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Apstract

The aim of this doctoral thesis is to study Characterization of some Ricci
solitons admitting contact and para contact metrics and an application of Ricci
flow in prey-predator model. The thesis consists of six chapters. An intro-
duction of the Differential Geometry, Ricci soliton and prey-predator model

in Chapter 1.

In the second chapter, we initiate the study of almost n-Ricci-Yamabe
soliton and gradient almost n-Ricci-Yamabe soliton within the framework of
Kenmotsu manifold and obtain some characteristics of the manifold and the
potential vector field. Finally we deliberate *-7-Ricci soliton admitting (k, p)'-
almost Kenmotsu manifold and proved that the manifold is Ricci flat and is

locally isometric to H?"*!(—1). Lastly we construct two examples.

In the third chapter, we establish some results regarding J-Ricci-Yamabe
almost soliton within the framework of paracontact metric manifolds. Here,
we study d-Ricci-Yamabe almost soliton and gradient d-Ricci-Yamabe almost
soliton on K-paracontact and para-Sasakian manifolds. Here, we prove that
if K-paracontact metric g represents 0-Ricci-Yamabe almost soliton with the
non-zero potential vector field V' is parallel to &, then g being an Einstein
with Einstein constant —2n. Later, we initiate that if g represents a gradient
almost *-Ricci-Bourguinon soliton on a (2n + 1)-dimensional n-Einstein para-
Kenmotsu manifold then M?"*! is either Einstein or there exists a vector field

V' is pointwise collinear with Reeb vector field &£, Finally, we prove that if
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the para-Sasakian metric is a *-Ricci Bourguinon soliton on a manifold, then
M?"+1 is either D-homothetic to an Einstein manifold, or the Ricci tensor of

M?"+1 with respect to the canonical paracontact connection vanishes.

In fourth chapter, we demonstrate that if a Kenmotsu manifold admits
an almost *-Ricci-Bourguinon soliton, then the manifold is n-Einstein. Next,
we prove that if a (k,2)-nullity distribution where x < —1 admits an almost
x-Ricci-Bourguinon soliton, then the manifold is Ricci flat. Further, we show
that if a Kenmotsu manifold endows a gradient almost x-Ricci-Bourguignon
soliton and & leaves the scalar curvature r invariant, then the manifold is
an Einstein manifold with constant scalar curvature r = n(1 — 2n). Later,
we have studied on a Sasakian manifold if g represents an almost *-n-Ricci-
Bourguignon soliton with potential vector field V; is pointwise collinear with

&, then the manifold is an n-Einstein.

In the fifth chapter, we study W, - semisymmetric and Ws- pseudosym-
meric trans-Sasakian space form,Ws-locally symmetric trans-Sasakian space
form,Ws- locally ¢- symmetric trans-Sasakian space form and W5 -¢-recurrent
trans-Sasakian space form. Later, we find some results on trans-Sasakian man-
ifold which are conformal 7-Einstein solitons where the Ricci tensor is cyclic
parallel and Codazzi type. We also consider some curvature conditions with
addition to conformal n-Einstein solitons on trans-Sasakian manifold. We also
use torse-forming vector fields in addition to conformal n-Einstein solitons on

trans-Sasakian manifold. Finally,we constructed an example.

In the sixth chapter, We consider a prey predator model with Holling
type III response function incorporating a prey refuge. The purpose of the
work is to offer mathematical analysis of the model and to discuss some sig-
nificant qualitative results that are expected to arise from the interplay of
biological forces. Some numerical simulations are carried out. The thesis
contains the subject matter of the published/communicated papers
whose titles, journal information and chapterwise distribution are

given below:
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Introduction

1.1 Introduction to differentiable manifolds

The concept of a manifold is central to many parts of geometry and modern mathematical
physics because it allows more complicated structures to be described and understood in
terms of the relatively well-understood properties of Euclidean spaces. A manifold is

defined as below,

Definition 1.1.1 (Manifold). /48] A topological space M is said to be a n-dimensional
manifold if it is Hausdorff, second countable and each point of M has a neighbourhood

that is homeomorphic to an open subset of R™ i.e., locally Fuclidean of dimension n.

1-dimensional manifolds include lines and circles. 2-dimensional manifolds are also
called surfaces. The unit n-sphere, n-dimensional real projective space are some examples
of n-dimensional manifolds.

A chart on a n-dimensional manifold M is a pair (U, ¢), where the domain U is an
open subset of M and ¢ is a homeomorphism from U to an open subset of R”. An atlas
is a collection of charts whose domains cover M. Moreover, an atlas A is called smooth
atlas if any two charts in A are smoothly compatible to each other. A maximal smooth
atlas defines a differentiable structure or smooth structure on a manifold.

In mathematics, a differentiable manifold is a type of manifold that is locally similar
enough to a linear space to allow one to do calculus. One may apply ideas from calculus
while working within the individual charts, since image of each chart lies within a linear
space to which the usual rules of calculus apply. If the charts are smoothly compatible,

then computations done in one chart are valid in any other differentiable chart.



The metric which is a Riemannian metric, usually denoted by g, is a symmetric,
smooth, covariant 2-tensor field on a smooth manifold M that is positive definite at each
point. The pair (M, g) is called a Riemannian manifold. A Riemannian metric is not
the same thing as a metric in the sense of metric spaces, although the two concepts are
related.

If g is a metric on M, then for every point p € M, the tensor g, is an inner product
on the tangent space of M at the point p, denoted by T,M. We often define the real
number g,(V/,V3) by (V{,V3), for V], V4 € T,M. In any smooth local coordinates (z'),

the Riemannian metric g can be expressed as
g= gijd:r;idxj,

where (g;;) is a symmetric, positive definite matrix of smooth functions. It is also well
known theorem that every smooth (i.e., C°) manifold with or without boundary admits
a Riemannian metric g. There may have enormous number of Riemannian metrics which
can be defined in a manifold. For any point p € M, we can define length or norm
of a tangent vector and angle between two nonzero tangent vectors on 7,M using the
Riemannian metric g.

In differential geometry, a pseudo-Riemannian manifold or a semi-Riemannian man-
ifold, is a differentiable manifold M with a covariant 2-metric tensor g that is smooth,
symmetric and everywhere nondegenerate. This is a generalization of a Riemannian man-
ifold in which the requirement of positive-definiteness is relaxed. A well known result
from linear algebra permits us to make a change of basis such that in the new base, g is
represented by a diagonal matrix with —1 or 1 elements in the diagonal. If there are i, —1
elements and j, 1 elements in the diagonal, the tensor is said to have signature (7, j). The
signature will be invariant in every connected component of M, but usually the restriction
that it be a global invariant is added to the definition of a pseudo-Riemannian manifold.
Unlike a Riemannian metric, some manifolds do not admit a pseudo-Riemannian metric.

Pseudo-Riemannian manifolds are crucial in Physics and in particular in General
Theory of Relativity where space-time is modeled as a 4-pseudo Riemannian manifold
with signature (1,3). Intuitively pseudo-Riemannian manifolds are generalizations of
Minkowski’s space just as a Riemannian manifold is a generalization of a vector space

with a positive definite metric. The fundamental theorem of Riemannian geometry is



true for pseudo-Riemannian manifolds as well. This allows one to speak of the Levi-
Civita connection on a pseudo-Riemannian manifold along with the associated curvature

tensor.

Definition 1.1.2 (Einstein manifold). /89/ An Einstein manifold which is named after
Albert Finstein, is a connected Riemannian manifold (M, g) whose Ricci tensor is propor-
tional to the metric. In other language, a Riemannian manifold M is called an FEinstein
manifold if there exists some constant k such that S = kg, where the Ricci tensor of the
manifold is denoted by S. Furthermore, if k = 0 then the manifold is called Ricci flat

manifold.

Definition 1.1.3 (Killing vector field). [89] A vector field V| on a Riemannian manifold
(M, g) is said to be infinitesimal isometry or a Killing vector field if the Lie derivative
with respect to Vi of the metric g vanishes, i.e., Lyrg = 0. Killing vector field is named

after the German mathematician Wilhelm Karl Joseph Killing.

Definition 1.1.4 (Koszul’s formula). [20] If (M, g) is a Riemannian manifold (or pseudo-
Riemannian manifold) with a Levi-Civita connection V, then for any vector fields V/, Vy

and V4 on the manifold M the Koszul’s formula is defined by,

29(Vvy V3, Vs) = Vig(Vy, V3) + Vag(Vy, Vi) — Vig(V{, V3)
- g(‘/llv [‘/;7 Vg]) - g(‘/Zla [‘/1/7 VSI]) + g(‘/:ila [‘/lla ‘/'2/]) (111)

We want to revisit some well known formulas from Yano[88] which are used exten-
sively through out the entire thesis. On a Riemannian manifold (or semi-Riemannian

manifold) (M, g) the following properties hold,

(Ly V)V, V) = Ly Vv Vy = Vi Ly Vy = Vv Va, (1.1.2)
(LvVizg = VviLvg — Vv g) (Vi Va) = —g((Lv V)(V1, V5), Va) = g((Lv V) (V3 Vs), V),

(1.1.3)
RV, Vo)V5 = Vi,V Vs = Vi, Vi Vi = Vi v Vs, (1.1.4)
(Lv R)(VY, Vo)Vs = (Vi Ly V) (Vy, V5) = (Vg Ly V) (V], V5), (1.1.5)

where V/, V3, V5 € x(M) and R is the Riemannian curvature tensor.
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Definition 1.1.5. In [58] Pokhariyal and Mishra have defined the Wy-curvature tensor

on a differential manifold of dimension (2n + 1) is given by

1
Here R and @ are the Riemannian curvature tensor and Ricci-operator of the Riemannian

manifold respectively.

Now we revisit some of the important contact and para-contact manifolds which form

the basis of this thesis. These manifolds have been used broadly throughout the thesis.

1.1.1 Contact manifold

Let M be a (2n + 1) dimensional smooth manifold and ¢, &', 1’ be a tensor field of type
(1,1), a vector field, a 1-form on M respectively. If ¢/, £’ 1 satisfies the conditions

¢°V = V] +/(V))¢, (1.1.7)
() = 1, (1.1.8)

for any vector field V' on M, then M is said to have an almost contact structure (¢, &', ).
The manifold M equipped with the almost contact structure (¢, ¢, 7') is called an almost
contact manifold (for more details we refer to [9], [67]).

For a compatible Riemannian metric we have a relation
g(@'Vi, ¢'Vy) = g(V, V) — ' (V) (V3), (1.1.9)

for arbitrary V/,Vy € x(M). A manifold having almost contact structure along with
compatible Riemannian metric is called almost contact metric manifold.

An almost contact metric manifold (M, ¢, &', 1, g) has the following properties,

e = 0, (1.1.10)
Wod = 0, (1.1.11)
g(Vi, &) = n'(V), (1.1.12)
9@V, V3) = —g(V{,d'Vy), (1.1.13)

for arbitrary V{, V5 € x(M).



A contact manifold is a (2n 4 1)-dimensional C*° manifold M [68] equipped with a
global 1-form 7’ such that the volume form 7' A (dn’)" is non-zero everywhere on M. This
1-form 7 is called a contact form on M. For a contact form 7’ there exists a global vector
field & satisfying dn/(¢,V]) = 0 and n/(¢') = 1. This vector field &’ is called associated

vector field to 7. Every contact manifold M with contact form 7’ such that
g(Vi,¢'V3) = dn'(V{, V3), (1.1.14)

hold V V{, Vi € x(M).

The fundamental 2-form ¢’ is defined on an almost contact metric structure (¢/, &', 7/, g)
by ¢'(V{,Vy) = g(V{,¢'Vy). An almost contact structure constructed from a contact form
n' is called contact metric structure associated to 7' and a manifold with such a structure
is called a contact metric manifold. An almost contact metric structure with ¢’ = dny is
a contact metric structure (for details see [39]).

A contact structure on M gives rise to an almost complex structure J on the product

M x R. If the almost complex structure ¢’ on M x R defined by

d d
e N et (T
TS5 = @V = FE (V) 2),
where f is a real valued function. It is easy to verify that J?> = —I. If J is integrable,

we say that the almost contact structure is normal. The normality of an almost contact
structure is equivalent with the vanishing of the tensor N}, = [¢/, ¢'] + 2dn’ ® £, where
[¢, #'] is the Nijenhuis tensor of ¢’ (for more details we refer to [9]).

Sasakian manifold

Sasakian manifold is named after the great Japanese geometer Shigeo Sasaki and is defined

as below.

Definition 1.1.6 (Sasakian manifold). If the contact structure of a differentiable manifold

s normal, then the manifold is called Sasakian manifold or normal contact manifold.

It is equivalent to say that, an almost contact metric manifold M?" (¢ &' 1/, g) is

a Sasakian manifold if and only if
(V@' )Vy = g(Vi, V5)§' —n (V) VA, (1.1.15)

5



holds for any vector fields V{ and VJ of x(M).

A contact manifold is called a K-contact manifold if the characteristic vector field &’
is Killing vector field. A Sasakian manifold is a K-contact manifold. The converse is also
true but only for 3-dimensional manifold.

On a (2n + 1)-dimensional Sasakian manifold the following relations hold ([2], [64],

[31])

Vg = =o'V, (1.1.16)
(Vv )Ve = g(V{,V3) —n' (V) (V3), (1.1.17)
R(V{,V)E = ' (V)Vi —n'(V)V3, (1.1.18)

RV, EWVs = n'(V))Vi = g(Vi, Va)E',
Q' = ¢Q,
SVLE) = 2m (V) < Q¢ = 2ng,
S@VI,¢'Ve) = SV, V) =20 (Vi)' (Va),
for all V{,Vj € x(M), where V, R, @, S are Levi-Civita connection with respect to the

metric g, Riemannian curvature tensor, Ricci operator and Ricci tensor respectively.

Kenmotsu manifold

In 1969, S. Tanno|[78] classified the connected almost contact metric manifolds whose

automorphism groups have maximal dimensions, as follows,

(i) Homogeneous normal contact Riemannian manifolds with constant ¢’-holomorphic

sectional curvature if k(&', V/) > 0;

(ii) Global Riemannian product of a line or a circle and a Kéhlerian manifold with

constant holomorphic sectional curvature if k(¢', V) = 0;

(iii) A warped product space R x; N, where R is the real line and N is a Ké&hlerian
manifold, if k(¢&', V) < 0;

here k(¢',V/) denotes the sectional curvature of the plane section containing the charac-

teristic vector field ¢’ and an arbitrary vector field V.

6



In 1972, K. Kenmotsu [46] derived certain tensorial equations characterizing the
manifolds of the third class using the warping function f(t) = ce' on the interval J =
(—€, €). Since then, such manifolds have been known as Kenmotsu manifolds. Conversely,
every point on a Kenmotsu manifold admits neighbourhood that is locally a warped

product J x; N, where f is given by the expression above.

Definition 1.1.7 (Almost Kenmotsu manifold). An almost Kenmotsu manifold is a type
of almost contact metric manifold characterized by the condition that the 1-form n' is

closed, i.e., dn’ = 0 and the fundamental 2-form ¢ satisfies d¢’ =20 N ¢'.

Definition 1.1.8 (Kenmotsu manifold). A Kenmotsu manifold is a normal almost Ken-
motsu manifold. Where the structure is normal, meaning the Nijenhuis torsion associated

with ¢ and n' vanishes.

By [9], if in an almost contact metric manifold M the 1-form 1’ and the (1,1)-tensor

field ¢’ satisfy the following condition for arbitrary V{, VJ € x(M)

(Vv )\Vy = g(&'VI, V3)E' =0/ (V3)¢' V4, (1.1.23)

then the manifold M is called a Kenmotsu manifold. Moreover, it can be shown that
the condition is equivalent to the normality of the structure, i.e., the vanishing of the
Nijenhuis tensor associated with (¢,&’, 7).

In Kenmotsu manifold of dimension (2n + 1), the following relations hold,

Vv = V=0 (V)¢ (1.1.24)
(Vv )WVa = gV, Va) =0/ (Vi)' (V3), (1.1.25)
R(VI, V)¢ = o' (V))Vy =/ (Vy)V, (1.1.26)

S(V,&) = —2n(V]) & Q¢ = —2n¢, (1.1.27)
Leg(Vi V) = 29(V1,V5) = 20/ (V) (V3), (1.1.28)

for arbitrary V{, VJ € x(M), R is Riemannian curvature tensor, S is the Ricci tensor and

L is the lie derivative operator.

Definition 1.1.9 (7/-Einstein manifold). [89] An almost contact (or almost para-contact)
metric manifold M is said to be 1 -Einstein manifold if there exists two constants a and

b such that the Ricci tensor S satisfies the following relation,
SV, Vy) = ag(V{, V3) + b (V)0 (V3), (1.1.29)

7



for all VI, V] € x(M). Clearly, if b = 0, then an n'-FEinstein manifold reduces to an

FEinstein manifold.

Now, considering V' = ¢’ in the n/-Einstein condition and using (1.1.27) we obtain
a+ b = —2n. Contracting equation (1.1.29) over V| and VJ, we get the scalar curvature
r = (2n + 1)a + b, where r denotes the scalar curvature of the manifold. Solving these
two equation we obtain, @ = 5~(2n+r) and b = —5-{2n(2n + 1) 4+ r}. Substituting these
values into equation (1.1.29), we can rewrite it as

SOR V) = 5-(2n 4+ r)g(Vi Vi) — 5 2n(2n 4 1)+ b () (V). (11.30)

on
(k, 1) almost Kenmotsu manifold

On an almost contact manifold, we define two (1,1)-type tensor fields h = %E’gqb’ and
h' = ho¢" and an operator £ = R(.,§')§’, where Li¢' is the Lie derivative of ¢’ along the
Reeb vector field &'

Some renowned mathematicians defined many nullity distributions on contact man-
ifolds. In 1995, Blair et al. in [10] have defined (k, p/)-nullity distribution on a contact

metric manifold M?* 1 (¢/ &1, g), for two real numbers k and p, by
N(k, ') - p = Np(k, p') = {V5 € T,M|R(V{, V3)Vs =r(g(V3, Vi)Vi' — g(Vi, V5)V5)
+ :U’/(g<‘/2/> ‘/3/)}1‘/1/ - g(‘/1/7 ‘/3/>h‘/2/)}7
(1.1.31)

for any given vector fields V/ and VJ on M. In [25], Dileo and Pastore introduced the
notion of (k, u})"-nullity distribution, on an almost Kenmotsu manifold (M, ¢, &' 1/, g).
It is defined at any point p € M, for real constants k, i} € R, as follows:
Ny(k, ) = {V5 € T,(M) : R(V{, Vy)Vy = kl[g(Vy, Vi)V — g(V{, V5) V3]

+ //[g(‘/le ‘/31>h/‘/1/ - g(‘/lla ‘/E’)/)hl‘/Zl]}v (1132)
vV V/, V3 on T,(M). For a more comprehensive study on almost Kenmotsu manifolds, we
refer the reader to [21, 25, 74, 82], and other references listed in the bibliography.

If the characteristic vector field £ belongs to the (k, y/)-nullity distribution, then
RV, V3)& = k(i (Vo)Vi — 0/ (VI)Va) + 1/ (f (Vo )RVY — o (Vi) V).
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This nullity distribution is a generalization of k-nullity distribution. If we consider p/ = 0,
then (k, ¢/)-nullity distribution reduces to x-nullity distribution. A contact metric mani-
fold whose characteristic vector field £ belongs to x-nullity distribution, i.e., the relation
RV}, V)& = w(n' (Vi)V] — 0/ (V])V) holds, is called a N(k)-contact metric manifold. A
N (k)-contact metric manifold is Sasakian if and only if x = 1.

In 2009, Dileo and Pastore [25] first considered some nullity distributions like (x, p')-
nullity distribution, (k, ¢')"-nullity distribution on almost Kenmotsu manifold.

The tensor fields h and b’ play significant roles in the geometry of an almost Kenmotsu

manifold. Both tensors are symmetric and satisfy the following relations,

Vi€ =V — o (V)E + ¢S, (1.1.33)
he' = n¢ =0, (1.1.34)
hé' = —¢'h, (1.1.35)

tr(h) =tr(W)=0,h=0<h =0 (1.1.36)

for any V/, V4 € x(M), where V is the Levi-Civita connection of the manifold M. In

addition, the following curvature property is also satisfied,
RV, V3)E = n'(V))(Vy + B'Vy) =/ (V) (Vi + W'V)) + (Vg ) Vg = (Vag)VY, (1.1.37)
where R is the Riemannian curvature tensor of (M, g).

Definition 1.1.10 ((k, p/)’-almost Kenmotsu manifold). : An almost Kenmotsu manifold
whose characteristic vector field &' satisfies the (k, ') -nullity distribution condition is

defined by the relation:
RV, V5)¢" = w(n (VO)V] =0/ (V)V3) + 1’ (n (VW' V] = (VI)I'V3), (1.1.38)

for any V{, Vi € x(M), where  and (' are real constants, is called (k, ') -almost Ken-

motsu manifold.
On a (k, p')'-almost Kenmotsu manifold M we have (see [25]),
RAV]) = —(s + D[V =0/ (V))€], (1.1.39)
W) = = (k+ DV} =1/ ()¢], (1.1.40)
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for V/ € x(M). From the previous relation, it implies that A’ = 0 if and only if Kk = —1,
and b’ # 0. Let V] € Ker(n') be an eigenvector field of h’ orthogonal to &', corresponding
to the eigenvalue /. Then, from equation (1.1.39), we obtain a/*> = —(x + 1), which
implies Kk < —1. Dileo and Pastore proved that on a (k, ')-almost Kenmotsu manifold
with £ < —1, the parameter ' = —2 (Proposition 4.1 of [25]). In what follows, we work
with (x, —2)"-almost Kenmotsu manifolds as a standard case.

We recall some useful results on a (2n + 1) dimensional (k, —2)-almost Kenmotsu

manifold M with x < —1, as follows,

RE VIV = w(g(V],V5)E" =0 (Vo)Vi) = 2(g(W'VY, Vo) — ' (Vo) V), (1.1.41)
QVi = =2nV+2n(k + 1)y (V)& —2nh'(V)), (1.1.42)

r = 2n(k—2n), (1.1.43)

(V' )WVo = gV, Vo) =0’ (V' (Va) + g(W'VI, V), (1.1.44)
(Vv h)Vy = —g(W'V] + h=V], V5)e — o (V) (W'V] + h2V)), ( )

where V/, V] € x(M), @, r are the Ricci operator and scalar curvature of M respectively.

Trans-Sasakian manifold and space form

An almost contact metric manifold M is called a trans-Sasakian manifold if the product
manifold M x R, equipped with the almost Hermitian structure (J, G), where G is the
product metric on M x R, belongs to the Gray-Hervella class Wy (see [38]).

Definition 1.1.11 (Trans-Sasakian manifold). An almost contact manifold M(¢', &', 7', g)

is called trans-Sasakian manifold of type (o, B') if there are smooth functions o, " satis-

fying,
(Vv @)V = o/[g(V], Vo)& — ' (VOVA] + Blg(' Vi, V3)E — ' (V)e' Vi), (1.1.46)
where V{, V3 € x(M) are arbitrary.

The functions o/ and 3’ are called structure functions of the manifold. Trans-Sasakian
manifolds of type (0,0), (¢/,0) and (0,’) are known as cosymplectic, o/-Sasakian, '

Kenmotsu manifolds, respectively. Form equation (1.1.46) we can deduce that,

V€ = =a(¢'V]) + 5/ (Vi =i (V))E). (1.1.47)

10



(Vi )Vy = =a/g(¢'V{, V5) + B'g(¢' V7, ¢'V3). (1.1.48)

The manifold (M, ¢, &', 1, g,a, f’) is said to be a trans-Sasakian manifold of type (o/, ).
A Sasakian manifold appears as a special case of an o/-Sasakian manifold with o/ = 1
and /' = 0, while a Kenmotsu manifold corresponds to the case o = 0 and 5 = 1.
Furthermore Marrero [49] has shown that a trans-Sasakian manifold of dimension greater
than 5 is necessarily either cosympletic, o’-Sasakian or ’-Kenmotsu.

Now we define a trans-Sasakian space form as follows [52].

Definition 1.1.12. A trans-Sasakian manifold M*"*! of constant ¢'-sectional curvature

c is called trans-Sasakian space form denoted by M?""'(c) and its curvature tensor is

given by
o(c+3)+p'(c—3
Ry = TERIEICS 0 v a0 v
le—1)+Ble+1)

1 [ (VD' (V) Ve — o (Vo) (V)WY
+ gV V) (V)€ = g(Va, Vi)' (V) + g(&'V3, Vi)' Vi
— (VI Va)d'Vy + 29(V, 9'V5) 'V, (1.1.49)

where o and [ are smooth funtions on M.

The properties of trans-Sasakian space form are studied by Bhattacharyya et al [52].

In a trans-Sasakian space form the Ws-curvature tensor satisfies the condition
' (Wa(V{, V) V) = 0. (1.1.50)
Again the following relations hold for a (2n + 1) dimentional trans-Sasakian space form:

SOHVD) = {601 — #) +cln+ )’ + #)g(Vi.V3)

- n; el + ) — (o — B0 (Vi (V). (1.1.51)
SO, #'V3) = S(VI, V3) — 2n(o” = B (Vi)' (V2), (1.1.52)

QVl = L{Bn - (o’ ~ F) +cln+ Do’ + NV,

- B ela + 6) — 0 = M V)E (1.1.53)
r=n(a"—p)3Bn+1)+nc(a + ) (n+1), (1.1.54)
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RV, V)" = (o = B (Vo)Vi — ' (V)3 }, (1.1.55)

R(& V)V = (o' = B){g(VI, V5)§" = (V)V}, (1.1.56)
' (RO, Va)Vs) = (of = 8){g(Va, Vi)' (Vi) — g(Vi, Vi)' (V2) }, (1.1.57)
SVI,€) = 2n(a’ = B (VY), (1.1.58)

Here R, S, @ and r are the Riemannian curvature tensor, Ricci tensor, Ricci operator
and scalar curvature tensor of trans-Sasakian space form respectively. (1.1.51)

Again, in a trans-Sasakian 3-manifold (M, g) the Ricci tensor is given by

SUALVE) = [5+€8 — (@ = BMg(A,V3) =[5 + €8 = 3(a” = 8™ (V' (V)

— (V3B + & (VI (V) = VI8 + &' (V])aIn' (V3), (1.1.50)
RV, V5)¢ = (o = 87) I (VI )V{ =/ (V})V3), (1.1.60)

R VI)V; = (o = B7)[g(Vi, V)€’ — ' (V3)V]], (1.1.61)

R(€ V)€ = (o = 87l (VW)€ = V1], (1.1.62)

SV V) = [5 = (o = B)]a(V{. V3) = [5 = 3(a” = B (VI (V). (1.1.63)
S(V.€) = 2 = 8™/ (V)). (1.1.64)

1.1.2 Para-contact manifold

The notion of an almost para-contact manifold was first introduced by Sato [69]. Subse-
quently, Kaneyuki and Williams [44] associated a pseudo-Riemannian metric with such
manifolds, building upon the earlier work of Takahashi [77], who introduced pseudo-
Riemannian metrics in the context of contact manifolds—particularly in Sasakian geom-
etry.

A (2n + 1)-dimensional smooth manifold M is said to admit an almost para-contact
structure if there exist a vector field £, a (1,1)-tensor field ¢, and a 1-form 7’ satisfying

the following conditions
)P =T-n®C¢, (1.1.65)
i) /' (&) =1, (1.1.66)
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i7i) The tensor field ¢’ induces on the 2n-dimensional distribution D = ker(n'), an al-
most paracomplex structure P, that is, P? = «()- The eigen subbundles Dt and D,
corresponding to the eigenvalues +1 and —1 of P, respectively, have equal dimensions n.
Hence, the distribution decomposes as D = DT @ D~

Now follow this with identities that hold in almost para-contact manifolds, such as

g = 0, (1.1.67)
no¢ = 0. (1.1.68)

The tensor field ¢’ induces an almost paracomplex structure on each fibre of Ker(n'); that
is, the eigen distributions corresponding to the eigenvalues 1 and —1 of ¢’ have the same
dimension n.

Zamkovoy in [90] proved that any almost para-contact structure admits a pseudo-
Riemannian metric. If a manifold with an almost para-contact structure (M, ¢, &' )

admits a pseudo-Riemannian metric g of signature (n + 1,n) such that

9@V, V) = —g(Vi, Vo) + 0/ (VD' (Va), (1.1.69)

holds for any V/,Vj € x(M), then g is called compatible metric, and the manifold
(M, ¢, & 1, g) is called almost para-contact metric manifold.

The fundamental 2-form ¢’ on an almost para-contact metric manifold (M, ¢', &', 7', g)
is defined by ¢'(V/,Vy) = g(V{,¢'V]) for any vector fields V{, Vj € x(M). Clearly the
skew-symmetry of the 2-form ¢ follows directly from the properties of ¢’. An almost

para-contact metric manifold for which
¢ (V1 Vy) = dn/ (V{,Vy) = g(V{, ¢'V3), (1.1.70)

is said to be para-contact metric manifold. In this case, 7 becomes a contact form i.e.,
7' A (dn)" # 0. On a para-contact metric manifold M?" (¢, &' 1/, g) we consider a self-
adjoint operator h = %L”@’ , where £; denotes the Lie derivative along the Reeb vector

field &’. The operator h is symmetric and satisfies the following properties

h¢' = —¢'h, (1.1.71)
h§' =0, (1.1.72)
Vi = —¢'Vi+¢'hV], (1.1.73)
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here, V denotes the Levi-Civita connection (i.e., the operator of covariant differenti-
ation) with respect to the metric g. The normality of a para-contact metric mani-
fold (M, ¢, &', 1, g) is equivalent to the vanishing of the (1,2)- type Nijenhuis torsion
tensor defined by No (V{,V5) = [¢/, ¢'|(V{, V3) — 2dn/ (V/, V3)€', where [/, ¢'](V],V5) =
VY, Vil + V1, V3] — S1VI, 6 Vi) — #16/VE, Vi) for amy Vi, V4 € x(M).

Para-Kenmotsu manifold

By analogy with the Kenmotsu manifold, Welyczko [85] introduced the notion of a para-

Kenmotsu manifold (also referred to as a p-Kenmotsu manifold).

Definition 1.1.13 (almost para-Kenmotsu manifold). If an almost para-contact metric

manifold satisfies
(V¢ )Vy = g(&'V, V5)€' =0 (V3)¢'V, (1.1.74)
for arbitrary vector fields V| and Vy, then the manifold is called almost para-Kenmotsu

manifold.

Definition 1.1.14 (para-Kenmotsu manifold). A normal almost para-Kenmotsu manifold

15 called para-Kenmotsu manifold.

The following properties hold on a (2n + 1)-dimensional para-Kenmotsu manifold

Vg = Vi=n'(V)¢, (1.1.75)
(Vv )WV = g(Vi,Va) — o/ (V) (Vy), (1.1.76)
Q¢ = —2nf, (1.1.77)
R(V{,V5)E = o' (V))Vy =o' (V)] (1.1.78)
RV, )¢ = (Vg =V, (1.1.79)
R(VI, &)WV, = gV, V5)E — ' (Vo)W (1.1.80)
(Leg)(V1,V3) = 2[g(V], V) = (V)0 (V)] (1.1.81)

for any V{,Vj € x(M) here, £ and V denote the Lie derivative and the Levi-Civita con-
nection (i.e., covariant differentiation with respect to the metric g), respectively. The
symbol () denotes the Ricci operator associated with the Ricci tensor S, defined by
SV, V) = g(QV{, V), The symbol R denotes the Riemannian curvature tensor of the
manifold (M, g).
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From equation (1.1.29) and following Zamkovoy [91], proposition (4.1), it is shown
that if M?"*! is an n/-Einstein para-Kenmotsu manifold of dimension greater than 3, then

we get
V3 (b) = 2bm'(V5) = 0

for any Vi € TM.

Para-Sasakian manifold

Sato and Matsumoto [70] defined and studied the concept of a para-Sasakian manifold
(briefly, p-Sasakian manifold) as a special case of an almost paracontact manifold. Sub-
sequently, Adati et al. [1] deduced several fundamental properties of para-Sasakian man-

ifolds, laying the groundwork for further geometric and structural analysis.

Definition 1.1.15 (para-Sasakian manifold). A normal para-contact metric manifold is

called a para-Sasakian metric manifold.

Equivalently, an almost para-contact metric manifold is called a para-Sasakian man-

ifold if it satisfies the condition.
(V¢ )Vs = —g(V{, V)& + 0/ (V) V], (1.1.82)

for arbitrary V{,Vy € x(M). In a para-Sasakian manifold, the operator h = 1Leq¢'

vanishes identically i.e., h = 0. Moreover, the manifold satisfies the following identity:

Ve = —¢'Vi, (1.1.83)
RV, V)¢ = ' (V)Vy —n/ (Vi)W (1.1.84)
SV, &) = —2n(V]), Q¢ = —2nf, (1.1.85)

for all vector fields V{ and Vi on M and R, () denote Riemannian curvature tensor and
Ricci operator associated with the Ricci tensor S defined by S(V{, VJ) = g(QV{, V5).
Subsequent, we remind the following commutation formula for our later use (see [87])
(LyvVvyg = Vv Lyvg = Vi) (V] Ve) = —g((LvV)(V, V), V)
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for all vector fields V{,Vy on M?"*! and V is the metric connection. By virtue of paral-

lelism of the pseudo-Riemannian metric Vg = 0, this formula abates to
(Vg Lvg) (VL V) = g((Lv V) (VE, Vi), V) + g((Ly V) (VL V), Vi) (1.1.87)

for all vector fields V{,Vy on M.

Here, we want to evoke some useful important definitions,

Definition 1.1.16. [Contact vector field]. [35] A wvector field V] on a contact manifold
is said to be a contact vector field if it preserve the contact form n' i.e., if there exist a

smooth function v : M — R such that
Lym = v, (1.1.88)

if v =0, then the vector field V| is called strict see in [8]. A vector field V' on a contact
metric manifold (M, ¢', &', 1, g) is said to be an infinitesimal automorphism if it preserves

the structure tensors ¢', &', ' and the metric g.

Definition 1.1.17 (Infinitesimal contact transformation). [89] In an almost contact (or
almost para-contact) metric manifold M, a vector field VY is said to be infinitesimal contact
transformation if Lyv,§" = f&', for some smooth function f : M — R. In particular, if

f=0,ie, Ly§ =0, then V] is called a strict infinitesimal contact transformation.

Definition 1.1.18 (Torse forming vector field). A wector field & on a manifold M is
called torse forming vector field [87] if it satisfies the condition

Vi€ = fV + ()¢, (1.1.89)

for all vector fields V| € x(M), where f € C*°(M) is a smooth function v is 1-form ~v on
M. A torse forming vector field is called recurrent if f = 0; that is Vy,&" = (V)€

Definition 1.1.19 (Conformal vector field). [89] On an almost contact (or almost para-
contact) metric manifold M, a vector field V is said to be conformal Killing vector field

(or simply conformal vector field) if there exists a smooth function p € C°(M) such that

Lyvg = pg.

where Ly g denotes the Lie derivative of the metric tensor g along V', and p is called the
conformal coefficient. If the conformal coefficient p, then V' becomes a Killing vector field,

i.e., Lyg=0.
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1.2 Introduction to Ricci solitons

The Ricci flow, a powerful tool in Riemannian geometry, was first introduced by Richard
Hamilton in 1982 to study and eventually establish Thurston’s Geometrization Conjec-
ture. It’s a partial differential equation that describes how the metric on a Riemannian
manifold evolves over time, ”"smoothing out” the geometry by reducing the curvature.
The differential equation that was to play a key role in solving the Poincaré conjecture
is the Ricci flow equation. Any closed 3-manifold can be canonically decomposed into
pieces in such a way that each admits a unique homogeneous geometry. Here the flow is
studied to interpret the evolution of manifold with respect to time. Our aim is to study
the proposed model and its geometric perspective under the Ricci flow. The Ricci flow

equation is given by
dgij
dt

where R;; denotes the components of the Ricci curvature tensor corresponding to the

— —2Ry;, (1.2.90)

metric g, whose components are g;;.” Three manifolds with positive Ricci curvature closed
3-manifolds of positive Ricci curvature are topologically classified as spherical space form”
until that time, most results relating the curvature of a 3-manifold to its topology involved
the influence of curvature on the fundamental group.

A Riemannian manifold (or pseudo-Riemannian manifold) (M, g) is said to admit a
Ricci soliton, which is a natural generalization of Einstein metric (i.e., when the Ricci
tensor S = ag for some constant a), if there exists a smooth non-zero vector field V' and

a constant )\ such that:

1
§£v9~|—S—|—Xg =0, (1.2.91)

where Ly denotes Lie derivative along the direction V', and S denotes the Ricci curvature
tensor of the manifold. The vector field V' is called potential vector field, and the constant
M is called soliton constant.

The Ricci soliton is a self-similar solution to Hamilton’s Ricci flow [42], which is

defined by the evolution equation

W — —25(g(1)),

with initial condition ¢(0) = g, where g(¢) is a one-parameter family of Riemannian

metrics on the manifold M, and S(g(t)) denotes the Ricci curvature tensor with respect
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to g(t). The potential vector field V' and the soliton constant A play crucial roles in
determining the nature of the soliton. A soliton is classified as shrinking, steady or
expanding according as A’ < 0, N’ =0 or A’ > 0. If the vector field V is zero or Killing,
then the Ricci soliton reduces to Einstein manifold, and in this case the soliton is called
a trivial soliton.

If the potential vector field V' is the gradient of a smooth function f, denoted by V f
or Df, then the Ricci soliton is called a gradient Ricci soliton. In this case, the soliton
equation reduces to:

Hess(f)+ S+ Ng=0, (1.2.92)

where Hess(f) or V2f denotes the Hessian of the function f, that is, the covariant
derivative of the gradient vector field V f. Perelman [57] proved that a Ricci soliton on a
compact manifold is necessarily a gradient Ricci soliton.

In 2014, Kaimakamis and Panagiotidou [43] introduced a modified definition of Ricci
soliton by replacing the classical Ricci tensor S with the %-Ricci tensor S*, a concept
originally introduced by Tachibana [76] and further studied by Hamada [41]. The *-Ricci
tensor S* is defined by

1
S*<‘/1,7 VQ/) = E(tra’ce{gb,'R(‘/l,: QS/‘/Z/)})v

V vector fields V/ and V4 on M. They applied the concept of *-Ricci soliton within
the framework of real hypersurfaces of a complex space form. In this setting, a pseudo-
Riemannian metric g is said to define a *-Ricci soliton if there exists a smooth vector field
V' (called the potential vector field) and a constant A such that the following condition
holds:

Lyvg+25 +2Ng=0. (1.2.93)

Note that a *-Ricci soliton is said to be trivial if the potential vector field V is a Killing
vector field. In this case, the soliton equation reduces to the condition that the x-Ricci
tensor S* is proportional to the metric tensor g, and hence the manifold becomes a -

Einstein manifold. By a *-Einstein manifold, we mean a manifold satisfying
S* =cg

for some constant ¢ € R. Thus, the concept of a *-Ricci soliton serves as a natural

generalization of the *-Einstein metric. Furthermore, a *-Ricci soliton is called an almost
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x-Ricci soliton if the soliton constant A’ is allowed to be a smooth function on the manifold
M, rather than a constant. This generalization broadens the class of solutions and allows
for richer geometric structures.

In [43], it has been studied that real hypersurfaces of a non-flat complex space form
admitting a *-Ricci soliton with the structure vector field as the potential vector field
exhibit strong geometric restrictions. In particular, it was proved that no real hypersurface
in a complex projective space admits a *-Ricci soliton under this condition. Furthermore,
it was shown that a real hypersurface of complex hyperbolic space admitting a *-Ricci
soliton is locally congruent to a geodesic hypersphere.

In 2009, Cho and Kimura [16] introduced the notion of an 7'-Ricci soliton, which
serves as a generalization of the classical Ricci soliton. The defining equation for an
n’-Ricci soliton is given by

Leg+2S+2Ng+2u'n @y =0, (1.2.94)
where y/ is a real constant, 7’ is an 1-form defined as n/(V{) = g(V/, ') for any V{ € x(M).
Clearly, it can be observed that if x4/ = 0, then the 7’-Ricci soliton reduces to classical
Ricci soliton.
In 2020, S. Dey et al. [23], introduced the notion of a *-n'-Ricci soliton as
Leg+2S" +2Ng+2un @9 = 0.

The results concerning *-n’-Ricci solitons have been primarily studied under the assump-
tion that the potential vector field V coincides with the characteristic vector field ¢’
Motivated by this observation, we extend the definition by considering the potential vec-
tor field V' to be an arbitrary vector field. Accordingly, we define a *-n'-Ricci soliton on

a Riemannian manifold (M, g) as a solution to the equation:
Lyvg+2S*+2Ng+2u'n @n =0. (1.2.95)

Now, if we consider the potential vector field V' to be the gradient of a smooth function

f, that is, V = Vf, then the *-n'-Ricci soliton equation can be rewritten as
Hess(f) +S*+ Ng+p'n @n =0. (1.2.96)

An n-dimensional Riemannian manifold (M, g), n > 2, is said to be an Einstein

soliton [6] if there exists a vector field £ and a real constant A" such that

1 1
Eﬁglg +5+ ()\/ - §T)g = 0,
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and also the 7/-Einstein soliton [5] on a Riemannian manifold (M, g) is given by,
Leg+2S+ 2N —r)g+2u'n @n' =0, (1.2.97)

where r is the scalar curvature of the metric g and X and y' are constants. For ' = 0,
from (1.2.97) the data (g,£’, \') is called Einstein soliton [14].
In [65], Roy, Dey and Bhattacharyya considered conformal Einstein soliton, defined

by on an n-dimensional manifold:
, 2
Lyg+2S+ (2)\ -7+ <p+ E))g =0,

where )\ is real constant, p is a scalar non-dynamical field, called conformal presure.
Moreover, an n-dimensional Riemannian manifold (M, g) is said to admit a conformal
n’-Einstein soliton if there exists a vector field V', and real constants A" and y/, such that

the following conformal soliton equation holds:
2

Leg+2S + (2/\’—r—|— (p—l— —))g—|—2u’n'®n’ =0, (1.2.98)
n

as shown in [14]. Note that, the conformal n’-Einstein soliton becomes the Einstein soliton
(9, XN).

The Ricci-Yamabe flow is a deformation equation in Riemannian geometry that
evolves a metric over time, aiming to deform it to a metric with constant scalar cur-
vature. It’s a generalization of both the Ricci low and the Yamabe flow. The equation is

typically expressed as:
dg

i

where ] and ) are scalars, and the sign of these scalars determines the nature of the

[Byr — 2515]g,

flow (Riemannian, semi-Riemannian, or singular Riemannian).

A Ricci-Yamabe soliton (RYS) on a Riemannian manifold (M™, g), n > 2, is a natural
generalization of both Ricci soliton and Yamabe soliton. A metric g on M is said to
admit a (¢/, 8')-Ricci-Yamabe soliton if there exists, a smooth vector field V' (called the
potential vector field), a real constant A" (called the soliton constant), and real constants
o/, B’ (weights for Ricci and scalar curvature parts, respectively), such that the following

Ricci-Yamabe soliton equation holds:

Lyvg+2d'S+[2N = F'rlg =0, (1.2.99)
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where Ly g is the Lie derivative of the metric g along the vector field V', S is the Ricci
tensor, r is the scalar curvature, o/, 3’, X are real constants.

where Ly g denotes the Lie derivative of the metric g along the vector field V', S is
the Ricci tensor, r is the scalar curvature and X, o/, 8’ are real scalars.
In that case, the Ricci-Yamabe soliton equation transforms into its gradient form, called
the Gradient Ricci-Yamabe Soliton (GRYS) equation. This happens when the potential
vector field V' is the gradient of a smooth function f, i.e., V = Vf, then the equation
(1.2.99) becomes

Hess(f) +a'S + [/\' - %5’7’]5] =0, (1.2.100)

where Hess(f) is the Hessian of the smooth function f.
In 2020, Siddigi and Akyol [74] introduced a new generalization of Ricci-Yamabe

soliton, namely 7’-Ricci-Yamabe soliton, which is given by
Lyvg+2d'S+ 2N — B'rlg+2u'n @1 =0, (1.2.101)

where p is a constant and 1’ is a 1-form on M.

Now, if the scalars A" and p’ are smooth functions, then n/-Ricci-Yamabe soliton becomes
an almost 7'-Ricci-Yamabe soliton. So, we define the almost 7’-Ricci-Yamabe soliton
in the following way. A Riemannian manifold (M" g) n > 2 is said to be an almost

n’-Ricci-Yamabe soliton or almost 1/-(a/, 5’)-Ricci-Yamabe soliton (g, V, N, i/, o/, f') if
Lyvg+2d'S+2un@n =02N—-p57r)g, (1.2.102)

where X" and ' are smooth functions. If V' is a gradient of some smooth function f on
M, then the above expression is called gradient almost 7'-Ricci-Yamabe soliton and then
(1.2.102) reduces to
Vif4+d/S+un ey =N - %B’r)g, (1.2.103)

where V2 f is the Hessian of f.

In, 2021, Dey et al.[66] developed the notion *-1'-Ricci-Yamabe soliton(in short s-n'-
RYS) as

Lerg+2pS™ + 2N — qri]g+2p'n @1 =0,

where p/ and X are constants and 7’ is a 1-form on M of dimension (2n + 1).

As per the authors’ knowledge, the results concerning x-r'-Ricci-Yamabe solitons (-

n’-RYS) have been primarily studied in the context where the potential vector field V' is
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chosen as the characteristic (Reeb) vector field ¢’. Motivated by the desire to study a
broader class of solitons and to capture more general geometric behavior, we now general-
ize this concept by allowing the potential vector field V' to be an arbitrary smooth vector

field on the manifold. Accordingly, we define:
Lyvg+2pS* + 2N —qrlg+2u'n @7’ = 0. (1.2.104)

Now, if the scalar functions A" and p’ are smooth functions on the manifold M, then the
+-1'-Ricci-Yamabe soliton is referred to as an almost *-1’-Ricci-Yamabe soliton (almost *-
n’-RYS). Furthermore, if the potential vector field V' is chosen as the gradient of a smooth
function f € C*(M) Thus, the equation (1.2.104) becomes:

*

Hess(f)+ pS*+ (N — q;"

for a gradient almost #-7-RYS means a gradient *-7-RYS, where \" and p’ are smooth

)g+un ®@n =0, (1.2.105)

functions.

In [22], Dey et al. have defined a new notation J-Ricci-Yamabe soliton (in short
0-RYS). A complete Riemannian manifold (M, g) is said to be a 6-Ricci-Yamabe almost
soliton, denoted by (M, g,V,d, \), if there exists smooth vector field V' on M, a soliton

function ' € C*°(M) and a non-zero real valued function § on M such that
Lyg+2d'S+ (2N — p'r)g=0. (1.2.106)

This soliton is called shrinking, steady and expanding according as A is negative, zero
and positive respectively. If the potential vector field V' can be written as a gradient of a
smooth function v on M, i.e., V = Vu, then the §-Ricci-Yamabe almost soliton is called

a gradient J-Ricci-Yamabe almost soliton. Then (1.2.106) can be expressed as
1
SV2u+a'S+ (N — 55/7")9 =0, (1.2.107)

where V2u be the Hessian of u. We denote this soliton by the quadruple (M, g, Du, \').
Now, the identity (1.2.107) can be written as

dHess(f)+a'S+ (N — %B/r)g =0. (1.2.108)

A family of metrics g(t) on a n-dimensional Riemannian manifold (M, g) is said to evolve
by the Ricci-Bourguignon flow (RB flow for short) if g(¢) satisfies the following evolution

equation,

99 _

55 = —2(S — prg), (1.2.109)
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where S is the Ricci tensor of the metric, r is the scalar curvature and p € R is a constant.
From the above definition we can easily say that if p = 0 in (1.2.109), then it becomes

Ricci flow. Now, from [27], we get different tensor like the Einstein tensor, traceless Ricci

1
2(n—1)

tensor, Schouten tensor and Ricci tensor for different values of p = %, p = %, p =
and p = 0.

A Riemannian manifold (M, g), n > 3, is said to be an almost Ricci-Bourguinon
soliton ( or almost RBS) if there is a smooth vector field V' and a smooth function A" on

M satisfying
5(Lvg)(VI,V3) + S(VI, V) — (X' + pr)g(VY, V3) = 0,

where S'is the Ricci tensor of g, r is the scalar curvature and Ly g is the Lie derivative of
g in the V direction.

A Riemannian manifold (M, g), n > 3, is said to be an almost *-Ricci-Bourguinon
soliton ( or almost *-RBS) if there is a potential vector field V' and a smooth function N’

on M satisfying
1
5 (Lvg) (VI V3) + 57(V1, V) = (X' 4 pr)g(Vi, V) = 0, (1.2.110)

where 5™ is the x-Ricci tensor of g, r* is the x-scalar curvature and Ly g is the Lie derivative
of g in the V direction. An almost *-Ricci-Bourguignon soliton is trivial if the vector field
V is a Killing vector field, that is, Ly g = 0; in this case, the manifold is *-Einstein.

It is said to be expanding, steady or shrinking if A’ > 0, A’ = 0 or X’ < 0 respectively.
Now, if we consider the potential vector field V' as the gradient of a smooth function f,

then the *-Ricci-Bourguignon soliton equation can be written as
Hess(f)(Vy,Vy) + 5" (], V5) = (X' + pr)g(V{, V3) = 0. (1.2.111)

A Riemannian manifold (M, g), with dimension n > 1 is said to admit an almost
n’-Ricci-Bourguignon soliton (7-RB soliton) if there exist, a smooth vector field V' on M

(called the potential vector field), such that the following soliton equation is satisfied:
Lyg(V{, V3) + 25V, Vy) = 2[N + pr]g + 2p'n (V] Vo)’ (V1. V3), (1.2.112)

where Ly g denotes the Lie derivative of the metric ¢ with respect to the vector field
V and X,/ are smooth functions. If X and p’ are real constants, then an almost 7'-

Ricci-Bourguignon soliton becomes an 7'-Ricci-Bourguignon soliton. Also it is said to be

23



expanding, steady or shrinking according as \' < 0, N’ = 0 and X > 0 respectively. If V' is
a gradient of some smooth function f on M, then the above expression is called gradient

almost n’-Ricci-Bourguignon soliton and then (1.2.112) reduces to
Vif+S =[N +prlg+un @, (1.2.113)

where V2 f is the Hessian of f.
A Riemannian manifold (M, g), n > 1, is said to be an almost *-Ricci-Bourguignon
soliton if there is a smooth vector field V' called potential vector field and a smooth

function A on M satisfying

1
' (VI V3) + 5 Lvg (Vi Vy) = (N + pri)g (V] V3).

An almost *-Ricci-Bourguignon soliton is trivial if the vector field V' is a Killing vector
field, that is, Ly g = 0; in this case, the manifold is *-Einstein.

In 2014, Kaimakamis and Panagiotidou [43] introduced a modification of the Ricci
soliton by replacing the classical Ricci tensor S with the *-Ricci tensor S*, leading to the
concept of *-Ricci soliton, which is viewed as a natural generalization of a *-Einstein met-
ric. Motivated by the above studies, Dey et al. [24] have defined *-7/-Ricci-Bourguignon
soliton by replacing the Ricci tensor S and the scalar curvature r with the %-Ricci tensor
S* and the x-scalar curvature r*, respectively, in 7n’-Ricci-Bourguignon soliton equation
(1.2.112).

A Riemannian manifold (M, g), with dimension n > 1 is said to admit a x-1-Ricci-
Bourguignon soliton (*-1'-RBS soliton, for short) if there exists, a smooth vector field V'

on M (called the soliton vector field), such that the following differential equation holds:
25°(VI, Vo) + Lvg (Vi Va) = 20N + pr*)g(Vi, V) + 200" (Vi)' (V3).- (1.2.114)

Now, if the scalars X' and p’ are smooth functions on the manifold M, then *-n'-Ricci-
Bourguignon soliton becomes an almost *-n’-Ricci-Bourguignon soliton. Furthermore, if
the potential vector field V' is the gradient of a smooth function f,i.e., V =V f, then the

x-1'-Ricci-Bourguignon soliton equation can be rewritten as

V2f+ S5 =N +pr*)g+un @1, (1.2.115)
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by gradient almost *-1’-Ricci-Bourguignon soliton, we mean a gradient *-7'-Ricci-Bourguignon
soliton, where we consider X and ' are smooth functions.
All the solitons related to 7'-Ricci soliton are called almost solitons if we consider N

and y’ to be smooth functions.

1.3 Prey-Predator model

Community ecology deals with population and its interaction with other populations
and ecosystem ecology, is mainly concerned with the functioning of the over all system
composed of biological organisms and their abiotic environment. In the development of
predator prey theory different formulations of the prey growth rate in absence of predator
have been proposed in the literature .The study of non-linear Mathematical models based
on realistic phenomenon in Mathematical biology is a reflection of their usage for the
purpose of umderstanding the dynamical process involve in many such areas of predator
prey competitive interaction, renewable resource management evaluation of pesticide re-
sistant strains, ecological control of pest, plant herbirore system and so on. Mathematical
ecology is a field of mathematical study of Mathematical models dealing with the relation
between the living organism with respect to each other and their natural environment
predator prey interaction is the fundamental structure in population dynamics under-
standing the dynamics of prey models becomes very helpful for investigating multiple
specis interaction.

The fundamental response, is the rate at which each predator capture prey,following
easily pioneering work of Holling (1959a,1959b) have been widely used to model the rate of
consumptions of indivisual consumers with respect to the density of food resource. There

are three type of Holling type functional response. Here we consider the uptake function of

o' (N(t))

predator prey model of generalised Holling type-III(sigmoid). ¢'(N (t)):m

where N(t) is prey density, parameter o/ the percapita rate of the consumption of prey
by predator population, a prey saturation constant b, predator interference, either b > 0
or b < 0 (b —4a < 0 when b < 0). Keeping in view of literature and using center
manifold theorem, we investigate the stability predator prey system with crowding effect
of predator where the predator is partially dependent on prey. In prey-predator models,

a crowding effect refers to the impact of high population density on the growth rate
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of individuals within a population. It’s a form of self-limitation where, as the number
of individuals increases, the rate of increase per individual decreases due to factors like
limited resources, competition, or stress. This effect can stabilize the system and prevent

oscillations in the prey and predator populations.

Among the six chapters of this thesis, this first chapter consists an introduction to

different types of smooth manifolds, solitons and pre-predator model.

In the second chapter, we investigate almost n’-Ricci-Yamabe soliton and gradient
almost 7’-Ricci-Yamabe solitons within the framework of almost Kenmotsu manifolds. It
is shown that a normal almost Kenmotsu manifold admitting an almost 7’-Ricci-Yamabe
soliton (or its gradient counterpart) is locally isometric to the hyperbolic space H*"1(—1).
Furthermore, prove that if a (x, ) almost Kenmotsu manifold admits an almost 7’-Ricci-
Yamabe soliton, then it must be an 7’-Einstein. In addition we derive the condition under
which non-normal almost Kenmotsu manifolds admit a gradient almost n’-Ricci-Yamabe
soliton. We also analyze the properties of such solitons on on (k, y’)"-almost Kenmotsu

manifold.

Next, we condider an almost *-7'-Ricci-Yamabe soliton within the framework of Ken-
motsu manifolds. It is shown that if a Kenmotsu manifold admits a *-n’-Ricci-Yamabe
soliton, then the manifold is 7'-Einstein. Moreover we prove that if a (k, —2)-nullity
distribution with x < —1 admits a *-n’-Ricci-Yamabe soliton, then the manifold is Ricci
flat. If the metric g defines a gradient almost *-1’-Ricci-Yamabe soliton and the charac-
teristic vector field & leaves the scalar curvature r invariant, then the manifold is again
n’-Einstein. Furthermore, we have show that if a Kenmotsu manifold admits an almost
*-n'-Ricci-Yamabe soliton with potential vector field V' is pointwise collinear with £, then
the manifold is n-Einstein. Finally, we construct two illustrative example: one of a gradi-
ent almost *-n'-Ricci-Yamabe soliton on a 5-dimensional Kenmotsu manifold, and another

of a gradient almost 7’-Ricci-Yamabe soliton on a 3-dimensional Kenmotsu manifold.

In the third chapter, first we study d-Ricci-Yamabe almost soliton and gradient
0-Ricci-Yamabe almost soliton on K-paracontact and para-Sasakian manifolds. We prove
that if K-paracontact metric g admits a d-Ricci-Yamabe almost soliton with a non-zero
potential vector field V' that is parallel to the Reeb vector field £, then ¢ is an Einstein
with Einstein constant —2n. Furthermore, we establish that no para-Sasakian manifold

can admit a gradient J-Ricci-Yamabe almost soliton. Additionally, we explore d-Ricci-
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Yamabe almost solitons within the framework of (k, y')-paracontact manifolds, providing

structural insights and curvature properties associated with such manifolds.

Next, we consider almost *-Ricci-Bourguignon solitons in the context of paracon-
tact geometry. It is shown that if the metric g of an n'-Einstein para-Kenmotsu mani-
fold of dimension greater than three admits an almost *-Ricci-Bourguignon soliton, then
the manifold M?"*! is Einstein. Furthermore, if g represents a gradient almost *-Ricci-
Bourguignon soliton on a (2n 4+ 1)-dimensional 7-Einstein para-Kenmotsu manifold, then
M?*! is either Einstein, or the potential vector field V is pointwise collinear with the
Reeb vector field £'. In the three-dimensional case, if a para-Kenmotsu manifold admits
a x-Ricci-Bourguignon soliton, then it is of constant curvature —1. Finally, we prove that
if a para-Sasakian manifold admits a *-Ricci-Bourguignon soliton, then M?"*! is either
D-homothetic to an Einstein manifold, or the Ricci tensor with respect to the canonical

paracontact connection vanishes.

In fourth chapter, first, we study almost *-Ricci-Bourguignon solitons on Kenmotsu
manifolds. It is shown that if a Kenmotsu manifold admits an almost *-Ricci-Bourguignon
soliton, then the manifold is necessarily an 7’-Einstein manifold. Moreover, we prove that
if a Kenmotsu manifold admitting a (&, 2)"-nullity distribution with x < 1 also admits
an almost *-Ricci-Bourguignon soliton, then the manifold is Ricci flat. Furthermore, we
demonstrate that if a Kenmotsu manifold admits a gradient almost *-Ricci-Bourguignon
soliton and the characteristic vector field £ leaves the scalar curvature r invariant, then
the manifold is an Einstein manifold with constant scalar curvature r = n(1 — 2n), where

n 1s the dimension of the manifold’s contact distribution.

Next, we consider almost *-r-Ricci-Bourguignon solitons within the framework of
Sasakian manifolds. It is established that if a Sasakian manifold admits an almost *-7'-
Ricci-Bourguignon soliton, then the manifold is necessarily n’-Einstein. Furthermore, if
the metric g represents a gradient almost *-n'-Ricci-Bourguignon soliton and the Reeb
vector field & preserves the scalar curvature r, then the manifold is again n’-Einstein. Ad-
ditionally, we show that if a Sasakian manifold admits an almost *-n’-Ricci-Bourguignon
soliton for which the potential vector field V' is pointwise collinear with &', then the

manifold is n’-Einstein.

In the fifth chapter, first we characterize trans-Sasakian space form satisfying cer-

tain curvature conditions on W - curvature tensor. We study W - semisymmetric and W-
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pseudosymmeric trans-Sasakian space form,Ws-locally symmetric trans-Sasakian space
form,Ws- locally ¢'- symmetric trans-Sasakian space form and Wy -¢'-recurrent trans-
Sasakian space form. Some of these results are in the form of necessary and sufficient
conditions.

Next, we study conformal 7’-Einstein solitons on the framework of trans-Sasakian
manifold in dimension three. Existence of conformal 7’-Einstein solitons on trans-Sasakian
manifold is discussed. Then we find some results on trans-Sasakian manifold which are
conformal 7/-Einstein solitons where the Ricci tensor is cyclic parallel and Codazzi type.
We also consider some curvature conditions with addition to conformal 7’-Einstein solitons
on trans-Sasakian manifold. We also use torse-forming vector fields in addition to con-
formal n'-Einstein solitons on trans-Sasakian manifold. Finally, an example of conformal
n’-Einstein solitons on trans-Sasakian manifold is constructed.

In the sixth chapter, We consider a prey-predator model with Holling type III
response function incorporating a crowding effects of predator. The purpose of the work
is to offer mathematical analysis of the model and to discuss some significant qualitative
results that are expected to arise from the interplay of biological forces. Some numerical
simulations are carried out. Here the flow is studied to interpret the evolution of manifold
with respect to time. Our aim is to study the proposed model and its geometric perspective

under the Ricci flow.
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Solitons on Kenmotsu Monifold

2.1 Introduction

This chapter is divided into five sections. Fist two sections consist of introduction and
preliminaries.

In the third section, the primary objective of this article is to study an almost 7’-
Ricci-Yamabe soliton and gradient almost 7'-Ricci-Yamabe soliton within the framework
of almost Kenmotsu manifolds. It is shown that normal almost Kenmotsu manifold ad-
mitting an almost 7’-Ricci-Yamabe soliton or gradient 7’-Ricci-Yamabe soliton is locally
isometric to hyperbolic space H*"*1(—1). Besides, we find the condition for non-normal
almost Kenmotsu manifolds acknowledging gradient almost 7’-Ricci-Yamabe soliton. Fi-
nally, we present an example to verify our findings.

In next section, we initiate the study of #-1’-Ricci soliton within the framework of
Kenmotsu manifold as a characterization of Einstein metric. We prove that if a (k, i)
almost Kenmotsu manifold admits an almost 7’-Ricci-Yamabe soliton, then the manifold
is ’-Einstein. We prove that if a (k, —2)"-nullity distribution, where x < —1 acknowledges
a *-1'-Ricci-Yamabe soliton, then the manifold is Ricci flat. We include an example to
illustrate our findings.

In the last section, if g represents a gradient almost *-n'-Ricci-Yamabe soliton and &’
leaves the scalar curvature r invariant on a Kenmotsu manifold, then the manifold is an
n’-Einstein. Further, we have studied on a Kenmotsu manifold if g represents an almost
x-1-Ricci-Yamabe soliton with potential vector field V' is pointwise collinear with £, then

the manifold is an 7n’-Einstein.
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2.2 Preliminaries

In the introductory chapter, definitions and some fundamental properties of Kenmotsu
manifold and (x, —2)'-almost Kenmotsu manifold are given. An almost Kenmotsu mani-
fold M?"*1 is defined as a generalized (k, //)-almost Kenmotsu manifold if £ belongs to

the generalized (k, p')-nullity distribution and from (1.1.31), we get
R(V{, V)" = k' (VO)VI = ' (VI)V3] + i/ (Vo) hVY — o (V)R V3], (2.2.1)

V vector fields V/, Vj on M, where k, u/ are smooth functions on M. An almost Kenmotsu
manifold M?"*1(g, ¢/, & n') is said to be a generalized (r, /)'-nullity distribution and from
(1.1.32), we have

ROV{,V3)§' =kl (VOVI =i (VI)V3] + ' [ (Vo)'V] = (V) R'V3 ), (2.2.2)

for all vector fields V/, Vj on M, where k, u' are smooth functions on M. Moreover if both
k and p' are constants in (2.2.2), then M is called a (k, p')'-almost Kenmotsu manifold
(see [25, 53, 83]). On generalized (k, i) or (k, p')’-almost Kenmotsu manifold with h # 0
(equivalently, A’ # 0), the following relations hold [25]

W= (k+1)¢7 (eh*=(k+1)¢"7), (2.2.3)

Q¢ = 2nkg'. (2.2.4)
It can be deduced from (2.2.3) that K < —1 and v = ++/—(k + 1), where v is an eigenvalue
associated to eigenvector X € D(D = ker(n')) of h’. The equation holds true if and only
if h =0 (equivalently, ' = 0). Thus A’ # 0 if and only if k < —1.

We now refer to several key results that form the basis of our subsequent analysis.

Lemma 2.2.1. [83] Let M*"*1(g,&' 1/, ¢') be a generalized (k, i/') -almost Kenmotsu man-
ifold with b’ # 0, for n > 1. Then the Ricci operator Q) of M may be formulated as

QVY = =2nV{ + 2n(k + 1)/ (V1) — {/ = 2(n — 1)}V,

for arbitrary vector field V| on M. In addition, if k and i’ are constants and n > 1, then

W = =2 and It follows that
QVY = —2nV{ + 2n(k + 1) (V))& + 2nh'V/, (2.2.5)
for any vector field V] on M. In both cases, the scalar curvature of M is 2n(k — 2n).
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Lemma 2.2.2. [83] Let M*"*1(g,&' 0/, ¢') be a generalized (k, i')-almost Kenmotsu man-
ifold with h' # 0, for n > 1. Then the Ricci operator QQ of M may be formulated as

QVY = 20V} + 2n(k + D/ (V)€ — 2(n — DI'VY + phV7,
for vector field V] on M. Also, the scalar curvature of M is 2n(k — 2n).

Lemma 2.2.3. [80] The Ricci operator Q) on a (2n+ 1)-dimensional Kenmotsu manifold
satisfies
(V@) = —QVi —2nVy, (2.2.6)
(Ve@Q)V] = —2QV{ —4nV/, (2.2.7)

for an arbitrary vector field V| on the manifold M.

Lemma 2.2.4. [80] The *-Ricci tensor S* on a (2n+1)-dimensional Kenmotsu manifold
1S given by

S (VI Vy) = SV V5) + (2n = 1)g(Vi, Vy) + ' (V) (Va), (2.2.8)

for arbitrary vector fields V| and V3 on the manifold and the respective *-scalar curvature

is given in the form r* = r + 4n?.

Lemma 2.2.5. Let M*" (¢, € 1, g) be a Kenmotsu manifold admits a x-1/-RYS. Then
the Lie derivative of the curvature tensor R with the soliton vector V are given by the

exTPression
(LvR)(VI, &) = An(1 = p){n' (V))& + V{i} + o{Vi(r)¢’ = V{(Dr)}
+ {&'(Dr) = ¢ (r)¢’ = Dr}.

Proof. Assume the metric g of Kenmotsu manifold M*"*1(¢/ & 1/, g) represents a *-1'-
RYS. It follows that both equations (1.2.104) and (2.2.8) are satisfied. From these two

equations, we derive
(Lvg)(Vi,V3) = —2pS(V{,V5) = {2p(2n — 1) +2X — q(r + 4n*)}g(V}, V3)
=2(1" + p)' (Vi)' (V). (2.2.9)

We compute the covariant derivative with respect to an arbitrary vector field Vi making

use of the identity (1.1.25) to obtain
(Vg Lyg)(Vi, Va) = =2p(Viy S)(VI, V5) + qV5(r)g(Vi, V5)
=201+ p){g(V{, V' (V3) + g(Vy, Vi)' (Vi) — 20/ (V)n' (Va)n' (V5)}, (2.2.10)
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for all V{ Vj Vi € x(M). Combining (2.2.10) and (1.1.87) and by a straightforward
combinatorial computation and applying the symmetry of (£,V), (1.1.87) implies

g(Lv V)V, V5), V5) = p{(VyS)(V], Vy) = (VyS)(Vy, V5) — (Vi S)(V5, V) }
— qV3(r)g(V{, Vy) + qVi(r)g(Vy, V5) + qV5 (r)g(V{, V)
201" 4+ p){g(Vi, Vo) (V5) — o' (V' (Vi)' (V5)},  (2.2.11)

for arbitrary vector fields V/, VJ and V§ on M. Using (2.2.6) and (2.2.7), the foregoing

equation yields
(LvV)(V], €)= 2pQV] + {4n + &' (r)}V] + ¢V{(r)" — qn'(V{) Dr, (2.2.12)

for all V' € x(M). Now, we differentiate covariantly this with respect to arbitrary vector
1 & X y

field V and using (1.1.24), we achieve

(Vg Ly V)(V],€) = 2p(Vy@Q)V{ — (LyV)(V], V3) + 0/ (V)(Lv V) (V7. €).
+ gV (€ ()] + qg(V{, Vg Dr) — qVi(r)¢* Vs
— @ (V))VyyDr — qg(V{, V3)Dr + 1/ (V{)/(V3)Dr.  (2.2.13)

It is well known that, (Lyv R)(V{, V5)V5 = (Vi Ly V) (Vy, V5) = (Vi Ly V) (V], V5). In view

of (2.2.13) it follows from the previous relation that

(LvR)(VI,V5)E = 2p(Vy;Q)V3 — 20(Vy;Q)V] + 1/ (V) (LyV)(V2, £)
— (V)L V)V, ) + Vi (€ (r)Vy = V5 (§'(n)V/}
+ V(e Vy = Vi (r)e”Vi}
+ {0 (V])Vy;Dr — 1/ (Vy)Vy; Dr}, (2.2.14)

for arbitrary vector fields V/ and Vj on M and where we have used that £V Hess, are
symmetric. In view of (1.1.24) Putting V; = ¢’ in (2.2.14) and using (1.1.27), (2.2.6) and
(2.2.7), we get

(LvR)(V], &) = An(1 = p){n' (V))& + Vi} + o{Vi(r)¢’ = V{(Dr)}
+ ¢{&(Dr)—¢&(r)¢ — Dr}. (2.2.15)
Thus, we end our proof. O
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Lemma 2.2.6. [18/ On a (k, ') -almost Kenmotsu manifold with k < —1 the x-Ricci
tensor is given by

ST Vi, Va) = = (k5 + 2){g(V{, V3) — ' (Vi)' (V3) }, (2.2.16)

for any pair of vector fields V' and Vi on M.

2.3 Normal and Non-normal almost Kenmotsu man-

ifold admitting almost r’-Ricci-Yamabe soliton

This section is devoted to the study of normal almost Kenmotsu manifolds that admit an

almost 7’-Ricci-Yamabe soliton as well as a gradient almost n’-Ricci-Yamabe soliton.

Theorem 2.3.1. If the metric of a Kenmotsu manifold M***! admits a gradient almost
n'-Ricci- Yamabe soliton with o # 0, then it is n/-Einstein. Moreover, if M is complete
and &' leaves the scalar curvature invariant, then it is locally isometric to Hyperbolic space
H?"1(—1). Also N can be expressed locally N =Asinh t+Bcosh t+p' —n{B'(2n+1) +2a'}

where A, B are constants on M.
Proof. Suppose the metric g of Kenmotsu manifold M?"™1(¢/, &' 1/, g) satisfies a gradient
n’-Ricci-Yamabe soliton. Then from (1.2.103), we obtain

Vi Df = oV — a'QV — ol (W)€, (2.3.1)

for an arbitrary vector field V{ on M and 0 = X\ — %6’ r is a smooth function and also u’
is a smooth function.

Now, we take an inner product of the identity (2.3.1) along arbitrary vector field V4, and
using the equation (1.1.24) to yield

ViV Df = Vo)V —o(Vy Vi) — o/ (VyyQ)V] — o' Q(Vyy Vi)

— (Vo) (VS = i { (Vg ) (VD) + 0/ (VI)VE — ' (Vi)' (V2)}.(2.3.2)

Invoking (2.3.2) by applying the well-known identity R(V/,V3)Df = Vy,Vy; D f =V, VD f—

VgD f provides
RV, Vo)Df = (Vio)Vy — (Vao)Vi — o' [(VyQ)Vy — (Vv @)VY] — {(V{p)n' (V5)€'
— (V' (VET = 1 {(Vvn ) (V3) = (Vyn ) (V)
+ 7 (VH)Vi =0 (V)V3}. (2.3.3)
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Now, we take a covariant derivative of the identity (1.1.27) and utilize the equation
(1.1.24) to deduce (Vi7Q)§" = —2n(V{ — n'(V{)¢'). We take the inner product of the
identity (2.3.3) with the vector field &’ to derive

g(R(V{,V5)Df, &) = Vilo — ' (V) = Va(o — p')n' (V7). (2.3.4)

Now, we grasp an inner product of (1.1.26) with D f to obtain

g(R(VI, V3)E', Df) = (Vo) (Vi) = (Vi)' (V). (2.3.5)

We combine the identities (2.3.4) and (2.3.5) and replacing V; by &’ to infer

dlo—p' = f)=&(o—pu = fn, (2.3.6)

where d is the exterior derivative (df (V) = V] f for smooth function f). So, (¢ — f — 1)
is invariant along the distribution D (i.e. D = kern'), hence (0 — f — i) is constant for
all V! € D.

We contract the equation (2.3.3) to get

/

S(V3, Df) = =2n(V3o) + T (Var) + (Vo). (2.37)

given any vector field V) on M. We replace VJ by & into (2.3.3) and by taking the inner
product with Vj yields

g(R(VY, VDS, Vy) = Vilo =)' (V3) = &0 — p)g(Vi, V3)
a'S(V/,V3) + 2nag(V), V). (2.3.8)
In light of the two equations (1.1.24) and (1.1.26) into the identity (2.3.8), we achieve

[(VIf) = (Vi(o = u)In'(Vy) + (o — i = f)g(Vi, Vo) + o' S(VY, V3) + 2na’g(Vy, V3) = 0.
(2.3.9)
We proceed by contracting (2.3.9) over V' leads

2né'(c —p' — f)+d[r+2n(2n+1)] = 0. (2.3.10)

We displace Vi by & into (2.3.7) and exploiting the identities (2.3.10) and (1.1.27), it
follows that &'r + 2{r 4+ 2n(2n + 1)} = 0, for o’ # 0. Now, we feed the equation (2.3.10)

into (2.3.6) to arrive
/
dlo—p —f)= —;—n{Qn(Qn + 1)+ 7}y (2.3.11)
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Applying Poincare lemma and using the fact dn’ = 0 into (2.3.11), we get —a/dr A’ =0

and relying of the value of ¢'r, we have
Dr = =2(r+2n(2n +1))¢. (2.3.12)

If we lay hold of inner product of the identity (2.3.11) with vector field V/, by inserting
it along with (2.3.10) into (2.3.9) to yield

1oyt r 1oy r 1Y TN (T
SV Va) = (5 + Dg(Vi, V) = (- + 2n+ D (Vi)' (Va), (2.3.13)

given any vector field V' on M. Therefore M is n’-Einstein.

Assume that &'r = 0, i.e. £ leaves the scalar curvature invariant. Inconsequence of
this, as a result, we find that r = —2n(2n + 1), a constant. We insert this into (2.3.13) to
arrive S(V{,V5) = —2ng(V{, VJ) i.e., M is Einstein. Next, we assume that M is complete..
As r is constant, (2.3.11) gives Df = DX. As a consequence of this, (2.3.1) becomes

Vi DN = (N + k)V] — (V)€ (2.3.14)

where k = n(2a’ + 5'(2n + 1)). Now, we apply Tashiro’s theorem [79] to demonstrate
that the manifold is locally isometric to hyperbolic space H?"™!(—1). We supersede V/
by ¢ and taking an inner product with &, (2.3.14) provides &'(¢'N) = N + k — i/, But
since it is well known that a Kenmotsu manifold is locally isometric to a warped product

(—€,€) Xet N, where N is a Kéhlar manifold of dimension 2n and (—e,€) is an open

9

interval, using the local parametrization, ' =

(where t is the coordinate on (—¢,€)),

we obtain from the identity (2.3.14)
PN — N 4+ 2na’ +nf(2n + 1) — .

o2

The explicit form of the solution is N'=Asinh t+Bcosh t+u" — n{s’(2n + 1) + 2a’}, where
A, B are constants on M. Thus, we end the proof. n

Next, we proof the following proposition.

Proposition 2.3.1. If the metric of a Kenmotsu manifold M*" (¢ & 0, g)(n > 1)

admits an almost n'-Ricci- Yamabe soliton, then
EEN) + () + EN + & = 2{2na’ + /' + X +nf (2n+ 1)},
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Proof. We take the covariant derivative of (1.2.102) along the arbitrary vector field V] to
yield
(Vi Lvg) (Vi V) = 200)g(V Vi) — 20/ (Vg S) (Vi V3) — 20V W (Vi (V)
= 20 (V) (V) (Va) + 0 (Vi) (Vg ) (V) (2.3.15)

where o = \ — %IT and ' are smooth function. From known results, it follows that £V

is a symmetric tensor of type (1,2) and it then follows from (1.1.87) that

29((Lv V)1, V2), Vs) = (Vi Lvg) (Va, Vi) + (Vg Lvg) (Vs Vi) = (Vg Lvg) (VI V3).-
(2.3.16)
We insert the equation (2.3.15) into (2.3.16) and also displacing V; by £ to arrive

(LvV)(V,€) = 20'QVY + (4na + &' (o — i)V + g(V], D(o — p'))§" = 0/ (V{) D(o — 1)
(2.3.17)
We again take the covariant derivative of (2.3.17) with respect to an arbitrary vector field

Vy leads
(VigLvV)(V1, &)+ (LvV)(V, Vy) =i (Vo) (Ly V) (V1. €)
=2/ (Vy QW + V3(§' (o —p))Vi + 9(Vi, Viyy Do — ))&
—g(V{, D(o —i))¢"Vy + g(V{,6°Vi)D(o — ') — 0/ (V{)(Vey D(0 — ') (2.3.18)

Incorporating this into the formula (see [88])

(LvR)(VI, Vo)Vs = (Vi Ly V)(V3, V) = (Vi Ly V) (V] V),
we get

(LyR)(VI,V3)E = 22{(Vi;Q)V5 — (Vi@V} + Vi€ (0 — 1))V = V3(€' (0
— W)V +9(V3, D(o = "))V = g(V{, D(o — ))V3

+ ' (V)VyD(o — ') =0/ (V5)Vy; Do — ') + 20{n' (V])QV;
— 7' (Vz)QW} + (da'n + (o — p)){n' (V)Vy —n' (Vo)V} (2.3.19)

Now, we differentiate &'(o — p') = g(&', D(o — i) along the vector field V/ and with the
help of the identity (1.1.24) to obtain

VI(E (o — ') = g(V{,D(0 — ') — € (o — u' ) (V}) + g(Vyy D(o — '), &), (2.3.20)
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We again replace V3 by £ into (1.2.102) and invoking it in the Lie-derivative of (1.1.26)
to deduce
(LvR)(VI, V)" + ROV, V5) L€ = g(Vi, Lv€)Vy — g(Va, Lv€ )V
+2(0 + 2a'n — ) {n' (V)Vy — ' (Vo)Vi}. (2.3.21)
We combine the identities (2.3.19), (2.3.20) and (2.3.21) to get
gV, LvE)Vy = g(Va, Ly &V = R(V], V3) Ly € = 20 (V))QV; — 0 (V5)QV}
+2a{n/ (V)QV; — 0/ (V1)@V} + 9(Vvy D(o — i), & )V3 = g(Viyy D(o — 1), €)Vi
+1' (V)VyD(o = p') = n'(Va)V;D(o — i) = 2080’ (VI)Vs — ' (V5)V}
+2u i (VI)V3 — ' (Vo)Vi'} (2.3.22)
We displace vector fields V{ and Vi by ¢'V/ and ¢'V; into identity (2.3.22) and contracting
the obtained equation and invoking Lemma 4.2 (see [34]) results in
S(V3, Lv€) + 2ng(Vy, Lv€') = o/ (V3r) + 20/ (r + 4n® + 2n)if (V3) — g(Ve DX, ¢"V3).

We contract the identity (2.3.22) and using this together with the preceding equation

provides
2(n = 1{9(Ve Do, V3) — g(Ve D', Vi) } +{€(§'0) — (&)} (V2)
+n'(Vy){divDo — divDy'} — 4n(2na’ — p' + o)y (V) = 0. (2.3.23)
We replace Vj by £ in (2.3.23) to deduce
(2n —1){&' (o) =& (W)} + divDo — divDy' = 4n(o — i’ + 2na’).

In view of this in (2.3.23) to infer ¢(Veo Do, V) —g(Ve Dp/, Vi) = {€ (o) =& (')} (VY)
for n > 1. Let us consider ¢ in place of V4 in (2.3.22) and utilizing the preceding relation,
it follows that

Vi Do — Vv Di'+2(0 — ' +2na’)¢"* V] = {£/(€'0) £ (€1 ) He Vi +n/ ()€} (2.3.24)
As a consequence of (2.3.24), the curvature tensor takes the form:
R(VI.V3)D(o — ) = 2{(V3o) = (Vau')}¢" V] = 2{(V{o) — (V{i)}6"°V;
+V3{¢' (o) = €NV = Vi{e'(§o) = () }Vy
+2{¢'(§'0) = &'(EW) + 1 — o = 2nd’ Hy' (Vo)W — 0/ (V)V} (2.3.25)
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Replacing Vi by ¢ in (2.3.25), substituting the obtained equation back into (2.3.25)

produces

R(V{,V3)D(o — ') = (V{o)Vy — (Vin)Vy = (Voo ) Vi + (Var')Vi
—2[{(Vio) — (Vi)' (V)6 = {(Vao) — (Vau) b (V)]

HE{E (o = &)} — o+ & p'ln' VOV =/ (V)V}

+2{ (o = &) + 1 — o = 20" H{n' (V))V] =0/ (V) V3. (2.3.26)

We displace the vector fields V/ and VJ by ¢'V{ and ¢'V5 in (2.3.26) then contracting the
obtained result and together with the observation that o = A\ — %T yields

S(V3, Du') = S(V3, DN = 57)) + 2ng(V3, DIX' = 57)) — 2ng(Vy, Dy).
Consequently, the contraction of (2.3.26) and followed by replacing V3 by ¢'Vy in the

resulting expression yields ¢'{D(\ — 57/7’)} = ¢/(Dy’). Differentiating this along vector
field V] and inserting it in (2.3.24) and (1.1.24) gives

EEN)+EEW)+EN +u =202nd + /' + N +nf'(2n+1)}. (2.3.27)
Hence, the proof is complete. O

Theorem 2.3.2. If M*"*1 (g, &' N, i) be a (k, i) -almost Kenmotsu manifold with h' # 0
admitting gradient almost n'-Ricci- Yamabe soliton, then for k + 2 = 0 either M is locally
isometric to H*" 1 (—4) x R™ or potential vector field is pointwise collinear with the Reeb

vector field.

Proof. Let us suppose that (k, 1')-almost Kenmotsu manifold satisfies gradient almost
n’-Ricci-Yamabe soliton. Then equations (2.3.1), (2.3.2) and (2.3.3) are valid. We take
an inner product of (2.3.3) with ¢ and inserting Lemma (2.2.1) to yield

pr pr
g(ROVI,V)DLE) = (VN == =)' (V2) = (Vy (XN = == =) (Vi)
— a[g(QN'V3, V]) — g(QN'VY, V3)]
— W gVl + W'VE, ¢'V5)) — ' (g(Vy + B'Vy, ¢'VY))}. (2.3.28)
We again take an inner product of (2.2.2) with Df and inserting it into (2.3.28) and
replacing V' by ¢’ reads

DX — Dyl — (&N — i)E' = k{(€')¢ — Df} — W'/ DY. (2.3.29)
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Now, we contract the identity (2.3.3) over V{ to obtain QDf = 2nDyu' — 2nDXN. As a

consequence of this in Lemma (2.2.1) provides
2DN —2Du' —2Df +2(k +1)(&' /)¢ = —p/W'Df. (2.3.30)
We combine the identities (2.3.29) and (2.3.30) to get
DX — Dy + (EXN)§" = (§'1)§ — (k+2)Df + (36 +2)(€'f)§ = 0. (2.3.31)

We operate the forgoing equation by ¢’ gives
¢'(DXN — Dp') = (k+2)¢'DFf,
this shows that
DN — Dy’ — (k+2)Df € RE'.
We may therefore write DN = Dy' + (k + 2)Df + t&’, where t is a smooth function. In
light of this in (2.3.29) infer

2k + 1)Df + (t+ &1 — &N — k€ f)¢ = 20/ W DF. (2.3.32)

Operating (2.3.32) by A’ by inserting the resulting expression into (2.3.32) yields
(k+2)¢'Df =0.

Therefore, it follows that either Kk +2 =0 or Df = (¢'f)¢'.
Let us assume that x + 2 = 0, hence, without loss of generality, we assume that v = 1.

Therefore we get from Theorem (5.1) of [53]
R(‘/l/'u’ ‘/2,1;)‘/;’)/1) = _4[.9(‘/2/1;7 ‘/gv>‘/ilv - g(‘/llv’ ‘/23/1))‘/2/1)]7
R(‘/ll—iﬂ w—v)‘/g—v =0

for any V/ , V5, V5, € [v|/ and V/_ V5 Vi € [-v]. As a consequence of this in
Proposition 4.1 and Proposition 4.3 of [53] together with v = 1, this shows that the
manifold is locally isometric to H?"*1(—4) x R™. That completes the proof. ]

Corollary 2.3.1. Let (M,g,¢', &', 1) be a non-Kenmotsu (k, ') -almost Kenmotsu man-
ifold with k 4+ 2 # 0 admitting a gradient almost n'-Ricci- Yamabe soliton. Then smooth
functions are related by N = u' + %r

39



Proof. Suppose k+2 # 0. Then making use of Theorem (2.3.2), we get V = D f = (£ f)¢'.
Take F' = £’ f and taking the covariant derivative of V' = F¢' with respect to an arbitrary

vector field V/, we obtain
ViV = (WF)E + F(~6V] + W'V)).
Now, we exploit this into (1.2.102) to deduce
(VIE) (Vo) + (Vo )i (Vi) + 2Fg(Vi, Vy) = 2F0 (V' (V)
+2Fg(h'VY, V3) = (2N = 20" = B'r)g(V{, Vy) = 2a/S(V{, V3).  (2.3.33)
We displace VJ by &' into (2.3.33) to yield
VIF = (2N = 2u' — B'r — dnd'k — £ F)n/ (V)), (2.3.34)

for any vector field V/ on M. We contract the identity (2.3.33) and then insert it into

(2.3.34) and again replace V/ by ¢’ into the resulting expression to achieve

/
F=XN_—u— % + 2na/. (2.3.35)

We insert the identity (2.3.34) into (2.3.33) and compare it with Lemma (2.2.1) to yield
(F —2na/)(k + 1)¢"*V] = 0 for any V/ on M. As k < —1, we see that F = 2na/, in view
of this equation (2.3.35) implies X' = p/ + %T O

Theorem 2.3.3. For a generalized (k, pi')-almost Kenmotsu manifold M?*""(g, ¢,
n', &) (n > 1) with K # 0, there does not exist a gradient almost n'-Ricci- Yamabe soliton

and also have the relation
i) X—,u’:%r—Qo/,
ii) £'f=2a'(n—1) and &(&'f)=0.
Proof. We replace V| by ¢'V/ and V3 by ¢'Vj into (2.3.28) to get
o {g(Qhe"* V3, ¢'V)) — g(Qhg™ V], §'V3)} = 0. (2.3.36)

Now, we use the Lemma (2.2.2) into (2.3.36) to yield o//h?¢/*V{ = 0 for an arbitrary
vector field V] on M. From the last equation, it follows that o/(x + 1)/h*V] = 0. As
R #0, k < —1 it follows that /o = 0. For ' = 0, equation (2.3.29) becomes

DX — Dyl + (€€ — (€N)E = w{(€'f) - Df}. (2.3.37)

We insert Lemma (2.2.2) into QD f = 2nDy/ —2nDX and then operate it by ¢’ to obtain
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2n¢/ D(N — 21) — 2n¢/ Dy’ + 2n¢/ Df = 2(1 — n)¢'h' D,

We operate (2.3.37) by ¢’ and then insert in the previous expression to yield
ok + )¢/ Df + 2(1 — n)hDf = 0. (2.3.38)

We again utilize by h'¢’ into (2.3.38) and then plugging it into (2.3.38) to arrive
[(k + 1) + (1 = n)*)¢""Df = 0.
The possible cases are as follows:
Case-I: ¢”’Df # 0 then k = —1 — ("T_l)2 i.e., a constant. As a result of Proposition
in 3.2 [40], we have k = —1, a contradiction.

Case-II: ¢>Df = 0 shows that Df = (£ f)¢' = 0. We take the covariant derivative
of the preceding equation, and upon substitution (2.3.1) and (1.1.24) we evaluate,

(X' =’ = %)V{ —~V(ENE + E NV = nV) —a'QV = 0. (2.3.39)

We combine (2.3.39) with Lemma (2.2.2) and contracting it to give
!/ !/ /8,71 / !/ ! ! _ /
2n+1)(N —p' — ~ +2na’) = &€ f) —2n(f'f) = 2na'(k + 1). (2.3.40)
We replace V] by ¢ and then take an inner product with £’ to obtain £'(¢'f) = N — ' +
2na’'k — %T Based on this, in equation (2.3.40) infer
/

Ef=N—u+2na — % (2.3.41)

Now, we employ (2.3.39) by ¢’ and using the identity (2.3.41) to yield

/
(N — i + 20 — %)gb'h’Vl’ = 0. (2.3.42)
We again utilize the above equation by h and in view of the fact that kK < —1 to deduce
N—u = %T —2a/. As a consequence, equation (2.3.41), we observe that £'f = 2a/(n—1)
i.e., a constant. Therefore £'(¢'f) = 0 which shows that 2a/(nk + 1) = 0, as o/ # 0, we

get Kk = —%, a contradiction. This concludes the proof. O
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2.4 On (k,4) and (k, ') almost Kenmotsu manifold

In this section, we investigate that the metric g of a (2n + 1)-dimensional Kenmotsu
manifold, where the characteristic vector field ¢’ satisfies (k, —2)" nullity distribution. We
study an almost n’-Ricci-Yamabe soliton on (x, p’) almost Kenmotsu manifolds with some

curvature properties. From (1.1.31)
RV, V3)¢" = sy (VO)V] =o' (VI)Va] + /I (V) VY — i (VI) V], (2.4.1)

In [25], Dileo and Pastore established that for a (k, u)-almost Kenmotsu manifold, x = —1

and h = 0. Therefore from (2.4.1), the result is as follows

R(VY,V3)€ =i (VIVy —n' (V)W (2.4.2)
R(§, VI)Vy = =gV, Vo)§' + ' (Vo) VA, (2.4.3)
S(V/,&) ==2ny(V]) and Q& = —2n¢'. (2.4.4)

We also have from (1.1.33), we conclude that
Vi€ =V~ (R)E. (2.4.5)

Once more in [25], it has been proven that in an almost Kenmotsu manifold with &
contained in the (k, ¢/)-nullity distribution, the sectional curvature x(V{,¢’) = —1 from

this, we compute r = —4n? — 2n.

Theorem 2.4.1. If (g,&', N, o/, 5') is an almost 1'-Ricci- Yamabe soliton on a (2n + 1)-

dimensional (K, p')-almost Kenmotsu manifold M, then the manifold M is n'-Finstein.

Proof. We consider V' = ¢’ into (1.2.102) to obtain
(Lerg)(VI,V3) +2a/S(VI, Vy) + 20" (V' (Vg) = (2N = B'r)g (V1. V3). (2.4.6)
Now, we know that
(Leg) = 9(Viy§', V) + 9(Vygg', V).
In light of (2.4.5) in the forgoing equation yields
(Lerg)(VI, V) = 2g(Vi, Vy) = 20" (V' (V3). (2.4.7)
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We substitute the identity (2.4.7) into (2.4.6) and using r = —4n* — 2n to deduce
SV, V) = ag(Vy, Vq) + b (Vi)' (V3), (2.4.8)

where a = 5[(X — 1)+ #/(2n? +n)] and b = X (1 — p/) are smooth functions. This shows
that the manifold M is n’-Einstein. This ends the proof. O

Now from (2.4.4), we have

S, &) =—2n.
We set V] = & and Vj = ¢ into identity (2.4.8) and also using the value of a and b to
arrive
1
S(€,¢) = SN+ 820" +n) — ). (2.4.9)

Now, we equate these two values of S(¢',¢’) to achieve
N+ 8 (2n% +n) =y — 2nd. (2.4.10)
With the help of (2.4.10) into (2.4.8) to yield

L — iy v ), (2.4.11)

O{/

Ry 1
SV, V3) =

il = 2na” = 1]g(Vy, V3) +

which implies

1 1
QVI = — (1 = 2na’ = V] + — (1 — u')n' (V)¢ (2.4.12)

Next, we consider an almost 7’-Ricci-Yamabe soliton on a (2n+1)-dimensional (x, p1)-
almost Kenmotsu manifold endowed with a structure satisfying the curvature condition
Q@ - P =0, where P is the projective curvature tensor defined for a Riemannian manifold
as

PV, VIV = ROV, VIV — o [SOVE VIV = SOV, Vi) (2413
Theorem 2.4.2. If (g,&', N, d/,3') is an almost 1'-Ricci- Yamabe soliton on a (2n + 1)-

dimensional (k, p')-almost Kenmotsu manifold M satisfying the curvature property Q-P =

0, thenr = —2n and the manifold M is locally isometric to the hyperbolic space H*"*1(—1).

Proof. Let us suppose that the curvature property @ - P = 0 holds on M. Then for any
vector fields V/, V3, V5 on M, we have

QP(VI, Va)V3) = P(QVY, V)V — P(VI,QV3)Vs — P(V{, V3)QV5 = 0.
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Applying (2.4.12) in the forgoing equation leads to

1 !/ / ! !/ !/ ! / ! !/ ! ! / / !/ ! !/ / ! ! !/ !

=) (PVEV)VE — i (VI)PE, Vo) Vg =0 (Vo) PV, )V — 1 (V) P(V1, V)€ ]
2

+ E(QHO/ + 1= YP(V{,V5)V5 =0. (2.4.14)

Now in light of the identities (2.4.2), (2.4.3) and (2.4.4), we get the following:

! !/ !/ /! / ! 1 ! ! !
P& Va)Vs = —{g(Va, V5)E' + -5V, V)E'h, (2.4.15)

!/ ! !/ / ! !/ 1 ! !/ !
PV, &)V = g(Vi, V3)& + o~ S(V1, V5)¢E, (2.4.16)
PV, V5)§" =0, (2.4.17)

n(PVIVVs) = 0/ (V3)g(Vi, Vs) — 0/ (V)g(V3, V)
SOV - SOL V(L (2.438)
We substitute the equations from (2.4.15) to (2.4.18) into (2.4.14) to yield
2 (20l +1— )PV, VIV =0,

from which it follows that either 2no/ +1 — ' =0 or P(V{, V5)V5 = 0.
If 2na/ + 1 — p/ = 0, then from (2.4.11), we get

SV, V3) = (L= p)n (V' (V) = =20 (V) (V3),

implying that » = —2n, this contradicts our hypothesis that r = —2n(2n + 1).
Hence, P(V{,Vy)Vy = 0 then, (2.4.13) shows that

RVI VIV = SISOV VIV = SOV V)V (24.19)
We take an inner product of (2.4.19) with V' and then contracting V3 and V3 to acquire
S(V/, V)= —=2ng(V],V). (2.4.20)
We use the identity (2.4.20) into (2.4.19) to find
RV, Vo)Vy = =g(V3, Vi)V — g(V1, V3) V.
Thus, we complete our proof. O

Next, we establish the non-existence of such a curvature condition ) - R = 0 on

(K, p')-almost Kenmotsu manifold admitting an almost 7’-Ricci-Yamabe soliton.
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Theorem 2.4.3. If M is a (2n + 1)-dimensional (k, i')-almost Kenmotsu manifold ad-

mitting an almost 1’ -Ricci- Yamabe soliton, then the curvature property Q- R = 0 does not

hold for the relation ﬁ’{ﬂ/ =1on M.

Proof. Let us assume that curvature property ) - R = 0 holds on M. Consequently, for
all vector fields V/, Vj and Vi on M, it follows that

Q(R(V, V5)Vy) — R(QV], V3)Vs = R(VY, QV5)Vy — R(V, V3)QV5 = 0. (2.4.21)
Making use of (2.4.12) into identity (2.4.21) to deduce

2(2na’ + 1 = ") R(VI, Vo)V + (1= p) [ (R(VE, Vo) V)" — o (VI R(E, Vo) Vs
= (V) R(V{, &)V — i (Vi) R(VY, V5)€'T = 0. (2.4.22)

In light of (2.4.2), we get
' (R(VY, Vo) Vs) = g(Vi, Vi (Va) — g(Vy, V)i (V). (2.4.23)
Now, we feed the identities (2.4.3) and (2.4.23) into (2.4.22) to yield
(2na +1 = pYR(VI, Vo)V = (1= )i (V) I (V) Vy — ' (V) V. (2.4.24)

Then, we plug Vi = ¢ into (2.4.24) to obtain

11—
RV, V3)¢ = m[n/(‘/f)‘/é — ' (Va)V]. (2.4.25)
We compare the equation (2.4.2) with (2.4.25) to obtain ﬁ*{w, = 1, which implies
o' =0, a contradiction. Thus we finish our proof. O

Theorem 2.4.4. Let M*" (¢, &', 1, g) be an almost Kenmotsu manifold such that &
belongs to (k, —2) -nullity distribution where k < —1. If the metric g represents a *-n'-

RYS satisfying
N A 3+ 4) + 4EE ) — D),
then M 1s Ricci-flat and is locally isometric to H" " (—4) x R™.

Proof. Comparing (1.2.104) and (2.2.16) and using 7* = r + 4n?, we get

(Lvg)(V{,Vs) = {2p(k +2) = 2X + q(r + 4n®) }g(V{, V3) — 2{p(k + 2) + 1"}/ (V)1 (V3),
(2.4.26)
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for all vector fields V] and V4 on M. Now taking covariant derivative of (2.4.26) along
the arbitrary vector field V3 and using (1.1.12) we have

(Vg Lvg)(Vi, Va) = aVs(r)g(Vi, Va) — 2{p(k + 2) + '}
(' (Va)g (Vi Vs) + 0 (Vg (Va, Vi) + 1 (V) g (W'Vs, Vi) + 0 (Vi) g (B'V5, V3)
=20 (Vi)' (Vo)n' (V3)]- (2.4.27)

Then using (1.1.87) and by the symmetry of (Ly V) from the above equation (2.4.27) we

have

(LvV)(VI, V) = =2{p(k +2) + p'}g(V], V) + g(W' V], V5) — 0" (V) (V5)]
— ¢{g(V}, Vi) Dr = V{(r)Vy = V5(r)Vi'}, (2.4.28)

for all V{, Vj € x(M). Putting V; = ¢ and using (1.1.8), (1.1.12) and (1.1.34), we acquire
(Lv V)W, &) = =¢{n' (Vi) Dr = V{(r)§" = £'(r)V]}, (2.4.29)

for any given vector V/ on M. Now taking differentiation (2.4.29) covariantly along

arbitrary vector field V5 and using (1.1.33) and (2.4.28) into account we can get

(Vi LvV)(V, &) = 2{p(r +2) + p'}Hg(V/, V) + g(W'VI, V) — ' (V) (Vy)]€'
— {(Vy )V Dr + 0/ (V))V5(Dr) = V(1) V& — V5 (' (r)V]},
(2.4.30)

for any vector fields V/ and V4 on M. Again Yano demonstrates that the well-known
curvature property, (LyR)(V), V)V5 = (Vv Ly V)(V5, Vy) — (Vy Ly V)(V], Vy). Using
(1.1.33), (1.1.44) and setting V5 = &’ then using (2.4.30), we obtain

(Ly R) (VI V)€ = afn' (Vo)Vi(Dr) = (VI)Va(Dr) + Vo (€' (r)V] = V(€' (r)V3}, (2.4.31)

VvV VI, Vy € x(M). Now taking Lie derivative of (1.1.38) with respect to the potential
vector field V' and also using (1.1.8) and (1.1.34), we get

(LvR)(VY, €)' = wlg(Vi, Lv€)E — 20/ (Ly €V — ((Lvn)Vi)E]
+2020 (Ly &)WV — ' (VI (B(Lv ")) — g(W'VY, Ly )€ — (Lv V], (2.4.32)

for any V| € x(M). Putting Vj = ¢’ in (2.4.26) we infer
(Lyn )WV — g(V], Ly€') = {=2X + q(r + 4n?) — 24/} (V]), (2.4.33)
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for any V/ € x(M). Next we put V] = ¢’ into (2.4.33) to yield

W (Ly€) = N — %(r An?) + 4 (2.4.34)

By the help of (2.4.31), (2.4.33) and (2.4.34), we can write the equation (2.4.32) as

R{=2N + q(r +4n®) — 24/ + ¢€'(€'(r)) — ¢€'(Dr)}(V{ — i (V))€) +2{2X —
q(r +4n®) + 20 YRV = 20 (V)R (L €') = 29(W'V], Ly €)E — 2(Lvh) V] = 0.
(2.4.35)

We take an inner product of (2.4.35) with respect to the arbitrary vector field Vj on M

to obtain

{=2N +q(r +4n%) — 20" + g€'(£'(r)) — a€'(Dr)}Hr{g(V], V3) — o (VD)0 (V3)}

—2g(h'VI, Vo) =20/ (V) g (W' (Lv€'), V3) = 29(W'V], Lv €)' (V)

—2g9((Ly WV, V) = 0. (2.4.36)
As the above equation (2.4.36) is true for any given vector fields V{ and V4 on M. We

replacing V/ by ¢'V/ and Vj by ¢’V and employing (1.1.11) taking into account we obtain

as

{22X 4 q(r + 4n2) — 24 + g€ (€ (1)) — g€ (DN} g (6'V7, 'V7)
—29(W'¢'V{, §'V3)] — 29((LvR)¢'V], ¢'V3) = 0, (2.4.37)
for all given vector fields V/ and Vj on M. As spec(h’) = {0,a/, —a'}, let V/ and V belong

to the eigen spaces of —a’ and o' represented by [—a']" and [o/]’ respectively. Then ¢'V/

€[] (see [25]). Hence (2.4.37) can be expressed as
{=2X"+ q(r +4n%) = 21" + ¢€'(€'(r)) — a8 (Dr) }(r — 2)g(&'V], ¢'V)
—29((Lvh")o'Vi, ¢'V3) =0, (2.4.38)
for all given vector fields on M. We now compute the value of g((Lyh')¢'V{, ¢'V3). To
obtain this value, we establish a more general result. In a (k,p')-almost Kenmotsu
manifold (Ly/h')Vy = 0, where the vector fields V{ and V; lie in the same eigen spaces.

It suffices to assume that the vector fields V{, VJ € [/]', where spec(h’) = {0, —a/, ' }.

Let us consider a local orthonormal ¢'-basis as {&', e;, ¢'e; }, i = 1,2,3, ..., n it follows that

Vi Vs =Y g(Vv Vs, e — (o + 1)g(V, 3)¢, (2.4.39)
i=1
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and also

(LyR)Vy = Ly (W'V3) = (L, V3)
= o (LyVy) = W(Ly;V3)
= o(VyVy = Vi Vi) = K'(VyyVy = Vi Vi)
= o(d +1)g(V{,V5)§ — /(o + 1)g(V{, V5)¢
= 0. (2.4.40)

Similarly, it can be shown that the above results remain valid if V{, V; € [—a/]’. For more

details see [25]. Now from (2.4.38), we get
{=2X +q(r +4n%) = 20" + ¢€'(€'(r)) — ¢€' (D) }(k — 2)g('V/, §'V5) =0, (2.4.41)

for all vector fields V] and V3 on M. As g(¢'V{, ¢'V3) # 0 then from the for going equation
we have either N + ' = £(r +4n?) + 4{&'(¢'(r)) — §'(Dr)} or k = 2.

Now, for X' + p/ # 4(r 4+ 4n?) + 4{&'(¢'(r)) — & (Dr)} from the equation (2.4.41) we
infer that k = 2, (2.2.16) implies

SV, V3) = =gV, Vo) =i (Vi)n' (V3) }- (2.4.42)

Again from (2.4.42) and the proposition 4.1 of [25]. In the final step we conclude
that M is locally isometric to H""!(—4) x R™, where H"™!(—4) is the hyperbolic space of
constant curvature —4.

Also, for any vector fields V{ and VJ on M. By hypothesis X + i/ # 4(r + 4n®) +
2{E(¢'(r)) — &(Dr)}, from the equation (2.4.41) it can be deduced that k = 2a’. Again
from o/ = —(k + 1), we get ' = —1 and k = —2, putting the value of « in (2.2.16)
S*(V{,VJ) = 0 i.e. the manifold is *-Ricci flat. This completes the proof. O

Let V] € D be the eigen vector of i’ associated to the eigen values §. Then it can be
seen that 6> = —(k+1), a constant. In [25], we have that in a (2n+1)-dimensional (k, p')'-
almost Kenmotsu manifold M with b’ # 0, kK < —1, ¢/ = —2 and Spec(h’) = 0, 9, —9, with
0 as simple eigen value and 6 = /—(x + 1). In [81], Wang and Liu are shown that for a
2n + 1-dimensional (k, p’)’-almost Kenmotsu manifold M with A’ # 0, the Ricci operator

Q@ of M is given by
QV! = =20V + 2n(k + 1)1 (V)€ — 2nh'V]. (2.4.43)
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Furthermore, the scalar curvature of M is r = 2n(x — 2n). From (1.1.32), it yields
RV, V)& = kln' (V)Vi — ' (V)V3] = 20 (Vo) B'VY — ' (V) I'V3], (2.4.44)
where r, ¢/ € R. It also follows from (2.4.44), we derive
R, VI)Vy = klg(Vi, Va)€ — 0/ (V)VI] = 2[g(W'VY, V3)E — ' (V5)R'VA]. (2.4.45)
Again from (2.4.43), as a result, we find
S(V3, &) = 9(QVy, &) = 2nrn' (V). (2.4.46)
Applying (1.1.33), as a result, we can deduce
(Vv )y = g(Vi, Vo) =0’ (Vi)' (Va) + g(B'VY, V). (2.4.47)

Here, we consider the notion of almost gradient 7’-Ricci-Yamabe soliton in the frame-
work of (k, u')'-almost Kenmotsu manifold and extend the preceding by considering V' as

a gradient vector field. In this regard, the following theorem is proved.

Theorem 2.4.5. If (g, V,XN,d/,3) is an almost gradient n'-Ricci- Yamabe soliton on a
(2n + 1)-dimensional (k, ') -almost Kenmotsu manifold M, then either 2k — 1 = 0 or,
Doc—p)=¢&(c—p)+r(€f—1) wherec = N — %T, and V = Df.
Proof. Assume that V' is the gradient of a non-zero smooth function f : M — R, which
means V' = Df, where D is the gradient operator. It then follows from (1.2.103), we
express this as
1
VyDf = (N = LBV — a'QV{ — iy (V)€ (2.4.48)
We differentiate this covariantly with respect to any vector field V; to achieve
ViV Df = (Vao)Vi + o (Vg Vi) — o'V QVY = (Vou')n' (V)€
= wH{(Vy ) (VIE + ' (Vi) Vy€'}, (2.4.49)
where o = X' — 'r. Interchanging V/ by VJ in (2.4.49) yields
Vv VyDf = (Vio)Vy+a(VyVy) — 'V, QVy — (Vi )n' (V3)€
= wH{(Vyn ) (V)€ + ' (Vo) Vi€'} (2.4.50)
From (2.4.48), we get
Vi DI = o(VyVy = Vg Vi) = a'Q(Viy Vy — Vg Vi) = ' ([V, Va])g'. (2.4.51)

It is well known that

49



R\, Vi)Df =V, VyDf =V, Vv Df =V vyDf.

We now substitute identities (2.4.49), (2.4.50) and (2.4.51) into previous equation and
then using (1.1.33) to get

R(V{, V3)Df = (Vio)Vy — (Vao)Vi = (Vip ) (Vo) + (Var' ) (V)€
+a (Vi @V = (Vi QV3] = /[ (V) (V] = ¢'AVY)
=1 (V{) (V3 — ¢'hV3)]. (2.4.52)
Making use of (2.4.43), we obtain
(VyQV] = VyQV] —Q(Vy W)
= 2n(k+ 1)(g(V], V3) — 0" (V)0 (V3) + g(hV, V3))¢
+ 20k + D' (V) (Ve = ' (V)€ = ¢'hV3)
+ 2ng(AVy + h2V3, V))& + 2nnf (V) (hV3 + 1?V5).
Now, we interchange V; and Vj in the forgoing equation to yield (Vy;Q)V;. Now, we set
this two values in (2.4.52) and using (1.1.40) to deduce
RV, V)Vs = (Vio)Vy — (Vyo)Vi — (Vi)' (V3)€ + (Var ' (V)€
+ 2na’(k+2)[ (V)hVy — ' (V5)H]
— [ (VR)(V] = ¢'hVY) =/ (V) (V3 — ¢'hV)]. (2.4.53)
We put V] = & into (2.4.53) and we take the inner product with V] to simplify the
expression
g(& Vo)Df, V) = (o +u)g(Vi,Vy) = Va(o — 1) (Vi) + 2na/ (k + 2)g(hV5, Vi)
— (& + 1 (VD' (V) + 1 g(&'V], hV3). (2.4.54)

Again using (2.4.45), we have

g(R<£/7 ‘/Q/)Dfa ‘/1/) = _g<R(£/7 ‘/2/>‘/1/7 Df)
= —rg(V{,Vi)(E'f) + ' (V)0 (V3)
+2g9(RVY, V) (Ef) = 20" (VI)((R'V3) f).- (2.4.55)

Now, we equate (2.4.54) and (2.4.55) and then antisymmetrizing to find out
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o+ +r(E)gVI,Ve) = (&) + 1"+ m)n' (V) (Ve) = {Vi(o — ') —
2(WVa) f3n' (Vi) + 2na(k + 2)g(hV, Vo) + (1 = 2(£'f))g(hV{, V5) = 0.

We replace V] by ¢’ in the above equation to obtain
(o =)+ r(&f =)' (V) = Voo —p') +2(hV5) f =0,
which implies
{0 — 1) +r(f-1)} = Do — ) +20(Df) = 0. (2.4.56)

We operate h into (2.4.56) and using (1.1.40) to yield

WDf) = =20k + DY[{'(o — 1) + k('S = 1)} = D(o — )], (2.4.57)

Substituting (2.4.57) in (2.4.56), we obtain

(26 = D[E' (0 —p) + K('f = 1) = D(o — p)] =0, (2.4.58)

which implies either 26 —1 =0or D(oc — ') =& (0 — ')+ k(&' f —1), where 0 = X' — %T

This completes the proof. O

Example 2.4.1. We consider the three-dimensional manifold M = {(V{, V), V4) € R3 (V{, V4, V4) #
(0,0,0)}, where (V{, V4, V3) are standard coordinates in R3. The vector fields

0 0 0
€1 = Vi”/a_vl“ €2 = V},/a—vzn €3 = —Vgla—vg,

are linearly independent at each point of M. Let g be the Riemannian metric defined by
gle1,e2) = g(ea, e3) = gles, e1) =0,

gler,er) = glea, e2) = gles, e3) = 1.

Let 1/ be the 1-form defined by n/'(V5) = g(Vi, es), for any Vi € x(M),where x(M) is the
set of all differentiable vector fields on M and ¢ be the (1, 1)-tensor field defined by

Pler = —ea, Plea=ve1, ¢e3=0.
Then using the linearity of ¢ and g, we have,
0(es) =1, ¢°Vi=—Vi+u/(Vi)es, g(¢'V5, W)= g(V5, W) —rf (Vi) (W),
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for any Vi, W € x(M). Thus for es =&, (¢',&,n',g) defines an almost contact metric

structure on M.

Let V be the Levi-Civita connection with respect to the Riemannian metric g. Then we

have

[617 62] = 07 [617 63] = €1, [62? 63] = €2.
The connection V of the metric g is given by
20(Vyp V3, V) = Vig(Vy, Vi) + Vig(Vs, Vi) — Vsg(Vi, V)

- g(V1/> [VQIa V3/]> - g(VQI, [V1,7 V?:]) + g(‘/},’, [Vlla VQ/])a

which 1s known as Koszul’s formula.

Using Koszul’s formula, we can easily calculate

Veer = —e3, Veea =0, Vgez=ey,
V6261 = O, Vezeg = —e€3, Vezeg = €9, (2459)
ve361 = 0, Ve3€2 = 0, Ve363 = 0.

From the above it follows that the manifold satisfies Vy,&" = Vi —n'(V{)§', for & = es.
Hence, the manifold is a Kenmotsu manifold.

Also, the Riemannian curvature tensor R is given by
RV, V)V = ViV Vi = Vi Vi Vs = Vi v Vs.

Hence,

R(ej,ex)es = —eq,  Rleq,es)es = —ey, R(ea,e1)e; = —eq,
R(es, e3)es = —ea,  Rleg,er)e; = —es, R(es, ez)ea = —eg,
R(ej,ez)es =0, R(eg,ez)e; =0, Rles, er)es =0.
Then, the Ricci tensor S is given by
S(er,e1) =—2, S(eg,e2) =—2, Sles,e3) =—2. (2.4.60)
and therefore

Ric(V], V) = —29(V/,V3), for all Vi, Vi, € x(MP). (2.4.61)
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Also the scalar curvature becomes
r= Z S(e;, e;) = —6. (2.4.62)

Then (£vg)(er,e1) = —2g9(£Lver,er) = 2.
Similarly, (£vg)(es,e2) =2, (Lyg)(es, e3) =0.
Let f: M — R be a smooth function defined by
12

V.
FVLVE V) =V + V5 + = (2.4.63)

Then the gradient of f, Df is given by,

0 0 0
Df =2V — + 2V — + Vi —. 2.4.64
f 1 8‘/1/ + 28‘/2/ + 38‘/:3/ ( )

Then with the help of (2.4.59) we can show that
(Lprg) Vi, Va) = 2{g(Vi, V5) — ' (Vi)n'(V)} (2.4.65)

for all V|, V) € x(M?). So, combining (2.4.61) and (2.4.62), we observe that soliton Eq.
(1.2.102) holds for N =2a' — 38" — 1 and i/ =1 i.e., the metric g is a gradient almost
n'-Ricci- Yamabe soliton with this potential vector field V = D f and the smooth functions
N =2a"—36"—1 and i/ = 1. Here, we see that {'r = 0 i.e., £ leaves the scalar curvature

invariant. Also, we see that r = —6 = —2n(2n + 1) and the manifold becomes Einstein.

So, Theorem (2.3.1) is verified.

2.5 *-n'-Ricci-Yamabe soliton on Kenmotsu manifold

In this section we consider the manifold as a (2n + 1)-dimensional Kenmotsu manifold

admitting a *-n'-Ricci-Yamabe soliton.

Theorem 2.5.1. Let M*"1(¢/ &' 1/, g) be a Kenmotsu manifold represents a *-1-RYS.

Therefore the manifold is an 1'-FEinstein.

Proof. We take a Lie derivative of g(¢’,¢’) = 1 with respect to the potential vector field

V, in account of (2.2.9) to derive

W (Lyve) =N + 1 — g('r’ + 4n?). (2.5.1)
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Putting V; = ¢ and following (1.1.8) and (1.1.12), the equation (2.2.9) provides
(Lyn )WV — g(V/, Ly&) = —{2X + 21" — q(r + 4n*) 1y (VY), (2.5.2)

for arbitrary given vector field V{ on M. From (1.1.26) we get R(V{,&")¢ =n' (V)¢ — V.
Taking Lie derivative along the potential vector field V' and using (2.5.1) and (2.5.2), this

becomes

(v R)(V], €)' = 2N + 24 — gl + 4n2) (V] — 7/ (V)E), (2.5.3)
for all V] € x(M). Then from (2.2.15), we get
SV, V3) = ag(V{, V3) + b (V) (V3),

where a = ﬁ{QX—i—Q,u’—q(r—i—éan)—4n(p—1)} and b = —ﬁ{QX—i—Q,u’—q(r—i—éan)},
for all V{/, Vj € x(M).

Thus, we complete the theorem. O

Theorem 2.5.2. If a Kenmotsu manifold M*" (¢, 0/, g) admits a gradient almost
x-1'-RYS and & leaves the scalar curvature r invariant, then (M,g) is an 1'-Einstein

manifold with constant scalar curvature r = —2n(2n + 1).

Proof. The gradient of the soliton equation (1.2.105) can be expressed for any V/ belongs
to x(M) as

VyDf +pQV +{p2n = 1)+ X = L+ an?) Vi (0 4 ()€ = 0. (254

Then, by applying the expression for the Riemannian curvature tensor R(V{,VJ)Df =
Vv Vy, Df =V Vv Df — Vi vy Df, we obtain the desired identity

RV, Vi)Df = p(VyQ)V) — p(Vy:Q)Vy + Vy(o)V] = V{(0)Vy
Vo) (VE = Vi)' (Vi) + (' + p){n' (V)V] — ' (Vi) V5},  (2.5.5)

for all V{, Vj € x(M) and 0 = p(2n + 1) + X' — £(r + 4n?), a smooth function as X' is a
smooth function. Now putting Vj = &’ in (2.5.5) and using (2.2.6) and (2.2.7), we get

RV, &NDf = —pQVy —2npVi + £ (o)V] = Vi(0)&" + &' (1) (V)¢
VI + (' + p) (Vi = ' (V])E), (2.5.6)
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for any V' € x(M). By virtue of (1.1.26), equation (2.5.6) reduces to

Vilo+u'+ ) = —pQVi +{& (o + f) + 1+ p—2on}Vy
HEW) =1 = pI' (V)¢ (2.5.7)
for any V/ € x(M). Now, we take an inner product of (2.5.7) with & and applying

(1.1.26), we get V(o +p' + f) =& (o + i/ + f)n'(V{). Substituting this into (2.5.7), we

obtain

QVI = %{5’(0 + )+ i p— 2o}V — %{5'@7 + )+ u ek (VE, (25.8)

for any V' € x(M). It can be deduced that the manifold (M, g) is an 7’-Einstein manifold.
Now contracting (2.5.5) over V{ with respect to an orthonormal basis {¢;}, 1 < i < 2n+1,

we compute

2n—+1
SV, Df) = =p D 9((VeQ)Vi,e) + V3(r) + 20V (o)
V(') = ' (Va)€' (1) + 2n(p’ + p)n' (V). (2.5.9)

Now, using the formula for the Riemannian manifold which is well known:

1
trac,{Vi = (VyyQ)Vi} = 5Vi()
2n+1

> 9(VeQ)Vs,e) = 1. (2.5.10)

i=1

Then from (2.5.9) and (2.5.10), we get
1 !/ / / / !/
S(Va, Df) = 5Va(r) + 2nVy(0) + Vo (') =i (V)€ () + 2n(p’ + p) V), (2.5.11)

for any V/ € x(M). From (1.1.26), we can evaluate S(¢', Df) = —2n&'(f), putting this
into (2.5.11) to compute &'(r) = —4n{{'(c + f) + '+ p}. Applying this result in the trace
of (2.2.7), we get (0 + f) = (2n+ 1) — i’ — p + 5~. Using this result, equation (2.5.8)

becomes
OV = L{r +4n® + +2n — 4n?p}V] — L{r +4n® + 2n}y' (V)€ (2.5.12)
! 2np ! 2np . -

for any V] € x(M). According to our assumption, &'(r) = 0, the trace of (2.2.7) gives
r = —2n(2n + 1). Therefore, from (2.5.12) Therefore, the result is established. O
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In the next part, we consider a Kenmotsu metric as an almost #-7-RY'S, where the
non-zero potential vector field V' is pointwise collinear with the Reeb vector field £'. We

extend the previous result in the form of the following theorem.

Theorem 2.5.3. If a Kenmotsu manifold M* (¢, ¢, 1, g) admits an almost x-i'-RYS

with non-zero potential vector field V' that is collinear to the Reeb vector field &', then

manifold is n'-FEistein. Moreover, if £ leaves the scalar curvature r invariant, then (M, g)
q(r+4n?)

is an Einstein manifold with 7 + X' = p + ="

Proof. Tt follows from the fact that V = 7¢&’; for some smooth function 7 on M, it shows

that
(Lvg)(V{, V) = Vi(r)n' (Va) + V3 (r)n'(V]) + 27{g(V], Vo) — ' (V)1 (V3)},  (2.5.13)

for any given vector fields V/ and Vj € x(M). In the presence of this condition the soliton

equation (1.2.104) transforms into

205(V}, V3) + Vi) (V3) + V() (Vi) + {2X = q(r + 4n?)
+20(2n — 1) + 2X}g (V] V) = 27 — 1 — p) (VO (V). (2.5.14)

for any given vector field V{, Vi € x(M). Now putting V/ = ¢ and Vj = ¢ in (2.5.14)
and using (1.1.27), we obtain &'(7) = %(r +4n?®) — i/ — X'. Thus putting in (2.5.14) yields
V() = {800 +40%) — = X}y (V7), similarly V() = {§(r+4n%) — ¢ — X}/ (V). Using
these two values, (2.5.14) implies that

! / 1 / / !
SWVIVE) = {50+ 4%) =X = p(2n = 1) = 7}g(V{, V)
1
+ ;{rw—p—g<r+4n2>}n'<v1'>n'<w>. (2.5.15)

Hence, (2.5.15) reduces that (M, g) is n’-Einstein manifold. Also, if £’ leaves the scalar
curvature r invariant, i.e., &'(r) = 0, again tracing (2.2.7) gives r = —2n(2n + 1). Ap-
plying this in the trace of (2.5.15) yields 7+ X = p+ WJFTM. By (2.5.15), S(V{, V) =
—2ng(V{,Vy). Thus (M, g) is an Einstein manifold, which completes the proof. O

Theorem 2.5.4. Let M*"" (¢, &1/, g) be a Kenmotsu manifold satisfies a gradient al-
most *-n'-RYS. Then either M is an n'-FEinstein when r = —%{471(1 —p) + 2np} — 4n?
or there exists an open set where the potential vector field V' is pointwise collinear with &'

when r # —%{4n(1 — p) + 2np} — 4n?.
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Proof. In view of (2.2.8) and from the definition of gradient almost *-7/-RYS given by the
equation (1.2.105), we get

VD = —pQW — {N = L+ 4n2) + p(20 — DIV — (4 + o) (F)E,  (25.16)

for any given vector field V) on M. We take a covariant derivative with the arbitrary

vector field V4 and then using (1.1.24) and (1.1.25) we have

VyVvDf = —p(VyQV] = pQ(Vy V) = V3 (a)V] — a(Vy; V)
Vo (VE — (1" + p){g(V], V)& = 20/ (V) (V3)€
+0' (V)Vy + 1/ (Vi V)€, (2.5.17)

where 0 = X — £(r 4+ 4n?) + p(2n — 1). Now, we interchange V7 and Vj in the previous

equation to find

VviVyDf = —p(VyQ)Vy — pQ(VyVy) = Vi(0)Vy — a(Vii V5)
Vi)' (Vi) — (i + p){g(VI, V)& — 20/ (V) (V)¢
+17 (V)Vi + 0/ (Vv V5)E'}. (2.5.18)

Then, applying the expression for the Riemannian curvature tensor in equation
R, Vo)Df = Vv, VyDf = Vv Vv Df = Vivios,
we obtain the following result
RVIVIDS = p(VyQVY = p(VyyQVy + Vo (o) Vi = Vi(o)Vy + V3 (u)n' (V])¢'
Vi (V3)§ = (W' + p){n' (V)W = of (V) V5 }. (2.5.19)
Then we take an inner product w.r.t £ and use of (2.2.6) and (2.2.7) to yield
g(R(VI,V3)Df, &) = Vy(a)n' (Vi) = Vi(o)n' (V) + Va (i)' (Vi) = Vi(')n'(V3),  (2.5.20)

for any vector fields V/ and Vj € x(M). Moreover taking inner product of (1.1.26) with
the potential vector field D f provides

g(R(VI,V3)E', Df) = ' (V)g(Vy, Df) — ' (V3)g(Vi, Df), (2.5.21)
for arbitrary vector fields V{ and V3 on M. Comparing (2.5.20) and (2.5.21) and putting
Vy = ¢ in (2.5.19), we get V(o + f + /) = &(f + o+ p')n'(V]), where 0 = N — L(r +
4n?) + p(2n — 1). From this we get

dlo+f+p)=E(f+o+u)n. (2.5.22)
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This shows that o + f + p is invariant along the distribution Ker(n') that means if V| €
X(M) then V(0 + f + ') = d(o + | + )V} = 0.
Now, we taking the inner product with respect to arbitrary vector field V5 after

putting V/ = ¢ in (2.5.19) and using (2.2.6) and (2.2.7), we get
g(R(E Vo)Df,Vs) = pS(V3, Vs) +{2np — (o) + 1"+ p}a(V3, Vs)
+ Valo +p)n' (V) = {€() + ' + ph/ (Vo) (V5). (2.5.23)
Also, from (1.1.26), we can easily deduce for arbitrary vector fields V; and Vi on M
g(R(E V) D fV5) = &(fg(Vy, Vs) = Vi (f)n' (Vs). (2.5.24)
Comparing the equations (2.5.23) and (2.5.24) and applying (2.5.22), we can write
SRS = A€o+ )= 2mp =i = pba(Vi. V)
i+ 0= €0+ DIV 07, (2.5.25)

As the equation (2.5.25) holds for arbitrary vector fields VJ and Vi, so the manifold is an
n'-Einstein. Now contracting (2.5.25), we get

&(f +0) = % +onp+ i + 2p. (2.5.26)
Putting this value in (2.5.25), we acquire
S(V3,V§) = 5, (r +2n)g(V3, V5) — 5. (r + 4n® + 2n)y' (Vy)n' (V5),

this shows that for arbitrary vector fields V; and Vi on M which is same as (1.1.30). Now
contracting (2.5.19) with respect to V] reduces to

S(V3, D) = EV3(r) + 2nV5(0) = 204 + p)r (V3), (2.5.27)
which is satisfied for any V; € x(M). Now, taking into with (1.1.30), we compute

(r+2n)V3(f) — (r + 2n 4+ 4n®) (V5)E' (f) — npVy(r)
—4n*V3(0) — 4n* (' + p) (V3) = 0, (2.5.28)

for all Vj € x(M). Now, putting VJ = £ and then from (2.5.26), we can easily find the
relation

&' (r) = =2p(r + 2n + 4n?). (2.5.29)
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As d> = 0 and d = 0 from (2.5.22) we have dr A/ = 0 that is, dr(V])n'(Vy) —
dr(Vy)n'(V]) = 0 for arbitrary V{, VJ € x(M). After substituting Vj = & and then
using (2.5.29) this becomes V] (1) = —2p(r + 2n + 4n?)¢’. Since V] is an arbitrary vector
field so, we can say that

Dr = —2p(r 4 2n + 4n*)¢’. (2.5.30)
Let V3 be a vector field of the distribution Ker(n'). Then (2.5.28) provides
o+ 20)VA(f) — 402V (o) = 0.

Now using (2.5.22) and (2.5.26) we obtain {p(r + 2n) + 4n?}V;(f) = 0, from this and

using the relation r* = r + 4n? we can write

{(r +4n*)p +4n(1 — p) + 2np}(Df = £'(f)€') = 0.

If r = —%{471(1 — p) + 2np} — 4n?, then from (1.1.30) we obtain that the manifold is
n’-Einstein.

If r # —%{4n(1 — p) + 2np} — 4n?, on some open set Q of M, then Df = &'(f)€ on
that open set that is, the potential vector field is pointwise collinear with the characteristic

vector field &’. This completes the proof. m

Example 2.5.1. Let us consider the set M = {(v},v},v5,u,v) € R3} as our manifold
where (v}, vh, v}, u,v) are the standard coordinates in R®. The vector fields defined below:

/ /1—v a /! IV a / /1—v a / 1=V a / a

€1 =¢€ €9 =2¢8€ €3 =2¢e €4 =28 - €5 — —
ovy’ ovl’ ov’ ou’ v

are linearly independent at each point of M. We define the metric g as

o) = 1, ifi=jandi,je{1,2,3,4,5}
v ]) T
0, otherwise.

Let 0 be a 1-form defined by n'(V]) = g(V{,€5), for arbitrary V| € x(M). Let us define
(1,1)-tensor field ¢' as:
¢'(eh) = ¢, ¢'(e'2) = €u, ¢'(e'3) = —¢'1, ¢'(e's) = —¢'s, ¢'(€'s) = 0.

Then it satisfy the relations 1/ (&) = 1, ¢*(V{) = =V{ + 9/ (V)¢ and g(¢'V],$'Vy) =
gV, Vg) — o/ (V' (Vy), where € = €'5 and V], V3 are arbitrary given vector field on M.
So, (M,¢',&' .1, g) defines an almost contact structure on M.
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We can now deduce that,

[€'1,€e5] =0

[6,2, 6,1] == 0

[6/3, 6/1] = O
[€'4,€1] =0
[6,57 6,1] = —6/1

Let V be the Levi-Civita connection of g. Then from Koszul'sformula for arbitrary

VIV, Vs € x(M) gi

QQ(VV{‘/Q,a ‘/23/)

we can have:

ve’16/1 = —€';
V612€/1 =0
Ve/3€/1 =0
Ve/4€/1 =0
Versell =0

Therefore (Vy:¢")Vy = g(¢' V], V5)& — 0/ (V3)d'V{ is satisfied for arbitrary VI, V5 € x(M).

=0
=0

[€'1,€/3] =0 l€'1,€'4] =0
[€'s,€/3] =0 [€'a,€'4] =0
[€'3,¢'5] =0 '3, €4]
[€'4,€/5] =0 €y, €3]
[6/5, 6,2] = —¢' [6/5, 6/3]

ven by:

Vellelg =0
v6’26/2 = _€I5
Ve/3e’2 =0
V5/4€/2 =0
Ve/5e'2 =0

Vezle’g =0
Vefzelg =0
Vey€'s = —€'s
Ve/46/3 =0
Ve/56/3 =0

So (M, ¢, &', 1, g) becomes a Kenmotsu manifold.

The non-vanishing components of curvature tensor are:

/ /

'y, €3)e’s = —€'y
6,1, 6,2>6/1 = 6/2
6/1, 6/5>6/1 = 6,5
/2, 6/5)6’2 =5
6'2, 6"5)6'5 = —¢y
6/3, 6'4)6,4 = —¢'3
6/57 e'4)e’5 =¢y

_= —6/3

[6,1, 6/5} =
[6,2, 6/5} = ¢
[6/3, 6/5} =¢3
[€'s,€'s] = ¢4

[6,5, 6/4} = —¢y.

‘/1/9(‘/;’ ‘/3/) + ‘/2,9(‘/3/7 ‘/1,) - Vgg(VY7 V2/) - g(VY’ [V2/7 ‘/23/])
g(Va, V1, V3]) + g(V3, V], V3],

Ve/16/4 =0 ve/16,5 = 6/1
Ve/2€/4 =0 Vel2€/5 = 6’2
Vese's =0 Vese's =¢€3
Ve'4€/4 = —6/5 Ve’4€,5 =éy
Ve.e'y =0 Veo€'s =0.



Now from the above results we have, S(€';,¢';) = —4 fori=1,2,3,4,5 and
S(VY, V) = —4g(V{, V3) VYV, V5 € x(M). (2.5.31)

Contracting this we have r = 30_ S(¢/i,¢;) = —20 = —2n(2n + 1) where dimension of
the manifold 2n + 1 =5. Also, we have

1, ifi=1,234
S*(ei,€i) =
0, if i = 5.
and r* =r +4n?> = —20+ 16 = —4. So
STV, Vy) = —g(Vi, V3) +0' (V' (V3) vV, V3 € x(M). (2.5.32)
Now, we consider a vector field V as
0 0 0 0 0
V =0 — — ! — 4+ —. 2.5.33
g 200 T Baw T on T B (2:5.33)
Then from the above results we can justify that
(Lvg)(V{, V3) = 4{g(V{, V) — ' (V)n' (V3) }, (2.5.34)

which holds for all V], Vy € x(M). From (2.5.32) and (2.5.34), we can conclude that
g represents a x-n'-RYS i.e., it satisfies (1.2.104) for potential vector field V defined by
(2.5.33) for N = p—2q —2 and ¢ = 2. Here, we see that 'r = 0 implies 'r* = 0
i.e., & leaves the scalar curvature invariant and from the identity (2.5.32), we get that
the manifold becomes x-n'-Finstein and r* = —4 = —2n d.e., r = =20 = —2n(2n + 1).

Therefore, Theorem (2.5.2) is verified from this example.
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Some solitons on Para-contact geometry

3.1 Introduction

This chapter consists of six sections. Fist two sections contain introduction and prelimi-
naries, respectively.

In the third section, we study d-Ricci-Yamabe almost solitons within the framework
of paracontact metric manifolds. Specifically, we consider both #-Ricci-Yamabe almost
solitons and gradient d-Ricci-Yamabe almost solitons on K-paracontact and para-Sasakian
manifolds. We prove that if a K-paracontact metric g represents a d-Ricci-Yamabe almost
soliton with a non-zero potential vector field V' parallel to the Reeb vector field £, then g
is Einstein with Einstein constant —2n. Later we also demonstrate that if a para-Sasakian
manifold admits a gradient d-Ricci-Yamabe almost soliton, then there does not exist such
manifold. We also demonstrate §-Ricci-Yamabe almost soliton on (k, ')-paracontact
manifold.

In the later section we initiate is to study almost *-Ricci-Bourguignon soliton on
paracontact geometry. It is shown that if the metric g of 7'-Einstein para-Kenmotsu
manifold (dim > 3) is almost *-Ricci-Bourguinon soliton, then M?"*! is Einstein. Later,
if g represents a gradient almost *-Ricci-Bourguinon soliton on a (2n + 1)-dimensional
n’-Einstein para-Kenmotsu manifold then M?"*! is either Einstein or there exists a vector
field V' is pointwise collinear with Reeb vector field £’. Next, if a three-dimensional para-
Kenmotsu manifold admits a *-Ricci-Bourguinon soliton, then it is of constant curvature
—1. Finally, we prove that if the para-Sasakian metric is a *-Ricci Bourguinon soliton

on a manifold, then M?"*! is either D-homothetic to an Einstein manifold, or the Ricci
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tensor of M?"*1 with respect to the canonical paracontact connection vanishes.

3.2 Preliminaries

Definitions and some properties of para-contact structure manifold, para-Sasakian mani-
fold, para-Kenmotsu manifold and (k, p')-para-contact manifold are given in this section.
Here we want to recall some results on these manifolds proved by some eminent mathe-
maticians which are useful to get the results stated in this chapter. We establish some
sufficient conditions under which a paracontact metric manifold admits a d-Ricci-Yamabe
almost soliton or a gradient J-Ricci-Yamabe almost soliton is Einstein (trivial). In this

article, we have proved some results in the following.

Lemma 3.2.1. If a K-paracontact metric g is a 0-Ricci- Yamabe almost soliton, then

/ !/ / !/ 1 / / /
(Lvn') (&) = —n'(LvE) = 5{471& — (2N = B8'r)}. (3.2.1)
Proof. In light of the identity (1.1.85) and the soliton equation (1.2.106) gives
!/ ! 1 / / / / !
(Lvg)(V1, &) = s{dna’ = (2" = ')} (V7). (3.2.2)

Now, taking the Lie differentiation of n'(V]) = g(V{, ") with respect to the vector field V,
we achieve (Lyn')(V]) — g(Ly&, V) = (Lvg)(V], ). By using (3.2.2), we derive
(Lo )(V)) — 9(Lv€. ) = ~{dnal — (2N = B')}of (V). (323)

Next, we utilize the identity g(§',&') = 1 and using (3.2.3) to acquire the needful result.C]
Lemma 3.2.2. [55] On a K-paracontact manifold M*" (¢, &1, g), we have

(0)(Vy Q)¢ = Qo'VY + 2n¢' VY,

(1) (Ve QV] = Qo'Vi — ¢'QVY,
for vector field V| on M*"* (¢ &', 1, g).

Proposition 3.2.1. Let M*" (¢ &' 0/, g) be a para-Sasakian manifold. If the metric g
defines a 6-Ricci- Yamabe almost soliton with the potential vector field V', then the following
relation holds:
(Ve LyV)(E.¢) = (B'r = 2X +4nd ) (Ve DS) + B{n/ (Ve Dr) + £'(£'(r))¢
— &§(r)D6 = Ve Dr} = 2{n (Ve DX) + (V)" — Ve DX
— &WN)D6} 4+ 2N = f'r — 4na’) Ve Do.
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Proof. We use two identities (1.2.106) and (1.1.87) to acquire

g(LyV)(V5, V1), V5) + g((Ly V) (Vs, V3), V) = —%[‘G(&(ﬁvg)(‘/{, V3)

+20/ (Vi )V, Va) = {2V5(X) = B'V5(r) }a (V1 V)],

Y wector fields V|, V4, V4 on M1 Now interchanging cyclically the roles of V|,V and

V3 in the above relation and through a straightforward computation, we obtain

<20 (Vg S)(VE, Vi) + (Vg S)(V, )
— (VyS) (VIV} + V) (Lvo)(V, Vi)
VA0)(Lya) (V] Vi) = Vi) (Lvg) (V. V3)
VIO — B}V, V) — (2V(X)

— BVI(r)}g(Ve, Vi) = {2Vo(X) = BV (r) yg(Vi, V3)),(3.2.4)

g((,CVV)(VYl/, ‘/2,)7 VE’)/)

+ 4

vV VI, Vy, Vi on M* 1. Now recalling the results in [90] lemma 3.15:

(VigS) (V1 Va) = (Vi) (V3. V5) = (Ve S)@'VY, V3)
— n'(V)S(Vy, Vs) — 20/ (V3)S(¢'V, V)
— 2n/(V])g(¢' Vs, Vi) — dnif (V3) g(¢'V{, V3). (3.2.5)

Making use of (Vy;S)(V{, V5) = g((Vy;Q)VY, V3) and the identity (1.1.66),(1.1.67), Lemma
(3.2.2), we have Vg Q = Q¢ —¢'Q = 2nn' @& after inserting Vi = &' into (3.2.5). Taking
this into account, we proceed with the Lemma (3.2.2) and replacing Vy by & in (3.2.5),

we can receive

(V)L E) = =2 (omf (V) +4nd'Vy) + {8VI(r) — 2V{(V))e
— {2V B — 4} V{6) + {FE () — 26 (W
— {2a/QV) + (2N = ')V (0) + {(2N — B'r — 4na’) Dé

+ 2DN — B'Dr}n'(VY), (3.2.6)

YV V] on M. Now, we take the covariant differentiation of (3.2.6) by a vector field Vi on
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M**1 and aplying (1.1.83), (1.1.76), (1.1.85) and (1.1.82) we obtain

(Vi LvV)(V],€) + (Lo V)V, V) = (VL V) (V] €)
= 20V + an(Vige)V])
+ 20'V5(0)(2Q4'V] + 4nd'VY) + {8'g(Vy, Vyy Dr)
— 29(V{, Vi DN)} = {B'V](r) = 2V{(\)}¢"Vy
+ V/(){2N = B'r — 4nd' Y V) — (2N — B'r — 4nd)
9(V{, VD) + {B'V5 (€' (r)) — 2V3 (& (N) WY
{@VR(X) = B'V5(r)Dé + (2N = B'r — 4na)Vy, Do
2V, DX — B'Vy Drin' (V]) + {2\ — 8'r — 4na/) D§
2DX = B'Dry(g(V{, V3) — i (V)0 (V3)). (3.2.7)

We proceed by inserting V{ = &', Vi = £ in the following equation (3.2.7) then using
(1.1.66), (1.1.67), (1.1.68), (1.1.83), (1.1.76) and (1.1.82), so that we reach

(Ve LyV)(E,€) = (B'r = 2X +4na")y (Ve DS) + f{n (Ve Dr) + £'(€'(r))¢
— £(r)D5 = VeDr} —2{n' (Ve DX) + £'({'(\))¢" = Ve DX
— &WN)D6} 4+ 2N = f'r — 4na’) Ve Do.

Thus, the result follows. O

Lemma 3.2.3. (see [13]). In any (k,u')-paracontact manifold M**H(¢', &' ', g), the

Ricci operator QQ of M can be written as

QVl = [201—n) +n|V} + [2(n — 1) + W]
+ 2= +n@e— e, k> -1 (3.2.8)

for given vector field V| on M*"*'. Moreover, the scalar curvature of M is 2n(2(1 —n) +

K+ nu).

Lemma 3.2.4. (see [15]). On a (k, i')-paracontact manifold M*" (¢ &'/ n', g), we have
(Veh)V} = —W/ &'V}, (3.2.9

for any given vector field Vi in M1
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Lemma 3.2.5. If a (k, p')-paracontact manifold of dimension (2n + 1) with k > —1

admits a gradient 6-Ricci- Yamabe almost soliton, then
kK(2—p)y=p'(n+1). (3.2.10)

Proof. First, we take the covariant deriwative of (2.2.4) along an arbitrary vector field

Vi on M and conducting (1.1.73) it deduces that

(VizQ)¢" = Q¢ — ¢'h)V] = 2ni(¢ — ¢'m)V]. (3.2.11)
Now, from (1.2.107) we can ezhibited as
6Vy;Du+o'QVy + (N — %)g =0, (3.2.12)

Y wvector fields V) on M?" 1. Using the preceding equation in the standard expression for

the Riemannian curvature tensor R(V{,Vy) = [Vv:, V| — Vi vy, we obtain
OR(VY, V3) Du = o/{(Vy;Q)V{ = (Vi Q)V/}, (3.2.13)

YV V] and Vi on M. Using this approach, the scalar product of (3.2.13) with £ and through
the application of (2.2.3) and (3.2.11) it follows that

0g(R(V],V5)Du, &) = o{g((Q¢' + ¢'Q)V5, V)
— 9(QF'h+ h¢'Q)V5, VI) — dnkg(¢'V5, Vi)}.  (3.2.14)

Replacing V| by ¢’V and V3 by ¢'Vy in (3.2.14) and noting that R(¢'V], ¢'V3)E" = 0 (from
(3.4.1)) and (1.1.66), we attained

QIV] + JQV! + SQRV] + hQY'V{ — dnkg/V] = 0, (3.2.15)
Now, we put V| = ¢'V/ into (3.2.8) and using the fact ¢'¢' =0 to obtain
Q6VY = [2(1 = n) + mlo'Vi + [2(n — 1) + V1.

FElsewhere, by acting h on the last equation and making conduct of (1.1.65), (1.1.66), (?7?)
and h&' =0 leaves

hQ'Vi = [2(1 = n) + np/1he'Vi + (k + 1)[2(n — 1) + p/]¢'V].
In addition, operating ¢ on (3.2.8) and using ¢'¢’ =0, we get
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¢'QV) = [2(1 —n) + np/]¢'V] + [2(n — 1) + p/|¢'h V]
We now substitute V| by hV] into the foregoing equation and using (2.2.3) to yield
¢'QhVY = [2(1 — n) + np'J¢'h Vi + (k + 1)[2(n — 1) + p]¢'V}.

Conducting the last four equation in (3.2.13) and also using ¢'h = —h¢' we obtain
(3.2.10). This concludes the proof. U

Lemma 3.2.6. In [80] a x-Ricci tensor on a (2n + 1)-dimensional para-Kenmotsu man-

ifold M*" (¢, &', 1, g) is given by
S(VI,Vy) = =S(Vi, V5) = (2n = 1)g(V{, V5) — ' (V{, V3), (3.2.16)
for any given vector fields V{, Vi on M*" (¢, € 1, g).
Accordingly, the associated *-scalar curvature is expressed as r* = —(r + 4n?).
Lemma 3.2.7. Let M*" (¢ &' 1, g) be a para-Sasakian manifold. Then [62]
(i) (Vi Q)€ = Q&V{ + 26V and (i1). VoQ = —.

Lemma 3.2.8. In [62] the %-Ricci tensor on a (2n + 1)-dimensional para-Sasakian man-

ifold M* (¢, &' 1), g) is given by
S*(Vi,Va) = =S(V{,V3) = (2n = D)g(V{, V3) — ' (V) (V3), (3.2.17)
V wector fields V/,Vy on M?*" 1.
Now, we prove following two lemmas using above two lemmas.
Lemma 3.2.9. For a para-Sasakian manifold, we have the following relation
(Lvn')(€) = —n'(Lve) =N+ pr™. (3.2.18)
Proof. By Virtue of the equation (3.2.17) of lemma (3.2.8) can be expressed as
(Lvg)(Vi, Vy) = 25(V{, V5) +2(2n — L+ X+ pr*)g(Vi, Va) + 20 (Vi)' (V). (3.2.19)
Plugging & for V4 in (3.2.19) and using (1.1.85), it follows that (Lvg)(V{,&) = 2(N +
pr )’ (VY). Taking Lie derivative of the equation g(V/,&") =n'(V]) along V' and virtue of
the last equation, we gain
(Lvn ) (V) = g(Lv€ Vi) = 2(N + pr*)n' (V) = 0. (3.2.20)
Next, Lie derivative of g(&',¢&') = 1 along V' and using equation (3.2.20) completes the
proof. 0
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Lemma 3.2.10. Let M*" (¢, €' 1), g) be a (2n+1)-dimensional para-Sasakian manifold.
If g is a *-Ricci-Bourguignon solitons, then Mt is an 1/ -Einstein manifold and the Ricci

tensor can be expressed as

SV Vy) = —{2n -1+

)\/ * )\/ *
SRR I (). (3:2.21)

bV Ve) + {5

Proof. First, taking covariant differentiation of (3.2.19) along an arbitrary vector field

Vi, we get
(Vg Lyg)(VI, V2) = 2{(VyyS)(V{, V3) — g(V], 'V (V5) — g(V3, ' Vi)' (VI)}. (3.2.22)
Comparing (3.2.22) and (1.1.87), we achieve
g((‘CVv)(Vga ‘/ll)a VY2/) + g((ﬁVV)(Vg, ‘/'2/)’ VYII)
=2{(VyS)(V{, V3) — g(VI, &'V (Vy) — g(V3, 'V (V) }. (3.2.23)
By a straightforward combinatorial combination of (3.2.23) gives
g(LyV)(VI, V), V) = —(VyS)(VI, V) + (Vi S)(Vy, V)
+(VigS)(V, Vi) + 29(V1, Vi)' (V5)
+2(V, SV (V) (3.2.24)
We plug Vi = &' into (3.2.24) and using lemma (3.2.7) to read
(LyV)(V], &) =2(2n) 'V +2Q¢'V/. (3.2.25)

Further, differentiating (3.2.25) covariantly with respect to the vector field Vi on M2+
and then applying the relations (1.1.85) and (1.1.82), we get

(Vi Ly V)(V], &) + (Lv V) (V] ¢'V5)
= 2{(VyyQ)o'Vi + 0/ (V))QVy + 2n (VI)Vy + g(VI, V). (3.2.26)
Again, according to Yano [88] we have the following commutation formula
(LvR)(VI, Vi)Vs = (Vi Ly V) (Vy, Vi) = (Vy Ly V) (V] V). (3.2.27)
Setting V4 = &' in (3.2.27) and taking into account of (3.2.26), we obtain
(Ly R)Y(V{, V3)€' + (Ly V) (V3, ¢'V)) = (Ly V)(V], ¢'V3)

=2{(Vi,Q)¢'V3 = (Vyy@Q)¢'Vi + ' (Vo)QVY — ' (V])QV;
+2n(n' (V)W —n' (V))V5)}- (3.2.28)
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Taking Vi =& in (3.2.28), then using (1.1.85), (3.2.25) and lemma (3.2.7), we have
(LyR)(V/,£)¢" = 4{QV] + 2nV] + ' (V))¢'}. (3.2.29)

Nezxt, putting Vi = &' in (1.1.84) then taking Lie-derivative of the resultant along V' and
taking into account of (1.1.84) and (3.2.18) one can get

(LvR)(VY, &€ = (Lvn)(VI)E — g(Lv VI, &) = 2(X' + pr*) VY. (3.2.30)

Comparing (3.2.29) with (3.2.30), and making use of (3.2.20), we get the required result.
l

Lemma 3.2.11. In [62] any (2n + 1)-dimensional n'-Einstein para-Sasakian manifold

with scalar curvature not equal to 2n is D-homothetic to an Einstein manifold.

3.3 Para-contact Geometry and Gradient Almost o-
RYS

In this section, we prove the results stated regarding J-Ricci-Yamabe almost soliton on
K-paracontact and para-Sasakian manifolds and also we take into account the gradient

almost d-Ricci-Yamabe solitons on paracontact metric manifolds.

Theorem 3.3.1. If K -paracontact metric g admits a d-Ricci- Yamabe almost soliton whose
non-zero potential vector field V' is parallel to &', then the manifold is an Einstein manifold

with Einstein constant —2n. Moreover, V is a constant multiple of £'.

Proof. Since the potential vector field V' is parallel to &', i.e., V = o for a non-zero
smooth function o on M, then it follows that Vi,V = V{(c0){' — a(¢'V/) by the derivative
of V.= o covariantly by V] € x(M) and applying the identity (1.1.83). Thus, the
equation (1.2.106), becomes to

o{Vi(o)n' (Vy) + Va(a)n' (V} +2a/S(V], Vo) + XN = B'r)g(Vi, V) =0, (3.3.1)

for all V{, V5 € x(M). Now, we introduce V{ =V = ¢ in (3.3.1) and invoking the fact
(1.1.85) to yield &'(0) = 5{4na’ — (2X' — 8'r)}. Taking account of this, placing Vy = ¢
in (3.3.1) and recalling (1.1.85), we achieve
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Vilo) =& (o) (Vi),  Viex(M)

and therefore, it follows from (1.1.83)
Hessq(V{, V) = V(€ (0)n'(V5) = € (0)g(¢' V], V3), VI,V € x(M). (3.32)
Since Hess, is symmetric and ¢’ is skew-symmetric, by (1.1.65) and (3.3.2), we get
§o)dn' (V{,V5) =0 vV, V3 L ¢,

as dn/(V],Vy) = g(V{,¢'Vy). This exposes that &'(o) = 0, as dnf is a non-zero on M,
hence, Vo = 0. Hence, o is constant on M. This simplifies the equation (3.3.2) to

2205(VI, V) = = (2N = B'r)g(V/, V3) = —4na’g(V], V3), VI, V5 € x(M),

using Q¢ = —2n¢’ and hence (M, g) is an Einstein with Einstein constant —2n. This
finishes the proof. O

Let M?" (¢, &)1/, g) be a paracontact metric manifold admitting a gradient almost

d-Ricci-Yamabe soliton. Then the soliton equation (1.2.107) can be expressed as follows:

BT

6V Vu+a'QV + (N =

Wi =0, (3.3.3)
for all V] € x(M) and hence, the curvature tensor obtained from (3.3.3) and (1.1.4) fulfills

IR(V(,Va)Vu = o {(Vy@Vi = (Vy,Q)Va} + VIIX)V,

— OO - Zie; - i), (334

Theorem 3.3.2. Let M*" "¢, 0/, g) be a K-paracontact manifold. If the metric g

represents a gradient 6-Ricci- Yamabe almost soliton, then M2 fulfills either
(VeQ)V{ +26'QV{ +4ng'V] = 0 (3:3.5)
or o/ =0, that is, it reduces §-Ricci- Yamabe almost soliton, on the condition that 5’ = 2.

Proof. First, we take the covariant differentiation of (1.1.85) through the vector field
Vi € x(M), and conducting (1.1.83) to yield

(ViyQ)E = Qo'V/ + 2n¢'V/. (3.3.6)
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Since &' is Killing, then we have

0 = (Le@VY
= Lo(QVY) — Q(LeV))
= ¢, eVl - Q¢ V)
= Ve(QV) = Vou€ = Q(VeV] — Vi £)
= (VeQ)V] = Voui€' + Q(Vy€).

It ensures since (1.1.83) that Vo Q = Q¢ — ¢'Q). Now, we replace V{ with £ into identity
(3.3.4) and then adopting the scalar product with V] € x(M) to get

0g(R(E, V) Vu, Vi) = o{g(¢'QV5, Vi) + 2ng(¢'V5, Vi) + 200 (V] (V5) }
! / /8/ ! ! !
+ {EWN) = FE eV, V)
= V(X)) = S Va(r)pr (Vi) (3.3.7)
Now, we utilize the identity (3.3.6) and using the equation (1.1.83) to derive

9(Vvy )V, Vi) = g((Vyy¢" )V, V) = g(R(VY, V5) V5, €).
Then by introducing the Bianchis’s first identity, we achieve
g(R(flv‘G)VQI’Vl/) = g((vV§¢/)VQI7V{)> V1/>V2/7V£’>/ € X(M)

We now apply the above identity in (3.3.7) and £'(r) = 0 (pursues since Vg Q = Q¢'—¢'Q)
to get

9((Tz )V}, V) + 0! {g(SQVEVY) + 2mg (6, Vi) + 20 (V) (V)
FEN(VE, VD) — (VIO — TV (V) = 0. (339

Now setting V] = ¢'V/, and Vj = ¢'V5 in (3.3.8) and eliminating (3.3.8) from obtaining

expression, inflicts

0{g((Vory 0 )o'Vi, Vu) — g(Viy ¢ )V, Vu)} — o'g(Qe'V; + ¢'QV3, Vi)
=26 (N)g(Vi, V3) + Vo (N — %T)n’(V{) + W' (VD' (V)

—Ana'g(§'V3, Vi) = 0, (3.3.9)
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otherwise we have used (1.1.85). Next repeating the formula on paracontact metric man-

ifold (cf. [90], lemma 2.7), we get
(Vory @) Vi = (Vg @)V = 29(V1, Vo)& — ' (VI{Vy = hVy + 0/ (V5)'}. - (3.3.10)

By the help of (3.3.9) and (3.3.10), it may be inferred that

28/ (5u — X)g(V{. Vi) + ViX 20— up (W)

=& (6u = XN)n' (Vi)' (V3) = o/ g(Qe'Vy + ¢'QVy, Vi) + 4nag(¢'V3y, V), (3.3.11)

since h = 0 for K-paracontact manifold. At this point, placing the value of Vj by &' in
(3.3.4), we gain

OR(VI,&)Vu = o{(VeQ)V] = (Vy,Q)¢'} + VIIN)E

— SOV - TV V),

acceptance the scalar product of the above result with ¢ and conducting (1.1.79), (3.3.6)
outturn
/
VI(N —ud — %) =N —ud)n'(V)), (3.3.12)

by conducting Ve Q = Q¢ — ¢'Q. Let 0 = N —ud — ’%T, hence the equation (3.3.12) can
be constructed as for V(o) = &' (o)n'(V]), for VI € x(M) as £ (r) = 0. In this manner
by preceding argument in section 3.3, we decide that o = X — ud — %/r is constant on M,

then using Ve Q = Q¢' — ¢'Q and follows from (3.3.11), we get

a{g((VeQ)Vy, Vi) +29(¢'QV3, Vi) + dng(¢'V3, Vi) } = 0,

which implies that o'{g((VeQ)Vy + 2¢'QVy + 4n¢'Vy, V{)} = 0, then either o/ = 0 or
(Ve Q)V +2¢'QVy + 4ng'Vy, V) = 0, which completes the proof. O

In [33], Ghosh proved that if a K-contact manifold admits a gradient Ricci almost
soliton, then it has constant scalar curvature. More recently, Patra [54] generalized this
result by showing that if a K-contact manifold admits a non-trivial gradient Ricci almost
soliton, then the manifold is Einstein with constant scalar curvature 2n(2n + 1). In
this work we prove the nonexistence of a para-Sasakian metric g admiting a gradient
Ricci—Yamabe almost soliton under the addition assumption that the Ricci operator @,

which commutes with a paracontact metric structure ¢’. Now, we get the following result.
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Theorem 3.3.3. A gradient 0-Ricci- Yamabe almost soliton cannot exist on any para-

Sasakian manifold M*" (¢ &' 1, g).

Proof. The Ricci operator property satisfies in a para-Sasakian manifold (see in [90] lemma
3.15)
QV = ¢'Q'V] —2nn (V()¢', V] € x(M). (3.3.13)
Operating (3.3.13) by ¢’ and conducting (1.1.65) and (1.1.66) we examine the behavior
of the Ricci operator (Q with respect to the paracontact structure ¢'.
It is well known that a para-Sasakian structure implies a K-paracontact structure.
So it holds V@ = Q¢' — ¢'Q = 2nny’ ® . Then it implies ¥ ® & = 0, that inflicts a

inconsistency. The result follows. O]

By virtue of this formula Vg @ = Q¢' — ¢'Q = 2nn ® &', Theorem (4.3.3) gives a
non-existence theorem.
As every para-Sasakian manifold is always K-paracontact, so, this theorem holds for

K-paracontact manifold also.

3.4 oJ-Ricci-Yamabe Almost Solitons on (k, u')- Para-

contact Manifold

This article is devoted to the study of nullity distributions on paracontact geometry is
a most interesting parts in the paracontact geometry. In [13], Cappelletti-Montano et
al. introduced the notion of (k, u’)-paracontact structures. According to them a (&, p')-
paracontact manifold is a paracontact metric manifold M?*"*1(¢/, &' ', g) whose curvature

tensor satisfies
RV, V)& = w{n/ (V) V] — o/ (V) V5 } + i {0 (V) )bV — o (V)W V3 }, (3.4.1)

vV V], Vy € x(M) and for some real numbers (k, i/). Equivalently, this equation can be

written as
RV, &Ny = w{n (V)V} — g(V{, Vo)&'} + p'{n/ (Vo) V] — g(RV], V5)E'}, (3.4.2)

vV VI, V] € x(M). Further, most of geometers have well-acquainted (k, u’)-paracontact
manifold and delivered many important properties on these types of manifolds (instant

see in [47, 83, 61, 13)]).
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Theorem 3.4.1. If a (k, i')-paracontact manifold of dimension (2n + 1) with k > —1
admits a gradient 6-Ricci- Yamabe almost soliton, then the manifold is locally isometric
to the product of a flat (n + 1)-dimensional manifold and an n-dimensional manifold of

negative constant curvature —4.

Proof. First, we substitute ' instead of V/ into (3.2.14) and using the identity (2.2.4) and
h& = ¢’'¢" =0 to acquire dg(R(¢', V5)E', Du) = 0. In this sight, from (2.2.3) we earned

k{Du — (&u)¢'} + W hDu = 0, (3.4.3)

where we conduct g(V, Du) = V/u. We now apply covariant differentiation to the equa-

tion (3.4.3) by ¢ and conducting the relation (3.2.9), Vg&' = 0 to achieve
k{VeDu — &' (u)&'} + p/{1'h¢' Du + h(Ve Du)} = 0. (3.4.4)

Since the equations (3.2.8) and (3.2.12), we have

p'r
2

) = (2nkra’ + N — &)f' (3.4.5)

'D(N
SVe D(X .

, and also
gr
2
Making use of (3.4.5) and (3.4.6) in (3.4.4) and using ¢'¢’ = 0, we have p/*h¢/ Du = 0.
Acting this by ¢ and conducting (1.1.65) and (1.1.66), we get p/*hDu = 0. By the
operation of h and the use of (1.1.66) and (2.2.3), yields

6 (E'u) = 2nka’ + (N ). (3.4.6)

Wk +1)(Du — (€u)¢') = 0.

For k > —1, then either () ¢/ =0 or (ii) p’ # 0.

Case (i). In this case, when x > —1 it follows from (3.2.10) that x = 0. Hence
R(V{, V)¢ = 0 for any vector fields V{, V] € x(M), and therefore M is the product of
a flat (n + 1)-dimensional manifold of negative constant curvature —4 (see [91] Theorem
3.3).

Case (ii). This case yields Du = ('u)¢’. We differentiate this along with an arbitary
vector field V' together with (1.1.65) and (1.1.66) to acquire

Vv Du = V{(§u)¢" — (u)(¢'V] — ¢'hVY).
As g(Vyy D(XN — %r), Vy) = g(Vyy D\ — %7"), VY), the last equation provides
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VI u)n (Vg) = Vo (§u)n' (Vi) + (§'u)dn/ (V] V3) = 0.
Replacing V/ by ¢’V and V by ¢'V; and applying ¢’'¢’ = 0, we get &'u = 0, that we
conduct dn’ # 0 on M?"*1. Then, Du = 0, i.e., u is constant and therefore (3.2.12),
(3.4.5) and (3.4.6) yields S = (N — %/r)g = 2nka/, i.e., M*"*1 is an Einstein. This gives
r =2nka’(2n+1). In addition Lemma 3 yields r = 2n{2(1 —n) + ka/ + ny'}. Combining
both results, we obtain

np' =2(nka’ +n —1). (3.4.7)

Now, conducting (3.4.7) and S = 2nka’g in (3.2.8) we gain 2(n — 1) + ¢/ = 0. Thus

(3.2.10) outurns k = 1;"2, a inconsistency. This finishes the proof. O

3.5 *-Ricci-Bourguignon soliton on Para-Kenmotsu

and Para-Sasakian Manifolds

In this section, we investigate that the metric g of a (2n + 1)-dimensional para-Kenmotsu

and Para-Sasakian manifolds admitting a %-Ricci-Bourguignon soliton.

Theorem 3.5.1. If the metric g of n'-FEinstein para-Kenmotsu manifold of dimension
> 3 is a x-Ricci-Bourguignon soliton, then it is Einstein manifold when r = —2n(2n + 1)

otherwise Ly&' = 2pr*¢" (where r* = —(r 4 4n?)).

Proof. As M* (¢, 1/, g) is n/-Einstein, taking V) = ¢ in (??) and making use of
(1.1.85), we have
a+b=—2n. (3.5.1)

We contract the identity (1.1.29) to yield the scalar curvature r = (2n+1)a+b. Combining

this with (3.5.1) yields @ = (1 + 5-) and b = —{(2n + 1) 4 5-}. Thus equation (1.1.29)

takes the form

SV = (L4 ) V) —{@o+ D+ W (V). (35

In view of (3.2.16), (3.5.2) and using the relation r* = —(r +4n?), equation (1.2.110) can

be written as
/ ! / 1 ! ! r / / / !
(Lvg)(Va, V3) = {2(2n+X) + (-~ —2p)r —8n’p}tg(Vy, V3) — { A dnjy (Vo) (Vs). (3.5.3)
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We differentiate (3.5.3) along an arbitrary vector field V; and using (1.1.76) to acquire

(Vo)) = (- 2004n907.3) ~ Sy

= =+ anH{g (VL Vo (V) + 9 (V] Vi (V)
— 2/ (VI (V) (V). (3.5.4)

Given that £V is a symmetric (1,2)-type tensor and therefore it follows from (1.1.87)
that

1
g(LvV)(V1,V2) V5) = SV Lvg)(Va, V) + (Vg Lvg)(Vs, Vi)
+ (Vg Lvg)(V, Vi) (3.5.5)
By some computation and keeping in mind that £V is a symmetric operator, the fore-

going equations yields

ALy VIV V) = (= 2p) VIV = - (W) (V)€

b= 2 (VW — (Vi (V)

(= 20)g(V, Vi) Dr — ol (V) (V) Dr

= 2= +an{g(VE o (VI ()}, (35.6)
for all vector fields V{, VJ € M?" ™! where D is the gradient operator of g. We insert
Vi =Vy = e;( where {e; :i=1,2,3,....,2n+ 1} is an orthonormal frame) into (3.5.6) and

summing over ¢ to find

2n+1

n Y (LvV)(eie) = {p(2n+ 1) — 1}Dr — (1) — 2n(r + 4n°)¢'. (3.5.7)

i=1
Now, we take the covariant differentiation of *-Ricci-Bourguignon soliton equation (1.2.110)

along a vector field V] to achieve
(ViyLvg)(Va, Vs) = =2(Viy ) (Vy, Vg) = 2p(Vir)g(Vy, V3),
where r* = —(r + 4n?). We displace this into (3.5.5) to gain

9((['Vv)(vlla VQI)’ ‘/5/) = (VV§S*>(‘/1/7 V2/) - (VV{S*)(VZI7 V},/)
—(VyS)(V5, Vi) + p{(V5r)g(V], V2)
—(Vir)g(V3, Vs) — (Var)g(V1, Vi) - (3.5.8)
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Again, we take covariant differentiation of (3.2.16) with respect to Vi and then using

(1.1.76) to obtain
(ViSO V) = (Vi) (VL V) = {g(Vs, V' (Va)
+ gV Vo) (Vi) = 20 (V) (Vo) (Vi) - (3.5.9)
We combine two identities (3.5.8) and (3.5.9) to yield
+(Vig9)(Vs, Vi) + 24g(V1, Vo) (Vs)
=0’ (V' (Vo)n' (V) } + p{ (Var)g(Vi, V3)

—(Vir)g(V3, Vs) = (Var)g(Vi, Vs) - (3.5.10)
We replace V{ and VJ by e; in (3.5.10) and taking the sum over ¢, to find
2n+41
> (LyV)(ei ;) = 4ng’ + p(2n + 1) Dr. (3.5.11)
i=1

As a consequence of (3.5.11) and (3.5.7), it follows directly that
{p2n+1)(n—1)+1}Dr+ (r)¢ +2n{2n(2n + 1) + r}’ = 0. (3.5.12)
We take the inner product of (3.5.12) with respect to £ yields (¢'r)+2{2n(2n+1)+r} = 0.
Utilizing this in (3.5.12) provides {p(2n + 1)(n — 1) + 1}Dr = (n — 1)({'r)¢’, where as
n > 1. Next putting Vj = ¢ in (3.5.6), it follows that
20(Ly V)(V{, &) = =2on{(V{r)&' + (¢'r)V] =/ (V) Dr} + €' (r)¢”°V].  (3.5.13)
Differentiating (3.5.13) along the vector field VJ and using (1.1.83) and (3.5.13), we get
2n(Vyy Ly V)(V], &) + 2n(Ly V)(V], V3) = =2on{ (Vi (ViT))¢'
+H(VIr) V& + Vi)V + (Er)Vy Vi = (Vyn )V Dr
= (V{)V5(Dr)} + V3(€'r)¢" Vi = (€'r){g(V], V3)€
+0 (VI)Vs =0 (Vo)Vi = o/ (V) (V3)€'} (3.5.14)
Replacing V4 by £ in (3.2.27) and taking into account of (3.5.14) [88], we gain
(Ly R)(VI,V9)E = =2pn{(Vy(Var))E' — (Vi (ViT))¢'
+ VI(Er)Vy = Vo)V + £(r) (Vi Vy — Vi Vi)
— 0 (VOVI(Dr) + 0/ (V))V3(Dr)} + (VI(€7))d"°Vy
— (Va(€r)d Vi + 26 () {0 (V))V5 = (V)V}, (3.5.15)
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Now, we contract the previous identity along with V/ and making use of {p(2n + 1)(n —
1)+ 1}Dr = (n—1)(&'r)€ to acquire (LyS)(V5, &) = 0. Next, we take the Lie derivative
of (1.1.85) along with V' with the help of the identity (3.5.2) to obtain

(L 5 (V3 £v8) = {(2n 4+ 1) + =3 (V) (Lv€)
= —dn(N + pr*)n' (V3) — 2ng(Vy, LyvE'). (3.5.16)

Substituting & for V3 in (3.5.16), we get X' + pr* = 0, Furthermore, putting V/ =V = ¢
in (3.5.3) gives n/(Ly€') = 2pr*, where r* = —(r + 4n?). Thus making use this results,
equation (3.5.16) becomes
r
2n
Now, if r = —2n(2n + 1), then it follows from (3.5.2) that M?"*! is Einstein.

Let us assume that r # —2n(2n + 1) in some open set N, L& = 2pr*¢’. This
together with (1.1.83) yields

(2n+ 1+ —)(Ly& —2pr*¢") = 0. (3.5.17)

VeV =V -7 (V)¢
Putting VJ = ¢ in (3.5.3) and using X' + pr* = 0, we have (Lyg)(V/,¢') = 0. From this
we have Lyn' = 0. Putting V3 = ¢’ in the well-known formula (see [88]).
(Ly V)V, Vy) = Ly Vv Vy = Vi Ly VY — ViyyVy

and by virtue of (1.1.83), (3.5.13) L&' = 2pr*¢’ (where r* = —(r + 4n?)) and Ly =0,
we obtain (¢'r) = 0. Since {p(2n + 1)(n — 1) + 1} Dr = (n — 1)(¢'r)¢’, we see that r is
constant. Thus, (3.5.12) implies that r = —2n(2n + 1) on N. Thus, a contradiction is
obtained, and the proof is established. O

Let us now consider gradient almost *-Ricci-Bourguignon soliton in para-Kenmotsu

manifold and prove the following theorem.

Theorem 3.5.2. Let M*"*! be a (2n + 1)-dimensional 1 -Einstein para-Kenmotsu man-
ifold. If g represents a gradient almost *-Ricci-Bourguignon soliton, then either M*"*! is

FEinstein or the potential vector field is pointwise collinear with the Reeb vector field &'.

Proof. If the metric g of a n/-Einstein para-Kenmotsu manifold is a gradient almost -

Ricci-Bourguignon soliton, then we obtain using the identities (3.2.16) and (1.2.111)
Vi Df =QV{+ (2n— 1+ XN+ pr)V{ + o' (V{)¢, (3.5.18)
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for any vector field V] on M?"*!. Taking covariant differentiation of (3.5.18) in the

direction of an arbitrary vector field V; on M?*"*1 | yields
VyVy Df = (Vy@QWV +Q(Vy V) + (2n — 1+ X + pr*)Vy, Vi
+(VEXW] =+ p(Var )V] + (Vg ) (V)€
+n' (Vy VI)E + 1/ (V) V€' (3.5.19)

Making use of (3.5.18) and (3.5.19) in the well-known result of curvature tensor R(V/, Vy) =
Vv:Vyy; = Vi Vyy — Vs vy, we deduce that

RV VDS = (VyQ)V; = (Vi @V + (VIN)V5 = (V;X)V]
+ p(Vir Vs = p(Var )V + 0/ (V)Vi =0/ (V)V;. - (3.5.20)
In view of (3.5.2), we have
r_ T\ Ty e
QVl = (14 Wi~ {20+ 1)+ LY/ (Ve (35.21)

Differentiating the foregoing Eq. along an arbitrary vector field VJ and using (1.1.76), we
get
1 r
(Vws@Vi = 5 (Vir)(V] = (V)E) — {(2n+ 1) + gV V)E — (V)W) (35.22)
In view of (3.5.22), we get from (3.5.20)
1

ROV VDS = (VI =i (V)E) = o (Vin(V — ()

+ {@n+2)+ HY (VW = (V)V} + (V)W
— (BN 4+ p{(Vir) V3 — (i)}, (3.5.23)

By virtue of the above Eq., we can easily see that

g(R(V{, V) Df, &) = (ViN ) (V3) = (VaN ' (Vi) + p{ (Vir™ ) (V3) — (Var®)m' (Vi) }-
(3.5.24)
Also, we have from (1.1.78) that

g(R(V{,V)Df. &) = (V5 f)n' (Vi) — (VI ) (V3). (3.5.25)
Comparing (3.5.24) and (3.5.25) and putting V; = ¢’ in the resulting equation, we achieve
AN +pr* = f) =N +pr* = ), (3.5.26)
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where d is the exterior derivative. This means that X' 4+ pr* — f is invariant along the
distribution D (where D is kern'); that is X'+ pr* — fis constant for all vector field V{ € D.
Contracting (3.5.20) over V3, we obtain

SOV D) = —5-(Vir) = 2n(X) — 20p(Vir) + 2] (V). (35.27)

In view of (3.5.21), the foregoing Equation yields

(14 )V = {204 1)+ oYl (VED) + 5 (V)
+2n(VIN) + 2np(Vir*) — 2nn/ (V) = 0, (3.5.28)

for all V] € TM. Replacing V] = ¢’ in the above equation, we get,
2ng'{N +pr* — f1+= (5 r) —2n = 0. (3.5.29)
Now, we plug Vj = ¢ into (3.5.23) and taking inner product with VJ to yield
ORIV, ENDSVE) = —5 (€ oV Vi)~ (VR (V) + (VI (V)

+ {2n+2)+ - HoVL Vi) — o (V' (V)
— (EX)g(V V) + p{(Vir )l (V3) — (§'r)g (V] V3)}(3.5.30)

By virtue of (1.1.81)

o(R(VY, €)WV, D) = (€ NV}, Vi) — (Vi (V). (3531)
Comparing (3.5.30) with (3.5.31), we can achieve

o €V V2) = () (V)

+{(2n+2) + %}{Q(VL Va) = (Vi)' (V5)}
VTN + or” = ' (Va) = &N + pr™ = f)g(V], V5) = 0. (3.5.32)

Taking the trace of the above equation, we get

—%(ﬁ’r) +@n42)+ =W+ = f=0. (3.5.33)

Making use of (3.5.33) in (3.5.29), we can easily gain
&ry=2{2n2n+1) +r}. (3.5.34)
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By virtue of (3.5.34) and (3.5.33), from this, we conclude that

r

With the help of the identity (3.5.35) into (3.5.26), we can obtain
T

AN+ 1 = ) = ~(5-

+2n)n'. (3.5.36)

Using the Poincaré Lemma together with the condition dny = 0, we derive the following
from the previous equation, we get —dr A n’ = 0, and making use of (3.5.34), we have

2(n — ){r +2n2n+1)}¢
p2Cn+1)(n+1)+1

Dr — (3.5.37)

Suppose that V/ in (3.5.28) is orthogonal to &’. Keeping in mind that (X + pr* — f) is
constant along D and making use of (3.5.36) and (3.5.37), then we have

(n—1){r+2n(2n+1)}¢’ -
p(2n+1)(n+1)+1 (‘/’1/](') - OJ

for all V{ € D. This implies that

(n—1D{r+2n2n+1)}¢
pCn+1)(n+1)+1

(Df = (Ef)E) =0. (3.5.38)

Since n — 1 # 0(as dimension > 3), we may consider two cases from (3.5.38).

Case I. Suppose r = —2n(2n + 1), then from the relation (3.5.21), we see that
QV{ = —2nV/, and hence M*"*! is an Einstein manifold.

Case II. If r # —2n(2n + 1), then we have from (3.5.38) Df = (¢'r)&’. This shows
that potential vector field is everywhere collinear with the Reeb vector field &. This

concludes the proof. n

Next, we study *-Ricci-Bourguignon soliton in three-dimensional para-Kenmotsu

manifold. So, we state the following theorem.

Theorem 3.5.3. If the metric g of three-dimensional para-Kenmotsu manifold is a *-

Ricci-Bourguignon soliton, consequently, the manifold is of constant curvature —1.

Proof. Tt is a classical result that in a three-dimensional pseudo-Riemannian manifold,

the following relation holds

R(‘/ll7 ‘/2/>‘/3/ = g(‘/Qlu ‘/3,)62‘/1/ - g(‘/ll’ ‘/E’)/)Q‘/; + S(‘G? ‘/3/>‘/1/
1
=SV Va)Ve = 5la(Va, Vi)VI = 9(V1, Vi)V (3.5.39)
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Now, we insert V' = Vi = £ in the above relation and making use of (1.1.78) and (1.1.77)

to yield
QW = (1+ g)V{ -3+ g)n’(V{)S’, (3.5.40)
which is equivalent to
r r
R(VY,Vy) = (1+35)9(Vi, Vo) = 3+ )0 (Vi)' (Va). (3.5.41)

Proceeding in the similar manner as in the proof of Theorem (3.5.1). In dimension 3, that

is, for n =1 all equation (3.5.3)-(3.5.15) holds true. Thus, (3.5.12) becomes
2LvR)(VI, V5)§" = =2p{ (Vv (Vor))€' = (Vi (VIT))E + Vi(Er)Vy
— VEmMW +Er)(ViyVy = Vi Vi) =0 (V) VI (Dr)
+ 0 (VVA(D)} + VI(€n)oVy = V(€ eV
+ 28 () (VI)Ve =/ (V)V} (3.5.42)

Taking Lie derivative of (1.1.78) along V' and making use of (3.5.3) yields

(LvR)(VI, V)€ + ROVI, VI LvE = 20N + pr){n/ (V))V5 — ' (Vo)V}
+ gV LvE)Vy — g(Vy, LvE)V]. (3.5.43)

In view of (3.5.42) and (3.5.43), we have

—2p{(Vyy (Var))§" — (Vg (Vir))€ + VI(Er) Vs = Vo (§r)V] + &' (r) (Vv Vs = Vi V) —
0 (V) VI (Dr)+1f (V) V3 (D)} + Vi (€)™ V3 = V3 (€'r) ¢ Vi +2€ (r){of (VI) V5 —n (V3) Vi } +
2RV, Va) Ly = 4N + pro){n' (VI)Va — 0/ (Vo)V} + 2{g(V], LvE)V5 — g(V3, Lv &)V}

By contracting the above equation over V/ and using (3.5.41), we get

(r+6)g(Va, Lv€") — (r+6)n' (Vo)n' (Lv€)
= VI(Er) + {E(Er) + 4(&r) — 8(N + pr*) 1 (V). (3.5.44)

Setting V) = £ into (3.5.44) and using (3.5.12), we have X' + pr* = 0. In view of (3.5.3),
we obtain (Lyg)(V3,&") = 0, which implies 7'(Ly¢’) = 0. Thus, using N + pr* = 0,
n'(Ly€') =0 and (3.5.12), equation (3.5.44), reduces to

(r+6)g(Vy, Lv&) = =2{(Var) = (') (V2)}- (3.5.45)
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Suppose that » = —6, then from (3.5.41), we can see that it is Einstein and QV/ = —2V/.
This together with (3.5.40) gives:

R(VY, V)Vy = g(V], Vi)Vy — g(V3, Vi)V, (3.5.46)
showing that M?" ! is of constant curvature —1. O

The last part of this paper is to study *-Ricci-Bourguignon soliton within the frame-
work of para-Sasakian manifold. Here, we study canonical paracontact connection on a
paracontact manifold, which has been defined by [90]. Next theorem deals with canonical
paracontact connection V on para-Sasakian manifold, that has been deeply discussed
in (equation (1.1.82), (3.2.16) and (3.5.1) of [62]). We proceed to state and prove the

following theorem.

Theorem 3.5.4. Let M*" (¢ &' .1/, g) be a para-Sasakian manifold. If g is a *-Ricci-
Bourguignon soliton on M"Y, then either M*"*! is D-homothetic to an Einstein man-
ifold, or the Ricci tensor of M*" 1 with respect to canonical paracontact connection van-
ishes. In the first case, the soliton vector field is Killing and in the second case, the soliton

vector field leaves ¢' invariant.
Proof. Making use of (3.2.21), the soliton equation (3.2.19) takes the form
(Lvg)(VI, V3) = (N + pr){g(Vi, Vo) + 0" (V)n' (V) }. (3.5.47)

Now, we take Lie-derivative of (3.2.21) along with the vector field V' and using (3.2.19)
to yield

(£vS)(VY, Vi) = 3O + pr” = ) (V) (L)) + o/ (V) (L (V)
— S =2+ N )Y o oV V) o (VD)) (3549

Again, we differentiate the equation (3.2.21) covariantly along with arbitrary vector field

V4 on M?"*! and then using (1.1.83) to obtain
(VigS)(V/, V3) = %(2 =X = pr ) gV, oV (Va) + g(Va, o'V (Vi)}. - (3.5.49)
Now, in light of the identity (3.5.49), the equation (3.2.24), becomes
(Lv V)V, Va) = =N+ pr ' (Vo) ' Vi + 0" (V) @'V} (3.5.50)
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Again, we differentiate (3.5.50) covariantly along an arbitrary vector field V3 on M?"*!

and using the identities (1.1.83) and (1.1.82) to acquire

(Vi LvV)(VI, V) = (N + pr ) {g(Va, ¢ V)V + g(V], ¢'V5) 'V
+ gV, V' (V9)E' + g(V3, Vi)' (V)€
— 20 (V) (Vy)V5}. (3.5.51)

We use the previous identity (3.5.51) into commutation formula (3.2.27) and making use

of (1.1.83) to find

(Ly R) (VI Vo)V = (N 4 pr){g(6'VI, Vi) ¢'Va — g(&'V3, Va)¢'Vi
+ 29(0VI, Vo)V + g(Vi, Vi)' (V)€ — g(Vy, Vi)' (Vi€
— 20 (Vo) (Va)Vi =+ 20 (Vi) (V) V5 - (3.5.52)

We contract the foregoing equation (3.5.52) over Vj to achieve
(LvS)(Vy, Vs) = 2(N + pr*){g(Va, V5) — (2n + )i (Va)n' (Vs) }- (3.5.53)
Now, we compare the two identities (3.5.48) and (3.5.53) to yield

SOV ot = 2 (V) (Evn ) (V) + ol (V) (Lo (V)

1
—5(471 — 24N+ pr* )N + pr ) {g(Va, Vi) + 0" (Va)n' (V) }

=2(\"+ pr){g(V3, V3) — 2n+ )n' (Vo) (V) } (3.5.54)

We insert Vj = ¢*VJ into (3.5.54) and also using the identites (1.1.65), (1.1.66) and
(3.2.18) to get

1 / 1 !/ * / * !
SOV ot =2(Lon) (VI (V) = SO+ pr)(dn + 2+ X + pr*)g(V3, Vi)
= 2n(N + pr*)n' (V)n' (V). (3.5.55)

Making use of the identity (3.5.55) into (3.5.54) with displacing V5 by ¢'Vy, we find
1
W ) (dn+2 4+ X+ pr)g(Vs, ¢'V3) = 0. (3.5.56)

As ¢/ (V) V) = g(Vy, ¢'V) # 0 on M?*" ! we acquire either (N + pr*) =0 or (4n + 2 +

N+ pr*) = 0. Now, we consider two cases as
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Case I: If N + pr* =0, from (3.5.47) we see that Ly g =0, i. e., V is Killing. From
the identity (3.2.21) we obtain

SV, V3) = =(2n = gV, V3) — 0/ (V) (V3). (3.5.57)

By contracting the equation (3.5.57) to yield r = —4n?, where r is the scalar curvature
of the manifold M?"*!. This shows that M?"*! is an n-Einstein manifold with scalar
curvature r # 2n. Hence, we conclude that M?" ! is D-homothetic to an Einstein man-
ifold. Case II: If 4n + 2 4+ X + pr* = 0, then we set V5 = ¢ into (3.5.55) and insert
Vy = ¢'Vy of the resulting equation to achieve $(N + pr* — 2)(Lyn')(¢'V;) = 0. Since
dn+ 2+ XN+ pr* =0, we have N + pr* # 2. Thus we have (Ly1)(¢'Vy) = 0. We plug
Vi = ¢'V3 into the foregoing equation and making use of (1.1.65), (1.1.66), lemma (3.2.9)
to yield

(Lvn)(V3) = =2(2n + 1) (V3). (3.5.58)

Next, we take exterior differentiation d on (3.5.58) to obtain
(Cvdn)(Vi, Vi) = —2(2n + 1)g(V], 6'V2), (3.5.59)

noting that d commutes with Ly. Also, we take the Lie-derivative of the well-known

equation dn/ (V{, V) = g(V/, ¢'VJ) along the given soliton vector field V' to get
(Lvdn ) (Vi Vs) = (Lvg)(VI, ¢'Va) + g(VI, (Lvd)V3). (3.5.60)
From (3.5.47), we also deduce that
(Lvg)(VI,¢'V3) = =2(2n + 1)g(V/, §'V3). (3.5.61)

Making use of the identities (3.5.59) and (3.5.61) into (3.5.60), we obtain Ly ¢’ = 0.
Hence, the soliton vector field V' leaves ¢’ invariant.

Again, we use the relation 4n + 2 + X + pr* = 0 into (3.2.21) to yield
SV, V3) =29(Vi, V3) = (2n 4 2)' (V' (V). (3.5.62)

We contract the foregoing equation to obtain r = 2n(i.e., the manifold M?**! cannot
be D-homothetic to an Eintein manifold). Then, by taking account of (3.5.62) in [62]
of equation 17 we obtain §(V1’ ,V3) = 0. That is, the Ricci tensor with respect to the

connection V vanishes. T herefore, the desired result follows. O
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Almost = -Ricci Bourguignon soliton on

Kenmotsu and SasaKian Manifolds

4.1 Introduction

This chapter contains six sections of which the first two sections are introduction and
preliminaries.

In the third and fourth section, we study an almost *-Ricci-Bourguignon soliton on
Kenmotsu manifold. It has been shown that if a Kenmotsu manifold admits an almost
x-Ricci-Bourguinon soliton, then the manifold is 7’-Einstein. Next, we prove that if a
(k,2)"-nullity distribution where x < —1 admits an almost *-Ricci-Bourguinon soliton,
then the manifold is Ricci flat. Further, we show that if a Kenmotsu manifold endows a
gradient almost *-Ricci-Bourguignon soliton and &’ leaves the scalar curvature r invariant,

then the manifold is an Einstein manifold with constant scalar curvature r = n(1 — 2n).

In the later section, we deliberate the study of almost almost *-7’-Ricci-Bourguignon
soliton within the framework of Sasakian manifolds. It is shown that if a Sasakian manifold
admits a almost *-1-Ricci-Bourguignon soliton, then it is n’-Einstein. Next, if g represents
a gradient almost almost *-1’-Ricci-Bourguignon soliton and & leaves the scalar curvature
r invariant on a Sasakian manifold, then the manifold is an 7’-Einstein. Further, we have
studied on a Sasakian manifold if g represents an almost *-n’-Ricci-Bourguignon soliton
with potential vector field V] is pointwise collinear with ¢, then the manifold is an 7'

Einstein.

In the final section, we evolve the physical applications and conclusion.
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4.2 Preliminaries

This section is devoted to the study of (2n 4 1)-dimensional Kenmotsu manifold whose
metric g admits both an almost *-Ricci-Bourguignon soliton as well as a gradient almost
x-Ricci-Bourguignon soliton. We begin by recalling several lemmas that are essential for

our study.

Lemma 4.2.1. [80] On a (2n + 1)-dimensional Kenmotsu manifold, the Ricci operator
Q satisfies
(ViyQ)¢ = —QV{ —2nV], (4.2.1)

(VeQ)V] = —2QV] — 4V, (42.9)
the relation holds for all vector field V| on the manifold.

Lemma 4.2.2. [80] on a (2n + 1)-dimensional Kenmotsu manifold the x-Ricci tensor S*

15 expressed as follows
S'(X,Y) = S(VI, V) + (2n = Vg(Vi, Vi) + 1 (V) (V). (4.2.3)

the relation holds for all vector fields V| and Vi € x(M) and the associated x-scalar

curvature is given by the equation r* = r + 4n?.

Lemma 4.2.3. Let a metric g of a Kenmotsu manifold M*1(¢' & 0/, g) admits an

almost *-Ricci-Bourguignon soliton (or almost x-RB soliton), then we have the following
( LyR)(V], &) = 2(N + p(r + 4n?)){n'(V])§' — V{'}.

Proof. If a metric ¢ of a Kenmotsu manifold M?"*! admits almost *-RB soliton, then by

«-Ricci tensor expression of (4.2.3), an almost *-RB soliton (1.2.110), becomes
(Lvg)(VI, V3) +28(V], Vy) = 2{(N + pr") = (2n = 1) }g(V, V3) = 20/ (V) (V3), (4.24)

for all V{/, Vi € x(M). We take the Lie derivative of the expression R(V/, & )¢ = n/(V])&' —
V] (follows from (1.1.26)) with respect to the vector field V' and applying (1.1.26), we

derive

(LvR)(V), €€ + RV, &) v+ (LvE)Vi+ (Lvg)(V1, ) +9(V], Ly )€ =0, (4.2.5)
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for all V' € x(M). Using Q¢' = —2n¢&’ follows from (1.1.27) and (4.2.4), we have
(Lvg) (V1. &) =2(N + pr*)n' (V]). (4.2.6)

Now taking the Lie-derivative of n'(V{) = ¢g(V/, &) and /(') = 1 we get (Lyn')(V]) =
(Lyvg)(V{, &) and (Lyn')(&)+n (LyE') = 0 respectively then using (4.2.6), we can compute
(Lyn) (&) = N + pr* and ' (Ly€') = =N — pr*. Thus by the virtue of (1.1.26), lemma
(4.2.2) and equation (4.2.5), we get

(LvR)(V{,€) = 2(X + p(r + 4n®) ) {nf (V)€ — V{}.
This completes the proof. n

Proposition 4.2.1. Let a metric g of a Kenmotsu manifold M* (¢, &' 0/, g) satisfies

an almost x-RB soliton, then the following results hold

(LyV)(V/, &) =2(2n — 1)@'V] = 2¢/QV] + VI(X' + p(r + 4n?))&" + {'(X + p(r + 4n?)) —
2PV + 0 (VI{V (X + p(r + 4n?)) — 28"}

Proof. First, we take the covariant differentiation of (4.2.4) along an arbitrary vector field

Vi € x(M) and using (1.1.24) and (1.1.25) to yield
(Vv Lyvg) (V] Vo) +2(Vy S)(VI, Vy) = 2V5 (N + pr*)g(V], Vy)
=2{g(V{, Vi)' (V) + g(Va, Vi)' (Vi) — 20/ (V) (V) (Vi) }, (4.2.7)

for all Vi, VJ, Vi € x(M).
Now, we look back on the following formula (see in [88])

(LvVsg = Vi Lvg = Vv )V, V5) = —g((Lv V) (Vs, V), Va) — g((LvV)(V3, V3), V),

for all V/, V4, Vi € x(M). As the Riemannian metric g is parallel, Inserting (4.2.7) into

the above formula yields the following
g(LyV)(V5, Vi), V) + g((Lv V) (V5, V5), Vi) + 2(VyS) (W, Vs)
= 2{V5(N + pr)g(Vi, Va) — g(Vi, Vi)' (V3) — g(Vy, Va)u' (Vi)
+2n' (V' (Vo) (V5) -

88



In out look of symmetry (LyV)(V/, V) = (LyV)(V;,V]) of the (1,2)-type tensor field
Ly'V, by cyclically interchanging the roles of V/, Vi, V5 in the forgoing equations, we attain

9(Ly V) (V] V3), V5) = (Vi S)(V], V) — (Vv S)(VY, V5) — (Vi S)(Vs, V)
VN + pr*)g(V5, V) + Va(N + pr)g(Vs, Vi) = V(X' + pr*)g(V, V5)
=2{n'(V{)g(Vy, V) +n'(Vy)g(V{, V) — 20/ (V{)n' (V3)n' (V5) }. (4.2.8)

Now, taking the covariant derivative of (1.1.27) along the vector field V] € x (M) and also
using (1.1.24) we find

(Vi Q)¢ = Q'V] — 2nd'V]. (42.9)

It is known that the Ricci operator is compatible with the contact metric structure ¢’

commute on Kenmotsu manifold [9]. So, we have
VeQ = Q¢ — ¢'Q. (4.2.10)

Lastly, we insert Vj = ¢’ into (4.2.8) and using the identities (4.2.9) and (4.2.10) and also
applying the symmetry of () and using lemma (4.2.2) and lemma (4.2.3) to yield

(Ly V)V, &) = 2(2n — 1)¢'V] = 2¢/QV + VI (N + p(r + 4n?))&' + {&'(N + p(r + 4n?)) —
23V + 0/ (VI){V (X + p(r + 4n?)) — 2¢'}.

This completes the proof. O

Lemma 4.2.4. [18) The x-Ricci tensor on a (k, ') -almost Kenmotsu manifold with

k < —1 1s expressed as follows
S* (W, Vy) = —=(r +2){g(V], V3) — ' (V)0 (V3) }, (4.2.11)
the relation holds for all vector fields V| and Vi on M.

Lemma 4.2.5. [36] Let M*"*1(¢/, &', 1, g) be a Sasakian manifold and {E;}1<i<oni1 15 a

local orthonormal frame on M*"*1. Then for V) € x(M), we have

1
ZQ((V¢'VQ’Q)¢/E1',E¢) =0, Zg oE:Q)P Vs, E;) = —51/1/(7’)-
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Lemma 4.2.6. Let M*" "¢, & 1, g) be a Sasakian manifold and f be a smooth function
on M* L If {E;}1<i<ans1 18 a local orthonormal frame on M?*" 1 then for V) € x(M),

we have
Zg (V3, VeV f)g(€, E:) =0
Zg ¢, Ve Vg(e'Vs, Ei) = g(¢'Vs, VeV ),
}:g SV, VeV )9 E) = g€, Voy Vi),
ig(&', R(E, V)V g€ i) = Va(f) =/ (V) (V3).

Applying the symmetry of Hessy, curvature properties and (1.1.18), the above for-
mulas can be proved straightforwardly. Let us recall the formula for the x-Ricci tensor on

a Sasakian manifold.

Lemma 4.2.7. In [32] the expression of %-Ricci tensor S* on a Sasakian manifold

MY, g) s
SV, Va) =SV, V5) = 2n = Dg(X,Y) =/ (X)'(Y), VI, V3 €x(M).  (42.12)

Lemma 4.2.8. If a Sasakian metric g admits an almost x-n'-Ricci- Bourguignon soliton,

then we have
(LyRY(VL€)E = 2(N + pr* + 1) (Vi =/ (V))E), V] € x(M). (4.2.13)

Proof. By *-Ricci tensor expression (4.2.12), the almost *-n'-Ricci-Bourguignon soliton

equation (1.2.113), becomes
(Lvg)(Vi, Vo) +28(Vi, V3) = 2(N +pr*+2n—1)g(V{, Vo) +2(' + 1) (Vi)' (V), (4.2.14)

for all V', Vi € x(M). We take the Lie-derivative of the equality R(V/,¢")¢ = V] —n/(V])¢&
(follows from (1.1.18)) along V' and using (1.1.18), we get

(Ly R)(V), €)'+ R(V], &) Ly +n' (Ly &)V +(Lyvg)(V], ) +g(V], LvE)E =0, (4.2.15)
for all V] € x(M). Using (1.1.21) and (4.2.14), we find that

(Lvg)(V1, &) = 2N + pr* + p ) (Vi), Vi e x(M).
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Employing this expression in the Lie derivative of the formulas n'(V{) = ¢(V{,¢’) and
n' (&) = 1, one can deduce n'(Ly ') = —(N + pr* + /) and (Lyn)(&) = N + pr* + 1.
Thus, by virtue of (1.1.18), equation (4.2.15) gives the required result. This completes
the proof. O

Proposition 4.2.2. Let M*""(¢/ &' .1/, g) be a Sasakian manifold admits a x-n'-Ricci-

Bourguignon soliton. Then the soliton vector V' are given by the expression
(LyV) (V] €) = —2QVi+{n+€ (N4 pr )P+ VI (N4 pr ) =T (N-+pr Y (V). (4.2.16)

Proof. First of all, taking a covariant derivative (4.2.14) along to an arbitrary vector field

V4 and applying the identity (1.1.16) to obtain

(Vi Lvg)(Vi,Va) = =2(VyyS) (W, Va) + 2V5 (N + pr)g (V1 V5)
+ 2V )0’ (VD' (Ve) + 201" + D{g (VY Vi)' (V2)
+ g(Va, Vi)' (Vi) = 20" (VD' (Vo) (V) }, (4.2.17)
for all V] Vi Vi € x(M). Combining (4.2.17) and (1.1.87) and using a straightforward
combinatorial argument and the symmetry of (£/V) then (1.1.87) implies

g(Ly V) (V] V3), V) = (Vi S) (V1 Va) = (Vi S) (Vy, Vi) — (Vi S)(Vs, V)
Ve + pr*)g(V{, V) + VI(N + pr*)g(Vy, V) + Vo (N + pr*)g(V{, V3)
+2(p" 4+ D) {g(V, Vi)' (V) — o (V' (Vi)' (V5) }, (4.2.18)

the relation holds for given arbitrary vector fields V7, V, and V§ on M*"*1. Moreover,
recalling (1.1.16) and taking the covariant derivative of (1.1.21) along V{ € x(M), one

obtains
(Vi Q)¢ = Q¢'V{ — 2ng'Vy. (4.2.19)

Using (4.2.19), the forgoing equation yields
(LvV)(V], €)= =2QVi+{dn+ (N +or ) 2V + VI (X +pr) &' =V (N+pr*)n (V{), (4.2.20)

for all V{' € x(M). Therefore, the theorem is proved. O
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4.3 Almost x-Ricci-Bourguignon soliton on Kenmotsu

manifold

Theorem 4.3.1. Let M*"*1(¢/, ¢, 1, g) be a Kenmotsu manifold, if the metric g repre-

sents an almost *-Ricci-Bourquignon soliton, then the manifold is n'-FEinstein.

Proof. Taking the covariant derivative of (4.2.4) with respect to an arbitrary vector field

V4 and using (1.1.25), we get
(Vg Lvg) (VI V3) +2(Vy8)(V, Vo) = 2V5(X + pr7)g (VI V)
=2{g(V{, Vi)' (V3) + g(Va, Vi)' (Vi) = 20" (Vi)' (V) (V) }, (4.3.1)

for V/, V3, Vi € x(M). Combining (4.3.1) and (1.1.87) and by a straight forward combi-

natorial calculation and also using the symmetry of (LyV), then (1.1.87) implies

g(LyV)(V1, V3), Vs) = 2{(Vy;S)(VI, V5) — (Vi 8)(Vy, Vs)
—(VyS)(Vs, VI } = 200 (V5) = Vs(X + pr))g (V1 V5)
= (VO (Vo' (Vi) }, (4.3.2)

for given vector fields V{, Vy and V3 on M. Using (4.2.1) and (4.2.2), also putting Vj = ¢’
the forgoing equation yields

(LyV)(V,€) =2QV] + 4nV}, (4.3.3)

for all V] € x(M). We now take the covariant derivative of this expression with respect

to an arbitrary vector field VJ, we obtain
(Vg Ly V)(V], &) = 2(VyQV) — (Lv V) (V] V5) +0'(V3)(2QV] + 4nVY).  (4.3.4)
Again from (3.2.27) and in view of (4.3.4) we acquire

(LvR)(VY, V3)€" = 2(Vy,Q)Vy = 2(Vy Q)WY
+20 (VI{QV; + 2nV5} — 20" (VI){QVY + 20V}, (4.3.5)

for any given arbitrary vector fields V{ and V; on M?"*1. Putting V) = ¢ in (4.3.5) and
using (1.1.27), (4.2.1) and (4.2.2) we have

(LyR)(V, &) = 2QV] + 4nV]. (4.3.6)
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Now, taking the Lie derivative of g(¢', £’) along the potential vector field V', in account
of (4.2.4)
n'(Lyv&) =N+ pr*. (4.3.7)

Putting V3 = ¢ in (4.2.4) and following (1.1.8) and (1.1.12) provides
(Lvn )V = g(V/, Ler) = 2(N + pr*)n' (V]), (4.3.8)

for arbitrary vector field V{ on M?"*. From (1.1.26) we get R(V{,&)¢ = n/'(V])¢' — VY.
We take the Lie derivative of this with respect to the potential vector field V' and using
(4.3.7), (4.3.8) and lemma (4.2.2), this reduces to

(LyR)(V,€)€ = 2(X + p(r + 4n*)) (V] — o/ ())€)), (4.3.9)
for all V' € x(M). Then from (4.3.6) we get
SV V) ={(N + plr +4n)) = 2n}g(V], V3) = (N + p(r + 4n?))n’ (V) (V5),
for all V',V € x(M). Which is an 7/-Einstein manifold and the theorem is proved. [

We now examine the case where a Kenmotsu manifold admits an almost *-Ricci-
Bourguignon soliton with a non-zero potential vector field V' is pointwise collinear to the

Reeb vector field &'

Theorem 4.3.2. Let M*"* (¢, &' 0/, g) be a Kenmotsu manifold admitting an almost -
Ricci-Bourguignon soliton with non-zero potential vector field V', which is collinear to the
Reeb vector field £'. If £ preserves the scalar curvature r = —2(8n* + 3n — 1) invariant,

then (M, g) is an n'-FEinstein manifold with X' = 6n{p(2n + 1) — 1} + 2p.

Proof. Since the potential vector field V' is parallel to the Reeb vector field &', then

V = /¢’ for some smooth function o/, from (1.1.24), it follows that
(Lvg)(Vi, Va) = Vi(a)n' (V) + Vi () (V), (4.3.10)

for any vector fields V] and Vi € x(M). By applying the anti-symmetry of ¢, then the
equation (4.2.4) implies

Vi(a)n' (V) + Va(a' ) (V]) +28(V{, V3)
=2{(N +pr") = 2n = D}g(V{, V3) = 20" (V) (V3). (4.3.11)
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Now setting V/ = ¢ and Vj = ¢ in (4.3.11) and using (1.1.27) gives &'(o/) = X 4 pr* — 3n.
Similarly plugging VJ = ¢ in (4.3.11) and also using (1.1.27), we have

Vild) = {20\ +pr") = ' (@) ' (V)

= {¢(e/) +6n}, (4.3.12)

for all V] € x(M). We take its covariant derivative by Vj € x(M), and applying (1.1.24),

we obtain
9(Vyy Vo, Vi) = V3(&(a))n' (Vi + (€(a"){g(V], Vo) — o' (Vi)' (V2) }-
Since Hess, is symmetry, it follows that
VI(E (@) (V3) = V5 (&' (@)’ (V]) = 2{'(e/) + 6n}{g(V{, V3) — ' (V) (V5)},
using (1.1.25), which yields that
{&'(@) +6n}(Vyyn')Vs =0, v VLV LE

Since (Vy;n')Vy # 0 on M, the above expression implies {'(a’) = —6n and consequently
Vo' = —6n on M. It follows that o/ is not constant on M, and hence, (4.3.10) shows that
V is a Killing vector field. Thus (M, ¢) is *-Einstein (trivial). Furthermore, from (4.3.12)
it concludes that X' + pr* = —6n and (4.3.11) becomes

SV, V3) = (1 =8n)g(Vi, V5) + o/ (V) (V3). (4.3.13)

Hence, using (4.3.13) in the equation (4.2.3), we get S = —6ng+n' @7 and corresponding
r* = —6n(2n + 1) + 2, moreover, the scalar curvature is 7 = —2(8n? + 3n — 1) and

N =6n{p(2n + 1) — 1} + 2p, which finishes the proof. O

Next, we consider a gradient almost *-Ricci-Bourguignon soliton on a Kenmotsu
manifold. It is known that an almost *-Ricci-Bourguignon soliton satisfying equation
(1.2.110) for some smooth functions X, is a generalization Ricci-Yamabe soliton. In
[33], Ghosh studied Ricci almost soliton on a Kenmotsu manifold and proved that if a
Kenmotsu metric admits a gradient Ricci almost soliton and the Reeb vector field &
leaves the scalar curvature r invariant, then the manifold is Einstein. To generalized this
results, we consider gradient almost *-Ricci-Bourguignon soliton on Kenmotsu manifold

and establish following theorem.
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Theorem 4.3.3. If a Kenmotsu manifold M*" (¢, & 0, g) admits a gradient almost
x-Ricci-Bourguignon soliton and the Reeb wvector field & leaves the scalar curvature r

invariant, then (M, g) is an Einstein manifold with constant scalar curvature r = n(1 —

2n).

Proof. For any vector field V/ belongs to x(M) the gradient form of the soliton equation
(1.2.111) is given by

Vv Df +QV] +{(2n—1) = (N + pr")}V] + 7' (V))§' = 0. (4.3.14)

By applying the standard formula for the Riemannian curvature tensor R(V{,Vy)Df =
VV{vVéDf - VvévVllDf - V[VL\/Q/}D]C, we obtain

RV, Vi)Df = (VyQ)V] — (Vv Q)Vy — V(X + pr)V{
+VIN + pr )V + {n (V))V] — o (V]V}, (4.3.15)

for all V{, Vj € x(M). Now putting V5 = ¢ in (4.3.15) and using (4.2.1) and (4.2.2), we
get

R(V{,§)Df = =QV{ = 2nV{ = &N + pr )W) + VI(N + pr*)¢' + (V] = (V))€), (4.3.16)
for any V| € x(M). By virtue of (1.1.26), equation (4.3.16) reduces to
VI(f =N +pr ) ==QV] +{&(f — (N + pr*)) —2n+ 1}V = (V))€,  (4.3.17)

for any V' € x(M). Now, taking an inner product of (4.3.17) with £ and using (1.1.26),
we get VI(f — (N +pr*)) =& (f — (N + pr*))n'(V{). Putting this into (4.3.17), we obtain

QW ={&(f = N+ pr")) = 2n + LIV +{E'(f = (N + pr*)) = 1} (V)€ (4.3.18)

for any V/ € x(M). This follows that the manifold (M, g) is an n/-Einstein manifold. Now

contracting (4.3.15) over V/ along an orthonormal basis {e;}, 1 <i < 2n+ 1, we compute

2n+1
S(Vy,Df) =— Z g(V.,Q)\V5 e) + Vy(r) —2nVy (N + pr*) + 2nn' (V). (4.3.19)

=1

Now, using the formula (2.5.10) for the Riemannian manifold and from (4.3.19), we get
1
S(Vy, Df) = 5Va(r) = 2nVy (X + pr™) + 2na7 (V) (4.3.20)
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for any V; € x(M). From (1.1.26), we can calculate S(£', Df) = —2n’(f), putting this
in (4.3.20), we get &'(r) = 4n{&'(N + pr* — f) — 1}. Using this in the trace of (4.2.2), we
get §'(f — (N + pr*)) = £ 4 2n. By this result, equation (4.3.18) reduces to

QVY = (= + DV + {- +2n— 1}/ ()¢’ (4.321)

for any V' € x(M). By our assumption, &'(r) = 0, the trace of (4.2.2) gives r = n(1—2n).
Thus, from (4.3.21) the required result follows as claimed. O

4.4 Almost x-Ricci Bourguignon soliton on (x,y')-

almost Kenmotsu manifold with « < —1

In this section, we consider a (2n+1)-dimensional almost Kenmotsu manifold in which the
characteristic vector field ¢ belongs to the (k, —2)"-nullity distribution. We then assume

that the metric ¢ defines an almost *-Ricci-Bourguignon soliton.

Theorem 4.4.1. Let M*" (¢, € 1/, g) be an almost Kenmotsu manifold such that the
Reeb vector field £ belongs to (k, —2)'-nullity distribution, where k < —1. If the metric g
represents an almost x-Ricci-Bourguignon soliton satisfying N # —p(r + 4n?) — %(DX +

pDr), then M is Ricci-flat and is locally isometric to H" ™1 (—4) x R™.

Proof. In light of the identities (1.2.110) and (4.2.11) and with the help of 7* = r + 4n?

we have
(Lvg)(V,Va) = 2{(k +2) + N + p(r +4n?)}g(V/, V3) = 2(k + 2)0' (V) (V3), (4.4.1)

for all vector fields V{ and V; on M. Now, we take a covariant derivative of (4.4.1) along

the arbitrary vector field V5 and using (1.1.12) to yield
(Vg Lvg)(V, Va) = {V5(X) + pV5(r)}g(V], V3) = 2(k + 2) [0 (V5)g(V1, V5)
+1' (V)g(Vy, Vi) +0'(V3)g(W'V5, Vi) + 0/ (Vi) g (W'V3, V3)
—20' (V{)n' (V)n' (V)] (4.4.2)

Then using (1.1.87) and by the symmetry of (£yV) from the equation (4.4.2), we obtain

(LyV)(VILV,) = =2(k+2)[g(V], Vo) + g(W'VI, Va) — i (Vi)' (V3)]
— (DX +pDr)g(V{, V5) = (VI(XN) + V{(r)Vy
- () +Va(r)Wi}, (4.4.3)
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for all V{, Vi € x(M). We insert Vj = & and with the help of the identities (1.1.8),
(1.1.12) and (1.1.34) to achieve

(LyV)(VLE) = —{(DN + pDr)if (V]) = (VI(X) + V()€
— (€W + LMV (4.4.4)

for arbitrary vector V/ on M. Now taking differentiation (4.4.4) covariantly along arbi-

trary vector field V3 and using (1.1.33) and (4.4.3) into account we can get

(VigLyV)(Vi, &) = 2(k +2)[g(Vi, V) + g(W'V], V3) — o' (V)0 (V)]
— DN +pDr)(Vyy )W + 1 (VI)V5(DX' + pDr)}
+ Vi) + oV ()} V€ + Vo{&' () + p€'(r)} V7, (44.5)

for any vector fields V] and V4 on M. Again from the expression (3.2.27), substituting
Vi = ¢ then applying (4.4.5), we get

(LyvR)(V{,V3)¢ = VI(DXN + pDr)n'(Vy) = Vi(DX + pDr)y' (V)
+ VH(EN) 4 p€ M)V = VI(EN) + p€'(r)V5,  (4.4.6)

for any given vector field V{ and Vj on M. Next, we consider the Lie derivative of (1.1.38)
by the potential vector field V' and also making use of (1.1.8) and (1.1.34) to yield

(LvR)(V{, §)¢" = rlg(V{, LvE)E" — 20 (Lv & )V] — ((Lvn)V))E]
2020 (Ly YV =i (Vi) (W(LvE")) — g(W'VY, Ly E)E
—(Lyh V], (4.4.7)

for any V| € x(M). We insert Vj = ¢’ into (4.4.1) to yield
(Lyn )WV = g(V{, Ly€) = 2{X + p(r + 4n*) }n/ (V)), (4.4.8)
for any V] € x(M). Now putting V/ = ¢ in (4.4.8) we get
0 (Lye) = =2{N + p(r + 4n?)}. (4.4.9)
By the help of (4.4.6), (4.4.8) and (4.4.9), we can write the equation (4.4.7) as

26\ + p(r + 4n®) + %(DX + pDr)}(V{ =0 (VI)E) + 4N + p(r + 4n”)}W'V]
=20/ (VR (L&) — 29(R' V], Ly €)E — 2(Ly B V] = 0. (4.4.10)
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Taking an inner product of (4.4.10) with respect to the arbitrary vector field Vi on M,

we obtain

2{\N + p(r +4n”) + %(DX +pDr)}r{g(Vi, V) — ' (VD' (Va)} = 29(W'V, V3)]
=20 (V)g(h'(Lv &), V3) = 29(W'VY, Lv &) (V3) = 29((Lvh)VY, V3) = 0. (44.11)

As the above equation (4.4.11) is true for all vector fields V] and VJ on M, replacing V/
by ¢'(V{) and V; by ¢'(V;) and taking (1.1.11) into account we get as

1
20N+ p(r+4n) + 5 (DN + pDr)}rg($'V], 6'V3) = 29 (W' &'VI, ¢'Vy)]
—2g((Lyh)P'V], o' V) = 0, (4.4.12)

for all given vector fields V] and Vi on M. Since spec(h’) = {0,a/,—a’}, let V/ and V
belong to the eigenspaces of —a’ and o denoted by [—a’]" and [o/]" respectively. Then

¢'V] € [&) (see [25]). Then (4.4.12) can be rewritten as
2{/\'+P(7’+4n2)+%(D/\'+PD7’)}(H—2)9(¢'V{:¢'V'2')—29((Evh')¢"/1',¢"/'2') =0, (44.13)
for all vector fields on M. Now from (2.4.39), (2.4.40) and (4.4.13), we get
N+ p(r +4n?) + %(DX + pDr)Hk — 2)g(¢'V], ¢'Vy) = 0, (4.4.14)

for all vector fields V] and Vj on M. As g(¢'V{, ¢'V) # 0 then from the for going equation
we have either N = —p(r 4 4n?) — (DX + pDr) or k = 2.

Now, for X' # —p(r + 4n?) — (DX + pDr) from the equation (4.4.14) we infer that
Kk =2, (4.2.11) implies

V1, Va) = =Hg(Vi, Vo) =n' (Vi)' (V3) - (4.4.15)

Thus the *-Ricci tensor is 7/-Einstein manifold.

Again from (4.4.15) and the proposition 4.1 of [25], lastly we conclude that M is
locally isometric to H""!(—4) x R", where H""!(—4) is the hyperbolic space of constant
curvature —4.

By hypothesis X' # —p(r+4n?) — (DX + pDr), from the equation (4.4.14) therefore,
it can be deduced that £ = 20/. Again from o/* = —(k + 1) we get o/ = —1 and K = —2,
putting the value of x in (4.2.11) S*(V/,V;) = 0 i.e. *Ricci flat. Thus, the theorem is
completed. O
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4.5 Sasakian metrics as an almost *-n’-Ricci Bour-

guignon soliton

Further, Sharma [73] studied the K-contact manifold as a gradient Ricci soliton and a
Ricci soliton with the potential vector field V' point-wise collinear with & and the mani-
fold becomes Einstein. After some years, Ghosh [33] proved that if a K-contact manifold
admits a gradient Ricci almost soliton, then the scalar curvature is constant. Moreover, if
M is compact, then it is Finstein, Sasakian and isometric to a unit sphere Very recently,
Patra [56] proved the result for completeness instead of compactness. Recently, Patra
et al. [63] proved that A complete Sasakian manifold admitting a gradient almost x-RB
soliton structure is *-Ricci flat (trivial or %-Einstein), compact positive-Sasakian. An
almost *-1'-Ricci-Bourguignon soliton is a generalization of %-Ricci-Bourguignon soliton
and *x-Einstein manifold. Based on the above facts and discussions in the research of
contact geometry, a natural question arises.

Is a complete Sasakian metric as a gradient almost *-n'-Ricci-Bourguignon soliton Fin-
stein or not?

Here, we will answer this question affirmatively using some different techniques, several

conditions and prove the following.

Theorem 4.5.1. A complete Sasakian manifold M*" (¢, &' ', g) admitting a gradient
almost x-n'-Ricci- Bourguignon soliton and &' leaves the scalar curvature r invariant, then
M* (¢ & 0, g) is a compact positive Sasakian and an 1 -Einstein with constant scalar

curvature r = —2n(2n + 1).

Proof. For any vector field V/ belongs to x(M) the gradient form of the soliton equation
(1.2.114) is given by

VviDf 4+ QVY = {N 4 pr* +2n — 1}V] + (1 + 1)n'(V])€". (4.5.1)

By applying the standard formula for the Riemannian curvature tensor R(V{,VJ)Df =
VV{VVQ/D]C - VVQVVI’D]C - V[V{,VQ/}D.f’ we get

R(V{,V3)Df = (VyQ)Vi — (Vy;@Q)Vy = V5 (0)V] + V{(0)V;
—Va () (VDE + Vi m' (V)€ — (W' + D{n' VOV =/ (Vi)V5}, (45.2)
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for all V/, Vi € x(M) and 0 = X + pr* 4+ 2n — 1, a smooth function as X\’ is a smooth
function. Now putting Vj = ¢ in (4.5.2) and using (4.2.19), also using the relation

VeQ = Q¢ —¢'Q = 01in [37], we get

RV, E)Df = =QVi —2nV] = {(o)V] = V()& = &' (u)m' (V)¢
VIS = (W' + D(Vi = (V1)) (4.5.3)

for any V] € x(M). By virtue of (1.1.18), equation (4.5.3) reduces to
Vile+u' + )¢ = QW+ {0+ f)+ ' +1—2m}Vy
HE W) — ' =1 (VE, (4.5.4)

for any V] € x(M). Now, taking an inner product of (4.5.4) with ¢ and using (1.1.18),
we get V(o +p/ + f) =& (o + 1/ + f)n'(V/). Putting this into (4.5.4), we obtain

QVi ={(c+ f)+ 4 +1—=2n}V] —{& (o + f) + p' + 1} (V)€ (4.5.5)

for any V' € x(M). Now contracting (4.5.2) over V; with respect to an orthonormal basis
{e;}, 1 <i<2n+ 1, we compute

S(Vy,Df) = — Z 9(Ve,Q)Y, ;) + Y (r) + 2nV; (o)
Vo (') = ' (Va)€' (p) 4 2n(p’ + 1)/ (V5). (4.5.6)

Then from (2.5.10) and (4.5.6), we get
/ 1 / / / / / /
S(V3, Df) = 5Va(r) + 2nVy(o) + V(') — o (V)& () + 2n(p + 1) (V5), (4.5.7)

for any V] € x(M). From (1.1.18), we can easily compute that S(&', Df) = —2nf'(f),
putting this into (4.5.7) to get &'(r) = —4n{&'(c + f) + 1’ + 1}. Using this in the trace of
(4.5.2), we get (0 + f) = (2n+1) — ' — 1+ 5-. By this result, equation (4.5.5) reduces
to

QV/ = %{r +2n} V] — %{r +4n? + 20} (V)¢ (4.5.8)

for any V/ € x(M). By our assumption, '(r) = 0, the trace of (4.5.2) gives r = —2n(2n+
1). Thus, from (4.5.8) follows that (M?"*! g) is an n-Einstein manifold. Since M2+
is complete, equation (4.5.8) follows that M?"™! is compact and positive Sasakian. This

completes the proof. O
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As an almost *-Ricci-Bourguignon soliton postulates *-Ricci-Bourguignon soliton and
x-Einstein manifold, so we have the following question:

When or under what conditions an almost x-Ricci- Bourguignon soliton becomes a *-Ricci-
Bourguignon soliton?

In [63], Rovenski et al. answered the above question for almost *-Ricci soliton on
Sasakian manifold. This answer is also true for almost *-Ricci-Bourguignon soliton as it
is a generalization of almost *-Ricci soliton. Bescause, in the definition 1.1, if we replace
the smooth function A’ + pr by smooth function A’ (say), then it becomes almost *-Ricci
soliton. Now, we are engrossed to study the another question:

Under what condition an almost *-n'-Ricci-Bourguignon soliton becomes a *-n'-Ricci-
Bourguignon soliton?

In the succeeding theorem, we take the condition on the potential vector field to prove it.

Theorem 4.5.2. If a Sasakian manifold M** (¢, & 0, g) has an almost x-n'-Ricci-
Bourguignon soliton structure (g, N, i, V) such that V{ is a Jacobi field on the £'-integral

curves, then N + pr* is constant on M?*"+1,

Proof. Applying the equation (4.2.16) of proposition (4.2.2) to the very familiar formula:
VvV Vi = Vo, Vi = R(Vy, V)V = (Ly; V) (Ve, V), (4.5.9)
see [88], we acquire

Vy VeVl =V, e Vi = R(V3, V)¢ (4.5.10)
= 2Q¢' V5 + 4ng'Vy + &' (N + pr )Vy + Vo (N + pr™)¢ = V(N + pr*)n' (V).

By conditions, V] is a Jacobi vector field on the ¢’-integral curves, see [84], i.e.,
Ve VeV + R(V/,£)E = 0. (4.5.11)

Using Vj = ¢ in (4.5.10) and (1.1.16) (V& = 0 that is the consequence of (1.1.16) by
putting V] = ¢’), we achieve the equality

VN + pr*) =268 (N + pr*)¢, (4.5.12)
or, using the exterior derivative,
d(N + pr*) =28 (N + pr)n'. (4.5.13)
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Applying exterior derivative, the Poincaré lemma (d*> = 0), and the wedge product
with 7', we acquire (N + pr*)n’ A dny’ = 0; thus &'(N + pr*) = 0, as A dny’ is nowhere

zero on contact manifold. Thus, d(N + pr*) = 0, i.e., N + pr* is constant on M1 [

In the following theorem, we consider non-gradient almost *-n’-Ricci-Bourguignon
soliton in the case of Sasakian manifold, and we are looking for an sufficient condition on
the potential vector field V' under which Sasakian manifold having an almost *-r’-Ricci-

Bourguignon soliton structure ia *-Ricci flat.

Theorem 4.5.3. Suppose a Sasakian manifold M** (¢’ &' 1, g) admits an almost *-
n'-Ricci- Bourguignon soliton, where the potential vector field V' is parallel to the Reeb
vector field &'. Then the associated vector field Vi is a Killing vector field, the manifold
M* (g & ', g) is *-Ricci flat and has constant scalar curvature 4n*, moreover, the

soliton is steady for ' =0 and any \'.

Proof. Since, the potential vector field V' is parallel to the Reeb vector field £, then we
can write V = f'¢’, from (1.1.16), it follows that

(Lvg)(VI, V3) = VI(B)n' (V3) + Vo (B)n'(V)), Wi, Vs € x(M), (4.5.14)
owing to the anti-symmetry of ¢’, equation (4.2.14) implies

VI (V) + Vo (B)n' (V) +2S(V/, V3) = 2{X + pr" + 2n — 1}g(V], V5)
+ 20+ D' (VD' (V). (4.5.15)

Now, inserting V/ = VJ = & in (4.5.15) and using (1.1.21) gives '(5') = N + pr* + .
Similarly, substituting ¢ for V; in (4.5.15) and using (1.1.21), we get

Vi(B) = 20N +pr + ) = (810" (V)
= LB V), Vi ex(M). (4.5.16)
By computing the covariant derivative along Vj € x(M) and using (1.1.16), we find
9(Viy Ve, Vi) = V(€ (8))n' (V1) + €(B)g(¢'Vi, V3).
Since Hessg is symmetric, it shows that
VIE (BN (Vy) = Vo (& (BN (Vi) = £'(5)9(' Vi, V),
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which yields that
(B)dn' (Vi, V) =0, v V,VyL{,

by using (1.1.14). As dn/ is non-zero on M?*"*! the above expression implies &'(3) = 0
and consequently, V3’ = 0 on M?"*!. Therefore, we conclude that /3’ is constant on
M*+1 and therefore, (4.5.14) implies that V is Killing vector field. Thus (M?**! g)
is *-Einstein(trivial). Furthermore, from (4.5.16) it follows that X' + pr* + 1/ = 0 and
(4.5.15) reduces to

S(VI,Va) = (2n = Dg(Vi, Va) + 0" (Vi)' (V3). (4.5.17)

Hence, (M?" ! g) is x-Ricci-flat and *-scalar curvature r* = 0, by using (4.2.12), more-

over, the scalar curvature r = 4n? and N = —/, which finishes the proof. H

In [28], Patra et al. studied compact Sasakian manifold admitting an almost *-RB
soliton is *-Ricci flat under some restriction on the potential vector field V. Here, we
proved this result on almost *-n’-Ricci-Bourguignon soliton and using one more suffient
condition for g assuming compactness of the manifold i.e., potential vector field V' is an

infinitesimal contact transformation.

Theorem 4.5.4. Suppose a compact Sasakian manifold M* (¢, & 0, g) admits an al-
most x-1'-Ricci- Bourguignon soliton, where the potential vector field V is an infinitesimal
contact transformation. Then M?*"*! is x-Ricci-flat and has constant scalar curvature
4n%. Moreover, V is an infinitesimal automorphism and the soliton is shrinking, steady

and expanding according as p' < 0,1’ =0, 1’ > 0 respectively for any p.

Proof. First of all, plugging Vj = ¢’ in (4.2.14) and then using (1.1.21), it follows that

(Lvg)(V1, &) =2(N 4 pr* 4 )0’ (V}).

Using this in the expression for the Lie derivative of 1/(¢) = 1, this leads us to compute
(Lyn) (&) = —n/(LvE) = N+ pr* + 1/, hence (1.1.88) leads to v = X + pr* + /. In light
of this and (1.1.88), the Lie-derivative of n/(V{) = g(V/,¢’) in the direction of V' gives
gLy Vi) = (v =20\ +pr" +p))n' (V)
= —(XN+pr*+ ' (V)), (4.5.18)
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for all V{ € x(M). Applying the exterior derivative of (1.1.88) to take

(Lod (VI V) = d(Lon)(F.V3)
= SV ()~ Vi (V) + vl (V, V), (4519)

for all V/,Vj € x(M). Now, consider the Lie derivative of (1.1.14) in direction of V' and
introducing (1.1.88), (4.2.14) and (4.5.19), we obtain

2(Lve" ) (VD) +202(N +pr™+ ' +2n—1) —v}g'Vi = 4¢'QVy =V (V)€ +1' (V{) V. (4.5.20)

Using ¢'¢’ = 0, it can be verified that (Ly¢')(’) = 0 and hence, substituting V/ by £ in
(4.5.20) and applying (1.1.16) and ¢'(§’) = 0, we obtain that Vv = £'(v)&'. Therefore,
from the preceding argument, v must be constant on M?"*!. Therefore, employing v =

N+ pr* 4/, (1.1.7), (1.1.12) and (1.1.21), from (4.5.20), we gain

(Lvd)($V]) = ¢'(Lve)
= =2QV] + N +pr* +p/ +2(2n — 1))V
OV 4t — 2 (V)E (4.5.21)

by using the property Q¢ = ¢'Q of a Sasakian manifold (see [9]), In addition, Lie deriva-
tive of the first equality of (1.1.7) in the direction V' yields that

(Lvd)(@'V]) + &' (Lvd)(V]) = (Lo )(V)E +n' (V) Lv €' (4.5.22)
Now, it suffices to combine (1.1.88), (4.5.18), (4.5.21) and (4.5.22) to arrive at
25(VI, Vo) = (N +pr* + ' +2(2n = 1)) g(V], V3) — (N'+pr* + ' = 2)n' (V) (V5), (4.5.23)

by using the relation v = N + pr* + ¢/, and invoking equation (4.5.23) into (4.5.20), we
obtain Ly ¢ = 0. Thus, the vector field V leaves ¢’ invariant. Let A\’ be the volume form
of a contact metric manifold. Then N =1’ A (d’)™ # 0 and taking Lie derivative in the
direction V together with the identity (1.1.88) yields

ﬁv)\/ = (n + 1>V)\/.

Next, invoking the result L\ = (divV) N, it follows that divV = (n + 1)v. Integrating

this identity over compact manifold M?"*! and applying the divergence theorem yields
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v = 0, and consequently, X' + pr* + 1/ = 0. From equations (4.5.23) and (4.5.17), we then
obtain the scalar curvature r = 4n®. Thus, by equation (4.2.12), it follows that (M?"1, g)
is *-Ricci flat, and the x-scalar curvature r* = 0. In addition, from the soliton equation
(1.2.114), it follows that V' is Killing vector field. We also observe that X' + p/ = pr* = 0,
which implies that N = —p’. Hence, the soliton is shrinking, steady and expanding
according as ' < 0, ¢/ = 0, ¢/ > 0 respectively. Moreover, from equations (4.5.18) and
(1.1.88), it follows that V' leaves both 1’ and ¢’ invariant. This completes the proof of the

required results. O]

In the next theorem, we not only establish a sufficient condition for a manifold to
be Einstein or n’-Einstein, but also provided a characterization of a non-zero potential
vector field V' that is collinear with the Reeb vector field ¢ on a Sasakian manifold
admitting almost *-n’-Ricci-Bourguignon soliton. Furthermore, we study both the almost
x-1-Ricci-Bourguignon soliton and gradient almost *-1’-Ricci-Bourguignon soliton within
the framework of Sasakian Geometry. It is known that an almost *-n’-Ricci-Bourguignon
soliton satisfying equation (1.2.114) for some smooth functions X and p', serves as a
generalization of Ricci-Yamabe soliton. In [32], Ghosh investigated Ricci almost solitons
and proved that if a Kenmotsu metric admits a gradient Ricci almost soliton and the
Reeb vector field £’ leaves the scalar curvature r invariant, then the manifold is Einstein.
To generalized these findings, we consider gradient almost *-7’-Ricci-Bourguignon soliton

on Sasakian manifold and prove the following theorem.

Theorem 4.5.5. Let M*"T(¢/ &', 1/, g) be a Sasakian manifold admitting an almost *-
n'-Ricci-Bourguignon soliton with a non-zero potential vector field V' that is pointwise
collinear to the Reeb vector field £'. Then manifold is an 1 -Einstein manifold. Moreover,
if & leaves the scalar curvature r invariant, then (M, g) is an Einstein manifold with
T=1+\+pr*).
Proof. Since V = 7¢&’, for some smooth function 7 on M, it follows that
(Lvg)(VI, V3) = Vi(r)n' (V3) + Vo (r)n' (V) + 27{g(V{, V3) — ' (V{)n'(V)}, (4.5.24)

for any given vector fields V] and Vi € x(M). For this condition the soliton equation
(1.2.114) transforms into

28(X,Y) + Vi(r)n' (Vy) + Vo (r)m' (Vi) + {=2(\" + pr”)

+2(2n — 1) = 2XN}g(V/, V3) = 2(7 + o/ — 1)’ (Vi) (V3), (4.5.25)
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for any vector field V/, Vj € x(M). Now putting V/ = & and V; = ¢ in (4.5.25)
and using (1.1.21), we obtain &(7) = X + pr* + /. Thus putting in (4.5.25) yields
V(1) = {N + pr* + (/' (V]), similarly V(1) = {N + pr* + p/}n'(V3). Using these two
values, (4.5.25) implies that
SVILV3) = N+pr" = (@2n—1) = 7}g(V], V3)

+ {7 =N+ pr") = L (VD' (V3). (4.5.26)
Hence, equation (4.5.26) follows that (M, g) is 7/-Einstein manifold. Moreover, if the Reeb
vector field & leaves the scalar curvature r invariant, i.e., £'(r) = 0, then we recall that

on a Sasakian manifold, the Ricci operator and contact metric structure ¢’ commute [37].

Therefore, we obtain the relation
VeQ = Q¢ —¢'Q.
Applying this identity in the trace of (4.2.19) yields
T=1+ N+ pr").
Also, from equation (4.5.26), we have
S(VI,V3) = =2ng(V{, V3).
Which shows that (M, g) is an Einstein manifold, which completes the theorem. O

Recently, Ghosh et al. [31] proved that if a Sasakian manifold of dimension (2n + 1)
admits a *-Ricci soliton, then the manifold is either positive Sasakian, or null-Sasakian.
In the former case, the soliton vector field is Killing, while in the latter, the soliton vector
field preserves the tensor field ¢'. In this work, we extend and define this result in the
context of an almost *-n'-Ricci-Bourguignon soliton, providing a deeper interpretation of

the role of the potential vector field V. We now establish the following result.

Theorem 4.5.6. Let M*" (¢, & 1, g) be a Sasakian manifold admitting a non-trivial
almost *-1'-Ricci- Bourguignon soliton with the potential vector field V is a jacobi field
along trajectories of the Reeb vector field ' and V' leaves the structure tensor ¢’ invariant.

Moreover, the soliton is either expanding if e — ' — pr* > 0 or shrinking if e — ' — pr* < 0.
Proof. Firstly, we remind the very well-known formula, see in [88]:
Vi VvV =V, ViV + RV, V)V = (LyV)(V3, VY), Vi, V3 € x(M).
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Then, plugging V/ = V; = ¢’ in the preceding formula, by invoking (4.5.1) (the gradient

of the soliton), we obtain

VeV V+ RV, = (LvV)(E,E)
= 2'N +pr* +p) = VN +pr +4), (4527

where we have also used (1.1.21) and V¢ = 0(that formula follows from (1.1.16)). By
hypothesis, V' is a jacobi field along trajectories of £’ i.e.,

Vng/V + R(V, fl)fl =0.

Let e = X'+ pr*+ /. By substituting the preceding equation into (4.5.27) yields 2¢' ()¢’ =
Ve. It is also worth noting that, from (1.1.16), we have

2{VI(€' (@' (Vy) = £(e)g(¢' VI, Vi)} = g(Vy Ve, V), VI Vy e x(M).  (4.5.28)
Since Hess. is symmetric and ¢’ is skew-symmetric, by (1.1.14) and (4.5.28), we attain
fl(e)dn,(‘/{? V2l> =0, v‘/lla ‘/2, 1 5/'

Since dn’ non-zero on M?"*1 it follows that ¢(¢) = 0 and consequently, Ve = 0; hence
e =N+ pr* 4y is constant on M?" ™. Thus (M?*"*1, g) admits a *-Ricci soliton, This
completes the proof. O

4.6 Conclusion and physical application

The concept of an almost *-Ricci-Bourguignon soliton is a newly emerging geometric
notion that has recently attracted attention due to its relevance not only in the study of
differentiable manifolds but also in the broader context of mathematical physics. It holds
particular significance in fields such as quantum cosmology, quantum gravity, and black
hole physics. This structure encapsulates both geometric and physical interpretations,
including applications to relativistic viscous fluid spacetimes that admit heat flux and
stress, as well as models involving dark matter, dust-filled universes, and the radiation-
dominated era in general relativity. The framework of almost *-Ricci-Bourguignon soli-
tons and their gradient forms offers valuable insight into the renormalization group flow

of mass in two-dimensional spacetime models. These solitons are of particular importance
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because they provide a geometric perspective on physical quantities such as energy and
entropy in the context of general relativity. Their behavior closely resembles that of the
classical heat equation, which governs the evolution of temperature in an isolated system

tending toward thermal equilibrium through heat dissipation.

Solitons are actually waves that physically cultivate with some energy loss and main-
tain their speed and shape after shattering with another wave of a similar kind. In this
article, we have employed techniques from local Riemannian and semi-Riemannian ge-
ometry to investigate solutions of equation (1.2.113) and to construct Einstein metrics
within a broad class of metrics characterized by almost *-1’-Ricci-Bourguignon solitons
on contact geometric structures, with a particular focus on Kenmotsu manifolds. The
findings presented herein contribute meaningfully to the field of differential geometry and
enrich the understanding of soliton structures in contact geometry. Moreover, both almost
x-1-Ricci-Bourguignon solitons and their gradient counterparts have significant implica-
tions in mathematical physics, especially within the frameworks of general relativity and
quantum cosmology, and offer potential directions for further exploration in complex ge-
ometry. The primary objective of this work is to explore the geometric properties and

structures associated with these solitons on contact Riemannian manifolds.

By examining the kinetic and potential characteristics of relativistic spacetime, we
construct physical models—namely shrinking, steady, and expanding—within the frame-
work of perfect and dust fluid solutions of almost *-Ricci-Bourguignon soliton spacetimes,
offering valuable applications to cosmology and general relativity. In the first case, the
soliton is shrinking (N < 0) existing on a minimal time interval —1 < ¢ < b where
b < 1; in the steady case (N = 0), the solution exists for all time; and in the expanding
case (A" > 0), it exists on a maximal time interval a < t < 1, where a > —1. These
three classes give an example of ancient, eternal and immortal solutions, respectively. By
[26, 86] (briefly discussed in the above) we can think more about physical applications of
almost x-Ricci-Bourguignon soliton and almost x-n'-Ricci- Bourguignon soliton. There are
some questions arises from our article to study in further research:

(i) Is the Theorem (4.3.2) true if we consider a non-zero potential vector field V' is not
collinear to the Reeb vector field &7
(ii) Is the Theorem (4.3.3) true if the scalar curvature r is not invariant?

(iii) Is the Theorem (4.5.1) true if &’ leaves the scalar curvature r not invariant?
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(iv) Is the Theorem(4.5.2) true if V/ is not a jacobi field on the ’-integral curves?

(v) Is the Theorem(4.5.4) true if the potential vector field V' is not an infinitesimal con-
tact transformation?

(vi) Is the Theorem(4.5.5) true if we consider a non-zero potential vector field V' is not
collinear to the Reeb vector field &7

(vii) Which of the results are also true for nearly Kenmotsu manifolds, f-Kenmotsu man-

ifolds or Kahler manifolds?
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A Study of Trans-Sasakian manifold

5.1 Introduction

The objective of this chapter is to characterize trans-Sasakian space forms that satisfy
specific curvature conditions involving different curvature tensor. Firstly, we study W,
- semisymmetric and Ws- pseudosymmeric trans-Sasakian space form, Wh-locally sym-
metric trans-Sasakian space form, W,- locally ¢'- symmetric trans-Sasakian space form
and W, -¢'-recurrent trans-Sasakian space form. Some of these results are in the form of

necessary and sufficient conditions.

Next, we study conformal 7'-Einstein solitons within the framework of three-dimensional
trans-Sasakian manifolds with parallel structure function L. We explore the existence of
such solitons and derive several results concerning trans-Sasakian manifolds admitting
conformal 7’-Einstein solitons where the Ricci tensor is cyclic parallel or of Codazzi type.
Furthermore, we investigate the impact of various curvature conditions, including the
M-projective curvature condition, W, curvature condition, and the C-Bochner curvature
condition, in the presence of conformal 7’-Einstein solitons. Additionally, we examine the
role of torse-forming vector fields in this context. Finally, we provide an explicit example
of a conformal 7/-Einstein soliton on a trans-Sasakian manifold to illustrate our theoretical

results.
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5.2 Preliminaries

Definition 5.2.1. A (2n + 1) dimensional Riemannian manifold M>" ™ is said to be

pseudosymmetric, if [72]
(R(V{,V3).R)(U, V)W = Le{((V{ AV3).R)(U,V)W}. (5.2.1)

Where Ly is some smooth function on Ug = {V] € M*"*1|R — s G # 0 at Vi), where
G is the (0,4)-tensor defined by G(V/, V3, Vi, V]) = g(V{ ANVHVL, V) and (V] AN V3V is
the endomorphism and it is defined by

(VI AVIV] = g(Vi, ViV — g(VI, Vi)VA. (5.2.2)

A trans-Sasakian 3-manifold (M, g) is said to be Einstein semi-symmetric [75] if the

Riemann curvature tensor R satisfies the condition:
R-FE =0,
where F denotes the Einstein tensor given by
(V. V§) = S(V/.V§) = 590, V3), (5.2.3)
for all vector fields V{, V] € T'M and r is the scalar curvature of the manifold.

Lemma 5.2.1. A 3-dimensional Einstein semi-symmetric trans-Sasakian manifold is nec-

essarily n'-Einstein manifold.

Proof. Let (M3,¢',&',1, g) be a 3-dimensional trans-Sasakian manifold. Suppose M? is
Einstein semi-symmetric, i.e., the curvature condition R - E = 0. Then for all the vector

fields V{, V5, V4,V € TM, we can write
E(R(V{, V3)Vs, Vi) + E(Vs, R(V{, V3)VJ) = 0. (5.2.4)
In view of (5.2.3), the equation (5.2.4) becomes

! !/ !/ ! ! / ! ! r ! ! / !/ !/ ! !/ /
SRV, Vo)V, Vi) + S(Vs, ROV, Va)Vi) = Slo(R(VEL V2)V3, Vi) + 9(V, R(VY, Vo) Vi)
(5.2.5)
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Replacing V] = VJ = ¢ in the above equation (5.2.5) and then using (1.1.61), (1.1.62),

we arrive at

(= 87)S(V, Vi) = (@ = B™)[n (V5)S(E', V) + 0 (V) S (€, V3) — g(V3, V) S(€.€).

(5.2.6)

Equation (5.2.6) along with (1.1.64) implies that
S(V3, Vi) = =2(a”” = 8%)g(Vy, Vi) + 4(a” = 8™ (Vi)' (V) (5.2.7)
for all Vj, V] € TM. This implies that tha manifold is an 7’-Einstein manifold. O

5.3 Ws-curvature tensor on Trans-Sasakian space form

Theorem 5.3.1. A (2n + 1) dimensional (n > 1) trans-Sasakian space form satisfies
RW, =0 if and only if o/ = " or Wy = 0.
Proof. A (2n+1) dimensional trans-Sasakian space form is called Wh-semisymmetric [19]

if it is satisfies R W, = 0, where R is the Riemannian curvature tensor of the space form
i.e. (R(V, Vi) Wu)(U,V)Vy =0. (5.3.1)
Putting V/ = ¢ in (5.3.1) it can be written as
R(E Vo)Wa(U, V)V5 = Wh(R(, V3)U, V) V3
~Wa(U, R, V3)V)V§ — Wa(U, V)R(E, V)V = 0. (5.3.2)
In the view of (1.1.56) the foregoing expression becomes
(0" = B){g(Va, Wa (U, V)V5)§" — ' WL (U, V)Vi)Vy
— g(V3, UWa(, V)Vs + 11 (U)W (Vy, V)V3
— g(Vo, V)W (U, §)Vs + 0 (VIWL(U, V3) Vs
— g(V3, ViWa(U, V)& + 1 (Vi)Wa(U, V) V3 } = 0. (5.3.3)

Now, we take an inner product of the foregoing equation with £ and using equation

(1.1.8), (1.1.10), (1.1.12) and (1.1.11), we get
(o = BUWL(U, V, V5, V3) = f WL (U, V) Vi)' (Vs)
— g(V3, U W& V)VE) + 0/ (U)n' (Wa(V3, V)V5)
= gV, V) e (U, €)V5) + ' (V)n' Ve (U, V5) V3)
= g(Vo, Vi)' We(U, V)E) + ' (Vi)' (Wa(U, V)V3) } =0, (5.3.4)
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where Wh(U, V, V4, V) = g(Va, Wh(U, V)VY) and using (1.1.50), we get
(o = BIWL(U,V, V4, Vy) = 0. (5.3.5)
This shows that either o/ = " or Wy(U, V, V{, V) = 0. O

Converse part is obvious from equation (5.3.1) and (5.3.5).
Every pseudosymmetric manifold is semisymmetric but semisymmetric manifold need

not be pseudosymmetric.

Theorem 5.3.2. If M*" is Wy-pseudosymmetric trans-Sasakian space form then M2

is either Wh-flat or Ly, = o' — " if o/ # .

Proof. A (2n + 1) dimensional trans-Sasakian space form M?" ™! where n > 1, is said to

be Wy-pseudosymmetric, if
(RO, V)W) (U, V)W = Ly, { (Vi A V) WR)(U, V)W (5.3.6)

holds on the set Uy, = {V/ € M?" ™ |W, # 0 at V/}, where Ly, is some function on Uy, .
Suppose that trans-Sasakian space form is Ws-pseudosymmetric. Now, the left hand
side of (5.3.6) with putting V/ = &', it reduces to
R, V)WL (U, V)Vs = Wh(R(E Vo)U, V) Vs

In the view of (1.1.56) the above expression becomes

(o = B9 (Va, Wa(U, V)V5)E — o (Wa (U, V)V3)Vy
— g(Va, UYM(E V)V + 1 (U)W (V3 V) Vy
— g(Vo, VIWL (U, §)V5 + 0/ (V)WL (U, V3) Vg
— g(Vo, Vi)W (U, V)€ + (V)W (U, V)V3} = 0. (5.3.8)

Next putting V{ = ¢’ in the right hand side of (5.3.6), we get

LWz (5, A ‘G)WQ(Uv V)‘/?: - WQ(LWQ (gl A ‘/Q,)Uv V)Vg
~Wa(U, L, (& AV)V)VE = Wa(U, V) L, (€ A V3) V5. (5.3.9)
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By virtue of (5.2.2), the equation (5.3.9) becomes

L, {g(Va, Wa (U, V)V3)§" =1 WL (U, V) Vi) Vy
— g(V3, UWa(E, V)Vs + 1 (U)Wa(V5, V) Vs
— g(Va, VIWL(U, E)V5 + 0 (VI)Wa(U, V5) Vg
— g(V3, Va)WL (U, V)& + 1 (Vi)W (U, V) V3 } = 0. (5.3.10)

Using the expression (5.3.8) and (5.3.10) in (5.3.6) and taking inner product with &', we

obtain

— gV, U (€, V)V5) + ‘W (V3, V)V5)
— gV, V) W(U, €)V3) + 'W(U, V3)V5)
— g(Va, Vo) V(U V)E) + 1 (Vi)' (Wa(U, V)V3)] = 0. (5.3.11)

{Lw, = (@' = B)}Ha(Va, Wa(U, V) V) = Wa(U, V) Vi)' (V)
' (U)n
)1

n'(V
m'(

Using (1.1.50) as n/(Wa(V/,V5)V5) = 0, we get {Lw, — (¢/ — ') IWL(U,V, Vi, V) =
0, where Wh(U,V, V5, V5) = g(V3, Wa(U,V)VZ), this implies either Ly, = o' — ' or
Wy(U,V, V4, V)) = 0. This shows that M?"™! is either Wy-flat or Ly, = o — ' if
o £ 5. O

Theorem 5.3.3. A (2n + 1) dimensional (n > 1) trans-Sasakian space form satisfying

Wy = 0 is an 1 -FEinstein manifold.

Proof. Suppose W, = 0 on trans-Sasakian space form, then from equation (1.1.6) we have

1.1

ROV VAVS = —o-[ABn = 1)(0 = §) + el + (' + #)Ha(V VIS — (Vi VW)
— e + ) — (0! = )M Vi (V) — V3V (V)
(5.3.12)
Taking inner product of the above equation with U, we get
GR(VL, VIVA,U) = —5 ({3 — (o’ — F) +cln+ 1)(a’ + 9}V, V)a(Vi. V)
— VDIV = " elo! + ) — (of — )}
LoV VI (Vi (U) = gV, Vi (VO (D)} (5.3.13)
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Putting Vj = Vi = e; in the above equation and taking summation over i, 1 <7 < 2n + 1,

we get

SORLU) = {3 = 1o’ = #) + eln+ (o’ + F)}g(. )

DL o+ B) + (@) (V) (O)
= ag(V{,U) + b (Vi) (1), (5.3.14)

where a = ${(3n—1)(c/ = #')+c(n+1)(¢/ + ')} and b = H{—c(a/ + ') + (¢/ — ') } are
smooth functions. Which shows that M?"*! is an 7/-Einstein manifold. This completes

the proof. n

Theorem 5.3.4. If M*! is W;-pseudosymmetric trans-Sasakian space form then M+t

is either n'-Einstein manifold or Ly, = o — (" if o # 5.

Theorem 5.3.5. A (2n+1) dimensional (n > 1) trans-Sasakian space form is Wh-locally

symmetric.

Proof. A (2n + 1) dimensional (n > 1) trans-Sasakian space form is called Ws-locally
symmetric, that is, In differential geometry, Ws-locally symmetric manifolds are a gen-
eralization of locally symmetric spaces. A Riemannian manifold (M, g) is said to be

Wa-locally symmetric if it satisfies [72]
(Vo) (V] V3)V; =0, (5.3.15)

for all vector fields V/, V3, V3 orthogonal to £ and for an arbitrary vector field W, where
V is the Levi-Civita connection associated with the metric g. This condition is weaker
than local symmetry, which requires VR = 0. In Ws-local symmetry, the combination of
covariant derivatives in the above form vanishes, allowing more flexibility in the curvature
behavior. The concept of Ws-symmetry was introduced as part of a classification of
Riemannian manifolds by curvature conditions that is, weaker than the classical local
symmetry.

From (1.1.6) and (1.1.49), we have
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WZ(VY’ ‘/2/>‘/3/

= YR v vy - o7y

e —1 / 1

e DD v V3 — o (V) (Vi)
VLV E — gV VIR (VI + (Vi VISV
VLV, + 29(V SV

b ooV VRV — oV V)W) (5.3.16)

Taking covariant differentiation of (5.3.16) in the direction of the vector field W ,we get

(Vi Wo) (V1 V3)Vs

+ o+ 4+ o+

do/(c+3)+dp'(c —3)
4

e = DAL vy oy (v (V)] - (Vi V)V,

SV VE — Vi Vil (V)€

SOV VDOV — (V)Y + 200, SV)OVS)

A= DETEED (@t ) (VI )V + 0 (R (V)VS

(Vun VI V] = (V) (Tun)V)V;

oGV (Twn NVHIE + gV VI (V) V€

SV V(Twr (V)€ = a(Vh VD (V) Vi€

§(OVEVD(Twd V] + (T d)Vi V)6 X

HOVLV)(Twd)V; — a(VwdVi. Vi)oV3
20(V{. V3 (Twd)Vi + 29(V. (Tt VH)V;)

—{9(‘/1'7 ) (VwQ)(V3) — g(Va, Vi) (Vw Q) (V) }, (5.3.17)

(W){g(Vy, Vi)VI' = g(V, Vi) Vo }

where V denotes the Riemannian connection on the manifold. Differentiating (1.1.53)

covariantly with respect to W, one can get

(Vw@Q)(V})

n+1

S{(Bn — (o’ — §) + cln+ V(o' + FIHIV)V]
n —|—1

{cd(a/ + ') — d(a’ = 5)}(W)n' (V)€

{c(@ + ) = (o = B)VH(Vwn ) (V)E + 7' (V) (Vwe)}-
(5.3.18)
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In the view of (5.3.18) and (5.3.17) it follows that

do/ 3)+df'(c—3
(V) (v, vy = ST o vy — g0, viva)

do/(c — 1) +dpf’ 1
e DAATEED (wy o (v (V) — (VI (V)V;
oLV VD = gV VI (V)¢

$(OVS ISV] — g6V RISV] + 20(V]. 6 V)OVS)

e DFFCTV) ¢y (VO (VV + 0 (V) (Tl ) VIV
n

+ o+ 4+

4
= (Vwn ) (Vo' (V)Vi = o (V) (V) (V)WY

(

)
+ gV V) (Vwn ) (V)€ + g(V], Vin' (V) Vi€’
— g(Va, V5)(Vwn ) (V)€ — g(Va, Vi)' (V) Vi€’
+ gV, Vi) (Vwd )V + g(Vw e )Vy, V3) o'V
— gV, V5)(Vwd )V — g((Vw o)V, V3)e'Vy
+ 29(V), ¢'Vo)(Vwe") V5 + 29(V], (Vwd')V5)¢' V5

+ 21[ <v1, %){1{<3n —1)d(a’ — B) + c(n + 1)d(a’ + B)}(W)Vy
— 2Ll 1 B - diod - B W (Ve
n+1

{e(@ + 8 — (o — BYH(Vwn)(VDE + 1 (V)(Twe)}}
- <v2, V) {530 — (e’ — ) + eln -+ V(o + )} (W)W
P (o + B) — (ol — )W) (V)€

{c(@+5) = (& = BYH(Vwn ) (V)E + 0 (V) (V) H.
(5.3.19)

n+1

Taking V{, Vy, V4 orthogonal to ¢ in (5.3.19) and then taking the inner product of the
resultant equation with V, followed by setting V = Vi = ¢; in the the above equation,
where {e;} is an orthonormal basis of the tangent space at each point of the manifold and

take summation over 7, where 1 = 1,2, ...... ,2n 4+ 1, we get
{d/(c = 1)+ B'(c+ D}2g(V], ¢'V3)g(Vwd)es, ). (5.3.20)

For Levi-Civita connection V,

(VW9>(V1/’ ‘/2/) =0

117



which gives

Vwg(Vi, V) = g(Vw Wi, V3) = g(Vi, Vi V3) = 0.
Putting V] = e; and VJ = ¢’e; in the above equation, we obtain
—9(Vwei, d'e;) — glei, Vwd'e;) = 0,
which can be written as
g(eiv ¢/(vwel)) - g(ei7 (qub/)ez) = 0.

Thus, we have

9(€i7¢/(vwei) —VW¢/62') = 0
= g(ei, (Vwd')e)) = 0. (5.3.21)

By the virtue of (5.3.20) and (5.3.21) takes the form
(Vo) (V1 V3) Vs = 0.

Therefore from (5.3.15), we say that the manifold is Wh-locally symmetric. Therefore,

the claim is proved. O

Theorem 5.3.6. A (2n + 1) dimensional n > 1 trans-Sasakian space form M*'*1 is

Ws-locally ¢'-symmetric if and only if o/ = ' and ¢ = 0.

Proof. A trans-Sasakian space form M?"*! of dimension greater than three is called WS-

locally ¢/-symmetric if it satisfies
& (Vw (W) (V] V)V5) =0, (5.3.22)

for all vector fields V{,Vy, V4 orthogonal to & on M?"*!. Let us consider a Wh-locally
¢’-symmetric trans-Sasakian space form of dimension greater than three. Then from the

definition of (1.1.7), we have
— (VW) (VI Vo) Vs + 1 (Ve Wa) (V1 V3) V5)€" = 0. (5.3.23)
Taking the g-inner product of both sides of the above equation with U, we get
— (VW) (VI, V)V, U) + 0 (VwWo) (VI V) V) (U) = 0. (5.3.24)
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If we take U orthogonal to &', then the above equation yields
g((VwWe)(V{, V5)V5),U) = 0. (5.3.25)

The above equation is true for all U orthogonal to &, if we choose U # 0 and not

orthogonal to (Vi Ws)(V{, V;)V5 then it follows that
(VwWs)(V], V)Vy = 0. (5.3.26)

Hence the manifold is Ws-locally symmetric.
Again for V/, VJ, Vi orthogonal to & and applying ¢'> on both side to equation (5.3.19)
and using (1.1.46), one can get

do/(c— 1) +dp’ 1
P vy = DD g vy vev;
GOV V] — 20V, 6 V)OVS)
do/(c+3)+df'(c—3) 1

| . — - ABn - Dd(a’ - §)

c(n+1)d(a’ + B W) {g(V), V)Vy — g(Vy, V) VI '},
(5.3.27)

Hence for o/ = ' and ¢ = 0, the above equation yields
O (VW) (V] Vi)V =0,
for all V{, V3, Vi orthogonal to £'. Therefore the manifold is Wh-locally ¢'-symmetric. [

Theorem 5.3.7. If trans-Sasakian space form in M "1 is Wh-¢'-recurrent, then it is an

FEinstein manifold provided (o/ # ().

Proof. A trans-Sasakian space form is said to be ¢’-recurrent provided there exists a

non-zero 1-form A for which [71]
O (VwR)(V] V3)V3) = AW)R(V, V;)Vs, (5.3.28)

for arbitrary vector fields V{, V5, Vi, W If the 1-form A vanishes, then the manifold be-
comes a ¢'- locally symmetric manifold.
According to the definition of ¢'-recurrent trans-Sasakian space form, we define Wh-¢'-

recurrent trans-Sasakian space form by
(VW) (VI VVE) = AW)Wa(V/, Vi) V3. (5.3.29)
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Then by (1.1.7) and (5.3.29), we have
—(VuWe)(V, V)Vs + 0/ (VW) (VI V) V5)E = AW)Wa(V], V5) V5, (5.3.30)
for arbitrary vector fields V{, V4, V5, W. From the above equation it follows that

—g(VWo)(VI, Vo)V, U) + 0 (Ve Wa) (V1 Va) Vi) (U)

Let {e;},i = 1,2,.....2n + 1 be an orthonormal basis of the tangent space at any point
of the manifold. Then putting V/ = U = e; in (5.3.31) and taking summation over i,
1<i<2n+1, we get

1 ARV 1 ARV
= 5, @+ DVwS)(Va, V) + o-g(Va, V)dr(W)

2n
+ Z 0 (VwWe) (e, Vo) Va1 (e;)
= AW), A0+ 1)S(VE, V) — oV, Vi) (5.3.32)

Setting Vi = ¢ in (5.3.32) and then using (1.1.47), (1.1.48) and (1.1.53) then replacing
Vi by ¢'Vy in (5.3.32), we get

S(Y,W) =2n(a’ — )g(Y,W). (5.3.33)

]

5.4 Conformal n/'-Einstein soliton on Trans-Sasakian
3-manifolds with L parallel and cyclic parallel

Ricci tensor

Theorem 5.4.1. Let (M,g,¢',n', &, d',5') be a trans-Sasakian manifold, dimM = 3 with
o, " constant (5 # 0). If the symmetric (0,2) tensor field L satisfying the condition
B'L(VL,V3) = SIL@ VI, V) + LV, ¢'V3)] = Leg(V], V3) +2S(V{, V3) + 2u'n (V)i (Vy) —
rg(V{,V3) + 2N + (p+ 2)}g(V{, V3) is parallel with respect to the Levi-Civita connection

associated to g, then (g,&', N, ') becomes a conformal n'-Finstein soliton.
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Proof. To investigate the existence of conformal n'-Einstein solitons on trans-Sasakian
manifolds, we begin by considering a symmetric tensor field L that is parallel (VL = 0).
It then follows that.

L(R(VY, V3)V3, Vi) + L(Vs, R(V{, V3)Vy) = 0, (5.4.1)
for an arbitrary vector field V{, VJ, Vi, V] on M. Using Vi = V| = &', we obtain
L(R(V{, V3)¢. ) =0, (5.4.2)
for any V{, V] € TM. Using (1.1.60) and replacing V{ by &', we get

L(Vy,¢") = g(V3, &)L, ), (5.4.3)

for any V) € T'M. By applying the covariant derivative in the direction of the vector field
Vie TM to equation (5.4.3), we acquire

LIV, €) + VA, V€)= 9TV )L(ELE) + 90V Ty LELE).  (5.44)
Using the equation (1.1.47), we have

BL(VI,V§) — L'V}, Vi) = —/g(&' Vi, VI)L(E . &) + BLIE . &)g(V{, V). (5.4.5)
Now, we interchange V/ by VJ in above equation to yield

LIV, V3) — o' L(V{, §'V3) = —ag(Vi, S VIL(E, ) + BLE )g(Vi, Vi) (5.46)

Then we add the above two equations (5.4.5) and (5.4.6) to achieve

/

B'L(V{,Vy) — %[LWV{, V)) + LV, ¢'V3)] = B'L(E, &) g(V], V3). (5.4.7)

We see that 8'L(V{, V§) — % [L(¢'V{, V3) + L(V{,¢'V3)] is a symmetric tensor of type (0,2).
Let 8'L(V{, V3) =5 [L(&'V], V3)+ L(V{, §'V3)] = Leg(V{, V5)+2S(V], V3) 420 (Vi)' (V) —
rg(Vi,Va) + {2V + (p+ 3) (V1. V3).
Then, we compute

FL(E,€)g(VL, V) = Log(Vi, Vi) +2S(VL, Vi) + 20 (VI (VE) —rg(Vi, Vi) +{2X +
(p+ 2)}g(V{,Y). As L is parallel so, L(¢',£') is constant. It follows that we can write
L&) = —é(ZX + (p+ %)) where 3’ is constant and 3’ # 0. Therefore Leg(V{,Vy) +
2S(V{,Va) + 20/ (V) (V3) — rg(V], V5) = —(2X' + p + $)g(V/, V5) and so (g,&', N, ')

reduces to a conformal n’-Einstein soliton. O]
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Corollary 5.4.1. Let (M, g,¢',n', &', . B) be a trans-Sasakian manifold, dimM = 3 with
o, B' constant (B’ # 0). If the symmetric (0,2) tensor field L under the condition that
B'L(VI,V3) = SIL@'VI, V3) + L(V], ¢'V3)] = Leg(V{,V3) + 28(V{, V3) + 20 (V)i (V3)
is parallel with respect to the Levi-Civita connection related to g, then (g,&', 1) reduces to

an n'-Ricci soliton.

Next we derive some results for 3-dimensional trans-Sasakian manifolds admitting a
conformal 7’-Einstein soliton, under the assumption that the manifold is Ricci-symmetric

and has an n’-recurrent Ricci curvature tensor.

Theorem 5.4.2. Let (M, g) be a trans-Sasakian manifold, dimM = 3 with o', 5" constant
(8" #0) admitting conformal n'-Einstein soliton.

(i) If the manifold (M, g) is Ricci symmetric (i.e., V.S = 0) then p' = '
(i1) If the Ricci tensor is n'-recurrent (i.e., V.S =n' ® S) then p' = 24" — “6—',2

Proof. From the equation (1.2.98), we get

! ! ! ! ! ! / 2 ! ! /N ! / !
2SI, V3) = —g(Vvy €, Va) —g(Vi, Vi) — 2N =1+ (p+ )lg(Vi, Vo) —2u'n' (V' (V3).

3
(5.4.8)
Now, we use the equation (1.1.47) into the identity (5.4.8) to yield
T p 1
SV, Vo) =[5 = A = 8" = (G + gV, Vo) + (8" = k) (Vi) (Vz) (5.4.9)
and
! ! r / p 1 li / !/
SV, E) =15 -A —(§+§)—M}77 (V7). (5.4.10)
Also employing the identity (1.1.64) to (5.4.10), we obtain
r / p 1 / 12 72
o E ey m =20 5. 4.11
5 A= (G+g) - =2(a" =57 (5.4.11)
The Ricci operator @ is defined by the relation g(QV{, Vy) = S(V/, V). Then, we get
QV) ={p = B +2(a” = B" )3V + (8" — i) (V)€ (5.4.12)
(i) Suppose that the manifold (M, g) is Ricci symmetric i.e.,
VS =0. (5.4.13)

At this point, we obtain
Vi S(Vy, V) = VIS(Vy, V5) = S(Vv Vy, V5) = S(V Vs, V3).
Using the equation (5.4.9) and (5.4.13), we obtain
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(8" = W)= {g(@' VI, V) 4+ g(¢' Vi, Vi) + Bg(Vi, V) (V) — g(Vi, Vi)' (V5)} —
28" (Vi)' (Vo) (Vg)] = 0.
By putting V) = Vi = ¢, the preceding expression implies p/ = /3.

(ii) Suppose that the Ricci tensor is n/-recurrent, i.e.,

VS=n®S8. (5.4.14)

Now, we have
Yy S(VA V) = i (V) S(VE V), (5.4.15)
for all vector fields V/, V5, V. Using the equations (5.4.9) and (5.4.15), we obtain y' =
205 — 0‘5—/,2 Hence, we complete the proof. O

Next, we investigate conformal 7’-Einstein solitons on 3-dimensional trans-Sasakian

manifolds whose Ricci tensor satisfies certain special conditions.

Theorem 5.4.3. If a trans-Sasakian 3-manifold (M, g) represents a conformal - Einstein
soliton (g,&', N, i') then the manifold (M, g) reduces to an n'-Einstein manifold of constant
scalar curvature r = 6(5 + %) + 6N + 48" + 2u'.  Moreover, the soliton is shrinking,
steady or expanding according as o/> < B'(6 + 1) + (5+3), o =3B +1)+ (5+3),

o > BB +1) + (& + 1) respectively.

Proof. Let us assume that a trans-Sasakian 3-manifold (M, g) representing a conformal

n’-Einstein soliton (g,&’, X', /') then from the equation (1.2.98), we can derive
2
(Leg) (Vi V) + 25 (VL V) + [2X =7+ (p+ 9)lg (Vi Va) + 20 (Vi)' (V) = 0, (5.4.16)

for all V{, Vi € TM.
Using (Leg)(V/, V5) = g(Vyy €, V5) + g(Vyy€', Vi) and equation (1.1.47), we get

(Leg) (VY Vy) = 28'[g(V], Va) — ' (V)0 (V)] (5.4.17)

Using equations (5.4.16) and (5.4.17), we achieve

SRV =[5~ Bt 3 =X =19 V) + (F — i (VW (). (5.4.18)

It follows that, (M, g) is an n’-Einstein manifold.
We now insert Vj = ¢ into (5.4.18) to find

SWVLE) =[5 = (G +3) =N = ul (Vi). (5.4.19)



Comparing the above equation (5.4.19) with the identity (1.1.64), we obtain

1
r=4(a - %) + 2(% +g) 2N 2, (5.4.20)

Taking an orthonormal basis {e1, e, e3} of (M, g) and then substituting V/ = VJ = e; in

the equation (5.4.18) and summation over i, we obtain

|
r= 6(% +5) X 48 2. (5.4.21)

Finally combining equation (5.4.20) and (5.4.21), we arrive at

/\/:(0/2—/3,2)—5/—(2—1—

1
s+ 2). (5.4.22)

This completes the proof. n

Theorem 5.4.4. Suppose a trans-Sasakian 3-manifold (M, g) admits a conformal 1'-
Finstein soliton (g,V, N, '), where V is pointwise collinear with &', then V must be a
constant multiple of ' and (M, g) is an n'-Einstein manifold of constant scalar curvature.

r=2N+2(2+1) + 21 +4(a” - 7).

Proof. Considering a trans-Sasakian 3-manifold (M, g) that represents a conformal 7'-
Einstein soliton (g, V, X', /) where V is parallel to &', i.e. V = b¢’, for some function b,
and using equation (1.2.98), implies that

bg(Vy€'Va) + (Vib)n'(V3) +bg(Vy€', Vi) + (Vab)n' (V7))

1
FRS(VLVE) + 2V =25+ gV V) + 20l (VI (V) = 0. (5.4.23)

Then we utilize the identity (1.1.47) in the above equation (5.4.23) to get
268+ 28 =+ 25+ DNV V) + (Vb ()
+(V30)r' (V) + 25(V,V5) +2(w" = bB)n' (Vi)' (V3) = 0. (5.4.24)
Now, we insert VJ = ¢ into the identity (5.4.24) to yield
2V —r 28 24 20 (V) + (V) + (€0 (V) + 25(V,€) =0, (5.4.25)

Again taking V/ = &’ in the above equation (5.4.25) and by virtue of (1.1.64), we acquire

2e) = (r—2v — 25 + %) _ o) — 4 = B, (5.4.26)
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Using the value from (5.4.26) in the equation (5.4.25) and recalling (1.1.64), we may

express this as

1
db = [g N - <§ +5) = u =20 = By (5.4.27)
Now, applying the exterior derivative to both sides of equation (5.4.27), we get
1
r— 2N + 2(%’ 5) 2+ 4(a” - 7). (5.4.28)

In view of the above identity (5.4.28), the equation (5.4.27) gives db = 0 i.e., the function

b is constant. Hence the equation (5.4.24) becomes

1
SOVI V) =[5 = N = b8 = (5 4+ Dlg(V, Vi) + (08 = i (VD' (), (5.4.20)

for all V/, VJ € T'M. This completes the proof. ]

Theorem 5.4.5. Let (M,g) be a trans-Sasakian 3-manifold admitting a conformal n'-
FEinstein soliton (g,&', X', i1'). If the Ricci tensor of the manifold is of Codazzi type then
the manifold becomes a ['-Kenmotsu manifold provided u' # [3'.

Proof. A Ricci tensor S is said to be of Codazzi type on a trans-Sasakian 3-manifold if it

is non-zero and satisfies the following condition
(VV{S)(‘/ZIJ/;) = (VVQ’S>(‘/1/7‘/23/>7 v‘/i/7‘/;v‘/?: e T'M. (5430)

We consider a trans-Sasakian 3-manifold that has Codazzi type Ricci tensor and admits a
conformal 7/-Einstein soliton (g, &', X', 1’), then equation (5.4.18) holds. Taking covariant

derivative in equation (5.4.18) and using (1.1.48), we conclude
(VipS)(Ve, V) = (8" = i)' (V5)(=a'g(¢'V1, Va) + B'g(6'V1, ¢'V3))
+ 0 (Vo) (=a'g(d'VI, V) + B'g(¢'VI, §'V5))]. (5.4.31)
Also, we have
(Vg )1, Va) = (8" = i)' (V) (=ag(&'Vy, Vi) + Bg(¢'V3, 6'VY))
+ 0 (V)(=a'g(¢'Vs, Vi) + B'g(¢'Va, 9'V))]. (5.4.32)

Given that the Ricci tensor is of Codazzi type, we use (5.4.31) and (5.4.32) in the equation
(5.4.30) and then recalling (1.1.9), to derive the following

(8" = W) (Vo) (=a'g(¢'VI, V5) + B'g(Vi, V3)) — ' (Vi) (—c'g(¢'V3, V)
+8'9(V3, V3)) — 2a'n (V5)g(¢'V, V3)] = 0. (5.4.33)
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Now, we put Vi = &' in the foregoing equation (5.4.33) and view of (5.4.28) to derive
2d/(8" = p)g(¢'Vi, V) = 0, (5.4.34)

for all V/,V; € TM. Therefore from (5.4.34) we can conclude that either o/ = 0 or
gh=. O

We use o = 0 in the equation (5.4.22), and get ' = —{f'(#' +1) + (5 + £)}. This

leads to the following conclusion:

Corollary 5.4.2. Let (M, g) be a trans-Sasakian 3-manifold admitting a conformal n'-
FEinstein soliton (g,&', N, i) with 5" # p'. If the Ricci tensor of the manifold is of Codazzi
type, then the soliton is shrinking if B'(8'+1)+(5+31) > 0, steady if /(6 +1)+(5+3) = 0
and expanding if B'(8" + 1) + (§ + %) < 0 respectively.

Once again, from equation (5.4.33), it follows that p = ' if o/ # 0. Substituting
this into equation (5.4.18) we obtain

1
SV V) =[5 = (5 +3) =X = Bla(V. V3). (5.4.35)

for all V{,Vj € TM. Then, by contracting equation (5.4.34) we obtain r = 6(5 + 3) +
6N +64". Therefore, combining this result with equation (5.4.34), we obtain the following

theorem:

Theorem 5.4.6. Let (M,g) be a trans-Sasakian 3-manifold possessing a conformal n'-
Finstein soliton (g,&', N, ') If the Ricci tensor of the manifold is of Codazzi type then the
manifold becomes an Einstein manifold of constant scalar curvature r = 6(%—1—%)—1—6)\’4—65’

provided o/ # 0.

Theorem 5.4.7. Suppose (M, g) be a trans-Sasakian 3-manifold that admits a conformal
n'-Einstein soliton (g,&', N, p'). If the Ricci tensor of M is cyclic parallel, then M is an
o’ -Sasakian manifold, provided 1/ # (.

Proof. A trans-Sasakian 3-manifold is said to possess a cyclic parallel Ricci tensor if its

Ricci tensor S is non-zero and satisfies the following relation

(VurS) (V) + (Vg S)(F. Vi) + (TygS) (VL V3) = 0.9V V3V € TM.  (5.4.30)
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Let us consider a trans-Sasakian 3-manifold endowed with a cyclic parallel Ricci tensor
and admitting a conformal 7’-Einstein soliton (g,&’, N, i), then equation (5.4.18) holds.
On taking covariant derivative in equation (5.4.18) and using equation (1.1.48), we obtain

relations (5.4.31) and (5.4.32). Similarly we have

(Vi S)Y(VI, Va) = (B = i)l (V) (=a'g(¢'V5, V3) + B'g(¢'Vs, ¢'V3))
+ ' (Va)(=a'g(¢'Vs, Vi) + B'g(¢'Vs, 9'VI))]. (5.4.37)

Given that the Ricci tensor is cyclic parallel on using equations (5.4.31), (5.4.32) and
(5.4.37) in the equation (5.4.36) and then making use of (1.1.9), we conclude

26'(8" = u) ' (V) g(¢'Vy, ¢'V5) + 0 (Vi) g(¢'V5, ' V) + 0 (V3)g(¢'Vi, ¢'V3)] = 0. (5.4.38)
Taking V§ = ¢ in equation (5.4.38), we obtain

28'(8" = 1')g(¢'Vi, ¢'V5) =0, (5.4.39)

for all V],V € T'M. Since g(¢'V/, ¢'Vy) # 0, equation (5.4.39) it follows that either 5’ =
or i/ = (#'. This completes the proof. m

On using /' = 0 in equation (5.4.22), we obtain N = o/* — (2 + 3). Consequently, we
find

Corollary 5.4.3. Suppose (M, g) is a trans-Sasakian 3-manifold that admits a conformal
n'-Finstein soliton (g,&', N, i') with B’ # p', and has a cyclic parallel Ricci tensor. Then

the soliton is shrinking if o/* < (5+3) steady if o/ = (543) and expanding if o/ > (B+3)

Also if ' # 0 then using (5.4.39)we have y/ = . Hence, following a similar compu-

tation as in equation (5.4.35), we arrive at the following

Theorem 5.4.8. Suppose (M, g) is a trans-Sasakian 3-manifold that admits a conformal
n'-Einstein soliton (g,&', N, '), and has a cyclic parallel Ricci tensor. Then M is an

Einstein manifold with constant scalar curvature r = 6(5 + %) + 6N +65" provided B’ # 0.

Theorem 5.4.9. Suppose (M, g) is a trans-Sasakian 3-manifold that admits a conformal
n'-Finstein soliton (g,&', N, p'). If M is Einstein semi-symmetric, then it is an n'-FEinstein
manifold with constant scalar curvature r = 2(5 + %) + 2N + i/ + B and the soliton is
shrinking, steady or expanding as (5 + 3) +p' + 38 > 0, (5 +3) + 4 + 38 =0 or,
(5+3) + 1/ + 30" <0 respectively.
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Proof. Assume that the Einstein semi-symmetric trans-Sasakian 3-manifold (M, g) admits
a conformal 7/-Einstein soliton (g,&’, N, p/). Then using equation (5.4.18) together with
equation (5.2.7), we deduce

p

=2
r (2

1
+ 5) + 2N + 4+ 5 (5.4.40)
Substituting equation (5.4.21) into equation (5.4.40), we derive
/ 1 p 1 / /
p— —Z{(§+§)+/L +3/B } (5441)

This shows that the theorem is proved. O

5.5 Conformal n'-Einstein solitons on trans-Sasakian
3-manifolds satisfying R(¢', V/)-S = 0 and Wy(&', V)
S=0

Theorem 5.5.1. Suppose (M, g) is a trans-Sasakian 3-manifold that admits a conformal
n'-Einstein soliton (g,&', N, 1), and satisfies the curvature condition R(',V{)-S = 0.

Then M is an Einstein manifold with constant scalar curvature r = 6(5 + 5) +6X + 64"

Proof. Let us consider a trans-Sasakian 3-manifold admitting a conformal r’-Einstein soli-
ton (g,&', N, 1'), and assume that the manifold satisfies the curvature condition R(¢', VY)-

S = 0 then, we can write
S(R(E, V)5, V5) + S(Vs, R(E', V{)V5) = 0. (5.5.1)

Now using the equation (5.4.18) into (5.5.1), we compute

(5~ (B 2) =X = g(RIE VIV V) + (8 — W (R(E VIV (V)
b G = C 4 3) = X = )9V RIEVIV)
+ (8 — W (R(E V)V (V) = 0. (5:5.2)

Using (1.1.61) in the previous equation, we obtain

(o = B) (B = W)[g (Vi V' (V3) + g (Vi Vi)' (Vi) — 20 (V) (V) (V3)] = 0. (5.5.3)
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By taking Vi = ¢’ in equation (5.5.3) and using (1.1.9), we get

(@ = B%)(B — w)g(¢'V], ¢'Vy) =0, (5.5.4)

for all V{, VJ € TM. As g(¢'V{, ¢'VJ) # 0 and for non-trivial case o/> # 3, from equation
(5.5.4) we deduce that p/ = . Thus, using the expression (5.4.18), we have

1
SV =[5 = (5 +3) =X = Bla(Vi. V3). (5:5.5)

for all V/,Vy € TM. On contracting equation (5.5.5), we have r = 6(5 + 1) + 6\ + 63",
Plugging this information together with equation (5.5.5) we have proved the theorem. [

Our next result of this section involes W,-Curvature tensor that, which was intro-
duced by Pokhariyal and Mishra in 1970 [58].
The Wy-curvature tensor in a trans-Sasakian 3-manifold (M, g) from (1.1.6) by putting

n = 1 is defined as
! ! ! / ! 1 ! / ! ! !
W (W], Vi)Vy = R(V], Vy)Vy + S LoV, 13)QVz — g(V2, V) QVY}. (5.5.6)

Theorem 5.5.2. Suppose (M, g) is a trans-Sasakian 3-manifold that admits a conformal
n'-Einstein soliton (g,&', N, i), and satisfies the curvature condition W(&',V/) - S = 0.
Then the manifold is either Einstein manifold or has constant scalar curvature r = 2(5 +

Ly +2N +24.

Proof. Assume that (M, g) is a trans-Sasakian 3-manifold admitting a conformal 7'-
Einstein soliton (g, &', X', i), and suppose that it satisfies the curvature condition Wy (&', V)-

S = 0. Thus, we can express this as
S(W2(€/"/1,)‘/2,7‘/3,) + S(‘G’WQ(glv‘G/)‘G) =0, V VY"G €TM. (557)

Using (5.4.18) the equation (5.5.7) takes the form

1
(5= (5 +3) =X = B)NgOWal€ VDVE, V) + gWal€' VIV, V3)

+ (B =)l Wl VI)Va)n (Vs) + ' Wa(€, VI V)i (V3)] = 0. (5.5.8)

Also, equation (5.4.18) implies

r

LB ) N = W+ (8 - i (V) (559)

QVY = (



that is,

! r p 1 / / !/
oL e 51
Qe =5~ B4 )X i) (55.10)
Now, we replace V/ = ¢’ into (5.5.6) and then using equations (1.1.61), (5.5.9) and (5.5.10)
to obtain
Wa(€' Vo)Vy = N'g(Vy, Vi)&' — My (Va)Vy + (M" = N’ (Vo) (V5), (5.5.11)

where M’ = (o/*— %)= 1(t—(2+1)—-N—=p) and N' = (o/*~ %)= 15— (2+3)—N—p).

On taking the inner product in equation (5.5.11) along ¢’ yields
" Wa(, Va)Vs) = N'g(Vy, Vs) — ' (V)n' (V3)]- (5.5.12)
Using (5.5.11) and (5.5.12) in the equation (5.5.8) and then taking Vi = ¢, we arrive at
(N = MO2N" = (5 — (5 +5) = X' = B)lg(V{, V5) — ' (Vi)' (V3)] = 0,
which in view of (1.1.9) implies

(N = M)RN' = (5 — (B4 ) = N = B)lgl6'V}, 6V3) = (5.5.13)

for all V{,Vj € TM. As g(¢'V{,¢'Vy) # 0, we can conclude from the equation (5.5.13)

that either M’ = N" or 2N’ =2 — (5 + 1) — X — 8. Hence, using the expressions for M’

and N’, we conclude that either y/ = 3’ or

S S TN I (5.5.14)

_9
r=2(5+3

Now for f = 1/, in a similar way as in (5.5.5) Thus, the manifold reduces to an Einstein

manifold. On using equation (5.5.14) with (5.4.20), we have

1
r= 2(%9 +3) 2N 428 (5.5.15)
This completes the proof. O
Again in view of equation (5.4.21), the equation (5.5.15) implies X' = —3{2(5 + 3) +

' + B'}. Thus, we get

Corollary 5.5.1. Suppose (M, g) is a trans-Sasakian 3-manifold that admits a confor-
mal n'-Einstein soliton (g,&', N, ') with 5 # u', and satisfies the curvature condition
Wa(€,V]) - S = 0. Then the soliton is shrinking if ' > —{2(5 + 3) + '}, steady if
i =—{2(5+3) + '} and expanding if ;' < —{2(5 +3) + '}
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5.6 Conformal n’-Einstein solitons on trans-Sasakian
3-manifolds satisfying B(¢', V{)-S =0, M(&,V/)-S =
0and S(&,V/)- M =0

Recall that Bochner curvature tensor [11] was introduced as complex analogue of confor-
mal curvature tensor. Its geometric significance, however, was later revealed in [7] through
the Boothby-Wang fibration. The concept of C-Bochner curvature tensor in the context
of Sasakian manifolds was introduced by M. Matsumoto, G. Chuman [50] in 1969. The

C-Bochner curvature tensor for a trans-Sasakian 3-manifold (M, g) is given by

BOVLVAVE = ROV + Slo(Vi VQVE = SV VAV — gV V)QVi
bSO VAV + g6V, QU — S0V, VoW
— G@VEVDQEV] + SOV V)GV + 2SIV V)OS
29V QU+ (Vi (VIQV] —nl (V)S(V], V)¢
VISV VE — o (VO (V)QVE] — 22 lg(eVi, Vo'V
— GSVEVISV + 296V VO] + G I (V) (V] V)€
- Z;(Vz'in’(vg’)v{ +0' (V' (Va)Vy — o' (V) g(V3, V5)€]

= (L Va)Ve — g(Va, Va)Vi, (5.6.1)

where D = %.

Theorem 5.6.1. Suppose (M, q) is a trans-Sasakian 3-manifold admitting a conformal
n'-Einstein soliton (g,&', N, 1'), and assume that the manifold satisfies the curvature con-
dition B(¢', V() - S = 0, where B denotes C-Bochner curvature tensor. Then M is either
an Binstein manifold or a manifold of constant scalar curvature r = 14\ + 14(% + 4

3
128’ + 24/ — 8.

Proof. Let (M, g) be a trans-Sasakian 3-manifold admitting a conformal 7/-Einstein soli-
ton (g,&', N, '), and assume it satisfies the curvature condition B(&',V/)-S = 0. So V
VI, V3, Vi € TM, we have

S(B(E, Vi)V, V) + S(V3, B(', VI)V5) = 0. (5.6.2)
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Now using (5.4.18) in (5.6.2), we get
1
(5= G+ 3 =X = BHa(BE VIV, Vi) + 9B VI)V3,V3)
(8 = 1) (B VIV (V) + o (BE VOV (V)] = 0. (563)

Moreover, using equation (5.4.18), we obtain

QVy = [g - <§ + %) =N =BV + (B =) (V)E, (5.6.4)
that is,
L SR VR pY
Q¢ —[2 (2+3) N =g (5.6.5)

Thus, on taking V/ = ¢ in (5.6.1), we get

1
B(E,Vy)Vs = R(EVa)Vy + GIS(E Va)Va — g(Va, V3)QE + 0 (Vo) (V) Q€
4

= ' (V2)S(E Va)ET + £l (V5)Va — g(Va, V5)€]- (5.6.6)
We insert the equations (1.1.61), (5.4.19) and (5.6.5) in the equation (5.6.6) to yield
! ! !/ / / 1 r p 1 / / 4 / ! / / / !
B Vo)V =[(o" = B7) = {5 = (5 +3) =N —w'h = (llo(Ve, Ve = (Vi) V3). (5.6.7)
In view of (5.6.7) the equation (5.6.3), becomes
/ / 1 r p 1 / !/ 4 / / !/ / / !
(0 =57 - ols ~ G Hg) =X =} = L6 = p)lg(Vi, Vo) (Vs)
+ gV V' (V3) = 20" (VD' (Vo) (Vs)] = 0. (5.6.8)

We now substitute Vi = &’ in the preceding equation (5.6.8) and recalling (1.1.9) to arrive
4
(@ =B = {5 -G+ - N -y} - (B = 1)g('Vi, ¢'Vy) = 0, (5.6.9)

for all vector fields V{, Vj € TM and g(¢'V{, ¢'Vy) # 0, hence from (5.6.9), we can conclude
that either
1 r p 1 4

(0" =8 — {5~ (G +3) —N—u}—gl=0. (5.6.10)

or, f' = /. Also for p' = y/ with a similar way as in equation (5.4.35), We conclude that
the manifold is an Einstein manifold. Assuming 8’ # 1/, and using equation (5.4.22) in
the equation (5.6.10), we have

(E

1
S t3) t128 -2 -, (5.6.11)

=14\ + 14
T + 3

Hence, the scalar curvature is constant throughout the manifold. So, the theorem is

proved. O
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In the case where 8 # 1/, substituting equation (5.4.21) into (5.6.11) we obtain
N=1-(§+3+0).

Hence, we have the following

Corollary 5.6.1. Suppose (M, g) is a trans-Sasakian 3-manifold that admits a conformal
n'-FEinstein soliton (g,&', N, p') with ¢/ # (', and assume that the manifold satisfies the
curvature condition B(E', V) - S = 0. Then the soliton is shrinking, steady or expanding

according as § + % +6>1, 5+ % +p =1orf+ % + " < 1 respectively.

Next, we consider (M, g) be a trans-Sasakian 3-manifold. Then M-projective curva-

ture tensor of M is defined by [59]

1
MVL V)V = R(OVI Vo)V — Z[S(Va, V)VI = SV Vi) Ve + g(Va, V3)QVY
g(Vi, V5)@QVs], (5.6.12)

for any V/,VJ, Vi € TM.

Theorem 5.6.2. If a 3-dimensional trans-Sasakian manifold (M, g,¢', 7', &, a/, "), with
o/, B' constants, admits a conformal 1/ -Einstein soliton (g, &', N, 1), satisfies the condition

M(fla‘/l,) -S =0 then ,u/ = 6/, N = 2(ﬁl2 —06/2) —ﬁ/ — (g + %) + %

Proof. Let us consider a 3-dimensional trans-sasakian manifold with conformal n-Einstein

solitons (g,&’, X', i') satisfy the condition
M, V)-8 =0.

Then, we have

(M(fla ‘/1,)‘/2,v ‘/3,) + S(‘/;7 M(glv ‘/i/)‘/g) =0, (5613)

for any V/, V3, V5 € TM. Now from (1.1.64) and (5.4.19), we have

p Ly (5.6.14)

2/2_ /2:/ /
(8- = W+ u + B+ 3) -

Next, we can use the equations (1.1.61), (5.4.18), (5.4.19), (5.6.14) and (5.6.12) into the
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identity (5.6.13) to get

PN p 1 r b 1 / /
—ONG -G g) =N - }+42 G+3) - XN -5}
1

2 12 / / p r ! p 1 r
(@ =N+ 8 +(§+§)_§}+Z{)\ +8+ (G +3) -5}

R R R T AT s
{8 = +2(a” = B Ng (Vi ViV (V) + 9V Vi (V)] + [=(a = 3°)(8' = 1)
P o g%y e Ly X B A () = 0.

By putting V3’ = ¢’ in the foregoing equation, we find
1 r p 1
[5(0/2—5/2){5—(—+—)—X—M’}+— ——(Z+2)=XN-=-p}

2 3
1 1
= BN B (G5 - gt VB (G5 - 5

A R R AN I
{8 = i+ 20 = B Ng(VV3) + 0 (V0 (V)] + [= (e = B7) (B — 1)
(6’ — 1) TP

o @ gt L (B ) =X = N () =0,

Now, we set Vl’ = ¢'V/ and Vi = ¢’V in the previous equation to arrive

2 /2 1 1 1 , ,
S -G - E+g)-x - }+4; E+3-x-g)
1

12 /2 / / p r / p 1 r
+(a —5){/\+5+(§+§)—§}+Z{A+ﬁ+(§+§)—§}
/ ! p 1 r 1 / / p 1 r
WHp+(G+g) -5 - W+ +(G+3) -5}
{8 = ' +2(”* = B*)Hg(&'V], ¢'V5) = 0. (5.6.15)

2

Again using the equation (5.6.14), we have

W=p, N=2p%-a)-p-E+)+L. (5.6.16)

Corollary 5.6.2. If a 3-dimensional trans-Sasakian manifold (M, g) with o, 5 constants
satisfies the condition M(&',V/)-S =0, then there does not exist a Ricci soliton M with
the potential vector field £'.

Theorem 5.6.3. If a 3-dimensional trans-Sasakian manifold (M, g, ¢’ ,n', &, o', B"), with
o, B' constants, admits a conformal n'-Einstein soliton (g,&', N, i), and satisfies the

condition S(¢', V) - M =0 then

134



W=, N =28 — o) = — (5+1)
or X =2a? ) (344~ ) = A~ F) 4
Proof. Suppose that 3-dimensional trans-Sasakian manifolds with conformal 7'-Einstein

soliton satisfy the condition
SV - M=0.
So, we have
SV, MV3, VaV)E' = S(E, MV, Vo))V + S(VY, V) M(E, Vi)V
=S VMV VE)Y + SV V) M(V;, €)Y = S(E, V) M(V3, Vi)Y
+S(VI, VMV, Vi)' = S(E, VIM(Vy, Vi)V = 0.
By taking the inner product with £, the above equation reduces to
SV, M(Vy, V5)V) = S MV, V)V (Vi) + SV Vo) (M(E, V5) V)
=S, Vy)n' (M V) V) + S(VE, Ve (M(V3, €)= S(E, Va)n' (M(V3, V)Y)
+S(VI, V) (M(V3, V5)ET) = S(E V) (M(Vy, V5)Vi) = 0. (5.6.17)
By letting V = ¢’ and using the equation (1.1.47), (1.1.61), (5.4.18), (5.4.19), (5.6.12) and

(5.6.14) the equation (5.6.17), becomes

2 1 2
(XN +p+ 5+ + )% = %)+ L@X +p+ 5+ + 5

3 3
/ 2 / / 2 /2 1 / 2 / /
N+ p o+ B0 = T+ N et o+ )]
{g(Vi, Vi)' (V) — g(Vi, V' (Vs)} = 0. (5.6.18)
Now as g(QV{,Vy) = S(V/,V3), then from (5.4.18), we have
!/ T 1 / / ! / !/ / ! /
QVi = {5 = (5 +3) =X = BV + (8 = i (V)¢ (5.6.19)

Using the equation (5.6.19), we have
po=pN=2(8%—a%)—p —( )

or N =2a" =% = (G+5) =B p = At =)+ 5

[NJ S

+

W=

]

Corollary 5.6.3. Suppose (M, g) is a 3-dimensional trans-Sasakian manifold with con-
stant o, B'. If the manifold satisfies the condition S(&',V/) - M = 0, then it does not

admits a Ricci soliton with the potential vector field &£ .
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5.7 Conformal n’-Einstein solitons on trans-Sasakian

3-manifolds with torse-forming vector field

We examine the behavior of conformal 7/-Einstein solitons on trans-Sasakian 3-manifolds

when the potential vector field is torse-forming.

Theorem 5.7.1. Suppose (M, g) is a trans-Sasakian 3-manifold admitting a conformal
1 -Einstein soliton, where £ is a torse-forming vector field. Then the manifold becomes

an n'-Einstein manifold, and the soliton is shrinking, steady or expanding according as
f>@* =)= (B+3), f=* =)= (§5+3) or f< (=87 = (5+73).
Proof. Assume that (g,&', N, i) is a conformal 7’-Einstein soliton on a trans-Sasakian

3-manifold (M, g), and that the Reeb vector field &' is torse-forming. Taking the inner
product of equation (1.1.47) with £, we obtain

9(Viy &, €)= (6" = D' (Vy). (5.7.1)

Also taking the inner product in equation (1.1.89) in the direction &', we get

9(Vy €', &) = f' (Vi) + (V). (5.7.2)

Combining (5.7.1) and (5.7.2), we obtain v = (' — 1 — f)n’. Thus from equation (1.1.89)

it follows that for a torse forming vector field £’ on a trans-Sasakian 3-manifold, we have

V& = fV =’ (VHE) + (8 = ' (V)€ (5.7.3)
Now from the formula of Lie differentiation and using (5.7.3) yields

(Leg)(V],Vy) = g(Vu&,Vy) + g(Vy€ V)
= 2f[g(V{,Va) =0/ (V)n' (V)] +2(8" — D) (V) (Vy). (5.7.4)

Since (g,&’, N, i’) is a conformal 7/-Einstein soliton, equation (1.2.98) is satisfied. In light
of equation (5.7.4), therefore the equation (1.2.98) reduces to

SOV =[5~ Bt 2 =N = VD) + (F = = B+ D (W) (7). (5.75)

Therefore, the manifold reduces to an 7/-Einstein manifold. On letting V; = ¢ in (5.7.5),
it follows that
SVILE) = (G = (G+3) =N = =B+ D' (V)), (5.7.6)
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Combining (5.7.6) with the equation (1.1.64) implies

2a”* = %) = (5 - <§+%) XN =y =B+ 1) (5.7.7)

On taking trace in equation (5.7.5), we obtain

1
r= 6X+6(§ o) Af 28 -2, (5.7.8)
Using equation (5.7.8) in (5.7.7), we get X' = (o/> — %) — f — (2 + %). This completes
the proof. n

5.8 Example of conformal n’-Einstein solitons on trans-

Sasakian 3-manifold

Finally, we construct an example to illustrate and support the results obtained.

Example 5.8.1. We consider M = {(V], V4, V4) € R® : V] £ 0}, where (V/, V3, V]) are
the standard coordinates on the Euclidean space. Since M is an open subset of R3, it is a
3-dimensional smooth manifold. We define the following vector fields on M :

e =5 0 €y = Vs 0 €y = 0
1= = 3=
vy’ vy’ vy

are orthogonal with respect to the Riemannian metric g is defined by:

)1 dfi=jandije{1,2,3)
o 0, otherwise.
Let & = €'s. Then the 1-form ' is defined by ' (V) = g(V4,€'s), for arbitrary Vi € x(M),
then we have the following relations:
(') =n'(e'2) =0, n'(€3) = 1.
Let us define the (1,1)-tensor field ¢’ as
P'e's = ¢, P'ely = —€'y, ¢'e’s =0,

then it satisfies,

GVY) = —Vi+r (Vi)es,

9(@'Vs, ¢'Vi) = g(Vs, Vi) —n'(V5)n' (V)
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for arbitrary V3,V € x(M). Thus (¢',&,n', g) defines an almost contact metric structure

on M. We can now easily conclude:
/ / / / / / / /
[61a62]207 [62)63]:_2627 [61763]:_261‘

Let ¥V be the Levi-Civita connection of g. Then from Koszul'sformula for arbitrary

VI, V3, Vi€ x(M) given by:
QQ(VV{VYQ,’ V3/) = ‘/1/9(‘/2/’ ‘/3,) + ‘/2,9(‘/3,7 ‘/1,) - Vi%/g(vl/7 Vg) - g(‘/llﬁ [V2/7 Vg])
9(Va, VI, V) + g(Vs, V1, Va)),

we can have:

v6’16/1 = 26/37 Ve/1€/2 = 07 v63'16,3 = _26,17
Ve,e'1 =0 Ve,e'o = 2¢ Ve,e's = —2¢
6/261_ ; 6’262_ €3, 6'263__ €2,
/ !/ /
Ve/3€ 1= O, Ve/36 2 = 0, ve/3€ 3 = 0.

From here we can easily verify that the relations (1.1.47) and (1.1.48) are satisfied. Hence
the considered manifold is trans-Sasakian manifold of type (0, —2). The components of

Riemannian curvature tensor are given by

R(Gll, 6/2)6/1 = —46,37 R(e/l, 6/2>€/2 = —46/1, R(e'l, 6,2)6,3 = 0,
R(e’l, €I3)€I1 = 4612, R(@ll, 6/3>€/2 = O, R(e'l, 6/3)6/3 = —46/1,
R(elg, 6/3)6/1 = O, R(Glz, 6,3)6,2 = —46/2, R(elg, 6/3)6/3 = —46,2.

And the components of Ricci tensor and *-Ricci tensor are given by:
S(e'y,¢e') =0, S(e'y,e'9) =0, S(e's, e's) = 8.

From here, we can easily deduce that the scalar curvature of the manifold r = Z?:1 S(ei, €)=

—8. Let us define a vector field by, V =¢'. Then we can obtain:

(Lvg)(er,eh) = —4, (Lvg)(e'a,e's) = —4, (Lvg)(e's,e'3) = 0.
Contracting (1.2.98) and using the result r = —8, we deduce N = _(3;;_;2) — %/ Now
using the identity (5.4.11), we get ' = 6. Then N = —(75’ + g) The value of X' and /'
satisfies the relation (5.4.21) and (5.4.22). So, g defines a conformal n'-Einstein solitons
on trans-Sasakian 3-manifold for N = —(% + g) and 1 = 6. Conformal n'-Einstein

soliton 1is shrinking i.e., X' > 0 if (g + %) < 0, steady i.e., N = 0 if (g + %) =0 and
expanding i.e., X' < 0 if (’23 + %) > 0.
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5.9 Geometrical and Physical Motivation and Con-

clusion

The study of conformal n’-Einstein solitons on Riemannian and pseudo-Riemannian man-
ifolds holds substantial importance in differential geometry, particularly within Rieman-
nian geometry and special relativistic physics. In the context of general relativity, there
exist physical models of perfect fluid spacetimes that admit conformal n-Einstein solitons
and exhibit curvature inheritance symmetries. Such models provide both physical and ge-
ometric insight into the nature of conformal n’-Einstein solitons. Therefore, investigating
perfect fluid spacetimes that admit these solitons helps highlight their physical signifi-
cance and deepens our understanding of their role in geometric analysis and spacetime
structure.

The mathematical concept of an almost conformal n-Einstein soliton should not be
confused with soliton solutions that arise in various areas of mathematical and theoretical
physics. Rather, it represents a geometric structure with significant physical applications,
particularly in general relativistic spacetimes involving viscous fluids with heat flux and
stress, dark and dust-filled universes, and radiation-dominated cosmological models. Con-
formal Einstein solitons and conformal n’-Einstein solitons also play a role in the study of
the renormalization group flow in nonlinear sigma models [86]. Specifically, the concept of
a conformal 7’-Einstein soliton can be examined in the context of renormalization group
flow of mass in two-dimensional field theories. Moreover, general relativistic spacetime
models admitting such solitons are of considerable interest across several fields, including
astrophysics [12, 15], plasma physics [4], string theory, and nuclear physics [60].

In this work, we have employed techniques from local Riemannian and semi-Riemannian
geometry to interpret solutions of equation (1.2.98), and to realize Einstein metrics
within a broad class of conformal 7/-Einstein soliton metrics on contact geometric struc-
tures—particularly on trans-Sasakian manifolds. Moreover, our results contribute mean-
ingfully to the field of differential geometry by providing foundational tools and per-
spectives that may inspire further exploration. Conformal 7’-Einstein solitons also play
a substantial and motivating role in mathematical physics, general relativity, quantum
cosmology, and the study of complex geometry. Their physical relevance and theoretical

importance can be seen in works such as [26, 86].
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Several intriguing questions arise from the present study, which may serve as the

basis for future research in this evolving area.

1. Is Theorem (5.4.4) still true without assuming the vector field V is collinear with

%

2. Is Theorem (5.4.9) still true if we do not assume that the manifold is Einstein

semi-symmetric?

3. If the vector field is not torse-forming, does the corresponding theorem (5.7.1) is

true?

4. Whether the results concerning conformal 7/-Einstein solitons on trans-Sasakian
3-manifolds extend or remain valid in other geometric settings such as nearly Ken-

motsu, paracontact manifolds and f-cosymplectic manifolds?
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Generalised Holling Type-111 Prey-Predator
Model with Crowding Effects of Predator

and its Geometric Comparison with the
Ricci Flow Equation

6.1 Introduction

We consider a generalised Holling Type-III Prey-Predator Model with Crowding Effects of
Predator and Holling type III response function incorporating a prey refuge. The type III
functional response is similar to type II in that at high levels of prey density, saturation
occurs. At low prey density levels, the graphical relationship of number of prey consumed
and the density of the prey population is a super-linearly increasing function of prey
consumed by predators, f(r) = lfa%, k > 1. This accelerating function was originally
formulated in analogy with of the kinetics of an enzyme with two binding sites for £ = 2.
More generally, if a prey type is only accepted after every k encounters and rejected the

k — 1 times in between, which mimics learning, the general form above is found.

Differential equation models describing interactions between species represent one of
the classical applications of mathematics to biology. Advances in analytical techniques,
coupled with the increasing power of computational tools, have significantly enhanced our
understanding of such models over time. In this chapter we analyze a Lotka—Volterra type
predator—prey model with Michaelis—-Menten type functional response. In this particular

model the population density of the prey is resource limited and each predator’s functional
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response to the prey approaches a constant as the prey population increases (i.e. a type
III response according to Holling). In addition [45], a spatial refuge protects a constant
proportion of prey from predation. The purpose of the work is to offer mathematical
analysis of the model and to discuss some significant qualitative results that are expected
to arise from the interplay of biological forces. The mathematical analysis includes the
existence of different feasible equilibria and their local as well as global stability. It
is shown that there exists a stable limit cycle around the interior equilibrium point.
Lastly we solve the geometrical equation with respect to Ricci flow and also draw some

geometrical plot corresponding to the solution.

6.2 Model formulation and boundedness of solution

We consider the following basic model for the predator prey system.

du a u) auv

— = ru(l—-=)—

dT k b+ u?

dv eau’v

—_— = — —_— 6.2.1

where u(T') represents the prey population(density), v(T') represents the predator popula-
tion, r intrinsic growth rate, k carrying capacity and the all positive parameters are a, b, ¢
and e. Here we proposed the generalised Holling type-III response functions. It is usually
describes the uptake of subtrate by micro organism in microbial dynamics kinetics.

For mathematics simplicity we consider the following transformation

Therefore the transformation equation is

dx ex?y

S (1 — ) —

dt (1= a + 12

dy ex?y

- = — —_— 2.2
dt By + a+ z?’ (6:2.2)

where € = %€ o = k% and = ¢ and also 2(0) > 0, y(0) > 0 and «, 8 and ¢ are all positive.

The boundedness of solution of the system (6.2.1) is proved in the following lemma.

Lemma 6.2.1. All solution of the system (6.2.1) that initiate in R.?, are eventually
uniformly bounded and enter into a region B defined by B = {(z,y) : w = £ + &, for any

&> 0}.
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Proof. We define the function w=x+y, therefore the time derivative

dw _ dr | dy _ ) ety cx’y
i =G Ta—r1l-xz ot z2 By + P

For each v > 0 ,we have
Lt yw < Hv+1)2— (8 —v).

Now we choose v < f3, then the righthand is bounded for all (x,y) € R3.Thus we choose
a p >0, such that

dw
E+vw<0.

Applying the theory of differential inequality [3] we obtain 0 < w(x,y) < &(1 —e™) +
w(x(0),y(0))e™", which upon letting t — oo, yields 0 < w < &, so we have that all
the solutions of system (6.2.1) that start in R > are confined to the region B, where

B={(z,y) :w=~2+¢, forany > 0}.

6.3 Basic Results

To, ensure the existence and uniqueness of system (6.2.1), we seek the solution in R? =
{(z,y) : * > 0,y > 0} so that all the standard results of existence, uniqueness and

continuous dependence on initial condition are evidently satisfies.

6.3.1 Equilibria

We now study the existence of equilibria of system (6.2.1) particular we are interested in
the interior or positive equilibrium.

To begin with we list all possible equilibria.

(i) The trivial equilibrium Ey(0,0).

(ii) Equilibrium in the absence of predator (y = 0) E;(1,0)

. (iii) The interior(positive) equilibrium E5(z*, y*), where 2* = | / 25 and y* = 3
For the equilibrium FEy(z*,y*) to be positive, we first need € — 5 > 0.

For y* to be positive, € > f(a + 1).

Thus for the existence of the positive equilibrium both € > 5 and € > f(a+ 1) must hold.
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6.3.2 Dynamic Behaviour

In this subsection we shall discuss [51] the stability properties of the eqquilibrium Fy F;
and F,. The Jacobian matrix of the system evaluated at the equilibrium point is given

by:

1 =2z~ o¢2€axz2y2 _o:mj:2
V(w,y) = o ) = (6.3.3)
(a+x2)2 _B + a+x?

Now for the equilibrium point Ey(0,0) is given by

1 0
0 —p
Hence the eigen values of this system are 1, —f.

Therefore Fy(0,0) is a saddle point.

Jacobian matrix for the equilibrium FE;(1,0) is given

€
1 a+1

0 _5 + oz—ei-l

The eigen values of the matrix are —1, —f + —. Hence E1(1,0) is locally asymtotically

a+
stable when ¢ < (a4 1) and unstable(saddle) when € > B(a + 1). When both Ey(0,0)
and F1(1,0) are stable according to the theorem (3.1) of [29], system is persistent. It is
observed that when Ej exists, E; is unstable(saddle).

The jacobian about the equilibrium FEj is given by

XY
Z 0
where
2eaxy
2
€T
2eaxy

The characteristic equation is A2 — AX 4+ Y Z = 0. The sum of the roots is equal to X and
product of the roots is equal to YZ which is always positive as € > f(a + 1).
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Now X will be negative if @(56_\/2%25@ <> 0.

From the above it is clear that Fs is locally asymtotically stable.
¢ Ve B(e~28)+28VaB
Now if V7

If E_B(:/ngﬁm = 0, then the system (6.2.1) enter into Hopf type small amplitude

< 0, then Ej is locally unstable in the xy plane.

periodic solution (limit cycle) near Es.

6.3.3 Existence of Limit Cycles

In two dimensions it is well known that there can be no limit cycles in models of com-
petitive or cooperative system. Further it is known for predator prey systems that the
existence and stability of a limit cycle is related to the existence and stability for positive
equilibrium. We assume that a positive equilibrium exists, for otherwise the predator
population tends to extinction [30], if the equilibrium is asymtotically stable, there may
exists limit cycles. The innermost of which must be unstable from the inside and the out
most of which must be unstable. From the outside, if the limit cycle do not exist in this
case, the equilibrium is globally asymtotically stable. If the positive equilibrium exists
and is unstable, there must occur at least one limit cycle.

In the present subsection we shall prove the system (6.2.1) has unique stable limit
cycle, when F5 becomes locally stable.

Let us consider the system (6.2.1) in the form

CC% = zg(z) — yp(z)
Y = y-B+p), (637
where g(x) = (1 — z), p(x) = aii?'

We have the following theorem regarded uniqueness of limit cycles of system (6.3.7)

Theorem 6.3.1. Suppose in the system (6.3.7),

(29 ) 19) 29w P |

dz —A+p(x)

in0 <z <az* and x* < x <1, then system (6.3.7) has exactly one limit cycle which is

globally asymtotically stable with respect to the set {(x,y) : x> 0,y > 0} — Ea(x*, y*).

By employing theorem (6.3.1), we can prove easily the following theorem.
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Theorem 6.3.2. If @(ff%%m <0, then system (6.2.1) has ezxactly one limit cycle
which is globally stable with respect to the set {(z,y) : x> 0,y > 0} — Ey(z*, y*).

Proof. This will be equivalent to proving

d (1—-27)— (1 —2)-2

—I ] <0
d _B + 0;3_3362
on 3_ .2
i[Zx - +Oz] >0,
dz x? =\
where \ = g itis equivalent to proving
21 3+ (A—a)] > 0
——— " — 3z —«
(=02 =
or,
20 — € Y
26—
which implies that,
Ve —Ble—2p8) 4+ 268ap <0
eve— [ -
The equality holds if and only if
Ve=Ble—28) +28VaB _ |
eve—pf '
This completes the proof. O

146



6.4 Numerical Simulation and Discussions

To understand the dynamics of the qualitative analysis, numerical simulations have been
carried out using MATLAB-R2016a and all the analytical results have been verified as
shown in the figures. We have done the simulations using the standard MATLAB differ-
ential equations integrator for Runge-Kutta method, i.e. MATLAB routine ODE 45. In
this numerical illustration of the system (6.2.2), we use different admissible values of the
system parameters to ensure our theoretical results. Keeping the feasibility condition of
equilibrium points in mind, we have chosen a set of parameter values such as § = 0.2,

e = 0.3 . Also we have chosen the values of « by using the following conditions:

(Z) a > (6 — ﬁ)(Qﬂ _ 6)2 = o™

453

(17) a<a™
(1i1) a=a™
For the set of parameter values, the system (6.2.2) possesses a unique equilibrium point,

i.e. Fy(x*,y*). Through the numerical simulation it is shown that the parameter « plays

an important role to shape the dynamics of the detritus based prey-predator system.

Figure 6.1: solution curves of the model for same initial values for § = 0.2, ¢ = 0.3 when

a = 0.04.

In Figure 6.1, we set the value of @ = 0.04 and we have shown the steady state of the

plant litter biomass and also observed that at first the population of microorganism pool
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Figure 6.2: phase plane trajectories of the system for different initial values for § = 0.2,

e = 0.3 when o = 0.04.

oscillates with small amplitude and the oscillation gradually decreases as the time increases
and the prey population attains its steady state value and the same picture is seen for
predator population. So, through this figure, it is seen that the system (6.2.2) is globally
asymptotically stable which proved the theoretical finding of global stability analysis.
The corresponding phase portrait of global asymptotic stability of the equilibrium point

(z*,y*, z*) has been shown in the Figure 6.2, at the same parameter values.

— )
)

Figure 6.3: solution curves of the model for same initial values for § = 0.2, ¢ = 0.3 when

a = 0.009.

Now in Figure 6.3, we choose the value of a = 0.009. This figure shows the instability

148



Figure 6.4: phase plane trajectories of the system for different initial values for § = 0.2,

e = 0.3 when a = 0.009.

of the system (6.2.2). In this figure the plant litter population maintains its steady state
but it is observed from the figure that there is a large amplitude oscillation with increasing
time for the prey and predator population which leads to limit cycle. The corresponding
phase portrait of stable limit cycle of the system has been shown in the Figure 6.4, for

the same parameter values.

Figure 6.5: solution curves of the model for same initial values for § = 0.2, ¢ = 0.3 when

o = 0.0299.

In Figure 6.5, we set the value of a = 0.0299 and the figure shows the existence of

small amplitude periodic oscillation which leads to Hopf-bifurcation, whereas the Figure
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Figure 6.6: phase plane trajectories of the system for different initial values for § = 0.2,

e = 0.3 when o = 0.0299.

6.6 demonstrates Hopf-bifurcation with small amplitude periodic oscillation around the

interior equilibrium point for the same parameter values.
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6.5 Geometric Overview of These Solutions with re-

spect to Ricci flow

ex?
a+tz2

Now from the equation (6.3.3) and using the relation = from the equilibrium we

have the matrix

1—20— 28y _p

ex?
a 2
QEny 0
If we consider
206y
Jgin = ].—21'— 3
€x
g2 = —p
2052y
921 = 3
€x
g2 = 0.

(6.5.8)

Corresponding of the these values, we have

2ext — ex® + 2a8%y

1
Ry = —
1
Ry = —
21 2y°
Ry = 0.

Using Ricci flow equation (1.2.90) corresponding to the above values we take first

dgi1 __
d_il = —2R11.

z(1—2x)

5 from the equilibrium we

Putting the values of g;; and Rj;, using the relation y =

t
* 20(1 — z)*{2ex® + 2a8(x — 2)}
2pe2xt — fexd 4+ 2a5%ex(1 — x)

For simplicity we take the stability value as a« = 0.4, f = 0.2 and € = 1 (using different

do = —dt. (6.5.9)

values of €) then from the equation (6.5.9), we get

4(1 — z)*{ba® + 42 — 8}
204 — 23 + 0.082(1 — x)

dx = —dt. (6.5.10)
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Then the general solution of the differential equation is

5 5% 1hr 1 (TTR* — T0R — 42)In(z — R)
S -2 = A 511
Tt 1 2 R —9R 3 In(z) =t+ A, (6.5.11)

T
3

where R =root of (22% — 22+ 2 —22) and A is a constant. Now initially z = 1, ¢ = 0 and

take R = —2 we get, A = %. Therefore the actual solution is
x> hr®  15r 1 (TTR* — 70R — 42)in(x — R) 17
i — 2l =t+ — .5.12
34 1 il 6R? _2R 2 @) =t+5,  (6512)

where R =root of the equation (22% — 2% + 2 — 2z) and the corresponding plot of this

solution is given below (using mapple).

From x=-1to | From x=-21t02

T T T T 1
-1 -0.5 0 0.5 1

x
plot 2d for the value of g_11and R_11 plot 2d for the value of g_11and R_11

Figure 6.7: plot 2d for x=-1 to 1 and for x=-2 to 2, when g1, Ry, are given

plot 2d for the value of g_11and R_11 plot 2d for the value of g_11and R_11

Figure 6.8: plot 2d for x=-3 to 3 and for x=-4 to 4, when ¢y;, R;; are given
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From -0.1t0 0.1 From -0.5t0 0.5

plot 3d forg_11 andR_11 plot 3d forg_11and R_11
Figure 6.9: plot 3d for x, t=-0.1 to 0.1 and for x, t=-0.5 to 0.5, when ¢;1, Rq; are given

From -1 tol From -5 to5

plot 3d forg_11andR_11 plot3d forg 11andR_11

Figure 6.10: plot 3d for x, t=-1 to 1 and for x, t=-5 to 5, when g1, Ry, are given

Next we consider g1 = —f, Rip = ﬁ which implies from (1.2.90) we get, y =

0, which is trivial and the corresponding values of x = 0,1. Therefore the solution

represented on the x axis from 0 to 1.

Again go1 = 200y Ry = ﬁ Then by taking the stability values of «, 5, € and from

exd

the Ricci flow equation (1.2.90) we have the equation
2(1 — 2?)(z — 2)

dr = —dt. (6.5.13)
x
Therefore the general solution is given by
2
Sx—20% — 20+ 4din(z) = —t + A. (6.5.14)

3
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Initially ¢ = 0, = 1, from (6.5.14) implies A = —13—0, therefore the complete solution is

2 ) 10
—r — 22" — 2z +4in(z) + — = —t. (6.5.15)
3 3
2D plot for x=-0.1to 1 2D plot for x=-2to 2
25 254
20 20
15 15
10 10
5 5
T T T T 1 r T T 1
0 0.2 0.4 0.6 0.8 1 -2 -1 0 1 2
For value ofgilé‘and R_12 For value of g_12and R_12 '

Figure 6.11: plot 2d for x=-0.1 to 1 and for x=-2 to 2, when g5, R15 are given

2D plot for x=-5to 5 2D plot for x=-10to 10
200
40
150
30
100
20
50
lﬂ—k
T T T T I T K T 1
-4 -2 0 2 4 -10 -5 0 5 10
X
For value of g_12 and R_12 For value of g_12 and R_12

Figure 6.12: plot 2d for x=-5 to 5 and for x=-10 to 10, when g2, R are given

For goo = 0 and Ry, = 0, there is no solution.
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From-1to 1 From-5to 5

plot 3d forg_12and R_12 plot 3d forg_12and R_12

Figure 6.13: plot 3d for x, t=-1 to 1 and for x, t=-5 to 5, when ¢;5, Ry are given

plot3d forg 12and R_12

Figure 6.14: plot 3d for x, t=-10 to 10 and for x, t=-30 to 30, when g5, Ris are given
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W,o-CURVATURE TENSOR ON
TRANS-SASAKIAN SPACE FORM

SOMNATH MONDAL!, ARINDAM BHATTACHARYYA?
(Received 18 August 2020)

Abstract. The objective of the present paper is to characterize trans-Sasakian space form satisfying
certain curvature conditions on Wa-curvature tensor. In this paper we study Wa-semisymmetric and
Wa- pseudosymmeric trans-Sasakian space form,W5s-locally symmetric trans-Sasakian space form,Ws-
locally ¢-symmetric trans-Sasakian space form and Ws-¢-recurrent trans-Sasakian space form. Some

of these results are in the form of necessary and sufficient conditions.

Keywords: Ws-curvature tensor, trans-Sasakian space form, pseudosymmetric mani-

fold, locally ¢-symmetric manifold, ¢-recurrent manifold .

Mathematics Subject Classification 2010: 53B15, 53B20, 53C15, 53C25.

1. Introduction. A Riemannian manifold with constant sectional curvature c is

known as a real space and its curvature tensor is given by

for all X,Y,Z € x(M). Representation for these space are hyperbolic spaces (¢ < 0)
spheres (¢ > 0) and Euclidean spaces (¢ = 0).

The concept of local symmetricness of a Riemannian manifold has been studied by
many authors in several way to a different extend such has (Alegre, Blair and Carriazo,
2004, Alegre and Carriazo, 2008 and Kim, 2006). The locally ¢-symmetricness
of Sasakian manifold was introduced by Takahashi in (Takahashi, 1997). De and
et al generalized this to the notion of ¢-symmetricness and then introduced the
notion of ¢-recurrent Sasakian manifold (Shaikh, Sudipta and De, 2009). Futher
¢-recurrent condition was studied on Kenmotsu (De, Yaliniz and Yildiz, 2009) LP-
Sasakian (Bagewadi, Pradeep Kumar and Venkatesha, 2011) and (LCS),, manifold
(Basu, Eyasmin and Shaikh, 2008).
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Abstract The prime object in this article is to study an almost n-Ricci—Yamabe soliton and gradient
almost n-Ricci-Yamabe soliton within the framework of almost Kenmotsu manifolds. It is shown
that normal almost Kenmotsu manifold admitting an almost n-Ricci—Yamabe soliton or gradient n-
Ricci-Yamabe soliton is locally isometric to hyperbolic space H2"+1(71). Next, we prove that if
a (K, ) almost Kenmotsu manifold admits an almost n-Ricci—Yamabe soliton, then the manifold is
n-Einstein. Besides, we find the condition for non-normal almost Kenmotsu manifolds acknowledging
gradient almost n-Ricci—Yamabe soliton. Moreover, an almost n-Ricci—Yamabe soliton on (x, 11)’-almost
Kenmotsu manifold has been studied. Lastly, we construct an example of a gradient almost 7n-Ricci—

Yamabe soliton on a 3-dimensional Kenmotsu manifold.

Keywords Ricci soliton, (k,u)-almost Kenmotsu manifold, (k,u)-almost Kenmotsu manifold, n-

Ricci—Yamabe soliton

MR (2010) Subject Classification 53D15, 53C15, 53C25

1 Introduction and Motivations

Contact geometry methods play an important role in modern mathematics. Contact geometry
has evolved from the mathematical formalism of classical mechanics. In 1969, Tanno [46]
classified the connected almost contact metric manifolds whose automorphism groups have
maximal dimensions as follows:

(a) Homogeneous normal contact Riemannian manifolds with constant ¢-holomorphic sec-
tional curvature if k(&, X) > 0;
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Abstract

We study conformal #-Einstein solitons on the framework of trans-Sasakian mani-
fold in dimension three. Existence of conformal #-Einstein solitons on trans-Sasa-
kian manifold is discussed. Then we find some results on trans-Sasakian manifold
which are conformal #-Einstein solitons where the Ricci tensor is cyclic parallel and
Codazzi type. We also consider some curvature conditions with addition to confor-
mal #-Einstein solitons on trans-Sasakian manifold. We also use torse-forming vec-
tor fields in addition to conformal #-Einstein solitons on trans-Sasakian manifold.
Finally, an example of conformal #-Einstein solitons on trans-Sasakian manifold is
constructed.

Keywords Trans-Sasakian manifold - Einstein soliton - Conformal #-Einstein

soliton - Codazzi type Ricci tensor - C-Bochner curvature tensor - W, curvature
tensor - M-projective curvature tensor

1 Introduction

The Ricci flow on a smooth manifold M with Riemannian metric g(¢) is given by
0
—g(t) = —2Ric,
580 ic

where Ric is the Ricci tensor of the metric g(#). A Ricci soliton is a solution of Ricci
flow (see details [24, 25, 57]), defined on a pseudo-Riemannian manifold (M, g) by
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ABSTRACT. In this article we study a d-Ricci-Yamabe almost soliton within the framework
of paracontact metric manifolds. In particular we study J-Ricci-Yamabe almost soliton and
gradient d-Ricci-Yamabe almost soliton on K-paracontact and para-Sasakian manifolds.
We prove that if a K-paracontact metric g represents a Jd-Ricci-Yamabe almost soliton
with the non-zero potential vector field V' parallel to £, then g is Einstein with Einstein
constant —2n. We also show that there are no para-Sasakian manifolds that admit a gra-
dient §-Ricci-Yamabe almost soliton. We demonstrate a d-Ricci-Yamabe almost soliton on
a (k, p)-paracontact manifold.
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Geometry of almost *-7-Ricci-Yamabe soliton on Kenmotsu manifolds
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Abstract. The goal of the present object is to study almost *-1-Ricci-Yamabe soliton within the framework
of Kenmotsu manifolds. It is shown that if a Kenmotsu manifold admits a *-n-Ricci-Yamabe soliton, then it
is n-Einstein. Next, we prove that if a (x, —2)'-nullity distribution, where x« < —1 acknowledges a *-n-Ricci-
Yamabe soliton, then the manifold is Ricci flat. Later, if g represents a gradient almost *-1-Ricci-Yamabe
soliton and & leaves the scalar curvature r invariant on a Kenmotsu manifold, then the manifold is an
n-Einstein. Further, we have studied on a Kenmotsu manifold if g represents an almost *-7-Ricci-Yamabe
soliton with potential vector field V is pointwise collinear with &, then the manifold is an n-Einstein. Lastly,
we give an example of a gradient almost *-1-Ricci-Yamabe soliton on a 5-dimensional Kenmotsu manifold..

1. Introduction

In modern mathematics, contact geometry methods be involved in important role to the field of differ-
ential geometry. Contact geometry has enlarged from the mathematical formalism of classical mechanics.
The concept of Ricci flow, which is an evolution equation for metrics defined over the connected almost
contact metric manifolds whose automorphism groups have maximal dimensions.

In 1972, Kenmotsu [21] obtained some tensor equations to characterize the manifolds of the third class.
Since then the manifolds of the third class were called Kenmotsu manifolds.

Very recently in 2019, Giiler and Crasmareanu introduced a new geometric flow which is a scalar com-
bination of Ricci and Yamabe flow under the name Ricci-Yamabe map [15]. This flow is also known as
Ricci-Yamabe flow of the type (p, q) [15].

A soliton to the Ricci-Yamabe flow is called Ricci-Yamabe soliton(RYS in short) if it moves only by one
parameter group of diffeomorphism and scaling. The metric of the Riemannain manifold (M", g), n > 2 is

said to admit (p, g)-Ricci-Yamabe soliton or simply Ricci-Yamabe soliton (RYS) (g, V, Q, p, q) if it satisfies the
equation:

Lyvg+2pS+[2Q—gr]lg =0,
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