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ABSTRACT

In chapter (1), the goals and importance of the current study are discussed. Definitions, a
few essential properties, and the basic equations required for the research project are also provided.

Chapter (2) illustrates the infinite conservation law, quasi-periodic wave, breather, lump,
and characteristic of integrability of the non-autonomous Kadomtsev-Petviashvili (NKP) equation
through bilinear Backlund and lax pair. We derive the quasi-periodic solution and examine the pe-
riodic wave’s asymptotic behaviour. Furthermore, lump, breather, and different complex structures
solution for the NKP equation are investigated.

Chapter (3) uses Painlevé analysis, bilinear Bécklund, and lax pairs to illustrate the in-
tegrability of the nonautonomous KP-modified KP equation. Several sorts of solutions including
multi-solitons, smooth positons, and breathers are investigated through Hirota’s bilinear technique.
Using bifurcation theory, a qualitative study of the nonautonomous KP-modified KP equation is
performed.

The Kadomtsev-Petviashvili-modified Kadomtsev-Petviashvili (KP-mKP) equation is shown
to have some forms of efficient solutions in Chapter (4). The introduction of Liu’s method for the
full polynomial discrimination system addresses periodic wave profiles as well as shock waves and
solitary waves.

The damped Gardner-Burgers (dGB) equation is discussed in Chapter (5), where several
solutions are investigated using the (G’/G)-expansion approach and the approach of Undetermined
Coefficient. These solutions produce various wave shapes and contain discrete sets of arbitrary
functions, such as exponential and hyperbolic functions.

In Chapter (6), the propagating properties of dust acoustic waves (DAWS) in collisionless,
unmagnetized, viscous dusty plasma are analysed through the KP equation and the Kadomtsev-
Petviashvili Burgers (KPb) equation. Using various techniques, shock, solitary, and periodic solu-
tions are obtained from the appropriate frameworks. Lastly, numerical examples are provided to
show how the physical characteristics affect the wave propagation in the current system.

Chapter (7) examines the properties of ion-acoustic waves propagating through a relativistic
electron-positron-ion (EPI) plasma when a relativistic positron beam is present. The Korteweg-de
Vries (KdV) equation and modified Korteweg-de Vries (mKdV) equation are derived using the
fundamental set of fluid equations. Different sorts of solutions, including periodic and breather
ones, are derived in both models. The wave propagation model incorporates numerical information
of several physical parameters in the physical environment.

A summary of our complete investigation, along with a discussion of possible avenues for

future research, is provided in Chapter (8).
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1

T m = % V = 0.5 and (e) for y; = 0.05, 8; = 0.2, 82 = 3.5, 1 = 0.04, B2 =

~

0.03, vy, =005 1=1,1= % m = % V = 0.5; (f) for y; = 0.05, 8, = 0.1, 863 =
15, B2 = 0.03, y2 = 0.05, 1 = 1,1 = 5, m = 55, V =05, (g) y1 = 0.05, 8, =
0.1, 80 = 1.5, p; = 0.042, v, = 0.05, T = 1,1 = % m = % V = 0.5, (h) for

Y1 =0.05, 85 = 1.5, 2 = 0.03, p1 =0.04, v =0.05, 1=1, 1 = %, m= %, V =0.5, 169
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6.4

6.5

6.6

7.1

7.2

7.3

7.4

2D Profiles of Sol.(6.63) when T = 1,1 = % m = % Vo = 0.5 and (a) y; =
0.01, B2 = 0.05,8; = 1,85 =2, B1 = 0.1, vy = 0.1; (b) Lo = 0.01, y; = 0.01, By =
0.02, 8; = 0.4, 55 = 3.5, Y2 = 0.02, B2 = 0.01; (c) (o = 0.07, vy =0.1,8; =1, & =
2, [?)1 = 01, Y2 = 00]., (d) C() = 007, Y1 = 0]., [?)2 = 005, 61 = ].7 52 = 27 [31 =
0.1, y2 = 0.01; (e) ¢op = 0.07, y1 = 0.1, 2 =0.05, 8; =1, B; = 0.1, v, =0.01

2D Profiles of Shock Sol.(6.74), when t=1,1=1,19=1,P;, =05, 1 = %, m = % and
(a) 86y = 1,65 =2, By = 0.05,y; = 0.1, By = 0.1, y5 = 0.05; (b) &, = 0.4, 65 = 3.5, py =
0.05, y1 = 0.01, By = 0.04, yo = 0.1; (¢) Go =0.2,8; = 1,8, =2, y; = 0.1, B = 0.1, y5 =
0.05; (d) & = 0.4, 8, = 3.5, (o = 0.4, v, = 0.01, (o = 0.4, y5 = 0.1; (e) o = 0.2, 8, =
1,8, =2, By =0.05, v, = 0.1, y5 = 0.05; () 6, = 0.4, (o = 0.4, p1 = 0.05, y; = 0.01, By =
0.04, v = 0.1; (g) {o = 0.2, 8, = 3, B1 = 0.1, y1 = 0.1, B> = 0.05, yo = 0.05; (h) &, =
0.4, (o = 0.4, B; = 0.05, y; = 0.01, By = 0.04, y5 = 0.1; (i) o = 0.2, &, =1, p1 = 0.05, vy =
0.1, B2 = 0.1, yo = 0.05; (j) 81 = 0.4, o = 0.4, By = 0.05, v, = 0.01, By = 0.04, y, = 0.1

(a) 3D plot of Sol.(6.63), when y; = 0.01, 2 =0.05, 61 =1, 62 =2, Vo = 0.5, f1 =
01,y =01,t=1,1= % m = %; (b) 3D plot of Sol.(6.74), for &; = 1, 83 =
2,1 = 005, v, =01,B2 =01,y =005, T =1,1=1,nm=1,P =1,1=
%, m = %; (c) 3D plot of Sol.(6.89) when y; = 0.01, By = 0.05,8; = 1, &, =
2, Vo =05, =01y, =01, 1t=1,1= %, m = %, Ao = 0.15,m; = 0.9; (d),
(e) and (f) are Contour plots of the corresponding Figure 6.6(a), Figure 6.6(b) and
Figure 6.6(C) . . . . o o i

2D profile of (a) nonlinear coefficient A vs o« for f; = 0.005, f2 = 0.0054, &, =
0.5, 0 = 0.1, ¢; = 1000, vpo = 1, vp = 1.45, (b) nonlinear coeflicient A vs &y, for
B1 = 0.005, By =0.0054, e = 0.3, 0 = 0.1, ¢; = 1000, vpo = 1, vp =145, . . . . . . .
(a), (b), and (c) are respectively the variation of 6y on Sagdeev potential, phase plane,
and wave structure corresponding to periodic solution (7.24) for f; = 0.005, o =
0.0054, « = 0.3, 0 = 0.1, w = 02, k = 1,¢; = 1000, Voo = 1, v, = 1.45, T =
1, To = 0.01. (d), (e), and (f) are respectively the variation of o on Sagdeev potential,
phase plane, and wave structure corresponding to periodic solution (7.24) for B =
0.005, By = 0.0054, & = 0.3, 85 = 0.5, w = 0.2,k = 1, ¢; = 1000, Voo = 1, vp =
1.45, t=1,Tp =0.01. (g), (h), and (i) are respectively the variation of & on Sagdeev
potential, phase plane, and wave structure corresponding to periodic solution (7.24)
for B; = 0.005, B2 = 0.0054, 0 = 0.1, &, = 0.5, w = 0.2, k = 1, ¢; = 1000, vpg =
Lovp =145, T=1, Ty =0.01. . . . oo oe ittt et
(a), (b), and (c) are respectively the variation of 8y on Sagdeev potential, phase plane,
and wave structure corresponding to solitary solution (7.26) for f; = 0.005, o =
0.0054, ¢ = 0.3, 0 = 0.1, w = 0.2,k = 1, ¢; = 1000, voo = 1, vp = 145, T = 1.
(d), (e), and (f) are respectively the variation of o on Sagdeev potential, phase plane,
and wave structure corresponding to solitary solution (7.26) for 31 = 0.005, 2 =
0.0054, ¢ = 0.3, 85 = 0.5, w = 0.2,k = 1, ¢; = 1000, Voo = 1, vp = 1.45, T = 1.
(g), (h), and (i) are respectively the variation of « on Sagdeev potential, phase plane,
and wave structure corresponding to solitary solution (7.26) for f; = 0.005, fo =
0.0054, 0= 0.1, 5 =0.5, w=0.2, k=1, ¢; = 1000, vpp =1, vy = 145, T=1. . . .
(a) 3D profile of periodic structure (7.24), for f; = 0.005, f2 = 0.0054, = 0.3, &, =
05, 0=0.1,w=02 k=1, c; =1000, vpo = 1, v, = 145, Ty = 0.01, (b) 3D profile
of solitary structure (7.26), for f; = 0.005, f2 = 0.0054, «x = 0.3, 6, = 0.5, 0 =
0.1, w=10.2, k=1, ¢y =1000, vpo = 1, vy, = 1.45, (c) and (d) are Contour plots of
the corresponding Figure 7.4(a), and Figure 7.4(b). . . . . . . ... ... ... ..
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7.5

7.6

7.7

7.8

7.9

7.10

7.11

7.12

(a) 3D profile of breather structure, for f; = 0.005, B2 = 0.0054, x = 0.4, dp =
0.5, 0 = 0.5, ¢; = 1000, Vg = 1, vy, = 1.45, g; = —0.5 — 151 = g3, (b) Contour
plot of the corresponding Figure 7.5(a), (¢) 2D profile of breather structure, for $; =
0.005, B2 = 0.0054, « = 0.3, dp = 0.5, ¢; = 1000, vpg = 1, v, = 1.45, g1 = —0.5 —
1Oi=05, T=2. . . . e
(a) 3D profile for interaction of breather-soliton structure, for $; = 0.005, 2 =
0.0054, & = 0.4, 8, = 0.5, 0 = 0.5, ¢; = 1000, Vo = 1, vy, = 1.45, g3 = —0.6 — 1.61 =
g5, g3 = 2; (b) Contour plot of the corresponding Figure 7.6(a), (¢) 2D profile of
interaction of breather-soliton structure, for 3; = 0.005, B2 = 0.0054, x = 0.4, &y, =
0.5, ¢c; = 1000, vpp =1, v, =145, g1 =—0.6—-1.61=g3, g3 =2, T=05. . ... ..
(a) 3D profile for interaction of breather-two-soliton structure, for f; = 0.005, 2 =
0.0054, & = 0.4, 8y = 0.5, ¢ = 0.5, ¢; = 1000, vpy = 1, v, = 1.45, g; = —0.6 —
1.351 = g3, g3 = 2.5, g4 = —1.6, (b) Contour plot of the corresponding Figure 7.7(a);
(¢) 2D profile for interaction of breather-soliton structure, for $; = 0.005, fo =
0.0054, o = 0.4, 8y, = 0.5, ¢; = 1000, vpg = 1,vp, = 1.45, g1 = —0.6 — 1.351 =
95,93 =205,04a=—1.6, T=05. . . ...
(a) 3D profile of 2-order breather structure, for $; = 0.005, B2 = 0.0054, « = 0.4, 0 =
0.5, 85 = 0.5, ¢; = 1000, vpg = 1, v, = 1.45, g; = —0.5 — 1.51 = g}, g3 = —0.5 —
1.81 = gj; (b) Contour plot of the corresponding Figure 7.8(a); (¢) 2D profile of
two order breather structure, for 3; = 0.005, B2 = 0.0054, x = 0.4, &y = 0.5, ¢c; =
1000, vio = 1, vp = 1.45, gy = —0.5— 1.5i = g3, g3 = —0.5— 1.8i =g}, T=0.5. . . .
2D profile of (a) nonlinear coefficient A; vs « for f; = 0.005, B2 = 0.0054, dp =
0.5, 0 = 0.2, ¢c; = 1000, vpg = 1, vp = 1.45, (b) nonlinear coefficient A; vs 8y for
B1=0.005, f2 =0.0054, x = 0.3, 0 = 0.2, ¢c; = 1000, vyo =1, v, =1.45.. . . . . ..
(a) The wave structure corresponding to solitary solution (7.80) for ; = 0.005, 2 =
0.0054, w = 0.2, k = 1, ¢; = 1000, vpp = 1, vp = 1.45, T =1, T, =0, o = 0.1, and
a = 0.3, (b) is the wave structure corresponding to periodic solution (7.79) for f; =
0.005, By = 0.0054, w = 0.2, k = 1, ¢; = 1000, vpo = 1, vp = 145, T = 1, I} = 0.01,
0 =0.1, and o = 0.3, (¢) is the wave structure corresponding to solitary solution (7.80)
for By = 0.005, By = 0.0054, w = 0.2,k = 1, ¢; = 1000, vpg = 1, vy = 1.45, T =
1, =0, 0 =0.1, 6p = 0.5, (d) is the wave structure corresponding to periodic
solution (7.79) for By = 0.005, By = 0.0054, w = 0.2, k = 1, ¢; = 1000, vpo = 1, vp =
145, T=1, T =001, 0 =01, 8 = 050+ « o o oo et
(a), (b), and (c) are the variation of o on Sagdeev potential, phase plane, and wave
structure corresponding to periodic solution (7.79) respectively for 3; = 0.005, By =
0.0054, ¢ = 0.3, 8, = 0.5, w = 0.2,k = 1, ¢; = 1000, vpp = 1, v, = 1.45, T =
1,1y = 0.01. (d), (e), and (f) are the variation of o on Sagdeev potential, phase
plane, and wave structure corresponding to solitary solution (7.80) respectively for
B1 = 0.005, s = 0.0054, & = 0.3, 8, = 0.5, w = 0.2,k = 1, ¢; = 1000, vpg =
Lovp =145, Ty =0, T=1. ..\ttt
(a) 3D profile of periodic structure (7.79) for f; = 0.005, 2 = 0.0054, x = 0.3, 0 =
0.1, 55 = 0.5, w = 0.2, k =1, ¢; = 1000, vpo = 1, v;, = 145, T} = 0.01, (b) Contour
plot of the corresponding Figure 7.12(a);(c) 3D profile of solitary structure (7.80)
for B1 = 0.005, o = 0.0054, &« = 0.3, 0 = 0.1, 8p = 0.5, w = 0.2,k = 1,¢; =
1000, vpo =1, v, = 1.45, (d) Contour plot of the corresponding Figure 7.12(c).
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7.13 (a) 3D profile of breather structure (7.93) for 3; = 0.005, B2 = 0.0054, o« = 0.3, &, =
0.5, 0 = 0.3, ¢; = 1000, vpg = 1, Vp = 1.45,T'1 =1, 10 =—-1,13 =1, g1 = 1, go =
1, (b) Contour plot of the corresponding Figure 7.13(a); (¢) 2D profile of breather
structure for $; = 0.005, B2 = 0.0054, x = 0.3, &, = 0.5, ¢; = 1000, vpo = 1, vp =
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Chapter 1

Introduction

Nonlinear evolution equations (NLEEs) are pivotal in modeling a diverse array of physical
phenomena across multiple disciplines, including fluid dynamics, plasma dynamics, biological sys-
tems, chemistry, Astronomy, water-wave phenomena, ocean engineering, etc [1, 2, 3, 4, 5, 6, 7, 8].
These equations capture the complexity and richness of nonlinear interactions, where traditional
linear models often fall short. The study of NLEEs has gained significant attention due to their
intricate structures and the mathematical challenges they present. The general representation of a

NLEE can be written as
ou

Fr

Here, u = u(x, t) is a state variable that depends on both space x and time t, and N is a

N(u?ux7uXX) 199 )'

nonlinear operator function that often includes spatial derivatives and other nonlinear terms. Non-
autonomous NLEEs are a class of partial differential equations (PDEs) that serve to characterize
systems exhibiting temporal changes that are not governed by a linear or predictable framework.
Such behavior is often a result of the effects of time-dependent variables or external conditions.
Unlike autonomous systems, which are time-invariant, non-autonomous systems are influenced by
external factors that vary over time, making the system’s behavior depend explicitly on time. These
equations capture processes where the system’s rules change continuously or at intervals, driven by
external or internal changes to the environment. The general form of a non-autonomous NLEE can
be described as,
ou

a = N(t,u,ux7uxxma?)'

In non-autonomous equations, N also explicitly depends on t, making the system’s evolution
directly tied to external temporal factors. These equations arise in diverse fields such as engineering,
physics, biology and economics, where systems evolve over time under the influence of external or

internal non-stationary forces [9, 10, 11, 12, 13, 14, 15, 16, 17, 18].
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Integrability is a mathematical property that enhances the ability to predict and gain qual-
itative insights into a system’s dynamics, both locally and globally [19]. The concept of integrability
for nonlinear PDEs is not precisely defined, and no single, universally accepted definition exists [20].
However, several working definitions are commonly used to investigate whether a nonlinear PDE
is integrable. Few of them are Inverse Scattering Transform (IST) Method [20, 21, 22], Lax pair
[23, 24, 25|, Existence of N-Soliton Solutions [4, 26, 27], Painlevé Analysis or Singularity Struc-
ture Analysis [28, 29], Bécklund Transformations (BT) [30, 31], Infinitely Many Conservation Laws
[2, 20, 31, 32, 33], Infinitely Many Generalized Symmetries [34, 24] etc. Numerous integrable NLEEs,
particularly those that support soliton solutions, have been identified and extensively studied. These
integrable NLEEs reveal a rich mathematical structure and play a critical role in advancing science
and technology. Therefore, the search for new integrable NLEEs remains a valuable pursuit. An
exact solution of a NLEE is an explicit, closed-form expression that satisfies the equation without
approximation. Exact solutions provide a complete and explicit understanding of a system’s be-
havior, offering a crucial tool in both theoretical and applied contexts. Finding exact solutions to
NLEEs can be challenging due to the inherent nonlinearity. However, several powerful techniques
are commonly used to obtain exact solutions such as inverse scattering transformations [20], Hirota
direct method [27, 35], Bécklund transformations [36], Tanh method [37], G’/G-expansion method
[38], etc. Exact solutions of NLEEs come in various forms, some of the common types are solitons
[4, 27], positons [39, 40], breathers [41, 42, 43|, lumps [44, 45], shock or kink, periodic, quasi-periodic
[46, 47] etc. These exact solutions provide diverse insights into nonlinear evolution equations, from
stable particle-like behavior (solitons) to complex oscillatory structures (breathers), shock waves,
etc. These solutions are vital for understanding phenomena in fluid dynamics, optics, quantum
mechanics, and beyond.

Again, Qualitative analysis of NLEEs focuses on understanding the general behavior, sta-
bility, and patterns of solutions without necessarily solving the equations exactly [48, 49]. When
NLEEs are often difficult (or impossible) to solve explicitly, qualitative analysis is essential for gain-
ing insights into their behavior. Various approaches in dynamical system provide the mathematical
framework and tools essential for conducting qualitative analysis [50, 51]. A dynamical system is
a mathematical framework used to describe how a point in a certain space changes over time ac-
cording to a set of rules or equations. This concept is widely used in fields like biology, physics,
economics, engineering and many other disciplines to model the evolution of systems over time [52].
Dynamical systems can help in understanding complex phenomena by examining the relationships
and interactions between variables over time. Nonlinear systems are capable of displaying chaotic
behavior [52, 53], in which minor variations in initial conditions result in vastly different outcomes,
making the system highly sensitive and unpredictable. Qualitative analysis helps understand how

changes in system parameters affect the behavior of solutions [51, 54].
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Plasma is an extremely hot state of matter in which atoms are so energized that their
electrons break free, creating an ionized gas. In the night sky, we see plasma glowing as stars,
nebulae, and auroras shimmering near the poles [55]. Lightning flashes in the sky are plasma, as are
the neon signs that light up our city streets. The Sun, too, is a massive ball of plasma, the source
of energy that sustains life on Earth. With so much of the universe in a plasma state, scientists
across many fields are deeply interested in its behavior and properties [56, 57]. In particular, at
the extreme temperatures required for practical fusion energy, matter becomes plasma. Beyond
fusion, plasmas are harnessed in many fields, from manufacturing computer chips and powering
rocket engines to environmental cleanup, destroying biological hazards, wound healing, and many
other innovative applications [58, 59, 60, 61]. Due to imbalances in the distribution or movement of
charged particles, such as ions and electrons, within a plasma, many plasma waves are formed. IAWs
is one such plasma waves form when there is a difference in pressure (temperature) between ions and
electrons. These are low-frequency waves caused by the oscillations of ions in a plasma. Since ions
have significantly greater mass compared to electrons, they oscillate more slowly. They can occur in
magnetized or unmagnetized plasmas, and are parallel to the magnetic field in magnetized plasmas.
Charged dust particles within plasmas not only modify the electron-ion composition and affect
conventional wave modes, like IAWSs, but also give rise to novel low-frequency wave modes known as
DAWSs [62, 63]. DAWSs can be thought of as a dust-dominated analog to TAWs, where the massive
dust grains replace ions as the dominant inertial component. In the limiting case where dust density
is low, DAWSs reduce in behavior closer to IAWs. DAWSs are a distinctive mode of propagation in
a three-component dusty plasma system consisting of electrons, ions, and micrometer-sized charged
dust particles with significant mass [64]. These waves exhibit a phase velocity significantly lower
than the thermal velocities of electrons and ions. In DAWS;, the restoring force is generated by the

pressure of the electrons and ions, while the dust grains provide the necessary inertia.

1.1 Historical background

The modern study of integrable equations began with the landmark work of Martin Kruskal
and his collaborators on the Cauchy problem for the KdV equation, using what would later be
known as the IST method [65, 26]. A significant advancement came with Peter Lax, who showed
that the essential feature of an integrable equation is its expression as the compatibility condition
of two linear eigenvalue equations, later termed a ”Lax pair” [66]. The presence of a Lax pair
remains a fundamental criterion for integrability [67]. Omne of the most common characteristic
for a nonlinear equation to be integrable, it often admits multi-soliton solutions [2]. The Hirota
method systematically constructs these solutions by rewriting the equation in bilinear form and using

perturbative expansions [4]. A remarkable characteristic of nonlinear equations in this category is
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their possession of an infinite number of conservation laws [32]. In 1983, Weiss, Tabor, and Carnevale
(WTC) introduced the Painlevé integrability analysis method [68], originally developed by Paul
Painlevé to assess the integrability of nonlinear PDEs.

The study of exact solutions for NLEEs has a rich historical background that spans several
decades, highlighting significant mathematical and physical developments. The roots of nonlinear
equations can be traced back to 19th-century mathematical physics, particularly in the context of
fluid dynamics and wave motion. Early researchers like Bernoulli and Navier-Stokes began formulat-
ing nonlinear equations to describe various physical phenomena. The KdV equation, introduced by
Korteweg and de Vries, emerged in 1895 to describe shallow water waves [69]. Its soliton solutions
were discovered much later, in the 1960s, through the work of Zabusky and Kruskal [65]. They used
numerical simulations to reveal soliton behavior, which sparked interest in finding exact solutions
and many new methods are discovered. The inverse scattering transform, developed by Gardner,
Greene, Kruskal, and Miura, provided a powerful technique to find exact solutions of certain non-
linear equations, including the KdV equation [26]. The Hirota direct method, developed by Ryogo
Hirota in the early 1970s, is particularly effective in finding multi-soliton solutions of integrable equa-
tions [27]. Techniques such as Bécklund transformations and Darboux transformations [70, 71, 72]
emerged, enabling the construction of new exact solutions from known ones.

Dynamical systems were initially applied to astronomical studies in the early seventeenth
century by Johannes Kepler and Galileo Galilei, who conducted qualitative analysis of planetary
motion. Later, Isaac Newton formalized these studies mathematically through ordinary differential
equations. Since then, mathematical analysis has become integral to studying various natural and
physical systems. Towards the late nineteenth century, Henri Poincaré pioneered the topological
study of dynamical systems [49], using it to explore the three-body problem in celestial mechanics [73,
74]. In the early twentieth century, George Birkhoff extended this work by applying the qualitative
theory of dynamical systems to problems in ergodic theory [75]. These foundational studies inspired
further research, leading to widespread use of dynamical systems theory in approximating natural
and physical phenomena across multiple scientific and engineering fields. In recent times, the theory
of dynamical systems has been used extensively to predict the long term behaviour of various physical
and natural systems occurring around us [76, 52].

The study of plasma waves, particularly IJAWs and DAWS, has a fascinating history rooted
in the exploration of both theoretical and experimental plasma physics[77, 78, 79, 80]. The history
of TAWSs dates back to the early development of plasma physics in the 20th century. Langmuir
and Tonks developed the concept of plasma oscillations, which set the stage for understanding
plasma waves [81]. After the Second World War, interest in plasmas grew, especially due to research
in nuclear fusion and astrophysical plasmas [82, 83]. Scientists studied the collective behavior of

charged particles in plasma and began understanding the significance of wave-like disturbances.
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Researchers like David Bohm and Igor Tamm (among others) formulated the concepts of plasma
oscillations and waves in plasmas. They described how low-frequency oscillations could occur due
to the interaction between ions and electrons.

DAWSs emerged as a significant area of study more recently, with developments primarily
in the late 20th century. They involve plasmas that contain charged dust particles in addition to
ions and electrons. Plasma physicists began focusing on the behavior of dusty plasmas, particularly
as researchers observed that the presence of charged dust particles could significantly alter plasma
dynamics. The concept of the DAW was first introduced by physicist P. K. Shukla at the First
Capri Workshop on Dusty Plasmas in 1989. The following year, Rao, Shukla, and Yu conducted
a theoretical investigation of dust acoustic waves in 1990 [84]. The existence of DAWs was later

confirmed through experiments by Barkan, Merlino, and D’Angelo in 1995 [85].

1.2 Literature review

The KP equation, a two-dimensional nonlinear dispersive long-wave model, characterizes
weakly transverse water waves in the long-wavelength limit with minimal surface tension effects [86].
It was later developed by Ablowitz and Segur [87] as a model for surface and internal water waves
and applied to nonlinear optics by Pelinovsky, Stepanyants, and Kivshar [88]. Additionally, this
equation has found relevance in various physical contexts, such as reduced models in Bose-Einstein
condensation, string theory, and ferromagnetics. Over the years there are many authors who studied
the integrability and exact solutions of KP equation. The linear scattering problem, or Lax form,
linked to the KP equation was formulated by Dryuma in 1974, providing a strong indication that
the equation is integrable. The following year, Chen solved the KP equation using the Backlund
transformation method [89]. Satsuma was the first to find the bilinear form and obtain an exact
N-soliton solution for the KP equation applying Hirota’s method [90]. Subsequently, the inverse
scattering approach was applied to the KP equation by Manakov [91], Fokas and Ablowitz [92],
and Ablowitz, Bar Yaacov, and Fokas [93]. Recently, many authors studied integrability and exact
solutions of extended KP equation. Li et al [94] and Wazwaz [95] investigated the characteristic
integrability of extended KP equation via Painlevé test and derived N-soliton, breathers, lump
solutions. Konopelchenko study the completely integrability of the KP-mKP equation [96]. The
integrability characteristics of the KP-mKP or Gardner-KP equations have been investigated through
infinite conservation laws by Naz et al [97], and Lax pairs by Wazwaz [98].

Some researchers have studied the integrability and exact solutions of the non-autonomous
KP equation and its extended forms, particularly the KP equation with time-dependent coefficients.
Clarkson [99] studied the integrability of variable coefficient KP equation via painlevé analysis. Tian

and Zhang [100] investigated the integrability of the generalized variable coefficient KP equation us-
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ing the Bell polynomial approach, and derived the soliton solutions and periodic wave solutions
expressed through Riemann theta functions. Yan et al. [101] studied the characteristic of integrabil-
ity of (2+1)-dimensional variable coefficient KP equation via Painlevé analysis and derived N-soliton
solution. Many authors have studied exact solutions of the KP equation in the form of lump, shocks,
periodic, N-soliton, positon and other types of solutions [44, 102, 103, 104, 105, 106, 107].

The KP-mKP equation has applications in modeling real physical systems, including fluid
dynamics, plasma waves, and nonlinear optics. Exact solutions can predict how wave patterns
will behave under constant environmental conditions, which is important for designing wave-based
applications in fields such as communication, energy transfer, and fluid flow management. Since the
KP-mKP equation is highly nonlinear and multidimensional, so finding exact solution is not so easy.
Konopelchenko find the exact solutions including rational solutions, lump solutions of the KP-mKP
equation [108].

Wazwaz exploited Hirota bilinear method to derive multiple singular and multi-solitary
solutions for the KP-mKP equation, showcasing the diversity of solutions through numerical analysis
[109]. Liu et al. [110] explored the phase portrait of the KP-mKP model using bifurcation theory
of dynamical systems, deriving exact traveling wave solutions such as solitary, periodic, kink (anti-
kink), and breaking wave solutions. Jawad et al. [111] applied the improved (G’/G) expansion
method to obtain various solutions for the KP-mKP equation, including soliton and hyperbolic
solutions. Boateng et al. [112] employed the Modified Extended Direct Algebraic Method to derive
trigonometric and hyperbolic solutions for the (2 4 1)-dimensional KP-mKP equation.

The Gardner-Burgers equation combines features of the Burgers and Gardner equations. It
models a range of physical phenomena, including turbulence, shock waves, and dissipative systems
in fluid dynamics. Wang studied the exact solution of Gardner-Burgers equation employing homo-
geneous balance method [113]. Zhang et al find the kink type solitary solution for Gardner-Burgers
equation using proper transformation [114]. Li et al derived the hyperbolic and trigonometric func-
tion solutions for Gardner-Burgers equation using proper transformation [115]. Kaya obtained the
exact solution of Gardner-Burgers equation by using Adomian’s decomposition method [116]. The
addition of damping terms can represent friction or energy loss, which are often present in real-world
applications.

Recently, there is a considerable interest in studying two-dimensional nonlinear DAWs due
to their significance in understanding the complex dynamics of dusty plasma. Duan studied the
DAWs for (2+1) dimensional KP equation [117]. Lin and Duan studied KP equation in a two-
ion-temperature cold dusty plasma [118]. Dorranian and Sabetkar [119] analytically investigated
nonlinear dust acoustic solitary waves in a dusty plasma containing two nonthermal ion species
at different temperatures. Saini et al. [120] investigated nonlinear dust acoustic solitary waves in

a dusty plasma with superthermal charged particles (electrons and ions) using the KP equation.
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There are also several literature in which dust acoustic waves has been studied in the framework
of KP equation [121, 122, 123]. Xue studied the dust acoustic shock waves in dusty plasma in the
framework of KP Burgers equation [124].

In recent years, significant attention has been focused on the nonlinear wave propagation
in plasmas composed of electron, ion, and positron beams. The nonlinear structure of a plasma can
undergo significant alterations in the presence of positron beams. The effects of an positron beam on
nonlinear energy transport in positron beam-plasma system has been studied by Shah and Mahmood
[125]. Shan et al.[126] demonstrated that the increased velocity of the positron beam, along with the
presence of super-thermal electrons, can influence the existence domain, amplitude, and width of
solitons. Shah et al. [127] examined ion-acoustic shock waves in a superthermal electron-ion plasma
influenced by the presence of a positron beam. The effect of the cold positron beam on growth and
damping of the waves in a plasma system investigated by Shan et al.[128]. Sarma et al. studied
the propagation properties of ion-acoustic solitary waves in an unmagnetized thermal electron-ion

plasma influenced by a relativistic positron beam flow [129].

1.3 Motivation

The study of nonautonomous NLEEs focuses on determining whether these time-dependent
versions retain the integrability of their autonomous counterparts, which is critical for understanding
long-term system behavior. Nonautonomous terms, influenced by external forces, or spatial vari-
ations, can complicate dynamics and potentially lead to chaos or irregularity. Investigating their
integrability provides insights into transitions between predictable (integrable) and complex (non-
integrable) behaviors, making their study an important and challenging aspect of nonlinear partial
differential equations. Exact solutions are crucial for exploring phenomena like time-dependent
solitons, breathers, and localized structures. They also help assess whether nonautonomous de-
formations preserve integrable features such as Lax pairs or Backlund transformations, providing
deeper insights into the structure and behavior of these systems.

Nonetheless, many evolution equations lack explicit solutions, rendering them either in-
accessible or impractical. The presence of time-dependence introduces additional complexities, de-
manding a thorough approach to evaluate time-dependent stability, which is shaped by changing
external factors. Furthermore, understanding the implications of periodic and aperiodic forcing is
crucial, as these can give rise to phenomena including resonance, quasi-periodicity, or chaos. In such
scenarios, qualitative analysis assumes a significant role by exploring essential questions, including
the potential for the system to stabilize over time, the resilience of solutions against perturbations
or changes in parameters, and the presence of periodic or chaotic behavior within the system. A

thorough understanding of these phenomena is critical for advancing theoretical knowledge and for
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effectively controlling such behaviors in real-world contexts. This insight empowers researchers to
anticipate system dynamics, ensure stability, and implement interventions or optimizations as re-
quired. The interest in studying the qualitative analysis of evolution equations is motivated by a
combination of theoretical exploration, the imperative to understand nonlinear and time-dependent
dynamics, and the goal of addressing practical challenges in a diverse array of fields.

These equations provide a more accurate representation of real-world systems, including
fluid dynamics with seasonal changes, plasma waves influenced by time-varying fields, and optical
systems with variable refractive indices. We employed these models to investigate the propagation
characteristics of plasma waves in various plasma environments. TAWs and DAWSs play a vital
role in plasma physics as they are key to understanding the behavior and dynamics of plasmas
in both natural and laboratory settings. These fundamental plasma waves are often modeled by
nonlinear evolution equations such as the KdV and KP equations, which describe the intricate
nonlinear interactions within plasmas. These equations elucidate the complex nonlinear interactions
occurring within plasmas. Analyzing precise solutions to these equations, such as solitons and shocks,
yields vital understanding of how plasma characteristics, including density and temperature, affect
wave dynamics and nonlinear phenomena. Furthermore, these exact solutions enable researchers to
identify transitions, bifurcations, and dynamic behaviors that are crucial for the progression of both
theoretical models and experimental endeavors in the field of plasma science.

This thesis is devoted to the investigation of a particular category of NLEEs, emphasizing
the concept of integrability. By conducting an in-depth analysis, this work aims to enhance the
comprehension of NLEEs, illuminating their integrability, the diversity of their exact solutions, and
the qualitative characteristics that influence their dynamics. Ultimately, the established frameworks
are employed to analyze the propagation behavior of IAWs and DAWs across different plasma

environments.

1.4 Nonlinear Partial Differential Equations

Nonlinear PDEs are a rich area of study, with ongoing research focused on integrability,
finding solutions, analyzing stability, and applying them to real-world problems. In this section we

discussed the NLEEs which are used in this thesis.

1.4.1 KdV equation

The KdV equation explains the behavior of water waves traveling through long, narrow,
and shallow channels. Originally proposed in 1895 by Dutch mathematicians Diederik Johannes

Korteweg and Gustav de Vries [69], the equation is typically written in its standard form after
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suitable scaling adjustments as the following
U — 6UUy + Uyyx = 0, (1.1)

and in general can be written as

Ut + Auuy + Buyy =0, (1.2)

In the equation, u(x,t) represents the vertical displacement of the water from its equilib-
rium position at a given location x and time t. The KdV equation is classified as a nonlinear PDE
because of the uu, term, where subscripts indicate partial derivatives. The presence of the Uyyxx
term introduces dispersive effects.

The significance of the KdV equation became evident in 1965 when Zabusky and Kruskal
[65] provided an explanation for the Fermi-Pasta-Ulam puzzle using solitary-wave solutions of the
KdV equation. Through their numerical analysis, they identified solitary-wave pulses, which they
termed solitons due to their particle-like properties. These solitons exhibited nonlinear interactions,
yet remarkably, their size and shape remained virtually unchanged after such interactions. This
intriguing behavior of soliton solutions to the KdV equation generated considerable interest, though,

at the time, the only method for solving this nonlinear PDE was numerical.

1.4.2 mKdV equation

The mKdV equation is a nonlinear PDE often encountered in the study of wave dynamics,
such as in plasma physics, shallow water waves, and nonlinear optics [130]. It is a variant of the
KdV equation that includes a cubic nonlinearity instead of a quadratic one. The standard form of

the mKdV equation is given by [131]
Ug + 6U Uy + Uxx = 0, (1.3)
and in general can be written as
U + Aqu?uy + Buyyy = 0, (1.4)

The mKdV equation indeed holds a pivotal place in the history of Soliton Theory and
nonlinear dynamics. It was instrumental in deriving infinitely many conservation laws for the KdV
equation [132], which ultimately led to the discovery of the KdV equation’s Lax pair and the devel-
opment of the IST.

1.4.3 KP equation

In mathematical physics, the KP equation, attributed to Boris B. Kadomtsev and Vladimir

I. Petviashvili, is a PDE used to model the behavior of nonlinear wave motion [86]. The KP equation
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is commonly expressed as
(W 4 ULy + Uxxx)x — OUyy =0, o==+1 (1.5)
and in general can be written as
(ue + Autty + By )x + Duyy =0, (1.6)

In this context, u = u(x,y,t) represents a scalar function, where x and y denote the
longitudinal and transverse spatial coordinates, respectively. Partial derivatives are indicated by
subscripts x, y and t.

The KP equation serves as a universal integrable system in two spatial dimensions, anal-
ogous to the role of the KAV equation in one spatial dimension, as many other integrable systems
can be derived as its reductions. Over the past five decades, it has been a significant focus of study
within the mathematical community. It naturally appears as a distinguished limit in asymptotic
analyses, retaining only the leading-order terms while assuming a balance between weak dispersion,
quadratic nonlinearity, and diffraction. The asymmetry between the two spatial variables is reflected

in their distinct roles within the equation.

1.4.4 KPb equation

The KPb equation is a modified version of the KP equation that includes dissipative effects.
It is used to model the dynamics of certain types of waves in dissipative media, where energy is lost
due to viscosity or other dissipative mechanisms. The KPb equation is particularly relevant in the

study of wave phenomena in fluid dynamics and related fields. The KP-Burger equation is given by

(we + Auty, + Buyyx + Cgy)x + Duyy =0 (1.7)

The presence of the dissipative term Cu,, introduces a damping effect, causing the wave
amplitude to decrease over time. This term models the physical processes responsible for energy
dissipation in the medium, such as viscosity in fluid flow. The KPb equation retains many of
the mathematical properties of the KP equation, including soliton solutions and other nonlinear
wave behaviors. However, the presence of dissipation alters the dynamics of the system, leading
to different types of wave propagation and interaction phenomena. Research on the KPb equation
and its solutions contributes to the understanding of wave dynamics in dissipative media and has

applications in various fields, including fluid mechanics, nonlinear optics, and plasma physics.

1.4.5 Damped forced KP equation

The damped forced KP equation is a modification of the classical KP equation that incor-

porates external forcing and damping effects. The general form of the damped, forced KP equation
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is

(ug + Puuy + Quyxx + Du)y + oy = f(x, t), (1.8)

The damped, forced KP equations are used to model a variety of physical systems, including shallow
water waves in the presence of external forces and dissipation, Plasma physics, nonlinear optics with

external driving forces.

1.4.6 KP-mKP equation

The KP-mKP equation is a generalization of the KP equation that includes additional
higher order nonlinear terms to account for more complex behavior. It is particularly used when
dealing with situations where both quadratic and cubic nonlinearities are important. The KP-mKP

equation can be written as

(ug 4+ Puuy + Quuy, + Ry )x + Tuyy =0 (1.9)

Due to its ability to describe the interplay between nonlinearity, dispersion, and multi-
dimensional effects, the KP-mKP equation is widely utilized across several branches of physics such

as plasma physics, fluid dynamics, quantum field theory etc.

1.4.7 Damped forced KP-mKP equation

The damped forced KP-mKP equation is a nonlinear PDE that extends the standard KP
equation by incorporating higher-order (modified) nonlinearities, damping, and external forcing.
This equation appears in contexts such as shallow water waves, plasma physics, and other nonlinear
wave phenomena where transverse effects, nonlinearity, and dispersion interact in complex ways.

The damped forced KP-mKP equation can be written as

(ug + Puuy + Quuy, + Ry + Su)y + Tuyy = f(x, 1), (1.10)
where P, Q are the coefficients of nonlinear terms, R is the coefficient for third-order dispersion, T is
the coefficient for transverse dispersion, S is damping coefficient, and f(x, t) is the forcing term.

1.4.8 Damped Gardner-Burgers equation

The dGB equation is a modified nonlinear PDE that combines features of the Gardner
equation, Burgers equation, and damping effects. It is used to model various physical phenom-

ena where nonlinear, dispersive, and dissipative effects interact, along with an external damping
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mechanism. The general form of the dGB equation can be written as

U + Auty, 4+ Buuy + Cyy + Duxx 4+ Eu = 0. (1.11)

1.5 Integrability of nonlinear partial differential equations

The integrability of nonlinear PDEs has become a prominent area of research in recent
years. An integrable system is often perceived as one that is theoretically solvable. Numerous
strategies have been utilized to establish the concept of integrability in this area. As of now, there
is no universally accepted definition in mathematics that delineates what constitutes an integrable
or exactly solvable system. The exploration of what defines an integrable system is closely linked
to its classification. Integrability is defined in a number of ways, including the presence of Lax

representation, Painlevé property, conservation laws, Backlund transformations, etc.

1.5.1 Description of the Painlevé test

Painlevé and Gambier at the beginning of this century initiated the Painlevé analysis for the
classification of nonlinear ordinary differential equations (ODEs) (without movable critical points) in
an algebraic manner. The Painlevé analysis for nonlinear PDEs is introduced by WTC in 1983 [68] as
an extension of the method initiated by Painlevé and Gambier. The Painlevé test serves as a useful
tool for providing necessary conditions to identify whether PDEs exhibit complete integrability. A
PDE is said to exhibit the Painlevé property if its solutions remain single-valued around movable

singularity manifolds. We consider a general nonlinear PDE with the unknown ¢ = ¢(x,y,z,T) as,

‘br = N(d), d’m d)y7d)7.a d)x,xa d)TXa ‘bxxm d)yy“')' (1'12)

Through a generalized Laurent expansion, we offer the solution to Eq.(1.12) as

o]
V= ¢7Y(X? Y, z, T) Z Vj (X7 Y, z, T)(bJ (X7 Y, z, T) (113)
i=0
in which ¢(x,y,z,T) = 0 reduces a singular manifold. The positive integer y needs to be evaluated,
and ¢(x,y,z,7) and vj(x,y,z,T) are both taken to be analytic functions. In order to assess the
higher order of the Eq.(1.13), we first set

V(XJ_J»Z»T) :VO(XayaZaT)¢_Y(X7y7Z7T) (1]‘4)
where Pg(x,y, z,T) is analytic.
Step 1. In order to obtain y = k, substitute Eq.(1.14) into Eq.(1.12) and balance the highest
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order derivative with the nonlinear terms.

Step 2. For the recursion formula, we set
V(X, Y, z, t) ~ VO(XJ.% z, T)¢7k + Vj (XJJ, z, T)‘bjik(xﬂ Y, z, T)' (115)

We acquire the recursion formula by substituting Eq.(1.15) into Eq.(1.12) and collect the terms
affecting v;. Resonances are now characterized as the values of j where the recursion formula fails
to be defined, resulting in v; becoming arbitrary.

Step 3. The reduced expansion is now expressed as follows for the compatibility condition:

Kh
v=vop K+ ) vk (1.16)
j=1
Our consideration is limited to the highest resonance (j = ky,). For simplicity, we employ the Kruskal

anasatz [133] of the singular manifold [68] in this scenario. Thus, we view as
¢(x,y,2,1) =x+y+z—x(7) (1.17)

where the analytic function x(t) is selected at random. (1.16) and (1.17) are substituted into
Eq.(1.12), with the collecting power of ¢ being equal to zero. Thus, one can determine whether or

not all positive resonances satisfy the compatibility criterion.

1.5.2 Bilinearization using Bell polynomials

It is widely recognized that the initial phase in assessing the integrability of a NLEE in-
volves the exploration of a bilinear representation of that equation. The Hirota bilinear method
and the Bell-polynomial framework are intricately connected. To begin with, one may apply the
necessary adjustments to the Bell polynomials. In the early 1930s, Bell introduced three distinct
varieties of exponential polynomials [134, 135, 136, 137].

Definition 1 Let r be defined as a constant positive integer, and let n represent any arbitrary
non-negative integer. The polynomial in relation to the independent variables & and T is subse-

quently expressed as follows:
Cn(E,7) = exp(—TET )32 exp(TET). (1.18)

This is known as the classical Bell polynomials, or specifically the Hermite-Bell polynomials when
r = 2, as introduced by Bell. The Bell polynomials of the initial lower orders are as follows,
Q&) =1, Q&) =18, L&, 1) =T 2 +r(r— )18 2,

and in general
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Cn(6,1) =nl Y, ZEEE S0 (D)) (TO0Y),

where a =n — [n(r—1)/r] and b = [(rh — n) /7] in which square brackets denote the integer part.

Definition 2 Let u = u(&y,..,&;)) be an arbitrary non-negative integer, represented by ny for

k=1,2,...,1. We will consider C* as a multivariable function that follows this criterion:
Yy g, (1) = exp(—u)dy! .07 fexp(u), (1.19)

Multi-dimensional Bell polynomials, often referred to as generalized Bell polynomials or
Y-polynomials, are defined as polynomials involving the partial derivatives of u with respect to the
variables &;,---,&. In the expression Yn,¢, ... n g, (u), the subscripts indicate the highest order
of derivatives of u concerning xy, where k ranges from 1 to 1. Specifically, with uw = u(§, ), the
associated two-dimensional Bell polynomials derived from equation (1.19) are presented as follows:

Ye(u) = ue, Yoe(u) = uge +uf, Yae(u) = usg + 3uguog +uf, Ye o(u) = Ug « + Uglir,...
Specifically, when n; = n, ny = 0, and uw = u(§,t) = T&", multi-dimensional Bell polynomials
(1.19) serve as a precise reduction of the classical Bell polynomials (1.18).

Yne (1) = exp(—TEN) T exp(TE") = Gn (£, 7).
This suggests that the multi-dimensional Bell polynomials presented in equation (1.19) represent an

extended form of the conventional Bell polynomials depicted in equation (1.18).

Definition 3 The multi-dimensional binary Bell polynomials, referred to as Y-polynomials, can

be formulated using the aforementioned Bell polynomials (1.19) in the manner described below.

9111&1,m7111£1(v7w) = YTI1£1’-~~,T1151 (‘LL) . (1'20)
ViiEr,.mET1 .+ Ty is odd,
Ury&q,.,m 81—
Wi ,m &, T1 + ..+ T is even,
The multivariable polynomials are with respect to all partial derivatives vy, g,
The initial binary Bell Polynomials are listed.
Ye(v) = ve, Yo (v, w) = wag + V3, Ye o (v, W) = W +Veve, Yse (v, W) = vae + 3vewae + Vi, ...

Proposition 1: The correlation between the Bell polynomials Yn,z,.. n,£, (v,w) and standard

.....

Hirota bilinear equation D! ---D{!F - G can be obtained using the following identity.
Ynitr,mie (V=1 F/G,w=1nFG) = (FG)"'D}! ---D{'F- G, (1.21)

where ny + - .- +mny > 1 and the Hirota bilinear operators D¢, ..., Dg, are characterized by

DI DIF-G = (06 — 06])™ -+ (&) — 0&)™F(Es, .. £1)G(E]. ... &)
Ei=&i
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When F and G are equal, (1.21) becomes

07 when TL + A + n[is odd,
G 2D ---DMG-G = Ynyeyme (V=0 w=2InG = q) = !

Pn1£1,~-~7ﬂ1£1 (q), when Tl1 + st + n[is even.
(1.22)

The first handful can be clearly described as

Poe(q) = q2e, Per = qer, Pac(q) = que + 343 (1.23)

In particular, the use of equations (1.22) and (1.23) will be beneficial in connecting nonlinear equa-
tions to their corresponding bilinear equations. This means that a nonlinear equation can be trans-

formed into a linear equation if it can be expressed as a linear collection of P-polynomials.

Proposition 2: The binary Bell polynomials Yn, ¢, ... n,£, (v, W) can be classified into two distinct

.....

types: P-polynomials and Y-polynomials.

(FG)'D{!---DI'F-G = Yneymies (Vi Whetn F/Gw=tn FG

= yﬂlah-..,ﬂ[&l (V,V + q)'v:h‘t F/G,q:2ln G (124)

ng ny
ni n
Z ( ) ( )PT1511-~-7T151 (DY ny—r)es, (n—rp & (V)-
T1 ™

T1=0 T1=0

The primary characteristic of the Bell polynomials

Pnyey,e.,
Ynlil,..‘,nlal (V)|v:ln (I) - %7 (1.25)

The binary Bell polynomials Yn,¢,....n, &, (v, W) can be expressed in a linear form through the appli-
cation of the Hopf-Cole transformation, where v =1In¢ and ¢ = F/G. By employing the equations
(1.24) and (1.25), one can efficiently derive the corresponding Lax system associated with particular

nonlinear equations.

1.5.3 Bilinear Backlund Transformation

Bilinear BT serve as a powerful technique for addressing nonlinear equations, especially
when these equations can be represented in a bilinear format through the Hirota bilinear approach.
The Bell-polynomial scheme, previously mentioned, is also relevant for managing BT in the context of
NLEEs. Numerous examples found in the literature illustrate the utilization of this scheme for equa-
tions such as the Burgers-Hopf hierarchy, potential KdV, modified KdV, potential Sawada-Kotera,
sine-Gordon, Boussinesq equations, and the Ablowitz-Kaup-Newell-Segur system [135, 138, 139, 140].

The implementation of the Bell-polynomial scheme consists of several essential steps.
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(A) Employ the scale transformations to derive the Bell-polynomial representation of the origi-
nal NLEE, ensuring that its invariance is duly considered.

(B) Additionally, devise an appropriate decomposition of the homogeneous constraint, or two-field
condition, that exists between the primary field and a replica field. This will facilitate the de-
velopment of a Bell-polynomial-type BT, which generally consists of a linear combination of Bell-
polynomials along with their derivatives.

(C) Finally, implement the Hopf-Cole transformation to achieve a linearized form of the Bell-
polynomial-type BT, leading to the corresponding Lax pair.

We shall now explore the process of constructing a BT through the application of binary Bell poly-

nomials. To illustrate this, we will examine a nonlinear partial differential equation.
wr =N(u, ug, Uog, U, Usg,...). (1.26)

The study involves two independent variables, identified as & and T. By utilizing a field transforma-
tion represented by u = f(q), we seek to establish a link between equation (1.26) and a collection of
P-polynomials.

H(q) = ciPrsix(q) =0. (1.27)

The expression in question signifies a finite summation, where the variables ki and s; are
integers, and c; can be either constants or functions of & and tT. By implementing the transformation

q = 2In G on equation (1.27), we derive the following bilinear form (1.26).
) DEDYG-G =0, (1.28)
i

Let us consider that q and q represent two distinct solutions of the potential equation (1.28). To

analyze these solutions independently, we will decouple the two-field condition,
E(v,2w)=H(g=w+v)—H(qg=w—v). (1.29)

The expression can be represented as a combination of binary Bell Y-polynomials along with their

corresponding derivatives.

Z Cljynj a,m)»"r(\), W) - 07 Z CQk%ﬁk E,,ﬁlk"f(va W) = O (130)
j k

subject to suitable supplementary limitations. The application of the transformationv =In G/F, w =

In FG results in equation (1.30) producing the BT for equation (1.26).

> cDEDIF-G=0, ) cxDIDI'F-G=0. (1.31)
j k
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1.5.4 Lax Pairs

In the field of integrable systems concerning nonlinear PDEs, numerous methodologies
have been proposed. Among these methodologies, the Lax pair is particularly noteworthy. This
pair comprises time-dependent matrices or operators that adhere to the Lax equation. The concept
was introduced by Peter Lax, drawing inspiration from the inverse scattering method formulated by
Gardner, Greene, Kruskal, and Miura in 1967. Through the application of the Lax equation, one
can derive soliton equations from the Lax pair [141]. Lax examined two operators, denoted as L and
M, where L is linked to the spectral problem, while M is responsible for the temporal evolution of
the eigen functions.

Lv=2Av, v¢{=Mvw. (1.32)

The evaluation of the partial derivative of (1.32) in relation to time leads to,
Lv+ LMv = Av + MLv. (1.33)
Upon additional simplification, it can be inferred that,
(Ly + LM — ML)v = Apv. (1.34)
For the purpose of deriving nontrivial eigenfunctions v(x,t), we investigate the Lax Equation,
L+ [L,M] =0, (1.35)

The expression [L,M] := LM — ML holds true if and only if Ay = 0. Lax’s equation represents a
nonlinear evolution equation, where L and M are defined appropriately. Lax pair can be identified
through the use of binary Bell-polynomials. We will initiate our analysis by considering the nonlinear
partial differential equation (1.26). Subsequently, by substituting v =1n ¢ and w = q + In ¢ into

equations (1.24) and (1.25), we will derive a connection between binary Bell-polynomials and ¢.

n m n m
ynil,m&(vywﬂ\/:ln $,w=q+In ¢ — Z Z (T) ( )PTZ,ST(q)Y(nr)E,(ms)T(V =1n Cb) (136)

T=0s=0 s
A select few among them are
(V) = /b, Ye (V) = de/d, Yoe (v, W) = qae + bae /P, Yse (v, W) = 3q2ede /P + b3e /D, ..
The relationships previously mentioned facilitate the transformation of equations (1.30) into Lax
pairs,

Li(q)p = Z c1jln;,m; (q)p =0, La(q)d = Z cokla,m (@) =0, (1.37)
j j

where
Loy (@) = 2200 200 (29) ()P (@00 00T

Tl)'

Lﬁkﬂﬁk (q) = Z%‘;:o 112::0 (;11];) (;T;E)Pflki,fzk’f(q)agkihka?ki?zk
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1.5.5 Infinite number of conservation laws

An integral aspect of integrability lies in the existence of an infinite number of conservation
laws. Additionally, the presence of an infinite number of conservation laws (in involution, in the
context of a Hamiltonian system) serves as another criterion for determining integrability. In the
case of a scalar partial differential equation with two independent variables, namely x and t, and a
single dependent variable u, a conservation law (which is local in nature) can be expressed in the

following manner.
0:G + 0xF =0, (1.38)

As a consequence of the equation, F, G, known as "the components of the conservation law”, are
functions of x,t,u and a finite number of partial derivatives of u. G is identified as the conserved
density and F as the conserved flow. It is assumed that the function u(x,t) and its derivatives with
respect to x diminish rapidly as [x| = oo,

IMu(x,t)] = J.OO G(x,t)dx (1.39)

—00
The constant of motion is obtained as a consequence. For instance, if u meets the requirements of
the KdV equation.

1
Uy = 1 Uyrx + UL (1.40)
Subsequently, we come across the initial three conservation laws,
2 1 Lo 3
O¢(u )+ax(—§ uuxx—i—i u; —2u’) =0 (1.42)
. 1 1
0 (4u® —u?) + 0, (—9u’ + 3 ttbox = 7 w —3ulu,, +6uu?) =0 (1.43)

Now we discuss how to find infinite conservation laws with the help of binary Bell-polynomials.
Let us consider the nonlinear partial differential equation (1.26). To find infinite conservation laws
first thing we have to do is to find binary Backlund transformation which already discussed in
the above section. By introducing appropriate transformation, rewrite the Y-polynomials Backlund
transformation (1.30) as a Riccati-type equation and a divergence-type equation. In terms of the

series expansion method, obtain the infinite conservation laws.

1.6 Analytical methods for solving nonlinear PDEs

The comprehension of physical phenomena linked to nonlinear evolution equations is fun-
damentally dependent on the discovery of solutions. This endeavor, however, is complex and necessi-

tates the use of suitable techniques. In our research, we have utilized a variety of methods, including
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the Discrimination method, the (G’/G)-expansion method, the F-function method, the simplified
Hirota bilinear method (SHBM), the Hirota bilinear method, among others, to derive various types
of solutions for distinct nonlinear evolution equations. For instance, the Discrimination method
is employed to ascertain all potential single traveling wave solutions, such as soliton, shock, and
elliptic function solutions, for the KP-mKP equation. The F-function method is applied to obtain
elliptic function solutions for the KPb equation, while the Hirota bilinear method is used to discover
multi-soliton solutions for the NKP equation. In the following subsections, we will present a brief

overview of these methods, which have been thoroughly examined in the existing literature.

1.6.1 Description of the (G’/G)-expansion method

Wang et al. [38] proposed a direct methodology for identifying traveling wave solutions
of nonlinear evolution equations. This technique allows for the derivation of solitary waves, shock
waves, and various other related solutions by appropriately choosing parameter values. The core
principle of this approach is that the traveling wave solutions can be expressed as a polynomial in the
ratio (G’/G). In this study, we investigate a general nonlinear PDE characterized by the unknown
variable ¢ = & (&, 1, T).

P =N, be, dee, Pre, Peee, Pn-)- (1.44)

0 is introduced as a blend of &, n, and T.
$d(&n, 1) =U(0), 6=1E+mn— VT, (1.45)

The wave’s velocity is represented by V, and in this context, equation (1.44) is converted into an
ODE as,
Q(u,—vu’, u’, rrtu”, *u”,...) =0, (1.46)

The fundamental procedures of the approach are concisely outlined below as:

Step 1. The application of the wave transformation equation (1.45) to the variables &, mn, and
T in equation (1.44) leads us to the discovery of the ordinary differential equation (1.46).
Step 2. The solution U(0) of Eq. (1.46) is expressed as

N

B G’(0) j
u(e)_Zpi(G(e)) . (1.47)

j=0

Now, it is necessary to determine the values of the constants Pj,(j = 0---N), where Py # 0, and

find the positive integer N. Furthermore, the function G(0) is governed by the auxiliary linear ODE,

G”(0) +AG'(0) + uG(0) = 0. (1.48)
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The real constants A and p are assigned specific numerical values, and their interpretations will be
explained subsequently.

Step 3.To compute N, one must balance the derivative of the highest order with the highest order
nonlinear terms in Equation (1.46).

Step 4. Upon substituting Equation (1.47) into Equation (1.46) and utilizing the relation in Equa-
tion (1.48), one can derive a polynomial of (G’/G). By collecting all the coefficients of the same
power terms in that polynomial and setting them to zero, a set of algebraic equations for Pj, A, u, V,
and 1 can be obtained. These equations can then be solved using computational aids such as Maple,
Matlab, etc., thereby determining the unknown constants. Subsequently, by substituting the values

of these constants into Equation (1.47), the solutions of Equation (1.46) can be derived.

1.6.2 Description of the F-function method

Yomba [142] introduced an innovative technique referred to as the indirect F-function
method, aimed at identifying Jacobi elliptic function solutions for specific NLEEs. By employing
this F-function method, one can effectively obtained a wide array of wave solutions in a thorough

manner. This research centers on a general nonlinear PDE with the unknown variable represented
as ¢ = ¢(&,n, 7).
d)'(' :N(d)a(baad)”rvd)af,ad)”t&vd)aa&ﬂd)nn"')‘ (149)

We introduce ¢ combining &, n and T such that

d(Em,T) =U(), (=1&+mn— VT, (1.50)

Here, the variable V indicates the velocity of the wave, while equation (1.49) is adapted into an
ODE as shown below,
Q(u, 1’ —vu’, 1r*u”, —viu’,.--) =0, (1.51)

The essential phases of the process are briefly summarized as follows:

Step 1. The derivation of the ODE indicated by (1.51) is achieved through the application of
the wave transformation equation (1.50) to the variables &, 1, and T present in equation (1.49).

Step 2. The formulation of the solution U({) for Eq. (1.51) is represented as,
U(Q) = A(IF(Q), (1.52)

In this scenario, A is designated as a parameter, and the positive integer s is to be established.

Ultimately, the function F({) is governed by the ODE,

F2(0) = PFY(Q) + QF*(Q) + R, (1.53)
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P, Q, and R are real constants that play an important role.

Step 3. Identify the value of s by balancing the highest order derivative against the highest order
nonlinear terms found in Equation (1.51).

Step 4. By substituting Equation (1.52) into Equation (1.51) and utilizing the relationship es-
tablished in Equation (1.53), one can formulate a polynomial in terms of F. By aggregating the
coeflicients associated with like power terms and equating them to zero, a system of algebraic equa-
tions involving A, V, and 1 is generated. These equations can be solved using computational tools
such as Maple or Matlab, resulting in expressions for A and V in terms of P, Q, and R. Subsequently,

the constants can be reinserted into Equation (1.52) to derive the solutions for Equation (1.51).

1.6.3 Description of Discrimination method

Liu [143] proposed a methodology for identifying all possible exact travelling wave solutions
for a NLEE. The fundamental principle of this approach involves expressing the NLEE in an integral
format, which is then solved to derive the exact travelling wave solutions [144, 145]. In this context,

we are investigating a general nonlinear PDE in which the variable v = v(x,y, T) remains unknown.
NV, Ve, Vi, Vix, Vo, Vxx Vyy =) = 0. (1.54)

The new variable ( is introduced through the combination of the original variables x, y, and T,
v(x,y,T) = d(0), C=kix+kyy—cT, (1.55)

Let k; and ks represent constants, with ¢ indicating the speed of the traveling wave. Consequently,

the equation (1.54) is restructured into an ODE.
M(d),—Cd),,kld)/,k% /la_Ckld)Ha"') :07 (156)

Here, M represents a polynomial in ¢ along with its derivatives, while the symbol (’) indicates

differentiation with respect to . By integrating equation (1.56), one can derive an expression,
(¢")? = G(d), (1.57)

where G(¢) might be any kind of function, rational or irrational, including polynomials. The form

in which the integral of (1.57) can be represented is

dd
G(¢)

The above described technique yields several significant results, one of which is the identification of

(0~ L) =J (1.58)

(o as an integral constant.
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1.6.4 Basic idea of method of undetermined coefficients

The undetermined coefficients method presents an uncomplicated means of finding the
solution of ODE when specific criteria are fulfilled. The following discussion focuses on a general

nonlinear PDE, where the unknown function is expressed as ¢ = ¢(&,1,T) where,

d)’t :N(d)ad)é‘vd)&&,d)ré.vd)&a&vq)nn"')' (159)

By combining &, 1, and T, we define 0 as,
G(E, 1) =U(0), 0=1— VT (1.60)
The wave’s velocity is denoted by V, and the equation (1.59) is reformulated into an ODE,
Q(u,—vu’,u’, 12u”, r*tu”,...) =o. (1.61)

The key procedures of the technique are outlined concisely in the following section.

Step 1. The ODE presented in (1.61) can be derived by utilizing the wave transformation out-
lined in (1.60), incorporating the variables &, 1, and T as defined in equation (1.59).
Step 2. The solution U(0) of Eq. (1.61) some time indicates the expression for the bright soliton

as,

U(0) = A sech™(0). (1.62)
In addition, pertaining to the dark soliton, it is significant to mention that

u() =A tanh™(0). (1.63)

It is necessary to ascertain the values of the constants A (with the condition that A # 0) and m
(where m belongs to the set of positive integers, denoted as I7).

Step 3. By setting the highest order derivatives equal to the nonlinear terms in Eq.(1.61), it is
possible to determine the value of m.

Step 4. By substituting Eq.(1.62), which may relate to the dark soliton described in Eq.(1.63),
into Eq.(1.61), one can gather all terms that share the same power of sech(0), tanh(0), and
sech(0)sinh(0). This process enables us to set each coefficient to zero, leading to the formula-
tion of a system of algebraic equations.

Step 5. A precise solution for equation (1.59) can be attained by inserting the values of A and V

into equation (1.62), which is determined through the resolution of this system of equations.
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1.6.5 Basic description of simplified Hirota bilinear method

Awawdeh et al. [146] introduced a streamlined version of the Hirota bilinear method by
integrating Hirota’s direct approach with the simplified technique developed by Hereman et al. [147].
This integration demonstrated that soliton solutions can be represented as polynomials of exponential
functions. The SHBM can be effectively employed to derive solutions for evolution equations, as it
does not necessitate the bilinear form of the equation. We examine a general nonlinear PDE with

the unknown function ¢ = ¢(&,n, ).

d)T :N((bad)avd)f.f.vd)’ri,a(bﬁf.&’d)nn“')' (164)

We define 0 by integrating &, 1, and T in a way that

d(&,m,1) =€, O0=16+mn— VT, (1.65)

Step 1. By utilizing the wave transformation equation (1.65) with the variables &, n, and T in
the linear terms of equation (1.64), we derive the dispersion relation that yields the value of V.
Step 2. The solution ¢(&,n,T) of Eq. (1.64) is expressed as

It is necessary to ascertain the constant R. In the end, the function f(&,m,T) is defined accordingly,

f(&,m,t)=1+¢€°, (1.67)

Step 3. By incorporating equations (1.66) and (1.67) into equation (1.64), it is possible to derive
a polynomial involving e®. Moreover, by organizing all coefficients of similar power terms from this
polynomial and equating them to zero, a collection of algebraic equations can be formulated.

Step 4. The process of solving the algebraic equations with the assistance of computational tools,
including Maple and Matlab, allows for the determination of the unknown constant R. Once R is

established, it is inserted into Equation (1.66) to extract the solutions for Equation (1.64).

1.6.6 Basic description of Hirota Bilinear method

The bilinear method, which was developed by Hirota several decades ago, has been in-
strumental in the exploration of integrable nonlinear systems [27]. This formalism is exceptionally
effective for deriving not only multi-soliton solutions but also various types of special solutions for nu-

merous NLEEs. Additionally, it has been employed to examine the algebraic structure of integrable
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evolution equations and to derive extensions of these systems. The essence of the bilinear method
is centered on identifying an appropriate transformation of the dependent variable. By utilizing
this transformation along with the Hirota D-operator, one can derive bilinear representations of the
nonlinear equation [148, 149]. Following the establishment of these bilinear forms, the subsequent

task is to determine the solution. Let us consider the bilinear form as

Fi(D)f-f=0, (1.68)

or
Fo(D)f- g =0, (1.69)

In certain instances, the equation may encompass two distinct types, and this is entirely contingent
upon the transformation of the dependent variable. At this point, we will apply the standard
perturbation method, expanding f into a formal power series with respect to a small parameter,

which yields the following expression.
f=1+ef, +e*fa+efg+---, (1.70)

By substituting these expressions into (1.68) and organizing the terms according to each order of

the exponent of the expansion parameter €, one may derive a system of equations.

e :F(D)(1-1) =0, (1.71)
el :Fi(D)(1-f +f,-1)=0, (1.72)
€ F (D)1 -fo+f-fi+fy-1)=0, (1.73)

For deriving single-soliton solution one may consider f = 1+ ef; = 1+ exp(0), where 6 = px+qy +
Wt + .. + 0° and the perturbation coefficient e absorbed into the constant 0° in the exponent. On
the other hand for exploring two-soliton solution we take f = 1+ f; + fy = 1 + exp(01) + exp(62) +

Aqoexp(01) - exp(02). Finally different types of solitons can be acquired from these expression.

1.7 Dynamical System

Dynamics is primarily the study of the time-evolutionary process and the corresponding
system of equations is referred to as a dynamical system [150]. In general, within an n-dimensional
space R™, the nature of this evolutionary process is described by a collection of n first-order differ-
ential equations, referred to as an n-dimensional dynamical system. These evolutionary processes
may exhibit various properties, including determinacy or non-determinacy, finite or infinite dimen-

sionality, and differentiability. A process is classified as deterministic if its entire future and past can
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be uniquely determined by its current state; otherwise, it is termed non-deterministic. Evolutionary
processes can be categorized into continuous and discrete-time processes. Continuous-time processes
are represented through differential equations, while maps are utilized for discrete-time processes.
Let the dynamics of a continuous-time framework be represented by the vector x = x(t) The system

can be mathematically formulated as

T =% =flxt) (1.74)

In this context, f(x,t) is a sufficiently smooth function which is nonlinear in general and time is
represented by the variable parameter t. The interval of time may be finite, semi-finite, or infinite.

In contrast, the discrete framework is associated with a discrete mapping defined solely at
equidistant points of time such that starting from xg, one can derive x1, which subsequently maps

to x2 and so forth. This can be expressed as
Xn+1 = f(Xn) = f(f(xnfl)) = ..

It can also be represented as
Xnt1 = flxn) = f2(xn71) = ..

The sequence of iterations can be constructed as

xo, f(xo), f(f(x0)), f(f(f(x0)))...

This sequence may be either finite or infinite, and it will be intriguing to observe the behaviour of
this sequence after multiple iterations.

A system is classified as autonomous if the right-hand side of (1.74) is independent of time
explicitly. Consequently, the trajectories of such system remain unaffected by time. In contrast, a
system is identified as nonautonomous if the right-hand side of (1.74) exhibits a clear dependence
on time. An n-dimensional nonautonomous system can be transformed into an autonomous one
by introducing an additional dependent variable, denoted as X1, where x,41 = t. In general,
finding a solution to the system (1.74) becomes challenging or sometimes unfeasible when f(x, t) is
nonlinear, except in a few simplified instances.

The second-order differential equation X + a;x + asx = 0, with a;,as > 0, is an example
of an autonomous system. This equation characterizes a damped linear harmonic oscillator, with
the parameters a; and as representing the strength of the damping and the linear restoring forces,

respectively.

1.7.1 Flows

Flows in R: Consider a one-dimensional autonomous model represented by the equation

x = f(x), x € R. One can visualize a fluid, referred to as phase fluid is moving along the real line,
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known as the phase line. In this context, f(x) represents the fluid’s velocity. The direction of flow
is determined by the sign of f(x); specifically, the flow is directed to the right if f(x) > 0 and to the
left if f(x) < 0.

To derive the solution for x = f(x), a fictional particle, termed a phase point, is positioned
at an arbitrary initial location xo and then observe the particle’s movement with the flow along the
phase line.

As time t progresses, the phase point advances along the phase line according to a specific
function P (t, xg).

This function is called the trajectory associated with the initial position xq, and the collec-
tion P(t,xg) : t € R is referred to as the orbit of xg € R. The phase portrait consists of all qualitative
trajectories of the system.

Flows in R2: Consider a two-dimensional autonomous system described by the equations
x = f1(x,y), Yy = f2(x,y), (x,y) € R2. This system can be visualized as a fluid flowing within
the xy-plane, which is referred to as the phase plane. The states are expressed parametrically as
x =x(t),y =y(t).

A curve that traces the evolution of states through an initial point A(x(tg),y(to)) is known
as a phase path. The orbit corresponding to xg € R2is represented by the collection P(t,xg) : t € R.

Although there are infinitely many trajectories, depicting a few of them under different
initial circumstances can elucidate the qualitative behaviour of the system. The phase portrait
illustrates how the qualitative behaviour of the system changes as x and y change over time.

An orbit is classified as periodic if, for all t and for some @ > 0, the condition x(t+u) = x(t)
holds.

The prime period of an orbit is defined as the smallest positive integer u that satisfies the
condition x(t+ p) = x(t).

Flows in R™: Consider an autonomous system in n-dimension, described by
X1 =1 (Xla X2, ...,Xn)

X'2 = fg(X]_,XQ, "'axn)

Xn = fn(X1,X2, ..., Xn)
This can be formulated as x = f(x) where x = (x1,X2,...,Xn) and f = (f1,fs,...,fn). The solution
corresponding to the initial condition x(ty) = x¢ can be considered as a continuous curve, referred
to as the phase curve within the space R™. This space is identified as the phase space. Solutions
arising from various initial circumstances illustrate a collection of phase curves in the space R™,
which is termed the phase portrait of the system. The vector field f(x) is tangent everywhere to

these curves and their orientation is governed by the direction of the tangent vector of f(x).
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1.7.2 Fixed Points and their Stability

The concept of a fixed point is crucial for understanding the behaviour of a dynamical
system. A fixed point refers to a constant or unchanging solution of the system, often described as
an equilibrium solution of the system. In the context of a continuous system, fixed points can be
obtained by setting x = 0 = f(x) = 0 a time-dependent framework, fixed points can be defined
for a specific time interval. Fixed points may also be referred to as critical points or equilibrium
points. The number of fixed points in a flow along a phase line can be either finite or infinite, and
it is possible for a flow to have no fixed points at all. For instance, the equations x = 3,x =x — 1,
and x = cosx illustrate flows with no fixed points, one fixed point, and infinitely many fixed points,
respectively.

To illustrate it further, let us consider following examples:

(a) % =x3+x%—6x

The fixed points of this system are —3,0 and 2. It is observed that

x <0 if x <=3,
x>0 if —3<x<0,
x<0 if0<x<2

x>0 if x > 2.

Figure 1.1(a) illustrates the flow of the system graphically. The direction of flow is to the
right when x > 0, and to the left when x < 0. It is noticed that the fixed points x = —3 and x = 2
function as sources, while the fixed point x = 0 acts as a sink. Consequently, the fixed points —3

and 2 are classified as unstable, while the fixed point 0 is deemed stable.

(b) %x=x2—bx+4

The fixed points for this system are 1 and 4. It is observed that
x>0 if x <1,

x <0 if 1 <x <4,
x>0 if x > 4.

Figure 1.1(b) illustrates the flow of the system graphically. The flow is directed to the right

when % > 0, which occurs when x2 — 5x +4 > 0, and to the left when x < 0, which is true when
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Figure 1.1: (a) Graphical display of f(x) = x® +x? — 6x. (b) Graphical display of f(x) = x? — 5x + 4.

x2 —5x +4 < 0. It is noticed that fixed point x = 1 acts as a sink, while fixed point x = 4 functions
as a source. Consequently, 1 is classified as a stable fixed point, while 4 is identified as an unstable

fixed point.

1.7.3 Birfurcations

A structural alteration in the orbit of a system is referred to as bifurcation [150, 151]. The
first observation of this phenomenon was made by Henri Poincaré, a renowned French mathematician.
The study of bifurcation focuses on how the orbit’s structure is affected by changes in parameters.
The location at which bifurcation occurs is referred to as the bifurcation point. At this point,
there may be substantial changes in the characteristics of equilibrium points and the trajectories.
Typically, the nature of sources and sinks is altered during bifurcation. The bifurcation diagram,
which graphically represents various parameter values in relation to equilibrium points, is an essential
tool for understanding the dynamics of a system. The dynamics of a continuous system represented
by the equation x = f(x, A)are governed by the parameter A € R. It is frequently observed that when
A surpasses a critical value, various characteristics of the system, such as stability, equilibrium points,
and periodicity, may change. Furthermore, this can lead to the formation of a totally new orbit.
Overall, bifurcation signifies a system with an unstable configuration. Codimension-1 bifurcations
involve a single parameter, whereas codimension-2 bifurcations are associated with two parameters.
These bifurcations provide insights into many significant dynamics within the framework. The
implications of bifurcation are significant in both physical and biological sciences. Bifurcations and

their related theories are vital for the analysis of nonlinear dynamical systems.
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1.7.4 Limit Cycles

A limit cycle refers to an isolated closed trajectory, indicating that the trajectories in its
vicinity are open. These nearby trajectories move either towards or away from the closed trajectory
spirally. Limit cycles represent a nonlinear phenomenon. They cannot occur within a linear system.
Limit cycles can be observed in various physical systems, including satellite orbits, predator-prey
dynamics, cardiac rhythms, and self-excited vibrations in bridges. Limit cycles can be classified
into three types: stable, unstable, and half-stable. A limit cycle is classified as stable if all adja-
cent trajectories converge towards the closed path. A limit cycle is classified as unstable when all
trajectories in its vicinity move away from the closed path. In the case of a half-stable limit cycle,
trajectories move towards the closed path from one side and away from the other side. Among these
three classifications of limit cycles, the stable limit cycle holds considerable scientific importance.
In this circumstance, systems oscillate without the influence of any external periodic forces. Nu-
merous examples exist, including the beating of the heart and the daily fluctuations in human body

temperature.

1.7.5 Poincaré Map

Achieving an analytical solution for nonlinear continuous systems is often challenging,
and at times, it may be deemed impossible. Furthermore, the analysis of the complex dynamical
behaviour of such systems is extremely difficult. Therefore, rather than focusing on continuous
frameworks, we can shift our attention to their discrete counterparts, where the flow paths are
depicted by a series of points in phase space. This method, developed by Henri Poincaré, serves as
a connection between continuous systems and their discrete equivalents. At times, chaotic motion
can be more readily analysed using the discrete approach. This process is known as the Poincaré

map.

1.8 Study of plasma

Plasma can be characterized as a quasineutral assemblage of charged and neutral particles
that demonstrates collective behavior. The word ”plasma’” has its roots in the Greek language,
initially coined by American physicists Langmuir and Tonks in 1929. Often regarded as the fourth
state of matter, plasma is considered part of the continuum that includes solid, liquid, gas, and
plasma. In reality, when specific conditions are met, a collection of charged and neutral particles
exhibits characteristics typical of plasma. Plasma is viewed as the most fundamental state of matter.
Over 99% of the matter in the universe is estimated to exist in the plasma state, while we reside

in the 1% of the universe that typically does not feature plasma. Stellar interiors, gaseous nebulae,
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and a significant portion of interstellar space are all filled with plasma. In our sun, plasma is evident
through solar flares and sunspots. Closer to Earth, plasmas can be observed in the form of the
solar wind and the Van Allen radiation belts. Natural occurrences of plasma include phenomena
such as lightning bolts and the Aurora Borealis, while artificially generated plasma can be found in

fluorescent tubes and various industrial applications.

1.8.1 Conditions for an ionized gas to be a plasma

An ionized gas needs to meet following conditions to become a plasma.

1. The linear dimension L must be much larger than the Debye length A4. In other words, L >> A4.
Charge neutrality at macroscopic level is confirmed by this condition.

2. The particle number ng in Debye Sphere must be much larger than the unity. i.e., ng >> 1. Here
ng = 37mA%n, nis the plasma density. Now ng >> 1 = A¥n >> 1. If this condition is not met, the
conception of Debye shielding will not be valid statistically. Again A3n >>1 = N3 << Aq. This
indicates that the interparticle distance must be significantly smaller than Aq4.

3. Third requirement is related to the collision. Plasma particles and neutral atoms collide often in
a weakly ionized gas. If T represents the average time between the collisions and w,, represents the

plasma frequency, then w,T > 1 is necessary for an ionized gas to transition to plasma.

1.8.2 Plasma Oscillation

A key feature of plasma is its tendency to uphold electrical charge neutrality on a macro-
scopic level under equilibrium conditions. Consequently, if electrons are displaced from a homo-
geneous ion background within the plasma, an electric field will arise, attempting to return the
displaced electrons to their original positions. However, due to their inertia, the electrons will ex-
ceed their initial positions, creating a restoring electric field that acts in the opposite direction.
This results in the oscillation of electrons about their equilibrium position. The frequency of this
oscillation is referred to as the plasma frequency. Such oscillation typically occurs at a very high
frequency, while ions, having greater mass, are unable to keep pace with this high-frequency motion

and can be regarded as stationary.

1.8.3 Fluid equations for a simple plasma system

A plasma is typically composed of a large number of particles. It is practically impossible
to follow the complex trajectories of each of these particles and predict the behaviour of the plasma.
Thankfully, the majority of plasma phenomena observed in real experiments can be elucidate by
a basic model known as the fluid model. Here, only the motion of the fluid particles, similar to

fluid mechanics is taken into account, disregarding the identity of any individual particle. In this
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conjecture, it is assumed that each species of plasma may preserve a local equilibrium. Thereafter,
each species can be conceptualized as a fluid characterized by local density, temperature, and macro-
scopic velocity. To understand how these quantities evolve over time, fluid equations, which resemble
hydrodynamic equations but are generally more intricate, are utilized.

Let us consider a simple plasma having only ions and electrons. The fluid equations of plasma are
the following;:

Continuity equation

on.:
ﬂ+v.(njuj) -0 (1.75)
ot
Momentum equation:
auj
myny a + (uj : V) uj| = qjny (E + u; X B) — ij (1.76)
Energy equation:
P = Cjn;/j (1.77)

where, m;,u;, 5, q; and p; correspond to the mass, velocity, number density, charge, and pressure
of the j—th species, with j = 1 indicating ions and j = e indicating electrons. The constant C; is
included, and vy; signifies the ratio of specific heat at constant pressure to that at constant volume.
The magnetic and electric fields are represented by B and E, respectively. The motion of charged
plasma particles leads to the generation of current density (J) and charge density (p). These are

described by the following Maxwell’s equations:

eV-E=p (1.78)
oB
V-B=0 (1.80)
oE
V xB =y (J + ant) (1.81)

Here p =miqi + Neqe, J =niqiw + Negele and g, Mo are constant.

1.8.4 Kinetic Approach

A collection of numerous interacting charged particles is referred to as plasma. The fluid
hypothesis provides a simple elucidation of plasma behaviour. Although it sufficiently describes a
majority of plasma phenomena, there are occasions when it proves inadequate. A statistical ki-
netic approach can provide a more accurate representation of plasma. This approach requires the

introduction of a distribution function. The macroscopic plasma variables necessary for a thorough
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description of plasma behaviour can be systematically derived from the understanding of the distri-
bution function. The distribution function holds all the physically significant information regarding
plasma. The PDE that governs this function is referred to as the Boltzmann equation, which plays
a vital role in the kinetic theory of plasma.

The distribution function f (r,v,t) is formulated in such a way that the number of particles within

the volume element d3rd3v, centered at the coordinates (r,v) at time t, is expressed as follows:
dn (r,v,t) = f (r,v,t) d®rd®v (1.82)

where d*rd®v = dxdydzdvxdvydv,.

This distribution function provides a thorough elucidation of the system from a statistical perspec-
tive. To analyse the system from a statistical perspective, it is necessary to have knowledge of
the distribution function associated with the system under consideration. The Boltzmann equation
describes the relationship of the distribution function f (r,v,t) with the variables r,v and t. In the

absence of collisions within the system, the Boltzmann equation is expressed as

of
STV VitaVif =0 (1.83)

where a = % , with F denoting the force and m representing the mass of the particle. When

collisions are present within the system, the Boltzmann equation is modified to

of of

— .Vf Vof= [ — 1.84

! +v +a-V, ( 6t> . (1.84)
where (%)C signifies the collision term. In the case of collisions involving neutral particles, the
collision term can be estimated as (%)C = f}—:f where f, and T, correspond to the distribution

function of neutral particles and the constant collision time, respectively. Ignoring the collision term
and considering the force F to be solely electromagnetic, equation (2) can be expressed as

g+v-Vf+%(E+va).vvf:0 (1.85)
This equation is referred to as the Vlasov equation. The Vlasov equation describes the evolution
of the distribution function over time in phase space. From the distribution function f (r,v,t), one
can derive macroscopic variables such as number density n (r,t) and average velocity u(r,t), by
taking the appropriate velocity moments of f (r,v,t). The number density n (r,t) is determined by
integrating f (r,v,t) over the velocity space. Thus

n(r,t) :J fd3v. (1.86)

v
The average velocity u (r,t) is determined by taking first velocity moment of distribution function.

Thus

1
u(r,t) = EJ' vid3v. (1.87)
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The continuity equation is established by taking the zeroth velocity moment of the Boltzmann
equation, which involves integrating the Boltzmann equation over the velocity space. The continuity

equation is represented as

on
SV () =0 (1.88)

The equation of motion is formulated by taking the first velocity moment of the Boltzmann equation.
This involves multiplying the Boltzmann equation by mv and integrating it over the velocity space.
The equation of motion is expressed as

0
mn<at+u.v)u:qn(E+u><B)V'PJrPc (1.89)

In this equation, P indicates the pressure tensor, while P, signifies the change in momentum due to
collision.

In instances where effect of viscosity is negligible, one can omit all terms of the pressure tensor except
for the diagonal ones. Furthermore, when the velocity distribution remains unchanged regarding
direction, the pressure tensor P will have identical diagonal elements, which can be represented as a
scalar pressure (p). Consequently, Vp can substitute V - P. If we also ignore collisions, the equation
(3) simplifies to

mn<§£+u~V)u:qn(E+uxB)—Vp (1.90)

The energy equation is derived by examining the second velocity moment of the Boltzmann equation.
This involves multiplying the Boltzmann equation by %mv2 and integrating it over the velocity space.
If we ignore the influences of thermal conductivity, viscosity, and collisions, the energy equation

simplifies to the adiabatic equation of state, expressed as
p=Cphy

where C is a constant, p, represents mass density, and 7y is defined as %3 (with Cp being the specific

heat at constant pressure and C,, the specific heat at constant volume).

1.8.5 Dusty Plasma

Dust particles coexist with plasma frequently. These particles are positively or negatively
charged, depending on the plasma environments; they are not neutral. The combination of ions,
electrons, neutrals, and charged dust particles produces a “dusty plasma’. A dusty plasma is an
electron-ion plasma that also includes charged particles that are micron or submicron in size. The
complexity of the system increases even further with the addition of these particles. For this reason,

”complex plasma” is another term for dusty plasma. Dust grains vary in size from nanometers to
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millimeters and are 10 — 10® times heavier than protons. Dust grains will differ in size and shape
unless they are artificial. The term “dust in a plasma” or “a dusty plasma” can be used to describe
plasma that contains dust grains or particles, depending on how the average inter-grain distance (a),
plasma Debye radius (Aq), and dust grain radius (rq) are arranged. The plasma is referred to as
“dust in a plasma” if rqg << Aq < a. On the other hand, if rq << a < A4, the plasma is referred to
as “a dusty plasma.” It is important to consider the local plasma inhomogeneities when considering
a plasma with isolated dust grains (a >> A4). On the other hand, under the opposite condition
(a << Ag), dust particles should be viewed as massive charged particles similar to multiple charged
positive or negative ions. The presence of charged dust grains not only modifies already-existing
low-frequency waves (like IAWSs), but also causes the emergence of new low-frequency dust-related

waves (like DAWSs, and dust ion acoustic waves (DIAWSs)).

It is important to note that nonlinear evolution model can be derived from the basic governing
equation of plasma environment using different types of parametric stretching. Finally, solving
these evolution equations, one can find the dynamical characteristic of IAW. For instance, some

evolution equations deriving from governing principle are presented below.

1.8.6 The KdV equation

In order to observe the dynamics of ITAWSs, we consider KdV equation. Here we consider an
unmagnetized collision-free two-component plasma consisting of electrons and ions, where ions are
mobile and electron obey Maxwell distribution. Let the ion is moving in the background of Maxwell
distributed electron. The governing equations which include the equation of continuity, equation of

momentum balance and Poisson equation are stated as follows,

aTli 0
p T mwd) =0 (1.91)
aui aui e oV
; = ——— 1.92
ot ox m; 0x (1.92)
0%y
soa—XZ = e(ne—ny) (1.93)

where n. = N¢g exp (%) . Here n; is the density of the j-th species ( j = e, i stands for electron
and ion respectively), u; is the velocity of ion, m; is mass of ion, e is the magnitude of electron
charge, ¢¢ is the dielectric constant and Kg is the Boltzmann constant. W represents the electrostatic

wave potential.
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1.8.6.1 Normalization

To write equations (1.91)-(1.93) in dimensionless from we introduce the following normal-

ization;
eV uy ut n X
=P, — > U, — =N, —— = Ne, — =X, wpit =T (1.94)
KgTe Csi Nig Neo Adi
where cg; = 1/% is the ion acoustic speed, Agqi = ,/% is the ion Debye length, w;ll =
13012;2 is the ion plasma period. Njp and N¢g represent respectively the unperturbed ion and

electron number density.
Using (1.94) we get the dimensionless from of equation of continuity, equation of momentum balance

and Poisson equation are as follows,

ONy 0

T+ 3 (Nill) = 0 (1.95)
ol ou; oy
ot ax oX (1.96)
a2
67)(112) = exp () —N; (1.97)

1.8.6.2 Linearization

To linearized equations (1.95) -(1.97), let us consider the dependent variables as sum of

equilibrium and perturbed parts, so that we write

Ni=1+N;, Ui=U;, b=1 (1.98)

Using (1.98) into the equations (1.95)—(1.97) and neglecting the nonlinear term a(]\éixui).

we get the linearized form of as follows.

oN; oU;
o =0 (1.99)
ou;  op
;‘ % = 0 (1.100)
T
a—;; = Vv-N; (1.101)

1.8.6.3 Dispersion relation

To obtain dispersion relation for low frequency wave, the perturbation is assumed propor-

tional to expi(IX — wT) and of the form

N; = Noei(lewT]7 U, = uoei(lewT)7 ¢ = d)oei(lewT) (1.102)
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where 1 is the wave number and w is the wave frequency for ion acoustic wave.

Substituting (1.102) in equations (1.99)-(1.101), we get

(UNO — IUO = 0 (1.103)
(UUQ — hl)o = 0 (1.104)
No— (1+1*)py = 0 (1.105)

The system of equations (1.103)—(1.105) is a system of linear homogeneous equations in three

variables Ng, Uy and V. So for nontrivial solutions we must have

w -1 0
0 w -1 =0
1 0 —(1+1?)
12
2 _
or w' =7 mp
which is the required dispersion relation.

For weak dispersion i.e., for small values of 1, we have

1
2

1(1+17)

1
1— 212 4+...
t(1-5e+)

1
= 1- 513, neglecting 1> and higher order of L.

w

The phase velocity v, is given by

Here v, - 1asl— 0 and v, — 0 as k — oo.

1.8.6.4 Derivation of KdV equation
To deduce KdV equation, the standard independent variables are stretched and written as:

13 ez (X —AgT)

T = e2T (1.106)

w

where € measures the strength of nonlinearity and Aq is the phase velocity of waves.
So
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0 1 0 0 3 0 10 02 02
— =€2—, —=€2——MN€2——, ——5 =€ 1.1
ox ~ “ag o “Tor %Tar axz T “aez (1.107)
The dependent variables are expanded as follows:
Ny = 1+€N£1)+€2N£2)+"'
U = eu”+eul® ...
T €ll)(1) + €21b(2] 4+ .. (1.108)

Substituting (1.107) and (1.108) in equations (1.95)-(1.97) and collecting the coefficients of lower

power of € we get

(1) (1) (1) (1)
ON; au; ou; oy (1)
_ — 0. —A i W _NW =g 1.109
0 aa aa ) 0 aa aE, ) LI) i ( )
and collecting the coefficients of next higher order of € we get
(1) (2) (2)
oN; ON. ou; 0 1)y (1)
o Mo+ ot g (NW) (1.110)
(1) (2) (1) (2)
ou; ou, (1) 0l o
—A * u’ ——=— 1.111
ot 0Tor Ui g ot (L.111)
oy 1)@
agr =V (q) ) —N{ (1.112)

Integrating first two of (1.109), and assuming all the variable vanish as & — +oo, we get

from (1.109)

(1) 1
U, P
N =S wt =S N = (1.113)
0 0
From (1.113), we get
AN=1

Differentiating (1.112) with respect to &, we get

23y B o2 (1)311’(1) B aN?)

- b S 1.114
0E3 g o o (1.114)
From (1.110) and (1.111), we get
v NP aul™ o aul oY O /1)y (1)
- =— UM i — A (NU 1.115
&, 0 ot Y3 0 ot 0aa< i ) (1.115)
From (1.114) and (1.115), we get
asp®  ou™ - oul® - aNY d /1) (1) oy
=— — U, LN — Ao (N, (1)
I T S T Oaa( Hut) s oF



93y ) 1 oy

o) o) h) 2 o)
- _ —_ ™ Y _ = (D (1)
M TE N oot Y T Mor aa(‘b ) +¥ oF
33¢(1) ) all)(l) 61])(1)
or =—— —op™
0&3 Ao OT 0§
aw(l) (1]311,(1] 7\0@311,(1)
or otk et e 0
a¢(1) (1)611)(1) 5311)(1)
B = 1.11
or o7 + AP oF + I 0 ( 6)
where
A
A:AO,B:EO

The above equation (1.116) is known as Korteweg—de Vries (KdV) equation.

1.8.7 The KP equation

In order to study the propagation of ion-acoustic waves we consider the KP equation.
Here we consider a two-dimensional unmagnetized collision-free three-component plasma consists of
electrons, positrons and ions where ions are mobile and electrons and positrons obey the Maxwell dis-
tribution. The governing equations which include the equation of continuity, equation of momentum

balance and Poisson equation are stated as follows,

omn;g
MoV (uw) = 0 (1.117)
ot
allaL e
LV = —— vy 1.11
m + (ui-V)u miV (1.118)
VY = 4me(ne—ni—ny) (1.119)

where ne = Nggexp (K?jre) and n, = Npoexp (7 Kf;yrp ) .

Here n; is the density of the j-th species ( j = e,p, i stands for electron, positron and ion
respectively), u; is the velocity of ion, m; is the mass of ion, e is the magnitude of electron charge
and c is the velocity of light. @ represents the electrostatic wave potential. T, and T, represent the

temperature of the electron and positron respectively.

1.8.7.1 Normalization

To write equations (1.117)-(1.119) in dimensionless form, the normalization are as follows:

eV Uy ni MNe n
— P, — = U, — = Ni, — = N, —— =N -V, wpit—=T 1.120
KgTe b, Csi Y Nio " Neo ¢ Npo PP Aai T ( )
where cg; = ./% is the ion acoustic speed, Aq; = 47':131)22 is the ion Debye length, wp; =

,/% is the ion plasma frequency and Kp is the Boltzmann constant. Nig, Nep and Ny
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represent respectively the unperturbed ion, electron and positron number density. At equilibrium,
the charge neutrality condition requires that Neg = Nig + Npo.

Using (1.120) in equations (1.117)-(1.119), we get the normalized equations as

ON;
-(NiUy) = 1.121
7 TV ( ) 0 ( )
oU;
5T +(Ui-VU; = -V (1.122)
Vi = (1+4p)exp () —Ni—pexp (—op) (1.123)
where 0 = % and p = :—‘::.

The normalized equations in the component form can be written as

oN; 0 d
E 9 NGU) + 2 (NiU) = 1.124
aT T ax (Nl Hag( Uiy 0 (1124
Uiy 0 0 o
oT +<u1xax+u1y ay)ulx - aX (]‘125)
AUy, d d o
U2 tup 2 u, = - 1.12
ot +< ox yag> v dy (1.126)
aZ 62
@ﬂ+mﬁ)p= (14 ) exp () — Ni — pesp (—ow)  (1.127)

1.8.7.2 Linearization

To linearized equations (1.124) -(1.127), let us consider the dependent variables as sum of

equilibrium and perturbed parts, so that we write

Ni =14 Nj, Uiy = Uiy, Uy = Uiy, b =1 (1.128)
Using (1.128) into the equations (1.124)—(1.127) and neglecting the nonlinear terms 76(7165”) ,
a(N;yui"’), u—ixag’ and Uih_,a]glj”. we get the linearized form of as follows.
ON;  OUiy  OlUyy
=0 1.129
oT T ox T oy (1.129)
Uiy o
_ o 1.1
oT 0x (1.130)
Uiy o
3 - __T 1.131
oT dy ( )
02 0%\ — - =
Qﬁ+@gw = U4p(+o)T-N; (1.132)
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1.8.7.3 Dispersion relation

To obtain dispersion relation for low frequency wave, the perturbation is assumed propor-

tional to expi(lyx 4+ lyy — wT) and of the form

Wi _ Noei(lxx+lyy—wT)

uix — UOXei(IXerlyyfwT)

W _ uoyei(lxerlyyfwT)
$ _ 1l)Oei(lXx+lyy—ouT)

(1.133)

where 1, and 1 are the wave numbers in x and y directions respectively and w is the wave frequency

for ion acoustic wave.

Using (1.133) in equation (1.129), we get
l L
or Ng = —Ugy + Uy
w w
Using (1.133) in equation (1.130), we get
l
Uox = =g
w
Using (1.133) in equation (1.131), we get
by
Uoy = Eﬂ)o

Using (1.133) in equation (1.132), we get

- (l>2<+l§)11’0 =(1+p(l+0))Po— (lwxu()x + 2U0y>

12 P2
or — (24 13) o = (1+p (L+0)) b0 — 510 — by

12 412
or Z—¥ =1+p(1+0)+ (IF +15)
1 1+4p(1
or L _1telto)
w? Z+13
1+p(l+0) |2
orw— |LTPltTo)
1+

which is the required dispersion relation.
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1.8.7.4 Derivation of KP equation

To deduce KP equation, the standard independent variables are stretched and written as:
E=ec(x—AT), n=¢€%y, 1=¢€T (1.138)

where € measures the strength of nonlinearity and Aq is the phase velocity of waves.

So
d 3 9  ,0 0 40 o 92,02 82,0
ox  “aray  CamarT S ot raxz S omiayr C on? (1.139)

The dependent variables are expanded as follows:

Ny = 1+ eQNgl) + €4N£2) + -
Wiy = eQUS() + e4U£i) +e-
31((1) 511(2)
Uy = Ul +euy) +-
P = M et 4. (1.140)

Substituting (1.139) and (1.140) in equation (1.124) and collecting the coefficients of €3 and €’,we

get
oNY aull
GO - 1.14
M= T ot 0 (1.141)
(1) (2) (2) (1)
ON! N auy a0
Y i ix N { L 1.142
I TR T3 aa(l ”‘)+ on ’ -

Substituting (1.139) and (1.140) in equation (1.125) and collecting the coefficients of €* and € we

get
(1) 1)
ouy, ot
N5 = —pp (1.143)
(1) (2) (1) 2)
ol ou, (1) U4 o
—Ao—= + U, x = — 1.144
ot 0 0§ * Hix % of ( )
Substituting (1.139) and (1.140) in equation (1.126) and collecting the coefficients of €* and €®,we
get
(1)
ou, o
N—r = — 1.145
- > (1.145)
(1) (2) (1)
ou; ou, ou; (2
Y pul N = 2 1.146
ot Mor T Hix o on (1.146)

Substituting (1.139) and (1.140) in equation (1.127) and collecting the coefficients of €2 and e*,we
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get

|
=

(1)
(1+p) ™ =N+ pop™
5211)(1)
0E?

(1)
NTCOI
1 )\O
" 11,(1)
X >\0
From (1.147) ,we get
NP = (14 (1+0))
From (1.149), (1.150) and (1.151), we get
1
="
" 14+p(l+o0)
Differentiating (1.148) with respect to &, we get
(2)
8311)(1) . alb(z) (1)611)(1) B ON; +poa¢( oo 11) all,
0&3 0§ o0& 0§, 0¢, (i}3
94 () 92 ) azN@) 921 (2)
or TV g (T 2 (2 B LA
0&? 0&?2 & 0& 0&? 0&?
ooty (02 )
6411)(1) 6211)(2) ) d 0 all)(l) 62N§2)
o i =(1+p(1+0)) 360 +(1+p(1—0))a£<1|) 0 ) oe
Differentiating (1.142) with respect to &, we get
(1) (2) (2) 21(1)
GRINE _ GRNN _|_62ui +872(N§1) g1)>+a&_
dtar 0 g2 dg2 gz U Tix A&
(1)
RN ) Fet N U CA N RNEY 0%,
— X+ A N. U A L
T Mograr M ar T T 0652( U)o aton "

Differentiating (1.144) with respect to &, we get

AT T
X

o80T —Mo 2 T oL 082
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= (1+p) (w) +3 (tb“))2> ~NZ oo

(1.147)

(1.148)

(1.149)

(1.150)

(1.151)

(1.152)

(1.153)

(1.154)



From (1.153) and (1.154), we get

073gon  0&dT

i ix

anI)(QJ 262N£2] aQNgl) 92
082 "0 g2z T Mgz (
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0 alj) all,(l] 3311,(1] 6211)[
¢ =0
or 65{ I oF + B 3e3 + on?
where 5 5
_3 N N e
A_2AO—2(1+p(1 0?)), B= €=

The above equation (1.155) is known as KP equation.
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Chapter 2

Integrability, breather, lump and
quasi-periodic waves of
non-autonomous
Kadomtsev-Petviashvili equation

based on Bell-polynomial approach

2.1 Introduction

Many mysterious natures of the physical world are revealed by the NLEE. The KdV equa-
tion and its variants such as the ZK equation and KP equation are the most popular models in this
field. The soliton solution is an important feature of these models and a lot of studies are available
in the existing literature relating to the propagation of multi-solitons [147, 152, 153, 154, 155, 156].
Recently, a new interest has grown in the study of the integrability of these equations though, a
completely integrable system is not precisely defined. But it is acknowledged that the integrable sys-
tem includes Lax pair, N-symmetries, Hamiltonian as well as bi-Hamiltonian structure, and bilinear

Béacklund transformation, etc. In addition to these characteristics, the Painlevé test and the exis-

IThe research article has been published in the journal of Wave Motion (Elsevier)
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tence of conservation laws are also studied. In general, inter-particle collision causes for raising of a
damping effect in any medium. There are also many phenomena that cause damping in a dynamical
system, for instance, the resonant energy exchange between the particles and electrostatic waves in
the plasma environment may cause for producing damping. Also, some experimental works on space
plasma announced the significant influence of externally applied different types of forcing compo-
nents viz., hyperbolic forcing term, Gaussian forcing term ( in terms of sech?(&,t) and sech*(&,t) )
and trigonometric forcing term ( in terms of sin(&,t) and cos(&,t) function ), on wave propagation
in plasma environment [157, 158]. Motivating by such theoretical and experimental works, we seek
to investigate the different characteristics of the (2 + 1)-dimensional damped forced KP equation

[159] which can be expressed as, Consider the standard (2+1)-dimensional NKP equation

(Ur + AUUg +BUgge + DU + Clyy = heg (2.1)
On integration it against & and setting h = &f(T), we get

U+ AUUg +BUgge + DU+ CJUnn = f(1) (2.2)

In this chapter we investigated the infinite conservation law, quasi-periodic wave, breather,
lump, and characteristic of integrability via bilinear Backlund and lax pairs of the NKP equation
(in the presence of an external force and damping). Bell-polynomial is deduced from Bécklund
transformation from which infinite conservation law for NKP equation is derived. Obtaining well-
known quasi-periodic solutions is an important aspect of this investigation. A limiting procedure
is used for analyzing the asymptotic behavior of multi-periodic waves. Further, some complicated
solution structures of the NKP equation such as lump and breather-type solitons are explored from
the bilinear form of the said equation with the appropriate choice of polynomial functions. Important
characteristics of lump and breather waves in different forcing backgrounds are graphically described.
Finally, the lump wave of the NKP equation is explored from the breather wave in the limiting stage.
It is also confirmed from the analytical results of the relevant motions that the velocity, maximum
altitude, and interacting natures of the wave quantities are all influenced by the damping and forcing

terms.

2.2 Bilinear form and Backlund transformation for the NKP
equation
We introduce the transformation

U = a(t)Qee + R(T) + Uy, (2.3)
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where Q = Q(&,n,T) is a function of &, 1, T and setting

a’(t) + Da(t) =0, R'(t) +DR(7) + DUy = f(1), Aa(T)=6B (2.4)
which implies
—D~ —Dt Dt 6B Dt
a(t) = aqpe ,R(T)=¢e e f(1)dt+ Ry | — Up, A = a—e , (2.5)
0

where ag, Ry are constants. Substituting (2.3) along with (2.4) in the Eq.(2.2) and then integrating
once with respect to &, we have

Aa(T)
2

Qe + Q§£+A(R(T)+UO)QE£+BQ4£+Can +¢co=0 (2.6)

which can be expressed in P-polynomial form [160] by imposing the condition (2.4)
Pre(Q) + A(R(T) + Uo)P2z (Q) + BP4 (Q) + CPrn + ¢ =0 (2.7)
Under the changing in the dependent variable,
Q=2In7F (2.8)

U becomes )

0g?
and the P-polynomial Eq. (2.7) is reduced into the bilinear form of the Eq.(2.2) as,

U =2qpe P"

n(F(&,m, T)):| +e P (J ePTf(t)dT + R0> , (2.9)

(D<Dg + A(R(1) + Ug)D3 + BDyg + CDZ 4 ¢o) F.F =0 (2.10)
where cq is independent of &. For simplicity, we assume ¢y = 0 and get,
(D<D¢ + A(R(1) + Ug)D? + BDye + CD?) F.F = 0. (2.11)

The bilinear form of Eq.(2.2) addressed in Eq. (2.10) will be used for finding quasi-periodic solution
where as, Eq. (2.11) will be utilized to acquire breather and lump type wave solutions and in either

case solution will be of the form of Eq.(2.9). Set

Aa(T)

E(Q) = Qe + TQ%g + A(R(7) + Uo)Qee + BQag + CQun =0 (2.12)

Let Q = 2In(F) and Q = 2In(G) are two different solution of the Eq.(2.12), then the two field

condition can be expressed as,

Aa(T)
2

+B(Q — Qlag + C(Q — Q) =0 (2.13)

E(Q) —E(Q) = (Q—Q)re + (Q — Q)26(Q + Q)ae + (AR(T) + Uo)(Q — Q)2
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Setting u = ng and v = §;ﬁ, it can be written as

Urg + Aa(T)uggvae + A (R(T) + Up) u2g + Buyg + Cuyyy =0

0
Ure + Aa(T)uzevae + A (R(T) + Ug) uge + Ba—E(Ygg —3vorug — ug) +Cupy =0
Urg + (AG(T) — 38) U2 Vog — 3B‘LL5_V3;_ — 3Bu§u2g + A (R(T) + UO) U2g

d
B35 (Yse) + Cutny =0, (2.14)

where Y'(u,v) is given by [160]
Ye=ug, Ve =UgUc +Ver, V3 =Usg + 3vorus + ufé. (2.15)
On consideration of Aa(t) — 3B = 3B, Eq.(2.14) can be expressed as,
Ucg, + 3B (Uze Ve — UgVae — UZlize) + A (R(T) + Up) g + Ba% (Yse) 4+ Cuny =0 (2.16)
Decomposing the two field conditions into a pair of equations in the form of a binary Bell-polynomial

is the next step to obtaining the bilinear Backlund transformation of the NKP equation. This can

be achieved by imposing the following constraint,
B (vag +ui) + duy = A (2.17)

where § and A are the given parameters.

In the light of these constraints and on the condition 362 = BC, the Eq.(2.12) can be written as,

0 0
a’Y‘g + aif, [3>\Ys_ + A (R(t) + Up) Ye+ BYgg — 35an] =0 (218)

Finally, Eq.(2.17) and Eq.(2.18) construct the bilinear Backlund transformation in form of the binary

Bell-polynomials.

2.3 Lax pair for the NKP equation

On the basis of the binary Bell-polynomials, the Lax pair for the NKP equation (2.1) is
derived from the bilinear Bécklund transformation given by the equations (2.17) and (2.18). Using
the Hopf-Cole transform u = In1, we obtain the following relations between binary Bell-polynomial
and 1\ as

Ye = %, V.= %, Yoe(u,v) = Qo + %,
Yse(w,v) = % + 3Q2£%’ Yee(u,v) = Qer + lbjf (2.19)
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Using the relations, the pairs equations (2.17) and (2.18) is reduced to a Lax pair as below,

oy + Bibag + (BQog —A)h =0
II)T + Bll)gg + (3)\ + A (R(T) + U()) + 3BQ2£) 'll)g — 30‘1])&1 — 30'an1]) =0 (220)

or equivalently

(O'an + Ll)l,l) =0
(0c +L2)p =0 (2.21)

where Ll = Bagg + BQQE — A and LQ = Bagg + (3)\ + A(R(T) + U()) + 3B) ag - 3Gagan - 30'an.

2.4 Infinite conservation law

There are numerous ways to obtain the infinite conservation laws, including the Lax pairs,
the Backlund transformation, the scattering problem, the formal solution of eigen functions, and the
trace identity. With the binary Bell-polynomials derived from the bilinear Bécklund transformation,
we derive the infinite conservation laws for a two-dimensional NKP. Now, we introduce new potential

function,

(=0Q¢—Q:. (2.22)
Then we have
ug =G, vg =+ Qg (2.23)

Using the above transformation, equation (2.18) can be presented as,

0 0 0
Foue % (3Aug + A (R(T) + Up) g + BY5¢ (1, v) — 3duguy) + o (Cuy +38ui) =0 (2.24)
Replacing, (2.23) in the equations (2.17) and (2.24), we get
B (Ce + Qae + C°) +5JC11 =A (2.25)

which is popularly known as Riccati equation and

CT+6% (6?\C+A(R(T) + Up) ¢+ Blag —Gécjcnda— 2BCS> +% <CJCnd£+3662> =0 (2.26)

which is clearly a divergence equation. Now setting { =  + € in the equation (2.25) and (2.26), we
acquire,

B (Z+Q2a+22+2ez> +6J2nda=o (2.27)
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where we choose Be? = A and

[ 2 <A (R(T) + Up) €+ Blog — 662J2nda — GéeJZT, di —2BT — 6]3(—:&2>

+% (c JZT, dE + 350 + 65ec> =0 (2.28)

Now substitute 1 = ) _; Ine ™ in the equation (2.27), we have

B (Z Ine ™+ Qe+ ) Y Lilnge ™+2L+2) Inﬂefn) +5) J Ion,d&=0. (2.29)

Using equation (2.28), we derive conserved densities I, in a recurring relation, as a result of gathering

coefficients of likewise € power,

L= S Qn

L = 5 [Bh ”Jh’“d‘i] -5 {BU_E((TT))_uO + Ju“d‘t‘}

I, = Slel(T) {B(U—R(T)—Uo)+5J'Und£+a](ST)(U—R(T)—UO)2+5un+iJu%d‘i}
Iy = ;[Bln—i—BZIkInk—kéJ'Inmdé] (2.30)

where n = 3,4,5,---.

From the divergence equation (2.28), we have

Z In,ﬂre*" +%(A(R(T) + Up) Z I,e ™ +B Z In}zaein —65 Z Z I, J In ndE
—65 ) J Lnsin — 2B Y LLie ™ —6Be > > Llnpire™)
+% |:C Z J In,n dEe*ﬂ + 38 Z Z IkIn,kein + 68 Z In+1€n:| -0 (231)

which presents an infinite consequence of conservation laws as below,

Inx+Fne+Gnn=0 (2.32)
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forn=1,2,3,---
where the first fluxes F,’s are given by the recursion formulas
u-— R(T) — U(]

F = A(R(T)+u0)11+Bll,2£—631?—65J12,nda—A(R(T)+u0) 2]

BUs: U—R(1)—Up\> 65 [[BU §
2am63( 2a(7) ) ALBHa(T?*cl(T)JUQ“d&]

?2 = A (R(T) + UO) 12 + BIQ’Q‘E — 6511 J Il,T] dE, — 66 J' Ig’n dE,

A (R(T) + Uyp) J 65 J Bllyg
= _— — —_ _— —_ R —
1BalT) B(U —R(t) —Up) + 8 | UydE 1a2(1) u (1) —Up) | U dE+ Za(t)
dUgn 36 J' J' 2B 52 J
—(U-— — —(u
Ta(t) T 1Ba() {BUH +0 | Upnd& + (7 (U—R(t) —Up)U, + U, + B ond& | dE
Fn = A(R(T) —|—U0) I +BIn,2x —2B Z IinIk_6BZIkIn+l—k
i+j+k=n
—65 ) Iy J I, 1 d& — 65 J Ini1qdE (2.33)
where n =3,4,---.
The second fluxes Gy, ’s are given by
36
91 = CJII,nd£+6612 = (U—R(T) —UO)
2a(T)
G = C J I d& + 3813 + 6813
Co 36 52
S, = C J Tnnd&+38 ) Ty i+ 68004 (2.34)

where n = 3,4,5,- -
Finally, we construct an infinite conservation laws with the help of the recursion formulas addressed

in the equations (2.34),(2.33) and (2.31). For n = 1, the first conservation law is

U, Ua’(tr) R/(1) R(t)a’(7) B 30
e+ T1e+ G T2a(t) | 2a2(1) | 2a(t)  2a%(t)  2a(1) % 2q(v) tn =
352 3B 30
2Ba(T) Juzn df— a2() Ulle + 2a(T) Un
1
- 5 {uT 4+ DU — (1) + BUgs + C J Uy & + Auua} (2.35)

which is exactly the the NKP equation (2.2). For our NKP equation (2.2), the expressions (2.33)
and (2.34) indicate that conserved densities F’s and the fluxes Gy ’s are all local. Therefore, the
NKP equation is completely integrable in the sense that it admits bilinear Bécklund transformation,

Lax pair and local infinite conservation laws.
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2.5 Solutions for NKP equation

The present section is divided into three parts. Firstly, the Quasi-periodic solutions of
the NKP Equation are derived and in the limiting stage, the Quasi-periodic solutions are reduced
into the soliton solutions. Secondly, we present the lump-type solutions for Eq.(2.2). In the third
subsection, the breather wave of the said equation is constructed. The wave solution together with
its novel features is discussed in this section in detail. Under the compatibility condition A = %eDT,
using results a(t) = age P and R(t) = e P ([ ePTf(1)dT + Ry) — Up, obtained from Eq.(2.4), the
perturbation method is employed to explore different types of solutions for the NKP equation via

the bilinear equation (2.10).

2.5.1 Quasi-periodic wave solutions

For producing the multi-periodic wave solutions, initially we consider N-dimensional Rie-

mann theta function defined as,

V=V(0)=V(0,0)= ) exp(ni(pg, g)+2mi(®, g)). (2.36)

gezN
Here7 g= (913 g2, 79N)T7 0= (®1a®27 e aeN)Ta ®i = HiE»+ViT1+QiT+Bia i= 17 27 e aNa and
P = [pijlnxn is symmetric matrix where Im(p) > 0, and ( , ) denotes the inner product defined by

<C1 , b> = a;b; + asby + ..... + anbn, for two vectors a = (a, as, - - - ,QN)T,b = (b1, bg, - ,bN)T.

2.5.1.1 One-periodic wave solution

To generate one-periodic solution, we put N = 1 in Riemann-theta function and get,

V=V(0)=V(0O,p) = Z exp(mig?p + 2mig®). (2.37)

g=—00
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Figure 2.1: 2D Plots of quasiperiodic solution for (2.50), by taking f(t) = hg cos (wt), p=0.5, v =
—05,A=2,B=1,p=25i,n=1,C=2,t=1;and (a) for hg =0, (b) for D =0, (¢ )forD—02
Now, putting Eq.(2.37) into the bilinear equation (2.10) we get

[ee]

d(Dg, Dy, Do) Z exp(mig®p + 2mig®)

(o]
g=—00

o0

m=—00

5

g=—00

Z exp(mim?p + 2mimO)

Z J(Dg, Dy, Do)exp(mig?p + 27mig®) - exp(mim?p + 2timO)

Z J(2mi(g — m)y, 27ti(g — m)v, 2mi(g — m)Q)

o0

exp(mi(g® + m?)p + 2mi(g + m)O)

> ) d(2mi(29— (g + M), 27i(2g — (g + m))
g=—00 M=—00

0]

2mi(g — (g +m))Q)exp(mi(g® + (g — (g + m))?)p + 27i(g + m)O)

Z { Z d(2mi(2g — m' ), 27mi(2g — m')v, 27wi(2g — m')Q)
m’/=—oco0 g=—00

Z J(m

exp(m(g +(g—m")?)p)lexp(2mim’©),m' =m +g
= "exp(2mim'©)

(2.38)

g=—o0

> d(2mi(2g — m')p, 2mi(2g — m')v, 2mi(2g — m')Q)exp(mi(g® + (g — m')?)p) (2.39)
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Now by making g’ = g — 1, J(m’) can be expressed as
Jm") = Z J(2mil2g’ — (m' — 2)ly, 2mi[2g’ — (M — 2)]v, 27i[2g’ — (M’ — 2)]Q)
g’'=—00
exp(mi(g” +[g" — (m' —2)1*)p) - exp(27i(m’ —1)p)
= J(m' —2)exp(2mi(m’ —1)p)
= J(0)exp(mim’p), m’is even
J(Dexp(2mi(m’ —1)p), m’ is odd. (2.40)

Thus, we have seen from (2.40) that the NKP approves one-periodic wave solution only when,

J(0) =0 and J(1) = 0, therefore we have

o0
Z J4mgip, 4mgiv, 4mgiQlexp(2mig?p) = 0 (2.41)
g=—00
Z J2m(2g — 1)iy, 2m(2g — 1)iv, 2m(2g — 1)iQlexp(mi(2g* — 2g + 1)p) =0 (2.42)
g=—00

Utilizing the above conditions along with the bilinear form (2.10) we get,

o0

3(0)= ) (—16¢°m*nQ — 16AR(1)g’m’p* — 16Cg°m*v? + 256Bg '’
g=—00
— 16AUg>m?1? + co)exp(2mig?p) = 0 (2.43)
)= > (—4(29—1)*7uQ — 4AR(1)(2g — 1)*7°u® — 4C(2g — 1)*m*v? + 16B(2g — 1) 7*p*
g=—00
—4AUg(2g — 1)27%u® + co)exp((2g% — 29 + 1)mip) = 0 (2.44)

Now, Eq.(2.43) and Eq.(2.44) can be written in a linear system of Q and cg as,

<€11 612) <Q> B <€13> (2.45)
€21 €922 Co €23
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where

€11 = — Z 169’1 exp(2mig?p), ey = Z exp(2mig?p)
g=—00 g=—o0
[o¢] [e¢]
e =— Y 4(29—1)°m°wexp((2¢® —2g+ 1)mip), exx= )Y exp((29” —2g + 1)mip)
g=—o0 9=—00
e13 = Z (16AR(T1)g*m*u? + 16Cg>m*v? — 256Bg*m*u* + 16AUy g% u?)exp(2mig?p)
g=—00
e = Y (4AR(1)(29 — 1)*nn® +4C(2g — 1)°m°v? — 16B(2g — 1)*m*u + 4AU (29 — 1)°7°?)
g=—00
exp((2g* — 2g + 1)mip). (2.46)
Now solving the linear system (2.45) we have
fo €13€22 — 6126237 Co = €21€13 — €11€237 (2.47)
€11€22 — €12€21 €12€21 — €11€22
provided €11€92 — €12€91 = Alu 75 O, where
Ay = —16m? Z gZexp(2mig?p) Z exp((2g® — 2g + 1)mip)
g=—o0 g=—00
[o¢] (o)
+47? Z exp(2mig?p) Z (2g —1)%exp((29® — 2g + 1)mip) (2.48)
g=—o00 g=—o0

Assuming real part of p = 0 and using mathematica software we compute A; = 2.79847 for p = 0.21;
A1 = 12.4452 for p = 0.51; Ay = 0.708949 for p = 1.51; A; ~ 0.0306513 for p = 2.51, and thus,
A1 # 0 for non-zero . So, Eq. (2.47) has real solution, and therefore, we will get the one-periodic

wave solution of NKP equation as

U =2qge P°

2 [o¢]
aa—gln ( Z exp(mig?p + 27rig®)> +e b7 (J ePTf(t)dT + Ro) , (2.49)

g=—o0

which gives

2
S % 4m?g?ulexp(mig?p + 2mig®) (Zzozfoo 2migp exp(mig?p + 27119@))

U=—2ape P === (mig%p + 27ig0) 2
25— exP(mig?p + 2mig (Z‘;":ﬂo exp(mig2p + 2nig®))
+ePT (J ePTf(t)dr + R0> (2.50)

with Q, co given by Eq.(2.47) while other parameters are free.
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(a) (b) (©) (d)

Figure 2.2: 3D Plots of quasiperiodic solution for (2.50), by taking f(t) = hg cos (wT), u=0.5, v =
—05,A=2,B=1,p=25i,n=1,C=2,t=1and (a) for hg =0, (b) for D =0, (c) for D = 0.1;
(d) for f(t) = hg sech? (wT), hg =0 = 0.1, D = 0.05.

2.5.1.2 Two-periodic wave solution

To construct two-periodic solution, we choose N = 2 in Riemann-theta function and thus,
we get

V=V(0,p) =V(01,0,,p) = Y exp(ri(pg, g)+27i(©, g)) (2.51)
gez?

where g = (gl,gg)T S Z27 e = (@1,@2)T € C? , 0 = wE+vin+ Qit+ 8, i = 1,2 and
P11 P12
p= )
(Plz Pzz)
Im(py1) > 0, Im(pa2) > 0, p11paz — py < 0. We set m = (my,ma)", p = (u1,m2)7, v =

(vi,va)T, Q = (Q1,Q5)7, & = (51,682)". In order to find sufficient conditions for NKP’s two-

periodic solution, we need to convert Eq.(2.1) into the bilinear equation (2.10), as follows:

(D¢, Dy, D)V -V D 3(Dg, Dy, Do)exp(mi(gp , g) +27i(© , g))
m,geZ?
exp(mi(mp , m) +27i(® , m))
= Z 3(27T1<g_ma u>,27t1(g—m, V>727Ti<g_mv Q))
m,gezZ2
exp(2mi(® , g + m) + mi(mp , m) + mi{gp, g))
= D (D demg-m', w2mi2g—m', v)2ri2g—m', Q)
m’ezZ? gez?
exp(mil((g—m')p, g—m') +(gp, g)D}exp(2mi(®, m")), m' =m + g
= ) J(mi,mjlexp(2ni(©, m')) (2.52)

m’ez?
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Now by transferring the index g as g = g’ — €yj, and putting j = 1,2, we get

g(m{7 mé) = Z 3(27Tl<29 —m’ ) u>7 27Tl<29 —m’ ) V>a 27Tl<29 —m’ ) Q>)
gez?
exp(mil((g—m')p, g—m') +(gp, g)])
2 2
= Z 3(27‘[12[29{ — (m{ — 2e35)]uy, 27‘[iZ[2g{ — (m{ — 2€4;)]vi,
gez? i=1 i=1

2

2
2ri ) [29{ — (m{ — 2e4)1Q0)exp(mi Y [(g] + i) (g + €xj)
im1 k=1

+(m{ — g{ — eij) (My — g — €x5)]pix)

(2.53)

{am; — 2, m)exp(2mi(m] — 1)py; + 2mimspa), =1,

J(mi, my — 2)exp(2mi(my — 1)pge + 2imip12), j=2,.

Thus, we have observed from (2.53) that the NKP approves a solution presenting two-periodic wave

structure if J(0,0) =0, §(1,0) =0, J(0,1) = 0 and J(1,1) = 0, therefore we have

Y a2mi2g—b1, w),2mi(2g—d1 , V), 2mi(2g—d1 . Q))exp(mil((g—b1)p, g—d1)+(gp, g))) =0
gez?

> a2mi2g—bs , ), 2mi(2g—d2 , V), 2mi(2g—p2 . Q))exp(mil((g—b2)p , g—d2)+(gp , g))) =0
gez?

Y a2mi2g—bs , ), 2mi(2g—ds , V), 2mi(2g—ds , Q))exp(mil((g—bs)p , g—bs)+(gp, g))) =0
gezz2

(2.56)
D 3(2mi(2g—da , 1), 2mi(2g—ba , V), 27 (29— , Q))exp(mil((g—ba)p , g—ba)+(gp, 9)]) =0
gez2

(2.57)

where q)i = ( %7 q)i2,)T7 Cbl = (05 O)Ta d)2 = (17 O)Ta (b?) = (07 1)T7 ¢4 = (la 1)Tai = 17 2a 3a4
Now, combining Eq.(2.10) and Eqs.(2.54)-(2.57) we get

> 3(—4m*(2g — b1, 1) (29 — di, Q) — AAR(T)* (29 — i, p)* — 4CT (29 — s, V) + 16B* x

gezz2

(2g — i, ) —4AUT* (29 — b1, 1) + co)exp(mil((g— di)p, g — di) + (gp, g)]) = 0. (2.58)

Let P = (py;), i,j=1,2,3,4 and v = (r1,72,73,74) T then, Eq.(2.58) can be written as linear system as

Pu1 P12 Pz Pua) [ T
Q T
P21 P22 P23 P24 E I (2.59)
P31 P32 P33z Ppaa| | Uo 3
P41 P42 P43 Paa Co T4
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where

piu = —47° Y (29— i, w)(291 — dPexp(mipnl(gr — 1) + g3l + 7ipae
(91,92)€22
[(g2 — &7)* + 93] + 27ip1al(91 — D7) (92 — bT) + g1 92)), (2.60)
piz = —47° Y (29— i, w)(2g2 — dPexp(mipnil(g1 — 1) + 93] + 7ripae
(91,92)€22
[(g2 — &7)* + 93] + 27ip1a(91 — D7) (92 — bT) + g1 9a)), (2.61)
pis = —4AT ) (29— bi, W exp(mipnl(gr — &) + gl + 7ipa
(91,92)€Z2
[(g2 — $7)* + 93] + 2mip1al(gs — d1)(g2 — b) + 9192)), (2.62)
Pia = > explmipnl(gr — ¢1)* + g3l + mipae
(91,92)€Z2
[(g2 — &F)* + 93] + 27ip1al(g1 — D7) (92 — bF) + g1 9a)), (2.63)
o= D> MAR(DT (29 — b1, W) +4C(2g — by, V)2 — 16Br* (29 — b, w)*)exp(mipy,
(91,92)€22

[(g1 — ¢i)? + gf] + mipaal(ge — dT)* + g3] + 2mip1a[(g1 — bi) (g2 — F) + g192]), (2.64)
for i=1,2,3,4.

Now by solving the linear system (2.59), we will obtain two-periodic wave solution of NKP as

a2
U =2age P~ ﬁln Z exp(mi{pg, g) +27i(®, g)) +e DT (J ePTf(1t)dT + R0> ,(2.65)
E' gezZ?
which written as
_pe | O : 2 2 .
U = 2age 67.52“‘ D explmilpiig] + 20129192 + 02293) + 27i(©191 + O295))
g1,92€Z
+e D7 (J ePTf(t)dT + R0>, (2.66)

with Q1,Qa,Up, ¢ given by Eq.(2.59), while other parameters are free.
Now, we express some numerical discussions on the impact of forcing and damping terms in quasi-
periodic waves. Figure 2.1, Figure 2.2 are devoted for describing the propagation characteristics of

one-periodic wave via solution (2.73). The other parameters s, 1,8; and T are free. Figure 2.1(a)
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Figure 2.3: 2D Profiles of 2-periodic solution, when f(t) = hy cos(wT), u; = —0.25, ps = 0.25, v{ =
0.5, Vo = 0.5, & = 1,A = 3, B = 1,v = O;w = 1, C = 2, P11 = 2.5i, P22 = 2.5i,T = 0.5, Qo
1,Rg =0 and (a) for hy =0, (b) for D =0, (¢) for D = 0.2

depicts the diminishing effect of damping when there is no externally applied forcing (f(t) = 0)
in the system. Figure 2.1(b) illuminates the effect of forcing (in the absence of damping) which
causes to increase in the amplitude of the periodic wave. However, Figure 2.1(c) presents the effect
of the strength of forcing when damping also associates (D = 0.1) in the system. Here, we see the
comparatively smaller amplitude of periodic wave in Figure 2.1(b) than that of Figure 2.1(c), as a
major role is played here by the negatively exponential function associated with the damping term.
Figure 2.2(a) beautifully presents the propagation of one-periodic wave U in n-t-plane, when there
are no forcing and damping (D = 0, f(t) = 0). The one-periodic wave can be viewed as a parallel
superposition of overlapping one-soliton waves, placed one period apart. Figure 2.2(b) shows the
shape of the one-periodic wave U in the presence of damping. Here, the periodic wave strictly
diminishes due to the act of damping. Figure 2.2(c) exhibits the propagation of one-periodic wave U
the influence of the trigonometric forcing term. The background of wave structure in Figure 2.2(c)
appears to be periodic due to the act of periodic force. Again, The kink periodic type wave structure
has been found in Figure 2.2(d). This type of structure forms because of the acting of hyperbolic
force.

From Figure 2.3, we can observe that the two-periodic wave is a direct generalization of the one-
periodic wave, but it is not necessarily periodic in both the & and n directions during the propagation.
Figure 2.3(a)-Figure 2.3(c) show that effects of damping and forcing on the two-periodic wave. We
see the similar effects of damping and forcing terms in two-periodic waves as seen in one periodic
wave. Figure 2.4(a)-Figure 2.4(c) exhibit three dimensional views of two periodic waves in both
the n and T directions. Figure 2.4(b) and Figure 2.4(c¢) respectively show the propagation of two

periodic waves when periodic and hyperbolic forcing components are externally applied.
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2.5.1.3 Asymptotic property of one-periodic wave solutions

In this subsection, we intend to present the asymptotic property of one-periodic wave. We
introduce a new exponential transformation as $ = exp(7ip), and thus, (2.44) can be improved in

a series of 3. Initially, we start with the computations as follows,

o0
— Z 16g%m* 1 exp(2mig?p)

g=—00

= —32m°u(B? +4p° + 9B + - ),

€11

oo

€2 = Z exp(27rngp),

g=—00

= 1+2p% 4+ 2% + 2818 ... |

€1 = — Z 4(2g —1)** 1 exp((2g® — 29 + 1)7ip),

g=—00

= 8 +9p° + 25" + ), (2.67)

[ee}

e = ) exp((29”° —2g+ 1)mip),

g=—o0

= 2B+2B°+2B7 + -,
oo

e13 = Z (16AR(T)g*m?*u? + 16Cg%m?v? — 256Bg*m*ut + 16AUg° 2 u?) exp(2mig?p)

g=—o0

= 32m*(AR(T)p? + Cv? — 16Bm? ! + AUou?) B2 + 12872 (AR(T)u? + Cv2 — 64Br’p’
+ AUop?)R® + 28872 (AR(T)u? 4 Cv2 — 144Brp? + AUgu?)p'e + - -+

ey3 = Z (4AR(T)(2g — 1)*m%u? 4+ 4C(2g — 1)?>m®v? — 16B(2g — D)*m*pu* + 4AU(2g — 1)*m%1?)

g=—00

exp((2g® — 2g + 1)7ip),
= ST (AR(T)u? 4+ Cv2 — 4Bt + AUgu?)B + 721 (AR(T)u? + Cv? — 36Bm?p* + Alou?)p°
+ 2007 (AR(T)u? + Cv? —100Bm?pt + AUop?)B3 + -+,

Now from (2.67) we have

e11€22 —€12€21 = STTUP +o(B),
€13€20 — €23€12 — 87T2(AR(T) H2 + CV2 — 4B7'[2H4 + AUOHQJB + O(B), (268)
—ejzea; +ex3e11 = 0(P)
Let
s l o —Tip
Uy = =— v=— 0= 2.
0=0,u o T 2mi 2mi (2.69)
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Figure 2.4: 3D Profiles of 2-periodic solution, when f(t) = hy cos(wT), p3 = —0.25, us = 0.25, v =
05,vo=05E=1,A=3B=1v=0w=1C=2 p =251 par = 251, T = 0.5, ap = 1
and (a) for hg = 0, D = 0.1, (b) for D = 0.1, hy = 0.05, (c) for f(t) = hy sech?(wt) and
D =02, hy =0.1.

then by using (2.47) we have 2miQ — —(AR(t)k + %) andcg—0as P —0

V(©,p) = 1+ (exp(2miB®)+ exp(—2miO))P + (exp(47iO) + exp(—4mi®))p* + - -,
= 14 exp(O) + (exp(—O) + exp(20))B2 + (exp(—20) + exp(30))p° + - - -,
— 1+exp(@®) as B —0. (2.70)
Where
O=2mO+mp = s&E+In+2mQt+o
2 4
— SE+1ﬂ—(AR(T)S+@)t+O‘:W as B —0. (2.71)

Thus, when f — 0, we further derive
V(O,p) = 1+ exp(V¥) (2.72)

which confirms that periodic-wave Solutions (2.49) are prone to become one-solution solutions, when
p—0.

Therefore, using transformation

aQ
U =2qpe P" [6521“(1 + exp(‘i’))} + R(T) (2.73)
finally, we acquire the one soliton solution of NKP equation as,
1 2 ,—Dt 2 hd
uc,n,t) = aos’e sech 3 + R(T1) (2.74)
C1% + Bs*
where ¥ =s&+1n— (—ZS + AR(T)S) T (2.75)

79



The characteristic wedge for any soliton defined by (2.74) is expressed as,

1
&+ %n + g =5 (C1? + AR(1)s> + Bs*) . (2.76)

We consider f(t) = hg cos(wT), then, the characteristic curve can be acquired from the following

result

1 o (C12 + Bs* D cos(wT) + w sin(wT)

+ Ahy SER + AROeDT> T (2.77)

and the velocity of the solitary wave in two spatial direction are represented as,

V= (02:2354 + AR (1) + R(1)), % 4 As(R ()t + R(T)m) 2.78)
where
TR'(7) + R(1) = ﬁ{(l} + w?t)cos(wT) + w(l — D) sin(wT)} + Rge P*(1 — D7) (2.79)

and the amplitude of the soliton defined by (2.74) is presented as,

Amp, = 40 52,-D7 + Mo (D cos(wT) + wsin(wt)) + Rye PT. (2.80)

o2 D? 4+ w?

It is clear from the above results that the characteristic curve of the soliton exhibits a periodic
oscillation if f(1) is considered as a trigonometric periodic function such as, sin(t) or cos(t). Thus,
the choice of function f(T) has a keen ability to modify the propagating velocity of the soliton. For
instant, we observe the tracing of sine-cosine-type propagation of soliton-like solution corresponding
to f(t) = cos(t). Even, if T approaches zero, i.e. cos(t) >> T then, the trajectory also follows a
periodic oscillation in the background of the soliton. Below, we see this type of behavior in many

figures for the same role of forcing terms.

2.5.1.4 Asymptotic property of two-periodic wave solutions

In this subsection, the convergence of two-periodic solution is demonstrated. We choose

B1 = exp(mip11), P2 = exp(mipaz), B3 = exp(27ip12), and thus, the result (2.59) expresses P, r and
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Figure 2.5: 2D Plots of interaction 2-soliton solution for (2.89), by taking f(t) = hy cos(wT),
s1 =0.65,s9 =—08, 1, =1,1b,=35/4,A=6,B=1, w=15C=2,a=1,1=1,7T=6 and

(a) for hg =0, (b) for D =0, (¢) for D =0.1, (d) D =0, hg =0, (e) for D = 0.1, hg = 0, (f) for

D =0,hy =0.03, (g) for D = 0.1, hy = 0.03.
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Let

Si L 0 — Tipig Al
—, Vi = o= ——— = — 2.84
s Vi 2 i’ i 27t , P12 ) ( )

2mi

3B(s1—52)?s252—C(lys2—12571)2
3B(s1+52)21312—C(l1s2—12s71)2

where Ajp = and i=1,2. Then we have

uo — 0

co — O

L OB+ Bsf
S1

N Cl13 + Bsj

S2

27TiQ1 — —(AR(T)Sl )

MiQs — —(AR(T)ss ), w B1,B2— 0. (2.85)
V(O1,03,p) = 1+ (exp(2miBO;) + exp(—27iO1))B1 + (exp(27miO2) + exp(—27iO2)) B2 +
(exp(27i(©1 + O2)) + exp(—27i(O1 + ©2)))B1P2ps + -+,
= 1+exp(0O1)+exp(Os) + exp(©1 + Oy — 27ip1a) + exp(—01) B2 + exp(—02) B2 +
exp(©; + Oy — 2mip15)BIRS + - -
—  1+exp(©;) +exp(Os) + exp(0; + Oy — 2mip1s) s B1, P2 — 0. (2.86)

Where

0; = 2mO; + ﬂipﬁ = si&+ lin + 2miQ;it + oy
C1? + Bs{

Si

—  si&+1lin— (AR(T1)s; + t+oi=0i, i=12 a B1,P2280)

Thus, when 31, 32 — 0, we further derive
V(O1,02,p) = 1+ exp(W1) + exp(W2) + exp(W1 + Wo + A1) (2.88)

which assures that periodic-wave solutions reduces to two-Soliton Solutions when (1,32 — 0. Fi-
nally, we get the two-soliton-like solutions of Eq.(2.2) as follows:

2

0
U = 2qpe T a—gln(l +exp(W1) + exp(W2) + exp(W1 +Wa + Ag2))| +R(T)  (2.89)

b Aa(sy + s9)2etit Ve 4 g2Vt 4 gZe2

= 2qpe (Aae¥ ¥ 1 ¥ 4 o) 1 1) + R(T)
_9ane DT (Ara(s1 +s2)e® 1 t¥2 £ 516" 4 59e%2)? (2.90)
0 (Arge¥i+¥z £ e¥1 4 e¥2 4 1)2 '
where
Cl? +Bs?
W = &+ L — (:S + AR(T)Si> Thoni=1,2. (2.91)
i

83



03 D=0.1—D=0.2—D=0.3 0.5 1o=0.01 —g=0.03 — hy=0.05 0.3 hyp=0.01 —hy=0.02 —hy=0.03 C=-22—C=-2.0—C=-1.8
0.4 0.25 03
°2 03 02 02
bo.1 S =0.15] =
0.1 0.1
01 0.05
0] o 0 0
-20  -10 0 10 20 -20 10 0 10 20 -20  -10 0 10 20 -20  -10 0 10 20
¢ 3 ¢ 3

(a) (b) (c) (d)

Figure 2.6: 2D Plots of Breather wave (2.96), by taking f(t) = hy cos(wt), q1 = 0.65, q2 =
—1,p1 =04, pr=06,8=-2A=6B=1, w=15n=1,C=-2 Uy=—0.1, =2 and (a)
for hg =0, (b) for D =0, (c) for D = 0.2, (d) all the paprameters are same except C.

with s, so,1; and 1y as the real constants and the characteristic wedge for each solitary wave in
(2.89) can be defined by

L : 1
£+t Z = — (Clf + AR(1)s? + Bs}) T (2.92)

Si Si Si
Auy 3B(s1 — s2)?s7s3 — C(l152 — lasy)? (2.93)

T 3B(s1 + 52)21212 — C(lysy — Los; )2
Figure 2.5(a)-Figure 2.5(c) illustrate solitary propagation of bi-soliton in an exciting system due to
forcing and damping. Figure 2.5(a) clearly shows the negative effect of damping for a positive time
in the solitary propagation, however, a rising of the wave background due to the enhancement of
strength of external forces follows in Figure 2.5(b) and Figure 2.5(c). Figure 2.5(d)-Figure 2.5(f)
are drawn for presenting propagation of soliton over different time interval under various physical
situations. In Figure 2.5(d), we see the symmetrical wave propagation in the absence of damping
and force. Figure 2.5(e) exhibits the negatively acting damping effect in wave structures and it
can be anticipated from this figure that the soliton finally, completely dies out over time due to
the damping. Figure 2.5(f) shows the rising of the soliton background due to the impact of forcing
term, however, it is interesting to mention that soliton keeps their symmetric structures over time.
In Figure 2.5(g), we see the combing effect of forcing and damping on soliton structures over time.
Though, the background of the soliton rises above, but, the soliton tends to vanish over time losing
its symmetry. For positive T, damping (in the form of e~PT) causes an exponentially positive boost,
whereas, for negative T, damping cannot create such a positive boost. For a positive time, this type
of phenomenon occurs due to the loss of velocity, while for a negative time, soliton rises due to the
augmentation of velocity. In contrast, enhancing forcing term causes the entire solitary structure to

rise above. The fact that two solitons appear almost as one soliton (in Figure 2.5(d)-Figure 2.5(g))

in the interacting zone at T =1 is interesting.
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Figure 2.7: Profiles of Breather waves for solution (2.96), when f(t) = hy cos(wt) and q; =
0.65, o = —1,p1 =04, ps =0.6,8; =—1,A=6,B=1,w=15n=1C=-2 Uy =—1, and
(a) D=0,hyg =0, (b) D=0.1,hg =0, (c) D=0, hg =0.1, (d), (e) and (f) are Contour plots
of the corresponding Figure 2.7(a), Figure 2.7(bBand Figure 2.7(c); (g) when f(t) = hy sech?(wr)
and w = 0.5, C = —1.5,D = 0, hyg = 0, (h) for w = 0.5, C = —1.5,D = 0.1, hy = 0.05, (i) for
w =05 C=-15D = 0.1, hy = 0.1, (j), (k) and (1) are Contour plots of the corresponding
Figure 2.7(g), Figure 2.7(h) and Figure 2.7(i).



Figure 2.8: Profiles of Breather waves for solution (2.96), when f(t) = hy cos(wt) and q; = 0.6, g2 =
15, p1 =04, ps=06,8 =-2,B=15 w=1,1=1,C=—15, Uy = 0.2, D = 0.05, hy = 0.1
and (a) A=2, (b) A=5and (c) A=8.

2.5.2 Breather wave

In order to do it, suppose that F has the following form:
F =085e% +81c0s(Ca) +e ', G =pi(E+ qn+ diT), G = p2(&+ qan + doT) (2.94)

Now, inserting F in Eq.(2.11), that leads us the subsequent result on parameters. To solve these

equations, one can get the parameter relations as follows

(Bpi — 4Bptp3 — Bps + Cpiqf +2Cp3qiq2 — Cp3qs

di =—

pi+p3
L AR(pi + AR(T)p; + Apilo + ApiUo)
pi+p3 ’
a, — _(Bpi+4Bpips —Bp; —QCp%qj +2Cpiqiqa + Cp3q3
P1t P2
L AR(OPT + AR(T)p3 + Apily + Ap3llo)
pi+p3 ’

_ p35i(Bpi 4 6Bpips + Bps — Cpiq? +2Cpiqiqa — Cpig3)
4p3(2Bpi + 7Bpip; + Bps + Cp3qi — 2Cp3qiq2 + Cp3q3)

,q1 = q1,q2 = (2{2.95)

2 =

This set of parameters generates mixed function solution defined by Eq.(2.94), yields Breather

solution,
_ _at 2pw8cosh(<:1)+1n(¢$)—61p§cos(cz)) _Dr (J D )
Hor = 2a0e ( 2v/5; cosh(Cy) + In(vas) 1 8 cos(Ca) ) © e TmdT+ R

_9qe—dt <(p1\/$sinh(61) +In(v/d2) — d1p2 SiH(Cz))2> (2.96)
0 (21/82 cosh(Cy) + In(y/82) + 81 cos(C2))? ) '
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To generate the lump solution from the breather solution for Eq.(2.2), we choose p;1 = m, po = m

and &; = —2 in (2.96). Thus, the solution (2.96) is expressed as,
2/P cosh P) + m2 cos
Uy = 2agedt m cosh(Z1) + In(vP) + m2 cos(Zz) L DT <J D (r)dr + Ro)
VP cosh((p) + In(v/P) — cos((s)

paedt [ MAYPsinh(C) + In(vP) + sin(Ca)?
’ (/P cosh(Cy) + In(v/P) — cos((a))? )

(2.97)

where

. C(ql — q2)2 — 8Bm?
~ C(q1 — q2)? + 10Bm?

Cl = m(£+ qin — ( ( ) 0 2(q1 42 qqu) —2]31112) T)
2AR(T) + 2AU —C 2 _ 2*2
CQ (E q2 ( ( ) 0 5 (ql q2 q1q2) 2B1 12) T)

We noticed from Eq.(2.97) that

o C(ql — q2)2 — 8Bm? N
o C(ql—q2)2+10]3m2 ’

when m — 0. Thus, if m — 0 in Eq.(2.97), the lump solution may expressed as:

(d1—q2) —D= <J Dt
+e e f(T)dT+R0) . (2.98)
18B
r12 + r22 T Clq1—q2)? )2

U.Lump = —2(1067dt <(

where

2AR(T) +2AUq + C(q? — q3 + 2q1q2)> i

N = £+qm—< 5

)

I = £+q2n<

2AR(T) + 2AUy — C(q2 — ¢2 — 2q1q2)> .
2

To get the amplitude of the lump solution, we choose U = 0, Uy = 0. Then, the critical point is

represented as,

(E.1) = ((Wl(T)Q2 *Wz(T)ql)T7 (wi(T) W2(T))T> ’ (2.99)
1 — g2 q1 —q2
where w (1) = — (QAR(T)+2AU0+§(Q%*Q§+2(]1Q2)) and W (1) = — (2AR(T)+2AUOf§(qf7q§72q1qz)).

The rational solution (2.98) presents a permanent lump which moves with the velocity

Ve — (1) + Wi (€)T)q0 — (wol) 4 wi(0T)ar (i) i (0)T) = () + Wi,
q1— 92 qi1 — g2
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Figure 2.9: 2D Plots of lump solution for (2.98), when f(t) = hg cos(wt) and Uy = —0.1, C =
—05,B=1,A=6, w=15 hyg =0.05D=0.1,b; =1, by =—1, (a) when hg =0, t =1, (b)
when D =0, t=1 and (¢c) D =0.2, T=1; (d) all the paprameters are same except C.

oo

Figure 2.10: 3D Plots of lump solution for (2.98), when Uy = —0.2,C = —0.5, B = 1,
6, w = 1.5, g1 = 1,92 = —1 and (a) for f(t) = hy exp(wt)hy = 0.1, D = 0.1, (b
f(t) = hp sin(wt), hg = 0.1, D = 0.1, and (c) f(t) = hy sech?(wt), hg =0.1, D =0.1.

A =
) for
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Figure 2.11: 3D Plots of lump solution for (2.98), when f(t) = hg cos(wt) and Uy = —0.1, C =
—05,B=1,A=6, w=15hyg=005D=01b; =1, by =—1, T=2, (a) when D = 0.15, T =
—2, (b) when D =0.15, T =0 and (c) D =0.15, Tt = 2.

where (') is the derivative with respect to T and q; # q2. At the critical point ( see the result
(2.99)) for h(t) = hg cos(wT), q1 =1.5,q2 =1, A=6,B =1, w=1.5, C=—0.5, the second order

derivative and Hessian matrix [161] satisfy the following relations

92 2HUENT) 525 UEN,T)

H=-——U(n,1) <0, M = >0, (2.101)
%U(Enna’r) %U(E,n,ﬂ

0&2
It is clear from above that the sign of H and M are solely decided by the parameters. Now, utilizing
the extreme value theory of function with several variables, we estimate two cases: (a) At, T = 0,
Uiymp is in general, maximum and (b) However, if T < 0 the value of Uymyp is higher than that of

case (a) because the presence of the term e~ P

T causes a positive impact on amplitude. Considering
the above analysis, it is understood that Ujmp assumes its maximum value at the point (2.99).

Through the simple computation, we obtain the maximum amplitude as,

Amp _ 9R(T)B +9UyB — 4C€7DT(q1 — q2)2 .

2.102
o = (2.102)

For the present system, the amplitude and trajectory of the breather significantly depend
on damping and forcing terms, and Figure 2.6(a)-Figure 2.6(d) are drawn for a clear presentation
of the act of damping and forcing term in breather wave. In Figure 2.6(a), we see that the width
and amplitude of the breather are significantly reduced when strong damping is applied. From Fig-
ure 2.6(b), it is clear that the background of the lump wave enhances due to the enhancement of the
magnitude of the forcing term, and enhancing forcing increases the periodicity of the background.
Figure 2.6(c) demonstrates the combined effect of the forcing and damping components and it shows
that the forcing component plays a dominating role in the damping term. Overall, damping causes
for diminishing of the breather whereas, forcing rises the wave background. Finally, the significant
impact of the parameter C is shown in Figure 2.6(d) where the breather wave is sufficiently improved

due to the variation of C. Figure 2.7(a)-Figure 2.7(c) present the propagation of homoclinic breather
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Figure 2.12: 3D Plots of lump solution for (2.98), when Uy =—0.2, C=—-1,B=1, w = 1.5, q1 =
1, g2 = —1.5 and f(1) = hg sin(wt), hg =0.1, D =0.1, and (a) A =2, (b) A=5 and (¢c) A =38.

waves for periodic forcing component (f(t) = hg cos (wT)) and their graphical presentation express
that they are by nature singular breather, that is, periodically described in a locally time-space
zone. In Figure 2.7(a), we see that Uy, evolves across a line which makes a constant angle with &
and T axes in the absence of damping and forcing (D = 0,f(t) = 0). Thus, it is confirmed from
the graphical presentation that the breather is space periodic as well as time periodic also. Again,
as expected Figure 2.7(b) shows the continuous decrement in amplitude due to the act of damping.
Figure 2.7(c) is drawn for exhibiting the evolution of breather in & and T plane in the presence of
both damping and forcing terms. Here, the enchantment of force creates a periodic background,
whereas, damping diminishes their amplitudes. The corresponding contours of the above-mentioned
figures are presented in Figure 2.7(d)-Figure 2.7(f) which help to understand the significant effect
of damping and periodic forcing in the dispersed media.

In Figure 2.7(g)-Figure 2.7(i), we study a special type of periodic breather which propagates in
compact kink type background under the action of hyperbolic forcing term (f(t) = hy sech? (wt)).
In the absence of damping, Figure 2.7(g) shows the kinkly breather type wave. Again, Figure 2.7(h)
shows the drastic effect of damping under the influence of negligible forcing. In Figure 2.7(i), we see
the combined impact of damping and forcing term, where the breather is finally, destructed after
a while. A similar type of observation also follows in Figure 2.7(c) but the only difference is that
the breather in the hyperbolic forcing zone strongly variates their direction in the n-t plane. The
complicated nonlinear phenomena of a breather in the hyperbolic forcing domain are also cleared
from the contours plotted in Figure 2.7(j) - Figure 2.7(1).

The significant effects of the nonlinear term A in breather of the NKP system are illustrated in
Figure 2.8(a)-Figure 2.8(c). The moderate periodic breather is observed in Figure 2.8(a) for com-
paratively lower values of A however, enhancing A boosts the nonlinearity of the system and hence,
the shape and size of the breather improve sufficiently. In Figure 2.8(b), we see that the periodic

breather tends to be a horseshoe-type breather. Finally, prominent pairwise horseshoe breather

90



structures are found in Figure 2.8(c).

Now we discuss the lump wave features of the NKP equation and the plots of these solutions are
expressed in the following manners. Figure 2.9(a)-Figure 2.9(d) are depicted to present the acts of
damping and forcing term in lump wave. The amplitude of the lump soliton is significantly reduced
when strong damping is applied (see Figure 2.9(a)). From Figure 2.9(b), it is clear that the the
background of lump wave enhances due to the enhancement of the magnitude of the forcing term.
Figure 2.9(c) demonstrates the combined effect of the forcing and damping component, where we
see that the amplitude of the lump enhances as the damping component is dominated by the forcing
term. The significant rising impact from the parameter C is found in Figure 2.9(d). Figure 2.10(a)-
Figure 2.10(c) are depicted for presenting different types wave background (exponential, periodic
or kink type) of lump wave for various types of forcing terms. Figure 2.10(a), Figure 2.10(b) and
Figure 2.10(c) respectively show exponential, periodical and hyperbolic backgrounds of lump waves.
In Figure 2.11(a)-Figure 2.11(c), we observe that the lump moves in the space-time zone and its
amplitude significantly diminishes due course of time. It is evident from the figures that the lump
asymptotically vanishes over time. Actually, the lump declines due to the act of damping. The most
interesting nonlinear phenomena are found in lump waves when the values of nonlinear coefficient A
are enhanced moderately. In Figure 2.12(a), a simple lump wave is observed on a periodical back-
ground. But, the enhancing effect of the nonlinear term causes an enormous impact on the structure
of the lump wave. An increase in the nonlinear coefficient A makes the lump wider (Figure 2.12(b)).

We see the interesting horseshoe-type structure in Figure 2.12(¢) for sufficiently large values of A.

2.6 Conclusion

In this article, we have introduced a Bécklund transformation and a Lax pair of the system
to highlight the integrability of the NKP equation under certain compatibility conditions. The
algebra-geometrical approach presents quasi-periodic solutions to the NKP equation, which under
a certain limit, converge to the classical soliton solution. A set of new analytical solutions to the
NKP equation are presented here, including lump, breather, and rough waves. As a result of the

investigations, the following main conclusions were reached:

a. The present investigation introduces Backlund transformation and a Lax pair of the NKP equa-
tion, which suggests the integrability of the said equation under some suitable compatibility

conditions.

b. For the first time, the infinite conservation laws of the NKP equation are explicitly presented

with the help of binary Bell-polynomial derived from bilinear Backlund transformation.

¢. The quasi-periodic solutions are derived from the Bell-polynomial of the NKP equation using
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the Riemann theta function and the significant impact of forcing and damping terms in the

quasi-periodic waves are clearly presented through numerical graphs and figures.

d. One of the most important parts of the investigation is the asymptotic analysis of the quasi-
periodic solution, from which single soliton and bi-soliton solutions are explored from the one
and two periodic solutions of the NKP equation. Thus, it is anticipated that periodic solutions

may tend to soliton or multi-soliton according to the periodicity of the quasi-periodic solution.

e. Detailed studies on the breather wave of the NKP equation have been carried out under the
variations in forcing components. It is found that several backgrounds of the wave quantities
forms due to the act of different types of forcing components, in addition to the diminishing

effect in the breather wave from the damping term is also observed.

f. The finding of a lump soliton in the asymptotic aspect of the breather wave is an interesting
part of this investigation. The effect in the formation of a background of the lump from the
forcing term is analyzed in detail. The massive impact of the damping is also shown from a
numerical standpoint. Finally, the maximum possible altitude of a lump is calculated in an

analytical understanding.

g. Another important observation in the present studies is that the horseshoe-type lump, as well

as breather, may occur due to the act of externally applied force term.

A number of investigations have been performed on the KP equation utilizing various approaches,
however, the KP model with damping and external force is more realistic as damping is found
everywhere whereas, the major effects of externally applied forces are available in many Astronomical
and space objects.  As a result of this work, the combination of the bilinear approach, bilinear
Béacklund transformation, and Bell-polynomial has proven to be an efficient mathematical tool for
solving more general class of nonlinear evolution equations in the fields of mathematics, physics, and
engineering. Our results may provide an improved understanding of the dynamical behavior of quasi-
periodic wave, multi-soliton, breather, and lump-type wave solutions. We present the first works
that discuss and show various results for NKP equations in a non-autonomous (2+1)-dimensional

space. Depending on the physical background it represents, it may explain a nonlinear phenomenon.
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Chapter 3

Characteristic of integrability of
nonautonomous KP-modified KP
equation and its qualitative
studies: soliton, shock, periodic
waves, breather, positons and

soliton interactions

3.1 Introduction

Nonlinear evolution equations arise in almost all the physical systems and so their study
is a field of active research. The qualitative and analytic study of these equations reveal complex
phenomena in the several fields of application such as elasticity [162], plasticity, circuit theory [163],
plasma dynamics [164], water wave phenomena [165], laser and optical fibers [166, 167], etc. KdV

equation is one such common equation which arises in the study of shallow water waves in one

1The research article has been published in the journal of Nonlinear Dynamics (Springer)
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dimension [168]. A generalization of this equation to two spatial dimension is the KP equation [86],

0 3 %
R—— T—2 = .1
ai{ +Qd) + 353}+ on? 0 (3.1)
The modified KP (mKP) equation [169, 170] is obtained by adding cubic nonlinearity as,
¢ 200 ¢ ¢
6&[ +Qd +Raa3]+Tan2 =0 (32)

By adopting the KP and mKP equations, the KP equation can again be extended to the KP-mKP

equation [109],
0 [od a3¢ 0%
65[+ d>—+Qd> 6&3]+T62_0 (3.3)

In the present investigation, we investigate the nonautonomous KP-mKP equation, which can be

stated as, in light of the effectiveness of the damping and forcing terms,

o0 3¢ 2¢p 9%,
aa[+ ¢+Q¢+RW+S¢}+T_ 36

where the additional terms S and f5 (&, T) express the damped and external force terms respectively.

(3.4)

The nonautonomous part of the standard evolution equation in earlier research produces a variety

of intriguing outcomes, which encourages us to select the source term fo(&, T) = ‘;“B( ) in the current
context, resulting in the reduction of Eq.(3.4) to
) 3 2
a—¢+P¢—+Q¢2—+Ra—£3+S¢+TJa—¢dE B(1). (3.5)

This chapter demonstrates the characteristic of integrability of the nonautonomous KP-mKP equa-
tion through Painlevé analysis, bilinear Backlund and lax pairs. The nonautonomous KP-mKP
equation is converted into the Bell polynomial form which bilinear Bécklund is constructed and lax
pair of the said equation is generated. Further, multi-solitons, smooth positon, breather, and their
interaction are fabricated using Hirota’s bilinear approach. Besides, a qualitative analysis of the
nonautonomous KP-mKP equation using bifurcation theory is carried out. The deformation of the
periodic to quasiperiodic orbit signifying instability of the said system due to damping is observed.
Additionally, the external periodic force perturbs the nonautonomous system’s low and high-energy
orbits, resulting in a chaotic structure via the path of intermittency, implying the presence of tur-

bulent flow.

3.2 The Painlevé analysis for the nonautonomous KP-mKP
equation

Many mysterious nonlinear features of nature are described by the integrable equations
however, a completely integrable system is not always possible to define precisely. The most pop-

ular way to check integrability is to introduce the Painlevé property. According to Ablowitz and
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colleagues [171], all accurate reductions of a nonlinear partial differential equation to ordinary differ-
ential equations must satisfy the Painlevé property for the equation to be integrable. This strategy
presents clear operational challenges. Without considering any similarity reductions, Weiss et al.
[68] defined the Painlevé property for PDE and introduced a method for assessing a common form
of moveable singularity. Three main steps make up the Painlevé test: the leading order analysis, the
resonances determination, and the verification of the resonances conditions, or figuring out the re-
quirements of compatibility. Utilizing the Weiss-Tabor-Carnevale algorithm [68] as well as Kruskal’s
simplification technique [133], the Painlevé property of Eq.(3.3) is analyzed below. We present the
solution of Eq.(3.3) in a generalized Laurent expansion as

[e¢]

d)(Enn7 T) = (Diy('iﬂ'la T) Z d)] (Evvna T)(D] (£7H7T)a (36)

i=0
in the neighborhood of a noncharacteristic movable singularity manifold defined by ®(&,1,t) = 0
where ¢;(&,1, T)’s are assumed to be analytic functions and the positive integer v is to be evaluated.

To evaluate the leading order term of the series (3.6), we set

¢(Es7n>T) :¢O(£7n>T)(D_y(EnnaT) (37)

where ¢g # 0. Substituting (3.7) into Eq.(3.4) and balancing the highest order derivative with the
nonlinear terms to achieve y =1 and ¢y = —%(D ‘.
We take in this case Kruskal anasatz [133] of singular manifold [68] for simplicity. So, we consider

as

)

(D(Ewﬂ;’f) :£+H7X(T)a (38)

where, x(T) is analytic function chosen arbitrarily. Substitution of (3.6) and (3.8) into Eq.(3.4),

yields

j=0 1 o= —%7 (3.9)
P

j=1 1+ ¢1= T2Q° (3.10)
1 p2

j=2 ¢2:_E —6% (T—4Q—><T>, (3.11)

j=3 : ($o)r+Sho =0, (3.12)

j=4 :+ 0.ps=0, (3.13)

Using Eqgs.(3.9)-(3.11), &g, d1 and ¢2 can be accquired explicitely. Eq.(3.12) and Eq.(3.13), show
that ¢3 and ¢4 can not be determined uniquely, and so j = 3,4 are the resonances. Hence, the

resonances appears at j = —1,3,4. Clearly, the compatibility conditions at j = 3,4 are satisfied for
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arbitrarily considered ¢3 and ¢4. From expression (3.12), we directly get,
6R — Qrie 25T =0, where 1( is chosen as a integrating constant term. (3.14)
Under consideration of the resonances, we choose
G, T~ @ '+ ;@ > 1 (3.15)
Replacing Eq.(3.15) to Eq.(3.4) and accumulation of the lowest power terms of @ lead

G+1G-3)G—4G — 49RO d; = Fi(do, b1, -+, dj—1). (3.16)

Here, ¢; appears arbitrarily for j = —1, 3, 4. Hence, two requirements are necessary for compatibility
at j = 3 and j = 4. Utilizing the values of ¢g, ¢1, and ¢2 from Eqgs.(3.9)-(3.11) in Eq.(3.12) the
compatibility condition at the resonance j = 3 is not identically met. Instead, we arrived at the
following variable constraint Eq.(3.14).
The compatibility conditions at j = 4 are not identically met. Additionally, if we set the arbitrary
functions ¢3 = 0, b4 = 0 to be zero that is ¢35 = 0, b4 = 0, then we arrived at the following
constraint equation of arbitrary function ¥ and the variables,
2 2

S? (T — I; —XT> + 24R*Q (f;j) =0 (3.17)
By vanishing subsequent coefficient terms of @, we report that the number of arbitrary functions
(X, &3, d4) is equal to the number of resonances (—1, 3,4). It is significant to remember that Eq.(3.4)
confirms the sufficiency of numbers of arbitrary functions. Hence, Eq.(3.4) meets the Painlevé test

and Eq.(3.4) is necessarily integrable.

3.3 Bilinear formation, Bilinear Backlund transformation and

Lax pair of nonautonomous KP-mKP equation

Obtaining several solutions to the evolution equation gets crucial to understanding nonlin-
earity. The Hirota technique [27] is used in the current situation to obtain the multi-soliton of the

nonautonomous KP-mKP equation.

3.3.1 Bilinear formation :

Eq.(3.5) is converted into the binary-Bell-polynomial form by setting

¢(En, 1) =N(1) (mv(&n, )¢ + G(7) (3.18)
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We construct the binary-Bell-polynomial form of Eq.(3.5) using the binary Bell polynomial expres-
sions ([139, 172, 173]) as follows:

Yo(v) + M(T)Ye (V) + RY3: (v, W) =0, (3.19)
Yn(v) =AY (v), (3.20)
Yor (v,w) = 0. (3.21)

Here M(1) = PG(1)+QG(T)%2+TA2, along with the relation QN(1)2+6R = 0, P+2QG(T) = 0 where
N(T) = Nge 57, G(1) = e~ 57 (J" eSTB(T)dT + GO), Ng and Gq are taking as integrating constants.
Using the identity ([139, 172, 173])

Yiixs o mixt (v zln(%),w = ln(J{S)) = (HG) DD DHH -G (3.22)

and chosing v = ln(%) and w = In(HG), where H and G being the functions of & n and T, we
obtain the bilinear form for Eq.(3.5):

(Dr + M(T)Dg + RDE)H - G =0,
(Dy —ADe)H -G =0, (3.23)
DeeH -G =0,

Now using H = g +ih, § = g— ih, bilinear Eqgs.(3.23) reduced to
(Dr + M(T)Dg, + RDE)h- g =0,
(Dy —ADe)h-g =0, (3.24)
Dee(h-h+g-9)=0,

and the variable transformation (3.18) leads to

$(&,m,7) = 2iNge 7 [aaatan1 (2&’:’3)] +e757 (J eSTB(t)dt + Go> (3.25)

3.3.2 The Bilinear Backlund Transformation :

Let (v/,w’) and (v,w) are two distinct solutions of the Eq.(3.5) respectively, where v/ =

(&), w =In(H'G), v= ln(%) and w = In(HG). Now, let’s assume some new mixed variables

=), v =050, v =), v =)
wi = In(GG9'), wy = In(H'H), ws = In(HG'), wy = In(H'9). (3.26)

Next, we have the relationships shown below,

VvV —v=vy—v,V +v=vs—v3, W — W =v3+ vy,

W W =w; + Wy =ws +Wwy. (3.27)
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Considering the following two field conditions,

Yoe (v, W) = Yag (v, w) =0 (3.28)
Ye(v) = Ye(v) + M(T) [Ye (V') = Ye (W] 4+ R[Yze (v, W) — Y3 (v, w)] =0, (3.29)

the expression for the Eq.(3.28) is
(V3 +Va)ag + (va —Vvi)g(va —v3)g = 0. (3.30)

By decoupling the above equation we get,
(va)e =c1e" 772, (v3)g = oM (3.31)

Using the mixed variable to decouple the Eq.(3.29), one can obtain

YT(Vl) + M(T)Y{(Vl) + 6RC1C2Y£(V1) + RYgg(Vl,Wl) = O (332)
YT(VQ) + M(T)Y&(\)g) + 6R01C2Y£(V2) + RY35__(V2,W2) =0 (333)

and one can obtain from the Eq.(3.20),
Yn(vi) =AYe(v1),  Yn(v2) = AVe(v2) (3.34)

Thus using Hirota’s operators ([139, 172, 173]) and relations (3.22), the Eqs.(3.31)-(3.34) can be

represented the bilinear Bécklund transformation for Eq.(3.5) as bellow:

[Dy —ADe]G - G=0 (3.35a)
[Dn =AD]H'-H =0 (3.35D)
DeH - G=c1H- G (3.35¢)
DG - H =G - H' (3.35d)
[Dr + (M(1) + 6Reic2) D + RDE] G- G =0 (3.35¢)
[Dr + (M(T) + 6Rcico) De + RDE| H' - H =0 (3.35f)

3.3.3 Lax pair :

Using v = ln(%) = V] —V3 = V4 — Vg, we can remove vz and vy from the Eq.(3.31). Taking

vi = In(YPy) and v = In(P2), we get,
(V1)q = caMby + Ave Yy (3.36)

(P2)q = ciMpr — Aveps (3.37)
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Utilizing Eqgs.(3.32) and (3.33), we find

($1)r = A1 + Ao, (3.38)
(b2)r = Agb1 + Ags. (3.39)

The relations can presented in matrix form as,

Yo =M, P =Np, b = (Y1, P2), (3.40)
$¢—G(1)

M — ARNTES Acz . ON= Ar Az :
ah A Az Ay

A1 = —[M(T)ve + 4Rcicave + RYse (v, w)]

where

Ag = —Co [M(T) + 4Rcqco + RYQE(V,W) + 2RP2£(W —V)H
Az = —cq [M(T1) +4Rcqco + RY2¢ (v, W) 4+ 2RPgg (W +v)]
Ay =—As. (3.41)

This meets the compatibility requirement, M —N, +MN—-NM = 0. On consideration Ya¢ (v, w) =0

and we finally, obtained

& —G(1) (J33 (¢ —G(1))?
Ar=-— {(M(T) +4Reicr) N(1) + RN(T) - R N(T)2 ]
_ 2
Ag = —Co {M(T) +4Rcyico — 2R (Nd)("&c) + @ N(i)(;f)) >]
_ 2
Az =—C; [M(T) + 4Rcico + 2R§F§) —2R L N(i)(g)) ]
Ay = —As (3.42)

According to the transformation 1\ = %(431 + ¢2) and Py = %(dh — ¢2) and ¢; = ¢y = ¢, one can

obtain a natural Lax pair of Eq.(3.5) as shown below,

$—G(7)
<$1> - —}\dz\ce(f) 7\ l\];) <¢)1> ’ (d)l) - <A _B > <¢1> , -
2/, N(x) c b2 b2/ ¢ —A) \b2

where
!
B =~k L — ety - M R — RGES 2 <¢N(i)m>2,
e =~k T ey M e ok (€ i(i)m)Q



3.4 Soliton, smooth positon, breather and their interaction

solutions

The K-soliton solutions of the nonautonomous KP-mKP equation (3.5), founded on the

framework of Hirota’s bilinear approach from the bilinear equations (3.24), are as follows.

o (E,m,1) = 2iNge °T {aaatanl <W>} +e 37 (J eS"B(t)dt + Go> (3.44)

gK(‘z—vanaT)
K K
h.K = Z (_1)Zr drexp (Z drdsMrs + Z dr(lpr + MT)) ) (3'458”)
d=0,1 r<s r=1
K K
gk = Z exp (Z dyds M, + Z d, (Pr + Nr)> , (3.45b)
d=0,1 r<s r=1
where
with
exp(M;) = m,, exp(N;) =n,, m, = —n,, (3.47)
M (mrms + nrns) («Ar - ‘AS)Q
=B =— . 3.48
¢ e 2 (Ar + A)? (3.48)
The phase constant is V¥, and T, s take the values 1,2, - ,K, where K denotes the soliton numbers.

Here, 3 4_o, and } ,_ express the summation of the conceivable combinations of these values.
d=0,1(r,s=1,2,---,K) are real constants that are picked at random.

Now, we conider P =6,Q = —6,R =1,T =1,S =0,B(t) =0,A =0,Ng =2, m; = I,n, = —1,
then the solutions (3.44)—(3.48) become identical as the multisoliton solution of the Gardner-KP or
KP-mKP equation obtained by Wazwaz in Refs. [109]. When P =a, Q =b,R=¢,S =m,B(1) =
H,n =0, T = 0,A =0, and Ny = —iu, the solution shown for the Nonautonomous Extended
Forced Korteweg-de Vries equation with variable coefficients in Refs. [174] is the same as the multi
soliton solutions (3.44)-(3.48). Given the following: P =A, Q =B,R=C,S =L B(1) = A, T =
0,A = 0Ng = sp, the above solution set (3.44)-(3.48) in the current literature, become same as the

multisoliton solution for the non-autonomous Gardner equation derived by Raut et al. in the Refs.

[175]. Considering m, = —1,n, =1,(r=1,---,K), the K-soliton solution for the model follows as,
Ny 0 1 (hk(&M,T) s s

&,n,t) = 2iNge St {tan 1( +e 7 Je "B(t)dt+ G 3.49

CbK( n ) 0 aa QK(E,,TLT) ( ) 0 ( )
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where

K K
hK = Z (_1)Zr dr exp <Z drdsMrs + Z dr¢r> (3-503)
r=1

d=0,1 r<s =
K K
gk = > exp (Z drdMrs + ) drtl)r> (3.50D)
d=0,1 r<s r=1
with
Pr = A (E+ M) — (MDA, +RADT+ P2, r=1,--- K (3.51)
M,y (AT - \As)Q
s = R - - 3.52
¢ T A2 (3.52)
The phase constant is V¥, and T, s take the values 1,2, - - ,K, where K denotes the soliton numbers.

Here, )} 4_,, and ) ._ express the summation of the conceivable combinations of these values.

d=0,1(r,s=1,2,---,K) are real constants that are picked at random.

3.4.1 1-soliton solution

When K =1, we get

hy=1—e%, g =1+e" (3.53)
Y1 = A1 (&4 M) — (M(1)A; + RAD) T+ )

For the set of real constant parameters Aq, P, the 1-solitons represent the one-order solution. We
obtain the single soliton solution by substituting the functions from transformation (3.49) with those
from (3.53). The solitary waves’ characteristic face is described as,

Gt

E4+A = (M(1) + RA)T— =L (3.54)
Ay

and the wave velocity can be expressed as, respectively, in the direction of the & and 1 axes,

(Ve, Vyy) = ((M(T) +TM’(1) + RA2) ! (M(1) + ™™/ (T) + RA%)) ) (3.55)

A
The speed of a single wave, denoted as (V&, Vi) expresses both the strength and the direction of each

spatial direction. By regulating the wave’s velocities and orientation, the magnitude and signature

of the velocity play significant roles in governing motion.
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3.4.2 2-soliton solution

The 2-soliton solution for the nonautonomous KP-mKP Eq.(3.5) is given by the Eqgs.(3.49)-
(3.50) for K =2 as,

hy = 1— e"’l — 611)2 + 4312611’1+1112 (356)
ga = l4e¥r feP2f Byetrtvz (3.57)
where 5 = A;j(& + M) — (M(1)A; + R\A;?’}T + 11)19, j =1,2 and By = —%. The 2-soliton

solution can be derived by inserting the functions (3.56)-(3.57) into Eq.(3.49) if all the parameters

A1, Az, 19 and P9 are specified as real constants.

(a) (b) ()

Figure 3.1: (a), (b) and (c) are the 3D graphs of 1-order breather solution (3.63), by considering
a; = 1.5, b, = 1.85,Go = 0,Ng =1, S = 0.0, T = 0.15,A = 1,B(1) =0,Q = 1.5, Q = 1 in
(&, 1)-plane, (n, T)-plane and (&, m)-plane respectively.

-1,
0720 -5 -10 -5 0 5 10 -2 -15-10 -5 0 5 10

i Ui

(a) (b) (c) (d)
Figure 3.2: The 3D graphs of 1-order breather solution (3.63), by considering B(t) = F cos(Q7),

a; =15,b; =185 Mg=0,Ng=1,T=0.15,A=1,Q =15, Q =1 in (1, 7)-plane and (a) when
F=0.3,5S=0, (b) when F=10.3, S =0.05; (c) when S =0 and (d) when S = 0.05.
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Figure 3.3: The 3D graphs of 1-order breather sol.(3.63), by considering B(t) = F sech?(Qr),
a; =1.5,b1 =185, Gy =0,Nyg=1, T=0.15,A=1,Q =15, Q = 1 in (1, 7)-plane and (a) when
F=04,S =0, (b) when F =0.4, S =0.05 and (c) Contour plots of the corresponding Figure 3.3(b).
3.4.2.1 1-order breather solution

From the two soliton solution, formulate the 1-order breather solution of Eq.(3.5) the

parameters can be choosen as,
A1 = aj +1iby, As = a; —iby, V) = 9§ + i, ¥ =Y, — i), (3.58)

The function hy and g2 in Eq.(3.56) can be presented as

b2
hy =1 —2e%cos(P) + a—éew“ (3.59)

1

b2
go =1+ 2e%¥1cos(Pia) + a%em"“ (3.60)

1

where

P11 = a1(&+ M) — {M(t)a; + R(af — 3a;bD)}r + Y, (3.61)
P12 = by (& +An) — {M(T)b1 + R(3aib; — b))}t + ¥Y,, (3.62)

and P{;,1P?, are real constants. Then, 1-order breather solution is available as
) h.
¢ = 2iNge S© [tanl (2” +e 57 (J eS"B(1)dT + GO) (3.63)
0¢& ga
where (3.59) and (3.60) determine hy and gs, respectively. The breather solution Eq.(3.63) depicts an
oscillating periodically localised wave moving along &, and n axes the breather waves’ characteristic

face is expressed as,

0
£+M ={M(t) +R(3a? — b?)}T — b—”, (3.64)
1
and the velocity can be represented, respectively, in the directions of & and 1 as,
1
(Ve, Vyy) = ([M(T) +TM'(1) + R(3a? — b?)], X[M(T) +TM'(1) + R(3af — b%)]) . (3.65)
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Figure 3.4: The 3D graphs of 2-order smooth positon sol.(3.67), by considering B(t) = F cos(QT),
A1 =15Gy=0,Nyg=1,T=015A=1,Q=15,Q =1, «a = 0.5 in (1,7)-plane and (a) when
F=0,S=0, (b) when F=0.4, S = 0.0 and (c) when B(t) = F sech?(Qt) and F = 0.4, S = 0.0.

3.4.2.2 2-order smooth positon solution

For identifying a 2-order smooth position from a 2-soliton solution, we now apply the

following proposition.

Proposition 1 Setting some parameters of the relation (3.51) to

Ay = Ay + 6, P! :m(—%)ug’, Py =1n <%) + 7 (3.66)

and taking limit as & — 0, the 2-order smooth position solution to the non-autonomous KP-mKP

equation (3.5) is yielded as:

0 h.
Posp = 2iNge ST [ﬁtan_l <9—2>] +e 57 (J eSTB(t)dT + G0> (3.67)
2
where
hy =1—BYe?t B> cow, =1+ pYe" B> cow, 3.68
2 =1—pBY¥e +m€ , g2 =1+ pY¥ e +m€ (3.68)

Yy = A (E+ M) — {(M(1)A; +RAST + &0
Y =(E+M) —{M(T) + 3RA§}’T-

Proof. Utilizing Eq.(3.66), hy in Eq.(3.56) is presented as

hy, = 1+ E (1 - e(E,+?\T]7TM(T)73R.A§T)573Rﬂ1T527RT53> eV
B> 2V, +(E+AN—TM (1) —3RA2T)5—3RA, 162 —RT83
tem et o 0%

where ¥ = A (&+An) —{M(1)A; +RA3}T+ (Y, which represents the semi-rational expression, when

5 — 0:

2

o v, , BT ow,
he =1—BW¥e"' + 4A%€ R (370)
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where W11 = (& + An) — {M (1) + 3RA2}t. In a similar manner, go in Eq.(3.57) is transformed to
2

=1 A\ Wy LQWI_ .71
g2 =1+ pY¥e +4A%€ (3.71)

Hence, Eq.(3.67) is simply verified.

Here, it is very important to mention one interesting observation. In, Refs. [176, 177], the authors
only present bright smooth positons for (14 1)-dimesional equation when 3 > 0; however, for < 0,
they do not obtain even a dark degenerate solution using the degenerate Darboux transformation. In
the current solution set, one can obtain bright or dark smooth positons for both the (1+1)-dimesional

equation and the (2 + 1)-dimesional equation by appropriately choosing f3.

3.4.3 3-soliton solution

When K = 3, from Egs.(3.49)-(3.52), we get a triple soliton solution as well as different types
of solitary interaction structures. Through analysis and calculations, different interactive structure
is also found. For the 3rd-order solution, there are three different sorts of combinations. Below, we
discuss three typical problems: Subsection 3.4.3.1 presenting 1-order breather and 1-soliton solution,
Subsection 3.4.3.2 exploring 3-order smooth positon solution, and Subsection 3.4.3.3 exhibiting 2-

order smooth positon and 1-soliton solution.

3.4.3.1 Interaction of 1-order breather and 1-soliton solution

The interaction of 1-order breather and 1-soliton solution for the Eq.(3.5) is shown from

3-soliton solution by setting the parameters
A = aj +iby, Ay = a; —iby, ¥ =97, + 1)y, ¥§ =19 — i), and Az = (a constant)(3.72)

Substitute this in the Eq.(3.50), one can obtained the interaction of 1-order breather and 1-soliton
solution for Eq.(3.5) as

o St i —1 E —ST St
¢ = 2iNge [aatan (93)] +e (Je B(t)dt + G0> (3.73)

where

((a1-A3+b3)°—4bPA3)

Car i A2 100 cos(Pqg)ePstin

hy =1 —2e%1icos(Pa) — eV + %26211’11 -2
1

2
8b1As(af—AZ+bT) Watpy, b2 [(a3—AZ+D3)2 402 A3 o s
s+ Ao sbgf SHWi2)e R TSR IR (3.74)
= W11 AUR! bi 20y, _ ((afffl§+bf]274bfﬁ§) P+
ga = L2etcos(py) et at© 2 [(a1+A3)2+b3]? cos(prz)e
2
8b1A;(af—AZ+bF) o oty o b2 [(AF—AZ+D?+abTAS]” oy iy,
larraspeoz? SiH(Wr2)e T (arArront ¢ (3.75)
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with 19,19, are constants and
P11 = a1 (§4+ M) — {M(1)a; + R(a} — 3a;b3)}r + Y,
12 = b1 (& +An) — (M(1)by +R(3aiby — bt + 1Y,
Vs = As(&+An) — {M(1)As + RAZT+ U3,

3.4.3.2 3-order smooth positon solution

To obtain a 3-order smooth positon, we can show the following proposition by a similar

argument to Proposition (1).

Proposition 2 On consideration of the parameteric relation (3.51), P§ = ¥ + ln(%), Py =§ +
1n(—25—f25)7 Y=+ ln(B%), Ao = A1+ 0, Az = A1 + 20 and on account of the limit & — 0, yields a

smooth 8-order position solution:

¢ = 2iNge>" L)aatanl (Zj)] +e 5T (J e’"B(t)dt + Go> (3.76)
where
hg = 1—B(W], + Yar)e™ — (28£13)6 et
—p? (2;[411 + ;:1511/11 - 2;%\1’%1 + 2;%‘1’22) e? (3.77)
g5 = 1+ PB(¥] +V¥ar)e™ + (22513)6 et
—p? (2;[411 + ;?Wn - 2;[%‘1’%1 + 2;%\1’22) e” (3.78)
with

Vi = A1 (E+ M) — (M(T)A; + RAT+ &0, Wip = (& + M) — {M(7) + 3RAZ}T, Woy = —6RA; T

3.4.3.3 Interaction of 2-order smooth positon and 1-soliton solution

Proposition 3 By setting the parameters ) = ln(f%) +, Py =1n (%) + O and Ay = Ay + 6
and using the limit as & — 0, we obtain the corresponding interaction solution between a 2-order

smooth positon and a 1-soliton:

¢ = 2iNge ST {aaatcm_1 (:‘0’)] +e 57 (J eS"B(7)dT + GO> (3.79)
3
where
4 (52 2y v 0B13 32 2 2Y -+
h3 = 11— [31{]116 b — 611)3 + we b+ [3611)3_'_ ! [% + 313W11:| - 47}[23136 ! 11’3(3.80)
1 1
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Figure 3.5: The 3D graphs of 1-order breather and 1-soliton sol.(3.73), by considering B(t) =
Fcos(QT), a; = 1.5,b; =1.85,A3 =2, Go =0, Ng =1, T=0.15,A=1,Q=15Q =1, a =05 in
(1, T)-plane and (a) when F =0, S =0, (b) when F = 0.4, S = 0.0 and (c) when B(t) = F sech?(Qr)
and F=0.4, S=0.0.

Figure 3.6: The 3D graphs of 3-order smooth positon sol.(3.76), by considering B(t) = F cos(Q7),
A1 =15,Go=0,Ng=1,T=015A=1,Q =15, Q =1, =0.5in (n,1)-plane and (a) when
F=0,S=0, (b) when F=0.4, S = 0.0 and (c) when B(t) = F sech?(Qt) and F = 0.4, S = 0.0.

B2 oy v, | 0B13 B% Lo ow
= 14 pYie? +e¥s + e 4 Bevs ™V | = 4 By | + 5 Ble? TP (3.81
gs BY1i1 4A% B oA, 13111 4A% 13 ( )

with

Yy = A (& +An) — {M(T)A; + RADIT + ¢F, Y11 = &+ An — {M(7) + 3RAj)T,
(A1 —Aj3)?

by = As (& -+ M) — (M(T)JAs + RAGIT 8, Biy = — 220

(3.82)

With the exception of the computation step, the argument for Proposition (3) is nearly identical to
that for Proposition (1). Summarizing Proposition (1) and Proposition (2), the following conjecture

is addressed through mathematical induction:
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Figure 3.7: The 3D graphs of 2-order positon and 1-soliton sol.(3.79), by considering B(t) =
F cos(QT), A1 = 1.5, A3 = 1.85, Gp =0, Ng =1, T=0.15,A=1,Q = 1.5, Q = 1.5, « = 0.5 in
(1, T)-plane and (a) when F =0, S =0, (b) when F = 0.4, S = 0.0 and (c) when B(t) = F sech?(Qr)
and F=04, S =0.0.

Inference 1 If some of the parameters in Eq.(3.49) are taken as,

Ao = A1 +8, Ay = AL +25, Ay = A1 +38,- A = A, + (K= 1)8,

(_1)K+ch71B (_1)K+2cK71B
(1): C?—i_lnék—,loa 1])3 :C(l)'i‘lné](—ill?

(_1)K+3C12<71[3 (—1)2KCE:%B

Vg =t bk = G I (3.83)

then, a Kth-order smooth positon Gx_gp can be derived from the K-soliton solution on consideration

of 6 — 0.

Here, our present investigation is unique since multiple-pole solutions or degenerate solutions are
derived in a number of creative approaches, including Propositions (1), (2), and Inference (1). The
method introduced by Inference (1) is more straightforward and practical when compared to classical

techniques like inverse scattering and Darboux transformation [178, 179, 180].

3.4.4 Interaction structures between solitons and breathers with K > 4

In this section, from the solution (3.49)-(3.50) and for K = 4, using various types of breather-
solitons interacting with solitons, we are able to generate several brand-new interaction structures.
For the 4-soliton solution, there are three different sorts of combinations. Below, we discuss three
typical problems: Subsection 3.4.4.1 presenting 2-order breather solution, Subsection 3.4.4.2 explor-
ing 1-order breather and 2-soliton solution, and finally Subsection 3.4.4.3 exhibiting 2-order breather

positon solution.
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Figure 3.8: The 3D graphs of 2-order breather sol.(3.85), by considering B(t) = F cos(Qt), a; =
1.5,b; = 1.75, as = 1.55, by = 1.15, Go = 0, Ng =1, T= 0.15,A = 1, Q = 1.5, Q = 1 in (1), 7)-
plane and (a) when F =0, S =0, (b) when F = 0.4, S = 0.0 and (c) when B(t) = F sech?(Qt) and
F=0.4,S =0.0.

Figure 3.9: The 3D graphs of 1-order breather and 2-soliton sol.(3.86), by considering B(T)
F COS(QT), a; = 1.5, b1 = 1.75, .A3 = 2,A4 = 1.97 G() = 0, N() = i, T= 0.15, A= 1, Q = 1.5, Q=
in (n,7)-plane and (a) when F = 0, S = 0, (b) when F = 0.4, S = 0.0 and (c) when B(7)
F sech?(Qt) and F=0.4, S =0.0.

=l

3.4.4.1 2-order breather solution

The two breather wave can be directly constructed from the four soliton (when K = 4) so-
lution (3.49) and the fixed restrictive conditions are fulfilled, is similar to (3.58) by taking advantage

of the substitution of

Ay = ay +1iby, Ay = A5, As = ap +1iby, Az = Aj,

11)(1) = (1)1 + ilj)(l)%lj)(l) = 1*')(2)*> g = d)gl + iﬂ)g% d)g = 2*7 (3.84)
in Eqgs.(3.50)-(3.51), we obtained the 2-order breather solution for the Eq.(3.5) as
0 h
¢ = 2iNge ST {ﬁtanl (9—4)] +e 57 (J eSTB(t)dT + G0> (3.85)
4
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3.4.4.2 Interaction of 1-order breather and 2-soliton solution

The interaction of 1-order breather and 2-soliton solution for the nonautonomous KP-mKP
Eq.(3.5) is shown by choosing A; = a; + iby, A = a; —ib;. Now we get l-order breather and 2-

soliton solution by substituting hy4, g4 in the equation given below

0 h.
¢ = 2iNge 5" | —tan~! L) +e 57 JeSTB(T)dT+ Go (3.86)
0§ g4
where
b2
]’L4 = 1-— 2€¢1ICOS(IP12) — €¢3 — elb4 + ?;624)11 + ‘Bg4€¢3+w4 — ev.l)11+1b3 [23131(108(1])12)
1
. . b2
—2B 308N (P12)] — eV 11TV 2B 141 cos(P1a) — 2Braasin(Pia)] — ;;[(3%31 + By, )e? Pt s
1
+(B2y; + BIp)e?brta) By et s tWa(2(B 0 By — BigaBias)cos(Pia) —
) b?
2(B131B1az + B132Biar)sin(Pi2)] + a%334(3331 + Biyy) (Bl + Bigp)e?Pntsta (3.87)
1
b2
gr = 1+ 26‘1)11(:08(1])12) + ell):s + ell)4 + CT;6211)11 + 334e1b3+tb4 _ 6¢11+w3[2'3131(308(11)12)
1
. . b? ;
7231323111(11)12)] — ell)11+1|)4 [23141(:08(1')12) — 2314251}’1(1‘)12)] —+ a—é[(‘B%31 + 3%32)62¢11+ﬂ)3
1
+(B2,; + BIp)etbrtbat] 4 By ePitWatao( B0 By — BizaBiaz)cos(Pia) — 2(Bizi Biao
. b?
+B132B1a1)sin(Pi2)] + 0%334@%31 + Bigy) (Biyy + Biyy)e?brrtbatiba (3.88)
1
where
By, - A o (@ AT DT AbRAT (af — AT+ b})° —4bIAR
(As +Ag)? (a1 +A3)2 +b32 7 (a1 + A+ 022
By — 4byAs(af — A3 +b) By — 4byAy4(af — A7 +b7)
(a1 +A3)2 +b3]2 7 [(a; +Aq)2+ 122 7
and

Y11 = a; (& +An) —{M(7)a; + R(a} — 3a;b?)}t + Yy,
P12 = b1 (& +An) — {(M(1)by + R(3aTby — b}t + Ul
V3 = A3(&+An) — {M(T)As + RAT + 3,
g = As(E+ M) — (M)A + RAT+ ).

3.4.4.3 2-order breather positon solution

Through degenerate Darboux transformation, Breather positons with a nonzero back-

ground for (1 + 1)-dimensional equations, can be derived from the plane wave solution when the
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spectral parameters Ao tend to a specific value A, [181]. Ref. [182] describes another mechanism
for generating breather positons with a zero background using module resonance conditions. In
fact, there have been some well-developed schemes for constructing breather positons for (1 + 1)-
dimensional equations via degenerate Darboux transformation. A quick and easy way to obtain
breather positons resting on a zero background from Eq.(3.49) is provided in this section. To obtain

a 2-order breather-positon solution from the 4-soliton solution, we use the following proposition:

Proposition 4 On consideration of some certain parameteric relation (3.51) as

K:4’A2=A1+57A4=A3+6,¢?=C?+In(—§),1b8=c?+1n<§),
Vs =G5+ 1n (—‘;),wi =g +1n (E),Al — A5 Q= (3.89)

and on account of the limit, & — 0, a 2-order breather-positon solution to the mon-autonomous
KP-mKP equation is drawn as follows:

o St i —1 E —ST St
¢ = 2iNge {aatan (94)] +e (Je B(t)dt + Go> (3.90)

where

2 2
v v [3 2V [3 2y
hy = 1—pY¥e l—ﬁ‘y33€3+me 1+@€ 34

0 0B 0B 0B
2 13 13 13 \ERTE
[8) — Y1+ Yas + Bis¥ ¥ e 1T —
{aﬂl 0As 0As 11 OA, 33 13111 33]

PEL ()
4.A1 (.A1 -|—.A3)

[3 3]3 < 4 ) ' Y.
\1] e 1+ 3
4.A3 (.A]_ +A3)

[34 4 2¥, 42V
——Bi, e+ s (3.91)
16A2A2 1

2 2
1YY 4 gYaets o P 2w BT oy,
94 + BYiie™t + BYWsse +4A%e +4A§e +

Br‘[ 0 9Bi; 0B B,

v 2Ya3 + BraWi Was | e1 Y
04, 0As s 11+aA1 33 +DBi1aY11¥s3| € +

BB, 4 20, 4w
_\y 1 3
A2 Ay @) 7
B*Bis
12

4
(G ) 7+

BY o4 owisow
Bigetrrtats (3.92)
16434271
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with

Yy = A (& +An) — {(M(T) A1 + RATIT + ¢, W3 = As(E+ M) — {M(1)As + RASIT + (3,
(A — A3)?

Wi = (& + M) —{M(1) + 3RATIT, W33 = (§+An) — {M(T) + 3RA3IT, Biz = AL A5

It is pointed out that the proof for Proposition (4) is almost identical to that of Proposition (1),
and is omitted here.

From the above results, we assert through mathematical induction that the following is true:

Inference 2 The K-soliton solution (3.49) can be used to construct the high-order breather solution
by keeping the parameters in complex conjugate relations. If the parameters satisfy the following

constraint criteria, the K-soliton solution (3.49) specifies the m-order breather solution.
K=2m, A; =Al, V) =9, i=1,--- K (3.93)
Then, the K-soliton solution turns into the m-order breather solution.

Inference 3 Interactive solutions between m-order breather and k-soliton can be obtained by per-

mitting
K=2m+k,Agm = AS, 1, U3, =03 . (3.94)

In the above declaration, the real constants Aam.j, wgmﬂ-,j =1,2,--- ,k are taken arbitrarily, in

the expression of K-soliton solution (3.49).

The following inference provides a quick and easy method to extract breather positons laying on a

zero background from Eq.(3.49), much like Proposition (4).

Inference 4 If the following assignments are made to some of the parameters in Eq.(3.49):

Ag =A1 +8, Az =A1 +28,--- A=A +(m—1)8, Amg2 = Amy1 +0, Ay = Amg1 + 28, -,

(—)™ricy B (—1)mrCrip

AQm :‘Am+1+(m71)67 LI)? = C(1)+1n sm—1 ’ 11)(2) :C(1)+1H sm—1 y T
(-12mCRt ()™ CR B . .
Y =0+ ln(gm——inl’ 1l)(r)nJrl = C?n+1 +1n6m—710’ A =An s Q= C?n+1
(—1)*™Ch-iB (—pym2 e B
11’gm = C?n+1 +ln6m—_1nl, 11’9n+2 = CQHH +1n6m—_11, cee,

then a mth-order breather positon ¢m_vp will be extracted from the 2m-soliton solution on consid-

eration of & — 0.
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3.4.5 Results and Discussion

(i) 1-order breather: If the parameters are properly set, we may obtain the one-breath
solution of the nonautonomous KP-mKP when a; # 0 and exp(B12) > 1 in Eq.(3.5). Additionally, a
general breather is possible, as seen in Figure 3.1 in the (§,T), (1, 1), and (&,n)-plane. The graphical
description, which describes them as happening frequently in a local time-space zone, indicates that
they are naturally single breathers. The graphical representation thus shows that the breather is
both spatially and temporally periodic. When T = 1 is low enough, the breather wave exhibits the
line structure, as seen in Figure 3.1(c). Although the periodic line waves are parallel and independent
of one another, time T consistently affects how they behave. We refer to the periodic line wave as
the line breather because the basic line rogue wave can be thought of as a specific instance of the
period line wave. With the same parameters as above in varying damping, and forcing values, the
breathers (Figure 3.2) exhibit a range of behavioral traits without sacrificing generality. A locally
oscillating wave travelling in a straight line at the speed defined by (3.65), is seen in the breather
solution Eq.(3.63). For small values of S, the moderate periodic breather is found in Figure 3.2(a).
However, when the forcing component B(t) = F cos(pT) is taken into account, the periodicity of the
system is increased. The shape and size of the breather sufficiently improve. Finally, the periodic
breather tends to be a horseshoe-type breather due to the presence of B(t) in the velocity part.
When both damping and forcing impacts occur at the same time, the breather wave’s amplitude is
significantly reduced, and the polarity of the breather shifts (see Figure 3.2(b)). The damping term
S has a noticeable effect on the 1-order breather’s amplitude, as shown in Figure 3.2(c¢). Actually,
damping has a detrimental effect on all dynamic systems, causing their potential energy to decrease.
Therefore, the fading of a breather is depicted in Figure 3.2(¢). As can be observed in Figure 3.2(d),
the forcing term’s rising magnitude causes the amplitude of breather waves to increase. This paper
examines the kinky-breather, a special sort of breather (Figure 3.3) in the (n, t)-plane that occurs
when a forced term has the formula B(t) = F sech?(wT). We can see the interaction between a
breather wave and a kink wave, sometimes known as a kinky-breather wave solution, in Figure 3.3(a)
and Figure 3.3(b). During contact, a breather wave is seen to move along the bend portion of a kink
wave. These 3-dimensional views unmistakably show the existence of periodic lump waves known as
kinky-breather waves. The periodic lump waves are clear from the superposition of the single lump
waves. These graphs show that the speed, amplitude, and width of kinky-breather waves remain
constant throughout their entire propagation. Due to the significant influence of S over B(T), the
kink wave’s amplitude lowers whenever S increases in value (see Figure 3.3(b), Figure 3.3(c)).
(ii) 2-order smooth positon: A bright 2-order smooth positon composed of two bright parts
will be derived, as shown in Figure 3.4(a) when damped and forced terms are taken to be zero.

In a spatial dimension, a positon attains a singularity in its neighboring zone. After the mutual
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interaction of two positons, they remain unaltered as before their interactions. Figure 3.4(b) depicts
the situation for B(t) = 0.4 cos(t), the two order smooth positon wave has one peak and two valleys,
and the two valleys have the same depth, but the peak has been stretched to a periodic shape which
is different from those of autonomous NLEEs. When we take hyperbolic functions for the forced
term, we will obtain kinky-positon waves as shown in Figure 3.4(c).

(iii) 1-order breather and 1-soliton: Three different types of hybrid solutions are depicted in
Figure 3.5 by selecting appropriate parameters. However, if we choose the parameters B(t) =
F cos(Qt), a1 =1.5,by =1.85A3=2,Gp =0, Ny =1, T=015A=1,Q=15 Q=1 a=0.5
and F =0, S = 0, we discover that the breather in the hybrid solution intersects the stripe soliton at
a specific angle, as shown in Figure 3.5(a). The hybrid solution shown in Figure 3.5(b) is made up
an interaction of a horseshoe-type breather and a periodic soliton moving in the opposite direction.
A hybrid solution made up of a kinky-breather and a parabolic soliton is shown in Figure 3.5(¢) (for
B(t) = F sech?(Qt) and F=0.4, S = 0).

(iv) 3-order smooth positon: When A; = 1.5, Go =0, Ng =1, T=0.15,A=1,Q =15, Q =
1, =05and F=0,S = 0, a bright 3-order smooth positon composed of two bright parts and
one dark part will be derived, as shown in Figure 3.6(a). Figure 3.6(b) depicts the situation for
B(t) = F cos(Qt) and F = 0.4, S = 0.0, the the peak of the 3-order smooth positon wave has
been stretched to a periodic shape that is different from those of the 3-order smooth positon for
the autonomous KP-mKP equation. For B(t) = F sech?(Qt) and F = 0.4, S = 0.0, 3-order smooth
positon converted to 3-order kinky-positon waves as shown in Figure 3.6(c).

(v) 2-order smooth positon and 1-soliton: When A; = 1.5, A3 =185, Gg =0, Ny =1, T =
0.15,A=1,Q =15, Q0 =15, aa = 0.5 and F = 0,S = 0, a bright 2-order smooth positon and
one-soliton shown in Figure 3.7(a). Figure 3.7(b) depicts the situation for B(t) = F cos(Qrt), and
F=0.4,S = 0.0, the two order smooth positon wave has one peak and two valleys, have the same
depth, but the peak has been stretched to a parabolic shape together with parabolic soliton which
is different from Figure 3.7(a). When we take B(T) = F sech?(Qt) and F = 0.4, S = 0.0, we will
obtain kinky-positon-soliton waves as shown in Figure 3.7(c).

(vi) 2-order breather: The spreading of 2-order breathers, which is the interaction between two
types of breathers, those periodic in 1 and those periodic in T, is depicted in Figure 3.8. The
configurations of the breathers have varied with numerous values of P, Q, R, S, B(T) at each period.
2-order breather solutions are shown in Figure 3.8(a) for zero values of damped and forced terms. Due
to the breather’s consistency in terms of waveforms, amplitudes, and pulse widths, the interactions
are likewise elastic. When considered a periodic force, the 2-order breather solutions turn out to
be two horseshoe-type breather solutions (Figure 3.8(b)). From Figure 3.8(c) it is clear that when
choosing a hyperbolic forcing, 2-order kinky-breathers change their polarity in interacting breathers.

(vii) 1-order breather and 2-soliton: The interaction of a breather and 2-solitons is shown
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in Figure 3.9(a) with the appropriate paragraphs. Due to the breather’s form, amplitude, and
pulse width invariance, the interactions are also elastic. When B(t) = F cos(QT), a; = 1.5, by =
1.75, A3 = 2, A4 = 1.9,Go =0, Ng =1, T=015,A=1,Q =150 =1, =05 and F =
0.4, S = 0.0, the interaction of breather and two-soliton solutions turn to be horseshoe-type breather
and snake-like soliton solution (Figure 3.9(b)). From Figure 3.9(c) it is clear that when B(t) =
Fsech?(Qt) and F = 0.4, S = 0.0, the interaction of breather and 2-soliton solutions turn to be kinky-
breather and Light refraction-like phenomena appear in the soliton’s propagation. Additionally, we
observe how an external force causes a tight kink structure to emerge in the backdrop. After colliding,

the solitons naturally migrate apart.

3.5 The stability analysis

In this section, the concept of linear stability analysis [183, 184, 185] will be applied to study
the stability analysis for the giving equation Eq.(3.4). The perturbed solution of the nonautonomous
KP-mKP equation given by

d(&n, 1) =N(DV(En, 1) + G(T) (3.96)
in above the relation: (i) when S # 0 and B(t) # 0, N(t) and G(t) are given by N(t) =
Noe 57, G(1) = e 57 | eS™B(t1)dT; (ii) when S = 0 and B(t) =0, N is considered as a constant and
G is steady state solution for the KP-mKP equation. Here we choose the nonautonomous case.

Substituting (3.96) into Eq.(3.4), one can obtain

(NZV +PN VZ—\; + PNGﬂ + QNGQaV + QN3V? \g +2QN GV% + RNZ?;)
—|—TN22nv =0. (3.97)
By linerization Eq.(3.97), we get
(ZV + PGa—V + QG2a—V + Rg?;) + Tg;v 0, (3.98)
assuming the above Eq.(3.98) has a solution in form of
V(E,m, 1) = et(AottBon-—Wr) (3.99)

Here Ay, and By are normalized wave numbers and W is the frequency of perturbation. Now inserting

Eq.(3.99) into Eq.(3.98) and solving for W, yields the result

(PG + QG?)AZ — RA} + TBZ
Ao '

W(Ao,Bo) = (3.100)
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The sign of W(Ag, Bg) recommeneds that the solution is expected to either decrease or grow over
time. Group velocity dispersion, self-phase modulation, and stimulated Raman scattering all con-
tribute to the steady-state stability of the dispersion relation Eq.(3.100). Furthermore, it is easy
to show that modulation stability happens when Ay # 0. Any superposition of solutions of the
form e(Ao&+Bon=WT) wi]] come to decay when the sign of W(Ag, Bg) is negative for all values of
Ag. At this point, the steady state is stable. The steady state is unstable if, for some values of
Ag, the term W(Ag, Bg) is positive. This is because some components of a superposition will get
larger with time. The dispersion is referred to as marginally stable if the maximum of W(Ay, Bg)
is precisely 0. The relations for the propagation in Eq.(3.100) is examined and the corresponding
plots are depicted in Figure 3.10. It is clear from Figure 3.10(a)-Figure 3.10(c) that, for all val-
ues of Ag, the variation of W(Ag, Bg) is positive, negative, and 0. Specifically, when A resides in
(—0.65,0) U (0.65,kq), where kg is a finite constant, W(Ay, Bg) is negative for the following values:
Q=1,P=6,S=01,R=05T=0.15F=0.1, T =5,Bp = 0.5,Q = 1.5. From Figure 3.10(a)-
Figure 3.10(c) it also cleared that variation of F, By and R significantly effects on the variation of
stable state domain. The velocity dispersion default for all normalised wave numbers Ay and By is

real. Therefore, the stable state remains stable in the face of wave number perturbations.
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Figure 3.10: The dispersion relation between frequency W(Ay, Bg) and wave number Ay, by con-
sidering B(t) = F cos(Q7), and (a) for Q = 1,P =6,S =0.1,R=0.5,T = 0.15, T = 5, By =
05 Q=15 (b)yforQ=1,P=6,S=0.1,R=05T=0.15,F=0.1, t=5,Q = 1.5 and (c) for
Q=1,P=6,5S=01,T=0.15F=0.1,1t=5, By =05Q = 1.5.

3.6 Study of Phase Plane

It is well established that different biological and physical phenomena are well described by
evolution equations. However, solving evolution equations analytically becomes very hard in many
times and sometimes it becomes impossible. Examining the dynamics of a system that controls the
nonlinear evolution equation, encourages geometric and qualitative techniques. To comprehend the

geometrical characteristics and behavior of solutions, we explore the dynamical system of the KP-
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mKP model in this part. The examination of phase pictures reveals that alterations in the plasma
parameters operating in the system alter the geometric patterns of the solution profiles.

By combining the actual variables &, 1, and T, a new variable s is created, such as,
G(E,1,T) =01(s), s=1L&+1n—aT (3.101)
where 12 + 12 = 1 and « represents the wave’s speed, in Eq.(3.3) we get
—al107 + PL3((07)% +0,07) + Q13(6%67 +20,(07)?) + R1107” + T30, =0, (3.102)
which on integration gives
—al;0] + P120,0] + Q12020 + R1I0)” + T120] = 0. (3.103)
Again integrating we get
—oli0; + %mfe% + %Qlf@f +R130) + T130, = 0. (3.104)

Now Eq.(3.104) is equivalent to the autonomous system

a0,

=0

ds :

de 1 P

= = wp |- TO =16 -1 (29% + gei’ﬂ : (3.105)
1

The first integral to this system is given by
402 ovva2 112 (Pas . Qos
H =R1705 — (aly — T(1 —17))07 + 15 561—’_661 =h (say). (3.106)

The system (3.105) has three equilibrium point, namely A; = (xa,,0), A2 = (xa,,0) and Az =
(xA5,0), when its discriminant
u

A:
0Ty

{lef + ?Q(odl —T(1— 1%))] >0, (3.107)

where

3 16
xa, =0, XAy 3 = ( P12:|:2\/ ) 4Q1 (Plli\/P21%+3Q(O(11T(11%))
(3.108)
Otherwise it has only one equilibrium point A; = (0,0). Now, we draw the coefficient matrix of the
linearized system of (3.105) at the point (01,02) as M(01,02). Let, the elements of the matrix are
Ja = det(M(61,05)), Ti" = :(M(01,0,)) and T{ = ((M(61,65)))? and so,

0 1

M(01,0,) =
v Llody — T(1—12) — P136; — Q1362] 0

R
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Now, we investigate the phase plane (81, 02) for the system (3.105) varying the valuesof P, Q, R, T, «, 1;.
Case 1. When P?12 + 1—3?(2(0(11 —T(1—12)) > 0 and R(aly — T(1—12)) < 0. The equilibrium point
A3 becomes saddle because at that point Jo < 0, Tff) —4J A > 0 and the equilibrium points A; and
Ao become center because for these points Jao > O,T/(\U = 0. Thus a couple of homoclinic orbits
are there through Aj encircling the centers A; and Ag on both sides of the saddle point Ajz (see
Figure 3.11(a)).

Case 2. When P?1? + 1—36Q(odl —T(1—-1%)) >0, R(aly — T(1 —12)) > 0. The equilibrium point
As becomes center because at that point Ja > O,Tﬁ\l] = 0 and the equilibrium points A; and A,
becomes saddle because for these points Ja < 0, T/(f] —4Ja > 0. Thus, a pair of heteroclinic paths
are found joining two saddle points A; and Ay connecting the center Ag (see Figure 3.11(b)).
Case 3. When P?12 + 1—36Q(oc11 —T(1—12)) <0 and R(al; — T(1—12)) < 0. The equilibrium point
A1 becomes center because at that point Ja > 0, Tﬁ\l) = 0. Thus we observed a periodic orbit about
A1 (see Figure 3.11(c)).

Case 4. When P?12 + %Q(cxll —T(1—13)) <0 and R(al; — T(1—12)) > 0. The equilibrium point
Aj becomes saddle because for these points Ja < 0, T/(\Z) —4Ja > 0 (see Figure 3.11(d)).

1.5

Figure 3.11: 2D profiles of phase portraits of the dynamical system (3.105), (a) when P?1? +
BQ(aly —=T(1—12)) > 0 and R(axly — T(1—1%)) < 0, (b) when P21? 4+ £5Q(aly — T(1—13)) > 0 and
R(aly — T(1—13)) > 0, (c) when P21 + 2Q(al; — T(1 —1})) < 0 and R(aly — T(1 —13)) < 0, (d)
when P21} + £5Q(al; — T(1—13)) < 0 and R(aly — T(1 —13)) > 0.

3.7 Classification of all travelling wave solutions and Para-
metric Representations of the solutions to the KP-mKP
equation

The existence of shock, solitary, and periodic solutions in the present system is already
confirmed. Now, we show that effective solutions can not be only acquired by analytical technique

but can be attained also by utilizing the qualitative analysis of the system. Now, we will find
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traveling wave solutions of Eq.(3.105) using the integral bifurcation method. We write Eq.(3.106)

as
1 P12 12
02 = m(hﬂcxtl—m—ﬁ)]e%—?)19?—(2619‘1*) (3.109)
Now, integrating along the level curves mentioned as H(61,05) = h gives

do;

s=| :
\/Rll [h+ [ol, — T(1—12)]03 — 13(20% + 2o1)

(3.110)

3.7.1 Solitary wave solutions

When P13 + LQ(aly — T(1—1%)) > 0 and R(aly — T(1 —12)) < 0, for the level h = 0,
there exist two homoclinic orbits belonging to left and right side of phase plane joining the origin
which is a saddle point and back again. Each orbit of this family cuts the 81 axis in three points

(see Figure 3.11(a)). Then we can write Eq.(3.110) as

[ de
RS = J ! — T (3.111)
1 Loy /le — T —12)) - P, — Qg

By integrating we obtain the parametric representation of solitary wave solutions of Eq.(3.105) as
) = 6lol; — T(1—12)] '
VP —6QU L, — T(1— 1?)]cosh(\/RIlils) + P12
Thus we obtain the solitary wave solutions of Eq.(3.3) as
6locly — T(1—13)]

$(&m,T) = . (3.113)
VP — 6QUE [y — T(1 = Blcoshl, /e (L& + Ln — )] + P12

91(8

(3.112)

3.7.2 Shock wave solutions

When P12 + 18Q(al; — T(1 —13)) > 0, R(aly — T(1 —13)) > 0, for the level h =

—W, there exist heteroclinic orbits joining two saddle point. Each orbit of this family
1

cuts the 0 axis in two saddle point (see Figure 3.11(b)). Thus we can express the Eq.(3.110) as

Q . _ de,
\/;s a J (ol = T(1 = 1) g — 07) (3.114)

Integrating we obtain the parametric representation of shock wave solution of Eq.(3.105) as

3laly —T(1—12 L—T(1-13
01(s) = \/ oy Ql(f 1)]’can‘n <\/Ws> . (3.115)
Thus we get the shock wave solutions of Eq.(3.3) as
3laly —T(1—12 L—T(1-13
(&, 1) = \/ oy Ql(2 N yann <\/[°‘ ! 2R(14 ! (L& +lon — ocT)) : (3.116)
1 1
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3.7.3 Periodic wave solutions

When P?12 + %GQ(odl —T(1—1%)) < 0 and R(aly — T(1 —13)) < 0, for the level h > 0,
there exist a periodic orbit centered at the origin and the orbit cuts the 0; axis in two points (see

Figure 3.11(c)). So we can express Eq.(3.110) as

Q . :J do,
GRI—% \/(81_61)(91_62)((91_H)2+V2)’

(3.117)

where O < 0; < ©;. We obtain periodic wave solution of system (3.105) in parametric form as

_ Oaxq(1+en(Ars, my)) +O1xa(1 —cn(Ags, my))

01(s) x1(1 4+ cen(A1s, mq)) + x2(1 — en(Ays, my))

, (3.118)

©1-02)%— (x1—x2)? Q
where X2 = (@) — )2 +v2, X2 = (@ — )2 +v2, m2 = & 24)x1x(2X1 x2)2 A = N

Then we get the periodic wave solution of Eq.(3.3) as

~ Ooxg (1 +en(Ar (L& + on — at),my)) + O1x2(1 — en(Ay (L1 + lon — at), my))

OlEM D) = A enln (L& + Ln — ot), m)) (1 — en(hr (WE + lon — o7, my)
(3.119)

3.8 Qualitative Study of Damped KP-mKP Equation under

External Periodic Force

In this section, we are trying to investigate the qualitative behavior of the system con-
structed from Eq. (3.4). The system is, therefore, studied using qualitative analysis to explore
its nature and dependence on the damping coefficient and the external force. The system (3.4) is

converted to a nonlinear ordinary differential equation (ODE)

d d
—al1 07 (s) + Plfa (0,07) + Ql‘;’a (0707) + R110Y” (s) + SLO] (s) + T (1 —17) 67 (s) = RU3f} (s)
(3.120)

under the transformation (3.101) and
fo(s) =Fsin(w s) (3.121)

where w designates the frequency of the external force. On integration with respect to s and

vanishing the constant of integration we get the ODE

R110Y" +1F (PO, + QO7) 0} + [T (1 —17) — aly] 0] + S1161 = RIS (3.122)
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which can be transformed to the non-autonomous system

dd—esl =0, (3.123a)
dd—i? =03 (3.123b)
do; 1 ) ) ) )

T~ w [—P117 (PO1 + Q67) 02 + [axly — T (1 —17)] 62 — SL16:1 ] + v (3.123¢)

The ODE (3.122) with vanishing damping terms S and f is nothing but the system (3.103) which

is an integrable system the Hamiltonian of which, with little abuse of notation, is given by
03 1 02 03 0f

=2_ __|lah, —TOA-1¥)] 2 -P2(PL4+Q2L)| 3.124
The Hamiltonian representing the total energy of the system is proportional to the first integral
h given by Eq.(3.106) which is used to identify the parameters generating solitary, shock, and
periodic wave solutions as discussed in section 3.6. On the other hand, the non-autonomous system
(3.123) is not integrable but its detailed qualitative analysis reveals much more rich behavior, viz.
intermittency, and chaos, of the system (3.4). In the following subsection, we elaborately study the
system (3.105) again and subsequently explore the nature of the non-integrable system (3.122) in a

systematic manner.

3.8.1 The KP-mKP System without Damping and External Periodic

Force

The KP-mKP system (3.3) without damping and external periodic force is reduced to the
autonomous system (3.105) which is integrable having Hamiltonian given by Eq.(3.106). We recall
that the system has three equilibrium points A; = (xa,,0), i = 1,2,3 when the discriminant Ay
given by Eq.(3.107) is positive and one equilibrium point A; = (xa,,0) when Ag < 0. Further, if
Ag = 0, then the equilibrium points Ay and Ajz coincide. Assuming

P
Q
we plot xa, given by Eq.(3.108) for k = 1,2,3 in Figure 3.12 and find that a bifurcation takes

=1,Q=1,R=1, a=lawmuT =413 (3.125)

place against r for different values of 1;. When A increases from negative to positive through the
value Ag = 0 we find that the number of fixed points changes from one to three. In Figure 3.12 we
elaborately study the change in position and nature of the equilibrium points A; 5 3 represented by
blue, red, and green colors respectively. In Figure 3.12(a) choosing 1; = 0.35 we observe that two
fixed points (represented by blue and green colors) suddenly vanish at r = v = —2.98 as T increases.
Again two extra fixed points (blue and green) arise out of the clear blue sky at r = rg = 2.98 as

T increases. Thus, we encounter fold bifurcation at r = rp and r = rg. In the regime rp < r < 1R
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Figure 3.12: Bifurcation diagrams of x5, against the parameter r for (a) 1; = 0.35, (b) 1; = 0.483,
(¢) 3 = 0.8. Bifurcation diagrams of xa, against the parameter 1 for (d) r = —2, (e) v = 2. Real
parts of the eigen values of the linearised system corresponding to the system (3.105) at the points
A3 are plotted in (f) against the parameter 1; for r = 2. In all these figures blue, red and green
lines refer to the equilibrium points A;, A and Aj respectively.

we have Ag < 0 so that only one equilibrium point is there. However, for < v or v > 1p we
have Ag > 0 so that three equilibrium points are generated. The Figure 3.12(b) shows that same
bifurcation arises only at r = 0 where 1; = 0.483. Interestingly, taking 1; = 0.8 we do not get any
such bifurcation as evident from the Figure 3.12(c). In this case Aq is always positive. In order to
have a clear idea about the influence of the parameter 1; on the system we study the bifurcation
diagrams of x5, for k = 1,2, 3 against 1; for fixed values of r. In Figure 3.12(d) we choose r = —2
and observe that two new fixed points (represented by green and red color) evolve out of nowhere
at 13 = 1 = 0.404 resembling fold bifurcation. Such phenomena arise because of the fact that Ag
changes its sign from negative to positive as 1; increases through 1; = 1y. Two fixed points cross
each other at 1; = lg = 0.483. A similar nature is seen for r = 2 in Figure 3.12(¢). In order to
study the nature of the fixed points elaborately for the last case where r = 2 we draw the bifurcation
diagram of the real part of the eigenvalues of the corresponding linearized systems at the points
A1 2,3 and present them in Figure 3.12(f). This figure can be decomposed into three segments where
L <1y =0.404, 1p <1 <1lg =0.483 and 1; > lg. The blue solid line shows that at the fixed point
A the system has purely imaginary eigenvalues for 1; < lg. Thus, A; remains a center for 1; < lg.

This blue line bifurcates into two lines at 1; = lg in which one is positive and the other is negative
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showing that center A; converts into a node for 1; > 1. Here, we find that at l; = 1y two new
fixed points Ag 3 emerge. Two solid red lines starting from 1; = lg represent positive and negative
real parts of the eigenvalues showing that point As is a node for 1p < 13 < lg. These eigenvalues
become purely imaginary for 11 > lg and so Ay becomes a center. The green circled line shows that
the eigenvalues of Az are purely imaginary implying a center for 1; > 1.

The Figure 3.13 show how the phase portrait change for r = 2 as 1; increases. We observe that
the red node Ay approaches towards the blue center A; as l; increases for 1; < lg and is shown in
Figure 3.12(e). The point Ay coincides with the point A; for 1 = lg as shown in Figure 3.13(c)
through a bicolour pentagram. This bicolor pentagram consisting of red and blue have been used in
order to highlight the fact that the red point A5 coincides with the blue point A; at 1; = lg = 0.483.
This equilibrium point represents a node and a homoclinic orbit passes through this node surrounding
the center Az. Further, as 1; increases the point As crosses A; and interchanging their nature the
equilibrium point Ao becomes a center and A; becomes a node. This change of nature of the stability
of Ay and As at r = 2, |1 = lg represent a transcritical bifurcation. The values of the Hamiltonian
are shown in Figure 3.13(d) along different phase paths for 1; = 0.8 > lg. The separatrix is given by
H = 0 as shown in this figure. The Figure 3.13(d) shows that this separatrix is a homoclinic orbit
surrounding the centers A, and Ajz. The coexistence of various periodic, homoclinic orbits in these
phase diagrams implies the multistability of the system which in turn indicates the dependence of
the solution on the parameters r and l;. Thus, for a single set of parameter values various periodic,
soliton solutions may coexist for different initial conditions. We shall now check how external periodic

perturbation deforms these orbits.

3.8.2 The KP-mKP System under External Periodic Force

The KP-mKP system (3.4) without damping under the influence of the external periodic

force (3.121) can be written using the transformations (3.101) as the non-autonomous system

do;

=L 12
i 0 (3.126a)
de, 1 o7 67 F

T RE [y =T (1—17)] 61 — P13 <P21 +Q3 )|+ © sin (w s). (3.126b)

We now study the deformation of the phase portrait of this non-integrable system and investigate the
influence of the amplitude F of the external periodic force. Under the light of the study conducted in
the previous subsection we choose the following values of the parameters to start the investigation

about the system (3.126) along with the values of the other parameters given by Eq.(3.125). Under
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Figure 3.13: Phase diagram of the system (3.105) for different values of 1; keeping r = 2. The values
of the other parameters are given by Eq.(3.125).

the light of the previous subsection we choose

r=2 1, =0.35 (3.127a)
r=2 1, =0.42 (3.127b)
r=2, 1, =0.483 (3.127¢)
r=2 1, =08 (3.127d)

and elaborate the behaviour of the system (3.126) for each of the above cases. We find that the
system behaves in a very much similar manner for values of the parameters given by Eq.(3.127Db)
and Eq.(3.127¢) and so we do not explicitly present the detail study for Eq.(3.127¢) and confine
ourselves in the cases (3.127a), (3.127b) and (3.127c¢).

3.8.2.1 Study of Deformation of the Phase Portrait under r =2, 1; =0.35

In this case Ag < 0 and the corresponding unperturbed system (3.105) has only one equi-
librium point A; (represented by blue line in Figure 3.12(f) and blue star in Figure 3.13(a)) which

is a center and so all the solutions are periodic. We choose w = 1 and investigate how the periodic
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Figure 3.14: (a) The bifurcation diagram of 8; against F for the system (3.126) whenr =2, 1; = 0.35.
(b) Corresponding sprectra of LCE for F = 10 and (c) the solution 01(s) of the system (3.126).
(d) The bifurcation diagram of 0; against F for the system (3.126) when r = 2, 1; = 0.42. (e)
Corresponding sprectra of LCE for F =1 and (f) the solution 61(s) of the system (3.126). (g) The
bifurcation diagram of 0, against F for the system (3.126) when r =2, 1; = 0.8. (h) Corresponding
sprectra of LCE for F =1 and (i) the solution 61 (s) of the system (3.126).

orbit starting from the initial condition
ICl . 91 (0) = 0, 92 (0) =6 (3.128)

deform as we increase the value of F. The bifurcation diagram of 0; against F is displayed in
Figure 3.14(a) showing that the periodic orbit becomes quasiperiodic followed by a much irregular
pattern when F increases through 0 < F < 10. The onset of intermittency is visible at F = 1.65
which ultimately leads to a chaotic orbit as F increases further. The intermittency can be seen
in this bifurcation diagram for different regimes of F. The bifurcation diagram of 82, although not

shown here explicitly, has similar irregularity as F increases. In order to confirm the chaotic behavior
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Figure 3.15: (a) The S,1; parametric plane showing regions A; > 0 in yellow, A; < 0 in pink and
the curve Ay = 0 in blue. (b) Real parts of the eigen values Ay 5 3 are plotted against the damping
coefficient S. (c¢) The solution orbit I of the damped system (3.131) under the initial condition ICj
given by Eq.(3.135) for which A; > 0. (d) The solution orbit I'; of the damped system (3.131) under
the initial condition ICq given by Eq.(3.137) for which A; < 0. The values of the parameters 1, 1;
and S are specified in the respective figures. The remaining parameters are given by Eq.(3.125) in
all these figures.

we draw the spectrum of the Lyapunov characteristic exponent (LCE) for the system (3.126) for
F = 10 in Figure 3.14(b). The largest LCE is clearly positive implying that the solution is chaotic
for F = 10. The corresponding solution of the system (3.126) for F = 10 is shown in Figure 3.14(c).

3.8.2.2 Study of Deformation of the Phase Portrait under r =2, 1; =0.42

In this case Ag > 0 and we find three equilibrium points of the unperturbed system (3.105)
out of which two points A; and Aj (represented by blue and green color respectively in Figure 3.12(f)
and 3.13(b)) centers and the third point Ay (represented by red color in Figure 3.12(f) and 3.13(b))
is a node. The low-energy orbits encircle the centers and two homoclinic orbits surrounding these
centers meet at the node. The Hamiltonian at the points on these low energy orbits have negative
or small positive values. The value of the Hamiltonian gradually increases as we move away far
from these centers and ultimately assumes a critical value where the homoclinic orbits are formed.

Further, considering an initial condition
IC2 . 91 (O) = 1, 92 (0) =0 (3129)

far away from these centers, we obtain periodic orbit, at each point of which the Hamiltonian or
energy function assumes relatively high values, in the phase plane surrounding all the equilibrium
points A 2 3 and the homoclinic orbit when the external force F is not present. In order to find the
deformation of such high energy periodic orbit in the presence of F we plot the bifurcation diagram of
0; for 0 < F < 1 in the Figure 3.14(d) where we observe that the intermittency arises near F = 0.289
and this orbit becomes chaotic for larger values of F. In order to confirm the chaotic nature of the

solution with the initial condition IC5 we plot the spectra of the LCE for F = 1 as shown in the
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Figure 3.14(e). The positive maximum LCE implies that the solution orbit is chaotic for F = 1. The
corresponding solution of the system (3.126) for F =1 is shown in Figure 3.14(f).

The deformation of the low energy periodic orbits as F increases is similar to the previous case
given by Eq.(3.127a) and so its explicit study is omitted in order to avoid the repetitions. Although
the deformation of the orbits is not shown here explicitly when r = 2 and |3 = 0.483 given by
Eq.(3.127¢), one may observe similar behavior of the orbits as discussed here. In this context, we
should recall that the equilibrium points A; and A, coincide in the absence of external force F as
shown in the Figure 3.13(c) and a cusp is formed at that point where the reversal of the direction

of the orbits can be observed in the phase plane.

3.8.2.3 Study of Deformation of the Phase Portrait under r =2, 1; =0.8

In case Ag > 0 and we find high energy periodic orbits for unperturbed system (3.105)
surrounding all the three equilibrium points A; 23 (see Figure 3.13(d)) and the homoclinic orbit.

As the external force F increases we find that such periodic orbit with initial condition
IC3:0,(0) =2, 65(0)=0 (3.130)

deforms to a quasiperiodic orbit for 0 < F < 0.183 and finally produces a chaotic orbit through
the route of intermittency as F increases further. The bifurcation diagram of 6; for 0 < F < 1 is
shown in Figure 3.14(g). The spectra of LCE for F = 1 are drawn in Figure 3.14(h) in which one
positive LCE is found confirming the chaotic nature of the solution of the perturbed system. The
corresponding solution of the system (3.126) is presented in Figure 3.14(i). In the above discussion,
we have studied the deformation of different low and high-energy periodic orbits of the perturbed
system (3.126) as the amplitude F of the external periodic force increases. It is observed that the low
energy orbits are much more stable and less sensitive to external perturbation and large amplitude,
such as F = 10, of the external periodic disturbance is required to generate chaotic behavior in
such orbits. The high-energy orbits, on the other hand, are less stable and much more sensitive
to external force. Relatively small amplitude, such as F = 1, of the external periodic perturbation
produces chaotic behavior in such orbits. Thus, the inherent energy of the system in an orbit plays
a key role in the deformation of the orbits as the external perturbation increases. We now study the
effect of damping on the system and check if it enables the system to gain some stability against
external disturbances. We first explore the effect of damping without external periodic perturbation

in the following subsection.
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Figure 3.16: (a) — (d) : The phase diagram of Fl(f) for S = 0.001, l; = 0.8 and for different F. (e) :

The bifurcation diagram of 8; against F corresponding to Fl(f). (f) : The spectrum of LCE of Fl(f) for

S$ =0.001 and F =10. (g) : The phase diagram of Fl(f) for S =0.001 and F = 10. (h) : The solution
. . ()

0; plotted against s corresponding to I'; .

3.8.3 The Damped KP-mKP System without External Force

The damped KP-mKP system (3.4) without external force can be written under the trans-

formation (3.101) as

a0,

e, (3.131a)
% _o, (3.131b)
dos 1 2 2 2

@ RO (=17 (P61 + Q67) 02 + [aly — T (1 —13)] B2 — S1,64] (3.131c)

which has only one fixed point at O (0,0,0) in the phase space. We linearize the system and find

the characteristic equation of the Jacobian of the linearized system at O as

L+UT-T
M}hki =0 (3.132)

A3 —
UR R

which is a depressed cubic equation having discriminant

+27 TR (3.133)

(aly + BT —T)° s? 4 (oly + 12T —T)° — 27S210R
i 112R3 R ) — '
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Figure 3.17: (a) — (d) : The phase diagram of FQ(f) for S = 0.0015, 1, = —0.8 and for different F.
(e) : The bifurcation diagram of 0; against F corresponding to l"2(f). (f) : The spectrum of LCE of
FQ(f) for S = 0.0015 and F = 5. (g) : The phase diagram of rz(” for S =0.0015 and F =5. (h): The
solution 07 plotted against s corresponding to Féf).

Therefore, the Eq.(3.132) has three real roots when A; > 0 and one real along with two complex
conjugate roots when A; < 0. We assume the values of the parameters given by Eq.(3.125) under
which A; becomes the function of the parameters 1; and S. The regions A; > 0 and A; < 0 are
presented in the Figure 3.15(a). It is interesting to observe that the characteristic equation (3.132)
and its discriminant A; do not depend on the parameter r which being the ratio of coefficients P
and Q of KP and mKP terms implies that the eigenvalues of the linearized system remain invariant
for these two coefficients. The boundary of these two regions are given by the blue curve AB having
endpoints A (0,15) and B (Sg,0.8) in the S,1; parametric plane where 1o = 0.485, Sg = 0.325. It
is clear that the cubic equation (3.132) has only one real root for 1; < la. It may have three real
roots only when 1; > la. In order to have a clear idea regarding the nature of the equilibrium point
O we choose 1; = 0.8 and plot the real parts of the eigenvalues of the linearized system against S in
the Figure 3.15(b). In the light of these two figures, it is clear that one eigenvalue A; always remains
real and negative. Other two eigenvalues Ag 3 are real-valued and positive for S < Sg showing that
the equilibrium point O is a node in this regime. These eigenvalues change to complex numbers
with positive real parts as S increases and becomes S > Sp implying that the solution orbits near

the equilibrium point O will spirally move away from O towards the direction of the eigen vector
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corresponding to A;. A similar effect is observed if we decrease 1; keeping S fixed. These two cases
are illustrated below considering two sets of values of the parameters 1; and S for which A; > 0 and
Ay < 0 respectively. Choosing

r=2,1, =038, S=0.001 (3.134)

so that A; = 10.9629 > 0 and consequently all the eigen values of the Jacobian matrix of the
linearized system being real, the phase diagram of the damped system (3.131) under the initial
condition

IC5:6,(0) =—0.1, 62 (0) =—0.1, 85 (0) =0.1 (3.135)

is displayed in the Figure 3.15(c). The orbit I' moves away spirally from the equilibrium point O.
We can compare it with Figure 3.13(d) where similar values of the parameters have been chosen with
the special case when there was no damping term, i.e., S = 0 and two homoclinic orbits were passing
through the equilibrium point. It is clear from the Figure 3.15(c¢) that these homoclinic orbits have
been deformed to an unstable spiral in the presence of the damping term. The line of action of the
eigenvectors € 3 are shown here in solid purple color. Next, keeping the damping term S small we
choose

r=2, 1, =—0.8, S=0.0015 (3.136)

for which A; = —63.0117 < 0 and the initial condition
ICg : 01 (0) = —0.05, 65 (0) =0.05, 65(0) =0.05 (3.137)

leads to the solution orbit 'y of the damped system (3.131) as displayed in the Figure 3.15(d). Here

the linearized system has one real eigen value and two complex conjugate eigen values given by
A1 =0.00116869, Ay = —0.000584347 + 1.58329 i, Az = —0.000584347 — 1.58329 1 (3.138)

and the corresponding eigen vectors are

&, = (0.000235901, —0.505999, 0) , (3.139a)
& = (0.801142, —0.319587 + 0.000235901 i, —0.00018675 — 0.505999 i), (3.139b)
& = (0.801142, —0.319587 — 0.000235901 i, —0.00018675 + 0.505999 1) . (3.139¢)

We chose €; = Re(€5) and €g = Im (&5) and draw the line of action of the real vectors €475 by
red, purple and black colours in this figure and observe that solution orbit 'y moves spirally around
the line of action of the vector €. It is evident that the damping term disturbs the stability of the
KP-mKP system and generate an unstable quasiperiodic solution in the absence of external periodic
force. We shall now study how the external periodic disturbance make its impact and deform the

solution orbits I'1 and Iy in the next section.
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3.8.4 The Damped KP-mKP System with External Periodic Force

The damped KP-mKP system (3.4) with external periodic force (3.121) can be written
under the transformation (3.101) as the non-autonomous system (3.123). In this section, we explore
how the solutions I and I'; of the damped system (3.131) deform due to the external force. These two
deformed orbits under the external periodic disturbance are denoted by Fl(f) and FQ(f) respectively.
The phase diagram of the orbit Fl(f) with F =2, 4, 6, 8 under the initial condition IC5 are plotted
for 0 < s < 400 in the Figure 3.16(a)-3.16(d) each of which look chaotic where different colors
represent different intervals of s. In order to confirm the chaotic nature of the solution we first
draw the bifurcation diagram of 6; against F for 0 < F < 10 as displayed in the Figure 3.16(e) in
which we observe the onset of intermittency character for moderate values of F and the irregularities
become more prominent as F increases. Secondly, we draw the spectrum of Lyapunov characteristic
exponent (LCE) of the orbit Fl(f) for a longer range 0 < s < 5000 with F = 10 as shown in the
Figure 3.16(f) and observe that the largest LCE is positive confirming the chaotic nature of the
solution orbit which is itself displayed in Figure 3.16(g). The solution 6, is plotted against s in the
Figure 3.16(h) showing intermittency character.

We next study the phase diagram of the orbit I"Q(f) with F =1, 2, 3, 4 under the initial condition
IC and find very much irregular orbit for 0 < s < 400 as displayed in the Figure 3.17(a)-3.17(d).
The irregular nature of the solution becomes clear from the bifurcation diagram of the solution 64
for 0 < F < 5 in Figure 3.17(e) where one may observe the inception of intermittency for moderate
values of F and find that the irregularity increases with the increase of F. We present the spectrum
of the LCE in the Figure 3.17(f) for a longer range 0 < s < 5000 with F = 5 and find a positive
LCE confirming that the corresponding orbit is chaotic which itself is shown in Figure 3.17(g).
The corresponding solution 0 is plotted against s in the Figure 3.17(h) displaying intermittency
character. Thus, the external periodic force deforms the quasiperiodic solution, arising as the effect
of damping, to the solution with intermittency. Further, larger values of the amplitude of the external
force produce chaotic solutions through the route of intermittency which indicates the generation of

turbulence.

3.9 Conclusion

The newly built analytic multi-soliton is used to determine the breather and positons shape
solutions for the Eq.(3.3) and Eq.(3.4) while including the qualitative characterization of the system.

The key findings of the evaluations are stated as follows:

i. It is determined that the Painlevé integrability of the non-autonomous KP-mKP equation is

restricted, and a new Painlevé sense integrability criterion that is exactly the same as the
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ii.

iii.

iv.

vi.

vii.

viii.

prerequisite for the creation of the Bilinear equation is also established.

We are able to create two-component Lax systems and a four-filed bilinear Backlund transfor-

mation with the aid of these mixing variables.

By applying the correct parameter restrictions and using the long wave limiting process, it
is also possible to design other types of solutions based on the K-soliton solutions, including
m-breather (for K = 2m) solutions, hybrid ones made up of breathers and solitons (for K =
2m+Xk), K-order smooth positons and mth-order breather positons. To confirm their existence,

all of the solutions identified are also incorporated into the equation.

The refinements and summaries of our approach in deriving solutions are found in Inference (1)
and Inference (4). The advantages of this method over the degenerate Darboux transformation
method are its simplicity and quickness. However, unlike the Darboux transformation method,
this approach is unable to get the general mathematical expression of nth smooth positions. We
have also made numerous attempts: either Inference (4) shows that the result lacks a general
law, or our lack of skill makes it difficult to find the general formula. It is our expectation
that this issue will be resolved and the limit method presented in this study will be developed

shortly into a complete system by specialists in the field.

For the current system, various types of complex solution structures have been built in the
appropriate parametric zones, including kinky-breather, double kinky-breather, horseshoe-
shaped breather, periodic positon, kinky-breather-positon, horseshoe-shaped breather-positon,

horseshoe-type breather parabolic, double horseshoe-type breather, etc.

Modulation instability is used to discuss the stability of the obtained solutions. Travelling
wave solutions, which enable the study of the wave dispersion phenomena, are also used to

explain the relationship between the wave’s phase velocity and wave number.

The qualitative analysis of the system shows the existence of multistability and dependence
of the solution on various parameters. The multistability indicates the coexistence of various
categories of solutions such as periodic, soliton, and shock solutions for different sets of initial

conditions.

As far as we know, no research has been done on the three-dimensional phase portrait analysis
of the nonautonomous KP-mKP framework. It is most often observed that the dynamics
of nonhomogenous evolution equations are described only in two dimensions, but choosing a
three-dimensional framework allows the presence of a damping coefficient to have a significant

impact on dynamic movement.
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ix. The damping term alone has the strength to generate different quasiperiodic orbits in the phase
diagram. Various unstable spirals in the phase space indicate the increase in internal energy
manifesting the instability of the solutions. The increase of the magnitude of the external
periodic force further leads to a chaotic solution. The generation of chaos through the path of

intermittency signifies the existence of turbulence.

x. This study reveals that a large amplitude of the external force is required to generate instability
and chaos using the deformation of the low-energy orbits. On the other hand, a relatively
small amplitude of the external force generates intermittency and chaos by the deformation of
high-energy orbits. Thus, the system in low total energy is much more stable under external

disturbance relative to that in the state of high energy.

Our results may provide an improved understanding of the qualitative dynamical behavior of the
non-autonomous KP-mKP system and its non-autonomous soliton, breather, and mixed-type wave
solutions. Besides the generation of chaotic solutions through the route of intermittency may refer to
turbulence [186]. Explosive instability, multistability [187], coexistence [188] of many quasi-periodic,
self-exited, hidden [189] attractors and various other complex behavior are uncovered by many
researchers. Therefore, the study of these systems has manifold practical applications in real-world

problems.
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Chapter 4

The classification of the exact
single travelling wave solutions to
the constant coefficient KP-mKP
equation employing complete
discrimination system for

polynomial method

4.1 Introduction

Nonlinear evolution equations are the real treasure of the modern scientific world because
various complex physical phenomena that appeared in the natural system are well described by
NLEEs and so, these evolutions are applied to almost all branches of science such as physics,
chemistry, biology, Astronomy, plasma dynamics, water-wave phenomena, ocean engineering, etc

[1, 2, 3, 4, 5, 7]. Among the various NLEEs the KdV is the basic and most popular equation dis-

IThe research article has been published in the journal of Computational and Mathematical Methods (Wiley-
Hindawi)
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covered by Diederik Johannes Korteweg and his pupil Gustav De Vries to describe shallow-water
waves. But the KdV model can be used to study the theory of soliton in one dimension only. To
overcame the restriction for studying wave dynamics in absolutely one-dimensional ZK and KP
model arise. So, to study soliton theory in two dimension system KP equation is a widely used
model[190, 191, 192]. However, as with the KdV model, there are situations in which the nonlinear
coefficient of the KP equation disappears, at which point it will result in a singularity of infinite
amplitude, which is unrealistic. Soliton in finite-amplitude requires strong nonlinearity, which is
achieved by incorporating dual nonlinearities into the KP model. The KP-mKP equation is devel-
oped to provide soliton in finite-amplitude. In this article, we intend to study the KP-mKP equation
in the following form:
3 2
a% %+Pv%+Qv2§—z+R% + gyzz

This equation contains quadratic and cubic nonlinear terms along with a third order dispersive

0. (4.1)

term. Different types of complex physical phenomena in diverse field, such as strong nonlinear
internal waves on the ocean shelf in two dimension [111], propagation of dust acoustic waves in
plasma environment [118], are well described by the KP-mKP model.

In order to explore all the exact travelling wave solutions for a nonlinear system Liu intro-
duced a new approach which is termed as complete discrimination system for polynomial method
(CDSPM) [193, 194]. It is found that if a NLEE can be turned into an integral form then all possi-
ble exact solutions can be derived by this CDSPM [195]. The purpose of this chapter is to explore
different types of solutions for the KP-mKP equation which is termed as KP-Gardner equation.
Introducing Liu’s approach regarding the complete discrimination system for polynomial and the
trial equation technique, a set of new solutions to the KP-mKP equation containing Jacobi elliptic
function have been derived. It is found that these analytical solutions numerically exhibit different
nonlinear structures such as solitary waves, shock waves, periodic wave profiles, etc. The reliability
and effectiveness are confirmed from the numerical graphs of the solutions. Finally, the existence and
validity of the various topological structures of the solutions are confirmed from the phase portrait
of the dynamical system. Based on this investigation, it is confirmed that the method is not only
suited for obtaining the classification of the solutions, but also for qualitative analysis, which means

that it can also be extended to other fields of application.

4.2 All travelling wave solutions to KP-mKP equation

In this section we investigate all travelling wave solutions of constant co-efficient KP-mKP

equation (4.1). Substituting the transform (1.55) in equation (4.1) we have

—cki1d” +PKI((d")? + dd”) + QkF (b " + 2d(d")?) + Rk{d"” + Sk3d” =0, (4.2)
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integrating and taking integrating constant to be zero we have
—ckidp’ + PK2bd + QK2p2d’ + Rk + Sk2d' =0, (4.3)
again integrating we have
—ckip + %Pkf(b? + %Qkfdf’ + Rkidp” + Sk3dp = %cl, (4.4)
where ¢; is an integrating constant. Multiplying both sides by 2¢’ and then integrating we have
—cad? + PO+ SQKIG! + RO 4 5I307 = 1 + (45)

where c5 is an integrating constant. The above equation can be written as

1 1 1
(0% = = |—=Qkid* — —PKkid® + (cky — Sk3)p* + c1dp + ¢ , (4.6)
RKI | 6 3
or
(0% = aad” + a3 d? + o2 d® + ard + axo, (4.7)
=
d
+(2—Co) =J ¢ , (4.8)
Voaudt + azd3 + oo d? + o + oo
where oty = _7GRQk§’ X3 = —szk%, Ko = Ck%;§k§7 X1 = RLlii(’ Xp = RLQ'
For oy > 0, let W = (og) 7 (¢ + 1) and G = (x4)7, then (4.7) changes to
W2 =Y pW? 4 q¥ (4.9)
and (4.8) becomes
av
+(0 —Go) = , (4.10)
VW pW2 + qY 1
2~2 4 . 3 4 2 .
where  p = _Saio?@ + R A= s T v T e T %0 T Theg T dtad — as
For oy <0, let ¥ = (—oc;;)i(d) + %"’4) and (1 = (—oq)éi,, then (4.7) changes to
Y2 o= (W' +pY¥? 4+ q¥ + 1), (4.11)
and (4.8) becomes
dv
(01— Co) = : (4.12)
V=W +pY¥2 4+ q¥ + 1)

4 2
303 o3 X 33 x3xs | 3ozxg

_ — o « —
where P= 8oa/—oa \/i2oc4’ q= T 8a3 4\/37oc4 + 2004 V—oxa \4/7loc4’ T=—o0ot 25603 162 4oy
Let H(Y) = Y4 + p¥2 + q¥ + 1, then its complete discrimination system can be expressed as [196]

D1 =4, Dy = —p, D3 = —2p® +8pr —9q* E» = 9p° — 32pr,
27
Dy = —p3q? + 4p*r + 36pq°r — 32p*r? — Zq4 + 6413, (4.13)
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Table 4.1: Stable and unstable region

Stable region Relative unstable region | Absolute unstable region
Di<0UD;>0UE;>0 | Dy =0UE; =0\(0,0,0) (0,0,0)
1=1,2,3,4 i=1,2,3,4 i=1,2,3,4

Again, to make the study effective and reliable, it is very necessary to find the stable and unstable
region of the solution for different values of discriminant quantities of the polynomial H(W¥) . The
stable and unstable parametric zones of the system are given in Table 1 [197]. According to the
complete discrimination system for the polynomial of order four has total nine cases and to obtain
solution of (4.10) and (4.8), we discussed all the cases separately as follows:
casel. When Dy =0, D3 =0, Dy =0, H(¥) has only one root zero of multiplicity four. Then
H(¥) becomes

H(V) = w4, (4.14)

for oty > 0, from (4.10) we have

\1}2

where (p is an integral constant. So, the solutions of equation (4.7) is of the form

av
G — Q= J — =y (4.15)

$(0) = Fo, ) T o) ! —5734, (4.16)

which is a rational function solution. For example, when P =3, Q =6, R=—1, S = %, c1=0,co =

0,k;1 =1, ke =1, c =1, {o =0, then we get rational function solution of (4.1) as (see Figure 4.1.(a)),

v(x,y,T) :—(x+y—”t)*1—i. (4.17)

case2. When Dy, =0, D3 =0, D3> 0and Ey; =0, H(Y¥) has two real roots of multiplicities three

and one. Then H(V¥) can be written in the following form as
H(W) = (W —11) (W — 1), (4.18)

therefore when oy > 0 from (4.10) we have

av 2 ‘:V—T'Q
6 — G = = , 4.19
f1— Lo J(‘l’—rl) W) ¥—ry m-mV¥—r (4.19)

when ¥ > 1, W > 1y or ¥ < 11, ¥ < 13, the solution of (4.10) is of the form

_ 4(ry —12)
i o T L (4.20)
b(0) = Foy * Al —T2) TI . B (4.21)
(rg—11)% (i C—(p)2 — 4 Aoy
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WhenP:lZ,Q:6,R:—1,S:1,cl:24,c2:72,k1:1,k2:1,c:1,Con,thenr1:1

and ro = —3, we get rational function solution of (4.1) as
v(x,y,T) = 4 (4.22)
ay7 _4(X+y—’f)2—1 .
When oy < 0 from (4.12) we have
av 2 o — VY
+01 — o =J = LR (4.23)
W—r)yW—r)(¥—ry) T1—T2V¥—m
When ¥ > r;, W <1y or ¥ < 11, ¥ > 1y, the solution of (4.12) is of the form
4(ry —12)
= + 711, 4.24
—(ra—T)2(C— G2 —4 ! (4.24)
1 4r;—r lod
$(0) = +(—ou) 1 =) pry) o 2 (4.25)

—(rp — 12 ((—a) i~ )2 —4 Aoy

case3. When Dy =0, D3 =0, D3 <0, H(¥) has a pair of complex conjugate roots of multiplicities

two. Then H(¥) can be expressed as in the following form as
H(W) = (¥ —v)? +8%)?, (4.26)

where & > 0, if oy > 0 then from (4.10) we obtain

G1— G = J % = %arctanw g Y (4.27)
then we get
Y =8tan(6(¢y — o)) +7y. (4.28)
We obtain solution as
0(0) = ey “tan(d(af ¢ — o)) +y— % (4.29)

When P=12,Q=6,R=—-1,S=5,¢c1=4,co =7,k =1, ke =1,c=1, (g =0, then y =0 and
& =2, we get solution of original equation (4.1) as (see Figure 4.1.(b)),

v(x,y,T) =2tan(2(x +y — 1)) — 1. (4.30)

case4. When Dy >0, D3 >0, and Dy > 0, then H(W¥) has four distinct real roots. In this case we

write

HW) = (¥ = 1) (¥ —r2) (W —m3) (¥ —14), (4.31)

where 11, 79, T3, and 14 are all real numbers and let 11 > 9 > 13 > 14. When a4 >0, if ¥ > 1 or
W < 1y, then we take the following transformation

To(r1 — 14)8in%0 — 11 (12 — 14)

\1/:
(11 —14)sin20 — (v — 14)

(4.32)
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if r3 <W¥ < 19, then we take the following transformation

T4(r2 — 13)8in%0 — T3(12 — 14)

ly:
(rg —13)8in20 — (19 — 14)

Combining (4.32) or (4.33) with (4.10) we get

G-C= J \/(‘P—rl)(‘ll—rg)(‘l’—rg)(‘i’—m) (r1 —73)(r2 —T4)

av 2 J do

(ri—74)(r2—T13

2 _
where m” = (ri—7r3)(r2—74

sinf = sn <\/(T1 _T;)(m —T4) (G — Co),m) )

Combining (4.35) with (4.32) we obtain solution of (4.10) as

To(ry —T14)sM? (W(Q — Co),m> —T1(re —14)

\11:

)

(r1 —74)sn? ((”“;’“2“)(&1 - co),m) — (r = 74)
and we can get elliptic function double solutions of equation (4.7) as

_1 _ _ 1
oy * [ra(ry —74)s? (W(«zc co),m> —r1(r2 —14)]

(Xx
d)(C) - (r1—73)(T2—T4) 5 B ﬁ
(r1 —T4)sn? <Q(OCEC — Co),m) —(r2—14)
Combining (4.35) with (4.34) we obtain solution of (4.10) as
r4(ry —13)sn? (“32](24)(51 —Co),m | —73(T2 —T4)
= :
(v —75)sn? (W(cl - co),m) — (r = 4)
and solutions of (4.7) as
-1 2 (ri—r3)(ra—Ta) , =
oty *[ra(ra —r3)sn <2(0<4C—C0)7m> —13(r9 —14)] o
() = o
(%91

N _ 1
(1 — 73)sn2 (W(a:é co),m) — (ry—T4)

V1= m2sin20’

% , also from the definition of jacobi elliptic sine function we get

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

The expressions (4.37) and (4.39) are elliptic functions double periodic solutions. For instance,
when P :O,Q = G,R = —1,8 :4,(11 = O,CQ = —4,k1 = l,kg = 1,C = 1,(:0 :0, then

1T =2,19o=11r3=—1,14=—2 Soif ¥>nr or¥< 1y we get the elliptic function solution of

(4.1) as (see Figure 4.1.(c)),

(X+U7T)a
(X+9—T)7

4sn? (
4sn? (

)f

6
)—3

v(x,y,1) =

[SISSINI[OY)
©|oo|©olo
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For oy < 0, if 71 > W > 15, then we consider the following transformation

T3(T1 — T2)5in20 — 15 (11 — 13)

Y= 4.41
(11 —12)sin?0 — (11 — 73) (4.41)
and if vy < ¥ < r3, then we consider the following transformation
Y T1(T3—T4)S?n29—f4(1‘3—f1) (4.42)
(r3 —T4)sin?0 — (r3 —71)
Similarly from (4.12) we have
2 (r1—73)(r2—74)
r3(ry —me)sn® | Y—F— (G — Co)y,m | —T2(r; —7T3)
Y= , (4.43)

(r1 —m2)sn? (W(Cl — Co),m> — (11 —713)

(—ota) "% [ra(ry —19)sn2 (W((mic co),m> — 7ol —13)]
$(Q) = ——— : — 2 (4.44)
(r1 —72)sn? (W((—MV&— Co)7m> — (11 —713)

T1(rs —r4)sn? <WM(C1 — Co), m> —T4(r3 —711)

2
Y=

7 4.45
_ 2 (ri—73)(r2—74) _ _ o ( )
(r3 —mg)sn? | Y—F——(C1 — Co)ym | — (r3 —71)

(—otg) "% [ry (13 — 14)sm2 <W((—0€4)‘1‘C — Co), m) —14(r3 —711)] o
$(0) = — =2, (4.46)
(r3 —74)sn? (W((—M)}*C—Co)ym) —(r3—11) Ao

2 _ (ri—72)(r3—714)

where m” = =N

caseb. When Dy < 0 and D2D3 > 0, H(W) has a pair of complex conjugate roots and two distinct

real roots. Then H(Y) can be presented as
HW) = (W —11) (¥ — 1) (¥ —v)? + 87, (4.47)
where 11, T2, ¥ and d are numbers also 1 > 15 and & > 0. we consider the following transformation
__ejcosb +ey

VYV=e—= 4.48
e3cos0 + ey’ ( )
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where

1 1
e = §(T1 +T2)es — 5(1‘1 —Ta)ey,
1 1
€2 = S (11 +12)eq — 5 (11 —ma)es,
5
€3 =T1—Y (4.49)
eq =11 —7y — 8,
f=g+vg>+1,
_ 8%+ (1 —vy)(r2 —v)
8(r1 —T2) '
Using (4.10) and the transformation (4.48) we get
dv 2fm de
Cl_COZJ = J ——,  (4.50)
VEWY—1)(Y—1) [V —7v)2+ 83  /F2f8(r1 —12) ] VI —m?2sin20
where m? = H% Using (4.50) and jacobi elliptic cosine function we obtain
F2f8(r1 —12)
0= - — . 4.51
cos cn( Stm (C1 —Co),m (4.51)
Now combining (4.50) and (4.50) we gain solution of (4.10) as
NEST
elcn (W(Cl Co),m> + ey
Y= . (4.52)
NESTH
escn <jF 2“1;11 (g, — Co)7m) e
Therefore the solution of (4.7) is
—1 2f6(r1—r 1
o, ‘leren (W(OCXC—COLm) + eo] o
(0) = : _ % (4.53)
/5276 (11— 1 4«
escn <3F2];ig1:1 r2) (af C— o), m> +ey 4
which is an jacobi elliptic function double periodic solution. Particularly, When P = —24, Q =
*12 R:2 52*5,(:1 :52,C2:14871(1:1,](2:1,0:17 CQZO, thenr1 ZQ,YQZ*Q,Y:
0,6=1,f= % =-3,e0=0,e3=0,e4 = %, and m = %, then we obtain jacobi elliptic function
solution of (4. ) as (see Figure 4.1.(d)),
) 4
v(x,y,T) = —2cn §(x+y—’t)7g —1. (4.54)

case6. When Dy > 0 and D2D3 < 0, then H(W) has two pairs of complex conjugate roots and this
case we write H(W) as
H(W) = [(W —v1)* + §1(W — v2)? + 53], (4.55)
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where 1, Y2, 81 and 0o are real numbers and &; > 82 > 0. For ay > 0, we take the following

transformation
e;tand +e
= 17+Q’ (4.56)
egtane + ey
where
e; =vyies + d1ey,
€2 =7Yi1e4 — O1€3,
)
€3 = —51 — ?2, (457)
€4 =Y1—7Y2,

f=g++vg2—1

(Y1 —v2)? + 61 + 83

281689
Then from (4.10) we get
l— g = J dy B e3 +ef J de
L oy D) (Y—v2)2 1 83)  bav/(€ + e2)(2e + e2) ) V1—mZsin?e’
(4.58)
where m = fzfgl. By using (4.58) and the definition of jacobi elliptic functions [198], we get
) 82+/(€3 + e3)(f2e2 + ¢2)
sind = sn 55 (C1—Co)ym |, (4.59)
es+ej
52+/(€2 + e3)(f2e2 + e3)
cosb =cn e (C1—Co),m | . (4.60)
3T €

Combining (4.59) and (4.60) with (4.56) we have elliptic function double periodic solution as

_e1sn(&(G1 — Go), m) + eacn(&(G — Go), m)

= easn(E(T — Go), m) F eaen(E(G — Go)ym)’ (4.61)
and
o(0) = ocﬁ[elsn(é(?fc— Co), m) +62CTL(<§EOC§C—C0),T“)] % (4.62)
essn(E(af ¢ — Go)ym) + esen(Eaf ¢ — o), m) Aoy
where
¢ _ /(G T eNPe el (2.68)

e3 + e?
For example, when P = —12, Q = —6,R=1,S = —-10,¢; = —10,co = =34, k1 =1, ke =1, c =
1, =0,theny; =0,8; =2,v2=0,8,=1,f=2,e,=0,e2=5,e5=—2, e, =0, and { = 2,
then we obtain jacobi elliptic function solution of (4.1) as

2en(2(x+y—1),2) 1

sn(2(x+y—1),3) 4 (4.64)

v(x,y, 1) =
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case7. When Dy =0, D3 > 0 and Dy > 0, H(¥) has a real root of multiplicities two and two single
real roots. Then H(Y) is of the following form

H(W) = (W —11)*(¥ —12) (¥ — 13), (4.65)

where 11, T2 and 13 are real numbers and 19 > T3, T = —%. When ¥ > 15, 19 > 11 > T3, We

obtain the solution of (4.10) and (4.7) respectively as

2(ry —12)(ry —713)

Y= : , (4.66)

+(r2 — 13)sinly/—(r1 — 12)(r1 — 13) (G — Co)] — (211 — 12 — T3)
$(0) = Q“ZZ(H*W)(HJTB) 740673. (4.67)

+(rg — r)sinly/—(ri — o) (11 —ra) (& C = Co)l — (2ry — g —7g) X4

When 11 > 15 or 11 < T3, we obtain the solution of (4.10) and (4.7) respectively as

v 2(ry —12) (11 —73) 7 (4.68)
(r2 — r3)coshly/(r1 — T2)(T1 — T3)(C1 — Co)] — (211 — 12 — 73)

$() = 204 " (11 —12) (11 —T3) X3 (4.69)

(ro —r3)coshly/(r1 — m2) (11 —T3)((X§C —Co)l = (211 — 13 —713) douy
The expression (4.67) and (4.69) are solitary wave solutions. For instance, when P =12, Q =6, R =
—1,S=—12,¢1 =64,co =104, k1 =1, ko =1,c =1, {; =0, then vy = -3, 19 = 4, r3 = 2,we can
get solitary solution of (4.1) as (see Figure 4.1.(e)),

35 L
cosh[v35(x+y—1)]+6

u(x,y,t) = (4.70)

case8. When Dy = 0, D3Dy < 0, H(W) has a pair of complex conjugate roots and a real root of

multiplicity two. Then we can write H(V) as
H(W) = (W —11)%[(V —v)* + 8%, (4.71)

where 11, v and 6 all are real numbers and § # 0. Then from (4.10) we have

dv
£ — o :J
(¥ =) —7)E+ 52
1 v — /(W —vy)2 + 82
_ n | LY+ & ( )%+ ! (4.72)
(r1—v)?+0° Y—m
where
1 — 2y
E' = —-————
Ve

T1(r1 —2Y)
Eo=+/(r1 —v)Z+02— ﬁ (4.73)
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Then the solution of (4.10)

(VTG0 ) 4l =P P2 — &)
(ei (r1—y)2+82(C1—Co) _ 51)2 -1

Y= 7 (4.74)

hence
3 ot/ V252 (o (o) _ e (0
b(0) = o, (e )tV —v)P+822-&) o« . (4.75)

1
(e:I: (r1—y)2+82(ocf ¢—Co) _ 51)2 -1 4oy

For instance, when P =12, Q =6,R=—-1,S=9,¢1 =24, co =72, k1 =1, ko =1,c =1, {, =0,

then r; =1,y =—1, 8§ =2, we can obtain solution of (4.1) as

(eiz\@(x*U*T)—%]—l—Q\/ﬁ@—%)
v(x,y,T) = N —— %)2 — —1. (4.76)
2v2

case9. When Dy, =0, D3 =0, D3>0 and Es; > 0, H(¥) has two real roots of multiplicity two.

Then we can express H(¥) as follows
HW) = (¥ —11)(W —12)%, (4.77)

where 71 and T2 are real numbers and 11 > 9. Therefore from (4.10) we have

av
SRy ) . S
o -t=| G
1 \y—T‘l
= l . 4.
Tl—Tgn“y—Tgl ( 78)
When ¥ > 11 or ¥ < 3, the solution of (4.10)
o To —T1
e e [(FErey
_ ngTl [coth(rl_TZ)z(Cl_CO) 4, (4.79)
and solution of (4.7) is given by
1
_ i e (r1 — 7o) (g C—Co) X3
¢(C) = oy 5 [coth 5 1] + 719 o (4.80)
When 11 > ¥ > 15, the solution of (4.10)
N To—T
= —elri—r2)(C1—Co)—1 2
=D ;” frann 7= T2)2(Cl L) S, (4.81)
and of (4.7)
1
_ — 47
$(C) = Z% R-h [’tanh(r1 r2)leg &= Co) 1] +719| — X (4.82)
2 2 4oy
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So for this case, we have obtain hyperbolic solution (4.82) and (4.80) of (4.7). For instance, when
P=12Q =6R=-1,S =% ¢ =2l,¢c; =%k =1k =1,¢c =15 =0, then
mn=1rmn=—>lad-1<¥< 17 we get shock wave solution of Eq.(4.1) as (see Figure 4.1.(f)),

v(x,y,T) = —%tanh[%(x +y—1)]—1 (4.83)

4.3 Dynamic Properties

Now, we observe the dynamical properties of KP-mKP Eq.(4.1) through the CDSPM.
Analyzing the phase portraits of the dynamic system[199, 200], it is observed that the topological
structures of the solution profiles are changed due to the variations of the parameters involved in
the system. Thus, the CDSPM is not only effective for acquiring various types of solutions but
could also be utilized to conduct the qualitative analysis of the solutions. Applying the theory of
dynamical system [199, 200], Eq.(4.4) is stated equivalently to the following system

do _
¢
dz 1.1 1 1
i = Ralper t k- Sk3)d — 5Pkid® — S Qkid”l. (4.84)
and it is equivalent to
do _
ac
dz 3 9
- Bsd” + B2d” + B1d + Po, (4.85)
Where [53 = 7%@7 62 - 7%) Bl Ck}gkfk2 ) BO 2Rk4

The existence of a homoclinic orbit in phase portrait, in general corresponds to a solitary wave
profile whereas the kink (anti-kink) wave solution is recognized by a heteroclinic orbit. Again a
periodic orbit confirms the presence of a periodic traveling wave solution. Varying the values of
different parameters 3¢, f1, B2, and 3 involved in the system, we determine all homoclinic orbits,
heteroclinic orbits and periodic orbits of (4.85). Thus, the existence of solitary waves, kink (or anti-
kink) waves and periodic waves of Eq.(4.1) are confirmed. The Hamiltonian function corresponding

to the dynamical system (4.85) is defined as

2
Ha(d,z) = % - (%cb B2d>3 ﬁld) + Bod +ca), (4.86)
which satisfies
oHy _d¢
9z  dC
oH d
an - _d%' (4.87)
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Now, we call M(a,0) as the coefficient matrix of the system (4.85) and denote ] as the determinant
of M(a,0) at the equilibrium point (a,0). We take T = trace(M(a,0)) and N = T2 — 4].
Let L(d) = B3d® + B2dp? + B1d + Bo, whose complete discrimination system follows as

A =B3RT —27B3R5 — 4BIB3 — 4B3Bo — 18B3B2B1Ro- (4.88)

Case 1. A =0, L(¢$) has a single real root together with another real root of multiplicity two, then

L(¢) = Ba(d — a1)*(d — az), (4.89)

then the (a,0) and (b,0) are the equilibrium points of the system (4.85). For example when 3 =
—2,B2=0,B1 =6 and By =4, we have a; = —1 and ay = 2. For the equilibrium point (2,0) we
have ] =18 >0, T=0and N = —-72 <0, so (2,0) is a centre. Thus, it is confirmed that there exist
a family of periodic orbits about (2,0). And at the equilibrium point (—1,0), we have ] =0, T =0,
so (—1,0) is a cusp (see Figure 4.2.(a)).

Case 2. A > 0, L(d) has three distinct single real root, then

L(¢p) = B3(d —a1)(d — az)(d — az), (4.90)

then (a; —0), (az —0) and (ag—0) become the three equilibrium points of the system. In particular
when 3 = —2, 2 =6, 1 = —4 and g =0, we have a; =0, az = 1 and ag = 2. At the equilibrium
point (0,0) we find ] =4 >0, T =0 and N = —16 < 0, thus, naturally (0,0) becomes a centre. On
the other hand, at (1,0) we have ] = —2 <0, T=0 and N =8 > 0, so (1,0) becomes saddle point.
On the another equilibrium point (2,0) we compute ] =4 >0, T=0and N =—16 < 0, so (2,0) is
a centre. More over, a couple of homoclinic orbits to (1,0) encircling the centers (0,0) and (2,0) on
both sides of the saddle point (1,0) are found (see Figure 4.2.(b)).

But, if B3 =1, B2 = =3, 31 = —1 and By = 3, we acquire a; = 1, az = 3 and azg = —1. The
equilibrium point (1,0) becomes centre, as we see ] > 0, T = 0,N < 0. Again, at the equilibrium
point (3,0), we get ] < 0, N > 0, and at (—1,0), we find ] < 0, N > 0, for the same values of the
parameter. Thus, (3,0) and (—1,0) become saddle. And a pair of nonlinear heteroclinic orbits are
observed joining two saddle points (3,0) and (—1,0) enfolding the center (1,0) (see Figure 4.2.(c))

Case 3. A <0, L(d) contains a real root as well as a pair of conjugate complex root, then

L(¢) = Ba(d — ar)l(d —v)* + 8% (4.91)

Thus, (a,0) is the only equilibrium point of the system and when B3 = —2,82 = 4, f; = —2 and
Bo =4, we find a; = 2. In that case we have ] =10 > 0, T = 0 and N = —40 < 0, and thus, the point
(2,0) becomes a centre. Then a family of periodic orbits exist near about (2,0) (see Figure 4.2.(d)).
From the above analysis, we observe that the CDSPM might be possibly utilized to analyze the

characteristic of the equilibrium points, and hence, the topological properties of the solution of the
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Figure 4.1: (a) 3D plot of Sol.(4.17), when P =3,Q =6,R=—1,S =4, ¢, =0,¢2 =0,k =

l,kgzl,c:l,Con,(b)3DplotofSol(430)whenP—12 Q = 6, R— —1,S=5,¢ =
2,00 =72,k =1, ks =1,c =1, = 0, (c) 3D plot of Sol.(4.40), when P = 0, Q = 6, R =
—1,S=4,¢c; =—10,c0 = =34, k1 =1, ke =1,c =1, = 0, (d) 3D plot of Sol.(4.54), When
P=-24 Q=—12,R=2S=-5 c; =52, ca =148, ky =1, ko =1, c =1, {o = 0, (e) 3D plot of
Sol.(4.70), when P =12, Q =6, R=—1, S = —12, ¢; = 64, =104k =1k =1 c=1 =0,
(f)3DplotofSol(483)whenP—12Q-6R-—1$— c1:21,c2:%,k1:1,k2=
1,0—1 Co—o

2
original equation could also be studied. Thus, we claim that if an equation is possibly presented in an
integral form similar to (4.4), then different characteristics of the said equation may be determined

by the corresponding complete discrimination.

4.4 Conclusion

In this present investigation, employing the idea of the CDSPM, special kinds of exact
analytical solutions for the KP-mKP equation are derived. Various wave features, such as solitary
wave solution (Figure 4.1.(e)), kink wave solution (Figure 4.1.(f)), rational function solution (Fig-
ure 4.1.(a)), singular wave solution (Figure 4.1.(b)), hyperbolic wave solution (Figure 4.1.(¢)), and
periodic wave solution (Figure 4.1.(c) and Figure 4.1.(d)) are explored from the KP-mKP equation.

All these types of solutions in a combined manner could be scarcely acquired by any other technique
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as they include Jacobian elliptic functions. In particular, the existing popular method fail miserably
in many cases to find any finite amplitude periodic solution for the evolution equation. In addition
with we can also find stable ranges of the parameters involved in the equation. The qualitative
properties of these solutions are analyzed through the numerical graphs which also show some new
identities on Jacobian elliptic functions. More over, this article also demonstrates the strength of
CDSPM in qualitative and quantitative analysis, by finding the critical domain for bifurcation and
changing the type of solution, classifying the equilibrium points, and examining the phase portrait
of topological characteristic. Based on this above analysis, the method can be applied not only to
classify the solutions, but can also be used for qualitative analysis, which opens the door to further
promotion of the method. This result confirms the effectiveness and consequence of the CDSPM
in solving evolution equations and the solutions obtained in this article, could be realized through
the significant applications in different scientific and engineering fields such as fluid dynamics, at-

mospheric phenomena, plasma science matter and elastic media, etc.
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Chapter 5

Analytical Solutions of Damped
Gardner-Burgers Equation Using

Two Expansion Methods

5.1 Introduction

An NLEESs can be used to describe many complex physical phenomena and for that reason,
NLEEs have applications in physics, chemistry, biology, astronomy, etc [144, 201, 202, 203]. For
understanding a physical phenomena properly and then applying it in specific fields of science, it
is always desired to obtain analytical solutions of NLEEs. In many real-world applications, besides
non-linearity in wave propagation, one may need to also deal with dispersion, dissipation, and
damping effects. Thus, the Gardner equation in conjunction with dissipation, and damping terms
may be a better option to deal with more realistic situations than their counterpart without these
terms. Inclusion of these terms in Gardner equation is referred to as damped Gardner-Burgers
(dGB) equation which takes the following form

ou ou ou 2%u o%u

— — +Bu’—~+Co— +D-—— +Eu= 1
aT+Aua£+ u 6£+Ca£3+ 6&2+ u=0, (5.1)

where u(&, 1) is a function of two independent variable &-space and T-time and A,B,C € R. The

term g—: denotes the time evolution of the wave propagation, ug—g, and qu—lg represent the nonlinear

IThe research article has been published as a chapter of the book Nonlinear Dynamics and Applications, Springer
Proceedings in Complexity (Springer)
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terms which are responsible for steepening of the wave, % denotes linear dispersion term. The

additional two terms % and Eu(E > 0) here in Eq. (5.1) are dissipation and damping terms,
respectively. To the best of our knowledge, till now, there are no effective solutions to the damped
Gardner-Burgers equation given by Eq.(5.1). In this article, (G’/G)-expansion method, and Method
of undetermined coefficient are employed to find the analytical solutions of damped Gardner-Burgers

equation. The impact of various parameters are also shown using various surface plots.

5.2 Solutions of dGB equation through the (G’/G)- expansion
method

In this section, we implement the (G’/G)-expansion method for our model problem dGB
equation (5.1). We use the transformation U(z) = u(§, 1), z = k& — ct, where ¢ is the wave speed.
Then, we have,

—clU’ + AkUU’ + BkU?U' + Ck*U” + DK*U” + EU = 0, (5.2)

where / denotes the derivative with respect to z.
Now, we use an ansatz Eq.(1.47) for solving Eq.(5.2). Balancing the terms U2U’ and U"” in Eq.(5.2)
we get N = 1. Thus, the solution can be of the following form

U(z) =Py + Py (cg’) . (5.3)

N\J
Substitute Eq.(5.3) into Eq.(5.2), the left hand side transforms into polynomials in (%) G =

! J
0,1,---,4) and setting the coefficients of (%) (j =0,1,---,4) to zero, we obtain the following

under determined system of equations for Py, Py, A, n and c:

(

G"\"
G> . DK?PiAp — AkPoPymu — 2Ck*Pyu? — Ck3*PiA%p 4¢Py + EPy — BkP P2 = 0,
G\
< 2DKk?Pu — AkPoPiA — Ck*PiA% + EP; — 2BkPZuPy — AkPZu 4+ Dk?PiA?
—BKkP;APZ — 8Ck3*PiAp + cPiA = 0,
2

o|®

—8Ck*Py — 2BkPIAPy + cP; — AKP?A + 3Dk?*P; A — BkPjp — BkP; P§ — 7Ck*P; A2

3
—BKAP} — 12Ck*AP; — 2BkP,P; — AkP} + 2Dk*P; = 0,

4
—BkP} — 6Ck*P; = 0.

(<)

(6] + msevm "
(&) -

(<)

olR o|®
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Solving (5.4), we obtain two sets of solutions:

Set 1.
6CKk3AS+E 6CKk3A3+E
o ANk —SCKASLE | E o 6CK3A3 + ANk /—SCAEE
B 2A T 2k2A2 '
| 6CK3A3+E
k=k p=A% Py=0, Plz%. (5.5)
Set 2.

CK3AS+E 3¢ CKSAS+E
ACK3A3 4+ AXky/—SCKALE 4 3E 6CKkPA% — AAk,/—SCKALE

c=— , D= ,

27 2K2A2
| 6CK3A3+E
k:k,u:O,Pozo,Plz%. (5.6)

Substituting the values from Eq.(5.5) into Eq.(5.3) and using the general solutions of Eq.(1.48) in

different situations, multiple analytical solutions of Eq.(5.2) can be obtained.
Case 1. When 6§ = A? —4u = —3A? < 0, for non zero, negative and positive values of A, the solution
of the trigonometric form of Eq.(5.2) is as follows

" 18CKPN 4 3E (—nsm(” 2) 4 rocos( Y2 2) A)

BkA (fk) (fk)_g

w (&, 1) = (5.7)

T1C0S + Tosin

ANk [/ 6CK3A34+E +E
where z = k& — o T and 11 and 19 are arbitrary constants.

These results can be simplified depending upon the conditions on the ratio of r; and 5 as

18Ck3A3 4+ 3E —A A
ul(E, T) = *T (COt <2Z+T]0) - 2) s (58)

T
where A2 —4u <0, cot(ng) = ?2’ 1 # 0.
1

Now using values from Eq.(5.6) in Eq.(5.3) and considering the general solutions of Eq.(1.48) in
different situations, another multiple exact solutions of different types of Eq.(5.2) can be obtained.

Case 1. The solution of the hyperbolic form of Eq.(5.2) is as follows:

wo(EaT) = _6Ck3?\3—|—E@ rlcosh(@z)—i—rgsinh(@z) _§ A2 — 4 >0 (5.9)
2 ) - BkA 9 . S‘th( \/* ) @Z) 9 ) - 08 . .

+ rocosh(
2)

Case 2. The solution of the trigonometric form of Eq.(5.2) is as follows

D

A
z %) —), A=A2—4p < 0. (5.10)

U3(E,T) = ) 2
z

_6CK3AS +E @ <—r15m( Y_B27) +1ocos( Y5

BkA 2 rlcos(—vz) + Tosin( Y5

D

Case 3. The solution to Eq.(5.2), in rational functional form, is as follows:

18CKk3A3 + 3E T2 A

— _ - — 2— frnd
uy(E, 1) = o (rﬁm 2), A=A —4p=0. (5.11)
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Figure 5.1: (a) Profiles of solution given by Eq.(5.9) for A = 1,E = 0.01,r; = I;r, = 0;A = 0.5;B =
0.5;¢ = —0.5;k = 0.5;p = 0. (b) Profiles of solution given by Eq.(5.10) for A = 0.5;E = 0.05;1; =
;79 = 0.5;A = 0.5;B = —0.5;¢c = 0.5;k = 0.5;p = 0;. (c) Profiles of solution given by Eq.(5.11) for
A=0.5;s=0.05;1r1 =1;12=5;A =0.5;B =—0.5;¢c = 0.5;k = 0.5; 0 = 0;

4CK3AB 4 ANk — SCKEASHE | 3
For all cases z = k& + BlA

™ T and 11 and 19 are arbitrary constants.

These results can be simplified depending upon the conditions on the ratio of r; and r5 as

6Ck3A3 + E VA A A
U.Qa(E,, T) = —TT (tanh (52"‘1’]0) — 5) , (512)
where A?—du>0, tanh(n) = =, 11 40, |Z[<1.
1
6CKk3A3 + E VA A A
UQb(E,, T) = —TT <C0th (§Z+T]()> — 5) s (513)
where A? —4u >0, coth(no) = =, 11 #0, |2|>1.
1
6CKk3A3 + E VA —A A
ug(E,, T) = _—BkA T (cot <7Z+ﬂ0> — 5) , (514)
where A% — 4u <0, cot(ng) = T_27 T #0.

T1

L 4Ck3A3+AAk\/M+3E
where z is givem by z = k& + P13 T

5.3 Solutions of dGB equation through the method of unde-

termined coefficients

In this section, we apply method of undetermined coefficients to solve the damped Gardner-

Burgers equation given by Eq.(5.1).
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5.3.0.1 The Bright Soliton Solution:

To get the bright soliton solution of Eq.(5.2), we can take expansion given by Eq.(1.62),

where A, V are nonzero constants. From the Eq.(1.62), we obtain

U’ = —Am sech™"!(z)sinh(z),
u” = Am2sech™(z) —Am(m+ 1)sech™"2(z),
uu’ = —A%m sech®™*1(z)sinh(z), (5.15)
uu’ = —A3m sech®™1(z)sinh(z),
u” = —Am3sech™"(z)sinh(z) + Am(m + 1)(m + 2)sech™"3(z)sinh(z).

Thus, substituting the ansatz (5.15), Eq. (1.62) into Eq.(5.2), yields

[VAm — Ck*Am?]sech™*!(z)sinh(z) — AkA’m sech?™ !(z)sinh(z) — BkA*m sech®™*1(z)
sinh(z) — CK*Am(m + 1)(m + 2)sech™"3(z)sinh(z) — Dk*Am(m + 1)sech™2(z)sinh(z)
+[Dk?*Am? 4+ EAJsech™(z) = 0. (5.16)

Equating the exponents sech®™*1(z) and sech™*3(z) gives
d3m+l=m+3 — m=1
From Eq.(5.16), setting the coefficients of sech3™*1(z) and sech™"3(z) terms to zero, we obtain
—BkA*m — CK*Am(m +1)(m +2) = 0. (5.17)
We find, from setting the coefficients of sech™(z) terms in Eq.(5.16) to zero
DKk*Am? + EA = 0. (5.18)
We find, from setting the coefficients of sech™"!(z) terms in Eq.(5.16) to zero
VAm — Ck*Am? = 0. (5.19)

Considering Eqs.(5.17)-(5.18), one may easily get some certain constraint for the existence of the

soliton for the present system as:

BA?

E=-Dk’C=—.
’ 6k2

(5.20)
From Eq.(5.19), we find

V = Ck®. (5.21)
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Finally, we obtain the solitary solution as
u(&, 1) = A sech(k& — Ck31). (5.22)

Thus, subject to some certain condition, the solution (5.22) becomes the exact solution of Eq.(5.1).
Thus finally, using the values of V and A, the solitary soliton solution of Eq.(5.1) can be re-written

in the following form:

3
6CE E E
u(&, 1) :i‘/_ﬁ sech | + —DE:EC< _D> T]. (5.23)

5.3.0.2 The Dark Soliton Solution

Here, we use the solution of the form Eq.(1.63), where k, A, and V are the free parameters.

From the Eq.(1.63), we obtain

U = Am(tanh™ !(z) —tanh™"!(z)),

u” = Am[(m—1tanh™ 2(z) — 2m%tanh™(z) + (m + 1)tanh™"2(z)],
uu’ = A?mtanh®™1(z) = A?m tanh?™i(z2), (5.24)
u” = A(m®—3m?+2m)tanh™ 3(z) — A(m?® + 3m? 4+ 2m)tanh™*3(z2)

—A(3m3 —3m? 4+ 2m)tanh™ ! (z) + A(3m?3 + 3m? + 2m)tanh™ " (z).
Substituting Eq. (1.63) and Eq. (5.24) into Eq. (5.2), gives

[—VAm — Ck*Am(3m? — 3m + 2)ltanh™ *(z) + [cAm — Ck’Am(3m? + 3m + 2)[tanh™ " (z)
+AKA%m tanh®™ 1 (z) — AkAZm tanh®™ " (z) + BkA®m tanh®™1(z) — BkA3m tanh®™ 1 (z)
+CI3AM(M — 1)(m — 2)tanh™ 3(z) — CK*Am(m + 1)(m + 2)tanh™"3(z) + Dk*Am(m — 1) x

tanh™2(z) + DK2Am(m + 1)tanh™"2(z) 4 [EA — 2DAk*m?Jtanh™(z) = 0. (5.25)
Now, from Eq. (5.25), equating the exponents of tanh®m*1(z) and tanh™*3(z) gives,
3m+1 = m+3 — m=1
Setting the coefficients of tanh®™*1(z) and tanh™*3(z) terms in Equation to zero, we have
—BkA*m — CK*Am(m + 1)(m +2) = 0. (5.26)
Again, from Eq. (5.25) setting the coefficients of tanh™(z) terms to zero we have

EA — 2m?Dk?A = 0. (5.27)
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Again, from Eq.(5.20) setting the coefficients of tanh™!(z) terms to zero
—AmV — Ck3A(3m? — 3m? + 2m) = 0. (5.28)

Utilizing Eqgs. (5.26) and (5.27), we may find the constraint condition for the existence soliton as:

E=2Dk? B = —6%‘2 (5.29)
Eq.(5.28), provides the result
V =-2CKk* (5.30)
Finally, we acquires the solution as
u(é, ) = Atanh(k& + 2Ck31) (5.31)

The solution (5.31) is the exact shock solution for Eq.(5.1) under the particular constraint condition
(5.29). Thus finally, the another form of dark soliton solution for the damped Gardner-Burgers

equation (5.1) is given by:

[ 3CE 1 [2E_  V2C [ENY?

5.4 Parametric Discussion

To understand and appreciate the effect of different terms, we draw surface plots corre-
sponding to the solutions (5.23) and (5.32). Figure 5.2(a) is the three dimensional graph for the
solution given by Eq.(5.23) which is drawn for different values of coefficient D with others coefficients
A =0.01, B=0.6, C =0.02 and E = 0.06. Figure 5.2(a) shows that the depth of the rarefactive
soliton increases with respect to increase in D. The effect of damping on the solution structure given
by Eq.(5.23) is shown in Figure 5.2(b). In this case other coefficients are fixed as A = 0.01, B = 0.6,
C = 0.02 and D = —0.02. It is clear from Figure 5.2(b) that the depth of the rarefactive soliton
increases with respect to increased damping. The profound effect of Burgers term on the kink soliton
obtained from solution represented by Eq.(5.32) is shown in Figure 5.2(c). For this plot we have
taken the fixed values of parameters as A = 0.01, B = 0.02, C = —0.02 and E = 0.01. It is deduced
from the Figure 5.2(c) that the amplitude of the soliton diminishes for increasing burgers coefficient
value. Significant impact can be noticed of damping on the solution structure obtained from the
Sol.(5.32) and is shown by the Figure 5.2(d) for which other coefficients are fixed at A = 0.01,
B =0.02, C =—0.02 and D = 0.3. From the Figure 5.2(d) it is deduced that the height of the kink

shape soliton is increased for an increased value of damping.
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Figure 5.2: (a) Profiles of solution given by Eq. (5.23) for A =0.01,B =0.6,C =0.02,D = [-0.3,—0.02],E =
—0.06, and T =1. (b) Profiles of solution given by Eq.(5.23) for A = 0.01,B =0.6,C =0.02,D = —0.02, E
[0.01,0.06] and T = 1. (c) Profiles of solution given by Eq.(5.32) for A = 0.01,B = 0.02,C = —0.02,D

[0.02,0.5],E = 0.05 and T = 1. (d) Profiles of solution given by Eq.(5.32) for A = 0.01,B = 0.02,C =
—0.02,D =0.3,E =[0,0.5] and T = 1.
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5.5 Conclusions

Different types of solutions such as kink soliton solution (Figure 5.1(a), Figure 5.2(c)
and Figure 5.2(d)), singular periodic solution (Figure 5.1(b)), rational solution (Figure 5.1(c)),
rarefactive soliton solution (Figure 5.2(a) and Figure 5.2(b)) are obtained for the dGB equation by
employing (G’/G)-expansion method and Method of undetermined coefficient. Three dimensional
surface plots are drawn for specific values of the parameters to depict the effect of damping term
and the effect of burgers term on the physical structure of the solution. The results obtained from

our observations are summarized as:
e Rarefactive soliton gets deeper for higher values of damping and burgers coefficients.
e The amplitude of the kink soliton increases with an increase in the dampness.
e Higher values of burgers coefficient can reduce the height of the kink soliton.

The obtained solutions and results may be helpful in the study of plasma physics, dynamics of

soliton, fluid dynamics, and other branches.

158



Chapter 6

Studies on the dust acoustic shock,
solitary and periodic waves in an
unmagnetized viscous dusty

plasma with two temperature ion

6.1 Introduction

Dusty plasma describes a particular type of ionized gas which contains electrons, posi-
tive as well as negative ions, micrometer-measured charged dust grains, neutral atoms, etc. It is
abundantly appeared in different astrophysical objects viz., galactic nuclei [204], pulsar magneto-
sphere [205, 206, 207], solar atmosphere [208, 206], planet rings, comet tails, noctilucent clouds etc
[209, 210, 211]. Several physicists conducted some laboratory experiments on waves and instabilities
have been performed on different dusty plasmas [212, 85, 213, 214] and their experiments established
the existence of the DAW mode. Applying some effective approaches to the plasma diagnostics, it
is found that dusty plasma produces different kinds of wave modes viz. DIAWs, DAWs, dust-lattice
wave, etc. [215, 216, 217] and among them, DAW is the most fundamental content in dusty plasma.

Recently, DAW emerge as one of the most popular research areas in dusty plasma physics because

IThe research article has been published in the journal of Brazilian Journal of Physics (Springer)
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of its applications not only in astrophysical space studies but also in real-world applications, such
as semiconductor manufacturing, nano-particle processing, film industries, etc [218, 219]. The low-
frequency DAW is abundantly found in the planetary rings, comet tails, earth’s mesosphere, moon,
etc. [62]. The speed of research on DAWS increase a lot soon after their existence was proved through
experiments. In plasma medium, solitons are the most common and convenient waves that may be
generated by perturbations at low frequencies. However, shocks and periodic solutions often arise in
plasma environments. Some theoretical observations also show that soliton may turn into a cnoidal
wave under certain conditions [220]. It is important to mention here that a nonlinear periodic wave
is presented through the form of a Jacobian elliptical function.

In this chapter we investigated the non-linear propagation of DAW in collisionless, unmagnetized,
viscous dusty plasma containing Maxwellian Boltzmann distributed electrons, two temperature ions,
and highly negatively charged dust grains. Following the approach of the Reductive Perturbation
Technique (RPT), the KPb equation is constructed from the governing equation, and further, uti-
lizing traveling wave transformation, the KPb equation is converted into an ordinary differential
equation. Analyzing phase portraits for the KPb system varying different plasma parameters, it
is found that the KPb system includes shock, solitary as well as periodic solutions. But, in case
of lack of Burgers term, the system only provides the solitary, and periodic solutions which are
directly generated from the KP equation, and further, a shock solution of the KPb equation is
derived by applying (G’/G)-Expansion method. Introducing the indirect F-function method and
incorporating Jacobi elliptic function, a finite-amplitude periodic solution for the KPb equation is
also constructed. Finally, the impacts of the physical parameters on wave propagation in the present

system are illustrated from a numerical standpoint.

6.2 Basic equation

We consider the propogation of DAWs in a collisionless, viscous, unmagnetized dusty
plasma containing of highly negative charged dust grain, electrons and two temperature ions. Then

the dynamics of DAWSs can be characterized by the following normalized equations as

oN o(NaqU 0(N4V.
d+(dd)+(dd)

_ 1
ot ox dy " o
dUq oUq oUa 9 L
— 4+ Ug—+Va—=2Z4— (|5 +— | U 2
at+ dax+ day dax ax2+ag d» (6)
oVq oVa 0Vq ) o 0*
—fd Ly, —4 — =Lda5n-—Cls35 Tt a3 ’
ot *Uagy +Vagt=Zag o Ty ) Ve (6.3)
¢ 2%
W+@:Zde*N11*Nih+Nev (6-4)
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where N4 denotes the number density of dust particles in the normal state which is Ngg. Te, Tit
and Ty, are respectively the temperatures of electrons, low and high temperature ions. T.¢ is the

effective temperature and is given by

1 N Ni Nj
< el 10 + h0> , (6.5)

1
Ter  NaoZao \ Te T T

where Njo(j = e,1) are the number of charge particles (electrons, ions) at equilibrium state and Z 49
denotes the unperturbed number of charges on the dust particles. Ug and V4 are the velocities of
the dust flow along the direction of x and y axis respectively and normalized by the dust acoustic

speed cq = (%&Zdo)% in which Kg is the Boltzman constant and mq is the dust particles mass.

KBTT”. Time and space variables are scaled

¢ is the electrostatic potential normalized by ¢ =
KpTer

1
2 .
W) and the inverse of dust plasma frequency

over the effective Debye length, Aq = (

1

1 my 3. . . .
w,g = (747IN aoZ2092) . ( is the dust viscocity coefficient.

Ne, Nit and Njip are the number densities for electrons, low temperature ions, high tem-

perature ions respectively and all are assumed to be Boltzmann disribution functions and which are

given by
Ne = 1o explBas). (6.6)
Nit = s exp(—s). (6.7)
Nin = 7 exp(—BisP), (6:8)
where (31:{1, (52:%, m:%, s:_Tr—jf, 5122":2, 52:?\%‘). (6.9)
Net charge neutrality at equilibrium yields
Neo = Nitwo + Nino — NaoZao, (6.10)

where Njjg and Nipo are the number of lower temperature ions and higher temperature ions respec-

tively at equilibrium state. From Eq.(6.9) and Eq.(6.10) it follows

51+8: > 1, (6.11)

R !
81+ 02B1 4 B2’

The charge-current balance equation [221] gives the dust charge variable Qq as

(6.12)

(;4'7?) Qa =TJe +Juu + Jin, (6.13)
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_>
where I = (Ugq, Vq4) and Ji1, Jin and J. are the lower temperature ions, higher temperature ions

and electrons currents respectively. Suppose 424 << J.. i1, Jin then the Eq.(6.13) looks [222]

dt
0 =
(at+ I ?) Qa=Je+Ju+Jin=0. (6.14)
The ion and electron currents are expressed as [223].
1
8T \ 2 ()
Ju = enr? < 1l) Niy <1 — e) ) (6.15)
Tm4 il
1
8Tin \ 2 ()
Jin = emr? ( ‘h) Nin (1 - e) , (6.16)
st ih
1
8Te \? ed
]e = —e7'[T2 (7’[1‘]11) Ne exp (Te> 5 (617)

where @ is the potential of dust particles surface relative to the potential of plasma ¢ [224].

The number of dust particles charge, Z4 is gained from Z4 = %, where p = ew’fi’;p ,and Yo =P (P =

0). Expanding Z4 with respect ¢ we have [121],

Za=1+710+v2d? +---, (6.18)

2
where y; = ﬁ (ﬁlb(d)))d) . and ys = ﬁ(dﬂf))d):o-

6.3 Derivation of KPb equation

To derive the KPb equation, we have used the RPT [225]. The stretching co-ordinates are
given as

E=e(x—Apt),m= e’y, =€, (6.19)

where € is the small parameter which characterizes the strength of the nonlinearity of the system
and A, is the phase velocity of the wave. To obtain the KPb equation, we expand the perturbation

quantities Ng, Ug, V4, Zg, ¢ and { in power series of € as

Ng=1+¢e>Ng; +e*Ngg +---, (6.20)
Ug =0+ e®Ugy + e Ugp + -+, (6.21)
Va=0+¢e*Va +e’Vag + -+, (6.22)
Za=14+¢€*Za1 +€'Zagg+--, (6.23)
G =0+’ +etdat -, (6.24)
¢~ eCo. (6.25)
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By using the RPT from Egs. (6.1)-(6.4) and using stretching coordinates (6.19) along with state
variables from Egs. (6.20)-(6.25), we get a set of evolution equations. Collecting the coefficients of

lower power of €, we have gained

b1 Ol

Na =35, Un=—3" Ap=(1 +v1)7 3, (6.26)
P P
0Vai 0¢;
A = 2
ONg; ONg2  0(NgiUqy) | OUge  0Var
et M T e e =0 (6.28)
o0Ug oUgo oUg 0b1 0o 02Ugy
Oar u 7 002 2
3t Y + Ug: R a1 3E + At Co ez (6.29)
Va1 Va2 Va1 0b; 0o 02V,
“A u P s :
ot M ag THugg Tlagr o T lgm (6.30)
62¢1 1 9 82 2
S5z Zaz+ ZaiNg1 +Na2 + ¢ — 5(61 +02B1 — [32)7(61 T8, 1)¢>1. (6.31)
Also comparing (6.18) and (6.23) we can find
Zar =v1$1, Zaz = v1d2 + V247 (6.32)

By eliminating Ngz2, Ug2, and ¢o from Eqgs. (6.28)-(6.31) and letting ¢1 = ¢, we obtain the KPb

equation as

o (3 op 3% 0% o’
— | —+Ab—+B—+C D = .
aa(ar+ d)aa-i- aa3+ 32 + on? 0, (6.33)
where
A3 (61485 —1) 3 3 A 4 A
A =" (5 +5,p2 — 2 LB —2 2 -2 B==2 c=2 Dp="22
2 ( 1+ 2[31 BZ) (51+62[51+[52)2 Y2 +2‘Y1AP 2>\p7 2 ’ C 2 ) 9
(6.34)
In the absence of Burgers term Eq.(6.33) converted to standerd KP equation as
0 (030 odb 3¢ 9%
— | —+Ad—+B— D— =0. .
aa<a1+ d’aa+ 3E3 + on? 0 (6.35)

The nonlinear coefficient A plays the most important role in the formation of wave structure
in any nonlinear field. Here, we intend to discuss the variation of the values of A due to the variation
of different parameters. The effect of different parameters such as, 31, B2, 81, 02, etc. are explicitly
described in Figure 6.1. From, Figure 6.1(a) and Figure 6.1(b), it is observed that the negativity of
A strictly enhances because of the enhancement of the parameters, 31, 2. Thus it is confirmed that
the temperature of lower-temperature ions leads to enhance in the negativity of non-linearity. As can
also be seen from these figures, A is positive for small values of 3; and 5. The most interesting fact
is found in Figure 6.1(c) where the non-linearity has a sudden hike for small values of §; however,
non-linearity further strictly decreases as 8; enhances. It is found that On the other hand, from
Figure 6.1(d), it is observed that the values of A strictly enhanced due to the enhancement in 8.

Even the values of A may attain the positive value for sufficiently large 85.
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Figure 6.1: Variation A vs various parameter, (a) for §; = 0.3, 82 = 3.5, 2 =0.1, y; = 0.01, y5 =
0.03, (b) for &; = 0.3, 83 = 3.5, B1 = 0.05, y; = 0.01, y2 = 0.03, (¢) for B; = 0.02, 63 = 3.5, B2
0.1, y1 =0.1, y2 = 0.01, (d) for 6; = 0.3, B2 = 0.1, B2 =0.05, y; = 0.01, y2 = 0.03.

6.4 Phase portrait analysis of the unperturbed dynamical

system for the KP equation

Now, we analyze the phase portrait of the KPb equation, considering the unperturbed
dynamical system and finally, by using bifurcation theory [199] the characteristic of the nonlinear

propagation of the wave solutions are discussed. We choose the traveling wave transformation as,

where V presents the wave velocity V and 1, m are the constants such that 12 +m? = 1. Thus, the
Eq.(6.33) is converted into the ODE

(—VI+Dm?)u” + A2(uu’)’ + Bl*u™® 4+ cr’u® =o. (6.37)
Integration on Eq.(6.37) leades
Al2
(=V1+Dm?*)U + 7112 +Bl*U” + Cl®u’ =0, (6.38)

where prime designates ordinary derivative with respect to 8. Due to the lack of Burgers term

(C=01i.e., (g =0), the system turns into the form,

au _
awo -

dz Vi—Dm? A,

T = Bl u-— 281211 . (6.39)

In general, the solitary wave solution is mentioned by a homoclinic orbit; a heteroclinic orbit ensures
the presence of a shock solution and a periodic orbit indicates the presents of a periodic solution.
When the burgers term is unavailable, i.e. ({o = 0), the Hamiltonian of (6.39) is defined as
(VI-Dm2)uz Au?
Bl4 + 3B12

H(U,z) =22 — =h (say). (6.40)
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Figure 6.2: (a) Phase portrait of dynamical system (6.39), for L = 1/v/2, m =1/v/2,y, =0.1, B =
0.1, B1 =0.1, 85 =4, 8; =1, y2 = 0.1, V=0.5, and (b) for L=0.5, m =1, V=0.1, y; = 0.1, B =
0.1, B1 = 0.1, 63 = 2, &; = 1,7v2 = 0.05. The phase portrait of dynamical system (6.53), (c) for
1=05m=05V=017y =02 B =01, P =0.1,8 =4, 8 =2,y = 0.2, (d) for all the
parameter values same as (c) except (g.

2(V1—Dm?
%,0)

Now, we draw the coefficient matrix of the linearized system of (6.39) at the point (U,z) as
M(U,z). Let, the elements of the matrix are Jq4 = det(M(U,z)), T,y = trace(M(U,z)) and

The system (6.39) has two equilibrium points which are stated as, Ug(0,0) and Uy (

2 0 1 Dm2-V1
Tro = (trace(M(U,z)))* and so, M(U,z) = Vi Dm2 Ay . At (0,0), Ja = =g and
) Bl B2 b
H(U,z) = 0 whereas at (%,0), Ja = \/173711341“2 and H(U,z) = —%%. Now, varying

the values of the different effective parameters such as, 01, 02, B1, B2 and V, we investigate the phase
plane (U, z) for the system (6.39).

Set 1.

For l =1/v2, m =1/v2,y1 =0.1,p2 =0.1,p; =0.1,8, =4,8;, =1,y, = 0.1, V = 0.5, the
equilibrium point Uy(0,0) becomes saddle because at that point Jq < 0, T.o — 4Jq > 0, and the
equilibrium point Ul(wiigmz), 0) becomes centre because at that point Jq > 0, T,; = 0. Thus we
get a homoclinic orbits at Ug(0,0)(see Figure 6.2(a)).

Set 2.

For1=0.5,m=1,V=0.1,v; =0.1, B2 =0.1, 1 =0.1, 83 = 2, 6; = 1,y2 = 0.05, the equilibrium
point Ug(0,0) turns into a centre at that point Jq > 0, T,y = 0. Thus, periodic orbits have been
observed about (0,0) (see Figure 6.2(b)).
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6.5 An analysis of all travelling wave solutions

6.5.1 Solitary wave solutions of KP equation

In particular, a solitary wave represents the propagation of a wave packet that is localized
in the sense, and in addition, the solitons do not spread their energy during propagation, and their
stability allows them to move without losing their energy, shape, or momentum. Some kind of
nonlinearity exists in the system to explain the existence of solitons. Solitons are formed only when
nonlinearity and dispersion combine into a stable balance, forming a pulse that propagates without
changing shape. To find solitary solution, we rewrite equation (6.40) as

— Dm?
LV Dm e A s, (6.41)

2 _
zZ=h Bl 3B12

Now, integrating along the level curves mentioned as H(U,z) = h gives

0= J au . (6.42)

V1—Dm? A 1]
\/h+ Bl4m u? — 3B12 us

Finally, (6.42) expresses the parametric representation of the exact solutions. The level curves

mentioned by H(U,z) = h, for h = 0, signifies a homoclinic orbit (Figure 6.2(a)) Eq.(6.42) becomes

A u
Voo = J d , (6.43)
3B12 U, /3Vibm2)

AlZ
which gives the solitary solution as,
$(E,1,T) = dg sech? (W) , (6.44)
i , 3B1? Alpy  m?D
W:Ad)o’ V= 3 + T (6.45)

where A, B, D are defined in (6.34) and ¢¢ is considered as the initial amplitude. The solution

(6.44) is presented in a particular form for future purpose,

®(&,1M,7T) = Gamp sech? <WVS_VT> , (6.46)
where
3(Vl—m?2D) Bl4
amp = —————— W =2 [, 4
Pamsp AL2 w (VI—m2D) (6.47)

$amp and w present the amplitude and width of the soliton and 1, m are the constant such that,

124+m?=1.
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6.5.2 Periodic wave solutions of KP equation

In order to acquire periodic wave solution of KP equation (6.35), we consider a particular

type of transformation (6.36) which brings,

1/du\> A _, VI—Dm2 , T
2 <de> 6B12  2Bl4 “ogu 0 (6.48)
where T" is an integrating constant. If I' = %, the expression (6.48) is represented below
for A > 0 and A < 0 respectively as,
au® A
(d@) = gpziler — WU —ez)(U—es)l, (6.49)
auy? A
i (*38712)[(11*61)(62*U)(esfu)], (6.50)
where
Dm V01— Dm? V01— Dm?
1+xf e =y ,egz(l—ﬁ)T. (6.51)

In the present plasma model (6.48), B is always positive, and thus, in response to A’s positivity or

negativity, the term becomes positive or negative. For consideration of positive values of

3312 3312 P
the real numbers ey, eo, e3 are chosen as e; > ey > ez and e; > U > e3. On the contrary, the real

numbers ey, e, e3 are ordered as e; < ez < ez and e; < U < e; when 3B12 is negative. Thus, we

obtain the periodic solution in the following form as,

A
spz (€1 — e3) el —e
G(ENT) =1 — (o1 — ex)sn? | F (16 b mn = V), [ 2 ) (6.52)

where sn is the Jacobi elliptic function, and the terms DTT“Q + %(el +ex+e3), eg —ex (=

3Vt Allj;“ Jand 4\/ ?131263 \/ ci=22) respectively represent velocity, amplitude and wave length

of the periodic waves. Here, the complete elliptic integral of first kind is denoted by S(,/ 2%2)
[226, 227, 198].

For a visual presentation, some figures are drawn in Figure 6.3. It is important to mention here that
especially, two types of periodic wave profiles are found as a consequence of negative and positive
values of nonlinear coefficient A. Clearly, positive A provides a positive potential periodic structure,
whereas negative potential periodic structure comes into existence for negative values of A. In a three
dimensional view, the positive potential and negative potential periodic structures are presented in
Figure 6.3(a) and Figure 6.3(b) respectively. We consider both (positive and negative potential

wave) structures and numerically observe the impacts of some parameters such as, 1, f2 and 6;
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in Figure 6.3(c)-Figure 6.3(e) (positive potential wave structure) and Figure 6.3(f)-Figure 6.3(h)
(negative potential wave structure). Figure 6.3(c) and Figure 6.3(f) exhibits the enhancing effect
of B1. Enhancing 3; means not only the rising of temperature of low-temperature ions but also
the falling of temperature of high-temperature ions. Thus, it may be concluded from Figure 6.3(c)
and Figure 6.3(f) that the increase in a temperature difference of high and low-temperature ions
causes enhancement (diminishment) of the amplitude of positive (negative) potential periodic struc-
ture. Figure 6.3(d) and Figure 6.3(g) respectively show the impact of the parameter o in the
positive and negative potential wave structure of periodic wave. Actually, the rising temperature
of lower temperature ions in comparison to that of electrons causes the enhancement of Bo. It is
found from Figure 6.3(d) that the amplitude of positive potential periodic structure significantly
improves because of the increase of o, whereas in contrary Figure 6.3(g) exhibits the diminish
of the amplitude of negative potential wave structure. The parameter §; represents the ratio of
equilibrium values of the number densities of low-temperature ions to the unperturbed number of
electrons, and it is deduced from Figure 6.3(e) and Figure 6.3(h) that with an increase in 8; causes
for enhancement (impairment) of the amplitude of positive (negative) potential periodic structure.
On the whole, the rising of temperature, as well as the mean concentration of low-temperature ions,
leads to an enhancement (diminishment) in the periodic amplitude of positive (negative) potential
periodic structure. Increasing 31, 32,81 means decreasing A, and A is inversely proportional to the
amplitude of the periodic wave and that is why positive potential structure increases on the other

hand negative potential structure decreases.

6.6 Analysis of unperturbed dynamics and phase portraits

for the KPb equation

The planar dynamical system of Eq.(6.38) takes the following form as

au

o -

dz V1i—Dm?2 A Cz

= = u— uz-— =, 6.53
o Bl 2B12 Bl (6.53)

Now, we study the characteristic of traveling wave solutions by analyzing the trajectory in a phase
paths of the dynamic system (6.53).

Set 1.(When C = 0 that is (o = 0.01) (Figure 6.2(c))

For 1l =05 m =05V =01,y = 02,62 = 01,31 = 01,0, = 4,8 = 2,v2 = 0.2, the
equilibrium point Up(0,0) becomes saddle because at that point Jq4 < 0, Tre — 4Jq > 0, and the
2(\/;7\78"12),0) becomes centre because at that point Jq4 > 0, T,; = 0. Thus at

the point (0,0) we get a homoclinic orbits.

equilibrium point Uy (
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Figure 6.4: 2D Profiles of Sol.(6.63) when T =1, L = -5, m = —=, Vo = 0.5 and (a) y1 = 0.01, B2
0.05,8; = 1,82 = 2,B; = 0.1, y2 = 0.1; (b) { = 0.01,y; = 0.01, B2 = 0.02, 5; = 0.4, 5 =
3.5,v2 = 0.02, B2 = 0.01; (¢c) {o = 0.07,y; = 0.1,8; = 1,8, = 2,B1 = 0.1, y2 = 0.01; (d)
CO = 0.07, Y1 = 0.1, Bg = 0.05, 51 = 1, 62 = 2, [.))1 = 0.1, Y2 = 0.01; (e) CO = 0.07, Y1 = 0.1, f)g =
0.05, 61 = 1, [51 = 0.1, Y2 = 0.01

Set 2. (When C # 0 that is (o # 0) (Figure 6.2(d))

For l=05 m=05V =01,y =02, 2 =0.1, 31 = 0.1, &3 = 4, & = 2, y2 = 0.2, the point
Up(0,0) becomes saddle because at that point Jq < 0, Ty —4J4 > 0, and the point u1(2(\/1;7112mz)’ 0)
becomes stable spiral because at that point Jq > 0, T2 —4]4 < 0. From the analysis of the system

it is confirmed that the kink or anti-kink solution of the KPb equation exist.

6.7 Solutions of the (2+1)-dimensional KPb equation

We determine an approximate analytical solution for the KP-Burgers equation.
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6.7.1 Analytical solitary solution for KPb equation

It is assumed that the system remains conserved for negligible values of (y, and thus the
KPb Eq.(6.33) is approximated as Eq.(6.35) that gives the solitary wave solution (6.46). Taking the

solution (6.46) as a seed solution, the solution for the equation (6.33) can be expressed as

$(&,1,7) = Pamp sech? (la + mnw— VmT) ; (6.54)
where
_3(V(Ol—-m?D) Bl4
‘bamp —T7W—2 m (6.55)

We assume that the solution of KPb equation also follows the solitary pattern like KP equation but
with a small deviation due to the presence of small burgers term. For this reason amplitude, width
and velocity have a small dependency on T. Now conserved quantity for the KP equation is given
by
o0
I= J G2 dE, (6.56)
—0Q0

here I presents the soliton energy. Thus, using solution (6.54), from the energy conservation relation

we find

_ 24VB

1= T(V(T)l—m?D)ff/?. (6.57)

Differentiating Eq.(6.57) with respect to T, we obtain

dl  36vB /o d

Now, differentiating Eq.(6.56) with respect to T and utilizing Eq.(6.14) and Eq.(6.54)-Eq.(6.55) we

get,
ar *© % 48C 2415/2
Now 24 S22
o mdam
| o] Fpac) as= g2 ain (6.60)

where G(n, T) is an arbitrary function of n and t. Taking G(n,T) = 0, we get from Eq.(6.59)

dI 48C
= _(V
dt 5A215\/§( (

Combining the equations (6.58) and (6.61) we find

1)1 —m?D)%/2, (6.61)

—— 4V, (6.62)
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here, V(1) is the time dependent velocity of DAW and Vj is the velocity at T = 0. Thus, the solution
of the KPb equation is

L& +mn—V(1t)t
_ 2
(&M, T) = bamp(T) sech ( Wit , (6.63)
where the amplitude, width of DAW are given by
3(V(t)l—m?D) B4
am = T aio =2 YT T .64
p(T) AL w(T) Vol m2D) (6.64)

and V(1) is given by Eq.(6.62).

6.7.2 Analytical shock solution for KPb equation

Waves carry energy and can propagate through media, but shock waves are characterized by
abrupt, nearly discontinuous changes in pressure, temperature, and density. In contrast to solitons,
shock waves dissipate relatively quickly with distance. As shock waves cause abrupt changes in
the properties of the medium, they can also be viewed as phase transitions. For shock type wave

solutions of KPb equation we used (G’/G)-expansion method.

6.7.2.1 Application of the (G’/G)-expansion method on KPb equation

In this sub-section (G’/G)-expansion method is employed to construct a set of exact ana-
lytic solution of KPb equation. Let us take the KPb equation in the present form described in Eq.
(6.33). We consider the transformation U(0) = ¢(&,1, 1), 6 = 1§ + mn — V1, where V designates
the speed of wave. Finally, we get transformed ODE from (6.33) as,

A 2
(—V1+Dm?*)U + AV 4Bt + cibu’ —o. (6.65)
2

Now, we make an ansatz (1.47) as a solution of Eq.(6.65). Balancing the coefficient of the terms U”

and U? in Eq. (6.65) we get N = 2. Thus, the required solution of Eq. (6.65) can be express as

’ I\ 2
U(6) =P+ Py <%) + Py <%) ) (6.66)

Substitute Eq. (6.66) into Eq. (6.65), the left hand side of Eq. (6.65) is transformed into a

) AJ
polynomial (%) (j=0,1,---,4) and setting the coefficients of (%) (j=0,1,---,4) to zero, we
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have a set of algebraic equations for Py, P1, A, and V as,

1
( ) 5A12Pg + BU*P1Ap + 2B14Pou? — C13Pp + Dm2Py
—VI1P, = 0, (6.67)
G\' ,
(G) A1%PP; + BI*P1AZ 4 6B1*PoAp + 2B14P u — CIPPiA
—2C13Pyp + DmM?P; — VIP; =0, (6.68)
G’ 1
(G) 5ALpr + AL*PPy + 3BU*PiA + 8BL?Pop + 4BL*PoA?
—C1?P; — 2C13PoA 4+ Dm?Py — VIP, = 0, (6.69)
3
( ) Al?P, Py + 2B1*P; + 10B1*PoA — 2C13P, = 0, (6.70)
1
(G> : 5A12P§§ + 6B1*P, = 0, (6.71)

Solving these equations by employing the symbolic computation system Maple, we have two sets of

solutions:

AP?2 12B12 5AP; — 12C1
Pp=——2L P, =P, Pp=— A= =
ST TEE A 60B12 '
AP, (5AP; — 24Cl) 25BDm? — 6C212
— L c= , (6.72)
2880B214 25B

Substituting the values from Eq. (6.72) into Eq. (6.66) and utilizing the solutions of Eq. (1.48)

in different cases, different types of exact analytical solution of Eq. (6.65) can be obtained. When
A= A2 — dp = (5AP1712C1)2 _ APi1(5AP;—24Cl)

> 0, the hyperbolic solution of Eq. (6.65) is as

60B12 720B2 11
follows:
SlEM.7) AP VA [ r1cosh(¥A0) + rosinh(¥20)  5AP; —12CL
s Ty = - 175
48B12 2\ r;sinh (L 8) + racosh(¥20) 120B12

Bl

2
_ 12B1? (x/Z (rlcosh(\f ) + rasinh(¥20) 5AP1—12C1>> (673)

A 2\ rysinh(¥20) + racosh(¥20) 120B12
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where 0 = 1§ +mn — (W)T, r1 and 19 are arbitrary constants. This result can further be

written in some more simplified forms depending upon the conditions on the ratio of r; and 15 as

AP} A A 5AP; —12C1
d(&m,T) = 1 +P1§ (tanh(fe +T10> +1>

 48BI2 2 120B12
2
12B12 [ VA VA 5AP; — 12Cl
- Y2 [ tanh | =0 gy e 74
A ( 2 (a“ ( SR R TT TP ’ (6.74)
with A2 —4u >0, tanh(ng) = :—2, 1 # 0, 2 <1
1

25BDm?2 — 6C212
and9:l£—|—mn—<5 m 6C1)T

25B

6.7.3 Solutions of the KPb equation by F-function method

Here we employed indirect F-function method [142] to find jacobi elliptic function solution

of KPb equation. We assume that the solutions of Eq. (6.33) can be taken as
U(En, 1) =A(DF(E), ¢=1&+mn— V(7T (6.75)

where parameter functions A, V and the exponent s are to be determined. Also the function F satisfy

the following differential equation
F2(0) = PF(0) + QF?(¢) + R. (6.76)

Substituting Eqs. (6.75)-(6.76) into (6.33) and equating the exponents 2s — 1 and s + 1 in the

obtained equation gives
s=2. (6.77)

Then replacing (6.77) in the remaining equation and equating the coefficients of F$, F2~1F/ Fs—1F/,

and FS*1'F’ equal to zero, we get:

A(T) +4C13QA(T) =0, (6.78)

d
a(TV(T)) =4B1'Q + Dm?, (6.79)
16PB1? + AA(T) = 0. (6.80)

From Eq.(6.78) and Eq.(6.79) gives

A(T) = Age*CQT, (6.81)
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Figure 6.5: 2D Profiles of Shock Sol.(6.74), when T = 1,1 =1,19 =1, P; = 0.5,1 = %, m= and
(a) 51 = 1, 62 = 2, [31 = 005, Y1 = 01, BQ = 0.1,'}/2 = 0057 (b) 61 = 047 62 = 35, [51 = 005, Y1 =
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0.05, v = 0.05; (h) 8; = 0.4, (o = 0.4, B; = 0.05, v; = 0.01, B2 =0.04, yo =0.1; (i) ((, =0.2,6; =1, B; =
0.05, v1 = 0.1, Bo = 0.1, y2 = 0.05; (j) 81 = 0.4, o = 0.4, By = 0.05, y1 = 0.01, By = 0.04, y» = 0.1
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Figure 6.6: (a) 3D plot of Sol.(6.63), when y; = 0.01, 2 = 0.05,8; =1, 85 =2, Vo = 0.5, p; =
0.1, y2=01,t=1,1= % m= %; (b) 3D plot of Sol.(6.74), for §; =1, 83 =2, 1 = 0.05, y; =
01,2 =01,y =005, 1T=1,n=1,1n10=1,P,=1,1= % m= %; (¢) 3D plot of Sol.(6.89)
when Y1 = 001, f)g = 005, 51 = ]., So = 2, VO = 05, Bl = 0.]., Y2 = 0.]., T = ]., 1= %, m =
%, Ao = 0.15,my = 0.9; (d), (e) and (f) are Contour plots of the corresponding Figure 6.6(a),

Figure 6.6(b) and Figure 6.6(c)
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Table 6.1: Jacobi elliptic functions.

P Q R F2=PF*+QF*+R F
m? -(14m?) 1 F2=(1-F?)(1-m2F?) snl,sd{=cn¢/dn(
-m?  (2m3-1)  1-m? F?=(1-F?)(m?F?+1-m?) cng
-1 (2-m?) m?-1  F?=(1- F2)(m1+F2 1) dn(C
1 -(14m?) m? F2=(1-F?)(m2-F?) ns¢=(sn¢)~*,de(=dn(/cn(
1-m?  2m?-1 -m?  F?=(1-F?)[(m? l)F2 m?] ncl=cn~!C
m?-1  2-m? -1 F’2 (1-F?)[(1-m?)F2-1] nd{=dn~!¢
and
V(1) = 4B1*Q + Dm?, (6.82)

where Aq is the initial amplitude of the soliton and considererd as the initial velocity to be zero.

From Eq.(6.80) one gets an important constraint equation for the solution exist as

B A
K —_— _W. (6-83)
Thus, the solutions of the equation with time-dependent coefficients are given by
U(Q) = AM0F(0). (6.84)
The Relationship between the values of P, Q, R and F({) in (6.76) is given in table 1.
From Table 1, if we select
F(C) = sn(¢,my), P=mi,
Q=—(1+mj), R=1, (6.85)

then by choosing the relations (6.81)-(6.83), in Eq.(6.84), we gain the exact solutions to the KPb
equation (6.33) is given by:

(b(E»aTLT) = }\064C13(1+m%)T5n2(C7 ml)u (686)
where
¢=1&+mn+ (4B1*(1 + m}) — Dm?) 1, (6.87)

From Table 1, if we select

Q=(2mi—1), R=1-—mi, (6.88)
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then by choosing relations (6.81)-(6.83), in Eq.(6.84), we achieve the exact solution to the KPb
equation as

G(E,1,7) = Age 1 EMINTen2 (¢ my), (6.89)

where
¢ =1&+mn— (4Bl*(2m} — 1), +Dm?) 1, (6.90)
From Table 1, if we select

F(C):dn(Caml)a P:_la

then by choosing relations (6.81)-(6.83), in Eq.(6.84), we gain the exact solution of Eq.(6.33) as
d(E,1,7) = Aoe 4D TAn2 (g, my), (6.92)
where
¢=1&+mn— (4B1*(2—m7) + Dm?) t, (6.93)

ans 1, m are constant parameters in the above mentioned solutions.

6.8 Parametric discussion

Now, we discuss the impact of different physical parameters including dust kinematic vis-
cosity (o), the ratio of low-temperature ions and high-temperature ions (1), the ratio of low-
temperature ions to the temperature of electrons (B2), the ratio of equilibrium values of the number
densities of low-temperature ions to the unperturbed number of electrons (81), the ratio of equilib-
rium values of the number densities of high-temperature ions to the unperturbed number densities of
electrons (82) on the solution structure. Generally, the nonlinear coefficient of the evolution equation
may vanish for some specific group values of the parameters. In these cases, we can find the solitons
with an infinite amplitude which is totally unrealistic. To overcome these hurdles some graphs are
drawn in Figure 6.1(a)-Figure 6.1(d) and a suitable parametric domain is chosen accordingly to
obtain finite amplitude solitary, shock, and periodic solution.

To shows the effect of different parameters, Figure 6.4 and Figure 6.5 are drawn with the
help of solitary wave solution (6.63) and shock wave solution (6.74) respectively.  Figure 6.4(a) is
plotted for distinct values of the dust viscosity parameter (g. It is cleared from Figure 6.4(a) that
the amplitude of the wave substantially hangs on dust kinematic viscosity. From the graph, it can be

concluded that the amplitudes of the negative potential solitary structure decrease abruptly with the
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enhancement in the dust kinematic viscosity parameter (g. Figure 6.4(b) is depicted for presenting
the effect of the parameter 31 on the solitary wave profile. It is important to mention here that the
positive potential, as well as negative potential wave structures, are formed due to the variations in
B1. Figure 6.4(b) shows that positive potential wave structures formed if the temperature of higher
temperature ions is sufficiently large than that of lower temperature ions. On the contrary, the same
type of structure may observe if the temperature of lower-temperature ions is very small than that
of another one. Figure 6.4(c) is depicted respectively for presenting the effect of the parameters o
on the solitary wave profiles. It is deduced that if the temperature of electrons significantly enhances
than that of low-temperature ions, i.e. if 5 decreases, the amplitude of negative potential soliton
decrease. The effect of the negative potential solitary structure with respect to the parameter &;
and 69 are plotted in Figure 6.4(d) and Figure 6.4(e) respectively. From Figure 6.4(d), it is seen
that increasing low-temperature ion concentration, results in an enhancement in the amplitude of
negative potential solitary structure. On the other hand, an enhancement in higher temperature
ion concentration in comparison to the electron concentration decreases the amplitude of negative
potential solitary structure (see, Figure 6.4(e)).

To show the impact of Burgers term in positive and negative potential shock wave, Figure 6.5(a)
and Figure 6.5(b) are plotted for distinct values of the dust viscosity parameter (y. it is cleared
from Figure 6.5(a) and Figure 6.5(b) that the amplitude of the wave substantially depends on dust
kinematic viscosity. Enhancing (y causes rising dissipation and naturally the amplitudes of the shock
enhance substantially with the enhancement in the dust kinematic viscosity (o. Figure 6.5(c) and
Figure 6.5(d) are depicted for presenting the effect of the parameter 31 on the positive and negative
potential shock wave profile. It is deduced that increment of two types of ion temperature ratio (1)
results in a decrement of the amplitude of positive potential shock structure where an increment
of amplitude can be observed for negative potential shock structure. In the shock propagation,
we get the similar effect in the Figure 6.5(e) and Figure 6.5(f) for the parameter o as like as
shown in Figure 6.5(c) and Figure 6.5(d) respectively. The variation of the amplitudes of the
positive and negative potential shock wave with the ratio of low-temperature ion concentration to
the concentration of electron (1) are plotted in Figure 6.5(g) and Figure 6.5(h). From the graph,
we noticed that the decrement (increment) of the amplitude of the potentially positive (negative)
shock is due to the increase of the parameter 8;. The effect of the ratio of equilibrium values of the
number densities of higher temperature ions to that of electrons (82) on the potentially positive and
negative wave amplitude is shown in Figure 6.5(i) and Figure 6.5(j), which shows that an increase
in the value of 82 causes to increase (decrease) the amplitude of the potentially positive (negative)
wave. That means if the concentration of higher temperature ions is significantly greater than the
concentration of electrons then the amplitude of potentially negative shock will decrease whereas

the amplitude of positive potential shock will increase.
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Utilizing the symbolic computation system Mathematica, some three dimensional graphs of the
obtained solutions of KPb medium are drawn in Figure 6.6 under the variation in dust viscosity
parameter (g, which includes different shaped wave profile such as bell type (Figure 6.6(a)) for the
solution (6.63), kink type (Figure 6.6(b)) for the solution (6.74) and periodic features (Figure 6.6(c))
for the solution (6.89). The corresponding contour plots are drawn respectively in Figure 6.6(d),
Figure 6.6(e), and Figure 6.6(f) from which the significant impact from the dust kinematic viscosity

(Co) on the wave propagation is well understood.

6.9 Conclusion

In order to study the propagating properties of DAW in unmagnetized, viscous dusty plasma
made up of charged dust, electrons, and two temperature ions, we consider the KPb equation. Dif-
ferent types of solutions, as predicted by the phase portrait analysis of the corresponding system, are
derived by using different nonlinear approaches. Using these solutions, the effect of dust kinematic
viscosity ((g), the ratio of two types of temperature ions (f31), the ratio of low-temperature ions to
the temperature of electrons (f2), the ratio of equilibrium values of the number densities of lower
temperature ions to the unperturbed number of electrons (81), etc. are discussed from a numerical

standpoint. The important outcomes have been observed in this theoretical research:

a. The KPb system includes kink (or anti-kink) shaped shock and solitary-type solitons. Viscosity
and inter-collision of plasma particles lead to the creation of the Burgers effect in the KPb
system. Due to the enhancement of the Burgers term ({g) solitary type wave soliton goes
downward. This is expected as enhancing (y causes to diminish the energy of the system.
Again, the amplitude of kink increases with the enhancement of dissipation from enhancing

Co-

b. Ions temperature ratio 31 also takes a valuable part in the emergence of the wave structure in
the present system. It is noticed that the shock rises (decreases) with the increase (decrease)
of 31 whereas, enhancing (31 causes for diminishing of the depth of solitary type wave solution.
Similar observation follows from the parameter 5. Occurrences of these types of nonlinear
phenomena are expected, as the rising temperature of cold ion causes enhancement in poten-
tial energy of the nonlinear system, and the rising potential energy boosts the soliton moves

upward.

c. The solitary as well shock soliton both shrinks down as density parameters (8; and 82) enhance.
It is expected because increasing density ratio (8 and 85) causes for enhancement in ion density

which boosts the soliton to go dipper.
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d. It is observed that under certain conditions, the finite amplitude periodic solution may exist
in the present plasma system. Actually, the periodicity in the wave profile arises due to
the presence of the Jacobi elliptic function in the solution. The amplitude of the periodic

significantly depends on the parameters (31, 2 and 8.

Finally, to the best of our knowledge, this literature expresses some effective new types of analytical
solutions (shock, solitary and periodic), especially the finite-amplitude periodic solution incorporat-
ing Jacobi elliptic function, for the DAW propagating in plasma circumstance, in the framework
of the KP and KPb medium. These solutions could be utilized in other nonlinear mediums which
adopt the KP as well as KPb equations. This observation is carried out in parametric space and it
is expected that the results observed in the simulation are realistic and effective for studying nonlin-
ear behaviors of DAW in the Astronomical plasma and laboratory plasma. In particular, the dust
acoustic solitary structure with two temperatures in a magnetized plasma environment is observed
in the rings of Saturn and Jupiter, interstellar molecular clouds. Two temperature ions are also

found in earth’s magnetotail, earth’s polar mesosphere [228, 229, 230].
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Chapter 7

Impact of relativistic positron
beam on ion-acoustic solitary,
periodic and breather waves in
Earths’ ionospheric region through
the framework of KAV and
modified KdV equation

7.1 Introduction

The presence of electron-positron-ion plasmas was confirmed by the Advanced Satellite
for Cosmology and Astrophysics (ASCA) in astronomical scenarios under idiosyncratic conditions
[231]. Numerous techniques for amassing large amounts of positrons in the lab have been reported in
[232, 233, 234, 235]. According to Shan and El-Tantawy [236], the positron beam characteristics and

physical factors in a multi-component plasma dramatically alter freak waves. They also highlighted

IThe research article has been published in the journal of Physica Scripta (IOP)
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how the nonlinearity of the plasma environment is significantly affected by the concentration and
speed of the positron beam. Using the classical KdV framework, Sarma et al. [129] described
many important characteristic of ion-acoustic solitons formed in a particular plasma system with a
relativistic positron beam. Shan et al.[126] have shown that the amplitude, and width of solitons
propagating in plasma environment, can be altered as a result of the existence of faster positron
beam and super-thermal electrons. Once more, Shan & El-Tantawy [236] recently showed that the
nonlinearities of the plasma state may be primarily altered by variations in the positron beam speed
and positron density. Most studies conducted in the plasma field were of a non-relativistic character
[237, 238]. However, when particle speeds are near the speed of light, relativistic effects must be
taken into account. Many researchers eventually proved the importance of relativistic interactions
in the modulation of plasma wave evolution [239, 240, 241, 242]. In this chapter we study the
propagation characteristics of ion-acoustic periodic, soliton, and breather waves in a relativistic EPI
plasma with a relativistic positron beam. Applying the conventional reductive perturbation method
(RPM) to the fundamental set of fluid equations yields the KdV equation. A mKdV equation is
constructed when the KdV model cannot accurately capture the evolution of the nonlinear system. In
both models, periodic solutions are derived using Jacobi elliptic functions, and a connection is shown
between periodic waves and soliton solutions. Hirota’s bilinear approach is used to generate breathers
directly from the KdV type framework without utilizing the modified Schrédinger framework inferred
from the KdV type framework, a common approach in nonlinear wave studies. Numerical knowledge
of numerous physical factors in the ionospheric region is incorporated into the model for describing

wave propagation in the Earth’s upper layer.

7.2 Governing Equations

In the presence of a relativistic positron beam, we take into account an unmagnetized
electron-positron-ion plasma. The charge neutrality criterion is expressed as Mig + Npg = Meg
at equilibrium, where njo stands for the equilibrium concentrations of the jth species (j = i,e,b

respectively represent ions, electrons, and positron beams). The basic equations [129] governing the
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plasma dynamics can be written as

a;[i n ai (nivy) =0, (7.1a)
B = o
a;: . aam 3 aavx —o, (7.1c)
a;te + ai (neve) =0, (7.14)
a;ate +Vea£<e 43 eaavxe ~0 (7.1f)
aaltb + aa (nyve) =0, (7.1¢)
Bony (a;tb + baav;b) + Cxag)b =— b%v (7.1h)
%"‘Vb%“l‘gpb% =0, (7'1i)
?:sz) =(140p)Ne —dpnp — My, where dp = T:ig- (7.1))

Here the density and pressure of the jth species are represented by n; and pj, respectively. The
velocity, charge and mass of the jth species are denoted by vj, q; and m;, respectively. Ions,
electrons, and positron beams are denoted by j = 1, e,ana b, respectively. ¢ is the electrostatic

potential, vy is the relativistic factor and kg is the Boltzmann constant. n; is normalized by the

unperturbed density njo. Normalizing p; by njokgT;; v; by the ion-acoustic speed cs = kfn—Te,
kB Tz
e )

ion Debye length Aq; = 47]:3;662 and the ion plasma period w;-l =, Um?ﬁ' Additionally, ¢ is

and the electrostatic potential ¢ by we measure the space and time variables by scaling the

1
the speed of light in a vacuum, Tj is the temperature of particles of the jth species. The ratio of

ion temperature to electron temperature is represented by o = %, and the ratio of positron beam
temperature to electron temperature is represented by & = % The ratio of electron mass to ion

mass is 31 = 21} and the ratio of positron beam mass to ion mass is 32 = ’:1‘: In addition,

’ 2 . .
Vp = Vb (1 + ;Tb%), ¢ is the ratio between ¢ and cg.

7.3 Nonlinear analysis of KdV equation

To investigate the behavior of wave propagation in electron-positron-ion plasma with rel-
ativistic positron beam, we employ RPM to derive the KdV equation, in which the independent
variables are stretched as,

& = e% (X—th) ,T= e%t (72)
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where v, designates the phase velocity of ion-acoustic wave, and € is a small parameter representing

the weakness of non-linearity. Expansion of dependent variables are as follows:

Ne=14€ener + €*Nea + €3Meg + -+ - - ; (7.3a)
n=1l+eny+enp+eing+----- ) (7.3b)
Ny =1+ enp; + €®Nps + €3Mpz + -+ - - , (7.3c)
Ve = €Ve1 + €%Ven + €3veg + -+ - , (7.3d)
Vi = evi1 + €2vig + €3vig - - - - , (7.3¢)
Vb = Vb + €Vl + €2Vpa + €3Vpg + -+ - - - , (7.3f)
Pe =1+ €per + €’ pea + €’peg +-- - - , (7.3g)
pi=1+epis +epiot+e3piz - ) (7.3h)
Po =14 epp1 + €*pro+ ¥ ppz +- - -+ , (7.31)

d=chp+ePot+ePps+---- (7.3))

Substituting (7.2) and (7.3) in Egs.(7.1) and comparing the coefficients of lowest order of €, we

obtain the following relations:

3
ni1 = d1, Vit = ————d1, pit = ————— b1, (7.4)
(V% —30) (V% —30) (v% —30)
1 Vp 3
= —_— = — = — 7.5
el = 5— B2 b1, Ver = o— Bz b1, Per = 5— B2 b1, (7.5)
1 Vv, —V 3
Np1 = — 1, Vo1 = Md)u Po1 = —P1, (7.6)
wp W m
(1+5y) 1 dp
_ -2 7.7
3—Bvi Vvi—30 wp’ (7.7)
where )
3v
w=1+ 2(:]320’ HZBQ (Vp*\)bo)Q*BCX.
1

Then, Eq.(7.7) can be used to compute the phase velocity v,. Comparing the coefficients of next

higher order of €, we find the relationships shown below:

aml amg avig 0 o
ot —Vp aE, + aa +aa (nllvll)_07 (78)

oviy Ovia oviy Opi2 opi1 GloP
- - —ony = 0% 7.9
= Vp At + Vi1 At + o oF omniy oF T (7.9)
0pi1 Opi2 0pi1 Ovio 0viy
- - AL 1
o Vp o + Vi1 oF +3 o +3p11 e 0, (7 0)
0 0 0 0
Tel Te2 ez 4+ © neiver) =0, (7.11)

or P or ' o ot
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Ovep o OVeo Ve apeQ _ a¢2 ad)l

[31 ot Blvp ot Blvpnel aE. +Bl el oL + ot _TE nel?a, (712)
apel ape2 apel OVea Vel
— 3 3 =0 7.13
a"[ Vp aa +Vel 65 + aa + pel a(i ) ( )
anb1 aleQ a\)bg 0
_ _ 2 —_ =0 7.14
Py (Vp — Vo) o + 3 + e (Mp1Ve1) ) (7.14)
3 ov 3 ov
B2 <1+ 5 2vb0) abl + B2 (1 + 52 va()) (Voo — Vp) TZQ
3 ovp 3 ov
—B2 9% QVbO( —Vbo) 2Vo1 5 3t L+ Bo <1+ % 2"b0> Vb1 azl
3 Vb1 dpv2 02 00
1 = —_— 7.15
+PB2 < + 2 vao) Nbl—H7— oL (Voo —vp) + oL oL —Np1 g’ ( )
Opb1 ., OPw2 O0pob1 OVp2 3
3 1
ot + o (Voo — )+Vb1 o + o + 2C1vb0
9 vy, OV 3
+2 2vb0 3t L 3Py — ot 1+2 2vb0 =0, (7.16)
aQ
82)21 = (1 + 5}3) MNeg — 6bnb2 — MNj2. (717)
From Eqs.(7.8)-(7.17), selecting ¢1 = P, we finally obtain the following KdV equation:
o o 0%
— — +B— = 7.18
37 +Alj) + e 0, ( )
where
R 1
= — B = —
A P’ P’
and )
2p31v 2 v v 2v
P—(1+6p) Blp22 bﬁ2(u§)2 b0 2 LI
(3_ 1VP) H (vp_36)
3(1+ B2 3 3 9 3 — 3(vi+o0
R= (140 20T F1%) "2 5 ( L . ”b0§”P3 2vb0))+ vy )3
(3—[31\2%) W W WH Ciwp (v%j —30)

Nonlinear co-efficient A plays an important role in formation of wave structure. So it is important
to study the behaviour of this coefficient with respect to plasma parameters. We have conducted a
numerical analysis of the variation of the nonlinear coefficient A with the variation of the parameters
o and &y, in Figure 7.1(a) and Figure 7.1(b), respectively. From Figure 7.1(a), it is clear that (i) A can
take on negative, zero, and positive values depending on the value of «; (ii) the value of « at which
A equals zero is referred to as the critical value of «, denoted as &, and for our current analysis,
& is approximately 0.207; and (iii) the parameter ranges for the creation of positive (i.e., 1 > 0)
and negative (i.e., < 0) potential structures can be identified corresponding to A > 0 and A < 0.

From the observation of Figure 7.1(b), it can be noted that the nonlinear coefficient A exhibits a
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Figure 7.1: 2D profile of (a) nonlinear coefficient A vs « for 3; = 0.005, 2 = 0.0054, 6y = 0.5, 0 =
0.1, ¢y = 1000, vpg = 1, v, = 1.45, (b) nonlinear coefficient A vs &y, for B; = 0.005, B2 = 0.0054, & =
0.3, 0 =0.1, ¢; = 1000, vpo = 1, vy = 1.45.

strict decrease as 8y increases. It seems that The sign of A appears to be significantly influenced by
the parameters o and dp. It is well established that, (i) a negative coefficient for the nonlinear term
A results in the formation of rarefactive solitary waves, while (ii) a positive A leads to the existence
of compressive solitary waves within this framework. As illustrated in Figure 7.1, both rarefactive
and compressive solitary waves are present. Notably, when A = 0, the pulse amplitud approaches
infinity, indicating that the KdV equation is inadequate for modeling this scenario. Consequently,
it is necessary to seek a higher-order nonlinear wave equation to accurately describe the dynamics

of nonlinear waves at A = 0, as elaborated in section 7.5.

7.4 Soliton, periodic, breather and hybrid solutions of KdV

equation

The most prevalent occurrence in all types of nonlinear fields is the soliton, and its modes
are typically described as hyperbolic functions. In the past, investigations in plasma physics focused
on the nonlinear forms of this wave, such as the soliton and cnoidal waves. Our analysis involves
the numerical examination of how the solutions to the KdV equations are affected by changes in
the physical parameters consisted with the ionosphere region ([129, 243]), based on the data as,
Neo = 0.11 x 102 — 0.19 x 102m 3, nyg = 10" m ™3, npg = 1012 — 0.9 x 10" m—3 with ion and
electron temperature as Ty ~ 0.07 eV, T = 0.2 eV, 6, = 0.09—0.8, 0 = 0.1 —-0.6, x = Ty /T =
0.2—0.6, 1 = me/mi = 0.005 and B2 = myp/my = 0.0054.
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7.4.1 Periodic solution

In terms of the Jacobian elliptic function, it has recently been discovered that nonlinear
periodic waves, such as sn, c¢n, and dn are formed under specific conditions ([198, 144, 202, 203]).
This periodic wave can actively contribute to describe plasma transport processes. We introduce a

specific kind of transformation to obtain the periodic wave solution of KdV Eq.(7.18)

V(&, 1) =P(0O), where © = k& —wt, (7.19)
which brings,
1 /a2
- == \V4 = 2
; (S5) +viw = (7.20)
where V({) = 6§<2¢3 — 5B%3 P2 + 21;‘123 represents the Sagdeev potential and T stands as an
integrating constant. Adopting the initial condition & =0,¥(0) = x% we have I = 3 A2k2, the
expression (7.20) is represented below for >0 and < 0 respectively as,
SN _ A ) - ) — 1) (721)
e, 3Bz ! ? e '
SN (A g )i — (s — )] (7.22)
e,/ ' 3BK? P ° ’ '
where
w w w
= 1 _— = — = 1 - I— '2
(14 VB) g, T3 = 2o 1y = (1— V3) (7.23)
The dispersion co-efficient B is always positive in the current plasma model (7.18) so the term 31?T

changes depending on whether A is positive or negative. For choosing positive values of %, the real
numbers 11,79, T3 are chosen as 11 > 19 > r3 and 11 > P > r3. On the contrary, the real numbers
T1,T9,T3 are ordered as 1y < 19 < 13 and 11 <1\ < 1o when % is negative. As a result, we arrive at

the periodic solution as follows:

A
2(T 7T‘) —
e D) =1 (11— rden? | LI kg — ), [ (7.24)
1—T3

where cn represents the Jacobi elliptic function, and Ak(rl + 1o HT3), T — Ty = %, and
4\/ 33]‘?3 \/ E::i) respectively represent velocity, amplitude and wave length of the periodic

waves. Here, the complete elliptic integral is denoted by Q(,4 /ﬁ).

7.4.2 Solitary solution

A soliton, commonly known as a solitary wave, is a wave packet that retains its structure

while flowing at a constant speed. It is one of their most distinguishing characteristics that the

188



solitons maintain their shapes as they interact. Now when Iy = 0, the Eq.(7.20) reduces to

1/dp\> A 5 w o,
2(d®> T epe? "oV =0 (7.25)

and so solution (7.24) turns to the solitary wave solution as

3w 9 w
P(&,T) = Ak sech < 1B (kE,WT)) , (7.26)
Here the terms % and \/‘“?vv—kg represents the peak amplitude and the width of the ion acoustic

solitary waves.

7.4.2.1 Discussion on periodic and solitary wave solution for the KdV system

The variation of the plasma parameters 8y (positron beam to ion density ratio), o (ion
temperature to electron temperature ratio) and « (positron beam temperature to electron temper-
ature ratio) on Sagdeev potential, phase plot, wave structure corresponding to periodic and solitary
waves are plotted in Figure 7.2 and Figure 7.3 respectively. Figure 7.2, and Figure 7.3 each contain
three rows, where the first position stands for Sagdeev potential, the second position is for phase
plane, and 3rd one is for the presentation of the wave structure. By taking into account the identical
set of values, the Sagdeev potential, phase plane, and wave structure corresponding to the periodic
solution are drawn. We have studied the real zeros of the Sagdeev potential V(1) in the forms
of g, U1, and P having non-zero finite values of different physical parameters in order to better
understand the properties of nonlinear periodic (cnoidal) waves. The Sagdeev potential V(1) never
vanishes for cnoidal waves at origin (i.e., V() # 0 at P = 0), but it does for solitary waves (i.e.,
V(1) =0 at Y = 0). The potential well particle regularly oscillates between the zeros \Pg and 1,
according to the Sagdeev potential.

A little potential barrier keeps the oscillating particle from getting to the root value 1. According
to the particle’s behavior in Figure 7.2(a)-Figure 7.2(c), a nonlinear periodic (cnoidal) wave oscillates
between two values of Py and 1. As a result of the spacing between the repetitions of the wave
structures, the nonlinear potential structures of the cnoidal waves are finally repeated, resulting in
a wavelength of one unit. When the other parameters are held constant, the Sagdeev potential for
various values of the positron beam concentration &y, is shown in Figure 7.2(a). Figure 7.2(b) and
Figure 7.2(c) show the corresponding phase plane and associated periodic structure, respectively.
Figure 7.2(c) illustrates the changes in periodic wave patterns as &, varies. The graph clearly in-
dicates that as &y increases, the amplitude of the periodic wave also increases. This suggests that
higher positron beam concentration in plasma leads to ion energization. For this reason, the driving
force given by ions thereby actively contributes and plays a crucial role in forming periodic wave

greater energetic by enlarging its amplitude. The effect of ion to electron temperature ratio o on
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Figure 7.2: (a), (b), and (c) are respectively the variation of &y, on Sagdeev potential, phase plane,
and wave structure corresponding to periodic solution (7.24) for f; = 0.005, f2 = 0.0054, x =
03,0 =01, w=02k=1,c; =1000, vpg = 1, v, = 1.45, T =1, T = 0.01. (d), (e), and (f) are
respectively the variation of o on Sagdeev potential, phase plane, and wave structure corresponding
to periodic solution (7.24) for $; = 0.005, B2 = 0.0054, « = 0.3, 6p = 0.5, w =02,k =1,¢; =
1000, vpg = 1,vp, = 1.45, T = 1, Ty = 0.01. (g), (h), and (i) are respectively the variation of o
on Sagdeev potential, phase plane, and wave structure corresponding to periodic solution (7.24) for
B1 = 0.005, B2 = 0.0054, 0 = 0.1, &, = 0.5, w = 0.2, k = 1, ¢; = 1000, vpg = 1, v, = 1.45, T =
1, Ty = 0.01.
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Figure 7.3: (a), (b), and (c) are respectively the variation of 6, on Sagdeev potential, phase plane,
and wave structure corresponding to solitary solution (7.26) for f; = 0.005, B2 = 0.0054, « =
0.3,0=0.1,w=0.2,k=1,cy =1000, vpg = 1, v, = 1.45, T =1. (d), (e), and (f) are respectively
the variation of o on Sagdeev potential, phase plane, and wave structure corresponding to solitary
solution (7.26) for B; = 0.005, B2 = 0.0054, o« = 0.3, 6, = 0.5, w = 0.2, k = 1, ¢; = 1000, vpg =
1,vp, =145 1=1. (g), (h), and (i) are respectively the variation of ot on Sagdeev potential, phase
plane, and wave structure corresponding to solitary solution (7.26) for 3; = 0.005, f2 = 0.0054, 0 =
0.1, 0p = 0.5, w=0.2, k =1, ¢c; = 1000, vy = 1, v, = 1.45, T = 1.
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Figure 7.4: (a) 3D profile of periodic structure (7.24), for ; = 0.005, f2 = 0.0054, x = 0.3, dp =
0.5,0 =01, w=02k=1,c; = 1000, vpo = 1, v, = 1.45,T5 = 0.01, (b) 3D profile of solitary
structure (7.26), for B; = 0.005, f2 = 0.0054, « = 0.3,0p, = 0.5, 0 =01, w =02,k =1,¢; =
1000, vpo = 1, vp = 1.45, (c) and (d) are Contour plots of the corresponding Figure 7.4(a), and
Figure 7.4(b).

Sagdeev potential, phase plot, and wave structure corresponding to periodic wave are presented
in Figure 7.2(d), Figure 7.2(e), and Figure 7.2(f) respectively. By observing the distances of the
potential curves and the phase plane curves from the vertical axis along parallel to horizontal axis,
it is found that the amplitude of periodic wave decreases with enhancing o as given in Figure 7.2(f).
We see negative impact in wave structure due to the increase in ion temperature in comparison to
that of the electron. The effect of the parameter « on Sagdeev potential, phase plot, and wave struc-
ture corresponding to periodic wave are presented in Figure 7.2(g), Figure 7.2(h), and Figure 7.2(i)
respectively. From Figure 7.2(i), it is observed that for enhancing o« the amplitude of periodic wave
decreases. The structure’s characteristics can be described as follows: when the temperature of
the positron beam increases in comparison to that of the electron, it has an adverse impact on the
system’s potential energy. Consequently, the amplitude of the periodic wave exhibits a decreasing
pattern.

Figure 7.3(a), Figure 7.3(b), and Figure 7.3(c) respectively, show the Sagdeev potential, phase plot,
and wave structure corresponding to a solitary wave for various values of the parameter 6, while the
other parameters are held constant. As before, the characteristics of nonlinear solitary waves are
examined using real zeros of V(1) in the forms of VP, {1, and P with non-zero finite values of vari-
ous physical parameters. V(1) vanishes for solitary waves at origin (i.e., V() = 0 at p = 0), but it
never does for periodic waves. The effect of positron beam concentration on solitary wave structure
remains same as we see in periodic wave. Due to the increase in positron beam concentration the
amplitude of the solitary wave increases. Figure 7.3(d), Figure 7.3(e), and Figure 7.3(f) respectively,
show the effects of the parameter o on the Sagdeev potential, phase plot, and wave structure corre-
sponding to solitary wave. It can be shown that the amplitude of a single structure strictly reduces

with increasing o as shown in Figure 7.3(f) by looking the distances of the potential curves from the
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vertical axis along parallel to horizontal axis and the area covered by the curves of the phase plane.
Figure 7.3(g), Figure 7.3(h), and Figure 7.3(i) respectively, exhibit the effects of & on the Sagdeev
potential, phase plot, and wave structure corresponding to solitary wave. Figure 7.3(i) shows that
with an increase in «, the amplitude of the compressive solitary wave decreases while the width
remains relatively constant. This observation leads us to conclude that the nonlinearity of the com-
pressive solitary wave is intensified as « increases. This nonlinear behavior can be attributed to the
fact that an increase in the temperature of the positron beam, in comparison to that of the electron,
negatively impacts the potential energy of the system. Therefore, as « increases, the amplitude of

the compressive solitary wave decreases.

Figure 7.4(a) shows compressive structure of periodic waves whereas, compressive structure
of solitary waves are exhibited in Figure 7.4(b). The corresponding contour plots of the above-
mentioned figures are plotted in Figure 7.4(c) and Figure 7.4(d). These numerical figures are drawn

for a clear presentation of the periodic and solitary structures of the present KdV system.

7.4.3 Bilinear form and K-soliton solution for the KdV equation

A number of studies in nonlinear scientific domains have demonstrated that Hirota’s bilinear
method [27, 156, 201], is a potential analytical aid for resolving a wider range of nonlinear evolution
equations. In the current investigation, we utilize the bilinear form of the KdV model for finding
multi-solitons and breathers. Here, we describe the transformation

12B 02

Y= T@lﬂ(ﬂ(a’ 1)), (7.27)

and utilizing it in the Eq.(7.18), we can acquire the bilinear form of Eq.(7.18) below as,
(D<D¢ + BDug ) H - H = 0. (7.28)

where H is a function of &, T, and the Hirota operator is represented by D.D¢g, Dyg [27, 156, 201].
To find hybrid solutions, the bilinear form of the equation Eq.(7.18) addressed in Eq.(7.28) will
be used. The K-soliton solutions of the KAV Eq.(7.18) are obtained by applying Hirota’s bilinear

approach in the following way,

2
Wle ) =, = 5 | Smise ). (7.29)

K
. . . K .
H = 1+Zel<; +ZBjkeK]+Kk + Z ABjkleBkleK]"‘Kk‘FKl N HBjk eli=1 K (7.30)
j=0 j<k j<k<l j<k

Here
Kj=gi&+QT+TY, Q5 =—Bgj,j=1,2,--- K, (7.31)
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with
(g5 — 91)(B(g; — gi)® + (Q5 — Qx))

By = , 1 <j<k<K 7.32
= (g T 9Bl T 97 + (0 1 0 ) (752)
Here, the values of j, k assume 1,2,--- K, where K stands for the soliton numbers and I")-O for the
phase constant. gj (j =1,2,---,K) are real constants chosen at random.
7.4.3.1 2-Soliton solution
When K = 2, from Eq.(7.30) we have

H=1+e" +e*2 + ‘BlzeKhLKz, (733)
with

Ki = giE,—ng”rJr Fio, i=1,2
and

(91— 92)(Q(g1 — g2)% + (Q1 — Q)
P12 = (0 00 (Qlor + 92)° 1 (O 7 02)) (7.34)

The two-soliton solution for equation Eq.(7.18) can be obtained by replacing Eq.(7.33), into Eq.(7.29).

7.4.3.2 1-Order breather solution

By examining the expression of two-soliton solution and considering complex conjugate

conditions, we write the wave vector as,

91 =P, +1iq,, =95, [ =T35 =0. (7.35)
The declaration H in Eq.(7.33) is now displayed as

H =1+ 2e™cos(msy) + Broe®™, (7.36)

and from there, it is learned that the fundamental breather solution is,

12B (4p2B1ae®™ + 2pZe™icos(my) — 2e™ q2cos(my) — 4pqe™isin(ms)) B

q)br =

A (14 Bige?m: + 2eMmicos(myz))
12B (2B1ape®™ + 2pe™icos(my) —2ge™ sin(ms))? (7.37)
A (1+ Bipe?™ 4 2e™icos(my))? ’ .
where

my =Pr X — (B(pskl - 3pR1 qfl ))T’

2
mo = q,x— (B(3p% q,, —¢° )T and By, = q2” )
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Figure 7.5: (a) 3D profile of breather structure, for ; = 0.005, f2 = 0.0054, x = 0.4, 6 = 0.5, 0 =
0.5, c; = 1000, Vpg = 1, v, = 1.45, g = —0.5 — 1.51 = g3, (b) Contour plot of the corresponding
Figure 7.5(a), (c) 2D profile of breather structure, for 3; = 0.005, f2 = 0.0054, x = 0.3, dp =
0.5, ¢c1 = 1000, vpg =1, Vp = 1.45, g1 = —0.5—1.51= g;, T=2.

7.4.3.3 Three-soliton solution

In this section, we derive some unique patterns of interactions, which are different forms
of breather-solitons interacting with solitons from the solution (7.30) with relation (7.32) and when
K = 3. We investigate the interactions between breather-solitons and other solitons employing the
complicated conjugate criteria procedure. Here, H is selected as an auxiliary function of third order

as follows,
H=1+et +e 24 e"3 + 312€K1+K2 + ‘BlgeKﬁ_K?’ + 323€K2+K3 + ‘3123€K1+K2+K37 (738)

where
Ki=gi& —BgjT+ 17, =1,2,3, & Biag = B12B13Bos

and Bjy, j, k = 1,2,3, are provided by (7.32). Because of this, Eq.(7.30) can be used in place of
Eq.(7.38) to produce the three-order solution. The three-order solution appears as the three-solitons

if all the parameters g1, g2 and g3 are assumed to be real constants.

1-Soliton and 1-order breather solution :

We select a single breather and a single soliton in the following section and merge them to

make a hybrid solution to provide more information
91 =Pu T1q, =95, 95 =93, [T =Y =0. (7.39)
Then, the H can be explicitly written as

H =1+ 2e™cos(my) + Bioe®™! + €53 4 2y e™  *3cos(my + 01) + Bioyie?™ 53(7.40)
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Figure 7.6: (a) 3D profile for interaction of breather-soliton structure, for f; = 0.005, 2 =
0.0054, @ = 0.4, 6y, = 0.5, 0 = 0.5, ¢; = 1000, vpo = 1, v, = 1.45, g1 = —0.6 — 1.61 = g3, g3 = 2;
(b) Contour plot of the corresponding Figure 7.6(a), (c) 2D profile of interaction of breather-soliton
structure, for 3; = 0.005, 2 = 0.0054, & = 0.4, 6y = 0.5, ¢; = 1000, vpg = 1, v, = 1.45, g1 =
—0.6—1.6i =g}, g3 =2, T=0.5.

where

mp = pma* [B(pgm 73pR1q?1HT’ me = qnai [B(Spilqn - q?l )]T7 K3 = 93'57 ngTv

2 . o 9
‘BIQ = L;7 BIS — _(pRl +1q11 93)

P (po tiq. T g7 Ve Bia = B =mien (7.41)
R1 R1 I1

Thus, we obtain a hybrid solution { = % aa; In(H(&, 1)), where H is determined by Eq.(7.40).

7.4.3.4 Multiple interactive configurations with solitons and breathers

In this part, we describe some innovative interactive topological structures that are com-
posed of breather-solitons as well as solitons collectively and are derived from the solution (7.30)
with (7.32) and K = 4. By taking into account the complicated conjugate condition technique, we
analyse the interacting behaviours between breather-soliton and other types of soltons. We pick H

as the fourth-order auxiliary function

4
H=1+ Z et + Z ‘BijeKH_Kj + Z fBijkeKi+Kj+Kk + 3123462?:1 Ki (742)
i=1 1<i<j<4 1<i<j<k<4

where Bij7 ] = 1,2,3 and 3123 = 312313323 and 31234 = 312313314‘323‘324334 obey the results
(7.32), respectively. The fourth-order solution for Eq.(7.18) may be found by putting Eq. (7.42),
into Eq.(7.29). There are two different sorts of combinations in the fourth-order situation, and the

following are some typical cases:
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Figure 7.7: (a) 3D profile for interaction of breather-two-soliton structure, for $; = 0.005, B2 =
0.0054, « = 0.4, 0p = 0.5, 0 = 0.5, ¢; = 1000, vpo = 1, vp = 1.45, g = —0.6 — 1.351 = g3, g3 =
2.5, g4 = —1.6, (b) Contour plot of the corresponding Figure 7.7(a); (c) 2D profile for interaction of
breather-soliton structure, for $; = 0.005, B2 = 0.0054, oc = 0.4, 8, = 0.5, ¢; = 1000, vpo =1, vp =
1.45, g1 = —0.6 — 1.351 = g%, g5 = 2.5, g4 = —1.6, T = 0.5.

Case I. 1-Order breather and 2-soliton :

We can create a hybrid solution by account of both a 1-order breather and a 2-soliton

solution by considering
K=4,g1=p,, +1q;,, =95, 93 =93, g2 = ga, I} = 0(1 <j < 4). (7.43)
Therefore, it is possible to express the H as

H = 1+ 2e™cos(msy)+ Bioe®™ 4 2y1e™ 3cos(my + 01) + 2y2e™ T*4cos(my + 02)
+312Y%e2m1+K3 + 2312Yge2m1+K4 + BlgB34Y%Y%€2ml+K3+K4

+2Bsyy1y2e™ T3 TR cos(my + 0 + 02), (7.44)
where

my :pR1£7 (Q(pil - 3pk1q?1))’r’ mg = qna* (Q(3p§1q11 - q?l))"f, K3 = 9367 QggTa

2 Y
_(pRI +1q,, 93) B

q ) .
Ki = g4& — Qgit, By = —2=, Byg = 13 = B33 =v1e"7,

pm (pm +iqn +93)2,
(Pry +195, —94)° ; (g3 — g4)?
By = —pa A , By = Bhy = v2€'%?, Byy = — . 7.45
H (pkl +1q,, + 94)2 " > 2 o (93 + 94)2 ( )

Therefore, we obtain a 1-order breather and 2-soliton solution { = % [ o2 In(H(&,T))|, where H

?E?
is determined by Eq.(7.44).
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Figure 7.8: (a) 3D profile of 2-order breather structure, for ; = 0.005, B2 = 0.0054, x = 0.4, 0 =
0.5, 8 = 0.5, ¢; = 1000, vio = 1, vp = 1.45, g1 = —0.5 — 1.5i = g3, g3 = —0.5 — 1.81 = gJ; (b)
Contour plot of the corresponding Figure 7.8(a); (c) 2D profile of two order breather structure, for
By = 0.005, By = 0.0054, a = 0.4, 5, = 0.5, ¢; = 1000, Voo = 1, vp = 1.45, g = —0.5 — 151 =
g5, 93 =—05—18i=g} 1=0.5.

Case II. 2-Order breather :

If the established restrictive requirements are satisfied and the solution (7.42) with (7.32)
of K =4 is used, it is possible to quickly construct a 2-order breather type wave that is identical to
(7.35),

91 =Pp 10, =95, 93 = g1 =Ty, +is,, [T =T3 =0 (7.46)

Thus, H can be represented as

H = 1+2e™cos(my)+ Bioe?™ + 2™ cos(my) 4+ Base?™s + 2yse™ T ™3cos(my + my + 03) +
2y,e™ M cos(my — my + 84) + 2B1aysyae?™ T ™ cos(my 4 83 — 84) +

2Basysyae™ T2 cos(my + 83 + 84) + BiaBaaysyiedmitma) (7.47)

where

my :pRIE‘_ (Q(pil _3pR1q?1))T7 mg = qna_ (Q(Spilqn - qi))T?
my =T1,,&— (Q(r?, —3r,,s%))T, my =5, — (Q(3r2 s, —s° )T,

_ q?l _ (pR1 +i(qu +irk2 7512))2
B =+, Biz=— : - )
2 (pm T1q,, + Ty, + 15’12)2

R1

(Pry +1(dy, +irg, +5,,))? . $2
Bu=—"7 R R By = By = yaett, Byy = 12 4
Y (pRl +:Lq11 + Ty, —"LSI2)2 » D14 23 = Ya€ ", D34 > (7 8)

R2

s
Bz = Bjy =v3ze'?,

It is noteworthy that function (7.47) can be substituted into Eq.(7.29) to yield a 2-order breather

solution.
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7.4.4 Discussion on breather and soliton interaction of the KdV system

In Figure 7.5(a), the breather is represented by the solution (7.37) for the KdV system,
taking into account some particular values of the associated parameters and the corresponding
contour plot is also presented in Figure 7.5(b). Figure 7.5(c) is drawn for presentation of the
impact of o in breather. It is observed in Figure 7.5(c) that the breather is depressed due to the
increase in 0. This characteristic of the structure can be described in the following manner: when
the ion’s temperature rises in contrast to that of the electron, it negatively affects the potential
energy of the system. As a result, the breather demonstrates a declining trend. Figure 7.6(a) is
depicted to present the interaction of breather and soliton and the corresponding contour plot is
exhibited in Figure 7.6(b). The interactive profile of soliton and breather under the variation of o is
expressed in Figure 7.6(c). The structure of the interaction of bi-soliton and breather is presented
in Figure 7.7(a) whose contour plot is given in Figure 7.7(b). The propagation of the interactive
wave is briefly described in Figure 7.7(c). The profile of the double breather and the contour plot
is presented respectively in Figure 7.8(a) and Figure 7.8(b). As before, in Figure 7.8(c), we find the

depressing tendency in breather structure for an enhancement in o.

7.5 Nonlinear analysis of mKdV equation

The KdV equation is contingent upon A, which is determined by the parameters (31, (32,
a, &, and 0. When specific values are assigned to these parameters (for example 31 = 0.005, By =
0.0054, « = 0.207, 6p = 0.5, 0 = 0.1), a critical point emerges where A equals zero. At this
critical point, the nonlinearity disappears, rendering the KdV equation inadequate in describing
the nonlinear evolution of perturbation. In such a case, to investigate the wave phenomena in the
neighbouring zone of the above mentioned area, higher-order nonlinearity is taken into account to
produce a new type of evolution equation, such as the mKdV equation. We introduce the new

extended coordinates as follows in order to get the mKdV equation:
E=e(x—vpt), 1= e3t. (7.49)

Substituting (7.49) and (7.3) in Egs.(7.1) and comparing the coefficient of lowest order of €, we can

obtain the same relations (7.4)-(7.7). Comparing the coefficients of next higher order of €, we get

3v2 4 30 1
np=—7> 7 + b2, 7.50
i2 9 (v% _ 30_)3 1 (V% — 30_) 2 ( )
3
9
Vi = Vo ¥ vagd)f + QVP oba, (7.51)
2 —30)" | (3 —30)
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15v2 — 9¢ 3
P 2
Piz = ¢1 + b2,
2 (\)]2D —30)3 (V% 3 )
1 3‘1‘3[?)1\)2
MNe2 = 3_724)2 - 7534)%7
( 131Vp) 2(3— B1Vp)
v Vp Vp (9+ ﬁ1V%) 2
2= 75— b2 — ——————35 ¢,
(B=Bv3) " 2(3—pn2)°
9—15p1v2
Pe2= 75 P2+ ———— b7,
OG- 2(3-pw)”
3 Baveo (Vp —Vbo)® o 3 )
MNp2 = 7@ (,,UB},LS d) + 74)2 + 2(,1)2},12 q)l
9 ovpo (Vp —Vio) 2
2(.U2 cbl 2(:% wgu q)l HS q)la
3 Baveo (vp — Vio)* (Vp — Vo) (Vp —Vbo) , 2
Vb2 = "3 w3 o7 + ot 2 + w22 1
3ot(Vvp —Vbo) o 9 avpg (Vp — Vio)? 9ot (Vp — Vo) o
2w2}l3 Cbl + 20% (,U3LL cbl 2wu3 d)lv
3 B3vuo (Vp voo)® o 3 Ba(vp — Vo) o 3B2 (Vp — Vo) o
Pv2 = 2c1 aw?2ps b1+ ud)z + 2ocwp? b1+ 2w 3
9 Baveo (vp —Vbo)sd)z L 9B (vp — vbo)* o2 + 3 Baveo (vp —Vbo)gd)g 1 2
2¢? w?pd ! 2u3 b2 w2 p2 b 2awp Y
If we continue to the next order of €, we get
omn; on; ovy 0
a: —Vp 6513 6; + =7 3t (ni1viz) + % (ni2vi1) =0,
0viy 0viz dviz Ovii | _Opis 0piz opi1 o Opi1 _ 03
Py —Vp oL + Vi1 oL + Vi2 oL + o o onii o ONnis o + oni; o = e’
opur  _ Opis 0pi2 opi1 0vi3 OVvia ovip
ot Vp F +vi1 F + Vi2 oL +3 oL +3pi1 5 ot +3pia—5 oL =0,
aﬂ, 1 aTl 3 6\1 3 6 a
a; —Vp a; 62 + 57 e (Ne1ve2) + 3 (Meaver) =0,
OVe1 OVes3 OVeo AV OVeo
f’l = —Bivp 62 —Brvpner— At —B1vpnes—— At Lt Biver 6;,
Ove OVe1 | Opes _ 03 (b 6431
+B1Ver— 3¢ +f51ne1 el 58 0E o€ + Me dE +n 258
apel apeS apeQ apel aVeS a avel
- 3 3 3p =0
ot Vp oL + Vel oL + Ve oL + oL + SPe1 oL + Pe2 =7 oL )
anb1 ale3 avbg anb3
_ = = =0
Py Vp oL oL + oL (Mp1ve2) + oL (Mp2ve1) +Voo—5— oL )

200

(7.52)

(7.53)

(7.54)

(7.55)

(7.56)

(7.57)

(7.58)

(7.59)

(7.60)
(7.61)

(7.62)

(7.63)
(7.64)

(7.65)



ov ov ov3 3
w2 a:l —wP2 (vp — Vo) 623 2c2 B2 (Vp — Vo) 621 - ?%BQVbO (Vp — Vo) % (Vb1Ve2)
0vyp ov ov? ov
+wPave1 — - At 2+ WPBavbe azl + e 262%0%1 az —wP2 (vp Vbo)nblT?
3 vy, OVp1 ov
T3 B2vbo (Vp — Vbo) Nb1 At L+ wBanpiver —— 3t w2 (Vp —Vbo) nszzl
Opb3 03 6(132 00
_ 05 91 7.66
OPov1 0Pv3 O0Pb2 Opuv1 OVp3 Vo
= — (Vvp —Vbo) ot + Vp1 oF + Vpa ot + 3w 3E + 3wpp1 oF
9 o2 3 v 9 0 OVp1
+2 2Vbopb1 agl 32 azl + gvboaa (Vb1Vb2) + 3wppe—— 3%E 0, (7.67)
aQ
82)21 = (1 + 5}3) MNe3 — 6bnb3 — MNi3. (768)
From Eqs.(7.59)-(7.68), selecting ¢1 = 1, we finally obtain the following mKdV equation
o 2 0 0%
where
Ry 1
Al — ?7 B= 57
and
2 2 — 2
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7.6 Solutions of mKdV equation

7.6.1 Periodic wave structure of the mKdV equation

To observe nonlinear periodic waves in plasma environment, we now consider the mKdV

framework. Utilizing the transformation (7.19), we derive a connection from Eq.(7.69) in below as,

(W2 + V() =0. (7.71)

DO =
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The Sagdeev potential V(1) reads

Aq
12Bk?2

LN
BK’

w

2
2Bk31p B

Vi) = ot -

(7.72)

and I is an integrating constant. A different approach to construct the equation is as follows:

A

n2 _ 1 2 2

()2 = 2L (92 o), (7.73)
where 11 = —A?’Y"k + 23";2 + flri , Ty = A3:Vk — 2%";2 + 12r1 also r; > 0 and 3 < 0.

A1 . dr
VeBiz © = J Vi =) [2 —1,) ()

Using the following transformation

P = /r1 cosb, (7.75)
we get
Ay 6 _J’ dy
Vese =) Vi —onwr —n)
1 ae
_ , 7.76
VI —T12 J V1 — k3..20 (7.76)
where k} = L. Jacobi’s elliptic sine function [198, 144, 202, 203], which gives us the following
results in this instance, is:
. A
sind = sn ( 6Bﬁ(rl —T19) O, K1> . (7.77)
As a result, the answer to Eq. (7.73) is
Al
=T cn 6Bk2( —T9) O,k | . (7.78)
Hence, the periodic wave solution of mKdV Eq.(7.69) has the following formula:
A1 T
k& — . 7.79
= Vit en |/ 2 (n = ) (ke — w), n—m] (7.79)

It is evident that the periodic wave’s amplitude is /71.

7.6.2 Solitary wave structure of mKdV equation

Now if T =0, then 11 = 19 = 0 and then k; = 1 and so the periodic solution (7.79)

6w
ALK’
becomes a single solution as

KE —
P(&,T) =g sech (aWT) ) (7.80)
Wa
where the amplitude reads g = 41/ 23 and width reads wq = \/BTkS.
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Figure 7.9: 2D profile of (a) nonlinear coefficient A; vs « for f; = 0.005, B2 = 0.0054, 6p =

0.5, 0 = 0.2, ¢c; = 1000, vpo = 1, v, = 1.45, (b) nonlinear coefficient A, vs 8y for 1 = 0.005, B2
0.0054, & = 0.3, 0 = 0.2, c; = 1000, vpo = 1, vy, = 1.45.
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Figure 7.10: (a) The wave structure corresponding to solitary solution (7.80) for 3; = 0.005, 2 =
0.0054, w = 0.2,k = 1, ¢; = 1000, vpo = 1, vp = 145, T = 1, T} =0, 0 = 0.1, and « = 0.3, (b)
is the wave structure corresponding to periodic solution (7.79) for 3; = 0.005, B2 = 0.0054, w =
0.2,k =1, ¢, = 1000, Voo = 1, vy = 145, T = 1, T} = 0.01, 0 = 0.1, and & = 0.3, (c) is the wave
structure corresponding to solitary solution (7.80) for 3; = 0.005, 2 =0.0054, w =0.2, k=1, ¢; =
1000, vpg =1, vp, =145, 1=1,T; =0, 0 = 0.1, dp = 0.5, (d) is the wave structure corresponding
to periodic solution (7.79) for 1 = 0.005, B2 = 0.0054, w = 0.2, k = 1, ¢; = 1000, vpo = 1, vp, =
145, 1=1,T =0.01, 0 =0.1, 5, = 0.5.
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Figure 7.11: (a), (b), and (c) are the variation of o on Sagdeev potential, phase plane, and wave
structure corresponding to periodic solution (7.79) respectively for 3; = 0.005, B2 = 0.0054, & =
0.3,8, =0.5,w=0.2, k=1, c; =1000, vpg = 1, v, =1.45, T =1, T}, = 0.01. (d), (e), and (f) are
the variation of o on Sagdeev potential, phase plane, and wave structure corresponding to solitary
solution (7.80) respectively for 3; = 0.005, B2 = 0.0054, x = 0.3, 6, = 0.5, w =02,k =1,¢; =
1000, vpo =1, vp =145, T1 =0, T=1.
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7.6.3 Breather wave solution for the mKdV equation

We first replace & by YB'/3, 1y by \/2>4VA;1/231/6 and T by T, Eq.(7.69) is then simplified

into the standard mKdV equation as,

ov ,0V 2?3V
37 FUVIC o =0, (7.81)
Utilizing the transformation
Iy, T) IvG—IFGy
= = . 2
\% arctan(S(Y’T)>Y TG (7.82)
in Eq.(7.81), we get the bilinear form of Eq.(7.81) as
D(7.9) + D3 (F.9) =0, (7.83a)
D{(F.F+G.9) =0, (7.83b)

where the real variables Y and T are represented by the functions F and G, and the Hirota operator
is represented by D, D%, DY [27, 156, 201]. The soliton and periodic solutions of the KdV and
mKdV equations have been already studied. Specifically, now we focus on a unique form of breather
solution within the mKdV equation [244]. These breathers represent special instances of two-soliton
solutions, which manifest as spatially localized and time-periodic solutions. The breather solution is
characterized by a bound two-soliton solution with complex conjugated wave vectors. By analyzing
the expression of the two-soliton solution [245, 246] within the framework of Egs.(7.83), we can gain

further insights. Assuming,

F=1+e" +e"2 4 Ajpertee (7.84a)
G=1—e" —e"2 + Ajpe1t* (7.84b)

with

and under certain complex conjugate conditions, we find the wave vectors as,
g1r=pi1+iqi =95 =T =0, (7.85)

Separating real and imaginary parts of kj as, k; = 0; +102, k3 = 0; — 103, the solutions F and G of

Eqs.(7.83) in Eq.(7.84) can be written as

F=1+2e%cos(0,) + Aq2%%1, (7.86a)
G=1—2e%cos(0,) + A2, (7.86b)
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As a consequence of the gauge property [27, 247], F and G refer to the following

F=e % 4 2c0s(0) + A12€°, (7.87a)
G=e % —2c0s(0y) + A€ (7.87b)
Now, we aim to find the breather-wave solutions of Eq.(7.69) using an extended version of test
functions known as the extended homoclinic test approach [248, 249, 250]. We consider the following
functions as,
F =12e% 4 1icos(02) + e 01, (7.88a)
G =14e% 4 r3c08(02) +e %1, (7.88b)
01 = g1(Y+c171), 02 = ga(Y + ca7).
We shall eventually compute the constants used in the equation below. Replacing Eq.(7.88) into

Eqs.(7.83) and bring altogether the coefficients of €191, cos(02)el®t and sin(02)el®t, for (j = —1,0,1)

disappear, we obtained the following algebraic equations:

coeff.of €%1cos(0s) : (—g5T174 + girars + 391951114 — 3g1gaTaT3 — C1g1T1T4 + C1g1ToT3) = 0,

(7.89a)
coeff. of e %cos(0s): (gir1 — girs — 391951 + 3919573 + c191T1 — c1g173) =0,
(7.89b)
coeff. of eelsin(eg) : (—39%92T1T’4 + 3g§ggr2r3 + 9§T1T4 — g‘nga — C2g2T1T4 + C2gaTaTs) = 0,
(7.89¢)
coeff. of e %15in(0y) : (—3g2gor1 4+ 39%gaTs + gor1 — goT3 — C2gaT1 + C2gaTs) = 0,
(7.89d)
coefficient of 001002 89?T2 — 89‘i’r4 +2c19172 —2¢19174 = 0,
(7.89%)
and
coefficient of €% cos(0;) : (2921119 + 2g7T374 — 29371110 — 2g3T374) = 0, (7.90a)
coefficient of e ®1cos(02) : (2921 + 2313 — 2931, — 2g373) =0, (7.90b)
coefficient of  e®1sin(03) : (4g1gariTe + 491gor3ry) =0, (7.90¢)
coefficient of e 91sin(0y) : (—4g1gati — 4g1gars) =0, (7.904d)
coefficient of 001002 . 9922 99212 1 8g2ry + 8951y = 0. (7.90e)
By solving the above algebraic equations, we obtain
g5 g5 2 2 2 2
Ty = @, T4 = 4—9%7 T3 = —T1, ¢1 = —g7 + 393, 2 = g5 — 397, (7.91)
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Figure 7.12: (a) 3D profile of periodic structure (7.79) for 3; = 0.005, 2 = 0.0054, x = 0.3, 0 =
01,8, = 0.5,w = 02,k = 1,¢; = 1000, vpg = 1, v, = 145, T} = 0.01, (b) Contour plot of
the corresponding Figure 7.12(a);(c) 3D profile of solitary structure (7.80) for $; = 0.005, f2 =
0.0054, x = 0.3, 0 = 0.1, 8 = 0.5, w =0.2, k =1, ¢; = 1000, vpo = 1, v, = 1.45, (d) Contour plot
of the corresponding Figure 7.12(c).

Following some calculations using Eq.(7.88), we arrive at
F = 2\/T‘>200Sh(91) +11c08(02), § = 2\/T‘>400Sh(91) — T1cos(02). (792)

Substituting Eq.(7.92) into Eq.(7.82), Eq.(7.69) has the following breather solutions in addition to
the relations (7.91),

Vpy = — 24 p1/6 T1(y/T2 + /T4)(sinhny cosnag; + sinna coshn;ga) (7.93)
br Aq (24/T2 cosh(n1) 4 T1eos(M2))2 + (24/T5 cosh (1) — T1cos(N2))?’ ’
where
& &
i =41 (81/3 + (—gi + 39%)”[) ;N2 = g2 (Bl/?’ + (g5 — 39%)’5) . (7.94)

A homoclinic breather wave results from the interaction of the breather and homoclinic waves. A
homoclinic breather wave form results from the interaction of two homoclinic waves. The hyperbolic
functions sinh(n;) and cosh(ny), as well as the trigonometric functions sin(ns) and cos(tz), can be
obtained to make up the answer (7.93). The breather wave propagates through periodic oscillation
at a velocity

ve = (3g7 — g3)B'/%. (7.95)

7.6.4 Discussion of the periodic, solitary and breather structures of the

mKdV equation

It can be seen from solution (7.93) that solitons only occur in the case where A; > 0.
Figure 7.9 illustrates how the coefficient A; varies in relation to the parameters «, 6,. Based on

varying values of «, 0y, Figure 7.9 shows that all of the coefficient care values are positive. Thus,
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Figure 7.13: (a) 3D profile of breather structure (7.93) for 3; = 0.005, 2 = 0.0054, & = 0.3, dp =
0.5, 0 = 0.3, ¢y = 1000, vpg = 1, vp = 145,11 = 1,10 = =1,13 =1, g1 = 1, g2 = 1, (b) Contour
plot of the corresponding Figure 7.13(a); (c) 2D profile of breather structure for 3; = 0.005, 2 =
000547 X = 03, 6b = 05, C1 = 1000, Vpo = 1, Vp = 1.45,1'1 = 1, Ty = *1,1‘3 = 1, g1 = 1, g2 =
1, T=0.5.

for B; = 0.005, B2 = 0.0054, dp, = 0.5, 0 = 0.2, ¢c; = 1000, vpo = 1, vy, = 1.45, we see that the
single waves are only compressive ones. In the mKdV framework, Figure 7.10(a) and Figure 7.10(b)
illustrate the impact of 8y on the solitary and periodic waves. Figure 7.10(a) shows that raising &y
results in a boost in the amplitude of the solitary wave. Specifically, for &y € (0.4, 0.6), the amplitude
of the solitary wave in Figure 7.10(a) increases within the range of (0.89,1.09). This is observed
while keeping the other parameters constant at o = 0.1, and & = 0.3. Similarly, in Figure 7.3(c), the
KdV model demonstrates a similar pattern where the amplitude of the solitary wave lies within the
range of (0.69,0.97) for the same values of dp. Other plasma parameters are the same as mentioned
above. This study reveals that a rise in positron beam concentration results in a greater increase in
amplitude in the mKdV model compared to the KdV model. Similar observations can be made in
Figure 7.2(c) and Figure 7.10(b) for the periodic wave in both models.

Figure 7.10(c) and Figure 7.10(d) illustrate the influence of « on both solitary and periodic wave
profiles in the mKdV framework. From Figure 7.10(c), it is clear that as « increases, the amplitude
of the solitary wave decreases. The amplitude of the solitary wave range from 0.76 to 0.98 when
« € (0.3,0.5), keeping other plasma parameters constant at 0 = 0.1, and &, = 0.5. On the other
hand, in the KdV model (Figure 7.3(i)), the amplitude of the solitary wave range from 0.5 to 0.8 for
the same values of o. Other plasma parameters are the same as mentioned above. However, it is
evident that increasing the temperature of positron beam, compared to that of the electron, results
in a more increase in the amplitude of the solitary wave within the mKdV framework compared to
the KdV model. A similar observation can be made in Figure 7.2(i) and Figure 7.10(d) for enhancing
o in both models.

Now, we talk about how the plasma parameter o, which is the ratio of the temperature of an ion
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to that of an electron, affects the wave propagation in the current plasma system. The fluctuation
of the Sagdeev potential, the phase plot, and the related periodic solutions are each depicted in
Figure 7.11(a), Figure 7.11(b), and Figure 7.11(c) respectively. It is evident from the distances
of the Sagdeev potential curves and the phase plane curves from the vertical axis along parallel to
horizontal axis that the periodic waves’ amplitude shrinks to enhance the ion to electron temperature
ratio parameter o, as seen in Figure 7.11(c). Figure 7.11(d), Figure 7.11(e), and Figure 7.11(f),
respectively, show the fluctuation of the Sagdeev potential, the phase plot, and the associated single
solutions. By examining the distances of the Sagdeev potential curves and the phase plane curves
from the vertical axis along parallel to horizontal axis ( see. Figure 7.11(f)), it is clear that the
amplitude of the solitary wave shrinks for enhancing the ion to electron temperature ratio parameter
0. The solitary wave’s amplitude varies between 0.33 and 0.99 for o € (0.1,0.3), with & = 0.3, and
dp = 0.5 remaining the same. Figure 7.3(f) illustrates a similar trend in the KdV model, with
the amplitude ranging from 0.33 to 0.8 for same values of 0. The other plasma parameters remain
unchanged. The Figure 7.12(a) and Figure 7.12(c) also depict the three-dimensional figure of a
periodic and solitary wave of the mKdV model respectively, and their related contour mapping are
shown respectively in Figure 7.12(b) and Figure 7.12(d). The periodic breather for the system under
consideration is shown in Figure 7.13(a) through the solution (7.93), taking into account the specific
values of the relevant parameters. The contour plot Figure 7.13(b) beautifully depict the top and
bottom panels of the breather presented in Figure 7.13(a). Figure 7.13(c) illustrates the fluctuation
of the parameter o on the breather wave. It can be seen from the preceding image that increasing o
causes the breather’s amplitude to shrink. The rise in ion temperature has caused a negative effect
on the wave structure when compared to the electron’s temperature. Furthermore, as ¢ increases,

the wave velocity also significantly increases, consequently causing the wave to move forward.

7.7 Conclusion

Previously, inhomogeneous Burgers type models were used to investigate the motion of ion-
acoustic wave in EPI plasma medium containing a relativistic positron beam [251]. For the first time,
utilizing the KdV and mKdV models derived from the fundamental equation of plasma dynamics in
a parametric setting, this article investigates the propagating characteristic of ion-acoustic periodic,
solitary, and breather waves propagate in electron-ion plasmas with relativistic positron beams.
Numerical research reveals that &y, (ratio of positron beam density to ion density), « (ratio of positron
beam temperature to electron temperature) and o (ratio of ion temperature to electron temperature)
affect the wave dynamics in current plasma environment. The presence of relativistic positron beams
has a significant impact on the behavior of nonlinear waves, causing changes in the amplitude and

width of wave structures. The analytical solutions of KdV and mKdV equations are numerically
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analyzed and physical significance can be attributed to the fact that positron beams which are energy
ingredient to the plasma system play a key role in destructing nonlinearity of the system as the beam
concentration increases. In both periodic and solitary waves, the same type of propagating behavior
is observable for variations in the parameters o and o« for KdV and mKdV models. An increase in
the values of 0 and « result in increased nonlinearity within the system, leading to a decrease in
the amplitude of wave potentials. A negative impact follows on wave structures for enhancement in
both parameters.

Breathers are typically contracted from KdV-type models using Schordinger-type models,
which are produced from the aforementioned models via appropriate transformations. It needs to
be noted that this study directly investigates numerous breather solutions from the KdV and mKdV
models by assuming conjugates on the wave vectors. This article also emphasizes how different
parameters affect the motion of breathers and its interactions. Under the same variations of param-
eters, the same type of behavior is observed in breather and solitary encounters. Our research may
shed light on the dynamic behavior of solitons, periodic waves, breathers, and many other hybrid

solitons propagation in the ionospheric region of the Earth’s upper layer.
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Chapter 8

Conclusions and future works

8.1 Conclusions

Different analytic techniques are introduced derive the solutions of different nonlinear mod-
els. On the other hand integrability of the aforementioned models is checked using painlevé property
and Lax pair. Especially, the Hirota bilinear approach is employed to find soliton, shock, breather
and various types’ hybrid solutions for the autonomous as well as non-autonomous nonlinear eval-
uation equations. The incorporation of non-homogeneous forced terms offers a broader perspective
in the examination of nonlinear wave propagation within disperse media. In the early chapters, we
explore the behavior of this nonlinear wave as it evolves with changes in the order of the fractional
time derivative. Additionally, we analyze the interplay between parameters such as the external pe-
riodic force coefficient and the frequency of the periodic force, illustrating these interactions through
simulations. In the second phase, two nonlinear models namely KP and KPb are utilized to analyze
the dynamical characteristic of IAW in dusty plasma. Finally, the impact of positron beam in the
dynamics of IAW is studied in the previous chapter. The key finding of our investigation is addressed

below in brief.

We study the integrability, exact solutions, and qualitative aspects of the non-autonomous
Kadomtsev-Petviashvili (NKP) problem in chapter (2). Lax pairings, infinite conservation laws, and
bilinear Backlund are used to study the features of integrability. For the aforementioned equation to
be integrable, there are a few compatibility requirements.Using a binary Bell-polynomial obtained
from the bilinear Backlund transformation, the infinite conservation rules of the NKP equation are
shown directly. Using the Riemann theta function, the quasi-periodic solutions are obtained from

the Bell-polynomial of the NKP equation. Numerical graphs and figures illustrate the important
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roles played by the forcing and damping terms in the quasi-periodic waves. In the asymptotic
analysis of the quasi-periodic solution, we investigate single soliton and bi-soliton solutions derived
from the one and two periodic solutions of the NKP equation. It is therefore expected that periodic
solutions may evolve into soliton or multi-soliton forms, contingent upon the periodicity of the quasi-
periodic solution. Comprehensive studies have been conducted on the lump and breather waves of
the NKP equation, taking into account variations in the forcing components. The findings indicate
that various backgrounds of these wave quantities emerge as a result of different types of forcing
components, alongside a notable diminishing effect in the breather wave attributed to the damping
term. An analytical assessment has been performed to determine the maximum possible altitude of
a lump. Additionally, a significant observation from the current studies is that both horseshoe-type
lumps and breathers may arise due to the influence of externally applied forces on the NKP system.

In chapter (3), the integrability of the non-autonomous KP-mKP equation is analyzed
through the lens of Painlevé integrability. A novel criterion for Painlevé integrability is introduced,
which aligns precisely with the conditions necessary for the formulation of the Bilinear equation.
Additionally, the chapter presents the development of two-component Lax systems and a four-field
bilinear Backlund transformation, utilizing these mixed variables for the non-autonomous KP-mKP
equation. By implementing appropriate parameter constraints and employing the long wave limit-
ing process, various solutions are derived, including K-soliton solutions, m-breather solutions (for
K = 2m), hybrid solutions composed of both breathers and solitons (for K = 2m + k), as well as K-
order smooth positons and mth-order breather positons for the non-autonomous KP-mKP equation.
In the context of the non-autonomous KP-mKP system, a variety of intricate solution structures
have been developed within the relevant parametric regions. These include configurations such
as the kinky-breather, double kinky-breather, horseshoe-shaped breather, periodic position, kinky-
breather-position, horseshoe-shaped breather-position, parabolic horseshoe-type breather, and dou-
ble horseshoe-type breather, among others. The concept of modulation instability is employed to
assess the stability of the derived solutions. Additionally, wave dispersion phenomena are utilized to
elucidate the relationship between the phase velocity of the wave and its wave number. A qualitative
analysis of the non-autonomous KP-mKP system reveals the presence of multistability, highlighting
the solution’s dependence on various parameters. This multistability signifies the coexistence of dif-
ferent types of solutions, including periodic, soliton, and shock solutions, corresponding to distinct
sets of initial conditions. Typically, the behavior of nonhomogeneous evolution equations is exam-
ined primarily in two dimensions. However, adopting a three-dimensional perspective enables the
damping coefficient to exert a considerable influence on dynamic behavior. Additionally, an analysis
of the phase space concerning the non-autonomous KP-mKP system reveals numerous intriguing
dynamic characteristics. The presence of various unstable spirals within the phase space suggests

a rise in internal energy, which reflects the instability of the solutions. Moreover, an increase in
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the intensity of the external periodic force contributes to the emergence of chaotic solutions. The
emergence of chaos via intermittency indicates the presence of turbulence. Our analysis reveals that
a significant amplitude of external force is necessary to induce instability and chaos through the
distortion of low-energy orbits. Conversely, a comparatively minor amplitude of external force can
produce intermittency and chaos by altering high-energy orbits. Therefore, systems characterized by
low total energy exhibit greater stability against external disturbances than those in a high-energy
state.

The exact solutions of the KP-mKP equation is also studied by employing complete dis-
crimination system for polynomial method (CDSPM) in chapter (4). A spectrum of wave features
including solitary waves, kink waves, shock waves, rational functions, exponential, singular waves,
hyperbolic waves, and periodic waves derived from the KP-mKP equation. These solutions are qual-
itatively analyzed through numerical graphs, offering fresh insights into the properties of Jacobian
elliptic functions. the existence and validity of the various topological structures of the solutions are
confirmed from the phase portrait of the dynamical system.

In chapter (5), exact solutions of damped Gardner-Burger (dGB) equation is investigated
using G’/G method and the method of undetermined coefficients. Different types of solutions such
as kink soliton solution, singular periodic solution, rational solution, rarefactive soliton solution
are obtained and with that effects of the coefficients of Burgers term and damping on solution
structure also investigated for the dGB equation. In our observation we see rarefactive soliton for
the damped Gardner-Burgers system, which gets deeper for higher values of damping and burgers
coefficients. The amplitude of the damped Gardner-Burger’s kink soliton increases with an increase
in the dampness, On the other hand, higher values of burgers coefficient can reduce the height of
the kink soliton of the damped Gardner-Burgers equation.

We conduct a further examination of the propagating characteristics of dust acoustic shocks,
solitary waves, and periodic waves within a dusty plasma environment by introducing the KPb model
(chapter (6)). The KPb system encompasses kink (or anti-kink) shaped shocks and solitary-type
solitons. The presence of viscosity and the inter-collision of plasma particles contribute to the
emergence of the Burgers effect within the KPb framework. Our findings indicate that an increase
in the Burgers coefficient or viscosity coefficient ({y) results in a downward movement of the solitary
wave soliton. This outcome is anticipated, as an increase in (g leads to a reduction in the system’s
energy. Additionally, the amplitude of the kink is observed to rise with the increase in dissipation
associated with the enhancement of (3. The emergence of the wave structure in the current system
is also significantly influenced by the ion temperature ratio 1. It is observed that the dust acoustic
shock increases (decreases) as 31 increases, whereas increasing 31 results in a reduction of the solitary
type wave solution’s depth. A similar conclusion can be drawn regarding parameter 5. The soliton

decreases both alone and in conjunction with the enhancement of density parameters (87 and 82).
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This is predicted since a higher density ratio (81 and 82) leads to an increase in ion density, which
in turn causes the dust acoustic soliton to become more intense. The KPb system has a limited
amplitude periodic solution under specific circumstances. There is a considerable dependence of the
periodic amplitude on the parameters 31, B2, and 8.

In chapter (7), we investigates the propagating characteristic of ion-acoustic periodic, soli-
tary, and breather waves propagate in electron-ion plasmas with relativistic positron beams. Numer-
ical research reveals that &y (ratio of positron beam density to ion density) has a significant impact
in determining the amplitude and width of wave structures. Positron beams which are energy in-
gredient to the plasma system play a key role in destructing nonlinearity of the system as the beam
concentration increases. On the other hand an increase in the values of o (ratio of ion temperature
to electron temperature) and « (ratio of positron beam temperature to electron temperature) result
in increased nonlinearity within the system, leading to a decrease in the amplitude of ion acoustic

wave potentials.

8.2 Future work

In the near future, we intend to investigate the integrability of certain variable coefficient
nonlinear evolution equations, employing a methodology akin to that of our current research. Ad-
ditionally, we aim to derive exact or hybrid solutions utilizing more robust techniques, such as the
Darboux transformation. In this context, the inverse scattering method will also be relevant for
obtaining analytical solutions of NLEEs with an initial seed solution. Furthermore, plasma fluid
models present a rich domain of strongly nonlinear dynamic and evolutionary systems, character-
ized by various geometric and topological structures, including solitons, kinks, vortices, rogue waves,
and others. The future study could be expanded in either of these directions, incorporating weak or
strong perturbations from external source terms, as well as factors such as damping and viscosity.
This report additionally examines the effects of periodic forcing and damping. In practical scenar-
ios, it is probable that various forms of external perturbations, such as Exponential and Gaussian
forcing, as well as Sech-hyperbolic forcing, may occur, often in combination with other force terms.
A thorough exploration of these source terms would undoubtedly yield significant insights. For
example, the Sec-hyperbolic soliton surface geometry is characterized by its smoothness, at least
under the assumed conditions, and is anticipated to maintain this smoothness for a sufficiently ex-
tended time period before dissipating. In cases of strong perturbation, the initially smooth solitonic
structure is expected to evolve into intricate fractal-like geometries over time, even in the absence of
external disturbances. Furthermore, it would be beneficial to expand upon the current research by
employing the innovative asymptotic method [252, 253, 254, 255, 256] recently developed to achieve

the aforementioned objectives.
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