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1
Introduction

1.1 Introduction and Overview

Coral reefs are vital to both global biodiversity [1–3] and economies [4–6], often referred
to as "the rainforests of the sea" due to their crucial role in supporting diverse ecosystems
[7, 8]. These ecosystems are among the most biologically diverse on Earth, despite cov-
ering less than 1% of the ocean floor [9–11]. Coral reefs support approximately 25% of
all marine species, including fish, mollusks, crustaceans, and both vertebrates and inverte-
brates [1, 12–15]. As such, they are critical habitats that contribute to global biodiversity.
Economically, coral reefs are invaluable assets, directly benefiting over 100 countries, es-
pecially in tropical regions. They are central to industries such as tourism, fisheries, and
coastal protection, generating an estimated 375 billion annually in goods and services [16–
20]. Coral reefs attract millions of tourists each year, who visit for activities like snorkeling
and diving. They also sustain fisheries that provide food and livelihoods for millions of
people and protect coastlines from erosion and storm damage [21–23]. Additionally, coral
reefs play a role in carbon sequestration and hold potential for future medical discoveries,
further emphasizing their economic importance [24–26]. The conservation of coral reefs is
essential for preserving both ecological balance and economic stability. Given their critical
role, our focus on developing a mathematical model for understanding and protecting coral
reefs is of utmost importance.

1
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1.2 Coral Reefs and Associated Biology

Corals are marine invertebrates that belong to the class Anthozoa of the phylum Cnidaria.
These stationary organisms, commonly known as polyps, depend on a symbiotic relation-
ship with tiny algae called zooxanthellae, a type of phytoplankton. Zooxanthellae live
within the coral’s tissue, exchanging nutrients and essential molecules to sustain both or-
ganisms. In addition to this symbiosis, corals feed on zooplankton [27–30]. Their tentacles,
equipped with stinging cells called cnidocytes, capture and immobilizeprey [31, 32]. The
tentacles then guide the zooplankton to the coral’s mouth, where it is ingested and digested
in the gastrovascular cavity [33]. Coral reefs are formed by thousands of polyps clustering
together, creating ecosystems that are among the most diverse on Earth. Found in shallow,
warm waters of tropical and subtropical regions, coral reefs provide habitats for a vast ar-
ray of marine species, fostering biodiversity and ecological stability. Beyond corals, other
organisms such as macroalgae and turf algae interact with the reef environment. In healthy
ecosystems, corals typically dominate. However, disturbances like overfishing, pollution,
and climate change can upset this balance, allowing macroalgae and turf algae to over-
grow and compete with corals for space, light, and nutrients. This competition disrupts the
delicate equilibrium of reef ecosystems, reducing coral cover and biodiversity.

• Macroalgae: Macroalgae, commonly known as seaweeds, are multicellular au-
totrophs classified into three groups based on their color: green (Chlorophyta), red
(Rhodophyta), and brown (Phaeophyta). They play a crucial role in marine ecosys-
tems by supporting benthic animal communities and serving as bioindicators for
water quality. Seaweed farming involves harvesting wild seaweeds or cultivating
them in onshore and nearshore environments, but onshore cultivation often conflicts
with other coastal activities. Offshore cultivation has been explored as a sustainable
alternative for biofuel and feed production, requiring careful selection of species and
site conditions. With a global market value of approximately USD 6 billion, around
10 species are intensively cultivated, with Saccharina Japonica being the most dom-
inant, followed by Kappaphycus alvarezii and several others.

• Turf algae: Turf algae are dense, filamentous, and short-growing algae that form a
mat-like layer over hard substrates in marine environments. They are a mixed as-
semblage of small algal species, including filamentous red, green, and brown algae,
as well as cyanobacteria. Turf algae play an important ecological role by providing
habitat and food for various marine organisms, but they can also compete with corals
for space and resources. Their overgrowth is often associated with environmental
disturbances such as nutrient enrichment, overfishing, and coral degradation. In de-
graded reef systems, turf algae can dominate, hindering coral recovery and altering
ecosystem dynamics.
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• Phytoplankton: Phytoplankton are microscopic, photosynthetic organisms that drift
in aquatic environments, forming the base of the marine and freshwater food web.
They include a diverse group of organisms such as cyanobacteria, diatoms, dinoflag-
ellates, and green algae. As primary producers, they convert sunlight into energy
through photosynthesis, producing oxygen and supporting marine life. Their abun-
dance and composition are influenced by factors like light, nutrients, temperature,
and water movement. Phytoplankton play a crucial role in global carbon cycling and
are key indicators of water quality and ecosystem health.

• Zooplankton: Zooplankton are small, heterotrophic organisms that drift in aquatic
environments and serve as a crucial link in the marine and freshwater food web.
They include a diverse range of animals such as protozoans, crustaceans (e.g., cope-
pods and krill), and the larval stages of fish and invertebrates. Zooplankton primarily
feed on phytoplankton and other microscopic organisms, transferring energy up the
food chain to larger predators. Their distribution and abundance are influenced by
environmental factors such as temperature, salinity, and nutrient availability. Zoo-
plankton play a vital role in nutrient cycling, carbon sequestration, and maintaining
ecosystem balance.

1.3 Threats on Coral Reefs Ecosystem

Coral reef ecosystems, among the most biologically diverse habitats on Earth, are increas-
ingly threatened by a range of interlinked factors, primarily driven by human activities and
environmental changes [16, 34–40]. Climate change is one of the most significant threats,
manifesting through rising sea temperatures, ocean acidification, and coral bleaching [41–
49]. As global temperatures rise due to greenhouse gas emissions [50–52], coral bleach-
ing occurs when corals expel the symbiotic algae (zooxanthellae) that provide energy and
vibrant coloration [53]. This leaves corals weakened, white, and vulnerable to disease.
Ocean acidification, caused by the absorption of excess atmospheric CO2, further exacer-
bates the problem by reducing the availability of calcium carbonate needed for corals to
build and maintain their skeletons, hindering reef growth and resilience [54–56]. In addi-
tion to climate change, pollution poses a serious threat to coral reefs [57–59]. Agricultural
runoff introduces excess nutrients into marine environments, promoting algal blooms that
outcompete corals for sunlight and oxygen [60–65]. Sedimentation from deforestation,
mining, and coastal development smothers reefs and reduces light penetration, which is
vital for photosynthesis [66, 67]. Furthermore, marine debris, especially plastics, physi-
cally damages coral structures and introduces toxins that harm marine organisms [68–72].
Overfishing and unsustainable practices compound these challenges by disrupting the eco-
logical balance of reef ecosystems [57, 73–75]. The depletion of herbivorous fish, such as
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parrotfish and sea urchins, allows algae to overgrow, smothering coral colonies [76–79].
Destructive fishing methods, including dynamite and cyanide fishing, physically damage
coral structures and decimate populations of reef-dependent species [80, 81]. Coastal de-
velopment amplifies these threats, as land reclamation, dredging, and construction increase
sedimentation and pollution in reef areas [82–84]. Human activities related to tourism, such
as careless anchoring, snorkeling, and diving, contribute to physical damage that breaks
coral structures and disrupts habitats [85, 86]. The introduction of invasive species further
jeopardizes coral reefs [87–90]. Predators like the crown-of-thorns starfish (Acanthaster

planci) can decimate coral populations when their numbers are unchecked, often due to
the absence of natural predators and human disruptions to the ecosystem [57, 91]. Natural
events, such as hurricanes and cyclones, can physically destroy reefs, but their frequency
and intensity are increasing due to climate change, leading to greater damage over time
[57, 92–94].
Finally, coral disease plays a crucial role as one of the most significant threats to the sur-
vival of coral reefs on Earth [95–97]. Coral disease is an abnormal condition of coral reefs
that interrupts organism function linked with specific symptoms and signs. White Plague
Disease (WPD), White Band Disease (WBD), and Black Band Disease (BBD) are among
the most significant diseases impacting coral reef ecosystems, as highlighted by various
studies [98–106]. The spread of these diseases is driven by diverse microbial communities
that damage coral tissues, disrupt the symbiotic relationship between corals and their zoox-

anthellae (photosynthetic algae critical for coral metabolism), create unfavorable chemical
environments, and ultimately contribute to coral bleaching [103, 105, 107–110].
The spread of diseases in coral reefs occurs through two main mechanisms: direct and in-
direct transmission [111, 112]. Direct transmission involves physical contact between in-
fected and healthy corals, though this is less common due to the immobile nature of corals.
Conversely, indirect transmission, particularly through pathogens (bacteria, viruses, fungi,
and protozoa, etc), is a more efficient method in coral reef outbreaks. Ocean currents are
instrumental in this process, enabling free-living pathogens to travel across vast ocean dis-
tances [113]. This indirect form of pathogen transfer is known as waterborne transmission
[114]. A more critical pathway, however, is vector-borne transmission, where pathogens
are carried from infected corals to healthy ones by corallivores such as fireworms, snails,
and especially various reef fish, significantly enhancing the spread of infections [115–119].
Key groups of coral disease pathogens include:

• Bacteria: Bacteria are single-celled microorganisms belonging to the domain (Bac-

teria), characterized by their simple cell structure without a nucleus. They are found
in various environments, including marine ecosystems, where they play essential
roles in nutrient cycling, symbiosis, and decomposition. While some bacteria are
beneficial, others can be pathogenic and contribute to coral diseases. Common bacte-
rial coral diseases include White Band Disease (WBD), Black Band Disease (BBD),
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Yellow Band Disease (YBD), and White Plague (WPD). These diseases can lead to
coral tissue loss, reduced growth, and ecosystem imbalances, often exacerbated by
environmental stressors such as pollution and climate change.

• Fungi: Fungi are diverse group of eukaryotic microorganisms that include yeasts,
molds, and filamentous fungi, playing essential roles in decomposition, nutrient cy-
cling, and symbiotic relationships in various ecosystems. They reproduce through
spores and can thrive in a wide range of environments, including marine habitats.
While some fungi are beneficial, others can act as pathogens, causing diseases in
plants, animals, and corals. In coral ecosystems, Aspergillosis, caused by the fun-
gus Aspergillus sydowii, is a well-known disease that primarily affects sea fan corals
(Gorgonia spp.), leading to tissue loss and necrosis. Environmental stressors such
as pollution and climate change can increase fungal infections, further threatening
coral health and reef stability.

• Viruses: Viruses are microscopic infectious agents that consist of genetic material
(DNA or RNA) enclosed in a protein coat, requiring a host cell to replicate. They
infect a wide range of organisms, including bacteria, plants, animals, and marine life.
In coral ecosystems, viruses can contribute to coral diseases by targeting symbiotic
algae (Symbiodiniaceae) or coral tissues, leading to stress and bleaching. One known
viral-associated coral disease is White Plague, which has been linked to bacterial and
potential viral pathogens, causing rapid tissue loss in corals. Environmental stressors
such as rising sea temperatures and pollution can exacerbate viral infections, further
threatening coral reef health.

• Protozoa: Protozoa are single-celled, eukaryotic microorganisms that exhibit animal-
like behavior, such as movement and predation. They are found in diverse environ-
ments, including marine ecosystems, where they play essential roles in nutrient cy-
cling and as part of the food web. While many protozoa are beneficial, some can
act as pathogens, causing diseases in corals and other marine organisms. One such
disease is Brown Band Disease (BrB), associated with protozoan parasites like Heli-
costoma nonatum, which consume coral tissue and symbiotic algae, leading to coral
degradation. Environmental stressors such as temperature fluctuations and pollution
can increase protozoan infections, further impacting coral reef health.

• Cyanobacteria: Cyanobacteria, also known as blue-green algae, are photosynthetic
prokaryotic microorganisms that play a crucial role in marine and freshwater ecosys-
tems. They contribute to primary production, nitrogen fixation, and microbial in-
teractions in coral reef environments. However, under certain conditions such as
nutrient enrichment and rising sea temperatures, cyanobacteria can proliferate ex-
cessively, leading to harmful effects on corals. One such disease is Black Band Dis-
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ease (BBD), caused by a microbial consortium dominated by cyanobacteria such as
Phormidium corallyticum, which forms dark bands on coral surfaces and degrades
tissue. Environmental stressors like pollution and climate change can further pro-
mote cyanobacterial growth, exacerbating coral reef degradation.

1.4 Delay in Coral Reefs Ecosystem

Delay refers to the time lag between an action or event and its observable effect within
a system. In ecological contexts, delays capture the non-instantaneous responses of or-
ganisms or processes, such as population growth, recovery, or interactions. These delays
are essential for understanding dynamic systems, as they significantly influence stability,
resilience, and the effectiveness of interventions. Without accounting for these time lags,
models and management strategies risk oversimplifying complex natural processes and
overlooking critical aspects of ecosystem dynamics.
Delays can be categorized into two primary types: continuous delays and discrete delays.
Continuous delays occur when the effect of past states influences the current state over a
range of time. These are typically modeled using distributed delay kernels, such as gamma
distributions, to provide a more realistic representation of gradual effects. For example,
habitat restoration or changes in predator-prey dynamics often follow a continuous delay
pattern. In contrast, discrete delays involve fixed time lags where a specific past state di-
rectly affects the present, such as the immediate but delayed impact of a disturbance or
the onset of disease symptoms. Both types are crucial for capturing the complexities of
ecological systems.
In the context of coral reef ecosystems, delays play a pivotal role in understanding and
managing the intricate processes that sustain these environments. Coral reefs face numer-
ous stressors, including climate change, disease outbreaks, and predator-prey imbalances.
Delays reflect the inherent time lags in ecological responses, such as coral recovery after
disturbances, the delayed adjustments of predator populations to changes in prey availabil-
ity, or the incubation periods of diseases. Incorporating these delays into models helps to
predict more realistic recovery timelines and understand the long-term impacts of interven-
tions.
Blackwood et al. [120] demonstrated the importance of delays in coral-algal interactions
on Caribbean reefs. They highlighted the delayed response of parrotfish populations to
changes in coral habitat complexity. Although these delays did not alter the stability of
equilibria, they significantly reshaped the basins of attraction, affecting the likelihood of
recovery to a coral-dominated state. This emphasizes the need for considering transient
dynamics in reef management, as interventions might require accounting for delayed eco-
logical effects to ensure success. Similarly, Dela Cruz et al. [121] examined predator-prey
dynamics involving Crown-of-Thorns Starfish (COTS) and coral species. They empha-
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sized how lags in coral recovery and predator population responses to human interventions
critically impact the effectiveness of COTS management. By incorporating delays, their
model provided more accurate recovery timelines, enabling better planning and conser-
vation strategies. Bhattacharyya et al. [122] explored delays in coral diseases, such as
Black Band Disease (BBD). Their research identified two critical delays: the incubation
period of pathogens in corals and the recovery time of algal turf following grazing by
herbivores. These delays play a crucial role in determining ecosystem stability. Cross-
ing certain thresholds can lead to regime shifts, such as oscillatory behavior or transitions
to algae-dominated states. Their findings stress the importance of timely interventions to
prevent long-term damage to coral reefs. Together, these studies highlight that delays are
not just technical details but fundamental aspects of coral reef dynamics. Ignoring them
can lead to unrealistic predictions and ineffective strategies. By capturing the delayed re-
sponses of key processes, researchers and managers can better understand the resilience
and recovery potential of coral reefs, ultimately guiding more effective interventions to
preserve these vital ecosystems amidst increasing environmental stressors.

1.5 Literature Review and Motivation

Coral reefs, as one of the most diverse and essential marine ecosystems, provide critical ser-
vices, including biodiversity preservation, food security, and coastal protection. However,
these ecosystems are increasingly threatened by various factor such as biotic (diseases,
overfishing, competition with macroalgae, etc.) and abiotic (rising sea temperatures, ocean
acidification, pollution, etc.) factors, which play a pivotal role in reef degradation. To com-
prehend the impacts of these factors comprehensively, developing a mathematical model
of coral reef dynamics is essential. Mathematical models are valuable tools for gaining
deeper insights into the underlying dynamics of observed coral communities while also
assessing the potential effects of stressors and the effectiveness of management strategies
aimed at ensuring coral survival and resilience. To understand and address this problem,
Mumby et al. [123] first developed a mathematical model in 2007, using a system of ordi-
nary differential equations (ODEs) to explore the interactions between corals, macroalgae,
and algal turfs. In this paper authors assumed that the seabed was entirely covered by these
three components and analyzed how grazing intensity, primarily by herbivorous fish like
parrotfish, influenced the stability of coral reef ecosystems. The key objective of the study
was to determine whether algae-dominated reefs represented an alternative stable state and
to identify the thresholds for coral recovery. A critical finding was the phenomenon of
hysteresis, where the transition from coral to algae dominance occurred at a lower thresh-
old of grazing intensity than the threshold required for recovery. This result highlighted
the significant ecological feedbacks between grazing intensity and coral resilience, indi-
cating that recovering degraded reefs required much higher management efforts compared
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to maintaining healthy coral cover. In 2012, the model was extended by Blackwood et al.
[124] they introduced the explicit dynamics of herbivorous fish populations, such as par-
rotfish, into the system. This work moved beyond the static assumption of fixed grazing
rates by incorporating population dynamics, including the effects of fishing pressure and
natural mortality. By coupling grazer abundance with coral recovery, the model allowed re-
searchers to study how feedbacks between coral habitat and grazer populations influenced
reef resilience. Two distinct recovery scenarios were identified: (1) severely damaged reef
structures where physical habitat loss limited parrotfish recruitment, and (2) structurally
intact but coral-depleted reefs, where algae dominated due to reduced grazing or bleach-
ing events. The study emphasized that recovery efforts needed to address both fishing
pressure and other restoration strategies, particularly in regions with significant physical
damage. It showed that reducing fishing alone might be insufficient for severely degraded
systems and that coupled efforts were essential for resilience. Building upon these foun-
dations, Blackwood et al. [125] in 2018, revisited and refined the coral-algae interaction
model, further exploring the concept of alternative stable states in the presence of multiple
stressors. This study incorporated external factors such as ocean acidification, rising sea
temperatures, and hurricane-induced damage, making the model more comprehensive and
applicable to real-world conditions. They expanded the model to include additional inter-
actions, such as competition with sponges, recruitment dynamics, and external coral and
algae inputs. They analyzed the bifurcation behavior of the system, identifying the criti-
cal grazing thresholds that determined whether a reef would remain in a coral-dominated
state or transition to algae dominance. This findings underscored the importance of local-
ized management strategies, tailored to specific reef conditions and stressors. For instance,
reefs subjected to overfishing might benefit from targeted fishing regulations, while those
affected by bleaching events might require coral transplantation or other restoration tech-
niques. Several studies [121, 126–129] have expanded on [123], describing the dynamics
of coral reef ecosystems and their interactions with various factors such as rising sea sur-
face temperatures, destructive fishing, and more.
Among the various factors contributing to coral reef degradation, coral disease is one of
the most severe. It is an abnormal condition that disrupts the functions of coral organ-
isms, often presenting with distinct symptoms and signs. The first recorded coral disease,
Black Band Disease (BBD), was observed by Antonious in 1973 [130], with additional
diseases identified in subsequent studies [131–133]. Coral diseases spread through two
primary pathways: contagious transmission (direct contact) and non-contagious transmis-
sion (pathogen-mediated) [112, 134, 135]. To better understand coral disease dynamics,
many scientists have conducted field experiments and case studies [37, 136–142]. Bhat-
tacharyya et al. in [122], was the first to introduce a mathematical model using ordinary
differential equation on coral disease, extending the framework presented in [124]. This
model categorized coral populations into two subclasses: susceptible and infected. In this
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study, the authors focused on understanding the impact of Black Band Disease (BBD)
on coral reefs using an eco-epidemiological model. They examines how BBD transmis-
sion pathways (both contagious and non-contagious), reduced herbivory, and macroalgal
growth contribute to coral decline and phase shifts in reef ecosystems. The findings reveal
that low coral recruitment, high macroalgal immigration, and decreased herbivory can drive
irreversible shifts from coral-dominated to macroalgae-dominated reefs. Furthermore, the
model demonstrates that when BBD transmission surpasses a critical threshold, it triggers
significant coral loss through bifurcations, including transcritical, saddle-node, and Hopf
bifurcations. These results emphasized that managing herbivore populations and control-
ling macroalgal spread are essential for maintaining coral reef resilience. Bhattacharyya et
al. introduced another mathematical model [143] using an ordinary differential equation
(ODE) system, expanding on the framework presented in [122–124, 144]. This extended
model incorporates pathogen growth rate as a state variable, allowing for a more compre-
hensive analysis of disease dynamics in coral reef ecosystems. The primary objective of
this study is to investigate the impact of macroalgal allelopathy and pathogen-mediated dis-
ease transmission on coral reefs using an eco-epidemiological model. Their study explores
how macroalgae contribute to pathogen proliferation, affecting disease transmission and
coral resilience. They observed that increased macroalgal toxicity and pathogen growth
can lead to severe coral decline, whereas higher herbivore grazing plays a crucial role in
maintaining reef stability and resilience.
Several studies [145–147] have explored the recovery of coral an infected state to a sus-
ceptible state. These experimentals studying collectively suggest that coral recovery is
influenced by lesion size, environmental conditions, immune responses, and initial colony
health. Corals transition from an infected state back to a susceptible state through a multi-
phase healing process, including wound sealing, immune activation, tissue proliferation,
and recolonization by symbiotic algae. Immune responses, such as upregulation of Toll-
like receptor pathways and antimicrobial peptides, prevent bacterial infections, allowing
corals to restore their microbial homeostasis and regenerate tissues. The studies also em-
phasize the role of environmental factors, with higher regeneration rates observed in less
stressed habitats, while chronic stressors like pollution and high turbidity hinder recov-
ery. This recovery phenomenon, we introduced in Chapter 2, coral disease mathematical
model which extension of [122] and also described the effect of recovery rate on coral
disease dynamics. The study of ecological models frequently emphasizes their long-term
behavior; however, there is growing acknowledgment of the significance of understanding
transient dynamics. For this reason we introduced a delay differential equation in Chapter
3, and developed a mathematical model to study the dynamical behaviour of coral dis-
ease and recovery rate. Disease spreads into corals not only through contagious and non-
contagious ways but also through the consumption of zooplankton by susceptible corals
[112, 148]. In a tank-based experiment [136], researchers demonstrated that zooplankton
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can act as a vector for white band disease (WBD) in the endangered coral species Acropora

cervicornis. This study found that zooplankton exposed to disease-causing pathogens were
capable of transmitting WBD to healthy corals in controlled conditions. Since corals feed
on zooplankton as part of their natural diet, the ingestion of pathogen-carrying zooplank-
ton allows bacteria to enter coral tissues, facilitating disease transmission. Identifying this
gape and being motivated by this, we devoloped a mathematical work in Chapter 4, and
described the impact of zooplankton mediated disease out-break in coral reefs ecosystem.
In addition to these factors, fish also play a crucial role in spreading disease among coral
reef populations. Many experimental studies [117, 149, 150] show that disease spreads
among coral populations by fish predation. In [149] authors examined the role of coral
predators (corallivores) in influencing coral disease dynamics, a factor often overlooked in
coral disease research. This study synthesizes data from 65 studies across 26 ecoregions,
demonstrating that corallivores can facilitate disease by breaking through coral tissue, act-
ing as disease vectors, or serving as pathogen reservoirs. This observational studies found
strong positive correlations between corallivore abundance and disease prevalence, while
experiments confirmed that corallivores could transmit pathogens and influence disease
progression. Also finding this gap and being motivated by the work [149], we developed a
mathematical model in Chapter 5, to describe the impact of fish predation on coral disease
dynamics, which is an extension of the model [143].

1.6 Orientation

The thesis has been organized in the following manner: In Chapter 2, we developed a
mathematical model to analyze the dynamics of coral disease transmission and recovery,
focusing on the interactions between infected and susceptible coral colonies. The study
examines how disease spreads through waterborne pathogens and how environmental fac-
tors, such as macroalgae overgrowth and fish grazing, influence coral health. The key
finding of the research is the identification of a tri-stability region, where different sta-
ble states of the coral reef ecosystem can coexist. The model reveals that the interplay
between disease transmission rate (λ ) and recovery rate (ω) plays a crucial role in deter-
mining coral resilience. The study also highlights the importance of fish grazing (g) in
controlling macroalgae, which indirectly supports coral recovery. These insights provide
a deeper understanding of coral reef ecosystem dynamics and offer guidance for conser-
vation and management strategies. In Chapter 3, we investigate the impact of incubation
time delay on coral reef ecosystems affected by coral disease. For this study, we propose a
mathematical model incorporating time delay to analyze the stability of coral populations
and the dynamics of disease transmission. Key findings indicate that incubation delay can
destabilize the system, leading to oscillatory behavior in coral populations. The model
demonstrates that a critical delay threshold exists, beyond which the system undergoes a
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Hopf-bifurcation, resulting in periodic fluctuations in coral and macroalgae populations.
Numerical simulations validate these theoretical predictions and highlight how varying
disease transmission rates influence coral health. The study also shows that increasing
the rate at which infected coral recovers to a healthy state can mitigate oscillations and
reduce disease spread. Furthermore, the research emphasizes the role of environmental
and ecological factors in shaping coral reef dynamics. The findings provide insights into
the resilience of coral ecosystems and inform strategies for reef conservation. In Chap-
ter 4, we discusse and analyze the role of zooplankton in the transmission of White Band
Disease (WBD) in coral reef ecosystems. For this study, we consider a five-dimensional
non-linear eco-epidemiological model to investigate both contagious and non-contagious
pathways of disease transmission. Key findings suggest that zooplankton-mediated trans-
mission is more harmful to corals compared to other modes, while infected coral-to-coral
transmission is the least detrimental. The study also identifies a Hopf bifurcation occur-
ring when disease transmission rates exceed a critical threshold, leading to oscillatory coral
population dynamics. Increased mutualism between phytoplankton and susceptible corals
is found to aid coral recovery. Numerical simulations validate these analytical results,
demonstrating different equilibrium and stability scenarios. The study provides crucial
insights into coral disease dynamics, emphasizing the need for conservation efforts that
consider multiple transmission pathways. In Chapter 5, we investigate the intricate rela-
tionship between fish predation and coral disease dynamics using a mathematical modeling
approach. This study investigates the impact of fish grazing on coral health, the spread of
diseases, and competition with macroalgae within coral reef ecosystems. This study finds
that fish predation plays a dual role—while it can facilitate disease transmission by spread-
ing pathogens, it also suppresses macroalgae, which competes with corals for space. The
analysis reveals that coral survival depends on a delicate balance of fish predation, where
both extremely low and high predation levels can protect corals from disease outbreaks.
The study also identifies a tipping point where increasing fish predation shifts the ecosys-
tem from a disease-dominated state to a healthier one. Additionally, the work shows that
disease severity (virulence) and disease transmission rates interact with predation levels, in-
fluencing coral persistence. These findings underscore the necessity of incorporating biotic
interactions into coral reef conservation strategies, particularly in the context of overfishing
and habitat degradation. Finally, the thesis ends with the conclusion and future direction in
Chapter 6.

1.7 Some Basic Mathematical Definitions and Theorems

This section introduces the essential mathematical concepts and analytical tools used to
study the behavior of dynamical systems. These foundational definitions and theorems
will serve as the basis for examining the different models presented throughout this thesis.
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1.7.1 Nonlinear System

A dynamical system characterizes how certain variables or states change over time, guided
by specific rules that govern their temporal evolution. In essence, it provides a mathemat-
ical model for capturing the progression of a system’s behavior. Analyzing such systems
especially those exhibiting continuous and nonlinear dynamics requires the use of differ-
ential equations. These equations allow us to formally describe the interplay between vari-
ables and their rates of change, offering insights into the system’s behavior and long-term
evolution. A general form of a nonlinear dynamical system is given by:

dy(t)
dt

= f (y(t)), (1.1)

where f is a nonlinear, vector-valued function whose components act on the respective
elements of the state vector.

y(t) = [y1,y2, ........,yr]
T . (1.2)

In a dynamical system, the components of the state vector yi (i = 1,2, ....,r); evolve
over time, capturing the temporal behavior fundamental to the system’s dynamics. To
mathematically represent such systems, one can utilize a range of differential equation
frameworks, including ordinary differential equations (ODEs), delay differential equations
(DDEs), stochastic differential equations (SDEs), and others.

1.7.2 Non-negativity

The non-negativity of solutions to the system (1.1) ensures that, for nonnegative initial con-
ditions, the state variables remain nonnegative for all finite time t. This property reinforces
the reliability and interpretability of the model’s predictions. A subset Λ ⊂Rr

+,0 is defined
as a Non-negativity invariant set if

Λ = {y ∈ Rr
+,0 : yi ≥ 0}, (1.3)

where y(0) = y0 ∈ Λ implies y(t,y0) ∈ Λ for all t ≥ 0.

1.7.3 Existence and Uniqueness Theorem

Theorem 1.1 Assume that f ∈ C1(A), where A is an open subset of Rr
+ containing the

point y0. Then, there exists a real number L > 0 such that the dynamical system (1.1) with

initial condition y(0) = y0 admits a unique solution on the interval [−L, L].
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1.7.4 Boundedness and Uniform Persistent

From a biological perspective, the boundedness of the system implies that the population
cannot grow without limit or tend toward infinity. Conversely, to analyze the system’s
long-term dynamics, it is essential to examine the property of uniform persistence.

Definition 1.2 The nonlinear dynamical system (1.1) is considered bounded if there exists

a real constant L > 0 such that every solution y(t) of the system satisfies limsup
t→∞

y(t)≤ L.

Definition 1.3 The nonlinear dynamical system (1.1) is said to exhibit uniform persistence

if every solution y(t) satisfies liminf
t→∞

y(t)> 0.

1.7.5 Equilibrium Point

An equilibrium point of a dynamical system is a constant solution that does not change
with time and arises from the system’s differential equations. It is also commonly referred
to as a singular point, fixed point, or stationary point.

Definition 1.4 A point y1 is defined as an equilibrium point of the system (1.1) if it satisfies
dy
dt

∣∣
y=y1

= f (y1) = 0.

1.7.6 Local Stability

The next section provides a comprehensive overview of stability analysis, a fundamental
concept with wide-ranging applications across numerous areas of applied mathematics.

Definition 1.5 A fixed point y1 of the system (1.1) is said to be locally stable if, for every

ε > 0, there exists a δ > 0 such that any solution y(t) of the system with initial condition

y(0) = y0, satisfying ∥y0 − y1∥ ≤ δ , also satisfies ∥y(t)− y1∥< ε for all t ≥ 0, where ∥ · ∥
denotes the Euclidean norm.

Definition 1.6 A fixed point y1 of the system (1.1) is said to be locally asymptotically stable

if it is locally stable and there exists a constant µ > 0 such that for any initial condition

y(0) = y0 with ∥y0 − y1∥< µ , the solution y(t) satisfies lim
t→∞

∥y(t)− y1∥= 0.

Definition 1.7 A fixed point y1 of the system (1.1) is considered unstable if it does not

satisfy the conditions for stability.

1.7.7 Routh-Hurwitz Criteria

Assume that B is a square matrix and Ir denotes the identity matrix of order r. Let pi ∈R for
i = 1,2, . . . ,r, with pr ̸= 0. Then, the characteristic polynomial of the matrix B is defined
as

B(λ ) = det(B−λ Ir) = λ
r + p1λ

r−1 + p2λ
r−2 + ......+ pr−1λ + pr. (1.4)
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The eigenvalues of the matrix B are all negative or possess negative real parts if and only if

Bs =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p1 p3 p5 ..... 0

1 p2 p4 ..... 0

0 p1 p3 ..... 0

. . . ..... .

. . . ..... .

0 0 0 ..... ps

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

> 0, for s = 1, 2, 3,.....r.

Followings are the Routh-Hurwitz criteria for r = 2, 3 and 4.

For r = 2 : p1 > 0, p2 > 0.

For r = 3 : p1 > 0, p3 > 0, p1 p2 − p3 > 0.

For r = 4 : p1 > 0, p3 > 0, p4 > 0, (p1 p2 − p3)p3 − p2
1 p4 > 0.

1.7.8 Bifurcation Theory

In mathematics, bifurcation theory explores how the qualitative behavior of a system evolves
as parameters are varied. It focuses on identifying critical parameter values at which the
system undergoes transitions between distinct states or dynamic regimes. Typically ap-
plied to nonlinear systems—such as those described by differential equations—bifurcation
theory analyzes how even minor changes in parameters can result in significant shifts in
the system’s overall behavior.

• Transcritical Bifurcation A transcritical bifurcation is a particular type of bifurca-
tion observed in dynamical systems when a parameter attains a critical threshold.
This bifurcation is characterized by the exchange of stability between two equilib-
rium (or fixed) points. The term “transcritical” reflects the fact that these equilibria
intersect and swap their stability properties. As the control parameter is varied, the
system undergoes a qualitative shift in behavior, with the stability of the involved
equilibrium points reversing accordingly.

Let us assume that

dy
dt

= f (y,µ) (1.5)

is a system of ordinary differential equations, where y ∈ Rr
+ and µ ∈ R. Suppose that the

system (1.5) admits an equilibrium point denoted by y0.
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Theorem 1.8 (Sotomayor’s theorem [151]). Assume that f (y0,µ0)= 0, and let Γ≡Dy f (y0,µ0)

be a p×r matrix representing the Jacobian of f evaluated at (y0,µ0). Suppose Γ has a sim-

ple eigenvalue λ = 0 with associated eigenvector w, and that the transpose ΓT possesses

a corresponding eigenvector u for the same eigenvalue λ = 0. If the following conditions

are satisfied:

uT
Γ(y0; µ0) = 0; uT [DΓ(y0; µ0)w] ̸= 0; uT [D2

Γ(y0; µ0)(w, w)] ̸= 0,

then the system undergoes a transcritical bifurcation at the equilibrium point y0 as the

parameter µ crosses the critical value µ = µ0.

• Hopf Bifurcation Named after the mathematician Eberhard Hopf, the Hopf bifurca-
tion is a fundamental concept in dynamical systems theory, particularly in the context
of ordinary differential equations. It describes a scenario in which a system under-
goes a qualitative change in behavior as a parameter reaches a critical threshold,
leading to the emergence of a stable limit cycle. Specifically, a Hopf bifurcation
occurs when a previously stable equilibrium point becomes unstable, and a periodic
solution (limit cycle) is born as the control parameter varies.

Theorem 1.9 Let

dy
dt

= f (y, φ) (1.6)

be a system of continuously differentiable equations defined on Rr
+, with φ ∈ R represent-

ing a system parameter. Suppose the Jacobian matrix evaluated at the equilibrium point E

possesses a pair of complex conjugate eigenvalues.

µ = c(φ)± id(φ),(where c, d ∈ R)

At a critical parameter value φ = φ1, the complex conjugate eigenvalues become purely

imaginary, i.e., [Re(µ)]φ=φ1 = 0.

The eigenvalues cross the imaginary axis if the transversality condition is satisfied, namely,[
dRe(µ)

dφ

]
φ=φ1

̸= 0.

Consequently, the system (1.6) undergoes a Hopf bifurcation at the critical parameter value

φ = φ1 in the neighborhood of the equilibrium point E. The parameter φ is referred to as

the bifurcation parameter, while φ1 is known as the bifurcation point.





2
Coral Disease and Recovery Dynamics: A

Mathematical Model Apporach

2.1 Introduction

Coral reefs, although occupying less than 1% of the ocean floor, support approximately
25% of marine biodiversity, making them among the most ecologically rich and economi-
cally significant ecosystems globally. They provide critical habitat, feeding, and breeding
grounds for numerous marine organisms, while also offering substantial economic bene-
fits through fisheries, tourism, and shoreline protection. The intricate three-dimensional
structures of reefs act as natural barriers, mitigating coastal erosion and storm damage.
As such, the protection and sustainable management of coral reefs are essential to global
ecological balance and economic stability. However, these vital ecosystems are increas-
ingly endangered by a combination of anthropogenic and natural stressors. Activities such
as overfishing, pollution, habitat destruction, and unregulated coastal development have
contributed significantly to reef degradation. Compounding these impacts, climate change
has emerged as a dominant threat, with rising sea surface temperatures triggering mass
coral bleaching and ocean acidification undermining reef structural integrity. These stres-
sors compromise coral health and resilience, creating favorable conditions for the emer-
gence and proliferation of coral diseases. Coral diseases have become a leading cause of
reef decline, with multiple syndromes identified over recent decades. Diseases such as
Black Band Disease (first recorded by A. Antonius in 1973), White Band Disease, Yellow

17
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Band Disease, White Pox Disease, Aspergillosis, and Brown Band Disease are associated
with distinct pathogenic organisms and environmental triggers. These diseases manifest
through various symptoms, including tissue necrosis, discoloration, and skeletal exposure,
often leading to partial or total colony mortality. For example, Black Band Disease is
driven by a complex microbial mat dominated by cyanobacteria and sulfur-cycling bacteria,
while Aspergillosis is caused by fungal pathogens affecting gorgonian sea fans. Pathogen
transmission occurs through multiple routes: direct contact between infected and healthy
colonies, waterborne dispersal via ocean currents, and biological vectors such as fish, in-
vertebrates, and suspended sediments. Infected colonies function as continuous reservoirs,
releasing pathogens that spread to nearby susceptible corals. Elevated sea temperatures
and nutrient enrichment further intensify disease outbreaks by weakening coral immune
responses and promoting microbial imbalances. Given the diversity in microbial commu-
nities associated with different diseases, understanding the specific interactions between
hosts, pathogens, and environmental factors is crucial for managing disease spread. De-
spite these challenges, coral recovery remains possible through a combination of internal
and external mechanisms. Biologically, corals can initiate immune responses and produce
antimicrobial substances to combat pathogens [146]. Recovery is supported by energy
from symbiotic zooxanthellae, which may be replaced by thermally tolerant strains after
bleaching events [152, 153]. Ecological support, including herbivorous fish that control
algal overgrowth, improves the environment for regeneration [154]. Moreover, connectiv-
ity with nearby healthy reefs can facilitate the exchange of beneficial microbes and genetic
material, enhancing resistance and recovery potential [155]. In severely degraded reef sys-
tems, active interventions such as coral nurseries, transplantation, and microbial therapies
(e.g., probiotics or amoxicillin treatments) have shown promising results in controlling dis-
ease and aiding recovery. When integrated with broader conservation strategies including
marine protected areas, sustainable resource management, and water quality improvements
these measures contribute to a holistic framework for reef restoration. This study aims to
develop and analyze a mathematical framework that captures the key features of coral dis-
ease and recovery dynamics. The results will inform targeted management and intervention
strategies, ultimately contributing to the preservation of coral reef ecosystems in an era of
accelerating environmental change.

2.2 Model Formulation

We examine the temporal evolution of spatial occupation among foundational benthic
functional groups, namely corals C(t), macroalgae M(t), and turf algae T (t), within reef
ecosystems. Corals are subject to competitive overgrowth by macroalgae at a rate a, while
turf algae are similarly displaced by macroalgal expansion at a rate γ . Following mortality
events affecting either corals or macroalgae, turf algae rapidly exploit the liberated sub-
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strate, exhibiting opportunistic colonization behavior. Coral recruitment and subsequent
growth are facilitated by settlement on turf-dominated substrates, governed by a rate r.
Both macroalgae and coral populations are subject to intrinsic mortality, parameterized by
v and d, respectively. Furthermore, herbivorous fish exert top-down control on macroalgae
through grazing, thereby creating spatial vacancies that are subsequently colonized by turf
algae; the maximal rate of such grazing activity is represented by g. Based on these bi-
otic interactions and ecological feedback mechanisms, we formulate a system of nonlinear
coupled differential equations to encapsulate the dynamic interplay among these benthic
assemblages. This modeling framework aligns with established approaches in the literature
(cf. [123, 124, 126, 129, 156–158]), providing a quantitative foundation for understanding
coral reef regime shifts and resilience dynamics.

dM
dt

= aMC−g
M

M+T
+ γMT − vM,

dC
dt

= rCT −aMC−dC,

dT
dt

= g
M

M+T
+ vM+dC− (γM+ rC)T, (2.1)

where M+C+T = 1.
Coral disease poses a profound threat to the integrity and persistence of reef ecosystems,
contributing significantly to coral mortality and the erosion of biodiversity. Like other
organisms, corals are vulnerable to pathogenic infections, with outbreaks frequently exac-
erbated by environmental perturbations such as elevated sea surface temperatures, nutri-
ent enrichment, pollution, and ocean acidification. These stressors can compromise coral
immune defenses and disrupt microbial homeostasis, enabling opportunistic pathogens to
initiate infections. Pathogenic agents residing in the water column, sediments, or reef sur-
faces can infiltrate coral tissues via multiple transmission routes [112]. Once established,
infections propagate efficiently through coral populations, modifying the host-associated
microbiome and fostering conditions conducive to further disease proliferation. Despite
the ecological urgency, relatively few mathematical models have been constructed to rig-
orously investigate coral disease dynamics [110, 122, 143]. In modeling the infection
process, two principal mechanisms are recognized: direct (contagious) transmission and
indirect (environmentally mediated) transmission. Let CS(t) and CI(t) represent the den-
sities of susceptible and infected corals at time t, respectively, such that CS +CI =C. For
analytical tractability, we consider a simplified scenario in which disease propagation oc-
curs exclusively through direct (contagious) transmission. In this framework, infected coral
colonies (CI) disseminate pathogens into the surrounding water, thereby infecting adjacent
susceptible colonies (CS) via contact-mediated transmission. This interaction adheres to a
mass-action formulation, with the infection rate expressed as λCSCI , where λ is the disease
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transmission rate through contagious way. Infected corals experience elevated mortality,
represented by the additional death rate e. However, recovery mechanisms such as lesion
healing and sloughing of diseased tissue permit infected colonies to revert to a susceptible
state. This recovery process is modeled as a transition from CI to CS at a rate ω , under
the assumption that immunity is not retained post-recovery. Integrating these assumptions,
the disease extended reef dynamics can be described by the following system of nonlinear
differential equations:

dM
dt

= aM(CS +CI)−
gM

M+T
+ γMT − vM,

dCS

dt
= rTCS −aMCS −dCS −λCSCI +ωCI, (2.2)

dCI

dt
= λCSCI −aMCI − (d + e)CI −ωCI,

dT
dt

=
gM

M+T
+ vM+d(CS +CI)+ eCI − γMT − rTCS.

Without any loss of generality, we assume that M+T +CS +CI = 1 then from model (2.2)
we obtained

dM
dt

= aM(CS +CI)−
gM

1−CS −CI
+ γM(1−M−CS −CI)− vM ≡ F1,

dCS

dt
= rCS(1−M−CS −CI)−aMCS −dCS −λCSCI +ωCI ≡ F2, (2.3)

dCI

dt
= λCSCI −aMCI − (d + e)CI −ωCI ≡ F3.

To analyze model (2.3), we consider positive initial conditions: M(0) > 0, CS(0) > 0 and
CI(0)> 0.

2.3 Results

2.3.1 Positivity

As the state variables of the system (2.3) correspond to population densities, the concept
of positivity indicates that populations never reach zero and consistently endure.

Theorem 2.1 Given positive values, each solution to our system (2.3) is not only exists but

also unique in the interval [0,∞), ensuring that M(t)> 0, CS(t)> 0, CI(t)> 0, ∀ t > 0.

Proof: Let H = (M, CS, CI)
T and G(H) = [G1, G2, G3]

T . Consequently, the system (2.3)
can be represented as:

Ḣ = G(H),
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where G : R+ → R3
+ and H(0) = H0 ∈ R3

+,with Gi ∈ R∞(R+), for i = 1,2,3. The vec-
tor function G is completely continuous and locally Lipschitzian concerning the variables
(M, CS, CI) in G = [M(t), CS(t), CI(t)]; M > 0,CS > 0 and CI > 0. Utilizing the lemma
from [163], we can assert that any solution (M, CS, CI,) of the system (2.3) with positive
initial values exits and is unique in the interval [0,T ], ∀ t > 0. Where T is a finite positive
real number.

2.3.2 Stability and Bifurcation Analysis

2.3.2.1 Existence of Equilibrium Points

The system (2.3) has four different equilibrium points, which are described as follows:

i. Coral free equilibrium E1 =
(

1− g+v
γ
,0,0

)
. Equilibrium point E1 always exists if

g+v
γ

< 1.

ii. Macroalgae-free equilibrium, E2 =
(

0, d+e+ω

λ
, (d+e+ω)[r(λ−d−e−ω)−dλ ]

λ [r(λ+e+ω)+λ (d+e)]

)
. E2 exists

if λ > r(d+e+ω)
r−d and r > d.

iii. Macroalgae and infected coral-free equilibrium E3 = (0, r−d
r ,0). Equilibrium point

E3 exists if r > d.

iv. E∗ = (M∗,C∗
S ,C

∗
I ) is the interior equilibrium point of the system (2.3). Where M∗ =

λC∗
S−(d+e+ω)

a = f ∗1 (C
∗
S) (say),

and C∗
S is a positive solution of the equation

a(CS + f2(C∗
S))−

g
1−CS− f2(C∗

S)
+ γ(1− f1(C∗

S)−CS − f2(C∗
S))− v = 0,

with C∗
I =

(C∗
S)

2(rλ+ar+aλ )−C∗
S [ra+r(d+e+ω)+a(d+e+ω)−ad]

aω−arC∗
S−aλC∗

S
= f2(C∗

S).

2.3.2.2 Local Stability Analysis

We summarize the stability analysis of the system (2.3) in the following theorem.

Theorem 2.2 The stability behaviour of the system (2.3) around the equilibrium points are

described below.

i. Coral free equilibrium E1 =
(

1− g+v
γ
, 0, 0

)
is locally asymptotically stable (LAS)

if g+v
γ

< 1 and r+ a(g+v)
γ

< a+d.

ii. Macroalgae-free equilibrium E2 =
(

0, d+e+ω

λ
, (d+e+ω)[r(λ−d−e−ω)−dλ ]

λ [r(λ+e+ω)+λ (d+e)]

)
is LAS if

(a− γ)(CS2 +CI2)−
g

(1−CS2−CI2)
2 + γ − v < 0, b22 +b33 < 0 and b22b33 > b23b32.

Where CS2 = d+e+ω

λ
, CI2 = (d+e+ω)[r(λ−d−e−ω)−dλ ]

λ [r(λ+e+ω)+λ (d+e)] and bi j is the element of the

Jacobian matrix J2 at E2.
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iii. Macroalgae and infected coral-free equilibrium E3 = (0, r−d
r , 0) is LAS if

(a− γ)CS3 −
g

(1−CS3)
2 + γ −v < 0, (λCS3 −d−e−ω)< 0 and d < r with CS3 =

r−d
r .

iv. Interior equilibrium E∗=(M∗, C∗
S , C∗

I ) is LAS if

R1 > 0, R3 > 0 and R1R2 > R3.

Proof:
(i) Now the Jacobian matrix of the system (2.3) at E1 is given by

J1 =

(−g+ γ −2γM1 − v) (a−g− γ)M1 (a−g− γ)M1

0 r− rM1 −aM1 −d ω

0 0 −(aM1 +d + e+ω)

 ,

with M1 = (1− g+v
γ
).

The eigenvalues of the Jacobian matrix J1(E1) are given by
−g+ γ −2γM1 − v, r− rM1 −aM1 −d, −(aM1 +d + e+ω).
All, the eigen values are negative if g+v

γ
< 1 and g+v

γ
(r+a)< a+d.

Therefore, the system is locally asymptotically stable at E1 if g+v
γ

< 1 and g+v
γ
(r+ a) <

a+d.
(ii) The Jacobian matrix of the system (2.3) at E2 is given by

J2 =

b11 0 0
b21 b22 b23

b31 b32 b33

 ,

where,

b11 = aCS2 +aCI2 −
g

(1−CS2 −CI2)
+ γ − γCS2 − γCI2 − v,

b21 =−(r+a)CS2,

b22 = r−2rCS2 − rCI2 −d −λCI2,

b23 =−rCS2 −λCS2 +ω,

b31 =−aCI2,

b32 = λCI2,

b33 = λCS2 −d − e−ω,

with CS2 =
d+e+ω

λ
and CI2 =

(d+e+ω)[r(λ−d−e−ω)−dλ ]
λ [r(λ+e+ω)+λ (d+e)] .

Now the characteristic equation of J2 is given by

| J2 − xI3 |= 0.
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The one root of the characteristic equation of J2 is: aCS2+aCI2− g
(1−CS2−CI2)2 +γ −γCS2−

γCI2 − v,

and the remaining two roots are given by the equation:

x2 − (b22 +b33)x+(b22b33 −b23b32) = 0.

Therefore, all the eigenvalues of the Jacobian matrix J2 are negative if aCS2 + aCI2 −
g

(1−CS2−CI2)2 + γ − γCS2 − γCI2 − v < 0, b22 + b33 < 0, b22b33 > b23b32. Thus, the system
(2.3) is locally asymptotically stable at E2.
(iii) The Jacobian matrix of the system (2.3) at E3 is

J3 =

d11 0 0
d21 d22 d23

0 0 d33

 ,

where,

d11 = aCS3 −
g

(1−CS3)
+ γ − γCS3 − v,

d21 =−(r+a)CS3,

d22 = r−2rCS3 −d,

d23 =−rCS3 −λCS3 +ω,

d33 = λCS3 −d − e−ω,

with CS3 =
r−d

r .

Now the characteristic equation of J3 is given by

| J3 −qI3 |= 0.

The roots of the characteristic equation of J3 are:
aCS3 − g

(1−CS3)2 + γ − γCS3 − v, r−2rCS3 −d, λCS3 −d − e−ω .
Therefore, all the eigenvalues of the Jacobian matrix J3 are negative if aCS3 − g

(1−CS3)2 +

γ −γCS3−v < 0, r−2rCS3−d < 0, λCS3−d−e−ω < 0. Thus, the system (2.3) is locally
asymptotically stable at E3.
(iv) The Jacobian matrix of the system (2.3) at E∗ is

J∗ =

c11 c12 c13

c21 c22 c23

c31 c32 c33

 ,



24 Chapter 2. Coral Disease and Recovery Dynamics: A Mathematical Model Apporach

with

c11 = aC∗
S +aC∗

I −
g

(1−C∗
S −C∗

I )
+ γ −2γM∗− γC∗

S − γC∗
I − v,

c12 = aM∗− gM∗

(1−C∗
S −C∗

I )
2 − γM∗,

c13 = aM∗− gM∗

(1−C∗
S −C∗

I )
2 − γM∗,

c21 =−(r+a)C∗
S ,

c22 = r− rM∗−2rC∗
S − rC∗

I −aM∗−d −λC∗
I ,

c23 =−rC∗
S −λC∗

S +ω,

c31 =−aC∗
I ,

c32 = λC∗
I ,

c33 = λC∗
S −aM∗−d − e−ω.

Now, the characteristic equation of J∗ is given by

| J∗− lI3 |= 0.

i.e,
l3 +R1l2 +R2l +R3 = 0. (2.4)

Where,

R1 =−c11 − c22 − c33,

R2 = c11c22 + c11c33 + c22c33 − c23c32 − c12c21 − c13c31,

R3 = c11c23c32 − c11c22c33 + c12c21c33 − c12c31c23 − c13c21c32 + c13c31c22.

Using Routh-Hurwitz criteria, E∗ will be locally asymptotically stable, if
(i) R1 > 0 and R3 > 0
(ii) R1R2 > R3.

2.3.2.3 Bifurcation Analysis

The bifurcation nature of the system (2.3) with respect to the parameter g and λ can be
described in the following theorem.

Theorem 2.3 When the grazing parameter g exceeds a critical value g∗, the system (2.3)

demonstrates a Hopf-bifurcation around the interior equilibrium E∗ if the following con-

ditions are satisfied: renewcommandiviv

i. R1(g∗)> 0, R3(g∗)> 0,
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ii. R1(g∗)R2(g∗)−R3(g∗) = 0,

iii. R′
3(g

∗)> R′
1(g

∗)R2(g∗)+R1(g∗)R′
2(g

∗),

iv.
[

d(Rel(g))
dg

]
g=g∗

̸= 0.

Proof: We have already shown that the interior equilibrium point E∗=(M∗,C∗
S ,C

∗
I ) is lo-

cally asymptotically stable provided the characteristic equation (2.4) when Routh-Hurwitz
criteria satisfied. We would like to know if E∗ will lose its stability when one of the pa-
rameters changes. We choose g, the force of grazing as the bifurcation parameter.
For the Hopf-bifurcation to occur at g = g∗, the characteristic equation must be of the
following form:

l3 +R1l2 +R2l +R3 = 0

⇒(l2 +R2)(l +R1) = 0 [since,R1R2 = R3]. (2.5)

Then the equation has three roots: ±i
√

R2 and −R1. Now, for g ∈ (g∗−δ ,g∗+δ ), where
δ > 0 then we have,

l1(g) = µ(g)+ iν(g)

l2(g) = µ(g)− iν(g)

l3(g) =−R1.

Now, put the value of l(g) = µ(g)+ iν(g) into the characteristic equation (2.5), i.e. (l2 +

R2)(l +R1) = 0, we have,

{(µ + iν)2 +R2}(µ + iν +R1) = 0. (2.6)

Taking partial derivative of (2.6) w.r.t. µ , we have:

(µ2 −ν
2 +2iµν +R2)(µ + iν +R1) = 0,

=⇒ (2µµ
′−2νν

′+2iµ ′
ν+2iµν

′+R′
2)(µ+iν+R1)+(µ ′+iν ′+R′

1)(µ
2−ν

2+2iµν+R2)= 0,

=⇒ [2µ
2
µ
′iν +2µµ

′R1 −2νν
′
µ −2ν

2iν ′−2νν
′R1 +2iµ ′

µν

+2i2µ
′
ν

2+2iµ ′
νR1+2iµ2

ν
′+2i2µνν

′+2iµµ
′R1+R′

2µ+R′
2iν+R′

2R1]+[µ ′
µ

2−µ
′
ν

2+2iµ ′
µν

+µ
′R2 + iν ′

µ
2 − iν ′

ν
2 +2i2µνν

′+ iν ′R2 +R′
1µ

2 −R′
1ν

2 +2iR′
1µν +R′

1R2] = 0,

=⇒ [2µ
2
µ
′+2µµ

′R1 −2νν
′
µ −2νν

′R1 −2µ
′
ν

2 −2µνν
′+R′

2µ +R′
2R1 +µ

′
µ

2

−µ
′
ν

2 +µ
′R2 −2µνν

′+R′
1µ

2 −R′
1ν

2 +R′
1R2]
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+i[2µµ
′
ν −2ν

2
ν
′+2µ

′
µν

+2µ
′
νR1 +2µ

2
ν
′+2µν

′R1 +R′
2ν +2µ

′
µν +ν

′
µ

2 −ν
′
ν

2 +ν
′R2 +2R′

1µν ] = 0,

=⇒ µ
′[2µ

2 +2µR1 −2ν
2 +µ

2 −ν
2 +R2]+ν

′[−2µν −2νR1 −2µν +2µν ]

+[R′
2µ +R′

2R1 +R′
1µ

2 −R′
1ν

2 +R′
1R2]

+i[µ ′(2µν+2µν+2νR1+2µν)+ν
′(−2ν

2+2µ
2+2µR1+µ

2−ν
2+R2)+(R′

2ν+2µR′
1ν)]= 0,

=⇒ [µ ′(3µ
2 −3ν

2 +2µR1 +R2)−ν
′(2νR1 +2νµ)+(R′

2µ +R′
1µ

2 −R′
1ν

2 +R′
3)]

i[(6µν +2νR1)µ
′+ν

′(3µ
2 −3ν

2 +2µR1 +R2)+(R′
2ν +2µR′

1ν)] = 0,

=⇒ [Kµ
′−Lν

′+M]+ i[Lµ
′+Kν

′+N] = 0.

Now, for bifurcation parameter g, we have

[K(g)µ ′(g)−L(g)ν ′(g)+M(g)]+ i[L(g)µ ′(g)+K(g)ν ′(g)+N(g]) = 0. (2.7)

By taking

K(g)µ ′(g)−L(g)ν ′(g)+M(g)) = 0,

L(g)µ ′(g)+K(g)ν ′(g)+N(g) = 0.

We have,

⇒ µ
′(g) =−

(
K(g)M(g)+N(g)L(g)

K2(g)+L2(g)

)
, (2.8)

where

K(g) = 3µ
2(g)−3ν

2(g)+2µ(g)R1(g)+R2(g),

L(g) = 6µ(g)ν(g)+2ν(g)R1(g),

M(g) = µ
2(g)R′

1(g)+µ(g)R′
2(g)+R′

3(g)−ν
2(g)R′

1(g),

N(g) = 2µ(g)ν(g)R′
1(g)+ν(g)R′

2(g).

For the bifurcation parameter g = g∗ we have µ(g∗) = 0 and ν(g∗) =
√

R2(g∗).
Then,

K(g∗) =−2R2(g∗),

L(g∗) = 2R1(g∗)
√

R2(g∗),

M(g∗) = R′
3(g

∗)−R′
1(g

∗)R′
2(g

∗),

N(g∗) =−R′
2(g

∗)
√

R2(g∗).
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Now from the equation (2.8) we have[
dRel(g∗)

dg∗

]
g=g∗

= µ
′(g∗) =−

[
K(g∗)M(g∗)+N(g∗)L(g∗)

K2(g∗)+L2(g∗)

]
,

=

[
R′

3(g
∗)−R′

1(g
∗)R2(g∗)−R1(g∗)R′

2(g
∗)

2R2(g∗)+2R2
1(g

∗)

]
.

Now, if R′
3(g

∗)> R′
1(g

∗)R2(g∗)+R1(g∗)R′
2(g

∗) then we have
[

d(Rel(g))
dg

]
g=g∗

> 0.

Hence,
[

d(Rel(g))
dg

]
g=g∗

̸= 0. Which completes the proof.

Theorem 2.4 If r ̸= d and rω ̸= (r+λ∗)(r−d) the proposed system (2.3) exhibits a tran-

scritical bifurcation at E3 when λ crosses λ∗, where λ∗=r(d+e+ω

r−d ), with r > d. At this

threshold, the conditions of the emergence of such pivotal bifurcation are given by:

i. W T fλ (E3;λ∗)=0,

ii. W T [D fλ (E3,λ∗)V ] ̸= 0,

iii. W T [D2 fλ (E3,λ∗)(V,V )] ̸= 0.

Proof: At λ = λ∗ the Jacobian matrix of the system (2.3) at E3 is

J3 =

aCS3 − g
(1−CS3)

+ γ − γCS3 − v 0 0

−(r+a)CS3 r−2rCS3 −d −(r+λ∗)CS3 +ω

0 0 λ∗CS3 −d − e−ω

 .

Therefore, the Jacobian matrix has a simple zero eigenvalue if

λ∗CS3 −d − e−ω = 0,

i.e., if

λ∗ = r
(

d + e+ω

r−d

)
.

Let V and W be the eigenvectors corresponding to the zero eigenvalue for J3 and JT
3 , re-

spectively.
Then we get V =(0, v2, 1)T and W = (0, 0, 1)T , where
v2 =

rω−(r+λ )(r−d)
r(r−d) .

We obtain W T fλ (E3;λ∗) = 0, where λ∗ = r(d+e+ω

r−d ). and so no saddle-node bifurcation
occurs at E3 when λ crosses λ∗.
Also, D fλ (E3,λ∗)V = (0, −CS3, CS3)

T gives W T [D fλ (E3,λ∗)V ] = r−d
r ̸= 0, if r ̸= d.
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Now, we have

D2 f (E3,λ∗)(V,V ) =

 0
−2rv2

2 −2(r+λ∗)v2

2λ∗v2

 ,

this gives W T [D2 f (E3,λ∗)(V,V )]=2λ∗
rω−(r+λ∗)(r−d)

r(r−d) ̸= 0, if r ̸= d and rω ̸= (r+λ∗)(r−
d).

2.4 Description of the Parameters

Table 2.1: Parameters used in the system (2.3)

Parameters Description Value Refference

a rate of macroalgal direct 0.24 [124, 159, 160]

overgrowth over coral

g The maximum grazing rate 0.2 [159]
of harbivorous fish

γ Rate of macroalgae vegetative 0.8 [161]

spread over algal turfs

r Recruitment rate of corals 1 [161]

on turf algae

v Natural mortality rate 0.01 [161]

of macroalge

λ Disease transmission rate 3

through contagious way

d Natural mortality rate 0.024 [144, 162]

of corals

ω Rate of infected coral colonies revert 0.1 –
to the susceptible class

due to regeneration of tissue

e Disease induced death 0.1 [143]

rate of infected corals

2.5 Numerical Analysis

In this section, we examine the effects of key parameters on the aquatic ecosystem using
the proposed model (2.3). These parameters play a crucial role in coral disease dynamics,
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influencing both disease spread and potential recovery, either individually or through com-
bined effects.
Numerical results are essential in mathematical modeling as they provide a visual rep-
resentation of the system’s behavior, enhance the analytical findings, and offer a clearer
biological interpretation. For the following simulations, all numerical results are generated
by using MATCONT (dhooge2003matcont, dhooge2008new) within the MATLAB envi-
ronment (version 2021a). Except for the parameters used in the bifurcation analysis, all
other parameter values are taken from Table 2.1.

2.5.1 Towards Reefs Abundances Concerning Transmission Rate (λ )

In the first case, we consider the grazing rate of herbivorous fish is fixed at g =0.15 and the
recovery rate of an infected coral community set at ω = 0.2. In Figure (2.1a), we plotted
the entire dynamical scenario with respect to the transmission rate λ . In the low disease
transmission rate (0< λ < 0.3319), only the stable equilibrium state is E3, In this low trans-
mission rate, corals thrive in a healthy state, free from disease. Now, at λ = 0.3319, system
(2.3) exhibits a transcritical bifurcation (TB1) where the existing stable state E3 becomes
unstable and exchanges its stability with the coexisting state E∗. Until λ =1.8187, only
the coexisting equilibrium is stable in the ecosystem. Therefore, the infection cannot influ-
ence the coexistence disbalance under our existing condition for a certain parameter range
(0.3319 < λ < 1.8187). This indicates that in the underwater ecosystem, there is always a
certain disease at a particular level, but if no external force (sometimes caused by internal
issues of the coral reefs) does not arise, the entire community can survive. Now, with fur-
ther increase of the parameter λ , at λ= 1.8187, the coexisting state, E∗ becomes unstable
and changes its stability with the state E2 via another transcritical bifurcation (TB2) and
there is no macro algae present in the state E2 with higher density of the infected coral reef.
Interestingly, after TB2 there is no stable state exist after this bifurcation at λ = 1.8187, but
when we extend the unstable branch of the existing unstable coexisting equilibrium point
E∗, there is a saddle-node bifurcation occurs at λ = 1.393 where two coexisting equilib-
rium points created (vanish) through this bifurcation point. Notable things, from λ = 1.393,
our considered system has a bistable region of two coexisting equilibrium points with one
corresponding a coexistence via lower disease state and another one is higher disease state,
which is a very interesting phenomenon in the coral-reef ecosystem. Therefore, for certain
increments of the disease transmission, the disease may exist in higher density or exist
with lower density depending on the initial value of the state. After the bistable region if
we further increase the higher state coexisting equilibrium points, a Hopf bifurcation arises
at λ = 1.8771, and the higher state becomes unstable.
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(a) (b)

Figure 2.1: Bifurcation behavior of the model system (2.3) with respect to λ for g = 0.15,
ω = 0.2, (Fig. a) and for g = 0.2, ω = 0.1, (Fig. b), while rest of the parameter values are
keep remain same as Table 2.1.

In the above bifurcation, we can observed that in the low transmission rate (λ ), the
coral can be more healthily in the absence of macro algae, the disease transmission rate
increases to a certain level, and then coexisting state becomes more suitable position (may
exist a single coexisting state or a bistable satiation or a stable oscillation arise) which play
a role like double edge sward phenomenon.
Now we extend our exploration by changing the respective grazing rate (g), and disease
recovery rate (ω), slightly differentl from the previous one. Set g = 0.2 (observing the high
grazing effect from the previous bifurcation) and ω = 0.1 (taken low recovery rate). From
Fig. 2.1b, the bifurcation phenomenon are look like same the Fig. 2.1a, but the major
change is there is no hopf bifurcation present in the diagram as well as there is two bistable
region one is same as previous one and another with higher disease state with E2. There-
fore, for different combinations of the parameters, g and ω , the transmission of disease
shows different characteristics in the underwater coral reef ecosystem, and we explore this
whole change in our bi-parameter dependency section via two parameters bifurcation.

2.5.2 Effect of Other Parameters

The disease burden in the under water ecosystem (like coral-algae adjustment). We have
already seen in the previous subsection that the role of fish predation or the coral disease’s
recovery rate is crucial in the underwater ecosystem’s sustainability. Therefore, to observe
the critical aspects of these important parameters, we also observe the dependency of these
parameters through single parameter bifurcation. Initially, we set the disease transmission
rate at λ = 1.65 to stay in the bistable region and vary the respective parameters g, ω .
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2.5.2.1 Fish Predations

In Figure 2.2, we plot the entire bifurcation diagram of the system (2.3) with respect to the
fish predation rate, g. It is observed that when the density of the macro algae is higher,
then the coral-free state E1 is stable; in other words, when the grazing rate, g is in the
domain 0 < g < 0.1603, then there is no coral in the space. After that, when we increase
the grazing rate, at g= 0.1603, there is a transcritical bifurcation (TB3), and E1 becomes
unstable. Now we extend the unstable disease-free equilibrium point for the backward
direction. Interestingly, when the density of macro algae is diminishing as well as increases
susceptible coral reefs, there is another transcritical bifurcation (TB1) that occurs at g=
0.1328 and the disease-free state remain unstable also the unstable coexisting state appear
in this parameter changes.

(a) (b)

Figure 2.2: Bifurcation behavior of the model system (2.3) with respect to g for λ = 1.65,
ω = 0.2, (Fig. a) and for λ = 1.65, ω = 0.2, (Fig. b), while rest of the parameter values
are keep remain same as Table 2.1.

Again, we extend the unstable branch around equilibrium E∗ and for increasing the
value of g, at g = 0.1459, a Hopf bifurcation (supercritical) arise at the equilibrium point
E∗ and the coexisting state is now stable after this bifurcation. If we further increase
the parameter g, the state E∗ annihilates via saddle-node bifurcation (SN) at g = 0.1703.
Surprisingly, we again extend the unstable branch from the SN bifurcation point in the
backward direction of the parameter value g, there is another transcritical bifurcation (TB2)
happens at g = 0.1328 and the new state arise which is macro algae free coral state, E2 and
in the forward direction it stay in stable state and in the reverse direction it remains unstable
state.

2.5.2.2 Recovery rate, ω

To examine the ultimate recovery mechanism for observing the parameter variation of the
recovery rate (ω), in our system (2.3) is of utmost priority in the coral reef ecosystem.
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Therefore, we also represent the bifurcation diagram with respect to (ω) in Figure (2.3).
The analysis observed that when the recovery rate is low (in between 0 < ω < 0.0091),
there is only a stable oscillation around the unstable coexisting equilibrium points, E∗, with
a low level of disease present in this coexisting state. If we increase the rate of ω , the stable
oscillation vanishes via a supercritical Hopf bifurcation, and E∗ becomes a stable state.
Further, we increase the recovery rate (ω), and system (2.3) has a saddle-node bifurcation
at ω = 0.1268. The unstable coexisting equilibrium points vanish in the higher density
of infected coral reefs through a transcritical bifurcation (TB) at ω = 0.09881. Moreover,
through this TB bifurcation, the new equilibrium state, E2 arises, which is stable in the
forward direction and unstable in the other direction.

(a) (b)

Figure 2.3: Bifurcation behavior of the model system (2.3) with respect to ω for g = 0.2,
λ = 1.65, (Fig. a) and for g = 0.2, λ = 1.65, (Fig. b), while rest of the parameter values
are keep remain same as Table 2.1.

2.5.3 Joint Effect

In the preceding section, we conducted an in-depth analysis of single-parameter bifurca-
tions with respect to all key parameters of the proposed system (2.3). While previous
analysis provided valuable insights into the individual roles of parameters, it does not fully
capture the interactive effects of the disease transmission rate and the coral recovery rate.
Understanding how these two parameters jointly reflect change system dynamics is es-
sential, particularly given their central role in determining the persistence or suppression
of disease within coral reef ecosystems. Therefore, this section adopts a two-parameter
bifurcation approach to examine their combined influence.
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Figure 2.4: Two-parameter bifurcation diagram with respect to the contagious pathway
transmission rate (λ ) and the recovery rate (ω). Region 1⃝: Macroalgae free coral state
E2; Region 2⃝: bistability between macroalgae free coral state E2 and endemic state E∗;
Region 3⃝: Endemic state E∗; Region 4⃝: No stable equilibrium exists. Instead, the
system exhibits sustained oscillations around the unstable coexisting state E∗. TB: Trans-
critical bifurcation, LP: Saddle-node bifurcation, ST point: Saddla-node transcritical curve
intersection point. The other parameters values taken from Table Table 2.1.

The two-parameter bifurcation diagram in the (λ ,ω) plane offers critical insight into
how the interaction between disease transmission rate (λ ) and coral recovery rate (ω) gov-
erns the overall dynamics of the coral reef ecosystem. This parameter space is partitioned
by three key bifurcation curves saddle-node bifurcation (LP) curve, the Transcritical Bi-
furcation (TB) curve, and the Hopf bifurcation curve into four biologically meaningful
regions. In Region 1⃝, found in the upper-left portion of the diagram, the macroalgae-free
coral equilibrium point E2 is stable, indicating that high recovery and low transmission
favor coral dominance. As we move across the diagram, Region 2⃝ appears between the
LP and TB curves, exhibiting bistability between E2 and the coexisting state E∗, where
outcomes depend on initial conditions. Beyond the TB curve lies Region 3⃝, where only
the coexisting state E∗ is stable, reflecting dominance by mixed coral-macroalgae-disease
interactions. Lastly, Region 4⃝, located below the Hopf curve, is marked by persistent os-
cillations with no stable equilibrium, driven by high transmission and insufficient recovery.
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2.6 Discussion and Conclusion

2.6.1 Discussion

This study presents a mathematical framework that captures the complex interplay between
coral disease transmission, macroalgal competition, fish grazing, and recovery mecha-
nisms. Through both analytical and numerical bifurcation analyses, the model uncovers
rich dynamical behavior, including transcritical, saddle-node, and Hopf bifurcations, which
govern transitions between ecological states in coral reef systems.
One of the central findings is the presence of bistability, meaning that coral reefs can settle
into either a low-disease or a high-disease state, depending on initial conditions and pa-
rameter values. This emphasizes the ecological concept of alternative stable states, where
even small environmental changes can tip the system from a healthy to a degraded state.
Fish grazing is identified as a critical ecological force. While insufficient grazing allows
macroalgae to dominate and suppress coral, moderate grazing supports a stable coexis-
tence. On the other hand, excessive grazing can destabilize the system and even induce
oscillatory behavior. The role of coral recovery is equally important. The analysis shows
that even under high disease pressure, increasing the recovery rate can prevent coral extinc-
tion and shift the system from unstable oscillations to a stable equilibrium. This highlights
the importance of natural healing processes and assisted recovery strategies in coral reef
conservation. Importantly, at high disease transmission rates, the system can undergo a
Hopf bifurcation, leading to sustained oscillations in coral and disease levels rather than
settling into a stable equilibrium. This reflects real-world observations of recurrent disease
outbreaks and underscores the need for adaptive, ongoing management.

2.6.2 Conclusion

The study concludes that coral reef ecosystems exist in a fragile balance that can be dis-
rupted or stabilized by several interacting factors. The model confirms that:

• Bistability and tipping points are inherent features of coral-disease dynamics.

• Fish grazing acts as a regulator: too little or too much can be destabilizing.

• Coral recovery is a powerful factor that can prevent collapse, even under stress.

• Oscillatory disease dynamics may emerge under high transmission, requiring con-
stant ecological monitoring.

From a conservation standpoint, the model highlights the importance of managing disease
transmission and promoting coral resilience. Practical strategies such as regulating fishing
pressure, reducing pollution, and implementing active restoration (e.g., coral transplants or
probiotics) are vital.



3
Effect of Delay on Coral Reef Ecosystem

with Disease Presence in Coral Species

3.1 Introduction

Coral reefs are vital marine ecosystems, providing habitat and food for diverse species
while supporting coastal economies and protecting shorelines [164, 165]. These reefs,
built by coral colonies in mutualistic association with algae, are increasingly threatened by
biotic (e.g., pathogens) and abiotic (e.g., temperature shifts) stressors [166, 167]. Coral
diseases, such as White Band Disease (WBD), spread through direct contact, waterborne
transmission, and vectors like corallivorous reef fish [112, 168]. Human activities, climate
change, and pollution exacerbate disease outbreaks, leading to significant coral decline
[97, 169]. Understanding disease transmission is crucial, yet gaps remain in identifying
key pathogens and their vectors. Recent research highlights the role of corallivores and
plastic marine debris in disease spread [170, 171]. Additionally, time delays in biolog-
ical interactions, such as incubation periods, influence disease dynamics and ecosystem
stability [120, 122]. This study extends existing coral disease models by incorporating an
incubation time lag, allowing for a more realistic representation of disease progression.
By analyzing different transmission pathways and their long-term impact on coral pop-
ulations, we aim to provide insights into reef ecosystem stability and potential recovery
mechanisms.

35
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3.2 Basic Assumptions and Mathematical Model

We proposed a mathematical model studied by Briggs et al. [156] that captures the tempo-
ral nature of coral reef ecosystem, where the space on a reef is inhabited by vital benthic
organisms namely coral, macroalgae, and turf algae. This model has revealed that the dy-
namics of fraction of the space inhabited by these key groups changes over time. In the
natural environment, these groups can exhibit a significant species diversity. However, for
modelling the coral reef ecosystem, Briggs et al. [156] treated macroalgae as a singular,
unstructured state variable (commonly used hypothesis), where all life stages were consid-
ered equally susceptible to herbivory. They also assumed that any vacant space on the reef
was promptly filled by turf, refering to low-growing filamentous algae with a height of less
than 10 mm. They classified crustose coralline algae as a part of the turf category for the
reason that both turf and crustose coralline algae substrates could be overgrown by either
coral or macroalgae. Herbivorous fish have the potential to control macroalgae, which are
competitors of corals for space [123]. In their model, they did not explicitly account for
the population dynamics of fish but incorporated the loss of algae caused by herbivory into
the macroalgae mortality rate.
The model [156] delineates the changes over time in the proportions of seabed within the
reef ecosystem and is governed by a system of coupled nonlinear ordinary differential
equations:

dC
dt = rT +gTC− γg1MC−dC
dM
dt = µT +g1T M+ γg1MC− vM.

(3.1)

Where the reef space is occupied by coral (C), macroalgae (M), and turf (T ). At any given
time t, the total reef area is divided among these three states (C(t), M(t), T (t)), with the
condition that C(t)+M(t)+T (t) = 1. Following [156], we propose that both coral and
macroalgae can be recruited either from local sources or through external/open recruitment.
Open recruitment of propagules exclusively arises due to the free space available for corals
as well as macroalgae. Coral can only expand laterally into available free space, whereas
macroalgae have the ability to grow over both unoccupied areas and existing coral. The
term r(µ) indicates the recruitment rate of coral (macroalgae) and g signifies the rate at
which free space is colonized by coral, resulting from both the local recruitment of coral
and its horizontal expansion. The term g1T M represents the overall rate of macroalgae re-
cruitment and its lateral expansion into available free space. It is assumed that macroalgae
grow more slowly on coral compared to their growth rate in free space. Consequently, the
macroalgae growth rate over coral is γg1 with a scaling parameter γ (≤ 1). The parameters
d and v denote the mortality rates for coral and susceptibl macroalgae, respectively. In this
model, all macroalgae are assumed to be vulnerable, and herbivorous fish are not included
as dynamic variables. Consequently, the grazing pressure exerted by fish on macroalgae
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is incorporated into the macroalgae death rate (v). If the population of herbivorous fish is
reduced due to fishing, the value of the parameter v will decrease accordingly.
It is well established from experimental studies [115, 117, 168, 172–174] that disease
spreads from infected to susceptible corals via vectors and may influence reef structure
and dynamics. Black band disease (BBD) is spread from infected to susceptible corals
via direct contact [122]. Williams et al. [134] and Vollmer et al. [175] point out that
white band disease (WBD) spreads through coral-coral contact. Hence, coral disease is a
major factor contributing to coral degradation. Considering these factors, we modify the
model proposed by Briggs et al. [156] by incorporating disease in coral reef. Given the
occurrence of disease in corals [97, 176], our model for coral populations is based on tra-
ditional disease models (SIR models), which forecast the behavior of healthy and infected
individuals [177, 178]. To simplify our model, we assume that the disease spreads into
the coral species via contact, i.e., susceptible corals (S) can be infected through adequate
direct contact with infected corals (I). The disease transmission process obeys the mass-
action principle as λSI, where the parameter λ represents the disease transmission rate and
it roughly indicates the fraction of encounters leading to instantaneous infection. Infected
coral colonies experience an additional mortality rate of e. Coral colonies have an ability to
recover from lesions through tissue regeneration or by shedding diseased tissue, giving rise
to no longer visible signs of infection [145]. Moreover, we assume that colonies that have
recovered from the disease continue to be susceptible and that infected colonies transition
back to the susceptible group at an instantaneous rate of ω . Based on the aforementioned
assumptions, the model (3.1) takes the form:

dS
dt = rT +gT (S+ I)− γg1M(S+ I)−dS−λSI +ωI
dI
dt = λSI − (d + e)I −ωI
dM
dt = µT +g1T M+ γg1M(S+ I)− vM.

(3.2)

It is widely recognised that time lags are a prevalent and complex occurrence in the field
of population biology. So, in reality, there’s a temporal gap between the first contact of a
healthy individual with an infected individual and the onset of the latter’s infectious period.
We accounted for the delay (τ), which represents the time it takes for infectious agents to
establish themselves in the healthy coral, after which the coral becomes infectious. There-
fore, this time lag is incorporated into the model (3.2) in the following manner:

dS
dt = rT +gT (S+ I)− γg1M(S+ I)−dS−λ

∫ t
−∞

S(κ̃)I(κ̃)Π(t − κ̃)dκ̃ +ωI
dI
dt = λ

∫ t
−∞

S(κ̃)I(κ̃)Π(t − κ̃)dκ̃ − (d + e)I −ωI
dM
dt = µT +g1T M+ γg1M(S+ I)− vM.

(3.3)

The number of infected coral at time t is determined by the number of healthy coral that
became infected at a previous time, t − κ̃ . The probability distribution of this delay, κ̃ , is
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represented by the memory function Π. This function is defined as follows:

Π =
σ j+1κ̃ j

j!
exp(−σκ̃),

where σ is a positive constant and j ∈Z is representing the order of the time lag. According
to [179], the average time lag is determined as

T̃ =
∫

∞

0
κ̃Π(κ̃)dκ̃ =

j+1
σ

.

Now we consider the memory function in terms of the delta function as

Π = δ (κ̃ − τ),

where τ is a non-negative constant. Thus, the model (3.3) becomes

dS
dt = rT +gT (S+ I)− γg1M(S+ I)−dS−λS(t − τ)I(t − τ)+ωI
dI
dt = λS(t − τ)I(t − τ)− (d + e)I −ωI
dM
dt = µT +g1T M+ γg1M(S+ I)− vM.

(3.4)

In this model, it is assumed that a particular region of the seabed is covered entirely by
healthy coral (S), infected coral (I), macroalgae (M), and algal turfs (T ), so that S+ I +

M+T = 1. Thus, the model takes the form:

dS
dt =

[
r+g(S+ I)

][
1− (S+ I +M)

]
− γg1M(S+ I)−dS

−λS(t − τ)I(t − τ)+ωI ≡ F1(S, I,M),
dI
dt = λS(t − τ)I(t − τ)− (d + e)I −ωI ≡ F2(S, I,M),
dM
dt =

[
µ +g1M

][
1− (S+ I +M)

]
+ γg1M(S+ I)− vM ≡ F3(S, I,M).

(3.5)

The initial conditions for the system (3.5) are taken to be of the form:

S(φ) = ψ1(φ), I(φ) = ψ2(φ),M(φ) = ψ3(φ),−τ ≤ φ ≤ 0, (3.6)

where ψ = (ψ1,ψ2,ψ3)
T ∈ C+ such that ψi(φ) ≥ 0 (i = 1,2,3), ∀ φ ∈ [−τ,0] and C+

denotes the Banach space C+([−τ,0],R3
+0) of continuous functions mapping the interval

[−τ,0] into R3
+0 with the norm of an element ψ in C+ defined by ∥ψ∥= sup

−τ≤φ≤0
{| ψ1(φ) |, | ψ2(φ) |, | ψ3(φ) |}.

For biological feasibility, we further assume that ψi(0)> 0, for i = 1,2,3.
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3.3 Preliminary Result

Lemma 3.1 (Existence and positive invariance) There exists a unique solution (S(t), I(t),M(t))

for the system (3.5) with initial conditions (3.6) in the interval [0,∞) and remains positive

∀ t > 0.

Proof: The model (3.5) can be expressed as Ż = F(Z), where Z ≡ (S, I,M)T and F :
C+ −→ R3

+0 with F = (F1,F2,F3)
T , Fi ∈ C ∞(R+0) for i = 1,2,3. Then, we have

F1 =
[
r+g(S+ I)

][
1− (S+ I +M)

]
− γg1M(S+ I)−dS−λS(t − τ)I(t − τ)+ωI,

F2 = λS(t − τ)I(t − τ)− (d + e)I −ωI,

F3 =
[
µ +g1M

][
1− (S+ I +M)

]
+ γg1M(S+ I)− vM.

Let Z(φ) = (ψ1(φ),ψ2(φ),ψ3(φ))∈C+ and ψi(φ)≥ 0 for i = 1,2,3 with φ ∈ [−τ,0], τ >

0. As the vector function F is a locally Lipschitzian and completely continuous function of
variables S, I,M in Ω = {(S(t), I(t),M(t));S > 0, I > 0,M > 0}. According to the lemma
[180], any solution (S, I,M) of (3.5) with initial conditions (3.6) exists and is unique in the
interval [0,a0], ∀ t ≥ 0, where a0 is a finite positive real number.

3.4 Qualitative Analysis of the Model Without Time Lag

In the absence of time lag (τ = 0), the system (3.5) has two non-negative equilibria. The
disease free equilibrium point is L1(S1,0,M1), where S1 =

µ+(g1−v−µ)M1−gM2
1

µ+(1−γ)g1M1
and M1 is

the positive zero of the polynomial equation

a0M4
1 +a1M3

1 +a2M2
1 +a3M1 +a4 = 0, (3.7)
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with

a0 = g3 +g3
1(1− γ)2 −gg2

1(1− γ),

a1 = 2µg2
1(1− γ)−g2g1(1− γ)−µgg1 +g2

1(1− γ)(g1 − v−µ)− dgg1(1− γ)

r+µ +1
+

vg2
1(1− γ)2

r+µ +1
,

a2 = g(g1 − v−µ)2 −2g2(g1 − v−µ)−2µg2 +g1µ
2 −g2

µ +g1(1− γ)(g1 − v−µ)

+ µg1(g1 − v−µ)+µg2
1(1− γ)− gdµ

r+µ +1
+

dg1(1− γ)(g1 − v−µ)

r+µ +1
+

2vµg1(1− γ)

r+µ +1

−
(r+µ)g2

1(1− γ)2

r+µ +1
,

a3 = µg(g1 − v−µ)+µgg1(1− γ)+g1µ
2 +

d{(g1 − v−µ)µ +µg1(1− γ)}
r+µ +1

+
vµ2

r+µ +1

− (r+µ)2µg1(1− γ)

r+µ +1
,

a4 = 2gµ
2 +2µg(g1 − v−µ)+

dµ2

r+µ +1
− (r+µ)µ2

r+µ +1
.

The coexisting positive interior equilibrium point is L∗(S∗, I∗,M∗), where S∗ = d+e+ω

λ
and

I∗ =
(µ+g1M∗)(1−S∗−M∗)+(γg1S∗−v)M∗

µ+(1−γ)g1M∗
with M∗ being the positive root of the following equa-

tion

b0M5 +b1M4 +b2M3 +b3M2 +b4M+b5 = 0, (3.8)
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with

b0 = rg2
1,

b1 = −2g1(−µ +g1 −g1S∗+ γg1S∗− v)r,

b2 = r(−µ +g1 −g1S∗+ γg1S∗− v)2 −2µg1(1−S∗)−g1{2rS∗+(1+ γ)g}+(g− r−λS∗

+ ω)g2
1(1− γ),

b3 = 2rµ(1−S∗)(−µ +g1 −g1S∗+ γg1S∗− v)+{2rS∗+(1+ γ)g}(−µ +g1 −g1S∗+ γg1S∗− v)

+ {rS2
∗+(1+ γ)gS∗}g1(1− γ)− (g− r−λS∗+ω){g1(1− γ)(−µ +g1 −g1S∗+ γg1S∗− v

− g1µ)}−{r+(g− r−d)S∗}g2
1(1− γ)2,

b4 = rµ
2(1−S∗)2 +{2rS∗+(1+ γ)g}µ(1−S∗)+{rS2

∗+(1+ γ)gS∗}µ − (g− r−λS∗+ω)

{µ(−µ +g1 −g1S∗+ γg1S∗− v)+g1(1− γ)µ(1−S∗)}−{r+(g− r−d)S∗}2µg1(1− γ),

b5 = −[(g− r−λS∗+ω)µ2(1−S∗)+{r+(g− r−d)S∗}µ
2].

So the disease free equilibrium point L1(S1,0,M1) is admissible for g1 > g0
1 with g0

1 =

gM1 + v+µ(1− 1
M1

) and the sufficient condition for existence of positive interior equilib-
rium point L∗(S∗, I∗,M∗) is S∗ > v

γg1
.

3.4.1 Stability Analysis

In this section, we deal with local stability of the system (3.5) around the disease free
and interior equilibrium points. At the disease free equilibrium point L1(S1,0,M1), the
Jacobian matrix is

J1 =



∂F1
∂S |(S1,0,M1)

∂F1
∂ I |(S1,0,M1)

∂F1
∂M |(S1,0,M1)

0 ∂F2
∂ I |(S1,0,M1) 0

∂F3
∂S |(S1,0,M1)

∂F3
∂ I |(S1,0,M1)

∂F3
∂M |(S1,0,M1)

 .

The characteristic values of the Jacobian matrix J1 are λ1 =
∂F2
∂ I |(S1,0,M1) = λS1 − (d + e+

ω) and other two values are the zeros of the equation

λ
2 −λ

(
∂F1

∂S
|(S1,0,M1)+

∂F3

∂M
|(S1,0,M1)

)
+

∂ (F1,F3)

∂ (S,M)
|(S1,0,M1) = 0.
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The zeros of the equation are negative or having negative real parts if ∂F1
∂S |(S1,0,M1) +

∂F3
∂M |(S1,0,M1) < 0 and ∂ (F1,F3)

∂ (S,M) |(S1,0,M1) > 0. Now the characteristic value λ1 =
∂F2
∂ I |(S1,0,M1) <

0 when R0 < 1, where the threshold parameter R0 is defined by

R0 =

{
λS1

d + e+ω

}
=

{
Infection rate of a new infective coral

Removal rate of infected coral

}
,

that is, the ratio between the infection rate of a new infective coral appearing in fully
susceptible/healthy coral species and the removal rate of infected coral species around
L1(S1,0,M1). After some algebraic manipulation, we have ∂F1

∂S |(S1,0,M1)+
∂F3
∂M |(S1,0,M1) < 0

when r > r[0], where r[0] =
(g+g1){1−(S1+M1)}+g1(γS1−M1)−(gS1+d+v+µ)

1+g1M1
.

For the stability analysis of steady state interior equilibrium point is L∗(S∗, I∗,M∗), we
linearize the system (3.5) around L∗ and obtain the corresponding Jacobian matrix

J∗ =

 a11 a12 a13

a21 0 0
a31 a32 a33

 ,
where

a11 =
∂F1

∂S
|(S∗,I∗,M∗) = −{r+g(S∗+ I∗)}+{1− (S∗+ I∗+M∗)}g− γg1M∗−d −λ I∗,

a12 =
∂F1

∂ I
|(S∗,I∗,M∗) = −{r+g(S∗+ I∗)}+{1− (S∗+ I∗+M∗)}g− γg1M∗−λS∗+ω,

a13 =
∂F1

∂M
|(S∗,I∗,M∗) = −{r+g(S∗+ I∗)}− γg1(S∗+ I∗),

a21 =
∂F2

∂S
|(S∗,I∗,M∗) = λ I∗,

a31 =
∂F3

∂S
|(S∗,I∗,M∗) = −(µ +g1M∗)+ γg1M∗,

a32 =
∂F3

∂S
|(S∗,I∗,M∗) = −(µ +g1M∗)+ γg1M∗,

a33 =
∂F3

∂ I
|(S∗,I∗,M∗) = {1− (S∗+ I∗+M∗)}g1 − (µ +g1M∗)+ γg1(S∗+ I∗)− v.

The characteristic equation for J∗ is

µ3 −Trace(J∗)µ2 +∆µ − ∂ (F1,F2,F3)
∂ (S,I,M) |(S∗,I∗,M∗) = 0, (3.9)
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where

Trace(J∗) = a11 +a33,

∆ = a11a33 −a12a21 −a13a31,

∂ (F1,F2,F3)

∂ (S, I,M)
|(S∗,I∗,M∗) = a12a21a33 −a13a32a21.

According to the Routh-Hurwitz criteria, the interior equilibrium point L∗ is stable if
Trace(J∗)< 0, ∂ (F1,F2,F3)

∂ (S,I,M) |(S∗,I∗,M∗) < 0 and Trace(J∗)∆ < ∂ (F1,F2,F3)
∂ (S,I,M) |(S∗,I∗,M∗).

We summarize the dynamics of system (3.5) in form of the following theorem.

Theorem 3.2 In the absence of time lag (τ = 0), the stability of the system (3.5) around

two equilibrium points can be described as follows:

(i) The disease-free equilibrium point L1(S1,0,M1) of the system (3.5) is locally asymptot-

ically stable for R0 < 1, r > r[0] and ∂ (F1,F3)
∂ (S,M) |(S1,0,M1) > 0, otherwise it is unstable;

(ii) The interior equilibrium point L∗(S∗, I∗,M∗) of the system (3.5) is locally asymptotically

stable for Trace(J∗)< 0, ∂ (F1,F2,F3)
∂ (S,I,M) |(S∗,I∗,M∗) < 0 and Trace(J∗)∆ < ∂ (F1,F2,F3)

∂ (S,I,M) |(S∗,I∗,M∗).

3.5 Qualitative Analysis of the Model With Time Lag

3.5.1 Local Stability Analysis

The linearized system of (3.5) at any equilibrium point L̂ = (Ŝ, Î,M̂) can be expressed as

ẋ(t) =
[
−{r+g(Ŝ+ Î)}+{1− (Ŝ+ Î + M̂)}g− γg1M̂−d −λ Î

]
x(t)

+
[
−{r+g(Ŝ+ Î)}+{1− (Ŝ+ Î + M̂)}g− γg1M̂+ω

]
y(t)

+
[
−{r+g(Ŝ+ Î)}− γg1(Ŝ+ Î)

]
z(t)−λ Îx(t − τ)−λ Ŝy(t − τ),

ẏ(t) = −(d + e+ω)y(t)+λ Îx(t − τ)+λ Ŝy(t − τ),

ż(t) =
[
−(µ +g1M̂)+ γg1M̂

]
x(t)+

[
−(µ +g1M̂)+ γg1M̂

]
y(t)+

[
{1− (Ŝ+ Î + M̂)}g1

− (µ +g1M̂)+ γg1(Ŝ+ Î)− v
]

z(t).

(3.10)

Then, the characteristic equation of the delayed system (3.5) around any equilibrium point
L̂ = (Ŝ, Î,M̂) is given by

det


−{r+g(Ŝ+ Î)}+{1− (Ŝ+ Î + M̂)}g −{r+g(Ŝ+ Î)}+{1− (Ŝ+ Î + M̂)}g −{r+g(Ŝ+ Î)}

−γg1M̂−d −λ Î −λ Îe−ρτ −ρ −γg1M̂+ω −λ Ŝe−ρτ −γg1(Ŝ+ Î)

λ Îe−ρτ −(d + e+ω)+λ Ŝe−ρτ −ρ 0

−(µ +g1M̂)+ γg1M̂ −(µ +g1M̂)+ γg1M̂ {1− (Ŝ+ Î + M̂)}g1

−(µ +g1M̂)+ γg1(Ŝ+ Î)− v

= 0.

(3.11)
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The characteristic equation at L∗(S∗, I∗,M∗) reduces to the following transcendental equa-
tion

ρ
3 +A1ρ

2 +A2ρ +A3 +(B1ρ
2 +B2ρ +B3)e−ρτ = 0, (3.12)

where

A1 = −(l11 + l22 + l33), A2 = l11(l22 + l33)+ l22l33 + l13l31, A3 = l13l31l22 − l11l22l33,

B1 = ´l11 − ´l12, B2 = l11 ´l12 − ´l11(l12 + l22)+ l33 ´l12 − l33 ´l11, B3 = l22l33 ´l11 − l11l33 ´l12

+ l12l33 ´l11 − l13l32 ´l11 + l13l31 ´l12,

with

l11 = −{r+g(S∗+ I∗)}+{1− (S∗+ I∗+M∗)}g− γg1M∗−d,

l12 = −{r+g(S∗+ I∗)}+{1− (S∗+ I∗+M∗)}g− γg1M∗+ω,

l13 = −{r+g(S∗+ I∗)}− γg1(S∗+ I∗),

l22 = −(d + e+ω), l31 = −(µ +g1M∗)+ γg1M∗, l32 = −(µ +g1M∗)+ γg1M∗,

l33 = {1− (S∗+ I∗+M∗)}g1 − (µ +g1M∗)+ γg1(S∗+ I∗)− v,

´l11 = λ I∗, ´l12 = λS∗.

It is widely understood that the delay-induced system (Equation 3.5) will exhibit asymp-
totic stability at the equilibrium point L̂ if all the characteristic roots of equation (3.11)
possess negative real parts. The equation (3.11) has infinitely many eigenvalues due to a
transcendental form. Consequently, the conventional Routh-Hurwitz criterion is inapplica-
ble for determining the stability of the system. To analyse the stability characteristics, we
must determine the signs of the real parts of the roots of equation (3.11). We assume that
the equilibrium point L̂ of the system (3.5) is asymptotically stable without any time delay
(τ = 0). Next, we identify the condition(s) for which L̂ becomes unstable. According to
Rouche’s theorem [181] and the continuity with respect to τ , the transcendental equation
(3.11) will have roots with positive real parts if and only if it has purely imaginary zeros.
Therefore, we investigate intricate solutions to the equation (3.11) in order to identify the
conditions that lead to a change in stability. Let µ(τ) = u(τ)+ iw(τ) denote the eigenvalue
of equation (3.11), where u(τ) and w(τ) are real numbers. If the equilibrium point L̃ of the
system without delay is stable, it follows that u(0)< 0. By continuity, for a small enough
positive value of τ such that u(τ) < 0, L̂ remains stable. Stability switching occurs at a
specific positive value of τ , denoted by τ̂ , where u(τ̂) = 0 and w(τ̂) ̸= 0. This means that
µ = iw(τ̂) is a purely imaginary root of equation(3.11). Therefore, L̂ becomes unstable



3.5. Qualitative Analysis of the Model With Time Lag 45

when u(τ̂) > 0. Conversely, the equilibrium point L̂ remains stable as long as w(τ̂) is ab-
sent. In this situation, equation (3.11) has no purely imaginary roots for any value of τ .
When there is no time delay (τ = 0), the steady state solution L∗(S∗, I∗,M∗) of the system
(3.5) is stable if Trace(J∗)< 0, ∂ (F1,F2,F3)

∂ (S,I,M) |(S∗,I∗,M∗)< 0 and Trace(J∗)∆< ∂ (F1,F2,F3)
∂ (S,I,M) |(S∗,I∗,M∗),

as stated in Theorem 3.2 (ii).
Next, let ρ = ξ + iδ be the eigenvalue of the characteristic equation (3.12). By substitut-
ing this value into (3.12) and separating it into real and imaginary components, we get the
following results:

ξ 3 −3ξ δ 2 +A1(ξ
2 −δ 2)+A2ξ +A3 +[{B1(ξ

2 −δ 2)+B2ξ +B3}cosδτ

+(2B1ξ δ +δB2)sinδτ]e−ξ τ = 0,
(3.13)

and

3ξ 2δ −δ 3 +2A1ξ δ +A2δ +[(2B1ξ δ +B2δ )cosδτ −{(ξ 2 −δ 2)B1

+ξ B2 +B3}sinδτ]e−ξ τ = 0.
(3.14)

For a stability change to occur at the equilibrium point L∗ , it is essential that the charac-
teristic equation (3.12) must have purely imaginary roots. By setting ξ = 0 in equations
(3.13) and (3.14), we get

A3 −A1δ 2 = (B1δ 2 −B3)cosδτ −δB2 sinδτ, (3.15)

A2δ −δ 3 =−B2δ cosδτ − (B1δ 2 −B3)sinδτ. (3.16)

Eliminating τ by squaring and adding (3.15) and (3.16), we get the equation in terms of δ

as

δ 6 +(A2
1 −2A2 −B2

1)δ
4 +(A2

2 −2A1A3 −B2
2 +2B1B3)δ

2 +(A2
3 −B2

3) = 0. (3.17)

Substituting δ 2 = ϑ in Eq. (3.17) leads to a cubic equation of the form

k(ϑ) = ϑ 3 +κ1ϑ 2 +κ2ϑ +κ3 = 0, (3.18)

where κ1 = (A2
1 − 2A2 −B2

1), κ2 = (A2
2 − 2A1A3 −B2

2 + 2B1B3), κ3 = (A2
3 −B2

3). From
(3.18), we have

dk(ϑ)
dϑ

= 3ϑ 2 +2κ1ϑ +κ2. (3.19)
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Solving

dk(ϑ)
dϑ

= 3ϑ 2 +2κ1ϑ +κ2 = 0, (3.20)

we obtain

ϑ1,2 =
1
3 [−κ1 ±

√
κ2

1 −3κ2]. (3.21)

The zeros ϑ1,2 are negative or have negative real part when κ1 > 0 and κ2 > 0. Thus, the
Eq. (3.20) has no positive zeros. If κ3 ≥ 0, then k(0) = κ3 ≥ 0 and lim

ϑ→∞
k(ϑ)→ ∞, which

implies that (3.18) has only negative root(s). Moreover, if κ1 > 0, κ2 > 0 and κ3 ≥ 0, then
there does not exist any δ for which iδ is a characteristic value of (3.12). Hence, the real
parts of all characteristic values of (3.12) are negative ∀ τ ≥ 0. In addition, if (a) κ1 > 0
and κ2 < 0, or (b) κ1 < 0 and κ2 > 0, or (c) κ3 < 0, or (d) κ3 ≥ 0 and κ2 < 0 holds, then
(3.18) has at least one positive root ϑ0. Consequently, Eq. (3.17) has at least one positive
root, denoted by δ0.
Thus, the characteristic Eq. (3.12) has a pair of purely complex zeros ±iδ0. From (3.15)
and (3.16), it follows that τ∗p is a function of δ0 for p = 0,1,2, ..., given by

τ∗p =
1
δ0

arccos
[
(−A1B1+B2)δ

4
0 +(−A2B2+A1B3+A3B1)δ

2
0 −A3B3

(B2δ0)
2+(−B3+B1δ 2

0 )
2

]
+ 2π p

δ0
. (3.22)

Now, the system becomes locally asymptotically stable around the interior equilibrium
point L∗ for τ = 0, if the condition (ii) of Theorem 3.2 is satisfied. According to Butler’s
lemma [182], L∗ remain stable for τ < τ∗ with τ∗ = min

p≥0
τ
∗
p.

Next, we verify the transversality condition

d
dτ

[
Re{ρ(τ)}

]
τ=τ∗ ̸= 0.

Differentiating (3.13) and (3.14) with respect to τ and putting ξ = 0 in the resulting ex-
pressions, we obtain

S(δ )
dζ

dτ
+B(δ )

dδ

dτ
= A(δ ),

−B(δ )
dζ

dτ
+S(δ )

dδ

dτ
= M(δ ),

(3.23)

where

S(δ ) = −3δ 2 +A2 +B2 cosδτ +2B1δ sinδτ + τ
{
(δ 2B1 −B3)cosδτ −δB2 sinδτ

}
,

B(δ ) = −2δA1 −2B1δ cosδτ +B2 sinδτ + τ
{
(δ 2B1 −B3)sinδτ +δB2 cosδτ

}
,

A(δ ) = −δ 2B2 cosδτ − (δ 2B1 −B3)δ sinδτ,

M(δ ) = δ 2B2 sinδτ − (δ 2B1 −B3)δ cosδτ.

(3.24)
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Solving the above system of equations, we obtain
d

dτ

[
Re{µ(τ)}

]
τ=τ∗,δ=δ0

=
[S(δ )A(δ )−B(δ )M(δ )

S2(δ )+B2(δ )

]
τ=τ∗,δ=δ0

,

which indicates that
d

dτ

[
Re{µ(τ)}

]
τ=τ∗,δ=δ0

̸= 0 when S(δ0)A(δ0)− B(δ0)M(δ0) ̸= 0.

Therefore, the transversality condition is satisfied and hence, the Hopf-bifurcation occurs
when τ crosses through the critical value τ = τ∗.
Based on the foregoing discussion, we summarize the dynamics of the delay system (3.5)
in form of the following theorem.

Theorem 3.3 (i) In the absence of time lag (τ = 0), the interior equilibrium point L∗(M∗, I∗,M∗)

of the system (3.5) is locally asymptotically stable. Further, if κ1 > 0, κ2 > 0, κ3 ≥ 0, then

the interior equilibrium point L∗ of the delay system (3.5) is asymptotically stable for all

τ ∈ [0 ∞).

(ii) In the absence of time lag (τ = 0), the interior equilibrium point L∗(M∗, I∗,M∗) of

the system (3.5) is locally asymptotically stable. In addition, if κ1 > 0 and κ2 < 0, or

κ1 < 0 and κ2 > 0, or κ3 < 0, or κ3 ≥ 0 and κ2 < 0 and ϑ0 = δ 2
0 is a positive root of

(3.18), then there exists τ = τ∗ for which the interior equilibrium point L∗ of the delay

system (3.5) is asymptotically stable in (0, τ∗] and unstable in (τ∗, +∞), provided that

S(δ0)A(δ0)−B(δ0)M(δ0) ̸= 0. Thus the system undergoes a Hopf-bifurcation at L∗ when

τ cross the threshold value τ∗, where

τ
∗ =

1
δ0

arccos
[
(−A1B1 +B2)δ

4
0 +(−A2B2 +A1B3 +A3B1)δ

2
0 −A3B3

(B2δ0)
2 +(B3 −B1δ 2

0 )
2

]
.

3.5.2 Evaluation of the Length of Delay to Maintain Stability

Here, we discuss the local asymptotic stability of the interior equilibrium point L∗ of non-
delayed system. Due to continuity of τ and for sufficiently small positive real number
τ (i.e. τ << 1), all characteristic roots of (3.12) have negative real parts and accord-
ingly there is no characteristic root with positive real part bifurcating from infinity. Next,
we assume that the space of real valued continuous functions defined on [−τ,∞) satis-
fies the initial conditions (3.6). We linearized system (3.5) around its interior equilibrium
L∗(S∗, I∗,M∗). Let x(t), y(t) and z(t) be the respective linearized variables of system (3.5).
In consequence, (3.5) leads to

dx
dt = Ā1x(t)+ Ā2y(t)+ Ā3z(t)+ Ā4x(t − τ)+ Ā5y(t − τ),
dy
dt = B̄1y(t)+ B̄2x(t − τ)+ B̄3y(t − τ),
dz
dt = C̄1x(t)+C̄2y(t)+C̄3z(t),

(3.25)
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where Ā1 =−{r+g(S∗+ I∗)}+{1− (S∗+ I∗+M∗)}g− γg1M∗−d,
Ā2 =−{r+g(S∗+ I∗)}+{1− (S∗+ I∗+M∗)}g− γg1M∗+ω ,
Ā3 =−{r+g(S∗+ I∗)}− γg1(S∗+ I∗), Ā4 =−λ I∗, Ā5 =−λS∗, B̄1 =−(d + e+ω),
B̄2 = λ I∗, B̄3 = λS∗, C̄1 =−(µ +g1M∗)+ γg1M∗,
C̄2 =−(µ +g1M∗)+γg1M∗, C̄3 = {1−(S∗+ I∗+M∗)}g1−(µ +g1M∗)+γg1(S∗+ I∗)−v.
Taking the Laplace transformation of the system (3.25), we obtain

(p− Ā1)Lx(p) = Ā2Ly(p)+ Ā3Lz(p)+ Ā4Kx(p)e−pτ + Ā4Lx(p)e−pτ

+Ā5Ky(p)e−pτ + Ā5Ly(p)e−pτ + x(0),

(p− B̄1)Ly(p) = B̄2Kx(p)e−pτ + B̄2Lx(p)e−pτ + B̄3Ky(p)e−pτ + B̄3Ly(p)e−pτ + y(0),

(p−C̄3)Lz(p) = C̄1Lx(p)+C̄2Ly(p)+ z(0),

where

Kx =
∫ 0

−τ

e−ptx(t)dt, Ky =
∫ 0

−τ

e−pty(t)dt,Lx(p)=L {x(t)}, Ly(p)=L {y(t)}, Lz(p)=L {z(t)}.

Due to Nyquist criteria [183] and utilizing the results due to Freedman et al. [182], the
conditions for the local asymptotic stability around L∗ are found to be

Re[G(iχ0)] = 0, Im[G(iχ0)]> 0, (3.26)

where χ0 is the smallest positive zero of first equation of (3.26) and

G(p) = p3 +A1 p2 +A2 p+A3 +[B1 p2 +B2 p+B3]e−pτ .

From (3.26), we get

A3 −A1χ2
0 = (B1χ2

0 −B3)cos χ0τ −χ0B2 sin χ0τ, (3.27)

A2χ0 −χ3
0 >−B2χ0 cos χ0τ − (B1χ2

0 −B3)sin χ0τ. (3.28)

Utilizing the above sufficient conditions for the stability of L∗, we estimate the magnitude
of time delay (τ) for stability. Next, we calculate an upper bound χ+ of χ0 that is inde-
pendent of τ , and determine the magnitude of τ such that (3.28) holds for all values of χ ,
0 ≤ χ ≤ χ+ at χ = χ0. We maximize

(B1χ
2
0 −B3)cos χ0τ −χ0B2 sin χ0τ,
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subject to | sin χ0τ |≤ 1 and | cos χ0τ |≤ 1. Thus, we obtain

|A3|− |A1|χ2
0 ≤ |B1|χ2

0 + |B3|+ |B2|χ0. (3.29)

From the inequality (3.29), we get

χ+ ≤ −|B2|+
√

|B2|2+4(|A1|+|B1|)(|A3|−|B3|)
|A1|+|B1| , (3.30)

which implies that χ0 ≤ χ+. In the absence of time lag, L∗ is locally asymptotically sta-
ble when the inequality (3.28) is satisfied for sufficiently small positive real number τ .
Rearranging (3.28) by utilizing the inequality (3.29), we obtain

sinχ0τ[(B2χ0 −A1B1χ0)+
A1B3

χ0
]+ (cosχ0τ −1)(B3 −B1χ2

0 −A1B2)

< A1A2 +A1B2 −A3 −B3 +B1χ2
0 .

(3.31)

Now, using the relations | sin χ0τ |≤ χ0τ , | 1−cos χ0τ |≤ χ2
0 τ2

2 , and upper bound of χ0, we
have

sinχ0τ[(B2χ0 −A1B1χ0)+
A1B3

χ0
]≤ τ[|(B2 −A1B1)|χ2

++ |A1B3|],

and

(cosχ0τ −1)(B3 −B1χ
2
0 −A1B2)≤

χ2
+τ2

2
|B1χ

2
++A1B2 −B3|.

After simplifying the inequality (3.31), we obtain

Aφ τ2 +Bφ τ −Cφ ≤ 0, (3.32)

where

Aφ =
χ2
+

2
|B1χ

2
++A1B2 −B3|, Bφ = |(B2 −A1B1)|χ2

++ |A1B3|,

Cφ = A1A2 +A1B2 −A3 −B3 +B1χ
2
+.

So, the Nyquist criteria is satisfied for 0 ≤ τ ≤ τ+ with

τ+ =
−Bφ +

√
B2

φ
+4AφCφ

2Aφ

.

Thus, τ+ gives an estimate magnitude of the delay that maintains the stability of the limit
cycle. Now, we summarize the foregoing outcome in form of the following result.

Theorem 3.4 If there exists τ ∈ (0, τ+] satisfying the inequality Aφ τ2+Bφ τ−Cφ ≤ 0, then

τ+ represents the maximum magnitude of the time lag τ for which the interior equilibrium

point L∗ is locally asymptotically stable.
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3.5.3 The Direction and Stability of Hopf-Bifurcating Periodic Solu-
tions

In the last section, we obtained the sufficient conditions for the system (3.5) to experience
Hopf-bifurcation at the interior equilibrium L∗ when τ passes through the critical value
τ∗. Here, we investigate the direction, stability and period of Hopf bifurcating periodic
solutions at τ = τ∗ of the system (3.5) by applying the method of ‘normal form theory’
and ‘center manifold theorem’ due to Hassard et. al. [184]. We consider the following
coordinate transformations:

z1(t) = S(τt)−S∗, z2(t) = I(τt)− I∗, z3(t) = M(τt)−M∗,

where τ = τ∗0 + µ and µ is a real number. Then, the system (3.5) becomes a functional
differential equation in C = C([−1,0],R3

+) given by

ż(t) = Lµ(zt)+F(µ,zt), (3.33)

where z(t) = (z1(t),z2(t),z3(t))T ∈ R3. For any ψ = (ψ1,ψ2,ψ3)
T in C([−1,0],R3

+); the
functions Lµ : C → R and F : R×C → R are given by

Lµ(ψ) = (τ∗0 +µ)A(ψ1(0) ψ2(0) ψ3(0))T +(τ∗0 +µ)B(ψ1(−1) ψ2(−1) ψ3(−1))T(3.34)

and

F(µ,ψ) = (τ∗0 +µ)C, (3.35)

where A =

 l11 l12 l13

0 l22 0
l31 l32 l33

, B =

 − ´l11 − ´l12 0
´l11 ´l12 0
0 0 0

,

C =



m11ψ2
1 (0)+m12ψ2

2 (0)+m13ψ1(0)ψ2(0)+m14ψ1(0)ψ3(0)+m15ψ2(0)ψ3(0)
+m16ψ1(−1)ψ2(−1)

m21ψ1(−1)ψ2(−1)

m31ψ2
3 (0)+m32ψ1(0)ψ3(0)+m33ψ2(0)ψ3(0)


,

m11 = m12 = −g, m13 = −2g, m14 = m15 = −(g+ γg1), m16 = −λ , m21 = λ ,

m31 = −g1, m32 = m33 = (−g+ γg1).
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Here, the system (3.5) experiences Hopf-bifurcation near L∗ for µ = 0. Applying the
normal form theory and central manifold theorem as proposed by Hassard et al. [184], we
have the following theorem.

Theorem 3.5 Suppose that the condition (ii) of Theorem 3.3 is satisfied for the system

(3.5). If µ2 < 0 (µ2 > 0), then the Hopf bifurcating periodic solution is subcritical (super-

critical) for τ < τ∗0 (τ > τ∗0 ). If β2 > 0 (β2 < 0), then the bifurcating periodic solution is

orbitally unstable (stable). Moreover, τ2 represents the period of the bifurcating periodic

solution and the period decreases (increases) for τ2 < 0 (τ2 > 0).

Proof: According to the Riesz representation theorem, there exists a function η(θ ,µ) of
bounded variation for θ ∈ [−1,0] such that

Lµψ =
∫ 0

−1
dη(θ ,µ)ψ(θ), f or ψ ∈ C. (3.36)

In particular, we set

η(θ ,µ) = (τ∗0 +µ)Aδ (θ)− (τ∗0 +µ)Bδ (θ +1), (3.37)

with
δ (θ) =

{1, θ=0,

0, θ ̸=0.

Now, for ψ in C1([−1,0],R3
+), we define

A(µ)ψ =


dψ(θ)

dθ
θ ∈ [−1,0),

∫ 0
−1 dη(µ,s)ψ(s) θ = 0,

and

R(µ)ψ =

{
0, θ ∈ [−1,0),

F(µ,ψ), θ = 0.

Then, the system (3.33) takes the form

żt = A(µ)zt +R(µ)zt , (3.38)

where zt(θ) = zt(t +θ) for θ ∈ [−1,0].
For any φ in C1([0,1],(R3

+)
∗), we define

A∗
φ(s) =


−dφ(s)

ds , s ∈ (0,1],

∫ 0
−1 dηT (t,0)φ(−t), s = 0,



52
Chapter 3. Effect of Delay on Coral Reef Ecosystem with Disease Presence in Coral

Species

and a bilinear inner product of the form

⟨φ(s),ψ(θ)⟩= φ(0)ψ(0)−
∫ 0

−1

∫
θ

α=0
φ(α −θ)dη(θ)ψ(α)dα, (3.39)

where η(θ) = η(θ ,0), A(0) and A∗ denote the adjoint operators. From the section (3.5.1),
we know that ±iδ0τ∗0 are characteristic values of A(0), which are also characteristic values
of A∗. Now, we find the characteristic function of A(0) and A∗ associated with iδ0τ∗0 and
−iδ0τ∗0 respectively. We assume that q(θ) = (1,u,w)T eiδ0τ∗0 θ and q∗(s) are the characteris-
tic functions of A(0) and A∗ associated with iδ0τ∗0 and −iδ0τ∗0 , respectively. Thus we have
A(0)q(θ) = iδ0τ∗0 q(θ). From the definition of A(0), (3.36) and (3.37), it follows that

τ
∗
0


l11 − ´l11e−iδ0τ∗0 − iδ0 l12 − ´l12e−iδ0τ∗0 l13

´l11e−iδ0τ∗0 l22 + ´l12e−iδ0τ∗0 − iδ0 0
l31 l32 l33 − iδ0

q(θ) =

 0
0
0

 .

So, we obtain

q(θ) = (1,u,w)T eiδ0τ∗0 θ

=
(

1,−
´l11e−iδ0τ∗0

l22 + ´l12e−iδ0τ∗0 − iδ0
,− l31(l22 + ´l12e−iδ0τ∗0 − iδ0)− l32 ´l11e−iδ0τ∗0

(l33 − iδ0)(l22 + ´l12e−iδ0τ∗0 − iδ0)

)T
eiδ0τ∗0 θ .

In a similar manner, one can obtain

q∗(s) = D(1,u∗,w∗)T eiδ0τ∗0 s

=
(

1,−(l33 + iδ0)(l11 − ´l11eiδ0τ∗0 + iδ0)− l13l31

(l33 + iδ0) ´l11eiδ0τ∗0
,− l13

(l33 + iδ0)

)T
eiδ0τ∗0 s.

We choose D with the property of ⟨q∗(s),q(θ)⟩= 1, ⟨q∗(s),q(θ)⟩= 0. Then, we have

⟨q∗(s),q(θ)⟩ = D(1,u∗,w∗)(1,u,w)T

−
∫ 0

−1

∫
θ

α=0
D(1,u∗,w∗)e−iδ0τ∗0 (α−θ)dη(θ)(1,u,w)T eiδ0τ∗0 αdα

= D
[

1+u∗u+w∗w−
∫ 0

−1
(1,u∗,w∗)θeiδ0τ∗0 θ dη(θ)(1,u,w)T

]
= D

[
1+u∗u+w∗w− τ

∗
0{ ´l11(u∗−1)+ ´l12(w∗−1)u}e−iδ0τ∗0

]
.

Thus, we get D as given by

D =
1

1+u∗u+w∗w− τ∗0{ ´l11(u∗−1)+ ´l12(w∗−1)u}eiδ0τ∗0
.
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To describe the center manifold C0 near µ = 0, we determine the components by using the
same notation and procedure as developed by [184].
Letting zt to be the solution of (3.33) for µ = 0, we define

z(t) = ⟨q∗,zt⟩, W (t,θ) = zt(θ)−2Re{z(t)q(θ)}. (3.40)

On the center manifold C0, we have

W (t,θ) =W
(

z(t),z(t),θ
)
,

where

W (z,z,θ) =W20(θ)
z2

2
+W11(θ)zz+W02(θ)

z2

2
+W30(θ)

z3

6
+ · · ·,

z and z are local coordinates for center manifold C0 in the direction of q∗ and q∗, respec-
tively. Here, W is real for real values of zt . For the value zt in C0 of (3.33) with µ = 0, we
obtain

ż(t) = i δ0τ
∗
0 z+

〈
q∗(θ),F

(
0,W (z,z,θ)+2Re{zq(θ)}

)〉
= iδ0τ

∗
0 z+q∗(0)F

(
0,W (z,z,0)+2Re{zq(0)}

)
def
= iδ0τ

∗
0 z+q∗(0)F0(z,z),

which can be rewritten as
ż = iδ0τ

∗
0 z+g(z,z),

with

g(z,z) = q∗(0)F0(z,z) = g20
z2

2
+g11zz+g02

z2

2
+g21

z2z
2

+ · · ·. (3.41)

Then, from (3.40), we have

zt(θ) = (z1t(θ),z2t(θ),z3t(θ))
T =W (t,θ)+2Re{z(t)q(θ)}

= W20(θ)
z2

2
+W11(θ)zz+W02(θ)

z2

2
+(1,u,w)T eiδ0τ∗0 θ z+(1,u,w)T e−iδ0τ∗0 θ z

+O(| (z,z) |3). (3.42)
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In consequence, from Eq. (3.41), we can get

g(z,z) = q∗(0)F0(z,z)

= D(1,u∗,w∗)τ∗0



m11z2
1t(0)+m12z2

2t(0)+m13z1t(0)z2t(0)+m14z1t(0)z3t(0)+m15z2t(0)z3t(0)

+m16z1t(−1)z2t(−1)

m21z1t(−1)z2t(−1)

m31z2
3t(0)+m32z1t(0)z3t(0)+m33z2t(0)z3t(0)


.

By direct calculation and comparing the coefficients with (3.41), we obtain

g20 = 2Dτ
∗
0

[
m11 +m12u2 +m13u+m14w+m15uw+m16ue−2iδ0τ∗0

+u∗m21ue−2iδ0τ∗0 +w∗
{

m31 +m32w+m33uw
}]

,

g11 = 2Dτ
∗
0

[
m11 +m12|u|2 +m13Re{u}+m14Re{w}+m15Re{uw}

+m16Re{u}+u∗m21Re{u}+w∗
{

m31 +m32Re{w}+m33Re{uw}
}]

,

g02 = 2Dτ
∗
0

[
m11 +m12u2 +m13u+m14w+m15uw+m16ue2iδ0τ∗0

+u∗m21ue2iδ0τ∗0 +w∗
{

m31 +m32w+m33uw
}]

,

g21 = Dτ
∗
0

[
m11

(
2W 1

20(0)+4W 1
11(0)

)
+m12

(
2uW 2

20(0)+4uW 2
11(0)

)
+m13

(
W 2

20(0)+2W 2
11(0)+uW 1

20(0)+2uW 1
11(0)

)
+m14

(
W 3

20(0)+2W 3
11(0)+wW 1

20(0)+2wW 1
11(0)

)
+m15

(
uW 3

20(0)+2uW 3
11(0)+wW 2

20(0)+2wW 2
11(0)

)
+m16

(
2W 2

20(−1)eiδ0τ∗0 +2W 2
11(−1)e−iδ0τ∗0 +uW 1

20(−1)eiδ0τ∗0 +2uW 1
11(−1)e−iδ0τ∗0

)
+u∗m21

(
2W 2

20(−1)eiδ0τ∗0 +2W 2
11(−1)e−iδ0τ∗0 +uW 1

20(−1)eiδ0τ∗0 +2uW 1
11(−1)e−iδ0τ∗0

)
+w∗

{
m31

(
2W 1

20(0)+4W 1
11(0)

)
+m32

(
wW 2

20(0)+2W 3
11(0)+2wW 1

11(0)+2W 3
20(0)

)
+m33

(
uW 3

20(0)+2uW 3
11(0)+wW 2

20(0)+2wW 2
11(0))

)}]
.

To compute the value of g21, we need to calculate the magnitude for the terms W i
20(θ) and

W i
11(θ) (i = 1,2,3). From (3.38) and (3.40), we have

Ẇ = żt − żq− ż q =

{
AW −2Re{q∗(0)F0q(θ)}, θ ∈ [−1,0),
AW −2Re{q∗(0)F0q(θ)}+F0, θ = 0,

def
= AW +H(z,z,θ),

(3.43)
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where

H(z,z,θ) = H20(θ)
z2

2 +H11(θ)zz+H02(θ)
z2

2 + · · · . (3.44)

Expanding the above series explicitly and comparing the corresponding coefficients, we
get

(A− i2δ0τ∗0 I)W20(θ) =−H20(θ), AW11(θ) =−H11(θ). (3.45)

From (3.43), we have

H(z,z,θ) =−q∗(0)F0q(θ)−q∗(0)F0q(θ) =−gq(θ)−g q(θ) f orθ ∈ [−1,0). (3.46)

Comparing the associated coefficients with (3.44) yields

H20(θ) =−g20q(θ)−g02q(θ), (3.47)

H11(θ) =−g11q(θ)−g11q(θ). (3.48)

From (3.45), (3.47), (3.48) and utilizing the definition of A we obtain

Ẇ20(θ) = i2δ0τ
∗
0W20(θ)+g20q(θ)+g02q(θ), (3.49)

Ẇ11(θ) = g11q(θ)+g11q(θ). (3.50)

Since q(θ) = (1,u,w)T eiδ0τ∗0 θ , therefore we have

W20(θ) =
ig20
δ0τ∗0

q(0)eiδ0τ∗0 θ +
ig20

3δ0τ∗0
q(0)e−iδ0τ∗0 θ +E1ei2δ0τ∗0 θ , (3.51)

and

W11(θ) =− ig11
δ0τ∗0

q(0)eiδ0τ∗0 θ +
ig11
δ0τ∗0

q(0)e−iδ0τ∗0 θ +E2, (3.52)

where E1 = (E(1)
1 ,E(2)

1 ,E(3)
1 ), E2 = (E(1)

2 ,E(2)
2 ,E(3)

2 ) ∈ R3 are constant vectors.
From the definition of A and utilizing (3.45) with η(θ) = η(0,θ), we get

∫ 0
−1 dη(θ)W20(θ) = i2δ0τ∗0W20(0)−H20(0), (3.53)

and

∫ 0
−1 dη(θ)W11(θ) =−H11(0). (3.54)
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From (3.45), we have

H20(0) =−g02q(0)−g02q(0)+2τ∗
0

 m11 +m12u2 +m13u+m14w+m15uw+m16ue−2iδ0τ∗0

m21ue−2iδ0τ∗0

m31 +m32w+m33uw

(3.55)

and

H11(0) =−g11q(0)−g11q(0)+

2τ
∗
0

 m11 +m12|u|2 +m13Re{u}+m14Re{w}+m15Re{uw}+m16Re{u}
m21Re{u}

m31 +m32Re{w}+m33Re{uw}

 .(3.56)

Notice that

(
iδ0τ

∗
0 I −

∫ 0

−1
eiδ0τ∗0 θ dη(θ)

)
q(0) = 0,

(
−iδ0τ

∗
0 I −

∫ 0

−1
e−iδ0τ∗0 θ dη(θ)

)
q(0) = 0.

Substituting (3.51) and (3.55) into (3.53), we get(
i2δ0τ∗0 I−

∫ 0
−1 ei2δ0τ∗0 θ dη(θ)

)
E1 = 2τ∗0

 m11 +m12u2 +m13u+m14w+m15uw+m16ue−2iδ0τ∗0

m21ue−2iδ0τ∗0

m31 +m32w+m33uw

 ,

which implies that i2δ0 − l11 + ´l11e−i2δ0τ∗0 −l12 + ´l12e−i2δ0τ∗0 −l13

− ´l11e−i2δ0τ∗0 i2δ0 − l22 − ´l12e−i2δ0τ∗0 0

−l31 −l32 i2δ0 − l33

E1

= 2



m11 +m12u2 +m13u+m14w+

m15uw+m16ue−2iδ0τ∗0

m21ue−2iδ0τ∗0

m31 +m32w+m33uw


It then follows that

E1 = (E(1)
1 ,E(2)

1 ,E(3)
1 ) = ( |∆11|

|∆1| ,
|∆12|
|∆1| ,

|∆13|
|∆1| ),

(3.57)

where

∆1 =

 i2δ0 − l11 + ´l11e−i2δ0τ∗0 −l12 + ´l12e−i2δ0τ∗0 −l13

− ´l11e−i2δ0τ∗0 i2δ0 − l22 − ´l12e−i2δ0τ∗0 0

−l31 −l32 i2δ0 − l33


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and ∆1 j is obtained from ∆1 by replacing jth column in to 2(m11+m12u2+m13u+m14w+

m15uw+m16ue−2iδ0τ∗0 ,m21ue−2iδ0τ∗0 ,m31 +m32w+m33uw)T .
Similarly, substituting (3.52) and (3.56) into (3.54), we have(∫ 0

−1 dη(θ)
)

E2 = 2τ∗0

 m11 +m12|u|2 +m13Re{u}+m14Re{w}+m15Re{uw}+m16Re{u}
m21Re{u}

m31 +m32Re{w}+m33Re{uw}

 ,

which implies that l11 − ´l11 l12 − ´l12 l13

− ´l11 l22 − ´l12 0
l31 l32 l33

E2

= 2

m11 +m12|u|2 +m13Re{u}+m14Re{w}+m15Re{uw}+m16Re{u}
m21Re{u}

m31 +m32Re{w}+m33Re{uw}


and hence

E2 = (E(1)
2 ,E(2)

2 ,E(3)
2 ) = ( |∆21|

|∆2| ,
|∆22|
|∆2| ,

|∆23|
|∆2| ),

(3.58)

where

∆2 =

(
l11 − ´l11 l12 − ´l12 l13

− ´l11 l22 − ´l12 0
l31 l32 l33

)
and ∆2 j is obtained from ∆2 by replacing jth column in to 2(m11 +m12|u|2 +m13Re{u}+
m14Re{w}+m15Re{uw}+m16Re{u},m21Re{u},m31 +m32Re{w}+m33Re{uw})T .
Based on the foregoing arguments, we find that

C1(0) =
i

2δ0τ∗0

(
g20g11 −2|g11|2 −

1
3
|g02|2

)
+

1
2

g21,

µ2 =−Re{C1(0)}
Re{µ́(τ∗0 )}

, β2 = 2Re{C1(0)}, τ2 =−
Im{C1(0)}+µ2Im{µ́(τ∗0 )}

δ0τ∗0
.

It is well known that µ2 and β2 determine the direction of Hopf-bifurcation and stability of
bifurcating periodic solutions of the system (3.5) at τ = τ∗0 on center manifold. From the
above analysis, the proof of Theorem 3.5 is complete.

3.6 Numerical Investigations

In this section, we perform some numerical experiments on the system (3.5) to check the
feasibility of our analytical findings concerning the stability criteria. We focus on the role
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Table 3.1: The set of values of parameters for numerical simulation

Parameter Ecological meaning Parameter values Sources
r recruitment rate of coral 0.07 Briggs et al. (2018) [156]
g combined rate of local recruitment in-

cluding the lateral growth of coral over
free space

0.1 Briggs et al. (2018) [156]

g1 combined rate of local recruitment and
lateral growth of macroalgae over free
space

0.4 Briggs et al. (2018) [156]

d death rate of coral 0.05 Briggs et al. (2018) [156]
µ recruitment rate of macroalgae 0.1 −
v death rate of macroalgae 0.5 Briggs et al. (2018) [156]
λ disease transmission rate 0.1 −
ω rate of infected coral colonies revert to

the susceptible class due to regenera-
tion of tissue

0.01 −

e additional mortality rate of infected
coral due to infection

0.01 −

γ dimensionless parameter (0 < γ ≤ 1] 0.6 Briggs et al. (2018) [156]
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Figure 3.1: Numerical simulation in the absence of delay for system (3.5). The parameter
values are r = 0.07; g = 0.1; g1 = 0.4; d = 0.05; µ = 0.1; v = 0.5; λ = 0.1; ω = 0.01;
e = 0.01; γ = 0.6; τ = 0; [.10 .250 .15] (see Table 3.1).

of vital parameters: disease transmission rate λ , conversion rate ω of infected colonies to
healthy class and time lag τ due to incubation in the coral-reef system. In our numerical
computation, we utilize MATLAB and MATHEMATICA and choose the biologically fea-
sible parameter values from the previous published works as indicated in the Table 3.1, that
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Figure 3.2: Numerical simulation for λ = 0.7 in the absence of delay for system (3.5). The rest
parameter values are taken as in the Figure 3.1
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Figure 3.3: Bifurcation diagram of system (3.5) for λ . The parameter values are taken as
in the Figure 3.1.

is, r = 0.07; g = 0.1; g1 = 0.4; d = 0.05; µ = 0.1; v = 0.5; λ = 0.1; ω = 0.01; e = 0.01;
γ = 0.6; and the initial species sizes are [S(0), I(0),M(0)] = [0.10, 0.25, 0.15]. In the ab-
sence of time lag, we have verified that the criteria for the existence and stability of disease
free equilibrium L1 of system (3.5) is satisfied. For λ = 0.1 and the values of rest of the pa-
rameters from Table 3.1, we have disease free equilibrium point L1(0.495832,0,0.148789)
and g0

1 = gM1 + v+ µ(1− 1
M1

) = −0.0572138. Thus, the admissible criterion: g1(0.4) >
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Figure 3.4: Numerical simulation in the presence of delay τ = 9.0 for system (3.5). The
parameter values are taken as in the Figure 3.2.
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Figure 3.5: Numerical simulation for τ = 12.548 in the presence of delay for system (3.5).
The other parameter values as in Figure 3.2.

g0
1(−0.0572138) for disease free equilibrium point L1 is satisfied. Using the same set of the

values of parameters, we have computed the disease threshold parameter R0 = 0.708331 <

1 (R0 = λS1
d+e+ω

), r > r[0] = −0.436435 and ∂ (F1,F3)
∂ (S,M) |(S1,0,M1) = 0.038086 > 0. Moreover,

eigenvalues associated with L1(0.495832,0,0.148789) are −0.490466, −0.077653, −0.0204168.
Due to Theorem 3.2, Without a time delay (τ), the system is stable around the equilibrium
point L1. In this scenario, the disease does not spread through the coral reef ecosystem
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Figure 3.6: Bifurcation diagram of system (3.5) for time delay τ . The parameter values are
taken as in the Figure 3.2.

because healthy coral and macroalgae species co-exist stably around the disease-free state
(as shown in Figure 3.1). Further, the disease continues to exist within the coral reef pop-
ulations when the disease transmission rate, λ , exceeds a certain threshold. Figure 3.2
illustrates that for λ = 0.7, all species coexist stably around the interior equilibrium point,
L∗. In this scenario, the disease threshold parameter R0 = 4.95832 > 1 indicates that the
disease is likely to propagate within the coral reef populations. Without any time lag, our
numerical simulation indicates that a minimum infection force (λmin ≈ 0.1412) is neces-
sary for the disease to spread among the coral reef species in the system (3.5). To illustrate
the system’s dynamics more clearly, we present the diagram (Figure 3.3) for various values
of λ . It is also imperative to mention that a transcritical bifurcation happens for gradu-
ally enhancing the magnitude of λ through λmin, that is, the disease-free equilibrium loses
stability, and the interior equilibrium point becomes stable in nature at λmin. Similar obser-
vations have been reported by the authors in [185–188]. Next, we examine the effect of
time lag on the dynamics of the disease. In order to reach our goal, we set λ = 0.7, while
the remaining parameter values are provided in Table 3.1. The endemic steady state takes
the form L∗(S∗, I∗,M∗) with species densities S∗ = 0.1, I∗ = 0.358343,M∗ = 0.160479.
It is noted that the interior equilibrium point L∗ exhibits stability when there is no time
lag (τ = 0). By introducing a time lag into the system, we observe that for τ = 9.0, all
species coexist in a locally asymptotically stable state near the interior equilibrium point
(see Fig.3.4), since Trac(J∗) =−0.81879 < 0, ∂ (F1,F2,F3)

∂ (S,I,M) |(S∗,I∗,M∗) =−0.0106389 < 0 and

Trace(J∗)∆[−0.150141]< ∂ (F1,F2,F3)
∂ (S,I,M) |(S∗,I∗,M∗)[−0.0106389]. With the same set of parame-

ters values, we get κ1 = 0.104442, κ2 = 0.00657864, κ3 =−0.0000559973, which reveals
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Figure 3.7: Numerical simulation of system (3.5) for ω = 0.01 in of delay of the system
(3.5). (b) Numerical simulation of system (3.5) for ω = 0.019. The other parameters values
are same as in Figure 3.5.

the existence of a positive zero, ϑ0 ≈ 0.00754336 of the Eq. (3.18). As a result, (3.17) has
at least one positive zero, namely, δ0 ≈ 0.0868525. Due to Theorem 3.3, we notice that the
stability switching may arise as τ increases. The value of τ for which stability switching
occurs is τ∗ ≈ 10.919 and it can easily be calculated from (3.15) and (3.16). Further-
more, we have verified through numerical calculations that S(δ0)A(δ0)−B(δ0)M(δ0) =

0.000156696 ̸= 0, confirming that the transversality condition holds:

d
dτ

[
Reρ(τ)

]
τ=τ∗ = 0.00562687 ̸= 0.
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Figure 3.8: Population abundances for ω = 0.30 in of delay of the system (3.5) and other
parameter values are same as in Figure 3.5.
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Figure 3.9: Bifurcation diagram of system (3.5) for time delay ω . The parameter values
are taken as in the Figure 3.5.

Butler’s lemma predicts that L∗ remains stable when τ < τ∗ , as shown in Figure 3.4. This
corresponds to a solution of system 3.5 for τ = 9.0. As the value of τ increases beyond
τ∗(≈ 10.919), a periodic solution emerges, indicating the occurrence of a Hopf bifurcation
(Figure 3.5). It is also observed that the system’s oscillation amplitude grows as τ increases
when τ exceeds τ∗. This observation is in agreement with the result of Bhattacharyya et
. al. [122]. To better understand the dynamics of the coral reef system, we create a
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Figure 3.10: Domains of stability and instability of the model (3.5) in two dimensional λ −
ω parameter space where other parameter values are fixed as in Table 3.1. The horizontal
axis represents the rate of disease transmission λ and the vertical axis represent recovery
rate ω . The D1 (green) domain depicts that the disease-free equilibrium point L1(S1,0,M1)
is stable; the D2 (red) domain indicates the stability region of the interior equilibrium
point L∗(S∗, I∗,M∗) and the D3 (blue) domain depicts oscillatory nature around interior
equilibrium L∗.(Color figure online)
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Figure 3.11: Domains of stability and instability of the model (3.5) in two dimensional λ −
τ parameter space where other parameter values are fixed as in Table 3.1. The horizontal
axis represents the rate of disease transmission λ and the vertical axis represent recovery
rate ω . The D1 (green) domain depicts that the disease-free equilibrium point L1(S1,0,M1)
is stable; the D2 (red) domain indicates the stability region of the interior equilibrium
point L∗(S∗, I∗,M∗) and the D3 (blue) domain depicts oscillatory nature around interior
equilibrium L∗.(Color figure online)
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Figure 3.12: Domains of stability and instability of the model (3.5) in two dimensional ω−
τ parameter space where other parameter values are fixed as in Table 3.1. The horizontal
axis represents the rate of disease transmission λ and the vertical axis represent recovery
rate ω . The D1 (green) domain depicts that the disease-free equilibrium point L1(S1,0,M1)
is stable; the D2 (red) domain indicates the stability region of the interior equilibrium
point L∗(S∗, I∗,M∗) and the D3 (blue) domain depicts oscillatory nature around interior
equilibrium L∗.(Color figure online)

bifurcation diagram (Figure 3.6) by varying the values of the time delay τ . Moreover,
using the algorithms detailed in Section 3.5.3, we find C1(0) =−0.006698−0.08857i for
τ = τ∗, which gives µ2 = 1.190359, β2 = −0.013396, and τ2 = 0.086. Thus, the Hopf
bifurcation of system (3.5) near the interior equilibrium point L∗(0.1,0.358343,0.160479)
is supercritical. The bifurcating periodic solution emerges for τ > τ∗, is orbitally stable,
and its period decreases as τ increases. A critical aspect of Hopf-bifurcation in this scenario
is the emergence of a limit cycle around the equilibrium point, L∗, at the bifurcation point.
In this case, two distinct solutions arising from different initial values converge to the limit
cycle, leading to a stable periodic solution. We also describe the effect of conversion rate
ω of infected colonies to healthy class on the disease dynamics of the system (3.5). To
demonstrate the impact of ω in the system, we slowly increase the magnitude of ω and
settle the value of τ at 12.648, and the remaining parameter values are identical to those in
Figure 3.2. For ω = 0.019, the endemic steady state is stable focus. For sufficiently higher
value of ω > ω0[≈ 0.0181], can control the oscillation among the species due to presence
of time lag. If we continue to gradually increase the value of ω , it becomes apparent that
ω regulates the disease transmission within the coral reef ecosystem when it reaches a
sufficiently high level, specifically ω > ωc[≈ 0.288]. Therefore, a transcritical bifurcation
takes place between the interior equilibrium point and the disease-free equilibrium point
at ωc. So, effect of conversion rate ω of infected colonies to healthy class can control
the oscillation among the system, and control disease transmission among coral species.
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To gain a comprehensive understanding of the model’s stability behavior as described by
Equation (3.5), we present two parameters bifurcation diagrams (Fig. [3.10-3.12]) that
illustrate the regions of stability and instability around the equilibrium points L1 and L∗.
In Fig. [3.10-3.12], the green region (D1) outlines the stability zone of the disease-free
equilibrium point L1, the red region (D2) shows the stability area of the interior equilibrium
point L∗, and the blue region (D3) represents the system’s periodic oscillation behavior
around the equilibrium point L∗. Initially, we trace two parameter bifurcation in λ −ω

space (see the Fig 3.10). It is noted that for any given value of ω , the system remains
stable around the disease-free equilibrium point L1 when the disease transmission rate (λ )
is below a critical threshold (≈ 0.2). For sufficiently moderate to higher value of ω and
for the disease transmission rate (λ ) crossing a critical value (≈ 0.2), the system shows
stable nature around L∗. Consequently, the disease persists among the species of coral reef
system. On the other hand, all species of the system indicate oscillation nature around L∗

for a sufficiently higher value of λ and a sufficiently smaller value of ω . Subsequently, we
produce the stability and oscillation domain of the model (3.5) in λ − τ parameter space
(see the Fig. 3.11). From Fig. 3.11, we observe that for any moderate value λ up to
(≈ 0.3) and arbitrary value of time lag τ , the model (3.5) exhibits stable nature around the
equilibrium L∗ and the coral species become disease-free. It is also observe that the disease
persists among the coral species with stable nature for sufficiently moderate to higher value
of λ and arbitrary value of time lag τ . On the other hand, the species show the periodic
nature around the interior equilibrium point L∗ when disease transmission rate λ is quite
high and the magnitude of time lag τ between sufficiently moderate to high values. Further,
we draw domain of the species dynamics for the system (3.5) in ω − τ parameter space.
From Fig. 3.12, one can observe the model indicates the oscillation nature among the all
species when the recovery rate ω and the magnitude of time lag τ are sufficiently low and
high respectively. For any value of time lag τ and for sufficiently moderate value of ω , the
periodic oscillation around the interior equilibrium L∗ disappears and the system becomes
unstable from its stable nature around L∗. Next, if the magnitude of ω is high enough,
then the system switches form oscillation around interior equilibrium point L∗ to stable
nature around the disease free equilibrium point L1 for an arbitrary magnitude of time lag
τ . The above observations indicate that the time lag τ can produce the oscillation among
the species whereas the conversion efficiency or recovery rate ω can control the oscillation
among the system as well as disease transmission among coral species.

3.7 Conclusion

It is widely recognized that time delay plays a crucial role in studying biological processes,
as the system’s behavior does not manifest immediately.Consequently, it is crucial to inves-
tigate how time delays influence the stability of the coral reef ecosystem. Coral diseases are



3.7. Conclusion 67

a significant factor in coral reef decline, so it is necessary to incorporate them in the study
of the coral reef system. In this study, we developed and analysed a mathematical model
of coral reef epidemiology using a system of 3D coupled ordinary differential equations
representing the dynamics of susceptible, infected coral and macroalgaeIn the face of dis-
ease, the coral population can be segregated into two distinct groups: healthy and infected.
The healthy coral turns into infected through a contagious pathway (e.g, black band and
white band diseases). The healthy coral does not become infected instantaneously but it is
induced by time delay due to the incubation. The spread of disease among coral follows a
mass-action principle. Hence, it is imperative to consider the effects of disease transmis-
sion rate (λ ), incubation time lag (τ), and conversion/recovery rate (ω) in the coral reef
dynamical system.
We have investigated the biologically feasible distinct equilibrium points of the system.
The preliminary result, presented in Section 3.3, is concerned with the existence and pos-
itivity of solutions of (3.5). We computed the disease basic reproduction number R0 and
threshold parameter r[0] for recruitment rate of coral. Analytical results indicate that the
disease-free equilibrium is locally asymptotically stable when R0 < 1 and r > r[0] pro-
vided that ∂ (F1,F3)

∂ (S,M) |(S1,0,M1) is positive definite. This result demonstrates that the disease
will propagate among the corals if the rate of disease transmission (λ ) exceeds a certain
critical threshold, as R0 increases monotonically with λ . On the contrary, a sufficiently
higher recovery rate (ω) of coral reef is necessary to wipe out the disease from system as
R0 is monotone decreasing function with increasing value of recovery rate ω . Therefore,
while the disease transmission rate facilitates the spread of the disease within the system,
the recovery rate is crucial in managing and controlling the disease’s spread in the coral
reef ecosystem. When a time delay (τ) is present, the system exhibits stable behaviour if
the delay is below a certain threshold value (τ∗) and unstable behaviour if the delay exceeds
this threshold. Thus, the system experiences a Hopf-bifurcation around L∗. We have pre-
sented the condition required for the occurrence of Hopf-bifurcation around L∗. The delay
duration necessary to maintain the system’s stability has also been calculated. Moreover,
it is observed that the oscillation among the corals can be controlled when the conversion
efficiency rate (ω) crosses a threshold value. Also, one can notice that the magnitude of
ω increases when the system becomes disease free. Using the notation introduced by Has-
sard et al., we have investigated the direction of the Hopf bifurcation, the stability of the
bifurcating periodic solution, and its period.
The results obtained in this study suggest that the conversion efficiency or recovery rate
and incubation delay time play a crucial role in controlling the disease transmission and
oscillations among the species of coral-reef ecosystem. The introduction of incubation de-
lay in a coral reef ecosystem demonstrates that the all species coexist in oscillatory nature.
In fact, the conversion or recovery rate of infected colonies to healthy coral can prevent the
oscillation among the species of the system and control the disease transmission among
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coral species.



4
Dynamics of Zooplankton-Mediated

Disease Outbreak in Coral-Reef 1

4.1 Introduction

Coral reefs are vital ecosystems supporting marine biodiversity and coastal economies.
However, coral diseases, driven by biological (bacteria, fungi, viruses) and environmental
stressors (rising sea temperatures, pollution), are accelerating reef degradation worldwide
[189, 190]. Among these, white band disease (WBD) is a major contributor to coral de-
cline, particularly affecting key reef-building species Acropora palmata and Acropora cer-

vicornis [101, 191]. WBD spreads through direct contact, waterborne transmission, and
corallivores such as fireworms and reef fish [115, 117]. Although the exact pathogens re-
main uncertain, bacteria from Vibrionaceae and Flavobacteriaceae have been implicated
[116, 192].

The increasing prevalence of coral diseases has been linked to declining water quality
and climate change [193, 194]. Disease outbreaks significantly reduce coral cover, disrupt
reef structures, and promote macroalgal dominance, further threatening ecosystem stability
[195, 196]. While past studies modeled disease transmission via direct contact or free-
living pathogens [122, 143], recent research suggests that zooplankton may also act as

1The bulk of this chapter has been published in Journal of Theoretical Biology by Ranjit, B., Biswas,
S., Bhattacharyya, J., & Chattopadhyay, J. Springer 1-29., (2023). DOI- https://doi.org/10.1007/
s12591-023-00643-0
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vectors for coral infections [136].
In this study, we develop a phytoplankton-zooplankton-coral model to examine both

contagious and non-contagious transmission of WBD. By incorporating pathogen dynam-
ics, we aim to determine the most detrimental transmission mode and explore the role of
coral-phytoplankton mutualism in reef recovery. Our findings will provide insights into
disease-driven coral declines and potential mitigation strategies.

4.2 The Basic Model

To study the coral disease dynamics due to both contagious and non-contagious pathway,
we constructed a mathematical model incorporating phytoplankton-zooplankton popula-
tion in coral ecosystems with the presence of free-living pathogens (see the schematic
diagram). Phytoplankton (P) grows logistically and is preyed by the zooplankton (Z).
Zooplankton again consumed by the corals and die at a constant rate. The fraction of
phytoplankton that lives in a mutualism relationship with the coral, commonly referred as
zooxanthellae lives in coral’s gastrodermis [29, 197]. Thus, it’s a process of endosym-
biosis and the phytoplankton is within the host’s cell and protected from any attack from
zooplankton in the system [53]. The relationship is intimate with a symbiont in the vac-
uole of the host cell, a gastrodermal cell of the symbiosome, through which the partners
usually exchange food and other molecules [53]. Furthermore, corals in which larvae de-
velops with in polyp, releases zooxanthellae planulae. In these corals, the zooxanthellae
that occurs in parental gastoderm cells are transferred from mother colonies to the oocytes
or planula (termed vertical transmission), while in other corals species the offspring ac-
quire symbionts from the environment (termed horizontal transmission) [198]. Both the
phyto- and zoo-plankton population is regulated by some constant inflow due to immigra-
tion. Coral population is subdivided into two classes, namely susceptible (CS) and infected
(CI). Disease mainly transmit in two ways. Firstly, the direct interaction of susceptible and
infected corals is responsible for the disease spreading among corals, known as contagious
pathway of transmission. Here the transmission term is taken to be the product of suscep-
tible and infected corals. The second way of coral disease transmission is known as the
non-contagious pathway; due to the predation of the zooplankton by the coral and also due
to the free-living pathogens (W). The first component of the non-contagious pathway is
taken to be proportional to the predation term of the zooplankton by the corals. Zooplank-
tone plays an importent role as a vector for coral disease [136], exactly white band disease
(WBD). The latter is taken as the product of the susceptible corals with the pathogens. In
addition, susceptible coral makes symbiosis with phytoplankton. Both susceptible and in-
fected coral dies at a constant rate and there is an additional mortality due to the disease of
infected corals. Zooplankton helps to grow pathogens by the shedding effect and infected
coral release pathogen at a constant rate in the environment. Additionally, pathogen growth
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Figure 4.1: A schematic representation of the model.

is mediated by some self-limiting term and natural mortality. A schematic diagram of the
system is given in Fig. 4.1. Incorporating all the terms, our model takes the following
form:

dP
dt

= rP
(
1− P

K

)
−α1(1−σ)PZ + m1σPCS

a1+σP +ηP,

dZ
dt

= e1α1(1−σ)PZ −α2CSZ −d1Z +ηZ,

dCS

dt
= m2σPCS

a2+CS
+(e2α2 −λ1)CSZ −λ2CSCI −λ3CSW −d2CS,

dCI

dt
= λ1CSZ +λ2CSCI +λ3CSW − (d2 + γ)CI,

dW
dt

= W (β1Z +β2CI −d3 −δW ),

(4.1)

where P(0)≥ 0, Z(0)≥ 0, CS(0)≥ 0, CI(0)≥ 0 and W (0)≥ 0.
• P ≡ Phytoplankton.
• Z ≡ Zooplankton.
• CS ≡ Susceptible Corals.
• CI ≡ Infected Corals.
• W ≡ Free-living Pathogens.
• The intrinsic growth rate of phytoplankton is r.
• The carrying capacity of phytoplankton is K.
• Phytoplankton-predation rate of zooplankton is α1.
• Predation rate of zooplankton by susceptible corals is α2.
• σ is the fraction of phytoplankton population having mutualism with corals.
• ηP and ηZ are the (constant) immigration rates of phytoplankton and zooplankton re-
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spectively.
• m1 and m2 are the maximum benefits of mutualistic interaction.
• a1 and a2 are the half saturation coefficients of the functional responce representing mu-
tualism.
• e1 and e2 are conversion efficiency of zooplankton and corals respectively.
• d1 and d2 are the mortality rates of zooplankton and corals respectively.
• γ is the disease-induced death rate of infectious corals.
• λ1,λ2 and λ3 are the disease transmission rates due to the consumption of zooplankton by
susceptible corals, through contagious pathway (from infectious to susceptible corals) and
through non-contagious pathway (from the environment to susceptible corals) respectively.
• β1 and β2 are the shedding rates of pathogens into the environment by zooplankton and
infectious corals respectively.
• 1

d3
is the average time of existence of the pathogens in the environment.

• δ is the crowding parameter.

Let us change the variables of the system (4.1) to non-dimensional ones so that the
scaled system contains a minimal number of parameters by substituting

P = KP̄, Z =
rZ̄
α1

, CS =
KrC̄S

m1
, CI =

KrC̄I

m1
, W =

KrW̄
m1

, t =
t̄
r

and defining non-dimensional parameters

ᾱ1 =
α1K

r
, ᾱ2 =

α2K
r

, d̄1 =
d1

r
, d̄2 =

d2

r
, d̄3 =

d3

r
, ā1 =

a1

K
, ā2 =

a2m1

Kr
,

m̄ =
m1m2

r2 , λ̄1 =
λ1

α1
, η̄P =

ηP

rK
, η̄Z =

α1ηZ

r2 , λ̄2 =
λ2K
m1

, λ̄3 =
λ3K
m1

,

γ̄ =
γ

r
, δ̄ =

δK
m1

, β̄1 =
β1

α1
, β̄2 =

β2K
m1

.
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Under these substitutions, by dropping the ’bars’, the system (4.1) reduces to

dP
dt

= P(1−P)− (1−σ)PZ + σPCS
a1+σP +ηP ≡ F1,

dZ
dt

= e1α1(1−σ)PZ −α2CSZ −d1Z +ηZ ≡ F2,

dCS

dt
= mσPCS

a2+CS
+(e2α2 −λ1)CSZ −λ2CSCI −λ3CSW −d2CS ≡ F3,

dCI

dt
= λ1CSZ +λ2CSCI +λ3CSW − (d2 + γ)CI ≡ F4,

dW
dt

= W (β1Z +β2CI −d3 −δW )≡ F5,

(4.2)

where P(0)≥ 0, Z(0)≥ 0, CS(0)≥ 0, CI(0)≥ 0 and W (0)≥ 0.

4.3 Results

4.3.1 Positive Invariance

Theorem 4.1 With positive beginning values, every solution to our system is both unique

and existing in [0,∞) and P(t)> 0, Z(t)> 0, CS(t)> 0, CI(t)> 0, W (t)> 0, ∀ t ≥ 0.

Proof: Let G = (P, Z, CS, CI,W )T and F(G) = [F1, F2, F3, F4, F5]
T . Then the system

(4.2) can be put in the form
Ġ = F(G),

where F : R+ → R5
+ with G(0) = G0 ∈ R5

+,Fi ∈ R∞(R+), for i = 1,2,3,4,5. As a re-
sult, vector function F is an entirely continuous, locally lipschitzian variable function
(P, Z, CS, CI, W ) in E = [P(t), Z(t), CS(t), CI(t), W (t)]; P > 0, Z > 0, CS > 0, CI >

0, W > 0. Applying the lemma in [199], we can say that any solution (P, Z, CS, CI, W )

of the system (4.2) with positive initial values exits and is unique in the interval [0,M],
∀ t ≥ 0. Where M is a finite positive real number.

4.3.2 Equilibrium and Local Stability Analysis

4.3.2.1 Existence of Equilibrium Points

The system (4.2) has four equilibrium points.

(i) E1 = (P1, Z1, 0, 0, W1), where Z1 = P1(1−P1)+ηP
(1−σ)P1

, W1 = β1Z1−d3
δ

and P1 is positive
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real root of ψ(P) = 0, where

ψ = e1α1(1−σ)P3−{e1α1(1−σ)+d1}P2+{d1−(1−σ)(ηZ+e1α1ηP)}P+d1ηP.

We note that ψ(P) = 0 has either no positive solution or a pair of positive solutions.
The equilibrium point E1 exists if Z1 > d3/β1.
From Fig. 4.2 it follows that out of the two possible positive solutions of ψ(P) = 0,
only one gives the value of Z1 so that Z1 > d3/β1 is satisfied. Therefore, E1 exists
uniquely.

(ii) E2 = (P2, Z2, 0, 0, 0), where Z2 =
P2(1−P2)+ηP

(1−σ)P2
and P2 is the positive solution of the

equation ψ(P) = 0. Fig. 4.2 depicts a unique E2 for the system (4.2).

(iii) E3 = (P3, Z3, CS3, CI3, 0), where P3 is a positive solution of the equation mσP
a2+ f1(P)

+

(e2α2 − λ1) f2(P)− λ2 f3(P) = d2, CS3 = f1(P3) =
−B0(P3)±

√
B2

0(P3)−4A0(P3)C0(P3)

2A0(P3)
,

Z3 = f2(P3)=
ηz

α2 f1(P3)+d1−e1α1(1−σ)P3
, CI3 = f3(P3)=

λ1 f1(P3) f2(P3)
d2+γ−λ2 f1(P3)

, A0(P3)=σP3α2,

B0(P3) = σP3(d1−e1α1(1−σ)P3)+α2(a1+σP3){P3(1−P3)+ηp}, and C0(P3) =

(a1 +σP3)[{P3(1−P3)+ηp}{d1 − e1α1(1−σ)P3}− (1−σ)P3ηz].

(iv) E∗ = (P∗, Z∗, C∗
S , C∗

I , W ∗) is the interior equilibrium point of the system (4.2),
where P∗ is a positive solution of the system of equation mσP

a2+ f1(P)
+(e2α2−λ1) f2(P)−

λ2g3(P)−λ3g4(P)= d2, C∗
S = f1(P∗), Z∗= f2(P∗), C∗

I = g3(P∗)= {d3λ3−(λ1δ+β1λ3) f2(P∗)} f1(P∗)
(λ2δ+β2λ3) f1(P∗)−δ (d2+γ) ,

and W ∗ = g4(P∗) = 1
δ
{β1 f2(P∗)+β2g3(P∗)−d3}.

Figure 4.2: The graph of ψ(P) showing the existence of two positive roots of ψ(P) = 0.
The inset figures verify the existence of E1 and E2 uniquely. The parameter values are
taken from Table 4.1.
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4.3.2.2 Local Stability Analysis

Now the Jacobian matrix of the system (4.2) at E1 is

J1 =


a1 a2 a3 0 0
a4 a5 a6 0 0
0 0 a7 0 0
0 0 a8 a9 0
0 a10 0 a11 a12

 ,

with a1 = (1−2P1)− (1−σ)Z1,
a2 =−(1−σ)P1,
a3 =

σP1
a1+σP1

,
a4 = e1α1(1−σ)Z1,
a5 = e1α1(1−σ)P1 −d1,
a6 =−α2Z1,
a7 =

mσP1
a2

+(e2α2 −λ1)Z1 −λ3W1 −d2,
a8 = λ1Z1 +λ3W1,
a9 =−(d2 + γ),
a10 = β1W1,
a11 = β2W1,
a12 = β1Z1 −d3 −2δW1.
Now, the characteristic equation of J1 is given by

| J1 − pI5 |= 0.

The three roots of the characteristic equation of J1 are:
mσP1

a2
+(e2α2 −λ1)Z1 −λ3W1 −d2, −(d2 + γ), β1Z1 −d3 −2δW1,

and the remaining two roots are given by the equation:

p2 − (a1 +a5)p+(a1a5 −a2a4) = 0.

Therefore, all the eigenvalues of the Jacobian matrix J1 are negative if mσP1
a2

+ (e2α2 −
λ1)Z1 − λ3W1 − d2 < 0, β1Z1 − d3 − 2δW1 < 0, a1 + a5 < 0, a1a5 > a2a4. Thus, the
system (4.2) is locally asymptotically stable at E1.
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The Jacobian matrix of the system (4.2) at E2 is

J2 =


b1 b2 0 b3 0
b4 b5 b6 0 0
0 0 b7 0 0
0 0 b8 b9 0
0 0 0 0 b10

 ,

with b1 = (1−2P2)− (1−σ)Z2,
b2 =−(1−σ)P2,
b3 =

σP2
a1+σP2

,
b4 = e1α1(1−σ)Z2,
b5 = e1α1(1−σ)P2 −d1,
b6 =−α2Z2,
b7 =

mσP2
a2

+(e2α2 −λ1)Z2 −d2,
b8 = λ1Z2,
b9 =−(d2 + γ),
b10 = β1Z2 −d3.

Now, the characteristic equation of J2 is given by

| J2 −qI5 |= 0.

The three roots of the characteristic equation of J2 are:
mσP2

a2
+(e2α2 −λ1)Z2 −λ3W2 −d2, −(d2 + γ), β1Z2 −d3,

and the remaining two roots are given by the equation:

q2 − (b1 +b5)q+(b1b5 −b2b4) = 0.

Therefore, all the eigenvalues of the Jacobian matrix J2 are negative if mσP2
a2

+ (e2α2 −
λ1)Z2 −λ3W2 −d2 < 0, β1Z2 −d3 < 0, b1 +b5 < 0, b1b5 > b2b4. Thus, the system (4.2)
is locally asymptotically stable at E2.
The Jacobian matrix of the system (4.2) at E3 is

J3 =


c1 c2 c3 0 0
c4 c5 c6 0 0
c7 c8 c9 c10 c11

0 c12 c13 c14 c15

0 0 0 0 c16

 ,

with
c1 = (1−2P3)− (1−σ)Z3 +

a1σCS3
(a1+σP3)2 ,
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c2 =−(1−σ)P3,
c3 =

σP3
a1+σP3

,
c4 = e1α1(1−σ)Z3,
c5 = e1α1(1−σ)P3 −α2CS3 −d1,
c6 =−α2Z3,
c7 =

mσCS3
a2+CS3

,
c8 = (e2α2 −λ1)CS3 ,
c9 =

a2mσP3
(a2+CS3)

2 +(e2α2 −λ1)Z3 −λ2CI3 −d2,
c10 =−λ2CS3 ,
c11 =−λ3CS3 ,
c12 = λ1CS3 ,
c13 = λ1Z3 +λ2CI3 ,
c14 = λ2CS3 − (d2 + γ),
c15 = λ3CS3 ,
c16 = β1Z3 +β2CI3 −d3.

Now, the characteristic equation of J3 is given by

| J3 − sI5 |= 0.

A root of the characteristic equation of J3 is:
β1Z3 +β2CI3 −d3,
and the remaining four roots are given by the equation:

s4 +A1s3 +A2s2 +A3s+A4 = 0.

Where,
A1 =−c1 − c5 − c9 − c14,
A2 = c1c5 + c1c9 + c1c14 + c5c9 + c5c14 + c9c14 − c10c13 − c6c8 − c2c4 − c3c7,
A3 = c1c10c13+c5c10c13+c1c6c8+c6c8c14+c2c4c9+c2c4c14+c3c5c7+c3c7c14−c6c10c12−
c1c5c9 − c1c5c14 − c1c9c14 − c5c9c14 − c2c6c7 − c3c4c8,
A4 = c1c6c10c12+c2c4c10c13+c1c5c9c14+c2c6c7c14+c3c4c8c14−c1c5c10c13−c3c4c10c12−
c1c6c8c14 − c2c4c9c14 − c3c5c7c14.

Using Routh-Hurwitz criteria, E3 will be locally asymptotically stable, if
Ai > 0 (i = 1,2,3,4),
A1A2A3 > A2

3 +A2
1A4

and also satisfied the condition
β1Z3 +β2CI3 −d3 < 0.
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The Jacobian matrix of the system (4.2) at E∗ is

J∗ =


g1 g2 g3 0 0
g4 g5 g6 0 0
g7 g8 g9 g10 g11

0 g12 g13 g14 g15

0 g16 0 g17 g18

 ,

with
g1 = (1−2P∗)− (1−σ)Z∗+

a1σC∗
S

(a1+σP∗)2 ,
g2 =−(1−σ)P∗,
g3 =

σP∗

a1+σP∗ ,
g4 = e1α1(1−σ)Z∗,
g5 = e1α1(1−σ)P∗−α2C∗

S −d1,
g6 =−α2Z∗,
g7 =

mσC∗
S

a2+C∗
S
,

g8 = (e2α2 −λ1)C∗
S ,

g9 =
a2mσP∗

(a2+C∗
S)

2 +(e2α2 −λ1)Z∗−λ2C∗
I −λ3W ∗−d2,

g10 =−λ2C∗
S ,

g11 =−λ3C∗
S ,

g12 = λ1C∗
S ,

g13 = λ1Z∗+λ2C∗
I +λ3W ∗,

g14 = λ2C∗
S − (d2 + γ),

g15 = λ3C∗
S ,

g16 = β1W ∗,
g17 = β2W ∗,
g18 = β1Z∗+β2C∗

I −d3 −2δW ∗.
Now, the characteristic equation of J∗ is given by

| J∗− xI5 |= 0.

i.e.
x5 +Q1x4 +Q2x3 +Q3x2 +Q4x+Q5 = 0.

Where,
Q1 =−g1 −g5 −g9 −g14 −g18,
Q2 = g1g5+g1g9+g1g14+g1g18+g5g9+g5g14+g5g18+g9g14+g9g18+g14g18−g15g17−
g10g13 −g6g8 −g2g4 −g3g7,
Q3 = g1g15g17+g5g15g17+g9g15g17+g1g10g13+g5g10g13+g10g13g18+g1g6g8+g6g8g14+

g6g8g18+g2g4g9+g2g4g14+g2g4g18+g3g5g7+g3g7g14+g3b7g18−g1g5g9−g1g5g14−
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g1g5g18−g1g9g14−g1g9g18−g1g14g18−g5g9g14−g5g9g18−g5g14g18−g9g14g18−g11g13g17−
g6g10g12 −g6g11g12 −g3g4g8 −g2g6g7,
Q4 = g1g5g9g14+g1g5g9g18+g1g5g14g18+g1g9g14g18+g5g9g14g18+g1g11g13g17+g5g11g13g17+

g6g8g15g17+g1g6g10g12+g6g10g12g18+g1g6g11g16+g6g11g14g16+g2g4g15g17+g2g4g10g13+

g3g4g8g14+g3g4g8g18+g2b6g7g14+g2g6g7g18+g3g7g15g17−g1g5g15g17−g1g9g15g17−
g5g9g15g17−g1g5g10g13−g1g10g13g18−g5g10g13g18−g1g6g8g14−g1g6g8g18−g6g8g14g18−
g6g11g12g17−g6g10g15g16−g2g4g9g14−g2g4g9g18−g2g4g14g18−g3g4g10g12−g3g5g7g14−
g3g5g7g18 −g3g7g14g18,
Q5 =− | J∗ |.
Using Routh-Hurwitz criteria, E∗ will be locally asymptotically stable, if
(i) Qi > 0 (i = 1,2,3,4,5),
(ii) Q1Q2Q3 > Q2

3 +Q2
1Q4,

(iii) (Q1Q4−Q5)(Q1Q2Q3−Q2
3−Q2

1Q4)> Q5(Q1Q2−Q3)
2+Q1Q2

5. We can encapsulate
the outcomes in the following theorem.

Theorem 4.2 The stability behavior of the system (4.2) around the equilibrium points are

described below.

(i) Equilibrium point E1 = (P1, Z1, 0, 0, W1) is locally asymptotically stable (LAS) if
mσP1

a2
+(e2α2−λ1)Z1−λ3W1−d2 < 0, β1Z1−d3−2δW1 < 0, a1+a5 < 0, a1a5 >

a2a4.

(ii) Equilibrium point E2 = (P2, Z2, 0, 0, 0) is locally asymptotically stable (LAS) if
mσP2

a2
+(e2α2 −λ1)Z2 −λ3W2 −d2 < 0, β1Z2 −d3 < 0, b1 +b5 < 0, b1b5 > b2b4.

(iii) Equilibrium point E3 =(P3, Z3, CS3, CI3, 0) is LAS if Ai > 0, (i= 1,2,3,4), A1A2A3 >

A2
3 +A2

1A4, β1Z3 +β2CI3 −d3 < 0.

(iv) Equilibrium point E∗ = (P∗, Z∗, C∗
S , C∗

I , W ∗) is LAS if Qi > 0 i = 1,2,3,4,5,
Q1Q2Q3 > Q2

3+Q2
1Q4, (Q1Q4−Q5)(Q1Q2Q3−Q2

3−Q2
1Q4)> Q5(Q1Q2−Q3)

2+

Q1Q2
5.

4.3.3 Bifurcation Analysis

In this section, we study two types of bifurcation analysis namely Hopf-bifurcation and
Transcritical Bifurcation for the model system (4.2) with respect to the vital parameters λi

(i = 1,2,3 ) and σ .

4.3.3.1 Hopf Bifurcation Analysis

Here we investigate Hopf bifurcation analysis for the model system (4.2), with respect to
the disease transmission rate λ1. That’s why we rewrite our system of equations (4.2) in
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vector forms [200] to perform the analytical conditions for the Hopf bifurcation as follows:

ẏ = f (y,λ1), y ∈ R5, f ∈C∞

with λ1 ∈ R a bifurcation parameter.
Now, the Jacobian matrix of the above system around y∗ is

J(λ1) = D f (y∗(λ1),λ1) = ( fi j)

where fi j =
∂ fi
∂y j

, i, j = 1,2, ...5.
and corresponding characteristics equation is

P(x) = x5 +Q1x4 +Q2x3 +Q3x2 +Q4x+Q5 = 0.

Where x is the eigenvalue of the above characteristic equation and the coefficient
Qi ∈ R(i = 1,2, ....,5) which are described above depend on the parameter λ1.

Now, we discuss the roots of the above polynomial by the following theorems [201]

Theorem 4.3 If and only if one of the following sets of requirements with coefficient cri-

terion is met, the polynomial P(x) has exactly one pair of imaginary roots x1,2 = ±i
√

θ ,

θ > 0.

(C1): ψ =(Q3−Q1Q2)(Q5Q2−Q3Q4)−(Q5−Q1Q4)
2 = 0, with θ =(Q5−Q1Q4)/(Q3−

Q1Q2)> 0,

(C2): Q5 = Q1Q4, Q3 = Q1Q2, and Q4 < 0, with θ =
Q2+

√
Q2

2−4Q4
2 > 0,

(C3): Q5 = Q1Q4, Q3 = Q1Q2, and Q4 = 0, Q2 > 0, with θ = Q2 > 0.

Theorem 4.4 If and only if one of the following coefficient requirements is met, the poly-

nomial P(x) has one pair of imaginary roots x1,2 =±i
√

θ , θ > 0 and all other roots have

non-zero real portions.

(D1): (C1), Q3 −Q1θ1 ̸= 0, where θ = θ1 = (Q5 −Q1Q4)/(Q3 −Q1Q2)> 0,

(D2): (C2), Q3Q1 ̸= 0.

Theorem 4.5 If and only if the following coefficient criteria are met, the polynomial P(x)

has one pair of imaginary roots x1,2 =±i
√

θ , θ > 0 and all other roots have negative real

portions.

(E): (C1),Q1 > 0,Q1 −Q1Q2 < 0,Q3 −Q1θ > 0.

The dynamical system (4.2) undergoes a Hopf-bifurcation around the interior equilibrium
E∗ when the disease transmission parameter λ1 crosses a critical value say λ1 = λc. The
Hopf-bifurcation occurs at λ1 = λc if the following conditions are satisfied.
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(i) The characteristic equation at the critical value of λ1 say λc, the Jacobian matrix of
the given system has a pair of purely imaginary roots i.e, (x(λc), x(λc)) = (i

√
θ , −i

√
θ),

θ > 0 and no other roots with zero real parts.
(ii) The real part Re(x(λc)) of x(λ1) satisfies

dRe(x(λ1))

dλ1
|
λ1=λc

̸= 0.

This is true only when either the condition (D1) or (E) holds.
We can also prove the Hopf-bifurcation theorem in the same way with the others bifurca-
tion parameter λ2, λ3 and σ .

4.3.3.2 Transcritical Bifurcation Analysis

Our model (4.2) experiences a transcritical bifurcation at the equilibrium point E1 as a con-
trol parameter λ1 passes through the bifurcation value λ1 = λ ∗

1 and satisfied the following
conditions:

W T fλ1(E1, λ
∗
1 ) = 0,

W T [D fλ1(E1, λ
∗
1 )V ] ̸= 0,

W T [D2 fλ1(E1, λ
∗
1 )(V, V )] ̸= 0.

Here, V and W are eigenvectors related to simple zero (its means only one zero eigen-
value) eigenvalue corresponding to the Jacobian matrix J and JT of our system (4.2) at the
equilibrium point E1, respectively. In addition, λ ∗

1 is the bifurcation point in the parameter
space of the system (4.2). Also in above relation fλ1(E1,λ

∗
1 ) is a derivative of the vector

field f with respect to the parameter λ1. Since our model is higher dimensional, the an-
alytical expression corresponding to the conditions of the Sotomayor’s theorem becomes
very difficult to deal with. We verify the conditions of the Sotomayor’s theorem numeri-
cally in section 4.4 and illustrate the result in Fig. 4.6. Also we performed numerically,
transcritical bifurcation for the disease transmission parameter λ3 in (Fig. 4.10).

4.3.4 Permanence:

In this part, we talk about the system (4.2) persistence under favourable initial conditions.
No matter what the beginning population is, for a system to be considered permanent in
biology, all of its populations must survive over the long run. Permanence in mathematics
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refers to the absence of omega limit points on the non-negative cone’s border for strictly
positive solutions.

Definition 4.6 If u1,u2,u3,u4,u5 and v1,v2,v3,v4,v5 are positive constants does not de-

pendent on the initial conditions of the system (4.2). If the subsequent inequalities hold:

u1 ≤ lim
t→∞

infP(t)≤ lim
t→∞

supP(t)≤ v1,

u2 ≤ lim
t→∞

infZ(t)≤ lim
t→∞

supZ(t)≤ v2,

u3 ≤ lim
t→∞

infCS(t)≤ lim
t→∞

supCS(t)≤ v3,

u4 ≤ lim
t→∞

infCI(t)≤ lim
t→∞

supCI(t)≤ v4,

u5 ≤ lim
t→∞

infW (t)≤ lim
t→∞

supW (t)≤ v5.

With initial conditions P(0)> 0, Z(0)> 0, Cs(0)> 0, CI(0)> 0, W (0)> 0, then the sys-

tem (4.2) is permanent.

Theorem 4.7 The system (4.2) is permanent if

(1−σ)P1Z1 > (P1 +ηP),

d3 > β1Z1,

d2 > Max
[

mσd1
e1α1

,
(λ1Z1+λ2C1

I )C
1
S

C1
I

− γ

]
,

d2
1mσ ≥ Max

[
(1−σ)(d2+γ)ηZ(λ1ηZ+d1d2)

(d2+γ)ηP
, (1−σ)ηZ(λ1ηZ+d1d2)

ηP
, (1−σ)ηZ(λ1β2ηZ+d1d2β2+d1d2λ1)

β2ηZ

]
.

Proof: From the system of equation (4.2) we obtain,

dP
dt

≤ P+σPCS +ηP,

dZ
dt

≤ e1α1PZ −d1Z +ηZ,

dCS

dt
≤CS(mσP+ e2α2Z −d2),

dCI

dt
≤CS(λ1Z +λ2CI +λ3W ),

dW
dt

≤W (β1Z +β2CI −d3).

Now, by using the standard comparison theorem [199]

lim
t→∞

supP(t)≤ v1, lim
t→∞

supZ(t)≤ v2, lim
t→∞

supCS(t)≤ v3,

lim
t→∞

supCI(t)≤ v4, lim
t→∞

supW (t)≤ v5, (4.3)

where
v1 =

d2−e2α2Z1

mσ
,

v2 =
(e1α1d2−mσd1)+

√
(mσd1−e1α1d2)2+4e1e2α1α2mσηZ

2e1e2α1α2
,
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v3 =
(1−σ)P1Z1−(P1+ηP)

σP1 ,

v4 =
d3−β1Z1

β2
,

v5 =
(d2+γ)C1

I −C1
S(λ1Z1+λ2C1

I )

λ3C1
S

.
Here,
v1 is positive if d2 > e1α1Z1,
v2 is positive if e1α1d2 > mσd1,
v3 is positive if (1−σ)P1Z1 > (P1 +ηP),
v4 is positive if d3 > β1Z1,
v5 is positive if (d2 + γ)C1

I > (λ1Z1 +λ2C1
I )C

1
S .

Similarly, we get from equation (4.2)

dP
dt

≥ ηP − (1−σ)PZ,

dZ
dt

≥ ηZ −d1Z,

dCS

dt
≥ (mσP−λ1Z −d2CI)CS,

dCI

dt
≥ λ1CSZ − (d2 + γ)CI,

dW
dt

≥W (β2CI −d3 −δW ).

Again applying the standard comparison theorem [199]

lim
t→∞

in f P(t)≥ u1, lim
t→∞

in f Z(t)≥ u2, lim
t→∞

in fCS(t)≥ u3,

lim
t→∞

in fCI(t)≥ u4, lim
t→∞

in fW (t)≥ u5, (4.4)

where
u1 =

d1ηP
(1−σ)ηZ

,

u2 =
ηZ
d1
,

u3 =
(d2+γ)d2

1mσηP−(1−σ)ηZ(d2+γ)(λ1ηZ+d1d2)

λ1λ2η2
Z(1−σ)

,

u4 =
d2

1mσηP−(1−σ)ηZ(λ1ηZ+d1d2)
d1λ1ηZ(1−σ) ,

u5 =
d2

1mσβ2ηP−ηZ(1−σ)(λ1β2ηZ+d1d2β2+d1d3λ1)
d1λ2ηZδ (1−σ) .

Here, u1 and u2 are always positive because (1−σ) is always positive.
Also, u3 is positive if (d2 + γ)d2

1mσηP ≥ (1−σ)(d2 + γ)ηZ(λ1ηZ +d1d2),

u4 is positive if d2
1mσηP ≥ (1−σ)ηZ(λ1ηZ +d1d2),

u5 is positive if d2
1mσβ2ηZ ≥ (1−σ)ηZ(λ1β2ηZ +d1d2β2 +d1d2λ1).

From above two inequalities (4.3) and (4.4), we conclude that the system (4.2) is perma-
nent.
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Table 4.1: Parameters used in the system (4.1)

Parameter Description Value Reference

r The intrinsic growth rate of P 1 time−1 –

K The carrying capacity of P 3 individual –

α1 Predation rate of Z 1 individual−1time−1 –

α2 Predation rate of CS 0.2 individual−1time−1 –

σ Fraction of P involves in mutualism 0.01 –

ηP Immigration rate of P 0.001 individual time−1 –

ηZ Immigration rate of Z 0.001 individual time−1 –

mi Maximum benefits in mutualism 5 time−1 –

ai Half saturation coefficients of 0.1 individual [124, 159, 160]

the function representing mutualism

ei Conversion efficiency of Z and corals 0.75 [159, 202]

di Mortality rates of Z and corals 0.01 time−1 –

γ Disease-induced death rate of CI 0.5 time−1 [144]

λi Disease transmission rates 0.02 individual−1time−1 –

βi Shedding rates of W into the environment 0.1 individual−1time−1 –
1
d3

Average time of existence of the W 100 time [122]

δ Crowding parameter 0.1 individual−1time−1 —

4.4 Numerical Simulation

To substantiate our analytical findings, we perform numerical simulations utilizing MAT-
LAB and MATHEMATICA with a set of non-dimensionalized parameters as given in Ta-
ble 4.2. We perform a sensitivity analysis to understand the most sensitive parameters
of the model. Firstly, we discuss sensitivity analysis of the system (4.2) to identify how

Table 4.2: Parameters used in the system (4.2)

α1 = 3.0, α2 = 0.12, d1 = 0.01, d2 = 0.01, d3 = 0.01, a1 = 0.0333, a2 = 0.1667, m = 25,
λ1 = 0.02, λ2 = 0.012, λ3 = 0.012, γ1 = 0.5, δ = 0.06, σ = 0.01, β1 = 0.1, β2 = 0.06,

e1 = 0.75, e2 = 0.75, ηP = 0.003, ηZ = 0.001.

the changes in the original parameters underlying the model affect the densities of phyto-
plankton (P), zooplankton (Z), susceptible corals (CS), infected corals (CI) and free-leving
pathogens (W ) considered in our model. The sensitivity of the model parameters of the
original system (4.1) is determined by either increasing or decreasing each of the parame-
ters which are either 20% of its original value or 120% of its original value. From Fig. 4.3
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it is observed that the population densities of susceptible corals and infected corals are sen-
sitive to the changes in the disease transmission rates λ1, λ2, λ3 due to the consumption of
zooplankton by susceptible corals, through the contagious pathway (from infectious to sus-
ceptible corals) and non-contagious pathway (from the environment to susceptible corals).
It is also observed that coral population density is highly sensitive to mutualism (σ ).
In order to identify which of the non-dimensional parameters are important for the system
(4.2), we re-write the system (4.2) in the form

Ẋ = F(t, X, P) (4.5)

where,X = (P, Z, CS, CI, W )T ∈ R5,

P = (α1, α2, m1, λ1, λ2, λ3, β1, β2, σ)T ,

F = (F1, F2, F3, F4, F5)
T ∈ R5,and X(0)≥ 0.

The local sensitivity of the solution to (4.5) at the interior equilibrium E∗=(P∗, Z∗, C∗
S , C∗

I , W ∗)

under small changes in P can be determined by differentiating X(t, P) partially with re-
spect to each of the non-dimensional parameters p ∈ P. We denote the sensitivity in-
dices of the population density X(t, P) with respect to a selected parameter p ∈ P by
SX, p(t) =

∂X(t, P)
∂ p . The sensitivity indices SX, p(t) allow us to measure the relative change

in the state variables X when a parameter p ∈ P changes. The sensitivity indices can be
estimated by using direct differential method [203]. The sensitivity equation of the system
(4.5) with respect to the parameter p ∈ P, satisfying the initial conditions SX, p(0) = 0, is
given by

ṠX,p = F∗
p +J∗SX,p,

where,

SX,p =

(
∂P
∂ p

,
∂Z
∂ p

,
∂CS

∂ p
,
∂CI

∂ p
,
∂W
∂ p

)T

is the vector of sensitivities with respect to the parameter p ∈ P,

F∗
p =

(
∂F1

∂ p
,
∂F2

∂ p
,
∂F3

∂ p
,
∂F4

∂ p
,

∂5

∂ p

)T

E∗

and J∗ is the Jacobian of the system (4.5) evaluated at the non-trivial equilibrium E∗.
The steady state S∗

X,p of the sensitivity coefficients exists when Det(J∗) ̸= 0 and is given
by

S∗
X,p =

(
S∗

P,p,S
∗
Z,p,S

∗
CS,p,S

∗
CI,p,S

∗
W,p

)T
=−(J∗)−1F∗

p.
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Figure 4.3: Local sensitivity of (a) phytoplankton, (b) zooplankton, (c) susceptible corals,
(d) infected coral populations where particular parameter values were increased (de-
creased) by 20% as shown in red (blue) lines.

According to sensitivity analysis, disease transmission rates λ1, λ2, λ3 due to the con-
sumption of zooplankton by susceptible corals, through contagious pathway (from infec-
tious to susceptible corals), through non-contagious pathway (from the environment to
susceptible corals) and fraction of phytoplankton population σ due to mutualism with
corals respectively are important parameters under investigation. The main purpose of
this section is to study the dynamical behavior of the model for a wide range of above
parameter values. It is observed from Fig. 4.4 that the four benthic groups species co-
exist with oscillatory nature for the set of parameter values as given in Table 4.2 with a
certain disease transmission rate λ1 = 0.008. But Fig. 4.5 (A) demonstrates, the stable
around the coexistence equilibrium point (0.65326,3.4094,12.0453,7.3268,12.8425) for
the parameters remain same as in Table 4.2. For λ1 = 0.008, the system (4.2) has only
one positive interior equilibrium point (0.653176, 3.43232, 12.0437, 7.37456, 12.9284).
The eigenvalues of the system at E∗ are −1.18699, −0.848778±0.0i and −0.0280388±
0.0i the system is always oscillation nature around E∗. Moreover, the system (4.2) has
positive interior equilibrium point with equilibrium densities (P∗, Z∗, C∗

S , C∗
I , W ∗) =

(0.65326, 3.4094, 12.0453, 7.3268, 12.8425) for λ1 = 0.02. The eigenvalues of the sys-
tem at E∗(0.65326, 3.4094, 12.0453, 7.3268, 12.8425) are −0.96871, −0.655657±2.2257i

and −0.0116283± 0.256216i . Since all the eigenvalues are negative with negative real
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Figure 4.4: Time series evolution of system (4.2) for λ1 = 0.008 of all species around
interior equilibrium point E∗(0.803057, 3.82601, 14.8256, 10.1085, 16.9284) with ini-
tial values [0.1, 0.1, 0.1, 0.1, 0.1] and rest of system parameters are given in Ta-
ble 4.2. The time series solutions of (4.2) represents the periodic oscillations around
(0.803057, 3.82601, 14.8256, 10.1085, 16.9284).

parts then the co-existing equilibrium point E∗ is asymptotically stable. Thus the system
is always locally asymptotically stable around E∗. According to the Theorem 4.2 (iv), we
obtained that Q1(2.31581)> 0, Q2(6.82305)> 0, Q3(5.57971)> 0, Q4(0.56377)> 0,
Q5(0.349882)> 0, Q1Q2Q3(88.1643695)>Q2

3+Q2
1Q4(34.1566487), (Q1Q4−Q5)(Q1Q2Q3−

Q2
3 −Q2

1Q4)[51.6152976]> Q5(Q1Q2 −Q3)
2 +Q1Q2

5[36.8365312], which ensure that the
stability of the interior equilibrium point E∗ of the system (4.2). For λ1 = 0.072, we ob-
tain the coral-free equilibrium point E1(0.0042287, 1.72243, 0, 0, 2.70406) and mσP1

a2
+

(e2α2−λ1)Z1−λ3W1−d2 =−0.0051031984 < 0, β1Z1−d3−2δW1 =−0.1622442 < 0,
a1+a5 =−0.71424367< 0,a1a5(= 0.000414331921)> a2a4(=−0.0160620644), which
follows the stability criteria of coral-free equilibrium point E1(0.0042287, 1.72243, 0, 0, 2.70406).
Thus, the system (4.2) is locally asymptotically stable around E1. Figure 4.5 (B) shows
that the species coexist in a stable position around the coral-free equilibrium point E1 for
λ1 = 0.072.
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Figure 4.5: The column (A) and the column (B) shows that the time series solutions of
system (4.2) for λ1 = 0.02 and λ1 = 0.072, respectively of all species P, Z, CS, CI and
W with the set of parameter values as given in Table 4.2. The time series solutions of
system (4.2) represents the local asymptotic stability for λ1 = 0.02 at the interior equilib-
rium (0.653176, 3.43232, 12.0437, 7.37456, 12.9284) and local asymptotic stability for
λ1 = 0.072 at the coral free equilibrium (0.0042287, 1.72243, 0, 0, 2.70406).
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Figure 4.6: Bifurcation diagram with λ1 as a bifurcation parameter.

Figure 4.6: Bifurcation diagram with λ1 as a bifurcation parameter.



4.4. Numerical Simulation 89

Numerical simulation of the system (4.2) shows that all benthic groups coexist in limit
cycle oscillation nature for 0 ≤ λ1 ≤ 0.01647. Interior equilibrium point exhibits stable na-
ture for 0.01647 < λ1 ≤ 0.0712. Finally, system (4.2) goes into coral-free (E1) stable situa-
tion from the stable position around the interior equilibrium point E∗ for 0.0712< λ1 ≤ 0.1.
The bifurcation diagram (Fig. 4.6) of the system (4.2) for variation of λ1 also reflects the
above fact. It follows that there are two critical values of disease transmission rate λ1 so that
(i) the oscillation nature around interior equilibrium switches to interior equilibrium in sta-
ble situation (ii) further increasing of λ1, stable equilibrium E∗ switches to coral-free equi-
librium E1 in stable nature. Thus, there exist two threshold values of λ1 which are denoted
by λ c

1 (≈ 0.01647) and λ ∗
1 (≈ 0.0712). Furthermore, we also use numerical simulations for

determine the nature of bifurcation at λ1 = λ ∗
1 (≈ 0.0712) as well as verify the analytical

result. At λ1 = λ ∗
1 (≈ 0.0712), we have E1 = (0.0042287, 1.72243, 0, 0, 2.70406) and

J1 =


−0.71365617 −0.004186413 0.0012797843 0 0
3.83671282 −0.0005805705 −0.2066916 0 0

0 0 −0.0037252544 0 0
0 0 0.155085736 −0.51 0
0 0.270406 0 0.1622436 −0.1622442


has a single zero eigenvalue. Also, we obtain V =(0.00316746, −0.521535, 0.060261, 0.0183247,
−0.850896)T , W =(0, 0, 1, 0, 0)T ,
W T fλ1(E1,λ

∗
1 ) = 0, W T [D fλ1(E1,λ

∗
1 )V ] = −0.1039 < 0, W T [D2 fλ1(E1, λ ∗

1 )(V, V )] =

0.06285413. Therefore, according to Sotomayor theorem [151] it follows that the system
undergoes a transcritical bifurcation at E1= (0.0042287, 1.72243, 0, 0, 2.70406) when λ1

passes through λ ∗
1 (≈ 0.0712).

The above numerical observations indicate that sufficiently small magnitude of λ1, all
species coexist through an oscillatory manner. But it is interesting to note that all the
species settle down to a stable position from the oscillatory behavior due to sufficiently
large value of λ1. Finally, all species in coral reef ecosystem settle down to a coral free
system for sufficiently higher value of λ1. Therefore, disease transmission rate λ1 due to the
consumption of zooplankton by susceptible corals can prevent the population oscillations
and finally lead to coral free system.
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Figure 4.7: Numerical illustration shows the phase portraits of system (4.2) at the interior
equilibrium (1.1779, 4.70391, 21.7832, 18.2281, 25.9013). The left column (A) repre-
sents phase diagram with oscillation nature for λ2 = 0.0012 and the right column (B) rep-
resents phase diagram with stable nature for λ2 = 0.006 and other values of parameters are
same as Table 4.2.
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Figure 4.8: The left column (A), the middle column (B) and the right column (C) shows
that the time series solutions of system (4.2) for λ3 = 0.006, λ3 = 0.012 and λ3 = 0.048,
respectively of all benthic groups P, Z, CS, CI and W and rest of system parameters are
same as Table 4.2.
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Figure 4.9: Bifurcation diagram with λ2 as a bifurcation parameter.
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Figure 4.10: Bifurcation diagram with λ3 as a bifurcation parameter.

We like to observe the dynamics of the system (4.2) for changing the values of λ2. The
phase portraits of Figure 4.7 (A) show oscillatory dynamics for λ2 = 0.0012 at the coexis-
tence equilibrium. On the other hand, phase portraits (cf. Figure 4.7 (B)) represents stable
coexistence of all the species around the interior equilibrium point
(0.867134, 3.99193, 16.0149, 11.3885, 17.8751) for λ2 = 0.006. The above results in-
dicate that for a sufficiently small magnitude of λ2, all the species coexist through an
oscillatory manner, whereas stable coexistence behaviour can be observed due to a suf-
ficiently higher magnitude of λ2. Moreover, from Fig. 4.8 (A) we observe that the system
exhibits limit cycle oscillations at λ3 = 0.006 (below than the bifurcating threshold value
λ3 ≈ 0.0088). For λ3 = 0.012, the system becomes stable [Fig. 4.8 (B)]. This result shows
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that sufficiently low values of λ3 give rise to limit cycle oscillations about the coexistence
steady state. Moreover, if we keep increasing the value of λ3, the coral will get extinct from
the system (for λ3 = 0.048) [Fig. 4.8 (C)]. It is well established that nonlinear interactions
among the species make endogenous oscillations. We have shown that the disease trans-
mission through the non-contagious pathway from the environment to susceptible corals
can act as a stabilizing factor in the coral-reef system.
To make the dynamics clearer, we plot the Hopf-bifurcation diagrams of the system (4.2)
taking λ2 (disease transmission rate through contagious pathway) and λ3 (disease trans-
mission rate through non-contagious pathway) as the bifurcation parameters in the Fig. 4.9
and Fig. 4.10, accordingly. From Fig. 4.9 we noticed that when λ2 < 0.0047 (approx.),
the equilibrium values for four benthic groups divided into minimum/maximum of the
periodic solutions and interior equilibrium point becomes unstable. The amplitude of pe-
riodic oscillation nature decreases with increasing of λ2 and when crosses the critical level
λ2 (≈ 0.0047), the system becomes stable around an interior equilibrium point. From
Fig. 4.10 it is clear that when λ3 passes through the critical value λ3 (≈ 0.0088) then
the minimum/maximum of the periodic solutions for four benthic groups are merged into
the steady state value indicating the stability of interior equilibrium point, that is, E∗ is
asymptotically stable. Further when λ3 cross the critical value λ3 (≈ 0.0445), the interior
equilibrium point E∗ switches to coral fee equilibrium point E1. In this case, it is to be
noted that if we increase λ3 gradually, a transcritical bifurcation occurs at λ3 (≈ 0.0445).
On coral-reef biological system, fraction of phytoplankton population σ due to mutualism
play also an important role in species dynamics. So, we observe the dynamics of the four
benthic group population dynamics of the model for a wide range of parameter values of
the mutualism coefficient σ . It is observed from phase diagram [Fig. 4.11 (A)] that the
all species coexist with stable nature for σ = 0.01 and the other set of parameter values as
given in Table 4.2. Where as phase diagram Fig. 4.11 (B) demonstrates, the oscillatory na-
ture around the coexistence equilibrium point (0.680007, 7.41004, 12.2854, 16.8108, 28.9942)
for σ = 0.03. We have drawn the bifurcation diagram (Fig. 4.12) of the system (4.2) for
susceptible coral and infected coral with respect to σ . We have seen that when σ crosses
threshold level σ(≈ 0.013) then the equilibrium values of every species are divided into
minimum/maximum of the periodic solutions and the interior interior equilibrium point
becomes unstable.
To identify the effect of λ1 in the presence of varying densities of phytoplankton involved
in mutualism with susceptible corals, we plot a two-parameter bifurcation diagram with σ

and λ1 as active parameters while keeping all other parameters fixed as in Table 4.2. From
Figure 4.13(a) it is observed that the system (4.2) becomes oscillatory when the rate of
zooplankton-mediated disease transmission is sufficiently low even with a decrease in the
rate of mutualism. The system (4.2) becomes stable at the coexistence state for a moderate
increase in λ1 even with a higher rate of mutualism (cf. Fig. 4.13(a)). However, corals
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cannot survive a sufficiently high rate of zooplankton-mediated disease transmission. In
this case, a higher rate of mutualism helps in recovering the coral population.
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Figure 4.11: Numerical illustration shows the phase portraits of system (4.2) at the interior
equilibrium (0.68007, 7.41004, 12.2854, 16.8108, 28.9942). The left column (A) repre-
sents stable phase diagram for σ = 0.01 and the right column (B) represents unstable phase
diagram for σ = 0.03 and other values of parameters are same as Table 4.2.

The combined effect of λ2 and σ is represented in Figure 4.13(b). It is observed that a
low rate of mutualism helps in stabilizing the system at E∗ even with a higher rate of con-
tagious infection. Figure 4.13(c) represents a two-parameter bifurcation plot with λ3 and
σ as active parameters. It is also observed that a higher rate of vector-mediated infection
(λ3) eliminates the coral population from the system. However, greater mutualism helps in
recovering the coral population. To compare the effect of disease transmission on corals,
we plot two-parameter bifurcation plots in the λ1 − λ2, λ1 − λ3, and λ2 − λ3 planes (cf.
Fig. 4.14). It is observed that zooplankton-mediated infection induces the most detrimen-
tal effect on corals followed by pathogen-mediated transmission of coral disease, while the
infected coral-mediated contagious mode of disease transmission has the least detrimental
effect on corals (cf. Fig. 4.14).
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Figure 4.12: Bifurcation diagram with σ as a bifurcation parameter.

Figure 4.13: Two-parameter bifurcation plots with (a) σ and λ1 as active parameters, (b)
σ and λ2 as active parameters, and (c) σ and λ3 as active parameters.
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Figure 4.14: Two-parameter bifurcation plots with (a) λ1 and λ2 as active parameters, (b)
λ1 and λ3 as active parameters, and (c) λ2 and λ3 as active parameters.

4.5 Conclusion

In this study, we proposed and analyzed a five-dimensional non-linear eco-epidemiological
model under the assumption that the transmission of WBD occurs through contagious and
non-contagious pathways. The WBD is assumed to be transmitted through not only the
exposure of corals to zooplankton but also the direct contact with infected corals and the
presence of free-living pathogens in the environment. It is also assumed that a fraction of
the microscopic phytoplankton population has a mutualistic relationship with the corals.
We have considered that the contact rates among the coral, zooplankton and free-living
pathogen obey the law of mass action principle. The main objective of this work is to
study the effects of disease transmission rates λi (i = 1,2,3) and the fraction of phyto-
plankton population σ having mutualism with corals in the system dynamics. We found
that the system admits two boundary equilibrium points and one interior equilibrium point
under suitable parametric conditions. We determine the conditions for the local stability
of the system around each equilibrium point. We have also analyzed the system and have
determined the critical threshold values of the transmission rates for the changes in the
dynamics of the system. Our model system experiences Hopf bifurcation when each of
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the three modes of the WBD transmission rates exceeds some critical threshold value. To
visualize the role of key parameters λi (i = 1,2,3) and σ , we provide the Hopf-bifurcation
diagrams with respect to the key parameters. The stability switching of coral species is
observed from bifurcation diagrams.
Our numerical observations reveal that the system exhibits a Hopf bifurcation when the
infection rate of different modes of transmission of WBD is sufficiently low. With a suf-
ficient increase in the transmission rates, the system stabilizes at an interior steady state.
So, in a Hopf bifurcation oscillatory state around the positive equilibrium stabilized at the
positive equilibrium. Further, by increasing the value of the parameters, the coral density
is zero and eventually, it stabilizes at the coral-free equilibrium. On the other hand, with
a sufficiently small value of the mutualism coefficient, the four benthic group species co-
exist. Next, the equilibrium densities of every species are divided into the minimum or
maximum of the periodic solutions and the interior equilibrium point becomes unstable
when the mutualism coefficient is sufficiently higher.
Comparing the effects of different transmission modes, it is seen that the contagious mode
of transmission is the least lethal to corals compared to the two non-contagious transmis-
sion modes, while zooplankton-mediated transmission of coral disease is the most detri-
mental to corals. However, a higher rate of mutualism between susceptible corals and phy-
toplankton helps in recovering the coral population even with a high rate of transmission
of coral disease.





5
Beyond Predation: Fish-Coral Interactions

Can Tip the Scales of Coral Disease 1

5.1 Introduction

Coral reefs are crucial for biodiversity and human livelihoods, supporting fisheries, coastal
protection, and tourism [1, 17, 18]. However, they face significant threats, including in-
fectious diseases that alter reef structure and reduce coral cover [34, 35]. White Plague
Disease (WPD), White Band Disease (WBD), and Black Band Disease (BBD) are among
the most prevalent, driven by microbial communities that disrupt coral-zooxanthellae sym-
biosis, causing bleaching and mortality [98, 99, 109].
Coral diseases spread through direct contact and more effectively via indirect pathways,
including water-borne and vector-borne transmission. Reef fish, particularly corallivores,
play a critical role in disease dynamics by consuming infected coral and transporting
pathogens across reefs [115–117]. While some fish exacerbate disease transmission, oth-
ers may aid coral recovery by removing diseased tissue without introducing additional
pathogens [134, 204].
The balance between fish predation and coral health is complex. While corallivory can
accelerate disease spread, fish grazing on macroalgae helps mitigate competition for space,

1The bulk of this chapter has been published in Journal of Theoretical Biology by Ranjit, B., Chattopad-
hyay, A., Mandal, A., Biswas, S., & Chattopadhyay, J. (2025). Journal of Theoretical Biology, 599, 112031.
DOI: https://doi.org/10.1016/j.jtbi.2024.112031
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benefiting coral reefs [205]. To explore this dynamic, we develop a mathematical model to
examine:

• The role of fish predation in coral disease dynamics.

• The impact of reef fish grazing on coral vulnerability and extinction risks.

• The effects of fish harvesting on coral recovery, macroalgae suppression, and reef
sustainability.

This study provides insights into the intricate interactions between fish behavior, disease
progression, and coral reef conservation.

5.2 Methods

We investigate the temporal dynamics of the spatial distribution of key benthic space hold-
ers, focusing on the fractions occupied by coral (C(t)), macroalgae (M(t)), and turf algae
(T (t)). Corals are susceptible to being overgrown by macroalgae at a rate of α , whereas
turfs are overgrown by macroalgae at a rate of a. Additionally, newly immigrated macroal-
gae can colonize the turfs at a rate of b. Opportunistic turf algae can rapidly proliferate in
the space left by the mortality of macroalgae and corals. Corals settle and grow on existing
turf algae at a rate of r. Macroalgae and corals experience natural mortality rates of d1 and
d2, respectively. Turf algae subsequently colonize the vacated space left behind by fish con-
sumption. Here, g is the maximal grazing rate of herbivorous fish. Based on these assump-
tions, coral reef dynamics can be modelled using a system of coupled nonlinear differential
equations, a common approach in previous studies (see [123, 124, 126, 129, 156–158]):

dM
dt

= αMC−g
M

M+T
−d1M+(aM+b)T,

dC
dt

= rCT −αMC−d2C, (5.1)

dT
dt

= g
M

M+T
+d1M+d2C− (aM+b+ rC)T,

where M+C+T = 1.
Coral disease is a severe issue that threatens reef ecosystems, leading to widespread coral
degradation and loss of biodiversity. Corals, like all living organisms, are susceptible to
infections from a range of pathogens. The emergence of pathogens, often linked to envi-
ronmental stressors such as increased sea-surface temperature, pollution, and ocean acidi-
fication, can trigger outbreaks of coral disease. These pathogens can be found in the water
column, sediment, or other surfaces and can infect corals through multiple routes [112].
Once established, these pathogens can spread rapidly through coral colonies, altering the
coral microbiome and creating conditions that facilitate infection. There have been only a
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few mathematical models developed to study coral disease [110, 122, 143]. There are two
primary pathways for infection: direct (or contagious) and indirect (or non-contagious).
Let CS and CI be the susceptible and infected corals at time t (i.e., CS +CI =C). Suscepti-
ble corals can become infected through direct contact with infected corals at a rate of λc, a
process known as the contagious pathway.
The other route, the indirect or non-contagious pathway, is particularly severe in cases
of coral disease since corals are sessile organisms. In this scenario, susceptible corals
become infected through contact with pathogens at a rate of λnc. Let W (t) be the concen-
tration of free-living pathogens in the environment at time t. Macroalgae (M) and infected
corals (CI(t)) both can contribute to pathogen proliferation through several mechanisms.
Macroalgae provide a shedding effect on pathogens. Macroalgae, such as Halimeda op-

untia, can serve as reservoirs for the bacterium Aurantimonas coralicida, the causative
agent of white plague disease of corals in the Caribbean [206]. Benthic algae can harbour
pathogens like Vibrio sp. and Philaster ciliates, which are linked to coral diseases such as
White Syndrome and Yellow Band Disease [196]. Furthermore, the intricate relationship
between infected corals and pathogens is a complex interplay. Pathogens, upon invading
coral tissues, can cause direct damage and weaken the coral’s immune response, causing
coral bleaching and thus creating a favourable environment for secondary infections [207–
210]. On the other hand, infected corals release nutrients that can nourish pathogens [209],
while the resulting tissue damage provides a hospitable environment for their proliferation
[211]. This cyclical interaction between infected corals and pathogens forms a positive
feedback loop as the weakened coral becomes more susceptible to further infections, per-
petuating the cycle of pathogen growth and coral decline.
Let v1 and v2 represent the macroalgae and infected coral-mediated growth rates of the
pathogen, which will influence the relative growth rate (RGR) of the pathogen growth (i.e.,
1

W
dW
dt ). Limited nutrient availability is a key factor in microbial competition. Microor-

ganisms compete for essential nutrients, and the specific nutrient ratios in an environment
determine its persistence. Increased competition for limited nutrients can lead to height-
ened stress on microbial populations, influencing growth rates and survival. To account for
this, we consider the parameter δ , which represents the competition effect of pathogens
[212–215], a widespread phenomenon for aquatic pathogens. Let d3 account for the decay
rate, which is likely attributed to natural mortality. Furthermore, infected corals incur ad-
ditional mortality at a rate of γ due to the disease, known as virulence. Therefore, in the
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presence of infection, the governing equations take the form:

dM
dt

= αM(CS +CI)−g
M

M+T
−d1M+(aM+b)T,

dCS

dt
= rCST −αMCS −λcCSCI −λncWCS −d2CS,

dCI

dt
= λcCSCI +λncWCS −αMCI −d2CI − γCI, (5.2)

dT
dt

= g
M

M+T
+d1M+d2(CS +CI)+ γCI − (aM+b+ rCS)T,

dW
dt

=W (v1M+ v2CI −d3 −δW ).

Fish are integral components of coral reef ecosystems, playing crucial roles in maintaining
ecological balance through processes like grazing, predation, and nutrient cycling. Dif-
ferent fish species have distinct predation behaviours. Some fish are primarily herbivores,
focusing on consuming macroalgae [216, 217]. Others are primarily carnivores, targeting
corals and other invertebrates [218, 219]. However, many fish exhibit omnivorous feeding
patterns, consuming both macroalgae and corals, often depending on their availability and
nutritional needs [220]. For simplicity, we assume that fish consume both macroalgae and
corals at an equal rate. Thus, the predation of macroalgae and coral by fish is represented by
a(P,M) and a(P,C), respectively, where a(P,X) =

g1,2PX
M+T+C = g1,2PX , since M+T +C = 1

(X represents either M or C, and P represents the fish population). Here the predation rates
for macroalgae and coral, g1 and g2, are given by g1 = gh and g2 = g(1−h), respectively,
and the parameter h (0 ≤ h ≤ 1) represents the food preference of fishes, where h = 0 (1)
represents the case where the coral (macroalgae) is the only food for fishes.
Fish predation significantly influences the rate of coral infections. Pathogens are often har-
boured in the mouths and guts of fish when they graze infected corals [149]. In the vicinity
of coral reefs, fish frequently interact with corals as a part of their habitat utilization and
feeding behaviour [221]. When fish feed on healthy corals, they can create wounds or stress
the coral tissue, making it more susceptible to infection. Pathogens may get into the coral’s
surface during this feeding process [174], to a lesser extent, by uptake from the surrounding
water [169]. This non-contagious disease transmission pathway involving fish as a carrier
of pathogens is an important aspect of coral health and ecosystem dynamics [117, 222].
Consequently, this transmission rate (λnc) increases as a function of the rate at which coral
diminishes due to fish predation. Without fish predation, the transmission rate through the
non-contagious λnc pathway remains constant. To model this relationship, we employ a
Holling type II functional response, a common approach to model the transmission rate of
a disease, when it is influenced by external factors [223, 224], i.e.,

λnc = λ

[
1+

a(P,C)

m+a(P,C)

]
. (5.3)
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While increased fish predation can initially lead to a rise in viral load within coral, further
predation may result in a saturating effect. The Holling type II functional form encap-
sulates that while an increase in fish predation can lead to a rise in disease transmission,
the marginal impact of additional predation pressure on transmission rates decreases as the
population grows.
A schematic diagram of the system is given in Fig. 5.1. The reef dynamics are thus de-
scribed as a system of nonlinear differential equations:

dM
dt

= αM(CS +CI)−gPM−d1M+(aM+b)T ≡ F1,

dCS

dt
= rCST −αMCS −λcCSCI −λncWCS −d2CS −gPCS ≡ F2,

dCI

dt
= λcCSCI +λncWCS −αMCI −d2CI − γCI −gPCI ≡ F3, (5.4)

dW
dt

=W (v1M+ v2CI −d3 −δW )≡ F4,

where T = 1−M−CS −CI , and the transmission rate λnc is given in (5.3).

Susceptible coral

Infected coral

Pathogens

Turf algae

Macroalgae Macroalgal overgrowth 

on coral (α) Effective disease 
transmission (λnc)

D
isease-related

 

m
o

rtality (γ)

Figure 5.1: A schematic diagram of the coral reef dynamics. Coral and turfs are overrun by
macroalgae, and turfs rapidly spread in the space left by the mortality of macroalgae and
corals. Fish grazes on macroalgae and coral and hence affects the rate of non-contagious
disease transmission, as illustrated in the panel.

To analyze model (5.4), we consider non-negative initial conditions: M(0)≥ 0, CS(0)≥
0, CI(0)≥ 0 and W (0)≥ 0. The parameters used in the simulations and bifurcation analy-
sis are described in Table 5.1. In the subsequent part, we present comprehensive numerical
simulations to uncover the intricate dynamical behaviours of the diseased reef system (5.4)
in addition to the local stability analysis. We utilize MATLAB’s ode45 solver to generate
time series solutions for the system. To track changes in the steady-state behaviours of
interacting populations.
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5.3 Description of the Parameters

Table 5.1: Parameters used in the system (5.4)

Parameters Description Value Refference

α Rate of macroalgal direct 0.1 [124], [159], [160]

overgrowth over coral

g Maximum grazing rate - [159]

of herbivorous fish

P Fish population 2 –

d1 Natural mortality rate 0.13 [143]

of macroalgae

a Rate of macroalgae vegetative 0.8 [143]

spread over algal turfs

b Immigration rate of 0.005 [159], [143]

macroalgae on algal turf

r Recruitment rate of corals 4.5 [143]

on turf algae

λc Disease transmission rate 0.02 [143]

through contact

λ Disease transmission rate -

through noncontagious way

d2 Natural mortality rate 0.24 [144], [162]

of corals

γ Disease induced death - –
rate of infected corals

v1 Pathogen shedding rate 0.1 [143]

by macroalgae

v2 coral(infected)-mediated growth rates 0.1 [143]

of the pathogen

d3 Average time pathogen exists 0.01 [226]

into the environment

m Saturation coefficient 0.1

δ Crowding parameter 0.01 [143]
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5.4 Results

5.4.1 Positivity

Since the state variables of the system (5.4) represent population densities, positivity im-
plies that the population is never zero and always survives.

Theorem 5.1 With positive beginning values, every solution to our system (5.4) exists and

is unique in [0,∞) and M(t)> 0, CS(t)> 0, CI(t)> 0, W (t)> 0, ∀ t > 0.

Proof: Let G = (M,CS,CI,W )T and F(G) = [F1, F2, F3, F4]
T . Then the system (5.4) can

be put in the form:
Ġ = F(G),

where F : R4 → R4
+ with G(0) = G0 ∈ R4

+, Fi ∈ R∞(R+), for i = 1,2,3,4. As a result, the
vector function F is an entirely continuous, local Lipschitzian variable function (M,CS,CI,W )
in E = {M(t), CS(t), CI(t), W (t)}; M > 0, CS > 0, CI > 0, W > 0. Applying the lemma in
[199], we can conclude that any solution (M, CS, CI, W ) of the system (5.4) with positive
initial values exits and is unique in the interval [0, L], ∀ t ≥ 0. Where L is a finite positive
real number.

5.4.2 Boundedness

Theorem 5.2 For all φ > 0, there exists tφ > 0 such that all the solutions of (5.4) enter into

the set { (M, CS, CI, W ) ∈ R4 : M(t)+CS(t)+CI(t)+W (t) < v1+v2+δ−d3
δ

+φ} whenever

t > tφ .

Proof: Since M(t),CI(t) ≤ 1 for all t, then we obtained dW
dt ≤ δW (v1+v2−d3

δ
−W ). Let

Z(t) be the solution of dW
dt ≤ δW (v1+v2−d3

δ
−W ) with Z(0) =W (0) so it must satisfied the

equation i.e dZ
dt ≤ δZ(v1+v2−d3

δ
−Z).

Then we have Z(t) = R(v1+v2−d3)e(v1+v2−d3)t

δ (1+Re(v1+v2−d3)t)
, where R = δW (0)

v1+v2−d3−δW (0) .

If v1 + v2 < d3, then Z(t)→ 0 as t → ∞.

If v1 + v2 > d3, then Z(t)→ (v1+v2−d3
δ

) as t → ∞.

Applying the standard theorem of differential inequality, we obtain lim
t→∞

supW (t)≤ v1 + v2 −d3

δ
.

Therefore, lim
t→∞

sup [M(t)+CS(t)+CI(t)+W (t)]≤ v1 + v2 −d3

δ
+1, as

M(t)+CS(t)+CI(t)+W (t)≤ 1

i.e lim
t→∞

sup [M(t)+CS(t)+CI(t)+W (t)]≤ v1 + v2 +δ −d3

δ
.
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5.4.3 Stability and Bifurcation Analysis

5.4.3.1 Existence of Equilibrium Points

The system (5.4) has four different equilibrium points, which are described as follows:

i. Coral and pathogen-free equilibrium E1=(M1, 0, 0, 0),

where M1 =
(a−b−d1−gP)+

√
(a−b−d1−gP)2+4ab
2a .The equilibrium point E1 always ex-

ists.

ii. Coral-free equilibrium E2 = (M1, 0, 0, W2), where W2 =
v1M1−d3

δ
. The equilibrium

E2 exists if v1 >
d3
M1

.

iii. Infected coral and pathogen-free equilibrium E3=(M2, CS3, 0, 0), where M2 is a pos-
itive solution of the equation L0M2 +L1M+L2=0,
where L0=(α −a)s2 −a,

L1=−((a−α)s1 +bs2 +b−a+d1 +gP) ,

L2=b(1− s1),

CS3=s1+ s2M2. The quantities s1 and s2 are given by s1=1− d2
r − gP

r and s2=− (r+α)
r .

iv. The interior equilibrium E∗=(M∗, C∗
S , C∗

I , W ∗), where M∗,C∗
S ,C

∗
I , and W ∗ are posi-

tive solutions of the system of equation: F1 = F2 = F3 = F4 = 0.

5.4.3.2 Local Stability Analysis

We summarize the stability analysis of the system (5.4) in the following theorem.

Theorem 5.3 The stability behaviour of the system (5.4) around the equilibrium points is

described below.

i. Coral and pathogen-free equilibrium E1=(M1, 0, 0, 0) is locally asymptotically sta-

ble (LAS) if (r−d2−gP)
r+α

< M1 < d3
v1
.

ii. Coral-free equilibrium E2 = (M1, 0, 0, W2) is LAS if
(r−λW2−d2−gP)

r+α
< M1 <

d3+2δW2
v1

.

iii. Infected coral and pathogen-free equilibrium E3 = (M2, CS3, 0, 0) is LAS if

(λcCS3 −αM2−d2−γ −gP)< 0, v1M2−d3 < 0, a11+a22 < 0, a11+a22 > a12+

a21.

iv. Endemic equilibrium E∗=(M∗, C∗
S , C∗

I , W ∗) is LAS if

Qi > 0 (i = 1,2,3,4) and Q1Q2Q3 > Q2
3 +Q2

1Q4.
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Proof: (i) The Jacobian matrix of the system (5.4) at E1 is

J1 =


(a−b−d1 −gP−2aM1) (α −a)M1 −b (α −a)M1 −b 0

0 r− (r+α)M1 −d2 −gP 0 0
0 0 −αM1 −d2 − γ −gP 0
0 0 0 v1M1 −d3

 ,

with M1= (a−b−d1−gP)+
√

(a−b−d1−gP)2+4ab
2a .

The eigenvalues of the Jacobian matrix J1(E1) are given by
-
√

(a−b−d1 −gP)2 +4ab, r−(r+α)M1−d2−gP, −(αM1+d2+γ +gP), v1M1−d3.

All the eigenvalues are negative if (r−d2−gP)
r+α

< M1 < d3
v1
.

Therefore, the system is locally asymptotically stable at E1 if (r−d2−gP)
r+α

< M1 <
d3
v1
.

(ii) The Jacobian matrix of the system (5.4) at E2 is

J2 =


a−b−d1 −gP−2aM1 (α −a)M1 −b (α −a)M1 −b 0

0 r− (r+α)M1 −λW2 −d2 −gP 0 0
0 λW2 −αM1 −d2 −gP 0

v1W2 0 v2W2 v1M1 −d3 −2δW2

 ,

with M1= (a−b−d1−gP)+
√

(a−b−d1−gP)2+4ab
2a .

The eigenvalues of the Jacobian matrix J2(E2) are given by
-
√
(a−b−d1 −gP)2 +4ab, r − (r +α)M1 − λW1 − d2 − gP, −(αM1 + d2 + γ + gP),

v1M1 −d3 −2δW2.

All the eigenvalues are negative if (r−λW2−d2−gP)
r+α

< M1 < d3+2δW2
v1

.

Therefore, the system is locally assymptotically stable at E2 if (r−λW2−d2−gP)
r+α

< M1 <
d3+2δW2

v1
.

(iii) The Jacobian matrix of the system (5.4) at E3 is

J3 =


a11 a12 a13 0
a21 a22 a23 a24

0 0 a33 a34

0 0 0 a44

 ,

with
a11 = (a+αCS3 −aCS3 −b−d1 −gP)+

a1σCS3
(a1+σP3)2 ,

a12 = M2(α −a)−b,

a13 = M2(α −a)−b,

a21 =−CS3(α + r),

a22 = (r− rM2 −αM2 −2rCS3 −d2 −gP),
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a23 =−CS3(r+λc),

a24 =−(λCS3 +
λgPC2

S3
m+gPCS3

),

a33 = (λcCS3 −αM2 −d2 − γ −gP),

a34 = λCS3 +
λgPC2

S3
m+gPCS3

,

a44 = v1M2 −d3.
Now, the characteristic equation of J3 is given by

| J3 −qI4 |= 0.

The two roots of the characteristic equation of J3 are:
(λcCS3 −αM2 −d2 − γ −gP), v1M2 −d3,

and the remaining two roots are given by the equation:

q2 − (a11 +a22)q+(a11a22 −a12a21) = 0.

Therefore, all the eigenvalues of the Jacobian matrix J3 are negative if (λcCS3 −αM2 −
d2 − γ −gP)< 0, v1M2 −d3 < 0, a11 +a22 < 0, a11 +a22 > a12 +a21.

Thus, under the above conditions, the system (5.4) is locally asymptotically stable at E3.
(iv) The Jacobian matrix of the system (5.4) at E∗ is

J∗ =


g11 g12 g13 0
g21 g22 g23 g24

g31 g32 g33 g34

g41 0 g43 g44

 ,

with
g11 = (a+αC∗

S +αC∗
I −b−d1 −gP−2aM∗−aC∗

S −aC∗
I ),

g12 = M∗(α −a)−b,

g13 = M∗(α −a)−b,

g21 =−C∗
S(r+α),

g22 = r−(r+α)M∗−2rC∗
S −(r+λc)C∗

I −λW ∗−d2−gP− gPλC∗
I W ∗(m+gPC∗

I )

(m+gP(C∗
S+C∗

I ))
2 − gPλC∗

SW ∗(2m+gP(C∗
S+2C∗

I ))

(m+gP(C∗
S+C∗

I ))
2 ,

g23 =−C∗
S(r+α)− gPλC∗

SW ∗(m+gPC∗
S)

(m+gP(C∗
S+C∗

I ))
2 +

λg2P2C2
SW ∗

(m+gP(C∗
S+C∗

I ))
2 ,

g24 =−λCS −
gPλC2

S
m+gP(C∗

S+C∗
I )
− λgPC∗

SC∗
I

m+gP(C∗
S+C∗

I )
,

g31 =−αC∗
I ,

g32 = λcC∗
I +λW ∗+

gPλC∗
SW ∗(2m+gP(C∗

S+C∗
I ))

(m+gP(C∗
S+C∗

I ))
2 +

gPλC∗
I W ∗(m+gPC∗

I )

(m+gP(C∗
S+C∗

I ))
2 ,

g33 = λcC∗
S −αM∗−d2 − γ −gP− λg2 p2C2

SW ∗

(m+gP(C∗
S+C∗

I ))
2 +

gPλC∗
I W ∗(m+gPC∗

I )

(m+gP(C∗
S+C∗

I ))
2 ,

g34 = λC∗
S +

gPλC2
S

m+gP(C∗
S+C∗

I )
+

λgPC∗
SC∗

I
m+gP(C∗

S+C∗
I )
,

g41 = v1W ∗,
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g43 = v2W ∗,

g44 = v1M+ v2C∗
I −d3 −2δW ∗.

Now, the characteristic equation of J∗ is given by

| J∗− xI4 |= 0,

i.e.,
x4 +Q1x3 +Q2x2 +Q3x+Q4 = 0,

where,
Q1=−g11 −g22 −g33 −g44,

Q2=g11g22+g11g33+g11g44+g22g33+g22g44+g33g44−g34g43−g23g32−g12g21−g13g31,

Q3=g11g34g43 +g11g23g32 +g22g34g43 +g32g44g23 +g12g21g33 +g12g21g44 +g13g44g31 +

g13g31g22−g11g22g33−g11g22g44−g11g33g44−g22g33g44−g24g32g43−g12g23g31−g12g24g41−
g13g41g34 −g13g21g32,

Q4=g11g22g33g44+g11g24g32g43+g12g21g34g43+g12g23g31g44+g12g24g41g33+g13g41g34g22+

g13g44g21g32−g11g22g34g43−g11g32g44g23−g12g21g33g44−g12g23g41g34−g12g24g31g43−
g13g41g24g32 −g13g44g31g22.
Using Routh-Hurwitz criteria, E∗ will be locally asymptotically stable if
(i) Qi > 0 (i = 1,2,3,4), and
(ii) Q1Q2Q3 > Q2

3 +Q2
1Q4.

5.4.3.3 Bifurcation Analysis

The bifurcation nature of the system (5.4) with respect to the parameter λ can be described
in the following theorem.

Theorem 5.4 The proposed system (5.4) exhibits a transcritical bifurcation at E2 when

λ crosses λ∗, where λ∗= r−d2
W2

− gP
W2

− (r+α)M1
W2

. At this threshold, the conditions of the emer-

gence of such pivotal bifurcation are given by:

(i)V T fλ (E2;λ∗) = 0,

(ii)V T [D fλ (E2;λ∗)U ] ̸= 0,

(ii)V T [D2 fλ (E2;λ∗)(U,U)] ̸= 0.

Proof: At λ = λ∗ the Jacobian matrix of the system (5.4) at E2 is

J2 =


a−b−d1 −gP−2aM1 (α −a)M1 −b (α −a)M1 −b 0

0 r− (r+α)M1 −λ∗W2 −d2 −gP 0 0
0 λ∗W2 −αM1 −d2 − γ −gP 0

v1W2 0 v2W2 v1M1 −d3 −2δW2

 ,
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Therefore, the Jacobian matrix has a simple zero eigenvalue if

r− (r+α)M1 −λ∗W2 −d2 −gP = 0,

i.e., if

λ∗ =
r−d2

W2
− gP

W2
− (r+α)M1

W2
.

Let U and V be the eigenvectors corresponding to the zero eigenvalue for J2 and JT
2 , re-

spectively.
Then we get U=(u1, u2, 1, u3)

T and V = (0, 1, 0, 0)T .

Where,
u1 =

1
(a−b−d1−2aM1)−gP(

(α+M1+d2+γ)+gP
λ∗W2

−1),

u2 =
(αM1+d2+γ)+gP

λ∗W2
,

u3 =
1

v1M1−d3−2δW2
(−v2W2 +

v1W2
(a−b−d1−2aM1)−gP(

(αM1+d2+γ)+gP
λ∗W2

−1)).

We obtain V T fλ (E2; λ∗) = 0, where λ∗ =
r−d2
W2

− gP
W2

− (r+α)M1
W2

, and so no saddle-node
bifurcation occurs at E2 when λ crosses λ∗.
Also, D fλ (E2, λ∗)U = (0, −u2W2, u2W2, 0)T gives V T [D fλ (E2,λ∗)U ] =−u2W2 < 0
Now, we have D2 f (E2, λ∗)(U, U)=


−2au2

1 +2(α −a)u1u2 +2(α −a)u1

−2(α + r)u1u2 −2(λc + r)u2 −2λ∗u2u3 − 2λ∗gPW2
m u2 − 2λgPW2

m u2
2 −2ru2

2

−2αu1 +2λ∗u2u3 +
2λ∗gPW2

m u2
2 +

λ∗gPW2
m u2 +

2λ∗g2P2W2
m2 u2 +

λ∗gPW2
m u3 +λ∗u2u3 +λcu2 +λcu3

v1u1u3 + v2u3 + v1u1u3 + v2u3 −2δu2
3

 ,

This gives V T [D2 f (E2,λ∗)(U,U)] = η ,

where
η =−2αu1+2λ∗u2u3+

2λ∗gPW2
m u2

2+
λ∗gPW2

m u2+
2λ∗g2P2W2

m2 u2+
λ∗gPW2

m u3+λ∗u2u3+λcu2+

λcu3.

5.4.4 Role of Fish Predation on the Disease Dynamics

5.4.4.1 Corals Face Risk Due to Low Fish Predation Despite Appearing Disease-Free

We first consider low fish predation rate (g = 0.2) to investigate the effect of the disease
transmission rate for the non-contagious pathway (λ ) on the coral disease dynamics (see
Fig. 5.2(A, B)). For lower values of λ (i.e., λ < 0.2), E3 is the only stable state of the
system. So, the coral population is disease-free and coexists with macroalgae. With in-
creasing λ , we see a small parameter window (0.2 < λ < 0.3, approx), where the system
possesses bistability between E3 and E∗

L (low prevalence endemic equilibrium). At the
transcritical bifurcation (at λ = 0.3), the coral population dies out in the stable state, and
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now the system has bistability between E3 and E2 for λ > 0.3. So, in this case, if coral
exists, it remains disease-free. Otherwise, it will become extinct, depending on the initial
population levels.
At low fish predation rates, there is minimal pressure on macroalgae. When disease trans-
mission rates are low, the disease cannot persist within the coral population, allowing corals
to thrive. However, as disease transmission rates increase, coral populations experience
suppression due to disease-related mortality. Eventually, macroalgae begin to dominate
the system, and if the initial coral population is low, corals are ultimately wiped out.

Figure 5.2: Bifurcation diagram of the system (5.4) with respect to λ , the non-contagious
pathway transmission rate, for g = 0.2 (A, B), g = 0.45 (C, D) and g = 0.6 (E, F). Here,
black solid and dashed curves represent stable and unstable endemic steady states; blue and
red curves indicate disease-free coral states and coral extinction states, respectively. The
number mentioned in the circles represents the regions mentioned in Fig. 5.3. The other
parameter values are mentioned in Table 5.1 unless otherwise stated.

5.4.4.2 Medium Fish Predation Level Triggers Sudden Emergence of Disease and
Coral Extinction

A moderate fish predation rate (g) introduces intricate complexities into coral disease dy-
namics (Fig. 5.2(C, D)). At low levels of disease transmission rates, the coexistence of
macroalgae and healthy corals is observed, resembling the scenario described earlier. How-
ever, a minimum level of λ is required for the disease establishment. For λ < 0.88, the
system experiences monostability at E3. At λ = 0.88, the system exhibits the onset of
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a pair of coexistence steady states of opposite stability nature through the emergence of a
saddle-node bifurcation, and the sudden emergence of the disease is observed at this thresh-
old. In the region 0.88 < λ < 1.19, the phenomenon of bistability is captured between the
infection-free equilibrium E3 and the endemic equilibrium E∗

H with a higher prevalence.
Therefore, depending upon the level of λ , the initial species densities determine the per-
sistence of the disease in the coral population. As λ increases, the density of the coral
decreases. Disease-related mortality suppresses the coral population, as we assumed there
is no recovery from the disease. At λ = 1.19, an additional coexistence attractor with the
least infected coral density emerges through another saddle-node bifurcation. The region of
tristability λ ∈ (1.19,1.29) determines the boundary attractor E3 and a pair of coexistence
attractors E∗

L and E∗
H for all non-negative initial species densities. In the low abundance

endemic equilibrium, corals become extinct due to the disease through a transcritical bifur-
cation at λ = 1.29, where the stable branch E∗

L of the coexistence equilibria merges with
the unstable coral-free equilibrium E2, and the equilibrium E2 regains stability. The sys-
tem possesses another tristability between disease-free equilibrium, endemic equilibrium
with high disease prevalence, and the coral-free state (i.e., E2, E3 and E∗

H) in the parameter
window 1.3 < λ < 1.42. This phenomenon is of special interest as the initial conditions
determine the existence of the coral and the establishment of the disease. Under elevated
fish predation rates, the coexistence of macroalgae and infected coral becomes feasible due
to increased grazing pressure on the macroalgae. Consequently, in this scenario, corals can
coexist with macroalgae even when partially infected, a phenomenon not observed under
low fish predation rates. At the threshold λ ≈ 1.42, two coexistence steady states collide
and disappear, yielding a saddle-node bifurcation. Thus, a sudden collapse of the endemic
steady-state is observed at this threshold. Beyond this threshold rate, the system possesses
bistability between the disease-free state and the coral-free equilibria. So, for higher val-
ues of λ , initial population levels will determine the initiation of the disease in the system.
Healthy coral may persist in the system. However, if the disease initiates, the entire coral
population may become extinct.

5.4.4.3 High Fish Predation Rates Curb Disease Outbreaks and Coral Extinction
Risk

Now, to capture the effect of λ on the system configuration for a high level of fish preda-
tion, we fix g = 0.6 (see Fig. 5.2(E, F)). We document that the equilibrium E3 is always
an attractor. Biologically, this scenario prognosticates that the coral reef system always
tends to settle for an infection-free environment in which macroalgae and healthy coral can
maintain harmonic coexistence. As in the previous case, for λ < 1.14, the non-contagious
pathway of transmission does not become effective. At λ = 1.14, the ecological system
experiences a sudden appearance of a pair of endemic steady states, out of which the state
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E∗
H with higher infected coral equilibrium density is locally asymptotically stable. There-

fore, for elevated fish predation, the minimum strength of infection required for disease
establishment through a non-contagious way increases significantly. In the bistability re-
gion λ > 1.14, the system settles either to an infection-free environment or endemic state
depending upon initial population sizes. Even under severe disease conditions, the substan-
tial grazing pressure on macroalgae prevents it from surpassing coral in competition. It is
noteworthy that the total coral equilibrium density at the stable endemic steady state has a
decreasing trend with increasing λ , but coral does not go extinct for any initial conditions,
unlike in the case of low or intermediate fish predation rate and high disease transmission
rates (i.e., in Fig. 5.2(A - D)).

Figure 5.3: Two-parameter bifurcation diagram with respect to λ and g, the non-contagious
pathway transmission rate, and the fish predation rate. Region 1: Disease-free coral state
(M,CS,0,0); Region 2: Bistability between disease-free coral state (M,CS,0,0) and en-
demic state with high prevalence (M,CS,CIH ,W ); Region 3: Tristability between disease-
free coral state (M,CS,0,0), endemic state with high prevalence (M,CS,CIH ,W ), and en-
demic state with low prevalence (M,CS,CIL,W ); Region 4: Tristability between disease-
free coral state (M,CS,0,0), endemic state with high prevalence (M,CS,CIH ,W ), and
coral extinction state (M,0,0,W ); Region 5: Bistability between disease-free coral state
(M,CS,0,0) and coral extinction state (M,0,0,W ); Region 6: Bistability between disease-
free coral state (M,CS,0,0) and endemic state with low prevalence (M,CS,CIL,W ). TB:
Transcritical bifurcation curve, LP: Saddle-node bifurcation curve, CP: Cusp point.

5.4.4.4 The Interplay Between Transmission Rate and Fish Predation: High Fish
Predation Facilitates Coral Survival Even in Extreme Disease Conditions

In order to gain a clearer understanding of the impact of fish predation on disease dynamics
within coral populations, we conducted a two-parameter bifurcation analysis with disease
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transmission rate (λ ) and fish predation rate (g) as the key parameters (Fig. 5.3). When
the fish predation rate is low, even with a high disease transmission rate (λ ), the disease
cannot be established in the system. This scenario corresponds to region 5, where the coral
population either thrives or faces extinction, depending on the initial conditions. For the
disease with a low transmission rate, the disease will be established in the system with
low prevalence (see Region 6). After the disease establishment, a further increase in g

will catastrophically eliminate the infected coral. Then, the coral population will exist in
the system, irrespective of initial conditions (region 1). In the case of diseases with high
transmission rates, an increase in fish predation can rapidly infect a significant proportion
of coral (Region 4) through a saddle-node bifurcation. Within this range, the persistence
of the coral population depends on the initial conditions. If the coral population survives,
it may either remain healthy or harbour the disease. For slight elevation in g, the coral
will always exist in the system; disease prevalence may be high, low, or null, depending
on the initial condition (region 3). For further increase in g, disease prevalence will be
high if it persists (see Region 2). For a high fish predation rate, the coral will always exist
in a healthy manner unless the disease transmission rate is significantly high (region 1).
Overall, for low and high fish predation rates, disease does not persist in the system. For
an intermediate range of g, the disease will persist in the system; the initial condition will
determine the degree of prevalence of the infected coral.
As a whole, we see that, for low or high levels of predation rate, the disease cannot persist
in the system. For the low level of g, coral exists disease-free or extinct, whereas, for the
higher level of g, coral always exists disease-free. Intermediate-range predation leads to the
establishment of the disease. In this range, coral exists with high, low, or zero prevalence,
depending on the initial population. Both events, disease invasion or elimination, occur
abruptly with varying g. We found that our overall results remained unchanged when we
considered a type-1 functional response for non-contagious disease transmission (See Fig.
5.4)
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Here, we investigate the dynamics of the coral reef system when the increase in disease
transmission rate through fish predation follows Holling type I functional response
(Fig. 5.4), where the disease transmission in the non-contagious pathway increases
linearly with fish predation of corals (i.e., λnc = λ (1+m2a(P,C)), where a(P,C) =

gPC). At low values of λ , the coral population remains disease-free and coexists
with macroalgae. However, under low levels of fish predation, increasing λ does not
lead to disease establishment, unlike the emergence of disease in a narrow range of
λ observed in the type II response. In this case, if coral persists, it remains disease-
free; otherwise, it becomes extinct, depending on the initial population levels. With
moderate fish predation, we see a sudden emergence of disease and coral extinction
similar to the Holling type II scenario. However, there is no abrupt emergence of a
low-prevalence infection scenario, indicating that the infection level does not depend
on initial species densities. At high levels of fish predation, as with the Holling type II
response, disease establishes abruptly. As λ increases, the initial conditions determine
whether the coral population will be disease-free or infected. Therefore, both Holling
Type I and Type II functional responses lead to almost identical dynamical behaviours,
with some exceptions in the complexity of disease emergence and prevalence patterns.

Figure 5.4: Bifurcation diagram of the system (5.4) with respect to λ , the non-contagious
pathway transmission rate, with type-I functional response, for g= 0.2 (A, B), g= 0.45 (C,
D) and g = 0.6 (E, F). Here, m2 = 2 and the other parameter values are mentioned in Table
5.1 in Appendix 5.3. The number mentioned in the circles represents the regions mentioned
in Fig. 5.3. The colour of the equilibrium curves and the name of the bifurcations are
mentioned in Fig. 5.3. The overall dynamical behaviour of this system is similar to the
case with the type-II response, depicted in Fig. 5.2.
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5.4.5 Virulence and its Interplay with Fish Predation Rates

Understanding virulence and the severity of disease-induced mortality is critical for study-
ing coral reef disease dynamics. While high virulence causes steeper population decline
and hinders coral recovery from outbreaks, it can also limit the disease itself [227–230].
A high death rate among infected hosts reduces the pool of infected individuals, poten-
tially preventing the chances of further outbreaks. Therefore, unravelling the influence of
virulence on coral reef epidemics remains crucial. To achieve this, we employed one and
two-parameter bifurcation analysis to explore the role of virulence and its interaction with
fish predation rates.

Figure 5.5: Bifurcation diagram of the system (5.4) with respect to the fish predation rate
g, for γ = 2.25 (A, B) and γ = 0.5 (C, D). Here, the transmission rate (λ ) = 1. The number
mentioned in the circles represents the regions mentioned in Fig. 5.8.

5.4.5.1 The Delayed Onset and Abrupt Submergence of Coral Disease Under Esca-
lating Fish Predation

To observe the role of fish predation on the coral disease dynamics, we consider g as
the bifurcation parameter (Fig. 5.5). We observe that E3 is always an attractor of the
system where coral lives disease-free. However, the abundance of coral decreases with g

in this stable state due to the increased predation pressure on corals. The system has an
alternative stable state, E2, for a low predation rate. So, in this range of g, the coral will
either coexist in a healthy form with macroalgae or will go extinct, depending on the initial
population densities (Fig. 5.6, panel 5). When increasing g, another stable state of endemic
coexistence appears abruptly through a saddle-node bifurcation at g = 0.39. Therefore, for
the range 0.39 < g < 0.41, the system possesses tristability between E2, E3, and E∗

H ; the
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initial population size will determine whether the coral will live with or without the disease,
or will go to extinction (Fig. 5.6, panel 4). However, the equilibrium E2 loses its stability
through the origination of a stable endemic equilibrium E∗

L with the lowest prevalence via a
transcritical bifurcation (at g = 0.41). The stable equilibrium E∗

L collides with its unstable
branch and vanishes through a saddle-node bifurcation at g = 0.43. For the range 0.41 <

g < 0.43, the system has tristability between E3, E∗
H and E∗

L (Fig. 5.6, panel 3). Beyond
the saddle-node bifurcation point at g = 0.43, bistability between E3 and E∗

H is observed
(Fig. 5.6, panel 2). Interestingly, further elevated g eliminates the disease from the system
through another saddle-node bifurcation, where the endemic equilibrium (E∗

H) vanishes,
and E3 becomes the only stable attractor of the system (Fig. 5.6, panel 1). Additionally,
when we considered different food preferences for macroalgae and coral, we found that the
overall dynamics of the system remained unchanged when the preferences were equal or
biased towards macroalgae. However, when the preference was biased towards coral, coral
eventually became extinct abruptly, first from the endemic state and then from the healthy
state (See Fig. 5.7)

Figure 5.6: Phase portrait diagrams of the system (5.4) in (M,CS,CI) space. Here, the
presence of endemic, disease-free, and coral-free stable steady states are indicated by the
red, blue, and black dots, respectively. Dynamical regimes with regional analogues are
highlighted with circles.
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We discus the impact of varying fish preferences for macroalgae and coral on coral dis-
ease dynamics. The predation terms are a(P,M) = g1PM and a(P,C) = g2PC, where
g1 and g2 are given by g1 = gh and g2 = g(1−h). The parameter h (0 ≤ h ≤ 1) repre-
sents the food preference of fishes, where h = 0 (1) represents the case where the coral
(macroalgae) is the only food for fishes. Fish feeding preferences significantly impact
coral health. When fish primarily consume coral, coral populations can decline or even
vanish. Conversely, a strong preference for macroalgae can lead to disease outbreaks
in coral, but the severity of these outbreaks depends on initial coral and macroalgae
densities. If fish exhibit a balanced preference for both, disease prevalence is likely
high. As fish increasingly favour macroalgae, disease prevalence tends to rise, indi-
cating a positive correlation between macroalgae preference and disease risk. This
indicates that coral disease dynamics can be understood by simplifying to the assump-
tion of equal preference for both coral and macroalgae.

Figure 5.7: Bifurcation diagram of the system (5.4) with respect to the food preference
(h) for fishes. h = 0 (1) represents the extreme case where the coral (macroalgae) is the
only food for fish. In the region where h is low, meaning the fish primarily consume coral,
the system reaches a macroalgae-dominated state (M,0,0,W ). The system exhibits similar
dynamical behaviour when fish have an equal preference for both coral and macroalgae
(the assumption made in the main text analysis), as well as when fish are predominantly
herbivores, which is ecologically more realistic. Here, g = 0.5, λ = 1.5 and the other pa-
rameter values are mentioned in Table 5.1. The number mentioned in the circles represents
the regions mentioned in Fig. 5.3. The colour of the equilibrium curves and the name of
the bifurcations are mentioned in Fig. 5.3.
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Figure 5.8: Two-parameter bifurcation diagram with respect to fish predation rate g and
virulence of infection γ . The descriptions of the regions and bifurcation curves are the
same as in Fig. 5.3.

Fig. 5.8 illustrates the combined influence of fish grazing and virulence on coral reef
sustainability. When there’s minimal fish predation, while the disease can establish itself
briefly within a small window (region 4, Fig. 5.8; panel 4, Fig. 5.6), it is swiftly eradicated
with even a slight increase in virulence. As high virulence wipes out the coral hosts and
reduces the chance of disease spreading. For high grazing rates, while disease emergence
is likely, a sufficiently high virulence level can abruptly eliminate the disease. Overall,
high virulence tends to eliminate the disease regardless of fish grazing levels. However,
the risk of coral extinction due to competition with macroalgae still depends on the grazing
intensity.
To examine the combined effects of transmission, virulence, and grazing on the system’s
tipping behaviour, we plotted the transmission-virulence ratio against the grazing rate. The
transmission rate to virulence ratio can serve as a proxy for the basic reproduction number
(R0) of a disease, which represents the average number of secondary infections caused
by a single infected individual, the potential for a disease to spread within a community
[231, 232]. We focused on parameter values that triggered a sharp transition from a healthy
coral-dominated state (Region 1) to a disease-endemic state (Region 2) (see Fig. 5.9). Our
analysis reveal a strong, nearly linear relationship between the transmission-virulence ratio
and predation rate (with a high r2 value). As fish predation increases, the system’s tipping
point shifts towards higher transmission-to-virulence ratios, favouring a healthier coral-
dominated state. This highlights the critical role of fish predation in regulating the balance
between transmission and virulence within coral populations. Excessive overfishing can
disrupt this balance, potentially leading to harmful consequences for coral ecosystems.
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Figure 5.9: Orange points represent the pair of transmission-virulence ratio and fish pre-
dation rate, where the system undergoes a tipping point and becomes disease-dominated
from a healthier state (i.e., Region 2 from Region 1) through a saddle-node bifurcation.
The parameter combination above (below) the line corresponds to Region 2 (Region 1).
The black line represents the linear regression line, the equation of which is mentioned in
the upper-left corner.

5.4.6 Effect of the Disease Intensity

The transmission rate and virulence are crucial factors that determine the severity of a
disease. In order to investigate how these epidemiological characteristics affect coral pop-
ulation dynamics under different levels of fish predation, we examined the two-parameter
bifurcation of the system in the λ − γ space. We varied the level of fish predation and
analyzed the results (Fig. 5.10).

5.4.6.1 Predation Intensity Modulates the Impact of Virulence on Coral Epidemics

First, we study the case where the fish predation is low (e.g., g = 0.2, Fig. 5.10A). We
observe that disease establishes in the system for some intermediate range of λ (region
2-4, 6). As there is no recovery from the disease, elevated λ will increase the disease
prevalence, which eventually wipes out the coral from the system (region 5). On account
of that, there is no effect of the virulence (γ) for low and high levels of λ . But γ eliminates
the disease abruptly from the system for the intermediate level of λ (see regime shifts
from region 2-1). However, we observe a narrow window of λ for which disease is not
completely eradicated from the system, though a shift from the high prevalence to the low
prevalence is seen for γ (region 3 to 6). Overall, disease-free states dominate the system
for the low level of fish predation.
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Figure 5.10: Two-parameter bifurcation diagram with respect to λ and γ , the non-
contagious pathway transmission rate and the disease-induced death rate. The fish pre-
dation rate is taken as g=0.2 (A), 0.45 (B), and 0.6 (C). The descriptions of the regions are
the same as in Fig. 5.3.

But, we observe that disease-induced states dominate the system for elevated fish pre-
dation (Fig. 5.10B). Similar to the previous scenario, we observe a sudden eradication of
the disease with increasing γ . The range of λ values, within which the disease persists re-
gardless of the level of γ , expands as g increases. For a high level of fish predation (g), the
degree of γ determines the persistence of the disease (Fig. 5.10C). For low γ , the disease
persists with a higher prevalence (region 2), which is eradicated suddenly with increasing
γ (region 1). The non-existence of a range of λ , in which disease persists irrespective of γ ,
is observed in this case; γ will eventually eliminate the disease if it persists.

5.5 Discussion and Conclusion

Infectious diseases are pivotal in shaping coral community dynamics, notably by signifi-
cantly reducing live coral coverage and density [38, 105, 106, 142, 169, 233]. Transmis-
sion in coral reefs occurs through two primary pathways: direct and indirect [111, 112].
While the former is less common due to corals’ limited mobility, the latter, particularly via
pathogens, is more prevalent and effective. The indirect transmission, facilitated especially
by various reef fish, amplifies disease spread [116, 117]. However, a critical knowledge
gap remains regarding the intricate interplay between biotic interactions and disease dy-
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namics. This study addresses this gap by employing a mathematical modelling approach
to provide a deeper understanding of these complex processes.
Our study encapsulates that the coral reef ecosystem exhibits dynamic responses to infec-
tions triggered by fish predation. Coral faces minimal risk at both low and high levels
of grazing. At low grazing levels, the absence of disease is clear, promoting coral health.
However, the reduced predation pressure on macroalgae allows it to outcompete coral. Pre-
vious studies [123, 124, 126, 129, 156] have consistently demonstrated that low grazing
levels facilitate macroalgal dominance on coral reefs. These studies emphasize the concept
of hysteresis, where the transition from coral- to algae-dominated states is irreversible be-
yond a critical grazing threshold, resulting in a significant loss of coral reef resilience. Our
study demonstrates that, under these conditions, even minor disease outbreaks can trigger
a catastrophic shift from a healthy coral ecosystem to a coral-extinction state, resulting in
a clear bistability between a disease-free and a coral-extinction.
For a sufficiently high level of fish predation, it becomes evident (from subsection 5.4.4.3)
that infection takes hold and continues to persist, and the bistability between the endemic
state and the disease-free state is observed. It is also evident in literature, that the Great
Barrier Reef is the epicentre of coral disease [234] and is also known for its high fish
assemblages [235], which aligns with our findings. However, the minimum strength of
infection required for disease establishment increases significantly, as well as the risk of
tipping to the coral extinction state decreases. These findings align with previous research
[123, 124, 126] indicating enhanced coral persistence under higher grazing pressure. The
resilience of the endemic state under high grazing rates can be ascribed to the substan-
tial predation pressure exerted on macroalgae, curtailing their competitive edge over coral.
Additionally, reducing macroalgae can lower pathogen levels by minimizing shedding, in-
directly benefiting coral health by decreasing disease prevalence. A high abundance of
corallivorous fishes, particularly chaetodontids, is associated with increased coral disease
prevalence in the central Philippines and the Great Barrier Reef (GBR) due to their feeding
on damaged corals, which can facilitate disease spread [236]. The farming behaviour of
Stegastes reef fishes increases coral disease prevalence by promoting environments rich in
coral pathogens [237]. Interestingly, the medium level of the grazing rate leads to vari-
ous non-trivial dynamical outcomes (see subsection 5.4.4.2, Fig. 5.2, 5.3), especially the
tristability between healthy, endemic and coral extinction states, a phenomenon previously
unexplored in the context of coral reef dynamics. In this case, the sudden emergence of
disease and the abrupt extinction of coral are both evident. Consequently, the fate of the
coral reef becomes highly sensitive to the initial coral population size.
We observed that the initiation and eradication of disease occur abruptly with changing
grazing rates and disease conditions. Even a slight change in the associated demographic
and epidemic parameters or the initial values of interacting populations can induce regime
shifts—from a disease-free, healthy coral state to an endemic state with high prevalence
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or vice versa. Disease virulence profoundly impacts coral reef fate. For highly virulent
diseases, corals face extinction risk from disease-related mortality when grazing rates are
low, and macroalgae dominates. Highly virulent diseases can indirectly benefit coral popu-
lations by rapidly removing infected corals, thereby slowing disease transmission. This oc-
curs through reduced contact between healthy and infected corals, and decreased pathogen
load due to the less availability of nutrients from decaying infected individuals. This
phenomenon, where high virulence drives disease eradication, has been previously doc-
umented in several eco-epidemic models [228, 238, 239]. As a result, corals can survive,
with or without disease burden, when grazing rates are high. While low-virulence diseases
gradually increased with rising fish predation, high-virulence diseases led to sudden out-
breaks followed by sharp declines, creating a non-linear relationship between predation
and infection prevalence. In both cases, a decrease in the grazing rate in the infected pop-
ulation can indicate abrupt disease eradication, offering a glimmer of hope for coral reef
resilience.
More specifically, the transmission-virulence ratio, above which high prevalence occurs
abruptly, grows linearly with grazing rate (see Fig. 5.9). This suggests that overharvesting-
induced fish population decline can be harmful in such scenarios. Despite accelerating
disease outbreaks, a plentiful fish population is crucial for coral reef ecosystem health.
These findings emphasize the need for effective fishery management strategies to ensure
healthy fish populations, fostering a critical buffer against disease outbreaks and promoting
the health of coral reef ecosystems.
Our study does come with a set of limitations. We assumed a time-independent fish stock
level, neglecting their system variability. This simplification overlooks potential complex-
ities. Future research efforts should incorporate fish populations as a state variable within
the model. This would allow us to examine how interactions between fish populations and
other biotic and abiotic factors influence the dynamics of coral epidemics. Additionally,
investigating the impact of environmental noise, such as fluctuations in temperature or nu-
trient levels, on the transitions between healthy and diseased coral states would be valuable.
Understanding the role of such stochasticity could provide further insights into coral reef
resilience in the face of changing environmental conditions.
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Conclusions and Future Directions

6.1 Conclusions and Future Directions

6.1.1 Conclusions

Mathematical models play a crucial role in predicting disease spread within coral ecosys-
tems by simulating pathogen transmission. These models consider both biotic factors, such
as host-pathogen dynamics and fish behavior, and abiotic factors, including temperature
and pollution. By analyzing these complex interactions, they help identify key drivers of
disease and their role in triggering outbreaks. Additionally, these models provide estimates
of the long-term impacts of climate conditions and human interventions on coral health.
They also serve as tools for testing management strategies to control disease outbreaks,
allowing for effective conservation efforts without directly impacting real coral reefs.
Our thesis focuses on developing a mathematical model to examine the dynamics of the
coral reef ecosystem, with a particular emphasis on disease progression and its manage-
ment. The modeling approach adopted in this research offers valuable insights into the
interaction between biotic and abiotic factors and their influence on coral health. Specifi-
cally, the model evaluates the relationship between infected and susceptible corals, incor-
porating disease recovery mechanisms. These mechanisms highlight the ability of corals
to regenerate tissue and engage in microbial competition to recover from infections. The
recovery rate is identified as a crucial determinant in sustaining coral populations, with
higher recovery rates shifting reef ecosystems toward a healthier state.
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Stability and bifurcation analyses reveal that the system exhibits multiple equilibrium
states, including coral-free and macroalgae-dominated conditions. High grazing rates by
herbivorous fish help prevent macroalgae overgrowth, thereby supporting coral health. The
model demonstrates bi-stability and tri-stability, indicating that reefs can exist in multiple
stable states under varying environmental conditions. A Hopf bifurcation occurs when the
grazing rate exceeds a critical threshold, resulting in oscillatory fluctuations in coral popu-
lations.
This study further investigates the effects of incubation time delay on coral reefs impacted
by disease. A short delay maintains system stability, whereas exceeding a critical delay
threshold disrupts equilibrium, leading to periodic oscillations in coral populations. Sta-
bility analysis identifies two key equilibrium states: disease-free and endemic. The model
confirms that higher grazing rates reduce macroalgal dominance and contribute to coral
recovery. However, disease transmission significantly affects coral stability, with elevated
transmission rates pushing the system toward coral decline. Numerical simulations indi-
cate that increasing disease transmission reduces the population of healthy corals, while
a higher conversion rate of infected corals to healthy ones helps mitigate disease spread.
Prolonged incubation delays exacerbate the destabilizing effects on coral health.
Additionally, this study explores the role of zooplankton in mediating disease transmis-
sion within coral reefs, with a specific focus on White Band Disease (WBD). The dis-
ease spreads both through direct contact between corals and indirectly via zooplankton
consumption and free-living pathogens. The findings indicate that zooplankton-mediated
transmission is particularly harmful to coral populations. The model identifies multiple
equilibrium states, including coral-free and coexisting stable conditions. A Hopf bifurca-
tion occurs when WBD transmission rates surpass a critical threshold, leading to oscil-
latory disease outbreaks. Mutualistic interactions between phytoplankton and corals play
a crucial role in coral recovery, with zooxanthellae contributing to coral resilience and
survival. Simulation results suggest that controlling zooplankton populations can help mit-
igate disease outbreaks, and enhancing phytoplankton mutualism may serve as an effective
conservation strategy.
Lastly, this study examines the intricate relationship between fish predation and coral
disease dynamics. While fish feeding behavior can facilitate the spread of infectious
pathogens, it also helps control macroalgal overgrowth, which benefits coral health. The
findings suggest that both very low and very high fish predation rates provide protection
for corals, whereas moderate predation levels increase the risk of disease outbreaks. Coral
ecosystems experience tipping points, where transitions from disease-dominated to health-
ier states occur as fish predation increases. The model highlights bistability and tristabil-
ity in reef states, demonstrating that coral populations persist under specific conditions.
The transmission-to-virulence ratio scales linearly with fish predation rates, indicating that
higher virulence can limit disease spread by reducing pathogen reservoirs. Conservation
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efforts should focus on maintaining balanced fish populations, as excessive overfishing of
herbivorous fish can increase coral disease prevalence by allowing macroalgae to dominate.
Proper fishery management can help prevent abrupt coral declines and promote long-term
reef sustainability.
Overall, this research provides valuable insights into coral reef resilience, emphasizing
the importance of adaptive conservation strategies to mitigate disease outbreaks and en-
hance coral recovery. Effective management of disease transmission, incubation delays,
fish predation, and zooplankton populations is essential for preserving reef ecosystems.
The findings underscore the need to incorporate biotic interactions into coral disease ecol-
ogy, offering critical guidance for reef conservation and management strategies.

6.1.2 Future Research Directions

The scope of future research on coral disease modeling extends to several promising direc-
tions:

i. Stochastic Modeling: Introducing stochasticity into disease transmission models
can provide a more comprehensive understanding of how random environmental
fluctuations impact reef health.

ii. Fractional-Order Models: Exploring fractional differential equations can offer deeper
insights into long-memory effects in disease progression and coral-algae competi-
tion.

iii. Impulsive Control Strategies: Investigating the impact of periodic interventions,
such as controlled coral transplantation or antibiotic treatments, on disease mitiga-
tion.

iv. Coupling Hydrodynamic Models: Integrating disease models with oceanographic
circulation patterns to assess pathogen dispersal across reef systems.

v. Multi-Species Interactions: Expanding the model to incorporate competition be-
tween coral species, pathogen evolution, and potential microbial interventions.

vi. Optimal Control Approaches: Evaluating cost-effective disease control strategies
through mathematical optimization techniques.

By addressing these areas, future research can further refine our understanding of coral
disease dynamics and inform effective conservation strategies. This interdisciplinary ap-
proach—combining mathematical modeling, ecological insights, and field data—will be
crucial for safeguarding coral reef ecosystems in the face of global environmental chal-
lenges.
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