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Abstract

Algebraic graph theory is an intriguing area of mathematics that investigates the
connections between graphs and matrices. Algebraic graph theory affords efficient
techniques for analyzing and understanding many different structures, encompassing
social and computer networks. In this thesis, we constructed new graphs over groups,
rings, and other algebraic structures and explored their features, particularly different
topological indices of graph-theoretic and algebraic properties. The thesis consists of

7 chapters.

In Chapter 1, we discuss the historical backdrop and objective of this effort, as
well as the theoretical preliminaries and some important results from the literature

reviewed.

In Chapter 2, we define a new algebraic graph by adding new condition on square
element graph, S,(G) over a group G, which is called the order two element graph over
a group G. We denote this graph by So(G). In this chapter, we characterize those
commutative groups G for which the graph So(G) is connected. We also characterize
the structures of the graph Sy(Z,,) for any positive integer n. Moreover we look into
the structure and other graph-theoretic properties of the symmetric group S, the
dihedral group D, for any positive integer n. Finally, we give a list of finite groups

of order < 16 with their corresponding order two element graph structures.

In Chapter 3, we explore the Merrifield-Simmons index, independence number,
and domination number of the order two element graph over a group. We start by
establishing some lovely results on the Merrifield-Simmons index of the order two

element graph over a group. The product of two order two element graphs over two
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groups is then described. Additionally, we examine some significant findings on the

domination number of order two element graph over a group.

In Chapter 4, we discuss a number of distance-based topological indices over
the order two element graph of a group, including the Wiener index, Hyper-Wiener
index, Harary index, and Gutman index. We ascertain the precise formula for the
Wiener index, Hyper-Wiener index, Harary index, and Gutman index of the order

two element graph over the finite groups Z,, and D,,.

In Chapter 5, we explore the co-maximal graph over a commutative ring R
with identity which is denoted by I'V(R). In this chapter, we characterize Merrifield-
Simmons Index of a co-maximal graph over a commutative ring. Furthermore, we

characterised the Merrifield-Simmons index of co-maximal graph over the ring Z,.

In Chapter 6, we explore the zero-divisor graph over a commutative ring R.
This graph is denoted by I'(R). In this chapter, we compute the Merrifield-Simmons
index of the zero-divisor graph over the ring Z, (the ring of integer modulo n), for
n = p™, pq,p*q, p*q*, pqr, where p,q,r are distinct prime numbers. Furthermore,
we derive the Merrifield-Simmons index for the zero-divisor graph I'(Z,,[z]/ < 2% >).
Additionally, we compute the Merrifield-Simmons index of zero divisor graphs of some

small finite commutative rings.

Finally in Chapter-7, we focus on two distance based topological indices, the
sum-connectivity Gourava inex and the product-connectivity Gourava index of a zero-
divisor graph over a commutative ring. We compute the sum-connectivity Gourava
index and the product-connectivity Gourava index of the zero-divisor graph over
the ring Z,, for n = p™, pq, p*q, p*q¢%, pqr, where p,q are distinct prime numbers.
Furthermore, we compute the sum and product connectivity Gourava index for the
zero-divisor graph T'(Z,,[z]/ < z* >). In the final section, we compute the sum and
product connectivity Gourava index of zero divisor graphs from several small finite

commutative rings.
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Chapter 1

Introduction, preliminaries and

prerequisites

1.1 Introduction

A city originally known as Konigsberg, situated beside the Pregolya River in Prussia.
Seven bridges were built across the river in 1700. The river divided the city into four
land masses, including the island of Kneiphopf. These four regions were connected
by seven bridges. These seven bridges are known as Blacksmith’s Bridge, Connecting
Bridge, Green Bridge, Merchant’s Bridge, Wooden Bridge, High Bridge, and Honey
Bridge [1]. The city’s residents enjoyed strolling across these bridges, but no matter
how hard they tried, no one could walk a path that crossed each bridge exactly once.
Several mathematical studies were done on this problem. Then a Swiss mathemati-
cian Leonhard Euler thought about this problem, and on 26th August 1735, Euler
presented a mathematical demonstration of his argument to a member of the Peters-
burg Academy. Also, he published the result in the form of a paper in 1736 under
the title ‘Solution Problematis ad Geometriam Situs Pertinentis’ (which translates to
‘The solution to a problem relating to the geometry of position’) [1]. The method he
used to solve this problem is considered to be the birth of graph theory.

Initially, Euler’s concepts and ‘graph theory’” were primarily useful for solving puz-
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zles and evaluating games and other forms of entertainment. However, by the mid-
1800s, people realized that graphs could be used to model a wide range of societal
phenomena. For example, the ‘Four Color Map Conjecture’, proposed by DeMorgan
in 1852, was a well-known problem that appeared unrelated to graph theory. Accord-
ing to the conjecture, four is the maximum number of colors required to color any
map with different-colored bordering sections. This conjecture is simply expressed
in terms of graph theory, and many scholars employed this approach over the dozen
decades that the problem remained unanswered. It is worth noting that 200 years
after Euler’s paper on Konigsber’s bridge problem was published, a mathematician
named Konig became the first to write a book on graph theory, titled "Theorie der
endlichen und unendlichen Graphen’. The term ‘graph’ was invented by J.J. Sylvester
in 1878.

Graph theory has been the most helpful topic since 1878 and remains so to-
day. Graph theory has applications in a wide range of disciplines, including math-
ematics, computer science, engineering, biology, physics, social sciences, operations
research, linguistics, chemistry, geography, neuroscience, and cybersecurity. Mathe-
matics has several subfields related to graph theory, including geometric graph theory,
extremal graph theory, probabilistic graph theory, combinatorial graph theory, topo-
logical graph theory, and algebraic graph theory. Subfields of computer science include
algorithms and data structures, network design and analysis, cryptography, machine
learning and artificial intelligence, database management, and so on. Engineering
subfields include electrical and electronics engineering (circuit analysis, network the-
ory), transportation engineering (route optimization), and software engineering (de-
pendency graph). Biology has several subfields: genetics (gene networks), systems
biology (protein interaction networks), and ecology (food webs and ecosystem model-
ing). The subfields of physics include statistical mechanics, quantum computing, and
network physics. Sociology (social network analysis), economics (market graphs), and
political science (voting and influence networks) are three subfields of social sciences.
Operations research subfields include optimization problems (such as the traveling

salesman problem and the minimum spanning trees) and supply chain management.
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Linguistic subfields include syntax trees and semantic networks. Chemistry’s sub-
fields include molecular graphs (structure representation) and computational chem-
istry. Geography has three subfields: geographic information system (GIS), urban
planning, and logistics. Neural networks are a branch of neuroscience that studies
brain connection graphs. The subfields of cybersecurity involve network security,

malware analysis, and intrusion detection.

It is important to understand that graph theory has a natural link to algebra.
Using matrices to represent graphs, such as adjacency matrices or incidence matrices,
connects linear algebra to graph theory. However, investigations on a graph’s auto-
morphism group require abstract algebra (specifically group theory). The study of
algebraic graph invariants, including the chromatic polynomial, is a crucial aspect of
algebraic graph theory. This field applies algebraic approaches to solve many graph

theoretical problems.

Abstract algebra has been most precisely connected to graph theory since it de-
fines multiple graphs over different algebraic structures. In this situation, select an
appropriate algebraic structure and define the adjacency condition for the graph by
choosing a subset of the algebraic structure as a vertex set and applying an algebraic
operation. Following that, we investigated this graph’s graph-theoretic properties.
On the other hand, an appropriate graph operation can be used to create an alge-
braic structure of a family of graphs. Thus, graph-theoretic methods are used to
study algebraic structures. The potential to examine this interaction has prompted
mathematicians to design various graphs over different algebraic structures, and it

has now become a very active topic of study.

Graphs have been defined throughout various fields of algebraic graph theory.
There are three major branches of algebraic graph theory. Using linear algebra is
the first branch of algebraic graph theory, which studies graphs in relation to linear
algebra. This branch focuses on the spectrum of the adjacency matrix, or Laplacian
matrix of a graph. This part is also known as spectral graph theory. Using group

theory is the second branch of algebraic graph theory, which studies graphs in relation
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to semigroups, posets, groups, automorphism groups, and geometric group theory.
Beyond from these, this branch studies graphs in connection to semirings, rings, and
other structures. The third branch of algebraic graph theory is the study of graph
invariants, which focuses on the algebraic features of graph invariants such as knot

invariants and chromatic polynomials.

In 1874, Alexander Crum Brown, a pioneer in chemical structure theory, predicted
that chemistry will become a part of applied mathematics while remaining an exper-
imental science. Mathematics may assist to rationalize experimental results, identify
study areas, and predict new discoveries. A topological graph index, also known as
a molecular descriptor, is a mathematical formula that may be applied to any graph
representing a molecular structure. This index enables you to analyse mathemati-
cal values and study some physicochemical properties of a molecule. As a result, it
provides a cost-effective and time-saving alternative to laboratory experiments. Topo-
logical indices can be classified in many ways, the most useful of which represent the
particular elements of graph structure to their total value. There are various types
of indices, including degree-based, distance-based, additive, multiplicative, spectral,

and many others. Harold Wiener introduced the first topological index in 1947.

Cayley introduced the concept of Cayley graphs defined over groups in 1878, when
he presented a graphic representation of groups. In terms of ring-defined graphs,
the beginning point appears to be Beck’s introduction of zero-divisor graphs in 1988.
Beck’s definition of zero-divisor graphs was later changed, and several researchers have
been studying them extensively. Zero-divisor graphs have not only been generalized
to non-commutative rings, semirings, posets, and other structures, but they have also
inspired the development of new graph types such as total graphs, unit graphs, and

co-maximal graphs.

In this thesis, we define some new graphs over groups and investigate their many
characteristics, particularly the interplay of graph-theoretic and algebraic properties.
Furthermore, we explored the graph-theoretic and algebraic properties of particular

predefined graphs in several algebraic structures using various topological indices.
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1.2 Some preliminaries on algebraic structure

This section contains preliminary definitions and notions of some algebraic structures

that are relevant to this thesis.

Let G be a non-empty set. A binary operation on G is a function from G x G
into G. A group is an algebraic structure on the order pair (G, *), where * is a binary
operation from G x G into G such that the following axioms hold:

i) * is associative on G.

ii) There exists an element e in G such that for all a € G, axe = a = e * a (existence
of identity).

iii) For all a € G, there exists b € G such that a x b = b x a (existence of an inverse).
The elements a and b are called inverses of each other. The inverse of an element is

denoted by a!. In this thesis the group (G, *) treated as G.

A group (G, x) is called a finite group if G has only finite number of elements,
otherwise it is called an infinite group. The group (G,x) is called commutative or
abelian group if * is commutative on G, i.e. a*xb = bx*a for all a,b € G. The
group (G, *) is called non-commutative group if % is not commutative on G. For any

element a € G and n € N, we define a™ as gxa *---*a. For a negative integer n,
N———
n-times
a™ = (a=™)~'. For any element a in a group G, define the order of a to be the smallest

positive integer n such that o = e, and denote this integer by o(a). In this case a is
said to be of order n. If no such positive power of a exist such that a™ = e, the order

of a is defined to be infinity and a is said to be of infinite order.

Let G be a group. We define Sg as a square element set of G by Sg = {2* : x € G}.
Then Sz C G. Let Gy C G and we define G5 as an order two element set of G by
Gy = {r € G : 2? = e}. Let (G, x) be a group and H be a nonempty subset of G. Then
(H, ) is called a subgroup of (G, ) if (H,*) is a group under the binary operation x
restricted to H. A group G is cyclic if G can be generated by a single element, i.e.,
there is some element x € G such that G = {2" : n € Z} (where the binary operation

is multiplicative). In additive notation G is cyclic if G = {nz : n € Z}. In both cases,
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we write G =< x > and say G is generated by z (and x is a generator of G). Also, for
any non-empty subset S of a group GG, < S > denotes the subgroup of G generated
by S, which is defined to be the intersection of all subgroups of GG containing S.

Let H be a subgroup of a group G and a € G. The sets aH = {ah : h € H} and
Ha = {ha : h € H} are called the left coset and right coset of H in G, respectively.
Any element of a coset is called a representative for the coset. Let G be a group. A
subgroup H of GG is said to be a normal subgroup of G if aH = Hafor alla € G. Let H
be a normal subgroup of a group G. Denote the set of all left cosets {aH : a € G} by
G/H and define an operation *« on G/H by for all aH,bH € G/H, (aH)*(bH) = abH.
Then (G/H, ) forms a group under the operation *, which is called quotient group

or factor group.

Let (G1,*1) and (Gao,*2) be groups and f a function from G into G5. Then
f is called a group homomorphism of Gy into Gy if for all a,b € Gy, f(a 1 b) =
f(a) *9 f(b). A group homomorphism f of a group G into a group G is called an
tsomorphism of G onto Go if f is one-one and onto. We write G; ~ (G5 and say that
(G1 and G5 are isomorphic. An isomorphism of a group G onto G is called a group
automorphism. For a group G, Aut(G), denotes the set of all automorphisms of G. In
fact, (Aut(G), o) forms a group, where o is the composition of mappings. The direct
product G1 X Go X -+ x G, of groups G1,Go, -+ , G, with operations xq, %o, -+ , %,
respectively, is the set of n-tuples (g1, g2, - - - , gn) Where g; € G; with operation defined
component-wise: (g1, go, -+ ,gn) * (R1,ho, -+ hy) = (g1 %1 b, g2 k2 ho, -+ ) G *n hy).
Let H and K be groups and let ¢ be a group homomorphism from K into Aut(H).
Let o denote the action of K on H determined by (. Let G be the set of ordered
pairs (h,k) with h € H and k € K and define the following multiplication on G-
(hi1, k1)(ha, ko) = (h1ky @ ho, k1ks). Then G forms a group under the above operation
and it is called the semidirect product of H and K with respect to ¢ and it is denoted
by H %, K or simply H x K.

A ring is an ordered triple (R, +,.) such that R is a non-empty set and + and .

are two binary operations on R satisfying the following axioms:
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i) (R,+) is an abelian group.

ii) (R,.) is a semigroup.

iii) the distributive laws hold in R: for all a,b € R, (a + b).c = (a.c) + (b.c) and
a.(b+c) = (a.b) + (a.c).

The zero element of the ring (R, +,.) is the additive identity element of the additive
group (R,+), which is denoted by 0. The additive inverse of an element a € R is
denoted by —a. Also, for any a,b € R, a + (—b) is written as a — b. A ring R
is commutative if multiplication is commutative. A ring R is called a finite ring if
the number of elements in R is finite; otherwise R is called an infinite ring. If the
multiplicative identity element exists in (R, .), then the ring (R,+,.) is called ring
with unity or identity and the multiplicative identity element is denoted by 1.

A non-zero element a of a ring R is called a zero divisor if there is a non-zero
element b in R such that either ab = 0 or ba = 0. Let R be a ring with identity
1 # 0. An element u of R is called a unit in R if there is some v in R such that
uv =ovu = 1. A ring R with unity 1 is called a division ring if every non-zero element
of R is a unit. A field is a commutative division ring. A commutative ring with
unity is called an integral domain if it has no zero-divisors. If there exists a positive
integer n such that for all @ € R, na = 0, then the smallest such positive integer is
called the characteristic of R. If no such positive integer exists, then R is said to be
of characteristic zero. An element a in a ring R is called idempotent if a®> = a and

nilpotent if a™ = 0 for some positive integer n.

Let R and R’ be rings. Define 4+ and . on R x R’ by for all (a,b),(c,d) € R x R/,
(a,b) + (¢,d) = (a + ¢, b+ d) and (a,b).(c,d) = (a.c,b.d). Then (R x R',+,.) forms
a ring, which is called the direct sum of R and R’, and is denoted by R ® R’. Let
R be a commutative ring with identity. The set of formal symbols R[z] = {a,x™ +
Up 12" 4 -+ ayx + ag : a; € R,n is a non-negative integer} is called the ring of

polynomials over R in the indeterminate x.

Let (R,+,.) be a ring. Let S be a non-empty subset of R. Then (S, +,.) is called
a subring of (R, +,.) if (S,+) is a subgroup of (R,+) and for all z,y € S, z.y € S. A
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non-empty subset I of a ring R is called a left ideal of R if for all a,b € I and for all
re R, a—béel rae l. Similarly, a non-empty subset [ of a ring R is called a right
ideal of R if for all a,b € I and for all r € R, a —b € I,ar € I. A non-empty subset
I of a ring R is called a (two-sided) ideal of R if I is both a left and a right ideal of
R. An ideal I of a ring R is called a proper ideal if I # R. For a non-empty subset
S of a ring R, < S > denotes the ideal generated by S, which is defined to be the
intersection of ideals of R containing S. If R is a ring and [ is an ideal of R, then the

ring (R/I,+,.), where R/I = {a+ 1 :a € R} is called the quotient ring of R by I.

Let (R,+,.) and (R,+',.) be rings and f a function from R into R'. Then f
is called a ring homomorphism of R into R'if f(a +b) = f(a) +' f(b) and f(a.b) =
f(a).f(b) for all a,b € R. A ring homomorphism f of a ring R into a ring R’ is
called a monomorphism if f is one-one; an epimorphism if f is onto R, and is an
isomorphism if f is one-one and onto. An isomorphism of a ring R onto R is called
an automorphism. Two rings R and R’ are said to be isomorphic if there exists an
isomorphism of R onto R. A ring R is said to be embedded in a ring R’ if there

exists a monomorphism of R into R/,

Let R be an integral domain. Suppose r € R is nonzero and is not a unit. Then
r is called irreducible in R if whenever r = ab with a,b € R, at least one of a or b
must be a unit in R. Otherwise 7 is said to be reducible. A nonzero non-unit element
p € R is called prime in R if p divides ab for any a,b € R, then either p divides a or
p divides b. Two elements a and b of R differing by a unit are said to be associate in
R (i.e., a = ub for some unit v in R). Let R be a ring and M be an ideal of R. Then
M is called a mazimal ideal of R if M # R and there does not exist any ideal I of R
such that M C I C R. The Jacobson radical of a ring R, denoted by J(R), is the set
J(R) = N{M : M is a maximal ideal of R}. A commutative ring with identity that

has a unique maximal ideal is called a local ring.

A field containing exactly n number of elements is denoted by FF,,. Let R be an
integral domain. A field F' is called a quotient field of R if there exists a subring R,
of F' such that R is isomorphic to R, and for all x € F, there exists a,b € R; with
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b # 0 such that z = ab™!.

For other definitions and results on groups and rings, one may look at [18], [19],

[23], [31], [36] respectively.

1.3 Graph-theoretic preliminaries

This section covers the fundamentals of graph theory, including definitions and ter-

minologies which are required for this thesis.

A linear graph (or simply a graph) G is a triple (V, E, f), where V = V(G) =
{v1,vq,- -+ } consists of a set of objects (non-empty) called the set of vertices or vertex
set, and E = E(G) = {e1,eq,---} is a set (may be empty) called the set of edges
or edge set, and f is a function called an incidence function that assigns to each
edge e; € E, a l-element subset {v;} of Vor a 2-element subset {v;,v;} of V. The
vertices v;,v; associated with edge e are called the end vertices of e,. The most
common representation of a graph is by means of a diagram, in which the vertices are
represented as points and each edge as a line segment joining its end vertices. Often

this diagram itself is referred to as the graph.

A loop is an edge whose endpoints are equal. Multiple edges are edges having
the same pair of endpoints. A simple graph is a graph having no loops or multiple
edges. If u and v are two end vertices of an edge e, the vertices u and v are said to
be adjacent and we write e = uv (or e = vu). The notation u <+ v denotes that the
vertices u,v are adjacent to each other. We specify a simple graph by its vertex set
and edge set, treating the edge set as a set of unordered pairs of vertices for an edge

e with endpoints w and v. The null graph is the graph without any edges.

If the vertex and edge sets of a graph are both finite, then the graph is called a
finite graph. 1t is possible to visually represent a finite graph graphically. Each vertex
is represented by a dot in the plane in the standard pictorial representation, and a
line is drawn to connect the dots that correspond to any two neighboring vertices. It

is important to remember that a diagram is merely a representation of a graph, even
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though the diagram of a graph is identified as the graph itself. Although there are
other ways to represent graphs, such as adjacency lists, incidence matrices, adjacency
matrices, etc., the visual representation is particularly significant since it makes it

possible to see the various characteristics of the graph.

Two graphs G; and G, are isomorphic if there is a one-one correspondence between
the vertices of G; and those of G, such that the number of edges joining any two
vertices of Gy is equal to the number of edges joining the corresponding vertices of Gs.
A bijection f:V — V of a graph G = (V, E) to itself such that for any two vertices
u,v €V, (u,v) € B < (f(u), f(v)) € E, is called a graph automorphism.

The degree of a vertex v of a graph G is the number of edges incident with v, and
is written as deg(v) or simply d(v); in calculating the degree of v, we usually make the
convention that a loop at v contributes 2 (rather than 1) to the degree of v. A vertex
of degree 0 is called an isolated verter and a vertex of degree 1 is called an end-vertex
or pendant verter. A graph in which all vertices are of equal degree is called a regular
graph (or simply a regular). A graph is called k-regular if the degree of all vertices are
of degree k. The complement graph G of a simple graph G is the simple graph with

vertex set V(G) defined by uwv € E(G) if and only if uv ¢ E(G).

A graph H is said to be a subgraph of a graph G if all the vertices and all the
edges of ‘H are in G, and each edge of H has the same end vertices in ‘H as in G. A
subgraph H of G is called an induced subgraph of G if and only if E(H) consists of
all edges of G whose endpoints belog to V(H). The neighbourhood of a vertex u in
a graph G is the subgraph of G induced by all vertices adjacent to u, i.e., the graph
composed of the vertices adjacent to u and all edges connecting vertices adjacent to
u, and is denoted by N(u). For any vertex w in a graph G, G — u represents the
graph obtained by removing vertex u from the original graph G. Essentially, it is the
graph that results when we delete vertex u from all its connections within the graph
G. Similarly, G — uv represents the graph obtained by removing the edge between
vertices u and v from G. Also, G — N (u) represents the graph obtained by removing

from graph G the entire neighbourhood of vertex u i.e., all vertices that are directly
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connected to u, along with the edges connecting them to u.

A walk is defined as a finite alternating sequence of vertices and edges, beginning
and ending with vertices, such that each edge is incident with the vertices preceding
and following it. No edge appears more than once in a walk. A vertex, however, may
appear more than once. A walk is called a closed walk if its begin and end vertices
are same. A walk that is not closed is called an open walk. An open walk in which
no vertices appears more than once is called a path. The number of edges in a path
is called the length of a path. A closed walk in which no vertex (except the initial
and the final vertex) appears more than once is called a circuit. That is, a circuit is a
closed, non-intersecting walk. A trail is a walk if all its edges are distinct. A cycle is
a closed path and a circuit is a closed trail. A graph having no cycle is called acyclic.
The length of the shortest cycle in a graph G is called the girth of the graph, denoted
by girth(G).

A Fuler path is a path that uses every edge of a graph exactly once. A graph
that consists of an Euler path is called an Euler graph. A circuit containing all edges
of a graph is an FEulerian circuit. A graph is called Fulerian if it has an Eulerian
circuit or if it is edgeless. If there exists a closed walk in a connected graph that visits
every vertex of the graph exactly once (except starting vertex) without repeating the
edges then such a graph is called as a Hamiltonian graph and the closed walk is called

Hamiltonian circuit.

A graph is a connected graph if, for each pair of vertices, there exists at least one
path which joins them otherwise called a disconnected graph. A disconnected graph
consists of two or more connected subgraphs. Each of these connected subgraphs is
called a connected component or simply a component. A connected graph is called
2-connected if the graph remains connected after the deletion of any arbitrary vertex
(along with the edges incident on it). A complete graph is a undirected graph where
every pair of distinct vertices is connected by a unique edge. A complete graph with
n number of vertices is denoted by K,,. A clique is a complete subgraph. The number

of vertices in a largest clique of a graph G is its clique number. A bipartite graph is a
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particular kind of graph in which all of the edges join the vertices of one set to the
vertices of the other set. Its vertices can be divided into two separate and disjoint
sets. In other words, no edges exist that link vertices belonging to the same collection.
If a graph G is bipartite then its vertex set V' (G) can be divided into two disjoint sets
Vi and V5 such that V =V, UV, In a complete bipartite graph, every vertex in Vj is
connected to every vertex in Vs, and K, ,, is made up of two sets of vertices, V; and

Vs, with |V;] and |V,| having m and n vertices, respectively.

A set of vertices of a graph is independent or stable if the vertices are pairwise
non-adjacent. The number of vertices in the largest independent set is called the
independence number of a given graph, which is denoted by conventionally «. If a
graph on n vertices contains a clique of n — a vertices and the rest « vertices is
a stable set, where every vertex within the clique is linked to every vertex in the
stable set, then the graph is called a complete split graph and is denoted by C'S(n, «),
1 <a<n-—1 A star graph is a complete bipartite graph K;,. A graph is called
planar if it can be drawn in a plane in such a way so that no two edges cross each

other except (possibly) at endpoints.

Let G be a graph and u, v be any two vertices of G. Then the distance between
two vertices u and v in the graph G is the number of edges in a shortest path in G,
which is denoted by d(u,v). There can exist more than one shortest path between
two vertices. If there does not exist any path between u and v, then d(u, v) is denoted

by oo . Also, for any vertex u in a graph G, d(u,u) = 0.

In graph theory, a number that remains unchanged under graph automorphism
is termed a graphical invariant. This is often accepted as a structural invariant
that is important in graph theory. There are lots of graph-theoretical invariants
of molecular structures (graph-based indices also known as topological indices or
molecular descriptors) in both mathematics and chemistry literature. This studies
look at the relations of such quantities with certain characteristics of the molecules

in question. For any graph G, the general formula for these invariants is given by:
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TIG)= Y F(d(u),d(v))

w€E(G)

Here, F'(x,y) represents a function with the property F(z,y) = F(y,x) and d(u),
d(v) represent the degree of vertices u and v in G respectively. A topological index is
a numerical parameter derived from the graph’s structure. These indices are valuable
for establishing correlations between the structure of a molecular compound and its
physico-chemical properties, as discussed in [29].

The first and second Zagreb indices (as defined in [29]) of a molecular graph G are
given by:

Mi(G) = ) (d(u)+d(v), My(G) = > d(u)d(v)

weE(G) weEE(G)

Motivated by the definition of Zagreb indices and their wide applications, Kulli
introduced the first Gourava index, denoted as GO1(G), for a molecular graph G in
|34]. This index is defined as:

GO\G) = 3 [d(u) + d(v) + d(w)d(v)
weE(G)
The second Gourava index GO5(G) in [34] of a molecular graph G is defined as
GOy(G) = D (d(u)+d(v))d(u)d(v)
weE(G)
In [59], Zhou and Trinajstic introduced the sum connectivity index S(G) for a graph
G. This index is defined as follows:
1
S(G) = —
(©) Z d(u) + d(v)

weE(G)

Motivated by the definitions of the first Gourava index and the sum connectivity
index, Kulli introduced the sum connectivity Gourava index, denoted as SGO(G) in
|33], for a graph G. This index is defined as follows:
1
SGO(G) =
m}g;(g) Vd(u) + d(v) + d(u)d(v)

The Randi¢ connectivity index, x(G), of a graph G, established by Randi¢ in [43| and

defined as one of the most well-known and often used topological indices, is defined

as
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1
X(9) = Z NZIOLO]

wEE(G)
In [35], Kulli introduced the product connectivity Gourava index of a graph in the
following manner, which is inspired by the definition of the Randi¢ connectivity in-
dex: The product connectivity Gourava index, PGO(G), of a molecular graph G is

described as

1
PGO(G)= ) O

weE(G)

v))d(u)d(v)

Wiener index: As an oldest topological index, the Wiener index of a (molecular)

graph G, first introduced by chemist Harold Wiener [53] in 1947, was defined as
WG = > Z dg(v), where dg(v) = Y d(u,v)
{u,0}CV(G) vEV ueV(9)
Hyper-Wiener index: The hyper-Wiener index of acyclic graphs was introduced
by Milan Randic in 1993. It is defined as
1 1 9 9
WW(G) = W(G) + 3 > d(uw) = Z d(
{u,v}CV(9) UEV
where d?(u,v) = d(u,v)?

Harary index: The Harary index has been named in honor of Professor Frank
Harary on the occasion of his 70th birthday. The Harary index of a connected graph
G is defined as follows:

1 1 1 1 1
H — = — _— h —
9= e T 3 20 G ™ B T 2 T

{uv}CV(9)

Gutman index: The Gutman index is a natural extension of the Wiener index.
The Gutman index of a finite connected graph G is defined as
Gut(G)= > d(u)d(v)d(u,v)
{u,v}CV(9)
The “Merrifield-Simmons index" is a topological index first introduced by Amer-

ican chemists Richard E. Merrifield and Howard E. Simmons in a series of publica-

tions in the early 1980s. They devised a topological approach to structural chemistry,
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and the Merrifield-Simmons index was defined as the number of independent vertex
sets (sets of vertices that are not adjacent) in a molecular graph. The concept was
expanded in their 1989 book, “Topological Methods in Chemistry" in [51]. More pre-
cisely, Merrifield-Simmons index (defined in [28]) of a graph G = (V, E), denoted by
i(G), is the total number of independent sets (including the empty set) of vertices of

G and is defined by
14

i(G) = Zik(g), where io(G) = 1, i1(G) = number of vertices in G = |V,
k=0
i2(G) = total number pair of vertices in V' such that they are non-adjacent.

i3(G) = total number of 3 — tuple vertices in V' such that they are pairwise non-
adjacent.
i(G) = total number of k — tuple vertices in V' such that they are pairwise non-

adjacent.

For other graph-theoretic results, terminologies and definitions, one may look at

[9], [30], [52] and [55].

1.4 Literature review and some important results.

In this section, we provide a brief overview of previous works that have connected
to graphs with various algebraic structures. This thesis focuses on square element
graphs, co-maximal graphs, and zero-divisor graphs, which inspired us to define the

new graphs and analyze the pre-defined graphs under consideration.

Many algebraic graphs defined over groups, among of them, total graphs [3| and
power graphs [8] deserve special mention. The square element graph Sq(R), defined
over a finite commutative ring by Sen Gupta and Sen [48], is perhaps the first instance
where the set of squares of an algebraic structure is directly used for defining a graph.
Latter, Sen Gupta and Sen generalized the square element graph by defining it over
any ring [47]. Later, B. Biswas et al. studied on connectedness of square element
graphs over arbitrary ring in [15]. They introduced the square element graph Sq(S5)

over a semigroup S and studied some of its properties in [16]. Later, Biswas et al.
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studied more properties on square element graph of square-subtract rings in [11].

The definition of square element graph is as follows:

Definition 1.4.1. (Square element graph over ring)[48] Let R be a finite commutative
ring. The square element graph S,(R) of R is a simple undirected graph with all the
non-zero elements of R as its vertices, and two distinct vertices x and y are adjacent

if and only if vy = t* for some t € R\ {0}.

Definition 1.4.2. (Square element graph over semigroup)[16] Let S be a semigroup.
The square element graph S,(S) of S is a simple undirected graph whose vertex set
consists precisely of all the non-zero elements of S, and two distinct vertices a and b
are adjacent if and only if either ab or ba belongs to the set {t* :t € S} \ {1}, where

1 is the identity of the semigroup (if it exists).

The set of squares in a group shows intriguing graph-theoretic structures in [16].
The following are some very significant results on square element graphs over semi-
groups:

Theorem 1.4.3. (Theorem 3.4, [16]) For n > 3, Sq(S,) is a disjoint union of
n! —2m n!—2p—2
K and (p+ DK+ (P

those permutations in S, which are the products of an even number of disjoint 2-

mK; + ( VK, where p is the number of

cycles and m is the number of those permutations in S,, which are the products of an

odd number of disjoint 2-cycles.

Theorem 1.4.4. (Theorem 4.2, [16]) If n is an odd integer, then

n—1

Sq(Dy) = Ky + ( 5

VKo + K.

Theorem 1.4.5. (Theorem 4.3, [16]) If n is an even integer, then

— 2 : .
2(K1 + (nT)K2) +2Kn if g is odd

SQ<Dn) =

—4
%KQ + 2K, + (nT)KQ +2K» if g is even.
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Theorem 1.4.6. [52] Independent set of a graph is a clique of its complement graph

& vice-versa.

In 1995, Sharma and Bhatwadekar [49] introduced the co-maximal graph I''(R)
for a commutative ring R with identity. In this graph, the vertices represent elements
of the ring, and two distinct vertices, a and b, are adjacent if and only if Ra+ Rb = R.
Subsequent research by Maimani et al. [37] delved deeper into the properties of these
co-maximal graphs, coining the term “co-maximal graph of R". Furthermore, B.
Biswas, S. Kar, and M.K. Sen also contributed to this field by investigating the gen-
eralized co-maximal graph in [12] and [13]|. Additionally, the authors of [37] examined
properties of subgraphs I} (R), [',(R), and I'4(R) \ J(R), where I} (R) represents the
subgraph whose vertices are the units of R, I',(R) includes the non-unit elements of
R, and T'5(R) \ J(R) consists of non-unit elements of R that are not in the Jacobson
radical J(R).

The definition of co-maximal graph is as follows:

Definition 1.4.7. [49] Let R be a commutative ring with identity. The co-mazimal
graph T"(R) of R is a simple undirected graph with vertices as elements of R, where
two distinct vertices x and y are adjacent if and only if Rr + Ry = R.

Theorem 1.4.8. (Theorem 6.1.2, [10]) Let R be a finite ring (not necessarily com-
mutative) with a multiplicative identity 1 # 0 whose zero-divisors form an additive
group J. Then

(1) J is the Jacobson radical of R;

(i3) |R| = p™ and |J| = p"=V" for some prime p and some positive integer v and
n;

(iii) J" = (0);

(iv) the characteristic of the ring R is p* for some integer 1 < k < n;

(v) if the characteristic is p", then R will be commutative.

Now we come to the zero-divisor graph, which is most likely the beginning point

for graph-ring associations. Beck|7]| introduced the zero-divisor graph in 1988. He
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considered the coloring of a commutative ring by viewing it as a graph. He defined a
graph over a commutative ring R having a vertex set that includes all elements of R.
Two distinct vertices are adjacent if and only if their product is zero. This graph is
considered the first form of the zero-divisor graph. Beck conjectured that the clique

number and the chromatic number are always equal for the graph he developed.

Three years later, a counterexample provided by D.D. Anderson and Naseer [6]
disproved Beck’s conjecture. They also looked at a few more of the graph’s char-
acteristics that Beck had defined. D.F. Anderson and P. Livingston [5] revised the
definition of the zero-divisor graph in 1999. They defined the zero-divisor graph as
we know it today. With the use of graph theory, the set of zero-divisors was better

illustrated.

The definition of zero-divisor graph is as follows:

Definition 1.4.9. [5] Let R be a commutative ring with identity and let Z(R) be its
set of zero-divisors. The zero-divisor graph I'(R) of R is a simple undirected graph
(V,E) where V. = Z(R) \ {0}, i.e., the set of nonzero zero-divisors of R, and two

distinct vertices x and y are adjacent if and only if xy = 0.

In accordance with Beck, who used all elements of R as vertices in the graph
he defined, this definition obviously limits the vertex set to the set of nonzero zero-
divisors of R. Redmond later extended the zero-divisor graphs to any ring, meaning

they are not always commutative.

The undirected zero-divisor graph over any ring was defined by him as follows:

Definition 1.4.10. [{6] Let R be a ring. The undirected zero-divisor graph T'(R) over
R is a simple undirected graph with vertex set Z(R) \ {0} and two distinct vertices x
and y are adjacent if and only if either xy =0 or yz = 0.
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Chapter 2

Order two element graph over a group

2.1 Introduction

The study of graphs in relation to various areas of algebra is part of algebraic graph
theory. From the perspectives of algebra and graph theory, the relationship between
the algebraic and graph-theoretic structures has produced a number of intriguing
results. Furthermore, the square element graph over semigroups and its other previ-
ously established variations primarily depend on the semigroup’s operation and the
ring’s operations corresponding adjacency condition. First Sen Gupta and Sen de-
fined square element graph over a ring in [48]. Later, they introduced the square
element graph Sq(S) over a semigroup S and studied some of its properties in [16].
This motivated us to define a new graph by appropriately adding a new condition
to the definition of a square element graph over a group, allowing the operation of
a group to be utilized in the new graph’s adjacency condition. Also, we extend the
definition of square element graph over a group instead of a semigroup. The graph is

defined as follows:

Definition 2.1.1. Let G be a group. Let G = (V, E) be a simple undirected graph
whose vertex set consists of all elements of G and two distinct elements u and v are
adjacent if and only if either uv or vu € {t* :t € G} U{a € G : a* = e} \ {e}, where

e is the identity element of G. We called this graph as order two element graph over

19
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the group G and we denote this simple undirected graph G by Sy(G).

We denote Sg as the set of all squares in the group G and G5 denotes the set of

elements of the group G whose order is 2.

In this chapter, we generalize the concept of square element graph Sq(G) over a
group G. Clearly, S,(G) is a subgraph of Sy(G). Here, we first characterize commu-
tative groups G for which the graph Sy(G) is connected. Then we characterize the
structures of Sy(Z,,) for any positive integer n. Afterwards, we discuss the connect-
edness of Sy(D,,) and Sy(S,,). Finally, we provide a list of finite groups of order < 16

and their corresponding graph structures.

For the order two element graph Sy(G), we have the following important observa-

tions :

Result - I: Let S be a non-empty set and consider the group G = (P(95),A).

Then Sy(G) is a complete graph, since order of every non-identity element of G is 2.

Result - II: The graph So(Zo X Zy X - - - X Z3) is complete, since every non-identity

element of Zs X Zo X - -+ X Zs is of order 2.

2.2 Connectedness of Sy(G) over finite commutative
group G

In this section, we mainly characterize those finite commutative group G for which

the graph So(G) is connected.

First we consider the following examples :

Example 2.2.1. The graphs Sq(Z¢) and S2(Zg) are shown in Figure 2.1 and Fig-
ure 2.2
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2 1 2 1
4 5 4 5
Figure 2.1: Sq(Zg) Figure 2.2: Sy(Zs)

We observe that Sq(Zs) is not connected but So(Zg) is connected.

Example 2.2.2. Consider the group G = Z,. Now the graph So(Z4) is shown in
Figure 2.3:

3e Iﬁ

1@ 2

Figure 2.3: Sy(Zy4)

From above, it follows that the order two element graph So(Z4) is not connected.
So, we find that the order two element graph So(G) is not connected for some finite

commutative group G.

Proposition 2.2.3. Let G be a finite commutative group. If the graph So(G) is
connected, then the graph So(Zo x G) is connected.

Proof. Let (0,a) and (0,b) be two arbitrary vertices in So(Zy x G). Since Sy(G) is
connected, there exists a path between a and b. Let the path be a < a1 < ay <
s 43 a, <> b Then in Sy(Zy x G), (0,a) < (0,a1) < (0,az) <+ --- (0, a,) < (0,b)
is a path between (0, a) and (0, ). Similarly, we find that there exists a path between
(1,a) and (1,b). It can be easily verified that the subgraphs induced by the subsets
Ay = {(0,2) € Zy x G : 2 € G} and A = {(1,2) € Zy x G : ©x € G} form
two connected subgraphs of the graph Sy(Zy x G). Now consider (0,¢) € Ay and
(1,e) € A;. Then (0,e)(1,e) = (0 + 1,e) = (I,e) and o((1,e)) = 2. Therefore,
(0,e) <> (1,€). So Sg(Zy x G) = Sy(Ag U Ay) is a connected graph. O
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Proposition 2.2.4. Let G be a finite commutative group and n be a non-negative

integer. If the graph So(G) is connected, then Sy(Zaani1) X G) is connected.

Proof. Let G' = Zyan41) X G. Then GY, = order two elements in G’
Let (0,a) and (0,b) be two arbitrary vertices in Sz(Zsani1) X G). Since Sy(G) is
connected, there exists a path between a and b. Let the path be a <> a1 < ay <
- 4> a, <> b. Then in Sy(Zoznir) X G), (0,a) < (0,a1) <> (0,a2) ¢ -+
(0,a,) <> (0,b) is a path between (0,a) and (0,b). So the subgraph induced by the
(

subset O = {(0, x) € Liyioms1y X G 1w € G} forms a connected subgraph. Consider

any vertex (2r,z) of Ay = {(2r,z) € Zyons1) x G : z € G,r = 0,1,2,...,2n}.
Then (2r,z) < (0,271) € O as (2r,2)(0,z7%) = (2r,e) = (F,e)? € Sg. Thus any
vertex from Ag \ O is adjacent to some vertex of O. So the subgraph induced by

Ag is a connected subgraph. Consider any vertex (2r + 1,z) of Ay = {(2r +1,z) €

Zooniy X Gz € G,r =0,1,...,2n}. Then (2r +1,2) <> (2n—2r,27 ') € A as
2r+1,2)2n —2r,27Y) = (2r +1)(2n — 2r),e) = 2n + 1,e) € Ghas 2n + 1,e)? =

(0,e) in G'. Thus any vertex from A; is adjacent to some vertex of Ay. Hence

So(Zoaans1y X G) = Sa(Ag U Ay) is a connected graph. O

Remark 2.2.5. Let G be a finite commutative group and n be a positive integer. Then

the graph Sy(Zsony x G) is not connected even though the graph So(G) is connected.

Consider the subsets Ag = {(2r,z) € Zyony x Gz € G,r =0,1,2,...,2n—1} and
A ={@2r+1,2) € Zyony x G :x € G,r =0,1,....,2n — 1}. It can be easily verified
that the subgraphs induced by Ag and Ay are two connected subgraphs. But no vertex

of Ao is adjacent to a vertex of Ay. So, Sy(Zany x G) is not connected.

Proposition 2.2.6. Let G be a finite commutative group. If the graph So(G) is
connected, then So(Z., x G) is connected, where m = 4n+1 or m = 4n+ 3 for some

n € N.

Proof. f m = 4n + 1 or 4n + 3, then Z,, is a group of odd order. So each element of
Zy, is square element. Let (0,a) and (0,b) be two arbitrary vertices in Sy(Z,, x G).
Since So(G) is connected, there exists a path between a and b. Let the path be
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a <> ay > ag > - <> ap <> b. Then in Sy(Z,, x G), (0,a) <> (0,a;) > (0,az)
<+ ¢ (0,a,) < (0,b) is a path between (0,a) and (0,0). So the subgraph induced
by the subset 49 = {(0,z) € Z,, x G : x € G,m = 4n + 1 or 4n + 3} forms a
connected subgraph. Then the other vertices from Z,, x G\ Ay look like (27,b) or
(2r +1,b) for 2r,2r + 1 € Z,, and b € G. Now (2r,0)(0,b ') = (2r,e) = (7, e)?. So
(2r,b) <> (0,07') € Ag. Again (2r +1,0)(0,b7) = (2r + 1,¢e). Since m is odd and
2r + 1 € Zy,, so every vertex of Z,, is a square of some element of Z,,. Then 2r +1 =
712 for some 7y € Z,,. Thus (2r +1,e) = (71,€)%. So (2r +1,b) <> (0,b7') € A,.

Hence Sy(Z,, x G) is a connected graph, where m = 4n + 1 or m = 4n + 3. ]

Proposition 2.2.7. The graph So(Zam X Zay) is not connected for any positive integer

dm, 4n.

Proof. Consider the two vertices (2,2) and (1,1). It can be easily checked that there
is no path between (2,2) and (1,1). So the graph Sy(Zyy, X Zy,) is not connected for

any positive integer 4m, 4n. O

Proposition 2.2.8. Let G be a finite commutative group. Then the graph Ss(G)
is connected if and only if G = Zy, X Lyy X -+ X Ly, where r; € {xv € N : 2z =

dn+1 or 4n+ 2 or 4n + 3}.

Proof. WG = Zy, XZy, X+ XLy, , wherer; € {x € N:x =4n+1 or 4n+2 or 4n+3},
then by Result - II, Proposition 2.2.3, Proposition 2.2.4 and Proposition 2.2.6, the

graph Sy(G) is connected.

Conversely, suppose that Sy(G) is connected. Since G is a finite commutative
group, so by the Fundamental Theorem of finite commutative group, we have G =
Lyy X Lyy X - - - X Zy,, where each r; is of prime power. If possible, let G = Z,, X Z,, X
-+ X ZLy,, where at least one r; = 4n for some n € N. Without loss of generality, let
ry =4n. Then G = Zyy X Ly X -+ X Ly,. I S9(Zy, X -+ - X Z,,) is connected, then by
Remark 2.2.5, So(Zay, X Zyy X -+ - X Zy,) is not connected. Again if So(Z,, X -+ X Z,,)
is not connected, then obviously Ss(Z4, X Z,, X --+ X Z,,) is not connected which

contradicts our assumption. Hence G = Z,, X Zy,, X - -+ X Z,,, where no r; = 4n. So

G=Zp) X Lyy X -+ XLy, wherer; € {z € N:z=4dn+1ordn+2ordn+3}. O
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In this chapter, we consider the finite cyclic group (Z,,+) = (0,1,2,--- ,n — 1, +)

3

as Zn = {e,x,z% 23, .-+ 2" '} for better understanding the group structure of the

group Z, as well as the graph structure of the graph Sy(Z,,). The following examples
give us clear visualization of the order two element graph over the group Z, for

n=234,561,8.

Example 2.2.9. Let G = Zy = {e,x}. Then Sg = {e} and Gy = {z}. Then we
construct the order two element graph So(Zs) corresponding to the group Zs, which is

as follows.

©

Figure 2.4: SQ(ZQ) = KQ

Example 2.2.10. Let G = Z3 = {e,z,2*}. Then Sg = {e,x,2*} and Gy = ¢. Then
we can draw the order two element graph So(Zs3) corresponding to the group Zs in the

following manner.

€)

Figure 2.5: SQ(Zg) = Kl + K2

Example 2.2.11. Let G = Z; = {e,x,2*,2%}. Then Sg = {e,2*} and Gy = {2?}.
Then the order two element graph Syo(Zy4) of the group Zy is shown in Figure 2.3.
Also, the graph So(Zy4) is graph-isomorphic to the graph 2K, + Ks.
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Example 2.2.12. Let G = Zs = {e,x, 2% 2%, 2*}. Then Sg = {e,x, 2% 2% x*} and
Go = ¢. Then we draw the order two element graph So(Zs) corresponding to the group

Zs, which is as follows.

Figure 2.6: So(Zs) = K7 + 2K5

Example 2.2.13. Let G = Zg = {e,x, 22 23, 2%, 25}. Then Sg = {e, 2% 2*} and
Gy = {z*}. Then the order two element graph Sao(Zg) of the group Zg is shown in
Figure 2.2.

Example 2.2.14. Let G = Z; = {e, z, 2%, 23, 2, 2°,25}. Then Sg = {e, z, 2, 23, 2*, 25,
2%} and Gy = ¢. Then we construct the order two element graph So(Z7) corresponding

to the group Z7, which is as follows.

Figure 2.7 SQ(Z7) = K1 + 3KQ

Example 2.2.15. Let G = Zg = {e,x, 2% 23,2, 2°, 2% 2"}, Then Sg = {e, 2, 2%, 2°}
and Gy = {z'}. Then we can figure out the order two element graph Sy(Zsg) corre-

sponding to the group Zs in the following manner.
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@D——) E@—

H—) O—

Figure 2.8: SQ(Zg) = 04 + 2K1 -+ KQ

From examples 2.2.9, 2.2.10, 2.2.11, 2.2.12, 2.2.13, 2.2.14 and 2.2.15 we have the

following theorem on 7Z,,.

Theorem 2.2.16. The graph Si(Z,) is connected if n or % is odd positive integer

where as the graph Sy(Z,) is disconnected if § is even positive integer and

K+ (351K if nis odd positive integer.
So(Z) =4 S

2K+ (5 — 1)Ky + 5Ky if § is even positive integer.

Proof. Case I: Let n be an odd positive integer and G = Z,, = {e, z, 2% 2°, ..., 2" '}.

Then the set of square elements of the group G is given by Sg = {e, z, 2% 23, ..., 2"}
and the set of order two elements of G is G5 = ). We notice that in Sy(G), ‘e’ is
adjacent with the rest of ‘n — 1’ vertices. So in the complement graph, ‘¢’ form a
K. Also ' and 2"~ or #' ' are not adjacent in Sy(G). Thus there are 2=1 number
of pairs z* and 2i”" which are not adjacent. So in the complement graph, they form
(25%)K,. Hence S,5(G) = m when n is odd positive integer.

Case II: Let 2 be an odd positive integer and G = Z,, = {e,x,z* 2%, ..., 2" }.
Let us assume that F = {e,z% x% 2% ..., 2" 2} and O = {x, 23, 2°,...,2""'}. Then
Se = {e,2% x*, 25 ..., 2*"} and G, = {z2}. Clearly, 2 € O but % ¢ E as 2 is odd
positive integer. Then the subgraph induced by F and the subgraph induced by O
are connected subgraphs of Sy(Z). Also since there exists an edge between e and 3,
where e € E and 22 € O, so the graph Sy(Z) is connected. Hence the graph Sy(Z) is

connected if 7 is an odd positive integer.
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Case III: Let § be an even positive integer. Suppose G = Z,, = {e, x, 2%, 23, ..,

2"~'} for 2 is an even positive integer. Then Sg = {2* 2% 2% ..., 2*"} and G, =

{z2} C Sg. Let A = {e, 2, 2% 2% ...,2" 2} and B = {z,2% 2% ..., 2" '}. Then it
can be easily verified that the subgraph induced by A and the subgraph induced by
B are two disjoint connected subgraphs of Sy3(Z,). Now in the subgraph induced
by A, ‘e’ and ‘2’ are adjacent with all elements of A except each other. So in the

complement graph of the subgraph induced by A, ‘¢’ and ‘z?2’ form K, separately

i.e. form 2K;. Now the number of vertices of the subgraph induced by A is 7. Here

2" and x"~" are not adjacent for all z* and z"~" are in A. There are (% — 1) pair of

vertices which form (% — 1)K, in the complement graph of of the subgraph induced

by A. Now in the subgraph induced by B, there are § number of pair of vertices

2t and 2"~ which are not adjacent each other. So in the complement graph of the

KQ. Hence SQ(ZH) = 2K1 + (% - 1)K2 + %KQ

subgraph induced by B, they form

~3

n

when 7 is an even positive integer. O

2.3 Connectedness of Sy(G) over finite non-commutative
group G

In this section, we try to establish some important results on order two element graph
over some non-commutative groups like S,, and D,,. First we understand connected-
ness and graph structure of the order two element graph over the group 5, through

some following examples.

Example 2.3.1. Let G = Sy = {e,p}. Then Sg = {e} and Gy = {p}. Now, we draw
the order two element graph Sy(S3) which is shown in Figure 2.9.

1 2 3
Example 2.3.2. Let G = S3 = {e,pl,p27p3’p4,p5}7 where e = L L=
1 2 3
1 2 3 1 2 3 1 2 3
(12) = , p2=(13) = . p3=(23) = s = (123) =

213 3 21 1 3 2
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©

©

Figure 2.9: SQ(SQ) = K2

1 2 3 1 2 3
, ps = (132) = . Then S¢ = e, pa, ps} and Gy = {p1, p2, p3}-
2 31 3 1 2

Now, we construct the order two element graph So(Ss) which is shown in Figure 2.10.

Figure 2.10: SQ(S?)) = 4K1 + K2

Theorem 2.3.3. [16] For n > 3, Sq(S,) is a disjoint union of mK; + (“=22)K, and

(p+ 1)K, + (%)Kg, where p 1s the number of those permutations in S, which
are the products of an even number of disjoint 2-cycles and m s the number of those

permutations in S, which are the products of an odd number of disjoint 2-cycles.
From examples 2.3.1, 2.3.2 and the above theorem, we have the following propo-

sition.

Proposition 2.3.4. The graph So(S,) is connected.

Proof. From Theorem 2.3.3, it follows that the square element graph Sq(S,,) contains
two connected components which are induced by A, and S, \ A,. We have already

noticed that Sq(S,,) is subgraph of Sy(S,,). Now for (abc) € A, and (bc) € S, \ An,
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we find that (bc)(abc) = (ac). Since o(ac) = 2, it follows that (bc) <» (abc). Thus the
graph Sy(S,,) is connected. O

We prove the general statement that Sy(S,) is connected for n > 1 but we can
not give any graphical structure for S,(.S,,) for n > 4. For readers, they can establish

(if possible) the general graph structure of Sy(.S,) for n > 4.

Now, we provide more examples of order two element graph over D,, for n = 2, 3,4

so that we can understand and visualize the graph-theoretic properties of Sy(D,,).

Example 2.3.5. Let G = Dy = {e,z,y,xy}. Then Sg = {e} and Gy = {z,y,zy}.
Using these information, we draw the order two element graph So(D3), which is shown

in Figure 2.11.

Figure 2.11: So(Ds) = K,

Example 2.3.6. Let G = D3 = {e,x, 2%y, vy, 2%y}. Then Sg = {e,x, 2%} and Gy =
{y, xy, x?y}. Then we construct the order two element graph Sy(D3) corresponding to

the group Ds, which is shown in Figure 2.12.

Figure 2.12: Sg(Dg) = 4K1 + K2



CHAPTER 2. ORDER TWO ELEMENT GRAPH OVER A GROUP 30

Example 2.3.7. Let G = Dy = {e,x, 2% 23y, vy, 2%y, 23y}. Then Sg = {e,2?}
and Gy = {22y, vy, 2%y, 23y}. Then one can see the Figure 2.1/ to understand the
graphical structure of the order two element graph Sy(Dy) corresponding to the group

Dy.
Theorem 2.3.8. [16] If n is an odd integer, then Sq(D,) = K + (“51)K> + K,,.

Theorem 2.3.9. [16] If n is an even integer, then

n— 2

2(Ky +( 1

VK) + 2K if g is odd
Sq(D,) =

—4
gKg + 2K, + (nT)KQ +2K= if g is even.

From examples 2.3.5, 2.3.5, 2.3.7 and above two theorems, we have the following

theorems regarding the connectedness and graphical structure of the graph Sy(D,,).
Theorem 2.3.10. For any integer n € N, the graph Sy(D,,) is connected.

Proof. Let D, = {< a,b >: a" = V> = e and ab = ba""'}. Then we can write

D, ={a,a®,a®,...,a" ', a"(= e),b,ba,ba’, ... ba""'}.

Case I: Let n be odd. Clearly, the set of all squares of D,, is given by H =
{e,a,a? ..., a" '}, which is a cyclic subgroup of odd order. From Theorem 2.3.8, we
have the subgraphs induced by these 2 cosets H,bH form 2 connected components.
Now take e € H and b € bH. Since o(eb) = o(b) = 2, so we have e <> b in Sy(D,,).
Thus the graph Sy(D,,) is connected.

Case II : Let n be even. Now the set of all squares of D,, is given by H =
{a?,a*,...,a" 2 e}. It is easy to see that there are 4 distinct cosets H, aH, bH,
baH of H which partition the group D,. Clearly, aH = {a,a®a®a",... a" 1},
bH = {ba? ba*,ba®, ... ba" %} and baH = {ba,ba® ba® ba’,..., ba" '}. From Theo-
rem 2.3.9, we have the subgraphs induced by these 4 cosets H,aH,bH,baH form 4

connected components. Consider 4 vertices e € H,a € aH,b € bH and ab € abH.
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Since o(b) = o(ab) = 2, it follows that e <> b <> a and e <> ab. So the graph Sy(D,,)

is connected. [l

Theorem 2.3.11. Ifn is an odd positive integer, then So(D,,) = (n + 1)K + (%) K.

Proof. Let G =D, ={< x,y>: 2" =e=y* and yr = v~ 'y}. Then we can repre-

3

sent the group G by G = {e,z,2?, 23, ....2" 1y, vy, 2%y, 23y, ...,2" " 'y}. Let n be an

5...,2" 1} and Gy = {y, zy, 2%y, 23y, ..., 2"y}

odd integer. Then Sg = {e,z, 2% x
So in Sy(D,), all elements e,y, zy, 2%y, 23y, ...,a" 'y are adjacent to each others.
Thus in the complement graph of So(D,,), they form (n + 1)K;. Now rest of the ver-

n—1 are adjacent to each others except their inverse elements as

tices i.e. x, 2%, 2%, ..., x
2'(z")t = ebut e ¢ Sgore ¢ G. So there are (%5F) pair of vertices which are not ad-

jacent to each others. Hence in the complement graph of Sy(D,,), they form (25%) K.

Thus for an odd positive integer n, we have Sy(D,,) = (n+ 1)K; + (%51) Ko. O

Proposition 2.3.12. Let G be a group, Sg be the set of squares of G and G be the
set of those elements of G whose order is 2 but not in Sg. Then in the graph S3(G),

the degree of any vertex is given by

IS¢UGr| —1, ifz*=e

deg(z) =
|S¢ UGr| —2, otherwise.
Proof. Suppose that G = {e,ay,...,a,_1,¢1,Ca, ..., Cr, 1, T, ..., x} and we consider
ScUGr={e,a1,...,an_1,€1,C,...,¢; }, where o(¢;) = 2 and a; = tjz for some t; € G.

Clearly, e is adjacent to precisely the other elements of ScUG7. So deg(e) = n+r—1.
For an arbitrary element g € G, G = ¢~ 'G = {g97'e,g 7 a1,..., g7 an_1,97 c1,9 o,
g rer, g7 ey, g g, .. g7 ). Now we show that g is not adjacent to g~ 'a; for
any r; € G\ (SqgUGr7). If possible, let g <+ g 'z for some x;, € G\ (SgUGr). Now

99"

7, is not a square or o(xy) # 2 and g 'zrg ¢ Sg as if g7lazpg = a* € S that
is 7, = ga’g™' = (gag™)* € Sg which is a contradiction as x; € G\ (Sg U Gr) or
(g~ wrg) = ofxy) # 2.

Case 1: If ¢*> = b; for some b; € Sg U Gr ie. g = g 'b;, then g <> g~ 'a; for
zi(# bj) € SgUGr. So deg(g) > n+r—2. Also g is not adjacent to g~'a for
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r=e,b;, 1,29, ..., Thus deg(g) < (n+k+7r) — (k+2) =n+r — 2. Therefore,
deg(g) =n+r—2=|S¢UGr| — 2.

Case 2: If g> = e, then g <+ g 'b; for b; € SqUGT\{e}. So deg(g) > n—1. Also g
is not adjacent to g 7'z for v = e, x1, 9, ..., x3. Hence deg(g) < (n+r+k)—(k+1) =
n +r — 1. Therefore, deg(g) =n+r —1=|S¢UGp| — 1. O

2.4 Order two element graph over the groups up to

order 16

In this section, we characterize the connectedness of So(G), where G is a group of
small order up to 16. From [23], we can get the group structures up to order 15. From
[54, 20], we see that there are 14 groups of order 16 up to isomorphism. The details

of these 14 group structures are as follows :

1. Integer mod 16 : Zq4
Zyg = {x“:2'%=¢}

3 4 .5 .6 .7 .8 .9 .10 11’ ZL‘12, ZL’13, 1.147 1'15}

= {e,z, 2%, 2% 2t 25 25 27 28 2% 210z

2. Direct product of Zg and Zy : Zg X 7o
Zg x Ty = {x%y? 2% =y =e 2y = yx}

3 5 ,.6

— 2 4 7 2 3 4 5 6 7
= {e,r, 2%, 2%, 2% 2, 2% x" y, wy, 2%y, 27y, %y, 2°y, 2%y, 2"y}

3. Direct product of Z, and Z, : Zy X Zy
Zyx Ly = {a°yl 2" =y' = e xy = yr}
= {e,z, 2%, 2%y, y%, 0%, vy, wy?, ay®, 2Py, 2%y?, 2PyP, Py, ady?, oty
4. Direct pI'OdUCt of Z47 Zz and Zz : Z4 X ZQ X ZQ
Dy XLy x Ly = {2*yP27 12t =y* =22 = e a2y = yz,yz = z2,y2 = 2y}
= {67 m’ x27 xS’ y’ 27 $y7 :L‘Qy’ x3y7 ‘1.27 :U227 sz? yz7 l’yz’ ‘1.23/27 xgyz}
5. Direct pI'OdllCt of Zg, ZQ, ZQ and ZQ : Zg X ZQ X ZQ X ZQ
Doy X Ty X Uiy X Ly = {a®bPd’ :a? =1* = ? = d? = e, ab = ba, ca = ac,
da = ad, cb = be,db = bd, dc = cd}
= {e,a,b,c,d,ab,ac,ad,be,bd, cd, abe, abd, bed, acd, abed}



CHAPTER 2. ORDER TWO ELEMENT GRAPH OVER A GROUP 33

6. Direct product of Dy and Zy : Dy X Zo

Dy xZy = {a®bPc :a*=b*=c? =e,ba = a"'h,ca = ac,cb = bc}
= {e,a,a? a3 b,c,ab,a’b,a’b, ac,a’c,a’c, be, abe, a*be, abe}

7. Semi-direct product of Klein 4-Group and Zy : (Zg X Zs) X Zy
(Zy x Zy) ¥ Zy = {a“V’ :a*=b*=¢,ba=a"'b"1}
= {e,a,a? a3 b,b% b3 ab,ab? ab®, a®b, a*V?, a*b3, a3b, a®b?, a®b®}
8. Direct product of Qg and Zs : Qg X Zs
Qs X Zy = {zf27 2> =y at=y* =22 =c,yr =27y, 20 = w2, 29 = yz}

2

_ 2 .3 3 3 3 3 3
- {e,x,x LYY, 2 X2, X2, X2, Y2, Y 2, XY, XY, XYL, T yZ}

9. Semi-direct product of Z4 and Zy : 7y X 7y
ZyxZy = {a®b’:a*=0b*=e ba =a 'b}
= {e,a,a? a b,b% b3 ab,a®b, a’b, ab?, a*b?, a®b?, ab3, a®b?, a®b®}
10. Group of the Pauli Matrices : SU(2)
SU12) = {af27 2 =y? =22 =e,yx = 2y, 20 = 22, 2y = 2%y2}

2

— 3 2 2 3 3 2 3
- {6,$,I‘ YUY, 2, XY, T2, XY, T2, 7Y, "2, Yz, LYz, LYz, T yZ}

11. Modular or Isanowa group of order 16 : Mg
My = {2y’ : 2% =y* =e,yx =2y}

— 2 .3 4 .5 .6 .7 2 3 4 5 6 7
- {G,ZE,CC y LT, T, Y, Y, 7Y, Y, Y, Y, LY, T y}

12. Dicyclic Group of Degree 4 : Dicy
Dicy = {a®y’ a2t =9%28 =y* = e,y = 271y}

— 2 .3 4 .5 .6 .7 2 3 4 5 6 7
- {G,l',I y X5, 2, Y, Y, 7Y, 7Y, Y, Y, LY, T y}

13. Semidihedral group of degree 2 : SD,
SDy = {a9y®:2%=9y? = e, yz = 2%y}

— 2 .3 4 .5 .6 .7 2 3 4 5 6 7
- {6,1’,37 y T, T2, X, Y, Y, 7Y, 7Y, Y, Y, LY, T y}

14. Dihedral group of degree 8 : Dg
Ds = {a%y’:a®=y*=e,yz=2""y}

— 2 .3 4 .5 .6 .7 2 3 4 5 6 7
- {6,1’,33 y LT, T, 5,1, Y, XY, 7Y, 7Y, LY, Y, Y, T y}
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Diagrams of order two element graph of small groups up to order 16:

(& ZU4
1.3
I’S

Figure 2.13: Sy(Zg)

%
AL

Figure 2.15: Sy(Z0)

e
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Yy ® -y
20y ° 3y
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X x4
e
.T5
(L’2 1'3

Figure 2.17: Complement graph of Sy(Dg)

Figure 2.16: Sy(Zg X Z2)

22y
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Figure 2.18: SQ(Zg X Z4)
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7. Details of the group structure of the group,

Semidirect product of Klein 4-Group and Zy: (Zg X Zs) X Zy
(Zy x L) ¥ Zy = {a“V’ :a*=b*=¢,ba=a"'b"1}

= {e,a,a? a3 b,b% b3 ab, ab? ab®, a®b, a*V?, a*b3, a3b, a®b?, a®b®}

Also, Sg = {e,a? 1, } and Gy = {a? %, ab, ab®, a’b?, a3b, a®b®}

Caley Table for (Zs X Za) X Zy
* e a a? | ad b b2 | b%® | ab | ab? | ab® | a%?b | a%?b? | a%b® | a®b | a®b? | a®b?
e e a a? a? b b? b3 ab | ab® | ab® | a®b | a®* | @®b® | @*b | aPV* | @*0?
a a a? a? e ab | ab® | ab® | a®b | a®b? | a?6® | a®b | @b? | a*b? b b? i
a? a? a® e a a®b | a®b? | a®V® | @b | a®V? | a®0? b b? b3 ab ab? ab®
ad a? e a a? | a® | a®? | a®® | b b? i ab | ab® | ab® | a®b | a?? | a%b?
b b a®b® | a®b | ab? b? b3 e a’ a®b | a®b? | a®b? | a?b® a? a ab ab?
b? b2 | ab® | a?? | a®? | B3 e b | ab® a ab | a?® | a? a’h | a®b® | a® a’b
b3 b? adb | a®® | ab e b b2 | a*b? | @b | a a? a’h | a?h? | ab® | ab® a
ab ab b3 | a®b | a®b® | ab® | ab® | a e b b2 | adh? | a3 | ad a? a’h | a’b?
ab? | ab? | a?? | a®V? | b2 ab® a ab | a®?® | a® | a®b | @®b® | d® a®b b3 e b
ab3 | ab?® b a’b® | a®b a ab ab? b? b3 e a? a’b | a®b? | a?? | a?b? a
a%b | a? | ab® b | a®b® | a?? | a?® | d? a ab | ab® | b? b e a® | a®b | a®b?
a?b? | a?? | a®? | b2 ab?® | a®® | a® | a®b | a®b® | @® | @%b | B3 e b ab? a ab
a?bd | a6 | ab | @’ | a® | a® | a®? | ab® | ab® a e b 2| a®? | a*® | d®
a®b | a®b | a®® | ab b | a®b? | a3 | a? a® | a® | a®? | ab® | ab? a e b b?
a®b? | a®p? | B2 | ab® | @®b? | PP | @ | @*b | b e b | ab® a ab | a®b® | a? a®b
a®b® | @36 | a? | ab® b a® | a®b | a®? | a®0? | a®b® | a? a ab ab? b? i e

Figure 2.22: SQ((ZQ X Zg) be'l Z4) = Kg + 4K2
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8. The group structure of the group, Direct product of Qg and Z,

Qs X Zy

Also, Sg = {e,z?} and Gy = {22, 2, 2%2}.

37

: Qg X ZQ
{xoyP2 =y ot =yt =22 =e,yr = a7 Yy, 20 = 22, 2y = Yz}

2 .3 3 2 3 3 3 3
{6,1’,1’ YUY, YT 2, X2, XV, XT2, Y2, Y2, TY, XY, XY R, X yZ}

Caley Table for Qg x Zy
* e x x2 x3 y y3 z xz | x2z | X%z | yz | y3z | xy | X}y | xyz | x3yz
e e x x? a3 y v z vz | 2z | 22 | yz | P2 | wy | 2Py | wyz | 2Pyz
. 2 3 3 2 3 . 3 3 . 3 .
x x x x e vy | 2y | xz | 2%z | 22 2 | ayz | 2Pyz |y y vz | yz
x2 2? 3 e x y? y | 2%z | 2%z z vz | vz | yz | 2%y | ay | 2Pyz | wyz
x3 3 e x 2 | 2y | xy | 2%z z vz | 22 | 2Pyz | ayz |y y? yz | Yz
3 3 2 . 3. | .3 - 2 3 , 3
y y | 2y |y xy | w e yz | PPyz | 3z | wyz | 2%z z x T vz | %2
y3 y? xy y 3y e 22 | iz | ayz | yz | 2Pyz | oz 22z | 2? x ¥z | 2z
. 2 3 3 . 2 3 3 . 3 3
z z vz | 2%z | 22 | yz | ¥z e x x x y y xyz | 2Pyz | my | 23y
xz | zz | 2%z | 232 z | ayz | 2Pyz| = 22 a3 e vy | 2y | v | yz | P y
x?z | 2%z | 2%z z xz | Yz | yz 22 a3 e x y° y | 2yz | zyz | 2y | ay
x3z | 2%z 2 vz | 2tz | 2Byz | ayz | ad e x 22 | 2y | owy | oyz | yi2 y y?
vz yz | 2yz | Pz | ayz | 2%z z y |2y | P | ay | 2P e vz | 22 | @ a3
vz | ¥z | ayz | yzr | 2Pyz| 2 T a2y y 23y e 22 | 232 | a2z 3 x
xy | wy y | 2y | P 23 x| ayz | yz | 2Pyz | P2 | 2%z | a2z | 2? e 2z z
By | 2y | 8 Y y x 2 | 2Byz | P | ayr | yz | wz | 282 e 22 2 2%z
xyz | wyz | yz |2Pyz | vz | 2%z | 22 | ay y | 23y | P a3 x | 2%z z 22 e
XByz | Byz | v’z | ayz | yz | 2z | 232 | 2By | P Ty Yy x a3 2 2z e 22

Figure 2.23: SQ(Qg X Zg) = K4 + 304
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9. Semidirect product of Zy and Zy : 7y X Zy
ZyxZy = {a®b’:a*=0b*=e ba =a1b}

= {e,a,a? a3 b,b% b3 ab,a®b,a’b, ab?, a*b?, a3b?, ab3, a®b?, a®b®}

Also, Sg = {e,a?,b*} and Gy = {a?, b?, a®b*}.

38

Caley Table for Z, x Z,
* e a az | a% b b? | b® | ab | ab? | ab® | a%?b | a%?b? | a®b3 | a®b | a®b? | a®b3
e e a a? a? b b? b3 ab | ab® | ab® | a®b | a®? | a®6® | a®b | a®b? | @33
a a a? a? e ab | ab® | ab® | a®b | a®b? | a®b3 | a®b | a®V? | VP b b2 b3
a2 a? a? e a a | a®? | a®® | @b | a3b? | a®b? b b? b ab ab? ab®
a a? e a a? a®b | a®b? | a®b? b b? b3 ab ab? ab® a®b | a®b® | a®b®
b b a*h | a® | ab | b? b e | a®? | a®b® | a® | a?? | a®b® | a® | ab? | ab® a
b? b* | ab® | a®? | a®? | B e b ab? a ab | a®?® | a? a* | a®b® | d? a’b
b3 b3 | a®b® | a3 | ab? e b b2 a® | a®b | a®?* | a® | a®b | a®b? a ab ab?
ab ab b ab | a® | ab® | ab® a b? b e | a®b? | a®b? a® | a?b? | a?b? a?
ab? | ab? | a?p? | ®V* | b | ab® a ab | a?b® | a® | a®b | a®¥® | ad a’b b? e b
ab® | ab® | b3 | a®b® | a®B3 | a ab | ab? e b b? a® | a®b | a®b? | a? a*h | a?bh?
a?b | a?b | ab b a®b | a®b? | a®b® | a? ab® | ab® a b? b3 e a’b? | a®b? a®
a?b? | a?0? | a®? | B® | ab® | a®b® | a® | a® | PP | @ | &b | VP e b ab? a ab
a?b? | a?® | ab? b | @ | a® | a® | d®? | a ab | ab? e b b? a? ab | abh?
a®b | a®b | a®b | ab b | adh? | a®t® | a® | a?h? | a?® | a® | ab® | ab® a b? b3 e
a®b? | a3 | b2 ab? | a?? | a®® | @® | &b | b? e b ab? a ab | a®?® | a? a%b
adb? | a®b3 | o263 | ab® b? a® a®b | a®b? | a® a®b | a®b? a ab ab? e b b?

The order two element graph Sy(Z4 X Z4) is graph isomorphic to Ky + 3Cj.
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10. Group of the Pauli Matrices : SU(2)
SU12) = {a%P27 2 =1y =22 =e,yv = 2y, 20 = 22, 2y = 2°Y2}

— 2 .3 2 2 3 3 2 3
- {e7$7x YUY, 2, XY, X2, XY, X72, T7Y, T2, Y=, Y=, T"Y=, T yZ}

Also, Sg = {e, 2%} and Gy = {22, v, 2, 2%y, %2, zy2, 23y2}.
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Caley Table for SU(2)
* e x x? | x® y z xy | xz | x%y | x%z | X3y | X%z | yz | xyz | x’yz | x®yz
: 2 3 . : 2 2 3 3 . 2 3
e e T T T y z vy | wz | 2%y | 2z | 2By | 2%z | yz | ayz | atyz | 2Pyz
x T x? a3 e vy | wz | 2%y | 2%z | 2Py | 22 |y z | ayz | atyz | Pyz | gz
x2 a2 a3 e x | 2%y | 2?2 | 2By | 2Pz |y 2 vy | xz | 2%yz | Byz | yz | wyz
x3 a3 e T 22 | 2By | 2%z y z vy | xz | 2%y | 2%z | 2Pyz | yz | ayz | 2lyz
y y zy | 2%y | 2%y e Yz x| ayz | 2® | 2%yz| 2® | 2Pyz| =z vz | 2%z | 2%z
z 2z vz | 2z | 2%z |2Pyz | e |2Pyz| =z Yz 22 | ayz | ¥ | 2%y | 2%y y xy
xy | ay | 2%y | 2By |y x | wyz | 2? | 2Pyz| 2® | 2Pyz| e yz | xz | 2%z | 232 z
. 2 3 3 - 2 | . 3 | 2 3, . 2,
xz | xz | 2%z | 2%z z | 2dyz | x yz | @ ayz | 2® | 2%yz| e | 2Py | y vy | 2%y
xty | 2%y | 2y | oy vy | a? | a2fyz | 2 | 2Pyz| e yz T | wyz | 2%z | 232 z Tz
x%z | 2%z | 2%z 2 vz | yz | @ ayz | 2® | 2%yz| e |2%yz| = y vy | 2ty | 2y
x3y | 23y y xy | 2%y | 2% | 2Pyz | e yz z | wyz | 2% | 2Pyz | 22 z zz | 2%z
x3z | 2%z 2 vz | 2%z | ayz | 2 | 2%yz| e | 2Pyz| =z yz | 2 | ay | 2%y | 2%y y
. 2, 3 2 3 , 2 . 3 2 3 , .
vz yz | wyz | atyz | 2dyz | 2%z y | 2%z | ay z | 2%y | 2z | 2Py | w T e T
xyz | wyz | 2?yz | 2Byz | yz | 2%z | wy z | 2ty | w2z | 2ty | 2% | oy a3 e T x?
x?yz | 22yz | 2Pyz | yz | wyz z 22y | zz | 2By | 2% y 2z | wy e x 22 2°
xX3yz | Byz | yz | ayz |2ty | az | 2y | 2?2 | oy | 2Pz | ay z | 2%y | =z a2 a3 e

Figure 2.24: Sy(SU(2))
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11. Modular or Isanowa group of order 16 : Mg
My = {l’ayﬂ ca¥ =y = e, yx = 2%y}

3 5 ,.6

_ 2 4 7 2 3 4 5 6 7
- {671:7:6 YT, X7, 05,0, Y, XY, 7Y, Y, LY, LY, Y, T y}

Also, Sg = {e, 2%, 2%, 25} and Gy = {2, y, 2y}

40

Caley Table for M4
* e x | x% | x| x* | x| x8 | X7 y | xy | X%y | X3y | x*y | x°y | x8y | X"y
e e x 22 | 23 | at | 2® | ab | 2" y | xy | 2ty | 2Py | 2ty | 2Py | 2% | 2Ty
x x 22 | 2% | a2t | ab | 2% | 27 e zy | 2%y | 23y | 2ty | 2Py | 2%y | 27y y
x2 | 2% | 2% | 2t | 2% | 2% | 2 e x | 2%y | 2By | 2ty | 2Py | 2By | 2Ty | Ty
x3 | 22 | 2t | 2® | a8 | 27 e x 2?2 | 2By |2ty | 2Py | 2Oy | 2Ty | oy zy | 2%y
x* | at | 2% | 2% | 27 e x 2 | 2% |2ty | 20y | 2%y | 27y y zy | 2%y | 2y
x5 | 2% | af | 27 e x 2 | 23 | at | 2Py | 2By | 2Ty |y zy | 2%y | 2By | 2ty
%6 | 26 | 47 e . 22 | 23 | 2t | 5 |2y | 2Ty |y vy | 22y | ¥y | oty | 20y
x7 | " e x i R e L L I LE VI V) zy | 2%y | 23y | 2ty | 2Py | 25y
y y |2y | 2%y | 2y | 2ty | 2y | 2By | 23y | e ° 22 7 z? x 26 3
xy | xy |28y | 2Py | vy | 2Py | 2%y | 2Ty |2ty | @ 28 | 2B e ° 2?2 27 x*
X2y | 2%y |27y |2ty | 2y |20y | 2Py | oy | 2Py | 2% | 27 | 2t x o 3 e 0
By |23y | y |20y | 2%y | 2Ty | 2ty | 2y | 2Oy | 2P e x5 22 27 xt T i
xty |2ty | zy |28 | 2By | y | 2Py | 2%y | 2Ty | a* x 8 3 e 5 x? x7
xPy | 2%y | 2%y | 2Ty | 2ty | 2y | 2Oy | 2Py | y o 7 z? x 28 3 e
xSy | 2%y | 23y | y | 2Py | 2%y | 2Ty | 2ty | 2y | 2® | 2P e r? x? x’ x* x
Xy |27y |2ty | 2y | 20 | 2By | oy | 2Py | 2Py | 2T | ot x 28 23 e 2° 22

Figure 2.25: So(Mig)
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12. Dicyclic Group of Degree 4 : Dicy
Dicy = {ay’ a2t =9% 28 =yt = e,y = 271y}
= {e,x, 2% 2% 2% 2% 28 27y, vy, 22y, 3y, 2ty 2Py, 2%y, 27y}
Also, Sg = {e, 2%, 2%, 25} and G, = {z}.
Caley Table for Dicy

* e x | x% | x| x* | x| x8 | X7 y | xy | X%y | X3y | x*y | x°y | x8y | X"y

e e x 22 | 23 | at | 2® | ab | 2" y | xy | 2ty | 2Py | 2ty | 2Py | 2% | 2Ty
x x 22 | 2% | a2t | ab | 2% | 27 e zy | 2%y | 23y | 2ty | 2Py | 2%y | 27y y
x2 | 2% | 2% | 2t | 2% | 2% | 2 e x | 2%y | 2By | 2ty | 2Py | 2By | 2Ty | Yy
x3 | 2% | a2t | 2® | 2% | 27 e x 22 | 2By |2ty | 2Oy | 2O | 2Ty | oy xy | 2%y
x* | at | 2% | 2% | 27 e x 2 | 2% |2ty | 20y | 2%y | 27y y zy | 2%y | 2y
x® | 2% | 2% | 2" e x 2 | 23 | at | 2Py | 2By | 2Ty |y zy | 2%y | 2By | 2ty
%6 | 26 | 47 ¢ . 22 | 23 | 2t | 5 |2y | 2Ty |y vy | 22y | ¥y | oty | 20y
x7 | " e x i R e L L I LE VI V) zy | 2%y | 23y | 2ty | 2Py | 25y
y y | 27y | 2% | 2%y | 2ty | 2By | 2%y | 2y | 2* | 2B 22 x e 7 26 °
xy | xy | y | a7y | aSy | 2Py | 2ty | 23y | 2%y | 2 | 2t | 2B 22 x e 27 i
X%y |22y |y | y |27y | 2% | 2%y | 2%y | 2By | 2® | 2® | a2t 23 x? x e 27
x3y | 23y | 2%y | 2y y | a7y | Sy | 2Py | 2ty | 27 | b x5 zt 3 x? T e
xty |2ty |23y | 2%y | vy | y | 2Ty | 2By | 2Py | e x” | b 5 o x? x
x%y | 2%y | 2ty | 23y | 2%y | w2y y | a7y | 2%y | e 7 20 0 xt 3 z?
xSy | 28y | 2Py | 2ty | 2By | 2%y | 2y |y | 2Ty | a? x e 7 28 5 x* 3
X"y | 27y | 2% | 20y | 2ty | 2By | 22y | 2y | oy N x e 27 28 2° x4

Figure 2.26: Complement graph of So(Dg)/S2(Dicy)
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13. Semidihedral group of degree 2 : SD,
SDy = {a°y’:a® =y = e,yx = 2%y}
= {e,x, 2% 2% 2% 2% 28 27y, vy, 22y, 3y, 2ty 2Py, 2%y, 27y}
Also, Sg = {e, 2%, 2%, 25} and Gy = {24, y, 22y, 2y, 2%y }.
Caley Table for SD,

* e x | x% | x| x* | x| x8 | X7 y | xy | X%y | X3y | x*y | x°y | x8y | X"y
e e x | x| 2 | at | 2® | ab | 2" y | xy | 2ty | 2Py | 2ty | 2Py | 2% | 2Ty
x x 22 | 2% | a2t | ab | 2% | 27 e xy | 2%y | 28y | 2ty | 2Py | 2% | 27y y
x2 | 2% | 2% | 2t | 2% | 2% | 2 e x | 2%y | 2By | 2ty | 2Py | 2By | 2Ty | Yy
x3 3 z? ° 28 7 e T 2?2 | 23y | 2ty | 2Py | 2%y | 27y Y zy | 2%y
x* | at | 2% | 2% | 27 e x| 22 | 2 | aty | 2Py | 2By | 2Ty | vy zy | 2%y | 23y
x® | 2% | 2% | 2" e xz | x| 2| 2t | 2Py | 2By | 2Ty | zy | 2%y | 2By | 2ty
x% | 26 | 27 e x 2 | 2 | 2t | 2b | aSy | 2Ty | oy zy | 2%y | 23y | 2ty | 20y
x7 | " e x| x| 2| at | 2® | b | 2Ty | vy zy | 2%y | 23y | 2ty | 2Py | 25y
y y |23y | 2% | xy | 2ty | 2Ty | 2%y | 2Py | e 3 28 x z? 7 22 °
xy | xy |2ty | 2Ty | 2%y | 2Py | y | 2%y | 2%y | v | 2t | 27 | 22 ° e 3 i
Xzy .'L'Qy .'L'sy Yy .'L'By .'L'Gy xry .'L'4y .'L'7y [EZ flfs e fL'3 TEG T f1f4 fI/'7
By | a3y | 2%y | ay | 2ty | 2Ty | a2y | 2Py | y | a® | 2F - 24 | 2T | a2 | ap B
xty |2ty | 27y | 22y | 2Py | y | 2By | 2By | xy | 2t | 27 | 2% | 2P e 2 | a2 x
xPy | 2%y | y |2y | 2O | 2y | 2ty | 2Ty | 2%y | 2° e 3 26 x x4 7 22
xSy | 28y | zy |2ty | 2Ty | 2%y | 2Py | y | 2Py | a® x t | 2" | 2 | 2P e 3
x'y |27y | 2%y | 2Py | y | 2Py | 2Sy | xy | 2ty | 27 | 22 ° e 3 28 T z?

Figure 2.27: S3(SDy)
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No. of Vertices Group G S2(G) Type of S2(G)
1 {e} K; Complete, Planar
2 Zo Ko Complete, Planar
3 73 K1 + Ko Connected, Planar
4 Ly 2K + Ko Disconnected, Planar
Lo X Lo Ky Complete, Planar
5 Zs K1 + 2K, Connected, Planar
6 Ze Figure 2.13 Connected, Planar
D3 41K + Ko Connected
7 T K + 3K, Connected
8 78 Cus+ 2K, + Ko Disconnected, Planar
Ly X Lo Ky + Cy Disconnected, Planar
Lo X Lo X Lo Kg Complete
Dy Figure 2.14 Connected
Qs 6K1 +2K> Disconnected, Planar
9 Zg K1 + 4K, Connected
Z3 X Zs3 K1+ 4K, Connected
10 Z1o Figure 2.15 Connected
Ds 6K + 2Ko Connected
11 Z11 K1 + 5K, Connected
12 Z12 2K + 2K5 + 3K5 Disconnected
Ze X Lo Figure 2.16 Connected
Ay 2K + 5Ko Connected
Dg Figure 2.17 Connected
Ty X 713 Figure 2.18 Disconnected, Planar
13 Z13 K1 + 6Ky Connected
14 Z14 Figure 2.19 Connected
Dy 8K + 3K»o Connected
15 Z1s m Connected
16 Z16 2K + 3K2 + 4Ko Disconnected
Zg X Lo Figure 2.20 Disconnected
Ty X Ty Ky +3Cy Disconnected, Planar
Za X Lo X Lo Kg +4Ko Disconnected
Lo X Lo X Lo X T Kig Complete
Dy X Zo Figure 2.21 Connected
(Za x Z2) X Z4 Kg +4K2 Disconnected
Qs X Z2 K4+ 3Cy Disconnected, Planar
Zg X Ly Ky +3Cy Disconnected, Planar
SU(2) Figure 2.24 Disconnected
Mg Figure 2.25 Disconnected
Dicy Figure 2.26 Connected
SDo Figure 2.27 Connected
Dg Figure 2.26 Connected

43



Chapter 3

Independence and Domination
number of order two

element graph over a group



Chapter 3

Independence and Domination

number of Syo(G)

3.1 Introduction

Algebraic graph theory opened a new horizon in the field of research in mathematics.
This branch builds a beautiful relation between algebra and graph theory. Also many
people analyze many topological indices like Merrified-Simmons index [21], Wiener
Polarity index, Hosoya index, Hyper-Wiener index, Zagreb index etc over graphs.
The square element graphs were defined over a finite commutative ring by Sen Gupta
and Sen in [48]. Later Biswas et. al. [16] introduced the square element graph over
a semigroup. In [41], Pradhan, Biswas and Kar introduced order two element graph
over a group by adding some extra conditions with square element graph. We mainly

characterize some properties of order two element graph over some finite groups.

In the first section, we establish some beautiful results of Merrified-Simmons index
(studied in [21]|) of order two element graph over some finite groups. In the next
section, we characterize the product of two order two element graphs over two groups.
In the last section, we study some results of domination number of order two element

graph over some finite groups.

44
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3.2 Merrified - Simmons index of the graph S;(G)
over a group GG

In this section, we study about the independence number and Merrifield-Simmons
index of order two element graph over some finite groups. We firstly start about the

definition of independence number of a given graph, which is as follows:

Definition 3.2.1. Independence number [52] : A set of vertices of a graph G is
independent if the vertices are pairwise nonadjacent. The independence number of a

graph G, denoted by u(G), is the cardinality of a largest independent set of G.

Now, we give an example for better understanding the definition of independence

number of a given graph.

Example 3.2.2. Let G = (V, E) be a graph, which is shown in the below Figure 3.1.

Figure 3.1

Let the vertex set of G be V- = {vy, v, v3, vy, U5, V6, v7}. One can see that there are
many subsets of V like S; = {v1,v3}, So = {va, v4}, S5 = {v1,v6}, Sy = {v1,v7}, S5 =
{vy,v7}, Se = {wv3,v5}, S = {vs,v6}, Ss = {vs,ve,v7}, which are all independent
subsets. Among of all of these independent subsets of V', Sg is the largest independent
subset of V.. Therefore, the independence number of the graph G is the cardinality of
Sy which is equal to 3. So, u(G) = 3.

Now, we give the definition of Merrifield-Simmons index of a graph in terms of

independent sets.
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Definition 3.2.3. The Merrifield - Simmons index (defined in [28]) of a graph G =

(V, E), denoted by i(G), is the total number of independent sets (including the empty
V(g

set) of vertices of G and is defined by i(G) = Z ik(G), where ig(G) = 1, i1(G) =
k=0
number of vertices in G = |V|,

i2(G) = total number of pairs of vertices in V' such that they are non-adjacent.
i3(G) = total number of 3 — tuple vertices in V such that they are pairwise non-

adjacent.

ir(G) = total number of k — tuple vertices in V such that they are pairwise non-

adjacent.

For better understanding the definition of Merrifield-Simmons index of a graph, we
give the following example to understand the concept of finding Merrifield-Simmons

index of given graph.

Example 3.2.4. Let G = (V, E) be a graph which is shown in Figure 3.2.

Figure 3.2

In this graph, the vertex set V. = {vy,v9,v3,v4,05,v6}. Then from the definition
of Merrifield-Simmons index, we have
i0(G) =1, 1(G) =[V[=6
i2(G) = {(vi,vj) 1 v;,v; € Vand v;,v; are non-adjacent}|

= {(v1, v3), (v1,v4), (V1,05), (1, 0g), (v2,v4), (v2,v5), (v3, v5), (v3, v6), (U5, v6) }| =9
i3(G) = [{(vi, vj,v8) v, 05, v € Vand v, v, v, are pairwise non-adjacent}|

= |{(vy1, v3,v5), (v1,v3,v6), (v3,V5,06) | = 3
i4(G) = |{(vi, v, v, v1) = v, V5, v, v € Vaand v;, v, v, vp are pairwise non-adjacent}|

= ’{(U170377157U6)}| =1
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Also, i1.(G) = 0 for k > 5 i.e., we cannot find any 5 — tuple or 6 — tuple vertices

so that they are pairwise adjacent.

Vi

Therefore, i(G) = Y _ir(G) = i0(G) + i1(G) +i2(G) +i5(G) +1a(G) +5(G) +is(G)
14 649+3414040=20,

Lemma 3.2.5. [28] Let G = (V, E) be a graph.

(i) If w € E(G), then i(G) =i(G — wv) —i(G — {N[u] U N[v]})

(ii) If v € V(G), then i(G) =i(G — v) +i(G — N[v])

(iii) If G1,Ga. ..., G, are the components of the graph G, then i(G) = [ i(G)).

j=1
Theorem 3.2.6. [52] Independent set of a graph is a clique of its complement graph

& vice-versa.

Using the Theorem 3.2.6, we have the following lemma.

Lemma 3.2.7. Let G be any graph and for any positive integer n > 1, we have

in(G) = number of K, in G.
Proposition 3.2.8. i(K; + K,) = 4.

Proof. Using the Theorem 3.2.6 and Lemma 3.2.7, we have i( K| + Ks) = io(K; + Ky)+
(K1 + Ky) + (K + Ky) +is(K + Ky) = 14+3+1 =5, as ig(K, + Ky) = 1,
i1 (K, + K3) = number of vertices in K1 + Ko = 3, i5(K, + Ky) = 1 and i, (K| + K;) =
0 for £ > 2. ]

n—1

Lemma 3.2.9. From Lemma 3.2.7, we have iy( K7 + ”T_IKQ) =

Theorem 3.2.10. [41] The graph Sy(Zy) is connected if n or § is an odd positive

integer where as the graph Sy(Zy) is disconnected if § is an even positive integer and

K+ (5K, 1f nis odd positive integer.
Sa(Z) = :

2K+ (5 — 1)Ky + 3Ky if § is even positive integer.
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Theorem 3.2.11. For an integer n,

3n+1

tf nis an odd nubmer.
1(52(2n)) = 3n(23n +4)

16
Proof. Case I: Let n be an odd number and from Theorem 3.2.10, G = Sy(Z,) =
m. Then ig(G) = 1; i1(G) = number of vertices in G = n; i3(G) = number
of Kr in Ky + (%53)K, = n- 1; i3(G) = 23(m) = number of K3 in

2
Ki+ (1)K, =0and i,(G) =0V k > 3.

if 5 is an even number.

V(@)
Now i(G) = Y ir(G) = io(G) + i1(G) +i2(G) +i5(G) + - - + in(G)
k=0
—1+n+”7_1+0+---+0— 3”;1.

Case II: Suppose 7 is even number. Then from Theorem 3.2.10,

So(Zy) = 2K, + (§ — 1)Ky + T K».

Let Gy = 2K, + (4 — 1)K and Gy = . Here | G4 |= = and | G ]—

K
4

n
2
Lemma 3.2.5]

= [Zo(Gl) -+ ll(Gl) + Zg(Gl) + 0] X [ZoéGgg) + ZIZEGQ) + ZQ(GQ) + 0]
:(1+g+%_1)x(1+g+%): n( 116—1- )

Theorem 3.2.12. Let G be any simple graph with n vertices. Then

Z{n—l d(v)}

vEV (9)

Proof. For any simple graph G, let | V(G) |=n and | E(G) |= m.

Then i5(G) = (1) —m = ”(”T_l) -

:—{nn—l Zd )}, Since Zd

veV (G veV(G)

=2 > (-1 - dw). a

veV(G)
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Now we explain graphically, how independent set works on Sy(Zgy12) for any

m € N in the following example.

Example 3.2.13. Let G = Zig = {e,z, 2%, 23, .-+ , 2%} and G = Sy(Z1y). Then the

order two element graph Su(Zyg) is as follows:

<

Figure 3.3: Sy(Z0)

From the Figure 3.3, we obtain
i0n(G) =1, 11(G) = 10,
i2(G) = H(vi, v5) :
= [{(e,2), (e,2%), (e,27), (e, 2%), (x,27), (2, 2°), (2, 2%), (2,27), (a2, 2°), (2, 2T),
), (2%,2%), (2%, 2%), (2%, 2°), (2, 27), (2%, 2%), (2%, 2°), (2%, 2°), (2, 2), (%, 2°),

(25, 2°), (2%, 2%), (2, 27), (2%, 2%)}| = 24
i3(G) = |{(vi, vj,08) : vi, v, v € Zyo and v;, v, vy are pairwise non-adjacent}|

= |{(e,z,2%), (e, 2%,27), (e, 23, 27), (z, 2%, 2®), (x, 22, 2%), (x, 2%, 29), (22, 2%, 2®),
(22,28, 2%), (23, 2, 2), (23, 2%, 27), (23,28, 27), (2, 25, 2%)}| = 12
14(G) = {(vi, vj, v, v1) 2 5, 05,0, U € Zyo and v;, v;, Vg, U, are pairwise non-adjacent}|

= |{(x, 22, 28, 2°), (z®, 2%, 25 27)}| = 2.

Vi, Vj € Zyg and v;,v; are non-adjacent}|

Also, we can not find any 5 — tuples vertices so that they are pairwise adjacent in
V(9 V(9

G. Therefore, i(G) = Z ix(G) = 10(9) +1i1(G) +1i2(G) +i3(G) +1i4(G) + in(G) =
14104244 12+2 40 =49, =

From the above example, we understand the graphical structure and visualize the

graph Sy(Zam2) and we have the following lemmas.

Lemma 3.2.14. i5(Se(Z,,)) = 4m(m+ 1), where n = 4m + 2 for any positive integer

m.
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Proof. Consider the graph Sy(Z,), where n = 4m + 2 for any positive integer m.
Let G = Zymyo = {e,z,2%, 23, ..., 21} Then Sg = {e,2?, 2%, ..., 2"} and Gy =
{211 Now the vertex ‘e’ is adjacent to z? 2%, ..., 2% and 22"l So, d(e) =

3 .5 2m—1 ,.2m+3
)

2m + 1. Also the vertex ‘z?™*!’ is adjacent to z, a3, 2°,...,2 T am+1

e X

and ‘e’. So, d(x*™™') = 2m + 1. Since 2’ for i = 1,3,5,...,4m + 1 is adjacent

2m+1—i 3 x4m+1

and z,2°, ..., Am+2-¢

to x except So d(z') = 2m. Similarly, 27 for
j = 2,4,...,4m is adjacent to 2% x%, ..., 2™ except ™27, So d(2?) = 2m. So,
d(v) = 2m Yv € Sy(Z,) \ {e,z*"™'}. Then from Theorem 3.2.12, iy(Sy(Z,)) =

{2(4m~+2—1—(2m~+1))+4m(4m+2—1-2m)} = L (4m+8m*+4m) = 4m(m+1). O
Lemma 3.2.15. Let G = Sy(Z,,) forn =4m+2, m € N. Then i3(G) = 2m(2m —1).

Proof. Let G = Sy(Z,,) and G = Z, for n = 4m + 2, m € N. Then G = Zyyio =
{e,v, 2 2%, ... "1} Now, Sg = {e, 2% 2%, 25 ..., 2"} and Gy = {21}, Let
A = V(S3(Q)) \ Sg U G, where V(S2(G)) is the vertex set of Sy(G). Then A =
{, 23,25 .. ¥ 2?3t So |Sq| = 2m+1 and |A| = 2m. Thus we have
i3(G) = [{(2%, 29, 2%) : 2%, 27, 2% are not adjacent to each other}|.

Now, Ay = {(e, 2%, 27) : i+j = dm+2 and 2*, 27 € A} = {(e, z, 2*™), (e, 23, x¥m~1),

2m+3)

o (e, 2?1 }. As there are m number of pairs (2%, 27) in A so that i + j =

dm + 2. So, |A1| = m.

Similarly, let Ay = {(2*™!, 2" 27) 1 i+ j =4m + 2 and ', 27 € Sg \ {e}}. Then

’A2| = m.

Later, consider A3 = {(z,27,2%) : j + k = 4m + 2 but neither i + j = 2m +
Lnori+k=2m+1andz' € Sg\ {e} & 27,2% € A}. Now, if we fix 2 and count
the pairs (27, 2%) so that j + k = 4m + 2. Then we get m number of pairs in A. But
there exists one pair like (¢, x?™T17% 22 +14%) which does not belong to As. So, we
get m — 1 number of pairs for fixed z°. Now, if we run z* over Sg \ {e} we get the

cardinality of As. So, |As| = 2m(m — 1).

Similarly, let Ay = {(2%, 27, 2%) : j+k = 4m+2 but neither i+j = 2m+1 nor i+
k=2m+1and 2* € A & 27, 2% € Sg \ {e}}. Now, if we fix 2* and count the pairs
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(z7,2%) so that j + k = 4m + 2. Then we get m number of pairs in Sg \ {e}. But
there exists one pair like (¢, x?™ 17 22 +14) which does not belong to A4. So, we

get m — 1 number of pairs for fixed . Now, if we run 2° over A we get the cardinality

of A4. SO, |A4| = 2m(m — 1)

Therefore, i3(So(Zyms2)) = |A1| + [A2| + |As| + |Ay| = m +m + 2m(m — 1) +
2m(m — 1) =2m(2m — 1). O

Lemma 3.2.16. Let G = Sy(Z,,) for n = 4m + 2, m € N. Then i,(G) = m(m — 1).
Also ix(G) =0 for k > 4.

Proof. Let G = Sy(Z,,) and G = Z,, for n = 4m + 2, m € N. Then G = Zyyio =
{e,v, 22 2%, ..., 2" 1}, Now, Sg = {e, 2% 2% 25 ..., 2%} and Gy = {21}, Let
A = V(S2(G)) \ S¢ U Gy. Then |Sg| = 2m + 1 and |A| = 2m. Since, iy(G) =
(2t 27, 2% 2%) : 2t 27 2% 2t are not adjacent to each other}|.

= [{(at, 27,28 2Y) i +j = k+1 = 4m + 2 but sum of any two of i,j,k, 1 #

2m+1 & z%, 29 € Sg and %, 2! € A}|.

Now, the number of pairs (z°, 27) from Sg with i+j = 4m+2is m. Also the number
of pairs (z¥,z!) from A with k + 1 = 4m + 2 is m. But among of these, one 4-tuple
is found so that (2,27, 2%, 2') is not independent as the sum of any two of 4, j, k, [ is
2m~+1. Then |{(2%, 27, 2% 2') : i+j = k+1 = 4m+2 but sum of any two of 4,5, k,| #
2m+1 & 28,29 € Sg and 2, 7' € A} = m(m —1). So, i4(Se(Zsm2)) = m(m — 1).

Now, ix(G) = number of k-tuples so that these k vertices are not adjacent to
each other. In that case we can choose vertices only from S, Gy or A. But we can
not choose three vertices from any one of these sets. If so at least two of them are
adjacent. So we can not find any k-tuples pairs for £ > 4. Hence it(G) = 0 for
k> 4. O

Theorem 3.2.17. For any positive integer m, i(So(Zymio)) = 9Mm? + 5m + 3.

V(9)]
Proof. Let G = Sy(G), where G = Zyy, 12 and i(G) = Z ix(9).

k=0
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Then io(G) = 1 and 41(G) = number of vertices in G = 4m + 2. Now From
Lemma 3.2.14, Lemma 3.2.15 and Lemma 3.2.16, we have i5(Sy(Zym+2)) = 4m(m+1),
i3<SQ(Z4m+2>> = 2m(2m — ].), i4(SQ(Z4m+2)) = m(m - ].) and ik(SQ(Z4m+2)> = 0 for

k> 4.
V(o)
Thus i(G) = Y ir(G) = i0(G) +i1(G) +2(G) + i5(G) + is(G) + - + |9 (G).

k=0
=1+4dm+2+4m(m+1)+2m2m—-1)+m(m—-1)+0+---4+0

= 9m? + 5m + 3. m

Theorem 3.2.18. [41] If n is an odd integer, then Sy(D,) = (n+ 1)Ky + (25+) K.

5 1
Theorem 3.2.19. Let G = Sy(D,,), where n is an odd integer. Then i(G) = n2+ .
Proof. Let G = Sy(D,,) = (n+ 1)K + (%) K, for n is an odd integer.
IV (9)l
Then i(G) = ir(G).
k=0
Now, ig(G) = 1; i1(G) = 2n;

-1
i2(G) = ia((n + 1)K, + (51) Ky) = Number of Ky in (n+ 1)K; + (2551) K, = © —
i3(G) = i3((n + 1)Ky + (25%)K2) = Number of Kz in (n+ 1)K + (%5+) K> =0

V(9)]
-1 5 1
and i,(G) =0V k > 3. Thus i(G) = > _ ix(G) = 1+2n+"2 = ”; . O
k=0

In the next two examples, we will show graphically how independent sets work on

Se(D,,) for even positive integer n.

Example 3.2.20. Let G = Dy = {e,x, 2% 23y, zy, 2%y, 23y} and G = Sy(Dy). Then

the order two element graph So(Dy) is as follows:

Figure 3.4: Sy(Dy)
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From the Figure 3.4, we obtain

i0(9) =1, 1(9) =8,

i2(G) = [{(vi,v;) : vi,v; € Dy and v;,v; are non-adjacent}|

= (e, ), (e,2%), (z,2%), (z,2°), (2%, 27), (y, 2y), (y, &%), (xy, 2°y), (z°y, 2°y) }|
=9

i3(G) = [{(vi, v}, v%) : v;, v, € Dy and v;,v;, vy are pairwise non-adjacent}|

= |{(6,1’,ZE3)}| =1

Also, we can not find any 4 — tuples vertices so that they are pairwise adjacent

V(9)I [V(9)l
in G. Therefore, i(G) = Z i.(G) = i0(G) + 11(G) +i2(G) +i3(G) + in(g) =
k=0 k=4

1+8+9+1+0=19.

Example 3.2.21. Let G = Dg = {e,z,2% 23, 2%, 2%, y, vy, 2%y, 23y, 2*y, 25y} and
G = So(Dg). Then the order two element graph Ss(Dg) is as follows:

2

Yy ® 7y
ry
zly
z°y o %y
e gj4
x
2
2 x3

Figure 3.5: Complement graph of Sy(Dg)

From the Figure 3.5, we obtain

i0(G) =1, i1(G) = 12,

i2(G) = [{(vi,v;) : v;,v; € Dg and v;,v; are non-adjacent}|

= (e, ), (e,2°), (z,2%), (z,2°), (2°,2°), (2%, 2%), (2%, 2°), (2°, 2"), (y, 2y), (y, 2°Y),
(zy, 2%y), (z%y, 2%y), (a%y, a%y), (2ly, 2°y) }| = 14

i3(G) = [{(vi, vj,v8) v, v;, v € Dg and v;,v;, vy are pairwise non-adjacent}|
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- ’{(6,37,1’5)7 (5132,333,5134)}’ =2

Also, we can not find any 4 — tuples vertices so that they are pairwise adjacent

[V(9)l V()]
in G. Therefore, i(G) = Z ik(G) = 10(G) + 01(G) + i2(G) + i3(G) + ir(G) =
k=0 k=4

1+12+14+2+0=29.

From the above examples 3.2.20 and 3.2.21, we understand the graphical struc-
ture and visualize the graph Sy(D,). Using this concept, we arrive at the following

theorems.

Lemma 3.2.22. Let G = Sy(D,,), where n is an even integer. Then

A(0) 8m? —10m +2 if % is an odd number, i.e., n=2(2m —1) = 4m —2
19 =

8m?+2m—1 if & is an even number, i.e., n = 2(2m) = 4m.
Proof. Let G = So(G), where G = D,, = {< z,y >: 2" = e = y? and yr = 7'y} =

3

2 n—1 2, .3 n—-1
{e,z,a?, 2% ..., 2"y, xy, 22y, 2%y, ..., 2" 'y}

Case I: Suppose n = 4m — 2 for m € N.

_ 2 4m—3 2 4m—3 _ 2 .4 6 dm—4
Then G = {e,x,z*, ...,2"" 5y, xy, 2%y, ..., x5y}, Sg = {e,x*, 2%, 2 ... x*™*}

and Gy = {21y, zy, 2%y, ..., 2" 3y} Let A =V (So(G))\ ScUG, = {z, 23, 2°, ...,
p?m=3 p?mtl24m=3) Then |Sg| = 2m — 1; |Gs] = 4m — 1 and |A]| = 2m — 2.
Assume that d(v) is the degree of a vertex v in the complement graph of S3(G). Then
‘e’ is not adjacent to every elements of A. So, d(e) = 2m — 2. Also ‘z*™~ ! is not
adjacent to every elements of Sg \ {e}. So, d(z*™~1) = 2m — 2. Now if z' € S¢ \ {e},

Am=2—i  22m=1 and every elements of A except z2™~ 0+,

then 2° is not adjacent to x
So, d(v) =14+142m—3 =2m -1V v € S\ {e}. Again, each element of
Gy \ {77} is not adjacent to = number of elements of G, \ {z*™"'}. So,
d(v) =422 =2m—2V v € G\ {z?™'}. Again, if 27 € A then 27 is not adjacent to
every elements of Sg\ {#?"~U+D}u{z*™=277}. So, d(v) = 2m—2+1 = 2m—1. Hence
i2(G) = 12m—2+2m —2+ (2m—2)(2m —1)+ (4m —2)(2m —2) + (2m — 2)(2m — 1)]

=2m—24+(m—1)2m—1)+(2m—1)2m—2)+ (m—1)(2m —1) = 8m?* — 10m + 2.

Case II: Let n = 4m for m € N.
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Then G = {e,z, 2%, ..., 2"V y, xy, 2%y, ..., "y}, Sq = {e, 22, 24, 28, ... xim=2}\
{z*™} and Gy = {2®™, y, 2y, 2%y, ..., x*™ 1y}, Suppose that A = V(Sy(G))\SqUG, =
{, 23, 25, ..., 2" 1} Then |Sg| = 2m — 1; |G| = 4m + 1 and |A| = 2m. Let d(v) be
the degree of a vertex v in the complement graph of So(G). Then ‘e’ and ‘a®™ are not
adjacent to every elements of A. So, d(e) = d(z*™) = 2m. Now if 2* € S \ {e}, then
2% is not adjacent to ™% and every elements of A. So, d(v) = 1+ 2m = 2m + 1
Vv € Se\{e}. Again, each element of G5\ {z®™} is not adjacent to *2* number of el-
ements of Go\ {z?"}. So, d(v) = 2 =2m Vv € G5\ {z?™}. Again, if 27 € A then 2
is not adjacent to every elements of SqU{z?*™}U{x?™7}. So, d(v) =2m—1+1+1=
2m + 1. Hence i5(G) = 3[2m + 2m + (2m — 2)(2m + 1) + (4m)(2m) + (2m)(2m + 1)]
=2m+ (m—1)2m+1) + (2m)(2m) + m(2m + 1) = 8m? + 2m — 1. O

Lemma 3.2.23. Let G = Sy(D,,), where n is an even integer. Then

(0) 2m* —2m if % is an odd number >3, i.e., n=2(2m —1) = 4m —2
13 =

4m? —2m if % is an even number > 2, i.e., n = 2(2m) = 4m.

Also, ix(G) =0 for k > 4.

Proof. Let G = So(G), where G = D,, = {< z,y >: 2" = e = y? and yr = z7 'y} =

3

2 n—1 2, .3 n—1
{e,z,a?, 2%, ..., 2"y, xy, 22y, 2%y, ..., 2"y}

Case I: Suppose n = 4m — 2 for m > 3.

_ 2 4m—3 2 4m—3 _ 2 .4 6 dm—4
Then G = {e,x,z*, ...,z 5y, xy, 2%y, ..., "5y}, Sqg = {e,x* 2%, 2% ... x*™*}

and Gy = {21y, vy, 2%y, ..., 2" 3y} Let A = V(So(G))\ ScUG, = {z, 23, 2°, ...,
p?m=3 gl p4m=3Y Then |Sg| = 2m—1; |G| = 4m —1 and |A| = 2m — 2. Now,
we are going to find 3-tuples vertices in V' (S32(G)) so that they are pairwise non-
adjacent.

Let A; = {(e,z",2"") : ', 2" € A}. Then |A;| =m — 1.
Ay = {(a®™ H at 2™ ") s at 2" € Sg \ {e}}. Then [Ay| =m — 1.
Az = {(2%, 27, 2%) 1 2" € S \ {e}, 27, 2% € Awith j+k=n,i+j#2m—1,
i+ k#2m —1}. Then |A3] = 222 x 2222 — (;m — 1)
Ay =A{(a%, 27, 2%) 2t € A 27, 2% € Sg\ {e} with j+k=n,i+j #2m—1,

i+ k#2m —1}. Then |Ay] = 222 x 222 — (;m — 1)
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Also, we can not find any 3 — tuples vertices from {y, zy, 2%y, ..., 2™ 3y} so that
they are pairwise adjacent. Therefore, i3(G) = m—1+m—1+(m—1)>+(m—1)>+0 =

2m? — 2m for m > 3.
Case II: Let n = 4m for m > 1.

Then G = {e,x, 2%, ..., 2" Yy, xy, 2%y, ..., 2y}, Sq = {e, 22, 2%, 25, ..., xim=2}\
{z*™} and Gy = {2*™, y, zy, 2%y, ..., x*™ 1y}, Suppose that A = V(Sy(G))\SqUG, =
{a, 23, 25, ..., 2" 1} Then |Sg| = 2m —1; |Ga| = 4m+1 and |A| = 2m. Now, we are
going to find 3 — tuples vertices in V(S2(G)) so that they are pairwise non-adjacent.

Let A; = {(e,z",2"") : ', 2"~ € A}. Then |A;| = m.

Ay = {(z*™, 2%, 2" : 2, 2" € A}. Then |As] = m.

Az = {(2%, 27, 2%) : 2' € Sg \ {e}, 27, 2% € A with j +k = n}.

Then [A3| = (2m — 2) x 2 =2m(m — 1).
Ay ={(2%, 27, 2%) 1 2t € A 27, 2% € Sg \ {e} with j +k =n}.
Then |Ay| = 2m x 222 = 2m(m — 1).
Also, we can not find any 3 — tuples vertices from {y, vy, 22y, ..., 2™ 1y} so that

they are pairwise adjacent. Therefore, i3(G) = m+m+2m(m—1)+2m(m—1)+0 =

4m? — 2m for m > 1.

Moreover, we can not find any k — tuples vertices from G such that they are

pairwise adjacent. Therefore, i, (G) = 0 for k > 4. O

Theorem 3.2.24. Let G = So(D,,), where n is an even integer. Then

10m* —4m —1 if % is an odd number >3, i.e., n=2(2m —1) = 4m — 2

i(9) =
12m? + 8m if 5§ is an even number > 2, i.e., n = 2(2m) = 4m.
V(9)l
Proof. Since i(G) = ir(G). Now, ix(G) = 1;
k=0
8m —4 if §is an odd number, that is n = 2(2m — 1) = 4m — 2
i(9) = V(9)] =

8m if 5 is an even number, that is n = 2(2m) = 4m.
From Lemma 3.2.22,
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2(0) 8m? —10m+2 if % is an odd number i.e., n = 2(2m — 1) = 4m — 2
19 =

8m*+2m—1 if % isan even number i.e., n = 2(2m) = 4m.

From Lemma 3.2.23,

2m? —2m if % is an odd number > 3 i.e., n=2(2m —1) = 4m — 2

i3(9) =

A4m? —2m if % is an even number > 2 i.e., n = 2(2m) = 4m.

10m? —4m —1 if % is an odd number > 3, that is n =2(2m — 1) = 4m — 2

12m? + 8m if §is an even number > 2, that is n = 2(2m) = 4m.

]

3.3 Product of graphs S,(G;) and S,;(Gs) over two
groups GG; and Gy
Let us recall different standard notations of products of two graphs.

Definition 3.3.1. /8] Product of two graphs G and G :

(i) The Cartesian product Gi1Gs of G1 and Gs is defined as follows:
V(GiDG2) = V(G1) x V(G2) and (g1,92) ~ (91,95) if and only if either g = g;

and ga ~ gy or g1 ~ gy and go = gb.

(i1) The direct product G; X Go of Gi and Gs is defined as follows:

V(G x G2) = V(G1) x V(G2) and (g91,92) ~ (91,93) if and only if g1 ~ g; and
92 ~ G-

(i1i) The strong product Gy W Gy of G1 and Gy is defined as follows:

V(G X Gy) = V(Gy) x V(Ga) and (g1,92) ~ (91, 95) if and only if either g1 = ¢}

and gy ~ gy or g1 ~ gy and ga = gy 0T g1 ~ gy and gz ~ gh.

Note : Here g1 ~ g} means g is adjacent to gj.

Now we have the following result which follows from the above definition.
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Corollary 3.3.2. Let Gy and Gy be any two groups. Then direct product of So(G1) X
So(Ga) is complete if and only if So(G1) and So(G2) are complete.

Example 3.3.3. Consider G is cyclic group of order 4. Let G = {e,z,2* 23} and
H = {e,z*}. Then G/H = {H,zH}. Then the graphs So(G) and So(G/H)OS,(H)

are shown below:

€ 1'2 (H7 6) (Ha Iz)

[ ] [ ] : :

x SL’S (va 1’2) (l’H, 6)
Figure 3.6: Sy(G) Figure 3.7: So(G/H)OSy(H)

From the above Figure 3.6 and Figure 3.7, it shows that So(G) and So(G/H)OS.(H)
are not graph isomorphic as So(G/H)OSo(H) has two vertices of degree 2 but So(G)

has no vertices of degree 2.

Example 3.3.4. Consider G is cyclic group of order 9. Let G = {e, z, 2, 23, 2*, 25, 25,

27, 2%} and H = {e,x3,2%}. Then G/H = {H,xH,2*H}. Then the graphs So(G)
and So(G/H)OSy2(H) are shown below:

(?H,2%  («*H,2%) (2°H,e) (zH, 25)
Fi 8
igure 3.8: 5:(C7) Figure 3.9: So(G/H)OS,(H)
From Figure 3.8 and Figure 3.9, it shows that So(G) and So(G/H)OSy(H) are not

graph isomorphic as So(G) has two vertices of degree 4 but So(G/H)OSy(H) has one

vertex of degree 4.
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From the above examples we have if G is any cyclic group of finite order except the
order 4m+2 for m € N and H be any subgroup of G then Sy(G) and Sy(G/H)TS,(H)

are not graph isomorphic. Now we have a following theorem.

Theorem 3.3.5. Let G be any finite cyclic group of order 4m + 2, m € N. If H

be any subgroup of G. Then So(G) is graph isomorphic to the Cartesian product

Proof. Let G be any cyclic group of order 4m + 2, m € N and G =< x >. Let H
be any subgroup of G with | H |= m;. Then H is a normal subgroup of G and
H =< 2P >, where p is a divisor of 4m + 2 and 0 < p < 4m + 2. Also G/H is a
cyclic group and G/H =< xH >. Now, we define a mapping f : G - G/H x H
by f(z¥) = (zFH, 2?%), where 0 < k < 4m + 2. Let a and b be any two element
of G such that a and b are adjacent to each other in S;(G). Now, let a = zM

and b = zF2.

Since a and b are adjacent to each other then either o(ab) = 2 or
ab = t% for some t € G. So o(z"M*2) = 2 or gM1tk2 = 22k (¢ = 2% € G). Now
fla) = f(z*) = (2 H, 2P%) and f(b) = f(2*?) = (aF2 H,2P*?). Let 2" H = 2™ H
then aPFt gphz = gplkithe) — g2k — (gPk3)2 — 42 for some t; € H. Again, let
aPP = gPk2 then oF Hak2 H = gtk [ = g2 [ = (2% H)?, 2% H € G/H. So if a, b

are adjacent to each other then f(a), f(b) are also adjacent to each other. Therefore

the mapping f is well defined.

One-One: lLet a # b for a,b € G where a = 2™, b = z" with r; # o and
0 < ry,re < 4m + 2. Now, let us assume that f(a) = f(b) = f(z™) = f(2™) =
(x" H,xP") = (2™ H,2"?) = 2™ H = 2™ H and 2P = 2P™. Now, if 2" H = 2™ H
= """ € H = 2" = 2P% where 0 < sy < my =| H |< 4m + 2. If s; = 0 then
ry — 19 =0 as ri,ry < m. So ry = ry a contradiction. Let s; # 0, then 2" 7"27P%1 = ¢
where e is the identity element of G. = r; — 19 — ps; = (dm + 2)ky, for some k; € N.
Now 0 < ri,rmg <dm+2,0<p<dm+2and 0 < s1 < m; < 4dm+ 2. =
ry—re —psy < 4dm+2 = r; —ry — psy # (4dm + 2)ks for some ko € N So if a # b
then f(a) # f(b) for any a,b € G. Hence f is one-one.

Since | G |=| G/H | x | H |, so f is also onto mapping. Then f is a graph isomor-
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phism. Therefore, So(G) is graph isomorphic to the Cartesian product So(H )OS, (G/H)
of So(H) and So(G/H). O

3.4 Domination number of the graph S;(G) over a
group G

Definition 3.4.1. [52] Domination Number: A dominating set in a graph G = (V, E)
s a subset of V' with the property that every vertex in G is either in the dominating
set or adjacent to a vertex that is in the dominating set. The domination number of

G is denoted by Domn(G) and is defined as the cardinality of a minimum dominating

set of G.

Theorem 3.4.2. Let G be a finite group of even order and Sqg U Gr be a subgroup
of G, where Sg be the set of squares of G and Gr be the set of those elements of G
whose order is 2 but not in Sg. Then Sg U Gr is a normal subgroup of G and S»(G)
is a disconnected graph with | G/(Sq U Gr) | components.

Proof. Since G is a finite group of even order. Let | G |= 2n. Let G = {e, a1, aq, ..., an,
C1yCy ey Cry X1, Ty oy Ton—m—r—1}, Where a; = ¢7 for some ¢; € G and (¢;)? = e for all
j=12..,r. Let H= SgUGr. Then H = {e,ay,as,...,am,c1,Co,...,c.}. Let
B =G\ H = {x1,29, ..., Tan—m—r—1}. Since H is a subgroup of G. Then m +r + 1

divides 2n. Let mffﬂ = k. Let x; be any element in B and y € H. Now consider

the element xiyxi_l. If y = a; for some 1 = 1,2,...,m then a; = t7 for some t; € G.
Now zyyx; ' = zit?w;t = (wit0;,1)? = 22 for some z; = x;t;v; " € G. So, xyyx; ' € H
fory = a;. Iy =c;fori=1,2,..,r then (z;yx;')? = z’x;! = z;c?x;' = e. So,

zyz; ' € H for y = ¢;. Therefore H is a normal subgroup of G and | G/(SqUGr) |= k.

Again as H is a subgroup of GG then the clouser property holds on H. Now, if y;
and y; are any two elements of H then y,y; is also an element of H. Therefore y;
is adjacent to y;. So, Sy(H) forms a subgraph of S3(G). Also no element from H is
adjacent to any element of B. Then Sy(H) forms a component. Therefore So(G) is

disconnected.
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Since | G/H |= k. Then there are k number of distinct left cosets of H in G. Our
assumption is that these k£ number of distinct left cosets form &£ number of components

in SQ(G)

If possible, let there exist vertices p, ¢ belonging to distinct cosets z;H and x;H
respectively such that p be adjacent to ¢ in S3(G). Suppose p = z;y; and g = z,;y; for
vi, y; € H. Then pq = x;y;2;y; = t7 for some t; € G or (pq)? = e. Now, if zy,x,y; =
7 = ay, take a, = 7. = zyr; = aiyj_l € H = yur; €x;'H=x,H = Huz,
(if ,€e BCG = 2?2€ H = x;H=21;"H). = z; €y;'Hr; = Hy; = x;H

a contradiction as x; € x;H and o, H Nx; H = ¢.

Again, if zy,x5y; = ¢ (take t7 = ¢))
= X;Y;T; = cly;1 € H — yx; € :r:;lH =x;H = Hy; — x; = y[lﬂxi =
Hzx; = x;H a contradiction. As z; € x;H and z;H Nx;H = ¢.

Now, if z;y;x;y; = a7 (take t; = x; € B)
= TYiT; = x%yj_l € Hasz!€H, yj_1 € H and H is normal in G.
= Y;T; € ZL’Z-_IH =a,H = Hx; = x; € yi_lei = Hx;, = x;H a contradiction.
Hence, these k number of distinct left cosets form k& number of components in Sy(G).

]

Proposition 3.4.3. [f1] Let G be a group, Sg be the set of squares of G and Gr
be the set of those elements of G whose order is 2 but not in Sg. Then in the graph
So(G), the degree of any vertex is given by

’SGUGT‘—L ifl’2:€
|Sq UGr|—2, otherwise.

deg(z) =

Theorem 3.4.4. Let G be a finite group of even order and Sg U Gr be a subgroup of
G, where Sg be the set of squares of G and G be the set of those elements of G whose
order is 2 but not in Sg and let | G/S¢ U Gr |= k. Then Domn(Sy(G)) < 2k — 1.

Proof. If GG is a finite group of even order and S U G is a subgroup of GG, then by
the above Theorem 3.4.2 we get that S UG is a normal subgroup of G and Sy(G) is
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a disconnected graph with | G/(S¢ U Gr) | components. Suppose that H = Sg U G
and |G/H| = k. In G, consider k distinct cosets are H,x1H,...,x;_1H. By the
proof of above Theorem, we have the subgraph induced by H,x1H,...,z;_1H form
disconnected subgraph of S3(G). In the subgraph induced by H, each vertex adjacent
to e. Let z;H be an arbitrary coset. Then |x;H| = |H| and by Proposition 3.4.3,
deg(x;) is either |H| — 1 or |H| — 2. If deg(x;) = |H| — 1, then each vertex of z; H
is adjacent with z; and if deg(x;) = |H| — 2, then z; is adjacent with each vertex
of x;H except an element y (say). So in this case, {z;,y} is dominating set of the
subgraph induced by z;H. Since x;H is an arbitrary coset, So Maximum cadinality
of the subgraph induced by z;H is 2. Thus the domination number Domn(Sy(G)) <
14+2(k —1) = 2k — 1. 0

1if n=odd
Proposition 3.4.5. Domn(Sy(Z,,)) =

3if n=even
Proof. Let G = Sy(G), where G = Z,, = {e,x, 22 23, ..., 2" 1}.

Case-I: Let n be an odd number. Then Sg = {e,z,z% 23, ...,2"'}. Now ‘¢’
is adjacent to rest of all vertices of So(Z,). So, {e} is the dominating set. Thus

Domn(Ss(Z,,)) = 1, when n is odd.

Case-II: Let n be an even number. Then Sg = {e,2? 2%, ...,2" 2} and G =
{x2} C Sg. Then {e,x*, 2"} is the dominating set where 2' € G\ (S¢UGr). Thus
So(Zy,) = 3, when n is even. O

1if n=odd
Proposition 3.4.6. Domn(S2(D,,)) =

3if n=even
Proof. If n = odd then ‘e’ is adjacent to rest of all vertices of Sy(D,,). So, {e} is
the dominating set. Thus Domn(Sy(D,)) = 1, when n is odd. If n = even then

{e,x" """} is the dominating set. Thus Sy(D,) = 3, when n is even. O

Proposition 3.4.7. Let G be any finite group, Sg be the set of squares of G and Gr
be the set of those elements of G whose order is 2 but not in Sg. Then the graph
So(G) is connected if | S¢ U Gr |> @
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Proof. Since G is a finite group. Let G = {e,a1,a9,- -+ ,an_1,¢1,¢2, -+ ,Cp, T1,Tg, " - -
,x) } where a; = 7 for some t; € G and (¢;)? = e. Then SgUGr = {e,a1,as," -+ ,a,_1,
C1,02,- , ). So | Sqg UGr |= n+r. Clearly ‘e’ is adjacent to every elements of

SqUGT. So, ScUGT is an induced connected subgraph of So(G). Let B = G\ SqgUGT.
Since | Sq¢ U Gr |> @ Son+r >k. Now | B|> 2. Asif possible x; € B then
;'€ B. Nown+r >k = n+r—2>k—2. From 3.4.7, we have d(z;) = n+r—2
for z; € B. So d(x;) > k—2. As =, is not adjacent to ;' and | B |= k. So maximum
degree of any vertex of B is k — 2. But d(x;) > k — 2. Therefor z; is adjacent at least
one vertex of SgUGr. As Sq¢UGT and B are connected then Sy(G) is connected. [

Proposition 3.4.8. Let G be any finite group, S be the set of squares of G and Gr
be the set of those elements of G whose order is 2 but not in Sg. If the graph So(G)

is disconnected then | Sg U Gp |< @

Proof. Let the graph Sy(G) be disconnected. Since Sg U Gr is connected. Then B
must forms one or more than one components. So, d(z;) < k — 2 for x; € B. Also
from 3.4.3, d(z;) = n+r—2for x; € B. Thereforn+r—2<k—2 = n+r < %ﬂrk

:>|SgLJGT|§@ ]

Theorem 3.4.9. Let G be any finite group, Sg be the set of squares of G and G be
the set of those elements of G whose order is 2 but not in Sg. If the square element

graph So(G) is connected, then Domn(S2(G)) <| G | — | S¢ UGr | +1.

Proof. Let G = {e,ay,as,...,a,_1,C1,Co,* "+ ,Cp, 1, T2, -+, Tx} wWhere o(¢;) = 2 and
a; = t? for some ¢; € G. Then ‘e’ is adjacent to the rest of all elements of Sg U Gr.
Let A = SqgUGr = {e,ay,a9, -+ ,ap_1,¢1,¢2,-+- ,¢.} and B = G\ SqgUGr =
{z1,29,- -+ ,x21}. So, So(A) and Sy(B) form two induced subgraphs of S3(G). Since
So(G) is connected then there exists at least one path from one vertex in A to another

vertex in B. Let D = {e,x1,x9,...,x5}. Then this D is a dominating set. So,

Domn(S:(G)) <| G | — | S¢ UGr | +1. O

Theorem 3.4.10. Let G be any finite group. If So(G) be a disconnected graph

with k components and m number of isolated vertices. Then Domn(S2(G)) < 1+
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k-1
Z(| S; | =1) +m, where S; are the components of So(QG).

i=1

Proof. Let G = {e,a1,a2, -+ ,Qpn_1,C1,Coy + ,CryT1, T2, , Tpy Y1, Y2y -+ s Ym}- Let

A=S5UGyp then | A|=n+r. Let z1,29, -+ ,x, form (k — 1) subsets so that they

form (k—1) connected subgraphs of So(G). Let the (k—1) subsets be Sy, Sa, - -+, Sk_1
k—1

then Z | Si |=p. Now, if we take ‘e’ from A, take (| S; | —1) vertices from each S;

=1
and take all m number of isolated vertices then the cardinality of dominating set is
k—1

1+ (| Si | =1) +m. So, Domn(Sy(G)) <1+ > (| Si | —1) +m. O
i=1
Theorem 3.4.11. Let G; and G5 be two groups. Then the following are holds:

1) Domn(S2(G1)) x Domn(S2(G2)) < Domn(Se(G10Gs)), where So(G10Gs)) is
the graph cartesian product of So(G1) and Sa(Gs).

2) Domn(Ss(G1)) x Domn(S2(G2)) < Domn(S2(G1 x G3)), where So(Gy x G2))
is the graph direct product of So(G1) and S2(G3).

3) Domn(S2(G1)) x Domn(S2(Gs)) < Domn(So(Gr W Gy)), where So(G1 X Gy))
is the graph strong direct product of So(G1) and Sa(G2).

Proof. 1) Let Gy = {e1,a1,a9,"+* ,0p,,C1,Coy"+* ,Cpyy T1, Ta, -, Tp, } With a; = 2 for
some t; € Gy and (¢;)> = e for all j =1,2,--+ 7y and Gy = {ea,b1,ba, -+ , by, di,
doy -+ ydryy Y1, Y2y 5 Uky } With b = 2 for some t; € Gy and (d;)? = e; for all
Jj =12 7y Also, let D; = {ey, 21,22, -+ ,2,}, where 1 < p < k; and Dy =
{e2,y1,92, -+ , Yy}, where 1 < g < ky. Assume that these D; and Dy are the minimum
dominating sets of So(G1) and Sq(G2) respectively. Then Domn(S2(Gy)) =| Dy |=
p+ 1 and Domn(S2(G2)) =| Ds |= q + 1.

Now if possible, let D; X Dy be a dominating set of So(G10G2). Then by the
definition of dominating set, every vertex of Sy(G10Gs9) is either in Dy x Dy or is
adjacent to a member of Dy x Dy. Now we choose one vertex of So(G3), say by which is
not adjacent to yi, vy, -+ , ¥y, Now, from the definition of graph cartesian product of
two graphs, (eq, b1) is neither in Dy X Dy nor adjacent to any member of D X Ds. So
the cardinality of the domination number of Sy(G10G,) is greater than | Dy x Dy |.
Hence, Domn(S2(G1)) x Domn(Sy(G2)) < Domn(Se(G10G2)).
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Proof of 2) and 3) are same as 1). O
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Chapter 4

Topological indices of So(G)

4.1 Introduction

First order two element graphs were defined over a finite group by S. Pradhan, S. Kar
and B. Biswas in [41]. Later Pradhan et al. studied independence and domination
number of order two element graph over a group in [42]. A graph invariant is a real
number related to a graph G that is invariant under graph isomorphism, that is, it does
not depend on the labeling or the pictorial representation of a graph. In chemistry,
graph invariants are known as topological indices. Topological indices have many
applications as tools for modeling chemical and other properties of molecules. The
Wiener index (see in [24]), the Hyper-Wiener index (see in [32]), the Harary index
(see in [58]) and the Gutman index (see in [25]) are the most studied topological,
both from a theoretical point of view and applications. All of these works used
topological index techniques to analyze a graph’s graph-theoretic features. However,
we try to use these topological indices to explore the graph-theoretic features of a

graph constructed over an algebraic structure.

As an oldest topological index, the Wiener index of a (molecular) graph G, first
introduced by chemist Harold Wiener [53] in 1947. Many works have been done in
Wiener index of different algebraic graphs. In [24], M. Eliasi et. al., they determine

the Wiener index of graphs which are constructed by some graph operations.

66
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Definition 4.1.1 (Wiener index). Let G = (V, E) be any graph. Then the Wiener
index W(G) of the graph G is defined as

W(G) = Z d(u,v) :% Z dg(v), where dg(v Z d(u,v)

{uv}CVv(9) veV(G) ueV(9)

The hyper-Wiener index of acyclic graphs was introduced by Milan Randic in
1993. M. H. Khalifeh et. al., they studied the hyper-Wiener indices of the Cartesian
product, composition, join and disjunction of graphs in [32]. The definition of the

hyper-Wiener index is as follows:

Definition 4.1.2 (Hyper-Wiener index). Let G = (V| E) be a graph. Then the hyper-
Wiener index WW(G) of the gmph G is defined as
1
WW(G) = + Y dQ(u v) = Z (v

{u VICV (G vEV @)

where d?(u,v) = d(u,v)?.

The Harary index has been named in honor of Professor Frank Harary on the
occasion of his 70th birthday. Kexiang Xu and Kinkar Ch. Das, they characterized
some lower and upper bounds on the Harary index of graphs with different parameters,
such as clique number and chromatic number, and charaterize the extremal graphs
at which the lower or upper bounds on the Harary index are attained. The definition

of Harary index is defined as follows:
Definition 4.1.3 (Harary index). Let G = (V, E) be a connected graph. Then the
Harary index of the graph G is defined as

1 1 1
HE) = D, d(u,v):§Z dg(v)

{u,v}CV(9) veV(9)

The Gutman index is also known as Schltz index of second kind. The Gutman
index is a natural extension of the Wiener index. V. Andova et. al., they studied
among all graphs on n vertices, the star graph S,, has minimal Gutman index in
[?]. In addition, they presented upper and lower bounds on Gutman index for graphs
with minimal and graphs with maximal Gutman index. The Gutman index of a finite

connected graph G is defined as follows:
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Definition 4.1.4 (Gutman index). Let G = (V, E) be finite connected graph. Then
the Gutman index Gut(G) of the graph G is defined as
Gut(G)= > d(u)d(v)d(u,v)
{uv}CV(9)
In this chapter we mainly characterize in detail the order two element graph over
the groups Z,, and D,, through the Wiener index, Hyper-Wiener index, Harary index
and Gutman index. Also, we determine a general formulae for finding the Wiener

index, Hyper-Wiener index, Harary index, and Gutman index of the order two element

graph over the finite groups Z, and D,,.
From the above definitions, we have the following lemma.

Lemma 4.1.5. If G is a disconnected graph with Gi,Gs, - -+ , G connected components

then
k k k

(i) W(G) =D W(G), (i) WW(G) =Y WWI(G), (iii) H(G) =Y H(G:),

1= =1 =1

(iv) Gut(G) = Z Gut(G;).

4.2 Wiener, Hyper-Wiener, Harary and Gutman in-
dices of order two element graph over Z,.

This section focuses on the structure of order two element graph over the group Z,
and provides a general formula for distance-based topological indices (Wiener, Hyper-
Wiener, Harary, and Gutman index) for the graph Sy(Z,). To better visualize the
graph Sy(Z,), we refer to the examples below.

Example 4.2.1. Let G = Sy(Zg) and G = Zg = {e,z,2%, 23 2", 2°}. Then Sg =

{e,2?, 2} and Gy = {23}. For any v € V(G), we have dg(v) = Z d(u,v). The
ueV(G9)
order two element graph Sy(Zg) over the group Zg is shown in figure 4.1.

From Figure 4.1, since e is adjacent with x*, 23 and x*, then d(e,2%) = 1, d(e, 2®) =

1, and d(e,xz*) = 1. But, e is not adjacent with x and x°, although there is a path
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Figure 4.1: Sy(Zs)

e <+ x of length 2 between e and x, and a path e <> z° of length 2 between e and
25, So, d(e,x) = 2 and d(e,z°) = 2. Therefore, dg(e) =2 +1+1+1+2 =17,

1 1 1 1 1 1
dé<€):22+12+12+12+22:11cmd — 4444 =2

dgle) 21717172
Applying the similar concepts, one can find dg(x) = 8, dg(z?) = 8, dg(x®) = 7,
dg(£B4) = 8, dg($5) = 8.

Therefore, W (G Z dg (v 7+8+8+7+8+8]—23
UGV(Q

Moreover, dg(e) = 11, di(z) = 14, di(2?) = 14, dg(2*) = 11, di(a*) = 14,
dg(z°) = 14.
Therefore, WW (G Z d(u,v) + Z d*(u,v))]
{u v}eV(9) {uv}ev(9)

1.1 1
:5[5(7+8+8+7+8+8)+5(11+14+14+11+14+14)]:31.

Al 1 4 1 7 1 7 1 1 7 1 7

SO0, —— —= = — = = = — =

Tdg(e) 7 dg(x) 27 dg(ax?) 27 dg(ad) dg(z*) 27 dg(z®) 2
1 1 1 7 7T 7

Therefore, H(G) = - g(:g) o —altrgtg ity Tal-n

Again, d(e) = 3 = d(2?), d(z) = d(2?) = d(z*) = d(2°) = 2.

Therefore, Gut(G) = Z d(u)d(v)d(u,v).
{uv}eV(9)
As d(u)d(v)d(u,v) = d(v)d(u)d(v,u), then

Gut(G) = 1[{d(e)al@)al(e x)+d(e)d(z?)d(e, 2?)+d(e)d(z?)d(e, 2®)+d(e)d(z)d(e, 2*)+
d(e)d(z°)d (6 2*)} + {d(z)d(e)d(z, e) + d(x)d(z?)d(z, 2?) + d(x)d(2?)d(x, 2°)

+ d(z)d(z")d(z, 2%) + d(z)d(2)d(z,2°)} + {d(a?)d(e)d(2*, €) + d(2*)d(x)d(z*, x) +
d(z*)d(z®)d(2?, 2°) + d(2?)d(2")d(2*, ") +d(2?)d(2®)d(2?, 2°) } +{d(2°)d(e)d(2?, e) +

X
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d(z®)d(z)d(x?, z) + d(23)d(x?)d(23, 2?) + d(2®)d(z*)d(2?, 2*) + d(2®)d(2°)d (x>, 2°) } +
{d(zY)d(e)d(z*,e) + d(z*)d(z)d(z*, x) + d(x)d(2?)d(z*, 2%) + d(z*)d(2®)d(x?, 23)
(xh)d(xP)d(z*, 25%)} + {d(x®)d(e)d (x5, e) + d(x®)d(z)d (2%, z) + d(2°)d(x?)d(z®, x?)
(25)d(2?®)d(2, 23) + d(25)d(z*)d(x5, 2*)}]
—%[(3><2><2+3><2><1+3><3><1+3><2><1+3><2><2)+(3><2><2+2><2><1—|—

LEB

_l’_
d +
d

IX2X142X2X24+2Xx2X2)+(3X2X14+2X2X1+2X3X2+42X2X24+2x%x2X
2)+(3Xx3Xx14+3x2Xx14+3x2x2+4+3x2Xx24+3x2x1)+(3x2x14+2x2x2+2X
2X24+3X2Xx242x2Xx1)+(3X2Xx242x2x2+2Xx2x24+3x2x14+2x2x1)]
= 121.

Example 4.2.2. Let G = Sy(Z7) and G = Zy = {e,x, 2%, 23, 2%, 2%, 2°}. Then Sg =
{e,x2? 23, 2, 2°, 2%} and Gy = ¢. From Figure 4.2 and similar way from 4.2.1, we

have

Figure 4.2: Sy(Z7)

W(G) =24, WW(G) = 27, H(G) = 19.5, Gut(G) = 630.

Example 4.2.3. Let G = Sy(Zg) and G = Zg = {e,x, 2%, 23, 2 2%, 25 27}, Then

Se = {e, 2,2, 2%} and Gy = {z*}. From Figure 4.3 and similar way from 4.2.1, we

Figure 4.3: So(Zs

have

W(G) = 15, WW(G) = 18, H(G) = 10.5, Gut(G) = 73.



CHAPTER 4. TOPOLOGICAL INDICES OF S,(G) 71
Lemma 4.2.4. Let G = Sy(Z,,), where n is any odd positive integer. Then for x* € Z,

n—1ifazt=e

dg(a') = ‘
n ifxt#e
Proof. Let G = Z, = {e,x,x? 23 --- ;2" '}, where n is odd positive integer. Then
Sqg = {e,x, 2% 2%,--- 2" '} and G5 = ¢. Now, e is adjacent with each z' for i =

1,2,3,--- ,n — 1. Therefore, d(e,z') = 1. Also, ' is adjacent with z7 with j # ¢ and
j #mn —i. Then d(2%,27) = 1 but d(z*, "% = 2.

Now, dg(e Zdew (n—1) x 1 =n—1, where G = Sy(G).

zieV
Also for z° # e, dg(z') = Z d(x', 27)
zieV
=d(z' e) +d(z',x) +d(z", 2®) + - - + d(z', 21 + d(at, ) + - d(at, 2 +
d(z', ") +d(2t, 2" ) + o d(2f ") = (n—-2) x 1+ 1 x 2 =n. O

Lemma 4.2.5. Let G = Sy(Z,), where g is any odd positive integer. Then for
2 eZ,

3n—4

dg(z') = 3n2_

2

n
2

if ' =-eorx

2 if ' #e

n
Proof. Let G = Z, = {e,z,x?, 23, --- 2"}, where 5 is odd positive integer. Then
Sq={e,x?,z*, - 2" 2} and Gy = {27}, where 22 ¢ S.

e - n
1 if i =evenori=3

Then d(e,z") =

2 if i =odd
n 3n—4
N dg( d( ——1 1 1 ——1)x2= .
ow, dg(e Z e,r) ) x1+ +(2 ) X 5
zieV H,_/ for % S—~—
even case odd case 3 4
(23) = 3 d(a?,a") = 1 +(g—1)x1++(g—1)x2: ”2 .
eV fore — N=——— N——
odd case even case
For 7 is odd, dg(x Zdw z7)
eV

=d(z' e) + [d(z', z) + d(z", 23) + - - + d(2°, 22) + d(2", 22) + - - -+ d(x", 2" 2) +
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n

d(a’, ") + d(a’, 2" ) (2, 2]+ [d(a, 2?) + d(af @)+ d(af 23T +
d(xi, x%—z) + d(;(:i, x%—i+2) S d(xz" In—Q)]
=2+{<§—2> x 1+2}+{<§—z> c2i1) -

3n — 2
5

=d(z',e)+d(z*, x) +d(z", :E3)+- cbd(2t, 22T d(2 o) dd (0 w2 )
d(z', 2" D]+ [d(z%, 2*) +d(xt, 24) 4 - - +d(xf, 2" 2) +d (2, 2T ) 4 - d (2 27 ?))

3n —4
:1+{(g—1)><2+1}+{(2—3)><1+2}= n2 :
3 - n
, " zf:czeorxf
Therefore, dg(z') = 3n—2 O

if ot #e

n
Lemma 4.2.6. Let G = Sy(Z,,), where 5 1s any even positive integer. Then for

e Z,

, g—l if o' =cora?
dg(z') = ¢ - ‘
Ez'fxz#e

Proof. Let G =Z, = {e,z,2*, 23, --- ;2" '} and G = S,(G), where % is even positive
integer. Then S = {e, 2%, 2%,--- ,2" 2} and Gy = {22}, where 22 € Si. Now, we
divide the vertex set V = G of G into two disjoint set A = {e,z? z* -+, 2" %} and
B ={z,2% 2% .- 2" '}. Then G, with vertex set A and G, with vertex set B form
induced subgraphs of G such that G = G; U Gs.

Lifi A g j A n—i

2if i j j=n—i

Now, for the graph G;, we have for 2%, 27 € A, d(z*,27) =

Then dg, (e Zdew :(5—1)x1—§—1anddg1( %):Zd(x%,xi):
zieA zieA

o
2

Moreover, for i 7& , dg, (x Z d(x', 27)

= d(z',e) + d(z',2?) + d(z', z*) + - - + d(2", 277%) + d(2*, 2"?) + -+ + d(2, 2"77) +
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<t d(xt 22
n n
=(=—2 14+1x2=—.
(2 ) x 141X )

For the graph Go, we have d(x%,27) = 2 if i # j and V 2%, 29 € B. Then,

dg,(x de )

zieB

= d(z
n n
(-2 x1+1x2=2

Theorem 4.2.7. The Wiener index of the graph G = So(Z,,) is

(2
n 5 1, if nis odd
2 _9n—4
W (Ss(Zy)) = 3n+’ z’fgis odd
2

e o
-1, zfizs even

n
\ 4

Proof For n is odd positive integer, we have from the Lemma 4.2.4,

Z dg(u dgle)+ D dg(a)]

uEV eV (G)\{e}
1 1 21
=3ln-n+ > n]zi[n—1+(n—1)n]:n2

z'eV(G)\{e}

For g is odd positive integer, we have from the Lemma 4.2.5,

ng dg(e) +dg(z3) + > dgla')+ D dg(x

UEV eV (G) z*eV(G)
i=odd,i# % i=even,i#n

_1[371—4_‘_372—4_‘_(2_1)371—2+(ﬁ_1)3n—2]_3n2—2n—4
S22 2 2 2 2 2 4 ‘

For — is even positive mteger we have from the Lemma 4.2.6,

W(G) =W(G1) +W(g Z dg, (u +— > dg,(u
uGVg1) uevgz)
1 n n
:§[dg1<)—|—dg1 5 Z dg1 2 Z 5
eV (Gr) u€V(G2)
i#n, g
1. n n n n. nn n? n®> n?
S VA D A I S A T (R DI
2[(2 >+(2 )+<2 )2]+24 8 +8 4

Theorem 4.2.8. The Hyper-Wiener index of the graph G = Sy2(Z,,) is

o) +d(zt, 2?) 4 - d(xt 22+ d(xt 2T 4 d (a2 A+ - d (2

73

:En—l)
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( 2 _2
l, if nis odd

m? = n—4
WW (So(Zy)) = % ifgis odd
n2—|—2n—8_

\ 4

P 2
1, zfazseven

Proof. Let G = Sy(Zy,), where G = Z,, = {e,z, 2% 23, -+ 2" 1},

e,x, 22 23, - 2" Y if nois odd ¢ if nisodd
Then Sg = { } and Gy =

{e,x?, 2z -+ 2" 2} if nis even {2} if nis even

Now, the Hyper-Wiener index of the graph G is defined as
1 0 1 1 0
WWEG) =51 Y dwe)+ Y Rww)=5WG) +; Y )
{uv}CV(9) {u,w}CV(9) veV(G)
Case-1: Let n be an odd positive integer, then by Lemma 4.2.4, we have

dgle)=n—1)x1*=n—-land dg(z") = (n —2) x I+ 1 x 22 =n+2.

21 1
Therefore, using Theorem 4.2.7, WW(G) = n T Z[(n —1)+(n—-1)(n+2)]
_ n’+n—2
- 5 ,

Case-2: Let g be an odd positive integer, then by Lemma 4.2.5, we have

dg(e):(g—n><12+1><12+(g—1)><22:5"2_8.

n 5 _8
dg<x2)21x12+(%—1)x12 (%-1)><22— ”2 .
Foriisoddbuti;«éa,dé( )—1><22+{(——2)><12+1><22}+{( 2)x224+1x1?}

on — 2
N Bn — 2
Foruseven,dg(x)_1><12+{( )><22+1><12}+{( 3)x 12 +1x 22} = ”2.

m2—2n—4 150—8 5n—38

Therefore, using Theorem 4.2.7, WW(G) = " 8n —1—1[ n2 + n2

n m — 2 n o — 2 n2—n—14
——1 ——1 = .
(2 ) 2 +(2 ) 2 ) 2

Case-3: Let — is an even positive integer, then by Lemma 4.2.6, we have

Forgl,dgl(e):(§—1)><12:g—1, dgl(a;%):(g—nxl?:ﬁ—L

2
. 4
dél(x’):(g—Q)x12+1><2 :”; .
1 1. n n n n+4 n?+4n — 24
— d? = —|(=—1 ——1 ——2 = .

{u,v}CV(G1)
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, 4
For Go, C@Z(aﬂ):(g—m x1241x22="12
1 _1n n+4 n(n +4)
- d? = i
{u,w}CV(G2)
24 1 24 4n—24 1
Therefore, using Theorem 4.2.7, WW (G) = n 3 + 3 X M—Tn + 5 X
n(n+4) n*+2n—38 o
8 4 '
Theorem 4.2.9. The Harary index of the graph G = So(Z,,) is
(n—1)2n —1
(n )in ),z’fnz'sodd
3n? —4 4
H(Sy(Zy,)) = %, if g is odd
n? —3n+2 n
nwodnt2 o omn.
\ 1 ,if 5 is even
Proof. Let G = Sy(Z,), where G = Z,, = {e,x, 2%, 23, -+ ;2" 1},
{e,v, 2% 2% -+ 2" 1} if nis odd ¢ if nisodd
Then Sg = and Gy =
{e,x?, 2% -+ 2" 2} if nis even {22} if nis even
1
Now, the Harary index of the graph G is defined as H(G) = Z }
d(u,v)
{u,v}CV(G)
Case-1: Let n be an odd positive integer then by Lemma 4.2.4, we have
1 1 1 _2n—3
=(n-—1 d -2 —+1x .
dg(e) (n—1) an dg (x?) Z d xt xd) ) 1 * 2 2
Therefore using Theorern 4 2. 7
(2n—3), (n—1)2n—-1)
—1 -1 = .
it LRl
2ieV (G
Case-2: Let 5 be an odd positive integer, then by Lemma 4.2.5, we have
1 n 1 1 n 1 3n-—-2
()Xo Ix s (e x == .
o~ G rixg G - xg ==
1 1 n 1 n 1 3n-2
x4+ (e x s+ By x = .
A R T AR AR T R At R
Foriisodd but i # &, - = Ix +{(3~2)x T+ 1x )+ {(h 2 x s +1x 7}
rii - = o
oriis o ut @ 3" do(@) . 5
3n—4
==

1 1 n 1 1 n 1 1 3n —4
For i i —— =1Ix-+{(z—D)x=+1Ix=}+{(==3) x=+1x =} = :
or 7 is even, e 1 {(2 ) 5 1} {(2 ) 1 2} 1
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Therefore, using Theorem 4.2.7,

1 1 1 1 1
HO =slotaent 2 e &)

eV (G) eV (G
i=odd, i#%g i=even, z;én
la o 3n—2 n 3n—4 n 3n—4. 3n®—4n+4
— _[3n2 Z - -1 = .
2[ T T 4 + (2 1 4 + (2 ) 4 ] 8

n
Case-3: Let 5 is an even positive integer, then by Lemma 4.2.6, we have

1 n 1 n 1 n 1 n
F —(z-Dx-=c-1, ——=(=—-1)x-==—1.
AT e S A R R B
1 1 1 —
. :(2—2)><—+1><—:n
dg, (z') 2 1 2 2
1 1 1. n n n n—3 n°—3n+4
H S E = _[(=—1 ——1 —=2 =
. {u,v}CV(G1) . 5
n n—
or Gy G~ (g T A g
1 1 1n n-3 n(n — 3)

H - = = —|— =

So, H(G2) 5 g ) 2[2>< 2] 3
{u,v}CV(G2)
23 4 -3

Therefore, using Theorem 4.2.7, H(G) = H(G1) + H(Gs) = i 8” + + n(n8 )

2 _
:n 3n—i—2. -

4

Theorem 4.2.10. The Gutman index of the graph G = So(Zy,) is

n(n—1)2%(n—2), if nis odd

4 14n3 4+ 40n> — 72 4
Gut(Se(Zy,)) = 3n 7"+ 40n 7n+6,ifgisoddcmdn>6

16
3nt —22n3 4+ 32n% +64n—96 . n .
s if 5 s even

\ 32
Proof. Let G = Sy(G), where G = Z, = {e,z, 2%, 23, --- 2" 1}.
{e,x,x*,23,--- 2"} if nis odd ¢ if nis odd
Then Sg = and Gy =
{e,x?, 2 --- "2} if n is even {2} if nis even

It is clear that if g is odd then z2 ¢ Sg but if ﬁ is even then z2 € Sg.

Define for u,v € V(G), d(u)d( Z d(zx d(x', 27).

a:JEV (9)

Then Gut(G) = Y d(u)d(v)d Z d(u ().

{uv}eV(9) x’EV
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n—1,if 2t =e

Case-1: Let n be an odd positive integer. Then d(z") = .
n—2 if ' #e

Now, using the Lemma 4.2.4,

d(u) = > de v =d(e) Y d')d(e ')

eV (G) z'eV(G)
=(n- 1)[(n— 1)( —2)x1]= (n— 1) (n—2).

d(u) Z d(x d(x', 27)

I €V (G)

= d(z%)d(e)d(x, e)+d(2")d(x)d(z*, ) +d(x")d(x*)d(z", 2*)+- - +d () d(x" V) d(2t, 277 1)+
d(z)d(x™™)d(zt, ) + -+ 4 d(2t)d(2" ) d(2t, ") + - -+ d(2h)d(z" ) d (2 )
= (n—2)(n—1) X 1+(n—3)(n—2) X 1—1—(71—2)2 x2=(n-1)>3n-2).

1 1 ,
Therefore, Gut(G Z d(u v') = Sd(u)d(v)dg(e)+5 d(w)d(v)dg(z')
x eV (G =€V (G)\{e}

B %(n —1)*(n—2)+ %(n — 1)(n —1)2(n—-2) = n(n—1)%(n — 2>.

Case-2: Let g be an odd positive integer and n > 6.

no., . n
A —, if ' =eor x2
Then d(z") = {2

n
5~ 1, otherwise

Now, using the Lemma 4.2.5,

d(u) = D dle)d ')

eV (G)

= d(e){d(z)d(e, z) + d(z*)d(e, ) + - - + d(:}f)%)d(e, m%) 4o d(@ Vd(e, 2" )} +
d(e){d(x?)d(e,2?) + d(z*)d(e,x*) + - - + d(z"?)d(e,2"?)}

n(3n? — 10n + 12)

=§«§—m€—nx2+§xu+9«@—m§—nxu= 5
eV (G)
= d(z2)[d(e)d(x2,e) + {d(x)d(x2,z) + d(z®)d(z2,2%) 4+ - - - + d(z" " )d(x2, 2" )} +
d(x2){d(x?)d(x2,2?) + d(x)d(x2,2*) + - - + d(z"2)d(e, wn;);] N
L e S NG LRI LU L)
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%

d(z")d(x2)d(2", 22+ -+ d(2V)d(x2)d (2%, 22 )+ - - d(2)d(a" ) d(2F, 2"+ -+
(2')d(z")d(2", 2" )} + {d(a")d(2?)d(a", 2%) + d(2")d(2")d(a?, 2*) + - - -
+d(2")d(x2)d(a, ﬁ”) +d(x")d(a")d(a", 2" %)}

—D)x2+{Z(G -1 x1+ (G- D2 x2+ (5 -3)(5 - D2 x 1 +{(5 D x

(n—2) n—8n+16)

—2)(5—1) x 2} = 5

d(x

”\I\’JI;’

For i is even, d(u) Z d(x d(x', x7)
zIeV(G)
= d(a")d(e)d(a, e)+{d(x")d(z)d(a", )+d(z")d(2*)d(x", 2%)+ - -+d(z*

b d(@)d(z)d(2t, w2) - A d(ah)d(2" Y d(2 2 Y+ {d (@) d(2?

d(a)d(z)d(a’, 2%) + - -+ d(a")d(a"")d(a", 2" ) + - - + d(a")d(2"?)d(2", 2" 72) }

g(g 1) x 1+{(g—1) X 1+(§—21)g ><2—|—(§—2)(——1)2 ><2}+{(g—1)2><
94 (g _3)(g 12k} = (n—2)(3n8— 8n—|—16).

Therefore, Gut(g Z d(u

) ) :L" eV (G) .
= Zd()d(0)dg(e) + zd)d()dg(xt) + 3 Y d(u)d()dg()

z'eV(G)
i=odd, z;ég

+% > d(w)d(v)dg(a*)

eV (G)

i=even, i#n

1 -1 12) 1 21 12) 1 -2 2 1
_1 n(3n% — 10n + )+_Xn(3n On + )+_X(E_1)(n )(3n* — 8n + 6)+

2 8 2 8 2 2
1 y <n 0 (n—2)(3n* —8n +16)  3n* — 14n® 4 40n® — 72n + 64
272 8 a 16 '

n . E—1,Z'fo":eo7‘ar,'%
Case-3: Let 5 be an even positive integer. Then d(z") = 721
5~ 2, otherwise

Now, using the Lemma 4.2.6, for the graph G,

d(uw)d(v)dg,(e) = Y d(e z')
eV (G1)
= d(e){d(x*)d(e,x?) + d(z*)d(e,2*) + - + d(x2)d(e,x2) + - - + d(z"?)d(e, 2" %)}
n (n—2)(n2—6n+12)'

=G -D{G-2G-)x1+(G-1x1}= S
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o n n ; —2)(n* — 6n + 12
Similarly, d(u)d(v)dg, (z5) = Y d(a¥) o4 )= (=2 < n+12)
eV (Gy)
d(w)d(v)dg, (z') = > d(a")d(z")d(a", )
zIeV(Gr)
= d(x")d(e)d(z", ) + d(x")d(2x?)d(x", 2%) + d(z")d(x*)d(x", 2*) + - - +
d(z')d(z"")d(a", 2" ") + d(2")d(z"?)d(2", 2" 7?)
PP oy xix2+ (oo k1t (ogpxp MOt E)
2 2 . 2 2 2 B 8
So, Gut(G1) = 5d(u)d(v)dg, (e) + 5d(u)d(v)dg, (%) + 3 i;g d(u)d(v)dg(z")
T 12
_ 1 (n —2)(n* —6n + 12)%_1>< (n —2)(n* — 6n + 12)+1x(2—2)x n(n® — 6n + 8)
2 8 2 8 2742 8
B n* — 6n% + 64n — 96
B 32
For the graph Qg,
d(u)d(v)dg,(z') = Y d(x d(2, %)
zI €V (G2)

= d(z")d(x)d (2%, z) + d(x")d(x3)d(z*, 2®) + - - - + d(2)d(z" ") d(xt, 2"7)

+ d(z)d(z" V)d(xt, 2" T) ne
=(%‘2)2(§—2)X1+<‘_2)X2:n(n; )
So, Gut(Gy) — % S dw)d(v)dg, (+') = % 2 n(n; 4?2 n (nlg 1)
zteV(Ga)

Therefore, Gut(G) = Gut(Gy) + Gut(Gs)
~ n* =60+ 64n — 96 N n*(n—4)*  3n*—22n% 4+ 32n* 4 64n — 96 0O
B 32 16 32 '

4.3 Wiener, Hyper-Wiener, Harary and Gutman in-
dices of order two element graph over D,,.

In this section, we mainly discuss about the structure of order two element graph over
the group D, and established a general formula for the distance-based topological

indices (Wiener, Hyper-Wiener, Harary, and Gutman index) for the graph Sy(D,,).

Let G=D, ={(z,y) : 2" =y* = e and yr = 2" Yy} = {e,x, 2% - ;2" 1y, 2y,
2%y, .-+, 2"y} and G = Sy(D,,). Then one can verify that (z'y)(z/y) = ™77 =
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' for all i # j and 4,5 = 1,2,--- ,n. For better visualization of the graph Sy(D,,),

readers can see the following examples.

Example 4.3.1. Let G = Dy = {e,z, 2% 23, y, vy, 2%y, 2%y} and G = Sy(Dy). Then
Sq = {e,2?} and
Gy = {2%,y, vy, 2%y, 23y }. Now, from Figure 4.4, one can verify the following.

Figure 4.4: Sy(Dy)

W (Ss(Dy)) = 37, WW(Sa(Da)) = 46, H(Sa(Dy)) = &, Gut(So(Ds)) = 843.

Example 4.3.2. Let G = Ds = {e, x, 22, 2%, 2%, y, vy, 2%y, 2%y, 2y} and G = Sy(Dy).
Then Sq = {e,x, 2% 2, 2%} and Gy = {y, vy, 2%y, 23y, x*y}. Now, from Figure 4.5,

one can verify the following.

Figure 4.5: Order two element graph over D5, So(Ds)

W (Sa(Ds)) = A7, WW (Sy(Ds)) = 49, H(So(D5)) = 1L Gut(Sy(Ds)) = 4979,

Example 4.3.3. Let G = Dg = {e,z, 2%, 23, 2%, 27, y, vy, 2y, 23y, xty, 25y} and G =
Sa(Dy). Then Sg = {e, 2, 2'} and Gy = {23, y, vy, 2%y, 2%y, 2'y, 2°y}. Now, from
Figure 4.6, one can verify the following.

W (Sy(Dg)) = 80, WW (So(Ds)) = 96, H(Sa(Dg)) = 59, Gut(Sz(Dg)) = 5986.
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Figure 4.6: Order two element graph over Dg, So(Dg)

Theorem 4.3.4. The Wiener index of the graph So(D,,) is

an? —n—1
u, if nis odd
5n? — 3n — 2
W (S2(Dy)) = %, ifgisodd
5n?—n—2 . n
———  if = is even
2 2

Proof. Let G = D,, = {e,z,2,--- ;2" Yy, xy, 2%y, -+ ,2" 'y} and G = Sy(D,,).

Case-1: Let n be an odd positive integer. Then Sg = {e,z, 2% --- , 2" '} and
Go = {y,zy, 2%y, - 2"y},
Now, the degree of vertices of the graph G are
d(e) =2n —1,
diz')=2n—-2Vi=1,2,--- ,n—1,
diz'y) =2n—-1Vi=1,2,--- n.

Also, the distance between any two pair of vertices is
dle,z)=1Yi=1,2,--- ,n—1,
dle,z'y) =1V i=1,2,--- ,n,
Lif i jAn—i
2, if j=n—1
d(z'y, ) =1V i,j=1,2,--- ,n,
dz'y,x’y) =1, if i#£jandi,j=1,2,--- n.

d(z',27) =
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Now, dg(e Zdeu—2n—1
ueV(G)
Similarly, for each i = 1,2,--- ,n, dg(z'y) = Z d(z'y,u) = 2n — 1.
ueV(G)
Also, for each i = 1,2, - -1,
deu dex]—i-d dexj
ueV(G9) I €V (G) ziyeV (g
Jj#Fn—1i

=n—-2)x1+2+nx1=2n.

Therefore, W(G) = % Z dg(u) = %[dg(@) + Z dg(z") Z dg z'y)]

1 4n? —n—1
=3l@n = 1)+ (n=1) x 20 +n(2n - 1)] = %
Case-2: Let g is an odd positive integer. Then Sg = {e, 22, z%,--- 2" 2} and

Gy = {xg,y,aﬁy,a?y, e ,x”_ly}. Then x2 ¢ Sq.

Now, the degree of vertices of the graph G are

d(e :3_n
dixll)—Qé
R
d(x') = 5 Vi=1,2,---,n—1except 5
d(:v"y):%lVizl,Q,--- M.

Also, the distance between any two pair of vertices is

‘ 1,z'fz':e'uencmalz':E

d(e,z") = n2
2, ifizoddandi;é§

dle,z'y) =1Vi=1,2,--- ,n

o 1, ifz'—l—j:evenandijtjzﬁbuti+j7én

d(z',2?) = n2
2, ifz’—l—jzoddbuti—i—j#iandz’—l—jzn

d(xzy,x]):1Vz,]:1,2,,n
1,ifi—j=evenandi—j= —

d(z'y, 'y) = N
2, if i—j=oddbuti~j# 3

Now, dg(e) = Z d(e,u) = Z d(e,2") +d(e,z2) Z d(e,z")

ueV(9) '€V (G) eV (G)
i=odd, i#%g i=even
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Yoo odlealy) = (5 -1)x2+ 1+ (5 - 1) x T+nx1= 522
ziyeV(G)

dg(z2) = Z d(x Z d(z2,z") + Z d(z?,2") + d(z?,e)+

ueV(G) eV (G) z'eV(9)

i=odd i=even, i#n

no 5n — 4
3 d(xa,x@y):(g—1>x1+<g—1)x2+1+nx1: ”2 .
ziyeV(G)

n
For each odd 7 except 5

ueV(G9)
- Z d(x', 27) + d(2", ") + Z d(z’, %) + d(a’, 2277
21 eV (G) 21 eV (G)
j=odd, j#n—i Jj=even, j#£5—i
n n on — 2
d( Iy =(= —=2) x 142+ (= —-1)x2+1 1= X
+ > d@t 2y (3=2x1+2+ (5 -1 x2+1+nx 5
zIyeV(G)
For each even 7 except n,
Z d(x', u)
ueV(G)
= Z d(zt, 27) 4 d(z*, 2277 + Z d(z',27) +d(a', ")
ijV(g) ijV(g)
j=odd, j#%—i j=even, j#n—i
o 5n — 2
+ Y dtay) :(%—1) ><2+1+(g—2) Xx1+24nx1= "2 .
zIyeV(g)
For each i, dg(z'y) = dey, Z d(x'y, 27) + Z d(x'y, 27y)
ueV(9) zIeV (G :vJyEV(Q)
i—j=even, 5

) ) n n 5n —4
Y d@iyaly) =nx 4o x 14 (5 —1) x 2= .
+ | (x'y, 27y) = n x —|—2>< +(2 ) X 5
zIyev(9)

i—j=odd, i—j#2

Therefore, W (G Z dg(u
uGV(Q

]_ n 7 7

= 5ldg(e) +dg(z2) + Yo odg(x)y+ > dg(a)+ Y dg(a'y)]
eV (G) eV (G) ziyeV(G)
i=odd, 7,752 i=even, i#n

1[5n—4+5n—4+(n 1)X5n—2+(n 1)X5n—2+ X5n—4] 5n% —3n — 2
= — _— _—— n = .

2 2 2 2 2 2 2 2 2

Case-3: Let g is an even positive integer. Then Sg = {e, 2z, z*,--- "2} and

= {22, y, 2y, 2%y, -, 2" 'y}. Then 22 € S.
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Now, the degree of vertices of the graph G are

d(e) 3n —

2

QU

U

Also, the distance between any two pair of vertices is

d(e, ') =

(
d(z) — 3n2
("

Y

3n—2
2 )
Vi=12,--

-2

1, if i = even

2, if i = odd

dle,z'y) =1Vi=1,2,---

d(z',27) =

dz'y,2?) =1V i,j=1,2,-

d(a'y, 2y) =

2
dg(z2) = Z d(z3,u) = Z d(z?,z
ueV(g) xievcgdg)

—9
—gx2+(§—1)x1+nx1:5n .

2
For each odd i,
Z d(x', u)
ueV(g
= Z d(a: ,20) + d(x
2 eV (G) I €V (G)
j=odd, j#n—i j5:even
=(§—Q)><1+2+g><2+n><1:—n

. n 2
For each even i except —

Bn — 2
gx2+(g—1)x1+nx1: n-s

de xj

-,n — 1 except 3

Vi=1,2-,n

1, ifi+j=evenbuti+j#n

2, ifit+j=oddand i+ j=n

1, if i —j = even

2, if i—j=odd

Zdex + Zdex

eV (G)

i=even

Z d(e, z'y)

ziyeV(G)

Z d(x%,xiy)

xiyEV(g)

Z d(x', 27y)

zIyeV(G)
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ueV(G9)
Z d(x’, %) Z d(x’, 27) + d(2', ") + Z d(x', 27y)
eV (G) 21 eV (G) zIyev(G)
] =odd j=even, j#n—i
KV S LU SV D SV L
= — —_ — n = —
2 2 2
For each i, dg(z'y) = Z d(z'y,u) = Z d(x'y,27) + Z d(x'y, 27y)
uweV(G) zIeV(G) J:JyEV (9)
i—j=even
A A 5n — 2
Z d(z'y, x’y) :nxl+(g—1)xl+gx2: n2 :
alyev(g)
i—j=odd
1
Therefore, W(G) = 5 Z dg(u)
ueV(G)
1 n
S CCRIED SR SEREES S
eV (G) z'eV(9) ziyeV (g
i=odd i=even, i#g,n
1[5n—2+5n—2+nx5n+(n 2)X5n+ X5n—2] 5n? —n —2 =
S — X —+ (= — —+n = :
2 2 2 2 2 2 2 2 2

Theorem 4.3.5. The Hyper-Wiener index of the graph Ss(D,,) is
(

2n? — 1, if nis odd

WW(Sa(Dy)) = < 3n? —2n — 2, if g is odd

3n?—2, if g is even
Proof. Let G = D,, = {e,z,2*,--- ;2" Yy, xy, 2%y, -+ ,2" 'y} and G = Sy(D,,).

Case-1: Let n be an odd positive integer. Then Sg = {e,z, 2% --- , 2" '} and
Gy = {y,zy, 2%y, - , 2" 'y}. Now, using the degree and distance property from
Theorem 4.3.4, Case-1, we have
Z d*(e,u) = (2n — 1) x 12 = 2n — 1.
ueV(G)
Similarly, for each i = 1,2,--- ,n, dg(z"y) Z d*(z'y,u) = (2n—1)x1*> =2n—1.

ueV (g
Also, for each i =1,2,--- ;n—1,

ZdQ:cu Zd2xmj+d2 T Zdex]
ueV (g I eV(G) zIyev(9)
J#EN—i

=n—2)x124+22+nx1>=2n+2.
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Therefore, Z d2(u + ) )+ Y di(aty))

ueV(g zteV(G) zityeV(G)

1 4n* +n — 3
= Z[(Zn —D+n—1D2n+2)+n2n—1)] = —
4 —n—1 4n? -3
Moreover, WV (G) = Z dg(u n 4n + +4n
uEV(g)
=2n? — 1.
Case-2: Let g is an odd positive integer. Then Sg = {e, 22, z*,--- 2" 2} and

Gy ={x2,y, 2y, 2%, --, 2" 'y}. Then 22 & Si. Now, using the degree and distance
property from Theorem 4.3.4, Case-2, we have

ZdQeu) Z d*(e,2") + d*(e,22) Zd2ex

l\')

ueV(G) eV (G eV (G
1oddz7$2 zeven

20 i n 2,12 (" 2 o Mm—38

+ E d(e,xy):(g—l)XQ +1 +(§—1)><1 +nx1%= 5

ztyeV(G)

dZ(z?) Z d*(x Z d*(z2,2") + Z d*(z2,2") + d*(22,e) +

ueV(g eV (G) eV (G)
i1=odd i=even, i#n
. ™m—38
Sty :(2_1)><12+(E—1)><22+12+n><12: S
2 2 2
ziyeV(G)
For each odd 7 except g,
>
ueV(9)
= > AE)HEE ) Y B )+ da et
I eV(G) a'eV(G)
j=odd, j#n—i Jj=even, j#5—i
n n m—2
(2 2y) = (= —2) x 12422 4 (= — 1) x 22412 x 12 = :
+ Y, Pty = (G -Yx PP+ (G- x P+ 40 5
zIyeV(G)
For each even 7 except n,
PR
ueV(G9)
= Z (2, 27) + (2, 2570 + Z (', 27) + &P (2, 2™ )
21 eV (G) eV (G)
j=odd, j#%—i j=even, j#n—i
n n n — 2
d2 J J=(z—1)x224+12+ (= —2) x 12422 x 12 = )
+ Y At aly) = ( s~ DX 2+ (5 -2 x 1P+ 2+ 5

zIyeV(G)

For each i,
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d(z'y) Z Plaiyu)= Y dy2))+ Y d(a'y,aly)
ueV (G zIeV(G) 2IyeV(G)

i—j=even, 3

. . T — 8
+ Z dz(xzy,xjy):nX12+E><12—|—(E—1)><22: n-e

, 2 2 2
zIyev(9)
i—j=odd, i—j#

n
2

Therefore, Z () = JldE(e) + dat) + DT A Y die

u€V z'eV(G) z'eV(G)
i=odd,i# 5 i=eveni#n
1.™m—-8 ™m—-—8 n m—2 n ™ — 2 m—8
A2 m_ " _
>, A= gl G G ) X ]
ziyeV(G)
™n? —5n —6
1 .
m?—3n—2 ™2 —5n—6
M d _
oreover, WW(G) = Z o(u 1 + .
uEV(g)
=3n%—2n—2.
Case-3: Let g is an even positive integer. Then Sg = {e,z?, 2%, .-+, 2" 2} and

Gy = {x2,y, 2y, 2%y, --, 2" 'y}. Then 22 € Si. Now, using the degree and distance
property from Theorem 4.3.4, Case-3, we have

ZdQeu Zd26x Zd2€x—|—2d26xy

ueV(G9) eV (G eV (G) xiyeV(G)
= odd i=even
™m—2
:gx22+(g Dx24nx12=""25
h- T e chm S ft e Y bt
ueV (g eV (G eV (G) zlyeV(Q)
i:odd7 9 1=even
n n n —
= —x224+(=—-1)x1? x 12 = .
5 + (2 ) +n 5
For each odd 4, dg(x Z d* (2", u)
ueV(G)
= Z d* (', 27) + d? (2, 2"~ Z d*(z", 27) Z d* (", 27y)
€V (G) eV (G) zIyeV(G)
j=odd, j#n—i Jj= e’;en 4
n n n +
=(=—2)x12+224+ — x2? x 12 = )
(2 ) +2°+ 5 +n 5
For each even ¢ except 5 , 1, dg Z d* (2", u)

ueV(G9)
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Z d* (2, 27) Z d* (', 27) + d*(2', 2" Z d*(z", 27y)

I eV (G) eV (G) ziyeV(G)
j=odd j=even, j#n—i . 4
n n n +
= —x24+(=—2)x 1242 x 12 = .
5 + (2 ) +22+n 5
For each 4, d}(z'y) = Z d*(z'y, u) Z d*(z'y, 27) + Z d*(z'y, 27y)
ueV (g zIeV (G xﬂye\/(g
. 21 j=even
Z d*(z'y, 27y) = n x 12—1—(%—1) ><12+g x 22 = n2— :
I yev(G)
i—j=odd
Therefore, Z dg(u) = =~[dg(e) + dg(z2) + Z dg(x Z dg(z') +
uGV (9) eV (G eV (G)
1= odd i=even,iZ£5,n
Z a2 1[7n—2+7n—2+nx7n+4+(n_2)7n—l—4+nx7n—2]
vl =15 2 2 2 2
ziyeV(G)
TP +n—6
— 7 )
5n2 —n—2 TM™m?>4+n—=6
Moreover, WW (G) = Z dg(u) = 1 + 1
uEV 9)
=3n? — 2. O

Theorem 4.3.6. The Harary indez of the graph So(D,,) is

( 2_4 1
6n—n+’ if nis odd
™m? —3 2
H(Sy(Dy)) = %, ifgisodd
14n% — Tn — 2 fn
\ 3 , 0 22$even

Proof. Let G = D,, = {e,z,2°,--- ;2" Yy, xy, 2%y, -+ ,2" Yy} and G = Sy(D,,).

Case-1: Let n be an odd positive integer. Then Sg = {e,z,z?, --- , 2" '} and

Go = {y,zy, 2%y, -+ , 2" 'y}

Now, using the degree and distance property from Theorem 4.3.4, Case-1, we have

1
Now, dg(e) = Z i) =2n— 1.
ueV(G)
A 1
Similarly, for each i = 1,2, ,n, dg(z'y) = Z Ay =2n— 1.
'Y, u

Also, foreach i =1,2,--- ,n — 1,
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Zd!L’ZCL‘] xzxnz Z dxlxj

( U

ueV(G) I €V (G) ziyeV (g
1 1 1J7£”4’ 3
n —
= —2)X =+ = X — = .
(= xqHgtnxg="3
Therefore, W (G Z dg(u g(e) + Z dg(z") + Z dg(z'y)]
uGV(Q xii\é/(g) z'yeV(9)
1 4n — 3 6n? —4 1
—slen-1D+(n-1)x =" +n(2n—1)]:%.
Case-2: Let g is an odd positive integer. Then Sg = {e, 22, z*,--- 2" 2} and

= {:E%ayamyax2y7 e 7l‘n71y}' Then ZE% € SG'

Now, using the degree and distance property from Theorem 4.3.4, Case-2, we have

1 1
Now: doe) = D Gy = 2 qea P aean b 2 @

w\:

ueV(G) eV (G) eV (G)
i=odd, i#%g i=even
n 1 1 n 1 1 -2
-1 -+ = ——1 - - = .
2 d(e,ay) =G xg Gl xganxy 1
ziyeV (g
n 1 1 1 1
dg(xf):ZT: Z =~ T Z T 7 +
e d(z2,u) eV (G) d(z2,x") Hev o) d(zz,z%) d(xz,e)
i=odd i=even, i#n
1 n 1 n 1 1 1 ™m—-2
——=(z—1) x4+ (z—1) x =+ - X — = .
2 R I B T T TR A R T T
ztyeV(G)
For each odd 7 except g,
A 1
dg(z*) = _—
g(% ) d(x27 u)
ueV(G9)
1 1 1 1
B Z d(xt, x9) i d(xt, zn=?) * Z d(z?, z7) * d(mi,x%_i)—i_
7 eV (G) 7 eV (G)
j=odd, j;én i Jj=even, j#5—i
n 1 1 1 1 1 Tn—4
2 dx’mﬂ (52 1+2+(2 )Xoty 4
zIyeV (g
For each even 7 except n,
. 1
dg(x') = .
g(l’ ) Z d(ml,u)
ueV(G9)
1 1 1
N Z d(z?, x9) * d(xt, x277) * Z d(«'fiaﬂ?j)—i_
2 eV(G) I eV(G)

j=odd, j#%—i j=even, j#n—i
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1 1 n 1 1 n 1 1 1 T"m—4
S — (D) XS4 (m x4 I .
d@zy%0+,§: d oy~ G Uxg Tt g Ax gty =

zIyeV(G9)
> et
d(z'y, 27y)

d xly’ :C]) eV ()

i—j=even,q

For each i, dg(z'y) Z d
('y, u

d(xiy, xi 1 271 2 2 4
i—j=odd, i—j#%

Therefore, W(G) = % Z dg(u)

ueV(G)
1 n
= 5ldg(e) +dg(x2) + Yo odgla)y+ > dgla)+ Y dg z'y)]
eV (G) z'eV(G) ziyeV (g
i=odd, i# %G i=even, i#n
1[7n—2 7n—2+(n 1)X7n—4+(n 1)X7n—4+ X7n—2] ? —3n+ 2
= — —— - n = .
2" 4 4 2 4 2 4 4 4
4. 22} and

n
Case-3: Let — is an even positive integer. Then Sg = {e, 2%, x

Gy = {z2,y, 2y, 2%y, - ,2" 'y}. Then 2% € Sg.
Now, using the degree and distance property from Theorem 4.3.4, Case-3, we have
1

Now, dg(e) = Z (
ueV(9) zeV(G)
i=odd 'Leven
nxl+(n 1)leL ><1 ™ —4
= — — —_— - n - =
2 2 2 1 1 4
n 1 1 1
G = D TE T 2 dEe T X Z
d(xz,u) d(xz, r2,T
ueV(G) occhgg) xEV ) ziyeV(g
n 1 1 1 Tn—4
= — —+(——1)x—+n><I: T

272 12 1
For each odd i

d
ueV (g
- -1 = R >
A d(xt,x7)  d(z?, z"77) d(xZ al) d xt aly
I €V (G) zIeV(9) ziyeV (G
j=odd, j#n—i j=even
(n 2)><1—|—1—|—n><1—|— ><1 m—3
= (— — — — — _ n N .
2 1 2 2 2 1 4

For each even 7 except 5 n,

Z dex’ Z d ) Z m
ziyeV(9)
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eV (G) I eV (G) zIyev(g
j=odd j=even, j#n—i
_nX1+(n 2)><1_{_1+ ><1_771—3
T2 1T T T
) 1
Fi h i, dg(x'y) = — =
or each 7, dg(z'y) Z d(ziy, ) Z d(x’y,xf Z d xl%gjj
ueV(G) I €V (G) nyEV 9)
i—j=even
d(xiy, 27 1 2 1 272 4
eV (©) (ziy, xiy)
i—j=odd
Therefore, W(G Z dg(u
uEV(g
1 n
= 5ldg(e) +dg(a2) + Y dg(x Z + > dg:):y
eV (G) z'eV(9) ziyeV (G
i=odd i=even, i#g,n
1[77L—Zl_i_771—41_i_n>< 7n—3+(n 2>X7n—3+ X?n—4] 14n? — Tn — 2
= — —_ —_— n =
2" 4 4 2 4 2 4 4 8
Theorem 4.3.7. The Gutman indez of the graph So(D,,) is
(20n* — 42n% + 27n? — 3n — 2
n n—|—2 n n , 1f nis odd
450 — 57n® 2 _ 520 + 32
Gut(Sz(Dy)) = on = 5Tn —I—ZOn ban + 9 ,if g is odd
45n* — 99n® +100n? — 12n+8 . n .
, 1f = is even
\ 8 2
Proof. Let G = D, = {e,x,2*, -+ 2" Ly, zy, 2%y, -+ ,2" 'y} and G = Sy(D,,).
Case-1: Let n be an odd positive integer. Then Sg = {e,z,2?, .-+ , 2" '} and

Go = {y, zy, 2%y, -+ , 2" 'y}

Now, using the degree and distance property from Theorem 4.3.4, Case-1, we have

Now, d(u)d(v = > d(e + Y d(e d(e, z'y)

zteV(G) ziyeV(G)
Z d(x )+ Z d(z'y)d(e, 2'y)]
zteV(G) ziyeV(G)

=2n—1D[n—-1)2n—2) x 1+n(2n—1) x 1] = (2n — 1)(4n* — 5n + 2).
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Similarly, for each ¢ = 1,2,--- . n,
d(w)d(v)dg(a'y) = d(e)d(z'y)d(z'y,e) + Y d(a'y)d(x?)d(z"y,2)
I eV (G)
i#n
+ Z d(x'y)d(x?y)d(z'y, 27y) = 2n —1)(2n — 1) x 1+ (n —1)(2n — 1)(2n — 2) x
zIyeV(G)

1+ (]7”751— 1)(2n—1)2x 1= (2n —1)(4n® — 5n + 2).

Also, for each i =1,2,--- ,n — 1,
d(u)d( = 3 d@)d(@)d(at,27) + d(a)d(a" ()

2 eV ( g)
jFENn—i

+ Y d(@')d(2ly)d(a, aly) = (2n—2)(2n—2)? x 1+ (2n—2)? X 24 n(2n—2)(2n—
1)r;y€1V(:g)(2n — 2)(6n* — 5n).

Therefore, Gut(G) :% S d(u)d(v)dg(w)
weV(G)

_ %[d(u)d(v)dg(e) + Y dwd@dg@) + 3 du)d(v)dg(a'y)]

eV (G) ziyeV(G)
i#n

1
= 5[(271 —1)(4n* —5n+2) + (n — 1)(2n — 2)(6n* — 5n) + n(2n — 1)(4n® — 5n + 2)]
B 20n* — 42n3 + 27n% — 3n — 2
= 5 .

Case-2: Let g is an odd positive integer. Then Sg = {e, 22, 2%, --- "2} and
G2 = {Q;%, 3/7553/73723/: U ’xn—ly}. Then Q?% ¢ SG'

Now, using the degree and distance property from Theorem 4.3.4, Case-2, we have

Now, d(u)d(v)dg(e) = > d(e)d(u)d(e,u)

ueV(G9)
—dE) Y dadle e s Y dade )t Y d(y)d(e,a'y)
eV (G) eV (G) ziyeV(g)
i=odd, i#%g i=even
3n.n _ 3n—2 3n n .3n—2 3n 3n(15n% — 18n + 12)
—7[(5—1) 5 2+?><1+(§—1) 5 I+nx—x1] = 3 .
d(w)d(v)dg(z5) = Y d(x?)d(u)d(z?, u)
ueV(G9)
—d@d) Y d@)dat e+ Y dd(et, o) + de)d(t o)
z'eV(G) z'eV(G)

i=odd i=even, i#n
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3n..n 3n — 2 n 3n — 2 3n
d( Bl VO - o
+ Y day)dat ) = TG - DT X 1 (- ) x 24+ 5 x 1
ziyeV(G)
3n 3n(15n? — 18n + 12)
nx-—x1]= .
2 8
For each odd 7 except ﬁ,
d(u)d( = Y d= w)
weV(G)
=d(@) > d@)d(a’2?) +d(z")d(a 2") + d(x?)d (2t x7) +
1€V (G)
j=odd, j#n—i,5
Z d(z?)d(2", 29)+d(x> ) d(2', 22 ") +d(e) Z d(2?y)d(z", 27y))
I eV (G) ziyeV(G)
Jj=even, j#5—i,n
3n—2.n 3n — 2 3n — 2 3n n 3n —2 3n
= - — 1 24+ — X1+ (=—2 24+ —x2
2[(23)2><+2><+2><+(2)2><—|—2><—|—
— 3n
X 1+mnx - X 1]
~ (3n—2)(15n* — 12n + 16)
= S .
For each even 7 except n,
d(u)d( Z d(z w)
weV (G
= d(2)] Z d(xj)d(:c L)+ d(z?d(2, 2270 + d(x?)d(2f, 22)
2 eV (G)
j=odd, j#%5—i,5
+ > d@h)d(a, ) +d(a ) d (2, 2 ) +d(e) + ) d@y)d(a’, 2ly)]
eV (G) zIyev(G)
]3%6” 2]# . 3n —2 3 2 3 3 2 3
n—2.n n— n n n— n
- =2 2 1+ —x24+(=— 1+ —x1
2[(2)2><+2><—|—2><—|—(23)2><+2><+
3n —2 3n
X 24n X 7]
(3n —2)(15n* — 12n + 16)
= 5 .
For each i, d(u)d(v)dg(z'y) = Z d(x'y)d(w)d(x'y, w)
weV(G)
= d(z'y)[ D d(@)d(a'y, o) +d(w?)d(z'y, 2%) + d(e)d(z"y, )
21 eV (G)
]¢n7’n’
+ Y d@ydty, Ty + Y d@ly)d(aty,27y)]
nyGV(g xIyeV(G)

i—j=even,g i—j=odd, i—j#%
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3n..n 3n — 2 3n 3n n _ 3n n 3n
—7[(5—2) 5 ><1+7x1+7x1—|—§x7x1+(§—1)7x2]
~ 3n(15n* — 16n + 8)
— 3 :

1
Therefore, Gut(G) = B Z d(u)d(v)dg(u)
weV(G)

1 n 7 %

= 5ld(w)d(v)dg(e)+d(u)d(v)dg(x)+ Y dwd)dg(a)+ D d(u)d(v)dg(a’)+
eV (G) eV (G)
i=odd, i#% i=even, i#£n

> dw)d(v)dg(a'y)]
ziyeV (g
_ 1[3n(15n — 18n + 12)+3n(15n2 — 18n + 12)+(2_1) (3n —2)(15n% — 12n + 16)+

’ 3 28 15n% — 12 16 i 3n(15n? 216 8 i

— — 12n + —16n +
(g_l)(n )( n8 n )—l—nx n( n8 n )]
_45n* — 57n® + 60n* — 52n + 32
— < _
Case-3: Let g is an even positive integer. Then Sg = {e, 22, z*,--- ,2"?} and

= {22, y, 2y, 2%y, -+, 2" 'y}. Then 22 € S.

Now, using the degree and distance property from Theorem 4.3.4, Case-3, we have

Now, d(u) = ) de w)
weV(G)
e)l Z d(x")d(e, z")+ Z d(z")d(e, ") +d(z2)d(e, 2 )+ Z d(z'y)d(e, z'y)]
eV (G) eV (G) ziyeV(9)
i=odd i=even,iZ£ g
_ 3n2—2[gx 3n2—4 ><2_'_(3_2)3n2—4 o 1+3n—2 “14nx 3n —2 1]
~ (3n— 2)(15n2 — 22n + 12)
= 3 .
d(u)d(v)dg(x?) = > d(a?)d(w)d(x?,w)
weV(G)
=d(z%) Y d@)d(z?,2")+ Y d(a')d(x?, ') + d(e)d(x? )
eV (G) eV (G)
i=odd i=even,i#n
i n i dn—2mn 3n-—4 n 3n —4 3n—2
+ Z d(z'y)d(xz,2'y)] = 5 [5 X — ><2+(§—2) 5 X 1+ 5 X
ztyeV(G)
_ _ 2 _
L+ n x 3n —2 <1] = (3n 2)(15n8 22n+12).

For each odd 1,
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d(u)d( Z d(z ,u)

weV(G)
= d@)[ Y d@)d@, @) +d" )@ + ) d(@)d( ) +
eV (G) 27 eV (G)
j=odd, j#n—i Jj=even,j#g5,n

d(e)d (', e)
+d(z3)d(z', x2) Z d(2x?y)d(z", 27y)]

zIyev(G)
3n—4.n 3n —4 3n—4 n 3n—4 3n —2 3n —2
= [(5—22) ><1+4 2><21+(§—2) 5 X 24 5 X 2+ 5 X
94 x 3n — <1] = (3n — 4)(15n* — 6n+16).
2 8
, n
For each even 7 except > n,
d(w)d(v)dg(a’) = > d(a")d(w)d(z",w)
weV(G)
=d(@)[ Y d@)d(a’,27)+ > d(z?)d(z', 27)+d(e)d(a’, e)+d(z?)d(!, 27 )+
21 eV (G) 21 eV (G)
j=odd Jj=even, j#n,3n—i
d(x™")d( Z d(2x?y)d(z", x7y)]
zIyeV(G)
3n—4n 3n—4 n 3n —4 3n — 2 3n —2 3n —4
=3 [§X 5 ><2+(%—4)2 5 x 14 5 x 14 5 x 14 5 X
-2 —4)(15n° — 1
2—|—n><3n ><1]:(Bn )(15n 6n+8)'
8
For each i, d(u)d(v)dg(z'y) Z d(x'y)d(w)d(x'y, w)
weV(G)
=d(z'y)| Y d@))d(a'y,2’)+d(e)d(z'y, e)+d(x?)d(a'y, x2)+ Y d(ay)d(z'y, 27y)
2 eV(9) aIyev(g)
j;én n i—j=even
3n — 2 3n—4 3n — 2 3n —2
+ Z d(x7y)d(z'y, v7y)] = n2 [(n—2) n2 x 1+ n2 x 1+ n2 X 1+
2Iyev(G)
i—j=odd

-2 -2 —2)(15n? — 2 12
(3_1)3712 X1+gx3n2 y _ (3n—2)(15n On + )

8
Therefore, Gut(G) = % Z d(u)d(v)dg(w)
weV(G)
Z%[d(U)d(v)dg( )+d(u)d(v)dg(x3)+ Y d(u (@)+ > du)d(v)dg(a’)
xze‘o/ddg ) i= ef)ieivgi)ﬁ n

+ Z d(u)d(v)dg(z'y)]

ziyeV(G)
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8

8 8
(3n — 4)(15n% — 16n + 8) o (3n — 2)(15722 —20n + 12)]

|3 L

+(z —2) x 3
45n* — 99n2 4+ 100n% — 12n + 8

8
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Chapter 5

Merrifield-Simmons Index of I'(R)

5.1 Introduction

Algebraic graph theory finds various applications across various fields such as Math-
ematics, Computer Science, and Chemistry. For a commutative ring R with identity,
Sharma and Bhatwadekar [49] introduced the co-maximal graph I''(R) in 1995. Later
studies by Maimani et al. [37] explored these co-maximal graphs’ characteristics in
greater detail and came up with the term "co-maximal graph of R." Furthermore,
through the study of the generalized co-maximal graph in [12| and [13], B. Biswas,
S. Kar, and M.K. Sen also made contributions to this field. The authors of [37] also
looked at the properties of the subgraphs I'|(R), I'4(R), and T'5(R) \ J(R). Here,
I} (R) is the subgraph of the co-maximal graph whose vertices are the units of R,
I',(R) contains the non-unit elements of R, and I'y(R) \ J(R) consists of non-unit
elements of R that are not in the Jacobson radical J(R). The Merrifield-Simmons
Index of the co-maximal graph for commutative rings with identity is the primary
focus of this chapter. The definition of the co-maximal graph over a commutative

ring with identity is as follows:

Definition 5.1.1. Let R be a commutative ring with identity. Then the co-mazimal
graph I"(R) of R with vertices representing elements of R, where two distinct vertices

a and b are adjacent if and only if Ra + Rb = R.

97
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In [10], it is shown that a finite commutative ring R with identity can be expressed
as a direct sum of local rings. This decomposition is unique up to permutation of
n

direct summands. If R = ® Rj, where R; is a local ring then for any poper ideal
7=1

I of R, we have I = ®Ij, where each [; is an ideal of the ring R;. Moreover,
j=1
I is a maximal ideal in R if and only if I} is the maximal ideal in Ry, for some

ke {l,..,n} and I; = R; for j # k. From [22], a set of vertices of a graph is
independent if the vertices are pairwise non-adjacent. The number of vertices in the
largest independent set is called the independence number of a given graph, which
is denoted conventionally by «a. If a graph on n vertices contains a clique of n — «
vertices and the rest a vertices is a stable set, where every vertex within the clique
is linked to every vertex in the stable set, then the graph is called a complete split

graph and is denoted by CS(n,a), 1 <a <n—1.

5.2 Merrifield-Simmons index of ['(R), where R is
finite commutative ring with unity.

In this section, we mainly established some results on Merrifield-Simmons index over
a graph and established some theorems on Merrifield-Simmons index of co-maximal

graph over finite commutative ring with unity.

Join of two graphs [37]: Let G, = (Vi, E}) and Gy = (V3, E3) be two graphs with
disjoint vertices set V; and edges set E;. The join of G; and G, is denoted by G = G1V G,
with vertices set V; U V5 and the set of edges is By U Es U{zy : x € V} and y € Va}.

Lemma 5.2.1. If G = G, V Gy is the join of the graphs G, and Gy. Then i(G) =
i(G1) +1i(Ga).

Proof. From the definition of join of the grpahs G; and G5, z and y are adjacent to
every pair of vertices z € V; and y € Vs, where V; and V5 are the vertex sets of Gy
and G, respectively. Since there are no n-tuples of pairs of vertices z € V; and y € V,

such that = and y are non-adjacent in G for n > 2. Then i(G) = i(G1) + i(G2). O
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Lemma 5.2.2. For a complete split graph C'S(n,a) with a-number stable set,
i(CS(n,a)) =n—a+ 2%

Proof. Let G; be the stable set of C'S(n, a) whose cardinality « and G, be the clique of
CS(n,a) whose cardinality n — «. By the definition of C'S(n,a), CS(n,a) = GV Ga.
So by Lemma 5.2.1, i(C'S(n,a)) = i(G1) + i(Gs) = 219 + |Go| = 2% +n — a. O

Theorem 5.2.3. [10] Let R be a finite ring (not necessarily commutative) with a
multiplicative identity 1 # 0 whose zero-divisors form an additive group J. Then

(i) J is the Jacobson radical of R;

(ii) |R| = p™ and |J| = p"~V", for some prime p and some positive integer v and
n;

(iii) J* = (0);

(iv) the characteristic of the ring R is p* for some integer 1 < k < n;

(v) if the characteristic is p", then R will be commutative.

From the above Theorem 5.2.3 follows the following theorem.

Theorem 5.2.4. Let R be a finite commutative local ring with unity. Then the

cardinality of R is equal to p™ for some prime p and some positive integer n.

Lemma 5.2.5. Let R be a finite commutative local ring with unity. Then I'"(R) =
CS(p™ —m,m), where M is the mazimal ideal of R with cardinality m and |R| = p"

for any n € N and prime p.

Proof. Since R is a finite commutative local ring with unity, so |R| = p" for any
n € N. Also, R has a unique maximal ideal, say, M with |[M| = m. Let U(R) be the
set of all unit elements of R. Then |U(R)| = p™ —m. Since, R is a local ring, then the
maximal ideal, M which is the set of non-unit elements of R. Then R = U(R) UM
is a disjoint union of U(R) and M. Let G = I"(R). Then G =I'|(R) vV I',(R), where
[} (R) is a complete subgraph of G induced by U(R) and I';(R) is a subgraph of G
induced by M. Clearly, I} (U(R)) forms a clique with cardinality p™ — m and every

vertex within the clique is adjacent to every vertex of M. Also, no two vertices are
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adjacent to each other within the set M. So, M is the maximaum independent set

with cardinality m. Then the graph I''(R) = C'S(p™ — m,m). O

Next example shows that how the Lemma 5.2.2 and the Lemma 5.2.5 work.

is a finite commutative local ring with unity, then from the Lemma 5.2.5, we have

I'(R) = CS(6,3).

Figure 5.1: I'(Zy)

From the Figure 5.1, i(I'"(R)) = iik(F/(R)), where io(I"(R)) = 1, i1(I'"(R)) =9
and ix(I"(R)) = Number of k — tup];:l(é pairs of vertices from M in which they are
pairwise non-adjacent for k > 2. Now, i,(I'"(R)) = () for k > 2. Hence, i(I"(R)) =
io(I"(R)) + 11(I"(R)) +i2(I"(R)) +i3(I"(R)) =14+ 9+ 3+ 1 = 14.

Theorem 5.2.7. Let R be a finite commutative local ring with unity. Then i(I"(R)) =
P+ 2™ —m, where M is the mazimal ideal of R with |M| =m and |R| = p" for any

n € N.

Proof. Let G = I'"(R). From the Lemma 5.2.5, ["(R) = CS(p"™ — m,m). Then by
Lemma 5.2.2, i(G) = 2™ + p" — m. O

If we take the ring R = I} x Fy for two finite fields I} and F5, then next example
shows the idea that how to find the Merrifield-Simmons index of the ring R.
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Example 5.2.8. Consider two fields F\ = 73 and [y = Zs. Let R = F) X Fy, U} =
set of unit elements in Zs = {1,2}, M, = the mazimal ideal of Zs = {0}, Uy = set of
unit elements in Zs = {1,2,3,4} and My = the mazimal ideal of Zs = {0}. Now we
consider a partition: R = (Uy x Us) U (Uy X M) U (M7 x Uy) U (M x My), where Uy x
Us = {(1,1),(1,2),(1,3),(1,4),(2,1),(2,2).(2,3), (2.4}, U1 x My = {(1,0),(2,0)},
M, x U, = {(0,1),(0,2),(0,3),(0,4)} and My x My = {(0,0)}. From this, we observed
that x <>y for x,y € Uy x Uy and x <> y for x € Uy X My, y € My x Uy. Also, © <+ y
for either x,y € Uy X My or x,y € My x Uy or x,y € My X My and x <~ y for either
x€eUy X My, y € My x My or x € My x Uy, y € My x M.

(1,0)
(2,1) (2,0)
(1,4 2 (0,1)
(1,3) (0,2)
(1,9) t (0.3)
(1,1) (0,4)
0,0)
Figure 5.2: I''(Z3 x Zs5)
|R|
Now, from Figure 5.2, we have i(I''(R)) = Zz’k(F'(R))
[R|
=io(I'(R)) + i1 (I'(R)) + > _ir(I'(R))
k|_U21><M2\ | M1 xUs| | My x Ma|
= io(I"(R)) + i1(I'"(R)) + > i(IT'(R)) + ir(I'(R)) + in(I'(R)) +

|U1 x Ma| | M1 xUs|

Z <|U1 >;M2]) N Z (]M1:U2|)

k=1 k=1
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:1+|R|+g(;) é(;) é;(;) z() é@

From the above example, we have the following theorem for arbitrary two finite

fields Fl and FQ.

Theorem 5.2.9. Let R = Fy x Fy, where Fy and Fy are two finite fields with |Fy| = p%
and |Fy| = p& for any prime numbers py, py and ki, ky € N. Then i(T'(R)) =
et pk2 ki, ke k1 ko

2P 27 - pypy’ —pr =Py’ — L

Proof. Let R = F} x F5. Now, let U; = set of unit elements in Ry with |U;| = p’fl -1,
U, = set of unit elements in Fy with |Us| = p§2 — 1, M, = the maximal ideal of F;
= {0} and M, = the maximal ideal of F; = {0}. So, R = F} x F, = (U; x Uy) U (Uy x
M) U (M, x Up) U (My x My) with |Uy x Uy| = (pi* = 1)(p52 = 1), |Uy x M| = (pi* — 1),
|My x Us| = (p2 — 1) and | M, x M,| = 1. Also, X and Y are adjacent to each other
for every pair of vertices from U; x Us. Also, X and Y are not adjacent for every pair
of vertices from either U; x My or My x Uy or My x M,. But X and Y are adjacent
for every pair of vertices from X € Uy x My and Y € M; x Uy and X , Y are not
adjacent for every pair of vertices from either X € U; x My and Y € M; x M, or
X eM xUyand Y € My x M.

Now, i(T'(R)) = éu(r'uz»
— iy('(R)) + i1 (T'(R)) + f:zk (R
(TR 4 ((R)) + fjﬂ AR+ S ) S AR
ETE 0 ()
e S () )

k=2

(\Ml x Us| ) <|M1 Z le))

k=2
‘Ul ><M2| ‘M1><M2|

Y X (’UleMQ‘)(‘MleQ')H(

m=1 n=1

|]\/[1><U2| |M1 X]‘/[Q‘

m=1 n=1
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i SN e S N N Ty S
_ ki, k 1 o 1 — 9. —
_1+p11p22+2( i )+Z( k )+0+Z( " )+ ( y )
ki k h=2 k1_q k k:%@_l & ky flzl - k=1
= 1 ppy + (2007 = pl) + (27 )+ (20T ) (2 )
= on' g ont® g phiple —pl ke O

The next example explains how to find the Merreld-Simmons index of I''(R), where

the ring R has exactly two maximal ideals.

Example 5.2.10. Let R = Z¢ = {0,1,2,3,4,5}. Let U(R) = set of all unit elements
in Z¢ = {1,5}. Since, R has exactly two mazimal ideals, say, M, and My, then
M, ={0,2,4}, My = {0,3} and M, N My = {0}. Now, each vertex within U(R) is
adjacent to each vertex of R. Also, no two vertices within My or My are adjacent

to each other but each verter within M, \ My N My is adjacent to each vertex within

My \ My N Ms.

U(R) = {1,5}
I:IT : —~—
) —_— e
- = =)
= W
f S ) =
=

<

Figure 5.4: TV(Zg)

Figure 5.3: Zg

Now, from the Figure 5.4, we have
|R|

i(I'(R) =Y ix(I"(R)) = io(I"(R))+ir (I"(R))+ia(I(R)) +i3(I" (R)) = 1+6+4+1 =

k=0
12.

From the above example, we have the following theorem.

Theorem 5.2.11. Let R be a finite commutative ring with unity. If R has only two
mazimal ideals My and My, then i(T'(R)) = |R| 4 2Ml 4 21Mal _ gIMinMz| | N M|,
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Proof. Let V.= R, Vi = U(R),Vo, = M; and V3 = M,. Any vertex a € U(R) is
adjacent to any other vertex b € R\ {a}. Since R has only two maximal ideals, M,
and Mo, so I'y(R) \ My N M, forms a complete bipartite subgraph of IV(R). For two
elements a and b in J(R) = M; N M,, aR + bR # R, implying that a and b are not

adjacent to each other. For better understanding see Figure 5.5.

Figure 5.5

Furthermore, if either a and b are in M\ MMM or both are in M\ M;NMs, then
aR + bR # R, indicating that a and b are not adjacent to each other. Additionally,
if a € J(R) = M1 N M2 and b is in either M1 \ M1 N M2 or M2 \ M1 N MQ, then

aR+ bR # R, so in this case as well, a and b are not adjacent to each other.

However, if a € My \ My N My and b € My \ M; N My, then aR + bR = R,
establishing that a and b are adjacent to each other. Therefore, by Lemma 5.2.12, we

have
’i(F/(R)) — ’V| + 9V + olVs| _ olVanVs| _ ’V2 U {/é‘
= |R| + 21Vl 2IMe _ 9IMIOMe| | Ny M| O

Lemma 5.2.12. Let G = (V, E) be any graph with V- =V, U Vo U V3. Furthermore,
x>y forx € Viandy € V\{x}, G(Va\ VanV3) U (V3 \ VoNV3)) forms a
complete bipartite induced subgraph of G and x «» y for v,y € Vo N V3. Then i(G) =
(V| 4 212l 4- 2Vl — 2lVanVal 117, U V).

Proof. Let G = (V, E) be a graph with vertex set V =V, UV,U V3, where G(V]) forms
a complete induced subgraph of G. Additionally, for every x € V; and y € V' \ Vi,
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x is adjacent to y. Let Vj be the intersection of V;, and V3. Then, the subgraph
G((Vo\ V1)U (V5\Vy)) forms a complete bipartite induced subgraph of G. Furthermore,

x and y are nonadjacent for any pair of vertices in Vj.

Now, let’s evaluate the Merrifield-Simmons index of G, denoted as i(G), as the sum
Vi Vi

of independent sets of different sizes: i(G) = Z ir(G) = io(g)+z’1(g)+z ix(G),where
k=0 k=2
i0(G) = 1,i1(G) = |V, and ix(G) is the number of k-tuple pairs of independent vertices

from V for k = 2,3,...,|V|. To compute it(G), we need to count all k-tuple pairs
of independent vertices from V. It is sufficient to count all k-tuple pairs of vertices
from V5, V3, and Vj individually. In other words, we can say that it will be enough

to count all k-tuple pairs of vertices from V5 U V3 only.

V]
Now, i(G) =1+ [V|+ Y _ir(G)

[VaUVs| =

=1+ |V|+ Z ix(9)
|VI'ZT2 |Va| [Val

=1+ VI + Y i@ + D i) — > in(G)
k=2 k=2 k=2
[Va| V3| [Va]

— 1V +Y (",f') Y (",f") -2 ('%')
k=2 k=2 k=2

=1+ V] + 2" = Vo = 1) + (21! — [V = 1) — @M = [vy| — 1)

= |V| 421" 4 2l — oVl — (V5] 4+ V5] — Vi)

= V] 4 2" - 2M51 — oL — (3] + 15| — V2 N W)

= V] + 2IVel 4 2Vl _ olVenVal _ |y, ;). O

Theorem 5.2.13. Let R be a finite commutative ring with unity. If R has only three
magzimal ideals My, My and Ms, then i(T"(R)) = |R|+2/Ml 4 21M2] 4 oIMs| _ o[MinMa|
2|M20M3| _ 2M1ﬂM3 + 2‘”[10M20M3| _ |M1 U M2 U M3|

Proof. Let R be a finite commutative ring with three maximal ideals, denoted as M,
Ms, and M3, where |R| = n, |M;i| = my, |Ma| = ma, |M;| = mg, |My N M| = my,
| My N Ms| = ms, |My N Ms| = mg, and |J(R)| = |M; N My Ms| = my. If a and b
are elements of J(R), then aR + bR # R, implying that a and b are not adjacent to
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each other. Similarly, if a and b belong to either My, M, or Ms, then aR + bR # R,
and hence, a and b are not adjacent in all cases. Also, if a and b belong to either
My N My, My N Mg or My N Mz, then aR + bR # R, and consequently, a and b are
not adjacent in all cases. However, if a € M; \ {(M; N M) U (M; N M3)} and b is
in either My \ {(May N M3) U (My N M)} or M3\ {(Ms N M) U (MszN M,y)}, then
aR + bR = R, establishing that a and b are adjacent to each other in this scenario.
For better understanding see Figure 5.6. Now we utilizing the set theoretical concept

of AUBUC| = |A|+|B|+|C|—=|ANnB|—|BNC|—|ANC|+|ANBNC|, we have

IR|
— io(I"(R)) + i1 (I"(R +sz (I"(R

|M2 | M3| |M1NMa|
|, |y M3 My O M|
k=2 k=2 h=2 e
IMgd | My N M|\ MlZmMgl M0 Ml Mﬂf””ﬂ | My My 0 Ms|
k=2 K k=2 " h=2 ’

e (V)R ()2 ()2 ()2 ()2 (1)
,;(”;7)

o 0)-(2)- (DS ()
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()= (P (1) (0) - (V) - (0)-(5) - (0 )p-
& () (5)- (V)& (7)-(5)- (7)

= 1+n+(2m1—1—m1)+(2m2—1—m2)+(2m3—1—m3 (2m —1—my) — (2™ —
=4 2M 4 2M2 4 2M3 QM4 QM5 QM6 L 9T —my — Mg — M3+ My + M5 +meg — my

1 =3

L —ms) — (2™ — 1 —mg) + (2™ — 1 —my)

— |R| + 2‘M1‘ + 2|M2‘ _|_ 2|]\/[3| _ 2|M1ﬂM2| _ 2|M20M3| _ 2M1ﬂM3 _|_ 2‘M1QM20M3| _ |M1 U

My U M. 0

Theorem 5.2.14. Let R be a finite commutative ring with unity. If R has n number
of maximal ideals My, Ms,--- , M,, then

n () 1M3]
i(I"(R)) = ’RHZ QIMi| _ Z 9IMinM;| Z QIMNMNM .y (—1)n—12i=1
i=1

1<i<j<n 1<i<j<l<n
n
— | M|
=1

Proof. Let R be a finite commutative ring with n number of maximal ideals, denoted
as My, My, -+, M,, where J(R) = ﬂMZ If a and b are elements of M; for each

i=1
1=1,2,---,n, then aR + bR # R, implying that a and b are not adjacent to each

other.

Similarly, a, b are not adjacent for all a,b € M; N M; for i # j
a,b are not adjacent for all a,b € M; " M; N M, for i # j #1

n—1

a, b are not adjacent for all a,b € ﬂMZ
i=1

a, b are not adjacent for all a,b € ﬂMz
i=1

k k
However, if a € M; \{ | J (M;n M)} and b is in any one of M;\{ | ] (M; M)}
I#il=1 JALI=2

fori# j and 1 < k <mn, then aR+ bR = R, establishing that a and b are adjacent to

each other in this scenario. Now we utilizing the set theoretical concept of \U Al =
i=1
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Z|Az|_ Z |A7,mA]|+ Z |AZ‘ﬂAjﬂAk|_"‘+(—1)n_1|mAi|,We have
i=1

1<i<j<n 1<i<j<k<n i=1
|R|

'(R)) = ir(I'(R
- IR|
= io(I"(R)) + in(I"(R)) + > ix(I"(R))
)z

—1+|R\+§:|§:|(

=1 k=2

|M;NM;|

<|M N M; |)
+
k=2

ﬂMl

| M; NM; NM;|

|M; 0 M; N M| ﬂ
S (R e
1<i<j<i<n k=2 kf

=t () (U)o 3 oy (M) (M-

i=1 k=0 1<i<j<n k=0
|MiﬂMjﬂMl|
|M; N M; N M| |M; N M; N M|
ve 3oox (MR () sy
1<i<g<i<n k=0

n

M »

- (’12 (\ﬂM!) (!QMI)_I)

k=0 k 1
=1+|R[+ ) @M — Ml —1)— D @MOMI— |0 M| - 1)
i=1 1<i<j<n
Mi n
+ Y @M MM O M| = 1) = (D)2 = (M- 1)
1<i<j<i<n .
n () Mil
=1 + |R| +Z 2|Mz| _ Z 2‘MJ‘IMJ| + Z 2|MiﬂMjﬂMl| e (_1)71—12 i=1
i=1 1<i<j<n 1<i<j<i<n
—{Z M| = > IMin M|+ > [Min My M| — -+ (1)) Mil}
1<i<j<n 1<i<j<iI<n i=1
SONEDVEED IR P
1<i<j<n 1<i<g<i<n

n

= |R| + Z 9IMi| _ Z oIMinM;| Z QMMM _ L (1) 1gi=1 _
i=1

1<i<j<n 1<i<j<i<n
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Qi (5)+ ()= (0)+ () -
(1M

= |R| + 22|Mz‘| _ Z oIMinM;| Z oIMinM;NM| (_1)n712i:1 _
i=1

1<i<j<n 1<i<j<l<n

|U M;| O
5.3 Merrifield-Simmons index of ['(Z,,).

In this section, we mainly characterised the Merrifield-Simmons index of co-maximal

graph over the ring Z,,.

Theorem 5.3.1. For any positive integer n, i(I'(Z,,))

m—1

20" 4™ (p—1)if n=p™ for prime p and m € N

2 +p+1if n=2p for prime p

r—1_s

= Qp’"‘lqs‘l(gp*qs‘l +20 T — 1)+ p"¢° if n=p"q¢° for prime p,q and r,s € N.

Pipspl + 2p§71p§71p§71(2p1p2 4+ 9Pps 4 gpaps _ 9Pt _ 9P _ 9Ps 1) — STty

| TP1Ps + P23 —Ps —p2 — 1t 1) if n=pipsph for prime py,ps,ps and r,s,t € N.

Proof. Case I: Let R = Z,, where n = p™ for m € N. Then |[U(R)| = ¢(p™) =
p"—p™tand [R\U(R)| =p™— (p™ —p™ ') = p™!. From definition of Comaximal
graph, it can be observed that every pair of vertices from R\ U(R) are nonadjacent,
each pair of vertices from U(R) are adjacent and if a € U(R) and b € R\ U(R)
then a <> b. Since R = Z,» is finite local ring, so by Theorem 5.2.7, we have

i(T(Zym)) = p™ + 2° +p"p - 1).

m—1 m—1

— pmfl Y
Case II: Let R = Zy, for prime p. Then Zsy, = Zy X Z,, where Zs and Z, are two

fields. So by Theorem 5.2.9, we have i(I'(Zyy)) = 22+ 2P +2p—2—p—1=p+ 2P +1.

Case III: Suppose that R = Z,r4 for prime p, q and positive integers r, s. Then
Lyrgs = Ly X Lgs, where Z,r and Zgs are two local rings. Thus < p > and < ¢ >

are the unique maximal ideal of Z,» and Zg respectively. So M; =< p > XZ, and
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My = Z,x < q > are only two maximal ideals of Z,» x Z,. Then M; N M, =<
p> X < q> with |[M;| =p"~¢°, M| = p"¢*~* and |M; N My| = p"~1¢°~. Now by
Theorem 5.2.11, we have

(Zyrgs) = 1(Zyr X Lys)
= |R| + 2IM] - 9IM2| _ g[MinM| _ \Mll — | Ma| + | My N Ms|

s—1 rl -1 1

:prqs_i_zpr’lqs _|_2qu —9op _pr— qs r s 1_|_pr 1,.s—1
o 2p'r 1 s 1(2(pr7pr—1)qs—1 + 2pT_1(q’“qu_1) . 1) + (pr . prfl)(qs . qsfl)

Case IV: Suppose that R = Zr,s,e for prime pi,p2,ps and r,s,t € N. Then
Lyrpspt, = Ly X Lipg X Lyt, Where Zyr, Zps and Zy: are three local rings. Thus < p; >
, < p2 > and < p3 > are the unique maximal ideals of Z,r, Z,: and Ly, respectively.
So My =< p1 > XZp; X Ly, My = Zpy X < py > XLy and My = Zyy X LpyX < p3 >

are the only three maximal ideals of Zyr X Zps X Zy: .
3

Now My N My =< p1 > X < py > XLy, Mi N My =< p1 > XZpgx < p3 >,
M2mM3:Zp72"X <py>x<ps>and MiNMyN Mz =<p; > X <pyg>X<p3g>
with [M;| = pi~'psph, |Mo| = pips~ P, [Ma] = pipspy ', [MiNMo| = pi~'p5~'pl, [MiN
M| = pi~'psps ™!, [My N Ms| = pips~'p5 " and [My N Ma 0 M| = pi~'ps'ps ™", Now
by the Theorem 5.2.13, we have

H(Zprpspy) = 1Ly X Lipy X L)
= |R|+-2/Ml - 2lM2l  9IMs| _o|Mal _9IMs| _9IMs| 1 IMr| gy} — 1y —msz+my+ms+me—my
= pipsph + op1 PSP | opTPyTIPh | opipsps T opy 'y PSPy 'mspy Tl _ opipy ps 4
PP st — pps T ph — pipspl T+ sk 4 p T pspl T 4 pipy T —
I
= pipsps + or Py (2r1p2 4 2P1Ps 4 QP2ps — P1 — QP2 —2P3 +1) —p|~ 1?; 1?3 1(p1p2 +

P1p3 + P2ps — s — p2 — p1 + 1). m
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Chapter 6

Merrifield-Simmons index of I'( R)

6.1 Introduction

Algebraic graph theory is a fascinating branch of mathematics that explores the rela-
tionships between graphs and matrices. Graphs are used to represent a wide range of
systems, from social networks to computer networks, and algebraic graph theory pro-
vides powerful tools for analyzing and understanding these systems. In this chapter,
we will explore the fundamental concepts of algebraic graph theory, techniques for
analyzing graphs using algebraic methods, and recent developments in the field. The
concept of zero-divisor graph of a commutative ring was first introduced by Beck [7].
Beck was mainly interested in coloring of zero-divisor graph of commutative rings.
Throughout this chapter, we will denote R as a commutative ring with unity. The
set Z(R) will denote as the set of zero-divisors of R and Z*(R) = Z(R) \ {0} is the

set of non-zero zero-divisors of R. The zero-divisor graph of R is defined as follows:

Definition 6.1.1. Let R be a commutative ring. Then the zero divisor graph I'(R) of

R with vertex set Z*(R) where two distinct vertices x and y are adjacent if and only

iof vy = 0.

In this chapter, we first compute the Merrifield-Simmons index of the zero-divisor
graph over the ring Z, (the ring of integer modulo n), for n = p™, pq, p*q, p*¢*, pqr,

where p, ¢, r are distinct prime numbers. Further, we provide a partition of the vertex

111
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set of I'(Zy,[z]/ < #* >) and connections among the vertices so that the Merrifield-
Simmons index can be computed. In the last section, we compute the Merrifield-
Simmons index of zero divisor graphs of some small finite commutative rings. This
paper primarily focuses on studying the Merrifield-Simmons index of the zero-divisor

graph I'(R) for commutative ring R with identity.

6.2 Merrifield-Simmons index of zero divisor graph
over ring 7Z,

In this section, we provide a comprehensive overview of the Merrifield-Simmons In-
dex and its applications in the study of zero divisor graphs over the ring Z,. We
explore how this index can be calculated, its significance in characterizing vertices
in zero divisor graphs, and the insights it offers into the algebraic properties of Z,.
Additionally, we discuss the potential implications of the Merrifield-Simmons Index
on various algebraic questions and its role in identifying specific structural patterns

within zero divisor graphs.

By delving into the Merrifield-Simmons Index in the context of Z,, this section
aims to provide researchers and mathematicians with a deeper understanding of the
interplay between algebraic structures and graph theory, further advancing our knowl-

edge of zero divisor graphs and their relevance in the study of rings modulo n.

Lemma 6.2.1. The Merrifield-Simmons index of the zero divisor graph I'(Z,s) is
20 =p) 4 p 1.

Proof. Let R = Z,s and G = I'(Z,3). The set of zero divisors of Ris V = Z*(R) =
{p,2p,3p, ..., (p* — 1)p}, with cardinality p* — 1. Divide the vertex set V of G into two
disjoint subsets: V; and V5, where

‘/1 = {klp : kl = 172737 "‘7p2 -1 andpJ[kl}

‘/2 = {k2p2 . kz = 1,2,3, P — 1}

with |Vi| = p? — p, |Va| = p — 1 such that V =V, U V.
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It’s evident that no two elements in V; are adjacent, and each element in V] is
only adjacent to elements in V5. The elements in V5 are all mutually adjacent, except

for themselves.

To calculate the Merrifield-Simmons index of the graph G, we focus solely on the

subset V. Thus,

[Vl VI [Vl
i(G) =Y _ir(G) =io(G) +i1(G) + D> _i(G) = io(G) +i1(G) + > ir(G)
k= k= k=
0 p2_p , 2 2
—1+pP -1+ (p k p) —p? 20 1P p =20 4 p— 1. O
k=2

Lemma 6.2.2. The Merrifield-Simmons index of the zero divisor graph I'(Zy) is
20° M) (p? —p+ 1) +p—1.

Proof. Let R = Zy and G = I'(Z,4). Then the set of zero divisors of R is V =
Z*(R) = {p,2p,3p, ..., (p> — 1)p} with cardinality p*> — 1. We can divide the vertex
set V of G into three disjoint subsets V7, V5, V3, where

‘/1 - {klp : kl = 172737"'7p3 —1 andekl}
‘/2 = {k2p2 : kQ = 172a37"'7p2 -1 andp'ka}
Vs ={ksp® : ks =1,2,3,...,p— 1}

with |Vi| = p® — p?, |Vo| = p? — p, |V3| = p — 1 such that V =V, UV, U V.

It is clear from the Figure 6.1 that no two elements in V; are adjacent, and each
element in V) is only adjacent to elements in V3. Similarly, each element in V5 is
adjacent to every other element in V5 except itself, and is also adjacent to every
element in V3. Each element in V3 is adjacent to all other elements in V3 except itself,
and to all elements in both V5 and V;. If we select one vertex from V5 and one vertex
from V3, there are (“;ﬂ) X ("?‘) distinct pairs of vertices that are non-adjacent. If
we select one vertices from V5 and select two vertices from V;, there are (“f') X (\\;l)
distinct 3-tuple pairs where the vertices are pairwise non-adjacent. Continuing this

process, if we select one vertex from V5 and choose all possible vertices from Vi,

Vil
V]
we obtain (“{2‘)2 (‘ kl‘)’ which gives the total number of all possible independent
k=1

subsets formed by using one element from V5 and all possible elements from V.
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Figure 6.1: Adjacency structure(Vertex set) of the graph I'(Z,)

Now, to calculate Merrifield-Simmons index of the graph G, we focus solely on the

sets V; and V5. Therefore,
\4 [Vl

i(G) = ir(G) =i0(G) +i1(G) + > ik(9)

k=0
[Vl Vil

—u(@) + i@+ Y a0+ (") ()

k=2 k=1

Sy P — P\ = (p* — 1’
I
e () ()2 (0))
=P+ - (P =) =1+ (PP - p) (2P 1)

=20 (2 —p+ 1) +p—1. O

Lemma 6.2.3. The Merrifield-Simmons index of the zero divisor graph I'(Z,s) is
20'-r?) 4 (p? — p)g(p“fp“) +p—1.

Proof. Let R = Z,s and G = I'(Z,5). Then the set of zero divisors of R is V =
Z*(R) = {p,2p,3p,---,(p* — 1)p} with cardinality p* — 1. We can partition the

vertex set V' of G into four disjoint subsets: Vi, V5, V3, and Vj, where

Vi={kip:k =1,2,3,--- ., p*—1land ptk}
Vo = {kop? 1 ko =1,2,3,--+ ,p> — 1 and p1{ ky}
Vs ={ksp® : k3 =1,2,3,--- ,p* — L and pt ks}
Vi=A{kp" ks =1,2,3,--- ,p—1}

with |Vi| = p* — p3, [Va] = p — p?, |Vs| = p®> —p, |Va| = p — 1 such that V =
ViuV,uVau V.
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It’s easy from the Figure 6.2 to see that no two elements in V) are adjacent, and
each element in V] is adjacent only to the elements in Vj. Similarly, no two elements
in V5 are adjacent, and each element in V5 is adjacent only to the elements in V3 and
V4. Each element in V3 is adjacent to all other elements in V3 except itself, as well
as to all elements in V5 and V. Finally, each element in V} is adjacent to all other
elements in V} except itself, as well as to all elements in V3, V5, and V;. In fact no

two elements in 1} UV, are adjacent.

Figure 6.2: Adjacency structure(Vertex set) of the graph I'(Z,s)

If we select one vertex from V3 and one from V;, there are (“?') X ("?') distinct
pairs of vertices that are non-adjacent. If we select one vertex from V3 and two
vertices from V7, there are (“ﬁ) X (l‘gl‘) distinct 3-tuple pairs where the vertices are

pairwise non-adjacent. Continuing in this manner, if we select one vertex from V;

Vil
v
and all possible vertices from V;, we obtain (|‘;3|)Z (‘ kl‘)’ which gives the total
k=1

number of all possible independent subsets formed by using one element from V3 and

all possible elements from V;.

Therefore, the Merrifield-Simmons index of the graph G is calculated as

v v
i) = gz’k(@ =io(G) +i1(G) + sz

—in(G) +r(G V;zi\:/z ("f’>§;zk(g)
_1+p_1+z2(p ) (p21—p)p§3(p4;p3>

k=1
= p* 20 ) — (pt =P+ 1) + (PP —p) (2% ) — 1)
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= 20" 1 (p2 — )2 P L p 1. O

Theorem 6.2.4. Let R = Z,n with p prime and n(> 3) € N. Then the Merrifield-
Simmons index of the zero divisor graph I'(Zyn) is i(L'(Zyn))
((prs1 — pra1-1 4 1yt 0T (-1 rs-2)gpn

g1+

(12142 s

+(plel=2 — plal=3yp"~V—p ek (PR = )22V L p 1 if nis even

opn1—pl 3171 + (plz1-1 _pf%W—Q)Qp”’l—pr%] + (plz1-2 — pf%1—3)2p”’1—pr%]+l

1_,n—2

do (PP = p)2P" P 4 p—1, if nis odd

\

Proof. Let R = Z,» with p prime and n(> 3) € N. Then the set of non-zero zero
divisors of R is Z*(R) = {p,2p,3p, -, (p"~" — 1)p} with cardinality p"~" — 1.

Now we rewrite Z*(R) =V, UV, U---UV,_1, where

Vi={kip:k =1,2,3,---,p" ' —1and p{k}, with |[V}| = p"~! — p"2
Vo= {kop? 1 ko =1,2,3,--+ ., p" 2 =1 and pt ky}, with [V, = p"2 — pn3
Ve ={ksp® : ko =1,2,3,--+ ,p" 3 — 1 and pt ks}, with |V3] = pn=3 — pn—?

‘/i = {kzpz : kl = 172737 e 7pn—i -1 andp* kl}? with |‘/z| = pn—i _pn—(i-‘rl)

Vi1 =Aknap" ™ k1 =1,2,3,-- ,p— 1}, with |V,_4| =p— 1.
Case-1: Let n be an even number, i.e., n = 2m for some m € N. Then, [§] = m.
Observations:

i) No two elements of V; are adjacent, and each element in V; is adjacent only to

the elements in V,,_;.

ii) No two elements of V5 are adjacent, and each element in V; is adjacent to the

elements in V,,_, and V,,_;.

iii) No two elements of V3 are adjacent, and each element in V3 is adjacent to the

elements of V,,_3,V,,_», and V,,_;.

iv) In general, no two elements of V;, where ¢ < m, are adjacent, and each element

in V; is adjacent to the elements in V,,_;, where j =1,2,3,--- 4.
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v) Each element in Vj, where k > m, is adjacent to every element in Vj except
itself, and also to every elements in V,,_;, where [ = 1,2,3,--- ,m — 1, as well as to

every element in V,,_.

vi) No two elements of V; UV, U ---UV,,_; are adjacent.

Figure 6.3: Adjacency structure(Vertex set) of the graph I'(Z,»), when n is even

vii) If we select one vertex from V,, and one vertex from V; UVo U ---UV,,_4,
we obtain ('VI’"l) X (lVlUVZU'l"UVm*”) distinct pairs of vertices that are non-adjacent.
If we select one vertex from V,, and two vertices from V; U Vo U --- U V,,_1, we
obtain (lV{”') X ('VIUVQU;UV*”‘”) distinct 3-tuples of pairwise non-adjacent vertices.

Continuing in this manner, if we select one vertex from V,, and all possible vertices

‘V1UV2U'~~UV:,,L_1|

ViduVoU---UV,_

from Vi UVoU- -~ UVpr, we get (7)Y (| o !
k=1

gives the total cardinality of all possible independent subsets formed by one element

) , which

of V,,, and all possible elements of ViUV, U---UV,,_1.

viii) Similarly, if we select one vertex from V,,,; and all possible vertices from

[VIUVaU-- UV, —a|
ViuWVou---uV,,_ .
ViuVaU---UV,,_s, we obtain (‘V”i“‘) Z (’ 1= . 2|>, which

k=1
gives the total cardinality of all possible independent subsets formed by one element

of V,,+1 and all possible elements of V; UV, U --- UV, _s.

ix) Continuing this process, if we select one vertex from V3,,_» and all possible
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[Vi]

%

vertices from V;, we get (IV%ffz\)Z (| k:1|>’ which gives the total cardinality of all
k=1

possible independent subsets formed by one element of V5, 5 and all possible elements

of V;.

x) Also, [ViUVLU--- UV, 4| = p?m=t — p™ and V| = p™ _p(m—l)
ViUuVaU - UVs| = p*m =t = pm ) and Vint1| = pm=t — plm=2)

Vi = p?™ =t = p?™ 72 and Vo o] = p* —p
Therefore, the Merrifield-Simmons index of the graph I'( R) is computed as follows:

12" (R)] 12" (R)|

iD(R) = Y in(T(R) =ipo(D(R) +ir(D(R) + Y ir(D(R))
w0 [VAUVaU-+-UV, 1| |\ljlz%/2u~-uvm,1|

=i(C(R) +aC@®R)+ > aC@E)+"T) > @)

k=2 k=1

[ViUV2U---UVs o il
+(‘V7Trl|) ir(D(R)) + - - _‘_(|V2771172|)Z ("2’)

k=1 k=1
(pm=1 —pm) (pm=t—pm)

S Tl Gt W e

k=2 k=1
(p(2m—1) 7p(m+1))

m - 2m-1) _ ,,(m+1)
_I_(p< 1)Ip( 2>) <p . p ) 4.
k=1

p(2m71) _p(2m72)

2m-1) _ (2m—2)
2_ p p
RGOS )

k=1
-1 _I_pzm,l 1+ (2p<2m—1),pm . p(szl) +p" — 1) + (pm _p(m71))(2p(2m—1),pm B 1) i

(pm=D — 2 (2P 1) g (p2 - (2P )

= 2 g () (2T — 1) (- ) (2

(P = p) (@ 1) plme ) g g pml)

- (pm_pm*1+1)2p‘2m‘”"’m+(pm71_pmf2)2p(2m‘”fp(m+1>+(pmfz_pm73)2p<2m—1),p<m+2>+
(P2 — )2

_ @[%1 _p[%'\—l + 1)2p<n71>7pf%1 " (p[%1_1 _p[g1—2)2p(n71)_p([%1+1)+

(2m—1) (2m71)_pm+l

_1)_|_..._|_

(plz1-2 — pf%1—3)2p(”‘1)fp([%”2) Fet (o)UY Ly

Case-2: Let n be an odd number, i.e., n = 2m+1for m € N. Then, [§] = m+1.
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Using similar arguments as in Case-1, one observe that:
i) No two vertices in V; U Vo U --- UV, are adjacent.

ii) If we select one vertex from V,,.; and one vertex from V, UVoU---UV,,_q, the

number of distinct pairs of non-adjacent vertices is given by ('V"i“') X ('VIUVZUI'UVm‘”).

For choosing one vertex from V,,,; and two vertices from V; U Vo U ---UV,,_4, the

[ViUVaU--UVi—1 ‘)
2

number of 3-tuples of pairwise non-adjacent vertices is (lv’rfl') X ( . In

general, choosing one vertex from V,,,; and any number of vertices from V; U Vo U

-+ UV,,_1, the total number of independent subsets formed is

(Vm+1|)V1UV2§Vm_1| (|V1 UthU---U Vm_1|>.

1 k
k=1

iii) Similarly, selecting one vertex from Vo and any number of vertices from
ViuVoU---UV,,_s, the total number of independent subsets formed is

(Vm+2|)V1UV2§Vm—2I (|V1 UlaU---U Vm_2|>.

! k
k=1

iv) Continuing this process, choosing one vertex from V5,1 and choose all possible
Vil

v
vertices from V7, the total number of independent subsets formed is ('VQ”f‘”) Z (’ kl ’) .
k=1
v) Also, ViUV U ---UV,| =p*" —p™ and |V,,| = p™t! — p™
ViUVaU - U V| = p = p™ ™ and [Vip| = p™ — pm=Y

ViUTaU -+ U Viof = p?™ = pt ) and [V o] = p™ =t — plm=?)

Vil = p*™ — p*™ 1 and |Vay1| = p* — p.

Therefore, the Merrifield-Simmons index of the graph I'(R) is calculated as follows:
|z (R)| |Z*(R)|

io(T(R)) + i (T(R) + Y ir(T(R))
k=0 k=2
|V1UV2U~~~UVm‘ |V1UV2U~~UVm_1‘
—io(T(R)) + i1(T(R)) + @R+ > Ww(@(R)

k=2 k=1

[ViUV2U- - UVis 2| il
+(Wni+2|) Zk(F(R)) + ... _|_(|V2771’L—1|)Z (H;ﬂ)

k=1 k=1

=
=3
I
=
o
=
I

(p27n _p'm) (p27n _p7n+1)

= io(T(R)) + i (T'(R)) + Z (mek—pm>+(pm_fml) <p2m _kpm+1>

k=2

M
I
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Figure 6.4: Adjacency structure(Vertex set) of the graph I'(Z,» ), when n is odd

(p27n_pm+2) B m+2 me*me_l

2m 2m __ ,2m—1)
m—1_,.m—2 p p 2 p p
N G I i (e
k=1 k=1
= 1P L (2P P 1) (T — ) (2P

- ) e )@ )

= B () 2 (22 (p2 )2t
p—1

_ opniplzlT! + (plz1-t — 29(%172)21)”‘1—17(%w + (plz1-2 — p(%FS)Qp”‘l—p(%Hl 4ot
(P —p)2" P+ p—1 O

Theorem 6.2.5. The Merrifield-Simmons index of the zero divisor graph I'(Z,,) is

2p=1 4 2971 _ 1 where p and q are distinct primes.

Proof. Let R = Z,,, where p and q are distinct prime numbers. Then the set of non-
zero zero divisors of R is given by Z*(R) = {p,2p,3p,--- ,(¢— 1)p,q,2¢,3q,-- ,(p —
1)q}, with Z*(R) =p+q — 2.

We can partition the vertex set of ['(R) as Z*(R) = V; U Vs, where V] = {p, 2p, 3p,
- (g—Dp}and V5 = {q,2¢,3q,--- ,(p—1)q}. Here, |Vi] =¢—1and |V3| =p—1. In
this graph, no two elements of V; are adjacent, and every element of V] is adjacent to

every element of V5. Similarly, no two elements of V5 are adjacent, and every element
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of V5 is adjacent to element of V.

|Z* (R)] |Z*(R)|
Therefore, i(T'(R)) = Y i(T(R)) = io(T'(R)) + i1 (T(R)) + in(T(R))
o Vol =
= ig(T(R)) + i1 (T(R)) + Z ir(T Z in(D(R))

= io(T(R)) + i1(T(R)) + ZM )+ Z“ﬁ
=io(T'(R)) + i1 (T'(R)) + i (q; ) +Z (p; )

g 242 (1) 14— (p—1)—1
=2l 4471 1, O

Theorem 6.2.6. The Merrifield-Simmons index of the graph I'(Z,2,) is oPatp®=2p=at+l 4

opa—p — opa=p=atl 4 (p — 1)2P°~P where p, q are distinct prime numbers.

Proof. Let R = Z,2,
divisors of R is given by V = Z*(R) = V; UV, U V3 UV, where:
Vi={kip:k1=1,23,--- ,(pg—1) and p1t ki, qtki}, with |[Vi| =pg—p—q+1
Vo =A{kop? 1 ko =1,2,3,--+ ,q— 1}, with [V3| =¢ — 1
Va={ksq:ks=1,2,3,--- ,p* — 1 and p{ks}, with |[V3| =p? —p
Vi=Akipq: ks =1,2,3,--- ,p— 1}, with |V4| =p—1

where p, q are distinct prime numbers. The set of non-zero zero

The cardinality of V is p?q — ¢(p?q) — 1 = pq+p*> —p— 1.
We observe the following:

i) No two elements of V] U V5 are adjacent.

ii) No two elements of V; U V3 are adjacent.

iii) For choosing one vertex from V} and one vertex from V3, there are (“f“) X (“;3|)
distinct pairs of non-adjacent vertices. If we choose one vertex from V; and two
vertices from V3, there are ("f“) X (";3‘) distinct 3-tuples of pairwise non-adjacent

vertices. In general, for choosing one vertex from V,; and any number of vertices from

Vs]
v
V3, the total number of independent subsets is (l‘f")z <| k;3|>
k=1



CHAPTER 6. MERRIFIELD-SIMMONS INDEX OF I'(R) 122

Figure 6.5: Adjacency structure(Vertex set) of the graph I'(Z,2,)

V|
Therefore, (I'(R)) = » ix(I'(R))
v
= io(T(R)) + 0 (T(R)) + Y in(T(R))
|V15:22| [ViUV3| [Va] |V3] ’V’
= io(T(R) (DR D TR+ Y iR =T (R)+(") Y ( . )

pg—p g —p pa+p?—2p—q+1 pq+p2 g+ 1
= io(I(R) + 0 (T(R) + ( ; ) DY ( k )
k=2
1 _

k=2
—p— 2
_pqpq+l pq — p q_|_1 p p°—p p2—p
Z k
k=2 kl

—1+4pg+p —p— 14 (27 —pg+p—1)+ (U720 —pg— p? 4 2p g —1—
1) — (7= —pgtp+q—1—1)+ (p—1)(27" 7 1)
— 9pa+p°—2p—q+1 4 9pg—p _ 9pa—p—gq+1l | (p— 1)2122—13. n

Theorem 6.2.7. The Merrifield-Simmons index of the graph I'(Z,2p2) is (pg — p —
g+ 2)2p2q+pq2—2pq—p2+p + 2P a+pe?—2pa—q*+q _ 9(p+a)(pa—p—gq+1) | (pg—p—q+ 1)21)2—1) +

(q— 1)2pq2_pq +(p— 1)2p2q_pq —pq+p+q—1, where p,q are distinct prime numbers.

Proof. Let R = Z,2,2, where p, g are distinct prime numbers. Then the set of non-zero
zero divisors of Ris V = Z*(R) =V, UV, U V3 UV, U V5 U Vg U Vz, where
Vi={kp:k =123, ,pi®~Landp{ki, qfk}, with [Vi| = pg® —pg—q*+q
Vo= {kop? : ko =1,2,3,--+ ,¢* — 1 and q 1 ko }, with |Vs] = ¢* — ¢
Vo= {ksq: ks =1,2,3,-- ,p’q—1and p{ ks, qf ks}, with |[Vs| = p>q—pg—p°+p
Vi=A{ksq* ks =1,2,3,--- ,p* — 1 and p{ ks}, with [V4| =p? —p
Vs ={kspq : ks =1,2,3,--+ ,pqg — 1 and p{ ks, q 1 ks}, with |[V5| =pg —p—q+1
Vs = {kep’q : ke = 1,2,3, -+ ,q — 1}, with [Vg| = ¢ — 1
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Vo ={kipg® : ky =1,2,3,--- ,p— 1}, with [Vz] =p—1
The cardinality of V is p*¢® — ¢(p?¢®) — 1 = p*q + pg® — pq — 1.
We observe the following:
i) No two elements of V; UV, U V3 and Vj are adjacent.
ii) Every pair of elements within V; (i = 5,6,7) are adjacent.

iii) For selecting one vertex from V} and one vertex from V3 U V5, there are (“;‘”) X
(‘V“IJVS‘) distinct pairs of non-adjacent vertices. For choosing two vertices from V; and
one vertex from V;UV3, or one vertex from V} and two vertices from V;UV3, the number
of 3-tuples of pairwise non-adjacent vertices is (“g‘”) X (|V1L1JV3|) + (“f") X (|V1L2JV3|). In

general, the total number of independent subsets formed using vertices from V; and

|V4‘ ‘V1UV3‘
Vi Viu Vs
vioviseventy Y (1) S0 (1)
k=1 k=1

iv) For choosing one vertex from V5 and any vertices from Vj, the total number of

[Val
independent subsets is (l‘f")z (“}?)
k=1

v) For choosing one vertex from Vj and any vertices from V; U Vo U V3, the total

|V1UV2UV3‘
number of independent subsets is ("7 Z (Wl Y ‘22 U Vi’")

k=1

vi) For choosing one vertex from Vi and any vertices from V;UV5, the total number
‘V1UV2‘

ViU V|
f independent subsets is (!"°! ViUl
omepenensusesw(l);( i
vii) For choosing one vertex from V7 and any vertices from V3 UV}, the total
|V3UV4| |V U V ‘
number of independent subsets is (“{7‘) Z ( s 4 )
k=1 k
Therefore, the Merrifield-Simmons index of the graph I'(R) is given by
4 V|
i(D(R)) = in(D(R)) = io(T(R)) +i1(D(R) + Y ix(D(R))
k=0 k=2
[ViUVaUV3| [Val [Val |V21| [V1UVs] |V1 U V3|
=ioD(R)+i(DR)+ D> DR+ _in(T(R)+Y < . ) > ( . )
k=2 k=2 k=1 k=1
[Val [VAUVRUV3| [ViUVa
v Vil ViUV UV v ViU V)
L (W) (M) )
k=1 k=1 k=1
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Figure 6.6: Adjacency structure(Vertex set) of the graph I'(Z,2,2)

|V3UV4|
V3 U V4
() (

pq+pa®—2pq—p*+p , o 2 2 = /p?
| . + —2pg —p° + -
SCERTIED DE (A ES M

k k
k=2 k=2

P’-p , o p*a+pa® —2pq—p*—*+p+q , o 9 9 9

+Z p°—Dp Z P q+pg —2pq—p°—q¢ +p+tq
k k
k=1 k=1
P’—p , o p2a+pa® —2pq—p*+p , o 9 2

Pa—p—g-+1 p =D p°q+pq° —2pqg—p°+p

e ()T )

pa*—pq P — pg p*a—pq 22 — pg
-1 -1
L X (e (T
k=1 k=1

=14 p%q+pg® — pg — 1+ [0 p2g —pg? 4 2pg 4 p? —p — 1]+ [P -
P+p—1]+ [2:02—19 _ 1][2p2q+pq2—2pq—p2—q2+p+q — 1)+ (pg—p—q+ 1)[2102—27 — 1+
op*a+pg®—2pg—p*+p _ 1]+ (¢ — 1)[21%12*1)61 —1]+(p— 1)[2p2quq — 1]

= (pg—p—q+ 2)2p2q+pq2—2pq—p2+p + or°a+pa®=2pa—q¢*+q _ 9(p+a)(pa—p—q+1) (pg —p —

g+ 127" P 4 (g — 1)20 P14 (p— 1)2P°9P1 — pg 4 p+q— 1. O

Theorem 6.2.8. Let R = Z,, where p,q,r are distinct odd prime numbers. Then

the Merrifield-Simmons index of the graph T(Z,g,) is 2P4TPr—p=a-rly gprtar—p=q-r+l4

opgtar—p—q—r+l _ 9qr—q—r+l _ gpr—p—r+l _ 9pg—p—q+l 4 1

Proof. Let R = Zyq,, where p,q,r are distinct prime numbers. Then the set of non-
zero zero divisors of R is V = Z*(R) = {p,2p,3p, -+, (qr — 1)p,q,2q,3q,- -+ , (pr —
1)g,r,2r,3r,---  (pg—1)r} with a cardinality of pgr—¢(pgr)—1 = pg+qr+pr—p—q—r-.

We can decompose the vertex set V' of I'(R) into subsets as follows: V =V, UV,U
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Va U ViU Vs U Vg, where
Vi={kip:k1=1,2,3,--- ,qr — 1L and gt ky, vtk }, with [Vi| =qr —q—7r+1
Vo=Akoq:ko=1,2,3,--- ;pr —1Land rt{ky, ptks}, with |[Vo|=pr—p—r—+1
Vo =Aksr:ks=1,2,3,--- ,pg— 1 and ptks, qtks}, with |V3|=pg—p—q+1
Vi =A{ksqr : ks =1,2,3,--- ,p— 1}, with |[V4| =p—1
Vs = {kepr : ke =1,2,3,--- ,q— 1}, with |V5| =¢—1
Vo = {kapq : ks =1,2,3,--- ,r — 1}, with |[Vg| =r —1

We observe the following:

i) No two elements within any single set V; for i = 1,2,3,4,5,6 are adjacent to

each other.

ii) No two elements from V,UV3UV] are adjacent, No two elements from V; UV,UV

are adjacent and No two elements from V; U V3 U V5 are adjacent.

iii) Every element of V; is adjacent to every element of V. Similarly, every element
of V5 is adjacent to every element of V5 and, every element of V3 is adjacent to every

element of V.

iv) Every element of V, is adjacent to each element of Vi, Vs, and V5. Every
element of V5 is adjacent to each element of V5, Vy, and V5. Every element of Vg is

adjacent to each element of V3, V}, and Vs.

Figure 6.7: Adjacency structure(Vertex set) of the graph I'(Z,,,)

Therefore, the Merrifield-Simmons index of the graph I'(R) is
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V] \%
i(T(R)) = i(T(R)) = io(T(R)) + it (T(R)) + Y _ir(T(R))
= [VaUV5UVA| \vlu\/QUVIZFQ ViUV5UVS|
=iM(R) +i(CR)+ > a@@R)+ Y. i@@®@)+ > i(l(R))
V1| [Va| = V3| = =
=Y Jin(T(R) = Y in(T(R)) = > ix(T(R))
. . pq—i—pr—p—q_—r—i-l r—p—qg—1r+1
= io(T(R)) + ir (T(R)) + ; (pq p pk 1 )+
prebar P g pr4+qr—p—q—1r-+1 prtar b a=rtl pg+qr—p—q—1-+1
I P &
TE T g —q—r+1 T e —p—r 1 P pg—p—q+1
I R P (R Ol

= l+pg+qr+pr—p—q—r+ [2pq+pr—p—q—r+1 —pq—pr+pt+q+r—1-1]+ [Qpr+qr—p—q—r+1 —
pr—qr+p+q+r—1—1]+[2ptar—r=atl _po—gr4+p+q+r—1—1]— 209+ —
qr+q+r—1=1] =277 —pr4p+r—1-1] = 22777 —pg+p+q—1-1]
— 9patpr—p—q—r+l_ opriqr—p—q-r+ly gpgtqr—p—q—r+l__9qr—q—r+l__gpr—p—r+l_ 9pg—p—q+l

1. [l

Theorem 6.2.9. Let R = Z,,[z]/ < 2* > with any prime 2 < p < q. Then the
Merrifield-Simmons index of the graph i(T'(Zyylz]) < 2® >)) is pq + (2P~Dala=1)
1)(2v=Dla=1) 4 gala=1) 4 9p(p=1) 4 g — p — 2) 4 (2P~ Dle=1) _ 1)(29(a=1) 4 2p(P=1) 4
pg—q—1)+ (2% —1)(pg—p+ 1)+ (270 = 1)(pg — ¢+ 1).

Proof. Let R = Z,,[z]/ < 2* >, where 2 < p < q are distinct primes. The zero-divisor
graph I'(R) has a vertex set consisting of the non-zero zero divisors of R. The number
of vertices in T'(R) is (pg*> + p*q — pg — 1), which corresponds to the cardinality of
(Zyglz]/) < 2* >) \ {0}. Then the details of I'(R) as in [44] are as follows:

V(L(R) ={p.2p, -, (¢—V)p,q.2¢,- ,(p— 1)g,;x, 2%, -+, (pg — )z, x + p,x +
2p,--- x4+ (¢ — )p,x +qx+2q- ,x+ (p—1)q,2x +p,2x + 2p,--+ ,2x + (¢ —
Dp,2x+q,2x+2q, - ,2x+(p—1)q,--- ,(¢g— Dpx+p.(¢g—)pz+2p,--- ,(¢g—1)pr+
(¢—1Dp,(p—1V)az +q,(p—V)gz +2q, -+, (p— 1)gz + (p — 1)g}.

The vertex set V' is divided into seven disjoint subsets Vi, Vs, V3, Vi, Vi, Vg, V7 such
that:
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Vi=A{kqr:k=1,2--- p—1}, with |[Vj|=p—1

Vo ={kz+mp : k=12 pg—1m=1,2,---,¢q—1and p {1 k}, with
V2| = (p = 1)a(q — 1)

Vo =4{kx+mnp : k=12 pg—1n =12 ---,p—1and q 1 k}, with
Vsl =p(p—1)(¢—1)

Vi={lpt+mp:1=0,1,--- ,g—1,m=1,2,--- ¢ — 1}, with |[Vy| = q(¢ — 1)

Vs={lgt+nqg:1=0,1,--- ,p—1,n=1,2,--- ,p— 1}, with |V5] =p(p — 1)

Vo ={mpxr - m=1,2,--- ,q— 1}, with |V =¢—1

Veo=Akx:k=1,2,--- ;pg—1and p,q1tk}, with |Vz| =(p—1)(¢g—1)

The adjacency structure of I'(Z,,[z]/ < * >) is illustrated in Figure 6.8.

From Figure 8, it is clear to see that a «— b0 Va,b € V|, V5, V7 and a «+» b
Va,b € Vo, V3, Vy, V5. Also, a «+— b for a € V] and b € V5. Similarly, a «+— b for
a€Viandbe Vg, a+—bforaeViandbe Vs, a+— bforaecViandbe Vz,
a+—bforaeVizandbe Vg, a+—bforaeV,and be Vs, a+— bforae Vs and

beVs,a+—Dbforae Vsand be Vi

Also, a «+» b for a € V; and b € V3. Similarly, a <» b fora € V; and b € V5, a <» b
foraeVoand b € V3, a«» bfora e Voand b e Vy, a«» bfora e Vyand b € Vs,
a <« bforaeVoandbe Vg, a«» bforae Voandbe Vr, a«» bforae Vsand
beViy,a»bforacViandbe Vs, a«» bforae Vzandbe Vz, a<«» bforaeV,

and be Vg, a» bforae Vyand be Vy, a«» bforae Vsandbe V.

Figure 6.8: Adjacency structure(Vertex set) of the graph I'(Z,,[z]/ < x? >)
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Now, we choose all possible n — tuple pair of vertices from V; for:=1,2,--- , 7 for
suitable n such that they are pairwise non-adjacent.Therefore, the Merrifield-Simmons

index of the graph I'(R) is computed as follows:
14 4

i(D(R)) = ir(T(R)) = ip(D(R)) +iy(T +sz
= [Va| V3] |V4\ |Vs]
= io(T(R)) + i (T(R)) + Y _ix(D(R)) + sz R)) + Zz’k(r(R)) + Y in(T(R))+
%Y |‘Z|Z2 \V2| V3] = =
("D aw@E) ()Y ik(T(R)) + D ir(I( zzk
[V2] = [Val = [Va| k\:‘%ﬂ (V2|
D @R i((R) + Y in(T(R)D iR+ in(T(R))+
B [Va| = V3| = [Val = V3] kT‘}s\
"D D i@R) + > in(T(R)D (T +sz R))> ir(T(R))+
|‘ZT = [Va| = [Va| = \1V5|
(‘V7')Z¢k(F(R))+('V6‘)Zik(P(R)H('Vﬂ)Zik(P(R))+('V7')Zz‘k(r(R))
TV@o(F_( ) + ’VH/TL \Vz\ + !Vs!V+ Vil + !Vsl;l\%\ + V7| - \Vz\ IV3I Wl‘fx! — V5| +
> i(D(R) 1+ (I +sz R)+Y iR+ (") + ()4 i(@(R) (1
vl vl vl o
Zm<r<R>>+Zz’k<r<R>>+ (" + (" +sz )+ (" + ()
k=1 =
V5]

+Dk 1+ (7 + (1)

(p—1)q(qg—1) p(p—1)(g—1)
-1 -1 —1 -1
= 14 |[Va |+ [Vi| + V5| + ((p Jatg ))(1+ 3 <p(p )4 )) +
k=1

k — k
q;qz_:)(q(qk—l)) N ; ( p(p k— )>+(q11)+(<p—1)1<q—1>))+
p(p_:i:(lq_l) (p(p— 1}1((1 — 1))(1 +qti§) (Q(qk— 1)) +p(:_11)(p(pk— 1)>+(p11)+
((p—l)l(q—1>))+q(q_1) <Q(qk— 1)) (14 (7Y 4+ (- D-DY)

n ; (p(pk— 1)) (1+(p11)+((p—1)1(q—1)))
1

=1+p—14+qg—1+(p—1)(g—1)+ (2@ Dala=1) _1)(1 4 2pp—1la=1) _1 4 20— 14

+
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27~ 14 g—1+(p—1)(g—1))+(2PC~ D=1 1) (1429001 14201 1 4p—1+4(p—
D=1+ = 1)(1+g=1+(p=1){g— 1)+ (20 1) (1+p—1+(p-1)(g—1)
= pq + (2P~ Dala=1) _ 1) (2r(=Dla=1) 4 29(a=1) 4 op(p=1) 4 pg — p — 2) 4 (2PP-Dla—1)
1210 42207 4 pg— g —1)+ (290 = 1) (pg —p+1) + (2°"~V 1) (pg —q+1). O

6.3 Merrifield-Simmons index of Zero-divisor graphs
of small finite commutative rings

In this section, we mainly computed the Merrifield-Simmons index of zero divisor
graphs of some small finite commutative rings. In [45], the details of zero divisor

graphs of small order finite commutative rings are described.

Example 6.3.1. In the complete graph K,, for n € N, every pair of vertices are

adjacent to each other. Now, Merrifield-Simmons inz of the graph K, is
[V] \4

i(Ky) =Y ik(T(R)) = ip(T(R)) + i (D(R) + > _ix(T(R)) =1+n+0=n+1.

k=0

Example 6.3.2. For the complete bipartite graph K,,, for m,n € N, let V' be the
vertez set of K, . Now, the vertex set V' has been divided into two disjoint sets V;
and Vy such that V= Vi U Vy with |Vi| = m, and |V3| = n. Then one can visualize
that no two elements of Vi and V5 are adjacent but each element of Vi s adjacent to
every element of V5.

Now, Merrifield-Simmons index of K,,,, is
V] 14

i(Kmn) = > _in(D(R)) = io(T(R)) +i1(D(R) + Y ix(T(R))

k=0
Vi [Va

=io(D(R)) + i1 (D(R)) + Y ir(D(R)) + Y ix(D(R))

k=2 k=2
=1l4+m+n+2"-m—-1+2"-n—-1=2"42"—-1.
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List of figures of Zero divisor graph of small finite commutative rings

s

Figure 6.9: T'(Zyx Zy) /T(Zo x Z[X]/(X?)) Figure 6.10: ['(Zy X Zy X Zs)

Figure 6.11: T'(Z3 x Zy[X]/(X?)) or T'(Z3 x Z4)

* "';_/_\/\‘: “\\\
7 .
v e

Figure 6.12: T'(Zy6) or T'(Zo[X]/(X?)) or T(Z4[X]/(X?+2)) or T'(Z4[X]/(X? + 3X))
or ['(Zy[X]/(2® — 2,2X?%,2X))

\) Px -
X :* <

Figure  6.13: [(Zo[X,Y]/(X?, XY, Y?) or T(Zs[X]/(2X,X?) or
D(Z4[X,Y]/(X3,2X?,2X))

Figure 6.14: T'(Z4[X]/(X?+2X)) or T'(Zg[X]/(2X, 2% +4)) or T(Z,[X,Y]/(X?, Y% —
XY)) or D(Za[X,Y]/(X2,Y? — XY, XY —2,2X,2Y))
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Figure 6.15: T(Z4X,Y]/(X2, Y% XY — 2,2X,2Y)) or ['(Ze[X,Y]/(X?Y?)) or
D(Z4[X]/(X?))

Figure 6.17: T(Zo;) or T'(Ze[X]/(3X,X? — 3)) or I'(Ze[X]/(3X,X? — 6)) or
[(Zs[X]/ (X))

-
P
//
. ».‘/'

Figure 6.19: T'(Zy x Fy) or T'(Zy[X]/(X?) x Fy)
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Figure 6.24: T(Zy x Zy) or T(Zy x Zo|X]/(X?)) ot T(Za[X]/(X?) x Zo[X]/(X?))
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L]
T— T
= -
—— N
~ \ el
- PN
— = .

e s = =

Figure 6.25: F(ZQ X ZQ X ]F4>

Figure 6.27: T'(Zy X Zy X Zy) or T(Zy X Zy x Lo X]/(X?))

Figure 6.28: F(Zg X ZQ X ZQ X Zg)

Figure 6.29: T'(Z3 x Zg) or T'(Z3 x Z3[X]/(X?))
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In this context, let R represent a finite commutative ring, |V'| the total number of
vertices, I'(R) the zero-divisor graph corresponding to R, and ¢(I'(R)) the Merrifield-
Simmons index of this zero-divisor graph

Merrifield-Simmons index of Zero-divisor graphs of small finite com-

mutative rings

V] R (R {(D(R))
3 Ze K5 5
Zis K5 5
Zo [ X]/(X3) K5 5
Za[X]/(2X, X? — 2) K2 5
Zo[ X, Y] /(X,Y )2 K3 4
Za[X]/(2, X)? K 4
Fa[X]/(X?) K 4
Za[X1/(X? + X + 1) Ky 4
4 Ziz < TF4 3 9
Ziz < Zis Koo 7
Zizs Ky 5
Zs[X]/(X?2) K, 5
5 Zio X< Zis K4 17
Ziz < Fy Ko 3 11
Lo X Zig Figure 6.9 14
Zo < Zio[X]/(X?2) Figure 6.9 14
6 Ziz < Zis Ko4 19
Fy < Fu K33 15
Do X Zio X Lio Figure 6.10 20
Zigo K¢ 7
Z-7[X]/(X?) Ko 7
7 Zio < Zir K6 65
Fy, x<Zs K34 23
Zs < Zio[X]/(X?2) Figure 6.11 32
iz X Zig Figure 6.11 32
Zivg Figure 6.12 49
Zo [ X] /(X Figure 6.12 49
Za[X]/(X2 + 2) Figure 6.12 49
Za[X]/(X?2%2 + 3X) Figure 6.12 49
Za[X]/(x® — 2,2X2,2X) | Figure 6.12 49
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V] R r(R) | i(0(R)
7 Zo[X,Y]/(X3, XY, Y?) Figure 6.13 19
Zs[X]/(2X, X?) Figure 6.13 19
Za[X,Y]/(X3,2X2,2X) Figure 6.13 19
Z4[ X/ (X?% +2X) Figure 6.14 20
Zs[X]/(2X, 22 + 4) Figure 6.14 20
Zo[X,Y]/(X2, Y2 — XY) Figure 6.14 20
Z4X,Y]/(X2, Y2 — XY, XY — 2,2X,2Y) | Figure 6.14 20
Z4X,Y]/(X2, Y2, XY —2,2X,2Y) Figure 6.15 28
Zo[X,Y]/(X2,Y?) Figure 6.15 28
Z4[X]/(X?) Figure 6.15 28
Z4[X]/(X? — X2 —2,2X2 2X) Figure 6.16 22
Zo[X,Y, Z]/(X,Y, Z)2 Ky 129
Z4[X,Y]/(X2, Y2, XY,2X,2Y) Ky 129
Fo[X]/(X?) K 129
Za[X]/(X?+ X + 1) Ky 129
8 Zo < Fyg Kz 129
Zs X Zor Kog 67
Zs X Zs Kse 67
Loy Figure 6.17 66
Zo[X]/(3X, X2 — 3) Figure 6.17 66
Zo[X]/(3X, X2 — 6) Figure 6.17 66
Z3[X]/(X?) Figure 6.17 66
Zs[X,Y]/(X,Y)? Ks 257
Zo[X1/(3, X)2 K 257
Fo[X]/(X?) Ky 257
Zo[X]/(X2% + 1) Ks 257
9 Zy < Fy Kis 257
Zs x Fs Ko 131
Fa x Zs Kag 71
Zio X Do X Zi3 Figure 6.18 71
Zy < Fy Figure 6.19 72
Zo[X]/(X?) x Fy Figure 6.19 72
10 Zs < Fy Kos 259
Fy x Fg Ks7 135
Zs < Z Kaig 79
Zi2 Ko 11
Z11[X]/(X?) Ko 11

135
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4 R (17 (D (1))
11 Zio < Z11 K10 1025
Fau < IFy Kis 263
Zs < IFg Ka 7 143
Zio < Zig Figure 6.20 388
Zo =< Z3[X]/(X?2) Figure 6.20 388
i X Zagy Figure 6.21 308
Zs < Zo2[X]/(X?) Figure 6.21 308
Zio X< Zsg Figure 6.22 294
Zo < Zo[X]/(X3) Figure 6.22 294
Zo < Zu[X]/(2X, X2 — 2) Figure 6.22 294
Zo < Zo|[X,Y]/(X,Y)2 Figure 6.23 180
Zio < Za[X]/(2, X)2 Figure 6.23 180
Ziy X Zia Figure 6.24 284
Zia X< Zo[X]/(X32) Figure 6.24 284
Zo[X]/(X?) x Z2[X]/(X?) | Figure 6.24 284
12 Ziz < Zi1 K0 1027
Zis < IFg Kis 271
Dy X Dam Ke.6 127
Zio X Zio < 4 Figure 6.25 580
Zieso Kz 13
Z13[X]/(X?2) Ko 13
13 Zio X< Zs K12 4095
Fy < Z11 K310 1031
Zr7 < Fg Ko7 191
Lis X Zag X Zig Figure 6.26 605
oo X Do X Zig Figure 6.27 507
Zo =< Zo < Zo[X]/(X?) Figure 6.27 507
14 Ziz X Zis Ko 12 4099
Zis < Zi1 K410 1039
Ziz < IFg Ke. s 319
IFs x< IFg K~ 255
Zao X Lo X Lo X Do Figure 6.28 630
Zis < Zio Figure 6.29 1162
Zs < Zs3[X]/(X?) Figure 6.29 1162
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Chapter 7

Sum and Product connectivity

Gourava index of ['(R)

7.1 Introduction

Over the past two decades, research on the zero divisor graph of a commutative ring
has yielded intriguing discoveries and raised many issues. There are several articles
on assigning a graph to a ring, including 5], [17] and [7]. Refer to [44] and [45] for
further concepts discussed in this paper. Our study focuses on zero divisor graphs,
specifically those of Z,,. For your convenience, we provide a working introduction to

the concepts involved.

The zero-divisor graph of a commutative ring R with identity is a graph with
vertex set consists of non-zero zero-divisors set Z*(R) and two distinct vertices x
and y are adjacent if and only if zy = 0. T'(R) is the zero-divisor graph associated
with R. In chapter 6, we studied about the Merrifield-Simmons index of zero divisor
graph over finite commutative ring. In the preliminaries section, we studied about
the definitions and connections between first and second Zagreb indices, the first and

second Gourava index, the Sum connectivity index, Randic connectivity index of a

graph G.

Motivated by the definitions of the first Gourava index and the sum connectivity

137
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index, Kulli introduced the sum connectivity Gourava index, which is defined as

follows:

Definition 7.1.1. Let G be a graph, then the sum connectivity Gourava indez, denoted

as SGO(G) in [33], for the graph G, is defined as

1
SGO(G) =
WGZE(Q) V(@) T dg(v) T dg(w)dg(v)
In [35], Kulli introduced the product connectivity Gourava index of a graph in
the following manner, which is inspired by the definition of the Randi¢ connectivity

index: The product connectivity Gourava index, is defined as follows:

Definition 7.1.2. Let G be a graph. Then the product connectivity Gourava index
PGO(G) of the graph G is defined as

1
PGO(G) = W;EI(G) Vda) + do(0)da(@)da(v)

In this chapter, we compute the sum-connectivity Gourava index and the product-
connectivity Gourava index of the zero-divisor graph over the ring 7Z,, for n =
™, pq, p*q, p>q%, pqr, where p,q are distinct prime numbers. Furthermore, we com-
pute the sum and product connectivity Gourava index for the zero-divisor graph
[(Zp,|z]/ < 2* >). In the final section, we compute the Sum and Product connec-
tivity Gourava index of zero divisor graphs from several small finite commutative

rings.

7.2 Sum and product connectivity Gourava index of
zero-divisor graph over ring 7Z,,.

We define E; ; is the set of all edges from V; to V;. |E; ;| = total number of edges from
Vi to V; which is the same number of edges in K\, v, and |E; ;| = |Vi[|V}]. Also, Ey;
is the set of all edges from V; to V; except itself. |E;;| = total number of edges from
V; to V; which is the same number of edges in K\y,|, and |E;;| = (“g')
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Example 7.2.1. In the complete graph K,, for n € N, every pair of vertices are

adjacent to each other. So, degree of each vertex is n — 1. Therefore,
1 n(n —1)

SO = wg(:;(n) Vd(u) + d(v) + d(u)d(v) N 2/n—1+n—1+(n—1) -
nvn — 1
2vn+ 1
Moreover,
PGO(K,) = 3 L - n(n—1) _
Y e, VW) +dw)d(wd(v)  2y/(n—T+n-1)(n 1)
2y/2(n — 1)

Example 7.2.2. For the complete bipartite graph K,,, for m,n € N, let V be the
vertez set of K, ,. Now, the vertex set V has been divided into two disjoint sets V;
and Vo such that V- = Vi UV, with |Vi| = m, and |Va| = n. Then one can visualize
that no two elements of Vi and Vs, are adjacent but each element of Vi is adjacent to

every element of Vo. So, d(x) =nVxz € Vi andd(x)=mV x e V.

Therefore, the sum-connectivity Gourava index of K, , is

1 mn
SO0 = 2 Ao ) Vi m

Moreover, the product-connectivity Gourava index of I, 15
1 mn

PGO(K,,,) = - '
(e eEZm) V(d(w) +d(v))d(u)d(v)  +/(n+m)mn

Lemma 7.2.3. For any prime number p, the Sum and Product connectivity Gourava

index of zero-divisor graph I'(Z,s) are

(p—1)(p* —2) N (p* = 2)(p® = 3)

SGON(Z)) = * o 4 s
PGO(T(Z,y)) = Y- VW =2) | 1”3

N RN
Proof. Let R = Z,s and G = I'(Z,3). The set of zero divisors of R is V = Z*(R) =
{p,2p,3p, ..., (p* — 1)p}, with cardinality p?> — 1. Divide the vertex set V of G into
two disjoint subsets: V; and V5, where

Vi={kip:k =1,2,3,...,p> — 1L and pt k1 }

Vo ={kop? : ko =1,2,3,....,p— 1}
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with [Vi] =p® —p, [Vo| =p — 1.

It’s evident that no two elements in V) are adjacent, and each element in V] is
only adjacent to elements in V5. The elements in V5 are all mutually adjacent, except
for themselves. The following graph in Figure 7.1 shows the adjacency property of

the zero divisor graph I'(Z,s).

Figure 7.1: Adjacency structure(Edge set) of the graph I'(Z,s)

Now one can see that degrees of each V; for ¢« = 1,2 are in the following.

dx) = Vol =p—1Vx € V.
d(x) = Vo] = 14+ V1| =p* — 2 Vz € V3.

Now, we divide edge set E of I'(Z,3) as £ = Ej2 U Ey5. Therefore, the Sum-

Connectivity Gourava index of I'(Z,s) is

1
SCO(Z)) = Z() V) + (o) + d(u)d(v)

1 1
Z d(v) + d(u Z +d(v) + d(u)d(v)

wvEl1 2 uv€Es o
_ |mm@ <%D
Ve -1+ =2) 4+ (0~ 1 ~2) ENCE
_ =0 =2 =20 -3
N R
Moreover, the Product-Connectivity Gourava index of I'(Z,s) is

1
PGO(I'(Zy3)) =
(C(Zs) Z() V) T

1 1
u2;2 + d(v))d( u2;2 +d(v)d(u)d(v)
rmmw . <%B

V117 =20 - D" -2) V20 - 20F -2
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_ (r—1)(p*—2) (r* =2)(* = 3)
V=D =2)0* +p-3)  20° - 2)y/20? - 2)
_Ve-Dwr-2 -3 -

VPP +p—3 2/2(p* = 2)
Lemma 7.2.4. For any prime p, the Sum and Product Connectivity Gourava index

of the zero divisor graph I'(Z,) are
pPie-1® -1 e-DE -1 =D -2

SGO 1)) = )
GO(T(Z4)) = p2(p—1)2 plp —1)°
PGO(I'(Zy)) 3 -2 + VP -0 - 2)(? - 2) +
plp—1)(p* —p—1) (p—1p—2)

2(p* =2)v2(0* = 2) 200’ - 2)/2(p° - 2)

Proof. Let R = Zy, and G = I'(Zys). Then the set of zero divisors of R is V' =
Z*(R) = {p, 2p, 3p, ..., (p® — 1)p} with cardinality p> — 1. Now, let the vertex set V of
G be divided into disjoint subsets Vi, V5, V3, where

‘/1 = {klp : kl = 172a3a"'7p3 —1 andpj(kl}
Vo= {kop? : ko =1,2,3,....,p> — 1L and pt ko}
‘/3 = {kgpg . k’3 = 1,2,3,...7])— 1}

with |Vi| = p® — p?, |Vo| = p? — p, |V3| = p — 1 such that V =V, UV, U V.

Now if there is an edge between V; and V; for some choice of ¢ and j, it means
each element of V; is adjacent with every element of V;. Furthermore if there is a
self-loop at Vj for some choice of k, it means every element of V) is adjacent with
every element of V, except itself. For our case the following graph in Figure 7.2 shows
the adjacency property of the zero divisor graph I'(Z,).

Now one can see that degrees of each V; for i = 1,2, 3 are in the following.

dx)=|V3|=p—1Vx € V.
d(z) = |Vo| = 14 |V3| = p* =2 Vz € Va.
d(z) = Vil + [Va| + [V3| = 1 = p* — 2 Vz € V5.

Now, we divide edge set E of I'(Z,1) as E = Ey13U Ey3 U Eyo U Ej .
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Figure 7.2: Adjacency structure(Edge set) of the graph I'(Z,)

Therefore, the sum-connectivity Gourava index of the graph I'(Z,4) is calculated

as

1
SGO(I(Z
(D(Zy)) = UEZE: N OET OO
1 1
_gEj Vd(u) +d(v) + d(u ; + d(v) + d(u)d(v)
1 1
+WGZEM + d(v) + d(u)d(v) * WEZE?)’S Vd(u) + d(v) + d(u)d(v)
_ (p3—p)( -1 P’ —p)p-1)
VP=14+p =24+ (p-1)p"-2) /P —2+p* -2+ (- 2)(p° - 2)
P =P —p-1) N (p—1)(p—2)
2V =24 p =24+ (12 =22 2P —2+pP -2+ (p* —2)?
_ pp—1)? pp—1)° (p-1D@p*—p-1)  (p-1)(p—2)

= - - - .
Vpt=p—1 /p>—p*—p? 2¢/p* =2 2p\/p(p* — 2)

Moreover, the Product-Connectivity Gourava index of I'(Z,4) is

1
PGO(T(Z,) = WEZE:@ Vatw) + o)t

1 1
P e R SR R GO0

w€EE] 3 . uveEF2 3 1
* 2 A aoei Z N OEX OO0
|v1||v;,| Vil Vil

Vo 1tp7 2000 -2 V2P -0 -2 -2)
(|‘;2\) (\‘gﬂ)
24/2(p% — 2)3 2\/2p —2)3
(p3 —p*)(p—1) N (»”—p)p—1)
Vie-1+p=2)p-1D(E*-2)  V(*—2+p°—2)(p* - 2)(p* - 2)
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P —p)’—p—-1)  (-1)p—-2)
24/2(p* — 2)? 2y/2(p* —2)?
p’(p—1) pp—1)? plp—1)(p*—p—1)

VP 90 9 VPR P 9@ D 20F -2y 9
v 1)(p—2)

2(p? — 2)\/2(p7 — 2)

Lemma 7.2.5. For any prime p, the Sum and Product Connectivity Gourava index

(SIS

]

of the zero divisor graph I'(Z,s) are
SOz = Pe—12  plp—1) p’(p—1)° (p—1)
F(Z)) VPP —p—1 /PP —p*-1 \/196—192—1Jr VPP —p?—p
p-D@*—p-1 _ -Dp-2
2y/p(p* —2) 2P =1
COT(Zs)) — P’p—1)2 p’(p—1)
PEOTE) Vir+p=3)p'-2) VP +p?-3)p* -2)p+1) !
P’(p—1) N p(p —1)° @ —p)@* —p-1)
V' +2p2 =3 =2)p+1) VO -0 -2)* -2) 20 -2)/20° - 2)
P
2/2(p— 1)

Proof. Let R = Z,» and G = I'(Z,s). Then the set of zero divisors of R is V' =
Z*(R) = {p,2p,3p,-- -, (p* — 1)p} with cardinality p* — 1. Now, let the vertex set V

+

3
2

3
2

of GG be divided into disjoint subsets V1, V5, V3, V,, where

Vi={kip:k =1,2,3,---,p*—1and ptk}
Vo ={kop? 1 ko =1,2,3,--+ ,p> — 1 and p{ ky}
Vs ={ksp® : ks =1,2,3,--- ,p* — 1 and p1{ k3}
Vi={ksyp* : ks =1,2,3,--- ,p—1}

with |Vi| = p* = p?, |[Va| = p* — p%, V3| =p* —p, V4| =p — 1.

Now, similar hypothesis as discussed in 7.2.4, the adjacency property of the zero
divisor graph I'(Z,s) is shown in Figure 7.3.

Now one can see that degrees of each V; for ¢« = 1,2, 3,4 are in the following.

d(z) =|Va| =p—1Vx € V.
d(z) = [Vs| + [V4| = p* = 1 Va € V5.
d(z) = [Va| 4+ [V3| = 1+ [V4| = p* — 2 Vz € V5.
d(z) = |Vi| + [Va| + V3| + |Va| = 1 =p* —2 Vx € V.
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@

By

Es 3
r
Vy T V3

Figure 7.3: Adjacency structure(Edge set) of the graph I'(Z,s)

Now, we divide edge set E of I'(Z,s) as E = E; U E, U Es U B, U E5 U Eg.

Therefore, the sum-connectivity Gourava index of the graph I'(Z,s) is calculated

as

1
SGO(I'(Z,5
(D(Zy3)) = u; N O GO
1 1
uv;m d(v) +d(u uv;m +d(v )er(U)d(’U)Jr
1 1
uUEZEM d(v) + d(u) WEZEH +d(v )—i—d(u)d(v)jL
1 1
uveZEgg d(v) + d(u) u% +d(v) + d(u)d(v)
_ |V1||V4| |Val[ V3
Vr=14+pt=2+(p-1)0p"-2) VP —1+p* -2+ -1 -2)
|Val[ V4 N V3| Val
VPP =14pt =24+ (2 - 1)(p*-2) PP -24pt -2+ (0F - 2)(p' - 2)
() ()
VPR -2)+ @ -2)+ @ -2? Vp—1+p—1+(p—1)?
_ ' —p)p—1) (»* —p*)(»* —p)
VP=1+pt =2+ (p-1)(p*=2) VP —1+p =2+ -1’ -2)
@ -p)p-1) »* —p)(p—1)
VPP =14pt =24+ (2 - 1)(p* —2) PP -2+pt =24+ (0P - 2)(pt - 2)
P =P’ —p-1) (P—1p—-2)

2/ =2+ (P -2+ (® -2? 2p—1+p—1+(p—1)?

_pPe-1) P e D) D@ el
VPP =p—1 PP —pP—1 /PP—p2—1 PP —p?—p  2y/p(*—-2)
(P-Dp-2)

2y/p? —1

Moreover, the Product-Connectivity Gourava index of the graph I'(Z,s) is
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1
PGO(T(Z,5)) =
() w;%@ V(d(w) + d(v))d(w)d(v)
1 1
- ; V() + o)) ; . T do))dGd)
1 1
EE: V(@) T d@o)d@yd(o) ZE: V(d(u) + d(v))d(u)d(v)+
1 1
ZE V() + d)d@ydo) | ZE V(d(w) + d(v))d(u)d(v)
_ [Val[Val N Vo[ V4]
Vie=1+p'=2)p-1)(p*-2) VP> -1+p*—2)(p* —1)(p* —2)
[Val |Vl V||Vl

(|‘;3|) (l‘;4|)
V2P =2 -
_ (p4 —p)(p— 1) (»* —p*)(»* — p)
Vip—1+p'=2)p- 10" -2) V- 1+p*-2)(p* - 1)(p* - 2)

(p° —p*)(p—1) N (r>—p)p-1)
VR —1+p'=2)(p2 - 1)(p' -2) V(@ —2+p'—2)(p* - 2)(p' - 2)
P —p)@p*—p-1) , (p-1p-2)

2¢/2(p? = 2)° 2¢/2(p - 1)
_ Pip—1)2 Pp—1)2 N
Vir+p=3)'-2) V' +r -3 -2+ 1)
Pp—1)2 N p(p —1)° N
VEr+p=3)0'-2)p+1) VO -4t -2)(pP - 2)
(P’ =p)*—p—1) p—2

O

2(0* - 2)v20° -2)  2y/2(p-1)
Theorem 7.2.6. For any prime p, the Sum and Product Connectivity Gourava index
of the zero divisor graph I'(Zyn) with n € N are

If n is even and m = |—§1, then SGO(I'(Zyn)) =

A VY me‘?’(p 1)2 L P 1)2 TV
/p2m —p—1 \/p2m+l /p?m — p? — \/p2m+2 —pd—1
me—B(p _ 1)2 p2m—2(p 1)2 P <p o 1)2

+ ) 4+ 4 ( 4+ 4

\/p2m+l _ p3 1 \/p2m _ p —1 \/p3m—2 _ pm—l -1
e e -v L e L

\/p2m _ pmfl —1 \/pSmfl _ pszl —pm \/p2m+1 _ perl —pm

m—2 _12 2m—> _12 2 _12

(—7 (p—1) e P Ve ( p*(p—1)

\/pSm _ p2m—1 _ pm+1 \/p2m+3 _ pm+2 _ pm+1 \/p4m—4 _ p2m—1 _ p2m—3
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p’(p—1)° plp — 1)’ (" —p™ D" —p" T = 1)
\/p4m 5 (p2m1)2< Zm) 3 +\/p4m 3 _ p2m—1 _p2m72+( 2/ pm(p™ — 2)

DY p

+ + \/ 2m—1(p2m—1 _ ))

+

If nis odd and m+1 = (g}, then SGO(I'(Zyn)) =
p2m—1(p . 1)2 me_Z(p _ 1)2 p2m—l(p N 1)2 p2m—3(p N 1)2
+ ) +
/p2m+1 —p—1 \/p2m+2 _ pz —1 \/p2m+1 _ p2 —1 \/p2m+3 _ p3 —1
P2 (p — 1) e S SRS it il SO
\/p2m+2 _ p3 —1 \/p2m+1 _ ps —1 \/p3m—1 _ pm—l -1
P (p—1)° p"(p — 1) P (p—1)°
2m+1 m—1 )+ 3 2 Tt 2m+1 +1 )+
VPP — et — VPR — prm — pm V/pEmA — AT pm
A n ) S PP p—1)° Vet ( P’(p—1)°
\/p3m+1 _ p2m _ pm+1 \/p2m+3 _ pm+2 _ pm+1 \/p4m—2 _ p2m _ p2m—2
pP(p—1)° N p(p— 1) i P —p" ! — D
\/p4m73 _ mefl _ p2m72 \/p4m71 _ p2m _ pszl 2\/pm+1<pm+1 _ 2)
(r—1p—2)
2 me(p2m _ 2)

If n is even and m = (g], then PGO(I'(Zyn)) =
P (p — 1) p" i p—1)?
ST U3 g
3)

P2 (p — 1) b P p — 1)°
R P L L T

p p2m72 P— 1 ’ Ce

N e e M/ e ey e

( p"(p — 1)
VPt pr =t =3)(pm T - (Pt - 2)
P2 (p— 1) " P p—1)? N
Vit prt =3t = (et - 2)" (P pm = 4)(pm - 2)(pP ! - 2)
N P 3 (p— 1) V4 ( P (p—1)?
Vit —4)(pm = 2)(pmt = 2)0 (Pt = 4) (- 2)(pPmt - 2)
4+ 4 p2m—5(p_1)2 )_|_...+
V(2 4t = 4) (prtt = 2)(pmt? - 2)
( p*(p—1)?
\/(me—l + p2m—3 _ 4) (p2m—3 _ 2)(p2m—1 _ 2)
p3(p - 1)2 ) +
\/(p2m72 + p2m73 _ 4) (p2m73 _ 2)(p2m72 _ 2)

+
\/(me 2+p —

2m

+
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p(p —1)° " =" " —pm 1)
N P v s M N
w-Dp-2)
2y/2(p* 1 = 2)°
If n is odd and m + 1 = (g}, then PGO(I'(Zyn)) =
pHp—1)° N P 2(p—1)° N
Vi +p=3)p -1 -2) /@ +p? = 3) 02 - D™ - 2)
pp—1)° " p*"Pp—1)° N
VT =3)(0? - Dt =2) PPt - 3)(0 - 1P - 2)
P 2(p—1)° N pp—1)° Voot
VTt pt =3) 0 - Dt —2) (P4t = 3)(00 - (P - 2)
( P (p —1)° e P> Hp—1)° )
Vi pn = 3) (= 1) (P - 2) V2 pm = 3) (prt = 1)(pt? - 2)
o p"(p — 1)? - P> Hp — 1)° )
VT +pm —4)(pm - 2)(p* - 2) VTt pr = 4)(pm - 2)(pm - 2)
( P (p— 1) e P> Pp— 1) )
VPt = 4)(pmtt - 2)(pPm - 2) V(2 +pmtt = 4)(prtt = 2)(pmi? - 2)
P p’(p—1)° N
V(PP +pPme? — 4)(pPm? = 2)(pP - 2)
P*(p—1)° '+ p(p —1)°
V(P ptm 2 = 4)(pPme2 = 2)(pPmt = 2)0 (P Pt = 4) (Pt = 2)(pPm - 2)
+((pm—pm‘1)(pm—pm‘1—1) (p—l)(p—Q))
2\/2(pmt! - 2)3 2\/2(p* —2)°

Proof. Let R = Zy» with p prime and n € N. Then the set of non-zero zero divisors

of Ris Z*(R) = {p,2p,3p, -, (p" " — 1)p} with cardinality p"~' — 1.

Now we rewrite Z*(R) =V, U Vo U---UV,_y, where
Vi={kip:k =1,2,3,--- ,p" ' —1land pt k}
Vo= {kop? 1 ko =1,2,3,--+ ,p" 2 — 1 and p1 ky}
Vs = {ksp® : ko =1,2,3,--+ ,p" 3 — 1 and p1 ks}

M:{kzpzkz:172>37 ,pn—z_landp,tkl}
Vn—l - {kn—lpnil : kn—l = 1a2737 L, D 1}

with [Vi| = p"=t = p" 72, Vo = p" 72 = p" 72 [Va| = p" 7% —p
"/l| :pn—i _pn—(i—I—l)’ e 7‘Vn71| =D—- L.
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Case-1: Let n be an even number, i.e., n = 2m for some m € N. Then, [5] = m.

Then one can visualize the adjacency structure of I'(Z,») in the Figure 7.4.

9
Eyom-

E1om—1

S Wil

9, /-
N///\L;)”/ 1 27r171
<y

Byn-3om-1
My~

“an~]

0,
\///\97
\,\///\7

Figure 7.4: Adjacency structure(Edge set) of the graph I'(Z,»), when n is even.

Now one can see that degrees of each V; for ¢« = 1,2, 3,4 are in the following.
d(x) = |Vo_1|=p—1Vx € V.
d(x) = [Vam1| + |Vamos| = P2 — 1 Yz € Vi,

d(z) = Vo1 | + [Vam—a| + -+ + [Vt | = p™ = 1 Vo € V.
d(x) = [Vam—1| + [Vam—a| + -+ [Vipga | + [Vi| =1 =p" =2 Vz € V],
d(z) = [Vam-1| + [Vam—o| + == 4 [Via| 4+ [Vina| = 1L = p™ ™ =2 Vz € Vi

d(l’) = |‘/2m—1| + |‘/2m—2| + |‘/2m—3| —14+---+ |‘/3| = p2m73 —2Vz € ‘/27”—3
d(z) = [Vam—1| + [Vom—z| = 14 [Voms| + -+ 4+ [Vo| = p*™ 2 — 2V € Voo
d<x> — H/Qm—1| -1+ |‘/2m—2| + |‘/2m—3‘ +--+ |‘/1| :pzm_l —2Vz e ‘/Qm—l-

Now, we divide the edge set of I'(Z,n) as
E =FEiom-1U(E22m-1UE29m—2)U(E32m-1UEs39, 2UE;39,_3)U--U(Ep,_12m-1U
- U Em—l,m—l—l) U (Em,Zm—l u---u Em,m—l—l) U (Em+1,2m—1 U---u Em+1,m+2) U---u
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(Eom—32m—1U Eom—39m—2) U Eom_29m—1U (Emm U U Eayp19m—1)-

Therefore, the Sum-Connectivity Gourava index of the graph I'(Z,») is computed

as follows:

1
SGO(T'(Zyn)) =
(FZy)) MGZE(G) \/d(u) + d(v) + d(u)d(v)

=0 0 D) D D> DY DY )

uv€EF 2m—1 wv€F2 om—1 wvEL2 om—2 uEE3 2m—1 uwEE3 2m—2 uvELE3 2m—3
( E 4+ 4 E )_|_( E 4+ 4 E )+( E 4.4
WEEm_1,2m—1 UWEEm_1,m+1 WEEm 2m—1 UVEEm mi1 UVEEm41,2m—1
Yo+ D + Y )+ D +() D e
UWEEm+41,m+2 w€Eom—3,2m—1 UWEE2m —3,2m—2 UWEE2m 2 2m—1 UE Em,m

1
Z ) \/d(u) + d(v) + d(u)d(v)

wEF2m—1,2m—1

_ Vi]|Vam-1] N V| Vam-1]
Vo= 1+pm =24 (p—1)(p*"1 = 2) /P = L+pP =24 (p? — 1)(p*~! —2)
|‘/2H‘/2m—2| )+( |‘/i’>||‘/ém—1‘
VPR =1 =24 (p2 = 1) (P2 = 2)" P = L pPm =24 (P — 1) (pPm! - 2)
V3| [Va—a| N V3| Vam s3] )
VPR =14 pMm 2 =24 (PP — 1)(p? 2 = 2) /P = 1 pPm ot = 24 (P - 1)(pP S - 2)
_|_..._|_( le_lHVzm_l‘ 4+t
\/pm—l —-1 +p2m—1 -9 + (pm—l _ ]_)(pZm—l _ 2)
|Vm—1||vm+1’ )+
\/pm—l -1 +pm+1 — 24 <pm—1 _ 1)<pm+1 _ 2)
’Vm‘|v2m—1| ot
VP =24 pl =2 4 (pr = 2)(pPt - 2)
|Vm||vm+1| )+
VD™ =24 prtt =24 (pm = 2)(pmtt — 2)
( ‘Vm+1|“/2m—l| 4+t
\/pm-i-l -9 +p2m—1 -9 + (pm—i-l _ 2>(p2m—1 _ 2)
|Vm+1||vm+2’ )+..._|_
\/perl — 24 pmt2 — 2 4 (pmtl — 2)(pmt2 — 2)
( |‘/2m—3H‘/2m—1| +
\/p2m—3 -9 +p2m—1 -9 + <p2m—3 _ 2) (p2m—1 _ 2)
|‘/2m—3||‘/2m—2| )+
\/psz:s ) _|_p2m72 — 24+ (p2m73 _ 2)(p2m72 _ 2)
[Viml
|VQm—2||VQm—1| +( ( 2 ) N

\/me—Q —9 +p2m—1 —9 + <p2m—2 _ 2) (me—l _ 2) \/2(pm _ 2) + (pm _ 2)2
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(\V%mel\

V2(pPt = 2) + (pml - 2)2)

_ 1) o P 3 (p—1)? P2 (p — 1)? ) P (p — 1)

/pZm —p—1 \/p2m+1 _ pz —1 \/p2m _ p2 -1 \/p2m+2 _ p3 —1
P )T e P
\/pjmj; N p31_2 1 \/p2m B pil_ 1 1 2 \/pgmiz B pn;il—?)_ 1 1 2

(- 1) ) (P (r—1) PUUPRT il
\/p2m _ pm—l —1 \/p3m—1 _ p2m—1 —pm \/p2m+1 _ pm+1 —pm
et P> S (p — 1)° Vet ( p*(p —1)?
\/pSm _ p2m—1 _ pm+1 \/p2m+3 _ pm+2 _ pm+1 \/p4m—4 _ p2m—1 _ p2m—3
pP(p—1)> N p(p—1)? o (P —p" HE"—-p" ' -1)
\/p4m—5 — p2m=2 _ p2m=3 \/p4m—3 — p2m—1 _ p2m—2 2¢/p™(p™ — 2)
(p - 1)(p - 2) )

2\/p2m—1(p2m—1 _ 2)
Moreover, the Product-Connectivity Gourava index of the graph I'(Z,») is

1
PGO(I(Zy,)) = w;@ V(d(u) + d(v))d(u)d(v)

=0 0 D) D D> DY DY )t

) +

weEE 2m—1 weFE 2m—1  wWEE2 2m—2 weEE3 2m—1  uwWEE32m—2  UWEE32m_3
( E 4+ 4 E )_|_( E 4+ 4 E )+( E 4.4
UEL,—1,2m—1 UVELm —1,m+1 UVEEm 2m—1 UVEEm mi1 UVELm11,2m—1
Y )+ D + Y )+ D + () e
UWEEm11,m+2 uv€Eam—3.2m—1 wEEam—3,2m—2 wv€Eam—22m—1 wEEm m

) !

weBmram V (d(w) + d(v))d(u)d(v)

_ Vil Vo N il Vo N
_\/ ] 2m—1 _ 9\(p — 1)(p2m—1 _ 9 \/ 2_ 2m—1 _ 9\(p2 — 1)(p2m—1 _ 9
(p—14p )(p—1)(p ) (p +p )(p* = 1)(p )
2_1 2m—2_2 2_1 2m—2_2 3_1 2m—1_2 3_1 2m—1_2
VPR —1+p )2 —1)(p ) VPP -1+p )P —1)(p )
V3| Vam—a| N V3| Vam—3| n
VP —1+pm 2 =2)(p* = (™2 =2) /(PP — 1+p™ 3 =2)(p° - 1)(p*m° - 2)
o Vit Vo -
m—1 __ 1 2m—1 __ 2 m—1 __ 1 2m—1 __ 2
V(P +p )(p )(p )
|Vm*1||vm+1| )+
VTt =14 pmr = 2)(prt — 1) (pr - 2)
|Vm||v2m—1| 4t
Vi =2+ pm L = 2)(pm = 2)(pPmt - 2)
Vil [Vin
VoIV L

VP =2+ prtt = 2)(pm — 2)(ptt - 2)
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( Vit Va1 .
V=24 Pl = 2)(prt = 2)(pPml - 2)
[Vint1|[Vinga| R
V(=24 pmt2 — 2)(prtt — 2)(pm 2 - 2)
( |‘/2m—3||‘/2m—1| +
V(P8 = 24 pmmt = 2)(pPmS = 2) (pPm! - 2)
‘V2mf3HV2mf2| ) +
V(PP =24 pmm2 = 2)(pPm S = 2) (pPm 2 - 2)
|‘/2m—2||‘/2m—1| +
V(P2 = 24 pmmt = 2)(pPm = 2) (pPm ! - 2)
(Wl e (V1) |
(\/2(19’” —2)(pm - 2)? V2(pPmt = 2)(pPmt - 2)?
_ P2 (p— 1) Iy P (p— 1) N
Vit p=3)p - 1* 1 -2) /Tt +pr = 3)(0 - (P - 2)
2m 2(p ) ) N ( 2m 4(p ) N
V2 +p =3) P - D2 -2)" e+t = 3)(f - Dt - 2)
P> 3 (p — 1)° N p*" 2 (p — 1)° )
VP2 4+ pP = 3)( - )(19<2m‘21)— 2) V(" 3+p =3)(r* - )(p* 2 -2)
.« e pm p — ?
MY e e [ s T
P> 2 (p—1)° " P p—1)° N
Vit pr Tt = 3)(pr Tt = (= 2)" /(P pm = ) - 2) (P - 2)
N P> 3 p — 1)° J+( P (p — 1)°
Vet e =) = 2)(pr = 2)" /(T = 4t = 2) (P - 2)
4+ .4 me_5<p_1>2 )+...+
V(2 pm = 4)(prtt = 2)(pt? - 2)
( p*(p—1)? N
V(PP 4 prm=3 — 4)(pPm =t = 2)(pP T - 2)
pS(p B 1)2 ) +
V(P2 4 pmes — 4)(pPmed = 2)(pPn2 - 2)
p(p —1)° N
V(pPmt g ppnt - d)(pin2 = 2)(pint —2)
((pm et -y =D —2) )
2\/2(pm - 2)? 2/ 2(p>mt = 2)3

Case-2: Let n be an odd number, i.e., n = 2m+1for m € N. Then, [§] = m+1.
Then one can visualize the adjacency structure of I'(Z,») in the Figure 7.5.

Now one can see that degrees of each V; for i = 1,2, 3,4 are in the following.
d(z) = |Vom| =p—1Vz € V.
d(z) = [Vom| + [Vom_1| = p* — 1 Vz € Vs
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Figure 7.5: Adjacency structure(Edge set) of the graph I'(Z,»), when n is odd.

d(x) = |Vam| + [Vama| + - 4+ [Vinga| = p™ 1 =1 Vo € Vg
d(l’) = “/2711’ + H/mel’ +oeee |Vm| =+ ‘Vm+1| -1 :pm+1 —2Vz € Vm+1

d(z) = |Vam| + Vame1| + [Vam—a| — 14+ V3] = p*™ 2 — 2V € Vo
A(z) = |Vam| 4+ [Vamet| = 14 [Vama| + -+ 4+ [Va| = p*™ 1 — 2 Va € Vapy
d(x) = |Vam| — 1+ [Vamei| + [Vamea| + -+ + [Vi| = p*™ — 2 YV € Vi,

Now, we divide the edge set of I'(Z,n) as
E =FEi 5, U (E22m U E29m-1) U (Es9m U Es9pm1 U E39p_2) U+ U (Ep_12mU--U
Em—l,m—l-Q) U (Em,2m U---u Em,m+1) U (Em+1,2m u---u Em+1,m+2) U---u (E2m—2,2m U

Eom—29m—1)U Eopm_1.9m U (Ermgtm1 U= U Eapy o).

Therefore, the Sum-Connectivity Gourava index of the graph I'(Z,») is calculated

as follows:

SGOT(Zy) = )

weE(G)

1
Vd(u) + d(v) + d(u)d(v)
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=LY 0D+ D D+ D+ DY e Y+

w€l 2m  uwv€E22m wvEE2 2m-1 w€EF3 2m wWEE3 2m-—1 UVEE3 2m-_2 UWELm _1,2m
D DD R G W P YR I o G S SRR T  SD
uUeEm717m+2 u’UEEmygm UUGEm,m+1 ’U,UEEm+172m ’LL’UEEerLerQ
O+ D )+ > (D> et
weEFom—22m  WEE2m—22m—1 wEF2m—1,2m UWEEm+1,m+1

1
Z ) \/d(u) + d(v) + d(u)d(v)

uvEFom, 2m

_ [VAl[Ve . [Vall Vil
Ve—1+pm =2+ (p—-1)(p* —2) /P —1+p>m =2+ (p>—1)(p*>™ —2)
[VallVom-1| i [Val| Vau| .
VPP =1 4pm =24 (2 = )Pt = 2)" /PP =14 pP =24 (P 1)(pP - 2)
V3l Vam—1] N V3l Vam—2| )
VPR =14 pIm Tt =24 (PP = 1)(p* 1t = 2) PP - 1 pPm =24 (P - 1)(pP - 2)
VPt =1 pm =24 (pmt = 1) (pPm - 2)
Vol Vi -
\/pm—l -1 +pm+2 — 924 <pm—1 _ 1)<pm+2 _ 2)
[Vonl | Varn| o
VP = 2P =24 (p = 2)(pP - 2)
|Vm||vm+1| )+
VD™ =24 ptt =24 (pm = 2)(pmtt — 2)
: Vs Vo -
VP =2 g =2 (prE = 2)(pPm - 2)
|Vm+1||vm+2| )+"'+
\/pm+1 — 2 4 2 — 2 4 (pmtl — 2)(pmt2 — 2)
\/me—Z -9 +p2m -9 + (p2m—2 _ 2) (pZm _ 2)
|‘/2m—2||‘/2m—1| )+
\/p2m—2 —9 _|_p2m—1 —2 (p2m—2 _ 2)<p2m—1 _ 2)
[Vam-1][Vanl o (")
\/me—l — 24 p2m |; 2|)_|_ <p2m—1 _ 2)(p2m _ 2) \/2(pm+1 _ 2) T (pm+1 _ 2)2
%
MRV e
_ mefl(p . 1)2 N ( p2m72(p o 1)2 N p2mfl(p . 1)2 ) N p2m73(p o 1)2
\/p2m+1 —p—1 \/p2m+2 —p?2—1 \/p2m+1 —p2—1 \/p2m+3 —p3—1
LR P e )R e R
\/p2m+2 —pd—1 \/p2m+1 —p3—1 \/p3m—1 —pm—1—1
" Hp—1)° )y (- Ve
\/p2m+1 _ pm—l _ 1 \/p3m _ p2m _ pm \/p2m+1 _ pm—l—l _ pm
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ey e L L p*(p—1)?
\/p3m+1 _ me _ pm+1 \/p2m+3 _ pm+2 _ pm+1 \/p4m72 _ p2m _ pszz
N p*(p—1)° N p(p — 1) (P —p" )™ —p !t —1)
\/p4m—3 _ pZm—l _ me—Q \/p4m—1 _ me _ me—l 2\/pm+1<pm+1 _ 2)
-1 -2
o =D —2) y

2 p2m (p2m _ 2)
Moreover, the Product-Connectivity Gourava index of the graph I'(Z,n) is

1
PGOT(Z,)) = )
weE(G) V(d(u) +d(v))d(u)d(v)

=LY 0D+ D D+ D+ D e Y+

'LL'UGEl,Qm u’UGEQJm uU€E272m_1 u’UGE3’2m uv€E372m_1 ’LL'UGEg’Qm_Q U'UEEm_l,Qm
D G D ST Y o (R et ) ) +
’U/UEEmfl’nH,z u’UEEm,Qm ’U/UEEm’mle UUGEerl’Qm UUEEm+1,m+2
D + ) )+ +(0) et
weFam-—22m  uw€E2m_—22m-1 we€Fam—1,2m UWWEEm4+1,m+1

D) !

uv€Fom am \/(d(u) + d(U))d(U)d(U)

V1| Var| Vo[ Var|

o 2 D) + D) 2 ) 2
Ve—1+p=2)p-1)p* —-2) @ —1+p* —2)(p> — )(p*" —2)

VR =1+t =2)(p2 - D> 1 —2)" /(P -1+ p*™ —2)(p® — 1)(p*" —2)

V3| Vam 1] N V3| Vam 2 )
VP —1+pPt — 2)(297‘/— 1)|(|I€jm|1 —2) (PP —1+pP2=2)(p> - 1)(p* 2 —2)

m—1 2m
_|_..._|_( 4. 4
VT =1+ p>m = 2)(pn—T = 1)(p* —2)

|Vm*1||vm+2| )‘I‘
VTt =14 pm2 = 2)(prt = 1) (pri? - 2)

Vil Vi o
Vi =2+ pm = 2)(pm — 2)(p* —2)

Vil IV .
V(™ =24 prtt = 2)(pm — 2)(prt! — 2)
( |Vm+1||v2m| 4t
\/(pm—i-l —9 +p2m _ 2)(pm+1 _ 2)(p2m _ 2)

[Vint1|[Vins2| R
V=2 4 prt2 = 2)(prtt = 2) (pt? — 2)
( [Vam—2||Vam| N
V(P2 = 24 pm = 2)(pPm2 = 2) (pPm - 2)

|‘/2m72H‘/2m71|

) +

\/<p2m72 —9 _‘_pmel _ 2)(p2m72 _ 2)(p2m71 _ 2)
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[Vors-1[| Vi N (")
VPt =2 +p(2l"; —|)2)(z?2m1 =2)(pPm —2) V20 = 2) (- 2)?
MRV sy T
_ P p—1)3 n P — 1) n
Ve =3)p - D -2) V™ +p? = 3) (0 - (P - 2)
pp—1)° " P Pp—1)°
VT =3)(? - Dt =2) P+t = 3)(0 - D - 2)
P 2(p—1)° N pHp—1)° )
VTt =3) P = D = 2) P+ p = 3)(00 - D - 2)
P Pt —1)° T
VP pne = 3) (ot = 1) (P - 2)
p*Hp — 1)° Vi ( p"(p — 1)? N
V2 pr = 3)(prt = D(pmt -2) e+ — 4) (- 2) (0P - 2)
N pp—1)° V4 ( p"Hp—1)°
Vit =4 —2) (Tt =2)" /(P = 4) (T = 2) (P - 2)
4+ .4 p2m—3(p_1)2 )_|_...+
V(2 £t — 4) (prtt = 2)(pmt? - 2)
p(p—1)?
VP pPm? — 4 (p? = 2)(pm - 2)
pS(p _ 1)2 ) +
V(PP pPme — 4)(pPm? = 2)(pPmt - 2)
p(p —1)° N
V(PP + prmt = 4)(prmt = 2)(pPm — 2)
((pm_pm—1)<pm_pm—1_1) (p_l)(p_2> ) 0
20/2(p+ = 2)3 2\/2(p?" = 2)3"

Theorem 7.2.7. The Sum and Product Connectivity Gourava index of the zero di-

visor graph U'(Z,,) are

_-Da-1 - v D1
SGO(I(Zy)) = g1 4 PGO(T (Zy)) (p+q-2)

where p and q are distinct odd primes.

Proof. Let R = Z,,, where p and ¢ are distinct odd prime numbers. Then the set of
non-zero zero divisors of R is Z*(R) = {p, 2p,3p, -+ ,(¢—1)p,q,2q,3q,--- ,(p—1)q}
with cardinality p + ¢ — 2.

Now we can rewrite the vertex set of I'(R) as Z*(R) = V4 U Vs, where V; =
{p,2p,3p,--+ (¢ — 1)p} and Vo = {q,2¢,3q,---,(p — 1)g} with [Vi| = ¢ — 1 and
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|Va] = p — 1. Since no two elements of V; are adjacent and every element of V; is
adjacent with the elements of V5. Also no two elements of V5 are adjacent and every
element of 1, is adjacent with the elements of Vi. So, one can say that I'(Z,,) is

graph isomorphic to Ky, | vy

Figure 7.6: Adjacency structure(Edge set) of the graph I'(Z,,)

Therefore, the sum-connectivity Gourava index of the graph I'(Z,,) is
1
SGO(T(Zy,)) =
" WEZE@ Vd(u) + dv) + d(u)d(v)
= SGO(Kpij ) = SGO(Kg-1),6-1))
_ (p—1)(g—1) _ =D -1)
Vpta-2+@-Dg-1)  vra-1
Moreover, the Product-connectivity Gourava index of the graph I'(Z,,) is
1
PGO(T(Z,,)) =
" MGZE(G) V(d(w) + d(v))d(u)d(v)
— PGO(K\V1|,\V2|) — PGO(K(Q_1)7(I,_1))
_ (p—1(g—1) _ V-1 O

V+a—=2)p—1)(¢—1) (p+q—2)

Theorem 7.2.8. The sum and product connectivity Gourava index of the graph

['(Zy2,) are

(p=1%(q=1) plp—=1(-1) (p-Dg-1)  (p-1){p-2)

SGO(I(Zy2y)) =
(L'(Zy2q)) W - \/m \/p3q —p?2—1 2\/}7(](}9(] —-2)
 (p-1i(g-1) pyV(p—1)(g—1)
PGO<F(Z;D Q>> - \/<pq+p_3)(pq_2> \/(p2+q_2)(p+1)
(r—1)(¢—1) (r =1 —2)

_|_
VR +pa=3)p+1)pa—2)  2(pg —2)v/2(pg - 2)
where p,q are distinct odd prime numbers.
Proof. Let R = Z,2,,
zero divisors of Ris V = Z*(R) =V, U Vo U V3 UV, where
‘/1 = {klp : kl = 172737”' 7(pq - 1) andp T kh q * kl}? with

where p, q are distinct prime numbers. Then the set of non-zero

Vil=pg—p—q+1
‘/2:{]{:2])2:]{:2:17273"” 7q_1}> with |‘/2|:q_1
Vi ={ksq:ks=1,2,3,--- ,p> —1and ptks}, with |[V3] =p?> —p
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V;l = {k4pq : k4 = 172737"' P — 1}7 with “/41‘ =p—- 1
Also the cardinality of V is p?q — ¢(p*q) — 1 = pq + p* —p — 1.

By the similar way which we discussed in 7.2.4, the adjacency property of the zero

divisor graph I'(Z,2,) is shown in Figure 7.7.

Figure 7.7: Adjacency structure(Edge set) of the graph I'(Z,2,)

Now one can see that degrees of each V; for ¢« = 1,2, 3,4 are in the following.
dlz) =|V4l =p—1Vx e V.
d(z) = |Vs| + |Va] = p* — 1 Vx € Vs
d(z) = |Vo| =q—1Vz € V.
d(z) = |Vi| + [Va| + V4| =1 =pg —2 Yz € V.
Now, we divide edge set E of I'(Z,2,) as £ = E1 4, U Es3U Ey g U Ey 4.

Therefore, the sum-connectivity Gourava index of the graph I'(Z,2,) is

1
SGO(I'(Z,2
(F(Zy2g)) = UGZE: N OET OEXIONE
1 1
B RCOEr R OTON Z NCOET ORI OID

1 1
N Z Vd(w) v) + d(u)d(v) " Z Vd(u) +d(v) + d(u)d(v)

By a L o1

VP=1+pg—2+@p-1)pg—2) P —1+q-1+@*-1)(¢—-1)
(p—1(g—1) n (p—1(-2)

\/p—1+pq—2+(p—1 Jpg—2)  2/(pg —2)* + 2(pg — 2)

_=1-1  plp-Dg-1) - 1)(q—1) (p—l)(p 2)
Vpig—p—1 Vg —1 Vg —p? - pa(pg —2)

Moreover, the product-connectivity Gourava index of the graph I'(Z,2,) is
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1
PGO(T(Zyz,)) :WEZE(G) V(d(w) + d(v))d(u)d(v)

1 1
> v (d(w) + d(v))d(u ) Z u) + d(v))d(u)d(v)

wvEl] 4 IS S

uv€Fy 4 uvEly 4

1 1
p> V@) T @) 2 V (d(w) + d(v))d(u)d(v)
1

_ (p—1)?*(¢—1) N plp—1)(g—1)
Vio—1+p—=2)p—1)(pg—2) V@ —1+¢=1)@p>-1)(g—1)
(p—1D(g—1) (p—1(p—2)

VP =14+ =2)(* = Dpg—2)  2/2(pg —2)(pg - 2)?
__ (=M= pvp-Del Vie—-1(g-1)
Vg +p=3)pa—2) V@*+a-2)p+1) V@ +pe—3)p+1)(pg—2)
p-Dr-2 [
2(pg — 2)v/2(pg — 2)

Theorem 7.2.9. The sum and product connectivity Gourava index of the graph

T(Z,22)
SCOM Loy = 1P =D a—1)  palp—1)(g—1)  alp—1)(g—1)
plp—1%*¢—-1)  plp—1(g-1)  (p—1(g—-1) (p—1)*(¢—1)
VPR —q—1 PP —- -1 PP —pa—ps PP —pd® —pg
(P=Dg-1)  (-D@-Vpg—pr-9 (¢-1¢-2  (-DHr-2)
VPP — pPq — pg? 2v/pa(pq — 2) 2vp2a(P*q —2)  24/pa*(pg® — 2)

are

+

COT(Zona)) — a(p—1)2(¢—1) pay/ (p —1)(g—1)
PEOT Zp ) VvV (pi? +p —3)(pg? —2) i VR+E -2)p+1)(g+1)
qv/p—1(qg—1) plp—1)°Vqg—1
VE+p2=3)p+1p> =2  /(pPq+q-3)(p*q—2)
pp—1)vg—1 N (p—1)(g—1)
VPPa+ @ =3) g+ D)(pPq—2)  /(PPq+pq—4)(P*q—2)(pg - 2)
(p—1*q—1) N (p—1(qg—1)
V0 +pg— 42 —2)(pg—2)  (PPq+pi —4)(p*q - 2)(pg® - 2)
(p—1(g—1)(pg—p—2q) (g—1)(g—2) (p—1)(p—2)
2(pq — 2)1/(pq — 2) 2002 —2)v/(PPq—2)  2(p® —2)\/(p? - 2)

where p,q are distinct odd prime numbers.

Proof. Let R = Z,2,2, where p, g are distinct prime numbers. Then the set of non-zero
zero divisors of Ris V = Z*(R) =V, UV, U V3 UV, U V5 U Vg U Vz, where
={kip: k1 =1,2,3,--- ,p¢® — Land pt ki, qfki}, with [Vi| = q(p — 1)(g — 1)
Vo= {kop? : ko =1,2,3,--+ ,¢* — 1 and q 1 ko}, with [Vs] = q(q¢ — 1)
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Vs = {ksq: ks =1,2,3,-- ,p’q— 1 and p{ ks, qfks}, with [V3] = p(p —1)(¢ — 1)
Vi={ksq® ks =1,2,3,--- p> — 1 and p1 ky}, with |V4| = p(p — 1)
Vs ={kspq:ks=1,2,3,--- ,pg— 1 and ptks,q 1 ks}, with |V5] = (p —1)(¢ — 1)
Vs = {kop’q : ke = 1,2,3,- -+ ,q — 1}, with [Vg| = ¢ — 1
Vi = {kipg® : kr = 1,2,3, -+ ,p— 1}, with [Vz| =p— 1

Also the cardinality of V is p?¢®> — ¢(p?q®) — 1 = p?q + pg® — pq — 1.

By the similar way which we discussed in 7.2.4, the adjacency property of the zero

divisor graph I'(Z,2,2) is shown in Figure 7.8.

Figure 7.8: Adjacency structure(Edge set) of the graph I'(Z,2,2)

Now one can see that degrees of each V; for ¢ = 1,2, 3,4,5,6,7 are in the following,.

dlx)=|Vz|=p—1Vx € V.

d(z) = |Vi| + |Vz] = p* — 1 Vz € Vs

d(x) =|Vs|=q—1Vx € V3.

d(z) = |Va| + V5| = ¢° — 1 Vo € V.

d(z) = |V5| = 1+ [Ve| + |Vz| = pg — 2 Vz € V5.

d(z) = |V3| + [Va| + V5| + |Vs| — 1+ V7| = p*q — 2 Vz € V.
d(z) = |Vi| + [Va| + V5| + V5| + [V7| = 1 = pg® — 2 Vz € V5.

Now, we divide edge set £ of I'(Z,22) as E = E17 U Eyy U Ey7 U EsgU EygU
E576 U E577 U E677 U E575 U E6,6 U E777.

Therefore, the sum-connectivity Gourava index of the graph I'(Z,2,2) is
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1
SGO(I'(Zyng2)) = WEZE(G) Vd(u) +d(w) + d(u)d(v)

DD D DD D D S S W W Y

quEl 7 uve FEo A ’U/UEEQ 7 u’UEE&G ’LL’UEE4,6 ’U/UEE576 uv€E577 ’LL’UEEG,7 ’U,UEE575

1
2 Z +d(v) + d(u)d(v)

uv€ g 6 uwve b7 7

_ \V1HV7| N [Val |Vl
VP—1+p =2+ (p-1p-2) VP —1+¢ -1+ -1 - 1)
[Val[V4] N lang
VPP —1+4p¢® =2+ (> = 1(pe® —2)  Va—1+p’¢—2+ (¢—1)(p’¢—2)
[Val[Vs| N ang
VE-1+p0—2+ (¢ -Dp—2)  Vpa—2+pq—2+ (pg—2)(p*q - 2)
V5l [V7| N Vel [V7]
VPa—2+p¢® =2+ (pg—2)(pe® —2)  /PPq—2+pg® -2+ (p*q — 2)(pg* — 2)
(") (") (")

V2q—4+ (pg—2)2 202 —4+ (?q—2)  /2pg® — 4+ (pg? — 2)?

:q(p—1)2(q—1) pap—Dla—-1)  ap-Ylg=1  pp-1g—1)
PP —p—1 VR —1 VPR —p* =1 PP —q—1

p(p 1)(q—1) (p—1D(g—1) N (p—1)>%*q—-1) R V. 3 C e

VPP — ¢* — \/pq —p’q—pq PP - —pg PP — p*q— pg?

(—1)(q—1 pg—p—q) , (¢—1)(¢g—2) (p—1(p—2)

2y/pa(pq —2) 2v12a(Pq—2)  2y/piP(p® —2)
Moreover, the product-connectivity Gourava index of the graph I'(Z,2,2) is
1
PGO(T(Zpp) = >

weE(G) V (d(u) + d(v))d(u)d(v)

=[D>F D> D ED DD D DY DY+

wveE, 7 uv€ Fo 4 ’U,UEEQ 7 uv€E376 UU€E4’6 quE'576 uv€E5’7 UU€E6’7 ’U,UEE5,5

1
2 Z +d(v))d(u)d(v)

uv€ g 6 wveE7,

_ |V1||V7| |Va| V4l
Vie—1+p =2)p—-1)pe* —2) V> -1+ -1)p*—1)(*— 1)
Vol V7| [Vs| Vs
V= 1+p¢ —2)* = 1)(p* —2) V(¢ —1+p*—2)(¢— 1)(p’q—2)
Vil Vs N |Vs|[Vs|
V(@ —1+p%0—-2)(? —1)(r?q—2) /(pa—2+p*¢—2)(pg — 2)(p*q — 2)
|Vs| V7| N Vsl V7|

Vv (p(qv—l)2 +pg? — 2) ((%)_ 2)(pg® — 2)(|V I)x/ (P%q — 2+ pg® — 2)(p?q — 2)(pg® — 2)

V2(pg — 2 \/2pq— 2(pg® — 2)*
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gp—1)2(¢— 1) pa/(p—1)(q — 1)
Vet +p-3)p?-2) VP +E-2)p+1)(g+1)
qv/p—1(qg—1) N plp—1)%Vq—1
VP +p*=3)p+Dp? —2  /(PPq+q—3)(p>q—2)
p(p—1)vg—1 N (p—1D(g—1)

)

VPRa+ @ =3) g+ 1)(p?q¢—2)  /(PPq+pg—4)(pPq—2)(pg — 2)
(p—1*q—1) N (p—D(g—1)
V0@ +pg—4)(p? —2)(pg —2)  /(PPq+ i —4)(p*q - 2)(pg® - 2)
(p—Dg—1pg—p—q) (¢—1)(g—2) (p—1Dp—2)
2(pg — 2)\/(pg — 2) 200%¢ - 2)\/(P*a—2)  2(pg® — 2)\/(pg® — 2)

Theorem 7.2.10. The sum and product connectivity Gourava index of the graph

['(Zypgr) are
3(p—1)(qg—1)(r— 1)+(p —1)(q - 1) (p—D(r -1 (¢g=1(r-1)

SGO ) =
(F(Zpar)) Voo =1 N R s Y T
(p—1)(g—Dr—1)  (p—1)/(g—1)(r—1)

GO ) =
PO Zorr) Voo -1 Jater -2 1)
(p—1)(g—1) (7"_1)+ (p—1)(g—1)
Vr+pg—=2)pg—1)  /(qgr+pr—2)(gr —1)(pr — 1)

(p—1)(r—1) (q—1)(r—1)

Vg +ar =2)(pg = D)(gr = 1) /(pa +pr —2)(pg = H(pr — 1)
where p,q,r are distinct odd prime numbers.

Proof. Let R = Zyq, where p,q,r are distinct prime numbers. Then the set of non-
zero zero divisors of Ris V = Z*(R) = {p,2p,3p,--- , (qr — 1)p,q,2q,3q,-- - , (pr —
g, 7, 2r,3r,--- , (pg—1)r} with cardinality pgr —¢(pgr)—1 = pg+qr+pr—p—q—r.

We can decompose the vertex set V of I'(R) into subsets as follows: V =V, UV,U
Vs UV, U Vs U Vg, where

Vi={kip:ki=1,23,--- ,qr —1and q{ ki, r{ki}, with |[Vi| = (¢—1)(r — 1)
Vo=Akoq:koa=1,2,3,-- ;pr —1land rtky, ptke}, with V3| =(p—1)(r—1)
Va={ksr: k3 =1,2,3,--- ,pg— Land ptks, qtks}, with [V3] = (p—1)(¢ — 1)
Vi=A{ksqr ks =1,2,3,--- ,p— 1}, with [Vj| =p -1
Vs = {kepr : ke =1,2,3,--- ;¢ — 1}, with |V5| =¢—1
Vo = {kapq : ks =1,2,3,--- ,r — 1}, with |Vg| =r —1

One can easily understand the adjacency structure of the graph I'(Z,,) in Fig-
ure 7.9.
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Figure 7.9: Adjacency structure(Edge set) of the graph I'(Z,,,)

From the Figure 7.9, degrees of each V; for : = 1,2,3,4,5,6 are in the following:

d(z) = Vil =p—1Vor eV
dx) = V5| =q—1Vr eV,
d(z) = V5| =r—1Vz € V;
d(z) = Vil + V5| + |Vs| =qr—1Vz eV}
d(z) = |Va| + |Va| + |Vs| =pr — 1 Vz €V
d(x) = V3| + |Va| + |V5| = pg — 1 Vo € Vj

NOW, we divide the edge set I of F(qur) as B = E174UE275UEg}GUE475UE476UE576.

Therefore, the Sum-connectivity Gourava index of the graph I'(Z,,,) is

1
SGO((Zpr)) = W;E(G) Vd(u) + d(v) + d(w)d(v)
1

= | Z + Z T Z + Z + Z - Z ]\/d(u)+d(v)+d(u)d(v)

quE174 uv€E2,5 7J/U€E3’6 ’U,UEE475 ’LLUEE476 u’UEE5Y6

_ Vi[|[Val Vo |Vs]
VP—l+aqg—1+{p-1(g—-1) q—1+p—1+(qg—1)(pr—1)
V5| Vs] [Vl |V5]
Vi—=1l4pg—1+(r—1)(pg—1) /gr—1+pr—1+(qgr—1)(pr—1)
Vil |Vs] |V5|[|Ve

_|_
Var—=1+pg—1+(qgr—1)(pg—1) /pr—14pg—1+ (pr —1)(pq—1)
_ (=D -1(r-1) N (p—1)(¢g—1)(r—1) N (p—1)(¢—1)(r—1) n

vpgr — 1 vpgr — 1 vpgr —1
(P—l)(q—l)+(p—1)(7“—1)+(q—1)(7"—1)

pgr? — 1 pg*r —1 piqr — 1
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3D DE ) oD, p-De-1) (- Dr-1
vpgr —1 Vpgr? —1 V/p@Pr —1 VpPqr—1

Moreover, the Product-connectivity Gourava index of the graph I'(Z,,,) is

1
PGO(T (Z,y)) =
w;@ 0)d()d(v)

=) + > + > + Z Z Z tv))d(u)d(v)

uvEF 4 uwv€l2 5 uvel3 ¢ uv€Fy 5 uwveFy 6 uvEFs ¢

) ViV rv2uv5|
Vi—T1+a == -1 g—1+pr—1)g—1)(pr—1)
Vilve X Villve .\
Vi —=1+pg—1)(r—1)(pg—1) /(gr—1+pr—1)(gr —1D(pr —1)

Villv ; Villve
Vigr—14+pg—1)(qr—1)(pg—1) /(pr —1+pg—1)(pr —1)(pg—1)
_ (p—1D)(g—1)(r—1) N (p—1D(g—1)(r—1) n

Vot+ae=2)p-1(gr -1 (g+pr—2)(q—1)(pr—1)

(p—1)(q—1)(r—1) N (p—1(g—1)
Vr+pg—2)r=1)(pg—1)  /(qr+pr—2)(gr —1)(pr—1)
(p—1)(r—1) N (q—1)(r—1)

V(g +qr—2)(pg —1)(gr —1)  /(pg+pr—2)(pg —1)(pr — 1)
(p-De-Dr=1 p=DVg=Hr =D @-D@-Hyr-1
Viot+ar—2)(gr—1)  (g+pr—2)(pr—1)  /(r+pg—2)(pg—1)

-y e
Vigr +pr=2)(gr = D(pr—=1)  /(pg+qr —2)(pg — 1)(gr — 1)
(q—1D(r—1)

]

Vo +pr=2)(pg = D(pr 1))
Theorem 7.2.11. Let R = Z,,[x]/ < 2® > with any prime 2 < p < q. Then the sum

and product Gourava index of the graph T'(Z,,[z]/ < 2* >) are
> (P=1%(¢—=1) (p—Dalg=1)  (p—D(g—1)
SGO(I'(Zyg|x x =
(Myelel/ < 2%=)) VPR —p—1 +\/p3q2 e 1+\/p3q3 - P*q — pg?
(p=1%g—1  pe=D0=1" palp=Ng-1  pp-Ylg-1
VPPE = —pg PP —q—1 VPPE -1 PP —¢—1
P-—D—-1)>  (@-Dp-2) (@-1@¢=-2)  (@-D@-1)ps-—p—9q

VPP —p2q—pq 29/ p(pg® —2) 2pv/q(p*q = 2) 2v/pa(pg — 2)

s (p—Diqlg—1) vp—1lg(g—1)
PGO(T(Zyy|z]/ < 2 >)) VO +p—-3)pg —2) \/pq +p? = 3)(pg® — 2)(p+ 1)
(=g —1 . (=g —1)
VPa+ e = 0P —2) e —2) /(e +pa — 4)(pg® — 2)(pq — 2)
po-D-DF . /=D 1)

V@PPa+a-3)p*a—2)(q+1) VPP+E-2)p+1D(g+1)
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plp—1)vg—1 N (p—1(g—1)
VPPq+ @ =3) 2 —2)(g+1)  /(PPq+pq—4)(P*q —2)(pg - 2)
(p—1(p—2) (g—1)(¢g—2) (P=1la-Hpa—p—a)

2(pg* = 2)v/2(pg* = 2)  2(p*q = 2)v/2(p%q = 2) 2(pg — 2)v/2(pg - 2)

Proof. Let R = Z,,[z]/ < 2* >, where 2 < p < ¢ are distinct primes. The zero-divisor
graph I'(R) has a vertex set consisting of the non-zero zero divisors of R. The number
of vertices in T'(R) is (pg® + p*q — pq — 1), which corresponds to the cardinality of
(Zypglz]/ < 2* >)\ {0}. Then the details of I'(R) as in [44] are as follows:

V(IL(R) ={p,2p,--- . (a—=Vp,¢,2¢,-- ,(p— 1)g, 2,22, -+, (pg — D)z, x +p,x +
20, x4+ (¢ — V)p,x+qx+2q-- ,x+ (p—1)q,2x +p,2x + 2p,--+ ,2x + (q —
Dp,2x+q,20+2q, -+, 2x+(p—1)q,--- ,(¢g— Dpz+p.(¢g—)pzr+2p,--- ,(¢q—1)pr+
(¢—Dp.(p— gz +q,(p — gz +2¢,--, (p — 1)gz + (p — 1)q}.

The vertex set V' is divided into seven disjoint subsets Vi, Vs, V3, Vi, Vi, Vg, V7 such
that:

Vi=Akqr:k=1,2--- p—1}, with |[Vj|=p—1

Vo =H{kz+mp : k=12 pg—1m=1,2---,qg— 1 and p t k}, with
Vol = (p—1)qqg — 1)

Vs ={kz+mnp : k=12 ,pg—1,n =12 .p—1and q t k}, with
Vsl =p(p—1)(¢—1)

Vi={lpt+mp:1=0,1,--- ,qg—1,m=1,2,--- ¢ — 1}, with |[V4| = q(¢ — 1)

Vs={lgx+nqg:1=0,1,--- ,p—1,n=1,2,--- ,p— 1}, with |V5] =p(p—1)

Ve ={mpr -m=1,2,--- qg— 1}, with |V =¢—1

Vi={kx:k=12--- ,pg—1andp,qtk}, with [Vz| = (p—1)(¢—1)

The adjacency structure of T'(Z,,[z]/ < 2 >) is illustrated in Figure 7.10.
Also, degrees of V; for i = 1,2,3,4,5,6,7 are in the following:
A(@) = [Vil = 1+ [Val + Vil + V| + Vo] = pg? — 2 Va € Vs
dlx)=|Vi|=p—1Vx e Vj
dx)=|Vs|=q—1Vx e V3
(z) =
() =

dz)=|Vi|+ V5| =p* —1Vz €V}
dx)=|Val + Vsl =¢ —1Vz e Vs
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Figure 7.10: Adjacency structure(Edge set) of the graph I'(Z,,[z]/ < 2* >)

d(z) = Vi + [Vs| + [Vs| + [Vs| = 1+ [V7| = pPq — 2 Vz € Vs
dxz) = |Vi|+ |Vs|+ |V7| =1 =pg—2Vz € V;

Now, we divide the edge set E of ['(Zy,[z]/ < 2* >) as E = E1o U E1 4 U Ey6 U
Ei;UFE36UFEy s UEs6UEg7UE 1 UEgeU Eqyq

Therefore, the Sum-connectivity Gourava index of the graph T'(Z,,[z]/ < x* >) is

computed as follows:

1
SGO(N(Zyla)) < a?>) = 3
weE(G) Vd(u) +d(v) + d(u)d(v)

=[D>+F DFDED DD D D> DY+

uwveFy 2 uveFq 4 uve Fq 6 uv€E177 u’UGEg,G uv€E475 u’UGEs’G UUGEGJ uv€E171

1
2 Z +d(v) + d(u)d(v)

uv€ g 6 uvEEy7,

|V1||V2| N Vi [|Val
VP —2+p—1+(p® =2)(p—1)  /pi® —2+p* -1+ (pg* —2)(p* — 1)
V[ Vel N ahg
VPP =2+ -2+ (p? = 2)P*¢ —2) /P —2+pq -2+ (pg® — 2)(pg — 2)
V3|Vl N V| V5|
Va—1+p¢=2+ (-1 —2) VP -1+ -1+ -1 -1)
V5| Vel N V| |V4]
VE =1+ -2+ (2 -1D)0%—-2) /pP¢—2+pg—2+ (p?q—2)(pg —2)
(") ("3 (")
Vi =22 +20p2 - 2)  V(PPq -2 +2002¢-2)  /(pg —2)? + 2(pg — 2)
_ (=11  (p—Dglg—1) (p—1lg—1) (p=1)*g-1)

_I_

VPR —p—1  /PE-p—1 /PP —p2q—ps® VPP —pg® —pq
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pp—1)(q—1)*  pelp—1)qg—1)  plp—1(q—-1)  (p—1)(g—1)°
VPPt —q—1 VRt =1 VPP — 2 =1 /PP —p*q¢—pyq
p-Dp-2)  (¢-Vg-2) @-D-1pg-pr-q

20\/p(pg®> —2)  2p\/q(p*q — 2) 2v/pq(pg — 2)

Morover, the Product-connectivity Gourava index of the graph I'(Z,,[z]/ < z* >)

is computed as follows:

PGOI(Zyglz]/ < 2* >)) = Z \/( (u) + d(v))d(u)d(v)

PSRRI DD D D D DD D

uvekE 2 uvEE 4 uvel 6 uvek 7 uwveE36 uv€ly 5 uveEs ¢ uv€Fg,7 uvely 1
1
>+ ]
uv€ g 6 wve b7 7 \/(d(u) + d(’l)))d(U)d(U)
Vi[|V2] ana

Vo —2+p-D)(p - 2)(p - 1) i V(p? =2+ p? — 1) (pg? — 2)(p* — 1) i
[V1]|Vs] Vi||Vz]
V@2 =2+ 120 —2)(p? —2)(P*q¢—2)  /(pi® — 2+ pq — 2)(pg® — 2)(pq — 2)
|Vs]|Vs] [Val||Vs]
Vie=1+024-2)(a - D% -2) V@* -1+ -)* - (P - 1)
V5| |Vs] |Vs||V7]

V& 1% 2@ DPd- 2 Vikd 2501201 2pd -2

(") (") (")
V2(pg® —2)3 \/2 2g —2)3 2(pg — 2)3
_ —1)2Q(q—1) N v —Tg(g—1) N
V@ +p-3)p -2)  /(pg? +p* = 3)(pe? - 2)(p + 1)
(p—D(—-1) N (p—1)*¢—1)
Vv (P%q + pg® — 4)(P*q —2)(r’ - 2) V (0g® + pq — 4)(pg? — 2)(pq — 2)
plp—1)(g—1)2 N pgy/(p—1)(g—1)
VPPa+q-3)p*q—2)(q+1) VPP+P—-2)p+1(g+1)
plp—1)vg—1 N (p—1)(qg—1)
VPPg+ ¢ =3) P —2)(g+1)  /(pPq+pg—4)(P*q —2)(pg - 2)
(p—Dp-2) (¢—D(g—2) (P—1lg-1)pg—p—a)

2(pg® — 2)\/2(pg® —2)  2(p*q — 2)\/2(p*q — 2) 2(pq —2)+/2(pq — 2)
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7.3 Sum and product connectivity Gourava index of
Zero-divisor graphs of small finite commutative
rings.

In this section, we mainly computed the sum and product connectivity Gourava index
of zero divisor graphs of some small finite commutative rings. In [45], the details of

zero divisor graphs of small order finite commutative rings are described.

In this context, let R represent a finite commutative ring, |V'| the total number
of vertices, I'(R) the zero-divisor graph corresponding to R, SGO(I'(R)) the sum-
connectivity Gourava index of this zero-divisor graph and PGO(I'(R)) the product-

connectivity Gourava index of this zero-divisor graph.

Sum and product connectivity Gourava index of Zero-divisor graphs of small

finite commutative rings.

4 R I'(R) | SGO(T(R)) | PGOT(R))

3 ZLg Ko \/lg \/g

Zs K1 2 V2

LIX)/(XY) | K| 2 V2

Z4[X]/(2X, X2 = 2) | Ky, 2 \/g
Zo[X,Y]/(X,Y)? | K 3 3
Z4[X]/(2,X)? K NG i
RIX(X) | K | o :
ZuX))(X>+ X +1) | Ks e 3

4 Zo x Fy Kis \% E
Zs x 73 Koy V2 1

Zoos K, 23 V2

Zs|X]/(X?) K, 2 V2
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Vi R [(R) SGO(T(R)) PGO(T(R))
D Ly x s Ky s %
Zs X Iy Ky \/% g
Ty X Ly Figure 6.9 lﬁ—%{-% %+¢%+%
Ly x Ly X]/(X?) Figure 6.9 %+%+% %+¢%+%
6 Ty x Is Ky 4# \/g
F, x F, K 3\/§ \/g
Ly X Iy X I Figure 6.10 \iﬁ + \/% @ + %
Ly Ks 3\/§ \/%
Z;[X]/(X?) K 3\/§ £
7 Ly x I K J% g
Fy xZs Ksy \% 172
Zy x To[X]/(X?) Figure 6.11 | 2+ 2 +-1 %W%”\/g
Ls X Ty Figure 6.11 | 2+ 2 4+-L %*ﬁ”ﬁ
L1 Figre 6.12 | L+ L4 1 2\/g+ﬁ+%
Zy[X] /(XY Figure 6.12 i13+i5+2712 9 %+ﬁ+%
Ly X]/(X* +2) Figure 6.12 | -+ L+ L 22+ e+ 1
Z4X]/(X2 +3X) Figure 6.12 %3*’%*‘712 %+T\1/6+%
74 X)) (2% - 2,2X? 2X) Figure 6.12 i13+%+2712 9 %+ﬁ+i
Zy[X,Y]/(X?, XY, Y?) Figure 6.13 = Ny =
L[ X]/(2X, X?) Figure 6.13 % Lg? + 4\%
Ty X, Y]/)(X3,2X2% 2X) Figure 6.13 % L\:«z/é‘l'ﬁ
L4 X] /(X% +2X) Figure 6.14 ﬁ+\/%+\1[+2\1[ T+§\\?+2\[+,
L[ X]/(2X, 2% + 4) Figure 6.14 ﬁ+¢%+%+%ﬁ Lf+§\\?+2[+,
LX, Y]/ (X% Y? - XY) Figure 6.14 ﬁ+¢%+%+%ﬁ 2\9[ §§+2\[+,
Ly X Y]))(X?Y? = XY, XY —2,2X,2Y) | Figure 6.14 ﬁ+¢%+%+f\l/§ 2\9[ 2\f+2\[_|_,




CHAPTER 7. SUM AND PRODUCT CONNECTIVITY GOURAVA INDEX OFT'(R)169

v R I(R) | SGO(T(R) | PGO[(R))
7 | Z4X, Y]/ (X2 Y2 XY —2,2X,2Y) | Figure 6.15 2 + 325 2% s
Zo|X, Y]/ (X% Y?) Figure 6.15 % + % T\g +3
L4[X]/(X?) Figure 6.15 % + ﬁ 27\\//35 +3
Z4X]/(X? — X? —2,2X?2X) | Figure 6.16 \/%+%+\/% \/%+§+%
LX.Y.2)/(X.Y. 2) K 3 >
Z4[X,Y]/(X?,Y? XY,2X,2Y) Ky 43 =
By [X]/() K, % l
Zo[X]/(X*+ X +1) K; 13 s
: . il i i
Zs X L7 K - \/g
Zs X Is K % \/g
Liyz Figure 6.17 % + 3\% % + 71W
Zo[X]/(3X, X% - 3) Figure 6.17 \}—%4-% L\\}?+7lﬁ
Zo[X]/(3X, X% —6) Figure 6.17 \}—%4—3\% Lﬁ"ﬂlﬁ
Zg[X]/(X?) Figure 6.17 % + g%ﬁ % + 71W
LX.Y)/(X.YP K, G NG
,(X]/(3.X) K, G /i
FX)/(X) K, G /i
ZoX]/(X 11 K i
9 Zoy x Ty Kig \/% 23ﬁ
L3 x Fg Kyrq % g
Fy x Zr Ksg 23 V2
Ly X Loy X L Figure 6.18 \/%+\/%+\/% %/%+51W
Zy X Fy Figure 6.19 \/%—l—%{-% \/§+37\15+\/%
L[ X]/(X?) x Fy Figure 6.19 \/%+%+% \/§+37\1/§_|_\/%
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14 R I'(R) SGO(T'(R)) PGO(T(R))
10 Zs x Ty Kg 8y/2 9 \/g
F, x F K7 L \/%
L X In Ky 12/ 2 2\/§
AT Ko \% %
Lu[X]/(X?) K > <
11 Ly x Iy Ky \% \/g
Fy x Fy Ksg L \/%
Zs x Fg Kyq % %
Ty x Ly Figure 6.20 | - + —= +22 4 oL T R
Ly x 3| X]/(X?) Figure 6.20 %%—%%—%—I—ﬁg %+ﬁ+%+8\1/§
Ls X 1y Figure 6.21 iﬂ—k%{-% g-l-\/%-l-%
Zs x o[ X]/(X?) Fignre 621 | -+ -+ % ?#%ﬁ
Ly x Lsg Figure 6.22 | 224+ 24+ L+ L4 2 \/§+ Lt et f+3f+\/>
Ly x T X]/(X3) Figure 6.22 | 224+ 24+ L+ L4 2 \/§+ 2tk +3f+3§+\/>
Lo x La[X]/(2X,X* - 2) | Figure 622 | 28+ 24 Ly Ly 2|\ fiy [2p Loy Ly vy [2
Ty x To|X,Y]/(X,Y)? | Figure 6.23 &+¢%+§+¢g %+\/T+M+ 1
Ly x Z4X]/(2,X)? | Figure 6.23 %+¢%+§+\/§ §+\/7+41f+ *
Ly x Ty Figure 6.24 | -+ 7=+ 2% + 7 %+ﬁ+ﬁ+%+%
Ty x To[X]/(X?) Figure 6.24 %ﬁ+%+%+%ﬁ %*%*w* 9f+%
Zo[X]/(X?) x Zo[X]/(X?) | Figure 6.24 %{—%-}%4_\/% %/Q+2\[+12\[+2\[+%
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V| R ['(R) SGO(I'(R)) PGO(T'(R))
12 Ly X I K10 % \[
L5 x Fy Kyg \}% 2\[
L X L Ko 3V3
Zy x Ty xF, | Figure 6.25 %+ b el +\f+ I
Zngg Ky 6y/15 \/I
Lyl X]/(X?) K 6y/15 3\/%
13 Ly X I3 Kip 15*2 2\/g
Fy x Zn K310 \% JE
L7 x Fy Ks7 \% \/>2
Ty x Iy x Ty | Figure 6.26 il?ﬁ—%{-%ir% ‘[_|_\/>.|_4\[.|_2f
Lo X Ly X 1y Figure 6.27 | £+ Lt 4 Ly 20 /B | Ty Ly fEy g [,
o x Io x To[X])(X?) | Figure 6.27 I A Y T S A W
14 Ly X Ing K9 12,/2 2,/2
L5 x Ly Ky ? % 2 %
Ly x Ty Keg 21,/ 2,/2
Fg x Fy Koz 7\{7 f
Ly X Ty X Ty X Ty | Figure 6.28 \%—I—%{- %+\% \/7+2\[_|_ _|_1;‘\\?
Zs x Figure 6.29 %+%+¢%+ﬁ U oY S
Zs x L3[X]/(X?) | Figure 6.29 %—I—%—I—\%—k%ﬁ ﬁ+ = -|—§:?-|-7\F
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