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Abstract

This thesis delves into the emergent behaviors arising from the dynamical cou-
pling between ecological processes and evolutionary game dilemmas. Motivated by
a growing body of empirical and theoretical evidence that evolution can operate
on ecological timescales, the work constructs and analyzes a suite of nonlinear dy-
namical models to explore how feedback between strategic behavior and ecological
context shape population dynamics, cooperation, and biodiversity.

The research builds upon the foundational framework of evolutionary game the-
ory, particularly the Prisoner’s Dilemma (PD) and Snowdrift (SD) games, and
systematically extends it to incorporate multigame environments, stochastic strat-
egy mutation, ecological feedback through density-dependent variables, and time-
delayed interactions. These modifications reflect the heterogeneity and complexity
observed in real-world systems, where individuals encounter varying interaction con-
texts, behave non-deterministically, and respond to both current and past ecological
pressures. A central theme is the incorporation of ecological free space as a dy-
namical variable influencing reproduction and dispersal, which allows the models to
reflect realistic environmental constraints and resource limitations.

The first part of the thesis investigates eco-evolutionary dynamics under multi-
game conditions, where individuals probabilistically engage in either PD or SD
games. The inclusion of mutation enables the persistence of strategy diversity, and
the coupling with ecological free space reveals rich dynamical regimes, including
multiple stable states and coexistence zones. Building upon this, the second part
introduces time delays in ecological feedback, showing that temporal lags in payoff
realization can induce Hopf bifurcations and oscillatory dynamics, significantly alter-
ing cooperation patterns. These analyses demonstrate how the timing of ecological
responses is as critical as their magnitude in determining system stability.

In the third section, the thesis examines systems governed by cyclic dominance,
particularly inspired by the rock-paper-scissors (RPS) dilemma, modeling the eco-
evolutionary interactions of strategic species. This approach uncovers the conditions
under which biodiversity is maintained via interior attractors and planar coexistence
states, supported by bifurcation analysis and sensitivity computations such as the
Sobol indices. The complex basin structures and parameter-driven phase transitions
illustrate how eco-evolutionary feedbacks can dynamically select among multiple
attractors.

The final part of the thesis generalizes the framework to include hierarchical
interactions between species, transitioning from symmetric cyclic games to asym-
metric dominance scenarios, including predator-prey systems and models mimicking



rumor spreading phenomena. Thse systems exhibit a variety of dynamical behav 
iors, including extinction, strategy exclusion, coexistence, and chaotic oscillations, 
all modulated by ecological constraints and interaction asymmetries. 

Together, these contributions offer a unified theoretical framework for under 
standing cooperation and coexistence through the lens of eco-evolutionary dynam 
ics. The models developed capture a spectrum of biological phenomena and reveal 
mechanismns by which cooperative behavior, often fragile in traditional models, can 
emerge and stabilize through ecological mediation. By bridging mathematical anal 
ysis with ecological realism, the thesis advances both the conceptual and practical 
understanding of evolutionary dynamics in complex adaptive systems, with impli 
cations spanning conservation biology, epidemiology, and social dynamics. 

Keywords: Nonlinear dynamics, Eco-evolutionary dynamics, Game theory, Ecol 
ogy & Evolution, Cooperation, Cyclic dominance. 

Roy 
Signature of Student 

13.8.2o 
Signature of Supervisor 

DìbakasGhoshifoses 
Signature of Co-Supervisor 

13g20 

Dr. Dibakar Ghosh 
Professor of Applied Mathermatics 

Physics and Applied Mathematics Unit 

HRGIY HIGYcâI HEH INDIAN STATISTICAL INSTITUTE 
203 r. &i. ts, dI 203 B. T. Road, Kolkala, - 700108 



ACKNOWLEDGEMENT

The journey of my PhD has been immense and transformative. Looking back
to the moment when I first registered at Jadavpur University, and now arriving at
the point of finally writing this thesis, it feels both surreal and deeply fulfilling.
So much has changed within me and around me—and the path has been marked
by countless memories, challenges, and quiet moments of growth. There are many
people to acknowledge, and even more moments, some joyous, others difficult, that
have shaped this journey. Through it all, I have felt an inner evolution, a constant
urge to grow and adapt. I may fall short in expressing it all fully through words,
but the depth of this experience lives on beyond what any sentence can capture.

First and foremost, I would like to express my deepest and most sincere gratitude
to my supervisor, Prof. Prakash Chandra Mali of the Department of Mathematics,
Jadavpur University, Kolkata – 700032 (Retired), for extending his support when I
had very little to hold on to. His unwavering belief in me, steadfast support, and
encouragement have been a pillar of strength throughout my PhD journey. Equally
heartfelt thanks go to my co-supervisor, Prof. Dibakar Ghosh of the Physics and
Applied Mathematics Unit, Indian Statistical Institute, Kolkata – 700108, whom I
regard as the guiding force, the true captain of the ship of my academic existence.
His mentorship, insight into the field of Nonlinear Science and Network Theory, and
relentless encouragement have not only shaped me as a researcher but have also
deeply influenced my personal growth. The countless days I spent under his guid-
ance at the Physics and Applied Mathematics Unit were profoundly transformative,
instilling in me the spirit to venture into the unknown with curiosity and confidence.
I feel incredibly fortunate to have had both these exceptional mentors on my side.
His guidance, wisdom and unwavering support have been instrumental in every step
of my research journey.

The journey of my PhD as a researcher has been nothing short of overwhelming,
a path filled with challenges, learning, and growth. It would be deeply unjust not to
acknowledge those whose constant encouragement, unwavering support, and helping
hands have carried me through. First of all, my deepest gratitude goes to my family.
I would like to start by recalling my late grandfathers (both maternal and paternal),
my late paternal grandmother, and my maternal grandmother, “Mrs” Krishna Rani
Das. To all of you eternally, I owe my life. My parents, Mrs. Pramila Das (Roy)
and Mr. Surash Chandra Roy, have been a divine force in my life since the very
beginning, standing beside me as an unshakeable pillar of strength and motivation.
Their belief in me has never wavered, and unconditional support has been the back-
bone of this entire journey. To my brother, Mr. Sourjya Roy, my closest friend,
my partner in crime, and my silent cheerleader, thank you for always being there,
often behind the scenes, but never unnoticed in my heart. I am equally grateful to
all my extended family members, all my uncles and aunts, whose encouragement
and helping hands often arrived just when I needed them the most several times.
A special mention goes to my aunt (masi), “Mrs.” Swapna Paul, who has been, in
every sense, my first mathematics teacher, and Mrs. Sandhya Talukder for standing
beside me as a true guardian, second only to my mother. However, I also would like



to lovingly mention my maternal uncles and aunts, Mr. Prabir Kumar Das, Mrs.
Rina Das, Mr. Debabrata Das, and Mrs. Pialy Das, for always cheering me through
every situation in life, offering their unwavering support and encouragement. To
my maternal uncle and aunt (Mama and Mami), Dr. Goutam Das, and Dr. Chitra
Sarkar, thank you for inspiring me to pursue a Ph.D., even when the path ahead
felt uncertain. Your faith in me planted the seed of perseverance.I would also like
to fondly remember my late uncle-in-law, Mr. Subhasish Paul, whose unwavering
support, though brief in the time we shared, left a lasting impact on me. I am
equally grateful to my paternal elder brothers and sisters, whose steady hands of
support and heartfelt blessings have always guided me forward. To all my younger
brothers and sisters in my family, thank you for your patience, love, and for always
seeing and considering me as your elder brother, even in my worst. I always carry
your warmth with me. I love you all.

My journey in research has expanded and matured through the unwavering sup-
port of several individuals, each of whom I deeply acknowledge and sincerely thank.
I am grateful to all my teachers, starting from my early education at Sri Ramkrishna
Vidyasram, to my teachers at Dum Dum Subhas Nagar High School and Dum Dum
Kishore Bharati High School. I extend heartfelt thanks to my coaching teachers,
whose blessings and encouragement have always lifted me whenever I have had the
opportunity to meet them. I also convey my sincere appreciation to my professors
at Scottish Church College, Kolkata, where I completed my undergraduate studies,
and to the esteemed faculty at the Indian Institute of Technology (Indian School of
Mines), Dhanbad, Jharkhand, where I pursued my M.Sc. A special note of grat-
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Chapter 1

Introduction

“The interaction of organisms with their environment is the central theme of
biology.”

This seminal assertion by Ernst Mayr (1961) [1] distills the essence of ecology
and evolution as intrinsically linked disciplines. The conceptual unification of these
fields, however, followed a centuries-long intellectual journey that began with Dar-
win’s revolutionary insights. In On the Origin of Species (1859) [2], Charles Darwin
established the fundamental principle of natural selection as the mechanism of evo-
lutionary change, while simultaneously laying ecological foundations through his
observations of species interactions and biogeography. His concept of the “struggle
for existence” explicitly connected evolutionary adaptation to ecological pressures,
though the temporal scales he envisioned were geological in magnitude.

The early 20th century saw these disciplines diverge as ecology emerged as a
distinct field through the works of Warming [3] and Clements [4], who focused on
community structure and succession, while evolutionary biology became increasingly
genetic-centric following the Modern Synthesis [5, 6]. This theoretical schism per-
sisted through mid-century, with ecologists like Lotka [7] and Volterra [8] developing
population models that treated species traits as fixed parameters, and evolutionary
biologists like Fisher [9] and Wright [10] modeling genetic change without explicit
ecological feedbacks.

The intellectual groundwork for reconciliation was laid by G. Evelyn Hutchin-
son, whose seminal metaphor of The Ecological Theater and the Evolutionary Play
(1965) [11] reimagined ecosystems as dynamic stages where evolutionary actors con-
tinuously adapt to shifting ecological scripts. Hutchinson’s niche concept and his
work on competitive exclusion [12] bridged the gap between ecological interactions
and evolutionary consequences. His student, Robert MacArthur, further advanced
this synthesis through theoretical ecology [13], demonstrating how evolutionary prin-
ciples could explain ecological patterns of species distribution and abundance.

This conceptual shift gained empirical support through groundbreaking studies
demonstrating rapid evolution in natural populations. Grants’ work on Darwin’s
finches [14] provided the first compelling evidence that ecological changes could
drive measurable evolutionary responses within observable timescales, exactly in
the system that originally inspired Darwin’s theory [15]. Concurrently, theoretical
developments in evolutionary ecology [16] and coevolution [17] demonstrated how
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reciprocal selection pressures could generate complex ecological dynamics.
The resulting paradigm of eco-evolutionary dynamics [18, 19] represents the mat-

uration of this synthesis, recognizing that ecological and evolutionary processes op-
erate on overlapping timescales with continuous feedback. Modern research has
revealed how anthropogenic changes can accelerate these dynamics, creating evolu-
tionary consequences within years or decades [20], thus validating Darwin’s original
insight about the environmental basis of evolutionary change while dramatically
compressing his envisioned timescales.

1.1 Empirical evidence of eco-evolutionary feed-

backs

The past half century has produced overwhelming evidence that evolutionary change
can unfold on ecological timescales, reshaping population dynamics and ecosystem
processes in ways that challenge the classical view of evolution as a slow backdrop to
rapid ecological dynamics. This reciprocal interplay, termed eco-evolutionary feed-
back, reveals a continuous dialogue that shapes biodiversity, community structure,
and ecosystem function.

1.1.1 Case studies in rapid adaptation

One of the most iconic demonstrations of rapid evolutionary change comes from
the long-term studies of Darwin’s finches (Geospiza spp.) by Peter and Rosemary
Grant on the Galápagos Islands. Their work revealed that drought-induced changes
in seed size and availability triggered strong selection on beak morphology, leading to
measurable changes in beak size and shape within just a few years [14]. These mor-
phological changes, in turn, altered the efficiency of bird feeding and competitive
hierarchies, influencing which species and individuals thrived under new environ-
mental conditions. Such feedback loops illustrate how ecological changes can drive
rapid evolutionary shifts that then reshape ecological interactions in a dynamic and
ongoing process.

In aquatic systems, predator-prey dynamics between rotifers (Brachionus caly-
ciflorus) and algae (Chlorella vulgaris) have provided some of the clearest evidence
of eco-evolutionary feedbacks. Yoshida et al. (2003) showed that prey populations
evolved anti-grazing defenses that fundamentally altered the population cycles of
both predators and prey, stabilizing the system and preventing classic predator-
driven extinctions [21]. This evolutionary feedback also affected nutrient dynamics,
illustrating how trait evolution can reverberate through multiple levels of ecological
organization.

Trinidadian guppies (Poecilia reticulata) have also emerged as a model system
for understanding rapid evolution in response to predation. In high-predation en-
vironments, guppies evolved earlier reproductive maturity and increased fecundity
compared to populations in low-predation environments [22]. These changes in life
history not only altered the dynamics of the guppy population but also influenced
the nutrient dynamics of the entire stream ecosystem by changing feeding behaviors
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and excretion rates [23]. This example highlights how evolutionary changes in life
history traits can cascade through both biotic and abiotic components of ecosystems.

In terrestrial systems, evening primroses (Oenothera biennis) have evolved in-
creased chemical defenses in response to herbivory by specialist moths. Agrawal
et al. (2012) demonstrated that these evolutionary changes in plant defense can
shift herbivore abundance and indirectly affect pollinator communities by altering
floral traits and nectar rewards [24]. Such tri-trophic interactions underscore how
evolutionary responses to one selective pressure can restructure entire ecological
networks.

1.1.2 Anthropogenic accelerators of eco-evolutionary
change

Human activities now represent some of the most powerful drivers of rapid evolution,
often generating feedback loops that reshape ecological dynamics in ways that pose
challenges for biodiversity conservation and resource management. For example,
urbanization has forced many bird species to adapt their acoustic signals to cope
with anthropogenic noise. The great tit (Parus major) adjusts its song frequencies
in urban environments to avoid being filtered by traffic noise, which in turn affects
mate choice, reproductive success, and potential gene flow within and between pop-
ulations [25–28]. Such behavioral adaptations illustrate how anthropogenic stressors
can rapidly drive evolutionary change, reshaping ecological interactions and species
distributions.

In agricultural systems, the extensive use of pesticides and herbicides has led
to the rapid evolution of resistance in insect pests and weeds, profoundly altering
trophic interactions and ecosystem stability [29, 30]. This evolutionary feedback
loop not only diminishes the effectiveness of chemical controls but also reshapes
predator-prey interactions, pest population dynamics, and crop yields, creating com-
plex challenges for sustainable agriculture.

In fisheries, size-selective harvesting has driven rapid evolutionary changes in fish
growth rates and age at maturation, particularly in heavily fished species such as
Atlantic cod (Gadus morhua) [31, 32]. These shifts can reduce population resilience,
complicate stock management, and even destabilize marine food webs by altering
trophic interactions and reproductive output.

Recent studies have also revealed that urbanization and habitat fragmentation
can accelerate evolutionary changes in dispersal traits, reproductive strategies, and
anti-predator behaviors across a wide range of taxa, from insects to mammals [33].
These rapid changes affect not only local species interactions but also have broader
implications for community composition, disease dynamics, and ecosystem services.

1.1.3 Integrating empirical insights into eco-evolutionary
models

These diverse case studies collectively demonstrate that eco-evolutionary feedbacks
are not isolated phenomena but are widespread across natural and human-altered
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ecosystems. They underscore the need for theoretical frameworks that can inte-
grate both ecological and evolutionary processes, capturing the reciprocal interac-
tions that shape system dynamics. Mathematical models incorporating evolutionary
game theory, replicator dynamics, and nonlinear feedback mechanisms have proven
particularly valuable for analyzing these complex interactions [34]. For example, the
study of cyclic dominance in rock-paper-scissors systems has revealed how strategic
interactions among species can maintain biodiversity and drive community-level os-
cillations, as observed in side-blotched lizards (Uta stansburiana) where alternative
male mating strategies cycle over time [35].

Moreover, models incorporating spatial structure, dispersal, and stochasticity
have highlighted how local adaptation and gene flow can interact with ecological
dynamics to shape the resilience and stability of communities [36]. These theoretical
advances provide essential insights into how eco-evolutionary feedbacks can promote
or hinder cooperation, competition, and coexistence in natural systems.

Together, these empirical and theoretical insights lay the groundwork for the sub-
sequent chapters of this thesis, which aim to develop and analyze eco-evolutionary
models that incorporate key factors such as multigames, behavioral mutation, eco-
logical feedback, and time delays. By combining empirical realism with mathe-
matical rigor, this thesis seeks to deepen our understanding of how the complex
interplay between ecology and evolutionary game dilemmas shapes the dynamics of
biodiversity and cooperation in real-world ecosystems.

1.2 Theoretical foundations and unresolved ques-

tions

Mathematical models have played a central role in formalizing the principles of
eco-evolutionary dynamics. By bridging individual behaviors and population-level
consequences, these models help us understand how evolutionary and ecological
processes shape complex natural systems. Foundational tools like evolutionary
game theory, replicator dynamics, and spatially explicit frameworks provide power-
ful lenses through which to study these interactions [34].

For example, the study of cyclic dominance—most notably illustrated in the rock-
paper-scissors dynamics of side-blotched lizards (Uta stansburiana)—has revealed
how frequency-dependent selection can sustain biodiversity within a population.
Here, alternative male strategies (territorial, sneaker, and satellite) cycle over time
in response to selective pressures from each other, maintaining genetic diversity
and preventing competitive exclusion [35]. This dynamic interplay demonstrates
how even simple strategic interactions can lead to complex and stable ecological
patterns.

Incorporating spatial structure has been another major advance. Metapopu-
lation models show how dispersal between subpopulations, combined with local
adaptation, can influence the evolution of cooperation, competition, and community
structure [36]. For example, patchy environments and migration rates can determine
whether cooperative strategies persist or are outcompeted by defectors, highlight-
ing the importance of connectivity and landscape heterogeneity in eco-evolutionary
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outcomes. Despite these advances, critical gaps remain that demand further explo-
ration:

• Social interaction heterogeneity: Most models assume homogeneous in-
teractions, yet real-world populations often navigate diverse social and eco-
logical contexts [37]. How do multigame environments—where individuals
switch between different game structures, such as Prisoner’s Dilemma (PD)
and Snowdrift (SD)—affect the evolution of cooperation? Understanding how
these dynamic interaction contexts modulate strategy frequencies is essential
for predicting the emergence of cooperation in complex systems.

• Behavioral mutation and time delays: Evolutionary models typically
assume immediate responses to selection pressures [38]. However, behaviors
can shift through learning, cultural transmission, or genetic mutation, intro-
ducing stochasticity into population dynamics. Furthermore, time delays in
feedbacks—such as reproduction rates depending on past environmental condi-
tions—can destabilize or stabilize populations. How do these factors interact to
influence the long-term coexistence of competing strategies and the resilience
of eco-evolutionary systems?

• Ecological constraints and resource limitation: Natural populations of-
ten face ecological limitations, such as resource availability and habitat space.
The inclusion of free space as an ecological variable mediating reproduction
and dispersal highlights how spatial constraints shape fitness landscapes. How
do these constraints influence strategy success, especially in structured popu-
lations where resource competition is intense? Integrating ecological variables
like free space into evolutionary models can reveal new insights into the dy-
namics of cooperation and biodiversity maintenance [39].

Moreover, these theoretical questions are not purely academic. They have pro-
found implications for applied challenges in conservation biology, ecosystem manage-
ment, and disease ecology. For instance, understanding how multi-game dynamics
affect cooperation could inform the design of interventions to promote beneficial
behaviors in social species or control the spread of pathogens in human and wildlife
populations. Likewise, elucidating how time delays and behavioral mutations affect
eco-evolutionary stability can improve our predictions of species persistence under
rapid environmental change.

These unresolved questions form the backbone of this thesis, motivating the de-
velopment of nonlinear, dynamical models that incorporate multi-game frameworks,
stochastic behavioral mutation, ecological variables like free space, and time-delayed
feedback. Through this integration, this work seeks to uncover the mechanisms that
govern the emergence, persistence, and resilience of cooperation in eco-evolutionary
systems, ultimately contributing to a deeper understanding of the complex interplay
between ecology and evolutionary game dilemmas.
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1.3 Literature review

The concept of eco-evolutionary dynamics gained further traction with the work of
scientists like Peter Grant and Rosemary Grant [14], whose decades-long study of
Darwin’s finches in the Galápagos Islands provided empirical evidence of rapid evo-
lutionary change in response to ecological pressures. Their research demonstrated
how droughts and food scarcity could lead to measurable shifts in beak size and
shape within just a few generations, illustrating the intimate link between ecologi-
cal conditions and evolutionary adaptation. As Grants noted, “Evolution is not a
remote process; it is an ongoing, observable phenomenon.”

In parallel, theoretical advances by researchers such as David Reznick and Joseph
Travis underscored the importance of feedback loops between ecological and evolu-
tionary processes [40]. Reznick’s work on guppies in Trinidadian streams, for ex-
ample, revealed how predator-induced mortality could drive evolutionary changes
in life history traits, altering population dynamics and ecosystem structure. These
studies collectively demonstrated that evolution is not only a historical force, but
a contemporary driver of ecological change [41]. The recognition of anthropogenic
impacts on natural systems further catalyzed the emergence of eco-evolutionary dy-
namics as a distinct field. Human activities, from habitat destruction to climate
change, alter ecological conditions at unprecedented rates, forcing species to adapt
or face extinction. As Thompson (1998) aptly observed, “The rate of environmental
change is now outpacing the ability of many species to evolve in response” [42].
This realization has imbued the study of eco-evolutionary dynamics with both ur-
gency and relevance, as understanding these processes is critical for predicting and
mitigating the impacts of global change.

Against this rich historical and intellectual backdrop, this thesis seeks to con-
tribute to the growing body of knowledge on eco-evolutionary dynamics. By syn-
thesizing insights from four published studies, this work explores how ecological and
evolutionary processes interact across different scales and contexts, shedding light
on the mechanisms that underpin these dynamic relationships. In doing so, it builds
on the foundational ideas of Hutchinson, the empirical rigor of the Grants, and the
theoretical frameworks of Reznick and others, while also addressing contemporary
challenges in a rapidly changing world.

As we embark on this exploration, it is worth reflecting on Theodosius Dobzhan-
sky’s (1973) words: “Nothing in biology makes sense except in the light of evolu-
tion” [43]. We might add that nothing in evolution makes sense except in the light
of ecology. This interplay between ecological and evolutionary science lies at the
heart of this thesis and the future of biological science. As environmental and evo-
lutionary processes interact over contemporary timescales, they form feedback loops
that shape species survival, community structures, and ecosystem stability. Unlike
classical ecological models, which often assume that species traits remain static,
the eco-evolutionary approach acknowledges that organisms are not only shaped
by their environments but also actively modify them, creating dynamic feedback
loops between natural selection and ecological change [44]. The reluctance to ac-
cept rapid evolutionary change as an ecological driver persisted for much of the
twentieth century, largely due to the dominance of classical evolutionary thought,
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which emphasized slow genetic shifts over millennia. However, empirical studies have
increasingly demonstrated that evolutionary changes can occur on timescales com-
parable to ecological processes. The long-term studies of Darwin’s finches (Geospiza
spp.) on the Galápagos Islands provide one of the most compelling examples of
such rapid adaptation. Over several decades, shifts in beak morphology driven by
fluctuations in seed availability during periods of drought led to strong selection
pressures favoring individuals with particular beak sizes [45]. Similarly, populations
of guppies (Poecilia reticulata) in Trinidadian streams exposed to high predation
pressures evolved different life-history traits, such as earlier reproduction and in-
creased offspring numbers, compared to those in predator-free environments [46].

Such findings necessitate a re-evaluation of traditional ecological theories. The
integration of eco-evolutionary perspectives into ecological modeling has demon-
strated that evolving traits, such as predator avoidance strategies, resource exploita-
tion efficiencies, and competitive interactions, can drive significant shifts in species
abundances and even lead to emergent ecosystem properties [47]. This dynamic
perspective has been particularly influential in areas such as predator-prey systems,
mutualistic networks, and social dilemmas in structured populations, where evo-
lutionary shifts in strategy alter the stability and resilience of entire communities
[48].

A crucial aspect of eco-evolutionary dynamics is the presence of feedback loops,
wherein evolutionary processes alter ecological interactions, which in turn shape
subsequent evolutionary pressures. One striking example is seen in the case of stick-
leback fish (Gasterosteus aculeatus), where shifts in armor plating, driven by preda-
tor presence, not only affect individual survival but also influence habitat selection
and competition for resources [49]. Similarly, the interplay between plant-pollinator
interactions provides another example, where the evolution of floral traits in re-
sponse to pollinator behavior feeds back into pollinator foraging patterns, creating
a reciprocal selective pressure that drives rapid diversification [50].

Beyond empirical studies, theoretical frameworks have played a vital role in for-
malizing the principles of eco-evolutionary feedback. Mathematical models incor-
porating evolutionary game theory, replicator dynamics, and nonlinear ecological
interactions have provided deep insights into how evolving strategies influence co-
operation, competition, and species coexistence [34]. In particular, the study of
cyclic dominance in rock-paper-scissors-type interactions has revealed how strate-
gic decision-making among species can generate sustained ecological oscillations,
preventing competitive exclusion and fostering biodiversity [51].

As research in this field advances, new questions continue to emerge, particularly
regarding the role of higher-order interactions, spatial structure, and stochastic ef-
fects in shaping eco-evolutionary trajectories [36]. The realization that evolution can
operate on ecological timescales has profound implications for conservation biology,
ecosystem management, and our understanding of resilience in natural systems [52].
Recognizing that adaptive responses can buffer or amplify ecological disturbances
forces a reconsideration of how we model species persistence in rapidly changing
environments. This perspective becomes particularly relevant in the face of cli-
mate change, habitat fragmentation, and species invasions, where eco-evolutionary
insights may offer critical strategies for predicting and mitigating biodiversity loss
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[53].
The exploration of eco-evolutionary dynamics thus represents a fundamental

shift in how we perceive the relationship between ecological and evolutionary forces.
By acknowledging that organisms do not merely respond to their environments but
actively shape them through evolutionary processes, this framework offers a richer,
more dynamic understanding of biological systems. As this thesis will demonstrate,
the application of nonlinear dynamics to eco-evolutionary models provides powerful
tools for unraveling the complexity of species interactions, strategic behaviors, and
emergent ecological patterns.

The generality of the interplay between ecological and evolutionary processes
becomes even more compelling when examined through the lens of real biological
systems. Empirical studies across a wide array of taxa—from microbes to verte-
brates—have demonstrated how changes in environmental parameters can rapidly
reshape evolutionary trajectories, and vice versa. In microbial systems, for ex-
ample, nutrient availability not only dictates growth dynamics but also selects for
metabolic efficiency and competitive strategies. In long-term evolution experiments
with Escherichia coli, Lenski and colleagues revealed that populations exposed to
constant glucose limitation evolved diverse adaptive traits, including increased fit-
ness, metabolic specialization, and altered cell morphology, within only a few thou-
sand generations. These adaptations subsequently restructured ecological interac-
tions within the populations, illustrating the recursive nature of eco-evolutionary
feedbacks.

Similar patterns are evident in aquatic ecosystems. In rotifer-algae systems,
prey species such as Chlorella vulgaris evolve anti-grazing defenses in response to
rotifer predation, leading to oscillatory population dynamics that differ significantly
from those predicted by purely ecological models. Here, the evolution of defense
traits in the prey modifies both the abundance and feeding behavior of the preda-
tor, underscoring how even subtle evolutionary shifts can alter trophic interactions
and system-level dynamics. In terrestrial ecosystems, rapid evolutionary changes
in flowering time among plant species subjected to climate fluctuations have been
shown to disrupt plant-pollinator synchrony, with cascading effects on community
stability. Such findings reinforce the idea that adaptive evolution can occur swiftly
enough to influence—and be influenced by—ecological conditions, challenging the
outdated dichotomy between “fast” ecology and “slow” evolution.

Crucially, these feedbacks are not restricted to natural settings. Anthropogenic
environmental changes, including urbanization, pollution, and habitat fragmenta-
tion, are now exerting intense selective pressures on species, prompting real-time
adaptive responses. For instance, urban bird populations have evolved altered song
frequencies to avoid acoustic masking by traffic noise, which in turn influences mate
choice and reproductive success. In agricultural contexts, the widespread use of pes-
ticides has led to the rapid evolution of resistance in numerous insect species, which
feeds back into pest population dynamics, crop yields, and management strategies.
Such examples emphasize the importance of incorporating evolutionary change into
ecological forecasting and policy-making frameworks. While these biological systems
illustrate the empirical richness of eco-evolutionary feedbacks, theoretical models
have played a central role in generalizing and predicting their consequences. Among
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the most powerful conceptual tools in this domain is evolutionary game theory,
which provides a formal framework to analyze the strategic interactions of individ-
uals whose behaviors evolve over time. In this context, evolution is shaped not only
by external ecological conditions but also by the behaviors and strategies of other
individuals within the population.

Traditionally, evolutionary game theory has been employed to study dilemmas
of cooperation, wherein individuals must choose between self-interest and collec-
tive benefit. A classic example is the Prisoner’s Dilemma (PD), where defection
yields a higher individual payoff regardless of the partner’s action, leading to mu-
tual defection as the dominant outcome. However, natural populations often exhibit
persistent cooperative behaviors that contradict this prediction. This discrepancy
has motivated the introduction of alternative game structures, such as the Snowdrift
Game (SD), where cooperation can coexist with defection under certain conditions,
thereby capturing more realistic aspects of strategic interactions.

Importantly, real-world social and ecological systems are rarely governed by a
single type of strategic dilemma. Rather, individuals often navigate multiple in-
teraction contexts—sometimes resembling PD, other times SD—depending on envi-
ronmental conditions, social norms, or cultural background. This heterogeneity in
social context is effectively captured by the concept of multigames, where individ-
uals probabilistically choose among different game types. Such models allow for a
richer representation of strategic diversity and provide insights into how behavioral
heterogeneity influences macro-level outcomes. Incorporating mutation into these
frameworks further enhances their biological realism. In nature, strategic decisions
are not always perfectly rational, and behavior can shift due to errors, learning,
or genetic drift. Mutation allows individuals to occasionally switch between strate-
gies, introducing stochasticity into the system. This mechanism also permits the
reintroduction of rare strategies, preventing premature convergence to suboptimal
equilibria and fostering the long-term coexistence of competing behaviors. In multi-
game environments, mutation ensures that the strategy space remains dynamically
accessible, reflecting the ongoing exploration and adaptation that characterize real
populations.

However, behavioral strategy alone does not fully determine evolutionary out-
comes. The ecological context—particularly the availability of resources and re-
productive opportunities—plays an equally crucial role. To capture this, we intro-
duce the notion of free space as an ecological variable that mediates reproduction
and dispersal. In our model, free space acts as a shared environmental resource
that influences individuals’ fitness by enabling successful reproduction. An indi-
vidual’s reproductive rate is assumed to depend not only on the payoff accrued
from strategic interactions but also on the availability of this spatial resource. This
dual dependency reflects the idea that fitness is both interaction- and environment-
dependent—a central theme in eco-evolutionary systems.

Interestingly, the role of free space resembles that of a social good: it contributes
selflessly to the reproductive potential of others without demanding any return.
Though free space itself is not a strategic agent, its dynamics shape and are shaped
by the evolving population. In this sense, it behaves analogously to public goods in
microbial communities, where secreted enzymes benefit all nearby cells, including
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non-producers. The altruistic character of such resources fosters cooperation under
certain ecological conditions, creating opportunities for evolutionary stability even
in the absence of formal enforcement mechanisms.

By embedding ecological constraints directly into the structure of our evolution-
ary model, this thesis bridges the gap between strategic behavior and environmental
limitation. In doing so, we explore a richer set of dynamics, including bistability,
coexistence, and oscillatory behaviors, that emerge from the interaction between
game-theoretic payoffs and ecological feedbacks. This approach aligns with a grow-
ing body of literature that recognizes eco-evolutionary dynamics as not merely an
intersection of ecology and evolution, but as a distinct framework that reveals emer-
gent properties inaccessible to purely ecological or evolutionary analysis alone.

In contrast to conventional models that assume ecological change occurs on faster
timescales than evolutionary adaptation, our model assumes that both operate con-
currently. This assumption allows us to investigate scenarios where behavioral and
environmental changes unfold hand in hand, as observed in numerous empirical sys-
tems. For instance, in cooperative breeding species such as meerkats and African
wild dogs, social structure and ecological resource distribution co-evolve, shaping
reproductive strategies and group dynamics in tandem. Similarly, in microbial
biofilms, spatial structure, diffusion dynamics, and social interactions evolve simul-
taneously, resulting in complex pattern formation and functional specialization.

In the chapters that follow, we develop and analyze a suite of mathematical
models, each serving as a conceptual ’toy model’ that systematically synthesizes
key elements of eco-evolutionary dynamics. These models capture diverse situa-
tional dilemmas by incorporating strategic interactions, behavioral mutations, time-
delayed feedback, and ecological variables such as free space. Our investigation ad-
dresses fundamental questions surrounding the existence, persistence, uniqueness,
and dynamical properties of the resulting systems under a range of ecological and
evolutionary parameters. By leveraging both rigorous theoretical analysis and ex-
tensive numerical simulations, we identify the conditions under which cooperative
behaviors can persist, explore the emergence of oscillatory regimes, and elucidate the
critical role of ecological feedback in shaping strategic dynamics. Collectively, this
thesis unites insights from four published studies, each examining different facets of
these complex interactions—from multigame frameworks and mutation-driven strat-
egy switching to time delays and species interactions. Ultimately, this work deepens
our understanding of how the intricate interplay between ecology and evolutionary
game dilemmas drives the diversity, stability, and resilience of natural systems.

1.4 Motivation and objective

The central objective of this thesis is to investigate how such coupled eco-
evolutionary dynamics influence the emergence, maintenance, and diversity of coop-
eration. Specifically, we aim to understand how multigame environments, behavioral
mutation, and ecological variables such as free space collectively shape evolutionary
outcomes. By extending classical game-theoretic models into a nonlinear dynamical
framework that incorporates these features, we uncover novel mechanisms that sup-
port the coexistence of cooperation and defection—even in the absence of external
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enforcement like punishment or reputation systems.
Despite significant advances in eco-evolutionary theory, many crucial questions

remain regarding the conditions under which cooperation can both emerge and
persist amidst a backdrop of competing strategies, environmental complexity, and
human-induced disturbances. For instance, how does the inherent heterogeneity
of social interactions—captured through frameworks such as multigame dynam-
ics—shape the evolutionary trajectories of cooperation in structured populations
where spatial and temporal factors intertwine? Real-world systems—from microbial
biofilms to social insect colonies—exhibit a mosaic of interaction types and inten-
sities, suggesting that a single-game approach may be insufficient to capture the
richness of natural social dilemmas [54, 55].

Furthermore, to what extent does behavioral mutation—representing errors,
spontaneous shifts in strategy, learning, or genetic variability—impact the long-term
coexistence of competing strategies, especially when ecological conditions fluctuate
due to environmental change, predation, or anthropogenic impacts? For exam-
ple, studies on Trinidadian guppies (Poecilia reticulata) have demonstrated that
predator-induced evolutionary shifts in life-history traits can cascade through the
ecosystem, affecting resource distribution and competitive dynamics [40, 56]. Simi-
larly, research on Darwin’s finches in the Galápagos has highlighted the importance
of rapid trait evolution in response to drought and resource scarcity, influencing
both ecological and evolutionary feedbacks [57].

Additionally, how do time delays, feedback loops, and higher-order interactions
shape the resilience and stability of these coupled eco-evolutionary systems? Em-
pirical studies have revealed that delays in feedback between ecological interactions
and evolutionary responses can generate oscillatory dynamics and even chaotic pat-
terns, as demonstrated in rotifer-algae systems where anti-grazing defenses evolve
in response to predation [21]. The challenge of capturing such complexities under-
scores the need for a holistic approach that integrates strategic decision-making with
dynamic ecological variables.

Motivated by these pressing questions, the objective of this thesis is to construct
a comprehensive, nonlinear dynamical framework that integrates evolutionary game
theory with ecological feedbacks, explicitly incorporating multigame dynamics, be-
havioral mutation, and ecological variables such as free space. This approach extends
traditional game-theoretic frameworks to account for the multiple social dilemmas
faced by real organisms—where individuals do not simply confront a single payoff
matrix but navigate a landscape of interaction contexts determined by environmental
conditions, social norms, or historical contingencies [58, 59]. By modeling behav-
ioral mutation as a continuous stochastic process, this work captures the inherent
unpredictability and adaptability that characterize natural populations. Moreover,
by introducing free space as an ecological variable that mediates reproduction and
dispersal, the model reflects how resource availability shapes fitness and evolutionary
outcomes—analogous to public goods in microbial systems where secreted enzymes
benefit all individuals in the local environment [60, 61].

Beyond its theoretical contributions, this thesis seeks to bridge the gap between
abstract models and empirical systems by exploring how eco-evolutionary dynamics
operate across multiple timescales and levels of biological organization. For example,
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in cooperative breeding species such as meerkats and African wild dogs, social struc-
ture and ecological resource distribution co-evolve, shaping reproductive strategies
and group dynamics in tandem [62]. In microbial communities, biofilms demon-
strate how spatial structure, diffusion, and social interactions evolve simultaneously,
generating complex pattern formation and functional specialization [63]. Such ex-
amples underscore the importance of linking micro-level interactions to macro-level
patterns to understand biodiversity maintenance, ecosystem functioning, and the
resilience of natural systems under rapid environmental change.

Ultimately, this research aims to contribute a robust and flexible framework for
understanding how the complex interplay between ecology and evolution shapes
the emergence, maintenance, and diversity of cooperation. By synthesizing insights
from multigame frameworks, mutation dynamics, ecological variables, and empirical
systems, this thesis aspires to reveal new mechanisms of eco-evolutionary feedback
and to guide future empirical and theoretical research in this rapidly evolving field.

1.5 Outline of the thesis

The thesis is organized into several chapters, each addressing a specific aspect of
eco-evolutionary dynamics while building upon the previous chapters’ insights. Fol-
lowing this introductory chapter, Chapter 2 presents the foundational concepts of
evolutionary game theory, including Nash equilibria, evolutionary stable strategies,
and replicator dynamics, which provide the mathematical underpinnings for the
subsequent analyses.

Chapter 3 introduces the concept of multi-games and social heterogeneity, fo-
cusing on my first research paper [64] published in the journal Plos One. This
chapter examines how probabilistic interactions between the Prisoner’s dilemma
and the Snowdrift game can promote cooperative behavior under specific ecologi-
cal constraints. This chapter also extends the analysis by incorporating the role of
mutation and behavioral switching.

Chapter 4 delves into the impact of time delays on eco-evolutionary dynamics, in-
formed by my second research paper [65] published in the Scientific Reports journal.
This chapter examines how feedback delays can generate complex dynamical behav-
iors, including oscillations, multi-stability, and transitions between cooperative and
defective states, using an additional policing strategy, named Punishment.

Chapter 5 and Chapter 6 extend the investigation into eco-evolutionary dynam-
ics by exploring how strategic species interactions shape complex feedback between
ecology and evolution. These chapters draw directly on insights from the third and
fourth research papers [66, 67], published in the Proceedings of the Royal Society
A and the Journal of Theoretical Biology (JTB), respectively. Chapter 5 focuses
on the dynamics of three interacting species that engage in direct, cyclical dom-
inance relationships within their environment. This model illuminates how cyclic
interactions can foster biodiversity and drive emergent ecological patterns through
evolutionary adaptations. This chapter also deals with the sensitivity analysis of the
model’s parameters used as payoff values. In contrast, Chapter 6 examines a system
where two species interact asymmetrically, with one species exerting a dominant in-
fluence on the other. This hierarchical interaction introduces novel eco-evolutionary
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feedback that differ from those in cyclic systems. In both cases, the evolutionary
scenarios considered shape the eco-evolutionary dynamics in distinct ways, offer-
ing valuable insights into how diverse species interactions can mediate community
structure, stability, and evolutionary trajectories.

Finally, Chapter 7 synthesizes the findings from the entire thesis, discussing
broader implications, limitations, and potential avenues for future research.
Through this structured progression, the thesis aims to provide a comprehensive
understanding of the complex interplay between ecology and evolutionary game
dilemmas.
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Chapter 2

Basic definitions and model

This chapter lays the theoretical foundation for the models explored throughout this
thesis. It begins with classical concepts from evolutionary game theory and gradually
expands to encompass more complex formulations, including multigames, ecologi-
cal feedback mechanisms, time delays, cyclic dominance among strategic species,
and the interpretation of evolutionary tactics within various spreading phenom-
ena. The unified framework presented here underpins all subsequent analyses of
eco-evolutionary dynamics.

2.1 Basics of evolutionary game theory

2.1.1 Classical game theory and Nash Equilibrium

Game theory, pioneered by von Neumann and Morgenstern in 1944 [68], provides
a mathematical framework to understand strategic interactions among rational
decision-makers. Originally applied to economic behaviors, it soon found relevance
in evolutionary biology, where the payoff from an interaction is analogous to repro-
ductive fitness.

A fundamental solution concept in game theory is the Nash equilibrium, intro-
duced by John Nash in 1950. In a two-player game, a strategy profile is called a
Nash equilibrium if no player can increase their payoff by unilaterally deviating from
their current strategy. Let s∗ be a strategy and f(s, s′) denote the payoff to a player
playing strategy s against an opponent using s′. Then s∗ is a Nash equilibrium if:

f(s∗, s∗) ≥ f(s, s∗) ∀s ∈ S,

where S is the set of all available strategies.
Nash equilibria describe steady states in which no individual has an incentive

to change their behavior. However, in biological systems, where populations evolve
over time due to differential reproduction, static equilibrium concepts need to be
expanded to capture dynamic stability.
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2.1.2 Evolutionarily stable strategy (ESS)

Maynard Smith and Price (1973) extended game theory to evolutionary biology by
introducing the concept of an evolutionarily stable strategy (ESS) [69]. An ESS is
a strategy that, if adopted by the majority of a population, cannot be invaded by
a small number of individuals using an alternative strategy. This concept is critical
for understanding the stability of observed behaviors in animal populations, such as
aggression, mating systems, and foraging strategies.

Mathematically, a strategy s∗ is evolutionarily stable if it satisfies the following
conditions for all s ̸= s∗:

f(s∗, s∗) > f(s, s∗) or f(s∗, s∗) = f(s, s∗) and f(s∗, s) > f(s, s).

The ESS concept refines Nash equilibrium by introducing robustness against
invasion, thus making it particularly suitable for evolutionary contexts. It has been
used to explain the distribution of behavioral traits in nature, such as the Hawk-
Dove game, where a mixture of aggressive and passive behaviors leads to a stable
equilibrium in the population.

2.1.3 Replicator dynamics

While ESS describes static stability, the dynamics of strategy change in populations
are captured by the replicator equations, originally formalized by Taylor and Jonker
(1978) [70]. These equations describe how the frequency xi of a strategy i changes
over time based on its relative performance compared to the population average.

Let fi denote the expected payoff of strategy i, and f̄ =
∑

j xjfj be the average
payoff in the population. Then the replicator equation is:

ẋi = xi(fi − f̄).

This dynamic embodies natural selection: strategies that perform better than
average increase in frequency, while poorly performing strategies decline. The set
of fixed points of this system includes Nash equilibria, and stable fixed points often
correspond to evolutionarily stable strategies.

Replicator dynamics have broad applicability across fields. In biology, they de-
scribe the spread of genetic traits and behavioral strategies. In economics and soci-
ology, they model the adoption of norms or technologies. In this thesis, replicator
dynamics are extended to incorporate mutation, ecological feedback, and strategic
complexity through multigames and structured interactions.

2.2 Modeling cooperation: PD and SD Games

2.2.1 The Prisoner’s Dilemma

The Prisoner’s Dilemma (PD) is the canonical model for studying social dilemmas
and is central to the field of cooperation theory. It was first formalized by Flood
and Dresher in the 1950s [71] and gained popularity through Axelrod’s evolutionary
tournaments in the 1980s [72]. In its evolutionary form, it models interactions
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between individuals who can choose to cooperate or defect. The payoff matrix is
defined by four parameters:[

R S
T P

]
, where T > R > P > S.

Here, R is the reward for mutual cooperation, P is the punishment for mutual
defection, T is the temptation to defect against a cooperator, and S is the sucker’s
payoff. Despite the higher mutual payoff R, rational agents in a single encounter will
defect, as defection strictly dominates cooperation. Thus, in well-mixed populations
governed by the PD, defection typically evolves and prevails, leading to a socially
suboptimal outcome.

This paradox—why cooperation persists in nature despite individual incentives
to defect—lies at the heart of eco-evolutionary modeling and is a key motivation
behind the development of more sophisticated models throughout this thesis.

2.2.2 The Snowdrift Game

The Snowdrift Game (SD), also known as the Chicken Game or Hawk-Dove Game
in specific contexts, offers an alternative to the Prisoner’s Dilemma in which coop-
eration can coexist with defection [73]. The payoff ranking here is:

T > R > S > P.

In this configuration, a player’s best response depends on their opponent’s strat-
egy. If the opponent defects, it is beneficial to cooperate; if the opponent cooperates,
it is tempting to defect. This interplay leads to a stable mixed equilibrium, where
both cooperators and defectors are maintained in the population. This balance cap-
tures the realistic dynamics often observed in nature, where pure cooperation or
pure defection are rarely stable over evolutionary timescales.

The SD game has been instrumental in explaining the coexistence of strategies
in microbial communities, such as the production of public goods like siderophores
in bacteria. Cooperators bear the cost of production, but all individuals benefit,
creating a scenario where defectors can exploit cooperators. However, cooperators
can persist because, when rare, they reap higher payoffs than common defectors.
This dynamic is mirrored in social animals, where cooperation may be conditionally
adopted depending on group structure, social reputation, or environmental factors.
In evolutionary theory, the SD game has illuminated the mechanisms by which con-
ditional cooperation emerges in diverse taxa, from bacteria and plants to vertebrates
and even humans, emphasizing the context-dependent nature of social behaviors.

Beyond its explanatory power in single-game settings, the SD game provides
a foundation for understanding the interplay of multiple strategic contexts, where
individuals do not face a single type of dilemma, but instead encounter a mix of
cooperative and competitive situations throughout their lives.
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2.2.3 From payoff matrices to replicator dynamics

The payoff matrices of the PD and SD games provide the essential foundation for
modeling evolutionary interactions among individuals in a population. To connect
these strategic interactions to population-level outcomes, we utilize the replicator
equation, a fundamental concept in evolutionary game theory that describes how
strategies evolve based on their relative payoffs.

In a well-mixed population where xC and xD denote the frequencies of cooper-
ators and defectors, respectively (with xC + xD = 1), the average payoffs ΠC and
ΠD for each strategy are determined directly from the payoff matrix of the selected
game (either PD or SD). The replicator equations governing the dynamics of these
strategies are given by:

ẋC = xC(ΠC − Π̄), ẋD = xD(ΠD − Π̄),

where the average payoff in the population is:

Π̄ = xCΠC + xDΠD.

These equations formalize the principle that strategies performing better than
the average increase in frequency over time, while less successful strategies decline.

2.2.4 Linking game matrices to dynamics

To compute ΠC and ΠD, we use the payoff matrices from the PD or SD games, for
example, in the PD game. If both players cooperate, they each receive the reward R,
whereas if both defect, they each receive the punishment P . If one cooperates and
the other defects, the defector receives the temptation payoff T and the cooperator
gets the sucker’s payoff S.

Therefore, the average payoffs in a population with fractions xC and xD are:

ΠC = RxC + SxD,

ΠD = TxC + PxD.

Similarly, in the SD game, the payoffs follow the ranking T > R > S > P , but
with different strategic implications that influence the population dynamics.

The replicator equation can also accommodate scenarios where individuals may
face different games at different times (i.e., multi-games) or where mutation allows
for occasional strategy switching. These extensions are crucial for capturing the
richness of real-world interactions and will be introduced in subsequent sections.

2.2.5 Cooperation in eco-evolutionary systems

The evolution and maintenance of cooperation represent one of the most profound
and enduring puzzles in both biological and social sciences. In the traditional Dar-
winian sense, natural selection favors individuals that maximize their own fitness.
Cooperative behavior, which often involves a cost to the actor and a benefit to
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others, seems paradoxical under this framework. Nevertheless, cooperation is ubiq-
uitous in nature, from the coordinated behavior of microbial colonies to complex
social institutions among humans. Understanding the mechanisms that allow co-
operation to evolve and persist has thus become a central question in evolutionary
theory, ecology, sociology, and even economics.

In eco-evolutionary systems, cooperation is not static—it evolves under dynamic
feedback between ecological conditions and evolutionary pressures. Unlike classical
models, which isolate ecological or evolutionary processes, eco-evolutionary models
recognize that the environment can influence evolutionary outcomes, while evolving
traits can, in turn, modify the environment. This reciprocal relationship is partic-
ularly important in systems where cooperation affects not only direct payoffs but
also resource distribution, population structure, and ecosystem stability.

Biologically, cooperation has been observed in various forms:

• Microbial cooperation: In bacterial communities, individual cells secrete
enzymes or siderophores that scavenge essential nutrients (like iron) for the
group at a personal cost. These substances act as public goods, enhancing
collective survival. However, cheater strains that don’t produce siderophores
can exploit the benefits without contributing, creating a classic public goods
dilemma. Recent experimental work highlights how siderophore-mediated iron
partitioning fosters dynamic coexistence between cooperators and cheaters
across spatially structured environments [74]. This empirical evidence aligns
closely with evolutionary game theoretical models and underscores the impor-
tance of incorporating ecological feedback and spatial context in cooperation
studies.

• Animal cooperation: In animal societies, cooperation manifests in behaviors
such as sentinel duty in meerkats, coordinated hunting by wolves or orcas, and
alloparenting in elephants and some bird species. These behaviors impose im-
mediate costs on individuals but provide long-term benefits through increased
inclusive fitness, either by helping relatives or establishing reciprocal social
contracts. Evolutionary game theory, rooted in Maynard Smith, and Price’s
framework, effectively models these behaviors, suggesting that reciprocity and
kin selection strategies evolved to support cooperation despite short-term costs
[75]. Such models have been invaluable in quantifying the balance between
costs, benefits, and social structure influencing animal cooperative behaviors.

• Human cooperation: Human cooperation underpins the success of families,
institutions, and societies, relying on mechanisms like reputation, punishment,
and institutional design to stabilize collective action in the face of free-riders. A
recent experimental study using repeated public goods games with real partici-
pants demonstrated that integrating punishment incentives and heterogeneous
contributions (reflecting reputation effects) significantly enhances cooperation
levels [76]. These findings parallel theoretical work showing how reputation-
and punishment-based mechanisms can offset defection in repeated strategic
interactions, highlighting the power of social norms in fostering cooperation.
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From an ecological perspective, cooperation can impact the availability of shared
resources, affect competition dynamics, and enhance group survival under adverse
conditions. For instance, plants may share nutrients via mycorrhizal networks; coral
reefs depend on mutualistic relationships between coral and algae; and ecosystems
often contain keystone species whose cooperative roles sustain community structure.

In this thesis, cooperation is modeled using the formalism of evolutionary game
theory, with special attention given to the Prisoner’s dilemma and the Snowdrift
games, which typify the strategic conflict between self-interest and collective benefit.
The models developed herein go beyond static strategic settings by incorporating
mechanisms such as:

• Multigames: In real-world settings, individuals may encounter varying social
dilemmas (e.g., PD or SD), which we model by allowing players to randomly
experience different payoff matrices. Recent work using structured-population
models with stochastic game assignments supports how multigame heterogene-
ity can stabilize cooperation [77].

• Mutation: To capture behavioral errors or experimentation, our model in-
cludes spontaneous strategy mutations. This mechanism builds on findings by
Roy et al. (2022), showing that mutation coupled with ecological dynamics
can stabilize cooperation [64].

• Ecological feedback: Payoffs are modulated by ecological variables such as
population density or free space, linking reproductive success to environmen-
tal context. A 2024 analysis confirmed that incorporating density-dependent
ecological feedback yields qualitatively different cooperation equilibria in evo-
lutionary games [78].

• Time delay: Recognizing that biological and social processes often have de-
layed effects, we include lagged strategy updating and feedback mechanisms.
Recent work on dynamic public goods games demonstrated that introducing
temporal delays can generate richer dynamics, such as oscillations and stability
switches [79].

• Structured populations and diffusion: Individuals are embedded in lim-
ited networks or spatial environments, and we allow for movement across
these structures. This mirrors the recent advances in structured-feedback
coevolutionary models, showing how spatially embedded networks alter eco-
evolutionary outcomes compared to well-mixed systems.

These modeling tools allow us to study cooperation as a dynamic process in-
fluenced by both individual-level interactions and system-level constraints. One of
the core findings, supported by simulations and analytical results across the four
papers included in this thesis, is that cooperation can emerge and be sustained not
despite, but because of, eco-evolutionary feedbacks. In particular, the inclusion of
ecological variables such as free space and dynamic environmental conditions reveals
novel pathways through which cooperation is favored—especially when traditional
game-theoretic predictions would suggest its collapse.
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Thus, the eco-evolutionary approach offers a unifying lens through which to study
cooperation: not as a fragile exception to self-interest, but as a robust and adaptive
outcome of complex interactions between strategy, structure, and environment. This
framework will be systematically explored in the chapters that follow, each focusing
on specific extensions and applications of evolutionary game dynamics to coopera-
tive behavior in evolving ecological landscapes. In real-world ecosystems and social
systems, individuals rarely face a single, consistent type of social dilemma. Instead,
their interactions are shaped by multiple, context-dependent factors that introduce
heterogeneity into their strategic environments. This diversity is effectively captured
by the concept of multigames, an extension of classical evolutionary game theory
that allows individuals to probabilistically engage in different games during each
encounter.

2.3 Multigames and social heterogeneity

In this thesis, we primarily consider multi-games involving the PD and SD, two
canonical games that represent distinct types of social dilemmas [59]. Let p denote
the probability that an individual plays the PD game and (1− p) the probability of
playing the SD game in a given interaction. The effective payoff π for an individual
is then given by

π = pπPD + (1− p)πSD.

This probabilistic mixing captures the heterogeneity in individual perceptions
and environmental contexts. Such models reflect real biological systems, where
fluctuating conditions—such as resource abundance, predation pressure, or habitat
heterogeneity—can shift the relative costs and benefits of cooperative behaviors,
effectively altering the underlying game being played. For example, in microbial
systems, stress-induced environments can transform interactions from cooperative
(e.g., public goods sharing) to competitive (e.g., toxin production). Similarly, in so-
cial mammals, group composition, kin structure, and territory defense can influence
whether cooperation or defection is favored in a given scenario [80].

Multi-game frameworks thus provide a powerful lens to understand the persis-
tence of cooperation under social heterogeneity. They reveal that populations can
sustain mixed strategies under a broader range of conditions than predicted by
single-game models, offering insight into why cooperation is so widespread in nature
[81]. For instance, in bird societies, feeding interactions may resemble a Snowdrift
Game when resources are abundant but shift towards a Prisoner’s Dilemma under
scarcity or conflict.

Importantly, multi-games are particularly relevant for studying eco-evolutionary
dynamics because they integrate seamlessly with ecological feedback. By allowing
the probability of playing a particular game to be influenced by environmental con-
ditions, such as population density, predation risk, or spatial structure, multigames
can capture feedback loops where ecology shapes strategy and strategy, in turn, in-
fluences ecology. For example, increased predation risk might elevate the frequency
of risk-averse (PD-like) interactions, which can then alter group cohesion, vigilance
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behavior, and even the structure of community interactions.
Incorporating multigames into our models enables the exploration of how be-

havioral heterogeneity interacts with key ecological factors. When combined with
mechanisms like mutation (introducing stochastic strategy shifts) and time delays
(reflecting generational or behavioral lags), multigames produce rich dynamics, in-
cluding oscillations, bistability, and even chaotic regimes. These complex dynamics
can reveal conditions under which cooperation persists, collapses, or re-emerges de-
pending on the interplay between game frequencies and ecological feedbacks.

Overall, integrating multigames into eco-evolutionary frameworks offers a more
realistic and nuanced approach to understanding the emergence and maintenance
of cooperation in complex systems. It highlights the importance of considering not
only the strategic decisions of individuals but also the broader ecological and social
contexts that shape those decisions over time.

2.4 Mutation and strategy switching

In both natural and artificial systems, individuals are not perfectly rational or genet-
ically fixed in their strategies. Errors, learning, exploration, and genetic mutations
introduce variability in behavior, allowing for occasional strategy switching. This
process is modeled using a fixed, symmetric mutation rate µ, which allows cooper-
ators to become defectors and vice versa, regardless of their immediate fitness.

Mathematically, the replicator-mutator dynamics can be expressed as:

ẋC = xC(fC − f̄) + µ(xD − xC),

ẋD = xD(fD − f̄) + µ(xC − xD).

These equations incorporate the idea that while selection favors strategies with
higher payoffs, random switching maintains strategic diversity within the popula-
tion. Mutation plays a crucial role in preventing fixation to suboptimal strategies,
enabling the reintroduction of cooperative behaviors even in predominantly defective
populations.

Biologically, mutation encapsulates a range of real-world phenomena. In mi-
crobial populations, gene regulation, horizontal gene transfer, and stochastic gene
expression can produce phenotypic switching between cooperative and competitive
states [82, 83]. For example, bacteria can switch between producing public goods like
siderophores (cooperative) and non-producing phenotypes (defective) depending on
local conditions and mutations. In animal behavior, learning errors, exploration, and
cultural transmission can lead individuals to shift strategies, even in the absence of
direct fitness advantages [84]. In human societies, social learning, experimentation,
and imitation similarly generate strategic variability, contributing to the dynamic
evolution of cooperation and defection norms [48, 85].

From a theoretical perspective, mutation serves several crucial roles in eco-
evolutionary systems. First, it prevents the population from becoming trapped
in suboptimal equilibria by reintroducing rare or previously outcompeted strategies,
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thereby promoting long-term coexistence and resilience [86]. Second, it enables pop-
ulations to respond to fluctuating environments by maintaining a flexible strategic
pool, which is essential for adapting to changing ecological contexts [87]. Third, mu-
tation contributes to the maintenance of biodiversity by balancing selection pressures
and preventing the dominance of a single strategy, especially in systems character-
ized by frequency-dependent selection, such as the rock-paper-scissors game.

By incorporating mutation into our models, we bridge the gap between purely de-
terministic dynamics and the stochastic realities of natural and social systems. This
approach enhances the realism of eco-evolutionary models by capturing the inher-
ent uncertainty and adaptability observed in living systems, providing insights into
how cooperation can persist and re-emerge even in the face of defection-dominated
dynamics.

2.5 Ecological feedback and free space

Traditional game-theoretic models often neglect the ecological context in which in-
teractions occur. However, in eco-evolutionary systems, the environment itself is
a dynamic player, influencing and being influenced by strategic behaviors. In our
models, we introduce an ecological variable called free space, denoted by z = 1−x−y,
representing unoccupied or available resources in the system.

Reproductive success is not solely determined by payoffs from social interactions
but also by the availability of free space. Each strategy’s effective fitness is thus
modulated by:

fi = σi · Πi · z,

where σi reflects the ecological contribution of strategy i (e.g., cooperators may
benefit more from free space than defectors due to synergistic interactions). Free
space behaves as an altruistic, non-strategic ecological variable, donating reproduc-
tive opportunities to all players without receiving direct feedback. This concept
aligns with empirical observations where unclaimed resources (e.g., habitat patches,
breeding sites) enable population growth and facilitate the spread of cooperative
traits.

Examples include forest gaps that enable the establishment of new seedlings,
open microbial niches that allow colonization, and social systems where demographic
turnover provides opportunities for strategy renewal. Incorporating free space in
our models captures the dynamic interplay between ecological opportunities and
evolutionary processes, highlighting how environmental constraints shape the evo-
lutionary viability of cooperation.

2.6 Time-delayed feedback

In many biological and social systems, the impact of strategic interactions on re-
productive success is not instantaneous. Gestation periods, resource regeneration
times, and social learning processes can introduce delays between the cause (e.g.,
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an individual’s behavior) and its ecological or evolutionary effect (e.g., changes in
population density or payoff structures).

To capture these processes, our models incorporate time-delayed feedback, where
the reproduction rate at time t depends on the payoffs experienced at an earlier
time t − τ , with τ representing the delay. The delayed replicator dynamics can be
expressed as:

ẋ(t) = x(t)
[
fC(x(t− τ), y(t− τ))− f̄(t− τ)

]
.

Time delays can profoundly affect the dynamics of eco-evolutionary systems.
They can stabilize otherwise unstable equilibria, induce sustained oscillations,
or even lead to chaotic dynamics, depending on parameter values and feedback
strengths. In ecological contexts, such delays are evident in predator-prey cycles,
host-parasite dynamics, and cooperative breeding systems where helper contribu-
tions affect reproductive success with a temporal lag.

Our models demonstrate that time delays in eco-evolutionary feedback can sus-
tain cooperation through dynamic mechanisms, even when static analysis would
predict its extinction. This insight is particularly relevant for conservation strate-
gies and management of social-ecological systems.

2.7 Strategic species and multi-species systems

In complex ecosystems, species often interact not only with conspecifics but also with
individuals from other species. These interactions can be competitive, mutualistic,
or exploitative, and each species may adopt different strategies that co-evolve with
the strategies of others. To model such systems, we extend the replicator framework
to include multiple species, each with its own strategic and ecological parameters.

Let xi denote the density of a strategy in species i, with fitness fi(x, y, z, . . .)
depending on the densities of all interacting species. The multi-species replicator
dynamics are given by:

ẋi = xi
[
fi(x, y, z, . . .)− f̄

]
.

This formulation allows us to model cross-species interactions where, for example,
the cooperative behavior of one species can enhance the ecological opportunities for
another, creating positive feedback loops. Conversely, defection or exploitation in
one species can reduce the resources or habitat availability for others, potentially
leading to cascading extinctions or shifts in community structure.

Empirical examples abound: pollinators and flowering plants engage in mutu-
alistic interactions that affect each other’s population dynamics; predators can in-
fluence prey evolution, which in turn shapes the predator’s own ecological niche;
and human-induced changes, such as habitat fragmentation, can differentially affect
species with different life-history strategies.

In this thesis, the inclusion of strategic species interactions enriches the model-
ing of eco-evolutionary dynamics, highlighting the interconnectedness of ecological
communities and the role of strategy evolution in shaping biodiversity.
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2.8 Cyclic dominance: Rock-Paper-Scissors

A special and fascinating case of evolutionary dynamics arises in systems of cyclic
dominance, often modeled using the Rock-Paper-Scissors (RPS) game. Here, each
strategy defeats one and is defeated by another, forming a closed loop:

A→ B → C → A.

The dynamics of such systems are governed by:

ẋi = xi(fi − f̄), fi =
∑
j

aijxj,

where aij represents the payoff of strategy i against strategy j. Cyclic dominance
is prevalent in many biological systems: microbial communities where antibiotic
production and resistance form feedback loops; mating systems in lizards where
different male strategies cyclically dominate; and even in social systems where com-
peting norms or ideologies vie for dominance.

These systems can exhibit a rich variety of dynamical behaviors, including stable
coexistence of all strategies, limit cycles, or heteroclinic orbits where the system
cycles between near-extinction states of each strategy. Such dynamics highlight the
importance of nonlinear interactions in maintaining biodiversity and the emergence
of complex ecological patterns.

In the context of this thesis, RPS dynamics provide a natural extension of the
eco-evolutionary framework, illustrating how strategic interactions can generate per-
sistent oscillations and stabilize diversity through dynamic feedbacks. By coupling
cyclic dominance with ecological variables and time delays, we reveal new mecha-
nisms through which cooperative and competitive behaviors shape the structure and
function of ecological communities.

2.9 Spreading phenomena and social dilemmas in

evolutionary game theory

In addition to biological and ecological contexts, evolutionary game theory has found
profound applications in understanding the dynamics of social systems, particularly
in modeling the spread of behaviors, beliefs, and information. Phenomena such as
epidemic outbreaks, rumor diffusion, opinion formation, and technology adoption all
involve individuals making decisions that affect both their own well-being and that
of the broader population. These decisions often entail social dilemmas, where indi-
vidual incentives conflict with collective welfare—making them natural candidates
for evolutionary game-theoretic modeling.

At the heart of such models lies the conflict between spreading and suppression,
which can be framed using classical strategy pairs like spreaders vs. ignorants, in-
formed vs. uninformed, or infected vs. susceptible. These behavioral roles resemble
the classic game-theoretic structure of cooperators and defectors, especially when
viewed through the lens of information as a public good or a social burden.
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2.9.1 Basic spreading model and strategic interpretation

Let us consider a simplified setting where individuals adopt one of two strategies:

• S: Spreader (e.g., someone who shares information or a rumor)

• R: Refrainer (someone who does not spread or counters misinformation)

In a well-mixed population, the densities of spreaders and refrainers at time t are
denoted by xS(t) and xR(t), respectively. Assuming no births or deaths, the total
population remains conserved:

xS + xR = 1.

A basic payoff structure, capturing the benefit of virality and the cost of being
misinformed or ignored, can be expressed through a 2× 2 payoff matrix:[

R S
T P

]
, where T > R > P > S,

similar to the structure of the Prisoner’s Dilemma. Here, a spreader gains a higher
payoff when interacting with a refrainer (temptation T ), while mutual spreading or
refraining may result in lower gains due to saturation or redundancy.

The evolution of strategy frequencies over time can be described using the repli-
cator equation:

ẋi = xi(fi − f̄),

where fi is the fitness (or effective payoff) of strategy i ∈ {S,R}, and f̄ is the average
payoff of the population. The payoffs fi are computed as:

fi =
∑
j

aijxj,

with aij denoting the entry in the payoff matrix when strategy i meets strategy j.
In this framework, one can study the spread of behavior like rumor or misinfor-

mation as an evolutionary competition between spreading and refraining behaviors,
especially when combined with environmental or network factors.

2.9.2 Link with social dilemma

In many cases, the decision to refrain from spreading a harmful message (such
as a rumor or fake news) is altruistic, offering a benefit to the community while
possibly imposing a personal cost (e.g., social exclusion or reduced attention). Thus,
refrainers can be viewed as cooperators, while spreaders resemble defectors who
exploit attention dynamics. This situates the spreading dynamics within a social
dilemma structure.

Moreover, introducing additional strategies—such as informed spreaders, skep-
tics, or fact checkers- can expand the system into richer game-theoretic classes, such
as public goods games,the volunteer’s dilemma of volunteers, or cyclic dominance
systems, depending on the payoffs and strategic transitions.
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2.9.3 Relevance to real-world phenomena

Evolutionary models of rumor and epidemic spreading offer valuable insights into:

• Behavioral response to pandemics (e.g., mask-wearing, vaccine uptake)

• Misinformation dynamics on networks (e.g., Twitter, Facebook)

• Adoption of social norms and practices

• Cultural and ideological competition

These applications highlight the universality of evolutionary game theory in mod-
eling a wide class of spatially extended, socially informed, and temporally dynamic
phenomena.

The concept of strategic species, introduced in earlier chapters in the context of
ecological interactions, can be translated into social settings by interpreting strate-
gies such as spreading or refraining as traits competing for dominance. By leveraging
the eco-evolutionary modeling framework—where strategies evolve under ecological
constraints and social incentives—one can analyze the conditions under which harm-
ful behaviors are suppressed or proliferate. In this way, rumor spreading dynam-
ics become a compelling social analogue of predator-prey or parasite-host systems,
driven by similar mathematical and conceptual tools.
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Chapter 3

The eco-evolutionary muti-game
framework with the presence and
absence of ecological free space
and the ability to mutation †

The persistence of biodiversity and the emergence of cooperation among species
have long intrigued researchers, particularly given the competitive advantages often
enjoyed by defectors. Darwinian evolution [2] challenges the spontaneous rise of
cooperation, as cooperative behavior typically incurs costs while providing benefits
to others [54]. Defectors, by exploiting these investments, undermine the stability
of cooperation. This paradox raises a fundamental question: If natural selection
favors the fittest, why does cooperation persist across diverse biological and social
systems?

To address this question, this chapter adopts an evolutionary game-theoretic
framework using a 2 × 2 payoff matrix, a robust method for analyzing rational
decision-making in competitive environments [88]. Evolutionary game theory has
proven invaluable for understanding the mechanisms sustaining cooperation [89, 61,
34], leading to key theoretical and empirical advances [90–92, 55, 93, 94, 48, 95].

This chapter constructs a mathematical model of evolutionary multigames
[81, 59, 96–106], extending classical frameworks by integrating two fundamental
games: the prisoner’s dilemma [107] and the snowdrift game [108, 109]. This combi-
nation reflects the reality that individuals rarely encounter uniform strategic scenar-
ios; rather, they navigate heterogeneous social landscapes. The multigame frame-
work allows individuals to engage in different games probabilistically, capturing the
diversity of strategic contexts encountered in real systems [58].

In the PD, defection dominates, leading to the erosion of cooperation. In con-
trast, the SD allows cooperators and defectors to coexist, as optimal strategies
depend on opponents’ choices. Probabilistic game selection introduces behavioral
diversity into the system. This chapter also includes mutation, modeling the ca-

†A considerable part of this chapter has been published in Plos One, Volume 17, Page 08, Ar-
ticle ID: Roy, S., Nag Chowdhury, S., Mali, P.C., Perc, M. and Ghosh, D., 2022. Eco-evolutionary
dynamics of multigames with mutations. PLoS one, 17(8), p.e0272719.
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pacity of individuals to switch strategies over time [110, 111, 86, 112–117, 87, 118].
This captures real-world phenomena such as genetic mutations, learning errors, or
behavioral flexibility, essential for maintaining strategic diversity.

Beyond strategic interactions, ecological constraints are introduced via free
space—a key ecological variable affecting population dynamics and collective behav-
ior [119–125]. Here, an individual’s birth rate depends on both its average payoff
and the availability of free space, which provides reproductive opportunities. Free
space also acts altruistically, benefiting all individuals without direct compensation.
This concept reflects real-world situations where resources like habitat or nutrients
shape survival and competition, as seen in microbial communities [126] and animal
populations [127].

This ecological dimension aligns with empirical observations of altruism, from
eusocial insects to cooperative vertebrates and human societies, highlighting how
shared resources shape evolutionary trajectories. By integrating free space, this
chapter bridges ecological and evolutionary perspectives, enriching the multigame
framework.

Unlike conventional models assuming rapid ecological processes relative to evolu-
tion [128], this chapter explicitly examines ecological and evolutionary dynamics on
comparable timescales. This allows an exploration of how ecological factors, game-
theoretic interactions, and mutation collectively shape population stability. Earlier
studies by Nag Chowdhury et al. [91, 59] examined eco-evolutionary dynamics us-
ing punishment as a supporting mechanism for cooperation. However, this chapter
demonstrates that cooperation can persist even without such enforcement mecha-
nisms. Moreover, it innovates by linking birth rates not only to payoffs but also to
shared ecological factors.

The remainder of this chapter is structured as follows: Section (3.1) details
the model’s formulation, underlying assumptions, and key variables. Section (3.2)
explores the theoretical properties—including existence, uniqueness, and bounded-
ness—and presents extensive numerical simulations and discussions.

3.1 Mathematical model

To start with, we consider a simplistic assumption that each individual has two
distinct choices, viz. (i) cooperation (C) and (ii) defection (D). Even they can
play any of the two possible games (a) PD game and (b) SD game. They can
adopt the PD game with probability p, and alternatively, they interact with other
individuals by playing the SD game with the complimentary probability (1 − p).
Both of these two-person games can be given by the following two payoff matrices
A and B respectively, where

A =

C D( )
C RPD SPD

D TPD PPD

and B =

C D( )
C RSD SSD

D TSD PSD

,

in which the entries portray the payoff accumulated by the players in the left.
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Here, RPD and RSD contemplate the reward for mutual cooperation among two
players in the respective PD and SD games. Similarly, both unrelated players re-
ceive the punishment PPD and PSD for mutual defection in the games PD and SD,
respectively. An exploited cooperator gains the sucker’s payoff SPD and SSD, respec-
tively in the PD and SD games when confronted by a defector. The mixed choice
yields the defector temptations TPD and TSD to exploit a cooperator in the PD and
SD games, respectively. The payoff ranking of these four-game parameters deter-
mines the two-person games. The conventional relative ordering for the PD game is
TPD > RPD > PPD > SPD [91, 59, 58] and 2RPD > SPD + TPD [129]. Without loss
of any generality, we choose TPD = β > 1, RPD = 1, PPD = η ∈ (0, 1), and SPD = 0.
Similarly, we choose TSD = β > 1, RSD = 1, SSD = 0, and PSD = −η ∈ (−1, 0),
maintaining the relative ordering TSD > RSD > SSD > PSD for the standard SD
game [91, 59, 58]. Thus, the payoff matrices A and B become

A =

C D( )
C 1 0
D β η

and B =

C D( )
C 1 0
D β −η

.

Note that, in both of these games, mutual cooperation leads to the payoff RPD

and RSD, which is relatively higher than PPD and PSD, which one defector receives
when playing with a defector. Thus, cooperation always promises higher income
than defection if both the rational players choose the same strategy. The difference
between these two games’ relative ordering leads to a contrasting scenario. In the SD
game, the interaction between the cooperator and defector always promises a better
income in terms of payoff than the interaction between two defectors. A reverse
reflection is observed in the case of the PD game thanks to the choice of such
relative ranking of game parameters in the PD game. The interaction between two
defectors in the PD game allows them to earn more than a cooperator encountering
a defector. The switching between P and S in the relative ordering of both games
thus produces noticeable unexpected consequences on the evolution of cooperation.

Since a player can decide which game they want to play, thus the final payoff
matrix for the multigame looks like

E = pA+ (1− p)B =

C D( )
C 1 0
D β (2p− 1)η

.

Here, p ∈ [0, 1] is the probability of playing the PD game. Moreover, we consider
free space F as an ecological variable, which contributes altruistically by helping
others. Nevertheless, free space does not get any benefits by giving them reproduc-
tive opportunities. We incorporate this charitable role of free space by extending
the 2× 2 payoff matrix E to the 3× 3 payoff matrix G as follows
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G =

C D F( )C 1 0 σ1
D β (2p− 1)η σ2
F 0 0 0

.

The matrix G clearly reveals that the free space never earns any payoff for their
selfless charitable act; however, it contributes a positive payoff σ1 and σ2 to the
cooperators and the defectors, respectively. Since most of the game parameters
(not all) lies within the closed interval [0, 1], we assume, for the sake of feasible
comparison, σ1 and σ2 both lies within the interval [0, 1]. When σ1 and σ2 are equal
to zero, free space will not contribute anything to anyone. However, whenever σ1
and σ2 attain positive values, individuals gain an additional payoff from free space.

Inspired by the Malthusianism, we consider the following set of differential equa-
tions governing the changes in frequencies of cooperators and defectors as a function
of time t

ẋ = x [bC − dC] ,
ẏ = y [bD − dD] ,

(3.1)

where 
bC = birth rate of cooperators,

bD = birth rate of defectors,

dC = death rate of cooperators, and

dD = death rate of defectors.

Here, x and y are the normalized densities of cooperators and defectors, respec-
tively. Let z be the available free space. Thus, we have

x+ y + z = 1. (3.2)

Relation (3.2) assures that by studying x and y alone, one can easily capture
the dynamics of the two strategies. We assume the birth rates of each individual
depends crucially on the available free space as well as on their respective average
fitnesses. Thus, we consider

bC = zfC = (1− x− y)fC,
bD = zfD = (1− x− y)fD,

(3.3)

where fC and fD are average fitness of the cooperators and the defectors, respec-
tively. The average payoff of cooperators and defectors can be determined using the
payoff matrix G of the multigame, and the relation (3.2) as follows,

fC = x.1 + y.0 + z.σ1 = (1− σ1)x− σ1y + σ1,
fD = x.β + y.(2p− 1)η + z.σ2

= (β − σ2)x+ [(2p− 1)η − σ2]y + σ2.
(3.4)

Note that the average fitness of free space is

fF = x.0 + y.0 + z.0 = 0. (3.5)
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Table 3.1: Parameters with their physical significances and domains

Parameters Physical Significance Domain

ξ Death Rate (0, 1]

β The gain of a defector while interacting with a cooperator (1, 2)

η The payoff for mutual defection (0, 1)

p Probability of playing the PD game [0, 1]

µ Mutation probability [0, 1]

σ1 The altruistic incentive of free space towards the cooperators [0, 1]

σ2 The altruistic incentive of free space towards the defectors [0, 1]

This is expected as free space does not gain anything for its benevolent nature.
For simplicity, we further assume that all individuals die at a uniform and constant
mortality rate ξ ∈ (0, 1]. Hence using the relations (3.3) and (3.4), our constructed
model (3.1) transforms into

ẋ = x [(1− x− y){(1− σ1)x− σ1y + σ1} − ξ] ,
ẏ = y[(1− x− y){(β − σ2)x+ ((2p− 1)η − σ2)y + σ2} − ξ].

(3.6)

Now, we introduce a constant probability µ as a rate with which each individual
mutates from one strategy to the others, in a continuous manner,

x
µ

⇄
µ
y. (3.7)

Relation (3.7) reflects that the mutation probability µ from the cooperators to the
defectors is identical to the mutation rate from the defectors to the cooperators. So
using the system (3.6), the well-mixed population under the influence of bidirectional
mutation gives rise to the differential equations

ẋ = x [(1− x− y){(1− σ1)x− σ1y + σ1} − ξ] + µ(y − x),
ẏ = y[(1− x− y){(β − σ2)x+ ((2p− 1)η − σ2)y + σ2} − ξ] + µ(x− y).

(3.8)

The system (3.8) contains seven different parameters. We summarize the neces-
sary information about these parameters in Table (3.1).
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3.2 Results and discussions

3.2.1 Existence, uniqueness and positive invariance

Before investigating the model (3.8) using numerical simulations, we first prove the
positive invariance of the proposed system (3.8). Clearly, the functions on the right-
hand side of the differential equations (3.8) are continuously differentiable and at
the same time, locally Lipschitz in the first quadrant of R × R. This ensures the
existence and uniqueness of solutions for the model (3.8) with suitable initial values.
Note that the initial conditions (x0, y0) must lie within the domain [0, 1] × [0, 1]
maintaining the inequality 0 ≤ x0 + y0 ≤ 1, as they represent the frequencies of the
two strategies. To determine the positivity of the proposed model (3.8), we write
the system as follows,

ẋ = xψ1,
ẏ = yψ2,

(3.9)

where ψ1 = bC−dC−µ+ µy

x
and ψ2 = bD−dD−µ+ µx

y
are two integrable functions

in the Riemannian sense. Solving equations (3.9), we get

x = c1 exp(
∫
ψ1dt),

y = c2 exp(
∫
ψ2dt),

(3.10)

where c1 and c2 are the integrating constants depending on the initial densities x0
and y0. This proves that both x and y are non-negative. Now, to calculate the
upper bound of x+ y, we proceed as follows. The dynamical equations (3.8) yield

d

dt
(x+ y) = (1− x− y)[xfC + yfD]− ξ(x+ y). (3.11)

Since as per our previous analysis, x+ y ≥ 0 and the mortality rate ξ is always
positive, we have ξ(x+ y) ≥ 0. Thus, (3.11) reduces to

d

dt
(x+ y) ≤ (1− x− y)[xfC + yfD]. (3.12)

Integrating both sides, we get

(x+ y) ≤ 1− c3 exp
[
−
∫
[xfC + yfD]dt

]
≤ 1, (3.13)

where c3 is the initial density dependent constant. Hence, we find that

0 ≤ x+ y ≤ 1, (3.14)

i.e., the overall species density x + y eventually remains bounded within the
region [0, 1]. This boundedness within the closed interval [0, 1] allows us to relate
the possible emerging dynamics of the system (3.8) to physically implementable
scenarios with biological relevance. When the sum of the population density (x+ y)
is precisely one, the available free space is zero, as z = 1− (x+ y). i.e., there is no
reproductive opportunity accessible to any individual in that situation with z = 0.
When (x+y) = 0, then individually x = 0 and y = 0. Hence, all individuals die, and
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z is equal to one. Thus despite the presence of ample free space, all the individuals
are extinct under that circumstances.

3.2.2 Coexistence of different stationary points depending
on the initial conditions

Figure 3.1: Alternations between multiple co-existing steady states de-
pending on initial conditions: The coexistence of various stable states is por-
trayed here by varying the initial conditions, maintaining 0 ≤ (x0 + y0) ≤ 1. Red
points signify the extinction equilibrium E0. Violet points represent the defector-
free steady state E1. The cooperator-free stationary points E2 are shown by sea
blue points, and the coexistence equilibrium E3 is plotted using yellow points. The
mutation-free model in subfigures (a-c) allows four stable steady states to coexist.
However, subfigure (d) supports only bistability for the chosen parameters’ val-
ues. The parameter values for each of these subfigures are (a) ξ = 0.38, β = 1.1,
p = 0.30, σ1 = 0.36, σ2 = 0.25, and µ = 0. (b) ξ = 0.15, β = 1.06, p = 0.69,
σ1 = 0.75, σ2 = 0.25, and µ = 0. (c) ξ = 0.15, β = 1.1, p = 0.10, σ1 = 0.10,
σ2 = 0.25, and µ = 0. (d) ξ = 0.30, p = 0.30, β = 1.1, µ = 0.02, σ1 = 0.30, and
σ2 = 0.20. The other parameter is η = 0.85.

Next, we point out the multistable dynamics of our model (3.8), resulting in the
system’s vulnerability to small perturbations. Initially, we set the parameter values
at ξ = 0.38, β = 1.1, η = 0.85, p = 0.30, σ1 = 0.36, σ2 = 0.25 and µ = 0 in
Fig. 3.1 (a). We vary the initial conditions (x0, y0) within the interval [0, 1]× [0, 1]
maintaining the inequality (x0 + y0) ∈ [0, 1]. We find that the dynamics switching
between two stationary points, viz. E0 = (0, 0) and E1 = (x∗, 0). We analytically
calculate the stationary points of the system (3.8) in the absence of the mutation,
i.e., with µ = 0. We trace out four different stationary points,
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1. E0 = (0, 0) reveals all individuals die. This point is locally stable when{
σ1 < ξ, and

σ2 < ξ.

2. E1 = (x∗, 0) exhibits a society free from any defectors. Here,

x∗ =
(1− 2σ1)±

√
(1− 2σ1)2 − 4(ξ − σ1)(1− σ1)

2(1− σ1)
,

and x∗ ∈ (0, 1]. The stability criteria is given by{
ξ > (1− σ1)(2x

∗ − 3x∗2) + σ1(1− 2x∗) and

ξ > (β − σ2)(x
∗ − x∗2) + σ2(1− x∗).

3. E2 = (0, y∗) represents that we have only left with defectors. Here,

y∗ =
(2pη − η − 2σ2)

2(2pη − η − σ2)
±
√

(2pη − η − 2σ2)2 − 4(2pη − η − σ2)(ξ − σ2)

2(2pη − η − σ2)
, and

y∗ ∈ (0, 1]. This stationary state is stable if{
ξ > σ1(1− y∗)− σ1(y

∗ − y∗2) and

ξ > σ2(1− 2y∗) + (2pη − η − σ2)(2y
∗ − 3y∗2).

4. E3 = (x∗∗, y∗∗) indicates the coexistence equilibrium offering
the survival of cooperation and defection simultaneously. Here,

y∗∗ =
(1− β − σ1 + σ2)x

∗∗ + σ1 − σ2
2pη − η + σ1 − σ2

, and x∗∗ satisfies the equation,

(1 − σ1)τx
∗∗ − σ1

(
(1− β − σ1 + σ2)x

∗∗ + σ1 − σ2
2pη − η + σ1 − σ2

)
τ + σ1τ − ξ = 0, where,

τ =
(2pη − η + σ1 − σ2)(1− x∗∗)− (1− β − σ1 + σ2)x

∗∗ + σ2 − σ1
(2pη − η + σ1 − σ2)

. x∗∗ and

y∗∗ both should lie within the interval (0, 1). The local stability yields the
conditions for the stability of (x∗, y∗) are



2ξ > (β − σ2)(x
∗∗ − x∗∗2 − 2x∗∗y∗∗) + (1− σ1)(2x

∗∗ − 3x∗∗2 − 2x∗∗y∗∗)

−σ1(y∗∗ − y∗∗2 − 2x∗∗y∗∗) + (2pη − η − σ2)(2y
∗∗ − 3y∗∗2 − 2x∗∗y∗∗)

+σ1(1− 2x∗∗ − y∗∗) + σ2(1− 2y∗∗ − x∗∗), and

[(β − σ2)(x
∗∗ − x∗∗2 − 2x∗∗y∗∗) + (2pη − η − σ2)(2y

∗∗ − 3y∗∗2 − 2x∗∗y∗∗)

+σ2(1− x∗∗ − 2y∗∗)− ξ][(1− σ1)(2x
∗∗ − 3x∗∗2 − 2x∗∗y∗∗)

−σ1(y∗∗ − y∗∗2 − 2x∗∗y∗∗) + σ1(1− 2x∗∗ − y∗∗)− ξ] >

[(σ1 − 1)x∗∗2 − σ1(x
∗∗ − x∗∗2 − 2x∗∗y∗∗)− σ1x

∗∗][(β − σ2)(y
∗∗

−y∗∗2 − 2x∗∗y∗∗)− (2pη − η − σ2)y
∗∗2 − σ2y

∗∗].
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Figure 3.2: Interplay of Parameters in the Mutation-Free Model (3.8): The
parameter p denotes the probability of playing the PD game. We examine its role
in model (3.8) without mutation. Figs. (a), (c), and (e) on the left-hand side depict
σ1 = σ2 = 0, while the right-hand figures include non-zero σ1 and σ2. Free space
advantages support cooperation, shown by the broad yellow and violet regions in
(b), (d), and (f). Red, sea blue, violet, and yellow represent the stable extinct,
cooperator-free, defector-free, and coexistence states, respectively. White, blue,
brown dotted, and blue dashed lines correspond to stability curves for E0, E3, E2,
and E1. Minor mismatches arise from model multistability. Other parameters: (a-d)
ξ = 0.15, (c-f) β = 1.1, (a,b,e,f) η = 0.85, (b,d,f) σ1 = 0.75, σ2 = 0.25, and µ = 0.

Clearly, the chosen parameters satisfy the local stability criteria of both station-
ary points E0 and E1. Note that E1 leads to two different values for the selected
values of the parameters, out of which (0.34751, 0) always remains locally stable,
and (0.0899, 0) is unstable. Thus, we see the appearance of two different stationary
points E0 (shown by red points) and E1 (displayed by violet points) in the basin
of attraction portrayed in Fig. 3.1 (a). Such toggling between alternate stable sta-
tionary points is one of the generic features in some biological systems involving the
fundamental processes of life [130–132] and in a few nonlinear dynamical systems
[133–136]. The initial condition (x0, y0) = (0, 0) always helps the system (3.8) to
converge to the stationary point E0. The system is never able to give rise to the
survival of any cooperators and defectors without the presence of any individual at
the beginning. Since the chosen initial point (0, 0) itself is the stationary state, the
system always stabilizes in the (0, 0) stationary point irrespective of the parame-
ter values. Figure 3.1 (b) is drawn with ξ = 0.15, β = 1.06, η = 0.85, p = 0.69,
σ1 = 0.75, σ2 = 0.25, and µ = 0. Similarly, we find the system (3.8) in the absence of
mutation (i.e., µ = 0) converges to E0 for the single initial condition (x0, y0) = (0, 0).
It is anticipated that the choice of x0 = 0 always leads to the cooperator-free steady
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state. The initial absence of cooperators in the mutation-free model will not enter-
tain any exposure for the cooperators in the long run. The line of initial conditions
x0 = 0 and y0 ̸= 0 produces the stationary state E2 (sea blue points in Fig. 3.1
(b)). Apart from these two steady states, the mutation-free system also switches
between E1 (violet points) and E3 (yellow points) depending on the suitable choice
of initial conditions (See Fig. 3.1 (b)). Thus, for the same choices of parameters’
values, the system flips between four alternate steady states depending on the initial
densities of cooperators and defectors. Similarly, we find the system (3.8) with the
parameters’ values ξ = 0.15, β = 1.1, η = 0.85, p = 0.10, σ1 = 0.10, σ2 = 0.25
and µ = 0 converges to all these four stationary points. All population extincts for
the initial conditions ranging from (0, 0) to (0.06, 0) (See red points in Fig. 3.1 (c)).
The system (3.8) can be solved analytically with σ1 = σ2 = µ = 0 in the absence of
defectors (i.e., y = 0) as follows,

x(t) =

0,

1

2
± (1− 4ξ)

1
2

2
,

c4 − t =
1

2ξ

[
− log(ξ + x(x− 1)) + 2 log x+

2 tan−1
( 2x− 1√

4ξ − 1

)
√
4ξ − 1

]
,

where c4 is the integrating constant.
Similarly, the system (3.8) can be solved analytically with σ1 = σ2 = µ = 0 in the
absence of cooperators (i.e., x = 0) as follows

y(t) = 

0,

1

2
± [−η(2p− 1)(η + 4ξ − 2ηp)]

1
2

2η(2p− 1)
,

c5 − t =
1

2ξ

[
− log(ξ + (2p− 1)η(y − 1)y)

+2 log y +

2
√
(2p− 1)η tan−1

√
(2p− 1)η(2y − 1)√
4ξ − (2p− 1)η√

4ξ − (2p− 1)η

]
,

where c5 is the integrating constant.
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Figure 3.3: Influence of death rate ξ in the mutation-free model (3.8): The
influence of game parameters β and η and the mortality rate ξ on the emergent
dynamics of the model (3.8) in the absence of mutation is examined here. Subfigures
(a) and (c) are drawn with σ1 = σ2 = 0. While subfigures (b) and (d) are generated
with σ1 = 0.75 and σ2 = 0.25. Since, σ1 > σ2, we notice a fair portion of defector-
free region (violet points) in subfigures (b) and (d). In the absence of free space
induced benefits, we are unable to trace such defector-free regions in subfigures (a)
and (c). The red region reflects the disappearance of all individuals for relatively
high values of death rate ξ. Note that we keep the value of p fixed at 0.3. Thus, the
system gets more opportunities to play the SD game, which generally encourages
stabilizing the coexistence equilibrium. Therefore, we notice lower values of ξ will
lead to the convergence towards the coexistence equilibrium E3 (yellow points). β
is kept fixed at 1.1 for the subfigures (a-b) and η is set at 0.85 for subfigures (c-d).
We iterate the system (3.8) with µ = 0 for 20× 105 iterations with fixed integration
step size δt = 0.01 and fixed initial condition (x0, y0) = (0.35, 0.35).

Figure 3.1 is plotted by solving the differential equations (3.8) by varying the
initial conditions within [0, 1] × [0, 1] with fixed step-length δx0 = δy0 = 0.01 and
maintaining 0 ≤ x0 + y0 ≤ 1. To solve our proposed system (3.8) numerically, we
use the 4th order Runge-Kutta (RK4) method with 20 × 105 iterations with fixed
integration step length δt = 0.01. The final point (x, y) is stored to decide the
asymptotic dynamics of the system. Other initial conditions with y0 = 0 stabilize
the dynamics in the defector-free state E1 (violet points). We also track a fair
portion of the basin in Fig. 3.1 (c), where the system (3.8) with µ = 0 converges to
either E2 (sea blue points) or E3 (yellow points) depending on the choice of initial
conditions.
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Figure 3.4: Importance of σ1 in the enhancement of cooperation: Four
different parameter spaces (a) σ1 − β, (b) σ1 − η, (c) σ1 − p, and (d) σ1 − ξ are
contemplated here with fixed initial condition x0 = 0.35 and y0 = 0.35. σ1 is varied
within [0, 1], and the other parameters’ values are for the subfigures (a) ξ = 0.15,
η = 0.85, p = 0.30, σ2 = 0.25, and µ = 0. β is varied within the open interval (1, 2),
(b) ξ = 0.15, β = 1.1, p = 0.30, σ2 = 0.25 and µ = 0. η is varied within (0, 1), (c)
ξ = 0.15, β = 1.1, η = 0.85, σ2 = 0.25, and µ = 0. p is varied within the closed
interval [0, 1], and (d) β = 1.1, η = 0.85, p = 0.30, σ2 = 0.25 and µ = 0. ξ is varied
within the interval (0,1]. The color code represents the following: (i) red represents
the extinct state, (ii) yellow portrays the co-existence state, (iii) violet displays
the defector-free state, and (iv) sea blue depicts cooperator-free state, respectively.
We have run the numerical simulations for 20 × 105 iterations for each point and
store the final value for determining the final asymptotic state. Increment of σ1
contributes more to the cooperators’ payoff, and hence, we observe a defector-free
region for higher values of σ1 depending on the other parameters. We draw the
stability curves for E0 (the brown dotted line), E1 (the blue dashed line), E2 (the
brown dotted line), and E3 (the solid blue line).

Although we choose the mutation-free model for the Figs. 3.1 (a-c), we consider
the contribution of µ in Fig. 3.1 (d). We generate Fig. 3.1 (d) with ξ = 0.30,
p = 0.30, β = 1.1, η = 0.85, µ = 0.02, σ1 = 0.30, and σ2 = 0.20. This non-zero µ
leads to the disappearance of two stationary points, (i) the defector-free steady state
E1, and (ii) the cooperator-free steady state E2. The symmetric mutation from one
species to another species always gives them two feasible opportunities. Either both
strategies survive or all the individuals perish for µ ̸= 0. We also mathematically
derive two possible stationary points as follows,
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1. The extinction equilibrium E0 = (0, 0), which is stable under the conditions,{
2(ξ + µ) > σ1 + σ2,

µ2 < (ξ + µ− σ1)(ξ + µ− σ2).

2. The interior equilibriun E3 = (x∗, y∗) becomes stable, if

2(µ+ ξ) > (1− σ1)(2x
∗ − 3x∗2 − 2x∗y∗)

+(2pη − η − σ2)(2y
∗ − 3y∗2 − 2x∗y∗)

−σ1(y∗ − y∗2 − 2x∗y∗)

+(β − σ2)(x
∗ − x∗2 − 2x∗y∗)

+σ1(1− 2x∗ − y∗) + σ2(1− x∗ − 2y∗),

and,

[(1− σ1)(2x
∗ − 3x∗2 − 2x∗y∗)

−σ1(y∗ − y∗2 − 2x∗y∗)

+σ1(1− 2x∗ − y∗)− ξ − µ][(β − σ2)(x
∗ − x∗2

−2x∗y∗) + (2pη − η − σ2)(2y
∗ − 3y∗2

−2x∗y∗) + σ2(1− x∗ − 2y∗)− ξ − µ] > [(σ1 − 1)x∗2

−σ1(x∗ − x∗2 − 2x∗y∗)− σ1x+ µ][(β

−σ2)(y∗ − y∗2 − 2x∗y∗)− (2pη − η

−σ2)y∗2 − σ2y
∗ + µ],

where x∗ and y∗ satisfy the equations :

x∗[(1− σ1)x
∗(1− x∗ − y∗)− σ1y

∗(1− x∗

−y∗) + σ1(1− x∗ − y∗)− µ− ξ] + µy∗ = 0,

and

y∗[(β − σ2)x
∗(1− x∗ − y∗)

+(2pη − η − σ2)y
∗(1− x∗ − y∗)

+σ2(1− x∗ − y∗)− µ− ξ] + µx∗ = 0.

The compelling evidence of bistability under the same choice of parameters’
values is recognized in Fig. 3.1 (d).

3.2.3 Emergent dynamics in absence of mutation

We examine the impact of the parameters p, β, η, and ξ on the system (3.8) with
µ = 0 in Fig. 3.2. For the comparability, we choose σ1 = σ2 = 0 in subfigures (a),
(c) and (e). Also, we set σ1 ̸= 0 and σ2 ̸= 0 for the subfigures (b), (d) and (f). In
the absence of mutation (µ = 0) and free space induced benefits (σ1 = σ2 = 0),

the defector-free E1 =

(
x∗ =

1±
√
1− 4ξ

2
, 0

)
is unable to stabilize. Although E1

exists for 0 < ξ ≤ 1

4
, but two eigen values of the Jacobian of the linearized system

are
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{
λ1 = 2x∗ − 3x∗2 − ξ,

λ2 = βx∗ − βx∗2 − ξ = ξ(β − 1).

Since β > 1 and ξ > 0, λ2 is always positive. Consequently, E1 is always unstable.
This result is physically meaningful, as both the chosen games (PD and SD) do not
encourage a defection-free society without any supporting mechanism. However, we
find three different steady states in Fig. 3.2 (a), (c) and (e). These stationary points
and their corresponding stability analysis are given below,

1. The extinction equilibrium E0 = (0, 0) (red points in subfigures (a), (c) and
(e) of Fig. 3.2) always exists and is always locally stable.

2. E2 = (0, y∗∗) is the cooperator-free stationary point (sea blue points in subfig-

ures (a), (c) and (e) of Fig. 3.2), where y∗∗ =
1

2
±
√
η2(2p− 1)2 − 4ηξ(2p− 1)

2η(2p− 1)
.

This state exists under the condition 0 ≤ 4ξη(2p − 1) ≤ η2(2p − 1)2, and be-
comes stable if ξ > η(2p− 1)(2y∗∗ − 3y∗∗2).

3. E3 = (x∗, y∗) allows the coexistence of both cooperators and defectors (yellow

points in subfigures (a), (c) and (e) of Fig. 3.2), where x∗ =
1±

√
1− 4κξ

2κ
,

and y∗ =
1− β

2pη − η
x∗, with κ =

1− β + 2pη − η

2pη − η
. The stationary state is stable

under the following conditions,

2ξ > (2 + β)x∗ − (3 + β)x∗2 − 2(β + 1)x∗y∗

+(2pη − η)(2y∗ − 3y∗2 − 2x∗y∗),

(2x∗ − 3x∗2 − 2x∗y∗ − ξ)(βx∗−
βx∗2 − 2βx∗y∗ + (2pη − η)(2y∗ − 3y∗2 − 2x∗y∗)

−ξ) + x∗2(βy∗ − βy∗2 − 2βx∗y∗ − (2pη − η)y∗2) > 0.

With increasing p, players are prone to play the PD game. Hence, we can not
anticipate the survival of cooperators for large p. Thus, for large p, either the ex-
tinction equilibrium E0 or the cooperator-free stationary point E2 stabilizes in Figs.
3.2 (a), (c) and (e). However, the free-space induced benefits in Figs. 3.2 (b), (d)
and (f) facilate the emergence of cooperation and stabilize the interior equilibrium
E3. Even, Fig. 3.2 (f) provides a range in the p − ξ parameter space, where the
defector-free stationary point E1 stabilizes. The comparative study between the
left and right column of Fig. 3.2 ensures the encouraging role of free space in the
promotion of cooperation under suitable circumstances.

With increasing β, the defectors are getting extra aid, and thus, we get the
stabilization of the extinction equilibrium E0 (red zone) in Fig. 3.2 (a). However,
the presence of free space assistance converts that area into a coexistence zone
(yellow zone) in Fig. 3.2 (b). The increment of p in both subfigures (a-b) permits
only the existence of defectors, as people are playing mostly the PD game in such
circumstances. Defectors are getting a favorable atmosphere in the PD game for our
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Figure 3.5: Impact of σ2 on Cooperation Evolution: In the mutation-free
system, low σ2 favors defector-free societies (violet), while higher σ2 stabilizes the
cooperator-free state E2 (sea blue). Appropriate parameters support co-existence of
cooperators and defectors. At higher mortality rates ξ, all individuals die (red region
in subfigure (d)). Parameters: ξ = 0.15, η = 0.85, β = 1.1, p = 0.30, σ1 = 0.75,
µ = 0 unless varied. Simulations run for 20 × 105 iterations from initial (x0, y0) =
(0.35, 0.35). Color codes: (i) red—extinct state E0, (ii) yellow—coexistence state E3,
(iii) violet—defector-free state E1, (iv) sea blue—cooperator-free state E2. Stability
curves are plotted for each stationary point in each subfigure.

chosen PD game parameters’ values. A similar sort of stabilization of cooperator-
free steady state (sea blue area) is observed in subfigures (c-d) for larger values of p.
However, lower values of p provide the opportunity for playing the SD game. Hence,
coexistence equilibrium (yellow region) stabilizes in figs. 3.2 (c-d) for smaller p.
Nevertheless, the inclusion of free space induced benefits helps to broaden the region
of coexistence in the p−η parameter plane, as shown in Fig. 3.2 (d). The comparison
between the Figs. 3.2 (e) and (f) suggests that appropriate non-zero values of σ1 and
σ2 entertain the stabilization of a defector-free steady state (violet region). Hence, we
can trace a fair portion of violet points in the p− ξ parameter space of the subfigure
(f). However, too large a mortality rate reduces the opportunity of survivability of
any individual, resulting in the stabilization of the extinction equilibrium E0. We
focus on the effect of mortality rate ξ more elaborately in Fig. 3.3.

As expected, higher values of ξ constantly enlarge the chances of extinction.
Thus, we observe a fair portion of the red region in Fig. 3.3. Nevertheless, the amount
of this red area is considerably lesser in the right column of Fig. 3.3 compared to the
left column. We introduce the non-zero values of σ1 and σ2 in the right column of
this figure. These free space induced benefits encourage maintaining a defector-free
society, as shown in Figs. 3.3 (b) and 3.3 (d). We choose σ1 = 0.75 > 0.25 = σ2 for
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Figs. 3.3 (b) and 3.3 (d). i.e., the free space will provide an additional advantage
for the cooperators, and thus depending on the other parameters, the defectors are
vanished in the long run, as shown in Figs. 3.3 (b) and 3.3 (d). In all of these
subfigures of Fig. 3.3, we trace a portion of yellow points depicting the survival of
both cooperators as well as defectors simultaneously. We choose p = 0.3 in Fig.
3.3. Thus, people get more chances to play the SD game, which facilitates the
concurrence of both cooperation and defection. Thus, smaller values of ξ provide
an opportunity to coexist for all strategies, which is observed in Fig. 3.3 with initial
condition (x0, y0) = (0.35, 0.35). We plot the stability curve of all stationary points
in Figs. (3.2,3.3,3.4,3.5) as follows,
(i) The brown dotted line for the cooperator-free steady state E2,
(ii) the blue dashed line for the defector-free steady state E1,
(iii) the solid blue line for the interior equilibrium E3, and
(iv) the solid white line for the extinction equilibrium E0.

Figure 3.6: The effect of altruist free space on the nonlinear dynamics of
multigame with mutation: The influence of free space-induced benefits by vary-
ing σ1 within the closed interval [0, 1] is established. The whole population goes
extinct in the red region, and the yellow area reflects the system’s stable interior
point, corresponding to the coexistence of all two strategies. All the parameters are
kept fixed at ξ = 0.25, η = 0.85, p = 0.30, σ2 = 0.20, β = 1.1, µ = 0.5, unless
it is varied. The initial condition is kept fixed at (0.35, 0.35). A notable difference
is observed from Fig. (3.4), which is drawn in the absence of mutation. Larger
values of σ1 always facilitate the maintenance of cooperation, and the bidirectional
mutation reinforces the system’s inherent tendency to flow from cooperators to de-
fectors. The solid white line in each figure is the analytically computed stability
curve corresponding to the extinction equilibrium.

In Fig. 3.4, we fix the value of σ2 at 0.25 and examine the role of σ1. Since σ1
represents the free space induced benefits towards the cooperators, thus enhance-
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Figure 3.7: Impact of free space-induced benefits on defectors with muta-
tion: Either extinction (red) or symmetric mutation preserves coexistence (yellow)
across subfigures. Beyond a critical σ2, mutations enable coexistence of both strate-
gies. Solid white lines show analytically derived stability curves for the extinction
equilibrium. Parameters: ξ = 0.25, η = 0.85, p = 0.30, σ1 = 0.30, µ = 0.5, β = 1.1
unless varied; initial condition (0.35, 0.35). Small mismatches in extinction stability
in (a) and (c) arise from multistability in model (3.8).

ment of its (σ1) value will help in promoting cooperation in the society. Figure
3.4 reflects the same scenario. A defector-free society (violet region) is noticed in
all these subfigures. The increment of temptation parameter β’s value challenges
the prevalence of cooperation. Thus, for a small σ1, we find a defector dominated
society (the sea blue region in Fig. 3.4 (a)). σ1 proves to be a cooperator facilitating
parameter as we detect a wide range of yellow regions in Fig. 3.4 (a), where both
cooperators and defectors can coexist. Similarly, irrespective of the choice of η in
Fig. 3.4 (b), higher values of σ1 provide all cooperators an extra benefit for survival,
and thus, the stationary point E1 (violet points) stabilizes. For the intermediate
choice of σ1, the stationary point E3 (yellow) yields the stable coexistence of both
strategies. However, cooperators strive to keep in existence for the lower values of
σ1, and we find the sea blue region of cooperator-free steady state. The parameter
p indicates the probability of playing the PD game. Thus, p → 1− always gives
defectors a more favorable environment to survive. That’s why we spot a sea blue
portion in Fig. 3.4 (c) for higher values of p and σ1. When p is small, people are
prone to play the SD game; and thus, we get the coexistence of both strategies (the
yellow region in Fig. 3.4 (c)) for smaller p and σ1. Nevertheless, a larger value of σ1
with a moderate value of p always provides a reasonable scope for the cooperators
to survive, and we discover a healthy portion of the stationary point E1 (the violet
region) in Fig. 3.4 (c). A higher mortality rate ξ always results in the extinction
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of both cooperators and defectors, and we locate a huge red region in the σ1 − ξ
parameter plane of Fig. 3.4 (d). We find a very tiny sea blue region in Fig. 3.4 (d),
where defectors are only able to survive. But, as expected, a higher value of σ1 al-
ways promotes the cooperation strategy, and we obtain a violet zone of defector-free
stationary point and a yellow region of interior equilibrium E3 in Fig. 3.4 (d).

Figure 3.5 (a) shows that except for a smaller portion of the defector-free region
(violet zone), the whole σ2 − β parameter space produces the coexistence of both
cooperators and defectors depending on other parameters’ values. Despite the incre-
ment of σ2 and β, the cooperators are able to survive along with the defectors due
to our choice of other parameters’ values. The σ2−η parameter space portrays that
smaller values of σ2 can not provide any benefit to the defectors, and stabilize the
defector-free stationary point E1 (violet region) irrespective of η’s value. However,
if σ2 increases, it will yield a window of opportunity for the defectors to thrive. We
observe a wide coexistence region (yellow region) and a small area of cooperator-free
stationary point (sea blue region)in Fig. 3.5 (b). σ2 indicates the free-space induced
benefits towards the defectors. So, it is expected that larger values of σ2 always
enhance the chances of defectors’ survivability. Thus, we notice a cooperator-free
region (sea blue zone) in both Figs. 3.5 (c-d). Nevertheless, larger values of p enhance
the chances of playing the PD game, where defectors get a favorable environment to
survive. Thus, the cooperator-free sea blue region is found in Fig. 3.5 (c). We are
also able to detect a small violet region of a defector-free environment in the σ2 − p
parameter space. However, we trace a healthy portion of coexistence (yellow) too
in Fig. 3.5 (c) due to our chosen parameters’ values.

3.2.4 The influence of bidirectional mutation

Now we investigate the influence of bidirectional mutation on the long-term behavior
of the nonlinear differential equations (3.8). Since every species can mutate into the
other at a specific uniform rate µ ∈ (0, 1], thus cooperators and defectors can not
remain alive alone. Either all populations will die; otherwise, the dynamics will
lead to the coexistence of all two species. Figure 3.4 already portrays the influence
of free space-induced benefits on the cooperators in the absence of mutation. We
scrutinize the impact of σ1 under the influence of 50% mutation (i.e., µ = 0.5)
in Fig. 3.6. As σ1 increases, the cooperators are getting a better environment for
survival. We find a portion of stable coexistence equilibrium in each two-dimensional
parameter space for large σ1 in Fig. 3.6. Thanks to the mutation, the cooperators
can not live alone. The white line in Fig. 3.6 is the stability curve corresponding to
the extinction equilibrium. The local stability analysis fits almost exactly with the
numerical simulations in Fig. 3.6 with fixed initial condition (x0, y0) = (0.35, 0.35).
There are a few places where the stability analysis fails to predict the stabilization of
the extinction stationary point (0, 0). This is mainly due to the multistable behavior
of the proposed model 3.8.

As discussed, the increasing values of the parameters β, η, and p always provide
the defectors a favorable environment to dominate the cooperators. However, be-
yond a critical value of σ1, both the cooperators and defectors can coexist, as shown
in Figs. 3.6 (a-c). The larger values of ξ always hinder the evolution of cooperators
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Figure 3.8: Effect of bidirectional mutation on the emergent dynamics: The
positive mutation rate µ ∈ (0, 1] allows the system (3.8) to settle into two stationary
points depending on the choice of other parameters’ values. When the free space-
induced benefits are small, all species are extinct, as depicted through subfigures
(a-b). However, all strategies can coexist for suitable choices of other parameters.
The red region reflects the extinction equilibrium, and the yellow region indicates
the stable coexistence of cooperators and defectors. The solid white line represents
the analytically derived stability curve below which the extinction equilibrium (0, 0)
is locally stable in subfigures (a-b). The initial condition is chosen here as (x0, y0) =
(0.35, 0.35). Other parameters’ values are kept fixed at ξ = 0.25, β = 1.1, η = 0.85,
p = 0.30, σ2 = 0.20, σ1 = 0.30, unless they are varied. The moderate choice of
mortality rate ξ ∈ (0, 1] allows the species’ coexistence in subfigure (c). Beyond
a critical value of ξ, both the cooperators as well as the defectors die, as reflected
through the red region of subfigure (c).

as well as of defectors. However, an intermediate choice of σ1−ξ favors the successful
evolution of both strategies, as portrayed through Fig. 3.6 (d). The same feature is
also noticeable in Fig. 3.7. The complex evolutionary dynamics switch between two
stationary points depending on the choices of parameters’ values in Fig. 3.7. For
smaller values of σ2, the defectors are not getting enough advantages to survive, and
thus the extinction equilibrium (0, 0) stabilizes in the red region of all subfigures of
Fig. 3.7. The choice of other parameters’ values is also crucial for obtaining these
stationary states. The parameter σ2 benefits the defectors; hence the defectors can
survive beyond a certain threshold of σ2. The employed 50% mutation rate helps
to flow a certain fraction of defectors into cooperators, and we have a moderate
portion of coexistence state (yellow region) in Fig. 3.7. The observed results may
vary for different choices of initial conditions, as the system is multistable. We plot
the boundary separating solid white lines in all subfigures by analyzing the local
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stability analysis of the extinction equilibrium. Clearly, this stability curve agrees
well with our numerical simulations, and the places, where they don’t agree with the
numerical simulations, is due to the multistable behavior of our proposed model 3.8.
All the simulations are done by iterating for 20 × 105 times with fixed integrating
step length δt = 0.01. The last point is gathered to finalize the asymptotic state.

Figure 3.8 demonstrates the importance of the parameters σ1, σ2 and ξ for the
enhancement of cooperation under the presence of mutation. The larger values of
σ1 and σ2 facilitate the evolution of at least one species, and the positive mutation
rate µ ∈ (0, 1] assures that species should mutate into the other. This mechanism
will lead to the species’ coexistence in a major portion (yellow region) of the two-
dimensional parameter spaces represented in Figs. 3.8 (a-b). The results are further
validated by plotting the stability curve (white solid lines) below which the sta-
tionary point (0, 0) is locally stable. A higher mortality rate never entertains the
evolution of both strategies; thus, we obtain the red region in Fig. 3.8 (c). This red
region indicates the extinction equilibrium (0, 0). Once again, we plot the stabil-
ity curve (solid white line) in Fig. 3.8 (c), above which both the species should be
extinct as per our local stability analysis. All the subfigures are drawn with fixed
initial condition (0.35, 0.35).

We inspect the influence of different parameters on the constructed model (3.8)
in Fig. 3.9. We keep fixed all parameters’ values at ξ = 0.25, β = 1.1, µ = 0.5,
p = 0.65, η = 0.85, σ1 = 0.75 and σ2 = 0.25, unless they are varied. Since free space
provides additional advantage to the cooperators compared to the defectors as we
choose σ1 = 0.75 > σ2 = 0.25, we have a defector-free society at least initially with
µ = 0 in Fig. 3.9 (a). However, whenever the mutation rate µ becomes positive,
each strategy can mutate into other. In this way, the density of the cooperators
(red line) decreases, and the defectors’ density (blue line) increases. Eventually,
both densities almost become identical for µ → 1−. In of Fig. 3.9 (b), the vital
role of p is investigated in the one-dimensional bifurcation diagram. As p → 1−,
the defectors are getting the upper hand over the cooperators as p indicates the
probability of playing the PD game. PD game always provides additional assistance
to the defectors. All these results obtained in Fig. 3.9 are consistent with the social
dilemmas considered for constructing the model (3.8). Figure 3.9 (b) points out that
lower values of p are always better for the maintenance of cooperation as small values
of p indicate more rational people are playing the SD game and the SD game always
favors the coexistence of both strategies. Increasing the temptation parameter β
always uplifts the defectors’ fraction y (blue line). Thus, one needs to choose the
value of β wisely so that we obtain a moderate range of β in Fig. 3.9 (c) allowing
the coexistence of both strategies. When β is small, we found the cooperators’
density x (red line) dominates the defectors’ fraction y (blue line). However for
β > 1.45, y is larger than x. Note that the results may alter for a different choice of
initial condition as the system 3.8 is multistable. We plot Fig. 3.9 with fixed initial
condition (0.35, 0.35) and the code to generate this figure is freely available at [?
]. Increasing the parameter η ∈ (0, 1) can provide extra benefits to the defectors.
Thus, the rate of increment of y is slightly better than that of x in subfigure (d)
of Fig. 3.9. However, other parameters’ values are also crucial for stabilizing the
competitive communities. Hence, y (blue line) remains always lower than x (red
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Figure 3.9: Effects of various parameters in spreading of cooperative behav-
ior: Subfigure (a) shows that as the mutation rate µ increases, cooperators decline
while defectors rise. In the absence of mutation (µ = 0), defectors vanish due to the
higher cooperator benefit from free space (σ1 = 0.75 > σ2 = 0.25). In subfigure (b),
both densities increase with the probability p of playing the PD game, but defectors
surpass cooperators after p = 0.85, reflecting the PD game’s bias toward defection.
Subfigure (c) shows similar trends with the temptation payoff β; both fractions in-
crease, with defectors overtaking cooperators beyond β = 1.45. Subfigure (d) high-
lights the effect of increasing punishment parameter η: both strategies grow, but
cooperators remain dominant due to stronger ecological support. In subfigure (e),
both strategies go extinct for low σ1, where mortality ξ outweighs ecological benefit,
but higher σ1 favors cooperators. Finally, subfigure (f) illustrates that increasing σ2
boosts both fractions, but cooperators dominate until σ2 = 0.5, after which defectors
prevail. All results are based on long-term integration of system (3.8) with 2× 106

iterations, fixed step size δt = 0.01, and initial condition (x0, y0) = (0.35, 0.35). Un-
less varied, parameters are fixed at ξ = 0.25, β = 1.1, µ = 0.5, p = 0.65, η = 0.85,
σ1 = 0.75, and σ2 = 0.25.

line) in Fig. 3.9 (d) for our chosen parameters’ values.
Since the mutation rate µ is 50%, we can obtain only two stationary points

of the model (3.8). Thus, initially, for a smaller choice of σ1, extinction of both
species prevails in Fig. 3.9 (e). Nevertheless, with an increment of σ1, cooperators
are getting further assistance from free space, and hence x becomes positive beyond
σ1 = 0.25. Since µ = 0.5, 50% of these cooperators mutate bidirectionally into the
defectors, and thus, we have positive y too in that range of σ1. Since σ2 = ξ = 0.25,
thus we get the stabilization of (0, 0) within the interval σ1 ∈ [0, 0.25]. In fact, the
cooperators’ density x is slightly better than that of y for the higher values of σ1
in Fig. 3.9 (e). The choice of the initial condition and other parameters’ values are
vital in obtaining all these results. Similar observation can be found in Fig. 3.9 (f),
where we examine the role of σ2 in our proposed model (3.8). With increasing σ2,
the defectors will be benefited from free space, and hence, y (blue line) dominates
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x (red line) for larger values of σ2. But since σ1 is taken sufficiently large in this
Fig. 3.9 (f), we initially have a small portion for smaller values of σ2 where x > y.
Figure 3.9 discloses suitable choices of all parameters’ values not only entertain the
coexistence of both strategies but also may promote the evolution of cooperation.

3.3 Conclusion

The mutation-induced model in this chapter provides widespread coexistence of both
strategies under suitable choices of parameters’ values. This stable persistence of
ecological communities strengthens the theory of concurrency. Our thorough anal-
ysis with several numerical simulations enhances our understanding of the mecha-
nisms that drive the survival of cooperative behavior in the multigame consisting of
both the Prisoner’s Dilemma and the Snowdrift games. The inclusion of altruistic
behavior of free space along with the mutation in our proposed evolutionary model
seems to be a natural course of action as observed in many realistic settings. Our
findings clearly demonstrate that there exists an optimal probability of playing each
game so that people are more likely to cooperate in such circumstances. Throughout
the chapter, we have pointed out the positive impact of diverse factors (parameters)
on significant improvement of cooperation. We have shown that the selfless contri-
bution of free space promotes the coexistence of all strategies efficiently, even in the
absence of mutation.

In summary, our research indicates the proposed model (3.8) may possess four
different stationary points in the absence of mutation. The exciting feature of this
model is that the system never allows settling into a cooperator-free state in the lack
of free space-induced benefits and mutation rate. This precise result is consistent
with the chosen games as both the PD and SD games never encourage a cooperator-
free society in the usual scenario. The merging of two games with different outcomes
provides a more realistic representation of the concept of opinion formation. How-
ever, the numerical results presented here are highly sensitive to the variation of
initial conditions. The positive invariance and boundedness of the model are ana-
lyzed too in this article. We have shown the viable choice of bidirectional mutation
allows the system to switch between only two stationary states. Either all people
will die, or both the strategies coexist in the eco-evolutionary model with mutation.
This is an interesting angle of our research as our model brings forth stable biodi-
versity in the form of a heterogeneous population (mixed cooperator-defector state).
Note that we have only focused on the equilibria of the corresponding dynamical
system (3.8) throughout the article so that we can relate those stationary states
from the game-theoretical point of view. Our simple model with mutation sheds
light on how cooperation emerges in a complex society. The presented results are
insightful, attesting that altruistic behavior and mutation are advantageous for the
spontaneous maintenance of biodiversity. We believe the presented results may help
us understand the mechanism behind the coexistence of competing species through
the co-evolution of both strategies. 7

In the next chapter of this thesis, we study the interplay between ecological and
evolutionary processes through the lens of the weak PD game with an additional
strategy of policing in it. Although previous studies often assumed instantaneous
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interactions, we incorporated time delays to examine their impact on cooperation.
Through analytical calculations and numerical simulations, we demonstrate that de-
lays can induce oscillations and, by including ecological free space and the strategy
of punishment, explore how these factors shape population and community dynam-
ics. Our eco-evolutionary model can also mimic cyclic dominance and even chaotic
behavior, underscoring the role of complex dynamics in managing and conserving
ecological communities. The following chapter thus contributes to understanding
the emergence of moral behavior in multidimensional social systems.
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Chapter 4

Uncovering the temporal roots of
cooperation incorporating the
concept of time delay ∗

The PD game [137, 89] is a foundational model for analyzing the conflict between
individual and collective interests among selfish individuals. Defection always yields
a higher payoff than cooperation, leading to a tragedy of the commons [138]. This
raises a fundamental question in evolutionary dynamics: if natural selection favors
the fittest, why does cooperation persist across biological and social systems?

Cooperation has shaped evolutionary progress—from the genome’s formation
to multicellular organisms and social structures [139]. Despite the vulnerability
of cooperation to exploitation, human societies thrive on cooperation, facilitating
complex social structures. Research has identified several mechanisms promoting
cooperation in PD games, including spatial structure [140–142], network topology
[143–145], mobility [99], kin selection [146], reproduction restrictions [147], aging
[148], and direct and indirect reciprocity [149, 107]. Strategies like tit-for-tat [116]
and punishment [150–158] further sustain cooperation.

Nag Chowdhury et al. [91] examined punishment in the PD game alongside al-
truistic free space—an ecological variable enabling others’ reproduction at no benefit
to itself—capturing the simultaneous operation of ecological and evolutionary dy-
namics, relaxing Slobodkin’s assumption [159] that evolution is slower than ecology.
Studies on eco-evolutionary feedbacks [160, 64, 18, 161, 19, 162] now reveal that
evolution and ecology shape each other on similar timescales [60, 163, 59, 164–166].

This chapter investigates the influence of time delays on cooperation in the PD
game, integrating punishment and free space. Time delays are ubiquitous in na-
ture—from echoes [167] to crickets [168], neural information flow [169], and digestion
[170]. They also influence collective behaviors in coupled systems [171–178]. Re-
cent studies highlight delays in cooperation: delayed multigames with environmental
space [179], time delays in spatial public goods games [180], fractional-order systems

∗A considerable part of this chapter has been published in Scientific Reports, Volume 32,
No. 01, Article ID: Roy, S., Nag Chowdhury, S., Kundu, S., Sar, G.K., Banerjee, J., Rakshit, B.,
Mali, P.C., Perc, M. and Ghosh, D., 2023. Time delays shape the eco-evolutionary dynamics of
cooperation. Scientific reports, 13(1), p.14331.
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with delay feedback [181], and replicator dynamics with random delays [182]. Hu
et al. [183] showed that delays affect convergence time but not equilibrium stability,
while delays in intraspecific interactions can induce oscillations.

Inspired by these findings, this chapter examines delayed eco-evolutionary dy-
namics in the PD game with punishment and free space. We show how time delays
shape cooperation, addressing a key gap in the literature and offering insights into
sustaining cooperation among rational individuals.

4.1 Mathematical model

We start with the evolutionary two-strategy PD game, where players can decide
whether to cooperate (C) or defect (D). For mutual cooperation, they both can earn
a reward R. The mutual defection yields both the player punishment P . The dealing
between a cooperator and a defector gives the sucker’s payoff S to the cooperator,
while the defector receives the temptation to defect T . Throughout our investigation,
we maintain the ranking between the payoff as T > R > P ≥ S and adopt the same
parameter values T = β > 1, R = 1, and P = S = 0 from Refs. [91, 143]. This
inequality of the weak PD game indicates that mutual defection always promises
less payoff, as 0 = P < R = 1. However, from the individual standpoint, defection
serves as the intelligent strategy between the two competing strategies. If the player
chooses cooperation, the defector earns more as β = T > R = 1. If the opponent
also decides to defect, still the defector can not earn more by cooperating due to
our choice of parameter values. The 2× 2 payoff matrix looks like

C D( )
C R S
D T P

=

C D( )
C 1 0
D β 0

(4.1)

in which the entries represent the payoff accumulated by the player in the left.
We consider an additional strategy, the ‘punisher’ who acts like a cooperator and
receives the same payoff R = 1 if the other player decides to cooperate. However, if
the opponent player defects, the punisher will use their own resources to punish them
and earn a payoff value of S − δ = −δ. In return, the defector makes T − δ = β − δ
with δ > 0. Note that a defector earns more if they interact with a cooperator. This
inclusion of punishers will extend our payoff matrix (4.1) to the following matrix

C P D( )C 1 1 0
P 1 1 −δ
D β β − δ 0

(4.2)

We further incorporate the ecological contribution of free space in the payoff
matrix. Free space allows others to replicate and provide others ample opportunity
to survive. Interestingly, free space never anticipates anything in return, and this
selfless contribution of free space motivates us to update our payoff matrix (4.2) in
the following way,
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C P D F


C 1 1 0 σ1
P 1 1 −δ σ2
D β β − δ 0 σ3
F 0 0 0 0

(4.3)

Here, all these parameters σ1, σ2, and σ3 are strictly positive quantities, as free
space contributes altruistically to all the rational individuals. Free space earns only
zero in return as it never expects any benefits for its generous acts. Now we calculate
each strategy’s fitness and determine the evolution of populations by assuming that
an individual’s reproduction rate depends solely on their average fitness. Let us
assume x, y, z, and w be the respective fraction of cooperators, punishers, defectors,
and free space, respectively. Hence, x, y, z, w ∈ [0, 1] and x + y + z + w = 1.
Interestingly, the process of learning takes time and effort. It takes a considerable
amount of time for people to adapt strategies based on the information they learn.
The players need to gather the information at each round of the game and then assess
the effectiveness of the methods. Based on their understanding, they spread that
information which helps others to recognize which strategy is the most successful
in society. Thus individuals select a strategy at time t based on the fitness before
τ ≥ 0 time instance. We introduce the variables xτ = x(t − τ), yτ = y(t − τ),
zτ = z(t − τ) and wτ = w(t − τ). Since we are interested in inferring the obtained
results using fundamental principles of biological systems, we maintain the constraint
xτ + yτ + zτ + wτ = 1 along with xτ , yτ , zτ , wτ ∈ [0, 1] throughout the article. This
constraint helps us to eliminate one independent variable and construct a simple
eco-evolutionary model. The respective average fitness of cooperators, punishers,
defectors and free space is given by

fC = xτ + yτ + σ1wτ = (1− σ1)xτ + (1− σ1)yτ − σ1zτ + σ1,
fP = xτ + yτ − δzτ + σ2wτ = (1− σ2)xτ + (1− σ2)yτ − (δ + σ2)zτ + σ2,
fD = βxτ + (β − δ)yτ + σ3wτ = (β − σ3)xτ + (β − δ − σ3)yτ − σ3zτ + σ3, and,
fF = 0.

(4.4)
We assume all players die with a uniform rate ξ > 0. Thus, our proposed delayed

system looks like

ẋ = x[fC − ξ],
ẏ = y[fP − ξ],
ż = z[fD − ξ].

(4.5)

Thus substituting Eq. (4.4) in Eq. (4.5), we obtain

ẋ = x[(1− σ1)xτ + (1− σ1)yτ − σ1zτ + (σ1 − ξ)],
ẏ = y[(1− σ2)xτ + (1− σ2)yτ − (δ + σ2)zτ + (σ2 − ξ)],
ż = z[(β − σ3)xτ + (β − δ − σ3)yτ − σ3zτ + (σ3 − ξ)].

(4.6)

Note that τ = 0 gives the non-delayed system. In the subsequent section, we
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comprehensively discuss the difference between the outcomes in delayed and non-
delayed systems.

4.2 Numerical Results

4.2.1 Comparison between delayed and non-delayed model

Figure 4.1: Time series comparison: delay-free vs. delayed systems: Panels
(a) and (c) show dynamics of the system (4.6) without delay (τ = 0), exhibit-
ing small oscillations or convergence to equilibrium. Panels (b) and (d) introduce
delay (τ = 0.24, 1.5), amplifying oscillations and, in some cases, causing over-
crowding (x + y + z > 1). Columns represent the time evolution of cooperators,
punishers, defectors, and total population. Initial states: (0.3, 0.3, 0.3) (no delay),
(0.25, 0.25, 0.25) (delay). Parameters: (a-b) ξ = 0.50, β = 2.15, δ = 1.4, σ1 = 0.52,
σ2 = 0.72, σ3 = 0.41; (c-d) ξ = 0.80, β = 1.25, δ = 0.30, σ1 = 1.00, σ2 = 1.50,
σ3 = 0.60.

To understand the impact of time delay in population dynamics, specifically in
the context of a prisoner’s dilemma game, we present the comparative temporal
behavior of variables in the presence and absence of delay in Fig. (4.1). To start
with, we consider the values of the parameters as ξ = 0.50, β = 2.15, δ = 1.4,
σ1 = 0.52, σ2 = 0.72 and σ3 = 0.41 in the subfigures (a-b). Subfigures of (a)
demonstrate small amplitude oscillations of all variables without delay. Clearly,
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the chosen parameter values help the defectors to dominate others as we identify
the inequality z > x > y. It should be noted that our observation may alter for
a different set of initial conditions, as the system (4.6) is multistable. Later, we
will examine the role of initial conditions in our model in detail. We fix the initial
conditions at (x0, y0, z0) = (0.3, 0.3, 0.3). We further set the initial conditions for
the delay variables as xτ (0) = 0.25, yτ (0) = 0.25, and zτ (0) = 0.25 for the subfig-
ures in the presence of delay. The chosen parameter values and initial conditions
provide an opportunity to maintain biodiversity by allowing the coexistence of all
strategies in subfigures (a-b). The range of oscillations for x ∈ [0.0775, 0.0779],
y ∈ [0.004732, 0.00477], and z ∈ [0.1145, 0.1148] is petite in subfigures (a), where
the sum of the population lies within the range [0.197, 0.1975]. Since the punishment
parameter’s value (δ = 1.4) is high enough, punishers can not afford to survive in
the long run, despite the free space-induced benefits towards the punishers being
higher as per our chosen parameter values (σ2 > σ1 > σ3). Since the temptation
to defect is high for the defectors as β = 2.15, defectors are able to overcome the
hurdle in the long run in our model. We further analytically calculate the interior
equilibrium point (0.0777, 0.0047, 0.1147)) for this set of parameter values, which
is found to be an unstable focus node as the eigenvalues of the Jacobian at this
point are λ1 = 0.1236, and λ2,3 = −0.004± 0.0785i where i =

√
−1. To investigate

the delay effect, we allow a small amount of delay τ = 0.24 in the state variables
in subfigures (b) by keeping fixed all the parameters’ values and initial conditions
of subfigures (a). This inclusion of delay will not alter the inequality z > x > y
observed in subfigures (a); however, the amplitude of oscillations amplifies. We find
x ∈ [0.0447, 0.1462], y ∈ [0.0001126, 0.02117], and z ∈ [0.04503, 0.2736] in subfigures
(b) and their overall sum remains bounded in [0, 1].

A striking difference is also observed for the subfigures (c-d) with the fixed pa-
rameter values ξ = 0.80, β = 1.25, δ = 0.30, σ1 = 1.00, σ2 = 1.50, and σ3 = 0.60
and fixed initial conditions x0 = 0.3, y0 = 0.3 and, z0 = 0.3. The subfigure is
drawn additionally with the delay parameter τ = 1.5 with fixed initial condition
xτ (0) = 0.25, yτ (0) = 0.25, and zτ (0) = 0.25. Subfigure (c) reveals the coexistence of
all strategies, and we analytically calculate the interior equilibrium (0.274, 0.407, 0.2)
for the chosen parameter values. We find this steady state is a locally stable focus
node as the eigenvalues of the Jacobian at this steady state are λ1 = −0.0208,
λ2,3 = −0.3327 ± 0.2251i. Interestingly, the punishers’ population is the dominant
in this case as we identify the inequality y > x > z. The lower abundance of de-
fectors is due to the choice of insufficient temptation to defect (β = 1.25) and free
space-induced benefits towards defectors σ3 = 0.60 is lower. Punishers overcome the
fierce struggle as punishment parameter value δ = 0.30 is chosen sufficiently low.
Punishers use their own resources to penalize the defectors, and since δ is chosen low
here, punishers’ resources are not overly utilized. Furthermore, our selected parame-
ter values suggest free space-induced benefits toward punishers are higher compared
to others (σ2 > σ1 > σ3). The addition of a time delay of suitable strength not only
destroys the stability of this interior point but also yields an overcrowded solution
as x + y + z exceeds 1. This introduction of time delay leads to an instantaneous
change in the system’s dynamics.

The emergence of these oscillations hints us the spontaneous emergence of cyclic
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dominance among those strategies. In the following subsection, we discuss this
occurrence in more detail.

4.2.2 Cyclic dominance

Figure 4.2: Cyclic dominance among three competing strategies: (a) Tem-
poral dynamics of the oscillatory coexistence of all three strategies exhibiting the
emergence of cyclic dominance among the species that allows each speices to dom-
inate others. The following parameter values are chosen for numerical simulation:
ξ = 0.5, β = 2.5, δ = 1.39, σ1 = 0.52, σ2 = 0.72, σ3 = 0.41 and, τ = 0.019.
Higher value of the temptation parameter β facilitates the defectors although the
punishment parameter δ helps controlling their population by penalizing them. On
the other hand cooperators get more benefit from the altruistic free space compared
to the defectors due to our chosen parameter values, which helps in maintaining the
coexistence of all three strategies. Phase portraits of the periodic attractor along
with the direction of the flow in (b-d) two dimensions and in (e) three dimension.
The initial values for the state variables associated with the player strategies are
considered to be, (x0, y0, z0) = (0.3, 0.3, 0.3) and those for the delayed variables, are
considered to be, (xτ (0), yτ (0), zτ (0)) = (0.25, 0.25, 0.25).

We consider the same parameter values ξ = 0.50, β = 2.5, δ = 1.39, σ1 = 0.52,
σ2 = 0.72, σ3 = 0.41 and τ = 0.019 and integrate our model (4.6) using Huen’s
method [184] with 107 number of iterations. After discarding a sufficiently long
transient of length 9.9 × 106 iterations, we present their delayed eco-evolutionary
dynamics in Fig. (4.2). We maintain the same initial conditions as in Fig. (4.1) (b).
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Interestingly, the delay parameter helps the system maintain oscillatory dynamics
that attest to the emergence of cyclic dominance in our model. Cyclic dominance
[185] allows each strategy to dominate others for a specific time window, which is
impossible if we attain steady-state dynamics. The periodic dynamics of each vari-
able portray the coexistence of competing strategies. The maxima of each variable
in the first row in Fig. (4.2) unveils zmax > xmax > ymax. Since our chosen value
of the temptation parameter, β = 2.50 is higher than the payoffs of a cooperator
and punisher, zmax can attain such larger values in its temporal dynamics. On
the other hand, the punishment parameter, δ, is fixed at 1.39, which helps to con-
trol the defection by penalizing them; however, the punisher also loses this amount
while punishing the defectors. This makes punishers vulnerable in society for our
specific choices of initial conditions and parameter values. Furthermore, the inter-
play between all parameters is more pronounced in this figure, as despite altruistic
free space contributing more towards the punishers and lesser towards the defectors
(σ2 > σ1 > σ3), punishers are still unable to take over the defectors. The temptation
to defect is so high that it helps to ignore the selfless contribution of free space, and
thus defectors can gain a higher density in the long run. Nevertheless, periodic os-
cillation allows a window of opportunity for the cooperators to invade the defectors,
who in turn can invade the punishers and, ultimately, punishers are able to overrun
the cooperators. In this way, cyclic dominance emerges spontaneously and captures
the beauty of governing eco-evolutionary dynamics. We further confirm that the ob-
tained solution and their sum remain bounded within [0, 1], providing a biologically
feasible solution.The two and three-dimensional projections of the attractor, along
with the direction of the flow, are plotted in the second row of Fig. (4.2).

In the next subsection, we will scrutinize the underlying mechanism that drives
the system toward an oscillatory behavior.

4.2.3 Exploring the role of delay in the eco-evolutionary
dynamics

To further study the effect of delay in our model (4.6), we keep all parameter values
fixed at ξ = 1.2, β = 1.6, δ = 0.30, σ1 = 1.35, σ2 = 1.50, σ3 = 1.35 and vary the
delay parameter τ within the closed interval [8, 12] with a fixed step length 0.005
and plot the bifurcation diagrams in Fig. (4.3). We find out the cooperators extinct
in the long run throughout the interval, as x remains at zero in Fig. (4.3) (b).
Nevertheless, the dynamics of the punishers and defectors offer a great variety of
dynamical behaviors. Our system experiences a series of transitions from a periodic
to a chaotic state as τ is varied in Fig. (4.3). All these figures provide valuable
insight into how our system responds to changes in the delay parameter.

We identify punishers overrule the defectors in the steady state regime for the
chosen initial conditions and parameter values. Assuming an initial condition of
(0.1, 0.2, 0.5) for the state variables and (0.3, 0.3, 0.3) for the delayed variables, we
performed 107 iterations of the system (4.6). We discarded the first 9.8 × 106 iter-
ations to ensure that our analysis focuses only on the system’s long-term behavior.
However, this steady state loses its stability and gives rise to a periodic solution
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beyond a specific value of τ . We will provide a thorough analysis later to detect the
point of this Hopf bifurcation analytically. Interestingly, the range of y is vast com-
pared to that of z (c.f. subfigures (c-d) of Fig. (4.3)). This indicates the punishers
gain some kind of opportunity through our setup and can dominate the defectors.
Notably, the free space-induced benefits towards the punishers are slightly larger
than others (σ2 > σ1 = σ3) in this figure. Interestingly, we observe this periodic
solution loses its stability and gives rise to a new periodic solution with twice the
period of the original one as the delay parameter value is increased. As τ is further
increased, the system goes through additional period-doubling bifurcations, giving
rise to periodic solutions with four times, eight times, and so on, the period of the
original periodic attractor. Eventually, the system enters a chaotic regime, where
the dynamics are unpredictable and sensitive to small perturbations. To further val-
idate our findings, we use the Lyapunov exponent to measure the sensitivity of our
eco-evolutionary model (4.6) to small perturbations in its initial conditions. The
calculation of Lyapunov exponents for delayed systems is generally more compli-
cated than that of non-delayed systems due to the need to consider the effect of
time delay on the system’s dynamics. We calculate the Lyapunov exponents of the
system for τ ∈ [8, 12] by increasing τ with a fixed step length 0.04. Since our system
(4.6) contains only one delay parameter, the number of Lyapunov exponents is equal
to the dimensionality of the non-delayed system (i.e., the number of variables in the
system). We plot each of these Lyapunov exponents in Fig. (4.3) (a).

The first and the second largest Lyapunov exponents reveal valuable informa-
tion about our system. The largest Lyapunov exponent λ1, shown in deep purple,
remains negative up to a certain value of τ , indicating stable steady states. For a
suitable range of the delay parameter τ , it converges to zero, which reflects a stan-
dard signature of having a periodic solution in our system (4.6). In both of these
stable states, nearby trajectories converge towards each other, meaning that small
perturbations in the system’s initial conditions lead to similar outcomes. Beyond
this range of τ , it offers only the positive value describing the rate of exponential
divergence of nearby trajectories. This positive Lyapunov exponent λ1 identifies
the onset of chaos and validates our bifurcation diagram, which reflects the period
doubling route to chaos. Interestingly, most of the previous studies on Lyapunov
exponents only concentrate on the largest Lyapunov exponent and ignore the pos-
sibility of extracting invaluable information from the other Lyapunov exponents.
The second-largest Lyapunov exponent λ2, shown in cyan color dashed line in Fig.
(4.3) (a), discloses fascinating details on the bifurcation point in our study in this
chapter. It initially remains at negative values when the system’s behavior remains
constant over time. As the system experiences Hopf bifurcation, it attains a value
of zero and again provides only negative values for a range of τ . At the Hopf bi-
furcation point, the system changes from having a stable steady state to a stable
periodic orbit, as observed in y and z variables in subfigures (c-d) of Fig. (4.3). The
second-largest Lyapunov exponent λ2 again takes the zero value while the system
undergoes a period-doubling bifurcation. Furthermore, it acquires the value of zero
during the appearance of a new stable periodic solution with twice the period of
the original periodic attractor. In this way, the second-largest Lyapunov exponent
helps to validate the points where period-doubling bifurcation occurs. It assumes
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Figure 4.3: Bifurcation and Lyapunov exponents of the delayed system: (a)
Bifurcation diagram of total population x+ y + z with increasing delay τ , showing
Hopf bifurcation at τ = 8.99, followed by period-doubling and eventual chaos. Lya-
punov exponents λ1 (solid purple), λ2 (cyan dashed), and λ3 (pink dotted) confirm
transitions: λ1 distinguishes steady (< 0), periodic (= 0), and chaotic (> 0) states;
λ2 stays negative except at bifurcations; λ3 remains negative throughout. Panels
(b–d) show corresponding bifurcations for x, y, and z, respectively, confirming coex-
istence of punishers and defectors with punisher dominance. Parameters: ξ = 1.20,
β = 1.60, δ = 0.30, σ1 = 1.35, σ2 = 1.50, σ3 = 1.35; initial states: (0.1, 0.2, 0.5)
(non-delayed), (0.3, 0.3, 0.3) (delayed). Step sizes: ∆τ = 0.005 (bifurcation), 0.04
(Lyapunov) over τ ∈ [8, 12].

a value of zero when τ is larger and close to 12, as the system experiences a series
of period-doubling bifurcations. The third Lyapunov exponent λ3 shown in light
pink dotted line in Fig. (4.3) (a) always remains negative throughout the interval
of investigation. All these Lyapunov exponents help characterize the system’s dy-
namics and provide a better understanding of its sensitivity to initial conditions and
predictability.

In spite of obtaining such captivating dynamics, we can not infer a few of these
results from the biological viewpoint. The dynamics must be bounded within [0, 1];
otherwise when the total population exceeds the maximum value 1, we obtain an
overcrowded solution. We plot a dash-dotted horizontal line in subfigures (a) and (c)
of Fig. (4.3), below which the dynamics remain bounded within [0, 1]. Within the
feasible range, we observe steady states as well as periodic oscillations in this figure.
Apart from this dynamical behavior, our system (4.6) may depict quasiperiodic
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Figure 4.4: Dynamical regimes and power spectra of player populations:
Temporal dynamics and spectral properties are shown for three parameter sets (β, τ),
illustrating the effect of temptation and delay. Time series of cooperators (x), pun-
ishers (y), and defectors (z) are in columns 1–3; the y-z phase portrait appears in
column 4; power spectra via FFT in column 5. Panels (a–e): chaotic dynamics
in y and z for (1.93, 11.64); (f–j): two-period oscillations for (1.64, 10.73); (k–o):
quasi-periodicity with irregular patterns for (1.90, 10.50). Cooperators remain ex-
tinct in all cases due to fixed parameters: ξ = 1.2, δ = 0.3, σ1 = 1.35, σ2 = 1.5,
σ3 = 1.35. Spectral peaks confirm dynamical types. Initial conditions: non-delayed
(0.1, 0.2, 0.5); delayed (0.3, 0.3, 0.3). Final dynamics shown after discarding first
98× 105 of 107 iterations.

oscillation too, under a suitable choice of parameter values and initial conditions.
The temptation parameter always plays a crucial role in determining the fate of
defectors. If it is very large, defectors gain massive benefits that are too large to
overcome. Under that circumstances, defectors are the unbeatable winners. If the
temptation parameter is moderate, one can think about any approach to overcome
the natural selfish instinct. To understand the effect of the temptation parameter in
our study, we keep fixed all the parameter values and initial conditions as in Fig. (4.3)
and choose three different pairs of values of (β, τ). The dynamics offer a plethora of
new behavior depending on these choices. We present all these observations in Fig.
(4.4). Clearly, the temptation to defect can not help cooperators survive and evolve.
Thus, we are never able to observe the survival of cooperators in Fig. (4.4) for the
chosen parameter values and initial conditions. The cooperators’ fraction x always
remains at zero. However, the dynamics of y and z again offer a wide variety. The
chaotic dynamics observed in Fig. (4.3) is an overcrowded solution as x+ y+ z > 1;
hence we can not offer any biological interpretations for such an attractor. The
upper panel of Fig. (4.4) shows a chaotic oscillation in y and z for β = 1.93 and
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τ = 11.64; where x + y + z ∈ [0, 1]. We plot the power spectrum corresponding to
this temporal dynamics, which exhibits a broad range of frequencies in their power
spectra, with no single dominant frequency. To avoid repetition, we chose not to
display the Lyapunov exponent plot in this instance, but we have confirmed the
validity of our results through its inclusion. Here for this set of parameter values,
there is no ultimate winner among punishers and defectors, as they dominate one
another in an unordered way, as revealed in subfigure (d). The chaotic oscillation
never allows strict dominance over one another. Nevertheless, this scenario may
alter for a different choice of (β, τ), and one may dominate another in the long run.
We choose β = 1.64 and τ = 10.73 for the middle panel of this figure. The change in
two parameter values does not alter the fortune of the cooperators, and they remain
extinct in the long run, as shown in subfigure (f). However, maximum values of
punishers’ density can dominate the defectors’ density for this set of parameter
values (see subfigures (g-i)). We identify the oscillations that portray two-periodic
dynamics. We plot the power spectrum of the time series in subfigure (j) and find
these dominant frequencies correspond to the frequencies at which the signal repeats
itself. All these subfigures confirm that the system (4.6) spends some time oscillating
with one amplitude or frequency, then switching to the other amplitude or frequency,
and continue oscillating in this way for these parameter values and initial conditions.
The phase portrait in the yz plane in subfigure (i) of Fig. (4.4) also confirms this
behavior.

The dynamical behavior is much more complex in the bottom panel of Fig. (4.4)
where we choose β = 1.9 and τ = 10.5. Cooperators are still unable to overcome
the fierce struggle for resources and end up saturating in zero density, as shown in
Fig. (4.4) (k). Punishers and defectors keep oscillating at two or more incommensu-
rate frequencies, meaning that their ratio is irrational. The oscillation frequencies
of these two populations exhibit a pattern that repeats itself over time, but the
repetition is not strictly periodic (see subfigures (l-n)). The power spectrum of this
attractor in of Fig. (4.4) (o) confirms the appearance of a broad band of frequency
components rather than distinct peaks at specific frequencies. And the width of
these bands indicates the degree of incommensurability between the frequencies.
This non-periodic and non-chaotic temporal behavior is a subject of deeper inves-
tigation and can provide insights into the behavior of complex systems. We would
like to investigate the underlying mechanisms driving the system’s quasiperiodic
dynamics and identify the key factors influencing its behavior in the future.

Figure (4.4) highlights the importance of these two parameters β and τ . In the
following subsection, we will investigate the interplay of these two parameters in
much more detail.

4.2.4 Investigating the complex relationship between the
temptation parameter and delay parameter

Our proposed eco-evolutionary delay model explores various scenarios and player
population diversities in society by changing the parameters in the model. The
time delay parameter, τ , is critical in altering the population dynamics, while the
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payoff parameters determine the viability of competing strategies in society. We
analyze the survivability of different strategies and their dynamical behaviors by
simultaneously varying two parameters: the temptation payoff parameter, β, and
the time delay parameter, τ , in a two-dimensional parameter space. We investigate
the behavior of our model (4.6) by varying β ∈ (1, 2] and τ ∈ [8, 12] with fixed step
length 0.01, while keeping other parameters fixed at ξ = 1.20, δ = 0.30, σ1 = 1.35,
σ2 = 1.50, and σ3 = 1.35. The initial fractions for the non-delayed state variables
are (0.1, 0.2, 0.5), while the initial fractions of the delayed variables are (0.3, 0.3, 0.3).
This two-dimensional parameter space in Fig. (4.5) provides plenty of information
about our proposed delayed system (4.6). In the classical PD game, defectors have
a primary advantage over cooperators. We consider the chosen advantages from the
free space as attributes to be equal for both the cooperator and defector populations
(σ1 = σ3 = 1.35). Moreover, the initial fraction of the population of cooperators is
much lesser than others. Consequently, we end up with a society free from cooper-
ators for any choice of temptation and delay parameters.

Figure 4.5: Parameter space of β and τ showing diverse dynamics: The β–τ
space (β ∈ [1, 2], τ ∈ [8, 12]) reveals rich dynamics of punishers (y) and defectors
(z), with cooperators extinct due to initial advantage of defectors, despite σ1 = σ3.
Other parameters: ξ = 1.20, δ = 0.30, σ1,3 = 1.35, σ2 = 1.50; initial conditions
(0.1, 0.2, 0.5) (non-delayed) and (0.3, 0.3, 0.3) (delayed). Mauve: periodic y-only
dynamics; lime yellow and light pink: periodic coexistence (y+ z > 1 and bounded,
respectively); beige: steady coexistence; grey and yellow: period-2 (bounded and
overcrowded); orange and deep blue: period-4 and period-8 (overcrowded); violet:
chaos (bounded/unbounded); cyan and light purple: period-6 and quasiperiodicity;
deep green: extinction; white: unbounded or defector-only states. Time series shown
accordingly.

Since punishers receive significantly higher benefits (σ2 = 1.50) from the free
space compared to others, only the punishers are observed to survive periodically
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(indicated by mauve colored region in Fig. (4.5)) while cooperators and defectors
can not compete. In this regard, the fraction of the punisher population exceeds
the threshold 1. When we vary the time delay by keeping the value of β fixed, we
observe an increase in the amplitude of oscillation but no change in the behavior
of the competing strategies. However, an increment of β always helps the defectors
back in the contest. We locate a small area highlighted by lime yellow in Fig. (4.5)
where defectors can coexist with the punishers. Beyond β = 1.4, the punishers and
defectors begin to dominate one another depending on the time window and yield a
periodic attractor here. This periodic oscillation occurs due to the Hopf bifurcation,
and the value of τ , where the Hopf bifurcation occurs, gradually decreases as the
value of β increases. Notably, Ref. [99] also found this critical value of β = 1.40, be-
yond which defectors are very hard to defeat. As we further increase the temptation
to defect, we observe an attractor with period-2 emerges at β = 1.46 (See the deep
grey area of Fig. (4.5)). We further add the temporal behavior of different regions
of the parameter space in Fig. (4.5). We observe the zmax increases as β increases.
In other words, the progressive growth of β facilitates the growth of the defector
populations. However, the solution remains overcrowded as y+ z exceeds the upper
bound of unity.

Noticably, we are able to detect a fair portion, shown by light pink in Fig. (4.5),
where the overall population remains bounded within [0, 1]. The punishers and
defectors oscillate periodically, allowing each to dominate the other depending on
the time window. Even we are able to detect a very narrow yellow region in the
parameter space, where the dynamics of y and z variables exhibit periodic oscilla-
tions with period-2. In this region the overall population density x+ y + z remains
within 1. Note that although society lacks the cooperators, punishers are also spe-
cial kind of cooperators with some additional power to punish the defectors using
their own resources. The absence of cooperators in the community is thus somehow
controlled. More importantly, neither the punishers nor the defectors emerge as a
dominant winner in this parameter space. Either of them can enjoy being dominant
for a time window. However, their fate alters, and the other strategy dominates
society for a different time course. Increasing the delay parameter τ leads to an
amplification of oscillation amplitudes, which undergo period-doubling bifurcation
as explained earlier. This results in oscillations with a period of 4, as highlighted
in the orange section of Fig. 4.5. Further increment of τ results in the appearance
of eight periodic dynamics in the deep blue region of Fig. 4.5, where the proportion
of punishers and defectors oscillate. However, these orange and deep blue regions
occur only in overcrowded solutions, where the sum of x + y + z exceeds 1. As we
continue to increase the value of τ , our model (4.6) may exhibit chaotic behavior, as
indicated by the violet area in the β− τ parameter space. In this region, the sum of
x+y+z may or may not be bounded within 1. Our findings are supported by power
spectrum analysis, but these results are not presented here to avoid redundancy.

Figure (4.5) also displays a beige colored region where the system (4.6) converges
to a steady state with no cooperators. Furthermore, the system (4.6) may converge
to the extinction equilibrium (0, 0, 0), shown by deep green in Fig. (4.5), resulting
in a population-free state (time series not shown). In the next section, we will
perform an analytical calculation for each of these steady states. The white region
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in the parameter space is identified as a region where the solution may become

unbounded or converge to the steady state

(
0, 0, 1 − ξ

σ3

)
. This disappearance of

attractors is similar to what is discussed in Ref. [59]. In the future, we aim to
investigate the underlying cause of this disappearance of attractors in our model.
It is worth noting from an ecological perspective that the steady-state solution is
now bounded within the range of [0, 1]. Interestingly, the cooperator’s survivability
cannot be facilitated by either the temptation or delay parameter in the entire
domain of analysis. Increasing the value of β only helps to promote the density of
defectors depending on the initial conditions and other parameter values. The delay
parameter leads to the emergence of periodic behavior, allowing the populations to
dominate each other regularly. However, periodic and chaotic attractors are not the
only possible outcomes that can be obtained by varying the parameters. In Fig.
4.5, we identify a light purple region where the density of punishers and defectors
display quasiperiodic oscillations that remain bounded within the range of [0, 1].
We additionally identify a regime, shown by cyan in Fig. (4.5), where both y and z
variables oscillate with six periodic dynamics.

In the upcoming subsection, we will shed light on the impact of additional sys-
tem parameters on our model. Specifically, we will investigate the effects by varying
two different parameters while keeping the others fixed. By doing so, we aim to un-
cover valuable insights into the influence of these specific parameters on our model’s
behavior.

4.2.5 System parameters and eco-evolutionary dynamics:
unveiling the hidden connections

In the context of our study in this chapter, it becomes evident that when free space
presents a more favorable opportunity for defectors, while keeping other parameter
values constant, their survival becomes highly likely. In such scenarios, if the benefit
induced by free space towards defectors, denoted as σ3, reaches a sufficiently large
value, the other strategies face intense competition and may eventually disappear
from the societal dynamics. This observation is depicted in Fig. (4.6) (a), where we
observe that an increase in the mortality rate ξ leads to an equilibrium of extinction,
rendering no viable survivors. Conversely, when the mortality rate is moderate, the
system exhibits the potential to sustain a society solely composed of cooperators,
contingent upon other parameter considerations. Further reducing the mortality
rate enables the coexistence of cooperators and defectors. However, an amplifi-
cation of the free space-induced benefit toward defectors favors their dominance,
ultimately eliminating cooperators from the competition. Consequently, under such
circumstances, defectors emerge as the sole surviving strategy.

An analogous observation is evident when examining Fig. (4.6) (b), which further
accentuates this phenomenon of interest. Once again, we observe that as mortality
rate escalates, no strategies are able to evolve, ultimately leading to their eventual
extinction over extended time period. However, within the expansive β−ξ parameter
space, a distinct region emerges where the survival of solely cooperators becomes
feasible. It is important to note, however, that this region diminishes in size as
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Figure 4.6: Exploring system parameters in eco-evolutionary dynamics:
(a) Increased mortality ξ causes extinction, unless defectors gain high free space
benefit, enabling their survival. Coexistence and cooperator-only states also emerge.
(b) Higher ξ again drives extinction, with a diminishing cooperator-only region
as temptation β increases; coexistence remains possible. (c) Boosting cooperator
benefit σ1 increases their density, helping survival despite high ξ; white area indicates
unbounded dynamics. (d) Balance between σ1 and σ3 shows defectors dominate if
their advantage exceeds ξ; cooperators thrive if their benefit surpasses both ξ and
σ3. Punishers are absent due to the chosen parameters and initial states. Fixed
values: σ1 = 1.2, σ2 = 1.5, σ3 = 1.4, ξ = 1.1, β = 1.5, δ = 0.5, τ = 0.2 (unless
varied); initial conditions: delayed (0.25, 0.25, 0.25), non-delayed (0.3, 0.3, 0.3).

the temptation parameter β increases. This correlation arises from the fact that
defectors receive an augmented advantage with a higher β, thereby reducing the
space where the sole coexistence of cooperators can only occur. In fact, it is within
the moderate range of mortality rate that the majority of the parameter space allows
for the coexistence of defectors and cooperators.

In a similar vein, if we delve into the intricate interplay of free space-induced
benefits towards cooperators, specifically σ1, while keeping σ3 and other parameters
fixed, we anticipate a noticeable surge in the density of cooperators, denoted by
x, with each incremental value of σ1. The exquisite subfigure (4.6) (c) illuminates
the captivating dynamics that unfold within the system. For lower values of σ1,
the system may initially lack any cooperators. However, as we venture beyond a
critical threshold of σ1, contingent upon the values of other parameters, cooperators
reveal their resilience, persisting in the system over extended temporal horizons.
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While a higher mortality rate poses a formidable barrier to the survival of any
individual, the enhanced free space-induced benefits bestowed upon cooperators
hold the potential for their sustenance, even under such adversities. Moreover,
within the expanse of the σ1 − ξ parameter space, a significant portion emerges
where only defectors can endure due to the relatively diminished contribution of
free space towards cooperators. Nevertheless, as the value of σ1 rises, cooperators
resurge, reentering the competitive landscape and forging a coexistence alongside
defectors. However, it is crucial to acknowledge the existence of a small region
within this parameter space where the dynamics become unbounded over sufficiently
long timeframes. The intriguing phenomenon of unboundedness manifests itself in
a similar fashion within Fig. (4.6) (a) as well. In the near future, we aspire to
delve deeper into this enthralling phenomenon, unveiling the precise mechanisms
underlying this unboundedness.

Figure (4.6) (d) vividly illustrates the intricate interplay between the parameters
σ1 and σ3. Notably, when both of these parameters are lesser than the mortality
rate ξ = 1.10, the system reaches an equilibrium of extinction, effectively stabilizing
the dynamics in an unwanted scenario. When free space provides defectors with a
more favorable opportunity compared to cooperators (indicated by σ3 > σ1) and
σ3 surpasses the mortality rate ξ, defectors gain substantial advantages, thereby
emerging as the sole surviving strategy within that specific parameter space. On
the other hand, if σ1 exceeds both ξ and σ3, two distinct scenarios unfold, favoring
the survivability of cooperators. In one scenario, the parameter choices allow for
the coexistence of cooperators and defectors, contingent upon the specific values of
σ3. In the second scenario, cooperators thrive as the sole surviving strategy in the
societal dynamics, while all others face extinction. It is worth noting that, due to
our chosen parameter values and initial conditions, Fig. (4.6) remains devoid of any
punishers, underscoring the fascinating dynamics at play within the system.

Intriguing insights into the behavior of our proposed model iawait us as we ex-
plore the captivating Fig. (4.7). Remarkably, we discover that the dynamics remain
almost unaffected by variations in the delay parameter, despite we have found a
profound effect of τ in this chapter through several earlier discussions (e.g., see
Fig. (4.5)). Within Fig. (4.7) (a), we embark on a journey to explore the system’s
response when simultaneously varying two parameters, namely δ and τ , while main-
taining fixed values for other parameters at σ1 = 1.2, σ2 = 1.5, σ3 = 1.4, ξ = 1.1,
and β = 1.5. A discernible pattern emerges from our investigation, shedding light on
the interplay between fine imposition and the survival prospects of different strate-
gies. At minimal fine levels, coexistence between punishers and defectors prevails
within the societal landscape. However, as we escalate the fine magnitude, defectors
too succumb to their inability to thrive, leaving behind a society solely populated
by punishers. It is worth noting that these outcomes may exhibit variations when
other parameter values are chosen differently. Our selection of parameter values de-
liberately maintains a moderate temptation to defect (β = 1.5) while endowing pun-
ishers with a more advantageous position in the free space hierarchy (σ2 > σ3 > σ1).
Consequently, cooperators, receiving the least support from free space, struggle to
sustain themselves and ultimately face extinction in the long run. Furthermore, this
subfigure, Fig. (4.7) (a), stands devoid of cooperators, underscoring the inhospitable
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Figure 4.7: Interplay of delay, mortality, and punishment in suppressing
defection: (a) Varying δ and τ reveals that low punishment allows coexistence of
punishers and defectors, while stronger punishment leads to punisher dominance
and defector extinction. Outcomes depend on specific parameters, highlighting the
balance among temptation, hierarchy, and strategy survival. (b) Varying ξ and τ
shows high mortality eliminates all strategies; lower ξ supports sole punishers, then
narrow coexistence of cooperators and punishers (defector-free), and eventually full
coexistence or cooperator-defector societies. Delay τ has limited impact except in a
thin unbounded white region. Fixed parameters: σ1 = 1.2, σ2 = 1.5, σ3 = 1.4, β =
1.5, δ = 0.5, τ = 0.2 (unless varied). Initial conditions: delayed (0.25, 0.25, 0.25),
non-delayed (0.3, 0.3, 0.3).

environment created by the combined influence of fine imposition and delay on their
survival prospects. The aforementioned exploration illuminates the intricate dy-
namics at play, deepening our understanding of the complex interactions within the
proposed model.

The captivating subfigure (4.7) (b) unravels the intricate behavior of our model
as we simultaneously vary the parameters ξ and τ , while holding the remaining pa-
rameters constant at the same values as in subfigure (4.7) (a) with δ = 0.5. Within
this visual exploration, we witness the system’s remarkable response to these pa-
rameter variations, elucidating the delicate balance that governs the survival and
coexistence of different strategies. As the mortality rate ξ escalates towards high
values, approaching 2, a disheartening scenario unfolds where no strategies manage
to endure in the long run. This highlights the adverse consequences of an excessively
high mortality rate within the system. However, by reducing the strength of the
mortality rate ξ, a fascinating transformation occurs, leading to the emergence of a
society comprised solely of punishers. This finding aligns with the insights gleaned
from subfigure (4.7) (a), highlighting the intricate relationship between mortality
rate and strategy dynamics. It is noteworthy to mention that in our proposed
model, punishers themselves embody a distinct form of cooperation. Intriguingly,
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within the two-dimensional parameter space with ξ = 1.0, we discover a region where
cooperators and punishers coexist harmoniously, while defectors remain absent from
the societal landscape. This coexistence phenomenon further emphasizes the com-
plex interplay between the investigated parameters. However, as we examine the
intricacies portrayed in subfigure (4.7) (b), we observe that the delay parameter τ
exhibits limited influence on the emerging state within the investigated range. No-
tably, a thin white portion in the parameter space for ξ = 1.0 unveils the emergence
of unbounded dynamics, warranting further investigation into the precise mecha-
nisms behind this intriguing phenomenon. By decreasing the value of the mortality
rate ξ even further, we uncover a substantial portion within the parameter space
that facilitates the coexistence of all three strategies, fostering biodiversity within
the system. As the mortality rate ξ continues to decrease, we witness a captivating
transformation where punishers struggle to survive, ultimately leading to a society
where cooperators and defectors coexist in delicate harmony. This profound explo-
ration offers invaluable insights into the complex dynamics of our model, unraveling
the delicate relationships between mortality rate, delay parameter, and the survival
prospects of different strategies.

Both Fig. (4.6) and Fig. (4.7) showcase numerical simulations based on a fixed
initial condition. Specifically, the non-delayed variables are initialized with values
of (0.3, 0.3, 0.3), while the delayed variables begin with values of (0.25, 0.25, 0.25).
These initial conditions serve as the starting point for investigating the intriguing
interplay of parameters in our proposed model and their influence on the emergence
of eco-evolutionary dynamics. In the subsequent subsection, we will delve into the
pivotal role of initial conditions in our model, analyzing how they shape and con-
tribute to the complex dynamics observed within the system. By examining the
impact of different initial conditions, we aim to gain a deeper understanding of the
intricate relationships between system parameters, initial states, and the resulting
eco-evolutionary dynamics.

4.2.6 Uncovering multistability: insights into eco-
evolutionary dynamics

We retain the parameter values at σ1 = 1.2, σ2 = 1.5, σ3 = 1.4, ξ = 1.1, β = 1.5,
δ = 0.5, and τ = 0.2, consistent with the settings used in our earlier analyses
presented in Figs. (4.6) and (4.7). In this subsection, however, we shift our focus
to an equally crucial yet often overlooked factor in dynamical models: the role of
initial conditions. Unlike parameter sensitivity, which has been extensively studied,
the dependency of outcomes on initial population densities unveils another layer of
complexity in eco-evolutionary dynamics.

To systematically explore the diversity of dynamical regimes, we vary the initial
conditions (x0, y0, z0) while enforcing the biologically motivated constraint x0+y0+
z0 = 0.9. This constraint ensures that the total initial population remains within a
realistic and ecologically interpretable range, as the sum of strategic species densities
must lie within [0, 1]. For comparison, and in alignment with our prior studies, we
adopt the baseline configuration (x0, y0, z0) = (0.25, 0.25, 0.25) for the non-delayed
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Figure 4.8: Exploring the impact of initial conditions on eco-evolutionary
dynamics: Varying initial conditions within the constraint x0 + y0 + z0 = 0.9,
we uncover diverse steady states, highlighting the profound influence of initial con-
ditions on emergent dynamics. This multistability provides valuable insights into
system stability, robustness, and regime shifts. Notably, our findings reveal four
distinct attractors representing different stable strategies, including coexistence of
punishers and defectors. Depending on the chosen initial conditions, the system can
exhibit stable states with cooperators, punishers, or defectors alone. These discov-
eries deepen our comprehension of the intricate dynamics and potential outcomes
in our eco-evolutionary model, underscoring the critical interplay between initial
conditions and steady states. Parameter values: σ1 = 1.2, σ2 = 1.5, σ3 = 1.4,
ξ = 1.1, β = 1.5, δ = 0.5, and τ = 0.2. Initial conditions for delayed variables:
(0.25, 0.25, 0.25).

variables, serving as a control against which we assess deviations in the system’s
response.

Strikingly, our numerical simulations reveal that different initial conditions lead
to fundamentally different long-term outcomes. Depending on the specific compo-
sition of the initial population, the system settles into qualitatively distinct steady
states. This outcome reaffirms and deepens our earlier conclusion: the dynamical
evolution of our system is highly sensitive to initial states. In other words, the model
exhibits multistability—a hallmark of complex systems where multiple attractors co-
exist and the final state is not uniquely determined by system parameters but also
by initial configurations.

The discovery of multiple coexisting attractors holds profound implications for
understanding the stability and resilience of eco-evolutionary systems. As illustrated
in Fig. (4.9), we identify the presence of four distinct attractors, each corresponding
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to a stable strategic outcome that the system can adopt. These attractors are not
mere numerical artifacts but represent ecologically meaningful scenarios, including
coexistence states and single-strategy dominance. Specifically, under certain ini-
tial conditions, the system supports the stable coexistence of punishers and defec-
tors, highlighting a delicate balance between enforcement and exploitation. Under
alternative initial conditions, the system may converge exclusively to cooperators,
punishers, or defectors—each representing a qualitatively different ecological regime.

The identification of these attractors underscores the model’s capacity to exhibit
regime shifts—sudden transitions from one stable state to another triggered not
by changes in parameters but by perturbations in initial states. This sensitivity
to initial conditions enhances our understanding of ecological tipping points and
evolutionary resilience, as real-world systems may undergo abrupt transformations
due to minor initial differences.

Hence, the interplay between initial conditions and system parameters shapes a
rich dynamical landscape in which multiple long-term outcomes are possible. This
insight is vital for interpreting observed patterns in natural and social systems where
history and context often dictate evolutionary outcomes.

In the upcoming section, we build on these findings by deriving the steady states
of our model analytically and identifying the precise conditions under which Hopf
bifurcation occurs. Through a combination of rigorous mathematical analysis and
high-resolution numerical simulations, we validate the existence and stability of
the bifurcating solutions, thereby offering a deeper theoretical foundation for the
emergent dynamics observed in our eco-evolutionary framework.

4.3 Mathematical analyis

4.3.1 Various steady states and their biological relevance

The proposed model (4.6) results in eight steady states. They are briefly discussed
in the following,

• The extinction state S0: The state of extinction, denoted as S0, corresponds
to the equilibrium point (0, 0, 0) in the dynamical system. At this state, each
of the player populations eventually die out due to intense competition over
long periods of time.

• Punisher and Defector-free state S1: In this steady state, only individu-
als with cooperative strategy have the opportunity to survive, leading to the
extinction of all other types of players in the game. The stationary point asso-

ciated with this state is given by

(
σ1 − ξ

σ1 − 1
, 0, 0

)
. Under these circumstances,

cooperators have the ability to survive and ultimately dominate the entire
game.

• Cooperator and defector-free state S2: This state exclusively enables
the survival of punishers, resulting in the eventual extinction of all other

69



populations in the game. The stationary point associated with this state is(
0,
σ2 − ξ

σ2 − 1
, 0

)
. In this scenario, punishers gain the most significant advantage

and can solely dominate the entire game. However, in an interactive context,
if a society consists of exclusively punishers, they would act as cooperators
because there would be no defectors to punish.

• Cooperator and punisher-free state S3: This state allows only defectors
to survive in a society, which supports the fundamental theory of the PD
game, as defectors receive the greatest benefit compared to all other population

strategies. The equilibrium point associated with this state is

(
0, 0, 1− ξ

σ3

)
.

In such scenario, where only one population strategy can survive in the long
run, there will be no interactive action between different player populations
with different strategies.

• Defector-free state S4: In this steady state, cooperators and punishers get
the chance to survive side by side, with no defectors in the interaction. The

equilibrium point gets the form (x∗, y∗, 0), where, x∗ + y∗ =
σ1 − ξ

σ1 − 1
. Here, the

defectors are unable to survive, whereas, the cooperators and the punishers
jointly survive. Punishers also behave like cooperators in such state.

• Punisher-free state S5: This state in the proposed model represents the
basic scenario of the prisoner’s dilemma game. In the long run, only the
cooperators and defectors interact with each other, with no punishers present
in the society. In such a scenario, the chances of implementing cooperation in
different ways are reduced because the defector is not constrained in dealing
with cooperators in the absence of punishers. The stationary point can be

expressed as (x∗, 0, z∗), where x∗ =
ξ(σ1 − σ3)

βσ1 − σ3
, and z∗ = 1− x∗ +

ξ(1− β)

βσ1 − σ3
.

• Cooperator-free state S6: This steady state operates similarly to the pre-
vious state, S5, where, in the long run of the dilemma, the punishers and
the defectors can interact with each other. However, unlike state S5, the de-
fectors in this state face a slight constraint when interacting with the pun-
ishers. There would be a slight reduction in their payoffs when interact-
ing with punishers than the cooperators. On the other hand, the punish-
ers also behave like cooperators, but when interacting with the defectors,
they face a loss of the fine δ to punish the defectors. The equilibrium

point is given by (0, y∗, z∗), where y∗ =
ξ(σ2 − σ3) + δ(ξ − σ3)

(βσ2 − σ3) + δ(β − δ − σ2 − σ3)
, and

z∗ = 1− y∗ +
ξ(1− β + 2δ)− δ(β − δ)

(βσ2 − σ3) + δ(β − δ − σ2 − σ3)
.

• State of co-existence S7: This steady state allows all three types of
player populations to coexist and interact with each other simultaneously.
It is considered the most biologically significant among all eight states as
no player population goes extinct in the long run. The equilibrium point
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for this state is (x∗, y∗, z∗), where x∗ = −γ1 − α1 − z∗ + δ1, y∗ = α1 + γ1,

and z∗ =
(ξ − 1)(σ2 − σ1)

σ1 − σ2 − δ + σ1δ
. Here, γ1 =

(β − 1)[ξ(σ1 − σ2 − δ) + σ1δ]

σ1 − σ2 − δ + σ1δ
,

α1 =
(1− ξ)(σ1 − σ3)

σ1 − σ2 − δ + σ1δ
, δ1 = 1+

δ(1− ξ)

σ1 − σ2 − δ + σ1δ
, and σ1−σ2−δ+σ1δ ̸= 0.

4.3.2 Tracking the point of occurrence of Hopf bifurcation

Assuming (x∗, y∗, z∗) as the coordinates of a specific steady state, we explore
the occurrence of the Hopf bifurcation by progressively increasing the time delay
variable τ imposed on the system from this stable steady state. We refer to the
value of τ at which the steady states begin to lose stability as the critical value of
τ or τc. The linearization form of the proposed system (4.6) is presented below.

ẋ− [(1− σ1)xxτ + (1− σ1)xyτ − σ1xzτ + (σ1 − ξ)x] = 0,
ẏ − [(1− σ2)yxτ + (1− σ2)yyτ − (δ + σ2)yzτ + (σ2 − ξ)y] = 0,
ż − [(β − σ3)zxτ + (β − δ − σ3)zyτ − σ3zzτ + (σ3 − ξ)z] = 0.

By calculating the linearized version of the above system about the general steady
state (x∗, y∗, z∗), we obtain

ẋ = ψ11x+ ψ12xτ + ψ13yτ + ψ14zτ ,
ẏ = ψ21y + ψ22xτ + ψ23yτ + ψ24zτ ,
ż = ψ31z + ψ32xτ + ψ33yτ + ψ34zτ ,

(4.7)

where
ψ11 = (1− σ1)(x∗ + y∗)− σ1z∗ + (σ1 − ξ),
ψ12 = (1− σ1)x∗ = ψ13,
ψ14 = −σ1x∗,
ψ21 = (1− σ2)(x∗ + y∗)− (δ + σ2)z∗ + (σ2 − ξ),
ψ22 = (1− σ2)y∗ = ψ23,
ψ24 = −(δ + σ2)y∗,
ψ31 = (β − σ3)x∗ + (β − δ − σ3)y∗ − σ3z∗ + (σ3 − ξ),
ψ32 = (β − σ3)z∗,
ψ33 = (β − δ − σ3)z∗,
ψ34 = −σ3z∗.

(4.8)

The characteristic equations of the linearized system (4.7) are obtained as
Ṡ = JX, where

Ṡ=

sx(s)sy(s)
sz(s)

, J=

ψ11 + ψ12e
−sτ ψ13e

−sτ ψ14e
−sτ

ψ22e
−sτ ψ21 + ψ23e

−sτ ψ24e
−sτ

ψ32e
−sτ ψ33e

−sτ ψ31 + ψ34e
−sτ

, and X=x(s)y(s)
z(s)

 .
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In this case, J represents the Jacobian of the linearized system of equations. To
obtain its characteristic equation, we set det(J − λI) = 0, where λ is an eigenvalue
of the Jacobian matrix J . From the resulting eigenvalues, we can deduce the critical
value of τ . Therefore, we have the following transcendental equation from det(J −
λI) = 0:

λ3 + ν1λ
2 + ν2λ+ (ν3λ

2 + ν4λ+ ν5)e
−λτ + (ν6λ+ ν7)e

−2λτ + ν8e
−3λτ + ν9 = 0,

(4.9)
where

ν1 = −(ψ11 + ψ21 + ψ31),
ν2 = ψ11ψ21 + ψ11ψ31 + ψ21ψ31,
ν3 = −(ψ12 + ψ23 + ψ34),
ν4 = ψ11ψ23 + ψ11ψ34 + ψ12ψ21 + ψ12ψ31 + ψ21ψ34 + ψ23ψ31,
ν5 = −(ψ11ψ21ψ34 + ψ11ψ23ψ31 + ψ12ψ21ψ31),
ν6 = −(ψ24ψ33 − ψ12ψ23 − ψ12ψ34 − ψ23ψ34 + ψ13ψ22 + ψ14ψ32),
ν7 = −(ψ11ψ23ψ34 − ψ11ψ24ψ33 + ψ12ψ21ψ34 + ψ12ψ23ψ31 − ψ13ψ22ψ31 − ψ14ψ21ψ32),
ν8 = −(ψ12ψ23ψ34 − ψ12ψ24ψ33 − ψ13ψ22ψ34 + ψ13ψ24ψ32 + ψ14ψ22ψ33 − ψ14ψ32ψ23),
ν9 = −ψ11ψ21ψ31.

(4.10)
To simplify the transcendental equation, we make the following substitution:

λ(τ) = a(τ) + ib(τ) and λ(τc) = a(τc) + ib(τc). We then separate the real and
imaginary parts of the equation by using the transformation ea±ib = ea(cos(b) ±
i sin(b)) on Eq. (4.9). This yields

a3 − 3ab2 + ν1(a
2 − b2) + aν2 + (ν3(a

2 − b2) + aν4 + ν5)e
−aτ cos(aτ)+

{2ν3ab+ ν4b}e−aτ sin(bτ) + (aν6 + ν7)e
−2aτ cos(2bτ)+

bν6e
−2aτ sin(2bτ) + ν8e

−3aτ cos(3bτ) + ν9 = 0,
and,
3a2b− b3 + 2ν1ab+ bν2 − a sin(bτ)− {ν3(a2 − b2) + aν4 + ν5}e−aτ sin(bτ) + {2ν3ab+ bν4}
e−aτ cos(bτ)− (aν6 + ν7)e

−2aτ sin(2bτ) + bν6e
−2aτ cos(2bτ)− ν8e

−3aτ sin(3bτ) = 0.
(4.11)

Using the relation in Eq. (4.11), we can determine the value of the delay time
variable τc at which the Hopf bifurcation occurs. At this value of τ , the eigenvalues
of the Jacobian become purely imaginary. Therefore, we set a(τc) = 0. This provides
the following form of Eq. (4.11):

(b∗2ν3 − ν5) cos(b
∗τc)− b∗ν4 sin(b

∗τc) = ν7 cos(2b
∗τc) + ν6b

∗ sin(2b∗τc)
+ν8 cos(3b

∗τc) + ν9 − b∗2ν1,
and,
b∗ν4 cos(b

∗τc) + (b∗2ν3 − ν5) sin(b
∗τc) = ν7 sin(2b

∗τc)− b∗ν6 cos(2b
∗τc)+

ν8 sin(3b
∗τc) + b∗3 − b∗ν2.

(4.12)

Let us consider that
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A = (b∗2ν3 − ν5) cos(b
∗τc)− b∗ν4 sin(b

∗τc),
B = ν7 cos(2b

∗τc) + ν6b
∗ sin(2b∗τc) + ν8 cos(3b

∗τc),
C = b∗ν4 cos(b

∗τc) + (b∗2ν3 − ν5) sin(b
∗τc), and

D = ν7 sin(2b
∗τc)− b∗ν6 cos(2b

∗τc) + ν8 sin(3b
∗τc).

Consequently, we find the following relations,

A−B = ν9 − b∗2ν1,

C −D = b∗3 − b∗ν2,

Using these two relations, we can easily conclude

(A2 + C2) + (B2 +D2)− 2(AB + CD) = b∗6 + (ν21 − 2ν2)b
∗4 − (2ν1ν9 − ν22)b

∗2 + ν29
(4.13)

Since the left-hand side of Eq. (4.13) includes the terms (A−B)2 and (C −D)2,
and considering the assumptions we have made about these values, we can substitute
them and rewrite Eq. (4.13) as follows:

b∗4ν23 + ν25 − 2ν3ν5b
∗2 + b∗2ν24 + ν27 + b∗2ν26 + ν28 + 2ν7ν8 cos(b

∗τc)− 2ν6ν8b
∗ sin(b∗τc)

−2(ν3ν7b
∗2 cos(2b∗τc) + ν3ν6b

∗3 sin(b∗τc) + ν3ν8b
∗2 cos(2b∗τc)− ν5ν7 cos(b

∗τc)− ν5ν8b
∗ sin(b∗τc)

−ν5ν8 cos(2b∗τc) + ν4ν7b
∗ sin(b∗τc)− ν4ν6b

∗2cos(b∗τc) + ν4ν8b
∗ sin(2b∗τc)) =

b∗6 + (ν21 − 2ν2)b
∗4 − (2ν1ν9 − ν22)b

∗2 + ν29 .
(4.14)

After performing extensive calculations, we can derive the following relationship
by multiplying cos(2b∗τc) with the first equation of system (4.12) and sin(2b∗τc) with
the second equation of the same system.

sin (b∗τc) =
c+ d cos (b∗τc) + e cos (2b∗τc)− a cos (b∗τc)

b− 2f cos (b∗τc)

=
a cos (b∗τc)− c cos (2b∗τc)− d cos (3b∗τc)− e

2g cos (b∗τc) + b
,

(4.15)

where a = ν3b
∗2− ν5, b = ν4b

∗, c = ν7, d = ν8, e = ν9− ν1b
∗2, and f = b∗3− ν2b

∗.
Then, by comparing the calculated value of sin(b∗τc), we arrive at the following
result

cos(b∗τc)[8m1 cos
3(b∗τc)− (4q1 + 2t1) cos

2(b∗τc)−
(6m1 + 2p1 + s1) cos(b

∗τc)− (r1 − t1 − 3q1)] = 0.
(4.16)

where,

m1 = d1f1, r1 = 2c1g1 + b1d1 − 2a1b1 − 2e1f1, s1 = 2d1g1 − 2a1g1 + 2a1f1,
t1 = 2e1g1 − 2c1f1, p1 = b1e1 + b1c1, q1 = b1d1,
with
a1 = b∗2ν3 − ν5, b1 = b∗ν4, c1 = ν7,
d1 = ν8, e1 = ν9 − b∗2ν1, f1 = b∗3 − b∗ν2.
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After substituting all the relevant terms as mentioned above, the above equation
can be rewritten as:

cos(b∗τc)[ξ1cos
3(b∗τc)− ξ2cos

2(b∗τc)− ξ3cos(b
∗τc) + ξ4] = 0,

where

ξ1 = 8b∗ν8(b
∗2 − ν2),

ξ2 = −4b∗[(ν1ν6 + ν7)b
∗2 − (ν2ν7 + ν4ν8 + ν6ν9)],

ξ3 =
2b∗[b∗4ν3+(3ν3−ν1ν4−ν2ν3−ν3ν6−ν5)b∗2+(ν2ν5+ν4ν7+ν4ν3+ν5ν6+ν6ν8−3ν2ν8)],
ξ4 = −b∗[2b∗4ν1 − 2(ν1ν2 + ν3ν4 + ν9 − ν1ν6 − ν7)b

∗2 − (2ν2ν7 + 3ν4ν8 + 2ν6ν9 −
2ν2ν9 − ν4ν8 − 2ν4ν5 − 2ν6ν7)].

Equation (4.16) brings forth one of the solutions as cos(b∗τc) = 0. Therefore,
we need to determine the value of b∗ for which the relation cos(b∗τc) = 0 holds
true. We can use this relationship to calculate the critical value τc, at which Hopf
bifurcation occurs. Therefore, the value of τ obtained from this relationship can be
considered as the value of τc.

By modifying Eq. (4.14), we can obtain a sixth-degree polynomial in terms of
b∗. Substituting the value of sin(b∗τc)|cos(b∗τc)=0 from Eq. (4.15), we can derive an
equation in terms of b∗, which is sufficient to calculate τc. The resulting sixth-degree
equation is

b∗6 + η1b
∗4 + η2b

∗2 + η3 = 0, (4.17)

where

η1 = ν21 +
2ν1ν3ν6
ν4

− 2ν2 − ν23 ,

η2 =
2ν6
ν4

{ν3(ν7− ν9)+ ν1ν8− ν1ν5}+2ν1ν7− (2ν1ν9+ ν24 + ν26 +2ν3ν8− ν22 − 2ν3ν5),

η3 = ν29 + 2ν5ν8 − ν25 − ν27 − ν28 +
2ν6
ν4

(ν7 − ν9)(ν8 − ν5) + 2ν7(ν7 − ν9).

The roots of Eq. (4.17) are the six values of b∗ such that the relation for the

critical value of τ holds, i.e., cos(b∗τc) = 0, which implies (b∗τc) = (2n + 1)
π

2
. For

n = 0, the critical value τc can be calculated as τc =
π

2b∗
, where the value of the

required b∗ can be calculated from Eq. (4.17). Note that one can obtain at most six
different real values for b∗. Only one of these real roots provides us with our desired
critical value of the delay parameter at the Hopf bifurcation.

4.3.3 Validation of analytical finding

In Fig. (4.3), we identify a classical signature of Hopf bifurcation: a qualitative
transition in the system’s dynamics where a stable equilibrium loses stability and a
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Figure 4.9: Verification of the critical time delay τc: (a) Bifurcation diagram
and Lyapunov exponents of the delay model over τ ∈ [2, 3] confirm a Hopf bifurcation
at τc = 2.706, matching the analytical prediction. Parameters: ξ = 0.40, β = 1.50,
δ = 0.56, σ1 = 1.20, σ2 = 1.70, σ3 = 1.0. The largest exponent λ1 (solid purple)
hits zero at τc and stays flat; λ2 (cyan dashed) touches zero at τc but is negative
elsewhere; λ3 (pink dotted) remains negative. A green dash-dotted line separates
bounded from overcrowded solutions where x + y + z > 1. (b-d) Show τ ’s effect
on each species; punishers go extinct despite receiving highest free space benefits.
Initial conditions: non-delayed (0.1, 0.2, 0.5), delayed (0.3, 0.3, 0.3).

stable limit cycle emerges. This bifurcation manifests precisely at the critical value
τ = 8.98, marking the onset of sustained periodic oscillations. The emergence of
this limit cycle validates the presence of a non-trivial dynamical regime governed
by time-delay, and importantly, this numerically observed critical point aligns per-
fectly with the analytically predicted threshold τc, thereby reinforcing the theoretical
consistency of our model.

Extending our investigation further, Fig. (4.9) presents the bifurcation diagram
of the delay-induced system (4.6), where the delay parameter τ is systematically
varied within the interval [2, 3]. This high-resolution continuation is performed us-
ing a fine step size of 0.002 to capture subtle dynamical transitions, while keeping
the parameters fixed at ξ = 0.40, β = 1.50, δ = 0.56, σ1 = 1.20, σ2 = 1.70, and
σ3 = 1.0. Under these ecological conditions, the structure of free space naturally
favors punishers, as implied by the hierarchy σ2 > σ1 > σ3. Yet, in a counterintu-
itive outcome, the long-term dynamics reveal the extinction of punishers, as clearly
evidenced in panel (c) of Fig. (4.9).

Interestingly, even though free space disadvantages defectors, they eventually
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dominate over cooperators in the long-time limit, as illustrated in panels (b) and (d).
This indicates that evolutionary stability in this system cannot be solely attributed
to ecological favorability, but instead emerges from a complex interplay between
delay-induced instability and strategic competition. Notably, as the delay parameter
increases and crosses the threshold τ = 2.706, the previously stable fixed point
becomes unstable, giving rise to a limit cycle oscillation. This dynamical transition
is again precisely in agreement with our analytically derived Hopf bifurcation point,
τc = 2.706, further substantiating the analytical insights.

To corroborate this bifurcation, we compute the maximum Lyapunov exponent
λ1, shown as the solid purple curve in Fig. (4.9) (a). It remains exactly zero beyond
the critical point, a hallmark of sustained periodic behavior. Simultaneously, the
second-largest Lyapunov exponent λ2, plotted as a cyan dashed line, also reaches
zero at τ = 2.706, offering further dynamical evidence of the Hopf bifurcation. These
Lyapunov-based validations provide robust numerical support for the analytical and
qualitative findings.

However, as τ continues to increase, the system begins to exhibit biologically un-
realistic behavior. Specifically, the total population size (x+y+z) exceeds the upper
bound of 1, leading to an overcrowded solution space that violates the ecological con-
straints of the model. To delineate the biologically admissible regime, we draw a
horizontal dash-dotted line in subfigures (a) and (d) of Fig. (4.9), clearly mark-
ing the boundary beyond which ecological interpretations lose validity. Solutions
lying beneath this threshold remain ecologically feasible and maintain interpretive
relevance in the context of our strategic species model.

4.4 Conclusions

Eco-evolutionary dynamics represents a vital framework for understanding how eco-
logical and evolutionary processes reciprocally influence each other over time. It
reveals the complex feedback loops that shape population dynamics and community
structures by linking ecological processes, such as competition, predation, and re-
source availability, with the evolution of traits within populations. Conversely, these
evolved traits can, in turn, modulate ecological interactions, ultimately affecting the
resilience and stability of ecosystems. Such insights are particularly pertinent for
conservation biology, where environmental changes, such as habitat fragmentation or
climate change, can alter selective pressures and evolutionary trajectories, thereby
reshaping community composition and ecosystem functioning. Understanding the
multifaceted interplay between ecological and evolutionary dynamics is thus critical
for predicting and managing ecosystem responses to rapid environmental change.

In this chapter, we have examined the intertwined effects of ecological and evo-
lutionary processes by focusing on the classical PD game. The PD remains a cor-
nerstone in evolutionary game theory for modeling conflicts between cooperation
and defection in both social and biological systems. By embedding the PD in
an eco-evolutionary framework, we explored how strategic interactions, combined
with ecological variables, shape evolutionary outcomes. Notably, we introduced
free space as an ecological variable that contributes altruistically to the system.
Here, free space acts analogously to an individual that sacrifices its fitness to benefit
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others, embodying a key aspect of altruism observed across biological and social sys-
tems—from charity and volunteering in humans to self-sacrificing parental care in
animals. Despite initial skepticism about the evolutionary stability of such altruistic
behavior, empirical evidence highlights its widespread occurrence and evolutionary
relevance, particularly in shaping cooperative dynamics.

Complementing altruism, we incorporated punishment as an evolutionary strat-
egy to discourage defection. Punishment introduces a cost to non-cooperative be-
havior, effectively deterring defection by making it less profitable. This strategy,
widely recognized in both human and non-human systems, promotes social norms,
enhances group cohesion, and sustains cooperation. By integrating punishment into
the classical PD framework alongside free space, our model captures the complex
interplay of social and ecological factors that influence evolutionary dynamics. This
enriched model reveals how eco-evolutionary feedback can foster or inhibit cooper-
ation, depending on the ecological and strategic context.

Looking ahead, the next chapter of this thesis builds upon these insights by
investigating evolutionary strategies in a cyclically dominant environment, where
species interactions are characterized by dynamic cycles of dominance akin to the
Rock-Paper-Scissors (RPS) game. Recent studies have underscored the importance
of these cyclic dynamics in promoting biodiversity and maintaining ecosystem stabil-
ity. In this expanded framework, we develop a model featuring three interconnected
strategic species—prey, predator, and parasite—each adopting distinct evolution-
ary strategies that mirror RPS dynamics. These “strategic species” adhere to the
principles of eco-evolutionary game dynamics, capturing the nuanced interactions
between ecological factors and evolutionary responses. Furthermore, we incorporate
a global sensitivity analysis using Sobol indices to systematically assess the influence
of payoff parameter variations on system behavior. This comprehensive approach
deepens our understanding of how eco-evolutionary processes operate in complex,
multi-species systems and sets the stage for future investigations into higher-order
interactions and ecosystem resilience.
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Chapter 5

The eco-evolutionary dynamics of
the strategic species, following
Rock-Paper-Scissor (RPS) game
dilemma §

Ecological factors profoundly shape the evolutionary adaptations of species across
different environments. This reciprocal influence means that abundant species adapt
to their environment while leaving ecological footprints that modify their habitats
[186, 187]. A classic example is the industrial melanism of black moths in Manch-
ester, UK, during the 19th century [188–192]. Other historical cases include the
evolution of house mice on islands [193, 194], phenotypic plasticity in plants [195],
and the rapid adaptation of house sparrows in North America [196].

In recent decades, research has shifted from viewing evolution as a slow process
overshadowed by rapid ecological changes to recognizing that significant evolutionary
changes can occur over just a few generations [197–203]. Ecologists and population
biologists have increasingly focused on the dynamics of heterogeneous traits within
habitats [204]. Mathematical models describing predator-prey-parasite interactions
have been central to this chapter since the foundational studies of Lotka and Volterra
[205, 206], later expanded by Rosenzweig and MacArthur [207].

Parasites, abundant in ecological systems, contribute substantially to global
biomass [208–210]. They exist as endoparasites and ectoparasites, influencing host
dynamics in diverse ways [211–217]. Parasites can even facilitate coexistence be-
tween dominant and subordinate species, enhancing biodiversity [218–220]. Exam-
ples include seabird ectoparasites in the Gulf of California islands shaping predator-
prey dynamics [221–223].

In this chapter, we focus on a three-dimensional eco-evolutionary model featur-
ing prey, predators, and parasites. In this model, predators consume prey biomass,
parasites exploit predators by depleting their immunity, and prey can suppress par-

§A considerable part of this chapter has been published inProceedings of the Royal Society
A, Volume 480, Article ID: Roy, S., Ghosh, S., Saha, A., Chandra Mali, P., Perc, M. and Ghosh,
D., 2024. The eco-evolutionary dynamics of strategic species. Proceedings of the Royal Society A,
480(2288), p.20240127.
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asites by exploiting growth advantages, thereby promoting their own survival. This
interaction forms a cyclic food chain reminiscent of the RPS game. We apply evo-
lutionary game theory principles to these strategic species and incorporate ecolog-
ical free space, which acts as an altruistic variable enhancing each species’ fitness
without expecting returns [224, 225]. This dynamic highlights how free space can
shape evolutionary dynamics by contributing positively to reproductive opportuni-
ties [160, 163, 226, 44, 164, 227].

Our model also captures the fraction of each strategy and free space, maintaining
a sum of unity. Each strategy’s growth depends on game payoffs and benefits from
free space, while extinction rates are constant—contrasting with earlier studies that
assumed arbitrary extinction rates [228, 59].

Global sensitivity analysis is critical in ecology for quantifying uncertainties in
model outputs [229–233]. Sensitivity analysis not only identifies key parameters but
also guides model validation and refinement [234]. Here, we emphasize the Sobol
index as a valuable tool to reveal the underlying features of our eco-evolutionary
model.

We structure this chapter as follows: First, we present our three-dimensional
eco-evolutionary model of strategic species—prey, predator, and parasite—mirroring
RPS dynamics. We then analyze the model’s stationary attractors and transitions
between them, showing how frequencies of strategies shift under different ecological
and evolutionary factors. We also identify oscillatory and unstable dynamics that
manifest as cyclic behaviors (Hopf bifurcations). Next, we provide numerical simula-
tions illustrating parameter interplays affecting both stable and unstable dynamics.
Finally, we perform a global sensitivity analysis of the system’s payoff parameters
to evaluate their influence on evolutionary outcomes.

5.1 Mathematical model

The foundation of the theoretical framework in this article lies in a fundamental
three-dimensional ecological configuration, comprising three primary species within
an environment: prey, predator, and parasite. The essence of their existence revolves
around mutual dependencies for sustenance and energy. The integration of evolu-
tionary strategies into this ecological chain hinges on the patterns of interactions
among these three types of species in an ecosystem. Thus, we present the ecological
model as a means to explore these dynamics,

dx

dt′
= rx− d1x− d4xy + e1d6xz,

dy

dt′
= −d2y − d5yz + e2d4xy,

dz

dt′
= −d3z − d6xz + e3d5yz,

(5.1)

where x, y, and z are the abundance of prey, predator and parasite species in the
ecological habitat, with r is being considered to be the innate growth rate of the
prey species, di (i = 1, 2, 3) are the natural rates of extinction of prey, predator
and parasite traits respectively, whereas, d4 is the rate of predation taken by the
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predators to hunt down the prey kinds, which, counter intuitively, contributes to
the growth of the predator kinds. In addition to absorb food, predators consume a
fixed amount of biomass e2 from prey species. Moreover, d5 is the rate, in which
parasites consume their food living on the predators, along with consuming a
biomass of quantity e3. In the same way, prey takes energy from the plant parasites
in the rate d6, in the same manner how prey kinds get a fixed biomass e1 from the
parasites in terms of their own growth.
We now execute some of the following transformations to the model (5.1) as,

t = rt′, u =
e1d4x

r
, v =

e2d5y

r
and w =

e3d6z

r
.

Using these transformations, we can reach up to the following results,

du

dt
= u[(1− α) + (− d4

e2d5
)v +

e1
e3
w],

dv

dt
= v[−β + (− d5

e3d6
)w +

e2
e1
u],

dw

dt
= w[−ξ + (− d6

e1d4
)u+

e3
e2
v].

(5.2)

where α =
d1
r
, β =

d2
r

and ξ =
d3
r
.

Now, looking at the system (5.2), and considering all the system parameters to be
positive (> 0), we can observe the one-to-one interaction flow, which has being
maintained in a cyclic way, among the three described species in all three equations
of the system (5.2). If we represent these interactions among these three species in
matrix form, we get,

Prey Predator Parasite


Prey 0 − d4
e2d5

e1
e3

Predator
e2
e1

0 − d5
e3d6

Parasite − d6
e1d4

e3
e2

0

Moreover, we get to observe no effect by the intra-species interaction (as in the
above matrix, all the diagonal elements are 0) and there is a certain chain to
dominate and being dominated by the other trait in a cyclic manner, in terms of
inter-species collision, as all the ecological parameters are taken to be positive.
Nevertheless, if we pay our attention into the interaction mannerisms of the very
well-known RPS game dilemma, we observe the same signature orders in the out-
comes through the face-offs between the heterogeneous player species. To introduce
the conflicts of the social dilemma in the species’ evolutionary schemes, we present
a payoff matrix that reflects the conflicts between heterogeneous strategies of the
RPS game dilemma, which acts as the custom of interaction among different species
in the ecological circumstances. For this we replace the interaction matrix obtained
from the system (5.2) by a newly proposed payoff matrix depicting the RPS game
dilemma. In our consideration of this game dilemma, if one particular strategy gets
victory over the other and gains an amount p as payoff, the loser trait following
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the trounced strategy gets the negation (-p) of the exact same payoff on it’s defeat.
Maintaining this rule, we introduce three payoffs’ a, b and c (all are chosen to
be positive, i.e., ≥ 0), treated as the interactive attributes of the species present
in the ecological surrounding. The payoffs a, b, and c are used in such a manner
that, in a one-to-one conflict, paper triumphs over rock by winning a payoff of
fractional amount a, while rock has to lose the same amount at its defeat. The same
phenomenon regarding the payoff value b is considered when the scissor strategy
gets trounced by the action of rock. The players following rock as strategy secure
the payoff amount b, while the scissor loses b by getting defeated. Similarly, during
the face-off between paper and scissor moves, scissor earns the payoff amounting c,
whereas paper loses the same aggregate proved to be a loser (−c). Thus, we can
represent the payoff matrix of our consideration of the RPS game dilemma as follows,

Rock Paper Scissor( )Rock 0 −a b
Paper a 0 −c
Scissor −b c 0

. (5.3)

In addition to this game dilemma, we also treat the ecological free space to act as
an altruistic strategy, which only showers reproductive benefits to these strategic
species, those are being parts in the proposed game dilemma. These free space
induced resources are considered to be, σR, σP and σS (all are taken to be positive)
towards rock, paper and scissor respectively. As ecological free space only shows
selfless behavior towards the traits, free space does not take any kind of benefit
from any of these traits. After inducing free space as a independent attribute
to this game, we can extend our three dimensional payoff matrix (5.3) into four
dimensional one as follows,

Rock Paper Scissor Free space


Rock 0 −a b σR
Paper a 0 −c σP
Scissor −b c 0 σS

Free space 0 0 0 0

. (5.4)

From the above mentioned payoff matrix (5.4), we can deduce average fitness of each
of the proposed strategies. We moreover consider the size of an entire ecological
environment to be 1, among which R+P +S is the total size of the strategic traits,
where the fraction R represents the abundance of the species taking the strategy
‘rock’, namely the rock strategic species, or the rock species, P is the fractional
quantity of the traits, choosing the strategy ‘paper’, referred as the paper strategic
species, or the paper species and S is the frequency of traits following the strategy
‘scissor’, called out to be the scissor strategic species, or the scissor species present
in any considered dilemma, which eventually portrays the evolutionary schemes
of the prey, predator and parasite species described in any ecological perspective.
Additionally, we introduce the fraction F , that quantifies the free space amount.
Thus, we have the constraint in terms of boundary, that is, R + P + S + F = 1.
From which, we treat the fraction of the free space as, F = 1 − R − P − S in our
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model formulation perspective.
We now propose mean fitness of rock, paper, scissor and free space as,

fR = −aP + bS + σRF = −σRR− (a+ σR)P + (b− σR)S + σR,
fP = aR +−cS + σPF = (a− σP )R− σPP − (c+ σP )S + σP ,
fS = −bR + cP + σSF = −(b+ σS)R + (c− σS)R− σSS + σS,
fF = 0.

(5.5)

In our analysis, we evaluate the mean fitness denoted by fR, fP , and fS corre-
sponding to the strategies, viz.,‘rock,’ ‘paper,’ and ‘scissors,’ respectively. These
fitness values are computed using the growth factors outlined in equation (5.5),
representing the evolutionary advantages of each strategic species. Additionally,
based on the ecological model expressed in equation (5.2), we assume that each
strategy (‘rock’, ‘paper’, and ‘scissor’) has its own associated death rate: (1−α), β,
and ξ, respectively. These death rates are derived from the transformed ecological
system in equation (5.2). Utilizing the computed growth and death rates, we
propose an eco-evolutionary dynamical system for the strategic species, where the
actions ‘rock (R),’ ‘paper (P ),’ and ‘scissor (S)’ represent the species’ responses
within the ecological dilemma. The formulation of this system is presented below,

Ṙ = R[−σRR− (a+ σR)P + (b− σR)S + (σR + α− 1)],

Ṗ = P [(a− σP )R− σPP − (c+ σP )S + (σP − β)],

Ṡ = S[−(b+ σS)R + (c− σS)P − σSS + (σS − ξ)].

(5.6)

We conduct an in-depth investigation of our proposed model (5.6) utilizing the
Runge-Kutta-45 method to solve the system of differential equations. This exami-
nation aims to explore the outcomes of the model (5.6), representing the normalized
frequency of strategic species in the ecological environment under consideration.
Throughout the study of our model (5.6) in this chapter, we maintain the initial
quantities of the three state variables, R, P , and S, equal, reflecting their inher-
ent influence on each other. These initial values are set to (0.3, 0.3, 0.3). Each
experiment consists of 107 iterations, with a time step length of 0.01.

5.2 The strategic attractors

Our proposed eco-evolutionary dynamical system of three strategic species (5.6) is
constructed based on the theory of the RPS game dilemma, enhanced by incorporat-
ing ecological extinction factors and the replicatory effects arising from free space.
This enriched framework reflects not only the classical competitive interactions seen
in the RPS model but also ecological feedback that shape strategic survival. In ac-
cordance with the theoretical trajectory of the RPS dilemma, none of the strategies
or actions in isolation can be considered an evolutionary stable strategy (ESS). How-
ever, due to the combined influence of multiple parameters and the broad range of
possible ecological scenarios embedded in the structure of our model, the dynamical
system governed by (5.6) exhibits multiple solutions that capture different long-term
behaviors. These solutions describe various possible compositions where strategic
species either coexist or one of them uniquely dominates in the environment.
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These equilibrium solutions, when they display asymptotic stability, are referred
to as the stable strategic attractors of the strategic species. Each attractor reflects
a biologically meaningful outcome where one or more strategic populations persist
in a dynamically stable configuration. To better conceptualize and visualize these
attractors, we introduce the idea of a three-dimensional strategy space spanned by
three mutually perpendicular axes—x, y, and z—each representing the population
proportion of one strategic species: rock (R), paper (P ), and scissor (S), respectively
(Fig. 5.1). Within this space, the trajectories of the eco-evolutionary system evolve
over time and ultimately converge toward specific attractors. Based on the nature
of these attractors, we categorize them and analyze their respective mathematical
structures and biological implications.

5.2.1 The null attractor

In our analysis of the strategic attractors in the system (5.6), we first observe the
presence of the trivial stationary pointO(0, 0, 0), depicted in Fig. 5.1 (a). This point,
referred to as the null strategic attractor (O), represents a state where none of the
strategic species—regardless of their chosen evolutionary strategy—survives in the
habitat. A compelling real-world analogy for this scenario is the Permian-Triassic
extinction event, known as the “Great Dying,” which occurred approximately 252
million years ago. During this catastrophic period, an estimated 96% of marine
species and 70% of terrestrial vertebrates perished due to extreme volcanic activity,
rapid climate changes, and disruptions in ocean chemistry.

Mathematically, the evolutionary stability of this seemingly simple yet devastat-
ing attractor depends on six key parameters in our eco-strategic system (5.6): α, β,
ξ, σR, σP , and σS. Specifically, the null attractor O(0, 0, 0) becomes asymptotically
stable only when the following three inequalities are satisfied: σR + α < 1, σP < β,
and σS < ξ. Notably, the payoff values (a, b, and c) of the RPS game do not influ-
ence whether the system converges to this attractor, meaning that even with fixed
payoffs, extinction can occur purely due to parametric instability.

To validate this, we conducted numerical simulations using the parameter set
a = 0.70, b = 0.25, c = 0.5, σR = 0.5, σP = 0.15, σS = 0.25, α = 0.05, β = 0.2,
and ξ = 0.30. Under these conditions, we observe α + σR = 0.55 < 1, σP < β, and
σS < ξ, fulfilling all stability criteria. Consequently, all state variables R, P , and S
in (5.6) decay to zero, confirming convergence to the null attractor O.

Conversely, any violation of these three inequalities destabilizes O, allowing the
system to evolve toward non-trivial fixed points where at least one strategic species
survives. These alternative equilibria represent scenarios where ecological balance is
partially or fully restored, emphasizing the delicate parametric thresholds governing
survival and extinction in our model.

5.2.2 The axial attractors, and the non-attractors

Within the complex evolutionary dynamics of our eco-strategic system (5.6), axial
attractors represent fundamental equilibrium states where only one of the three com-
peting strategies achieves long-term dominance, while the other two face inevitable
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Figure 5.1: Trajectories of different steady strategic attractors of the
strategic species: This figure portraits three dimensional phase diagrams of the
state variables R (rock), P (paper), and S (scissor) of our system (5.6) starting from
the same initial aggregate (0.3, 0.3, 0.3). There are eight stationary attractors of the
system, depicted in the eight consecutive subfigures. We obtain the presence of
the null attractor O(0, 0, 0) in subfigure (a), while subfigures (b), (c), and (d) show-
case the stable axial strategic attractors (I(A1), II(A2), and III(A3) respectively),
and the converged axes are being marked by brown, blue and light green colors
accordingly in these sub-diagrams. We denote the path trajectories for the axial
attractors by the dotted lines. In the subfigures (e), (f), and (g), we observe that
the paths produced by the state variables converge to the planar attractors (I(S1),
II(S2), and III(S3) respectively). We use dash-dotted lines to represent the trajecto-
ries of the variables for the planar attractors. The planes, in which the trajectories
of the species converge are marked by salmon pink, cyan and yellow backgrounds
respectively. Finally, we obtain a spirally stable spatial stable attractor (I), which
preserves the presence of three strategies simultaneously. We mark this path by
dashed line. The set of parameter values used to make these figures are described
in the main text sections accordingly.

extinction. These attractors are termed “axial” due to their geometric positioning
along the principal axes of our three-dimensional strategy space, reflecting the exclu-
sive survival of either rock, paper, or scissor strategists. Their stability is governed
by precise parametric conditions that determine which strategy prevails, offering a
mathematical lens to study winner-takes-all ecological scenarios.

• Axial attractor-I (A1(R̂, 0, 0)): This equilibrium state emerges when the rock-
strategic species dominates, driving both paper- and scissor-strategic populations to
extinction. Mathematically, it is characterized by the fixed point A1(R̂, 0, 0), where

the surviving rock-strategist population R̂ is explicitly given by R̂ =
σR + α− 1

σR
.

This expression reveals that the equilibrium abundance of rock strategists depends
critically on the interplay between the strategy-specific weight α and the decay rate
σR. To empirically validate this attractor, we simulate the system with parameters
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a = 0.11, b = 1.64, c = 0.55, σR = 0.52, σP = 0.72, σS = 0.60, α = 0.9, β = 0.24,
and ξ = 0.20. These values satisfy the stability condition σR + α > 1, leading
to convergence at R̂ = 0.8077, as depicted in Fig. 5.1 (b). This outcome mirrors
ecological systems where a single trait (e.g., aggression in rock strategists) becomes
unbeatable due to environmental or competitive asymmetries.

• Axial attractor-II (A2(0, P̂ , 0)): Here, the paper strategy prevails, outcompet-
ing rock and scissor strategists through superior adaptive pressure. The equilibrium

is quantified by A2(0, P̂ , 0), where P̂ =
σP − β

σP
reflects the fraction of paper strate-

gists at stability. The numerator σP − β highlights that survival requires the decay
rate σP to exceed the strategy-specific pressure β. For instance, with parameters
a = 0.30, b = 0.40, c = 0.15, σR = 0.35, σP = 0.40, σS = 0.28, α = 0.9, β = 0.24,
and ξ = 0.25, the system stabilizes at P̂ = 0.40 (Fig. 5.1 (c)). This scenario models
ecosystems where traits like resource efficiency (paper strategists) trump brute-force
competition.

• Axial attractor-III (A3(0, 0, Ŝ)): Dominance of scissor strategists defines this

equilibrium, with Ŝ =
σS − ξ

σS
representing their equilibrium population. The sta-

bility condition σS > ξ ensures that the decay rate σS outweighs the strategic cost
ξ. Using parameters a = 0.50, b = 0.03, c = 0.50, σR = 0.60, σP = 0.72, σS = 0.80,
α = 0.78, β = 0.24, and ξ = 0.25, we observe Ŝ = 0.6875 (Fig. 5.1 (d)). Such dy-
namics mimic systems where “specialist” traits (e.g., scissor-like precision) dominate
due to high environmental specificity.

The non-attractors

Besides the asymptotic stability of these three single-strategic attractors of the
system, we also observe a repulsive, kind of tug-of-war scenario, working cyclically
among these three axial attractors, where each strategy tries to sustain the inherited
species to let them evolutionary dominant over the other two. Eventually though,
each of the strategies fails to make its respective species sustain over time by the
overpowering domination of the preceding ability in a cyclic manner. As per the
theory of the regular RPS dilemma, we observe a certain chain of domination
among these three actions (Paper dominates rock, scissor dominates paper, and
rock dominates scissor), this phenomenon also reflects the same way of the repulsive
nature among these three axial attractors of the strategic species present in the
ecosystem.

To overview this repulsive dynamical phenomenon among these three axial
attractors, we carry out another experiment by fixing the parameter values at
a = 0.40, b = 0.25, c = 0.55, σR = 0.52, σP = 0.72, σS = 0.60, α = 0.9, β = 0.24,
and ξ = 0.20 (showing in Fig. 5.2), which yields our model (5.6) out as,

Ṙ = R(−0.52R− 0.92P − 0.27S + 0.42),

Ṗ = P (−0.32R− 0.72P − 1.27S + 0.48),

Ṡ = S(−0.85R− 0.05P − 0.60S + 0.40).

(5.7)

The above three-dimensional system (5.7) produces three axial fixed points:
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Figure 5.2: Repulsion between the three axial strategies: This diagram show-
cases an unstable dynamical portrait of the strategic species reduced from the sys-
tem (5.7). Subfigure (a) portrays the oscillatory time series measures of R (rock),P
(paper), and S (scissor), whereas subfigure (b) shows the three-dimensional phase di-
agram of the three kinds of species, showcasing sort of a tug of war kind of situation
(the violet dotted arrows indicate the dominating chain of the three axial equi-
librium points) among the three single-strategic unstable fixed points (0.8077, 0, 0)
(blue bubble), (0, 0.6667, 0) (red bubble), and (0, 0, 0.6667) (green bubble). These
two subfigures experiments have been made with 107 number of iterations, extract-
ing transient of initial 90 × 105 iterations. We in subfigure (c) mark the duration
periods of these three axial non-attractors, seeming to act like the solo-dominant
one, against the number of plateaus arises from the system deducing the initial
20,000 time iterations. Blue, red, and deep green lines are used to indicate rock,
paper, and scissor strategic traits’ increasing plateau times with respect to their
number till 107 time iterations.

(0.8077, 0, 0), (0, 0.6667, 0), and (0, 0, 0.6667). Analytical investigation reveals that
all three of these points are unstable saddle points. Their respective eigenvalues are
as follows: for (0.8077, 0, 0), the eigenvalues are −0.4200, 0.2215, and −0.2865; for
(0, 0.6667, 0), they are −0.4800, −0.1933, and 0.3667; and for (0, 0, 0.6667), the val-
ues are −0.4000, 0.2400, and −0.3667 (see Appendix 5.6.1 for detailed derivations).

Upon analyzing the time series behavior of system (5.7), we discover a remarkable
phenomenon: during specific intervals of time, one of the strategic species momen-
tarily dominates the ecosystem, effectively suppressing and eliminating the others.
This species temporarily behaves as though it has achieved ecological supremacy,
presenting itself as a stable axial attractor. However, over time, this apparent dom-
inance is disrupted as another strategic species outcompetes the former, replacing
its transient supremacy. This cyclical pattern of dominance is captured clearly in
the time series trajectory illustrated in Fig. 5.2(a).

In the three-dimensional phase space constructed using the time series of the
system (5.7), we observe a closed-loop trajectory representing the dynamic switching
of dominance among species. Rather than forming a conventional limit cycle, the
trajectory constructs a limit triangle, whose vertices correspond to the three axial
fixed points of the system: (0.8077, 0, 0) (blue solid dot), (0, 0.6667, 0) (red solid
dot), and (0, 0, 0.6667) (green solid dot) as shown in Fig. 5.2(b). Despite being fixed
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points, these vertices are not true attractors of the system (5.7) but serve instead
as transitional pseudo-stable states in the dynamical cycle.

From the ecological perspective, we interpret this dynamical behavior as a form
of rotating dominance among the ‘rock’, ‘paper’, and ‘scissor’ strategies. Notably,
the rock species reaches a maximum abundance of 0.8077, while both the paper
and scissor species peak at 0.6667, albeit over different temporal durations at their
respective dominance phases.

To assess the persistence and sustainability of these pseudo-attractors, we con-
duct a long-run numerical experiment involving 107 iterations with a step size of 0.01,
excluding the initial transients. The outcome of this test is presented in Fig. 5.2(c),
where the duration of strategic dominance is traced over time. The three colored
lines—blue for rock, red for paper, and green for scissor—show monotonic growth
patterns, indicating that each strategic species sustains its dominance phase for pro-
gressively longer intervals as time evolves. Despite the stochastic-like fluctuations,
this result underscores a subtle co-persistence mechanism, where no species is per-
manently excluded, and all maintain intermittent supremacy over sufficiently long
timescales.

5.2.3 The planar attractors

The planar attractors in general signify the steady strategic outcomes of the sys-
tem (5.6), those are propelled by particularly two strategies and their respective
species in the habitat simultaneously, acting as the surviving species in the race of
evolution. These dual strategic attractors locate on the coordinate planes of the
considered three dimensional strategy space, which lead them to name as the planar
attractor. Our system yields three planar attractors based on their convergence to
any of the three considered planes of the strategy space.
• Planar attractor-I (S1(R̂, P̂ , 0)): Planar attractor-I sets a stage for an ecologi-
cal scenario in which traits associated with evolutionary ‘rock’ (R) and ‘paper’(P )
strategies to dominate the entire environment, superseding the influence of the
‘scissor’(S) strategy and leading to the defeat of its follower species. This strategic
state is represented mathematically as S1(R̂, P̂ , 0), where R̂ and P̂ denote the nor-
malized frequency of species adopting the rock and paper strategies, respectively.

Here, R̂ =
β(a+ σR)− σP (a− α + 1)

a(a+ σR − σP )
and P̂ =

σR(a− β) + (a− σP )(α− 1)

a(a+ σR − σP )
are

the parametric shapes of the frequency of rock and paper strategic species surviving
in the dilemma accordingly. We execute an experiment taking parameter values
a = 2.5, b = 0.80, c = 0.45, σR = 1.37, σP = 0.52, σS = 0.80, α = 0.90, β = 0.80,
and ξ = 0.40, to reach out the stable planar attractor-I S1(0.2082, 0.2544, 0) (see
Fig. 5.1 (e)).
• Planar attractor-II (S2(0, P̂ , Ŝ)): This planar attractor ensures durability of
only those player species, whose action in evolution are ‘paper’ (P ) and ‘scissor’ (S)
respectively. We name this dual strategic attractor as planar attractor-II S2(0, P̂ , Ŝ),

where P̂ =
ξ(c+ σP )− σS(c+ β)

c(c+ σP − σS)
, and Ŝ =

β(σS − c)− σP (ξ − c)

c(c+ σP − σS)
determine the

frequency of these two strategic traits present in the habitat. For our experiment, we
use the set of parameter values, a = 0.60, b = 0.50, c = 0.56, σR = 0.49, σP = 0.75,
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σS = 0.25, α = 0.50, β = 0.19, and ξ = 0.26, which enhance planar attractor-II
S2(0, 0.2579, 0.2798) to become stable (Fig. 5.1 (f)), and the paper, and scissor
strategic species to remain evolutionary surviving species in the race of evolution.
• Planar attractor-III (S3(R̂, 0, Ŝ)): Like the two previously discussed planar
attractors, this dual strategic planar attractor-III represents an evolutionary stable
abode of the combined strategies ‘rock’ (R) and ‘scissor’ (S), winning over the action
of ‘paper’ (P ) in this dilemma. Symbolically, we denote the planar attractor-III as

S3(R̂, 0, Ŝ), where R̂ =
σS(b+ α− 1)− ξ(b− σR)

b(b+ σS − σR)
, and Ŝ =

(1− α)(b+ σS)

b(b+ σS − σR)
denote

the parametric shapes of the species having ‘rock’ and ‘scissor’ strategies respec-
tively surviving in this situation. We can visualize the consequent presence of these
two species from our model (5.6) by using parameter values a = 0.60, b = 0.12,
c = 0.25, σR = 0.35, σP = 0.45, σS = 0.80, α = 0.85, β = 0.70, and ξ = 0.25, which
leads the system to converge at planar attractor-III S3(0.4898, 0, 0.1243) (see Fig.
5.1 (g)).

Figure 5.3: Parametric routes, causing interchange of the strategic behav-
iors from axial to planar in the variation of the payoff amount parameters
a, b, and the free space reduced contribution towards the rock strategic
species σR: These figure diagram showcases the variations of three parameters,
a (subfigure (a)),b (subfigure (b)) and σR (subfigure (c)), which leads the system
transform their stable strategic features. Subfigure (a) represents the transforma-
tion from of the axial attractor-I (A1) into the planar attractor-I (S1), with respect to
the increment of the payoff parameter a. Subfigure (b) though indicates the change
of the axial attractor-III (A3) getting transformed into planar attractor-III(S3) with
the increasing frequency of the payoff value b. Lastly, subfigure (c) gives a view of
how the axial attractor-II (A2) gets transformed into planar attractor-I (S1), jointly
driven by strategies of ‘rock’ and ‘scissors’ as we increase the frequency of the free
space induced resource σR. We take 107 numbers of iterations with step size 0.01,
letting the initial 95 × 105 exclude from consideration. Brown colored background
indicates the strategic axial attractor-I (A1), blue colored region depicts the axial
attractor-II (A2), light green colored region indicates the axial attractor-III (A3),
salmon pink colored region identifies the planar attractor-I (S1), and cream colored
region is the planar attractor-III (S3).
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Change of system parameters interchanging the modes of sta-
bility of the strategic attractors from axial to planar

In this segment, we essentially examine the transition from a stable axial attractor
to a stable planar attractor of our system (5.6) by observing the variation of one of
the system parameters. For this, we carry out three experiments, of which firstly
we use variation in the payoff size a from 0.7 to 1, keeping the other parameters
fixed at, b = 1.50, c = 0.25, σR = 0.35, σP = 0.45, σS = 0.80, α = 0.85, β = 0.70,
and ξ = 0.25 (Fig. 5.3 (a)). Till a = 0.8875, we observe the player traits having the
evolutionary sense ‘rock’ (axial attractor-I A1(0.5714, 0, 0) denoted by brown colored
background in Fig. 5.3 (a)) to be taking the charge up for the entire game dilemma
keeping all the other strategies to be subjugated by it. Since a > 0.8875, the
strategic attractor takes different shape, as the sufficiently large amount a enhance
the paper strategic traits to sustain their kinds along with the decreasing quantity
of the rock traits, and making the axial attractor-I A1 getting transformed into

the planar attractor-I, with a-parametric shape S1

( 100a+ 71

40a(10a− 1)
,

80a− 71

40a(10a− 1)
, 0
)

(denoted by salmon pink region in Fig. 5.3 (a)). In the planar attractor-I S1, we
observe the frequency of the two present strategies to be in reversely varying with
each other. In the Fig. 5.3 (b), we observe another transition in the nature of the
attractors, as we keep increasing the second game payoff factor b keeping all other
parameters to be fixed at a = 1.5, c = 0.25, σR = 0.35, σP = 0.45, σS = 0.80,
α = 0.85, β = 0.70, and ξ = 0.25. With this set of parameter values, our model
(5.6) alleviates to,

Ṙ = R(−0.35R− 1.85P + (b− 0.35)S + 0.20),

Ṗ = R(1.05R− 0.45P − 0.70S − 0.25),

Ṡ = S(−(b+ 0.80)R− 0.55P − 0.80S + 0.55).

(5.8)

As per the Fig. 5.3 (b) portrays, we observe the solo dominance of the strategy
‘scissor’ (S) for the value of the payoff parameter b, being varied from 0 onwards.
With the consideration of our chosen parameter attributes, we get the stable axial

attractor-III taking the shape up as A3(0, 0, 0.6875) (
σS − ξ

σS
=

0.8− 0.25

0.8
= 0.6875)

and denoted by light green background in Fig. 5.3 (b)). For such axial strategic
attractor, we find the eigenvalues from the Jacobian matrix of the system 5.8 to be
−0.73125 (< 0), −0.55(< 0), and 0.6875b−0.040625. Now, according to Sotomayor’s
theorem (the entire theoretical work is done at 5.6.1), on the note of the occurrence
of Transcritical bifurcation causing the change in the nature of our model’s attrac-
tors, one eigenvalue must be equal to 0. Based on this theory, we observe this

occurrence to take place at b =
0.040625

0.6875
≈ 0.0591. At Fig. 5.3 (b), we find that the

transition between these two strategic attractors stages exactly at the same param-
eter value (b = 0.0591). Onwards, the axial attractor-III A3(0, 0, 0.6875) looses it’s

stability and the strategic planer attractor III (S3

( 220b− 13

20b(20b+ 9)
, 0,

13− 80b

20b(20b+ 9)

)
and marked by cream colored background in Fig. 5.3 (b)) takes the charge of being
the stable strategic attractor by assigning the rock and scissor strategic species to
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govern the habitat in reciprocal frequency to each other. In the game theoretic sense,
as the payoff value b increases, the chances of more survivability of the player kinds
consuming the rock strategy increase. In similar way-out, Fig. 5.3 (c) illustrates
identical transition scenario in the stability of the axial attractor-II. This transition
is instigated by the sole strategy of ‘paper’ (A2 (0, 0.40, 0), marked with blue back-
ground in Fig. 5.3 (c)) being threatened by the planar attractor, jointly dominated

by the strategies of ‘rock’ and ‘paper’ (S1

(4(30σR − 11)

5(30σR − 3)
,
6σR + 1

30σR − 3
, 0
)
, indicated by

a salmon pink background in Fig. 5.3 (c)). Clearly, σR is the free space induced
reproductive resource parameter, providing direct benefit to the species consuming
the ‘rock’ strategy. The other conditions those satisfy the conditions of Transcritical
bifurcation are discussed in the Appendix section (5.6.3).

5.2.4 The interior spatial strategic attractor and the in-
stances of Hopf bifurcations in it

The strategically most significant attractor, from both a biological and game
theoretical perspectives, is the stable scenario involving all three evolutionary
strategies: ‘rock’, ‘paper’, and ‘scissor’ - existing togetherly at a same time instance.
Derived from our system (5.6), this fixed point, termed to be the interior spatial
strategic attractor, represents a stable stationary state where all three species with
their corresponding strategies persist together in the evolutionary dilemma. This
evolutionary attractor situates within the strategy space reduced by the co-ordinate
axes, along which, the three evolutionary actions ‘rock’, ‘paper’, and ‘scissor’ are
being considered. We denote this spacial attractor as I(R̂, P̂ , Ŝ), where

R̂ =
ψ1(cψ4) + (a+ σR)ψ5 + (σR − b)ψ10

∆
,

P̂ =
σRψ2 + ψ1ψ6 − (b− σR)ψ7

∆
,

Ŝ =
σRψ3 + (a+ σR)ψ9 + ψ1ψ8

∆
,

with ψ1 = (σR + α − 1), ψ2 = ξ(c + σP ) − σS(c + β), ψ3 = σP (c − ξ) + β(σS − c),
ψ4 = c + σP − σS ψ5 = σS(c + β) − ξ(c + σP ), ψ6 = σS(a + c) + b(σP + c),
ψ7 = ξ(a − σP ) − σS(a + β) + b(β − σP ), ψ8 = a(c − σS) − σP (b + c),
ψ9 = b(σP − β) − σS(β − a) + ξ(σP − a), ψ10 = β(c − σS) − σP (c − ξ), and
∆ = a2σS + b2σP + c2σR) + ab(σP + σS) + bc(σR + σP ) + ca(σR + σS representing
the quantities of the strategic species in parametric shapes of the system, present
in the terrain.
A real ecological instance involving three cyclically dominant species is observed
in some of the aquatic ecosystems, particularly in phytoplankton dynamics. This
phenomenon is often referred to as the“phytoplankton rock-paper-scissors” game,
where three types of phytoplankton survive togetherly in a same habitat. We
moreover execute an experiment by setting the system parameters at values,
a = 0.90, b = 0.75 c = 0.25, σR = 1.1, σP = 2.05, σS = 2.52, α = 0.95,
β = 0.75, and ξ = 0.02, which emits the spirally steady interior stationary
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point I(0.5326, 0.2130, 0.1091) (portrayed in Fig. 5.1 (h)). Analytically, this
stable stationary attractor I(0.5326, 0.2130, 0.1091) proves out to be a spirally
stable strategic state, as this setup of parameter values emerges eigenvalues as,
λ1 = −1.2868, and λ2,3 = −0.0053± 0.273i.
This strategic configuration captures the transition in the steady coexistence of

Figure 5.4: Modulating the extinction rate of scissor species (ξ) induces
successive Hopf bifurcations in the spatial strategic attractor: This figure
illustrates two consecutive Hopf bifurcations triggered by varying the extinction
rate of the scissor species ξ ∈ (0, 1], along with analytical validations. Light grey
zones in subfigures (a), (d), (e), and (f) denote stable coexistence; uncolored areas
represent instability. subfigure (a) shows the bifurcation diagram with maximum
and minimum trait frequencies over ξ, revealing oscillatory onset between ξ = 0.315
and 0.565. Rock, paper, and scissor strategies are marked by blue solid, red dashed,
and green dash-dotted lines, respectively; dotted lines indicate unstable fixed points
of system (5.6). subfigure (b) displays oscillations at ξ = 0.45, and (c) shows the 3D
phase portrait with a closed trajectory and unstable fixed point (blue star). subfigure
(d) plots Re(λ2,3) (blue dashed) and zero-threshold (black) over ξ. subfigures (e)
and (f) depict the trace (black dotted) and real eigenvalue λ1 (pink) confirming
super- and sub-critical Hopf bifurcations, respectively.

these species to let them oscillate in a sequence of events, responsive to variations
in a specific system parameter. The oscillatory dynamics of these strategic species
aptly illustrate the dilemmatic circumstances of the game dilemma in a cyclic
manner, as illustrated in Fig. 5.4 (b). Notably, the oscillatory coexistence, caused
by super-critical Hopf bifurcation and countermand sub-critical Hopf bifurcation,
is uniquely observed in this coexisting representation of the strategic species.
We consider the set of parameters, a = 1.5, b = 1, c = 1.2, σR = 1.5, σP = 1.25,
σS = 1.7, α = 0.85, β = 0.25, and vary the ecological parameter ξ, the rate of
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extinction of the evolutionary species having the strategy scissor within the range
(0, 1] to observe the variation in the interior spatial attractor I(R̂, P̂ , Ŝ). We also
verify some of the analytical justification regarding these simultaneous events found
from this experiment.
With all other parameters to be fixed at the above values, and with a variable ξ,
our model reduces to the ξ-parametric shape as,

Ṙ = R(−1.5R− 3P − 0.5S + 1.35),

Ṗ = P (0.25R− 1.25P − 2.45S + 1),

Ṡ = S(−2.7R− 0.5P − 1.7S + (1.7− ξ)).

(5.9)

In order to vary the ecological extinction rate ξ, first we obtain
our interior spatial attractor to be acquiring the parametric shape of
Iξ(0.3763 − 0.3246ξ, 0.2048 + 0.1834ξ, 0.3421 − 0.1267ξ). The frequency of
this strategic attractor gradually varies, as the parameter value ξ changes from 0
onwards. In the chain of RPS, rock-strategy grabs a clear win over the strategy
scissor. Eventually, as the decaying rate starts increasing for the scissor species,
interesting consequences of falling for both the strategies rock and scissor are
observed (blue colored solid line, and green dash-dotted line in Fig. 5.4 (a)).
Moreover, the decaying calamity of the rock species is found to be more redundant
than that of the scissor kinds, even we observe the monotonically increasing
decaying flow of the scissor traits only (green dash-dotted lines in the Fig. 5.4
(a)). This slower decaying cascade of the scissor strategy also seems worthwhile
due to the even-handedly high contribution of the free space to this particular
trait (σS = 1.7 > σR). Nevertheless, a complementary effect is seen for the paper
strategic species because of the weakness of paper move against the ability of scissor.
That works out well to the increasing flow of the paper strategic species (red dashed
line in Fig. 5.4 (a)) in our dynamical framework. However, the analogy of the
stable co-existence breaks at the value of ξ to reach at 0.315, where the first Hopf
bifurcation (super-critical) occurs. After this critical value of ξ, the appearance of
oscillatory presence is found among the player populations. After the super-critical
Hopf bifurcation transpires, the stable mannered co-existence of the strategic
species breaks into unstable oscillations, exhibiting cyclical dominating frequencies
of the three species present in the habitat. The cycle formed by the oscillatory
frequencies of the species remains well-justified to the analogy of strategies of the
proposed game dilemma (see the oscillatory dynamics for ξ = 0.45 Fig. 5.4 (b)).
With further increment of the extinction rate ξ, a sub-critical Hopf bifurcation
is seen to occur at ξ = 0.565. Remarkably, surpassing the sub-critical Hopf
bifurcation, we note a significant increase in the frequency of paper strategic traits,
surpassing that of all others. Analytically, intriguing changes in the eigenvalues
of the system become apparent at the critical values of the parameter ξ, resulting
in consecutive Hopf bifurcations in our system. Specifically, upon reaching to the
super-critical Hopf bifurcation at ξ(= 0.315), our system (5.6) manifests eigenvalues
as follows: λ1 = −1.253, precisely the same to the trace of the Jacobian matrix
(see section 5.6.1) derived from system (5.6), and calculated concerning the interior
spatial fixed point formed at ξ = 0.315, and all other fixed values of parameters.
Notably, the other two eigenvalues exclusively possess purely imaginary attributes,
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namely λ2,3 = ±0.5997i (equal to ±κ2 of (5.12) in section 5.6.1). However, the
mathematical verification to this phenomenon are given through the Figs. 5.4
(d), (e), and (f). In the portions exhibiting steady coexistence of the strategic
species (marked by light grey backgrounds in Figs. 5.4(a), (d), (e), and (f)), the
complex conjugated eigenvalues attain a negative real part, and the real eigenvalue
ensures of having a higher magnitude than that of trace of the Jacobian matrix of
the system (real eigenvalues of the system are plotted with pink lines, and traces
are marked with black dots in Figs. 5.4 (e), and (f)). Onwards with the occurrence
of the super-critical Hopf bifurcation, we observe riveting changes. The real part of
the complex conjugate eigenvalues turns out to be positive (real part of the complex
conjugated eigenvalues is plotted with blue dashed curve in Figs. 5.4 (d)), while the
value of trace exceeds the the value of the real eigenvalue of the system (see Fig. 5.4
(e), (f)). This phenomenon breaks its order when the sub-critical Hopf bifurcation
appears at ξ = 0.565 and the oscillations turn into steady co-existence of the
strategic species. Afterwards, the real parts of the complex conjugate eigenvalues
turn down to be negative, whereas the real eigenvalues start exceeding over to the
value of trace.
For an overview to see the unstable abundance of species, we consider the same set
of parameter values as we considered in (5.9), but here we fix ξ at 0.45. With such
consideration, our model reduces to,

Ṙ = R(−1.5R− 3P − 0.5S + 1.35),

Ṗ = P (0.25R− 1.25P − 2.45S + 1),

Ṡ = S(−2.7R− 0.5P − 1.7S + 1.25).

(5.10)

System (5.10) yields an unstable interior fixed point as, I(0.2303, 0.2874, 0.2851).
Thus, due to emerging unstable features, our eco-evolutionary system (5.10) unveils
oscillatory dynamics in such a manner that each of the three moves, viz., ‘rock’,
‘paper’, and ‘scissor’ is able to overpower the succeeding move, and also faces
vanquish to the previous action. One real ecological instance that corresponds
to the likely oscillatory cyclic behavior among three species is the prey-predator
interaction involving hare, lynx, and their shared vegetation resources. This
ecological dynamic is observed in the world’s northernmost forest, the Boreal
forests of North America. Nevertheless, we delineate the time series of our system’s
oscillatory dynamics, and three-dimensional phase plane portrait of the three
strategies respectively in Figs. 5.4 (b), and (c). The oscillatory time series (Fig. 5.4
(b)) of the three corresponding strategic species exhibits a cyclic chain in frequencies
preserving the game dilemmatic, and the ecological manners of food and energy in a
well-justified way. Blue, red, and green colored lines (solid, dashed, and dash-dotted
ways respectively) in the time series diagram represent the ‘rock’, ‘paper’, and
‘scissor’ strategic species respectively. A cyclic chain among the abilities of ‘rock’,
‘paper’, and ‘scissor’ is preserved, which resembles enough with the oscillatory
cyclic behavior in this ecological scenario demonstrating a dynamic interplay among
lynx, hares, and vegetation. In our case of depicting a three dimensional phase
portrait, a stable limit cycle is found (Fig. 5.4 (c)), performing a closed trajectory
surrounding the three dimensional space. The interior unstable equilibrium point
I(0.2303, 0.2874, 0.2851) reduced from this system is also marked by a shape as a
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star in Fig. 5.4 (c). To view in corresponding analytical overview, the occurrence
of Hopf bifurcation in the interior fixed strategic point with respect to varying a
single parameter induced to the system follows the outline of the theory.
• Let our three-dimensional eco-evolutionary dynamical system reduce Iξ(R̂, P̂ , Ŝ)
as an interior equilibrium point reduced in terms of one of the variable parameters
ξ induced to the system (5.6), and J(ξ) is the Jacobian matrix of the system,
corresponding to the equilibrium point Iξ(R̂, P̂ , Ŝ). At ξ = ξc, the critical instance
of ξ, where the occurrence of Hopf bifurcation is seen in the system, the trace and
the three eigenvalues of the Jacobian matrix (J(ξc)) at the critical instance of ξ
yield following behaviors:
(i) The real eigenvalue reduced from the system at ξc manifests as,
λ1(ξc) = Trace(J(ξc)) < 0, and
(ii) The complex-conjugated eigenvalues follow: λ2,3(ξc) =

±i
√
A11(ξc) + A22(ξc) + A33(ξc),

where A11(ξc) = a22(ξc)a33(ξc) − a23(ξc)a32(ξc), A22(ξc) = a11(ξc)a33(ξc) −
a13(ξc)a31(ξc), A33(ξc) = a11(ξc)a22(ξc) − a12(ξc)a21(ξc), representing the co-factors
of the diagonal elements of the Jacobian matrix J(ξc). Moreover, the determinant
of J(ξc) can be found as, det(J(ξc)) = Trace(J(ξc))(A11(ξc)+A22(ξc)+A33(ξc)) < 0
(for further calculation check section 5.6.1).

5.3 Single parameter bifurcation ripple: Evolu-

tionary dynamics of strategic species

In this section, we vary four of the system parameters β, α, σR, and c (shown in
Figs. 5.5 (a), (b), (c), and (d) respectively) with all other parameters’ values fixed.
In our mathematical framework, β is considered to be the rate of extinction of the
paper kinds in the cyclic chain of the strategic species. In the observation that
varies this rate from 0 percent to 100 percent (thus from 0 to 1), the considera-
tion of very low frequency of β, with fixed parameter values, a = 1, b = 0.5, c =
0.25, σR = 0.35, σP = 0.95, σS = 0.8, α = 0.85, and ξ = 0.25, the situation yields a
reciprocated coexistence of the species having strategies ‘paper’ and ‘scissor’ simul-
taneously (planar attractor II is marked by cyan background in Fig. 5.5 (a)) in the
environment. This dual strategic evolutionary rhythm sustains until the value of
β reaches up to 0.09. Afterwards, the evolutionary dynamics unfold as the extinct
rock species resurges alongside the other two strategic species. The rise of the rock
species triggers a growing decline in the scissor species, dropping from 0.5434. Sub-
sequently, the paper species, though challenged by the scissor’s defeat, experiences a
slower rate of decay. Stability in the interior spatial attractor I is maintained (light
grey background in Fig. 5.5 (a)) until the first (super-critical) Hopf bifurcation at
β = 0.38. Coexistence stability gives way to oscillations, leading to cyclic domi-
nance among the traits (uncolored/white background in Fig. 5.5 (a)). Following a
sub-critical Hopf bifurcation at β = 0.59, stable coexistence of the strategic species
resumes. The rock species surpasses the frequencies of paper and scissor, and after
β = 0.93, the scissor species succumb to the high frequency of their opponent, rock.
Subsequently, only rock and paper species persist in the ecological environment up
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Figure 5.5: Single parameter bifurcation diagrams: These diagrams show how
various dynamical features change with variations in the annihilation rate of paper
traits (β), the reversed extinction frequency of rock species (α), the evolutionary
contribution of free space to rock species (σR), and the game payoff amount (c). Blue
solid, red dashed, and green dash-dotted lines represent the maximum and minimum
frequencies of rock, paper, and scissor strategies, respectively. Background colors
(explained in the main text) indicate different stable attractors, while uncolored
areas denote unstable regions. Simulations are run for 107 iterations, with the first
95× 105 treated as transient and excluded from analysis.

to β = 0.97 (planar attractor I identified by salmon pink background in Fig. 5.5
(a)). Beyond this point, the extinction rate of paper traits rises, leading to their ex-
tinction like the previously extincted scissor traits. From β = 0.97 to 1, we observe
the asymptotic stability of axial attractor-I, where only the rock species remains,
sustaining at a constant level (0.5714) in the environment (brown background in
Fig. 5.5 (a)).
In following experiment (5.5 (b)), we vary the parameter α, representing the re-
versed rate of death for the rock species in the competitive environment. With a
very low frequency of α (up to α = 0.54), the rock species faces high extinction
rates, leading to their absence in the ecological system. Since the paper strategy
prevails over rock, there is no presence of paper kinds in this infertile region for
the rock. Consequently, the frequency of the scissor species dominates the entire
game, and the asymptotic stability of axial attractor-III is observed (light green
background in Fig. 5.5 (b)). Upon crossing α = 0.54, the extinction rate decreases,
allowing the rock species to coexist with the scissor kinds. Rock starts dominating
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over scissor, resulting in a stable planar attractor-III (cream background in Fig. 5.5
(b)) with reciprocated frequency changes between rock and scissor. Subsequently, as
the rock species increases, the paper strategy gains an opportunity to survive along
with rock and scissor species. After α = 0.72, the planar attractor-III transitions
to an interior spatial attractor (light grey background in Fig. 5.5 (b)). Notably,
the rock species frequency increases slowly, while reciprocal behaviors between pa-
per and scissor frequencies are observed. Consecutive Hopf bifurcations occur at
α = 0.89 and α = 0.93, breaking the stability of the spatial attractor and introduc-
ing oscillations (uncolored region in Fig. 5.5 (b)). During this unstable period, no
cyclic dominance is evident, as the amplitudes of rock remain extremely high com-
pared to others. No other strategy prevails over the dominance of the rock strategy
in this parameter range. The remaining fixed parameters for this experiment are
a = 1, b = 0.5, c = 0.25, σR = 0.35, σP = 0.95, σS = 0.8, β = 0.70, and ξ = 0.25.
In the variation of the free space-produced replicative welfare parameter σR within
the range of 0 to 1, consecutive evolutionary stable axial and planar attractors
emerge. The constant values for other parameters are set at a = 1, b = 0.5, c =
0.25, σP = 0.45, σS = 0.3, α = 0.85, β = 0.70, and ξ = 0.25. For small fractional
values of σR (up to 0.07), the low sustainability of rock’s action leads to the dom-
inance of the scissor species, making axial attractor-III evolutionary stable (light
green background in Fig. 5.5 (c)). Beyond 0.07, the rock species gains enough
benefit to coexist with scissor, stabilizing planar attractor-III (cream background
in Fig. 5.5 (c)) with oscillating frequencies between rock and scissor. As σR grows
to 0.17, the presence of the rock species alone dominates, making axial attractor-I
stable (brown background in Fig. 5.5 (c)) until σR = 0.27. In this stable region, the
rock species frequency significantly increases with the gradual increment of σR up to
0.27. However, stability is lost as paper species, prevailing over rock, starts to grow,
reducing the rock species’ rate of growth. For the range where planar attractor-I
is stable (salmon pink background in Fig. 5.5 (c)), both rock and paper species’
frequencies gradually increase. The growth in rock’s frequency is evident due to an
increased intake from the ecological free space, while paper species also strengthen
themselves by winning over rock’s ability.
In the variation of the payoff amount c, derived from the interaction between species
with paper and scissor strategies, a fascinating sequence of strategic attractors
emerges. The fixed parameters are kept at a = 2.3, b = 1.5, σR = 1.5, σP =
1.25, σS = 1.7, α = 0.85, β = 0.25, and ξ = 0.30, while c is varied from 0 to 1.
For small values of c, the paper species dominates, with a high frequency (0.8) in a
stable axial attractor-II (blue background in Fig. 5.5 (d)). The substantial payoff
amount (a = 2.3) for defeating rock contributes to the stability of this attractor up
to c = 0.20. Beyond this, as c increases, the scissor species’ frequency grows recipro-
cally with a decay in paper species. This fast growth in scissor species is due to the
higher free space-induced benefit for the scissor strategy. A reciprocated trend forms
a stable planar attractor-II (cyan background in Fig. 5.5 (d)). The scenario shifts
at c = 0.29, where paper and scissor frequencies become almost equal. Beyond this
point, rock species start to expand along with the other two strategies. The interior
spatial attractor becomes stable (light grey background in Fig. 5.5 (d)). As rock
expands, scissor frequencies begin to decay, and due to the dominating nature of
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rock over scissor, the decay of scissor slows down. Paper species also start to decline,
but the slower decay of scissor leads to a more gradual decay in paper, resulting in
a slower decay compared to the previous planar attractor.

5.4 Variations of different strategic extant in two

dimensional parameter spans of the system

We execute a few more appraisals with the aim to understand the distribution
of the several strategic attractors, and the unstable features of our proposed eco-
evolutionary system of strategic species. For this experiment, we take parameter
values, a = 1, b = 0.5, c = 0.25, σR = 0.35, σP = 0.45, σS = 0.80, α = 0.85, β = 0.70,
and ξ = 0.25. Holding all but two parameters fixed at these reference values, we
systematically vary the remaining pair to observe how the resulting shifts reshape
both the locations of strategic attractors and the qualitative nature of the dynamics.

The outcomes are summarized in Fig. 5.6, which is organized into six sub-panels,
(a) through (f). Each panel isolates a different category of parameter varia-
tion—payoff magnitudes, ecological thresholds, or extinction pressure—and visual-
izes the consequent changes in species composition and attractor stability. Together,
these six portraits offer a comparative lens on how specific parameter pairings mod-
ulate the phase landscape: they reveal where new coexistence equilibria emerge,
where single-species dominance reappears, and where regions of transient or oscil-
latory behaviour expand or contract. In this way, Fig. 5.6 provides a concise yet
comprehensive map of the strategic regimes accessible to the model under the chosen
parameter framework.

The proposed distributions of parameters in the “rock-paper-scissors (RPS)”
dilemma hold biological and evolutionary significance, providing grounds for the
stability of strategic attractors from both analytical and game theoretic perspec-
tives. The simultaneous distribution of payoff measures a and b reveals stability
patterns in various spans of the payoff values. For sufficiently low values of payoff b
(up to 0.05), the environment favors the scissor species, resulting in the stable axial
attractor-III (light olive green region in Fig. 5.6 (a)). As b increases, the sustain-
ability of rock species alongside scissor is ensured, leading to the stability of planar
attractor-III (cream-colored region in Fig. 5.6 (a)). This coexistence gradually di-
minishes as a increases from 0.90. A notable increment in b (from 0.16 onwards)
transforms the coexistence into the sole survival of rock species (axial attractor-I
in maroon-colored region in Fig. 5.6 (a)) until a reaches 0.88. This stable environ-
ment breaks down as a exceeds 0.88. With higher values of a, paper traits start to
survive alongside rock, leading to the presence of planar attractor-I (salmon pink
region in Fig. 5.6 (a)) beside axial attractor-I. A significant portion indicates the
simultaneous survival of all three strategic species (grey region in Fig. 5.6 (a)). The
evolutionary stability of the interior spatial attractor follows an increasing sequence
of b with the increment of a. For example, at a = 0.9, coexistence starts with
b = 0.16, and at a = 0.95, the attractor stabilizes at b = 0.25. Analytical borders of
the stable attractors are denoted by black lines in each subfigure of Figure 5.6.
The distributions of the strategic attractors varying the payoffs b and c remain a
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Figure 5.6: Distributions of various evolutionary behaviors of the strate-
gic species while two system parameters vary simultaneously: These
parameter-space diagrams (subfigures (a)–(f)) chart the strategic attractors of the
model as two parameters change. Red in (e) marks the null attractor (0, 0, 0). Ma-
roon, deep blue, and olive green zones denote axial attractors I, II, and III—(R̂, 0, 0),
(0, P̂ , r), and (0, 0, Ŝ)—respectively. Salmon pink, cyan, and peach indicate planar
attractors I, II, and III—(R̂, P̂ , 0), (0, P̂ , Ŝ), and (R̂, 0, Ŝ). Grey regions show the
interior mixed attractor (R̂, P̂ , Ŝ). Uncoloured areas in (d) and (f) are unstable,
exhibiting oscillatory dynamics. Parameters: a = 1, b = 0.5, c = 0.25, σR = 0.35,
σP = 0.45, σS = 0.8, α = 0.85, β = 0.70, ξ = 0.25. Simulations run for 107 itera-
tions, discarding the first 9.5×106 as transient. Black borders mark analytical state
boundaries. Initial fractions are (0.3, 0.3, 0.3).

bit simpler than the previous one. We observe simultaneous changes in the attrac-
tors while increasing the payoff value b, though c does not show much variations
of dynamical schemes in order to increase them. Sufficiently tiny values of b, up
to 0.05, showcases the exact same ambience where only the scissor strategic species
remain existing in the race of evolution (olive green region in Fig. 5.6 (b)). That
turns out to an obvious manner to the existence of the rock species along with the
scissor kinds, making the planar attractor-III stable in the evolution (cream region
in Fig. 5.6 (b)). Afterwards sufficient increment of b plays as an optimal way to
sustain the paper kinds too, getting benefited by winning over rock along with the
other two strategies, and making the interior spatial attractor to become stable for
a fair portion (grey colored background) in the spans of these two parameters. After
sufficiently enlarging the payoff value b, rock strategic species get quite a large payoff
as evolutionary benefit, which let it’s the vulnerable species scissor to get extinct,
and eventually after a note, only two strategies, rock and paper (planar attractor-I,
indicated by salmon pink region in Fig. 5.6 (b)) remain to sustain in the environ-
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ment side by side steadily.
In the simultaneous fluctuation of two parameters, the payoff parameter a and the
free space-contributed evolutionary parameter σR, various stable and unstable sce-
narios unfold (Figs. 5.6 (c) to (e)). The variation of a concerning σR shows the
asymptotic stability of different strategic scenarios based on the parameters’ signif-
icance to the system. With a small contribution of free space to the rock species,
inferior species can survive alongside rocks (planar attractor-III in cream region in
Fig. 5.6 (c)) up to σR = 0.25. This stability threshold reduces as a increases from
1.07. As a positively affects paper species, all three strategies get a fair chance to
manifest their potential through their respective species (interior spatial strategic
attractor I in light grey region in Fig. 5.6 (c)). With higher values of σR, the
existence of scissor species becomes compromised, leading the planar attractor to
converge to axial attractor-I (maroon region in Fig. 5.6 (c)), where only rock species
sustain for an extended parameter space. As a increases, allowing paper to survive
with rock, axial attractor-I transforms into planar attractor-I (salmon pink region
in Fig. 5.6 (c)), where rock and paper coexist. With even higher frequencies of a,
the paper species become dominant, providing benefits to the scissor kinds alongside
the surviving rock and paper strategic species.
Diverse steady dynamical distributions of strategic attractors, along with a segment
where the asymptotic stability of attractors fails, emerge in the parameter span of
b and σP . For initial values of b up to 0.05, a narrow region (axial attractor-III in
olive green region in Fig. 5.6 (d)) appears where only scissor strategic species sur-
vive. This is due to high mortality rate induced on paper strategic traits, restricting
rock species from coexisting with scissor. As b increases, the survivability of traits
with rock ability grows, leading to coexistence with scissor kinds (cream region in
Fig. 5.6 (d) indicates planar attractor-III). This stable portion diminishes with the
increasing value of σP . With a further increment in payoff b, planar attractor-III
diminishes the frequency of scissor species, allowing only rock to dominate the game
entirely (axial attractor-I in maroon color in Fig. 5.6 (d)) until σP reaches 0.29.
Beyond that, σP produces sufficient benefit to the paper strategy, leading to coex-
istence with rock in the environment (planar attractor-I in salmon pink region in
Fig. 5.6 (d)). Further increase in σP allows paper traits to sustain and contribute to
the coexistence of the species with scissor strategy in the interior spatial strategic
attractor (grey region in Fig. 5.6 (d)) for a large parameter space. This coexistence
breaks as Hopf bifurcation occurs with an increase in σP , leading to cyclically domi-
nating species (uncolored region in Fig. 5.6 (d)). The unstable situation transitions
back into coexisting stability with the reverse Hopf bifurcation at higher values of
σP . Another intriguing feature occurs at the end of planar attractor-III, where, for a
small span, with sufficiently low values of b, both scissor and paper strategic species
survive together, forming planar attractor-II (cyan region in Fig. 5.6 (d)).
The variation the parameter σS with respect to the reversed extinction rate parame-
ter of rock strategic species α, capitulate such a situation, where no strategic species
gets a chance to survive in the environment. This situation depicts the existence
and stability of the null attractor (orange region in Fig. 5.6 (e)), up to α to become
0.64 (1 − σR = 0.65), and σS to reach up to 0.24 (< ξ = 0.25). On growing both
the reserved mortality rate parameter α from 0.64 onwards, the rate of extinction
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of the rock species reduces enough, and endorses a fair portion where only the rock
strategic species are able to sustain in the environment (axial attractor-I identified
by maroon region in Fig. 5.6 (e)). The size of the stable portion of this strategic
scene enlarges with growing α in very obvious manner, and on reaching up to the
value 0.80, the growing quantity of rock species ensures the existence of the domi-
nating strategy for rock, viz., the paper to sustain and survive it’s kind species side
by side with the rock strategic species till the extinction rate of rock becomes 0.
Meanwhile, the growing attribute of the free space produced benefit to the scissor
kinds σS results the axial attractor-III (marked by olive green region in Fig. 5.6
(e)) to become stable on up to a certain increment of α, making the scissor strategic
species to sustain over the others in the environment. On increasing the fractional
quantity of α from the axial attractor-III, the decaying mortality rate provides the
rock species to survive along with the scissor strategic species ensuring the existence
of a fair portion containing the planar attractor-III (cream colored region in Fig.
5.6 (e)) up on the stable axial attractor-III. On further growth of α, the survival
instinct of the paper strategic species also enlarges alongside the two evolutionary
traits, rock and scissor, resulting a steady portion for the interior spatial attractor
(marked by light grey portion in Fig. 5.6 (e)) to appear in the parameter space.
In the final experiment, we explore the two-dimensional parameter space by varying
σP and σS simultaneously, which dictate the replicatory benefit provided to paper
and scissor strategic species, respectively, from the ecological free space. Starting
from 0 to σP = 0.29 and σS = 1.25, a region emerges where only the influence of
the rock strategy is observed (axial attractor-I denoted by maroon region in Fig.
5.6 (f)). However, increasing σS reduces the sole dominance of the rock strategy,
leading to a combined effect of rock and scissor strategies, represented by planar
attractor-III (cream colored region in Fig. 5.6 (f)). As σP increases beyond 0.29,
providing paper strategic traits fair evolutionary opportunities, a region emerges
where both rock and paper species dominate, forming planar attractor-I (salmon
pink region in Fig. 5.6 (f)). This stable region gradually diminishes with increasing
σP relative to σS, transitioning planar attractor-I into the interior spatial attrac-
tor (grey region in Fig. 5.6 (f)), where all three strategies coexist. However, for
σS ≤ 0.24 and σP ≥ 0.83, only paper strategic species exist in the environment
due to high evolutionary benefit, forming stable axial attractor-II (blue region in
Fig. 5.6 (f)). With an increase in σS, scissor species begin to survive alongside
paper strategic species (cyan region indicates planar attractor-II in Fig. 5.6 (f)),
expanding as σP increases. With further enhancement of scissor species, rock species
also thrive, leading to the simultaneous existence of all three species. The interior
spatial attractor occupies the maximum portion of this parameter space, exhibiting
stability failures in some regions, resulting in oscillatory behaviors (uncolored/white
portion in Fig. 5.6 (f)).
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5.5 Sensitivity analysis of parameters in the sys-

tem

Sensitivity analysis is a vital tool across disciplines, quantifying uncertainties in
model predictions due to factors like measurement errors and incomplete under-
standing. While input uncertainties are quantifiable, output uncertainties can be
challenging due to model complexities. In such cases, sensitivity analysis estimates
uncertainties and confidence intervals for model outputs, finding applications in di-
verse studies and aiding model development. Methodologically, it is classified into
local (efficient but limited to linear aspects) and global methods (suitable for non-
linear, multi-parameter models). The Sobol method, a global approach, systemat-
ically ranks parameters, optimizing computational resources by focusing on crucial
ones and using variance decomposition for non-linear effect assessment.

In preceding sections, we delved into the diverse dynamical regimes of the eco-
evolutionary model, pinpointing parameters leading to qualitative changes and un-
raveling their underlying mechanisms. This analysis offered intricate insights into
local changes as parameters underwent gradual variations within specific ranges.
This section shifts focus to probing global properties by addressing specific ques-
tions: (a) Can we characterize overall dynamics within high-dimensional subsections
of the parameter space? (b) How does the effectiveness of each strategy respond to
slight changes in the payoff matrix? (c) To what extent do uncertainties in certain
pay-offs manifest in the model’s output? To address these inquiries, we under-
take a comprehensive sensitivity analysis, centering on computing Sobol indices, as
originally conceptualized by I. M. Sobol [234]. The subsequent subsection outlines
the method and software for calculating Sobol indices, followed by presenting the
analysis results, with a keen focus on the aforementioned questions.

5.5.1 Computation of Sobol Indices

Let us consider a function, y = {y1, y2, . . . , yn} = f(x; p) : Rn → Rn, with an n-
dimensional state variable x = {x1, x2, . . . , xn} and an m-dimensional parameter
vector p = {p1, p2, . . . , pm}.

The variability of each scalar component yi ∈ y depends on the influence of each
parameter pj ∈ p. The sensitivity of yi with respect to pj is given by the first-order
Sobol index,

Si,j =
Vi,j
Vi

=
V (E (yi|pj))

V (yi)
. (5.11)

Here, Vi,j = V (E (yi|pj)) is the variance in the expected value of yi when the pa-
rameter pj is fixed and Vi = V (yi) is the variance in the value of yi without any
restrictions.

For the purposes of this chapter, y is the 3-dimensional solution vector
of Eq. (5.6) and the parameter-space is given by the parameter vector p =
{a, b, c, σR, σP , σS, α, β, ξ}. While the Sobol indices may be computed with respect
to any subset the parameters, we choose to compute them with respect to the game
parameters a, b, and c. This specific choice enables us to gain valuable qualitative
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insights through sensitivity analysis, while also keeping the paper concise. Since the
function y cannot be expressed in an analytically closed form, the computation of
these indices requires the estimation of output variable variances. To address this,
we employed stochastic collocation method [235] which involves discrete univari-
ate point sampling within the parameter space, model evaluation at these points,
and subsequent multivariate interpolant construction for approximating yi in Eq.
(5.11). The computational demands of the FACS simulations were met by leverag-
ing ARCHER2’s high-performance capabilities, spread across 5,860 nodes with an
estimated peak performance of 28 Pflops per second. The efficient distribution of
simulations across these nodes was facilitated using QCG-PilotJob. The sensitivity
analysis, inclusive of Sobol index computation, is conducted using EasyVVUQ soft-
ware. To streamline the integration and utilization of these diverse tools and HPC
resources, FabSim3 is employed as a unifying interface.

Using the setup described above, we compute the Sobol index over time to find
out the sensitivity of the parameters of the system. Keeping the values of the other
parameters fixed, we computed the conditional and non-conditional variances of the
output variables R, P , and S while varying the values of a, b, and c. This is done by
repeatedly simulating the system for a time interval of 1000 units after transience
and computing the variances as a function of time. Computing the ratios of these
variances according to Eq. (5.11) gives us first-order Sobol indices for each point in
time. Additionally, we analyze the temporal mean Sobol index and its variance for a
range of ξ values, to understand how changes in ξ influence the system’s sensitivity.

5.5.2 Analysing and interpreting the Sobol indices

Figures 5.7 illustrate both the temporal evolution of strategic species (2nd, 3rd, and
4th columns of each row) over 1000 time instances and the corresponding temporal
averages of the Sobol sensitivity indices (1st column of each row). These indices are
associated with the primary payoff parameters a, b, and c, which are visually dis-
tinguished using pink, orange, and purple color schemes, respectively. Throughout
this experiment, all other system parameters are kept fixed at σ1 = 1.5, σ2 = 1.25,
σ3 = 1.7, α = 0.85, and β = 0.25, in alignment with the conditions considered
during the Hopf bifurcation investigation described in section 5.2.4. The three rows
of Fig. 5.7 represent the behavior of each strategic species—rock (R), paper (P ),
and scissor (S)—as the extinction rate of the scissor species ξ is varied from 0 to 1
in increments of 0.1.

In the first row (A) of Fig. 5.7, corresponding to the rock (R) strategy, it becomes
apparent that the influence of payoff parameter c (marked in purple) remains con-
sistently dominant across the entire explored range of ξ. This persistent dominance
is highlighted by the pronounced values of the Sobol index corresponding to c in
each of the sub-diagrams. Furthermore, the second through fourth columns in row
(A) reveal the dynamic trajectories of the R species for selected values of ξ (specif-
ically ξ = 0.1, 0.4, and 0.8). Notably, for ξ = 0.1 and ξ = 0.8, the Sobol indices
for all three payoffs (a, b, and c) exhibit non-oscillatory trends, which aligns with
the observation that the dynamical system does not manifest oscillatory behavior in
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Figure 5.7: Sensitivity analysis to the payoff parameters a, b, and c of the
RPS game dilemma for three strategies: rock, paper, and scissor (R,P ,
and S presented in consecutive rows, namely (A), (B), and (C): There are 3
rows with 4 diagrams in each row depicting the natures of temporal average of the
Sobol indices in order to vary the elimination rate of the scissor strategic species (ξ)
from 0 to 1 taking 0.1 step length (1st column of each row) and the time series plots
over 1000 times of those indices for particularly three values of ξ = 0.1, ξ = 0.4
and ξ = 0.8 in the 2nd, 3rd and 4th columns, respectively. The lightly shaded areas
represent the range derived from the maximum and minimum variance values of
Sobol indices computed over a significant number of iterations.

the strategic traits for these values of ξ, despite variations in the payoff parameters.
This suggests a strong stabilizing influence of the ecological context at low and high
ξ values.

In contrast, row (B) of Fig. 5.7, representing the paper (P ) strategy, exhibits
a notable shift in parameter influence as ξ increases. Up to the threshold value
ξ = 0.4, the payoff parameter b (orange) dominates the dynamics, indicating its pri-
mary role in shaping the success of the paper strategy. However, beyond this thresh-
old—particularly as the mortality of the scissor species escalates—payoff parameter
c emerges as the dominant contributor to variability in P ’s dynamics. This shift
indicates an ecological feedback mechanism, where the weakening of one competing
species (scissor) alters the relative influence of interactions on another (paper).

The third row (C) of Fig. 5.7 focuses on the scissor (S) strategy. Here, payoff
parameter a (pink) consistently exhibits the most significant impact across the entire
spectrum of ξ. This suggests that the dynamics of the scissor species are strongly and
persistently governed by the payoff arising from interactions with the rock strategy.
The remaining payoff parameters (b and c) exert considerably lower influence on
the behavior of S, a fact that holds true across the full ξ range. These findings
underscore a degree of asymmetry in the ecological interactions, where one specific
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payoff channel remains predominantly responsible for governing the species’ fate.
To ensure robustness of these conclusions, confidence intervals for the Sobol

indices are derived for each case, calculated as the range between maximum and
minimum variance values across repeated iterations. These intervals are visualized
in each subfigure of Fig. 5.7, adding a layer of statistical reliability to our sensitivity
analysis.

Within the broader context of Hopf bifurcation analysis, our system reveals the
occurrence of two successive Hopf bifurcations at ξ = 0.315 and ξ = 0.565, given
fixed payoff values a = 1.5, b = 1, and c = 1.2. When examining the temporal
evolution of Sobol indices and their averages across ξ ∈ [0.2, 0.7], we observe a clear
oscillatory pattern in the contribution of each payoff parameter. This oscillation
in sensitivity confirms the dynamic instability emerging in this range, indicating
the system’s passage through bifurcation points. These oscillatory fluctuations in
the Sobol indices are especially pronounced when the parameters a, b, and c are
varied within the range (0, 3], providing an additional validation for the bifurcation
landscape identified through dynamical analysis. Thus, the Sobol-based sensitivity
analysis not only elucidates the parameter dependencies across species and ecological
states but also serves as a complementary tool to detect and characterize bifurcation
phenomena in eco-evolutionary dynamics.

5.6 Mathematical analysis of the model

5.6.1 Stability analysis of the system

Our proposed system is given by

Ṙ = R[−σRR− (a+ σR)P + (b− σR)S + (σR + α− 1)],

Ṗ = P [(a− σP )R− σPP − (c+ σS)S + (σP − β)],

Ṡ = S[−(b+ σS)R + (c− σS)P − σSS + (σS − ξ)].

This proposed mathematical model involves several categories of variable parame-
ters, all of which are taken to be positive, and encapsulates their own game theoretic
(a, b, and c) , evolutionary (σR, σP , and σS), and ecological (α, β, and ξ) signatures
to construct the model.
In order to analyze linear stability of the equilibrium states of the system (5.6), we
deduce the Jacobian matrix J of the three-dimensional system, with respect to any
arbitrary strategic fixed point X̂(R̂, P̂ , Ŝ) (see section 5.2 of the system (5.6)) and
the corresponding characteristic equation becomes

λ3 − κ1λ
2 + κ2λ− κ3 = 0, (5.12)

where,

κ1 = Trace(J) = a11 + a22 + a33,
κ2 = A11 + A22 + A33 = a11a22 + a22a33 + a11a33 − a23a32 − a12a21 − a13a31,
κ3 = det(J) = a11a23a32 + a12a21a33 + a13a31a22 − a11a22a33 − a12a23a31 − a13a32a21,

with a11 = −2σRR̂− (a+σR)P̂ +(b−σR)Ŝ+(σR +α− 1), a12 = −(a+σR)R̂, a13 =
(b− σR)R̂, a21 = (a− σP )P̂ , a22 = (a− σP )R̂− 2σP P̂ − (c+ σP )Ŝ + (σP − β), a23 =
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−(c+σP )P̂ , a31 = −(b+σS)Ŝ, a32 = (c−σS)Ŝ, a33 = −(b+σS)R̂+(c−σS)P̂−2σSŜ+
(σS − ξ). Now according to the Routh-Hurwitz criteria stability, the boundaries for
asymptotic stability of the fix strategic state X̂(R̂, P̂ , Ŝ) are as follows,

a11 + a22 + a33 < 0,

a11a22 + a22a33 + a33a11 > a23a32 + a12a21 + a13a31,

a11a23a32 + a22a13a31 + a33a12a21 > a11a22a33 + a12a23a31 + a13a32a21,

(a11 + a22 + a33)(a11a22 + a22a33 + a33a11 − a23a32 − a12a21 − a13a31)

< (a11a22a33 + a12a23a31 + a13a32a21 − a11a23a32 − a22a13a31 − a33a12a21).

(5.13)

5.6.2 Mathematical probity of the model

We examine some of the virtues in order to justify the mathematical features like
existence, uniqueness, and the natures to the solution of our considered model (5.6).
The functions in the right hand side of the system (5.6) are all taken to be real
polynomial functions of highest degree to be 2. Thus, they all are continuously
differentiable functions for all real values of the state variables R,P , and S, as well
as, for all real and positive set of parameter values incorporated to it. In addition,
the functions also satisfy to become locally Lipschitz in the domain R × R × R,
providing the affirmation that the solutions of the system (5.6) exist uniquely in the
real ranges.
In order to check the positive invariance of the outcomes of the equations, we start
with rewriting the system (5.6) as,

dR

dt
= Rϕ1(R,P, S; a, b, c, σR, σP , σS, α, β, ξ),

dP

dt
= Pϕ2(R,P, S; a, b, c, σR, σP , σS, α, β, ξ),

dS

dt
= Sϕ3(R,P, S; a, b, c, σR, σP , σS, α, β, ξ).

where, ϕ1 = −σRR − (a + σR)P + (b − σR)S + (σR + α − 1), ϕ2 = (a − σP )R −
σPP − (c+σS)S+(σP −β), and ϕ3 = −(b+σS)R+(c−σS)P −σSS+(σS − ξ), are
three integrable functions in Riemannian sense, and by executing the integration, we
obtain, Now, integrating both sides to above system both sides, we get the following
relations,

R = k1 exp(
∫
ϕ1(R,P, S; a, b, c, σR, σP , σS, α, β, ξ)dt) ≥ 0,

P = k2 exp(
∫
ϕ2(R,P, S; a, b, c, σR, σP , σS, α, β, ξ)dt) ≥ 0,

S = k3 exp(
∫
ϕ3(R,P, S; a, b, c, σR, σP , σS, α, β, ξ)dt) ≥ 0,

(5.14)

where, k1, k2, and k3 are the integrating constants depending up on the initial frac-
tions of the state variables R,P , and S, which always keep their sign to be positive.
The inequalities (5.14) conclude the positiveness of our desired results. The lower
bound of the solutions, as well as the sum of the solutions are always greater than
or equals to 0 (R + P + S ≥ 0).
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5.6.3 Transcritical bifurcation analysis

In Fig. 5.3 (b), the Transcritical bifurcation is observed while we vary the value
of parameter b from 0 to 0.08. The b-parametric model is given by the Eq. (5.8),
which reduces a stable strategic fix point as, A3(0, 0, 0.6875). Concerning this
stable attractor, its Jacobian matrix shapes up like follows:

J1(A3) =

0.6875b− 0.040625 0 0
0 −0.73125 0

−0.6875b− 0.55 −0.378125 −0.55

 (5.15)

From the above Jacobian matrix J1, the reduced eigenvalues are: 0.6875b−0.040625,
−0.73125 (< 0), and −0.55 (< 0) respectively, among which 0.6875b − 0.040625

shapes up its magnitude to be negative till b =
0.040625

0.6875
= 0.0591. Resultantly,

from our experimental perspective, we also find our fixed strategic attractor where
the entire ecosystem is dominated by scissor strategic species with a constant fre-
quency of 0.6875 getting into stake, with combined dominance of both rock and scis-
sor strategic traits by transforming into a planar strategic attractor from b = 0.0591.
We execute the suitability of the other criteria to observe the Transcritical bifurca-
tion for the transition of attractors from axial (A3) to the planar (S3).
Now, to verify the occurrence of the Transcritical bifurcation at the point b = 0.0591,
we proceed to the further verification schemes one by one. Firstly, assuming
the eigen vector of the Jacobian matrix J1(A3) corresponding to eigenvalue 0
(which occurs at b = 0.0591) to be, ω = (u1, v1, w1)

T and satisfying the relation,
J1(A3)ω = O, gives the following relations, (0.6875b−0.040625)u10, −0.73125v1 = 0,
and (−0.6875b − 0.55)u1 − 0.378125v1 − 0.55w1 = 0. This gives, v1 = 0, and
w1 = −(1 + 1.25b)u1.
Thus, our required eigen vector corresponding to the eigenvalue 0 (for the value
of parameter b = 0.0591) is, ω = (1, 0,−1 − 1.25b)T . Afterwards, we execute the
same procedure to find the eigenvector corresponding to eigenvalue 0 of the matrix
J1(A3)

T , and name that eigenvector as ω̄, which is equal to (1, 0, 0)T . The cor-
responding representation of the system (5.8) in a 3 × 1 vector format looks like,
U(R,P, S) = (U1, U2, U3)

T = (−0.35R2 − 1.85RP + (b− 0.35)RS + 0.2R, 1.05RP −
0.45P 2 − 0.7PS − 0.25P,−(b + 0.8)RS − 0.55PS − 0.8S2 + 0.55S)T , and gives,

Ub(R,P, S) = (
∂

∂b
(U1),

∂

∂b
(U2),

∂

∂b
(U3))

T = (U1,b, U2,b, U3,b)
T = (RS, 0,−RS)T .

Thus, Ub(0, 0, 0.6875) = (0, 0, 0)T . Hence, we can conclude to express that
ω̄TUb(0, 0, 0.6875) = 0.
Next, we proceed to verify the next criteria of satisfying Transcriti-
cal bifurcation on the particular note, such that, ω̄TU ′

b(0, 0, 0.6875)ω =[
1 0 0

]  0.6875 0 0
0 0 0

−0.6875 0 0

 1
0

−1− 1.25b

 = 0.6875 ̸= 0, matches well to the third

criteria of occurrence of Transcritical bifurcation at b = 0.0591.
Lastly, to verify the forth and the concluding criteria to make us sure the occurrence
of the Transcritical bifurcation is, ω̄TU

′′

b (0, 0, 0.6875) < ω, ω > =
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[
1 0 0

]


∂2U1

∂R2
(u21) + 2

∂2U2

∂R∂P
(u1v1)

∂2U2

∂R2
(u21) + 2

∂2U2

∂R∂P
(u1v1) +

∂2U2

∂P 2
(v21) + 2

∂2U2

∂P∂S
(v1w1)

∂2U3

∂P 2
(v21) + 2

∂2U3

∂P∂S
(v1w1) +

∂2U3

∂S2
(w2

1)


= -0.35 ̸= 0.

With this fulfilling four simultaneous criteria of Sotomayor’s theorem, we can
conclude that there exists a Transcritical bifurcation in order to depict the transition
of states (from A3 to S3) at the value of the parameter b = 0.0591. With the
same mathematical procedure, all the other Transcritical bifurcation phenomenon
(including those of Figs. 5.3 (a), and 5.3 (c)) describing the changes in strategic fix
attractors can be shown.

5.6.4 Hopf bifurcation analysis

We execute a few analytical experiments in order to verify the occurrence of the
stable Hopf bifurcation in the system (5.9) with respect to change of one of the
system parameters ξ in the variation 0.2 to 0.7, as portrayed in Fig. 5.8. For this

Figure 5.8: Verification of two occurrences of Hopf bifurcations with re-
spect to ν1 = κ1κ2 − κ3 , and ν2 = κ1κ

′
2 + κ2κ

′
3 − κ′3 in order to vary the

extinction rate of scissor kinds (ξ): This figure diagram justifies analytically
the simultaneous occurrence of Hopf bifurcations with increasing ξ in a proposed
range. The values ν1 = κ1(ξ)κ2(ξ) − κ3(ξ) is denoted by black solid line, and the
value ν2 = κ1(ξ)κ

′
2(ξ) + κ2(ξ)κ

′
3(ξ) − κ′3(ξ), which is denoted by the purple dotted

line. The occurrence of Hopf bifurcation takes place at two consecutive values of
ξ, and we denote them as ξc,i = 0.315, and 0.565 (i = 1, 2). We also observe that
the value ν1 shapes up to be positive on the unstable phases of our eco-evolutionary
system of strategic species.

we use the coefficient terms κ1, κ2, and κ3 of the characteristic equation (5.12)
of the Jacobian matrix at any interior strategic fix state I(R̂, P̂ , Ŝ) of our system.
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Analysing the nature of these coefficients and their constraints for the stability of
the strategic attractors of the system, we deduce and verify some of the criteria for
which we observe the simultaneous occurrence of Hopf bifurcations on varying the
parameter ξ within our desired range. With all parameters to be fixed at values,
a = 1.5, b = 1, c = 1.2, σR = 1.5, σP = 1.25, σ3 = 1.7, α = 0.85, and β = 0.25,
we acquire our trace, sum of the co-factors of diagonal elements and determinant
of the Jacobian matrix taking up the shape with respect to the interior strategic
fix point Iξ(0.3763 − 03246ξ, 0.2048 + 0.1834ξ, 0.3241 − 0.1267ξ) become: κ1(ξ) =
Trace(J(Iξ)) = 0.473ξ − 1.402, κ2(ξ) = Sum of the co-factors of the matrix J(Iξ),
and κ3(ξ) =det(J(Iξ)) = −0.156194ξ3 + 0.428609ξ2 + 0.184509ξ − 0.546369, that
leads us to the following conclusions.
• The proposed eco-evolutionary dynamical system of strategic species (5.6) under-
goes a stable Hopf bifurcation with respect to the variation of the extinction rate
parameter ξ at ξc,i (i = 1, 2), under the conditions:
a. κ1(ξc,i)κ2(ξc,i)=κ3(ξc,i).
b. κ1(ξc,i)κ

′
2(ξc,i) + κ2(ξc,i)κ

′
3(ξc,i) ̸= κ′3(ξc,i).

Keeping instance with the above statement, we let ν1 = κ1(ξ)κ2(ξ) − κ3(ξ), and
ν2 = κ1(ξ)κ

′
2(ξ) + κ2(ξ)κ

′
3(ξ) − κ′3(ξ), and vary these two considered variables ν1,

and ν2 (black solid line and purple dotted line respectively in Fig. 5.8) within the
range ξ = 0.2 to 0.7. As we obtained two consecutive Hopf bifurcations previously
in main text (also see Fig. 5.4 of main text), this verification also goes with our
numerical findings as ν1 = 0, and ν2 ̸= 0 at ξ = 0.315, and 0.565, which makes com-
plete verification for the values of the parameters ξ, where the system undergoes the
stable Hopf bifurcations.

5.7 Conclusion

The eco-evolutionary game dynamics elaborated through the Rock-Paper-Scissors
framework in this chapter has provided a profound exploration of the intricate
interplay between evolutionary strategies and ecological interactions among three
strategic species: prey, predators, and parasites. This model has revealed how the
strategic interactions, coupled with ecological feedback mechanisms, can produce a
remarkably rich tapestry of dynamic regimes, including stable coexistence, oscilla-
tory behaviors, multi-stability, and even transitions toward chaotic or quasi-cyclic
dynamics. These outcomes are heavily shaped by the interplay of key parameters
that govern strategic rewards, mortality rates, mutation probabilities, and the avail-
ability of ecological resources.

Our analyses underscore that in such cyclically dominant systems, the evolu-
tionary fate of each strategic species is inextricably linked to the adaptive strategies
and population densities of its competitors. For instance, an increase in preda-
tor abundance may not only suppress prey densities but can also indirectly affect
parasite populations through complex trophic interactions. This highlights the in-
terconnectedness of all strategic species within an ecological network, demonstrating
that the dynamics of no single species can be fully understood in isolation from the
broader community. By capturing these feedback loops mathematically, the RPS
game framework allows us to dissect how strategic decisions cascade through eco-
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logical networks, reshaping evolutionary trajectories at the community level.
The RPS game model developed here captures not just the classical cyclic inter-

actions, where each strategy dominates one and is dominated by another, but also
reveals how nuanced ecological contexts, such as free space availability and envi-
ronmental carrying capacity, influence the emergence, persistence, and extinction of
particular strategies. These dynamics reflect real-world ecological phenomena: from
microbial communities where antibiotic-producing strains interact with sensitive and
resistant types, to predator-prey-parasite systems where disease and parasitism can
shift competitive balances and alter food web stability. Furthermore, these in-
sights extend even beyond ecology into socio-ecological systems, where strategic
interactions among competing social behaviors, such as cooperation, defection, and
enforcement- can also be analyzed through similar frameworks.

A particularly striking insight from this chapter is the role of ecological free space,
modeled as an altruistic, non-strategic variable that contributes to the reproductive
opportunities of all strategic species without demanding any return. This concept
reinforces the idea that resources and environmental structure are not passive back-
drops but are active players in shaping evolutionary dynamics. In this sense, free
space acts as a facilitator of biodiversity and community resilience, allowing cooper-
ative or less competitive strategies to persist even under strong selection pressures.
This finding aligns with recent advances in eco-evolutionary theory, which empha-
size that environmental structure and resource availability are critical determinants
of evolutionary stability and the maintenance of strategic diversity.

Collectively, the insights gained from this chapter contribute to a deeper and
more holistic understanding of the eco-evolutionary dynamics that govern complex
biological communities. By integrating game-theoretic approaches with ecologi-
cal feedbacks and environmental constraints, this chapter illuminates how strategic
species co-evolve and adapt in a shared habitat, shedding light on the mechanisms
that sustain biodiversity and shape community-level patterns. These findings lay
the groundwork for applying the strategic species framework to a wider range of
ecological and socio-ecological systems, where understanding the interplay between
individual strategies, environmental resources, and evolutionary feedbacks is crucial
for predicting and managing the dynamics of complex adaptive systems.

As we transition to the next chapter of this thesis, we will delve deeper into
how the mechanisms developed here for generating strategic species dynamics can
be applied to shape other perspectives of ecosystem interactions and extend our un-
derstanding to socially relevant phenomena such as rumor spreading. By distilling
the complex dynamics of strategic species interactions, we aim to bridge the eco-
logical and social domains, highlighting how principles from eco-evolutionary game
theory can inform our understanding of cooperation, competition, and the emer-
gence of complex behaviors in both biological and human systems. This integrative
approach not only reinforces the foundational role of eco-evolutionary dynamics but
also sets the stage for exploring the universality of these mechanisms across diverse
domains.

109



Chapter 6

Other applications of
eco-evolutionary dynamics of the
strategic species, from
predator-prey interaction to
rumor spreading phenomenon ¶

Building upon the insights gained from the previous chapter, where the complex
cyclic dominance (RPS) dynamics between prey, predator, and parasite species illu-
minated the interplay of eco-evolutionary dynamics, this chapter broadens the scope
by examining how the two-species model can be reduced from the RPS system and
subsequently applied to more general ecological and even social contexts. While RPS
dynamics highlight cyclic interactions and symmetric competition, many real-world
ecosystems exhibit asymmetric interactions that cannot be captured by strict cyclic
models alone. For example, predator-prey systems often exhibit hierarchical struc-
tures where one species consistently dominates the other. Furthermore, extending
eco-evolutionary modeling to social systems—such as rumor spreading—provides
a bridge between ecological and societal dynamics, illustrating the universality of
strategic interactions.

In this chapter, we develop a two-strategic-species model rooted in the clas-
sical prisoner’s dilemma game, capturing key aspects of competitive and cooper-
ative dynamics. This model is first applied to a predator-prey system, showing
how eco-evolutionary feedback can shape population dynamics, including extinction
thresholds and coexistence scenarios. We then apply the same model to the rumor
spreading phenomenon, demonstrating the versatility of this eco-evolutionary ap-
proach in analyzing social dilemmas and highlighting the factors that promote or
hinder cooperation.

¶A considerable part of this chapter has been published in Journal of Theoretical Biology,
Volume 595, Article ID: Ghosh, S., Roy, S., Perc, M. and Ghosh, D., 2024. The eco-evolutionary
dynamics of two strategic species: From the predator-prey to the innocent-spreader rumor model.
Journal of Theoretical Biology, 595, p.111955.
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6.1 Mathematical model from cyclic dominance

to hierarchical interactions

In the previous chapter, we examined a three-species cyclic dominance framework
(RPS model) that captures dynamic competition among prey, predator, and para-
site in a closed loop. These interactions produce oscillatory patterns, reflecting the
hallmark cyclic rhythms of rock–paper–scissors dynamics and ensuring that each
trait periodically regains dominance—a compelling demonstration of how biodiver-
sity can be maintained through strategic non-transitive interactions.

However, many real-world ecological systems can be effectively modeled by pair-
wise interactions, involving only two strategic species, such as a classic predator–prey
system. Within these, one species often displays cooperative or mutualistic behav-
ior, while the other exhibits defector-like, exploitative characteristics, dominating
the interaction. Such pairwise systems can be viewed as a reduced form of more
complex RPS dynamics, arising naturally when one species becomes competitively
weak or effectively extinct. Mathematically, this corresponds to projecting the dy-
namics onto a lower-dimensional subspace by assuming negligible abundance of one
species.

Crucially, despite the reduction in species number, this simplified system retains
the strategic complexity of the original game—particularly when modeled using
the PD payoff structure. In this framework, defection yields short-term individual
gains, whereas cooperation leads to greater long-term communal benefits. This
structure has been used extensively to study cooperation in evolutionary biology,
sociology, and economics. For instance, Axelrod and Hamilton (1981) demonstrated
that reciprocal strategies like “tit-for-tat” could emerge as evolutionarily stable in
iterated PD tournaments, highlighting how cooperative behavior can persist even
under defection-favoring conditions.

Within ecological contexts, introducing PD dynamics into predator–prey mod-
els has revealed rich outcomes. A recent eco-evolutionary model combining PD
strategy interactions with prey–predator dynamics confirms multiple stable equi-
libria—including cooperator-only, defector-only, and coexistence states, modulated
by payoff and ecological parameters . Furthermore, ecological mechanisms such as
density dependence and assortative interactions (e.g., habitat fragmentation, settle-
ment in empty habitats) can shift the balance in favor of cooperation, even under
PD conditions [236].

This two-species PD-based model thus offers a powerful and broadly applicable
framework. It synthesizes ecological processes—such as mortality, density, habitat
structure—with the evolutionary game dynamics of cooperation vs. defection. This
unification allows us to analyze both ecological and social dilemmas under a co-
herent eco-evolutionary lens, offering deep insights into the conditions that sustain
cooperation, deter defection, or promote coexistence.

The two-species eco-evolutionary model begins with the Lotka-Volterra-inspired
predator-prey system, but incorporates payoff parameters directly derived from Pris-
oner’s Dilemma game theory. Let x and y denote the abundances of prey (coopera-
tors) and predators (defectors), respectively. The baseline ecological dynamics can
be expressed as:
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dx
dt′

= r1x− p1xy −m1x,

dy
dt′

= ep1xy −m2y
2 −m3y.

Here, r1 is the prey growth rate, p1 is the predation rate, e is the efficiency of
converting prey biomass into predator biomass, m1 and m3 are natural death rates,
and m2 captures intra-species cannibalism among predators.

By non-dimensionalizing the system (setting t = r1t
′) and transforming vari-

ables, the system can be written in terms of dimensionless variables u (prey) and v
(predator) as:

du
dt

= (1− m1

r1
)u− p1

em3
uv,

dv
dt

= −m3

r1
v + euv − m2

em3
v2.

(6.1)

This formulation of Eq. (6.1) allows direct mapping to the payoffs of PD, with
R (reward), S (sucker), T (temptation), and P (punishment) extracted from the
interaction matrix: (

0 − p1
em3

e − m2

em3

)
.

The key inequality T > R > P > S ensures that defection is the dominant
strategy in the one-shot game, while mutual cooperation yields moderate benefits.

To realistically model eco-evolutionary dynamics, we extend the model by in-
troducing strategic species fractions: cooperators p, defectors q, and altruistic free
space s. Free space represents ecological opportunities that facilitate reproduction
but do not engage in strategic interactions, mirroring ecological niches like open
habitats or unclaimed resources.

The evolutionary payoff matrix is given by:R S σc
T P σd
0 0 0

 ,

where σc and σd represent the free space benefits to cooperators and defectors,
respectively.

The eco-evolutionary dynamics then become:

dp
dt

= p [(R− σc)p+ (S − σc)q + (σc + α− 1)] ,
dq
dt

= q [(T − σd)p+ (P − σd)q + (σd − β)] .
(6.2)

In Eq. (6.1), α =
m1

r1
and β =

m3

r1
represent the mortality rates for cooperation

driven species and defection driven species, respectively, calculated similarly to how
we encapsulated the intrinsic mortality factors in our previous chapter, Eq. (5.1).
These equations allow us to explore various strategic equilibria (extinct, defector-
free, cooperator-free, and co-existence), depending on parameter values.
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6.2 Strategic stability of the model

In this section, we discuss the biological essence of the stable strategic states arising
in our eco-evolutionary model (6.1). Each state is described mathematically with
references to real-world ecological systems where similar dynamics manifest.

6.2.1 The extinct strategic state (E0)

At the trivial equilibrium point E0(0, 0), neither strategic species survives in the
evolutionary race. This scenario emerges when the following inequalities are satis-
fied:

σc + α < 1 and σd < β.

Biologically, this state represents mutual extinction, analogous to the well-
documented population collapses in predator-prey systems such as the snowshoe
hare (Lepus americanus) and the Canada lynx (Lynx canadensis) in the boreal
forests of North America [237]. Historical data from the Hudson’s Bay Company
reveal dramatic population crashes that reflect the delicate balance in these inter-
actions.

6.2.2 Defector species-free strategic State (E1)

The second strategic state E1(p
∗, 0) captures an environment where only the coop-

erative trait survives:

p∗ =
σc + α− 1

σc −R
.

The stability of this state requires:

σc + α > 1 and T (σc + α− 1) + β(R− σc) < σd(α +R− 1).

Ecologically, this scenario mirrors the case of Antarctic krill (Euphausia superba)
populations in the Southern Ocean. Despite heavy predation by baleen whales, krill
thrive due to high reproductive rates and nutrient-rich waters that sustain them as
a key prey species in the ecosystem [238].

6.2.3 Cooperator species-free strategic state (E2)

The third strategic state E2(0, q
∗) represents a setting where the defector trait dom-

inates:

q∗ =
σd − β

σd − P
.

Its stability depends on:

σd > β and S(σd − β) + σc(β − P ) < (P − σd)(α− 1).

A classic example of defector species flourishing in the absence of competition is the
invasive kudzu vine (Pueraria montana) in the southeastern United States. Kudzu
spreads rapidly, outcompetes native species, and overwhelms ecosystems by forming
dense mats that suppress other plant growth [239].
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6.2.4 The coexisting state of strategies (E3)

The fourth strategic state E3(p
∗, q∗) is the most biologically significant, where both

strategic species coexist:

p∗ =
(S − σc)(σd − β)− (α + σc − 1)(P − σd)

(R− σc)(P − σd)− (S − σc)(T − σd)
,

q∗ =
(α + σc − 1)(T − σd)− (R− σc)(σd − β)

(R− σc)(P − σd)− (S − σc)(T − σd)
.

The local stability of this state is determined by:

a11 + a22 < 0 and a11a22 − a12a21 > 0,

where:
a11 = 2p∗(R− σc) + q∗(S − σc) + (σc + α− 1),

a12 = (S − σc)p
∗,

a21 = (T − σd)q
∗,

a22 = (T − σd)p
∗ + 2q∗(P − σd) + (σd − β).

Biologically, this state parallels the coexistence of cooperative and cheating strains in
microbial biofilms, where enzyme-producing cooperators and non-producing cheaters
coexist on surfaces, forming complex communities that balance community benefits
and individual strategies [240, 241].

6.2.5 Ecological summary of strategic states

Table 6.1: Summary of ecological analogues for each strategic state.

State Equilibrium Ecological Analogue Key Biological Insight
E0 (0, 0) Snowshoe hare and lynx System collapse when survival

and reproduction rates are insuf-
ficient

E1 (p∗, 0) Antarctic krill Cooperators thrive alone in
resource-rich environments

E2 (0, q∗) Kudzu invasion Defectors dominate in the ab-
sence of competitors

E3 (p∗, q∗) Microbial biofilms Cooperator-defector coexistence
via spatial structure and commu-
nity benefits

6.2.6 Distribution of different stationary strategic states
with varying system parameters

This chapter aims to examine the persistence and conservation of cooperative traits
among biological strategic species in their environment. We incorporate a reward
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Figure 6.1: Distribution of different strategic zones of species by tuning
different system parameters concerning the increasing trend of the reward
payoff R: This figure diagram depicts the strategic distribution of stable strategic
states of our model (6.1) by varying four different system parameters σc, β, T , and
α respectively in sub-figures (a), (b), (c), and (d), computed along with the varying
frequency of R, the payoff value on both ways cooperation. Four distinct colors have
been used to portray four different strategic states of the species, viz. deep red (E0),
sea blue (E1), orange (E2), and grey (E3). We set the other parameters’ value at
S = 0.08, T = 0.6, P = 0.1, σc = 1.9, σd = 0.15, α = 0.5, and β = 0.4.

payoff (R) for mutual cooperation between species (players) acting as cooperators.
Such ecological interactions, like group defense strategies, collective foraging, or
alarm signals to evade predators, often enhance cooperation between prey and preda-
tors. In populations comprising both cooperators and defectors, cooperative prey
may evolve strategies that become evolutionarily stable, particularly if prey-prey in-
teractions improve survival or reproductive success. The ecological framework given
by Eq. (6.1) initially excludes intra-species benefits among prey in the considered
environment. Hence, introducing the reward payoff (R) acts as a tuning parameter
in our analysis of the strategic species dynamics in Eq. (6.1), allowing us to inves-
tigate how cooperation among prey species can be sustained and enhanced through
R within the evolutionary context.

The evolutionary dynamics of these strategic traits also depend on other sys-
tem parameters in addition to the reward reward. The payoff R from interactions
between cooperators plays a critical role in shaping dynamical outcomes, particu-
larly when varied alongside other parameters. To explore this, we conducted several
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numerical experiments, as shown in Fig. 6.1, illustrating the effects of varying sys-
tem parameters together with the reward payoff frequency (R). Fixed parameter
values in these experiments were set as S = 0.08, T = 0.6, P = 0.1, σc = 1.9,
σd = 0.15, α = 0.50, and β = 0.40. We used the Runge-Kutta-45 method with 107

time iterations and initial species frequencies of (0.35, 0.35).
We varied four key system parameters—σc, β, T , and α—while maintaining

the standard inequality of the prisoner’s dilemma game (T > R > P > S). When
varying the replicator factor for cooperators (σc) from 0 to 2 while increasing R from
P = 0.1 to T = 0.6, we identified three distinct strategic zones. For σc < 0.49, no
strategy could support the survival of either species (extinct state E0(0, 0), marked
deep red in Fig. 6.1(a)), consistent with the condition σc + α < 1 while keeping
σd < β. As σc increased to 0.50, cooperative species found opportunities to persist
(sea blue region in Fig. 6.1(a)). The defector-free region diminished as R increased
up to 0.49. Beyond this, the defector-free margin began to expand again with
increasing R. At even higher σc, both cooperative and defector strategies could
coexist (grey region in Fig. 6.1(a)), showing that higher replication potential also
allows defectors to thrive alongside cooperators.

Next, varying the defector annihilation rate β against R revealed different strate-
gic distributions. For β from 0 to 0.11, only defectors survived (orange region in
Fig. 6.1(b)). Increasing β slightly allowed cooperators to coexist with defectors
(grey region, state E3). The upper boundary of this coexistence zone expanded
with increasing R from 0.1 to 0.6. Further increases in β ultimately suppressed
defectors entirely, leaving only cooperators (sea blue region in Fig. 6.1(b)).

A third experiment simultaneously varied T and R, maintaining the inequality
T > R. Starting from R = 0.1 and increasing R, we examined outcomes at each
corresponding T > R. Initially, a defector-free zone appeared (sea blue region, state
E1, Fig. 6.1(c)). Up to R = 0.41, only cooperators persisted. Beyond this, coex-
istence between cooperators and defectors emerged (grey region, E3). Biologically,
sufficient intra-species benefits to prey and inter-species costs to predators can thus
promote stable coexistence.

Finally, varying the decay rate of cooperators (α) against R revealed that lower
decay rates (i.e. higher α) support cooperative persistence (sea blue region, E1,
Fig. 6.1(d)). As R increased, the threshold α for cooperative-only survival shifted
downward. At higher α values, both strategies coexisted (grey region, E3), sug-
gesting that cooperative survival is enhanced both by higher rewards and by lower
extinction rates for cooperators.

6.3 Rumor spreading phenomenon

Rumor spreading within a society [242–244] can be conceptualized through a frame-
work that categorizes individuals into two primary groups: susceptible or non-
spreaders (S) and spreaders (I). Susceptible non-spreaders are those who are ex-
posed to rumors but choose not to propagate them, while spreaders actively dissem-
inate rumors among society. This dynamic significantly impacts societal trust and
the quality of information flow. When spreaders are abundantly expanded, misin-
formation spreads rapidly, eroding trust and causing potential harm. Conversely, a
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Figure 6.2: Effect of increasing κ on the long-term frequency of coopera-
tive susceptible individuals under varying payoff parameters T and P in
rumor spreading: These plots show how the long-term frequency of cooperative
susceptibles and the peak frequency of defector spreaders change with T = θµ (sub-
figures (a) for κ = 0.1, (b) for 0.2, (c) for 0.3) and P = −δ (sub-figures (d)–(f)
for the same κ values). Yale blue dashed lines represent cooperative susceptibles;
deep red solid lines show peak defector frequencies. As κ increases, cooperative
individuals maintain higher frequencies over spreaders. Initial fractions are 0.999
(cooperators) and 0.001 (spreaders), with fixed parameters θ = 0.8, µ = 0.5, giving
T = 0.4 in (d)–(f) and P = −0.1 in (a)–(c). Each case uses 3× 105 iterations.

higher proportion of susceptible non-spreaders helps maintain the integrity of infor-
mation and societal cohesion. Understanding this chassis highlights the importance
of promoting behaviors that curb the spread of rumors to foster a more informed
and resilient society. Rumor spreading in society can be effectively modeled using
the principles of PD game theory, which illustrate the conflict between individual
incentives and collective welfare. The dynamics of rumor spreading align with the
prisoner’s dilemma framework, where each individual’s decision to spread or not
spread a rumor mirrors the choice between cooperation and defection. Spreader
individuals face the temptation of becoming the spreaders due to the perceived im-
mediate benefits, such as social attention or the thrill of sharing new information.
However, as more individuals choose to spread the rumor (defect), the overall trust
and information quality within the society diminish, negatively impacting everyone,
including the spreaders.
Conversely, if individuals choose not to spread the rumor (cooperate), society bene-
fits from higher trust and accurate information dissemination, even though coopera-
tors might feel disadvantaged when they resist the urge to share potentially enticing
information. This situation reflects the essence of PD, where the optimal collec-
tive outcome is achieved through cooperation, but individual incentives can lead to
widespread defection and societal harm.
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We thus aim to establish a link between two strategic species models and their prac-
tical implications in the context of rumor spreading [242–244]. This connection can
be achieved using a basic rumor model that comprises two population compartments,
suspicious individuals and spreaders. The suspicious individuals (S) basically are
the innocent population kinds, those having hardly any responsibility in the spread-
ing of any sort of furphy in the society, whereas the spreaders (I) perform their job
by spreading the hearsay and spread among the innocent populations as well. In this
context of spreading the rumor in the society, susceptible individuals can be viewed
as the cooperator kinds, and be represented as CS, while spreader individuals can
be seen as the defectors, and we denote their fraction to be DI . The transition of
the population’s state from innocence to becoming a spreader, and conversely, is
influenced by various factors, such as contact, forgetfulness, and doubts. Based on
all these factors, we propose the time evolution dynamics of these two compartments
as follows,

dCS

dt
= −µCSDI + κDI ,

dDI

dt
= θµCSDI − δD2

I − κDI ,

(6.3)

where the expression µ signifies the rate in which individuals of two different types

Figure 6.3: The recovered population vs. T : The variation in the fraction
of recovered individuals (1 − C∞

S ), particularly concerning the payoff T = θµ, is
examined in relation to different frequencies of κ = (0.1,0.2,0.3). The curves indicate
a critical threshold value of Tc = κ in the smooth transition from a non-recovered
to a recovered state.

interact among each other, and µCSDI indicates the amount of the innocent pop-
ulation, who have been influenced by the contact with the spreaders and by the
hearing of rumors. µ is rumor transmission rate. θµCSDI is the proportion of the
susceptible population that becomes affected and turn into spreader with a proba-
bility θµ, where (1 − θ)µCSDI is the proportion of susceptible individuals contact
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with spreader but exhibiting hesitancy. The expression δD2
I signifies the spreader

individuals interacting with each other, assessing the validity of the rumor, and re-
jecting the information with a probability of δ or an another interpretation can be
an active “spreader” stops spreading the rumor after encountering another spreader
and realizing that it has lost its “news value” [242]. The term κDI indicates the
spreader individuals who gradually forget the rumor and transition back into the
state of suspicion with a probability denoted by κ. In this model, there are four key
parameters: µ, κ, θ, and δ, representing the interaction strength, forgetting rate,
transmission rate, and correction rate, respectively. The correction rate (δ) acts as
a form of punishment (P) payoff in PD that is applied only when two individuals
interact, exhibiting defection. Moreover, this correction attribute (δ) becomes rele-
vant when two spreader individuals encounter each other, leading to the correction
of the rumor, and eventually rumor-spreading resulting in their decline; the negative
sign in the term −δD2

I indicates to this phenomenon. In contrast, the interaction
rate (µ) reflects when a cooperator-minded non-spreader faces off the spreader, suf-
fering from a sucker’s payoff (S), which in turn performs as −µ to the cooperative
non-spreader individuals in the entire phenomenon of this spreading. Due to this
interaction, the population of innocents decreases, bearing the cost of interaction
paying the sucker’s payoff of S = −µ. In the case of the transmission rate θ, the
spreader population grows, making it analogous to the gains from the transmission
of rumors, thus experiencing the temptation of amount T = θµ. This reflects the
incentive for defectors to continue spreading rumors, as the transmission of rumors
leads to an increase in the defector-minded spreader population. The payoff matrix
represents the rewards or outcomes that two species or individuals receive based on
the strategies they choose. When a player cooperates with a spreader partner, the
player bears a cost of S = −µ, while the partner gains a benefit of T = θµ. Further,
when innocent individuals cooperate with any partner who is a spreader (defector)
and help spread the rumor, the innocent person incurs a cost of −µ (where µ > 0),
while the spreader population gains a benefit of θµ (where θ > 0). Therefore,
spreaders consistently act as defectors, while the innocent non-spreaders behave as
cooperators by facing direct loss in their interactions with any other kinds. In con-
nection with the two systems, we can represent the interaction matrix, reflecting the
exact same scenario in terms of the payoffs obtained by the prisoner’s game dilemma
for the strategic species in our rumor spreading model as,

CS DI( )
CS R = 0 S = −µ
DI T = θµ P = −δ

. (6.4)

These four parameters follow the inequality condition T > R > P > S as in this
model, θµ > 0 > −δ > −µ, and 2R = 0 > θµ−µ = T +S, following the exact trend
of inequality in the payoffs’ quantities that in general, Prisoner’s dilemma portrays.
Here, we investigate how the parameters T = θµ and P = −δ influence two signif-
icant observable: the maximum number of spreader individuals, denoted by Dmax

I

(red solid lines in Fig. 6.2), also acting as the defection strategic population in our
consideration of the spreading chain of rumors and secondly, the long-term popu-
lation size of susceptible individuals, treated as non-spreading cooperative behaved
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individuals in the society at a long-term limit, as time conceptually approaches infin-
ity. We denote this abundance as C∞

S (blue dashed lines in Fig. 6.2). The variation
of Dmax

I and C∞
S as a function of T for P = −0.1, i.e., δ = 0.1 and for three different

values of κ= 0.1, 0.2, and 0.3 is shown in Figs. 6.2 (a) − (c), which suggests that,
after a certain critical value of T denoted as Tc, D

max
I value will increase and C∞

S

will decrease. To derive the condition for rumor spread, it must hold the inequality:
θµCSDI − δD2

I − κDI > 0. Taking into account the initial stage of infection, taking
CS ≈ 1 and δD2

I ≈ 0, we can write θµDI − κDI > 0. Now, we can obtain the
condition for rumor spread T = θµ > κ. Thus, we reach up to the observation that
the critical value of the temptation payoff value (Tc) is equal to the frequency κ, viz.,
Tc = κ. The critical value is Tc = κ, which fits perfectly with our numerical findings,
as shown in Figs. 6.2 (a)− (c) tested for different values of the parameter κ. Based
on the values of these parameters, the system can maintain a higher population of
the cooperative susceptible or innocent individuals over an extended period, as we
increase the value of κ. To promote a greater number of stable cooperators within
the system, it is necessary to increase the value of κ and reduce the value of T . In
Figs. 6.2 (d)− (f), we plot the change of Dmax

I and C∞
S in relation with P = −δ for

constant value of T = θµ = 0.4 and κ = 0.1, 0.2, and 0.3, respectively. These two
figures indicate that an increasing trend in P from −0.5 (= S) to 0 (= R) leads to
a reduction in the susceptible population while concurrently increasing the spreader
population within the system. But with increasing magnitude of κ, the frequency
of the cooperative susceptible population increases and eventually onwards κ = 0.2,
in spite of the decaying flow of the cooperative individuals with increasing P , C∞

S

never let the defector strategic spreaders (Dmax
I ) to exceed their highest magnitude

over their quantity in the society. The fraction of recovered individuals, comprising
hesitant individuals and spreaders who opted not to propagate the rumor, identified
as 1− C∞

S , is depicted as a function of the game parameter T in Fig. 6.3 for three
different values of κ, i.e., 0.1, 0.2, 0.3.

6.4 Conclusion

This chapter has illustrated the remarkable versatility and depth of the eco-
evolutionary framework developed throughout this thesis. Starting from the founda-
tional three-species cyclic dynamics explored in earlier chapters, where prey, preda-
tor, and parasite species engaged in strategic interactions akin to the RPS game
dilemma, we demonstrated how this framework can be systematically generalized
to capture hierarchical two-species interactions. Such reductions allow us to model
both ecological systems, such as predator-prey dynamics, and complex social pro-
cesses, including rumor spreading phenomena.

By grounding our models in the well-established structure of the Prisoner’s
Dilemma payoff matrix, we seamlessly transitioned from ecological scenarios to
broader social dilemmas. This unifying strategic species approach allowed us to
explore the emergence and persistence of cooperation, the conditions that favor de-
fection, and the role of altruistic free space as an ecological variable that supports
population growth and stability. Through a careful adjustment of key parame-
ters—including payoff values, mortality rates, ecological constraints, and behavioral
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mutation—we uncovered a rich tapestry of dynamical outcomes ranging from stable
coexistence to oscillatory regimes and even chaotic dynamics.

A key highlight of this chapter has been the extension of our eco-evolutionary
models to the rumor spreading phenomenon, a process of profound relevance in hu-
man societies. By mapping the dynamics of rumor spreaders and non-spreaders onto
the strategic species framework, we revealed how the same fundamental principles
governing predator-prey interactions can illuminate the mechanisms of information
diffusion, trust erosion, and social stabilization. Parameters such as interaction
rates, forgetting mechanisms, and correction processes emerged as crucial levers in
controlling the spread and persistence of rumors, thereby linking ecological insights
with strategies for managing misinformation and promoting collective well-being.

Altogether, this chapter exemplifies the generality and adaptability of the eco-
evolutionary game-theoretic framework developed in this thesis. From microbial
communities to vertebrate populations and from ecological interactions to human
social dilemmas, the models presented here capture the interplay of individual strate-
gies, ecological constraints, and evolutionary feedbacks. This integrative approach
highlights the interconnectedness of natural and social systems, providing a robust
theoretical foundation for understanding and managing complex adaptive systems.

In the following and final chapter of this thesis, we synthesize the insights gained
from the entire body of research, drawing overarching conclusions about the eco-
evolutionary dynamics of strategic species. We reflect on the implications for both
fundamental science and applied management, discuss the limitations of the current
approaches, and propose future directions for research in this rapidly evolving field.
Through this concluding synthesis, we aim to provide a coherent narrative that
unites the diverse threads explored in this work, underscoring the profound impact
of eco-evolutionary dynamics on our understanding of the natural and human worlds
alike.
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Chapter 7

Conclusion and future directions

The journey undertaken in this thesis has traversed the rich and complex land-
scape where evolutionary game theory and ecological dynamics intersect, revealing
profound insights into how cooperation emerges, persists, and transforms within
biological and social systems. By constructing and analyzing mathematical mod-
els that incorporate multigame interactions, ecological feedback through free space,
time delays, mutation, and cyclic dominance, we have uncovered mechanisms that
challenge classical assumptions about the inevitability of defection in social dilem-
mas. The findings collectively paint a picture of cooperation not as a fragile anomaly
but as a robust outcome of dynamic systems shaped by reciprocal interactions be-
tween individual strategies and their environments. The implications of this work
extend far beyond theoretical biology, offering potential applications in conservation
science, public policy, the social sciences, and even the design of artificial intelligence
systems where cooperative strategies are essential for long–term performance and
resilience.

One of the most striking revelations has been the role of ecological vari-
ables—particularly free space—in mediating evolutionary outcomes. By acting as an
altruistic enabler of reproduction, free space introduces a critical feedback loop that
can stabilize cooperation even in the absence of classical enforcement mechanisms
such as punishment, policing, or reputation systems. In doing so, it re-frames our
understanding of ecological constraints from passive background conditions to ac-
tive, strategy–mediating forces. The multi-game framework developed here further
enriches this perspective by demonstrating how the coexistence of distinct strategic
contexts, such as simultaneous Prisoner’s Dilemma, Snowdrift, and Public Goods
interactions, creates dynamic niches where cooperation, defection, and hybrid strate-
gies can coexist in shifting mosaics. Within this mosaic, mutation functions as a
vital source of innovation, repeatedly restoring lost strategies and preventing the col-
lapse of diversity. These insights collectively redefine cooperation as an emergent,
self–structured property of eco-evolutionary feedback rather than a static equilib-
rium sustained solely by extrinsic incentives.

Time delays, a second critical dimension explored in this work, revealed how tem-
poral lags in feedback mechanisms fundamentally restructure evolutionary trajecto-
ries. When reproduction, information flow, or environmental feedback is delayed,
strategy dynamics can depart radically from the equilibria predicted by instanta-
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neous models. In moderate regimes, delays introduce stable limit cycles that pre-
serve cooperation through rhythmic fluctuations in abundance and resource levels;
in more extreme regimes, complex quasi-periodic or chaotic oscillations can emerge,
sustaining diversity by continually reshaping the fitness landscape. These findings
underscore that temporal structure is not a peripheral technicality but a primary
driver of long–term stability, mirroring empirical phenomena ranging from seasonal
breeding cycles in ecological communities to delayed social sanctioning in human
societies. In particular, the discovery that cyclic dominance can arise endogenously
through delayed feedback highlights a plausible route by which ecosystems and social
systems maintain coexistence without centralized regulation.

Extending these ideas to multi-species interactions, especially the canonical
rock–paper–scissors motif, underscored the importance of cyclic dominance in pre-
serving biodiversity. By embedding RPS dynamics in an eco-evolutionary frame-
work, we demonstrated that environmental fluctuations, asymmetric interactions,
and adaptive behavior can together sustain a tangled web of transient advantages,
preventing any single species from achieving permanent dominance. Empirical ana-
logues abound—from toxin–producing bacteria and competing strains of lizards to
social conventions in primate groups, affirming the biological relevance of these theo-
retical structures. Sensitivity analyzes within this framework revealed tipping points
where small parameter perturbations precipitate dramatic phase shifts, emphasizing
both the fragility and the resilience of cooperative networks in the face of environ-
mental change.

Looking ahead, the work undertaken here generates a broad horizon of open ques-
tions and emerging research directions. First, spatial structure remains a frontier
of considerable promise. Real–world populations rarely resemble well–mixed sys-
tems; instead, they occupy fragmented landscapes with patchy resources, directional
migration, and heterogeneous interaction networks. Incorporating explicit space,
whether through cellular automata, reaction–diffusion partial differential equations,
or adaptive graph frameworks, would illuminate how local clustering, dispersal cor-
ridors, and habitat fragmentation reinforce or erode cooperative behavior. Such
efforts could bridge eco–evolutionary theory with landscape ecology, shedding light
on range expansions, biological invasions, and the design of wildlife corridors.

Second, stochasticity warrants deeper exploration. Small populations and rare
events both amplify the role of demographic noise, while environmental variabil-
ity introduces extrinsic fluctuations that can synchronize or destabilize population
cycles. Stochastic dynamical systems and agent–based models would provide a
more faithful representation of natural processes, revealing mechanisms such as
noise–induced stabilization, stochastic resonance, and random switching between
attractors. Understanding how drift, selection, and noise interact could refine con-
servation strategies for endangered species and inform interventions in threatened
ecosystems.

Third, the study of adaptive networks—wherein the architecture of interactions
co–evolves with individual strategies—offers a powerful framework for capturing
the reciprocal shaping of behavior and connectivity. In microbial communities, cells
modulate chemical signaling pathways; in social networks, humans break or reinforce
ties based on reciprocity and trust. Modeling the co–evolution of network topology
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and strategy could reveal whether cooperation is more likely to emerge in fluid or
rigid structures, and under what conditions social institutions spontaneously arise
to enforce collective norms.

Fourth, richer payoff structures remain underexplored. Games with asymmet-
ric, context–dependent, or temporally varying payoffs reflect the complex incentives
faced by organisms in real environments. Incorporating such heterogeneity could
account for phenomena such as resource pulses, seasonality, and interspecific facili-
tation. Moreover, higher–order interactions—where payoffs depend on the combined
state of three or more individuals—are biologically realistic in group hunting, micro-
bial public goods production, and human collaboration, yet pose substantial ana-
lytical challenges. Advances in hypergraph theory and simplicial complexes promise
to unlock these systems, potentially revealing new cooperative phases inaccessible
to pairwise models.

Beyond theoretical expansions, this body of work holds significant practical rel-
evance. In conservation biology, understanding how cooperation and mutualistic
interactions respond to habitat loss, climate change, and species introductions is
essential for designing resilient ecosystems. Our findings on free space dynamics
suggest that restoring ecological niches, rather than directly manipulating species
abundances, may be a more effective strategy for promoting coexistence and recov-
ery. Policy makers could use these insights to prioritize habitat heterogeneity and
connectivity in restoration efforts.

In social systems, the models herein provide a framework for designing institu-
tions that harness ecological feedback to foster compliance and public goods provi-
sion. For instance, dynamic taxation schemes that adjust in response to resource
depletion parallel the adaptive reproduction penalties imposed by free space scarcity,
suggesting novel approaches to managing common–pool resources such as fisheries
or climate.

In artificial intelligence and robotics, the principles of eco–evolutionary dynamics
can inform decentralized control algorithms. By embedding feedback mechanisms
analogous to free space or delayed information, multi–agent systems can achieve
robust cooperation without centralized oversight. Applications range from swarm
robotics and distributed sensor networks to traffic coordination among autonomous
vehicles. The study of time–delay effects is particularly relevant in scenarios where
communication latency or processing constraints are unavoidable, enabling agents
to maintain coordinated behavior despite imperfect information.

At a philosophical level, this thesis highlights the porous boundary between eco-
logical context and evolutionary strategy, underscoring that neither side alone can
fully explain the richness of biological and social organization. Cooperation emerges
not despite conflict but through it, sculpted by the flows of energy, information,
and matter that sustain living systems. The models developed here, while idealized,
capture essential truths about the principles of self-organization: the inexorable cou-
pling of feedback loops, the creative tension between selection and randomness, and
the layered temporalities that weave short–term adaptation into long–term persis-
tence.

Nonetheless, limitations remain. Deterministic models gloss over genetic, envi-
ronmental, and behavioral noise; homogeneous mixing assumptions neglect spatial
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heterogeneity; and simplified payoff matrices abstract away the genealogies of real
interactions. Future work must calibrate these models with empirical data, leverage
high–throughput experiments, and engage with emerging techniques in compara-
tive genomics and environmental metagenomics. Ultimately, theory and data must
converge to refine predictions, guide field studies, and inspire new mathematical
structures.

In closing, this thesis seeks to illuminate the dance between ecology and evo-
lution, revealing several new steps in their intricate choreography. The insights
gained—that cooperation is as much a product of environment as of strategy; that
delays, space, and stochasticity sculpt evolutionary outcomes; and that diversity
thrives in dynamic tension—stand as guiding principles for the next generation of
research. The road ahead is rich with possibilities, from mapping the adaptive land-
scapes of microbial consortia to designing resilient socio–technological systems. As
new questions arise and old answers are refined, the enduring lesson remains: life
is not a set of isolated equilibria, but a restless, creative dialogue among strategies,
environments, and the ever-shifting canvas of time.
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cooperation in spatial multigames. EPL (Europhysics Letters), 118(1):18002,
2017.

[107] Robert Axelrod and William D Hamilton. The evolution of cooperation. Sci-
ence, 211(4489):1390–1396, 1981.

[108] JMPGR Smith and George R Price. The logic of animal conflict. Nature,
246(5427):15–18, 1973.

[109] Anatol Rapoport. Two-person games: the essential ideas. Ann Arbor, MI:
University of Michigan Press, 1966.

[110] Robert M May and Warren J Leonard. Nonlinear aspects of competition
between three species. SIAM Journal on Applied Mathematics, 29(2):243–253,
1975.

[111] Tibor Antal, Martin A Nowak, and Arne Traulsen. Strategy abundance in
2× 2 games for arbitrary mutation rates. Journal of Theoretical Biology,
257(2):340–344, 2009.

[112] Drew Fudenberg and Lorens A Imhof. Imitation processes with small muta-
tions. Journal of Economic Theory, 131(1):251–262, 2006.

[113] Danielle FP Toupo, David G Rand, and Steven H Strogatz. Limit cycles
sparked by mutation in the repeated prisoner’s dilemma. International Journal
of Bifurcation and Chaos, 24(12):1430035, 2014.

133



[114] Sourabh Mittal, Archan Mukhopadhyay, and Sagar Chakraborty. Evolution-
ary dynamics of the delayed replicator-mutator equation: Limit cycle and
cooperation. Physical Review E, 101(4):042410, 2020.

[115] Michihiro Kandori, George J Mailath, and Rafael Rob. Learning, mutation,
and long run equilibria in games. Econometrica: Journal of the Econometric
Society, pages 29–56, 1993.

[116] Lorens A Imhof, Drew Fudenberg, and Martin A Nowak. Evolutionary cycles
of cooperation and defection. Proceedings of the National Academy of Sciences,
102(31):10797–10800, 2005.

[117] Danielle FP Toupo and Steven H Strogatz. Nonlinear dynamics of the rock-
paper-scissors game with mutations. Physical Review E, 91(5):052907, 2015.

[118] Mauro Mobilia. Oscillatory dynamics in rock–paper–scissors games with mu-
tations. Journal of Theoretical Biology, 264(1):1–10, 2010.

[119] Mendeli H Vainstein, Ana TC Silva, and Jeferson J Arenzon. Does mobility
decrease cooperation? Journal of Theoretical Biology, 244(4):722–728, 2007.

[120] Sayantan Nag Chowdhury, Soumen Majhi, Mahmut Ozer, Dibakar Ghosh,
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pact of noise on cooperation in spatial public goods games. Physical Review
E—Statistical, Nonlinear, and Soft Matter Physics, 80(5):056109, 2009.
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