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Abstract

In this thesis, we have considered a flat homogeneous and isotropic FLRW model of

universe. We have investigated here the qualitative behavior of cosmological mod-

els by deploying dynamical system tools. To study the cosmological models, one

needs to solve the field equations pertaining to the respective cosmological models

which are not always possible analytically as the field equations form a complex sys-

tem of non linear differential equations. Therefore, by deploying dynamical system

method, we have converted the field equations obtained from respective cosmological

models into a system of autonomous differential equations. Critical points from an

autonomous system of differential equations have been computed in order to study

the qualitative nature of the system around those points. Stability of the hyperbolic

critical points are thoroughly analyzed with special attention to stable critical points

as the nature of the cosmological models around those points depicts our universe

as global attractor.

In chapter-1, we have discussed key cosmological components as well as various

theoretical models which have been developed earlier to explain the observational

evidences.

In chapter-2, we have reviewed the components of dynamical system method briefly

along with various techniques, used to analyze the stability of the critical points.

We have showed how autonomous system of differential equations can be framed

from the field equations pertaining to a cosmological model.

In chapter-3, we have considered a conformally coupled massless scalar field in semi-

classical gravity where matter is represented by a quantum field in curved spacetime,

while gravity is described by the classical spacetime metric, governed by Einstein’s

field equations. Here, matter content in the gravitational field equations is ex-

pressed as the expected value of the energy-momentum tensor operator in a given

quantum state, thereby incorporating quantum effects of matter on the classical ge-

ometry. The dark energy component is modeled as a massless, conformally coupled

scalar field. By employing this setup, evolution equations have been derived and

reformulated into an autonomous system through the introduction of appropriate

dimensionless variables. Subsequently, by performing a dynamical systems analysis,

stability properties of the universe near the critical points have been analyzed. The

cosmological implications around these critical points have been explored.



In chapter-4, we have considered non-minimally coupled f(Q) gravity model. Some

challenges have been observed in the framework of General Relativity to address the

late time acceleration of the universe. To address this issue, geometric components

of general gravity have been modified. One such approach is to change the geometric

components of general gravity where gravitational interaction is denoted by Q, Q

being the non metricity. Here, we have considered the linear combination of two

functions of Q, namely f1(Q) = αQn, n ̸= 1 and f2(Q) = Q where α is a con-

stant. Forming the autonomous system, we have analyzed stable state of universe

using dynamical system tools. These techniques help us to study the behavior of the

universe under several circumstances. We have studied the stability around critical

points and considering the recent observational data available for some cosmological

parameters, feasible solutions are noted.

Lastly, we have studied Rényi holographic dark energy model where a new idea of

dark energy has been studied depending on the holographic principle of quantum

gravity, called as the holographic dark energy(HDE). Later on modifying Bekestein-

Hawking entropy, different generalized entropies have been proposed, one of them

being Rényi entropy which leads to Rényi holographic dark energy model (RHDE).

We have considered RHDE model with Hubble horizon as the IR cut off and have

studied the cosmological behaviour under non interacting, linear and non-linear

interacting scenarios with the help of dynamical systems analysis. We have also

investigated the stability of the system around hyperbolic critical points along with

the type of fluid description, evolution of equation of state parameter as well as

matter and energy density parameters.
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5.5.1 Analysis of interacting Rényi HDE with linear interaction Q =
3H(ρm + ρd) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
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Chapter 1

Introduction to cosmology and

various cosmological models

1.1 Cosmology

Cosmology is derived from the Greek word cosmos meaning the study of the uni-

verse. Cosmology involves the scientific investigation of the universe’s large-scale

features with a central aim of understanding its overall structure, origin and long-

term evolution across vast cosmic distances and timescales. Since the dawn of human

civilization, there has been an enduring curiosity about the origin of the universe

and its further evolution. For centuries, our understanding was limited to some

basic facts. However, over the past few decades, a revolution has occurred—thanks

to precise astronomical observations, scientists have been able to measure key cos-

mological parameters with increasing accuracy. As a result, a range of theoretical

models have emerged that agree with these measurements, helping to unify and

deepen our understanding of the universe’s origin, structure and evolution [1, 2].

Einstein’s General Theory of Relativity [3] forms the cornerstone of theoretical cos-

mology. Proposed by Albert Einstein and Willem de Sitter in 1917, it provides

the fundamental framework for understanding the dynamics of the universe, where

gravity plays the dominant role in shaping its evolution [4, 5, 6].

Our contemporary comprehension of the universe is predominantly shaped by the

hot Big Bang theory, which elucidates the cosmic evolution from its origin to the

1
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present epoch. Contrary to the earlier steady state hypothesis which posited a static

and eternal universe, the Big Bang framework asserts that the universe is dynamic

and continuously evolving. The discovery of the universe’s expansion stands out as

one of the most profound and influential achievements in modern cosmology.

1.1.1 Observational evidences and Big Bang theory

The universe, as we observe it, is made up of stars, galaxies and larger structures such

as galaxy clusters and super clusters. For much of human history, our understanding

of these cosmic elements relied solely on visible light. However, a transformative de-

velopment in the 20th century enabled researchers to investigate the universe across

the entire electromagnetic spectrum. Modern observational tools now permit the

detection of various forms of electromagnetic radiation—ranging from radio waves

and microwaves to infrared, ultraviolet, X-rays and gamma rays. Each type of radi-

ation offers unique insights, allowing us to construct a far more comprehensive view

of the cosmos than what was possible using visible light alone.

Observational evidences have laid the foundation for the modern study of cosmology.

The following discoveries serve as its guiding pillars.

• Expansion of Space: Galaxies are observed to be receding from one another

through the redshift of light wave and velocities are increasing with distance

which is an effect, first documented by Edwin Hubble in 1929 [7], establishing

the concept of an expanding universe.

• Cosmic Microwave Background (CMB): A uniform microwave radiation

field detected in 1965 by A. Penzias [8] across the sky, represents the leftover

light from the universe’s early, hot and dense phase.

• Primordial Nucleosynthesis: Light elements like hydrogen, helium and

trace amounts of lithium formed within minutes after the Big Bang. The pre-

dicted abundances align well with current measurements. It was first explained

by George Gamow in 1940 [9].

• Formation of Structure: Initial little irregularities in matter density grew

under gravity over billions of years, giving rise to galaxies, clusters and cosmic

filaments observed today.



Chapter 1. Introduction to cosmology and various cosmological models 3

These series of observations established hot Big Bang as the preferred cosmological

model of the universe from an initial state of extreme density and temperature [10].

The redshift which was observed, considered as the reason of recession of the cosmic

objects, paved the path to conclude that the universe is expanding [11]. The con-

cept of an expanding universe was first rigorously introduced by physicist Alexander

Friedmann [12] and Georges Lemâıtre [13] in 1920s which gained strong observa-

tional support after Hubble’s observations [7] of galaxies in 1930s which showed a

systematic increase of redshift with distance. Later on, in the late 20 century, a se-

ries of observational evidences [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28]

have rigorously vouched for a universe with accelerated expansion.

Owing to the concept of expanding nature of the universe, history of universe has

been studied in different epochs starting from a hot dense phase to expansion till

it reached to a space time singularity where all the laws of classical physics become

invalid. This singularity is termed as “Big Bang”.

• Planck Time (t < 10−43s): In the first phase of cosmic history, the universe

was so dense and hot that our current physics breaks down. All known forces

are believed to have been unified during this phase. Describing this period

requires a theory of quantum gravity, which remains elusive.

• Era of Grand Unification (10−43s to 10−36s): As the universe cooled

slightly, gravity likely split from the other interactions. Soon after, the strong

nuclear force emerged as a distinct entity, marking a key phase transition in

the early universe.

• Epoch of Inflation (10−36s to 10−32s): A rapid burst of expansion dra-

matically increased the universe’s size in an instant. This inflationary process

helped to address key cosmological puzzles, like the horizon and flatness prob-

lems.

• Electroweak Phase (10−32s to 10−12s): Further cooling led to the sepa-

ration of the electroweak interaction into the weak nuclear force and electro-

magnetism. The elementary particles that define the standard model started

becoming prominent.
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• Quark-Dominated Stage (10−12s to 10−6s): The universe was filled with

high-energy particles including free quarks and gluons. It was too hot for these

quarks to form stable particles like protons or neutrons.

• Hadron Formation Phase (10−6s to 1s): As temperatures dropped, quarks

combined to form hadrons such as protons and neutrons. Matter-antimatter

collisions were frequent but a slight imbalance left a residue of ordinary matter.

• Lepton-Dominated Interval (1s to 10s): With most hadrons annihilated,

light particles such as electrons and neutrinos took center stage. Around this

time, neutrinos stopped interacting significantly with other particles and began

free-streaming.

• Photon Era (10s to ∼ 380, 000 years): The universe was a glowing plasma

where photons were constantly scattered by electrons and ions, keeping the

cosmos opaque.

• Recombination (∼ 380, 000 years): Atoms began forming as electrons at-

tached to nuclei, allowing photons to travel freely. These ancient photons form

the Cosmic Microwave Background we observe today.

• Cosmic Dark Ages (∼ 380, 000 to ∼ 150 million years): In the absence of

stars, the universe was filled with neutral hydrogen and no sources of visible

light. This era lasted until the first luminous objects formed.

• Epoch of Reionization (∼ 150 million to 1 billion years): Radiation from

the first stars and galaxies reionized the neutral hydrogen, ending the cosmic

dark ages and making the universe transparent once more.

• Development of Stars and Galaxies (1 billion years to present): Stars

and galaxies evolved into complex systems. Gravity sculpted large-scale struc-

tures from earlier matter distributions, forming the observable universe.

• Dark Energy Era (∼ 5 billion years ago to now and beyond): The influ-

ence of dark energy is considered as one of the important factor for universe’s

accelerating expansion.

These epochs can be divided in four groups :
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• Quantum gravity epoch: This epoch is considered to be present during

plank time. In this phase all fundamental forces - gravity, electromagnetism,

the weak nuclear force and the strong nuclear force were unified into a single

fundamental force. The energy of the universe was around 1019 Gev. At such

high energy all laws of physics broke down and quantum effects of gravity

became significant. Classical General Relativity may no longer be valid during

this time.

• Inflationary epoch: Previously discussed era of grand unification, epoch of

inflation, electroweak phase can be clustered as the inflationary epoch. In this

epoch, gravity separated from unified forces and emerged as a very strong force.

Semi classical theory of gravity can explain this epoch where matter source is

considered as quantum field and gravity as classical. We have discussed such

type of cosmological model in our thesis.

• Pregalactic epoch: Quark dominated stage, hadron formation phase, lepton

dominated interval, photon era, recombination, cosmic dark ages, epoch of

reionization can be grouped into this epoch. In this epoch there were two

phases. One is pre-decoupling period when matter is ionized as well as it is

strongly interacting with radiation through Thompson scattering and another

is post-decoupling period when matter and radiation evolve independently.

• Postgalactic epoch: This epoch consists of development of stars and galaxies

and dark energy era.

The physics of these last two epochs is relatively well understood and together they

provide us the core of hot Big Bang model which provides us a direction towards

explaining various facts [29] about our own universe and scope of thorough analysis

of observational data. At the same time two earlier epochs are under robust study

though the physics at those times are not well understood.

1.1.2 Cosmological Principle

It is usually assumed that the evolution of universe is governed by the Einstein

field equations during Post-galactic, Pre-galactic and Inflationary epoch. When
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Friedman, Lemaitre and others had studied the expanding nature of the universe in

1920s and 1930s [12, 13], they assumed their mathematical models as simple as pos-

sible. They had considered the space time geometry as homogeneous and isotropic

in large scale structure. These assumptions called as Cosmological Principle, char-

acterizes the Robertson, Walker [30, 31] geometry which collectively with Einstein

field equations leads to Friedman-Lemaitre-Robertson-Walker(FLRW) cosmological

models. This cosmological principle is the basis of Big Bang cosmology.

Homogeneity and Isotropy: In modern physical cosmology, the cosmological

principle posits that the Universe is homogeneous and isotropic on a large scale.

“Homogeneous” signifies that the Universe lacks any preferred or distinguished lo-

cation, meaning it appears uniform regardless of observer’s position.“Isotropic” in-

dicates that no particular direction is favoured, implying that the Universe looks

the same in every direction. The phrase “large scales” refers to vast distances of

approximately 100 megapersecs (MPc) or greater, where these principles hold true

[32, 33]. On smaller scales, the Universe exhibits neither uniformity nor directional

symmetry. It is also important to note that homogeneity does not inherently im-

ply isotropy. There are adequate evidences for the isotropy and homogeneity for

the observable universe. The conclusive probe for the isotropy is the uniformity of

the temperature of CMBR. Similarly, inhomogeneities in the density of the universe

would lead to temperature anisotropies (In this regard, CMBR is a very powerful

tool).

1.1.3 Friedmann–Lemaitre–Robertson–Walker(FLRW) Cos-

mology and corresponding evolution equations

The evolution of the Universe is governed by the Einstein field equations which are in

general complicated non-linear equations that establish a connection between the ge-

ometry of space time and distribution of matter within the universe. They possess a

simple analytical solution under the assumption of symmetry. Friedmann-Lemaitre-

Robertson-Walker(FLRW) metric which describes the space time geometry, is based

upon the cosmological principle on large scale structure. If we observe our nearby

environment, we see stars, galaxies, cluster of galaxies which represent the highly

inhomogeneity in the universe that is ignored at large scales. The FLRW metric can
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be written in terms of invariant geodesic as

ds2 = gµνdx
µdxν (1.1)

where µ, ν = 0, 1, 2, 3 in four dimensions. In spherical coordinate system (r, θ, ϕ)

(1.1) can be explicitly written as

ds2 = −dt2 + a2(t)

[
dr2

1− κr2
+ r2(dθ2 + sin2θ dϕ2)

]
(1.2)

There are only two variables in the above metric, namely, a(t) which represents the

scale factor that measures the size of the universe, while κ symbolizes the scalar

curvature. κ describes the spatial geometry of the universe. κ = 1 corresponds to

a closed Universe, κ = −1 characterizes an open Universe and κ = 0 signifies a flat

Universe. Depending on the dynamics, evolution of the universe may vary. Universe

may expand forever when κ < 0, re-collapses in future when κ > 0 or approach in

between asymptotically while κ = 0.

Einstein’s field equation takes the form

Gµν = κTµν (1.3)

where

Gµν = Rµν −
1

2
gµνR (1.4)

Here, Rµν is the Ricci tensor which depends on the metric, Tµν is the energy momen-

tum tensor which describes the matter distribution. Here, R represents the Ricci

scalar, a fundamental quantity that describes the curvature of space-time, defined

through the contraction of the Ricci tensor.

R = Rµνg
µν (1.5)

So, in (1.3), left hand part describes the geometry connected to gravity and right

hand part describes the matter, energy distribution.

Hubble’s parameter H which is a very essential cosmological parameter describes

the rate of expansion of the universe. It is denoted in terms of scale factor as

H =
ȧ

a
(1.6)
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where ȧ is the change of scale factor with respect to time.

Another important parameter is also used in place of scale factor which is denoted

by z and defined as

z =
λ0
λe

− 1 =
a0
ae

− 1 (1.7)

where λe is the wavelength of a photon emitted at time te when the scale factor is

a(te) = ae and is observed today(t = t0) with the present scale factor a0 = a(t0) at

wavelength λ0. A longer wavelength refers to redshift.

According to Weyl’s postulate, the matter distribution in the universe is modeled

as a perfect fluid, characterized by an energy-momentum tensor of the form:

Tµν = (ρ+ p)uµuν + pgµν (1.8)

where uµ is fluid velocity in space time, ρ and p are density and pressure of the fluid

respectively. Einstein field equation in (1.3) provides two independent equations for

a non flat model(κ ̸= 0):

3H2 +
3κ

a2
= 8πGρ , (1.9)

2Ḣ + 3H2 +
κ

a2
= −8πGp. (1.10)

where H is the Hubble parameter, G is the Newton’s gravitational constant, ρ and

p denote the total energy density and thermodynamic pressure. These equations are

known as Friedmann equations. The conservation of the energy-momentum tensor

gives rise to the continuity equation

∇µ T
µ
ν = 0 . (1.11)

From above equation, we derive

ρ̇+ 3H(p+ ρ) = 0 . (1.12)

From (1.12), we can understand that the Hubble’s parameter which stands for ex-

pansion of the universe can change energy density. (1.12) can also be derived from

(1.9) and (1.10), which indicates that out of three equations (1.9), (1.10) and (1.12),

any two are independent. By eliminating κ
a2

from equations (1.9) and (1.10), we
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obtain the following result.

ä

a
= −4πG

3
(3p+ ρ) . (1.13)

The term ä
a
denotes the acceleration of the expansion.

If (3p+ρ) > 0, then ä
a
< 0, indicating that the universe is decelerating . Conversely,

if (3p+ ρ) < 0, then ä
a
> 0, signifying that the universe is accelerating.

Matter for which (3p + ρ) > 0, satisfies the strong energy condition, is classified

as normal matter. Conversely, matter that violates the strong energy condition is

referred to as exotic matter.

The first Friedmann equation (1.9) can be expressed as follows

Ω(t) = 1 +
κ

a2H2
, (1.14)

Here Ω(t) ≡ ρ
ρc

is defined as the dimensionless density parameter, where ρc =
3H2

8πG
is

the critical density.

From the equation (1.14), we can conclude:

Ω(t) > 1 = ρ > ρc =⇒ κ = +1 ,

Ω(t) < 1 = ρ < ρc =⇒ κ = −1 ,

Ω(t) = 1 = ρ = ρc =⇒ κ = 0 . (1.15)

Thus, we can categorize the geometry of the Universe based on the distribution of

matter.

q = −

(
1 +

Ḣ

H2

)
. (1.16)

The deceleration parameter, denoted as q, is a dimensionless quantity. A negative

value of q (q < 0) signifies that the universe is accelerating, while a positive value

(q > 0) indicates that the universe is decelerating.

1.1.4 Dynamics of the universe with a perfect fluid

Assuming that the universe is filled with a perfect fluid, we consider pressure as

a single valued function of density, i.e., p = p(ρ). Equation of state parameter is
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defined as

ω =
p

ρ
(1.17)

where, the equation of state parameter ω is assumed to be constant. It is directly

related to the evolution of the energy density and consequently, to the expansion of

the universe.

Using the equation of state parameter from equation (1.17) into the Friedmann

equations (1.9) and (1.10), one can obtain the following results.

H =
2

3(1 + ω)(t− t0)
, when κ = 0 (1.18)

a(t) ∝ (t− t0)
2

3(1+ω) . (1.19)

ρ ∝ a−3(1+ω) . (1.20)

Here t0 is the integrating constant.The above solution is valid for ω ̸= −1.

For a universe dominated by radiation, where the equation of state parameter ω = 1
3
,

the evolution of the universe is fundamentally governed by radiation pressure.

ρ ∝ a−4 ,

a ∝ (t− t0)
1
2 . (1.21)

For a universe dominated by dust, where the equation of state parameter ω = 0,

the evolution is primarily driven by matter, with gravitational attraction playing

a dominant role in shaping the expansion during this phase as pressure becomes

negligible.

ρ ∝ a−3,

a ∝ (t− t0)
2
3 . (1.22)

In the stiff fluid era, equation of state parameter ω = 1, the dynamics are domi-

nated by an extremely rigid equation of state, where the pressure equals the energy

density, resulting in the most intense and non-relativistic behaviour possible for any
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cosmological fluid.

ρ ∝ a−6,

a ∝ (t− t0)
1
3 . (1.23)

1.2 Cosmological models and key cosmological com-

ponents

After considering Big Bang model as the viable option to explain the expansion

of universe, different theoretical models have been proposed to study the evolution

of universe and different cosmological phenomena.Within the framework of FLRW

geometry and using Einstein field equations, derived Friedmann equations helped

scientists to propose different theoretical cosmological models [34, 35, 36].

1.2.1 Semiclassical gravity

To study the evolution of universe before plank time, quantum gravity [37, 38, 39] is

considered to be the most useful tool. One approach to incorporate quantum gravity

is introduction of canonical quantum gravity which can be imposed by applying

normal quantization methods to Einstein field equations but this approach suffers

from both the technical and conceptual point of view. As a result, it is common

to adopt a semiclassical approach [40, 41, 42, 43, 44, 45, 46, 47] in which gravity is

described by classical general relativity while matter fields are treated using quantum

theory. This method offers a more tractable framework that still captures certain

aspects of quantum gravitational effects. Though semiclassical gravity theory is

complicated and also is not applicable near Plank time but it can be widely applied

in explaining the inflation era and future singularity [48, 49]. It is believed to be

essential in early stages of black hole evaporation [50, 51] in the semiclassical regime

of quantum gravity.

Semiclassical gravity theory has two parts: quantum field theory in spacetime and

semiclassical Einstein equation. Semiclassical theory describes the effect of quantum

field as the source of gravity. Matter part in the Einstein field equation feels the effect
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of quantum field theory which propagates in spacetime and impacts the classical

Einstein equation through the expected value of the stress energy tensor. As a

result, Einstein field equation in semiclassical gravity is transformed into

Gµν = 8πG < Tµν > (1.24)

where Gµν is the Einstein tensor, G is the Newton gravitational constant, < Tµν >

denotes the expected value of stress-energy tensor.

The manner in which the matter sector is treated leads to a modification of equation

(1.24). For example, if the matter part is considered as quantized scalar field [52] in

which the state vector is considered as ψ(ϕ) where ψ is the quantum state and ϕ is

the scalar field, satisfies the Schrödinger equation

ι∂tψ(ϕ, t) = Ĥψ(ϕ, t) (1.25)

where the Hamiltonian operator Ĥ depends on the spacetime metric g and the metric

satisfies Einstein field equation

Gµν(g) = 8πG < ψ|Tµν(ϕ, g)|ψ > (1.26)

Semiclassical gravity provides accurate predictions as long as the stress-energy ten-

sor’s quantum fluctuations [53] remain modest—that is, when deviations from its

expectation value are sufficiently small. Under such conditions, the influence of these

fluctuations on the classical spacetime geometry is minimal, allowing the semiclas-

sical Einstein equations to hold effectively. Mathematically when,

< Tµν(x)Tγδ(y) >=< Tµν(x) >< Tγδ(y) > (1.27)

1.2.2 Ordinary matter and dark matter

Matter component of the universe can be classified into two parts, namely ordinary

baryonic matter and dark matter. Baryonic matter is the type of matter which

are strongly interactive carrying a conserved quantum number which is known as

baryon number. This type of matter made up with protons, neutrons and electrons.

In universe, stars, planets, gas, dusts which are visible or otherwise are referred to
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as baryonic matter where baryons include protons, neutrons and electrons which are

most important part of ordinary matter but negligible in terms of mass compared

to protons and neutrons. Current estimate of baryonic matter density is Ωb = 0.04

[54, 55]. This estimate comes from CMB power spectrum [22, 28] and Big-Bang

nucleo synthesis [9, 56] from which we also came to know that all the baryons in the

universe can not provide us the observed amount of matter.

As a matter of fact, most of the matter must be in the form of non-baryonic dark

matter which is simply called as dark matter [2, 57, 58] due to its gravitational pull.

It is non-interacting and does not emit or reflect light. There are two types of dark

matter; hot relativistic and cold non relativistic. Between them there is another

type of dark matter which is called as warm dark matter. Cold dark matter(CDM)

is most important in forming the large scale structure of universe such as galaxies

or cluster of galaxies.

1.2.3 Dark Energy

An equally mysterious and important cosmological component like dark matter is

dark energy. Numerous observational evidences like large scale structure(LSS) [59,

60, 61], cosmic microwave background radiation(CMBR) [21, 28, 62, 63], type Ia

supernova [14, 15, 20, 64, 65] suggest that our universe is experiencing an accelerated

expansion. The matter density of the universe accounts for approximately one-third

of the critical density required for a spatially flat universe. To combat with this

situation two schools of thoughts are there. One of which is the modification of the

matter part in Einstein equation by incorporating an exotic matter known as dark

energy.

The nature of the dark energy is characterized by negative pressure which is very

puzzling and still unknown to us. Unlike baryonic and cord dark matter, at all

scales, dark energy remains unclustered. Later on, different models of dark energy

[66, 67, 68, 69, 70, 71] will be discussed in this literature.
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1.2.4 Cosmological Constant

The cosmological constant, Λ [66, 72] and the cold dark matter (ΛCDM) model are

frequently employed as candidates for dark energy (DE) [69, 72, 73, 74, 75, 76]. It

was first introduced by Einstein while he was interested to find a static solution. So,

he modified (1.3) as

Rµν −
1

2
gµνR + Λgµν = 8πGTµν (1.28)

here Λ, a new parameter, is termed as the cosmological constant. With this modifi-

cation the Friedmann equations (1.9) and (1.10) are transformed into

H2 =
8πG

3
ρ− K

a2
+

Λ

3
ä

a
= −4πG

3
(3p+ ρ) +

Λ

3
(1.29)

After Edwin Hubble’s groundbreaking observation that the universe is expanding,

the importance of introducing Λ for static model of universe was postponed. Later

on, it was again introduced to explain late time acceleration [66, 72, 77]. The

cosmological constant was assumed to be the vacuum energy density. The vacuum

was considered as a perfect fluid with equation of state pΛ
ρΛ

= −1. Here

ρΛ =
Λ

8πG
and pΛ =

−Λ

8πG
(1.30)

Besides being the basic standard dark energy model, known as ΛCDM (cold dark

matter) with very significant alignment with observational data, it suffers from two

significant limitations and the cosmological constant is not widely accepted as a

robust model for dark energy. These two major issues are the (i) fine-tuning problem

[78, 79] and (ii) the coincidence problem [78, 80, 81].

1.2.4.1 Fine-tuning problem

Recent cosmological observations have confirmed that the cosmological constant is

a non-zero quantity, with its measured value

ρΛ =
Λ

8πG
= 10−47GeV 4. (1.31)
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According to quantum field theory, the expected value of the cosmological constant

is extraordinarily large, approximately 1074GeV 4. However, this theoretical estimate

widely deviates from observed value, creating a major discrepancy. This mismatch

represents one of the most critical and unresolved issues with the cosmological con-

stant.

1.2.4.2 Coincidence Problem

Recent observational evidence suggests that the energy density of the cosmological

constant i.e., vacuum energy density and matter density are comparable. Specifi-

cally, if the energy density of the cosmological constant is denoted as ρΛ and that of

matter as ρm, we find that ρΛ ∝ ρm. This implies we are in a unique epoch of the

universe’s evolution, where the energy densities of both matter and the cosmological

constant are approximately equal. This phenomenon is referred to as the Coinci-

dence Problem, prompting the question of why these densities coincide precisely at

this particular moment in cosmic history.

1.2.5 Modified matter model

To address the challenges faced by the ΛCDM model in explaining the late-time ac-

celeration of the Universe, some physicists have proposed modifications in the matter

part of Einstein’s field equations, i.e., introducing exotic matter and modification

in the energy momentum tensor Tµν in General Relativity and this modified matter

part serves as a possible source of dark energy.

The simplest choice of matter source has been considered as the scalar fields which

naturally arise in particle physics including string theory. These can act as the

source of dark energy and help in developing dynamical dark energy models.

In the literature, a variety of such models has been discussed which include quintessence

[73, 82, 83, 84, 85, 86, 87, 88, 89], k-essence [90, 91, 92, 93, 94, 95], phantom

[96, 97, 98, 99, 100, 101], dilatonic dark energy [102], unified dark energy and mat-

ter model like chaplygin gases [103, 104, 105, 106], coupled dark energy and matter

model [107, 108, 109, 110, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122].
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1.2.5.1 Quintessence

Quintessence refers to a dynamic form of dark energy, modelled as a time-dependent

scalar field that gradually evolves by slowly rolling down its potential towards a

minimum. It is described by a scalar field ϕ, which is minimally coupled to gravity.

Action of quintessence is given by

S =

∫
d4x

√
−g[ 1

16πG
R− 1

2
(∇ϕ)2 − V (ϕ)] (1.32)

Varying the action (1.32) with respect to ϕ in FLRW flat spacetime, the equation

of motion in an expanding universe is given by

ϕ̈+ 3Hϕ̇+
dV

dϕ
= 0 (1.33)

The energy density of the scalar field is denoted as the sum of kinetic, gradient and

potential energies

ρϕ =
1

2
ϕ̇2 + V (ϕ) +

1

2
(∇ϕ)2 (1.34)

where 1
2
ϕ̇2 is the kinetic energy and V (ϕ) is the potential energy. The energy mo-

mentum tensor is obtained by varying (1.32) with respect to gµν as

Tµν = − 2√
−g

δS

δgµν
(1.35)

Assuming a homogeneous field (∇ϕ ≈ 0) for simplicity, the energy density and

pressure corresponding to scalar field becomes

ρϕ =
1

2
ϕ̇2 + V (ϕ)

pϕ =
1

2
ϕ̇2 − V (ϕ) (1.36)

The equation of state parameter is denoted by

ωϕ =
pϕ
ρϕ

=
1
2
ϕ̇2 − V (ϕ)

1
2
ϕ̇2 + V (ϕ)

(1.37)

(1.37) always implies that the equation of state for the scalar field lies in between

(−1, 1), i.e., −1 < ωϕ < 1. For late time acceleration, ωϕ < −1
3
. This in turn implies
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ϕ̇2 < V (ϕ). Hence, the scalar potential should be flat enough for the scalar field to

undergo slow-roll evolution. It is same as the case in inflationary cosmology. During

the radiation or matter dominated epochs, the energy density of matter significantly

exceeds that of dark energy, i.e., ρm >> ρϕ. For dark energy to become dominant at

late times, its energy density must evolve in a manner that tracks that of radiation

or matter during earlier epochs. The existence of such a tracking solution critically

depends on the specific form of the scalar potential V (ϕ).

Quintessence models are broadly classified into two categories. The first is known

as the freezing model [84, 89], in which the equation of state parameter gradually

decreases towards −1. The second category is referred to as the thawing model

[123, 124, 125, 126] where the equation of state parameter starts close to −1 initially

and increases at late times but remains below −1
3
to drive acceleration.

1.2.5.2 k-essence

The quintessence model is based on a canonical scalar field characterized by the stan-

dard kinetic energy term 1
2
ϕ̇2 and a potential energy V (ϕ) in the action. However,

by modifying the canonical kinetic term to a non-canonical form, one can account

for the effects of exotic matter with negative pressure without necessarily invoking

a potential term [90, 91, 92, 93].

The action is defined here as

S =

∫
d4x

√
−g[ 1

16πG
R + p(ϕ,X)] (1.38)

where X = −1
2
(∇ϕ)2 is the canonical kinetic energy of the field ϕ and Lagrangian

density p(ϕ,X) corresponds to a pressure. In most of the k-essence models p(ϕ,X)

takes the form p(ϕ,X) = f(ϕ) ˆp(X), primarily motivated by insights from string

theory.

For certain choices of the kinetic and potential functions, k-essence models can nat-

urally track the evolution of the total radiation energy density during the radiation-

dominated epoch. Then it transits to an approximately constant behaviour as the

matter-dominated era begins. However, achieving desirable evolution generally re-

quires a finely tuned kinetic term.
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1.2.5.3 Phantom dark energy

Recent observational evidences suggest that, the current value of equation of state

parameter nearly varies around -1 [127, 128, 129, 130, 131]. In previously discussed

scalar field models, equation of state parameter is greater than -1, i.e., ω > −1.

But the dark energy model which violets weak energy condition with ω < −1 is

termed as phantom dark energy. Specific models in braneworld [132] or Brancs-

Dicke gravity can lead to phantom energy. Phantom fields were originally proposed

within Hoyle’s formulation [133] of the steady-state cosmological model. To comply

with the cosmological principle and maintain a uniform matter density despite the

universe’s expansion, Hoyle introduced a “creation field” responsible for continuously

generating matter in the regions, left empty by cosmic expansion. It was further

modified and reconstructed in Hoyle and Narlikar theory of gravity [134].

Here, action is defined by simply considering a scalar field with negative kinetic

energy.

S =

∫
d4x

√
−g[ 1

16πG
R +

1

2
(∇ϕ)2 − V (ϕ)] (1.39)

Here, sign of the kinetic term is opposite compared to (1.32). Energy and pressure

density is defined by

ρϕ = −1

2
ϕ̇2 + V (ϕ)

pϕ = −1

2
ϕ̇2 − V (ϕ) (1.40)

The equation of state parameter is denoted by

ωϕ =
pϕ
ρϕ

=
1
2
ϕ̇2 + V (ϕ)

1
2
ϕ̇2 − V (ϕ)

(1.41)

Hence, we get ωϕ < −1 for ϕ̇2 < V (ϕ). A universe filled with phantom dark energy

shows some interesting properties [135, 136, 137, 138, 139]. In a universe dominated

by phantom energy, the curvature becomes infinitely large within a finite duration.

This scenario is accompanied by a divergence in the Hubble parameter, indicating

that the expansion rate of the universe becomes infinite in finite time. Such a

divergence stems from the unbounded growth of the phantom energy density which

approaches a singularity in a limited time span. This culminates in a catastrophic
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event known as the Big Rip, where spacetime curvature becomes singular, signaling

the breakdown of classical General Relativity. Phantom fields typically suffer from

significant ultraviolet (UV) instabilities at the quantum level. Due to the fact that

their energy density is unbounded below, the vacuum becomes unstable, allowing

spontaneous production of ghost particles along with conventional energy fields [136].

1.2.5.4 Dilatonic dark energy

Phantom fields which involve a negative kinetic term, are often associated with sig-

nificant quantum instabilities. Since our primary interest lies in ultraviolet (UV)

vacuum instabilities, it is reasonable to adopt a Minkowski background when exam-

ining quantum fluctuations as UV effects are dominant at high energies and short

distances. In this context, the dilatonic ghost condensate model [102] serves as a

useful framework for analysis where we assume pressure

p = −X + ceλϕX2 (1.42)

where X is kinetic term, c is positive constant. This framework is inspired by

dilatonic higher-order corrections to the tree-level action found in the low-energy

effective theory of string theory [140]. It is typically assumed that, in the relevant

limit ϕ→ ∞, the dilaton effectively decouples from the gravitational sector.

1.2.5.5 Unified dark energy and matter: Chaplygin gas

Up to this point, we have explored various scalar field models. Another compelling

approach involves a unified framework in which both dark matter and dark energy

are described simultaneously at the background level. Kamenshchik. et. al [103]

has proposed the chaplygin gas model wherein the pressure p of the perfect fluid is

related to its energy density by

p = − A

ρα
(1.43)

where A is a positive constant. When α > 0, the pressure remains negligible com-

pared to the energy density during the early stages of cosmic evolution. However, at

later times, the negative pressure becomes significant, enabling the onset of cosmic
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acceleration. Thus, a fluid obeying the Chaplygin gas equation of state effectively

transitions from behaving like pressureless matter in the early universe to exhibiting

dark energy-like properties in the late universe.

1.2.5.6 Coupled dark energy and matter

An alternative approach to address the coincidence problem involves introducing an

interaction between dark matter and dark energy. Given that their energy densities

are of the same order in the current epoch, it is plausible to explore possible couplings

between these two dark components. Numerous investigations have been conducted

in this context [107, 108, 109, 110, 111, 112, 113, 114, 115, 116, 117, 118, 119, 120,

121, 122, 141, 142]. One of the noteworthy features of interacting dark energy models

is the possibility of achieving a scaling solution that can also support accelerated

cosmic expansion.

Currently, the Universe is predominantly governed by dark matter and dark energy

whereas the ordinary (baryonic) matter contributes only a minor fraction. As dark

energy exhibits repulsive gravitational effects in contrast to the attractive nature

of other matter components, any interaction between dark matter and dark energy

is generally assumed to be weak. However, observational evidences such as data

from the Cosmic Microwave Background (CMB) and large-scale matter distribution

support the viability of models incorporating such interactions [143, 144, 145, 146,

147, 148, 149].

With the involvement of interactions, continuity equations become

˙ρm + 3H(1 + ωm)ρm = Q

ρ̇ϕ + 3H(1 + ωϕ)ρϕ = −Q (1.44)

Here ρm and ρϕ are the dark matter and dark energy density respectively. ωm and ωϕ

are the equation of state parameters corresponding to dark matter and dark energy

respectively. Dot denotes the derivative with cosmic time and Q is the parameter,

denoting interchange between dark matter and dark energy. Q > 0 indicates a

flow from dark energy to dark matter and Q < 0, a flow from dark matter to dark

energy. For different dark energy models, a comparative study can be done between
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a model having interaction and one without interaction between dark matter and

dark energy by choosing different forms of Q.

1.2.6 Holographic dark energy

The holographic dark energy (HDE) models [150, 151, 152, 153, 154, 155, 156, 157]

present an alternative framework for addressing the challenges associated with dark

energy. It is derived from the holographic principle [158] in quantum gravity, which

asserts that the physical degrees of freedom within a system are determined by its

boundary area rather than its volume. This concept leads to a connection in quan-

tum field theory between a short-distance (ultraviolet) cutoff and a long-distance

(infrared) cutoff.

When extended to cosmology, this IR cutoff is interpreted as a characteristic cos-

mological length scale and the holographic principle then implies that the energy

contained in a region must not exceed that of a black hole with the same volume.

Mathematically

ρd ≤M2
pL

−2 (1.45)

where ρd is the energy density of dark energy,Mp is reduced plank mass, L is the size

of the region, i.e., IR cut off. Usually from effective field theory the energy density

can be written as [151, 154]

ρd =
3M2

p c
2

L2
(1.46)

c being the dimensionless parameter. Therefore, the selection of the IR cutoff is

pivotal in defining the holographic energy density. Multiple choices of IR cut offs

have been considered in different HDE models including the Hubble radius (L =

H−1), particle horizon (L = Rp = a
∫ t

0
dt′

a(t′)
), future event horizon (L = Rh =

a
∫∞
t

dt′

a(t′)
), the Granda–Oliveros (GO) cutoff (L−2 = αH2 + βḢ), and the Ricci

scalar curvature cutoff (L−2 ∝ R where R = −6(Ḣ + 2H2).

In this present literature, we discuss several HDE models such as the Kaniadakis,

Tsallis, Barrow and Rényi HDE models. These models can be studied under both

non-interacting scenarios and scenarios involving interactions between dark energy

and dark matter, providing a broad perspective on their dynamical behaviours and

implications for late-time cosmic acceleration.
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1.2.6.1 Kaniadakis holographic dark energy

The basic idea behind Kaniadakis holographic dark energy [159, 160, 161, 162] is the

introduction of Kaniadakis entropy which is nothing but one parameter generalized

classical entropy which is defined by Kaniadakis [163, 164] as

SK = −kB
∑
i

pi ln{k}(pi) (1.47)

where kB is the Boltzman constant and ln{k}(x) =
xk−x−k

2k
. This entropy is distin-

guished by dimensionless parameter K where −1 < k < 1 where lim k → 0 gives

back the classical entropy. Kaniadakis entropy can be redefined by

SK = −kB
w∑
i

p1+k
i − p1−k

i

2k
(1.48)

where pi and w are the probability of a specific microstate of the system and the

total number of possible configurations respectively. When applied within the black

hole framework, it leads to

Sk =
1

k
Sinh(k) SBH (1.49)

where SBH is the standard Bekenstein-Hawking entropy. By considering future

event horizon RE as the IR cut off from the essence of basic holographic dark energy

inequality (1.45), Kaniadakis holographic dark energy density can be defined as

ρd =
3M2

p c
2

R2
h

+ k2M6
pR

2
h (1.50)

1.2.6.2 Barrow holographic dark energy

Barrow holographic dark energy model [165, 166, 167, 168, 169, 170, 171, 172] is

dependent on Barrow entropy which was proposed by Barrow where he introduced

a new form of entropy with quantum gravitational effect. This can exhibit intricate

and fractal features of black hole and therefore this complex structure provides finite

volume with finite or infinite area and hence a deformed expression of black-hole
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entropy. Modified entropy defined by Barrow [173] is

SB =
A

A0

1+∆
2

(1.51)

where A and A0 are the standard horizon area and Plank area respectively. ∆ is a

new parameter which is introduced here to define quantum gravitational deformation

with ∆ = 0 giving back the usual Bekenstein-Hawking entropy and ∆ = 1 corre-

sponds to most intricate and fractal structure. Hence the range of the parameter ∆

is in between 0 and 1. By using inequality (1.45) and (1.51), Barrow hologrphaic

dark energy density can be written as

ρd = CL∆−2 (1.52)

where C is a parameter with dimension L−2−∆. With future event horizon as the

IR cut off (1.52) can be rewritten as

ρd = CR∆−2
h (1.53)

1.2.6.3 Tsallis holographic dark energy

Tsallis holographic dark energy [174, 175, 176, 177] is a different form of holo-

graphic dark energy which relies on Tsallis entropy [178, 179]. The conventional

Boltzmann–Gibbs additive entropy, founded on the hypothesis of weak probabilistic

correlations and their connection to ergodicity, has been extended to a non-additive

entropy formalism. This generalization is known as Tsallis entropy. It satisfies the

property that the entropy of the whole system is not necessarily the sum of the

entropies of its subsystems.

ST = k
1−

∑w
i=1 p

q
i

q − 1
(1.54)

where w is the total number of configuration, pi is the associate probabilities, q is any

real constant and k is any positive constant. lim q → 1 gives back the conventional

Boltzmann-Gibbs entropy.
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The non extensive entropy [180] can be expressed as

ST = γAδ (1.55)

where A ∝ L2 is the area of the system with length L, the parameter γ is a constant

and δ is the non additivity parameter associated to the dimension of the system

d with one important choice of the d being δ = d
d−1

for d > 1 as defined in [181].

Bekenstein entropy can be obtained from (1.55) for δ = 1. By using inequality (1.45)

and (1.55), Tsallis hologrphaic dark energy density can be expressed as

ρd = BL2δ−4 (1.56)

where B is a parameter with dimension L−2δ.

By considering Hubble radius as the IR cut off (1.56) can be re written as

ρd = BH−2δ+4 (1.57)

1.2.6.4 Rényi holographic dark energy

Rényi holographic energy model [177, 182] is connected to Rényi entropy [183, 184].

For a system of w discrete states, it is defined by

SR = k
ln
∑w

i=1 p
q
i

1− q
(1.58)

where q is a non extensive parameter [181, 185], k is a positive constant and pi is

the probability for i th state. Rényi entropy reduces to standard Boltzmann- Gibbs

entropy for lim q → 1. Using Tsallis entropy defined in (1.54) and (1.58), we obtain

a relation between Tsallis entropy and Rényi entropy as

SR =
1

δ
ln(1 + δST ) (1.59)

where δ = 1− q is a parameter which measures whether the system is non-additive

[178] or not. By deducing (1.59) by Biro et al. [186], it was shown that when formal

logarithmic transformations are applied to generalized thermodynamic quantities,
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the resulting expressions exhibit additive behaviour. These transformed forms con-

tinue to follow the conventional laws and relationships of standard thermodynamics.

To calculate the Rényi entropy related to black hole [187, 188, 189, 190], Tsallis en-

tropy is considered as formal Bekenstein-Hawking entropy. As a result (1.59) is

redefined as

SR =
1

δ
ln(1 + δSBH) (1.60)

where SBH is Bekenstein-Hawking entropy which is denoted as

SBH =
kBc

3A

4ℏG
(1.61)

where kB, c, A, ℏ, G are respectively Boltzmann constant, speed of light, area of the

black hole horizon, reduced plank constant and Newton’s gravitational constant. By

considering in natural units where kB = ℏ = c = G = 1, it simplifies to:

SBH =
A

4
(1.62)

By assuming A = 4πL2, where L is the IR cut off and using (1.62), (1.60) is rewritten

as

SR =
1

δ
ln(1 + πδL2) (1.63)

Now, by using the thermodynamic relation

TdSR ∝ ρddV (1.64)

ρd =
3d2

8πL2
(1 + πδL2)−1 (1.65)

where d is a constant, δ is the non-extensive Rényi parameter and L is the IR cutoff.

By considering Hubble horizon as the IR cut off, (1.65) can be redefined as

ρd =
3d2H4

8π(πδ +H2)
(1.66)

1.2.6.5 Sharma-Mittal holographic dark energy

A new form of entropy was developed by Sharma and Mittal [191, 192] which is

nothing but the generalization of Tsallis and Rényi entropy. Using this, a new
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holographic dark energy model was proposed which is known as Sharma-Mittal

holographic dark energy [193, 194]. Sharma-Mittal entropy [190, 195] is defined as

SSM = k
(
∑w

i=1 p
1−δ
i )

1−r
δ − 1

1− r
(1.67)

where r is a free parameter. Tsallis and Rényi entropies defined in (1.54) and in

(1.58) can be obtained from (1.67) by considering lim r → 1− δ where δ = 1− q and

lim r → 1 respectively.

The relation between Tsallis and Sharma-Mittal entropy can be written as

SSM =
1

R
((1 + δST )

R
δ − 1) (1.68)

where R is a parameter defined as R = 1−r. Now, for black hole we consider Tsallis

entropy as Bekenstein-Hawking entropy SBH and as a result (1.68) changes to

SSM =
1

R
((1 + δSBH)

R
δ − 1) (1.69)

Now by assuming (1.62), A = 4πL2, where L is the IR cut off, (1.69) modifies to

SSM =
1

R
((1 + δπL2)

R
δ − 1) (1.70)

By using thermodynamic relation in (1.64), inequality in (1.45) and Hubble horizon

as IR cut off Sharma-Mittal dark energy density can be written as

ρd =
3C2H4

8πR
((1 +

δπ

H2
)
R
δ − 1) (1.71)

C2 is a free parameter. Original HDE model can be recovered when limR → δ.

1.2.7 Modified Gravity Theory

General Relativity theory being the backbone of gravity theory, explains the geo-

metric description of gravity theory. General Relativity theory is governed by the

fundamental Einstein field equations which lead to Friedmann equations under the

framework of FLRW spacetime. The standard Big Bang theory explains the earlier

evolution of universe which was matter and radiation dominated. Afterwards, to



Chapter 1. Introduction to cosmology and various cosmological models 27

explain the accelerated expansion of universe, simplest ΛCDM model was proposed

which faced two major problems which encouraged the scientists to modify the right

hand side of Einstein field equation i.e., the matter part by introducing exotic matter

with negative pressure, termed as dark energy. Another group of scientists thought

of modifying the left hand side of Einstein field equation which describes the gravity

part by modifying gravity [196, 197, 198, 199, 200, 201, 202, 203, 204] itself. They

have tried to change the Einstein–Hilbert action term by introducing higher order

curvature invariants. In general, Einstein field equation is of 2nd order but by in-

troducing higher order curvature invariants, Einstein field equations involve higher

order derivatives. As a result, extra degrees of freedom do involve in the evolution

equations.

In this literature, we will discuss a few of modified gravity models namely f(R)

gravity [200, 205, 206, 207, 208, 209, 210], f(R, T ) gravity [211, 212, 213, 214, 215],

f(T ) gravity [216, 217, 218, 219, 220], Gauss-Bonnet gravity [221, 222, 223, 224,

225, 226, 227, 228, 229, 230], Scalar-Tensor gravity theory [231, 232, 233, 234, 235],

f(Q) gravity [236, 237, 238, 239, 240, 241, 242], f(Q, T ) gravity [243, 244, 245, 246]

etc.

1.2.7.1 f(R) Gravity

f(R) gravity is nothing but an extension of General Relativity. Instead of Ricci

scalar R, a function of R is considered in the Einstein-Hilbert action. So, to recover

General Relativity, in f(R) gravity, function of R should be equal to the Ricci

scalar itself. This variable function introduces the possibility of accounting for the

accelerated expansion and structure formation of the universe without considering

dark energy or dark matter [200, 206, 207, 208, 209, 210, 247]. Certain functions

in this framework may be inspired by modifications, arising from quantum gravity

theories. First introduced by Hans Adolph Buchdahl in 1970 [205], f(R) gravity has

advanced considerably over time, with significant progress driven by Starobinsky’s

[248] influential work on cosmic inflation.

The Einstein-Hilbert action which serves as the core of General Relativity from

which the Einstein field equations are derived through the principle of least action,
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gets modified as

Sf(R) =
1

16πG

∫
f(R)

√
−gd4x+

∫ √
−gd4xLm (1.72)

Here, g represents the determinant of the metric tensor gµν , R, the Ricci scalar which

is obtained through the contraction of Ricci tensor Rµν (R = Rµνg
µν). The term

Lm denotes the Lagrangian matter density. G represents the universal gravitational

constant and c signifies the speed of light in vacuum.

f(R) gravity theory is widely regarded as a well established framework among mod-

ified gravity theories, used to explain the current phase of cosmic acceleration.

1.2.7.2 f(R, T ) gravity.

f(R, T ) gravity model which is proposed by [211], where, in Einstein-Hilbert action,

instead of Ricci scalar R, a function of Ricci scalar R and the trace of energy-

momentum tensor T is considered. Einstein-Hilbert action for f(R, T ) gravity is

modified to

Sf(R,T ) =
1

16πG

∫
d4x

√
−gf(R, T ) +

∫ √
−g d4xLm (1.73)

Compared to f(R) gravity, the use of the trace of the energy–momentum tensor, T ,

in modified f(R, T ) gravity theory [212, 213, 214] can be attributed to motivations

such as the presence of exotic forms of matter or quantum effects like the conformal

anomaly. Additionally, the unconventional coupling of matter and curvature might

reflect deeper principles such as the idea that matter could emerge from geometric

properties of spacetime or that physical forces may have a geometric origin. Since the

inception of f(R, T ) gravity, a wide range of its features have been explored. These

include investigations into its thermodynamic behaviour [249, 250], the validity of

various energy conditions [251, 252] and solutions in both isotropic and anisotropic

cosmological backgrounds [253]. Researchers have also examined wormhole config-

urations [215, 254], applied scalar field methods and analyzed scalar perturbations

within the theory [255, 256].
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1.2.7.3 Gauss-Bonnet gravity.

Among the various curvature invariants beyond the Ricci scalar, the Gauss–Bonnet

term emerges as a particularly well motivated extension. It is defined as

G = R2 − 4RµνRµν +RµναβRµναβ (1.74)

In four dimension, the Gauss–Bonnet term is topologically invariant and thus does

not contribute to the dynamics when linearly connected with the Lagrangian in the

Einstein–Hilbert action. Modified gravity theory which is associated to the Gauss-

Bonnet term is characterized as Gauss-Bonnet Gravity [221, 222].

To incorporate nontrivial dynamics

• Einstein-Hilbert action might be modified with some arbitrary functions of G.

• In Einstein-Hilbert action, Gauss-Bonnet term might get coupled to some

scalar field.

For the 1st instance, the action term is defined as

SGB =

∫
d4x

√
−g[R

2
+ f(G)] +

∫ √
−g d4xLm (1.75)

where R is Ricci scalar, f is an arbitrary function of Gauss-Bonnet invariant G and

Lm is the Lagrangian matter density.

For the second case, usual Einstein-Hilbert action is modified into

SGB =

∫
d4x

√
−g[ 1

16πG
R− γ

2
δµϕδ

µϕ− V (ϕ) + f(ϕ)G]) (1.76)

Here G is the Newton’s constant. γ = ±1 which takes the value 1 for canonical

scalar field and -1 for phantom scalar field (when Gauss-Bonnet term is not in-

cluded). V (ϕ) is the field potential. ϕ and G are the scalar field and Gauss-Bonnet

term respectively.

This modified gravity theory can be instrumental in studying the inflationary epoch,

the transition from decelerated to accelerated expansion, passing solar system ex-

perimental constraints, enabling the crossing of the phantom divide line for various

viable models [223, 224, 225, 226, 227]. This model acts as an alternative effective
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theory of dark energy in explaining different cosmic hazards [228, 229, 230]. It has

also proven valuable in the study of future singularities and the late-time acceleration

of the universe [257, 258].

1.2.7.4 Scalar tensor Gravity Theory

The scalar-tensor theory is another prominent framework within modified gravita-

tional theories [231, 232, 233, 234, 235]. Scalar–tensor gravity theories generalize

General Relativity by introducing one or more scalar fields that couple to the met-

ric tensor, effectively rendering the gravitational ”constant” a dynamical quantity

which can vary across space and time. This extension modifies the gravitational

interaction, enabling richer phenomenology at both cosmological and astrophysical

scales. Scalar–tensor theories preserve the geometric foundation of General Relativ-

ity while incorporating additional dynamical scalar degrees of freedom. This exten-

sion enriches the gravitational framework, offering greater flexibility in addressing

phenomena that lie beyond the explanatory scope of Einstein’s original theory. The

Brans-Dicke theory emerges as a specific case within this framework, distinguished

by its constant coupling parameter. Originally influential in cosmological studies

[259], the scalar-tensor theory has recently gained renewed focus from researchers

examining the current acceleration era [260]. Notably, this theory offers distinct ad-

vantages in addressing both the fine-tuning and coincidence problems in cosmology.

The action integral governing this gravitational theory is expressed as

SST =
1

16πG

∫
[f(ϕ,R)− ξ(ϕ)(∆ϕ)2]

√
−gd4x+

∫ √
−gd4xLm (1.77)

Here, f denotes an arbitrary function, dependent on both the scalar field ϕ and the

Ricci scalar R. Lm represents the matter Lagrangian, while ξ is a function explicitly

tied to ϕ. Furthermore, G is Newton’s gravitational constant.

This theory reverts back f(R) gravity when f(ϕ,R) = f(R) and ξ(ϕ) = 0. Likewise,

it adopts the form of the Brans-Dicke (BD) theory by setting f(ϕ,R) = ϕR and

ξ(ϕ) = ωBD

ϕ
, where ωBD represents the Brans-Dicke parameter. Subsequently, two

field equations can be derived by varying the action with respect to ϕ and the metric

tensor gµν .
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1.2.7.5 f(T ) Gravity

In the framework of f(T ) gravity [216, 217, 218, 219], like all torsional formulations,

vierbein field eαµ is deployed which forms an orthonormal basis in the tangent space

at each point on the manifold xµ [220]. The metric is then expressed as gµν =

ηαβe
α
µe

β
ν , where µ, ν refer to the coordinate space and α, β correspond to the tangent

space. Instead of the the torsion-free Levi-Civita connection, the curvature-free

Weitzenböck connection is implemented which is defined as Γλ
νµ = eλα∂µe

α
ν [261, 262].

Consequently, the gravitational field is characterized by the torsion tensor.

T ρ
µν ≡ eρα(∂µe

α
ν − ∂νe

α
µ) (1.78)

The Lagrangian for the teleparallel equivalent of general relativity, represented by

the torsion scalar T , is obtained through the contractions of the torsion tensor, as

established in [261, 262].

T ≡ 1

4
T ρµνTρµν +

1

2
T ρµνTνµρ − T ρ

ρµT
νµ
ν . (1.79)

Torsion scalar T can be extended as a function of torsion i.e., f(T ), henceforth the

action for f(T ) gravity is defined as [263, 264]

Sf(T ) =
1

16πG

∫
d4 xe (f(T )) (1.80)

here, e = det(eαµ) =
√
−g, and G is the gravitational constant, with units chosen

such that the speed of light is set to 1. It is essential to note that the f(T ) gravity

gives back General Relativity itself when f(T ) = T . Additionally, general relativity

with a cosmological constant is regained when f(T ) = T + Λ.

1.2.7.6 f(Q) gravity theory

In modified theories of gravity, geometric quantities play a central role in describing

gravitational interactions. For instance, in f(R) gravity, the Ricci scalar R, which

encodes spacetime curvature, is generalized. Similarly, in f(T ) gravity, the torsion

scalar T , arising from the Weitzenböck connection, governs the dynamics. More
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recently, Jiménez et al.[265] introduced a modified gravity theory, called symmet-

ric teleparallel f(Q) gravity [266, 267], which is based on a geometry that is free

of curvature and torsion but incorporates non-metricity Q [268, 269, 270]. This

non-metricity scalar Q, constructed from a flat and torsionless connection, plays

the role of gravitational interaction in this framework. Unlike General Relativity,

which relies on the Levi-Civita connection in a Riemannian manifold (and is thus

not curvature-free), symmetric teleparallel gravity redefines the gravitational inter-

action through a non-Riemannian but flat and torsion-free geometry.

The non-metricity tensor Qαµν = ∇αgµν has two independent traces which are de-

noted as Qα = Qµ
α µ and Q̃α = Qµ

αµ. Then quadratic non-metricity scalar Q can be

defined as

Q = −1

4
QαµνQ

αµν +
1

2
QαµνQ

µνα +
1

4
QαQ

α − 1

2
QαQ̃

α (1.81)

Therefore the action in symmetric teleparallel gravity can be written as

Sf(Q) =

∫
d4x

√
−g[1

2
f(Q) + Lm] (1.82)

where f(Q) is any arbitrary function of non-metricity Q and Lm is the Lagrangian

matter density. Many cosmological facts like inflation, future singularity, late time

acceleration have been studied based on this modified gravity theory [236, 237, 238,

239, 240, 241]. Harko et. al. [242] extended the symmetric teleparallel gravity by

incorporating minimal coupling between Lagrangian matter and non metricity Q

which leads to the non conservation of the energy momentum tensor. As a result, it

incorporates an additional force term into the geodesic equation of motion.

1.2.7.7 f(Q, T ) gravity theory

Xu et. al. [243] further extended the symmetric teleparallel f(Q) gravity by in-

troducing a new modification that incorporates a non minimal coupling between

nonmetricity Q and trace of energy-momentum tensor T and thus proposed a new

modified theory of gravity, called as f(Q, T ) gravity. Here, due to coupling between

Q and T , energy-momentum tensor is not being conserved. So, the gravitational

term in Einstein-Hilbert action modifies to f(Q, T ), an arbitrary function of non-

metricity Q and trace of energy-momentum tensor T and the action gets modified
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to

Sf(Q,T ) =

∫
d4x

√
−g[ 1

16π
f(Q, T ) + Lm] (1.83)

here, Lm is the Lagrangian matter density.

Xu et. all [243] have also shown that this modified gravity theory model can represent

both decelerating and accelerating phases of universe as well as both early and

late time evolution of the universe. Observational constraints, energy conditions,

future singularity, dynamical behaviour and cosmological acceleration pertaining to

modified f(Q, T ) model have been studied in few articles [244, 245, 246, 271, 272].

1.2.8 Future singularities and the fate of the universe

The effects of dark energy plays a very crucial role in determining the fate of the

universe.

• If dark energy is defined by the Cosmological constant Λ (equation of state ω =

−1), the universe will continue to expand at an accelerating rate indefinitely

[273, 274, 275] and therby, cosmological horizon begins to expand after a given

point of time.

• Alternatively, for dynamic dark energy with an equation of state in the range

−1 < w < −1
3
such as in quintessence models or scenarios involving scalar

fields, the current accelerated phase [276, 277] may eventually transition back

into a decelerating, matter-dominated era. This behaviour also arises in certain

braneworld models and in quintessence models with specific potential forms. In

such cases, the universe may halt its expansion and begin to contract and tend

towards a singularity where the scale factor vanishes and curvature invariants

diverge.

• Phantom energy models characterized by ω < −1 predict a future in which

the energy density grows without bound. In this scenario, the expansion rate

becomes so extreme that all bounded systems are eventually torn apart and

the scale factor and curvature invariants diverge in finite time.
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We now turn to the classification of future singularities in the context of FLRW

universe, as discussed in [278, 279, 280]. Depending on the behaviour of key cos-

mological quantities—namely, the energy density ρ, pressure p, scale factor a(t),

Hubble parameter H, these singularities are categorized into distinct types as given

in the table below.

Table 1.1: Classification of Future Singularities in FLRW Universe

Type Time Scale factor Energy density Pressure

O t→ 0 (or ∞) a→ 0, H → ∞ ρ→ ∞ p→ ∞
I t→ ts a→ ∞ ρ→ ∞ |p| → ∞
II t→ ts a→ as ρ→ ρs |p| → ∞
III t→ ts a→ as ρ→ ∞ |p| → ∞
IV t→ ts a→ as ρ→ 0 |p| → 0

V t→ ts a→ ∞ ρ→ ρs p→ ps

Here ρs( ̸= 0), as(̸= 0), ps and ts are constants.

• Type-0 singularity is termed as Big Bang or Big Crunch singularity.

• Type-I singularity is called as “Big Rip” singularity [97, 278, 281, 282] which

emerges from the phantom like equation of state ω < −1.

• Type-II singularity is named as sudden singularity [279, 280] at which scale

factor and energy density are finite but pressure diverges.

• Type-III singularity arises from the model where energy pressure relation is

of the form p = −ρ − Aρα [283] which is different from the sudden future

singularities as here energy density diverges is termed as Big freeze.

• Type-IV is a new type of singularity, named as Generalized sudden singularity

which has been discussed elaborately by Nojiri et al. [278].

• Type-V singularity appears in brane-world models [284] which are known as

quiescent singularity.

To address and potentially avoid the future singularities that arise in various dark en-

ergy models, several theoretical methodologies have been proposed. These include
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the incorporation of quantum corrections such as conformal anomalies [285], the

coupling of scalar fields to curvature or matter sectors [286, 287], the implementa-

tion of holographic dark energy (HDE) models with appropriate entropy formalisms

and carefully chosen infrared (IR) cutoffs [288, 289]. Additionally, modifications to

General Relativity through modified gravity theories [288, 290, 291, 292] have been

extensively explored to regularize high-energy behaviour and eliminate or delay the

occurrence of future singularities.



Chapter 2

Dynamical system analysis in

cosmology

2.1 Introduction

The term “dynamical system” broadly refers to any physical system that evolves

with time. Examples range from the simple motion of a pendulum, population

dynamics with feedback mechanism and electrical RLC circuits to planetary mo-

tion and even the complex evolution of the universe itself. A dynamical system is

classified as autonomous or non-autonomous depending on whether the governing

equations explicitly depend on the time variable. If the system’s evolution equations

are time-independent, it is termed autonomous; otherwise, it is non-autonomous.

There are two major components of dynamical system, namely

• A state space or phase space, which is the set of all possible states the system

can occupy. Each point within this space uniquely defines the system at a

given instant.

• Amathematical rule, usually formulated as a system of differential or difference

equations, governs the time evolution of points within the state space. This

rule dictates how the state of the system changes with time, starting from a

given initial condition.

36
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The Einstein field equations form the cornerstone of General Relativity, governing

the dynamics of spacetime and the evolution of the universe. These equations con-

stitute a highly complex system of non-linear differential equations which are often

analytically impossible to characterize for many cosmological models. In such cases,

dynamical system [293] techniques provide powerful methods for gaining qualitative

insights into cosmic evolution. These techniques are applicable to both spatially

homogeneous and inhomogeneous models and are particularly effective in analyzing

the late-time behaviour of the universe.

By introducing suitable dimensionless dynamical variables, a given cosmological

model can be reformulated as an autonomous system of differential equations in

Rn. This approach was pioneered by Collins in 1971 [294] and later developed exten-

sively by Bogoyavlensky, Wainwright, Coley and others [295, 296, 297, 298, 299, 300].

Analyzing the structure of the resulting phase space, particularly through the iden-

tification and analysis of fixed points, specially future or past attractors, facilitates

a deeper understanding of the asymptotic behaviour of cosmological solutions. The

nature of these attractors, whether associated with early-time inflation, radiation-

dominated epochs, matter-dominated eras or late-time accelerated expansion, pro-

vides essential insights into the global dynamical properties of the underlying cos-

mological model.

Such analyses are particularly important for assessing whether a cosmological model

with complicated field equations is capable of reproducing key observational features

such as the current accelerated expansion of the universe, matter-energy distribu-

tion of the universe, equation of state parameter, deceleration parameter etc. or not.

During the transformation of the governing equations of a cosmological model into

an autonomous system, independent variable is taken as dimensionless logarithmic

time variable. This choice ensures the validity and applicability of the dynamical

system formulation across different cosmic epochs, facilitating a unified treatment of

the model’s evolution. A normalized set of variables are also introduced for keeping

the physically admissible state in a bounded region so that the dynamical system

remains analytic within the region and over the boundary to prevail the asymptotic

nature on the boundary.
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2.2 Dynamical system: Basic framework

A dynamical system, connected to any system can be basically classified into two

types:

• Continuous dynamical system where the evolution of the system is defined by

differential equations which can be of two types:

– If the state space X is finite dimensional, then the evolution of the system

is defined by ordinary differential equations.

– If the state space X is not finite dimensional, then the evolution of the

system is defined by partial differential equations.

• Discrete dynamical system where the evolution of the system is governed by a

map or difference equations.

In my current work, I have considered a system of autonomous ordinary differen-

tial equations which represents a continuous dynamical system defined in a finite

dimensional phase space. Let us assume that X ⊂ Rn be a state space, x ∈ X and

f : X → X. Then the usual autonomous system is defined on X as [301, 302, 303]

dx

dt
= f(x) (2.1)

At any point x ∈ X and at any instant time t, f(x) represents a vector field in X.

Definition 2.1. Critical point/Fixed point/ Equilibrium point/Singular

point and Ordinary point: Let (2.1) be a system of autonomous ordinary dif-

ferential equations where x ∈ Rn. A point x0 ∈ Rn is said to be a critical point or

fixed point or equilibrium point of the system of autonomous ordinary differential

equation ẋ = f(x) if and only if f(x0) = 0.

The point x0 is termed as a ordinary point otherwise.

Definition 2.2. Stable critical point: Let x0 be a fixed point of the system (2.1).

It is called stable if for every ϵ we can find a δ such that if ψ(t) is any solution of

(2.1) satisfying ∥ψ(t0) − x0∥ < δ, then the solution ψ(t) exists ∀ t ≥ t0 and it will

satisfy ∥ψ(t)− x0∥ < ϵ, ∀ t ≥ t0.
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Definition 2.3. Asymptotically stable critical point: Let x0 be a fixed point

of the system (2.1). Then it is called asymptotically stable if ∃ a δ such that for any

solution ψ(t) of (2.1), satisfying ∥ψ(t0)− x0∥ < δ implies limt→∞ ψ(t) = x0.

A point is said to be asymptotically stable if it is stable and the solutions of the

system approach the critical point as time progresses, for all initial conditions suffi-

ciently close to it. In cosmology, almost all the stable critical points are asymptoti-

cally stable and therefore we shall not distinguish between them in our discussion.

If a critical point is not stable then it is called an unstable critical point. A deep

study of critical point allows us to understand the characteristics of time evolution

of a dynamical system without explicitly knowing the solution for the given initial

condition. Rather, we are able to find the qualitative behaviour of all the possible

solutions.

Definition 2.4. Flow of a differential equation: Let us consider a system of

autonomous ODE (2.1) and X be a open subset of Rn such that f ∈ C1(X). For

xo ∈ X, let ϕ(t, x0) be a solution of (2.1) defined on its maximal interval of existence

I(x0) such that x(0) = x0. Then the set of mapping ϕt (ϕt : X → X) for t ∈ I(x0),

defined by ϕt(x0) = ϕ(t, x0)) is called the flow of the differential equation (2.1). ϕt

is also recognized as the flow of vector field f(x).

The flow ϕt(x0) provides us information about the position of the point x0 in the

phase space after a time t as it evolves under the dynamics governed by the vector

field f . It describes the trajectory or orbit of the system passing through x0.

Definition 2.5. Orbit: For the given autonomous differential equation and the as-

sociated flow ϕt, the orbit through x0 is defined as O(x0) = {x ∈ Rn|x = ϕt(x0), t ∈
R}.
The orbit through an equilibrium point or critical point is the point itself i.e.,

O(x0) = {x0} as the velocity at the equilibrium point is zero (f(x0) = 0 = dx
dt
),

the state at x0 does not change with time and hence x0 remains unchanged with

respect to the flow. That is the reason why equilibrium or critical point is also

termed as the fixed point.

However, the orbit through an ordinary point is a smooth curve with the vector field

f as a tangent, termed as ordinary orbit. There are a few special types of ordinary

orbits, namely, periodic and recurrent.
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Definition 2.6. Periodic orbit: Let x0 be a ordinary point. The orbit O(x0) is

called a periodic orbit if ∃ a T > 0 such that ϕT (x0) = x0.

Definition 2.7. Recurrent orbit: Let x0 be a ordinary point and O(x0) be a

non-periodic orbit. Then O(x0) is called as a recurrent orbit if ∀ neighbourhood

N (x0) and ∀ T ∈ R, ∃ a t > T such that ϕt(x0) ∈ N (x0).

If the flow ϕt has a periodic orbit of period T , the the physical system shows os-

cillatory behaviour and if recurrent then the system returns arbitrarily close to the

earlier state.

Definition 2.8. Heteroclinic and Homoclinic orbit: An orbit which connects

distinct equilibrium points is termed as heteroclinic orbit and an orbit which con-

nects an equilibrium point to itself is known as a homoclinic orbit.

Definition 2.9. Invariant set: A set S ⊂ Rn is called an invariant set of the flow

ϕt on Rn (or corresponding to (2.1)) if ∀ x ∈ S and t ∈ R, ϕt(x) ∈ S.

If S is an invariant set and x0 ∈ S then the orbit O(x0) ∈ S and henceforth an

invariant set is a union of orbits. It means that if a trajectory starts from S then it

remains in S for all time.

2.2.1 Methods of stability analysis around critical points

To analyze a dynamical system, at first, one has to identify the critical points of the

system. After obtaining the critical points, to characterize the qualitative behaviour

of the dynamical system, evolution of the system around the local neighbourhood

of the critical points needs to be studied thoroughly. Therefore the stability of the

system around those critical points is the essential point of attraction in dynamical

system analysis. There are different techniques to study the stability of a dynamical

system which have been discussed briefly.

2.2.2 Linear stability method and Hartman-Grobman the-

orem

One of the important ways to study the behaviour of the dynamical system around

the critical point is linear stability theory, whose introduction enables us to study
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the physical properties of most of the cosmological models with a very good under-

standing.

Here we linearize the system near the critical point for studying the dynamics of en-

tire system near the point. The assumption here is that, the vector field f(x) ∈ Rn

is sufficiently regular. Then we have f(x) = (f1(x), f2(x), .......fn(x)) so that each

fi(x1, x2, ......xn) can be expanded in Taylor series near the critical point x0 which

produces,

fi(x) = fi(x0) +
n∑

j=1

∂fi
∂xj

(x0)yj +
1

2!

n∑
j,k=1

∂2fi
∂xj∂xk

(x0)yjyk + · · · · · · (2.2)

where y = x − x0. In linear stability it is sufficient to consider f(x) as the C1

function and considering only the first partial derivative, (2.2) can be rewritten as

f(x) ≈ Df(x0)(x− x0) (2.3)

where Df(x0) is the Jacobian of the vector field f(x), evaluated at the critical point

x0 which is denoted by

J(x0) = Df(x0) =
∂fi
∂xj

=


∂f1
∂x1

(x0)
∂f1
∂x2

(x0) · · · ∂f1
∂xn

(x0)
∂f2
∂x1

(x0)
∂f2
∂x2

(x0) · · · ∂f2
∂xn

(x0)
...

...
. . .

...
∂fn
∂x1

(x0)
∂fn
∂x2

(x0) · · · ∂fn
∂xn

(x0)

 (2.4)

The eigenvalues of this Jacobian matrix are evaluated for each critical point and

through the characteristics of eigenvalues, linear stability of a dynamical system can

be analyzed.

Let us consider an example of two dimensional autonomous system

ẋ = f(x, y)

ẏ = g(x, y) (2.5)

and assume that (x0, y0) is a critical point of (2.5). Critical point (x0, y0) is called

a future attractor of the system if (x(t), y(t)) → ((x0, y0)) when t → ∞ and a past

attractor if (x(t), y(t)) → ((x0, y0)) when t→ −∞. To linearize the system near the
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critical point, we impose a small linear perturbation δx, δy around the critical point,

such that x → x0 + δx, y → y0 + δy. Thereafter, using the Taylor series expansion

and ignoring the quadratic terms, we obtain a matrix equation corresponding to the

system (2.5).

d

dN

(
δx

δy

)
=

(
∂f
∂x

∂f
∂y

∂g
∂x

∂g
∂y

)(
δx

δy

)
(2.6)

where N = ln(a) is the number of e-foldings which is used prominently in analysis

of cosmological models.

The matrix

J =

(
∂f
∂x

∂f
∂y

∂g
∂x

∂g
∂y

)
(x0,y0)

(2.7)

(2.7) is called as a Jacobian matrix or linearized matrix evaluated at the critical

points (x0, y0).

Following the aforesaid process, (2.1) can be transformed to a linear differential

equation

u̇ = Df(x0)u (2.8)

where u = x − x0 is called the linearization of the original autonomous differential

equation (2.1) at the critical point x0. It is assumed here that the solution of (2.8)

will approximate the solution of (2.1) in the neighbourhood of the critical point

x0. This assumption holds valid in qualitative sense through the idea of topological

equivalence when the critical point is hyperbolic based on the Hartman- Grobman

theorem [304, 305].

Definition 2.10. Hyperbolic critical point: For a given autonomous differential

equation (2.1), a critical point x0 is called a hyperbolic critical point if all the

eigenvalues of Df(x0) (the linearized Jacobian matrix evaluated at x0 corresponding

to the system (2.1)) have non-zero real part.

Otherwise the critical point is termed as a non hyperbolic critical point.

Definition 2.11. Topologically equivalent flows: Two flows ϕt and ϕ̃t on Rn

are called topologically equivalent if ∃ a homeomorphism h : Rn → Rn which maps

orbits of ϕt onto orbits of ϕ̃t, preserving their orientation.
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Theorem 2.12. Hartman-Grobman: Let us consider a differential equation ẋ =

f(x) in Rn, where f is of C1 with a flow ϕt. If x0 is a hyperbolic critical point

corresponding to the differential equation, then ∃ a neighbourhood of x0 in which ϕt

is topologically equivalent to the flow of the linearization of the differential equation

at x0.

So, to study the stability of the system around the critical points, eigenvalues of the

linearized matrix play a very important role for classification of the critical points.

According to Hartman-Grobman theorem to study the qualitative behaviour of the

original dynamical system it is sufficient to study the qualitative behaviour of the

corresponding linearized system as both of them are equivalent whenever the critical

point is hyperbolic.

As a result, for non hyperbolic critical points, this method fails to provide us any

insight regarding the nature of the system around those critical points and in those

cases some more methods can be imposed which have been discussed here briefly.

2.2.3 Classification of critical points

Let us consider a system of autonomous non linear differential equation defined in

(2.1). Corresponding topologically equivalent system of linear ordinary differential

equations can be written as (2.8). The linearized Jacobian matrix A = Df(x0)

evaluated at the critical point x0, is a matrix with constant coefficients.

• If all the eigenvalues of A have positive real parts, the solutions in the neigh-

bourhood of x0 diverge from x0. In this case the critical point x0 is termed as

source.

• If all the eigenvalues of A have negative real parts, the solutions in the neigh-

bourhood of x0 converge to x0. In this case the critical point x0 is termed as

sink.

• A hyperbolic critical point which is neither a sink nor a source is termed as

saddle as shown in figure 2.1.



Chapter 2. Dynamical system analysis in cosmology 44

As a result, it is obvious from the perspective of topological equivalence that a

source and a sink in the linearized system will be a source and the sink respectively

for the original non linear system under the same conditions, imposed on the sign

of eigenvalues of the linearized Jacobian matrix A = Df(x0).

In most cases, the eigenvalues of the linearized system may have eigenvalues with

both positive, negative and/or zero real parts. In such occasions, it is essential

to identify the orbits that are attracted to the critical point and the one that are

repelled, as the independent variable t→ ∞.

Now let us consider a two-dimensional system. Then definitely from the linearized

matrix evaluated at a critical point, we would obtain two eigenvalues.

• If two eigenvalues are real and are of same sign, then the corresponding critical

point is called as node.

– If both eigenvalues are negative, then the node is termed as a stable node

or future attractor as shown in figure 2.1.

– If both eigenvalues are positive, the the node is denoted as an unstable

node or past attractor as shown in figure 2.1

• If the matrix has a complex conjugate pair of eigenvalues in the form of α+ iβ

with non zero real part, i.e., α ̸= 0, the corresponding critical point is called

as a spiral or focus.

– If α < 0, the focus is termed as a stable focus or future attractor as shown

in figure 2.1.

– If α > 0, the focus is denoted as an unstable focus or past attractor.

• Stable node or stable focus falls under the category of sink and unstable node

or unstable focus falls under the category of source.

• The situation α = 0 is not encountered frequently in cosmology. It represents

non hyperbolic critical point. In this case, the critical point is referred to as a

center.
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Figure 2.1: Figure in the left shows that C1 is an unstable node, C2 is a stable
node and C3 is a saddle while the figure in the right shows that P1 is a stable

focus/spiral.

2.2.4 Stable, unstable and center manifold

For the linear system of ordinary differential equations (2.8), the phase space X ⊂
Rn is spanned by the eigenvectors obtained from the linearized Jacobian matrix

A = Df(x0) evaluated at the critical point x0. The eigenvectors divide the phase

space into three distinct subspaces, namely,

• The stable subspace: Es = span{s1, s2, · · · sns}.

• The unstable subspace: Eu = span{u1, u2, · · ·unu}.

• The center subspace: Ec = span{c1, c2, · · · cnc}.

where {s1, s2, · · · sns} are the generalized eigenvectors whose associated eigenvalues

have negative real parts, {u1, u2, · · ·unu} are those whose eigenvalues have positive

real parts and {c1, c2, · · · cnc} are those whose associated eigenvalues have zero real

parts such that Es ⊕ Eu ⊕ Ec = dimension(X). Flows in the stable subspace

asymptotically converge to the critical point in future and in unstable subspace,

flows asymptote in the past to the critical point.

In the original non linear system of differential equations (2.1), the topologically

equivalent flows exhibit in similar kind of fashion. The equivalence only applies

in directions where the eigenvalues have non zero real parts, i.e., corresponding to

the hyperbolic critical points. In these directions, as the flows remain topologically

equivalent to that of the linear system, there exist flows of the non linear system
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which are tangent to the eigenvectors. One can generalize the idea of stable, unstable

and center manifold from the linear system to the actual non linear system.

• The stable manifoldW s of a critical point x0 is a differentiable manifold which

is tangent to the stable subspace Es of the linearized system at x0 such that

all orbits in W s asymptotically converge to x0 as t→ ∞.

• In a similar manner, the unstable manifold W u of a critical point x0 is a

differentiable manifold which is tangent to the unstable subspace Eu of the

linearized system at x0 so that all the orbits of W u are asymptotic to x0 as

t→ −∞.

• Finally, a center manifold W c of a critical point x0 is a differentiable manifold

which is tangent to the center subspace Ec at x0.

A center manifold has orbits whose asymptotic behaviour can not be charac-

terized through the linearization technique. Other tools like center manifold

theory comes into play in this sort of scenario which have been later discussed

briefly.

The stable, unstable, and center manifolds associated with a critical point have

dimensions equal to those of the respective stable, unstable, and center subspaces of

the system’s linearization at that point. W s and W u are determined uniqely while

there can be infinite number of center manifolds.

The local behaviour of a critical point can be influenced by one or more arbitrary

parameters. When a small change in these parameters lead to abrupt changes in

the qualitative nature of the dynamics, the critical point is said to experience a

bifurcation. Such bifurcations can often be identified by examining the linearized

system, particularly when the eigenvalues depend on the parameters. A bifurcation

typically occurs at the parameter values, when the corresponding real part of at

least one eigenvalue becomes zero.

2.2.5 Lyapunov’s stability method

Although we have not used Lyapunov’s stability theory in this thesis, it remains a

crucial method for studying dynamical system, beyond the major applicability of
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linear stability theory. Without considering linear stability theory, owing to con-

struction of Lyapunov function [306], this method can be applied directly to any

dynamical system problem, making it a very powerful tool for stability analysis.

This method can be useful to analyze the stability around a non hyperbolic critical

point. But there is a major drawback of this method as it depends on constructing

a suitable Lyapunov function pertaining to each dynamical system problem. There

is no proper way to identify such function in a systematic manner and hence one

needs to guess a suitable choice. Besides these, if a Lyapunov function can not

be constructed for a particular system, it can not be concluded that the system’s

stability does not exist according to Lyapunov’s sense.

Definition 2.13. Lyapunov function: Let ẋ = f(x) with x ∈ X ⊂ Rn be a

smooth dynamical system with critical point x0. Let V : U → R be a C1 function

defined on some neighbourhood U of x0. Then V is called a Lyapunov function for

the critical point x0 if

1. V (x0) = 0 and V (x) > 0 if x ̸= x0.

2. V̇ (x) ≤ 0 ∀ x ∈ U − {x0}

Theorem 2.14. Lyapunov stability:Let x0 be a critical point of the system ẋ =

f(x) and let U be an open subset of Rn containing x0. If ∃ a Lyapunov function

V (x) for which

1. V̇ (x) ≤ 0 ∀ x ∈ U − {x0}, then x0 is stable.

2. V̇ (x) < 0 ∀ x ∈ U − {x0}, then x0 is asymptotically stable.

2.2.6 Center manifold theory

According to Hartman-Grobman theorem, in a neighbourhood of a hyperbolic criti-

cal point x0 ∈ Rn, the non linear system ẋ = f(x) is topologically equivalent to the

linear system ẋ = Ax where A is the linearized Jacobian matrix Df(x0). Therefore,

Hartman-Grobman theorem is conclusive in studying the stability and qualitative

behaviour of the system in the neighbourhood of a hyperbolic critical point. But

to study the behaviour of the system for a critical point with zero real part(non
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hyperbolic critical point), linear stability theory remains inconclusive and here the

center manifold theory [302, 303, 307] comes into scenario. This theory reduces the

dimensionality of the dynamical system and investigates the stability of the reduced

system and this leads to the study of the stability of critical points of the whole

system.

Let us consider a dynamical system which is denoted by the following equations

ẋ = Ax+ f(x, y)

ẏ = By + g(x, y) (2.9)

where (x, y) ∈ Rc × Rs, f(0, 0) = 0, Df(0, 0) = 0, g(0, 0) = 0, Dg(0, 0) = 0, A is

a c × c matrix having eigenvalues with zero real part, B is a s × s matrix having

eigenvalues with negative real parts and f, g are Cr(r ≥ 2) functions.

Definition 2.15. Center manifold: An invariant manifold is said to be a center

manifold pertaining to (2.9) if locally, it can be denoted as

W c(0) = {(x, y) ∈ Rc × Rs | y = h(x), |x| < δ, h(0) = 0, Dh(0) = 0} (2.10)

for sufficiently small δ. Conditions h(0) = 0 and Dh(0) = 0 imply that W c(0) is a

tangent to the center manifold Ec at (x, y) = (0, 0).

Theorem 2.16. Existence theorem: There exists a Cr center manifold for (2.9).

The dynamics of (2.9) restricted to the center manifold for sufficiently small u is

defined by the c-dimensional vector field

u̇ = Au+ f(u, h(u)), u ∈ Rc (2.11)

Theorem 2.17. Stability theorem: Let the zero solution of (2.11) is stable or

asymptotically stable or unstable. Then the zero solution of (2.9) is also stable,

asymptotically stable or unstable respectively. Moreover, let zero solution of (2.11)

is stable. Then if (x(t), y(t)) is a solution of (2.9) with (x(0), y(0)), ∃ a solution u(t)

of (2.11) such that as t→ ∞

x(t) = u(t) +O(e−γt)

y(t) = h(u(t)) +O(e−γt) (2.12)
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where γ > 0 is a constant.

To apply the stability theorem, an equation that h(x) must satisfy in order for its

graph to be a center manifold for (2.9), must be derived. (x, y) coordinate of any

point on (2.10) must satisfy

y = h(x) (2.13)

Differentiating it with respect to time, one can obtain

ẏ = Dh(x)ẋ (2.14)

which must be satisfied by any (ẋ, ẏ) pertaining to any point (x, y) on (2.10) as (x, y)

on (2.10) satisfies (2.13). Dynamics generated by (2.9) must be satisfied by W c(0).

Hence (2.9) transforms into

ẋ = Ax+ f(x, h(x))

ẏ = Bh(x) + g(x, h(x)) (2.15)

(2.14) gets converted to

Bh(x) + g(x, h(x) = Dh(x)[Ax+ f(x, h(x))] (2.16)

which can be rearranged as

N (h(x)) ≡ Dh(x)[Ax+ f(x, h(x))]−Bh(x) + g(x, h(x) = 0 (2.17)

(2.17) is a quasilinear partial differential equation which h(x) must satisfy to make

its graph as an invariant center manifold. One has to solve (2.17) in order to find

a center manifold. But it is very difficult to solve (2.17) than our original problem.

Following theorem provides an insight to find an approximate solution of (2.17).

Theorem 2.18. Approximation theorem: Let ψ : Rc → Rs be a C1 mapping

with ψ(0) = Dψ(0) such that N (ψ(x)) = O(|x|q) as x → 0 for some q > 1. Then

|h(x)− ψ(x)| = O(|x|q) as x→ 0.

This theorem allows us to compute the center manifold to any desired degree of

accuracy same as solving (2.17)
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2.2.7 Asymptotic behaviour in plane

In the theory of dynamical system, it is the main target to identify future (t→ ∞)

and past (t → −∞) asymptotic behaviour of the non linear system which may be

interpreted by any singular or periodic structure. In the case of a planar system i.e.,

in two dimensional phase space, the possible asymptotic states can be explicitly de-

termined which is noted in the Poincare-Bendixon theorem [308, 309]. In cosmology,

one might be interested to know the asymptotic behaviour near the initial singularity

i.e., in the past and behaviour at late times i.e., the future asymptotic behaviour by

introducing a dimensionless time variable which tends to −∞ and ∞ respectively.

The most important concept is ω-limit set [310] to study this behaviour.

Definition 2.19. ω and α limit sets: Let ϕt be a flow in Rn and let x0 ∈ Rn. A

point x ∈ Rn is called a ω-limit point of x0 if ∃ a sequence {tn} such that tn → ∞
implies limn→∞ ϕtn(x0) = x. The set of all ω-limit points of x0 is termed as the

ω-limit set of x0 and is denoted by ω(x0). The α-limit set α(x0) corresponding to

x0 is defined similarly by using the sequence {tn} such that tn → −∞.

The ω-limit set ω(x0) of a point x0 exhibits the future asymptotic behaviour of the

dynamical system when it starts at the initial state x0 and similarly α(x0) describes

the past asymptotic state. Any ω-limit set is a closed invariant set but the reverse

is not true.

Definition 2.20. Future and past attractor: Let ϕt be a flow in Rn and let

x0 ∈ Rn. Then the future attractor A+ is the smallest closed invariant set such that

ω(x0) ⊂ A+ ∀ x0 ∈ Rn. The past attractor A− can be defined similarly by replacing

ω(x0) by α(x0).

Theorem 2.21. Poincare-Bendixon theorem: Let us consider an autonomous

differential equation ẋ = f(x), x ∈ R2 with f ∈ C2 and let there be at most a

finite number of critical points i.e., there are only isolated critical points. Then any

compact limit set is one of the following

1. a critical point

2. a periodic orbit

3. the union of critical points and homoclinic and heteroclinic orbits.
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An important consequence of this theorem is that, if the presence of a closed or-

bit such as a periodic, heteroclinic, or homoclinic orbits can be excluded, then all

asymptotic behaviour must be confined to a critical point. There are various ap-

proaches to rule out closed orbits, among which one of the most common theorem

which can be derived from Green’s Theorem, is described as below.

Theorem 2.22. Dulac’s Criterion: If D ⊆ R2 is a simply connected open set

and ∇(Bf) = ∂
∂x1

(Bf1) +
∂

∂x2
(Bf2) > 0 or (< 0) ∀ x ∈ D where B is C1 function,

the autonomous differential equation ẋ = f(x), x ∈ R2 with f ∈ C1 has no periodic

or (closed) orbit which is contained in D.

2.2.8 Asymptotic behaviour in higher dimension

A key condition for the applicability of the Poincaré–Bendixson theorem is that

the phase space must be two-dimensional. In a system with higher-dimensional

phase spaces, the restriction that orbits cannot intersect no longer leads to simi-

larly conclusive results. The dynamics in such spaces can be exceedingly complex,

often involving behaviours like recurrence and strange attractors [303, 311]. Con-

sequently, the study of nonlinear systems in three or higher-dimensional spaces is

typically limited to the local analysis of critical points. However, some advance-

ment in understanding such systems can be achieved through the identification of

monotonic functions. Many of the autonomous differential equations which arise in

cosmology acknowledge a variety of monotonic functions which significantly makes

the dynamics simple and helps to study the system analytically.

Theorem 2.23. LaSalle Invariance Principle: Let us consider an autonomous

differential equation ẋ = f(x), x ∈ Rn with flow ϕt. Let S be a closed, bounded and

positively invariant set of ϕt and let Z be a C1 monotone function. Then ∀ x0 ∈ S

ω(x0) ⊆ {x ∈ S | Ż = 0}. where ω(x0) is a ω-limit set.

The next theorem is the generalization of the LaSalle Invariance Principle [312].

Theorem 2.24. Monotonicity Principle: Let ϕt be a flow in Rn with an invari-

ant set S. Let Z : S → R be a C1 function whose range is the interval (a, b), where

a ∈ R∪{−∞}, b ∈ R∪{∞} and a < b. If Z is decreasing on orbits in S, then ∀ x ∈ S
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ω(x) ⊆ {s ∈ S̄ \ S | limy→s Z(y) ̸= b},
α(x) ⊆ {s ∈ S̄ \ S | limy→s Z(y) ̸= a}.

2.3 Formulation of an Autonomous Dynamical Sys-

tem: An Example

In this section, we will discuss how to construct a system of autonomous differential

equations corresponding to a cosmological model so that we can incorporate the

requisite dynamical system tools to study the qualitative behaviour and evolution of

the respective cosmological model. Einstein field equations is the governing equation

for evolution of cosmological model. So, by introducing suitable dimensionless vari-

ables, we need to convert the Einstein field equations pertaining to a cosmological

model into a system of autonomous differential equations.

Let us consider a holographic dark energy(HDE) model without interaction. Ein-

stein field equations for such model can be written as

3H2 = ρm + ρd (2.18)

2Ḣ = −ρm − (1 + ωd)ρd (2.19)

where H is Hubble’s parameter, ρm is dark matter density, ρd is the holographic

dark energy density and ωd is the equation of state parameter corresponding to

holographic dark energy, defined as pd
ρd
, pd being the pressure, connected to holo-

graphic dark energy. “.” denotes derivative with respect to time. The corresponding

continuity equations are as follows:

˙ρm + 3Hρm = 0 (2.20)

ρ̇d + 3H(1 + ωd)ρm = 0 (2.21)

Here we introduce two dimensionless variables

x =
ρm
3H2

, y =
ρd
3H2

(2.22)
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(2.18) and (2.22) indicate towards the following relation between dark matter density

parameter Ωm and HDE density parameter Ωd as

Ωm = x

Ωd = y

Ωm + Ωd = 1

=⇒ x+ y = 1 (2.23)

Using (2.18) and (2.19) we try to frame the system of autonomous differential equa-

tion in terms of variable x and y with respect to the independent variable N = ln a

where a(t) is the scale factor. Hence d
dN

= 1
H

d
dt
.

dx

dN
=

1

H

dx

dt

=⇒ dx

dN
=

1

H

d

dt
(
ρm
3H2

)

=⇒ dx

dN
=

˙ρm
3H3

− 2ρmḢ

3H4

=⇒ 1

x

dx

dN
=

˙ρm
Hρm

− 2Ḣ

H2

=⇒ 1

x

dx

dN
= −3− 2Ḣ

H2
(2.24)

In the above derivation, we substitute ˙ρm
ρm

= −3H from (2.20).

Similarly,

dy

dN
=

1

H

dy

dt

=⇒ dy

dN
=

1

H

d

dt
(
ρd
3H2

)

=⇒ dy

dN
=

ρ̇d
3H3

− 2ρdḢ

3H4

=⇒ 1

y

dy

dN
=

ρ̇d
Hρm

− 2Ḣ

H2

=⇒ 1

y

dy

dN
= −3(1 + ωd)−

2Ḣ

H2
(2.25)
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Here, we substitute ρ̇d
ρd

= −3H(1 + ωd) from(2.21).

From (2.19), by dividing the equation by 2H2 and using (2.18), (2.22), we obtain

Ḣ

H2
= − ρm

2H2
− (1 + ωd)

ρd
2H2

=⇒ Ḣ

H2
= − 3ρm

6H2
− (1 + ωd)

3ρd
6H2

=⇒ Ḣ

H2
= −3x

2
− (1 + ωd)

3y

2

=⇒ Ḣ

H2
= −3(x+ y)

2
− ωd

3y

2

=⇒ Ḣ

H2
= −3

2
− ωd

3y

2
(2.26)

Finally, upon substituting (2.26) in (2.24) and (2.25), we formulate the following

system of autonomous differential equation

dx

dN
= 3xyωd

dy

dN
= −3y(1− y)ωd (2.27)

ωd, the equation of state parameter can be evaluated for different HDE models and

hence respective system of autonomous differential equations can be formulated.

One can follow chapter-5 for detailed discussion. After identifying the critical points

and studying the qualitative behaviour of the cosmological model around these crit-

ical points, evolution of universe can be looked into along with the precise charac-

terization of different cosmological parameters.



Chapter 3

Dynamical system analysis on

conformally coupled massless

scalar field in semiclassical gravity

3.1 Introduction

Current observational data [16, 131, 313, 314] strongly suggests an accelerated ex-

pansion [77, 315] of the universe. Initially this was explained using the cosmological

constant Λ [3, 316, 317] where the pressure p and energy density ρ are connected

through the equation p = −ρ which is also consistent with the current observational

value [318] of the equation of state parameter ω. However, the cosmological constant

fails to address two significant problems namely the “fine tuning problem” and the

“coincidence problem” [78, 319].

To resolve these issues, scientists introduced the concept of “dark energy” [69, 320,

321, 322] within the frame work of Einstein’s General Relativity. Dark energy is

characterized by having a positive energy density and negative pressure, with vac-

uum energy which is often considered as the source of dark energy [323, 324]. To

address the problems associated with the cosmological constant, it is typically as-

sumed that the vacuum energy is balanced by an unknown cancellation mechanism

and there is a dark energy component associated with a variable equation of state

parameter. Different values of this parameter [325, 326] lead to different possible
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fates for the future of the universe. For instance, if −1 < ω < −1
3
, dark energy

represents quintessence fluid. For ω = −1, dark energy corresponds to the cos-

mological constant and the universe follows a asymptotically de-sitter nature. If

ω < −1, General Relativity suggests the existence of “phantom energy”. As the

university expands (ω < −1
3
), the “phantom energy” increases and within a finite

amount of proper time, the phantom energy density [48] becomes infinite causing

the universe to expand infinitely. This would lead to the eventual disintegration

of all bounded objects, from clusters of galaxies to atomic nuclei, as the universe

approaches a future singularity [48], known as the “Big Rip”. To resolve different

kinds of singularity and different issues faced in very early cosmological models like

Big Bang theory, inflation theory, cosmological constant; different theoretical mod-

els of dark energy have been developed like scalar field models including unified

dark energy and matter, k-essence, quintessence, coupled dark energy and matter

etc [87, 108, 327, 328, 329, 330].

Several physicists have thought of combining the quantum theory of gravity to erad-

icate future singularity [278, 331, 332]. Since, they felt that the quantum theory

and General Relativity are quite incompatible, they proposed a semiclassical theory

where an amalgamation between classical theories of gravity and quantum field the-

ory [44, 333, 334] was made.

In classical gravity, the Einstein field equation governs the dynamics of spacetime

Gµν =
8πG

c4
T µν (3.1)

where the left side of the equation (3.1) represents the gravity part which influences

the spacetime geometry and right hand side represents the energy-momentum tensor

which is analogous to the matter part of the universe.

In semiclassical gravity theory [39, 41, 42, 335, 336, 337, 338, 339], gravity is rep-

resented classically but the matter part is represented quantum mechanically which

leads to semi classical Einstein field equation

Gµν =
8πG

c4
⟨T̂ µν⟩ (3.2)

where the energy-momentum tensor T µν is replaced by a quantum operator T̂ µν

whose expected value represents mass and energy.

Energy momentum tensor plays a crucial role for becoming the origin of curvature in
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General Relativity. Energy momentum tensor is divergenceless, signifying the con-

servation of energy and momentum. This symmetry is preserved when transitioning

from classical to quantum theory. In massless theories, there is an interesting sym-

metry known as conformal symmetry, which, in the classical case is reflected through

the tracelessness of the energy-momentum tensor. However, in the quantum case,

this is not always true and can be identified through trace anomalies [340, 341, 342].

In this chapter, we focus on the conformally coupled [343, 344, 345, 346, 347, 348]

massless scalar field characterized by an improvised stress-energy tensor, capable of

classically violating the null energy condition [343].

3.2 Semiclassical dynamical equations in confor-

mally coupled massless scalar field

In this section, we explore modified field equations in a conformally coupled massless

scalar field. We are considering here a homogeneous and isotropic FRW metric

ds2 = −dt2 + a2(t)[
dr2

1− kr2
+ r2(dθ2 + sin2θ dϕ2)] (3.3)

It is known that in semiclassical gravity in conformally coupled mass less scalar field,

the energy momentum tensor is not traceless [346, 347]. Vacuum trace anomaly of

energy momentum tensor can be denoted as

Tvac =
1

2880π2
(□R +G) (3.4)

where R is the enrgy-momentum curvature and G = −2RµνR
µν − 1

3
R2 is the Gauss-

Bonnet curvature invariant [348]. Here we consider that the Weyl tensor diminishes

in FRW geometry to obtain the expression of G. By substituting Hubble parameter

H in (3.4) one can obtain [337, 349]

Tvac =
1

480π2
(
...
H + 12H2Ḣ + 7HḢ + 4Ḣ2) +

1

240π2
(H4 +H2Ḣ) (3.5)
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Here, we use the trace anomaly

Tvac = ρvac − 3pvac (3.6)

After inserting (3.5) in the conservation equation

˙ρvac + 3H(ρvac + pvac) = 0 (3.7)

and using (3.6), vacuum energy density becomes

ρvac =
1

480π2
(3H2H +HḦ − 1

2
Ḣ2) +

1

960π2
H4 (3.8)

The semiclassical Friedmann equation can be defined here as

3H2 = 8π(ρ+ ρvac) (3.9)

3.3 Dynamical system analysis in semiclassical grav-

ity for a conformally coupled massless scalar

field

To use the dynamical system tools in this current cosmological model, we need to

frame a system of autonomous equations using semiclassical Friedmann equations

and conservation equation (3.5), (3.6), (3.7), (3.8), (3.9). To construct such self-

autonomous system, we consider the following dimensionless variables.

t̄ = H+t, H̄ =
H

H+

, Ȳ =
Ḣ

H2
+

, ρ̄ =
8πρ

3H2
+

(3.10)

where H+ =
√
360π.

Using (3.10) in (3.7), (3.8), (3.9), we obtain the following system of autonomous
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differential equations in terms of dimensionless variables,

H̄
′
= Ȳ

Ȳ
′
=

1

2H̄
(H̄2 − ρ̄− 6H̄2Ȳ + Ȳ 2 − H̄4)

ρ̄
′
= −3H̄(1 + ω)ρ̄ (3.11)

where ′ denotes the derivative with respect to the time t̄. To solve the above au-

tonomous system we frame a linearized Jacobian matrix from (3.11)

J =


0 1 0

1− 6Ȳ − 2H̄2 − 1
2H̄2 (H̄

2 − ρ̄− 6H̄2Ȳ + Ȳ 2 − H̄4) −3H̄ + Ȳ
H̄

− 1
2H̄

−3(1 + ω)ρ̄ 0 −3H̄(1 + ω)


(3.12)

Corresponding to all critical points obtained from (3.11), eigenvalues are fetched

from the linearized Jacobian matrix (3.12) which are given in table 3.1.

Table 3.1: Critical points and their corresponding eigenvalues for the au-
tonomous system (3.11).

Critical points (H̄, Ȳ , ρ̄) Eigenvalues

A(1, 0, 0) −(3 + 3ω), −3−
√
5

2
, −3+

√
5

2

B(−1, 0, 0) (3 + 3ω), −3−
√
5

2
, −3+

√
5

2

Here, from table 3.1, we can deduce the stability of the 3D autonomous system

(3.11) through the signature of eigenvalues using the linearized technique.

• Case-I: When ω > −1, critical point A is stable while B is saddle.

• Case-II: When ω < −1, A is saddle and B is stable.

• Case-III: For ω = −1, linearized technique remains inconclusive for analyzing

the stability of A and B as both the critical points become non hyperbolic for

the aforesaid value of ω.
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Now let us consider a 2D autonomous system in H̄, Ȳ variables from (3.11) for

ρ̄ = 0. Then the autonomous system (3.11) gets converted into

H̄
′
= Ȳ

Ȳ
′
=

1

2H̄
(H̄2 − 6H̄2Ȳ + Ȳ 2 − H̄4) (3.13)

A linearized Jacobian matrix

J =

(
0 1

1− 6Ȳ − 2H̄2 − 1
2H̄2 (H̄

2 − 6H̄2Ȳ + Ȳ 2 − H̄4) −3H̄ + Ȳ
H̄

)
(3.14)

is constructed from (3.13). Eigenvalues corresponding to the critical points, obtained

from the autonomous system (3.13) are evaluated from (3.14). Critical points and

the respective eigenvalues are enlisted in the table 3.2.

Table 3.2: Critical points and their corresponding eigenvalues for the au-
tonomous system (3.13).

Critical points (H̄, Ȳ ) Eigenvalues
A1(1, 0) −0.3820,−2.6180
B1(−1, 0) 0.3820, 2.6180

According to the eigenvalues corresponding to the critical points A1 and B1 as shown

in the table 3.2, A1 is always stable while B1 is unstable which is similar to the be-

haviour of A and B as discussed earlier for ω > −1.

To identify the qualitative nature of the system around the critical points, we con-

sider the 2D phase plot diagram in (H̄, Ȳ ) plane which depicts in figure 3.1 that A1

is stable and B1 is unstable.

We also consider a 2D phase plot projection in (H̄, ρ̄) plane to identify the qualita-

tive behaviour around the critical points A and B for different choices of equation of

state parameter ω. Figure 3.2 shows that A is becoming stable and B is becoming

saddle while ω is chosen as −0.85 which is greater than −1 while figure 3.3 shows

that A is becoming saddle and B is becoming stable while ω is chosen as −1.25

which is less than −1.
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Figure 3.1: Phase plot corresponding to the critical point A1(1, 0) and B1(−1, 0)
in (H̄, Ȳ ) plane

Figure 3.2: Phase plot corresponding to the critical point A and B with ω =
−0.85 in (H̄, ρ̄) plane
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Figure 3.3: Phase plot corresponding to the critical point A and B with ω =
−1.25 in (H̄, ρ̄) plane

3.4 Summary and discussion

In this chapter, we have not considered any particular fluid description like baryon,

radiation and dust, rather we have assumed general description of fluid. Here, in

the context of semi classical gravity with massless conformally coupled scalar field,

energy density is completely characterized by the trace anomaly.

The hyperbolic critical point A behaves very interestingly. If the equation of state

parameter lies within (−1,−1
3
), i.e., −1 < ω < −1

3
, it becomes stable and indicates

that the energy density considered here represents quintessence description of fluid

with an accelerated phase. As A is becoming stable for ω = 0 and ω = 1
3
, it can

characterize early stages of dust and radiation dominated epochs respectively.

But while we are taking the value of the equation of state parameter ω = −1, both

the nodes A and B represent a non hyperbolic critical point which we are unable to

analyze here as we are only considering the linearized method. So, we can’t conclude

anything regarding the model’s resemblance with ΛCDM model.

As, ω < −1, B is becoming stable and therefore we can claim here that B stands

for a phantom description of fluid. While we are considering vacuum energy density,

from the 2D autonomous system in (H̄, Ȳ ), we find that the corresponding critical
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points A1 and B1 are behaving similar to A and B with ω > −1. But as the equation

of state parameter remains undetermined, we can’t conclude anything regarding the

acceleration.

So, from here, we can state that A represents a quintessence era while B exhibits a

phantom era with accelerated expansion. As a result, we can claim that semiclas-

sical gravity with conformally coupled scalar field can represent quintessence and

phantom like fluid description with an accelerated nature which fits well with the

current observational scenario as well as it can explain the early stages of matter

and radiation dominated scenarios.



Chapter 4

Dynamical system analysis on

non-minimally coupled f (Q)

gravity

4.1 Introduction

Recent observational findings [62, 313] on late time acceleration of current universe

[77] have posed some theoretical challenges to gravity theories. Although the General

theory of Relativity is the most successful theory of last century for the description

of gravitational interaction, it has also been struggling with several limitations like

flatness, initial singularity etc. A satisfactory answer requires more generalized the-

ory of gravity involving more general geometric structures. Thus, extended theories

of gravity [350, 351, 352] have been developed.

Extended theories of gravity [198] have been made through several modifications in

Einstein’s theory [199, 353] and in general these modified theories will have General

Relativity as a particular case. These theories are developed by modifying Einstein

Hilbert action which yields Einstein filed equations and these modifications created

interest amongst scientific community as scientists thought that it would be relevant

at scales close to Plank scale which is considered at the very early universe near black

hole singularity. But eventually, it provided a significant breakthrough in studying

universe at low energies i.e., at large scale in late universe. Alternative gravitational
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theories are nothing but the attempts in introducing semiclassical schemes in which

most of the useful features of General Relativity can be identified.

Recent observational data depict that the approximate proportions of ordinary

baryonic matter, dark matter and dark energy are respectively 4%, 20% and 76%

[18, 62, 354]. Dark matter has the clustering property like ordinary matter but dark

energy is not describable in that way. Both of them can be distinguished through

energy conditions [355].

In between two accelerated epoch, there are decelerated expansion, radiation and

matter dominated eras. The proportions of matter and energy in the Universe, as

supported by observational data, are truly astonishing. Cosmological observations

suggest that ΛCDM model is the best fitted model till date with some anomalies.

To alleviate those anomalies in ΛCDM model, other different cosmological models

like quintessence, k-essence, coupled dark energy, unified dark energy, f(R), f(R,T)

etc. have been studied extensively i.e., to resolve these issues, models have been

developed in two approaches. One approach is to modify Einstein gravity in terms

of geometrical effects resulting various models of modified theories of gravity such as

f(R), f(R,T), f(T), etc [200, 201, 202, 356, 357, 358]. Another approach is to mod-

ify the right hand side of Einstein Field equation i.e., modifying the matter part,

thereby yielding different dark energy models [58, 67, 68, 69, 70, 71, 89, 359, 360,

361, 362, 363, 364].

Thus modifications in gravity [203, 365, 366] is a different approach and interesting

way to explain universe’s late time accelerated expansion whose limiting conditions

can be obtained as General Relativity(GR).

We know that gravitational phenomena is represented by curved spacetime. Along

with the curvature, torsion and non metricity are associated with the connections of

a metric space. In standard General Relativity, both non metricity and torsion van-

ish. In this framework, Ricci curvature R is one of the fundamental quantities that

describes the curvature of spacetime. Another approach is to describe the gravity by

torsion T only. A third alternative representation is developed on a flat spacetime

without curvature and torsion, where non metricity Q represents the gravitational

interaction, known as the symmetric teleparallel gravity. It is to be remembered

that non metricity is the property of connection, not of the manifold. Jimenez et al.

[265] have developed the symmetric teleparallel gravity into f(Q) gravity.
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We have considered a cosmological model where gravitational interactions are rep-

resented by non-metricity Q which has been taken into account for gravitational

modifications. So, we are considering newly proposed symmetric teleparallel f(Q)

gravity [236, 237, 238, 239, 240, 241, 266, 267, 270, 367, 368, 369, 370, 371, 372, 373]

where Q is non-metricity [268, 269, 374].

Our motivation for this work is to incorporate late time cosmic acceleration with the

help of some functional forms of f(Q) which we have considered as a combination

of f1(Q) and f2(Q). We have used dynamical system tools [297, 300, 302, 303] to

analyze the stability of such model. We all are aware that the equation of state

parameter plays an important role in predicting different fluid description of uni-

verse. Similarly, some other cosmological parameters play major role in describing

the evolution of universe. So, here we shall be considering current observational

data [18, 131, 375, 376, 377, 378] of different cosmological parameters for analyzing

the model.

4.2 Basic tools of f (Q) gravity

General theory of gravity is based on metric theory and in this case, connection is

symmetric and metric dependent. However, different approaches can be considered

to characterize the space-time. One such type of approach is to consider symmetric

teleparallel (
∫
d4x

√
−gQ) action instead of normal Einstein-Hilbert action. Here,

the modified gravity theory is dependent on the nonlinear extension of non-metric

scalar Q and the corresponding gravity theory is noted as f(Q) gravity theory.

Here, we consider the action for matter coupling [379] in f(Q) gravity with the help

of two functions, which is defined by

S =

∫
d4x

√
−g[1

2
f1(Q) + f2(Q)Lm] (4.1)

where g is the determinant of the metric, f1(Q) and f2(Q) are two arbitrary functions

of the non metricity Q, Lm is the Lagrangian function for the matter field.

Here, the non-metricity tensor and the traces are

Qαβγ = ∇αgβγ (4.2)
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Qα = Qβ
α β, Q̃α = Qα

αβ (4.3)

Superpotential can be introduced as a function of non metric tensor with the fol-

lowing equation

4Pα
βγ = −Qα

βγ + 2Q(βαγ) −Qαgβγ − Q̃αgβγ − δα
(βQγ ) (4.4)

where the trace of the nonmetricity tensor takes the form

Q = −QαβγP
αβγ (4.5)

For simplicity, let us consider the following equations

f = f1(Q) + 2f2(Q)Lm (4.6)

F = f
′

1(Q) + 2f
′

2(Q)Lm (4.7)

where (′) signifies the derivatives of the functions f1(Q) and f2(Q) with respect to

Q.

To identify the fluid description of the spacetime, energy-momentum tensor can be

introduced as

Tβγ = − 2√
−g

δ(
√
−gLM)

δgβγ
(4.8)

By varying the action, considered in equation (4.1) with respect to the metric tensor,

following gravitational field equation can be obtained

2√
−g

∇α(
√
−gFPα

βγ) +
1

2
gβγf1

+F (PβµνQ
µν

γ − 2QµνβP
µν
γ ) = −f2Tβγ

(4.9)

Now, equation (4.9) can be used for different cosmological applications in f(Q)

gravity.
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4.3 Implementation of f (Q) gravity in FLRW space-

time

For exploring several cosmological phenomena, we consider the isotropic, homoge-

neous, spatially flat line element as

ds2 = −N2(t)dt2 + a2(t)δijdx
idxj (4.10)

Here, N(t) denotes the lapse function and in the present case due to usual time

reparametrization freedom, we may imposeN = 1 in any time. δij denotes Kronecker

delta and i, j run over the spatial components.

Now, it is customary to define the expansion and dilation parameters as

H =
ȧ

a
and T =

Ṅ

N
(4.11)

In this current line element, the nonmetricity Q is considered as

Q = 6H2 (4.12)

Here, we consider matter as the standard perfect fluid whose energy-momentum

tensor, given by (4.8) is diagonal. So, the field equation (4.9) provides us two

generalized Friedman equations as

f2ρ =
f1
2

− 6F
H2

N2
(4.13)

−f2p =
f1
2

− 2

N2
[(Ḟ − FT )H + F (Ḣ + 3H2)] (4.14)

Here, ρ is the energy density and p is the pressure of the fluid content in the space-

time. It is very trivial to verify that by putting f1 = −Q and f2 = 1 = −F , the
aforesaid Friedman equations (4.13) and (4.14) reduce to the standard Friedman

equations.

The continuity equation of motion for matter field can be derived from (4.13) and

(4.14) as

ρ̇+ 3H(ρ+ p) = −6f
′
2H

f2N2
(Ḣ −HT )(Lm + ρ) (4.15)
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From (4.15), the standard continuity equation can be derived by substituting Lm =

−ρ as

ρ̇+ 3H(ρ+ p) = 0 (4.16)

This is now compatible with the homogeneous and isotropic nature of the universe.

Here, we shall proceed with N = 1. As, we are working in the framework of standard

Friedman-Robertson-Walker (FRW) geometry, dilation parameter T and the non-

metricity Q are transformed to

T = 0 and Q = 6H2 (4.17)

respectively. Hence the equations (4.13) and (4.14) can be reframed as

3H2 =
f2
2F

(−ρ+ f1
2f2

) (4.18)

Ḣ + 3H2 +
Ḟ

F
H =

f2
2F

(p+
f1
2f2

) (4.19)

4.4 Formation of autonomous system and stabil-

ity analysis by dynamical system approach

In this section, we confine ourselves to the dynamical system approach to analyze the

stability of the system using linearized Jacobian matrix. We consider two arbitrary

functions of the non metricity Q as

f1(Q) = αQn, n ̸= 1 and f2(Q) = Q (4.20)

Here, α and n are arbitrary constants.

Let us introduce following dimensionless variables

x = −−ρf2
QF

and y =
f1

2QF
(4.21)



Chapter 4. Dynamical system analysis on non-minimally coupled f(Q) gravity 70

4.4.1 Autonomous system with equation of state parameter

Let us consider the equation of state parameter p = ρ ω where ρ is the energy

density and p is the pressure of fluid content in spacetime. Using equations (4.17)

and (4.21) in the Friedmann equations (4.18) and (4.19), we can formulate following

system of autonomous equations

x
′
= −11

3
ϵx− 3xω − 3xy + 3ωx2 (4.22)

y
′
= −yϵ(2n− 1)− 3y2 + 3xyω + 3y (4.23)

Here(′) denotes the derivative with respect to η = ln a and

ϵ = − Ḣ

H2
= q + 1 (4.24)

where q is the deceleration parameter.

At the very beginning, by implementing dimensionless variables, defined in in equa-

tion (4.21) and using (4.17), (4.18), (4.19), (4.20), we have obtained autonomous

system of equations (4.22) and (4.23). From the aforesaid system, we have obtained

three set of critical points (in table 4.1) solving

x
′
= 0, y

′
= 0 (4.25)

Apart from the first point (0, 0), other two points are denoted in terms of deceleration

parameter q (in equation (4.24)), n and equation of state parameter, ω. By varying

the values of these parameters, we have considered different cases corresponding to

the aforesaid critical points and analyzed the stability of the universe in the current

late time acceleration epoch. We have formed the linearized matrix and obtained

the corresponding eigenvalues with respect to the critical points. Then considering

different values of the parameters supported by current observational data, we have

performed stability analysis around the critical points.

From the autonomous system (4.22) and (4.23), we frame the required linearized

Jacobian matrix

J =

(
−11
3
ϵ− 3ω − 3y + 6ωx −3x

3yω −ϵ(2n− 1)− 6y + 3xω + 3

)
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for three hyperbolic critical points and eigenvalues corresponding to those critical

points are found which have been represented in table 4.1.

Table 4.1: Set of critical points and corresponding eigenvalues.

Critical points(x, y) Eigenvalues
(0, 0) 3− ϵ(2n− 1),−11

3
ϵ− 3ω

( 1.22ϵ+ω
ω

, 0) 11
3
ϵ+ 3ω, 11

3
ϵ+ 3ω − ϵ(2n− 1) + 3

(0, 0.33ϵ− 0.67ϵn+ 1) 2.01ϵn− 3ω − 4.66ϵ− 3, 4ϵn− 2ϵ− ϵ(2n− 1)− 3

Here critical points and the corresponding eigenvalues depend on the predefined pa-

rameters ϵ = q + 1, ω and n. Now, we shall be explicitly doing stability analysis

around those critical points. Critical points will vary with the value of above param-

eters. We have taken q in the range of −0.48 to −0.55 as prescribed in [131, 368, 380].

By varying n, we can find a form of f(Q) for stable universe.

Critical point (0, 0) and the eigenvalues corresponding to different values of q and

n are given in table 4.2. Here, the eigenvalues depend on the value of equation of

state parameter, ω.

Table 4.2: For q = −0.53, q = −0.48 and for n=2, 3, 4, 5, 6, this table shows
eigenvalues corresponding to the critical point (0, 0).

No q ϵ n point Eigenvalues
P1 -0.53 0.47 2 (0,0) 1.59 ,-1.72-3ω
P2 -0.53 0.47 3 (0,0) 0.65 ,-1.72-3ω
P3 -0.53 0.47 4 (0,0) -0.29 ,-1.72-3ω
P4 -0.53 0.47 5 (0,0) -1.23 ,-1.72-3ω
P5 -0.53 0.47 6 (0,0) -2.17 ,-1.72-3ω
P6 -0.48 0.52 2 (0,0) 1.44,-1.90-3ω
P7 -0.48 0.52 3 (0,0) 0.4,-1.90-3ω
P8 -0.48 0.52 4 (0,0) -0.64,-1.90-3ω
P9 -0.48 0.52 5 (0,0) -1.68,-1.90-3ω
P10 -0.48 0.52 6 (0,0) -2.72,-1.90-3ω

According to table 4.2, we can clearly observe that as q = −0.53:

• For n = 2 and 3 (P1, P2 from table 4.2, the point (0, 0) is saddle when ω >

−0.57 and unstable whenever ω < −0.57.

• For n ≥ 4 (P3, P4, P5 table 4.2), (0, 0) will be stable node when ω > −0.57 and

saddle node when ω < −0.57.
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Figure 4.1: Phase plot corresponding to the point (0, 0) for q = −0.53, n = 20,
ω = −0.4 which shows that for the choices of aforesaid values of q, ω and n, (0, 0)

is locally stable node

Similarly, while we consider, q = −0.48:

• For n = 2 and 3 (P6, P7 from table 4.2), the point (0, 0) is saddle when ω >

−0.63 and unstable whenever ω < −0.63.

• For n ≥ 4 (P8, P9, P10 from table 4.2), (0, 0) will be stable node when ω > −0.63

and saddle node when ω < −0.63.

Critical point (1.22ϵ+ω
ω

, 0) and the corresponding eigenvalues for various values of q

and n are given in table 4.3. Here, like the previous case, respective eigenvalues

depend on the value of equation of state parameter, ω.

According to table 4.3, we can clearly observe that while we take, q = −0.53:

• For n = 2 (P11 in table 4.3), the point (1.22ϵ+ω
ω

, 0) is stable when ω < −1.10,

saddle node when −1.10 < ω < −0.57 and unstable when ω > −0.57.

• If n = 3 (P12 in table 4.3), the point (1.22ϵ+ω
ω

, 0) becomes stable when ω <

−0.79, saddle node when −0.79 < ω < −0.57 and unstable when ω > −0.57.
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Figure 4.2: Phase plot corresponding to the point (0, 0) for q = −0.48, n = 3,
ω = −0.87 (P6 in table 4.2) which shows that for the choices of aforesaid values

of q, ω and n, (0, 0) is locally unstable node.

Table 4.3: For q = −0.53, q = −0.48 and for n=2, 3, 4, 5, 6, this table shows the
eigenvalues corresponding to the critical point (1.22ϵ+ω

ω , 0).

No q ϵ n point Eigenvalues
P11 -0.53 0.47 2 (0.9044+ω

ω
,0) 1.72+3ω,3.3133+3ω

P12 -0.53 0.47 3 (0.9044+ω
ω

,0) 1.72+3ω,2.3733+3ω
P13 -0.53 0.47 4 (0.9044+ω

ω
,0) 1.72+3ω,1.4333+3ω

P14 -0.53 0.47 5 (0.9044+ω
ω

,0) 1.72+3ω,0.4933+3ω
P15 -0.53 0.47 6 (0.9044+ω

ω
,0) 1.72+3ω,-0.4467+3ω

P16 -0.48 0.52 2 (0.6355+ω
ω

,0) 1.91+3ω,3.3467+3ω
P17 -0.48 0.52 3 (0.6355+ω

ω
,0) 1.91+3ω,2.3067+3ω

P18 -0.48 0.52 4 (0.6355+ω
ω

,0) 1.91+3ω,1.2667+3ω
P19 -0.48 0.52 5 (0.6355+ω

ω
,0) 1.91+3ω,0.2267+3ω

P20 -0.48 0.52 6 (0.6355+ω
ω

,0) 1.91+3ω,-0.8133+3ω
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• For n ≥ 4 (P13, P14, P15 in table 4.3), (1.22ϵ+ω
ω

, 0) will be a stable node when

ω < −0.57.

• For n = 4 (P13 in table 4.3), (1.22ϵ+ω
ω

, 0) becomes an unstable node when

ω > −0.48 and saddle node when −0.57 < ω < −0.48.

• For n = 5 (P14 in table 4.3), (1.22ϵ+ω
ω

, 0) will be an unstable node when ω >

−0.16 and saddle node when −0.57 < ω < −0.16.

• For n = 6 (P15 in table 4.3), (1.22ϵ+ω
ω

, 0) turns to be an unstable node when

ω > 0.14 and saddle node when −0.57 < ω < 0.14.

Figure 4.3: Phase plot corresponding to the point (−0.1305, 0) (P11 in table 4.3)
for q = −0.53, n = 2, ω = −0.8 which shows that for the choices of aforesaid

values of q, ω and n, (−0.1305, 0) is a saddle node.

Similarly, as we consider, q = −0.48:

• For n = 2 (P16 table 4.3), the point (1.22ϵ+ω
ω

, 0) is stable when ω < −1.11,

saddle node when −1.11 < ω < −0.64 and unstable when ω > −0.64.

• For n = 3 (P17 in table 4.3), the point (1.22ϵ+ω
ω

, 0) becomes stable when ω <

−0.77, saddle node when −0.77 < ω < −0.64 and unstable when ω > −0.64.

• For n ≥ 4 (P18, P19, P20 in table 4.3), (1.22ϵ+ω
ω

, 0) will be a stable node when

ω < −0.63.
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• For n = 4 (P18 in table 4.3), (1.22ϵ+ω
ω

, 0) becomes an unstable node when

ω > −0.42 and saddle node when −0.63 < ω < −0.42.

• For n = 5 (P19 in table 4.3), (1.22ϵ+ω
ω

, 0) will be an unstable node when ω >

−0.07 and saddle node when −0.63 < ω < −0.07.

• For n = 6 (P20 in table 4.3), (1.22ϵ+ω
ω

, 0) turns into an unstable node when

ω > 0.27 and saddle node when −0.63 < ω < 0.27.

Figure 4.4: Phase plot corresponding to the point (0.2695, 0) for q = −0.48, n =
10, ω = −0.87 which shows that for the choices of aforesaid values of q, ω and n,

(0.2056, 0) is locally stable node.

Critical point (0, 0.33ϵ − 0.67ϵn + 1) and the eigenvalues corresponding to various

choices of q and n are given in table 4.4. Here, the eigenvalues are dependent on the

value of equation of state parameter, ω.

According to table 4.4, we can clearly observe that while we assume, q = −0.53:

• For n = 2 (P21 in table 4.4), the point (0, 0.33ϵ − 0.67ϵn + 1) is stable when

ω > −1.1 and saddle node when ω < −1.1.

• For n = 3 (P22 in table 4.4), the point (0, 0.33ϵ − 0.67ϵn + 1) will be stable

when ω > −0.78 and saddle node when ω < −0.78.
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Table 4.4: For q = −0.53 , q = −0.48 and for n=2, 3, 4, 5, 6, this table shows the
eigenvalues corresponding to the critical point (0, 0.33ϵ− 0.67ϵn+ 1).

No q ϵ n point Eigenvalues
P21 -0.53 0.47 2 (0,0.5253) -3.3008-3ω,-1.59
P22 -0.53 0.47 3 (0,0.2104) -2.3561-3ω,-0.65
P23 -0.53 0.47 4 (0,-0.1045) -1.4114-3ω,0.29
P24 -0.53 0.47 5 (0,-0.4194) -0.4667-3ω,1.23
P25 -0.48 0.52 2 (0,0.4748) -3.3328-3ω,-1.44
P26 -0.48 0.52 3 (0,0.1264) -2.2876-3ω,-0.4
P27 -0.48 0.52 4 (0,-0.2220) -1.2424-3ω,0.64
P28 -0.48 0.52 5 (0,-0.5704) -0.1972-3ω,1.68

• For n = 4 (P23 in table 4.4), (0, 0.33ϵ− 0.67ϵn+ 1) becomes a saddle node for

ω > −0.47 and an unstable node when ω < −0.47.

• For n = 5 (P24 in table 4.4), (0, 0.33ϵ− 0.67ϵn+1) will be a saddle node when

ω > −0.15 and an unstable node when ω < −0.15.

Figure 4.5: Phase plot corresponding to the point (0,−0.4194) (P24 in table 4.4)
for q = −0.53, n = 5, ω = −0.7 which shows that for the choices of aforesaid

values of q, ω and n, (0,−0.4194) is an unstable node.

Similarly, as we take, q = −0.48:

• For n = 2 (P25 in table 4.4), the point (0, 0.33ϵ − 0.67ϵn + 1) is stable when

ω > −1.11 and saddle node when ω < −1.11.
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• For n = 3(P26 in table 4.4), the point (0, 0.33ϵ − 0.67ϵn + 1) becomes stable

when ω > −0.76 and saddle node when ω < −0.76.

• For n = 4 (P27 in table 4.4), (0, 0.33ϵ− 0.67ϵn+ 1) turns to be a saddle node

for ω > −0.41 and an unstable node when ω < −0.41.

• For n = 5 (P28 in table 4.4), (0, 0.33ϵ− 0.67ϵn+1) will be a saddle node when

ω > −0.06 and an unstable node when ω < −0.06.

Figure 4.6: Phase plot corresponding to the point (0, 0.4748) (P25 in table 4.4)
for q = −0.48, n = 2, ω = −0.75 which shows that for the choices of aforesaid

values of q, ω and n, (0, 0.4748) is locally stable node.

4.4.2 Autonomous system with equation of state parameter

in terms of dimensionless variables

Here, equation of state parameter is denoted as

ω =
p

ρ
=

−2Ḣ − 3H2

3H2
(4.26)

Using (4.18) and (4.19) in (4.26), we obtain

ω(1 +
f2ρ

3H2F
) = − f2ρ

3H2F
+

2Ḟ

3FH
− 1 (4.27)
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With the help of the choices of f1(Q) and f2(Q) in (4.20) and dimensionless variables

given in (4.21), (4.26) yields the expression for equation of state parameter ω as

ω =
−2x− 8

3
(n− 1)2ϵy + 1

2x− 1
(4.28)

where ϵ is defined in (4.24). Substituting ω from (4.28) in (4.22) and (4.23), au-

tonomous equations for this current model transform into

x
′
= −11

3
ϵx− 3xy +

9x2

2x− 1
+

8(n− 1)2ϵyx

2x− 1
− 3x

2x− 1

− 6x3

2x− 1
− 8(n− 1)2ϵyx2

2x− 1
(4.29)

y
′
= −yϵ(2n− 1)− 3y2 + 3y − 6x2y

2x− 1
+

8(n− 1)2ϵxy2

2x− 1

− 3xy

2x− 1
(4.30)

Here(′) denotes the derivative with respect to η = ln a. To study this model, we

consider the value of deceleration parameter q0 = −0.55 [131, 368, 380]. From the

above autonomous system of differential equations, we find the critical points, given

in table 4.5.

Table 4.5: Critical points corresponding to autonomous system (4.29), (4.30).

No Point (x, y)
1 A (0, 0)
2 B (0, 1

3
(3.45− 0.9n))

3 C (0.45, 0)

At those aforesaid critical points, we construct the linearized Jacobian matrix and

corresponding to the Jacobian matrix, we obtain the eigenvalues and respective

values of equation of state parameter ω, given in table 4.6.
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Table 4.6: Eigenvalues corresponding to critical points A, B and C and the
respective value of ω at those points.

Point Eigenvalues ω

A (1.35, 3.45− 0.9n) -1

B (−3.45 + 0.9n,−6.24 + 10.26n− 6.3n2 + 1.08n3) −1 + 0.4(3.45− 0.9n)(n− 1)2

C (−1.35, 2.1− 0.9n) -1

From table 4.6, we get that A is a unstable node while B becomes stable when

n < 3.68 and C represents a stable node if n > 2.33.

Since corresponding to the critical point B, ω depends on the value of n and the point

becomes stable for n < 3.68, choosing n = 3.6 yields equation of state parameter,

ω = −0.43.

Figure 4.7: Phase plot presenting the behaviour of the trajectories for the model
when n = 2 and q0 = −0.55 which shows that A is unstable, B is stable and C is

a saddle node for the aforesaid values of the parameter.
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Figure 4.8: Phase plot presenting the behaviour of the trajectories for the model
as n = 3 and q0 = −0.55 which shows that A is unstable, B is stable and C is

stable node for the aforesaid values of the parameter.

4.5 Summary and discussion

In this chapter, we have considered a cosmological model with modified gravity

where non-metricity Q has been incorporated as gravitational interaction. We have

employed symmetric teleparallel f(Q) gravity and instead of considering action for

normal f(Q) gravity, we have taken the functional form of f(Q) as a combination

of two functions of non-metricity Q, namely f1(Q) = αQn and f2(Q) = Q where

f2(Q) = Q is coupled with the Lagrangian matter.

In subsection 4.4.1, we have considered two values of deceleration parameter q which

is close to −0.5 corresponding to three critical points with various choices of n. We

observe that the stability of critical points is not affected by the values of α. So,

we ignore α in our analysis. Although we have used two different values of q, we

see that if we change the value of q nearly around −0.5, our analysis does not vary

significantly.

From table 4.2, we see that critical point (0, 0) is a stable node (Phase plot in figure

4.1) for any value of n ≥ 4 (P3, P4, P5, P8, P9, P10 in table 4.2) corresponding to equa-

tion of state parameter −0.63 < ω. So ω lies in the admissible range −1 < ω < −1
3
,

representing quintessence behaviour.
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Critical point (1.22ϵ+ω
ω

, 0) is stable and represents observed accelerated expansion and

the value of ω implies phantom behaviour for n = 2 (P11, P16 in table 4.3). This

node represents an accelerated universe for all other values of n (P12, P13, P14, P15,

P17, P18, P19, P20 in table 4.3) and it indicates quintessence behaviour for these n.

So, this critical point is very interesting and can represent a viable solution with

late time acceleration.

Critical point (0, 0.33ϵ−0.67ϵn+1) is stable only for n = 2 (Phase plot in figure 4.6)

and n = 3 (P21, P22, P25, P26 in table 4.4) as well as it may represent accelerated ex-

pansion depending on ω.

In subsection 4.4.2, we express the equation of state parameter in terms of dimen-

sionless variables x, y but here, ω is also dependent on n and ϵ, so on q. Here also,

we get three critical points for some particular choice of q which are dependent on

n, given in table 4.5.

Though A is unstable, but ω being −1, represents late time acceleration. Again

critical point B and C both are stable with late time acceleration. Point C may rep-

resent ΛCDM model with ω = −1. Here, for this chapter, we have not considered

any particular fluid like radiation, baryon, dark energy or dust, rather we focused

on general description of fluid.

Depending on ω, the dynamics of universe changes and we can say that this chap-

ter incorporates late time acceleration very well. So, we can see that f(Q) gravity

models can be thought as an alternative to ΛCDM model.



Chapter 5

Dynamical system analysis on

Rényi holographic dark energy

5.1 Introduction

Several dynamical dark energy models have been suggested to explain the current

scenario of the universe. Among which, holographic dark energy models [151, 152,

153, 154, 155, 156, 157, 381, 382, 383, 384] play an important role in explaining the

riddle of dark energy. Holographic dark energy models which are based on holo-

graphic principle, have received considerable attentions from researchers in context

of quantum gravity.

In a cosmological context, the holographic principle imposes a fundamental upper

limit on the total entropy. According to holographic principle, the total entropy

enclosed within a region of size L must not surpass that of a black hole of the same

scale. This implies that the vacuum energy within such a region must be constrained

to avoid gravitational collapse, thereby maintaining consistency with the holographic

bound. Guided by the Bekenstein bound, it is natural to impose that, for an effec-

tive quantum field theory confined to a region of size L with an ultraviolet (UV)

cutoff Λ, the total entropy should respect the holographic limit-meaning it must not

exceed the entropy of a black hole occupying the same volume. The total entropy

82
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should satisfy the relation

L3Λ3 ≤ SBH = πL2M2
p (5.1)

where Mp is the reduced Plank mass and SBH is the entropy of a black hole with

radius L which is assumed as a long distance IR cut off. Miao Li [151] had suggested

a more rigorous bound which tells that total energy of a region of size L must not

surpass the mass of a black hole with same size.

As a result, this UV-IR relation provides an upper bound on the energy density

ρΛ ≤ L−2M2
p (5.2)

Thus the holographic dark energy density is obtained as

ρΛ =
3c2M2

p

L2
(5.3)

where c is a free dimensionless parameter.

It seems there is deep connection between dark energy, horizon entropy and laws

of thermodynamics. Thus horizon entropy and dark energy candidates may influ-

ence one another from a thermodynamic perspective. Recently, generalized entropy

formalisms have been widely used to study various cosmological and gravitational

scenarios because of the unknown nature of spacetime, the long-range nature of

gravity and the fact that the Bekenstein–Hawking entropy is a non-extensive en-

tropy measure.

Amongst them the Rényi [184], Tsallis [181], Sharma– Mittal [191, 192], Kanidakis

[163] entropies acquired considerable interest. Recently, using the Rényi entropy

[184], Moradpour et. al. [177] has suggested a new type of DE model, called the

R´enyi holographic dark energy (RHDE) model, to understand the gravitational and

cosmological incidences. Moradpour et al. has shown that if there is no interaction

between the dark matter and energy then the RHDE model is more stable. Also,

there are various other works on the RHDE [385, 386, 387, 388, 389].

The effectiveness of these attempts to describe the current accelerating universe

encourages us to study cosmic evolution considering generalized entropies as the

horizon entropy instead of the Bekenstein entropy. We will use this formalism to

consider a HDE model in flat FRW spacetime with Rényi generalized entropy by
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taking the Hubble radius as its IR cutoff.

5.2 Introduction of Rényi entropy in holographic

dark energy

Rényi holographic dark energy model [177, 182] is connected to Rényi entropy [183,

184]. For a system with w discrete states, it is defined by

SR = k
ln
∑w

i=1 p
q
i

1− q
(5.4)

where q is a non extensive parameter, k is a positive constant and pi is the prob-

ability for ith state. Rényi entropy reduces to standard Boltzmann-Gibbs entropy

for lim q → 1. Using Tsallis entropy defined as

ST = k
1−

∑w
i=1 p

q
i

q − 1
(5.5)

relation between Tsallis entropy and Rényi entropy can be written as

SR =
1

δ
ln(1 + δST ) (5.6)

where δ = 1− q is a parameter which measures whether the system is non-additive

or not. To calculate the Rényi entropy related to black hole [187, 188, 189, 190],

Tsallis entropy is considered as formal Bekenstein-Hawking entropy. As a result

(5.6) is redefined as

SR =
1

δ
ln(1 + δSBH) (5.7)

where SBH is Bekenstein-Hawking entropy which is denoted as

SBH =
kBc

3A

4ℏG
(5.8)

where kB, c, A, ℏ, G are respectively Boltzmann constant, speed of light, area of

the black hole horizon, reduced Plank constant and Newton’s gravitational constant.
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Considering in natural units where kB = ℏ = c = G = 1, it simplifies to:

SBH =
A

4
(5.9)

Assuming A = 4πL2, where L is the IR cut off and using (5.9) , (5.7) transforms

into

SR =
1

δ
ln(1 + πδL2) (5.10)

Now, using the thermodynamic relation

TdSR ∝ ρddV (5.11)

Rényi holographic dark energy density is defined as

ρd =
3d2

8πL2
(1 + πδL2)−1 (5.12)

where d is a constant, δ is the non-extensive Rényi parameter and L is the IR cutoff.

In this chapter, we will consider Rényi holographic dark energy with Hubble’s cut

off.

So, we will assume

L =
1

H
(5.13)

where H is the Hubble’s parameter. Considering equation (5.13), equation (5.12)

changes to

ρd =
3d2

8π

H4

H2 + πδ
(5.14)

5.3 Basic equations

We assume the universe is homogeneous and isotropic on large scales and is described

by the spatially flat Friedmann–Lemâıtre–Robertson-Walker (FLRW) metric with

the line element:

ds2 = dt2 − a2(t)(dr2 + r2dΩ2) (5.15)

where a(t) is the scale factor and dΩ2 = dθ2 + sin2θdϕ2 which denotes a two dimen-

sional sphere.
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In FLRW cosmology, matter density will follow the energy-momentum tensor per-

taining to the perfect fluid, which is denoted by

Tµν = (p+ ρ)uµuν − pgµν (5.16)

In this framework, uµ is the four-velocity of the fluid, satisfying the normalization

condition uµuµ = 1 while the cosmic objects are characterized by their energy density

ρ and pressure p. Here, we assume that the universe is filled with dark matter in

the form of dust and dark energy in the form of Rényi holographic dark energy with

variable equation of state parameter.

The Einstein field equations pertaining to the current cosmological model can be

written as

3H2 = ρ = ρm + ρd (5.17)

2Ḣ + 3H2 = −p = −pm − pd (5.18)

Equation (5.18) can be rewritten as

2Ḣ = −ρm − (1 + ωd)ρd (5.19)

Here ρm, ρd are the energy density of dark matter and holographic dark energy den-

sity while pm, pd denote the pressure of dark matter and holographic dark energy

respectively. ωd is the variable equation of state parameter pertaining to the holo-

graphic dark energy which is defined as ωd =
pd
ρd
.

Using (5.17) and (5.19), acceleration of the universe is denoted by

ä = −a
6
[ρm + pd(1 + 3ωd)] (5.20)

which shows that for cosmic acceleration, ωd < −1
3
. Dark matter and dark energy

components satisfy the continuity equation individually as

˙ρm + 3Hρm = 0 (5.21)

and

ρ̇d + 3H(1 + ωd)ρd = 0 (5.22)
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Considering the interaction term between two dark components, the continuity equa-

tions transform into

˙ρm + 3Hρm = Q (5.23)

ρ̇d + 3H(1 + ωd)ρd = −Q (5.24)

The interaction term Q is not uniquely determined; however, we adopt the choice

Q > 0, implying an energy flow from dark energy to dark matter i.e., dark en-

ergy decays into dark matter. This positive sign of Q supports the second law of

thermodynamics by ensuring non-decreasing entropy and also contributes toward

addressing the coincidence problem. It is worth mentioning that baryonic matter

is excluded from the interaction, as such couplings are tightly constrained by local

gravitational observations [390, 391, 392].

In our current work, we have considered four different types of interaction terms

which include both linear and non-linear interaction terms, namely:

• Q = 3H(ρm + ρd).

• Q = 3Hρd.

• Q = 3Hρm.

• Q = 3H ρd
ρm+ρd

.

5.4 Rényi holographic dark energy model with

Hubble horizon as IR cut off (without inter-

action)

In the present study, we explore a dynamical dark energy model comprising both

dark energy and dark matter, under the assumption that there is no interaction

between them. The dark energy component is described by the Rényi holographic

dark energy which is the exclusive source of dark energy where the Hubble horizon

is employed as the infrared (IR) cutoff.

We would like to study aforesaid model by using dynamical system tools, as the field
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equations derived here will be very complex and non-linear in nature.

Let us introduce the dimensionless variables :

x =
ρm
3H2

, y =
ρd
3H2

(5.25)

Here, matter and energy density parameters are defined as

Ωm =
ρm
3H2

= x, Ωd =
ρd
3H2

= y (5.26)

Using equation (5.17) and (5.26), we can deduce that

Ωm + Ωd = x+ y = 1 (5.27)

By employing equations (5.17), (5.21), (5.22), (5.25) and (5.27), we derive the cor-

responding autonomous system of differential equations as follows:

dx

dN
= 3xyωd

dy

dN
= −3y(1− y)ωd (5.28)

Now, Using (5.14), from (5.22), we can obtain the equation of state parameter, ωd

for Rényi HDE as

ωd = −1− 4

3

Ḣ

H2
+

2

3

Ḣ

H2 + πδ
(5.29)

From (5.19), we deduce the value of Ḣ
H2 as

Ḣ

H2
= −3

2
(1 + yωd) (5.30)

Using (5.30) in (5.29), equation of state parameter pertaining to Rényi HDE can be

simplified as

ωd =
1 + 2

3
Ḣ

H2+πδ

1− 2y
(5.31)

For analyzing the cosmological model, we have to transform the nonlinear au-

tonomous system presented in equation (5.28) into a simplified form by substituting
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ωd from equation (5.31). For such purpose, we are introducing a function of dimen-

sionless variables x and y as

λ(x, y) =
Ḣ

H2 + πδ
(5.32)

In this section, where we study the Rényi HDE model without interaction, we con-

sider two different choices of λ(x, y) as:

• λ(x, y) = αx+ βy.

• λ(x, y) = eαx+βy.

Here α and β are two arbitrary constants.

5.4.1 Analysis of non-interacting Rényi HDE with λ(x, y) =

αx+ βy

Substituting ωd from (5.31) and considering λ(x, y) = αx+ βy, (5.28) reduces to

dx

dN
=

3xy + 2xy(αx+ βy)

1− 2y

dy

dN
=

−3y(1− y)− 2y(1− y)(αx+ βy)

1− 2y
(5.33)

and

ωd =
1 + 2

3
(αx+ βy)

1− 2y
(5.34)

To perform dynamical system analysis, we need to identify the critical points cor-

responding to the autonomous system (5.33). To find out the critical points of the

system, we need to solve the system of algebraic equations :

dx

dN
= 0

dy

dN
= 0

(5.35)

The critical points of the said autonomous system (5.33) have been listed in table 5.1.
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Table 5.1: Set of critical points and their coordinates.

Critical Points Coordinates (x, y)
A (0, 1)
A1 (1, 0)

A2

(
3β
2α2 , 0

)
A3

(
0,− 3

2β

)
A4

(
β+ 3

2
β−α

,
−α− 3

2
β−α

)

The eigenvalues corresponding to each critical point is obtained from the linearized

Jacobian matrix and are summarized in table 5.2.

Table 5.2: Critical points and their corresponding eigenvalues, obtained from
the linearized Jacobian matrix.

Critical Points Eigenvalues
A (−3− 2β,−3− 2β)
A1 (−3− 2α, 0)

A2

(
0, −3α−3β

α

)
A3

(
0, 9+2β

6+2β

)
A4

(
0, 6α+6β+4αβ

2β+2α+6

)

Let us now study the characteristics of the critical points along with their stability

criteria. We will also study the behaviour of physical parameters corresponding to

the critical points.

• Critical point A becomes a stable node when β > −3
2
and unstable otherwise.

Equation of the state parameter, ωd < 0 when A is stable. For β = 0, we get

ωd = −1, i.e., the stable node is representing ΛCDM. The fluid description is

like phantom pertaining to Rényi HDE when β > 0 and the fluid description

is like quintessence when −3
2
< β < 0. The universe experiences an acceler-

ated expansion when β > −1. So, the stable node always represents either

phantom or quintessence like fluid description of universe pertaining to Rényi

HDE without interaction.

Around the critical point, universe is completely dark energy dominated as

the matter density, Ωm = 0 and the dark energy density pertaining to HDE,

Ωd = 1.

Figure 5.1 shows that for β = −0.1 which lies in between (−3
2
, 0), A is a

stable node with equation of state parameter, ωd = −0.93 which depicts the

quintessence like fluid with accelerated expansion. The parameter d which is
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Figure 5.1: Phase plot corresponding to the point (0, 1) for α = 0.2, β = −0.1

there in the Rényi holographic dark energy density corresponding to (5.14)

does not impact much in our model. But πδ
H2 can be evaluated by using (5.31)

and (5.32) as −0.3 at the critical point A for β = −0.1 and wd = −0.93.

Figure 5.2: Phase plot corresponding to the point (0, 1) for α = 0.02, β = 0.5

Figure 5.2 shows that for β = 0.5 > 0, A represents a stable node with equa-

tion of state parameter, ωd = −1.33 which depicts the phantom like fluid with
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accelerated expansion. Here, πδ
H2 can also be evaluated by using (5.31) and

(5.32) as −0.34 at the critical point A for β = 0.5 and wd = −1.33. So, we

can conclude here that the value of δ is negative. Figure 5.3 shows that for

Figure 5.3: Phase plot corresponding to the point (0, 1) for α = −0.2, β = −2.5

β = −2.5 < −3
2
, A represents an unstable node with equation of state param-

eter ωd = 0.66 . Figure 5.4 shows that for β = −0.75 which lies in between

(−3
2
, 0), A represents a stable node with equation of state parameter ωd = −0.5

which depicts the quintessence like fluid with accelerated expansion.

So, more we are shifting the value of β from 0 towards −1, the value of equa-

tion of state parameter increases from −1 towards −0.33 and represents the

quintessence like fluid description with accelerating nature of the universe.

Figure 5.5 shows that there is a transition from phantom to quintessence era

and it also shows the existence of dark energy dominated era and the source

of dark energy is influenced here by Rényi HDE.

• Critical points A1, A2, A3, A4 are non hyperbolic in nature as they are having

one of the eigenvalues with zero real part. So, we can not analyze them because

the current linearization tools which we are using here fail to provide any

conclusive information regarding non-hyperbolic points.



Chapter 5. Dynamical system analysis on Rényi holographic dark energy 93

Figure 5.4: Phase plot corresponding to the point (0, 1) for α = −0.02, β =
−0.75

Figure 5.5: Evolution of cosmological parameters corresponding to the point
(0, 1) for α = 0.2, β = −0.25

5.4.2 Analysis of non-interacting Rényi HDE with λ(x, y) =

eαx+βy

Substituting ωd from (5.31) and considering λ(x, y) = eαx+βy, (5.28) reduces to

dx

dN
=

3xy + 2xyeαx+βy

1− 2y

dy

dN
=

−3y(1− y)− 2y(1− y)eαx+βy

1− 2y
(5.36)
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and

ωd =
1 + 2

3
eαx+βy

1− 2y
(5.37)

To perform dynamical system analysis, we need to identify the critical points cor-

responding to the autonomous system (5.36). The critical points of the said au-

tonomous system (5.36) have been listed in table 5.3. The eigenvalues correspond-

Table 5.3: Set of critical points and their coordinates.

Critical Points Coordinates (x, y)
B (0, 1)
B1 (1, 0)

ing to each critical point are obtained from the linearized Jacobian matrix and are

summarized in table 5.4.

Table 5.4: Critical points and their corresponding eigenvalues, obtained from
the linearized Jacobian matrix.

Critical Points Eigenvalues

B
(
−3− e2β , −3− e2β

)
B1

(
0, −3− e2α

)

Now, we investigate the characteristics of the critical points along with their stabil-

ity criteria. We will also study the behaviour of physical parameters corresponding

to the critical points.

• Critical point B becomes a stable node for any β ∈ R. Equation of the state

parameter is always less than -1, i.e., ωd < −1. So, the fluid description is

always like phantom pertaining to Rényi HDE. System around this critical

point always indicates towards the accelerated expansion of the universe.

Around the critical point, universe is completely dark energy dominated as

the matter density, Ωm = 0 and the dark energy density pertaining to HDE,

Ωd = 1.

Figure 5.6 shows that B is a stable node with equation of state parameter

ωd = −2.81 which depicts the phantom like fluid with accelerated expansion.

Figure 5.7 shows that B represents a stable node with equation of state pa-

rameter ωd = −1.31 which depicts the phantom like fluid with accelerated

expansion.

More over, we find that as the value of the parameter β decreases from 1, equa-

tion of state parameter, ωd approaches asymptotically towards -1. Figure 5.8
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Figure 5.6: Phase plot corresponding to the point (0, 1) for α = 2, β = 1

Figure 5.7: Phase plot corresponding to the point (0, 1) for α = 0.25, β = −0.75
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Figure 5.8: Evolution of cosmological parameters corresponding to the point
(0, 1) for α = 0.25, β = −0.75

shows that equation of state parameter increases towards -1 and it also shows

the existence of dark energy dominated era and the source of dark energy is

influenced here by Rényi HDE.

• Critical point B1 is non hyperbolic in nature as one of its eigenvalues possesses

a vanishing real part. So we are not studying it’s nature in details in our present

work.

5.5 Rényi holographic dark energy model with

Hubble horizon as IR cut off (with interac-

tion)

In this section, we would like to consider interaction between matter and energy and

we want to study the behaviour of our cosmological model. Here, we are considering

both linear and nonlinear interactions without coupling constant.
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5.5.1 Analysis of interacting Rényi HDE with linear inter-

action Q = 3H(ρm + ρd)

Here, we study our said model with Rényi HDE considering a linear interaction Q

in the form of

Q = 3H(ρm + ρd) (5.38)

By using (5.38), equations (5.23) and (5.24) transform into

˙ρm = 3Hρd (5.39)

and

ρ̇d = −6Hρd − 3Hρdωd − 3Hρm (5.40)

By incorporating the dimensionless variables defined in (5.25) and using the equa-

tions (5.30), (5.39) and (5.40), we obtain the following system of autonomous equa-

tions.

dx

dN
= 3 + 3xyωd

dy

dN
= −3− 3y(1− y)ωd (5.41)

Now, using (5.14) and (5.30), from (5.40), we obtain the equation of state parameter,

ωd for Rényi HDE as

ωd =

2
3

Ḣ
H2+πδ

− x
y

1− 2y
(5.42)

Here, we assume as earlier λ(x, y) = Ḣ
H2+πδ

. Here, we are assuming only one choice

of λ(x, y), given by

λ(x, y) = αx+ βy (5.43)

as the choice of an exponential function like previous case is not giving us any viable

critical points. By using (5.42) and (5.43), our system of autonomous equations

(5.41) transforms into

dx

dN
= 3 +

2xy(αx+ βy)− 3x2

1− 2y

dy

dN
= −3 +

−2y(1− y)(αx+ βy) + 3x(1− y)

1− 2y
(5.44)
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The critical points of this autonomous system are enlisted in table 5.5.

Table 5.5: Set of critical points and their coordinates.

Critical Coordinates

Points (x, y)

C (1, 0)

D1 (1 −
3+4α−2β+

√
9+24α−12β+4β2

4(α−β)
,
3+4α−2β+

√
9+24α−12β+4β2

4(α−β)
)

D2 (1 −
3+4α−2β−

√
9+24α−12β+4β2

4(α−β)
,
3+4α−2β−

√
9+24α−12β+4β2

4(α−β)
)

Now, we study the characteristics of the system around the critical points and we

will also study the evolution of the cosmological parameters.

• For critical point C, we evaluate the eigenvalues from the linearized Jacobian

matrix which is formed from the autonomous system (5.44). Both the eigen-

values corresponding to C are (−3,−2α) which indicates that C is a stable

node for any α > 0. Equation of the state parameter is undefined here. So,

we can’t conclude anything regarding acceleration corresponding to the said

critical point.

Around the critical point, universe is completely dark matter dominated as

the matter density, Ωm = 1 and the dark energy density pertaining to HDE,

Ωd = 0. Figure 5.9 shows that C is locally stable for α = 4 > 0.

• It is very difficult to calculate the eigenvalues corresponding to D1 and D2. For

this we are having different choices of the values of parameters α, β and cor-

responding to those values, we are representing respective points associated to

D1 and D2 along with their eigenvalues and different cosmological parametric

values in table 5.6 and table 5.7 respectively.

Table 5.6: Eigenvalues and the value of other cosmological parameters corre-
sponding to D1 for different choices of α and β

Choices of (α, β) D1 Eigenvalues Ωm Ωd ωd

(0,−3) (− 1
2
, 3
2
) (6, 27

4
) − 1

2
3
2

1.33

(−4,−3.5) (−1, 2) ( 4
3
, 3) −1 2 0.5

( 2
3
, 3) ( 3

2
,− 1

2
) (−2, 5

4
) 3

2
− 1

2
1.33

(5, 2) (− 3
2
, 5
2
) (2, 55

8
) − 3

2
5
2

0.26
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Figure 5.9: Phase plot corresponding to the point (1, 0) for α = 4, β = 0.25

Table 5.7: Eigenvalues and the value of other cosmological parameters corre-
sponding to D2 for different choices of α and β

Choices of (α, β) D2 Eigenvalues Ωm Ωd ωd

(0,−3) (1, 0) (−3, 0) 1 0 Undetermined

(−4,−3.5) (−3, 4) (− 8
7
, 1) −3 4 0.08

( 2
3
, 3) ( 3

7
, 4
7
) (− 228

7
,− 65

7
) 3

7
4
7

−4.08

(5, 2) ( 1
3
, 2
3
) (−22,−9) 1

3
2
3

−4.5

Figure 5.10 shows that D1(
3
2
,−1

2
) is a saddle node while D2(

3
7
, 4
7
) is locally

stable for α = 2
3
, β = 3. Figure 5.11 shows that D1(−3

2
, 5
2
) is an unstable node

while D2(
1
3
, 2
3
) is locally stable for α = 5, β = 2.

From here we can comment that for positive values of α and β , D1 is saddle or

unstable while D2 is becoming stable and D2 represents a phantom like fluid

description while it is stable with accelerated nature of the universe.
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Figure 5.10: Phase plot corresponding to the point D1(
3
2 ,−

1
2) and D2(

3
7 ,

4
7) for

α = 2
3 , β = 3

Figure 5.11: Phase plot corresponding to the point D1(−3
2 ,

5
2) and D2(

1
3 ,

2
3) for

α = 5, β = 2
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5.5.2 Analysis of interacting Rényi HDE with linear inter-

action Q = 3Hρd

Here, we study our said model with Rényi HDE considering a linear interaction Q

in the form of

Q = 3Hρd (5.45)

Using (5.45), equations (5.23) and (5.24) transform into

˙ρm = −3Hρm + 3Hρd (5.46)

and

ρ̇d = −6Hρd − 3Hρdωd (5.47)

Upon incorporating the dimensionless variables, defined in (5.25) and using the

equations (5.30), (5.46) and (5.47), we obtain the following system of autonomous

equations.

dx

dN
= 3y + 3xyωd

dy

dN
= −3y − 3y(1− y)ωd (5.48)

Now, using (5.14) and (5.30), from (5.47), we obtain the equation of state parameter,

ωd for Rényi HDE as

ωd =
2
3

Ḣ
H2+πδ

1− 2y
(5.49)

Here, we again assume λ(x, y) = Ḣ
H2+πδ

. Here, we are also assuming only one choice

of λ(x, y), defined by

λ(x, y) = αx+ βy (5.50)

as the choice of an exponential function like previous case is not giving us any viable

critical points. By using (5.49) and (5.50), our system of autonomous equations

(5.48) transforms into

dx

dN
= 3y +

2xy(αx+ βy)

1− 2y

dy

dN
= −3y +

−2y(1− y)(αx+ βy)

1− 2y
(5.51)



Chapter 5. Dynamical system analysis on Rényi holographic dark energy 102

The critical points of this autonomous system are enlisted in table 5.8.

Table 5.8: Set of critical points and their coordinates.

Critical Coordinates

Points (x, y)

E (0, 0)

E
′

(0, 1)

E1 (1 −
3+2α−β+

√
9+6α+β2

2(α−β)
,
3+2α−β+

√
9+6α+β2

2(α−β)
)

E2 (1 −
3+2α−β−

√
9+6α+β2

2(α−β)
,
3+2α−β−

√
9+6α+β2

2(α−β)
)

Now, we study the characteristics of the system around the critical points and we

will also study the evolution of the cosmological parameters.

• For critical point E and E
′
, we evaluate the eigenvalues from the linearized

Jacobian matrix which is formed from the autonomous system (5.51). Both

the eigenvalues corresponding to E are (−3, 0) and eigenvalues corresponding

to E
′
are (−2α− 3, 0).

So, here both these critical points are non-hyperbolic in nature. Hence, we

won’t study them in this thesis.

• It is very difficult to calculate the eigenvalues corresponding to E1 and E2.

For this we are having different choices of the values of parameters α, β and

corresponding to those values, we are representing respective points associated

to E1 and E2 along with their eigenvalues and different cosmological parametric

values in table 5.9 and table 5.10 respectively.

Table 5.9: Eigenvalues and the values of other cosmological parameters corre-
sponding to E1 for different choices of α and β

Choices of (α, β) E1 Eigenvalues Ωm Ωd ωd

(15, 1) (− 1
2
, 3
2
) (9, 15) − 1

2
3
2

2

(6,−2) (− 1
2
, 3
2
) ( 21

2
, 9) − 1

2
3
2

2

(−3,−5) (− 1
2
, 3
2
) (6, 9) − 1

2
3
2

2

(4.5, 0) (−1, 2) (6, 8) −1 2 1
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Table 5.10: Eigenvalues and the values of other cosmological parameters corre-
sponding to E2 for different choices of α and β

Choices of (α, β) E2 Eigenvalues Ωm Ωd ωd

(15, 1) ( 3
14

, 11
14

) (− 55
2

,−11) 3
14

11
14

−4.66

(6,−2) ( 3
8
, 5
8
) (−35,−5) 3

8
5
8

−2.66

(−3,−5) ( 3
2
,− 1

2
) (−2, 1) 3

2
− 1

2
−0.66

(4.5, 0) ( 1
3
, 2
3
) (−24,−6) 1

3
2
3

−3

Figure 5.12: Phase plot corresponding to the point E1(−1, 2) and E2(
1
3 ,

2
3) for

α = 4.5, β = 0

Figure 5.12 shows that E1(−1, 2) is a saddle node while E2(
1
3
, 2
3
) is locally

stable for α = 4.5, β = 0.

Figure 5.13 shows that E1(−1
2
, 3
2
) is an unstable node while E2(

3
8
, 5
8
) is locally

stable for α = 6, β = −2.

From here we can comment that E1 is unstable or saddle and E2 is stable for

any β when α > 0.
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Figure 5.13: Phase plot corresponding to the point E1(−1
2 ,

3
2) and E2(

3
8 ,

5
8) for

α = 6, β = −2

5.5.3 Analysis of interacting Rényi HDE with linear inter-

action Q = 3Hρm

Here, we consider a linear interaction Q in the form of

Q = 3Hρm (5.52)

By using (5.52), equations (5.23) and (5.24) change into

˙ρm = −3Hρm + 3Hρm

=⇒ ˙ρm = 0 (5.53)

and

ρ̇d = −3Hρd − 3Hρdωd − 3Hρm (5.54)
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Using the dimensionless variables defined in (5.25) and the equations (5.30), (5.53)

and (5.54), we obtain the following system of autonomous equations.

dx

dN
= 3x+ 3xyωd

dy

dN
= −3x− 3y(1− y)ωd (5.55)

Now, using (5.14) and (5.30), from (5.54), we obtain the equation of state parameter,

ωd for Rényi HDE as

ωd =
1 + 2

3
Ḣ

H2+πδ
− x

y

1− 2y
(5.56)

Similar to the previous occasions, we assume λ(x, y) = Ḣ
H2+πδ

. Here, we again assume

only one choice of λ(x, y), expressed by,

λ(x, y) = αx+ βy (5.57)

since like previous interacting cases, choice of an exponential function is not giving

us any viable critical points. By using (5.56) and (5.57), our system of autonomous

equations (5.55) changes to

dx

dN
= 3x+

2xy(αx+ βy) + 3xy − 3x2

1− 2y

dy

dN
= −3x+

−2y(1− y)(αx+ βy)− 3y(1− y) + 3x(1− y)

1− 2y
(5.58)

The critical points of this autonomous system are given in table 5.11.

Table 5.11: Set of critical points and their coordinates.

Critical Coordinates
Points (x, y)

F1 (0, 0)
F2 (0, 1)

F3 (0,− 3
2β

)

Eigenvalues corresponding to all critical points are given in the table 5.12.

• F1 always represents a saddle. In this case, we are unable to draw any con-

clusion regarding the acceleration of the universe as the equation of state

parameter remains undetermined here.
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Table 5.12: Eigenvalues pertaining to all critical points of autonomous system
(5.58).

Critical Eigen
Points values

F1 (−3, 3)
F2 (−2β − 3,−2β)

F3 (3, 9+6β
6+2β

)

• F2 becomes stable when β > 0, represents a saddle when −3
2
< β < 0 and

becomes unstable when β < −3
2
. Stable F2 always indicates a phantom like

fluid description as the equation of state parameter, ωd < −1. In this case,

the universe is completely dark energy dominated as the dark energy density

corresponding to the Rényi HDE with the chosen interaction is 1, i.e., Ωd = 1.

• F3 is unstable when β > −3
2
and saddle when β < −3

2
.

Figure 5.14: Phase plot corresponding to the point F1(0, 0) for α = 2, β = −3

Figure 5.14 shows that F1(0, 0) represents a saddle.

Figure 5.15 shows that F2(0, 1) is stable when β is positive while figure 5.16 shows

that F2(0, 1) is saddle when β lies in between (−3
2
, 0). Figure 5.17 shows that F2 is

indicating towards a dark energy dominated era and the equation of state parameter

evolving towards -1 but completely denoting the phantom description of cosmic fluid.
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Figure 5.15: Phase plot corresponding to the point F2(0, 1) for α = −1, β = 4

Figure 5.16: Phase plot corresponding to the point F2(0, 1) for α = −1, β = −1
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Figure 5.17: Evolution of cosmological parameters near F2(0, 1) for α = −1, β =
0.2

5.5.4 Analysis of interacting Rényi HDE with non-linear in-

teraction Q = 3H ρd
ρm+ρd

Here, we study our said model with Rényi HDE considering a non-linear interaction

Q in the form of

Q = 3H
ρd

ρm + ρd
(5.59)

By using (5.59), equations (5.23) and (5.24) are transformed into

˙ρm = −3Hρm + 3H
ρd

ρm + ρd
(5.60)

and

ρ̇d = −3Hρd − 3Hρdωd − 3H
ρd

ρm + ρd
(5.61)

To frame an autonomous system of differential equations, we introduce new variables.

x = ρm, y = ρd (5.62)

Hence, the energy density parameters will be in the following form.

Ωm =
x

x+ y
, Ωd =

y

x+ y
, 3H2 = x+ y (5.63)
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Using (5.60), (5.61) and (5.62), we construct the following system of autonomous

equations.

dx

dN
= −3x+

3y

x+ y
dy

dN
= −3y − 3y

x+ y
− 3yωd (5.64)

Using Rényi HDE with Hubble’s cut off i.e., equation (5.14), from (5.61), we derive

the expression for the equation of state parameter, ωd as

ωd = −4

3

Ḣ

H2
+

2

3

Ḣ

H2 + πδ
− 1− 1

ρm + ρd
(5.65)

From (5.19), we find the expression for

Ḣ

H2
= −3

2
− 3

2
· y

x+ y
ωd (5.66)

Using (5.65) and (5.66), the system of autonomous equations in (5.64) further trans-

forms into

dx

dN
= −3x+

3y

x+ y

dy

dN
= −3y − 3y

x+ y
− 3y(x+ y − 1)

x− y
−

2 Ḣ
H2+πδ

(x+ y)y

x− y
(5.67)

Using (5.66), equation of the state parameter takes the following form.

ωd =
x+ y − 1

x− y
+

2
3
(x+ y) Ḣ

H2+πδ

x− y
(5.68)

Here, we put λ(x, y) = Ḣ
H2+πδ

and assume only one choice of λ(x, y), given by

λ(x, y) = αx+ βy (5.69)
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as choice of an exponential function is not giving us any viable critical points.

By using (5.68) and (5.69), our system of autonomous equations (5.67) changes into

dx

dN
= −3x+

3y

x+ y

dy

dN
= −3y − 3y

x+ y
− 3y(x+ y − 1)

x− y
− 2(αx+ βy)(x+ y)y

x− y
(5.70)

The critical point corresponding to this autonomous system can be found as given

in table 5.13.

Table 5.13: Set of critical points and their coordinates.

Critical Points Coordinates (x, y)

G
(

α
α−β

, − α2

(α−β)β

)

While we are trying to find the eigenvalues from the linearized matrix pertaining to

the critical point G, evaluated from the system of autonomous equations in (5.70),

it becomes very complicated.

For that we are representing a tabular form of eigenvalues in table 5.14 corresponding

to the critical point G for different choices of α and β.

Table 5.14: Eigenvalues corresponding to G for different choices of α and β

Choices of (α, β) G Eigenvalues Ωm Ωd ωd

(1, 2) (−1, 1
2
) (−4−

√
83i

3
, −4+

√
83i

3
) 2 −1 1

(−2,−1) (2,−4) ( 5−
√

313
6

, 5+
√

313
6

) −1 2 −0.5

(4, 1) ( 4
3
,− 16

3
) (−35−

√
67

√
5i

10
, −35+

√
67

√
5i

10
) − 1

3
4
3

−0.75

(−1,−2) (−1, 1
2
) (−2−

√
59i

3
, −2+

√
59i

3
) 2 −1 1

(−6,−2) ( 3
2
,− 9

2
) ( 33−3

√
329

8
, 33+3

√
329

8
) − 1

2
3
2

−0.66

Figure 5.18 shows that G(4
3
,−16

3
) is a stable node while figure 5.19 shows that

G(3
2
,−9

2
) is an unstable node.
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Figure 5.18: Phase plot corresponding to the point G(43 ,−
16
3 ) for α = 4, β = 1

Figure 5.19: Phase plot corresponding to the point G(32 ,−
9
2) for α = −6, β =

−2
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5.6 Summary and discussion

In this chapter, we consider a cosmological model of the universe filled with a perfect

fluid within the framework of a spatially flat Friedmann–Lemâıtre–Robertson–Walker

(FLRW) metric. The universe is assumed to contain only dark matter and dark en-

ergy components, with the Rényi holographic dark energy serving as the sole source

of dark energy. Both non-interacting and interacting scenarios between dark matter

and dark energy have been examined.

To analyze the model’s dynamical behaviour, we employ the tools of dynamical sys-

tem theory. Accordingly, we construct an autonomous system to study the evolution

and stability of the cosmological model around its critical points. In this formula-

tion, we introduce a functional expression involving the Hubble parameter, given by
Ḣ

H2+πδ
, as a key component of the system.

In the non-interacting case, we explore two functional forms-linear and exponential

of the dynamical variables, parametrized by two arbitrary constants α and β. These

choices lead to rich and interesting dynamical behaviour, offering insights into the

evolution of the universe under the Rényi holographic dark energy framework.

We find that, corresponding to the stable hyperbolic node A (as shown in figures 5.1,

5.2, and 5.4), where a linear function of the dynamical variables is considered, the

cosmological model exhibits interesting behaviour depending on the choice of the

parameter β. Specifically, for different values of β, the model is capable of describ-

ing both quintessence-like and phantom-like dark energy regimes, each associated

with accelerated cosmic expansion.

Pertaining to the stable hyperbolic node B (as shown in figures 5.6 and 5.7) where

an exponential function of the dynamical variables is considered, the cosmological

model is becoming stable for any choice of β but the fluid description is always in-

dicating towards phantom era with accelerated expansion.

For both these linear and exponential functions, our non-interacting Rényi HDE

model indicates a dark energy dominated era (as shown in figures 5.5 and 5.8) as

well as we can conclude that the parameter d which is considered in the Rényi HDE

energy density does not impact much in our model but the value of δ is negative for

some choices of parameters. The evolution of equation of state parameter (as shown

in Figure 5.5) for the choice of linear function shows a shifting from phantom era to
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quintessence era.

For, interacting Rényi HDE, we have assumed four interactions as

• Q = 3H(ρm + ρd).

• Q = 3Hρd.

• Q = 3Hρm.

• Q = 3H ρd
ρm+ρd

.

For the 1st interaction, we are having a stable node C (as shown in figure 5.9) which

is stable for α > 0 but nothing can be told regarding the fluid description or the

acceleration here. This node indicates a matter dominated universe. The node D1

is unstable in most cases (as shown in figures 5.10 and 5.11) for different choices

of parameters α and β whereas D2 (as shown in figures 5.10 and 5.11) is stable for

positive α and β as well as it indicates a phantom era with accelerated expansion.

Corresponding to 2nd interaction, similarly hyperbolic node E1 is unstable in most

cases and E2 is stable for any β when α > 0 (as shown in figures 5.12 and 5.13).

Stable E2 indicates a phantom era with accelerated expansion.

In the 3rd linear interaction, we have considered that interaction is proportional to

ρm. Here critical point F2 seems interesting as it is becoming stable for positive

values of the parameter β (as shown in figure 5.15) and it is indicating a phantom

era with dark energy domination (as shown in figure 5.17).

Pertaining to 4th interaction which is non-linear in nature, node G is stable for some

choices of parameters α and β and some stable node indicates towards an accelerated

expansion with quintessence era.

In summary, the non-interacting Rényi holographic dark energy model exhibits the

capability to describe both quintessence and phantom eras, with a clear indication

of dark energy domination in the late-time evolution of the universe. When interac-

tions are introduced, the nature of the interaction function plays a significant role:

our chosen linear interactions tend to favor a phantom-like behaviour while nonlin-

ear interaction typically leads to a quintessence-like regime.

Importantly, in nearly all scenarios explored—whether interacting or non-interacting-

the Rényi HDE model demonstrates a stable dynamical behaviour characterized by

a late-time accelerated expansion. This robustness highlights the potential of Rényi
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entropy-based dark energy as a viable candidate for explaining the current acceler-

ated phase of the universe.



Chapter 6

Discussion and future direction

Einstein field equations govern the evolution of universe in General Relativity. To

obtain the solution of the field equations, symmetric FLRW spacetime metric is con-

sidered though it’s not always possible to find the analytical solutions pertaining to

the aforesaid equations as the equations constitute a system of nonlinear differen-

tial equations which are very complex in nature. Dynamical system analysis leads

us towards the qualitative study of such complex system of nonlinear differential

equations. In this thesis, we have used linearized method to study field equations

by using dynamical system tools upon converting the differential equations into an

autonomous system of differential equations.

The theory of General Relativity fails to explain some cosmological phenomena.

Different modifications in basic Einstein field equations have been deployed and as

a result, different theoretical cosmological models have been developed. We have

studied few of such cosmological models and the qualitative behaviour of the models

has been extensively analyzed with the help of dynamical system techniques.

In chapter-1, we have discussed different cosmological observations that have laid the

foundation for developing various theoretical approaches for explaining the observa-

tional evidences. Different cosmological epochs from the inception of the universe

to the current era have been addressed as well as various future singularities. Fun-

damental cosmological equations along with key cosmological parameters have been

discussed. We have also briefly reviewed different theoretical cosmological models

starting from the basic ΛCDM model to different models which have been developed

by modifying the matter part and the gravity part of Einstein field equations such

115
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as various dark energy models and modified gravity models.

In chapter-2, basic framework of dynamical system has been elaborately reviewed

along with some key definitions. Qualitative behaviour of a dynamical system is

studied around the critical points of the system which can be either hyperbolic or

non hyperbolic in nature. In this thesis, we have extensively studied the qualita-

tive nature around the hyperbolic critical points and for that purpose, our chosen

method of stability analysis is linear stability method. We have addressed the key

tools related to the linear stability method. We have also discussed other methods

for analyzing the stability around non-hyperbolic critical points, namely method of

deploying Lyapunov function and center manifold theory. We have also discussed

how to construct an autonomous system of differential equations from the governing

equations of a cosmological model through an example.

In chapter-3, we have chosen a conformally coupled massless scalar field in semiclas-

sical gravity. We have shown that this model can explain the late time acceleration

of the universe. In this model, the stable attractor can explain the early dust and

radiation dominated era. This model can also exhibit quintessence description of

fluid as well as phantom era for some different parametric choices. Here we are un-

able to explore this model’s resemblance with ΛCDM model as we have not studied

the non hyperbolic critical points of the system.

In chapter-4, we have considered a non-minimally coupled f(Q) gravity where we

have shown that the stable attractors can describe the quintessence as well as phan-

tom era depending on the choices of the equation of state parameter and other

parameters associated to the model and as a result the dynamics of the universe

changes. This model is also capable of explaining late-time acceleration of the uni-

verse. Some stable attractors here also indicate towards ΛCDM model. So, we can

consider f(Q) gravity model as an alternative of the ΛCDM model.

In chapter 5, we have investigated a Rényi holographic dark energy model. For

non-interacting RHDE model, we have considered two functional forms of the di-

mensionless variables. The linear form of such functional is showing a transition of

the equation of state parameter from phantom era to quintessence era at late time

while, in the case of exponential functional, the equation of state parameter is stay-

ing completely in the phantom era. But in both these cases, it is clearly indicating

towards a dark energy dominated era. For interacting case, the choices of linear

interactions are showing a phantom era while some stable attractor, obtained from
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the chosen nonlinear interaction is showing a quintessence era.

In this thesis, we have not studied qualitative analysis around the non hyperbolic

critical points. In future, we are keen to study the behaviour of the cosmological

models for non hyperbolic critical points by deploying center manifold theory and

other dynamical system techniques and would like to verify whether the models re-

main consistent or not with our current findings. We are also interested to study a

modified gravity model where the source of the matter part will be the holographic

dark energy. Also, we want to analyze other HDE models, obtained through the

change of entropy term. We would also like to engage in studying non minimally

coupled f(Q) gravity by deploying other connections.
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E. N. Saridakis, and K. Yesmakhanova, “Kaniadakis-holographic dark energy:

observational constraints and global dynamics,” Monthly Notices of the Royal

Astronomical Society, vol. 511, p. 4147, 2022.

[163] G. Kaniadakis, “Statistical mechanics in the context of Special Relativity,”

Physical Review E, vol. 66, no. 5, p. 056125, 2002.

[164] G. Kaniadakis, “Statistical mechanics in the context of Special Relativity. II,”

Physical Review E, vol. 72, no. 3, p. 036108, 2005.

[165] E. N. Saridakis, “Barrow holographic dark energy,” Physical Review D,

vol. 102, p. 123525, 2020.

[166] E. N. Saridakis and S. Basilakos, “The generalized second law of thermody-

namics with Barrow entropy,” European Physical Journal C, vol. 81, p. 644,

2021.

[167] P. Adhikary, S. Das, S. Basilakos, and E. N. Saridakis, “Barrow holographic

dark energy in non-flat universe,” Physical Review D, vol. 104, p. 123519, 2021.

[168] A. Al Mamon, A. Paliathanasis, and S. Saha, “Dynamics of an interacting

Barrow holographic dark energy model and its thermodynamic implications,”

The European Physical Journal C, vol. 136, p. 134, 2021.

[169] Q. Huang, H. Huang, B. Xu, F. Tu, and J. Chen, “Dynamical analysis and

statefinder of Barrow holographic dark energy,” European Physical Journal C,

vol. 81, p. 686, 2021.



Bibliography 133

[170] S. Srivastava and U. K. Sharma, “Barrow holographic dark energy with hubble

horizon as IR cutoff,” International Journal of Geometric Methods in Modern

Physics, vol. 18, p. 2150014, 2021.

[171] G. G. Luciano, “Cosmic evolution and thermal stability of Barrow holographic

dark energy in non-flat Friedmann-Robertson-Walker universe,” Physical Re-

view D, vol. 106, p. 083530, 2022.

[172] F. K. Anagnostopoulos, S. Basilakos, and E. N. Saridakis, “Observational

constraints on Barrow holographic dark energy,” European Physical Journal

C, vol. 80, p. 826, 2020.

[173] J. D. Barrow, “The area of a rough black hole,” Physics Letters B, vol. 808,

p. 135643, 2020.

[174] M. Tavayef, A. Sheykhi, K. Bamba, and H. Moradpour, “Tsallis holographic

dark energy,” Physics Letters B, vol. 781, p. 195, 2018.

[175] E. N. Saridakis, K. Bamba, R. Myrzakulov, and F. K. Anagnostopoulos, “Holo-

graphic dark energy through Tsallis entropy,” Journal of Cosmology and As-

troparticle Physics, vol. 2018, p. 012, 2018.

[176] M. Abdollahi Zadeh, A. Sheykhi, H. Moradpour, and K. Bamba, “Note on

Tsallis holographic dark energy,” The European Physical Journal C, vol. 78,

p. 940, 2018.

[177] H. Moradpour, I. G. Salako, I. P. Lobo, J. P. M. Graça, A. Jawad, and

S. A. Moosavi, “Thermodynamic approach to holographic dark energy and
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and new agegraphic dark energy models in d-dimensional fractal universe,”

The European Physical Journal Plus, vol. 134, p. 514, 2019.



Bibliography 152

[386] A. Jawad, K. Bamba, M. Younas, S. Qummer, and S. Rani, “Tsallis, Rényi and
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