va+ ¥y — Vg — Vg),

s = —% = 2w Yp + ki Yp(—=Va — VUr + VUp + Up) + kY (—Va — Up+

Uy +Up) + kg Ya(—Vs — Uy + U+ Ug) — m(l - ;:i)

e = —a = kaYp(—Va— Y + Vg + Vo),

with the transversality conditions

Walty) = Vr(ty) = Up(ty) = Vul(ty) = Up(ty) = Yea(ty) = 0.
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In a similar way, we can write the control profile for MS i.e. for system (3.6) as

0 when &<0,
u(t) =< & when 0<E<1, (3.13)
1 when §£2>1,

U pYE(Bmaz—YB)

where £ = e KD

3.3 Numerical Results

In this section, we have implemented the ode45 solver in MATLAB to visualize the
results numerically to understand the chem-dynamical reaction System (3.4) and
System (3.5). Here, a comparison is made between MS and US frequency to deter-
mine the reduction of mass transfer resistance between MeOH and rapeseed oil (TG)
more effectively. The study is performed at three distinct temperatures: 30°C, 50°C,
and 65°C, using a vessel with a diameter of 1 m. Biodiesel production is evaluated
at each temperature using various MeOH to TG molar ratios, employing both MS
and US frequency. Molar ratio of MeOH and TG plays a crucial role in BD produc-
tion process (Musa, 2016). Figure 3.2 (a), (b), and (c) show the comparison of mixing
effect using MS and US frequency for biodiesel production at 50°C in 4:1, 5:1, and
6:1 molar ratios of MeOH and rapeseed oil, respectively. Here, MS speed is set at
600 rpm and US frequency is set at 50 kHz. Figure 3.2(a) shows that US frequency
reduces the mass transfer resistance between the reactants more effectively than MS,
as a result, higher biodiesel conversion is observed for US frequency. Due to the con-
tinuous application of high-intensity MS and US frequency in the system, a certain
amount of MeOH gets evaporated, causing the actual MeOH amount in the system
to be less than 3 moles, leading to a slight decrease in biodiesel production. From
Figure 3.2(b) and Figure 3.2(c), it is clear that US frequency produces more biodiesel
compared to MS. The presence of excess MeOH in the system increases the molar
conversion of biodiesel for both 5:1 and 6:1 ratios, with the highest production ob-
served at 6:1 molar ratio. In this way, we have achieved almost 93.66% and almost
95.33% biodiesel yields in just less than 60 minutes and 40 minutes, respectively, by
the implementation of MS and US frequency, respectively. Hence, the US frequency

proves to be more effective than MS for the same amount of molar ratio. Figure
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Temp. Molar Ratio MS (rpm) us BD Yield BD Yield Tir.ne
O (MeOH:TG) (kHz) (%) (Control) (%)  (min)
30 4:1 600 - 54.07 60.00 60
30 4:1 - 50 68.72 74.67 60
30 5:1 600 - 61.30 70.05 60
30 5:1 - 50 71.19 78.67 60
30 6:1 600 - 43.33 61.33 20
30 6:1 600 - 71.66 78.67 40
30 6:1 600 - 84.66 87.33 60
30 6:1 - 50 45.33 63.00 20
30 6:1 - 50 76.00 81.67 40
30 6:1 - 50 81.33 85.33 60
50 4:1 600 - 48.00 57.67 20
50 4:1 600 - 58.00 66.00 40
50 4:1 600 - 64.00 78.67 60
50 4:1 - 50 67.33 75.33 20
50 4:1 - 50 80.00 84.25 40
50 41 - 50 81.33 87.67 60
50 5:1 600 - 68.66 75.67 20
50 5:1 600 - 83.33 87.33 40
50 5:1 600 - 88.00 91.67 60
50 5:1 - 50 77.33 83.33 20
50 5:1 - 50 90.00 93.00 40
50 5:1 - 50 91.66 94.33 60
50 6:1 600 - 85.00 88.00 20
50 6:1 600 - 91.33 94.06 40
50 6:1 600 - 93.66 95.32 60
50 6:1 - 50 87.33 95.88 20
50 6:1 - 50 94.00 97.67 40
50 6:1 - 50 95.33 97.00 60
65 6:1 600 - 89.00 94.33 20
65 6:1 600 - 91.33 94.67 40
65 6:1 600 - 90.66 95.33 60
65 6:1 - 50 92.66 96.49 20
65 6:1 - 50 92.33 97.00 40
65 6:1 - 50 91.66 97.67 60

Table 3.3: Percentages of biodiesel yields obtained in 20, 40, and 60 minutes
during transesterification reactions at 30°C, 50°C, and 65°C, both with and
without optimal control, for different MeOH to rapeseed oil molar ratios, stir-
rer speeds, and ultrasound frequencies. KOH catalyst concentration is 1 wt%.
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Figure 3.2: Comparison effect: Comparison of molar conversion of biodiesel

using MS and US frequency at (a) 4:1, (b) 5:1, and (c) 6:1 MeOH-to-TG molar

ratio. Here, temperature is fixed at 50°C, stirrer rotation f = 600 rpm, and

US frequency H = 50 kHz, with other parameter values taken from Table 3.1
and Table 3.2.

3.3 demonstrates how increasing the reaction temperature affects the molar conver-
sion of biodiesel when MS speed, US frequency and molar ratio of MeOH to TG is
maintained at 600 rpm, 50 kHz and 6:1 respectively. It is evident from these three
tigures that biodiesel conversion is more when we have applied US frequency in the
system. Figure 3.3(a) shows that it takes about 60 minutes to reduce the mass trans-
fer resistance between MeOH and oil phases. When the temperature is increased
from 30°C to 50°C, a higher production is started from 30 minutes. We have consid-
ered the reaction temperature in Figure 3.3(c) as 65°C. At this temperature, biodiesel
conversion begins rapidly for both MS and US frequency, but production decreases
after 30 minutes. Due to the higher temperature and continuous use of high in-
tensity stirring or frequency, some amount of MeOH vaporizes, and TG, produced
biodiesel, and free fatty acids (FFA) presence in the oil react with the catalyst to form
soap. This leads to a lower final production compared to 50°C. This also proves that

for a fixed temperature US frequency is more effective. In Figure 3.4(a), the impact
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Figure 3.3: Comparison plot: these plots depict the molar conversion of

biodiesel due to MS and US frequency at three different temperatures: (a)

30°C, (b) 50°C, and (c) 65°C when MeOH:TG = 6:1, MS speed f = 600 rpm,

US frequency H = 50 kHz and other parameter values are taken from Table
3.1 and Table 3.2.
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Figure 3.4: (a) MS effect: BD yield when five different stirrer speeds are ap-

plied, (b) US effect: BD yield when five different US frequencies are applied.

In both cases, MeOH:TG = 6:1, reaction temperature = 50°C, and other pa-
rameter values are taken from Table 3.1 and Table 3.2.

of MS on biodiesel production is shown with a MeOH to TG ratio of 6:1 at a reac-
tion temperature of 50°C. As the stirrer speed increases from 300 rpm to 600 rpm,

biodiesel conversion also increases. At 700 rpm, biodiesel production starts rapidly
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PRCC Value

Figure 3.5: Sensitivity analysis: Bar diagram displaying the sensitivity

indices of the model parameters with the maximum biodiesel production by

Partial Rank Correlation Coefficients (PRCCs) using Pearson’s correlation co-
efficient.

but begins to decrease after about 25 minutes, resulting in lower conversion than
at 600 rpm. This reduction occurs because higher rotational speeds cause MeOH
to vaporize, disrupting the MeOH to oil molar ratio. In Figure 3.4(b), the effect of
US frequency is shown for the same molar ratio and temperature. At 50 kHz fre-
quency, we have achieved the highest biodiesel yield. When frequency increase to
60 kHz, biodiesel production is initially higher but starts to decrease after around 45
minutes of reaction. Higher US frequency leads to a slight increase in reaction tem-
perature, causing MeOH vaporization and saponification reactions, which reduces
biodiesel yield conversion. We have conducted uncertainty analysis by considering
assign all parameters are in uniform probability distribution. For each parameter,
we have taken 1000 random samples by using the Latin hypercube sampling (LHS)
technique (for details see (Dutta et al., 2024)). In the bar Diagram (3.5), we have
demonstrated the sensitivity index of reaction rates and mass transfer coefficients
on final biodiesel yield. This figure allows us to determine the model’s robustness
to parameter values and identify the parameters that have a significant impact on
tinal biodiesel yield. This figure suggests that M. and ks are the most positively sig-
nificant parameters, while %y, and ko, are the most negatively significant parameters
for BD production.

For parameter sensitivity analysis we have implemented the combined LHS-
PRCC approach (Marino et al., 2008). In The scatter plots including the regression
line (Figure 3.6) described the statistical impact of reaction rates and mass transfer
coefficients on final biodiesel yield. The alignment of regression line indicates the
qualitative relation between final biodiesel production and individual parameter’s

range. The p value represents the level of uncertainty related to each PRCC has
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Figure 3.6: Scatter plots: Scatter plots represent the different parametric

ranges correlated to the biodiesel production with the regression line. Here,

the significance level is 0.05 and for each parameter, the sample size is 1000
based on the LHS approach with uniform probability distribution.

been calculated. For the numerical performance we have considered preassigned
minimum allowed certainty or confidence level of 95 (p < 0.05) on PRCC values.
The continuous use of high-intensity MS and US frequency causes some amount
of MeOH to vaporize from the reaction vessel. As a result, additional methanol
needs to be added to the system to achieve higher biodiesel yield, which increases
the production costs. The study aims to maximize biodiesel yield in less time while
minimizing production costs as much as possible. To address these requirements,
we have applied optimal control on MS and US frequency in the system. Figure
3.7(a) and 3.7(b) represent the control profile for US frequency and MS, respectively.
It is seen from Figure 3.7(a) that, initially a higher US frequency of 50 kHz is given
in the system to reduce the initial mass transfer resistance between the reactants,
after 22 minutes of reaction, the production has reached its equilibrium, so there is
no need to apply further US frequency. We have seen from the above analysis that
US frequency is more effective in reducing the mass transfer limitation than MS (see
Figure 3.5(a)). It is needed to give stirrer rotation of 600 rpm a little bit more du-
ration. After 36 minutes of reaction, there is no need to give higher rotation, so we
can gradually decrease the stirring. This phenomenon is plotted in Figure 3.7(b). By
regulating the MS and US frequency, MeOH does not vaporize from the system. So,
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Figure 3.7: (1) Control profile for US frequency has been plotted. The
reaction has been started with 50 kHz of US frequency up to 22 minutes, after
that the frequency is cut down to a lower frequency (b) Control profile for
MS has been plotted here. 600 rpm of MS has been given up to 36 minutes
and then its speed decreased gradually. In both cases, temperature = 50°C
and MeOH:TG = 6:1, and (c) corresponding biodiesel molar conversion with
respect to time and their comparison when no control is applied.

there is always an adequate amount of methanol in the reaction vessel, eliminating
the need to add extra methanol to the system. This reduces production costs and
enables higher biodiesel production (see Figure 3.7(c)). This figure demonstrates
that regulating the US frequency for a shorter duration still produces a higher yield
compared to MS. From Figure 3.2 - 3.4, it is observed that the highest BD yield can
be achieved at a stirring speed of 600 rpm for MS and at a frequency of 50 kHz
for US, individually, when the MeOH-to-TG molar ratio is 6:1 and the temperature
is 50°C. The bar diagram in Figure 3.8(a) illustrates the yield over various reaction
times. The diagram clearly indicates that US frequency is more effective than MS
in enhancing mass transfer between the reactants. However, the difference in BD
conversion starts to decrease after 30 minutes. Using the same conditions outlined
in Figure 3.8(a), the molar conversion of biodiesel was tracked over time with opti-
mal control methods. Figure 3.8(b) visualizes these changes in conversion over time
using a bar diagram. Biodiesel yield for these two scenarios and by varying temper-
ature and molar ratio has been illustrated in Table 3.3. Additionally, a comparison
is made for both without and with optimal control, and MS and US frequency by

providing BD yield in 20 min, 40 min, and 60 min time intervals. Based on the data
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Figure 3.8: Comparison Bar Diagram: (a) Bar diagram has been plotted to

show the biodiesel yield to compare the effectiveness of MS and US frequency

without any type of requlation when MeOH:oil = 6:1, temperature is 50°C,

stirrer speed f = 600 rpm and US frequency H = 50 kHz, (b) Bar diagram

has been plotted when we requlate MS and US frequency over time for the
same parameter values.

provided in Table 3.3, one can produce 4-7% more biodiesel yield from rapeseed oil
by controlling or regulating MS or US frequency over time in biodiesel production

process, compared to when neither the MS nor the US frequency is controlled.

3.4 Discussions and Conclusions

In this chapter, we have investigated two mathematical models: one is for MS (Sys-
tem (3.4)) and another is for US frequency (System (3.5)) to compare the biodiesel
production from the three-step transesterification reaction between methanol and
rapeseed oil. To better understand the mixing effect during the reaction period of
MeOH and TG, we have formulated mass transfer correlation for both MS and US
frequency (see Equation (3.1) and Equation (3.2)) and compared their effect on BD
production. Using these correlations of mass transfer, molar conversion of BD has
been evaluated for different molar ratios (see Figure 3.2) and for different tempera-
tures (see Figure 3.3). Also BD production has been observed for different MS (see
Figure 3.4(a)) and US frequency (see Figure 3.4(b)) to compare the performance effi-
cacy of these two external efforts. The bar Diagram 3.5 demonstrates the qualitative
significance of reaction rates, which revealed the model robustness of final BD pro-
duction against the reaction rates variations. We have also performed uncertainty
analysis (Figure 3.6) to exhibit the statistical impacts of the considered reaction rates

on the BD production, along with the correlations between the particular range of
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reaction rates with the final biodiesel yields. Our uncertainty and PRCC analysis
enhance the model’s plausibility and indicate that M, and k,; are the most posi-
tively significant parameters, whereas k1, and k9, are the most negatively significant

parameters for BD production. Once the initial mass transfer resistance is over-

. Temp. Time Outcomes (%) &
Feedstocks Catalyst MeOH:TG ©0) MS/US (min) Methods Ref.
Jatropha Oil ~ KOH wt% 1.5 8:1 62 Us 15 85.2 (ANN) (T"‘Z%f;)”l"
(Adepoju
. . o ) and
Beniseed Oil ~ Mango, wt% 0.9 6:1 57 MS 60 93.6 (ANN) Okunola,
2015)
Soybean Oil KOH wt% 1 9:1 60 MS 60 93.2 (ANN) (Moradi
oybe o : ) et al., 2013)
. o . (Rajkovié¢
Sunflower Oil KOH wt% 0.7 7.5:1 30 us 60 89.9 (ANN) etal., 2013)
(Shenbaga
Fish Oil KOH wt% 1.55  9.92:1 65 US 32.37 99.2 (RSM) Vinayaga
Moorthi
et al., 2015)
. Heteropolyacid . (Badday
Jatropha Oil W% 493 25:1 65 us 38 96.26 (ANN) etal., 2014)
. o . (Sajjadi
Palm Oil KOH wt% 2 12:1 50 us 60 92.81 (EXP.) etal., 2017)
. . o . (Kusumo
Ceiba Oil KOH wt% 1 10:1 60 MS 108 99.80 (ANN) etal., 2017)
Jatropha+Ceiba o o (Dharma
oil KOH wt% 0.68  40%v /v 60 MS 120 93.70 (ANN) etal., 2017)
(Maran
Neem Oil KOH wt% 1.2 7:1 50 us 30 94.47 (RSM) and Priya,
2015)
. o . 97.00 (By controlling (Caoetal.,
Jatropha Oil KOH wt% 1 6:1 50 us 50 US frequency) 2024)
Rapeseed Oil ~ KOH wit% 1 61 50 Us 40 97.67 (By regulating  Present
US frequency) study
. o . 95.32 (By regulating Present
Rapeseed Oil KOH wt% 1 6:1 50 MS 60 MS) study

Table 3.4: Optimal conditions reported in literature for biodiesel production
using various transesterification processes.

come, the reaction proceeds smoothly. After the initial state of reaction, the intense
levels of mechanical stirring (MS) and ultrasound (US) frequency are no longer nec-
essary. Therefore, to make the process cost-effective and ensure smooth reaction
progression, it is essential to control or regulate both MS and US frequency. Here,
we have applied optimal control theory to extend our formulated models by incor-
porating the suitable control parameters (see System (3.6) and System (3.7)). The
control inputs u(t) and z(t) are employed for regulating the MS and US frequency,
respectively, to overcome the initial mass transfer resistance between MeOH and
TG. Evaluated optimal control parameters u*(¢) and z*(¢) (see Equation (3.11)) en-

sure the optimum use of MS and US frequency for biodiesel production with the
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cost-effective manner. The numerical representations of optimal control profiles (see
Figure 3.7) demonstrate that initially a higher efficacy of control input (2*(¢) = 1 (H
= 50 kHz)) is required to start the reaction and after 22 minutes no further US fre-
quency is needed. On the other hand, when we are using MS, a higher efficacy of
optimal control parameter (u*(t) = 1 (f = 600 rpm)) is required for a longer time (36
minutes) and then it gradually decreases until the end of the reaction. These results
clearly indicate that the US frequency is more suitable for applying as an external
effort with optimum manner to reduce the mass transfer resistance during the reac-
tion.

Through our mathematical study along with the application of optimal control
theory on MS and US frequency, we have achieved some important results while
using significantly lower amounts of methanol and catalyst. We have compared our
obtained results with the biodiesel production outcomes and optimal conditions re-
ported in previously published articles (see Table 3.4). The present study depicts the
reaction time i.e., 40 minutes for US and 60 minutes for MS, which is notably faster
than the reports verified by several other experimental and theoretical studies (see
Table 3.4). This also demonstrates that the optimum regulation of US frequency can
lead to higher biodiesel production than the use of optimum mechanical stirring.
Compared to our previous work using jatropha oil as feedstock (Cao et al., 2024) un-
der identical reaction conditions, the current study with rapeseed oil demonstrates
a higher biodiesel yield achieved in a shorter time when ultrasound frequency is
regulated over time in an optimum manner. This highlights the advantage of using
rapeseed oil over jatropha oil, though jatropha is a second-generation crop.

The concentration of catalyst used for BD production also influences the produc-
tion (Atadashiet al., 2013), to avoid the mathematical complexity we have used KOH
catalyst with fixed 1 wt% concentration. The work can be more improved if we will
be able to capture the impact of the catalyst in another modified form. The reaction
rates, which have used in this model have been considered from a small experi-
mental study (Sének et al., 2019), that may not be directly usable for industrial-scale
biodiesel production. Though there are few limitations, this model study will be
highly beneficial for experimental researchers, and they can utilize its optimization
techniques for biodiesel production.

In conclusion, our control-induced System (3.6) and System (3.7) demonstrate
that optimally regulating mechanical stirring (MS) and ultrasound (US) frequency

over time significantly enhances biodiesel production, with US frequency proving
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more production than MS. This study also highlights that, despite being a first-
generation crop, rapeseed oil is a more suitable feedstock for biodiesel production
than jatropha oil when used optimally. Finally, at 50°C with a MeOH-to-rapeseed
oil molar ratio of 6:1, a biodiesel yield of 95.33% can be obtained within 60 minutes
at a stirrer speed of 600 rpm and by applying a 50 kHz ultrasound frequency, the

yield can be increased to 97.67% in only 40 minutes.
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Exploring Fractional-Order Nonlinear Dynamics in

Biodiesel Production with Optimal Control

Earlier, in Chapter 2 and Chapter 3, we observed that ultrasound frequency is more
effective than mechanical stirring in achieving proper mixing and reducing mass
transfer resistance between methanol and triglycerides. In both chapters, the math-
ematical models were developed using ordinary differential equations with integer-
order derivatives. However, it is possible that the transesterification reaction ex-
hibits memory effects, which cannot be captured by integer-order models alone. To
address this issue, the present chapter' develops a mathematical framework based
on fractional-order derivatives, using Caputo-Fabrizio (CF) and Atangana—Baleanu
in Caputo sense (ABC) operators to describe the transesterification process using an-
other feedstock, Waste cooking oil (WCO). The models are validated against exper-
imental data, highlighting the role of memory effect of transesterification reaction

for biodiesel production dynamics.

4,1 Preliminaris

Definition 1 (Caputo, 1969): The Caputo fractional derivative of order a € (n — 1, n]
of f(x) is defined as

1

¢ p == x:(:— n-a=lgn n=la )
CDLIw) =y [ @O W n= o)1

!The maximum portion of this chapter has been published in CSIAM Transactions on Applied Math-
ematics, Global Science Press, doi: 10.4208 / csiam-am.SO-2025-0016, (2025).
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Definition 2 (Caputo and Fabrizio, 2015): Let f € H'(a,b),b > a,0 < ¢ < 1. Then,

the CF fractional differential operator is defined as follows:

i) =12 [ew |-AD) ez o, 0ot

The function M (¢) serves as a normalization function, dependent on ¢ and meets
the condition M (0) = M (1) = 1.

Definition 3 (Atangana and Baleanu, 2016): The ABC fractional derivative in Ca-
puto sense of a function f(z) € H'(a,b),b > a with 6 € (0, 1] is defined as:

2eplse) = 705 [ G |-yt - o

where H'(a,b),b > a is a space of square-integrable functions and is defined as:

0
H'(a,b) = {f(z) €eL*(a,b) | f'(z) €eL*(a,b)}, and () =1-06+ T0)
Definition 4 (Atangana and Baleanu, 2016): Let f € H' (a,b) and 6 € (0,1]. The 0 th
ABC fractional integral of the function f(x) is:

fBIZf(x):(l_e)f(x)+ 9(9> /I( /(s) ds, x € [a,b]

where 9J(0) is as defined in above.

4.2 The Basic Integer-Order Model and The Corresponding

CF and ABC Fractional Order Model Formulation

To develop a mathematical model for the transesterification reaction between waste
cooking oil (triglycerides) and methanol for biodiesel production, the following key

assumptions are considered:

¢ [L1]: The transesterification process consists of three consecutive and reversible
reaction steps, where triglycerides react with methanol to produce biodiesel

and glycerol as a byproduct (Freedman et al., 1986).



Chapter 4. Exploring Fractional-Order Nonlinear Dynamics in Biodiesel Production with 52
Optimal Control

¢ [L2]: The reaction mixture contains a minimal amount of water (0.2% w/w),
which is insufficient to significantly influence hydrolysis reactions. Hence, hy-

drolysis is neglected in this model (Xu et al., 2005).

¢ [L3]: Since free fatty acids (FFAs) and other impurities are removed before

transesterification, the saponification reaction is assumed to be negligible.

Waste Cooking Oil ‘'WCO Collection Filtration

Biodiesel

TG + CH,0H = DG + BD,
b

< DG +C’H;;OH’; MG + BD, €—
T2

Separation

MG + CH;0H = @I + BD.
5

{

[ - sJ s
Mixture of Biodiesel Transesterification ..
' ' and Glycerol Reaction Mixing of Methanol and
c ﬁ ‘WCO by Ultrasound Probe

Glycerol

Figure 4.1: Scheme for WCO collection from various restaurants and house-
holds, filtration and transesterification reaction to produce biodiesel using ul-
trasound frequency.

In transesterification reaction, mass transfer resistance at the interface between methanol
and triglyceride phases plays a crucial role, particularly in heterogeneous reaction
systems where the reactants are immiscible. Factors such as high viscosity, poor sol-
ubility, and diffusion limitations contribute to mass transfer resistance. Ultrasound
application significantly improves mass transfer by reducing phase boundary resis-
tance through cavitation, leading to enhanced diffusion. The mass transfer coeffi-
cient, considering ultrasound effects, is estimated using a modified Dittus-Boelter

correlation (Cao et al., 2024):

0.8
1 D 0.8 0.33 D dQPH 1% 0:33
M. = = 0.023— = 0.023— —_— 4.1
©= AL 0.0 Sd2 (Re) (Sc) 0.0 3d2 oD ) 4.1)

where M, represents mass transfer resistance (inverse of the mass transfer rate),
while R, and Sc denote the Reynolds and Schmidt numbers, respectively. The pa-
rameters D, p, i correspond to diffusivity, density, and viscosity of waste cooking oil,

while d is the reactor vessel diameter, and H is the applied ultrasound frequency.
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Based on our previous studies (Cao et al., 2024), we have identified that the op-
timal conditions for biodiesel production using ultrasound frequency are H = 50
kHz, T' = 50°C, a methanol-to-triglyceride molar ratio is 5:1, and a reactor diameter

d = 1 meter. This whole study is conducted under these optimized conditions. The

Parameter Definition Value
D diffusivity of WCO 1.00 x 107" = 1.5 x 107" m?s™*
p density of WCO 880 kg m™3
0 viscosity of WCO 26.1 kgm~'s™!
d vessel diameter Im
H ultrasound frequency 30-60 kHz

Table 4.1: Liquid properties of waste cooking oil and input ranges of ultra-
sound frequency and vessel size used in the reaction at 50°C.

transesterification reaction occurs in the presence of a KOH catalyst and follows a

three-step reversible mechanism (Freedman et al., 1986):

¢ Step 1: Triglyceride (TG) reacts with methanol (AL) to form diglyceride (DG)
and biodiesel (BD).

¢ Step 2: Diglyceride (DG) reacts with methanol (AL) to produce monoglyceride
(MG) and biodiesel (BD).

¢ Step 3: Monoglyceride (MG) reacts with methanol (AL) to yield biodiesel (BD)
and glycerol (GL).

The overall reaction mechanism is:

TG + CH;0H = DG + BD,

T1b

DG + CH,0H = MG + BD, (4.2)

T2b
T
MG + CH,0H 2 GL + BD.

T3b
The rate constants 1, 7o¢, 3 (forward reaction) and ry;, 723, 73, (backward reaction)
follow the Arrhenius equation:

Ty = 141'6T (43)

where A4, is the frequency factor, £/4, is the activation energy, T is the reaction tem-
perature, and R is the universal gas constant (Benavides and Diwekar, 2012). Table

4.1 lists the parameter values used in forming the mass transfer coefficient, while
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Table 4.2 presents the reaction rates of the transesterification reaction.

1. Integer-Order Differential System:
The governing ordinary differential equations (ODEs) for the reaction mechanism,

considering mass transfer effects, are formulated as follows:

L = —r;TA+r,DB,
G —rifTA+r4uDB —rop DA+ 1oy MB — r3pMA + r3,GB,
dD rifTA—ryDB —rop DA+ roy M B,
G =1yDA—ryMB — 13 MA +1r3,GB,

4B — . TA—ryyDB + ryy DA — 1o, MB + 1y MA — r3,GB + - (1 _ B ) :

(4.4)

dt Brmax

4 r3fMA — rGB,

where B, T, D, M, A, and G are the concentration of biodiesel, triglyceride, diglyc-
eride, monoglyceride, methanol, and glycerol respectively with initial condition
T(0) = Ty, A(0) = Ay, D(0) = 0, M(0) = 0, B(0) = 0, and G(0) = 0.

Now, we extend the integer-order model to a fractional-order framework by re-
placing the time derivative with two distinct non-singular kernels: the exponen-
tially decay type kernel and the Mittag-Leffler kernel. However, this substitution
disrupts dimensional consistency, as directly replacing an integer-order derivative
with a fractional derivative (CF or ABC) in a dimensionally balanced equation is
mathematically still questionable. To resolve this issue, we introduce the memory
rate parameter R with dimensions as same as (1/minute) on the left side of the
fractional model. This memory rate parameter ensures dimensional coherence, pre-

serving mathematical consistency and stability in the modified system.

2. Caputo-Fabrizio Fractional Model:

Using the CF fractional operator, the model is reformulated as:

RU=D CEDIT(t) = —p TA+1r,DB,

RU-9) CF D A(¢) —r1fTA+rypDB — 1oy DA+ royMB — r3; M A + 73,G B,
RO=DCFDID(t) =71 ;TA~11,DB —rof DA+ 19, M B,

RO=9) CF DS N[ (4) rofDA — roy M B — 13 M A + r3,GB,

RO=9 CFDPB(t)  =riTA—r,DB+ropDA — 1y, MB + 15 MA — r3,GB + & (1 = B ) 7

Buax
RO-DCEDIG(t) =13y MA —r3GB,

(4.5)

with the same initial condition as above and ¢ € (0, 1] is the order of the CF fractional

system.
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3. ABC Fractional Model:
For the ABC fractional operator, considering the memory rate parameter R (previ-

ously defined), the governing equations are:

=y

=0 ABCDOT(t) = —r TA+r,DB,
=0 ABCDIA(t) = —ri;TA+riyDB — rop DA+ rogyM B — 13 M A + r3,GB,
R0 ABCDID(¢) rifTA—r,DB — 1oy DA + 19, M B,
(1-6)
(1-0)

=

(4.6)

RO-O ABCDON[(t) =1y, DA — 1o, MB — 15, MA + r3,GB,
RO-9 ABCDIB(H) = r\ TA —r1,DB + rapDA — ray MB + 1) MA — 1y GB + £ (1 - Bfax) :
RUZOABODIG(t) = r3yMA —ryGB,

with the same initial condition as above, i.e., T(0) = Ty, A(0) = Ay, D(0) = 0,
M(0) =0, B(0) =0, and G(0) = 0 and here # € (0, 1] represents the order of the ABC

fractional derivative.

Parameter Definition Value (mol~! L min—1)
T1f forward reaction constant 0.102
1 backward reaction constant 0.021
Tof forward reaction constant 0.053
Top backward reaction constant 0.010
T3y forward reaction constant 0.015
r3p backward reaction constant 0.164

Table 4.2: Values of various reaction rate constants used in the transesterifi-
cation reaction, adopted from (Takase, 2022). These constants are essential for
modeling the biodiesel production process and influence the reaction kinetics.

4.3 Existence and Uniqueness of the Transesterification
Reaction System

In this section, we establish the existence and uniqueness of solutions for the frac-
tional Model (4.6) based on the ABC derivative. The existence of solutions ensures
the mathematical consistency of the ABC fractional model, confirming that solu-
tions can be obtained under well-defined conditions. Uniqueness guarantees de-
terministic and unambiguous outcomes, which are essential for reliable real-world
predictions. These properties validate the robustness of the model, ensuring its re-
liable application in biodiesel production, where precision and reproducibility are
essential for optimizing reaction efficiency, improving yield, and enhancing process

sustainability in industrial and environmental settings. To illustrate the existence
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and uniqueness of our proposed model, we employ the well-known Banach fixed-

point theorem and the Arzela-Ascoli theorem.

4.3.1 Existence of System

Applying the ABC integral

operator to both sides of the System (4.6), we obtain:

T(t)-T(0)= ROV ABCL (—r;TA+r,DB),
A(t) — A(0) = ROV ABCLE (—p ) TA+ryDB —rypDA + royMB — rsg M A + r3,GB),
D(t)—D(0) = ROV ABCLE (ri;TA—r,DB — ryy DA+ 1o, MB),
M(t) = M(0) = ROV ABCLL (rof DA — roy, M B — r3s M A+ r3,GB), 4.7)
B(t) - B(O) = R(O-1) ABCIO (T‘lfTA —ruDB + TQfDA —ropMB + TngA —1r3,GB
+1\% (1 o Bmax))7
G(t)—G(0) = RODABCLE (r3pMA — ry,GB).
This implies that
6—1)(1— —1
T(t) — T(0) = Rgﬁlgg; DGT(1),1) + Sgra % o (t = )" 1G1(T(s), 5)ds,
At) — A®0) = B 820G, (A1), 1) + £508 x [t s>9 1G5(A(s), 5)ds,
(0-1)( (6—1)
D(t) = D(O) = £ 1);1"295@@)#) St * (¢ = 5)*Gs(D(s).5)ds. 4.8)
M(t) = M(0) = =G4 (M(0)0) + fares [ t—se 1G,(M(s), 5)ds
1 0—1
B(t) — B(0) = ﬁfwg 5(B(t),1) + g ¥ fo (t = 5)""'Gs(B(s), 5)ds
1 <9 1)
G(t) — G(0) = F==2Ge(G(1), 1) + 4 R 5% Jo(t = 5)771Gs(G(s), 5)ds
Where the kernels G;,i = 1,2, ..., 6 are defined as,
gl (T(t), t) = —TlfTA —+ 7’1bDB,
G (T(t), t) = 7T1fTA +rupDB — TQfDA +ropMB — Tgf]\/fA + r3yGB,
gl (T(t), t) = T’lfTA - leDB - TQfDA + TQb]\/[B,
gl (T(f/). t) = 7‘2fDA - ’I‘Qb]\/fB - 73f]\/[14 + ’I‘3bGB7
gl(T(t)t) = TlfTA — leDB + T‘QfDA — ’r‘QbJWB + ng'j\/[A - TgbGB + ]% (1 — Bfax) s
gl(T(t), t) = Tgfj\fA - TgbGB.
Let £ be the linear operator acting on the entire System (4.8), defined as:
(0-1)(1— 1
L(T(t) = wgﬂ(ﬂ, t) + R(Zr;gi x [L(t = $)0-1Gy(T(s), 5)ds,
LA() = T =0G, (A1), 1) + HEb x [1(t— 5)"1Ga(A(s), 5)ds,
(0=1)( 1
£(D(B) = £ - 9293(0(197 )+ 3;(;"25 @ % Jot = 5)"1Gs(D(s), 5)ds. (4.9)
L(M(t)) = ( ﬁ)wg LG (M(1),1) + S % Jo(t = 9)"71Ga(M(s), 5)ds
_ R-1 (179) R(" g -1 .
‘C(B(t)) = R(97191(>0(1_9) (B(f)a ) R(e F1()%) f(: f_ 9) g5( (9) 3)d57
L(G(1) = B=0G,(G (1), 1) + Horh x [i(t — )77 Go(G(s), )ds
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[T(t), A(t), D(t), M(t), B(t), G(t)]" is

compact to ensure the existence and boundedness of the solutions of the System

Now we have to prove that L(H), where H =

(4.6). Consider the first equation of the System (4.9), we can write,

(6-1) (0-1) t
jernl = [F5 526 w00+ gt x [ -6, 9]
(6-1) (6-1)
swuglu) D+ e gxn/t—s“gl(() s)dsl.
0 O (4.10)
R6- 1)(1 0) RO- 1T0 :
= =6, .01 + St [ G0y,

RO-1)T0
19(9)1“(9)} G (T(¢),1)]|.

0-1(1-19)
S[ gy

We can assume that there exist some positive real numbers vy, 15, 13, 14, V4, and vg
such that [[T'(t)[ < vy, [[A()] < vo, D@ < w3, [M@)]| < va, | B(E)]| < w5, and
|G(t)]| < vg. Let

and utilizing this in the Equation (4.10), we get

R(Gfl)Té’
SIORGON

RO-D(1 - 6)
v(0)

+ K (4.11)

GO

Proceeding similarly, we can obtain that

Y

4 1
|LAM) < Bo B0 4 1, o]
[ RO-1)(1-0) RO-1)76"
IL(D()| < Bs 9(0) + K3 9(0)T(9)
R(O-1)(1—p) RO-1e
|E(0)] < Bi 2= + KBt
RO-1)(1_g (0—1)76
rww@wss5<%%)+&ﬂ>@_
R(6—1 (1 6) RE-1)706
\ IL(G@))]] < Be BKIC) K I(OT(0) |
Where )
By, = A(t). t B; = D(t),t
2= max Ga(A(t), 1), 3= mnax Gs(D(t),1),
A€[0,v0] De[0,vs]
B, = M(t), t B: = B(t),t
4= mex Ga(M(t),1), 5= max Gs(B(t),1),
Me[0,v4] Be[0,vs]
— ), 1).
By = max Gs(G(1), 1)
GE[O,I/(;]
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Therefore £(H) is bounded. Let us consider ¢, > ¢, and for a given € > 0, there exist

a 6 > 0 such that ||ty — t2|| < . Now we can write for that first equation as,

1G1(T'(t2), t2) — Gi(T'(tr), )| = [[(=r1,T(t2) A(t) + riuD(t) B(t))
— (=17 (t1)A(t) + 1 D(t) B(1)) ], (4.12)
< ripv||T'(te) — T(t)]].

Assuming that if the function 7'(¢) is Lipschitz continuous i.e. there exists for some
real number x; > 0 and for all ¢5, ¢, the inequality ||7(t2) — T'(t1)]] < xallt2 — t1]]
holds. We rewrite the Equation (4.12) as,

1G1(T'(t2), t2) — Gi(T'(t1)-t)|| < Rulltz — ta]. (4.13)

Where R = 71 712X1. Similarly, if the other population of the system A(t), D(t), G(t),
B(t), and G(t) are Lipschitz continuous, then there exist some positive real numbers

Ri,i=2,3,...,6, for which we can write as following:

( —Ga(A(t) )l < Ralltz —tall,
( = G3(D(t) )] < Rallta =t
1G4(M (t2),t2) — Ga(M (t1).t1)|| < Rullta — ti]|, (4.14)
( 2) = Gs(B(t)-t)l| < Rsllta =t
( ) = Go(G(t) 1) < Rellta — tal|-

Furthermore, Using the the Equation (4.10) with the inequality (4.13), we have

‘ )

R(“’—l)(l —0) RO-1)70
o) T Mere

l£(T () - L@@l < | | [ @1 (t), 1) = Gu(T (1), 1)

R(0—1)(1 —0) RO-1)70 (4.15)
<| oo Klﬁ(e)r(e)}Rl”752 —tll
Choosing, § = ‘ and we can see that |L(T(t2)) — L(T'(t1))]] <
RrR(O—1)(1_¢) LK, R(O-1)10 :| R
(0) ONG)

¢ whenever ||ty — t1|| < 0. Proceeding similarly, we can show that ||L(H (t2)) —
L(H(t1))| < €, where H = [A(t), D(t), M(t), B(t), G(t)]*. Hence according to the
Arzela-Ascoli theorem (Lebl, 2018), we can say that the operator £(H) is compact.
Therefore the solutions of the fractional System (4.6), corresponding to the method

exist. Now we prove the uniqueness of this solution in the subsequent section.
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4.3.2 Uniqueness of System

Let 7'(t) and 77(t) be the two solutions of the fractional System (4.6). Then for the

tirst population, we can write as,

1G:(T'(8), 8) = Gu(T" (1), DIl = I = rp AT () = T" (@),

(4.16)
< A T@) - T'(0)],

where A; = ry;14. Similarly, we obtain for the other population as follows:

1G2(A(2), 8) = Go(A'(2), 1) ]| < Aol At) — A'(B)]],
1G5(D(#), 1) = Gs(D'(1), )| < As[|D(#) = D',
1G4 (M (1), 1) = Ga(M' (1), ) || < Auf[M(t) = M' (1),
195(B(1),t) = Gs(B'(1),1)]| < As[|B(t) = B'(#)]l;
196(G (1), 1) = G(G'(1), )| < Al G(2) = G'(D)]

Now we prove the uniqueness of the solution of the System (4.6). For this, let us
consider the linear operator £ again, which is defined in the previous section, and

using the relation in Equation (4.16), we obtain,

(6-1) _ (6-1)
|L(T(1) — £(T(1)]] = HW@(TW) —G(T @), 0) + ﬁmg) .
=@ ) = T (). 5s]|.
ROD(1 - 9) | RO-1TY
<7||g1 ) gl(T H+WX
H / G\(T T/(s), s)ds].
_ (0—1)0
< [Tg)@ m%m] 70 - 70|

Proceeding similarly for other equations, we can obtain

A(t)) = LA @)
D(t)) = L(D'(t)

(

( s + Ky al1D(0) — D'(1)]
le((e) - £(ar

(

(

(0 F(9> )~
H < |:R(9 1)(1 9)A4+K4R(9 1)T9A4i| H]Vf(f) A[/( )H

R(e-1)(1-9) (0—1) e
T2 + Ko Bt A }}HA() A,

)
)

) FIONG
! (0 ]) !
IL(B(t) — L(B'(1))]| < ﬂ(9;0A+KW—;’<§f 1B(t) - B'®)ll,
R(® 1) 1
IL(G (1) = LG @) < | B2 06 + Koty As |G (1) — G (1))
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The linear operator £ will be a contraction mapping if the following conditions are
hold:

(

R(O-1)(1—p) = 1>T9
WAI + K1R Al
R(O-1) (1—0) (s 1) 9
TA2+K2R T A2

()1 G)A?’ K3 199 1)T9A3

R(6-1) (1- A4 T K4R(6 1)T9 A4
9)

A5 + Ks 5o R(G DTG A5

R(O— 1)(1
619189(1 Q)A K (9 1)T0A
L 9(0) 6 + 6 (6 6

<1 (4.17)

Therefore, the fixed point theory (Zhou, 2023) ensures the uniqueness of the solution

of System (4.6) if all the conditions in Equation (4.17) are satisfied.

4.4 Fractional Optimal-Control Problem (FOCP)

In this section, we examine the formulation and solution of an optimal control prob-
lem by using ABC operator for the Model (4.6). Generally, the formulation of a
fractional optimal control problem (see Figure 4.2) involves first determining the

optimal control, z(t), that minimizes the cost function.

ty
= / G(t,y, z)dt
to

subject to the constraints
R(I_G)ABCny = F(t7 Y, Z)y

with initial condition: y(0) = yo.

where 0 < 6 < 1, the state and control variables y and z respectively, G(t, y, z) and
F(t, y, z) are differentiable functions. In this model, we considered the state variable
asy = (T, A, D, M, B,G) € R’ and we aim to find the optimal control z*(¢) € R to
minimize the mass-transfer resistance between methanol and WCO. Let us consider

the following cost functional
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Problem Define State & .Cost
Formulation “ontrol Variables SE——"— Functional Setup
' =fx,z1) (x ER"& z €(0, 1)) (Minimize J[z])

Qutput
Optimal Control

z5(f) & State
Trajectories

Numerical Hamiltonian
Solution Construction

(Forward- (State + Adjoint
Backward Sweep) Egns)

Figure 4.2: Flowchart of the Fractional Optimal Control Problem (FOCP)

Algorithm, illustrating the sequential steps from problem formulation to

the derivation of optimal control and state trajectories using the Atangana-
Baleanu (ABC) fractional operator and Pontryagin’s principle.

where W, represents the weight constant with W; > 0, while W, stands for the
penalty multiplier. Let the control input variable z(¢) represent the ultrasonic fre-
quency applied at time t, where 0 < z(¢) < 1. A value of z(t) = 1 corresponds to the

maximum utilization of ultrasound frequency, while z(¢) = 0 signifies no ultrasound

application. Hence, the System (4.6) becomes:

Py = RU=OABCDIT() = —p;TA+r,DB,
Fy = RU-OABCDIA) = —r;TA+ryDB —roy DA+ royMB — 13y M A + 13,GB,
Fy = RU-OABCDID(t) = vy TA—ryDB — 19y DA + ro,M B,
Fy= RO=DABCDIN(t) = 1oy DA — royM B — r3; M A + r3,G B,
(

e

5 =R lie)ABchB(t) = TlfTA —rupDB + TQfDA —royMB + Tgfj\fA —1r3GB

B B
+ZMr (1 - Bmax) ’

Fy = RO-DABCDIG(t) =  r3 MA — rgyGB,

with initial conditions: T'(0) = Ty, A(0) = Ay, D(0) = 0, M(0) = 0, B(0) = 0,

and G(0) = 0. Our objective is to find the optimal control z*(¢) that minimizes the

functional J(z), i.e.,
J(z*) =min{J(z2) : z € Z}.

The set of feasible controls, Z, consists of all measurable functions satisfying;:

Z = {z | z is measurable and satisfies 0 < z < 1, Vi € [to, tf]}.

(4.18)
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To determine z*(¢), we utilize Pontryagin’s Minimum Principle (Pontryagin, 2018).

The Hamiltonian is expressed as:

6
H=Wz> = WoB> + > ®;F,
n=1

=W12* — WoB? + &7 (—r ;TA+r1yDB) + ®a(—r1fTA+ ru,DB — 19y DA + roy M B
—rapMA 4+ 1GB) + ®p(rTA — ryDB — 19y DA+ 1y MB) + ®p(ra DA — rpii 3 (4:19)
— ng'AfA + Tg},GB) + @G(TJJA[A — Tg},GB) + @B(’f‘lfTA — leDB + TQfDA - TQI)AfB

5B B
+ 73y MA — r3GB) + j[ (1— e )

where @1, ®4,. . . ., D are adjoint variables and F}, Fs,..., Fs are functions defined

in Equation (4.18) with the properties

RU-DABCDIQr = —9 =y  A(Dy + O — ©p — ),
R(lf(’)ABCthI)A = —‘3—2‘ = rT(Py+Ppr—Pp— Pp) + 1oy D(Py + Pp — oy — Pp)
g M(®p + By — Opy — D),
RU=DABCDIQ, = 01 =y, B(—®4 — Pp + Op + Pp) + ropA(Pa + Pp — Py — D),
RO-OABCDIG,  — _% = ruB(=P4 — Pp + Py + ) + r35pA(Pa + Py — P — Dp),
ROZOABCDI® = — G = 2W,B + 1y D(—®4 — Py + Op + Pp) + 1oy M(—Pa — Pp
+Pu + Pp) + r3pG(—Pa — Ppr + P + ) — zltlr (1 - Biil-)’
RUTDABODIG, = 1 — 1y B(—Py — Op + O + D).

(4.20)

The transversality conditions are
Cr(ty) = Palty) = Pplty) = Pulty) = Pp(ty) = Palty) = 0.

Theorem 4.4.1. The control parameter z* that minimizes J(z) over Z are given by

®B(Byas — B) }i

2*(t) = max | 0,min | 1, { WM B

where 7, © 4, ©p, Pur, P, P are the adjoint variables satisfying Equation (4.20) and the

following transversality conditions:

P7(0) = ©4(0) = p(0) = Par(0) = ©5(0) = ¢(0) = 0,
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and
( 1
®B(Bmaz—B) | 3 )
0’ { QBWIMera:c } S 0’
1 1
* — [ B(Bmax—B) 3 P B(Bmaac_B) 3 .
o <t> { 2BW1Meraac } ’ O < { éngMeram } < 1’
®5B(Bmaz—B) | 3
\17 { 2BW1MTBTYLCL(L‘ } Z 1
Proof. Differentiating the Hamiltonian (4.19) with respect to z we get:
8H (I) B Bmam - B
=0=2W;z* — -2 ( ),
oz* 2Wi MO B,y 2*?
OpB(Boas — B))
* B max ~
{ 2Wi MO B,ya }
Applying the Pontryagin Minimum Principle, we get
R(l—())ABCDtﬁ(DT _ _(3777-57 R(I—H)ABCDI(ZCPA — _%7 R(l—())ABCDtG(DD _ _%7
R(l—G)ABCDf(DM — _%’ R(l—G)ABCDf(DB — _g%’ R(l—G)ABCDf(I)G — _%7
with transversality condition
Or(ty) = Pa(ty) = Pplty) = Pu(ty) = Pp(ty) = Pa(ty) = 0.
l

4.5 Numerical Validation

This section presents the numerical illustration of our biodiesel model results. We

employ MATLAB 2021a and Python for the numerical simulations. First, we out-

line the complete numerical scheme corresponding to different fractional derivative

operators, specifically the ABC derivative and the CF derivative. The numerical

solution uses these numerical schemes to analyze the model’s behavior effectively.

4.5.1 Numerical Solution Scheme for Reaction System

ABC Fractional Operator:

The fractional System (4.6) corresponding to Atangana Baleanu in the Caputo sense
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can be written as,

R“VABCDI(f(1)) = W(t, £(1)), (4.21)

where f(t) = [T(t), A(t), D(t), M(t), B(t), G(t)]" and ¥ (¢, f(¢)) denotes the right hand
side of the fractional System (4.6). Applying Definition 4, in Equation (4.21), we get

(6-=1)(1— 1
F() = £(0) = B S0 (f (1), 1) + Rl x [yt = 5)P 1 W(f(s), 5)ds.
Using iteration, the equation is reformulated as:

Fltan) = F0) + BEgA=DW(F (1), 1) + EE00 % ST [0 (s — ) 0(f(s), 5)ds.
(4.22)

Utilizing the two-step Lagrange interpolation polynomial, the function W(f(s), s)

approximated in the interval [t, 1] as follows:
U(f(s),s) m Lldte) (5 g ) P dba) (5 gy, (4.23)

h

Where h is the time step size. Now,

/tkﬂ(tnﬂ =)' 7N (f(s), 5)ds,

—/t‘k+1 [(thrl — )" (s — Qq)W — (tnar — )" (s — tk)q](f(tkihl)jkil)]ds’
_e(eh+ iy [(n =+ 1) (n—k4042) — (0= k)0 —k + 20 + 2] U(F (1), t0) -
T = D = (= R = 0 )R ()t

Using this result in Equation (4.22), we have the numerical solution of the fractional

System (4.6) corresponding to Atangana Baleanu in the Caputo sense, as follows:

6-1)(1 — (0-1)1,60
f<1tn+1>—f<o>+R19((91)9)\If<f<tn>,tn>+W)Rg+1 Z[ =+ 1)

n—k+0+2)—(n—k)’(n—k+20+2)]V (f(tk),tk)—[( — k1)
k)P —k+0+ 1)]@(f(tk_1),tk_1>]

(4.24)
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Caputo Fabrizio Fractional Operator:
The fractional System (4.5) corresponding to the CF differential operator can be writ-

ten as,
R DY (g(t)) = W'(g(1), 1), (4.25)

where g(t) = [T(t), A(t), D(t), M(¢t), B(t), G(t)]" and ¥'(t,g(t)) denotes the right
hand side of the fractional System (4.5). Applying the fundamental theorem in the
Equation (4.25), we obtain

R(¢_1)<1 - (b) /
W‘I’ (g(t),t

¢_1)¢ ! / / / /
g(t) —g(0) = x | W(g(s),s)ds".

Now this equation can be written as follows:

(¢—1) (¢-1) n+1
g(tni1) — 9(0) = E5r5=2 W (g(ta), 1) + L X J3™ W (g(s'), 8)d,

(¢—1) (<1> 1) tn
9(ta) — 9(0) = BEDD W (g1, 1), b1) + B [ W (g(s'), ) ds.

Replacing the second equation in the first equation, we obtain that

R@-1(1 — . ,
g(tn+1) - g<tn) _WOP (g(tn)a tn) -V <g<tn71)7tn71))
(4.26)
(Z)—l)(b tni1
X s')ds'.
Utilizing the result as in Equation (4.23), we have
t”+1 / / / / 3h h /
N4 (g(s )7 S )d = 2 \Ij ( ( ) tn) - E\If <g<tn71)7tn71)- (427)
tn

Where h is the time step size. Therefore using these two Equation (4.26) and Equa-
tion (4.27), we get the numerical solution for the CF fractional System (4.25), as fol-

lows:

9ltan) = g(ta) + Ert [(1— 6+ L) (W (g(t), tn) — (1= &+ )W (g(tn 1), tar)]. (4.28)
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4.5.2 Sensitivity Analysis of Reaction Parameters

To assess the impact of model parameters on the biodiesel production system, we
perform a sensitivity analysis using the Pearson correlation coefficient method. Sen-
sitivity analysis plays a crucial role in determining how variations in input param-
eters influence the system’s output, thereby identifying key parameters that signif-

icantly affect the biodiesel yield and efficiency. ~Uncertainty analysis is essential

PRCC Value

Figure 4.3: Bar diagram depicting the sensitivity of model parameters on
biodiesel yield using integer order system, assessed through Partial Rank Cor-
relation Coefficients (PRCC) using Pearson’s correlation coefficient.

for assessing the reliability and sensitivity of system parameters in biodiesel pro-
duction. The Pearson Correlation Coefficient (PCC) is a key statistical measure that
quantifies the strength and direction of the linear relationship between input pa-
rameters and model outputs. Unlike rank-based methods, PCC evaluates direct
proportionality, helping identify dominant parameters that significantly influence
system behavior. By performing uncertainty analysis, we can quantify parameter
sensitivity, improve model robustness, and enhance predictive accuracy, ensuring
that variations in system inputs do not lead to misleading conclusions in process
optimization and decision-making.

We calculate Pearson correlation coefficients between each reaction parameter
(input variables) and biodiesel yield (output variable). The correlation values range
from -1 to 1 and are represented in the bar diagram (Figure 4.3). Figure 4.3 illus-
trates that reaction parameters s, rof, and M, positively influence biodiesel pro-
duction, whereas reaction parameters r;, have a negative impact on biodiesel yield.
This analysis helps identify the most significant factors that affect the efficiency of
biodiesel production. Figure 4.4 presents the scatter plot corresponding to the PRCC
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Figure 4.4: Scatter plot is presented for biodiesel production, illustrating the

relationship between all reaction rates, including the mass transfer coefficient

M.. The statistical significance level is set at 0.05, meaning there is a 5 %

probability of rejecting a true null hypothesis. Each parameter is sampled

1,000 times using the Latin Hypercube Sampling (LHS) approach with a uni-

form probability distribution, ensuring comprehensive exploration of parame-
ter space while maintaining statistical robustness.
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Figure 4.5: Concentration variation of all reactants over time in base-

catalyzed transesterification using the CF method with fractional order ¢ =

0.85, 0.9, 0.95, and 1. Memory rate parameter, R = 0.3, and other parameter

values are specified in Table 4.1 and Table 4.2. Here, the ultrasound frequency,
H = 50 kHz, temperature, T = 50°C', and methanol-to-oil ratio is 5:1.
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Figure 4.6: Variation of concentration of all the reactants over time in base-

catalyzed transesterification using the ABC method with fractional order 6 =

0.85, 0.9, 0.95 and 1. Other parameter values are specified in Table 4.1 and

Table 4.2. Here, memory rate parameter, R = 0.3, the ultrasound frequency, H
= 50 kHz, temperature, T = 50°C', and methanol-to-oil ratio is 5:1.

analysis (partial rank correlation coefficient), illustrating the relationship between
reaction parameters and biodiesel production. In the plot, the X-axis represents the
normalized values of each reaction parameter, while the Y-axis denotes the biodiesel
yield. This visualization helps in understanding the strength and direction of the

correlation between individual parameters and biodiesel production efficiency.

4.5.3 Numerical [llustration

In the biodiesel production process, we employ the molar ratio of WCO to methanol,
along with ultrasound, to investigate their respective effects. Figure 4.5 represents
the concentration trajectories of triglyceride, methanol, diglyceride, monoglyceride,
biodiesel, and glycerol utilizing 50 kHz ultrasound frequency and 5 : 1 methanol-to-
WCO molar ratio using CF method of System (4.5) for fractional order ¢ = 0.85, 0.9,
0.95 and 1 with reaction rate parameter R = 0.3. The trajectories highlight the influ-
ence of fractional-order derivatives on the reaction kinetics, where lower fractional
orders (¢ < 1) introduce memory effects that slow down the depletion of reactants
and the formation of products compared to the integer-order case (¢ = 1). This
behavior is biologically significant as it suggests that transesterification exhibits a

non-instantaneous response to reactant interactions.
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Figure 4.7: Time-dependent variation of concentration profiles for all reac-

tants involved in the transesterification reaction using the CF fractional-order

method with fractional order ¢ = 0.95. The simulations are performed for five

different values of the memory rate parameter R = 0.1, 0.3, 0.5, 0.7, and 0.9

to analyze its influence on reaction kinetics. All parameter values are taken as
specified in Table 4.1 and Table 4.2.

Figure 4.6 shows the concentration trajectories of all six reactants for the same
ultrasound frequency and molar ratio with § = 0.85, 0.9, 0.95, and 1 with the same R-
value as previous of ABC method. The observed variations in reactant concentration
trends highlight the effectiveness of the non-singular kernel in capturing memory
effects, which are absent in the integer-order model (f = 1). Figure 4.7 and Figure
4.8 illustrate the impact of varying the memory rate parameter R on the chemical
system using the CF and ABC fractional operators, with the fractional order fixed at
0.95 and memory rate values set at R = 0.1, 0.3, 0.5, 0.7, 0.9. Biologically, this varia-
tion in R reflects the extent to which past states of the reaction influence the present
biodiesel formation rate, which is crucial in complex biochemical and catalytic pro-
cesses. A higher memory rate enhances the system’s ability to retain past kinetic
information, leading to a more sustained biodiesel yield, whereas lower values of
R indicate a reaction dynamic that is more dependent on instantaneous conditions
rather than historical effects. The comparison between the CF and ABC methods in
Figure 4.9, with ¢ = 6 = 0.95 and R = 0.3, reveals that biodiesel conversion from
triglycerides (TG) is higher in the ABC method, as observed in subplots (2,3,5). This
difference arises due to the distinct kernel structures of the two fractional operators,

where the ABC method, utilizing a Mittag-Leffler function, accounts for a broader
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Figure 4.8: Variation of concentration profiles for all reactants involved in the

transesterification reaction over time, modeled using the ABC fractional-order

method with a fractional order of @ = 0.95. R remains consistent with the

values specified earlier. Model parameters are taken from Table 4.1 and Table

4.2. These figures illustrate the dynamic behavior of reactants and products,

highlighting the influence of fractional-order derivatives on reaction kinetics
and memory effects in biodiesel production.
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Figure 4.9: Comparison of the concentration profile of reactants in the trans-

esterification reaction modeled with the CF and ABC fractional operators.

With fractional orders ¢ = 6 = 0.95 and R = 0.3, the figure highlights dif-

ferences in reactant consumption and product formation, demonstrating how
each fractional model captures the reaction dynamics.

and more persistent memory effect compared to the CF method’s exponential ker-

nel. The enhanced memory retention in the ABC model allows for a more sustained
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reaction rate, leading to greater biodiesel yield over time.

Figure 4.10 and Figure 4.11 represent the comparison through the surface plot for

ncentration of Biodiesel (moles/L)

Figure 4.10: Surface plot for the concentration of biodiesel after 60 minutes

with the variation of molar ratio of methanol and WCO from 3:1 to 6:1 and

fractional order ¢ or § from 0.8 to 1 using (A) CF and (B) ABC fractional

operator. Here H = 50 kHz, R = 0.3, and other parameter values taken from
Table 4.1 and Table 4.2.

CF and ABC-induced systems with memory rate parameter value R = 0.3. In partic-
ular, 4.10(A) shows the surface plot of the biodiesel production with respect to the
variation of fractional order '¢” and the molar ratio between methanol and WCO of
the CF model 4.5. Figure 4.10(B) represents the surface plots for biodiesel produc-
tion with the variation of fractional order ‘¢’ and molar ratio using ABC method.
Any coordinates on this surface represent the final molar conversion of biodiesel
after 60 minutes for a particular molar ratio and fractional order. Similarly, Figure
4.11(A) represents the surface plot for biodiesel production with the variation of ap-
plied ultrasound frequency 'H’ and fractional order ‘¢’ in CF method and Figure
4.11(B) represents the surface plots for biodiesel production with the variation of
fractional order ‘0" and ultrasound frequency for ABC method. In these cases, the
range of fractional order ¢ or §, molar ratio of methanol and WCO, and ultrasound

frequency are from 0.8 to 1, 3:1 to 6:1, and 30 kHz to 60 kHz, respectively.

4.5.4 Experimental Validity

To validate our simulated data over time, we compared it with experimental data
from Takase (Takase, 2022) using both the ABC and CF methods. For this valida-

tion, 12 fractional order values 0 or ¢ ranging from 0.7 to 1 were considered over a
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Concentration of Biodiesel (moles/L)

Figure 4.11: Surface plot for the concentration of biodiesel after 60 minutes

with the variation of ultrasound frequency from 30 kHz to 60 kHz and frac-

tional order ¢ or 6 from 0.8 to 1 using (A) CF and (B) ABC fractional operator.

Here the molar ratio of methanol and WCQO is 5 : 1, R = 0.3, and other param-
eter values taken from Table 4.1 and Table 4.2.

120-minute period, utilizing 2400 iterations to ensure accuracy. From this range of

fractional orders, two values for ABC and two values of CF are chosen.

* For ABC Method: The bar diagram 4.12 compares biodiesel production be-
tween experimental data and the ABC fractional-order model at § = 0.89 and
6 = 0.918 over reaction times from 0 to 120 minutes. Initially (5-20 min), both
ABC models and experimental data follow a similar increasing trend, though
ABC (0 = 0.89) slightly underestimates yield while ABC (¢ = 0.918) aligns more

closely. At 10-15 minutes, both ABC models approximate experimental values

HABC(6=0.89) ®EXP.DATA ®ABC(6=0.918)

5 min 10 min 15 min 20 min 40 min 60 min 90 min 120 min

2358969094 2.602056283 2.707717794 2773065027 2.79367996

2.

o

~

1.

0

Biodiesel Production (moles/L)
-

0.

0

<

WABC (6 = 0.89) 1461548561 1.982742091 2.224139905
HEXP. DATA 1.5407 2.0767 22273 23757 2.6353 2.7238 2.7585 2.7814
mABC(6=0918) 1594654506 2.090524879 2304952388 2424205793 2.64682081 273763681 2.785093068 2.797028893

Figure 4.12: Comparison of experimental data against simulated data for

biodiesel production using ABC fractional operator with fractional order 6 =

0.89 and 0 = 0.918. Data at eight different times has also been given in tabu-
lar form.
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well, though 6 = 0.918 slightly overestimates. At 20 minutes, both models pre-
dict a slightly higher yield than experimental data. In the mid-reaction phase
(40-60 min), all datasets align closely, with minimal deviations at 40 min and
near-identical values at 60 min, confirming the ABC model’s accuracy in cap-
turing biodiesel production rates. In the final phase (90-120 min), biodiesel
production saturates, with all datasets converging at nearly the same values,
demonstrating the ABC model’s effectiveness in predicting steady-state pro-
duction. The results indicate that while § = 0.918 provides a closer match
at lower reaction times, both models perform well beyond 40 minutes, high-
lighting the fractional-order derivative’s ability to capture memory effects and
improve long-term predictions. The smooth convergence to experimental val-
ues suggests that the ABC fractional-order model effectively retains historical
reaction dynamics, making it a promising approach for biodiesel production
modeling. Among the tested values, 6 = 0.918 offers the best overall fit, em-
phasizing the importance of optimizing fractional order for improved accu-
racy, with further experimental validation required to refine the model under

different reaction conditions.

* For CF Method: The bar diagram 4.13 compares biodiesel production using
experimental data with the CF fractional-order model at two different values
of fractional order: CF (¢ = 0.97) — Blue bars, CF (¢ = 1) — Gray bars, and Ex-
perimental Data — Orange bars. In the early phase (5-20 min), the CF (¢ = 0.97)
model slightly underestimates biodiesel yield at 5 min compared to experi-
mental data, while CF (¢ = 1) is closer. At 10 min and 15 min, both CF models
approach experimental values but still remain slightly lower. At 20 min, the
CF (¢ = 1) model more accurately follows experimental data than CF (¢ = 0.97),
which slightly underpredicts the yield. In the mid-reaction phase (40-60 min),
both CF models align well with experimental values, with minimal deviation
at 40 min. At 60 min, experimental and simulated results converge, indicat-
ing the CF method effectively captures reaction dynamics. In the final phase
(90-120 min), all three datasets converge, confirming that both CF models ac-
curately predict steady-state biodiesel production. Overall, the CF fractional
operator provides a better fit for integer order ¢ = 1 across reaction times com-
pared to fractional order ¢ = 0.97, especially in the initial phase. The results
suggest that the CF fractional-order model effectively retains reaction mem-

ory for the range 0.97 to 1, but precise tuning of ¢ is essential for improved
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mCF(b=097) ®mEXP.DATA mCF(b=1)

0 I|I “‘ “‘ “‘ ||| ||| ||| ||

5 min 10 min 15 min 20 min 40 min 60 min 90 min 120 min

5]
n

[N

Biodiesel Production (moles/L)
-
- w

=)
n

uCF (¢ =0.97) 1.348990157  1.887541987 2.147681099 2294381283 2.553867775 2.669601176 2.751190679 2.782666012
m EXP. DATA 1.5407 2.0767 22273 23757 2.6353 2.7238 2.7585 2.7814
uCF(p=1) 1439649041 1966335114 2208601687 2343529909 2.587065218  2.694548894 2.764143982 2.787963737

Figure 4.13: Comparison of experimental data against simulated data for
biodiesel production using CF fractional operator with fractional order ¢ =
0.97 and ¢ = 1. Data in eight different times also been given in tabular form.

accuracy.

Optimal Control: To overcome the initial mass transfer resistance between methanol
and WCO, ultrasound frequency is applied at the start of the reaction. Once the reac-
tion gains momentum, ultrasound frequency is no longer required. To enhance cost-
effectiveness, we can switch off the frequency at that stage. Figure 4.14(a) shows the
comparison of biodiesel production after employing an optimal control technique
on the ultrasound frequency for the ABC fractional method with using the best fit-
ted fractional order 6 = 0.918, and Figure 4.14(b) is the corresponding control profile.
From the Figure, it is evident that after 30 minutes, we can switch off the ultrasound
frequency. Figure 4.14(a) demonstrates that by applying control on ultrasound fre-
quency, the production of biodiesel can be enhanced by 4-6% and also the process

will be more cost-effective.

4.6 Discussion and Conclusion

In this chapter, we have studied the transesterification reaction mechanism for biodiesel
production from waste cooking oil (WCO) with a fractional order derivative. We in-
vestigate the memory effect in the transesterification reaction of biodiesel using two
distinct non-singular kernels: the exponential decay kernel and the Mittag-Leffler
kernel. The whole study is conducted within a 1-meter of vessel diameter, at con-

stant 50°C' temperature, and 5:1 methanol to WCO molar ratio. Additionally, a 50
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Figure 4.14: (a) Comparison of the concentration profile of biodiesel after us-

ing the optimal control technique for the ABC fractional method, utilizing the

best fitted fractional order = 0.918, and (b) is the corresponding optimal

control profile. Here H = 50 kHz, methanol:WCO = 5:1, and all the other
parameter values taken from Table 4.1 and Table 4.2.

kHz ultrasound frequency is applied to the system to enhance mixing and reduce

the initial mass transfer resistance between oil and methanol.

In subsection 4.3.1 and subsection 4.3.2, we analyzed the existence and unique-
ness of the System (4.6) for the ABC fractional operator using the well-established
Banach fixed-point theorem and the Arzela-Ascoli theorem. Section 4.4 explores the
formulation and solution of an optimal control problem for the Model (4.6) using
the ABC operator. By applying the Pontryagin Minimum Principle and Hamilto-
nian approach, we derived the optimal control profile z*(t). A comprehensive nu-
merical scheme for both the CF and ABC operators is developed in subsection 4.5.1.
Using these numerical schemes, the solution of the System (4.5) and System (4.6) are

graphically represented in subsection 4.5.2.

In Figure 4.5 and Figure 4.6, the effect of memory on the reactants through the
non-singular kernel is shown using both CF and ABC fractional operators for a fixed
memory rate parameter’s value, R = 0.3 with the variation of fractional order ¢ and
6. In Figure 4.7 and Figure 4.8, the effect of memory rate parameter R is shown for
both the fractional method for order ¢ = 6 = 0.95. In Figure 4.9 comparison is made
for fractional order 0.95 between two non-singular kernel methods. In Figure 4.10
and Figure 4.11, surface plots for final biodiesel production with respect to fractional
order, the molar ratio of methanol and WCO, and ultrasound frequency are plotted

for both the fractional method. In subsection 4.5.4, detailed experimental validity
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is given for both CF and ABC systems and determines the order of the fractional
derivatives. Additionally, the optimal control profile for maximum biodiesel pro-
duction utilizing the best-fitted fractional order for the ABC fractional method and

the corresponding improvements of production is plotted in Figure 4.14.

In conclusion, the study confirms that the ABC fractional-order Model (6 =
0.918) provides the best fit with experimental data, particularly in the early phase,
due to its superior ability to retain memory effects. While the CF model aligns well
at integer order (¢ = 1), it lacks accuracy at fractional orders (i.e. for 0 < ¢ < 1).
Both models converge with experimental data in later stages, demonstrating their
reliability in biodiesel kinetics modeling. Overall, the ABC model proves to be a
more effective tool for capturing the history-dependent nature of transesterification
reactions, making it a promising approach for optimizing biodiesel production. Fi-
nally, by controlling ultrasound frequency over time, biodiesel production can be

increased by 4-6%.
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Effect of Ultrasound Technique for Production of
Biodiesel using Enzyme as Catalyst: A

Mathematical Study

Earlier, we have used base-catalyzed transesterification process for biodiesel pro-
duction, formulating different mathematical model and its in-depth analysis with
the application of ultrasound in such systems. Biodiesel production through me-
chanical stirring with enzyme (lipase) catalysts has been extensively explored in
earlier studies (Al Basir ef al., 2015; Al Basir and Roy, 2014, 2017), where we ob-
served that the process is neither cost-effective nor time-efficient. Although lipase-
catalyzed transesterification offers clear advantages in terms of tolerance to high
FFA feedstocks and reduced byproduct formation, its application under conven-
tional stirring is limited by high enzyme costs and prolonged reaction times, thereby
reducing its economic feasibility. From previous chapters, it is evident that ultra-
sound technique is more effective than mechanical stirring in reducing mass trans-
fer resistance during transesterification reaction. However, its role in enzymatic
biodiesel production is yet to be explored through mathematical modeling. In this
chapter ', we aim to investigate whether the application of ultrasound can shorten
the biodiesel conversion time and improve the overall cost-effectiveness of the pro-
cess. To investigate this, we formulate a mathematical model based on the enzy-
matic reaction mechanism to capture the influence of ultrasound, and by applying
optimal control theory, we derive an optimal ultrasound frequency profile for cost-

effective biodiesel production, guided by the Pontryagin Minimum Principle.

!The major part of this chapter is published as a book chapter in International Conference on
Mathematical Analysis and Application in Modeling, Springer Nature Singapore Pte Ltd. 2023,
doi.org/10.1007/978 — 981 — 97 — 9194 — 1_18
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5.1 The Mathematical Model

To formulate a simple mathematical model for the enzyme-catalyzed transesterifi-
cation reaction, we make the following assumptions: (A) Jatropha oil primarily con-
sists of triglycerides (TG) and free fatty acids (F), both of which undergo enzymatic
transesterification reaction to produce biodiesel. (B) The enzymatic transesterifica-

tion of Jatropha oil with alcohol (AL) can be represented as a two-step process.

¢ Step 1: One molecule of TG interacts with the enzyme F, leading to the for-
mation of the enzyme—substrate complex C; (E-T'G) at a rate r;. This complex
subsequently dissociates, producing free fatty acids (F) and glycerol (GL) at a

rate ry, with possible reversal at rate r_.

¢ Step 2: The free fatty acid (F) combines with alcohol (AL) to form the second
complex Cy (F - AL) at a rate r3. This complex is converted to biodiesel (BD),
regenerating the free enzyme (E), at a rate r4,. The reverse reactions occur at
rates r_; (for C1) and r_3, r_4 (for C; and BD respectively) (Al Basir et al., 2015;
Al Basir and Roy, 2014).

These steps can be represented schematically as follows:

E+TG = [E-TG] = F+ GIL,

(5.1)

F+ AL 2 [F-AL] = E+ BD,

r_—3 T_4

where 11, 75, 73, and r, represent the forward rate constants, and r_y,r_5, 7_3,7_4 cor-
respond to the reverse rate constants. The values of these parameters are summa-
rized in Table 5.2.

Under these mechanistic assumptions, the corresponding system of differential equa-
tions describing the dynamics of substrates, complexes, and products can be formu-

lated as follows:
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( % = _rlyTYE + T,1YCI + 7"41/02 — T,4YEYB,
% - _TIYTYE + 7”,1Y01,
DE = oY, — rooYrYe — r3YpYa +r_3Ye,,
Do — 1Yo, = 1 aVeYp + MY (1- 22 ), 62
D4 — 3 YpYa 4+ r_3Ye,,
d;fl =1 YrYe —r_1Ye, —roYo, + 1 0YrYg,
d
ZfQ =r3YrYa —r_3Ye, —14Yo, +1_4YEYB,
L % =roYo, — 1 2YrYag,

with the initial condition, Yz (0) = Yg,, Y, (0) = 0, Yr(0) = 0, Y4(0) = Y4, Y7(0) =
Yr,, Yo, (0) = 0, Yp(0) = 0, and Y;(0) = 0 letting the concentration of T'G, E, F,
C1, Cy, AL, BD and GL as Yy, Yg, Yr, Yo, Yo,, Ya, Y and Y, respectively. We

have formulated our model using a logistic framework by incorporating the term

M_.Yg (1 - B:i X) where, Y5 denotes the biodiesel concentration at any time ¢, and
Biax represents the maximum achievable biodiesel concentration in the transester-
ification reaction. This expression has been utilized in a logistical sense, since the
total mass transfer rate increases as mass transfer resistance decreases, and after
reaching a specific ultrasound frequency and vessel diameter, the mass transfer re-
sistance becomes negligible. ), is the total mass transfer coefficient defined in (Cao
et al., 2024) as

0.8
k. D 0.8 0.33 D (d*pH p\ P

M,.=—=0.023 = (R S =0.023 — — , 5.3

y 75 (fe) ™ (S¢) Z\ D (5.3)

where Re = ‘F%H is Reynolds number and Sc = p’—LD is Schmidt number. p, D, and

p are viscosity, density, and the molecular diffusivity of jatropha oil, respectively. H
stands for the ultrasound frequency used in the transesterification reaction, and d

stands for the vessel’s diameter. Numerical values of these parameters are given in
Table 5.1.

5.2 The optimal control problem

Our main objective is to theoretically determine the optimal ultrasound frequency
range that maximizes biodiesel yield, shortens reaction time, and minimizes pro-
duction cost. Let ¢ is the control variable that signifies the ultrasound frequency

input, ranging within the interval of 0 to 1. The value £ = 1 indicates full utilization
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Parameter Definition Value
J viscosity 24.8646 kg-m~'-s~! (Pramanik, 2003)
p density 896.5 kg:m~* (Pramanik, 2003)
e (5.49 x 1076 = 1.17 x 10~%) m%s~
D diffusivity (Posom and Sirisomboon, 2014)
d vessel diameter 0.5-2m
H ultrasound frequency 40 - 60 kHz

Table 5.1: Some fundamental characteristics of Jatropha curcas oil.

of ultrasound frequency, whereas £ = 0 denotes no frequency.
The control-based system corresponding to System (5.2) is mathematically repre-

sented as:

fi=8E = -1 YyYg 4+ 1Yo, +14Ye, — 1_4YEYE,

dy’
Jo=5F=-—nYrYg +14Y0,

fs=BE = r)Yo, —roYpYe — r3YeYa +1_3Y0,,

fir =B = Yo, =YY+ EMYp (1- 22,
J5= dd% = —13YrYa +1_3Ye,,

Jo =t =nYrYe —r 1Yo, —ra¥o, +roYrYg,
Jr= deQ =1r3YpYa —r 3Yo, —14Yo, + 7 4YEYB,

dy,
Je = S5F =rYo, —r2YrYg,

(5.4)

\
with initial condition, Yz(0) = Yg,, Yo, (0) = 0,Y(0) = 0,Y4(0) = Yau,,Yr(0) =
Yr,,Ye,(0) = 0,Yp(0) =0,Yq(0) = 0.

Our goal is to optimize biodiesel production while minimizing production costs.

Therefore, the following cost function has been formulated:
ty
ﬂﬂ:/ Wwe - Py? dr, (55)
to

where W > 0 represents the weight constant assigned to the benefit of production
costs, while P serves as the penalty multiplier. Now, we want to find out the optimal

control £* such that

J(§) = min{J(£) : ¢ € Z},

Z is the set of admissible control defined by

Z = {¢: ¢ ismeasurable,0 < & < 1.t € [t;, ty]}.
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The Hamiltonian can be written as:
8
H=Wg = PYj+) Wif; (5.6)

n=1

where ¥y, U,,. . . ., U are adjoint variables.

Theorem 5.2.1. If the given optimal control £*(t) and the solution (Yg, Yy, Yr, Y, Ya,
Yoo, Ye,, Ye) of the System (5.4) minimize J(€) over Z, then 3 adjoint variables Wy, Us...., Uy
which satisfying:

4

W — o Yy (W) — Wg) +r_yYp (W, — Uy),

dt

% =7 Yp (U + ¥y — V),
s = r3Yy (U5 — Wr) +roYg (U3 — V),

Wy 9PYy + U, {r4YE + 2eXne_ pre (1- %)} — WY,

(5.7)
% = T3YF (\1’5 — ‘1/7> 3
% =T_1 (\1’6 — \IJQ) + 79 (\116 — ‘1/3),
% = —ryVy —7r_3+r_3¥y,
% =T_9 (\1/8 - \I/6> N
\
along with the transversality condition U; (t;) =0,i=1,...,8, and
—M, {MYB (1- B&)}
& =max | 0, min TG 1 : (5.8)
Proof. The Hamiltonian (5.6) is:
2 Yp .
H=W+ME |V, Yp |1 - 5 + terms without €. (5.9)

As per the Minimum Principle of Pontryagin, the optimal control £* satisfies

oOH
og*
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Now, from System (5.7) and Equation (5.9), we have

Yp

max

L AW E + MYy <1 -

5 = )(\114) = 0.

Solving we get,

_M, [%YB (1 _ %)}
&= 20 '

Hence the optimal control £*(¢) will be

~ M, {MYB (1 - &)1

Bmax

2W ’

& =max | 0, min 1

By Pontryagin’s Minimum Principle, adjoint variables satisty,

dv,  OH

dt oYy

withY; = (Y, Y7, Yr, Y, Y4, Yo, Ye,,Ye) ie. Y1 = Y, Yy = Y, etc. and thus ad-
joint System (5.7) can be obtained from Equation (5.6) with transversality conditions

U, (ty) =0,(i=1,2,...,8). O

5.3 Numerical Validation

The system dynamics are numerically solved in this section using the ode45 solver
for better prediction about the system. This study seeks to investigate the dynami-
cal behavior of the transesterification reaction for biodiesel synthesis using a lipase
enzyme as the catalyst. To overcome the mass transfer resistance between the reac-
tants, ultrasound frequency is utilized, and a comparison of biodiesel yields with
and without control is conducted using the Pontryagin Minimum Principle and
Hamiltonian. To investigate potential mass-transfer effects on biodiesel production,
simulations of the System (5.2) are performed using various ultrasound frequencies
(40-60 kHz). In Figure 5.1, the biodiesel concentration is plotted at a fixed molar ra-

tio (5:1) and 0.5 m of vessel diameter, indicating a clear positive correlation between
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Parameter Value
T 7.5128 mol-L~*h~!
r_1 0.1147h~!
T 0.1032 h~!
T_9 0.0988 mol-L~'-h~!
s 1.9370 mol-L~'-h~!
r_3 0.0323h~!
T4 1.9230 h=!
r_4 0.0011 mol-L~th!
Biax 3molL~!

Table 5.2: Rate constants at 40 °C and other parameters used for the numeri-
cal validation.

" T T T T T T T T T

---- [ —
SEX]S g .
k) iy
°) s
E s
= L 4 .
= 2 s —
2 7 281 o eemsmememmommmmiTiT
s // ___________ X 94.2136
=15 7 275 Y 27924 . i
8 I,’ ——40 kHz
= /1 27 ] 50 kHz
5 /
S oA - 55 kHz
= T 4 2.65 1| —eoknz| 1
172]
)
g 2.6 1
Lost E
m

90 95 100
0 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
Time (min)

Figure 5.1: Variation of biodiesel yield for different ultrasound frequencies
is shown in this figure, with parameters as given in Table 5.1 and Table 5.2.
Here, d = 0.5 m, 1:5 oil to methanol molar ratio.

ultrasound frequency and both biodiesel production and mass transfer. The reaction
rate exhibits a significant increase with ultrasound frequency up to 55 kHz. How-
ever, with a further increase in ultrasound frequency, the concentration of biodiesel
decreases over time (after 94 min). At higher ultrasound frequencies, methanol
molecules transform rapidly from the liquid phase into the vapor phase. As a result,
the reaction medium becomes unstable, and the effective methanol concentration
available for the reaction decreases. Moreover, excessive ultrasound frequencies in-
crease the reaction temperature, which promotes foam formation and consequently
disrupts efficient mass transfer during biodiesel synthesis. The impact of vessel di-

ameter on reaction kinetics is evident in Figure 5.2. It shows that reducing the vessel
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Figure 5.2: Impact of varying vessel diameters on the production of biodiesel.
Here H = 55 kHz, Oil : Methanol =1 : 5.

diameter, with the ultrasound frequency set at 55 kHz and the oil-to-methanol molar
ratio at 1:5, enhances biodiesel production. When the vessel diameter increases, the
turbulence between Jatropha oil and methanol decreases because the mixing energy
is distributed over a larger cross-sectional area, which makes the fluid interactions
weaker. On the other hand, a smaller vessel diameter confines the mixing energy
in a smaller volume, which makes turbulence stronger. Consequently, a smaller
vessel diameter lowers mass transfer resistance and enhances biodiesel production.

Hence, the diameter of the vessel is a key factor in biodiesel production. Figure 5.3

_____
-~

2 e Y N i with Control

without Control

Biodiesel Concentration (moles/L)

O Il Il Il Il Il Il Il Il Il
0 20 40 60 80 100 120 140 160 180 200

Time (min)

Figure 5.3: Concentration trajectories of biodiesel with and without optimal
control at H = 55 kHz, 1:5 oil:methanol molar ratio, and d = 0.5 m.

outlines a comparative study on the concentration of biodiesel with and without a
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control approach with ultrasound frequency. The figure demonstrates that the yield
of biodiesel increases by about 5.66% in one hour with this control operation, with
the best conditions for the reaction setup being ultrasound frequency, ' = 55 kHz,
vessel diameter, d = 0.5 m, and a 5:1 alcohol-to-oil molar ratio. Even though a higher
frequency rate initially produces greater mixing intensity, applying control only to
the ultrasound frequency improves the production of biodiesel, saves time and en-
ergy. In this chapter, a mathematical model is proposed to study the influence of ul-
trasound on the enzymatic transesterification process for producing biodiesel from
Jatropha oil. The process faces a slow reaction rate because of heavy mass-transfer
resistance, hindering cost-effective biodiesel production through lipase-catalyzed
reactions. To address this, we have implemented a control theoretic approach to
regulate mixing intensity and observed a significant impact on the reaction sys-
tem, which contributes to higher biodiesel production. Numerical simulations de-
termine the influence of ultrasound frequency on biodiesel production in terms of
mass transfer coefficient.

It can be concluded that a higher control of the ultrasound frequency at the start
of the reaction is necessary until the continuous phase is produced, after which a
lesser amount of control is sufficient for proper mixing of alcohol and Jatropha oil
during the transesterification reaction. Moreover, optimization of enzymatic pro-
duction indicates that maximum biodiesel can be achieved in less than 2 hours of
reaction time by employing the optimal ultrasound frequency with the Pontryagin
Minimum Principle. Finally, this study demonstrates that a biodiesel yield of 94%
can be achieved in less than 2 hours by appropriately regulating the ultrasound
frequency, where the optimal operating conditions are identified as ultrasound fre-
quency, H = 55 kHz, a vessel diameter, d = 0.5 m, and an alcohol-to-Jatropha oil
molar ratio is 5:1. This finding highlights the crucial role of process parameter opti-
mization in enhancing transesterification efficiency and provides a reliable guideline

for the experimental researcher for the ultrasound-assisted biodiesel production.



86

Mathematical Modelling of Pest Control on

Jatropha curcas using Sterile Insect Technology

Biodiesel has emerged as a promising renewable fuel, and extensive research has
been directed toward optimizing the transesterification process for its efficient pro-
duction. However, the ecological challenges that influence feedstock availability
have received comparatively less attention. Jatropha curcas, a prominent biodiesel
crop, often suffers significant yield losses due to pest infestations, particularly by
Pempelia morosalis, a major pest of Jatropha plants. This vulnerability hampers its
potential for large-scale cultivation. To address this issue, the final chapter' of this
thesis introduces three mathematical models that incorporate the Sterile Insect Tech-
nique (SIT) to control pest populations and ensure the long-term sustainability of Ja-
tropha biomass. Our proposed mathematical framework rigorously evaluates two
principal release modalities, continuous and impulsive (periodic) introductions, to
determine cost-effective strategies that achieve maximal pest eradication while min-
imizing resource expenditure. This ecological modeling approach addresses a crit-
ical gap by aligning pest management with the broader goal of securing biodiesel
feedstock.

!Maximum portion of this chapter has been communicated in a peer-reviewed international jour-
nal.
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6.1 Model without Sterile Male

6.1.1 Formulation of the mathematical model

In this subsection, we first describe the basic framework and formulation of a math-
ematical model that comprises four compartments of the pest population and one
compartment indicating the Jatropha curcas plant biomass (denoted as .J). The sig-
nificance of the system parameters and the detailed description of the dynamical

interactions between the system populations are noted below.

¢ Two main developmental stages of pest populations are considered: the imma-
ture stage (P;), which includes larvae, pupae, and eggs, and the adult stage.
The adult stage is further divided into three compartments: wild males (Py,),

wild females available for mating (Pr), and fertilized females (Pg).

* Due to the finite size of plantations, however, it may be large, we assume lo-
gistic growth for the biomass of Jatropha curcas plant (Al Basir et al., 2018; Ven-
turino et al., 2016), with net growth rate r; and carrying capacity K;. This
growth is hindered by the feeding activity of immature pests, where the feed-
ing loss is modeled by the term 3;.J P, with 3, being the consumption rate of

plant biomass per immature pest.

¢ The immature pest population increases due to egg production by fertilized
females at a rate r,. However, this population is reduced by natural mortality

at a rate d;.

* Some larvae transform from immature pests to mature pests by consuming
Jatropha biomass. If larvae consume biomass at a rate of ;, then they will
transform into mature ones at a conversion rate of 3’; for biomass consump-

tion, where it is important to note that g, > /.

¢ Upon maturing, a proportion d of the immature pests become female adults,
while the remaining (1 — d) become wild males. The wild females seek mates,
and successful mating occurs between Pr and P, at a rate v, resulting in the

production of fertilized females.

¢ The fertilized females later return to the mating pool at a rate r,, or die natu-
rally at a rate d;. Meanwhile, both female and male adult pests suffer natural

mortality, modeled by rates d, and d4, respectively.
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All the system parameters are considered to be positive and based on the assump-

tions made above, the proposed mathematical model is described as below:

(

G =rd(1-%) - 8P,

&L =rPp—d\Pr—B,JP;,

% :dB‘/]JPI_’yPFPM_FTQPR—dQPF, (6].)

i = YPpPy — r9Pr — d3Pg,
4 = (1 —d)B,J P — dyPur,

with initial conditions: J(0) > 0, P;(0) > 0, Pp(0) > 0, Pr(0) > 0, Py;(0) > 0.

6.1.2 Theoretical study of the system

In this section, we provide a detailed description of the theoretical analysis of system
(6.1) in various aspects. We begin by verifying the non-negativity of the system

solutions, followed by the boundedness and other crucial properties.

6.1.2.1 Non-Negative invariance of the system solutions

Theorem 6.1.1. The solutions of system (6.1) with the given non-negative initial conditions
are non-negative; i.e., J(t) > 0, Pr(t) > 0, Pp(t) > 0, Pr(t) > 0, and Py (t) > 0 for all
possible t > 0.

Proof. Let us define the biologically feasible region:
Q = {(J, Pr, Pr, Pg, Py) € R° > 0}.

We will show that the solutions of the system remain positive for all t > 0 provided
they start with non-negative initial conditions. Let us check the behavior of the
system when each variable individually becomes zero while the others remain non-
negative:

When the Jatropha biomass J is zero, it remains non-negative, and in this case, no

negative flow is observed i.e.

O, Pr, Pp, Pr, Py} = 0.
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When the immature pest population F is zero, it can only increase due to reproduc-

tion by fertilized females i.e.
Q{J,0, Pr, Pr, Pyy} = r1Pr >0 (since r; > 0and Pg > 0).

When the mating female population Pr is considered to be zero, it is observed that
the increment is regulated by the maturation of the immature pests and partly con-

tributed by the fertilized females i.e.
Q{J,P[,O7PR,PM} = dﬁ}JP[—i—TQPR 2 0 (Sil’lCed,ﬂf},Tg 2 Oand J,P],PR Z 0)

When the fertilized female population Pk is zero, it can be generated through mating

between wild males and mating females which is analytically represented as
Q{J, Pr, Pp,0, Py} =vPpPy >0 (sincey >0, and Pr > 0, Py > 0).

When the fertilized female population Pk is zero, it can be generated through mating

between wild males and mating females i.e.
Q{J, Py, Pp, Pg,0} = (1 —d)3,JP; >0 (sinced, 3, >0, and J, P; > 0).

Thus, in every situation, the derivative of each variable at the boundary of the pos-
itive orthant either vanishes or points into the positive orthant. Therefore, we con-
clude that the system is positive invariant in €2, meaning that if the initial conditions
are non-negative, then the solutions remain non-negative for all future time. Hence,

the system preserves positivity in €. O

6.1.2.2 Boundedness of the solutions

Theorem 6.1.2. All non-negative solutions of the system (6.1) enter into the region Q C R’
and are ultimately bounded where ) is defined by Q = {(J, Pr, Pr, Pr,Py) € R : 0 <

J + Pr+ Pp+ Pp+ Py < 225}
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Proof. Let us define the total population and biomass as:
Differentiating 17/ (¢) with respect to time, we get:
dwW dJ dP; dPr dPgp dPy
ar dtdt o dat |t dt
Substituting from System (6.1), and by simplifying, we get:
dw ryJ?
W:T'JJ— ;(J —dlpj—dQPF—<d3—7"1>PR—d4PM.
Since all compartments P;, Pr, Pr, P,y > 0, we observe that:
d 2
Wyt 6.2)
dt J

Now, to facilitate the analysis, we add a damping term AW to both of the sides of
inequality (6.2), where we have assumed that A = min{d;, ds,d3 — r1,ds}. Thus, we

obtain that
AW ryJ? AW riK;
< _ - < .
a + AW <r;J e — i + AW < 1

From this, using the standard comparison theorem for differential inequalities, we

obtain:

Wi(t) < rofy

-t
~ 4)\ + Cl@ )

where (] is a constant depending on the initial condition. When ¢ — oo, the expo-

nential term decays to zero, and it follows that

riKy
4\

Hence, the system is bounded and all the solutions of system (6.1) eventually enter

a compact absorbing set. O
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6.1.3 Existence of equilibria
The system (6.1) has three equilibrium points, namely,

1. the trivial equilibrium point Ef = (0,0, 0,0, 0),

2. the pest-free equilibrium point E} = (K,,0,0,0,0),

3. the interior equilibrium point E5 = (J*, P}, Py, P, Pyy),
where

KJ_J*) *:d4(7“2+d3)(d1+5f7j*)
ByK; 7 F yrifh(1 —d)J* ’

K;—J* (1—d)ﬁ}rJJ*
—L_Z N\, + BT, Pl = ——
7“15JKJ >( ! BJ ) M d45JKJ

PI*ZT’J(

PE:T’J( (KJ_J*)

Utilizing these, we get a polynomial of J* of degree three such that

T3 e 81— d)(ds — dr)Y + JHyr K B72(1 — d)(dry — ds) + ydydsry85(1 — d)}

— J{ydydsr ;K ;851 — d) + (ro + d3)dads 8, 85K} — didedsfS; K 5(re + d3) = 0.
6.3)

The number of changes of sign in the coefficients of the polynomial (6.3) for positive
J* is exactly one if d3 > dry. Therefore, by Descartes” Rule of Signs, we conclude
that the polynomial has at least one positive real root. This ensures the existence
of a biologically feasible solution for J*. Consequently, as a result of the previous

discussion, we now state the following theorem.

Theorem 6.1.3. System (6.1) always admits a coexistence equilibrium point, provided that

the condition ds > dry holds.

6.1.3.1 Stability analysis

We now investigate the local stability properties of the system around three equilib-
ria: the trivial equilibrium Ejy, the pest-free equilibrium FE,, and the endemic equi-
librium E3. The nature of these equilibria can be determined by evaluating the sign
of the eigenvalues associated with the linearized system around each equilibrium.
However, we present the results directly without explicitly displaying the corre-

sponding Jacobian matrices.
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Theorem 6.1.4. System (6.1) exhibits the following stability behaviors:

(i) The trivial equilibrium point Ey = (0,0,0, 0, 0) is always unstable.

(ii) The pest-free equilibrium point Ey = (K;,0,0,0,0) is locally asymptotically stable.

Proof. The variational matrix of the System (6.1) is given by:

ry— % — BsPr
=65 P
dBy Py
0
(1 —d)B)Pr

—BsJ
—dy — BJ
dg,J
0
(1—d)B)J

0
0
—y Py — dy
vPm
0

0

1

T2
—(rz + ds)

0

(i) At the trivial equilibrium point Ej, matrix (6.4) reduces to:

ry 0 0 0 0
0 —dy O 1 0
Vo=10 0 —dy 79 0
0 0 0 —(ro+ds) O
0 O 0 0 —dy

0
0
—Pp
vPp
—d,

(6.4)

(6.5)

Here, only one eigenvalue is positive and the others are negative. Therefore,

the trivial equilibrium Fj, is unstable always.

(ii) At the pest-free equilibrium point £}, the Jacobian matrix of the System (6.1)

is given by from (6.4):
-1y —BsK; 0 0
0 —-di—-p5K; 0 1
Vi=10 dp Ky —dy T
0 0 0 —(ro+ds)
0 (1-d)pK; 0 0

(6.6)
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All the eigenvalues for the above Jacobian Matrix are negative in nature, and

hence the system (6.1) is stable around the pest-free equilibrium point £;.

]

We now turn to the endemic equilibrium point E} = (J*, P}, Pp, Py, Py;), where
both the plant and pest populations coexist. At the endemic equilibrium point £7,

the variational matrix of the System (6.1) is given by:

—LL —ﬁji* 0 0 0
—-p, Py —"5E 0 " 0
I
Vo= |dp Py dp,J* — Py — ds ro —Pr
0 0 vPyy —(ry+ds) ~Pp
_ d4ﬁM d4])_‘?M 0 0 _d4 |

The characteristic equation of the linearized system at £7 is given by:
1’5 + A1I4 + AQ[L’3 + A35E2 + A4I’ + A5 = O, (67)

where the coefficients A;, Ay, A3, A4, A5 are positive expressions depending on model
parameters and equilibrium values. To determine the stability of E3, we apply the
Routh-Hurwitz criterion, which provides necessary and sufficient conditions for all

the roots of the polynomial equation (6.7) to have negative real parts.

Theorem 6.1.5. The endemic equilibrium point E5 = (J*, P}, P}, Pf;, Py;) of System (6.1)
is locally asymptotically stable if the following Routh—-Hurwitz conditions hold:

(i) Ay > 0, A5 > 0, (ii) AjAy — A3 > 0, (iii) A3 (A1 Ay — A3) — ATA, + A1 A5 > 0, and
(iv) Ay {As (A3 Ay — AsAs) — Ay (A1 Ay — Ag) }—Ag (A3 Ay — AsAs)+As5 (A1 Ay — As) >
0.

If all the above conditions are satisfied, then the system will return to the endemic
equilibrium E3 following small perturbations, confirming its local asymptotic sta-

bility.
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6.2 System with Continuous Release of Sterile Males

6.2.1 Formulation of the modified model

A control strategy is introduced by continuously releasing sterile male pests into
the environment. These sterile males, denoted by Ps(¢), do not contribute to repro-
duction but compete with wild males for mating opportunities. The sterile males
are introduced at a constant rate 7 and die naturally at a rate d;. So, the popula-
tion evolves according to the balance between input and mortality. To incorporate

mating competition, the mating process is now divided between wild and sterile

Py
Py +Ps?

. The actual rates of mating are governed by pa-

males. A female mates with a wild male with probability proportional to

and with a sterile male at

Py, +P
rameters ; and v, for wild and sterile males, respectively. Since sterile matings are

non-reproductive, only matings with wild males lead to the production of fertilized
7. tp;), and the

). Incorporating this ef-

females. Consequently, the rate of fertilization is g1ven by %Pp(

loss of females to sterile matings is captured by ;P ( PM g

fect into the dynamics of system (6.1), the modified and improvised system can be

written as:
(
% :TJJ<1——> BsJ Pr,
&L =rPr—dPr—p,JP,
e = d) TP - nPr (52 ) = 12Pr (5l ) + 12Pr — daPr, 65
% =1Pr (PM+P — 19Pr — d3 Pk,
= (1—d)B,JP; — dyPyy,
& =m—dsPs,

with initial conditions: J(0) > 0, P;(0) >0, Pr(0) >0, Pgr(0) >0, Py(0)
0, Pg(0)>0.

Y

6.2.2 Theoretical study of the system
6.2.2.1 Boundedness of the system solutions

Theorem 6.2.1. For the sterile pest introduced system i.e., for system (6.8), all the solutions
start from RS, are bounded by 3 (m + “252) + ce~* with c is a constant and as t tends to

infinity, Y (t) <Y, where Y, = %(W + T'JfJ)‘
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Proof. The proof is straightforward and similar to the proof of boundedness of solu-

tions of system (6.1) described in Theorem 6.1.2. O

- @

ds

Brd(t) Py

7.8

Figure 6.1: Schematic diagram for the interaction of Jatropha curcas biomass
and Pempelia morosalis pest population when sterile male is introduced in the
system.

(1—d)s,Jp;

6.2.2.2 Steady states of the system

The system with continuous release of sterile male i.e. system (6.8) has three equi-
librium points which are noted below.

(i) Axial equilibrium described as £/ (0, 0,0, 0,0, ;—5),

(if) Natural pest-free equilibriumi.e. £(K,0,0,0,0, %) and

(iii) Endemic equilibrium i.e. E5(J*, P}, P, Py, Py, PS).

6.2.2.3 Global stability of the endemic equilibrium

We now approach to evaluate the required conditions for the global asymptotic sta-
bility of system (6.8) at the endemic steady state £;. To perform this, firstly, suppose

the Lyapunov function is defined as follows:

1
L=3l(J =T+ (P = PP)* + (Pp = Pp)* + (Pr = Pp)* + (Pa — Prp)* + (Ps — Pg)’).
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This implies
dL dJ dPy dPr dPr dPyy dPg
ey G £ — P — PSR L (py— PSR 4Py — P Py — P5)ES
a (J J)dt+(PI Pl)dt+(PF Pp) ar + (Pr — Pg) ar + (Py = Pyy) o + (Ps = Pg) a
J . PePy,
= (= VI (L= 25) = BIP+ (P~ Pl P — Py — B3P + (P — P8P, — D00
Ky Py + Ps

Y2 PrPs 1 PrPu

— +’I’2PR*d2PF]+(PR*P§)[ 7T2PR*d3PR]+(PM*PX/[)[(1*d)ﬁ_/](]P]*CQP]\/]]
Py + Ps
+ (PS — P;)(Tl’ — d5ps),

J—J* 3
:rJ(ij*)Q,%

Py + Ps

— By(J = TVNIP; — J*P}) + 1 (P — P})(Pgr — Py) — dy(P; — P})?

- n(Pr— Pp)(PrPy — PEPy)
(Py = Pyy) + (Ps = P3)

— B5(Pr — Pp)(JPr — J*Pp) + dBy(Pp — Pp)(JPr — J*PY)

_ 2e(Pr — Pp)(PpPs — PpP;) Y1 (Pr — Pp)(PrPu — PEPyy)
(Pv — Pyy) + (Ps — P§) (Py — Pyp) + (Ps — P§)

— (rg +ds)(Pgr — Pp)* 4+ (1 — d)B} (P — Pyp)(JPr — J*P;) — dy(Par — Piy)? + m(Ps — Pg) — ds(Ps — P3)2.

+1r9(Pp — Pp)(Pr — Pi) — do(Pr — Pp)? +

From this, it follows

dL
dt
*\2 T‘J(‘]_J*):3 * * * * ¥ * *
<r;(J—J foﬁJ(JfJ YJPr— P+ J P — JPf)+ (P — P;)(Pg — Pf)
J

—ﬂf](PI—P]*)(JPI— J*P; + J Py — J*P]*)+dﬂ&(PF—P;)(JPI—J*P;)
~ n(Pr = Pp)(PrPy — PpPu + PPy — PpPy)  7e(Pr — Pi)(PpPs — PiPs + PpPs — PpPg)
(Pu — Pyp) + (Ps — P) (Par — Pyy) + (Ps — Pg)

. oy N1(Pr— Pp)(PpPy — PpPyy)
+ro(Pp — PR)(Pr— P} +
(P~ Fe)(Pr = F) (Py — Pyy) + (Ps = P3)

+ (1= d)By(Py — Py)(JPp = J*Pp) + 7(Ps = Pg),

2_7’J(J*J*)3
K;
, Y(Pr — Pe){Pu(Pr — Pp) + Pp(Py — i)}
Pr(J—=JY)+J(Pr—PH)Y+dB5(Pr — PE)(JP; — J°P;) —
{ I( ) ( I I)} (ﬂJ( F F)( 1 I) (PA17PX1)+(P57PS*)
Y1(Pr — Pg)(PrPy — PpPyy)
(Par — Pyy) + (Ps — Pg)

<r;(J—=J) = B5(J = I)NPi(J = J*) + J(Pr — P)} + ri(Pr — P{)(Pr — Py) — 85(Pr — Pr)

_ e(Pr = Pp){Ps(Pr — Pp) + Pp(Ps — Pg)}
(Pv — Pyy) + (Ps — P3)

+ (1= d)B)(Pa — Py)(JPr = J*Pp) + 7(Ps = Pg),

T’J(Jmaxi J*)S

+T2(PF—P;~)(PR—P§)+

S T(I(Jmax - J*)2 - B,]J*(Jmax - J*)(leax - P[*) + Tl(PImaX - P]*)(PRmax - Pi*g)

K,
-PM(PFmax - P*)2
- /P maxf'* Pmaxfp* d/Pmaxfp* ‘mameaxf *P*f n £
By Pr(J J) (P 1)+ dB(Pr 7) (Jmax Pr J*Py) (@Pamn — Piy) + (aPsmn — P2)
- ’YlP;'(PFmax - P}T“)(P]\Jmax - P]t[) _ 'YZPS(PFmax - PF*‘)Q . 'YQP;'(PFmax - P}T“)(PSmax - PS*)

(@Parrmin = Pip) + (@Psmin = P§)  (@Prmin — Piy) + (@Psmin — P5) - (@Prmin — Piy) + (@Psmin — P5)
* * ’Yl(PRmax - PI*E)(PFmaXPMmaX — P;P;CI)

+ P 'max P P max ~ P +

ro( P, v) (PR ") (@Pyimin — Pyp) + (0 Psmin — P3)
+ (1 — d)ﬁ‘/](PJ\Jmax - P]tl)(‘]maxplmax - J*PI*) + TF(PSmax B Pg)’ [Where O<a< 1]
S T(I(Jmax - J*)2 + Tl(PImax - PI*)(PRmax - PI*Z) + dﬁlJ(PFmax - P;)(Jmaxplmax - J*PI*)
[(PRmax - PIE)(PFmaxPMmaX - P]?P]T[) - PM(PFmax - P;‘)Z — P;‘(Ppmax — P})(Pk]max — P;CI)

(QPAJmin — P]T/I) + (OZPSmin - Pg)

+ 7'2(PFmax - PF*‘)(PRmax - P}t",) + (1 — d)ﬂ,J(PMmax - PXJ)(JmaXPImaX - J*PI*) + 7T(PSmax - P*;:)

o P5(Prmax = P} 4 Pi(Prmax — P) (Psmax = F)
- 12
(@Parrmin = Piy) + (@Psmin — F§)

+mn




Chapter 6. Mathematical Modelling of Pest Control on Jatropha curcas using Sterile Insect

Technology 97
We assume the following:
4
Jmax—J*:ml, P[maX—PI*ITTI,Q, PFmaX—P;‘:mg,
PRmaX_PE:m4’ P]meaX_PJD = ms, PSmax_Pg’ = Mg,
JmaxPImax - J*P[* =Ny,
PFmaxPMmax - P;;P]E = Na,
(aPMmin - PJD) + (aPSmin - PS*> =D
\
As a result, it is obtained that
mang — ms Py — Pimasm
pr < ryms + rimomy + dBymang + 714 12 & ;‘;] £ 4} + Tomsmy—+
Psminms + Prmsm
(1 —d)B)ymsny + mmg — Y2{ 5 3 5 3 6},
S
<T(=-1
—_ (T )7
where
myne — ms Py — Pamsm
S = ij% + r1MmMoMmy + dﬁfjmgnl + ’71{ 472 5 gf e 4} + 2131y
Pori P
+ (1 —d)Bimsny +7mg, and T =] Smin/T3 ; Fm?’mG}.
Thus, finally, we get
dL S
o <T(Rg—1), [where Rg= ?] (6.9)

Based on this previous analysis, we now have the following theorem.

Theorem 6.2.2. System (6.5) will be globally asymptotically stable at the endemic equilib-
rium point Es = (J*, Pf, P, Py, Py, P§) if the value of R, is greater than 1.

6.3 System with Periodic Release of Sterile Males

6.3.1 Framework of the system equipped with impulsive strategy

In this section, we have modified the previously developed model i.e. system (6.8)
from the earlier structure where the strategy with continuous release of sterile males

was adopted. Whenever modifying the previous system, the strategy is that the
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sterile males will not be released continuously but rather in fixed-size batches at
regular time intervals. We redesign system (6.8) by first considering that at every
instant ¢ = nT, where T is the release period and n is an integer, a fixed number
7 of sterile males is added to the population. Between these impulses, the sterile
male population declines due to natural death at a rate ds, following the equation
s — —d;Pg. Jatropha biomass continues to grow logistically and is affected by
immature pest feeding. Immature pests increase through reproduction, and mature
into adults. A portion of the matured/adult pest becomes females and the other
portion gets converted into males. Mating now involves both wild and sterile males,
with the same competitive probabilities as before. Only matings with wild males
yield new fertilized females. These fertilized females eventually transit back to the
mating pool or die, and adult pests die naturally as well. The key difference in this
model lies in the impulsive nature of sterile male release, which creates fluctuations

in the sterile male population. Incorporation of this pulsatile intervention instead of

continuous release leads to the impulsive mathematical model written as:

dJ J
dt:’er(]_—K])—ﬁJJP[, t#nTv
dP,
ditI:TIPR_dlpl_Bf]JPh lf7énT7
dPp Py Pg

—dB JPr — P | —2 | — AP [ ——2 Pr — dyP, t T
i BJPr — F<PM+PS> Y2 F(PM+PS>+T’2R 2L, #nT,
dPrg Py (6.10)
— = ————— | —1roPr — dsP t T
i M F<PM+PS) ToI'R 3LR;, # nT,
dPy,
(1 - d) TP — diPy, t£ 0T,
dP.
—r = —dsPs, t#nT,
Ps(t+) = Ps(t_) + , t=nT.

with initial conditions: J(0) > 0, P;(0) > 0, Pr(0) > 0, Pr(0) > 0, Py(0) > 0,
Ps(0) = 0.

6.3.2 Boundedness of the model variables

Theorem 6.3.1. For system (6.10), there exists a positive constant B such that J(t) < B,
Pi(t) < B, Pp(t) < B, Pg(t) < B, Py(t) < Band Ps(t) < B for all t large enough.

Proof. Let
W'(t) = J + Pr + Pr + Pr+ Py + Ps.
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Then,
dw’

— =J+ P+ Pr+ Pp+ Py + Ps.

Substituting the system dynamics, it is obtained that
aw’ _ G I Pg
=T (J KJ) B JPr+1r1Pr — diPr — 2 Pp (m) — dyPp — d3Pp — dyPpr — d5Ps.
Bounding the nonlinear and decay terms, it follows that

dw’ J?
di S?“JJ—TJ —dlpj—dQPF—(dg—Tl)PR—d4PM—d5P3.
J

Now, adding a damping term I/’ on both sides of this previous inequality, we ob-

tain:
AW’ J?
bW <ryd — 2 where p = min{dy, o, ds — 71, da, ds ),
dt K,
W/ ’I"JKJ
— W< .
a TV sy

ryKy

Therefore, W'(t) < + Che M, (by the Gronwall-type inequality),

Ast — 0o, the exponential term vanishes, and we get the long-term bound:

K
W'(t) <W;, where W= L2
4p

When, t = nT :
W' (nT*) < W'(nT) + .

By Comparison theorem, for ¢ > 0, we have

Wi(l—erm)  emnlt=en)

/t< /0 —Mt
WI(t) < W/(0) e 4 = "
+ e’ —>—6+7T il as t— o0
et — 1 1 et — 1 )

Thus, W’(t) is uniformly bounded and hence, there exist B > 0 such that J(t) <
B, Pi(t) < B, Pp(t) < B, Pr(t) < B, Py(t) < B and Ps(t) < B for all t large
enough. O
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6.3.3 Natural pest-free periodic solution

In this section, we discuss the natural pest eradication solution of system (6.10), i.e.,
for P =0, Pr =0, P = 0,and Py, = 0, ¢t > 0 then the sixth equation of the System
(6.10) will be

Fort # nT,
dPg
— = —d5P. 6.11
dt 5475, ( )
Fort =nT
Ps(t") = Ps (t7) + . (6.12)

Thus, for t € (nT, (n+ 1)T], the solution of first equation of the subsystem (6.11) is

given as follows,

Py(t) = { Ps (07) = Ps (0%) } e + P3(t), (6.13)

where P}(t) is the positive periodic solution of System (6.10) which is given as

Py = 614
with initial values
Pi(0") = +— (6.15)
If Pr(t) =0, Pr(t) = 0, Pr(t) = 0 and Py (t) = 0, then the first equation of System
(6.10) is
Y v (1 - K%) | (6.16)

which is a logistic equation, and its solution is

K,J(0)
J(0) + (K, — J(0)ert

J(t) = for t#nT. (6.17)
Clearly, (6.17) has two equilibria, such as J = 0 and J = K ;. Therefore, system (6.10)
has two natural pest eradication solutions, (0,0,0,0,0,P§) and (K,0,0,0,0, Pg).
But J = 0 is not possible. For this reason, in the following subsection we study the
stability for the system (6.10) at E = (K,0,0,0,0, P§).
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6.3.4 Stability of the natural pest-free periodic solution

We establish the following theorem for the stability of the pest-free periodic orbit.

Theorem 6.3.2. System (6.10) is locally stable around the natural pest-free periodic solution

E = (K,,0,0,0,0, Pg) for the application of sterile male release at time interval t = nT.

Proof. We need to prove the stability of the system for the application of sterile male
release at the system at every T interval. We discuss the stability of the system
through the small amplitude perturbation method at the periodic solution E.
Let

J(t)=K;+ealt), Pit)=el), Prt)=-el),

Pr(t) = eu(t),  Pu(t) =es(t),  Ps(t) = Ps(t) + es(t),
where €, €2, €3, €4, €5 and €5 denote small amplitude perturbations. Thus, the corre-

sponding system of (6.10) at £ is given by

% =7 K +all)} (1 - K"}J“)) —B{K; +a()} el t#nT,
% =r164(t) — diea(t) — {KJ + el(t)} €a(t), t 4T,
des YY) _ ’Y1€3(t)€5(t) _ '7263(t){€6(t) 4 PS*}
dt dg {K.] + 61(15)} € (1) e5(t) +e6(t) + Pi(t)  es(t) + es(t) + P5(t)
et = s, o,
dey . 7163(15)65(75) _ (t) iy (t) t 7& , (618)
dt e5(t) + €6(t) + P4(t) T2€4 3€4(l); nT
% =1 —d)f {K;+e(t)} ealt) — daes(t), {4 0T,
©o n(Pi) + ) -
A{P(t) +e(t)} =, A
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Now, the linear system corresponding to the system (6.18) is given as
(de
d_tl = —7“J€1(t) - BJKJEQ(t)u t#nT,
de
d—; e 1”'164(t) — d1€2(t) - /B/KJGQ(t>7 t % nT’
d
% = dﬁ/KJGQ(t) -+ 7“264(t) - dgEg(t), t % nT,
d
% = —roeq(t) — daea(t) t 4T, (6.19)
de
d—; = (1 —d)B' K ey(t) — dyes(t), t #nT,
d
% — —ds P5(t) — dses(t), t #nT,
A€6(t> = 8’ t - nT
\
The fundamental matrix M (¢) of (6.19) is obtained as
—TJ —5JKJ O 0 O 0
0 —di—p,K; 0 1 0 0
0 dp, K —d r 0 0
dM(t) _ ByK 2 2 , (6.20)
dt 0 0 0 -rmp—d; 0 0
0 (1-d)B,K; 0 0 —dy 0
0 0 0 0 0 —ds

with initial condition M (0) = Is. Now, the fundamental solution matrix is given by

et e Pt 0 0 0 0
0 e—(dﬁ-ﬁ’JKJ)t 0 erit 0 0
0 edBf,KJt efdgt ergt 0 0
M(t) = L (6.21)
O 0 0 e (td)t 0
0 e(lfd),@i,KJt 0 0 €7d4t 0
0 0 0 0 0 e~ dst

According to Floquet theory (Klausmeier, 2008), the periodic solution £ (K 7,0,0,0,0, Pg)
is asymptotically stable if the absolute values of the eigenvalues of M (T') are less

than one.

The eigenvalues of M (T) are
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M =exp{—r;T}, Xa=exp(—(di+ B,K;)T), X3 =exp(—dsT),

Ay =exp(—(rg +d3)T), A5 =exp(—dsT), A= exp(—dsT).

It is evident that all the eigenvalues of the fundamental matrix A (7) lies in the
ranges givenas: 0 < A < 1,0 < A < L,0< A <L0< A <L0< A <1
and 0 < A¢ < 1. Thus, when sterile male are released in the system with time

interval 7, the system remains locally stable around the pest-free periodic solution

E = (K,,0,0,0,0, Pg).

6.4 Numerical Simulation

]

Parameter Definition Value / Range
Ty Intrinsic growth rate of Jatropha biomass 0.2 day™*
K, Carrying capacity of Jatropha biomass 100 units
Consumption rate of biomass by immature 0.0002-0.0006
by pest units'-day~!
- Birth rate of immature pest from fertilized 5-15 day~!
female pest
g Conversion rate of immature pest to ma- 0.00005-0.0004
4 ture pest units~-day~!
d Coefficient of conversion from immature to 0.5
mature pest
Mating rate between female and wild male 0.001-0.01
n pest units~!-day~!
Mating rate between female and sterile 0.001-0.01
7 male pest units~!-day
Y Egisli;:? rate from fertilized female to fe- 0.05-0.5 day~!
T Release rate of sterile male to the system 1-50 units-day !
d; Natural death rate of immature pest 0.01-0.1 day*
do Natural death rate of wild female pest 0.01 day™*
ds Natural death rate of fertilized female pest 0.01 day*
dy Natural death rate of wild male pest 0.01 day™*
ds Natural death rate of sterile male pest 0.01 day™*

Table 6.1: Model parameters, their definitions, and corresponding val-
ues/ranges used in the numerical simulations.

In this section, we employ numerical techniques to explore and validate the

dynamical behavior of the Jatropha—pest interaction models under various control
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strategies based on the sterile insect technique (SIT). Our aim is to perform a com-
parative investigation between two distinct SIT implementations: (i) the continuous
release of sterile male pests at a constant rate, and (ii) the periodic impulsive release
of sterile males at fixed intervals. Through numerical simulations, we analyze how
these two approaches influence pest suppression and biomass restoration under dif-
ferent parametric settings. The key objective is to identify which implementation
strategy offers more efficient and sustainable pest control outcomes.

Figure 6.2 represents the scenario of uncontrolled pest outbreak where the value of
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Figure 6.2: Temporal dynamics of the Jatropha curcas biomass and pest popu-
lation compartments for system (6.1) in the absence of sterile male pests. The
plant biomass declines sharply due to pest feeding pressure, while all pest sub-
populations, immature pests, wild females, fertilized females, and wild males,
increase and stabilize over time, illustrating the harmful effect of uncontrolled
pest proliferation on crop sustainability. For this simulation, it is chosen
that v = 0.0024 and the other values are given as: r; = 0.2, K; = 100,
By = 0.00045, d; = 0.08, B/, = 0.00007, d = 0.5, 72 = 0.3, do = 0.01,
d3 = 0.01, dy = 0.01.

the mating rate is considered as v = 0.0024. We can observe that the natural growth
of the pest population leads to a sharp decline in the plant biomass (/) initially and
then gradually stabilizes at a low level. This depletion occurs due to intense feeding
pressure by immature pests, modeled by the term /;JP; in the system dynamics.
Simultaneously, it indicates the destructive impact of pest infestation on plantation
productivity. The pest compartments become stabilized at high densities which sig-
nifies the establishment of a persistent pest population. The plant biomass reaches

a low equilibrium value, reflecting long-term damage. These dynamics highlight
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the essence for novel pest control strategies which should be coupled with or imple-
mented over system (6.1).

Figure 6.3 depicts the temporal dynamics of the Jatropha—pest system without
any control intervention. The characteristic behaviour of plant biomass .J(¢) and
pest compartments i.e. immature pests P;(t), fertilized females Pr(t), reproductive
females Pg(t), and wild males Py,(t), is shown over time. In this uncontrolled sce-
nario, pest populations persist across all stages of development. The immature pests
Py (t) exhibit high-amplitude oscillations, reflecting periodic surges in recruitment.
This behavior arises as the mating rate between wild females and wild males is cho-
sen considerably higher than the previous circumstance i.e. v = 0.0065 is assigned
to exhibit this simulation. These recurrent pest outbreaks continually suppress the
growth of the Jatropha plant. The Jatropha curcas biomass initially rises but then
falls into a damped oscillatory pattern, never reaching its carrying capacity. This
is a direct consequence of the sustained herbivory pressure from the larvae of the

immature pest population.
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Figure 6.3: Time evolution of the Jatropha—pest system i.e. system (6.1) in
the absence of control. The panels show: (top-left) Jatropha biomass J(t), (top-
middle) immature pests Pr(t), (top-right) fertilized females Pr(t), (bottom-
left) reproductive females Pr(t), and (bottom-right) wild male pests Py;(t).
During the simulation of this Figure, we have assigned the particular value
of v = 0.0065 and the values of the other system parameters are noted as:
ry = 0.2, Ky = 100, 8; = 0.00045, d; = 0.08, 8, = 0.00007, d = 0.5,
ro = 0.3, d2 = 0.01, d3 = 0.01, d4 = 0.01.

To investigate the dynamical behavior of the Jatropha—pest interaction model
denoted as system (6.1) with respect to variations in the fertilization rate parameter

7, crucial bifurcation analysis is conducted. The parameter 7 represents the rate at
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which reproductive females become fertilized via interactions with wild males. Un-
derstanding its influence is critical because it directly affects the reproduction rate
of pests and thereby influences the population dynamics and plant biomass signif-

icantly. In this context, Figure 6.4 has been simulated and it presents the Hopf
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Figure 6.4: Hopf bifurcation diagrams of the state populations of system (6.1)
with respect to the fertilization rate . Each panel shows the bifurcation profile
of different state variables. A supercritical Hopf bifurcation occurs at -y, ~
0.0054, beyond which the system exhibits stable limit cycles. Red and blue
curves indicate the lower and upper bounds of oscillations, respectively.
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Figure 6.5: (i) Subfigure in the left panel exhibits Hopf bifurcation diagrams
with respect to the birth rate of immature pest from fertilized female ry. Bifur-
cating solutions begin to generate when birth rate ry of immature pest exceeds
8 units/day. Other parameter values are rj = 0.2, Ky = 100, 85 = 0.00045,
dy = 0.08, 8, = 0.00007, d = 0.5, v = 0.002, 5 = 0.3, dy = 0.01,
d3 = 0.01, dy = 0.01. (ii) Subfigure in the middle panel demonstrates limit
cycle solution of the Jatropha biomass J (t) with respect to immature pest when
the birth rate is considered as r1 = 12 units/day. (iii) Subfigure in the right
panel presents limit cycle solution of J(t) with respect to P;(t) where the value

of 1 is varied from the previous scenario and fixed as r1 = 7 units/day.
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bifurcation diagram for the system over the range v € [0.002,0.01]. For each vari-
able, the red and blue curves denote the minimum and maximum values achieved
by the state in the asymptotic time interval, capturing the emergence of limit cycles
when the solutions of the system becomes oscillatory. Bifurcation occurs at a crit-
ical threshold 7. ~ 0.0054. For values v < 7., the system remains stabilized to an
equilibrium point, indicating that the pest and plant populations reach steady levels
after transients dissipate. However, when ~ exceeds the critical value ., the equi-
librium loses stability, and the system undergoes a supercritical Hopf bifurcation.
This leads to the emergence of sustained periodic oscillations (limit cycles) in the

densities of all the state variables. For the plant biomass J(t), it can be observed that
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Figure 6.6: Time evolution of system (6.8) under continuous sterile male re-

lease strategy for various values of w (the number of sterile males released per

unit time). Simulations suggests that increasing m leads to faster pest eradi-
cation and biomass restoration.

the amplitude of the oscillations exhibits an increasing pattern after the bifurcation
takes place. This clearly suggests that higher fertilization efficiency leads to more
pronounced fluctuations in biomass due to pest pressure. The bifurcation analy-
sis, thus, identifies 7. ~ 0.0054 as a threshold parameter value that separates stable
coexistence from cyclic dominance in the Jatropha—pest ecosystem. This finding is
crucial for pest management strategies, as it suggests that exceeding this threshold
could trigger persistent pest outbreaks and biomass degradation unless effective

controls are introduced. In addition, another interesting simulation is performed in
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Figure 6.5 to investigate the dynamical change or shift in J(¢) whenever r; is var-
ied. Observations present that the birth rate of immature pest population greatly
impacts the Jatropha biomass. Here, the specific value of r; = 8 acts as a critical
threshold. Values before r; = 8 indicate a stable scenario while oscillatory peri-
odic solutions occur once 7, crosses the critical value as validated strongly by the
limit cycle solutions provided in the Subfigures of the rightmost and middle panel
in Figure 6.5.

Figure 6.6 illustrates the temporal evolution of the Jatropha biomass and the pest
population compartments under the implementation of a continuous sterile insect
release strategy. In this control strategy, a constant number 7 of sterile male pests per
day is introduced into the system. During these simulations, we have considered
four different release rates: 7 = 5 units/day, 7 = 10 units/day, 7 = 15 units/day,

and 7 = 20 units/day. The Jatropha biomass .J(¢) shows a strong positive response

100 600 20
80 s
400 -
= 00 z )
e = 10
40 & &
200 -
20 5
0 0 0
0 200 400 600 0 200 400 600 0 200 400 600
Time (day) Time (day) Time (day)
20
10 7=10,T =35 day
g 7=10,T =10 day
15 7=10,T=20day
S 6 —_ =10, T=30 day
= =10
o 4 mz
S -
2
0 0 0
0 200 400 600 0 200 400 600 0 200 400 600
Time (day) Time (day) Time (day)

Figure 6.7: Time evolution of Jatropha biomass J(t) and pest populations

under impulsive SIT control with sterile release rate m = 10. Four release in-

tervals are considered: T' = 5, 10, 20, and 30 days. Frequent releases (smaller

T) enhance pest suppression and lead to a faster increase in J(t), while longer

intervals reduce the efficiency of the control. Oscillatory behavior in Ps(t) re-
flects the impulsive nature of sterile male introductions.

to increasing 7. For higher values of 7, the damage done by the pest affecting the
plant health is more effectively suppressed, leading to faster recovery and stabiliza-

tion of plant biomass. When m = 20 units/day, the biomass reaches its maximum
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capacity rapidly, whereas for lower 7, the recovery is slower and less pronounced.
The pest population compartments P;(t), Pp(t), Pr(t), and Py (t) all display a mono-
tonic decline over time, with the decay rate strongly influenced by the release rate
7. When the sterile male release rate is fixed at 7 = 20 units/day, the immature
and reproductive pest populations approach extinction within approximately 100
days. In contrast, wild female pests are eradicated by around 300 days, and the wild
male pest population becomes exterminated by nearly 450 days. However, for a
lower release rate of m = 5, the control strategy exhibits a much weaker response.
In this case, the reduction in pest populations is considerably slower and takes a
much longer time to achieve a remarkably low density. The sterile male popula-
tion Ps(t), shown in the bottom-right panel of Figure 6.6, increases monotonically
and stabilizes at a constant level for each release scenario, with the final equilibrium
proportional to the release rate 7. The results clearly demonstrate that continuous
release of sterile males can effectively suppress the pest population and facilitate the

rapid restoration of the Jatropha biomass.
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Figure 6.8: Time series of Jatropha biomass and pest compartments under
sterile release rate m = 20 and varying release intervals T' = 5, 10, 20, and
30 days. The moderate release intensity leads to enhanced pest suppression
compared to m = 10, with faster decline in pest populations and more rapid
biomass recovery. Sterile males remain sufficiently competitive across all T,
with reduced oscillatory amplitude in Pg(t) compared to lower release rates.
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To scrutinize the effectiveness of the sterile insect technique (SIT) with impul-
sive releases, simulations are performed for system (6.10) for three different sterile
release sizes, 7 = 10 units, 20 units, and 50 units, under varying release intervals
T = 5, 10, 20, and 30 days. The results are illustrated in Figures 6.7, 6.8 and 6.9,
respectively, where each figure shows the time evolution of Jatropha biomass and
pest population compartments: immature pests, wild females, fertile females, wild
males, and sterile males. For 7 = 10 units as demonstrated in Figure 6.7, the release
intensity is observed to be low which conveys that effective pest control depends
heavily on frequent releases. Whenever the release interval is 7' = 5 or 10 days,
the Jatropha biomass gradually increases and eventually stabilizes at more than 400
days and the immature, female and reproductive female pest populations are erad-
icated in around 400 days. The wild male pest populations take more than 600 days
to be eradicated in this particular scenario. However, for 7" = 20 or 30 days, the pest

populations decline slowly, reflecting delayed pest suppression.
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Figure 6.9: Dynamics of the Jatropha—pest system with high sterile male re-

lease rate ™ = 50, for four release intervals T' = 5, 10, 20, and 30 days. Strong

suppression of all pest compartments is observed, with Jatropha biomass reach-

ing its maximum rapidly. The strateqy is effective even for less frequent re-

leases, indicating robustness of SIT at high ©. The sterile male population

Pg(t) shows strong periodicity, particularly for small T', due to large impul-
sive inputs.

For a moderate release intensity, 7 = 20 units in Figure 6.8, significantly im-

proves pest control. The Jatropha biomass increases rapidly across all values of T,
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and pest classes exhibit faster decline compared to 7 = 10 units release of sterile
males impulsively. When the release interval is 7' = 5 or 10 days, the Jatropha
biomass steadily increases and stabilizes by around 250 days. During this period,
the immature pests, wild females, and reproductive females are effectively eradi-
cated within approximately 250 days, whereas the wild male pests require over 400
days for complete elimination. Even with less frequent releases, such as 7' = 20
days, the suppression of pests is effective. Oscillations in Pg(¢) become less sharp
and more stable as the amplitude of each impulsive release compensates for the
longer interval.

For 7 = 50 units release of sterile male as shown in Figure 6.9, a high release
rate ensures robust pest suppression regardless of release interval. The biomass .J(¢)
rises swiftly to its maximum across all 7. The pest compartments diminish rapidly
within the first 100 to 200 days. Even for 7' = 30 days, sterile males effectively
compete for mates, preventing reproduction and reducing pest populations. The
oscillations in Pg(t) are pronounced for small 7', due to dense and frequent releases,
while longer intervals result in more spaced and controlled pulses.

The success of the SIT strategy depends on the balance between the release rate
7 of sterile male and the release interval 7. When 7 is small, more frequent re-
leases (small T') are needed to suppress pests effectively. As 7 increases, the model
becomes less sensitive to 7', indicating that larger pulses can compensate for less
frequent intervention. In all cases, an increase in sterile male population leads to
reduced mating success of fertile pests, resulting in an increase in Jatropha biomass.
The oscillatory dynamics of Ps(t) is a natural consequence of the impulsive release

mechanism and do not indicate instability.

6.5 Discussion and Conclusions

In this chapter, we investigate the impact of pest infestation on Jatropha curcas plan-
tations and explore its management using sterile insect technique (SIT). The study is
structured into three main parts. In the first part, we develop a mathematical model
that captures the life cycle of the pest population and its detrimental effects on Jat-
ropha curcas biomass. To mitigate these effects, we introduce sterile male pests into
the system as a biological control strategy. Two distinct release strategies are con-
sidered: continuous release and impulsive (periodic) release of sterile males. The

second part of the study presents the mathematical formulation and analysis of the
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continuous release model, while the third part focuses on the impulsive release sce-
nario.

Analytically, we have established the positivity, boundedness, and existence of
equilibrium points of the model, along with a detailed local stability analysis of
each equilibrium. Numerically, we have demonstrated the harmful impact of im-
mature pests on Jatropha curcas biomass, highlighting significant leaf depletion in
the absence of control as presented in Figure 6.2. Additionally, we have observed
the occurrence of a Hopf bifurcation with respect to the fertilization rate parame-
ter v, indicating a transition to oscillatory dynamics beyond a critical threshold ~.
(see Figure 6.4). This bifurcation signifies the potential for sustained pest outbreaks
and ongoing biomass degradation, emphasizing the need for effective pest control
strategies.

Analytical as well as the numerical outcomes convey that the application of the
sterile insect technique (SIT) with continuous release strategy effectively eliminates
oscillatory behavior in the pest—plant interaction system, leading to a stable long-
term dynamics. A rigorous global stability analysis has been carried out for the
model incorporating continuous release of sterile male pests, confirming the sys-
tem’s convergence toward a pest-suppressed equilibrium. To evaluate the effec-
tiveness of SIT, four different daily release rates (7 = 5, 10, 15 and 20) of sterile males
have been simulated. The results clearly demonstrate a significant decline in all pest
population compartments, including immature pests, wild males, wild females, and
fertilized females. Concurrently, a noticeable recovery and increase in the biomass
of Jatropha curcas is observed (see Figure 6.6).

The impulsive implementation of the sterile insect technique (SIT), involving pe-
riodic releases of sterile male pests at fixed time intervals, also proves to be an ef-
ficient control strategy in stabilizing the pest-plant system. Through appropriate
mathematical formulation, the system has been analyzed under the theory of im-
pulsive differential equations. Conditions ensuring pest eradication have been eval-
uated and stability of the system equipped with impulsive strategy is established.
Numerical simulations have been performed for various release magnitudes and
periods (see Figures 6.7, 6.8, and 6.9), illustrating that even with less frequent but
strategically timed releases, the pest population can be significantly reduced. As a
result, the biomass of Jatropha curcas experiences steady recovery and growth. The
periodic SIT strategy offers practical advantages in terms of operational feasibility

and resource optimization, while maintaining strong biological control efficacy.
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Investigations and experiments with three different mathematical models high-
light the critical role of pest dynamics in the degradation of Jatropha biomass and
underscore the effectiveness of the sterile insect technique (SIT) as a viable control
strategy. Simulations justify that implementation of SIT, whether through continu-
ous or impulsive sterile male releases, successfully suppresses pest subpopulations
and restores plant biomass. High-intensity releases solely hold the potential to com-
pensate for wider intervals while on the other hand, the efficiency of impulsive pest
control strategy gets improved with higher release rates and more frequent inter-
ventions.

Pest populations in Jatropha plantations often have seasonal population surges
tied to leaf phenology i.e. the timing of leaf growth and shedding cycles (Shanker
and Dhyani, 2006). Periodic releases can target peak reproductive periods, over-
whelming wild populations when they are most vulnerable which enables synchro-
nization with pest life cycles (Dyck et al., 2021). Rearing sterile insects is resource-
intensive. Periodic releases can be helpful to minimize waste by avoiding releases
during low-pest periods (Vreysen et al., 2007). Moreover, continuous releases for a
prolonged period may lead to sterile males competing with each other for mates
which reduces per-male efficiency (Barclay and Hendrichs, 2014; Lance and McIn-
nis, 2021). Periodic pulses ensure high sterile-to-wild male ratios during critical
windows, maximizing mating disruption (Dyck et al., 2021; Knipling, 1955). Thus,
although both of the two release strategies discussed in this study are proven to
be effective, the periodic release of sterile males (instead of continuous release) in
SIT programs for Jatropha plantations is highly recommended for efficiency, cost-
effectiveness, ecological alignment and crop phenology. This outcome is also sup-
ported previously by Shanker & Dhyani et al. (Shanker and Dhyani, 2006) where the
authors outlined the importance of periodic strategy.

In conclusion, implementation of SIT through the proposed mathematical frame-
works proves to be a robust, eco-friendly, sustainable method for mitigating pest-
induced crop damage and promoting the ecological recovery of Jatropha plantations
and should necessarily be considered in future trials and experiments in Jatropha
pest management. Aligning with the foliar flush cycle of Jatropha and peak infes-
tation period, such as post-pruning or after the first rains, the impulsive release
strategy should be applied as the most suitable control method. Depending on the
pest outbreak scenario, the release intensity and release intervals should be adjusted

after carefully monitoring and assessing the severity of the situation. Investigations
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suggest that in extreme situations, the release intensity should be maximized as
m = 50 and the intervals should be decreased to ' = 5 or T' = 10 for achieving
the most beneficial outcomes. Although constant outputs indicate high waste in
low-pest periods, continuous release strategy can be helpful in varying conditions
in highly persistent pest hotspots such as infested wild Jatropha stands and in those
particular cases where systematic and consistent monitoring is not a feasible option.
Futuristic works, depending on the proposed models, should focus on evaluating
the cost-effective analysis, optimization of SIT and exploring the in-depth relation

of seasonal dynamics of Jatropha fruiting with pest life cycles.
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Future Directions - An Outline

¢ For Biodiesel Production: We compared two effective mixing techniques, me-
chanical stirring and ultrasound, for biodiesel production in Chapter 3, and
demonstrated that ultrasound is superior to mechanical stirring in reducing
mass transfer resistance during the transesterification reaction. These observa-
tions also open the scope for exploring hybrid mixing approaches, where me-
chanical stirring (MS) and ultrasound (US) are applied together to potentially
enhance biodiesel production. While MS primarily enhances bulk circulation
and increases interfacial area, US induces cavitation and intense micro-mixing.
These mechanisms are complementary and can be represented mathematically
by combining their individual mass-transfer rate expressions, K.(f) for MS
and M.(H) for US. Several functional forms for the effective mass-transfer co-

efficient K (f, H) may be explored. An additive model,
Keit = Ke(f) + M(H),
assumes independent contributions, whereas a multiplicative form,
Kot = Ko(f) (1 + aM(H)),

introduces a synergy parameter o > 0. Alternatively, saturating or bounded
functions may be used to prevent unrealistically large values at high control
inputs. In all cases, K¢ would replace the single term )M, in the logistic growth
component of the biodiesel production equation, thereby capturing the joint

influence of f and H.
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The proposed hybrid model allows for direct inclusion of energy consump-
tion into the process optimisation framework. Future research should also ad-
dress the problem of optimal operating conditions when both f and H are
treated as control variables. By introducing the power consumption func-
tions Pys(f) and Pyg(H), an optimal control problem can be formulated to
maximize biodiesel yield while penalizing total energy usage. This can be ex-

pressed through an objective functional of the form

T = Yu(T}) - A / " [Pus(£(1)) + Pos(H(#)] dt.

where ) is a weighting factor and 77 is the final reaction time. Pontryagin’s
Maximum Principle or forward-backward sweep algorithms can then be ap-
plied to determine optimal time-dependent strategies for f(¢) and H(¢). Such
an approach will identify the most energy-efficient operating points for a given

yield target.

Finally, the hybrid approach can be generalised to other feedstocks (e.g., rape-
seed oil or waste cooking oil) to assess robustness, or adapted to enzymatic
transesterification where MS and US may influence enzyme activity and stabil-
ity. Such studies will provide a physically grounded and experimentally vali-
dated framework for optimising biodiesel production under combined mixing

strategies.

¢ For Pest Management: The work presented in Chapter 6 can be extended us-
ing chemical pesticides along with sterile male release, both impulsively. Ster-
ile males are released at discrete times ¢, (k € N), while chemical pesticides are
applied at discrete times 7, (m € N). Let C(¢) denote the pesticide residue in
the environment (e.g., on foliage or within the field), subject to natural decay
at rate ¢ > 0. Pesticide imposes additional mortality on pest compartments
via stage-specific Holling type-II kill functions:
Ee(C) = ax—C . X e {I,F.R M,S},
Ke+C
where ax > 0 are maximal kill rates and K~ > 0 is the half-saturation constant.
Optional phytotoxicity is represented by 6 C'J in the plant equation, with § > 0
(set 0 = 0 for non-phytotoxic doses).
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The corresponding impulsive model can be written as: when ¢ # ¢, and t # 7,,,,

dJ J
dt:’I”JJ<1—I(J> _/BJJPI_GCL]7

dP,

7;:T1PR—d1PI—5}JPI—kI(C)PIa

dPr Py Ps

= =dp,JP — P | ————— | — o Pp | —2— Pr — dyPr — kp(C) Pr,
at B3 JPr — 7 F(PM-l-Ps> Y2 F<P]V[+PS>+T2 R o 7(C)Pr,

TR Pe | —M )y Pp— dsPr — kp(C)P,
a F(PM+PS> raFr = daFr = ka(C) P

dP,

dTM = (1—d)BYJP; — dyPar — kp (C) Py,

dPs
dt

dcC
& 5.0
dt ¢

= —d5Ps — ks(C)Ps,

(7.1)
Impulsive release of sterile males and pesticide application:

At sterile-male release times t = ¢y,
Ps(t;:) = Ps(t;> + , >0,

where 7 is the number of sterile males introduced per release.

At pesticide application times t = 7,
Clrm) =C(m) + e >0,

where c, represents the immediate increase in environmental pesticide residue
due to application. All other parameters used in the above model are de-

scribed in Chapter 6.

Objectives: The impulsive SIT-pesticide model aims to assess the relative per-
formance of biological and chemical controls, optimize release and application
schedules, explore timing synergies, maintain pesticide residues within safe

limits, and evaluate robustness and sensitivity of the model parameters.
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