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Abstract

This dissertation explores the symmetricity of elements in Banach spaces and in the space of
all bounded linear operators with respect to various notions of orthogonality. We analyze left
and right symmetric elements in Banach spaces with respect to T-orthogonality, and extend our
investigation to the space of bounded linear operators through numerical radius orthogonality
(nr-orthogonality). It is shown that the only nr-left symmetric bounded operator on a Hilbert
space is the zero operator, while no nonzero compact normal operator on an infinite-dimensional
Hilbert space can be nr-right symmetric. Some necessary and sufficient conditions are estab-
lished separately for nr-left and nr-right symmetric operators defined on Banach spaces. We fur-
ther examine symmetricity with respect to norm derivative orthogonality, i.e., p-orthogonality.
In this context, we prove that a two-dimensional Banach space is a strictly convex Radon plane
if every element is p-symmetric. Additionally, we characterize Hilbert spaces via p-symmetricity
for the spaces with dimensions greater than or equal to three. A complete classifications of p-
symmetric elements in ¢7 and €2 are also provided. Apart from symmetricity we also study
several important geometric constants in Banach spaces. We show that elements attaining the
James constant must be isosceles orthogonal to each other. We explore the relationship between
the modulus of convexity and approximate isosceles orthogonality. To measure the quantita-
tive difference between Birkhoff-James orthogonality and p-orthogonality, we introduce a new
constant revealing that a Banach space is uniformly non-square if this constant is less than 0.5.
We compute the exact value of this constant for spaces whose unit ball is a regular 2n-gon. In
the end, we explore another local geometric constant both in general Banach spaces and in the
space of all bounded linear operators. By investigating the properties of this local constant,
we obtain sufficient conditions under which the collection of smooth points forms an open set
in a Banach space and characterize approximate smoothness in the space of all bounded linear

operators.
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CHAPTER 1

INTRODUCTION

1.1 Motivation and historical backgrounds

In the 3rd century BC, the Greek mathematician Euclid laid the foundation for the sys-
tematic study of geometry in his renowned work ‘Elements’. The geometry developed in this
work came to be known as Euclidean geometry, and the corresponding mathematical setting is
referred to as Euclidean space. The journey of Fuclidean space started from here. One of the
fundamental notion of an Euclidean space is the concept of angle between two vectors, based
on which one can define the perpendicularity between them. The natural generalization of an
Euclidean space is the inner product space, where the concept of perpendicularity or orthogo-
nality of two elements can be defined in terms of the inner product of the space. This idea of
orthogonality is immensely helpful in the study of the geometry of inner product spaces. How-
ever, a general normed linear space lacks such a straightforward definition of orthogonality. To
overcome this, several mathematicians have introduced various notions of orthogonality, such
as Birkhoff-James orthogonality, isosceles orthogonality, Roberts orthogonality, Pythagorean
orthogonality and so on. These definitions actually generalize the classical inner product or-
thogonality but they are not equivalent to one another in a normed linear space. Each brings
a unique perspective that contributes to a deeper understanding of the geometric structure
and local analytic properties (e.g., smoothness, convexity, symmetry, best approximation) of a
normed linear space.

Among the various types of orthogonality notions, Birkhoff-James orthogonality, arguably the

most important one, has been extensively explored, both in normed linear spaces and in the
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context of bounded linear operators, for investigating local and global geometric and analytic
characteristics. In this dissertation we focus on the study of geometric constants introduced by
various orthogonality notions along with the study of local symmetricity and smoothness in the

setting of Banach spaces as well as in the space of bounded linear operators.

1.2 Basic geometric properties

Understanding the geometric structure of the unit ball of a normed linear space is one of
the most significant study in functional analysis and its applications. Various notions such
as smoothness, strict convexity, and exposed points are used to characterize the behavior of
normed linear spaces in both the local and global sense. These properties influence important
aspects such as the uniqueness of best approximations, differentiability of the norm, duality
mappings, and optimization theory. We begin by recalling some foundational definitions that
will be used throughout the discussion.

Let X denote a normed linear space over the field of real numbers unless specified otherwise and
let X* be the dual of X. The notation Bx and Sx stand for the unit ball and the unit sphere of
X, respectively. We use the term ‘dim(X)’ for dimension of the space X. We take the symbol
H to denote inner product spaces. L(X,Y) denotes the space of all bounded linear operators

defined from X to Y. Whenever X =Y, we write L(X) instead of L(X, X) for simplicity.

Definition 1.1. (i) Extreme point: Suppose that C is a convex subset of a normed linear
space X. A point x € C is said to be an extreme point of C, i.e., x € Ext(C) if x =
(1 —%)y+tz, for some 0 <t <1 and y,z € C then it implies x =y = z.

(ii)) Exposed point: Let C' be a conver subset of a normed linear space X. Then z € C is

said to be an exposed point of C, i.e., v € Exp(C) if there exists z* € Sx» such that
z*(z) =1> x*(y) for all y # x.

(i43) Strictly convex: A normed linear space X is said to be strictly convex if each element

of the unit sphere is an extreme point of the unit ball of X.

(iv) Smoothness: Let X be a normed linear space and let x € Sx. x is said to be smooth if
there exists a unique supporting functional of the unit ball at x, i.e., there exists unique
x* € Sx+ such that z*(z) = 1.

If each element of the unit sphere of X is smooth, then X is called a smooth.
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Regarding the notion of extreme points we would like to note one of the most fundamental

theory in Banach space geometry.

Theorem 1.1. Krein-Milmann Theorem: Let C be a nonempty compact convex subset
of a normed linear space. Then C is the closed convex hull of its extreme points, i.e., C' =
conv{Ext (C)}.

Next, we mention two notions which are stronger than strict convexity and smoothness in

an infinite-dimensional normed linear space.
Definition 1.2. Let X be a normed linear space. Then
(i) Given € € |0,2],

el
o) =nt {1 = L2201, = g1 >

is called the modulus of convezity of X. If éx(e) > 0 for each € > 0 then we say X is

uniformly convex.
(i) Given any € > 0, the function

[z + eyl + [l — eyl

px(0) = sup { : Lol = ol =1

is called the modulus of smoothness. X is said to be uniformly smooth if lim,_, g+ pXT(e) =0.
In finite-dimensional Banach space uniform convexity and uniform smoothness coincide with
strict convexity and smoothness, respectively. For infinite-dimensional case the following results

hold true.

Theorem 1.2. (i) (Milman-Pettis theorem [61, Th. 5.2.12]) Every uniformly convexr Banach
space is reflexive.

(ii) (Smulian [61, Th. 5.5.13]) Every uniformly smooth Banach space is reflexive.

Definition 1.3. (Uniform non-squareness)[}1] Let X be a normed linear space. Then the
unit ball of X is said to be uniformly non-square if there is a positive number § such that there do

not exist any members x,y of the unit ball satisfying ||3(z+y)|| > 1—6 and ||3(z—y)|| > 1-4.

In his seminal paper ([41]), James showed that a Banach space is reflexive if its unit ball is
uniformly non-square.
It is important to note that the properties discussed thus far pertain to general Banach spaces.

We now introduce a local property relevant to elements of the space of all bounded linear

3
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operators namely the numerical range. The concept of the numerical range (also known as the
field of values) has its roots in early 20th-century functional analysis and operator theory. It
was first introduced by Otto Toeplitz in 1918 in the context of linear transformations on Hilbert

spaces. For a complex Hilbert space H and T € L(H), the numerical range is defined as
W(T)={(Tz,z): 2 € H, ||z|| = 1}.

This set captures some geometric information about the operator such as the range of the
spectrum of T. Toeplitz observed that W (T) is always a convex subset of the complex plane a
result now known as the Toeplitz-Hausdorff Theorem, later rigorously proven by Hausdorff in
1919. For a rigorous proof see [36, Th. 1.1-2]. In order to extend the idea of the numerical range
to Banach spaces, mathematicians introduced the spatial numerical range, which, for simplicity,

we will refer to as the numerical range.

Definition 1.4. Let X be a complex Banach space and let T € IL(X) the space of all bounded

linear operators.

e Numerical range of T is denoted by W(T') and is defined by

W(T) = {«"(Tx) : ||| = 1 = [[«"[], 2" (x) = 1}.

e Numerical radius of T is defined by

w(T) =sup{|A|: A € W(T)}.

Numerical radius of an operator in a complex Banach space induces a norm on L(X). How-
ever, the numerical radius need not be a norm in case of real scalar field. For more information

on this topic readers can visit [15, 17, 31, 36] and the references therein.

1.3 Various orthogonality notions in normed

linear spaces

There are several notions of orthogonality in the setting of normed linear spaces. Though each
of them is a generalization of usual inner product orthogonality, they are non-equivalent in
normed linear spaces. We mention some of them here which are well-known. The first one was

introduced in [74] by B. D. Roberts in 1934.
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Definition 1.5. (Roberts’ orthogonality, 1934) Let X be a normed linear space and let
x,y € X. Then x is said to be Roberts orthogonal toy (v Lgy) if ||z + oyl = ||z — ayl|, for any

scalar .

It is easy to observe that given any z,y € X, x Lgry = ax Ly By, for all a, 8 € R. Also,
x lry = y Lgr . In other words, Roberts’ orthogonality is homogeneous and symmetric in
nature.

One year later(1935), G. Birkhoff introduced another notion of orthogonality in [16].

Definition 1.6. (Birkhoff, 1935) Let z,y are two elements of a normed linear space X. Then
x s said to be Birkhoff orthogonal to y (x Lp y) if ||x + Ay|| > ||z||, for any scalar .

In [42, 44], R. C. James studied this orthogonality notion in details and characterized it to
make this orthogonality free from the norm structure. From then on it is called Birkhoff-James
orthogonality. This dual space connection makes Birkhoff-James orthogonality more appreciated

in general settings.

Lemma 1.1. [/2, Th. 2.1] Let z,y € X then x Lp y if and only if there exists x* € Sx» such
that z*(z) =1 and 2*(y) = 0.

From the above characterization one can observe that for any given nonzero x € X there
exists a hyperplane H in X such that x 1 g H. Although this orthogonality is homogeneous but
lacks symmetricity. More details on symmetric properties of Birkhoff-James orthogonality are
discussed in Section 1.4.

James [44] introduced two more orthogonalities in normed linear spaces namely, isosceles

orthogonality and Pythagorean orthogonality.

Definition 1.7. (Isosceles orthogonality, 1947) Let x,y € X. =z is said to be isosceles
orthogonal toy (x Lyy) if |z +yl = |z — vy

Clearly, isosceles orthogonality is symmetric, whereas it lacks homogeneity in general. In
fact, James [44] proved that isosceles orthogonality is homogeneous in X if and only if the norm

of X is induced by an inner product.

Definition 1.8. (Pythagorean orthogonality, 19/7) In a normed linear space X, a vector
is said to be Pythagorean orthogonal to a vector y (x Lpy) if ||z — y||* = ||z||* + ||y||*.

Note that Pythagorean orthogonality is symmetric. In [44], it is shown that Pythagorean
orthogonality is homogeneous in X if and only if X is an inner product space.
Next we would like to mention a comparative result regarding the above two orthogonalities

which eventually characterizes the inner product space.
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Theorem 1.3. [6] Let X be a normed linear space. Then the following are equivalent:
(i) x Ly = x Lpy, forallz,y € X.
(ii))  Lpy = =z Lpy, foralxz,yeX
(iti) * Ly = x Lpy, forallz,y e X

(iv) X is a Hilbert space.

1.4 Symmetricity with respect to Birkhofl-

James orthogonality

Birkhoff-James orthogonality is not symmetric in general. In other words, x Lp y does not
always necessarily imply that y L g x in a Banach space. Let us observe this by the following

figure.

Y+ Az 0

x4+ Ay
Figure 1.1: Unit ball of (R, - [|s0)

The above square (Fig. 1.1) is taken as the unit ball of R? with respect to the maximum norm.
Let z = (1,3) and y = (0,1). One can clearly see from the picture that ||z + Ay|| > [z,
for any A € R. Hence z Lp y. On the other hand, ||y + Az|| < ||y||, for some A € R this
implies y /p . In [25, 43] Day and James separately proved that for a normed linear space
with dimension greater than or equal to 3, symmetric property of Birkhoff-James orthogonality

induces an inner product.

Theorem 1.4. Suppose that X is a Banach space with dimension greater than or equal to three.

Birkhoff-James orthogonality is symmetric if and only if X is a Hilbert space.

In case of two-dimensional Banach spaces, there are spaces, not necessarily Hilbert, in which

Birkhoff-James orthogonality is symmetric. These types of spaces are called Radon plane due to

6
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mathematician Johann Radon. Up to this point we look for the symmetricity in normed linear
spaces from global point of view. In [91], Sain introduced the notion of local symmetricity in a

Banach space.

Definition 1.9. Let X be a normed linear space. An element x € X is said to be left symmetric
ife lpy = y Lp x, for ally € X. On the other hand, z is said to be right symmetric if
ylpax = x Lpy, for ally € X. The element x is said to be symmetric if it is both left and

right symmetric.

This local symmetric property of an element has been studied extensively over the years
in Banach spaces as well as in the space of bounded linear operators. We note some of the

important results:

Theorem 1.5. [71, Prop. 2.1] Let X be a Banach space and let x € X be nonzero. Then the

following results hold true:
(i) If x is right symmetric and smooth then x is left symmetric.
(i1) If X is strictly convex and x is left symmetric then x is right symmetric.
(i3) If X is strictly convex and x is left symmetric then x is smooth.

In [19], Chattopadhyay et al. completely characterized the left and right symmetric points

in £} spaces.

Theorem 1.6. [19, Th. 2.7] Let X = (

5> where p € (1,00)\ {2} and n > 2. Then the following

are equivalent:
(i) z € X is left symmetric
(ii) x € X is right symmetric

(iii) Fither x has only nonzero coordinate, which is unimodular or x has only two nonzero

coordinates having the values +--.
2P

This characterization of symmetric points of £} helps to classify the isometric group of £}

spaces in a more elementary way.

Theorem 1.7. [19, Th. 2.11] Let X = £}, where p € (1,00) \ {2} and n > 2. Then T € L(X)

is isometry if and only if T is a signed permutation.

The characterization of local symmetric points in L(H) studied in [32, 34] and then com-

pletely solved by Ttrnsek in [93].
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Theorem 1.8. [93, Cor. 8.4, Th, 4.4] Let H be a Hilbert space and let T € L(H). Then the

following results hold true:
(i) T is left symmetric if and only if T =0
(ii) T is right symmetric if and only if T is a scalar multiple of a isometry or a coisometry.

In general Banach space settings the complete characterization for local symmetric nature
of an operator still remains unsolved, though with some additional condition on the Banach
space there are some classifications of left and right symmetric operators. For this one can see
[33, 34, 71, 64, 85]. In the next section we discuss some geometric constants and their relevance

in the study of geometry of Banach spaces.

1.5 Some geometric constants and their ap-

plications

To understand the structure of the unit ball of a normed linear space, geometric constants
play a significant role. In particular, study of these constants indicates how far is a Banach
space away from the Hilbert space structure from a quantitative perspective. There are many
geometric constants introduced over the years. For some survey on this topic readers can go

through [5, 56] and the references therein. Here we would like to mention a few of them.

Definition 1.10. [2/] Let X be a Banach space. The Jordan-von Neumann constant is defined

by
|z + yl|* + |z — y|?
2(|z[12 + 2(|y|I?

Cni(X) = Sup{ :z,y € Xnot both zero}.
We note some fundamental properties of Jordan-von Neumann constant.
Theorem 1.9. Given a Banach space X,
(i) 1< Cny(X) <2.
(11) Cny(X) =1 4f and only if X is a Hilbert space ([/8]).
(i3) X is uniformly non-square if and only if Cnj(X) < 2.
(iv) Cny(X) = Cns(X*).

Other than these many properties of this constant has been explored, see [4]. On the other
hand, in 1990 Gao and Lau introduced the James constant to study the fact that how much a

unit ball of a Banach space is “uniformly non-square”.

8
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Definition 1.11. [30] Given a Banach space X, the James constant is defined by

J(X) = sup{min{[|z +yl|, |z — yll} : =] = [[y[| = 1}.
We mention some interesting properties of the James constant.
Theorem 1.10. [30] For a Banach space X,
(i) V2 < J(X) <2
(ii) For dim(X) > 3, J(X) = /2 if and only if X is Hilbert space.
(#ii) J(X) < 2 if and only if X is uniformly non-square.

The problem of characterizing the space X with dim(X) = 2 and J(X) = v/2 is not completely
solved. In this direction few works have been done. (see e.g., [56]). One can look into [49] for
more information regarding the above two constants and their applicability.

Up to this point, we have observed that notions of orthogonality have not played a direct
role in defining any geometric constants. However, in [47], Joly introduced the concept of the
rectangular constant, which explores the geometry of a Banach space by focusing on elements

that are connected through Birkhoff-James orthogonality. We now recall its definition.

Definition 1.12. [/7] For a Banach space X with dim(X) > 2, the rectangular constant is
defined as follows:

2]l + [lyll
Iz +

(%) = sup {

:x,y not both zero and x L gy, }

We note from [47] that v2 < u(X) < 3 and u(X) = v/2 if and only if X is a Hilbert
space. Later this constant and its generalized notions have been studied thoroughly. For more
information on this topic one may see [11, 26, 76].

Thereafter many geometric constants have been developed over the years not only to understand
the structure of the unit ball but also to find the quantitative differences between two distinct
orthogonality notions in a Banach space. Among them we recall the following two well-known

constants.
Definition 1.13. Let X be a Banach space. Then
e [/6] D(X) = inf { inf |2+ | : ]| = |yl = L= L1 y}.

«

e [10] BR(X) = up{”+“" all =yl = La >0,z Lp y}
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The constant D(X) studies the quantitative difference between Birkhoff-James orthogonality
and isosceles orthogonality whereas, BR(X) estimates the difference between Birkhoff-James
orthogonality and Roberts orthogonality. There are so many constants developed for the same
purpose. Readers can go through [9, 40] and the references therein. In the next section we give

an outline of the content of thesis.

1.6 Outline of the thesis

This dissertation is organized into six chapters. The first chapter serves as an introduction,
presenting fundamental notations and preliminary results concerning various geometric aspects
of Banach spaces.

Chapter 2 examines the concept of T-orthogonality within Banach spaces and analyzes how
it connects to several geometric features, such as strict convexity, smoothness, and reflexivity.
We explore the notions of left and right symmetric elements with respect to T-orthogonality.
Additionally, the chapter provides a characterization of Hilbert spaces among Banach spaces
based on this orthogonality framework.

In Chapter 3, the discussion centers around the symmetricity with respect to numerical radius
orthogonality. We observe that in IL(H), there is no nonzero left symmetric elements. We also
prove that a nonzero compact normal operator on an infinite-dimensional complex Hilbert space
cannot be right symmetric. We extend our study in the setting of Banach space and obtain some
necessary and sufficient condition separately for left and right symmetric elements of L(X). In
particular, we characterize left and right symmetric elements in L(¢}) and L(¢%.).

Chapter 4 studies the James constant J(X), an important geometric quantity associated with a
normed space X, and explore its connection with isosceles orthogonality. We prove that if J(X)
is attained for unit vectors z,y € X, then z 1 y. We also show that if X is a two-dimensional
polyhedral Banach space, then J(X) is always attained at an extreme point z of the unit ball of
X, so that J(X) = ||z+y| = ||z —yl|, where ||y|]| = 1 and 2z L; y. This gives a clear and practical
approach for calculating the James constant in two-dimensional polyhedral Banach spaces. In
addition, we explore the connection between modulus of convexity and approximate isosceles
orthogonality within normed linear spaces.

Chapter 5 investigates a specific geometric constant that quantifies the difference between or-
thogonality defined by the norm derivative (p-orthogonality) and Birkhoff-James orthogonality.
We explore the relation between various geometric properties and this constant. This chapter
also includes an analysis of left and right symmetric elements in Banach spaces with respect to

p-orthogonality. We characterize the inner product space among Banach spaces via symmetric-

10
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ity of p-orthogonality. Moreover, we provide a complete description of left and right symmetric
points with respect to p-orthogonality in /7 and ¢2.

The final chapter, i.e., Chapter 6 delves into the concepts of smooth and approximately smooth
points in Banach spaces and in the space of bounded linear operators. Under some additional
properties, we obtain a sufficient condition for the openness of the collection of all smooth points
in X. Next we study the approximate smoothness of the elements of the space of bounded linear
operators.

To ensure clarity and coherence, each chapter begins with a concise motivation, relevant defi-

nitions and notational conventions to make it self-contained and accessible.
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CHAPTER 2

T-ORTHOGONALITY AND THE STUDY
OF SYMMETRY IN COMPLEX BANACH
SPACES

2.1 Introduction

Our main aim in this chapter is to study the notion of T-orthogonality in the setting of Banach
space and explore its relation with the geometric properties of the Banach space. In particular,
we investigate the local symmetricity in Banach spaces with respect to T-orthogonality. Before

proceeding further we introduce the requisite notations and terminologies.

Let X be a Banach space over the real or complex field C, stated accordingly and let X*
denotes the dual space of X. For a complex number A, the real and imaginary part of A is
denoted by R A and A respectively. Suppose L(X, X*) denotes the collection of all bounded
linear operators from X to X* and L(X) denotes the space of all bounded linear operators on X.

Let Sx and Bx denote the unit sphere and unit ball of the space X i.e., Sx = {z € X: ||z|| = 1}

Content of this chapter is based on the following three papers:

e D. Sain, S. Ghosh, and K. Paul, On T-orthogonality in Banach spaces, Colloq. Math., 172
(2023), no. 2, 231-242. DOL: 10.4064/cm8962-11-2022.
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Chapter 2. T-orthogonality and the study of symmetry in complex Banach spaces

and Bx = {x € X : ||z|| < 1}. The space X is said to be strictly convex if the unit sphere Sx
does not contain a non-trivial line segment, i.e., if (1 — t)x + ty € Sx for some ¢ € (0,1) and
x,y € Sx, then z = y. An element z # 0 is said to be a smooth point of the space X if there
exists a unique functional f € X* such that f(z) = || f|||lz]| and ||f|| = ||z||. The space X is
said to be smooth if every non-zero element of the space X is a smooth point. Following [92],

T-orthogonality in a Banach space X can be defined as follows.

Definition 2.1. Let X be a Banach space and let T € L(X,X*). For z,y € X, z is T-orthogonal
to y, written as x Ly y, if Tz(y) = 0. We write Tz(y) = (Tx,y).

T-orthogonality is said to be symmetric if (T'z,y) = 0 implies (Ty,z) = 0, for all z,y € X.
The operator T is said to be symmetric if (T'z,y) = (Ty, z), for all ,y € X. An element z € X
is said to be T-isotropic if (Tx,x) = 0. When the operator T is clear from the context, we use

the term ‘isotropic’ instead of ‘T-isotropic’. We here introduce the following definitions.

Definition 2.2. Let X be a Banach space and let T € L(X,X*). Let 0 € [0,27). For z,y € X
x is said to be T-orthogonal to y in the direction of 0, written as x L, y, if cos@ R(Tx,y) +
sinf X(Tx,y) = 0. For brevity, we write (Tyz,y) = cos@R(Tz,y) + sinf I(Tx,y). We say
y € mﬁ) if (Toz,y) > 0 and y € zq, if (Tyz,y) < 0. In case X is a real Banach space we write
y € xt if (Tz,y) >0 and y € x5 if (Tx,y) < 0.

Next we introduce the notion of left symmetric and right symmetric points with respect to

T-orthogonality.

Definition 2.3. Let X be a Banach space and let T € L(X,X*). We say that T-orthogonality
is left symmetric at x € X, if x Ly y implies y Lp x for each y € X. In short, we write ‘Lp is
left symmetric at x’.

Further for each 6 € [0,27), we say that T-orthogonality is left symmetric at = in the direction

of 0 if x L1, y implies y L1, x for each y € X. In short, we write ‘L, is left symmetric at x’.

Definition 2.4. Let X be a Banach space and let T € L(X,X*). We say that T-orthogonality
is right symmetric at x € X, if y Ly x implies x Lp y for each y € X. In short, we write ‘Lp
1s right symmetric at x’.

Further for each 6 € [0,27), we say that T-orthogonality is right symmetric at x in the direction

of 0 ify Ly, © implies x L1, y for each y € X. In short, we write ‘L, is right symmetric at z’.

We need the notion of Birkhoff-James orthogonality [16, 44] to study the geometric prop-
erties of the Banach space using T-orthogonality. For z,y € X, x is said to be Birkhoff-James
orthogonal to y, if || + Ay|| > ||z| for all A € C. The marvelous paper by James [42] nicely

13
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characterizes the properties like smoothness, strict convexity, reflexivity using Birkhoff-James
orthogonality.

In this chapter we study the symmetric properties of L7 and L7, and explore the relations
between them. We also characterize the geometric properties of the space like smoothness and
strict convexity using the notion of T-orthogonality. We also obtain necessary and sufficient
condition for an operator A € LL(X) preserving T-orthogonality in terms of newly introduced
notion of T-isometry. An operator A € L(X) is said to be T-isometry if it satisfies T = A*T A,
where A* is the adjoint of A. Finally we characterize Hilbert spaces among Banach spaces using

T-orthogonality.

2.2 Local symmetric properties in Banach

spaces

We begin this section by noting the following basic properties in the form of an easy proposition.
The proofs are omitted as they can be obtained by applying elementary geometric and algebraic

reasoning.
Proposition 2.1. Let X be a Banach space and let T € L(X, X*).
(1) Given any x,y € X, there exists 0 € [0,2m) such that x L7, y.

(i1) For z,y € X, x Ly y if and only if x L1, y and z L, y for some 6 and ¢, where
0—¢#0,m.

(i1t) Forz,y € X, x Ly y implies that x L, y, for each 8. However, there are operators T for

which x L1, y, for some particular 0, whereas x L1 y.

(iv) For each x,y € X and 0,¢ € [0,27), we have, (Tyx, ey) = (Tp_pz,y) = (Ty(e*®z),y) and
sox L, ey o x L,y ¥y ex 11, v.

(v) L is right additive i.e., if ¢ Lpy,x Lp z then x L (y + z).
(vi) L is left additive i.e., if x Lp z,y Ly 2z then (z +y) L 2.

An elementary example of T € L(X,X*) such that « L7, y, for some particular 6, whereas

x L7 y does not hold is as follows:

Remark 2.1. Consider the two-dimensional compler Hilbert space C?. Let T : C? — (C?)* be
defined as T(1,0) = 7i(1,0)* 4+ (0, 1)* and T(0,1) = 2(1,0)*+3i(0,1)*, where (1,0)*(21, 22) = 21

14
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and (0,1)*(z1,22) = 29, for all (z1,29) € C?. Then (0,1) Lr,,, (1/2,-1/3) but (0,1) Lr
(1/2,-1/3).

Proposition 2.2. Let X be a complex Banach space and let T € L(X,X*) be bijective. Suppose
that x € X and Tz # 0. If L7 is left symmetric at x then there exists a scalar A such that
(Tz,y) = MTy,x), for ally € X.

Proof. Clearly there exists 0 # z € X such that (T'z,z) # 0. Then (Tz,z) = ATz z) for
some scalar A\. We claim that (Tx,y) = A(Ty,x), for all y € X. As before we can write X =
KerTx®({z}). Let y € X. Then y = az+w, for some scalar « and v € Ker Tx. Now (Tz,v) =0
implies (T'v,z) = 0 by left symmetricity of Ly at x. Then (Tz,y) = a(Tx,z) + (Tz,v) =
aXTz,x) + A(Tv,z) = A(Ty, x). This completes the proof. O

Theorem 2.2. Let X be a complex Banach space and let T € L(X,X*). Suppose that z € X
and 0 € [0,2m). If L1, is left symmetric at x then Lr is left symmetric at x.

Proof. Let v € [0,27). We first claim that Lz is left symmetric at x. Let Lz y. Then by
Proposition 2.1 (iv), we get 0 = (T2, y) = (Tpx, 'O y). So we get (Tp(e'"y,2) = 0, by left
symmetricity of Ty at . Again by Proposition 2.1 (iv), we get, (Thy,z) = (Tp(e!@ My, z) = 0,
and hence y Lr, z. Thus Lz is left symmetric at x. Now we show that L is left symmetric
at . Let * Ly y. Then « Ly, y for any 6 € [0,27) and by left symmetricity of L Tp we get,
y L1, . Then by Proposition 2.1 (ii), we get, y L7 . O

In this following example we show that the converse is not true in general.

Example 2.3. Consider the two-dimensional complex Hilbert space C?. Every element of C? can
be written as (21, 22), where 21, 29 € C. Let T : C? — (C?)* be defined as T(1,0) = i(0,1)* and
T(0,1) = (1,0)* + 3i(0,1)*, where (1,0)*(21,22) = 21 and (0,1)*(21, 22) = 22, for all (21, 22) €
C2. Clearly, (1,0) is an isotropic vector and L is both left and right symmetric at (1,0). Now
for (1,i) € C? it is straightforward to see that (1,0) Lr,,, (1,1) whereas (1,7) L, (1,0).
Therefore, Lr,_,, is not left symmetric at (1,0).

Remark 2.4. The above example shows that for isotropic vector x the converse of Theorem
2.2 may not hold true. However, if x is a nonisotropic vector then following Proposition 2.2,
we get a scalar A such that (Tx,y) = ATy, x) for all y € X. In case X is real, then Ly is left

symmetric at x will imply that Ly, is left symmetric at x for all § € [0,27).

Theorem 2.5. Let X be a complex Banach space and let T € L(X,X*). Then the followings
hold:
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(i) For any nonisotropic vector x € X, Ly is left symmetric at x if and only if Lp is right

symmetric at x.

(is) If T is bijective then for any nonzero isotropic vector x € X, L is left symmetric at x if

and only if Lp is right symmetric at x.

Proof. (i) We have Tx(z) # 0. Assume Lp is left symmetric at . We show that Ly is right
symmetric at x. If possible let y Ly z but L7 y. Then Tz(y) # 0 and so Tx(y) = aTx(x) for
some scalar «. This implies Tz(y — ax) = 0 so that x L7 (y — ax). Since L is left symmetric
at x so we get (y — ax) Ly 2. Thus T(y — ax)(z) = 0 = Ty(z) = oTz(x) = Tz(y). This leads
to a contradiction. Thus Ly is right symmetric at z. Analogously one can show that if Lp is

right symmetric at x then 17 is left symmetric at x.

(ii) Assume Ly is left symmetric at  where z # 0 and (Tz,z) = 0. If possible let there
exist z € X such that z L7 x but ¢ [ z. Then z ¢ Ker Tz and Tz being a linear functional on
X, we get X = KerTa @ ({z}). Let w € X. Then w = az + v where v € KerTz and « is a
scalar. So Tx(v) = 0 implies Ly v and hence v Lp x, by left symmetricity of Lp at x. Thus
Twv(z) = 0. This shows that Im T C {z}° where {z}° is the annihilator of z. Then by bijectivity
of T we get, X* = {x}" which contradicts the fact that  # 0. Thus L is right symmetric at z.
Next we assume that Lp is right symmetric at  where  # 0 and (Tz,x) = 0. If possible
let there exist z € X such that # Ly 2 but z £ 2. Then Tz(z) # 0 and so Tz & {x}°. Now
X* = {2}V @ ({T2}). Let u € X. Then Tw € X* and so Tu = g+ aT'z for some g € {z}° and for
some scalar «. Since T is bijective so there exists unique v € X such that Tv = g and Tv(z) = 0.
This implies v L7 x and by right symmetricity of L we get, x Lr v. Now Tu = Tv + o7z
implies © = v + az. Then Tx(u) = Txz(v) + Tx(z) = 0 so that x Lp u. Thus for each u € X,
Tz(u) = 0 and so Tz = 0. This implies = 0, by injectivity of T. This is a contradiction.

Thus L7 is left symmetric at x. O

In the following example we show that in Theorem 2.5 (ii), the ‘bijectivity’ condition on T

can not be omitted.

Example 2.6. Let (3 be the 2-dimensional real Hilbert space. Consider T : {3 — (£2)* is
defined as T(1,0) = (1,—1)*, where (1,—1)*(z,y) = x — y. and T(0,1) = (2,—2)*, where
(2, —2)*(z,y) = 2z — 2y. Clearly, T is not bijective and (1,1) is an isotropic vector. It is easy
to check that Lr is left symmetric at (1,1). On the other hand, observe that (1,0) Lr (1,1)
whereas (1,1) L (1,0). This implies that Ly is not right symmetric at (1,1).

Our next lemma deals with an interesting observation about nonisotropic vectors.
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Lemma 2.1. Let X be a complex Banach space and let T € L(X,X*). Suppose that x € X is
a nonisotropic vector at which Ly is left (right) symmetric. Then (Tz,y) = (Ty,z), for all
y e X

Proof. Since Ly is left symmetric at x, (T'z,y) = 0 implies (T'y, ) = 0. Suppose that (Tx,y) #

0. It is easy to observe that for « € C, (Tz,ax +y) = a(Tz, z) + (Tz,y). Choosing o = —(gg;xx;;)

we obtain that (T'z,ax +y) = 0. As Ly is left symmetric at x,
(T(ax+y),z) =0 = aTz,x)+ Ty,z) =0 = (Tz,y) = (Ty,z).

This proves our lemma. O

Before we proceed to our next theorem we would like to note that the above lemma is not

necessarily true for isotropic vector. The following example illustrates our claim.

Example 2.7. Let T : (3 — (£3)* be defined as T(1,0) = (0,1)* and T(0,1) = (%,%)*,
where €% is 2-dimensional real Hilbert space. It is easy to verify that (1,0) is an isotropic vector
and Ly is both left and right symmetric at (1,0). For any (a, B), (z,y) € €3, (T(, B), (z,y)) =
\%x + (a+ %)y Then (T(«, B),(1,0)) = % and (T'(1,0), (o, B)) = B. Therefore, whenever

B # 0, we have (T (e, 8),(1,0)) # (T(1,0), (v, 8)).

In our next theorem we characterize T € L(X,X*) which are symmetric. Note that the

following theorem is an improvement of [92, Lem. 1].

Theorem 2.8. Let X be a complex Banach space and let T € L(X,X*) be nonzero. Then T is

symmetric if and only if the followings hold true:
(i) There exists a nonisotropic vector x € X.
(ii) Ly is left(right) symmetric at y, where y is a nonisotropic vector in X.

Proof. First we prove the sufficient part of the theorem. Suppose that z, w € X are two arbitrary
elements in X. If one of them is nonisotropic then from Lemma 2.1, we get (Tz,w) = (Tw, z).
Let z,w both be isotropic. Then from [92, Lem. 1] we have either z + z or x — z is nonisotropic.
Without loss of generality we assume that x + z is nonisotropic. Therefore, again using Lemma

2.1, we obtain
(T(x+ 2),w) = (Tw,z+ 2) = (Tz,w)+ (Tz,w) = Tw,x)+ (Tw, z).

Since x is nonisotropic, (Tz, w) = (Tw, x). Therefore, (Tz,w) = (T'w, z). Hence T is symmetric.

Let us now prove the necessary part. Clearly (ii) holds if T" is symmetric. We just prove (i).
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Suppose on the contrary that every vector in X is isotropic, i.e., (Tz,z) = 0, for all x € X. Take
u,v € X. Then (T'(u + v),u + v) = 0 which implies (Tw,v) = —(Tv,u). As T is symmetric, it
can be readily seen that (T'u,v) = 0. As u, v are chosen arbitrarily, T is zero. This contradiction

proves the necessary part of the theorem.
O

Theorem 2.9. Let X be a complex Banach space and let T € L(X,X*). Suppose that x € X.
Then Ly is left symmetric at x if and only if there exists ¢g € [0,2m) such that the followings
hold true:

y € mJTFG = x € y};_% and y €Exy, = T € yi]_djo, for every 6 € [0, 27).

Proof. Let us first prove the sufficient part of the theorem. Let y € X be such that (Tz,y) = 0.
This implies that y € xﬂ Ny, for all 6 € [0,2m). Then there exists ¢ € [0,27) such that
T e y’:’to—% N yi}_(bo, ie., x € yj'te N Y- Therefore, (Ty,x) = 0. This proves the sufficient part.
We next prove the necessary part. If Tx = 0 then the result holds trivially. Assume Tz # 0.
Then there exists z € X such that (T'z, z) # 0. We consider the following two cases.

Case-I: Let z is nonisotropic. Then from Lemma 2.1 we note that (Tz,y) = (Ty, ), for all
y € X. This clearly proves our result.

Case-II: Let x be isotropic. As Tx # 0, and (T'z, z) # 0 this implies that z # +x. If (Tz,2) # 0
then using the similar argument as given in Proposition 2.2 that there exists a scalar A such
that (Tz,u) = AN(Tu, z), for all u € X. Let y € x;a. Then (Tyx,y) > 0 and by using Proposition
2.1 (iv) we get, (Ty—poy,x) > 0, where A =| X | €/%0. This shows that = € yTtef%' Similarly we
can show that y € z, = w € yi}i%. On the other hand, if (Tz,2) = 0 and as z # +=x
then given any u € X, u = az + v, for some v € ker T'z. This implies (Tu,z) = 0 as Ly is left
symmetric at z. Therefore, given any u € X, x € u}a Nur,, for every 0 € [0, 2m). This completes

the necessary part.
OJ

The following corollary is an immediate consequence of the last theorem.

Corollary 2.1. Let X be a real Banach space and let T € L(X,X*). Suppose that x € X. Then
L7 is left symmetric at x if and only if either of the following hold true:

1. yex} == xGy; andy € v = T € Yp.

2. yemr}L = x€yp andy € v, = xey{,ﬁ.
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Proof. To show the necessary part note from Theorem 2.9 that for real Banach space either
o =0 or ¢g = 7. In case of ¢y = 0, we have (i) whereas for ¢y = 7, we obtain (ii).

The sufficient part follows easily from the definition of left symmetricity of L7 at x. O

We say “Lp is left symmetric in X7 if L7 is left symmetric at z, for each z € X. We note

the following remark in this regard.

Remark 2.10. Let X be a complex Banach space and let T € L(X,X*). Using Theorem 2.8
together with Theorem 2.9, it can be concluded that L is left symmetric in X if and only if
either of the following holds true:

1. yexﬂ == xEy;fg andyExi} = T E€Yp,-
2. yem}; = v €yg, andy € xp = mey{Fe,for every 0 € [0, 27).

On a more precise note we can observe that if there exists a nonisotropic vector in X then L is

left symmetric in X if and only if y € xJTrB = x € yjfg andy € Ty, = T €Y, whereas if all

the vectors in X are isotropic then Lp is left symmetric in X if and only if y € :UE = T E€yp,

andy € xp, = T € yi,'te, for every 0 € [0,27), for every 6 € [0, 27).

2.3 Some geometric properties

In this section we observe some local geometric properties from the perspective of T-orthogonality.

Let us note that - = {y € X: 2 lpy} and 27 = {y € X: 2 Ly y}.

Proposition 2.3. Let X be a complex Banach space and let T € I.(X,X*) be bijective. Then X

is reflexive if and only if for any nonzero x € X, there exist z € X such that z Lg x7.

Proof. Tt is easy to observe that z'7 is a hyperspace of X. Since X is reflexive, there exist a
2z € X such that z Lp a7. Conversely, Let H be a hyperspace in X. Consider z* € X* as
the corresponding functional of H such that ker z* = H. As T is bijective, let Tw = x*, for
some w € X. Clearly, w'" = H. Then there exist v € X such that v L H. Then from [42] we

conclude that X is reflexive. ]

Theorem 2.11. Let X be a complex Banach space and let T € (X, X*) be bijective. Then the
following hold true:

(i) A nonzero element x € X is smooth if and only if there erists a unique (upto scalar

multiplication) z € X such that 27 = x+.
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(1i) The space X is strictly convez if and only if for every x € X, there exists atmost one (upto

scalar multiplication) z € Sx such that z 1 p i,

Proof. (i) Let y € a*. Since x is smooth, J(z) = {z*} and 2*(y) = 0. We note that T is
bijective and therefore, there exists z € X such that Tz = «*. This implies that z L7 y. Thus
we obtain z+ C z17. Observe that 2t = kerz* = 217 = (\2)*7. Therefore, there exists a
unique (upto scalar multiplication) z € X such that z+7 = 2. Conversely, suppose that z is a
nonzero element of X. Let x L g v and = L g v, for some u,v € X. Then there exists a unique
z € Xsuch that z Ly uw and z Ly v. As Tz € X*, 2z Lp u+ v, which implies L g u + v. Thus

from [42], we obtain that x is a smooth point.

(i7) Let X be strictly convex and let © € X be a nonzero element. Then My, = 0 or
Mz, = {e2}, where z € Sx and @ € [0,2n). It is easy to verify that when Mz, = 0, there
exists no such z € Sx such that z Lg x*7. Let My, = {¢2}. This implies that |Tz(z)| = ||Tz]|,
ie., MH%%H € J(z), for some p € Sc. Thus for any y € 217, we get z Lp y. In other words,
z Lp a7, Now if we assume that 2/ € Sx with 2z’ # ~z, where v € Sc¢ such that 2/ 1g z*7
then one can easily show that 2’ € Mp,. This leads to a contradiction that X is strictly convex.

Conversely, Suppose on the contrary that X is not strictly convex. Then there exists u, v(u #
Av) € Sx such that J(u)NJ(v) # 0, where A € Sc. Let us take 2* € J(u)NJ(v) and let Tw = x*,
for some w € X. Clearly, w7 = ker z*. Therefore, it can be readily seen that v Lz w7 as well

as v Lp w'T. This contradicts our hypothesis and proves our theorem. 0

Remark 2.12. Let X be a complex Banach space and let T € L(X,X*) be bijective. From
Theorem 2.11(ii) and Proposition 6.8, we can conclude that if X is reflexive and strictly convex
then for any x € X, there exists a unique (upto scalar multiplication) z € Sx such that z Lg 7
whereas if X is non-reflexive and strictly convex then there exists a w € X such that for no z € X

z L wtT holds true.

For a given Banach space X it is a natural question to ask which operators preserves T-
orthogonality. In [55] it is proved that a linear operator on X preserves ‘Lpg’ if and only if the
operator is a positive multiple of an isometry. We next characterize the operators preserving

‘LT’.

Theorem 2.13. Let X be a complex Banach space and let T € L(X,X*) be bijective. Suppose
that A € L(X). Then for any x,y € X, x Lpy < Ax Ly Ay if and only if A is a scalar

multiple of T-isometry.

Proof. First we prove the necessary part of the theorem. Suppose that x 1Ly < Az Lp Ay,
for all 2,y € X. This implies that for any nonzero x € X, (Tz,y) =0 = (T'Ax, Ay) = 0. This
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gives us (T Az, Ay) = 0 = (A*T Ax,y) = 0. Therefore, y € ker Tz implies y € ker A*T Az,
for every y € X. Since T is bijective, for all nonzero = € X, we obtain ker Tx = ker A*T Az,
ie.,, Tx = B, A*T Ax, for some 3, € C. Now we claim that 3, is a fixed constant. Suppose that
u,v € X be two arbitrary nonzero vector. It is easy to check that if v = au, where o € C then

Tv = B,A*T Av. Let u,v be independent. Then

Tu+Tv=T(u+v)
= Butr AT A(u + v)
= Burw AT At + By AT Av

= 6%1”Tu - B;:”Tv.
As T is bijective and u, v are linearly independent, 5, = 5, = By+v. S0 our claim is established.
Therefore, we obtain that T'= SBA*T A, as desired.
To prove the sufficient part of the theorem let us assume that T = MA*T A, for some \ € C.
Then for any x,y € X, with = L7 y we get

(Tz,y) =0 < (AA"TAz,y) =0 < ANTAzx,Ay) =0 < Az L Ay.

Hence our theorem is proved. O

Now in case of real Banach spaces with dim(X) > 3, we are going to show that T-

orthogonality and Birkhoff-James orthogonality coincides only in Hilbert spaces.

Theorem 2.14. Let X be a real Banach space and let dim(X) > 3. Then X is a Hilbert space
if and only if there exists a T € (X, X*) such that Lp=1p .

Proof. To prove the necessary part we assume X is a real Hilbert space. Let us consider the
map T : X — X* defined by Tz(y) = (y, x), for each y € X. Then clearly T is a bounded linear
operator. Clearly, z 17y <= x Lpuy, for all x,y € X. Therefore, Llp=1p5 .

Let us now prove the sufficient part of the theorem. Suppose that u,v,w € X be such that
u Lpwand v Lg w. Since Lp=1p, we have v Lp w and v Ly w. Then by left additivity of
L7, we get u+v Ly w and so u+ v Lg T. This implies that | g is left additive. Therefore,
from [43, Th. 2] we conclude that X is a Hilbert space. O

Remark 2.15. Analogous characterization for Hilbert spaces in complex case follows easily:
Let X be a complex Banach space and let dim(X) > 3. Then X is a Hilbert space if and only if

there exists a conjugate linear operator T : X — X* such that Lp=1p .
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Our next result is the characterization of two-dimensional real Euclidean spaces out of all

EI%(R) spaces. Before we note the following lemma which will be useful for our next theorem.

Lemma 2.2. Let X = KZ(R), where 1 < p < co. Then p =2 If and only if (o, B) Lp (B, —a),
for all (o, B) € X.

Theorem 2.16. Let X = KZ(R). Then p = 2 if and only if there exists an operator T € L(X, X*)
such that Lp=1p.

Proof. Since the necessary part is immediate, we only prove the sufficient part. Let eq, es € Sg% ,
where e; = (1,0) and ey = (0,1). We note that e; Lp e2, ea Lp e; and (e1 + e2) Lp (e1 — e2).
Let e},e3 € {7 be such that ej(e;) = &;j, where i € {1,2} and ;}—4—% = 1. Then we write
Te1 = ae] +bes and Teg = ce] + des, for some a, b, c,d € R. Since Lp=_1p, it is easy to observe
that T'e; = aej and Tea = des. Now using (e; +e2) L1 (e1 —e2), we obtain a = d. So Te; = ae}
and Tey = aej. Now for any (a, ) € X, (T'(ae; + Bez), (Ber — aez)) = 0. This implies that
(ae1 + Pes) Lp (Ber — aes), ie., (o, 8) Lp (B,—a), for all (a, ) € ZIQ,. Then from Lemma 2.2,
we have p = 2. This completes the proof of the theorem. O

Theorem 2.17. Let X be a two-dimensional real Banach space. Then X is a Hilbert space if

and only if the following conditions hold true:
(i) There exists a T € L(X,X*) such that Lr=_1p .

(ii) There exists u,v € Sx such that w Lp v, v Lpu, (u+v) L (v —v) and ||(y + Kd)u +
(0 — ky)v|| = ||(v = KO)u + (6 + KY)v||, for all v,0,x € R.

Proof. Clearly, if X is Hilbert space then (i) and (i7) holds. We only prove the sufficient part
of the theorem. Since | =1 p, it is easy to note that Tu = au* and Tv = fv*, where o, 5 € R
and u*(u) = 1,v*(v) = 1. As (u+v) L (u—v), we have (T'(u 4+ v), (u — v)) = 0, which
gives us « = . Now for any v, € R, it can be seen that (T'(yu + dv), (du — yv)) = 0. From
Proposition 2.1(v) we observe that X is smooth and therefore, (yu + 6v)t = r(du — ), i.e.,
(vu+d0v) Lp k(du—vv). Also we observe that ||(vu+06v)+rK(du—yv)| = ||(v+£0)u+(d—rKy)v| =
(v = k&)u+ (6 + xy)v|| = || (yu+ 0v) — k(6w — yv)]||. This implies that (yu + év) L £(du —yv).
Thus we get Lp = L. Therefore, from [6, Chapter 4], it can be concluded that X is Hilbert
space. O

We complete this chapter with the following observation.

Theorem 2.18. Let H be a complex Hilbert space. Then there exists no T € L(H,H*) such
that Lp=1p .
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Proof. Suppose on the contrary that there exists T' € L(H, H*) such that Lp=1p . For any
nonzero x € H, we have x Lpy < z Lpy, for all y € H. This implies that (T'z,y) =0 <
x*(y) = 0, where z* is the support functional of . Therefore, one can see that ker Tz = ker z*.
This gives us Tx = Azz*, for some A, € C. One can easily observe that T is bijective and
therefore, A\, # 0. Now choosing an o € C with nonzero imaginary part, it can be clearly seen
that T'(ax) = aT'z. Thus we get T is not linear. This contradicts 7' € L(H, H*). Hence the

theorem. 0
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CHAPTER 3

NUMERICAL RADIUS
ORTHOGONALITY: SYMMETRY OF
BOUNDED LINEAR OPERATORS

3.1 Introduction

The asymmetric nature of Birkhoff-James orthogonality in a general Banach space plays a key
role in determining the geometry of the space. Moreover, a Banach space of dimension at least
3 is a Hilbert space if and only if Birkhoff-James orthogonality is symmetric [43]. The study
of symmetric points with respect to Birkhoff-James orthogonality was initiated recently in [91].
Thereafter, many authors have studied left symmetric and right symmetric operators in the
setting of Hilbert spaces as well as Banach spaces. In this chapter, we plan to study such op-
erators with respect to numerical radius orthogonality. We first mention the relevant notations

and terminologies.

Content of this chapter is based on the following article:

e S. Ghosh, A. Mal, K. Paul and D. Sain, On symmetric points with numerical radius norm,
Banach J. Math. Anal., 17 (2023), no. 67, 1-25. https://doi.org/10.1007/s43037-023-00290-1.
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Letters X and H stand for a Banach space and a Hilbert space, respectively, over the real
or the complex field. Let L(X) (resp. IL(H)) denote the Banach algebra of all bounded linear
operators on X (resp. H). Let Bx (resp. By) and Sx (resp. Sg) denote the closed unit ball and
the unit sphere of the space X (resp. H) respectively. The real part and imaginary part of a
complex number z is denoted by Rz and 3z respectively. X* denotes the dual of X. The collection
of all supporting functionals at z is denoted by J(z), i.e., J(x) = {z* : 2* € Sx+,2*(z) = ||z||}.
Observe that J(z) is a weak™-compact convex subset of Sx~. For T' € L(H), the numerical
range of of T, denoted by W(T), is defined as W(T) = {(T'z,z) : * € Sy}, which is a convex
subset of the scalar field by the famous Toeplitz-Hausdorff Theorem. The numerical radius
of T, denoted by w(T), is defined as the radius of the smallest circle with center at origin
containing the numerical range, i.e., w(T) = sup {|(Tx,x)| : © € Sy}. It is easy to verify that
w(-) defines a norm on LL(H) when the field is complex and this does not hold true if the field
is real. For T' € L(X), the numerical range and the numerical radius of T' are respectively
defined as W(T) = {z*Tz : © € Sx,z* € Sx+,2*(z) = 1} and w(T) = sup{|z*Tz| : = €
Sx,x* € Sx+,x*(x) = 1}. Unlike Hilbert space, the numerical range is not necessarily convex,
in general, for bounded linear operators on a Banach space, see [67]. For more information on
numerical range and numerical radius, the readers may see the recent books [15, 31]. Motivated
from Birkhoff-James orthogonality, the notion of numerical radius orthogonality in the space of
operators is introduced in [65, 79] as follows: For T, A € L(H) or L(X), T is said to be numerical
radius orthogonal to A if w(T + AA) > w(T) for all scalars A\ and we write it as T 1, A.
For more information on the numerical radius orthogonality and related results one can see
[62, 79]. The study of left and right symmetric operators with respect to the Birkhoff-James
orthogonality was initiated in [91] and followed by many authors [33, 34, 54, 71, 85, 87, 88]. We
are interested in studying the left and right symmetric operators with respect to the numerical
radius orthogonality in the space of bounded linear operators. For this purpose, let us first

introduce the following definitions.

Definition 3.1. Let T € L(X). Then T is said to be nr-left symmetric if for A € L(X), we have
T 1Ly A= A L, T. Similarly, T is said to be nr-right symmetric if for A € L(X), we have
Al,T=T 1, A. An operator T is said to be nr-symmetric if it is both nr-left and nr-right

symmetric.

In the study of left and right symmetric operators with respect to Birkhoff-James orthogo-
nality, the norm attainment set of an operator plays an important role. Recall that for T € L(X),
the norm attainment set of 7', denoted by My, is defined as M7y = {z € Sx : ||[Tz| = ||T||}. For
more on norm attainment set one can see [89, 90]. In due course of the current study, we will

see that the numerical radius attainment set also plays a central role in the study of left and
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right nr-symmetric operators. We make a note of the following definitions.

Definition 3.2. Let T € L(X). Then the numerical radius attainment set of T, denoted by
My(1y, is defined as

My ={x € Sx : 3 2" € J(x) such that |z*Tx| = w(T)}.

For brevity we take the help of following notations: My ) = {(z,2*) € Sx x Sx+ : *(z) =
1, |x*Tz| = w(T)} and My 1y = {(z,z*) € Ext (Bx) X Ext (Bxx) : |z*(z)| = 1,2*Tz = w(T)}.
We also write J(x) = {a* € Sx+ : |2*(z)| = 1}.

This chapter is divided into five sections including the introductory one. In sections two
and three, we study nr-left and nr-right symmetric operators on Hilbert spaces. In section four,
we study nr-left and nr-right symmetric operators on Banach spaces. In section five, we study
the above mentioned problem on some particular Banach spaces. Before we end this section,
we mention two important theorems on numerical radius orthogonality of operators which will

be used later on.

Lemma 3.1. [65, Th. 2.3] Let H be a complex Hilbert space and T, A € L(H). Then T L1, A
if and only if for each 0 € [0,2m), there exists a sequence {IZ} C Su such that following two

conditions hold true:
(i) Timp o [ (T2, 29)| = w(T),
(i1) limy, oo R{e™ (T2l 20)(Axl 20)} = 0.

Theorem 3.1. [79, Th. 2.3] Let X be a finite-dimensional Banach space and let T, A € L(X)
be nonzero. Then the following conditions are equivalent:

(1)T L, A

(2) 0 € conv{(z*Tz)(x*Ax) : (v,2*) € My (1)}

Theorem 3.2. [62, Th. 3.1] Let X be a finite-dimensional Banach space. Let T, A € L(X).
Then the following are equivalent.

(i) T L, A

(i4) 0 € conv{z* Az : (x,2*) € My ()}

26



Chapter 3. Numerical radius orthogonality: Symmetry of bounded linear operators

3.2 Nr-left symmetric operators on Hilbert

spaces

In this section, our first goal is to prove that a positive definite operator on a Hilbert space is not
nr-left symmetric. In this direction, we first prove the following lemma, which is of independent

interest.

Lemma 3.2. Let H be a Hilbert space. Let T € IL(H) be a positive operator. Suppose that
My = 0. Then there exists an orthonormal sequence {e,} in H such that ||Te,| — ||T| and
(Ten, en) = |IT.

Proof. Since T is a positive operator, there exists an operator B on H such that T'= B*B. Note
that ||T|| = || B||?. Indeed, ||T|| = ||B*B|| < ||B||*>. On the other hand, since for each = € Sy,

|Bz||* = (Bx, Bx) = (B*Bux,z) = (Tz,x) < ||Tz]|,

we get || B||? < ||T||. Now, since T' does not attain its norm so, ||T’|| can’t be an eigenvalue of T
This implies form [75, Th. VIL.10] that ||T'|| € 0ess(T), where oes5(T) is the essential spectrum
of T. Following [75, Th. VII.12] (Weyl’s criterion) we observe that there exists an orthonormal
sequence {e,} in H such that | Te,| — ||T||. Therefore,

HTenn2 = (Ten,Ten)

(Tey, B*Bey,)

= (BTe,, Bey)
< [IBllITenll|| Beal
= |[Tea| < |BllIBeall < 1B = |T|
= |[T| = Tm|[Ten|| < |[B[[lim || Bey || < [T

= [|B||lim || Ben|| = |7 =|B|*
= lim |[Ben|| = B
= lim(Be,, Be,) = |B|?

= lim(B*Ben,e,) = ||B|> =T
= lim(Te,,e,) = [T,

hence the proof. O

We are now ready to prove the desired result. We would like to mention that in [93,
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Prop. 3.2], Trunsek first proved that a positive operator on a Hilbert space is not r—left
symmetric (with respect to operator norm), which consequently proves that the operator is not
left symmetric (with respect to operator norm). In the following theorem, we prove that a
positive definite operator on a Hilbert space is not nr-left symmetric. Moreover, we provide an

alternative proof of [93, Prop. 3.2] for positive definite case.

Theorem 3.3. Let H be a Hilbert space and let T € IL(H) be positive definite. Then T is neither

nr-left symmetric nor left symmetric.

Proof. We prove this theorem by considering the following two cases:

Case-1: Let My # (. If My = Sy then due to positive definiteness of T one can observe
that T" = AI, for some A > 0. Take any zg € Sy arbitrary but fixed. We consider A €
L(H) such that Az = (x,2)20, for all 2 € H. Then for any yo € 23", we have Ay = 0. As
Mr = My = Su, Yo € Myr). This implies from Theorem 3.1 that T L,, A. Note that
Ma = Myay = {pz0 : |u| = 1}. Therefore, A [, T. Now assume that Mr # Sy. As T is
positive definite, M,y & Sg. Then there exists y' € Sg \ M, (r) such that y' € span Mw(T)J'.
Now considering A € L(H) as Az = (z,y')y’ we obtain that T' L,, A whereas, from the positive
definiteness of 1" we get A [, T. This shows that T" is not nr-left symmetric. As T is self-adjoint,
wehave T 1L, A = T 1lp A (see [65, Prop. 2.2(i)]). From this we conclude that T is not left
symmetric.

Case-II: Suppose that My = (). Then from Lemma 3.2, choose an orthonormal sequence {e,}
in H such that ||Te,| — ||T| and (Ten,e,) — || T||. Since ||T']| > 0, there exists ng € N such
that (T'ep,, €ny) > 0. Define A € L(H) as follows

Az = (z,ep,)en,, for all z € H.

Notice that [[Az]|? = [{z,en,)|? = |[(Az,2)| and |{z,en,)[> < ||z]|?, where the equality holds if

and only if z = ey, for some scalar A. Thus,
My = Mya) = {Aeny 1 [A[ =1}

Clearly, for all n # ng, Ae,, = (en, €ng)en, = 0. Thus (Te,, Ae,) = 0 for all n # ng. Now, from
Lemma 3.1 it follows that T" L,, A and from [14, Rem 3.1], we get T L A. However, A is
a compact operator and (Tey,, Aen,) = (Teny, ny) # 0. Therefore, from [71, Th. 2.2(ii)], it
follows that A Lp T. Now, observe that A = A*. Therefore, if A L,, T, then from [65, Prop.
2.2(1)], we get A Lp T, which is a contradiction. Thus, A f,, T. Hence, T is neither nr-left

symmetric nor left symmetric. ]
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Our next goal is to prove that the zero operator is the only nr-left symmetric operator on
a complex Hilbert space, provided that the operator attains its numerical radius. We need the

following lemma to prove this.

Lemma 3.3. Let H be a Hilbert space. Suppose that T € L(H) is nr-left symmetric and
1) # 0. Let & € Mypy and x Ly. Then Ty Ly and T*y L y.

Proof. We prove the theorem for complex Hilbert space. Analogously, the result can be proved
for real Hilbert space. Without loss of generality, assume that ||y|| = 1. Define A € L(H) as
follows

Az = (z,y)y, for all z € H.

Then clearly, A is a compact operator, M4y = {Ay : [\| = 1} and w(A) = 1. Since Az = 0,
from Lemma 3.1, we have T' 1,, A. Therefore, A 1,, T, since T is nr-left symmetric. Choose

0 € [0,27). Then using Lemma 3.1, we get a sequence {x,, } from Sg such that
lim [(Azy,, Zn,)| = w(A) =1 and

lim R{e ™ (Azny, 20y ) Ty, Tng) } > 0.

Since By is weakly compact, there exists zp € By such that {z,,} weakly converges to zg.
Thus, Ax,, — Azg and (Azp,,zn,) — (Axg, xg). Therefore, |(Azg, xg)| = w(A), which implies
that [|zg|| = 1 and g € M,,(4). Now, since H is Kadets-Klee, {z,,} weakly converges to z¢ and
[ Znell — l|zall, we get xn, — 9. Hence, T'xn, — Txy. Now, from zg € M4y we get z9 = Ay

for some scalar A with || = 1. Therefore,

lim éR{e <Axn97$n5><Tmn97 mﬂ9>} =2 0
= R{e " (Azg, x9)(Txg,29)} > 0

= R{e Ay, y)(Ty.y)} > 0

= R{e Ty, y)} > 0.

This is true for each ¢ € [0,27). In particular, considering § = 0,5, 7, 3T, we get R{ (Ty,y)} =0
and ®{i(Ty,y)} = 0. Thus, (T'y,y) = 0. Therefore, (T™y,y) = (y,Ty) = 0. This completes the
proof of the theorem. O

Now, we prove our promised result.

Theorem 3.4. Let H be a complex Hilbert space. Suppose T € L(H) be such that My # 0.

Then T is nr-left symmetric if and only if T is the zero operator.
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Proof. If T is the zero operator, then clearly T is nr-left symmetric. We only prove the converse
part. Suppose that 7" is nr-left symmetric and z € M,,7). Then from Lemma 3.3, it follows
that (Ty,y) = 0 = (T*y,y) for all y € zt. Since z itself is a complex Hilbert space, we have
Ty =T*y =0 for all y € 2. Choose y € 21 N Sy. Let y L H,, where Hy is a hyperspace in
x1. Now, each z € H can be uniquely written in the form z = ax + by + h, where a, b are scalars

and h € Hy. Define A € L(H) as follows
Az = A(ax + by + h) = (a + b)y + ba.

Observe that A is a compact operator, and A = A*. Tt is obvious that M4 C Sy N span{z,y}.
Moreover, A is not a scalar multiple of an isometry in span{z,y}. Now, it is easy to check that

M = {Xz :|\| =1}, for some z = ax + by, where a, b are nonzero scalars. Indeed,
V2 V34 \/Ey
Va+vE VB4

proves that x,y ¢ M. Now, (Az,x) = (y,z) = 0 implies that T L,, A. Therefore, A L,, T.
Since A = A*, from [65, Prop. 2.2(i)], we get A Lp T. Thus,

|Au|| > ||Ay|| > ||Az||, where u =

(Az, Tz

= (2,Tz

= (ax + by, aTx (since Ty = 0)
= |a|*(z, Tx) + baly, Tz
= |a|*(z, Tz (since T"y = 0)

= (Tz,x

o o o o o o o o

)
)
)
)
= |a|*(z, Tx) + ba(T"y,z) =
)
)
)

w(T

Thus, T is the zero operator. Hence the proof. O

3.3 Nr-right symmetric operators on Hilbert

space

Let us begin this section with a necessary condition for a normal operator to be nr-right sym-

metric.
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Theorem 3.5. Let H be a finite-dimensional complex Hilbert space and T € L(H) be a normal

operator with w(T) = 1. Suppose T is nr-right symmetric. Then T must be a unitary.

Proof. Since T is a normal operator, there exist a unitary operator U and a diagonal operator
D such that T = U*DU. Then w(D) = 1. Assume that

D = diag(dy, ..., dy).

If possible, suppose that 1" is not a unitary. Then D is not a unitary. Therefore, there exists
j €{1,2,...n} such that |d;| < 1. For our convenience, we assume that |d;| = 1 and |da| < 1.

Now, consider the operators
B = diag(di, d2) and C = diag(dy, d),

where d = —% if dy # 0 and d = —1 if dp = 0. Observe that M) = {Ae1 : [\| = 1} and

e, ez € Mw(c). Moreover,
(Cey,e1)(Bey,e1) = |dy|* and (Ces, e2)(Bes, e3) € {—|da|?, —1}.
Therefore, there exists ¢ € [0, 1] such that

t<061, 61><B€1, €1> + (1 — t)<062, 62><B€2, €2> = 0.

Now, by [62, Th. 3.3], we get C' L,, B. However, since (Bey,e1)(Cey,e1) = |di]* # 0, again
from [62, Th. 3.3], we conclude that B }/,, C. Now, consider the operator

A= diag(dl, d, dg, ey dn)
We show that A 1,, D but D /,, A. Note that for each scalar \,
w(A+ AD) > w(C + AB) > w(C) =1 =w(A).

Thus, A L,, D. On the other hand, since |dz| < 1, there exists 0 < A < 1 such that |da|+ A\ < 1.
Now, for this A,

w(D —AA) = max{|di — A, |do — Ad], |d5 — Ads],. ... |dn — Ady|}
< l=w(D).

Hence, D f,, A. Now, A 1., D gives that U*AU L, U*DU, i.e., U*AU 1,, T, whereas D f,, A
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gives that U*DU [, U*AU, i.e., T Y U*AU. Thus, T is not nr-right symmetric, which is a

contradiction. This completes the proof. |
The following corollary easily follows from Theorem 3.5.

Corollary 3.1. Let H be a finite-dimensional complex Hilbert space. Suppose T € L(H) is a
positive operator such that T is not a scalar multiple of the identity operator. Then T is not

nr-right symmetric.

Proof. Clearly, T is a normal operator. Since T # AI for any scalar A, T has at least two
positive eigenvalues d1, do such that dy # ds. Thus, %T)T is not a unitary. Now, from Theorem
3.5, it follows that ﬁT is not nr-right symmetric. Therefore, T' is not nr-right symmetric,

completing the proof. O
Next, we present a class of operators which are not nr-right symmetric.

Theorem 3.6. Let H;,Hy be complex Hilbert spaces. Suppose A € L(H,), B € L(Hz) such that

either A or B is not nr-right symmetric. Then

A O
O B

T =

s mot nr-right symmetric.

Proof. First assume that A is not nr-right symmetric. Then there exists S € L(H;) with
w(S) = w(T) such that S L,, A but A f,, S. Choose a scalar Ay such that |[Ag] < 1 and
w(A + XS) < w(A). Now, consider the operator

S 0
P= _
O —X\B

Then by [13, p. 10],
w(P) = max{w(S), w(—XB)} = max{w(T), |Ao|w(B)} = w(T).
Now, from

w(P+AT) = max{w(S + \A),w(-= B+ AB)}
w(S + AA)
w(S) = w(T) = w(P),

Y]

Y
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we get P 1., T. On the other hand,

w(T + XP) = max{w(A+ \oS),w(B — |\|?B)}
< max{w(A4),w(B)} = w(T).

Therefore, T' Y., P, ie., T is not nr-right symmetric. Similarly, B is not nr-right symmetric

implies that T is not nr-right symmetric, completing the proof of the theorem. O

Our next goal is to provide another necessary condition for an operator to be nr-right

symmetric. We require the following lemma for this.

Lemma 3.4. Let H be a two-dimensional complex Hilbert space. Suppose T € L(H) is a self-
adjoint operator and T # M for any scalar . Then T is not nr-right symmetric.

Proof. Without loss of generality, we may assume that w(7') = 1. Since T is a self-adjoint
operator, there exist a unitary operator U and a diagonal operator D such that T = U*DU.
Then w(D) = 1. Let D = diag(dy,ds). Clearly, dy # ds, since T' # A for any scalar A. Without
loss of generality, assume that d; = 1. If do > 0, then D is a positive operator. Therefore,
from Corollary 3.1, we can conclude that D is not nr-right symmetric, i.e., T" is not nr-right

symmetric. So assume that do < 0. Here, we consider the cases —1 < do and do = —1 separately.

First consider the case —1 < dy < 0 < —dz < 1. Then M,py = {Ae1 : |A] = 1}. Since
(De1,e1) =1 and (Deg, eq) = da < 0, there exists ¢ € [0,1] such that

t{Iey,e1){Dey,e1) + (1 — t)(Ieg, e2){Deg, ea) = 0.

Thus, by [62, Th. 3.3], I L, D. However, since (Iej,eq) # 0, from [62, Th. 3.3], we get D [, I.

Now, consider the case do = —1. Consider the operators
A 1 4 qav 1 i1
= an =—
i -1 V21

Observe that V' is a unitary operator and

Therefore, w(A) = w(VAV*) = 1. Moreover, x = %(1, 1) € Myay. Since (Dz,x) = 0, from
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[62, Th. 3.3], we get A L, D. Note that M,,py = {Ae1, Aea : [A\| = 1}. Now, for any ¢ € [0, 1],
t(Deq,e1)(Aer,er) + (1 — t)(Deg, ea)(Aea,e2) =1 > 0.

Therefore, from [62, Th. 3.3, we get D [/, A.
Thus, in each case, D is not nr-right symmetric, which proves that 7" is not nr-right symmetric,

completing the proof of the lemma. O
The following theorem is a generalization of Lemma 3.4.

Theorem 3.7. Let H be a finite-dimensional complex Hilbert space and T € L(H) be a self-
adjoint operator. Suppose that T # Xl for any scalar . Then T is not nr-right symmetric.

Proof. If dim(H) = 2, then the result follows from Lemma 3.4. So assume that dim(H) > 2.
Since T is a self-adjoint operator, there exist a unitary operator U and a diagonal operator D

such that T'= U*DU. Without loss of generality, assume that
w(T) =w(D) =1 and D = diag(1,ds,...,dy),

where d; € R and |d;| < 1 for all 2 < j < n. Since for each scalar X\, T # X, i.e., D # A, we
may assume that ds # 1. Let

Dy = diag(1,d2) and Dy = (ds, ..., dy,).
Then

Dy O
O Dy

D:

Observe that D; is self-adjoint and Dy # Al for any scalar A. Therefore, by Lemma 3.4, D; is
not nr-right symmetric. Now, from Theorem 3.6, it follows D is not nr-right symmetric, i.e., T

is not so. This completes the proof. O
The next corollary proves that the converse of Theorem 3.5 is not true.

Corollary 3.2. Let H be a finite-dimensional complex Hilbert space and T € L(H) be a unitary
operator. Suppose T* = T for some scalar o but T # X for any scalar \. Then T is not

nr-right symmetric.

Proof. Since T* = £T for some scalar a, (1)) = oT. Moreover, o' # Al for any scalar
A. Therefore, from Theorem 3.7, we get a1 is not nr-right symmetric, i.e., T is not nr-right

symmetric. 0
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In the following theorem, we prove that nonzero compact normal operators on infinite-

dimensional complex Hilbert space are not nr-right symmetric.

Theorem 3.8. Let H be an infinite-dimensional complex Hilbert space. Let T € L(H) be a

compact normal operator with w(T) = 1. Then T is not nr-right symmetric.

Proof. Noting that in an infinite-dimensional Hilbert space there does not exist any unitary
operator and using the spectral theorem for compact normal operators, we get eigenvalues A1, Ag
of T such that |[A1| =1 and |A\a] < 1. Suppose e; € Sy is an eigenvector of T' corresponding to
Ai for i =1,2. Let X = span{ei,es}, T|x = A, T|x1 = B. Then

A O

T = eL(X & X1h).

O B
Then A is a normal operator, w(A) = 1 and A is not an unitary. Therefore, from Theorem 3.5,
we get A is not nr-right symmetric. Thus, from Theorem 3.6, it follows that T is not nr-right

symmetric. This completes the proof. O

In the next theorem, we provide another class of operators which are not nr-right symmetric.

Recall that an operator A € L(H) is said to be a coisometry if A* is an isometry.

Theorem 3.9. Let H be a complex Hilbert space. Suppose (O #) A € L(H) is neither a scalar

multiple of an isometry nor a scalar multiple of a coisometry. Then the operator matrix

0 A
T = € L(Ha H)
0 0

s mot nr-right symmetric.

Proof. From [93, Cor. 4.5], it follows that A is not right symmetric (with respect to operator
norm). Therefore, there exists an operator C' € IL(H) such that C Lg A but A £p C. Consider

o C
S = € L(Ho H).
O O

It follows from [1, Lemma 2], that for each scalar A,
1 1
w(S +AT) = S[[C + A4 > S|IC]| = w(S).
Thus, S L., T. However, since A Lp C, there exists a scalar Ay such that ||A + AC|| < ||A]|.
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Therefore,
1 1
w(T + XoS) = §||A + (| < §||AH =w(T).

Thus, T' £, S and T is not nr-right symmetric. This completes the proof. O

3.4 Properties of symmetric operators on

Banach spaces

In this section, first we note the following easy sufficient condition for nr-right symmetric oper-
ators in L(X).

Theorem 3.10. Let X be a finite-dimensional Banach space. If for each x € Ext (Bx) and
r* € Ext (J(x)), there exists a unimodular constant y such that (v, pz*) € My (ry then T is

nr-right symmetric. In particular, the identity operator I € IL(X) is nr-right symmetric.
Proof. Let A € L(X) be such that A L,, T. From Theorem 3.2, we have 0 € conv{(z*Tx) :
(z,2*) € Myy(a)}- Then applying Carathéodory theorem there exist 1,2, t3 > 0 with Z§:1 t; =
1 such that
3
Zti(x;‘Txi) =0, where (z;,2]) € My (). (3.1)
i=1

Suppose that (@, u;z}) € My (1), where |p;| = 1 and 1 <7 < 3. This implies that Tz, =
fi;w(T). Thus from (1) it is easy to see that 325 | t;u; = 0. Now

3 3
Ztiﬂix:Ami = thmw(A)
i=1 i=1

3
= w(A)(Z tifti)
i=1
= 0.
Therefore, 0 € conv{(z*Az) : (x,2*) € My (p)}. Using Theorem 3.2 again, we conclude that

T 1, A, ie., T is nr-right symmetric. This establishes the first part of the theorem. The second
part of the theorem follows trivially from the first part. O

Using Theorem 3.10, we give an example of a nr-right symmetric operator other than the

scalar multiples of the identity operator.

Example 3.11. Consider X = {7 over the real field R and let T € L({7) be defined as
Te;, = e, 1<i<r,
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= —e, r+1<i<n,

where e; = (0,...,0,1,0,...,0) with 1 in i-th position and O elsewhere. It is straightforward
to see that Myy(ry = {£(e;,ef) : 1 < i < ryef € Ext(J(e;))} U{E(es,—ef) :r+1<d <

n,e; € Ext (J(e;))}. This implies that for every x € Ext (Bx) and every z* € Ext (J(z)), either

(z,2%) € My p) or (v,—x*) € My (). Therefore, from Theorem 5.10, it is evident that T is

nr-right symmetric.

We next introduce the following definition of sign determining extreme support functionals

which will be crucial in the rest of our study.

Definition 3.3. Let X be a finite-dimensional real Banach space. Let x € Ext (Bx) and let
T € L(X). We say that {z}}aen C Ext(J(x)) is a set of sign determining extreme support
functionals for T at x if for any v € X, the conditions (i) and (ii) together imply the condition
(iii), where

(1) there exists xj € Ext (J(z)) \ {x}}aca such that |zj(v)| = sup{|z*(v)| : z* € J(z)}.

(ii) sgn(zk(v)) = sgn(x}(Tx)), for all o € A.

(i) sgn(wy(v)) = sgn(wh(Tz)).

Using the above definition, we present a sufficient condition for nr-right symmetric operators

on a finite-dimensional real Banach space.

Theorem 3.12. Let X be a finite-dimensional real Banach space and let T € L(X). If for each
x € Ext (Bx), there exists a set of sign determining extreme support functionals {x}}aen for T
at x such that either (z,x},) € Myy(p) or (v, —zf,) € My (), for all « € A. Then T' is nr-right

symmetric.

Proof. Let A € L(X) be such that A L,, T. Suppose on the contrary that T [, A. Clearly,
w(A) > 0. Applying Theorem 3.2, we observe that exactly one of the following holds true:

(i) #*(Az) > 0, for all (x,2*) € My (7).

(ii) #*(Az) <0, for all (z,z*) € My (7).

Without loss of generality we assume that (i) holds. Since A L,, T, once again applying
Theorem 3.2, we obtain that there exists (7o, z§) € Myy(a) such that z§(Txg) < 0. Clearly,
(z0,25) ¢ My (r)- Suppose that {z},cr is a set of sign determining extreme support function-
als for T" at x¢ such that either (xo,2%) € My (p) or (zo, —2%) € My (), for all v € T'. Observe
that

(a) 25 € Ext (J(20)) \ {2 }yer such that |25(Azo)| = sup{|z*(Axo)| : 2* € J(w0)}.

(b) sgn(x3(T'zo)) = sgn(x%(Axo)), for all v € T,

Therefore, from the sign determining property of {x3},er, we obtain that sgn(zg(Tzo) =
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sgn(x§(Axg)). We note that since x§(Axg) = w(A) > 0, we get z(Txg) > 0, which contradicts

our assumption that x§(Tz¢) < 0. This proves our theorem. O

The following corollary is immediate from Theorem 3.12, in view of the fact that for every

x € Sx in a smooth Banach space X, J(z) is singleton.

Corollary 3.3. Let X be a finite-dimensional smooth real Banach space. Let T € 1(X) be such
that for each x € Ext(Bx), (z,2*) € My (r), where z* € J(z) or * € J(—z). Then T is

nr-right symmetric.

We next obtain a necessary condition for nr-right symmetric operators on a finite-dimensional

Banach space.

Theorem 3.13. Let X be a finite-dimensional Banach space and let T € L(X) be nr-right
symmetric. Then 0 ¢ W(T') \ conv{z*Tx : (x,2*) € My (7)}.

Proof. Suppose on the contrary that 0 € W(T')\ conv{z*Tx : (z,2*) € My(1}. Let us consider
the identity map, I € L(X). Since 0 € W(T), there exists an & € Sx such that *Tz = 0, for
some z* € J(z). As (v,2) € Myy(p), it follows from Theorem 3.1 that I 1,, T. On the other
hand we obtain that

0 ¢ conv{z™T'z : (z,2") € My (1)}

= 0¢ conv{(z*Tx) : (x,2") € My (p)}

= 0 ¢ conv{(z*Tx)(z"Ix) : (x,2") € My (p)}.

Applying Theorem 3.1 again, we conclude that T" },, I. This leads to a contradiction to the
fact that T is nr-right symmetric. O

Following [79, Defn. 1.2] we note that an operator T € L(X) is said to be nr-smooth (called
as nu-smooth in [79]),if 7" L,, A and T L,, B implies T' L, (A+ B) for all A, B € L(X). Using
[79, Th. 2.5] and Theorem 3.13, the following corollary is immediate.

Corollary 3.4. Let X be a finite-dimensional Banach space. Let T € L(X) be nr-smooth with
0 € W(T). Then T is not nr-right symmetric.

We next present a necessary condition for nr-left symmetric operators on a finite-dimensional

Banach space.

Theorem 3.14. Let X be a finite-dimensional Banach space and let T € L(X) be nr-left sym-
metric. Suppose that (z,z*) € My () and z*(y) = 0, for some exposed point y € Bx. Then
yLlpTy.

38



Chapter 3. Numerical radius orthogonality: Symmetry of bounded linear operators

Proof. Since y € Byx is an exposed point, there exists an g € Sx+ such that g(y) = 1 and
My = {\y : |A\] = 1}. Let us define a linear map A : X — X by Az = g(z)y. For any z € Sx and
z* e J(z),

|27 Az| = [9(2)z"(y)| = l9(2)|z"(w)| < 1.
In the last inequality, equality holds if and only if |g(z)| = 1 and |z*(y)| = 1. Clearly, this is

equivalent to z = py, for some p € C with |u| = 1. Thus we obtain that

My 1y = {(ny, my*) = lul = 1, y* € J(y)}-

Observe that * Az = 0. Since (z,z*) € My (r), applying Theorem 3.1 we obtain that 7' L,, A
. Since T' is nr-left symmetric, it follows that A 1,, T. Once again applying Theorem 3.1, we
deduce that

0 € conv{(v*Av)(v*T) : (v,v*) € Myyay}-

Observe that

y*Ay)(y*Ty) - y* € J(y)}
W9y Ty) : y* € J(y)}
v W9y Ty) :y* € J(y)}
y'Ty) - y" € J(y)}-

0 € conv{

0 € conv{

I

(
(
0 € conv{(y*()g(y))
(

0 € conv{

Therefore, by the Carathéodory theorem, there exist ¢1,%9,t3 > 0 with Z?Zl t; = 1 such that

3

> tiyiTy=0,, where yi € J(y).
=1

Since J(y) is a convex set of X*, it follows that 2?21 tiy; € J(y). Thus there exists an y* € J(y)
such that y*Ty = 0. From [42, Th. 2.1], we conclude that y 1 g Ty. This completes the proof

of the theorem.
O

The following corollary is immediate from the above Theorem.

Corollary 3.5. Let X be a finite-dimensional strictly convex Banach space and let T € L(X)
be nr-left symmetric. Then 0 € W(T).

It is well known that given any T € L(X) with rank(T) = 1, there exist y € X\ {0} and
xz* € X*\ {0} such that Tz = z*(z)y, for all z € X. In the next result we show that T Lp A &
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T 1., A for all rank one compact operators A defined on a reflexive Banach space. Note that if
w(T) = ||T|| and T L, A holds then for each scalar A\, [|T + AA|| > w(T + \A) > w(T) = |7
sothat T 1, A=T 1g A.

Theorem 3.15. Let X be a real reflexive Banach space. Suppose that T € L(X) is given by
Tz = x*(2)y, for all z € X, where y € X\ {0} and z* € X*\ {0}. Let z* € J(y). If either

My« = {j:H—;”y} ory is smooth, then T 1, A < T 1 A, for all compact operators A on X.

Proof. Note that Mp = Mg+ and w(T) = ||T||. Thus, T 1, A = T 1p A. For the reverse
implication, assume that T' L g A.

First suppose that M- = {:i:H—;”y} Then from [86, Th. 2.2], it follows that Ty Lp Ay, i.e.,
y Lp Ay. Thus, using [42, Th. 2.1], we get y* € J(y) such that y*(Ay) = 0. Observe that
(”71”3;, y*) € Myy(ry. Thus, from Theorem 3.1, T' L, A.

Now, suppose that y is smooth, i.e., J(y) = {z*}. Consider D = {x € Sx : 2*(z) = 1}. Then
clearly M+ = DU(—D), where D is connected. Therefore, from [86, Th. 2.2], we get Tz 1 p Az
for some z € D. Hence, y Lp Ar, ie., v*(Ax) = 0. Observe that (z,2*) € My (7). Thus, from

Theorem 3.1, T 1,, A. This completes the proof. O

In general, describing all possible set of sign determining extreme support functionals for a
given operator seems to be a difficult problem. However, in case of two-dimensional polyhedral

Banach spaces, we have the following complete characterization of the same.

Theorem 3.16. Let X be a two-dimensional polyhedral Banach space and let T € L(X). Suppose
that S is a set of sign determining extreme support functionals for T at x, where x € Ext (Bx).

Then S = Ext (J(x)).

Proof. Tt is clear that for any = € Ext (Bx), |Ext (J(z))| = 2. Let us consider Ext (J(z)) =
{z7],25}. Suppose on the contrary that S = {x7}. Let ker 27 N .Sx = {£xo} and let ker 25N Sx =
{£yo}. Since z] and x5 are linearly independent, it follows that min{||xo + yoll, ||xo — yol|} =
dp > 0. Let us consider ||zg — yo|| = do. It is easy to observe that either of the following holds
true:

(a) sgn(w3(Tx)) # sgn(z}(xo)),

(b) sgn(w3(Tx)) # sgn(w3(~z0)).

Without loss of generality we assume that (a) holds true. Note that since z3 is continuous,
there exists a § > 0 such that for each z € Bs(xg) we have sgn(z3(z)) = sgn(x3(x0)). Choosing
8 = %0 it can be easily observed that y € By (z9) N Sx implies |z5(y)| > €9, for some positive

scalar €. Since z7 is continuous, it follows that there exists §” > 0 such that for any y € Bs» (o),

|23 (y)| < eo. Taking ¢ = min{d,d’, 6"}, we obtain that y € Bgw(x9) N Sx implies |x3(y)| >
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|7 (y)|. Moreover, there exists an y; € By (xg) N Sx such that sgn(zf(y1)) = sgn(aj(Tx).
Summarizing the above arguments we obtain the following conclusions:

(i) |z5(ya)| = [27 (y1)],

(i) sgn(zi(y1)) = sgn(zi(Tz)),

(iii) sgn(z3(y1)) # sgn(z3(Tx)).

This implies that S is not a set of sign determining extreme support functional for T" at =, which

is a contradiction. Hence the theorem. ]

We end this section with the following theorem which gives a necessary condition for an

operator on a Banach space to be nr-left symmetric.

Theorem 3.17. Let X be a strictly convex, finite-dimensional Banach space. Let T € 1L(X) be
nr-left symmetric. Suppose x € M,y be such thaty Lp x for some smooth pointy € Sx. Then
yLlpTy.

Proof. Let J(y) = {y*}. Then from y L g x and [42, Th. 2.1], we get y*(z) = 0. Define A € L(X)
by Az = y*(z)y for all z € X. Then 2*(Ax) = 0. Therefore, T' 1,, A, which implies that A L, T.
From [62, Th. 3.1], it follows that there exist t; € [0,1] and y} € Sx~,y; € Sx fori =1,2,3 such
that t1 +to +t3 = 1, |y (vi)| = 1,y (Ay;) = w(A) and Z?:l tiy; (Tyi) = 0. Clearly, y; € M),
ie., y; = Ay for i =1,2,3, where |\;| = 1. Now, v (Ay;) = w(A) implies that y;(A\;y) = 1. Thus
Ny € J(y) = {y*} and so y; = \y*. Therefore Zf’zl tiyf(Ty;) = 0 = Z?:l tizy*(\Ty) =
0= 2 ti*(Ty) = 0= y*(Ty) = 0. It now follows from [42, Th. 2.1] that y Lp Ty.

O

3.5 Nr-symmetry on some particular Banach

spaces

In this section we completely characterize the nr-left symmetric and nr-right symmetric op-
erators defined on ¢7 and ¢7, defined over the real field. Recall that the numerical index of
a Banach space X is defined as n(X) = inf{w(T) : T € Syx)}. From [50], we know that
n(l}) = n(ll) = 1. If X = (7 or £, then w(T') = ||T||, for each T" € L(X) and so Birkhoff-
James orthogonality in the sense of numerical radius norm coincides with usual Birkhoff-James
orthogonality in L(X). Thus T is nr-left symmetric (resp. nr-right symmetric) iff 7" is left sym-
metric (resp. right symmetric). Although the left symmetric and right symmetric operators on

27 and (2 have been studied in [33, 34], here we discuss the situation with nr-left symmetric
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and nr-right symmetric operators on ¢} with an alternative analytic approach. To do so we

need the following lemmas.

Lemma 3.5. Let 27, x5 € Ext (Bgny«) be such that x7 # +a5. Then there exists u € ] satisfying
the following three:

(i) u is smooth point.

(ii) x3(u) = 0.

(i) w3(u) = [lull = sup{ly* ()| : y* € Bxt (Bigg)-)}.

n

n, we assume that =] = (a1x)1<k<n and

Proof. Since (¢})* is isometrically isomorphic to ¢
x5 = (0ok)i1<k<n, Where x7(er) = o and z3(er) = agy. It is easy to see that if we choose
u = (ug)i<k<n € ¢1 such that sgn(uy) = sgn(agg), for each k € {1,2,...,n} then z}(u) =
[ull = sup{|y*(u)| : y* € Ext (B(g)~)}. Thus (iii) holds true. Now let us consider two sets A;

and As, where

A = {k: c {1, 2,... ,n} ssgn(agg) = Sgn(a%)}n

As ={k e {1,2,...,n}: sgn(a1x) = —sgn(agk)}-

Note that since z} # ta3, A;, As # 0. Also, A1 U Ay = {1,2,...,n}. Let |A;| = ng and this

implies |A2| = n — ng. Moreover, we observe that

wi(u) = sgn(a)sgn(ue)|ug = sgn(aw)sgn(oo)lue] = Y uel = Y Jugl.

k=1 k=1 k€A k€Az

1

ng’

Now we choose |ug| = when k € A; and |ug| = nfno, when k € As. One can easily verify

that 27 (u) = 0. Therefore, (ii) holds true. It is easy to see that w is a smooth point in ¢} and

hence (i) is satisfied. This proves the lemma. O

Lemma 3.6. Let x1 € Ext (B ), where n > 3. Then there exist a set {y1,y2,...,Yn} C
Ext (Bgn)) \ {£x1}, which is linearly independent.

Proof. Suppose that z1 = (211,212, . .., 1) € Ext (B ), where z1; = 1, forall j € {1,2,...,n}.
Let us choose a set {y1,42,...,Yyn} such that

Yy = (_mllaml%"'vl‘ln)v

Y2 = (3111,*9012,-~~,$1n)7
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Yn = (T11,212,..., —T1n).

Clearly, for each 1 <14 < n, y; € Ext (B ) \ {1}. Since n > 3, it is easy to see that the set
{y1,92,...,yn} is linearly independent. This proves the lemma.
O

We observe that Lemma 3.6 essentially exhibits a stronger form of the following result, in

the particular case of 7.

Proposition 3.1. [63, Th. 3.5] Let X be a finite-dimensional polyhedral Banach space and let
x € Ext (Bx). Then there exists a set {z},x5,...,z5} € Ext (J(z)), which is linearly indepen-
dent.

In view of Lemma 3.6 and Proposition 3.1, the following remark seems pertinent.

Remark 3.18. Unlike Proposition 3.1, Lemma 3.6 is not necessarily true for any given Banach
space. This is easy to see in case of £1. Indeed, Ext (Bg?) = { +eq,teo,..., :I:en}, from which

it is evident that Lemma 3.6 is not valid in this case.

In the next theorem we show that there exists no nonzero nr-left symmetric operators on

7(R), whenever n > 3. To prove that the following lemma is essential.

Lemma 3.7. Let T € L({}) be nonzero and nr-left symmetric. Then the following two hold
true:

(i) My 1y = {*x(ei, €} )}, for some fired e; € Ext (Bep) and e} € Ext (J(ei)).

(i) For any (ej,e}, ) € Ext(Be) x Ext(J(e;)) satisfying |ej Te;| < w(T), it follows that
e; Tej =0.

Proof. Suppose on the contrary that there exists (ej,ej ) € My r) such that (ej,ej) #
*(ei,ef ). If €, # =+e; then applying Lemma 3.5, we note that there exists a u € £} such
that it satisfies the following three conditions:

(a) u is a smooth point.

(b) ef (u) =0.

(c) €, (u) = [|u].

Now we define a linear map A : ¢1 — ¢} by Ae; = u and Ae, =0, for any k € {1,2,...,n}\{j}.
Clearly, w(A) = |ul|. Since u € £} is a smooth point, it follows that My, (1) = £{(ej,¢},)}. As
e; Tej # 0, we get from Theorem 3.2 that A L, T, whereas €] (Ae;) = 0 implies 7' L, A. This

contradicts the fact that 7' is nr-left symmetric. If €j = e; but e; # +e; then using similar

43



Chapter 3. Numerical radius orthogonality: Symmetry of bounded linear operators

argument as given above we conclude the same. Thus the proof of (i) is completed.

To prove (ii), let us assume, contrary to our claim that there exists (ej, e} ) € Ext (Bg) X
Ext (J(e;)) satisfying |e}, T'e;| < w(T') such that e} Te; # 0. Then following similar argument
as given in the proof of (i), we can construct an A € L(¢}) such that T' L,, A where A f,, T.

This contradiction proves (ii). This completes the proof of the lemma. O

Theorem 3.19. Let T € L({}), where n > 3. Then T is nr-left symmetric if and only if T' is

the zero operator.

Proof. The sufficient part is trivial. We only prove the necessary part of the theorem. From
Lemma 3.7 we get My 1y = {£(ei, e} )}, for some fixed e; € Ext (B ) and e; € Ext (J(e:))
and e} T'ej = 0, where j € {1,2,...,n} \ {i} and ¢} € Ext(J(e;)). Therefore, applying
Proposition 3.1 we get Te; = 0, for all j € {1,2,...,n} \ {i}. Moreover, we see again from
Claim (ii) of Lemma 3.7 that efkTei =0, for all k£ # r. Since n > 3, from Lemma 3.6, we obtain
that there exist e;‘kl , e;‘kQ ;oo €, € Ext (J(ei)) \ {*e; }, which are linearly independent. This
implies that Te; = 0. Thus we obtain that T is the zero operator. This completes the proof of

the theorem.
O

Note that the above theorem holds only for n > 3. In the next theorem we characterize the

nr-left symmetric operators in L(¢?).

Theorem 3.20. Let T € L(£2). T is nr-left symmetric if and only if the matrixz representation

of T with respect to the standard ordered basis is one of the following forms:

A0 A0 0 A 0 A
(4) ; (i) , (@) ; (i)
A0 -XA 0 0 A 0 —A

where X € R.

Proof. Suppose that T is nr-left symmetric. If T' is the zero operator then we are done. Let T be
nonzero. Then from (i) of Lemma 3.7, we get My (1) = {£(e;, € )} or My (1) = {£(e;, —€j, )},
where i = 1,2, k = 1,2 and e}, = (1,1),ef, = (1,-1),e5 = (1,1),e35, = (—1,1). Without
loss of generality assume that Myy gy = {&(e1,e],)}. Then from (i) of Lemma 3.7, we get
ej,Ter =0,e5 Tez = 0, and e3 Tey = 0. Therefore, Te; = A(1,1) and Teg = 0, for some \ € R.

Thus the matrix representation of 7' with respect to the standard ordered basis is

A0
A0

T:
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Therefore, the form (i) is established. Similarly, considering other possibilities of Myy (1) we
get the desired forms of operator T. To show the sufficient part, let T be given in the form (i).
Then clearly, T'e; = (A, ) and T'ea = 0, where A € R. Suppose A € L(¢7) is such that T' L,, A.
If X = 0, then we are done. Let A # 0. Then it can be easily seen that My (7 = {£(e1,e7,)}
or {£(e1, —e7,)}. Now following Theorem 3.2, we observe that ej; Aey = 0. Clearly, (e1, tej,) ¢
My (a)- Let (ej, €}, ) € Ext (B@) x Ext (7 (ej))\ (e1, £e7,) be such that (e;, e}, ) € Myy(4). Now
since €} T'e; = 0, it follows from Theorem 3.2 that A 1, T Similarly, considering the other
three forms (ii), (iii) and (iv) of T, we can show that 7" is nr-left symmetric in each case.

O

Remark 3.21. In [33, Th. 2.3] it is proved that if T € L(¢}) then T is left symmetric if and
only if T attains norm at only one extreme point, image of which is a left symmetric point of
£} and images of other extreme points are zero. However, for n > 3, there exists no nonzero
left symmetric point (see [19, Th. 2.8]) and so it follows that T is left symmetric if and only if

T 1is the zero operator.

We now study the nr-right symmetric operators on ¢'(R). We first present a necessary

condition for nr-right symmetric operators on ¢} (R).

Theorem 3.22. Let T' € LL({}) be nr-right symmetric. Then for each e; € Ext (Byr), there
exists a set S; C Ext (J(e;)) of sign determining extreme support functionals for T at e; such

that either (e;, e} ) € My (r) or (i, —€j, ) € My (), for each €], € S;.

Proof. We prove the theorem in the following two steps:

Step I: In our first step we show that for every e; € Ext (Byp), there exists e} € Ext (Bn)
such that (e, €], ) € Myy(r). Suppose on the contrary that there exists e, € Ext (Bgy) such that
(ep €5, ) & My (1), for all ej, € Ext (Byn ). Now we consider the following two cases:

Case I: Let Te, = 0. We define a linear map A € L(£7) by

Ae;j = w(T)ej,j=p

Ae; = Te;, otherwise.

Since w(A) = maxi<i<n{le] (Aei)| @ (esef) € Ext(Bep) x Ext(J(ei))}, it can be easily
observed that w(A) = w(T) and either (ey, ey ) € Myya) or (ep, —e; ) € Myy(a), where
ey, € Ext(J(ep)). Since Te, = 0, ey Te, = 0, which implies 0 € conv{(z*Tx) : (v,z%) €
M4y} So from Theorem 3.2 we get A L, T. Suppose that (ej,e} ) € My(r), for some
j€{L,2,...,n}\ {p} and €} € Ext(J(e;)). Then we observe that (e;, e} ) € Myy(4). There-
fore, €} (Ae;) = €} (Tej;) = w(T) > 0. Thus 0 ¢ conv{z*Az : (z,2%) € Myy()}. Hence from
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Theorem 3.2, T' [, A. This contradicts that T is nr-right symmetric.
Case II : Let Te; # 0. Then from Proposition 3.1, there exists e, € Ext(J(e,)) such that
ey, (Tep) # 0. We define a linear map A € L(£}) by

Aej = sgn(ej, (¢j))w(T)ej, j=p

Aej = —sgn(ep, (Tep))Te;, otherwise.

It is straightforward to see that w(A) = w(T') and (ep, e, ) € Myy(a). Let (ej,€},) € My (1),
for some j € {1,2,...,n} \ {p} and ¢} € Ext(J(e;)). It is easy to observe that [} Ae;| =
w(T) = w(A). Then either (e;, e, ) € Myy(a) or (&5, —€j,) € Myy(4). Without loss of generality
assume that (e;, e} ) € Myy(4). This implies that

e;»kTej = fsgn(e;kTep)(e’;kAej) = fsgn(e;kTep)w(A). (3.2)

Thus we obtain that sgn(e; T'ej) # sgn(ey, Tep). In other words, 0 € conv{z*Tz : (z,2") €
My A)}. Therefore, applying Theorem 3.2, we get A 1, T. On the other hand, suppose that
(ej,€],) € Mw (7). Then applying Equation (3.2), we obtain that sgn(e}, Ae;) = —sgn(ey, T'e;) #
0. This implies that for any (e;, €}, ) € My (r), the sign of (e}, Ae;) is same as well as nonzero.
Therefore, 0 ¢ conv{z*Ax : (z,2%) € My (1)}. Applying Theorem 3.2, we get T' f,, A, which
is a contradiction to the fact tat T is nr-right symmetric.

Step II: Now in the final step we show that for each e; € Ext(B), there exists a set
S; C Ext(J(e;)) of sign determining extreme support functionals for T' at e; such that ei-
ther (e;, €}, ) € Myy(r) or (e;, —e€j, ) € Myy(p), for each ej € S;. Suppose on the contrary that
for some p € {1,2,...,n} there does not exist a set S, of sign determining extreme support func-
tionals for T at e, such that either (ep, ey, ) € My (1) or (e, —€,, ) € Myy(y, for all e, € S,
Then there exists an element v € 7 such that

(1) for some €, € Ext (J(ep)) \ Spr leg, (v)] = sup{lg(®)] : g € J(ep)}:

(2) sgn(ey, (v)) = sgn(ep, (Tep)), for all e, € Sp,

(3) sgn(ey, (v)) # sgn(ey, (Tep)).

Now let us define a linear map A : £} — £} by

Aej = v, j=p
eX (v
Ae; = |1Zt((T))|Tej’ otherwise.

It is easy to check that w(A) = [ey, (v)|. Then either (e, e5,) € Myy(ay or (ep, —€5,) € Myy(a

and therefore from (3), we note that either ey T'e;, < 0 or (—e;, )T, < 0, respectively. Moreover,
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for any j € {1,2,...,n} \ {p}, (ej,€j,) € My (a) if and only if (ej,e},) € Myy(7). Thus
e;. Tej > 0. Now it is easy to see that 0 € conv{z*T'x : (z,2") € Myy(4)}. Applying Theorem
3.2, we obtain that A L, T. On the other hand, suppose that (ej,ej ) € My (). If j = p
then from (2), we observe that e} Ae; > 0. Also, note that for any j € {1,2,....n} \ {p},
(ej,€5,) € My (p) if and only if (ej,€j ) € Myy(a). This gives us e} T'e; > 0. Therefore,
0 ¢ {z"Az : (v,2") € My(r)}. Thus again applying Theorem 3.2, we get T' [, A. This

contradicts that T is nr-right symmetric. This completes the proof of the theorem. O

Combining Theorem 3.12 and Theorem 3.22 together, we obtain the following characteriza-

tion of nr-right symmetric operators in L(¢}).

Theorem 3.23. Let T € L({}). Then T is nr-right symmetric if and only if given any e; €
Ext (Bg{z), there exists a set S; of sign determinig extreme support functionals for T at e; such

that either (ej, e, ) € My (r) or (ej, —€},) € My 1y, for each e}, € S;.

In the next theorem we explicitly characterize the nr-right symmetric operators. For this

we first need the following lemma.

Lemma 3.8. Let X be a finite-dimensional polyhedral Banach space. Let {x},x5,...2}} €
Ext (Bx+) be such that it contains r linearly independent elements. Suppose that x € ﬂleMx:.
Then the following hold true:

(i) x € F, where F' is a face of Bx.

(ii) dim(F) < n —r.

Proof. Since z € ﬂi-“:lMx;f, without loss of generality we assume that z € {y € Sx : 1 <i <
k and z}(y) = 1}. We denote the above set as F,. Clearly, F; is convex. Let w,z € Sx be
such that tw + (1 —t)z € F,, where 0 <t < 1. Then it is easy to note that z}(w) = z}(z) =1,
for all i € {1,2,...,k}. Therefore, w,z € F,. Thus the claim (i) is satisfied. Next consider
S = span{u — v : u,v € F,}. Clearly u — v € N¥_; kerz} and so S C N¥_, ker 7. Since the set
{a%,2%,...2}} contains r linearly independent elements so dimension of N¥_, ker 2} is n —r and
hence dim(S) = dim(Fy,) <n —r.

O

Theorem 3.24. Let T € L({}) and let w(T) = 1. Then T is nr-right symmetric if and only if
Te; = tej, where i,j € {1,2,...,n}.

Proof. Since the sufficient part of the proof directly follows from Theorem 3.10, we only prove
the necessary part. Let T € L(/}) be nr-right symmetric. From Theorem 3.23, for each
e; € Ext (Byp) there exists a set S; = {e] } C Ext (J(e;)) of sign determining extreme support
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functionals for T" at e; such that (e;, e ) € My (), for all e € S;. For each 1 < i < n, let
us consider the set N; = {e; € Ext(J(e;)) : (&€} ) € My )} Clearly, S; C N, for each
1 < i < n. We claim that each N; contains n linearly independent elements. Suppose on the
contrary that there exists j € {1,2,...,n} such that N; contains r(< n) linearly independent
elements. Note that T'e; ¢ Ext (Byr). Otherwise, N; = Ext (J(e;)) and so from Proposition 3.1
Nj has n linearly independent elements. Using Proposition 3.1, we get e} € Ext (J(e;))\span N;
such that |e;‘-STej| < 1. Since Te; € ﬂe;peNj Me;_p, it follows from Lemma 3.8 that there exists a
face I such that T'e; € F, where dim(F') < n — r. Moreover, dim(F") > 0, as T'e; ¢ Ext (Byp).
Without loss of generality, assume that F' = co{ey, e, ...,en}. Since F is a face and F' C Me;k,
it follows that for each 1 < ¢ < m, sgn(ej Tej) = sgn(ej et), where e € S;. Note that

J
Me; = F, U —Fj, where Fy, = {z € Sen ejs(:v) = 1}. Observe that F ¢ Fy and F ¢ —Fj.
Otherwise, we get Te; € Fs or Tej € —F;,. This implies that |e;STej| = 1, which is not possible.
Again for each 1 < t < m, either ¢; € F; or ¢, € —F5. Consider e; € Fs and e, € —F.
Suppose that e;f (Tej) > 0. Then choosing v = e, it is straightforward to obtain the following

E]

observations:

(i) l€], (em)| =1 = sup{|ej(em)| : €] € J(e;)}

(ii) sgn(ej, (T'e;)) = sgn(ej, (em)), for all €] € S;.

(if) sgn(e’, (Te;)) # sgn(e, (em)).

Therefore, S; is not a set of sign determining extreme support functionals for 7" at e, which is
a contradiction. Similarly, if e} (T'e;) < 0 then choosing v = €1, we get a contradiction. This
proves that for each 1 < i < n, N; contains n linearly independent elements. Since for each
1<i<n,Te € ﬂe;ke Nz'MeZk and N; contains n linearly independent elements, it follows from
Lemma 3.8 that there exists a face F' of By such that T'e; € F' and dim(F') = 0. This implies
that Te; € Ext (Bg?), for each 1 < i < n. This completes the proof of theorem.

OJ

We note from Theorem 3.19 that there are no nonzero nr-left symmetric operators in L(¢7),
whenever n > 3. Together with this if we consider Theorem 3.20 and Theorem 3.24 then we

obtain the following result.
Theorem 3.25. Let T € L(¢}). Then T is nr-symmetric if and only if T is the zero operator.

Finally we discuss characterizations of the nr-left symmetric and nr-right symmetric oper-
ators on 2 (R). Recall that w(T") = ||| for all T € L(¢Z,(R)). Now noting that T Lp A <

T 1, A and using results from [34] we get the following characterizations.

Theorem 3.26. [3/, Th.2.1] Let T € L(¢%) and T = (t;j) be the matriz representation of T

with respect to the standard ordered basis. Then T is nr-right symmetric if and only if for each
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1 <i < mn, exactly one term of t;1,t;o, ..., tin s nonzero and of the same magnitude.

Theorem 3.27. [34, Th.2.3] Let T € L({%). Then T is nr-left symmetric if and only if T
attains its norm at only one pair of extreme points, say £(1,1), T(1,1) is a left symmetric

point and images of the other two extreme points are zero.

Theorem 3.28. [394, Th.2.5] Let T € L({%), where n > 3. Then T is nr-left symmetric if and

only if T is the zero operator.

Combining the above three theorems, we immediately get the following characterization of

nr-symmetric operators on £2..

Theorem 3.29. Let T € L(¢%). Then T is nr-symmetric if and only if T is the zero operator.
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CHAPTER 4

GEOMETRIC CONSTANTS IN A
NORMED LINEAR SPACE THROUGH
[SOSCELES ORTHOGONALITY

4.1 Introduction

There are various geometric constants associated with a normed linear space, which are useful
towards a quantitative understanding of the geometry of the space and also play an important
role in the study of some other related problems of functional analysis. The James constant
is one of the most prominent geometric constants associated with the space, which measures
the “non-squareness” of the unit ball of a normed linear space. Our main focus is to illustrate
the central role played by isosceles orthogonality, a natural generalization of the usual orthogo-
nality in an inner product space, in studying various geometric constants, including the James

constant. Before proceeding further, let us fix the notations and the terminologies.

Content of this chapter is based on the following paper:

e D. Sain, S. Ghosh, K. Paul, On isosceles orthogonality and some geometric constants in a normed
space, Aequationes Math., 97(2023), no. 1, 147-160. https://doi.org/10.1007/s00010-022-00909-y.
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Let X,Y denote real normed linear spaces. Let Bx = {z € X : ||z]| <1} and Sx = {z € X:
|lz|| = 1} denote the unit ball and the unit sphere of X, respectively. An element z € X is said
to be isosceles orthogonal [42] to an element y € X, denoted as x Ly vy, if ||z + y|| = ||l — v
Geometrically it means that the length of the two diagonal vectors ||z + y|| and ||z — y|| of the
parallelogram formed by two vectors z and y are equal. We refer the readers to [2, 5, 45] for
more information related to this topic. An element x € X is said to be approximate isosceles
orthogonal [20] to y if for € € [0,1), |||z +y||* — [z — y|I*| < 4e[|z| ||y, and is written as = L§ y.
Note that approximate isosceles orthogonality is symmetric, and therefore, so is exact isosceles

orthogonality.

4.2 Preliminaries

We mention the definitions of the following geometric constants, to be studied throughout this

paper.
Definition 4.1. [30] Let X be a normed linear space.

(i) The James constant, denoted by J(X), is defined as
J(X) = sup { min {|lz + y|, |o ~ v} : 29 € Sx .
(i) For x € Sx, the local James constant, denoted by f(x), is defined as
B(x) = sup { min {[la +yll, Il ~yl|} : y € Sx }-
(i1i) The Schaffer constant, denoted by S(X), is defined as
$(X) = inf { max { |z + yll, |l — yl}} : @,y € Sx }.
(iv) For each x € Sx, the local Schéffer constant at x, denoted by a(X), is defined as
a(w) = inf { max {Jlo +y|. |z — yll} : y € S .

We note from [30] that for a given normed linear space X, v2 < J(X) < 2. Moreover, X
is said to be uniformly non-square if and only if J(X) < 2. It is also known that J(X) = /2
whenever X is an inner product space but the converse is not true, in general. In [56], the

authors studied the normed linear spaces with James constant /2.
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Generalizations of the notions of the James constant and the local James constant, were
introduced in [59] in the following way. For A € (0,1), the generalized James constant, denoted

by J(A, X), is defined as
J(AX) = sup { min {[]Az + (1= Nyll, 1Az = (1= gll} : 2,y € Sx }

and for x € Sx, the generalized local James constant, denoted by S(A, ), is defined as
B w) = sup { min {| Az + (1= Ny, IAe = (1= Ny} -y € Sx }.

We also need two other well-known geometric constants, modulus of smoothness and modulus

of convexity, which are denoted by px(€) and dx(€), respectively, and are defined as

T+

px(€) :sup{l A 5 vl 1z, € Sx, flz —yll < 6}’
. +

dx(e) = 1nf{1 e 5 d cw,y € 5x |z —yll = 6},

where € € [0,2]. We note from [57, Cor. 5] that dx is a continuous function on [0,2) whereas

from [94], px is continuous on [0, 2]. The modulus of smoothness is also defined as:

) = s (el tlzall

z,y€Sx 2

or (equivalently)

z+y||l+lr—y
o = {lerplrle—ul

. lall = 1, Iyl < €}

Observe that p§(e) is not equivalent to px(e) ( see [10, Th. 1] ).

Given any z,y € X, we denote by [z,y) the ray passing through y and starting from z, i.e.,
[z,y) ={(1—t)z+ty: ¢t > 0} and [z, y] denotes the closed convex line segment between x and
y, ie, [z,y] = {(1—t)x+ty : 0 <t < 1}. Another important concept to be used in this paper is
that of orientation. Following [12], we say that x precedes y in a two-dimensional Banach space
X, if z1y2 — xoy1 > 0, where = (21,41),¥ = (y1,¥2) € X and in this case we write that z < y.
Of course, here X is identified with R? in the obvious way. We note from [45, Cor.2.4] that for
any = € Sx there exists a unique (except for the sign) y € Sx such that x L y. In particular,
whenever it is given that x 1 y, without loss of generality we can assume that —y < = < y.

We also consider the attainment set Mjx) of the James constant:

Mjx) = {(z,y) € Sx x Sx s min{[lz +y|, [l — y[[} = J(X)}.
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When X is finite-dimensional, M jx) # 0.

We end this section by mentioning the following known results, which are essential in our

works of this chapter.

Lemma 4.1. [60, Prop. 31] (monotonicity lemma): Let X be a two-dimensional Banach
space. Let x,y,z # 0, x # z, with [0,y) lying in between [0,x) and [0,z), and suppose that
lyll = llz|l. Then ||z —y|| < ||z — z||. In particular, if X is strictly convez, then we always have

strict inequality.

Lemma 4.2. [30, Lemma 2.2] Let X be a two-dimensional Banach space and let © € Sx. Then
there exists a unique y € Sx such that a(x) = B(z) = ||l + y|| = ||l — y||-

Theorem 4.1. [30, Th. 3.3] Let X be a normed linear space. Then

J(X) =sup {e:e<2—20x(e)}.

Proposition 4.1. [30, Prop. 2.8] Let X be two-dimensional Banach space. If Sx is affinely
homeomorphic to a convex symmetric body in the two-dimensional Euclidean space R? which is

invariant under a rotation of %, then J(X) = v/2.

Theorem 4.2. [}5, Th. 2.3] Let X be a two-dimensional Banach space and let © € X be non-
zero. Then for each number 0 < r < ||z||, there exists a unique y €€ rSx such that x Ly y.
Moreover, if X is strictly convex then for each r € [0,400), there exists a unique y € rSx such

that x 1t y.

4.3 James constant and Isosceles orthogo-

nality

In [30], Gao and Lau proved that in a two-dimensional Banach space X if 2,y € Sx are such that
x L1y, then 8(z) = 8(y) = ||z — y|| = ||x + y||. We begin with a proposition by establishing a
similar result in the case of the generalized local James constant (A, x), from which the above

result follows directly as a particular case (A = 1).

Proposition 4.2. Let X be a two-dimensional Banach space and x,y € Sx. If v 1 (%)y,
where A € (0,1), then B\, z) = || Az + (1 — Nyl = [|[Az — (1 = N)y].
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Proof. Let z Ly (152)y. Then we get, [Az + (1 — N)y|| = ||]Az — (1 — A)y||. Clearly, for any
z # +y we have (1 — \)z # +(1 — \)y. Consider the following four sets :

01:{(1—»”8:3%: <t<1),
02:{(1»”8_23;_2”:09@},
Co= (=N gy 0SS
Cr= (0= N g 0SS T

whose union is the circle of radius |1 — A| and the sets C; intersect only at +(1 — Az, (1 — \)y.
Observe that for any z € Sx, we have (1 — \)z € Cj, for some i, 1 < i < 4. Let us assume
that (1 — X\)z € Cy. Then applying Lemma 4.1 it is straightforward to observe that ||[Az + (1 —
Az|| > ||Az + (1 — Nyl|| whereas ||Az — (1 — N)z|| < [[Az — (1 — A)y||. Therefore, we obtain,
min{[|Az — (1= Ayll, Az + (1 = Nyll} = [Az = (1 = Nyl = [|]Az = (1 = A)z[| = min{|Az — (1 -
ANzl [[Az + (1= N)z||}. If (1 — X)z € C;, for some i € {2,3,4} then we can proceed similarly to
conclude that min{||Az— (1 =Ny, [[Az+ (1 —=X)y||} > min{||Ax—(1—=N)z]|, | Az+(1—=N)z||}. As
z € Sx is arbitrary, we get S(\, ) = min{|[|Az— (1 =Ny, | dz+ (1 =Ny||} = Az +(1-N)y| =
Az = (1= Nyl. [

To determine the value of J(\, X) of a normed linear space X, we observe the following:

Remark 4.3. Following Proposition 4.2, it is easy to observe that for a given X € (0,1),

1—-A
JAX) = sup{Ihz+ (1 =Nyl zy € Sxw Lr (5w}

1—-A
= Sup{||)\ﬂc—(1—>\)y|\:x,yESX,xL[( 3 )y}

Therefore, to find the generalized James constant J(\,X), for a given X € (0,1), we only need
to consider the subset {(x,y) € Sx X Sx :x L (%)y} C Sx x Sx.

In the following theorem, we study the converse of Proposition 4.2.

Theorem 4.4. Let X be a strictly conver normed linear space and z € Sx,\ € (0,1). If
BN z) = min{||[Az + (1 = N)y]|, | \x — (1 = Nyl|}, for some y € Sx, then x L (%)y

Proof. Clearly x # +y. Since x,y are linearly independent consider the two-dimensional sub-
space Y = span {z,y}. If possible let us assume that = £; (:32)y. Then either ||z + (152)y| >
[z — (52)yll or lz — (52)yll > [z + (52)y|l. Without loss of generality we assume that

lx + (%)y“ > ||z — (%)y” so that (A, z) = || \x — (1 — \)y||. Applying Theorem 4.2, there
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exists a unique z € Sy (except for the sign) such that z L %z. Observe that either

() the ray [0, (1 — A)y) lies in between the rays [0, Az) and [0, (1 — \)z) or

(17) the ray [0, (1 — X)y) lies in between the rays [0, Az) and [0, —(1 — X)z).

Assume that (7) holds. Since Az, (1 — Ay), (1 — Az) # 6 and ||[(1 — Ny|| = [|(1 — N)z]| ap-
plying Lemma 4.1, together with the assumption that X is strictly convex, we conclude that
Az — (1 = Ny| < ||Ax — (1 = X)z|| = ||Ax + (1 — X)z||. This implies that (A, z) < min{|| Az —
(1 —=X)z|[, Az 4+ (1 — \)z||, a contradiction to the definition of B(A, x). If (é4) holds then also we

can proceed similarly. Thus we must have x 1 (%)y O

1

It is easy to see that B(%,x) = 36(x), for any x € Sx. Therefore, taking A = L

5, we state

the following result as a particular case of Theorem 4.4 that studies the converse of [30, Lemma
2.2(1)).

Theorem 4.5. Let X be a strictly convexr normed linear space and let xq € Sx. If yo € Sx is

such that B(zo) = min{||zo — yol[ lzo + yol|}, then zo L1 yo.

The following example illustrates that the condition of strict convexity in the above theorem

cannot be relaxed in general.

Example 4.6. Let X = (%2 and let xop = (1,0) € Sx. To compute B((1,0)), we observe that
any y € Sgz_ can be written as either y = (o, £1) or y = (£1, ), where =1 < o < 1. It is
straightforward to observe that whenever y = («, £1), min{||xo — y|oc, [|Z0 + Y|l } = 1. On the
other hand, min{||xo — ylloo, [0 + ¥lloc } = || < 1, when y = (£1,«). Therefore, 8((1,0)) = 1.
Clearly, for any y = (o, 1) with 0 < a < 1, we have that

min||zo = ylloo, |70 + Ylloc} = min{1, [1 + o} = 1 = 5((1,0)).

In particular, we observe that isosceles orthogonality is not a necessary condition for the attain-

ment of 5(x), where x € Sx.

Remark 4.7. For another local constant a(x), introduced in [30], using similar arqguments as
in Theorem 4.5, we conclude that if xo,yo € Sx with max{||zo — yol|, [[x0 + yo||} = a(zo) then

xo L1 yo, provided X is strictly convex.

Regarding the attainment of the local James constant S(z) in an arbitrary Banach space, we
have already noticed that if there exist zg, yo € Sx such that min{||zo — yol|, ||zo +vol|} = B(z0o)
then xg f; 9o, in general. However, as illustrated in the following theorem, we are going to
observe a stronger behavior with respect to isosceles orthogonality, in the case of attainment of

the corresponding global constant J(X).
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Theorem 4.8. Let X be a normed linear space. Let u,v € Sx be such that min{||u — v, [|[u +
v||} = J(X). Then u L v.

Proof. We prove the theorem by considering the following two possible cases.

Case (i): Let us assume that J(X) = 2. Then min{|ju — v||, |Ju+ v||} = 2. It is trivial to see
that max{||z+yl, |x—y|l : z,y € Sx} < 2. Therefore, it necessarily follows that ||u+v|| = |[u—v]|,
ie,u Lro.

Case (ii): Suppose that J(X) < 2. Consider the set S = {e€ € [0,2) : € < 2 — 2x(¢)},
where dx(e) = inf{l — M cx,y € Sx and ||z — y|| > €}. From Theorem 4.1, we observe
that sup S = J(X) < 2. Suppose on the contrary that u f; v. Without loss of generality, let us
assume that ||u 4+ v|| > ||lu — v]||. Also, let ||u — v|| = ¢p = J(X) < 2. Then, 1 — w <1-9
implies that dx(eo) < 1 — 9, i.e., e < 2 — 20x(eo). Therefore, eg € S. Now, from [57, Cor. 5],
we note that dx(€) is a continuous function on [0, 2). Therefore, it is easy to verify that S is an
open set in R, with its usual topology. Since ¢y € S and S is open, it follows that there exists
o > 0 such that ey + pg € S, which contradicts our assumption that sup S = J(X) = ¢y. Hence

lu—v] = |lu+v|, ie., u L v, as claimed. O

Remark 4.9. Forxz € Sx ande € [0,1), let us consider the set A(x,€) = {y € Sx : « LS y}. Now
it is easy to see that for any € > 0, if z € {X\ A(x,€)} N Sx then min{||z+ z||, ||z — 2|} < J(X).
For, otherwise, from Theorem 4.8 we obtain x 1| z, which contradicts z € {X \ A(z,€)} N Sx.

In view of the Example 4.6, it is natural to speculate whether strict convexity is essential
for Theorem 4.5. We negate this by means of the following explicit example, constructed with
the help of Theorem 4.8.

Let us recall from [56] that for each 6 € R, the f-rotation matrix R(6) is given by

cosf —sind
R(0) =

sinf  cosf

A norm ||.|| on R? is said to be f-invariant if R(#) is an isometry on (R, ||.|]).

Example 4.10. Let X be the two-dimensional Banach space, identified as R?, endowed with the
norm ||(z,y)|| = max{|z|, |y|, 2~ Y2(|z|+|y|)} for any (z,y) € R It is easy to verify that Sx is a
regular octagon, with vertices vy = +(1,v/2—-1), v = £(v/2—1,1), fv3 = £(1—-v/2,1), +v4 =
+(—1,v/2 — 1). The unit sphere is shown in the following figure:

It is easy to see that the given norm on R? is T -invariant. Let Ey be the edge joining the

vertices —v4,v1. Therefore, the following two conditions are equivalent.

56



Chapter 4. Geometric constants in a normed linear space through isosceles orthogonality

V3 (%)

V4 U1

—U —U4

—V9 —7U3
Figure 4.1: Unit ball of X

(i) If for any T € Ey there exists an § € Sx such that min{||z — y||, [|Z + y||} = B(Z) then
517

(it) If for any T € Sx there exists an y € Sx such that min{||Z — ||, [|Z + y||} = B(T) then

EJ_[ Y.

We will show that (i) holds true. Anyu € Ey can be written as u = (1,7), where || < v/2—1.
Also, given any v = (1,v) € Ey, we have v = £(—~,1) € Sx such that uw L; v. From Lemma
4.2, we obtain that B(v) = |lu — v|| = V2. On the other hand, from Proposition 4.1 it follows
that J(X) = /2. This implies that (u,v) € Mx)-

Since B(Z) = V2 for any T € Ey, it is easy to see that min{||Z + 7|, |7 — ¥||} = B(T) implies
that (Z,y) € M jcx). Now applying Theorem 4.8, we conclude that T L1 y.
In particular, Theorem 4.5 may indeed hold true for certain Banach spaces which are not strictly

CONVEX.

As a complementary notion of the James constant, we may also consider the Schéffer con-
stant, in view of Theorem 4.8. It can be shown similarly by using the method from [30, Th.
3.3] that:

S(X) =inf{e: e >2—2px(e)}.

Recall that px(e) is continuous and convex (see [94]) on [0,2]. Therefore, applying similar

methods as used in the Theorem 4.8 we obtain the following result.

Theorem 4.11. Let X be a normed linear space. Let u,v € Sx be such that min{|ju — v||, ||u +

v||} = S(X). Then u L v.

Next we show that in a two-dimensional polyhedral Banach space, the James constant is
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always attained at one of the extreme points of the unit ball. To achieve this we need the

following lemma.

Lemma 4.3. Let X be a two-dimensional Banach space. Let vi,vy € Sx be such that vy # +v9
and v1 < vy. Suppose that wy,we € Sx are such that v; L w; and —w; < v; < w;, fori € {1,2}.

Then w1 < ws.

Proof. Tt follows from Theorem 4.2 that w; # fws. Suppose on the contrary that wy £ ws.
Then wy < wj. Therefore, the only possibility is that v; < vo < wa < w1 < —wv;. This implies
that the ray [0, ws) lies in between the rays [0,v1) and [0, w) and the ray [0, v3) lies in between

the rays [0,v1) and [0, w2). Now applying Lemma 4.1 we get,

[vr = wa|| < [[vr —wi][ = [Jor + wi]] < [Jor + w2,
and
o1 — wa| = [[we — v1]| = flwz — vl = [lwa + vl = [lwa + v1]| = [lor + wi]].
Thus ||v1 + wz|| = |[v1 — we||, which shows that vy is isosceles orthogonal to ws. This is a
contradiction as w; # Fws. Therefore, wy < wq, as desired. O

The following important remark, which is immediate from the above lemma, is also relevant

for the proof of our next theorem.

Remark 4.12. Let X be a two-dimensional Banach space. Let vi,vy € Sx be such that vy # +v9
and let wi,wy € Sx be such that v; L1 w; and let —w; < v; < w;, for i € {1,2}. Without loss
of generality we can assume that vi < va. Suppose v € Sx is such that the ray [0,v) lies in
between the rays [0,v1) and [0,vs), which implies that v1 < v < vy. From Lemma 4.3, it can be
concluded that wi < w < way. In other words, the ray [0,w) lies in between the rays [0,w1) and

[0, w2), where v L w.
We are now in a position to prove the following result.

Theorem 4.13. Let X be a two-dimensional polyhedral Banach space. Then there exists z €

Ext (Bx) such that 8(z) = J(X), i.e., [z +y|| = |z —y|| = J(X), where y € Sx and z L1 y.

Proof. Let vy, vy be two extreme points of Bx such that v; < ve and tv; + (1 — t)ve € Sx, for
all ¢ € [0,1]. Then there exist wy,wq € Sx such that v1 L wy,ve L; wy and wy < we, by using
Lemma 4.3. We consider the following two cases:

Case 1 : At first we consider that Aw; + (1 —A)wy C Sk, for all A € [0, 1]. For any v € [v1, v9],

we can write v = tov1 + (1 —tg)ve, for some tg € [0,1]. Take w € Sx such that v L w. By virtue
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of Remark 4.12, it follows that the ray [0, w) lies in between the rays [0,w1) and [0, ws). Now,

if w = tgwy + (1 — tp)ws, then using Lemma 4.2, we get

B(v)

[o —w

||t()U1 + (1 — to)vg — towy — (1 — to)u)g”

IN

tollvr — w1l + (1 — to)|lv2 — we|

toB(v1) + (1 —to)B(v2).

If w # towy + (1 — to)we then either ||[v — w| < |Jv — (w1 + (1 — to)w2)|| or |[v — w| >
[lv — (towr + (1 — to)ws)||. Applying Lemma 4.1, it is straightforward to see that in the latter

case we have ||v 4+ wl| < ||v + towi + (1 — to)wsz||. Therefore, we get,

Av) = llvtwl

[tov1 + (1 — to)va £+ w||

IN

||t0’U1 + (1 — to)Ug + (tow1 — (1 — Ifo)’wz)H
t0||1)1 + w1H + (1 — to)HUQ + wQH
toB(v1) + (1 — to)B(v2).

IA

Therefore, f(v) < max{B(v1), (v2)}.
Case 2 : Let { w1 + (1 — Nwz : A € [0,1]} ¢ Sx. Assume that there exist k extreme points

x1,T2,...,T lying in between the rays [0,w;) and [0, we) such that w; < x; < z2 < ... <z <
wsy. Then following Remark 4.12, we get 21, 22, ..., 2k € [v1,v2] such that v1 < 21 < 29 < ... <
2z, < vy and z; L x;, for 1 < i < k. Considering the segments [v1, z1], [21, 22], .- ., [2k, v2] In

place of [v1,v9] and applying similar arguments as in Case 1, we get, for any v € [v1, vo],

Bv) < max{B(v1),B(21),...,8(zk), B(v2)}
= max{f(v1), B(x1),...,B(xk), B(v2)}.

Therefore, we observe that for any v € [v1, va], there exists z € Ex such that 8(v) < 8(z). As
v1,v9 are chosen arbitrarily, we can conclude that for any v € Sx there exists z € Ext (Bx) such
that 8(v) < B(z). This completes the proof of the theorem.

O

The following remark is immediate from Theorem 4.13.
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Remark 4.14. Let X be a two-dimensional polyhedral Banach space. Suppose that £v1, *vs, ..., *v,
are the extreme points of Bx. From Theorem 4.13, it can be easily seen that to find the James
constant J(X), we only need to deal with the extreme points of the unit ball of X. Indeed, we can
compute the James constant J(X) in a more efficient way by the formula:

J(X) = [max B(v;) = max{|lv; + wi| : 1 <i <m,w; € Sx and v; L w;}.

In the following example, we will show the applicability of Theorem 4.13 towards explicitly

computing the James constant, as described in Remark 4.14.

Example 4.15. Consider a two-dimensional polyhedral Banach space X whose unit sphere is

an irregular hexagon, as shown in the following figure:

G

—U1 V2

—V2 U1

—U3

Figure 4.2: unit ball of X

The wvertices of Bx are vy = £(1,-1),2vy = +(1,1),%v3 = +(3,2). Clearly, B(z) =
B(—x), for any x € X, so that we only need to calculate f(1,—1),5(1,1), 5(%, 2). By a straight-
forward computation, we have (1,—1) L :ﬁ:(%, %), (1,1) Ly :I:(—%, %?) and (3,2) Ly (1, —%)
Using Lemma 4.2, we obtain that

BL-1) = L1+ (5, )l = |G o)l = 22,
LY = 0D+ (-, By = 52, Tl = o2,
832 = IG2)+0-2)=1G, )l =

Thus J(X) = max{%7 %7 171} = %
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The above example illustrates that the problem of finding the James constant in a two-
dimensional polyhedral Banach space X is equivalent to calculating the local constant 5(x) only

for the finitely many extreme points of Bx.

4.4 Approximate isosceles orthogonality and

modulus of convexity

In this section, we study approximate isosceles orthogonality and its role in the attainment
of the modulus of convexity, an important geometric constant associated with a given normed

linear space. We begin with the following basic observation.

Proposition 4.3. Let X be a normed linear space and let x,y € Sx with x # +y. Then there
exists an € € [0,1) such that x L5 y.

Proof. If x 1 y then we are done by taking ¢ = 0. Suppose that = Y; y. Since x # +y, it

follows that |||z +y||? — ||z — y||*| = 4 — €, for some 0 < ¢y < 4. Therefore, choosing € € [4;60,1)

we conclude that |||z +y|? — [z — y||?| < 4e, i,z LS y. O

For a given € € [0, 2], let us define the set:

x+
My, = {(2.9) € Sx x Sx 11— w = 0x(6)}.

M, (o) is called the attainment set of dx(e), for any e € [0,2]. It is clear that whenever X is
finite-dimensional, M;, () # (). Our next result shows that the attainment of dx(e) is closely

related to approximate isosceles orthogonality.

Theorem 4.16. Let X be a normed linear space. Let Ms, () # 0, for some e € (0,2). Then
there exists (uo,vo) € Ms, () such that ug L vo, where eg = [1 + dx(€)? — 26x(e) — %| € [0,1).

Proof. Suppose that (u,v) € Mjs, (). Since € € (0,2), it is clear that u # +v. Consider the set
P, ={w € Sx : ||lu — w|| = e}. We claim that there exists w’ € P, such that (u,w’) € Ms, ). If
v € P, then our claim holds true. Let us now assume that v ¢ P,. Suppose on the contrary that
the claim is not true. Then clearly, dx(e) < 1 — w for all w € Py, i.e., ||lu+v| > ||Ju+ w].
Considering the two-dimensional subspace Y = span{u,v} and applying Lemma 4.1, we obtain
that ||[u —v|| < ||lu —w|| for all w € P,. As v ¢ P,, we have ||u —v|| < ||u —w|| for all w € P,,
which is a contradiction to the fact that ||u — v|| > e. This establishes our claim. It is now

easy to observe that there exists (ug,vo) € M;, () such that [|ug — vo|| = €. This implies that
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|Juo + vol|? — |luo — vol|?| = 4|1 + x(€)? — 26 (€) — %\ Let g = |1+ 6x(€)? — 26x(e) — §| Then
0<e¢ <1and |||ug+ vol|? — [lwo — vOHQ\ = 4eg, which shows that uy L5 vo.
O

In case X is strictly convex, we have the following corollary to the above theorem.

Corollary 4.1. Let X be a strictly convex normed linear space and let € € (0,2). If (u,v) €
M, (o) then u LP v, where eg = |1 4 0x(€)* — 20x(€) — §| €[0,1).

Proof. Given € € (0,2), we only need to show that for any (u,v) € Mj, (), it necessarily follows
that ||u — v|] = e. Suppose on the contrary that ||u — v|| > €. Consider the set P, = {w €
Sx : ||lu — w| = €}. Clearly, v € P, and for any w € P,, we have that |Ju — v| > [Ju — w||.
Therefore, by Lemma 4.1, together with strict convexity, we get ||u + v|| < ||u + w]|| and so
1—Lju+v| > 1—3|lu+wl|, which contradicts the fact that dx(e) = 1 — w Now proceeding
similarly as in the proof of Theorem 4.16, we obtain the desired conclusion.

OJ

In connection with the explicit computation of dx(e), the following remark seems relevant.

Remark 4.17. For e € (0,2), let us consider the set :
Ge = {(u,v) € Sx x Sx :u L v and ||u —v| = €},

where €y = |1+ 6x (€)% — 20x (€) — % . Clearly, G¢ is a closed set with respect to the usual product
topology defined on X x X. It can be readily seen that whenever X is finite-dimensional, there
exists (u1,v1) € Ge such that ox(e) =1 — ”mi;rvl” Therefore, we conclude that to find the value

of 0x(€), for any € € (0,2), we only need to take into account the subset G.

In [84], the authors explored the geometric structure of the approximate Birkhoff-James
orthogonality set. Motivated by this, we study the same in the case of approximate isosceles
orthogonality, in our next theorem. For this purpose, we consider the e-approximate isosceles
orthogonality set A(z, €), corresponding to the vector z € Sx and € € [0, 1), as defined in Remark
4.9.

We end this chapter with the following characterization of A(x,¢).

Theorem 4.18. Let X be a two-dimensional Banach space. Then for any x € Sx, A(z,€) =
DU —D, where D is a connected subset of Sx.

Proof. We note from Theorem 4.2 that for x € Sx, there exists a unique (except for the sign)

y € Sx such that x L y. For each t € [0,1], let uy = ”(1_t)z+ty and v; = —U=Hztty

T = g—F_—. 11, 1 T
Dty - ety Conside
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the sets R = {t € [0,1] : # LS w}, and L = {¢t € [0,1] : LS v}. Clearly, R,L # 0, since
1 € RN L. Next we prove that R and L are closed. Suppose {t,}nen € R is such that ¢, — ¢.
Then = L§ uy,. This implies that for every n € N, we have |||z + uy, [|? — ||z — ug, [|?] < 4e. As
n — 00, |||z +u||? — ||# — ue||?| < 4e. Therefore, x L uy. This proves that R is closed. Similarly,
it can be shown that L is also closed.
Let tg = inf R and let t;, = inf L. Then using Lemma 4.1, for any ¢t € [0,1] with ¢t > tg, we
get that ||z — wl| > ||z — ue, | and ||z + ue|| < ||z + uty||. This gives |||z + ue|? — ||z — we]?] <
| +ueg ||* = ||z — uey ||?] < 4e. Therefore, x L uy. Similarly, one can show that for any ¢ € [0, 1]
with ¢t > ¢, L5 v4. Consider D = {% 0< s < 1}. Clearly, D is connected.
Moreover, it is easy to see that D U (—D) C A(x,¢€). Also, the implication A(z,e) C DU (—D)
is trivial from the description of the sets R and L. This completes the proof of the theorem.

O
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CHAPTER 5

GEOMETRIC CONSTANT AND
SYMMETRY ANALYSIS VIA NORM
DERIVATIVE ORTHOGONALITY

5.1 Introduction

In Banach space geometry the norm derivative is a well-known and active area of research. In
particular, our main objective in this chapter is to study the orthogonality induced by norm
derivative, in short p-orthogonality in a Banach space. More specifically, our aim is to study a
newly introduced geometric constant and symmetricity of the elements of a Banach space from
the perspective of p-orthogonality. Since geometric constants are well-known and active area
of research one can see [3, 46, 52, 56, 70, 83, 97] and the references therein. Our motivation
behind introducing new constant is to investigate the difference between p-orthogonality and
Birkhoff-James orthogonality quantitatively. Before diving into the main results let us fix the

notations and terminologies.

Content of this chapter is based on the following paper:

e S. Ghosh, K. Paul, D. Sain, Orthogonality induced by norm derivative: a new geometric con-
stant and symmetry, Aequationes Math., 99 (2025), 883-904. https://doi.org/10.1007/s00010-
025-01154-9.
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Letters X,Y denote real normed linear spaces and X* stands for the dual space of X. Let
Bx and Sx denote the unit ball and unit sphere of X, respectively. Ext (Bx) is denotes the set
of all extreme point of the unit ball of X.

Let us mention the definition of norm derivatives and the orthogonality induced by it, i.e.,

p-orthogonality (see [69]).

Definition 5.1. Let X be a normed linear space and let x,y € X. The norm derivatives at x in

the direction of y are defined as:

: +tyl — =]
! (x, = ||z|| lim HI—
Py (a,y) ] lim "

. T+ ty|| — ||z
Pey) = ol i Il

t—0 t

1

Py = S04 y)+pl(ey).

We say that = is p-orthogonal to y, i.e., x L, y if p'(x,y) = 0. Note that p-orthogonality is
homogeneous, i.e., for any o, 3 €R, x L,y <= ax L, By. For further readings on this topic
one can see [8, 20, 22, 23, 81].

We now introduce the following definition of a new geometric constant:

Definition 5.2. Let X be a normed linear space. We define the following constant T'(X) as:
['(X) =sup {|¢'(x,y)| : z,y € Sx andzx Lp y}.

For a smooth space X, p-orthogonality and Birkhoff-James orthogonality are equivalent.
This shows that I'(X) = 0 iff X is smooth (see [8, Prop. 2.2.2]). Let us first note some

preliminary results which will be essential throughout this chapter.

5.2 Preliminaries

We observe some of the important results regarding the functions o/, and p’_.

Lemma 5.1. [95, Th. 2.4] Let X be a normed linear space. Then for x,y € Sx,

pl(z,y) = sup{z*(y): 2" € Ext (J(x))},
p(z,y) = inf{z*(y): 2" € Ext (J(z))}.

Lemma 5.2. [6] Let X be a normed linear space. Then x Lp y if and only if p'_(x,y) <0 <
Py (@, y).
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Apart from the above mentioned properties of the functions p/, and p’_, interested readers
may see [7, 81]. It is a well known fact [20, 22] that 1 ,C1p in any normed linear space X. For

the converse inclusion we note the following result.

Theorem 5.1. [8, Prop. 2.2.2] Let X be a normed linear space. Then X is smooth if and only
if  Lpy implies v L, y, for all z,y € X.

Given any z,y € X, let us denote the ray passing through y starting from x as [z, y), which
is defined by [z,y) = {(1 —t)z +ty : t > 0}. Following [12], we mention the positive orientation
of a two-dimensional Banach space X. Suppose that x = (z1,22),y = (y1,42) € X, where X is
identified with R? in the canonical way. Then we say ‘@ precedes y,” i.e., x < y if z1y2 —z2y1 > 0.

In this connection, we would like to mention a very important lemma.

Lemma 5.3. (Monotonicity lemma) [60] Let X be a two-dimensional Banach space and let
x,y,z € X\ {0} such that x # z. Suppose that the ray [0,y) lies in between the rays [0,z) and
[0, 2) with [yl = ||zl Then ||z —y|| < [lz — z[|.

Moreover, the inequality is strict if X is strictly convex.

Henceforth, the results of this chapter are mainly divided into three sections including the
introductory part. In the second section we explore the newly defined constant T'(X) and find
some connection with some other geometric properties of a Banach space. In the last section we
deal with symmetricity with respect to p-orthogonality. There we observe the interconnection
between p-symmetricity and symmetricity with respect to Birkhoff-James orthogonality. Fur-
ther, we obtain a characterization of both p-left and p-right symmetric points. Finally we give

a complete description of both the p-left and p-right symmetric points of the spaces ¢7 and ¢2.

5.3 The new constant ['(X) and its proper-

ties.

At first, we develop a bound for the constant I'(X). To do so we use the notion of £(X),
introduced in [21].

Definition 5.3. Suppose that d : X\ {0} — R is defined as d(z) = diam(J(z)), where J(zx) is
the collection of all the supporting linear functionals at . Then £(X) is defined as

E(X) = sup{d(x) : x € Sx}.
Proposition 5.1. For a normed linear space X, 0 < T'(X) < min{&(X), %}
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Proof. Tt is easy to see that T'(X) > 0. To obtain the upper bound, we first note from [8, Th.
2.1.1] that |p/y(z,y)| < ||=||||y]|. Thus |p'(x,y)| < 1, for any z,y € Sx. From Lemma 5.2 we see
that when = Lp y, we have p’ (z,y) < 0 < o/, (z,y). This implies that |p'(z,y)| < % Now we
show I'(X) < £(X). Let us consider any two arbitrary elements z,y € Sx such that z L g y. From
Lemma 5.1, we note that p/, (x,y) = sup{z*(y) : * € Ext (J(x))}. Since J(x) is weak*-compact
and a convex subset of X*, it follows that there exists xj; € J(z) such that p/ (z,y) = z{(y).
Similarly, we can obtain that p’ (x,y) = zi(y), for some z} € J(x). Also, from Lemma 5.2 we

note that z§(y) > 0 > z](y) as © Lp y. Thus we have

1
o' (z,y)] = §|p’+(x, y) + o (z,y)|

= Slai) + i)

Sl ) — 73 )

[ — 7] < d(x).

IN

IN

Therefore,
['(X) = sup{|p'(z,y)| : z,y € Sx,x Lpy} <sup{d(z): x € Sx} = E(X).

This completes the proof. O

For any smooth normed linear space we note that I'(X) = 0. On the other hand, it is easy
to see that I'(X) = %, when X = ¢ . In fact, taking x = (1,1,...,1) and y = (0,0,...,1), we
get p'(z,y) = % Similarly we can show that T'(X) = %, when X = /7. Also, we give an example

of an infinite-dimensional Banach space where I'(X) = 3.

Example 5.2. Let us consider the space ¢y and let x = (1,1,0,...,0,...) € cg. Clearly, x%, x5 €
J(z), where for each i € {1,2}, i € ¢ and x}(y) = yi, for all y = (y1,y2,...) € co. Take
z=(0,1,0,...) € ¢o. Clearly, x Lp z. Also, we have zi(z) = 0 and z5(z) = 1. Since z Lp z,
from Lemma 5.2 we have p' (x,z) < 0 < p!\(x,2). Also, applying Lemma 5.1, it is easy to
observe that p'(z,2) = 3(p/ (z,2) + p_(2,2)) = 3. Now from Proposition 5.1 one can see that
I'X) = 3.

Next we prove the following theorem which will be useful to estimate the constant I'(X) in

any finite-dimensional polyhedral Banach space.

Theorem 5.3. Let X be an n-dimensional Banach space. Then there exists an element z €

Ext (Bx) such that T'(X) = p/(z,w), for some w € Sx with z Lp w.
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Proof. Using Carathéodory’s theorem [77], we note that for any x € Sx, there exist 21, 29, ..., 241 €
Ext (Bx) such that z = ZZJrl A2k, where Z"H M =1and \; >0, foreach 1 <k <n+1.
Suppose that y € Sx such that x 1 g y. Then it is straightforward to see that z; 1 p y, for each
1<k<n+1. Now

20'(x,y) = plizy) +pl(z,y)
n+1 n+1
= o < Z AkZk, y) +pl ( Z AkZks y)
k=1 =1
~ lim S0 Az + ty|| — 1 | S0 Az + tyl| — 1
t—0+ t t—>0— t
_ 13005 Aze + 00 Awtyll — IS0t Az + S0k Axty| — 1
t—>0+ t t—>0— t
< S Mellze + tyll — 1 SO Aellzn + tyl — 1
B t—>0+ t t—>0— t
_ Skt Akl + tyll = SR M ZnH Mellzk + tyll = SRE A
t—>0+ t t—>0— t
n+1

= ZA/@ p+ 2k, Y +p (ZkH ))

< 2maX{p (z1,9)}-

This clearly shows that for any = € Sx, there exists z € Ext (Bx) such that p'(z,y) < p/(z,y).
This completes the proof of the theorem.
0

A normed linear space X is uniformly non-square if sup, ,cg, min{|z — yl|, ||z + y[[} < 2.
Note that the spaces ¢, f%, are non uniformly non-square. Then it is natural to ask whether
for any non uniformly non-square space X, I'(X) = % To proceed in this direction first we prove

the following lemma. See [30, Prop. 2.6].

Lemma 5.4. Let X be a two-dimensional Banach space and let X be non uniformly non-square.

Then X is isometrically isomorphic to £%,.

Proof. Since X is non uniformly non-square, it follows that there exists xq, yg € Sx such that
min{||zo — yoll, lzo + woll} = 2, ie., [[wo — woll = [lzo + yoll = 2. Clearly, o # +yo. Define a
linear map 7' : X — ¢2, by Txg = (1,1) and Tyo = (—1,1). Since X is two-dimensional, for any
z € X, we have z = aurg + Syo, where a, § € R. Then Tz = T'(axg+ Byo) = (« — B, + 3). Note
that [|[(o — B, + 8)]lec = || + |8]- Thus we only need to show that ||azo + Byo| = || + |B],
for any «, 8 € R. Since j|lzo — yoll = 3llzo + voll = 1, Llzo, yo] := {(1 — t)mo +tyo : 0 < t < 1}
and L[xg, —yo] both are subsets of Sx. Note that if « = 0 or 8 = 0, then we are done. Let
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a, B # 0. Moreover, assume that «, 3 > 0. Let zg = -22058%_ Clearly, 2o € Sx. Consider the

Tazo+Byoll -
= %zo. It is easy to see that 2’ € L[z, yo]. Since L[zg,yo] C Sx, it follows

element 2’/
that % =1, i.e., ||azo + Byl = o+ B8 = |a] + |8]- Let us now consider @« > 0 and
B < 0. Then we write z = axg + Byo = axo + ' (—yo), where 8/ = —3. Then we get «, 3 > 0.
Proceeding similarly as above we obtain ||azg + Syo|| = |lazo + B/ (—yo)|| = a + 5 = |a| + |5].
Also, the other cases for a and § follow similarly as above. This completes the proof.

O

It is well known that in a normed linear space the James constant, J(X) studies the non
uniformly non-squareness of the unit sphere. In the next theorem we obtain a connection

between the notion of uniform non-squareness and the constant I'(X).

Theorem 5.4. Let X be a finite-dimensional Banach space. Then X is uniformly non-square

whenever I'(X) < 3.

Proof. Suppose on the contrary that X is not uniformly non-square. Then from [30, Th. 3.4] we
note that J(X) = 2, i.e., sup{min{||z+vy/|, [[x—y||} : =,y € Sx} = 2. Since X is finite-dimensional,
it follows that there exist zg, yo € Sx such that min{||xo+yol|, ||x0—yol|} = 2. Clearly, zo # tyo.
Consider the two-dimensional subspace Y = span{zo, yo}. Then from Lemma 5.4 it follows that
Y is isometrically isomorphic to (2. As T'(¢%) = 3, we get I'(X) > T'(Y) = I'(¢2,) = 1. Thus
following Proposition 5.1, we obtain that I'(X) = % This completes the proof of the theorem.
OJ

Let X be a normed linear space such that M # (), where
My :={(z,y) € Sx x Sx : min{[lz —y[|, [z + y[} = J(X)}.

Then using the same arguments as in the proof of Theorem 5.4 we can show that X is uniformly

non-square if I'(X) < 3.

Remark 5.5. (i) We give an example to show that the result is not true for an infinite di-
mensional space. From [41, Th. 1.1] it follows that if the unit ball of a normed linear space
s uniformly non-square then the space is reflexive. Consider the non-reflexive smooth Banach
space X as giwven in [61, Ex. 5.4.13]. Then I'(X) = 0 (being smooth) but X is not uniformly
non-square (being non-reflexive).

(ii) Next we give an example to show that the converse of Theorem 5.4 is not true, in gen-
eral. Let us consider the two-dimensional Euclidean space R?, endowed with the norm {1 — lso.

Let x = (1,0) € Ext(Bx) and y = (0,1). Clearly, * Lp y. It is easy to calculate that
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p'(z,y) = L. Following Proposition 5.1 together with Theorem 5.3 we conclude that T'(X) = 1,

though (R%, || - |le,—e..) is uniformly non-square.

Applying Theorem 5.3 we next compute the constant I'(X) for a two-dimensional Banach

space whose unit sphere is a regular 2n-gon. Let us first observe the following proposition.

Proposition 5.2. Let X be a two-dimensional Banach space and let x € Sx. Suppose that

wy,wq € Sx satisfying x < w1 < we < —x. Then p'(z,w1) > p'(x,ws).

Proof. Note that the ray [0, w) lies in between the rays [0, z) and [0, w3). Then applying Lemma

5.3 we obtain the following:
(1) ||z + tw1| > ||z + tws]|, when ¢ > 0.
(2) ||z + tw1]| < ||z + twz||, when ¢t < 0.
Therefore, it is easy to observe from (1) and (2) that

t —1 t -1
i e+ ] th|@+1@H .
t—0% t t—0E t

This implies that p/, (z,w1) > p/L (2, w3) and consequently we conclude that p'(z,w1) > p/(z, ws).
O

We next note that in a two-dimensional Banach space X, z1 can be described in terms of a
normal cone K. To be precise, - = K U(—K). Let us recall that a subset K of X is said to be

a normal cone in X if it satisfies the following:
(i) K+ KCcK
(ii) aK C K, for all @ > 0 and

(i) K N (—K) = {0}.

T(1=t)z1+ta]l
In particular, K = {ax1 + Sz : o, 8 > 0}, see [84]. In the following lemma we explicitly find

We say that the cone K is determined by x1,z2 € Sx if K N Sx = {Wﬁm 0<t< 1}.

the points which determine the cone corresponding to the orthogonal region of a vertex for a

regular 2n-gon.

Lemma 5.5. Let X be a two-dimensional Banach space whose unit sphere is a reqular 2n-gon.

Let {vi,v,...,v2,} be the vertices of Bx such that for each 1 < j < 2n, v; = (cos %ﬂ', sin %ﬂ')

Suppose that for somem € {1,2,...,2n}, vz = KU(—K), where K is a normal cone determined

by w1 and wy. Then the following holds true:
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(i) w1 = Vntzm—1 and wWe = Vnizmt1, when n is odd.
2 2
.. 1 1 .
(i) wi = 5(Vni2m—2 + Uniom) and wo = 5(Vnizm + Vntom+z ), when n is even.
2 2 2 2

Proof. By a straightforward computation, one can observe that given any ¢ € {1,2,...,2n} and

for any u € [v;,v;41], the supporting functional of v is given by

1 2i—1 29 —1
x*(x,y)—COS;L(xcos Z2n 7+ ysin Z2n 7r>, (5.1)

for any (z,y) € X. Thus Ext (J(vy,)) = {«7, 23}, where

N 1 2m — 3 . 2m—3
xi(z,y) = el e wa + ysin o T
2n

and

( ) 1 2m — 1 L 2m — 1
iz, y) = Z Cos T sin T
2 Y cos - 2n y on ’

for any (z,y) € R. Suppose that kerz} N Sx = {fw;}, for each i € {1,2}. Observe that
vy = K U (—K), where the normal cone K is determined by {wj,w2}. We only find w; as
wy can be obtained analogously. Let wy = (1 — A)vj + Avjpq = (1 — A)(cos %w,sin %W) +
A(cos =, sin ), for some A € [0, 1] and for some j € {1,2,...,2n}. Since z}(w1) = 0, it follows

by a simple computation that the following equation holds true:

2] —2m+1 2] —2m+3
-7 S ——— 7T

1—))cos
( ) cos ™

+ Aco =0. (5.2)

From the above equation, it follows that 2j=2m+1 o < L;_lﬂ' < %w, for some t € NU{0}.

2n
This implies that % +m <)< %

+m. Since 1 < j < 2n and n > 2, it is easy to
see that ¢ € {0, 1}. Suppose that ¢ = 0. Now we note the following two cases:
Case-1: Suppose that n is odd. Then clearly, either j = "T_?’ +morj= "T_l +m. Then putting
these values in equation (2) we obtain A = 1 or A = 0, respectively. In both of these cases we
obtain w; = LEESE Thus we get wy = Untzm=1. Similarly, we get ws = QEESTESH
Case-1I: Suppose that n is even. Then one can observe that j = ”T_Z + m. From equation
(2) it follows that A = 3. Then wy = %(v% + v%) Proceeding as before we get wy =
%(v% + v%) This proves (ii).

If ¢t = 1, then it is easy to see that w; = ~Unt2m-1 and wy = ~Unt2mil, when n is
odd. On the other hand, when n is even, we get wy = —%(U% + ’U%mn) and we =
f%(v% + Untam2 ) This shows that K U (—K) is completely determined by w1, we as given

in (i) and (ii). This completes the proof of the lemma. O

In the following theorem we compute the value of I'(X) whenever X is a two-dimensional
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Banach space whose unit sphere is a regular 2n-gon.

Theorem 5.6. Let X be a two-dimensional Banach space and let Sx be a regular 2n-gon, where

n > 2. Then the following results hold true:

n—2
(i) T(X) = 222" when n is odd.
2

2cos 57—
n
. 1 n—3 n—1 .
i) T'(X) = ——=| cosZ=2m + cos B=m |, when n is even.
( ) ( ) 4cos% ( 2n 2n ’

Proof. Suppose X is such that Sx is a regular 2n-gon with vertices vy, va, ..., v2,, where v; =
(cos %W, sin %ﬂ' , for each j € {1,2,...,2n}. Moreover, from Theorem 5.3 there exists an
element z € Ext (Bx) such that p'(z,y) = I'(X), for some y € Sx with z Lp y. Note that in
this case for any k € N, ’%T— rotation is an isometric isomorphism on X. Since Birkhoff-James
orthogonality is preserved under isometric isomorphism [55], we only find p'(z,y) for a fixed
vertex z, where y € z+. Without loss of generality we may indeed assume that z = v; = (1,0).
Suppose that vll = KU (—K), where K is a normal cone determined by y,y2. Let us take
y € K N Sx. Note that v1 < 413 <y =< y2 < —v1. From Proposition 5.2, p'(v1,y1) > p/'(v1,y) >
p'(v1,y2). Therefore, I'(X) = max{|p'(v1,y1)|, |¢'(v1,y2)|}. From the definition it is easy to verify
that p/, (v1,92) = p’_(v1,71) = 0. Thus we only find the values of o/, (vi,y1) and p’_(v1,y2). We
consider the following two cases:

Case I: Suppose that n is odd. From Lemma 5.5 we see that y; = Uni1 and yo = Unts.
Let Ext (J(v1)) = {7, 25}, where kerz} = {+y;}, for each 1 < i < 2. From Equation (1) we
observe that zi(z,y) =  — ytan 5. and x5(x,y) = o + ytan 5, for all 2,y € R. Therefore, by

Lemma 5.1 we have

™ .
T+ tan — sin .

/ % _ n
Py (v1,91) = x5(y1) = cos 5 5 5

By simplifying, the above equation reduces to

—2
, . cos 5=
py(vi, ) = 25() = — 52—
oS 5~
Also,
cos B2
! (v =zt — _ 2n
p—(v1,y2) = 21 (y2) Teos
Considering these together we get:
—2
, , oS "5 =T
vy, = |p'(v1, =—=n
lp (v, y1)[ = |p'(v1, y2)| 2cos 2
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This proves (i).

Case-II: Suppose that n is even. Then from Lemma 5.5 we get y; = %(v% + Unyt2) and
2

Y2 = %(v% + 'UnT+4) Let Ext (J(v1)) = {7}, x5}, where 2], % are the same as in Case-I. Then

( ) () 1 n—3 n n—1
v, =z = cos T+ cos ).
P+iV1 4 12 2cos 5, 2n 2n

Proceeding similarly we obtain that

P (v1,y2) = x5(y1) = — ! cos 37r—|—cos l7r
L2 2L 2cos o 2n 2n )
['hus we see that

1
P(X) = max{|p'(v1, y1)l [ (01, 92)[} = 16 (01, 91)| = 5L (01, 9).-

This proves (ii).
Hence the proof of the theorem is completed. O

Let us now calculate the value of T'(X), for some particular two-dimensional Banach space.

Example 5.7. (i) Let X be a Banach space such that Sx is a regular octagon. Then we have

n = 4. Applying Theorem 5.6(i) we have I'(X) = 2—\1/5

(ii) Let X be a two-dimensional Banach space, endowed with the norm £,—{y. For any (x,y) €
X,

1
Izl = (" +[yl")7, wheneverzy >0

= (|lz| +|y|), wheneverxy < 0.

Then T'(X) = 1, where 1 < p < oo. It is clear that e; = (1,0),ep = (0,1) € X. More-

1
over, ||(1,0)|| = [|(0,1)|| = 1. Note that p' (e1,e2) = lim, o+ % Thus we obtain

14]t]—-1
7

that p', (e1,e2) = 0. On the other hand, p' (e1,ez) = lim, - . This implies that

p._(e1,e2) = —1. Therefore, |p(e1,e2)| = &. Similarly, we can show that L2 —02) = 3.

We end this section with the estimation of the constant T'(X) for uniformly convex Banach

spaces.

Theorem 5.8. Let X be a uniformly convexr Banach space. Then T'(X) < %
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Proof. Suppose on the contrary that I'(X) = 1. Then there exist two sequences {zy}nen,
{Yn}nen C Sx such that z, Lp y, and |p/(2n,yn)| — % Since x, Lp yn, it follows from
Lemma 5.2 that, for each n € N, —1 < p/ (zp,y,) < 0 < o/ (z4,y,) < 1. This implies that

either of the following two holds true:
(1) o' (zn,yn) = 1 and p’ (xy,yn) = 0, as n — oo.
(2) P@(xn,yn) — 0 and p_(zn,yn) — —1, as n — c0.

Without loss of generality we assume that (1) holds true. Then from Lemma 5.1, we have
limy, 00 { sup{@} (yn) : =} € Ext (J(zn))}} = 1. Then for each n € N, ||z, + yn| > |2} (2, +
yn)| > 1+ % (yn). Thus

v

[0 + yul sup{1 + 27, (yn) : 2y, € Ext (J(zn))}

1+ sup{z} (yn) : ), € Ext (J(z,))}-

Taking the limit on both sides of the above inequality, we get that lim, oo ||Tn +yn| > 2. Also,
we have ||z, +yn|| < 2, for each n. This implies that lim, o ||Zn 4+ yn|| = 2. On the other hand,
since for each n, x, Lp yn, it follows that ||z, — yu|| > 1. Therefore, ||z, — yn| 4 0. By [61,
Prop. 5.2.8], this contradicts the fact that X is uniformly convex. O

The converse of Theorem 5.8 is not true, in general. There are spaces for which I'(X) < %

but the spaces are not uniformly convex (see Theorem 5.6).

5.4 Symmetric properties of p-orthogonal el-

ements.

Following the notion of left and right symmetric points with respect to Birkhoff-James or-
thogonality, introduced and studied in [91], we now define p-left and p-right symmetric points.
Given any = € X, we say z is p-left symmetric (p-right symmetric) if 1, y implies y L,
(y L, « implies z L, y), for all y € X. If z is both p-left and p-right symmetric then we say
that x is p-symmetric. The space X is said to be p-symmetric if for any z,y € X, we have
rl,y = y 1,2 If dim(X) > 3 and Birkoff-James orthogonality is symmetric then the
norm on X is induced by an inner product (see [25, 43]). However, if dim(X) = 2, then there
exist spaces where the Birkhoff-James orthogonality is symmetric but the norm is not neces-

sarily induced by an inner product. A two-dimensional Banach space where Birkhoff-James
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orthogonality is symmetric is known as the Radon plane. In this section we focus on the study

of p-symmetric points and p-symmetric spaces. We begin with the following theorem.

Theorem 5.9. Let X be a two-dimensional Banach space and let X be p-symmetric. Then X

1s strictly convex.

Proof. Suppose on the contrary X is not strictly convex. Then there exist u,v € Sx such that
the closed line segment L[u,v] := {(1 —t)u+tv : 0 < ¢ < 1} is a subset of the unit sphere of
X. There exists a unique z* € Sx« such that z*(z) = 1, for all x € L[u,v]. In other words, z*
supports the line L[u,v]. Consider that ker z* N Sx = {£y}. Then for any x € L{u,v], z Lp y.
We take z € L(u,v), where L(u,v) := {(1 —t)u+tv:0 <t < 1}. Since z is a smooth point, it
follows that « L, y. Since X is p-symmetric, it follows that y L, z. Let Ext (J(y)) = {v{,v5}.
Then one can observe using Lemma 5.1 that y L, w if and only if w € ker(y} + y3). Therefore,

L(u,v) C ker(yj + y5). This is a contradiction. Thus X is strictly convex. O
Using the above theorem we observe the following result.
Theorem 5.10. Let X be a normed linear space.
(i) Suppose that dim(X) = 2. If X is p-symmetric then X is a Radon plane.
(i1) Suppose dim(X) > 3. Then X is p-symmetric if and only if X is an inner product space.

Proof. (i) We prove that if X is p-symmetric then X is symmetric with respect to Birkhoff-James
orthogonality. Suppose on the contrary that there exist z,y € Sx such that x Lg y buty Lp z.
Then clearly, y f, x. Let us consider a nonzero real number o = —p/(y,z). It is easy to see
that p'(y,ay + ) = 0. Take z = Hggii\l € Sx. Then y L, z. Since X is p-symmetric we have
z 1, y. This implies that z L y. Therefore, there exists z* € J(z) such that y € ker z*. Also,

x Lp y implies that there exists * € J(x) such that y € ker z*. Therefore, y € ker z* N ker z*.
From Theorem 5.9 we note that X is strictly convex. Therefore, J(z) N J(x) = (). This shows
that 2z* and z* are linearly independent. Thus we obtain that y = 0, which is a contradiction.
This implies that X is symmetric with respect to Birkhoff-James orthogonality and therefore it

must be a Radon plane.

(ii) The sufficient part follows trivially. We prove the necessary part. Since X is p-symmetric,
it follows that every two-dimensional subspace of X is p-symmetric. Then applying Theorem 5.9,
every two-dimensional subspace of X is symmetric with respect to Birkhoff-James orthogonality.
This implies that X is symmetric with respect to Birkhoff-James orthogonality. Hence from [25,
Th. 6.4] it follows that X is an inner product space. O
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In the next example we see that the converse of Theorem 5.10(i) is not true.

Example 5.11. Let us consider the two-dimensional Radon plane (R?, |- |l¢,—e..). Observe that
all the points on the unit sphere are symmetric with respect to Birkhoff-James orthogonality
but there are many points which are not symmetric with respect to p-orthogonality. Note that
(1,0) € R? is not a p-symmetric point. Indeed, take (—%, 1) € R2. Then it is easy to see that
(—%, 1) L, (1,0) whereas, (1,0) £, (—%, 1). So, p-orthogonality is not symmetric.

While investigating Birkhoff-James orthogonality, the notions of 1 and = were introduced

in [91]. Motivated by these here we introduce the notions of 2" and 2?~ as follows:

Definition 5.4. Let X be a normed linear space and let x,y € X. We say y € Pt if p'(x,y) >0
andy € 2P~ if p'(z,y) <O0.

We state the following proposition the proof of which is trivial.

Proposition 5.3. Let X be a normed linear space and let x,y € X. Then the following relations

hold true:
(i) Either y € Pt ory € af~.
(i) v L,y if and only if y € 2Pt and y € zP~.
(iii) y € xPT implies that ay € (Bx)PT for all a, B > 0.
(iv) y € zPt implies that —y € 2P~ and y € (—x)P~.
(v) y € xP~ implies that ay € (Bx)P~ for all o, B > 0.
(vi) y € P~ implies that —y € zP* and y € (—x)PT.

With the help of the above notions, we obtain the characterization of p-left symmetric

points.

Theorem 5.12. Let X be any normed linear space and let x € Sx. Then x is p-left symmetric

if and only if for any y € Sx, the following conditions hold true:
(i) y € xPT implies x € yP+
(ii) y € xP~ implies x € yP~.

Proof. Note that the sufficient part is easy. Indeed, let « L, y. This implies that y € z#T Nzf~.
From the hypothesis we have z € y* Ny?~. Thus y L, x.
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To prove the necessary part we only show condition (i) as condition (ii) can be proved
similarly. For this let y € z°T. This implies p/(z,y) > 0. If p/(x,y) = 0 then we have p/(y,x) = 0,
since x is p-left symmetric. Thus in this case x € y?T. Next let us assume that p'(x,y) > 0. If
x = y then we are done. Also, note that x # —y. Thus we assume x # +y. Let V = span{z,y}
and let z =y — p/(x,y)z € V. It is easy to observe that p/(x,2) =0, i.e., z L, z. Since x is p-left
symmetric, it follows that z L, z, i.e., p/(z,2) = 0. Since y = z + p/(z,y)z and p'(z,y) > 0,
it follows that the ray [0,y) lies in between the rays [0,z) and [0, 2). Let 2’ = - Then the
ray [0,y) lies in between the rays [0, z) and [0, 2’). Now applying Lemma 5.3 we obtain that for
each t > 0,

|12+t =1y +taf —1
t - t '
Taking ¢t — 0% we get o/, (y,x) > p/,(2/,x). By using similar arguments we can show that
P (y,z) > p_(Z,x). Therefore, we have p/(y,x) > p/(z/,x). Since p'(z’,z) = 0, it follows that
p'(y, ) > 0. Therefore, (i) holds true. Hence the theorem.
O

We have already observed that the characterization of a p-left symmetric point holds anal-
ogously as given in [87, Th. 2.1]. It is now natural to presume that an analogous version of [87,
Th. 2.2] also holds true in the case of p-right symmetric points. But in the following example

we see that some of the p-right symmetric points behave otherwise.

Example 5.13. Let us consider the space 3.. Suppose that x = (1,1, %) € Sps_. It is easy to
observe that x is a p-right symmetric point. Let y = (—1,0,1) € £3.. Note that Ext (J(z)) =
{z7, 25} and Ext (J(y)) = {24}, where for eachi € {1,2,3}, ] (x) = x4, for allx = (21, x2,x3) €
03.. Now applying Lemma 5.1 it is easy to obtain that p'(y,x) = % >0 and p'(z,y) = —1 < 0.
This shows that x € yP* but y € xP~.

Remark 5.14. Given any x,y € X, we say that 1, has a-left (a-right) existence if there exists
an o € R such that ax +y L, x (x L, ax +y). Unlike Birkhoff-James orthogonality, p-
orthogonality does not always have a-left existence. From the above example we can observe
by a straightforward computation that there does not exist any o € R such that ax +y L1, x.
In other words, 1, does not satisfy a-left existence at x. On the other hand, p-orthogonality

always satisfies the a-right existence.

Our next aim is to obtain a characterization of p-right symmetric points for which the a-left

existence is guaranteed.
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Theorem 5.15. Suppose that X is a normed linear space and v € X satisfies the a-left existence
property. Then x is p-right symmetric if and only if for any y € Sx, the following conditions
hold true:

(i) x € yP* implies y € xP*
(1i) x € yP~ implies y € xP~.

Proof. Since the sufficient part is easy to show, we only prove the necessary part. We prove
Condition (i) as Condition (ii) can be proved similarly. Suppose on the contrary that x € y?*
but y ¢ xP*, for some y € Sx. This implies that p'(y,x) > 0 but p/(z,y) < 0. If p'(y, ) = 0 then
by the p-right symmetricity of 2 we get p/(x,y) = 0. In that case we have nothing to prove. So,
we consider that p'(y,z) > 0. If z = y then we are done. Note that z # —y. Thus we assume
x # +y. Let us consider the two-dimensional subspace Y = span{z,y}. Since x has the a-left

existence property, it follows that there exists a nonzero o € R such that p'(ax + y,z) = 0.

As z is p-right symmetric, we have p'(z,ax + y) = 0. This implies that p'(z,y) = —é. Since
p'(z,y) <0, we get a > 0. Let us assume Hgiizll = w. Then y = [|az+y|jw—az. Since o > 0, it

is easy to see that the ray [0, w) lies in between the rays [0, z) and [0, y). Now applying Lemma

5.3 and proceeding as in Theorem 5.12, we obtain the following:

o dy(w.x) >l (y,x) and

/

o pl(w,x) > p.(y,x).

Combining these we get p'(y, z) < p/(w,z) = 0. This is a contradiction to the fact that p'(y,z) >
0. This completes the necessary part. O

Next, we give an example of p-right symmetric points satisfying a-left existence property.

Example 5.16. Suppose that x € Ext (ngb). By an easy computation it can be observed that
x is a p-right symmetric point of €7 (also, see Theorem 5.18). Now one can check that given
any y = (Y1,Y2,---,Yn) € Sen, there exists an a € R such that ax +y L, x. Indeed, if v =
(1,0,...,0) € Ext (Bep) then taking « = —y1 we obtain that ax +y L, .

Now we focus on the study of p-symmetric points (both left and right) in the classical £}
spaces. Note that () is a smooth Banach space whenever 1 < p < oo. Therefore, Birkhoff-
James orthogonality coincides with p-orthogonality. Thus the characterization of p-left and
p-right symmetric points in ¢ follow directly from [19]. So we only study the p-left and p-
right symmetric points in ¢} and £2. To do so we introduce the notations Z, and Z, for

x = (r1,22,...,%y) € R? where Z, ={i € {1,2,...,n} :2; =0} and Z, = {i € {1,2,...,n}:
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|z;] = 1}. Clearly, for any extreme point z € £, |Z;] = n — 1 and |Z;| = 1. A point = € ¢} is
smooth if and only if Z, = (. For any extreme point x € ¢, note that |Z,| = n. Let us first

[oo]

characterize the p-orthogonal elements in ¢} and ¢2.

Proposition 5.4. Let X = (}}, wherep = 1,00. Let x = (v1,%2,...,%,) andy = (y1,Y2,-- -, Yn) €
Sx.

(i) If p=1, then x L,y if and only if .7 | sgn(x;)y; = 0.
(it) If p= oo, then x L,y if and only if max;ez, {sgn(x;)y;} + min;ez, {sgn(x;)y:} = 0.
Proof. (i) Let « 1, y. Thus it can be easily observed that
Ext (J(x)) = {u = (U1, ug,...,up) € bog tux, = sgn(xy), whenk ¢ Z,

and

up € {£1l}, whenk € ZI}.

/

Since x L, y, it follows that p'(z,y) =0, i.e., o/, (z,y) = —p_
that

(x,y). This implies by Lemma 5.1

max{zn:ukyk ju € Ext(J(a:))} = —min{zn:ukyk tu € Ext(J(;v))}

k=1 k=1

— Y sgn(@ue+ Y luel == Y sgn(ar)uk + Y ukl-
k¢ Z, kEZ, k¢ Z, kEZ,
Therefore, Zkgézx sgn(xy)yr = 0. This means that > ;_; sgn(zg)yr = 0. The converse part is

immediate using similar arguments as above. This completes the proof of (i).

(ii) Observe that for any = € Spn ,
Ext (J(z)) = {(0,0,...,sgn(z;),0,...,0) : i € I, }.

Since x L, y, it follows from Lemma 5.1 that max;ez, {sgn(x;)y;} + minsez, {sgn(z;)yi} = 0.

This proves (ii). O

In the following theorem we give a complete description of the p-left symmetric points of

o

Theorem 5.17. Let x = (x1,72,...,%,) € Sgn. Then x is p-left symmetric if and only if either
of the following holds true:
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(i) x € Ext (Bgy).
(it) || = |xj| = %, for some i,j € {1,2,...,n} and x = 0, otherwise.

Proof. First we prove the sufficient part. Suppose that (i) holds true. Then z; = +1, for
some ¢ € {1,2,...,n} and z; = 0, for all j € {1,2,...,n} \ {i¢}. Suppose that L, y, for
some ¥y = (Y1,Y2,---,Yn) € Sgp. Then from Proposition 5.4 we obtain that y; = 0. There-
fore, > p_, sgn(yx)zxr = 0. Using Proposition 5.4 again, we obtain that y L, z. Thus z is
p-left symmetric. Now suppose that (ii) holds true. Also, assume that z L1, y, for some

y=(y1,92,---,Yn) € Sgp. Then from Proposition 5.4 we observe that

sgn(zi)y; + sgn(z;)y; =0 = sgn(xi)sgn(y:) + sgn(z;)sgn(y;) = 0
= sgn(yi)sgn(xi)|z;| + sgn(yj)sgn(x;)|x;| =0

n

= Z sgn(yk)xr = 0.
k=1

This proves that y L, x. Thus the proof of the sufficient part is done.

Next we prove the necessary part. Suppose on the contrary that z = (x1,z2,...,2,) € Sep
does not satisfy (i) and (ii). Then clearly, |Z5| > 2. Suppose that there exist 7, j € Z¢ such that
|zi| # |z;|. Let vy = (y1,92,...,Yn) € €} be such that |y;| = |y;| with sgn(y;) = sgn(z;) and
sgn(y;) = —sgn(z;) and y = 0, for all k € {1,2,...,n} \ {7,7}. Then one can observe from
Proposition 5.4 that = 1, y whereas, y £, x. Thus x is not p-left symmetric. Now suppose
that for all j,k € Z¢, |xj| = |zi|. It is trivial to see that |Z¢| > 2, otherwise (i) or (ii) will be
satisfied. Without loss of generality assume that z; > 0, for all j € Z¢. Suppose that |Z5| = r.
Take y = (y1,Y2,...,Yn) € £} such that yz, = 1 — r, for some kg € Z¢ and y; = 1, for all
j€{1,2,...,n} \ {ko}. Note that >>"_, sgn(z;)y; = >icze¥j = 0. Thus z L, y. On the other
hand, we can see that sgn(yg,) = —1 and sgn(y;) = +1, for all j € {1,2,...,n} \ {ko}. Since
|Z5| > 2 and |z;] are equal for all j € 27, it follows that 3°7_, sgn(y;)z; # 0. This gives us
y X, x, which contradicts the fact that x is p-left symmetric. This completes the proof of the
necessary part.

O
Next we characterize the p-right symmetric points in £7.

Theorem 5.18. Let © = (x1,22,...,%,) € Spp. Then x is p-right symmetric if and only if

either of the following conditions holds true:
(i) x € Ext (Bg?ll)
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(it) For any two nonempty disjoint sets A,B C Zg, |>_ic s xj| # | > e p %jl-

Proof. We first prove the sufficient part. Suppose that (i) holds true, i.e., z € Ext (Byp). Then
x; = %1, for some 1 <7 <nand z; =0, for all j € {1,2,...,n}\ {i}. Suppose that y L, z,
where y = (y1,92,...,Yn) € Sen. Then from Proposition 5.4 it is easy to see that y; = 0. Since
xj = 0, for all j # 4, it follows that Z?:l sgn(z;)y; = 0. Thus again from Proposition 5.4 we
obtain that « 1, y. This proves that x is p-right symmetric. Now suppose that (ii) holds true.
We claim that if y L, z, then we have y; = 0, for all i € Zg. If possible, let y; # 0, for some
k € Z¢. Let us consider the two sets A, B as:

Ay ={j € 27 sgn(y;) = +1}, A2 = {j € 27 : sgn(y;) = —1}.

Since yy, # 0, for some k € Z¢, it follows that Ay U Ay # 0. Since y L, x, by Proposition 5.4,
> j=189n(y;)z; = 0. Note that whenever |41 U Az| = 1, we have x;, = 0, where k € Z{. On the
other hand, suppose that |A; U Az| > 2. Then clearly, we obtain two sets A, B C Z¢ such that
|2 -jea®il =12 2jep x| Both of these cases are not possible according to our assumption. So
our claim is established. Since y; = 0, for all j € Z¢, it is easy to see from Proposition 5.4 that

z l,y,ie., xis p-right symmetric.

Now we prove the necessary part. Since x € Sgn, we have Z¢ # (). If | Z5| = 1 then we have
x € Ext (Bpn), i.e., (i) holds true. Now let [Z7| > 2. Suppose on the contrary that there exist
zj| = > ep z;|- Without loss

two nonempty disjoint subsets A and B of Z7 such that [}, 4

of generality assume that ZjeA xj = ZjEB xj. Then choose y = (y1,y2,...,Yyn) € £} such that

y = 107, j€A

=0, je{lL,2....n}\(AUB).

Note that Z?:l sgn(y;)z; = > jeaup S9(y;j)z; = 0. Therefore, from Proposition 5.4 we ob-
tain that y 1, x. But one can observe from the construction of y that Z?Zl sgn(z;)y; =
> aup Sgn(z;)y; # 0. This shows that « £, y. Thus we arrive at a contradiction to the fact
that x is p-right symmetric. This completes the proof of the theorem. O

Combining Theorem 5.17 and Theorem 5.18 we note the following:

Theorem 5.19. Let x € (1. Then x is a p-symmetric if and only if x is an extreme point of

o,
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In the following example we describe some p-left and p-right symmetric points of ¢} other

than the extreme points.

Example 5.20. Suppose that X = E% and let us consider three points x1,x2,x3 € X such that
T = (%,0,0,—%),:52 = (%, %,0,—%) and T3 = (%, i, i, %) From Theorem 5.17 it is easy to see
that x1 is p-left symmetric whereas, by Theorem 5.18, xo is p-right symmetric. On the other

hand, 3 is neither p-left nor p-right symmetric in (1.

In the following two theorems we characterize the p-left and p-right symmetric points in 7,

respectively.

Theorem 5.21. Let © = (x1,22,...,%,) € Spm . Then x is p-left symmetric if and only if
xj =0, for all j ¢ T,.

Proof. We first prove the sufficient part. Since |z| = 1, we have Z, # (. Let |Z,| = 1. Then
r; = %1, for some i € {1,2,...,n}. If z L, y, for some y € Spn , then from Proposition 5.4,
we get y; = 0. Therefore, Z,, C {1,2,...,n} \ {i}. Since z; = 0, for all j € {1,2,...,n} \ {3},
it follows from Proposition 5.4 that y 1, 2. Therefore, = is p-left symmetric. Suppose that
|Z.;| > 2. By Proposition 5.4 x L, y implies that

I;é%f{sgn(mj)yj} + ;gizg{sgn(xj)yj} =0. (5.3)

Suppose that maxjecz, {sgn(z;)y;} = sgn(zi)yr and minjez, {sgn(z;)y;} = sgn(x;)y;, for some

k,l € Z,. Then from Equation (3), it is clear that |yx| = |y;|. Now either of the following holds:
(a) |yx| = lw| = 1, for some k,l € Z,.
) |yel = ly| < 1, for all k1 € Z,.

If (a) holds, then k,I € Z,, and consequently, sgn(yx)zy + sgn(y)z; = maxjer, {sgn(y;)z;} +
minjez, {sgn(y;)z;} = 0. Thus by Proposition 5.4, we get y L, x. This implies x is p-left sym-
metric. If (b) holds, then Z, N Z, = ). From our hypothesis observe that sgn(y;)z; = 0, for all
¢ € Z,. Therefore, y L, x. This also shows that x is p-left symmetric.

To show the necessary part suppose on the contrary that there exists j € {1,2,...,n}
such that 0 < |z;| < 1. Then we take y = (y1,y2,...,yn) such that y; = 1 and y; = 0,
for all 7 € {1,2,...,n}\ {j}. Note that Z, N Z, = (. Therefore, max;cz, {sgn(z;)y;} = 0 =
min;ez, {sgn(x;)y;}. Using Proposition 5.4, we have 1, y. On the other hand, observe that
7, = {j} and therefore, max;cz, {sgn(y;)x:} = minez, {sgn(y:)xi} = x; # 0. Thus we get
y £, , which contradicts that = is p-left symmetric. This completes the proof of the theorem.

O
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Theorem 5.22. Let © = (r1,22,...,2,) € Spn. Then x is p-right symmetric if and only if
either of the following holds true:

(i) x € Ext (Bn)

(ii) for each j € {1,2,....,n} \ Iy, 0 < |z;| < 1. Moreover, |xj| # |zg|, for all j,k €
{1,2,...,n}\ Z,.

Proof. To prove the sufficient part first assume that (i) holds true. Since p-orthogonality is
preserved under the signed permutation map [96], we may without loss of generality assume that
r = (1,1,...,1). Suppose that y L, z, for some y = (y1,%2,...,Yn) € Sen . From Proposition
5.4, we observe that there exist i,j € {1,2,...,n} such that y; = 1 and y; = —1. Therefore,
max;er, {sgn(z;)y;} = 1 and min;er, {sgn(z;)y;} = —1. From Proposition 5.4, we get that
x L, y. Thus x is p-right symmetric. Now suppose that (ii) holds true and y L, x, for some
y € Spn_. Clearly, |Z,| < n—1.1f |Z,| = 1 then using Proposition 5.4 one can see that there does
not exist any nonzero y € £2, such that y L, x. Thus x is p-right symmetric, vacuously. Let
|Z.| > 2. Asy L, x, from Proposition 5.4, we get max;cz, {sgn(y;)x;} +minsez, {sgn(y;)xi} = 0.
This implies that |z;| = |zi|, for some j,k € Z,. Therefore, from the hypothesis we note
that Z, N Z, # 0. This implies that there exist j,k € Z, N Z, such that sgn(z;)y; = 1 and
sgn(xy)yr = —1. This shows by Proposition 5.4 that x L, y. Therefore, x is p-right symmetric.

To show the necessary part, first suppose on the contrary that x; = 0, for some i €

1
06

ke {1,2,...,n}\ {i}. One can clearly observe that y 1, x, whereas x f, y. This contradicts

{1,2,...,n}. Then we choose y = (y1,¥2,...,yn) such that y; = 1 and y, = for all

that « is p-right symmetric. Now again we assume on the contrary that 0 < |z;| = |zx] < 1,

for some j, k € {1,2,...,n}. Then we take y € Syn such that y; = sgn(z;) and yp = —sgn(zy)

1
101 )

but x [, y. This contradiction completes the proof of the necessary part. O

and y; = for all i € {1,2,...,n}\ {Jj, k}. Then applying Proposition 5.4, we have y 1, x

Combining Theorem 5.21 and Theorem 5.22 we note that the extreme points are the only

p-symmetric points on the unit sphere of /7.

Theorem 5.23. Let x € Sgn . Then x is a p-symmetric point if and only if x is an extreme

point of Byn .

We end this chapter with examples of p-left and p-right symmetric points in £2 , which are

not extreme points.

Example 5.24. Let x; = (1,1,0,0,—1); 22 = (1, %, %, -1, %) and x3 = (1, —%, 1, %, %) be three

points in £2,. By Theorem 5.21 we observe that x1 is a p-left symmetric point and from Theorem
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5.22 we get that xo is a p-right symmetric points. On the other hand, it is easy to see that xs

is meither p-left symmetric nor p-right symmetric.
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CHAPTER 6

SMOOTHNESS AND APPROXIMATE

SMOOTHNESS IN BANACH SPACES

AND IN THE SPACES OF BOUNDED
LINEAR OPERATORS

6.1 Introduction

The present chapter deals with some new study on smoothness — an important feature con-
sidered in geometry of normed linear spaces. We develop also the concept of approximate
smoothness (see [21]) in the spaces of bounded linear operators.

Letter(s) X (or Y) will stand for a normed linear space over the field K of real or complex
numbers. In some parts of the chapter (in particular in the whole Section 6.4) we confine to

real spaces (i.e., K = R). We also generally assume that dim(X) > 2. By X* we denote the

Content of this chapter is based on the following paper:

¢ J. Chmieliniski, S. Ghosh, K. Paul, and D. Sain, Smoothness and approximate smoothness
in normed linear spaces and operator spaces, Ann. Funct. Anal., 16 (2025), no. 23, 1-24.
https://doi.org/10.1007 /s43034-025-00413-9.
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dual of X. We follow common notations: Bx and Sx stand for the closed unit ball and the
unit sphere in X, respectively. For z € X\ {6}, a functional z* € Sx~ is called a supporting
functional at x if z*(z) = ||z|. The collection of all such functionals will be denoted by J(z).
It is always a nonempty, convex and weak*-compact subset of Sx«; J(z) is also an extreme set
of Bx- and thus if J(x) = {2*}, then z* € Ext (Bx~) and in this case x is called a smooth point
of X. We denote the SmX as the collection of all smooth points in X. For a subset C' of X,
diam(C') denotes the ‘diameter’ of the set C, i.e., diam(C) = sup{||z —y| : z,y € C}. We call a
real finite-dimensional Banach space X a polyhedral space if the set Ext (Bx) is finite. L(X,Y)
denotes the space of all linear and bounded operators from X to Y and K(X,Y) its subspace
consisting of all compact operators (if X = Y, we write L(X) and K(X)). For an operator
T e L(X)Y), My :={x € Sx: ||Txz| = ||T||} denotes its (possibly empty) norm attainment set

(in particular, M~ denotes the norm attainment set for a functional z* € X*).

6.2 Preliminaries

Let us introduce now some more advanced notions and results which will be used frequently.

First, we recall the notion of one-sided norm derivatives. For x,y € X they are defined as:

e+ Myl — ll=l] _

. : + Ayl? — [lz]?
' (z,y) = ||z|| lim lim |z .
p:t( y) || ||/\_>0:k Y

A—0T 2\

For basic properties and applications of the above functionals we refer, e.g., to [8]. In particular,
norm derivatives are used to characterize smoothness and approximate smoothness, as will be
shown later.

Following the notation in [38], X has the Kadets-Klee property (KK for short) if the families
of weak convergent and norm convergent sequences coincide on Sx. Accordingly, X* is said to
have the dual Kadets-Klee property (KK*) if the families of w*-convergent and norm convergent
sequences coincide on Sxx. Moreover, we say X* has the dual Kadets property (K*) if the weak*
and norm topologies are equal on Sx+. Recently, in [37] it was shown that the properties K*
and KK* are equivalent.

In an arbitrary normed linear space X the Birkhoff-James orthogonality relation Lp can be

defined (cf. [16]). Namely, for z,y € X:

zlpy <= |z+My| >|z| forall A e K.

Equivalently, = Lp y if and only if there exists * € J(x) such that z*(y) = 0. For a detailed

study on connections of the Birkhoff-James orthogonality with the geometry of Banach spaces,
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readers can go through [64].
Given normed linear spaces X and Y, a vector € X and a functional y* € Y*, by y* ® x

we mean a functional on L(X,Y) given by
(y* @ 2)(T) :=y*(Tx), T e L(X)Y).
Analogously, with z** € X** and y* € Y* we define ** ® y* by
(" @y NT) = ™ (T"y"), T e L(X,Y).

We will use the fact that the extremal points of the unit ball in the dual of K(X,Y) can be

expressed in terms of extremal points of duals of X and Y, as proved by Ruess and Stegall [80]
and Lima and Olsen [58] (see also [39, Th. VI.1.3]).

Theorem 6.1 ([58, Th. 1]). Given two Banach spaces X and Y,
Ext (Bgx.y)-) = {#™* @y* : @™ € Ext (By-+), y* € Ext (By-)}.
In particular, if X is reflexive, then
Ext (Bgx,v)-) = {y" ® 2z : x € Ext(Bx), y* € Ext (By~)}.

For a subspace V of X we define V* := {#* € X* : V C kera*}. A closed subspace V
is said to be an M-ideal in X if X* = V* @; V! and for any decomposition z* = x% + z3,
r* € X*, af € V¥, 25 € VE there is ||z*|| = ||o%|| + ||z3]|. Some results in this paper will be
obtained under the assumption that K(X,Y) is an M-ideal in L(X,Y), applying in particular
the following results from [95]. For further results on M-ideals of compact operators see, e.g.,

[39, 51] and the references therein.

Theorem 6.2 ([95, Lemma 3.1]). Let X be a reflexive Banach space and let Y be any normed
linear space. Assume that K(X,Y) is an M-ideal in L(X,Y). Suppose that T € L(X,Y) is such
that dist(T,K(X,Y)) < ||T||. Then My NExt(Bx) # 0 and

Ext (J(T)) = {y*®2 € K(X,Y)*: z € My NExt(Bx), y* € Ext(J(Tz))}. (6.1)

In the next result we restrict to real spaces.

Theorem 6.3 ([95, Th. 3.2 and Th. 3.3]). Let X be a real reflexive Banach space and let Y be
any real normed linear space. Assume that K(X,Y) is an M-ideal in L(X,Y), T,S € L(X,Y),
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IT|| =1 and dist(T,K(X,Y)) < 1. Then

pL(T,S)=  sup  p (T, Sx); (6.2)
z€MpNExt (Bx)

' (T, S) = inf ' (Tx, Sz). 6.3
p_(T,S) weMTlm%xt(Bx)p*< x, Sx) (6.3)

Moreover, if Y is smooth, we have

' (T, S) = inf ' (Tx, Sz). 6.4
(T, S) IGMTIQ%Xt(BX)m( x, Sx) (6.4)

6.3 Smoothness

This section is devoted to the notion of smoothness and its new characterizations.

6.3.1 Family of supporting functionals

The family J(z) of all supporting functionals at = is always nonempty and may consist of a
single element or may be a larger set. The size of J(z) can be measured using a mapping
d: X —[0,2]:

diam(J(z)) for z # 6;

d(x) :=
(=) 0 forx = 6.

We introduce also the notion

d(X) := supd(z) = sup d(x).
zeX T€Sx

Mapping d will be used to describe smoothness and approximate smoothness. Obviously,
x € X\ {6} is a smooth point if and only if d(x) = 0 and X is smooth if and only if d = 0, i.e.,

if and only if d(X) = 0. We can express d(x) using norm derivatives.

Lemma 6.1 ([21, Lemma 2.2]). Let X be a normed linear space. Then

d(@)|z| = sup {p/, (z,y) = p_(z,y)}, =zeX
yESx

Actually, to measure the size of J(z) it suffices to consider its extremal points. The result

stated below will be frequently used.
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Proposition 6.1. Let X be a normed linear space and let x € X\ {6}. Then
d(z) = diam(J(z)) = diam(Ext (J(x))).

Proof. Since J(z) is a weak™-compact and convex subset of X*, it follows from the Krein-

Milman Theorem that J(x) = conv{Ext (J(ac))}w*. Let u*,v* € J(x) be arbitrary supporting
functionals. We prove our result in two steps.

Step I: Suppose that u*,v* € conv{Ext (J(z))}. Then we can write u* = Zle tiz; and
v* = 22:1 sjy;-‘, where xf,y; € Ext (J(x)) and t;,s; > 0 for each 1 < i < k, 1 < j < r with
Siiti=Y_y s =1 Now

k r k k r
* * * * * *
[u® =] = E tiz; — Zsjyj = E tiz; — E ti E 85Y;
i=1 j=1 i=1 i=1 j=1
k r k r
* * * *
= E ti |z — E siv; ||| < Zti T — E 5395
i=1 j=1 i=1 j=1

T

max ((Tr; — S5Ys
1<i<k 1 . ]y]
Jj=1

IA

Applying similar technique as above we note that for each i € {1,2,... k}
T T T
i = sl = 1wt = D siwjl < max [ 5]
j=1 ==

J=1 Jj=1

This shows that

[u" —o*|| < sup{[|z* —y"[| : 2%, y" € Ext (J(z))} = diam(Ext (J(z))).

*

Step II: Now suppose that u*, v* € conv{Ext (J(z))}  , i.e., there exist two nets

{UZ}QEJU {UE}ﬁGJQ C COHV{EXt (J(x))}

(where J; and Jy are two directed sets) such that u, 27 w* and vj SIS Applying the
technique given in [61, Technique 2.1.32] we observe that there exists a directed set K such
that {u;(v)}ﬁ,e;{ and {02(7)}761{ are subnets of {ug}aes, and {vj}ses,, respectively, where
g: K — Jyand h : K — Jy are monotone mappings such that g(K) and h(K) are cofinal
. w* w* c. .

in J; and Jo. Note that {uZ(v)} — u* and {v;(,y)} — v*. This implies uz(v)(z) — u*(2)

and v;(,y)(z) — v*(z), for all z € X. From Step I, for any a € J; and 8 € Jy we have
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|ug — v5ll < diam(Ext (J(x))). Therefore, we have ||uz(7) - v;(V)H < diam(Ext (J(x)) for all

v € K. This implies that for any z € Sk,
|UZ(7)(Z) — v;(v)(z)| < diam(Ext (J(z))),

hence

iler?( [ug(4)(2) = Vi) (2)] < diam(Ext (J(z)))

and

|u*(z) — v*(2)] < diam(Ext (J(x)).

Since z € Sx has been chosen arbitrarily, ||u* — v*|| < diam(Ext (J(z)). Thus we conclude:
d(z) = sup{|ju* —v*|| : u*,v* € J(z)} < diam(Ext (J(z))) < diam(J(z)) = d(x).

Therefore, d(z) = diam(J(z)) = diam(Ext (J(z))), as we wanted to demonstrate. O

Remark 6.4. Note that compactness and Krein-Milman theorem play essential role in the above
result. The equality diam(D) = diam(Ext (D)) does not hold in general for an arbitrary closed
convez set D. Indeed, for the closed unit ball Be, in co (the Banach space of all sequences
converging to zero) we have Ext (Bg,) = 0 whence diam(Ext (Be,) = 0, whereas diam(B,,) = 2.
Next, consider the set D = conv{B,, %1, %2} C ls where x; = (%, %, %, ce), Xy = (%, —%, %, ce)
Then D is a closed convez subset of lo, with Ext (D) = {x1,z2} and therefore diam(Ext (D)) =

||331 — .%’2” =1<2= diam(D).

6.3.2 Smoothness vs. continuity of the mapping d

We seek for relations between continuity of d and smoothness. Let us note the following defini-

tion from [28].

Definition 6.1. A Banach space X is said to be weak Asplund if every real valued continuous

convex function on X is Gateauz differentiable at the points of a dense Gs subset of X.

Proposition 6.2. Let X be a weak Asplund space. If the mapping d is continuous at xg € X\ {0}

then xq is a smooth element.

Proof. Observe that Sm X is precisely the set of all points of X at which the norm function
is Gateaux differentiable. Since X is a weak Asplund space, it follows that SmX is dense in
X. Counsider then a sequence {xy}neny € SmX such that x, — xg as n — oo. By continuity

assumption d(zg) = limy, o d(z,) = 0 which gives smoothness of xg. O
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Following Mazur’s Theorem (cf. [29, Th. 8.2]) we note that every separable Banach space

is also a weak Asplund space. Therefore, the corollary is immediate.

Corollary 6.1. Let X be a separable Banach space. If the map d is continuous at x € X\ {0},

then x is smooth in X.

It follows that in a weak Asplund Banach space continuity of d on X yields smoothness of
X (the reverse is obvious in any space). Observe that weak Asplund property is essential in

Proposition 6.2, as shown below.

Example 6.5. Let us consider the Banach space £1(A) of all summable real-valued sequences
over an uncountable set A. From [13, Example 1.4(b)] we note that all the points in this space
are non-smooth. This implies £1(A) is not weak Asplund space. Take v = (xq)aecn € €1(A).
Thus in particular z, = 0, for all « € A\ N, where N is a countable set. Moreover, consider
functionals * = (23)aen € loo(A) = €1(A)* of the form

senz, when a €N,
+1 when v € A\ N.

It is easy to see that x* € J(x) and it follows that there exist two elements x5, x5 € J(x) such
that ||z7 — z3|| = 2. Therefore, d(z) = 2 for any x € {1(A), hence d is continuous on the space

l1(A) although none of its elements is smooth.

Now, we can ask for the reverse of Proposition 6.2, i.e., whether the mapping d is continuous
on Sm X. Obviously, if Sm X is open in X, then d as a constant function on Sm X is continuous
on this set. In general, SmX is only a Gy set, not necessarily open. We are going to prove
openness of Sm X in particular spaces.

To this end we introduce the following property of a linear normed space which may be

compared with a notion of roughness (cf., [29]) or strong roughness [35, Defn. 3].

Definition 6.2. We say that a normed linear space X is weakly-rough if it satisfies the condition:
(P) Jeog>0VzeX: d(z) =0 ord(z) > ep.

The above property means that on the set of all non-smooth elements of X values of the
mapping d are separated from zero.

Equivalently, weak-roughness means that for any sequence {x,} C X:

d(:cn)—>0 <~ dng: d(q;n):Q n > ng.
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Obviously, each smooth space X is weakly-rough. We will see later that ¢; as well as any
finite-dimensional polyhedral Banach space have this property. On the other hand, in Example

6.9 we construct a space which is not weakly-rough.

Theorem 6.6. Let X be a weakly-rough normed linear space with X* satisfying the K* property.
Then SmX is open in X.

Proof. Suppose on the contrary that Sm X is not open, whence there exists x € SmX and a
sequence {x, } of non-smooth points in X such that z,, — x asn — oo. Since X is weakly-rough,
for each n € N, we can choose two different functionals =,y € J(zy) such that ||z} — yi|| >
g0 — 1. The sequences {z}}, {y;:} can be considered as nets on Bx~. From the Banach-Alaoglu
theorem we know that By« is weak*-compact, whence we may choose two weakly*-convergent
subnets of the nets {z} } and {y}}. Namely, let K be a directed set, h: K 5 a — h(a) =:n, € N
be a monotone mapping such that h(K) is cofinal in N, and let {z}, }acx be a subnet of {x}}

such that 7, 5 x* for some z* € Bx+. Now we have

|%n, (@na) =" (@) = o, (Tn,) — 25, (2) + 27, (2) — 27 (2)]|

IN

[ Mzna = @l + |25, (2) — 27 (2)].
For any € > 0 we can find an o/ € K such that
|Tn, — x| <€/2 and |z (x) —2"(z)| < €/2 for all ng > ngy.

It follows that |z}, (2n,) — 2*(z)| < € for all ng > ny and this implies z}, (zn,) — 2*(2).
Since z, € J(2n,), we have x (zn,) = [|2n,|| which implies 2*(z) = ||z[|, hence z* € J(x).
Similarly (without loss of generality we take the same direct set K and n,) we assume that
{ys. Yaek is asubnet of {y} such that y;; N y* for some y* € Bx-, which leads to y*(z) = ||z|
and y* € J(x). Since z,_ 2% 2 and |z || = |l=*|| for all ny, the K* property of X* yields

xy — x*. Analogously, we show that y; — y*. Since |z} —y; || >0 — % for all n,, we

get ||z* — y*|| > ep. Thus x* # y* which would mean that z is non-smooth, a contradiction. [J

Since the properties K* and KK* are equivalent we can write an equivalent version of the

above theorem.

Corollary 6.2. Let X be a weakly-rough normed linear space with X* satisfying the KK* prop-
erty. Then SmX is open in X.

Since the weak topology and the weak* topology coincide in the dual of a reflexive Banach

space, we note:
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Corollary 6.3. Let X be a reflerive weakly-rough normed linear space with X* satisfying the
KK property. Then SmX is open in X.

Finally, we apply Corollary 6.2 to finite-dimensional polyhedral Banach spaces.

Corollary 6.4. Let X be a real finite-dimensional polyhedral Banach space. Then SmX is open
n X.

Proof. As a finite-dimensional space X* obviously satisfies the KK* property. Since the set
Ext (Bx~+) is finite, we have

g0 := min{||z* — y*| : 2*,y" € Ext (Bx+), 2" #y*} > 0.

Suppose that = # 6 is a non-smooth point in X. Let =}, x5 € J(z) be two different supporting
functionals at x; by Proposition 6.1 we may consider z7,z5 € Ext (J(x)). Then (since J(z)
is an extremal subset of Bx) it follows that z},25 € Ext(Bx+) and finally |27 — 23| > eo.
Therefore, d(x) > ey whence X satisfies property (P). Applying Corollary 6.2 we obtain that
Sm X is open. O

It follows immediately that in a real finite-dimensional polyhedral Banach space, d is con-

tinuous on Sm X. Actually, by Proposition 6.2, continuity of d characterizes smoothness.

Theorem 6.7. For a real finite-dimensional polyhedral Banach space X and x € X\ {0}, = is

smooth if and only if d is continuous at x.

The example below shows that in general the above statement need not be true, even if the

space is separable.

Example 6.8. Consider the space £1. One can easily verify that an element x = (t1,t2,...) € {1
is smooth if and only if t, # 0 for alln = 1,2,.... Therefore, if x = (x1,x2,...) € {1 is
a non-smooth point, then x;, = 0 for some igp € N. As l is the dual of {1, we consider
¥ = (a1, 09,...),y* = (81, Ba,...) € J(x) such that a;, =1 and B;, = —1. Then ||z* —y*|| = 2
and thus d(x) = 2 for any non-smooth point in £1. Now, take any xo = (t1,t2,ts3,...) € Smly
and a sequence {xTp}nen C {1, where x, = (t1,t2,...,1,,0,0,...) for n € N. Then clearly
Ty — g as N — 00 but x, &€ Sm ¥y for each n € N. It shows that the set Sm {1 is not open and
since d(xg) = 0 and d(z,) = 2 for all n € N, it proves that d is discontinuous at any smooth

point xq.

As showed above, d(z) = 2 for all non-smooth points in ¢; which means that ¢; is weakly-

rough. Therefore, the dual of /1, i.e., £, cannot satisfy the K* property, whence this assumption
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is essential in Theorem 6.6. In turn, the following example ensures that weak-roughness property

is not redundant in Theorem 6.6, even in case of finite-dimensional Banach space.

Example 6.9. In R? we consider the points

1 1 1 1
xn:<,\/1—2> and yn=<—,1/1—2>, n € N.
n n n n
Now take the set:

B := conv{+x,, ty, : n € N} (see Figure 6.1).

Y3 Lo T3
Y2 T2

Y1 T

Figure 6.1: Illustration to Example 6.9, the set B

Consider the norm generated by the set B, for which B is a unit sphere, and denote by X
the normed space R? with that norm. In particular, each of x, is a non-smooth point in X and
xn — xg = (0,1). The point xq is smooth; indeed, for any line passing through xo which is not
horizontal, there exists ng such that for all n > ng, all z, or all y, lie over this line. Hence
there is only one supporting line at xo (the horizontal one), i.e, xq is smooth. Since x, — xg, in
every open neighbourhood of xq there are non-smooth points, hence SmX is not open. Obviously
X is reflexive and X* has the KK-property (as a finite-dimensional space). Thus it follows from
Corollary 6.3 that X is not weakly-rough.

Next we give an example to show that the condition that X* has K* property in Theorem

6.6 is not necessary for Sm X to be open in X.

Example 6.10. Let us consider the real Banach space £o. Note that £} does not satisfy the K*
property. We claim that Sm o, is open in lss. To this end it is enough to show that Sm oo NSy
is open in Sy . Consider a smooth element x = (xp)nen € Se,,. We want to show that x is an

interior point of Smls, NSy . Since x is smooth, it follows from [18, Th. 2.8] that there exists
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a unique ig € N such that |z;,| = 1 and 6 := sup {|z;| : j € Nx {io}} < 1. Consider the open
set

1-6

U:{yEng: |x—y|oo<2}.

We will show that U C Sm{lo NSy . Let y = (yn)nen € U. Then sup{|z; —y;| : j € N} < 17_5,
We note that sup{|y;| : j € N\ {io}} < 1. Indeed, if sup{ly;| : j € N~ {io}} = 1, then we
would have
1-96
—— > sw yi—zl> swp |yl - sup |zl =1-4,
jEN\{’io} jEN\{io} jEN\{io}
a contradiction. Thus y € Smls and, consequently, U C Smlo, N Sy which means that x is

an interior point of Smfls, NSy, as claimed.

The openness of the set SmX can be alternatively shown under the assumption of yet

another property of X:
(P*) J0#AweSmX Jgp >0Ve € X\ SmX Iz*, y* € J(z): |2*(w) — y*(w)| > eo.

Note that this property is, in particular, satisfied by any finite-dimensional polyhedral Banach

space.
Lemma 6.2. Let X be a real finite-dimensional polyhedral Banach space. Then (P*) holds.

Proof. The dual X* is also a polyhedral Banach space so let
Ext (Bx+) = {%x], £x5,. .., +x}}.
Consider the collection of all possible differences of extreme functionals:
R:={y" € X*:y" = 2] — ], for some 2,2} € Ext (Bx~), i # j}.

Clearly, R is a finite subset of X*. Now we consider the union of kernels of all the elements of
R:

K = U ker y*.
y*ER

Since for any y* € R, ker y* is nowhere dense and R is finite, it follows that K is also a nowhere
dense subset of X. Fix an arbitrary element wo € X'\ K. Hence [(z] — x})(wo)| # 0 for all

zi,x; € Ext (Bx+) (i # j). Take

g0 := min{|(x; — 7)(wo)| : x}, 2] € Ext (Bx=), i #j} > 0.
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Therefore, for any z € X\SmX there exist z7, 2} € Ext (J(z)) (i # j) such that |(z] —27)(wo)| >

€p > 0. Hence X satisfies (P*). O

Theorem 6.11. Let X be a normed linear space having property (P*). Then SmX is open in
X.

Proof. Suppose that for some z € SmX there exists a sequence (z,) C X~ SmX such that
xn, — x. Without loss of generality we may assume ||z|| = ||z,|| = 1, n = 1,2,.... For each
n, choose z%,y* € J(x,) such that |z} (w) — yi(w)| > 9. By weak*-compactness of Bx~ we
may find two weak*-cluster points x*,y* € Bx+ of the sequences {z}} and {y}}, respectively.
This implies that there exists a subsequence {z;, (v)} of {z},(x)} and a subsequence {y;, ()}
of {y}} satisfying

*

ry, () = 2%(x) and yp, (z) = y*(2).

Nk

As x,, — x, it is easy to observe that z*(x) = y*(z) = 1 and therefore, z*,y* € J(z). We

observe that

ot = ) ()
]| o]
w w
kvoo | <||w|) Yrm, (nwn)‘
_fo
]

Thus x* # y* whence x is non-smooth — a contradiction. The openness of Sm X in X follows. [

6.4 Approximate smoothness

We follow the notion of approzimate smoothness introduced in [21]. From now on, we consider

only real normed linear spaces (K = R).

Definition 6.3. In a normed linear space X we say that x € X\ {0} is approximately smooth
if d(z) = diam(J(z)) < e with some ¢ € [0,2). If the bound ¢ is specified, we say that x
is e-approximately smooth (or, e-smooth). The space X is said to be approximately smooth

(e-approzimately smooth) if each © € Sx is ex-approximately smooth for some e, < e < 2.

In the study of geometry of Banach spaces there is a well known notion of k-smoothness (cf.
[53]). Therefore, to avoid confusion, we write e-approzimately smooth instead of e-smooth.

The following characterization was given in [21].
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Lemma 6.3 ([21, Lemma 2.3]). Let X be a normed linear space, x € X\ {8} and ¢ € [0,2).

Then the following two conditions are equivalent:

(i) x is e-approximately smooth.

(i) ysg{p;(%y) —p(z,y)} <ellz.

6.4.1 Approximate smoothness in the space of bounded linear

operators

Definition 6.3 can equally well be applied to the space of linear bounded operators providing
the notion of an approximately smooth operator. To show that the Definition 6.3 is meaningful
for the space of bounded linear operators we provide an example of an approximately smooth

operator which is not smooth.

Example 6.12. Consider the two-dimensional vector space X endowed with the norm such that
its unit sphere is a reqular octagon. Fix x € Ext (Bx) and define a linear map T € IL(E%, X) such
that Tey = x and Tey = 0, where {e1,ea} is the canonical basis of 63. It is clear that My =
{xe1}. Therefore, due to Theorem 6.2, Ext (J(T)) = {y* ®e1: y* € Ext (J(x))}. It follows
from [21, Example 4.1] that d(x) = 2tan 5. Therefore, for any y* ® e1,2* ® e; € Ext (J(T)),
we have (making use of Lemma 6.4) ||ly* @ e1 — 2* @ e1|| = |ly* — 2*|| < 2tang. Thus T is
2tan g-approzimately smooth. On the other hand, T'ey is not a smooth point in X, whence by

Corollary 6.5 the operator T is not smooth in L(£3,X).
Next we note the following lemma which will be frequently used.
Lemma 6.4. Let X and Y be normed linear spaces.
(1) For any xo € Sx and yo € Sy there exists an operator A € Sy x vy such that Axg = yo.

(2) If Y is reflexive, then for any xfy € Sx+ and y € Sy~ there exists an operator A € SL(X,Y)
such that A%y = «f.

Proof. 1. Suppose that H is a hyperplane in X satisfying xg Lg H (H can be taken as a kernel
of any supporting functional at zg). Define A: X — Y by Azg = yo and Ah =6, for all h € H.
This yields [|A]| > 1. On the other hand, given any z € Sx, we have z = axg + h, for some
h € H. It follows 1 = ||azg + h|| > ||axo|| = |af = ||Az|| and thus ||Az|] < 1 which leads to
[A]l = 1.

2. It follows form part 1. applied to Y* and X* that for fixed z§ € Sx- and yj € Sy-
there exists B € L(Y*,X*), such that ||B|| = 1 and By} = x{. By reflexivity of Y, there exists
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A € L(X,Y) such that A* = B. Hence [|A|| = ||A*|| = ||B|| = 1 and A*y§ = Byj = x{ as

claimed. |
Now, we give a necessary condition for smoothness of an operator.

Proposition 6.3. Let X and Y be normed linear spaces and suppose that T € L(X,Y) is
e-approzimately smooth (with some € € [0,2)). Then:

(1) for each x € My, Tx is e-approzimately smooth;

(2) assuming additionally that Y is reflexive, for any y* € Mp«, T*(y*) is e-approximately

smooth.
Note that the above statement does not prejudge about non-emptiness of My or Myp=.

Proof. 1. Suppose on the contrary that for some xg € My, Tz is not e-approximately smooth.
Then there exist 47, y5 € J(Txo) such that |y} —y;|| > €. Consider ¢ := yf®@x¢ and ¢ := y5®@x¢
— functionals on L(XY). It is easy to see that ¢, € J(T'). Moreover,

e =l = llyi @x0o —y3 @ w0l = sup [(y] — y3)Awol.

AES]L(X,Y)

By Lemma 6.4, sup| q=1 [(y7 — ¥3)(Azo)| = ||y — y3]| > € and it follows || — 4[| > e. This
contradicts the fact that T is e-approximately smooth.

2. Similarly, suppose that there exists y; € My« such that T*(yg) is not e-approximately
smooth. Then there exist 7%, 25* € J(T*(y;)) such that ||z* — 23*|| > . Now for i = 1,2

(27" @ yo)(T) = 27" (Ty) = | Tyl = 1T = 1T

Therefore, * ® y; € J(T) for i = 1,2. Moreover, using part (2) of Lemma 6.4,

[27" @ yg — 23" @ypll = sup  [(a7" = 237)(A%yp)| = [l277 — 237 > e
AGS}L(X,Y)
This implies that d(T") > €, which is a contradiction. OJ

Corollary 6.5. If T € L(X,Y) is smooth, then for each x € My, Tx is smooth in Y. Moreover,
if Y is reflexive, then for each y* € Mp«, T*(y*) is smooth in X*.
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6.4.2 Characterization of approximate smoothness by a numer-

ical range

Let T, S € L(X,Y). Following the definition of the abstract numerical range (cf. [68, 78]), we

consider the following (always nonempty) set:
T, S) :={limy; (Sz,) : y,, € Sy+,xn, € Sx and limy, (Tz,) = || T||}.

We will use the above set for another characterization of approximate smoothness. First we

note that approximate smoothness of an operator T yields some restriction on Q(T, S).

Proposition 6.4. Let T € L(X,Y) be e-approzimately smooth with e € [0,2). Then diam(Q(T,S)) <
3 fO’I" all S € B]L(X,Y)'

Proof. Suppose that there exists Sy € Byx,y) such that diam(Q(T), Sp)) > . Then there exist
two elements A, u € Q(T, Sp) such that |\ —p| > e. Let A = limy}: (Soxy,) and g = lim 2% (Sowy,),
for some yy, 2 € Sy- and x,,w, € Sx such that limy}(Tx,) = limz}(Tw,) = ||T|. We
consider sequences ¢n, = y;, @ x,, and ¥, = z;, @ wy in By« By weak™-compactness of
By x,vy» we find two weak*-cluster points ¢, € Bpy)- of the sequences {¢,} and {¢n},
respectively. Thus there exist {ny}, {mr} C N such that ¢, (So) = ¢#(So) and ¢, (So) —
¥ (So), respectively. On the other hand we have lim ¢, (T) = lim ¢, (T) = |T||. Since ¢, are
weak*-cluster points of {¢,}, {¢n}, respectively, it follows that ¢(T) = ¢(T) = ||T||. Therefore,
¢, € J(T). Now we have

o =l 2 [(é = ¥)(So)l = Hm [(dn, —Ym,)(So)l = A —p| >e.

This contradicts the fact that T is e-approximately smooth and hence the theorem. O

A natural question arises whether the reverse implication holds true. We are able to prove

it merely under some additional assumptions.

Theorem 6.13. Let X be a reflexive Banach space and let Y be any normed linear space.
Suppose that K(X,Y) is an M-ideal in L(X,Y) and T € L(X,Y) is such that dist(T, L(X,Y)) <

|T|l. Then for any € € [0,2), the following conditions are equivalent:
(i) T is e-approxzimately smooth.
(ii) diam(Q(T,S)) < ¢ for all S € By xy)-

(iii) diam(X(T,S)) < e for all S € Syix vy
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Proof. The implication (i) == (ii) was proved in the previous result and (ii) == (iii) is
obvious. Therefore we only need to show (ili) = (i). Suppose that ¢,¥ € Ext (J(T')). Then,
due to Theorem 6.2, we note that ¢ = y*®z and ¢ = z* ®w for some z,w € MprNExt (Bx) and
y* € Ext (J(Tx)), 2" € Ext (J(T'w)). Observe that for any S € Sy x,y) we have y*(Sz), 2*(Sw) €
Q(T, S) and, since diam(Q(T, S)) < e, |y*(Sz) — z*(Sw)| < e. It follows then

¢ — ol = Sup (y* @z — 2" @w)(S)| = sup |y*(Sz)— 2" (Sw)| <e.
=1
Since ¢, ¥ € Ext (J(T')) were arbitrarily chosen we get by Proposition 6.1, d(z) = diam(Ext (J(T))) <
€, hence T is e-approximately smooth. O
Immediately we get the following corollary (cf. [78, Th. 3.1] for a multilinear counterpart).

Corollary 6.6. Under the assumption of the previous theorem, the following conditions are

equivalent:
(i) T is smooth.
(i) V.S € Byx,y) 3As € K: Q(T,5) = {As}.
(i) V.S € Suxyy FIAs € K QT S) = {As}.

In the following theorem we formulate a sufficient condition for T € L(X,Y) to be an
approximately smooth operator. Note that whenever Mr is nonempty, it can be written as a
union of two disjoint sets ' and —F. Such a decomposition is not unique, and one can try to
make F' as small as possible. Further, we consider the image of F' and the corresponding set of

supporting functionals
T(F)={Txz: z€F}, JT(F))={y"eJly):yeT(F)}.

Proposition 6.5. Let X be a reflexive Banach space and let Y be any normed linear space.
Suppose that K(X,Y) is an M-ideal in L(X,Y) and T € L(X,Y) is such that dist(T, K(X,Y)) <
IT||. If the following conditions hold true:

(i) diam(F) <r,

(1) diam(J(T(F))) < p,

then T is (r + p)-approzimately smooth, whenever r +p < 2.
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Proof. We take two arbitrary elements v* ® z and v* ® y from Ext (J(T')) represented by
(6.1). Without loss of generality we assume that =,y € F N Ext (Bx), v* € Ext (J(Tz)) and
v* € Ext (J(Ty)). Applying (i) and (ii) we get

lweor—v'ey| = |Wor—uoy+u @y—v"y|
< el =yl + lle™ = o™ [l{lyll

= llz =yl + " =" <7 +p.

If follows that diam(Ext (J(7T'))) < r + p and by Proposition 6.1, d(T') < r 4+ p. It proves that
T is (r + p)-approximately smooth, whenever r + p < 2. O

Propositions 6.3 and 6.5 lead to the following corollary which is a generalization of [66, Th.

4.6] where an analogous characterization of exact smoothness of 7" was given.

Corollary 6.7. Let X be a reflexive Banach space and let Y be any normed linear space such that
K(X,Y) is an M-ideal in L(X,Y). Suppose that T € L(X,Y) satisfies dist(T, K(X,Y)) < |||
with Mp = {xx0} and € € [0,1). Then T is e-approximately smooth if and only if Txq is

g-approximately smooth.

Now, we consider the relation between d(T") and d(Tx) for x € My N Ext (Bx). Under the
assumptions of Corollary 6.7 we have d(T) = d(T(+xo)) = €, whence

d(T) = sup d(Tz).
r€MpnExt (Bx)

In general, the above equality need not be true.

Example 6.14. Consider the identity operator I defined on a real space Eg. It is easy to see
that M; = S@. Since €3 is a smooth space, it follows that d(x) = 0 for all x € M. Therefore,
Supgen, d(Iz) = 0. We claim that d(I) = 2 whence d(I) > SUpPyen,npxt (By) A[T). From

Lemma 6.1 we have

d(I)= sup {p\(I,5)—p_(I,5)}.

oL

Applying (6.2) and (6.3), we have for any S € Swg)-'

P\ (I,8) = sup (z,Sz),
xeszg

p_(I,8) = inf (z,Sz).
.7165[5
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Now, consider Sy € L(¢3) such that Sox = x and Soy = —v, for some x,y € Seg such that x_Ly.
Thus ||So|| = 1 and clearly p, (I,S0) =1, p__(I,S0) = —1, hence d(I) = 2.

Proposition 6.6. Let X be a reflexive Banach space and let Y be any normed linear space such
that K(X,Y) is an M-ideal in L(X,Y). Suppose that T € L(X,Y) is such that dist(T, K(X,Y)) <
|T||. Then

d(T) > sup d(Tz). (6.5)
€ MrNExt (Bx)

Proof. From Lemma 6.1 we have

dT) Tl = sup {p\(T,8) = p (T, 9)}

SES{L(X,\Y)

Applying (6.2) and (6.3), as well as Lemma 6.4 and finally Lemma 6.1 again, we have

d(T)||T|| =  sup sup  p (Tw,Sz) — inf  pl (Tz,Sz)
SES}L(X,Y) zeMpNExt (Bx) + z€MrNExt (Bx)
> sup Sup {pl—&-(Tan‘%') —pI_(T.’L',SZL')}
SES]L(X’Y) xr€MrnExt (Bx)

_ sup { sup {p;(Tx,Sx)—p/(T%Sl‘)}}

x€MrNExt (Bx) SGS]L(X,Y)

> sup { sup {p/, (Tz,y) — p_(T'z, y)}}
zeMrNExt (Bx) | y€Sy

—  swp  dT0)|Tz|= sy d(T)|T].
reMrNExt (Bx) z€MpNExt (Bx)

Moreover, we have:

Proposition 6.7. Let X be any normed linear space space and let

T € Six,,) be such that {Tx : x € Sx} NExt (By,) # 0. Then d(T) = sup,e g, d(T).

Proof. We note that Ext (By,) = {e;}iey — the canonical Schauder base of ¢;. We take x € Sx
such that Tz = e;, for some j € N. Then for any y* € J(e;) we have

(" @z)(T) =y"(Tz) =1 = |T].

Thus y* ® x € J(T). Following Example 6.8, d(T'z) = d(e;) = 2 and we consider y*, z* € J(e;)
such that ||y* — 2*|| = 2. Observe that ||y* @ x — 2* ® z|| = ||y* — 2*||||«|| = 2 which implies that
d(T) = 2 and proves the result. O
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6.4.3 Coincidence of exact and approximate smooth operators.

Whereas there exist approximately smooth but not smooth operators (cf. Example 6.12), some-

times the notions of approximate and exact smoothness coincide.

Theorem 6.15. Let H be a Hilbert space, dimH > 2 and let T € L(H) be a nonzero operator
satisfying dist(T, K(H)) < ||T||. Then T is approzimately smooth if and only if it is smooth.

Proof. Without loss of generality we assume that ||| = 1. Obviously, if T is smooth then it

is also approximately smooth. To prove the converse, suppose that T is approximately smooth

but not smooth. It is known (cf. [27, 39]) that K(H) is an M-ideal in L(H) whence it follows

then from Theorem 6.2 that M7y # 0 and by [66, Th. 4.6], |Mp| > 2, i.e., there exist two

linearly independent elements xg,yo € Mp. By [82, Th. 2.2], span{zg,yo} N Sx C Mr so we

may consider xg,yo € My such that zy L yo. Then by [90, Th. 2.3] we have also Tzg L Typ.
Consider now Sy € L(H) such that

Soxg = TJ?(), Soyo = —Ty(), Soh = 9, for all h € H,

where H := span {xo,y0}*. Let z = axo + Byo + h € Sy for some a,3 € R, h € H. Then
1S02]1* = l[aTao — BTyoll* = |al* + 8] < |af* + 81> + [|A]* = [|2[* = 1. So [|So|l < 1 but
[Sozol| = [[Txol| = [|T']| = 1, hence [|Sol| = 1.

In view of Theorem 6.3, for any S € L(H) we have

p(T,S) = sup (T'z,Sx),
zEMp

p_(T,S) = inf (Txz,Sx),
reEMp

by which p/, (T, Sy) =1 and p’_(T,Sp) = —1. Finally, from Lemma 6.3,

d(T) = Hzﬂgl{/ﬂ(ﬂ S) = p_(T,9)} > pl (T, So) — (T, S0) = 2,

which means that T is not approximately smooth. This contradiction finishes the proof. O
An immediate corollary follows from the above theorem.

Corollary 6.8. Let T € K(H) be a nonzero operator. Then T is approximately smooth if and

only if it is smooth.

The study of coincidence of approximate smoothness and exact smoothness can be extended
little further in the Banach space settings. Before getting into the results, we note the following

proposition.
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Proposition 6.8. Let Y be any Banach space and let T € L(¢},Y) be a nonzero operator. If
T is approximately smooth then My is a singleton (up to the sign).

Proof. Without loss of generality we assume that ||T']| = 1. Let {ey}}_; be the standard basis
of £}. We have Ext (Bgp) = {£ey : 1 <k <n}. As My NExt(Bp) # () (Theorem 6.2), there
exists e; € My N Ext (Byn) for some 1 < i < n. If My = {+e;} then we are done. Suppose
on the contrary that there exists x # +e; such that ||Tz|| = 1. Since € Sn, we can write
r =>4 arer+> p_q Br(—ex), for some ag, B, > 0and Y p_  ap+> p_y Br = 1. Since z # e,
we have for some j # i that a; # 0 or 3; # 0. Suppose that e; ¢ My, i.e., ||Te;|| < 1. This

would lead to:

L=|Tz| =

T <Z aker + 5k(—6k)> H
k=1 k=1

Y arlTexll + ) BullTex]

g s

n n
Dot Be=1
k=1 k=1

IN

A\

a contradiction. Therefore, there exists j # 7 such that e;, e; € My. Now we consider an oper-
ator S € (¢}, Y) defined by Se; = préiy, Se; = —ﬁ and Sej, = 6 for all k € {1,2,...,n}\
{i,j}. Clearly ||S|| = 1 and it follows from Theorem 6.3 that p/ (T,S) = p/ (Te;, Se;) = 1,
P (T,S) = p/,(Tej,Se;) = —1. Applying Lemma 6.1 we obtain that d(T) = 2. This contra-
dicts the fact that T is approximately smooth and proves the desired result. O

Now let us observe the following result.

Theorem 6.16. Let Y be a smooth Banach space and let T € L({},Y) be a nonzero operator.

Then T is approximately smooth if and only if it is smooth.

Proof. We only need to show the necessary part. From Proposition 6.8 we note that My = {+e;}
for some 1 < i < n. Since Y is smooth, Te; is smooth. Therefore, using [72, Th. 4.1] we get

that 7" is smooth. O

n m

T,0%) then also we get that approximate smoothness implies

If we consider the space L(

smoothness.

Proposition 6.9. Let T' € L({}, %) be a nonzero operator. Then T is approximately smooth

if and only if it is smooth.

Proof. Again we only show the necessary part. From Proposition 6.8, we get Mp = {+e;},

for some 1 < ¢ < n. We only need to show that Te; is smooth. Suppose on the contrary

104



Chapter 6. Smoothness and approximate smoothness in Banach spaces and in the spaces of bounded

linear operators

that it is not the case. Then d(T'e;) = 2; indeed, as Te; is non-smooth, there exist two linearly
independent functionals y*, z* € Ext (J(T'e;)). It is easy to observe that ||y* —2*|| = 2 = d(T'e;).
Therefore, using Proposition 6.6 we obtain that d(T) > d(Te;) = 2, whence d(T) = 2. This

contradicts the assumed approximate smoothness of T" and hence the theorem. O
We end this subsection with the following theorem.

Theorem 6.17. Let Y be a Banach space. Suppose that for any nonzero operator T € L(£},Y),

approximate smoothness of T implies that T' is smooth. Then either of the following holds true:
(i) Y is smooth
(1) Y is not approzimately smooth.

Proof. Suppose, on the contrary, that neither (i) nor (ii) hold, i.e., that Y is non-smooth but
approximately smooth. Therefore, there exists u € Sy such that u is e-approximately smooth
for some ¢ € (0,2). Define S € L(¢},Y) as Se; = u and Sei, = 0 for all k € {2,...,n}.
Then Mg = {+£e;}. Applying Corollary 6.7 we note that d(S) = d(Se;) = d(u) < e. Thus
S is e-approximately smooth. On the other hand it follows from from [72, Th. 4.2] that S is

non-smooth. This contradicts the assumption and completes the proof. O

6.4.4 Approximate smoothness of adjoint operators

We establish a correspondence between approximate smoothness of a compact operator T' and

its adjoint 7™, assuming reflexivity of the target space.

Theorem 6.18. Let X be a Banach space and Y a reflexive Banach space. Let T € K(X,Y).
Then T is e-approzimately smooth (for some e € [0,2)) if and only if T* is e-approzimately

smooth.

Proof. 1. Necessity. Suppose that T is e-approximately smooth and 7™ is not e-approximately
smooth, hence d(T) < e < d(T*). Following Proposition 6.1, there exist f, g € Ext (J(T%)) such
that || f — g|| > . Applying Theorem 6.1 we suppose that f = o1 ® 27* and g = 02 ® 25", where
01,02 € Ext (Bys«) and x7*, 25" € Ext (Bx»+). Since ||o1 @ 27" — 02 @ x5*|| > ¢, it follows that
there exists S € Sg(y« x+) such that [(01 @ 27" — o2 ®25*)(S)| > . As Y is reflexive, there exists
A € Sg(x,y)y such that A* = S and therefore,

(01 ® 2 — 09 @ 237)(A%)] > e. (6.6)
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Since Y is reflexive, so is Y*. Thus the canonical embedding ¢ : Y* — Y*** is an isometric
isomorphism between Y* and Y***. For ¢ = 1,2, let y € Y* be such that ¢ (y}) = 0;. We note
that

(@7 ©YNT) = @) = o) @ T = 0l T) = i (T)
— qiea (1) = |7 = 17|

Thus [|* @ yf|| =1 and z* @ y} € Ext (J(T)), for ¢ = 1,2. Also, from (6.6), we see

(217 @ y1 — 23" ©y5)(A)]

277 (A1) — 23" (A7)
= [Py (A7) = d(ya) (A7 57|
= [o1(A™277) — 09 (A" 2y"))

= (1 ®@a" —oa ®@a5")(A")| > €,

which implies that [|2]* ® yi — 25* @ y3|| > € and hence d(T") > e. This contradiction yields T*
is e-approximately smooth.

2. Sufficiency. Suppose that T* is e-approximately smooth, but 7" is not e-approximately
smooth. Then, there exist o,n € Ext (J(T')) such that || — n|| > € and, by Theorem 6.1, 0,7

can be represented as:
c=2"®y", n:=u" Qv ™ u* € Ext (Bxs+), y*,v* € Ext (Byx).

Thus there exists A € Sp,(x,y) such that |(z** @ y* — u*™ @ v*)(A)| > €.
Now, consider ¥(y*), ¥ (v*) € Y***, where 9 is the canonical isometric embedding of Y* onto

Y***. Then ¥(y*) ® z**, ¥ (v*) ® u** € J(T*). Indeed,

(W(y") @ =) (T7) Py ) (Ta™) = (T7a)(y")

= (T"y") = @ @y )(T) = ||IT| = T
and (by reflexivity of Y and Lemma 6.4)

[ (y") @ 2|

sup  [(P(y") @ 27)(B)]
BGS]L(Y*,X*)

sup  [(¥(y") @ 2™)(AY))]

AGS]L(X,Y)
= sup [P(y7)(AT2T)[ = sup  [AT2T(y)] =L
AES}L(X’Y) AES]L(ny)
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Therefore 1 (y*) ® £** € J(T*) and similarly, one can show that ¥ (v*) @ u™* € J(T™*). Now,

we have

() ®a™ — 6 B u™) (A7) = [y )(A™a™) = (") (A7)
(A7) (") = (A ™))

(™ ©y" —u™ @) (A)] > e

This implies that || (y*) @ ™ —p(v*) @ u™*|| > €, i.e., T™* is not e-approximately smooth, which

is a contradiction. O

Corollary 6.9. If X and Y are finite-dimensional Banach spaces, then T € L(X,Y) is e-

approzimately smooth if and only if T is e-approzimately smooth.

6.4.5 Rank-one operators

A rank-one operator T' € L(X,Y) can be written in the form
Tz = z*(z)w, z €X, (6.7)

where z* € X* and w € Y. We have ||T|| = ||z*||||w]|, thus it is clear that My = My~. The
norm attainment set M- can be written in the form M,- = F U (—F), where F is a convex
subset of Sx. It follows that My = F U (—F). In this context we note the following theorem as

a corollary from Proposition 6.5.

Theorem 6.19. Let X be a reflexive normed linear space and let Y be any normed linear space.
Assume that K(X,Y) is an M -ideal in L(X,Y). Suppose that T € L(X,Y) is a rank-one operator
having the form (6.7) with Mp = F U (—F) as above. If

(i) diam(F) =r
(11) w is s-approximately smooth, for some s € [0,2),
then T is (r + s)-approzimately smooth, whenever r + s < 2.
Following the above theorem we note some corollaries.

Proposition 6.10. Let X be a reflexive normed linear space and let Y be a smooth normed

space. Assume that K(X,Y) is an M-ideal in L(X,Y). Suppose that T € L(X,Y) is rank-one
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and has the form (6.7) for some z* € X* and w € Y. Define F := {z € Sx : z*(z) = ||z|},
i.e., F'is a face on Bx. Then Mp = F U (—F) and T is e-approzimately smooth if and only if
diam(F') =e.

Proof. As X is reflexive, M # (). Then we have

dT) = suwpflly" @z —y" @2 : 2,z eExt(F), J(w)={y"}}
= sup{|lz — z| : z,z € Ext(F)} = diam(F)

and the assertion follows. ]

Proposition 6.11. Let X be a reflexive and strictly convex Banach space and let Y be a normed
linear space. Assume that K(X,Y) is an M-ideal in L(X,Y). Suppose that T € L(X,Y) has the
form (6.7) for some z* € X* and w € Y. Then T is e-approzimately smooth if and only if w is

e-approximately smooth.

Proof. Since X is reflexive and strictly convex, it follows that X* is smooth. Therefore, z*
attains its norm at a unique point on Sx (up to the sign). Thus My = My« = {£zo} for
some zg € Sx. It follows that T(z9) = ftw and we can assume that T(xo) = w, hence

Ext (J(T)) = {y* @ zp : y* € Ext (J(w))}. Therefore, using Proposition 6.1 we get

d(T) = sup{|ly" ®zo — 2" @ 0| : y*, 2" € Ext(J(w))}
sup{|ly” — z*|| = ¥*, 2" € Ext (J(w))} = d(w)

and our result is proved. O

Note that if both X* and Y are smooth spaces, then for any 7' € L(X,Y) having the form
(6.7) there is My = {£xo} for some 2y € Sx and Txq is also a smooth point in Y. Therefore,

using previous arguments the following corollary can be derived.

Corollary 6.10. Let X be reflexive and strictly convex and let Y be smooth. Suppose that
T € L(X,Y) is rank-one. Assume that K(X,Y) is an M-ideal in L(X,Y). Then T is e-

approximately smooth if and only if T is smooth.
The following example shows that strict convexity is an essential assumption.

Example 6.20. Let X be the space R? such that Byx is a reqular hexagon with Ext (Bx) =
{+x1, 429, +13}. Consider x* € Sx+ that supports the segment [x1,22]. Define T: X — (3 by
Tz = z*(x)e1, x € X. Clearly, T is rank-one and Mp = £[x1,x2]. Thus

Ext (J(T)) ={y* ®@x: 2 € MpNExt(Bx),y" € J(Tz)} = {e1 @ x1,e1 @ z2}.
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So d(T) = diam(Ext (J(T))) = ||v1 — 22| = 1 whence T is 1-approvimately smooth but not

smooth.
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