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Abstract

The thesis, Mathematical Study on Enzyme Catalysed Reaction for HIV-1
Replication: Insight into the Antiviral Drug Treatment, concentrates on modelling
the ”within-infected-cell” replication of Human Immunodeficiency Virus Type 1 (HIV-1)
infection and conducting an in-depth study of the antiviral drug treatment.

In this thesis, we develope a set of nonlinear differential equations that describe the
enzymatic activity of Cytochrome P3A4 (CYP3A4) in HIV-1 infected patients who consume
alcohol. We conduct an analytical comparison of the metabolism of protease inhibitors (PIs)
between alcoholic and non-alcoholic HIV-1 infected individuals. Additionally, the study
examines the role of alcohol consumption in increasing viral load, thereby accelerating the
progression of the infection.

Next, we consider a mathematical model comprising a system of nonlinear differential
equations that describe the biochemical reactions catalysed by HIV-1 reverse transcriptase
(RT) and integrase (IN), based on Michaelis-Menten enzyme kinetics. This model incorpo-
rates a dual inhibitor for HIV-1 RT/IN, which functions as both a non-nucleoside reverse
transcriptase inhibitor and an integrase inhibitor. To assess the effectiveness of this dual
inhibitor against HIV-1 infection, a one-dimensional impulsive differential equation model
is developed, leading to the numerical determination of an optimal dosing regimen. The
results of the analytical and numerical analyses provide essential insights into identifying the
minimum effective dose for the administration of HIV-1 RT/IN dual inhibitors in preventing
HIV-1 infection.

Furthermore, we investigate the affect of Tat inhibitor on the suppression of HIV-1
transcription through a mathematical model based on nonlinear differential equations. It
frames the analysis as an optimal control problem, assessing the potential of the Tat inhibitor
as a therapeutic approach for HIV-1 infection. A one-dimensional impulsive differential
equation model is developed to evaluate the maximum concentration of the elongating
complex (P») and determine the optimal timing for successive dosages. The present findings
indicate that impulsive dosing is more effective than continuous dosing in inhibiting HIV-1
transcription. Next, an enzyme kinetic model is formulated to observe the impact of viral
proteins Tat and Rev on HIV-1 replication, and the efficacy of combined drug therapy
(administering Tat and Rev inhibitor) is examined using an optimal control framework.
Applying the Pontryagin maximum principle, the study aims to minimize therapy costs while
optimizing its effects on Tat-Rev regulation of HIV-1 replication, supported by numerical
simulations with varying system parameters.

Keywords: HIV-1, AIDS, CYP3A4 enzyme, Alcohol, Tat, Rev, Protease inhibitor, Dual
Inhibitor, Integrase, Reverse Transcriptase, Impulsive Differential Equation, Optimal Con-
trol.
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Chapter 1

Introduction

1.1 Background

1.1.1 Biochemistry

The field of biochemistry has had a profound impact on various areas of human activity
and will continue to do so in the future. It is a captivating and aesthetically pleasing
body of knowledge that plays a significant role in medicine and beyond. Progress in
biochemistry is empowering researchers to address some of the most intriguing ques-
tions in biology and medicine (Giordano et al., 2020; Kendrew et al., 1958; Lander et
al., 2001; Watson and Crick, 1953).

Biochemistry, also known as biological chemistry, is the examination of chemi-
cal reactions in living organisms. It focuses on comprehending the chemical founda-
tion that enables biological molecules to generate intracellular and intercellular pro-
cesses. These processes are closely connected to the examination and comprehension
of tissues, organs, organisms, as well as their structures and functions (Karp, 2009).
Biochemical methodology and research play a significant role in advancing and en-
compassing nearly all areas of life sciences (Miller, 2012). Most of the biochemical
research revolves around studying the structures, functions, and interactions of bio-

logical macromolecules, including proteins, nucleic acids, carbohydrates, and lipids.



1.1 Background

This research provides valuable insights into the cellular structure and the execution
of vital life functions (Copeland, 2004; Slabaugh, 2004). The findings of biochemical
research play a vital role in medicine, nutrition, and agriculture, with a particular sig-
nificance in medicine for comprehending disease origins and treatments (Finkel, 2009;
Marshall, 2014). Biochemistry can be categorized into enzymology, structural biology,
and metabolism (Boyer, 2002). Throughout the latter part of the 20th century, bio-
chemistry has significantly advanced the understanding of biological processes through

these three areas of study (Centennial, 2006).

1.1.1.1 Enzymology

Biochemistry, with its primary fields such as enzymology, holds a key role in both
the physical and biological sciences (Garcia, 2019). Enzymology serves as a bridge
between these two disciplines, offering a shared foundation for the practice of the above-
mentioned two divisions of natural science (Meister, 2009). For biochemists, enzymes
are just one component of a broader field that encompasses all biological processes
(Price and Frey, 2001). In a way, biochemistry can be seen as a comprehensive study
of enzymes, as most biochemical processes rely on enzymes for catalysis or on other
proteins with enzyme-like properties (Jencks, 1987).

Enzymes, known as biological catalysts, accelerate the speed of a reaction with-
out undergoing any changes themselves (Cornish-Bowden, 2013), and are crucial for
speeding up slow biological reactions. They are highly specific, typically catalyzing the
reaction of only a single specific substrate or closely related substrates. Moreover, en-
zymes are generally regulated through different positive and negative feedback systems,
enabling precise supervision over the rate of reaction. Therefore, In the field of biology,
studying both the catalytic mechanisms of enzymes and the rates of the reactions at
which they catalyze is important. The assessment of the speed at which an enzyme
functions is referred to as enzyme kinetics. The speed at which a reaction occurs is
referred to as the reaction rate, which indicates how quickly products are formed or
how fast substrates are disappeared. In the case of enzyme-catalyzed reactions, the
rate of product formation (v) can be defined by the equation v = k[ES], where k

represents the rate constant for a specific reaction and [ES] denotes the concentra-
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tion of the enzyme-substrate complex. The reaction is therefore first order in relation
to the concentration of complex ([ES]). However, the directly measurable substrate
(S) concentration does not have a first-order effect on the reaction rate. Instead, un-
der steady state conditions where [E'S| remains effectively constant, the velocity (v)

of the enzyme-catalyzed reaction follows a hyperbolic function of [S], represented by

Vmaac[s}
Ky+[S]°

two parameters: V., (the maximum rate of reaction) and K, (the Michaelis con-

v = This equation is known as the Michaelis-Menten equation and includes
stant). Viae = Keat|[Fltotar 18 determined by the total enzyme concentration ([Elsozar)
and the catalytic rate constant (k) of the enzyme for the reaction. The rate of re-
action reaches its maximum, V.., when the enzyme is fully saturated with substrate,
while K, represents the substrate concentration at which the enzyme achieves half of
the maximum rate Vj,,,. The relationship between the rate of reaction (v) and the
concentration of substrate (.S) is determined by the enzyme’s affinity for its substrate.
The affinity of enzyme is inversely proportional to the value of Ky, i.e., as the value of
Ky decreases, the affinity of enzyme increases. Therefore, an enzyme with a high K,
value needs a higher concentration of substrate to attain V,,,,. The values of Kj; and
Vinae are found by conducting an enzyme incubation process with different amounts
of substrate, and the outcomes can be depicted through a rate of reaction (v) ver-
sus substrate concentration ([S]) graph, which usually exhibits a hyperbolic shape. It
can be challenging to accurately fit the best hyperbola through the experimental data
points, and difficult to establish V,,,., precisely at infinite substrate concentration. One
straightforward approach to determine V,,,, and K, from a data set of velocity ver-
sus substrate information is to utilize the double reciprocal (Lineweaver-Burk) plot,
which is a linear transformation of the Michaelis-Menten equation. By rearranging the
Michaelis-Menten equation, the Lineweaver-Burk double reciprocal plot is expressed

1 1 K

as: = g — + 2« ﬁ This rearrangement enables the establishment of a linear re-

lationship, facilitating a more accurate fitting to the experimental data and estimation

of Ky, and V.. values.
However, enzyme activity can be influenced by various molecules. Molecules that
interact with enzymes and reduce the rate of an enzyme-catalysed reaction are called in-

hibitors, whereas activators are molecules that increase enzyme activity (Lopina, 2017).
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Since enzymes are highly desirable as drug targets due to their crucial catalytic activ-
ity and their inherent susceptibility to inhibition by small, drug-like molecules, many
drugs act as enzyme inhibitors (Balbaa and EI Ashry, 2012; Copeland and Harpel,
2007). The effectiveness of a medicinal enzyme inhibitor is typically evaluated based
on its specificity, or its ability to bind to other proteins, as well as its potency, which
is measured by the inhibitor’s dissociation constant and indicates the concentration
required to inhibit the enzyme. A high level of specificity and potency guarantees that
the drug (medicinal enzyme inhibitor) will have minimal side effects and low toxicity.
There are two types of enzyme inhibitors: (a) Reversible Inhibitors and (b) Irreversible
Inhibitors. Reversible inhibitors can further be classified into three categories: (i) Com-
petitive Inhibitors, (ii) Noncompetitive Inhibitors, and (iii) Uncompetitive Inhibitors.
Competitive Inhibitors bind non-covalently to the active site of the enzyme and com-
pete with the substrate. This competition prevents the formation of enzyme-substrate
complexes, resulting in a decrease in the reaction rate. The extent of inhibition is
determined by the concentrations of both the substrate and the inhibitor. Competi-
tive inhibition results in an increase in K, without affecting V... Non-competitive
inhibitors bind to both the free enzyme and to the enzyme-substrate complex (ES) or
subsequent species. They bind to an allosteric site rather than the active site of the
enzyme. This binding causes a change in the enzyme’s structure, slowing down the
formation of the enzyme-substrate complex (ES), which results in fewer product for-
mations. Unlike competitive inhibitors, noncompetitive inhibitors are not influenced
by substrate concentration. In noncompetitive inhibition, V,,,, is reduced, but K,
remains unaltered. Uncompetitive inhibitors bind exclusively to the enzyme-substrate
complex (ES) or subsequent species in the reaction pathway. Certain enzyme in-
hibitors form a covalent bond with the active site of the enzyme, completely inhibiting
its overall activity. These inhibitors are referred to as enzyme poisons and their effect
is irreversible or permanent.

Enzyme inhibitors have a crucial role in cells as they are typically specific to one
enzyme and regulate its activity. They are responsible for controlling the production
of unnecessary molecules in metabolic pathways by inhibiting enzymes later in the

pathway. This negative feedback mechanism is essential for maintaining cellular bal-
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ance. Enzyme inhibitors also play a role in controlling vital enzymes like proteases or
nucleases, preventing them from causing damage to cells. Additionally, many poisons
produced by animals or plants act as enzyme inhibitors, blocking the activity of im-
portant enzymes in prey or predators. Therefore, the exploration and improvement of
enzyme inhibitors remains a vibrant field of study in the realms of biochemistry and

pharmacology.

1.1.1.2 Clinical enzymology

Clinical enzymology can be described as a branch of biochemistry that focuses on study-
ing and measuring enzyme activities for diagnosis and treatment of diseases (BAR-
MAN;, 2011; DANCIS, 1972; Srivastava and Chosdol, 2008). Enzyme inhibitors have
become a crucial aspect of drug discovery in the pharmaceutical industry and at drug
research centers (Bhagavan and HA CE, 2015; Copeland and Harpel, 2007; Galluzzi,
2020; Pirmohamed et al., 1998). Currently, over a hundred enzyme inhibitors are be-
ing marketed as drugs, with twice as many in various stages of development (Kalman,
1981). These inhibitors demonstrate their specific effects within bacterial cells, viruses,
and the human body (Strelow et al., 2012). They can be utilized to treat a variety
of disorders and illnesses, such as bacterial diseases (Liu et al., 2018), methanol poi-
soning (Pohanka, 2019), asthma (Page, 2015), chronic obstructive pulmonary disease,
cardiovascular diseases (Lopez-Sendon et al., 2004), erectile dysfunction (Huang and
Lie, 2013), gastrointestinal disorders (Ianiro et al., 2016), hepatitis B virus infection
(Dawood et al., 2017), hepatitis C' virus infection, herpes virus infections, human im-
munodeficiency virus (HIV)/acquired immune deficiency syndrome (AIDS) (Santos et
al., 2015; Sierra, 2012), as well as rheumatoid arthritis and associated inflammatory
diseases. Antimetabolites, the key pharmaceutical agents, are effective due to their
ability to competitively inhibit enzymes (Thomson, 1959; Woolley, 1952). These com-
pounds have a slightly different structure than the natural substrate and fall into the
category of competitive enzyme inhibitors. By competing with the unwanted substrate
for the enzyme’s active site, antimetabolites prevent the formation of undesirable prod-
ucts by forming an enzyme-inhibitor complex. Most of the antibacterial, antiviral and

antitumor drugs belong in the same group following the enzyme inhibition property.
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The administration of those drugs to the patients exhibits limited toxicity due to the
presence of only a few crucial metabolic pathways that are specific to tumors, viruses,
or bacteria. Consequently, drugs that eliminate these organisms often result in the
death of host cells.

Highly active antiretroviral therapy (HAART) is the most comprehensive treatment
method for individuals with acute HIV infection. Currently, there are approximately
26 FDA-approved drugs for AIDS that target various stages of the HIV life cycle (Das
and Arnold, 2013). These drugs can be categorized into four classes: (i) Entry/Fusion
Inhibitors (ii) Reverse Transcriptase Inhibitors (including Nucleoside/Nucleotide Re-
verse Transcriptase Inhibitors, i.e., NRTIs and Non-Nucleoside Reverse Transcriptase
Inhibitors, i.e., NNRTIs) (iii) Integrase Inhibitors and (iv) Protease Inhibitors, i.e., PL.
NRTIs act as competitive inhibitors, leading to chain termination, while NNRTTs al-
losterically inhibit DNA polymerization. NRTIs not only disrupt viral DNA and RNA
replication but also affect normal cell DNA replication due to their poor selectivity
(Gu et al., 2016). NNRTTs target the allosteric site of viral reverse transcriptase, alter-
ing the enzyme’s conformation and interfering with the binding between the enzyme
and substrate (Gu et al., 2016). Recently approved integrase inhibitors (raltegravir
and elvitegravir) attach to the active site of HIV-1 integrase within a pre-integration
complex, preventing the integration of viral DNA into host cell chromosomes. The
antiretroviral protease inhibitors also work as competitive inhibitors by binding to the
catalytic site of the HIV protease, thereby preventing the process of breaking down
viral polyprotein precursors into mature, essential proteins needed for viral replication.
The antiretroviral combination therapy (HAART) usually involves (i) two NRTIs +
one NNRTT or protease inhibitor (PI) and (ii) combination of an integrase or entry in-
hibitor with RTIs and PIs (Das and Arnold, 2013). Antibacterial medications are also
a significant application of enzyme inhibition in the clinical field (Rahal et al., 1968;
Waisbren, 1957). These drugs work by inhibiting enzymes necessary for the survival of
pathogens. Bacteria possess a robust cell wall composed of a net-like polymer known
as peptidoglycan. Antibiotics like Penicillin and Vancomycin hinder the enzymes re-
quired for bacterial cell proliferation during cell wall synthesis. Consequently, these

medications cause the strands of the peptidoglycan polymer to cross-link, resulting in
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a weakened cell wall and the bursting of bacteria (Kapoor et al., 2017; Soares, 2012).
The design of antibiotic drugs is facilitated when an enzyme crucial to the survival
of a pathogen is either absent or significantly different in humans (Haag et al., 2012).
This allows for the development of inhibitors that target processes like peptidogly-
can synthesis, which humans do not produce, resulting in selective toxicity towards
bacteria. Selective toxicity can also be achieved by targeting differences in bacterial
ribosome structure or fatty acid synthesis. Various studies have highlighted the im-
portance of enzyme inhibitors in the pharmaceutical industry (Balbaa and EI Ashry,
2012; Copeland and Harpel, 2007; Walpole and Wrigglesworth, 1989). To address the
wide range of applications of enzymes in medicine, the field of clinical enzymology has

evolved.

1.1.2 Computational biochemistry

The field of computational biochemistry combines mathematical reasoning and numer-
ical simulation to effectively complement the biochemical field (Erdi and Téth, 1989).
This approach has been extensively utilized to gain insights into biochemical mecha-
nisms. To fully comprehend the workings and regulation of all biological processes, a
deep understanding of biochemical mechanisms from multiple perspectives is necessary.
I[solation, purification, and characterization of proteins and other cellular components
have significantly contributed to our understanding of the biochemical basis of bio-
logical processes (Glenner et al., 1971). These approaches have also provided insights
into the regulation of cellular functions. Although understanding biochemical mecha-
nisms necessitates various approaches, many of these approaches have predominantly
relied on experimental methods over the last fifty years. As the complexity of systems
increases, relying solely on experimental approaches becomes inadequate for under-
standing their functioning. While intuitive reasoning and experiments may suffice for
systems with few components, quantitative methods are necessary for comprehending
systems with many components and interactions (Chen et al., 2010). Mathematical
analysis and numerical simulation, based on empirical experimental observations, are

highly valuable for drawing mechanistic inferences about the organization, functioning,
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and regulation of biochemical systems (Yang et al., 2013).

Enzyme kinetics, a well-established field in computational biochemistry, has offered
a detailed understanding of how proteins and enzymes function. Through mathemat-
ical reasoning and computational analysis closely linked with experimental data, the
mechanism behind various enzyme reactions, including cooperativity (Qian, 2008) and
allosteric regulation (Jeltsch, 2006), has been developed. By the mid-seventies, the
mathematical foundation for enzyme kinetics had advanced enough to produce text-
books like the one written by Segel (Segel, 1975). Currently, computational enzymol-
ogy, a swiftly evolving field of biochemistry, is exploring catalysis theories, question-
ing traditional mechanisms, and discovering new catalytic processes. This area holds
promising practical applications such as interpretation of experimental data, design-
ing catalysts, and developing to drugs (Kumar and Kumar, 2011). Several effective
techniques have been developed to advance the understanding of enzymes and their
mechanisms. One particularly productive approach has been the utilization of compu-
tational chemistry tools to study enzyme catalysis (Lewars, 2011). The results obtained
from computer simulations can help interpret experimental results and predict the be-
havior of natural and modified enzyme systems, saving time and resources needed for
conducting small-scale experiments (Knowlton and Graham, 2010; van GUNSTEREN
and Mark, 1992; Walters and Holling, 1990). This integration of theory and practice

has made enzymology a prime example of mutual benefit between the two disciplines.

1.1.2.1 Modeling approach

The use of modelling techniques to understand enzyme-catalysed reaction mechanisms
is becoming increasingly significant in the field of biochemistry. Through molecular
simulation and modelling, we can acquire a thorough comprehension of the atomic-
level processes involved in biological catalysts. This modelling approach is directly
aiding experimental studies on enzyme-catalysed reactions. Computational models in
systems biology enable us to investigate the development of intricate diseases, enhance
our comprehension of underlying molecular mechanisms, and facilitate the optimization
of treatment strategies and discovery of new drugs. By utilizing multi-omics data for

in-depth analysis and predictions, systems biology has the potential to shed light on
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the mechanisms behind complex diseases. Utilizing computational or mathematical
models to study biological systems at various levels is a valuable method for identifying
novel drugs. These models can elucidate how cells control signaling and metabolic
pathways in response to external stimuli or drug interventions at the intracellular
level (Ji et al., 2014). The advancement of high-throughput experimental techniques,
including gene microarray, RNA-seq, mass spectrometry, and metabolic profiling, has
enabled researchers to gain a deeper understanding of complex cellular systems through
computational and mathematical modeling of biological processes (Wang et al., 2012).
Scientists have developed multiple computational models to understand the intricate
behaviors of cancer, including tumor growth, resistance to drugs, and immune evasion.
These models can help answer important questions in enzyme reactions and may lead
to advancements in drug development for a range of illnesses and conditions.

It is well known that bioinformatics relies on data, while systems biology is driven
by hypotheses (Leggett et al., 2013; Schmid and Blank, 2010; Schmidt et al., 2015).
We often create testable hypotheses based on small-scale experiments and then develop
systemic models to gain insights into mechanisms. Various modeling approaches, such
as Ordinary Differential Equations (ODFE's) (Coddington and Levinson, 1955), Boolean
Networks (Shmulevich et al., 2002), Petri Nets (Murata, 1989), Linear Programming
(LP) models (Fishbone and Abilock, 1981; Gass, 2003), Agent-based models, and ge-
netic variation-based systems biology models, can simulate the dynamic changes in
regulatory networks, tumor growth, and micro environments. In this study, we focus

on the ODFE based model to meet our research needs.

ODE Based Modeling: Due to the rapid advancement in computer performance,
ordinary differential equation (ODFE') based techniques have become prevalent for con-
tinuous dynamic modeling in complex biological systems (Eisenhammer et al., 1991).
These methods capture the interactions among various biological molecules, such as
protein kinases or metabolites, and reflect the time-dependent effects of biological pro-
cesses. Depending on the specific biological hypotheses or experimental data, current
ODE based methods can be classified into three types: the Law of Mass Action (Koh
and Lee, 2011; Peng et al., 2014), Hill Function (Shao et al., 2013), and Michaelis-
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Menten Kinetics (Sun et al., 2013). The selection of a particular method relies on
biological inquiries or available experimental data. In this article, we demonstrate the
application of these kinetic approaches in describing biochemical reactions.

Law of Mass Action: The law of mass states that the rate of a chemical reaction
is directly related to the probability of reactants colliding. This probability is also
proportional to the concentration of reactants raised to the power of their molecularity
and the number of reactants involved in the specific reaction (Oliveira et al., 2000).

For instance, a reaction involving X, Y, and Z can be expressed as shown below:

ke
X+Y o7z
ko

Figure 1.1: The schematic diagram of a reaction following the Law of Mass Action.

Here, k¢ and k;, are the forward and backward rates of reaction, respectively.
Now, following the Law of Mass Action, the concentration changes over the time of the

reactants (X and Y') and product (Z) are described by the ODEs as below:

% — kX]Y] + k2],
% = —ki[X][Y] + k[2],
% — kX][Y] = k2], (1.1.1)

with satisfying the initial conditions of the reaction.

Hill Function: Hill functions are commonly utilized in ODFE models of signaling
pathways to depict a protein’s activation or inhibition resulting from its upstream
parental nodes. In biochemistry, cooperative binding refers to the enhancement of
ligand binding to a large molecule when another ligand is also bound to it. An exam-
ple of positive cooperativity is the binding of oxygen to hemoglobin. Hemoglobin has
four oxygen binding sites and when an oxygen atom attaches to one binding site on
hemoglobin, the remaining three binding sites experience an increase in their affinity
for oxygen, allowing the other oxygen molecules to bind more easily. The expression

dynamics of each protein in the signaling pathways can be represented using Hill func-
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tions, as demonstrated in the formula below:

n

dy "
at ;ﬂ(’fiHZf(%)—y*dy, (1.1.2)

j=1
where, y is the concentration of activated protein, x; (i = 1,2, ...,m) is the ith protein
which activates protein y, and z; (j = 1,2,...,n) represents the jth protein, which
inhibits protein y. In the above formula, f,(z) and f_(x) are the activating profile
(+) and inhibiting profile (—) induced by protein x, respectively. Here, d, is the
degradation rate of protein y. The expression of fi(x) is like below,

tng

xr
Yy szl:nm + xinz )

fe(x) =k (1.1.3)

where, k,, represents activating rate (+) or inhibiting rate (-), H, is the microscopic
dissociation constant and n, is the Hill coefficient.

Michaelis-Menten Kinetics: The Michaelis-Menten kinetics can be employed to
explain the relationship substrate and enzyme concentrations and the reaction rate of
a specific reaction when an enzyme catalyses a signaling reaction. In this scenario, the
enzyme may create a transient complex with the substrate involved in the reaction. For
such reaction, the Michaelis-Menten kinetics can describe the reaction rate assuming

the quasi-steady-state approximation (QSSA), and it is expressed as follows:

o Vmax[S]
S i (1.1.4)

where, v is the reaction rate, V,,,, indicates the maximum rate of reaction. Here, the
Michaelis constant is denoted as K, and [S] represents the substrate concentration.
A comprehensive explanation of Michaelis-Menten kinetics can be found in Section

(1.1.1.1), along with the illustration of enzymology.

ODFE based methods have been utilized to study the complex mechanisms of dis-
eases at both intracellular and intercellular levels. Peng et al. developed a set of ODFE
based techniques using the Law of Mass Action to effectively model intracellular path-
ways and make significant biological findings (Peng et al., 2011, 2012, 2014). Shao and
colleagues introduced a model using OD Es with Hill Functions to analyze the signal-

ing network patterns, considering both therapeutic and side effects. This model was
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utilized to evaluate the optimal treatment concentration of 27 kinase inhibitors (Shao
et al., 2013). Sun et al. developed an ODE based model incorporating Michaelis-
Menten kinetics to study antiapoptotic pathways in prostate cancer, shedding light on
the molecular mechanisms of stress signaling in therapy-resistant cancer (Sun et al.,
2013). Additionally, O D E's were effectively employed to depict the dynamic alterations
of metabolites in small-scale metabolic reaction systems (Finn et al., 2011).
Collectively, the afore-mentioned works suggest that O D E based models are appro-
priate for representing the ongoing kinetics in small-scale intracellular or intercellular

networks (Arisi et al., 2006; Papin et al., 2005).

1.1.2.2 Analytical Tools for model systems

Over the past few decades, significant resources have been dedicated to the devel-
opment of a variety of tools and techniques aimed at understanding the intricate
mechanisms of biological and biochemical systems. Some key tools commonly

employed to elucidate these mechanisms include:

Optimal Control Theory: The optimal control therapeutic strategy plays a
significant role in managing kinetic reactions. By applying this theorem, optimal
control measures can be established to enhance product outcomes in enzymatic
systems. The fundamental equation of optimal control theory can be formulated
through various methods, including the Pontryagin Minimum Principle (Bonnans and
Hermant, 2009; Pontryagin, 1987). This tool has numerous applications for accurately
analysing a wide range of biological and biochemical systems (Grigorieva et al., 2014;
Shen et al., 2021; Swan, 1981). Depending on the specific problem at hand, either the

Pontryagin Minimum or Pontryagin Maximum Principle can be utilized as needed.

Variational Iteration Method: The Variational Iteration Method (VIM) is
a successful technique for solving a variety of non-linear problems, developed by J.
H. He (He, 1999). This method does not rely on the presence of small parameters
in the differential equation, and instead provides the solution (or an approximation

to it) through a sequence of iterations. It does not require the non-linearities to
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be differentiable with respect to the dependent variable and its derivatives. This
technique has gained popularity in recent years for its flexibility and adaptability
in approximating analytical solutions (Omidiniya and Alipour, 2019; Wazwaz et al.,
2016; Yildirim et al., 2012).

Delay D:ifferential Equations: There exists a time delay in the conversion
process of enzyme - substrate complex to enzyme - product complex before releasing
the product for a biochemical reaction. Introducing a time delay during this conforma-
tional change stage can help to investigate the impact of other participating reactants
in the specific biochemical reaction. The variational iteration method cannot address
this time lag; hence, delay differential equations (DDFEs) serve as an appropriate
mathematical tool for studying chemical systems in this context. From a mathemat-
ical perspective, the introduction of time delay is crucial for realistic simulation of
biochemical and biological processes. Numerous studies have been conducted and are
ongoing using this viable mathematical tool (Albornoz and Parravano, 2007; Cai and
Wang, 2007; Culshaw and Ruan, 2000; Tian and Liu, 2009).

Fractional Order Differential Equations: Fractional calculus, a highly ef-
fective method in Mathematical Sciences, was first introduced by Leibnitz in a letter
written in 1695 (Ross, 1977). Fractional order differential equations (FODUESs) serve
as generalizations of integer order systems, helping to study mathematical models and
minimize errors by considering neglected parameters. Recently, some authors have
applied FODUFE's in biochemical reactions to enhance their research (Abdullah, 2011;
Alawneh, 2013).

Impulsive Differential Equations: Most enzymatic reactions in living sys-
tems involve the input of substrates and the removal of products. However, this
process does not always occur simultaneously when drugs enter the body. Various
systems, such as mechanical systems with impacts, biological systems like heartbeats
and blood flow, population dynamics, chemical technology, metallurgy, ecology,

biotechnology processes, and chemistry, do not operate continuously but instead
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experience sudden changes or perturbations. Additionally, it is not always feasible
to constantly add reactants in real-life situations. Therefore, there is a need to
account for the impulse to add reactant concentrations based on the actual situation.
Systems that experience sudden perturbations are described by Impulsive Differential
Equations (IDFEs), which have been extensively studied in the literature (Bainov
and Simeonov, 1993; Lakshmikantham and Lakshmikantham, 1989; Miron and Smith,
2014; Sun et al., 2008; Wang and Chen, 2009). IDFEs, or differential equations with
impulse effects, are a common way to describe the evolution of real-world problems.
Impulsive perturbations can make systems more difficult to solve, but in some cases,
the models can be simplified into discrete-time mappings or difference equations
when the continuous models can be explicitly solved. This is why most research on
impulsive systems focuses on the basic theory of impulsive equations, which is rarely
used to study enzyme kinetics. Different diseases in the human body often require
varying doses of medication throughout the day and can develop resistance to drugs.
Drug metabolism involves the interaction between drugs and enzymes in the liver,
making impulsive differential equations valuable for modeling this process in wvivo.
Impulsive differential equations are currently utilized for modeling drug dynamics and
examining the behavioral characteristics of non-linear models, including the impulsive
effects of drugs (Smith and Wahl, 2004, 2005). This approach is also suitable for
studying biochemical processes that are affected by short-term perturbations acting in
the form of instantaneous impulses. In recent years, impulsive differential equations

have become a valuable tool for depicting such biochemical systems.

Fundamentals of IDEs: In recent decades, significant advancements have been
made in the theory of impulsive differential equations (IDEs) (Bamov and Simeonov,
2017). An IDE consists of three key components: a continuous-time differential equa-
tion that describes the system’s state between impulses; an impulse equation that
represents an impulsive jump, characterized by a jump function at the moment an im-
pulse takes place; and a jump criterion that specifies a set of events where the impulse

equation is applicable (Bainov and Simeonov, 1995). The mathematical formulation of
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this theory is as follows:

PO~ juxey  t=n
AX(t) = L(X(t)) k=123 ..n. (1.1.5)

Let’s consider the parameterized problem of impulsive differential equations, which can

be expressed as follows:

PO~ jexw 4
X(tk_) = &X(tk+)+ﬂ t:tk, (116)

with X (0) = Xy and where, k =1,2,3,....,n; o, B € R; a # 0.

In this context, t; refers to instants or moments of impulse, while I}, denotes the change
in state at each t, X(t,") = lim oy X(tx + h) and, X (tx7) = limy,_0_ X(tx + h)
represent the right and left limits, respectively, of the state at t = t;.

In recent years, impulsive differential equations have gained popularity as a method
for analyzing real-life problems through modeling (Jose et al., 2022; Rattanakul and
Chaiya, 2024; Wijaya et al., 2021). [IDEs are a modern approach to creating
mathematical models of drug dynamics, making a significant impact on biochemistry
for quantitative measurement. We have utilized this tool extensively to realistically

simulate the biochemical processes involved in our study.

By the conclusion of Section Section (1.1.2), it is apparent that advancements
have resulted in an increased acknowledgment that computations and simulations are

expected to complement experiments in regulatory biochemistry.

1.2 Scope and objective

There are multiple studies that demonstrate the impact of alcohol consumption on
HIV-1 infected patients undergoing antiretroviral treatment. These studies have dis-

cussed the involvement of cytochrome P450 3A4 (CYP3A4) enzyme in metabolizing
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anti-HIV drugs, such as Protease Inhibitors (PI) and non-nucleoside reverse transcrip-
tase inhibitors (NNRTI) (Kumar and Kumar, 2011; Kumar et al., 2012). While there
is a wealth of data on experimental studies examining how ethanol affects Pls, it is
crucial to develop mathematical models for better understanding the afore-mentioned
mechanisms. In our studies, we have addressed this issue by formulating a mathemat-
ical model that describes how CYP3A4 enzyme interacts with ethanol to alter drug
metabolism. In conducting analytical and numerical studies, we effectively address the
above unexplored issue in mathematical biochemistry and achieve satisfactory results.

On the other hand, numerous mathematical models have been developed to unravel
the complex dynamics of viral replication in HIV-1 infection (Covert and Kirschner,
2000; Nowak and May, 2000; Perelson, 2002). These models have been enhanced with
a variety of treatment approaches, including the impacts of different drug therapies
(Nowak and May, 2000; Perelson, 2002; Wahl and Nowak, 2000). The effect of perfect
adherence to antiretroviral therapy has been examined through the use of impulsive
differential equations (Lou and Smith, 2011; Smith, 2006). Using the method men-
tioned above, the dosing period and the threshold values of dosage can be precisely
estimated. When treating HIV-1 infection, there persist issues related to side effects
and drug resistance, necessitating the exploration of new drugs that can target several
distinct steps in the HIV-1 life cycle.

In this context, several analytical studies have been conducted on the development
of dual inhibitors for HIV-1 reverse transcriptase (RT) and integrase (IN) in AIDS
treatment, and the theoretical efficacy of these inhibitors in combating HIV-1 infection
has also been discussed (De and Camarasa, 2018; Gu et al., 2016). A dual inhibitor
of HIV-1 RT/IN is a single chemical entity that simultaneously inhibits both the viral
enzymes reverse transcriptase (RT) and integrase (IN). Recent findings on the dual
inhibitors of HIV-1 RT/IN indicate that these inhibitors are less prone to developing
drug resistance from the virus due to their ability to target multiple facets of the virus
and their cost-effectiveness. In addition, a handful theoretical studies have confirmed
information about how the Tat and Rev inhibitors suppress HIV-1 transcription and
decrease viral replication (Cecchetti et al., 2000; Mousseau et al., 2012, 2015; Wan and

Chen, 2014). Despite several clinical studies on new drug development to better con-
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trol HIV-1 infection, there is a noticeable lack of mathematical models addressing this
topic. While there has been extensive research on HIV-1 infection in clinical settings,
there remains a need to systematically monitor therapeutic treatment and determine
an effective dosing regimen for applying the afore-mentioned inhibitors using a math-
ematical approach. The cost-effectiveness of the treatment in relation to mathematics
is an important but overlooked area in this matter. It needs to be addressed, especially
because it disproportionately affects low-income communities. In our research, we have
tackled the mentioned concerns individually, utilizing impulsive differential equations
and optimal control methods.

We have obtained the closed form solution of the impulsive differential equation
model by using the Lambert W function. Also, we formulate an enzyme kinetics
model on Tat-mediated HIV-1 transcription with the incorporation of Tat inhibitor to
examine its impact on the reduction of HIV-1 transcription by employing an optimal
control problem. Here, we also utilize the theory of impulsive differential equations to
model the periodic drug dosing effectively. In one of our research studies, we formulate
a mathematical model for combination drug therapy involving Tat and Rev inhibitors
to demonstrate strategies for overcoming drug resistance. The goal is to minimize the
cost of therapy while simultaneously optimizing the effect of this combination therapy

on Tat-Rev regulation of HIV-1 replication.

In addition, by tackling the two main challenges mentioned above, we have incor-
porated impulsive differential equations (/DEs) and optimal control theory into the

chemical reaction, a rare occurrence in the field of biochemistry.

1.3 Highlights of the thesis

This thesis consists of six chapters aimed at providing a comprehensive understanding
of various mathematical models related to within-infected-cells replication of HIV-1.
Below is a brief overview of each chapter, offering a general insight into the topics

addressed throughout the thesis.
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Chapter 1: This chapter provides a concise overview of the biochemical mechanisms
and highlights the significance of biochemistry in the clinical domain, along with the
role of mathematical modeling in enhancing this study. Additionally, it outlines the

scope and objectives of the thesis.

Chapter 2: In this chapter, we have studied a mathematical model based on
the enzymatic activity of cytochrome P3A4 (CY P3A4) for the alcoholic HIV infected
patients.  Alcohol consumption is prevalent in HIV/AIDS infected patients. It
possesses serious effects on protease inhibitors (PIs), which are used as antiviral drug.
While taking P1s, the secretion of Cytochrome P3A4 (CY P3A4) enzymes occurs from
liver and it metabolises the drug to C'Y P3A4 — PI complex. Alcohol consumption
increases the rate of metabolism of PIs. In this chapter, we have analytically
compared the dynamics of PIs metabolism between alcoholic and non-alcoholic HIV
infected patients and also investigated how infection is being accelerated by enhancing
viral load due to alcohol consumption. Our analytical results are verified by numerical

findings.

Chapter 3: Reverse transcriptase (RT) and integrase (IN) are two pivotal en-
zymes in HIV-1 replication. RT converts the single-stranded viral RNA genome into
double-stranded DNA and IN catalyzes the integration of viral double-stranded DNA
into host DNA. In this chapter, we develop a mathematical model comprising a system
of non-linear differential equations describing HIV-1 RT/IN catalysed biochemical
reactions based on Michaelis-Menten enzyme kinetic reaction. In the formulated
model we incorporate HIV-1 RT/IN dual inhibitor which simultaneously works as
a non-nucleoside RT inhibitor and IN inhibitor. To examine the efficacy of HIV-1
RT/IN dual inhibitor in the treatment of HIV-1 infection we have introduced a
one dimensional impulsive differential equation model and determined an effective
dosing regimen for applying the inhibitor numerically. Furthermore, the exact closed
form solution of the impulsive differential equation model is carried out by using the
Lambert W function and the local stability of the periodic solution is also obtained

analytically. The results obtained from analytical as well as numerical studies provide
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a basic idea to investigate the minimum dose with the highest efficacy for administering
HIV-1 RT/IN dual inhibitors to prevent HIV-1 infection.

Chapter 4: In this chapter, we have constructed an enzyme kinetic model
consisting of a system of non-linear differential equations representing the biochemical
reactions associated with the HIV-1 transcription process. The investigation of the
impact of a Tat inhibitor on the suppression of the transcriptional activity of HIV-1
is the aim of this inquiry. The perspective of an optimal control problem is assumed
for this investigation. Additionally, it evaluates the effectiveness of the Tat inhibitor
as a potential treatment for HIV-1 infection. To facilitate this assessment, we have
utilized a one-dimensional impulsive differential equation model, which calculates the
mathematically derived maximum concentration of the elongating complex (P,). The
crucial aspect of this investigation is the consideration of the optimal timing between
successive dosages. A comparative analysis is conducted to evaluate the distinct
effects of continuous dosing versus impulse dosing of the Tat inhibitor. Numerical
analysis is employed to contrast the outcomes of these dosing strategies. The present
findings highlight that impulsive dosing demonstrates superior effectiveness compared
to continuous dosing in the inhibition of HIV-1 transcription. Ultimately, the model’s
parameter sensitivities are visualized through graphical representations. These
visualizations serve to enhance the understanding of the underlying physiological and

biochemical processes within this intricate system.

Chapter 5: In this chapter, we have formulated another enzyme kinetic model
in order to observe the effect of both the viral proteins: Tat and Rev on HIV-1
replication. We have examined the impact and effectiveness of a combined drug
therapy (administering Tat and Rev inhibitor) by employing an optimal control
problem. By using the Pontryagin maximum principle, the optimal control problem
of minimizing the cost of therapy while simultaneously optimizing the effect of this
therapy on Tat-Rev regulation of HIV-1 replication has been studied. To comprehend
the qualitative study, numerical simulations are conducted using different values of

the system parameters.
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Chapter 6: Chapter 6 presents the conclusion, summarizing the theoretical
and numerical results from all the chapters of the thesis. Additionally, this chapter

outlines the potential future directions for the research.
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Chapter 2

Effect of alcohol consumption
during antiretroviral therapy on
HIV-1 replication: role of
cytochrome P3A4 enzyme

2.1 Introduction

HIV-1 infection is a global problem with 36.9 million people affected in the world at
the end of 2017. The African region remains most severely affected with accounting
for nearly two-thirds of the people living with HIV worldwide (Kumar et al., 2012).
There were approximately 1.8 million people becoming newly infected in 2017 globally.
People with HIV infection have to take a combination of anti-AIDS drugs on a daily
basis to stay healthy.

There are about 26 FDA approved anti-AIDS drugs currently available acting on
different stages of the HIV life-cycle (Das and Arnold, 2013); most fall into 4 classes: (i)
Entry/Fusion Inhibitors (ii) Reverse Transcriptase Inhibitors (Nucleoside/Nucleotide

Reverse Transcriptase Inhibitors, i.e., NRTT and Non-Nucleoside Reverse Transcriptase
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inhibitors, i.e., NNRTI) (iii) Integrase Inhibitors and (iv) Protease Inhibitors, i.e., PL
The most extensive treatment approach for acutely infected HIV patients is highly
active antiretroviral therapy (HAART), which typically includes 2 NRTIs along with
INNRTT and PI.

The prevalence of alcohol abuse is approximately three times higher in HIV-infected
individuals than in the general population and is associated with adverse health effects
(Chander, 2011; Gonzalez et al., 2011; Kumar et al., 2012; Purohit et al., 2011). Heavy
alcohol consumption and alcoholism can cause liver and pancreatic damage. Also, alco-
hol increases the progress rate of AIDS and neuroAIDS (Chander et al., 2009; Norman
and Kumar, 2006). Although HIV-infected patients should avoid alcohol especially
while on HAART treatment, patient compliance is limited (Hirsch et al., 2008; Miguez
et al., 2003). Chronic alcohol consumption during HAART decreases patient adher-
ence to HAART as well as increases neuronal toxicity (Chander et al., 2006; Ferrari
and Levine, 2010; Hendershot et al., 2009; Hirsch et al., 2008; Witteveen and Ameij-
den, 2002). The enzyme Cytochrome P450 3A4 (CYP3A4) plays an important role in
interactions between antiretrovirals (ART) and alcohol.

Cytochrome P450 3A4 (CYP3A4) is the major metabolic enzyme in the human
liver, which is responsible to metabolize about 50% of the therapeutic drugs including
non-nucleoside reverse transcriptase inhibitors (NNRTIs) and protease inhibitors (PIs)
(Kumar and Kumar, 2011; Midde et al., 2016). Inhibition or inactivation of CYP3A4
can cause mild to severe drug-drug interactions resulting in unanticipated adverse reac-
tions or therapeutic failures (Kumar and Kumar, 2011; Pal and Mitra, 2006; Walubo,
2007). NNRTIs and PIs act as either inducers or inhibitors of CYP3A4 while all Pls
are inhibitors of CYP3A4 (Kumar et al., 2012). Ritonavir, a protease inhibitor which
is an extremely potent inhibitor of CYP3A4 is present in most of the HAART regi-
mens. It is generally used as a booster to increase the plasma concentrations and the
half-life of other ARTs because of its strong binding affinity to CYP3A4 and inhibition
of CYP3A4 (Kumar and Kumar, 2011). Thus, ritonavir increases the bioavailability of
NNRTIs and Pls by decreasing their metabolism by CYP3A4 (Acosta, 2002; Kumar
et al., 2012; Xu and Desai, 2009). But in this case, alcohol consumption may alter the
rate of metabolism of PIs by changing CYP3A4-PIs interactions.
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Alcohol interacts with Pls, through CYP3A4 induction leading to altered drug
metabolism and toxicity in the liver (Flexner et al., 2001; Kumar et al., 2012). Since
Ethanol has greater binding affinity to enzyme CYP3A4 than Pls, it first binds with
the enzyme forming CYP3A4-Ethanol complex. Thus Ethanol alters the inhibition of
CYP3A4 by PIs which may lead to relatively faster metabolism of PIs. For this, the
effectiveness of the Pls, as well as, NNRTIs decreases. Thus, individuals who consume
ethanol and take PI drugs are at high risk of deleterious ethanol Pls interaction.

There are ample mathematical models available in literature considering HIV /AIDS
transmission those are being implemented either in cellular or in social population
level. In 2015, (Roy et al., 2015) determined the media impact on the HIV outbreak
and suggested that infection level reduces the effective contacts between human and
media. Also, it has been shown the impact of an awareness campaign to combat
Leishmaniasis (Biswas et al., 2016), and the methodology of satellite data utilization
in Multi-Modeling Approach for socio-ecological risks (Kostyuchenko, 2018). A handful
of mathematical models have examined various treatment strategies and the effects of
different drug therapies. The effect of perfect adherence to antiretroviral therapy has
been studied using impulsive differential equations (Lou and Smith, 2011; Smith and
Wahl, 2004, 2005; Smith?, 2008; Song et al., 2011). Several mathematical models
have been developed to describe the interaction of the human immune system with
HIV, the decline in CD4+ T cell count and the effects of different drug therapies
(Chatterjee and Roy, 2012). Recently, (Chowdhury and Roy, 2016) examined the
effect of combination therapy on viral dynamics using Enfuvirtide and Pls. Also,
several studies have shown the alcohol consumption effects for HIV-infected patients
while they are on HAART. They also describe the role of CYP450 enzymes in the
metabolism of drugs used in HAART (i.e., Protease Inhibitors (PI) and non-nucleoside
reverse transcriptase inhibitors (NNRTI)) (Kumar and Kumar, 2011; Kumar et al.,
2012). Even Ghosh et al. has done some mathematical works by formulating enzyme
kinetics models on alcoholism (Ghosh and Roy, 2018; Ghosh et al., 2018). Although
there is a lot of information on experimental works involving the effects of ethanol on
Pls, there is a need to establish mathematical models to improve our understanding

of these processes. Thus, in this research work, we have formulated a mathematical
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model describing the CYP3A4-ethanol interactions involved in order to alter drug
metabolism. We start by making schematic themes where we show how consumption
of alcohol inhibits CYP3A4-PI interaction. The model is studied both analytically and
numerically based on the biological and chemical interactions of CYP3A4-PI-Ethanol
complexes.

The research article has been arranged as follows: Section (2) describes the model
formulation followed by the analytical part in section (3). Section (4) deals with the

numerical experimentation and section (5) contains the conclusion.

2.2 Formulation of mathematical model

For the HIV infected patients, Protease Inhibitors (/) are metabolized into the
CYP3A4-PI complex (E1) by the liver secreted cytochrome P3A4 (CYP3A4) enzymes
(E) and little portion of the complex (ET) reverts. For this reaction, the forward and
the backward rate constants are k; and k_; respectively. Since, alcohol (S) has higher
affinity towards the P3A4 (CYP3A4) enzymes (F) than Pls (), alcohol binds with
the single active sited enzyme (FE) for an alcoholic HIV infected patient and forms
enzyme-alcohol complex (ES). A little portion of this complex (ES) reverts and
remaining portion of it breaks down into the alcohol (S’) and the enzyme (Ej) again,
slight changing their internal properties. The released enzyme (F;) becomes more
strong than previous one, which actually helps to bind and metabolize the Pls (I)
more effectively. For this, the utilization of the drug PIs (/) decreases and metabolism
of it increases, which is harmful for a HIV infected patient. However, the enzyme (FEj)
and Pls (I) reacting with each other form intermediate complex (E ), a little portion
of which reverts and remaining portion is transformed into another complex (E,I5’)
binding with the changed alcohol (7). Finally, the last complex (EsIS’) breaks
down into a product (P) with unrecognised property and the enzyme (E;) as well as
slight portion of it (E,1S") reverts. The forward and the backward rate constants for
this alcohol induced Pls metabolism system are ko, k3, k4, ks, kg and k_o, k_4, k_5 re-

spectively. The above facts are represented in the schematic diagram as in Figure (2.1).
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Figure 2.1: The schematic diagram of competitive inhibition reaction.

To simplify the above system and avoid the complexity of the analytical as well as
numerical studies we can imagine a zoom out image of the whole system.

We skip the further break down of C'; and therefore the concentrations of E, and
S’ are automatically omitted from the second horizontal line of the reaction chain.
Carrying the consequence of the second row, Cj is also deleted with S’ from the third
row as (Y is nothing other than a complex from S’ and C3 reaction. Hence, here we
neglect two further steps of reaction in two different horizontal lines. In fact, if we
think more realistically those steps are truly negligible for the rapidity of the reaction.
Except those ignored parts, the schematic diagram is same as above and the notations
carry their usual meaning. Furthermore, there are some other notations seen in the
inland mathematical model. For instance, A is the secretion rate of enzyme F and
1, to, i3, b4 are the natural dissociation or clearance rates of E, I, S, P respectively.
In addition, I and S are the rates of required concentration for I and S, those absorb in

the mentioned enzymatic reaction. Now, the modified schematic diagram is as follows:

Figure 2.2: The modified schematic diagram of competitive inhibition reaction.

25



2.3 Model Property

Following the Law of Mass Action, the set of nonlinear differential equations for the

above enzymatic reaction is as follows:

B = N—kEI+k1Cy — kES + k_sCy + ksCs — 1 E,

A = [ —kEI+k_1C — k3Col + k_3C5 — pol,

W = kEI— k0,

5 = S —kyES+ k_5Ch — p3S, (2.2.1)

9% = kyBS — k_9Cy — k3Col + k_3C3,
= k‘ngI — k_303 - k4037

dcs
dt
= k403 - /L4P,

arP
dt

with the initial conditions E(O) = EU, I(O) = [0, Cl (O) = Cl()a S(O) = So, CQ = O, Cg =
0, and P(0) = 0.

2.3 Model Property

2.3.1 Non-negativity

In this section, we want to show the non-negativity of the solutions of the system

(2.2.1) using the following theorem.

Theorem 2.3.1 Each solution of the system (2.2.1) with initial conditions, remains

non-negative for all t > 0.

Proof. From the first equation of system (2.2.1), we can write,

dE

P A=k El+k_1Cy — ko ES + k_9Cy + kyCs — B

Hence,

—t(k I(T)+k2S(T)4p1)dT
E(t) > B(0)e s (2.3.2)
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as t € [0,%;] and as long as
t t
/ [(T)dT < 00 and / S(T)dT < +o0. (2.3.3)
0 0
Again from the second equation, we have
% = [ —kEl+k 10 — k3Col +k_3C3 — ol

> —klE[ — k’gCQ[ — [LQI Y te [O,tl] (234)

Which implies,

— t(k1E(T)+k Co(T)+p2)dT
1t > 10) 1 s (2.3.5)

as t € [0,%;] and as long as

t t

/ E(T)AT < +o0 and / Co(T)dT < +o0. (2.3.6)

In a similar way, we can show the non-negativity of S and C in [0, ¢;].

Now, we prove the non-negativity of Cs, C3, and P.

Here,
% = koES — k_9Cy — k3Col + k_3C}5
> —k_9Cy — k3Cyl. (2.3.7)
But the initial value of C5 is zero. So, we can write,
dcC.
(2.3.8)
implies,
Cy = 0.
(2.3.9)

In similar manner we can also show the non-negativity of C'; and P.

Thus, we prove the non-negativity of the solutions of the system (2.2.1) with the initial

conditions.
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2.3.2 Boundedness

In this section, it is shown that the solutions of the system (2.2.1) are bounded, using

the following theorem.

Theorem 2.3.2 Every solution of the system (2.2.1) with initial conditions, starts in

R", is uniformly bounded.

Proof. \,I and S are the entering rate of E,I and S respectively for the proposed

enzymatic reaction. It is obvious that the concentration of E,I and S always lie

within their entering concentration. Therefore, we can write £ < \,I < I and S < S

for any time t.

Now, from the third equation of the system (2.2.1), we can write

dCy
— = kKFEI-k C
o 1 1C1

< kM — k1 C).

Solving the above inequality, we get

kM

01 S L + 01(0)6_]{3_1t,

-1

for long time interval, we obtain

I
Ch(t) < P
k_q

Now, we add fifth and sixth equations of our model

d(Cy + Cs)
dt

, the maximum value of CYP3A4-PI.

Solving the above inequality, we get

koAS

(Cy+ C3)(t) < :

+ (Cy + C3)(0)e™ &,

for long time interval, we get

ko AS
f Y

(Cy + C3)(t) <

28

< koAS — £(Cy + C3), where & = min{k_o, k4}.

(2.3.10)

(2.3.11)

(2.3.12)

(2.3.13)

(2.3.14)

(2.3.15)



2.3 Model Property

the maximum value of CYP3A4-Ethanol complex and CYP3A4-PI-Ethanol complex.

Similarly, using the maximum value of (5, we get from last equation,

dP  k4koAS
— < — s P. 2.3.1
dt = ¢ 22! (2.3.16)
Solving the above inequality, we get the thresold value of product as follows,
koksAS
P(t) < 2222 (2.3.17)
Eha

Therefore, all solutions of the system (2.2.1) are bounded.

2.3.3 Equilibrium Analysis

In this section we analyze the stability of the endemic equilibrium of the sys-

tem (2.2.1). The endemic equilibrium of the system (2.2.1) will be in the form

* Tk * * * * * x A x T*k40§ x S—ksC%

E(E 7I 75_, 1, 27 37P ), VYheI'e, E —_— lTl 9 I - —MQ ; S = —u3 57
A1 (I—kaC3) AkoS—AkokaCk—pypuskaC% kaC%

o 2 M3l — 3 3 * 3 *

Cf = S, 65 = o , P* = == and the value of Cj

will be obtained from the equation:
(Neoksk? + pipisksk?)Cs? — (NeokskyS + Mkokskyl + papsksksl + kokspuypiops +
k2k4ﬂlﬂ2/1,3>0§ + )\kgkggf =0.

The Jacobian matrix at the equilibrium point is:

ail G2 @13 A4 Qi G A17
Q21 G22 (23 Q24 Q25 G26 (27
as1 gz G33 A34 A35 G366 A37
J= ayg1 Q42 Q43 Q44 Q45 Q46 Q47 |,
as1 G52 G353 454 As5 (56  A57

Qg1 Ag2 Qg3 Aea Qg5 Aes Q67

Q71 Q72 A7z A7y Qrs Qe Q77
where, a1; = =k " — kS™ — 1, a1 = =k E*, a13 = =k B, aiy = k_q, a5 = k_,

a1 = ka, a17 = 0, agy = —kiI*, ags = —kiE* — k3C5 — g, a3 = 0, axy = k_y,
a5 = —k3l*, ass = k_3, asy = 0, ag1 = —kaS™, aze = 0, ags = —ko ™ — 3, asqs = 0,
ass = kg, aze = 0, azy = 0, asx = kiI", aso = FiE*, aus = 0, ag = —k_1, ass = 0,
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2.3 Model Property

ase = 0, agr = 0, as1 = koS, asy = —k30§> ass = ko™, asy = 0, a5 = —k_o — k3l™,
asg = k_3, as7 = 0, ag1 = 0, age = k3C§k, agz = 0, agy = 0, ags = k3l™, ags = —k_3 — ky,
agr =0, a1 =0, a2 =0, az3 =0, ars = 0, ars = 0, azg = ky, arr = —pu4.

Now the characteristic polynomial of the above matrix J is:
det(J —uly) = (—pg — u)(u® + Av® + Bu* + Cu® + Du* + Eu + F).  (2.3.18)

Where the values of the coefficients A, B, C, D, E, F are as follows:

A = —Z(Z“’

B = Z CL,’iCij — Z aijaﬁ

C = - Z Qi@ Qg + Z ijQjiCkk, — Z ;0 Qi

D = Z ;05 OkEay + Z Qi G4;Qk;ay + Z Qi ORI OE — Z Qi Q i OEkQy — 2 Qi Ok Ol A

E = - z Qi Q5§ Ak Ol o, + Z Aij Qi Ak A Aym. — Z Qi Ak QR Al Amm — Z Qi A5k Ak A Amm,
- Z Q5 Qi Qe Ak oy, + Z 35 Qe Q] A Qo

F = Z Qi Q55 ARk Q1 Qmm Ann, + Z Qi Qi kALl Aim CmiAnn + Z Qi Qi Akl Ak S, A

+ E Qi Ak Qi Ay Amn Anl — § Q555 ARk A Amm Ann — E Qi Q55 ARl Qi Amk Ann

(2.3.19)

Here A, B, C, D, E, F follows arule: ¢ # j # k # 1 # m # n. If i = 1 then j can go to
2 or 3 or 4 or b5 or 6. Following same rule for k,1, m,n. Similarly, 2 can go to 1 or 4 or
5or6,3cangotolorb, 4cangotolor2 5cangotolor2or3or6,and 6 can go

to 2 or b.

A1 0 0
A1 0
A1 ¢ B A1
Let My = (A ), My = My=| C B A | M= ,
0 B 0 D C B
0 0 C
0 0 0 D
A1 0 0 0 O
A1 0 0 O
C B A1 00
¢ B A1 0
F E D C B A
Ms=| E D C B A | and Mg =
0O F FE D C B
0 0 EDC
0o 0 0 F E D
0 0 0 0 FE
00 0 0 0 F
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2.4 Numerical Analysis

Lemma: All roots of the characteristic equation are negative or negative
real part if the determinants of all the Hurwitz matrices are positive, i.e.,
det(M;) > 0,7 € {1,2,...6}. Thus from the Routh-Hurwitz criterion the system
is asymptotically stable if det(M;) > 0,5 € {1,2,...6}.

2.4 Numerical Analysis

In this section, we study the numerical simulations of our model system on the basis
of analytical findings. Our numerical studies were done using MATLAB 2008a. For
numerical simulations we take a set of parameter values given in Table (2.1). Most
of the parameter values are taken from (Das and Arnold, 2013; Goudar et al., 1999;
Kumar et al., 2012; Schulz, 1994; Segel, 1984), some are estimated and remaining

values are assumed.

Table 2.1: Values of the parameters used in numerical simulation.
Parameters | Values (Unit)

k1 (0.01-2.5) (u mol /1)~ 'h~1
b | (03) (umol/) A

k3 (0-2.5) (umol/l1)~th™!
ks (0-3) (1 mol /1)~ h™"
ko, (0.001-0.3) 5~

koo | (0-0.03) &

ks | (0-0.09) b

Figure (2.3) shows the reaction dynamics between protease inhibitors and cytochrome
P3A4 (CYP3A4) enzyme in human liver in the absence of alcohol. While taking
protease inhibitors (I(t)), the secretion of enzyme Cytochrome P3A4 (E(t)) occurs
from the liver and it reacts with the drug forming CYP3A4-PI complex (Ci(t)). So,
the enzyme (FE(t)) concentration and the PI (I(t)) concentration decrease and the
complex concentration (C(t)) increases with time in a particular rate. Further, a

little portion of the complex (C}(t)) reverts back to the enzyme (E(t)) and PI (I(t)).
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2.4 Numerical Analysis

So, the complex (C}(t)) concentration decreases and as the enzyme (FE(t)) is reversed,
the enzyme (E(t)) concentration slightly increases. But changing in the concentration
of the drug PI (I(¢)) is not noticeable because of its higher concentration. Although
we can study the effect of reversion of the drug PI (I(¢)) in other way. If there is
no reversion of the PI (I(¢)) from the complex Cj, the PI (I(t)) concentration will
decrease more rapidly. But since the drug (I(t)) is reversed, the PI (I(t)) concentration

decreases very slowly.

3 6 3
2 4 2
< S 3
= - &)
1 2 1
0 0 0
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
Time(hours) Time(hours) Time(hours)

Figure 2.3: The nature of the curves of enzyme, protease inhibitor and complex C}
without alcohol, using Ey = 3.0 umol/L, Iy = 5.0 umol/L, Sy = 0 pmol/L and
Cho = 0 as initial values.

Figure (2.4) describes the dynamics between protease inhibitor and cytochrome P3A4
enzyme in liver after consumption of alcohol. When an HIV-infected individual con-
sumes alcohol (S(t)), it goes to the liver and reacts with the liver secreted enzyme
cytochrome P3A4 (E(t)). So, the concentration of alcohol (S(¢)) and enzyme (E(t))
decreases and the complex (Cy(t)) concentration increases with time at a particular
rate. A little portion of the complex (Cy(t)) reverts. Now the drug Protease Inhibitor
(1(t)) reacts with the complex (Cy(t)) forming a complex (C5(t)). For this, the complex
(Cy(t)) concentration decreases and as a little portion of the complex (C5(t)) reverts,
the concentration of complex (Cy(t)) slightly increases. Now, the complex (C5(t)) is
converted into the product (P(t)) and the enzyme (E(t)) is reversed. So, the complex
(C3(t)) concentration decreases when the product (P(t)) concentration increases and
as the CYP3A4 enzyme (E(t)) is reversed, the enzyme (E(t)) concentration increases.
In figure (2.5), we compare the concentrations of enzyme CYP3A4, protease inhibitor

and the complex C in presence of alcohol and in the absence of alcohol. Here we
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Figure 2.4: The nature of the curves of all reactance after alcohol consumption with
the initial values Eq = 3.0 umol/L, Iy = 5.0 pmol/L, Sy = 5.0 pmol/L and Cio = 0.

observe that the formation of the complex C; slows down after consumption of alco-
hol. Because of the absorption of enzyme cytochrome P3A4 (E(t)) by alcohol as well
as the reaction of the enzyme (F(t)) with the drug PI (I(¢)), enzyme concentration
decreases. But since the enzyme (FE(t)) is reversed, the concentration of the enzyme
(E(t)) increases. Also we can see that in presence of alcohol, the curve of protease in-
hibitor PI (I(t)) becomes lower that in absence of alcohol which is harmful for alcoholic
HIV-infected individual. Until the complex C5 is formed, PI reacts with the enzyme
(E(t)) and produces the complex Cj. Hence, at first, in presence of alcohol the PI
concentration slows down in a similar way that of the curve of PI in absence of alcohol.
Another feature of the figure is that the curve of complex C is like a horizontal curve
in the presence of alcohol. Due to the presence of alcohol, the formation of complex C'

is negligible and thus we see the impact of alcohol consumption on protease inhibitor
for HIV-infected individuals.
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3 6 3
2 4 2
= s <
= = Q—‘
1 2 1
0 0 0
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
Time(hours) Time(hours) Time(hours)

Figure 2.5: comparison study between absence of alcohol and presence of alcohol for en-
zyme, protease inhibitor and complex C} with the initial conditions Ey = 3.0 umol/L,
Ip = 5.0 umol/L, Sy = 5.0 umol/L and Cyo =0

2.5 Conclusion

In this work, we mainly focus on the effect of alcohol consumption during antiretro-
viral therapy for HIV-infected individuals. The Pls used in the HAART regimen in-
teract with alcohol, thereby altering their metabolism and antiviral activity. Here, we
show that the alcohol and Pls interact with CYP3A4 physically causing complex alco-
hol-CYP3A4-PI, which results in altered metabolism of PI and NNRTT in the liver. In
section 2.2, we have constructed a mathematical model using enzyme kinetic reaction,
which seems to be rare in HIV disease dynamics. We can see from the figure (2.5)
that for the consumption of alcohol, the PI concentration has been reduced. Thus,
alcohol prevents the inhibition property of PI towards enzyme CYP3A4 and increases
the metabolism rate of PI by CYP3A4. Conclusively, we expect that the conducted
study and proposed mathematical model would help to explore new treatment strategy

that effectively treats alcoholic HIV infected patients in a more balanced way.
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Chapter 3

Impulsive differential equation
model in HIV-1 inhibition:
advances in dual inhibitors of

HIV-1 RT and IN for the

prevention of HIV-1 replication

3.1 Introduction

Acquired immunodeficiency syndrome (AIDS) is a lethal disease caused by human im-
munodeficiency virus (HIV) infection. According to Joint United Nations Programme
on HIV and AIDS (UNAIDS), at the end of 2020, around 37.7 million people lived
with HIV, among them 1.7 million people were newly infected (unaids, 2021). There
are two main types of HIV: HIV-1 and HIV-2. HIV-1 has higher virulence with high
infectivity, compared to HIV-2. Although no cure has yet been developed, the most
effective treatment regimen for HIV-1 infection is HAART, a combination of 3 or 4
anti-AIDS drugs (Das and Arnold, 2013). HAART could successfully keep the viral
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3.1 Introduction

load low and evidently reduce the mortality of HIV-1 infected people, but it involves
the difficulty of perfect adherence because of complicated dosing and intolerable
toxicities. Recently, dual inhibitors of HIV-1 RT and IN (Portmanteau Inhibitors)
to facilitate patient compliance have become a promising scientific endeavor (De and
Camarasa, 2018; Gu et al., 2016).

A dual inhibitor of HIV-1 RT/IN is a single chemical entity capable of inhibiting
both the enzymes RT and IN are less likely to develop drug resistance from the
virus because of its multi-faceted approach and cost-effectiveness. RT inhibitors
fall into two categories: nucleoside RT inhibitors (NRTIs) and non-nucleoside RT
inhibitors (NNRTIs). NRTIs as competitive inhibitors act as chain terminators,
whereas NNRTIs allosterically inhibit DNA polymerization. NRTIs not only interfere
with the replication of viral DNA and RNA but also influence normal cell DNA
replication due to its poor selectivity (Das and Arnold, 2013). NNRTIs target the
allosteric site of the viral RT, change the conformation of the enzyme, interfere
with the binding between the enzyme bonds and substrate, and inhibit in a non-
competitive way (Rich, 2005; Schauer et al., 2014; Usach et al., 2013). Recently
approved IN inhibitors (raltegravir and elvitegravir) bind the active site of HIV-1
IN in a pre-integration complex and block the viral DNA integration into host cell
chromosomes (Anstett et al., 2017; Temesgen et al., 2008). In this paper, we have
used dual inhibitor of HIV-1 RT/IN taking bis heteroaryl piperazine compounds (eg.
delavirdine, atevirdine) as NNRTI and g-diketo acids (DKAs) group as IN inhibitor.
For a better understanding of the inhibition mechanisms, it is important to have

a clear view of the drug targets RT and IN and the roles they play in the viral life cycle.

Viral infections are initiated by the interactions of the envelope glycoprotein with
the CD4 receptor on the surface of immune cells and a co-receptor either CCRbH
or CXCRA4 that leads to a fusion of the membranes of the host cell and the virion
(Das and Arnold, 2013; Hu and Hughes, 2012; Sarafianos et al., 2009). This fusion
introduces the viral core containing two copies of the single-stranded viral RNA

genome, about fifty copies of RT, IN, and other viral entities into the cytoplasm of the
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host cell (Das and Arnold, 2013; Hu and Hughes, 2012). RT copies the single-stranded
viral RNA genome into double-stranded DNA. This double-stranded DNA is carried
into the nucleus of the infected cell and integrated into the host cell chromosome by
another viral enzyme, IN (Hu and Hughes, 2012; Sarafianos et al., 2009). RT has
two catalytic domains: a DNA polymerase domain that can copy either an RNA or
a DNA template and an RNase H domain that cleaves RNA from an RNA-DNA
hybrid (Althaus et al., 1993; Hu and Hughes, 2012; Sarafianos et al., 2009). Reverse
transcription by the enzyme RT needs both a primer and a template as well as
deoxyribonucleotide triphosphates (ANTPs). The viral RNA genome serves as the
template and the primer for synthesis of the first DNA strand (minus strand) is a
host tRNA (Hu and Hughes, 2012; Sarafianos et al., 2009). The RNA template forms
a complex with the tRNA primer and the complex binds to the polymerase domain
of the enzyme, followed by the addition of ANTPs. The dNTPs bind separately to
another binding site of the polymerase domain and are then catalytically added to
the primer sequence (Rich, 2005). Hence, RT starts to copy the 5 end of the viral
RNA genome and generates an RNA-DNA hybrid (Sarafianos et al., 2009). As soon
as the hybrid is made, the RNase H domain degrades the 5" end of the RNA strand,
making the newly synthesized minus-strand DNA single-stranded (Hu and Hughes,
2012). Now, RT starts to generate the second (plus) strand DNA by making a copy of
the newly synthesized minus-strand DNA along with the first 18 nucleotides from the
tRNA primer (Hu and Hughes, 2012; Sarafianos et al., 2009). As soon as tRNA has
been copied into the DNA, the RNase H domain of RT cleaves the tRNA primer, and
hence, finally double-stranded DNA is formed into the host cell cytoplasm (Hu and
Hughes, 2012; Li et al., 2016; Sarafianos et al., 2009). Now this double-stranded DNA
acts as a substrate for HIV-1 IN. The integration process consists of two catalytic
steps: 3’ processing (3’-P) and strand transfer (ST). The processing reaction first
takes place in the cytoplasm of the infected cell. The enzyme removes two nucleotides
from each 3’ end of the viral DNA and forms IN-HIV DNA complex (pre-integration
complex) (Engelman et al., 1991). The pre-integration complex is then transported
into the nucleus of the host cell. Furthermore, the enzyme catalyzes the insertion

of the two processed 3’ ends of viral DNA into opposite strands of the host DNA 5’
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phosphate ends by the reaction named strand transfer, and finally proviral DNA is
formed (Craigie and Bushman, 2012). In the final stage of a viral life cycle, with the

help of the Protease enzyme, the viral assembly process is complete.

A handful of analytical works based on constructing dual inhibitors of HIV-1
RT/IN in the treatment of AIDS have been performed and the efficacy of these
HIV-1 RT/IN dual inhibitors in combating the HIV-1 infection have also been
described theoretically (De and Camarasa, 2018; Gu et al., 2016). In 2007, Wang
et al. (Wang et al., 2007) designed dual inhibitors of HIV-1 RT and IN by merging
a NNRTI such as 1-[(2-hydroxyethoxy) methyl]-6-(phenylthio) thymine (HEPT)
and (-diketo acid derivatives (DKAs) as IN inhibitors and showed that the merged
compounds inhibited both the enzymes RT and IN at very low concentrations
(ICsorr = 0.0092 — 0.23uM, ICs50;xy = 1.8 — 7.7uM). Next, in 2008, Wang and
Vince (Wang and Vince, 2008) reported a new series of dual inhibitors of HIV-1 RT
and IN by incorporating a diketo acid (DKA) fragment into the NNRTI delavirdine.
With the aim to enhance the anti-HIV efficacy, in 2015, He and Chen group (Mao et
al., 2015) hybridized the NNRTT etravirine and IN inhibitor GS-9137 to synthesize
a new series of dual inhibitors of HIV-1 RT/IN. Despite having an ample number of
theoretical works related to the anti-HIV activities of these dual inhibitors, a math-

ematical model-based analysis using HIV-1 RT/IN dual inhibitors is yet to be explored.

In this paper, we consider a mathematical model of HIV-1 RT and IN-catalyzed
reaction for HIV-1 replication with the understanding of the Michaelis-Menten enzyme
kinetic reaction. In the formulated model, we incorporate a dual inhibitor of HIV-1
RT/IN which simultaneously works as a NNRTT and an IN inhibitor. In order to deter-
mine an effective dosing regimen for applying the dual inhibitor of HIV-1 RT/IN, we
use impulsive differential equations (IDEs) (Ghosh and Peters, 2020; Lakshmikantham
and Simeonov, 1989) based on the steady-state Briggs-Haldane (Briggs and Haldane,
1925; Segel, 1975) approximation for an enzyme kinetic reaction. Furthermore, by us-
ing Lambert W function (Barry et al., 2000; Tang and Xiao, 2007) we have obtained

the analytical periodic solution for multiple dose administration and also established
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3.2 Model Formulation

the expressions for maximum and minimum values of the periodic solution. Finally,
we solve the model numerically and discuss the results from the biological aspect. We
hope these results may help scientists to explore new treatment strategies in the fight

against HIV-1 infection.
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Figure 3.1: The schematic diagram of the enzymatic reactions.

3.2 Model Formulation

Let E; denote the concentration of HIV-1 RT, S; denote the concentration of viral
single-stranded RNA template-primer complex and S5 denote the concentration of
dNTP. During reverse transcription, the polymerase domain of RT, i.e., F4; starts to
copy the viral RNA genome generating RT-RNA template-primer complex (F4151),
and little portion of the complex reverts. For this reaction, the forward and backward
rate constants are k; and k_; respectively. The RT-RNA template-primer complex
binds with ANTP (S;) to yield RT-RNA template-primer-dNTP (E4;51.52) complex
which finally formulates a new RT-RNA template-primer complex (Ea1Si(n41y). As
DNA synthesis proceeds, the RNase H domain of RT, i.e., Eg; binds with the complex
E£151(n41) to produce linear single-stranded viral DNA (P ) with k4’ rate constant.
And from this viral single-stranded DNA (P’), viral double-stranded DNA (P) is
formed and the free RT (E;) along with the primer gets released. The rate constant
for this reaction is k;'. Now the enzyme HIV-1 IN (E3) combines with the newly
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3.2 Model Formulation

formed double-stranded DNA (P) to yield IN-HIV DNA complex (E3P). The IN-HIV
DNA complex (E2P) binds to the host DNA (S3) inside the nucleus of the host cell
and forms IN-HIV DNA-host DNA complex (E,PS3) that finally produces integrated
proviral DNA (P;) and releases free enzyme (E,). The forward and backward rate
constants for the integration process are ks, kg, k7, k_5, and k_g respectively. The

above facts are represented by the schematic diagram 3.1.

Since we mainly focus on the polymerase chain reaction and integration process, we
ignore the portion of RNase H mechanism from our model to reduce complexity during
mathematical analysis. Here F 4, is referred as F;. Therefore the revised schematic

diagram 3.2 is presented below.

ki k> k3
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ks
k7
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Figure 3.2: The schematic diagram of polymerase chain reaction and integration pro-
cess.

Following the law of mass action, the set of non-linear differential equations de-

scribing the above enzymatic reactions is as follows:
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el = —ki[EA][S1] + ka[E1S1] + ka[E1S1ng)s

o = A = Bi[B[S1] + koa[EiSi) — pulS],

R = h- ka[Elslnng + ko[ F1S18) — p1a[Sa),

ABSL = k(B[S — koa[ErSi] — ka[EyS1)[Sa] + ko[ E1S1 ),
L Sl][Sz] ko[ E1518) — ks[E19150),

% = k3[E1S1Ss] — k4[E1S1(41), (3.2.1)
Az = ka[E1S1(ng1)] — ks[P] [Eo] + k_5[FaP] — us P, o
! = —ks[Bo)[P] + k_s[Bo P + ke[ B2 PSy),

Bl = kB[P - k,5[E2P1 — ko[ B2 P[] + k_o[E2PS5),

d[dé;S] = A3 — kg[EoP][Ss] + k_g[E2PSs| — 114[Ss],

dEPS I By P)[Ss] — ko[ EaPSs] — kr[ExPS),

43 = kq[EaPSs] — ps[P1],

where, \; is the external source rate of S;, i = {1,2,3} and p; is the natural decay

rate of Sy, Sy, P, S3 and P; respectively.

In their original analysis, Michaelis and Menten (Michaelis and Menten, 1913) as-
sumed that the substrate is in instantaneous equilibrium with the complex, which

implies
kWES =k _1C,

where E and S represents enzyme and substrate concentration respectively while C' is
the complex concentration. Using the above mentioned condition, they obtained an
expression for V.., the maximum reaction velocity. (Reaction velocity is measured
either as the rate of production of P, the product or as the rate of disappearance of S,
the substrate.)

In 1925, Briggs-Haldane (Briggs and Haldane, 1925) suggested an alternative hypoth-

esis, using an assumption known as the Quasi-Steady-State Assumption (QSSA):
ktES =k_1C+ koC.

The QSSA states that shortly after initiation of the reaction, the enzyme-substrate

complex is in quasi-equilibrium with respect to the substrate and the product, due to
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3.2 Model Formulation

enzyme saturation. During the pre-steady state period, the QSSA does not hold, but
it is assumed that the free substrate concentration is not decreased by any significant
amount. The QSSA allowed Briggs-Haldane Briggs and Haldane (1925) to set % =0

and to obtain

_ _EyS
¢= Ky +S?

where
Ky = k%kz and FEj is the initial concentration of the enzyme, E.

In order to simplify our model system, we use the steady-state Briggs-Haldane ap-
proximation (Briggs and Haldane, 1925; Segel, 1975), i.e., shortly after initiation of the
reaction, an enzyme-substrate complex is formed at the same rate as it disappearances.

Under this assumption, we get the following relations from the system (3.2.1):

Kug_ [Er][S1]

[Elsl] - KSlKMSZ +KMSI [Se]?

o [E1][51][S]
[E1515'2] = KSlKZIS[%Jr]J[ZM}%[]SQ} ’

o 3 F1][S1][52
[Elsl(n+1)] - k4(KSIKM52 +KM51 [S2])’

B Kwnig, [B2][P]
[Ezp] = KPKMS§+KMP[S3]7
[EgPSg] _ [E2][P][Ss]

KpKug, +Knp[Ss]”

Substituting the expressions for [E1S1], [E1515], [E1S1,,, ], [F2P], [E2PSs] into
(3.2.1) and using the relations [Ei|ig = [Ei] + [E1S1] + [E1S19:] + [E1Sy,,,,,], and
[Es)a0 = [E2]+[E2P)+[E2PS;], we obtain the following five dimensional compartmental

model:

% i il f([SiSQD[?Hiﬂ_'ul[ilL

i _ 2’“3;]{3[&[{;1][39[11“ Pl [[;}7[5]— P (322
gy LD D S T -
i = A~ gaeriey 19s] — palSs],

= e Pl - P
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Where, f([S1],[52]) = Ks, K, + K, [S2] + K, [S1] + Kp'[S1][S5] + [S1][5],
9([P).[Ss]) = KpKus, + Kup[Ss] + Kug [P] + [Pl[Ss], Ky = 5 Kug, = 5
K, = ’f—i_;r’%’ Kp' = Z_} Kp = %, Ky, = Z—;, K, = k‘%—:]” and [E];p denotes the

total concentration of the i enzyme, i = {1,2}.

In this article, we have introduced the dual inhibitor of HIV-1 RT/IN (/) into
the system. Here the drug (I) works as a non-competitive, cooperatively binding in-
hibitor to bind E; and simultaneously inhibits F5 in uncompetitive way. Since the
dual inhibitor (I) of HIV-1 RT/IN manifests two different parallel inhibition mech-
anisms, we divide the inhibitor (/) into two portions I; and I, where I} = ol and
I, = (1 —a)l;0 < a < 1. Therefore, clearly I = I; + I5. Here I; represents non-
competitive, cooperatively binding inhibitor to bind F; and hence inactivates it by
forming enzyme-inhibitor complex (F11;). The forward and backward rate constants
of this reaction are k;; and k_;; respectively. The E;I; complex could bind the sub-
strate S7 to yield a ternary complex E71S57/; and the reaction dissociation constant
between the complex E)I; and the substrate Sy is Kg,'(= k_1'/k1’). Alternatively, the
inhibitor I; can bind to the preformed F1.S; complex and thus E;S;1; complex can also
be generated with the rate constants k;;" and k_;;’ respectively. In a similar manner,
the E151551; complex can be formed by binding the £S5, complex to the substrate
S, or by binding the inhibitor I; to the preordained F;S5;S; complex, in either way.
The forward and backward rate constants for these reactions are ky', k_s' or k;;” and
k_;1" respectively. The complex E;.S;S51; then can go on to yield the complex £;.5; (i)
at a reduced rate compared to the uninhibited reaction. The aforementioned reaction

mechanism of I; can be described as

d[I] 1 1 1
LU= —k3[E]1o[hl(Il) ot hg(m]m (3.2.3)

where hy (1) = (1+ i), ha(h) = (1+ giinm), ha(hh) = (1 + gemye), n = hill

21

coefficient of inhibitor binding and the equilibrium dissociation constants K;;, K,

K;1" are given by the following:

kg
" ke

k_.'

/ —il

Ky = et
il

"
ki

Kil
I
kil

"
Kz'l =
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3.2 Model Formulation

Besides acting as a non-competitive inhibitor toward E;, the drug I simultaneously
inhibits the enzyme (F») in an uncompetitive way and here I5 represents the uncom-
petitive binding inhibitor to bind F5 by producing IN-HIV DNA-Inhibitor complex
(E9PI,) and restrains the integration process. The forward and backward rate con-

stants for this inhibition process are k;; and k_;o respectively. The dynamics of I, is

represented by the following

d[[g] ]{37[E]20
@ = Lol (3.2.4)

where hy(ly) = (1 + [é—i) and the equilibrium dissociation constant K is given by

the following:
k_ia

Ki - .
27k

Therefore, from (3.2.3) & (3.2.4) we get the dynamics of I as follows:

i} _ ! : : i
LI —k‘gElD[hl([l) + hg([l) + hB([l)]Il o h4(I2)

Is.

The entire system can be represented by the schematic diagram 3.3.

ki k2 ks ka
Ei+Si=—— EiS1 + S2+— Ei81S2 — EiSi@y — E1+ P + Primer
+ kg Koy +
1 1 1 E
K.t H kil kit H ki’ k" H ki ks H ks
ki k' ke
Eil EiSiI — EiSiSal E:P + S; = E.PS;
ki k2 + K
I l ks
E:PI

Figure 3.3: The schematic diagram of the inhibited enzymatic reactions.

Let, [Sl] = Si, 1= {1,2,3}, [P] = P, [I] = I and [E]jO = Ejo,j = {1,2} USiIlg the

steady state Briggs-Haldane kinetics, the model can be described as:
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3.2 Model Formulation

B = ) — B )5'152—M151,

dt T F1(51,82,1

2 = )\ — %5152 — paSa,

T T eSS~ ahdn TS — usP, (3.2.5)
s = Ag—%PS?)_/MLS& B
% - 91](6173%3071) PSs = ps 11,

% = I.— OzkgElo[hll(I) + hzl(l) + hSI(I)]I - (17&)(]37)&0] — piel,

with the initial concentrations S;(0) = Sio, S2(0) = Sz, S3(0) = S30, P(0) = 0,
P1(0> = 0, and I(O) = I(). Here, f1<Sl,SQ,I) = (K.S’lKMS2 + KM5152>]11(]) +
KM5251h2([) + S1Sohs(I) + Kp'S1S9, gi(P,S3,1) = KPKMS3 + K Sz + PSs +
PRy (D), (1) = (14 $3), ha(l) = (14 @250), () = (14 2h),
hy(I) = (1 + %), n = hill coefficient of inhibitor binding.

Non-negativity and boundedness of the model

In this section, we have studied the non-negativity and boundedness of the solutions

of the system (3.2.5) using the following theorem.

Theorem 3.2.1 Solution of the system (3.2.5) for any non-negative initial condition,
remains non-negative for all t > 0 and uniformly bounded in the region I", where,
= {(Sl,SQ,P,Sg,Pl,I) ERS |0 < Si(t) < 2,0 < Syt) < 22,0 < P(t) < M0 <

A Mo I
So(t) < 2,0 < A1) < 22,0 < 1) < L |

Proof. First, we show that Si(t) is positive for all t > 0. To see this, assume that ¢, be
the first time when S (¢y) = 0. Now initially we have S;(t) > 0 when ¢ = 0. Therefore,
Si(t) > 0 for all t € [0,ty). Substituting ¢ = ¢, in the first equation of system (3.2.5),

we get,

ds,  _ k3 E1051 (t0)S2(to) _
@ = M- fl(?:glzgo)fszo(toif?to) o ’ulSl(tO) =M (> 0)'

This means S;(¢) is an increasing function at t = ty. So, there exists an arbitrarily
small € > 0 such that for all ¢ € (ty — €,ty) C [0,tp), we have Si(¢) < 0. This is a
contradiction to the fact that Sy(t) > 0,Vt € [0,ty). Hence, Sy(¢) > 0,Vt > 0.
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3.2 Model Formulation

Similarly, we can show that the components Sy(t), S3(t), I(t), and P(t)) of our
formulated model are positive for all ¢ > 0. Again from the fifth equation of (3.2.5),
we get

dpPy k7 Eq
dt (PS5, 1)

PSg—,ug,Pl > —M5P1.

But the initial value of P, is zero. So, we can write,

dpP
“1 > 0= P >0
dt

Hence, we have the non-negativity of the solutions of the system (3.2.5) with the
initial conditions.

Now we show that S;(t), Sa(t), P(t), Ss3(t), Pi(t) and I(t) are all bounded in their
domains of definition. Taking first equation of (3.2.5), we get

ds; _ _ __ksFiwo _
a A1 f1(5175271)5152 M151,

= % < A1 — 1Sy

After integration, we have
A

(1 — e ") + Sjpe 1t
M1

Si(t) <

Thus, for sufficiently large ¢, we get the maximum value of template-primer complex

presence in the case of HIV-1 infection as

A
limsup S, (t) < = (3.2.6)

t—-+o0o M1

Similarly, from the second, fourth, and sixth equations of (3.2.5), we can determine

limsup Sy(t) < %, limsup S3(t) < ﬁ, and limsup I(t) < 15—6 (3.2.7)

t—+o00 t—+o00 t—+o0

Now considering the third equation of (3.2.5), we get the following inequality

dP < k’gElQSlSQ

@ o Mhoorn  p 32.8
dt = fi(S1, e, 1) 1 (328)

Using the results of (3.2.6) and (3.2.7) one can get from the inequality (3.2.8),

— < M{ — usP.
ar = 1 — M3
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3.2 Model Formulation

Solving the above inequality for sufficiently large ¢, we get the following result,

) M
limsup P(t) < —
t——+o0o H3
where
M, ksE1oA1 X2 K1 ™ (Kin')" (Ki'")" p

= nBrar+Karg, Moz thdeas+Kp e Kn " (Ka ) (Ka )"
with By = (2K, Knrg, + Karg, M), a1 = (I 4+ K" pg) (Ka) (Ka")", o = (I +
(Kn")" ) K" (Ka")", ez = (17 + (Ka")" g K" (K )"

From the fifth equation of system (3.2.5) and using the maximum values of P and

S5, the following inequality can be derived

dP,
EL < My — Py
g =

In order to find the maximum value of proviral DNA in HIV-1 infected patient, we

solve the above inequality for sufficiently large ¢ and get,

. M,
limsup P(t) < —=,
t—+o00 s
where
]\42 k7 EooMiA3pe Ko

- uspape KpKnrg, +Knp Aspape+MiAspe+MiKng, paletKiz)
Therefore all solutions of the system (3.2.5) are bounded.

3.2.1 Equilibrium Analysis

The system (3.2.5) has at least one interior equilibrium, E* = (5,7, S5, P*, S5*, P,*, I*),

where Si*, Sy*, P*, S3", P;* and [* are the positive roots of the following set of

equations:
0 = A — %51*52* — ST,
0 Ay — %51*5&* — H2So,
0 %51*52* - %P*S‘a* — usPr,
0 Az — m;{—%lj*ss* — f14S3",
0 %P*Sﬁ — psPrT,
0 = I —aksBulils + mtm + i T — S — pel ™.



3.2 Model Formulation

Note: As we explicitly couldn’t determine the interior equilibrium point of the model
(3.2.5), we used Maple Software to obtain interior equilibrium point numerically. We
get the interior equilibrium point E* = (0.5582,1.0223,0.0548, 0.8146, 5.5489, 0.0146)
for our considered parameter values from Table 2.1.

The Jacobin matrix J* at the interior equilibrium point E* is

—ay1 — [ —a13 0 0 0 Q16
—ay —Q1p — fl2 0 0 0 a16
g — a1y a2 —Q33 — M3 —Q34 0  —aie+ ass
- )
—a3z3 —ag4 — M4 0 a3
a3s 34 — M5 —a3e
i 0 0 0 —aes — fi6 |
where
kSEIOhl(I*)SQ*(KleMSQ+KMSI S2*)
i = (51752712 )
k3 B1051" Kng, (Ksy hi(I7)+51"ha(I7))
a1 = (fl(sl*,SfJ*))z )
k3E1051*S2*{(KS1KMs2"’KMsl 52*)(Ki1')"(Ku”)”-i-KM&Sl*Kn"(Ki1”)"+51*52*Ki1"(Kil’)"}nl*(”—1)
a =
16 (f1(S1%,82* . I*)) 2K ™ (Kin )™ (K ") ’
k7 E2055" (KpKrg, +Knp93”)
33 = (01 (P*,557.["))? )
k7E20P*(KpKMS3+KMS3P*h4(]*))
@34 = 1 (P7,557,17))? ’
/€7Ezop*253*1(1»153
a6 = (g1(P*,S3*,I1*))2 K2’

_ Kin"{Kn"—(n—1)a"I*"} | (Kn')"{(Ka')"—(n—1)a"I*"}
O ak:’)ElO[ (Ki1n+an[*n)2 _I_ {(Kil')n+anl*n}2
+ (Kil”)"{(Kn”)"—(n—l)a"[*n}]
{(Ki")r+an1+}2
(1—0()]67E20(K1'2)2
{Ki2+(1—a)1*}2 :

Now the characteristic equation at the interior equilibrium point E* is of the fol-

lowing form:
(15 + ) (ags + ps + ){a” + Az + Bi{a® + Asx + By} = 0,

where A; = ass + asq + p3 + a4, B1 = asspug + ps(ass + pa), Ao = ayn + ara + pn + plo,
By = aripte + pra(aiz + o).
All the six eigenvalues are always negative. Therefore, the interior equilibrium E*

is locally asymptotically stable.
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3.3 Impulsive Model

3.3 Impulsive Model

The one-dimensional impulsive differential equation takes the form:

dI {—aksz [h;(,ﬁh;(,ﬁh;(,)}1—(1_a) L8 I—pel, for 4, (3.3.1)

dt 1t~ 1(t;)=I. for t=t,.
Where [ is the concentration of the dual inhibitor of HIV-1 RT/IN with initial
condition Iy > 0. Here, I and I~ are the concentrations of the inhibitor after and
before the impulse, respectively.
We calculate the rate equation of dual inhibitor of HIV-1 RT/IN in the following

manner so that we can get some fruitful results from drug dynamics. The calculations

are as follows:

dI 1 1 1 k7 Es

— = —akslb I—(1- I —pel. (332

i TR T Rm T Rm) T T e B9
Where, hi(I) = (1 + §55), ho(I) = (1 + 55m), ha(D) = (1 + gime), ha(l) =

) =
(1+ %), n = hill coefficient of inhibitor binding.

We see from equation (3.3.2) that the dual inhibitor (I) of HIV-1 RT/IN exhibits
simultaneous linear and nonlinear Michaelis-Menten elimination kinetics but the first-
order elimination pathway is not very much important to determine the drug dose like
the nonlinear Michaelis-Menten elimination pathway. So we can neglect the linear elim-
ination part to avoid complexity in further calculations. Therefore, the rate equation

of the inhibitor (I) takes the form:

dI 1 1 1
- akE I—(1-
dt A0 |3 T () +h3(1)] (1-a)

k7 Eso

hy(T) !

As earlier we described, the dual inhibitor (/) of HIV-1 RT/IN manifests two dif-
ferent parallel inhibition mechanisms therefore, from equations (3.2.3) and (3.2.4), we

get the rate equations for I;(t) and I5(t) as follows:

dl

d_tl = —kI3E10 h1(11'1) + h2(111) + h3(111) ]1’ (3 3 3)
by _  _kiBa g :
dt ha(I2) 25
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3.3 Impulsive Model

where Iy = af and I, = (1 — a)l, o € (0,1). Here I; working as a non-competitive
binding inhibitor shows intermolecular cooperativity to inhibit the enzyme RT (FE),
whereas [, uncompetitively inhibits the enzyme IN (E,).

Here, hl(fl) = (14 =), ho(h) = (1 + %), hs(h) = (1+ glmyr), hu(l) =
(1+ é—;), a = Pi1K; and K" = oK. Ky' 2 Ky as well as K" 2 Kzl according
to 1 2 1 and B3 2 1 respectively. In our case, we choose i, 3 such that 1 < By < ;.

Using the above mentioned relations between K;;, K;;' and K;;”, we can derive

M) = 14 45 K = > 1+ f_" = hg(ll),

Now replacing hy (/1) and hg(_[l) by he(I1) in equation (3.3.3), we get the following

inequality

dll > Mk £ I, ie.

ta dh  —ksBio(Ka)" I,. (3.3.4)

) dt (Kan")"+1™

We have derived the inequality (3.3.4) from the above calculation to determine the
minimum permitted dose for the maximum toxicity, as the inhibitor (/) itself can be
toxic to the human body when present in excess amount. So we have considered the
equality with equation (3.3.4) and formulated the impulsive differential equations for

I; and I,. Hence, the impulsive differential equations for I; and I, take the form

Mh for t#ty,

d.[l . (Kzll)n+1 n (3 3 5)
di L)~ N (ty )=al. for t=t,
and
d[2 B %Ig, fOI‘ t#t, (3 3 6)

di Lt~ Ity )=(1—a) L. for t=t,

where I, is the fixed dose of dual inhibitor of HIV-1 RT/IN given on a fixed time
interval 7. Here we consider the single impulse cycle t;, <t <t such that tx,1 —tx =
Tand k=0, 1, 2, ... The general integrated forms of the differential equations (3.3.5)
and (3.3.6) are given by

NG n N
e [l" < Il((f))> + ey ()" = L(t) )} = t—1t; and
Iy(tF
k7]15‘20 [l?’L ( ig((f))> Kli2 ([2(1’7:) - [2(t))] = t— tk.

(3.3.7)
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3.3 Impulsive Model

However, (3.3.7) does not represent the completely analytical solutions of the dif-
ferential equations (3.3.5) and (3.3.6). It is known that analytic solutions provide a
clear and direct way to explore the underlying mechanisms and easily derive expres-
sions of related pharmacological indices therefore, it is important to obtain closed form
solutions of the equations (3.3.5) and (3.3.6). In 1997, Schnell and Mendoz (Schnell
and Mendoza, 1997) first used Lambert W function for a model of enzyme reaction
processes with Michaelis-Menten kinetics. In 2007, Tang and Xiao (Tang and Xiao,
2007) provided a detailed analytical solution for the one-compartment model with a
Michaelis-Menten elimination kinetics, under different administrations by using the
Lambert W function. In this paper, to derive the exact closed-form solutions for the
differential equations (3.3.5)-(3.3.6), we use the properties of the Lambert W function
(one can have a look at (Barry et al., 2000; Corless et al., 1996) for details), defined to

be the multivalued inverse of the function x — ze” satisfying
Lambert W(x) exp(Lambert W(x)) = =x.

Now equations in (3.3.7) can be rewritten as:

L(t)" L) L) —n(Ky') ksEiw(t — ty)
" ([1(15?)") (Ka)" (Ka")" (338)
and
Iy(t) L(t)  L(t)) — KikiEx(t — t;)
1 <]2(t;)> K, K : (3.3.9)
respectively.

Taking exponents of both sides on the above equation (3.3.8) implies

L) (LT L))" ox L))" — n(Kan) ks Ero(t — ty)
(Ka)" p((m '>”) (Ka')" p( (Ka)" )

It follows from the definition of Lambert W function that we have the following

explicit closed-form solution for model (3.3.5):

n n L™ L) —n(Ki ) k3 E1o(t—t

Using a similar approach, we derive the analytical solution for model (3.3.6) from

equation (3.3.9) as

+ +\ . _
L(t) = KpLambert W (% exp (IZ(tk) KQK]”E”@ tk))) .(3.3.11)
12 7
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3.3 Impulsive Model

Actually, here I (t)" = I,(t) because I;(t)" represents the total amount of the dual
inhibitor (/) of HIV-1 RT/IN in the body at time ¢. Hence, denoting 1, ()" by I;(t) in
equation (3.3.10) gives

n Lt L(t)—n(K1') ks Ero(t—t
I]_(t) = (Kill) LambeI‘t W ((Il(fllf))n eXp ( 1( ) (([(111)) 3 10( k))) ) (3312)

Therefore, the solution of model (3.3.1) at any interval (¢, tx41] is:

I(t) = L)+ L)

1 I(t)—n(Ki') ks Ero(t—tx
= (K;')"Lambert W( Et 5 Xp( (t’l) ((Kﬂ)/)rf ot ))) (3.3.13)
+ KpLambert W ( Q(t ) exp (Iz(t’“)fKi;(]ZEQO(t*t’“)>> .

Now equation (3.3.13) implies that

I(tzZH) = Nt k+1) + Lx(t k+1)
Therefore,

](t;:—i-l) - ](tk‘_-i-l) + I
= ILi(t k+1)+12( k+1)+alc+(1—a)]c
= ([1(tk+1) +al.) + ([2(751;-5-1) + (1 —a)l)
[(tZJrl) = Lt k+1) + [2(tZ+1)~

(3.3.14)

We obtain the expressions for I1(t, ), I2(t,, ) from equations (3.3.12) and (3.3.11)
respectively. Equation (3.3.12) implies that

_ n I (&) T (t+)— (K; /)nl€ Enolt —t)
Il(tk-‘,—l) = (Ki1/> Lambert W (([1(11]?)” exp < 1ty )~ (IK“/;))n 10(tk+1—tk )) .
This implies

I (tljﬂ) = nL(ty,) +al .\ N
= (Kill)"Lan’lbel"t AW <(I[1(E?7))n exp <I1 (tk)_R(Ki(lfgillf;nElO(tk+1—tk))> +al,.

Similarly, considering equation (3.3.11) we can derive

H_K, _
Lt} ;) = KiLambert W ( 2(t ) exp (12(tk) Kigkr B2 (tet1 tk))) + (1 —a)l.

Kiz
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3.3 Impulsive Model

Now, equation (3.3.14) implies that there is a positive periodic solution of model
(3.3.1) if the model (3.3.14) has at least one positive steady state. To find the steady-
state concentration at any time ¢, we denote I, = I(t} ), I1, = Ii(t,,), I, = L(t} ).

Then equation (3.3.14) reduces to

where the expressions for I;, and I, are represented by the following equations,

substituting tg41 —tx =7

I, = (Ku')"Lambert W ((gfl‘,)ln exp (hk_lﬂz(éﬁ)l kSEmT)) +al.  (3.3.16)
and
1 I — Kk E
I, = KiLambert W< ;g*l exp ( 2k - 2T 207)) +(1-a)l. (3.3.17)
2 %

Let k tend to infinity, the steady-state I* satisfies the following equation:
I'=1+1. (3.3.18)

I} and I3 are the respective steady-states of equations (3.3.16)-(3.3.17) and satisfies

*

I I} —n(Ky') " ksEyor
I = (K;;)"Lambert W( L —ex ( ! LI +al,, (3.3.19
1 ( 1 ) (Kill) p (Kﬂ/) ( )

I; I} — Ky E
I} = KjLambert W <K2 exp < 2 K? ! 207)) +(1—a)..  (3.3.20)
12 A

Now equation (3.3.19) implies that

Ir —al, I* Ir — Ki,nkE
1—/an = Lambert W (% exp ( = n( 1/)n 3 107)) '

It follows from the definition of Lambert W function that

I} —al, o If—al\ I} o It —n(Ky') ks Byt
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3.3 Impulsive Model

which implies that there is a unique positive steady-state

* al. :
I = - (a,c_n(Kﬂ,)nk?)EmT provided exp(
P (K™

Ea)" (3.3.21)

aIC—n(Kﬂ')nkgElo‘r) <1

Hence, we get the periodic solution of the model (3.3.5) as

L(t) = (Ku)"Lambert W (% exp ([T ‘”<K";]§“’f§5w“‘t“)) . (33.22)

Similarly, we can show that the difference equation (3.3.17) has a unique positive

steady-state I and satisfies

Iy = e ey provided exp (U faliBur) (g5 o)
76Xp( Ki2 )
and thus the periodic solution of model (3.3.6) is
I3 I3 — Kok Eop(t — 1
I,(t) = KxLambert W <K2 exp < 2 2 ;{ 20( k))) . (3.3.24)
i2 i

Therefore, we can say that the difference equation (3.3.15) has a unique positive

steady-state I* and verifies

Ic 1- Ic
= 1? (Kia)"ksE + ((1 )C;)K' k7 E; ’ (3:5.25)
1 _ exp< c (I(’L’Lll/)n 3 0 > 1 _ ea:.p ( cKi222 71420 )
if the following inequalities hold true:
IC n 1 - -[C
4 < TL(Kill) kgElO and (—OC) < Ki2k7E20.
T T
Adding the above two inequalities, we obtain

L nn
2 <n(Ky') k3B + KpkE
p (Ki') ks ;0 2R L2 (3.3.26)

or 7 >

C —_— .
n(Ki1")"ksE10+Kiok7E20 Tmin-

Thus, the periodic solution of model (3.3.1) is given by

n I* I —n (K ks Ero(t—t
I(t) = (Ky')"Lambert W ( i excp () b k>>>

z <K, (3.3.27
+ KjLambert W (é_z exp (Ig —K12k7E20(t—tk)>> 7 )

Kz

where the values of I}, I3 are expressed by equations (3.3.21), (3.3.23) respectively.
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3.3 Impulsive Model

We see from the existence condition (3.3.26) that the model (3.3.1) has a unique
periodic solution under the condition % < (n(Kill)nkgElo + KiokrEs). Moreover, we
have shown the local stability of the periodic solution (3.3.27). Obviously, equation
(3.3.25) implies that I* > I.. Hence, in order to design a periodic dosing regimen, one
large initial dose I* should be administered, following with a small dose I..

Let us denote the steady-state minimum and maximum concentrations as I and

I ., respectively. At the steady-state, these concentrations can be given by

S8 I*—n(K;1" )" ks EroT

Imzn - (K ) Lambert W( BT exp< 1 ((Ktl)/)n3 10 >>

+  KjLambert W ( exp (%)) and
(3.3.28)

I —n(K;1")"k3EioT

I = (Ka')"Lambert W ( Koy XP ( i ))

1+ KpLambert w( exp (*)) L=

3.3.1 Corollary

Local stability of the periodic solution

Theorem 3.3.1 The periodic solution given by equation (3.3.27) is locally stable.

Proof. We will show that any solution of model (3.3.1) will asymptotically approach
the periodic solution (3.3.27), for any given initial dose. To do this, we first prove that
the solutions given by equations (3.3.22) and (3.3.24) are locally stable. Now, solution
I7 at equilibrium is locally stable if the following condition

a([l( k+1))

< 1 is satisfied.
oL ()

L(tH)=IF
Solving the above inequality by applying the chain rule, we have

(K:,,")"Lambert W(z) [ i L} < 1
1+Lambert Wzy |&a)" ' L ’

(3.3.29)

1.€.

Lambert W(z) |:(Ki1/)n }
" 1+Lambert W(z) Iy +1 < 1

_ _Ir I —n(Ki1 )" k3 EroT
where Z = T eXP ( BT

state I exists then the inequality (3.3.29) always holds true. It follows from equation

). Now we show that, if the positive steady-
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3.3 Impulsive Model

(3.3.19) that we have

Ix Ix I¥—n(K;i1")"ksE10T al.
&yr = Lambert W <(Kl_i,)n exp ( L ((Kzi)f B )) + (Ki{/)n
= Lambert W(Z) + ([gf?)n.

Substituting the above expression for i 4 into (3.3.29), we obtain

i
Kn")"
Lambert W(2) 1

1+Lambert W(z) | Lambert W(z)+ 2L,

(K1 H"

+1} < 1,
(3.3.30)

Lambert W(2) (1+Lambert W(Z)+(Kf:jg)n)
(i+Lambert W(z)) (Lambert W(Z)Jr%)

Let us define a function

14 Lambert W(Z) 4z

1 4+ Lambert W(Z)
fz) = =
Lambert W(Z) + x

;x>0 with f(0) = Lambert W(Z)

This implies

Lambert W(Z7)
1 + Lambert W(Z)

fo)=1.
Since

d(f(x)) —1

= 5 < 0.
dz (Lambert W(Z) + )

We can say that f(z) is a monotonically decreasing function. This implies that
the inequality (3.3.30) holds true and hence, the local stability of the steady-state I
is proved. Similarly, we can show that the steady-state I; is also locally stable. Now
we prove the local stability of the steady-state I*. Since I(t) = I + I5(t) (3.3.13) and
I* = I} + I (3.3.18), therefore, by applying the € — ¢ definition for stability one can
prove that I* is stable, provided both the steady-states I; and I; are stable.

Definition 3.3.1 The equilibrium X, of an nonlinear autonomous system X' = f(X),

f:D —= R" (alocally Lipschitz map from domain D C R") is
(1) stable if for each € > 0 there exists a d(e) > 0 such that

| X (to) — Xe [[< 0(e) =[] X(t) — X [[< e,

26



3.4 Results and Discussion

(i) asymptotically stable if it is stable and in addition 6(€) can be chosen such
that
| X(t) - X, [|< 8(e) = lim || X(t) - X. = 0.

3.4 Results and Discussion

To illustrate the behavior of our models (3.2.3) and (3.2.5), we give numerical simula-
tions with the set of parameter values in Table 3.1. Some of these values are taken from
(Althaus et al., 1993; Brussel and Sonigo, 2004; Butler et al., 2001; De and Camarasa,
2018; Gu et al., 2016; Kustikova et al., 2003; Mislak et al., 2014; Mohammadi et al.,
2013; Murray et al., 2012; Shcherbatova et al., 2020; Siliciano et al., 2003; Vandegraaff
et al., 2012; Zarrabi et al., 2010), while some parameter values are hypothetically as-

sumed. We begin by simulating the system without impulse, then with impulse. We
used MATLAB 2016A to perform our numerical studies.

Figure 3.4 represents the variations of reactants’ concentration over time ¢ with and
without the introduction of dual inhibitor of HIV-1 RT and IN into the system. When
an individual gets infected, a viral enzyme RT starts to synthesize double-stranded
DNA (P(t)) from a viral single-stranded RNA genome with the help of ANTPs. The
viral genome serving as an RNA template binds into a host tRNA primer and forms
a template-primer complex (S;(f)) that starts to interact with the dANTPs (S3(¢)).
Hence, the synthesis of viral double-stranded DNA (P(t)) begins in the host cell
cytoplasm. So, the complex (S1(t)) concentration and the ANTPs (S3(t)) concentration
decrease, whereas, the concentration of double-stranded DNA (P(t)) increases with
time at a particular rate. Further, the double-stranded DNA (P(t)) is transported
into the nucleus of the infected cell and transformed into integrated pro-viral DNA
(Pyi(t)) after making integration with the host cell chromosome (S3(¢)) by another
viral enzyme, IN. So, the concentration of viral double-stranded DNA (P(t)) and
the host DNA (S5(t)) concentration decrease while the integrated pro-viral DNA
(Py(t)) concentration increases. For being the product of one reaction and substrate

of another, the progress curve of viral double-stranded DNA (P(t)) first increases
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3.4 Results and Discussion

Table 3.1: List of parameters for model (3.2.5).

Parameter| Parameter description Value (Unit) References
ks Rate of forward reaction from | 0.8 — 2.7 sec™! | Althaus et al. (1993);
FE15153 to E15,, 4 Hu and  Hughes
(2012); Shcherbatova
et al. (2020); Zarrabi
et al. (2010)
Ky Rate of forward reaction from | 0.7 —4.6 hr~! | Butler et al. (2001);
EsPS3 to By and Py Kustikova et  al.
(2003); Shcherbatova
et al. (2020)
Kg, Reaction dissociation constant be- | 0.00001 — 2.05 | Althaus et al. (1993)
tween S7 and Eq uM
K Mg, Michaelis constant for S 1.002—2.08 uM | Estimated
K Ms, Michaelis constant for S 0.005 — 1.8 uM | Estimated
K, Michaelis constant for Ss 1.0—-3.5 uM Estimated
Ky Michaelis constant for P 0.002—0.20 uM | Estimated
Kp' Ratio of forward rate constant | 0.1 — 0.8 uM Estimated
from E15152 to E1$1n+1 and from
E151n+1 to B4+ P
Kp Reaction dissociation constant be- | 0.002—1.03 pM | Estimated
tween P and FE»
K; Reaction dissociation constant be- | 1.8 — 5.5 pM Althaus et al. (1993);
tween E; and I Mislak et al. (2014)
K’ Reaction dissociation constant be- | 10.0 — 15.0 M | Althaus et al. (1993);
tween E1S; and I Mislak et al. (2014)
K" Reaction dissociation constant be- | 5.7 —10.0 uM | Althaus et al. (1993)
tween F15155 and [
K; Reaction dissociation constant be- | 1.3 — 5.8 uM De and Camarasa
tween EpP and [ (2018); Gu et al
(2016)
1 Degradation rate of Sy 0.001 — 0.28 | Brussel and Sonigo
hr—1 (2004)
142 Degradation rate of S 0.02 — 0.5 hr~! | Assumed
U3 Degradation rate of P 0.0001 — 0.4 | Mohammadi et al.
hr—1 (2013); Murray et al.
(2012); Vandegraaff
et al. (2012)
L Degradation rate of S 0.001 — 0.18 | Assumed
hr—!
s Degradation rate of P 0.002—0.3 hr~! | Siliciano et al. (2003)
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Figure 3.4: Comparison study between the absence of HIV-1 RT/IN dual inhibitor
and presence of HIV-1 RT/IN dual inhibitor for each reactant with initial conditions
[S1, 52,53, By, Ea, I1(0) = [3.5,5,5.3,3,1.8,10]uM. Here also the parameter values are
taken from Table (3.1). For both with and without HIV-1 RT/IN dual inhibitor the
substrates Sy, S5 and S3 concentration decreases over time, but at a slower rate in
the case of with inhibitor compared to without inhibitor. The progress curve of viral
double-standed DNA (P(t)) first increases with time and then decreases, whereas,
concentration of pro-viral DNA (P;(¢)) increases over time in both the cases.

with time and then decreases. Here we introduce dual inhibitor (I(t)) of HIV-1 RT
and IN in the system immediately after infection and see that the formation of viral
double-stranded DNA (P(t)) reduces at a higher rate in comparison to the uninhibited
reaction. Since the formation of the viral double-stranded DNA (P(t)) drops after
applying the inhibitor therefore, a similar declination is seen in the progress curve of
integrated pro-viral DNA (P;(¢)). Due to the non-competitive binding phenomena
of the inhibitor (I(t)) towards enzyme RT, the progress curves of template-primer
complex (S51(t)) and the dNTPs (S3(t)) go down at a slower rate relative to the
uninhibited reaction. A similar thing happens to the host DNA (S3(¢)) concentration
curve as the drug simultaneously inhibits the enzyme IN in an uncompetitive way. The
effect of slower reduction of the substrates (57, Sq, S5) concentration is reflected on the
other two components (P, P;) participating in HIV-1 life cycle. Integrated pro-viral
DNA (Py) further takes part in HIV-1 replication process therefore, the reduction of

P, concentration creates a favorable condition for suppressing the viral load at a low
level. However, the effect of a single dose of a dual inhibitor of HIV-1 RT/IN on HIV-1
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3.4 Results and Discussion

replication has been shown in Fig. 3.4 and we can see the benefits of using it for an HIV-

1 infected individual introducing only once at intermediate stages of the viral life cycle.

o
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N w
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Figure 3.5: Persistence of the system 3.2.5. The initial conditions and the parameter
values are same as Fig. 3.4.

Figure 3.5 illustrates the variations of reactants’ concentration over time in a single
figure and we see that the reactants do not go to extinction, thereby confirming the

persistence of the system 3.2.5.

From Figure 3.6 we can get an overview of how fast the substrate template-primer
complex (S7) disappearances in the reaction pathway as well as how fast the viral
double-stranded DNA (P) is turned into the product integrated proviral DNA (Py).
The rate of disappearance of the substrate S; starts in a hyperbolic way because
the velocity decreases proportionately with the substrate concentration. However,
with further increment in substrate (S;) concentration, the velocity begins to slow
down until a plateau is reached as the enzyme RT (E;) becomes saturated. It is
worth noting that in the presence of dual inhibitor of HIV-1 RT and IN, the rate
of disappearance of substrate S; occurs in a slower motion than in the absence of
the inhibitor (/) because of the non-competitive binding property of the inhibitor
(I) towards enzyme RT (E;). As a result, the saturation point C;(10,0.6851) exists
at a considerably upper position than the saturation point in absence of the dual
inhibitor of HIV-1 RT/IN (I). In Fig. 3.6(b) we see an exact opposite nature between

the positions of the saturation points from Fig. 3.6(a). Here the rate of reaction
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Figure 3.6: Comparison study between the plot of initial velocity as a function of sub-
strate concentration in the presence of HIV-1 RT/IN dual inhibitor and in absence of
HIV-1 RT/IN dual inhibitor. The parameter values are taken from Table 3.1. Disap-
pearance of S starts in a hyperbolic way but at a slower motion, in the presence of dual
inhibitor than in the absence. Saturation of substrate (P) concentration behavior is
opposite, i.e., saturation concentration is much lower in the presence of dual inhibitor
than in its absence. Moreover, the rate of reaction does not grow in a hyperbolic
manner.

increases with the increasing value of substrate (P) concentration until the velocity
reaches a maximum level (V},4,)A. Further increment in substrate (P) concentration
produces no significant change in the reaction rate as there are not enough enzyme
IN (E3) molecules available to break down the excess substrate (P) molecules. Since
the dual inhibitor of HIV-1 RT/IN (I) simultaneously binds the enzyme IN (E,) in
an uncompetitive way, the saturation point Y3(1.2,1.697) exists at a lower position
than the point Y (4.5,2.261) in absence of the dual inhibitor of HIV-1 RT/IN (I).
Another noticeable feature of Fig. 3.6(b) is that unlike Fig. 3.6(a), the rate of
reaction does not grow in a hyperbolic manner. Instead, the initial velocity tracks
linearly with substrate (P) concentration as the enzyme (F5) concentration is fixed
at a higher value than the substrate (P) concentration and the concentration of
substrate (P) is then titrated. However, both the figures 3.6(a) and 3.6(b) confirm
the therapeutic efficacy of dual inhibitor of HIV-1 RT and IN against HIV-1 replication.

We can notice as displayed in Fig. 3.7 that I’ and I’ increase in a non-linear

man max
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Figure 3.7: The relationships among the steady state, dose interval 7 and dose I.. Here
we have taken F1(0) = 3uM, Ey(0) = 1.8uM and the parameter values are taken from
Table 3.1. I35 and I’ increase in a non-linear way with respect to dose. As the
period of dosing 7 increases the concentration of I and I = decreases. The above
curves also confirm that the longer the dosing interval is, the larger the dose can be
used.

way with respect to dose. However, for a fixed dose these concentrations are decreasing
with respect to dosing interval 7. Here, we have taken a period of dosing 7 as 6 hr.,
8 hr. and observed the nature of the curves of I5% and I . Now, equation (3.3.28)
clarify that 7% or I’ ~depends on the steady-state /*. In combination with the
existing condition (3.3.26), Fig. 3.7 also describes that for a given dose interval 7, the
small dose I. results in a small steady-state I* as well as a small maximum value of the
periodic solution (3.3.27). This means that any solution of model (3.3.1) approaches
the periodic solution (3.3.27) at a higher speed in response to a smaller dose I.. Fig.

3.7 also confirms that the longer the dosing interval is, the larger the dose can be used.

Figure 3.8 illustrates the patterns of the progress curves of the components (viral
single-stranded RNA (S;), dNTPs (S5), viral double-stranded DNA (P), host DNA
(S5), integrated proviral DNA (P;)) involved in HIV-1 replication with the presence
of dual inhibitor (I) of HIV-1 RT and IN. Here considering the dosing interval 7 = 8
hr as fixed and varying the initial value Io(= 10uM, 25uM, 30uM, 35uM, 40uM
respectively) of the inhibitor (1) as well as the impulse dose amount I, (= 5uM, 20uM,
25uM, 30puM, 35uM) in each respective graph. We can notice as displayed in figure
3.8 that for I, = 5uM and Iy, = 10uM, the concentration of viral double-stranded
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Figure 3.8: Concentration-time curves of the components of model (3.2.5) for the
impulsive dosing of dual inhibitor of HIV-1 RT/IN with the initial conditions
[S1, 52, 83, B, F, I](0) = [3.5,5,5.3,3,1.8,10]uM, impulse dose input I. = 5uM and
the time interval of dosing 7 = 8 hr. We have taken the parameter values from Table
3.1.
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DNA (P) decreases after applying the HIV-1 RT/IN dual inhibitor (I) for the first
time and then increases again participating in the reaction mechanism for a while
until the second dose of the inhibitor (I) is administered. It is worth noting that
for (I.,1Iy) = (5uM,10uM) the inhibitor (I) concentration first reduces to zero but
it does not rise up immediately, rather it becomes steady until the next dose is
administered while for (1., Iy) = (20uM,25uM), the concentration of the inhibitor I
immediately speeds up after being reduced to zero. Also, it is noticeable from Fig.
3.8 that the progress curves of the components Si(t), S5(t), S3(t), Pi(t) for impulse
dose I, = 20uM slow down at a reduced rate compared to those curves representing
I. = 5uM, and create a more favourable condition to combating HIV-1 replication.
From (1., 1) = (25uM,30puM) the dual inhibitor (I) of HIV-1 RT/IN starts to
dominate the viral replication process and as a result, we can see that for impulse
dose I. = 25uM that the progress curves of the components viral single-stranded
RNA (S;) and host DNA (S3) increase whereas, the concentration of dNTPs (S2)
decreases. This is because the dual inhibitor (I) of HIV-1 RT/IN first binds to the
enzyme RT (E;) forming a complex F;[; and makes it difficult for S; to participate in
the replication process. Since the inhibitor I simultaneously inhibits the enzyme IN
(E5) therefore, a similar increment is seen in S3’s progress curve thereby, confirming
the dual inhibitory property of I towards the enzymes RT and IN respectively. On
the other hand, the concentration of S5 decreases for I, = 25uM because the impulse
dose input I, = 25uM is not sufficient for the considered dosing interval to completely
conquering the HIV-1 replication. In curves representing (1., In) = (30uM, 35uM ) and
(Ie, In) = (35uM,40uM ), a complete dominating property of the inhibitor (/) to con-
trolling the enzymatic reactions of RT and IN is seen, and the reactants (Si, S, P, S3)
do not get scope to take part in the reaction mechanism at all. A noticeable feature in
the curves for (1., Iy) = (30uM,35uM) and (1., Iy) = (35uM,40uM) is that before the
inhibitor (I) concentration could completely reduce to zero, the next dose is applied
and hence, an immediate rise is seen in the inhibitor (/) concentration. Therefore,
we can conclude from Fig. 3.8 that the impulse dose amount I. = 5uM (with dosing
interval 7 = 8hr) is not too effective to combating the viral replication; whereas, the

inhibitor (I) could reach the maximum therapeutic level for I. = 25uM and it could
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exceed the maximum tolerance level of the human body for (1., Iy) = (30uM, 35uM)
and (1., Iy) = (35uM,40uMM).

0.04

0.035
0.03

0.025

$,®
S,

o)
I

0.015

0.01

0.005

Time(hours) Time(hours) Time(hours)

S50
700

Time(hours) Time(hours) Time(hours)

Figure 3.9: Concentration-time curves of the components of model (3.2.5) for the
impulsive dosing of dual inhibitor of HIV-1 RT/IN with the initial conditions
[S1, 52,53, B, Ea, Ip](0) = [3.5,5,5.3,3,1.8,18]uM, impulse dose input I, = 15uM
and the time interval of dosing 7 = 3 hr. We have taken the parameter values from
Table 3.1.

In figures 3.9, we fix the initial value of the dual inhibitor (/) of HIV-1 RT/IN to
18 M as well as the impulse dose I, to 15uM and vary the dosing interval 7 (= 3 hr,
4 hr, 5 hr, 6 hr, 8 hr respectively) to observe the change in nature of the reactants’
progress curves in each respective curves. It is worth noting that the figure 3.9 follows a
reverse order in illustrating the nature of the curves of the components as in figure 3.8,
i.e, the curves of the figures representing 7 (= 3 hr, 4 hr, 5 hr, 6 hr, 8 hr respectively)
follow the patterns of the curves of figures representing (1., Iy) = (35uM,40uM)
- (I, Iy) = (buM, 10uM ) respectively. Hence, a detailed description is not needed here.

In figure 3.10, we compare the progress curves of the components viral double-
stranded DNA (P) and integrated proviral DNA (P;) in absence of dual inhibitor
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Figure 3.10: Variations of the curves for viral double-stranded DNA concentration
and integrated proviral DNA concentration in a different situation (without HIV-1
RT/IN dual inhibitor, in the presence of HIV-1 RT/IN dual inhibitor with a single
dose and with multiple doses in an impulsive way) are seen in this figure using the
initial conditions and parameter values same as in Fig. 3.9.

(I) of HIV-1 RT/IN, in presence of dual inhibitor (/) of HIV-1 RT/IN with a sin-
gle dose and in presence of dual inhibitor (/) of HIV-1 RT/IN with multiple doses
in impulsive way (taking the values for (1., Iy) = (20uM,25uM) in Fig. 3.8 and
(Ie, In,7) = (15uM, 18uM, 5hr) in Fig. 3.9 respectively). Here we omit the curves of
other components (viral single-stranded RNA (S;), dNTPs (S3), host DNA (S5), dual
inhibitor (/) of HIV-1 RT/IN) to observe the changes in nature of the progress curves
of viral double-stranded DNA (P) and integrated proviral DNA (P;) explicitly. We
can see that the concentration of viral double-stranded DNA (P) in the presence of the
inhibitor (I) with a single dose remains lower than the concentration without inhibitor
(I). Furthermore, for impulsive dosing the formation of viral double-stranded DNA
(P) decreases rapidly as compared to the other two. A similar thing happens for the
curves representing the integrated proviral DNA (P;) concentration. Here, we take two
different impulse doses of the dual inhibitor (I) of HIV-1 RT/IN as well as two different
dosing intervals to perform the impulse. Curve F' and curve F) represent the nature
change in the concentrations of viral double-stranded DNA (P) and integrated proviral
DNA (P,) respectively in the presence of the inhibitor (1) with the impulse dose 20pM

and the time interval of dosing is 8 hr; whereas, curves G and G illustrate the same
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thing for the impulse drug dose 15uM and the dosing interval, in this case, is 5 hr.
It is noticeable in Fig. 3.10 that the peak point of the progress curve (represented by
the curve G) of P stays quite below the curve F' and creates a favourable condition for
considering the impulse drug dose 15uM while the dosing interval is 7 = bhr. We can
see similar pattern in the progress curves of P illustrated by F; and G, respectively.
Therefore, from this figure, we can conclude that for the impulse dose (I, = 15uM)
of HIV-1 RT/IN dual inhibitor, dosing interval 7 = 5hr is more appreciable for HIV-1

infected patients.

3.4.1 Comparison of the present work with existing studies

In the existing literature, although there exist a handful of mathematical models de-
scribing the dynamics of viral replication during HIV-1 infection supplemented by
various treatment strategies and the effects of different drug therapies as well (Laksh-
mikantham and Simeonov, 1989; Majumder et al., 2022; Pal and Mitra, 2006; Perelson,
2002; Smith, 2006), none of them has extensively addressed the HIV-1 reverse tran-
scription and integration process through enzyme kinetic reaction. Here we compare
the proposed methods and results with state-of-art in detail: (a) The aforementioned
mathematical models described the ”within-host population” dynamics of HIV-1, while
in this research, we consider the ”within-infected-cell” replication of HIV-1. (b) In 2023,
S. Pal (Pal and Mitra, 2006) introduced an awareness-induced transmission function
associated with nonlinear infection rate in their mathematical model; whereas, in the
present work, we formulate a mathematical model on the HIV-1 Reverse Transcrip-
tase (RT) and Integrase (IN) catalyzed biochemical reaction with the understanding
of Michaelis-Menten enzyme kinetic reaction. (¢) The present chapter introduces an
impulsive differential equation framework for calculating an effective dosing regimen
for applying the dual inhibitors of HIV-1 RT/IN, while in the existing studies (De and
Camarasa, 2018; Gu et al., 2016), theoretical works describing the efficacy of HIV-1
RT/IN dual inhibitors in combating HIV-1 infection have been performed. (d) In or-
der to obtain the closed-form solution of the proposed impulsive differential equation

model, We introduce the Lambert W function and obtained an effective dosing regimen
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for applying the dual inhibitor of HIV-1 RT/IN; whereas, an optimal control model
was employed by S. Mondal (Mondal et al., 2023) to find the strategy of applying
treatment considering spontaneous response of people towards HIV-1 infection . These

four facets of the work undertaken lead to the novelty of the present article.

3.5 Conclusion

In this chapter, we formulated a mathematical model on the HIV-1 RT and IN
catalyzed biochemical reaction for HIV-1 replication and studied the effectiveness of
dual inhibitor of HIV-1 RT and IN which simultaneously works as a NNRTT and IN
inhibitor to combat HIV-1 infection. At first, we analyzed the model introducing dual
inhibitor of HIV-1 RT/IN with a single dose and analytically it is shown that the
solutions of the model are bounded and non-negative. Moreover, the local stability
of the interior equilibrium point of the model is also established. Furthermore, we
incorporated a one-dimensional impulsive differential equation to model the drug
dynamics for multiple dose administration. By using the Lambert W function, we
explicitly expressed the closed-form solution of the impulsive differential equation
model and obtained the existence condition (% < n(Ki')"ksEig + Kigk7Eo) for the
periodic solution. It is shown that in order to design a periodic dosing regimen, one
large initial dose I* should be applied followed by a smaller dose I. in each dosing

interval 7. Our numerical findings also justify the analytical results.

A noticeable observation from numerical discussion is that impulse dose 5ulM as
well as 15uM is not sufficient to suppress the viral load for a large time interval 8
hr (see Fig. 3.8 (blue curve), Fig. 3.9 (red curve)); whereas, dosing amount 30uM
and 35uM may exceed the human body tolerance level for the same dosing period 7
which is identified in Fig. 3.8 (green curve & red curve respectively). Similarly, we
observe from figure 3.9 that for a shorter dosing interval like 3 hr (blue curve) or 4
hr (purple curve), 15uM dose can overpower the entire system which is also not safe
for a human body; whereas, the curves representing (I, Iy) = (20uM,25uM) in Fig.
3.8 and (1., Iy, ) = (15uM,18uM, 5hr) in Fig. 3.9 provide a satisfactory visualization
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towards obtaining a safe and effective dosing regimen for HIV-1 infected individuals.
These results imply that for a longer time interval 7, a larger dose is required to
maintain a therapeutic effect which is also confirmed in Fig. 3.7. Moreover, as small
as the dose I, is, less time is required to approach the steady state for a given dosing

interval 7 (Fig. 3.7).

The main focus of the present research is on determining the completely analytical
solutions for a two-compartment model exhibiting nonlinear Michaelis-Menten elimi-
nation kinetics and to provide a basic idea on obtaining an effective dosing regimen for
applying dual inhibitor of HIV-1 RT/IN to treating HIV-1 infection. It is anticipated
that the conducted study and the advocated mathematical model would guide toward
expanding the treatment options to HIV-1 infected patients belonging to the complex
HAART therapy.

Although the present chapter steps into expanding the treatment options to HIV-1
infected patients and determines an effective dosing regimen for applying the dual in-
hibitor of HIV-1 RT/IN;, it has several limitations: (i) The interior equilibrium point
of the model (3.2.5) is difficult to obtain analytically due to the non-linearity of the
model (3.2.5). Therefore, existence of the interior equilibrium point is shown numer-
ically. (i7) To obtain the explicit expression for the inhibitor 7, we had to determine
the analytical solutions for I; and I individually due to the difficulty of the system
(3.3.1). (#ii) Although by using the Lambert W function, we are able to obtain the
closed-form solution of the impulsive differential equation model, we couldn’t deter-
mine the maximum time interval between two consecutive drug doses. We hope that

we would be able to bridging the aforementioned limitations in our future work.
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Chapter 4

Mathematical modelling of HIV-1
transcription inhibition: a
comparative study between optimal

control and impulsive approach

4.1 Introduction

Undoubtedly, the persistence of infection stemming from Human Immunodeficiency
Virus type-1 (HIV-1) stands as an established and substantive concern within the
global landscape of morbidity and mortality. Statistical evidence underscores this
issue, with an estimated 38 million individuals currently afflicted by HIV-1 infection.
Notably, within the year 2021 alone, there were 1.5 million newly recorded cases
of HIV-1 infection, as documented in the UNAIDS Global AIDS Update of 2022.
The emergence of these new cases of infection presents a palpable and substantial
threat to worldwide public health. Thus, it becomes imperative to allocate significant
intellectual resources toward the comprehensive understanding and resolution of

this issue. A thorough grasp of the intricate biological, physical, and chemical
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underpinnings of the phenomenon becomes a paramount requirement in the pursuit of
mitigating HIV-1’s impact. While the infection dynamics of HIV-1 are multifaceted
and intricate, a simplified framework suggests that the infection’s consequence involves
the progressive depletion of C'D4™T lymphocytes. This well-coordinated depletion
precipitates a state of immunodeficiency, culminating in the eventual manifestation
of the chronic malady recognized as Acquired Immunodeficiency Syndrome (AIDS).
In this context, apprehending the orchestrated sequence of events at the molecular,
cellular, and immunological levels is of profound significance for devising effective

strategies against HIV-1 infection.

Prior to delving into the intricate realm of relevant mathematical models and their
associated computational intricacies, it is imperative to establish a simplified con-
ceptual framework elucidating the underlying biochemical intricacies organizing viral
replication. Viral initiation hinges upon the binding interaction between the envelope
glycoprotein and the CD4 receptor, concomitant with a co-receptor interaction on the
surface of immune cells. This binding event culminates in the fusion of the cellular
and viral membranes, resulting in the merger of the host cell and virion (Das and
Arnold, 2013; Friedrich et al., 2011; Sarafianos et al., 2009). This membrane fusion
event facilitates the intrusion of HIV-1 into the host cell, subsequently instigating the
uncoating of the viral core. Within this core lie pivotal components, including the
viral single-stranded RNA genome, reverse transcriptase (RT), integrase (IN), and
various other virion components (Das and Arnold, 2013; Friedrich et al., 2011). The
ensuing steps involve the reverse transcriptase enzyme (RT) transcribing the viral
single-stranded RNA genome into a more stable double-stranded DNA configuration.
This double-stranded DNA molecule is subsequently transported to the host cell
nucleus, where the enzyme integrase (IN) orchestrates its integration into the host
cell’s chromosomal DNA (Engelman et al., 1991; Sarafianos et al., 2009). This
integration into the host DNA prompts the commencement of the transcription
process, where the integrated pro-viral DNA is transcribed into full-length messenger
RNA (mRNA) under the catalytic auspices of the host enzyme RNA polymerase 11
(Pol TI) (Likhoshvai et al, 2014; Ott et al., 2011). However, despite the successful
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initiation of transcription and the formation of the elongation complex by the host Pol
IT enzyme, the process encounters eventual termination, culminating in the cessation
of RNA Pol II activity (Likhoshvai et al, 2014; Ott et al., 2011). Subsequent to this
stage, the transcriptional elongation process is meticulously regulated by an essential
auxiliary protein known as the transcriptional trans-activator Tat. Moving forward,
an intricate sequence of events involving the formation of intermediate complexes
culminates in the maturation of a 9kb messenger RNA (mRNA) species within the
host cell nucleus. This mature mRNA is either transported intact to the cytoplasm or
undergoes splicing prior to cytoplasmic transport, in accordance with (Likhoshvai et
al, 2014; Reddy and Yin, 1999). As the HIV-1 life cycle progresses, the latter stages
involve cytoplasmic translation of the synthesized mRNAs, yielding specific proteins
that ultimately undergo various modifications. These modified proteins collectively
contribute to the assembly and maturation of new virions, thereby completing the

viral life cycle.

The current endeavour involves a thorough exploration aimed at identifying
potential solutions for promoting compliance among AIDS patients. While available
medications don’t offer a permanent eradication of HIV-1 infection, they do hold
the capacity to significantly suppress the viral load to an undetectable level. This
suppression notably decreases mortality rates and the probability of secondary
infections emerging. However, it’s important to note that HIV still remains latent
within integrated proviruses within C' D41 T cells, necessitating indefinite continuation
of antiretroviral therapy (ART) (Mousseau et al., 2015). Discontinuation of treatment
could trigger the activation of latent proviruses, resulting in swift viral replication
and severe compromise of the immune system (Arlen et al., 2006; Mousseau et al.,
2015). Given that existing anti-HIV drugs don’t impede the transcription process,
efforts should be directed towards permanent inhibition of this process. Multiple
strategies have been employed to target the Tat/TAR interaction with the goal of
controlling HIV-1 transcription (Cecchetti et al., 2000; Mousseau et al., 2012, 2015;
Wan and Chen, 2014). Contemporary clinical investigations have demonstrated

the potential effectiveness of combining transcription inhibitors with antiretroviral
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drugs (ARVs) to manage HIV-1 replication (Mousseau et al., 2012, 2015). Studies
indicate that employing Tat inhibitors for treating HIV-1 infection leads to a reduction
in messenger RNA (mRNA) synthesis, thereby curbing viral replication. Despite
substantial clinical and experimental studies on the efficacy of transcription inhibitors,
a comprehensive exploration through mathematical modelling remains relatively
limited. Addressing this gap, the current focus lies in constructing a mathematical
model that encompasses the entire system’s mechanics. This proposed model is antic-
ipated to serve as a fundamental framework not only for enhancing comprehension of
infection transmission dynamics but also for furnishing strategic guidelines to effec-

tively manage the infection. This marks the innovative essence of the undertaken study.

Several mathematical models have been established to elucidate the intricate dy-
namics of viral replication during HIV-1 infection (Covert and Kirschner, 2000; Nowak
and May, 2000; Perelson, 2002). These models have been supplemented with diverse
treatment strategies, encompassing the effects of various drug therapies (Nowak and
May, 2000; Perelson, 2002; Wahl and Nowak, 2000). The ramifications of impeccable
adherence to antiretroviral therapy have been explored through impulsive differential
equations (Lou and Smith, 2011; Smith, 2006). By employing this method, precise es-
timations of dosing intervals and threshold dosage values can be obtained. Likhoshval
et al. (Likhoshvai et al, 2014) undertook a mathematical scrutiny of Tat’s regulatory
influence on HIV-1 replication, specifically investigating the potential existence of os-
cillatory patterns within the viral dynamics. Furthermore, numerous theoretical inves-
tigations have affirmed the inhibitory impact of Tat inhibitors on HIV-1 transcription,
highlighting their ability to curtail mRNA production (Cecchetti et al., 2000; Mousseau
et al., 2012, 2015; Wan and Chen, 2014). The present study involves the formulation
of an enzyme kinetics model to scrutinize the influence of viral Tat protein on the syn-
thesis of mRNA derived from integrated pro-viral DNA. Leveraging an optimal control
approach, the Pontryagin minimum principle is applied to ascertain the optimal drug
conditions for HIV-1 treatment (Kirschneret al., 1997). In this context, the drug of
interest, namely the Tat inhibitor, functions as the control variable within the model.

To determine an effective dosing regimen for the Tat inhibitor, impulsive differential
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Figure 4.1: A schematic representation of HIV-1 life-cycle.

equations are employed (Lakshmikantham and Simeonov, 1989; Smith?, 2008), incorpo-
rating the therapeutic efficacy of the Tat inhibitor on Tat/TAR interactions. Moreover,
this study seeks to investigate the impact of the Tat inhibitor both under continuous
and impulsive administration modes, aiming to compare the outcomes of these two
strategies. The anticipated results from this model system are expected to provide

insights beneficial to both theoretical model developers and clinical practitioners alike.

4.2 The ODE Model

In this section of the chapter (4), a comprehensive mathematical model is constructed,
encapsulating the intricate biochemical interactions involving the host enzyme RNA
polymerase II, the Trans Activation Response (TAR) element located on the HIV-1
pro-viral DNA promoter region, and the Tat protein. Within this framework, one may
denote the concentrations of the host enzyme RNA polymerase II and the TAR ele-
ment as £ and S, respectively. At the outset of HIV-1 transcription, the enzyme RNA
polymerase II (E) initiates binding with the TAR element on the HIV-1 LTR promoter
region. This interaction yields an RNA polymerase II-HIV-1 pro-viral DNA LTR pro-
moter complex (ES), which subsequently gives rise to the TAR-RNA polymerase I1_
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‘ — Reaction Direction

ki k2 kpause

E+S —— ES P > [A] micro RNA + [1-4] P2
k.

S: HIV-1 Proviral DNA_LTR Promoter (TAR Element)

E: Host RNA Polymerase || Enzyme

ES: RNA Polymerase [l- HIV-1 Proviral DNA_LTR Promoter (TAR) complex
P1: TAR-RNA Polymerase ||_elongation complex

P2: DNA unit_RNA Polymerase ||_elongation complex

Figure 4.2: The schematic diagram of the enzymatic reactions.

elongation complex (P;). The associated forward and backward rate constants for this
process are denoted as ki, ko, and k_q, respectively. During this sequence of events,
the activity of RNA polymerase II (E) briefly pauses, culminating in the termination
of the enzyme. It is postulated that, with a probability labelled as A\, RNA polymerase
IT (F) undergoes termination, leading to the formation of micro RNA. Conversely, the
complementary probability (1 — A) accounts for the production of a DNA unit that
comprises the RNA polymerase I1_ elongation complex (P;). The rate constant gov-
erning the resumption of RNA polymerase II activity after the pause is represented as
Epause- The intricacies elucidated above find visual representation in schematic diagram
4.2, effectively encapsulating the molecular interactions and transitions inherent in this
process.

Furthermore, the process of HIV-1 transcription elongation is facilitated by the viral
protein Tat (7"), which engages in the activation of this transcriptional phase. Initially,
Tat (T') attaches to TAR located at the TAR-RNA polymerase I1_ elongation site (Py),
leading to the formation of the Tat-TAR complex (T'P;). This complex subsequently
undergoes conversion into the DNA unit RNA polymerase I1_ elongation complex (P,).
The reaction dynamics are characterized by forward and backward rate constants,
denoted as ks, k4, and k_3 respectively. Within the elongation complex Ps, there is a
continuous formation of immature 9kb RNA (Ps) at a steady rate of ks, concurrent with
the release of enzyme RNA polymerase II (F). Ultimately, the immature 9kb RNA (P)

undergoes a transformation into mature 9kb messenger RNA (F;) within the nucleus of
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Figure 4.3: The schematic diagram of Tat-mediated reactions.

the host cell, facilitated by the rate constant k. The accompanying schematic diagram,

depicted in Figure 4.3, serves to illustrate the process of Tat-mediated transcription.
Moreover, in accordance with the principles of the Law of Mass Action, the system of

nonlinear differential equations that delineates the enzymatic reactions detailed above

can be articulated as follows:

B = oy —k.E.S+k_1.ES— B,

B = | ES+k 1.ES+ks.Py,— BFE,

85 = y.E.S — k_1.ES — ky.ES,

B = ky.BES — k3 TPy + k_3. TP — B3P,

TPy PT — kg TP, — ky TP, (4.2.1)
L = oy — k3. T.P + k_3. TP, — BT,

P = |y TP — k5P — B5Ps,

s = k5P — ke.Ps — Be D,

dd% = kg.P3 — B7Py.

where «;, i = {1,2} are the respective rates of the external source of S, synthesis of
T while ;, j = {1,2,..., 7} are the natural degradation rates of S, E, P, T, P,, P3 and

Py respectively.

The above system (4.2.1) involves several time scales. The binding and unbinding

of the viral protein Tat to TAR-RNA polymerase II_elongation complex can occur on

76



4.2 The ODE Model

a time scale of seconds, whereas the synthesis of messenger RNA lasts over a period of
several minutes (Gonze and Kaufman, 2016). With the aim of simplifying the presently
formulated model system, one may use quasi-steady-state approximations (QSSA) for
the concentration of substrate-catalyst complexes (Briggs and Haldane, 1925; Segel,
1975). Under this assumption, denoting Py, , = P, + T'P;, one may get the following

relations from system (4.2.1):

E.S T.P,
ES=—— dTP = —T*&
KM , al 1 K3 + T7
where Ky = k‘}c—jkz,Kg = kk—? Substituting the expressions for S and T'P; into

(4.2.1), one may obtain the following seven-dimensional compartmental model:

% = 01— kQIE(_]i - 5157

& = —kzg—']j—i‘kE)Pz — BB,

% - k?i‘_j - 53P17

% = oy — BT, (4.2.2)
P T

dd% = ky IZZﬁT — ks Py — 5P,

% = k5P — ke 3 — PP,

% = ke — 07 Py,

with the initial conditions S(0) = Sy, E(0) = Ey, P1(0) = Py, T(0) = Tp, P,(0) = 0,
P5(0) = 0, and P4(0) = 0.

Non-negativity and Boundedness

In this section, the non-negativity and boundedness of the solutions of the system

(4.2.2) are studied using the following theorem.

Theorem 4.2.1 Fach solution of the system (4.2.2) with initial conditions, remains
non-negative for all t > 0 and uniformly bounded in the region I', where, I' =

{(S,E,Pl,T,PQ,Pg,a) € RL |0 < S(t) < §,0< E() < %,0 < P(t) <

a1 ko M: el M ks M
im0 <T{) < 32,0 < B < 75,0 < B(t) < gestmrae 0 < Bult) <

kske My
B7(ks+B5)(ke+B6) [ °
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4.2 The ODE Model

Proof. First one can show that S(t) is positive for all £ > 0. If not, one may assume
that g is the first time when S(#y) = 0. Now initially it is taken S(¢) > 0 when t = 0.
Therefore, S(t) > 0 for all ¢ € [0,%,). Substituting ¢ = ¢, in the first equation of system
(4.2.2), one gets

AS _ . Bl)S(to)

E oy — 515@0) =qa; > 0.

It means S(t) is an increasing function at ¢ = ty. So, there exists an arbitrarily
small € > 0 such that for all t € (ty —€,t9) C [0,%p), one should have S(¢) < 0. This
is a contradiction to the fact that S(t) > 0,Vt € [0,p). Hence S(¢t) > 0,¥¢ > 0. In a
similar way, one may show that the components E(t), P;(t), and T'(t) are positive for
all £ > 0. Again from the fifth equation of (4.2.2), one gets

Py _, Puy,T
d  'Ks+T

— ks Py — B5Py > —(ks + 5) Pa.

But the initial value of P, is zero. So, one can write,

dPs
dt — 2=

Similarly, one can show that E(t), Ps(t), Py(t) > 0,Vt > 0. Thus, the non-negativity
of the solutions of the system (4.2.2) with the initial conditions is established.

Now one may show that S(t), E(t), Pi(t), T(t), Px(t), Ps(t) and Py(t) are all
bounded in their domains of definition. Taking first equation of (4.2.2), one gets

dS E.S
%:Oél—kéK—M—ﬁlSSOél—BlS-

The Gronwall Lemma guarantees that
a1 —pit =Bt
S(t) < —(1 — e ") + Spe 7%
1

Thus, for sufficiently large ¢, one obtains
limsup S(t) < o
t——+o0 ﬁl
Similarly, from fourth equation of (4.2.2), one can determine
€%)

limsup T'(t) = —.
t——+o0 ﬁ4
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Now considering the fifth equation of (4.2.2) and using the maximum value of T'(t),

one may get the following inequality:

dP.
d_t2 < My — (ks + B5) P
Solving the above inequality for sufficiently large t, one can get the following result,
. M, Qoky Py
limsup Py (t) < , where M; = ——F, 4.2.3
H+oop 2(t) < ks + Bs ' K384 + ( )

Now, from the second equation of system (4.2.2) and using the maximum value of

P,, the following inequality can be derived

dE
— < My — BF.
o S M=
Solving the above inequality for sufficiently large ¢, one may get

. My ks My
limsup E(t) < —, where M, = .
e (t) < Pa 2 ks + Bs

Similarly substituting the maximum values of £ and S in third equation of system

(4.2.2), one can obtain the following result:

. o ko My
limsup P (t) < ———.
t—>+oop 1) < B18283 K

Using a similar argument one may obtain the maximum values of P;, P, as

limsup,_,, . P3(t) < W%%’ and
. ks ko M
hm Supt_>+oo P4 (t) S m

Therefore all solutions of the system (3.2.2) are bounded.

4.2.1 Equilibrium Analysis

The system (4.2.2) has a unique interior equilibrium Ef = (S*, E*, P}, T*, Py, P;, P}),

which satisfies

* — a9
T Ba’
2 (KsBataz)(ks+Ps)’
pr - aokaks Piy.,,
3 (KsBataz)(ks+Bs5)(ke+056)
P* _ a2/€4k5k6P1Tot
4 Br(K3Ba+az)(ks+05) (ke +56)
pr = agkoksks Py, S
1 B3(K3Ba+az)(ks+0B5)(B2 Kar+kaS*)’
E* . Q2R4R5 1o XM

(K3/84+CY2)(k5+/85)(@2K]v[+}€2S*) )
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and S* satisfies the following quadratic equation:
51 ZkoS™ + (B1 22K n — a1 Zks + askakakis Pry,,)S™ — an ZB2 K = 0,

where Z = (K306, + a2)(ks + B5). The above quadratic equation always has a unique

positive real root.

The Jacobin matrix at the unique interior equilibrium E7 is

—RE g B 0 0 0 0 0
ko E* ko S™
~r ~Fr By 0 0 ks 0 0
% % —fs 0 0 0 0
Jp: = 0 0 0 — By 0 0 0
0 0 0 MPrafs 40 g 0 0
(K3+T*)2 5 5
0 0 0 0 ks ks —Bs 0
0 0 0 0 0 ke —B7

Now the characteristic equation at the interior equilibrium point EY is of the fol-

lowing form:
(ks + Bs + x) (ke + Bs + x)(Bs + 2) (B + ) (=7 — x) (2 + Ay + Ag) = 0,

where, 4; = (81 + B2 + % + kf(—i) and Ay = (%SM B+ kﬁi Bo + B13:).

All seven eigenvalues are always negative. Therefore the interior equilibrium EY is

locally asymptotically stable.

4.3 Optimal Control: Theoretic Approach

Optimal control is a well-established mathematical tool that deals with systems that
can be controlled. By optimizing a particular performance, one may usually solve
these types of problems by finding the time-dependent values of the control parameters
(Fleming and Rishel, 1975; Grigorieva et al., 2013, 2014). In the formulated ODE
model (4.2.2), it is described that the viral protein Tat (7T') plays a dominating role
in HIV-1 transcription by making Tat-TAR complex (T'P;) which yields an elongating
complex (P) that finally transforms into messenger RNA (Fy). Hence, to control the
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transcription process, one needs to minimize the production of messenger RNA (Fy),
and therefore, it is required to suppress the biochemical reaction between the viral
protein Tat (T") and the TAR (P;) element. In this section, the formulated model is
analyzed with an additional control parameter, denoted by wu(t) which is the effect of
Tat inhibitor. Treatment with Tat inhibitor has a significant effect on disrupting the
Tat/TAR interaction by directly binding to Tat and hence reduces the production of
the elongation complex (P,). Therefore, the Tat inhibitor indirectly helps to suppress
the formation of messenger RNA (Py). Thus the same control profile u(t) is considered
with the messenger RNA synthesis term. One may consider the set {2 of admissible
controls consists of all Lebesgue measurable functions w(t), which for almost all values

of ¢ from the fixed time interval [ty, ;] satisfy the following inequality:

0<wu(t) <1.

For the set €2, the objective function is defined as
ty
() = / [Au(t) + BP2(1)]dt. (4.3.1)
to
The objective function (4.3.1) expresses the present goal to minimize the cost for
Tat inhibitor while minimizing the messenger RNA (P;). The parameter A represents
a weight constant related to the cost associated with Tat inhibitor treatment, while
B is the penalty multiplier. Therefore, for (4.3.1) one may seek an optimal control u*
such that
min J(u) = J(u"). (4.3.2)
u(.)EQ
Taking into account the above assumptions, one can consider a control problem (4.3.2)

together with the mathematical model (4.2.2) such that:

% = 1 — k’gf(—']i — B,

% = —szb;—'li—i‘/fs)Pz—ﬁQE,

P ]pES P,

¢ — oy — BT, (4.3.3)
% = k(1 —u) P;gﬁf — ks Py — B5 P,

% = k5P — keP3 — Po s,

% = ke(1—u)P3 — Br Py,
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with known initial values for S(t), E(t), Pi(t), T(t), Px(t), P3(t) and Py(t) at to.

Here Pontryagin Minimum Principle (Bonnans and Hermant, 2009; Pontryagin,
1987) is used to obtain u*(¢). One can construct a control Hamiltonian function H (., ., .)
by adjoining the state equation to the integrand L using the Lagrange multipliers, A(t),

as follows:

H(a(t), u(t), A(t)) = L(x(t), u(t)) + X" () f(w(t), u(t)), (4.3.4)

where u(t) is the optimal control and x(t¢) is the corresponding optimal state. By
the Pontryagin Minimum Principle (Krik, 2004; Lee and Markus, 1967; Lenhart and
Workman, 2007) it is known that there exists a continuous function A such that:

i = - (HH AN (4.3.5)

along with the proper initial (or final) condition of A\. The above equation (4.3.5)
is called the adjoint or costate equation and the function A is known as an adjoint
function. According to the Pontryagin Minimum Principle, the optimal control u(t)
and the corresponding optimal state z(¢) and adjoint function A(¢) must minimize the

Hamiltonian so that
H(z(t),u(t),\t)) < H(z(t),u*(t), A(t)), (4.3.6)

for all admissible trajectory control variables u*(t), satisfying the adjoint equation
(4.3.5). Taking account of the above considerations, the necessary condition for op-
timality can now be defined. For an admissible control trajectory that satisfies the
minimum principle, condition (4.3.6) implies that the Hamiltonian H is minimum at

the optimal control u(t), so that
H,(x(t),u(t), A(t)) = 0. (4.3.7)

The condition (4.3.7) is known as the first-order necessary condition for optimality.
For the present optimal control system, the Hamiltonian is defined as (following equa-

tion (4.3.4) where integrand L is given by equation (4.3.1) and the state equation is
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represented by the model (4.3.3)) :

H = A+ BP?+& (o —BES — 5,8) + & — BES 1+ ks P, — B,F)
&g (1S 53P1) + &4 (062 - 54T>
+&5( ka(1 — ) ];Zif — ks Py — 55P2> + &6 <k35P2 — (ke + 56)P3>
+&r( ko(1 —u) P — 57P4),

(4.3.8)

where &;,&, ...,&; are Lagrange multipliers. According to the Pontryagin minimum
principle and the necessary optimality conditions for the present optimal control prob-

lem, one may obtain the following theorem:

Theorem 4.3.1 If the objective cost function J(u) obtains its minimum for the opti-
mal control u*, and (S*, E*, Py, T*, Py, P5, PY) be the corresponding optimal state, then
there exist adjoint functions &1, &, &3, &4, &, &6, &7 satisfying the following equations:

% _ §<k2E+ﬂl>+€2k2E ggkgE

d k2S koS koS
B2 = §1K2M+52<K2M+ﬁ2) E5
d

B = &P,

d Ksks(1—u)P

% = £4ﬁ4 55 34K +T) 1Tt?

%s = —Loks + & (ks + Bs) — Eoks,
% — gqke + Bo) — Erko(1 — u),

L1 = &B; —2BP,,

with the transversality conditions &;(tf) = 0, fori = {1,...,7}. Moreover, the optimal

control is given by

) Eska Py, T + Erkg Ps™ (K3 4+ T7)
* t 1 ot .
u*(t) = maX{O,mln{ , AR, + T7)

Proof. The Pontryagin Minimum Principle affirms that the solution to the optimal
control problem satisfies the adjoint equations

d&,  OH d&  OH d&  OH dg,  OH

d¢ 9S’dt  9E’dt  OP  dt 0T’
d¢;  OH df  OH d&  OH

dt  OPR, dt 0Py dt = 0P,
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and the transversality conditions §;(t;) =0, for i = {1, ..., 7}.
Again, H can be expressed as :

(1 B U)PlTntT

k
H = AU2+€5 1 +§7k6(1—U)P3+BP42

Kst+ T
+E (a1 — k;fMS — 515) v 52( - %(EMS Y kP — 52E>
+€3<k2[?MS - 63P1> + 54 (Oég - 64T> - 55 <k5 + ﬂ5> P2

+&6 (/%Pz — (ke + 56)133) — &b Py

Differentiating the above expression for H with respect to u, one gets

H ksPry,, T
8—2214%—55 1 7ot

Now, according to the condition (4.3.7), the derivative of H with respect to u
expressed by above equation (4.3.9) must be equal to zero at u*. Hence, it follows

_ Esky Py, T + Erke Ps™ (K5 + T7)
2A(K3+T%) ‘

u*(t)

Due to the boundedness of the standard control, i.e., the fact that admissible control
takes values such that 0 < w(t) < 1, it follows from the minimality condition of
Pontryagin’s principle that

. . EskaPry, T + ke Ps™ (K3 + 1)
1 ot .
ut(t) = max{(),mm{ : SA(Ks + 1)

This completes the proof.

4.4 The Impulsive Model

In this section, an attempt is made to show the effectiveness of the Tat inhibitor in
the treatment of HIV-1 infection using impulsive differential equations (Bamov and
Simeonov, 2017; Lakshmikantham and Simeonov, 1989; Smith?, 2008). It is assumed
that the inhibitor is given at independent time t; and the effect of the inhibitor is
instantaneous. For ¢t # t;, the solution of the impulsive differential equations is con-

tinuous and satisfies the associated ordinary differential equation, while going through
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an instantaneous change in state when ¢ = ;. According to impulsive theory, the

characteristic of the impulse at time ¢, can be described as

Ar = a(tf) - 2(ty) = fula(t;), (4.4.1)

where z(t) is the solution of the corresponding impulsive differential equation model;
in the present paper z represents P, (see equation 4.4.2).

Here one can evaluate the effect of impulse with fixed administration of Tat inhibitor
to control the production of messenger RNA (Py) by lowering the elongating complex
(P,) formation. It is assumed that during periodic treatment the concentration of
elongating complex (P,) is reduced by some proportion r, where 0 < r < 1. Now by
taking the maximum concentration of elongating complex (F,), one should have the

one-dimensional impulsive differential equation

G2 = Mi— (ks + B5)Py, fort #ty, (4.4.2)
AP, = —rP,, fort=1t; where k =1,23,....n, N

where, M, is defined in (4.2.3).
Note that using (4.4.1), one may get

Pg(tz_) — PQ(t’;) = —T’PQ.

For a single impulsive cycle ¢, <t < t;1, the solution is

. M ) . ) i
Py(tyy) = m ] — e~ (stB)(tiri=t)| 4 P () e (hatBs) (b —te),

Here P,(t) and Px(t; ) are the concentration of elongating complex immediately after
and before the impulse (¢, and ¢, stand for immediately before and immediately after
impulse, respectively). For simplicity of notation, one may denote Ny = k5 + 5. Now,

for the different successive time intervals, the elongating complex concentration satisfies
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the following:

B(ty) = §

B(tf) = (1-r)F,

Pyty) = (1—r)jre M) Jui1 — e*NﬂtHl)},

Py(ty) = RBI(1—r)2e M) 4 (1 —r) — (1 r)e_Nl(tTtl)},

Py(ty) = %11 (1 —r)2eMlts=t) 1 (1 —p)e=Mls=t2) 1 1 (1 —p)e~Milts—t)
_67N1<t37t2>] ,

By(tf) = (1 — r)BeMila=t) 4 (1 — p)2e~Nilts—t2) (1 — ) — (1 — p)2e~Milts—t1)
—(1 — r)e‘Nl(tS‘”)}

P(ty) = F (1 —r)’e Nita=t) (1 — p)2eMltazta) 4 (1 — p)e=Mlta—ts) 4
1 — (1 —r)2eMlamt) — (] — p)emMillamte) _ o= Niltam t3>]

B(tf) = (1 ryteMitmt) 4 (1 — p)BeMlata) 4 (1 — p)2e=Nilta=t) 4 (1 — )

(1 _ 7,,)3 7N1 t4 t1 (1 o T)267N1(t47t2) o (1 _ T)ele(t47t3)i| .

Therefore, the general solution can be written as

Py(t;) = % (1— )(nfl) “Ni(tn—t1) 4 (1— T)(an)ele(tnftg) + .
n 1
+(1 —r)eMln=tn-) 4 1 — (1 — p)(n=2e=Nilta—t2) (4.4.3)
(1 — )P Niltn—t) e—Nl(tn—tn_l)]7
and
Pg(t;:) — %11 (1 _ r)nefl\h(tnfm) + (1 _ ,,ﬂ)(nfl)ele(tnftQ) 4o
+(1 —7)2eMltn=to1) 4 (1 —p) — (1 — r)(nDe=Nln=t)  (4.4.4)
(1= )P Milta—ta) _ (] — r)e’Nl(t"’t"*I)].

The above general solutions represented by (4.4.3) and (4.4.4) help to predict the
maximum concentration of elongating complex present just before and after the nth

number of drug doses is administered.
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4.4.1 For fixed time interval of dosing

One may consider a fixed time interval of dosing, i.e., t, — t,,_1 = 7 is constant. Thus

one should have

Py(t,,) = % T+ (1=7r)e™™ 4+ (1 —7)2e2M7 | 4 (1 —r)nDe-(r-Mir
—e‘NlT{l +(1=7r)e™ + .+ (1- 7’)("_2)6_(”_2)1\7”}]

. M _1—(1—7’)’”67”1\]17— . 6_NIT 1_(1_r)(n71)87(n71)N17
Ni | 1-(1—-r)e~M17 1—(1—r)e=Mi7

) My 1 _e~Mir 1
n Ni | 1—(1—-r)e~MN17 1—(1—r)e=M17
M| 1M

N1 _1—(1—r)e’N1T ’

This is the long-term maximum concentration of elongating complex before applying

the drug. To keep this below a proper threshold ]52, thus one should have

T<Lln[

M;—(1—r)N1 P,
Ny :

M1—N1P>

Substituting M; = % and N; = (ks + (35) in the above inequality, one obtains
agkaPry , —(1=7) P (K3Ba+a2)(ks+55)

1 p—
TS R ! [ agkaPiy.,, —(K3Batasz)(ks+B5) P ] = Tmax Say-

(4.4.5)

The above equation (4.4.5) represents the maximum period between two consecutive
drug doses required to keep the elongating complex concentration below P,. The

threshold value P, must satisfy

> aska Prp,
B < (K354+a2)(Tk5t+65)' (4.4.6)

Therefore, one can infer that for fixed dosing, one may obtain a maximal time gap
(fixed) of dosing that will keep the concentration of elongating complex strictly below

a threshold value mentioned by (4.4.6).

4.4.2 Corollary

Some Basic Definitions:

Consider the linear impulsive differential equation at fixed moments

de — A(t)x, for t # ty,

dt

(4.4.7)
Axr = Apz, fort =1t;; k € N.
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Definition 4.4.1 Equation (4.4.7) is said to be stable if for any number k, k = 1,2, ...,
there ezists a positive constant Ny such that for any solution x € Ly, (the linear space of
the solutions x(t) of equation (4.4.7)) defined in the interval [ty 4 0, +00) the following

inequality should hold:
|z(t)| < Nglx(ty +0)| for t >t +0.

Definition 4.4.2 Equation (4.4.7) is said to be uniformly stable if there exists a pos-
itiwe constant N such that for any number k, k = 1,2, ..., and for any solution x € Ly

the following inequality should hold:
2(t)] < NJa(s)| ¥ t> 5>t +0.

The interested reader can have a look at (Milev and Bainov, 1990) for more details on

the stability of linear impulsive differential equations.

Using the transformation P, = P, — the model (4.4.2) can be converted to

My
ks5+ps5
the below-mentioned linear homogeneous impulsive differential equation:

dP: 5
d—tQ — —(k}5+ﬁ5)P2, fOI't?étk,
_ _ M,
AP, = _T<P2+k5+ﬁ5>’ for t =t where k =1,2,3,...,n.

For t satisfying ¢, <t < t;,1, one may have

Py(t) = Pyt )ethotBa)(t=t)

Considering 7 = t,, — t,,_1 be the fixed time interval of dosing of the Tat inhibitor and
denoting N; = k5 + (35, one should have a recursion relation at the moments of impulse,

represented by

_ M
Py(th) — Py(t7) = —rPy — r=—2.
M
Thus
— M1 1— (1 - T)"e niir M1 1
P. +y .ot =
a(tn) = =1y [ (e | "N |1 e
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as n —r OQ.

However, if Py(t}) = —rih [él, then Py(t, ;) = —rih [+] e~ N7

Ny | 1-(1—r)e~MN17 _TE 1—(1—r)e=M7

and so
D (++ .M 1 —Ny7 2 My 1 —NiT _ My
PZ(tTL-H) - TNl 1—(1—r)e~ M7 € +r Ni [ 1-(1—r)e~MN17 € TN1

M|
N1 | 1-(1—r)e~M17 |~

Moreover, it is worth noting that
_ M 1 M 1 — n,—nN1T
Pty — | — ik _ M (1—r)"e |
Ny [1—=(1—=r)e 7 Ny [1—=(1—=r)etur

It follows that the impulse points r% 17; and r% +] e~ M7 define

(1—r)e=N17 1—(1—r)e= M7
the ends of a positive impulsive periodic orbit (generally, impulsive models do not
display steady state, but rather impulsive periodic orbits) in the elongating complex
concentration, to which the endpoints of each cycle monotonically increase and the
monotonicity of the impulsive trajectory imply that

B(t) < r% [1 - (1 —17”)61\717] '

Therefore according to the definition of stability of linear impulsive differential equa-
tions, the impulsive elongating complex orbit is stable.

Note: One can establish results similar to Theorem 1 (i.e., non-negativity and bound-
edness) for the impulsive system (4.4.2) (one can have a look at (Bainov et al., 1995)

for details). The proofs are quite obvious and, hence, omitted from the text.

4.5 Numerical Simulations

The behaviour of the present models (4.2.2) and (4.3.3), is illustrated through numerical
simulations, utilizing a set of parameter values provided in Table 4.1. A portion of these

values is derived from the existing literature (Carlotti et al., 2000; Kim and Yin, 2005;
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Likhoshvai et al, 2014; Mohammadi et al., 2013; Reddy and Yin, 1999; Robert-Guroff et
al., 1990; Shcherbatova et al., 2020; Slice et al., 1992), while some parameter values are
presumed hypothetically. The resulting simulations are depicted graphically in Figs.
4.4-4.6. The execution of the present numerical study was carried out using MATLAB
2016A.

Table 4.1: List of parameters, their descriptions, and range of values for models (4.2.2)

and (4.3.3).
Parameter | Parameter description Value (Unit)
ko The rate of the forward reaction from ES to P; (1.4 — 4.5) hr—1
K3 Reaction dissociation constant between P; and 7' | (0.01 — 2.05) puM
Ky Michaelis constant for S (1.0 — 2.8) uM
ka4 The rate of forward reaction from TPy to P (0.8 —3.8) hr!
ks The rate of forward reaction from P, to Ps (0.2 —3.0) hr~!
ke The rate of forward reaction from P3 to Py (1.2 — 4.6) hr~t
aq Accumulation rate of S (1.0 — 2.5) hr—t
1% Synthesis rate of T (0.5 —2.0) hr—1
b1 Degradation rate of S (0.001 — 0.65) hr—!
B2 Degradation rate of F (0.01 — 0.7) hr—!
B3 Degradation rate of P; (0.02 —0.5) hr~!
B4 Degradation rate of T (0.04 — 0.45) hr—!
Bs Degradation rate of P, (0.001 — 0.12) hr—!
Be Degradation rate of P3 (0.02 —0.2) hr—!
B7 Degradation rate of Py (0.03 — 0.65) hr—1

Figure 4.4 displays phase portraits of model (4.2.2) for varying initial values of
model compartments. In Figure 4.4(A), it is demonstrated that the trajectories of
TAR (S(t)), enzyme RNA polymerase II (E(t)), and DNA unit RNA polymerase I
elongation complex (P,(t)) converge towards the unique positive equilibrium densities
S*, E*, and Py, respectively. Similarly, in Figure 4.4(B), the trajectories of DNA
unit RNA polymerase II _elongation complex (Py(t)), immature 9kb RNA (Ps(t)),
and mature 9kb messenger RNA (Py(t)) also converge towards the unique positive
equilibrium densities Py, P5, and Pj, respectively. This demonstrates the stability of
the singular positive equilibrium E;. Each of these observations is discernible from

the graphical depictions.
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Figure 4.4: Stability of the unique interior equilibrium Ej concerning different ini-
tial conditions: (A) considering three components TAR, RNA polymerase II, DNA
unit_RNA polymerase II_elongation complex; (B) considering three components DNA
unit_RNA polymerase I1_elongation complex, immature 9kb RNA, mature 9kb messen-
ger RNA. Here we use S(0) = 4.5uM, E(0) = 4.2uM, P(0) = 3.8uM, T(0) = 2uM
as initial values and the parameter values are taken from Table 4.1.

Figure 4.5 depicts the temporal evolution of reactant concentrations over time,
both with and without the implementation of the control approach. The introduction
of control input u(t) to regulate the concentrations of the elongating complex P, and
messenger RNA (Py) results in a notable deceleration of their progress curves compared
to the uncontrolled reaction. The application of control input leads to a reduction

in the formation rate of the elongating complex (P»(t)), subsequently influencing the

4 _a _
S = =
21 = 4
2 2
o [\] 2
(] 5 10 [\] 5 10 0 5 10
Time (hours) Time (hours) Time (hours)
15 1.5 6
_ 10 1 _ 4
=, =, =,
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Figure 4.5: The nature of the curves of reactants with and without control, using
S(0) =4.5uM, E(0) = 4.2uM, P1(0) = 3.8uM, T'(0) = 2uM as initial concentrations.
Here, the parameter values are taken from the range in Table 4.1.
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Figure 4.6: Qualitative behavior of the components DNA unit_RNA polymerase II
elongation complex and messenger RNA using three different values of u, considering
model (4.3.3). The parameter values are the same as in Table 4.1.

progress curves of immature 9kb RNA (P5(t)) and enzyme RNA polymerase II (E(t))
in a similar downward trend. Conversely, the concentration of TAR (S(t)) exhibits an
increment over time. The consequences of the more pronounced decrease in enzyme
concentration (E(t)) and the concurrent increase in substrate concentration (S(t))
reverberate across the P, complex, a key participant in HIV-1 transcription. This
figure supports the conclusion that the Tat inhibitor significantly suppresses HIV-1
transcription by prominently reducing the synthesis of mature 9kb messenger RNA

(mRNA), offering substantial advantages for HIV-1-infected patients.

Figure 4.6 portrays the qualitative patterns of concentration curves for the
DNA unit RNA polymerase II_ elongation complex (Py(t)) and messenger RNA
(Py(t)) in model (4.3.3), utilizing three distinct fixed values of the control function
u (v = 0.1, 0.5, and 0.85). The illustration clearly demonstrates the potent efficacy
of the Tat inhibitor in governing messenger RNA formation, thereby hindering the
progression of HIV-1 infection toward AIDS. It is noteworthy that the synthesis of
messenger RNA (Py(t)) diminishes with escalating values of the control function w,

reaffirming the therapeutic efficacy of the Tat inhibitor against HIV-1 replication.

In Figure 4.7, a comparison can be made between the progress curves of the
components ((Py), (P), (P), and (F,)) that are involved in the HIV-1 transcrip-

tion process for both continuous dosing (optimal drug dose) and impulsive dosing
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Figure 4.7: Pattern of the curves of reactants with continuous therapy (red line)
and with impulse therapy (blue line) using Tat inhibitor. Here we have taken
S(0) = 4.5uM, E0) = 4.2uM, P(0) = 3.8uM, T(0) = 2uM as initial values and
the parameter values are chosen from the range given in Table 4.1. The black line
represents the upper threshold level of P, obtained from equation (4.4.6).

(drug efficacy » = 0.3, dosing interval 7 = 15 hours) of the Tat inhibitor. The
upper threshold level of the elongating complex P, is determined as 11.552 uM by
equation (4.4.6) from the present analytical study. It can be observed from this
figure that, in the case of impulsive dosing, the concentration of elongating complex
P, is situated just below the threshold value and exhibits oscillations with a fixed
amplitude. In contrast, in the continuous dosing method, the concentration of
complex P, remains significantly lower than the threshold level, thereby creating a
more favourable condition for combating HIV-1 transcription. Additionally, more
favourable outcomes are recorded for the concentrations of P; and P; with continuous
dosing in comparison to impulsive therapy. Another noteworthy observation from
this figure is the sharp decline in the peak point of the TAR-RNA Polymerase I1_
elongation complex (P;) progress curve upon the application of an optimal dose of the
Tat inhibitor. Following this peak point, the concentration of elongation complex P,
diminishes over time at a slower rate through impulse therapy, which is advantageous

for an overall reduction in messenger RNA synthesis (P;) from the elongating
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complex P;. Therefore, to achieve an overall decline in the HIV-1 transcription pro-

cess and extend patients’ compliance, enhancing the impulse dosing strategy is desired.

Cc

0 20 40 60 80 100 0 20 40 60 80 0 10 20 30 40 50 60
Time (hours) Time (hours) Time (hours)

Figure 4.8: Nature of the curves for the component P, with impulsive dosing time
interval 7: (A) 7 = 12h (B) 7 = 8h (C) 7 = 6h. The black line represents the upper
threshold level of P, (11.552 pM) obtained from equation (4.4.6).

To determine the ideal and safe dosing regimen for administering the Tat inhibitor
impulsively, Figure 4.8 is employed. By utilizing the same values as in Figure
4.7, the maximum time gap between consecutive dosing instances is calculated as
Tmaz = 34.693 hours (using equation (4.4.5)). As a result, the time interval 7 between
two consecutive doses should be 7 < 34.693 hours. By considering the fixed drug
efficacy r = 0.3 and varying the dosing interval 7 (= 12h, 8h, 6h), changes in the nature
of the elongating complex P5’s progress curve can be observed in each corresponding
figure. It is evident from Figure 4.8(A) that a dosing interval of 7 = 12h hours (twice
a day) is too extensive for the considered drug efficacy to effectively control HIV-1
transcription. This is due to the fact that the concentration of elongating complex
P, decreases immediately after the initial application of the Tat inhibitor, then rises
again, participating in the reaction mechanism until the second dose of the Tat
inhibitor is administered. Conversely, in Figures 4.8(B) and 4.8(C), the elongating
complex P, has less opportunity to contribute to HIV-1 transcription, indicating
better outcomes for dosing intervals of 8 hours (thrice a day) and 6 hours (four times
a day), respectively. Furthermore, in Figure 4.8(C), the peak point of the P, progress
curve remains notably below its upper threshold value, creating a more favourable

condition for the dosing interval 7 = 6 hours. Consequently, it can be concluded from

94



4.6 Variation of Parameters

Figure 4.9: The nature of the curves of E, P, and P; for different values of K3, using
S(0) = 4.5uM, E0) = 4.2uM, P(0) = 3.8uM, T(0) = 2uM as initial values and
keeping the other parameters fixed as in Table 4.1.

this figure that, for impulsive dosing of the Tat inhibitor (with drug efficacy r = 0.3),
a dosing interval of 7 = 6 hours, corresponding to four times a day dosing, is more

suitable for HIV-1 infected patients.

4.6 Variation of Parameters

In this section, sensitized parameter variation is performed to get a clearer perception
regarding parameter sensitivity so that one may take care while choosing different

parameter values.

Figure 4.9 depicts the qualitative characteristics of the progress curves pertaining to
the enzyme RNA Polymerase II (£), the TAR-RNA polymerase I1_ elongation complex
(Py), and the DNA unit RNA polymerase II _elongation complex (P,), under varying
conditions of the parameter K3. The remaining parameter values remain constant, as
outlined in Table 4.1. Notably, when K3 is augmented by a factor of five from its base-
line value, a precipitous reduction in the concentration of complex P, becomes evident.
This corresponding trend is also observable in the concentration profile of complex P;.
The rationale behind the pronounced reduction in P, complex concentration can be
elucidated from the conceptual model (4.2.2). Considering that K3 is defined as the

ratio of the reverse rate constant k_s to the forward rate constant k3, an elevation
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in K3 implies an increase in the reverse rate constant k_3. Consequently, a higher
K3 value leads to a notable diminution in the concentration of complex P,. Given
that a heightened K3 results in decreased P, complex concentration, a similar effect is
observed on the concentration of enzyme E. The concentration of the elongating com-
plex P is similarly affected due to the same underlying mechanism. A comprehensive

explanation is omitted here to maintain brevity.

Figure 4.10: Concentration-time curves of the model (4.2.2) for compartments S, F,
Py, and P, for different values of k5. Here the initial conditions and the remaining
parameters are fixed as those in Figure 4.9.

Figure 4.10 portrays the graphical representation of curves denoted as S, F/, P;, and
P,, corresponding to distinct values of the rate constant k5. Notably, an increase in ks
magnitudes leads to a conspicuous decline in the concentration of P,. This reduction is
characterized by a rate of decrease surpassing the rate of k5 augmentation. This trend
is attributable to the fact that the elongating complex P, undergoes conversion into
immature 9kb RNA, represented as Pz, under the influence of the k5 rate constant,
as prescribed by the conceptual model (4.2.2). As the concentration of P, complex
diminishes at a pace exceeding the rate of k5 escalation, a commensurate increase
in the concentration of enzyme RNA Polymerase II (E) ensues. Consequently, this
heightened enzyme concentration contributes to a depletion in substrate () levels.
It is pertinent to highlight that the escalation in enzyme (£) concentration outpaces
the reduction rate in substrate (S) concentration, thereby resulting in an elevation of
the TAR-RNA polymerase II_ elongation complex (P;) concentration for elevated kj
values. The depicted observations from this figure substantiate the alignment between

the current numerical findings and the corresponding analytical results.

Figure 4.11 offers a comprehensive overview of the transformative shifts in the
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Figure 4.11: Nature of the curves P, (for different values of 83), E and P, (for different
values of ;) while keeping the other parameters fixed as in Table 4.1. The initial
conditions are the same as the figure 4.9.

concentrations of P, F, and P, complexes, under varying conditions of 83 and (.
It becomes evident upon examination of the figure that an escalation in the (5 rate
yields a corresponding decrease in the concentration of complex P;, a phenomenon
that can be rigorously substantiated through analytical evaluation of model ((4.2.2)).
Upon closer inspection of the model (4.2.2), it becomes apparent that the concentration
of HIV-1 protein Tat (T') exhibits a decline proportional to the increasing rate of (4.
This diminishment in Tat protein (7') concentration subsequently reverberates onto the
concentration of the DNA unit RNA polymerase II_ elongation complex (FP,). Clearly
discernible is the reduction in P, concentration for elevated values of 3, which in turn
contributes to the decline in the concentration of enzyme RNA Polymerase II (E£). This
sequence of events aligns with the tenets of the corresponding analytical counterparts.
In summation, the coherent findings derived from Figures 4.9, 4.10 and 4.11 collectively
affirm the robustness of the devised mathematical model, thus underlining its empirical

validity.

4.7 Conclusion

The existing literature lacks comprehensive mathematical models addressing HIV-1
replication within infected cells, particularly concerning Tat-mediated transcription
through enzyme kinetics. Few theoretical studies have explored the inhibitory effects

of Tat inhibitors on HIV-1 transcription but haven’t integrated them into mathematical
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models. Addressing this gap, this study contributes in several significant aspects:

1. Describes HIV-1 Tat-mediated transcription using nonlinear differential equa-

tions.

2. Introduces quasi-steady-state approximations (QSSA) for substrate-catalyst com-

plex concentrations.

3. Utilizes Tat inhibitor as a control parameter u(t) to reduce messenger RNA
(mRNA) production.

4. Proposes a one-dimensional impulsive differential equation model to optimize Tat

inhibitor dosing.

The study demonstrates the bounded and non-negative nature of the model
solutions and establishes the local stability of the endemic equilibrium point. The
Pontryagin minimum principle is applied to an optimal control problem. Numerical
results indicate that continuous therapeutic administration stabilizes mRNA synthesis
after 10 hours. An impulsive model yields an upper threshold for DNA unit. RNA
Polymerase II _elongation complex (P;) and a maximum time gap between doses
(Trmaz = 34.693).

Comparative analysis of continuous and impulse dosing of Tat inhibitor shows that
a 6-hour interval effectively controls HIV-1 transcription, with a maximum dosing
interval of 34.693 hours. Notably, the study indicates that impulsive administration of
Tat inhibitor is safer and more effective than continuous treatment, ensuring patient

compliance and comfort.

In conclusion, applying Tat inhibitor through a 6-hour impulse dosing regimen
offers long-term benefits for HIV-1 treatment, with a maximum dosing interval of
34.693 hours. This approach is safer and more effective than continuous treatment,
offering a systematic approach to combat AIDS with reduced side effects. The study’s
mathematical model and findings provide valuable guidance for developing therapeutic

strategies in the scientific community.
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Chapter 5

A control-based mathematical
study on HIV-1 transcription by

introducing Tat and Rev inhibitor

5.1 Introduction

The global issue of Acquired Immune Deficiency Syndrome (AIDS) continues to be
an ongoing crisis. According to current data, approximately 39.9 million individuals
are living with HIV-1, with 1.3 million new infections reported in 2023 (unaids, 2023).
Given the significant threat these new cases pose to global health, urgent attention
must be given to addressing this issue. In order to effectively combat HIV-1, it is
essential to have a thorough understanding of the biological, physical, and chemical

processes involved.

The initiation of viral infections occurs when the envelope glycoprotein binds to
the CD4 receptor and a co-receptor on the surface of immune cells. This results in the
fusion of the membranes of the host cell and the virion, allowing HIV-1 to enter the
host cell and release its viral core, which contains the single-stranded RNA genome,

reverse transcriptase (RT), integrase (IN), and other viral components into the host
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cell cytoplasm (Das and Arnold, 2013; Friedrich et al., 2011; Hu and Hughes, 2012;
Sarafianos et al., 2009). After that the enzyme reverse transcriptase (RT) copies the
single-stranded viral RNA genome into double-stranded DNA which is subsequently
transported to the cell nucleus and integrated into the host cell chromosome by
another enzyme integrase (IN) (Engelman et al., 1991; Sarafianos et al., 2009). Upon
integration into the host DNA, HIV-1 initiates the transcription of the integrated
proviral DNA into full-length unspliced 9kb messenger RNA by means of host enzyme
RNA polymerase II (Pol II) (Likhoshvai et al, 2014; Ott et al., 2011). The RNA
polymerase II binds to the Transactivation Responsive (TAR) element on HIV-1
proviral DNA LTR promoter region yielding TAR — RNA polymerase II elongation
complex (Likhoshvai et al, 2014; Ott et al., 2011). The HIV-1 transcription process is
further positively regulated by an essential auxiliary protein called the transcriptional
transactivator Tat. Tat binds directly to the Transactivation Responsive (TAR)
element on TAR-RNA polymerase II elongation generating Tat-TAR complex that
eventually transforms into DNA unit RNA Pol II elongation complex from which
full length unspliced 9kb messenger RNA is produced inside the nucleus of the host
cell (Likhoshvai et al, 2014; Mousseau et al., 2015; Reddy and Yin, 1999). After
that the 9kb messenger RNA is either transported intact to the cell cytoplasm or
spliced to form 4kb singly spliced messenger RNA and then transported to cytoplasm
(Likhoshvai et al, 2014; Reddy and Yin, 1999). The same procedure happens with the
4kb singly spliced messenger RNA, i.e., the 4kbs mRNA is either transported intact to
the cytoplasm or undergoes splicing to generate doubly spliced 2kb messenger RNA
before being transported to the cell cytoplasm (Likhoshvai et al, 2014; Reddy and
Yin, 1999). However, to produce new virus particles, transport of both the full-length
unspliced 9 kb RNA and 4kb singly spliced mRNA from the nucleus to the cytoplasm
are necessary. Towards the later phase of HIV-1 life cycle, the translation of the 9kb
and 4kb mRNAs in the cytoplasm produces specific proteins which eventually generate
a new virion after undergoing several modifications. The cytoplasmic transport of the
9kb and 4kb mRNAs is carried out by a viral protein called Rev. The Rev protein
is produced from the doubly spliced 2kb viral mRNA, which is transported from the

nucleus to the cytoplasm through internal cellular processes. Research has shown that
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Rev serves as a traffic signal in the nucleus, guiding viral mRNAs away from splicing
to create singly spliced and doubly spliced viral mRNA (Cao et al., 2009; Likhoshvai
et al, 2014; Prado et al., 2018; Reddy and Yin, 1999), which is crucial for transporting
the 9 kb and 4 kb types of HIV-1 messenger RNA to the cytoplasm. This leads to
a decrease in the production of doubly spliced 2kb mRNA, resulting in a reduced
synthesis of the Rev protein overall (Cao et al., 2009; Prado et al., 2018). Without Rev
function, the 9kb and 4kb messenger RNA are trapped in the nucleus, and only the
2kb class RNA is transported to the cytoplasm as the transport of doubly spliced 2kb
mRNA is Rev-independent. Therefore, Rev generates a negative feedback loop causing
a reduction in the production of viral spliced messages, which is very important for
maintaining a balance in the products of viral gene expressions. This control over

viral gene expression ultimately leads to higher levels of virion production.

It is now intended to delve deep in the search of possible remedy for AIDS yielding
patient compliance. Since the discovery of AIDS, significant progress has been
achieved for diagnosis and treatment of HIV-1 infection. The implementation of highly
active anti-retroviral therapy (HAART) has greatly reduced morbidity and mortality
among patients with HIV-1, extending the lifespan of those infected individuals.
Unfortunately, the virus still persists in latently infected CD4+T cells as a latent
integrated provirus and therefore, patients should remain on antiretroviral therapy
(ART) for an indefinite period of time (Mousseau et al., 2015). If the treatment
is discontinued, the latent integrated provirus may get activated leading to viral
replication thereby rapidly weakening the immune system of an individual (Arlen et
al., 2006; Mousseau et al., 2015). Since currently available anti-HIV drugs do not
hinder the transcription process, it is important to focus on permanently inhibiting
this process. Because of the important functions of the two viral essential proteins
Tat and Rev in HIV-1 transcription, both Tat and Rev have become appealing targets
for the advancement of AIDS treatment. Various approaches have been used to
target the Tat/TAR interaction in order to control the synthesis of full length 9kb
unspliced messenger RNA, which is essential for new virion production (Cecchetti
et al. 2000; Wan and Chen 2014; Mousseau et al. 2012, 2015). Besides, several
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strategies have been made use of towards targeting the Rev mediated nuclear export
of viral 9kb and 4kb messenger RNA in order to suppress HIV-1 replication (Cao
et al., 2009; Prado et al., 2018). According to current clinical research, finding and
creating a drug that focuses on one or more stages of HIV-1 RNA development
can provide new chances for treatment to effectively manage viral reproduction and
potentially solve the issue of resistance to antiretroviral therapies (Chowdhury and
Roy, 2016; Mousseau et al., 2012, 2015). Although quite a good number of clinical
and experimental investigations have been carried out on the efficacy of Tat/Rev
inhibitor, yet a mathematical model-based analysis is not widely explored. To address
this gap, the current focus is on developing a mathematical model that covers the
mechanics of the entire Tat-Rev regulation of HIV-1 replication. This proposed model
is expected to provide a foundational framework for better understanding the infection
transmission dynamics and offering strategic guidance for effectively managing the

infection, signifying the innovative essence of our study.

Quite a few mathematical models have been developed to describe the dynamics
of viral replication during HIV-1 infection (Covert and Kirschner, 2000; Nowak and
May, 2000; Perelson, 2002), supplemented by various treatment strategies and the
effects of different drug therapies as well (Nowak and May, 2000; Perelson, 2002; Wahl
and Nowak, 2000). The effect of perfect adherence to antiretroviral therapy has been
carried out by means of impulsive differential equations (Lou and Smith, 2011; Smith,
2006). Using the method mentioned above, the dosing period and the threshold values
of dosage can be precisely estimated. Recently, S. Mondal (Mondal et al., 2023) has
carried out an enzyme kinetics model on Tat regulation of HIV-1 replication with
the incorporation of Tat inhibitor, aiming to investigate the impact of Tat inhibitor
on suppressing the transcriptional activity of HIV-1. Moreover, several theoretical
studies established facts regarding the inhibitory effect of Rev inhibitor on HIV-1 post-
transcriptional processing of viral mRNA and its ability to reduce Rev function (Cao et
al., 2009; Prado et al., 2018). The present chapter takes into account the formulation
of an enzyme kinetics model in order to observe the effect of both the viral proteins:

Tat and Rev on HIV-1 replication. Also, the impact and effectiveness of a combined

102



5.2 Preliminaries

therapy (administering Tat and Rev inhibitor) is examined by employing an optimal
control problem. By using the Pontryagin maximum principle, the optimal control
problem of minimizing the cost of therapy while simultaneously optimizing the effect
of this therapy on Tat-Rev regulation of HIV-1 replication has been studied. It is
believed that the outcomes of the model system will be of some help for both the

theoretical modellers and clinicians.

Figure 5.1: A schematic representation of HIV-1 life-cycle.

5.2 Preliminaries

5.2.1 The Model

Let T" denote the concentration of HIV-1 Tat protein and P; denote the concentration
of TAR-RNA polymerase II elongation complex. During HIV-1 transcription, viral
Tat (T') protein binds to TAR, (Trans Activation Response) element at the TAR-RNA
polymerase II_elongation (P;) and forms Tat-TAR complex (T'P;). This complex then
converts into the DNA unit_RNA polymerase II_elongation complex (FP) through a
series of reactions with forward and backward rate constants, labeled as ki, ko, k_1,
and k_o respectively. Subsequently, the elongation complex is transformed into 9kb

unspliced messenger RNA (P ) inside the host cell nucleus, with the help of the
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rate constant k3. The 9kb messenger RNA is further converted into 4kb singly spliced
messenger RNA (Py_uc), which undergoes a transformation into 2kb doubly spliced
messenger RNA (Ps_...), facilitated by the rate constants ks and k; respectively.

Moreover, the process of HIV-1 replication is aided by the viral protein Rev (R),
which promotes the nuclear export of unspliced and singly spliced RNA transcripts
to the cytoplasm. The Rev protein binds to the Rev Recognition Element (RRE) in
the virus RNA and positively regulates the transportation of 9kb (Ps.,,.) and 4kb
(Pynue) messenger RNAs from nucleus to the cell cytoplasm. The rate constants
for the afore-mentioned Rev-dependent reaction pathway are ks and kg respectively.
The doubly spliced 2kb messenger RNA (Ps_,..) is transported to the cell cytoplasm
through normal mRNA export pathway with the help of the rate constant kg.
Furthermore, Rev generates a negative feedback loop to inhibit the splicing of 9kb and
4kb messenger RNA respectively. Here 7 is represented as the inhibitory effect of Rev
on the splicing rates of 9kb (Ps_,,.) and 4kb (P ,..) messenger RNA; whereas, ks, k;
are the rate of splicing for 9kb and 4kb mRNA respectively. The schematic diagram
in Figure (5.2) illustrates the process of HIV-1 Tat/Rev mediated transcription.

@ @ [ — Readtion Direction

\ ka k2 ks l ks ks
— TP]_Z PZ—’ P3_nuc—' P4_ru: I PS_ru:
k1 k2
R L
P3 ot Pa ot Ps ot

P1: TAR-RNA Polymerase ||_elongation complex
TPz TAT-TAR complex

P2: DNA unit RNA Polymerase ||_elongation complex
P3 nuct 9kb mMRNA_nuc

P3 otz Kb MRNA_cyt

P4 nuct 4kb MRNA_nuc

Pa.op2 4kb MRNA_cyt

Ps nuc: 2kb MRNA_nuc

Ps o 2kb MRNA_cyt

T: HIV-1Tat Protein, R: HIV-1Rev Protein

Figure 5.2: The schematic diagram of Tat/Rev mediated reactions.
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Furthermore, complying with the Law of Mass Action, the set of nonlinear differential

equations describing the above enzymatic reactions is as follows:

% = ay—kiT.PL+ kTP, — B3P,

ar = ay—kT.P+k TP, — BT,

AP — | TP — kTP — kTP + k5P,

Do = TPy —k_oPy — k3P — B3P,

& = a3z — ksRPs pue — B4R,

Wonwe = |3 P) — k5<1 - K+R)P3 -nuc k4K+RP3 e = P53 e (5.2.1)
Pocyr ka2 Ps e — B6 P oyt

Pros: k:5(1 _ K+R)P3 e k;7(1 — K+R>P4 nuc k6K+RP4 nue — BrPanue;
dpfi—}cyt — k6K+RP4 nue — B8Py eyt

dPsnse k7(1 = R) Py e — k8 Ps_nue — BoPs_nue,

dpz_fyt = ks P5_nuc — BroPs eyt

where o, i = {1, 2, 3} are the rates of production of P, T, R and §;, j = {1, 2, ...,10}
are the natural degradation rates of P, T, P, R, P3 nuc, P3_cyts Panucs Pacyts Ps nue and
Ps5 oy respectively. K is the threshold for half-maximal boosting of the export of 9kb
and 4kb mRNA from nucleus to cytoplasm by Rev.
The initial conditions are P;(0) = Pyg, T'(0) = Ty, TP(0) = T Pyo, P5(0) = Pso, R(0) =
Ro, Ps nuc(0) = 0,P5.0(0) = 0,Psuc(0) = 0,Pye(0) = 0,P5,4(0) = 0, and
P5 .,:(0) = 0.

5.2.2 Model Properties
Non-negativity

In this section, the non-negativity of the solutions of the system (5.2.1) is studied

using the following theorem.

Theorem 5.2.1 Fach solution of the system (5.2.1) with initial conditions, remains

non-negative for all t > 0.
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Proof. From the first equation of system (5.2.1), one can write,

dpP;

— = oy —kT.P+k TP — P,

> —<I€1T+ BI)PI V te [0,1’51]

Hence,
t
— [(y T(T)+B1)dT
P(t) > P(0e o
as t € [0,%;] and as long as
t
/T@MT<+@.
0
Again, from the second equation of system (5.2.1), one can write

dr

> —(kiPL+B)T ¥ te|0,t].

Which implies,
— [k Py (T)+Bo)dT
T@#) > T() 1R
as t € [0,1,] and as long as
t
/RHWT<+m.
0

(5.2.2)

(5.2.3)

(5.2.4)

(5.2.5)

(5.2.6)

(5.2.7)

In the similar way, one may show that the components T'Py(t), Py(t), and R(t) of the

formulated model are positive for all ¢ > 0. Again from the sixth equation of (5.2.1),

one gets
dPS nuc 'VR R
dt k3 2 kS( K+R) 3_nuc k4K+R 3_nuc 55 3_nuc»
R
(ks + ka g + Bo) o
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But the initial value of Pj . is zero. So, one can write,

dP3 nuc
—_— > 0’
dt
(5.2.9)
which implies,
P3,nuc 2 0
(5.2.10)

Similarly, one can show that Ps_yt(t), Panuc(t), Picyt(t), Psnuc(t), Pseye(t) > 0,Vt > 0.
Thus, the non-negativity of the solutions of the system (5.2.1) with the initial

conditions is established.

Boundedness

In this section, it is shown that the solutions of the system (5.2.1) are bounded, using

the following theorem.

Theorem 5.2.2 FEvery solution of the system (5.2.1) with initial conditions, starts in

R is uniformly bounded.

Proof. First, we consider that Wi (t) = Py(t) + TP (t) + P»(t). Then we add the first,
third and fourth equations of system (5.2.1), and thus, we get

dWw,
dt

= o — 1P — k3P — B3,

> —01P — (ks + B3) P

> 5P+ TP+ B)

— oW (5.2.11)

This implies that

dw,

—5W
LS T

<0, (5.2.12)
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and after integration, one may have
(P10 + TPlO + Pgo)ei(st < Wl(t) < (P10 —+ TPlO -+ Pgo). (5213)

From second equation of system (5.2.1), one gets

dT
E = a9+ k_lTpl — ]{flT.Pl — /BQT (5214)
Since, Py, TP, and P, are bounded, equation (5.2.14) can be written as
dT
s < m—nT, (5.2.15)

where m and n depend on the bounds of P, TP, and P,.
The Gronwall Lemma guarantees that
T(t) < (1 —e™™) + Tye ™.
n
Thus, for sufficiently large ¢, one obtains
limsupT'(t) < iy
t——+o0 n
Similarly, from fifth equation of (5.2.1), one can determine
limsup R(t) = %,
t——+o00 54
Now we consider that Ws(t) = Psnue + Ps.cyt + Panue + Picyt + Ps puc + Ps_eye. Then

we add the last six equations of system (5.2.1), and obtain the following inequality:

dw- - .
dt2 < k3P — fWa,  where 8 = min{Bs, 55, b1, Bs, Bo, Bio}-

By the Gronwall Lemma, one gets

ks P,

Wa(t) < 36 2(1 — e + Wa(0)e 7.
Solving the above inequality (5.2.16) for sufficiently large ¢, one can get the following
result,
ks P
limsup Wi(t) < -2
t——+o00 B

(5.2.16)

Thus, Ws(t) is bounded for all ¢. Therefore, all solutions of the system (5.2.1) are
bounded.
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5.2.3 Equilibrium analysis

The  system  (5.2.1) has a unique interior  equilibrium  position
E*<P1*7 T*v TP1*7 P2*7 R*7 PS,nuc*a P3,cyt*7 P4,nuc*7 P4,cyt*7 P5JLU,C*7 P5,cyt*>7 which sat-

isfies

* —(ks+B3)P2*
P, _ @ (3ﬁ163) 2"
T* —  aa—(ks+B3) P
B2 ’
* _ (k_otks+B3) "
TP =
* _ a3
R - £5P3ﬁgc*+64 ’
P&cyt* = MP?)J@’LLC*J
k7(1—yf(R*
P5,nuc>'< = 7(;€8+];(€)))P4,nuc*7
P = krks(1—~f(R*)) *
5_cyt Blo(,};g-é_ﬂg)f( 4),)nuc 3
* _ 5 1—’y R* *
P4,nuc - 1127(1;%’1f(R*))+k6f(R*)+,37 PSJLUC ;
P, 4,cyt* = %P 4,nuc*;
where f(R*) = %. Here Py*, P3 ... satisfy the following quadratic equations

respectively:

P2 {041 + Qp B1P2k 1k o B1Ba(k_1 + k2) } P* ooy
2 — 2 Tt =
ks+ B3 kiky(ks + B5)°  kika(ks + fs) (ks + Bs)”

and
Kks(ks + ﬁ5)P3,nuc*2 +(Z — Kksks Py") Py pue™ — (K By + a3)ks Py = 0,

where Z = K (ks + 85)04 + as{(ks + B5) + ka — vks}. The above quadratic equations
always have a unique positive real root.

The Jacobin matrix at the unique interior equilibrium E* is

where
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KkaP3 nuc” kq R*
0000 ey TiE K+
0000 (P4,nuc*(k77 — ke) — k57P3,nuc*)ﬁ ks (1 - Ing*)
— Kke Py nuc*
=10 0 0 0 W 0 ]
_ KkivPanuc”
0000 ([7{+§*)2 0
0 0 00 0 0 ]
and
[ Bs 0 0 0 0
0 G (ko +8) 0 0 0
Js= |0 Jult —Bs 0 0
0 kr(1— Ing) 0 —(ks+pBy) O
| 0 0 0 kg —bho ]

Therefore, we get a block diagonal matrix J;, where

—k T — By —k P* k_q
A — —k T —k1 P — By k_1
11 — % )
le* kl.Pl —]{?_1 - k’g k_g
0 0 ko —(k_o+ ks + B3)
000 O
Bll - )
0 0 0 ks
and
C _k5p3,nuc* - ﬁ4 _k5R*
11 = | KPypue(ksy—Fka)  R*(ksy—ks) :
3(K+R*5)Z : KTR* = (ks + 55)

From these block diagonal matrices, it is evident that all the eigenvalues of the Jaco-
bian matrix are either negative or possess a negative real part. Therefore the interior

equilibrium E* is locally asymptotically stable.
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5.3 Optimal Control Theoretic Approach

Optimal control is a well-established mathematical tool which deals with systems that
can be controlled. By optimizing a particular performance, one may usually solve these
types of problems through finding the time dependent values of the control parameter
(Fleming and Rishel, 1975; Grigorieva et al., 2013, 2014). In the formulated mathemat-
ical model (5.2.1), it is described that the viral protein Tat (7) plays a dominating role
in HIV-1 transcription by making Tat-TAR complex (T'P;) which yields an elongating
complex (P,) that finally transforms into 9kb messenger RNA (Ps_,,.) in the nucleus.
Besides, Rev dependent nuclear export of 9kb and 4kb messenger RNA is an essential
part of HIV-1 life-cycle. Hence, to control the transcription process, one needs to mini-
mize the production of messenger RNA (P ) as well as to reduce the transportation
of 9kb and 4kb mRNA from nucleus to cytoplasm by Rev. Therefore, it is required
to suppress the biochemical reaction between the viral protein Tat (7") and the TAR
(Py) element and to control the Rev-mediated nuclear export of 9kb, 4kb mRNA. In
this section, the formulated model is analysed with two additional control parameters,
denoted by w(t) and wus(t), one of which is the effect of Tat inhibitor and another one
is Rev inhibitor. Treatment with Tat inhibitor has a significant effect on disrupting
the Tat/TAR interaction by directly binding to Tat and hence reduces the production
of elongation complex (P,). Therefore, the Tat inhibitor indirectly helps to suppress
the formation of 9kb messenger RNA (Pj_,.). Thus the same control profile (uy(t)) is
considered with the messenger RNA synthesis term. On the other hand, Rev inhibitor
disrupts the reaction pathway for transportation of 9kb, 4kb mRNA from nucleus to
cytoplasm by Rev, thereby reducing the concentration of 9kb, 4kb mRNA in the cell
cytoplasm. One may consider the set {2 of admissible controls consists of all Lebesgue
measurable functions (u;(t), uz(t)), which for almost all values of ¢ from the fixed time

interval [to, t¢] satisfy the following inequality:

0<u(t) <u™ <1, 0<uy(t) <uy®™ <1 (5.3.1)
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For the set €2, the objective function is defined as

J(ur(), ua(.)) = / A1 Prnclt) + AaPyen(8) + AsPrcy!)

0 +{B1ui(t) + Boui(t)}]dt, (5.3.2)

where, AyPs i(t) + A3Py () represents the number of transported 9kb and 4kb
messenger RNAs from cell nucleus to cell cytoplasm by Rev during treatment. The
objective function (5.3.2) expresses the present goal to minimize the cost for combined
biologic therapy in continuous way while minimizing the production of 9kb messenger
RNA (Ps_4c) in the cell nucleus and reducing the nuclear export of 9kb, 4kb messenger
RNA to the cytoplasm. The parameters A;, Ay, A3 represent weight constants of the
9kb mRNA (Ps e )in nucleus, 9kb mRNA (P ), and 4kb mRNA (P ;) in cytoplasm
respectively. By > 0, By > 0 are weight constants for Tat inhibitor and Rev inhibitor,
respectively. Therefore, for (5.3.2) one may seek a pair of optimal controls uf(¢) and
u3(t) such that

ul(Il)lenQ J(ur (L), uz(.)) = J(uj, us). (5.3.3)
Taking into account the above assumptions, one can consider a control problem (5.3.3)

together with mathematical model (5.2.1) such that:

% = Q9 — le.Pl + kflTPI - 52T7

AB = T.Py— kTP — kTP + k_oP,
% = ]{;2(1 —u)TPy — k_oPy — k3Py — B3P,
Cil—lf = - kSRPZS _nuc B‘lR

C”%’d% = kg(l—ul)Pg <1 K+R>P3nuc k4K+RP3nuc B5 P nuc;
aPs.cyt = k4(1 )K+RP3 _nuc /86P3 —cyts

dt

dP nuc

e 5 - K+R>P3 _nuc k7<1_ m>P4 _nuc k6K+RP4 _nuc B7P4,nuca
dPy_cyt — k6(1

Il
=~

dt
dt )K+RP4 _nuc 68P4,cyt7

dp5cl7tnuC = k?7<1 - m> P4 _nuc k8P5,nuc - 59P5JWC’
dpfi—fyt = kgPS,nuc - 610P5,cyt7
with known initial values for Py (t),T(t), TPi(t), Pa(t), R(t), Ps_nuc(t), P3fcyt(t>’

P4,nuc(t)7 P4,cyt(t>7 PB,nuc(t)a and P&cyt(t) at tO-

112



5.3 Optimal Control Theoretic Approach

5.3.1 Dynamics of the Optimal System

Here Pontryagin Maximum Principle (Bonnans and Hermant, 2009; Pontryagin, 1987)
is used to obtain uj(t), u(t). For the present optimal control system, we define the

Hamiltonian as follows:

H = —{A Py nuc+ AyPs_cyt + A3Py_cyt + Biu? + Bou3}
+&i(ar — kTP + KTP = 5i1Py) + &(ag — ki TP+ kTP — BoT)
+& (ki T.Py — kTP, — kTP + k_oP,)
+a(ko(1 —u)TP — (ko + ks + /33)P2>
+&s(az — ks RP3 nuc — B4R)
+&6( ks(1 — up) Py — ks(1 — K+R)P3 _nuc — (k:llﬁ + 55)P3,nuc> (5.3.4)
+&7( ka(1 — )K+RP3 _nuc — PePs cyt)
(
o

+&s( ks(1 — K+R)P3 _nuc — <k7( K+R)—|—k:6K+R+,B7>P4 nuc)
+&( ke(1 — )K+RP4 _nuc — By Py cyt)

+&10 ( (1- K+R )Py nuc — (ks + B9) Ps nuc)

+&11 (ks Ps-nuc — 10 Ps_cyt),

where &1, &, ..., &1 are Lagrange multipliers. According to the Pontryagin Maximum
principle and the necessary optimality conditions for the present optimal control prob-

lem, one may obtain the theorem stated below:

Theorem 5.3.1 If the objective cost function J(ug, ug) ob-
tains its minimum for the optimal control uj, u and
P T TP Py, R, Py_nuc*, Py_cyt™, Py_nuc*, Py_cyt”, Ps_nuc*, Ps_cyt™ be the corre-
sponding optimal state, then there exists adjoint functions &1, &, €3, &4, &5, &6, &7,

s, &9, €10, €11 satisfying the following equations:
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. — (T + Br) + &k T — Eskr T,

L2 = GRP+ &k P+ Bo) — Sk P,

B = Gk — Sk + &k 4 k) — Gk (1 —w)),

% = &k oo+ &a(k_g + ks + B3) — &6 (ks(1 — uq)),

e = (ks Por. + B0) — o (ks — ka) Pru. ez ) — & (a1 = 02) Py i

- §8<(—k‘5P3W + (k7 — kﬁ)Pmc)ﬁ) — & (kﬁ(l - U2)P4mﬁ)

+ 51o/€7p4mwﬁ,

%o = A+ &hsR+ §6<(1 — ) (ks — Esks) + (ks — &rha(1 — Uz))%);

L1 = Ay + &fs,

B = (ki1 — 22 + horly + Br) — 6o (ke(1 — u2) g5 ) — ke (1 - 25
a - S8\ K+R swir T O7) — Sol kel — u2) g7 ) — wokr K+R )
% = Az +&fs,

% = &io(ks + By) — Einks,

% = &ubho,

with the transversality conditions &(ty) =0, for i ={1,...,11}. Moreover, the optimal

controls are given by

Oa Zf ¢1(t) < 07
ui(t) = ¢i(t), if 0 < di(t) < upar,

ufer, if ¢y > uper,

0, if ¢a(t) <0,

up(t) = S ga(t), if 0 < dolt) < ufe,

\ug“”, if ¢o > ub”.

Proof. The Pontryagin Maxiimum Principle affirms that the solution to the optimal
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control problem satisfies the adjoint equations

&, 0H d& _ OH d§  OH d& _ OH d§& _ OH d§ _ OH
dt 0P dt 9T’ dt  OTP, dt 9Py dt  OR dt  OPsynuc’
dé;  OH  d& OH  dé OH  d&o OH  dén oH

dt — OPycyt’ dt  OPynuc’ dt  OPpcyt’ dt  OPsnuc dt  OPscyt’

and the transversality conditions &;(t;) =0, for i = {1, ..., 11}.

Besides, according to the Pontryagin Maximum Principal, the Hamiltonian H is max-
imized with respect to u; and uy at the optimal value uj, u} respectively. Therefore,
the derivative of H with respect to u;, us must be equal to zero at uj, uj.

Again, H can be expressed as:

H = —BW% - B2U§ + Eako(1 — ur) TPy + &eks(1 — ) Po + &rka(1 — ug)

Ps;_nuc

K+ R
+&o (kﬁ(l — Uy) o P4JLUC> +&(ar — ki T.Pr+ kTP — B Py)

K+ R
—I—fQ(CvQ — kTP + kTP — ﬁQT) + fg(/ﬁT.Pl — kTP — kTP + k,gpg)
—&u(k_g + ks + B3) Py + &5 (g — ks RPs_nuc — B4 R)

YR R
—&6 (ks(l T R) + k’4K = + ﬁ5> P3_nuc — &8s Ps-cyt
YR YR R
+&3 <k5(1 fran R)Pg,J’LU,C <k7(1 fran R) + k6K s + 57) P4,nuc>
R
—&oBsPy-cyt + &1 <k7(1 - K7+ R)PMWC — (ks + 59)135—”“0)

+&11 (ks Ps_nuc — BroPs_cyt) — Ay Ps_nuc — A Py_cyt — A3 Py _cyt.

Now, taking partial differentiation of the above expression for H with respect to u;

and us respectively, one gets

o0H

0 —2Byuy — §4ko TPy — Eekz Py, (5.3.5)
1

oOH R R

G = —2Bsuy — §7k4K n RPg,nuc - §9k6K n RP4,nuc. (5.3.6)

Now, according to the first-order necessary condition for optimality, the derivatives of

H with respect to u; and us expressed by above equations must be equal to zero at u7,
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u;. Hence, the following relationships hold:

0, if ¢1(t) <0,
ur(t) = ou(t), it 0 < n(t) < up™,
e, if gy > e,
and
0, if ¢o(t) < 0,
uy(t) = 9 da(t), if 0 < go(t) < uy™,

max 3 max
| us s if gp > uy'®.

Here the functions ¢; (), ¢2(t) are the indicator functions. The functions are as follows:

Pi(t) = _QLBl (§4k’2TP1* + §6k3p2*>7
1 *
Po(t) = 98, ((§7k’4 + &oks) T P3J’L’LLC*).

This completes the proof.

5.4 Results and Discussion

To illustrate the behaviour of the present models (5.2.1) and (5.3.4), numerical simula-
tions are performed with the set of parameter values in Table 5.1. Some of these values
are estimated from (Carlotti et al., 2000; Kim and Yin, 2005; Likhoshvai et al, 2014;
Mohammadi et al., 2013; Reddy and Yin, 1999; Robert-Guroff et al., 1990; Shcherba-
tova et al., 2020; Siliciano et al., 2003; Slice et al., 1992), while some parameter values
are partially assumed. The current numerical study was conducted using MATLAB
2016A.

In Figure (5.3), we plot the phase portraits of model (5.2.1) for different initial val-
ues of model compartments. Figure (5.3)(A) illustrates that for different initial values
of TAR-RNA Polymerase II elongation complex (Pi(t)), Tat-TAR complex (T'Pi(t)),
and 9kb mRNA in nucleus (Ps_nuc(t)), the trajectories converge to a unique point

(Pf, Py, Ps_nuc*). Similarly, in Figure (5.3)(B), we see that the trajectories of DNA
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Table 5.1: List of parameters for models (5.2.1) and (5.3.4).

Parameter

Parameter description

Value (Unit)

ki
k1

k2

Bro

The rate of forward reaction from P,
to TP1

The rate of backward reaction from
TP, to P,

The rate of forward reaction from TP,
to P2

The rate of backward reaction from P»
to TP1

The rate of forward reaction from P,
to P&nuc

The rate of forward reaction from
P3,nuc to P&cyt

The rate of forward reaction from
P3,nuc to P4,nuc

The rate of forward reaction from
P4,nuc to P4,cyt

The rate of forward reaction from
P4,nuc to P5,nuc
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Figure 5.3: Stability analysis using different reaction compartments and finding the
interior equilibrium E* of system dynamics: (A) considering three components TAR-
RNA polymerase II elongation complex, Tat-TAR complex, 9kb mRNA in nucleus; (B)
considering three components DNA unit_RNA polymerase II_elongation complex, 9kb
mRNA in nucleus, 9kb RNA in cytoplasm; (C) considering three compartments 9kb
mRNA in nucleus, 4kb mRNA in nucleus, 4kb mRNA in cytoplasm; (D) considering
three reactants 4kb mRNA in nucleus, 2kb mRNA in nucleus, 2kb mRNA in cytoplasm.
Here We use P;(0) = 3.8uM, T(0) = 2uM, TP, (0) = 1.2uM, P,(0) = 1.2uM, R(0) =
2uM as initial values. The model parameter values are taken from Table 5.1.

unit_ RNA polymerase II_elongation complex (Py(t)), 9kb mRNA (P;_nuc(t)) in nu-
cleus and 9kb mRNA (P;_cyt(t)) in cytoplasm also converge to a unique point (Pj,
Ps_nuc*, Py_cyt™). Also in figure (5.3)(C), the trajectories of 9kb mRNA (Ps_nuc(t))
in nucleus , 4kb mRNA (P nuc(t)) in nucleus, 4kb mRNA (P,_cyt(t)) in cytoplasm
converge towards the unique positive equilibrium densities P3_nuc”, Py_nuc*, Py_cyt*
respectively. Similarly, in figure (5.3)(D), we can notice that the trajectories of 4kb
mRNA (Pynuc(t)) in nucleus, 2kb mRNA (Ps_nuc(t)) in nucleus, and 2kb mRNA
(Ps_cyt(t)) in cytoplasm converge towards the unique positive equilibrium densities

Py nuc*, Ps_nuc®, Ps_cyt™ respectively. This shows the existence of nonlinear stability
of E*.
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Figure 5.4: The nature of the curves of reactants during HIV-1 transcription, using
Pi(0) = 3.8uM, T(0) = 2uM, TP (0) = 1.2uM, P»(0) = 1.2uM, R(0) = 2uM, as
initial values. The model parameter values are taken from Table 5.1.

Figure (5.4) illustrates the dynamics of the HIV-1 Tat and Rev-mediated transcrip-
tion process in patients infected with HIV-1. During the transcription of HIV-1, the
viral Tat protein binds to the TAR element at the TAR-RNA polymerase 11 elongation
stage (P), resulting in the formation of the Tat-TAR complex (T'P;). As a result, the
concentration of the P; complex decreases while the concentration of the Tat-TAR
complex (T'Pp) increases over time at a specific rate. Subsequently, the Tat-TAR
complex (T'P;) is converted into the DNA unit RNA polymerase II elongation complex
(P,), with a small fraction of the Tat-TAR complex reverting back to the P; complex.
Consequently, the concentration of complex P; begins to rise, while the concentration
of the Tat-TAR complex (T'P;) declines. Additionally, the DNA unit RNA polymerase
IT elongation complex (P,) converts into 9kb unspliced messenger RNA (Ps ) within
the nucleus of the host cell. A small fraction of the elongating complex P, reverts
to the Tat-TAR complex T'P;, resulting in a concentration curve for P, that mirrors
that of TP;. The unspliced 9kb messenger RNA (Ps_,,.) is subsequently processed
into 4kb singly-spliced messenger RNA (Ps_.), which is then transformed into 2kb
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doubly-spliced messenger RNA (Ps_,,.) within the host cell nucleus. Furthermore,
both the unspliced 9kb messenger RNA (Ps_,,.) and the 4kb singly-spliced messenger
RNA (Py_nue) are transported to the cell cytoplasm with the assistance of the HIV-1
protein Rev. Consequently, the concentrations of Ps,,. and Pj.,.. begin to decline
over time. As the viral Rev protein inhibits the splicing of both the 9kb and 4kb
messenger RNAs, the rate of decrease in the concentrations of Ps .. and Py .. slows,
leading to similar trends in both compartments. In the case of Ps.y, Picyp, and
Ps5 ¢, one may observe analogous nature of the components (Pscy; Pacyt; Pseyt)

participating in HIV-1 transcription.

=3
o

T CRE
: : ;|
L — L — I
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10
Time (hours) Time (hours) Time (hours)
5 N 2
g < =3
3 202 31
nm n:', &v
e — s — e
0 2 4 6 8 10 0 2 4 6§ 8 10 0 2 4 6§ 8 10
Time (hours) Time (hours) Time (hours)
oM b
202 )
0 )
o
B L =
0 2 4 6 8 10 0 2 4 6 8 10
Time (hours) Time (hours)

Figure 5.5: The nature of the curves of reactants with and without control, using
Pi(0) = 3.8uM, T(0) = 2uM, TP (0) = 1.2uM, P(0) = 1.2uM, R(0) = 2uM, as
initial values. The model parameter values are taken from Table 5.1.

Figure (5.5) represents the changes in reactant concentrations over time (¢) for
both controlled and uncontrolled scenarios. It is evident that upon the introduction
of the control input (u;(t)), the progress curves for the elongating complex P, and the
9kb unspliced messenger RNA (Ps_,,.) exhibit a slower rate of increase compared to
the uncontrolled reaction. The application of control therapy leads to a decrease in the

formation of the elongating complex (P»(t)), which in turn results in a similar decline in
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the progress curves for the 9kb RNA (Ps_..(t)), as well as the 4kb singly-spliced RNA
(Pynuc(t)) and the 2kb doubly-spliced messenger RNA (Ps_.c(t)). Additionally, Figure
(5.5) shows that the concentrations of unspliced 9kb messenger RNA and 4kb singly-
spliced messenger RNA in the cell cytoplasm decrease following the application of the
control input (uy(t)). This figure indicates that the Tat inhibitor is crucial in suppress-
ing HIV-1 transcription by decreasing the production of mature 9kb messenger RNA
(Ps_nuc(t)). In contrast, the Rev inhibitor effectively blocks the cytoplasmic transport
of both 9kb and 4kb mRNA, which is highly beneficial for patients infected with HIV-1.

7 \ \ \ \

P1 _TP1 Pz Ps-nuc _Ps-cyt - Pd-nuc - Pd-cy( - Ps-nuc - Ps-cy(

Reactant concentrations

Time (hour)

Figure 5.6: Persistence of the system (5.2.1). The initial conditions and parameter
values are same as Fig. 5.5.

Figure 5.6 depicts the changes in reactant concentrations over time in a single
illustration, showing that the reactants do not reach extinction, which confirms the

persistence of system (5.2.1).

Figure 5.7 illustrates the qualitative patterns of concentration curves for the
Tat-TAR complex (T'Pi(t)), DNA unit_-RNA polymerase II_elongation complex
(Py(t)), 9kb mRNA (Ps-nuc(t)) in nucleus, 9kb mRNA (Ps;_cyt(t)) in cytoplasm,
4kb mRNA (Py-nuc(t)) in nucleus, 4kb mRNA (Ps_cyt(t)) in cytoplasm, 2kb mRNA
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Figure 5.7: Qualitative behavior of the components Tat-TAR complex, DNA unit_ RNA
polymerase I1_ elongation complex, 9kb mRNA in nucleus, 9kb mRNA in cytoplasm,
4kb mRNA in nucleus, 4kb mRNA in cytoplasm, 2kb mRNA in nucleus and 2kb mRNA
in cytoplasm using three different values of u; and wuy respectively, considering model
(5.3.4). The parameter values are the same as in Table 5.1.

(Ps_nuc(t)) in nucleus and 2kb mRNA (Ps_cyt(t)) in cytoplasm in model (5.3.4),
using three different fixed values of the control function u; (u = 0.1, 0.5, and 0.85)
and us (u = 0.1, 0.5, and 0.85) respectively. The graphic clearly highlights the
strong effectiveness of the Tat inhibitor as well as Rev inhibitor in regulating HIV-1
transcription, thereby impeding the advancement of HIV-1 infection towards AIDS. It
is important to note that the synthesis of 9kb messenger RNA (Ps;_nuc(t)) decreases
as the values of the control function u; increase, further confirming the therapeutic
potential of the Tat inhibitor against HIV-1 replication. Additionally, the figure
indicates that the transport of 9kb mRNA (Ps_nuc(t)) and 4kb mRNA (Py-nuc(t))
from the cell nucleus to the cytoplasm declines with rising values of us, reinforcing the

therapeutic effectiveness of the Rev inhibitor against HIV-1 replication.
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5.5 Conclusion

HIV-1 infection is a chronic, incurable condition that arises when the virus damages
the body’s immune system. Researchers have previously investigated the biochemical
processes involved in the replication cycle of HIV-1 within activated target cells
using mathematical analysis. Notably, S. Mondal et al. (Mondal et al., 2023) have
demonstrated the positive regulatory influence of the viral Tat protein on HIV-1
transcription. They have also proposed potential treatment strategies and drug reg-
imens aimed at controlling HIV-1 transcription through a one-dimensional impulsive
differential equation model that incorporates a Tat inhibitor. However, the role of the
viral Rev protein in the HIV-1 life cycle has not yet been examined in these studies.
Recent biological literature indicates that the viral Rev protein enhances the nuclear
transport of unspliced 9kb and singly-spliced 4kb messenger RNAs to the cytoplasm,
while simultaneously inhibiting the splicing of these 9kb and 4kb messenger RNAs.
This dual action helps to maintain a balance in the expression products of viral
genes. In this context, we have examined the dynamics of HIV-1 by analyzing the
roles of two viral key proteins, Tat and Rev, from a mathematical perspective to
gain a clearer understanding of Tat and Rev-mediated transcription. Additionally,
we have focused on exploring pathways to identify optimal therapeutic strategies by

introducing inhibitors for both Tat and Rev.

Due to the absence of adequate primary data, we have selected our parameter
values to ensure that our formulated model is biologically plausible. Our suggested
treatment regimen, which incorporates a Tat inhibitor and a Rev inhibitor, relies on
hypothetical values for the model parameters. However, the outcomes can inform
future clinical trials by taking clinical results into account. Additionally, these
analytical and numerical methods can be employed to identify the optimal therapy

schedule for other medications.

The research illustrates that the model solutions are both bounded and non-

negative, while also confirming the local stability of the endemic equilibrium point.
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5.5 Conclusion

The Pontryagin maximum principle is utilized in addressing an optimal control prob-
lem. Numerical findings suggest that continuous therapeutic administration stabilizes
mRNA synthesis after 8 hours. The mathematical model and results of the study offer
important insights for the development of therapeutic strategies within the scientific

community.
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Chapter 6

Conclusion and future direction

6.1 Concluding remark

In this thesis, we have done mathematical modelling on enzyme catalysed reactions,
describing different biochemical systems for HIV-1 replication. In the treatment of
HIV-1 infection, the existing anti-HIV drugs do not permanently cure the disease and
HIV-1 remains latent within the infected cells. In this context, it is essential to focus on
creating new and improved medications that target various independent stages of the
HIV-1 replication cycle. Here we have developed quantitative mathematical models
that describe the biochemical reactions involved in the replication of HIV-1 within
target cells.

In our first project, which is in Chapter (2), we examined the effect of alcohol
consumption in HIV-1 infected patients through an enzyme kinetic model that describes
the enzymatic activity of Cytochrome P3A4 (CYP3A4) toward protease inhibitors. It
is seen that alcohol consumption increases the metabolism rate of protease inhibitors
by CYP3A4 enzyme and hence, may increase the viral load in alcoholic HIV-1 infected
individuals.

In our second project, we concentrated on deriving fully analytical solutions for
a two-compartment model that demonstrates nonlinear Michaelis—Menten elimination

kinetics in Chapter (3). Additionally, we aimed to provide foundational insights into
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6.2 Future research: An outline

developing an effective dosing regimen for applying a dual inhibitor of HIV-1 reverse
transcriptase and integrase in the treatment of HIV-1 infection.

In the third problem, we have outlined the transcription process mediated by HIV-1
Tat by developing a mathematical framework based on non-linear differential equations
in Chapter (/). This study aims to explore the effects of a Tat inhibitor on the reduc-
tion of HIV-1 transcriptional activity, approached from the perspective of an optimal
control problem. Additionally, we incorporate a one-dimensional impulsive model to
evaluate the effectiveness of the Tat inhibitor in treating HIV-1 infection, which reveals
a maximum interval of 34.693 hours between doses. Our numerical findings suggest
that continuous therapeutic administration stabilizes mRNA synthesis after 10 hours.
Our research indicates that administering the Tat inhibitor through a 6-hour impulse
dosing schedule provides long-term advantages for HIV-1 treatment, with a maximum
dosing interval of 34.693 hours.

In the fourth problem presented in Chapter (5), we have explored the dynamics of
HIV-1 by mathematically analyzing the functions of two crucial viral proteins, Tat and
Rev. We have investigated the effectiveness of combined drug therapy, specifically the
administration of inhibitors for both Tat and Rev, through the framework of an optimal
control problem. Utilizing the Pontryagin maximum principle, we have examined the
optimal control problem focused on minimizing therapy costs while maximizing its
impact on the regulation of HIV-1 replication by Tat and Rev. Our findings indicate
that continuous therapeutic administration stabilizes HIV-1 mRNA synthesis after a
duration of 8 hours.

We expect that our research and the proposed mathematical models will help

broaden the treatment options available for HIV-1 infected patients undergoing com-
plex HAART therapy.

6.2 Future research: An outline

The biochemical processes in the human body related to HIV-1 infection have been
examined through enzyme kinetics modeling in the preceding chapters. Various math-

ematical tools have been employed to provide a clearer analysis of the biochemical
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6.2 Future research: An outline

system. This thesis primarily focuses on the strategies of impulsive drug dosing and
optimal control therapy to address the selected issues. In the near future, I aim to

explore the following potential areas:
e Enzyme kinetics model including delay differential equation as it is considered a

relevant mathematical approach for this research work.

e Formulation of stochastic mathematical models for HIV-1 infection to predict

the efficiency of different antiviral drugs against HIV-1 replication.

e Mathematical model consisting of fractional differential equations to describe the
population dynamics of various chronic diseases like HIV-1 infection, COVID-19,

etc.
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Abstract

Alcohol consumption is prevalent in HIV/AIDS infected patients. It possesses serious effects on protease inhibitors
(PlIs), which are used as an antiviral drug. While taking Pls, the secretion of Cytochrome P3A4 (CYP3A4) enzymes
occurs from the liver and it metabolizes the drug to CYP3A4-PI complex. Alcohol consumption increases the rate of
metabolism of Pls. In this research article, we have formulated a set of nonlinear differential equations based on the
enzymatic activity of CYP3A4 for alcoholic HIV infected patients. Here, we have analytically compared the dynamics
of PIs metabolism between alcoholic and non-alcoholic HIV infected patients and also investigated how the infection is
being accelerated by enhancing viral load due to alcohol consumption. Finally, our analytical results are verified by
numerical findings.

Keywords- HIV/AIDS, Viral load, Alcohol consumption, CYP3A4 enzyme, Protease inhibitor.

1. Introduction

HIV-1 infection is a global problem with 36.9 million people affected in the world at the end of
2017. The African region remains most severely affected with accounting for nearly two-thirds of
the people living with HIV worldwide (Kumar et al., 2012). There were approximately 1.8
million people becoming newly infected in 2017 globally. People with HIV infection have to take
a combination of anti-AIDS drugs on a daily basis to stay healthy.

There are about 26 FDA approved anti-AIDS drugs currently available acting on different stages
of the HIV life-cycle (Das and Arnold, 2013); most fall into 4 classes: (i) Entry/Fusion Inhibitors
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Abstract

Through the utilization of a proactive approach, interaction with human immunodeficiency
virus type I (HIV-1) is facilitated, enabling the sequential stages of its fusion mechanism to
be navigated successfully. As a result, the efficient infiltration of a target C D4™ T helper cell
within the host organism by the virus is achieved. The onset of the virus’s replication cycle
is initiated through this infiltration. As a retrovirus, the orchestration of the conversion of
its single-stranded viral RNA genome into a more stable double-stranded DNA structure by
HIV-1is observed. Integration of this newly formed DNA with the host cell’s genetic material
occurs. This pivotal transformation of the integrated pro-viral DNA into fully functional mes-
senger RNA (mRNA) is facilitated by the host enzyme RNA polymerase I (Pol II). The central
focus of the present ongoing research involves the construction of a meticulous mathematical
framework consisting of a system of nonlinear differential equations. The investigation of
the impact of a Tat inhibitor on the suppression of the transcriptional activity of HIV-1 is
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Reverse transcriptase (RT) and integrase (IN) are two pivotal enzymes in HIV-1 repli-
cation. RT converts the single-stranded viral RNA genome into double-stranded DNA
and IN catalyzes the integration of viral double-stranded DNA into host DNA. Cur-
rently, dual inhibitors of HIV-1 RT and IN have become a hotspot in new anti-HIV drug
research and development. A dual inhibitor of HIV-1 RT/IN does the same thing as
the two independent drugs would do. In this paper, we develop a mathematical model
comprising a system of nonlinear differential equations describing HIV-1 RT/IN cat-
alyzed biochemical reactions based on Michaelis-Menten enzyme kinetic reaction. In
the formulated model we incorporate HIV-1 RT/IN dual inhibitor which simultaneously
works as a non-nucleoside RT inhibitor and IN inhibitor. To examine the efficacy of
HIV-1 RT/IN dual inhibitor in the treatment of HIV-1 infection, we have introduced a
one-dimensional impulsive differential equation model and determined an effective dos-
ing regimen for applying the inhibitor numerically. Furthermore, the exact closed form
solution of the impulsive differential equation model is carried out by using the Lambert
W function and the local stability of the periodic solution is also obtained analytically.
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