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Chapter 1

Introduction

A robot swarm consists of a collection of simple, inexpensive, autonomous robots
that work collaboratively to perform complex tasks. The motivation for using
a collection of generic robots with limited capabilities to perform complex tasks
comes from nature. The main idea is to simulate biological systems like bee
swarms, fish schools, ant colonies, bird flocks, etc. In these systems, the group
exhibits complex behaviors to execute complex tasks collectively, even though
each individual entity within the group has limited capabilities. Likewise, the
goal of swarm robotics is to enable a large number of simple, generic robots
to execute complex tasks using only local rules and without centralized control.
In a swarm, each robot independently follows an algorithm based on its own

observations, making the system a distributed one.

A swarm of such weak, simple and low-cost robots are often more efficient in
executing some tasks rather than using a single powerful and complex robot.
This is because swarming offers many advantages that are useful and can not be
achieved in a single robot system. Some of the issues that a swarm of robot can

easily overcome are given in the following subsection.



1.0.1 Issues faced in single robot system and how swarm
of robots overcome them.

e Cost-Effectiveness : manufacturing a single powerful robot with advanced
and complex structures and control systems can be costly. On the contrary,
the individual units of a robot swarm are simple and generic, making them af-
fordable and suitable for mass production. Even with a large number of robots,
the cost remains lower than that of a single powerful robot. There are certain
tasks where it is not possible to recover and reuse a robot afterwards. Using a
costly robot to execute these tasks is economically not suitable. Deploying a
swarm of robots to do these kind of tasks can be a viable alternative solution

to such scenarios.

e Robustness and Stability : Another advantage that a swarm of robot offers
is stability and robustness of the system. In a single robot system malfunction
of some module can jeopardize the whole task that has to be executed by the
robot whereas, in a swarm robot system, the robots collectively progress to-
wards achieving the solution even when some robots stops working. This ability
to withstand malfunctions or faults makes robot swarms especially attractive

for tackling large-scale tasks in hostile or hazardous environments.

e Scalability : Scalability is a big problem in a single robot system. It takes
a huge cost to scale a system in this model. On the contrary, a swarm of
robot can be easily scaled up or down in the size of the swarm according to
the requirement of the task. This flexibility in scaling comes useful in handling

problems of different complexity and size.

e Efficient Execution Time : Robots in a swarm can work on different parts
of the task simultaneously unlike the single robot that can execute only one
part of the task at a time. This inherent parallel nature of the swarm ensures
faster execution of the whole task for certain problems for the swarm, especially

those that can be divided into smaller, parallelizable sub-problems.

e Energy Efficiency: Swarm robots can be designed to be more energy-efficient



for specific tasks, reducing the overall energy consumption compared to a single,

more powerful robot.

1.0.2 Real world applications of robot swarm

Thanks to these advantages, robot swarms can be utilized in a diverse array
of scenarios across various applications. Here are some examples of how robot

swarms can be applied:

1. Environmental Monitoring

e Pollution Tracking : Swarm robots can monitor air and water quality

over large areas, detecting pollution sources and spreading patterns.

o Wildlife Monitoring : A swarm of robots can observe wildlife, collect
data on animal behaviour and population dynamics without causing any

hindrance for them at their natural habitat.
2. Agriculture

e Crop monitoring : Real time data on soil assessment, crop health can be

provided to farmers by robot swarms.

e Precision Farming : Targeted actions such as applying fertilizers, plant-
ing seeds, watering crops can be performed by a robot swarm while opti-

mizing the resource use and increasing yield.
3. Disaster Response

e Search and Rescue : A swarm of robot can quickly cover a large area in
the aftermath of a disaster. Thus it can be used in search and rescue
missions in case of such natural calamities [90]. Hazards such as gas leak,
fire etc. can be searched by the robots. Furthermore, they can also be

used for locating and rescuing survivors.

4. Military and Defence



e Surveillance : Swarm robots can conduct surveillance mission providing

real-time data for hostile and inaccessible areas [80].
5. Exploration

e Space Fxploration : A swarm of robots can explore planetary surfaces to

gather data and samples.

o Underwater Ezploration : A robot swarm can map and monitor under-
water environments, studying marine life and geological formations. Also
they can monitor leakage in underwater oil storage tanks and pipelines
[65]

There is an extensive range of potential application scenarios for robot swarms,
even beyond those mentioned above. Swarming, due to its advantages over the
single robot system and the huge application possibilities distributed coordination

of robot swarms has attracted a considerable amount of research interest.

1.0.3 Dawn of research in swarm robotics

Initial research in this area was predominantly carried out by the artificial in-
telligence community. One of the pioneering studies by Maja Matari¢ in 1994
demonstrated how simple local interactions within a swarm could result in com-
plex global behaviors [73]. Another significant study by Beckers et al. in 2000
explored how a system of simple autonomous robots could collect and aggregate
pucks distributed over a rectangular area, showcasing the effectiveness of stig-
mergic communication [8]. Stigmergy, a method where individuals in decentral-
ized systems communicate indirectly by altering their environment rather than

through direct interaction, was a focal point of this research.

In 1992 Beni introduced the concept of Swarm Intelligence [9] providing another
alternative approach to study multi robot systems. These methodologies provide
different perspectives and frameworks for understanding and advancing the field

of swarm robotics.



All these above mentioned approaches are of experimental nature, and focuses
on practical implementations rather than formal correctness proofs of the algo-
rithms. The topic of robot swarms was introduced to the distributed computing
community in 1996 through two different studies of the pattern formation prob-
lem by Suzuki, Sugihara and Yamashita [91,93]. These works took a different
approach and investigated the computational perspective, aiming to understand
how various features and capabilities of robots relate to the solvability of tasks.
Since then, numerous theoretical investigations have examined the computational
aspects of robot swarms from a distributed computing perspective. These stud-
ies aim to identify the minimum capabilities required for robots to solve specific
problems, emphasizing rigorous mathematical proofs over heuristic approaches.
The long-term goal is to develop a clear understanding of the relations between
different robot features (such as memory, communication, sensing, synchroniza-
tion, and agreement on local coordinate systems, visibility, dimension,) and the
overall computability of the swarm. The recent book [53] offers a comprehensive
survey of the extensive research conducted in this field. In this thesis, we con-
tinue this line of research by studying the Geometric Pattern Formation problem,

a fundamental issue in robot coordination.

In Section 1.1, we give an overview of standard models of robot swarms considered
in theoretical studies. In Section 1.2, we discuss the earlier works in this direction.

Section 1.3 gives a brief overview of the thesis.

1.1 Fundamentals of Robot Swarm

This section presents the theoretical framework for examining computational and
complexity issues in distributed swarm robot systems. The framework encom-
passes various aspects, including robot capabilities, scheduler functionalities, and
different environments where the problems are analyzed. We begin by outlining

the different robot capabilities below.



1.1.1 Robots in a Swarm

A robot swarm, denoted by R = {r1,79,...7%} is a finite set of small, inexpensive
and simple computing entities called “robots”. Each robots can do local com-

putation and move independently. Each of these robots are considered to be:

e autonomous: The robots are not controlled in a centralized way
e anonymous: The robots do not have any unique identification such as IDs
e homogeneous: Robots execute the same algorithm

e identical: Robots are physically indistinguishable

1.1.1.1 Physical Feature of a Robot

In most studies on swarm robot algorithms, robots are considered as points,

referred to as “point robots”. While point robots have significant theoretical im-

(@) (b)

Figure 1.1: (a) Point robots on a plane. (b) Fat robots on a plane.

plications, in practice, a robot inevitably possesses some dimensions, no matter
how small. To address this, the “fat robot” model was introduced. In this model,
robots are represented as unit disks that occupy space within the environment,
rather than merely points. This assumption provides a more realistic representa-

tion of robots, accounting for physical interactions and constraints.



1.1.1.2 Local Coordinate System

Each robot have a coordinate system that is only available to it. The coordinate
system of a robot is called its local coordinate system . For any given robot r;,

the origin of its local coordinate system at any moment is its current location. It

X
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Figure 1.2: Local coordinates of robots in a swarm on a plane

is assumed that robots do not have access to any global coordinates. However,
there may be some consistencies in the local coordinates within a swarm of robots,

leading to a classification based on these consistencies:

1. Two Axis Agreement: Robots agree on the direction and orientation

of both axes in a two-dimensional environment (See Figure 1.3(a))

2. One Axis Agreement: Robots agree on the direction and orientation of

only one specific axis in their local coordinate system (See Figure 1.3(b))

3. Chirality: Robots agree on the cyclic orientation, that is, the clockwise

and counter-clockwise direction (See Figure 1.4(a))

4. No Agreement: Robots have no consistency among their local coordinate
systems. They do not agree on the direction or orientation of any axis, nor

do they agree on cyclic orientation (Figure 1.4(b)).
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Figure 1.3: (a)Two axis agreement: robots agree on direction and orientation of
both z—axis and y—axis. (b) One azis agreement: robots agree on the direction and
orientation of only x—axis
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1.1.1.3 Look-Compute-Move Cycle

Each robot has two states idle and active. A robot can move into active state
from idle state or into idle state from active state. The moment when a robot
moves into active state from idle state is known as activation of the robot. Af-
ter activation, the active state of a robot can be further subdivided into three
more phases: Look, Compute, and Move. Therefore, instead of saying that the
robots continuously transition between the idle and active states, we describe it
as follows: after activation, a robot sequentially executes the Look, Compute,
and Move phases, then returns to the idle state until its next activation, at which
point it repeats the process. So, each robot operates in a cycle where it executes
the Look, Compute, and Move phases in sequence before becoming idle again.
This cycle is called a Look-Compute-Move cycle, or LCM cycle (See Figure 1.5).
Upon activation, a robot executes the Look Compute and Move phases in the

following way.

e Look : A robot takes a snapshot of the positions of the other robots

according to its local coordinate system.
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Figure 1.4: (a)Chirality: robots agree on clockwise and counter-clockwise direction.
(b) No agreement: robots neither agree on the direction and orientation of any axes
nor agree on any clockwise or counter-clockwise direction

e Compute : A robot runs an algorithm that takes as input the perceived
locations of other robots relative to its local coordinate system (i.e., infor-
mation from the Look phase). The output of this computation is a point
with respect to its local coordinate system. This point is also known as des-
tination point. Note that, because the robots are homogeneous, all robots
in the swarm execute the same algorithm. However, since each robot has
its local coordinate system, the input might differ from one robot to an-
other. Consequently, even if they execute the algorithm simultaneously, the

resulting output point may vary for each robot.

e Move : After executing the Compute phase, the robot determines a desti-
nation point. If this destination point differs from its current location, the
robot moves to the destination point. Conversely, if the destination point

is the same as its current location, the robot remains in place.

After completing the Move phase of the current LCM cycle, a robot becomes
idle until its next activation. Upon activation, it executes another LCM cycle,

continuing this process repeatedly.
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Figure 1.5: Look-Compute-Move cycle

1.1.1.4 Multiplicity Detection

Multiplicity refers to a point or vertex in the domain where multiple robots are

located at the same time. Some robot models are capable of detecting multiplic-

ities, and there are four main types of multiplicity detection abilities a robot can

possess:

e Global-strong multiplicity detection: Robots with this ability can determine

the exact number of robots at any given point or vertex.

o Global-weak multiplicity detection: Robots with this ability can detect if a

point or vertex has multiple robots, but cannot determine the exact number

of robots at that location.

e Local-strong multiplicity detection: Robots with this ability can count the

exact number of robots at a point or vertex, but only if the detecting robot

is also part of that multiplicity.

e Local-weak multiplicity detection: Robots with this ability can detect the

presence of a multiplicity at a point or vertex, but only if the detecting

robot is also part of that multiplicity.
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1.1.1.5 Visibility

In the Look phase, a robot captures a snapshot of its surroundings to determine
the locations of other robots based on its local coordinate system. The visibility
model of a robot defines what is captured in this snapshot, essentially determining
the extent of the robot’s vision.In the literature, two primary visibility models

are discussed: non-restricted visibility and restricted visibility.

In the non-restricted visibility model, a robot r; captures a snapshot of the entire
environment, including all robots present, regardless of their distance from r;.
Additionally, one robot cannot obstruct the view of another in this model. This

model is also known as full visibility model.

The restricted visibility model can be further categorized into two types: limited

viston and obstructed visibility .

e Limited Vision : This model deals with the range of vision of a robot. In
this model it is assumed that a robot can only see upto a certain distance
called wvisibility range, denoted as ¢. The part of the environment visible
to a robot r; is called the wisibility region of r;. Robots having a finite
visibility range is called a myopic robot. Note that in full visibility model

it is assumed that ¢ — oo.

In a continuous environment &, the visibility region of a robot r; is
B(R;, ®) N Econt, where R; is the location of r; and B(R;, ¢) is an open disk
of radius ¢ centered at R;. In a discrete domain &5 where Eyisc = (V, E) is
a graph, the visibility region of a robot r; is the induced sub-graph &, =
(V') E') of Egisc where V' is the set of vertices in V' that are at most ¢ hop

away from the vertex on which r; is located (See Figure 1.6).

e Obstructed Visibility : In obstructed visibility model it is assumed that
the robots have unlimited visibility range but visibility of a robot can be

obstructed by presence of some other robot.

Formally, in case of point robots having obstructed visibility model a robot

r; can’t see another robot r; iff there is no other robot on the line segment
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Figure 1.6: (a)Limited vision on plane: visibility region of r; is the blue open ball.
(b) Limited vision on graph: Visibility region of r; is the sub-graph whose edges are
marked with dotted lines for ¢ = 2. r; can not see the red vertices or the robots marked
with color grey.

joining the locations of r; and r; (See Figure 1.7(a)).

For fat robots, r; can see r; iff there exists a point p; on perimeter of r; and
a point p; on the perimeter of r; such that the line segment p;p; does not

intersects with any other point p on a robot r(# r;,r;) (See Figure 1.7(b)).

Note that, one can think of robots having this model of visibility as non-

transparent or opaque. Hence, these robots are called opaque robots.

Figure 1.7: (a) Opaque Point Robots: r; can not see r; due to r,. (b) Opaque Fat
Robots: No three robots are co-linear still 7; can not see r;.
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1.1.1.6 Memory and Communication

Robots in a swarm can be categorized based on the availability of persistent

memory and communication abilities. These categories are as follows.

e OBLOT robots: In this robot model, the robots are oblivious and silent.
A robot is considered silent if it lacks the ability to communicate explicitly
with other robots. The term oblivious means that the robots have no per-
sistent memory to retain previous observations, computations, or actions.
At the end of each LCM cycle, all gathered information (observations, com-
putations, and actions) is erased. Therefore, the computations in each cycle

are based solely on the observations made in the current cycle.

o LUMT robots: In this robot model, each robot is equipped with a persis-
tent light that can display a finite number of colors. A robot can update
its light’s color during the Compute phase of a cycle. Once set, the color
remains unchanged into the next cycle or until the robot updates it again.
During the Look phase of a cycle, a robot can see its own color as well
as the colors of other visible robots. This ability allows a robot to use its
color as a state marker to remember information in the next cycle, acting
as a form of persistent memory. Since the number of available colors is
finite, a robot can remember only a limited number of states from previous
cycles. Additionally, in this model, robots use colors to communicate with
each other. Because robots in the LUMZ model can see the colors of other
robots, colors serve as signals. However, the number of possible messages

is finite due to the limited number of colors.

e FST Arobots: In this robot model the robots are equipped with persistent
light having finite colors as well. However, a robot can only see its own color
and not the colors of other robots. Thus, in this robot model, robots can use
colors as finite persistent memory, making them non-oblivious. However,
they are unable to communicate explicitly, as they cannot see the colors of

other robots, making them silent.
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e FCOM robots: Similar to the LUMZ model, these robots are equipped
with a persistent light that can display a finite number of colors. However,
in this model, robots can see the colors of other robots but not their own.
As a result, the robots do not have finite persistent memory to remember
previous states (i.e., oblivious), but they do have the ability to communicate

with other robots using signals of finite size (i.e., non-silent).

1.1.1.7 Activation and Synchronization

It is assumed that an entity called the scheduler controls the activation and
timing of the robots’ actions. The literature primarily considers three types of
schedulers: (1) Fully Synchronous (FSYNC), (2) Semi-Synchronous (SSYNC),
and (3) Asynchronous (ASYNC) (See Figure 1.8). The descriptions of each

scheduler are as follows.

1. Fully Synchronous (FSYNC): In the Fully Synchronous model, time
is divided into global rounds. In each round, all robots perform one LCM
cycle simultaneously. This means that all robots take their snapshots at
the same time and execute their actions simultaneously. Consequently, the

Look, Compute, and Move phases of all robots are synchronized.

2. Semi-Synchronous (SSYNC): In the Semi-Synchronous scheduler
model, time is still divided into global rounds similar to the Fully Syn-
chronous model. The key difference here is that not all robots are activated
in every round. However, to ensure fairness in the system, it is assumed

that each robot is activated infinitely often.

3. Asynchronous (ASYNC): Among all scheduler models, the most gen-
eral one is the asynchronous scheduler model.In this kind of scheduler, the
robots are activated independently, and each robot executes its LCM cycles
independently. The time spent in Look, Compute, Move, and idle states
is finite but unbounded, unpredictable, and varies among different robots.
As a consequent, the robots do not share a common notion of time. Ad-

ditionally in this scheduler model, a robot can be observed while moving,
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leading computations to rely on outdated positional information. Moreover,
the configuration perceived by a robot during the Look phase may change

significantly before it decides to move.

t t+1 t+2
(a)Fully Synchronous (FSYNC)

=

t t+1 t+2
(b)Semi — Synchronous (SSYNC)

(c)Asynchronous (ASYNC)

Figure 1.8: Three main scheduler models. The yellow, blue, orange and white colors
are used for Look phase, Compute phase, Move phase and idle state of a robot.

1.1.1.8 Movement by robots

Typically, robots are assumed to move in a straight line, though some studies
consider robots moving along specific trajectories. The speed of movement is
another important factor. In the FSYNC and SSYNC scheduler models, robot
speed is irrelevant because all movements complete before the next global round
begins. However, in the ASYNC scheduler model, a robot’s speed determines
the duration of its Move phase in each LCM cycle. To ensure uniformity in the
duration of the Move phase, a robot may sometimes stop before reaching its
intended destination within the current LCM cycle. In this context, there are

two main models describing how a robot moves, as discussed below.
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e Rigid: In the rigid movement model, each robot is assumed to reach its

destination point within its current LCM cycle without any interruptions.

e Non-rigid: In this model of robot movement, a robot may stop before
reaching its destination point within a LCM cycle. More formally, there
exists a ¢ > 0 such that: 1)If the distance to the destination point exceeds
0, the robot moves at least 0 towards the destination point in the current
LCM cycle. 2) If the distance to the destination point is no more than 9,

the robot is guaranteed to reach the destination point in the current cycle.

These assumptions are necessary because, without them, the model could
interrupt a robot after moving 2i distance during its i-th activation, effec-
tively restricting the robot to within 1 unit of distance from its starting

position.

1.2 Related Works

This section provides a brief survey of theoretical studies on the computational

and complexity issues in distributed computing by a swarm of robots.

1.2.1 A brief history on formation problems

One of the most fundamental and important coordination problem that has been
extensively studied in the literature of this domain is FORMATION problem. There
are mainly two categories in FORMATION problem: 1) ARBITRARY PATTERN
FORMATION (APF) and 2) GEOMETRIC SHAPE FORMATION.

In ARBITRARY PATTERN FORMATION or, APF problem, the robots are initially
provided with the target pattern as a set of points with respect to some fixed
coordinate system. However, in GEOMETRIC SHAPE FORMATION problem the
robots are not provided with any set of target coordinates with respect to some
fixed coordinate system. Instead in this problem the robots are instructed to
form a particular geometric shape (e.g., point, line, circle etc.). Note that in

ARBITRARY PATTERN FORMATION, a swarm can form any geometric shape,
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but the robots must be given a consistent input of target points. In contrast, in
the GEOMETRIC SHAPE FORMATION problem, the robots know only the shape

they need to form without being given any specific coordinates.

The FORMATION problem was first studied in [94,95]. These papers character-
ized the class of patterns formable in FSYNC and SSYNC schedulers, assum-
ing robots with unbounded memory. The classification of formable patterns for
OBLOT robots in FSYNC and SSYNC schedulers was later studied in [100].
Subsequently, [56] examined the APF problem for OBLOT robots under the
ASYNC scheduler. This study showed that, with one axis agreement, a swarm
with an even number of robots might fail to form certain patterns in the worst
case, whereas a swarm with an odd number of robots can form any arbitrary pat-
tern. They further demonstrated that with agreement on both axes, robots can
form any pattern. The same paper provided a groundbreaking result connecting
APF to the LEADER ELECTION problem. They proved that for a swarm of
size n > 3, it is possible to solve LEADER ELECTION without any agreement on
the coordinate system if APF can be solved. The LEADER ELECTION problem
requires the robots to agree on a single robot as the leader. The relationship be-
tween LEADER ELECTION and APF for robots with chirality and no agreement
on the coordinate system was further studied in [47]. In this paper, the authors
provided algorithms to solve APF for a OBLOT + ASYNC swarm of size n > 4
with chirality, and for a OBLOT + ASYNC swarm of size n > 5 without chirality.
Together with the results from [56], it followed that the APF and LEADER ELEC-
TION problems are equivalent. More precisely, it is possible to form any arbitrary
pattern without multiplicity points by either a swarm of OBLOT + ASYNC
robots of size n > 4 with chirality, or a swarm of OBLOT + ASYNC robots
of size n > 5 without chirality, if and only if LEADER ELECTION is solvable by
the swarm. In both [56] and [47], the target pattern does not admit multiplicity
points. The APF problem considering multiplicity points in the target pattern
under the OBLOT + ASYNC model was studied in [25,58].
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1.2.1.1 Issues in full vision

All the aforementioned works considered the FORMATION problem under a non-
restricted visibility model. The problem was first studied under a limited visibility
model in [102]. Under an obstructed visibility model, APF was examined in [14]
with the assumption of opaque point robots and in [12] with opaque fat robots,
both under the LUMZI+ ASYNC model. Additionally, APF was studied from a
randomized algorithm perspective in [17,103]. The problem of forming a sequence

of patterns was investigated in [42].

1.2.1.2 Formation problem on discrete domains

Note that all the aforementioned works focused on the continuous domain. In
the discrete domain, APF was first introduced in [13]. In this work, the au-
thors defined the problem on an infinite rectangular grid and provided an algo-
rithm that solves APF starting from any asymmetric configuration under the
OBLOT + ASYNC model. Multiplicity points were not allowed in the pattern
to be formed. Later, in [24], the authors demonstrated that starting from any
asymmetric configuration, any pattern can be formed if the domain is a regular
tessellation graph. There are only three types of regular tessellation graphs: the
infinite rectangular grid, the infinite triangular grid, and the infinite hexagonal
grid. In this work, the pattern to be formed can include multiplicity points, thus
generalizing the work in [13]. Under obstructed visibility model APF was studied
in [69] for opaque fat robots under LUMZ + ASYNC model.

1.2.2 Development of works on gathering

In the GEOMETRIC SHAPE FORMATION problem, one of the most extensively
studied issues is point formation, also known as GATHERING. In the GATHER-
ING problem, n robots need to converge at a single point that is not known to
them beforehand. The special case where n = 2 is known as the RENDEZVOUS
problem. The significance of the RENDEZVOUS problem lies in demonstrating the
distinction between the OBLOT + FSYNC model and the OBLOT +SSYNC
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model. RENDEZVOUS can be easily solved in the OBLOT + FSYNC model by
instructing the robots to move to the midpoint of the line segment joining them.
However, in [95] it is proved that, it is impossible to solve RENDEZVOUS under
the OBLOT + SSYNC model without any additional assumptions, even with
multiplicity detection. From a computational perspective, GATHERING of n > 3
robots is very different from RENDEZVOUS. Unlike RENDEZVOUS, GATHERING
of n > 3 robots is solvable under the OBLOT + ASYNC model if the robots have
multiplicity detection capability [27]. RENDEZVOUS has been studied in models
beyond the OBLOT model in [41,57,99]. Additionally, [26] provides an algorithm
for solving GATHERING with n > 3 robots, where the robots can gather at a point
even without multiplicity, but they have unlimited persistent memory to store all
computations and information from the beginning of the execution. Without
any persistent memory and multiplicity detection, GATHERING was solved under
the asynchronous scheduler model (OBLOT + ASYNC) by assuming the robots

agree on one axis (the one axis agreement model) for a swarm size of n > 2 [10].

PoOINT-CONVERGENCE is another relaxed version of the GATHERING problem.
In this problem the robots need to move arbitrarily close to each other. More
formally, for a set of robots R = {ry,r2,...7r;}, define D(R) = 1<m<a>ik{n,7"]}
Then, POINT-CONVERGENCE is said to be solved if llm Dt(R) = 0. The “move
to the middle point” strategy for solving RENDEZVOUS in OBLOT + FSYNC
model can be generalized to move to the center of gravity of the configuration
to solve POINT-CONVERGENCE under the OBLOT + ASYNC model [28]. Note
that, though it solves POINT-CONVERGENCE the move to COG strategy fails to

solve GATHERING in absence of synchronicity.

1.2.2.1 Gathering with fat robots

The requirements to solve GATHERING is defined only for point robots. For fat
robots the requirement to solve GATHERING is to form a connected configuration.
In a connected configuration between any two points of any two robots there must
exist a polygonal line each of whose points belong to some robot. GATHERING

with fat robots have been extensively studied in [3,22,33].
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1.2.2.2 Gathering in discrete domain

GATHERING has also been studied in discrete domains. In the context of trees,
it has been shown that GATHERING can be solved from any initial configuration
if and only if the initial configuration is balanced (cf. [39]). Later, in [68], it was
demonstrated that GATHERING is unsolvable on a ring if multiplicity detection is
completely absent in the OBLOT +ASYNC model. The authors further showed
that even with global-strong multiplicity detection, there are still certain initial

configurations from which GATHERING is impossible.

In addition to the initial configurations mentioned in [68] where GATHERING is
impossible, there are many other initial configurations for which the problem
remains unsolvable, as provided in [40, 46, 88]. Subsequently in [64], an algo-
rithm was introduced to solve GATHERING on a ring with fewer than |7 | robots
starting from an asymmetric configuration under the OBLOT + ASYNC model,
assuming local-weak multiplicity detection. Additionally, another algorithm was
proposed in [66] to solve GATHERING on a ring of n vertices with k robots, where
k < n— 3 and k is odd, under the OBLOT + ASYNC model starting from
any initial configuration, assuming local-weak multiplicity detection. The most
comprehensive result on the GATHERING problem in a ring, assuming local-weak
multiplicity detection, was provided in [38] under the OBLOT + ASYNC model.
This study demonstrated that GATHERING is achievable for any initial configura-
tion on a ring of n vertices with k robots, provided that 3 < k < n—4 and k # 4.
In [40], the authors, using global-weak multiplicity detection, offered a complete
characterization of all initial configurations where GATHERING is solvable under

the OBLOT + ASYNC model.

The GATHERING problem has also been explored in the context of a rectangular
grid. In [89], this problem was studied under full visibility, while in [21] and [78],
it was examined under limited visibility models. Moreover, [89] approached the
GATHERING problem from an optimization perspective, presenting an algorithm
that not only solves the problem on a grid but also minimizes the total trav-
eled distance. Apart from these, GATHERING and POINT-CONVERGENCE, REN-

DEZVOUS have also been studied under different faulty and error-prone robot
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models [5,10,15, 16,29, 44, 63, 75).

1.2.3 Development to the works on circle formation

Another extensively studied problem under GEOMETRIC SHAPE FORMATION is
CIRCLE FORMATION problem. The origin of this problem dates back to the
work in [92]. The heuristic algorithm presented in this work was able to form
an approximate circle on plane. Later, another approximation algorithm was
presented in [96]. In [95], another variant of CIRCLE FORMATION problem was
explored. In this variant the robots not only have to form a circle but also the
distance between any two consecutive robots on the circle has to be same. This
variant is known as UNIFORM CIRCLE FORMATION problem. In [43], authors
presented one algorithm that solves CIRCLE FORMATION problem without the
assumption of orientation. The authors in another of their later work in [45]
presented another deterministic algorithm for CIRCLE FORMATION where the
robots form a non-uniform circle and converges towards uniformity. Flocchini et
al. presented another alternative algorithm for UNIFORM CIRCLE FORMATION
problem removing certain restrictions in [54]. Though their work is restricted

only for n # 4 robots.

Note that all these previous works considering CIRCLE FORMATION problem was
considered under non-restricted visibility model on plane. Feletti et. al in [50]
first considered the UNIFORM CIRCLE FORMATION problem with opaque point
robots under LUMZ + FSYNC model. In this work, the robots are initially
placed on plane and are equipped with a light comprises of 5 colors. Building on
their prior research, their current work in [51], extends the solutions to incorporate
ASYNC scheduler. To solve this under asynchronous scheduler, it was shown

that 19 colors are sufficient.

The pioneering work on using opaque fat robots for circle formation was presented
in [48]. This algorithm addressed circle formation under a limited visibility model,

taking into account global coordinate agreement.

In discrete domain, the CIRCLE FORMATION problem was first defined by Ad-
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hikary et al. in [2]. In this work, an algorithm was presented for solving the
CIRCLE FORMATION on an infinite rectangular grid with luminous opaque point
robots equipped with a light possessing 7 colors under LUMZ + ASYNC model.
In [62], authors extended upon [2] by solving UNIFORM CIRCLE FORMATION
under the same model, on infinite rectangular grid using only 5 colors. The al-
gorithm provided by them was able to form an uniform circle of diameter length
asymptotically equals to O(n) where n being the swarm size. In the same work,
another alternative algorithm is provided that is able to form an uniform circle

of diameter asymptotically equals to O(n?) using only 4 colors.

1.2.4 Previous works on some other variants of formation
problem

Another type of GEOMETRIC SHAPE FORMATION problem is PLANE FORMA-
TION. In this problem, robots are assumed to be in a domain with a dimension
greater than two, and they need to form a configuration where all robots are
located on the same plane. In [101], this problem was first studied under the
FSYNC scheduler with chirality. In [97], the same problem was examined with-
out the chirality assumption. PLANE FORMATION was later studied in [98] under
the SSYNC scheduler. Note that, all these works considers the domain to be

three dimensional continuous space.

Another type of FORMATION problem is the MUTUAL VISIBILITY problem, which
is particularly relevant for opaque robots. The goal of this problem is to form a
configuration where any pair of robots can see each other. The first study on the
MUTUAL VISIBILITY problem considered the OBLOT +SSYNC model (cf. [72]),
assuming that the robots were aware of the swarm size. The round complexity
of this problem was later analyzed and improved in [82] under the OBLOT +
FSYNC model. Without knowledge of the swarm size, the MUTUAL VISIBILITY
problem was explored in [71], where the authors presented three algorithms: first,
under the LUMZ + SSYNC model with non-rigid movement; second, under the
LUMTI + ASYNC model with rigid movement; and finally, under the LUMT +

ASYNC model with non-rigid movement and one-axis agreement. This work
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was later improved in [83] regarding the number of colors used. Algorithms that
work faster were provided in [84,85]. In [11], the problem was solved under the
LUMT + ASYNC model with non-rigid movement without any axis agreement.
The MUTUAL VISIBILITY problem was also considered for opaque fat robots
in [79,81], considering faults in [6], and on infinite grids in [1,61].

Apart from the FORMATION problem, many other challenges exist within this
research domain. One such problem is flocking, where a swarm of robots col-
laborates to follow a leader, known as the flockhead [19, 20,59, 87,104]. An-
other extensively studied problem involves searching collaboratively for target(s)
[7,18,31,34-37,70,76]. Additionally, there is the area patrolling or perimeter
patrolling problem [4,23,30,32,67], among others.

1.3 Overview of the Thesis

This thesis explores the computational and complexity issues related to the GEO-
METRIC SHAPE FORMATION problem, with a particular emphasis on the GATH-
ERING, LINE FORMATION, and CIRCLE FORMATION problems. These problems
are among the most extensively studied within the field of distributed swarm robot
algorithms. However, the majority of previous research has been conducted un-
der highly idealized and impractical conditions, such as assuming non-restricted
visibility models and considering robots as point entities. Additionally, the few
studies that have addressed these limitations have predominantly examined them
in the continuous domain. In the continuous domain, robot movements are prone
to errors since robots move based on distances that can be approximated real
numbers, deviating from actual values. Addressing these problems within an em-
bedded geometric graph provides a solution to this issue. In a graph, a robot can
only be seen at a vertex, thereby eliminating the dependency on distances for
movement in this domain. In particular, we examine the problem under models
with limited and obstructed visibility, considering robots with physical dimen-
sions (fat robots), and assuming faults within discrete domains. Our primary

objective is to determine the optimal robot capabilities in terms of memory, com-
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munication, and axis agreement necessary to solve these problems.

In Chapters 2 and 3 of this thesis, we explore the effects of restricted vision and
faults on the GATHERING problem within a discrete domain. Chapter 2 delves
into the necessary and sufficient conditions for resolving the GATHERING problem
on an infinite triangular grid, where the robots possess a one-hop visibility range
under the OBLOT +SSYNC model. Notably, a problem solvable by robots with
a limited one-hop vision range can also be tackled by the same set of robots even
in an obstructed visibility model. In Chapter 3, we examine the GATHERING
problem on a finite grid with n robots, one of which is faulty and can move
arbitrarily in any of the four directions, provided it does not coincide with another

robot.

In the subsequent chapters, we scrutinise the impact of physical dimensions and
obstructed visibility on the LINE FORMATION and CIRCLE FORMATION problems
within a discrete domain. Chapter 4 investigates the LINE FORMATION prob-
lem involving opaque, fat robots on an infinite rectangular grid. Following this,
Chapter 5 delves into the CIRCLE FORMATION problem on the same infinite rect-
angular grid. Both of these problems are analysed under the LUMZ + ASYNC

model.

Finally, in Chapter 6, we conclude the thesis by suggesting several potential

directions for future research.



Chapter 2

Gathering by Myopic Robots on
an Infinite Triangular Grid

GATHERING is a widely studied problem in the field of distributed swarm robot
algorithms, with research dating back to the early days of distributed computing.
Historically, much of the work on GATHERING has focused on scenarios where
robots operate on a plane or have non-restricted visibility. In these planar or
continuous domains, certain models assume that robots can move along curved
trajectories with high precision. However, the accuracy of these algorithms de-
pends on the robots’ ability to execute these precise movements, which is often
difficult due to mechanical limitations. Consequently, movements in a planar do-
main are more prone to errors. Additionally, the assumption of non-restricted
visibility over arbitrarily large domains is impractical due to hardware limita-
tions and high cost of implementing vision. This chapter aims to address these
issues by proposing more realistic models that consider restricted visibility and
discrete domains, thereby enhancing the feasibility and reliability of GATHERING

in real-world applications.

The GATHERING problem with limited vision range was previously addressed in
the context of the plane by Flocchini et al. (2005) under the OBLOT + ASYNC
model, assuming 2 axes agreement among robots [55] . Poudel et al. extended
this work to infinite rectangular grids in [78], presenting two algorithms: the first

algorithm assumes both axis agreement and a visibility range of two hops, while

25
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the second algorithm assumes only one axis agreement but a visibility range of

three hops .

In this chapter, we examine the GATHERING problem on an wnfinite triangular
grid (See Definition 2.1) with OBLOT robots possessing one-hop vision under the
SSYNC scheduler model. Infinite triangular grids have significant applications
in programmable matter. Additionally, as demonstrated in [105], the coverage of
robots equipped with sensors is maximized when they form a triangular grid with
edge lengths of v/3s, where s is the sensing radius of the sensors on the robots
. Therefore, in terms of coverage efficiency, the triangular grid surpasses other
regular tessellation grids. For these specific reasons, it was chosen to address the

GATHERING problem within this particular discrete domain.

In this chapter, we first establish that one-axis agreement is both necessary and
sufficient to solve the GATHERING problem on an infinite triangular grid with
OBLOT , myopic robots possessing a one-hop visibility range under the SSYNC
scheduler. For the sufficiency part, we present an algorithm, 1-Hop 1-AXIS
GATHER, which solves the problem in O(n) epochs, where n is the size of the
swarm. An epoch is defined as a time interval in which each robot has been
activated at least once. We also demonstrate that any GATHERING algorithm
requires at least {2(n) epochs to solve the problem, establishing that 1-Hop 1-
AX1S GATHER is time-optimal. In the following Table 2.1 a brief comparison has

been presented between the mentioned previous works and this chapter.

The remainder of the chapter is structured as follows. Section 2.1 introduces the
notations, definitions, and formal description of the model and problem under
consideration. In Section 2.2, we prove the necessity of one-axis agreement. Then,
in Section 2.3, we describe the 1-HOP 1-AXxIs GATHER algorithm and provide a
correctness analysis. This section also includes the proof of the lower bound on

time complexity. Finally in Section 2.4 we conclude this chapter.
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SL. Axis  Agree-

No. Algorithm ment Visibility Type
Algorithm No axis agree- g

1 in [24] ment Full visibility Ideal

2 A]gorlthm Two axis V eR(>0) Ideal
in [55]
15t Algorithm .

3 in [78] Two axis 2x edge length | Ideal
2nd Algorithm .

4 in [78] One axis 3x edge length | Relaxed
Algorithm  in .

5 this Chapter One axis 1x edge length | Ideal

Table 2.1: Comparison table

2.1 Robot and Scheduler Abilities for Gather-
ing

Initially, this section includes the formal description of the model considered along
with some definitions. Then after that, the problem is defined formally. Before
that let us define the triangular grid formally.

Definition 2.1. [Infinite Triangular Grid] An infinite triangular grid G is an
infinite geometric graph G = (V, E), where the vertices are placed on R* having
coordinates {(k, \/7?’@) k€ Z,ie2ZyU{(k+3, \/752) k€ Z,i€2Z+ 1} and two
vertices are adjacent if the Fuclidean distance between them is 1 unit.

2.1.1 Robot and Scheduler Model:

Let R = {ry,79,73,...7,} be a set of n robots placed on the vertices of an infinite
triangular grid G. The robots are considered to be autonomous, anonymous, ho-
mogeneous and identical. Furthermore, they are oblivious and silent (OBLOT).
The robots do not have any multiplicity detection ability i.e., a robot can not
decide if a vertex contains more than one robot or not. The robots do not agree
on any global coordinate system. However, they agree on the direction and ori-

entation of the y-axes. Note that any vertex v of the infinite triangular grid G is
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at the intersection of three types of lines. In this chapter, the robots will agree on
the orientation and direction of any one of these three types of lines and consider
it as its y-axis. Note that in this model the robots have a common notion of up

and down but not about left or right.

As an input, a robot r; takes a snapshot after waking. This snapshot contains
the position of other robots r; can see on G, according to the local coordinates
of the robot. In a realistic setting due to limitations of hardware, a robot might
not see all of the grid points in a snapshot. So to limit the visibility of the robots
we have considered the limited visibility model. In k-hop visibility model, each
robot 7 can see all the grid points which are at most at a k-hop distance from r.
In this chapter, the robots are considered to have 1-hop visibility (i.e., k = 1).
Note that when k£ = 1, a robot placed on a vertex v of the infinite triangular grid

G can only see the adjacent six vertices of v.

The robots operate in Look-Compute-Move (LCM) cycle. In each cycle a previ-

ously inactive or idle robot wakes up and does the following phases:

After being activated in Look phase, a robot placed on u € V takes a snapshot
of the current configuration visible to it as an input. In this step, a robot gets
the positions of other robots expressed under its local coordinate system. Then
in Compute phase, a robot computes a destination point = adjacent to its cur-
rent position, where x € V', according to some deterministic algorithm with the
previously obtained snapshot from Look phase as input. After determining a
destination point x € V' in the Compute phase, in Move phase, the robot moves

to x through the edge ux € E. Note that if z = u then the robot does not move.

After completing one LCM cycle a robot becomes inactive and again wakes up
after a finite but unpredictable number of rounds and executes the LCM cycle

again.

In this chapter, we consider a semi-synchronous scheduler (SSYNC). Under a
semi-synchronous scheduler model, time is divided in global rounds and at the
beginning of a round, a subset of all robots are activated. Note that, in a specific

round, all activated robots executes the LCM cycle synchronously. Observe that,
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a semi-synchronous scheduler can activate each robot in every round to mimic
a fully synchronous scheduler. However, a fully synchronous scheduler cannot
replicate a semi-synchronous scheduler, as it cannot select a proper subset of
robots to activate exclusively in a particular round. This distinction renders a

semi-synchronous scheduler more general than a fully synchronous scheduler.

Furthermore, the local coordinate system of a robot is initially determined by
an adversary, following the agreed-upon rules of axes and orientation. Once

established, this coordinate system cannot be altered thereafter.

2.1.2 Notations and definitions

It is to be noted that robots do not have access to this coordinates. This co-
ordinates are used simply for describing the infinite triangular grid G. We now,

provide some notations and definitions required as preliminaries for this chapter.

Definition 2.2 (Configuration). A configuration formed by a set of robots R,
denoted as Cr (or, simply C) is the pair (G, f) where, f is a map from V to
{0,1}. Forv eV, f(v) =1 if and only if there is at least one robot on the vertex

V.

For some round t > 0, the configuration at the beginning of round t is denoted as

C(t).

Definition 2.3 (Visibility Graph). A wisibility graph Ge for a configuration C =
(G, f) is the sub graph of G induced by set of vertices {v € V : f(v) = 1}.

It is not hard to produce a configuration C with disconnected G¢, such that there
exists no deterministic algorithm which can gather a set of robots starting from
C. So in this chapter, it is assumed that initially the visibility graph is connected
and any algorithm that solves the GATHERING problem should maintain this

connectivity during its complete execution.

Definition 2.4 (Extreme). A robot r is said to be an extreme robot if the following

conditions hold with respect to its visibility:



30

1. Robot r has a non empty view.
2. There is no other robot on the positive y-axis of r.
3. FEither left or right or both the open half planes of r with respect to its y-axis

15 empty.

2.1.3 Gathering on infinite triangular grid

Suppose, a swarm of n robots are placed on the grid points of an infinite triangular
grid G. The GATHERING problem requires the robots to perform moves in such a
way that after some finite time all robots assemble at exactly one grid point and

stay forever gathered at that grid point.

2.2 Impossibility Result

X —azis
ro Y — axis
!/
e
3 ¢
€2
€3
Y —azis 11
X —azis
Configuration — A Configuration — B

Figure 2.1: In the diagram the robots agree on direction of both the axes but do not
agree on the orientation of the axes.
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Theorem 2.1. Gathering in a triangular grid is impossible without agreement
on the orientation of any axis even when agreement on direction is present and

under a fully synchronous scheduler and 1-hop visibility.

Proof. Let Configuration A in Fig 2.1 is the initial configuration. Let there be
an algorithm AL on finite execution of which two robots r; and 7, from initial
configuration A gathers on a single vertex of the triangular grid G. Let there is
an adversary who has decided the direction and orientation of both y and z axes
for both the robots as it is in Fig 2.1. Note that view of r; and rs is same and
they agree on the direction of both axes in the diagram. So if r; moves through
e1 according to AL on activation, ro also moves through e;. Observe that, if rq
moves through any other edge other than e; then ro moves in such a way that the
visibility graph becomes disconnected. So, both r; and 7, moves through edge e;
and the configuration transforms into configuration B. Using a similar argument
it can be shown that Configuration B can only transform into Configuration A
as the vision of the robots are 1-hop. So, a deadlock situation occurs. So, our
assumption must be wrong. Thus we can conclude that there does not exist
any algorithm AL on the execution of which robots on a triangular grid with
a vision of 1-hop gather even under a fully synchronous scheduler without any
axis agreement. To be more precise, even if the robots agree on the direction of
the axes they will still not gather when they do not have any agreement on the

orientation of axes. O

Due to Theorem 2.1 we have considered one axis agreement model and devised

an algorithm considering 1-hop vision under semi-synchronous scheduler.

2.3 Description of Gathering

In this section, an algorithm 1-HOP 1-AXIS GATHER (Algorithm 1) is provided
that will work for a swarm of n myopic robots with one axis agreement and
1-hop visibility under a semi-synchronous scheduler. Note that under one axis

agreement a robot can divide the grids into two half planes based on the agreed
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line as the y-axis. An extreme robot r will always have either left or right or both
the open half planes empty. Thus it is easy to see that when any one of the open
halves is non-empty and r is on a grid point v (v is at coordinate (0, 0) according
to r’s local coordinate system), two adjacent grid points of v on the empty open
half plane and another adjacent grid point of v on y-axis and above r will always
be empty. In this situation, r can uniquely identify the remaining three adjacent
grid points of v (one on the y-axis and below r and the remaining two are on
the non-empty half) based on the different values of their y — coordinates. So
an extreme robot r can uniquely name them as vy (r), vo(r) and v3(r) such that
y — coordinate of v;(r) is less than y — coordinate of v 1(r) and ¢ € {1,2}
(Figure2.2). We simply write v; instead of v;(r), j € {1,2,3} when r is clear
from the context. Note that for a non-extreme robot r, there are two vy(r) and
two v3(r) positions as r have either both open halves empty or both open halves

non empty.

+y axis
U3
V2
U1

—Yy aris

Figure 2.2: e is an extreme robot it can uniquely identify the positions of vy, vo and
vy if it sees right or left open half plane non empty.

In “I-HOP 1-AXIS GATHER” (See Algorithm 1), an extreme robot r moves to
v1(r) if there is a robot on v;(r) and there is no robot on v3(r). r does not move
when there is only a robot on v3(r) or there are robots only on v3(r) and vy(r).
In the other remaining cases, if r sees at least one robot on the adjacent vertices
it moves to vy(r). An extreme robot do not move knowing gathering has been

achieved when it does not see any other robot on the adjacent vertices.
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If r is not an extreme robot, then it only moves if there is no robot with y —
coordinate greater than zero within its vision and there are two robots on both

of its vo(r) positions. In this scenario the robot r moves to v (r).

In Figure 2.3 we have shown all possible views when a robot » moves and in which
direction it moves. In Figure 2.3 suppose a robot r is placed on the node denoted
by a black solid circle. The grid points that are encircled are occupied by other
robots. For all the views of r in View — I, r moves to v;(r) and for all the views

of r in View — II, r moves to vy(r).

Algorithm 1: 1-HOP 1-AXIS GATHER (for a robot )

Data: Position of the robots on the adjacent grid points of r on
triangular grid G.
Result: A null movement or a vertex on G adjacent to r, as destination

of r.
1 if r has an empty view then
2 do not move // This condition can be used by the robots to
be aware of termination
3 else
4 if r is extreme then
if There is a robot only on vs(r) or there are robots only on both
v1(r) and vs(r) then
6 do not move
7 else if There is a robot on vy(r) and no robot on vs(r) then
8 | move to vy(r) // Figure 2.3(a) and 2.3(b)
9 else
10 L move to vy(r) // Figure 2.3(e), 2.3(f) and 2.3(g)
11 else
12 if There is a robot on both vy(r) and no robot on the vertices with
y — coordinate > 0 then
13 L move to vy(r) // Figure 2.3(c) and 2.3(d)

2.3.1 Correctness results:

The intuition of Algorithm 1 is that the width of the configuration decreases
while the visibility graph stays connected by the movement of the robots. The



34

VIEW — I % % @ @
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VIEW —I1 @ @ @) ‘y — direction
(e) (f) (9)

Figure 2.3: All possible views of a robot r placed on a node indicated by a black solid
circle when r decides to move. Encircled point represents a robot occupied node. For
all views in View — I, r moves to v (r) position and for all views in View — I1, r moves
to vo(r) position. The cases where the robot positions are swapped with respect to y—
axis (for (a), (e), (f) and (g)) are also included in the possible views where r decides to
move.

following results will make this intuition more concrete. Before that let us have

some definitions which will be needed in the proof of the results.

Definition 2.5 (Layer). Let H be a straight line perpendicular to the agreed
direction of y—axis such that there is at least one robot on some grid points on
H, then H 1is called a layer.

Note that all points on a layer have same y— coordinate value according to a
coordinate system O in which the direction and orientation of y— axis is same as
the agreed direction and orientation of y— axis by the robots. By y— coordinate
of a layer we mean the y— coordinate of all points on that layer with respect to
O. The top most layer denoted as H; is a layer such that there is no other layer
with greater y—coordinate value with respect to . Observe that this coordinate
system O is considered only for the sake of the definition and the robots are not

aware of it.

Definition 2.6 (Vertical line, L,). Let L, be a line that is parallel to the agreed
direction of the y-axis such that there is at least one robot on some grid point on

L,, then L, is called a vertical line.
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We now define left and right edges of a configuration. The robots we have con-
sidered here do not share left and right orientations. The left and right directions

that are mentioned in the definitions are used only for the sake of the correctness.

Definition 2.7 (Left and right edge, e, and e,.). Left (right) edge of a configura-
tion C or, e, (resp. e, ) is the vertical line such that there is no other vertical line
on the left (right) of e, (e,).

Definition 2.8 (Width of a configuration C). Width of a configuration w(C) is

defined as the distance between e; and e,.

Definition 2.9 (Depth of a vertical line L, ). Depth of a vertical line L, is defined
as the distance between the layers H; and the layer on which the lowest robot on
L, is located. We denote the depth of line L, as d(L,).

Fig 2.4 shows all the entities of the above definitions. A brief overview of the

correctness proof is given below along with the statements of the results.

Overview of the correctness proof: In the subsequent Lemma 2.1, we prove
that the visibility graph will remain connected throughout the execution of the
algorithm. It is necessary to prove this as otherwise, the robots may gather
in several clusters on the infinite triangular grid. Then we have shown in the
subsequent Lemma 2.6 that the width of the configuration will decrease in finite
time. Now when the width of the configuration becomes one then there are only
two vertical lines that contain robots. These lines are left edge e; and right edge e,..
Now in this scenario from the subsequent Lemma 2.2 the robots on the topmost
layer will always move below and the depth of both ¢, and e, never increases (by
the subsequent Lemma 2.5). So the depth of both the right and left edge now
decreases in each epoch. Hence within finite time, the depth will also become
one for either ¢; or e,. And in this scenario when the topmost layer shifts down

again, all the robots gather at one grid vertex (by the subsequent Theorem 2.2).

Lemma 2.1. For anyt > 0, Gy is connected.

Proof. For some t > 0, let us consider the visibility graph Ge¢y). We now prove
the Lemma by showing the following.
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Figure 2.4: diagram of a configuration C mentioning layer (H), top most layer (H;),
vertical line (L), left edge (e;), right edge (e, ), width of the C (w(C)) and depth of the
vertical line e; (d(e;)).

“For a robot r , if " € R is adjacent to r in G then either r and r’ are adjacent
in Ge(41y or, r and r’ are on the same vertex in C(t 4 1).”

This will imply for any two robots r,r" € R, if there is a path P between r and
r"in Ge), then there exists a path P’ between r and 7' in Gegqry. So, if G is
connected then so is Ge(41). It is also assumed that for the initial configuration
C(0), G0y is connected. So, this argument is sufficient to prove that Geg) will

stay connected, for any t > 0.

If the vertex on which r is located has more than one robot and at least one robot
is not activated in C(t), it stays connected to r even if r moves during the round
t, as even after the move of r, the distance from the previous vertex to the vertex
r reaches after the move is 1-hop. So without loss of generality let r be singleton

on its location. We now have two cases:

Case-I: Let us consider r is not an extreme robot. And in C(t), r decides to

move. This implies in C(t), there are at least two robots, say r and 73, on both
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of its vy(r) positions and no robot with y — coordinate greater than zero. Now

there are two sub-cases.

Case-I(a): Let us first assume that there is no robot on v (r) position in C(t)
(Figure 2.3(c)). So, only the robots on both the vs(r) positions are adjacent to r
in C(t). Note that in Geqy, r is adjacent to both 7, and ry where, r; and 7, be
any robots that occupy two vy (r) positions in C(t). Also note that even if r; and
ro are extreme and gets activated in C(t), they do not move during this round as
r1 and ry see r at vs(ry) and wv3(re) positions respectively and does not see any
robot on vy(ry) = va(re) . Also, they do not move if they are not extreme as both
of them see r at a position with y — coordinate greater than zero. So in this case
r moves to vy (r) during the move phase of round ¢. Note that v;(r) is 1-hop away
from both the vy(r) position of r in C(t). So after r moves, r; and 7o are both

still adjacent to r in Geiq1).

Case-I(b): For the second case, assume there is at least a robot at vy (r) in C(t)
along with 75 and r3 on both vy (r) positions (Figure 2.3(d)). So, only the robots
at both the vy(r) positions and on the v, (r)positions are adjacent to r in C(t).
Let r3 be any robot on v1(r). Then in Gey, r is adjacent to r,79 and r3. Note
that 73 can not be extreme in C(t) as sees r on its positive y—axis. Hence, 73
does not move even if it is activated in round ¢. Also, if r; and 7y are not extreme
they will not move during round ¢ even if they are activated. Note that, r moves
to vy(r) i.e., to the location of 73 in C(t) . Now with a similar argument for the
above case, we can say ry,rp are adjacent to 7 in Ge(41) and 73 becomes colocated
with r in C(t + 1).

Now, assume that either r or 7y is extreme in C(t) and is activated during the
round t. Without loss of generality let r; be extreme and assume it is activated
during round ¢ along with . Now r; will see robots either in the positions vs(r)
and vy(ry) or on the positions v3(r1), va(r1) and vy(r1) in C(t) (i.e., 1 has view
either Figure 2.3(e) or 2.3(f)). In both of these cases r; moves to vq(r) i.e.,
to the location of r3 in C(t), along with r. So in C(t + 1), r; and r3 becomes
colocated with r . Also by similar argument used in above cases, if 75 does not

move during round ¢, it stays adjacent to r in Ge(41), otherwise 73 also becomes
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colocated with r in C(t 4 1).

Case-II: Let us consider r is an extreme robot in C(t) that decides to move

during round ¢. Then There are five possible views of r during round .

Case-II(a): r only sees robots at wvy(r) during look phase of round ¢ (Fig-
ure 2.3(g)). So, only the robots on v,(r) are adjacent to r in Gewy. Let 7
be any robot on vy(r). Note that in Geg), r is adjacent to r. Now in this case
even if r; is activated during the round ¢, it either sees only r on wv3(ry) or sees
robots on v3(r1) and v;(r1) during look phase of the round ¢. For both of the
cases, 11 does not move at round t. Now r moves to vy(r) (i.e., at the location of
ry in C(t)) during round ¢. So it is evident that in C(¢ + 1) r becomes colocated

with .

Case-II(b): r only sees robots at v;(r) during the look phase of round t (Fig-
ure 2.3(b)). So, only robots on v;(r) are adjacent to r in Gey). Let ry be any
robot on v1(r) in C(t). For any 7 at vi(r), r1 is adjacent to 7 in Gegy. Note that
r1 is not an extreme robot and it sees r with y — coordinate greater than zero.
So, during round t even if r; is activated, it never moves. Now r moves to vy (r)
(i.e., to the location of r; in C(t)) during round ¢. So it is obvious that in C(t+1),

r is on the same vertex along with ry.

Case-II(c): r only sees robots at v3(r) and vy(r) during the look phase of round
t (Figure 2.3(e)). So, only the robots on vs(r) and vy(r) are adjacent to 7 in Ge(y).
Let at C(t), r1 and 75 be any robot on v3(r) and v, () respectively. Hence in Gy,
r1 and ry are adjacent to r. Now 7 moves to vy(r) (i.e., at the position of ry in
C(t)) during round ¢. Note that during the round ¢, even if 75 is activated, it never
moves as it is not an extreme robot and it sees r; with y —coordinate greater than
zero. Soin C(t+1), r and o will be colocated. Now it will be enough to show that
either r; is adjacent to r in Ge(t41) or, m and r are colocated in C(t+1). Note
that in round ¢, if 7 does not move then r and 7 remains adjacent in Ge(i41) as
v(r) and v(ry) in C(t + 1) are same as vo(r) and vs(r) in C(t) respectively and
vo(r) and v3(r) are always adjacent for an extreme robot. So let us consider the
cases where r; moves during the round ¢. First, assume that r; is not extreme

in C(t) and it moves during round ¢. In this case r; must moves to the location
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v1(r1) = va(r) in C(t) (i.e., to the location of 75 in C(t)). Hence, in C(t + 1), r,ro
and 7 are on the same vertex. Now let us assume that, r; is extreme in C(?).
Then, it can see robots only on ve(ry) and vy(rq) in C(¢) (i.e., r1’s view is same
as the view in Figure 2.3(a)). In this case also m moves to vi(r;) = va(r) (i.e.,
to the location of 75 in C(t)). Thus with similar argument as above, in C(t + 1),

r,ro and r; are on the same vertex.

Case-II(d): r only sees robots at v,(r) and v, (r) during the look phase of round
t (Figure 2.3(a)). So, only the robots at vs(r) and v (r) positions are adjacent to
rin C(t). Observe that for any 71 at v;(r) and for any ry at vo(r), r is adjacent to
r1 and rp in Gey. Now, 7 moves to vy (r) during round ¢. Note that in C(t), r is
not extreme and sees r with y— coordinate greater than zero. Hence r; does not
move during round ¢. So, in C(t + 1), r and r; are on the same vertex. Now it is
enough to show that either r is colocated with r in C(t+1) or, r is adjacent to r
in Geg41y- If 7o does not move during round ¢ then, in C(t+1), v(r) and v(ry) are
same as v1(r) and vy(r) in C(t). Now since v;(r) and vy(r) are always adjacent for
an extreme robot r, it is evident that r and ro are adjacent in Ge41). We now
consider the cases where ro moves during round ¢. This is only possible if 7y is
extreme in C(¢). Note that, during the look phase of round ¢,  either sees robots
at the positions vs(r1) and vy(ry) or sees robots at the locations vs(r1), vo(r1) and
v1(ry) in C(t) (i.e., view of r9 is same as either the view in Figure 2.3(e),or the
view in Figure 2.3(f)). For both the views r; moves to ve(r1) = v1(r) (i.e, at the
location of 9 in C(t)). Also r moves to vi(r) = ve(r1) (i.e., at the location of ry

in C(t). So, in C(t + 1), r, r; and 7y are on the same vertex.

Case-II(e): r only sees robots say at the positions v;(r), va(r) and vs(r) during
the look phase of round ¢ (Figure 2.3(f)). So, only the robots on the positions
v1(r), v2(r) and v3(r) are adjacent to r in C(t). Let, r is adjacent to ry,re and
3 in Gegyy for any vy at vi(r), ro at vo(r) and r3 at vg(r) in C(t). Now, r moves
to the position vy(r) in C(t) (i.e., to the location of ). Also note that ro is not
extreme and has r3 with y— coordinate greater than zero in C(t). So 1o does
not move during round ¢. This implies in C(t + 1), r and ry are colocated. Now

it only remains to show that for any ' € {ry, r3}, 7’ is either adjacent to r in
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Ge(i41), or colocated with r in C(t + 1). Note that if 7" does not move during
round ¢, then v(r’) in C(t + 1) is same as either v;(r) or, v3(r) in C(t) and v(r)
in C(t+ 1) is same as vy(r) in C(t). Now for an extreme robot r, both v;(r) and
vs(r) are always adjacent to vy(r). So, 7’ remains adjacent to r in Ge41). Now
let " moves during round ¢. Then note that " # ry. This is because, in C(t),
is not extreme and r has y—coordinate greater than zero with respect to the local
coordinate of r1. So, " must be 73 in C(t). Note that if r3 is not extreme but
moves during round ¢ then 73 must move to vy(r3) = va(r) in C(t). Now, if rj is
extreme then it only sees robots at the positions vy(r3) = v1(r) and vy (r3) = vo(r)
respectively during the look phase of the round ¢ (i.e., view of r3 is same as view
in Figure 2.3(a)). So during round ¢, r3 moves to vy(r3) = va(r) in C(t) (i.e., the
location of 75 in C(t)) . For both the cases when r’ moves during round ¢, both r
and r’'(= r3) are colocated in C(t + 1).

We have shown that, for any robot r , if v’ € R is adjacent to r in G¢(;) then either
r and 7’ are adjacent in Ge41y or, 7 and 1’ are on the same vertex in C(t + 1).
From this we can conclude that if Ge(;) is connected then so is Ge(i41). Now since
the Initial configuration C(0) is connected, the graph G stays connected in each

round. Hence G¢y is connected for any ¢ > 0. m

Agreed direction of positive Y-Axis

Figure 2.5: r1,7r9,73,74 and r5 are robots on H;. Any robot on H; will always have
the view same as one of r;, where i € {1,2,3,4,5}. And for each of these 5 views, a
robot always moves to another layer below Hy.

Lemma 2.2. H; of a configuration C, always shift down in one epoch until the

gathering is complete.
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Proof. Let r be a robot on H;. If the gathering is not complete then r must see

other robots on its adjacent vertices.
Now, there are two cases.

Case-I: If r is not extreme then upon activation r must see two robots on each
of it’s vy(r) position and no robot with y — coordinate greater than zero (Fig-

ure 2.3(c) or, 2.3(d)). So upon activation r moves to vy (r) which is below H;.

Case-1II: If r is extreme, then there are three cases. Firstly if r sees a robot
only on ve(r) upon activation (i.e., View in Figure 2.3¢()), then it moves down
to va(r) which is below H;. Secondly and thirdly, if  sees robot on only vy(r)
(Figure 2.3(b)) or sees robots both on v;(r) and vy(r) (Figure 2.3(a)). For both

second and third case, r moves to v;(r) which is also below H;.

Since in one epoch, all robots on H; must be activated once they must move
below H;. Hence, H; of the configuration C always shifts down in one epoch.
(Figure2.5). O

Lemma 2.3. Robots on e; or e, which are not extreme do not move.

Proof. Let r be a robot on ¢; or on e, which is not extreme. Note that a robot
which is not extreme, only moves when it sees there is no robot above (i.e., no
robots with y — coordinate > 0) and both of its vy(r) are occupied by some other
robots. Now since 7 is on ¢; or on e, at least one of it’s vo(r) is empty. So r does

not move. O

Lemma 2.4. A robot r which is lowest on e; or e, never moves down to vi(r).

Proof. We will proof this Lemma considering r on ¢;. If r is on e, the proof will
be similar. Let r is the lowest robot on e;. By Lemma 2.3, if r is not extreme
it does not move. Now if r is extreme then no robot will move to v;(r) from a
different vertical line as v;(r) is empty. So, r never moves to vy(r) as it can not

see any robot on it’s vy (r) position (Fig 2.6). So, r will never move to vy (r). [

Lemma 2.5. Neither d(e;) nor d(e,) ever increase as long as the position of the

corresponding vertical line s same.
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Figure 2.6: All possible view of the lowest extreme robot r on ¢;. In each view r
never moves directly below to vy (7).

Proof. We will prove this Lemma for e; only. For e, the proof will be similar.
Observe that if d(e;) increase it can not be increased the by the lowest robot (say,
r) on ¢, (by Lemma 2.4). So the lowest robot can not increase d(e;). Also, no

robot moves above the layer it is on. So, no robot on e; moves up to increase
d(el).

Now it might be possible that d(e;) is increased by a robot that moves below the
lowest robot r of ¢; from the immediate right vertical line. Note that a robot
moves from a vertical line to another vertical line only if it is extreme. Now, an
extreme robot, if moves, never go to a position that is not occupied by any other
robot before the movement according to algorithm 1(Fig 2.3). Since, to increase
d(e;), a robot must move to a position that does not contain any other robot

before the movement, no robot will come below r.

So, d(e;) never increases. Similarly we can say d(e,) never increases. Thus the
result. ]

Lemma 2.6. If w(C(ty)) > 0 for some ty > 0 then there exists a round t > t,
such that w(C(t)) < w(C(ty)).
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Proof. Let w(C(to)) > 0 for some ¢y > 0. Note that no robot from e; moves left
and no robots from e, moves to its right. So w(C(t)) < w(C(ty)), for all ¢ > t,.
Now If possible let w(C(t)) = w(C(ty)) for all t > ty. This implies the vertical
lines e; and e, never shifts to right and left respectively. Now by Lemma 2.5 we
can say that d(e;) and d(e,) never increases. Also by Lemma 2.2 H; shifts down
always in one epoch. So from these two lemmas we can conclude that there exists
t1 > to such that at the round ¢, either d(e;) or, d(e,) becomes 0. Note that when
d(e;) (or, d(e,)) is 0 then ¢; (or, e,) contains exactly one vertex v having robots.
Let r be a robot on that vertex v. Note that r is extreme and by Lemma 2.1
since Ge(t,) is connected 1 sees robots only on wvy(r). So, r moves to va(r) which
is on the next vertical line on its right (or, left). So after a finite epoch either ¢
shifts right or e, shifts left and thus we arrive at a contradiction. Hence, there
exists a round ¢t > to such that w(C(t)) < w(C(ty)). O

Theorem 2.2. Algorithm 1-HopP 1-AX1s GATHER solves the gathering problem
on an infinite triangular grid for n oblivious, silent and myopic robots having 1-
hop wvisibility and one axis agreement under semi-synchronous scheduler if in the

wniatial configuration the wvisibility graph is connected.

Proof. From Lemma 2.6 we can conclude that after a finite number of rounds
there exists a round ty such that w(C(tg)) becomes zero. Observe that when
w(C(to)) = 0 all the robots are on a vertical line ¢;. Also, note that when all the
robots are on a single line then ¢; is the same as e,. In this situation if d(e;) =0
that means gathering is complete. So let us assume d(e;) > 0. Note that in
this scenario, since no non extreme robot r sees two robots on both of its vy(r)
position and no extreme robot, say 7’, sees a robot in a location other than v (r'),
no robot will move to a different vertical line from ¢; = e,.. Now by Lemma2.2
and Lemma 2.5, H; shifts down until there is only one grid point having robots
on ¢; (i.e d(e;) = 0). So we can conclude that there exists a round ¢ > 0 such

that all robots are on a single vertex in C(¢) and hence, gathering is solved. [
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2.3.2 Complexity Analysis

First we observe in Theorem 2.3 that it will take at least £2(n) epochs to gather

n number of robots. The theorem is stated and proved formally in the following.

Theorem 2.3. Any gathering algorithm on a triangular grid takes £2(n) epoch.

Proof. Let us consider the configuration in Figure 2.7. Let us define the height
of the configuration as the distance between the topmost and lowest layer of the
configuration. Note that in Figure 2.7 the height of the configuration is n (i.e.,
the number of robots). When considering the worst case, a robot can only be
activated once in each epoch. Hence, the height of the configuration decreases
by at most 2 units in each epoch. Now the robots will gather when the height of
the configuration and width of the configuration both becomes 0. Since in each
epoch, height decreases by 2 units, at least § rounds will be needed to gather the

n robots. Hence the result. O]

Figure 2.7: All of the n robots are on a straight line on the triangular grid. Height
of the configuration is n.

Now we shall prove that the robots executing our proposed algorithm do not go
downwards by much. First, we define the smallest enclosing rectangle for the

initial configuration.
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Figure 2.8: ABCD, smallest enclosing rectangle

Definition 2.10 (SER). A rectangle R = ABCD s said to be the smallest
enclosing rectangle (SER) (Figure 2.8) of the initial configuration if it is the

smallest in dimension satisfying the following:

1. All robots in the initial configuration are inside R
2. All vertices of ABC'D are on some grid points
3. AB and CD side is parallel to the axis agreed by all the robots

4. BC' is the lower side of the rectangle.

Next, we define a polygon that shall contain all the robots throughout the algo-

rithm.

Definition 2.11 (Bounding Polygon). Let R = ABCD be the SER of the initial
configuration. Let P the point below BC' line such that ZCBP = ZBCP = /6.
Then the polygon P = ABPCDA is said to be the Bounding Polygon.
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We show that no robot executing Algorithm 1 ever steps out of the bounding
polygon (Lemma 2.7). Using Lemma 2.7, Theorem 2.4 proves that Algorithm 1

terminates within O(n) epochs.

Lemma 2.7. No robot ezxecuting Algorithm 1 ever steps out of the bounding

polygon.

Proof. Let P = ABPC DA be the bounding polygon (Figure 2.8). Note that, the
point P is on some grid point. Opposite to our claim, let there be some robots
that step out of P and k*" round is the earliest round when some robots stepped
out P. Let r be such a robot. Note that at the end of (k — 1) round, no robot
is outside of P. Firstly since no robot ever moves upward, so no robot can step
out of P through the AD side and goes above to the AD side. Then r can step
out of P through any side of P but AD. Note that, in this case, » must land
on that side in some round before. Hence at the start of k' round r must be on

that side.

Let r has stepped out of P through AB side. If r is on any point but B then
to cross the AB line and step out of P it has to change its vertical line. This is
only allowed for an extreme robot according to our algorithm. So if r has to cross
the vertical line while stepping out of P then r must be an extreme robot at k"
round. But according to our algorithm, since an extreme robot never occupies an
empty grid point, this yields a contradiction. Even if r is at B and steps out of P
without changing its vertical line then it must go down as a non extreme robot.
But since the left vy(r) position of r is empty, so according to our algorithm, r
wouldn’t go down as a non extreme robot. Hence r can not step out of P through
the AB line. With a similar argument, one can similarly show that r can not
step out of P through the C'D line.

Now let the robot r step out of P through the BP line or PC line. We already
showed that 7 can not be at B or C' at the start of k* round. Let r be at some
point on PB line or PC' line. Now using the same argument as the previous
case one can show that r can not be an extreme robot at the start of £ round

because r occupies an empty grid point in this round. Now we see r also cannot
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be a non extreme robot at the start of £ round. Because a non extreme robot
only moves when both of its vs(r) position is nonempty. But this can not be true
in this case for robot r. Hence this shows r cannot step out of P at all, which

contradicts our assumption that some robots have stepped out of P. O

Theorem 2.4. The algorithm 1-hop 1-axis Gather takes at most O(n) epochs to
gather all the robots.

Proof. Let R = ABCD be the SER of the initial configuration and
P = ABPCDA be the bounding polygon. Since the total number of robots is

3
n, from simple geometry |BC| < (n + 1)% and so |BC| < n+ 1. Also the
5
maximum distance from AD to P is Z(n + 1). Therefore the maximum distance
)
of H; of the initial configuration from P is Z(n +1).

Now from Lemma 2.2 we can say that H; shifts down at least half a unit in one
epoch till the gathering is not done5. And since the maxim%m distance 5of H; of
the initial configuration from P is Z(n + 1), so within 2 x =(n+1) = =(n+ 1)

4 2
epochs the gathering must be complete. Hence the result follows. O]

Theorem 2.5. During Fxecution of the algorithm 1-hop I1-axis Gather a robot

moves at most O(n) times.

Proof. Let R = ABCD be the SER of the initial configuration and
P = ABPCDA be the bounding polygon. During execution of algorithm 1-hop
1-axis Gather a robot moves at most the height of the bounding polygon i.e., at

most 2(n+1) for n many robots. Thus a robot can move at most O(n) times. [

2.4 Conclusion

Gathering is a classical problem in the field of swarm robotics. The literature on
the gathering problem is vast as it can be considered under many different robot

models, scheduler models, and environments. Limited vision is very practical
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when it comes to robot models. To practically implement any algorithm consid-
ering a robot swarm having full visibility is impossible. So, we have to transfer the
research interest towards providing algorithms that work under limited visibility

also. This paper is one achievement towards that goal.

In this paper, we have done a characterization of gathering on an infinite trian-
gular grid by showing that it would not be possible to gather from any initial
configuration to a point on the grid if the myopic robots having a vision of 1-hop
do not have any axis agreement even under the FSYNC scheduler. Thus, consid-
ering one axis agreement we have provided an algorithm that gathers n myopic
robots with a vision of 1-hop under the SSYNC scheduler within O(n) epochs.
We have also shown that the lower bound of time for gathering n robots on an

infinite triangular grid is 2(n). So our algorithm is time optimal.

For an immediate course of future research, one can think of solving the gathering
problem by considering myopic robots on an infinite triangular grid making the
algorithm collision-free (where no collision occurs except at the vertex of gather-
ing) and under an asynchronous scheduler. Another interesting work would be to
find out if there is any class of configurations for which gathering on a triangular

grid will be solvable even without one axis agreement.



Chapter 3

Gathering with a Faulty Robot
on a Finite Grid

In this chapter, we study the GATHERING problem under the assumption that
there is one faulty robot in the system. Most previous works on GATHERING with
faulty agents require the non-faulty robots to gather at a single point, which may
not be the location of the faulty robot. However, this approach has limitations

when dealing with faulty robots.

Consider a scenario where n robots are deployed in an environment. These robots
are simple and have difficulty exchanging important information when they are no
together. Therefore, their main objective is to gather at a single point where they
can exchange the information necessary for their tasks. Suppose this information
is stored at a specific point or a set of points in the environment. The robots

need to gather at one of these specific points to exchange information.

Now, imagine there is a single point of resource in the environment, represented
by a robot performing a different task with an independent algorithm, which can
move freely until it encounters another robot. This situation can be modeled as a
set of n robots, where one robot is ”faulty” and moves arbitrarily in any direction

until it meets at least one other robot. We call this faulty robot as resource.

Given this setup, we cannot define the GATHERING problem with a faulty robot as

it was in previous works, because in those scenarios, the non-faulty agents might
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not meet the faulty one and thus remain unaware of the information it carries.
Therefore, the question we explore in this chapter is: ”Can the set of robots
gather at the location of this moving resource?” If so, "what is the minimum

number of robots necessary and sufficient to achieve this?”

3.0.1 Why Rectangular Grid?

Given this context, it is evident that the environment must be a bounded re-
gion; otherwise, it would be impossible to reach the resource. Furthermore, in a
bounded region on a plane, a finite number of point robots cannot meet at the
resource’s location, as there are infinitely many empty points where the resource
can move to avoid being caught. Therefore, it is natural to consider this problem

within a bounded network.

A finite grid is a widely used network in various fields and has numerous real-life
applications, making it a suitable environment for this study. Additionally, this
problem can be analogized to cops chasing and catching a robber on the run in
a city’s street network. Many cities, such as Manhattan, have a grid-like road

network, which adds practical relevance to studying this problem on a finite grid.

Notably, if & robots with weak multiplicity detection can gather at the resource’s
location in some bounded networks, then any number of robots greater than k
can gather. This is because once k robots meet with the resource, the resource
becomes stationary, and the other robots can simply move to the resource’s loca-
tion. For this reason, we have focused on solving this problem while minimizing

the number of robots.

In the following Section 3.1 of this chapter the model of robots, resource and
the environment is described. Furthermore, some preliminaries and notations are
described after formally defining the problem statement. In Section 3.2 of this
chapter, the lower bound of time required and an impossibility result is provided.
Then in Section 3.3 we present an algorithm that solves the proposed problem.

And finally in Section 3.4 the chapter is concluded with some concluding remarks.
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3.1 Gathering Model

In this section we describe the environment in which the problem is considered

along with the robot and resource model.

3.1.1 Description of the environment

Let G = (V, E) be a graph embedded on an euclidean plane where V = {(i,j) €
R?:4,5 € Z,0<i<n,0<j < m} and there is an edge e € FE between two
vertices, say (i1,71) and (is, j2), only if either i; =iy and |j; — jo| = 1 or, j1 = Jo
and |i; — is] = 1. We call this graph a finite grid of dimension m x n. Though
the graph is defined here using coordinates, the robots has no perception of this
coordinates which makes this grid unoriented. A corner vertex is a vertex of GG
of degree two. A vertex is called a boundary if either the degree of that vertex
is three or the vertex is a corner. GG has four corner vertex among which exactly
one corner vertex has a door. This vertex having a door is called the door vertex.
Robots can enter the grid by entering through that door. There is a movable
resource (i.e., another robot with executing another independent algorithm on

the grid), initially placed arbitrarily at a vertex go (go is not the door) of G.

3.1.1.1 Robot Model

The robots are considered to be autonomous, anonymous, identical and homoge-
neous. Also, the robots are considered to be point OBLOT robots (i.e., robots
with no persistent memory). The robots can enter through the door one by one.
A robot can distinguish if a vertex is on the boundary or a corner of the grid.
Also, a robot can identify the door only if it is on the door vertex. Observe
that, if the robots could distinguish the door vertex from any other vertex while
located on some arbitrary vertex of the grid, then an orientation of the grid can
be agreed upon by the robots. But since that is not the case here there is no such
orientation of the grid on which the robots can agree. A robot can distinguish

the resource from other robots. Each robot has its local coordinate system but
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they do not agree on any global coordinate system.

The robots operate in a LOOK-COMPUTE-MOVE (LCM) cycle. In each of the

cycles, a robot that was previously idle wakes and does the following phases,

LOOK: In LOOK phase a robot takes a snapshot of its surroundings and gets
the location of other robots and the resource according to its local coordinate

system.

COMPUTE: In this phase a robot performs an algorithm with the locations of
resource and other robots as input and as an output of that algorithm it gets the

location of a neighboring vertex called the destination point.

MOVE: In MOVE phase a robot moves to the destination point through the
edge of GG joining its current location and destination vertex. It is assumed that

no two robots can cross each other through one edge without collision.

After completion of MOVE phase, the robot becomes idle until it is activated

again.

3.1.1.2 Resource Model

The resource res is a movable entity, initially which is placed arbitrarily on a
vertex (except the door) of G. The resource moves synchronously along with the
activated robots if the scheduler is FSYNC or SSYNC. Otherwise for ASYNC
scheduler the resource also acts asynchronously. The resource can move one hop
in one activation. The movement of the resource res is controlled by an adversary.
So, after an activation, the resource can be on any one of the neighbours of it’s
previous position including it. We assume that resource will stay fixed if it meets
with at least a robot. Otherwise, it can not stay fixed on a vertex forever. Let T
be the upper bound of the number of rounds (in case of synchronous schedulers
otherwise epochs) that res can stay fixed alone on a vertex of G. Also, it is
assumed that the resource can not cross a robot on an edge without collision.
Now if a robot and the resource collides on an edge then, the colliding robot

would carry the resource to its destination vertex and then terminates.
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3.1.2 Dynamic Gathering Problem

Let G be a finite grid of dimension m x n. Suppose there is a door in a corner of
the grid through which robots can enter the grid. The robots can only identify
the door if they are located on it. Consider a movable resource that is placed
arbitrarily on a vertex of G. Robots can see the resource. The resource will
become fixed if at least one of the robots is on the same vertex with the resource.
Now the problem asks the robots to move to the same location as the resource.

We call this problem DYNAMIC GATHERING.

Note that, if k£ robots are sufficient to solve the DYNAMIC GATHERING then so
is any K’ > k agents. This is because the first k& robots that enters the grid can
first gather at the resources location and makes it stationary then the remaining
k' — k robots can just simply move to the location of the stationary resource.
Thus here in this chapter our main aim is to solve DYNAMIC GATHERING with
minimum number of robots. It is easy to see that when k = 1, it is impossible for
the robot to move to the resource’s location. So, here we consider the case when
k = 2. We can show that it is impossible to solve DYNAMIC (GATHERING if the
scheduler is SSYNC (See Theorem 3.2 in Section 3.2). So, here considering a
fully synchronous (i.e., FSYNC) scheduler we investigate the case where k = 2.

We call this variant Rendezvous at a known dynamic point on a finite grid.

3.1.3 Notation and Definitions

For a robot r we denote the resource as res and the other robot as r’. Now we

have the following definitions.

Definition 3.1 (Door boundary of a robot). If a robot r is located on a boundary
of the grid on which the door vertex is also located then that boundary is called
the door boundary of the robot r and is denoted as BD(r).

Definition 3.2 (Perpendicular Line of robot r). For a robot r on a boundary, the
straight line perpendicular to BD(r) passing through r is called the perpendicular
line of robot r. It is denoted as PD(r).
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Definition 3.3 (Distance from resource along BD(r)). Distance of the resource
res along boundary BD(r) is defined as the hop distance of robot r from the vertex
v on BD(r) such that the line joining v and res is perpendicular to BD(r). We
denote this distance as dist(r) for a robot r on BD(r).

Definition 3.4 (InitGather Configuartion). A configuration C is called a INIT-
GATHER CONFIGUARTION if:

1. two robots v and v’ are not on same line.

2. there is a robot r such that r and the resource res are on a grid line (say
L)

3. the perpendicular distance of the other robot ' to the line passing through

res and perpendicular to L is at most one.

In the following Fig. 3.1 and Fig. 3.2 we have mentioned the entities we have

defined above.

¢door BD(r') ,a’,<—oiz'st(r’)—>E
SN
BD(r) :
I :
re____ PD(r) i
i :
i ges
i X
PD(r") :
|

Figure 3.1: Diagram of a configuration mentioning BD(r), BD(r"), PD(r), PD(r")
and dist(r").
3.2 Lower Bound of Time and Impossibility

In this section, we will discuss the lower bound of time required to solve the

problem of rendezvous on a known dynamic point on a finite grid of dimension
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Figure 3.2: Diagram of an INITGATHER CONFIGURATION

mxn. Also, we will prove an impossibility result which will justify our assumption
of considering a fully synchronous scheduler to solve this problem. But first, let us
define “epoch”. An epoch is a time interval within which each robot in the system
has been activated at least once. In the case of a fully synchronous scheduler, an
epoch is equivalent to a round but for other schedulers, an epoch interval is finite
but unpredictable. Now in the following theorem, we will discuss the time lower

bound of solving rendezvous at a known dynamic point on a finite grid.

Theorem 3.1. Any algorithm that solves rendezvous at a known dynamic point

on a finite grid of dimension m X n takes {2(m 4+ n) epochs in the worst case.

Proof. Let us consider the scheduler to be a fully synchronous scheduler. Thus an
epoch is equivalent to a round. Consider the following diagram (Fig. 3.3) where
after each T consecutive rounds, the resource changes its location from either P
to @ or () to P. This implies after entering from the door vertex the robots must
meet the resource either in vertex P or in vertex (). Now from the door vertex,
the shortest path to P or @ is of length m +n — 1. So to meet at either P or
@ with the resource, each robot must travel through a path of length at least
m -+ n — 1. Now since in a round a robot can only move a path of length one, to
travel a path of length m +n — 1 at least m +n — 1 round i.e epoch is necessary

to solve this problem. Hence the result. O

Now we will discuss the impossibility result in the next theorem.
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Figure 3.3: from the door vertex to reach P or () the robot r needs to travel at least
a path of length m +n — 1.

Theorem 3.2. No algorithm can solve the problem of rendezvous on a known
dynamic point on a finite grid of dimension m X n if the scheduler is semi-

synchronous.

Proof. Let there is an algorithm 4 such that after finite execution of which two
robots on a finite grid of dimension m x n meet at the location of the dynamic
resource. Let m,n > 2. Also, let ¢ be the round such that after completion of

which at least one robot reaches the location of the resource and terminates.

Let no robot is adjacent to the resource at the beginning of round ¢. This implies
at the beginning of round ¢, the resource has at least two empty neighbor vertices.
Now let the adversary activates only one robot during this round. Thus, even
if the activated robot moves to one of the resource’s empty adjacent vertex,
another empty vertex remains empty. So even if the resource has to move during
round ¢ it can always find an empty vertex to move that remains empty after the
completion of the round. Hence after completion of round ¢, no robot can move
to the location of the resource. Thus we reach a contradiction. Now, let exactly
one robot is adjacent to the resource res at the beginning of round ¢. Then, at
least res has one empty vertex which is not reachable by the adjacent robot in
one round. So, if the adversary activates only the adjacent robot, say r, and res
moves to the empty vertex not reachable by r then again we reach a contradiction.

Hence both the robots must be adjacent to the resource at the beginning of round
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t. Now if the resource is not at the corner and both the robots are adjacent to
the resource at the beginning of round ¢ then, the resource must have an empty
adjacent vertex that is not reachable by the robots in one round. Thus if the

resource moves to that vertex during round ¢, we again reach a contradiction.

door door
* *
.T
7
®
7‘, 7'/
resx €] resx (6]
Configuration Cy Configuration Co
door door
* *
T
®
,
resx resX @
’ N
.T .7
Configuration Cs Configuration Cy4

Figure 3.4: Some examples of configuration Ceorper—1-

Now if we can prove that the configuration (say, Ceorner) Where the resource is
at a corner and both the robots are adjacent to it, is never formed then we are
done. Let the adversary always activates only one robot in a particular round.
Now, if possible let at the beginning of round ¢, the configuration is C.pqner. This
implies the configuration, say, Ceorner—1, that was formed just before Ceprpne must
be one of Cy, Ca, C3 or Cy (Fig.4). Since adversary is compelled to activate only
one robot in a particular round, so in configuration Ceyrper—1 One the robot must
be adjacent to the corner vertex. Without loss of generality let 7’ be that robot.
Note that, in C; and Cy res did not move to form C.orner and, in C3 and Cy res

had to move to form Ce.orner-

Note that in all of these configurations, there is only one robot that is adjacent
to the resource. If the adversary activates the adjacent robot then, in all of these

configurations the resource can find an empty adjacent vertex that is not a corner
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and remains empty even after the move of the resource. Thus from any of the
four configurations Cy, Co, C3 and Cy, Ceorper is not formed. Hence we arrive at a

contradiction. Thus C.yrner Will never be formed and hence the result. O

This justifies the necessity of a fully synchronous scheduler to solve this problem.
In the next section assuming a fully synchronous scheduler, we have provided an
algorithm that solves this problem of rendezvous on a known dynamic point on

a finite grid.

3.3 A Solution for Dynamic Gathering

It is quite obvious to observe that without the help of the other robot, a robot can
not independently reach the location of the resource if the resource is controlled
by an adversary. So to solve this problem the two robots must work together
collaboratively and push the resource toward a corner. This is the main idea that
is used to develop the proposed algorithm. Now since there is no agreement on
the coordinates of the robots and the robots are oblivious, the main challenge

here is to agree on the direction for the robots to move.

The rendezvous algorithm DYNAMIC RENDEZVOUS, proposed in this section is
executed in three phases. ENTRY PHASE, BOUNDARY PHASE and GATHER
PHASE. In the ENTRY PHASE, the robots move in the grid one by one through
the door vertex. This phase ends when the robots are located on the two adjacent
vertices of the door vertex. Then in BOUNDARY PHASE the robots move along
their corresponding boundary to form a special kind of configuration called INIT-
GATHER CONFIGURATION (Definition. 3.4). Then in GATHER PHASE the robots
move maintaining the INNTGATHER CONFIGURATION and pushing the resource

to a corner.

In the first two phases, the agreement on the direction of movement for the robots
is constructed from the fact that the robots know the location of the resource and
identify vertices on the boundaries and corners of the grid. In these two phases, it

is ensured that the robots are on the two boundaries of the grid of which the door
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is a part and always remain on their corresponding boundaries. In the GATHER
PHASE though, the robots move inside the grid leaving its boundary. In this
situation as the robots are not on boundaries, they can not decide on a specific
boundary for agreement. In this scenario, the agreement on the direction comes
from the fact that at least one robot must be on a line along with the resource
during each round of this phase. After this brief overview of the algorithm let us

describe it in detail. The algorithm DyNAMIC RENDEZVOUS is as follows.

Algorithm 2: Dynamic Rendezvous

1 Input: A configuration C.

2 OQutput: A destination point of robot r.

3 if a robot, say r, is at a corner A\ no robot terminates A (there is no
other robot on the grid V another robot is adjacent to r ) then
| Exccute ENTRY PHASE;

| Exccute GATHER PHASE;
else

4
5
6 if C is INITGATHER CONFIGURATION then
7
8
9 | Execute BOUNDARY PHASE;

The three phases are described in more detail in the following subsections.

3.3.1 Entry Phase

The first phase is called the ENTRY PHASE (Algorithm 3). During this phase,
both the robots enter through the door vertex one by one into the grid G. A
robot on the door vertex first checks if it can see another robot already on the
grid. If it does not find any other robot on the grid, it moves to any of the two
adjacent vertices of the door vertex. On the other hand, if there is already a
robot on an adjacent vertex of the door vertex then, the robot on the door vertex
moves to the other adjacent vertex of the door vertex. Note that, a robot on one
adjacent vertex of the door vertex does not move and does not start executing

any other phases if it sees another robot in the corner adjacent to it.
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Algorithm 3: Entry Phase for robot r

1 if 7 is on door vertex then
2 if no other robot on boundary then
3 ‘ move through any edge on the boundary;
4 else
5 move through the edge on the boundary where there is no other
robot;
6 else
7 if the other robot v’ is at a corner then
L does not move;

The ENTRY PHASE ends when both robots are at the two distinct adjacent
vertices of the door vertex in the corner. After the ENTRY PHASE the robots
will check if the configuration is an INITGATHER CONFIGUARTION or not. If the
configuration is not an INITGATHER CONFIGUARTION then the robots execute
the BOUNDARY PHASE, otherwise, they execute the GATHER PHASE.

3.3.2 Boundary Phase

The BOUNDARY PHASE starts after the end of the ENTRY PHASE when the
configuration is not an INITGATHER CONFIGURATION and no robots are at cor-
ners. In the initial configuration of BOUNDARY PHASE, both the robots are at
the boundary and on the two distinct adjacent vertices of the door vertex. It
is ensured in the algorithm of this phase (Algorithm 4) that no robot moves to
corner during this phase. So, from this phase a robot can never initiate the EN-
TRY PHASE again and also the corresponding boundary of a robot stays the same
during this phase. BOUNDARY PHASE only terminates when the configuration
becomes an INITGATHER CONFIGURATION or both the robots reach the location

of the resource.

In this phase, a non terminated robot say r first checks if it can see any other
robot on the grid. If it does not see any other robot on the grid that implies
another robot, say r’, has already reached the location of res. In this case, r

simply moves towards the location of the resource r avoiding any corner vertices.
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When a robot reaches the location of the resource it terminates. On the other
hand, if r sees another robot r’ on the grid then, r first finds out the adjacent
vertex on its corresponding boundary which is nearest to the resource. Note that,
there can be two such vertices only if 7 and the resource are on the same line
PD(r) but in this case r does not move. Now if v is unique then r calculates the
distance from the resource res for the robots r and ' along BD(r) and BD(r’)
respectively. If both are non zero then, r finds out if v is a corner or not. If
v is not a corner and the other robot ' is not adjacent to some corner on its
corresponding boundary, then, » moves to v. Otherwise, if 7’ is adjacent to a
corner on its boundary then, » moves to v only if distance of the resource along
BD(r) is not equal to one. This technique is required to avoid a livelock scenario.
There can be another configuration where distance of the other robot 7’ along
BD(r') is zero but distance of r along BD(r) is strictly greater than one. In this
case the robot r simply moves to the vertex v. Note that in this case v can not
be a corner vertex as dist(r) > 1. So, during this phase no robot ever moves to a
corner and this phase terminates only when both the robot reaches the location
of resource or an INITGATHER CONFIGURATION is achieved. Now, we have to
ensure that the BOUNDARY PHASE terminates within finite rounds. But, before
that we need to define a quadrant and proof some results which will be needed to

proof the termination of BOUNDARY PHASE within O(T} x max{m,n}) rounds.

Definition 3.5 (Quadrant). The grid G is divided into four segments by the two
lines PD(r) and PD(r"). Each of these segments are called a quadrant.

The quadrants on the northeast, northwest, southeast, and southwest are denoted
as Ryg, Rvw, Rsp and Rgw respectively (Fig. 3.5). Note that the intersection
of any two quadrant is a section of either PD(r) or PD(r’). At the beginning
of the BOUNDARY PHASE, quadrant Ry is a 2 x 2 grid, Rgy isa (m — 1) x 2
grid, Ryg is a 2 X (n — 1) grid and Rgg is a (m — 1) x (n — 1) grid. At the
beginning of BOUNDARY PHASE, the resource res must be either inside or on

one of Ryg, Rew and Rgg.
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Figure 3.5: Four quadrants divided by PD(r) and PD(r")

Algorithm 4: Boundary Phase for robot r

1 if on the same vertex with res then
2 ‘ terminate;
3 else
4 if v is on the same vertex with res then
5 ‘ move to res along any shortest path avoiding corner in between;
6 else
7 v «— adjacent vertex on BD(r) which is near res along the
boundary;
8 if dist(r) # 0 and dist(r’) # 0 then
9 if v is not corner then
10 if v' is not adjacent to a corner then
11 ‘ move to v;
12 else
13 if dist(r) # 1 then
14 L L move to v;
15 else if dist(r') =0 and dist(r) > 1 then
16 L Move to v;

Lemma 3.1. If BOUNDARY PHASE never terminates then, the resource must

crosses or moves on to any one of PD(r) or PD(r") at least once within O(Ty x

max{m,n}) rounds.
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Proof. If BOUNDARY PHASE never terminates then, no robot ever reaches the
resource res and INITGATHER CONFIGURATION is never formed during execution
of the BOUNDARY PHASE. If possible, let our claim is false, i.e., the resource res
never moves onto and never crosses PD(r) and PD(r") during the execution of
BOUNDARY PHASE. So res can never be on PD(r) or on PD(r’) at the beginning
of BOUNDARY PHASE. Now there are three cases depending on the location of
res at the beginning of the BOUNDARY PHASE. The cases are as following:

At the beginning of BOUNDARY PHASE the res is on some vertex of,

L. Rsg \{PD(r)U PD(r")}
1. Ryg \ {PD(r)uPD(r")}

III. Rsw \ {PD(r)UPD(r')}

Case I: Let res is on some vertex of Rgg \ {PD(r) U PD(r")} at the beginning
of the BOUNDARY PHASE. According to our assumption res must stay on some
vertex of Rgg \ {PD(r) U PD(r') } for infinitely many consecutive rounds.

Let at the beginning of some round ¢, the dimension of Rgg is m’ x n/, where
m',n’ > 2. then according to algorithm 4, the dimension of Rgg decreases to
(m'—1) x (n’ —1) (Fig. 3.6). So, within min{m — 3, n — 3} rounds dimension of

Rsg becomes either 2 X ny or, m; X 2, where 2 <m; < m and 2 <n; <n.

/
¢door r
TI PD(r)
Tes
X
PD(r")

Figure 3.6: Both height and width of Rgp decreases.

without loss of generality let, dimension of Rgg is 2 X ny and 2 < n; < n at the

beginning of some round #'. In this scenario exactly one robot is adjacent to a cor-
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door r .
. ®
PD(r'
T
o PD(r)
TEeS

Figure 3.7: Height of Rgp remains same but width decreases.

ner. Without loss of generality let r be the robot whose adjacent vertex on BD(r)
is corner. In this scenario dist(r) =1 as res is on Rsg \ {PD(r) U PD(r') }.
Now, if dist(r’) > 1 then, after completion of round ¢ dimension of Rgg de-
creases to 2 X (n; — 1) as 7’ moves towards res along BD(r’). On the other hand
if dist(r’) = 1 at the beginning of round ¢’ then, none of r and " moves accord-
ing to algorithm 4. In the worst case, after Ty round during the round ¢’ + T
the resource res must move. Note that, during this round res can only move
parallel to PD(r) and away from r as otherwise the configuration becomes an
INITGATHER CONFIGURATION contrary to our assumption. Observe that when
res completes the move, dist(r’) becomes strictly greater than one and 7’ moves
in the next round and decreases the dimension of Rgg to 2 x (ny — 1) (Fig. 3.7).
So, In the worst case at some round t”, within

(Ty+1)[max{m—3,n—3} —min{m—3,n—3}] = (T +1)[|m —n|| rounds the di-
mension of Rgg becomes 2 x 2. At the beginning of round ¢”+1 the configuration
is as follows (Fig. 3.8),

1. res is at the corner which is diagonally opposite to the door vertex.

2. r and 7’ are adjacent to a corner which is not the door vertex on BD(r)

and BD(r") respectively.

In this configuration none of r and " moves and whenever res moves the config-
uration becomes an INITGATHER CONFIGURATION contrary to our assumption

that BOUNDARY PHASE never terminates.
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door r
¢

re PD(r)

v
A

res

Figure 3.8: In this configuration r and 7’ does not move. Whenever res moves the
configuration becomes an INITGATHER CONFIGURATION

Now for the remaining two cases with similar argument it can be shown that
the configuration becomes an INITGATHER CONFIGURATION that leads to a
contradiction. So our assumption that res never crosses or moves onto any of
PD(r) and PD(r") was wrong. Thus, if BOUNDARY PHASE doesn’t terminate
then, res must move onto or crosses any one of PD(r) or PD(r") within (T} +
D[Jm — n|] + T rounds in the worst case, which is asymptotically equals to
O(Ty x max{m,n}).

]

Lemma 3.2. If BOUNDARY PHASE never terminates and the res has moved
onto or crosses PD(R) (R € {r,r'}) at some round (say t), then dist(R) < 1

from round t on wards.

Proof. If BOUNDARY PHASE never terminates then, no robot ever reaches the
resource res and INITGATHER CONFIGURATION is never formed during execution
of the BOUNDARY PHASE. Without loss of generality, let res have crossed or
moved onto PD(r) at round t. So at the beginning of round ¢ + 1, dist(r), must

be less or equal to one.

Case I: Let res be on PD(r) at the beginning of round ¢ 4+ 1. Then dist(r) = 0.
Now during round ¢ + 1, res either moves along PD(r) (horizontally in Fig. 3.5)

or, Perpendicular to PD(r) (vertically in Fig. 3.5) or does not move at all. Now
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if res moves parallel to PD(r) or does not move at all, then dist(r) remains the
same after completion of round ¢ 4+ 1 according to the algorithm of BOUNDARY
PHASE. On the other hand, If res moves Perpendicular to PD(r) during round
t + 1, then dist(r) becomes one after the completion of round ¢ + 1.

Case II: Let res crosses PD(r) at round ¢. Then at the beginning of the round
t + 1, dist(r) = 1. Now if res moves parallel to PD(r) or does not move at all
during round ¢ + 1 then after the completion of the round, dist(r) either stays
one or decreases to zero (Fig. 3.9, Fig. 3.10). Now let res moves Perpendicular to
PD(r) during round ¢ + 1, then if res moves towards PD(r) then dist(r) either
remains same as one (as r can move along BD(r), res crosses PD(r)) or becomes
zero in case r does not move along BD(r) (Fig. 3.11, Fig. 3.12). On the other
hand, if res moves away from PD(r) during round ¢ + 1, then dist(r) remains
one after completion of round t 4 1 as r also moves during round ¢ + 1 towards

the direction of res along BD(r).

So after completion of round ¢ + 1, dist(r) is still less or equal to 1. Now with
similar arguments, it is easy to see that if after completion of round t+i, dist(r) <
1, then dist(r) < 1 after completion of round ¢ + ¢ + 1 for some natural number

1. Hence by Mathematical induction, we can conclude the lemma.

door I
¢ door r
.

PD(r")

® PD(r) T PD(r)

PD(’!") res

Figure 3.9: dist(r) remains one. Figure 3.10: dist(r) becomes zero.

Lemma 3.3. If BOUNDARY PHASE never terminates and res has moved onto
or crossed PD(R) where R € {r,'} at some round t, then res never crosses
PD(R') from round t on wards (Here R' =1 if R=7r"and R' =7r" if R=r).
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Sloer - Soor o
Te. PD(T)
I l Te PD(r)
| | res i
_/ res
PD(Y) PD(r")

Figure 3.12: dist(r) becomes zero as

Figure 3.11: dist(r) remains one as
r does not move.

res crosses PD(r).

Proof. If BOUNDARY PHASE never terminates then, no robot ever reaches the
resource res and INITGATHER CONFIGURATION is never formed during execution
of the BOUNDARY PHASE. Without loss of generality let res move onto or crosses
PD(r) at some round ¢, and BD(r') is the boundary of G at the north (Fig. 3.5).
By Lemma 3.2 (for any round ¢ > ty, dist(r) remains less or equals to one. We
have to show that from round ¢ on wards res never crosses or moves onto PD(r’).
If possible let res moves onto or crosses PD(r") at some round t; > t5. Then res

must moves parallel to PD(r) or doesn’t move at all during round ¢;.

door
¢

X
res

"o PD(r)

Figure 3.13: res moves onto PD(r’) and creates an INITGATHER CONFIGURATION.

Note that, if dist(r) = 0 at the beginning of round ¢; then, after completion
of the round dist(r) remains zero and dist(r’) becomes less than or equals to
one. So, after completion of round ¢; the configuration becomes an INITGATHER

CONFIGURATION contrary to our assumption. So,let dist(r) = 1 at the begin-
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ning of round ¢;. Now, after completion of the round, if res moves onto PD(r’)
i.e., dist(r") becomes zero then, the configuration again becomes an INITGATHER
CONFIGURATION as dist(r) either remains one or becomes zero. So, res can only
cross PD(r') during round ¢;. After crossing PD(r’), dist(r') becomes one. Now,
for res to cross PD(r") without achieving an INITGATHER CONFIGURATION is
possible only when r does not move otherwise dist(r) becomes zero and we ar-
rive at an INITGATHER CONFIGURATION contrary to the assumption. Observe
that, r does not move during round t; only if it is located adjacent to a corner
on BD(r). Now at the beginning of round ¢, dist(r’) is also one (as it is as-
sumed that it crosses PD(r’) during round ¢;) (Fig. 3.13). In this scenario r’
doesn’t move during the round ¢; according to algorithm 4. So, res can’t cross
PD(r") without moving onto it. As described earlier this leads to an INITGATHER
CONFIGURATION which is a contradiction. So, for BOUNDARY PHASE to never
terminate, if res crosses PD(R) during round t, then from round ¢, on wards it

never crosses or moves onto PD(R’).

Now using the above lemmas we prove the following theorem.

Theorem 3.3. For a grid of dimension mxn, the BOUNDARY PHASE terminates

within O(Ty x max{m,n}) rounds.

Proof. 1f possible, let us assume BOUNDARY PHASE never terminates. This im-
plies no robot ever moves to the location of res and INITGATHER CONFIGU-
RATION is never formed during the execution of BOUNDARY PHASE. From the
above three lemmas (i.e., Lemma 3.1, Lemma 3.2 and Lemma 3.3) it can be said
that, res must crosses or moves onto PD(R) where R € {r,r’'} at some round
t for the first time ,within Ty x O(max{m,n}) rounds. Then from round ¢ on
wards, dist(R) always remains less or equals to one and res never crosses PD(R’)
where R =rif R=7r"and R =r"if R=r.

Now without loss of generality let, res has moved onto or crossed PD(r) at some
round ¢ for the first time. Also, let, BD(r’) is the boundary on the north of
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door r
. ®
|
X
res
|
i
7“1 PD(r) :
i
1B Dyar(r)
|
PD()

Figure 3.14: dimension of Ryg decreases from m/ x 2 to (m’ — 1) x 2

the grid (Fig. 3.5). Then from round ¢ on wards res must lie inside (Ryg U
Rsg) \ PD(r") (i.e., dist(r’) > 1 from round ¢ on wards). So, in the worst case,
r’ must move away from the door along BD(r’) in each Ty consecutive rounds
once, from round ¢ on wards. Let after completion of round ¢ the dimension of
(Ryg U Rgg) is m' x n/, where the length n’ < n. Note that after (n' — 2) x
(Ty+1) rounds (Rygp U Rsg) \ PD(r’") is the boundary of the grid, say BD,q.(r),
which is parallel to BD(r) (Fig. 3.14). In this scenario res must be on some
vertex of BD,,(r). Note that in this configuration ' is adjacent to a corner
so it does not move and res can not be on PD(r) as otherwise it would be a
INITGATHER CONFIGURATION and BOUNDARY PHASE terminates. Now in this
configuration res can be either on some vertex of Ryg \ {PD(r) U PD(r')} or
on some vertex of Rgg \ {PD(r) U PD(r")} and also remains so in the upcoming
rounds. Let without loss of generality res is on some vertex of Ryg \ {PD(r) U
PD(r")} at the beginning of some round ¢. Let dimension of Ryg is m' x 2
at the beginning of round ¢ (Fig. 3.14). Then by the similar argument used to
prove Case I. of Lemma 3.1 we can conclude that if no robot reaches the location
of res, within at most (T + 1) x (m' — 2) 4+ T more rounds the configuration
becomes an INITGATHER CONFIGURATION, which is a contradiction. Hence our
assumption that BOUNDARY PHASE never terminates is wrong. And as calculated
the BOUNDARY PHASE terminates in O(Ty x max{m,n})+(Ts+1) x (m+n—6)+
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Ty rounds in the worst case which is asymptotically equals to O(Ty x max{m,n}).

O

3.3.3 Gather Phase

GATHER PHASE starts if none of the two robots reaches the location of res
after the termination of the BOUNDARY PHASE. Throughout the execution
of this phase, the configuration will remain an INITGATHER CONFIGURATION
(Lemma 3.5). So, in each round, a robot will lie on the same line (say L) along
with res, and the perpendicular distance of the other robot to the line passing
through res and perpendicular to L must be at most one. During this phase, if a
robot is in the same location with res, it terminates and the other robot moves to
the location of res along any shortest path. On the other hand when none of the
robots are on the same vertex with res, the robot on L checks if res is adjacent to
it. If res is not on its adjacent vertex, it moves towards res along L. Otherwise,
if res is on its adjacent vertex then it moves towards res along L only if it sees
res is on a corner and the other robot, say r’, is also on another adjacent vertex
of res. Now if the robot is not on any line along with the resource res, (i.e.,
perpendicular distance of the robot to the line through res and perpendicular to
L is one) then, the robot will move parallel to L towards res. The pseudo code

of GATHER PHASE is as follows.

Before proving the correctness of the GATHER PHASE, let us discuss some nota-

tions used in the following proofs.

Let, r be the robot which is on the same line along with the resource res in an
INITGATHER CONFIGURATION. This line is denoted as L. We denote the line
passing through res and perpendicular to L as L'. Now by L' ans L~! we denote
the lines parallel to L' and one hop distance apart from L’. L' is the line furthest
to r compared to L=!. Observe that v’ can be on any one of L=!, L/, L' in an

INITGATHER, CONFIGURATION.
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Algorithm 5: Gather Phase for robot r

1 if r is on same vertex with res then

2 ‘ terminate;

3 else

4 if v is on the same vertex with res then

5 ‘ move to res along any shortest path avoiding door vertex;
6 else

7 if r 4s on a line L with res then

8 if res is not adjacent to r then

9 ‘ move towards res along L;

10 else

11 if res is at a corner and r' is adjacent to res then
12 L L move towards res along L;
13 else
14 L move parallel to L towards res;

Now we can prove the following lemma.

Lemma 3.4. By executing Dynamic Rendezvous algorithm two robots r and r'

never moves to same line from an INITGATHER CONFIGURATION.

Proof. Let at the beginning of some round ¢, the configuration is an INITGATHER
CONFIGURATION. Observe that r and 7’ are not on the same line at the beginning
of the round ¢. If possible let after completion of round ¢, » and ' moves to the
same line. Without loss of generality let, r be the robot on the same line L along
with res. Then, r’ can be on any one of L', L', L' at the beginning of round t.

Now, we have three cases depending on the location of »'.

Case I: Let ' is on L' at the beginning of round ¢. Then for being on the same
line after the completion of the round either » moves to L’ or, v’ moves to L.
Without loss of generality, let  moves to L' during round ¢. This implies at the
beginning of round ¢, r is adjacent to res on L (Fig. 3.15). Now according to the

algorithm 5, r doesn’t move during round ¢, a contradiction.

Case II: Let 1’ is on L' at the beginning of round ¢. Then during round ¢, 7/

moves parallel to L to L’. So to be on the same line after completion of the round,
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r must move onto L' during this round (Fig. 3.16). But for the same reason used

in Case I, r can not move during round ¢ which leads to a contradiction again.

Case III: Let r" is on L™! at the beginning of round ¢. According to algorithm 5,
r’ moves to L’ during this round. So for being on the same line » must move to
L’ too during round ¢. For this to happen, r must be on the line L=! along with
r’" at the beginning of round ¢ (Fig. 3.17). But that is a contradiction as at the
beginning of round ¢ the configuration is an INITGATHER CONFIGURATION.

For all of this cases we reach a contradiction assuming that after completion of

round ¢, » and 7’ moves to the same line. Hence the lemma.

m
/
o  — 7’/
L gres r
L xes L
r r| |
Figure 3.15: 1’ is on L'. r doesn’t Figure 3.16: 1/ is on L'.r doesn’t
move to L'. move to L'.
r’o—»
,
xes L
L "
Ll

Figure 3.17: This configuration is not possible.

Next we have the following lemma.

Lemma 3.5. If no robots terminate, an INITGATHER CONFIGURATION 7emains
an INITGATHER CONFIGURATION after one execution of the algorithm Dynamic

Rendezvous.
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Proof. Let at the beginning of some round ¢ the configuration is an INITGATHER
CONFIGURATION. Let r be the robot on the same line L along with res. Now,
the other robot 7’ can be on any one of L™, L' and L! at the beginning of round
t. By the Lemma 3.4, it can be made sure that, r and " does not move onto
same line after completion of round t. So, to prove this lemma it is sufficient to
show that, after completion of round ¢, one of r and ' is on the same line, say
Ly, along with res and the perpendicular distance of the other robot to the line
L/, is at most one where, L/, is the line perpendicular to L; and passing through
res. Now based on the movement of res during round ¢, we have three cases as

following.

[. res moves along L.
II. res moves along L'.

III. res does not move.

Case I: Let res moves along line L during round t. Now even if » moves in round
t, it stays on L according to algorithm 5. Now, let 7’ can be on L'or, L' or, L*
at the beginning of round ¢. Irrespective of the position, r’ reaches either on L!
or on L™! in the new configuration after completion of the round ¢ (Fig. 3.18

and Fig. 3.19). Thus for this case the configuration remains an INITGATHER

CONFIGURATION.
’door / 0door
!
i . ®"
7‘= res T 7"= I"cs T
L_] L/ LI

Figure 3.18: 7/ moves to L' and res
moves to either L~! or L' during round
t. r stays on L along with res.

Figure 3.19: 7’ stays on L' but res
moves to either L™! or L' during round
t. r stays on L with res.

Case II: Let res moves along L' during the round ¢. In this case irrespective of

the location of r’ at the beginning of round ¢ (i.e., L™', L, L), it moves onto L’
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along with res in the new configuration after completion of the round. Let L”
be the line perpendicular to L' on which res moves after completion of round t.
Also note that during round ¢, r stays on L even if it moves. Now since, L” is
parallel to L and one hop away from L, the perpendicular distance of r to L”
becomes one after completion of the round ¢ (Fig. 3.20 and Fig. 3.21). Thus the

new configuration remains an INITGATHER CONFIGURATION after completion of

round ¢.
door
* Jdoor °
v /
r
P o T s s St ot SN N (SR S S "
o— T res T
Locodemc bt b e o

Figure 3.20: res moves to L” along
L', r stays on L and r’ moves to L’
from L1,

Figure 3.21: res moves to L” along
L', r stays on L and 7’ stays on L’.

Case III: Let res does not move during round ¢. Then, irrespective of the location
of 7" at the beginning of round t, it reaches L’ along with res after completion
of the round. Also, even if r moves it stays on L along with res after completion
of round t. So, after completion of round ¢, in the new configuration r stays on
L along with res and 7’ stays on L’. Hence the new configuration is again an

INITGATHER CONFIGURATION.

For all of the above cases, the configuration remains an INITGATHER CONFIGU-
RATION and we have the lemma.

]

Let at the beginning of a particular round during the GATHER PHASE a robot r
is on the same line L along with the resource, res. Let us define two lines, firstly,
Ly passing through r and perpendicular to L, and secondly Lo, passing through
the vertex of the other robot ' and parallel to L. Note that the lines L; and Lo

divides the entire grid into one or more rectangles. The rectangle inside of which
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the resource res is located is called the ” Containing Rectangle” and it is denoted
as Roon (Fig. 3.22). Observe that, at the beginning of the first round of GATHER
PHASE, L, is BD(r) and Ly is BD(r') and Reon = G.

door
¢

Figure 3.22: shaded region is Roon

Lemma 3.6. The resource res never moves onto Ly or Lo during the GATHER

PHASE without colliding with any robot.

Proof. Initially at the beginning of GATHER PHASE, resource res must not be on
BD(r) or BD(r"). Otherwise, res must have crossed or moved onto both PD(r)
and PD(r") during the BOUNDARY PHASE, which is not possible due to claim
(3). So, at the beginning of GATHER PHASE, res is not on any of Ly or Ls.

If possible let during some round ¢t of GATHER PHASE, res moves onto either
Ly or Ly for the first time, without colliding with any robots. Let, res is on the
same line L with r at the beginning of round ¢. Now, r must be on the vertex
LiN L and 7’ is on any of the three vertices, Ly N LY, LyN L' and Ly N L' at the

beginning of round ¢ (Fig. 3.23). Now we have two cases,

Case I: Let res moves onto L; during round ¢. For this to happen, res must be
on the adjacent vertex of L; N L (i.e, location of r) at the beginning of round ¢
and it must move along L during round ¢.So, res reaches Ly N L after completion
of the round. Now since r is adjacent to res on L at the beginning of round ¢, it

does not move during round ¢ (Algorithm 5) and stays on L; N L after completion
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of the round. So after completion of round ¢, res collides with r contrary to our

assumption.

Case II: Let res moves onto Lo during round ¢. For this to happen, res must move
along L' and reaches L' N Ly after completion of the round. Now, irrespective of
the position of 7’ at the beginning of round ¢, it reaches Lo N L' (Algorithm 5)
after completion of the round (Fig. 3.23). Since both res and ' reaches Lo N L/

after completion of round ¢, they collides contradicting our assumption.

Since in both cases we reach contradiction our assumption must be incorrect. So,
res never moves onto L; or Ly without colliding with a robot during GATHER

PHASE. O

door

Figure 3.23: res collides with 7’ if moves onto Lo

Corollary 3.3.1. During the GATHER PHASE, the resource res never mouves

outside Roon without colliding with a robot.

Proof. 1f res moves out of R¢,, then it must cross either L, or Ly without moving

onto them.

Now the resource, res never crosses L; without colliding with r. Also, for the
same reason, res never crosses Lo while 1’ is also on the same line along with res.
So let us assume 7’ is not on the same line along with res at the beginning of
some round ¢t during which res crosses Ly. So, during round ¢ v must move along

Lo . So, the line Ly does not shift after the completion of round ¢. This implies
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res must move onto Ly to cross it which is not possible due to Lemma 3.6. Hence

res never moves out of Rcyy,. O

Let at the beginning of the first round of GATHER PHASE, Rc,, be a m; X n
grid. Let the height and width of Re,, be m; and n; respectively where, both
my > 2 and ny; > 2. We will prove that within 7% + 1 rounds either both m,; and

n, decrease or one of m; and n; decreases and the other one stays the same.

Lemma 3.7. During the GATHER PHASE, if both height and width of the Rcoon
be more than two and none of the robot terminates then, within Ty + 1 rounds
either both height and width of Re,, decreases or one of height or width decreases

and the other remains same.

Proof. Let at the beginning of some round ¢ during the GATHER PHASE, r be
a robot on the line L along with the resource, res. The lines L; (line passing
through r and perpendicular to L)and Ls (line passing through the other robot, r’
and parallel to L) and the boundaries that do not contain the door vertex forms
a rectangle Rg,,. We have proved that res always remains contained within
Reon \ {L1 U Lo} and never moves out of it if none of the robots are terminated.
Let the dimension of Rg,, at the beginning of round ¢ be m; x ny where both
my and n, are greater than two. Thus even if res is at a corner at the beginning
of round ¢, both r and 7’ are not adjacent to res. Thus during round ¢, no robot

moves to the location of res.

200!’ ~¢———— width after the move of " ———
i
i ‘Jr'
Ly i
i
i
o
o— X L
J res
I
L |
1 L/

Figure 3.24: Only width of Rcy,y, decreases and height remains same.
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goor ¢—— width after the move of 7"

height after O—et 3 L
the move of | TES
r’along [,/ |
|
IR
]
L/

Figure 3.25: both height and width of Rcy, decreases.

Case I: Let at the beginning of round ¢, r is not adjacent to res. Also, without
loss of generality let the length of the side of R¢,y,, which is parallel to L at
the beginning of round ¢ is the width of R¢,,. Now according to the algorithm,
r moves along L towards res i.e towards the direction of the interior of Rgp.
Hence L; shifts towards the interior of Rc,,. So the width of R~,, decreases
during round ¢. Now, if 7’ is not on the line L’ (line passing through res and
perpendicular to L) or, adjacent to res on the line L’ at the beginning of round
t then, 7" moves along Ly (Fig. 3.24) or does not move at all. In both of these
cases, the height of R¢,, remains the same after the completion of the round. on
the other hand if at the beginning of round ¢, r’ is on L’ along with res and not
adjacent to 7’ then, r’ moves along L' towards the direction of res (Fig. 3.25).
Note that in this case Lo also shifts towards the interior of R¢,, and decreases

the height of R¢,, after completion of round t.

So we have shown that if r, a robot on a line L with res is not adjacent to res

then either both height and width decrease or only width decreases in one round.

Case II: Let, res is adjacent to r on L at the beginning of round ¢ then, r will
not move along L. It is assumed that res will not stay at the same location for
more than T consecutive rounds. Note that since both height and width are
more than two, res gets an empty vertex to move. Now in the worst case during
the round ¢ + T}, res must have moved either along L or along L’. Note that res

can not move towards r along L as it would end up colliding with 7.

Case Il(a): Let during the round ¢ + T}, res moves along L opposite to r then,
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at the beginning of round ¢ 4+ 7% + 1, r and res are not adjacent along L. Hence
during this round, either only the width of R¢,, decreases and height remains
the same, or both height and width of R, decrease by a similar argument as in

case I.

Case II(b): Now let us consider the case where r is adjacent to res on L at the
beginning of round ¢ 4 T but res moves perpendicular to L i.e., along L' during
the round ¢t + T7.

If at the beginning of round ¢4 7%, r’ was on L’ then, by the same argument as in
Case I and Case II{a) we can conclude that in the worst case, after completion
of round ¢+ 2T + 1, the height of Rc,, must decrease while width either remains

same or also decreases.

Let us now consider r’ is not on L’ at the beginning of round ¢ + 7. In this
case, after completion of round t + T, v’ and res must be on the line L’ and
hence according to the same argument as above cases in the worst during round
t + 2T + 1 either height and width of R¢,, both decrease or height decreases

while the width remains same.

By Lemma 3.5 we can conclude that, after one execution of the GATHER PHASE,
if no robot is terminated then in the next round, GATHER PHASE will be executed
again. Also, from the Lemma 3.7 it is evident that if the dimension of the R¢op,
is my X n; where both m; > 2 and n; > 2 then, in the worst case in every 27 41
round, the height or the width of the configuration decreases and none of them
ever increase. So within O(Ty x (m + n)) there will be a round (say t;) when
either the height or the width of R¢,, becomes two. Without loss of generality
let the dimension of R¢,, be m; x 2, at the beginning of round ¢y, where m; > 2.

Now we claim the following lemma.

Lemma 3.8. If the dimension of Rcon is my X 2 (resp. 2 X ny) and no robot
terminates then, within (Ty+1)(my—1) (resp. (Ty+1)(n1—1)) rounds dimension

of Roon becomes 2 X 2.
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Proof. Without loss of generality let the dimension of Rg,, be my x 2 at the
beginning of some round (say to) where, m; > 2. This implies exactly one of the
height or width of Rc,, is two. Without loss of generality let the width is two
and height be m; > 2. Thus Rg,, consists of exactly two lines perpendicular to
the width. One of these two lines (say, L) is a boundary of G which does not
contains the door vertex and the other one is the line parallel and adjacent to
it (Say Ls). Since no robots are terminated, the configuration at the beginning
of round ¢; is an INITGATHER CONFIGURATION (Lemma 3.5). So, each of these
two lines L and Ly contains exactly one robot. Let without loss of generality r be
on the line L and 7’ is on Ly. Now by Lemma 3.6, res must be on L and below L;.
Also, the distance of ' to the line perpendicular to L and passing through res
(say L') is at most one as the configuration is an INNTGATHER CONFIGURATION
at the beginning of round ¢,. So if during round %, res moves perpendicular
to L it must collides with 7" and r’ terminates contrary to the assumption. So
let us consider res either move along L or does not move at all during round ¢,
(Fig. 3.26). Now, in the worst case within 7y + 1 rounds the height of R¢,, must
decrease by one unit. Also, since m; > 2, at the beginning of round t, if res is
at a corner, r is not adjacent to res and hence r’ can only move parallel to L,. So
unless m; = 2, width of Rg,, remains two. Thus in the worst case, the height of

R¢on becomes two while the width still remains two in (77 + 1)(m; — 1) rounds.

Hence the lemma. O]
¢door !
!
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Figure 3.26: Dimension of decreases from m; x 2 to (m; — 1) x 2 where m; > 2.

Now we have proved that if no robot terminates then, within O(7y x (m + n))
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rounds there is a round ¢; such that at the beginning of it, R¢,, is a 2 x 2 rectangle
on the bottom right corner of the grid G (Fig. 3.27). At the beginning of round 1,
res must be at the corner of the Grid diagonally opposite to the door vertex (by
Lemma 3.6). Here two robots r and r’ must be on two different adjacent vertices
of res as the configuration is an INITGATHER CONFIGURATION (Lemma 3.5).
Hence by the algorithm of GATHER PHASE r and 7’ both move to the vertex of
res during the round t¢;, while res has no other edges to move out as it is on
the corner. So, both robot reaches the location of res and terminates. From this

discussion, we can conclude the following Theorem.

$door 1?2 L
i
I
i
% S A Ly
L ,&OI' res
r

Figure 3.27: Rg,, has dimension 2 x 2.

Theorem 3.4. For a grid of dimension m X n, the GATHER PHASE terminates
within O(Ty x (m + n)) rounds.

Now since the termination of GATHER PHASE implies termination of the whole
algorithm we can conclude with the following theorem.

Theorem 3.5. Algorithm DYNAMIC RENDEZVOUS terminates within O(Ty X

(m +n)) rounds.

3.4 Conclusion

Gathering is a classical problem in the field of swarm robotics. Rendezvous
is a special case of gathering where two robots gather at a single point in the

environment. All the previous works on gathering considered the meeting point
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to be not known by the robots but here we have considered the robots to know
the meeting point but the meeting point can move in the environment until a
robot reaches it. To the best of our knowledge, it is the first work that considers
a dynamic meeting point. In this work, we have shown that it is impossible for
two robots to gather at a known dynamic meeting point on a finite grid if the
scheduler is semi-synchronous. Then considering a fully synchronous scheduler
we have provided a distributed algorithm DyNAMIC RENDEZVOUS which gathers
the two robots on the known dynamic meeting point called the resource, within
O(Ty x (m + n)) rounds where m x n is the dimension of the grid and 77 is
the upper bound of the number of consecutive rounds the resource can stay at a
single vertex alone. We have also provided a lower bound of time i.e., £2(m + n)
to solve this problem considering a m x n grid. So, if Ty < k for some constant

k then our algorithm is time optimal.

For future courses of research, one can think of solving this problem on other
different networks such as tree, ring, etc. In ring networks, solving this problem
with limited visibility can be really interesting. Also, One can think of finding out
the minimum number of robots needed to gather at a known dynamic meeting

point for different schedulers in different networks.



Chapter 4

Line Formation by Fat Luminous
Robots on an Infinite Grid

LINE FORMATION is one of the building blocks for the formation of other complex
geometric pattern formation problems by a swarm of robots. In this problem, a
swarm of robots have to move in such a way that all robots locate themselves on
a single line. This has been earlier studied as a sub-problem to many formation
problems such as arbitrary pattern formation on grid-based terrains [2,60,69]. In
this problem the common approach is to first agree on a global coordinate system,
then as an intermediate step, they form a line from which the robots move to their
designated target positions according to the agreed global coordinate system. The
line formation acts as a signal that the global coordinate they agree on now is

fixed and it will remain fixed until the formation is complete.

This problem has been studied earlier in different environments under different
assumptions. In the plane, it was studied for oblivious robots in [86]. In grid
it was first studied in [13] as a sub-problem to forming arbitrary patterns with
point and transparent robots. It was then studied for opaque point robots on a
grid in [2] as a sub-problem to the formation of a circle on a grid. In this work,
the authors assumed the robots to be equipped with a persistent light having 7

distinct colors and having one axis agreement.

In this chapter, we study the LINE FORMATION problem as a foundational step for
forming a circle on a grid (cf. Chapter 5). The algorithm presented in Chapter 5

33
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creates a circle starting from a specific configuration called “P1FC” (see Defini-
tion 4.2). Our line formation algorithm is derived as a byproduct of forming a
P1FC. The algorithm outlined in this chapter (Algorithm 6) forms a P1FC but
also achieves a line formation as an intermediate configuration. This algorithm
can easily be adapted to a line formation algorithm with slight modifications for
proper termination once the line is formed. These modifications are discussed in
Section 4.3. To facilitate a better understanding of the next chapter, we consider
the formation of P1FC in this chapter.

In Section 4.1 of this chapter we first describe the model of the robot and sched-
uler considered for solution of this problem. Furthermore, some definitions are
provided as preliminaries before formally defining the problem of P1FC FoR-
MATION. Then in Section 4.2, an algorithm, FORMP1FC is presented that can
form a P1FC from any arbitrary configuration. In Section 4.2.1, the correctness
of algorithm FORMP1FC is analysed . In Section 4.3 it is shown how with a
slight modification to FORMP1FC, it can be used as a line formation algorithm

with only 4 colors. Finally, we conclude this chapter in Section 4.4

4.1 Robot Capabilities, Scheduler and Grid En-
vironment

In this section, we first describe the models considered. Then, some definitions

and notations are provided that have been used throughout the entire paper.

4.1.1 Model

Infinite Grid: An infinite grid is an infinite geometric graph G = (V, E) where
vertices are points placed on R? with coordinates {(a,b) : a € Z and b € Z}.
Also, two vertices are adjacent iff the Euclidean distance between them is one

unit.

Robot Model: This work considers a set {ry,r,...rx} of k robots that are

initially placed arbitrarily on k vertices of an infinite grid G. The robots are
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considered to be autonomous, anonymous, homogeneous, and identical. The
robots are not point. In this work, the robots are considered to be disks of radius

at most % unit.

Axis and Unit Length Agreement: Each robot has a local coordinate system where
the origin is its position of itself. There is no global agreement on the coordinates
however the robots agree on the direction and orientation of the x-axis which is
parallel to one of the grid lines and also on unit length. That implies the robots
agree on left, right, and also on the distance between any two points, but do not

agree on up and down.

Visibility Model: In this work, the robots have unlimited but obstructed visibility.
A robot 7; can see another robot r; if and only if there is a point on the perimeter
of r;, say p;, and another point on the boundary of 7;, say p; such that the line
segment p;p; does not intersect at a point on any other robot. From this visibility

model, it follows that if 7; can see r; then r; also sees r;.

Memory and communication: In this work, the robots are considered to be of the
LUMI model. Thus the robots are able to remember some finite previous states
and can communicate with visible robots using finite bit messages broadcasted
using lights. Each of the robots is equipped with a light that can have 5 distinct
colors from the set Col = {off, chord, movingl, diameter, done} one at a
time. Upon activation from the idle state, a robot executes according to the

Look-CoMPUTE-MOVE cycle (LCM cycle) as described below.

LCM cycle: Upon activation with a color C; € Col, a robot r first executes the
LooK phase. During this phase, the robot takes a snapshot of its surroundings
and gets the positions of other visible robots according to its own coordinate
system. Using this information as input, the robot then executes the algorithm
in the COMPUTE phase. As an output of the algorithm, the robot gets a color
C5 € Col and a grid point at most one hop away from its current position. During
the MOVE phase, the robot first changes its color to Cy from C} (if different) and
then moves to the new grid point (if different). After the MOVE phase is executed,
the robot again returns to the idle state until it is activated again. A robot can

move only along the edges of the grid, i.e., a robot can only move to one of the
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four adjacent vertices of its current position by moving once. The move is also
considered to be rigid and instantaneous, i.e., a robot is always seen on the grid

points.

Scheduler Model: The scheduler considered in this work is the most general
asynchronous scheduler (ASYNC). There is no agreement on rounds. The time
taken by a robot to execute the LOOK phase, COMPUTE phase, MOVE phase,

and the time a robot remains idle is finite but unpredictable.

4.1.2 Notations and Definitions

We have used some notations throughout the paper. A list of these notations is

mentioned in the following table.

Notation Description

Ly First vertical line on left that contains at least one robot.

L; 1-th vertical line on the right starting from L;.

Ly(r) The vertical line on which the robot r is located.

L (r) The horizontal line on which the robot r is located.

L(r) The left immediate vertical line of robot  which has at least
one robot on it.

Ri(r) The right immediate vertical line of robot r which has at least

one robot on it.

(r) Left open half for the robot r.

(r) Left closed half for the robot r (i.e H?(r) U Ly (r)).

(r) Bottom open half for the robot r.

(r) Bottom closed half for the robot r (i.e HY(r) U Ly(r)).
(r) Upper open half for the robot r.

(r) Upper closed half for the robot r (i.e HZ(r) U Ly(r)).

FRERER

Definition 4.1 (Configuration). Let G = (V, E) be an infinite grid. Let f :
V —{0,1} x (Col U{NULL}) be a function such that

fla.b) (0, NULL) if there is no robot on (a,b)
a? = . . .
(1,¢) if a robot is on (a,b) with color ¢ € Col

Then we call the pair (G, f) a configuration which is denoted as C. A configuration
at time t is denoted as C(t).
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Definition 4.2 (P1FC). We call a configuration a P1FC if the following condi-
tions hold

1. Ly has exactly two robots, say r1 and ro, with color diameter. All other

robots are on either L or L3 with color chord.

2. All robots on Ly and L3 are strictly between Ly (r1) and Lg(rs).

Definition 4.3. Let t, be the time when a robot moves first from the initial
configuration. We say that Ly is fived at a time ty > t, if both of the following

conditions hold:

1. Vt € [ty, ty), C(t) has a robot that is not on L;.

2. From time t; onwards, no robot from L1 moves left until all robots move to
L.

Definition 4.4 (Terminal Robot). In a configuration C, a robot r is called a

terminal Tobot on Ly (1) if there is no robot either above or below r on Ly (r).

Definition 4.5 ( PIFC FORMATION). Let a set of k fat opaque robots of the
same radius be placed arbitrarily on the vertices of an infinite grid G. P1FC

FORMATION problem is said to be solved if C(t) satisfies the following condition.

3t > 0 such that C(t) is a P1FC and C(t') = C(t),Vt' > t. .

4.2 P1FC Formation

In this section, we introduce an algorithm called FORMP1FC, which solves the
P1FC formation problem in finite time. In the next chapter, we will examine
the CIRCLE FORMATION problem and provide an algorithm that forms a circle,
given the initial configuration is a P1FC. Thus, we can use the FORMP1FC al-
gorithm introduced in this chapter as phase 1 for the circle formation algorithm
in Chapter 5, to form a circle on a grid from any arbitrary asymmetric configu-
ration. Within this context, a robot is considered to be in phase 1 if it has not
yet formed a P1FC.
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Algorithm 6 can be easily modified to serve as a line formation algorithm.
(Described in Section 4.3)

an
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Figure 4.1: Outline of FormP1FC: (a) Initial configuration C(0). (b) Two termi-
nal robots of £1 in C(0) moved two hop and changes color to chord. A terminal robot
of color off on the nearest vertical line of £ changes color to movingl and moves to
L1. (c) All robots of color off moves to £ in a similar way and forms a single line.
The terminal robots on this line change color to diameter eventually. (here in this
specific example, due to asynchrony only one terminal robot changes color to diameter
first). Next, all non-terminal robots move either left or right. (d) P1FC is formed.

4.2.0.1 Brief Description of the Algorithm

Before going into details of the algorithm, let us first have the pseudocode of the
algorithm FORMP1FC.
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Algorithm 6: FORMP1FC

r <— myself

if r.color = off then
| Execute OFFP1FC(r)

else if r.color = moving! then
| Execute MOVINGIP1FC(r)

else if r.color = chord then
L Execute CHORDP1FC(r)

B = S| B N CUR C R

If a robot r has color off it executes OFFP1FC(r). Otherwise if the robot r
has color movingl then it executes MOVING1P1FC(r). Also, a robot r executes
CHORDP1FC(r) if the color of the robot is chord.

Algorithm 7: OFrP1FC(r)

1 if r sees no robot with color diameter then

2 if there is no robot on HY (r) and r is terminal then
3 r.color < movingl;
4
5

move left;
else if L;(r) is at least two hop away and all visible robots on L1(r) has color
chord then
if r is terminal then
7 L r.color < movingi;

o

Initially, all the robots have color off and are placed arbitrarily on the grid. There
can be at most two robots that are terminal on £; of the initial configuration.
Upon activation, these robots will see their left open half is empty and one of
their upper or bottom halves of their corresponding vertical line is empty. For this
view, the robots change their color to movingl from off and moves left shifting
the line £, (See line 2-4 of Algorithm 7). Except the terminal robots on £; of the
initial configuration other robots of color off change their color to movingl only
when they are terminal on their corresponding vertical line and see all robots on
their left immediate vertical line has color chord and £;(r) is at least two hop
away from L,(r) (See line 5-7 of Algorithm 7). So, unless the terminal robots
on L, of the initial configuration change their color to chord no other robots do

anything even if they are activated.
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Algorithm 8: MOVINGIP1FC(r)

1 if r sees no robot with color diameter on Ly (r) then

2 if all visible robots on Ly(r) has color chord and r sees no robot of color chord
on Ly (r) then
3 if HS(r)N Li(r) and HE(r) N L1(r) both are non empty then
4 if there is a robot r' on Ly (r) then
5 ‘ move opposite to r’
6 else
7 L move according to positive Y — axis;
8 else
° L move left;

10 else if (r is singleton on Ly (r) and all visible robots on Li(r) has color
moving1) or, (distance of Ri(r) having a robot with color of f = 1 and H?(r) is
empty. then

11 ‘ move left;

12 else if HY(r) is empty then

13 if sees a robot with color chord on Ly (r) then

14 ‘ r.color < chord,

15 else if distance of Ry(r) having a robot of color off > 2 then

16 L r.color < chord;

17 else

18 r.color < diameter;

19 terminate;

Let r; and ry be two terminal robots on £; in the initial configuration. If £y
of the initial configuration contains more than two robots then there must be
another robot except r; and ry, say r, with color off. Now upon activation let
r1 have moved left once with color movingl. Now when it is activated again, it
will see r on its R;(r1) having color off and also R;(ry) is one hop away from
Ly(ry). In this view if H9(r;) is empty then, r; moves left again shifting the
Ly further left (See line 10-11 of Algorithm 8). The target of this move is to
make the distance between £ and the first vertical line that contains a robot of
color off more than one. Let when r moved left further ro was on Ly (r) with a
pending movement due to asynchrony. Then, it will move left and see all robots
on L;(r2) has color movingl and it is singleton on Ly (r5). For this view ro moves
to left again and moves to £, along with r; (See Line 10-11 of Algorithm 8). A
robot with color movingl can change its color to chord for two possible views.

For the first one, it has to be on £; and has to see another robot with color
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chord on £; (Line 13-14 of Algorithm 8). For the other one, it has to see its right
immediate vertical line, which is at least two hops away and has at least a robot
of color off (Line 15-16 of Algorithm 8). So when r; moved left twice from its
initial position upon its next activation activation, if r is still in £,(r) and has
not yet changed its color to movingl, r; changes its color to chord otherwise ry
reaches Ly (1) and eventually both of them change their color to chord before
any other robot does anything. Now a robot, say »/, which has changed its color
to movingl from off on L; by seeing all robots of color chord on £;(r") must be
terminal on £, for some k& > 1. Now, if upon activation r’ sees all visible robots
on L;(r") has color chord and no robot of color chord on Ly (r’') (This condition
is to stop robots of color movingl to move further left from L£;), then it can have
either both of HG (r") N L;(r'") and HS (") N L;(r) non-empty or, empty. For this
case, if there is another robot on Ly ('), then " moves along Ly (r') opposite to
that robot, otherwise it moves along its positive Y-axis. After finite moves one
of HS(r")N Ly(r") and HE(r') N L;(r) must become empty for 7/ when it moves
left (See Algorithm 8, line 2-9).

If a robot of color movingl sees a robot with color diameter on its own vertical

line, it changes its color to diameter (Line 17-19 of Algorithm 8).

Algorithm 9: CHORDP1FC(r)

1 if r sees no robot with color diameter then
2 if There is a robot with color chord on Ly (r), there is no robot on HC (r), HS (1)
and H(r) where H(r) € {H§(r), HS(r)} then
r.color < diameter;
L terminate;

oW

else if r sees a robot with color diameter on Ly (r) then
if r is terminal then
r.color < diameter;
terminate;

© ® N o o

else
10 | Execute CHORDMOVE();

Now a robot with color chord changes its color to diameter when it sees at
least one robot of color chord on its corresponding vertical line and sees no other
robot on its left and right open halves and one of the upper or bottom closed

halves (See line 1-4 of Algorithm 9). A robot, say 7., with color chord executes
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CHORDMOVE when it is not terminal on Ly (r.) and sees at least one robot of
color diameter on Ly (r.) ( Line 9-10 of Algorithm 9 ). On the other hand if r. is
terminal on Ly (r.) and sees a robot of color diameter on L) then it changes

its color to diameter from chord ( Line 5-8 of Algorithm 9 ).
We now describe the CHORDMOVE subroutine.

CHORDMOVE Subroutine: A robot r with color chord executes the subroutine
CHORDMOVE when it sees at least one robot with color diameter and is not
terminal on Ly (r). while executing CHORDMOVE, if a robot, say r, sees only
one robot r; with color diameter then it checks if there is any other robot between
the horizontal lines passing through r; and r i.e., Ly (r1) and Ly (r) respectively.
If there are no robots in the above-mentioned region then r moves left. Now
if there are robots between the mentioned region, then the following procedure
takes place. If ry is the nearest of r which is in the mentioned region and if ry

is on HY(r) then r moves right otherwise r moves left.

Now, if a robot r sees both the robots, say r; and ro, with color diameter then, r
finds its direction to move as stated above considering both the regions between
Ly(r1), Lug(r) and Ly (rs), Lg(r) . If for both the direction considering both
the regions are same then r moves according to that direction otherwise it moves
left. Note that after this procedure is complete, Ly (r1) has only two robots r
and 79 both having the color diameter and L;(r;) and R;(r;) contains all the
robots with color chord. Also observe that, difference between number of robots
on L;(ry;) and R;(r1) < 2. Note that, a robot, say r, with color chord does
nothing after it has already moved once executing CHORDMOVE until the whole
procedure is complete. This is because after » has moved once, it sees 1 or 7o
not on Ly (r) and Ly (r1) has other robots except r; and ry until all non-terminal

robots on Ly (r;) executes this subroutine exactly once.

4.2.1 Correctness Analysis

The correctness of Algorithm 6 is divided into two parts. In the first part, the

robots first form a line where all robots have either the color chord or movingl.
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To be specific only terminal robots can have the color moving1 on that line. Now
at least one of the terminal robots eventually changes its color to diameter. Then
in the second part, the non-terminal robots with color chord move left or right

once, reaching either £, or £3 and thus forming a P1FC eventually.

So, first, we have to show that all robots must move to a single line eventu-
ally where all robots have color either chord or movingl. We prove this by
ensuring that all robots with color off eventually change their color to movingl
(Lemma 4.3). Then all robot with color movingl moves to £; (Lemma 4.2).
For this, we also ensured that £, becomes fixed after a finite time (Lemma 4.1),

otherwise, a potential livelock situation may occur.

In the following, we have stated some observations that proved some claims that

will be needed to prove the above-mentioned lemmas.

Observation 4.1. A robot r can see all robots of Li(r) (resp. Ryi(r)) if Li(r)
(resp. Ry(r)) is at least two hop away from r.

Observation 4.2. If r be a robot of color of f executing FORMP1FC such that

HY(r) is non empty, then all robots on HY(r) must have color of f

Observation 4.3. After a move by any robot from the initial configuration and
before any robot changes its color to chord, L1 can have at most two robots of

color movingl1 and all other robots has color of f.

Claim 1. Let r be a robot with color movingl such that R(r) is one hop away
from Ly (r) and there is at least one robot with color off on Ry(r). If r is
activated in this configuration, then r always sees a robot having color off on
Ri(r) during the execution of FORMP1FC.

Proof. Let r be a robot with color movingl. Let R;(r) be one hop away from
Ly (r) which has a robot, say 7’ of color off on it. If possible r does not see any
robot with color off on Ry(r). That is r does not see ' upon activation, say
at a time ¢t > 0. Let Ly(r) and Ly (') be two horizontal lines passing through
r and '’ respectively. Then the above assumption is true only when Ly (r) and

Ly (r") each contains at least one robot between Ly (r) and Lg(r'). Let 1 and ry
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be two such robots on Ly (r) and Ly (1) respectively. without loss of generality,
let r can see ry and 7’ can see r1. Note that 7o must be of color movingl at time
t. Also r; either have color off or color movingl at time ¢ (r, can not be of color

chord at time ¢ as ' is on R;(r1) having color off at time t).

Now, if 1 has color off then in the interval (0,¢), £y (r;) has not changed. Now
in this interval, all robots on Ly (1) must have color movingl or off. So in the
interval, (0,t), ro can never see all robots with color chord on £;(r3) and thus
can not change its initial color off to movingl in the mentioned interval. So, ry

can not be of color movingl at time ¢ which is a contradiction to our assumption.

So, let r; has color moving1 at time ¢. Now, since at time ¢, r, has color moving1,
there is a time ¢; < ¢ when r has color off, is terminal on Ly (r3) and either sees
HY(ry) is empty or sees all robots on Lr(ry) having color chord. This implies
r and 7, must have moved to L(ry) after time ¢;. Thus, at time ¢; all of 7,7
and ro were along with 7 on Ly (r2) = Ly (r"). Now since, r and r; moves to
L(r2), they must have changed their color to movingl from initial color off.
There are three cases. Firstly, let both r» and r; get activated and see that they
are terminal on Ly (') and change their color to movingl on or after time t;.
This is not possible as in this case 7,7 and ry all have to be terminal on Ly (1)
at time t; which is not possible. Secondly, let both r and r; be activated and see
themselves terminal on Ly (r') and change their color to moving1 before ¢;. This
case is also impossible as at time ¢; since r and r; are still on Ly (77), 72 can not
see itself as a terminal robot which is a contradiction. So first, let us assume r
changed its color before time t; and r; changed its color after time ¢; and before
time t. We claim that, for r; to change its color after time ¢;, » must have to
move left from Ly (r"). This is because, at time ¢;, 7 and ry both are terminal on
Ly (r") so until » moves r; can not become terminal and thus can not change its
color. Now after time ¢; if r; is activated before time ¢, even if it is terminal now
it will not change its color to movingl as L£;(r1) is exactly one hop away (less
than two hop away). Thus, even if r; is activated it does not change its color
from off until time £. So at time ¢, r can see ro with color off contrary to our

assumption. Now, if r; had changed its color to movingl before time ¢; and r
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Figure 4.2: r has color movingl, 7’ has color off at time ¢ and r can not see '

after time t;, then by similar argument it can be said that at time ¢, r stays at
Ly (r"). So, in this case, if R;(r) is non-empty, all robots on R;(r) will have color
off (Observation 4.2). Thus, r must see at least one robot having color off on
R(r) even if it is one hop away contrary to our assumption. Thus, for a robot
r if R;(r) has a robot with color off and R;(r) is one hop away then r always

sees at least one robot of color off on R;(r).

]

Claim 2. Before L, is fized, no robot in the configuration can have color chord.

Proof. Let there be a time ¢t when £, is not fixed but the configuration at time ¢
has a robot, say r with color chord. without loss of generality let r be the first
robot that changes its color from movingl to chord. So, there must be a time
to < t when r is activated on L£; with color movingl and changes its color to
chord. Note that at time tg, £; is not fixed. Also, since there are more than 2
robots in the system, there must be at least one robot with color off which is
not on £; for the whole duration [t;, o). Thus there must be a robot on £, with
color movingl which moves left after t,. Let v’ be that robot. Note that r’ can

not be r as a robot with color chord does not move until £; is fixed. Now, if 7’ is
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activated after time t, for executing the LCM cycle where it moves left from £,
then, upon activation, it must have seen a robot r; with color off on R;(r') = L,
which is one hop away from £;. But this is not possible because if r; is on L,
after time ¢y it must have been there at time t; also. So at time tq, r does not
change its color to chord upon activation contrary to our assumption. So, let 7’/
be activated at a time t’ < t; for executing the LCM cycle where it moves left
from L after time to. This is only possible if at time ¢, R;(r") = L5 had a robot,
say rq, with color off. Now since r’ moves left after time ¢y, at time ¢, upon
activation r must have seen a robot with color off on R;(r) = Lo which is one
hop away from L,. Thus r doesn’t change its color to chord upon activation at
time ty. This is also a contradiction. Thus, before L£; is fixed, no robot changes

its color to chord. OJ

Claim 3. During the execution of Algorithm 6, between the time of first move by
any robot from the initial configuration and the time when all robots move to a

single line for the first time, a robot on Ly have color either movingl or chord.

Proof. Let t, > 0 be the time when the first move by a robot happened from
the initial configuration. Also, let ¢ty > ¢, be the time when all robots move to
a single line after time ¢, for the first time (¢; can be infinite if all robots never
move to a single line). Now, £; can not have a robot with color diameter in the
time interval (t,%s) as, in this interval, no robot sees both its left and right open
halves empty. Also, since at time %, at least one leftmost terminal robot moves
left after changing its color to movingl, £ also shifts left at time ¢,. Note that,
after this move, £; does not have any robot with color off. So in the interval
(tp,tr), £ can not have any robot with color off as robots with color off never
moves left to reach £ (algorithm 6) and no robot of different color change their
color to off while executing Algorithm 6. So, within the time interval (¢, ), £4

can have robots of color either movingl or of color chord. ]

Lemma 4.1. £, can not shift left infinitely often without all robots being on L;.

Proof. Let t;, be the time when the first robot moves from the initial configuration.

After t,, suppose L; shifts left infinitely often, while there remains at least one
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robot not positioned on L after ¢,. This implies there is a robot, say r, which
moves left from £, infinitely often. Notably, robot » must have the color moving1,
and it retains this color without change. Now r can move left from L£; only if
it sees a robot, say r’, of color off on R;(r) which is one hop away from £
(Figure 4.3). Let ty > t;, be a time when r is activated on £, and observes r’ on
R;(r), situated at a distance of one unit from £;. In this case, r moves left and
shift £y to left along with it. Note that after this move is completed, no robot
on £, will ever see another robot of color off on Ly (as robots with color off
never move left with same color according to Algorithm6 ). Consequently, for all
subsequent times t; > tg, if r is reactivated at t; on £; with the color moving1,
it will not perceive any robot with the color off on L£5. As a result, it will not
move left, contradicting our initial assumption. Hence, the leftward shift of £,

cannot continue infinitely without all robots being positioned on the same line.

]
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Figure 4.3: in the configuration on left, 7 can see r’ with color off on L so it moves
left. in the configuration on right,  can not see any robot on Lo with color off so it
does not move

Claim 4. Ezcluding Ly there can not be more than two robots with color moving1

in during the execution of Algorithm 6.

Proof. Suppose there are three robots, denoted as ry, 7, and r3, all with color
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movingl, positioned on Lky, Lky, and Lks at time ¢, where 1 < by < ko < k3.
Initially, r1, 75, and r3 must all be located on the same vertical line. Otherwise,
the rightmost robot among them in the initial configuration cannot transition its
color from off to movingl, unless the leftmost robot(s) among the others reach
L1 and alter their color to chord. However, this contradicts the observation that
all three robots have the color movingl at time t. Therefore, let’s assume that
initially all of them are positioned on £, with the color off. It is important
to note that none of them moves left from £; unless all of them are activated
for their corresponding LCM cycle, in which they change their color to movingl.
This implies that there exists a time ¢’ < ¢t when all of r1, ry, and r3 are located on
Ly, and each of them either possesses the color movingl or becomes activated in
their corresponding LCM cycle, during which they change their color to moving1.
This implies r1, 7o and r3 all are terminal on £ at time ¢’ but this is not possible.
Hence, excluding £, there can not be more than two robots with color moving1

during the execution of Algorithm 6. O

Claim 5. A robot with color movingl on Ly must be terminal on Ly while exe-

cuting Algorithm 6.

Proof. From Observation 4.3 and Claim 2 it is evident that before £; is fixed,
it can have at most two robots and those are of color movingl. So before £; is

fixed, any robot with color movingl on £; must be terminal on £;.

Let £ become fixed at a time t5. Now let us assume r be a robot with color
movingl on £; that is not terminal on £; at a time ¢ > t3. This implies there
must be another robot, say 7/, which without loss of generality is directly below
r on L at the time ¢ and r has color movingl. Now, r and r’ must have moved
to L1 from L,. Note that, in the initial configuration, » and 7’ can not be on two
different vertical lines otherwise the rightmost robot among them can not change
its color from off to movingl until the other one reaches £, and change color to
chord. Also, even when they are on the same vertical line and one of them, say
r, already moves left before the other one i.e., ' wakes to change its color from
off to movingl, it can’t do so unless r reaches £, and change its color to chord.

So, without loss of generality let us assume before one of r and ' moves from L,
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the other robot must have been activated and seen £, where all robots have color
chord. This ensures that r and " will change their color to movingl from off.
Let in the initial configuration,  and r’ were on the same line which is the line
Ly at the time ¢y and k& > 3 (L, at time ¢ can not have any robot in the initial
configuration). Also observe that, for r and 7’ to reach £; they must move there
from Ly (The lines £; are denoted for the time when £; becomes fixed). Since
in the initial configuration, r and 7’ were not on L, of the current configuration,
they must have color movingl while on £5. Suppose 7 is located on Ly while 7/
is on £; with 7 > 2 and has color either movingl or is in the transitional LCM
cycle where it would change its color to movingl on £;. Now for the former case,
if r is activated and it moves to £; while ' is idle then upon activation ' can
not move to £,_; until r changes its color to chord. For the latter case also,
before the next activation of r/, if » moves to £y, r’ can not move to £;_; unless
r changes its color to chord. In either of these cases, when r’ reaches £q, r must

be of color chord, which contradicts our assumption.

a |
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Figure 4.4: r and 7’ from £ moves to £ in such a way that at £; all other robots
are between r and r’. Thus r’ can not be directly below or above 7.

Therefore, for both r and 7’ to reach £; with the color moving1, there must exist

a time t; > ¢y and t; < ¢t when both of them are on £, with the color moving1.
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Furthermore, neither of them moves to £; while the other one is inactive. Note
that 7" must have changed its color to movingl from off after seeing all robots
with color chord as £, of the initial configuration can not have more than two
terminal robots of color off. This implies £; must have at least one robot of
color chord at the time when 7’ moves on it after time ¢;. Now since both r and
r" are activated on Ly before any one of them moves left, they must see each other
on Ly and move opposite of each other on L5 until one robot has moved above
Ly (r1) and the other moves below Ly (rs), where 71 is the uppermost robot on
L, and ry is the lowest robot on £; before r and " moves on to £;. Thus now
when they move left on £, they must have at least one robot with color chord
between them. So at time ¢, ' can not be directly below r. Thus A robot with

color movingl on £; must be terminal on £;. []

Claim 6. During execution of Algorithm 6, if the fixed L1 has a robot r with color
movingl which sees at least one robot that is not on Ly upon activation then r

changes its color to chord eventually.

Proof. If L1 has more than two robots then r» must see a robot with color chord
on Ly(r) = L, upon activation (Claim 5 and Claim 3) (Figure. 4.5(a)). So, it
must change its color to chord. Therefore, let £, have at most two robots when
r is activated on the fixed £; at a time, say ty. If another robot has color chord
on £ when r is activated at ty, by the same reason r changes its color to chord.
So let us assume that if there is another robot, say r’, on £; at time ¢y then it has
color movingl (Figure 4.5(b)). In this configuration, there is no robot of color
chord. So all other robots except r and 7’ are of color off in this configuration,
thus they are at their initial positions. For this case, upon activation, r must see
at least one robot with color off on R;(r) which is at least two hop away from
L1 and thus r changes its color to chord. Now at time t; upon activation if r is
singleton on £, then there can be at most another robot with color movingl on
L; (j > 1) (Figure. 4.5(c)). Now if there is no other robot with color moving1 at
time ¢, then r sees R;(r) has a robot of color off and it is at least 2 hop away
from L£;. Thus, in this case, r changes its color to chord. Otherwise, the other

robot, say 7’ with color movingl is either singleton on some £; or not (j > 1).
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Also in between £, and L£;, there is no other robot at time t,. This is because,
L; at time ¢, must be either the vertical line £, of the initial configuration or is
strictly left of £ of the initial configuration and since there is no robot with color
chord on £, except r and 7’ all robots has color off at time ¢, (this ensures all
robots except r and r’ never moved from their initial position until time ty). If,
at time ¢y, 7’ is singleton on some £; (j > 1) then upon activation " moves left to
L;_1. Note that if 7’ is not on £y, r on £, does nothing even when activated. So
r" eventually reaches £;. Now when 7’ reaches £, by the above argument when
r activates next, it changes the color to chord as it sees R;(r) has a robot with
color of f which is at least two hop away from £;. Now let at time tg, 7’ was not
singleton on L;, then there must be another robot, say 7, with color off on L;

which is seen by r at time ty. For this case also, r changes its color to chord. [
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Figure 4.5: (a) £; has more than two robots including . Then r sees 1’ of color
chord on £;. (b) There are exactly two robots, r and 7’ on £, and both of them has
color movingl. (c) r is singleton on £; with color movingl and r’ is another robot
with color movingl on £;. 7’ moves to £1 and transforms into case (b). Here the blue
color denotes color off

Lemma 4.2. During execution of Algorithm 6, a robot with color movingl on

L; eventually moves to Lj_y where j > 2 if L 1is fized.

Proof. We will prove this using mathematical induction on j.
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Base case: In the base case we first establish that a robot r with color moving1
on L, moves to £, eventually. For that, let r be a robot on L5 with color moving1
at a time t. If possible, let r never reaches £;. Note that there can be at most
one robot, say 7, other than r which is not on £; and has color moving1 at time
t(Claim 4). Now let at time ¢, 7’ is on Ly for some k > 2.

Case 1: Suppose 1’ is on Ly along with r (i.e., K = 2) at time ¢. Note that L
can not have any other robot of color off as it is strictly to the left of the £; in
the initial configuration. So all robots on the right of £ must be of color off
and do not do anything even if they are activated as whenever they are activated
they never see any robot with color chord on their left immediate vertical lines.
Now at time ¢, £, either has all robots with color chord or, has all robots of color
chord except at most two robots on the terminal. For the latter case, by Claim 6
all robots on £; will have color chord eventually at a time, say t/, where t' > ¢
(Figure 4.6(a)). Until then  and 7" do nothing even if they are activated. after
t" when 7’ activates next it sees £; has all robot with color chord and thus move
left to £1. with similar argument after moving to £; eventually r’ end up with
color chord. next when r is activated on L, it must see that all robot on £; has

color chord and thus moves left contrary to the assumption.

Case 2: Next suppose r is singleton on Ly and 7’ is singleton on some £ where
k > 2. Note that between L5 and L there are no other robots (Claim 4 and
Observation 4.2). Note that all other robots on the right of £, at time t have
color off and upon activation they do nothing from time ¢ onwards as they never
see all robots with color chord on their left immediate vertical line as r never
moves to L£;. In this case whenever r’ is activated it sees r singleton on £, and
moves left to L1 (Figure 4.6(b)). This way eventually 7’ reaches L, along with
r. This is the same configuration as described in case 1. So, again it would reach

a contradiction.

Case 3: Let, r is singleton on £y and 7’ is not singleton on £ at time ¢ where
k > 2. Then if ' has a pending move, it moves to L;_1, otherwise if 7’ activates
after time ¢, it does nothing. For the former case, after v’ moves to £;_1, it either

falls into the case 1 or, the case 2. Now, for the latter case, if 7’ does nothing on
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Figure 4.6: (a) r and ' are on Lo with color movingl. If r does not move left,
r’ moves left upon seeing all robots on £ of color chord and in the next activation
changes color to chord. Next r moves to £1. (b) r with color moving1 is singleton on
Lo and 7’ with color movingl is also singleton on Ly (k > 2). If » do not move to Ly,
r’ moves and reaches L2 and converts to the case in (a).

L then r always remains singleton on £, and no new robot moves onto £; from
time ¢ onwards. So, at time ¢ if not all robots on £ is of color chord, eventually
they all become of color chord (Claim 6). So, upon the next activation, r must

move to £;. This is again a contradiction to our assumption.

Case 4: In this case, let us assume r is only robot in the configuration of color
movingl on Ly at time ¢. If from ¢ onwards no new robot changes its color to
movingl then eventually there will be a time, say ¢ > ¢ when all robots on £;
have color chord. Also, no new robot moves to £; after ¢’. Thus, when r activates
next it must move to £;. So, let us now assume there is a time when a new robot
r’ changes its color to movingl. Then as described in the previous cases, r will
move to £ contradicting our assumption. So, There will be a time when r moves
to L4 from L.

Hypothesis: For some j > 2 and for any ¢ < j, a robot having a color moving1

on L£; moves to L£;_; where i > 2.

Inductive step: Let r be a robot on £, with color movingl at a time ¢, where

j > 2. Now by Claim 4, there can be at most another robot, say " with color
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movingl on L at time ¢ (k > 1). If possible let 7 never move to £;. Now there

are two cases.

Case 1: For the first case let us assume k < j + 1 (Figure 4.7(a)). First assume
that r is singleton on £, at time ¢. Then k£ < j+41. By Observation 4.2 between
Ly and Lj, there are no other robot except ' on £; at time ¢. Note that by
induction hypothesis 7 eventually moves to £; and changes its color to chord,
say at a time ¢’ > t. Before that no robot on H9(r) does anything even if they
are activated as they can not change their color from off to movingl because
they can never see £; as their left immediate vertical line due to r being on £;.
So, after ¢, whenever r activates it sees L;(r) = £; where all robots have color
chord. Thus eventually it moves left to £;. Also, before ¢’ if r is activated and
sees 1’ on some Ly where 1 < k' < k then it moves left to £; contrary to the
assumption. So, let r is not singleton on £;; at time ¢. Let there are p robots
on L;y at time ¢ (Figure 4.7(a)). Now if 7’ is on some £j, where 1 < k < j+1
then, it must be singleton on L. Now, until »’ reaches £; and changes its color
to chord, no other robot on the right of ' does anything. By the induction
hypothesis, it can be ensured that r’ will reach £, and eventually all robots on it
would change their color to chord at a time say, t’. Now since p > 1, there must
exist another robot, say ry, having color off on £;;; which is terminal on it at
time ¢'. Also at time ¢’ there is no other robot in between £; and £,4; and no
other robot except 1 moves in between £4 and £, from time ¢’ onwards unless
r1 reaches £, and changes its color to chord. This is because only r; can change
its color to movingl from off, after time ¢’ and until it reaches £; and changes
color to chord (by Claim 4). This implies, after ¢ whenever 7 is activated it will
change its color to movingl from off and will eventually move to £; seeing all
robots on £; having color chord. Now by the hypothesis r will reach £, and
change its color to chord eventually at a time, say ¢;. Now at time ¢;, £;4; has
p — 1 robots. if p —1 = 1 then r becomes singleton on £;;; and as described
above it will eventually move to £;. otherwise there always will be a robot on
L1 which is terminal and has color off. For this case, the terminal robot will
eventually reach £; as described above and will change its color to chord. This

implies eventually number of robots on £;1; will decrease until only r remains.
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For this case, 7 moves to £; eventually, contrary to the assumption.

Case 2: Let k > j+ 1 (Figure 4.7(b)). This implies r is singleton on £, also,
there are no robots between £; and L except r. First assume 7’ is singleton
on Ly (Figure 4.7(b)). Then upon seeing only r on L£;(r’) it will first move left
until it reaches £;;;. Now as argument-ed for the previous case 1, r’ will reach
L1 eventually and change its color to chord. Note that since r is singleton on
L;11, no robot from HY(r) does anything upon activation. Also, there are no
robots in between £, and £;; and all robots on £; has color chord. Note that
now when r will be activated it will always see L;(r) = £, where all robots have
color chord and thus eventually it will move to £;. This is again a contradiction.
Thus, let us assume at time ¢, r’ is not singleton on L. For this case, r’ will not
do anything even if it is activated. Thus, eventually r will see all robots with

color chord on £;(r) (i.e., £1). Thus r will move to L;.

So considering another robot, " having color movingl on £ (k > 1) at time ¢
we always reach a contradiction. So, let at time ¢, r is the only robot with color
movingl on L£;; (j > 2). For some pending move, another robot may change
its color to movingl later, say at t' > t. Now before ¢’ if £, has all robot with
color chord and r is activated, it will move to £;. Otherwise, we reach the same
configuration described in case 1 and case 2. So, in this case, also, we have a

contradiction. Thus, r will eventually move to L;. [

Lemma 4.3. After Ly is fizved, let Ly be the first vertical line with a robot r
of color off at a time t. Then r eventually changes its color to movingl while

executing Algorithm 6.

Proof. Let after £, is fixed, t be a time when L is the first vertical line that
contains a robot r having color off.This implies, all robots between £; and Ly
(if exists) has color movingl at time ¢. Now let from ¢ onwards r never changes
its color to movingl. Let there be p > 1 robots at time ¢t on L£;. Now we have

two cases.

Case 1: Let p = 1. That is r is singleton on £, at time ¢ (Figure 4.8(a)). Then

robots on HG(r) must be of the color off at time ¢ (Observation 4.2) and does
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Figure 4.7: (a) v’ moves to £; first and changes color to chord. Next r; changes
color to movingl and do the same as r’. Eventually r,_; also moves to £; and changes
color to chord. Next, whenever r activates it moves and eventually reaches £;. (b)
Here if 7 does not move, singleton 7’ moves left. After reaching £, it transforms into
case I.

nothing upon activation from time ¢t onwards as r does not change its color. Now,
by lemma 4.2, all robots in between £; and L eventually moves to £; and change
their color to chord at a time, say tg. And within this time no new robot changes
its color to movingl from off. Thus from ¢y onwards, if r does not change its
color, the configuration remains unchanged. Now, when r is activated after time
to, it sees all robots on L;(r) = £ has color chord and thus changes its color to

movingl, contrary to our assumption.

Case 2: Let p > 1 (Figure 4.8(b)). For this case, we will show that the number
of robots on L eventually decreases until it becomes one. Which we already
discussed in case 1. First observe that no robot on H9(r) at time ¢, moves to Ly,
as they will remain of color off (observation 4.2) from time ¢ onwards if r does

not change its color to movingl. So the number of robots on £; never increases
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Figure 4.8: (a) r with color off is singleton on Lj the robots between £; and Ly,
moves to L1 and changes color to chord. Next, whenever r activates it changes color
to movingl. (b) r is not singleton on L . All robots between £ and £ has already
moved to £q and changed color to chord. Next, whenever r; activates it changes
color movingl and moves left decreasing the number of robots on £; and eventually
transforming into the case shown in (a).

from time t onwards. Now let the number of robots on £, never decrease i.e., it
remains the same. This implies, no robot from L£; changes its color to movingl
from time ¢t onwards. Now by Lemma 4.2 all robots in between £; and L have
color movingl at time ¢ and they will eventually move to £; and change their
color to chord at a time, say t; > t. Now let r; be the terminal robot on L
which is activated first after time t;. Now upon activation, it must see all robots
on L(ry) = L1 has color chord and thus changes its color to moving1 contrary to
our assumption. Thus the number of robots on L£; will decrease and eventually
have only r. So according to case 1, we will again reach a contradiction. As for
both cases contradictions are achieved, our assumption that r never changes its
color to movingl from time ¢ onwards is false. So there is a time when r changes

its color to moving1l. ]
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So using Lemma 4.1 we guarantee that within a finite time after the first move
by any robot from the initial configuration £; will be fixed. Let L; be the first
vertical line on the right of £; where a robot of color off exists (k > 2). So all
robots in between £; and L has color movingl. Thus by Lemma 4.2 eventually
all these robots will move to £,. Now observe that all robots on £; will have color
either movingl or off. Now using Lemma 4.2 it can be said that all robots of
color movingl on £; will move to £ eventually. Also by Lemma 4.3 all robots of
color off on L change their color to movingl and move to £, eventually. Thus
Within finite time all robots of £, move to £;. Now if there are no other robots
on the right of £, then we are done. Otherwise the first vertical line on the right
of £, containing a robot of color off, shifts right. Eventually, there will be one
such line that does not have any other robot on its right and all other robots will
be on £;. Now as described above all other robots of that line will also eventually
move to £;. In this moment all non-terminal robots on £; will have color chord
and the terminal robots either will have color chord or movingl (Claim 5). From

this above discussion, we can have the following theorem.

Theorem 4.1. There exists a time t when all robots move to a single line with
non-terminal robots having color chord and terminal robots having color either
chord or, movingl by executing the Algorithm 6 from any initial configuration

assuming one axis agreement, under asynchronous scheduler.

We now proof the following theorem which states that a configuration where all
robots are on a single line with all non-terminal robots having color chord and
terminal robots having color either chord or, moving1 will eventually change into

a P1FC. This theorem ensures the termination of Algorithm 6.

Theorem 4.2. Let in a configuration C, all robots are on a single line where
each non-terminal robots have color chord and the terminal robots have color

either chord or movingl. Then in finite time, the configuration will change into

a P1FC.

Proof. By the theorem 4.1, there exists a time ¢t when all robots will be on a

single line. All robots on that line which are not terminal must have color chord
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at time ¢ and the terminal robots can have color either movingl or, chord at time
t. Let both terminal robots, say r; and ro, has color movingl at time ¢. Then
among r; and ro, whichever is activated first, say r; without loss of generality,
must see a robot of color chord on Ly (r;) = £; and changes its color to chord.
The guarantee that r; will see a robot of color chord comes from the fact that
the non-terminal robots with color chord on £; do not move out of Ly (r1) until
they see a robot with color diameter on Ly (r1). So there must exist a time ¢; > ¢
when all robots are on £; and all but at most one terminal robot say 75 has color
chord and 75 has either color chord or movingl. Now there are two cases. In the
first case, we assume all robots have color chord at t;, and in the second case we

assume all robots except 7, have color chord and ry has color movingi.

Case I: Let us consider the case when all robots on £; has color chord at time
t;. Now after t; whichever robot of r; and 7, is activated first, changes its color
to diameter. Note that both terminal robots can have color diameter too. So,
there exists a time t5 > t; when all robots are on L4, all non-terminal robots have

color chord and at least one terminal robot has color diameter.

Case I(a): Now if both the terminal robots r; and 7 have color diameter at
time to (Figure 4.9(a)), then the non terminal robots on £; that can see r1 or 7y
with color diameter moves either left or right once by executing CHORDMOVE
subroutine. After a robot moves to the left or right of Ly (r;) by executing
CHORDMOVE, the next non-terminal robot on Ly (r1) can now see at least one
robot of color diameter and thus execute the CHORDMOVE subroutine. This
way all non-terminal robots on Ly (ry) will execute CHORDMOVE at least once.
Note that a robot that has executed CHORDMOVE once does not move again
until P1FC is achieved. This is because the robot does not execute Algorithm 6
as it will see a robot of color diameter which is not on its own vertical line.
Now Let t3 be a time the last non-terminal robot on Ly (r1) moved right or left
after executing CHORDMOVE. Then we can ensure that only r; and 7, are on
Lo with color diameter at time ¢3 and all other robots are on £; and L3 with
color chord and also they are strictly between L (r1) and Lg(r2). Hence at t3,

the configuration becomes a P1FC.
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Case I(b): Now let at time t9, only 71 has color diameter and 75 has color chord
(Figure 4.9(b)). Now if ry is activated before any of the non-terminal robots move
by executing CHORDMOVE it changes its color to diameter. For this case, we
can show that eventually P1FC will be achieved (using a similar argument as
Case I(a)). So, let before 7 is activated a robot which is not terminal on £; and
sees 11 executes CHORDMOVE and moves left. Then r, never changes its color
to diameter until all non-terminal robots move left or right of Ly (1) = Ly (12)
by executing CHORDMOVE. When all such robots move, 7 then can see r; with
color diameter and then it changes its color to diameter. Note that after ry

changes its color diameter the configuration becomes a P1FC.

Case II: Let at time ¢; all but one terminal robot, say re (without loss of
generality), on £ has color chord. Let r5 has color moving1 at time t;. Now, if
is activated and sees a robot of color chord on its vertical line and sees no robot
on both of its left and right open halves then r; changes its color to diameter.
Let this happens at a time t; > t;. Then similar to the above discussion all
non-terminal robots on Ly (r), that see ry after time ¢4, on their own vertical
line, execute CHORDMOVE and move left or right. If at least one such non-
terminal robot has already executed CHORDMOVE then even if ry is activated
after that, with color movingl it does not change its color as it sees its left open

half non-empty.

Case Il(a): If ry is activated before any robot moves from Ly (r;) = Ly (r3) then
it sees a robot with color chord on Ly (ry) and sees HY () empty. Thus 75 in
this case changes its color to chord at a time say t5 > t;. In the configuration,
if t5 > t4 then at time t¢5, all robots have color chord except ry, which has color
diameter. This is similar to the case I(b). Thus in this case eventually the
configuration will become a P1FC. So, let t5 < t4. If t5 < t4, then at t5, all robots
will be on a single line with color chord. This is similar to the case I and thus
eventually the configuration will change to a P1FC. Now if t; = ¢4, then at t5,
r1 will have color diameter and 75 will have color chord which is similar to the

case I(b). Thus again the configuration will eventually become a P1FC.

Case II(b): Now let after ¢;, o is activated for the first time when at least one



111

Mgy "lan ’”1‘
nok >4 an
@ % AP
<
3) 3) 1 \
o % %
52 ah® D@

<(4 (5) 3)
E)>< (6) (4)
> @2 (7) (5)

(1) (8) 6)

€ -

7

(a) (b) (c)

Figure 4.9: (a) Both terminal robots have color diameter in C(¢2). (b) 7 has color
diameter and ry has color chord in C(t2). o does not change color diameter until all
non terminal robots of color chord execute CHORDMOVE exactly once and moves to
left or right. (c) ro still has color movingl while some non terminal robots from the
line already executed CHORDMOVE. In this case also ry changes color to diameter
when all non-terminal robots move left or right. The numbers in the bracket denote
the order in which the robots move.



112

non-terminal robot already executed CHORDMOVE (Figure 4.9(c)). Then 4 does
not change its color even if it is activated as it does not have H?(ry) non-empty.
Now When all non-terminal robots execute CHORDMOVE once then on Ly (73)
there are only two robots r; with color diameter and ry with color movingl. Now
when 7, is activated again, it sees r; with color diameter on Ly (ry) and changes

its color to diameter. After this, the configuration again becomes a P1FC.

For all of the above cases, it can be ensured that A configuration where all robots
are on a single line with all non-terminal robots having color chord and terminal
robots having color either chord or, movingl will change into a P1FC within
finite time. [

4.3 Modification to Algorithm 6 for Line For-
mation

The P1FC formation algorithm FORMP1FC(Algorithm 6) can be easily modified
to use it as a line formation algorithm. Let us rename the color chord as line.
In this modified version the color diameter is not necessary. So the checks with
the“if” statements in Line 1 of Algorithm 7, Algorithm 8 and Algorithm 9 is not
there in the modified version. Also, remove the “Else” block starting at line 17
upto Line 19 of Algorithm 8 and “Else if” block of Algorithm 9. And finally,
Whenever a robot r finds that r.color is line it terminates. In this modified
version when all robots terminate they are on a single vertical line on the grid.
Also, note that the subroutine CHORDMOVE() is not executed by any of the

robots in this modified line formation algorithm.

4.4 Concluding Remarks

In this chapter, we took a closer look at the Line Formation problem, an essential
step in forming a circle on a grid and a foundation for the algorithm discussed
in Chapter 5. We introduced and analyzed the FORMP1FC algorithm, showing

how it enables robots to transition from any starting configuration to a P1FC
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configuration. We also argued how this algorithm can be adapted for simple
line formation with only minor modifications and with one less color used in
forming P1FC. This work provides a solid basis for robotic coordination in grid-
based environments as well as it works as a foundation for solving more complex
formation problems in grid-based terrain. We discuss one such problem in the

next chapter.

There are several scopes for the betterment of this work in the future. First, we
do not know yet if the 3 colors used in our line formation algorithm are necessary
or not. So it would be really interesting to find out about that. Also, the necessity
of one-axis agreement to solve line formation has not been discussed yet even for

point robots on grid-based terrain.
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Chapter 5

Circle Formation on Infinite Grid
by Luminous, Fat Robots

In this chapter, we explore the circle formation problem on an infinite grid-based
discrete terrain. This problem has been extensively studied in the Euclidean plane
for many years [49, 74] and continues to be a subject of recent research [52,77].
Its first investigation in grid-based terrains was presented in [2]. The robots
considered in that work are modeled as opaque points. However, in practical
scenarios, robots possess dimensions, even if they are minimal. Therefore, we
examine the problem introduced by Adhikary et al. in [2] under the fat opaque
robot model. The next section elaborates on the model used, along with relevant

definitions and terminologies.

5.1 Robot Abilities for Circle Formation and
Related Definitions

In this chapter, we adopt the same model and notations introduced in Chapter 4.
A circle on a grid-based terrain differs from one on a plane as the points on the
circle have to be grid points. This requires us to first define a circle on an infinite
grid. This can be done in various ways. In this work, we define an approximated
circle on the grid corresponding to a given circle on the plane. The circumference

of this approximated circle on the grid is defined as follows.

115
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Definition 5.1 (Grid Circumference). Let CIR be a circle on the plane on
which the infinite grid is embedded. Let Ly be a horizontal grid line that intersects
the circle CIR on at most two points A and A’. Now,

e If A and A" are grid points, we say that only A and A" on Ly are on the

circumference of CIR.

e Otherwise, if A and A" are not grid points, we call a grid point (a,b) on
the circumference of CIR on Ly if the line joining the grid points (a,b),
(a+1,b) or (a,b), (a —1,b) contains ezxactly one of A and A’.

The set of all such grid points on the circumference of the circle is called the Grid

Circumference.

For simplicity by the term “on the circumference of the circle” we will always

mean on some grid point which is in the set Grid Circumference.

Now, let us define the problem (CF_FAT_GRID) formally.

Definition 5.2 (Problem Statement of CF_FAT_GRID). Let a finite set
of fat robots of the same radius be initially located on distinct vertices of an
infinite grid G. We say that the Clircle formation by Fat robots on an infinite grid
(CF_FAT _GRID) is solved if the following condition is satisfied.

3t > 0 such that in C(t) all robots are on the grid circumference of a circle
and Vt' >t C(t') = C(t).

5.2 Circle Formation

The circle formation algorithm C'I RCLE_F(@G, described in this section solves the
CF_FAT_GRID problem stated earlier in Definition 5.2. This Algorithm works
in two phases. In first phase a robot r execute the algorithm FORMP1FC(r)
(Algorithm 6 in Chapter 4) to make a P1FC configuration. Then in the second
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phase, it executes FORMCIRCLE(r) and eventually forms the required circle. The

pseudocode is given below.

Algorithm 10: CIRCLE_FG

r <— myself;

Initialize r.phase = 0;

if r.color =off then

if r sees mo robot of color diameter then
‘ r.phase =1

else
L r.phase = 2

O S S U R R

else if r.color =movingl then

7]

9 if r sees no robot of color diameter V r sees a robot of color diameter on L,(r)
then

10 ‘ r.phase = 1

11 else

12 L r.phase = 2

13 else if r.color = chord then

14 if r sees mo robot of color diameter V r sees at least one robot with color
diameter on L,(r) V r sees at least one robot with color diameter and at least
one agent with color chord on either L1(r) or Ri(r) then

15 ‘ r.phase =1
16 else
17 L r.phase = 2

18 if r.phase = 1 then

19 | Execute FORMP1FC(r)
20 else if r.phase = 2 then

21 | Execute FORMCIRCLE(r)

In the CIRCLE_FG algorithm, a robot first decides the phase it is currently in
and then according to that either executes FORMP1FC or, FORMCIRCLE.

A robot with color off decides it is in phase 1 if it does not see any other robot
having color diameter otherwise, it decides to be in phase 2. A robot having
color chord decides that it is in phase 1 if any of the following scenarios occur
in its view. Either it sees no robot having color diameter or, it sees at least
one robot having color diameter on the same vertical line or, it sees at least one
robot having color diameter and at least another robot having color chord on
its left or, right immediate vertical line occupied by a robot. On the other hand,
the robot decides to be in phase 2. A robot having color moving1 decides to be in

phase 1 if either it sees no robot having color diameter or, sees a robot with color
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diameter but on the same vertical line and for any other view it decides that it
is in phase 2. Robots having color diameter and done do nothing ever so they
don’t have to distinguish between the phases. FORMP1FC is already described
in Algorithm 6 in the previous chapter. Here in the following subsection, we
describe the subroutine FORMCIRCLE used in Algorithm CIRCLE_FG.

5.2.1 Description of subroutine FORMCIRCLE(r)

A robot r executes subroutine FORMCIRCLE(r) only after the PIFC configuration
has already been formed. Let at time ¢ the configuration become a P1FC for the
first time. Let r; and 75 be the only robots on £, and they have color diameter.
Note that these two robots are already terminated While they changed their color
to diameter during the execution of FORMP1FC subroutine. Now, these two
robots help the other robots to agree on the circle to be formed. The line segment
of Ly (r1) between r; and ro will be agreed by other robots as a diameter of the
circle to be formed. So, if a robot sees both r; and ry it knows the circle, say
CIR. While executing the algorithm FORMCIRCLE, a robot r with color chord
executes the subroutine CHORDFORMCIRCLE(r) (Algorithm 12). If the robot
has color off it executes the subroutine OFFFORMCIRCLE(r) (Algorithm 13)
and executes MOVINGIFORMCIRCLE(r) (Algorithm 14), if the robot has color

movingl. A robot having color done terminates immediately.

Now, observe that in a P1FC, each horizontal line between Ly (ry) and Lpy(r2)
contains at most one robot. Now each of these horizontal lines has exactly two
grid points on the circumference of the circle CZR, one on the left of the agreed
diameter and the other on the right. So, for any robot r, if r terminates at a grid
point on Ly (r) which is on the circumference of CIR, we say that circle is formed.
The target of executing the subroutine FORMCIRCLE is to make sure that any
robot r terminates at the grid point on Lg(r) which is on the circumference of
CZIR and on the left (resp. right) of the agreed diameter if in the P1FC, r is on
the left (resp. right) of the agreed diameter.

A robot r executes FORMCIRCLE after the configuration becomes a P1FC. In this
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scenario. There are exactly two robots with color diameter, say r; and 5 on the
same vertical line, and all other robots have color chord on £;(r1) and R;(ry).
Difference between number of robots on £;(r1) and R;(ry) is at most two. Note
that the vertical line Ly (r;) divides the circle on two halfs H? (r) and H (r1).
Here, we describe FORMCIRCLE for the robots only in HY(ry). The algorithm

for the robots in HE(ry) will be similar.

Algorithm 11: FORMCIRCLE(r)

1 Procedure FORMCIRCLE(r)
2 d = distance between two robots with color diameter

3 robot with color diameter is on right (resp. left) open half of r
a ¢ = midpoint of two robots with color diameter

5 if r.color = chord then

6 | Execute CHORDFORMCIRCLE(r)

7 else if r.color = off then

8 | Execute OFFFORMCIRCLE(r)

9 else if r.color = movingl then

10 L Execute MOVING1FORMCIRCLE(7)
11 else if r.light = done then
12 L terminate;

Note that due to the procedure CHORDMOVE in the first phase before P1FC
is formed, all robots with color chord must be strictly between the horizontal
lines passing through r; and ry. Observe that, during the first phase, if a robot
r of color chord sees at least one robot of color diameter then there are two
possibilities. Either r sees at least one robot of color diameter, say 1, on Ly (r)
or, it sees r; on R(r) (resp. L;(r)) while there must be another robot of color
chord on R(r) (resp. L;(r)). In that case r executes FORMP1FC(r). We
have shown that (Lemma 5.1) during execution of FORMCIRCLE(r) (i.e., when
r has phase = 2) a robot r of color chord always sees at least one robot of
color diameter which can not be on Ly (r) (as r never moves to the vertical line
where the robots of color diameter are located). Now if r sees a robot 7, of color
diameter on R;(r) (resp.L;(r)) then, it must see the other robot 7 of color
diameter on R;(r) (resp. L(r)) too. But the difference from Phase 1 is that,
here Ly (1) does not have any other robots of color chord. Thus a robot of color

chord can always distinguish between Phase 1 and Phase 2.
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Now, a robot that is terminal on £;(r;), say r with color chord, must see both the
robots r; and ro. In this case, it moves toward its left (Line 6,7 in Algorithm 12).
Before this move r changes its color to off only if the horizontal distance of r
from ry or ry is [4] — 1 (Line 3, 4 in Algorithm 12). Observe that due to this
rule after a finite time all robots which were initially on £;(r1) with color chord,

reach a vertical line which is [;—11 distance away from r; and ro with color off.

Algorithm 12: CHORDFORMCIRCLE(T)

1 if 7 sees only two robots with color diameter on Ry(r) (resp. Lr(r)) then
if r is terminal then
if horizontal distance from robot with color diameter = f%} — 1 then
r.color = off
move horizontally away from robot with color diameter
else
L move horizontally away from robot with color diameter

N O oox W N

Now we claim that a robot with color off always sees at least one of r; or ry
(Lemma 5.2). By this condition, a robot with color off, can identify whether it
is in Phase 1 or Phase 2. Let us name the vertical line Ly (r;) as vy, and v; be
the i-th vertical line on the left of vy. So, after a finite time, all robots will be on
vr4y strictly between £ m(r1) and Ly (ry) having color off. In this configuration,
all the robots can see both r; and ro and thus can calculate the point ¢ which
is equidistant from both r; and ro on vy. There can be at most two robots on
Urdy which are nearest to c¢. Also, if there are two such robots then there can be
no other robots strictly between them on Urdy- Thus a nearest robot to ¢ on Urdg
can understand if it is nearest to c¢. Such a robot, say r, first moves right after
changing the color to movingl ( Line 3,4 in Algorithm 13) and does not move
further until it sees no other robots on its left (c.f in Algorithm 14 a robot r with
color movingl after seeing a robot 7’ with color diameter on R;(r) can only move
if it doesn’t see any robot having color off or, movingl on L£;(r)). Now , after
r moves, another robot, say r/, on Upay Moves right only if it sees r with color
movingl on its immediate right vertical line Urd and sees no other robot on the
left of vy strictly between Ly (r) and Ly (') ( Line 5-7 in Algorithm 13 ). Thus
there exists a time when all robots on the left of vy are on Vpd)_4 and have color

movingl. We call this configuration a ([4] — 1)—Left Sub Circle Configuration
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(([g} — 1)—LSCC). More formally,

Definition 5.3 (j— Left Sub Circle Configuration Left (j-LSCC)). A configura-
tion where r1 and ro with color diameter be the only two robots on vy is called a

j- Left sub circle configuration (Figure 5.1) if

1. All robots of color movingl1 on the left of vy are the only robots on vertical

line v;.
2. There are no robots strictly between v; and vy.

3. All robots on the left of vy are strictly between Ly (r1) and Ly(re) and each

horizontal line contains at most one robot.

4. All robots on left of vj (if any) must be of color done

Let r be a robot on the left of vy that sees both r; and r, with color diameter.
Then it can find out the point ¢ which is equidistant from r; and r on vg. Let
CZR be the circle with center at ¢ and radius g where d is the length between r;
and ry along vy. Let £ (r) be the line through r and perpendicular to vy. Let
C. be the point of intersection of CZR and L, (r). We say that a robot r is on
CIR it 0 < distance(r,C,) < 1 and r is on left of C; on L, (7).

In a j— LSCC configuration we can divide the robots of color movingl in two
classes namely, ZN; and OUT ;. We say that a robot of color movingl in a
j—LSCC is in TN if it is strictly inside the circle CZR otherwise, it is in OUT
(i.e., when the robot is either strictly outside or on the circle CZR).

Algorithm 13: OFFFORMCIRCLE(T)

1 if r sees at least one robot of color diameter then
2 if r sees exactly two robots on Ry(r) (resp. Li(r)) with color diameter and r is
nearest to the center c then

r.color = movingl;

move towards the robot of color diameter;

5 else if r sees r’, a robot of color movingl on Ry(r)(resp. L1(r)) such that no
robots between L (r) and Ly (r') then
6 r.color = movingl;

7 move horizontally towards the robot of color diameter;
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Figure 5.1: j—LSCC where on vy there are only two robots of color diameter, all
robots of color movingl in the configuration are on v; and all other robots are on left
of v; with color done.

Now a robot of color movingl can distinguish Phase 2 from Phase 1 from the fact
that a robot of color movingl always sees at least one robot of color diameter

not on its vertical line in Phase 2 (Lemma 5.4).

Let r be a robot of color movingl in Phase 2. If 7 on some v; (j > 1), sees both
ry and 7o with color diameter on R;(r) and no robot of color off or movingl
visible to r on L£;(r), also if r is nearest to ¢, then r moves left after changing its
color to done only if 7 is strictly inside the circle CZR. Otherwise, if r is on or

strictly outside the circle then, it moves right (See Line 2-10 in Algorithm 14).

Now if 5 = 1 then r moves left after changing the color to done when r is strictly
inside the circle, nearest to ¢ and sees no robot of color off or movingl on L;(r).

Otherwise, if it is on the circle, it changes its color to done and terminates on
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Ly (r) = vy (See Line 11-18 in Algorithm 14). If r with color moving1 sees another
robot 7’ of color movingl on its right then it only moves right when it sees there
is no other robot inside the rectangle bounded by the lines Ly (), Ly ("), Ly (1)
and Ly (r') (See Line 19-20 in Algorithm 14).

Algorithm 14: MOVING1FORMCIRCLE(r)

if r sees at least one robot of color diameter not on Ly (r) then
if Rr(r) (resp. L1(r)) has exactly two robots of color diameter then

1
2
3 if Ry(r) (resp. L1(r)) is more than one hop away from Ly (r) then
4 if r is nearest to c then
5 if there is no robot of color off or movingl on Li(r) (resp. Ri(r))
then
6 if r is strictly inside of CIR then
7 r.color = done;
move left (right resp.);
9 else
10 L move right (left resp.);
11 else
12 if r is nearest to c then
13 if there is no robot of color off or movingl on Li(r) (resp. Ri(r))
then
14 if r is strictly inside of CIR then
15 r.color = done;
16 move left (right resp.);
17 else
18 L r.color = done
19 else if Ry(r) (Li(r) resp.) has a robot v’ of color moving1 such that no robots on

or strictly inside the rectangle bounded by Ly (r), Ly (r'), Ly (r) and Ly (1)
except r and r’ then
20 L move right (left resp.);

We now have the following observations.

Observation 5.1. In Phase 2, there can not be a configuration where two robots

exist such that one is of color chord and another is color movingl.

Observation 5.2. In Phase 2, if a configuration has a robot r. of color chord

and a robot 1, of color of f on the left (respectively right) of vy then the r, must
have to be on HY (r.) (respectively HS (r.)).

Observation 5.3. In Phase 2, if a configuration has a robot r,, of color moving1
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and a robot r, of color of f on the left (respectively right) of vy then the r, must
have to be on HY (ry,) (respectively HS (r,,) ).

5.2.1.1 Correctness of Phase 2 (FORMCIRCLE)

To prove the correctness of Phase 2 we have to prove two things.

1. For a robot r on the left(resp. right) of the agreed diameter i.e., vy, if r
terminates, then it terminates on the grid point on the circumference of the

agreed circle on left (resp. right) of vy which is on Ly (r) (Lemma 5.5)

2. Except r; and ry (the robots of color diameter), all other robots terminate
in Phase 2. (Lemma 5.6).

For r; and rq, they are already terminated on Phase 1 on the two endpoints of
the agreed diameter, so they are also on the circle. Now to prove these two things
we have some other lemmas that will be useful for the proof. In the following, we
prove these lemmas along with the two above-mentioned results and summarize

the main result in Theorem 5.1.

Lemma 5.1. In Phase 2, a robot r with color chord always sees a robot of color

diameter.

Proof. Let ry and ry be the only two robots of color diameter on the vertical line
vp at a time, say t in Phase 2. Let at time ¢, r be a robot of color chord on v;, on
the left of vy that can not see both r; and r,. Then there must exist two robots
ry and 79 strictly inside the rectangles bounded by v;,, Lg (1), Lu(r1), vo and vy,
L (r), Lug(ra), vy respectively (Figure 5.2). Note that 7} and r must have color
chord (due to Observation 5.1 and Observation 5.2). Let Ly (r]) is the vertical
line vy, and Ly (r}) is the vertical line v;, where i; > iy > i3 > 0. We claim that
19 = 13. Otherwise, let at time ¢, 75 > 73. Now note that, » must have moved left
from v;, before t as i1 > i5. Thus, there must exist a time ¢; < ¢t when r gets
activated on v;, and sees it is terminal on v;, and sees r; and ry on R;(r) and

then moves left to v;,. Thus, at t1, R;(r) = vg. This implies r}, must be on the
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left or on v;, at time ¢;. This is not possible as 7 is on v, at time ¢t > ¢; and a
robot of color chord on the left of vy never moves right. Thus at time ¢, 7} and
r, must be on same vertical line say v;,. Now at ¢, r is on v;, which is on the left
of v;,. This implies there exists a time before ¢ when r moved left from v;,. Thus
there exists a time ¢, < ¢ when r is activated on v;, and sees it is terminal on v;,
and there is no robots between v;, and vy. This implies at to, | and 75, must be
on v;,. S0 at ty, r can not be terminal on v;,. The contradiction arises because
our assumption that r can not see both r; and ry is false. Hence, » must see at

least one robot of color diameter in Phase 2.

Uig ’UZ‘3
\ 71
} AR
Lp(r1) 7’/2@
r /:,H(T)
/
1
Q)
L (ra) ™
Vi, Vo

Figure 5.2: r; and 72 is on vg with color diameter, r is on v;, with color chord which
can not see 71 and ro due to r} on v;, and r5 on v;,.

]

Lemma 5.2. In Phase 2, a robot of color off always sees a robot of color

diameter.

Proof. Let r; and ro be the only two robots of color diameter on the vertical
line vy at a time, say ¢ in Phase 2. Let r be a robot of color off in Phase 2
that does not see r; and ry at t. So at time ¢, r must be on Urdg and there
must be two robots 7} and 7} strictly inside the rectangles bounded by Ly(r),

L (r1), vo, vray and Ly(r), Lu(ra), vo, Uy Tespectively (Figure 5.3). Now, r]
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and 75 both can be of color either chord or of color moving1 (by Observation 5.1
Observation 5.2, Observation 5.3). Now, if both r] and r} are of color chord, then
we reach contradiction by arguing similarly as in Lemma 5.1. So, let us consider

the case where both ] and r) are of color movingl at time t.

Let at ¢, 7 is on vpay. Also, r} and 7% are on right of Urdy- Ly (r) divides the grid
in two halves. Let the half where /| is located at time ¢ be denoted as the upper
half and the half where 7 is located at t be denoted as the lower half. Now there
exists a time t’ < t such that all robots on the left of vy have color off and are on
Uy The first robot that moves right from v n after changing color to moving1
must be nearest to ¢ at time t'. Let r;, be such a robot. Note that r;, is not r.
So without loss of generality let it be in the upper half at ¢. Now there can be
at most another robot, say r;,, which is also nearest to ¢ at time ¢'. If this is the
case then 7;, must be in the upper half at time ¢’ as otherwise, r becomes nearer
to ¢ than r;, and r;, contrary to the assumption. So, the first robot, say r¢, from
lower half that moves right from Urdy must have moved after seeing a robot, say
7 of color movingl on R;(ry) such that there is no other robots strictly between
Ly (ry) and Ly(r}) at some time ¢; where ¢ > ¢; > t'. Note that 7, must be on
the upper half at ;. So, at t;, the region strictly between Ly (ry) and Ly(r})
can not be empty as r is there. So, we arrive at a contradiction due to the wrong
assumption that there exists a time ¢ such that in the configuration at time ¢ there
exists a robot of color off that can not see both r; and re of color diameter.

Thus any robot of color off always sees at least one robot of color diameter.

]

Now, we have to prove that a robot of color movingl always sees at least one
robot of color diameter in Phase 2 which is not on its own vertical line. This
will ensure that a robot of color movingl distinguishes Phase 2 from Phase 1.
This is because in Phase 1 even if a robot of color movingl sees a robot of color
diameter it must be on its own vertical line. To prove this we have to prove the

following lemma first.

Lemma 5.3. Let at a time t, a configuration is a j—LSCC, where j > 1 and
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Figure 5.3: r; and rq is on vy with color diameter, r is on Vrdy with color off which
2

can not see 71 and ro due to r} and 7.

OUT ; # ¢. Then,

1. there exists a time ty >t such that at time ty, the configuration is again a
J—LSCC where IN; = ¢ and OUT ; at time t, = OUT ; at time t.

2. Moreover, there is another time ty >ty such that at to, the configuration is

a(j—1)—LSCC and IN ;_1 UOUT ;1 at time ty = OUT ; at time t;.

Proof. Let at time t the configuration is a j—LSCC where 7 > 1. In this case if
IN; = ¢ then we have nothing to prove for the first part as t; = t. So, let at
time t, ZN; # ¢. Now to prove the first part we have to show that there exists a
time ¢’ > t such that at time ¢’ the configuration is again a j—LSCC configuration
where [ZN| at ¢ < |ZN| at ¢t and between [t,#'] no robot in OUT; at time t
moves even if it is activated. Let at ¢, ZN; = {r;,, 74, ... 75, } where p > 1. Note
that, distance between r;, and c is strictly less than distance between r and ¢ for
any r € OUT; and any k € {1,2...p} at time £. So at ¢, a robot nearest to c

must be from ZN;. Let r;, be one such robot. Then upon activation, it moves
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left after changing the color to done. Let ¢’ be the first time instance such that
for all t, € [¢t,t'),r;, is on v; in C(¢,) and in C(¢'), r;, is on v;4; with color done.
So, |ZN;| at t' < |ZN;| at t. Now we only have to show that any robot of color
movingl in OUT; at time ¢ stays on v; in the time interval [¢,#']. If possible let
some robots that were in OUT ; at time ¢ move right, on or, before ¢'. Let r, be
the first such robot to move right. Then r, must have been activated at some
time ¢; < ¢’ when it is nearest to c¢. But since t{ < ¢/, in C(t}),r;, was on v;.
Thus in C(t}), r, can ot be nearest to c¢. So at t’, the configuration is again a
Jj—LSCC configuration where |ZN;| at t' < |ZN;] at ¢ and between [, t'] no robot
in OUT ; at time ¢t moves even if it is activated. So, |OUT ;| at time ¢’ remains
same to |OUT ;| at time ¢. This proves eventually there is a time ¢; when the
configuration is a j—LSCC with ZN; = ¢ and OUT; at time t; = OUT ; at time
t.

Now, for the second part, we have to prove that there exists a time t5 > t; when
all robots on v; at t; are on v;_; at time ¢. Thus we have to show that a robot
after reaching v;_; from v; does not do anything until all robots of v; at time
t1 reach v;_y. If possible let a robot r after reaching v;_; move again before all
robots of v; move. This implies there exists a time ¢}, > ¢; when there are robots
on v; with color movingl but r does not see any robot of color movingl on v;
from v;_; at time t}. This implies there must exist at least one robot, say r’,
on v; which does not have color movingl and which obstructs r from seeing any
robot of color movingl on v; at time ¢} (Figure 5.4). Note that " must be of
color done and it must have moved from v;_; to v; after changing its color to
done from movingl. This is because at 1, ZN; = ¢, so ' has not changed its
color to done on v;. So, at t} there must be at least one robot of color done on
v; which has moved to v; from v;_; after ¢;. Without loss of generality let r’ be
the first robot that moves to v; from v;_; after changing its color to done from
movingl. Let ' is activated on v;_; with color movingl at some time ¢/, where
ty, >t} > t;. This implies r" also has not seen any robot on v; of color movingl
at time t. Since t}, >t} > t;, there must exist a robot of color movingl on v; at
time t;. 7’ does not see that robot at ¢} implies there must exists another robot,

say s of color done on v; at tj. Also, ry must have moved to v;_; to v; for the
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Figure 5.4: Configuration C(t5). Here r on v;_; has no visible robot of color moving1
on vj in spite of v; having such a robot. 7’ actually obstructs the view of r.

same reason described above. So 7’ can not be the first robot that moved to v
from v;_; after changing its color to done from movingl after ¢;. So no robot
that reached v;_; from v; after ¢;, moves until all robots of v; at time ¢; moves to
vj_1. Let ty be the time when the last robot of v; reaches v;_; after ¢;. Note that
all robots of color movingl at time ¢ are on v;_; and they are the only ones on
vj_1. Also, there are no robots between v;_; and vy and all robots on the left of
vj_1 have color done. So this configuration at time ¢ is a (j —1)—LSCC. Also, all
robots that were on v; at time ¢; are now on v;_; at time ¢ and no other robots
moved onto v;_1. So, the set of all robots on v;_; at time to = ZN ;1 UOUT ;4
at time to = OUT; at time ;.
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We have seen in the description that, in Phase 2 the configuration becomes a
([4] — 1)—~LSCC configuration. Now this lemma tells that for all j > 1 and
j < [4] — 1 there is a time when the configuration becomes a (j — 1)— SLCC
from j—SLCC. So starting from ([4] — 1)—LSCC we will eventually have ([4] —
2)—LSCC then ([4]—3)—LSCC and so on until we have a 1-LSCC. Also note that
from i—LSCC, j—LSCC can not be formed if j > i as robots of color movingl
that are on the left of vy only moves right in Phase 2. Moreover, we can have the

following corollary.

Corollary 5.0.1. After ([4] — 1)-LSCC is formed, for all j € {1,2,...[%] — 2}
and for any i < j, a configuration can not have robots on v; until j-LSCC' is

formed.

Proof. Let us fix a j € {1,2,...[4] — 2}. Let at time ¢ which is after ([£] — 1)-
LSCC is formed, the configuration is either a p—LSCC or, ¢ is between ¢; and 5
such that at ¢, the configuration is a p—LSCC and at ¢, it becomes (p—1)—LSCC
where j < p < [¢] —1. Now by Lemma 5.3, at time ¢ there can be no robots on
vs where s < p—1. Now forany i < j, wehave i < j <p = i< j<p—1

Hence at ¢, there can be no robots on v; where ¢ < j. O]

Now we prove the following lemma that ensures that a robot of color always sees

at least one robot of color diameter not on its own vertical line in Phase 2.

Lemma 5.4. In Phase 2, a robot r of color movingl can always see a robot of

color diameter that is not on Ly (r).

Proof. Let t be a time when a robot, say r, of color movingl on v; can not
see both of r and ry, the two robots of color diameter on vy. Without loss of
generality let r be on the left of vy. This implies at time ¢, there must exist two
robots rj and 74 strictly inside the rectangles bounded by Ly (r), Lg(r1), vo, v;
and Ly (r), Lu(ra), v, v; respectively (Figure 5.5) i.e., r{ and r} are on v;, and
v;, where j > iy > i5. Also, j > 1 and j < [%] as even if a robot can have
color movingl on Urd it performs first look phase as a robot of color movingl
after it moves right. Also from the description ([4] — 1)—LSCC is formed first
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until then no robot moves to v; where i < [4] — 1. So until ([4] — 1)—LSCC
is formed all robots of color movingl must see both the robots r; and 75 from
Uraq_y- S0 must be a time after ([4]—1)—LSCC is formed. Observe that, 7| and
r, must be of color movingl. Now since at time ¢, there are robots on v;, and v;,
where 11,15 < j, there exists a time ¢’ < ¢ when the configuration was a j—LSCC
such that ZN; = ¢ (Lemma 5.3 and Corollary 5.0.1) (Figure 5.5). Also in C(t)’,
r,r1, 75 were on vj. Now similar to lemma 5.2, let us denote the half where 7/
is located as the upper half and the other one as the lower half. Now the first
robot that moves to v;_; from v; must be nearest to c at time ¢'. Without loss
of generality let it be on the upper half at time #’. There can be at most another
such robot which is also nearest to ¢ at time #'. If another such robot exists then
it also has to be on the upper half at time ¢’ otherwise r becomes nearer to ¢ at
time ¢ and moves to v;_; before any other robots and thus at ¢ r can not be at
v; as assumed. Also at time ¢, there is at least one robot of color movingl on
the lower half. So let r; be the first robot from the lower half at time ¢’ that has
moved to v;_; from v;. Then it must have moved from v; after seeing a robot, say
1, of color movingl on R;(r;) = v;_; such that there is no other robots except 7
and 7] on or between the rectangle, say R, bounded by v;,v;_1, Ly (r;) and Lg(r])
at a time t] >t and ¢t > t|. Now since 7; is the first robot from the lower half to
move after ¢', r; must be from the upper half. Thus at time ¢}, R must contain
r other than r; and r] which is a contradiction. Hence, a robot of color movingl
always sees a robot of color diameter. According to the algorithm, since r never

reaches vy in Phase 2, it can not see r; and r9 on its own vertical line. O

Let r be a robot in Phase 2 on the left of vy. Note that Lg(r) intersects the circle
CIR exactly once at a point C). on the left of vg. Thus, there exists exactly one
grid point denoted as, Cp(r) on Ly (r) such that either dist(C,,Cr(r)) = 0 or
Cr(r) is on the left of C, such that dist(C,,Cr(r)) < 1. Then we define Cr(r)

to be the Terminating Point of r. We can now have the following observation

Observation 5.4. In a 1-LSCC if a robot r € OUT, then r must be on Cr(r).

For r, Cp(r) = Lu(r) Nv; for some j > 1. Now, in a 1-LSCC if r € OUT, then
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Figure 5.5: C(t') is a j — LSCC where all robots on v; are in OUT ;. From C(t'),
C(t) is formed where r is still on v; but ] and 5 are on right of v; obstructing r from
seeing 11 and 75. Here r1 and 19 are the robots of color diameter on vg.

J < 1. Hence, j = 1.

We now first ensure that if a robot r terminates, it does not terminate on a grid

point that is not on Cp(r).

Lemma 5.5. A robot r can only terminate on Cr(r).

Proof. For this, first note that a robot can only terminate after ([4] — 1)—LSCC
is formed. Now let for a robot r, Cr(r) is the grid point Ly (r) N v; for some

j €L TE]NN. If j = [¢] thenin ([¢]-1)-LSCC, r € IN[%1_1. Then eventually

7 moves to vrdy after changing the color to done. When it is activated next it
2

terminates on Cp(r) = Urdy N Ly(r). Soif j = [4] then r can not terminate

on any other position except Cp(r).Now let us consider the case j < [g} If
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possible let 7 terminates on Lg(r) Nv; where ¢ > j > 1. Then there must exist
a time when 7 is on v;_;. Then by Corollary 5.0.1 there exists a time when the
configuration is i —LSCC. Here r € OUT,; and it is strictly outside the circle
CIR ast > j. So, again by lemma 5.3 there exists a time when the configuration
becomes a (i —1)—LSCC and r is on v;_;. Herei—1 > jier € OUT ;1. Now if
i —1 =1 then r eventually changes the color to done and terminates on v; = v,
as Cr(r) = Ly (r) Nvy for this case (Observation 5.4). This is contrary to our
assumption that r terminates on v; where ¢ > 5 = 1. So, let ¢ — 1 > 1. Then
eventually (i — 2)—LSCC will be formed and r will be on v;_». Now note that
according to the algorithm for Phase 2, after ([4] — 1)—LSCC is formed, only
a robot of color movingl can move further from vy after changing the color to
done. So even if a robot moves further from v, it can move in such a way only
once as after that it terminates. So if r with color movingl is on v;_5 at some
time in Phase 2, it can not move back to v; and terminate. Thus we reach a
contradiction assuming r terminates on v; where ¢ > j where Cp(r) = Lg(r) Nv,
for some j € [1,[4]] N N. Thus r must terminate either on Cr(r) = Lg(r) N,
or on Ly(r) Nwv; where i < j. If possible let r terminates on Ly (r) N v; where
¢ < j. This implies there exists a time ¢ when the configuration is a 7—LSCC. In
this configuration 7 is on Cp(r) thus r € OUT ;. Thus eventually (7 —1)—LSCC
will be formed where 7 is on v;_;. Note that in this configuration r € ZN;_;.
So, eventually, r will change its color to done and move to v;. So r terminates on
Ly (r) Nv; = Cp(r) contrary to our assumption. Hence if r terminates it must

terminate at Cp(r). O

Now we will prove that all robots that are not on vy terminate

Lemma 5.6. All robots that are not on vy terminate eventually during Phase 2.

Proof. 1f possible let r be a robot on the left of vy that never terminates in Phase
2. Let Cr(r) = Ly(r)Nv; for some j € {1,2,...[4]}. For j > 1, r can terminate
after it moves to Cp(r) from v;_; of a (j — 1)—LSCC after changing the color to
done. Now as it is assumed that r does not terminate, either (j — 1)—LSCC is

never formed or, even if it is formed r is not on v;_; in (j — 1)—LSCC. Now by
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Lemma 5.3 if there is at least one robot that has not terminated (j—1)—LSCC will
be formed eventually. Thus if r never terminates there can be only one possibility
that when (j —1)—LSCC is formed r is not there on v;_;. This implies r must be
on some v; where ¢ > j with color done. This implies 7 terminates at v; N Ly (r)
for some ¢ > j. This is impossible due to Lemma 5.5. Hence r must terminate
if 7 > 1. Now similarly, for j = 1, r never terminates implies, When 1-LSCC is
formed, r is not on v;. Again this is impossible due to similar reasons as above.

Thus all robots that are not on vy must terminate in Phase 2 O

Now using Lemma 5.5 and Lemma 5.6 and the fact that the robots of color
diameter terminate after changing its color to diameter either from chord or

from movingl we can state the following theorem.

Theorem 5.1. From any initial configuration within finite time, all opaque fat
robots with one axis agreement can terminate after forming a circle on an infinite

grid under asynchronous scheduler by executing the algorithm CIRCLE _FG.

5.3 Concluding Remarks

Circle formation is a fundamental problem in swarm robotics that has been ex-
tensively studied in the Euclidean plane. On grid-based terrains, it has been
explored under the obstructed visibility model, where robots are considered di-
mensionless. However, research on circle formation involving dimensioned agents
has largely remained close to the continuous plane. This work bridges that gap by
addressing the circle formation problem on an infinite rectangular grid, starting
from any arbitrary configuration. Here, the solution is provided assuming the
robots have one-axis agreement and a light with five colors, operating under an

asynchronous scheduler.

As a direction for future research, this study needs to investigate the necessity
of the one-axis agreement and explore the potential for reducing the number of
colors required for the same problem if possible at all. Additionally, it would be

really interesting to study the minimization of the circle’s approximation errors in
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this setting. Specifically, for any given number of robots, a key question remains
whether they can form a perfect circle on the grid, with all robots terminating
on distinct grid points that lie on a unique circle i.e., zero error circle formation

on a grid.
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Chapter 6

Conclusion

This chapter concludes the thesis by summarizing all the technical results pre-
sented throughout the work. Furthermore, several promising directions for future
exploration, building upon the findings of this thesis, have been highlighted in
this chapter.

In the first two chapters we have discussed about the point formation problem
also known as the gathering problem. In third and fourth chapter we study the
geometric pattern formation problem on discrete domain under fat, opaque robot

mode.

In Chapter 2, we investigated the gathering problem on a discrete structure known
as the "infinite triangular grid.” The primary objective was to incorporate a
realistic limited visibility model for the robot swarm. Unlike previous works
on the triangular grid, the introduction of the limited visibility model enhances
the practical applicability of this study. We have considered here the one hop
vision model. An extra benefit of assuming the one hop vision model is that any
algorithm that works in one hop vision model also works for obstructed visibility
model in discrete domain. On this assumption, we have shown that the robots
must have one axis agreement to solve the gathering problem on the infinite
triangular grid. We have also proved the sufficiency of one axis agreement by
providing an algorithm called 1-HOP 1-AXxI1s GATHER under a semi-synchronous

scheduler in the same chapter. Additionally, we proved that the lower bound on
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the time required to gather n robots is O(n) and confirmed that the proposed

algorithm meets this bound, making it time-optimal.

Open Problem 1. In collision free gathering robots can only collide at the point
they are gathering. So, Find out the minimum visibility range to design an colli-
sion free gathering algorithm on an infinite triangular grid under different sched-

uler.

Open Problem 2. Find out the class of configurations for which the gathering

can be solved even without axis agreement.

Open Problem 3. Study the gathering with myopic robot problem on different
reqular tessellations, It would be interesting to study this problem under an infinite

hexagonal grid.

In Chapter 3, we studied the Gathering problem on a finite grid. We assumed here
the gathering vertex is always visible to the robots but it can change its position
to any adjacent node in a round. We call this gathering vertex a “resource”. It is
assumed that there is a door at a corner of the grid and the robots can enter the
grid one by one. We also assumed that the resource doesn’t change its position
if it coincides with the location of at least one robot. This problem is similar to
a cops and robbers problem on grid but with a subtle difference that here in a
round both robber (in our case the resource) and the cops (in our case the robots)

can all move simultaneously in one single round.

In this chapter, we are interested on finding out the minimum number of robots
necessary to gather at the resource. The robots are oblivious and silent, they
do not have any axis agreement, but can see the whole grid. The robots can’t
distinguish the door vertex unless they are on it. The resource can’t stay at a

single vertex alone for more than 7T number of activations.

Under these assumptions, we have shown that for a fully synchronous scheduler
two robots are necessary and sufficient to solve this problem and for any other

scheduler at least 3 robots are necessary.

Open Problem 4. For a grid of size m xn, with one corner having a door vertex

and a resource position chosen arbitrarily except the door vertex, find the min-
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imum numbers of robots mecessary and sufficient to solve the gathering problem

on the resource under semi-synchronous and asynchronous scheduler.

In Chapter 4, we have discussed about the line formation problem and in the
Chapter 5, we have discussed the circle formation problem on infinite grid. We
have shown in Chapter 4 that assuming one axis agreement, from any arbitrary
configuration luminous, opaque fat robots having 3 colors can solve the line for-
mation problem on an infinite grid . Further using an algorithm from Chapter 4
as a subroutine, in Chapter 5 we solved the circle formation problem on infinite
rectangular grid for luminous, opaque, fat robots having 5 colors with one axis

agreement and for any arbitrary initial configuration.

Open Problem 5. Is & colors and one axis agreement necessary for the line
formation algorithm for opaque and fat robots on an infinite rectangular grid

from any arbitrary initial configuration?

Open Problem 6. Is 5 colors and one axis agreement necessary for the line
formation algorithm for opaque and fat robots on an infinite rectangular grid

from any arbitrary initial configuration?

Open Problem 7. Is there an algorithm that solves the circle formation problem
where the formed circle is an exact circle and all robots are on the circle and as

well as on the grid points?
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