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ABSTRACT

In chapter (1), the goals and importance of the current study are discussed. Definitions, a

few essential properties, and the basic equations required for the research project are also provided.

Chapter (2) illustrates the infinite conservation law, quasi-periodic wave, breather, lump,

and characteristic of integrability of the non-autonomous Kadomtsev-Petviashvili (NKP) equation

through bilinear Bäcklund and lax pair. We derive the quasi-periodic solution and examine the pe-

riodic wave’s asymptotic behaviour. Furthermore, lump, breather, and different complex structures

solution for the NKP equation are investigated.

Chapter (3) uses Painlevé analysis, bilinear Bäcklund, and lax pairs to illustrate the in-

tegrability of the nonautonomous KP-modified KP equation. Several sorts of solutions including

multi-solitons, smooth positons, and breathers are investigated through Hirota’s bilinear technique.

Using bifurcation theory, a qualitative study of the nonautonomous KP-modified KP equation is

performed.

The Kadomtsev-Petviashvili-modified Kadomtsev-Petviashvili (KP-mKP) equation is shown

to have some forms of efficient solutions in Chapter (4). The introduction of Liu’s method for the

full polynomial discrimination system addresses periodic wave profiles as well as shock waves and

solitary waves.

The damped Gardner-Burgers (dGB) equation is discussed in Chapter (5), where several

solutions are investigated using the (G ′/G)-expansion approach and the approach of Undetermined

Coefficient. These solutions produce various wave shapes and contain discrete sets of arbitrary

functions, such as exponential and hyperbolic functions.

In Chapter (6), the propagating properties of dust acoustic waves (DAWs) in collisionless,

unmagnetized, viscous dusty plasma are analysed through the KP equation and the Kadomtsev-

Petviashvili Burgers (KPb) equation. Using various techniques, shock, solitary, and periodic solu-

tions are obtained from the appropriate frameworks. Lastly, numerical examples are provided to

show how the physical characteristics affect the wave propagation in the current system.

Chapter (7) examines the properties of ion-acoustic waves propagating through a relativistic

electron-positron-ion (EPI) plasma when a relativistic positron beam is present. The Korteweg-de

Vries (KdV) equation and modified Korteweg-de Vries (mKdV) equation are derived using the

fundamental set of fluid equations. Different sorts of solutions, including periodic and breather

ones, are derived in both models. The wave propagation model incorporates numerical information

of several physical parameters in the physical environment.

A summary of our complete investigation, along with a discussion of possible avenues for

future research, is provided in Chapter (8).





List of Acronyms
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Chapter 1

Introduction

Nonlinear evolution equations (NLEEs) are pivotal in modeling a diverse array of physical

phenomena across multiple disciplines, including fluid dynamics, plasma dynamics, biological sys-

tems, chemistry, Astronomy, water-wave phenomena, ocean engineering, etc [1, 2, 3, 4, 5, 6, 7, 8].

These equations capture the complexity and richness of nonlinear interactions, where traditional

linear models often fall short. The study of NLEEs has gained significant attention due to their

intricate structures and the mathematical challenges they present. The general representation of a

NLEE can be written as
∂u

∂t
= N(u,ux,uxx, , , , ).

Here, u = u(x, t) is a state variable that depends on both space x and time t, and N is a

nonlinear operator function that often includes spatial derivatives and other nonlinear terms. Non-

autonomous NLEEs are a class of partial differential equations (PDEs) that serve to characterize

systems exhibiting temporal changes that are not governed by a linear or predictable framework.

Such behavior is often a result of the effects of time-dependent variables or external conditions.

Unlike autonomous systems, which are time-invariant, non-autonomous systems are influenced by

external factors that vary over time, making the system’s behavior depend explicitly on time. These

equations capture processes where the system’s rules change continuously or at intervals, driven by

external or internal changes to the environment. The general form of a non-autonomous NLEE can

be described as,
∂u

∂t
= N(t,u,ux,uxx, , , , ).

In non-autonomous equations,N also explicitly depends on t, making the system’s evolution

directly tied to external temporal factors. These equations arise in diverse fields such as engineering,

physics, biology and economics, where systems evolve over time under the influence of external or

internal non-stationary forces [9, 10, 11, 12, 13, 14, 15, 16, 17, 18].
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Integrability is a mathematical property that enhances the ability to predict and gain qual-

itative insights into a system’s dynamics, both locally and globally [19]. The concept of integrability

for nonlinear PDEs is not precisely defined, and no single, universally accepted definition exists [20].

However, several working definitions are commonly used to investigate whether a nonlinear PDE

is integrable. Few of them are Inverse Scattering Transform (IST) Method [20, 21, 22], Lax pair

[23, 24, 25], Existence of N-Soliton Solutions [4, 26, 27], Painlevé Analysis or Singularity Struc-

ture Analysis [28, 29], Bäcklund Transformations (BT) [30, 31], Infinitely Many Conservation Laws

[2, 20, 31, 32, 33], Infinitely Many Generalized Symmetries [34, 24] etc. Numerous integrable NLEEs,

particularly those that support soliton solutions, have been identified and extensively studied. These

integrable NLEEs reveal a rich mathematical structure and play a critical role in advancing science

and technology. Therefore, the search for new integrable NLEEs remains a valuable pursuit. An

exact solution of a NLEE is an explicit, closed-form expression that satisfies the equation without

approximation. Exact solutions provide a complete and explicit understanding of a system’s be-

havior, offering a crucial tool in both theoretical and applied contexts. Finding exact solutions to

NLEEs can be challenging due to the inherent nonlinearity. However, several powerful techniques

are commonly used to obtain exact solutions such as inverse scattering transformations [20], Hirota

direct method [27, 35], Bäcklund transformations [36], Tanh method [37], G ′/G-expansion method

[38], etc. Exact solutions of NLEEs come in various forms, some of the common types are solitons

[4, 27], positons [39, 40], breathers [41, 42, 43], lumps [44, 45], shock or kink, periodic, quasi-periodic

[46, 47] etc. These exact solutions provide diverse insights into nonlinear evolution equations, from

stable particle-like behavior (solitons) to complex oscillatory structures (breathers), shock waves,

etc. These solutions are vital for understanding phenomena in fluid dynamics, optics, quantum

mechanics, and beyond.

Again, Qualitative analysis of NLEEs focuses on understanding the general behavior, sta-

bility, and patterns of solutions without necessarily solving the equations exactly [48, 49]. When

NLEEs are often difficult (or impossible) to solve explicitly, qualitative analysis is essential for gain-

ing insights into their behavior. Various approaches in dynamical system provide the mathematical

framework and tools essential for conducting qualitative analysis [50, 51]. A dynamical system is

a mathematical framework used to describe how a point in a certain space changes over time ac-

cording to a set of rules or equations. This concept is widely used in fields like biology, physics,

economics, engineering and many other disciplines to model the evolution of systems over time [52].

Dynamical systems can help in understanding complex phenomena by examining the relationships

and interactions between variables over time. Nonlinear systems are capable of displaying chaotic

behavior [52, 53], in which minor variations in initial conditions result in vastly different outcomes,

making the system highly sensitive and unpredictable. Qualitative analysis helps understand how

changes in system parameters affect the behavior of solutions [51, 54].
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Plasma is an extremely hot state of matter in which atoms are so energized that their

electrons break free, creating an ionized gas. In the night sky, we see plasma glowing as stars,

nebulae, and auroras shimmering near the poles [55]. Lightning flashes in the sky are plasma, as are

the neon signs that light up our city streets. The Sun, too, is a massive ball of plasma, the source

of energy that sustains life on Earth. With so much of the universe in a plasma state, scientists

across many fields are deeply interested in its behavior and properties [56, 57]. In particular, at

the extreme temperatures required for practical fusion energy, matter becomes plasma. Beyond

fusion, plasmas are harnessed in many fields, from manufacturing computer chips and powering

rocket engines to environmental cleanup, destroying biological hazards, wound healing, and many

other innovative applications [58, 59, 60, 61]. Due to imbalances in the distribution or movement of

charged particles, such as ions and electrons, within a plasma, many plasma waves are formed. IAWs

is one such plasma waves form when there is a difference in pressure (temperature) between ions and

electrons. These are low-frequency waves caused by the oscillations of ions in a plasma. Since ions

have significantly greater mass compared to electrons, they oscillate more slowly. They can occur in

magnetized or unmagnetized plasmas, and are parallel to the magnetic field in magnetized plasmas.

Charged dust particles within plasmas not only modify the electron-ion composition and affect

conventional wave modes, like IAWs, but also give rise to novel low-frequency wave modes known as

DAWs [62, 63]. DAWs can be thought of as a dust-dominated analog to IAWs, where the massive

dust grains replace ions as the dominant inertial component. In the limiting case where dust density

is low, DAWs reduce in behavior closer to IAWs. DAWs are a distinctive mode of propagation in

a three-component dusty plasma system consisting of electrons, ions, and micrometer-sized charged

dust particles with significant mass [64]. These waves exhibit a phase velocity significantly lower

than the thermal velocities of electrons and ions. In DAWs, the restoring force is generated by the

pressure of the electrons and ions, while the dust grains provide the necessary inertia.

1.1 Historical background

The modern study of integrable equations began with the landmark work of Martin Kruskal

and his collaborators on the Cauchy problem for the KdV equation, using what would later be

known as the IST method [65, 26]. A significant advancement came with Peter Lax, who showed

that the essential feature of an integrable equation is its expression as the compatibility condition

of two linear eigenvalue equations, later termed a ”Lax pair” [66]. The presence of a Lax pair

remains a fundamental criterion for integrability [67]. One of the most common characteristic

for a nonlinear equation to be integrable, it often admits multi-soliton solutions [2]. The Hirota

method systematically constructs these solutions by rewriting the equation in bilinear form and using

perturbative expansions [4]. A remarkable characteristic of nonlinear equations in this category is
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their possession of an infinite number of conservation laws [32]. In 1983, Weiss, Tabor, and Carnevale

(WTC) introduced the Painlevé integrability analysis method [68], originally developed by Paul

Painlevé to assess the integrability of nonlinear PDEs.

The study of exact solutions for NLEEs has a rich historical background that spans several

decades, highlighting significant mathematical and physical developments. The roots of nonlinear

equations can be traced back to 19th-century mathematical physics, particularly in the context of

fluid dynamics and wave motion. Early researchers like Bernoulli and Navier-Stokes began formulat-

ing nonlinear equations to describe various physical phenomena. The KdV equation, introduced by

Korteweg and de Vries, emerged in 1895 to describe shallow water waves [69]. Its soliton solutions

were discovered much later, in the 1960s, through the work of Zabusky and Kruskal [65]. They used

numerical simulations to reveal soliton behavior, which sparked interest in finding exact solutions

and many new methods are discovered. The inverse scattering transform, developed by Gardner,

Greene, Kruskal, and Miura, provided a powerful technique to find exact solutions of certain non-

linear equations, including the KdV equation [26]. The Hirota direct method, developed by Ryogo

Hirota in the early 1970s, is particularly effective in finding multi-soliton solutions of integrable equa-

tions [27]. Techniques such as Bäcklund transformations and Darboux transformations [70, 71, 72]

emerged, enabling the construction of new exact solutions from known ones.

Dynamical systems were initially applied to astronomical studies in the early seventeenth

century by Johannes Kepler and Galileo Galilei, who conducted qualitative analysis of planetary

motion. Later, Isaac Newton formalized these studies mathematically through ordinary differential

equations. Since then, mathematical analysis has become integral to studying various natural and

physical systems. Towards the late nineteenth century, Henri Poincaré pioneered the topological

study of dynamical systems [49], using it to explore the three-body problem in celestial mechanics [73,

74]. In the early twentieth century, George Birkhoff extended this work by applying the qualitative

theory of dynamical systems to problems in ergodic theory [75]. These foundational studies inspired

further research, leading to widespread use of dynamical systems theory in approximating natural

and physical phenomena across multiple scientific and engineering fields. In recent times, the theory

of dynamical systems has been used extensively to predict the long term behaviour of various physical

and natural systems occurring around us [76, 52].

The study of plasma waves, particularly IAWs and DAWs, has a fascinating history rooted

in the exploration of both theoretical and experimental plasma physics[77, 78, 79, 80]. The history

of IAWs dates back to the early development of plasma physics in the 20th century. Langmuir

and Tonks developed the concept of plasma oscillations, which set the stage for understanding

plasma waves [81]. After the Second World War, interest in plasmas grew, especially due to research

in nuclear fusion and astrophysical plasmas [82, 83]. Scientists studied the collective behavior of

charged particles in plasma and began understanding the significance of wave-like disturbances.
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Researchers like David Bohm and Igor Tamm (among others) formulated the concepts of plasma

oscillations and waves in plasmas. They described how low-frequency oscillations could occur due

to the interaction between ions and electrons.

DAWs emerged as a significant area of study more recently, with developments primarily

in the late 20th century. They involve plasmas that contain charged dust particles in addition to

ions and electrons. Plasma physicists began focusing on the behavior of dusty plasmas, particularly

as researchers observed that the presence of charged dust particles could significantly alter plasma

dynamics. The concept of the DAW was first introduced by physicist P. K. Shukla at the First

Capri Workshop on Dusty Plasmas in 1989. The following year, Rao, Shukla, and Yu conducted

a theoretical investigation of dust acoustic waves in 1990 [84]. The existence of DAWs was later

confirmed through experiments by Barkan, Merlino, and D’Angelo in 1995 [85].

1.2 Literature review

The KP equation, a two-dimensional nonlinear dispersive long-wave model, characterizes

weakly transverse water waves in the long-wavelength limit with minimal surface tension effects [86].

It was later developed by Ablowitz and Segur [87] as a model for surface and internal water waves

and applied to nonlinear optics by Pelinovsky, Stepanyants, and Kivshar [88]. Additionally, this

equation has found relevance in various physical contexts, such as reduced models in Bose-Einstein

condensation, string theory, and ferromagnetics. Over the years there are many authors who studied

the integrability and exact solutions of KP equation. The linear scattering problem, or Lax form,

linked to the KP equation was formulated by Dryuma in 1974, providing a strong indication that

the equation is integrable. The following year, Chen solved the KP equation using the Bäcklund

transformation method [89]. Satsuma was the first to find the bilinear form and obtain an exact

N-soliton solution for the KP equation applying Hirota’s method [90]. Subsequently, the inverse

scattering approach was applied to the KP equation by Manakov [91], Fokas and Ablowitz [92],

and Ablowitz, Bar Yaacov, and Fokas [93]. Recently, many authors studied integrability and exact

solutions of extended KP equation. Li et al [94] and Wazwaz [95] investigated the characteristic

integrability of extended KP equation via Painlevé test and derived N-soliton, breathers, lump

solutions. Konopelchenko study the completely integrability of the KP-mKP equation [96]. The

integrability characteristics of the KP-mKP or Gardner-KP equations have been investigated through

infinite conservation laws by Naz et al [97], and Lax pairs by Wazwaz [98].

Some researchers have studied the integrability and exact solutions of the non-autonomous

KP equation and its extended forms, particularly the KP equation with time-dependent coefficients.

Clarkson [99] studied the integrability of variable coefficient KP equation via painlevé analysis. Tian

and Zhang [100] investigated the integrability of the generalized variable coefficient KP equation us-
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ing the Bell polynomial approach, and derived the soliton solutions and periodic wave solutions

expressed through Riemann theta functions. Yan et al. [101] studied the characteristic of integrabil-

ity of (2+1)-dimensional variable coefficient KP equation via Painlevé analysis and derived N-soliton

solution. Many authors have studied exact solutions of the KP equation in the form of lump, shocks,

periodic, N-soliton, positon and other types of solutions [44, 102, 103, 104, 105, 106, 107].

The KP-mKP equation has applications in modeling real physical systems, including fluid

dynamics, plasma waves, and nonlinear optics. Exact solutions can predict how wave patterns

will behave under constant environmental conditions, which is important for designing wave-based

applications in fields such as communication, energy transfer, and fluid flow management. Since the

KP-mKP equation is highly nonlinear and multidimensional, so finding exact solution is not so easy.

Konopelchenko find the exact solutions including rational solutions, lump solutions of the KP-mKP

equation [108].

Wazwaz exploited Hirota bilinear method to derive multiple singular and multi-solitary

solutions for the KP-mKP equation, showcasing the diversity of solutions through numerical analysis

[109]. Liu et al. [110] explored the phase portrait of the KP-mKP model using bifurcation theory

of dynamical systems, deriving exact traveling wave solutions such as solitary, periodic, kink (anti-

kink), and breaking wave solutions. Jawad et al. [111] applied the improved (G ′/G) expansion

method to obtain various solutions for the KP-mKP equation, including soliton and hyperbolic

solutions. Boateng et al. [112] employed the Modified Extended Direct Algebraic Method to derive

trigonometric and hyperbolic solutions for the (2+ 1)-dimensional KP-mKP equation.

The Gardner-Burgers equation combines features of the Burgers and Gardner equations. It

models a range of physical phenomena, including turbulence, shock waves, and dissipative systems

in fluid dynamics. Wang studied the exact solution of Gardner-Burgers equation employing homo-

geneous balance method [113]. Zhang et al find the kink type solitary solution for Gardner-Burgers

equation using proper transformation [114]. Li et al derived the hyperbolic and trigonometric func-

tion solutions for Gardner-Burgers equation using proper transformation [115]. Kaya obtained the

exact solution of Gardner-Burgers equation by using Adomian’s decomposition method [116]. The

addition of damping terms can represent friction or energy loss, which are often present in real-world

applications.

Recently, there is a considerable interest in studying two-dimensional nonlinear DAWs due

to their significance in understanding the complex dynamics of dusty plasma. Duan studied the

DAWs for (2+1) dimensional KP equation [117]. Lin and Duan studied KP equation in a two-

ion-temperature cold dusty plasma [118]. Dorranian and Sabetkar [119] analytically investigated

nonlinear dust acoustic solitary waves in a dusty plasma containing two nonthermal ion species

at different temperatures. Saini et al. [120] investigated nonlinear dust acoustic solitary waves in

a dusty plasma with superthermal charged particles (electrons and ions) using the KP equation.
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There are also several literature in which dust acoustic waves has been studied in the framework

of KP equation [121, 122, 123]. Xue studied the dust acoustic shock waves in dusty plasma in the

framework of KP Burgers equation [124].

In recent years, significant attention has been focused on the nonlinear wave propagation

in plasmas composed of electron, ion, and positron beams. The nonlinear structure of a plasma can

undergo significant alterations in the presence of positron beams. The effects of an positron beam on

nonlinear energy transport in positron beam-plasma system has been studied by Shah and Mahmood

[125]. Shan et al.[126] demonstrated that the increased velocity of the positron beam, along with the

presence of super-thermal electrons, can influence the existence domain, amplitude, and width of

solitons. Shah et al. [127] examined ion-acoustic shock waves in a superthermal electron-ion plasma

influenced by the presence of a positron beam. The effect of the cold positron beam on growth and

damping of the waves in a plasma system investigated by Shan et al.[128]. Sarma et al. studied

the propagation properties of ion-acoustic solitary waves in an unmagnetized thermal electron-ion

plasma influenced by a relativistic positron beam flow [129].

1.3 Motivation

The study of nonautonomous NLEEs focuses on determining whether these time-dependent

versions retain the integrability of their autonomous counterparts, which is critical for understanding

long-term system behavior. Nonautonomous terms, influenced by external forces, or spatial vari-

ations, can complicate dynamics and potentially lead to chaos or irregularity. Investigating their

integrability provides insights into transitions between predictable (integrable) and complex (non-

integrable) behaviors, making their study an important and challenging aspect of nonlinear partial

differential equations. Exact solutions are crucial for exploring phenomena like time-dependent

solitons, breathers, and localized structures. They also help assess whether nonautonomous de-

formations preserve integrable features such as Lax pairs or Bäcklund transformations, providing

deeper insights into the structure and behavior of these systems.

Nonetheless, many evolution equations lack explicit solutions, rendering them either in-

accessible or impractical. The presence of time-dependence introduces additional complexities, de-

manding a thorough approach to evaluate time-dependent stability, which is shaped by changing

external factors. Furthermore, understanding the implications of periodic and aperiodic forcing is

crucial, as these can give rise to phenomena including resonance, quasi-periodicity, or chaos. In such

scenarios, qualitative analysis assumes a significant role by exploring essential questions, including

the potential for the system to stabilize over time, the resilience of solutions against perturbations

or changes in parameters, and the presence of periodic or chaotic behavior within the system. A

thorough understanding of these phenomena is critical for advancing theoretical knowledge and for
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effectively controlling such behaviors in real-world contexts. This insight empowers researchers to

anticipate system dynamics, ensure stability, and implement interventions or optimizations as re-

quired. The interest in studying the qualitative analysis of evolution equations is motivated by a

combination of theoretical exploration, the imperative to understand nonlinear and time-dependent

dynamics, and the goal of addressing practical challenges in a diverse array of fields.

These equations provide a more accurate representation of real-world systems, including

fluid dynamics with seasonal changes, plasma waves influenced by time-varying fields, and optical

systems with variable refractive indices. We employed these models to investigate the propagation

characteristics of plasma waves in various plasma environments. IAWs and DAWs play a vital

role in plasma physics as they are key to understanding the behavior and dynamics of plasmas

in both natural and laboratory settings. These fundamental plasma waves are often modeled by

nonlinear evolution equations such as the KdV and KP equations, which describe the intricate

nonlinear interactions within plasmas. These equations elucidate the complex nonlinear interactions

occurring within plasmas. Analyzing precise solutions to these equations, such as solitons and shocks,

yields vital understanding of how plasma characteristics, including density and temperature, affect

wave dynamics and nonlinear phenomena. Furthermore, these exact solutions enable researchers to

identify transitions, bifurcations, and dynamic behaviors that are crucial for the progression of both

theoretical models and experimental endeavors in the field of plasma science.

This thesis is devoted to the investigation of a particular category of NLEEs, emphasizing

the concept of integrability. By conducting an in-depth analysis, this work aims to enhance the

comprehension of NLEEs, illuminating their integrability, the diversity of their exact solutions, and

the qualitative characteristics that influence their dynamics. Ultimately, the established frameworks

are employed to analyze the propagation behavior of IAWs and DAWs across different plasma

environments.

1.4 Nonlinear Partial Differential Equations

Nonlinear PDEs are a rich area of study, with ongoing research focused on integrability,

finding solutions, analyzing stability, and applying them to real-world problems. In this section we

discussed the NLEEs which are used in this thesis.

1.4.1 KdV equation

The KdV equation explains the behavior of water waves traveling through long, narrow,

and shallow channels. Originally proposed in 1895 by Dutch mathematicians Diederik Johannes

Korteweg and Gustav de Vries [69], the equation is typically written in its standard form after
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suitable scaling adjustments as the following

ut − 6uux + uxxx = 0, (1.1)

and in general can be written as

ut +Auux + Buxxx = 0, (1.2)

In the equation, u(x, t) represents the vertical displacement of the water from its equilib-

rium position at a given location x and time t. The KdV equation is classified as a nonlinear PDE

because of the uux term, where subscripts indicate partial derivatives. The presence of the uxxx

term introduces dispersive effects.

The significance of the KdV equation became evident in 1965 when Zabusky and Kruskal

[65] provided an explanation for the Fermi-Pasta-Ulam puzzle using solitary-wave solutions of the

KdV equation. Through their numerical analysis, they identified solitary-wave pulses, which they

termed solitons due to their particle-like properties. These solitons exhibited nonlinear interactions,

yet remarkably, their size and shape remained virtually unchanged after such interactions. This

intriguing behavior of soliton solutions to the KdV equation generated considerable interest, though,

at the time, the only method for solving this nonlinear PDE was numerical.

1.4.2 mKdV equation

The mKdV equation is a nonlinear PDE often encountered in the study of wave dynamics,

such as in plasma physics, shallow water waves, and nonlinear optics [130]. It is a variant of the

KdV equation that includes a cubic nonlinearity instead of a quadratic one. The standard form of

the mKdV equation is given by [131]

ut + 6u2ux + uxxx = 0, (1.3)

and in general can be written as

ut +A1u
2ux + Buxxx = 0, (1.4)

The mKdV equation indeed holds a pivotal place in the history of Soliton Theory and

nonlinear dynamics. It was instrumental in deriving infinitely many conservation laws for the KdV

equation [132], which ultimately led to the discovery of the KdV equation’s Lax pair and the devel-

opment of the IST.

1.4.3 KP equation

In mathematical physics, the KP equation, attributed to Boris B. Kadomtsev and Vladimir

I. Petviashvili, is a PDE used to model the behavior of nonlinear wave motion [86]. The KP equation
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is commonly expressed as

(ut + 6uux + uxxx)x − σuyy = 0, σ = ±1 (1.5)

and in general can be written as

(ut +Auux + Buxxx)x +Duyy = 0, (1.6)

In this context, u = u(x,y, t) represents a scalar function, where x and y denote the

longitudinal and transverse spatial coordinates, respectively. Partial derivatives are indicated by

subscripts x, y and t.

The KP equation serves as a universal integrable system in two spatial dimensions, anal-

ogous to the role of the KdV equation in one spatial dimension, as many other integrable systems

can be derived as its reductions. Over the past five decades, it has been a significant focus of study

within the mathematical community. It naturally appears as a distinguished limit in asymptotic

analyses, retaining only the leading-order terms while assuming a balance between weak dispersion,

quadratic nonlinearity, and diffraction. The asymmetry between the two spatial variables is reflected

in their distinct roles within the equation.

1.4.4 KPb equation

The KPb equation is a modified version of the KP equation that includes dissipative effects.

It is used to model the dynamics of certain types of waves in dissipative media, where energy is lost

due to viscosity or other dissipative mechanisms. The KPb equation is particularly relevant in the

study of wave phenomena in fluid dynamics and related fields. The KP-Burger equation is given by

(ut +Auux + Buxxx + Cuxx)x +Duyy = 0 (1.7)

The presence of the dissipative term Cuxx introduces a damping effect, causing the wave

amplitude to decrease over time. This term models the physical processes responsible for energy

dissipation in the medium, such as viscosity in fluid flow. The KPb equation retains many of

the mathematical properties of the KP equation, including soliton solutions and other nonlinear

wave behaviors. However, the presence of dissipation alters the dynamics of the system, leading

to different types of wave propagation and interaction phenomena. Research on the KPb equation

and its solutions contributes to the understanding of wave dynamics in dissipative media and has

applications in various fields, including fluid mechanics, nonlinear optics, and plasma physics.

1.4.5 Damped forced KP equation

The damped forced KP equation is a modification of the classical KP equation that incor-

porates external forcing and damping effects. The general form of the damped, forced KP equation
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is

(ut + Puux +Quxxx +Du)x + αuyy = f(x, t), (1.8)

The damped, forced KP equations are used to model a variety of physical systems, including shallow

water waves in the presence of external forces and dissipation, Plasma physics, nonlinear optics with

external driving forces.

1.4.6 KP-mKP equation

The KP-mKP equation is a generalization of the KP equation that includes additional

higher order nonlinear terms to account for more complex behavior. It is particularly used when

dealing with situations where both quadratic and cubic nonlinearities are important. The KP-mKP

equation can be written as

(ut + Puux +Qu
2ux + Ruxxx)x + Tuyy = 0 (1.9)

Due to its ability to describe the interplay between nonlinearity, dispersion, and multi-

dimensional effects, the KP-mKP equation is widely utilized across several branches of physics such

as plasma physics, fluid dynamics, quantum field theory etc.

1.4.7 Damped forced KP-mKP equation

The damped forced KP-mKP equation is a nonlinear PDE that extends the standard KP

equation by incorporating higher-order (modified) nonlinearities, damping, and external forcing.

This equation appears in contexts such as shallow water waves, plasma physics, and other nonlinear

wave phenomena where transverse effects, nonlinearity, and dispersion interact in complex ways.

The damped forced KP-mKP equation can be written as

(ut + Puux +Qu
2ux + Ruxxx + Su)x + Tuyy = f(x, t), (1.10)

where P,Q are the coefficients of nonlinear terms, R is the coefficient for third-order dispersion, T is

the coefficient for transverse dispersion, S is damping coefficient, and f(x, t) is the forcing term.

1.4.8 Damped Gardner-Burgers equation

The dGB equation is a modified nonlinear PDE that combines features of the Gardner

equation, Burgers equation, and damping effects. It is used to model various physical phenom-

ena where nonlinear, dispersive, and dissipative effects interact, along with an external damping
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mechanism. The general form of the dGB equation can be written as

ut +Auux + Bu
2ux + Cuxxx +Duxx+ Eu = 0. (1.11)

1.5 Integrability of nonlinear partial differential equations

The integrability of nonlinear PDEs has become a prominent area of research in recent

years. An integrable system is often perceived as one that is theoretically solvable. Numerous

strategies have been utilized to establish the concept of integrability in this area. As of now, there

is no universally accepted definition in mathematics that delineates what constitutes an integrable

or exactly solvable system. The exploration of what defines an integrable system is closely linked

to its classification. Integrability is defined in a number of ways, including the presence of Lax

representation, Painlevé property, conservation laws, Bäcklund transformations, etc.

1.5.1 Description of the Painlevé test

Painlevé and Gambier at the beginning of this century initiated the Painlevé analysis for the

classification of nonlinear ordinary differential equations (ODEs) (without movable critical points) in

an algebraic manner. The Painlevé analysis for nonlinear PDEs is introduced by WTC in 1983 [68] as

an extension of the method initiated by Painlevé and Gambier. The Painlevé test serves as a useful

tool for providing necessary conditions to identify whether PDEs exhibit complete integrability. A

PDE is said to exhibit the Painlevé property if its solutions remain single-valued around movable

singularity manifolds. We consider a general nonlinear PDE with the unknown ϕ = ϕ(x,y, z, τ) as,

ϕτ = N(ϕ,ϕx,ϕy,ϕz,ϕx,x,ϕτx,ϕxxx,ϕyy...). (1.12)

Through a generalized Laurent expansion, we offer the solution to Eq.(1.12) as

v = ϕ−γ(x,y, z, τ)

∞∑
j=0

vj(x,y, z, τ)ϕ
j(x,y, z, τ) (1.13)

in which ϕ(x,y, z, τ) = 0 reduces a singular manifold. The positive integer γ needs to be evaluated,

and ϕ(x,y, z, τ) and vj(x,y, z, τ) are both taken to be analytic functions. In order to assess the

higher order of the Eq.(1.13), we first set

v(x,y, z, τ) = v0(x,y, z, τ)ϕ
−γ(x,y, z, τ) (1.14)

where ψ0(x,y, z, τ) is analytic.

Step 1. In order to obtain γ = k, substitute Eq.(1.14) into Eq.(1.12) and balance the highest
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order derivative with the nonlinear terms.

Step 2. For the recursion formula, we set

v(x,y, z, t) ≈ v0(x,y, z, τ)ϕ−k + vj(x,y, z, τ)ϕ
j−k(x,y, z, τ). (1.15)

We acquire the recursion formula by substituting Eq.(1.15) into Eq.(1.12) and collect the terms

affecting vj. Resonances are now characterized as the values of j where the recursion formula fails

to be defined, resulting in vj becoming arbitrary.

Step 3. The reduced expansion is now expressed as follows for the compatibility condition:

v = v0ϕ
−k +

kh∑
j=1

vjϕ
j−k. (1.16)

Our consideration is limited to the highest resonance (j = kh). For simplicity, we employ the Kruskal

anasatz [133] of the singular manifold [68] in this scenario. Thus, we view as

ϕ(x,y, z, τ) = x+ y+ z− χ(τ) (1.17)

where the analytic function χ(τ) is selected at random. (1.16) and (1.17) are substituted into

Eq.(1.12), with the collecting power of ϕ being equal to zero. Thus, one can determine whether or

not all positive resonances satisfy the compatibility criterion.

1.5.2 Bilinearization using Bell polynomials

It is widely recognized that the initial phase in assessing the integrability of a NLEE in-

volves the exploration of a bilinear representation of that equation. The Hirota bilinear method

and the Bell-polynomial framework are intricately connected. To begin with, one may apply the

necessary adjustments to the Bell polynomials. In the early 1930s, Bell introduced three distinct

varieties of exponential polynomials [134, 135, 136, 137].

Definition 1 Let r be defined as a constant positive integer, and let n represent any arbitrary

non-negative integer. The polynomial in relation to the independent variables ξ and τ is subse-

quently expressed as follows:

ζn(ξ, τ) ≡ exp(−τξr)∂nξexp(τξr). (1.18)

This is known as the classical Bell polynomials, or specifically the Hermite-Bell polynomials when

r = 2, as introduced by Bell. The Bell polynomials of the initial lower orders are as follows,

ζ0(ξ, τ) = 1, ζ1(ξ, τ) = rτξ
r−1, ζ2(ξ, τ) = r

2τ2ξ2r−2 + r(r− 1)τξr−2,

and in general
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ζn(ξ, τ) = n!
∑n
j=a

τjξrj−n

j!

∑b
l=0(−1)l

(
j
l

)(
r(j−l)
n

)
,

where a = n− [n(r− 1)/r] and b = [(rh− n)/r] in which square brackets denote the integer part.

Definition 2 Let u = u(ξ1, .., ξl)) be an arbitrary non-negative integer, represented by nk for

k = 1, 2, . . . , l. We will consider C∞ as a multivariable function that follows this criterion:

Yn1ξ1,...,nlξl
(u) ≡ exp(−u)∂n1

ξ1
...∂nl

ξl
exp(u), (1.19)

Multi-dimensional Bell polynomials, often referred to as generalized Bell polynomials or

Y-polynomials, are defined as polynomials involving the partial derivatives of u with respect to the

variables ξ1, · · · , ξl. In the expression Yn1ξ1,··· ,nlξl
(u), the subscripts indicate the highest order

of derivatives of u concerning xk, where k ranges from 1 to l. Specifically, with u = u(ξ, τ), the

associated two-dimensional Bell polynomials derived from equation (1.19) are presented as follows:

Yξ(u) = uξ, Y2ξ(u) = u2ξ + u
2
ξ, Y3ξ(u) = u3ξ + 3uξu2ξ + u

3
ξ, Yξ,τ(u) = uξ,τ + uξuτ,...

Specifically, when n1 = n, n2 = 0, and u = u(ξ, τ) = τξr, multi-dimensional Bell polynomials

(1.19) serve as a precise reduction of the classical Bell polynomials (1.18).

Ynξ(u) = exp(−τξ
r)∂nξexp(τξ

r) = ζn(ξ, τ).

This suggests that the multi-dimensional Bell polynomials presented in equation (1.19) represent an

extended form of the conventional Bell polynomials depicted in equation (1.18).

Definition 3 The multi-dimensional binary Bell polynomials, referred to as Y-polynomials, can

be formulated using the aforementioned Bell polynomials (1.19) in the manner described below.

Yn1ξ1,...,nlξl
(v,w) = Yn1ξ1,...,nlξl

(u)

∣∣∣∣∣
ur1ξ1,...,rlξl

=


vr1ξ1,...,rlξl

, r1 + ..+ rl is odd,

wr1ξ1,...,rlξl
, r1 + ..+ rl is even,

(1.20)

The multivariable polynomials are with respect to all partial derivatives vr1ξ1,...,rlξl
andwr1ξ1,...,rlξl

.

The initial binary Bell Polynomials are listed.

Yξ(v) = vξ, Y2ξ(v,w) = w2ξ + v
2
ξ, Yξ,τ(v,w) = wξ,τ + vξvτ, Y3ξ(v,w) = v3ξ + 3vξw2ξ + v

3
ξ, ...

Proposition 1: The correlation between the Bell polynomials Yn1ξ1,...,nlξl
(v,w) and standard

Hirota bilinear equation Dn1

ξ1
· · ·Dnl

ξl
F ·G can be obtained using the following identity.

Yn1ξ1,...,nlξl
(v = ln F/G,w = ln FG) = (FG)−1Dn1

ξ1
· · ·Dnl

ξl
F ·G, (1.21)

where n1 + · · ·+ nl ⩾ 1 and the Hirota bilinear operators Dξl
, ...,Dξl

are characterized by

Dn1

ξ1
· · ·Dnl

ξl
F ·G = (∂ξ1 − ∂ξ

′
1)
n1 · · · (∂ξ1 − ∂ξ ′

l)
nlF(ξ1, ..., ξl)G(ξ

′
1, ..., ξ

′
l)

∣∣∣∣∣
ξ′
i=ξi

.
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When F and G are equal, (1.21) becomes

G−2Dn1

ξ1
· · ·Dnl

ξl
G·G = Yn1ξ1,...,nlξl

(v = 0,w = 2ln G = q) =

0, when n1 + · · ·+ nlis odd,

Pn1ξ1,...,nlξl
(q), when n1 + · · ·+ nlis even.

(1.22)

The first handful can be clearly described as

P2ξ(q) = q2ξ, Pξ,τ = qξτ, P4ξ(q) = q4ξ + 3q22ξ (1.23)

In particular, the use of equations (1.22) and (1.23) will be beneficial in connecting nonlinear equa-

tions to their corresponding bilinear equations. This means that a nonlinear equation can be trans-

formed into a linear equation if it can be expressed as a linear collection of P-polynomials.

Proposition 2: The binary Bell polynomials Yn1ξ1,...,nlξl
(v,w) can be classified into two distinct

types: P-polynomials and Y-polynomials.

(FG)−1Dn1

ξ1
· · ·Dnl

ξl
F ·G = Yn1ξ1,...,nlξl

(v,w)|v=ln F/G,w=ln FG

= Yn1ξ1,...,nlξl
(v, v+ q)|v=ln F/G,q=2ln G (1.24)

=

n1∑
r1=0

· · ·
nl∑
rl=0

(
n1

r1

)
· · ·
(
nl

rl

)
Pr1ξ1,...,rlξl

(q)Y(n1−r1)ξ1,...,(nl−rl)ξl
(v).

The primary characteristic of the Bell polynomials

Yn1ξ1,...,nlξl
(v)|v=ln ϕ =

ϕn1ξ1,...,nlξl

ϕ
, (1.25)

The binary Bell polynomials Yn1ξ1,...,nlξl
(v,w) can be expressed in a linear form through the appli-

cation of the Hopf-Cole transformation, where v = lnϕ and ϕ = F/G. By employing the equations

(1.24) and (1.25), one can efficiently derive the corresponding Lax system associated with particular

nonlinear equations.

1.5.3 Bilinear Bäcklund Transformation

Bilinear BT serve as a powerful technique for addressing nonlinear equations, especially

when these equations can be represented in a bilinear format through the Hirota bilinear approach.

The Bell-polynomial scheme, previously mentioned, is also relevant for managing BT in the context of

NLEEs. Numerous examples found in the literature illustrate the utilization of this scheme for equa-

tions such as the Burgers-Hopf hierarchy, potential KdV, modified KdV, potential Sawada-Kotera,

sine-Gordon, Boussinesq equations, and the Ablowitz-Kaup-Newell-Segur system [135, 138, 139, 140].

The implementation of the Bell-polynomial scheme consists of several essential steps.
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(A) Employ the scale transformations to derive the Bell-polynomial representation of the origi-

nal NLEE, ensuring that its invariance is duly considered.

(B) Additionally, devise an appropriate decomposition of the homogeneous constraint, or two-field

condition, that exists between the primary field and a replica field. This will facilitate the de-

velopment of a Bell-polynomial-type BT, which generally consists of a linear combination of Bell-

polynomials along with their derivatives.

(C) Finally, implement the Hopf-Cole transformation to achieve a linearized form of the Bell-

polynomial-type BT, leading to the corresponding Lax pair.

We shall now explore the process of constructing a BT through the application of binary Bell poly-

nomials. To illustrate this, we will examine a nonlinear partial differential equation.

uτ = N(u, uξ, u2ξ, uτξ, u3ξ, ...). (1.26)

The study involves two independent variables, identified as ξ and τ. By utilizing a field transforma-

tion represented by u = f(q), we seek to establish a link between equation (1.26) and a collection of

P-polynomials.

H(q) =
∑
i

ciPkiξ,siτ(q) = 0. (1.27)

The expression in question signifies a finite summation, where the variables ki and si are

integers, and ci can be either constants or functions of ξ and τ. By implementing the transformation

q = 2ln G on equation (1.27), we derive the following bilinear form (1.26).∑
i

ciD
ki

ξ D
si
τ G ·G = 0, (1.28)

Let us consider that q and q̄ represent two distinct solutions of the potential equation (1.28). To

analyze these solutions independently, we will decouple the two-field condition,

E(v,w) = H(q̄ = w+ v) −H(q = w− v). (1.29)

The expression can be represented as a combination of binary Bell Y-polynomials along with their

corresponding derivatives.∑
j

c1jYnjξ,mjτ(v,w) = 0,
∑
k

c2kYn̄kξ,m̄kτ(v,w) = 0 (1.30)

subject to suitable supplementary limitations. The application of the transformation v = ln G/F, w =

ln FG results in equation (1.30) producing the BT for equation (1.26).∑
j

c1jD
nj

ξ D
mj
τ F ·G = 0,

∑
k

c2kD
n̄k

ξ D
m̄k
τ F ·G = 0. (1.31)
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1.5.4 Lax Pairs

In the field of integrable systems concerning nonlinear PDEs, numerous methodologies

have been proposed. Among these methodologies, the Lax pair is particularly noteworthy. This

pair comprises time-dependent matrices or operators that adhere to the Lax equation. The concept

was introduced by Peter Lax, drawing inspiration from the inverse scattering method formulated by

Gardner, Greene, Kruskal, and Miura in 1967. Through the application of the Lax equation, one

can derive soliton equations from the Lax pair [141]. Lax examined two operators, denoted as L and

M, where L is linked to the spectral problem, while M is responsible for the temporal evolution of

the eigen functions.

Lv = λv, vt =Mv. (1.32)

The evaluation of the partial derivative of (1.32) in relation to time leads to,

Ltv+ LMv = λtv+MLv. (1.33)

Upon additional simplification, it can be inferred that,

(Lt + LM−ML)v = λtv. (1.34)

For the purpose of deriving nontrivial eigenfunctions v(x, t), we investigate the Lax Equation,

Lt + [L,M] = 0, (1.35)

The expression [L,M] := LM −ML holds true if and only if λt = 0. Lax’s equation represents a

nonlinear evolution equation, where L and M are defined appropriately. Lax pair can be identified

through the use of binary Bell-polynomials. We will initiate our analysis by considering the nonlinear

partial differential equation (1.26). Subsequently, by substituting v = ln ϕ and w = q + ln ϕ into

equations (1.24) and (1.25), we will derive a connection between binary Bell-polynomials and ϕ.

Ynξ1,mξl
(v,w)|v=ln ϕ,w=q+ln ϕ =

n∑
r=0

m∑
s=0

(
n

r

)(
m

s

)
Prξ,sτ(q)Y(n−r)ξ,(m−s)τ(v = ln ϕ) (1.36)

A select few among them are

Yτ(v) = ϕτ/ϕ, Yξ(v) = ϕξ/ϕ, Y2ξ(v,w) = q2ξ + ϕ2ξ/ϕ, Y3ξ(v,w) = 3q2ξϕξ/ϕ+ ϕ3ξ/ϕ, ...

The relationships previously mentioned facilitate the transformation of equations (1.30) into Lax

pairs,

L1(q)ϕ =
∑
j

c1jLnj,mj
(q)ϕ = 0, L2(q)ϕ =

∑
j

c2kLn̄k,m̄k
(q)ϕ = 0, (1.37)

where

Lnj,mj
(q) =

∑nj

r1j=0

∑mj

r2j=0

(
nj

r1j

)(
mj

r2j

)
Pr1jξ,r2jτ(q)∂

nj−r1j
ξ ∂

mj−r2j
τ

Ln̄k,m̄k
(q) =

∑n̄k

r̄1k=0

∑m̄k

r̄2k=0

(
n̄k

r̄1k

)(
m̄k

r̄2k

)
Pr̄1kξ,r̄2kτ(q)∂

n̄k−r̄1k
ξ ∂m̄k−r̄2k

τ
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1.5.5 Infinite number of conservation laws

An integral aspect of integrability lies in the existence of an infinite number of conservation

laws. Additionally, the presence of an infinite number of conservation laws (in involution, in the

context of a Hamiltonian system) serves as another criterion for determining integrability. In the

case of a scalar partial differential equation with two independent variables, namely x and t, and a

single dependent variable u, a conservation law (which is local in nature) can be expressed in the

following manner.

∂tG+ ∂xF = 0, (1.38)

As a consequence of the equation, F,G, known as ”the components of the conservation law”, are

functions of x, t,u and a finite number of partial derivatives of u. G is identified as the conserved

density and F as the conserved flow. It is assumed that the function u(x, t) and its derivatives with

respect to x diminish rapidly as |x| → ∞,

I[u(x, t)] =

∫∞
−∞G(x, t)dx (1.39)

The constant of motion is obtained as a consequence. For instance, if u meets the requirements of

the KdV equation.

ut =
1

4
uxxx + 3uux (1.40)

Subsequently, we come across the initial three conservation laws,

∂t(u) + ∂x(−
1

4
uxx −

3

2
u2) = 0 (1.41)

∂t(u
2) + ∂x(−

1

2
uuxx +

1

4
u2
x − 2u3) = 0 (1.42)

∂t(4u
3 − u2

x) + ∂x(−9u4 +
1

2
uxuxxx −

1

4
u2
xx − 3u2uxx + 6uu2

x) = 0 (1.43)

Now we discuss how to find infinite conservation laws with the help of binary Bell-polynomials.

Let us consider the nonlinear partial differential equation (1.26). To find infinite conservation laws

first thing we have to do is to find binary Bäcklund transformation which already discussed in

the above section. By introducing appropriate transformation, rewrite the Y-polynomials Bäcklund

transformation (1.30) as a Riccati-type equation and a divergence-type equation. In terms of the

series expansion method, obtain the infinite conservation laws.

1.6 Analytical methods for solving nonlinear PDEs

The comprehension of physical phenomena linked to nonlinear evolution equations is fun-

damentally dependent on the discovery of solutions. This endeavor, however, is complex and necessi-

tates the use of suitable techniques. In our research, we have utilized a variety of methods, including
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the Discrimination method, the (G ′/G)-expansion method, the F-function method, the simplified

Hirota bilinear method (SHBM), the Hirota bilinear method, among others, to derive various types

of solutions for distinct nonlinear evolution equations. For instance, the Discrimination method

is employed to ascertain all potential single traveling wave solutions, such as soliton, shock, and

elliptic function solutions, for the KP-mKP equation. The F-function method is applied to obtain

elliptic function solutions for the KPb equation, while the Hirota bilinear method is used to discover

multi-soliton solutions for the NKP equation. In the following subsections, we will present a brief

overview of these methods, which have been thoroughly examined in the existing literature.

1.6.1 Description of the (G ′/G)-expansion method

Wang et al. [38] proposed a direct methodology for identifying traveling wave solutions

of nonlinear evolution equations. This technique allows for the derivation of solitary waves, shock

waves, and various other related solutions by appropriately choosing parameter values. The core

principle of this approach is that the traveling wave solutions can be expressed as a polynomial in the

ratio (G ′/G). In this study, we investigate a general nonlinear PDE characterized by the unknown

variable ϕ = ϕ(ξ,η, τ).

ϕτ = N(ϕ,ϕξ,ϕξξ,ϕτξ,ϕξξξ,ϕηη...). (1.44)

θ is introduced as a blend of ξ, η, and τ.

ϕ(ξ,η, τ) = U(θ), θ = lξ+mη− Vτ, (1.45)

The wave’s velocity is represented by V, and in this context, equation (1.44) is converted into an

ODE as,

Q(U,−VU ′,U ′, l2U ′′, l3U ′′′, · · · ) = 0, (1.46)

The fundamental procedures of the approach are concisely outlined below as:

Step 1. The application of the wave transformation equation (1.45) to the variables ξ, η, and

τ in equation (1.44) leads us to the discovery of the ordinary differential equation (1.46).

Step 2. The solution U(θ) of Eq. (1.46) is expressed as

U(θ) =

N∑
j=0

Pi

(
G ′(θ)

G(θ)

)j
. (1.47)

Now, it is necessary to determine the values of the constants Pj, (j = 0 · · ·N), where PN ̸= 0, and

find the positive integer N. Furthermore, the function G(θ) is governed by the auxiliary linear ODE,

G ′′(θ) + λG ′(θ) + µG(θ) = 0. (1.48)
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The real constants λ and µ are assigned specific numerical values, and their interpretations will be

explained subsequently.

Step 3.To compute N, one must balance the derivative of the highest order with the highest order

nonlinear terms in Equation (1.46).

Step 4. Upon substituting Equation (1.47) into Equation (1.46) and utilizing the relation in Equa-

tion (1.48), one can derive a polynomial of (G ′/G). By collecting all the coefficients of the same

power terms in that polynomial and setting them to zero, a set of algebraic equations for Pj, λ,µ, V,

and l can be obtained. These equations can then be solved using computational aids such as Maple,

Matlab, etc., thereby determining the unknown constants. Subsequently, by substituting the values

of these constants into Equation (1.47), the solutions of Equation (1.46) can be derived.

1.6.2 Description of the F-function method

Yomba [142] introduced an innovative technique referred to as the indirect F-function

method, aimed at identifying Jacobi elliptic function solutions for specific NLEEs. By employing

this F-function method, one can effectively obtained a wide array of wave solutions in a thorough

manner. This research centers on a general nonlinear PDE with the unknown variable represented

as ϕ = ϕ(ξ,η, τ).

ϕτ = N(ϕ,ϕξ,ϕτ,ϕξξ,ϕτξ,ϕξξξ,ϕηη...). (1.49)

We introduce ζ combining ξ, η and τ such that

ϕ(ξ,η, τ) = U(ζ), ζ = lξ+mη− Vτ, (1.50)

Here, the variable V indicates the velocity of the wave, while equation (1.49) is adapted into an

ODE as shown below,

Q(U, lU ′,−VU ′, l2U ′′,−VlU ′, · · · ) = 0, (1.51)

The essential phases of the process are briefly summarized as follows:

Step 1. The derivation of the ODE indicated by (1.51) is achieved through the application of

the wave transformation equation (1.50) to the variables ξ, η, and τ present in equation (1.49).

Step 2. The formulation of the solution U(ζ) for Eq. (1.51) is represented as,

U(ζ) = λ(τ)Fs(ζ), (1.52)

In this scenario, λ is designated as a parameter, and the positive integer s is to be established.

Ultimately, the function F(ζ) is governed by the ODE,

F ′2(ζ) = PF4(ζ) +QF2(ζ) + R, (1.53)
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P, Q, and R are real constants that play an important role.

Step 3. Identify the value of s by balancing the highest order derivative against the highest order

nonlinear terms found in Equation (1.51).

Step 4. By substituting Equation (1.52) into Equation (1.51) and utilizing the relationship es-

tablished in Equation (1.53), one can formulate a polynomial in terms of F. By aggregating the

coefficients associated with like power terms and equating them to zero, a system of algebraic equa-

tions involving λ, V, and l is generated. These equations can be solved using computational tools

such as Maple or Matlab, resulting in expressions for λ and V in terms of P, Q, and R. Subsequently,

the constants can be reinserted into Equation (1.52) to derive the solutions for Equation (1.51).

1.6.3 Description of Discrimination method

Liu [143] proposed a methodology for identifying all possible exact travelling wave solutions

for a NLEE. The fundamental principle of this approach involves expressing the NLEE in an integral

format, which is then solved to derive the exact travelling wave solutions [144, 145]. In this context,

we are investigating a general nonlinear PDE in which the variable v = v(x,y, τ) remains unknown.

N(v, vτ, vx, vxx, vτx, vxxx, vyy...) = 0. (1.54)

The new variable ζ is introduced through the combination of the original variables x, y, and τ,

v(x,y, τ) = ϕ(ζ), ζ = k1x+ k2y− cτ, (1.55)

Let k1 and k2 represent constants, with c indicating the speed of the traveling wave. Consequently,

the equation (1.54) is restructured into an ODE.

M(ϕ,−cϕ ′,k1ϕ
′,k21ϕ

′′,−ck1ϕ
′′, · · · ) = 0, (1.56)

Here, M represents a polynomial in ϕ along with its derivatives, while the symbol (’) indicates

differentiation with respect to ζ. By integrating equation (1.56), one can derive an expression,

(ϕ ′)2 = G(ϕ), (1.57)

where G(ϕ) might be any kind of function, rational or irrational, including polynomials. The form

in which the integral of (1.57) can be represented is

±(ζ− ζ0) =

∫
dϕ√
G(ϕ)

. (1.58)

The above described technique yields several significant results, one of which is the identification of

ζ0 as an integral constant.
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1.6.4 Basic idea of method of undetermined coefficients

The undetermined coefficients method presents an uncomplicated means of finding the

solution of ODE when specific criteria are fulfilled. The following discussion focuses on a general

nonlinear PDE, where the unknown function is expressed as ϕ = ϕ(ξ,η, τ) where,

ϕτ = N(ϕ,ϕξ,ϕξξ,ϕτξ,ϕξξξ,ϕηη...). (1.59)

By combining ξ, η, and τ, we define θ as,

ϕ(ξ, τ) = U(θ), θ = lξ− Vτ. (1.60)

The wave’s velocity is denoted by V, and the equation (1.59) is reformulated into an ODE,

Q(U,−VU ′,U ′, l2U ′′, l3U ′′′, · · · ) = 0. (1.61)

The key procedures of the technique are outlined concisely in the following section.

Step 1. The ODE presented in (1.61) can be derived by utilizing the wave transformation out-

lined in (1.60), incorporating the variables ξ, η, and τ as defined in equation (1.59).

Step 2. The solution U(θ) of Eq. (1.61) some time indicates the expression for the bright soliton

as,

U(θ) = λ sechm(θ). (1.62)

In addition, pertaining to the dark soliton, it is significant to mention that

U(θ) = λ tanhm(θ). (1.63)

It is necessary to ascertain the values of the constants λ (with the condition that λ ̸= 0) and m

(where m belongs to the set of positive integers, denoted as I+).

Step 3. By setting the highest order derivatives equal to the nonlinear terms in Eq.(1.61), it is

possible to determine the value of m.

Step 4. By substituting Eq.(1.62), which may relate to the dark soliton described in Eq.(1.63),

into Eq.(1.61), one can gather all terms that share the same power of sech(θ), tanh(θ), and

sech(θ)sinh(θ). This process enables us to set each coefficient to zero, leading to the formula-

tion of a system of algebraic equations.

Step 5. A precise solution for equation (1.59) can be attained by inserting the values of λ and V

into equation (1.62), which is determined through the resolution of this system of equations.
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1.6.5 Basic description of simplified Hirota bilinear method

Awawdeh et al. [146] introduced a streamlined version of the Hirota bilinear method by

integrating Hirota’s direct approach with the simplified technique developed by Hereman et al. [147].

This integration demonstrated that soliton solutions can be represented as polynomials of exponential

functions. The SHBM can be effectively employed to derive solutions for evolution equations, as it

does not necessitate the bilinear form of the equation. We examine a general nonlinear PDE with

the unknown function ϕ = ϕ(ξ,η, τ).

ϕτ = N(ϕ,ϕξ,ϕξξ,ϕτξ,ϕξξξ,ϕηη...). (1.64)

We define θ by integrating ξ, η, and τ in a way that

ϕ(ξ,η, τ) = eθ, θ = lξ+mη− Vτ, (1.65)

Step 1. By utilizing the wave transformation equation (1.65) with the variables ξ, η, and τ in

the linear terms of equation (1.64), we derive the dispersion relation that yields the value of V.

Step 2. The solution ϕ(ξ,η, τ) of Eq. (1.64) is expressed as

ϕ(ξ,η, τ) = R (ln f)ξ, (1.66)

It is necessary to ascertain the constant R. In the end, the function f(ξ,η, τ) is defined accordingly,

f(ξ,η, τ) = 1+ eθ, (1.67)

Step 3. By incorporating equations (1.66) and (1.67) into equation (1.64), it is possible to derive

a polynomial involving eθ. Moreover, by organizing all coefficients of similar power terms from this

polynomial and equating them to zero, a collection of algebraic equations can be formulated.

Step 4. The process of solving the algebraic equations with the assistance of computational tools,

including Maple and Matlab, allows for the determination of the unknown constant R. Once R is

established, it is inserted into Equation (1.66) to extract the solutions for Equation (1.64).

1.6.6 Basic description of Hirota Bilinear method

The bilinear method, which was developed by Hirota several decades ago, has been in-

strumental in the exploration of integrable nonlinear systems [27]. This formalism is exceptionally

effective for deriving not only multi-soliton solutions but also various types of special solutions for nu-

merous NLEEs. Additionally, it has been employed to examine the algebraic structure of integrable
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evolution equations and to derive extensions of these systems. The essence of the bilinear method

is centered on identifying an appropriate transformation of the dependent variable. By utilizing

this transformation along with the Hirota D-operator, one can derive bilinear representations of the

nonlinear equation [148, 149]. Following the establishment of these bilinear forms, the subsequent

task is to determine the solution. Let us consider the bilinear form as

F1(D)f · f = 0, (1.68)

or

F2(D)f · g = 0, (1.69)

In certain instances, the equation may encompass two distinct types, and this is entirely contingent

upon the transformation of the dependent variable. At this point, we will apply the standard

perturbation method, expanding f into a formal power series with respect to a small parameter,

which yields the following expression.

f = 1+ ϵf1 + ϵ
2f2 + ϵ

3f3 + · · · , (1.70)

By substituting these expressions into (1.68) and organizing the terms according to each order of

the exponent of the expansion parameter ϵ, one may derive a system of equations.

ϵ0 : F1(D)(1 · 1) = 0, (1.71)

ϵ1 : F1(D)(1 · f1 + f1 · 1) = 0, (1.72)

ϵ2 : F1(D)(1 · f2 + f1 · f1 + f2 · 1) = 0, (1.73)

For deriving single-soliton solution one may consider f = 1+ϵf1 = 1+ exp(θ), where θ = px+qy+

wτ + .. + θ0 and the perturbation coefficient ϵ absorbed into the constant θ0 in the exponent. On

the other hand for exploring two-soliton solution we take f = 1+ f1 + f2 = 1+ exp(θ1) + exp(θ2) +

A12exp(θ1) · exp(θ2). Finally different types of solitons can be acquired from these expression.

1.7 Dynamical System

Dynamics is primarily the study of the time-evolutionary process and the corresponding

system of equations is referred to as a dynamical system [150]. In general, within an n-dimensional

space Rn, the nature of this evolutionary process is described by a collection of n first-order differ-

ential equations, referred to as an n-dimensional dynamical system. These evolutionary processes

may exhibit various properties, including determinacy or non-determinacy, finite or infinite dimen-

sionality, and differentiability. A process is classified as deterministic if its entire future and past can
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be uniquely determined by its current state; otherwise, it is termed non-deterministic. Evolutionary

processes can be categorized into continuous and discrete-time processes. Continuous-time processes

are represented through differential equations, while maps are utilized for discrete-time processes.

Let the dynamics of a continuous-time framework be represented by the vector x = x(t) The system

can be mathematically formulated as

dx

dt
= ẋ = f(x, t) (1.74)

In this context, f(x, t) is a sufficiently smooth function which is nonlinear in general and time is

represented by the variable parameter t. The interval of time may be finite, semi-finite, or infinite.

In contrast, the discrete framework is associated with a discrete mapping defined solely at

equidistant points of time such that starting from x0, one can derive x1, which subsequently maps

to x2 and so forth. This can be expressed as

xn+1 = f(xn) = f(f(xn−1)) = ...

It can also be represented as

xn+1 = f(xn) = f
2(xn−1) = ...

The sequence of iterations can be constructed as

x0, f(x0), f(f(x0)), f(f(f(x0)))...

This sequence may be either finite or infinite, and it will be intriguing to observe the behaviour of

this sequence after multiple iterations.

A system is classified as autonomous if the right-hand side of (1.74) is independent of time

explicitly. Consequently, the trajectories of such system remain unaffected by time. In contrast, a

system is identified as nonautonomous if the right-hand side of (1.74) exhibits a clear dependence

on time. An n-dimensional nonautonomous system can be transformed into an autonomous one

by introducing an additional dependent variable, denoted as xn+1, where xn+1 = t. In general,

finding a solution to the system (1.74) becomes challenging or sometimes unfeasible when f(x, t) is

nonlinear, except in a few simplified instances.

The second-order differential equation ẍ + a1ẋ + a2x = 0, with a1,a2 > 0, is an example

of an autonomous system. This equation characterizes a damped linear harmonic oscillator, with

the parameters a1 and a2 representing the strength of the damping and the linear restoring forces,

respectively.

1.7.1 Flows

Flows in R: Consider a one-dimensional autonomous model represented by the equation

ẋ = f(x), x ∈ R. One can visualize a fluid, referred to as phase fluid is moving along the real line,
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known as the phase line. In this context, f(x) represents the fluid’s velocity. The direction of flow

is determined by the sign of f(x); specifically, the flow is directed to the right if f(x) > 0 and to the

left if f(x) < 0.

To derive the solution for ẋ = f(x), a fictional particle, termed a phase point, is positioned

at an arbitrary initial location x0 and then observe the particle’s movement with the flow along the

phase line.

As time t progresses, the phase point advances along the phase line according to a specific

function ψ(t, x0).

This function is called the trajectory associated with the initial position x0, and the collec-

tion ψ(t, x0) : t ∈ R is referred to as the orbit of x0 ∈ R. The phase portrait consists of all qualitative
trajectories of the system.

Flows in R2: Consider a two-dimensional autonomous system described by the equations

ẋ = f1(x,y), ẏ = f2(x,y), (x,y) ∈ R2. This system can be visualized as a fluid flowing within

the xy-plane, which is referred to as the phase plane. The states are expressed parametrically as

x = x(t),y = y(t).

A curve that traces the evolution of states through an initial point A(x(t0),y(t0)) is known

as a phase path. The orbit corresponding to x0 ∈ R2is represented by the collection ψ(t, x0) : t ∈ R.
Although there are infinitely many trajectories, depicting a few of them under different

initial circumstances can elucidate the qualitative behaviour of the system. The phase portrait

illustrates how the qualitative behaviour of the system changes as x and y change over time.

An orbit is classified as periodic if, for all t and for some µ > 0, the condition x(t+µ) = x(t)

holds.

The prime period of an orbit is defined as the smallest positive integer µ that satisfies the

condition x(t+ µ) = x(t).

Flows in Rn: Consider an autonomous system in n-dimension, described by

ẋ1 = f1(x1, x2, ..., xn)

ẋ2 = f2(x1, x2, ..., xn)

...

ẋn = fn(x1, x2, ..., xn)

This can be formulated as ẋ = f(x) where x = (x1, x2, . . . , xn) and f = (f1, f2, . . . , fn). The solution

corresponding to the initial condition x(t0) = x0 can be considered as a continuous curve, referred

to as the phase curve within the space Rn. This space is identified as the phase space. Solutions

arising from various initial circumstances illustrate a collection of phase curves in the space Rn,
which is termed the phase portrait of the system. The vector field f(x) is tangent everywhere to

these curves and their orientation is governed by the direction of the tangent vector of f(x).
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1.7.2 Fixed Points and their Stability

The concept of a fixed point is crucial for understanding the behaviour of a dynamical

system. A fixed point refers to a constant or unchanging solution of the system, often described as

an equilibrium solution of the system. In the context of a continuous system, fixed points can be

obtained by setting ẋ = 0 =⇒ f(x) = 0 a time-dependent framework, fixed points can be defined

for a specific time interval. Fixed points may also be referred to as critical points or equilibrium

points. The number of fixed points in a flow along a phase line can be either finite or infinite, and

it is possible for a flow to have no fixed points at all. For instance, the equations ẋ = 3, ẋ = x − 1,

and ẋ = cosx illustrate flows with no fixed points, one fixed point, and infinitely many fixed points,

respectively.

To illustrate it further, let us consider following examples:

(a) ẋ = x3 + x2 − 6x

The fixed points of this system are −3, 0 and 2. It is observed that

ẋ < 0 if x < −3,

ẋ > 0 if − 3 < x < 0,

ẋ < 0 if 0 < x < 2,

ẋ > 0 if x > 2.

Figure 1.1(a) illustrates the flow of the system graphically. The direction of flow is to the

right when ẋ > 0, and to the left when ẋ < 0. It is noticed that the fixed points x = −3 and x = 2

function as sources, while the fixed point x = 0 acts as a sink. Consequently, the fixed points −3

and 2 are classified as unstable, while the fixed point 0 is deemed stable.

(b) ẋ = x2 − 5x+ 4

The fixed points for this system are 1 and 4. It is observed that

ẋ > 0 if x < 1,

ẋ < 0 if 1 < x < 4,

ẋ > 0 if x > 4.

Figure 1.1(b) illustrates the flow of the system graphically. The flow is directed to the right

when ẋ > 0, which occurs when x2 − 5x + 4 > 0, and to the left when ẋ < 0, which is true when
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(a) (b)

Figure 1.1: (a) Graphical display of f(x) = x3 + x2 − 6x. (b) Graphical display of f(x) = x2 − 5x+ 4.

x2 − 5x+ 4 < 0. It is noticed that fixed point x = 1 acts as a sink, while fixed point x = 4 functions

as a source. Consequently, 1 is classified as a stable fixed point, while 4 is identified as an unstable

fixed point.

1.7.3 Birfurcations

A structural alteration in the orbit of a system is referred to as bifurcation [150, 151]. The

first observation of this phenomenon was made by Henri Poincaré, a renowned French mathematician.

The study of bifurcation focuses on how the orbit’s structure is affected by changes in parameters.

The location at which bifurcation occurs is referred to as the bifurcation point. At this point,

there may be substantial changes in the characteristics of equilibrium points and the trajectories.

Typically, the nature of sources and sinks is altered during bifurcation. The bifurcation diagram,

which graphically represents various parameter values in relation to equilibrium points, is an essential

tool for understanding the dynamics of a system. The dynamics of a continuous system represented

by the equation ẋ = f(x, λ)are governed by the parameter λ ∈ R. It is frequently observed that when

λ surpasses a critical value, various characteristics of the system, such as stability, equilibrium points,

and periodicity, may change. Furthermore, this can lead to the formation of a totally new orbit.

Overall, bifurcation signifies a system with an unstable configuration. Codimension-1 bifurcations

involve a single parameter, whereas codimension-2 bifurcations are associated with two parameters.

These bifurcations provide insights into many significant dynamics within the framework. The

implications of bifurcation are significant in both physical and biological sciences. Bifurcations and

their related theories are vital for the analysis of nonlinear dynamical systems.
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1.7.4 Limit Cycles

A limit cycle refers to an isolated closed trajectory, indicating that the trajectories in its

vicinity are open. These nearby trajectories move either towards or away from the closed trajectory

spirally. Limit cycles represent a nonlinear phenomenon. They cannot occur within a linear system.

Limit cycles can be observed in various physical systems, including satellite orbits, predator-prey

dynamics, cardiac rhythms, and self-excited vibrations in bridges. Limit cycles can be classified

into three types: stable, unstable, and half-stable. A limit cycle is classified as stable if all adja-

cent trajectories converge towards the closed path. A limit cycle is classified as unstable when all

trajectories in its vicinity move away from the closed path. In the case of a half-stable limit cycle,

trajectories move towards the closed path from one side and away from the other side. Among these

three classifications of limit cycles, the stable limit cycle holds considerable scientific importance.

In this circumstance, systems oscillate without the influence of any external periodic forces. Nu-

merous examples exist, including the beating of the heart and the daily fluctuations in human body

temperature.

1.7.5 Poincaré Map

Achieving an analytical solution for nonlinear continuous systems is often challenging,

and at times, it may be deemed impossible. Furthermore, the analysis of the complex dynamical

behaviour of such systems is extremely difficult. Therefore, rather than focusing on continuous

frameworks, we can shift our attention to their discrete counterparts, where the flow paths are

depicted by a series of points in phase space. This method, developed by Henri Poincaré, serves as

a connection between continuous systems and their discrete equivalents. At times, chaotic motion

can be more readily analysed using the discrete approach. This process is known as the Poincaré

map.

1.8 Study of plasma

Plasma can be characterized as a quasineutral assemblage of charged and neutral particles

that demonstrates collective behavior. The word ”plasma” has its roots in the Greek language,

initially coined by American physicists Langmuir and Tonks in 1929. Often regarded as the fourth

state of matter, plasma is considered part of the continuum that includes solid, liquid, gas, and

plasma. In reality, when specific conditions are met, a collection of charged and neutral particles

exhibits characteristics typical of plasma. Plasma is viewed as the most fundamental state of matter.

Over 99% of the matter in the universe is estimated to exist in the plasma state, while we reside

in the 1% of the universe that typically does not feature plasma. Stellar interiors, gaseous nebulae,
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and a significant portion of interstellar space are all filled with plasma. In our sun, plasma is evident

through solar flares and sunspots. Closer to Earth, plasmas can be observed in the form of the

solar wind and the Van Allen radiation belts. Natural occurrences of plasma include phenomena

such as lightning bolts and the Aurora Borealis, while artificially generated plasma can be found in

fluorescent tubes and various industrial applications.

1.8.1 Conditions for an ionized gas to be a plasma

An ionized gas needs to meet following conditions to become a plasma.

1. The linear dimension L must be much larger than the Debye length λd. In other words, L >> λd.

Charge neutrality at macroscopic level is confirmed by this condition.

2. The particle number nd in Debye Sphere must be much larger than the unity. i.e., nd >> 1. Here

nd = 4
3πλ

3
dn, n is the plasma density. Now nd >> 1 ⇒ λ3dn >> 1. If this condition is not met, the

conception of Debye shielding will not be valid statistically. Again λ3dn >> 1 ⇒ n− 1
3 << λd. This

indicates that the interparticle distance must be significantly smaller than λd.

3. Third requirement is related to the collision. Plasma particles and neutral atoms collide often in

a weakly ionized gas. If τ represents the average time between the collisions and ωp represents the

plasma frequency, then ωpτ > 1 is necessary for an ionized gas to transition to plasma.

1.8.2 Plasma Oscillation

A key feature of plasma is its tendency to uphold electrical charge neutrality on a macro-

scopic level under equilibrium conditions. Consequently, if electrons are displaced from a homo-

geneous ion background within the plasma, an electric field will arise, attempting to return the

displaced electrons to their original positions. However, due to their inertia, the electrons will ex-

ceed their initial positions, creating a restoring electric field that acts in the opposite direction.

This results in the oscillation of electrons about their equilibrium position. The frequency of this

oscillation is referred to as the plasma frequency. Such oscillation typically occurs at a very high

frequency, while ions, having greater mass, are unable to keep pace with this high-frequency motion

and can be regarded as stationary.

1.8.3 Fluid equations for a simple plasma system

A plasma is typically composed of a large number of particles. It is practically impossible

to follow the complex trajectories of each of these particles and predict the behaviour of the plasma.

Thankfully, the majority of plasma phenomena observed in real experiments can be elucidate by

a basic model known as the fluid model. Here, only the motion of the fluid particles, similar to

fluid mechanics is taken into account, disregarding the identity of any individual particle. In this
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conjecture, it is assumed that each species of plasma may preserve a local equilibrium. Thereafter,

each species can be conceptualized as a fluid characterized by local density, temperature, and macro-

scopic velocity. To understand how these quantities evolve over time, fluid equations, which resemble

hydrodynamic equations but are generally more intricate, are utilized.

Let us consider a simple plasma having only ions and electrons. The fluid equations of plasma are

the following:

Continuity equation

∂nj

∂t
+∇ · (njuj) = 0 (1.75)

Momentum equation:

mjnj

[
∂uj
∂t

+ (uj · ∇) uj

]
= qjnj (E+ uj × B) −∇pj (1.76)

Energy equation:

pj = Cjn
γj

j (1.77)

where, mj,uj,nj,qj and pj correspond to the mass, velocity, number density, charge, and pressure

of the j−th species, with j = i indicating ions and j = e indicating electrons. The constant Cj is

included, and γj signifies the ratio of specific heat at constant pressure to that at constant volume.

The magnetic and electric fields are represented by B and E, respectively. The motion of charged

plasma particles leads to the generation of current density (J) and charge density (ρ). These are

described by the following Maxwell’s equations:

ε0∇ · E = ρ (1.78)

∇× E = −
∂B

∂t
(1.79)

∇ · B = 0 (1.80)

∇× B = µ0

(
J+ ε0

∂E

∂t

)
(1.81)

Here ρ = niqi + neqe, J = niqiui + neqeue and ε0, µ0 are constant.

1.8.4 Kinetic Approach

A collection of numerous interacting charged particles is referred to as plasma. The fluid

hypothesis provides a simple elucidation of plasma behaviour. Although it sufficiently describes a

majority of plasma phenomena, there are occasions when it proves inadequate. A statistical ki-

netic approach can provide a more accurate representation of plasma. This approach requires the

introduction of a distribution function. The macroscopic plasma variables necessary for a thorough
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description of plasma behaviour can be systematically derived from the understanding of the distri-

bution function. The distribution function holds all the physically significant information regarding

plasma. The PDE that governs this function is referred to as the Boltzmann equation, which plays

a vital role in the kinetic theory of plasma.

The distribution function f (r, v, t) is formulated in such a way that the number of particles within

the volume element d3rd3v, centered at the coordinates (r, v) at time t, is expressed as follows:

dn (r, v, t) = f (r, v, t)d3rd3v (1.82)

where d3rd3v = dxdydzdvxdvydvz.

This distribution function provides a thorough elucidation of the system from a statistical perspec-

tive. To analyse the system from a statistical perspective, it is necessary to have knowledge of

the distribution function associated with the system under consideration. The Boltzmann equation

describes the relationship of the distribution function f (r, v, t) with the variables r, v and t. In the

absence of collisions within the system, the Boltzmann equation is expressed as

∂f

∂t
+ v · ∇f+ a · ∇vf = 0 (1.83)

where a = F
m

, with F denoting the force and m representing the mass of the particle. When

collisions are present within the system, the Boltzmann equation is modified to

∂f

∂t
+ v · ∇f+ a · ∇vf =

(
∂f

∂t

)
c

(1.84)

where
(
∂f
∂t

)
c
signifies the collision term. In the case of collisions involving neutral particles, the

collision term can be estimated as
(
∂f
∂t

)
c
= fn−f

Tc
where fn and Tc correspond to the distribution

function of neutral particles and the constant collision time, respectively. Ignoring the collision term

and considering the force F to be solely electromagnetic, equation (2) can be expressed as

∂f

∂t
+ v · ∇f+ q

m
(E+ v × B) · ∇vf = 0 (1.85)

This equation is referred to as the Vlasov equation. The Vlasov equation describes the evolution

of the distribution function over time in phase space. From the distribution function f (r, v, t), one

can derive macroscopic variables such as number density n (r, t) and average velocity u (r, t), by

taking the appropriate velocity moments of f (r, v, t). The number density n (r, t) is determined by

integrating f (r, v, t) over the velocity space. Thus

n (r, t) =

∫
v

fd3v. (1.86)

The average velocity u (r, t) is determined by taking first velocity moment of distribution function.

Thus

u (r, t) =
1

n

∫
v

vfd3v. (1.87)

51



The continuity equation is established by taking the zeroth velocity moment of the Boltzmann

equation, which involves integrating the Boltzmann equation over the velocity space. The continuity

equation is represented as

∂n

∂t
+∇ · (nu) = 0 (1.88)

The equation of motion is formulated by taking the first velocity moment of the Boltzmann equation.

This involves multiplying the Boltzmann equation by mv and integrating it over the velocity space.

The equation of motion is expressed as

mn

(
∂

∂t
+ u · ∇

)
u = qn (E+ u× B) −∇ · P+ Pc (1.89)

In this equation, P indicates the pressure tensor, while Pc signifies the change in momentum due to

collision.

In instances where effect of viscosity is negligible, one can omit all terms of the pressure tensor except

for the diagonal ones. Furthermore, when the velocity distribution remains unchanged regarding

direction, the pressure tensor P will have identical diagonal elements, which can be represented as a

scalar pressure (p). Consequently, ∇p can substitute ∇·P. If we also ignore collisions, the equation

(3) simplifies to

mn

(
∂

∂t
+ u · ∇

)
u = qn (E+ u× B) −∇p (1.90)

The energy equation is derived by examining the second velocity moment of the Boltzmann equation.

This involves multiplying the Boltzmann equation by 1
2mv

2 and integrating it over the velocity space.

If we ignore the influences of thermal conductivity, viscosity, and collisions, the energy equation

simplifies to the adiabatic equation of state, expressed as

p = Cργm

where C is a constant, ρm represents mass density, and γ is defined as
Cp

Cv
(with Cp being the specific

heat at constant pressure and Cv the specific heat at constant volume).

1.8.5 Dusty Plasma

Dust particles coexist with plasma frequently. These particles are positively or negatively

charged, depending on the plasma environments; they are not neutral. The combination of ions,

electrons, neutrals, and charged dust particles produces a “dusty plasma”. A dusty plasma is an

electron-ion plasma that also includes charged particles that are micron or submicron in size. The

complexity of the system increases even further with the addition of these particles. For this reason,

”complex plasma” is another term for dusty plasma. Dust grains vary in size from nanometers to
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millimeters and are 106 − 108 times heavier than protons. Dust grains will differ in size and shape

unless they are artificial. The term “dust in a plasma” or “a dusty plasma” can be used to describe

plasma that contains dust grains or particles, depending on how the average inter-grain distance (a),

plasma Debye radius (λd), and dust grain radius (rd) are arranged. The plasma is referred to as

“dust in a plasma” if rd << λd < a. On the other hand, if rd << a < λd, the plasma is referred to

as “a dusty plasma.” It is important to consider the local plasma inhomogeneities when considering

a plasma with isolated dust grains (a >> λd). On the other hand, under the opposite condition

(a << λd), dust particles should be viewed as massive charged particles similar to multiple charged

positive or negative ions. The presence of charged dust grains not only modifies already-existing

low-frequency waves (like IAWs), but also causes the emergence of new low-frequency dust-related

waves (like DAWs, and dust ion acoustic waves (DIAWs)).

It is important to note that nonlinear evolution model can be derived from the basic governing

equation of plasma environment using different types of parametric stretching. Finally, solving

these evolution equations, one can find the dynamical characteristic of IAW. For instance, some

evolution equations deriving from governing principle are presented below.

1.8.6 The KdV equation

In order to observe the dynamics of IAWs, we consider KdV equation. Here we consider an

unmagnetized collision-free two-component plasma consisting of electrons and ions, where ions are

mobile and electron obey Maxwell distribution. Let the ion is moving in the background of Maxwell

distributed electron. The governing equations which include the equation of continuity, equation of

momentum balance and Poisson equation are stated as follows,

∂ni

∂t
+
∂

∂x
(niui) = 0 (1.91)

∂ui

∂t
+ ui

∂ui

∂x
= −

e

mi

∂Ψ

∂x
(1.92)

ε0
∂2Ψ

∂x2
= e (ne − ni) (1.93)

where ne = Ne0 exp
(
eΨ
KBTe

)
. Here nj is the density of the j-th species ( j = e, i stands for electron

and ion respectively), ui is the velocity of ion, mi is mass of ion, e is the magnitude of electron

charge, ε0 is the dielectric constant and KB is the Boltzmann constant. Ψ represents the electrostatic

wave potential.
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1.8.6.1 Normalization

To write equations (1.91)-(1.93) in dimensionless from we introduce the following normal-

ization;
eΨ

KBTe
→ ψ,

ui

csi
→ Ui,

ni

Ni0
→ Ni,

ne

Ne0
→ Ne,

x

λdi
→ X, ωpit→ T (1.94)

where csi =
√
KBTe
mi

is the ion acoustic speed, λdi =
√
ε0KBTe
Ni0e2

is the ion Debye length, ω−1
pi =√

ε0mi

Ni0e2
is the ion plasma period. Ni0 and Ne0 represent respectively the unperturbed ion and

electron number density.

Using (1.94) we get the dimensionless from of equation of continuity, equation of momentum balance

and Poisson equation are as follows,

∂Ni

∂T
+
∂

∂X
(NiUi) = 0 (1.95)

∂Ui

∂t
+Ui

∂Ui

∂X
= −

∂ψ

∂X
(1.96)

∂2ψ

∂X2
= exp (ψ) −Ni (1.97)

1.8.6.2 Linearization

To linearized equations (1.95) -(1.97), let us consider the dependent variables as sum of

equilibrium and perturbed parts, so that we write

Ni = 1+Ni, Ui = Ui, ψ = ψ (1.98)

Using (1.98) into the equations (1.95)−(1.97) and neglecting the nonlinear term
∂(NiUi)
∂x

.

we get the linearized form of as follows.

∂Ni

∂T
+
∂Ui

∂X
= 0 (1.99)

∂Ui

∂T
+
∂ψ

∂X
= 0 (1.100)

∂2ψ

∂X2
= ψ−Ni (1.101)

1.8.6.3 Dispersion relation

To obtain dispersion relation for low frequency wave, the perturbation is assumed propor-

tional to exp i (lX−ωT) and of the form

Ni = N0e
i(lX−ωT), Ui = U0e

i(lX−ωT), ϕ = ϕ0e
i(lX−ωT) (1.102)
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where l is the wave number and ω is the wave frequency for ion acoustic wave.

Substituting (1.102) in equations (1.99)-(1.101), we get

ωN0 − lU0 = 0 (1.103)

ωU0 − lψ0 = 0 (1.104)

N0 −
(
1+ l2

)
ψ0 = 0 (1.105)

The system of equations (1.103)−(1.105) is a system of linear homogeneous equations in three

variables N0, U0 and ψ0. So for nontrivial solutions we must have∣∣∣∣∣∣∣∣
ω −l 0

0 ω −l

1 0 −
(
1+ l2

)
∣∣∣∣∣∣∣∣ = 0

or ω2 =
l2

1+ l2

which is the required dispersion relation.

For weak dispersion i.e., for small values of l, we have

ω = l
(
1+ l2

)− 1
2

= l

(
1−

1

2
l2 + · · ·

)
= l−

1

2
l3, neglecting l5 and higher order of l.

The phase velocity vp is given by

vp =
ω

l

=
1√

1+ l2

Here vp → 1 as l→ 0 and vp → 0 as k→ ∞.

1.8.6.4 Derivation of KdV equation

To deduce KdV equation, the standard independent variables are stretched and written as:

ξ = ϵ
1
2 (X− λ0T)

τ = ϵ
3
2 T (1.106)

where ϵ measures the strength of nonlinearity and λ0 is the phase velocity of waves.

So
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∂

∂X
= ϵ

1
2
∂

∂ξ
,

∂

∂T
= ϵ

3
2
∂

∂τ
− λ0ϵ

1
2
∂

∂ξ
,

∂2

∂X2
= ϵ

∂2

∂ξ2
(1.107)

The dependent variables are expanded as follows:

Ni = 1+ ϵN
(1)
i + ϵ2N

(2)
i + · · ·

Ui = ϵU
(1)
i + ϵ2U

(2)
i + · · ·

ψ = ϵψ(1) + ϵ2ψ(2) + · · · (1.108)

Substituting (1.107) and (1.108) in equations (1.95)-(1.97) and collecting the coefficients of lower

power of ϵ we get

−λ0
∂N

(1)
i

∂ξ
+
∂U

(1)
i

∂ξ
= 0, − λ0

∂U
(1)
i

∂ξ
= −

∂ψ(1)

∂ξ
, ψ(1) −N

(1)
i = 0 (1.109)

and collecting the coefficients of next higher order of ϵ we get

∂N
(1)
i

∂τ
− λ0

∂N
(2)
i

∂ξ
+
∂U

(2)
i

∂ξ
+
∂

∂ξ

(
N

(1)
i U

(1)
i

)
= 0 (1.110)

∂U
(1)
i

∂τ
− λ0

∂U
(2)
i

∂ξ
+U

(1)
i

∂U
(1)
i

∂ξ
= −

∂ψ(2)

∂ξ
(1.111)

∂2ψ(1)

∂ξ2
= ψ(2) +

1

2

(
ψ(1)

)2
−N

(2)
i (1.112)

Integrating first two of (1.109), and assuming all the variable vanish as ξ → ±∞, we get

from (1.109)

N
(1)
i =

U
(1)
i

λ0
, U

(1)
i =

ψ(1)

λ0
, N

(1)
i = ψ(1) (1.113)

From (1.113), we get

λ20 = 1

Differentiating (1.112) with respect to ξ, we get

∂3ψ(1)

∂ξ3
=
∂ψ(2)

∂ξ
+ψ(1) ∂ψ

(1)

∂ξ
−
∂N

(2)
i

∂ξ
(1.114)

From (1.110) and (1.111), we get

∂ψ(2)

∂ξ
−
∂N

(2)
i

∂ξ
= −

∂U
(1)
i

∂τ
−U

(1)
i

∂U
(1)
i

∂ξ
− λ0

∂N
(1)
i

∂τ
− λ0

∂

∂ξ

(
N

(1)
i U

(1)
i

)
(1.115)

From (1.114) and (1.115), we get

∂3ψ(1)

∂ξ3
= −

∂U
(1)
i

∂τ
−U

(1)
i

∂U
(1)
i

∂ξ
− λ0

∂N
(1)
i

∂τ
− λ0

∂

∂ξ

(
N

(1)
i U

(1)
i

)
+ψ(1) ∂ψ

(1)

∂ξ
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or
∂3ψ(1)

∂ξ3
= −

1

λ0

∂ψ(1)

∂τ
−ψ(1) ∂ψ

(1)

∂ξ
− λ0

∂ψ(1)

∂τ
−
∂

∂ξ

(
ψ(1)

)2
+ψ(1) ∂ψ

(1)

∂ξ

or
∂3ψ(1)

∂ξ3
= −

2

λ0

∂ψ(1)

∂τ
− 2ψ(1) ∂ψ

(1)

∂ξ

or
∂ψ(1)

∂τ
+ λ0ψ

(1) ∂ψ
(1)

∂ξ
+
λ0

2

∂3ψ(1)

∂ξ3
= 0

or
∂ψ(1)

∂τ
+Aψ(1) ∂ψ

(1)

∂ξ
+B

∂3ψ(1)

∂ξ3
= 0 (1.116)

where

A = λ0, B =
λ0

2

The above equation (1.116) is known as Korteweg−de Vries (KdV) equation.

1.8.7 The KP equation

In order to study the propagation of ion-acoustic waves we consider the KP equation.

Here we consider a two-dimensional unmagnetized collision-free three-component plasma consists of

electrons, positrons and ions where ions are mobile and electrons and positrons obey the Maxwell dis-

tribution. The governing equations which include the equation of continuity, equation of momentum

balance and Poisson equation are stated as follows,

∂ni

∂t
+∇· (niui) = 0 (1.117)

∂ui
∂t

+ (ui · ∇) ui = −
e

mi
∇Ψ (1.118)

∇2Ψ = 4πe (ne − ni − np) (1.119)

where ne = Ne0 exp
(
eΨ
KBTe

)
and np = Np0 exp

(
− eΨ
KBTp

)
.

Here nj is the density of the j-th species ( j = e,p, i stands for electron, positron and ion

respectively), ui is the velocity of ion, mi is the mass of ion, e is the magnitude of electron charge

and c is the velocity of light. Φ represents the electrostatic wave potential. Te and Tp represent the

temperature of the electron and positron respectively.

1.8.7.1 Normalization

To write equations (1.117)-(1.119) in dimensionless form, the normalization are as follows:

eΨ

KBTe
→ ψ,

ui

csi
→ Ui,

ni

Ni0
→ Ni,

ne

Ne0
→ Ne,

np

Np0
→ Np,

∇
λdi

→ ∇, ωpit→ T (1.120)

where csi =
√
KBTe
mi

is the ion acoustic speed, λdi =
√

KBTe
4πNi0e2

is the ion Debye length, ωpi =√
4πNi0e2

mi
is the ion plasma frequency and KB is the Boltzmann constant. Ni0, Ne0 and Np0
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represent respectively the unperturbed ion, electron and positron number density. At equilibrium,

the charge neutrality condition requires that Ne0 = Ni0 +Np0.

Using (1.120) in equations (1.117)-(1.119), we get the normalized equations as

∂Ni

∂T
+∇· (NiUi) = 0 (1.121)

∂Ui
∂T

+ (Ui · ∇)Ui = −∇ψ (1.122)

∇2ψ = (1+ ρ) exp (ψ) −Ni − ρ exp (−σψ) (1.123)

where σ = Te
Tp

and ρ =
Npo

Nio
.

The normalized equations in the component form can be written as

∂Ni

∂T
+
∂

∂x
(NiUix) +

∂

∂y
(NiUiy) = 0 (1.124)

∂Uix

∂T
+

(
Uix

∂

∂x
+Uiy

∂

∂y

)
Uix = −

∂ψ

∂x
(1.125)

∂Uiy

∂T
+

(
Uix

∂

∂x
+Uiy

∂

∂y

)
Uiy = −

∂ψ

∂y
(1.126)(

∂2

∂x2
+
∂2

∂y2

)
ψ = (1+ ρ) exp (ψ) −Ni − ρ exp (−σψ) (1.127)

1.8.7.2 Linearization

To linearized equations (1.124) -(1.127), let us consider the dependent variables as sum of

equilibrium and perturbed parts, so that we write

Ni = 1+Ni, Uix = Uix, Uiy = Uiy, ψ = ψ (1.128)

Using (1.128) into the equations (1.124)−(1.127) and neglecting the nonlinear terms
∂(ni Uix)

∂x
,

∂(Ni Uiy)
∂y

, Uix
∂Uiy

∂x
, and Uiy

∂Uiy

∂y
. we get the linearized form of as follows.

∂Ni

∂T
+
∂Uix

∂x
+
∂Uiy

∂y
= 0 (1.129)

∂Uix

∂T
= −

∂ψ

∂x
(1.130)

∂Uiy

∂T
= −

∂ψ

∂y
(1.131)(

∂2

∂x2
+
∂2

∂y2

)
ψ = (1+ ρ (1+ σ))ψ−Ni (1.132)
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1.8.7.3 Dispersion relation

To obtain dispersion relation for low frequency wave, the perturbation is assumed propor-

tional to exp i (lxx+ lyy−ωT) and of the form

Ni = N0e
i(lxx+lyy−ωT)

Uix = U0xe
i(lxx+lyy−ωT)

viy = U0ye
i(lxx+lyy−ωT)

ψ = ψ0e
i(lxx+lyy−ωT) (1.133)

where lx and ly are the wave numbers in x and y directions respectively and ω is the wave frequency

for ion acoustic wave.

Using (1.133) in equation (1.129), we get

or N0 =
lx

ω
U0x +

ly

ω
U0y (1.134)

Using (1.133) in equation (1.130), we get

U0x =
lx

ω
ψ0 (1.135)

Using (1.133) in equation (1.131), we get

U0y =
ly

ω2
ψ0 (1.136)

Using (1.133) in equation (1.132), we get

−
(
l2x + l

2
y

)
ψ0 = (1+ ρ (1+ σ))ψ0 −

(
lx

ω
U0x +

ly

ω
U0y

)

or −
(
l2x + l

2
y

)
ψ0 = (1+ ρ (1+ σ))ψ0 −

l2x
ω2
ψ0 −

l2y

ω2
ψ0

or
l2x + l

2
y

ω2
= 1+ ρ (1+ σ) +

(
l2x + l

2
y

)
or

1

ω2
=

1+ ρ (1+ σ)

l2x + l
2
y

+ 1

or ω =

[
1+ ρ (1+ σ)

l2x + l
2
y

+ 1

]− 1
2

(1.137)

which is the required dispersion relation.
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1.8.7.4 Derivation of KP equation

To deduce KP equation, the standard independent variables are stretched and written as:

ξ = ϵ (x− λ0T) , η = ϵ2y, τ = ϵ3T (1.138)

where ϵ measures the strength of nonlinearity and λ0 is the phase velocity of waves.

So
∂

∂x
= ϵ

∂

∂ξ
,
∂

∂y
= ϵ2

∂

∂η
,
∂

∂T
= ϵ3

∂

∂τ
− λ0ϵ

∂

∂ξ
,
∂2

∂x2
= ϵ2

∂2

∂ξ2
,
∂2

∂y2
= ϵ4

∂2

∂η2
(1.139)

The dependent variables are expanded as follows:

Ni = 1+ ϵ2N
(1)
i + ϵ4N

(2)
i + · · ·

Uix = ϵ2U
(1)
ix + ϵ4U

(2)
ix + · · ·

Uiy = ϵ3U
(1)
iy + ϵ5U

(2)
iy + · · ·

ψ = ϵ2ψ(1) + ϵ4ψ(2) + · · · (1.140)

Substituting (1.139) and (1.140) in equation (1.124) and collecting the coefficients of ϵ3 and ϵ5,we

get

−λ0
∂N

(1)
i

∂ξ
+
∂U

(1)
ix

∂ξ
= 0 (1.141)

∂N
(1)
i

∂τ
− λ0

∂N
(2)
i

∂ξ
+
∂U

(2)
ix

∂ξ
+
∂

∂ξ

(
N

(1)
i U

(1)
ix

)
+
∂U

(1)
iy

∂η
= 0 (1.142)

Substituting (1.139) and (1.140) in equation (1.125) and collecting the coefficients of ϵ3 and ϵ5,we

get

−λ0
∂U

(1)
ix

∂ξ
= −

∂ψ(1)

∂ξ
(1.143)

∂U
(1)
ix

∂τ
− λ0

∂U
(2)
ix

∂ξ
+U

(1)
ix

∂U
(1)
ix

∂ξ
= −

∂ψ(2)

∂ξ
(1.144)

Substituting (1.139) and (1.140) in equation (1.126) and collecting the coefficients of ϵ4 and ϵ6,we

get

−λ0
∂U

(1)
iy

∂ξ
= −

∂ψ(1)

∂η
(1.145)

∂U
(1)
iy

∂τ
− λ0

∂U
(2)
iy

∂ξ
+U

(1)
ix

∂U
(1)
iy

∂ξ
=

∂ψ(2)

∂η
(1.146)

Substituting (1.139) and (1.140) in equation (1.127) and collecting the coefficients of ϵ2 and ϵ4,we
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get

(1+ ρ)ψ(1) −N
(1)
i + ρσψ(1) = 0 (1.147)

∂2ψ(1)

∂ξ2
= (1+ ρ)

(
ψ(2) +

1

2

(
ψ(1)

)2)
−N

(2)
i + ρσψ(2)

−
1

2
ρσ2

(
ψ(1)

)2
(1.148)

Integrating (1.141) and (1.143) and assuming all the variable vanish as ξ→ ±∞, we get

N
(1)
i =

U
(1)
ix

λ0
(1.149)

U
(1)
ix =

ψ(1)

λ0
(1.150)

From (1.147) ,we get

N
(1)
i = (1+ ρ (1+ σ))ψ(1) (1.151)

From (1.149), (1.150) and (1.151), we get

λ20 =
1

1+ ρ (1+ σ)

Differentiating (1.148) with respect to ξ, we get

∂3ψ(1)

∂ξ3
= (1+ ρ)

(
∂ψ(2)

∂ξ
+ψ(1) ∂ψ

(1)

∂ξ

)
−
∂N

(2)
i

∂ξ
+ ρσ

∂ψ(2)

∂ξ
− ρσ2ψ(1) ∂ψ

(1)

∂ξ

or
∂4ψ(1)

∂ξ4
= (1+ ρ)

(
∂2ψ(2)

∂ξ2
+
∂

∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

))
−
∂2N

(2)
i

∂ξ2
+ ρσ

∂2ψ(2)

∂ξ2

−ρσ2
∂

∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)

or
∂4ψ(1)

∂ξ4
= (1+ ρ (1+ σ))

∂2ψ(2)

∂ξ2
+
(
1+ ρ

(
1− σ2

)) ∂
∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)
−
∂2N

(2)
i

∂ξ2
(1.152)

Differentiating (1.142) with respect to ξ, we get

∂2N
(1)
i

∂ξ∂τ
− λ0

∂2N
(2)
i

∂ξ2
+
∂2U

(2)
ix

∂ξ2
+
∂2

∂ξ2

(
N

(1)
i U

(1)
ix

)
+
∂2U

(1)
iy

∂ξ∂η
= 0

or λ0
∂2N

(1)
i

∂ξ∂τ
− λ20

∂2N
(2)
i

∂ξ2
+ λ0

∂2U
(2)
ix

∂ξ2
+ λ0

∂2

∂ξ2

(
N

(1)
i U

(1)
ix

)
+ λ0

∂2U
(1)
iy

∂ξ∂η
= 0 (1.153)

Differentiating (1.144) with respect to ξ, we get

∂2U
(1)
ix

∂ξ∂τ
− λ0

∂2U
(2)
ix

∂ξ2
+
∂

∂ξ

(
U

(1)
ix

∂U
(1)
ix

∂ξ

)
= −

∂2ψ(2)

∂ξ2
(1.154)
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From (1.153) and (1.154), we get

∂2ψ(2)

∂ξ2
− λ20

∂2N
(2)
i

∂ξ2
= −λ0

∂2N
(1)
i

∂ξ∂τ
− λ0

∂2

∂ξ2

(
N

(1)
i U

(1)
ix

)
− λ0

∂2U
(1)
iy

∂ξ∂η
−
∂2U

(1)
ix

∂ξ∂τ

−
∂

∂ξ

(
U

(1)
ix

∂U
(1)
ix

∂ξ

)
From (1.152), we get,

λ20
∂4ψ(1)

∂ξ4
=
∂2ψ(2)

∂ξ2
+ λ20

(
1+ ρ

(
1− σ2

)) ∂
∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)
− λ20

∂2N
(2)
i

∂ξ2

or λ20
∂4ψ(1)

∂ξ4
= −λ0

∂2N
(1)
i

∂ξ∂τ
− λ0

∂2

∂ξ2

(
N

(1)
i U

(1)
ix

)
− λ0

∂2U
(1)
iy

∂ξ∂η
−
∂2U

(1)
ix

∂ξ∂τ

−
∂

∂ξ

(
U

(1)
ix

∂U
(1)
ix

∂ξ

)
+ λ20

(
1+ ρ

(
1− σ2

)) ∂
∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)

or λ20
∂4ψ(1)

∂ξ4
= −

1

λ0

∂2ψ(1)

∂ξ∂τ
−

1

λ20

∂2

∂ξ2

(
ψ(1)

)2
−
∂2ψ(1)

∂η2
−

1

λ0

∂2ψ(1)

∂ξ∂τ

−
1

λ20

∂

∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)
+ λ20

(
1+ ρ

(
1− σ2

)) ∂
∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)

or λ30
∂4ψ(1)

∂ξ4
= −2

∂2ψ(1)

∂ξ∂τ
−

2

λ0

∂

∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)
− λ0

∂2ψ(1)

∂η2

−
1

λ0

∂

∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)
+ λ30

(
1+ ρ

(
1− σ2

)) ∂
∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)
or
∂2ψ(1)

∂ξ∂τ
+

1

λ0

∂

∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)
+
λ0

2

∂2ψ(1)

∂η2
+

1

2λ0

∂

∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)
−
λ30
2

(
1+ ρ

(
1− σ2

)) ∂
∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)
+
λ30
2

∂4ψ(1)

∂ξ4
= 0

or
∂2ψ(1)

∂ξ∂τ
+

(
3

2λ0
−
λ30
2

(
1+ ρ

(
1− σ2

))) ∂

∂ξ

(
ψ(1) ∂ψ

(1)

∂ξ

)
+
λ30
2

∂4ψ(1)

∂ξ4

+
λ0

2

∂2ψ(1)

∂η2
= 0

or
∂

∂ξ

[
∂ψ(1)

∂τ
+

(
3

2λ0
−
λ30
2

(
1+ ρ

(
1− σ2

)))
ψ(1) ∂ψ

(1)

∂ξ
+
λ30
2

∂3ψ(1)

∂ξ3

]
+
λ0

2

∂2ψ(1)

∂η2
= 0

or
∂

∂ξ

[
∂ψ(1)

∂τ
+Aψ(1) ∂ψ

(1)

∂ξ
+B

∂3ψ(1)

∂ξ3

]
+ C

∂2ψ(1)

∂η2
= 0 (1.155)

where

A =
3

2λ0
−
λ30
2

(
1+ ρ

(
1− σ2

))
, B =

λ30
2
, C =

λ0

2

The above equation (1.155) is known as KP equation.
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Chapter 2

Integrability, breather, lump and

quasi-periodic waves of

non-autonomous

Kadomtsev-Petviashvili equation

based on Bell-polynomial approach

1

2.1 Introduction

Many mysterious natures of the physical world are revealed by the NLEE. The KdV equa-

tion and its variants such as the ZK equation and KP equation are the most popular models in this

field. The soliton solution is an important feature of these models and a lot of studies are available

in the existing literature relating to the propagation of multi-solitons [147, 152, 153, 154, 155, 156].

Recently, a new interest has grown in the study of the integrability of these equations though, a

completely integrable system is not precisely defined. But it is acknowledged that the integrable sys-

tem includes Lax pair, N-symmetries, Hamiltonian as well as bi-Hamiltonian structure, and bilinear

Bäcklund transformation, etc. In addition to these characteristics, the Painlevé test and the exis-

1The research article has been published in the journal of Wave Motion (Elsevier)
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tence of conservation laws are also studied. In general, inter-particle collision causes for raising of a

damping effect in any medium. There are also many phenomena that cause damping in a dynamical

system, for instance, the resonant energy exchange between the particles and electrostatic waves in

the plasma environment may cause for producing damping. Also, some experimental works on space

plasma announced the significant influence of externally applied different types of forcing compo-

nents viz., hyperbolic forcing term, Gaussian forcing term ( in terms of sech2(ξ, t) and sech4(ξ, t) )

and trigonometric forcing term ( in terms of sin(ξ, t) and cos(ξ, t) function ), on wave propagation

in plasma environment [157, 158]. Motivating by such theoretical and experimental works, we seek

to investigate the different characteristics of the (2 + 1)-dimensional damped forced KP equation

[159] which can be expressed as, Consider the standard (2+1)-dimensional NKP equation

(Uτ +AUUξ + BUξξξ +DU)ξ + CUηη = hξξ (2.1)

On integration it against ξ and setting h = ξf(τ), we get

Uτ +AUUξ + BUξξξ +DU+ C

∫
Uηη = f(τ) (2.2)

In this chapter we investigated the infinite conservation law, quasi-periodic wave, breather,

lump, and characteristic of integrability via bilinear Bäcklund and lax pairs of the NKP equation

(in the presence of an external force and damping). Bell-polynomial is deduced from Bäcklund

transformation from which infinite conservation law for NKP equation is derived. Obtaining well-

known quasi-periodic solutions is an important aspect of this investigation. A limiting procedure

is used for analyzing the asymptotic behavior of multi-periodic waves. Further, some complicated

solution structures of the NKP equation such as lump and breather-type solitons are explored from

the bilinear form of the said equation with the appropriate choice of polynomial functions. Important

characteristics of lump and breather waves in different forcing backgrounds are graphically described.

Finally, the lump wave of the NKP equation is explored from the breather wave in the limiting stage.

It is also confirmed from the analytical results of the relevant motions that the velocity, maximum

altitude, and interacting natures of the wave quantities are all influenced by the damping and forcing

terms.

2.2 Bilinear form and Bäcklund transformation for the NKP

equation

We introduce the transformation

U = a(τ)Qξξ + R(τ) +U0, (2.3)
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where Q = Q(ξ,η, τ) is a function of ξ,η, τ and setting

a ′(τ) +Da(τ) = 0, R ′(τ) +DR(τ) +DU0 = f(τ), Aa(τ) = 6B (2.4)

which implies

a(τ) = a0e
−Dτ, R(τ) = e−Dτ

(∫
eDτf(τ)dτ+ R0

)
−U0, A =

6B

a0
eDτ, (2.5)

where a0, R0 are constants. Substituting (2.3) along with (2.4) in the Eq.(2.2) and then integrating

once with respect to ξ, we have

Qτξ +
Aa(τ)

2
Q2

2ξ +A(R(τ) +U0)Qξξ + BQ4ξ + CQηη + c0 = 0 (2.6)

which can be expressed in P-polynomial form [160] by imposing the condition (2.4)

Pτξ(Q) +A(R(τ) +U0)P2ξ(Q) + BP4ξ(Q) + CPηη + c0 = 0 (2.7)

Under the changing in the dependent variable,

Q = 2 lnF (2.8)

U becomes

U = 2a0e
−Dτ

[
∂2

∂ξ2
ln(F(ξ,η, τ))

]
+ e−Dτ

(∫
eDτf(τ)dτ+ R0

)
, (2.9)

and the P-polynomial Eq. (2.7) is reduced into the bilinear form of the Eq.(2.2) as,(
DτDξ +A(R(τ) +U0)D

2
ξ + BD4ξ + CD

2
η + c0

)
F.F = 0 (2.10)

where c0 is independent of ξ. For simplicity, we assume c0 = 0 and get,(
DτDξ +A(R(τ) +U0)D

2
ξ + BD4ξ + CD

2
η

)
F.F = 0. (2.11)

The bilinear form of Eq.(2.2) addressed in Eq. (2.10) will be used for finding quasi-periodic solution

where as, Eq. (2.11) will be utilized to acquire breather and lump type wave solutions and in either

case solution will be of the form of Eq.(2.9). Set

E(Q) = Qτξ +
Aa(τ)

2
Q2

2ξ +A(R(τ) +U0)Qξξ + BQ4ξ + CQηη = 0 (2.12)

Let Q = 2 ln(F) and Q = 2 ln(G) are two different solution of the Eq.(2.12), then the two field

condition can be expressed as,

E(Q) − E(Q) = (Q−Q)τξ +
Aa(τ)

2
(Q−Q)2ξ(Q+Q)2ξ + (AR(τ) +U0)(Q−Q)2ξ

+B(Q−Q)4ξ + C(Q−Q)ηη = 0 (2.13)
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Setting u = Q−Q
2 and v = Q+Q

2 , it can be written as

uτξ +Aa(τ)u2ξv2ξ +A (R(τ) +U0)u2ξ + Bu4ξ + Cuηη = 0

uτξ +Aa(τ)u2ξv2ξ +A (R(τ) +U0)u2ξ + B
∂

∂ξ
(Υ3ξ − 3v2ξuξ − u

3
ξ) + Cuηη = 0

uτξ + (Aa(τ) − 3B)u2ξv2ξ − 3Buξv3ξ − 3Bu2
ξu2ξ +A (R(τ) +U0)u2ξ

+B
∂

∂ξ
(Υ3ξ) + Cuηη = 0, (2.14)

where Υ(u, v) is given by [160]

Υξ = uξ, Υξ,τ = uξuτ + vξ,τ, Υ3ξ = u3ξ + 3v2ξuξ + u
3
ξ. (2.15)

On consideration of Aa(τ) − 3B = 3B, Eq.(2.14) can be expressed as,

uτξ + 3B
(
u2ξv2ξ − uξv3ξ − u

2
ξu2ξ

)
+A (R(τ) +U0)u2ξ + B

∂

∂ξ
(Υ3ξ) + Cuηη = 0 (2.16)

Decomposing the two field conditions into a pair of equations in the form of a binary Bell-polynomial

is the next step to obtaining the bilinear Bäcklund transformation of the NKP equation. This can

be achieved by imposing the following constraint,

B
(
v2ξ + u

2
ξ

)
+ δuη = λ (2.17)

where δ and λ are the given parameters.

In the light of these constraints and on the condition 3δ2 = BC, the Eq.(2.12) can be written as,

∂

∂τ
Υξ +

∂

∂ξ
[3λΥξ +A (R(τ) +U0)Υξ + BΥ3ξ − 3δΥξη] = 0 (2.18)

Finally, Eq.(2.17) and Eq.(2.18) construct the bilinear Bäcklund transformation in form of the binary

Bell-polynomials.

2.3 Lax pair for the NKP equation

On the basis of the binary Bell-polynomials, the Lax pair for the NKP equation (2.1) is

derived from the bilinear Bäcklund transformation given by the equations (2.17) and (2.18). Using

the Hopf-Cole transform u = lnψ, we obtain the following relations between binary Bell-polynomial

and ψ as

Υξ =
ψξ

ψ
, Υτ =

ψτ

ψ
, Υ2ξ(u, v) = Q2ξ +

ψ2ξ

ψ
,

Υ3ξ(u, v) =
ψ3ξ

ψ
+ 3Q2ξ

ψξ

ψ
, Υτξ(u, v) = Qξτ +

ψξτ

ψ
(2.19)
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Using the relations, the pairs equations (2.17) and (2.18) is reduced to a Lax pair as below,

σψη + Bψ2ξ + (BQ2ξ − λ)ψ = 0

ψτ + Bψ3ξ + (3λ+A (R(τ) +U0) + 3BQ2ξ)ψξ − 3σψξη − 3σQξηψ = 0 (2.20)

or equivalently

(σ∂η + L1)ψ = 0

(∂τ + L2)ψ = 0 (2.21)

where L1 = B∂2ξ + BQ2ξ − λ and L2 = B∂3ξ + (3λ+A(R(τ) +U0) + 3B)∂ξ − 3σ∂ξ∂η − 3σQξη.

2.4 Infinite conservation law

There are numerous ways to obtain the infinite conservation laws, including the Lax pairs,

the Bäcklund transformation, the scattering problem, the formal solution of eigen functions, and the

trace identity. With the binary Bell-polynomials derived from the bilinear Bäcklund transformation,

we derive the infinite conservation laws for a two-dimensional NKP. Now, we introduce new potential

function,

ζ = Qξ −Qξ. (2.22)

Then we have

uξ = ζ, vξ = ζ+Qξ (2.23)

Using the above transformation, equation (2.18) can be presented as,

∂

∂τ
uξ +

∂

∂ξ
(3λuξ +A (R(τ) +U0)uξ + BΥ3ξ(u, v) − 3δuξuη) +

∂

∂η

(
Cuη + 3δu2

ξ

)
= 0 (2.24)

Replacing, (2.23) in the equations (2.17) and (2.24), we get

B
(
ζξ +Q2ξ + ζ

2
)
+ δ

∫
ζη = λ (2.25)

which is popularly known as Riccati equation and

ζτ+
∂

∂ξ

(
6λζ+A (R(τ) +U0) ζ+ Bζ2ξ − 6δζ

∫
ζηdξ− 2Bζ3

)
+
∂

∂η

(
C

∫
ζηdξ+ 3δζ2

)
= 0 (2.26)

which is clearly a divergence equation. Now setting ζ = ζ+ ϵ in the equation (2.25) and (2.26), we

acquire,

B
(
ζ+Q2ξ + ζ

2
+ 2ϵζ

)
+ δ

∫
ζηdξ = 0 (2.27)
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where we choose Bϵ2 = λ and

ζτ +
∂

∂ξ

(
A (R(τ) +U0) ζ+ Bζ2ξ − 6δζ

∫
ζηdξ− 6δϵ

∫
ζηdξ− 2Bζ

3
− 6Bϵζ

2
)

+
∂

∂η

(
C

∫
ζηdξ+ 3δζ

2
+ 6δϵζ

)
= 0 (2.28)

Now substitute η =
∑∞
n=1 Inϵ

−n in the equation (2.27), we have

B
(∑

Inϵ
−n +Q2ξ +

∑∑
IkIn−kϵ

−n + 2I1 + 2
∑

In+1ϵ
−n
)
+ δ

∑∫
In,ηdξ = 0. (2.29)

Using equation (2.28), we derive conserved densities In in a recurring relation, as a result of gathering

coefficients of likewise ϵ power,

I1 =
−1

2
Q2x = −

U− R(τ) −U0

2a(τ)

I2 =
−1

2B

[
BI1 + δ

∫
I1,ηdξ

]
=

1

4B

[
B
U− R(τ) −U0

a(τ)
+

δ

a(τ)

∫
Uηdξ

]
I3 =

−1

8Ba(τ)

[
B(U− R(τ) −U0) + δ

∫
Uηdξ+

B

a(τ)
(U− R(τ) −U0)

2 + δUη +
δ2

B

∫
U2ηdξ

]
· · ·

In+1 =
−1

2B

[
BIn + B

∑
IkIn−k + δ

∫
In,ηdξ

]
(2.30)

where n = 3, 4, 5, · · · .
From the divergence equation (2.28), we have∑

In,τϵ
−n +

∂

∂ξ
(A(R(τ) +U0)

∑
Inϵ

−n + B
∑

In,2ξϵ
−n − 6δ

∑∑
Ik

∫
In−k,ηdξ

−6δ
∑∫

In+1,η − 2B
∑∑

IiIjIkϵ
−n − 6Bϵ

∑∑
IkIn+1−kϵ

n)

+
∂

∂η

[
C
∑∫

In,ηdξϵ
−n + 3δ

∑∑
IkIn−kϵ

−n + 6δ
∑

In+1ϵ
−n

]
= 0 (2.31)

which presents an infinite consequence of conservation laws as below,

In,τ + Fn,ξ + Gn,η = 0 (2.32)
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for n = 1, 2, 3, · · ·
where the first fluxes Fn’s are given by the recursion formulas

F1 = A (R(τ) +U0) I1 + BI1,2ξ − 6BI21 − 6δ

∫
I2,ηdξ−A (R(τ) +U0)

U− R(τ) −U0

2a(τ)

= −
BU2ξ

2a(τ)
− 6B

(
U− R(τ) −U0

2a(τ)

)2

−
6δ

4B

∫ [
BUη

a(τ)
+

δ

a(τ)

∫
U2ηdξ

]
F2 = A (R(τ) +U0) I2 + BI2,2ξ − 6δI1

∫
I1,ηdξ− 6δ

∫
I3,ηdξ

=
A (R(τ) +U0)

4Ba(τ)

[
B(U− R(τ) −U0) + δ

∫
Uηdξ

]
−

6δ

4a2(τ)
(U− R(τ) −U0)

∫
Uηdξ+

BU2ξ

4a(τ)

+
δUξη

4a(τ)
+

3δ

4Ba(τ)

∫ [
BUη + δ

∫
U2ηdξ+

2B

a(τ)
(U− R(τ) −U0)Uη + δUη +

δ2

B

∫
U2ηdξ

]
dξ

· · ·

Fn = A (R(τ) +U0) In + BIn,2x − 2B
∑

i+j+k=n

IiIjIk − 6B
∑

IkIn+1−k

−6δ
∑

Ik

∫
In−kdξ− 6δ

∫
In+1,ηdξ (2.33)

where n = 3, 4, · · · .
The second fluxes Gn’s are given by

G1 = C

∫
I1,ηdξ+ 6δI2 =

3δ

2a(τ)
(U− R(τ) −U0)

G2 = C

∫
I2,ηdξ+ 3δI21 + 6δI3

=
Cδ

4Ba(τ)

∫ ∫
U2ηdξ−

3δ

4Ba(τ)

[
B(U− R(τ)) + δUη +

δ2

B

∫
U2ηdξ

]
· · ·

Gn = C

∫
In,ηdξ+ 3δ

∑
IkIn−k + 6δIn+1. (2.34)

where n = 3, 4, 5, · · ·
Finally, we construct an infinite conservation laws with the help of the recursion formulas addressed

in the equations (2.34),(2.33) and (2.31). For n = 1, the first conservation law is

I1,τ + F1,ξ + G1,η = −
Uτ

2a(τ)
+
Ua ′(τ)

2a2(τ)
+
R ′(τ)

2a(τ)
−
R(τ)a ′(τ)

2a2(τ)
−

B

2a(τ)
U3ξ −

3δ

2a(τ)
Uη −

3δ2

2Ba(τ)

∫
U2ηdξ−

3B

a2(τ)
UUξ +

3δ

2a(τ)
Uη

= −
1

2a(τ)

[
Uτ +DU− f(τ) + BU3ξ + C

∫
U2ηdξ+AUUξ

]
(2.35)

which is exactly the the NKP equation (2.2). For our NKP equation (2.2), the expressions (2.33)

and (2.34) indicate that conserved densities Fn’s and the fluxes Gn’s are all local. Therefore, the

NKP equation is completely integrable in the sense that it admits bilinear Bäcklund transformation,

Lax pair and local infinite conservation laws.
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2.5 Solutions for NKP equation

The present section is divided into three parts. Firstly, the Quasi-periodic solutions of

the NKP Equation are derived and in the limiting stage, the Quasi-periodic solutions are reduced

into the soliton solutions. Secondly, we present the lump-type solutions for Eq.(2.2). In the third

subsection, the breather wave of the said equation is constructed. The wave solution together with

its novel features is discussed in this section in detail. Under the compatibility condition A = 6B
a0
eDτ,

using results a(τ) = a0e
−Dτ and R(τ) = e−Dτ

(∫
eDτf(τ)dτ+ R0

)
−U0, obtained from Eq.(2.4), the

perturbation method is employed to explore different types of solutions for the NKP equation via

the bilinear equation (2.10).

2.5.1 Quasi-periodic wave solutions

For producing the multi-periodic wave solutions, initially we consider N-dimensional Rie-

mann theta function defined as,

V = V(Θ) = V(Θ, ρ) =
∑
g∈ZN

exp(πi⟨ρg , g⟩+ 2πi⟨Θ , g⟩). (2.36)

Here, g = (g1,g2, · · · ,gN)T , Θ = (Θ1,Θ2, · · · ,ΘN)T , Θi = µiξ+νiη+Ωiτ+δi, i = 1, 2, · · · ,N, and

ρ = [ρij]N×N is symmetric matrix where Im(ρ) > 0, and ⟨ , ⟩ denotes the inner product defined by

⟨a , b⟩ = a1b1 + a2b2 + .....+ aNbN, for two vectors a = (a1,a2, · · · ,aN)T ,b = (b1,b2, · · · ,bN)T .

2.5.1.1 One-periodic wave solution

To generate one-periodic solution, we put N = 1 in Riemann-theta function and get,

V = V(Θ) = V(Θ, ρ) =

∞∑
g=−∞ exp(πig

2ρ+ 2πigΘ). (2.37)
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Figure 2.1: 2D Plots of quasiperiodic solution for (2.50), by taking f(τ) = h0 cos (ωτ), µ = 0.5, ν =
−0.5, A = 2, B = 1, ρ = 2.5i, η = 1, C = 2, τ = 1; and (a) for h0 = 0, (b) for D = 0, (c) for D = 0.2.

Now, putting Eq.(2.37) into the bilinear equation (2.10) we get,

J(Dξ,Dη,Dτ)V(Θ) · V(Θ) = J(Dξ,Dη,Dτ)

∞∑
g=−∞ exp(πig

2ρ+ 2πigΘ) ·
∞∑

m=−∞ exp(πim
2ρ+ 2πimΘ)

=

∞∑
g=−∞

∞∑
m=−∞ J(Dξ,Dη,Dτ)exp(πig

2ρ+ 2πigΘ) · exp(πim2ρ+ 2πimΘ)

=

∞∑
g=−∞

∞∑
m=−∞ J(2πi(g−m)µ, 2πi(g−m)ν, 2πi(g−m)Ω)

exp(πi(g2 +m2)ρ+ 2πi(g+m)Θ)

=

∞∑
g=−∞

∞∑
m=−∞ J(2πi(2g− (g+m))µ, 2πi(2g− (g+m))ν,

2πi(g− (g+m))Ω)exp(πi(g2 + (g− (g+m))2)ρ+ 2πi(g+m)Θ)

=

∞∑
m′=−∞{

∞∑
g=−∞ J(2πi(2g−m ′)µ, 2πi(2g−m ′)ν, 2πi(2g−m ′)Ω)

exp(πi(g2 + (g−m ′)2)ρ)}exp(2πim ′Θ),m ′ = m+ g

=

∞∑
m′=−∞ J(m ′)exp(2πim ′Θ) (2.38)

where

J(m ′) =

∞∑
g=−∞ J(2πi(2g−m ′)µ, 2πi(2g−m ′)ν, 2πi(2g−m ′)Ω)exp(πi(g2 + (g−m ′)2)ρ) (2.39)
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Now by making g ′ = g− 1, J(m ′) can be expressed as

J(m ′) =

∞∑
g′=−∞ J(2πi[2g ′ − (m ′ − 2)]µ, 2πi[2g ′ − (m ′ − 2)]ν, 2πi[2g ′ − (m ′ − 2)]Ω)

exp(πi(g ′2 + [g ′ − (m ′ − 2)]2)ρ) · exp(2πi(m ′ − 1)ρ)

= J(m ′ − 2)exp(2πi(m ′ − 1)ρ)

= · · ·

= J(0)exp(πim ′ρ), m ′ is even

J(1)exp(2πi(m ′ − 1)ρ), m ′ is odd. (2.40)

Thus, we have seen from (2.40) that the NKP approves one-periodic wave solution only when,

J(0) = 0 and J(1) = 0, therefore we have

∞∑
g=−∞ J[4πgiµ, 4πgiν, 4πgiΩ]exp(2πig2ρ) = 0 (2.41)

∞∑
g=−∞ J[2π(2g− 1)iµ, 2π(2g− 1)iν, 2π(2g− 1)iΩ]exp(πi(2g2 − 2g+ 1)ρ) = 0 (2.42)

Utilizing the above conditions along with the bilinear form (2.10) we get,

J(0) =

∞∑
g=−∞(−16g2π2µΩ− 16AR(τ)g2π2µ2 − 16Cg2π2ν2 + 256Bg4π4µ4

− 16AU0g
2π2µ2 + c0)exp(2πig

2ρ) = 0 (2.43)

J(1) =

∞∑
g=−∞(−4(2g− 1)2π2µΩ− 4AR(τ)(2g− 1)2π2µ2 − 4C(2g− 1)2π2ν2 + 16B(2g− 1)4π4µ4

− 4AU0(2g− 1)2π2µ2 + c0)exp((2g
2 − 2g+ 1)πiρ) = 0 (2.44)

Now, Eq.(2.43) and Eq.(2.44) can be written in a linear system of Ω and c0 as,(
e11 e12

e21 e22

)(
Ω

c0

)
=

(
e13

e23

)
(2.45)
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where

e11 = −

∞∑
g=−∞ 16g2π2µ exp(2πig2ρ), e12 =

∞∑
g=−∞ exp(2πig

2ρ)

e21 = −

∞∑
g=−∞ 4(2g− 1)2π2µ exp((2g2 − 2g+ 1)πiρ), e22 =

∞∑
g=−∞ exp((2g

2 − 2g+ 1)πiρ)

e13 =

∞∑
g=−∞(16AR(τ)g

2π2µ2 + 16Cg2π2ν2 − 256Bg4π4µ4 + 16AU0g
2π2µ2)exp(2πig2ρ)

e23 =

∞∑
g=−∞(4AR(τ)(2g− 1)2π2µ2 + 4C(2g− 1)2π2ν2 − 16B(2g− 1)4π4µ4 + 4AU0(2g− 1)2π2µ2)

exp((2g2 − 2g+ 1)πiρ). (2.46)

Now solving the linear system (2.45) we have

Ω =
e13e22 − e12e23
e11e22 − e12e21

, c0 =
e21e13 − e11e23
e12e21 − e11e22

, (2.47)

provided e11e22 − e12e21 = A1µ ̸= 0, where

A1 = −16π2
∞∑

g=−∞g
2exp(2πig2ρ)

∞∑
g=−∞ exp((2g

2 − 2g+ 1)πiρ)

+4π2
∞∑

g=−∞ exp(2πig
2ρ)

∞∑
g=−∞(2g− 1)2exp((2g2 − 2g+ 1)πiρ) (2.48)

Assuming real part of ρ = 0 and using mathematica software we compute A1 ≈ 2.79847 for ρ = 0.2i;

A1 ≈ 12.4452 for ρ = 0.5i; A1 ≈ 0.708949 for ρ = 1.5i; A1 ≈ 0.0306513 for ρ = 2.5i, and thus,

A1µ ̸= 0 for non-zero µ. So, Eq. (2.47) has real solution, and therefore, we will get the one-periodic

wave solution of NKP equation as

U = 2a0e
−Dτ

[
∂2

∂ξ2
ln

( ∞∑
g=−∞ exp(πig

2ρ+ 2πigΘ)

)]
+ e−Dτ

(∫
eDτf(τ)dτ+ R0

)
, (2.49)

which gives

U = −2a0e
−Dτ

∑∞
g=−∞ 4π2g2µ2exp(πig2ρ+ 2πigΘ)∑∞

g=−∞ exp(πig2ρ+ 2πigΘ)
+

(∑∞
g=−∞ 2πigµ exp(πig2ρ+ 2πigΘ)

)2
(∑∞

g=−∞ exp(πig2ρ+ 2πigΘ)
)2


+ e−Dτ

(∫
eDτf(τ)dτ+ R0

)
(2.50)

with Ω, c0 given by Eq.(2.47) while other parameters are free.
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(a) (b) (c) (d)

Figure 2.2: 3D Plots of quasiperiodic solution for (2.50), by taking f(τ) = h0 cos (ωτ), µ = 0.5, ν =
−0.5, A = 2, B = 1, ρ = 2.5i, η = 1, C = 2, τ = 1 and (a) for h0 = 0, (b) for D = 0, (c) for D = 0.1;
(d) for f(τ) = h0 sech

2 (ωτ), h0 = 0 = 0.1, D = 0.05.

2.5.1.2 Two-periodic wave solution

To construct two-periodic solution, we choose N = 2 in Riemann-theta function and thus,

we get

V = V(Θ, ρ) = V(Θ1,Θ2, ρ) =
∑
g∈Z2

exp(πi⟨ρg , g⟩+ 2πi⟨Θ , g⟩) (2.51)

where g = (g1,g2)
T ∈ Z2, Θ = (Θ1,Θ2)

T ∈ C2 , Θi = µiξ + νiη + Ωiτ + δi, i = 1, 2 and

ρ =

(
ρ11 ρ12

ρ12 ρ22

)
,

Im(ρ11) > 0, Im(ρ22) > 0, ρ11ρ22 − ρ212 < 0. We set m = (m1,m2)
T , µ = (µ1,µ2)

T , ν =

(ν1,ν2)
T , Ω = (Ω1,Ω2)

T , δ = (δ1, δ2)
T . In order to find sufficient conditions for NKP’s two-

periodic solution, we need to convert Eq.(2.1) into the bilinear equation (2.10), as follows:

J(Dξ,Dη,Dτ)V · V =
∑

m,g∈Z2

J(Dξ,Dη,Dτ)exp(πi⟨gρ , g⟩+ 2πi⟨Θ , g⟩)

exp(πi⟨mρ , m⟩+ 2πi⟨Θ , m⟩)

=
∑

m,g∈Z2

J(2πi⟨g−m , µ⟩, 2πi⟨g−m , ν⟩, 2πi⟨g−m , Ω⟩)

exp(2πi⟨Θ ,g+m⟩+ πi⟨mρ , m⟩+ πi⟨gρ , g⟩)

=
∑
m′∈Z2

{
∑
g∈Z2

J(2πi⟨2g−m ′ , µ⟩, 2πi⟨2g−m ′ , ν⟩, 2πi⟨2g−m ′ , Ω⟩)

exp(πi[⟨(g−m ′)ρ , g−m ′⟩+ ⟨gρ , g⟩])}exp(2πi⟨Θ , m ′⟩),m ′ = m+ g

=
∑
m′∈Z2

J(m ′
1,m

′
2)exp(2πi⟨Θ , m ′⟩) (2.52)
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Now by transferring the index g as g = g ′ − ϵij, and putting j = 1, 2, we get

J(m ′
1,m

′
2) =

∑
g∈Z2

J(2πi⟨2g−m ′ , µ⟩, 2πi⟨2g−m ′ , ν⟩, 2πi⟨2g−m ′ , Ω⟩)

exp(πi[⟨(g−m ′)ρ , g−m ′⟩+ ⟨gρ , g⟩])

=
∑
g∈Z2

J(2πi

2∑
i=1

[2g ′
i − (m ′

i − 2ϵij)]µi, 2πi

2∑
i=1

[2g ′
i − (m ′

i − 2ϵij)]νi,

2πi

2∑
i=1

[2g ′
i − (m ′

i − 2ϵij)]Ωi)exp(πi

2∑
i,k=1

[(g ′
i + ϵij)(g

′
k + ϵkj)

+(m ′
i − g

′
i − ϵij)(m

′
k − g

′
k − ϵkj)]ρik)

=

J(m ′
1 − 2,m ′

2)exp(2πi(m
′
1 − 1)ρ11 + 2πim ′

2ρ12), j = 1,

J(m ′
1,m

′
2 − 2)exp(2πi(m ′

2 − 1)ρ22 + 2πim ′
1ρ12), j = 2, .

(2.53)

Thus, we have observed from (2.53) that the NKP approves a solution presenting two-periodic wave

structure if J(0, 0) = 0, J(1, 0) = 0, J(0, 1) = 0 and J(1, 1) = 0, therefore we have∑
g∈Z2

J(2πi⟨2g−ϕ1 , µ⟩, 2πi⟨2g−ϕ1 , ν⟩, 2πi⟨2g−ϕ1 , Ω⟩)exp(πi[⟨(g−ϕ1)ρ , g−ϕ1⟩+⟨gρ , g⟩]) = 0

(2.54)∑
g∈Z2

J(2πi⟨2g−ϕ2 , µ⟩, 2πi⟨2g−ϕ2 , ν⟩, 2πi⟨2g−ϕ2 , Ω⟩)exp(πi[⟨(g−ϕ2)ρ , g−ϕ2⟩+⟨gρ , g⟩]) = 0

(2.55)∑
g∈Z2

J(2πi⟨2g−ϕ3 , µ⟩, 2πi⟨2g−ϕ3 , ν⟩, 2πi⟨2g−ϕ3 , Ω⟩)exp(πi[⟨(g−ϕ3)ρ , g−ϕ3⟩+⟨gρ , g⟩]) = 0

(2.56)∑
g∈Z2

J(2πi⟨2g−ϕ4 , µ⟩, 2πi⟨2g−ϕ4 , ν⟩, 2πi⟨2g−ϕ4 , Ω⟩)exp(πi[⟨(g−ϕ4)ρ , g−ϕ4⟩+⟨gρ , g⟩]) = 0

(2.57)

where ϕi = (ϕ1
i ,ϕ

2
i )
T ,ϕ1 = (0, 0)T ,ϕ2 = (1, 0)T ,ϕ3 = (0, 1)T ,ϕ4 = (1, 1)T , i = 1, 2, 3, 4.

Now, combining Eq.(2.10) and Eqs.(2.54)-(2.57) we get∑
g∈Z2

J(−4π2⟨2g− ϕi,µ⟩⟨2g− ϕi,Ω⟩− 4AR(τ)π2⟨2g− ϕi,µ⟩2 − 4Cπ2⟨2g− ϕi,ν⟩2 + 16Bπ4 ×

⟨2g− ϕi,µ⟩4 − 4AU0π
2⟨2g− ϕi , µ⟩2 + c0)exp(πi[⟨(g− ϕi)ρ , g− ϕi⟩+ ⟨gρ ,g⟩]) = 0. (2.58)

Let P = (pij), i,j=1,2,3,4 and r = (r1, r2, r3, r4)
T then, Eq.(2.58) can be written as linear system as

p11 p12 p13 p14

p21 p22 p23 p24

p31 p32 p33 p34

p41 p42 p43 p44




Ω1

Ω2

U0

c0

 =


r1

r2

r3

r4

 (2.59)
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where

pi1 = −4π2
∑

(g1,g2)∈Z2

⟨2g− ϕi , µ⟩(2g1 − ϕ1
i )exp(πiρ11[(g1 − ϕ

1
i )

2 + g21] + πiρ22

[(g2 − ϕ
2
i )

2 + g22] + 2πiρ12[(g1 − ϕ
1
i )(g2 − ϕ

2
i ) + g1g2]), (2.60)

pi2 = −4π2
∑

(g1,g2)∈Z2

⟨2g− ϕi , µ⟩(2g2 − ϕ2
i )exp(πiρ11[(g1 − ϕ

1
i )

2 + g21] + πiρ22

[(g2 − ϕ
2
i )

2 + g22] + 2πiρ12[(g1 − ϕ
1
i )(g2 − ϕ

2
i ) + g1g2]), (2.61)

pi3 = −4Aπ2
∑

(g1,g2)∈Z2

⟨2g− ϕi , µ⟩2exp(πiρ11[(g1 − ϕ1
i )

2 + g21] + πiρ22

[(g2 − ϕ
2
i )

2 + g22] + 2πiρ12[(g1 − ϕ
1
i )(g2 − ϕ

2
i ) + g1g2]), (2.62)

pi4 =
∑

(g1,g2)∈Z2

exp(πiρ11[(g1 − ϕ
1
i )

2 + g21] + πiρ22

[(g2 − ϕ
2
i )

2 + g22] + 2πiρ12[(g1 − ϕ
1
i )(g2 − ϕ

2
i ) + g1g2]), (2.63)

ri =
∑

(g1,g2)∈Z2

(4AR(τ)π2⟨2g− ϕi , µ⟩2 + 4Cπ2⟨2g− ϕi , ν⟩2 − 16Bπ4⟨2g− ϕi , µ⟩4)exp(πiρ11

[(g1 − ϕ
1
i )

2 + g21] + πiρ22[(g2 − ϕ
2
i )

2 + g22] + 2πiρ12[(g1 − ϕ
1
i )(g2 − ϕ

2
i ) + g1g2]), (2.64)

for i = 1, 2, 3, 4.

Now by solving the linear system (2.59), we will obtain two-periodic wave solution of NKP as

U = 2a0e
−Dτ

 ∂2
∂ξ2

ln

∑
g∈Z2

exp(πi⟨ρg , g⟩+ 2πi⟨Θ , g⟩)

+ e−Dτ
(∫
eDτf(τ)dτ+ R0

)
,(2.65)

which written as

U = 2a0e
−Dτ

 ∂2
∂ξ2

ln

 ∑
g1,g2∈Z

exp{πi(ρ11g
2
1 + 2ρ12g1g2 + ρ22g

2
2) + 2πi(Θ1g1 +Θ2g2)}


+e−Dτ

(∫
eDτf(τ)dτ+ R0

)
, (2.66)

with Ω1,Ω2,U0, c0 given by Eq.(2.59), while other parameters are free.

Now, we express some numerical discussions on the impact of forcing and damping terms in quasi-

periodic waves. Figure 2.1, Figure 2.2 are devoted for describing the propagation characteristics of

one-periodic wave via solution (2.73). The other parameters s, l, δi and τ are free. Figure 2.1(a)
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Figure 2.3: 2D Profiles of 2-periodic solution, when f(τ) = h0 cos(ωτ), µ1 = −0.25, µ2 = 0.25, ν1 =
0.5, ν2 = 0.5, ξ = 1, A = 3, B = 1, v = 0;ω = 1, C = 2, ρ11 = 2.5i, ρ22 = 2.5i, τ = 0.5, a0 =
1,R0 = 0 and (a) for h0 = 0, (b) for D = 0, (c) for D = 0.2

depicts the diminishing effect of damping when there is no externally applied forcing (f(τ) = 0)

in the system. Figure 2.1(b) illuminates the effect of forcing (in the absence of damping) which

causes to increase in the amplitude of the periodic wave. However, Figure 2.1(c) presents the effect

of the strength of forcing when damping also associates (D = 0.1) in the system. Here, we see the

comparatively smaller amplitude of periodic wave in Figure 2.1(b) than that of Figure 2.1(c), as a

major role is played here by the negatively exponential function associated with the damping term.

Figure 2.2(a) beautifully presents the propagation of one-periodic wave U in η-τ-plane, when there

are no forcing and damping (D = 0, f(τ) = 0). The one-periodic wave can be viewed as a parallel

superposition of overlapping one-soliton waves, placed one period apart. Figure 2.2(b) shows the

shape of the one-periodic wave U in the presence of damping. Here, the periodic wave strictly

diminishes due to the act of damping. Figure 2.2(c) exhibits the propagation of one-periodic wave U

the influence of the trigonometric forcing term. The background of wave structure in Figure 2.2(c)

appears to be periodic due to the act of periodic force. Again, The kink periodic type wave structure

has been found in Figure 2.2(d). This type of structure forms because of the acting of hyperbolic

force.

From Figure 2.3, we can observe that the two-periodic wave is a direct generalization of the one-

periodic wave, but it is not necessarily periodic in both the ξ and η directions during the propagation.

Figure 2.3(a)-Figure 2.3(c) show that effects of damping and forcing on the two-periodic wave. We

see the similar effects of damping and forcing terms in two-periodic waves as seen in one periodic

wave. Figure 2.4(a)-Figure 2.4(c) exhibit three dimensional views of two periodic waves in both

the η and τ directions. Figure 2.4(b) and Figure 2.4(c) respectively show the propagation of two

periodic waves when periodic and hyperbolic forcing components are externally applied.
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2.5.1.3 Asymptotic property of one-periodic wave solutions

In this subsection, we intend to present the asymptotic property of one-periodic wave. We

introduce a new exponential transformation as β = exp(πiρ), and thus, (2.44) can be improved in

a series of β. Initially, we start with the computations as follows,

e11 = −

∞∑
g=−∞ 16g2π2µ exp(2πig2ρ)

= −32π2µ(β2 + 4β8 + 9β18 + · · · ),

e12 =

∞∑
g=−∞ exp(2πig

2ρ),

= 1+ 2β2 + 2β8 + 2β18 + · · · ,

e21 = −

∞∑
g=−∞ 4(2g− 1)2π2µ exp((2g2 − 2g+ 1)πiρ),

= −8π2µ(β+ 9β5 + 25β13 + · · · ), (2.67)

e22 =

∞∑
g=−∞ exp((2g

2 − 2g+ 1)πiρ),

= 2β+ 2β5 + 2β13 + · · · ,

e13 =

∞∑
g=−∞(16AR(τ)g

2π2µ2 + 16Cg2π2ν2 − 256Bg4π4µ4 + 16AU0g
2π2µ2) exp(2πig2ρ)

= 32π2(AR(τ)µ2 + Cν2 − 16Bπ2µ4 +AU0µ
2)β2 + 128π2(AR(τ)µ2 + Cν2 − 64Bπ2µ4

+AU0µ
2)β8 + 288π2(AR(τ)µ2 + Cν2 − 144Bπ2µ4 +AU0µ

2)β18 + · · · ,

e23 =

∞∑
g=−∞(4AR(τ)(2g− 1)2π2µ2 + 4C(2g− 1)2π2ν2 − 16B(2g− 1)4π4µ4 + 4AU0(2g− 1)2π2µ2)

exp((2g2 − 2g+ 1)πiρ),

= 8π2(AR(τ)µ2 + Cν2 − 4Bπ2µ4 +AU0µ
2)β+ 72π2(AR(τ)µ2 + Cν2 − 36Bπ2µ4 +AU0µ

2)β5

+ 200π2(AR(τ)µ2 + Cν2 − 100Bπ2µ4 +AU0µ
2)β13 + · · · ,

Now from (2.67) we have

e11e22 − e12e21 = 8π2µβ+ o(β),

e13e22 − e23e12 = 8π2(AR(τ)µ2 + Cν2 − 4Bπ2µ4 +AU0µ
2)β+ o(β), (2.68)

−e13e21 + e23e11 = o(β)

Let

U0 = 0, µ =
s

2πi
, ν =

l

2πi
, δ =

σ− πiρ

2πi
, (2.69)
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(a) (b) (c)

Figure 2.4: 3D Profiles of 2-periodic solution, when f(τ) = h0 cos(ωτ), µ1 = −0.25, µ2 = 0.25, ν1 =
0.5, ν2 = 0.5, ξ = 1, A = 3, B = 1, v = 0;ω = 1, C = 2, ρ11 = 2.5i, ρ22 = 2.5i, τ = 0.5, a0 = 1
and (a) for h0 = 0, D = 0.1, (b) for D = 0.1, h0 = 0.05, (c) for f(τ) = h0 sech

2(ωτ) and
D = 0.2, h0 = 0.1.

then by using (2.47) we have 2πiΩ→ −(AR(τ)k+ Cl2+Bk4

k
) and c0 → 0 as β→ 0

V(Θ, ρ) = 1+ (exp(2πiΘ) + exp(−2πiΘ))β+ (exp(4πiΘ) + exp(−4πiΘ))β4 + · · · ,

= 1+ exp(Θ̄) + (exp(−Θ̄) + exp(2Θ̄))β2 + (exp(−2Θ̄) + exp(3Θ̄))β6 + · · · ,

→ 1+ exp(Θ̄) as β→ 0. (2.70)

Where

Θ̄ = 2πiΘ+ πiρ = sξ+ lη+ 2πiΩt+ σ

→ sξ+ lη− (AR(τ)s+
Cl2 + Bs4

s
)t+ σ = Ψ as β→ 0. (2.71)

Thus, when β→ 0, we further derive

V(Θ, ρ) → 1+ exp(Ψ) (2.72)

which confirms that periodic-wave Solutions (2.49) are prone to become one-solution solutions, when

β→ 0.

Therefore, using transformation

U = 2a0e
−Dτ

[
∂2

∂ξ2
ln(1+ exp(Ψ))

]
+ R(τ) (2.73)

finally, we acquire the one soliton solution of NKP equation as,

U(ξ,η, τ) =
1

2
a0s

2e−Dτsech2
(
Ψ

2

)
+ R(τ) (2.74)

where Ψ = sξ+ lη−

(
Cl2 + Bs4

s
+AR(τ)s

)
τ (2.75)
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The characteristic wedge for any soliton defined by (2.74) is expressed as,

ξ+
l

s
η+

σ

s
=

1

s2

(
Cl2 +AR(τ)s2 + Bs4

)
τ. (2.76)

We consider f(τ) = h0 cos(ωτ), then, the characteristic curve can be acquired from the following

result

ξ+
l

s
η+

σ

s
=

(
Cl2 + Bs4

s2
+Ah0

D cos(ωτ) +ω sin(ωτ)

D2 +ω2
+AR0e

−Dτ

)
τ (2.77)

and the velocity of the solitary wave in two spatial direction are represented as,

V =

(
Cl2 + Bs4

s2
+A(R ′(τ)τ+ R(τ)),

Cl2 + Bs4

sl
+As(R ′(τ)τ+ R(τ))/l

)
(2.78)

where

τR ′(τ) + R(τ) =
h0

D2 +ω2
{(D+ω2τ)cos(ωτ) +ω(1−Dτ) sin(ωτ)}+ R0e

−Dτ(1−Dτ) (2.79)

and the amplitude of the soliton defined by (2.74) is presented as,

Amp
1
=
a0

2
s2e−Dτ +

h0

D2 +ω2
(D cos(ωτ) +ω sin(ωτ)) + R0e

−Dτ. (2.80)

It is clear from the above results that the characteristic curve of the soliton exhibits a periodic

oscillation if f(τ) is considered as a trigonometric periodic function such as, sin(τ) or cos(τ). Thus,

the choice of function f(τ) has a keen ability to modify the propagating velocity of the soliton. For

instant, we observe the tracing of sine-cosine-type propagation of soliton-like solution corresponding

to f(τ) = cos(τ). Even, if τ approaches zero, i.e. cos(τ) >> τ then, the trajectory also follows a

periodic oscillation in the background of the soliton. Below, we see this type of behavior in many

figures for the same role of forcing terms.

2.5.1.4 Asymptotic property of two-periodic wave solutions

In this subsection, the convergence of two-periodic solution is demonstrated. We choose

β1 = exp(πiρ11), β2 = exp(πiρ22), β3 = exp(2πiρ12), and thus, the result (2.59) expresses P, r and
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0
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4)
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Figure 2.5: 2D Plots of interaction 2-soliton solution for (2.89), by taking f(τ) = h0 cos(ωτ),
s1 = 0.65, s2 = −0.8, l1 = 1, l2 = 3.5/4, A = 6, B = 1, ω = 1.5, C = 2, a = 1, η = 1, τ = 6 and
(a) for h0 = 0, (b) for D = 0, (c) for D = 0.1, (d) D = 0, h0 = 0, (e) for D = 0.1, h0 = 0, (f) for
D = 0,h0 = 0.03, (g) for D = 0.1,h0 = 0.03.
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Let

U
(00)
0 = 0, µi =

si

2πi
, νi =

li

2πi
, δi =

σi − πiρii
2πi

, ρ12 =
A12

2πi
, (2.84)

where A12 = 3B(s1−s2)
2s21s

2
2−C(l1s2−l2s1)

2

3B(s1+s2)2l21l
2
2−C(l1s2−l2s1)2

and i=1,2. Then we have

U0 → 0

c0 → 0

2πiΩ1 → −(AR(τ)s1 +
Cl21 + Bs

4
1

s1
)

2πiΩ2 → −(AR(τ)s2 +
Cl22 + Bs

4
2

s2
), as β1,β2 → 0. (2.85)

V(Θ1,Θ2, ρ) = 1+ (exp(2πiΘ1) + exp(−2πiΘ1))β1 + (exp(2πiΘ2) + exp(−2πiΘ2))β2 +

(exp(2πi(Θ1 +Θ2)) + exp(−2πi(Θ1 +Θ2)))β1β2β3 + · · · ,

= 1+ exp(Θ̄1) + exp(Θ̄2) + exp(Θ̄1 + Θ̄2 − 2πiρ12) + exp(−Θ̄1)β
2
1 + exp(−Θ̄2)β

2
2 +

exp(Θ̄1 + Θ̄2 − 2πiρ12)β
2
1β

2
2 + · · · ,

→ 1+ exp(Θ̄1) + exp(Θ̄2) + exp(Θ̄1 + Θ̄2 − 2πiρ12) as β1,β2 → 0. (2.86)

Where

Θ̄i = 2πiΘi + πiρii = siξ+ liη+ 2πiΩit+ σi

→ siξ+ liη− (AR(τ)si +
Cl2i + Bs

4
i

si
)t+ σi = θi, i = 1, 2 as β1,β2 → 0.(2.87)

Thus, when β1,β2 → 0, we further derive

V(Θ1,Θ2, ρ) → 1+ exp(Ψ1) + exp(Ψ2) + exp(Ψ1 + Ψ2 +A12) (2.88)

which assures that periodic-wave solutions reduces to two-Soliton Solutions when β1,β2 → 0. Fi-

nally, we get the two-soliton-like solutions of Eq.(2.2) as follows:

U = 2a0e
−Dτ

[
∂2

∂ξ2
ln(1+ exp(Ψ1) + exp(Ψ2) + exp(Ψ1 + Ψ2 +A12))

]
+ R(τ) (2.89)

= 2a0e
−DτA12(s1 + s2)

2eΨ1+Ψ2 + s21e
Ψ1 + s22e

Ψ2

(A12eΨ1+Ψ2 + e(Ψ1) + e(Ψ2) + 1)
+ R(τ)

−2a0e
−Dτ (A12(s1 + s2)e

Ψ1+Ψ2 + s1e
Ψ1 + s2e

Ψ2)2

(A12eΨ1+Ψ2 + eΨ1 + eΨ2 + 1)2
(2.90)

where

Ψi = siξ+ liη−

(
Cl2i + Bs

4
i

si
+AR(τ)si

)
τ+ σi, i = 1, 2. (2.91)
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Figure 2.6: 2D Plots of Breather wave (2.96), by taking f(τ) = h0 cos(ωτ), q1 = 0.65, q2 =
−1, p1 = 0.4, p2 = 0.6, δ1 = −2, A = 6, B = 1, ω = 1.5, η = 1, C = −2, U0 = −0.1, τ = 2 and (a)
for h0 = 0, (b) for D = 0, (c) for D = 0.2, (d) all the paprameters are same except C.

with s1, s2, l1 and l2 as the real constants and the characteristic wedge for each solitary wave in

(2.89) can be defined by

ξ+
li

si
η+

σi

si
=

1

s2i

(
Cl2i +AR(τ)s

2
i + Bs

4
i

)
τ (2.92)

A12 =
3B(s1 − s2)

2s21s
2
2 − C(l1s2 − l2s1)

2

3B(s1 + s2)2l21l
2
2 − C(l1s2 − l2s1)

2
(2.93)

Figure 2.5(a)-Figure 2.5(c) illustrate solitary propagation of bi-soliton in an exciting system due to

forcing and damping. Figure 2.5(a) clearly shows the negative effect of damping for a positive time

in the solitary propagation, however, a rising of the wave background due to the enhancement of

strength of external forces follows in Figure 2.5(b) and Figure 2.5(c). Figure 2.5(d)-Figure 2.5(f)

are drawn for presenting propagation of soliton over different time interval under various physical

situations. In Figure 2.5(d), we see the symmetrical wave propagation in the absence of damping

and force. Figure 2.5(e) exhibits the negatively acting damping effect in wave structures and it

can be anticipated from this figure that the soliton finally, completely dies out over time due to

the damping. Figure 2.5(f) shows the rising of the soliton background due to the impact of forcing

term, however, it is interesting to mention that soliton keeps their symmetric structures over time.

In Figure 2.5(g), we see the combing effect of forcing and damping on soliton structures over time.

Though, the background of the soliton rises above, but, the soliton tends to vanish over time losing

its symmetry. For positive τ, damping (in the form of e−Dτ) causes an exponentially positive boost,

whereas, for negative τ, damping cannot create such a positive boost. For a positive time, this type

of phenomenon occurs due to the loss of velocity, while for a negative time, soliton rises due to the

augmentation of velocity. In contrast, enhancing forcing term causes the entire solitary structure to

rise above. The fact that two solitons appear almost as one soliton (in Figure 2.5(d)-Figure 2.5(g))

in the interacting zone at τ = 1 is interesting.
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Figure 2.7: Profiles of Breather waves for solution (2.96), when f(τ) = h0 cos(ωτ) and q1 =
0.65, q2 = −1, p1 = 0.4, p2 = 0.6, δ1 = −1, A = 6, B = 1, ω = 1.5, η = 1, C = −2, U0 = −1, and
(a) D = 0, h0 = 0, (b) D = 0.1, h0 = 0, (c) D = 0, h0 = 0.1, (d), (e) and (f) are Contour plots
of the corresponding Figure 2.7(a), Figure 2.7(b) and Figure 2.7(c); (g) when f(τ) = h0 sech

2(ωτ)
and ω = 0.5, C = −1.5,D = 0, h0 = 0, (h) for ω = 0.5, C = −1.5,D = 0.1, h0 = 0.05, (i) for
ω = 0.5, C = −1.5,D = 0.1, h0 = 0.1, (j), (k) and (l) are Contour plots of the corresponding
Figure 2.7(g), Figure 2.7(h) and Figure 2.7(i).
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(a) (b) (c)

Figure 2.8: Profiles of Breather waves for solution (2.96), when f(τ) = h0 cos(ωτ) and q1 = 0.6, q2 =
−1.5, p1 = 0.4, p2 = 0.6, δ1 = −2, B = 1.5, ω = 1, η = 1, C = −1.5, U0 = −0.2, D = 0.05, h0 = 0.1
and (a) A = 2, (b) A = 5 and (c) A = 8.

2.5.2 Breather wave

In order to do it, suppose that F has the following form:

F = δ2e
ζ1 + δ1cos(ζ2) + e

−ζ1 , ζ1 = p1(ξ+ q1η+ d1τ), ζ2 = p2(ξ+ q2η+ d2τ) (2.94)

Now, inserting F in Eq.(2.11), that leads us the subsequent result on parameters. To solve these

equations, one can get the parameter relations as follows

d1 = −
(Bp41 − 4Bp21p

2
2 − Bp

4
2 + Cp

2
1q

2
1 + 2Cp22q1q2 − Cp

2
2q

2
2

p21 + p
2
2

+
AR(τ)p21 +AR(τ)p

2
2 +Ap

2
1U0 +Ap

2
2U0)

p21 + p
2
2

,

d2 = −
(Bp41 + 4Bp21p

2
2 − Bp

4
2 − Cp

2
1q

2
1 + 2Cp21q1q2 + Cp

2
2q

2
2

p21 + p
2
2

+
AR(τ)p21 +AR(τ)p

2
2 +Ap

2
1U0 +Ap

2
2U0)

p21 + p
2
2

,

δ2 = −
p22δ

2
1(Bp

4
1 + 6Bp21p

2
2 + Bp

4
2 − Cp

2
1q

2
1 + 2Cp21q1q2 − Cp

2
1q

2
2)

4p21(2Bp
4
1 + 7Bp21p

2
2 + Bp

4
2 + Cp

2
2q

2
1 − 2Cp22q1q2 + Cp

2
2q

2
2)
,q1 = q1,q2 = q2,(2.95)

This set of parameters generates mixed function solution defined by Eq.(2.94), yields Breather

solution,

Ubr = 2a0e
−dt

(
2p21

√
δ2 cosh(ζ1) + ln(

√
δ2) − δ1p

2
2 cos(ζ2)

2
√
δ2 cosh(ζ1) + ln(

√
δ2) + δ1 cos(ζ2)

)
+ e−Dτ

(∫
eDτf(τ)dτ+ R0

)
−2a0e

−dt

(
(p1

√
δ2 sinh(ζ1) + ln(

√
δ2) − δ1p2 sin(ζ2))

2

(2
√
δ2 cosh(ζ1) + ln(

√
δ2) + δ1 cos(ζ2))2

)
. (2.96)
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To generate the lump solution from the breather solution for Eq.(2.2), we choose p1 = m, p2 = m

and δ1 = −2 in (2.96). Thus, the solution (2.96) is expressed as,

Ubr = 2a0e
−dt

(
m2

√
P cosh(ζ1) + ln(

√
P) +m2 cos(ζ2)√

P cosh(ζ1) + ln(
√
P) − cos(ζ2)

)
+ e−Dτ

(∫
eDτf(τ)dτ+ R0

)

+2a0e
−dt

(
−
m2(

√
P sinh(ζ1) + ln(

√
P) + sin(ζ2))

2

(
√
P cosh(ζ1) + ln(

√
P) − cos(ζ2))2

)
. (2.97)

where

P =
C(q1 − q2)

2 − 8Bm2

C(q1 − q2)2 + 10Bm2

ζ1 = m(ξ+ q1η−

(
2AR(τ) + 2AU0 + C(q

2
1 − q

2
2 + 2q1q2)

2
− 2Bm2

)
τ)

,

ζ2 = m(ξ+ q2η−

(
2AR(τ) + 2AU0 − C(q

2
1 − q

2
2 − 2q1q2)

2
+ 2Bm2

)
τ)

We noticed from Eq.(2.97) that

P =
C(q1 − q2)

2 − 8Bm2

C(q1 − q2)2 + 10Bm2
→ 1,

when m→ 0. Thus, if m→ 0 in Eq.(2.97), the lump solution may expressed as:

Ulump = −2a0e
−dt

(
8Γ1Γ2 +

72B
C(q1−q2)2

(Γ21 + Γ22 − 18B
C(q1−q2)2

)2

)
+ e−Dτ

(∫
eDτf(τ)dτ+ R0

)
. (2.98)

where

Γ1 = ξ+ q1η−

(
2AR(τ) + 2AU0 + C(q

2
1 − q

2
2 + 2q1q2)

2

)
τ

,

Γ2 = ξ+ q2η−

(
2AR(τ) + 2AU0 − C(q

2
1 − q

2
2 − 2q1q2)

2

)
τ

To get the amplitude of the lump solution, we choose Uξ = 0, Uη = 0. Then, the critical point is

represented as,

(ξ,η) =

(
(w1(τ)q2 −w2(τ)q1)τ

q1 − q2
,
(w1(τ) −w2(τ))τ

q1 − q2

)
, (2.99)

where w1(τ) = −
(

2AR(τ)+2AU0+C(q2
1−q

2
2+2q1q2)

2

)
and w2(τ) = −

(
2AR(τ)+2AU0−C(q2

1−q
2
2−2q1q2)

2

)
.

The rational solution (2.98) presents a permanent lump which moves with the velocity

Vξ =
(w1(τ) +w

′
1(τ)τ)q2 − (w2(τ) +w

′
2(τ)τ)q1

q1 − q2
, Vη =

(w1(τ) +w
′
1(τ)τ) − (w2(τ) +w

′
2(τ)τ)

q1 − q2
.(2.100)
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Figure 2.9: 2D Plots of lump solution for (2.98), when f(τ) = h0 cos(ωτ) and U0 = −0.1, C =
−0.5, B = 1, A = 6, ω = 1.5, h0 = 0.05, D = 0.1, b1 = 1, b2 = −1, (a) when h0 = 0, τ = 1, (b)
when D = 0, τ = 1 and (c) D = 0.2, τ = 1; (d) all the paprameters are same except C.

(a) (b) (c)

Figure 2.10: 3D Plots of lump solution for (2.98), when U0 = −0.2, C = −0.5, B = 1, A =
6, ω = 1.5, q1 = 1, q2 = −1 and (a) for f(τ) = h0 exp(ωτ)h0 = 0.1, D = 0.1, (b) for
f(τ) = h0 sin(ωτ), h0 = 0.1, D = 0.1, and (c) f(τ) = h0 sech

2(ωτ), h0 = 0.1, D = 0.1.
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(a) (b) (c)

Figure 2.11: 3D Plots of lump solution for (2.98), when f(τ) = h0 cos(ωτ) and U0 = −0.1, C =
−0.5, B = 1, A = 6, ω = 1.5, h0 = 0.05, D = 0.1, b1 = 1, b2 = −1, τ = 2, (a) when D = 0.15, τ =
−2, (b) when D = 0.15, τ = 0 and (c) D = 0.15, τ = 2.

where ( ′) is the derivative with respect to τ and q1 ̸= q2. At the critical point ( see the result

(2.99)) for h(τ) = h0 cos(ωτ), q1 = 1.5, q2 = 1, A = 6, B = 1, ω = 1.5, C = −0.5, the second order

derivative and Hessian matrix [161] satisfy the following relations

H =
∂2

∂ξ2
U(ξ,η, τ) < 0, M =

∣∣∣∣∣ ∂
2

∂ξ2U(ξ,η, τ)
∂2

∂ξ∂η
U(ξ,η, τ)

∂2

∂ξ∂η
U(ξ,η, τ) ∂2

∂η2U(ξ,η, τ)

∣∣∣∣∣ > 0, (2.101)

It is clear from above that the sign of H andM are solely decided by the parameters. Now, utilizing

the extreme value theory of function with several variables, we estimate two cases: (a) At, τ = 0,

Ulump is in general, maximum and (b) However, if τ < 0 the value of Ulump is higher than that of

case (a) because the presence of the term e−Dτ causes a positive impact on amplitude. Considering

the above analysis, it is understood that Ulump assumes its maximum value at the point (2.99).

Through the simple computation, we obtain the maximum amplitude as,

Amp
max

=
9R(τ)B+ 9U0B− 4Ce−Dτ(q1 − q2)

2

9B
. (2.102)

For the present system, the amplitude and trajectory of the breather significantly depend

on damping and forcing terms, and Figure 2.6(a)-Figure 2.6(d) are drawn for a clear presentation

of the act of damping and forcing term in breather wave. In Figure 2.6(a), we see that the width

and amplitude of the breather are significantly reduced when strong damping is applied. From Fig-

ure 2.6(b), it is clear that the background of the lump wave enhances due to the enhancement of the

magnitude of the forcing term, and enhancing forcing increases the periodicity of the background.

Figure 2.6(c) demonstrates the combined effect of the forcing and damping components and it shows

that the forcing component plays a dominating role in the damping term. Overall, damping causes

for diminishing of the breather whereas, forcing rises the wave background. Finally, the significant

impact of the parameter C is shown in Figure 2.6(d) where the breather wave is sufficiently improved

due to the variation of C. Figure 2.7(a)-Figure 2.7(c) present the propagation of homoclinic breather
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(a) (b) (c)

Figure 2.12: 3D Plots of lump solution for (2.98), when U0 = −0.2, C = −1, B = 1, ω = 1.5, q1 =
1, q2 = −1.5 and f(τ) = h0 sin(ωτ), h0 = 0.1, D = 0.1, and (a) A = 2, (b) A = 5 and (c) A = 8.

waves for periodic forcing component (f(τ) = h0 cos (ωτ)) and their graphical presentation express

that they are by nature singular breather, that is, periodically described in a locally time-space

zone. In Figure 2.7(a), we see that Ubr evolves across a line which makes a constant angle with ξ

and τ axes in the absence of damping and forcing (D = 0, f(τ) = 0). Thus, it is confirmed from

the graphical presentation that the breather is space periodic as well as time periodic also. Again,

as expected Figure 2.7(b) shows the continuous decrement in amplitude due to the act of damping.

Figure 2.7(c) is drawn for exhibiting the evolution of breather in ξ and τ plane in the presence of

both damping and forcing terms. Here, the enchantment of force creates a periodic background,

whereas, damping diminishes their amplitudes. The corresponding contours of the above-mentioned

figures are presented in Figure 2.7(d)-Figure 2.7(f) which help to understand the significant effect

of damping and periodic forcing in the dispersed media.

In Figure 2.7(g)-Figure 2.7(i), we study a special type of periodic breather which propagates in

compact kink type background under the action of hyperbolic forcing term (f(τ) = h0 sech
2 (ωτ)).

In the absence of damping, Figure 2.7(g) shows the kinkly breather type wave. Again, Figure 2.7(h)

shows the drastic effect of damping under the influence of negligible forcing. In Figure 2.7(i), we see

the combined impact of damping and forcing term, where the breather is finally, destructed after

a while. A similar type of observation also follows in Figure 2.7(c) but the only difference is that

the breather in the hyperbolic forcing zone strongly variates their direction in the η-τ plane. The

complicated nonlinear phenomena of a breather in the hyperbolic forcing domain are also cleared

from the contours plotted in Figure 2.7(j) - Figure 2.7(l).

The significant effects of the nonlinear term A in breather of the NKP system are illustrated in

Figure 2.8(a)-Figure 2.8(c). The moderate periodic breather is observed in Figure 2.8(a) for com-

paratively lower values of A however, enhancing A boosts the nonlinearity of the system and hence,

the shape and size of the breather improve sufficiently. In Figure 2.8(b), we see that the periodic

breather tends to be a horseshoe-type breather. Finally, prominent pairwise horseshoe breather
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structures are found in Figure 2.8(c).

Now we discuss the lump wave features of the NKP equation and the plots of these solutions are

expressed in the following manners. Figure 2.9(a)-Figure 2.9(d) are depicted to present the acts of

damping and forcing term in lump wave. The amplitude of the lump soliton is significantly reduced

when strong damping is applied (see Figure 2.9(a)). From Figure 2.9(b), it is clear that the the

background of lump wave enhances due to the enhancement of the magnitude of the forcing term.

Figure 2.9(c) demonstrates the combined effect of the forcing and damping component, where we

see that the amplitude of the lump enhances as the damping component is dominated by the forcing

term. The significant rising impact from the parameter C is found in Figure 2.9(d). Figure 2.10(a)-

Figure 2.10(c) are depicted for presenting different types wave background (exponential, periodic

or kink type) of lump wave for various types of forcing terms. Figure 2.10(a), Figure 2.10(b) and

Figure 2.10(c) respectively show exponential, periodical and hyperbolic backgrounds of lump waves.

In Figure 2.11(a)-Figure 2.11(c), we observe that the lump moves in the space-time zone and its

amplitude significantly diminishes due course of time. It is evident from the figures that the lump

asymptotically vanishes over time. Actually, the lump declines due to the act of damping. The most

interesting nonlinear phenomena are found in lump waves when the values of nonlinear coefficient A

are enhanced moderately. In Figure 2.12(a), a simple lump wave is observed on a periodical back-

ground. But, the enhancing effect of the nonlinear term causes an enormous impact on the structure

of the lump wave. An increase in the nonlinear coefficient A makes the lump wider (Figure 2.12(b)).

We see the interesting horseshoe-type structure in Figure 2.12(c) for sufficiently large values of A.

2.6 Conclusion

In this article, we have introduced a Bäcklund transformation and a Lax pair of the system

to highlight the integrability of the NKP equation under certain compatibility conditions. The

algebra-geometrical approach presents quasi-periodic solutions to the NKP equation, which under

a certain limit, converge to the classical soliton solution. A set of new analytical solutions to the

NKP equation are presented here, including lump, breather, and rough waves. As a result of the

investigations, the following main conclusions were reached:

a. The present investigation introduces Bäcklund transformation and a Lax pair of the NKP equa-

tion, which suggests the integrability of the said equation under some suitable compatibility

conditions.

b. For the first time, the infinite conservation laws of the NKP equation are explicitly presented

with the help of binary Bell-polynomial derived from bilinear Bäcklund transformation.

c. The quasi-periodic solutions are derived from the Bell-polynomial of the NKP equation using
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the Riemann theta function and the significant impact of forcing and damping terms in the

quasi-periodic waves are clearly presented through numerical graphs and figures.

d. One of the most important parts of the investigation is the asymptotic analysis of the quasi-

periodic solution, from which single soliton and bi-soliton solutions are explored from the one

and two periodic solutions of the NKP equation. Thus, it is anticipated that periodic solutions

may tend to soliton or multi-soliton according to the periodicity of the quasi-periodic solution.

e. Detailed studies on the breather wave of the NKP equation have been carried out under the

variations in forcing components. It is found that several backgrounds of the wave quantities

forms due to the act of different types of forcing components, in addition to the diminishing

effect in the breather wave from the damping term is also observed.

f. The finding of a lump soliton in the asymptotic aspect of the breather wave is an interesting

part of this investigation. The effect in the formation of a background of the lump from the

forcing term is analyzed in detail. The massive impact of the damping is also shown from a

numerical standpoint. Finally, the maximum possible altitude of a lump is calculated in an

analytical understanding.

g. Another important observation in the present studies is that the horseshoe-type lump, as well

as breather, may occur due to the act of externally applied force term.

A number of investigations have been performed on the KP equation utilizing various approaches,

however, the KP model with damping and external force is more realistic as damping is found

everywhere whereas, the major effects of externally applied forces are available in many Astronomical

and space objects. As a result of this work, the combination of the bilinear approach, bilinear

Bäcklund transformation, and Bell-polynomial has proven to be an efficient mathematical tool for

solving more general class of nonlinear evolution equations in the fields of mathematics, physics, and

engineering. Our results may provide an improved understanding of the dynamical behavior of quasi-

periodic wave, multi-soliton, breather, and lump-type wave solutions. We present the first works

that discuss and show various results for NKP equations in a non-autonomous (2+1)-dimensional

space. Depending on the physical background it represents, it may explain a nonlinear phenomenon.
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Chapter 3

Characteristic of integrability of

nonautonomous KP-modified KP

equation and its qualitative

studies: soliton, shock, periodic

waves, breather, positons and

soliton interactions

1

3.1 Introduction

Nonlinear evolution equations arise in almost all the physical systems and so their study

is a field of active research. The qualitative and analytic study of these equations reveal complex

phenomena in the several fields of application such as elasticity [162], plasticity, circuit theory [163],

plasma dynamics [164], water wave phenomena [165], laser and optical fibers [166, 167], etc. KdV

equation is one such common equation which arises in the study of shallow water waves in one

1The research article has been published in the journal of Nonlinear Dynamics (Springer)
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dimension [168]. A generalization of this equation to two spatial dimension is the KP equation [86],

∂

∂ξ

[
∂ϕ

∂τ
+Qϕ

∂ϕ

∂ξ
+ R

∂3ϕ

∂ξ3

]
+ T

∂2ϕ

∂η2
= 0 (3.1)

The modified KP (mKP) equation [169, 170] is obtained by adding cubic nonlinearity as,

∂

∂ξ

[
∂ϕ

∂τ
+Qϕ2 ∂ϕ

∂ξ
+ R

∂3ϕ

∂ξ3

]
+ T

∂2ϕ

∂η2
= 0 (3.2)

By adopting the KP and mKP equations, the KP equation can again be extended to the KP-mKP

equation [109],
∂

∂ξ

[
∂ϕ

∂τ
+ Pϕ

∂ϕ

∂ξ
+Qϕ2 ∂ϕ

∂ξ
+ R

∂3ϕ

∂ξ3

]
+ T

∂2ϕ

∂η2
= 0 (3.3)

In the present investigation, we investigate the nonautonomous KP-mKP equation, which can be

stated as, in light of the effectiveness of the damping and forcing terms,

∂

∂ξ

[
∂ϕ

∂τ
+ Pϕ

∂ϕ

∂ξ
+Qϕ2 ∂ϕ

∂ξ
+ R

∂3ϕ

∂ξ3
+ Sϕ

]
+ T

∂2ϕ

∂η2
= R

∂2f2

∂ξ2
(3.4)

where the additional terms S and f2(ξ, τ) express the damped and external force terms respectively.

The nonautonomous part of the standard evolution equation in earlier research produces a variety

of intriguing outcomes, which encourages us to select the source term f2(ξ, τ) =
ξB(τ)
R

in the current

context, resulting in the reduction of Eq.(3.4) to

∂ϕ

∂τ
+ Pϕ

∂ϕ

∂ξ
+Qϕ2 ∂ϕ

∂ξ
+ R

∂3ϕ

∂ξ3
+ Sϕ+ T

∫
∂2ϕ

∂η2
dξ = B(τ). (3.5)

This chapter demonstrates the characteristic of integrability of the nonautonomous KP-mKP equa-

tion through Painlevé analysis, bilinear Bäcklund and lax pairs. The nonautonomous KP-mKP

equation is converted into the Bell polynomial form which bilinear Bäcklund is constructed and lax

pair of the said equation is generated. Further, multi-solitons, smooth positon, breather, and their

interaction are fabricated using Hirota’s bilinear approach. Besides, a qualitative analysis of the

nonautonomous KP-mKP equation using bifurcation theory is carried out. The deformation of the

periodic to quasiperiodic orbit signifying instability of the said system due to damping is observed.

Additionally, the external periodic force perturbs the nonautonomous system’s low and high-energy

orbits, resulting in a chaotic structure via the path of intermittency, implying the presence of tur-

bulent flow.

3.2 The Painlevé analysis for the nonautonomous KP-mKP

equation

Many mysterious nonlinear features of nature are described by the integrable equations

however, a completely integrable system is not always possible to define precisely. The most pop-

ular way to check integrability is to introduce the Painlevé property. According to Ablowitz and
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colleagues [171], all accurate reductions of a nonlinear partial differential equation to ordinary differ-

ential equations must satisfy the Painlevé property for the equation to be integrable. This strategy

presents clear operational challenges. Without considering any similarity reductions, Weiss et al.

[68] defined the Painlevé property for PDE and introduced a method for assessing a common form

of moveable singularity. Three main steps make up the Painlevé test: the leading order analysis, the

resonances determination, and the verification of the resonances conditions, or figuring out the re-

quirements of compatibility. Utilizing the Weiss-Tabor-Carnevale algorithm [68] as well as Kruskal’s

simplification technique [133], the Painlevé property of Eq.(3.3) is analyzed below. We present the

solution of Eq.(3.3) in a generalized Laurent expansion as

ϕ(ξ,η, τ) = Φ−γ(ξ,η, τ)

∞∑
j=0

ϕj(ξ,η, τ)Φ
j(ξ,η, τ), (3.6)

in the neighborhood of a noncharacteristic movable singularity manifold defined by Φ(ξ,η, τ) = 0

where ϕj(ξ,η, τ)’s are assumed to be analytic functions and the positive integer γ is to be evaluated.

To evaluate the leading order term of the series (3.6), we set

ϕ(ξ,η, τ) = ϕ0(ξ,η, τ)Φ
−γ(ξ,η, τ) (3.7)

where ϕ0 ̸= 0. Substituting (3.7) into Eq.(3.4) and balancing the highest order derivative with the

nonlinear terms to achieve γ = 1 and ϕ0 =
√
− 6R
Q
Φξ.

We take in this case Kruskal anasatz [133] of singular manifold [68] for simplicity. So, we consider

as,

Φ(ξ,η, τ) = ξ+ η− χ(τ), (3.8)

where, χ(τ) is analytic function chosen arbitrarily. Substitution of (3.6) and (3.8) into Eq.(3.4),

yields

j = 0 : ϕ0 =

√
−
6R

Q
, (3.9)

j = 1 : ϕ1 = −
P

2Q
, (3.10)

j = 2 : ϕ2 = −
1

2Q

√
−
Q

6R

(
T −

P2

4Q
− χτ

)
, (3.11)

j = 3 : (ϕ0)τ + Sϕ0 = 0, (3.12)

j = 4 : 0.ϕ4 = 0, (3.13)

Using Eqs.(3.9)-(3.11), ϕ0,ϕ1 and ϕ2 can be accquired explicitely. Eq.(3.12) and Eq.(3.13), show

that ϕ3 and ϕ4 can not be determined uniquely, and so j = 3, 4 are the resonances. Hence, the

resonances appears at j = −1, 3, 4. Clearly, the compatibility conditions at j = 3, 4 are satisfied for
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arbitrarily considered ϕ3 and ϕ4. From expression (3.12), we directly get,

6R−Qr20e
−2Sτ = 0, where r0 is chosen as a integrating constant term. (3.14)

Under consideration of the resonances, we choose

ϕ(ξ,η, τ) ≈ ϕ0Φ
−1 + ϕjΦ

j−1, j ⩾ 1 (3.15)

Replacing Eq.(3.15) to Eq.(3.4) and accumulation of the lowest power terms of Φ lead

(j+ 1)(j− 3)(j− 4)(j− 4)RΦ4
ξϕj = Fj(ϕ0,ϕ1, · · · ,ϕj−1). (3.16)

Here, ϕj appears arbitrarily for j = −1, 3, 4. Hence, two requirements are necessary for compatibility

at j = 3 and j = 4. Utilizing the values of ϕ0, ϕ1, and ϕ2 from Eqs.(3.9)-(3.11) in Eq.(3.12) the

compatibility condition at the resonance j = 3 is not identically met. Instead, we arrived at the

following variable constraint Eq.(3.14).

The compatibility conditions at j = 4 are not identically met. Additionally, if we set the arbitrary

functions ϕ3 = 0, ϕ4 = 0 to be zero that is ϕ3 = 0, ϕ4 = 0, then we arrived at the following

constraint equation of arbitrary function χ and the variables,

S2
(
T −

P2

4Q
− χτ

)2

+ 24R3Q

(
∂2f2

∂ξ2

)2

= 0 (3.17)

By vanishing subsequent coefficient terms of Φ, we report that the number of arbitrary functions

(χ,ϕ3,ϕ4) is equal to the number of resonances (−1, 3, 4). It is significant to remember that Eq.(3.4)

confirms the sufficiency of numbers of arbitrary functions. Hence, Eq.(3.4) meets the Painlevé test

and Eq.(3.4) is necessarily integrable.

3.3 Bilinear formation, Bilinear Bäcklund transformation and

Lax pair of nonautonomous KP-mKP equation

Obtaining several solutions to the evolution equation gets crucial to understanding nonlin-

earity. The Hirota technique [27] is used in the current situation to obtain the multi-soliton of the

nonautonomous KP-mKP equation.

3.3.1 Bilinear formation :

Eq.(3.5) is converted into the binary-Bell-polynomial form by setting

ϕ(ξ,η, τ) = N(τ) (ln [v(ξ,η, τ)])ξ +G(τ) (3.18)
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We construct the binary-Bell-polynomial form of Eq.(3.5) using the binary Bell polynomial expres-

sions ([139, 172, 173]) as follows:

Yτ(v) +M(τ)Yξ(v) + RY3ξ(v,w) = 0, (3.19)

Yη(v) = λYξ(v), (3.20)

Y2ξ(v,w) = 0. (3.21)

Here M(τ) = PG(τ)+QG(τ)2+Tλ2, along with the relation QN(τ)2+6R = 0,P+2QG(τ) = 0 where

N(τ) = N0e
−Sτ, G(τ) = e−Sτ

(∫
eSτB(τ)dτ+G0

)
, N0 and G0 are taking as integrating constants.

Using the identity ([139, 172, 173])

Yn1x1,··· ,nlxl

(
v = ln(

H

G
),w = ln(HG)

)
= (HG)−1Dn1

x1
Dn2
x2

· · · ,Dnl
xl
H · G (3.22)

and chosing v = ln(H
G
) and w = ln(HG), where H and G being the functions of ξ,η and τ, we

obtain the bilinear form for Eq.(3.5):

(Dτ +M(τ)Dξ + RD
3
ξ)H · G = 0,

(Dη − λDξ)H · G = 0, (3.23)

DξξH · G = 0,

Now using H = g+ ih, G = g− ih, bilinear Eqs.(3.23) reduced to

(Dτ +M(τ)Dξ + RD
3
ξ)h · g = 0,

(Dη − λDξ)h · g = 0, (3.24)

Dξξ(h · h+ g · g) = 0,

and the variable transformation (3.18) leads to

ϕ(ξ,η, τ) = 2iN0e
−Sτ

[
∂

∂ξ
tan−1

(
h(ξ,η, τ)

g(ξ,η, τ)

)]
+ e−Sτ

(∫
eSτB(τ)dτ+G0

)
(3.25)

3.3.2 The Bilinear Bäcklund Transformation :

Let (v ′,w ′) and (v,w) are two distinct solutions of the Eq.(3.5) respectively, where v ′ =

ln(H
′

G′ ), w
′ = ln(H ′G ′), v = ln(H

G
) and w = ln(HG). Now, let’s assume some new mixed variables

v1 = ln(
G ′

G
), v2 = ln(

H ′

H
), v3 = ln(

G ′

H
), v4 = ln(

H ′

G
)

w1 = ln(GG ′), w2 = ln(H ′H), w3 = ln(HG ′), w4 = ln(H ′G). (3.26)

Next, we have the relationships shown below,

v ′ − v = v2 − v1, v
′ + v = v4 − v3, w

′ −w = v3 + v4,

w ′ +w = w1 +w2 = w3 +w4. (3.27)

97



Considering the following two field conditions,

Y2ξ(v
′,w ′) − Y2ξ(v,w) = 0 (3.28)

Yτ(v
′) − Yτ(v) +M(τ) [Yξ(v

′) − Yξ(v)] + R [Y3ξ(v
′,w ′) − Y3ξ(v,w)] = 0, (3.29)

the expression for the Eq.(3.28) is

(v3 + v4)2ξ + (v2 − v1)ξ(v4 − v3)ξ = 0. (3.30)

By decoupling the above equation we get,

(v4)ξ = c1e
v1−v2 , (v3)ξ = c2e

v2−v1 (3.31)

Using the mixed variable to decouple the Eq.(3.29), one can obtain

Yτ(v1) +M(τ)Yξ(v1) + 6Rc1c2Yξ(v1) + RY3ξ(v1,w1) = 0 (3.32)

Yτ(v2) +M(τ)Yξ(v2) + 6Rc1c2Yξ(v2) + RY3ξ(v2,w2) = 0 (3.33)

and one can obtain from the Eq.(3.20),

Yη(v1) = λYξ(v1), Yη(v2) = λYξ(v2) (3.34)

Thus using Hirota’s operators ([139, 172, 173]) and relations (3.22), the Eqs.(3.31)-(3.34) can be

represented the bilinear Bäcklund transformation for Eq.(3.5) as bellow:

[Dη − λDξ]G
′ · G = 0 (3.35a)

[Dη − λDξ]H
′ ·H = 0 (3.35b)

DξH
′ · G = c1H · G ′ (3.35c)

DξG
′ ·H = c2G ·H ′ (3.35d)[

Dτ + (M(τ) + 6Rc1c2)Dξ + RD
3
ξ

]
G ′ · G = 0 (3.35e)[

Dτ + (M(τ) + 6Rc1c2)Dξ + RD
3
ξ

]
H ′ ·H = 0 (3.35f)

3.3.3 Lax pair :

Using v = ln(H
G
) = v1− v3 = v4− v2, we can remove v3 and v4 from the Eq.(3.31). Taking

v1 = ln(ψ1) and v2 = ln(ψ2), we get,

(ψ1)η = c2λψ2 + λvξψ1 (3.36)

(ψ2)η = c1λψ1 − λvξψ2 (3.37)
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Utilizing Eqs.(3.32) and (3.33), we find

(ψ1)τ = A1ψ1 +A2ψ2, (3.38)

(ψ2)τ = A3ψ1 +A4ψ2. (3.39)

The relations can presented in matrix form as,

ψη = Mψ, ψτ = Nψ, ψ = (ψ1,ψ2)
′
, (3.40)

M =

λϕ−G(τ)
N(τ) λc2

c1λ −λϕ−G(τ)
N(τ)

 , N =

(
A1 A2

A3 A4

)
,

where

A1 = − [M(τ)vξ + 4Rc1c2vξ + RY3ξ(v,w)]

A2 = −c2 [M(τ) + 4Rc1c2 + RY2ξ(v,w) + 2RP2ξ(w− v))]

A3 = −c1 [M(τ) + 4Rc1c2 + RY2ξ(v,w) + 2RP2ξ(w+ v)]

A4 = −A3. (3.41)

This meets the compatibility requirement, Mτ−Nη+MN−NM = 0. On consideration Y2ξ(v,w) = 0

and we finally, obtained

A1 = −

[
(M(τ) + 4Rc1c2)

ϕ−G(τ)

N(τ)
+ R

ϕξξ

N(τ)
− 2R

(ϕ−G(τ))2

N(τ)2

]
A2 = −c2

[
M(τ) + 4Rc1c2 − 2R

(
ϕξ

N(τ)
+

(ϕ−G(τ))2

N(τ)2

)]
A3 = −c1

[
M(τ) + 4Rc1c2 + 2R

ϕξξ

N(τ)
− 2R

(ϕ−G(τ))2

N(τ)2

]
A4 = −A3 (3.42)

According to the transformation ψ1 = 1
2 (ϕ1 + ϕ2) and ψ2 = 1

2 (ϕ1 − ϕ2) and c1 = c2 = c, one can

obtain a natural Lax pair of Eq.(3.5) as shown below,

(
ϕ1

ϕ2

)
η

=

 λc λ
ϕ−G(τ)
N(τ)

−λϕ−G(τ)
N(τ) −λc

(ϕ1

ϕ2

)
,

(
ϕ1

ϕ2

)
τ

=

(
A B

C −A

)(
ϕ1

ϕ2

)
, (3.43)

where

A = −4Rc3 − c

[
M(τ) − 2R

(
ϕ−G(τ)

N(τ)

)2
]
,

B = −4Rc2
ϕ−G(τ)

N(τ)
− 2Rc

ϕξ

N(τ)
−M(τ)

ϕ−G(τ)

N(τ)
− R

ϕ2ξ

N(τ)
+ 2R

(
ϕ−G(τ)

N(τ)

)2

,

C = −4Rc2
ϕ−G(τ)

N(τ)
+ 2Rc

ϕξ

N(τ)
−M(τ)

ϕ−G(τ)

N(τ)
− R

ϕ2ξ

N(τ)
+ 2R

(
ϕ−G(τ)

N(τ)

)2

.
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3.4 Soliton, smooth positon, breather and their interaction

solutions

The K-soliton solutions of the nonautonomous KP-mKP equation (3.5), founded on the

framework of Hirota’s bilinear approach from the bilinear equations (3.24), are as follows.

ϕ
K
(ξ,η, τ) = 2iN0e

−Sτ

[
∂

∂ξ
tan−1

(
hK(ξ,η, τ)

gK(ξ,η, τ)

)]
+ e−Sτ

(∫
eSτB(τ)dτ+G0

)
(3.44)

hK =
∑
d=0,1

(−1)
∑

r drexp

(
K∑
r<s

drdsMrs +

K∑
r=1

dr(ψr +Mr)

)
, (3.45a)

gK =
∑
d=0,1

exp

(
K∑
r<s

drdsMrs +

K∑
r=1

dr(ψr +Nr)

)
, (3.45b)

where

ψr = Ar(ξ+ λη) − (M(τ)Ar + RA
3
r)τ+ψ

0
r, r = 1, · · · ,K (3.46)

with

exp(Mr) = mr, exp(Nr) = nr, mr = −nr, (3.47)

eMrs = Brs = −
(mrms + nrns)

2

(Ar −As)
2

(Ar +As)2
. (3.48)

The phase constant is ψ0
r, and r, s take the values 1, 2, · · · ,K, where K denotes the soliton numbers.

Here,
∑
d=0,1 and

∑
r<s express the summation of the conceivable combinations of these values.

d = 0, 1 (r, s = 1, 2, · · · ,K) are real constants that are picked at random.

Now, we conider P = 6,Q = −6,R = 1, T = 1,S = 0,B(t) = 0, λ = 0,N0 = 2, mr = 1,nr = −1,

then the solutions (3.44)–(3.48) become identical as the multisoliton solution of the Gardner-KP or

KP-mKP equation obtained by Wazwaz in Refs. [109]. When P = a, Q = b,R = c,S = m,B(τ) =

H,n = 0, T = 0, λ = 0, and N0 = − i
µ
, the solution shown for the Nonautonomous Extended

Forced Korteweg-de Vries equation with variable coefficients in Refs. [174] is the same as the multi

soliton solutions (3.44)-(3.48). Given the following: P = A, Q = B,R = C,S = L,B(τ) = ∆, T =

0, λ = 0N0 = s0, the above solution set (3.44)-(3.48) in the current literature, become same as the

multisoliton solution for the non-autonomous Gardner equation derived by Raut et al. in the Refs.

[175]. Considering mr = −1,nr = 1, (r = 1, · · · ,K), the K-soliton solution for the model follows as,

ϕ
K
(ξ,η, τ) = 2iN0e

−Sτ

[
∂

∂ξ
tan−1

(
hK(ξ,η, τ)

gK(ξ,η, τ)

)]
+ e−Sτ

(∫
eSτB(τ)dτ+G0

)
(3.49)
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where

hK =
∑
d=0,1

(−1)
∑

r drexp

(
K∑
r<s

drdsMrs +

K∑
r=1

drψr

)
(3.50a)

gK =
∑
d=0,1

exp

(
K∑
r<s

drdsMrs +

K∑
r=1

drψr

)
(3.50b)

with

ψr = Ar(ξ+ λη) − (M(τ)Ar + RA
3
r)τ+ψ

0
r, r = 1, · · · ,K (3.51)

eMrs = Brs = −
(Ar −As)

2

(Ar +As)2
(3.52)

The phase constant is ψ0
r, and r, s take the values 1, 2, · · · ,K, where K denotes the soliton numbers.

Here,
∑
d=0,1 and

∑
r<s express the summation of the conceivable combinations of these values.

d = 0, 1 (r, s = 1, 2, · · · ,K) are real constants that are picked at random.

3.4.1 1-soliton solution

When K = 1, we get

h1 = 1− eψ1 , g1 = 1+ eψ1 (3.53)

ψ1 = A1(ξ+ λη) − (M(τ)A1 + RA
3
1)τ+ψ

0
1

For the set of real constant parameters A1, ψ
0
1, the 1-solitons represent the one-order solution. We

obtain the single soliton solution by substituting the functions from transformation (3.49) with those

from (3.53). The solitary waves’ characteristic face is described as,

ξ+ λη = (M(τ) + RA2
1)τ−

ψ0
1

A1
(3.54)

and the wave velocity can be expressed as, respectively, in the direction of the ξ and η axes,

(Vξ, Vη) =

(
(M(τ) + τM ′(τ) + RA2

1),
1

λ
(M(τ) + τM ′(τ) + RA2

1)

)
. (3.55)

The speed of a single wave, denoted as (Vξ, Vη) expresses both the strength and the direction of each

spatial direction. By regulating the wave’s velocities and orientation, the magnitude and signature

of the velocity play significant roles in governing motion.
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3.4.2 2-soliton solution

The 2-soliton solution for the nonautonomous KP-mKP Eq.(3.5) is given by the Eqs.(3.49)-

(3.50) for K = 2 as,

h2 = 1− eψ1 − eψ2 +B12e
ψ1+ψ2 (3.56)

g2 = 1+ eψ1 + eψ2 +B12e
ψ1+ψ2 (3.57)

where ψj = Aj(ξ + λη) − {M(τ)Aj + RA
3
j }τ + ψ

0
j , j = 1, 2 and B12 = − (A1−A2)

2

(A1+A2)2
. The 2-soliton

solution can be derived by inserting the functions (3.56)-(3.57) into Eq.(3.49) if all the parameters

A1, A2, ψ
0
1 and ψ0

2 are specified as real constants.

(a) (b) (c)

Figure 3.1: (a), (b) and (c) are the 3D graphs of 1-order breather solution (3.63), by considering
a1 = 1.5, b1 = 1.85, G0 = 0, N0 = i, S = 0.0, T = 0.15, λ = 1, B(τ) = 0, Q = 1.5, Ω = 1 in
(ξ, τ)-plane, (η, τ)-plane and (ξ,η)-plane respectively.

(a) (b)
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(d)

Figure 3.2: The 3D graphs of 1-order breather solution (3.63), by considering B(τ) = F cos(Ωτ),
a1 = 1.5, b1 = 1.85, M0 = 0, N0 = i, T = 0.15, λ = 1, Q = 1.5, Ω = 1 in (η, τ)-plane and (a) when
F = 0.3, S = 0, (b) when F = 0.3, S = 0.05; (c) when S = 0 and (d) when S = 0.05.
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(a) (b)
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Figure 3.3: The 3D graphs of 1-order breather sol.(3.63), by considering B(τ) = F sech2(Ωτ),
a1 = 1.5, b1 = 1.85, G0 = 0, N0 = i, T = 0.15, λ = 1, Q = 1.5, Ω = 1 in (η, τ)-plane and (a) when
F = 0.4, S = 0, (b) when F = 0.4, S = 0.05 and (c) Contour plots of the corresponding Figure 3.3(b).

3.4.2.1 1-order breather solution

From the two soliton solution, formulate the 1-order breather solution of Eq.(3.5) the

parameters can be choosen as,

A1 = a1 + ib1, A2 = a1 − ib1, ψ
0
1 = ψ0

11 + iψ
0
12, ψ

0
2 = ψ0

11 − iψ
0
12 (3.58)

The function h2 and g2 in Eq.(3.56) can be presented as

h2 = 1− 2eψ11cos(ψ12) +
b21
a21
e2ψ11 (3.59)

g2 = 1+ 2eψ11cos(ψ12) +
b21
a21
e2ψ11 (3.60)

where

ψ11 = a1(ξ+ λη) − {M(τ)a1 + R(a
3
1 − 3a1b

2
1)}τ+ψ

0
11, (3.61)

ψ12 = b1(ξ+ λη) − {M(τ)b1 + R(3a
2
1b1 − b

3
1)}τ+ψ

0
12, (3.62)

and ψ0
11,ψ

0
12 are real constants. Then, 1-order breather solution is available as

ϕ = 2iN0e
−Sτ

[
∂

∂ξ
tan−1

(
h2

g2

)]
+ e−Sτ

(∫
eSτB(τ)dτ+G0

)
(3.63)

where (3.59) and (3.60) determine h2 and g2, respectively. The breather solution Eq.(3.63) depicts an

oscillating periodically localised wave moving along ξ, and η axes the breather waves’ characteristic

face is expressed as,

ξ+ λη = {M(τ) + R(3a21 − b
2
1)}τ−

ψ0
12

b1
, (3.64)

and the velocity can be represented, respectively, in the directions of ξ and η as,

(Vξ, Vη) =

(
[M(τ) + τM ′(τ) + R(3a21 − b

2
1)],

1

λ
[M(τ) + τM ′(τ) + R(3a21 − b

2
1)]

)
. (3.65)
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(a) (b) (c)

Figure 3.4: The 3D graphs of 2-order smooth positon sol.(3.67), by considering B(τ) = F cos(Ωτ),
A1 = 1.5, G0 = 0, N0 = i, T = 0.15, λ = 1, Q = 1.5, Ω = 1, α = 0.5 in (η, τ)-plane and (a) when
F = 0, S = 0, (b) when F = 0.4, S = 0.0 and (c) when B(τ) = F sech2(Ωτ) and F = 0.4, S = 0.0.

3.4.2.2 2-order smooth positon solution

For identifying a 2-order smooth position from a 2-soliton solution, we now apply the

following proposition.

Proposition 1 Setting some parameters of the relation (3.51) to

A2 = A1 + δ, ψ
0
1 = ln(−

β

δ
) + ζ01, ψ

0
2 = ln

(
β

δ

)
+ ζ01 (3.66)

and taking limit as δ → 0, the 2-order smooth position solution to the non-autonomous KP-mKP

equation (3.5) is yielded as:

ϕ2sp = 2iN0e
−Sτ

[
∂

∂ξ
tan−1

(
h2

g2

)]
+ e−Sτ

(∫
eSτB(τ)dτ+G0

)
(3.67)

where

h2 = 1− βΨ11e
Ψ1 +

β2

4A2
1

e2Ψ1 , g2 = 1+ βΨ11e
Ψ1 +

β2

4A2
1

e2Ψ1 (3.68)

Ψ1 = A1(ξ+ λη) − {M(τ)A1 + RA
3
1}τ+ ζ

0
1

Ψ11 = (ξ+ λη) − {M(τ) + 3RA2
1}τ.

Proof. Utilizing Eq.(3.66), h2 in Eq.(3.56) is presented as

h2 = 1+
β

δ

(
1− e(ξ+λη−τM(τ)−3RA2

1τ)δ−3RA1τδ
2−Rτδ3

)
eΨ1

+
β2

(2A1 + δ)2
e2Ψ1+(ξ+λη−τM(τ)−3RA2

1τ)δ−3RA1τδ
2−Rτδ3 , (3.69)

where Ψ1 = A1(ξ+λη)− {M(τ)A1+RA
3
1}τ+ζ

0
1, which represents the semi-rational expression, when

δ→ 0:

h2 = 1− βΨ11e
Ψ1 +

β2

4A2
1

e2Ψ1 , (3.70)
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where Ψ11 = (ξ+ λη) − {M(τ) + 3RA2
1}τ. In a similar manner, g2 in Eq.(3.57) is transformed to

g2 = 1+ βΨ11e
Ψ1 +

β2

4A2
1

e2Ψ1 . (3.71)

Hence, Eq.(3.67) is simply verified.

Here, it is very important to mention one interesting observation. In, Refs. [176, 177], the authors

only present bright smooth positons for (1+1)-dimesional equation when β > 0; however, for β < 0,

they do not obtain even a dark degenerate solution using the degenerate Darboux transformation. In

the current solution set, one can obtain bright or dark smooth positons for both the (1+1)-dimesional

equation and the (2+ 1)-dimesional equation by appropriately choosing β.

3.4.3 3-soliton solution

When K = 3, from Eqs.(3.49)-(3.52), we get a triple soliton solution as well as different types

of solitary interaction structures. Through analysis and calculations, different interactive structure

is also found. For the 3rd-order solution, there are three different sorts of combinations. Below, we

discuss three typical problems: Subsection 3.4.3.1 presenting 1-order breather and 1-soliton solution,

Subsection 3.4.3.2 exploring 3-order smooth positon solution, and Subsection 3.4.3.3 exhibiting 2-

order smooth positon and 1-soliton solution.

3.4.3.1 Interaction of 1-order breather and 1-soliton solution

The interaction of 1-order breather and 1-soliton solution for the Eq.(3.5) is shown from

3-soliton solution by setting the parameters

A1 = a1 + ib1, A2 = a1 − ib1, ψ
0
1 = ψ0

11 + iψ
0
12, ψ

0
2 = ψ0

11 − iψ
0
12 and A3 = (a constant).(3.72)

Substitute this in the Eq.(3.50), one can obtained the interaction of 1-order breather and 1-soliton

solution for Eq.(3.5) as

ϕ = 2iN0e
−Sτ

[
∂

∂ξ
tan−1

(
h3

g3

)]
+ e−Sτ

(∫
eSτB(τ)dτ+G0

)
(3.73)

where

h3 = 1− 2eψ11cos(ψ12) − e
ψ3 + b2

1

a2
1
e2ψ11 − 2

((a2
1−A2

3+b
2
1)

2−4b2
1A

2
3)

[(a1+A3)2+b2
1]

2 cos(ψ12)e
ψ3+ψ11

+ 8b1A3(a
2
1−A2

3+b
2
1)

[(a1+A3)2+b2
1]

2 sin(ψ12)e
ψ3+ψ11 − b2

1

a2
1

[(a2
1−A2

3+b
2
1)

2+4b2
1A

2
3]

2

[(a1+A3)2+b2
1]

4 e2ψ11+ψ3 (3.74)

g3 = 1+ 2eψ11cos(ψ12) + e
ψ3 + b2

1

a2
1
e2ψ11 − 2

((a2
1−A2

3+b
2
1)

2−4b2
1A

2
3)

[(a1+A3)2+b2
1]

2 cos(ψ12)e
ψ3+ψ11

+ 8b1A3(a
2
1−A2

3+b
2
1)

[(a1+A3)2+b2
1]

2 sin(ψ12)e
ψ3+ψ11 + b2

1

a2
1

[(a2
1−A2

3+b
2
1)

2+4b2
1A

2
3]

2

[(a1+A3)2+b2
1]

4 e2ψ11+ψ3 (3.75)
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with ψ0
11,ψ

0
12 are constants and

ψ11 = a1(ξ+ λη) − {M(τ)a1 + R(a
3
1 − 3a1b

2
1)}τ+ψ

0
11,

ψ12 = b1(ξ+ λη) − {M(τ)b1 + R(3a
2
1b1 − b

3
1)}τ+ψ

0
12,

ψ3 = A3(ξ+ λη) − {M(τ)A3 + RA
3
3}τ+ψ

0
3.

3.4.3.2 3-order smooth positon solution

To obtain a 3-order smooth positon, we can show the following proposition by a similar

argument to Proposition (1).

Proposition 2 On consideration of the parameteric relation (3.51), ψ0
1 = ζ01 + ln( β

δ2
), ψ0

2 = ζ01 +

ln(− 2β
δ2

), ψ0
3 = ζ01 + ln( β

δ2
), A2 = A1 + δ, A3 = A1 + 2δ and on account of the limit δ→ 0, yields a

smooth 3-order position solution:

ϕ = 2iN0e
−Sτ

[
∂

∂ξ
tan−1

(
h3

g3

)]
+ e−Sτ

(∫
eSτB(τ)dτ+G0

)
(3.76)

where

h3 = 1− β(Ψ2
11 + Ψ22)e

Ψ1 −
8β3

(2A1)6
e3Ψ1

−β2

(
1

2A4
1

+
1

A3
1

Ψ11 −
1

2A2
1

Ψ2
11 +

1

2A2
1

Ψ22

)
e2Ψ1 (3.77)

g3 = 1+ β(Ψ2
11 + Ψ22)e

Ψ1 +
8β3

(2A1)6
e3Ψ1

−β2

(
1

2A4
1

+
1

A3
1

Ψ11 −
1

2A2
1

Ψ2
11 +

1

2A2
1

Ψ22

)
e2Ψ1 (3.78)

with

Ψ1 = A1(ξ+ λη) − {M(τ)A1 + RA
3
1}τ+ ζ

0
1, Ψ11 = (ξ+ λη) − {M(τ) + 3RA2

1}τ, Ψ22 = −6RA1τ.

3.4.3.3 Interaction of 2-order smooth positon and 1-soliton solution

Proposition 3 By setting the parameters ψ0
1 = ln(−β

δ
) + ζ01, ψ

0
2 = ln

(
β
δ

)
+ ζ01 and A2 = A1 + δ

and using the limit as δ → 0, we obtain the corresponding interaction solution between a 2-order

smooth positon and a 1-soliton:

ϕ = 2iN0e
−Sτ

[
∂

∂ξ
tan−1

(
h3

g3

)]
+ e−Sτ

(∫
eSτB(τ)dτ+G0

)
(3.79)

where

h3 = 1− βΨ11e
Ψ1 − eψ3 +

β2

4A2
1

e2Ψ1 + βeψ3+Ψ1

[
∂B13

∂A1
+B13Ψ11

]
−
β2

4A2
1

B2
13e

2Ψ1+ψ3 ,(3.80)
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(a) (b) (c)

Figure 3.5: The 3D graphs of 1-order breather and 1-soliton sol.(3.73), by considering B(τ) =
F cos(Ωτ), a1 = 1.5,b1 = 1.85,A3 = 2, G0 = 0, N0 = i, T = 0.15, λ = 1, Q = 1.5, Ω = 1, α = 0.5 in
(η, τ)-plane and (a) when F = 0, S = 0, (b) when F = 0.4, S = 0.0 and (c) when B(τ) = F sech2(Ωτ)
and F = 0.4, S = 0.0.

(a) (b) (c)

Figure 3.6: The 3D graphs of 3-order smooth positon sol.(3.76), by considering B(τ) = F cos(Ωτ),
A1 = 1.5, G0 = 0, N0 = i, T = 0.15, λ = 1, Q = 1.5, Ω = 1, β = 0.5 in (η, τ)-plane and (a) when
F = 0, S = 0, (b) when F = 0.4, S = 0.0 and (c) when B(τ) = F sech2(Ωτ) and F = 0.4, S = 0.0.

g3 = 1+ βΨ11e
Ψ1 + eψ3 +

β2

4A2
1

e2Ψ1 + βeψ3+Ψ1

[
∂B13

∂A1
+B13Ψ11

]
+
β2

4A2
1

B2
13e

2Ψ1+ψ3 ,(3.81)

with

Ψ1 = A1(ξ+ λη) − {M(τ)A1 + RA
3
1}τ+ ζ

0
1, Ψ11 = ξ+ λη− {M(τ) + 3RA2

1}τ,

ψ3 = A3(ξ+ λη) − {M(τ)A3 + RA
3
3}τ+ψ

0
3, B13 = −

(A1 −A3)
2

(A1 +A3)2
. (3.82)

With the exception of the computation step, the argument for Proposition (3) is nearly identical to

that for Proposition (1). Summarizing Proposition (1) and Proposition (2), the following conjecture

is addressed through mathematical induction:
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(a) (b) (c)

Figure 3.7: The 3D graphs of 2-order positon and 1-soliton sol.(3.79), by considering B(τ) =
F cos(Ωτ), A1 = 1.5, A3 = 1.85, G0 = 0, N0 = i, T = 0.15, λ = 1, Q = 1.5, Ω = 1.5, α = 0.5 in
(η, τ)-plane and (a) when F = 0, S = 0, (b) when F = 0.4, S = 0.0 and (c) when B(τ) = F sech2(Ωτ)
and F = 0.4, S = 0.0.

Inference 1 If some of the parameters in Eq.(3.49) are taken as,

A2 = A1 + δ, A3 = A1 + 2δ, A4 = A1 + 3δ, · · · ,AK = A1 + (K− 1)δ,

ψ0
1 = ζ01 + ln

(−1)K+1CK−1
0 β

δK−1
, ψ0

2 = ζ01 + ln
(−1)K+2CK−1

1 β

δK−1
,

ψ0
3 = ζ01 + ln

(−1)K+3CK−1
2 β

δK−1
, · · · ,ψ0

K = ζ01 + ln
(−1)2KCK−1

K−1β

δK−1
, (3.83)

then, a Kth-order smooth positon ϕK−sp can be derived from the K-soliton solution on consideration

of δ→ 0.

Here, our present investigation is unique since multiple-pole solutions or degenerate solutions are

derived in a number of creative approaches, including Propositions (1), (2), and Inference (1). The

method introduced by Inference (1) is more straightforward and practical when compared to classical

techniques like inverse scattering and Darboux transformation [178, 179, 180].

3.4.4 Interaction structures between solitons and breathers with K ⩾ 4

In this section, from the solution (3.49)-(3.50) and for K = 4, using various types of breather-

solitons interacting with solitons, we are able to generate several brand-new interaction structures.

For the 4-soliton solution, there are three different sorts of combinations. Below, we discuss three

typical problems: Subsection 3.4.4.1 presenting 2-order breather solution, Subsection 3.4.4.2 explor-

ing 1-order breather and 2-soliton solution, and finally Subsection 3.4.4.3 exhibiting 2-order breather

positon solution.
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(a) (b) (c)

Figure 3.8: The 3D graphs of 2-order breather sol.(3.85), by considering B(τ) = F cos(Ωτ), a1 =
1.5, b1 = 1.75, a2 = 1.55, b2 = 1.15, G0 = 0, N0 = i, T = 0.15, λ = 1, Q = 1.5, Ω = 1 in (η, τ)-
plane and (a) when F = 0, S = 0, (b) when F = 0.4, S = 0.0 and (c) when B(τ) = F sech2(Ωτ) and
F = 0.4, S = 0.0.

(a) (b) (c)

Figure 3.9: The 3D graphs of 1-order breather and 2-soliton sol.(3.86), by considering B(τ) =
F cos(Ωτ), a1 = 1.5, b1 = 1.75, A3 = 2,A4 = 1.9, G0 = 0, N0 = i, T = 0.15, λ = 1, Q = 1.5, Ω = 1
in (η, τ)-plane and (a) when F = 0, S = 0, (b) when F = 0.4, S = 0.0 and (c) when B(τ) =
F sech2(Ωτ) and F = 0.4, S = 0.0.

3.4.4.1 2-order breather solution

The two breather wave can be directly constructed from the four soliton (when K = 4) so-

lution (3.49) and the fixed restrictive conditions are fulfilled, is similar to (3.58) by taking advantage

of the substitution of

A1 = a1 + ib1, A1 = A∗
2, A3 = a2 + ib2, A3 = A∗

4,

ψ0
1 = ψ0

11 + iψ
0
12,ψ

0
1 = ψ0∗

2 ,ψ0
3 = ψ0

31 + iψ
0
32, ψ

0
3 = ψ0∗

4 , (3.84)

in Eqs.(3.50)-(3.51), we obtained the 2-order breather solution for the Eq.(3.5) as

ϕ = 2iN0e
−Sτ

[
∂

∂ξ
tan−1

(
h4

g4

)]
+ e−Sτ

(∫
eSτB(τ)dτ+G0

)
(3.85)
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3.4.4.2 Interaction of 1-order breather and 2-soliton solution

The interaction of 1-order breather and 2-soliton solution for the nonautonomous KP-mKP

Eq.(3.5) is shown by choosing A1 = a1 + ib1, A2 = a1 − ib1. Now we get 1-order breather and 2-

soliton solution by substituting h4, g4 in the equation given below

ϕ = 2iN0e
−Sτ

[
∂

∂ξ
tan−1

(
h4

g4

)]
+ e−Sτ

(∫
eSτB(τ)dτ+G0

)
(3.86)

where

h4 = 1− 2eψ11cos(ψ12) − e
ψ3 − eψ4 +

b21
a21
e2ψ11 +B34e

ψ3+ψ4 − eψ11+ψ3 [2B131cos(ψ12)

−2B132sin(ψ12)] − e
ψ11+ψ4 [2B141cos(ψ12) − 2B142sin(ψ12)] −

b21
a21

[(B2
131 +B2

132)e
2ψ11+ψ3

+(B2
141 +B2

142)e
2ψ11+ψ4 ] −B34e

ψ11+ψ3+ψ4 [2(B131B141 −B132B142)cos(ψ12) −

2(B131B142 +B132B141)sin(ψ12)] +
b21
a21

B34(B
2
131 +B2

132)(B
2
141 +B2

142)e
2ψ11+ψ3+ψ4 (3.87)

g4 = 1+ 2eψ11cos(ψ12) + e
ψ3 + eψ4 +

b21
a21
e2ψ11 +B34e

ψ3+ψ4 − eψ11+ψ3 [2B131cos(ψ12)

−2B132sin(ψ12)] − e
ψ11+ψ4 [2B141cos(ψ12) − 2B142sin(ψ12)] +

b21
a21

[(B2
131 +B2

132)e
2ψ11+ψ3

+(B2
141 +B2

142)e
2ψ11+ψ4t] +B34e

ψ11+ψ3+ψ4 [2(B131B141 −B132B142)cos(ψ12) − 2(B131B142

+B132B141)sin(ψ12)] +
b21
a21

B34(B
2
131 +B2

132)(B
2
141 +B2

142)e
2ψ11+ψ3+ψ4 (3.88)

where

B34 = −
(A3 −A4)

2

(A3 +A4)2
, B131 =

(a21 −A2
3 + b

2
1)

2 − 4b21A
2
3

[(a1 +A3)2 + b21]
2

, B141 =
(a21 −A2

4 + b
2
1)

2 − 4b21A
2
4

[(a1 +A4)2 + b21]
2

,

B132 =
4b1A3(a

2
1 −A2

3 + b
2
1)

[(a1 +A3)2 + b21]
2

, B142 =
4b1A4(a

2
1 −A2

4 + b
2
1)

[(a1 +A4)2 + b21]
2

,

and

ψ11 = a1(ξ+ λη) − {M(τ)a1 + R(a
3
1 − 3a1b

2
1)}τ+ψ

0
11,

ψ12 = b1(ξ+ λη) − {M(τ)b1 + R(3a
2
1b1 − b

3
1)}τ+ψ

0
12,

ψ3 = A3(ξ+ λη) − {M(τ)A3 + RA
3
3}τ+ψ

0
3,

ψ4 = A4(ξ+ λη) − {M(τ)A4 + RA
3
4}τ+ψ

0
4.

3.4.4.3 2-order breather positon solution

Through degenerate Darboux transformation, Breather positons with a nonzero back-

ground for (1 + 1)-dimensional equations, can be derived from the plane wave solution when the
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spectral parameters λ2j−1 tend to a specific value λ1 [181]. Ref. [182] describes another mechanism

for generating breather positons with a zero background using module resonance conditions. In

fact, there have been some well-developed schemes for constructing breather positons for (1 + 1)-

dimensional equations via degenerate Darboux transformation. A quick and easy way to obtain

breather positons resting on a zero background from Eq.(3.49) is provided in this section. To obtain

a 2-order breather-positon solution from the 4-soliton solution, we use the following proposition:

Proposition 4 On consideration of some certain parameteric relation (3.51) as

K = 4, A2 = A1 + δ, A4 = A3 + δ, ψ
0
1 = ζ01 + ln

(
−
β

δ

)
, ψ0

2 = ζ01 + ln

(
β

δ

)
,

ψ0
3 = ζ03 + ln

(
−
β

δ

)
, ψ0

4 = ζ03 + ln

(
β

δ

)
, A1 = A∗

3, ζ
0
1 = ζ0∗3 (3.89)

and on account of the limit, δ → 0, a 2-order breather-positon solution to the non-autonomous

KP-mKP equation is drawn as follows:

ϕ = 2iN0e
−Sτ

[
∂

∂ξ
tan−1

(
h4

g4

)]
+ e−Sτ

(∫
eSτB(τ)dτ+G0

)
(3.90)

where

h4 = 1− βΨ11e
Ψ1 − βΨ33e

Ψ3 +
β2

4A2
1

e2Ψ1 +
β2

4A2
3

e2Ψ3 +

β2

[
∂

∂A1

∂B13

∂A3
−
∂B13

∂A3
Ψ11 +

∂B13

∂A1
Ψ33 +B13Ψ11Ψ33

]
eΨ1+Ψ3 −

β3B2
13

4A2
1

(
4

(A1 +A3)
− Ψ33

)
e2Ψ1+Ψ3 −

β3B2
13

4A2
3

(
4

(A1 +A3)
− Ψ11

)
eΨ1+2Ψ3 +

β4

16A2
1A

2
3

B4
13e

2Ψ1+2Ψ3 (3.91)

g4 = 1+ βΨ11e
Ψ1 + βΨ33e

Ψ3 +
β2

4A2
1

e2Ψ1 +
β2

4A2
3

e2Ψ3 +

β2

[
∂

∂A1

∂B13

∂A3
−
∂B13

∂A3
Ψ11 +

∂B13

∂A1
Ψ33 +B13Ψ11Ψ33

]
eΨ1+Ψ3 +

β3B2
13

4A2
1

(
4

(A1 +A3)
− Ψ33

)
e2Ψ1+Ψ3 +

β3B2
13

4A2
3

(
4

(A1 +A3)
− Ψ11

)
eΨ1+2Ψ3 +

β4

16A2
1A

2
3

B4
13e

2Ψ1+2Ψ3 (3.92)
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with

Ψ1 = A1(ξ+ λη) − {M(τ)A1 + RA
3
1}τ+ ζ

0
1, Ψ3 = A3(ξ+ λη) − {M(τ)A3 + RA

3
3}τ+ ζ

0
3,

Ψ11 = (ξ+ λη) − {M(τ) + 3RA2
1}τ, Ψ33 = (ξ+ λη) − {M(τ) + 3RA2

3}τ, B13 = −
(A1 −A3)

2

(A1 +A3)2
.

It is pointed out that the proof for Proposition (4) is almost identical to that of Proposition (1),

and is omitted here.

From the above results, we assert through mathematical induction that the following is true:

Inference 2 The K-soliton solution (3.49) can be used to construct the high-order breather solution

by keeping the parameters in complex conjugate relations. If the parameters satisfy the following

constraint criteria, the K-soliton solution (3.49) specifies the m-order breather solution.

K = 2m, Ai = A
∗
i+1, ψ

0
i = ψ

0∗
i+1, i = 1, · · · ,K. (3.93)

Then, the K-soliton solution turns into the m-order breather solution.

Inference 3 Interactive solutions between m-order breather and k-soliton can be obtained by per-

mitting

K = 2m+ k,A2m = A∗
2m−1, ψ

0
2m = ψ0∗

2m−1. (3.94)

In the above declaration, the real constants A2m+j, ψ
0
2m+j, j = 1, 2, · · · ,k are taken arbitrarily, in

the expression of K-soliton solution (3.49).

The following inference provides a quick and easy method to extract breather positons laying on a

zero background from Eq.(3.49), much like Proposition (4).

Inference 4 If the following assignments are made to some of the parameters in Eq.(3.49):

A2 = A1 + δ, A3 = A1 + 2δ, · · · ,Am = A1 + (m− 1)δ, Am+2 = Am+1 + δ, Am+3 = Am+1 + 2δ, · · · ,

A2m = Am+1 + (m− 1)δ, ψ0
1 = ζ01 + ln

(−1)m+1Cm−1
0 β

δm−1
, ψ0

2 = ζ01 + ln
(−1)m+2Cm−1

1 β

δm−1
, · · · ,K = 2m,

ψ0
m = ζ01 + ln

(−1)2mCm−1
m−1β

δm−1
, ψ0

m+1 = ζ0m+1 + ln
(−1)m+1Cm−1

0 β

δm−1
, A1 = A∗

m+1, ζ
0
1 = ζ0∗m+1

ψ0
2m = ζ0m+1 + ln

(−1)2mCm−1
m−1β

δm−1
, ψ0

m+2 = ζ0m+1 + ln
(−1)m+2Cm−1

1 β

δm−1
, · · · , (3.95)

then a mth-order breather positon ϕm−bp will be extracted from the 2m-soliton solution on consid-

eration of δ→ 0.
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3.4.5 Results and Discussion

(i) 1-order breather: If the parameters are properly set, we may obtain the one-breath

solution of the nonautonomous KP-mKP when a1 ̸= 0 and exp(B12) > 1 in Eq.(3.5). Additionally, a

general breather is possible, as seen in Figure 3.1 in the (ξ, τ), (η, τ), and (ξ,η)-plane. The graphical

description, which describes them as happening frequently in a local time-space zone, indicates that

they are naturally single breathers. The graphical representation thus shows that the breather is

both spatially and temporally periodic. When τ = 1 is low enough, the breather wave exhibits the

line structure, as seen in Figure 3.1(c). Although the periodic line waves are parallel and independent

of one another, time τ consistently affects how they behave. We refer to the periodic line wave as

the line breather because the basic line rogue wave can be thought of as a specific instance of the

period line wave. With the same parameters as above in varying damping, and forcing values, the

breathers (Figure 3.2) exhibit a range of behavioral traits without sacrificing generality. A locally

oscillating wave travelling in a straight line at the speed defined by (3.65), is seen in the breather

solution Eq.(3.63). For small values of S, the moderate periodic breather is found in Figure 3.2(a).

However, when the forcing component B(τ) = F cos(βτ) is taken into account, the periodicity of the

system is increased. The shape and size of the breather sufficiently improve. Finally, the periodic

breather tends to be a horseshoe-type breather due to the presence of B(τ) in the velocity part.

When both damping and forcing impacts occur at the same time, the breather wave’s amplitude is

significantly reduced, and the polarity of the breather shifts (see Figure 3.2(b)). The damping term

S has a noticeable effect on the 1-order breather’s amplitude, as shown in Figure 3.2(c). Actually,

damping has a detrimental effect on all dynamic systems, causing their potential energy to decrease.

Therefore, the fading of a breather is depicted in Figure 3.2(c). As can be observed in Figure 3.2(d),

the forcing term’s rising magnitude causes the amplitude of breather waves to increase. This paper

examines the kinky-breather, a special sort of breather (Figure 3.3) in the (η, τ)-plane that occurs

when a forced term has the formula B(τ) = F sech2(ωτ). We can see the interaction between a

breather wave and a kink wave, sometimes known as a kinky-breather wave solution, in Figure 3.3(a)

and Figure 3.3(b). During contact, a breather wave is seen to move along the bend portion of a kink

wave. These 3-dimensional views unmistakably show the existence of periodic lump waves known as

kinky-breather waves. The periodic lump waves are clear from the superposition of the single lump

waves. These graphs show that the speed, amplitude, and width of kinky-breather waves remain

constant throughout their entire propagation. Due to the significant influence of S over B(τ), the

kink wave’s amplitude lowers whenever S increases in value (see Figure 3.3(b), Figure 3.3(c)).

(ii) 2-order smooth positon: A bright 2-order smooth positon composed of two bright parts

will be derived, as shown in Figure 3.4(a) when damped and forced terms are taken to be zero.

In a spatial dimension, a positon attains a singularity in its neighboring zone. After the mutual
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interaction of two positons, they remain unaltered as before their interactions. Figure 3.4(b) depicts

the situation for B(τ) = 0.4 cos(τ), the two order smooth positon wave has one peak and two valleys,

and the two valleys have the same depth, but the peak has been stretched to a periodic shape which

is different from those of autonomous NLEEs. When we take hyperbolic functions for the forced

term, we will obtain kinky-positon waves as shown in Figure 3.4(c).

(iii) 1-order breather and 1-soliton: Three different types of hybrid solutions are depicted in

Figure 3.5 by selecting appropriate parameters. However, if we choose the parameters B(τ) =

F cos(Ωτ), a1 = 1.5,b1 = 1.85,A3 = 2, G0 = 0, N0 = i, T = 0.15, λ = 1, Q = 1.5, Ω = 1, α = 0.5

and F = 0, S = 0, we discover that the breather in the hybrid solution intersects the stripe soliton at

a specific angle, as shown in Figure 3.5(a). The hybrid solution shown in Figure 3.5(b) is made up

an interaction of a horseshoe-type breather and a periodic soliton moving in the opposite direction.

A hybrid solution made up of a kinky-breather and a parabolic soliton is shown in Figure 3.5(c) (for

B(τ) = F sech2(Ωτ) and F = 0.4, S = 0).

(iv) 3-order smooth positon: When A1 = 1.5, G0 = 0, N0 = i, T = 0.15, λ = 1, Q = 1.5, Ω =

1, β = 0.5 and F = 0, S = 0, a bright 3-order smooth positon composed of two bright parts and

one dark part will be derived, as shown in Figure 3.6(a). Figure 3.6(b) depicts the situation for

B(τ) = F cos(Ωτ) and F = 0.4, S = 0.0, the the peak of the 3-order smooth positon wave has

been stretched to a periodic shape that is different from those of the 3-order smooth positon for

the autonomous KP-mKP equation. For B(τ) = F sech2(Ωτ) and F = 0.4, S = 0.0, 3-order smooth

positon converted to 3-order kinky-positon waves as shown in Figure 3.6(c).

(v) 2-order smooth positon and 1-soliton: When A1 = 1.5, A3 = 1.85, G0 = 0, N0 = i, T =

0.15, λ = 1, Q = 1.5, Ω = 1.5, α = 0.5 and F = 0, S = 0, a bright 2-order smooth positon and

one-soliton shown in Figure 3.7(a). Figure 3.7(b) depicts the situation for B(τ) = F cos(Ωτ), and

F = 0.4, S = 0.0, the two order smooth positon wave has one peak and two valleys, have the same

depth, but the peak has been stretched to a parabolic shape together with parabolic soliton which

is different from Figure 3.7(a). When we take B(τ) = F sech2(Ωτ) and F = 0.4, S = 0.0, we will

obtain kinky-positon-soliton waves as shown in Figure 3.7(c).

(vi) 2-order breather: The spreading of 2-order breathers, which is the interaction between two

types of breathers, those periodic in η and those periodic in τ, is depicted in Figure 3.8. The

configurations of the breathers have varied with numerous values of P, Q, R, S, B(τ) at each period.

2-order breather solutions are shown in Figure 3.8(a) for zero values of damped and forced terms. Due

to the breather’s consistency in terms of waveforms, amplitudes, and pulse widths, the interactions

are likewise elastic. When considered a periodic force, the 2-order breather solutions turn out to

be two horseshoe-type breather solutions (Figure 3.8(b)). From Figure 3.8(c) it is clear that when

choosing a hyperbolic forcing, 2-order kinky-breathers change their polarity in interacting breathers.

(vii) 1-order breather and 2-soliton: The interaction of a breather and 2-solitons is shown
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in Figure 3.9(a) with the appropriate paragraphs. Due to the breather’s form, amplitude, and

pulse width invariance, the interactions are also elastic. When B(τ) = F cos(Ωτ), a1 = 1.5, b1 =

1.75, A3 = 2,A4 = 1.9, G0 = 0, N0 = i, T = 0.15, λ = 1, Q = 1.5, Ω = 1, α = 0.5 and F =

0.4, S = 0.0, the interaction of breather and two-soliton solutions turn to be horseshoe-type breather

and snake-like soliton solution (Figure 3.9(b)). From Figure 3.9(c) it is clear that when B(τ) =

F sech2(Ωτ) and F = 0.4, S = 0.0, the interaction of breather and 2-soliton solutions turn to be kinky-

breather and Light refraction-like phenomena appear in the soliton’s propagation. Additionally, we

observe how an external force causes a tight kink structure to emerge in the backdrop. After colliding,

the solitons naturally migrate apart.

3.5 The stability analysis

In this section, the concept of linear stability analysis [183, 184, 185] will be applied to study

the stability analysis for the giving equation Eq.(3.4). The perturbed solution of the nonautonomous

KP-mKP equation given by

ϕ(ξ,η, τ) = N(τ)V(ξ,η, τ) +G(τ) (3.96)

in above the relation: (i) when S ̸= 0 and B(τ) ̸= 0, N(τ) and G(τ) are given by N(τ) =

N0e
−Sτ, G(τ) = e−Sτ

∫
eSτB(τ)dτ; (ii) when S = 0 and B(τ) = 0, N is considered as a constant and

G is steady state solution for the KP-mKP equation. Here we choose the nonautonomous case.

Substituting (3.96) into Eq.(3.4), one can obtain(
N
∂V

∂τ
+ PN2V

∂V

∂ξ
+ PNG

∂V

∂ξ
+QNG2 ∂V

∂ξ
+QN3V2 ∂V

∂ξ
+ 2QN2GV

∂V

∂ξ
+ RN

∂3V

∂ξ3

)
ξ

+TN
∂2V

∂η2
= 0. (3.97)

By linerization Eq.(3.97), we get(
∂V

∂τ
+ PG

∂V

∂ξ
+QG2 ∂V

∂ξ
+ R

∂3V

∂ξ3

)
ξ

+ T
∂2V

∂η2
= 0, (3.98)

assuming the above Eq.(3.98) has a solution in form of

V(ξ,η, τ) = ei(A0ξ+B0η−Wτ). (3.99)

Here A0, and B0 are normalized wave numbers andW is the frequency of perturbation. Now inserting

Eq.(3.99) into Eq.(3.98) and solving for W, yields the result

W(A0,B0) =
(PG+QG2)A2

0 − RA
4
0 + TB

2
0

A0
. (3.100)
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The sign of W(A0,B0) recommeneds that the solution is expected to either decrease or grow over

time. Group velocity dispersion, self-phase modulation, and stimulated Raman scattering all con-

tribute to the steady-state stability of the dispersion relation Eq.(3.100). Furthermore, it is easy

to show that modulation stability happens when A0 ̸= 0. Any superposition of solutions of the

form ei(A0ξ+B0η−Wτ) will come to decay when the sign of W(A0,B0) is negative for all values of

A0. At this point, the steady state is stable. The steady state is unstable if, for some values of

A0, the term W(A0,B0) is positive. This is because some components of a superposition will get

larger with time. The dispersion is referred to as marginally stable if the maximum of W(A0,B0)

is precisely 0. The relations for the propagation in Eq.(3.100) is examined and the corresponding

plots are depicted in Figure 3.10. It is clear from Figure 3.10(a)-Figure 3.10(c) that, for all val-

ues of A0, the variation of W(A0,B0) is positive, negative, and 0. Specifically, when A0 resides in

(−0.65, 0) ∪ (0.65,k0), where k0 is a finite constant, W(A0,B0) is negative for the following values:

Q = 1,P = 6,S = 0.1,R = 0.5, T = 0.15, F = 0.1, τ = 5,B0 = 0.5,Ω = 1.5. From Figure 3.10(a)-

Figure 3.10(c) it also cleared that variation of F, B0 and R significantly effects on the variation of

stable state domain. The velocity dispersion default for all normalised wave numbers A0 and B0 is

real. Therefore, the stable state remains stable in the face of wave number perturbations.
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Figure 3.10: The dispersion relation between frequency W(A0,B0) and wave number A0, by con-
sidering B(τ) = F cos(Ωτ), and (a) for Q = 1, P = 6, S = 0.1, R = 0.5, T = 0.15, τ = 5, B0 =
0.5, Ω = 1.5, (b) for Q = 1, P = 6, S = 0.1, R = 0.5, T = 0.15, F = 0.1, τ = 5, Ω = 1.5 and (c) for
Q = 1, P = 6, S = 0.1, T = 0.15, F = 0.1, τ = 5, B0 = 0.5,Ω = 1.5.

3.6 Study of Phase Plane

It is well established that different biological and physical phenomena are well described by

evolution equations. However, solving evolution equations analytically becomes very hard in many

times and sometimes it becomes impossible. Examining the dynamics of a system that controls the

nonlinear evolution equation, encourages geometric and qualitative techniques. To comprehend the

geometrical characteristics and behavior of solutions, we explore the dynamical system of the KP-
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mKP model in this part. The examination of phase pictures reveals that alterations in the plasma

parameters operating in the system alter the geometric patterns of the solution profiles.

By combining the actual variables ξ, η, and τ, a new variable s is created, such as,

ϕ(ξ,η, τ) = θ1(s), s = l1ξ+ l2η− ατ (3.101)

where l21 + l
2
2 = 1 and α represents the wave’s speed, in Eq.(3.3) we get

−αl1θ
′′
1 + Pl21((θ

′
1)

2 + θ1θ
′′
1 ) +Ql

2
1(θ

2
1θ

′′
1 + 2θ1(θ

′
1)

2) + Rl41θ
′′′′
1 + Tl22θ

′′
1 = 0, (3.102)

which on integration gives

−αl1θ
′
1 + Pl

2
1θ1θ

′
1 +Ql

2
1θ

2
1θ

′
1 + Rl

4
1θ

′′′
1 + Tl22θ

′
1 = 0. (3.103)

Again integrating we get

−αl1θ1 +
1

2
Pl21θ

2
1 +

1

3
Ql21θ

3
1 + Rl

4
1θ

′′
1 + Tl22θ1 = 0. (3.104)

Now Eq.(3.104) is equivalent to the autonomous system

dθ1

ds
= θ2

dθ2

ds
=

1

Rl41

[
[αl1 − T(1− l

2
1)]θ1 − l

2
1

(
P

2
θ21 +

Q

3
θ31

)]
. (3.105)

The first integral to this system is given by

H = Rl41θ
2
2 − (αl1 − T(1− l

2
1))θ

2
1 + l

2
1

(
P

3
θ31 +

Q

6
θ41

)
= h (say). (3.106)

The system (3.105) has three equilibrium point, namely A1 = (xA1
, 0), A2 = (xA2

, 0) and A3 =

(xA3
, 0), when its discriminant

∆0 =
l21
4

[
P2l21 +

16

3
Q(αl1 − T(1− l

2
1))

]
> 0, (3.107)

where

xA1
= 0, xA2,3

=
3

4Ql21

(
−Pl21 ± 2

√
∆0

)
=

3

4Ql1

(
−Pl1 ±

√
P2l21 +

16

3
Q(αl1 − T(1− l21))

)
.

(3.108)

Otherwise it has only one equilibrium point A1 = (0, 0). Now, we draw the coefficient matrix of the

linearized system of (3.105) at the point (θ1, θ2) as M(θ1, θ2). Let, the elements of the matrix are

JA = det(M(θ1, θ2)), T
(1)
A = Tr(M(θ1, θ2)) and T

(2)
A = (Tr(M(θ1, θ2)))

2 and so,

M(θ1, θ2) =

 0 1

1
Rl41

[αl1 − T(1− l
2
1) − Pl

2
1θ1 −Ql

2
1θ

2
1] 0


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Now, we investigate the phase plane (θ1, θ2) for the system (3.105) varying the values of P, Q, R, T , α, l1.

Case 1. When P2l21 +
16
3 Q(αl1 − T(1− l

2
1)) > 0 and R(αl1 − T(1− l

2
1)) < 0. The equilibrium point

A3 becomes saddle because at that point JA < 0, T
(2)
A − 4JA > 0 and the equilibrium points A1 and

A2 become center because for these points JA > 0, T
(1)
A = 0. Thus a couple of homoclinic orbits

are there through A3 encircling the centers A1 and A2 on both sides of the saddle point A3 (see

Figure 3.11(a)).

Case 2. When P2l21 +
16
3 Q(αl1 − T(1 − l21)) > 0, R(αl1 − T(1 − l21)) > 0. The equilibrium point

A3 becomes center because at that point JA > 0, T
(1)
A = 0 and the equilibrium points A1 and A2

becomes saddle because for these points JA < 0, T
(2)
A − 4JA > 0. Thus, a pair of heteroclinic paths

are found joining two saddle points A1 and A2 connecting the center A3 (see Figure 3.11(b)).

Case 3. When P2l21 +
16
3 Q(αl1 − T(1− l

2
1)) < 0 and R(αl1 − T(1− l

2
1)) < 0. The equilibrium point

A1 becomes center because at that point JA > 0, T
(1)
A = 0. Thus we observed a periodic orbit about

A1 (see Figure 3.11(c)).

Case 4. When P2l21 +
16
3 Q(αl1 − T(1− l

2
1)) < 0 and R(αl1 − T(1− l

2
1)) > 0. The equilibrium point

A1 becomes saddle because for these points JA < 0, T
(2)
A − 4JA > 0 (see Figure 3.11(d)).

(a) (b) (c) (d)

Figure 3.11: 2D profiles of phase portraits of the dynamical system (3.105), (a) when P2l21 +
16
3 Q(αl1 − T(1− l

2
1)) > 0 and R(αl1 − T(1− l

2
1)) < 0, (b) when P2l21 +

16
3 Q(αl1 − T(1− l

2
1)) > 0 and

R(αl1 − T(1 − l
2
1)) > 0, (c) when P2l21 +

16
3 Q(αl1 − T(1 − l

2
1)) < 0 and R(αl1 − T(1 − l

2
1)) < 0, (d)

when P2l21 +
16
3 Q(αl1 − T(1− l

2
1)) < 0 and R(αl1 − T(1− l

2
1)) > 0.

3.7 Classification of all travelling wave solutions and Para-

metric Representations of the solutions to the KP-mKP

equation

The existence of shock, solitary, and periodic solutions in the present system is already

confirmed. Now, we show that effective solutions can not be only acquired by analytical technique

but can be attained also by utilizing the qualitative analysis of the system. Now, we will find
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traveling wave solutions of Eq.(3.105) using the integral bifurcation method. We write Eq.(3.106)

as

θ22 =
1

Rl41
(h+ [αl1 − T(1− l

2
1)]θ

2
1 −

Pl21
3
θ31 −

Ql21
6
θ41) (3.109)

Now, integrating along the level curves mentioned as H(θ1, θ2) = h gives

s =

∫
dθ1√

1
Rl41

[
h+ [αl1 − T(1− l21)]θ

2
1 − l

2
1(
P
3 θ

3
1 +

Q
6 θ

4
1)
] . (3.110)

3.7.1 Solitary wave solutions

When P2l21 +
16
3 Q(αl1 − T(1 − l21)) > 0 and R(αl1 − T(1 − l21)) < 0, for the level h = 0,

there exist two homoclinic orbits belonging to left and right side of phase plane joining the origin

which is a saddle point and back again. Each orbit of this family cuts the θ1 axis in three points

(see Figure 3.11(a)). Then we can write Eq.(3.110) as√
1

Rl41
s =

∫
dθ1

θ1

√
[αl1 − T(1− l21)] −

Pl21
3 θ1 −

Ql21
6 θ

2
1

. (3.111)

By integrating we obtain the parametric representation of solitary wave solutions of Eq.(3.105) as

θ1(s) =
6[αl1 − T(1− l

2
1)]√

P2l41 − 6Ql21[αl1 − T(1− l
2
1)]cosh(

√
1
Rl41
s) + Pl21

. (3.112)

Thus we obtain the solitary wave solutions of Eq.(3.3) as

ϕ(ξ,η, τ) =
6[αl1 − T(1− l

2
1)]√

P2l41 − 6Ql21[αl1 − T(1− l
2
1)]cosh[

√
1
Rl41

(l1ξ+ l2η− ατ)] + Pl21

. (3.113)

3.7.2 Shock wave solutions

When P2l21 + 16
3 Q(αl1 − T(1 − l21)) > 0, R(αl1 − T(1 − l21)) > 0, for the level h =

− 3(αl1−T(1−l
2
1))

2

2Ql21
, there exist heteroclinic orbits joining two saddle point. Each orbit of this family

cuts the θ1 axis in two saddle point (see Figure 3.11(b)). Thus we can express the Eq.(3.110) as√
Q

6Rl21
s =

∫
dθ1

([αl1 − T(1− l21)]
3
Ql21

− θ21)
. (3.114)

Integrating we obtain the parametric representation of shock wave solution of Eq.(3.105) as

θ1(s) =

√
3[αl1 − T(1− l21)]

Ql21
tanh

(√
[αl1 − T(1− l21)]

2Rl41
s

)
. (3.115)

Thus we get the shock wave solutions of Eq.(3.3) as

ϕ(ξ,η, τ) =

√
3[αl1 − T(1− l21)]

Ql21
tanh

(√
[αl1 − T(1− l21)]

2Rl41
(l1ξ+ l2η− ατ)

)
. (3.116)
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3.7.3 Periodic wave solutions

When P2l21 +
16
3 Q(αl1 − T(1 − l21)) < 0 and R(αl1 − T(1 − l21)) < 0, for the level h > 0,

there exist a periodic orbit centered at the origin and the orbit cuts the θ1 axis in two points (see

Figure 3.11(c)). So we can express Eq.(3.110) as√
Q

6Rl21
s =

∫
dθ1√

(Θ1 − θ1)(θ1 −Θ2)((θ1 − µ)2 + ν2)
, (3.117)

where Θ2 < θ1 < Θ1. We obtain periodic wave solution of system (3.105) in parametric form as

θ1(s) =
Θ2x1(1+ cn(λ1s,m1)) +Θ1x2(1− cn(λ1s,m1))

x1(1+ cn(λ1s,m1)) + x2(1− cn(λ1s,m1))
, (3.118)

where x21 = (Θ1 − µ)
2 + ν2, x22 = (Θ2 − µ)

2 + ν2, m2
1 = (Θ1−Θ2)

2−(x1−x2)
2

4x1x2
, λ1 =

√
x1x2Q
6Rl21

.

Then we get the periodic wave solution of Eq.(3.3) as

ϕ(ξ,η, τ) =
Θ2x1(1+ cn(λ1(l1ξ+ l2η− ατ),m1)) +Θ1x2(1− cn(λ1(l1ξ+ l2η− ατ),m1))

x1(1+ cn(λ1(l1ξ+ l2η− ατ),m1)) + x2(1− cn(λ1(l1ξ+ l2η− ατ),m1))
.

(3.119)

3.8 Qualitative Study of Damped KP-mKP Equation under

External Periodic Force

In this section, we are trying to investigate the qualitative behavior of the system con-

structed from Eq. (3.4). The system is, therefore, studied using qualitative analysis to explore

its nature and dependence on the damping coefficient and the external force. The system (3.4) is

converted to a nonlinear ordinary differential equation (ODE)

−αl1θ
′′
1 (s) + Pl

2
1

d

ds
(θ1θ

′
1) +Ql

2
1

d

ds

(
θ21θ

′
1

)
+ Rl41θ

′′′′
1 (s) + Sl1θ

′
1 (s) + T

(
1− l21

)
θ′′1 (s) = Rl

2
1f

′′
2 (s)

(3.120)

under the transformation (3.101) and

f2 (s) = F sin (ω s) (3.121)

where ω designates the frequency of the external force. On integration with respect to s and

vanishing the constant of integration we get the ODE

Rl41θ
′′′
1 + l21

(
Pθ1 +Qθ

2
1

)
θ′1 +

[
T
(
1− l21

)
− αl1

]
θ′1 + Sl1θ1 = Rl21f

′
2 (3.122)
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which can be transformed to the non-autonomous system

dθ1

ds
= θ2 (3.123a)

dθ2

ds
= θ3 (3.123b)

dθ3

ds
=

1

Rl41

[
−P1l

2
1

(
Pθ1 +Qθ

2
1

)
θ2 +

[
αl1 − T

(
1− l21

)]
θ2 − Sl1θ1

]
+
f′2
l21

. (3.123c)

The ODE (3.122) with vanishing damping terms S and f2 is nothing but the system (3.103) which

is an integrable system the Hamiltonian of which, with little abuse of notation, is given by

H =
θ22
2

−
1

Rl41

[[
αl1 − T

(
1− l21

)] θ21
2

− P1l
2
1

(
P
θ31
6

+Q
θ41
12

)]
. (3.124)

The Hamiltonian representing the total energy of the system is proportional to the first integral

h given by Eq.(3.106) which is used to identify the parameters generating solitary, shock, and

periodic wave solutions as discussed in section 3.6. On the other hand, the non-autonomous system

(3.123) is not integrable but its detailed qualitative analysis reveals much more rich behavior, viz.

intermittency, and chaos, of the system (3.4). In the following subsection, we elaborately study the

system (3.105) again and subsequently explore the nature of the non-integrable system (3.122) in a

systematic manner.

3.8.1 The KP-mKP System without Damping and External Periodic

Force

The KP-mKP system (3.3) without damping and external periodic force is reduced to the

autonomous system (3.105) which is integrable having Hamiltonian given by Eq.(3.106). We recall

that the system has three equilibrium points Ai = (xAi
, 0), i = 1, 2, 3 when the discriminant ∆0

given by Eq.(3.107) is positive and one equilibrium point A1 = (xA1
, 0) when ∆0 < 0. Further, if

∆0 = 0, then the equilibrium points A2 and A3 coincide. Assuming

P

Q
= r, Q = 1, R = 1, α = 1 so that T = 4−1/3 (3.125)

we plot xAk
given by Eq.(3.108) for k = 1, 2, 3 in Figure 3.12 and find that a bifurcation takes

place against r for different values of l1. When ∆0 increases from negative to positive through the

value ∆0 = 0 we find that the number of fixed points changes from one to three. In Figure 3.12 we

elaborately study the change in position and nature of the equilibrium points A1,2,3 represented by

blue, red, and green colors respectively. In Figure 3.12(a) choosing l1 = 0.35 we observe that two

fixed points (represented by blue and green colors) suddenly vanish at r = rL = −2.98 as r increases.

Again two extra fixed points (blue and green) arise out of the clear blue sky at r = rR = 2.98 as

r increases. Thus, we encounter fold bifurcation at r = rL and r = rR. In the regime rL < r < rR
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(a) (b) (c)

(d) (e) (f)

Figure 3.12: Bifurcation diagrams of xAk
against the parameter r for (a) l1 = 0.35, (b) l1 = 0.483,

(c) l1 = 0.8. Bifurcation diagrams of xAk
against the parameter l1 for (d) r = −2, (e) r = 2. Real

parts of the eigen values of the linearised system corresponding to the system (3.105) at the points
A1,2,3 are plotted in (f) against the parameter l1 for r = 2. In all these figures blue, red and green
lines refer to the equilibrium points A1, A2 and A3 respectively.

we have ∆0 < 0 so that only one equilibrium point is there. However, for r ⩽ rL or r ⩾ rR we

have ∆0 > 0 so that three equilibrium points are generated. The Figure 3.12(b) shows that same

bifurcation arises only at r = 0 where l1 = 0.483. Interestingly, taking l1 = 0.8 we do not get any

such bifurcation as evident from the Figure 3.12(c). In this case ∆0 is always positive. In order to

have a clear idea about the influence of the parameter l1 on the system we study the bifurcation

diagrams of xAk
for k = 1, 2, 3 against l1 for fixed values of r. In Figure 3.12(d) we choose r = −2

and observe that two new fixed points (represented by green and red color) evolve out of nowhere

at l1 = lL = 0.404 resembling fold bifurcation. Such phenomena arise because of the fact that ∆0

changes its sign from negative to positive as l1 increases through l1 = lL. Two fixed points cross

each other at l1 = lR = 0.483. A similar nature is seen for r = 2 in Figure 3.12(e). In order to

study the nature of the fixed points elaborately for the last case where r = 2 we draw the bifurcation

diagram of the real part of the eigenvalues of the corresponding linearized systems at the points

A1,2,3 and present them in Figure 3.12(f). This figure can be decomposed into three segments where

l1 < lL = 0.404, lL ⩽ l1 < lR = 0.483 and l1 ⩾ lR. The blue solid line shows that at the fixed point

A1 the system has purely imaginary eigenvalues for l1 < lR. Thus, A1 remains a center for l1 < lR.

This blue line bifurcates into two lines at l1 = lR in which one is positive and the other is negative
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showing that center A1 converts into a node for l1 > lL. Here, we find that at l1 = lL two new

fixed points A2,3 emerge. Two solid red lines starting from l1 = lR represent positive and negative

real parts of the eigenvalues showing that point A2 is a node for lL ⩽ l1 < lR. These eigenvalues

become purely imaginary for l1 ⩾ lR and so A2 becomes a center. The green circled line shows that

the eigenvalues of A3 are purely imaginary implying a center for l1 ⩾ lL.

The Figure 3.13 show how the phase portrait change for r = 2 as l1 increases. We observe that

the red node A2 approaches towards the blue center A1 as l1 increases for l1 ⩽ lR and is shown in

Figure 3.12(e). The point A2 coincides with the point A1 for l1 = lR as shown in Figure 3.13(c)

through a bicolour pentagram. This bicolor pentagram consisting of red and blue have been used in

order to highlight the fact that the red point A2 coincides with the blue point A1 at l1 = lR = 0.483.

This equilibrium point represents a node and a homoclinic orbit passes through this node surrounding

the center A3. Further, as l1 increases the point A2 crosses A1 and interchanging their nature the

equilibrium point A2 becomes a center and A1 becomes a node. This change of nature of the stability

of A1 and A2 at r = 2, l1 = lR represent a transcritical bifurcation. The values of the Hamiltonian

are shown in Figure 3.13(d) along different phase paths for l1 = 0.8 > lR. The separatrix is given by

H = 0 as shown in this figure. The Figure 3.13(d) shows that this separatrix is a homoclinic orbit

surrounding the centers A2 and A3. The coexistence of various periodic, homoclinic orbits in these

phase diagrams implies the multistability of the system which in turn indicates the dependence of

the solution on the parameters r and l1. Thus, for a single set of parameter values various periodic,

soliton solutions may coexist for different initial conditions. We shall now check how external periodic

perturbation deforms these orbits.

3.8.2 The KP-mKP System under External Periodic Force

The KP-mKP system (3.4) without damping under the influence of the external periodic

force (3.121) can be written using the transformations (3.101) as the non-autonomous system

dθ1

ds
= θ2 (3.126a)

dθ2

ds
=

1

Rl41

[[
αl1 − T

(
1− l21

)]
θ1 − P1l

2
1

(
P
θ21
2

+Q
θ31
3

)]
+
F

l21
sin (ω s) . (3.126b)

We now study the deformation of the phase portrait of this non-integrable system and investigate the

influence of the amplitude F of the external periodic force. Under the light of the study conducted in

the previous subsection we choose the following values of the parameters to start the investigation

about the system (3.126) along with the values of the other parameters given by Eq.(3.125). Under
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(a) (b)

(c) (d)

Figure 3.13: Phase diagram of the system (3.105) for different values of l1 keeping r = 2. The values
of the other parameters are given by Eq.(3.125).

the light of the previous subsection we choose

r = 2, l1 = 0.35 (3.127a)

r = 2, l1 = 0.42 (3.127b)

r = 2, l1 = 0.483 (3.127c)

r = 2, l1 = 0.8 (3.127d)

and elaborate the behaviour of the system (3.126) for each of the above cases. We find that the

system behaves in a very much similar manner for values of the parameters given by Eq.(3.127b)

and Eq.(3.127c) and so we do not explicitly present the detail study for Eq.(3.127c) and confine

ourselves in the cases (3.127a), (3.127b) and (3.127c).

3.8.2.1 Study of Deformation of the Phase Portrait under r = 2, l1 = 0.35

In this case ∆0 < 0 and the corresponding unperturbed system (3.105) has only one equi-

librium point A1 (represented by blue line in Figure 3.12(f) and blue star in Figure 3.13(a)) which

is a center and so all the solutions are periodic. We choose ω = 1 and investigate how the periodic
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3.14: (a) The bifurcation diagram of θ1 against F for the system (3.126) when r = 2, l1 = 0.35.
(b) Corresponding sprectra of LCE for F = 10 and (c) the solution θ1(s) of the system (3.126).
(d) The bifurcation diagram of θ1 against F for the system (3.126) when r = 2, l1 = 0.42. (e)
Corresponding sprectra of LCE for F = 1 and (f) the solution θ1(s) of the system (3.126). (g) The
bifurcation diagram of θ1 against F for the system (3.126) when r = 2, l1 = 0.8. (h) Corresponding
sprectra of LCE for F = 1 and (i) the solution θ1(s) of the system (3.126).

orbit starting from the initial condition

IC1 : θ1 (0) = 0, θ2 (0) = 6 (3.128)

deform as we increase the value of F. The bifurcation diagram of θ1 against F is displayed in

Figure 3.14(a) showing that the periodic orbit becomes quasiperiodic followed by a much irregular

pattern when F increases through 0 ⩽ F ⩽ 10. The onset of intermittency is visible at F = 1.65

which ultimately leads to a chaotic orbit as F increases further. The intermittency can be seen

in this bifurcation diagram for different regimes of F. The bifurcation diagram of θ2, although not

shown here explicitly, has similar irregularity as F increases. In order to confirm the chaotic behavior
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(a) (b) (c) (d)

Figure 3.15: (a) The S, l1 parametric plane showing regions ∆1 > 0 in yellow, ∆1 < 0 in pink and
the curve ∆1 = 0 in blue. (b) Real parts of the eigen values λ1,2,3 are plotted against the damping
coefficient S. (c) The solution orbit Γ1 of the damped system (3.131) under the initial condition IC5

given by Eq.(3.135) for which ∆1 > 0. (d) The solution orbit Γ2 of the damped system (3.131) under
the initial condition IC6 given by Eq.(3.137) for which ∆1 < 0. The values of the parameters r, l1
and S are specified in the respective figures. The remaining parameters are given by Eq.(3.125) in
all these figures.

we draw the spectrum of the Lyapunov characteristic exponent (LCE) for the system (3.126) for

F = 10 in Figure 3.14(b). The largest LCE is clearly positive implying that the solution is chaotic

for F = 10. The corresponding solution of the system (3.126) for F = 10 is shown in Figure 3.14(c).

3.8.2.2 Study of Deformation of the Phase Portrait under r = 2, l1 = 0.42

In this case ∆0 > 0 and we find three equilibrium points of the unperturbed system (3.105)

out of which two points A1 and A3 (represented by blue and green color respectively in Figure 3.12(f)

and 3.13(b)) centers and the third point A2 (represented by red color in Figure 3.12(f) and 3.13(b))

is a node. The low-energy orbits encircle the centers and two homoclinic orbits surrounding these

centers meet at the node. The Hamiltonian at the points on these low energy orbits have negative

or small positive values. The value of the Hamiltonian gradually increases as we move away far

from these centers and ultimately assumes a critical value where the homoclinic orbits are formed.

Further, considering an initial condition

IC2 : θ1 (0) = 1, θ2 (0) = 0 (3.129)

far away from these centers, we obtain periodic orbit, at each point of which the Hamiltonian or

energy function assumes relatively high values, in the phase plane surrounding all the equilibrium

points A1,2,3 and the homoclinic orbit when the external force F is not present. In order to find the

deformation of such high energy periodic orbit in the presence of F we plot the bifurcation diagram of

θ1 for 0 ⩽ F ⩽ 1 in the Figure 3.14(d) where we observe that the intermittency arises near F = 0.289

and this orbit becomes chaotic for larger values of F. In order to confirm the chaotic nature of the

solution with the initial condition IC2 we plot the spectra of the LCE for F = 1 as shown in the
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Figure 3.14(e). The positive maximum LCE implies that the solution orbit is chaotic for F = 1. The

corresponding solution of the system (3.126) for F = 1 is shown in Figure 3.14(f).

The deformation of the low energy periodic orbits as F increases is similar to the previous case

given by Eq.(3.127a) and so its explicit study is omitted in order to avoid the repetitions. Although

the deformation of the orbits is not shown here explicitly when r = 2 and l1 = 0.483 given by

Eq.(3.127c), one may observe similar behavior of the orbits as discussed here. In this context, we

should recall that the equilibrium points A1 and A2 coincide in the absence of external force F as

shown in the Figure 3.13(c) and a cusp is formed at that point where the reversal of the direction

of the orbits can be observed in the phase plane.

3.8.2.3 Study of Deformation of the Phase Portrait under r = 2, l1 = 0.8

In case ∆0 > 0 and we find high energy periodic orbits for unperturbed system (3.105)

surrounding all the three equilibrium points A1,2,3 (see Figure 3.13(d)) and the homoclinic orbit.

As the external force F increases we find that such periodic orbit with initial condition

IC3 : θ1 (0) = 2, θ2 (0) = 0 (3.130)

deforms to a quasiperiodic orbit for 0 ⩽ F ⩽ 0.183 and finally produces a chaotic orbit through

the route of intermittency as F increases further. The bifurcation diagram of θ1 for 0 ⩽ F ⩽ 1 is

shown in Figure 3.14(g). The spectra of LCE for F = 1 are drawn in Figure 3.14(h) in which one

positive LCE is found confirming the chaotic nature of the solution of the perturbed system. The

corresponding solution of the system (3.126) is presented in Figure 3.14(i). In the above discussion,

we have studied the deformation of different low and high-energy periodic orbits of the perturbed

system (3.126) as the amplitude F of the external periodic force increases. It is observed that the low

energy orbits are much more stable and less sensitive to external perturbation and large amplitude,

such as F = 10, of the external periodic disturbance is required to generate chaotic behavior in

such orbits. The high-energy orbits, on the other hand, are less stable and much more sensitive

to external force. Relatively small amplitude, such as F = 1, of the external periodic perturbation

produces chaotic behavior in such orbits. Thus, the inherent energy of the system in an orbit plays

a key role in the deformation of the orbits as the external perturbation increases. We now study the

effect of damping on the system and check if it enables the system to gain some stability against

external disturbances. We first explore the effect of damping without external periodic perturbation

in the following subsection.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 3.16: (a) − (d) : The phase diagram of Γ
(f)
1 for S = 0.001, l1 = 0.8 and for different F. (e) :

The bifurcation diagram of θ1 against F corresponding to Γ
(f)
1 . (f) : The spectrum of LCE of Γ

(f)
1 for

S = 0.001 and F = 10. (g) : The phase diagram of Γ
(f)
1 for S = 0.001 and F = 10. (h) : The solution

θ1 plotted against s corresponding to Γ
(f)
1 .

3.8.3 The Damped KP-mKP System without External Force

The damped KP-mKP system (3.4) without external force can be written under the trans-

formation (3.101) as

dθ1

ds
= θ2 (3.131a)

dθ2

ds
= θ3 (3.131b)

dθ3

ds
=

1

Rl41

[
−l21

(
Pθ1 +Qθ

2
1

)
θ2 +

[
αl1 − T

(
1− l21

)]
θ2 − Sl1θ1

]
(3.131c)

which has only one fixed point at O (0, 0, 0) in the phase space. We linearize the system and find

the characteristic equation of the Jacobian of the linearized system at O as

λ3 −

(
αl1 + l

2
1T − T

)
l41R

λ+
S

l31R
= 0 (3.132)

which is a depressed cubic equation having discriminant

∆1 = −

(
−4

(
αl1 + l

2
1T − T

)3
l121 R

3
+ 27

S2

l61R
2

)
=

4
(
αl1 + l

2
1T − T

)3
− 27S2l61R

l121 R
3

. (3.133)
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 3.17: (a) − (d) : The phase diagram of Γ
(f)
2 for S = 0.0015, l1 = −0.8 and for different F.

(e) : The bifurcation diagram of θ1 against F corresponding to Γ
(f)
2 . (f) : The spectrum of LCE of

Γ
(f)
2 for S = 0.0015 and F = 5. (g) : The phase diagram of Γ

(f)
2 for S = 0.0015 and F = 5. (h) : The

solution θ1 plotted against s corresponding to Γ
(f)
2 .

Therefore, the Eq.(3.132) has three real roots when ∆1 ⩾ 0 and one real along with two complex

conjugate roots when ∆1 < 0. We assume the values of the parameters given by Eq.(3.125) under

which ∆1 becomes the function of the parameters l1 and S. The regions ∆1 > 0 and ∆1 < 0 are

presented in the Figure 3.15(a). It is interesting to observe that the characteristic equation (3.132)

and its discriminant ∆1 do not depend on the parameter r which being the ratio of coefficients P

and Q of KP and mKP terms implies that the eigenvalues of the linearized system remain invariant

for these two coefficients. The boundary of these two regions are given by the blue curve AB having

endpoints A (0, lA) and B (SB, 0.8) in the S, l1 parametric plane where lA = 0.485, SB = 0.325. It

is clear that the cubic equation (3.132) has only one real root for l1 ⩽ lA. It may have three real

roots only when l1 > lA. In order to have a clear idea regarding the nature of the equilibrium point

O we choose l1 = 0.8 and plot the real parts of the eigenvalues of the linearized system against S in

the Figure 3.15(b). In the light of these two figures, it is clear that one eigenvalue λ1 always remains

real and negative. Other two eigenvalues λ2,3 are real-valued and positive for S < SB showing that

the equilibrium point O is a node in this regime. These eigenvalues change to complex numbers

with positive real parts as S increases and becomes S ⩾ SB implying that the solution orbits near

the equilibrium point O will spirally move away from O towards the direction of the eigen vector
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corresponding to λ1. A similar effect is observed if we decrease l1 keeping S fixed. These two cases

are illustrated below considering two sets of values of the parameters l1 and S for which ∆1 > 0 and

∆1 < 0 respectively. Choosing

r = 2, l1 = 0.8, S = 0.001 (3.134)

so that ∆1 = 10.9629 > 0 and consequently all the eigen values of the Jacobian matrix of the

linearized system being real, the phase diagram of the damped system (3.131) under the initial

condition

IC5 : θ1 (0) = −0.1, θ2 (0) = −0.1, θ3 (0) = 0.1 (3.135)

is displayed in the Figure 3.15(c). The orbit Γ1 moves away spirally from the equilibrium point O.

We can compare it with Figure 3.13(d) where similar values of the parameters have been chosen with

the special case when there was no damping term, i.e., S = 0 and two homoclinic orbits were passing

through the equilibrium point. It is clear from the Figure 3.15(c) that these homoclinic orbits have

been deformed to an unstable spiral in the presence of the damping term. The line of action of the

eigenvectors e⃗1,2,3 are shown here in solid purple color. Next, keeping the damping term S small we

choose

r = 2, l1 = −0.8, S = 0.0015 (3.136)

for which ∆1 = −63.0117 < 0 and the initial condition

IC6 : θ1 (0) = −0.05, θ2 (0) = 0.05, θ3 (0) = 0.05 (3.137)

leads to the solution orbit Γ2 of the damped system (3.131) as displayed in the Figure 3.15(d). Here

the linearized system has one real eigen value and two complex conjugate eigen values given by

λ1 = 0.00116869, λ2 = −0.000584347+ 1.58329 i, λ3 = −0.000584347− 1.58329 i (3.138)

and the corresponding eigen vectors are

e⃗4 = (0.000235901,−0.505999, 0) , (3.139a)

e⃗5 = (0.801142, −0.319587+ 0.000235901 i, −0.00018675− 0.505999 i) , (3.139b)

e⃗6 = (0.801142, −0.319587− 0.000235901 i, −0.00018675+ 0.505999 i) . (3.139c)

We chose e⃗7 = Re (e⃗5) and e⃗8 = Im (e⃗5) and draw the line of action of the real vectors e⃗4,7,8 by

red, purple and black colours in this figure and observe that solution orbit Γ2 moves spirally around

the line of action of the vector e⃗4. It is evident that the damping term disturbs the stability of the

KP-mKP system and generate an unstable quasiperiodic solution in the absence of external periodic

force. We shall now study how the external periodic disturbance make its impact and deform the

solution orbits Γ1 and Γ2 in the next section.
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3.8.4 The Damped KP-mKP System with External Periodic Force

The damped KP-mKP system (3.4) with external periodic force (3.121) can be written

under the transformation (3.101) as the non-autonomous system (3.123). In this section, we explore

how the solutions Γ1 and Γ2 of the damped system (3.131) deform due to the external force. These two

deformed orbits under the external periodic disturbance are denoted by Γ
(f)
1 and Γ

(f)
2 respectively.

The phase diagram of the orbit Γ
(f)
1 with F = 2, 4, 6, 8 under the initial condition IC5 are plotted

for 0 ⩽ s ⩽ 400 in the Figure 3.16(a)-3.16(d) each of which look chaotic where different colors

represent different intervals of s. In order to confirm the chaotic nature of the solution we first

draw the bifurcation diagram of θ1 against F for 0 ⩽ F ⩽ 10 as displayed in the Figure 3.16(e) in

which we observe the onset of intermittency character for moderate values of F and the irregularities

become more prominent as F increases. Secondly, we draw the spectrum of Lyapunov characteristic

exponent (LCE) of the orbit Γ
(f)
1 for a longer range 0 ⩽ s ⩽ 5000 with F = 10 as shown in the

Figure 3.16(f) and observe that the largest LCE is positive confirming the chaotic nature of the

solution orbit which is itself displayed in Figure 3.16(g). The solution θ1 is plotted against s in the

Figure 3.16(h) showing intermittency character.

We next study the phase diagram of the orbit Γ
(f)
2 with F = 1, 2, 3, 4 under the initial condition

IC6 and find very much irregular orbit for 0 ⩽ s ⩽ 400 as displayed in the Figure 3.17(a)-3.17(d).

The irregular nature of the solution becomes clear from the bifurcation diagram of the solution θ1

for 0 ⩽ F ⩽ 5 in Figure 3.17(e) where one may observe the inception of intermittency for moderate

values of F and find that the irregularity increases with the increase of F. We present the spectrum

of the LCE in the Figure 3.17(f) for a longer range 0 ⩽ s ⩽ 5000 with F = 5 and find a positive

LCE confirming that the corresponding orbit is chaotic which itself is shown in Figure 3.17(g).

The corresponding solution θ1 is plotted against s in the Figure 3.17(h) displaying intermittency

character. Thus, the external periodic force deforms the quasiperiodic solution, arising as the effect

of damping, to the solution with intermittency. Further, larger values of the amplitude of the external

force produce chaotic solutions through the route of intermittency which indicates the generation of

turbulence.

3.9 Conclusion

The newly built analytic multi-soliton is used to determine the breather and positons shape

solutions for the Eq.(3.3) and Eq.(3.4) while including the qualitative characterization of the system.

The key findings of the evaluations are stated as follows:

i. It is determined that the Painlevé integrability of the non-autonomous KP-mKP equation is

restricted, and a new Painlevé sense integrability criterion that is exactly the same as the
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prerequisite for the creation of the Bilinear equation is also established.

ii. We are able to create two-component Lax systems and a four-filed bilinear Bäcklund transfor-

mation with the aid of these mixing variables.

iii. By applying the correct parameter restrictions and using the long wave limiting process, it

is also possible to design other types of solutions based on the K-soliton solutions, including

m-breather (for K = 2m) solutions, hybrid ones made up of breathers and solitons (for K =

2m+k), K-order smooth positons andmth-order breather positons. To confirm their existence,

all of the solutions identified are also incorporated into the equation.

iv. The refinements and summaries of our approach in deriving solutions are found in Inference (1)

and Inference (4). The advantages of this method over the degenerate Darboux transformation

method are its simplicity and quickness. However, unlike the Darboux transformation method,

this approach is unable to get the general mathematical expression of nth smooth positions. We

have also made numerous attempts: either Inference (4) shows that the result lacks a general

law, or our lack of skill makes it difficult to find the general formula. It is our expectation

that this issue will be resolved and the limit method presented in this study will be developed

shortly into a complete system by specialists in the field.

v. For the current system, various types of complex solution structures have been built in the

appropriate parametric zones, including kinky-breather, double kinky-breather, horseshoe-

shaped breather, periodic positon, kinky-breather-positon, horseshoe-shaped breather-positon,

horseshoe-type breather parabolic, double horseshoe-type breather, etc.

vi. Modulation instability is used to discuss the stability of the obtained solutions. Travelling

wave solutions, which enable the study of the wave dispersion phenomena, are also used to

explain the relationship between the wave’s phase velocity and wave number.

vii. The qualitative analysis of the system shows the existence of multistability and dependence

of the solution on various parameters. The multistability indicates the coexistence of various

categories of solutions such as periodic, soliton, and shock solutions for different sets of initial

conditions.

viii. As far as we know, no research has been done on the three-dimensional phase portrait analysis

of the nonautonomous KP-mKP framework. It is most often observed that the dynamics

of nonhomogenous evolution equations are described only in two dimensions, but choosing a

three-dimensional framework allows the presence of a damping coefficient to have a significant

impact on dynamic movement.
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ix. The damping term alone has the strength to generate different quasiperiodic orbits in the phase

diagram. Various unstable spirals in the phase space indicate the increase in internal energy

manifesting the instability of the solutions. The increase of the magnitude of the external

periodic force further leads to a chaotic solution. The generation of chaos through the path of

intermittency signifies the existence of turbulence.

x. This study reveals that a large amplitude of the external force is required to generate instability

and chaos using the deformation of the low-energy orbits. On the other hand, a relatively

small amplitude of the external force generates intermittency and chaos by the deformation of

high-energy orbits. Thus, the system in low total energy is much more stable under external

disturbance relative to that in the state of high energy.

Our results may provide an improved understanding of the qualitative dynamical behavior of the

non-autonomous KP-mKP system and its non-autonomous soliton, breather, and mixed-type wave

solutions. Besides the generation of chaotic solutions through the route of intermittency may refer to

turbulence [186]. Explosive instability, multistability [187], coexistence [188] of many quasi-periodic,

self-exited, hidden [189] attractors and various other complex behavior are uncovered by many

researchers. Therefore, the study of these systems has manifold practical applications in real-world

problems.
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Chapter 4

The classification of the exact

single travelling wave solutions to

the constant coefficient KP-mKP

equation employing complete

discrimination system for

polynomial method

1

4.1 Introduction

Nonlinear evolution equations are the real treasure of the modern scientific world because

various complex physical phenomena that appeared in the natural system are well described by

NLEEs and so, these evolutions are applied to almost all branches of science such as physics,

chemistry, biology, Astronomy, plasma dynamics, water-wave phenomena, ocean engineering, etc

[1, 2, 3, 4, 5, 7]. Among the various NLEEs the KdV is the basic and most popular equation dis-

1The research article has been published in the journal of Computational and Mathematical Methods (Wiley-
Hindawi)
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covered by Diederik Johannes Korteweg and his pupil Gustav De Vries to describe shallow-water

waves. But the KdV model can be used to study the theory of soliton in one dimension only. To

overcame the restriction for studying wave dynamics in absolutely one-dimensional ZK and KP

model arise. So, to study soliton theory in two dimension system KP equation is a widely used

model[190, 191, 192]. However, as with the KdV model, there are situations in which the nonlinear

coefficient of the KP equation disappears, at which point it will result in a singularity of infinite

amplitude, which is unrealistic. Soliton in finite-amplitude requires strong nonlinearity, which is

achieved by incorporating dual nonlinearities into the KP model. The KP-mKP equation is devel-

oped to provide soliton in finite-amplitude. In this article, we intend to study the KP-mKP equation

in the following form:

∂

∂x

[
∂v

∂τ
+ Pv

∂v

∂x
+Qv2

∂v

∂x
+ R

∂3v

∂x3

]
+ S

∂2v

∂y2
= 0. (4.1)

This equation contains quadratic and cubic nonlinear terms along with a third order dispersive

term. Different types of complex physical phenomena in diverse field, such as strong nonlinear

internal waves on the ocean shelf in two dimension [111], propagation of dust acoustic waves in

plasma environment [118], are well described by the KP-mKP model.

In order to explore all the exact travelling wave solutions for a nonlinear system Liu intro-

duced a new approach which is termed as complete discrimination system for polynomial method

(CDSPM) [193, 194]. It is found that if a NLEE can be turned into an integral form then all possi-

ble exact solutions can be derived by this CDSPM [195]. The purpose of this chapter is to explore

different types of solutions for the KP-mKP equation which is termed as KP-Gardner equation.

Introducing Liu’s approach regarding the complete discrimination system for polynomial and the

trial equation technique, a set of new solutions to the KP-mKP equation containing Jacobi elliptic

function have been derived. It is found that these analytical solutions numerically exhibit different

nonlinear structures such as solitary waves, shock waves, periodic wave profiles, etc. The reliability

and effectiveness are confirmed from the numerical graphs of the solutions. Finally, the existence and

validity of the various topological structures of the solutions are confirmed from the phase portrait

of the dynamical system. Based on this investigation, it is confirmed that the method is not only

suited for obtaining the classification of the solutions, but also for qualitative analysis, which means

that it can also be extended to other fields of application.

4.2 All travelling wave solutions to KP-mKP equation

In this section we investigate all travelling wave solutions of constant co-efficient KP-mKP

equation (4.1). Substituting the transform (1.55) in equation (4.1) we have

−ck1ϕ
′′ + Pk21((ϕ

′)2 + ϕϕ ′′) +Qk21(ϕ
2ϕ ′′ + 2ϕ(ϕ ′)2) + Rk41ϕ

′′′′ + Sk22ϕ
′′ = 0, (4.2)
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integrating and taking integrating constant to be zero we have

−ck1ϕ
′ + Pk21ϕϕ

′ +Qk21ϕ
2ϕ ′ + Rk41ϕ

′′′ + Sk22ϕ
′ = 0, (4.3)

again integrating we have

−ck1ϕ+
1

2
Pk21ϕ

2 +
1

3
Qk21ϕ

3 + Rk41ϕ
′′ + Sk22ϕ =

1

2
c1, (4.4)

where c1 is an integrating constant. Multiplying both sides by 2ϕ ′ and then integrating we have

−ck1ϕ
2 +

1

3
Pk21ϕ

3 +
1

6
Qk21ϕ

4 + Rk41ϕ
′2 + Sk22ϕ

2 = c1ϕ+ c2, (4.5)

where c2 is an integrating constant. The above equation can be written as

(ϕ ′)2 =
1

Rk41

[
−
1

6
Qk21ϕ

4 −
1

3
Pk21ϕ

3 + (ck1 − Sk
2
2)ϕ

2 + c1ϕ+ c2

]
, (4.6)

or

(ϕ ′)2 = α4ϕ
4 + α3ϕ

3 + α2ϕ
2 + α1ϕ+ α0, (4.7)

=⇒
±(ζ− ζ0) =

∫
dϕ√

α4ϕ4 + α3ϕ3 + α2ϕ2 + α1ϕ+ α0

, (4.8)

where α4 = − Q
6Rk2

1
, α3 = − P

3Rk2
1
, α2 = ck1−Sk

2
2

Rk4
1

, α1 = c1
Rk4

1
, α0 = c2

Rk4
1
.

For α4 > 0, let Ψ = (α4)
1
4 (ϕ+ α3

4α4
) and ζ1 = (α4)

1
4 ζ, then (4.7) changes to

Ψ2
ζ1

= Ψ4 + pΨ2 + qΨ+ r, (4.9)

and (4.8) becomes

±(ζ1 − ζ0) =

∫
dΨ√

Ψ4 + pΨ2 + qΨ+ r
, (4.10)

where p = − 3α2
3

8α4
√
α4

+ α2√
α4

, q = α4
3

8α2
4

4
√
α4

− α3α2

2α4
4
√
α4

+ α1
4
√
α4

, r = α0 −
3α4

3

256α3
4
+ α2

3α2

16α2
4
− 3α3α1

4α4
.

For α4 < 0, let Ψ = (−α4)
1
4 (ϕ+ α3

4α4
) and ζ1 = (−α4)

1
4 ζ, then (4.7) changes to

Ψ2
ζ1

= −(Ψ4 + pΨ2 + qΨ+ r), (4.11)

and (4.8) becomes

±(ζ1 − ζ0) =

∫
dΨ√

−(Ψ4 + pΨ2 + qΨ+ r)
, (4.12)

where p = 3α2
3

8α4
√
−α4

− α2√
−α4

, q = − α4
3

8α2
4

4
√
−α4

+ α3α2

2α4
4
√
−α4

− α1
4
√
−α4

, r = −α0+
3α4

3

256α3
4
− α2

3α2

16α2
4
+ 3α3α1

4α4
.

Let H(Ψ) = Ψ4 + pΨ2 + qΨ+ r, then its complete discrimination system can be expressed as [196]

D1 = 4, D2 = −p, D3 = −2p3 + 8pr− 9q2,E2 = 9p2 − 32pr,

D4 = −p3q2 + 4p4r+ 36pq2r− 32p2r2 −
27

4
q4 + 64r3. (4.13)
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Table 4.1: Stable and unstable region

Stable region Relative unstable region Absolute unstable region
Di < 0 ∪Di > 0 ∪ E2 > 0 Di = 0 ∪ E2 = 0\(0, 0, 0) (0, 0, 0)
i = 1, 2, 3, 4 i = 1, 2, 3, 4 i = 1, 2, 3, 4

Again, to make the study effective and reliable, it is very necessary to find the stable and unstable

region of the solution for different values of discriminant quantities of the polynomial H(Ψ) . The

stable and unstable parametric zones of the system are given in Table 1 [197]. According to the

complete discrimination system for the polynomial of order four has total nine cases and to obtain

solution of (4.10) and (4.8), we discussed all the cases separately as follows:

case1. When D4 = 0, D3 = 0, D2 = 0, H(Ψ) has only one root zero of multiplicity four. Then

H(Ψ) becomes

H(Ψ) = Ψ4, (4.14)

for α4 > 0, from (4.10) we have

ζ1 − ζ0 =

∫
dΨ

Ψ2
= −Ψ−1, (4.15)

where ζ0 is an integral constant. So, the solutions of equation (4.7) is of the form

ϕ(ζ) = ∓α−1/4
4 (α

1/4
4 ζ− ζ0)

−1 −
α3

4α4
, (4.16)

which is a rational function solution. For example, when P = 3, Q = 6, R = −1, S = 11
8 , c1 = 0, c2 =

0, k1 = 1, k2 = 1, c = 1, ζ0 = 0, then we get rational function solution of (4.1) as (see Figure 4.1.(a)),

v(x,y, τ) = −(x+ y− τ)−1 −
1

4
. (4.17)

case2. When D4 = 0, D3 = 0, D2 > 0 and E2 = 0, H(Ψ) has two real roots of multiplicities three

and one. Then H(Ψ) can be written in the following form as

H(Ψ) = (Ψ− r1)
3(Ψ− r2), (4.18)

therefore when α4 > 0 from (4.10) we have

±ζ1 − ζ0 =

∫
dΨ

(Ψ− r1)
√

(Ψ− r1)(Ψ− r2)
=

2

r2 − r1

√
Ψ− r2
Ψ− r1

, (4.19)

when Ψ > r1, Ψ > r2 or Ψ < r1, Ψ < r2, the solution of (4.10) is of the form

Ψ =
4(r1 − r2)

(r2 − r1)2(ζ1 − ζ0)2 − 4
+ r1, (4.20)

ϕ(ζ) = ±α− 1
4

4 [
4(r1 − r2)

(r2 − r1)2(α
1
4
4 ζ− ζ0)

2 − 4
+ r1] −

α3

4α4
. (4.21)
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When P = 12, Q = 6, R = −1, S = 1, c1 = 24, c2 = 72, k1 = 1, k2 = 1, c = 1, ζ0 = 0, then r1 = 1

and r2 = −3, we get rational function solution of (4.1) as

v(x,y, τ) =
4

4(x+ y− τ)2 − 1
. (4.22)

When α4 < 0 from (4.12) we have

±ζ1 − ζ0 =

∫
dΨ

(Ψ− r1)
√

(Ψ− r1)(Ψ− r2)
=

2

r1 − r2

√
r2 − Ψ

Ψ− r1
. (4.23)

When Ψ > r1, Ψ < r2 or Ψ < r1, Ψ > r2, the solution of (4.12) is of the form

Ψ =
4(r1 − r2)

−(r2 − r1)2(ζ1 − ζ0)2 − 4
+ r1, (4.24)

ϕ(ζ) = ±(−α4)
− 1

4 [
4(r1 − r2)

−(r2 − r1)2((−α4)
1
4 ζ− ζ0)2 − 4

+ r1] −
α3

4α4
. (4.25)

case3. WhenD4 = 0, D3 = 0, D2 < 0, H(Ψ) has a pair of complex conjugate roots of multiplicities

two. Then H(Ψ) can be expressed as in the following form as

H(Ψ) = ((Ψ− γ)2 + δ2)2, (4.26)

where δ > 0, if α4 > 0 then from (4.10) we obtain

ζ1 − ζ0 =

∫
dΨ

(Ψ− γ)2 + δ2
=

1

δ
arctan

Ψ− γ

δ
, (4.27)

then we get

Ψ = δtan(δ(ζ1 − ζ0)) + γ. (4.28)

We obtain solution as

ϕ(ζ) = ±α− 1
4

4 δtan(δ(α
1
4
4 ζ− ζ0)) + γ−

α3

4α4
. (4.29)

When P = 12, Q = 6, R = −1, S = 5, c1 = 4, c2 = 7, k1 = 1, k2 = 1, c = 1, ζ0 = 0, then γ = 0 and

δ = 2, we get solution of original equation (4.1) as (see Figure 4.1.(b)),

v(x,y, τ) = 2tan(2(x+ y− τ)) − 1. (4.30)

case4. When D4 > 0, D3 > 0, and D2 > 0, then H(Ψ) has four distinct real roots. In this case we

write

H(Ψ) = (Ψ− r1)(Ψ− r2)(Ψ− r3)(Ψ− r4), (4.31)

where r1, r2, r3, and r4 are all real numbers and let r1 > r2 > r3 > r4. When a4 > 0, if Ψ > r1 or

Ψ < r4, then we take the following transformation

Ψ =
r2(r1 − r4)sin

2θ− r1(r2 − r4)

(r1 − r4)sin2θ− (r2 − r4)
, (4.32)
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if r3 < Ψ < r2, then we take the following transformation

Ψ =
r4(r2 − r3)sin

2θ− r3(r2 − r4)

(r2 − r3)sin2θ− (r2 − r4)
. (4.33)

Combining (4.32) or (4.33) with (4.10) we get

ζ1 − ζ0 =

∫
dΨ√

(Ψ− r1)(Ψ− r2)(Ψ− r3)(Ψ− r4)
=

2

(r1 − r3)(r2 − r4)

∫
dθ√

1−m2sin2θ
, (4.34)

where m2 = (r1−r4)(r2−r3)
(r1−r3)(r2−r4)

, also from the definition of jacobi elliptic sine function we get

sinθ = sn

(√
(r1 − r3)(r2 − r4)

2
(ζ1 − ζ0),m

)
. (4.35)

Combining (4.35) with (4.32) we obtain solution of (4.10) as

Ψ =

r2(r1 − r4)sn
2

(√
(r1−r3)(r2−r4)

2 (ζ1 − ζ0),m

)
− r1(r2 − r4)

(r1 − r4)sn2

(√
(r1−r3)(r2−r4)

2 (ζ1 − ζ0),m

)
− (r2 − r4)

, (4.36)

and we can get elliptic function double solutions of equation (4.7) as

ϕ(ζ) =

α
− 1

4
4 [r2(r1 − r4)sn

2

(√
(r1−r3)(r2−r4)

2 (α
1
4
4 ζ− ζ0),m

)
− r1(r2 − r4)]

(r1 − r4)sn2

(√
(r1−r3)(r2−r4)

2 (α
1
4
4 ζ− ζ0),m

)
− (r2 − r4)

−
α3

4α4
. (4.37)

Combining (4.35) with (4.34) we obtain solution of (4.10) as

Ψ =

r4(r2 − r3)sn
2

(√
(r1−r3)(r2−r4)

2 (ζ1 − ζ0),m

)
− r3(r2 − r4)

(r2 − r3)sn2

(√
(r1−r3)(r2−r4)

2 (ζ1 − ζ0),m

)
− (r2 − r4)

, (4.38)

and solutions of (4.7) as

ϕ(ζ) =

α
− 1

4
4 [r4(r2 − r3)sn

2

(√
(r1−r3)(r2−r4)

2 (α
1
4
4 ζ− ζ0),m

)
− r3(r2 − r4)]

(r2 − r3)sn2

(√
(r1−r3)(r2−r4)

2 (α
1
4
4 ζ− ζ0),m

)
− (r2 − r4)

−
α3

4α4
. (4.39)

The expressions (4.37) and (4.39) are elliptic functions double periodic solutions. For instance,

when P = 0, Q = 6, R = −1, S = 4, c1 = 0, c2 = −4, k1 = 1, k2 = 1, c = 1, ζ0 = 0, then

r1 = 2, r2 = 1, r3 = −1, r4 = −2. So if Ψ > r1 or Ψ < r4 we get the elliptic function solution of

(4.1) as (see Figure 4.1.(c)),

v(x,y, τ) =
4sn2

(
3
2 (x+ y− τ), 8

9

)
− 6

4sn2
(
3
2 (x+ y− τ), 8

9

)
− 3

. (4.40)
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For α4 < 0, if r1 > Ψ > r2, then we consider the following transformation

Ψ =
r3(r1 − r2)sin

2θ− r2(r1 − r3)

(r1 − r2)sin2θ− (r1 − r3)
, (4.41)

and if r4 < Ψ < r3, then we consider the following transformation

Ψ =
r1(r3 − r4)sin

2θ− r4(r3 − r1)

(r3 − r4)sin2θ− (r3 − r1)
. (4.42)

Similarly from (4.12) we have

Ψ =

r3(r1 − r2)sn
2

(√
(r1−r3)(r2−r4)

2 (ζ1 − ζ0),m

)
− r2(r1 − r3)

(r1 − r2)sn2

(√
(r1−r3)(r2−r4)

2 (ζ1 − ζ0),m

)
− (r1 − r3)

, (4.43)

ϕ(ζ) =

(−α4)
− 1

4 [r3(r1 − r2)sn
2

(√
(r1−r3)(r2−r4)

2 ((−α4)
1
4 ζ− ζ0),m

)
− r2(r1 − r3)]

(r1 − r2)sn2

(√
(r1−r3)(r2−r4)

2 ((−α4)
1
4 ζ− ζ0),m

)
− (r1 − r3)

−
α3

4α4
, (4.44)

Ψ =

r1(r3 − r4)sn
2

(√
(r1−r3)(r2−r4)

2 (ζ1 − ζ0),m

)
− r4(r3 − r1)

(r3 − r4)sn2

(√
(r1−r3)(r2−r4)

2 (ζ1 − ζ0),m

)
− (r3 − r1)

, (4.45)

ϕ(ζ) =

(−α4)
− 1

4 [r1(r3 − r4)sn
2

(√
(r1−r3)(r2−r4)

2 ((−α4)
1
4 ζ− ζ0),m

)
− r4(r3 − r1)]

(r3 − r4)sn2

(√
(r1−r3)(r2−r4)

2 ((−α4)
1
4 ζ− ζ0),m

)
− (r3 − r1)

−
α3

4α4
, (4.46)

where m2 = (r1−r2)(r3−r4)
(r1−r3)(r2−r4)

.

case5. When D4 < 0 and D2D3 ⩾ 0, H(Ψ) has a pair of complex conjugate roots and two distinct

real roots. Then H(Ψ) can be presented as

H(Ψ) = (Ψ− r1)(Ψ− r2)[(Ψ− γ)2 + δ2], (4.47)

where r1, r2, γ and δ are numbers also r1 > r2 and δ > 0. we consider the following transformation

Ψ =
e1cosθ+ e2
e3cosθ+ e4

, (4.48)
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where

e1 =
1

2
(r1 + r2)e3 −

1

2
(r1 − r2)e4,

e2 =
1

2
(r1 + r2)e4 −

1

2
(r1 − r2)e3,

e3 = r1 − γ−
δ

f
, (4.49)

e4 = r1 − γ− δf,

f = g±
√
g2 + 1,

g =
δ2 + (r1 − γ)(r2 − γ)

δ(r1 − r2)
.

Using (4.10) and the transformation (4.48) we get

ζ1 − ζ0 =

∫
dΨ√

±(Ψ− r1)(Ψ− r2)[(Ψ− γ)2 + δ2]
=

2fm√
∓2fδ(r1 − r2)

∫
dθ√

1−m2sin2θ
, (4.50)

where m2 = 1
1+f2 . Using (4.50) and jacobi elliptic cosine function we obtain

cosθ = cn

(√
∓2fδ(r1 − r2)

2fm
(ζ1 − ζ0),m

)
. (4.51)

Now combining (4.50) and (4.50) we gain solution of (4.10) as

Ψ =

e1cn

(√
∓2fδ(r1−r2)

2fm (ζ1 − ζ0),m

)
+ e2

e3cn

(√
∓2fδ(r1−r2)

2fm (ζ1 − ζ0),m

)
+ e4

. (4.52)

Therefore the solution of (4.7) is

ϕ(ζ) =

α
− 1

4
4 [e1cn

(√
∓2fδ(r1−r2)

2fm (α
1
4
4 ζ− ζ0),m

)
+ e2]

e3cn

(√
∓2fδ(r1−r2)

2fm (a
1
4
4 ζ− ζ0),m

)
+ e4

−
α3

4α4
, (4.53)

which is an jacobi elliptic function double periodic solution. Particularly, When P = −24, Q =

−12, R = 2, S = −5, c1 = 52, c2 = 148, k1 = 1, k2 = 1, c = 1, ζ0 = 0, then r1 = 2, r2 = −2, γ =

0, δ = 1, f = 1
2 , e1 = −3, e2 = 0, e3 = 0, e4 = 3

2 , and m = 4
5 , then we obtain jacobi elliptic function

solution of (4.1) as (see Figure 4.1.(d)),

v(x,y, τ) = −2cn

(
5

2
(x+ y− τ),

4

5

)
− 1. (4.54)

case6. When D4 > 0 and D2D3 ⩽ 0, then H(Ψ) has two pairs of complex conjugate roots and this

case we write H(Ψ) as

H(Ψ) = [(Ψ− γ1)
2 + δ21][(Ψ− γ2)

2 + δ22], (4.55)
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where γ1, γ2, δ1 and δ2 are real numbers and δ1 ⩾ δ2 > 0. For a4 > 0, we take the following

transformation

Ψ =
e1tanθ+ e2
e3tanθ+ e4

, (4.56)

where

e1 = γ1e3 + δ1e4,

e2 = γ1e4 − δ1e3,

e3 = −δ1 −
δ2

f
, (4.57)

e4 = γ1 − γ2,

f = g+
√
g2 − 1

g =
(γ1 − γ2)

2 + δ21 + δ
2
2

2δ1δ2
.

Then from (4.10) we get

ζ1 − ζ0 =

∫
dΨ√

((Ψ− γ1)2 + δ21)((Ψ− γ2)2 + δ22)
=

e23 + e
2
4

δ2
√

(e23 + e
2
4)(f

2e23 + e
2
4)

∫
dθ√

1−m2sin2θ
,

(4.58)

where m = f2−1
f2

. By using (4.58) and the definition of jacobi elliptic functions [198], we get

sinθ = sn

(
δ2
√
(e23 + e

2
4)(f

2e23 + e
2
4)

e23 + e
2
4

(ζ1 − ζ0),m

)
, (4.59)

cosθ = cn

(
δ2
√
(e23 + e

2
4)(f

2e23 + e
2
4)

e23 + e
2
4

(ζ1 − ζ0),m

)
. (4.60)

Combining (4.59) and (4.60) with (4.56) we have elliptic function double periodic solution as

Ψ =
e1sn(ξ(ζ1 − ζ0),m) + e2cn(ξ(ζ1 − ζ0),m)

e3sn(ξ(ζ1 − ζ0),m) + e4cn(ξ(ζ1 − ζ0),m)
, (4.61)

and

ϕ(ζ) =
α
− 1

4
4 [e1sn(ξ(a

1
4
4 ζ− ζ0),m) + e2cn(ξ(α

1
4
4 ζ− ζ0),m)]

e3sn(ξ(a
1
4
4 ζ− ζ0),m) + e4cn(ξα

1
4
4 ζ− ζ0),m)

−
α3

4α4
, (4.62)

where

ξ =
δ2
√
(e23 + e

2
4)(f

2e23 + e
2
4)

e23 + e
2
4

. (4.63)

For example, when P = −12, Q = −6, R = 1, S = −10, c1 = −10, c2 = −34, k1 = 1, k2 = 1, c =

1, ζ0 = 0, then γ1 = 0, δ1 = 2, γ2 = 0, δ2 = 1, f = 2, e1 = 0, e2 = 5, e3 = − 5
4 , e4 = 0, and ζ = 2,

then we obtain jacobi elliptic function solution of (4.1) as

v(x,y, τ) = −
2cn(2(x+ y− τ), 3

4 )

sn(2(x+ y− τ), 3
4 )

−
1

4
. (4.64)
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case7. When D4 = 0, D3 > 0 and D2 > 0, H(Ψ) has a real root of multiplicities two and two single

real roots. Then H(Ψ) is of the following form

H(Ψ) = (Ψ− r1)
2(Ψ− r2)(Ψ− r3), (4.65)

where r1, r2 and r3 are real numbers and r2 > r3, r1 = − r2+r32 . When Ψ > r2, r2 > r1 > r3, we

obtain the solution of (4.10) and (4.7) respectively as

Ψ =
2(r1 − r2)(r1 − r3)

±(r2 − r3)sin[
√

−(r1 − r2)(r1 − r3)(ζ1 − ζ0)] − (2r1 − r2 − r3)
, (4.66)

ϕ(ζ) =
2α

− 1
4

4 (r1 − r2)(r1 − r3)

±(r2 − r3)sin[
√
−(r1 − r2)(r1 − r3)(α

1
4
4 ζ− ζ0)] − (2r1 − r2 − r3)

−
α3

4α4
. (4.67)

When r1 > r2 or r1 < r3, we obtain the solution of (4.10) and (4.7) respectively as

Ψ =
2(r1 − r2)(r1 − r3)

(r2 − r3)cosh[
√
(r1 − r2)(r1 − r3)(ζ1 − ζ0)] − (2r1 − r2 − r3)

, (4.68)

ϕ(ζ) =
2α

− 1
4

4 (r1 − r2)(r1 − r3)

(r2 − r3)cosh[
√
(r1 − r2)(r1 − r3)(α

1
4
4 ζ− ζ0)] − (2r1 − r2 − r3)

−
α3

4α4
. (4.69)

The expression (4.67) and (4.69) are solitary wave solutions. For instance, when P = 12, Q = 6, R =

−1, S = −12, c1 = 64, c2 = 104, k1 = 1, k2 = 1, c = 1, ζ0 = 0, then r1 = −3, r2 = 4, r3 = 2,we can

get solitary solution of (4.1) as (see Figure 4.1.(e)),

u(x,y, τ) =
35

cosh[
√
35(x+ y− τ)] + 6

− 1. (4.70)

case8. When D4 = 0, D3D2 < 0, H(Ψ) has a pair of complex conjugate roots and a real root of

multiplicity two. Then we can write H(Ψ) as

H(Ψ) = (Ψ− r1)
2[(Ψ− γ)2 + δ2], (4.71)

where r1, γ and δ all are real numbers and δ ̸= 0. Then from (4.10) we have

±ζ1 − ζ0 =

∫
dΨ

(Ψ− r1)
√
(Ψ− γ)2 + δ2

=
1√

(r1 − γ)2 + δ2
ln |

ξ1Ψ+ ξ2 −
√
(Ψ− γ)2 + δ2

Ψ− r1
|, (4.72)

where

ξ1 =
r1 − 2γ√

(r1 − γ)2 + δ2

ξ2 =
√
(r1 − γ)2 + δ2 −

r1(r1 − 2γ)√
(r1 − γ)2 + δ2

. (4.73)
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Then the solution of (4.10)

Ψ =
(e±

√
(r1−γ)2+δ2(ζ1−ζ0) − ξ1) +

√
(r1 − γ)2 + δ2(2− ξ1)

(e±
√

(r1−γ)2+δ2(ζ1−ζ0) − ξ1)2 − 1
, (4.74)

hence

ϕ(ζ) =
α
− 1

4
4 [(e±

√
(r1−γ)2+δ2(α

1
4
4 ζ−ζ0) − ξ1) +

√
(r1 − γ)2 + δ2(2− ξ1)]

(e±
√

(r1−γ)2+δ2(α
1
4
4 ζ−ζ0) − ξ1)2 − 1

−
α3

4α4
. (4.75)

For instance, when P = 12, Q = 6, R = −1, S = 9, c1 = 24, c2 = 72, k1 = 1, k2 = 1, c = 1, ζ0 = 0,

then r1 = 1, γ = −1, δ = 2 , we can obtain solution of (4.1) as

v(x,y, τ) =
(e±2

√
2(x+y−τ) − 3

2
√
2
) + 2

√
2(2− 3

2
√
2
)

(e±2
√
2(x+y−τ) − 3

2
√
2
)2 − 1

− 1. (4.76)

case9. When D4 = 0, D3 = 0, D2 > 0 and E2 > 0, H(Ψ) has two real roots of multiplicity two.

Then we can express H(Ψ) as follows

H(Ψ) = (Ψ− r1)
2(Ψ− r2)

2, (4.77)

where r1 and r2 are real numbers and r1 > r2. Therefore from (4.10) we have

±ζ1 − ζ0 =

∫
dΨ

(Ψ− r1)(Ψ− r2)

=
1

r1 − r2
ln |

Ψ− r1
Ψ− r2

| . (4.78)

When Ψ > r1 or Ψ < r2, the solution of (4.10)

Ψ =
r2 − r1

e(r1−r2)(ζ1−ζ0)−1
+ r2

=
r2 − r1

2
[coth

(r1 − r2)(ζ1 − ζ0)

2
− 1] + r2, (4.79)

and solution of (4.7) is given by

ϕ(ζ) = α
− 1

4
4

[
r2 − r1

2
[coth

(r1 − r2)(α
1
4
4 ζ− ζ0)

2
− 1] + r2

]
−
α3

4α4
. (4.80)

When r1 > Ψ > r2, the solution of (4.10)

Ψ =
r2 − r1

−e(r1−r2)(ζ1−ζ0)−1
+ r2

=
r2 − r1

2
[tanh

(r1 − r2)(ζ1 − ζ0)

2
− 1] + r2, (4.81)

and of (4.7)

ϕ(ζ) = α
− 1

4
4

[
r2 − r1

2
[tanh

(r1 − r2)(α
1
4
4 ζ− ζ0)

2
− 1] + r2

]
−
α3

4α4
. (4.82)
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So for this case, we have obtain hyperbolic solution (4.82) and (4.80) of (4.7). For instance, when

P = 12, Q = 6, R = −1, S = 13
2 , c1 = 21, c2 = 1047

16 , k1 = 1, k2 = 1, c = 1, ζ0 = 0, then

r1 = 1
2 , r2 = −1

2 and −1 < Ψ < 1, we get shock wave solution of Eq.(4.1) as (see Figure 4.1.(f)),

v(x,y, τ) = −
1

2
tanh[

1

2
(x+ y− τ)] − 1. (4.83)

4.3 Dynamic Properties

Now, we observe the dynamical properties of KP-mKP Eq.(4.1) through the CDSPM.

Analyzing the phase portraits of the dynamic system[199, 200], it is observed that the topological

structures of the solution profiles are changed due to the variations of the parameters involved in

the system. Thus, the CDSPM is not only effective for acquiring various types of solutions but

could also be utilized to conduct the qualitative analysis of the solutions. Applying the theory of

dynamical system [199, 200], Eq.(4.4) is stated equivalently to the following system

dϕ

dζ
= z

dz

dζ
=

1

Rk41
[
1

2
c1 + (ck1 − Sk

2
2)ϕ−

1

2
Pk21ϕ

2 −
1

3
Qk21ϕ

3]. (4.84)

and it is equivalent to

dϕ

dζ
= z

dz

dζ
= β3ϕ

3 + β2ϕ
2 + β1ϕ+ β0, (4.85)

where β3 = − Q
3Rk2

1
, β2 = − P

2Rk2
1
, β1 = (ck1−Sk

2
2)

Rk4
1

, β0 = c1
2Rk4

1
.

The existence of a homoclinic orbit in phase portrait, in general corresponds to a solitary wave

profile whereas the kink (anti-kink) wave solution is recognized by a heteroclinic orbit. Again a

periodic orbit confirms the presence of a periodic traveling wave solution. Varying the values of

different parameters β0, β1, β2, and β3 involved in the system, we determine all homoclinic orbits,

heteroclinic orbits and periodic orbits of (4.85). Thus, the existence of solitary waves, kink (or anti-

kink) waves and periodic waves of Eq.(4.1) are confirmed. The Hamiltonian function corresponding

to the dynamical system (4.85) is defined as

H2(ϕ, z) =
z2

2
− (
β3

4
ϕ4 +

β2

3
ϕ3 +

β1

2
ϕ2 + β0ϕ+ c2), (4.86)

which satisfies

∂H2

∂z
=
dϕ

dζ

∂H2

∂ϕ
= −

dz

dζ
. (4.87)
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Now, we call M(a, 0) as the coefficient matrix of the system (4.85) and denote J as the determinant

of M(a, 0) at the equilibrium point (a, 0). We take T = trace(M(a, 0)) and N = T2 − 4J.

Let L(ϕ) = β3ϕ
3 + β2ϕ

2 + β1ϕ+ β0, whose complete discrimination system follows as

∆ = β2
2β

2
1 − 27β2

3β
2
0 − 4β3

1β3 − 4β3
2β0 − 18β3β2β1β0. (4.88)

Case 1. ∆ = 0, L(ϕ) has a single real root together with another real root of multiplicity two, then

L(ϕ) = β3(ϕ− a1)
2(ϕ− a2), (4.89)

then the (a, 0) and (b, 0) are the equilibrium points of the system (4.85). For example when β3 =

−2, β2 = 0, β1 = 6 and β0 = 4, we have a1 = −1 and a2 = 2. For the equilibrium point (2, 0) we

have J = 18 > 0, T = 0 and N = −72 < 0, so (2, 0) is a centre. Thus, it is confirmed that there exist

a family of periodic orbits about (2, 0). And at the equilibrium point (−1, 0), we have J = 0, T = 0,

so (−1, 0) is a cusp (see Figure 4.2.(a)).

Case 2. ∆ > 0, L(ϕ) has three distinct single real root, then

L(ϕ) = β3(ϕ− a1)(ϕ− a2)(ϕ− a3), (4.90)

then (a1−0), (a2−0) and (a3−0) become the three equilibrium points of the system. In particular

when β3 = −2, β2 = 6, β1 = −4 and β0 = 0, we have a1 = 0, a2 = 1 and a3 = 2. At the equilibrium

point (0, 0) we find J = 4 > 0, T = 0 and N = −16 < 0, thus, naturally (0, 0) becomes a centre. On

the other hand, at (1, 0) we have J = −2 < 0, T = 0 and N = 8 > 0, so (1, 0) becomes saddle point.

On the another equilibrium point (2, 0) we compute J = 4 > 0, T = 0 and N = −16 < 0, so (2, 0) is

a centre. More over, a couple of homoclinic orbits to (1, 0) encircling the centers (0, 0) and (2, 0) on

both sides of the saddle point (1, 0) are found (see Figure 4.2.(b)).

But, if β3 = 1, β2 = −3, β1 = −1 and β0 = 3, we acquire a1 = 1, a2 = 3 and a3 = −1. The

equilibrium point (1, 0) becomes centre, as we see J > 0, T = 0,N < 0. Again, at the equilibrium

point (3, 0), we get J < 0, N > 0, and at (−1, 0), we find J < 0, N > 0, for the same values of the

parameter. Thus, (3, 0) and (−1, 0) become saddle. And a pair of nonlinear heteroclinic orbits are

observed joining two saddle points (3, 0) and (−1, 0) enfolding the center (1, 0) (see Figure 4.2.(c))

Case 3. ∆ < 0, L(ϕ) contains a real root as well as a pair of conjugate complex root, then

L(ϕ) = β3(ϕ− a1)[(ϕ− γ)2 + δ2]. (4.91)

Thus, (a, 0) is the only equilibrium point of the system and when β3 = −2,β2 = 4, β1 = −2 and

β0 = 4, we find a1 = 2. In that case we have J = 10 > 0, T = 0 and N = −40 < 0, and thus, the point

(2, 0) becomes a centre. Then a family of periodic orbits exist near about (2, 0) (see Figure 4.2.(d)).

From the above analysis, we observe that the CDSPM might be possibly utilized to analyze the

characteristic of the equilibrium points, and hence, the topological properties of the solution of the

146



(a) (b) (c)

(d) (e) (f)

Figure 4.1: (a) 3D plot of Sol.(4.17), when P = 3, Q = 6, R = −1, S = 11
8 , c1 = 0, c2 = 0, k1 =

1, k2 = 1, c = 1, ζ0 = 0, (b) 3D plot of Sol.(4.30) when P = 12, Q = 6, R = −1, S = 5, c1 =
24, c2 = 72, k1 = 1, k2 = 1, c = 1, ζ0 = 0, (c) 3D plot of Sol.(4.40), when P = 0, Q = 6, R =
−1, S = 4, c1 = −10, c2 = −34, k1 = 1, k2 = 1, c = 1, ζ0 = 0, (d) 3D plot of Sol.(4.54), when
P = −24, Q = −12, R = 2, S = −5, c1 = 52, c2 = 148, k1 = 1, k2 = 1, c = 1, ζ0 = 0, (e) 3D plot of
Sol.(4.70), when P = 12, Q = 6, R = −1, S = −12, c1 = 64, c2 = 104, k1 = 1, k2 = 1, c = 1, ζ0 = 0,
(f) 3D plot of Sol.(4.83) when P = 12, Q = 6, R = −1, S = 13

2 , c1 = 21, c2 = 1047
16 , k1 = 1, k2 =

1, c = 1, ζ0 = 0

original equation could also be studied. Thus, we claim that if an equation is possibly presented in an

integral form similar to (4.4), then different characteristics of the said equation may be determined

by the corresponding complete discrimination.

4.4 Conclusion

In this present investigation, employing the idea of the CDSPM, special kinds of exact

analytical solutions for the KP-mKP equation are derived. Various wave features, such as solitary

wave solution (Figure 4.1.(e)), kink wave solution (Figure 4.1.(f)), rational function solution (Fig-

ure 4.1.(a)), singular wave solution (Figure 4.1.(b)), hyperbolic wave solution (Figure 4.1.(e)), and

periodic wave solution (Figure 4.1.(c) and Figure 4.1.(d)) are explored from the KP-mKP equation.

All these types of solutions in a combined manner could be scarcely acquired by any other technique
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Figure 4.2: Phase portrait of dynamical dynamical system (4.84) in (ϕ, dϕ
dζ

= z)-plane, (a) when
β3 = −2, β2 = 0, β1 = 6 and β0 = 4, (b) for β3 = −2, β2 = 6, β1 = −4 and β0 = 0, (c) when
β3 = 1,β2 = −3, β1 = −1 and β0 = 3, (d) when β3 = −2,β2 = 4, β1 = −2 and β0 = 4.
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as they include Jacobian elliptic functions. In particular, the existing popular method fail miserably

in many cases to find any finite amplitude periodic solution for the evolution equation. In addition

with we can also find stable ranges of the parameters involved in the equation. The qualitative

properties of these solutions are analyzed through the numerical graphs which also show some new

identities on Jacobian elliptic functions. More over, this article also demonstrates the strength of

CDSPM in qualitative and quantitative analysis, by finding the critical domain for bifurcation and

changing the type of solution, classifying the equilibrium points, and examining the phase portrait

of topological characteristic. Based on this above analysis, the method can be applied not only to

classify the solutions, but can also be used for qualitative analysis, which opens the door to further

promotion of the method. This result confirms the effectiveness and consequence of the CDSPM

in solving evolution equations and the solutions obtained in this article, could be realized through

the significant applications in different scientific and engineering fields such as fluid dynamics, at-

mospheric phenomena, plasma science matter and elastic media, etc.
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Chapter 5

Analytical Solutions of Damped

Gardner-Burgers Equation Using

Two Expansion Methods

1

5.1 Introduction

An NLEEs can be used to describe many complex physical phenomena and for that reason,

NLEEs have applications in physics, chemistry, biology, astronomy, etc [144, 201, 202, 203]. For

understanding a physical phenomena properly and then applying it in specific fields of science, it

is always desired to obtain analytical solutions of NLEEs. In many real-world applications, besides

non-linearity in wave propagation, one may need to also deal with dispersion, dissipation, and

damping effects. Thus, the Gardner equation in conjunction with dissipation, and damping terms

may be a better option to deal with more realistic situations than their counterpart without these

terms. Inclusion of these terms in Gardner equation is referred to as damped Gardner-Burgers

(dGB) equation which takes the following form

∂u

∂τ
+Au

∂u

∂ξ
+ Bu2 ∂u

∂ξ
+ C

∂3u

∂ξ3
+D

∂2u

∂ξ2
+ Eu = 0, (5.1)

where u(ξ, τ) is a function of two independent variable ξ-space and τ-time and A,B,C ∈ R. The

term ∂u
∂τ

denotes the time evolution of the wave propagation, u∂u
∂ξ

, and u2 ∂u
∂ξ

represent the nonlinear

1The research article has been published as a chapter of the book Nonlinear Dynamics and Applications, Springer
Proceedings in Complexity (Springer)
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terms which are responsible for steepening of the wave, ∂
3u
∂ξ3 denotes linear dispersion term. The

additional two terms ∂2u
∂ξ2 and Eu(E > 0) here in Eq. (5.1) are dissipation and damping terms,

respectively. To the best of our knowledge, till now, there are no effective solutions to the damped

Gardner-Burgers equation given by Eq.(5.1). In this article, (G ′/G)-expansion method, and Method

of undetermined coefficient are employed to find the analytical solutions of damped Gardner-Burgers

equation. The impact of various parameters are also shown using various surface plots.

5.2 Solutions of dGB equation through the (G ′/G)- expansion

method

In this section, we implement the (G ′/G)-expansion method for our model problem dGB

equation (5.1). We use the transformation U(z) = u(ξ, τ), z = kξ − cτ, where c is the wave speed.

Then, we have,

−cU ′ +AkUU ′ + BkU2U ′ + Ck3U ′′′ +Dk2U ′′ + EU = 0, (5.2)

where ′ denotes the derivative with respect to z.

Now, we use an ansatz Eq.(1.47) for solving Eq.(5.2). Balancing the terms U2U ′ and U ′′′ in Eq.(5.2)

we get N = 1. Thus, the solution can be of the following form

U(z) = P0 + P1

(
G ′

G

)
. (5.3)

Substitute Eq.(5.3) into Eq.(5.2), the left hand side transforms into polynomials in
(
G′

G

)j
(j =

0, 1, · · · , 4) and setting the coefficients of
(
G′

G

)j
(j = 0, 1, · · · , 4) to zero, we obtain the following

under determined system of equations for P0,P1, λ,µ and c:(
G ′

G

)0

: Dk2P1λµ−AkP0P1mu− 2Ck3P1µ
2 − Ck3P1λ

2µ+ cP1µ+ EP0 − BkP1µP
2
0 = 0,(

G ′

G

)1

: 2Dk2P1µ−AkP0P1λ− Ck
3P1λ

3 + EP1 − 2BkP21µP0 −AkP
2
1µ+Dk2P1λ

2

−BkP1λP
2
0 − 8Ck3P1λµ+ cP1λ = 0,(

G ′

G

)2

: −8Ck3P1µ− 2BkP21λP0 + cP1 −AkP
2
1λ+ 3Dk2P1λ− BkP

3
1µ− BkP1P

2
0 − 7Ck3P1λ

2

−AkP0P1 = 0, (5.4)(
G ′

G

)3

: −BkλP31 − 12Ck3λP1 − 2BkP0P
2
1 −AkP

2
1 + 2Dk2P1 = 0,(

G ′

G

)4

: −BkP31 − 6Ck3P1 = 0.
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Solving (5.4), we obtain two sets of solutions:

Set 1.

c =
Aλk

√
− 6Ck3λ3+E

Bkλ
+ E

2λ
, D =

6Ck3λ3 +Aλk
√

− 6Ck3λ3+E
Bkλ

− E

2k2λ2
,

k = k,µ = λ2, P0 = 0, P1 =

√
− 6Ck3λ3+E

Bkλ

λ
. (5.5)

Set 2.

c = −
4Ck3λ3 +Aλk

√
− 6Ck3λ3+E

Bkλ
+ 3E

2λ
, D =

6Ck3λ3 −Aλk
√
− 6Ck3λ3+E

Bkλ
− E

2k2λ2
,

k = k,µ = 0, P0 = 0, P1 =

√
− 6Ck3λ3+E

Bkλ

λ
. (5.6)

Substituting the values from Eq.(5.5) into Eq.(5.3) and using the general solutions of Eq.(1.48) in

different situations, multiple analytical solutions of Eq.(5.2) can be obtained.

Case 1. When δ = λ2−4µ = −3λ2 < 0, for non zero, negative and positive values of λ, the solution

of the trigonometric form of Eq.(5.2) is as follows

u1(ξ, τ) =

√
−
18Ck3λ3 + 3E

Bkλ

(
−r1sin(

√
3λ
2 z) + r2cos(

√
3λ
2 z)

r1cos(
√
3λ
2 z) + r2sin(

√
3λ
2 z)

−
λ

2

)
, (5.7)

where z = kξ−
Aλk

√
− 6Ck3λ3+E

Bkλ
+E

2λ τ and r1 and r2 are arbitrary constants.

These results can be simplified depending upon the conditions on the ratio of r1 and r2 as

u1(ξ, τ) =

√
−
18Ck3λ3 + 3E

Bkλ

(
cot

(
−λ

2
z+ η0

)
−
λ

2

)
, (5.8)

where λ2 − 4µ < 0, cot(η0) =
r2

r1
, r1 ̸= 0.

Now using values from Eq.(5.6) in Eq.(5.3) and considering the general solutions of Eq.(1.48) in

different situations, another multiple exact solutions of different types of Eq.(5.2) can be obtained.

Case 1. The solution of the hyperbolic form of Eq.(5.2) is as follows:

u2(ξ, τ) =

√
−
6Ck3λ3 + E

Bkλ

√
∆

2

(
r1cosh(

√
∆
2 z) + r2sinh(

√
∆
2 z)

r1sinh(
√
∆
2 z) + r2cosh(

√
∆
2 z)

−
λ

2

)
, ∆ = λ2 − 4µ > 0. (5.9)

Case 2. The solution of the trigonometric form of Eq.(5.2) is as follows

u3(ξ, τ) =

√
−
6Ck3λ3 + E

Bkλ

√
∆

2

(
−r1sin(

√
−∆
2 z) + r2cos(

√
−∆
2 z)

r1cos(
√
−∆
2 z) + r2sin(

√
−∆
2 z)

−
λ

2

)
, ∆ = λ2 − 4µ < 0. (5.10)

Case 3. The solution to Eq.(5.2), in rational functional form, is as follows:

u4(ξ, τ) =

√
−
18Ck3λ3 + 3E

Bkλ

(
r2

r1 + r2z
−
λ

2

)
, ∆ = λ2 − 4µ = 0. (5.11)
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(a) (b) (c)

Figure 5.1: (a) Profiles of solution given by Eq.(5.9) for λ = 1,E = 0.01, r1 = 1; r2 = 0;A = 0.5;B =
0.5; c = −0.5;k = 0.5;µ = 0. (b) Profiles of solution given by Eq.(5.10) for λ = 0.5;E = 0.05; r1 =
1; r2 = 0.5;A = 0.5;B = −0.5; c = 0.5;k = 0.5;µ = 0;. (c) Profiles of solution given by Eq.(5.11) for
λ = 0.5; s = 0.05; r1 = 1; r2 = 5;A = 0.5;B = −0.5; c = 0.5;k = 0.5;µ = 0;

For all cases z = kξ+
4Ck3λ3+Aλk

√
− 6Ck3λ3+E

Bkλ
+3E

2λ τ and r1 and r2 are arbitrary constants.

These results can be simplified depending upon the conditions on the ratio of r1 and r2 as

u2a(ξ, τ) =

√
−
6Ck3λ3 + E

Bkλ

√
∆

2

(
tanh

(
λ

2
z+ η0

)
−
λ

2

)
, (5.12)

where λ2 − 4µ > 0, tanh(η0) =
r2

r1
, r1 ̸= 0,

∣∣∣∣r2r1
∣∣∣∣ < 1.

u2b(ξ, τ) =

√
−
6Ck3λ3 + E

Bkλ

√
∆

2

(
coth

(
λ

2
z+ η0

)
−
λ

2

)
, (5.13)

where λ2 − 4µ > 0, coth(η0) =
r2

r1
, r1 ̸= 0,

∣∣∣∣r2r1
∣∣∣∣ > 1.

u3(ξ, τ) =

√
−
6Ck3λ3 + E

Bkλ

√
∆

2

(
cot

(
−λ

2
z+ η0

)
−
λ

2

)
, (5.14)

where λ2 − 4µ < 0, cot(η0) =
r2

r1
, r1 ̸= 0.

where z is givem by z = kξ+
4Ck3λ3+Aλk

√
− 6Ck3λ3+E

Bkλ
+3E

2λ τ.

5.3 Solutions of dGB equation through the method of unde-

termined coefficients

In this section, we apply method of undetermined coefficients to solve the damped Gardner-

Burgers equation given by Eq.(5.1).
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5.3.0.1 The Bright Soliton Solution:

To get the bright soliton solution of Eq.(5.2), we can take expansion given by Eq.(1.62),

where λ,V are nonzero constants. From the Eq.(1.62), we obtain

U ′ = −λm sechm+1(z)sinh(z),

U ′′ = λm2sechm(z) − λm(m+ 1)sechm+2(z),

UU ′ = −λ2m sech2m+1(z)sinh(z), (5.15)

U2U ′ = −λ3m sech3m+1(z)sinh(z),

U ′′′ = −λm3sechm+1(z)sinh(z) + λm(m+ 1)(m+ 2)sechm+3(z)sinh(z).

Thus, substituting the ansatz (5.15), Eq. (1.62) into Eq.(5.2), yields

[Vλm− Ck3λm3]sechm+1(z)sinh(z) −Akλ2m sech2m−1(z)sinh(z) − Bkλ3m sech3m+1(z)

sinh(z) − Ck3λm(m+ 1)(m+ 2)sechm+3(z)sinh(z) −Dk2λm(m+ 1)sechm+2(z)sinh(z)

+[Dk2λm2 + Eλ]sechm(z) = 0. (5.16)

Equating the exponents sech3m+1(z) and sechm+3(z) gives

3m+ 1 = m+ 3 → m = 1.

From Eq.(5.16), setting the coefficients of sech3m+1(z) and sechm+3(z) terms to zero, we obtain

−Bkλ3m− Ck3λm(m+ 1)(m+ 2) = 0. (5.17)

We find, from setting the coefficients of sechm(z) terms in Eq.(5.16) to zero

Dk2λm2 + Eλ = 0. (5.18)

We find, from setting the coefficients of sechm+1(z) terms in Eq.(5.16) to zero

Vλm− Ck3λm3 = 0. (5.19)

Considering Eqs.(5.17)-(5.18), one may easily get some certain constraint for the existence of the

soliton for the present system as:

E = −Dk2,C =
Bλ2

6k2
. (5.20)

From Eq.(5.19), we find

V = Ck3. (5.21)
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Finally, we obtain the solitary solution as

u(ξ, τ) = λ sech(kξ− Ck3τ). (5.22)

Thus, subject to some certain condition, the solution (5.22) becomes the exact solution of Eq.(5.1).

Thus finally, using the values of V and λ, the solitary soliton solution of Eq.(5.1) can be re-written

in the following form:

u(ξ, τ) = ±
√

−
6CE

BD
sech

±
√
−
E

D
ξ± C

(√
−
E

D

)3

τ

 . (5.23)

5.3.0.2 The Dark Soliton Solution

Here, we use the solution of the form Eq.(1.63), where k, λ, and V are the free parameters.

From the Eq.(1.63), we obtain

U ′ = λm(tanhm−1(z) − tanhm+1(z)),

U ′′ = λm[(m− 1)tanhm−2(z) − 2m2tanhm(z) + (m+ 1)tanhm+2(z)],

UU ′ = λ2m tanh2m−1(z) − λ2m tanh2m+1(z), (5.24)

U ′′′ = λ(m3 − 3m2 + 2m)tanhm−3(z) − λ(m3 + 3m2 + 2m)tanhm+3(z)

−λ(3m3 − 3m2 + 2m)tanhm−1(z) + λ(3m3 + 3m2 + 2m)tanhm+1(z).

Substituting Eq. (1.63) and Eq. (5.24) into Eq. (5.2), gives

[−Vλm− Ck3λm(3m2 − 3m+ 2)]tanhm−1(z) + [cλm− Ck3λm(3m2 + 3m+ 2)]tanhm+1(z)

+Akλ2m tanh2m−1(z) −Akλ2m tanh2m+1(z) + Bkλ3m tanh3m−1(z) − Bkλ3m tanh3m+1(z)

+Ck3λm(m− 1)(m− 2)tanhm−3(z) − Ck3λm(m+ 1)(m+ 2)tanhm+3(z) +Dk2λm(m− 1)×

tanhm−2(z) +Dk2λm(m+ 1)tanhm+2(z) + [Eλ− 2Dλk2m2]tanhm(z) = 0. (5.25)

Now, from Eq. (5.25), equating the exponents of tanh3m+1(z) and tanhm+3(z) gives,

3m+ 1 = m+ 3 → m = 1.

Setting the coefficients of tanh3m+1(z) and tanhm+3(z) terms in Equation to zero, we have

−Bkλ3m− Ck3λm(m+ 1)(m+ 2) = 0. (5.26)

Again, from Eq. (5.25) setting the coefficients of tanhm(z) terms to zero we have

Eλ− 2m2Dk2λ = 0. (5.27)
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Again, from Eq.(5.20) setting the coefficients of tanhm−1(z) terms to zero

−λmV − Ck3λ(3m3 − 3m2 + 2m) = 0. (5.28)

Utilizing Eqs. (5.26) and (5.27), we may find the constraint condition for the existence soliton as:

E = 2Dk2, B = −
6Ck2

λ2
(5.29)

Eq.(5.28), provides the result

V = −2Ck3 (5.30)

Finally, we acquires the solution as

u(ξ, τ) = λ tanh(kξ+ 2Ck3τ) (5.31)

The solution (5.31) is the exact shock solution for Eq.(5.1) under the particular constraint condition

(5.29). Thus finally, the another form of dark soliton solution for the damped Gardner-Burgers

equation (5.1) is given by:

u(ξ, τ) = ±
√
−
3CE

DB
tanh

(
±1

2

√
2E

D
ξ±

√
2C

2

(
E

D

)3/2

τ

)
. (5.32)

5.4 Parametric Discussion

To understand and appreciate the effect of different terms, we draw surface plots corre-

sponding to the solutions (5.23) and (5.32). Figure 5.2(a) is the three dimensional graph for the

solution given by Eq.(5.23) which is drawn for different values of coefficient D with others coefficients

A = 0.01, B = 0.6, C = 0.02 and E = 0.06. Figure 5.2(a) shows that the depth of the rarefactive

soliton increases with respect to increase in D. The effect of damping on the solution structure given

by Eq.(5.23) is shown in Figure 5.2(b). In this case other coefficients are fixed as A = 0.01, B = 0.6,

C = 0.02 and D = −0.02. It is clear from Figure 5.2(b) that the depth of the rarefactive soliton

increases with respect to increased damping. The profound effect of Burgers term on the kink soliton

obtained from solution represented by Eq.(5.32) is shown in Figure 5.2(c). For this plot we have

taken the fixed values of parameters as A = 0.01, B = 0.02, C = −0.02 and E = 0.01. It is deduced

from the Figure 5.2(c) that the amplitude of the soliton diminishes for increasing burgers coefficient

value. Significant impact can be noticed of damping on the solution structure obtained from the

Sol.(5.32) and is shown by the Figure 5.2(d) for which other coefficients are fixed at A = 0.01,

B = 0.02, C = −0.02 and D = 0.3. From the Figure 5.2(d) it is deduced that the height of the kink

shape soliton is increased for an increased value of damping.
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(a) (b)

(c) (d)

Figure 5.2: (a) Profiles of solution given by Eq. (5.23) for A = 0.01,B = 0.6,C = 0.02,D = [−0.3,−0.02],E =
−0.06, and τ = 1. (b) Profiles of solution given by Eq.(5.23) for A = 0.01,B = 0.6,C = 0.02,D = −0.02,E =
[0.01, 0.06] and τ = 1. (c) Profiles of solution given by Eq.(5.32) for A = 0.01,B = 0.02,C = −0.02,D =
[0.02, 0.5],E = 0.05 and τ = 1. (d) Profiles of solution given by Eq.(5.32) for A = 0.01,B = 0.02,C =
−0.02,D = 0.3,E = [0, 0.5] and τ = 1.
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5.5 Conclusions

Different types of solutions such as kink soliton solution (Figure 5.1(a), Figure 5.2(c)

and Figure 5.2(d)), singular periodic solution (Figure 5.1(b)), rational solution (Figure 5.1(c)),

rarefactive soliton solution (Figure 5.2(a) and Figure 5.2(b)) are obtained for the dGB equation by

employing (G ′/G)-expansion method and Method of undetermined coefficient. Three dimensional

surface plots are drawn for specific values of the parameters to depict the effect of damping term

and the effect of burgers term on the physical structure of the solution. The results obtained from

our observations are summarized as:

• Rarefactive soliton gets deeper for higher values of damping and burgers coefficients.

• The amplitude of the kink soliton increases with an increase in the dampness.

• Higher values of burgers coefficient can reduce the height of the kink soliton.

The obtained solutions and results may be helpful in the study of plasma physics, dynamics of

soliton, fluid dynamics, and other branches.
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Chapter 6

Studies on the dust acoustic shock,

solitary and periodic waves in an

unmagnetized viscous dusty

plasma with two temperature ion

1

6.1 Introduction

Dusty plasma describes a particular type of ionized gas which contains electrons, posi-

tive as well as negative ions, micrometer-measured charged dust grains, neutral atoms, etc. It is

abundantly appeared in different astrophysical objects viz., galactic nuclei [204], pulsar magneto-

sphere [205, 206, 207], solar atmosphere [208, 206], planet rings, comet tails, noctilucent clouds etc

[209, 210, 211]. Several physicists conducted some laboratory experiments on waves and instabilities

have been performed on different dusty plasmas [212, 85, 213, 214] and their experiments established

the existence of the DAW mode. Applying some effective approaches to the plasma diagnostics, it

is found that dusty plasma produces different kinds of wave modes viz. DIAWs, DAWs, dust-lattice

wave, etc. [215, 216, 217] and among them, DAW is the most fundamental content in dusty plasma.

Recently, DAW emerge as one of the most popular research areas in dusty plasma physics because

1The research article has been published in the journal of Brazilian Journal of Physics (Springer)
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of its applications not only in astrophysical space studies but also in real-world applications, such

as semiconductor manufacturing, nano-particle processing, film industries, etc [218, 219]. The low-

frequency DAW is abundantly found in the planetary rings, comet tails, earth’s mesosphere, moon,

etc. [62]. The speed of research on DAWs increase a lot soon after their existence was proved through

experiments. In plasma medium, solitons are the most common and convenient waves that may be

generated by perturbations at low frequencies. However, shocks and periodic solutions often arise in

plasma environments. Some theoretical observations also show that soliton may turn into a cnoidal

wave under certain conditions [220]. It is important to mention here that a nonlinear periodic wave

is presented through the form of a Jacobian elliptical function.

In this chapter we investigated the non-linear propagation of DAW in collisionless, unmagnetized,

viscous dusty plasma containing Maxwellian Boltzmann distributed electrons, two temperature ions,

and highly negatively charged dust grains. Following the approach of the Reductive Perturbation

Technique (RPT), the KPb equation is constructed from the governing equation, and further, uti-

lizing traveling wave transformation, the KPb equation is converted into an ordinary differential

equation. Analyzing phase portraits for the KPb system varying different plasma parameters, it

is found that the KPb system includes shock, solitary as well as periodic solutions. But, in case

of lack of Burgers term, the system only provides the solitary, and periodic solutions which are

directly generated from the KP equation, and further, a shock solution of the KPb equation is

derived by applying (G ′/G)-Expansion method. Introducing the indirect F-function method and

incorporating Jacobi elliptic function, a finite-amplitude periodic solution for the KPb equation is

also constructed. Finally, the impacts of the physical parameters on wave propagation in the present

system are illustrated from a numerical standpoint.

6.2 Basic equation

We consider the propogation of DAWs in a collisionless, viscous, unmagnetized dusty

plasma containing of highly negative charged dust grain, electrons and two temperature ions. Then

the dynamics of DAWs can be characterized by the following normalized equations as

∂Nd

∂t
+
∂(NdUd)

∂x
+
∂(NdVd)

∂y
= 0, (6.1)

∂Ud

∂t
+Ud

∂Ud

∂x
+ Vd

∂Ud

∂y
= Zd

∂ϕ

∂x
− ζ

(
∂2

∂x2
+
∂2

∂y2

)
Ud, (6.2)

∂Vd

∂t
+Ud

∂Vd

∂x
+ Vd

∂Vd

∂y
= Zd

∂ϕ

∂y
− ζ

(
∂2

∂x2
+
∂2

∂y2

)
Vd, (6.3)

∂2ϕ

∂x2
+
∂2ϕ

∂y2
= ZdNd −Nil −Nih +Ne, (6.4)
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where Nd denotes the number density of dust particles in the normal state which is Nd0. Te, Til

and Tih are respectively the temperatures of electrons, low and high temperature ions. Tef is the

effective temperature and is given by

1

Tef
=

1

Nd0Zd0

(
Ne0

Te
+
Nil0

Til
+
Nih0

Tih

)
, (6.5)

where Nj0(j = e, i) are the number of charge particles (electrons, ions) at equilibrium state and Zd0

denotes the unperturbed number of charges on the dust particles. Ud and Vd are the velocities of

the dust flow along the direction of x and y axis respectively and normalized by the dust acoustic

speed cd = (KBTefZd0

md
)

1
2 in which KB is the Boltzman constant and md is the dust particles mass.

ϕ is the electrostatic potential normalized by ϕ = KBTef

e
. Time and space variables are scaled

over the effective Debye length, λd =
(

KBTef

4πNd0Zd0e2

) 1
2

and the inverse of dust plasma frequency

ω−1
pd =

(
md

4πNd0Z
2
d0e

2

) 1
2

. ζ is the dust viscocity coefficient.

Ne, Nil and Nih are the number densities for electrons, low temperature ions, high tem-

perature ions respectively and all are assumed to be Boltzmann disribution functions and which are

given by

Ne =
Ne0

Nd0Zd0
exp(β2sϕ), (6.6)

Nil =
Nil0

Nd0Zd0
exp(−sϕ), (6.7)

Nih =
Ne0

Nd0Zd0
exp(−β1sϕ), (6.8)

where β1 =
Til

Tih
, β2 =

Til

Te
, β3 =

Tih

Te
, s =

Tef

Til
, δ1 =

Nil0

Ne0
, δ2 =

Nih0

Ne0
. (6.9)

Net charge neutrality at equilibrium yields

Ne0 = Nil0 +Nih0 −Nd0Zd0, (6.10)

where Nil0 and Nih0 are the number of lower temperature ions and higher temperature ions respec-

tively at equilibrium state. From Eq.(6.9) and Eq.(6.10) it follows

δ1 + δ2 ⩾ 1, (6.11)

s =
δ1 + δ2 − 1

δ1 + δ2β1 + β2
. (6.12)

The charge-current balance equation [221] gives the dust charge variable Qd as(
∂

∂t
+
−→
V.

−→∇
)
Qd = Je + Jil + Jih, (6.13)
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where
−→
I = (Ud,Vd) and Jil, Jih and Je are the lower temperature ions, higher temperature ions

and electrons currents respectively. Suppose dQd

dt
<< Je, Jil, Jih then the Eq.(6.13) looks [222](

∂

∂t
+
−→
I .
−→
∇
)
Qd = Je + Jil + Jih ≈ 0. (6.14)

The ion and electron currents are expressed as [223].

Jil = eπr
2

(
8Til
πmi

) 1
2

Nil

(
1−

eΦ

Til

)
, (6.15)

Jih = eπr2
(
8Tih
πmi

) 1
2

Nih

(
1−

eΦ

Tih

)
, (6.16)

Je = −eπr2
(

8Te
πme

) 1
2

Ne exp

(
eΦ

Te

)
, (6.17)

where Φ is the potential of dust particles surface relative to the potential of plasma ϕ [224].

The number of dust particles charge, Zd is gained from Zd = ψ
ψ0

, where ψ = expΦ

Tef
, and ψ0 = ψ(ϕ =

0). Expanding Zd with respect ϕ we have [121],

Zd = 1+ γ1ϕ+ γ2ϕ
2 + · · · , (6.18)

where γ1 = 1
ψ0

(
d
dϕ
ψ(ϕ)

)
ϕ=0

and γ2 = 1
2ψ0

(d
2ψ(ϕ)
dϕ2 )ϕ=0.

6.3 Derivation of KPb equation

To derive the KPb equation, we have used the RPT [225]. The stretching co-ordinates are

given as

ξ = ϵ(x− λpt), η = ϵ2y, τ = ϵ3t, (6.19)

where ϵ is the small parameter which characterizes the strength of the nonlinearity of the system

and λp is the phase velocity of the wave. To obtain the KPb equation, we expand the perturbation

quantities Nd, Ud, Vd, Zd, ϕ and ζ in power series of ϵ as

Nd = 1+ ϵ2Nd1 + ϵ
4Nd2 + · · · , (6.20)

Ud = 0+ ϵ2Ud1 + ϵ
4Ud2 + · · · , (6.21)

Vd = 0+ ϵ3Vd1 + ϵ
5Vd2 + · · · , (6.22)

Zd = 1+ ϵ2Zd1 + ϵ
4Zd2 + · · · , (6.23)

ϕ = 0+ ϵ2ϕ1 + ϵ
4ϕ2 + · · · , (6.24)

ζ ≈ ϵζ0. (6.25)
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By using the RPT from Eqs. (6.1)-(6.4) and using stretching coordinates (6.19) along with state

variables from Eqs. (6.20)-(6.25), we get a set of evolution equations. Collecting the coefficients of

lower power of ϵ, we have gained

Nd1 = −
ϕ1

λ2p
, Ud1 = −

ϕ1

λp
, λp = (1+ γ1)

− 1
2 , (6.26)

λp
∂Vd1

∂ξ
= −

∂ϕ1

∂η
, (6.27)

∂Nd1

∂τ
− λp

∂Nd2

∂ξ
+
∂(Nd1Ud1)

∂ξ
+
∂Ud2

∂ξ
+
∂Vd1

∂η
= 0, (6.28)

∂Ud1

∂τ
− λp

∂Ud2

∂ξ
+Ud1

∂Ud1

∂ξ
= Zd1

∂ϕ1

∂ξ
+
∂ϕ2

∂ξ
− ζ0

∂2Ud1

∂ξ2
, (6.29)

∂Vd1

∂τ
− λp

∂Vd2

∂ξ
+Ud1

∂Vd1

∂ξ
= Zd1

∂ϕ1

∂η
+
∂ϕ2

∂η
− ζ0

∂2Vd1

∂ξ2
, (6.30)

∂2ϕ1

∂ξ2
= Zd2 + Zd1Nd1 +Nd2 + ϕ2 −

1

2
(δ1 + δ2β1 − β

2
2)

s2

(δ1 + δ2 − 1)
ϕ2

1. (6.31)

Also comparing (6.18) and (6.23) we can find

Zd1 = γ1ϕ1,Zd2 = γ1ϕ2 + γ2ϕ
2
1. (6.32)

By eliminating Nd2, Ud2, and ϕ2 from Eqs. (6.28)-(6.31) and letting ϕ1 = ϕ, we obtain the KPb

equation as
∂

∂ξ

(
∂ϕ

∂τ
+Aϕ

∂ϕ

∂ξ
+ B

∂3ϕ

∂ξ3
+ C

∂2ϕ

∂ξ2

)
+D

∂2ϕ

∂η2
= 0, (6.33)

where

A =
λ3p

2

[
(δ1 + δ2β

2
1 − β

2
2)

(δ1 + δ2 − 1)

(δ1 + δ2β1 + β2)2
− 2γ2

]
+

3

2
γ1λp −

3

2λp
, B =

λ3p

2
, C =

ζ0

2
, D =

λp

2
.

(6.34)

In the absence of Burgers term Eq.(6.33) converted to standerd KP equation as

∂

∂ξ

(
∂ϕ

∂τ
+Aϕ

∂ϕ

∂ξ
+ B

∂3ϕ

∂ξ3

)
+D

∂2ϕ

∂η2
= 0. (6.35)

The nonlinear coefficient A plays the most important role in the formation of wave structure

in any nonlinear field. Here, we intend to discuss the variation of the values of A due to the variation

of different parameters. The effect of different parameters such as, β1, β2, δ1, δ2, etc. are explicitly

described in Figure 6.1. From, Figure 6.1(a) and Figure 6.1(b), it is observed that the negativity of

A strictly enhances because of the enhancement of the parameters, β1, β2. Thus it is confirmed that

the temperature of lower-temperature ions leads to enhance in the negativity of non-linearity. As can

also be seen from these figures, A is positive for small values of β1 and β2. The most interesting fact

is found in Figure 6.1(c) where the non-linearity has a sudden hike for small values of δ1 however,

non-linearity further strictly decreases as δ1 enhances. It is found that On the other hand, from

Figure 6.1(d), it is observed that the values of A strictly enhanced due to the enhancement in δ2.

Even the values of A may attain the positive value for sufficiently large δ2.
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Figure 6.1: Variation A vs various parameter, (a) for δ1 = 0.3, δ2 = 3.5, β2 = 0.1, γ1 = 0.01, γ2 =
0.03, (b) for δ1 = 0.3, δ2 = 3.5, β1 = 0.05, γ1 = 0.01, γ2 = 0.03, (c) for β1 = 0.02, δ2 = 3.5, β2 =
0.1, γ1 = 0.1, γ2 = 0.01, (d) for δ1 = 0.3, β2 = 0.1, β2 = 0.05, γ1 = 0.01, γ2 = 0.03.

6.4 Phase portrait analysis of the unperturbed dynamical

system for the KP equation

Now, we analyze the phase portrait of the KPb equation, considering the unperturbed

dynamical system and finally, by using bifurcation theory [199] the characteristic of the nonlinear

propagation of the wave solutions are discussed. We choose the traveling wave transformation as,

ϕ(ξ,η, τ) = U(θ), θ = lξ+mη− Vτ, (6.36)

where V presents the wave velocity V and l,m are the constants such that l2 +m2 = 1. Thus, the

Eq.(6.33) is converted into the ODE

(−Vl+Dm2)U ′′ +Al2(UU ′) ′ + Bl4U(4) + Cl3U(3) = 0. (6.37)

Integration on Eq.(6.37) leades

(−Vl+Dm2)U+
Al2

2
U2 + Bl4U ′′ + Cl3U ′ = 0, (6.38)

where prime designates ordinary derivative with respect to θ. Due to the lack of Burgers term

(C = 0 i.e., ζ0 = 0), the system turns into the form,

dU

dθ
= z

dz

dθ
=
Vl−Dm2

Bl4
U−

A

2Bl2
U2. (6.39)

In general, the solitary wave solution is mentioned by a homoclinic orbit; a heteroclinic orbit ensures

the presence of a shock solution and a periodic orbit indicates the presents of a periodic solution.

When the burgers term is unavailable, i.e. (ζ0 = 0), the Hamiltonian of (6.39) is defined as

H(U, z) = z2 −
(Vl−Dm2)U2

Bl4
+
AU3

3Bl2
= h (say). (6.40)
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Figure 6.2: (a) Phase portrait of dynamical system (6.39), for l = 1/
√
2, m = 1/

√
2,γ1 = 0.1, β2 =

0.1, β1 = 0.1, δ2 = 4, δ1 = 1, γ2 = 0.1, V = 0.5, and (b) for l = 0.5, m = 1, V = 0.1, γ1 = 0.1, β2 =
0.1, β1 = 0.1, δ2 = 2, δ1 = 1,γ2 = 0.05. The phase portrait of dynamical system (6.53), (c) for
l = 0.5, m = 0.5, V = 0.1, γ1 = 0.2, β2 = 0.1, β1 = 0.1, δ2 = 4, δ1 = 2, γ2 = 0.2, (d) for all the
parameter values same as (c) except ζ0.

The system (6.39) has two equilibrium points which are stated as, U0(0, 0) and U1(
2(Vl−Dm2)

Al2
, 0).

Now, we draw the coefficient matrix of the linearized system of (6.39) at the point (U, z) as

M(U, z). Let, the elements of the matrix are Jd = det(M(U, z)), Tr1 = trace(M(U, z)) and

Tr2 = (trace(M(U, z)))2 and so, M(U, z) =

(
0 1

Vl−Dm2

Bl4
− A
Bl2
U 0

)
. At (0, 0), Jd = Dm2−Vl

Bl4
and

H(U, z) = 0 whereas at ( 2(Vl−Dm
2)

Al2
, 0), Jd = Vl−Dm2

Bl4
and H(U, z) = − 4

3
(Vl−Dm2)3

A2Bl8
. Now, varying

the values of the different effective parameters such as, δ1, δ2, β1, β2 and V, we investigate the phase

plane (U, z) for the system (6.39).

Set 1.

For l = 1/
√
2, m = 1/

√
2,γ1 = 0.1, β2 = 0.1, β1 = 0.1, δ2 = 4, δ1 = 1, γ2 = 0.1, V = 0.5, the

equilibrium point U0(0, 0) becomes saddle because at that point Jd < 0, Tr2 − 4Jd > 0, and the

equilibrium point U1(
2(Vl−Dm2)

Al2
, 0) becomes centre because at that point Jd > 0, Tr1 = 0. Thus we

get a homoclinic orbits at U0(0, 0)(see Figure 6.2(a)).

Set 2.

For l = 0.5, m = 1, V = 0.1, γ1 = 0.1, β2 = 0.1, β1 = 0.1, δ2 = 2, δ1 = 1,γ2 = 0.05, the equilibrium

point U0(0, 0) turns into a centre at that point Jd > 0, Tr1 = 0. Thus, periodic orbits have been

observed about (0, 0) (see Figure 6.2(b)).

165



6.5 An analysis of all travelling wave solutions

6.5.1 Solitary wave solutions of KP equation

In particular, a solitary wave represents the propagation of a wave packet that is localized

in the sense, and in addition, the solitons do not spread their energy during propagation, and their

stability allows them to move without losing their energy, shape, or momentum. Some kind of

nonlinearity exists in the system to explain the existence of solitons. Solitons are formed only when

nonlinearity and dispersion combine into a stable balance, forming a pulse that propagates without

changing shape. To find solitary solution, we rewrite equation (6.40) as

z2 = h+
Vl−Dm2

Bl4
U2 −

A

3Bl2
U3. (6.41)

Now, integrating along the level curves mentioned as H(U, z) = h gives

θ =

∫
dU√

h+ Vl−Dm2

Bl4
U2 − A

3Bl2U
3
. (6.42)

Finally, (6.42) expresses the parametric representation of the exact solutions. The level curves

mentioned by H(U, z) = h, for h = 0, signifies a homoclinic orbit (Figure 6.2(a)) Eq.(6.42) becomes√
A

3Bl2
θ =

∫
dU

U

√
3(Vl−Dm2)

Al2
−U

, (6.43)

which gives the solitary solution as,

ϕ(ξ,η, τ) = ϕ0 sech
2

(
lξ+mη− Vτ

w

)
, (6.44)

with

w2 =
3Bl2

Aϕ0
, V =

Alϕ0

3
+
m2D

l
, (6.45)

where A, B, D are defined in (6.34) and ϕ0 is considered as the initial amplitude. The solution

(6.44) is presented in a particular form for future purpose,

ϕ(ξ,η, τ) = ϕamp sech
2

(
lξ+mη− Vτ

w

)
, (6.46)

where

ϕamp =
3(Vl−m2D)

Al2
, w = 2

√
Bl4

(Vl−m2D)
. (6.47)

ϕamp and w present the amplitude and width of the soliton and l, m are the constant such that,

l2 +m2 = 1.
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6.5.2 Periodic wave solutions of KP equation

In order to acquire periodic wave solution of KP equation (6.35), we consider a particular

type of transformation (6.36) which brings,

1

2

(
dU

dθ

)2

+
A

6Bl2
U3 −

Vl−Dm2

2Bl4
U2 −

Γ

2Bl4
= 0, (6.48)

where Γ is an integrating constant. If Γ = 2(Dm2−Vl)3

3A2l4
, the expression (6.48) is represented below

for A > 0 and A < 0 respectively as,(
dU

dθ

)2

=
A

3Bl2
[(e1 −U)(U− e2)(U− e3)], (6.49)

(
dU

dθ

)2

= (−
A

3Bl2
)[(U− e1)(e2 −U)(e3 −U)], (6.50)

where

e1 = (1+
√
3)
Vl−Dm2

Al2
, e2 =

Vl−Dm2

Al2
, e3 = (1−

√
3)
Vl−Dm2

Al2
. (6.51)

In the present plasma model (6.48), B is always positive, and thus, in response to A’s positivity or

negativity, the term A
3Bl2 becomes positive or negative. For consideration of positive values of A

3Bl2 ,

the real numbers e1, e2, e3 are chosen as e1 > e2 > e3 and e1 > U ⩾ e2. On the contrary, the real

numbers e1, e2, e3 are ordered as e1 < e2 < e3 and e1 < U ⩽ e2 when A
3Bl2 is negative. Thus, we

obtain the periodic solution in the following form as,

ϕ(ξ,η, τ) = e1 − (e1 − e2)sn
2


√

A
3Bl2 (e1 − e3)

2
(lξ+mη− Vτ),

√
e1 − e2
e1 − e3

 , (6.52)

where sn is the Jacobi elliptic function, and the terms Dm2

l
+ Al

3 (e1 + e2 + e3), e1 − e2 (=
√
3Vl−Dm

2

Al2
)and 4

√
3Bl2

A(e1−e3)
S(
√
e1−e2
e1−e3

) respectively represent velocity, amplitude and wave length

of the periodic waves. Here, the complete elliptic integral of first kind is denoted by S(
√
e1−e2
e1−e3

)

[226, 227, 198].

For a visual presentation, some figures are drawn in Figure 6.3. It is important to mention here that

especially, two types of periodic wave profiles are found as a consequence of negative and positive

values of nonlinear coefficient A. Clearly, positive A provides a positive potential periodic structure,

whereas negative potential periodic structure comes into existence for negative values of A. In a three

dimensional view, the positive potential and negative potential periodic structures are presented in

Figure 6.3(a) and Figure 6.3(b) respectively. We consider both (positive and negative potential

wave) structures and numerically observe the impacts of some parameters such as, β1, β2 and δ1
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in Figure 6.3(c)-Figure 6.3(e) (positive potential wave structure) and Figure 6.3(f)-Figure 6.3(h)

(negative potential wave structure). Figure 6.3(c) and Figure 6.3(f) exhibits the enhancing effect

of β1. Enhancing β1 means not only the rising of temperature of low-temperature ions but also

the falling of temperature of high-temperature ions. Thus, it may be concluded from Figure 6.3(c)

and Figure 6.3(f) that the increase in a temperature difference of high and low-temperature ions

causes enhancement (diminishment) of the amplitude of positive (negative) potential periodic struc-

ture. Figure 6.3(d) and Figure 6.3(g) respectively show the impact of the parameter β2 in the

positive and negative potential wave structure of periodic wave. Actually, the rising temperature

of lower temperature ions in comparison to that of electrons causes the enhancement of β2. It is

found from Figure 6.3(d) that the amplitude of positive potential periodic structure significantly

improves because of the increase of β2, whereas in contrary Figure 6.3(g) exhibits the diminish

of the amplitude of negative potential wave structure. The parameter δ1 represents the ratio of

equilibrium values of the number densities of low-temperature ions to the unperturbed number of

electrons, and it is deduced from Figure 6.3(e) and Figure 6.3(h) that with an increase in δ1 causes

for enhancement (impairment) of the amplitude of positive (negative) potential periodic structure.

On the whole, the rising of temperature, as well as the mean concentration of low-temperature ions,

leads to an enhancement (diminishment) in the periodic amplitude of positive (negative) potential

periodic structure. Increasing β1,β2, δ1 means decreasing A, and A is inversely proportional to the

amplitude of the periodic wave and that is why positive potential structure increases on the other

hand negative potential structure decreases.

6.6 Analysis of unperturbed dynamics and phase portraits

for the KPb equation

The planar dynamical system of Eq.(6.38) takes the following form as

dU

dθ
= z

dz

dθ
=
Vl−Dm2

Bl4
U−

A

2Bl2
U2 −

Cz

Bl
. (6.53)

Now, we study the characteristic of traveling wave solutions by analyzing the trajectory in a phase

paths of the dynamic system (6.53).

Set 1.(When C ≈ 0 that is ζ0 = 0.01) (Figure 6.2(c))

For l = 0.5, m = 0.5, V = 0.1, γ1 = 0.2, β2 = 0.1, β1 = 0.1, δ2 = 4, δ1 = 2, γ2 = 0.2, the

equilibrium point U0(0, 0) becomes saddle because at that point Jd < 0, Tr2 − 4Jd > 0, and the

equilibrium point U1(
2(Vl−Dm2)

Al2
, 0) becomes centre because at that point Jd > 0, Tr1 = 0. Thus at

the point (0, 0) we get a homoclinic orbits.
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Figure 6.3: 3D and 2D Profiles of Sol.(6.52), (a) for γ1 = 0.05, δ1 = 0.2, δ2 = 3.5, β1 = 0.04, β2 =
0.03, γ2 = 0.05, τ = 1, l = 1√

2
, m = 1√

2
, V = 0.5, (b) for γ1 = 0.01, δ1 = 5, δ2 = 1, β1 = 0.04, β2 =

0.1, γ2 = 0.01, τ = 1, l = 1√
2
, m = 1√

2
, V = 0.5, (c) for γ1 = 0.05, δ1 = 0.2, δ2 = 3.5, β2 =

0.03, γ2 = 0.05, τ = 1, l = 1√
2
, m = 1√

2
, V = 0.5, (d) for γ1 = 0.05, δ1 = 0.2, δ2 = 3.5, β1 =

0.04, β2 = 0.03, γ2 = 0.05, τ = 1, l = 1√
2
, m = 1√

2
, V = 0.5 and (e) for γ1 = 0.05, δ1 = 0.2, δ2 =

3.5, β1 = 0.04, β2 = 0.03, γ2 = 0.05, τ = 1, l = 1√
2
, m = 1√

2
, V = 0.5; (f) for γ1 = 0.05, δ1 =

0.1, δ2 = 1.5, β2 = 0.03, γ2 = 0.05, τ = 1, l = 1√
2
, m = 1√

2
, V = 0.5, (g) γ1 = 0.05, δ1 = 0.1, δ2 =

1.5, β1 = 0.042, γ2 = 0.05, τ = 1, l = 1√
2
, m = 1√

2
, V = 0.5, (h) for γ1 = 0.05, δ2 = 1.5, β2 =

0.03, β1 = 0.04, γ2 = 0.05, τ = 1, l = 1√
2
, m = 1√

2
, V = 0.5,

.
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Figure 6.4: 2D Profiles of Sol.(6.63) when τ = 1, l = 1√
2
, m = 1√

2
, V0 = 0.5 and (a) γ1 = 0.01, β2 =

0.05, δ1 = 1, δ2 = 2, β1 = 0.1, γ2 = 0.1; (b) ζ0 = 0.01, γ1 = 0.01, β2 = 0.02, δ1 = 0.4, δ2 =
3.5, γ2 = 0.02, β2 = 0.01; (c) ζ0 = 0.07, γ1 = 0.1, δ1 = 1, δ2 = 2, β1 = 0.1, γ2 = 0.01; (d)
ζ0 = 0.07, γ1 = 0.1, β2 = 0.05, δ1 = 1, δ2 = 2, β1 = 0.1, γ2 = 0.01; (e) ζ0 = 0.07, γ1 = 0.1, β2 =
0.05, δ1 = 1, β1 = 0.1, γ2 = 0.01

.

Set 2. (When C ̸= 0 that is ζ0 ̸= 0) (Figure 6.2(d))

For l = 0.5, m = 0.5, V = 0.1, γ1 = 0.2, β2 = 0.1, β1 = 0.1, δ2 = 4, δ1 = 2, γ2 = 0.2, the point

U0(0, 0) becomes saddle because at that point Jd < 0, Tr2−4Jd > 0, and the point U1(
2(Vl−Dm2)

Al2
, 0)

becomes stable spiral because at that point Jd > 0, Tr2 − 4Jd < 0. From the analysis of the system

it is confirmed that the kink or anti-kink solution of the KPb equation exist.

6.7 Solutions of the (2+1)-dimensional KPb equation

We determine an approximate analytical solution for the KP-Burgers equation.
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6.7.1 Analytical solitary solution for KPb equation

It is assumed that the system remains conserved for negligible values of ζ0, and thus the

KPb Eq.(6.33) is approximated as Eq.(6.35) that gives the solitary wave solution (6.46). Taking the

solution (6.46) as a seed solution, the solution for the equation (6.33) can be expressed as

ϕ(ξ,η, τ) = ϕamp sech
2

(
lξ+mη− V(τ)τ

w

)
, (6.54)

where

ϕamp =
3(V(τ)l−m2D)

Al2
, w = 2

√
Bl4

(V(τ)l−m2D)
. (6.55)

We assume that the solution of KPb equation also follows the solitary pattern like KP equation but

with a small deviation due to the presence of small burgers term. For this reason amplitude, width

and velocity have a small dependency on τ. Now conserved quantity for the KP equation is given

by

I =

∫∞
−∞ϕ2dξ, (6.56)

here I presents the soliton energy. Thus, using solution (6.54), from the energy conservation relation

we find

I =
24

√
B

Al
(V(τ)l−m2D)3/2. (6.57)

Differentiating Eq.(6.57) with respect to τ, we obtain

dI

dτ
=

36
√
B

A
(V(τ)l−m2D)1/2

d

dτ
(V(τ)). (6.58)

Now, differentiating Eq.(6.56) with respect to τ and utilizing Eq.(6.14) and Eq.(6.54)-Eq.(6.55) we

get,
dI

dτ
= −2D

∫∞
−∞ϕ

(∫
∂2ϕ

∂η2
dξ

)
dξ+

48C

5A2l5
√
B
(V(τ)l−m2D)5/2. (6.59)

Now ∫∞
−∞ϕ

(∫
∂2ϕ

∂η2
dξ

)
dξ =

8m2ϕ2
amp

l2
G(η, τ), (6.60)

where G(η, τ) is an arbitrary function of η and τ. Taking G(η, τ) = 0, we get from Eq.(6.59)

dI

dτ
=

48C

5A2l5
√
B
(V(τ)l−m2D)5/2. (6.61)

Combining the equations (6.58) and (6.61) we find

V(τ) =
4Cτ

15Al4B
+ V0, (6.62)
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here, V(τ) is the time dependent velocity of DAW and V0 is the velocity at τ = 0. Thus, the solution

of the KPb equation is

ϕ(ξ,η, τ) = ϕamp(τ) sech
2

(
lξ+mη− V(τ)τ

w(τ)

)
, (6.63)

where the amplitude, width of DAW are given by

ϕamp(τ) =
3(V(τ)l−m2D)

Al2
, w(τ) = 2

√
Bl4

(V(τ)l−m2D)
, (6.64)

and V(τ) is given by Eq.(6.62).

6.7.2 Analytical shock solution for KPb equation

Waves carry energy and can propagate through media, but shock waves are characterized by

abrupt, nearly discontinuous changes in pressure, temperature, and density. In contrast to solitons,

shock waves dissipate relatively quickly with distance. As shock waves cause abrupt changes in

the properties of the medium, they can also be viewed as phase transitions. For shock type wave

solutions of KPb equation we used (G ′/G)-expansion method.

6.7.2.1 Application of the (G ′/G)-expansion method on KPb equation

In this sub-section (G ′/G)-expansion method is employed to construct a set of exact ana-

lytic solution of KPb equation. Let us take the KPb equation in the present form described in Eq.

(6.33). We consider the transformation U(θ) = ϕ(ξ,η, τ), θ = lξ +mη − Vτ, where V designates

the speed of wave. Finally, we get transformed ODE from (6.33) as,

(−Vl+Dm2)U+
Al2

2
U2 + Bl4U ′′ + Cl3U ′ = 0. (6.65)

Now, we make an ansatz (1.47) as a solution of Eq.(6.65). Balancing the coefficient of the terms U ′′

and U2 in Eq. (6.65) we get N = 2. Thus, the required solution of Eq. (6.65) can be express as

U(θ) = P0 + P1

(
G ′

G

)
+ P2

(
G ′

G

)2

. (6.66)

Substitute Eq. (6.66) into Eq. (6.65), the left hand side of Eq. (6.65) is transformed into a

polynomial
(
G′

G

)j
(j = 0, 1, · · · , 4) and setting the coefficients of

(
G′

G

)j
(j = 0, 1, · · · , 4) to zero, we
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have a set of algebraic equations for P0,P1, λ,µ and V as,(
G ′

G

)0

:
1

2
Al2P20 + Bl

4P1λµ+ 2Bl4P2µ
2 − Cl3P1µ+Dm2P0

−VlP0 = 0, (6.67)(
G ′

G

)1

: Al2P0P1 + Bl
4P1λ

2 + 6Bl4P2λµ+ 2Bl4P1µ− Cl3P1λ

−2Cl3P2µ+Dm2P1 − VlP1 = 0, (6.68)(
G ′

G

)2

:
1

2
Al2P21 +Al

2P0P2 + 3Bl4P1λ+ 8Bl3P2µ+ 4Bl4P2λ
2

−Cl3P1 − 2Cl3P2λ+Dm
2P2 − VlP2 = 0, (6.69)(

G ′

G

)3

: Al2P1P2 + 2Bl4P1 + 10Bl4P2λ− 2Cl3P2 = 0, (6.70)(
G ′

G

)4

:
1

2
Al2P22 + 6Bl4P2 = 0, (6.71)

Solving these equations by employing the symbolic computation system Maple, we have two sets of

solutions:

P0 = −
AP21
48Bl2

, P1 = P1, P2 = −
12Bl2

A
, λ = −

5AP1 − 12Cl

60Bl2
,

µ =
AP1(5AP1 − 24Cl)

2880B2l4
, c =

25BDm2 − 6C2l2

25B
. (6.72)

Substituting the values from Eq. (6.72) into Eq. (6.66) and utilizing the solutions of Eq. (1.48)

in different cases, different types of exact analytical solution of Eq. (6.65) can be obtained. When

∆ = λ2 − 4µ =
(
5AP1−12Cl

60Bl2

)2
− AP1(5AP1−24Cl)

720B2l4
> 0, the hyperbolic solution of Eq. (6.65) is as

follows:

ϕ(ξ,η, τ) = −
AP21
48Bl2

+ P1

√
∆

2

(
r1cosh(

√
∆
2 θ) + r2sinh(

√
∆
2 θ)

r1sinh(
√
∆
2 θ) + r2cosh(

√
∆
2 θ)

+
5AP1 − 12Cl

120Bl2

)

−
12Bl2

A

(√
∆

2

(
r1cosh(

√
∆
2 θ) + r2sinh(

√
∆
2 θ)

r1sinh(
√
∆
2 θ) + r2cosh(

√
∆
2 θ)

+
5AP1 − 12Cl

120Bl2

))2

, (6.73)
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where θ = lξ+mη−( 25BDm
2−6C2l2

25B )τ, r1 and r2 are arbitrary constants. This result can further be

written in some more simplified forms depending upon the conditions on the ratio of r1 and r2 as

ϕ(ξ,η, τ) = −
AP21
48Bl2

+ P1

√
∆

2

(
tanh

(√
∆

2
θ+ η0

)
+

5AP1 − 12Cl

120Bl2

)

−
12Bl2

A

(√
∆

2

(
tanh

(√
∆

2
θ+ η0

)
+

5AP1 − 12Cl

120Bl2

))2

, (6.74)

with λ2 − 4µ > 0, tanh(η0) =
r2

r1
, r1 ̸= 0,

∣∣∣∣r2r1
∣∣∣∣ < 1

and θ = lξ+mη−

(
25BDm2 − 6C2l2

25B

)
τ.

6.7.3 Solutions of the KPb equation by F-function method

Here we employed indirect F-function method [142] to find jacobi elliptic function solution

of KPb equation. We assume that the solutions of Eq. (6.33) can be taken as

U(ξ,η, τ) = λ(τ)Fs(ζ), ζ = lξ+mη− V(τ)τ, (6.75)

where parameter functions λ,V and the exponent s are to be determined. Also the function F satisfy

the following differential equation

F ′2(ζ) = PF4(ζ) +QF2(ζ) + R. (6.76)

Substituting Eqs. (6.75)-(6.76) into (6.33) and equating the exponents 2s − 1 and s + 1 in the

obtained equation gives

s = 2. (6.77)

Then replacing (6.77) in the remaining equation and equating the coefficients of Fs, F2s−1F ′, Fs−1F ′,

and Fs+1F ′ equal to zero, we get:

λ ′(τ) + 4Cl3Qλ(τ) = 0, (6.78)

d

dτ
(τV(τ)) = 4Bl4Q+Dm2, (6.79)

16PBl2 +Aλ(τ) = 0. (6.80)

From Eq.(6.78) and Eq.(6.79) gives

λ(τ) = λ0e
−4Cl3Qτ, (6.81)
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Figure 6.5: 2D Profiles of Shock Sol.(6.74), when τ = 1, η = 1, η0 = 1, P1 = 0.5, l = 1√
2
, m = 1√

2
and

(a) δ1 = 1, δ2 = 2, β1 = 0.05, γ1 = 0.1, β2 = 0.1, γ2 = 0.05; (b) δ1 = 0.4, δ2 = 3.5, β1 = 0.05, γ1 =
0.01, β2 = 0.04, γ2 = 0.1; (c) ζ0 = 0.2, δ1 = 1, δ2 = 2, γ1 = 0.1, β2 = 0.1, γ2 = 0.05; (d) δ1 = 0.4, δ2 =
3.5, ζ0 = 0.4, γ1 = 0.01, ζ0 = 0.4, γ2 = 0.1; (e) ζ0 = 0.2, δ1 = 1, δ2 = 2, β1 = 0.05, γ1 = 0.1, γ2 = 0.05; (f)
δ1 = 0.4, ζ0 = 0.4, β1 = 0.05, γ1 = 0.01, β2 = 0.04, γ2 = 0.1; (g) ζ0 = 0.2, δ2 = 3, β1 = 0.1, γ1 = 0.1, β2 =
0.05, γ2 = 0.05; (h) δ1 = 0.4, ζ0 = 0.4, β1 = 0.05, γ1 = 0.01, β2 = 0.04, γ2 = 0.1; (i) ζ0 = 0.2, δ1 = 1, β1 =
0.05, γ1 = 0.1, β2 = 0.1, γ2 = 0.05; (j) δ1 = 0.4, ζ0 = 0.4, β1 = 0.05, γ1 = 0.01, β2 = 0.04, γ2 = 0.1

.
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Figure 6.6: (a) 3D plot of Sol.(6.63), when γ1 = 0.01, β2 = 0.05, δ1 = 1, δ2 = 2, V0 = 0.5, β1 =
0.1, γ2 = 0.1, τ = 1, l = 1√

2
, m = 1√

2
; (b) 3D plot of Sol.(6.74), for δ1 = 1, δ2 = 2, β1 = 0.05, γ1 =

0.1, β2 = 0.1, γ2 = 0.05, τ = 1, η = 1, η0 = 1, P1 = 1, l = 1√
2
, m = 1√

2
; (c) 3D plot of Sol.(6.89)

when γ1 = 0.01, β2 = 0.05, δ1 = 1, δ2 = 2, V0 = 0.5, β1 = 0.1, γ2 = 0.1, τ = 1, l = 1√
2
, m =

1√
2
, λ0 = 0.15,m1 = 0.9; (d), (e) and (f) are Contour plots of the corresponding Figure 6.6(a),

Figure 6.6(b) and Figure 6.6(c)

.
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Table 6.1: Jacobi elliptic functions.

P Q R F ′2=PF4+QF2+R F

m2
1 -(1+m2

1) 1 F ′2=(1-F2)(1-m2
1F

2) snζ,sdζ=cnζ/dnζ
-m2

1 (2m2
1-1) 1-m2

1 F ′2=(1-F2)(m2
1F

2+1-m2
1) cnζ

-1 (2-m2
1) m2

1-1 F ′2=(1-F2)(m2
1+F2-1) dnζ

1 -(1+m2
1) m2

1 F ′2=(1-F2)(m2
1-F

2) nsζ=(snζ)−1,dcζ=dnζ/cnζ
1-m2

1 2m2
1-1 -m2

1 F ′2=(1-F2)[(m2
1-1)F

2-m2
1] ncζ=cn−1ζ

m2
1-1 2-m2

1 -1 F ′2=(1-F2)[(1-m2
1)F

2-1] ndζ=dn−1ζ

and

V(τ) = 4Bl4Q+Dm2, (6.82)

where λ0 is the initial amplitude of the soliton and considererd as the initial velocity to be zero.

From Eq.(6.80) one gets an important constraint equation for the solution exist as

B

A
= −

λ

16Pl2
. (6.83)

Thus, the solutions of the equation with time-dependent coefficients are given by

U(ζ) = λ(τ)F2(ζ). (6.84)

The Relationship between the values of P, Q, R and F(ζ) in (6.76) is given in table 1.

From Table 1, if we select

F(ζ) = sn(ζ,m1), P = m2
1,

Q = −(1+m2
1), R = 1, (6.85)

then by choosing the relations (6.81)-(6.83), in Eq.(6.84), we gain the exact solutions to the KPb

equation (6.33) is given by:

ϕ(ξ,η, τ) = λ0e
4Cl3(1+m2

1)τsn2(ζ,m1), (6.86)

where

ζ = lξ+mη+
(
4Bl4(1+m2

1) −Dm
2
)
τ, (6.87)

From Table 1, if we select

F(ζ) = cn(ζ,m1), P = −m2
1,

Q = (2m2
1 − 1), R = 1−m2

1, (6.88)
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then by choosing relations (6.81)-(6.83), in Eq.(6.84), we achieve the exact solution to the KPb

equation as

ϕ(ξ,η, τ) = λ0e
−4Cl3(2m2

1−1)τcn2(ζ,m1), (6.89)

where

ζ = lξ+mη−
(
4Bl4(2m2

1 − 1),+Dm2
)
τ, (6.90)

From Table 1, if we select

F(ζ) = dn(ζ,m1), P = −1,

Q = (2−m2
1), R = m2

1 − 1, (6.91)

then by choosing relations (6.81)-(6.83), in Eq.(6.84), we gain the exact solution of Eq.(6.33) as

ϕ(ξ,η, τ) = λ0e
−4Cl3(2−m2

1)τdn2(ζ,m1), (6.92)

where

ζ = lξ+mη−
(
4Bl4(2−m2

1) +Dm
2
)
τ, (6.93)

ans l, m are constant parameters in the above mentioned solutions.

6.8 Parametric discussion

Now, we discuss the impact of different physical parameters including dust kinematic vis-

cosity (ζ0), the ratio of low-temperature ions and high-temperature ions (β1), the ratio of low-

temperature ions to the temperature of electrons (β2), the ratio of equilibrium values of the number

densities of low-temperature ions to the unperturbed number of electrons (δ1), the ratio of equilib-

rium values of the number densities of high-temperature ions to the unperturbed number densities of

electrons (δ2) on the solution structure. Generally, the nonlinear coefficient of the evolution equation

may vanish for some specific group values of the parameters. In these cases, we can find the solitons

with an infinite amplitude which is totally unrealistic. To overcome these hurdles some graphs are

drawn in Figure 6.1(a)-Figure 6.1(d) and a suitable parametric domain is chosen accordingly to

obtain finite amplitude solitary, shock, and periodic solution.

To shows the effect of different parameters, Figure 6.4 and Figure 6.5 are drawn with the

help of solitary wave solution (6.63) and shock wave solution (6.74) respectively. Figure 6.4(a) is

plotted for distinct values of the dust viscosity parameter ζ0. It is cleared from Figure 6.4(a) that

the amplitude of the wave substantially hangs on dust kinematic viscosity. From the graph, it can be

concluded that the amplitudes of the negative potential solitary structure decrease abruptly with the
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enhancement in the dust kinematic viscosity parameter ζ0. Figure 6.4(b) is depicted for presenting

the effect of the parameter β1 on the solitary wave profile. It is important to mention here that the

positive potential, as well as negative potential wave structures, are formed due to the variations in

β1. Figure 6.4(b) shows that positive potential wave structures formed if the temperature of higher

temperature ions is sufficiently large than that of lower temperature ions. On the contrary, the same

type of structure may observe if the temperature of lower-temperature ions is very small than that

of another one. Figure 6.4(c) is depicted respectively for presenting the effect of the parameters β2

on the solitary wave profiles. It is deduced that if the temperature of electrons significantly enhances

than that of low-temperature ions, i.e. if β2 decreases, the amplitude of negative potential soliton

decrease. The effect of the negative potential solitary structure with respect to the parameter δ1

and δ2 are plotted in Figure 6.4(d) and Figure 6.4(e) respectively. From Figure 6.4(d), it is seen

that increasing low-temperature ion concentration, results in an enhancement in the amplitude of

negative potential solitary structure. On the other hand, an enhancement in higher temperature

ion concentration in comparison to the electron concentration decreases the amplitude of negative

potential solitary structure (see, Figure 6.4(e)).

To show the impact of Burgers term in positive and negative potential shock wave, Figure 6.5(a)

and Figure 6.5(b) are plotted for distinct values of the dust viscosity parameter ζ0. it is cleared

from Figure 6.5(a) and Figure 6.5(b) that the amplitude of the wave substantially depends on dust

kinematic viscosity. Enhancing ζ0 causes rising dissipation and naturally the amplitudes of the shock

enhance substantially with the enhancement in the dust kinematic viscosity ζ0. Figure 6.5(c) and

Figure 6.5(d) are depicted for presenting the effect of the parameter β1 on the positive and negative

potential shock wave profile. It is deduced that increment of two types of ion temperature ratio (β1)

results in a decrement of the amplitude of positive potential shock structure where an increment

of amplitude can be observed for negative potential shock structure. In the shock propagation,

we get the similar effect in the Figure 6.5(e) and Figure 6.5(f) for the parameter β2 as like as

shown in Figure 6.5(c) and Figure 6.5(d) respectively. The variation of the amplitudes of the

positive and negative potential shock wave with the ratio of low-temperature ion concentration to

the concentration of electron (δ1) are plotted in Figure 6.5(g) and Figure 6.5(h). From the graph,

we noticed that the decrement (increment) of the amplitude of the potentially positive (negative)

shock is due to the increase of the parameter δ1. The effect of the ratio of equilibrium values of the

number densities of higher temperature ions to that of electrons (δ2) on the potentially positive and

negative wave amplitude is shown in Figure 6.5(i) and Figure 6.5(j), which shows that an increase

in the value of δ2 causes to increase (decrease) the amplitude of the potentially positive (negative)

wave. That means if the concentration of higher temperature ions is significantly greater than the

concentration of electrons then the amplitude of potentially negative shock will decrease whereas

the amplitude of positive potential shock will increase.
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Utilizing the symbolic computation system Mathematica, some three dimensional graphs of the

obtained solutions of KPb medium are drawn in Figure 6.6 under the variation in dust viscosity

parameter ζ0, which includes different shaped wave profile such as bell type (Figure 6.6(a)) for the

solution (6.63), kink type (Figure 6.6(b)) for the solution (6.74) and periodic features (Figure 6.6(c))

for the solution (6.89). The corresponding contour plots are drawn respectively in Figure 6.6(d),

Figure 6.6(e), and Figure 6.6(f) from which the significant impact from the dust kinematic viscosity

(ζ0) on the wave propagation is well understood.

6.9 Conclusion

In order to study the propagating properties of DAW in unmagnetized, viscous dusty plasma

made up of charged dust, electrons, and two temperature ions, we consider the KPb equation. Dif-

ferent types of solutions, as predicted by the phase portrait analysis of the corresponding system, are

derived by using different nonlinear approaches. Using these solutions, the effect of dust kinematic

viscosity (ζ0), the ratio of two types of temperature ions (β1), the ratio of low-temperature ions to

the temperature of electrons (β2), the ratio of equilibrium values of the number densities of lower

temperature ions to the unperturbed number of electrons (δ1), etc. are discussed from a numerical

standpoint. The important outcomes have been observed in this theoretical research:

a. The KPb system includes kink (or anti-kink) shaped shock and solitary-type solitons. Viscosity

and inter-collision of plasma particles lead to the creation of the Burgers effect in the KPb

system. Due to the enhancement of the Burgers term (ζ0) solitary type wave soliton goes

downward. This is expected as enhancing ζ0 causes to diminish the energy of the system.

Again, the amplitude of kink increases with the enhancement of dissipation from enhancing

ζ0.

b. Ions temperature ratio β1 also takes a valuable part in the emergence of the wave structure in

the present system. It is noticed that the shock rises (decreases) with the increase (decrease)

of β1 whereas, enhancing β1 causes for diminishing of the depth of solitary type wave solution.

Similar observation follows from the parameter β2. Occurrences of these types of nonlinear

phenomena are expected, as the rising temperature of cold ion causes enhancement in poten-

tial energy of the nonlinear system, and the rising potential energy boosts the soliton moves

upward.

c. The solitary as well shock soliton both shrinks down as density parameters (δ1 and δ2) enhance.

It is expected because increasing density ratio (δ1 and δ2) causes for enhancement in ion density

which boosts the soliton to go dipper.
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d. It is observed that under certain conditions, the finite amplitude periodic solution may exist

in the present plasma system. Actually, the periodicity in the wave profile arises due to

the presence of the Jacobi elliptic function in the solution. The amplitude of the periodic

significantly depends on the parameters β1, β2 and δ1.

Finally, to the best of our knowledge, this literature expresses some effective new types of analytical

solutions (shock, solitary and periodic), especially the finite-amplitude periodic solution incorporat-

ing Jacobi elliptic function, for the DAW propagating in plasma circumstance, in the framework

of the KP and KPb medium. These solutions could be utilized in other nonlinear mediums which

adopt the KP as well as KPb equations. This observation is carried out in parametric space and it

is expected that the results observed in the simulation are realistic and effective for studying nonlin-

ear behaviors of DAW in the Astronomical plasma and laboratory plasma. In particular, the dust

acoustic solitary structure with two temperatures in a magnetized plasma environment is observed

in the rings of Saturn and Jupiter, interstellar molecular clouds. Two temperature ions are also

found in earth’s magnetotail, earth’s polar mesosphere [228, 229, 230].
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Chapter 7

Impact of relativistic positron

beam on ion-acoustic solitary,

periodic and breather waves in

Earths’ ionospheric region through

the framework of KdV and

modified KdV equation

1

7.1 Introduction

The presence of electron-positron-ion plasmas was confirmed by the Advanced Satellite

for Cosmology and Astrophysics (ASCA) in astronomical scenarios under idiosyncratic conditions

[231]. Numerous techniques for amassing large amounts of positrons in the lab have been reported in

[232, 233, 234, 235]. According to Shan and El-Tantawy [236], the positron beam characteristics and

physical factors in a multi-component plasma dramatically alter freak waves. They also highlighted

1The research article has been published in the journal of Physica Scripta (IOP)
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how the nonlinearity of the plasma environment is significantly affected by the concentration and

speed of the positron beam. Using the classical KdV framework, Sarma et al. [129] described

many important characteristic of ion-acoustic solitons formed in a particular plasma system with a

relativistic positron beam. Shan et al.[126] have shown that the amplitude, and width of solitons

propagating in plasma environment, can be altered as a result of the existence of faster positron

beam and super-thermal electrons. Once more, Shan & El-Tantawy [236] recently showed that the

nonlinearities of the plasma state may be primarily altered by variations in the positron beam speed

and positron density. Most studies conducted in the plasma field were of a non-relativistic character

[237, 238]. However, when particle speeds are near the speed of light, relativistic effects must be

taken into account. Many researchers eventually proved the importance of relativistic interactions

in the modulation of plasma wave evolution [239, 240, 241, 242]. In this chapter we study the

propagation characteristics of ion-acoustic periodic, soliton, and breather waves in a relativistic EPI

plasma with a relativistic positron beam. Applying the conventional reductive perturbation method

(RPM) to the fundamental set of fluid equations yields the KdV equation. A mKdV equation is

constructed when the KdV model cannot accurately capture the evolution of the nonlinear system. In

both models, periodic solutions are derived using Jacobi elliptic functions, and a connection is shown

between periodic waves and soliton solutions. Hirota’s bilinear approach is used to generate breathers

directly from the KdV type framework without utilizing the modified Schrödinger framework inferred

from the KdV type framework, a common approach in nonlinear wave studies. Numerical knowledge

of numerous physical factors in the ionospheric region is incorporated into the model for describing

wave propagation in the Earth’s upper layer.

7.2 Governing Equations

In the presence of a relativistic positron beam, we take into account an unmagnetized

electron-positron-ion plasma. The charge neutrality criterion is expressed as ni0 + nb0 = ne0

at equilibrium, where nj0 stands for the equilibrium concentrations of the jth species (j = i, e,b

respectively represent ions, electrons, and positron beams). The basic equations [129] governing the
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plasma dynamics can be written as

∂ni

∂t
+
∂

∂x
(nivi) = 0, (7.1a)

∂vi

∂t
+ vi

∂vi

∂x
+
σ

ni

∂pi

∂x
= −

∂ϕ

∂x
, (7.1b)

∂pi

∂t
+ vi

∂pi

∂x
+ 3pi

∂vi

∂x
= 0, (7.1c)

∂ne

∂t
+
∂

∂x
(neve) = 0, (7.1d)

β1ne

(
∂ve

∂t
+ ve

∂ve

∂x

)
+
∂pe

∂x
= ne

∂ϕ

∂x
, (7.1e)

∂pe

∂t
+ ve

∂pe

∂x
+ 3pe

∂ve

∂x
= 0 (7.1f)

∂nb

∂t
+
∂

∂x
(nbvb) = 0, (7.1g)

β2nb

(
∂v

′

b

∂t
+ vb

∂v
′

b

∂x

)
+ α

∂pb

∂x
= −nb

∂ϕ

∂x
, (7.1h)

∂pb

∂t
+ vb

∂pb

∂x
+ 3pb

∂v
′

b

∂x
= 0, (7.1i)

∂2ϕ

∂x2
= (1+ δb)ne − δbnb − ni, where δb =

nb0

ni0
. (7.1j)

Here the density and pressure of the jth species are represented by nj and pj, respectively. The

velocity, charge and mass of the jth species are denoted by vj, qj and mj, respectively. Ions,

electrons, and positron beams are denoted by j = i, e, and b, respectively. ϕ is the electrostatic

potential, γ is the relativistic factor and kB is the Boltzmann constant. nj is normalized by the

unperturbed density nj0. Normalizing pj by nj0kBTj; vj by the ion-acoustic speed cs =
√
kBTe
mi

,

and the electrostatic potential ϕ by kBTe
e

, we measure the space and time variables by scaling the

ion Debye length λdi =
√

kBTe
4πni0e2

and the ion plasma period ω−1
pi =

√
mi

4πni0e2
. Additionally, c is

the speed of light in a vacuum, Tj is the temperature of particles of the jth species. The ratio of

ion temperature to electron temperature is represented by σ = Ti
Te
, and the ratio of positron beam

temperature to electron temperature is represented by α = Tb
Te

. The ratio of electron mass to ion

mass is β1 = me

mi
, and the ratio of positron beam mass to ion mass is β2 = mb

mi
. In addition,

v
′

b = vb

(
1+

v2b
2c21

)
, c1 is the ratio between c and cs.

7.3 Nonlinear analysis of KdV equation

To investigate the behavior of wave propagation in electron-positron-ion plasma with rel-

ativistic positron beam, we employ RPM to derive the KdV equation, in which the independent

variables are stretched as,

ξ = ϵ
1
2 (x− vpt) , τ = ϵ

3
2 t (7.2)
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where vp designates the phase velocity of ion-acoustic wave, and ϵ is a small parameter representing

the weakness of non-linearity. Expansion of dependent variables are as follows:

ne = 1+ ϵne1 + ϵ
2ne2 + ϵ

3ne3 + · · · · ·, (7.3a)

ni = 1+ ϵni1 + ϵ
2ni2 + ϵ

3ni3 + · · · · ·, (7.3b)

nb = 1+ ϵnb1 + ϵ
2nb2 + ϵ

3nb3 + · · · · ·, (7.3c)

ve = ϵve1 + ϵ
2ve2 + ϵ

3ve3 + · · · · ·, (7.3d)

vi = ϵvi1 + ϵ
2vi2 + ϵ

3vi3 + · · · · ·, (7.3e)

vb = vb0 + ϵvb1 + ϵ
2vb2 + ϵ

3vb3 + · · · · ·, (7.3f)

pe = 1+ ϵpe1 + ϵ
2pe2 + ϵ

3pe3 + · · · · ·, (7.3g)

pi = 1+ ϵpi1 + ϵ
2pi2 + ϵ

3pi3 + · · · · ·, (7.3h)

pb = 1+ ϵpb1 + ϵ
2pb2 + ϵ

3pb3 + · · · · ·, (7.3i)

ϕ = ϵϕ1 + ϵ
2ϕ2 + ϵ

3ϕ3 + · · · · · (7.3j)

Substituting (7.2) and (7.3) in Eqs.(7.1) and comparing the coefficients of lowest order of ϵ, we

obtain the following relations:

ni1 =
1(

v2p − 3σ
)ϕ1, vi1 =

vp(
v2p − 3σ

)ϕ1, pi1 =
3(

v2p − 3σ
)ϕ1, (7.4)

ne1 =
1

3− β1v2p
ϕ1, ve1 =

vp

3− β1v2p
ϕ1, pe1 =

3

3− β1v2p
ϕ1, (7.5)

nb1 =
1

ωµ
ϕ1, vb1 =

(vp − vb0)

ωµ
ϕ1, pb1 =

3

µ
ϕ1, (7.6)

(1+ δb)

3− β1v2p
−

1

v2p − 3σ
=
δb

ωµ
, (7.7)

where

ω = 1+
3v2b0
2c21

, µ = β2 (vp − vb0)
2 − 3α.

Then, Eq.(7.7) can be used to compute the phase velocity vp. Comparing the coefficients of next

higher order of ϵ, we find the relationships shown below:

∂ni1

∂τ
− vp

∂ni2

∂ξ
+
∂vi2

∂ξ
+
∂

∂ξ
(ni1vi1) = 0, (7.8)

∂vi1

∂τ
− vp

∂vi2

∂ξ
+ vi1

∂vi1

∂ξ
+ σ

∂pi2

∂ξ
− σni1

∂pi1

∂ξ
= −

∂ϕ2

∂ξ
, (7.9)

∂pi1

∂τ
− vp

∂pi2

∂ξ
+ vi1

∂pi1

∂ξ
+ 3

∂vi2

∂ξ
+ 3pi1

∂vi1

∂ξ
= 0, (7.10)

∂ne1

∂τ
− vp

∂ne2

∂ξ
+
∂ve2

∂ξ
+
∂

∂ξ
(ne1ve1) = 0, (7.11)
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β1
∂ve1

∂τ
− β1vp

∂ve2

∂ξ
− β1vpne1

∂ve1

∂ξ
+ β1ve1

∂ve1

∂ξ
+
∂pe2

∂ξ
=
∂ϕ2

∂ξ
+ ne1

∂ϕ1

∂ξ
, (7.12)

∂pe1

∂τ
− vp

∂pe2

∂ξ
+ ve1

∂pe1

∂ξ
+ 3

∂ve2

∂ξ
+ 3pe1

∂ve1

∂ξ
= 0, (7.13)

∂nb1

∂τ
− (vp − vb0)

∂nb2

∂ξ
+
∂vb2

∂ξ
+
∂

∂ξ
(nb1vb1) = 0, (7.14)

β2

(
1+

3

2c21
v2b0

)
∂vb1

∂τ
+ β2

(
1+

3

2c21
v2b0

)
(vb0 − vp)

∂vb2

∂ξ

−β2
3

2c21
vb0 (vp − vb0) 2vb1

∂vb1

∂ξ
+ β2

(
1+

3

2c21
v2b0

)
vb1

∂vb1

∂ξ

+β2

(
1+

3

2c21
v2b0

)
nb1

∂vb1

∂ξ
(vb0 − vp) + α

∂pb2

∂ξ
= −

∂ϕ2

∂ξ
− nb1

∂ϕ1

∂ξ
, (7.15)

∂pb1

∂τ
+
∂pb2

∂ξ
(vb0 − vp) + vb1

∂pb1

∂ξ
+ 3

∂vb2

∂ξ

(
1+

3

2c21
v2b0

)
+

9

2c21
vb0

∂v2b1
∂ξ

+ 3pb1
∂vb1

∂ξ

(
1+

3

2c21
v2b0

)
= 0, (7.16)

∂2ϕ1

∂ξ2
= (1+ δb)ne2 − δbnb2 − ni2. (7.17)

From Eqs.(7.8)-(7.17), selecting ϕ1 = ψ, we finally obtain the following KdV equation:

∂ψ

∂τ
+Aψ

∂ψ

∂ξ
+ B

∂3ψ

∂ξ3
= 0, (7.18)

where

A =
R

P
,B =

1

P
,

and

P = (1+ δb)
2β1vp(

3− β1v2p
)2 + δb

2β2 (vp − vb0)

ωµ2
+

2vp(
v2p − 3σ

)2 ,
R = (1+ δb)

3
(
1+ β1v

2
p

)(
3− β1v2p

)3 + δb

(
3

ω2µ2
+

3α

ω2µ3
+

9α

ωµ3
−

3vb0 (vp − vb0)

c21ω
3µ2

)
+

3
(
v2p + σ

)(
v2p − 3σ

)3 .
Nonlinear co-efficient A plays an important role in formation of wave structure. So it is important

to study the behaviour of this coefficient with respect to plasma parameters. We have conducted a

numerical analysis of the variation of the nonlinear coefficient A with the variation of the parameters

α and δb in Figure 7.1(a) and Figure 7.1(b), respectively. From Figure 7.1(a), it is clear that (i) A can

take on negative, zero, and positive values depending on the value of α; (ii) the value of α at which

A equals zero is referred to as the critical value of α, denoted as αc, and for our current analysis,

αc is approximately 0.207; and (iii) the parameter ranges for the creation of positive (i.e., ψ > 0)

and negative (i.e., ψ < 0) potential structures can be identified corresponding to A > 0 and A < 0.

From the observation of Figure 7.1(b), it can be noted that the nonlinear coefficient A exhibits a
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Figure 7.1: 2D profile of (a) nonlinear coefficient A vs α for β1 = 0.005, β2 = 0.0054, δb = 0.5, σ =
0.1, c1 = 1000, vb0 = 1, vp = 1.45, (b) nonlinear coefficientA vs δb for β1 = 0.005, β2 = 0.0054, α =
0.3, σ = 0.1, c1 = 1000, vb0 = 1, vp = 1.45.

strict decrease as δb increases. It seems that The sign of A appears to be significantly influenced by

the parameters α and δb. It is well established that, (i) a negative coefficient for the nonlinear term

A results in the formation of rarefactive solitary waves, while (ii) a positive A leads to the existence

of compressive solitary waves within this framework. As illustrated in Figure 7.1, both rarefactive

and compressive solitary waves are present. Notably, when A = 0, the pulse amplitud approaches

infinity, indicating that the KdV equation is inadequate for modeling this scenario. Consequently,

it is necessary to seek a higher-order nonlinear wave equation to accurately describe the dynamics

of nonlinear waves at A = 0, as elaborated in section 7.5.

7.4 Soliton, periodic, breather and hybrid solutions of KdV

equation

The most prevalent occurrence in all types of nonlinear fields is the soliton, and its modes

are typically described as hyperbolic functions. In the past, investigations in plasma physics focused

on the nonlinear forms of this wave, such as the soliton and cnoidal waves. Our analysis involves

the numerical examination of how the solutions to the KdV equations are affected by changes in

the physical parameters consisted with the ionosphere region ([129, 243]), based on the data as,

ne0 = 0.11 × 1012 − 0.19 × 1012m−3, ni0 = 1011m−3, nb0 = 1010 − 0.9 × 1011m−3 with ion and

electron temperature as Ti ≈ 0.07 eV, Te ≈ 0.2 eV, δb = 0.09 − 0.8, σ = 0.1 − 0.6, α = Tb/Te =

0.2− 0.6, β1 = me/mi = 0.005 and β2 = mb/mi = 0.0054.
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7.4.1 Periodic solution

In terms of the Jacobian elliptic function, it has recently been discovered that nonlinear

periodic waves, such as sn, cn, and dn are formed under specific conditions ([198, 144, 202, 203]).

This periodic wave can actively contribute to describe plasma transport processes. We introduce a

specific kind of transformation to obtain the periodic wave solution of KdV Eq.(7.18)

ψ(ξ, τ) = ψ(Θ), where Θ = kξ−wt, (7.19)

which brings,

1

2

(
dψ

dΘ

)2

+ V(ψ) = 0, (7.20)

where V(ψ) = A
6Bk2ψ

3 − w
2Bk3ψ

2 + Γ0
2Bk3 represents the Sagdeev potential and Γ0 stands as an

integrating constant. Adopting the initial condition dψ(0)
dΘ

= 0,ψ(0) = w
Ak

we have Γ0 = 2w3

3A2k2 , the

expression (7.20) is represented below for A
B
> 0 and A

B
< 0 respectively as,(

dψ

dΘ

)2

=
A

3Bk2
[(r1 −ψ)(ψ− r2)(ψ− r3)], (7.21)

(
dψ

dΘ

)2

= (−
A

3Bk2
)[(ψ− r1)(r2 −ψ)(r3 −ψ)], (7.22)

where

r1 = (1+
√
3)
w

Ak
, r2 =

w

Ak
, r3 = (1−

√
3)
w

Ak
. (7.23)

The dispersion co-efficient B is always positive in the current plasma model (7.18) so the term A
3Bk2

changes depending on whether A is positive or negative. For choosing positive values of A
B
, the real

numbers r1, r2, r3 are chosen as r1 > r2 > r3 and r1 > ψ ⩾ r2. On the contrary, the real numbers

r1, r2, r3 are ordered as r1 < r2 < r3 and r1 < ψ ⩽ r2 when A
B

is negative. As a result, we arrive at

the periodic solution as follows:

ψ(ξ, τ) = r2 + (r1 − r2)cn
2


√

A
3Bk2 (r1 − r3)

2
(kξ−wτ),

√
r1 − r2
r1 − r3

 , (7.24)

where cn represents the Jacobi elliptic function, and Ak
3 (r1 + r2 + r3), r1 − r2 =

√
3w
Ak

, and

4
√

3Bk2

A(r1−r3)
Q(
√
r1−r2
r1−r3

) respectively represent velocity, amplitude and wave length of the periodic

waves. Here, the complete elliptic integral is denoted by Q(
√
r1−r2
r1−r3

).

7.4.2 Solitary solution

A soliton, commonly known as a solitary wave, is a wave packet that retains its structure

while flowing at a constant speed. It is one of their most distinguishing characteristics that the
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solitons maintain their shapes as they interact. Now when Γ0 = 0, the Eq.(7.20) reduces to

1

2

(
dψ

dΘ

)2

+
A

6Bk2
ψ3 −

w

2Bk3
ψ2 = 0, (7.25)

and so solution (7.24) turns to the solitary wave solution as

ψ(ξ, τ) =
3w

Ak
sech2

(√
w

4Bk3
(kξ−wτ)

)
, (7.26)

Here the terms 3w
Ak

and
√

4Bk3

w
represents the peak amplitude and the width of the ion acoustic

solitary waves.

7.4.2.1 Discussion on periodic and solitary wave solution for the KdV system

The variation of the plasma parameters δb (positron beam to ion density ratio), σ (ion

temperature to electron temperature ratio) and α (positron beam temperature to electron temper-

ature ratio) on Sagdeev potential, phase plot, wave structure corresponding to periodic and solitary

waves are plotted in Figure 7.2 and Figure 7.3 respectively. Figure 7.2, and Figure 7.3 each contain

three rows, where the first position stands for Sagdeev potential, the second position is for phase

plane, and 3rd one is for the presentation of the wave structure. By taking into account the identical

set of values, the Sagdeev potential, phase plane, and wave structure corresponding to the periodic

solution are drawn. We have studied the real zeros of the Sagdeev potential V(ψ) in the forms

of ψ0, ψ1, and ψ2 having non-zero finite values of different physical parameters in order to better

understand the properties of nonlinear periodic (cnoidal) waves. The Sagdeev potential V(ψ) never

vanishes for cnoidal waves at origin (i.e., V(ψ) ̸= 0 at ψ = 0), but it does for solitary waves (i.e.,

V(ψ) = 0 at ψ = 0). The potential well particle regularly oscillates between the zeros ψ0 and ψ1,

according to the Sagdeev potential.

A little potential barrier keeps the oscillating particle from getting to the root value ψ2. According

to the particle’s behavior in Figure 7.2(a)-Figure 7.2(c), a nonlinear periodic (cnoidal) wave oscillates

between two values of ψ0 and ψ1. As a result of the spacing between the repetitions of the wave

structures, the nonlinear potential structures of the cnoidal waves are finally repeated, resulting in

a wavelength of one unit. When the other parameters are held constant, the Sagdeev potential for

various values of the positron beam concentration δb is shown in Figure 7.2(a). Figure 7.2(b) and

Figure 7.2(c) show the corresponding phase plane and associated periodic structure, respectively.

Figure 7.2(c) illustrates the changes in periodic wave patterns as δb varies. The graph clearly in-

dicates that as δb increases, the amplitude of the periodic wave also increases. This suggests that

higher positron beam concentration in plasma leads to ion energization. For this reason, the driving

force given by ions thereby actively contributes and plays a crucial role in forming periodic wave

greater energetic by enlarging its amplitude. The effect of ion to electron temperature ratio σ on
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Figure 7.2: (a), (b), and (c) are respectively the variation of δb on Sagdeev potential, phase plane,
and wave structure corresponding to periodic solution (7.24) for β1 = 0.005, β2 = 0.0054, α =
0.3, σ = 0.1, w = 0.2, k = 1, c1 = 1000, vb0 = 1, vp = 1.45, τ = 1, Γ0 = 0.01. (d), (e), and (f) are
respectively the variation of σ on Sagdeev potential, phase plane, and wave structure corresponding
to periodic solution (7.24) for β1 = 0.005, β2 = 0.0054, α = 0.3, δb = 0.5, w = 0.2, k = 1, c1 =
1000, vb0 = 1, vp = 1.45, τ = 1, Γ0 = 0.01. (g), (h), and (i) are respectively the variation of α
on Sagdeev potential, phase plane, and wave structure corresponding to periodic solution (7.24) for
β1 = 0.005, β2 = 0.0054, σ = 0.1, δb = 0.5, w = 0.2, k = 1, c1 = 1000, vb0 = 1, vp = 1.45, τ =
1, Γ0 = 0.01.
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Figure 7.3: (a), (b), and (c) are respectively the variation of δb on Sagdeev potential, phase plane,
and wave structure corresponding to solitary solution (7.26) for β1 = 0.005, β2 = 0.0054, α =
0.3, σ = 0.1, w = 0.2, k = 1, c1 = 1000, vb0 = 1, vp = 1.45, τ = 1. (d), (e), and (f) are respectively
the variation of σ on Sagdeev potential, phase plane, and wave structure corresponding to solitary
solution (7.26) for β1 = 0.005, β2 = 0.0054, α = 0.3, δb = 0.5, w = 0.2, k = 1, c1 = 1000, vb0 =
1, vp = 1.45, τ = 1. (g), (h), and (i) are respectively the variation of α on Sagdeev potential, phase
plane, and wave structure corresponding to solitary solution (7.26) for β1 = 0.005, β2 = 0.0054, σ =
0.1, δb = 0.5, w = 0.2, k = 1, c1 = 1000, vb0 = 1, vp = 1.45, τ = 1.
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Figure 7.4: (a) 3D profile of periodic structure (7.24), for β1 = 0.005, β2 = 0.0054, α = 0.3, δb =
0.5, σ = 0.1, w = 0.2, k = 1, c1 = 1000, vb0 = 1, vp = 1.45, Γ0 = 0.01, (b) 3D profile of solitary
structure (7.26), for β1 = 0.005, β2 = 0.0054, α = 0.3, δb = 0.5, σ = 0.1, w = 0.2, k = 1, c1 =
1000, vb0 = 1, vp = 1.45, (c) and (d) are Contour plots of the corresponding Figure 7.4(a), and
Figure 7.4(b).

Sagdeev potential, phase plot, and wave structure corresponding to periodic wave are presented

in Figure 7.2(d), Figure 7.2(e), and Figure 7.2(f) respectively. By observing the distances of the

potential curves and the phase plane curves from the vertical axis along parallel to horizontal axis,

it is found that the amplitude of periodic wave decreases with enhancing σ as given in Figure 7.2(f).

We see negative impact in wave structure due to the increase in ion temperature in comparison to

that of the electron. The effect of the parameter α on Sagdeev potential, phase plot, and wave struc-

ture corresponding to periodic wave are presented in Figure 7.2(g), Figure 7.2(h), and Figure 7.2(i)

respectively. From Figure 7.2(i), it is observed that for enhancing α the amplitude of periodic wave

decreases. The structure’s characteristics can be described as follows: when the temperature of

the positron beam increases in comparison to that of the electron, it has an adverse impact on the

system’s potential energy. Consequently, the amplitude of the periodic wave exhibits a decreasing

pattern.

Figure 7.3(a), Figure 7.3(b), and Figure 7.3(c) respectively, show the Sagdeev potential, phase plot,

and wave structure corresponding to a solitary wave for various values of the parameter δb while the

other parameters are held constant. As before, the characteristics of nonlinear solitary waves are

examined using real zeros of V(ψ) in the forms of ψ0, ψ1, and ψ2 with non-zero finite values of vari-

ous physical parameters. V(ψ) vanishes for solitary waves at origin (i.e., V(ψ) = 0 at ψ = 0), but it

never does for periodic waves. The effect of positron beam concentration on solitary wave structure

remains same as we see in periodic wave. Due to the increase in positron beam concentration the

amplitude of the solitary wave increases. Figure 7.3(d), Figure 7.3(e), and Figure 7.3(f) respectively,

show the effects of the parameter σ on the Sagdeev potential, phase plot, and wave structure corre-

sponding to solitary wave. It can be shown that the amplitude of a single structure strictly reduces

with increasing σ as shown in Figure 7.3(f) by looking the distances of the potential curves from the
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vertical axis along parallel to horizontal axis and the area covered by the curves of the phase plane.

Figure 7.3(g), Figure 7.3(h), and Figure 7.3(i) respectively, exhibit the effects of α on the Sagdeev

potential, phase plot, and wave structure corresponding to solitary wave. Figure 7.3(i) shows that

with an increase in α, the amplitude of the compressive solitary wave decreases while the width

remains relatively constant. This observation leads us to conclude that the nonlinearity of the com-

pressive solitary wave is intensified as α increases. This nonlinear behavior can be attributed to the

fact that an increase in the temperature of the positron beam, in comparison to that of the electron,

negatively impacts the potential energy of the system. Therefore, as α increases, the amplitude of

the compressive solitary wave decreases.

Figure 7.4(a) shows compressive structure of periodic waves whereas, compressive structure

of solitary waves are exhibited in Figure 7.4(b). The corresponding contour plots of the above-

mentioned figures are plotted in Figure 7.4(c) and Figure 7.4(d). These numerical figures are drawn

for a clear presentation of the periodic and solitary structures of the present KdV system.

7.4.3 Bilinear form and K-soliton solution for the KdV equation

A number of studies in nonlinear scientific domains have demonstrated that Hirota’s bilinear

method [27, 156, 201], is a potential analytical aid for resolving a wider range of nonlinear evolution

equations. In the current investigation, we utilize the bilinear form of the KdV model for finding

multi-solitons and breathers. Here, we describe the transformation

ψ =
12B

A

∂2

∂ξ2
ln(H(ξ, τ)), (7.27)

and utilizing it in the Eq.(7.18), we can acquire the bilinear form of Eq.(7.18) below as,

(DτDξ + BD4ξ)H ·H = 0. (7.28)

where H is a function of ξ, τ, and the Hirota operator is represented by DτDξ, D4ξ [27, 156, 201].

To find hybrid solutions, the bilinear form of the equation Eq.(7.18) addressed in Eq.(7.28) will

be used. The K-soliton solutions of the KdV Eq.(7.18) are obtained by applying Hirota’s bilinear

approach in the following way,

ψ(ξ, τ) = ψ
K
=

12B

A

[
∂2

∂ξ2
ln(H(ξ, τ))

]
, (7.29)

H = 1+

K∑
j=0

eκj +
∑
j<k

Bjke
κj+κk +

∑
j<k<l

BjkBjlBkle
κj+κk+κl + · · ·+

∏
j<k

Bjk

 e∑K
j=1 κj , (7.30)

Here

κj = gjξ+Ωjτ+ Γ
0
j , Ωj = −Bg3j , j = 1, 2, · · · ,K, (7.31)
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with

Bjk =
(gj − gk)(B(gj − gk)

3 + (Ωj −Ωk))

(gj + gk)(B(gj + gk)3 + (Ωj +Ωk))
, 1 ⩽ j < k ⩽ K. (7.32)

Here, the values of j,k assume 1, 2, · · · ,K, where K stands for the soliton numbers and Γ0j for the

phase constant. gj (j = 1, 2, · · · ,K) are real constants chosen at random.

7.4.3.1 2-Soliton solution

When K = 2, from Eq.(7.30) we have

H = 1+ eκ1 + eκ2 +B12e
κ1+κ2 , (7.33)

with

κi = giξ−Qg
3
iτ+ Γ

0
i , i = 1, 2

and

B12 =
(g1 − g2)(Q(g1 − g2)

3 + (Ω1 −Ω2))

(g1 + g2)(Q(g1 + g2)3 + (Ω1 +Ω2))
. (7.34)

The two-soliton solution for equation Eq.(7.18) can be obtained by replacing Eq.(7.33), into Eq.(7.29).

7.4.3.2 1-Order breather solution

By examining the expression of two-soliton solution and considering complex conjugate

conditions, we write the wave vector as,

g1 = p
R1

+ iq
I1

= g∗2, Γ
0
1 = Γ02 = 0. (7.35)

The declaration H in Eq.(7.33) is now displayed as

H = 1+ 2em1cos(m2) +B12e
2m1 , (7.36)

and from there, it is learned that the fundamental breather solution is,

ψbr =
12B

A

(4p2B12e
2m1 + 2p2em1cos(m2) − 2em1q2cos(m2) − 4pqem1sin(m2))

(1+B12e2m1 + 2em1cos(m2))
−

12B

A

(2B12pe
2m1 + 2pem1cos(m2) − 2qem1sin(m2))

2

(1+B12e2m1 + 2em1cos(m2))2
, (7.37)

where

m1 = p
R1
x− (B(p3

R1
− 3p

R1
q2

I1
))τ,

m2 = q
I1
x− (B(3p2

R1
q

I1
− q3

I1
))τ and B12 =

q2
I1

p2
R1

.
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Figure 7.5: (a) 3D profile of breather structure, for β1 = 0.005, β2 = 0.0054, α = 0.4, δb = 0.5, σ =
0.5, c1 = 1000, Vb0 = 1, vp = 1.45, g1 = −0.5 − 1.5i = g∗2, (b) Contour plot of the corresponding
Figure 7.5(a), (c) 2D profile of breather structure, for β1 = 0.005, β2 = 0.0054, α = 0.3, δb =
0.5, c1 = 1000, vb0 = 1, vp = 1.45, g1 = −0.5− 1.5i = g∗2, τ = 2.

7.4.3.3 Three-soliton solution

In this section, we derive some unique patterns of interactions, which are different forms

of breather-solitons interacting with solitons from the solution (7.30) with relation (7.32) and when

K = 3. We investigate the interactions between breather-solitons and other solitons employing the

complicated conjugate criteria procedure. Here, H is selected as an auxiliary function of third order

as follows,

H = 1+ eκ1 + eκ2 + eκ3 +B12e
κ1+κ2 +B13e

κ1+κ3 +B23e
κ2+κ3 +B123e

κ1+κ2+κ3 , (7.38)

where

κi = gjξ− Bg
3
jτ+ Γ

0
j , j = 1, 2, 3, & B123 = B12B13B23

and Bjk, j,k = 1, 2, 3, are provided by (7.32). Because of this, Eq.(7.30) can be used in place of

Eq.(7.38) to produce the three-order solution. The three-order solution appears as the three-solitons

if all the parameters g1, g2 and g3 are assumed to be real constants.

1-Soliton and 1-order breather solution :

We select a single breather and a single soliton in the following section and merge them to

make a hybrid solution to provide more information

g1 = p
R1

+ iq
I1

= g∗2, g3 = g3, Γ
0
1 = Γ02 = 0. (7.39)

Then, the H can be explicitly written as

H = 1+ 2em1cos(m2) +B12e
2m1 + eκ3 + 2γ1e

m1+κ3cos(m2 + σ1) +B12γ
2
1e

2m1+κ3(7.40)
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Figure 7.6: (a) 3D profile for interaction of breather-soliton structure, for β1 = 0.005, β2 =
0.0054, α = 0.4, δb = 0.5, σ = 0.5, c1 = 1000, vb0 = 1, vp = 1.45, g1 = −0.6 − 1.6i = g∗2, g3 = 2;
(b) Contour plot of the corresponding Figure 7.6(a), (c) 2D profile of interaction of breather-soliton
structure, for β1 = 0.005, β2 = 0.0054, α = 0.4, δb = 0.5, c1 = 1000, vb0 = 1, vp = 1.45, g1 =
−0.6− 1.6i = g∗2, g3 = 2, τ = 0.5.

where

m1 = p
R1
ξ− [B(p3

R1
− 3p

R1
q2

I1
)]τ, m2 = q

I1
ξ− [B(3p2

R1
q

I1
− q3

I1
)]τ, κ3 = g3ξ− Bg

3
3τ,

B12 =
q2

I1

p2
R1

, B13 = −
(p

R1
+ iq

I1
− g3)

2

(p
R1

+ iq
I1
+ g3)2

= γ1e
iσ1 , B13 = B∗

23 = γ1e
−iσ1 . (7.41)

Thus, we obtain a hybrid solution ψ = 12B
A

∂2

∂ξ2 ln(H(ξ, τ)), where H is determined by Eq.(7.40).

7.4.3.4 Multiple interactive configurations with solitons and breathers

In this part, we describe some innovative interactive topological structures that are com-

posed of breather-solitons as well as solitons collectively and are derived from the solution (7.30)

with (7.32) and K = 4. By taking into account the complicated conjugate condition technique, we

analyse the interacting behaviours between breather-soliton and other types of soltons. We pick H

as the fourth-order auxiliary function

H = 1+

4∑
i=1

eκi +
∑

1⩽i<j⩽4

Bije
κi+κj +

∑
1⩽i<j<k⩽4

Bijke
κi+κj+κk +B1234e

∑4
i=1 κi (7.42)

where Bij, j = 1, 2, 3 and B123 = B12B13B23 and B1234 = B12B13B14B23B24B34 obey the results

(7.32), respectively. The fourth-order solution for Eq.(7.18) may be found by putting Eq. (7.42),

into Eq.(7.29). There are two different sorts of combinations in the fourth-order situation, and the

following are some typical cases:
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Figure 7.7: (a) 3D profile for interaction of breather-two-soliton structure, for β1 = 0.005, β2 =
0.0054, α = 0.4, δb = 0.5, σ = 0.5, c1 = 1000, vb0 = 1, vp = 1.45, g1 = −0.6 − 1.35i = g∗2, g3 =
2.5, g4 = −1.6, (b) Contour plot of the corresponding Figure 7.7(a); (c) 2D profile for interaction of
breather-soliton structure, for β1 = 0.005, β2 = 0.0054, α = 0.4, δb = 0.5, c1 = 1000, vb0 = 1, vp =
1.45, g1 = −0.6− 1.35i = g∗2, g3 = 2.5, g4 = −1.6, τ = 0.5.

Case I. 1-Order breather and 2-soliton :

We can create a hybrid solution by account of both a 1-order breather and a 2-soliton

solution by considering

K = 4, g1 = p
R1

+ iq
I1

= g∗2, g3 = g3, g4 = g4, Γ
0
j = 0 (1 ⩽ j ⩽ 4). (7.43)

Therefore, it is possible to express the H as

H = 1+ 2em1cos(m2) +B12e
2m1 + 2γ1e

m1+κ3cos(m2 + σ1) + 2γ2e
m1+κ4cos(m2 + σ2)

+B12γ
2
1e

2m1+κ3 + 2B12γ
2
2e

2m1+κ4 +B12B34γ
2
1γ

2
2e

2m1+κ3+κ4

+ 2B34γ1γ2e
m1+κ3+κ4cos(m2 + σ1 + σ2), (7.44)

where

m1 = p
R1
ξ− (Q(p3

R1
− 3p

R1
q2

I1
))τ, m2 = q

I1
ξ− (Q(3p2

R1
q

I1
− q3

I1
))τ, κ3 = g3ξ−Qg

3
3τ,

κ4 = g4ξ−Qg
3
4τ, B12 =

q2
I1

p2
R1

, B13 = −
(p

R1
+ iq

I1
− g3)

2

(p
R1

+ iq
I1
+ g3)2

, B13 = B∗
23 = γ1e

iσ1 ,

B14 = −
(p

R1
+ iq

I1
− g4)

2

(p
R1

+ iq
I1
+ g4)2

, B14 = B∗
24 = γ2e

iσ2 , B34 = −
(g3 − g4)

2

(g3 + g4)2
. (7.45)

Therefore, we obtain a 1-order breather and 2-soliton solution ψ = 12B
A

[
∂2

∂ξ2 ln(H(ξ, τ))
]
, where H

is determined by Eq.(7.44).
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Figure 7.8: (a) 3D profile of 2-order breather structure, for β1 = 0.005, β2 = 0.0054, α = 0.4, σ =
0.5, δb = 0.5, c1 = 1000, vb0 = 1, vp = 1.45, g1 = −0.5 − 1.5i = g∗2, g3 = −0.5 − 1.8i = g∗4; (b)
Contour plot of the corresponding Figure 7.8(a); (c) 2D profile of two order breather structure, for
β1 = 0.005, β2 = 0.0054, α = 0.4, δb = 0.5, c1 = 1000, vb0 = 1, vp = 1.45, g1 = −0.5 − 1.5i =
g∗2, g3 = −0.5− 1.8i = g∗4, τ = 0.5.

Case II. 2-Order breather :

If the established restrictive requirements are satisfied and the solution (7.42) with (7.32)

of K = 4 is used, it is possible to quickly construct a 2-order breather type wave that is identical to

(7.35),

g1 = p
R1

+ iq
I1

= g∗2, g3 = g∗4 = r
R2

+ is
I2
, Γ01 = Γ02 = 0. (7.46)

Thus, H can be represented as

H = 1+ 2em1cos(m2) +B12e
2m1 + 2em3

cos(m4) +B34e
2m3 + 2γ3e

m1+m3cos(m2 +m4 + δ3) +

2γ4e
m1+m3cos(m2 −m4 + δ4) + 2B12γ3γ4e

2m1+m3cos(m2 + δ3 − δ4) +

2B34γ3γ4e
m1+2m3cos(m2 + δ3 + δ4) +B12B34γ

2
3γ

2
4e

2(m1+m3), (7.47)

where

m1 = p
R1
ξ− (Q(p3

R1
− 3p

R1
q2

I1
))τ, m2 = q

I1
ξ− (Q(3p2

R1
q

I1
− q3

I1
))τ,

m3 = r
R2
ξ− (Q(r3

R2
− 3r

R2
s2
I2
))τ, m4 = s

I2
ξ− (Q(3r2

R2
s
I2
− s3

I2
))τ,

B12 =
q2

I1

p2
R1

, B13 = −
(p

R1
+ i(q

I1
+ ir

R2
− s

I2
))2

(p
R1

+ iq
I1
+ r

R2
+ is

I2
)2

, B13 = B∗
24 = γ3e

iδ3 ,

B14 = −
(p

R1
+ i(q

I1
+ ir

R2
+ s

I2
))2

(p
R1

+ iq
I1
+ r

R2
− is

I2
)2

, B14 = B∗
23 = γ4e

iδ4 , B34 =
s2
I2

r2
R2

. (7.48)

It is noteworthy that function (7.47) can be substituted into Eq.(7.29) to yield a 2-order breather

solution.
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7.4.4 Discussion on breather and soliton interaction of the KdV system

In Figure 7.5(a), the breather is represented by the solution (7.37) for the KdV system,

taking into account some particular values of the associated parameters and the corresponding

contour plot is also presented in Figure 7.5(b). Figure 7.5(c) is drawn for presentation of the

impact of σ in breather. It is observed in Figure 7.5(c) that the breather is depressed due to the

increase in σ. This characteristic of the structure can be described in the following manner: when

the ion’s temperature rises in contrast to that of the electron, it negatively affects the potential

energy of the system. As a result, the breather demonstrates a declining trend. Figure 7.6(a) is

depicted to present the interaction of breather and soliton and the corresponding contour plot is

exhibited in Figure 7.6(b). The interactive profile of soliton and breather under the variation of σ is

expressed in Figure 7.6(c). The structure of the interaction of bi-soliton and breather is presented

in Figure 7.7(a) whose contour plot is given in Figure 7.7(b). The propagation of the interactive

wave is briefly described in Figure 7.7(c). The profile of the double breather and the contour plot

is presented respectively in Figure 7.8(a) and Figure 7.8(b). As before, in Figure 7.8(c), we find the

depressing tendency in breather structure for an enhancement in σ.

7.5 Nonlinear analysis of mKdV equation

The KdV equation is contingent upon A, which is determined by the parameters β1, β2,

α, δb and σ. When specific values are assigned to these parameters (for example β1 = 0.005, β2 =

0.0054, α = 0.207, δb = 0.5, σ = 0.1), a critical point emerges where A equals zero. At this

critical point, the nonlinearity disappears, rendering the KdV equation inadequate in describing

the nonlinear evolution of perturbation. In such a case, to investigate the wave phenomena in the

neighbouring zone of the above mentioned area, higher-order nonlinearity is taken into account to

produce a new type of evolution equation, such as the mKdV equation. We introduce the new

extended coordinates as follows in order to get the mKdV equation:

ξ = ϵ (x− vpt) , τ = ϵ
3t. (7.49)

Substituting (7.49) and (7.3) in Eqs.(7.1) and comparing the coefficient of lowest order of ϵ, we can

obtain the same relations (7.4)-(7.7). Comparing the coefficients of next higher order of ϵ, we get

ni2 =
3v2p + 3σ

2
(
v2p − 3σ

)3ϕ2
1 +

1(
v2p − 3σ

)ϕ2, (7.50)

vi2 =
v3p + 9σvp

2
(
v2p − 3σ

)3ϕ2
1 +

vp(
v2p − 3σ

)ϕ2, (7.51)
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pi2 =
15v2p − 9σ

2
(
v2p − 3σ

)3ϕ2
1 +

3(
v2p − 3σ

)ϕ2, (7.52)

ne2 =
1(

3− β1v2p
)ϕ2 −

3+ 3β1v
2
p

2
(
3− β1v2p

)3ϕ2
1, (7.53)

ve2 =
vp(

3− β1v2p
)ϕ2 −

vp
(
9+ β1v

2
p

)
2
(
3− β1v2p

)3 ϕ2
1, (7.54)

pe2 =
3(

3− β1v2p
)ϕ2 +

9− 15β1v
2
p

2
(
3− β1v2p

)3ϕ2
1, (7.55)

nb2 = −
3

2c21

β2vb0 (vp − vb0)
3

ω3µ3
ϕ2

1 +
1

ωµ
ϕ2 +

3

2ω2µ2
ϕ2

1

+
3α

2ω2µ3
ϕ2

1 +
9

2c21

αvb0 (vp − vb0)

ω3µ3
ϕ2

1 +
9α

2ωµ3
ϕ2

1, (7.56)

,

vb2 = −
3

2c21

β2vb0 (vp − vb0)
4

ω3µ3
ϕ2

1 +
(vp − vb0)

ωµ
ϕ2 +

(vp − vb0)

2ω2µ2
ϕ2

1

+
3α (vp − vb0)

2ω2µ3
ϕ2

1 +
9

2c21

αvb0 (vp − vb0)
2

ω3µ3
ϕ2

1 +
9α (vp − vb0)

2ωµ3
ϕ2

1, (7.57)

pb2 = −
3

2c21

β2
2vb0 (vp − vb0)

5

αω2µ3
ϕ2

1 +
3

µ
ϕ2 +

β2 (vp − vb0)
2

2αωµ2
ϕ2

1 +
3β2 (vp − vb0)

2

2ωµ3
ϕ2

1

+
9

2c21

β2vb0 (vp − vb0)
3

ω2µ3
ϕ2

1 +
9β2 (vp − vb0)

2

2µ3
ϕ2

1 +
3

2c21

β2vb0 (vp − vb0)
3

αω2µ2
ϕ2

1 −
1

2αωµ
ϕ2

1. (7.58)

If we continue to the next order of ϵ, we get

∂ni1

∂τ
− vp

∂ni3

∂ξ
+
∂vi3

∂ξ
+
∂

∂ξ
(ni1vi2) +

∂

∂ξ
(ni2vi1) = 0, (7.59)

∂vi1

∂τ
− vp

∂vi3

∂ξ
+ vi1

∂vi2

∂ξ
+ vi2

∂vi1

∂ξ
+ σ

∂pi3

∂ξ
− σni1

∂pi2

∂ξ
− σni2

∂pi1

∂ξ
+ σn2

i1

∂pi1

∂ξ
= −

∂ϕ3

∂ξ
, (7.60)

∂pi1

∂τ
− vp

∂pi3

∂ξ
+ vi1

∂pi2

∂ξ
+ vi2

∂pi1

∂ξ
+ 3

∂vi3

∂ξ
+ 3pi1

∂vi2

∂ξ
+ 3pi2

∂vi1

∂ξ
= 0, (7.61)

∂ne1

∂τ
− vp

∂ne3

∂ξ
+
∂ve3

∂ξ
+
∂

∂ξ
(ne1ve2) +

∂

∂ξ
(ne2ve1) = 0, (7.62)

β1
∂ve1

∂τ
− β1vp

∂ve3

∂ξ
− β1vpne1

∂ve2

∂ξ
− β1vpne2

∂ve1

∂ξ
+ β1ve1

∂ve2

∂ξ

+β1ve2
∂ve1

∂ξ
+ β1ne1ve1

∂ve1

∂ξ
+
∂pe3

∂ξ
=
∂ϕ3

∂ξ
+ ne1

∂ϕ2

∂ξ
+ ne2

∂ϕ1

∂ξ
, (7.63)

∂pe1

∂τ
− vp

∂pe3

∂ξ
+ ve1

∂pe2

∂ξ
+ ve2

∂pe1

∂ξ
+ 3

∂ve3

∂ξ
+ 3pe1

∂ve2

∂ξ
+ 3pe2

∂ve1

∂ξ
= 0, (7.64)

∂nb1

∂τ
− vp

∂nb3

∂ξ
+
∂vb3

∂ξ
+
∂

∂ξ
(nb1vb2) +

∂

∂ξ
(nb2vb1) + vb0

∂nb3

∂ξ
= 0, (7.65)
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ωβ2
∂vb1

∂τ
−ωβ2 (vp − vb0)

∂vb3

∂ξ
−

1

2c21
β2 (vp − vb0)

∂v3b1
∂ξ

−
3

c21
β2vb0 (vp − vb0)

∂

∂ξ
(vb1vb2)

+ωβ2vb1
∂vb2

∂ξ
+ωβ2vb2

∂vb1

∂ξ
+

3

2c21
β2vb0vb1

∂v2b1
∂ξ

−ωβ2 (vp − vb0)nb1
∂vb2

∂ξ

−
3

2c21
β2vb0 (vp − vb0)nb1

∂v2b1
∂ξ

+ωβ2nb1vb1
∂vb1

∂ξ
−ωβ2 (vp − vb0)nb2

∂vb1

∂ξ

+α
∂pb3

∂ξ
= −

∂ϕ3

∂ξ
− nb1

∂ϕ2

∂ξ
− nb2

∂ϕ1

∂ξ
, (7.66)

∂pb1

∂τ
− (vp − vb0)

∂pb3

∂ξ
+ vb1

∂pb2

∂ξ
+ vb2

∂pb1

∂ξ
+ 3ω

∂vb3

∂ξ
+ 3ωpb1

∂vb2

∂ξ

+
9

2c21
vb0pb1

∂v2b1
∂ξ

+
3

2c21

∂v3b1
∂ξ

+
9

c21
vb0

∂

∂ξ
(vb1vb2) + 3ωpb2

∂vb1

∂ξ
= 0, (7.67)

∂2ϕ1

∂ξ2
= (1+ δb)ne3 − δbnb3 − ni3. (7.68)

From Eqs.(7.59)-(7.68), selecting ϕ1 = ψ, we finally obtain the following mKdV equation

∂ψ

∂τ
+A1ψ

2 ∂ψ

∂ξ
+ B

∂3ψ

∂ξ3
= 0, (7.69)

where

A1 =
R1

P
,B =

1

P
,

and

P = (1+ δb)
2β1vp(

3− β1v2p
)2 + δb

2β2 (vp − vb0)

ωµ2
+

2vp(
v2p − 3σ

)2 ,
R1 = −(1+ δb)

3(5β2
1v

4
p + 30β1v

2
p + 9)

2
(
3− β1v2p

)5 + δb(−
30

2c21

vb0 (vp − vb0)

ω4µ3
−

3

2c21

(vp − vb0)
2

ω4µ3
+

13

2ω3µ3
+

12α

ω3µ4
+
β2 (vp − vb0)

2

ω3µ4
−

81

2c21

αvb0 (vp − vb0)

ω3µ4
+

81α

2ω2µ4
+

3β2 (vp − vb0)
2

2ω2µ4

+
27

2c41

v2b0 (vp − vb0)
2

ω5µ3
+

3αβ2 (vp − vb0)
2

ω3µ5
+

9α2

2ω3µ5
+

27αβ2 (vp − vb0)
2

2ω2µ5
+

81α2

2ω2µ5
+

81α2

ωµ5

+
27αβ2 (vp − vb0)

2

2ωµ5
−

3

2ω2µ3
) +

3
(
9σ2 + 30σv2p + 5v4p

)
2
(
v2p − 3σ

)5 −
36

2c21

αvb0 (vp − vb0)

ω4µ4
. (7.70)

7.6 Solutions of mKdV equation

7.6.1 Periodic wave structure of the mKdV equation

To observe nonlinear periodic waves in plasma environment, we now consider the mKdV

framework. Utilizing the transformation (7.19), we derive a connection from Eq.(7.69) in below as,

1

2
(ψ ′)2 + V(ψ) = 0. (7.71)
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The Sagdeev potential V(ψ) reads

V(ψ) =
A1

12Bk2
ψ4 −

w

2Bk3
ψ2 −

Γ1

Bk3
, (7.72)

and Γ1 is an integrating constant. A different approach to construct the equation is as follows:

(ψ ′)2 =
A1

6Bk2
(r1 −ψ

2)(ψ2 − r2), (7.73)

where r1 = 3w
A1k

+
√

9w2

A2
1k

2 + 12Γ1
A1k

, r2 = 3w
A1k

−
√

9w2

A2
1k

2 + 12Γ1
A1k

also r1 > 0 and r2 < 0.√
A1

6Bk2
Θ =

∫
dr√

(r1 −ψ2)(ψ2 − r2)
. (7.74)

Using the following transformation

ψ =
√
r1 cosθ, (7.75)

we get √
A1

6Bk2
Θ =

∫
dψ√

(r1 −ψ2)(ψ2 − r2)

=
1√

r1 − r2

∫
dθ√

1− κ21sin
2θ

, (7.76)

where κ21 = r1
r1−r2

. Jacobi’s elliptic sine function [198, 144, 202, 203], which gives us the following

results in this instance, is:

sinθ = sn

(√
A1

6Bk2
(r1 − r2) Θ,κ1

)
. (7.77)

As a result, the answer to Eq. (7.73) is

ψ(Θ) =
√
r1 cn

(√
A1

6Bk2
(r1 − r2) Θ, κ1

)
. (7.78)

Hence, the periodic wave solution of mKdV Eq.(7.69) has the following formula:

ψ(ξ, τ) =
√
r1 cn

[√
A1

6Bk2
(r1 − r2) (kξ−wτ),

√
r1

r1 − r2

]
. (7.79)

It is evident that the periodic wave’s amplitude is
√
r1.

7.6.2 Solitary wave structure of mKdV equation

Now if Γ1 = 0, then r1 = 6w
A1k

, r2 = 0 and then κ1 = 1 and so the periodic solution (7.79)

becomes a single solution as

ψ(ξ, τ) = ψ0 sech

(
kξ−wτ

wd

)
. (7.80)

where the amplitude reads ψ0 = ±
√

6w
A1k

and width reads wd =
√
Bk3

w
.
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Figure 7.9: 2D profile of (a) nonlinear coefficient A1 vs α for β1 = 0.005, β2 = 0.0054, δb =
0.5, σ = 0.2, c1 = 1000, vb0 = 1, vp = 1.45, (b) nonlinear coefficient A1 vs δb for β1 = 0.005, β2 =
0.0054, α = 0.3, σ = 0.2, c1 = 1000, vb0 = 1, vp = 1.45.

-15 -10 -5 0 5 10 15
0.0

0.2

0.4

0.6

0.8

1.0

1.2

Ξ

Ψ

∆b=0.6

∆b=0.5

∆b=0.4

(a)

-40 -20 0 20 40
-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

Ξ

Ψ ∆b=0.6
∆b=0.5
∆b=0.4

(b)

-15 -10 -5 0 5 10 15
0.0

0.2

0.4

0.6

0.8

1.0

1.2

Ξ

Ψ

Α=0.5

Α=0.4

Α=0.3

(c)

-40 -20 0 20 40
-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

Ξ

Ψ Α=0.5

Α=0.4

Α=0.3

(d)

Figure 7.10: (a) The wave structure corresponding to solitary solution (7.80) for β1 = 0.005, β2 =
0.0054, w = 0.2, k = 1, c1 = 1000, vb0 = 1, vp = 1.45, τ = 1, Γ1 = 0, σ = 0.1, and α = 0.3, (b)
is the wave structure corresponding to periodic solution (7.79) for β1 = 0.005, β2 = 0.0054, w =
0.2, k = 1, c1 = 1000, vb0 = 1, vp = 1.45, τ = 1, Γ1 = 0.01, σ = 0.1, and α = 0.3, (c) is the wave
structure corresponding to solitary solution (7.80) for β1 = 0.005, β2 = 0.0054, w = 0.2, k = 1, c1 =
1000, vb0 = 1, vp = 1.45, τ = 1, Γ1 = 0, σ = 0.1, δb = 0.5, (d) is the wave structure corresponding
to periodic solution (7.79) for β1 = 0.005, β2 = 0.0054, w = 0.2, k = 1, c1 = 1000, vb0 = 1, vp =
1.45, τ = 1, Γ1 = 0.01, σ = 0.1, δb = 0.5.
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Figure 7.11: (a), (b), and (c) are the variation of σ on Sagdeev potential, phase plane, and wave
structure corresponding to periodic solution (7.79) respectively for β1 = 0.005, β2 = 0.0054, α =
0.3, δb = 0.5, w = 0.2, k = 1, c1 = 1000, vb0 = 1, vp = 1.45, τ = 1, Γ1 = 0.01. (d), (e), and (f) are
the variation of σ on Sagdeev potential, phase plane, and wave structure corresponding to solitary
solution (7.80) respectively for β1 = 0.005, β2 = 0.0054, α = 0.3, δb = 0.5, w = 0.2, k = 1, c1 =
1000, vb0 = 1, vp = 1.45, Γ1 = 0, τ = 1.
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7.6.3 Breather wave solution for the mKdV equation

We first replace ξ by YB1/3, ψ by
√
24VA

−1/2
1 B1/6 and τ by T , Eq.(7.69) is then simplified

into the standard mKdV equation as,

∂V

∂T
+ 24V2 ∂V

∂Y
+
∂3V

∂Y3
= 0. (7.81)

Utilizing the transformation

V = arctan

(
F(Y, T)

G(Y, T)

)
Y

=
FYG− FGY

F2 + G2
, (7.82)

in Eq.(7.81), we get the bilinear form of Eq.(7.81) as

DT (F.G) +D
3
Y(F.G) = 0, (7.83a)

D2
Y(F.F + G.G) = 0, (7.83b)

where the real variables Y and T are represented by the functions F and G, and the Hirota operator

is represented by DT , D
2
Y , D

3
Y [27, 156, 201]. The soliton and periodic solutions of the KdV and

mKdV equations have been already studied. Specifically, now we focus on a unique form of breather

solution within the mKdV equation [244]. These breathers represent special instances of two-soliton

solutions, which manifest as spatially localized and time-periodic solutions. The breather solution is

characterized by a bound two-soliton solution with complex conjugated wave vectors. By analyzing

the expression of the two-soliton solution [245, 246] within the framework of Eqs.(7.83), we can gain

further insights. Assuming,

F = 1+ eκ1 + eκ2 +A12e
κ1+κ2 , (7.84a)

G = 1− eκ1 − eκ2 +A12e
κ1+κ2 (7.84b)

with

κj = gj(Y +wjT) + Γ
0
j , j = 1, 2

and under certain complex conjugate conditions, we find the wave vectors as,

g1 = p1 + iq1 = g∗2, Γ
0
1 = Γ02 = 0. (7.85)

Separating real and imaginary parts of κj as, κ1 = θ1 + iθ2, κ2 = θ1 − iθ2, the solutions F and G of

Eqs.(7.83) in Eq.(7.84) can be written as

F = 1+ 2eθ1cos(θ2) +A12e
2θ1 , (7.86a)

G = 1− 2eθ1cos(θ2) +A12e
2θ1 . (7.86b)
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As a consequence of the gauge property [27, 247], F and G refer to the following

F = e−θ1 + 2cos(θ2) +A12e
θ1 , (7.87a)

G = e−θ1 − 2cos(θ2) +A12e
θ1 . (7.87b)

Now, we aim to find the breather-wave solutions of Eq.(7.69) using an extended version of test

functions known as the extended homoclinic test approach [248, 249, 250]. We consider the following

functions as,

F = r2e
θ1 + r1cos(θ2) + e

−θ1 , (7.88a)

G = r4e
θ1 + r3cos(θ2) + e

−θ1 , (7.88b)

θ1 = g1(Y + c1τ), θ2 = g2(Y + c2τ).

We shall eventually compute the constants used in the equation below. Replacing Eq.(7.88) into

Eqs.(7.83) and bring altogether the coefficients of ejθ1 , cos(θ2)e
jθ1 and sin(θ2)e

jθ1 , for (j = −1, 0, 1)

disappear, we obtained the following algebraic equations:

coeff.of eθ1cos(θ2) : (−g
3
1r1r4 + g

3
1r2r3 + 3g1g

2
2r1r4 − 3g1g

2
2r2r3 − c1g1r1r4 + c1g1r2r3) = 0,

(7.89a)

coeff. of e−θ1cos(θ2) : (g
3
1r1 − g

3
1r3 − 3g1g

2
2r1 + 3g1g

2
2r3 + c1g1r1 − c1g1r3) = 0,

(7.89b)

coeff. of eθ1sin(θ2) : (−3g21g2r1r4 + 3g21g2r2r3 + g
3
2r1r4 − g

3
2r2r3 − c2g2r1r4 + c2g2r2r3) = 0,

(7.89c)

coeff. of e−θ1sin(θ2) : (−3g21g2r1 + 3g21g2r3 + g
3
2r1 − g

3
2r3 − c2g2r1 + c2g2r3) = 0,

(7.89d)

coefficient of e0.θ1e0.θ2 : 8g31r2 − 8g31r4 + 2c1g1r2 − 2c1g1r4 = 0,

(7.89e)

and

coefficient of eθ1cos(θ2) : (2g
2
1r1r2 + 2g21r3r4 − 2g22r1r2 − 2g22r3r4) = 0, (7.90a)

coefficient of e−θ1cos(θ2) : (2g
2
1r1 + 2g21r3 − 2g22r1 − 2g22r3) = 0, (7.90b)

coefficient of eθ1sin(θ2) : (4g1g2r1r2 + 4g1g2r3r4) = 0, (7.90c)

coefficient of e−θ1sin(θ2) : (−4g1g2r1 − 4g1g2r3) = 0, (7.90d)

coefficient of e0.θ1e0.θ2 : −2g22r
2
1 − 2g22r

2
3 + 8g21r2 + 8g21r4 = 0. (7.90e)

By solving the above algebraic equations, we obtain

r2 =
g22
4g21

, r4 =
g22
4g21

, r3 = −r1, c1 = −g21 + 3g22, c2 = g22 − 3g21, (7.91)
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Figure 7.12: (a) 3D profile of periodic structure (7.79) for β1 = 0.005, β2 = 0.0054, α = 0.3, σ =
0.1, δb = 0.5, w = 0.2, k = 1, c1 = 1000, vb0 = 1, vp = 1.45, Γ1 = 0.01, (b) Contour plot of
the corresponding Figure 7.12(a);(c) 3D profile of solitary structure (7.80) for β1 = 0.005, β2 =
0.0054, α = 0.3, σ = 0.1, δb = 0.5, w = 0.2, k = 1, c1 = 1000, vb0 = 1, vp = 1.45, (d) Contour plot
of the corresponding Figure 7.12(c).

Following some calculations using Eq.(7.88), we arrive at

F = 2
√
r2 cosh(θ1) + r1cos(θ2), G = 2

√
r4 cosh(θ1) − r1cos(θ2). (7.92)

Substituting Eq.(7.92) into Eq.(7.82), Eq.(7.69) has the following breather solutions in addition to

the relations (7.91),

ψbr = −

√
24

A1
B1/6 r1(

√
r2 +

√
r4)(sinhη1 cosη2g1 + sinη2 coshη1g2)

(2
√
r2 cosh(η1) + r1cos(η2))2 + (2

√
r4 cosh(η1) − r1cos(η2))2

, (7.93)

where

η1 = g1

(
ξ

B1/3
+ (−g21 + 3g22)τ

)
, η2 = g2

(
ξ

B1/3
+ (g22 − 3g21)τ

)
. (7.94)

A homoclinic breather wave results from the interaction of the breather and homoclinic waves. A

homoclinic breather wave form results from the interaction of two homoclinic waves. The hyperbolic

functions sinh(η1) and cosh(η1), as well as the trigonometric functions sin(η2) and cos(η2), can be

obtained to make up the answer (7.93). The breather wave propagates through periodic oscillation

at a velocity

vξ = (3g21 − g
2
2)B

1/3. (7.95)

7.6.4 Discussion of the periodic, solitary and breather structures of the

mKdV equation

It can be seen from solution (7.93) that solitons only occur in the case where A1 > 0.

Figure 7.9 illustrates how the coefficient A1 varies in relation to the parameters α, δb. Based on

varying values of α, δb, Figure 7.9 shows that all of the coefficient care values are positive. Thus,
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Figure 7.13: (a) 3D profile of breather structure (7.93) for β1 = 0.005, β2 = 0.0054, α = 0.3, δb =
0.5, σ = 0.3, c1 = 1000, vb0 = 1, vp = 1.45, r1 = 1, r2 = −1, r3 = 1, g1 = 1, g2 = 1, (b) Contour
plot of the corresponding Figure 7.13(a); (c) 2D profile of breather structure for β1 = 0.005, β2 =
0.0054, α = 0.3, δb = 0.5, c1 = 1000, vb0 = 1, vp = 1.45, r1 = 1, r2 = −1, r3 = 1, g1 = 1, g2 =
1, τ = 0.5.

for β1 = 0.005, β2 = 0.0054, δb = 0.5, σ = 0.2, c1 = 1000, vb0 = 1, vp = 1.45, we see that the

single waves are only compressive ones. In the mKdV framework, Figure 7.10(a) and Figure 7.10(b)

illustrate the impact of δb on the solitary and periodic waves. Figure 7.10(a) shows that raising δb

results in a boost in the amplitude of the solitary wave. Specifically, for δb ∈ (0.4, 0.6), the amplitude

of the solitary wave in Figure 7.10(a) increases within the range of (0.89, 1.09). This is observed

while keeping the other parameters constant at σ = 0.1, and α = 0.3. Similarly, in Figure 7.3(c), the

KdV model demonstrates a similar pattern where the amplitude of the solitary wave lies within the

range of (0.69, 0.97) for the same values of δb. Other plasma parameters are the same as mentioned

above. This study reveals that a rise in positron beam concentration results in a greater increase in

amplitude in the mKdV model compared to the KdV model. Similar observations can be made in

Figure 7.2(c) and Figure 7.10(b) for the periodic wave in both models.

Figure 7.10(c) and Figure 7.10(d) illustrate the influence of α on both solitary and periodic wave

profiles in the mKdV framework. From Figure 7.10(c), it is clear that as α increases, the amplitude

of the solitary wave decreases. The amplitude of the solitary wave range from 0.76 to 0.98 when

α ∈ (0.3, 0.5), keeping other plasma parameters constant at σ = 0.1, and δb = 0.5. On the other

hand, in the KdV model (Figure 7.3(i)), the amplitude of the solitary wave range from 0.5 to 0.8 for

the same values of α. Other plasma parameters are the same as mentioned above. However, it is

evident that increasing the temperature of positron beam, compared to that of the electron, results

in a more increase in the amplitude of the solitary wave within the mKdV framework compared to

the KdV model. A similar observation can be made in Figure 7.2(i) and Figure 7.10(d) for enhancing

α in both models.

Now, we talk about how the plasma parameter σ, which is the ratio of the temperature of an ion
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to that of an electron, affects the wave propagation in the current plasma system. The fluctuation

of the Sagdeev potential, the phase plot, and the related periodic solutions are each depicted in

Figure 7.11(a), Figure 7.11(b), and Figure 7.11(c) respectively. It is evident from the distances

of the Sagdeev potential curves and the phase plane curves from the vertical axis along parallel to

horizontal axis that the periodic waves’ amplitude shrinks to enhance the ion to electron temperature

ratio parameter σ, as seen in Figure 7.11(c). Figure 7.11(d), Figure 7.11(e), and Figure 7.11(f),

respectively, show the fluctuation of the Sagdeev potential, the phase plot, and the associated single

solutions. By examining the distances of the Sagdeev potential curves and the phase plane curves

from the vertical axis along parallel to horizontal axis ( see. Figure 7.11(f)), it is clear that the

amplitude of the solitary wave shrinks for enhancing the ion to electron temperature ratio parameter

σ. The solitary wave’s amplitude varies between 0.33 and 0.99 for σ ∈ (0.1, 0.3), with α = 0.3, and

δb = 0.5 remaining the same. Figure 7.3(f) illustrates a similar trend in the KdV model, with

the amplitude ranging from 0.33 to 0.8 for same values of σ. The other plasma parameters remain

unchanged. The Figure 7.12(a) and Figure 7.12(c) also depict the three-dimensional figure of a

periodic and solitary wave of the mKdV model respectively, and their related contour mapping are

shown respectively in Figure 7.12(b) and Figure 7.12(d). The periodic breather for the system under

consideration is shown in Figure 7.13(a) through the solution (7.93), taking into account the specific

values of the relevant parameters. The contour plot Figure 7.13(b) beautifully depict the top and

bottom panels of the breather presented in Figure 7.13(a). Figure 7.13(c) illustrates the fluctuation

of the parameter σ on the breather wave. It can be seen from the preceding image that increasing σ

causes the breather’s amplitude to shrink. The rise in ion temperature has caused a negative effect

on the wave structure when compared to the electron’s temperature. Furthermore, as σ increases,

the wave velocity also significantly increases, consequently causing the wave to move forward.

7.7 Conclusion

Previously, inhomogeneous Burgers type models were used to investigate the motion of ion-

acoustic wave in EPI plasma medium containing a relativistic positron beam [251]. For the first time,

utilizing the KdV and mKdV models derived from the fundamental equation of plasma dynamics in

a parametric setting, this article investigates the propagating characteristic of ion-acoustic periodic,

solitary, and breather waves propagate in electron-ion plasmas with relativistic positron beams.

Numerical research reveals that δb (ratio of positron beam density to ion density), α (ratio of positron

beam temperature to electron temperature) and σ (ratio of ion temperature to electron temperature)

affect the wave dynamics in current plasma environment. The presence of relativistic positron beams

has a significant impact on the behavior of nonlinear waves, causing changes in the amplitude and

width of wave structures. The analytical solutions of KdV and mKdV equations are numerically

209



analyzed and physical significance can be attributed to the fact that positron beams which are energy

ingredient to the plasma system play a key role in destructing nonlinearity of the system as the beam

concentration increases. In both periodic and solitary waves, the same type of propagating behavior

is observable for variations in the parameters σ and α for KdV and mKdV models. An increase in

the values of σ and α result in increased nonlinearity within the system, leading to a decrease in

the amplitude of wave potentials. A negative impact follows on wave structures for enhancement in

both parameters.

Breathers are typically contracted from KdV-type models using Schördinger-type models,

which are produced from the aforementioned models via appropriate transformations. It needs to

be noted that this study directly investigates numerous breather solutions from the KdV and mKdV

models by assuming conjugates on the wave vectors. This article also emphasizes how different

parameters affect the motion of breathers and its interactions. Under the same variations of param-

eters, the same type of behavior is observed in breather and solitary encounters. Our research may

shed light on the dynamic behavior of solitons, periodic waves, breathers, and many other hybrid

solitons propagation in the ionospheric region of the Earth’s upper layer.
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Chapter 8

Conclusions and future works

8.1 Conclusions

Different analytic techniques are introduced derive the solutions of different nonlinear mod-

els. On the other hand integrability of the aforementioned models is checked using painlevé property

and Lax pair. Especially, the Hirota bilinear approach is employed to find soliton, shock, breather

and various types’ hybrid solutions for the autonomous as well as non-autonomous nonlinear eval-

uation equations. The incorporation of non-homogeneous forced terms offers a broader perspective

in the examination of nonlinear wave propagation within disperse media. In the early chapters, we

explore the behavior of this nonlinear wave as it evolves with changes in the order of the fractional

time derivative. Additionally, we analyze the interplay between parameters such as the external pe-

riodic force coefficient and the frequency of the periodic force, illustrating these interactions through

simulations. In the second phase, two nonlinear models namely KP and KPb are utilized to analyze

the dynamical characteristic of IAW in dusty plasma. Finally, the impact of positron beam in the

dynamics of IAW is studied in the previous chapter. The key finding of our investigation is addressed

below in brief.

We study the integrability, exact solutions, and qualitative aspects of the non-autonomous

Kadomtsev-Petviashvili (NKP) problem in chapter (2). Lax pairings, infinite conservation laws, and

bilinear Bäcklund are used to study the features of integrability. For the aforementioned equation to

be integrable, there are a few compatibility requirements.Using a binary Bell-polynomial obtained

from the bilinear Bäcklund transformation, the infinite conservation rules of the NKP equation are

shown directly. Using the Riemann theta function, the quasi-periodic solutions are obtained from

the Bell-polynomial of the NKP equation. Numerical graphs and figures illustrate the important
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roles played by the forcing and damping terms in the quasi-periodic waves. In the asymptotic

analysis of the quasi-periodic solution, we investigate single soliton and bi-soliton solutions derived

from the one and two periodic solutions of the NKP equation. It is therefore expected that periodic

solutions may evolve into soliton or multi-soliton forms, contingent upon the periodicity of the quasi-

periodic solution. Comprehensive studies have been conducted on the lump and breather waves of

the NKP equation, taking into account variations in the forcing components. The findings indicate

that various backgrounds of these wave quantities emerge as a result of different types of forcing

components, alongside a notable diminishing effect in the breather wave attributed to the damping

term. An analytical assessment has been performed to determine the maximum possible altitude of

a lump. Additionally, a significant observation from the current studies is that both horseshoe-type

lumps and breathers may arise due to the influence of externally applied forces on the NKP system.

In chapter (3), the integrability of the non-autonomous KP-mKP equation is analyzed

through the lens of Painlevé integrability. A novel criterion for Painlevé integrability is introduced,

which aligns precisely with the conditions necessary for the formulation of the Bilinear equation.

Additionally, the chapter presents the development of two-component Lax systems and a four-field

bilinear Bäcklund transformation, utilizing these mixed variables for the non-autonomous KP-mKP

equation. By implementing appropriate parameter constraints and employing the long wave limit-

ing process, various solutions are derived, including K-soliton solutions, m-breather solutions (for

K = 2m), hybrid solutions composed of both breathers and solitons (for K = 2m+ k), as well as K-

order smooth positons andmth-order breather positons for the non-autonomous KP-mKP equation.

In the context of the non-autonomous KP-mKP system, a variety of intricate solution structures

have been developed within the relevant parametric regions. These include configurations such

as the kinky-breather, double kinky-breather, horseshoe-shaped breather, periodic position, kinky-

breather-position, horseshoe-shaped breather-position, parabolic horseshoe-type breather, and dou-

ble horseshoe-type breather, among others. The concept of modulation instability is employed to

assess the stability of the derived solutions. Additionally, wave dispersion phenomena are utilized to

elucidate the relationship between the phase velocity of the wave and its wave number. A qualitative

analysis of the non-autonomous KP-mKP system reveals the presence of multistability, highlighting

the solution’s dependence on various parameters. This multistability signifies the coexistence of dif-

ferent types of solutions, including periodic, soliton, and shock solutions, corresponding to distinct

sets of initial conditions. Typically, the behavior of nonhomogeneous evolution equations is exam-

ined primarily in two dimensions. However, adopting a three-dimensional perspective enables the

damping coefficient to exert a considerable influence on dynamic behavior. Additionally, an analysis

of the phase space concerning the non-autonomous KP-mKP system reveals numerous intriguing

dynamic characteristics. The presence of various unstable spirals within the phase space suggests

a rise in internal energy, which reflects the instability of the solutions. Moreover, an increase in
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the intensity of the external periodic force contributes to the emergence of chaotic solutions. The

emergence of chaos via intermittency indicates the presence of turbulence. Our analysis reveals that

a significant amplitude of external force is necessary to induce instability and chaos through the

distortion of low-energy orbits. Conversely, a comparatively minor amplitude of external force can

produce intermittency and chaos by altering high-energy orbits. Therefore, systems characterized by

low total energy exhibit greater stability against external disturbances than those in a high-energy

state.

The exact solutions of the KP-mKP equation is also studied by employing complete dis-

crimination system for polynomial method (CDSPM) in chapter (4). A spectrum of wave features

including solitary waves, kink waves, shock waves, rational functions, exponential, singular waves,

hyperbolic waves, and periodic waves derived from the KP-mKP equation. These solutions are qual-

itatively analyzed through numerical graphs, offering fresh insights into the properties of Jacobian

elliptic functions. the existence and validity of the various topological structures of the solutions are

confirmed from the phase portrait of the dynamical system.

In chapter (5), exact solutions of damped Gardner-Burger (dGB) equation is investigated

using G ′/G method and the method of undetermined coefficients. Different types of solutions such

as kink soliton solution, singular periodic solution, rational solution, rarefactive soliton solution

are obtained and with that effects of the coefficients of Burgers term and damping on solution

structure also investigated for the dGB equation. In our observation we see rarefactive soliton for

the damped Gardner-Burgers system, which gets deeper for higher values of damping and burgers

coefficients. The amplitude of the damped Gardner-Burger’s kink soliton increases with an increase

in the dampness, On the other hand, higher values of burgers coefficient can reduce the height of

the kink soliton of the damped Gardner-Burgers equation.

We conduct a further examination of the propagating characteristics of dust acoustic shocks,

solitary waves, and periodic waves within a dusty plasma environment by introducing the KPb model

(chapter (6)). The KPb system encompasses kink (or anti-kink) shaped shocks and solitary-type

solitons. The presence of viscosity and the inter-collision of plasma particles contribute to the

emergence of the Burgers effect within the KPb framework. Our findings indicate that an increase

in the Burgers coefficient or viscosity coefficient (ζ0) results in a downward movement of the solitary

wave soliton. This outcome is anticipated, as an increase in ζ0 leads to a reduction in the system’s

energy. Additionally, the amplitude of the kink is observed to rise with the increase in dissipation

associated with the enhancement of ζ0. The emergence of the wave structure in the current system

is also significantly influenced by the ion temperature ratio β1. It is observed that the dust acoustic

shock increases (decreases) as β1 increases, whereas increasing β1 results in a reduction of the solitary

type wave solution’s depth. A similar conclusion can be drawn regarding parameter β2. The soliton

decreases both alone and in conjunction with the enhancement of density parameters (δ1 and δ2).
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This is predicted since a higher density ratio (δ1 and δ2) leads to an increase in ion density, which

in turn causes the dust acoustic soliton to become more intense. The KPb system has a limited

amplitude periodic solution under specific circumstances. There is a considerable dependence of the

periodic amplitude on the parameters β1, β2, and δ1.

In chapter (7), we investigates the propagating characteristic of ion-acoustic periodic, soli-

tary, and breather waves propagate in electron-ion plasmas with relativistic positron beams. Numer-

ical research reveals that δb (ratio of positron beam density to ion density) has a significant impact

in determining the amplitude and width of wave structures. Positron beams which are energy in-

gredient to the plasma system play a key role in destructing nonlinearity of the system as the beam

concentration increases. On the other hand an increase in the values of σ (ratio of ion temperature

to electron temperature) and α (ratio of positron beam temperature to electron temperature) result

in increased nonlinearity within the system, leading to a decrease in the amplitude of ion acoustic

wave potentials.

8.2 Future work

In the near future, we intend to investigate the integrability of certain variable coefficient

nonlinear evolution equations, employing a methodology akin to that of our current research. Ad-

ditionally, we aim to derive exact or hybrid solutions utilizing more robust techniques, such as the

Darboux transformation. In this context, the inverse scattering method will also be relevant for

obtaining analytical solutions of NLEEs with an initial seed solution. Furthermore, plasma fluid

models present a rich domain of strongly nonlinear dynamic and evolutionary systems, character-

ized by various geometric and topological structures, including solitons, kinks, vortices, rogue waves,

and others. The future study could be expanded in either of these directions, incorporating weak or

strong perturbations from external source terms, as well as factors such as damping and viscosity.

This report additionally examines the effects of periodic forcing and damping. In practical scenar-

ios, it is probable that various forms of external perturbations, such as Exponential and Gaussian

forcing, as well as Sech-hyperbolic forcing, may occur, often in combination with other force terms.

A thorough exploration of these source terms would undoubtedly yield significant insights. For

example, the Sec-hyperbolic soliton surface geometry is characterized by its smoothness, at least

under the assumed conditions, and is anticipated to maintain this smoothness for a sufficiently ex-

tended time period before dissipating. In cases of strong perturbation, the initially smooth solitonic

structure is expected to evolve into intricate fractal-like geometries over time, even in the absence of

external disturbances. Furthermore, it would be beneficial to expand upon the current research by

employing the innovative asymptotic method [252, 253, 254, 255, 256] recently developed to achieve

the aforementioned objectives.
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