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ABSTRACT

Title: SOME STUDY ON HIGHER DIMENSIONAL COMPLEX ANAL-
YSIS AND GEOMETRY
Index No.: 34/22/Maths./27

The prime concern of the present thesis focuses on discussions and exploration
covering different aspects of complex analysis and geometry of higher index.

The thesis consists of Eight Chapters.

Chapter One deals with the preliminaries of bicomplex numbers, p-adic num-
bers and complex manifold. Also, the introductory theories concerning the influence of
higher dimensional complex valued functions in Nevanlinna’s Value distribution theories
mainly both p-adic analysis and bicomplex analysis are briefly discussed in this chapter.

The prime concern of Chapter Two, is to prove some common fixed point the-
orems for converse commuting self-maps for non-complete bicomplex valued metric
spaces. Our results are the generalizations of the results of Chauhan & Sahper (2013)
and Kumar et al. (2014). Morcover, we wish to investigate some common fixed point
theorems in bicomplex valued b-metric spaces satisfying some rational inequalities for a
pair of self contracting mappings and extend some theorems of Azam et. al. (2011) and
Rouzkard & Imdad (2012) regarding common fixed point theorems in complex valued
metric spaces.

The main purpose of Chapter Three is to establish another representation of order
and lower order of f € 2(K) where K is a complete ultametric algebraically closed field
and A(K) is the K-algebra of entire functions on K. Here, we establish the integral rep-
resentation of generalized (3, )-th relative type and generalized (3, v)-th relative weak
type of entire function f with respect to another entire function g, where f, g € 2(K)
and their equivalence relation under some certain conditions are also obtained.

The main goal of Chapter Four is to establish some results focusing on the com-
parative growth properties of composition of two k-valued entire algebroidal functions
in terms of their relative growth indicators from the view point of slowly changing func-
tions in the light of p-adic analysis. Although the main aim of this chapter is to find
out the estimates of relative (8, 7)-th type, relative (5, v)-th lower type and relative
(B,7)-th weak type under somewhat different conditions where p and ¢ are any two
positive integers via the concept of p-adic analysis of entire algebroidal functions.

The Chapter Five aims to extend the classical Enstrom-Kakeya theorem for en-
tire functions of non zero finite order having lacunary type power series expansion. A
few examples with related figures are given here to justify the results obtained. We



investigate some common fixed point theorems in bicomplex valued metric space and
find some sufficient conditions for the existence of common fixed points for a pair of
self contracting mappings.

Chapter Six is focused on the derivation of some results related to the distribution
of zeros of bicomplex valued entire functions in a certain domain. Some examples are
provided to justify the results obtained.

The nucleus of Chapter Seven is to derive some results related to the Bicomplex
manifold, almost bicomplex manifold, almost bicomplex Hermite manifold and to dis-
cuss some properties of Nijenhuis tensor, contravariant almost analytic vector fields etc.

Chapter Eight is mainly based on future prospects including further course of
work and also their applications of the works as carried out in the thesis.
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List of Mathematical Symbols

The below list describes several symbols that will be used later within the body of the
thesis

N Complex valued metric
BC  The set of all bicomplex numbers
The set of all complex numbers

The set of all natural numbers

e

The set of all real numbers

7
W
o

The set of all non negative real numbers

The empty set

N S

Partial order relation on the set of complex numbers

A

Partial order relation on the set of bicomplex numbers
n  The set of singular elements in C,, (n =0,1,2,...)
Bicomplex valued metric

Bicomplex valued b-metric

~ = 3 0

Identity transformation
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CHAPTER ONE

INTRODUCTION



Chapter 1

Introduction

1.1 Introduction to Preliminaries

In this section, a brief history with some notable properties of the bicomplex and p-adic
numbers, the generalizaion of complex numbers are discussed. Further, the preliminar-
ies concepts of complex valued metric space and complex manifold are presented here.

1.1.1 Bicomplex number

Bicomplex number is regarded as a well known extension of complex number
which have been studied for quite a long time and a lot of work has been done in
this area. In 1844, W. R. Hamilton {cf. [46] & [47]} introduced quaternions, an
extension of complex numbers with three imaginary units ¢, j, k that anti-commute
with the property ij = —ji = k. Quaternions form a skew field with respect to usual
operations. Although from the algebraic point of view, the lack of commutativity is
not such a terrible problem. But this lack of commutativity opens a new direction
of research where a four dimensional algebra containing C as a subalgebra is fornmed
and it preserves the commutativity property. This can be done by considering two
imaginary units ¢, j with 157 = ji7 = k.

In 1848, Cockle {cf. [18], [19], [20] & [21]} wrote a series of papers introduc-
ing a new algebra named as the algebra of tessarines. Influencing from the works of
Cockle, Segre [87] introduced an infinite set of algebras and the concept of bicomplex
numbers with their idempotent elements 2£4 and 1_7” which plays most important role
in the theory of bicomplex analysis. Later Spampinato [88] and Dragoni [30] set the
groundwork for function theory in the study of bicomplex numbers.

The next major breakthrough in bicomplex analysis came from Riley [79]
in 1953 by developing the theory of functions of bicomplex variables. However, the
most recommendable contribution, the theory of holomorphic functions of a bicomplex
variable as well as multicomplex variables was done by Price [76].




Definition 1.1.1 [73] The set of bicomplex numbers BC is defined by BC = {3 : 3 =
ap +iay + jas + kas : ag, a1, as, az € R} or equivalently BC = {31 + j32 : 31,32 € C}, such
that i? = j2 = —k* = =1 and ij = ji = k.

Definition 1.1.2 [73] For any bicomplex number 3 = 31+ 32j the conjugation is defined
in the following way:

3123_1+3_2j* 3j:31_52j7 gkzé_l_j_Z]

1.1.1.1 Idempotent Representation.

One of the important features of a bicomplex number is its idempotent representation.
The bicomplex numbers e; := 12” , o 1= 1_7” are linearly independent in the C-linear
space BC and e; + ey = 1,61 — €3 = ij,e1.e5 = 0,€2 = e1,e2 = ey5. Any 3 € BC can be
uniquely expressed as 3 = (31 — i32)e1 + (31 + 432)¢e2, which is known as the idempotent

representation of 3.

Definition 1.1.3 The norm ||| : BC — Rsop of 3 = 31 + Jj32 = &1e1 + &een € BC s
defined as follows:

1
|§1’2+\§2|2}2

131 = {2t = {2

Definition 1.1.4 The spaces D1 = {31 — 32 : 31,32 € C} and Dy = {31 +1i32 : 31,32 € C}
are said to be the auziliary complex spaces. Fach point 31+ j32 = (31—432)e1+ (31 +132)e2
in BC associates the points 31 — i39 € D1 and 31 + 132 € Do. Also to each pair of points
(31 — 432, 31 +132) € D1 x Dy there is a unique point in BC.

Definition 1.1.5 An open discus D(&;r1,1r2) with centre & = &rey + &ey and radii
ry > 0,79 > 0 is defined by

D(£§T17T2) = {5161 + 32e2 € BC 1|31 - §1| <7, |52 - §2| < 7"2}-

Definition 1.1.6 A closed discus D(&;71,15) with centre € = £1eq + &xes and radii
r1 > 0,7y > 0 is defined as

D(@ﬁﬂé) = {3161 + 3202 € BC :[31 — & 1| <7y, |32 — & < 712}

Definition 1.1.7 Ifry >0, ro > 0 and r| = r9 = 1, then the discus is called a disc in
BC and is denoted by D(&;r,r) = D(&;r).



1.1.2 Complex and bicomplex valued metric spaces

The Banach contraction principle [10], introduced by Banach in 1922, following Brouwer’s
foundational work in 1912 plays a significant role in fixed point theory. It states that
“Let (x,v) be a complete metric space and C : y — x be a contraction on Y, that is
there is a constant A € [0,1) such that v (Cz,Cy) < Av (z,y) for all 2,y € x. Then C
has a unique fixed point in y.”

Azam et al. [4] introduced the concept of a complex-valued metric space which is
the generalization of the well known metric space. They done so to prove some fixed
point results for contractive mappings with rational expression. Thereafter, Kakutani
[59] and Kannan [60] extended the results of Brouwer and Banach respectively. Similar
to the complex valued metric space, anthoer generalization of the cone metric space
named as bicomplex-valued metric spaces were done {cf. [6], [7], [53], [65], [78], [86] &
[90]}.

Lii [68] proposed the idea of converse commuting maps and established some fixed
point theorems for single valued maps in metric spaces. After that Lii & Hu [70]
and Popa [77] derived some fixed point theorems for converse commuting multivalued
mappings using their proposed concept on converse commuting multivalued mappings.
Kumar et al. [64] made further contributions by obtaining several common fixed point
theorems for converse commuting mappings under the ambiance of complex valued
metric spaces.

Definition 1.1.8 The partial order relation < on C is defined as follows
31 < 32 if and only if Re(31) < Re(32) and Im (31) < Im (32) .

Thus 31 < 392 if one of the following conditions is satisfied

(i) Re(31) = Re(32) and Im(31) = Im(32),

(11) Re(31) < Re(32) and Im(31) = Im(32),

(#7) Re(31) = Re(32) and Im(31) < Im(32),

(1v) Re(31) < Re(32) and Im(31) < Im(32)-

We write 31 £ 32 if 31 < 32 and 31 # 32 i.e., one of (ii), (i) and (iv) is satisfied
and we write 31 < 32 if only (v) is satisfied.

Taking this into account some fundamental properties of the partial order < on C is
defined as follows:

(1) If 0 < 31 < 32 then [3:1] < [32] ,

(2) If 31 < 32, 32 < 33 then 3; < 33 and

(3) If 31 < 32 and A < 1 is a non-negative real number then \3; < 3o.

Azam et. al. [4] defined the complex valued metric space in the following way:

Definition 1.1.9 [// Let X # ¢ and the mapping X : X x X — C, meets the following
conditions:
(dy) 0 2 R(x,y), Vr,y e X and X(z,y) = 0 if and only if v =y,



(da) N(z,y) = N(y,z),Yzr,y € X and

(d3) R(z,y) < N(z,2) + N(z,y), Vr,y,2 € X.

Then the pair (X,R) is said to be a complex valued metric space and N is called a
complex valued metric on X.

Definition 1.1.10 [26] The partial order relation <;, on BC is defined as follows
a <, bif and only if ay < as and by < by, where a;,a,,b1,b5 € C

Definition 1.1.11 Let T : X x X — BC, X # ¢ be a mapping satisfies the following
properties:

(Z) 0 51’2 T(J?,y), VSC, ye X:

(i) Y(z,y) = 0 if and only if v =y,

(iii) Y(z,y) = V(y,x), Vr, y € X and

() Y(x,y) i, T(x,2) + Y(2,9), Vr,y,2 € X.

Then the pair (X,7Y) is called bicomplex valued metric space and Y is said to be a
bicomplex valued metric in X .

Definition 1.1.12 Let (X, Y) be a bicomplex valued metric space.

(i) A sequence {y,} in X is called convergent and converges to ¢ if for any 0 <, r €
BC there exists ng € N such that Y (pn, ) <i, 7, ¥Yn > ng and symbolically 7}1_1}130@” =9
O Qn —  aS N — 0.

(i) A sequence {@,} in X is called Cauchy sequence in (X, Y) if for any 0 <;, r € BC
there exists ko € N such that Y (on, @nim) <i, 7, Ym,n € N and n > k.

(iii) A bicomplex valued metric space (X, ) is said to be complete if every Cauchy
sequence in X 1s convergent in X .

Definition 1.1.13 [9] A point x € x is said to be commuting point of S, T : x — x if
STr =TSz

Definition 1.1.14 [9/ Two maps S, T : x — X are called converse commuting if
STz = TSx implies Sx = Tx. The set of converse commuting points of S and T
is denoted by C' (S, T).

Definition 1.1.15 [29] The maz function for the partial order <;, on BC is defined
as follows:

(1) max {u,v} = v, u<;, v;

(11) u <4, max {u, v} implies u <, v or |ul| < |vl;

(231) max {u,v} = v iff u <y, v or |u| < |jv].

Definition 1.1.16 Let X # ¢ be a set and let s = 1. Suppose ¥ : X x X — BC
satisfies the following properties:

(Z) 0 5@‘2 19(£E7y) Vl’,y € X,

(i) Y(x,y) = 0 if and only if v =y,



(i11) I(x,y) = I(y,x), Yo,y e X and

() Iz, y) Zi, s[0(x, 2) + 9(2,9)], Va,y,2 € X.

Then the pair (X,4) is said to be bicomplex valued b-metric space and ¥ is called a
bicomplex valued b-metric on X.

1.1.3 Complex Manifold

A complex structure[31] on a real vector space V of finite dimension is an endomorphism
F such that

FF(X))=-X ,¥YXeV
ie., F*=—]

where [ represents identity linear map.

Now the pair (V, F') is called complex vector space if following condition holds:
(a+ib)X =aX + bF(X),

where X € V and a,b e R.
Clearly, the real dimension m of V' must be even and m/2 is the complex dimension of

V.

Definition 1.1.17 [31] An almost complex structure on a real differentiable manifold
M of dimension n(n = 2m,m is a positive integer) is a tensor field F which is at every
point  of M, an endomorphism of the tangent space Tp(M) such that F* = —I, where
I denotes the identity transformation of T,,(M). A manifold with a fixred almost complex
structure is said to be an almost complex manifold.

Definition 1.1.18 [31] A vector field is said to be contravariant almost analytic if
where Ly denotes the Lie derivative with respect to the vector field V.

Definition 1.1.19 [31] A vector field is said to be strictly contravariant almost analytic
if

(LyF)(X)=0 and
(Lrw) F)(X) = 0.
Definition 1.1.20 [31] An almost complex manifold endowed with a metric g such that
g(F(X), F(Y)) = g(X,Y)

is said to be an almost Hermite manifold and (F,g) is said to be an almost Hermite
structure.



1.1.4 p-adic number

In 1897, Kurt Hensel redefined the distance between two rational numbers by the no-
tion of p-adic numbers where p is any prime number. Initially p-adic numbers were
used to extend algebraic numbers in power series. Later, Kilirschdk made a further
generalization of p-adic numbers in 1913 . These numbers are useful because these pro-
vide another set of tools which is sometimes easier to deal with than the real numbers.
Its have wide applications in number theory, analysis, algebra and many other fields,
specifically Mahler’s Theorem, Hensel’s lemma, Monsky’s Theorem etc.

The theory of complex-valued functions on p-adic numbers is an important topic in
the area of locally compact groups. In the area of p-adic functional analysis and spectral
theory, a number of developments have been done in implication point of view. However,
p-adic analysis is less subtle than classical analysis due to its ultrametric inequality, e.g.,
the convergence of infinite series of p-adic numbers is much simpler. Topological vector
spaces over p-adic fields show distinctive features; e.g., aspects relating to convexity
and the Hahn—Banach theorem are different.

Definition 1.1.21 An absolute value on K is a function |.| : K x K — Rxq that satis-
fies the following conditions for all w,w € K:

(i) |w| =0 if and only if w = 0,

(1) |ww| = |w||w|, and

(i17) |w + w| < |w| + ||

Moreover, an absolute value is non-Archimedean if it also satisfies the following prop-
erty:

(iv) |w + @| < max {|w], [ow]}

An absolute value that does not satisfy property (iv) is Archimedean.

Definition 1.1.22 A metric d : K x K — Rxq is defined by the following distance
function

dw,w) = |w—w| for all w,w e K.

A set on which a metric is defined is said to be a metric space. A set with a metric
induced by a non-Archimedean absolute value is called an ultrametric space.

Definition 1.1.23 [14] For s € [0,0) and k € N, the Neperian logarithm is defined as
log!*! 22 = log(log* 1 5¢)

and
expl®l s = exp(exp® =1 5),

We also denote log[o] s = s and expl? s = .



Definition 1.1.24 [66] The order o of an entire function f(3) is defined as

o=inf{k >0: Mi(r) < e .r>ro} where M(r,f) := M¢(r) = max |f(3)|.

l3|=r
Definition 1.1.24 can be alternatively stated as:

Definition 1.1.25 [66] The order o of an entire function f(3) is defined as

, log!® M (r, f)
o = limsup ————.
r—00 logr

If o < oo then f(3) called as of finite order. Also ¢ = 0 indicates f(3) is of order zero.
In light of this the order and lower order of an entire function f € (k) is provided
by {cf.[13], [14] & [41]}

(2]
o(f) = lim sup log™ f] ()
r—00 log r

and .
log! |f| (r
A(F) = Tim inf 251D
r—0m logr
In addition, to compare the relative growth of two entire functions having the same
non-zero finite order, Boussaf et al.[13] proposed another type of growth indicators

called type o(f) and lower type @(f) in the following manner,

L log [f| (1)

o(f) = M sup—"5

wnd log | ()
v oglf] (r
o(f)—rgriloomf—rg(f) :

where 0 < o(f) < o0.
Analogously for 0 < A(f) < o0, we can draw another growth indicators namely weak
type 7(f) and lower weak type 7 (f) as

o oglf| (1)
7(f) = Tl_l)r_{loo inf —H

and
log [f| (r)

70 = lim swp =

Apart from the introductory part, this thesis consists of seven chapters which are
summarized as follows:



In Chapter Two, we focus on the proving of some certain well-known fixed point
theorems for converse commuting self-maps in the incomplete bicomplex valued metric
spaces. Our results extend the results of Chauhan[25] and Kumar et al.[64]. We also
wish to investigate a number of common fixed point theorems in the space of bicomplex
valued b-metric that satisfy certain rational inequalities for a pair of self contract-
ing mappings. Finally, we try to extend some of the theorems of Azam et al.[4] and
Rouzkard[83] concerning common fixed point theorems in complex valued metric spaces.

The main objective of Chapter Three is to develop an alternative representation of
the order and lower order of f € 2(K), where K is a complete ultametric algebraically
closed field and A(K) is the K-algebra of entire functions on K. Then, in this chapter,
the integral representation of generalized (5, y)-th relative type and generalized (3, ~)-
th relative weak type of entire function f over another entire function g is established,
where f, g € 2(K).

Chapter Four aims to establish some results on the comparative growth features
of composition of two k-valued entire algebroidal functions in terms of their relative
growth indicators from the perspective of slowly changing functions in the light of p-
adic analysis. However, the primary goal of this chapter is to use the idea of p-adic
analysis of entire algebraic functions to determine the estimates of relative (3,~)-th
type, relative ((,~)-th lower type, and relative (3,7)-th weak type under somewhat
different conditions, where § and v are any two positive integers.

The famous Enstrom-Kakeya theorem for entire functions of non-zero finite order
with lacunary type power series expansion is going to be extended in Chapter Five. In
order to support the findings, few examples are provided along with relevant figures.
For a pair of self contracting mappings, we find adequate criteria for the presence of
common fixed points and study certain common fixed point theorems in bicomplex val-
ued metric space.

The goal of Chapter Six is to derive some conclusions about the distribution of zeros
for bicomplex valued entire functions in a certain domain. To justify the findings, a
number of examples are provided here.

In Chapter Seven, we deduce some theorems of the bicomplex manifold, almost bi-
complex manifold and almost bicomplex Hermite manifold. Also, in this chapter, we
discuss the properties of the Nijenhuis tensor and contravariant almost analytic vector
fields in a bicomplex field.

Chapter Eight is mostly concerned with prospects for future research work with its
implications in different directions.

Skoskoskoskokoskoskoskoskoskoskokoskoskokok skokok



CHAPTER TWO

& STUDY ON SOME COMMON FIXED
POINT THEOREMS IN BICOMPLEX
VALUED METRIC SPACES AND
BICOMPLEX VALUED
b-METRIC SPACES



Chapter 2

A study on some common fixed
point theorems in bicomplex valued
metric spaces and bicomplex valued
b-metric spaces

2.1 Introduction.

This chapter focuses on proving some common fixed point theorems using converse
commuting mappings on bicomplex-valued metric spaces. The results of this chapter
are generaliZations of the results of Chauhan & Sahper [25] and Kumar et.al.[64] using
the concepts from {cf. [57] & [58]}.

2.2 Lemmas.

This section provides essential lemmas that will play a crucial role in the study of the
chapter.

Lemma 2.2.1 [/] Let (X, ) be a bicomplex valued metric space and a sequence {©,}
in X is said to tend to a point o iff lim || T (o, )| = 0.
n—o

Lemma 2.2.2 [4] Let (X,T) be a bicomplex valued metric space and a sequence {©,}
in X is said to be a Cauchy in X iff im | Y (0n, @nim)| = 0.
n—o0

2.3 Main Results.

In the following section, converse commuting mappings are used to prove several com-
mon fixed point theorems.
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Theorem 2.3.1 Let 0q, 03, Ay and Ay : X — X be four mappings in a bicom-
plex valued metric space (X,Y) such that the pairs (01, A1) & (02, Aa) be conversely
commuting and satisfying the condition

T (012,00y) <4, Amax{Y (Az,Asy), Y (012, Az), Y (Day, Aoy)} (2.1)

forallz,y e X (€ Cy), 0 < A < 1. Ifeach pairs (01, A1) and (02, Ao) have a commuting
point, then 01,02, A1 and Ay have a unique common fized point in X.

Proof. Let u and v be two commuting points of the pairs (01, A1) and (0y, Ay)
respectively, then d1Aju = A01u and JsAsv = AyOyv. Since the pairs (01, A1) and
(02, Ao) are conversely commuting, then dyu = Aju and Jv = Agv.

Therefore, 8161’& = 81A1u = A181U = A1A1u and 62821) = 82/\2@ = AQ82U = AQAQU.

Here we claim that Oyu = Oqv. If not, then from the relation (2.1) we obtain that

T (61'&, 621}) <i2 Amax {T (A1u7 AQU) y T (81“, Alu) y T (82'0, AQ'U)}
<i, Amax{Y (Au, Ay), 0, 0}

i.e., |Y (01u,090)|| < AT (01u, O9v)] ,
which implies that |T (0yu, dov)|| = 0, as A < 1.
Therefore, 01u = Ov i.e., O1u = Aju = O9v = Agv.
At first show that 01u is a fized point of the mapping 01. Now Putting x = 01u and
y=vin (2.1) we get that

T (8181?1,, 827)) <i2 A max {T (A161u, AQ'U) s T (818111/, A161U;) , T (82’1}, AQU)}
i.e., T (0101u,01u) <;, Amax{Y (0,0,u,0u),Y (0;0,u,0,0u), Y (0gv,09v)}
i.€., T (8161U, 61U) <i2 A max {T (8181"&, 81"&) s O, 0} s

which implies that | Y (0,0,u, 0 u)| =0, as A < 1.
Similarly putting x = u and y = O9v in (2.1) we get that

T (090, 05050) <4, Amax {Y (Oqv,d9050), 0, 0}.

Hence, | T (020, 020,0)| < A || T (090, 02090)||, a contradiction.

Therefore, | Y (Oqv, 32050)| = 0, i.e., D020 = Dov.

Thus we have O1u = Oqv = 09090 = 0501u and hence O1u is a fixed point of the
mapping Oo. Again we have, O1u = 0,0,u = 01 Aju = A0qu.

Hence O1u = w is a common fized point of 01, 09, A1 and Ay in X.

Uniqueness:

If possible let w* be another common fized point of the mappings 01,02, A1 and As.

From (2.1) we obtain that

T (01w, 0ow*) < Amax{Y (Ayw, Asw™), T(O1w, Ajw), T (Tow™, Asw™)}
ie, T(w,w*) < AT (w,w™),
which giwes | T (w, w*)| < M| (w,w*)|, i.e., [T (w,w*)| = 0 implies w = w*.

Therefore, w is a unique common fixed point of 01,09, A1 and As.
This completes the proof of the theorem. m
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Corollary 2.3.1 Let 0, and Ay : X — X be mappings in a bicomplex valued metric
space (X,Y) such that the pair (01,A\1) be conversely commuting and satisfying the
following condition

T (6lz7 6ly) <i2 )\III?LX{T (Alxa Aly> ) T (61377 Alx> ) T (51% Aly)}

forallz,ye X and 0 < X\ < 1. If 01 and Ay have a commuting point then 01 and Ay
have a unique common fixed point in X where X < BC.

Proof. We can prove the result by considering 0, = 05 and Ay = A5 in the proof of
the Theorem 2.3.1. m

Theorem 2.3.2 Let 31, S, S3 and Sy : X — X be self-mappings in a bicomplex valued
metric space (X, T) such that the pairs (31,3y) and (9, S3) be conversely commuting
and satisfying

, T(S45,935)+T(845,313)  Y(845,313)+ Y (S33",325")
T(S13, S25') <ip, Amax ? D L(S45S ) T (355913) (2.2)
2
for all 3,3’ € X (€ BC), A€ (0,1). If the pairs (31, S4) and (Jq, J3) have a commuting
point then 1, Sq, I3 and 4 have a unique common fixed point in X.

Proof. Let u € C(3,34) and v € C(Sy, S3), then we have 31Syu = $4Squ and
FoS3v = 38w which implies $qu = Syu and S = Szv.

First we prove that $qu = Syw. If not then putting 3 = u, 3 = v in (2.2), we obtain
that

T (Sau,S30)+ L (Suu,S1u) T (Sau,S1u)+ Y (S30,I20)
Cx Cx . 2 ’ 2 )
T(Su, Sov) i, Amax T (S1u,S00)+ T (S0, 1)
2
T (Su, Sav)
) Cx. 0y Cx
$i2 Amax {#707’1.\(\;1“7 \521)) ’

which implies that
T(i‘s’lu, %2'0) 51‘2 )\T(S‘slu, %2'0)
ie., | T(Su, Sov)| < A T(Su, S0)|,

which leads to a contradiction. Therefore || T(Su, Sov)| = 0, i.e., S1u = Iqv.
Now we claim that $%u = Syu. If not then using(2.2) for 3 = Syu,3’ = v we have

2, Cx 2 ) 2
T(STu, ) < (S Su,S20)+ T (S20,31 S w)

2
T(Sl N3l u,%zv) +T(31 I u,31 31 u) T(gl 1w, 31u)+T(321},321})
iy Amax ’

T(3431u,33v) +T(S¥431 u, 31 Slu) T(34§1u,31 31U)+T(33’U,32’U)
A max ’

2 ) 2
T(%l ﬁlu,ﬁzv)—FT(%z’U,gl %yu)
2

T Cx2,, Cx )
<i, Amax {M, 0, T(S%u, glu)} ,
2
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which implies that
T (STu, Siu) < AY(Su, Su)
Le.
1T (ST, S1w)| < AT (STu, Siu)

)

which contradicts. Therefore | Y(3%3u, Syu)|| = 0, ie., Sfu = Syu. Similarly we get
that

S50 = Sy,
95‘1'11/ = %1%111/ = %1%4% = %4%1’&,
%QU = %2%2@ = %2%31} = %3%2?].

Hence &1, S, 83 and 4 have a common fixed point in X
Let w = $yu be a common fixed point of &, Sy, I3 and Sy in X'

Now we prove that w is a unique common fixed point. If possible, let w’ be another
common fixed point in X'. Then using (2.2) we obtain that

T(w,w) = 7T(Sw,Iw')
T(Saw, 3w )+ Y (Suw,S1w) T(Saw,S1w)+ 1 (Ssw’,Sow’)

. 2 ) 2 ’

<i, Amax T (3w, 2w + 1 (S3w’,S1w)
2
T (w,w )+ Y (w,w) T(w,w)+Y(w w')

. 2 ) 2 ’

iy A max T (w,w)+T (v ,w)

2
/
<ip, Amax {M, 0, T (w, w’)}

which implies that
T(w,w') <ip AT (w,w')
ey | T (w, w)| < AT (w, w)],
which is a contradiction. Therefore |Y(w,w’)| = 0, i.e., w = w’. Thus w is a unique

common fixed point of &, Iy, F3 and Ty, m

Corollary 2.3.2 Let & and Sy be self-mappings in a bicomplex valued metric space
(X, Y) such that the pair (31, 34) be conversely commuting and satisfying

Y (845,343 ) +T(345,313)  Y(345,313)+ T (S45',3135")
2 )

2 )
Y (845,315)+T(345",3135)
2

T (393, S13) <4, Amax

for all 3,3’ € X, A € (0, 1). If the pair (31, S4) have a commuting point then (3, 3y)
have a unique common fixed point in X.

Proof. To prove the result we have to put §; = &y and I3 = Sy in the proof of
Theorem 2.3.2. m

13



Example 2.3.1 Let X = {{ =31 +i32€ BC:0< [31] < 1,32 =0}. Let T : X x
X — BC be the metric, defined by

T (&,&) = |z1 — x| + d2 |1n — y2|

Jor all & = x1 + iay1, & = Ta + lay2, 31 = T1 + LY, & = Ta + 1Yo
Define the maps F1, 80, Q3 and Sy X - X for;, =412 neN as follows:

S = S _ ——= ‘
1 :Llﬁ if n s even ? fllﬁzf n is even ’
Q112 A
Sy (€) =4 ni2 if nis odd ’ S (6) = | wii -zf n is odd .
22 n is even Li2if s even

The set of all conversely commuting points of the mappings &1 and 4 are denoted
by C (3,3y) = X — {%, ne N} and all conversely commuting points of the mappings
Sy and I3 are denoted by C (g, F3) = X — {%,n 5 N}.

Therefore the condition (2.2) are satiesfied by 31, o, 3 and Jy.

Theorem 2.3.3 Let (X,9) be a complete bicomplex valued b-metric spaces with the
coefficient s = 1 and 1 + 9 (z,y) be degenerated for all x,y € X. Also let Ay and Ay be
two self-mappings defined on X such that

b (z, M) 9 (y, Aoy)

1+ 9 (z,y) (2.1)

U (A, Noy) <4y ¥ (z,y) +

for all x,y € X, where a,b are non-negative real numbers with sa + v/2b < 1. Then A,
and Ng have a unique common fized point in X .

Proof. Let {z,} be any sequence in X and z( be an arbitrary point in X'. We define

Tok+1 = Alxgk’ Lofio = AQ.TZQ;H_L k= O, 1, 2, ..... (22)
Now
U (Topt1, Topy2) = U (Ao, NoTopi1)
b0 (wog, Axor) ¥ (Tokt1, AoTog1)
<; Y , +
2 @V (Top: Tatei) 1+ Y (vop, Togt1)
b (l‘zk, $2k+1) U ($2k+1, l‘2k+2)
<, 1 , +
2 @V (@ak o) 1+ 9 (wok, Tog11)
Therefore,

”19 (iﬁzk, 552k:+1) H
11+ 9 (zok, Togs1

||19 ($2k+17 $2k+2)|| sa ||19 <$2k»$2k’+1)“ + \@b )H ||T9 ($2k+17 $2k+2)|| .

Since |0 (wok, Tok+1)| < |1 + U (xok, Tog11)]| , therefore we obtain that

i.e., <1 - \/56) 9
a
|9 (Topr1, Top42)| < m\|ﬁ(f2k,$2k+1)|\~

)
||19 ($2k+1, 172k+2)” < a ||19 ($2k> $2k+1)\| + \/§b ||19 ($2k+1, $2k+2)”
(o4t Torg2)| < alV (zor, Tors1) |

(
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Similarly,

U (Tors2, Torgs) = U (Nooprr, MiTopyo) = U (A1doro, AoTopy1)
b ($2k+2, A1I2kz+2) Y ($2k+17 A2552k+1)
1+ 9 (T2r+2, Tons1)
bv (7:2k+27 »772k+3) v (372k+1, Tojt2)
1+ (Tor42, Top+1) '

Sip a0 (Topyo, Tops1) +

<i, U (Topa, Tops1) +

Therefore,

”19 (51321<:+1, 332k+2) H
11+ 9 (2ops1, Tor2)||

10 2ok 2, Toprs) | < a |9 (Topso, Topsr)| + V/2b [ (Tokt2, Torts)| -

Again |0 (22541, Tokto)| < |1 + U (og41, Tors2)|| implies that

||79 ($2k+27 962k+3)|| < a ||79 ($2k+2a 952k+l)” + \/ﬁb ||79 ($2k+2, 962k+3)||
€. (1 - \@b) Hﬁ ($2k+27 5E2k+3)” < a ||19 (932k+2, $2k+3)|\

a
v.e., |0 (xoqo, x < ——— [V (wopy0, @ )
|0 (xars2, Torss)|| (1= v20) |9 (xors2, Torss)||

: _ a
Let us consider v = ;=5 Then 0 < v < 1 and

a [V (2, 2np)
2|19 (21, 20) | oo < @O (20, 21)] - (2.3)

19 (Tnt1, Tn2)|

NN

Thus for any two positive integers m, n with m > n and sa = \fb < 1, we obtain
that

19 (mm wm) 51‘2 S [19 (:L‘n, l‘n-i-l) + 19 ($n+17 l‘m)] .

Therefore,

Hﬁ (.In, .Im>H ”19 (37”, xn+1)” + s Hﬁ (xn+1 xm)”
HQ9 (l‘n, In+1)” + 5 HQ9 ($n+17 xn-ﬂ)” +s Hﬁ (In+27 im)”

5

5

{ S Hﬁ Tn, Tnsr) | + 52 Hly (Tnt1, Tnt2)| + }
19 (@nra, Tass)| + 8° 0 (23, T) |

<
<

. S ||'l9 (xn» xn—i—l)” + s° ||'l9 (fEn—i-l- xn—i—Q)” +
1.e., |0 (x,,x < 1
o 9 (s )| { S0 (Tnsa T + oo+ ST (21, )|
s |10 (20, Tnaa)|| + 870 (Tng1, Tura) | +
9 (x,, x < ’ o ,as s =1
I BT o PN b

Now by using(2.3) we get that

sa™ |9 (zo, x1) | + 2|9 (w0, 1) +
<
[0 (@n; @) { 32 |9 (zg, x1)| + ... + s ™| (xg, 1) |
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m—n
9 )| < Y 109 (20, 21)]
=1

.

m—n
9 @ )| < ) s AT (20, 2) as s > 1
i=1

m—1

iee [0 (2n, 2m)| < Y 870 [0 (o, 21)

Jj=n
0

ie., |0 (g, xm)| < Z (se)’ |9 (o, 71)|

j=n

(sa)"

1 — s«

[0 (s ) | < |9 (o, 1) -

Since (faza —> 0 as n —> 0, therefore for any € > 0 there exists a positive integer
no such that |0 (z,, z,)| < e for all m,n > ngy. Hence {z,} is Cauchy in X. Again
since X' is a complete bicomplex valued b-metric space, therefore there exists a u € X

such that lim z, = u.
n—->-ao

Now we show that u = Aju. If not then there exists an (0 <;,) ¢ € BC such that
0 (U, Alu) = f
Therefore,
& = U(u,A\u)

<i, SO (u, Topya) + sU (Topya, Au)
<i, SU (w, Topyo) + sU (Moo, Aju)
sb (Topy1, Nooky1) ¥ (u, Aju)
1+ 9 (zope1, 1)
b0 (Topi1, Torya) §
1+ 9 (vopy1,u)

<i, SO (U, Topgo) + sal (Topgr, u) +

i, & iy SU (U, Topio) + sav (Topiy, u) +

Thus

sb [V (Tarr1, Tany2) | €]

s |9 (u, z + sa |V (zops1, +4/2
€ < 5110 (u, 2ane2) | + sa [0 (2orsr, ) 1T+ 0 (@2, )|

Since lim x, = u, therefore we get that |£]| < 0, which is a contradiction.

n—--a0
Hence [€] = 0= |0 (u, Ayu)| = 0 = v = Aju. Similarly, we can show that u = Asu.
Therefore A; and Ay have a common fixed point.
Now we show that A; and Ay have a unique common fixed point. If possible let
u* € X be another common fixed point of A; and As,.
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Then
b9 (u, Ayu) 9 (u*, Ayu™)

9 (u,u*) =9 (Ayu, Agu™®) <y, atd (u, u®) +

1+ (u, u*)
) * * b|Y (u, Ayu)| |0 (u*, Agu®
e 100 < ald )+ VR
i, |9 (u,u®)] < ald(u,ut)]
e |9 (wu?)| = 0
i.e., u = u*.

This completes the proof of the theorem. m

Corollary 2.3.3 Let (X,9) be a complete bicomplex valued b-metric space with the
coefficient s = 1 and 1 + 9 (x,y) be degenerated for all x,y € X. Let Ay : X — X be
any mapping satisfying the condition

b (z, M) U (y, Ary)

<.
U (Mz, Ay) <, @V (z,y) + 1+ 9 (x,y)

for all x,y € X, where a,b are non-negative real numbers with sa + +/2b < 1. Then A,
has a unique fived point in X .

Proof. Putting Ay = A; in Theorem 2.3.3 the proof can be easily established. m

Corollary 2.3.4 Let (X,9) be a complete bicomplexr valued b-metric space with the
coefficient s = 1 and 1 + 9 (x,y) be degenerated for all x,y € X. Let Ay : X — X be
any mapping satisfying the condition
bi) (z, Ajx) d (y, Afy)

1+9(z,y)

for all x,y € X, where a,b are non-negative real numbers with sa +/2b < 1. Then A,
has a unique fized point in X.

Proof. By Corollary 2.3.3, there exists a unique point v € X such that Afu = u
Therefore,

9 (Mgt 1) = 0 (A A, A7) = 9 (AP Ay, A%) <o, a (A, ) oo 1t ATA) U (u, Afu)

14+ (Alu, U)

b (Ayu, ATAu) 0 (u,w)

e, 9 (Mu,u) < a0 (Au,u) + T+ 0 ()
i.e., U(Au,u) < 5,00 (A, u)
it [0 (Muu)| < alld (A, u)
ie., [[U(Au,u)]| = 0
i.e., Miu = .

This completes the proof of the theorem. m
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Theorem 2.3.4 Let (X,9) be a complete bicomplex valued b-metric space with the
coefficient s = 1 and A, Ay : X — X be mappings satisfying the condition

9 (M, Asy) < alv(x, Ayz) 9 (x, Asy) + O (y, Asy) ¥ (y, Ax)]

9 (i, Agy) 9 (g, Are) (24)

for all z,y e X . If |0 (z, Aay) + 0 (y, M1z)|| # 0 and ¥ (x, Ayy) + 9 (y, A1z) be degen-
erated, where a is non-negative real number with 0 < sa < 1 then Ay and Ay have a
unique common fized point in X.

Proof. Let 2 be an arbitrary point in X'. We consider a sequence {z,} in X such that

Tne1 = Mx, and x,19 = Aoz, g for alln =0,1,2

......

Then

v ($n+1, 93n+2) = v (A133m A2$n+1)

a9 (zn, Mxn) O (T, AoZng1) + 0 (Tng1, NoZnsr) O (g1, Aray,) ]
O (T, Aopi1) + 0 (Tpyr, My)

a [V (2n, Tni1) U (@n, Tnan) + 0 (T, Tng) U (Eng1, Tnga)]

e 19 (xn> xn+2) + 79 (xn+17 xn+1)
' av (':UTL’ l'n+1) % (:Ena «’En+2)

~n v (xn; xn+2)

<ip a0 (Tp, Tpy) -

Therefore for all n > 0 we get that

O (Tng1: Tnsa) Siy 00 (T, Tnar) Sy 620 (Tnoy, 2p) < Sip a0 (o, 1) . (2.5)

NGy ceecceee 9

Then for any two positive integers m,n with m > n we obtain that

19 (znv mm) 51’2 S [19 (znv zn-i-l) + 19 (:Cn-i-lv me)] .

Thus

19 (s )] < 510 (s 2o )] + 519 (s, 20|

<
< 50 (tn, 2asn)]l + 8 19 (@nss, Tnso) | + [0 (T )|
< 50 (tn nen)|| + 8 [0 (2nsr, 2s2)]|

+ 8% 19 (@2 Tnrs) | + 57 |9 (@nss, ) |

”79 o Hﬂ xnvmnH)H + 57 Hﬂ (xn+1a$n+2)H +
ns Tm) $3 0 (s, Tnas)| + e + 8™ (Tt )|
8|0 (20, i)l + 87 |0 (Tng1s Tgo) | +
O (zp, x as s > 1
19 (@ ) { B9 (nyar tngs)| o+ 5™ [ (mr, )| ]
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Therefore by using (2.5) we have

1.€.,

i.€.,

i.€.,

i.€.,

1.€.,

Since

[0 (@ 2m) | < sa™ [0 (20, 21) ]| + 8% [0 (o, 1) | + %2 [0 (w0, 21)]

F oo+ 8" (20, 7))
m—n
[0 (20, @) < D s'a™* ™ 0 (g, 21)|
Wbi:Zl
[0 (2, 2) | < D2 8100 (w0, 2)|, as s > 1
mz—ll
[ (@, 2n) | < > 707 |9 (w0, 21))
Jj=n
®© .
[ (@, wn) | < ) (sa) [ (w0, 21)]
Jj=n

(sa)"

19 (2 m)| < 1

|9 (zg, 1), as 0 < sa < 1.

% —> 0 as n — o0, therefore for any € > 0 there exists a positive integer

ng such that |0 (z,,z,)| < e, for all m,n > ng. Hence {x,} is Cauchy in X. Again
since X is a complete bicomplex valued b-metric space, therefore there exists a u € X
such that lim x, = u.

§

n—=a0

Now we show that u = Aju. If not then there exists an (0 <;,) ¢ € BC such that
Y (u, Ayu) = . Therefore,

Thus

1€l <

U (u, Au)
sV (U, Tpia) + sU (42, Au)
s (u, Tpyo) + s (Aqu, Aoxygq)
sa [0 (u, Ayu) 0 (uy Aopgr) + O (Tps1, Aopyr) O (g1, Au)]
U (u, Aoy 1) + 0 (2py1, M)
sa [§0 (u, Tni2) + U (Tni1, Tpr2) U (Tnr1, Au)]
(U, Tpy2) + 0 (Tpp1, Aqu) '

s (U, Tpyo) +

sV (u, Tpya) +

Y (u Ln 2)” + “19 <x7z+1 xn+2)|| ”19 ($n+1 Alu)”]
19 u, Tp + \/§SCE [ng || 9 + 9 s .
19 (s 2] 10 (s 7r2) + 0 (s Ar)]

Taking limit as n — oo we get that ||| < 0, which is a contradiction. Therefore,
€] = 0= ||¥ (u, Ayu)| = 0 = u = Aqu. Similarly, we can show that u = Ayu.

Hence A; and A, have a common fixed point.

Now we show that A; and Ay have a unique common fixed point in &X'. If possible
let u* € X be another common fixed point of A; and As,.
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a9 (u, Ayu) 9 (u, Agu®) + 09 (u*, Agu®) O (u*, Au)]

A * <.
U (u,u*) =9 (Au, Au™) <, 9 (u, Aou*) + 9 (u*, Ayu) ’

. a ]9 (u, Ayu)| |0 (u, Agu®) | + [0 (u*, Apu™)| [0 (u*, Ayu)|]
< 2
e, |0 (u,u")| V2 0 (0 Apa*) + 0 (o Ayud)|
e, [0 (u,u®)| < 0,

which is a contradiction. Therefore,

|9 (u, w®)[ =0,

.6, U = U .

Thus the proof of the theorem is established. m
By taking Ao = Ay and Ay = A; = AJ respectively in Theorem 2.3.4 we get the
following corollaries:

Corollary 2.3.5 Let (X,9) be a complete bicomplex valued b-metric spaces with the
coefficient s =1 and Ay : X — X be any mapping satisfying the condition

ald (z, \yz) 9 (x, Ayy) + 9 (y, Ay) 9 (y, M) ]

O (A, Avy) <i,
(A, Avy) U (x, \vy) + 9 (y, Ay )

forallz,ye X . If |9 (x, A\yy) + U (y, Ayx)| # 0 and ¥ (x, Avy) + 0 (y, A1x) is degener-
ated, where a is non-negative real number with 0 < sa < 1 then Ay has a unique fized
point i X.

Corollary 2.3.6 Let (X,v) be a complete bicomplex valued b-metric spaces with the
coefficient s = 1 and Ay : X — X be any mapping satisfying the condition

a0 (z, Alx) 0 (z, Aty) + 0 (y, ATy) 9 (y, Afx)]

9 (ATz, ATy) <,
(At ATy) J (x, Aty) + 9 (y, Afx)

for all x,y € X. If |9 (z, ATy) + 9 (y, ATx)| # 0 and 9 (x, ATy) + 9 (y, Ajx) be degener-
ated, where a is non-negative real number with 0 < sa < 1 then Ay has a unique fized
point in X .

Proof. By Corollary 2.3.5 there exists a unique point u € X such that Afu = w.
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Therefore,

U (Au, w) =9 (A ATu, ATu)
=10 (ATAu, Atu)
a ¥ (Ayu, AYAyuw) 9 (Ayu, Afu) + 9 (u, Afu) 9 (u, ATA )]

~e U (Ayu, Amu) + 0 (u, ATA ) ’
a9 (A, AyATw) O (Au, w) + 0 (u, w) O (u, Ay ATu)]

9 (Au,w) + 9 (u, A ATu) ’
a9 (Au, Au) 9 (Ayu,uw) + 9 (u,u) 9 (u, Au)]

U (A, u) + 9 (u, Au) 7

i.c., ¥ (Aju,u) <4,

Lew ﬂ(A&UﬂQ ﬁh

i.e., U (Au,u) <4, 0,
i.e., |9 (Aju,u)| =0,

i.e., AMu=u.

This completes the proof of the corollary. m

2.4 Future Prospects

In the line of the works as carried out in the chapter one may think of the deduction
of fixed point theorems using fuzzy metric, partial metric, quasi metric, probabilistic
metric, p-adic metric (where p is a prime number), quasi semi metric, cone metric and
other different types of metrics under the flavour of bicomplex analysis. This may be
regarded as an active area of research to the future workers in this branch.
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Chapter 3

On different growth indicators of
entire functions under the
treatment of p-adic analysis

3.1 Introduction.

Let us consider K to be an algebraically closed field of characteristic 0, complete with
respect to a p-adic absolute value |.| (example C,) and (k) represents the K-algebra of
analytic functions in K i.e. the set of power series with an infinite radius of convergence.
During the several years, the idea of p-adic analysis have been studied from different
aspects and we get many important results from {cf.[14], [15], [16], [75] & [35]}.

In this chapter we establish some representation of order and lower order of an
entire function f € A(K), is the K-algebra of entire functions on K and K is a complete
ultametric algebraically closed field. Also we establish the integral representation of
generalized (f3,v)-th relative type and generalized (3, )-th relative weak type of entire
function f with respect to another entire function g, where f, g € A(K) and their
equivalence relation under some certain conditions are also obtained.

Let f € A(K) and r be a positive real number, then we denote by |f| (r) the number
sup {|f(z)| : |z| = r}, where |.| (r) is a multiplicative norm on A(K) . Moreover if f is
not constant the [f[(r) is a strictly increasing function of r and tends to +o0 with r. So
there exists its inverse function [f| : (|f(0)], ) — (0, 00) with

SIL% If|(s) = 0.
Therefore for any two entire functions f € 2(K) and g € A(K) the ratio% as r — o0
is called the growth of f with respect to g in terms of their multiplicative norm.

Now taking this into account let us define some basic definitions which will be needed
in this sequel:
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Definition 3.1.1 [16] Let f,g € A(K). The relative (5,~)-th order and (B, ~)-th lower
order of entire function f with respect to another entire function g are defined as,

. log!! [g] (|f] (r))
B (f) —

and

L8131 (1f
)\éﬁ,'y)(f) — lim inf log ‘g’ (| | (T>>
r—0o0 logh] r

where B, v are two positive integers. Further for any f € A(KC) for which (B,7)-th
relative order and (f3,7)-th relative lower order with respect to g € A(K) are the same
is called a function of regular relative (S,~)-th growth with respect to g otherwise f is
said to be irreqular relative (5,y)-th growth with respect to g.

Definition 3.1.2 [16] Let f,g € A(K). The (3,~)-th relative type of f with respect to g

having finite positive (3,)-th relative order Qéﬂm (f) is defined as

1ol 18] (If] (r
S0 = T sup 122 B )
7—=400 (log[’Y—l] r)gg ()

where B, v are any two positive integers.

Definition 3.1.3 Let f,g € A(K) be any two entire functions having finite positive
(B,7)-th relative generalized order gff”) (f), (0 < Qéﬁ”) (f) < oo) , where 3, 7 are any

two positive integers. Then the (,7)-th relative generalized type O'éﬁ ’7)(1:) of entire
function f with respect to the entire function g is defined as

o o URAE)
[v—1] (8,7) k1707
o [exp {(l()g =)o () }]

(ro > 0)

converges for k > aéﬁ’w (f) and diverges for k < Ué,é’,v) (f).

Definition 3.1.4 [16] Let f,g € A(K). The (5,7)-th relative generalized weak type
O'éﬁ ) (f) of entire function f with respect to the entire function g having finite positive
(B, 7)-th relative lower order /\gﬁ’”) (f) is defined as

los B 15! (If
Tg(ﬁ”)(f) = lim inf o8 &l (U ()T))
r—-+00 (log['y_l] P 6

where B, v are any two positive integers.
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Definition 3.1.5 Let f,g € A(K) be any two entire functions having finite positive
(B, 7)-th relative generalized lower order /\éﬁﬁ) (f), (0 < /\ff”) (f) < oo) , where B, ~ are

any two positive integers. Then the ([3,7)-th relative generalized weak type Tg(’@”) (f) of
entire function f with respect to the entire function g is defined as

f’" =11, A8 () wrpdrs (ro>0)
’ [exp{(]og r)e }]

converges for k > Tg(’m) (f) and diverges for k < Tg(;ﬁm (f).

Definition 3.1.6 [16] Let f,g € A(K). The (B,~)-th relative type of f with respect to g

having finite positive ([3,)-th relative order géﬁ ) (f) is defined as

i | &1 (1 (1)
(5 20) (f) = rl—{r-{loo 111f (1 o ‘] |) |(ﬁ‘,7) (f)
og T)%

where B, v are any two positive integers.

Definition 3.1.7 Let f, g € A(K) be any two entire functions having finite positive
(B,7)-th relative generalized order Q(BN) (f), (0 < Q(B’ ”) (f) < oo) , where B, v are any

(/3’7)()

two positive integers. Then (B,~)-th relative generalized lower type & of entire

function f with respect to the entire function g is defined as

o0 [B-2] |15
J‘ log |ME@)Hﬂh%>®
o exp { (logh =1 r)et” 0

converges for k > 0(5 ”) (f) and diverges for k < a(ﬂ ”) (f).

Definition 3.1.8 [16] Let f, g € A(K). The growth indicator T(B 7)( f) of entire function
f with respect to the entire function g having finite positive (3, 7) th relative lower order

)\éﬂn) (f) is defined as

loeB=1 15| (If
A00(6) = i sup 2B B0
7—+00 (log['y—l] T))‘g Y (f)

where B, v are any two positive integers.

Definition 3.1.9 Let f,g € A(K) be any two entire functions having finite positive
(B,7)-th relative generalized lower order )\éﬁﬁ) (f), (O < )\éﬁw) (f) < oo), where 8, v are

any two positive integers. Then the growth indicator Té{@ ) (f) of entire function f with

respect to the entire function g is defined as

JTO =11, \ A8 (6) T, (ro > 0)
[exp {(log )t }]

converges for k > T4 B (£) and diverges for k < T(ﬁ ") (f).

25



3.2 Lemma.

In this section, we present a lemma which will be needed in the sequel.

Lemma 3.2.1 Let f,g e A(K) be any two entire functions and let the integral

JOO log!*~?![g] (If| (T))k -dr, (ro > 0)
ro [exp{(logh_l] 7”)“}] '

converges where 0 < o < 0. Then

o)
i _ k '
* [e:x:p{(log[7 1 r)a}]

Proof. Since the integral

[l T P
" [exp{(log”_” 7”>a}] )

converges then

© log” gl (If] (r)) .
L " dr <e ifrg > R(e).
0 [exp{(log r)"}]

Therefore,

dr < e.

fexp{(log[’y—ll ro)o‘}+1"o log[ﬁ—Q] |§| (’f| (T’))
k+1
ro [eXp {(log[’Y—l] T)a}]

Since log®~? |g| (|f| () increases with 7, so
[ g )
"

k+1
ro [exp{ l()g[ -] 7')0‘}]
)

=21 (If| (r
> 8| (If] (ro )k+1 . exp {(logh_l] r@)a}

[exp { (logh =Y rg)e }]

i.e., for all large values of r,

J{< b gl g 1)
ro [exp{ (log""~ )a}]kH
)

logl#—2 |g| <|fr (r0)

e (s
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so that,
log!~* g (If] (ro))

[exp { (logh =Y 7g)e }] ’

<eifrg> R(e).

Therefore,
[8-2] |5
L loal gl (1] ()

e [exp { (logh_l] ) }] *

This proves the lemma. m

= 0.

3.3 Main Results.

In this section, we establish the main results of the chapter.

Theorem 3.3.1 If f € A(K) then

r

s 10). o}

o(f) = sup {s € 10, oof | lirglo sup

Proof. Let Lo If
P = sup {s € 10, 00[ | lim supM > 0} :
r—00 rs

Let us suppose that for some s > 0, we have

f
r—o0 rs

From the definition of supremum we have for arbitrary £ and for all large values of r,
log |f| (r)

rrS
i.e.,log (log|f| (r)) < slogr+log(b+¢)

;o Jog(loglff(r)) _ =~ log(b+e)

/A

b+e¢

< 3.1
’ logr log r (3-1)
Again for a sequence of values of r tending to oo,
log |f
loglfl(r) o 4 _,
TS
log (1 1 —
i, e loslA(r) o o Toglb—c) (32)

logr - logr
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Combining Equation (3.1) and Equation (3.2) we get that

log (b —¢) _ log(log|f|(r)) _ ~ log(b+e)
logr log r h logr

S +

Since € > 0 is arbitrary, we get that

s 200210
r—0 log r

ie,o(f) = P

This proves the theorem. m

Theorem 3.3.2 Iff € A(K) then
log |f] (r
A(f) = inf {s €10, 00[ | lim jnfw > 0} .
r—00 7~S

Proof. Let g If
Q= inf{s €10, 5o[ | lim inf 281 0}.
7—00 rs
Let us suppose that for some s > 0 we have

lim inf —1og |z| ()

r—00 r

=d>0.

From the definition of supremum we have for arbitrary £ and for all large values of r

log |f] (r)

s

> d—-=¢

o log(oglf[(r)) _ ~ log(d—¢)

B logr - logr (8:3)
Again for a sequence of values of r tending to
loglfl () _
re h
. log (log |f| (r)) . log (d + 5). (3.4)

log r e logr
Combining Equation (3.3) and Equation (3.4) we get that

log (d — ¢€) - log (log [f| (7)) . log (d + 2)
logr log r h logr

S +
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Since € > 0 is arbitrary we obtain that

Lo (log ] (1)
r—00 log r

e Af) = Q,

which proves the theorem. m

Theorem 3.3.3 Let f, g € A(K) be any two entire functions having finite positive

(B,7)-th relative generalized order fo’v) (f), (0 < Qé’a”) (f) < oo) and (8, 7)-th relative

generalized type Uéﬁ m(f), where B, v are any two positive integers. Then Definition

3.1.2 and Definition 3.1.3 are equivalent.

Proof.
Let f, g€ A(K) be any two entire functions such that ng) (), (0 < Qg”) (f) < oc)

exists , where 3, v are any two positive integers.
Case I Let
aga”)(f) = 0.

Definition 3.1.2 = Definition 3.1.3.
As aé’g ’7)(f) = o , from Definition 3.1.2 we have for an arbitrary G > 0 and a
sequence of values of r tending to infinity,

logl" g (] (1)) > G- (logh 1)
G
i.elogl A @I (F (1) > [exp {(1ogh 1A "0} (35)
If possible let the integral

J“ log”~? g (If] (r))
, G+1
- {0

be converge. Then by Lemma 3.2.1, we have

log”~? |g| (If] (1))

dr, (ro >0)

lim sup = =0
r—00 [exp {(log[ﬁy—l] r)géﬁﬁ) (f) }]
So for all sufficiently large values of 7,
N G
log”~2 g (If| (r)) < |exp { (1ogh )" O} (3.6)
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Therefore, by Equation (3.5) and Equation (3.6) we arrive at a contradiction. Hence

[ Ee
G+197

r (=11 ,)087 7 (F)

0 [exp {(log 1) }]

diverges where G > 0 is finite, which is Definition 3.1.3.

Now we show Definition 3.1.3 = Definition 3.1.2.
Let G be any positive number. Since

(ro > 0)

aga”)(f) = o0,
from Definition 3.1.3 the divergence of the integral

e loaB=2115| (If
[ IR g
oo ]

gives an arbitrary positive € and for a sequence of values of r tending to infinity

~ G—e¢
log g (f| (1) > [exp { (logh =)™ O}]
i.e. log? gl (If| () > (G —¢) (logh~! r)@éﬁ’”(f)'
which implies that
log” g (Jf| ()
(logh =1 yes™ ()
Since G > 0 is arbitrary, it follows that
log!” g (If] ()

lim su =
o SHP (logh 1 T)ggﬂ=7>(f)

> G —«.

i.e.,aéﬁm(f) = 0.

Thus Definition 3.1.2 follows.
Case 1I Let
0< Ugm)(f) < 0.

First we show that Definition 3.1.2 == Definition 3.1.3.
Sub case (A) Let f, g€ A(K) be any two entire functions such that

0 <ol (f) <

exists for positive integers 3, . Then according to Definition 3.1.2 for any arbitrary
positive € and for large value of r we get that

Qéﬁn’) )

tog!"~)[g] (1f] (r)) < (¢)(F) + <) {1og" 11}
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)

(8,7)
- o (f)-’r&
z’.e., 1Og[B—Q] |§| (|f| (T)) < [exp {(log[’Y—l] r)Qé—f’ )(f)}]( g )

log!”~* g (] (r)) 1
(8.7 F S k—(o?7 (H+e)

i.€.,

Therefore,

fo log!”~? g| (If] (r)) dr, (ro > 0)

k
K [GXP{(log“‘” T)Qém(f)}] :

converges for k > ol (f).
Again by Definition 3.1.2 we obtain for a sequence of values of r tending to infinity

that
)

log!”~[g1 (1| (1) > (o7(F) — <) {100~}
(8:7)
Y g (f)—e
e o8l g 1] (1) > [exp {Qogt 0} O g
so for k < Jéﬁ ) (f), we get from Equation (3.7) that

log g (fl (r)) 1
[exp {(10g[7—1] T)Qéﬁ,w(f) }]k [exp {(logh_l] r)géﬁ,w)(f) }]

Therefore,

k—(o 7V (F) )

foo log" =1 8] (If] (r)) dr, (ro > 0)

k+1
To [exp{(logh_l] 7')99’”0‘)}] ’

diverges for k < aéﬁ ) (f). Hence

© loaB=2 15 (If
f og” " [g| (If| () —dr, (rg > 0)
ro [eXp {(logh—l] r)e ) }]

converges for k > Uéﬁ ) (f) and diverges for k < O'éﬁ ) (f).

Sub case (B) Let
Ugm)(f) = 0.

When aéﬁ ) (f) = 0 for positive integer 3, v Definition 3.1.2 gives for all sufficiently
large values of r that

log!®~ " g| (If] (r))
(l()gh_l] T)Qéﬁm (f)
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Then similar as before we get that

” log!”~*I 1g| (|f] (r))
f E—— o drs (ro > 0)
o [exp{(logh 17)e (f)}]

converges for k£ > 0 and diverges for £ < 0. Thus combining Subcase (A) and Subcase
(B) Definition 3.1.3 follows.

Now we show Definition 3.1.3 = Definition 3.1.2.

From Definition 3.1.3 and arbitrary positive ¢, the integral

” log!” 21 g (If| (r))

" [eXp {(logh—ll r)géﬂ”y)(f) }]Uéﬁ’”(f)+e+1

dr, (ro > 0)

converges . Then by Lemma 3.2.1 we obtain that

log"” 1 g| (f] (r)) _

o.(fav"/) flte
[exp {(logh—l] r)@é’g’”(f)}] ot

So, we obtain for all sufficiently large values of r that
log!”* |g| (If] (r))

o {40}

B-11 |5
i.e., lim sup log 8] (f] () < aBI(F) + e
’r—>CD (log[’y—l] r)géﬁ»‘/)(f) g

<é€
aé’j’”(f)%

Since € > 0 is arbitrary, it follows that

[B-1] 15
r—00 (log['y—l] r)géﬁ’w(f) &

(3.8)

On the other hand the divergence of the integral

7 log!”~? g (If| (r))

o [pxp {(10g[7—1] 7,)géﬂ«,'y)(f) }]Uéﬁﬁ)(f)—é—kl

implies that there exists a sequence of values of r tending to infinity such that

dr, (ro > 0)

log”~? g| (If| (r)) 1

O'('B’ ) (F)—e
[exp {(logh—l] T)géﬁ,'y)(f)}] e (F)—e+1 [exp {(l()g[’Y—l] r)géﬁw/)(f)}]
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logh”~! 1g| (If] (r))
" logh T 0 (777(F) — 22).

Since € > 0 is arbitrary, it follows from above that

-1 |5
lim sup log &l (If] () > oB(f).
ro® (logh_l] r)f-’éﬁ”)(f) g

(3.9)

So from Equation (3.8) and Equation (3.9) we get that

loc®= 15| (If
lim sup 08 &l (|(ﬁ| f)r)) = Uéﬁﬁ) (f).
r—00 (log['y—l] r)gg (F)

This proves the theorem. m
Remark 3.3.1 We give an ezample below which validates Theorem 3.3.3.
Example 3.3.1 Letf(3) =3, g(3) =log3, S =3 and v =2.50 g (3) = exp (3).

Then
loaPV 15| (If
dBN(E) = lim sup 2B &l (If] (r))
. log! exp (r)
= lim SUp ——r——
r—=0 log[ r
= 1.
Again
f
O-éﬁf)’)(f) — lim sup | |(|(B|7<) r))
00 (logh_ ] ryes ()
1
~ lim pgfxlpﬂ
r—=0 log"
= 1.

Next if we take k = 2, that is k > O'é;ﬁﬁ) (f) we see that the value of the integral for
To > 0,

J”” logh”~?! |g| (|f] (r))
k+1
- Tt

(0 l
_ ogexp (1) dr

ro [exp (log r)1]2+

dr,
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which converges . Next if we take k = 0, that is k < og”) (f) we see that the value of
the integral for ro > 0,

[ log?”~? [g] (If] ()
o e TN

[ logexp (r
_ g p(l)0+1 dr
ro [exp (logr)’]
0
= J dr
To
= o

dr

k+1

’

which diverges.

Theorem 3.3.4 Let f, g € A(K) be any two entire functions having finite positive
(B, 7)-th relative generalized lower order )\ff”) (f), (O < )\g}”) (f) < oo) and (B3, ~)-th rel-

atiwe generalized weak type Téﬁ ’A’)(f), where B, v are any two positive integers. Then
Definition 3.1.4 and Definition 3.1.5 are equivalent.
Proof. Case I Let

TP(f) = 0.

Definition 3.1.4 — Definition 3.1.5.
As Téﬁ ) (f) = oo, from Definition 3.1.4 we get for an arbitrary positive G and for all
sufficiently large values of r that

11 1~ _ (8:7)
log”~ 8] (If| () > G - (logh 1"

. _9] |~ _ (8,7) G
i.e. log® A 5] (f| () > [exp{aogh 1) <f>}] . (3.10)

If possible, let the integral

” log!”~* |g| (|f] (r))
J T ar7dr, (1o > 0)
"o [exp {(log ) Ae (f)}]
be convergent. Then by Lemma 3.2.1
[8-21 |5
i i 108”18l (f] (r)) _o.

G
T o {{tog 0|
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So, for a sequence of values of r tending to infinity, we get that

_92] 1~ _ (8,7) G
logh”2! ] (f] ()) < [exp { (logh 1 )"0}, (3.11)

Therefore from Equation (3.10) and Equation (3.11) we arrive at a contradiction. Hence,

” log?” 2 [g| (|f| (r))
J - o aridr, (ro > 0)
o [exp{(logh Uy (f)}]

diverges, whenever G is finite which is Definition 3.1.5.
Now we show that Definition 3.1.5 = Definition 3.1.4.
Let G be any positive number. Since

TPN(f) = oo,
from Definition 3.1.3 the divergence of the integral

JOO log?” 2 g (|f| ()
- Tt )]

gives an arbitrary positive € and for all sufficiently large values of r that

o]~ _ (8:7) G—e
log” ] (1 (r)) > |exp {(1og" O}

dr, (ro > 0)

G+1

log!”™! [g] (If] (1))
" (logh =17

Jlogl 1 g (|f
i.e., lim inf o8 g (|(ﬁ| S)r)) > G —
r—00 (1Og[v—1] rye )

1.€.

Since G > 0 is arbitrary, it follows that
loaB=U 15| (If
i o 28 BLAL )
r—0 (logh_l] T)Ag’ (f)

i.e., Tg(ﬁ”) (f) = o0.

Thus Definition 3.1.4 follows.
Case II Let
0 < 7P(f) < o

First we show that Definition 3.1.4 = Definition 3.1.5.
Sub case (A;) Let f, g e A(K) be any two entire functions such that

0< Tgw”)(f) <

35



exists for positive integers 3, .
Then according to Definition 3.1.4 for any arbitrary positive £ and for large value of r

we get that
)\éﬁﬁ) )

log " g] (] (1)) < (*7(6) + ) {ogh "1+

log"” Vg (If] () 1
(8.7) E S k= (s (F)+e)
[exp {(bgh_l] r)te’ (f)}] [exp {(log[“’_l] r)/\éﬁ’ﬁ’)(f) }] ¢

i.€.,

Therefore,

dr, (ro >0)

[t o
o [exp { 1o 1170

converges for k > 777 (f).

Again by Definition 3.1.4 we obtain for all sufficiently large values of r that

k+1

)\éﬁ,v)(f)
log!"~[g] (1] () > (*(F) - =) {logh "1}
, o1 B 6 (mP 7 (F)—e)
i.c.,1ogl 2 [g] (f] (r)) > |exp { (logh =1 O | S (312)

So, for k < 7%V (), we get from Equation (3.12) that
(857)
_ ) (7 O—¢)
g gl (A () _ [exw {loat 0}
E o k
TS T

log* 2V @ (f] (1)) _ 1

- : k o (2P e
[exp {(logh 1] T)Aéﬁ Mf)}] [exp {(log["’_l] T)/\éﬂm(f)}] ("7 (H—e)

1.€.,

Therefore,
J [vy—1] (8,7) k+1dr7 (TO > O)
T0 [eXp {Oog Y T))‘g (f) }]
diverges for k < Tg(ﬁn) ().
Hence

” log?” 2 [g] (|f| (r))
J;‘o [v=11 .\ A8 () e (ro>0)
[exp {(log r)*e }]

converges for k > Téﬁ ) (f) and diverges for k < Tg(ﬁ ) (f).
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Subcase (B;) Let
Tg(ﬁ”)(f) =0.

When Tg(ﬁ ) (f) = 0, for any positive integer 3, =y, Definition 3.1.4 gives for a sequence
of values of r tending to infinity that

log!”~ [g] (If| (r))
(logh 1! T)Agﬂw)(f)

Then similar as before we get that

” log?” I g (If] (r)) dr
[y—1] .\ ABD) k1707
) [exp {(log gl r))\g (f)}:l
converges for k > 0 and diverges for k£ < 0.Thus combining Subcase (A;) and Subcase

(B1) Definition 3.1.5 follows.
Now we show that Definition 3.1.5 == Definition 3.1.4.

(T’O > 0)

From Definition 3.1.5 and arbitrary positive ¢, the integral

. log!”~?1 g (If| (r))

)
) [exp {(lOgh_l] T))\éﬁw)(f)}] 2 (F)+e+1

dr, (ro > 0)

converges . Then by Lemma 3.2.1, we get that
log”~? ] (If] (r))
T(ﬁﬁ‘/) )te
[ {ogt =m0}
i.c.,1ogl ] (If] (7)) < log = + (r*(f) + £) { (10gh =" O}

loaB=1 15| (If
i.e., lim inf o8 & (|(ﬁ| f)r» < Tg(ﬁ,v)
r=o (Jogh )0

lim inf
T—00

<€

(f) + e.
Since € > 0 is arbitrary, it follows that

loe=1 15| (If
lim inf o8 g (|(5| E)r)) < Tg(’g”)
r—00 aog['y—l] T)’\g ()

(f). (3.13)
On the other hand, the divergence of the integral

B log??~2 [g] (/f| ())
T(ﬂw) e
" exp { (10gh = O 4] (-1
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implies for all sufficiently large values of r that

log* 8] (Ifl (r) N 1
7B 5y , 1+¢>
[eXp {(logh_l] T)/\éﬁn)(f)}] g (H)—et1 [exp {(logh_l] T)Aff w)(f)}]

(B,7)
, T (f)—2e
i, 1oal | (7] (r)) > [oxp { (log 1O

5-11 5
o8R0 sy g
3 (10g[,y_1] T)/\éﬁ,’v) (F) g .

1.€.
Since £ > 0 is arbitrary, it follows from above that

loeB=15| (If
r—0 (logl = )2 (F)

(). (3.14)

So, from Equation (3.13) and Equation (3.14) we obtain that

loe=0 15| (If
i g 2 B0
r—00 aog['y—l] T)Ag (E)

(f).

This proves the theorem. m

Remark 3.3.2 We give an example below, which validates the Theorem 3.3.4.

Example 3.3.2 Let f(3) = 3, g(3) = log3,(3>0), f =3 and v = 2.50 g(3) =

exp (3) -
Then
locPl 18] (If
NS R— - L)
00 (logh 7
logl3]
= lim infw
r—00 log[ ] r
= 1.
Again
los= 5| (If
L0 = i 22 LA ()
r—n0 (1Og[v—1] e )
log!2!
= lim inf()g;i{p(r)

= 1.
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Next if we take k = 2, that is k > Tg(ﬂ”)(f) we see that the value of the integral for
To > 07

[ men
Z1] (B k1707

70 [exp{(l()gh r)s (f)}]

“ logexp (r)

J 172+1 dr

ro [exp (logr)']

O
= J r2dr
To

which converges. Next if we take k = 0, that is k < Tgw’w (f) we see that the value of the
integral for ro > 0,

f" log” ! g] (f] ()
k+1
o [exp { (1ogh =1 rp 0

(o0 l
_ ogexp(r) .

ro [exp (log 'r‘)l]OH
(o0

=Jdr

dr

To
= o0

Y

which diverges.

Theorem 3.3.5 Let f, g € A(K) be any two entire functions having finite positive

(B,7)-th relative generalized order Qéﬁﬁ) (f), (0 < gg“) (f) < oo) and (3,7)-th relative

generalized lower type Efgﬁ’v) (f) ;where B,~ are any two positive integers. Then Defini-

tion 3.1.6 and Definition 3.1.7 are equivalent.

Proof. With the help of Lemma 3.2.1 and similar to the proof of Theorem 3.3.1 we
can prove the above theorem. m

Theorem 3.3.6 Let f, g € A(K) be any two entire functions having finite positive

(B, 7)-th relative generalized lower order )\é’g”) (f), (O < )\éﬁ”) (f) < oc) and the growth

indicator ngﬂ) (f), where B, ~ are any two positive integers. Then Definition 3.1.8 and

Definition 3.1.9 are equivalent.

Proof. With the help of Lemma 3.2.1 and similar to the proof of Theorem 3.3.2 we
can prove the above theorem. m
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Theorem 3.3.7 Let f, g € A(K) be any two entire functions such that f is regular

(B,7)-th relative generalized growth with respect to g ,i.e,
ngﬂ) (f) = )\éﬁxy) (), (0 < /\gm) (f) = Qéﬁ,v) (f) < oo) ,
where B, v are any two positive integers. Then the following quantities
(i) oD (F) , (id) TP(F), (i) TPV (F) | (iv) 7O (F)
are all equivalent.

Proof. From Definition 3.1.3 it follows that the integral

” log¥” 2 [g| (|f| (r))
f _1| ‘ |(L’5) k+1d7‘, (TO > 0)7
o [exp{(log[7 ) (f)}]

(B7)

converges for k > 7577 (f) and diverges for k < Tg(ﬂ ) (f). On the other hand Definition

3.1.3 implies that the integral

* log"” " g (If] ())
J =11 .\ olP? s (70> 0),
ro [exp {(log T e (f)}]

converges for k > O'éﬁ ) (f) and diverges for k < Uéﬁ ) (f).

We show that (i) = (ii).
Now it is obvious that all the quantities in the expression

1og®~2 |g| (If| (1)) log!” 2 [g| (If| (1))

| F1
[exp {(logh_l] r)e 7 () }] i [exp {(logh_l] r)ee” ) }]

are non negative type. So,

JOO log!”~* |g| (|f] (r)) log!”~*I |g]| (|f] (r))
]
ro [exp {(logh—l] PN 0 }]

k+1

o]

k+1

T 1L )
.Jro [GXp {(log['y—l] r))‘éﬂ'w(f) }]k+1

i.e.,Tg(’g”)(f) > Ugm)(f).
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ro [exp{(logh_l] T)Qéﬁ”)(f)}] o

— dr =0, (ro > 0),

dr, (ro > 0),

(3.15)



Further, f is of regular (53, ~)-th relative generalized growth with respect to g. So, we

get that

1 [6-1] 15 f
90—ty g B0
T RV

o 3] (7] (1)
r—m (log[“/—l] T)Qé@”)(f)
Tl g (1] (1)
= (JoghY r)xgiv)(f)

)

\%

i.e., (Téﬁ’w(f) > Téﬁﬂ)(f).
Combining Equation (3.15) and Equation (3.16) we get that
Uéﬁn) (f) = Tg(ﬁﬁ) ().

Now we show (ii) = (iii).

(3.16)

(3.17)

Since f is of regular (3, 7)-th relative generalized growth with respect to g. So, we

get that

losB=1 18| (If
Tg(ﬁ,v)(f) = lim inf o8 8 (‘(a’ ()T))
= (logh N0

B-1] 15
g L 0)
r—0 (log[’y—l] r)gg’ (f)

= 7,

i.e., Tg(ﬁﬁ)(f) = Eéﬁ”) (f).
Next we show (iii) = (iv).

From Equation (3.17), Equation (3.18) and the condition
o8 (F) = A&V (6),

it follows that

ql

B, — 55
P (£) = o PV(F).

So,

loo®=115| (If
R L T 12}
r—00 (10g[’Y—1] rr)l_)g (F)

. log!* g (| £] (r))
= sup e G
r <log r) g ()

- ),
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ie, T (F) =70 (f).

Now we show (iv) — (i).
Since f is of regular (/3,v)-th relative generalized growth with respect to g, we get
that

log?” " |g| (If] ())

BN (F) =
g (f) = lim sup (logh 1 )P0
loc =1 15| (If
C s 22 RLAL )
r—0 (logh_l] ryee ")
— oB),
i.e.. 7P (F) = aPD(F). (3.20)

Thus the theorem follows. m

3.4 Future Prospects.

In the same vein as the work carried out in the chapter it is possible to think of finding
out integral representation of relative (3,7,t) L' W-growth and (8,~,t) L* U-growth
of entire and meromorphic function with respect to another one and this treatment can
be done under the flavour of bicomplex analysis. As a consequence the derivation of
relevant results is still open to the future workers of this branch.

kK sk ok sk ok ok ok sk ok okokokok sk ok sk >k

The works of this chapter have been published in Fuzzy Systems and Soft
Computing, Vol. 19, No. 2(IV) (2024), pp. 1-15, ISSN: 1819-4362.
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CHAPTER FOUR

ON THE GROWTHS OF ENTIRE
ALGEBROIDAL FUNCTIONS UNDER
THE FLAVOUR OF p-ADIC
ANALYSIS



Chapter 4

On the growths of entire algebroidal
functions under the flavour of
p-adic analysis

4.1 Introduction.

The motivation of this work comes from the following literature cf. [11], [12], [17], [36]
,[40] [37], [38], [39] & [75] where a closed investigation was carried out on the properties
of relative order of entire functions under the umbrella of p-adic analysis.

In this chapter we establish some results focusing on the comparative growth prop-
erties of composition of k-valued entire algebroidal functions in terms of their relative
growth indicators from the view point of slowly changing functions in the light of p-adic
analysis. Although the main aim of this chapter is to find out the estimates of relative
(B3, 7)-th type, relative (3, v)-th lower type and relative (3, v)-th weak type under some
different conditions where § and v are any two positive integers from the view point of
p-adic analysis of entire algebroidal functions.

4.2 Lemmas.

This section contains some important lemmas that will be required for the sequel.

Lemma 4.2.1 [11] Let f, g € A (K) be transcendental. If o(f) # 0, then o(fog) = +0.
If o(f) = 0 then
o(fog) = o(g)-

Lemma 4.2.2 [17] Let f, g € A(K) be two entire functions such that 0 < 0" (g) <
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A(B»’Y)(f) < Q(Bﬁ)(f) < o,

log! |f o g (explt1 1)
row  ]oglfl If| [expl] 7]
log!”! h |f o g (expl 7= +11 )

and lim = 01 >0
r—a0 logl”! |f| [expD] 7] foa

= wif y=9

where oo > 0 is a constant.

Lemma 4.2.3 [17] Let f, g, h € A(K) be three entire functions such that f and g have
finite relative (B, 7)-th L-order and lower order with respect to h respectively then

7 log"”! !h\ [fog| (expl”t7)
7% log”) h ((f] [expl r<])
—log! [h] [f o g] (explr7-2+11 )

and lim — = wif y>9
= log! |n| (|f] [expll re])

= wif y=90

where o > 0 18 a constant.

Lemma 4.2.4 Let § and & be two k-valued p-adic entire algebroidal functions. Then
for all sufficiently large positive numbers of r,

[§ o[ (r) =3 (6](r))-

4.3 Main Results.

This section deals with the main findings of this chapter.

Theorem 4.3.1 Let §, & and $ be all k-valued p-adic entire algebroidal functions
defined by the following irreducible equations:

ieS" + 3+ T+ =0 (i)
58" + g6 g B P g =0 (if)
hef* + he1 " + h o+t hg =0 (i)

where f;, g and h; be entire functions belonging to A (KC) having no common zeros
(i =0,1,2,...,k) such that 0 < X/ B1L (F) < Q(B 7)L(K’) < 0 and oOME(B) > 0, where
B, v, 0, n are positive integers. Then for every positive constant o, we have

lool?! f]: [n+1] .
(@) lim sup o8 ,|\ [[§ 0Bl (exp™r) wif =0
r—+0 logl [hy| (|| [exp (rL(r))*])
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1oo!4 [hi] [y+n+1-0]
(b) lim sup og”| /ZUS © 8] (exp o ")
=400 log[ﬁ] sl (|| [expD (rL(7))"])
8] (1 | [n—1]
e BB L e
r—+e logl [h;| (|§] [expl (rL(r))*])

Proof. For all sufficiently large values of r it is clear that |Fo &|(r) = |F| (|&] (1)) .
(BmL (%), for any e(> 0) and for all sufficiently large

=wif v>9

Now from the definition of O,
values of r we have

tog™ [ (131 [exo®) (rL(r))*]) < (el V%(8) + ) (rLr)". (11)
Also we get for a sequence of positive numbers of r tending to infinity that

10g[5] 8| (exp[v+n+1—6] r) = (Q(ém)L (&) — e) log[”] (exp[””“—fs] )

ie., logl"™Mogl?|B| (exph ™70l r) > 1oglt ™0 (oML (&) — €) expl Ty
Le., log|&| (expl™ 1= r) > expr+ O(1), (4.2)
and
1Og[6] 5] (eXp[n—ll r) = (Q(&n)L (®) — e) log[”](exp["_l] r)
i.e., logP|&| (expl™r) > p (O (@) =) (4.3)

Since |h;|(r) is an increasing function of r, for all sufficiently large positive values of
r we have

log!? by [§ 0 ®| () > (A,ﬂf“”(&) E 6) log(|&] 7). (4.4)

Case I First let v = 0 then it follows from Equation (4.4) for a sequence of positive
numbers of r (— o0) that

log ] 5 2 8] (expl*1 1) = (ASVHF) — €) (77" (8) — ) expr. (45)

Case II Let ~ > 4. Then from Equation (4.2) and Equation (4.4), for a sequence
of positive numbers of r (— o) we get that

log!! |?1:| 1§ 0 & (explh 110l y) > ()\,(f’wL(S) — 5) expr + O(1). (4.6)

Case IIT Again let v < § — 1. Then we have from Equation (4.3) and Equation
(4.4) for a sequence of positive numbers of r (— o) that

tog™ |5 0 ] (exp”™Tr) = (AL7() — <) tog™ & (expl T 1)
b Jog Il [§ 0 ] (expl™ 1) > (NI7H(E) — <) log Y @] (expl~ 1)

i.e.,logl?! |T1:| 1§ o & (exply) > (/\,(f”)L(S) — 5) (O @)=c), (4.7)
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Now combining Equation (4.1) and Equation (4.5) we obtain that

~ B, L
log™ [ [ 0 & (expl™ ) (Aﬁi K (S>—€) (e©ME(6) —€) expr

Log!™ fh| (|3 [expb? (rL(r))"]) (e ®) + ) (rL )"
As (reLxs)r) — 00 as r — o0, then we get that

8 . [n+1]
i sup 08 hi| | o & (exp!Hr) .

r=+ logl”! hy| (| [expl (rL(r))*])
Hence the first part of the theorem follows.
Again combining Equation (4.1) and Equation (4.6) it follows that

logl¥] |T1:] 1§ 0 &| (explrtn+1=01 ) _ (A(’?’W)L(g) — 5) expr + O(1)
log!? [l (81 [exp0? (1))~ (el ®) + <) (L)

1 8] T]\ [v+n+1-4]
lim sup. 28 [hi| [§ © & (exp n_

rover log!™ Jhy) (1§ [expl (rZ(r)])
Thus the second part of the theorem.
Also from Equation (4.1) and Equation (4.7) we obtain that

log[ﬁ] m;, 1§ o & (explr=1 ) - (Aﬁfw)L(g) — 5) (ePE (@) —)
log[ﬁ] |E:| (|6’| [eXph] (T'L(r))a]) (foﬁ)L(s:) + g) (TL(T))oz

As oML (B) > a, therefore from above it follows that

log!”! [ |§ © & (exp"~!1 1)

lim sup — = 0.
r=+0 logh! [hy| (|F] [expD (rL(r))*])
This validates the third part of the theorem.
Hence this completes the proof. m
In the context of Theorem 4.3.1 the subsequent theorem is feasible to be derived.

Theorem 4.3.2 Let §, & and $ be three k-valued p-adic entire algebroidal functions
as defined in Theorem 4.3.1 by the Equations (i), (i1) and (iii) where f;, g; and h; €
A (IC) are entire functions having no common zeros (i = 0,1,2,...,k) be such that

0< )\,(f’v)L(S) < g,ﬁf’“(g) < 0 and \E(B) > 0. Then for every positive constant o
we obtain that

(@) 1 S Bo @l (et
r—+0] [5]? M (rI o 7
og ™ [hal (8] [exph] (rL(r))"])

(b) lim logﬁ]lh\\% ®| (explr 17 1)
= Togh [he] (3] [expl (rL(r))"])
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Theorem 4.3.3 Let §, & and $ be three k-valued p-adic entire algebroidal functions
defined by the irreducible Equations (i), (ii) and (iii) as in Theorem 4.3.1, where
f;, g and h; are entire functions belonging to A (KC) having no common zeros (i =
0,1,2,...,k) be such that 0 < Aﬁf’V)L(S) < Q}(f’v)L(%) < @ and o¥ME(B) > 0. Also
let W be another k-valued p-adic entire algebroidal functions defined by the irreducible
equation:
k k-1 k—2 _
WkW + wk_lVV + Wk_QW + -+ wg = 0

where w;(€ A (K)) are entire functions such that QSZ’")L(ﬁ) <o and B, 7, 0, 1, p are

positive integers. Then for every positive constant o we obtain the followings

tog” ] [§ 0 ] (expl” 1)

(a) lim sup — =0if 7=0.
r—+a loglht] \w;| (|&] [exp (rL(r))*])
lool] R\ [Y+n+1-4]
(b) lim sup—2 ] 8 o &] {exp ") =wif >0

o+ logh i (16| [expl (rL(r))*])

| log!”! [hy] | © & (expl"~1r)
(¢) lim sup —
r+o logh! |w; (|6 [expll (rL(r))"])

= wif y<6—1 and 0®M(B) > a.

Proof. Let us first consider ag be a positive constant be such that
a < ap < oOME(®). (4.8)

Case I Let v = 0. Then in the light of the first part of Theorem 4.3.1, for any
arbitrary (> 0) we have for a sequence of positive integers of r (— o) and a integer
R>1,

log |5 o | (expl”* V) > R (M7 (8) —€) (rL(r))™. (49)

Case II Let v > §. Then as per the second part of Theorem 4.3.1 for a sequence
positive numbers of r (— o) and a integer R > 1,

togl”! o] | © 8] (expl 10 1) = R (ANPPH(3) — <) (rL ()" (4.10)

Case III Again let v < 9 — 1. Then we obtain from the third part of the Theorem
4.3.1 for a sequence of positive numbers of r (— o0) and a integer R > 1,

logl" ] § 0 ®] (expl™ 1) > B (AI7H(®) = ¢) (rL)". (4.1)

Now from the definition of Q}(f ’")L(Q5), we have for all sufficiently large values of r
that

logl) ] (6] [exp (rL()1]) < (eE(®) +2) (LY. (412)
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Now combining Equation (4.9) and Equation (4.12) it follows that

log? 5] |5 2 ®) explr* 1) R (W 7®) =€) (L))"
logl!fwi| (& [expl) (rL(r)™]) ~ (dlh"(®) +¢) (rL(r))"

(4.13)

Since a < ay, we have from Equation (4.13)

] ].Og[ﬁ] |E| |{§' o) ®| (exp[7l+1] 7’)
lim sup T o
r—t log |w;| (|&] [expl (rL(r))"])

= 0.

Hence the first part of the theorem follows.
Again for o < v, it follows from the Equation (4.10) and (4.12) for all sufficiently
large values of r (— o0) that
log[ﬁ] ‘E’ |3 o @‘ (exp[’y+n+1—6] 7”) - R ()\ﬁfW)L(g) . €> (TL(T))QO
los o] (181 [exp) (1)) (%7(8) + £) (rL(r)"

Thus from above we obtain that

1 [8] E [Yy+n+1-4]
limn sup 22 I/I\IS o &| (exp n_ .

r—+o0 JoglH \w;| (18] [expl] (rL(r))*])

This implies the second part of the theorem.
By similar arguments it follows from Equation (4.11) and Equation (4.12) for se-
quence of positive values of r tending to infinity that

gt [l [ o ©f (exp1r) B (W) <) )™
logh! fwi] (18 [expl) (rL(r)™) (o (®) +2) (L)

Therefore in view of Equation (4.8) and above we get that

. log!”) [h;] |3 o &| (explr=11 7)
lim su

— = O0.
r=+e0 logh [y (/8] [expl) (rL(r))*])

This leads to the third part of the theorem.
Hence the theorem follows. m

Theorem 4.3.4 Let §, & and $ be three k-valued p-adic entire algebroidal functions
defined by the irreducible Equations (i), (ii), (iii) as in Theorem 4.3.1 where f;, g; and
h; € 2A(K) are entire functions having no common zeros (i = 0,1,2,... k). Also let
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0 < A7EF) < o7(F) < o and AODL(B) > 0 and 0" (&) < 0. Then for
every posztwe constant a,

8] 1 [n+1]
(a) lim log"™ |h;| | o &] (exp T)

- =wif v=96
T’—>+0010g[u] ’h'L| (|Q5’ [exp["?] (TL(T))Q])

1 [8] h; [v+n+1-6] . ‘
o) 1 102 130 @] (exp D s

=5 Joght) | (|6 [expl®) (rL(r))*])
The proof of the theorem follows from Theorem 4.3.2 and Theorem 4.3.3.

Theorem 4.3.5 Let §, & and $ be three k-valued p-adic entire algebroidal functions
defined by the irreducible Equations (i), (ii), (iii) as in Theorem 4.3.1 where f;, g; and
h; € A (K) are entire functions having no common zeros (i = 0,1,2,...,k). Also let
0< )\}(f’wL({?) < g}(fﬁ)L(S) <o and 0 < AOE(B) < 0. Then for a positive constant
a we have '

(a)lim suplOg[ﬁ] [hil (18] [exp™ (rL(r))"])

=S =wif =0 anda>1,
rteo logh |y (|F 0 8| (explol 7))

logl® [h O (L))
(b) lim sup o8 \/’\(|3| [exp (rL(r)) ]> = 0
1=+ logh [hy] (|§ © &| (explr—11 1)

if y=dory=06—1 with §# 1 and \®H(®) < a,

(o) sy 2 Il (81 fexpl (27))°])
r—too Joglfto—r—1 |h (|5 o & (excpln=117))

—wif §>v+1 and o > ACOVE(B).

Proof. By the definition of )\f ’W)L(S), for any e (> 0) and for all sufficiently large
values of r we get that

tog? ] (131 [exol™ (rL(r)"]) = (MZH(®) — =) (rL()" (4.14)

Also we have for a sequence of positive numbers of r tending to infinity that

log! & | (exp" ) < (A(é,n)L (®) +¢€) logr
i.e., logl || (exp" ) < log p(AOPE @) +e) (4.15)
ie., logl (@] (explt1y) < pOOVH@)) (4.16)

Since |T1:|(7°) is an increasing function of r then for all sufficiently large values of r we
get from Lemma 4.2.1 that

togl”) ] (13 0 8 (1)) < (6" (3) +¢) 1o (8] (7). (417)
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Case I First let v = §. We see from the Equation (4.17) for a sequence of positive
numbers of r (— o) that

log[ﬁ] |E| (|S o B)| (exp[”] T)) < (Q}({B ML (3 + 6) log (|(’5| (exp ))
i.e., logll |T17| (|G o 8| (expl” r) < (Q,(1 DE) + e) ()\(6’7')L (8) +€) logr. (4.18)

Case II Next let v > ~vd or v = § — 1 with § # 1. Then it follows from Equation (4.16)
and Equation (4.17) for all sufficiently large values of r that

log!! ;] (1§ o &] (explr™ r) < (Q,E’fﬁ)L(S’) + E) log!?~1] (18| (expl"~1l r))
i.e.. logl?! |?1:| (1§ 0 B (exp™ 7)) < (Q,(f”)L(S) + e) P @)+e) (4.19)

Case III  Let § > v+ 1. Then we get from Equation (4.15) and Equation (4.17) we
get that

log?” [hi] (1§ 0 8] (expl”11)) < (ol (8) + ¢) 1ogh ™ 10g!® (|&] (expl™111)
i.e., 10g[ﬁ] |h¢| (|3~ o 8| (exp[ﬂ—l] T)) < (Qﬁfﬁ)L(g) n E) expld=r=1l F(ACTE(®) )
ie., logl”l ]Tﬂ (1§ 0 8| (expl™ 1)) < PO @)5e) O(1). (4.20)

When v > ¢ and o > 1 we see from Equation (4.14) and Equation (4.18) for all
sufficiently large values of r

g R (81 [exo (1)) (7B ) (20
log | (F 0 ®] (expl 7))~ (ol (8) + ¢) 0L (&) +

log!?! |h (18] [expt (rL(r)"])

i.e., limsup = .

r—+e logh [hy] (1§ o &| (explil 7))

This proves the first part of the theorem.
Again if v = d or v = §(# 1) — 1 it follows from Equation (4.14) and Equation
(4.19) we obtain that

log!”! [hi] (3] [expl? (rL(r))*]) - (W7H(E) =€) (L)

— L . (4.21)

logl®! Ihy| (| © & (expln=117)) (Q'(]/i )L (3) + e) (ACDL(®)+c)

As a > A@ME (B) we consider an arbitrary ¢ > 0 in such a manner that
ACDE(B) 4+ e < a. (4.22)
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Combining Equation (4.21) and Equation (4.22) we get that

log!”! |?1\| (18] [expl™ (rL(r))*])

lim sup T = 0
rs 1ol [hy] (|3 © & (explr=1 1))

Hence the second part of the theorem follows.
When 0 > v + 1, we obtain from Equation (4.14) and Equation (4.20) for all suffi-
ciently large values of r that

log!" ] (131 [exp) (L)) ]) (W7 @) =) (L0
Jogl#+6=1=1] ‘E’ (I 0 &| (expli-11 1)) = (ACDL(®)+c) o) .

(4.23)

Combining Equation (4.22) and Equation (4.23) we have

log™ [h] (81 [exo (rL(r))"])

lim sup = 0.
r 1ogl =17 | (1§ 0 & (explr=t 7))

Hence, it completes the proof of the third part of the theorem.
This establishes the theorem. m

Theorem 4.3.6 Let four k-valued p-adic entire algebroidal functions §, &, $ and
W where f;, g;, h; and w; € 2A(K) be entire functions having no common zeros (i =

0,1,2,....,k). Alsolet Q,(S’W)L(S), AOML(B) and )\\(,éﬁ.’n)L(@) be finite, where B, 7, 4, n,
are positive integers. Then for every positive constant «,

() i sup 22 1] (8] [0 (rL(r))"])
rtoe logh [hi] (1§ o @] (expli 1))

=wif v=09anda>1,

(b)hmsuplog“IWzI(I@I[exp"](?”L( 0l

r=+ logl! |hy| (| o & (expli—11r))
if y=dory= 6—1 withd#1 and \°MY(B) < a,

=wif §>7v+1anda > \CDL(®B).

1 ;| (16 ) (r L(r
(0 i sup 128" i (18] [expl (727))°])
r—+o0 1ogl™t0 171 by (|3 0 &| (explr=11 7))

The proof of this theorem is omitted as it follows from Theorem 4.3.5 and Theorem
4.3.4.

Theorem 4.3.7 Let us suppose that §,8 and $ be three k-valued p-adic entire alge-

broidal functions as defined in Theorem 4.3.1 by the Equations (i), (ii) and (iii) where
f; , g and h; € A(K) are entire functions having no common zeros (i = 0,1,2,...,k)
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with finite relative (B, ~)-th L-order and finite relative (B3, ~)-th L-lower order of § with
respect to another entire function h; . Also let 0" (&) < oo, Then
. log?!hi] (I3] [expt™ (rL(r))*])

(a) li =
= log hil (IF 0 ] (explal 1)

=wif y=0anda>1,

)t 08 ] (81 fexp (rL(r)"])
=12 ol [hy| (| o & (expl—11r))
if y=0ory= 6—1 withd+#1 and 0®"*(&) < a,

log!™! |h:| (3] [exp™ (rL(r))*])
r—>+oolog[5+5—'y—1] hs| (|§ o & (exp[’?—l] r))

Theorem 4.3.8 Let us consider four k-valued p-adic entire algebroidal functions §,
&, 9 and W where f;, g; , h; and w; € A (K) be entire functions having no common

zeros (i = 0,1,2,...,k). Also let Qﬁf’V)L(S), 0ODL (&) and ALMH(S) be finite, where
B, v, 0, n, | are positive integers. Then for every positive constant o,
log! [w;| (|& ] (p L(r))®
@) 1 22 ] (18] [0t (L))
=5 log | (1F o & (expl) )

= o8]

(c

—wif §>7+1 and 0®ME(B) < a.

=wif y=zdanda>1,

0y tim 128" Ml (81 fexo (rL(r))")
r—+00 10g[ﬁ] |hz| (|8¢ o Q5| (exp[ﬂ—l] 7“))
if y=zodory= o0—1 withd+#1 and 9(5’")L (B) < a,
(@) tim 22" Il (8] [expl” (rL(r))")
r—»+oo10g[6+6—7—1] lhi| (|F o &| (explr—tl7))

= 06

—wif 0>7v+1and o> M (B).

The proofs of Theorem 4.3.7 and Theorem 4.3.8 are omitted as those can be carried
out in the line of Theorem 4.3.5 and Theorem 4.3.6 respectively.

In view of Theorem 4.3.1 and Theorem 4.3.5 we have an application which is as
follows.

Theorem 4.3.9 Let §,& and $ be three k-valued p-adic entire algebroidal functions
defined by the irreducible Equations (i), (ii), (iii) as in Theorem 4.3.1 where f;, g; and
h; € A (K) are entire functions having no common zeros (i = 0,1,2,...,k). Also let
0 < AVHE) < oPVHF) <0 and 0 < AOV(B) < a < O (B). Then for § + 1
and v =0 —1,

] 5 0 ®] (expl~ 1) ] [§ 0 ®] (expl 1)

lim inf —< <1 < limsup—

" bl (18] [expl (rL(r))]) r=to0 [hif (|| [expl (rL(r)*])
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Proof. By Theorem 4.3.1, for a sequence of positive real numbers of r tends to infinity
we obtain that

log!”! by (1§ © &| (expl™ 1)) = log!™ |hy| |3 [expl (rL(r))"]

hsl &| (explr1]
i.e.,limsup‘/l(mo exp Ta)) > 1 (4.24)
rto [hil [ [expld (rL(r))?]

Again in view of Theorem 4.3.5 for all sufficiently large values of r we get that

log! |h;| 3] [exph] (rL(r)*] = log!! ;| (|5 o & (explr=1] 7))

E ) [n—1]
z'.e.,liminf|,\|(|go | (exp T))

][] [expl (rL(r))"]

< L (4.25)

Combining Equation (4.24) and Equation (4.25) we get the required result.
This completes the proof. m

Theorem 4.3.10 Let us consider four k-valued p-adic entire algebroidal functions §,
&, 9 and W where f;, g;, h; and w; € A(K) are entire functions having no common
zeros (i = 0,1,2,...,k). Also let 0 < Aﬁf’wL(S) < Q,(f”)L(S) <w,0< A e) <
Qg’n)L(@) <o and 0 < AOML(B) < a < oOML(B). Then we obtain for § # 1 and
v =0—1 that

lim inf ’h’| ‘S ° 6’ (eXp[n_l] r) < 1 <limsup ’hz| |SO 3| (eXp[n_l] r) .
r—+00 |Wl| <|®| [eXp[W] (T’L(T))a]> r—-+00 |W7,| (|®| [eXp[n] (TL(T’))O/])

The proof of this theorem is omitted as it can be carried out by the similar arguments
of Theorem 4.3.9.

4.4 Future Prospects.

The main aim of this chapter is actually to extend and to modify some relative
growth properties of entire algebroidal functions where as the coefficients are all entire
functions belonging to 2 (K) from the view point of p -adic analysis, where p is any
prime. We also modify the results in the context of slowly changing function for more
generalization. Further the concept of relative index-pair of an entire function belonging
to 2 () have been deeply studied here with more extension.
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The works of this chapter have been published in Journal of Xi’an University
of Architecture & Technology (JXAT), Vol. XIII, No. I (2021), pp. 412-425,
ISSN: 1006-7930.
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CHAPTER FIVE

ON THE GENERALIZATION OF
ENSTROM- KAKEYA THEOREM FOR
ENTIRE FUNCTIONS



Chapter 5

On the generalization of Enstrom-
Kakeya theorem for entire functions

5.1 Introduction.

The classical Enstrom-Kakeya theorem {cf.[45]} states that if p(3) = 37/_; a;37 is
a polynomial of degree n with real coefficients satisfying 0 < ap < a; < --- < a,, then
all the zeros of p(3) lie in the unit disk |3] < 1 in the complex plane C. Many results
on generalization of Enstrom-Kakeya theorem by putting various conditions on the
coefficients of the polynomials exist {cf.[1], [23], [42], [45], [54] & [55]}. Aziz and Zargar
{cf.[1]} first generalized Ensrom-Kakeya theorem in a different direction by considering
the even indexed and odd indexed coefficients separately {cf.[1]} and consequently a lot
of improvements of their results for polynomials and analytic functions can be found in
the literature {cf. [45], [56] & [69]}.
The aim of this chapter is to derive zero free region for some entire func-
tions of non-zero finite order with lacunary type power series expansion putting various
conditions on the coefficients.

5.2 Lemma.

In this section, we present a lemma which will be needed in the sequel.

Lemma 5.2.1 [/4] Let {f,(3)}, be a sequence of functions that are analytic in a region
D and that converge uniformly to a function f(3) in every closed sub-region of D. Let
30 be an interior point of D. If 30 is a limit point of the zeros of £,(3), then 3¢ is a zero
of £(3). Conversely, if 30 is an m-fold zero of £(3), every sufficiently small neighborhood
of 30 contains exactly m zeros (counted with their multiplicities) of each f, with n > N
for a sufficiently large integer N.

Remark 5.2.1 Lemma 5.2.1 is known as Hurwitz theorem in C.
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5.3 Main Results.

In this section, we highlight the key findings of this chapter.

Theorem 5.3.1 Let p(3) = ag+ an 3™ + any3" + ... be an entire function of non zero
finite order o with ag # 0 and ny,ne, ... be positive integers such that 1 < n; <ng < ...
Also, let

Qn1|an1| = Qn2|an2| Z ...

Then no zeros of p(3) lie in

Q|(10|
lao| + 0" |ay, |

3] <

Proof.  Let pi(3) = ao + an,3™ + 3™ + -+ + a,, 3™ and P(3) = Zﬁnkpk(f) :
Then

PG)| =lao™ + an, 0"3" " + an,0"3" " + -+ ap, 0"
Le., |P(3)| =laoll3]™ —|an, @ 5™ " 4 an, 05" 4 - + ap, 0™ (5.1)

Now for [3| = R(> 1), it follows that

|an1Qn15nk—n1 + amgmjnk_nz NI anankl
1
<|Qn1 |inRnk E
j=1
1
R—1"

=|an, 0" R™
Hence we get from (5.1) for [3| = R(> 1) that

1
>|ag| R™ —|an, |0 B™ —— > 0 if R
PO a0l B~ " B gy > 01 R > 0

ie., |P(3)] > 0if [3] >

Consequently,

pe(3)] > 0if 3] <
Hence by Lemma 5.2.1, it follows that

|aglo

>0if [l < — 25—
p(3)] 3] a0l lan |2

This proves the theorem. m
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Remark 5.3.1 To validate Theorem 5.3.1 following example is considered which is
justified by relevant figure.

Example 5.3.1 Let p(3) = cosj+ 1.

Now the Taylor’s series expansion of p(3) is

Here, p = 1,a9 = 2 and a,, = —
Also, it follows that
" |an, | = 0" |an,| = ...

1
5 -

Hence by Theorem 5.5.1, no zeros of p(3) lie in [3] < 0.8 .

Figure 5.1: Zero free region of p(3) = cos3 + 1

Theorem 5.3.2 Let p(3) = ap+an, 3™ +- - +an3™ +an, 3" +... be an entire function
of finite order o(> 0) with ag # 0 and ny,ng,...,ny, Ny, ... be positive integers such
that 1 <ny < -~ <ng <Ny, < ... Also let

0"an,| = 0" |an,,| = ...

Then no zeros of p(3) lie in

|aolo
|a0| + M
where M = max{o" |an, |, 0"|an, |, . .., 0" |an,|}.

I3 <

Proof. Let pi(3) = ap+an, 3™+ -+ a3 +a,, 3"+ -+ a,,3™ and P(3) = 3"kPk(§)

ie, P(3) = aoz™ + an, 0" 3™ " 4 -+ an, 03" T+ ap,, 0" T A 4 a0
Now for [3| = R(> 1), we get that

an, 0" 3™ M 4 an, 0" T 4 - 4 4, 0" T A+ g, 0T 4+ gy, 0|
“1
< MR™ Z ok where M = max{0""|an,|, 0™ |an,|, - .., 0" |an,|}
j=1
1

— MR™———
R—1
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Hence for |3| = R(> 1), it follows that

1 . |a0| + M
P >|ap| R"™ — MR"™ —— > 0if R> —— .
| (3)' |a0| R—1 1 |a0|
M
Lo, [PG)| > 0 if 3] > 1ol M
|aol
Consequently,
. lao|o
>0if 3| < ————— .
Finally by Lemma 5.2.1, we have
. |aolo
> 0if 3| < ————— .
p(3)] > 0if 3] a0l + M

This completes the proof. m

Remark 5.3.2 To wvalidate Theorem 5.3.2 following example is considered which is
Justified by relevant figure.

Ezxample 5.3.2 Let p(3) = cosz +1+3 +3°.

Then the Taylor’s series expansion of p(3) is

32 , 3
p(3)=2+5—§+5 T
Here, o =1,a0 = 2,a,, = 1,a,, = —%,a% =1

Also, it follows that
0" an,| = 0" an,| = ...

Hence by Theorem 5.5.2, no zeros of p(3) lie in |3| < 0.67 .

Figure 5.2: Zero free region of p(3) = cosj + 1 +3+3°
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Theorem 5.3.3 Let p(3) = ag+a13+as3?+... be an entire function of non zero finite
order o with ag # 0. Also, let

lag] = 0%|as| = o'as| = ... and olai| = 0’|as| = o°|as| = ...

Then p(3) does not vanish in

olao|
< S —

Bl < o 2T

where M = max{|ao|, |a1]o}.

Proof. Let f,(3) = ap+ a13 + a23* + -+ + a,3" and P(3) = ann(f) .
Again, let

QG)=G"—1P@G)
ie, Q(3) = ao3" ™ + 103" + (as0® — ag)3" + - — an_10""'3 — ano”
ie, Q(3) = ag3"™* + P(3) . (5.2)

Now for [3] = R(> 1), we get that
[P(3)] =lar05""" + (a20” — ao)s" + (a30° — a10)3" ™" + -+ — ap-10" '3 — anc"
< 2MR"? L here M
< 2 Z T Where M = max{|agl, |ai|o}
k=1

1
=2MR""?——— .
PR

Hence for 3] = R(> 1), it follows from (5.2) that

1 oM
100)| Slag R™? — 2M B2 —1 < ¢ if g = 1%l +2M
R—-1 |ao|
2M
e, [Q()] > 0 if [ > 122+ 2
|ao|
Therefore,
. +2M
P()| > 0 if 5] > 120l T2
|a0|
2M
e, 1£,(9)] > 0 if |5 > 1% £2M
3 |ao|
i : : laglo
. n 0if L b
ie, [fn(3) > 0if 3] < aol & 200
Thus, it follows by Lemma 5.2.1 that
: laolo
0if b L S
p(3)[ > 0if [3] < aol 20

This completes the proof of the theorem. m
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Remark 5.3.3 To validate Theorem 5.3.3 following example is considered which is
justified by relevant figure.

Example 5.3.3 Let p(3) = sin 2z + cosj}.
Then the Taylor’s series expansion of p(3) is

2 4
3 45 3 4 4
=142, _ = 04 55
p(3) 225 -3 ot R

Here, 0 =1,a0 = 1 and a; = 2. Also, it follows that
laol = ®laz| = o'las| = ... and olar| = o%|as| = ¢’las| = ...

Hence by Theorem 5.3.3, p(3) does not vanish in |3| < 0.2 .

Figure 5.3: Zero free region of p(3) = sin2z + cos}

Theorem 5.3.4 Let p(3) = ag + a13 + as3° + ... be an entire function of finite order
o(> 0) with ag # 0. Also, let for some positive integer [

0" ax| = 0*|agii2] = 0* |agia] =
and 0" ag| = 0% ases| = 07 |ans| = .
Then p(3) does not vanish in
ol < 1l
’CLO| +2M
where M = max{|ag|, o|a1|, ..., 0%|axl, 0+ |ag 1]}

The proof is similar as of Theorem 5.3.3 and therefore it is omitted.

Remark 5.3.4 The following example with a related figure justifies the validity of The-
orem 5.3.4.
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Ezxample 5.8.4 Let p(3) = sin2z + cosj + 1 — 222 — 33

Now the Taylor’s series expansion of p(3) is

5 7 3t 4
=2+22— 3" -+ +—5"— ...
p(3) 258 gy ot
Here, o = 1,09 = 2,a; = 2,05 = —g and az = —%. Again, it follows that
0*las| = o'las| = o°lagl = ... and o’las| = o’as| = o'lar| = ...

Hence by Theorem 5.3.4, p(3) does not vanish in |3 < 0.29 .

Figure 5.4: Zero free region of p(3) = sin2z + cos3 + 1 — 22% — 3°

5.4 Future Prospects.

In the line of the finds accomplished in this chapter, one may try to generalization
the Enstrom-Kakeya theorem for entire functions with infinite order.
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The works of this chapter have been published in Journal of Xi’an University
of Architecture & Technology (JXAT), Vol. XII, No. IX (2020), pp. 693-
700, ISSN: 1006-7930.
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ON THE DISTRIBUTION OF ZEROS
OF BICOMPLEX VALUED
ENTIRE FUNCTIONS IN &

CERTAIN DOMAIN



Chapter 6

On the distribution of zeros of
bicomplex valued entire functions in
a certain domain

6.1 Introduction.

Bicomplex numbers which are the commutative generalization of complex numbers
were first introduced by Segre {cf.[87]}. Standard definitions, notations and many
more properties of bicomplex numbers are available in {cf. [72] & [73]}. A bicomplex
entire function f (3) is also represented by an everywhere convergent power series as
F(3) = Z;OZO $3;37, where 8,’s and 3 are bicomplex numbers. Thus, bicomplex entire
functions can be thought of the natural generalization of bicomplex polynomials.

The aim of the chapter is to establish some results concerning the distribution of
zeros of bicomplex entire functions in a certain domain.

6.2 Lemmas.

The following lemmas are presented here which will be required to prove our main
results.

Lemma 6.2.1 /2] If f(3) is holomorphic in | 3 |< R in C, f(0) = 0, f'(0) = b, and
| £(3) [< M for |3 |= R, then for |3 |< R,
£5) |< MLs Mls|+R*|0]
SOOR2 T M+ b3
The following lemma is due to Schwarz in C.

Lemma 6.2.2 [22] If g(3) is holomorphic in | 3 |[< R in C,g(0) = 0 and | g(3) |< M
for |3 |= R, then

M 3]

g(3)| < R
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Lemma 6.2.3 [/9] Let f(3) be holomorphic for | 3 |< R in C. Suppose f(0) # 0 and
let {r,} be a non decreasing sequence of the moduli of zeros of f(3) in | 3 |< R. If

rn <1 < 1Tpyq, then
"] £(0 1 (> 4
log—r (0)| = —J log | f(re') | db,
r1r...Th 27 Jo

where a zero of order m is counted m times.

Remark 6.2.1 Lemma 6.2.3 is known as Jensen’s Theorem in C.

Lemma 6.2.4 [76] Let X = Xje; + Xaeg = {&1e1 + &aea 1 &5 € X, & € X} be a domain
in BC. A bicomplex function F = £1e1 + £9e5 : X — BC is holomorphic if and only if
both the component function £, and £5 are holomorphic in X, and X5 respectively .
Lemma 6.2.5 [76] Let F be a bicomplex holomorphic function defined in a domain
.’{ = X]Bl +X2€2 = {5161 +§262 : 51 € Xl,fg € XQ} SUCh that F(s) = £1(§1)€1+£2(€2)€2,

for all 3 = & ey + &ea € X. Then, F(3) has zero in X if and only if £1(&1) and £2(&)
both have zero at & in Xy and at & in Xy respectively.

Lemma 6.2.6 Let F (3) = £1(&1)er + £2(&2)ea be a bicomplex holomorphic function
with ||F(0)|| # 0 and ||[F (3)|| < M(ri,r2) for all 3 € D(0;ry,75). Then the number
of zeros Ni(%) of £1(&1) in the domain {& € D, :|&1| < T} and No(F) of £4(&2) in
{&2 € Dy :|&] < 2} do not exceed respectively

1 V2M (ry,75) 1 V2M (ry,79)
log ——————== % and log .
log 2 |£1(0)] log 2 |£4(0)]

Proof In view of Lemma 6.2.4, £,(£;) and £5(&) are holomorphic respectively in
= {61 €D1:|&| <} and Xy = {§ € Dy :[&of <72}

Since |£1\5§1)| < {|£1(€1)|2-5|£2(52)|2} ||F( )” M(Tl, 1“2) for 3 = &1e1+&eq € D(O T, 7"2)
| £1(&) |< V2M(ry,75) for & € X

Let &11, 19, -5 E1n be nozeros of £1(&;) such that [€51] <|&2| < ... <[&n] < 1.

Then by Lemma 6.2.3,

Ni(F) Ni(r1)

’
Nl(al)logZS Z log|£h| < Z log ——

102 5 {ios ﬂff{ol)’ |7~2> f

|€ < < log V2M (ry,72) — log| £1(0)],
13

i'ea Nl(%) <

Similarly,

V2M (r1,r2)
No(3) < 53 {log THOT }
This completes the proof of the lemma. m
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6.3 Main Results.

The main results of this chapter are depicted in the following section:

Theorem 6.3.1 Let [ (3) = Y7 ,Bx3" be an entire function with || I (0) ||# 0,
B = aper + bpea,k = 0,1,2,... and 3 = &eg + &aea. Let Ny, Ny be the respective
highest positive integers less than or equal to Ni(r1) in {& € D1 | & |< ri} and
No(r9) in {& € Do :| & |< 1o} such that ay, # 0, an, # 0. Then within the open
discus D(0;71,72), F (3) does not vanish in the open discus D(0;ty,ts) where t1, ty are
respectively the least positive roots of the equations

g1(t) =l ao | " = (| ao | +V2NIM (ry, 72))rit + V2N M (1, 7o)
—V2M (ry, )t = 0
and
ga(t) =| by | 152 F1 = (| bo | +V2NoM (11, 7))yt + V2N, M (ry, )y~ 2
— V2M(ry, o)t = 0,
max | || F(3)||< M(ry,r2).

3eD(0;r1,m2

Proof. As f (3) can be written as

F(3) = Z apéren + Z bréses = fi(&1)er + fa(&)ea,

k=0 k=0

clearly F (3) is holomorphic in the closed discus D(0;71,75), 0 < 1,75 < o0. Hence in
view of Lemma 6.2.4, f;(&;) and f2(&;) are holomorphic respectively in X} = {£; € D |
&<t cCand Xy = {§ e Dy | & [< 1} < C.

Now for | & |< 7y,

o0

fi(&1) = Dl = a0+ G(&) + H(&), (6.1)

k=0
where G(&1) = 161 + @282 + ... + an, & and H(E) = Y1 kET

1
Since || F(3) ||= {w}z > lfl\(/%l)', we have for the coefficients of the

power series > - ax&¥ in | & |< 7y,

max | f1(&1) |
1|=7r1 2M 5 1
r1 1

Hence for | & |= 71, by using (6.2) it follows that

|G I<la|l&l+lall&aP++lan || & ™
<|a]|7“1+|a2|rf-|—...—|—|a]\;1 |7”{V1
< \@NlM(Tl,T’Q).
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Since G(&;) is holomorphic in | & [< 71, G(0) = 0 and | G(&) |< V2N M (11, 75)
for | & |= 1, by Lemma 6.2.2, we get that

< ﬁNlM(Tl,”‘z) ‘ &1 |

Gl I< ' . (6.3
1
Also for | & |< r1, by using (6.2) we have
0
HE) | =] Y, atf |
k=Ni+1
o (L&
< \/§M(7’177’2) Z 7"_1

k=Ni1+1

_ V2M(ry,79) | & ‘NlH. (6.4)

(= &)
Hence for | & |< ry, from (6.1) it follows that
(&) =lao | = [ G&) | = [ H(&) |
\/§N1]\4(7“1;7'2) | &1 _ \/iM(Tlﬂ”z) | & ’NlH
T rt (= &)

:[ lao | = (| ao | +V2NI M (ry, 7)) | & | V2N M (ryy )y 0 & P

—V2M (1) | & Y - ).

>l ag | —

Let

gi() =l ao | 1 = (| ao | +V2NI M (ry,12))r1 t + V2N M (ry, 1)1
- \/ﬁM(T’l, T'Q)tN:H_l_

According to the Descarte’s rule of sign, the equation g;(t) = 0 has either three
or one positive real roots.

Let us consider ¢; be the least positive root of the equation ¢ (t) = 0.
Since ¢1(0) =| ag | ¥™** > 0 and g,(o0) = —o0 < 0, g1(t) > 0 if t < t;, otherwise there
will be another positive root in (0, #;), which makes a contradiction.
Hence for | & |< r, | f1(&) |[> 0if | & [< &y,

Similarly for | & |< ro, | fa(&) |> 0 if | & |< to where ¢y is the least positive root
of the equation

ga(t) =| bo | rY2T = (| bo | +V2No M (ry, 7))t + V2No M (ry, 79) 152~ 2
— \/iM(Tl, o)ttt = 0.

67



Therefore both f;(£;) and f3(&) have no zeros respectively in X| = {{ € X :| & |< t1}
and XQI = {52 (S XQ Z| 52 |< tQ}

Hence by Lemma 6.2.5, F (3) has no zero in Xje; + Xjes = D(0;t1,¢,), which proves
the theorem.
n

Remark 6.3.1 To validate Theorem 6.3.1 following example is considered which is
Justified by relevant figure.

Example 6.3.1 Let F (3) = cosz = cos(&;)ey + cos(&)es .
Here, f1(&1) = cos(§1) = 1— %5%"‘%&1—- .and f3(&) = cos(&) = 1— %53'1‘ ﬁf§—~~-

Forry =1y =1, by Lemma 6.2.6, N1(r1) < 2.41, No(r9) < 2.41.
Since ag # 0,by # 0, we may take Ny = Ny = 2.

Now, |[F (3)] = { Lot flem@PA® < el for it 3 € D(0; 1,1).
Hence,

g1(t) =| ao | r{vlﬂ — (| ao | +\/§N1]\/[(r1,r2))rfvlt + ﬁNlM(rl,rg)r{Vrltz
— V2M (ry, ro)tN !

=1 (1420 +e )t +v2(e+ e 2 — 2.5 +2€_1t3

and
92(t) =| bo | 73% T = (| bo | +V2N2M (ry,79))r5 %t + V2N M (ry, )1 't
- \/§M(7’1, TQ)tN2+l

— 1 (1+2(e+ e )t +v2e + e )2 — /2.5 +2€_1t3.

We see that g1(.22) > 0, ¢1(.23) < 0 and g,(t) > 0 for 0 < ¢t < .22. Hence the
positive root of gi(t) lies between .22 and .23 .

Similarly, one can obtain the range of the least positive zero of go(t) as 22 <t < .23 .

Thus by Theorem 6.5.1, F(3) has no zeros in D(0;.22,.22) within the open discus
D(0;1,1) .
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Figure 6.1: Zero free region of f (3) = cosz in D(0;1,1)

Theorem 6.3.2 Let f (3) = >, Bx3" be an entire function with ||F (0)|] # 0,8 =
agey +byeo, k =0,1,2,.. and 3 = & ey + Eey. Then within any open discus D(0;71,19),
F(3) has no zero in the open discus D(0;t1,ty) where t, and to are respectively the
positive roots of the equation

lao|(|ao| + 2B)r] — 2Blag — riai|t — (Jae| + 2B)*t* = 0
and |bo|(|bo| + 2C)r5 — 2C|by — by |t — (|bo] + 2C)*t* = 0,

where B =Y, laglr} . C =307 |bi|rh

Proof. As f (3) can be expressed as

F(3) = D arter+ ) biéhes = fi(€)er + fol&o)es,

k=0 k=0
F (3) being holomorphic in BC, by Lemma 6.2.4, f;(&;) and fy(£2) both are holomorphic
respectively in X; = {£ € D1 :| & < mpcCand Xy = {&H e Dy :| & <o} = C.

Clearly, klim apry =0 and I}im bk =0.
—0 —0

Let us consider

I'(&) = (& —rm)fi(&) = —aery + Z/;‘Ozl(ak—l - T1@k)flf = —apr; + G(&).
Then for |&| < rq,

D€ =laolr—|G(&)]. (6.5)
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For |&| = r1 and as because the series Y.~ |ax|r} converges for |£;] < ry we have
|G (&) =] ZZO:l(ak—l - Tlak)fﬂ
< Dl (lag—a] + rilag])rF
=lao|ry + 2ry 2 |ax|r}
= (Jao| + 2B)ry , where B = Y, |ag|r} .

Since G(&) is analytic in | & |< 7, G(0) = 0,G'(0) = (ag — may) and | G(&) |<
(lag] + 2B)ry for | & |= 71 and in view of Lemma 6.2.1, it follows for || < r; that

(Jao| + 2B)r1|&1] (Jao| + 2B)ri|&1] + ri]ag — riaq]

G < :
| G(&1) | 2 (Jao| + 2B)ri+]ag — riaq]|& |

(lao| +2B)[&11{(Jao| + 2B)[&1] + rilag — 16|}
(lag| + 2B)r1+|ag — ria1|&]

Hence for [&;] < 71, we obtain from (6.1) that

(Jao| +2B)|&1[{(|ao| + 2B)|& | + ri]ag — ria1]}
(lao| + 2B)r1+|ag — ria1||&|

IP(&)] =laolry —

_ lao|(lac| + 2B)r? — 2B|ag — r1a4|&:| — (lao| + 2B)*|& |
(|CLO| + 2B)T1+|a0 — T1a1||€1|
Clearly the equation g(t) =|ag|(|ag| + 2B)r? — 2Blag — ria1|t — (|ao| + 2B)*? = 0 has
exactly one posite root. Let the positive root of the equation be ¢;.
Since g(0) =|ao|(|ao] + 2B)r? >0, g(t) > 0 for t < t; .
Hence for [&] < 7y, [T'(&)] > 0, ie. |fi(&)] > 0if |&] < t;.

Similarly for [&] < r9, [f2(&2)] > 0 if |&| < to where ¢y is the positive root of the
equation |bo|(|bo| + 2C)r3 — 2C|by — raby|t — (|bo| + 2C)?t* = 0 where C' = >,7, |bg |75 .
Therefore both fi(&;) and fy(&;) have no zeros respectively in X] = {& € &) 1| & |<
ti} Dy and X = {§o € Ay 1| & [< ta} = Dy

Consequently by Lemma 6.2.5, F (3) has no zeros in Xje; + Xjeq = D(0; 1, t).
Hence the theorem is obtained. m

Remark 6.3.2 To wvalidate Theorem 6.3.2 following example is considered which is
justified by relevant figure.

Ezxample 6.3.2 Let [ (3) = —(1—j)+ 3+ (2 + ji)3>
Here, g = —(1 —j) = (=1 —d)e; + (—1 + i)es = ager + boea, By = 1 = leg + leg =
aje; + bieg, Bo = (2 + ji) = (2 —id)e; + (2 +1i.i)ea = 3ey + leg = asey + baes.
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Now, F (3) can be written as

F(3) =B +& —1—i)er + (G +&—1+1)es
Forri=ry=1, we get B=4,C = 2.

Hence the equation |ag|(|ao| + 2B)r? — 2Blag — riai|t — (Jao| + 2B)*t* = 0 becomes
V2(v/2 4 8) — 85t — (/2 + 8)%t? = 0 and the positive root t; ~ 0.30.

Again the equation |bo|(|bo| + 2C)r3 — 2C|by — raby|t — (|bo| + 2C)*t* = 0 reduces to
V2(V2 4+ 4) — 45t — (V2 + 4)%? = 0 and the positive root ty ~ 0.38.

Hence by Theorem 6.3.2, F (3) has no zeros in D(0;.30,.38) within the open discus
D(0;1,1) .
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Figure 6.2: Zero free region of F (3) = —(1 —j) + 3+ (24 ji)3* in D(0;1,1)

6.4 Future Prospects.

For future research, one may extend the results obtained dealing with n-dimensional
bicomplex numbers with the help of the idempotents 0, 1, “—r;m, 1%”3, e 1ii"2‘1i” in C,,.
As a consequence, the problem of taking the coeffiecients of the power series in C,, is
still virgin and may be considered as an open problem to the future workers of this
branch.
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CHAPTER SEVEN

& NOTE ON BICOMPLEX MANIFOLD



Chapter 7

A note on bicomplex manifold

7.1 Introduction.

Almost complex manifold and complex manifold have wide range of applications in
Mathematical Physics specially in String Theory, Fluid mechanics etc. Motivated from
the works done on complex manifold we have introduced almost bicomplex and bicom-
plex manifold.

In this chapter we wish to establish some results and discuss some properties of
Bicomplex manifold, almost bicomplex manifold, almost bicomplex Hermite manifold,
Nijenhuis tensor, contravariant almost analytic vector fields etc. Before proving our
main results, we need the following definitions.

Definition 7.1.1 Let F; and F3 be two structures on a finite dimensional real vector
space V' are endomorphism F, and Fo such that

Fi(Fi(X)) = =X, F(F(X)) = =X and Fi(Fo(X)) = F(F(X) =X, VX eV
e, Fi=—I, Fi=—1 and FiFy=FF =1

A real vector space V with complex structures Fi and Fo can be turned into a
bicomplex vector space by defining scalar multiplication by bicomplex number as follows:

(CL +’i1b+’i2€+ legd)X =aX + bfl(X) + C.FQ(X) + dfl(fQ(X)),
for X eV and a,b,c,d € R.

Definition 7.1.2 An almost bicomplex structure on a real differentiable manifold M
of dimension n(n = 4m,m € N) is a tensor field Fy and Fo which is at every point x
of M, an endomorphism of the tangent space T,(M) such that F? = —I and F§ = —I
but Fy # Fo, where I denotes the identity transformation of T,(M). A manifold with
a fixed almost bicomplex structure is called an almost bicomplex manifold.
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Definition 7.1.3 A bi-complex manifold is a Riemannian manifold endowed with in-
tegrable almost complex structures Fy and Fy with respect to the Riemannian metric
and satisfy the relations F2 = Fa = —1. (M, g, F1, Fs) is a bi-complex manifold, then
the tangent space T, (M) is a bicomplex vector space for each point x of M, i.e. it is
isomorphic to H" for some integer n, where H is the algebra of bicomplex.

The compact symplectic group S,(n) can be considered as the group of orthogonal
transformations of which are linear with respect to F; and F5. From this, it follows
that the holonomy group of the Riemannian manifold (M, g) is contained in S,(n).
Conversely, if the holonomy group of a Riemannian manifold (M, g) of dimension 4n
is contained in S,(n), choose complex structures F; and F» on T, M which make T, M
into a bicomplex vector space. Parallel transport of these complex structures gives the
required complex structures on M making into a bicomplex manifold.

Definition 7.1.4 Let F, and F5 be two almost complex structures in a bicomplex man-
ifold M™(n = 2m, where m is a positive integer). Nijenhuis tensor with respect to JFy
and Fy is a vector valued bilinear function N defined by

N(X,Y) = [F(X), (V)] + [X, Y] = A[F(X), Y] = B[X, Fu(Y)]

Definition 7.1.5 An almost bicomplex Hermite manifold endowed with a metric g such
that

g(F1(X), Fo(Y)) = 9(X,Y)

where g(F1(X), F1(Y)) = —g(X,Y) and g(F2(X), F2(Y)) = —g(X,Y)
is called an almost bicomplex Hermite manifold and (Fi, Fa, g) is called an almost bi-
complex Hermite structure.

Definition 7.1.6 A vector field is said to be contravariant almost bi-complex analytic
if
(val)(X) =0 and (vag)(X) =0

where Ly denotes the Lie derivative with respect to the vector field V.

Definition 7.1.7 A wvector field is said to be strictly contravariant almost bi-complex
analytic if

(val)(X) = 07 (LJ:1(V)‘F1)(X)

and (LyF2)(X) =0, (Lro)F2)(X)

0,
0

where Ly denotes the Lie derivative with respect to the vector field V.

Definition 7.1.8 Let M" be bi-complex manifold with bi-complex structures Fi and
Fy. The fundamental 2-form Fy and Fo and M™ is defined by

FUX,Y) = g(Fi(X),Y) and Fo(X,Y) = g(X, Fao(Y))
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7.2 Lemmas.

Some important lemmas which are required in this chapter are presented here.

Lemma 7.2.1 In an almost complex manifold M™(n = 2m), the almost complex struc-
ture I has m eigen values i and m eigen values —1.

Lemma 7.2.2 In an almost complex manifold a vector field is contravariant almost
analytic if and only if

LyF(X)=F(LyX), or  F(LyF(X))+LyX = 0.

Lemma 7.2.3 If a vector field V in an almost complex manifold is strictly contravari-
ant almost analytic, then N(V,Y) = 0 for every vector field X .

7.3 Main results.

This section describes the main findings of this chapter.
Theorem 7.3.1 Let (Fy, Fa,g) be an almost bicomplex Hermite manifold. Then
9(F1(X), Fo(Y)) = g(Fo(X), Fi(Y)).

Proof. Here

Therefore, g(F1(X), Fo(Y)) = g(F2(X), F1(Y)). m
Theorem 7.3.2 In an almost bicomplex manifold M™(n = 4m)
.7:1[ (X) ]:2<X>]

(a) N(X, Fi(X)) =
) = Fol F1(X), Fo(X)],
) =
) =

(b) N(F>(X),X
X) = =N(X, F(X)) = [F(X), X] + [F(X), X],
Y [X, Fo(Y)] = A[X Y] = B[ F(X), A(T)],

(
(

(¢) N(F(X),
( X, F
( +[X, F

(e) N (V)] = AlFX), F(Y)] - FX Y],

)
X, /() = [AX), Y]+
[F1(X), Fo(Y)] = AA[X, Fa(Y)]

(f) N(F1(X), Fo(Y)) = [X, Y] +

(
)
)
(d) N(Fi(X), [F1(X), Y] =
(
)
(X), Y],

- AR

)



) Fi(X), F (V)] + ALX Y] + [F(X), Y] = [X, AT,
) = Fo F1(X), Fo(Y)] + o[ X, Y] = [F(X), Y] + [X, A V)],
1(X), Fa(Y)) = B[ X, Y] + F[ Fi(X), Fa(Y)] = [X, Fo(Y)]

N(X, Fi(X)) = [A(X), RAX)] + [X, Fi(X)] - A[F(X), Fu(X)]
_f2[X7~F12(X)]
= []—"1(X) X] [X FL(X” _fl[FQ(X>7~Fl(X)] _-7'—2[X7X]
= Fi[F1(X), Fo(X)].

This completes the proof of (a).
(b): We have

N(Fo(X), X) = [FiF2(X), Fo(X)] + [Fo(X), X] = Fi[F3(X), X]
— Fal Fo(X), F1(X)]
= [X, Fo(X)] + [Fo(X), X] + A[X, X] = B[ Fo(X). F1(X)]
= Fo[ A1 (X), Fo(X)].
This completes the proof of (b).

(c):
N(X, Fo(X)) = [F(X), F5 (X)] + [X, Fo(X)] = F[Fo(X), Fo(X)]
— Fo X, F1F2(X)]
= —[FL(X), X] + [X, Fo(X)] = A[F(X), Fo(X)] + F[X, X]
= [X, F1(X)] + [X, Fo(X)]
and

N(F(X),X) = [FI(X), F((X)] + [F(X), X] = A[FF(X), X]
— Fo| 71 X, Fi(X)]
= —[X, R(X)] + [F(X), X] - A[FRF(X), X]
— B[ F1(X), Fi(X)]
= —[X, Fi(X)] - [X, Fo(X)]
= —N(X, F(X)).

This completes the proof of (c).
(d):
N(F(X),Y) = [F(X), F (V)] + [F1(X), Y] = A[FF(X),Y]
— Fo F1(X), F(Y)]
= [F1(X), Y] = [X. R((Y)] = AX. Y] - B[FAX), A ()]
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This completes the proof of (d).

(e):

N(X, Fi(Y)) = [F(X), (Y] + [X, A ((Y)] = A[F(X), Fa(Y)]
— Fol X, F2(Y)]
= [AX), Y]+ [X, F(Y)] - A[FRX), F(Y)] - R[X,Y]

This completes the proof of (e).

(f):

N(Fi(X), Fo(Y)) = [FL(X), F2 (V)] + [F(X), F: ( )]
— Fi|FoFi(X), Fo
= [Xv Y] [‘Fl( )7F2(Y>] [ IQ(Y)] _'FQ[Fl(X)vY]'

This completes the proof of (f).

(2):

FIN(X,Y)) = A[FAX), RY)] + AX,Y] - F[FX),Y]
— PR X, Fi(Y)]
= F[F(X), FR(Y)] + AX, Y] + [FX),Y] - [X, AY)]

This completes the proof of (g).

(h) :

Fo(N(X,Y)) = R[FX), RY)] + R[X,Y] - FiFR[F(X),Y]
— FX, A (Y)]
= FQ[*Fl(X)7~F2(Y)] + F2[X> Y] - [FQ(X)vy] + [X7~F1(Y)]
This completes the proof of (h).
(1):
Fo(N(FL(X), Fa(Y))) = Fo[FLF(X), FaFo(Y)] + Fo[ Fi(X), Fo(Y)]
— FF[FF(X), F(Y)] - F[F(X), FIF(Y)]
= X, Y] + B[ FX), FHY)] - [X, F(Y)]
+ [F(X),Y].

This completes the proof of (i). =

Theorem 7.3.3 In an almost bi-complex manifold M™(n = 2m), the complex struc-
tures Fy has m/2 eigen values i and m/2 eigen values —i and Fo has m/2 eigen values

i and m/2 eigen values —i.

Proof. Let M"™(n = 2m) be an almost bi-complex manifold with complex structures
F1 and Fy. That is, F; and Fy are vector valued real linear functions on M such that
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]:1<X) =77 -7:2<X) = X and .7:12 =-X, ]:22 = —X but Fy + Fo.

Also, let p; and py be eigen values of F; and Fy corresponding to the eigen vectors
Z and W respectively. Then we get

F1(Z) = pi(z) and Fo(W) = ps(2).

Therefore, —Z = FX(Z) = pi(F(2)) = pA(Z),i.e.,(p? +1)Z =0 and —W = FZ(W) =
p2(F(W)) = p3(W),i.e., (p3 + 1)W = 0. Hence p? = —1 and p3 = —1.

Since F; and F; are real valued linear function and of rank 2m, therefore there are m/2
pairs of eigen values ¢ and —i of F; and m/2 pairs of eigen values i and —i of Fo.
This completes the proof. m

Theorem 7.3.4 In an almost bi-complex manifold a vector field is contravariant almost
bicomplex analytic if and only if

va1<X) =.F1(LvX), or .Fl(val(X))+LvX=0,
LV.FQ(X) =0 .FQ(LV.FQ(X)) + Ly X =0.

Proof. We have

(LyF1)(X)
and (LyF1)(X)

LyFi(X) = Fi(Ly X)
Ly Fi(X) = Fi(Ly X).

If V is contravariant almost bicomplex analytic, then
(val)(X) = 0 and (LV.FQ)(X) = 0.
So

(LyF)(X) = Fi(Lyv X)
or, Fi(LyFi(X)) = FH(LyX) = —Ly X
and
(LyFy) = Fo(Lyv X)
or, Fo(LvFa(X)) = F5(LyX) = =Ly X,
i.e., Fi(LyFi(X))+ Ly X =0 and Fo(LyFo(X)) + Ly X = 0.
Conversely, let Ly Fi(X) = Fi(LyX) and Ly Fa(X) = Fo(Ly X).
Then

(LyF)(X) = Ly Fi(X) — Fi(LyX) =0
and (LyF2)(X) = Ly Fao(X) — Fo(Ly X) =0

So, V' is contravariant almost bicomplex analytic. m
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Theorem 7.3.5 If a vector field V in an almost bi-complex manifold is strictly con-
travariant almost bicomplex analytic, then N(V,Y") = 0 for every vector field X .

Proof. Let V be strictly contravariant almost bicomplex analytic.
Then

(LvF1)(X) =0, (Ly F)(X) =
and (L) F)(X) =0, (Lrywv ]:)(X) =0

From Ly Fi(X) = Fi(LyX) and Ly Fo(X) = Fo(Ly X), we get that

[V, Fu(X)] = AV, X]), [V, F2(X)] = F([V, X])
and [F1(V), Fu(X)] = A([FV), X)), [F(V), F(X)] = F(F(V), X])

Now

NV, X) =[F(V), Fo(X)] + [V, X] = F[F(V), X] = FolV, Fi(X)]
=Fo[F(V),(X)] + [V, X] = Fu[F(V), X] = RA[V, X]
=— B[X, A(V)] +[V.X]+ ALX, H(V)] - [V, X]
= — FRFA[X, V] + FFAFR[X, V]
- [X,V]+[X,V]=0.

This proves the theorem. =

Theorem 7.3.6 In an almost bicompler Hermite manifold the following relations hold:

(a) Fi(X,Y) = =Fo(X,Y),

(b) Fi(Fi(X), Fo(Y)) = =Fa(X,Y),
(¢) Fu(FR(X), Fi(Y)) = =AY X).
(d) Fo(Fi(X), Fao(Y)) = =Fi(X,Y),
(¢) Fo(Fo(X), Fr(Y)) = =Fo(X,Y).

Proof. (a): We know that g(Fi(X), F2(Y)) = g(X.Y).
Putting X = F;(X), we get that

g(FLX), oY) = g(F1(X),Y)
or, (X f2( )) g(F1<X)7Y)

or, — F(X.Y) = F(X,Y)
or, FiI(X,Y) = —F(X,Y)
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This completes the proof of (a). )
(b): Putting X = F1(X) and Y = F(Y) in Fi(X,Y) = g(F1(X),Y), we obtain that

Fi(Fi(X), Fo(Y)) = (=X, Fo(Y))
= —g(X, FH(Y))
— —F(X,Y).

Therefore, Fi(Fi((X), Fo(Y)) = —Fo( X, Y).
This completes the proof of (b). .
(c): Putting X = F(X) and Y = F(Y) in F1(X,Y) = g(F1(X),Y)

Fi(Fo(X), Fi(Y)) = g(FFa(X), Fa(Y))
= g(X, F1(Y))
= —g(F1(Y),X)
= —F (Y, X).

Therefore, Fi(Fi((X), Fo(Y)) = =Fo(X.Y).
This completes the proof of (c). R
(d): Putting X = F(X) and Y = F(Y) in F(X,Y) = g(X, Fa(Y))

Fo(Fi(X), Fao(Y)) = g(Fi(X), F5(Y))
= —g(F1(X),Y)
= —F(X,Y).

Therefore, Fo(Fi(X), Fo(Y)) = —Fi(X,Y).
This completes the proof of (d). A
(e): Putting X = Fo(X) and Y = F (V) in Fo(X,Y) = g(X, F(Y))

~

Fo(Fo(X), F1(Y)) = g(Fo(X), FoF1(Y))
= g(F(X),Y)
= —g(X, F(Y))
= —F(X,Y).

Therefore, Fo(Fo(X), Fi(Y)) = —Fo(X,Y).

This completes the proof of (e¢). m

kK ok ok sk ok ok ok sk ok okokokok sk ok sk k

The works of this chapter have been communicated.
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Chapter 8

Future course of work

8.1 Introduction.

The spaces Cy, Cq, Cs i.e., space of real numbers, complex numbers and bicomplex
numbers are very well known to us. Now we consider the space C,, in which elements
are linear combination of elements in Cy, C4, ..., C,,_;. Corresponding to every repre-
sentation of the elements in C,,, these are the linear space where C,, can be embedded.
It is not just a replacement of 2 by n, these are richous in general theory and many
novel relationships come to high in C,.

In this chapter, we prove the maximum and minimum value theorem in terms of mul-
ticomplex valued function.

Definition 8.1.1 (The Space C,,)

(Cn = {Cn : Cn = Cn—l.l + inCn—l,Q; Cn—l,l, Cn—l,Q € Cn—l} where Zi = —1. Elements Of Cn
are known as multicomplex numbers.

In C,,, addition and multiplication are defined as follows:

o+ G2 =( 711—1,1 + in@i—l,z) + (55—171 + inC’r%—l,?)
=(C¢%—1,1 + Cs—l,l) + in((ﬁ—m + (2—1,2)

1,2 1 2 1 2
CnCn :( n—1,1%50—1,1 — Cn—l,Z 77,—1,2)

. 1 2 1 2
+ ZTL(Cn—l,l + Cn—l,Q + Cn—l,Z + Cn—l,l)'

In C,, norm is defined as follows

121_1 + HCn—l,ZHi_r

HCn”i = HCn—l,l

For convenience in notation any element ¢ in C,, can be written in the form ( = {; +%,(>
where ¢; and ( € C,,_; and 2 = —1.
The system (C,, |.|,,, +, .) forms a Banach space.
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Definition 8.1.2 (Idempotent elements in C,) We know that me and 1L2”2 are
idempotent elements in Cy and any element of Cy can be written as a linear combi-
nation of these idempotent elements.

Simalarly, it is easy to verify that the following are idempotent elements in C,,

14dyiy 1 —iyie 14igiy 1 —dgis 1+ igis
2 2 2 o g

1 — igiz Lty yin 1 —ip iy

5 T T

0, 1,

For convenience in notations, define the symbol e(i,is) and e(—i i) as follows

1+ 4, 1=y
2 5 e(_ZTZS) =

2

e(ipis) = , where ;s € N.

Definition 8.1.3 (Idempotent Representation) Let ¢ be an element in C,,, and let ¢ =
(1 + i,Co with (1 and (5 in C,_1. Then

C = (Cl - 7.’n—1€2> e(in—lin) + (Cl + 7:n—lCQ) €<_7:n—17.’n)-

Let ¢ be an element in C,, and let ( = (3 + 1,(o, where (; and (5 € C,,_1, then

¢ = G = dn1Cony + G+ dno1Cony

Definition 8.1.4 (Singular Element) An element ¢ € C,, is non-singular iff three exist
a unique J € C, such that (J = 1 and ¢ is singular iff it is non-singular. ©, (n =
0,1,2,...) is used to denote the set of singular elements in C,,.

The element (; + i,(, € C,, is non-singular if and only if (; — i, 1(s and ( + i,_1(s are
non-singular, the element (; + 7,(> is singular if at least one of the elements (; — 4, 1>
and ¢ + i,_1(> is singular.

Definition 8.1.5 (Neighbourhood in C, ) Suppose that X1 = {(1—i,_1(s : (1,(2 € Cp_1}
and Xo = {(1 + ip_1(2: (1, (0 € C,_1} can be written in the form

X ={G+inCo: G —in1G € X1, + 102 € Xo}
then neighbourhood N(a + i,b) € X is defined as
N(a +inb,€) = {¢ + 1, € Cpy 1 (G +in2) — (a4 inb) [, < €}
Another way it can be written in the form

{GL+inCae Cpt [[(CL = in—1C2) — (@ = in—1b) -1 <€,
(¢ +in-1Ca) — (@ + in-1b)|,,_, <€}
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Definition 8.1.6 Let f : X(c C,) — C,, n = 1 be a multicomplex valued function
and (o € X. If f satisfies the strong Stolz condition at (y, i.e., for alln > 1, 3 a constant
d (which depends on (y) in C,, and a function r(f; (o, () defined in as neighbourhood of
(o and with the values in C,,, such that

(i) F(Q) = f(Go) = d(¢ = Co) +r(f; 60, ¢) =0

(ii) lime g, 7(f3 G0, ¢) = 0

then f s differentiable at (.

If f is differentiable in a neighbourhood of each point in domain X (< C,) then f is
called holomorphic multicomplex valued function.

Definition 8.1.7 (Idempotent Representation of Holomorphic multicomplex valued func-
tion): Let f : X(c C,) — C,, n = 1 be a holomorphic function then there exists
holomorphic functions fi1 : X1 — C,_1 and fy : Xo — C,_1 such that

F(C+1inC2) = fi(C1 = 1n—1C2) €(in—1in) + f2(Cn + in—1(2) €(—in—1in).

8.2 Lemmas.

Lemma 8.2.1 Let f, and f5 be two elements in C,, then

C1-Cop < Z(n_l)/2C1nC2n-

Lemma 8.2.2 X is a domain in C,, n <2 if and only if X, and X5 are domains in
Ch1.

Lemma 8.2.3 (; + i,(s € C,,. n = 2 is non-singular if and only if (; — i,_1(s and
(1 + in_1(e are non-singular and (i + i,(o € C, 1s singular if at least one of elements
(1 —ip_1Co and (1 + ip_1(s s singular.

Lemma 8.2.4 (Cauchy’s Integral Formula): If f : X — C, satisfies strong Stolz
condition in X and if {y is a point in the interior of C, where C in a curve in X, then

1 f({)
f(Go) = %JCC—CO(K'

8.3 Theorems.

Theorem 8.3.1 Let f : X(c C,) — C,, n = 1 be a multicomplex valued function
which satisfy strong Stolz condition in X. Let a € X. Define a subset Y of neighbour-
hood of a, N(a,d) asY = {( € N(a,d) : ( = a+ (x) +i122), 21 + {129 € C}. Consider
a circle C whose equation is ( = a + r(cosf + i, sinf),0 < 6 < 27 is contained in Y.
Also, let (y be interior point of C, then

AN
fc (= Co)kﬂdC R &)

84



Proof. We prove this result by induction on k. For k£ = 0, the above result is the same
as Lemma 8.2.4 which is known as Cauchy’s integral formula for multicomplex valued
function.

Let us assume that the result is true for k = p — 1. Let us choose h € C,, so small such
that (o + h) is inside C.

Therefore, we can write

FP(Go + h) = FP(Go)
h

B (pz;@?! L " ((C - ci —hr —1<o>p> *

C(p—=1)! 1 1
- 2m L [(C (e RN (G (O ) T Co)p] FO

f satisfy strong Stolz condition
FO7 (G +h) = F7(Go) = F(Co)h + (£ Go + h, Go)h

lim r(f;¢ + £, ) = 0.

Therefore,
_(p-1) pf(¢)
pie) = b | e
. Q) 2miy
Z.e-,JC (C - Co)p+l - p' fp(CO)

By the principle of induction, the result is true for all £k € N. Thus,

Q2w gy,
L o = T )

This completes the proof. m

Remark 8.3.1 This theorem can be identified as multicomplex version of Cauchy’s
Integral Formula for higher derivatives.

Theorem 8.3.2 Let f : X(< C,) — C,, n = 1 be a multicomplex valued function
which satisfy strong Stolz condition in X, where X is open. Also let a € X and N(a,d)
be a neighbourhood of a in X. Suppose Y be a subset of N(a,d) defined by Y = {( €
N(a,d) : ( = xy + iyx9, 11 + 1129 € C}, then Y is the portion of a 2-dimensional
plane in C,, contained in N(a,d). If 0 < r < d then the circle C = {( € C: { =
a+r(cosf +iysinfd),0 < 0 < 2m} is subset of Y. Also, if | f({)| < M, V¢ on C, then

"
) M
k! rk
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Proof. From the previous theorem, we have

" 2miy Jo (C — a)Ftl

Now,
f*(a) f(Q)
o
M
< —.——.27r

This completes the proof. m

Remark 8.3.2 This theorem can be identified as multicomplex version of Cauchy’s
Inequality.

Theorem 8.3.3 Let X be a domain in C,, n > 2. F: X —- C, and G : X — C,
satisfies strong Stolz condition in X. Also

F(G +inCa) = f1(C = in-1C2) €(in-1tn) + f2(C1 + in-1C2) e(—in_1in)

and
G(CG +inC2) = 91(¢ — in-1C2) €(in—1in) + g2(C1 + tn-12) e(—in_1ip).

If (1) |F(Ol, < GO, ¥Ce X,
(i) G(¢) having at least one zero in X, then H(() = F(¢) + G({) has the same number
of zeros in X as G(C) does.

Proof. We prove this result by induction on n.

For n = 2, the above result is true for bicomplex valued function.

Let us assume that the result is true for n = 1.

Let 81+ 4,82 = (By — 4, 1892) e(iy_1ip) + (B1 +i,_182) e(—i,_14,) € X such that G(B) = 0
implies

G1(B1 —in—1B2) = 0, g1(By + ip_182) = 0.
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If 91(51 - in_lﬁg) = 0, by (1)

F(B), < G(B)

n

i e \/fl(ﬁl - in—lﬁQ)i_l + foB1 + Z'11—152)721_1
€., 5

n

- \/91 (B — in—lﬁ2)i_1 + g2(B1 + in—lﬁz)i_l

2
_ \/91(51 )
2

ie., filBi —in_1B2), 1 < g1(B1 —in_1B2),, ;.

By induction hypothesis, fi(8; —i,-182) + g1 (81 —¢,—182) has the same number of zeros
as g1(B1 — i,—18s) does. Now, if go(B1 + 4,,—182) = 0, by similar arguments we can also
show that

Jo(Br +in_1B2),,_; < ga(Br 4+ in1B2),_;-

By induction hypothesis, fo(81 4+ i,_182) + g2(81 4 7,_182) has the same number of zeros
as go(B1 + i,_182) does.
Therefore,

H(B)

FB) + G(B)

=[f1(By = in—1B2) e(in—1in) + fo(B1 + in_1B2) e(—in_1iy)]

+ [91(By = dn1B2)] €(in_1in) + g2(Br + in182) e(—in_1in)]
=[fi(B1 = in—1B2) + 91 (By — in—182)] e(in—1in)

+ [fo By + in—1B2) + g2(B1 + in—182)] e(—in—1in)

has same number of zeros in X as G(8) does. =

Remark 8.3.3 This theorem can be identified as multicomplex version of Rouche’s
Theorem.

Theorem 8.3.4 Let X be a domain in C,, n > 2. F: X —- C, and G : X — C,
satisfies strong Stolz condition in X. Also

F(Cl + Z.n—lCQ) = fl(Cl - 7;n—1C2> e(in—lin) + fQ(Cl + in—lCQ) e(_in—lin)
and
G(Cl + 'I;n—lCQ) = gl(Cl - 'I;n—lCQ) E2(7;71—1Z-n) + gZ(Cl + 7:n—1C2> e(_771—1771)

If (1) [F(O, < 1G], v¢e X,
(i) G(¢) having at least one zero in X, then H(¢) = F({) + G({) has the same number
of zeros in X as G({) does.
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Proof. We prove this result by induction on n.
For n = 2, the above result is true for bicomplex valued function.
Let us assume that the result is true for n = 1.

Let B] +’inBQ = (Bl—in_lﬁg) S(in_l’in)—F(Bl +’in_1f32) 6(—in_1in) € X such that H(B) = 0.
ic., F(8) + G(B) = 0
i.e., [fi(Br — ip—1B2) + g1(B1 — in—1B2)] e(in—1in)
+ [fg(ﬁl + in_lﬁg) + g2<f51 + in_lﬁg)] 6(—’in_1in) =0

ie., fi(Br —in_1Ba) + 91 (Br —ip1By) =0
Jo(By + ip—1B2) + g2(By + ip—182) =0
and therefore
filBr —inaBe), ;= 1By —in_1B),, 4, (8.1)
By 4 ip1B2),,_1 = 92(B1 + in182),,_, (8.2)

- F(8), < G(8),

Ji(By — i7,,—152)i_1 +fo(By + i7,,—152)i_1 < g1(By — 7:71,—132)31_1 +92(By + ivl,—IBZ)i_1- (8.3)
If Equation (8.1) happens then from Equation (8.3), we get that

Jo(B1 +in_1B2),,_; < g2(Br 4+ in1B2),,_;-

By previous theorem go(8; + 4,,_182) has at least a zero in X.
Similarly if Equation (8.2) happens then from Equation (8.3), we obtain that

Ji(Br — in—lﬁz)n_l < g1(By — in—lﬁQ)n_l-

By previous theorem g;(8; — i,,_182) has at least a zero in X.
Hence combining these two result G(8) has at least one zero in X, which contradicts
the fact that G(¢) has no zero in X.
Hence, H(¢) = (F'+ G)(¢) has no zero in X. =

Conclusion: The research works in previous chapters may be explored with the
space C,,.

SKokoskoRoOR kR kR SRR kosk Rk sk kR ok

88



BIBLIOGRAPHY




Bibliography

[1] A. Aziz and B. A. Zargar: Some extensions of Enestrom-Kakeya theorem, Glasnik
Matematicki, Vol. 31 (1996), pp. 239-244.

2] A. Aziz, and W. M. Shah: On the zeros of polynomials and related analytic func-
tions, Glasnik Matematicki, Vol. 33, No. 53 (1998), pp. 173-184.

[3] Arthur L. Basse: Einstein manifolds, Springer. Berlin. Classics in Mathemal-
ics,(1987), pp. 399-412.

[4] A. Azam, B. Fisher and M. Khan: Common fixed point theorems in complex valued
metric spaces, Numer. Funct. Anal. Optim, Vol. 32, No. 3 (2011), pp. 243-253.

[5] A. Aziz and B. A. Zargar: Bounds for the zeros of a polynomial with restricted
coefficients, Applied Mathematics, Vol. 3 (2012), pp. 30-33.

(6] M. Abbas, D. Gopal and S. Radenovic: A note on recently introduced commutative
conditions, Indian J. Math, Vol. 55, No. 2 (2013), pp. 195-201.

(7] S. Aleksié¢, Z. Kadelburg, Z. D. Mitrovi¢ and S. Radenovié¢: A new survey: Cone
metric spaces, Journal of the International Mathematical Virtual Institute, Vol. 9
(2019), pp. 93-121.

(8] S. Alam, A. Bhattacharyya: Some curvature identities on hyperkahler manifolds,
Annals of Mathematics and Computer Science, Vol. 9 (2022), pp. 67-77.

9] L.E.J. Brouwer: Uber abbildungen von mannifaltigkeiten, Mathematische An-
nalen, Vol. 71 (1911), pp. 97-115.

[10] S. Banach: On operations in abstract sets and their application to integral equa-
tions, Fund. Math., Vol. 3 (1922), pp. 133-181.

[11] A. Boutabaa: Nevanlinna’s theory of p-adic, Manuscript Mathematica, Vol. 67,
No. 1 (1990), pp. 251-2609.

[12] J. P. Bezivin, K. Boussaf and A. Escassut: Zeros of the derivative of a p-adic
meromorphic function, Bull. Sci. Math., Vol. 136, No. 8 (2012), pp. 839-847.

90



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

K. Boussaf, A. Boutabaa and A.Escassut: Growth of p-adic entire functions and
its applications, Houston J. Math., Vol. 40, No. 3 (2014), pp. 715-736.

T.Biswas: (p, q)thorder oriented growth measurement of composite p-adic entire
function, Carpathian Math. publ., Vol. 10, No. 1 (2018), pp. 248-272.

T. Biswas: A note on (p, q)m relative order and (p, q)th relative type of p-adic entire
function, Honam Mathematical J., Vol. 40, No. 4 (2018), pp. 621-659.

T. Biswas: Some growth aspects of composite p-adic entire functions in the light of
their (p,q)-th relative order and (p,q)-th relative type, Journal of the Chungcheong
Math. Soc., Vol. 31, No. 4 (2018), pp. 429-460.

T. Biswas: Some growth properties of composite p-adic entire functions on the
basis of their relative order and relative lower order, Asian-Eur. J. Math., Vol. 12,
No. 1 (2019), pp. 1950044-1 - 1950044-15.

J. Cockle: On certain functions resembling quaternions and on a new imaginary in
algebra, London-Dublin- Edinburgh Philosophical Magazine, series 3, Vol. 33 (1848),
pp. 43-59.

J. Cockle: On a new imaginary in algebra, London-Dublin- Edinburgh Philosophical
Magazine, Series 3, Vol. 34 (1849), pp. 37-47.

J. Cockle: On the symbols of algebra and on the theory of tessarines, London-
Dublin-Edinburgh Philosophical Magazine, Series 3, Vol. 34 (1849), 406-410.

J. Cockle: On impossible equations, on impossible quantities and on tessarines,
London-Dublin- Edinburgh Philosophical Magazine, Series 3, Vol. 37 (1850), 281-
283.

J. B. Conway: Function of one complex variable, 2nd edition, Springer-Verlag
(1978).

A. Chattopadhyay, S. Das, V.K. Jain and H. Konwar: Certain generalizations of
Enestrom-Kakeya theorem, Journal of Indian Mathematical Society, Vol. 72, No.
1-4 (2005), pp. 147-156.

F. Colombo, 1. Sabadini, D. C. Struppa, A. Vajiac and M. Vajiac: Singularities of
functions of one and several bicomplex variables, Ark. Math., Vol. 49 (2011), pp.
277-294.

S. Chauhan and H. Sahper: Common fixed point theorems for conversely commut-
ing mappings using implicit relations, Journal of Operators, Hindawi Publishing
Corporation, Journal of Operators, Volume 2013, Article ID 391474, 5 pages.

91



[26] J. Choi, S. K. Datta, T. Biswas and P. Sen: Sum and product theorems of relative
type and relative weak type of entire functions, Honam Mathematical Journal, Vol.
37, No. 1 (2015), pp. 65-97.

[27] S. B. Choudhury, N. Metiya and P. Konar: Fixed point results in partially ordered
complex valued metric spaces for rational type expressions, Bangmod Int. J. Math.
& Comp. Sci, Vol. 1, No. 1 (2015), pp. 55-62.

[28] S. B. Choudhury, N. Metiya and P. Konar: Fixed point results for rational type
contraction in partially ordered complex valued metric spaces, Bulletin Internat.
Math. Virtual Institute, Vol. 5 (2015), pp. 73-80.

[29] J. Choi, S. K. Datta, T. Biswas and N. Islam: Some fixed point theorems in con-
nection with two weakly compatible mappings in bicomplex valued metric spaces,
Honam Mathematical J., Vol. 39 (2017), pp. 115-126.

[30] G. S. Dragoni: Sulle funzioni olomorfe di una variabile bicomplessa, Reale Accad.
d’Italia, Mem. Classe Sci. Nat. Fis. Mat., Vol. 5 (1934), pp. 597-665.

[31] U.C. De and A. A. Shaikh: Complex manifolds and contact manifolds, Narosa
Publishing House, (2009).

[32] S. K. Datta, T. Biswas and R. Biswas: Some results on relative lower order of
entire functions, Casp. J. Appl. Math. Ecol. Econ., Vol. 1, No. 2 (2013), pp. 3-18.

[33] S. K. Datta, T. Biswas and C. Biswas: Generalized relative lower order of entire
functions, Matematicki Vesnik, Vol. 67, No. 2 (2015), pp. 143-154.

[34] S. K. Datta and S. Ali: Some common fixed point theorems for two weakly com-
patible mappings in complex valued metric spaces, Thai J. Math., Vol. 15, No. 3
(2017), pp. 797-806.

[35] A. Escassut: Analytic elements in p-adic analysis. World Scientific Publishing Co.
Pte. Ltd. Singapore, 1995.

[36] A. Escassut, W. Tutschke and C.C.Yang: Some topics on value distribution and
differentiability in complex and p-adic analysis, Math. Monogr. Series 11. Science
Press (Beijing 2008), pp. 42- 138.

[37] A. Escassut and J. Ojeda: Exceptional values of p-adic analytic functions and
derivative, Complex Var. Elliptic Equ., Vol. 56, No. 1-4 (2011), pp. 263-269.

[38] A. Escassut and J. Ojeda: Branched values and quasi-exceptional values for p-adic
mermorphic functions, Houston J. Math., Vol. 39, No. 3 (2013), pp. 781-795.

[39] A. Escassut and J. Ojeda: The p-adic Hayman conjecture when n = 2, Complex
Var. Elliptic Equ., Vol. 59, No. 10 (2014), pp. 1451-1455.

92



[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]
[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

A. Escassut: Value distribution in p-adic analysis, World Scientific Publishing Co.
Pte. Ltd. Singapore, 2015.

A. Escassut, K. Boussaf and A. Boutabaa: Order, type and cotype of growth for
p-adic entire functions, Sarajevo J. Math., Vol. 12, No. 25 (2016), pp. 429-446.

N. K. Govil and Q. I. Rahaman: On the Enestrom-Kakeya theorem, Tohoku Math.
J., Vol. 20 (1968), pp. 126-136.

R. Goyal: Bicomplex polygamma function, Tokyo J. Math., Vol. 30, No. 2 (2007),
pp. 523-530.

M. Gil: Localization and perturbation of zeros of entire functions, CRC Press,
Taylor € Francis group, London, New York(2010).

R. Gardner and N. K. Govil:  Enestrom- Kakeya theorem and some of its gener-
alization, Birkhauser, New Delhi(2014).

W. R. Hamilton: On quaternions, or on a new system of imaginaries in algebra.
Philosophical Magazine. Vol. 25, No. 3 (1844), pp. 489-495.

W. R. Hamilton: Lectures on Quaternions: Containing a Systematic Statement o
a New Mathematical Method. Dublin: Hodges and Smith (1853).

W. K. Hayman: Meromorphic Functions, The Clarendon Press, Oxford (1964).

A. S. B. Holand: Introduction to the theory of entire functions, Academic
Press(1973).

A. S. B. Holland: Introduction to the theory of entire functions, Academic Press,
New York and London (1973).

D. Huybrechts: Compact hyperKahler manifolds, Basic results Invent. Math., Vol.
135, No. 1 (1999), pp. 63-113.

N. Hitchin and J. Sawon: Curvature and characteristic numbers of hyperkahler
manifolds, Duke. Math. J., Vol. 106, (3) (2001), pp. 599-615.

M. Iranmanesh, S. Radenovi’c and F. Solieimany: Common fixed point theorems
in partial idempotent-valued metric spaces, FPT, Vol. 22(1) (2021), pp. 241-250.

A. Joyal, G. Labelle and Q. I. Rahaman: On the location of zeros of polynomials,
Canad. Math. Bull., Vol. 10 (1967), pp. 53-63.

V. K. Jain: On the location of zeros of polynomials, Ann. Univ. Mariae Curie-
Sklodowska, Lublin-Polonia Sect. A, Vol. 30(1976), pp. 43-48.

V. K. Jain: Certain generalizations of Enestro-Kakeya theorem, Bull. Math. Soc.
Sci. Math. Roumanie Tome, Vol. 57(105), No. 1 (2014), pp. 73-80.

93



[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

I. H. Jebril, S. K. Datta, R. Sarkar and N. Biswas: Common fixed point theorems
under rational contractions for a pair of mappings in bicomplex valued metric
spaces, Journal of Interdisciplinary Mathematics, Vol. 22, No. 7 (2019), pp. 1071-
1082.

I. H. Jebril, S. K. Datta, R. Sarkar and N. Biswas: Common fixed point theorems
under rational contractions using two mappings and six mappings and coupled
fixed point theorem in bicomlex valued b-metric space, TWMS J. of Appl. & Eng.
Math., Vol. 11, No. 3 (2021), pp. 804-813.

S. Kakutani: A generalization of Tychonoff’s fixed point theorem, Duke Math. J.,
Vol. 8 (1968), pp. 457-459.

R. Kannan: Some results on fixed points, Bull. Cal. Math. Soc., Vol. 60 (1968),
pp. 71-76.

C. O. Kiselman: Order and type as measure of growth for convex or entire func-
tions, Proc. Lond. Math. Soc., Vo. 66, No. 3 (1993), pp. 152-186.

A. Kumar, P. Kumar and P. Dixit: Maximum and minimum modulus principle for
bicomplex holomorphic functions, Internat. J. Engrg. Tech, Vol. 3, No. 2 (2011),
pp. 1484-1491.

7. Kadelburg, S. Radenovic and V. Rakocevic: A note on equivalence of some
metric and cone metric fixed point results, Applied Mathematics Letters, Vol. 24,
No. 3 (2011) pp. 370-374.

J. Kumar, R. Sharma and A. Singh: Common fixed point theorem for converse

commuting maps in complex valued metric spaces, International Journal of Math-
ematical Archive, Vol. 5, No. 6 (2014), pp. 215-220.

Z. Kadelburg, S. Radenovic and V. Rakocevic: Topological vector spaces-valued
cone metric spaces and fixed point theorems, Fixed Point Theory and Applications,
Hindawi Publishing Corporation, Volume 2010, Article ID 170253, 17 pages.

B. Ya Levin: Lectures on entire function(Eds.Yu. Lyubarskii, M. Sodin, and V.
Tkachenko), Translations of Mathematical monographs, Proividence, Rhode Island,
American Mathematical Society, 1996.

B. K. Lahiri and D. Banerjee: Generalised relative order of entire functions, Proc.
Nat. Acad. Sci. India, Vol. 72(A), No. TV (2002), pp. 351-371.

Z. Lii: On common fixed point for converse commuting self maps on metric spaces,

Acta Anal. Funct. Appl., Vol. 4, No. 3 (2002), pp. 226-228.

A. Lin, B Huang, J. Cao and R. Gardner: Some results on the location of zeros
of analytic functions, Chinese Journal of Engineering Mathematics, Vol. 21, No. 5
(2004), pp. 785-791.

94



[70]

[71]

[72]

73]

[74]

[75]

[76]

[77]

78]

[79]

[80]

[81]

[82]

[83]

Q. K. Lii and X. Q. Hu: Some new common fixed point theorems for converse
commuting multivalued maps in symmetric spaces with applications, Nonlinear
Analysis Forum, Vol. 10, No. 1 (2005), pp. 97-107.

B. K. Lahiri and D. Banerjee: Entire functions of relative order (p, ¢), Soochow J.
Math., Vol. 31, No. 4 (2005), pp. 497-513.

A. Kumar, P. Kumar and P. Dixit: Maximum and minimum modulus principle
for bicomplex holomorphic functions, International Journal of Engineering Science
and Technology, Vol. 3, No. 2 (2011), pp. 1484-1491.

M. E. Luna-Elizarraras, M. Shapiro, D. C. Struppa and A. Vajiac: Bicomplex
numbers and their elementary functions, Cubo, Vol. 14, No. 2 (2012), pp. 61-80.

A. A. Mukheimer: Some common fixed point theorems in complex-valued b-metric
spaces, The Scientific World Journal, Hindawi Publishing Corporation, Volume
2014, Article ID 587825, 6 pages.

J. Ojeda: On Hayman conjecture over a p-adic field, Taiwanese J. Math, Vol. 12,
No. 9 (2008), pp. 2295-2313.

G. B. Price: An introduction to multicomplex spaces and functions, Marcel Dekker,
New York (1991).

V. Popa: A generalized fixed point theorem for converse commuting multivalued
maps in symmetric spaces, Filomat, Vol. 21 (2007), pp. 267-271.

D. K. Patel, P. Kumam and D. Gopal: Some discussion on the existence of common
fixed points for a pair of maps, Fized Point Theory and Applications, Vol. 1 (2013),
pp. 1-17.

J. D. Riley: Contributions to the theory of functions of bicomplex variable, Tohoku
Math. J., Vol. 2 (1953), pp. 132-165.

D. Rochon and M. Shapiro: On algebraic properties of bicomplex and hyperbolic
numbers, An. Univ. Oradea Fasc. Math., Vol. 11 (2004), pp. 71-110.

D. Rochon and M. Shapiro: On algebraic properties of bicomplex and hyperbolic

numbers, Anal. Univ. Oradea, Fasc. Math, Vol. 11, No. 1 (2004), pp. 71-110.

C. Roy: Some properties of entire functions in one and several complex variables,
Ph.D. Thesis (2010), University of Calcutta.

F. Rouzkard and M. Imdad: Some common fixed point theorems on complex valued
metric spaces, Computers and Math. App, Vol. 64 (2012), pp. 1866-1874.

95



[84]

[85]

[86]

[87]

[88]

[89]

[90]

[91]

[92]

[93]

K. P. R. Rao, P. Ramga Swamy and J. Rajendra Prasad: A common fixed point
theorem in complex-valued b-metric spaces, Bull. Math. & Stat. Res., Vol. 1, No.
1 (2013), pp. 1-8.

L. M. S. Ruiz, S. K. Datta, T. Biswas and G. K.Mondal: On the (p,q)-th relative
order oriented growth properties of entire functions, Abstract and Applied Analy-
sis, Hindawi Publishing Corporation, Volume 2014, Article ID 826137, 8 pages.

S. Radenovi¢ and F. Vetro: Some remarks on perov type mappings in cone metric
spaces. Mediterr. J. Math. Vol. 14, No. 6 (2017), pp. 396-409.

C. Segre: The real representation of complex elements and hyperalgebraic entities,
Mathematische Annalen, Vol. 40, No. 3 (1892), pp. 413-467.

N. Spampinato: Estensione nel campo bicomplesso di due teoremi, del Levi-Civita

e del Severi, per le funzioni olomorfe di due variabili bicomplesse I, I1. Reale Accad.
Naz. Lincei, Vol. 22, No. 38-43 (1935), pp. 96-102.

A. F. Swann: Hyper Kahler and quaternionic Kahler geometry, Aarhus University
Mathematische Annalen, Vol. 289, No. 3 (1991), pp. 421-450.

A. Savi¢, N. Fabiano, N. Mirkov, A. Sretenovi¢ and S. Radenovi¢: Some significant
remarks on multivalued Perov type contractions on cone metric spaces with a

directed graph, Aims Mathematics, Vol. 1 (2021), pp. 187-198.

G. Valiron: Lectures on the general theory of integral functions, Chelsea Publishing
Company (1949).

R. K. Verma and H. K. Pathak: Common fixed point theorems for a pair of
mappings in complex-valued metric spaces, J. Math. Sci. & Comp. Sci., Vol. 6
(2013), pp. 18-26.

H. Y. Xu, J. Tu and C. F. Yi: The applications on some inequalities of the com-
position of entire functions, J. Math. Inequal., Vol. 7, No. 4 (2013), pp. 759-772.

Kok Rk skoRKsk SRRk sk Rk sk Rk ok

96



