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ABSTRACT

The work presented in this Thesis is mainly focus in the area of clustering, to be more specific in
the area of Fuzzy C Means Clustering. The problem is to change the search geometry of the
above mentioned algorithm. The shapes which the modified algorithms are required to enforced
are Ellipse and Parabola. The task related to shapes were done in [10] and [14]. We try to
develop a simpler approach.

The cost function was altered and update equations were derived. The algorithm was also
modified and tested on artificial datasets. One of the algorithms is also implemented in image
processing problem.
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CHAPTER 1

ARTIFICIAL INTELLIGENCE : A BRIEF NOTE

Artificial Intelligence [1] is a buzz word in present day science and technology. Almost every
other day there are new developments in this field. It is so fast evolving that if we don’t keep
track on the developments our knowledge will become obsolete. Each and every day new
concepts, improvements of old concepts are done. This fast moving pace is the result of
continuous strive of humans to develop more intelligent and fast machines which will
outperform existing ones. Such is the nature of Artificial Intelligence [1].

Let us understand what Artificial Intelligence [1] is. Artificial Intelligence in its own right is a
discipline formed from other well established disciplines. The term Artificial Intelligence was
given by John McCarthy. It is an interdisciplinary subject in nature. Artificial Intelligence has
no clear cut definition, it has many interpretations but the most widely accepted one is:

The simulation of human intelligence on a machine so as to make it identify and use the right
piece of knowledge at a step of problem solving. [1]

To understand this definition we need to define the terms Intelligence and knowledge.
Intelligence is the ability to use the right knowledge at the right time [1] and knowledge are rules
which are required to solve a problem [1], knowledge can be gained from various sources and
can be static as well as dynamically evolving. Thus in simple terms Artificial Intelligence
simulates human mind on machine and is involved with mathematical models which makes a
machine act in a rational way [1].

Artificial Intelligence has many components so as to make it mimic the way in which humans
think. Intelligent system is a rational machine [1] i.e. it can reason its actions, so it is a good
planner [1]. Also such a system needs to acquire knowledge which is dependent on perception
[1] i.e. acquiring information from the environment via senses also a system should have
learning ability [1] for understanding the perceived information and developing knowledge [1].

Thus we can see that artificial intelligent system approximately represents our own
understanding of our thinking ability which is based on cognitive science [1]. The subject will
become more and more enriched as we will understand how our mind works which is still a
mystery hidden behind a thick fog even after so much advancement in science and technology.
Even in medical science we have estimated that we still need a lot to understand about human
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body even after thousands of years of development. We still have a long way to go, leagues of
new discoveries are still there to make, understand and present.

In Artificial Intelligence [1] we solve problems. A problem is a task in hand and we need to find
its solution which is valuable for us [1]. A state can be defined as a status of the problem after
applying an operator on a previous state [1]. An operator [1] is a rule which is specific to a given
problem. Thus we can say solution is a collection of states [1]. We apply operator on a state and
continue this until we get the desired state [1]. Also at every state we need to apply the most
applicable operator [1]. This approach of problem solving is called state space approach [1]. We
generally use Artificial Intelligence [1] in problems for which direct algorithms are not available

[1].

There are many state space searching algorithms like
a) Generate and test  [1]

b) Hill climbing [1]

¢) Heuristic search [1]

d) Means and End analysis. [1]

Artificial Intelligence is based on various disciplines which are Mathematics, Philosophy and
cognitive science, Psychology and computer science. It has been applied in many fields like
Robotics [1], Navigation [1], Medicine, Theorem Solving [1], Games, Natural language
processing [1], Computer vision [1], Astronomy etc.

7|Page



CHAPTER 2

MACHINE LEARNING

Artificial Intelligence [1] is not a single domain but comprises of multiple domains for instance
a)Natural Language Processing [1]

b)Cognition

¢)Deep learning

d)Computer Vision and many more. [1]

One such domain is that of Machine Learning [1] [2][3].

Machine Learning [1] [2] [3] is the technology which most technology students want to learn.
The term Machine Learning was introduced by Arthur Samuel. According to Arthur Samuel
Machine Learning is

The field of study that gives computer the ability to learn without being explicitly programmed.

Thus Machine Learning is a domain of study where we study and develop various learning
algorithms which can automatically improve from its learning experience and data using which
the experience is developed. The data is task oriented. [2]

Tom Mitchell has defined well posed learning problem. According to him:

A computer program is said to learn from experience E with respect to some task T and
performance parameter P if its performance on T as measured by P improves with experience E.

Intelligence [1] has many domains and Machine Learning is said to represent behavioral
intelligence [1].

Machine learning is mostly mathematics. One needs to understand linear algebra, vector spaces
[6], coordinate geometry, statistics[3], partial differentiation, optimization[7][8] and many more.
These are the crux of machine learning [1][2][3].

In machine learning we develop a model [3] also known as hypotheses using data provided and a
machine learning algorithm. We basically train the model [3] and after training we use the model
to give output which is a prediction on the basis of some input. The entire process is summarized
in the diagram.
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TRAINING SET

LEARNING ALGORITHM

HYPOTHESES (MODEL) -

INPUT OUTPUT

Fig.2.1 Machine [.earning In a Summary

The output generated is a prediction and not the exact value. We use the learning algorithm to
develop the parameters of the model [3].

Machine Learning can be classified into following broad categories  [3]:
a) Supervised learning  [3]

b) Unsupervised learning [3]
¢) Semi-supervised learning [3]
d) Reinforcement learning [3]

Let us understand these categories in brief.

9|Page



2.1 Supervised Learning [3]

In Supervised learning [3] the dataset provided has labels which are the output of the model for
the corresponding input instance. It is the type of learning where we specifically tell the
system(learner) the solution for a problem instance i.e. we supervise. It is like teaching a child
about a ball by showing it a ball and telling about it.

Examples of supervised learning [3] are

a) Regression [3]
b) Classification [3]

2.2 Unsupervised Learning [3]

In unsupervised learning [3] the dataset provided does not have labels. It is like learning without
any guide and let the learner to figure out on its own. For instance, giving a person a hammer
without telling him or her about it and its uses. The learner will on its own figure out what the
object in hand is what are its uses and many more information.

Some of the unsupervised learning [3] tasks are as follows:
a) Clustering [3]

b)Dimensionality reduction [3]

¢) Association rule learning [3]

d) Anomaly detection [3]

2.3 Semi-supervised learning [3]

This type of learning is used when dataset is partially labeled. It uses mixture of supervised [3]
and unsupervised learning algorithms[3].

2.4 Reinforcement learning [3]

This is a reward based learning. If the learner performs well it is rewarded else it is punished.
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CHAPTER 3
OPTIMIZATION

Mathematics has mainly two parts namely Pure Mathematics and Applied Mathematics. Pure
mathematics is mathematics without any concern for real life application but applied
mathematics is quite the opposite. Applied mathematics is the branch of mathematics which is
applied to find solutions to real life problems. It is used in physics, chemistry, biology,
economics and many more disciplines. In physics, one of its uses is in fluid dynamics. In biology
we can use it to model biological systems and find solutions for the system.

Applied Mathematics has many faucets and one such faucet is Optimization Theory [7][8].
Optimization Theory [7][8] is also a part of computational mathematics and operations
research[13]. Optimization Theory [7][8] is used in management, science, engineering and
defense [8].

Optimization Theory is mainly centered around the task of finding optimal solution for a given
problem [7] [8], and so provides us with algorithms which help us to achieve the mentioned goal.

Any Optimization problem can be formulated as stated below
min f(x) eqn(i)

s.t x €X, [7]

Where x € R" is a decision variable, f(x) is the objective function, X © R" is the constraint set
or feasible region [7]. If X = R"™ then the problem becomes unconstrained optimization problem

[71:

G eani 7

Constrained optimization problem [7] can be written as follows:

cegn SO eqn(iii)
s.t. ¢i(x)=0,i€E,

ci(x)=20,i€l [7]
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Where E and I are the index set for equality constraints and inequality constraints [7].

In a summary we can say that in optimization we are given a function and a set of constraints
which can be equality and inequality conditions [7] [8]. The function represents the system and
the constraints provide the space in R™ in which solutions to the problem lie [7] [8]. Using a
suitable algorithm we find the optimal solution for the problem. We can either maximize a given
function or minimize it. In short we need to find value of parameters for which the function is
either maximized or minimized depending on our need.

Machine learning [1] [2] [3] is heavily dependent on Optimization Theory [7] [8]. Most of the
task in Machine learning is an Optimization Task. In machine learning [1] [2] [3] we are
basically trying to find parameters of a cost function which minimizes the value of the cost
function, sometimes constraints are also provided. The cost function summarizes the task given
in hand and is responsible for making accurate predictions made by the given model responsible
for the task. Let us see some examples:

a) Linear Regression [3]- In linear regression the task is to predict output which is
continuous in nature for instance price based on a linear model. Using the linear model
and training instances we develop a cost function which is mean squared error, using the
cost function and applying the gradient descent [3] algorithm which is the optimizer
algorithm based on gradients we find parameters for the model. In gradient descent [3]
we basically compute gradient of the cost function with respect to the parameter multiply
with it learning rate and try to move towards the parameters for which the cost function is
in its global minima. Using the model along with the optimized parameters we make
predictions. It is a supervised learning task.

b) Linear Classification [3]- In Classification, which is a supervised learning task, we aim at
assigning a category to the a given data tuple. The output is finite and discrete signifying
the fact that there are fixed number of classes. We take a linear model and apply it to a
sigmoid function which yields value between 0 and 1 if the yield is large then it is
classified else not. Gradient descent is again used to find the parameters of the linear
model which was applied in the sigmoid function. Sigmoid function is used because its
derivative exists.

¢) Clustering [3]- It is a unsupervised learning task where we aim to group data into clusters
depending on some similarity based on a criteria. For instance in fuzzy ¢ means
clustering [9] we have a cost function which is to be minimized. We simply use the
minima condition for a function to perform 1* order partial derivatives from where we
find update equations for the unknowns. Using the update equations iteratively we find
the unknowns for which the cost function is minimized.
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Thus we see that optimization and machine learning go hand in hand. There are also other
tasks in machine learning where optimization is required like in neural networks we use
gradient descent and back propagation. Simulated annealing [1] [8], Hill climbing[1],
Genetic algorithms [1] [8], ant colony optimization [8], particle swarm optimization[8] in
Artificial Intelligence[ 1] are basically optimization algorithms.
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CHAPTER 4

CLUSTERING

Clustering [3] [17] is an unsupervised learning task [3] which is used very frequently. As already
stated unsupervised learning [3] doesn’t require supervision and the dataset provided doesn’t
have labels. In clustering we ask the system to find groups in the dataset provided. It groups data
points which are similar in some nature.

Clustering [3] [17] is a basic task in machine learning [1] [2] [3] and there are many algorithms
and concepts for doing it. Even the clusters can be either hard or soft. To name a few well known
algorithms the below given list will do fine:

a) K means Clustering [15]

b) Fuzzy C Means Clustering [9]
¢) Hierarchical Clustering [16]
d) Density based clustering [17]
e) Partitioning Clustering [19]

f) Spectral Clustering [18]

Almost every now and then clustering algorithms are developed. Some get accepted and stand
the test of time.

Some clustering approach requires us to specify the number of clusters at the beginning of the
execution itself as one of the input parameters. For instance K means clustering [15] and Fuzzy
C Means Clustering [9]. These techniques are somewhat rigid and have the drawback that
number of clusters entered should be close to the real number of clusters in the dataset hence
some sort of knowledge about the dataset provided is required, in short we need to study it and
we can’t stay blindfolded, that is a dreamed luxury of this technique. If number of clusters is
greater than the actual number in the dataset then clusters will become divided. If the number is
less than the desired number then clusters will combine to form bigger clusters. Both cases are
undesirable.

While other clustering algorithms don’t require pre-specified number of clusters, for instance
hierarchical clustering[16] where we consider each data point to be a potential cluster centroid
and find other data points which are within its predefined space. Here actual number of clusters
are deduced while executing the algorithm same, DBSCAN also has such property [23]. We can
stay blindfolded about this parameter here as it is taken care by the algorithm itself. We just feed
the dataset to the system. This is a useful feature of this approach.

Again clusters can be either hard or soft. In hard clusters a data point can belong to only one
cluster but in soft clusters a data point may belong to more than one cluster at the same time.
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Clustering is used in lot of applications be it for studying trends in the market in corporate world
or in medical imaging. For instance if we have a dataset for sales of a product which contains
features of age and gender then we can use clustering to find clusters in the dataset and use the
results to find deduct some facts like finding the largest cluster then we can make inferences that
which group of people use the product most and from the smallest cluster we can say that which
group of people uses the product least and accordingly set the marketing strategy to gain more
profit.

In medical science if we have a dataset for a particular diseases and we apply clustering on it we
may deduce which group of people is more susceptible to the disease and which group is least
and then take proper actions to contain which may lead to its total eradication. Uses of Clustering
can be seen in [10] [14].

We see that clustering is the basic step behind many novel ideas and is used to study about data
and develop inferences from them which may be useful. These inferences help us to develop
solutions to solve problem in our hands.

Let us see a real life application of clustering in computational biology and bio-informatics. In
gene microarray clustering we cluster about 80-120 dimension data points where each dimension
is some parameter of a genes whose value is determined from studies conducted in wet lab. After
clustering we find the larger cluster which might be responsible for some health condition. Using
gene regulatory network we can find the main genes in the cluster responsible for the condition.
Again clustering [3] [17] can be used to find cells from images by the help of some
preprocessing and then some clustering algorithm, this application is shown in this work.
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CHAPTER 5
FUZZY SET

We know from mathematics that a set is a collection of element/item, the elements can be
anything from numbers to objects [6]. For instance the following set is a set of even numbers:

S={x:xmod2=0)}

In crisp sets [6], elements are not repeated i.e. if an element exists in a given set then it is unique.
But in multi-set [6] this limitation is not allowed. In multi-set, if an element belongs to a given
set then it may or may not be unique for the given set under study. This is quite resonant with the
real world for instance let us consider a set of students in a class of a school, now suppose there
is some student named ‘A’ in set theory [6] ‘A’ named student is unique i.e. no other student
can’t have the same name but naturally this is not the case. In real world we do come across
people having same names, they can be either two or more than two or even one we can’t say it
for sure whether a name is unique or not. In such cases the concept of multi-set do come handy
which removes this problem. So if we consider a multi-set then both the students having the
name ‘A’ can be considered in the set. Sets and Multi-sets have different approaches or ways of
thinking about the computation of common set operations of Union [6], Intersection [6] and
negation [6]. Also some operations are unique for each of the categories for instance sum of
multi-sets [6] and Cartesian product [6] of normal sets [6].

Now coming back to the basic property of a set. If an element a belongs to a given set then it is
completely associated with the given set, if the element is not a member of the given set then it
is not at all associated with the given set. The philosophy is hardline, either it belongs to the set
or doesn’t belongs to the set. If we develop a membership function for the given set which
accepts an element then it will output either 0 or 1. 0 means not a member 1 means a member. It
can’t produce values in between. They are crisp in nature.

pw={y 1% e

This hardline way of thinking is not present in humans for some cases where there are
intermediate values in between 0 and 1 which means a mixture of yes and no instead of either
yes or no way of thinking. For instance if we ask someone whether today is hot or not, the person
might response in different ways instead of responding with either a simple yes or no answer.
The person might say that it is not that hot or it is warm or it is boiling hot. This type of
conversations do happen and it represents that we try to introduce some amount of degree of
associativity which is in between 0 and 1.
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The hardline way of thinking has been utilized in many machine learning unsupervised
clustering algorithm in which a data point can either belong to a given cluster or not. Few such
algorithms are as follows:

a) K means clustering [15]
b) Basically any algorithm which doesn’t have the provision for data points to have
membership value other than 0 and 1.

Now let us understand the concept of Fuzzy sets [S] [6]. Fuzzy set [5] [6] was developed by
Lotfi.A Zadeh. Fuzzy set is unlike normal set. We have already seen that in a crisp set an
element can belong to the set completely or not at all. This is where the concept of fuzzy set
comes with a spark. In a fuzzy set each element has a membership function value within the
interval [0,1]. This analogy is quite similar to some conclusions developed by humans as we
have seen in the question of hotness.

Mathematically we define fuzzy set as follows

Let S be a fuzzy set in U and x be an element. We can say that the condition of setsie. x €S or
x & S need not hold.

Let ug denote the fuzzy membership function for set S then

us(x) € [0,1] eqn(ii) [6]

In crisp set the membership value is taken from two element set i.e. {0,1} but for fuzzy sets [5]
[6] it is a range that is given by [0,1].

The concept of fuzzy sets is frequently used in computer science particularly in Artificial
Intelligence [1]. Fuzzy set is used in the concept of reasoning which replaced Bayesian reasoning
as it was intractable and computationally expensive [20]. In regard to this problem the accuracy
does decrease but performance increases if we use fuzzy reasoning [20].

Fuzzy sets [5] [6] is also used in clustering. If we use the notion of sets in clustering then a given
data point can belong to only one cluster. This notion is used in K means [15] which has already
been stated before. But if we use the notion of fuzzy set [5] [6] then a given data point can
belong to more than one cluster at the same time where the membership of the data point with
the clusters is given by the membership function of the respective clusters. This concept has been
used in Fuzzy C Means Clustering [9].
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CHAPTER 6

FUZZY C MEANS CLUSTERING

We have already gone through Fuzzy set [5] [6] definition. Let us now come to Fuzzy C means
clustering [9] abbreviated as FCM. Fuzzy C Means clustering [9] was developed by James .C
Bezdek and others [9]. It uses the concept of fuzzy sets in clustering. It has the property that a
data point belongs to all the clusters at the same time having varying degree of associativity. It
allows overlapping clusters. Each cluster has their own membership function [9]. It should be
stated well before that in Fuzzy C Means clustering [9], number of cluster to be detected in the
given dataset is given prior to execution.

Let there be m clusters and n data points, then the cost function of fuzzy ¢ means clustering [9] is
given by

m n
— N\ X —_— —s1 2
1= w@) 1% -7

eqn(i)

With the constraint

m
D () =1
i=1

eqn(ii)
Where u; is the fuzzy membership function for ith cluster taking X, as input and its range is

0<u(x) <1
X, is a data point of a fixed dimension.
7, is the centroid of ith cluster having same dimensions that of a data point.

a is the fuzziness parameter having the acceptable range of 1 < a < oo.
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In the cost function we have used the 1, norm which has been squared, basically it is computing
the distance squared between the centroid and the data point.

Using the above cost function and constraint we get the following update equations

(%) %

1 N

eqn(iii)

1
2
[l Xp — v,|[a-1

Hi (x_p)) =
]

1%, = w]le=t

eqn(iv)

Using the above two update equations we develop the Fuzzy C Means clustering algorithm.

Algorithm: FCM [9]

Input: a, X, Vp=1ton

Output: 7, Vi=1tom

Step 1. Assign u;(x%,) €[01]Vi=1tomVp=1ton

Step 2. Compute v, Vi = 1 to m.

Step 3. Compute y;(%,) €[0,1]Vi=1tomVp=1ton.

Step 4. Repeat from step 2 until v, Vi = 1 to m doesn’t shift much.

Step 5. Exit.

The above algorithm gives centroids of the clusters. Fuzzy C Means clustering[9] does have
certain advantages. When compared with K means Clustering [15] we see that FCM does not
give crisp clusters but gives clusters which are supported by all the data points with varying
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degree of membership this by paslses the problem in k means [15] where a data point is
equidistant from both the clusters and hence we need to arbitrarily break the tie by assigning the
data point to either one of the clusters. It supports the idea that a data point can belong to more
than one cluster at the same time. Fuzzy C Means Clustering [9] also has the advantage that it is
less likely to get trapped in local optima than that of k means clustering [15]. The concept of
fuzzy C means clustering [9] is also supported in real life that a person can belong to more than
one social group at the same time. For instance a swimmer can have more than one swimming
club membership or a party going person can have more than one club membership also a person
is related to more than one family at the same time, the list is endless with such examples.

But with all the pros there has to be some cons. Let us understand how data points belonging to a
cluster are extracted. It all depends on the membership function value of the cluster under study

with data point as input to the function. We set a threshold value ¢ for the task, if ,ui(5c—p’) >c
then X, belongs to the cluster else we remove it. Now following this concept a weakly
supporting data point supporting all clusters will be removed from all the clusters. This is not the
case for k means clustering. Also we have to set number of clusters to be found in the data set.
This will cause a problem if the actual number of clusters is different. Another issue is that we
don’t have any idea about the proper value of fuzziness parameter. If wrong value is chosen, the
algorithm gets trapped in local optima [21]. This problem becomes more prominent when
number of dimensions is more [21].
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CHAPTER 7

NORM: DEFINITION, TYPES, RELATION WITH FCM AND PROBLEM

In mathematics we come across the term Norm [3] [8] often. It is related with vector spaces [6].
Norm allows us to compute length of a vector [6], distance between two vectors[6].

There is a mathematical definition for norm [8]
A mapping ||.|| is called a norm iff it satisfies the following properties:

a) x|l = 0, ||x]|=0 iff x=0i.e. a null vector.
b) |lax||=lal |lx]| ,Va € R
o) [yl

Where x and y are vectors such that ¥ x, y € R™. [§]

So norm is a function which takes vector as inputs and generates a real number greater than or

equal to zero.

Generally a [, norm is given as follows [8]

1
" 2
b=zl = | 1xl?
i=1

eqn(i)

From the above equation we can see that [; norm is given by [8]

n

b= 1lxll = ) 1l

i=1
eqn(ii)

[, norm is given by [8]

1
n 2
L = |lxl, = [Z |xl-|2]
i=1

eqn(iii)
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l; norm is given by  [8]

1

n 3
Ly = llxlls = lz |xl-|3]

i=1
eqn(iv)

l, norm is given by [8]

max
lo = |Ixl|eo = 1<i< nlxil

eqn(v)
Larger the value of p more norm is sensitive to larger values and neglects smaller values [3].

[y gives number of nonzero elements in the given vector and [, gives maximum absolute
element in the vector [8].

Let us study [, norm [8] and see its properties.

[, norm [8] is also known as Euclidean norm. It is used to find the length of a vector. It is also
used to find distance between two points in n dimensional space. Suppose we have point A(X,y)
and B(p.q) then the distance between A and B is given by

AB = ((x=p)* + (y = ?:  eqn(vi)

If one of the points is origin then [, norm [8] gives us the distance between origin and the point
under study.

One point to be noted is that [, norm [8] predominantly imposes a circular geometry in 2d plane
and spherical geometry in 3d plane [4]. It is the inherent property of [, norm [3] [8] as we can
see that it finds radius with one of the point as the center of the sphere or circle and we know that
the equation given below is the equation of the locus of a circle with origin as its center.

x% + y? = r? eqn(vii)
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This is nothing but [, norm [8] squared with one of the point being (x,y) and other being the
origin (0,0).

In Machine learning [1] [2] [3] we do frequently come across [, norm [3] [8] as it is less
sensitive to large values than [,, where p>=3 and more sensitive than [;[3]. Norms are used in
clustering like in k means [15], fuzzy ¢ means clustering [9]. In fuzzy ¢ means clustering [9] [,
norm squared is used in the cost function to find the centroids and clusters [9] [15]. But using [,
norm has its own draw backs.

[, norm [3] [8] is more susceptible to outliers than [; norm [3]. An outlier is a data point which is
considerably away from other data points. Root mean square error is [, norm so it is susceptible
to outliers than mean absolute error [3]. When outliers are less in data set then we can use [,
norm as it gives better performance. Root mean square error is used in the cost function of linear
regression which is optimized using gradient descent algorithm.

[, norm [3] [8] predominantly imposes a circular geometry [4] which causes a problem in
clustering [3] [17] when we try to impose cluster of some different shape than that of a circle or
spherical geometry. For instance we can’t enforce parabolic or elliptical shape on the cluster
because of the inherent nature of [, norm to impose spherical geometry.

In the following chapters we try to change the default search geometry of fuzzy ¢ means
clustering algorithm [9] to enforce parabola shape and ellipse shape on clusters. Changes in the
cost function as well as changes in the iterative nature of the algorithm are required to achieve
the goal. The former is based on the concept of shape functions and the later modification is done
to make the cost function much simpler hence easier to derive the update equations which will
simplify the entire process.
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CHAPTER 8

LAGRANGE MULTIPLIER TECHNIQUE

If we are given an objective function f(x) [8] without any constraints(equality/inequality) then
we simply compute it’s gradient and equate it with zero to minimize it i.e.

af(x)
dx

0

If it is an objective function with multiple variables f (x4, x5, X3 ..... X,) then we perform partial
derivative w.r.t. individual variables and then equate them with zero i.e.

Of (X1, X2, X3 weuveXp)

=0
dxq

Of (X1, X0, X3 weuveXp) — 0
axZ

0f (%1, X3, X3 v v Xy) _0
0x5

0f (%1, X3, X3 wen v Xy) _0

dx,

We do this because when we try to find minima of a function we try to find the point where
gradient value changes it’s sign from negative to positive. This is a simple task and is applicable
when the function has no constraints.

When the objective function has constraints [8] to be more specific equality constraints [8] the
above method can’t be used which is quite simple. In short we can’t perform derivative operation
on constrained optimization problems directly.

To find the minima in such situations we need to convert the constrained optimization problem
to its unconstrained form [8]. When the constraints are equality in nature, we apply Lagrange
multiplier technique [8] to convert the constrained optimization problem[8] into unconstrained
optimization problem [8].

The process is summarized as follows
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min  f(xy, X2, X3 enr. Xpy)
Given constraints
Cj(x1,Xx2,X3 .. xy) =0 j=1ltopandp <n

The unconstrained form of the above equality constrained optimization problem is

p
L(x1, %2, X3 e X, Ay, A Ap) = F(31, X2, X3 e X)) + z/ljcj(xl,xz,x3 e Xpy)
j=1

The above equation is that of the unconstrained optimization problem [8] where 4; j = 1 to p are

the Lagrange Multipliers [8].

Now we can apply the derivative operator to minimize L(xl, X2, X3 ceee s Xy Ag, Ao Ap) ie.

OL(%1, X2, X3 oo e X, Ay, Ape D)
axi -

0 i=1ton

OL(%1, X2, X3 oo e Xy Ay, Agen Ap)
0 -

0 j=1top

Now we can use the above set of equations to find value of the unknowns. We use this technique
in the derivations done in the text.
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CHAPTER 9
CONICS

Ellipse and Parabola, well known topics in high school mathematics, coordinate geometry to be
more specific, are conic sections. In order for us to understand these two terms we need to first
recapitulate conics.

A Cone is 3-dimensional shape as shown in fig. 9.1. According to Wikipedia a cone is a 3-
dimensional geometric shape that tapers smoothly from a flat base to a point called as vertex.

Fig.9.1 A Cone from which conic sections can be created

A conic section [22] can be defined as follows:

A conic section is a curve which is obtained by cutting a right-circular cone with a plane that
doesn’t pass through the vertex of the cone. [22]

In simple terms it means 2-dimensional faces which are formed by cutting a right-circular cone

Using mathematical jargons it can be defined as:

The locus of point P which moves on a plane so that its distance from a fixed point S on the plane
always bears a constant ratio to its perpendicular distance PM from a fixed straight line ZH on
the plane is called a conic section. [22]
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V4 S

Fig.9.2 Graph showing a point on the locus of a conic section

In the above diagram S is the focus of the Conic,
ZH is the directrix i.e. the fixed straight line,
P is the point on the locus of the conic,

The ratio is known as eccentricity e and is defined as SP:PM=e.

Conic section can be divided into three categories which are as follows:
a)Parabola [22]
b)Ellipse  [22]
c)Hyperbola [22]

A parabola is obtained when we cut the cone parallel to the generator of the cone. When the
cutting plane is inclined to generator we get an ellipse if we have a single cone, a hyperbola if we
use double cone whose generators are on the same straight line and have a common vertex.
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CHAPTER 10
ELLIPSE

This chapter gives us a brief introduction to ellipse and its properties. It is necessary for us to
recap the theory as it will come in handy in the following chapters.

Ellipse is a type of conic which is created when the cutting plane is inclined with respect to the
generator of a right circular cone. [22]

It can be defined as follows:

An ellipse is the locus of appoint P which moves such that its distance from affixed point S
always bears a constant ratio e(0<e<lI) to its perpendicular distance from a fixed straight line
i.e. directrix. [22]

e is the eccentricity of the ellipse under study.

Its standard equation is given by

x2 y2
;-I-ﬁ: 1 [22]

Where

b? =a%(1—e?) [22]

A S C(0]0) S/ A Z

Fig.10.1 Ellipse

(x,y) is a point on the locus of the ellipse.

Coordinates of S is (ae,0).
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Coordinates of A is (a,0). [22]
Coordinates of A is(-a.,0). [22]
a is semi major/minor axis length of the ellipse. [22]
b is semi minor/major axis length of the ellipse. [22]

For a to be semi major axis length and b to be semi minor axis length, condition a>b should
hold. [22]

For b to be semi major axis length and a to be semi minor axis length, condition b>a should
hold. [22]

Major axis length is 2a if a is semi major axis then 25 is minor axis length vice versa. [22]
A and A’ are vertices of the ellipse.

S and S are focuses of the ellipse.

Length of latus rectum is LL =2b%/a [22]

SP and S’°P are focal distances SP=a-ex and SP =a+ex [22]
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CHAPTER 11

MODIFICATION OF FCM CLUSERING TO ENFORCE ELLIPSE

In this part we try to alter the FCM [9] cost function so that the algorithm detects ellipse shaped
clusters in 2d space instead of circles which was enforced by the [, norm [3] [8] used in the cost
function [4]. In order to change the geometry of the clusters which was enforced by the FCM [9]
algorithm we need to modify the cost function so that it enforces ellipse shape instead that of a
circle. To be more specific we need to alter the /; norm [3] [8] squared part of the FCM [9] cost
function.

Many cost functions were developed at first but only two of them were easily and properly
solvable. At first a norm based approach was developed which tried to enforce ellipse shape on
clusters but it had problems of its own as it was essentially enforcing two independent circles
whose centers were thought to be as focuses of an ellipse. This function needs some more
refinement.

The norm based cost function was given by

J= ZZ[“L(XP) 1%, = vl|| + ”k vL” = [|% - il )+ Hshape (DF (|| %, - ”

i=1p=1
R - 2
+ 1%, — k]| )]

With constraints

m
PES
i=1
m
z ﬂshape(i) =m
i=1

And the update equations were given by

5 _ Zp=1 i(%p)" (B + ki = )
l Yp=1 l"i(fp)a
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- a . -
E _ Z;)l:l ﬂi(xp) v + Z;)l:l .ushape(l)ﬁxp
i — S\ .
Z’,}=1 Ui (xp) + Z’,}=1 .ushape (l)ﬁ

AR = S5 \X
Z) _ Zg=1 :ushape(l)ﬁxp - Z§=1 ﬂi(xp) Ui
[ . S5\
Z’,}=1 :ushape(l)ﬁ - Z;;:l Hi (xp)

1
— 2 > 2
N (||55p—17i||2 + k=5l =I5 - Tl)
ﬂi(xp) = 1
m 1
i=1 2 2
B (A R R e A

m

1
- 112 hy4 7 13\8-1
D i e D
1

1 1

- 2112 y4 7 1P P11
(Enadllt, - I + 15, - FlH)

Hshape @) =

l

Here Ei and Z)l- are focuses of the ith ellipse where v; is the centroid of the ith ellipse. fand a are
fuzzifiers. pgpqpe (i) is the fuzzy shape membership function which gives degree of the ith
cluster being ellipse shaped and ,ui(fp) is the fuzzy membership function and %, is the 2d data
point.

The second cost function is based on the equation of the ellipse [22] itself and is inspired from
[10] the difference being that it requires less number of unknown variables and the function is
itself in a much simpler form. All this factors have helped in achieving the task.
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11.1 Cost Function and Derivation of update equations

Let pu; (55_;) be the fuzzy membership function of i cluster and p™ data point. It can have value

in the range 0 < p;(%,) < 1.

a; is the semi major/minor axis length of i cluster.

b; is the semi minor/major axis length of i cluster.

«a is the fuzziness parameter which has the range of permissible values of 1 < a < co.
Xy = (Xxp, Xyp) V p=1 to n are p 2-dimensional data points.

U, = (Vyi, Vy;) V i=1 to m are 2-dimensional centroids of i™ cluster.

Let the cost function for enforcing elliptical cluster geometry in the given 2-dimensional dataset
be given by:

b;

AN O xxp)2 (vyi - xyp)z ,
]=ZZ#i(xp) 0.2 + E ..eqn(i)

i=1 p=1

With the constraint

Z,ui(Ec_;) =1.......eqn(ii)

Converting the above equation from constrained [8] to unconstrained [8] form by applying
Lagrange multiplier technique [8] we get:

F= Z Z 1 G5 [(Vxl ai:xp) 4 (vyi b;yp) I _ leAp [; wi(%,) — 1] ..eqn(iii)

i=1p=1

Where A, is the Lagrange multiplier [8]. F'is the unconstrained [8] cost function form of J.
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Eqn(i) has been designed on the principle that:

X2 y?
; + ﬁ =1 [22]
Is the equation of an ellipse centered at (0,0). The equation below comes handy
W-x° (p—y)?
a? * b?

=1 [22]

The above equation is that of an ellipse centered at (1, ¢). In this modified form we consider
(¥, @) to be the centroid of ellipse under study. Here the concept of translation is used.

x and y are the x axis and y axis values of (x,y) respectively.

a and b are the lengths of semi major/minor axis.

In order to find the unknowns we need to minimize eqn(iii) we do this by using minimization
. . ) . . ..a .
criterion for a function using derivatives i.e ™ f(x) = 0. Since there are more than one unknown

variables in eqn(iii) we will need to use the partial derivative operator.

Our goal here is to find values for the unknown variables such that the unconstrained cost
function [8] F is minimized.
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Finding v,;

Using the concept of minima and partial differentiation of eqn(iii) i.e. " with respect to v,;

oF
avxi
— X
> Zul G2
n
X
> > gy g
p=1 “
n
- D HiGE) (v = X)) = 0
p=1

n n
= D HGE) Vet = ) i) gy = 0
p=1 p=1

n n
- D HGE) Vet = ) 1)
p=1 p=1

o Z;Jl:l .ui(x—p))a xxp
R G

..eqn(iv)

n (=@
M’W is the update equation for finding v,,;.

S Uy =
Zg=1ﬂi(xp
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Finding vy,

Using the concept of minima and partial differentiation of eqn(iii) i.e. /" with respect to vy,

oF B
avyi
— X
” Z i p)az X yp) =0
— Xyp)
= Z 'ul p)a yp =0
n
> N ) i = xy) = 0
p=1
n n
N N W) vy = Y ) Xy = 0
p=1 p:l
n n
” Z wi () vy = z Hi ()" Xyp
p=1 p=1

yi—
Zg=1 nui(xp

..eqn(v)

_ Zp=1 kG Myp

Vyi = is the updat tion for finding v,;.
yi Z$=1ui@)“ 1S Th€ update equation 1or nnding yi
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Finding 4,

Using the concept of minima and partial differentiation of eqn(iii) i.e. /" with respect to 4,

oF

o,
m

- —lz,ui(ic';)—1]=0
i=1
m

= . u(E)=1=0
i=1

m
= X,ui(x_p’) =1..eqn(vi)
i=1

~ on solving ;TF,, =0 weget X% 1 (55_;) = 1 this is required to find the update equation of the

u;(x,) unknown.
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Finding p;(%,)

Using the concept of minima and partial differentiation of eqn(iii) i.e. " with respect to y; (56_;)

oF

—)=0
aui (xp)

2
xxp) _l_(vyi_xyp) ]—A —0
b=

= ap; xp)a_ [ biz

= ()% (vxl xxp) (le xyp)] 1
1\*p (4

b;?

= THEM

l(vxi — X))’ G xyp)zl _4

p
a;? b;* a

a1 _ /1,, 1
= i () 5 5
(vxl xxp) n (vyi - xyp)
a2 b2
= ui(xy) = [;] —..eqn(vii)
2 21a=1
(vxi — xxp) n (vyi - xyp)
a2 b2
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Substituting eqn(vii) in eqn(vi) we get:

(

= Apﬁ 1
= S |-
4 a
i

[(vxi - xxp)z n (vyi - xyp)z ot

2 2
a; bi

- Eby : -
@ i=1 2 21
[(vxi — Xxp) n (vyi —xyp)

2 2
a; bi

1
Apla—1 1
= [—] = = - ...eqn(viii)
a
m 1
=1 5 e
-1
(Vi = %ap) n (Wyi = 2y)"[*
a2 b2
1 X
From eqn(viii) we get the value of [7” “* which is one of the terms in eqn(vii). We can

substitute eqn(viii) in eqn(vii).
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On substituting eqn(viii) in eqn(vii) we get:

1
) 5 1
-1
(Vi = Xap) n (Wyi = 2y)" [*
B a2 b2 |
= ui(xy) = ( —..eqn(ix)
m 1 i
i=1 3 .
(Vi = %xp) n (Wyi = xyp)
L a;? b;’® ]
1
1
2 —
(”xi‘xxp)z,("yi'xJ’P) r !
az b2
() =— — is the update equation for u; (X)) .

Dt - -

2710—

|xmep)?, (oymayn) [

az b2
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In a summary in the above derivations we have developed three update equations which will be
used in algorithms to detect ellipse clusters.

The update equations after solving eqn(iii) are as follows:

L ZE 1.ui(x—p))a xxp
XL —
Yp= 1#L(xp)

_ Yp=1 :“i(y;)a Xyp

Y Z’,}:Mt(@ ¢
1
1
(Vai — ’Cxp)2 n (vyi _ xyp)z o
a2 b2
ui(xp) =
" 1
=1 2 2 ﬁ
(vxi — xxp) n (vyi _ xyp)
a2 b2
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11.2 Modified Algorithm

Using the derived equations for imposing ellipse geometry on clusters, we modify the update
equations in the Fuzzy C Means Clustering algorithm [9]. The modified algorithm should impose
ellipse geometry on clusters provided the space is 2 dimensional i.e. the data points have x and y
coordinates. The modified algorithm is presented below:

Algorithm: Modified Fuzzy C Means Ellipse clustering
Input: @, X, Vp =1ton

Output: 7, Vi=1tom

Step 1. Assign y;(x%,) €[01]Vi=1tomVp=1ton
Step 2. Select values for ajandb; Vi=1tom

Step 3. Compute v,; and v,,; Vi=1tom

Step 4. Compute p;(X,) Vi=1ltomVp=1ton
Step 5. Goto Step 3 until v,; and v,; Vi = 1 to m doesn’t change much.

Step 6. Print the cluster centroids along with clusters

Step 7. End

The above algorithm does detect ellipses and is shown by the experiments performed. It is to be
mentioned that the experiments were performed on artificial dataset which had ellipse shaped

clusters in it. Coding was done using GNU Octave. The terms have same meaning as in section
11.1.
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11.3 Flowchart

/ Enter Data, select value of a

Assign p;(x,) €[0,1]Vi=1tomVp=1ton

/ Select semi major/minor axis lengths

L

N

Compute centroids Vi=1tom

Compute y;(x,) Vi=1tomVp=1ton

Is Shift> x

Yes

%?

No
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11.4 Code
function r=v_modder(mu_x,alpha,data)

d1=reshape(data(:,1),1,100);
d2=reshape(data(:,2),1,100);

vx1=sum((mu_x(1,: )."alpha).*d1)/sum(mu_x(1,: )."alpha);
vyl=sum((mu_x(1,: )."alpha).*d2)/sum(mu_x(1,: )."alpha);
vx2=sum((mu_x(2,: ). alpha).*d1)/sum(mu_x(2,: )."alpha);
vy2=sum((mu_x(2,: )."alpha).*d2)/sum(mu_x(2,: )."alpha);
vx3=sum((mu_x(3,: )."alpha).*d1)/sum(mu_x(3,: ). alpha);
vy3=sum((mu_x(3,: )."alpha).*d2)/sum(mu_x(3,: ).”alpha);
vx4= sum((mu_x(4,: )."alpha).*d1)/sum(mu_x(4,: )."alpha);
vy4= sum((mu_x(4,: )."alpha).*d2)/sum(mu_x(4,: )."alpha);
vx5= sum((mu_x(5,: )."alpha).*d1)/sum(mu_x(5,: ). alpha);
vy5=sum((mu_x(5,: )."alpha).*d2)/sum(mu_x(5, ).”alpha);
vx6= sum((mu_x(6,: )."alpha).*d1)/sum(mu_x(6,: ). alpha);
vy6=sum((mu_x(6,: )."alpha).*d2)/sum(mu_x(6,: )."alpha);
vx7=sum((mu_x(7,: )."alpha).*d1)/sum(mu_x(7,: ). alpha);
vy7=sum((mu_x(7,: )."alpha).*d2)/sum(mu_x(7,: ).”alpha);
vx8= sum((mu_x(8,: )."alpha).*d1)/sum(mu_x(8,: ). alpha);
vy8= sum((mu_x(8,: ). alpha).*d2)/sum(mu_x(8,: ).”alpha);
vx9= sum((mu_x(9,: )."alpha).*d1)/sum(mu_x(9,: ). alpha);
vy9= sum((mu_x(9,: )."alpha).*d2)/sum(mu_x(9,: )."alpha);
vx10= sum((mu_x(10,: )."alpha).*d1)/sum(mu_x(10,: )."alpha);
vy10= sum((mu_x(10,: )."alpha).*d2)/sum(mu_x(10,: ).*alpha);

r=[vx1 vyl;vx2 vy2;vx3 vy3;vx4 vy4;vx5 vyS5;vx6 vy6;vx7 vy7;vx8 vy8;vx9 vy9;vx10 vyl0];
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endfunction
function e=mu_x_modder(v,data,alpha.a,b)
mu=zeros(10,100);
fori=1:10
forj=1: 100
s= (1/(((v(i,1)-data(j,1))/a(i))"2+ ((v(i,2)-data(j,2))/b(i))*2))(1/(alpha-1));
k=intermediate(j,a,b,v,data,alpha);
mu(i,j)=s/k;
end
end
e=mu;

endfunction

function e=intermediate(j,a,b,v,data,alpha)

s=0;

fori=1: 10

s=s+ (1/(((v(i,1)-data(j,1))/a(i)) 2+ ((v(i,2)-data(j,2))/b(i))*2))\(1/(alpha-1));
end

e=s;

endfunction
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alpha=4;

a=rand (10,1) * 100;

b =rand (10,1) *10;

1=0;

mu_x = rand (10,100);

vnew = v_modder ( mu_x,alpha,data );

mu_x = mu_x_modder ( vnew.data,alpha,a,b );
vold = vnew;

i=i+1

while(1)

vnew = v_modder ( mu_x,alpha,data );
mu_x=mu_x_modder(vnew,data,alpha,a,b);
if((abs(vnew-vold)./vold).*100<=ones(10.,2))
break;

endif

vold=vnew;

i=i+1

endwhile
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11.5 Variable Description

Variable Description

r,e Function output variables

data Vector of size 100x2 to store data

d1.,d2 Vectors of size 1x100 to store x and y values respectively
mu_Xx Fuzzy membership function

alpha Fuzziness parameter i.e. a

a,b Vector storing semi major/minor axis lengths

i Counters

s,k To perform summation in mu_x_modder

vx1-vx10 | x component of computed centroids

vyl-vyl0 | y component of computed centroids

vold To store centroids of previous iteration

vhew To store centroids of current iteration

mu To store membership function temporarily while computing it
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11.6 Output
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Fig.11.6.1 Graph Showing output of the modified Algorithm

Blue dots are data points and orange asterix are centroids of detected clusters.
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Fig.11.6.2 Graph showing the elliptical cluster 1

Dots represent data points and are selected on the basis of a threshold value. Blue asterix is
centroid of the detected cluster.
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Fig.11.6.3 Graph Showing elliptical cluster 6

Dots represent data points and are selected on the basis of a threshold value. Blue asterix is
centroid of the detected cluster.
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Fig.11.6.4 Graph showing elliptical cluster 10

Dots represent data points and are selected on the basis of a threshold value. Blue asterix is
centroid of the detected cluster.
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11.7 Discussion Of The Output

From the previous section we have seen that the modified algorithm does detect ellipses and the
proof has already been provided as images.

The problem we face now is that the algorithm is somewhat rigid in its approach. It is rigid in the
sense that we haven’t developed the update equations for a; and b; V i = 1 to m. The problem is
that the cost function is not in the form that allows to develop their update equations. We
bypassed this problem by using predefined values generated using random number generator and
multiplying the values with a suitable scale factor. It is to be said again that a; and b; Vi =
1 to m are lengths of semi major/minor axes of i cluster. This parameter is data specific and
even though we provide it using random numbers, there still remains the chance of the values
being very different than the actual. We need them to be as close as possible to the original for
better clustering.
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11.8 Fuzzy C Means Ellipse Clustering of Variable Size

Using the derived update equations, Fuzzy C Means clustering [9] algorithm, we develop a new
algorithm. The algorithm is given as follows.

Algorithm: Fuzzy C Means Ellipse Clustering of Variable Size
Input: @, X, Vp =1ton

Output: v, Vi=1tom Vk =1 to 10.

Step 1. Select values for ¢;and b, Vi =1tom.

Step 2.  Set aold;=a; *0.1 and bold;=b; *0.1V i = 1 to m.

Step 3. For k=1 to 10 repeat step 4 to step 10

Step4. Assigny(x,) €[01]Vi=1tomVp=1ton.

Step 5. Compute v,; and vy; Vi=1tom

Step 6. Compute y;(X,) Vi=1ltomVp=1ton

Step 7. Goto Step 4 until v,; and v,; V i = 1 to m doesn’t change much.
Step 8. Printv,; and vy; Vi=1tom

Step 9. Set a;=a; + aold; and b;=b;+ bold;V i =1tom

Step 10. Set k=k+1

Step 11. End

The algorithm has been implemented using GNU Octave. k denotes run number. The above
algorithm increases semi axis lengths of clusters by a predefined percentage of the initial values
to solve the problem stated in the previous section. Here we increase the size of clusters to be
detected in each and every run. Run number and percentage can be varied.
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11.9 Flowchart

/ Enter Data, select value of a and set K=0 /
/ Select aj, b; Set aold; = ai *0.1_ bold; =b;*0.1, K=0 /
/ Assign yu;(x,) €[0,1]vi=1tomVp=1ton /

Compute centroids Vi=1tom

)

Compute p;(x,) Vi=1tomVp=1ton

!

Yes

Is Shift> x Yes
%?
RN K<
10?
a;=a; + aold; and bi=b;+ bold; Vi = 1 to m set K=K+1
No
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11.10 Code
function r=v_modder(mu_x,alpha,data)

d1=reshape(data(:,1),1,100);
d2=reshape(data(:,2),1,100);

vx1=sum((mu_x(1,:)."alpha).*d1)/sum(mu_x(1,:)."alpha);
vyl=sum((mu_x(1, :)."alpha).*d2)/sum(mu_x(1, :)."alpha);
vx2=sum((mu_x(2, :)."alpha).*d1)/sum(mu_x(2, :)."alpha);
vy2=sum((mu_x(2, :)."alpha).*d2)/sum(mu_x(2, :)."alpha);
vx3= sum((mu_x(3, :)."alpha).*d1)/sum(mu_x(3, :)."alpha);
vy3=sum((mu_x(3, :)."alpha).*d2)/sum(mu_x(3, :).”alpha);
vx4= sum((mu_x(4, :)."alpha).*d1)/sum(mu_x(4, :)."alpha);
vy4= sum((mu_x(4, :)."alpha).*d2)/sum(mu_x(4, :)."alpha);
vx5= sum((mu_x(5, :)."alpha).*d1)/sum(mu_x(5, :)."alpha);
vy5=sum((mu_x(5, :)."alpha).*d2)/sum(mu_x(5, :).”alpha);
vx6= sum((mu_x(6, :)."alpha).*d1)/sum(mu_x(6, :)."alpha);
vy6=sum((mu_x(6, :)."alpha).*d2)/sum(mu_x(6, :)."alpha);
vx7=sum((mu_x(7, :)."alpha).*d1)/sum(mu_x(7, :)."alpha);
vy7=sum((mu_x(7, :)."alpha).*d2)/sum(mu_x(7, :).”alpha);
vx8= sum((mu_x(8, :)."alpha).*d1)/sum(mu_x(8, :)."alpha);
vy8= sum((mu_x(8, :)."alpha).*d2)/sum(mu_x(8, :).”alpha);
vx9= sum((mu_x(9, :)."alpha).*d1)/sum(mu_x(9, :)."alpha);
vy9= sum((mu_x(9, :)."alpha).*d2)/sum(mu_x(9, :)."alpha);
vx10= sum((mu_x(10, :).”alpha).*d1)/sum(mu_x(10, :)."alpha);
vy10= sum((mu_x(10, :)."alpha).*d2)/sum(mu_x(10, :)."alpha);

r=[vx1 vyl;vx2 vy2;vx3 vy3;vx4 vy4;vx5 vyS5;vx6 vy6;vx7 vy7;vx8 vy8;vx9 vy9;vx10 vyl0];
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endfunction
function e=mu_x_modder(v,data,alpha.a,b)
mu=zeros(10,100);
fori=1:10
forj=1: 100
s= (1/(((v(i,1)-data(j,1))/a(i))"2+ ((v(I1,2)-data(j,2))/b(i))"2))"(1/(alpha-1));
k=intermediate(j,a,b,v,data,alpha);
mu(i,j)=s/k;
end
end
e=mu;

endfunction

function e=intermediate(j,a,b,v,data,alpha)
s=0;

fori=1:10

s=s+ (1/(((v(i,1)-data(j,1))/a(i))"2+ ((v(I1,2)-data(j,2))/b(i))*2))"(1/(alpha-1));
end

e=s;

endfunction

alpha=4;

aold=a=rand(10,1)*100;
bold=b=rand(10,1)*10;

aold1=aold.*(0.1);

bold1=bold.*(0.1);

forK=11to 10

1=0;
mu_x=rand(10,100);

55| Page



vnew=v_modder(mu_x,alpha,data);
mu_x=mu_x_modder(vnew,data,alpha,a,b);
vold=vnew;

i=i+1

vold

while(1)
vnew=v_modder(mu_x,alpha,data);
mu_x=mu_x_modder(vnew,data,alpha,a,b);
if((abs(vnew-vold)./vold).*100<=ones(10.,2))
break;

endif

vold=vnew;

i=i+1

endwhile

vnew

a

b

mu_x=rand(10,100);

a=ataoldl;

b=b+bold1;

end
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11.11 Variable Description

Variable Description

r,e Function output variables

data Vector of size 100x2 to store data

d1.,d2 Vectors of size 1x100 to store x and y values respectively
mu_Xx Fuzzy membership function

alpha Fuzziness parameter i.e. a

a,b Vector storing semi major/minor axis lengths
i,J,.K Counters

s,k To perform summation in mu_x_modder
vx1-vx10 | x component of computed centroids
vyl-vyl0 | y component of computed centroids

vold To store centroids of previous iteration

vhew To store centroids of current iteration

aold, bold | To store initial semi major/minor axis lengths

aold1,bold1

mu

To store 10% of initial semi major/minor axis lengths

To help in temporary storage of membership function while computing it
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11.12 Qutput
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Fig. 11.12.1 Graph showing artificial data containing ellipses

In the graph blue dots represents data points. The data set is artificial and designed under
supervision to contain ellipses. From the previously presented algorithm it was shown that the
calculations do induce ellipse geometry in 2 D space.
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Fig.11.12.2 Graph showing output of the algorithm after the final run

In the graph blue dos represents data points and he orange asterix represents centroids the
number of clusters to be detected was selected as 10 and all he centroids are within the locus of
detected ellipses.
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11.13 Discussion Of The Output

The Fuzzy C means Ellipse clustering of variable size algorithm does work. It also solved the
problem of the modified algorithm to some extend which was of fixed semi major/minor axis

lengths.

The algorithm will perform much better if we somehow can learn the fuzziness parameter value
which will yield minimal cost function value else it will lead to local minima [21]. Here we have
speculated and selected as per choice.
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CHAPTER 12
PARABOLA

Parabola [22] is a conic [22] which if formed when the cutting plane is parallel to the generator
of the cone [22].

Parabola can be defined as follows:

A Parabola is the locus of a point which moves in a plane in such a way that its distance from a
fixed point S(focus), is always equal to its perpendicular distance from a fixed straight line

(directrix) in the plane. [22]

Equation of a parabola having its axis as x axis and y axis as is directrix is given by the equation
y? = 4ax [22]

Parabola has eccentricity e=1. [22]

Y
M g p
C(0.0) v S

Fig.12.1 Parabola With directrix as Y axis
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Equation of a Parabola having Ax+By+C=0 as the diectrix is given by

A B C)?
(x—v,)?% + (y—vy)z - [( xA+2 -}II-ZZ ) =0 [22]

Ax+By+C=0

Fig.12.2 Parabola With directrix as Ax+Bvy+C=0

Where PM 2 (Ax+B O
A %24B?

directrix Ax+By+C=0. [22]

is the perpendicular length squared from point P to point M on the
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CHAPTER 13

MODIFICATION OF FCM CLUSTERING TO ENFORCE PARABOLA

The problem in our hand is to modify Fuzzy C Means Clustering [9] algorithm cost function to
enforce Parabola shape on clusters in 2 dimensional space. As it was previously stated that Fuzzy
C means Clustering [9] algorithm predominantly enforces spherical shape on clusters [4] because
of the cost function which predominantly uses /; norm [3] [8] to compute distance between
centroid and a data point and the norm utilized has the form of equation of a circle’s locus which
has already been shown and with the help of some simple manipulations it can be understood
very well.

In order to solve this problem we take the same approach which we have taken while deriving
the update equation for ellipse i.e. using the concept of shape function [10]. We have seen that
ellipse has a eccentricity greater than 0 and less than 1 i.e. the distance between focus and data
point and perpendicular distance between data point and directrix is not the same, they bear a
ratio which is the eccentricity but for parabola eccentricity is 1 i.e. the distances previously are
equal. At first a directrix approach where the directrix was chosen as the y axis was developed
and the cost function was designed in such a way that the update equation would be easily
derivable. His method did not work and membership function values were imaginary. Secondly
another cost function was developed were the directrix were chosen as both x axis and y axis to
make the function much more independent. In ellipse we have simply used the locus equation lhs
without equating with 1, it was done to solve the problem of imaginary number membership
values and it was simple and intuitive and was more or less independent because one of the semi
axis length is greater than the other, the one greater automatically becomes semi major and he
later semi minor and the ellipse automatically orients itself about the x axis or y axis. Any other
orientation can be easily detected because of the fuzzy set concept any data point near the
enforced ellipse would automatically have higher membership function value this concept helped
to reduce the number of variables required which reduced the number of update equations. Such
is the utility of fuzzy sets.

Unfortunately the second approach for parabola did not work as well as imaginary number
membership value was computed.

The path to choose then was to use the distance concept i.e. distance between focus and data
point and perpendicular distance between focus and directrix are equal. Here both side squared
form is utilized.
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13.1 Cost Function And Derivation Of Update Equations

Let pu; (55_;) be the fuzzy membership function of i cluster and p™ data point. It can have value

in the range 0 < p;(%,) < 1.

a is the fuzziness parameter which has the range of permissible values of 1 < a < co.
X, = (Xxp, Xyp) V p=1 to n are p 2-dimensional data points.

U, = (Vyi, Vy;) V i=1 to m are 2-dimensional focuses of i"™ cluster.

A; .B;and C; are the constants of i™ directrix equation AiXyp + By xyp + C=0

Let the cost function for enforcing Parabola cluster geometry in the given 2-dimensional dataset
be given by:

2
(Al-xxp + Bi xyp + CL)
A® +B;?

..eqn(i)

] = Z z ﬂi(k_;)a (’Cxp_vxi)2 + (xyp_vyi)z -

i=1p=1

With the constraint

Z w(%) =1..eqn(ii)

Converting the above equation from constrained [8] to unconstrained [8] form by applying
Lagrange multiplier technique [8] we get :

)2 _ l(Aixxp + Bi xyp + Ci)zl
A* + B;?

F= i i ”i(x_p))a [(xxp_vxi)z + (xyp—vyi

i=1p=1
n m
- z Ap [Z wi(x) — 1] ..eqn(iii)
p=1 i=1
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Where A, is the Lagrange multiplier [8]. F'is the unconstrained cost function form of .J.

In order to find the unknowns we need to minimize eqn(iii) we do this by using minimization
. . ) . e . d .
criterion for a function using derivatives i.e = f(x) = 0. Since there are more than one unknown

variables in eqn(iii) we will need to use partial derivative operator.

Our goal here is to find values for the unknown variables such that the unconstrained [8] cost
function F is minimized.
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Finding v,;

Using the concept of minima and partial differentiation of eqn(iii) i.e. " with respect to v,;

oF
avxi
n
SR/
= - z 1i(%5) 2. (X — Vi) = 0
p=1
n
- D G Gty = v) = 0
p=1
n n
> D HiGE) Xy = ) i) v = 0
p=1 p=1
n n
- D HGE) Ve = ) 1) iy
p=1 p=1

_ Yp=1Hi (55—1;)“ Xxp

Z§=1 Hi (EC—p))a

i ..eqn(iv)

N\
Zg:ﬂli(xp) Xxp

S Uyi =~ e 18 the update equation for finding  vy;.
Zp:l “l(xp
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Finding vy,

Using the concept of minima and partial differentiation of eqn(iii) i.e. /" with respect to vy,

oF
(?vyl-
n
_NQ
= - z ui(x,) 2. (xyp —v,) = 0
p=1
n
= .ui(x—z;)a(xyp —Vy) =0
p=1
n n
> D HGE) Xy = Y i) vy = 0
p=1 p=1
n n
- D uGE) vy = ) 1) xyy
p:l p=1

_ Xp=1 n“i(x_z;)a Xyp

..eqn(v)

yi — RN
Yp=1Hi (xp
N (=&
LV = %Lw is the update equation for finding v;.
Yp=1 wi(xp)
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Finding C;

Using the concept of minima and partial differentiation of eqn(iii) i.e. ' with respect to C;

oF
aC,
n
N Z(Aixxp + Bi xyp + CL)
5 S () I- ~0
L i\*p A2+ B,
n
SN (Al-xxp + Bi xyp + CL)
- S () [ —0
£ PP A% +B;*?

- N\ (Al-xxp + Bi xyp) - N\ Ci
= > (%) D u(®) || = 0
p=1 p=1

A® + B;* A;® + B;?
n n
_NQ _NQ
= Z ,ul-(xp) (Al-xxp + BL' xyp) +Z ,ul-(xp) CL' =0
p=1 p=1
n n
RN RN
= z .ui(xp) C;=-— Z ﬂi(xp) (Aixxp + B; xyp)
p=1 p=1

_ =2 ti(%)” (Aixap + Bixyp)

= Ci = —
Yp=1 .“i(xp

...eqn(vi)

-Yp-1 #i(@)a(Aixxp"‘Bi Xyp)
m——
Zg:l I'll(xp)

LG =

is the update equation for finding C;.
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Finding 4,

Using the concept of minima and partial differentiation of eqn(iii) i.e. /" with respect to 4,

oF

o,
m

- —lz,ui(ic';)—1]=0
i=1
m

= . u(E)=1=0
i=1

m
= X,ui(x_p’) = 1..eqn(vii)
i=1

~ on solving ;TF,, =0 weget X% 1 (55_;) = 1 this is required to find the update equation of the

u;(x,) unknown.
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Finding p;(%,)

Using the concept of minima and partial differentiation of eqn(iii) i.e. " with respect to y; (55_;)

oF

——=0
O (xp)

2
= ap () (xxp_vxi)z + (xyp_vyi)z - [( l pr,z _:_;éz ) — A, =0

L L

2
o A;x,., + B;x,, + C;

= a.ui(xp)a ! (xxp_vxi)z + (Xyp—vyi)z - ( : pr_Z -IL- Bypz L) = /1p

l l

(Axep + Bixyp + C)°]| 2
2 2 i ; )
= 106) | (o —vx)” + (yp=vyi)” = |2 pr.Z-:-];-pz L =7p
l l

A 1
a

= wG) = -
(Al-xxp + Bi xyp + Cl)
A® + B;*?

(’Cxlo_vxi)2 + (xyp_vyi)z -
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1

- uc) =[]

(xxp_vxi)z + (xyp_vyi)z

Substituting eqn(viii) in eqn(vii) we get:

— . eqn(viii)

1

A;® + B;*

a—
(Al-xxp + Bi xyp + CL')Z

|2, a1 1
- 3l —
- . 2 _ ' 2 _ (Aixxp + BL' xyp + CL)
(xxp vxl) + (xyp vyl) AZ+ B2
[
2, 7T & 1
- ) 1
ooE (Aixy, + B +Cjzaq
2 2 X X ,
A =1 1
_p a—1 _
= [a] B [
m 1
=1 1

(xxp_”xi)z + (xyp_”yi)z -

|

a-—1
(Al-xxp + Bi xyp + CL')Z

A+ B;*?

= ....eqn(ix)

1
From eqn(ix) we get the value of [%p]a_l which is one of the terms in eqn(viii). We can

substitute eqn(ix) in eqn(viii).
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On substituting eqn(ix) in eqn(viii) we get:

= ui(x,)

- U (55—;;)

(Al-xxp + Bi xyp + Cl')z

1
a—1

(’Cxlo_vxi)2 + (xyp_vyi)z -

A;

71 B,?

m

L’:

—..eqn(x)

1

(Al-xxp + Bi xyp + Cl‘)z

1

a—-1

(xxp_vxi)z + (xyp_vyi)z -

1

2 2
Ai +Bl'

1

[(xxp—vxi)z+(xyp—vyi)z—{(Aixxv +Bi xyp+ Ci)ZHa_l

A+ B;?

m
z:i=1

1

l(xxp“’xi)z +(xyp‘”yi)2‘

2
(AiXxp'l-Bi Xyp'l- Ci)

2 2
Ai +Bi

1

— is the update equation for p; (x,) -

R
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In a summary in the above derivations we have developed four update equations which will be
used in the algorithms for parabola cluster detection.

The update equations after solving eqn(iii) are as follows:

L ZE 1.ui(x—p))a xxp
XL —
Yp= 1#L(xp)

_ Yp=1 :“i(y;)a Xyp

yi — RN

a
p= 1.“1( ) (Aixxp+Bixyp)

€= —

p=1“i(3c_£ ¢
1
21|a—-1
A;x,, + B; + C;
(xxp_vxi)z + (xyp_vyi)z - [( lxpr.Z -:-xgéz ) ”
A L
Ml@—p)) = (
m 1
=1 1
2 -1
2 2 Aix,y + B;x,, + C;
(eap=vx)” + (xyp=vyi)” = 4, priZ_:_giPZ )

73| Page



13.2 Modified FCM Algorithm To Detect Parabola

Using the derived update equations from the modified cost function, we develop the modified
Fuzzy C Means clustering[9] algorithm to detect parabola. The modified algorithm should
impose parabola geometry on clusters provided the space is 2 dimensional i.e. the data points
have x and y coordinates. The algorithm is given below

Algorithm: Modified Fuzzy C Means Parabola Clustering
Input: @, X, Vp =1ton

Output: 7, Vi=1tom

Step 1. Assign y;(x%,) €[01]Vi=1tomVp=1ton
Step 2. Select values for Ajand B; Vi=1tom
Step 3. Compute v,; and v,,; Vi=1tom

Step 4. Compute C; Vi=1tom

Step 5. Compute 1;(X¥,) Vi=1ltomVp=1ton

Step 6. Goto Step 3 until v,; and v,; Vi = 1 to m doesn’t change much.
Step 7. Print the cluster focuses along with clusters.

Step 8. End

The above algorithm has been implemented on 100 random data points generated using random
number generator and multiplied by 100. The coding was done in octave and « was taken as 3.
The number of clusters to be detected was 3. Here the variables used have the same meaning as
in that of the previous section.
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13.3 Flowchart

/ Enter Data, select value of a

/ Select A;, B;

/ Assign p;(x,) €[0,1]Vi=1tomVp=1ton

Compute C;, Compute focus Vi =1tom

J

Compute p;(x,) Vi=1ltomVp=1ton

|

Yes

Is Shift> x

%?

No
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13.4 Code

function e=mu_x_mod(data,alpha,a,b,Y.B,C)
mu=zeros(3,100);

fori=1:3

forj=1: 100

s=(1/((data(j,1)-a(i))"2+(data(j,2)-b(i))"2-
(Y(i)*data(j,1)+B(i)*data(j,2)+C(i))"2/(Y (1)"2+B(1)"2)))"(1/(alpha-1));

k=intermediate(j,a,b,Y,B,C,data,alpha);
mu(i,j)=s/k;

end

end

e=mu;

endfunction

function e=intermediate(j,a.,b,Y,B,C,data,alpha)
s=0;

fori=1:3

s=s+(1/((data(j,1)-a(i))"2+(data(j,2)-b(i))"2-
(Y(i)*data(j,1)+B(i)*data(j,2)+C(i))"2/(Y (1)"2+B(1)"2)))"(1/(alpha-1));

end

e=s;

endfunction

function e=a_mod(mu_x,alpha,data)
d2=reshape(data(:,1),1,100);

al=sum((mu_x(1, :)."alpha).*d2)/sum(mu_x(1, :)."alpha);
a2=sum((mu_x(2, :)."alpha).*d2)/sum(mu_x(2, :)."alpha);

a3=sum((mu_x(3, :)."alpha).*d2)/sum(mu_x(3, :)."alpha);
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e=[al;a2;a3];

endfunction

function e=b_mod(mu_x,alpha,data)
d2=reshape(data(:,2),1,100);

bl=sum((mu_x(1, :)."alpha).*d2)/sum(mu_x(1, :)."alpha);
b2=sum((mu_x(2, :)."alpha).*d2)/sum(mu_x(2, :)."alpha);
b3=sum((mu_x(3, :)."alpha).*d2)/sum(mu_x(3, :)."alpha);
e=[b1:b2;b3];

endfunction

function e=C_mod(mu_x.data.alpha,Y,B)

d1=reshape(data(:,1),1,100);

d2=reshape(data(:,2),1,100);

Cl=-sum((mu_x(1, :)."alpha).*(d1*Y(1)+d2*B(1)))/sum(mu_x(1, :)."alpha);
C2=-sum((mu_x(2, :)."alpha).*(d1*Y(2)+d2*B(2)))/sum(mu_x(2, :)."alpha);
C3=-sum((mu_x(3, :)."alpha).*(d1*Y(3)+d2*B(3)))/sum(mu_x(3, :)."alpha);
e=[C1;C2:C3];

endfunction

Y=rand(1,3)*-100;

B=rand(1,3)*100;

a=a_mod(mu_x,alpha,data);

b=b_mod(mu_x,alpha,data);

C=C_mod(mu_x,data,alpha,Y.B);

mu_x=mu_x_mod(data,alpha,a.b,Y,B,C);

while(1)
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al=a_mod(mu_x,alpha,data);
bl=b_mod(mu_x,alpha.data);
C1=C_mod(mu_x,data,alpha,Y,B);
mu_x=mu_x_ mod(data,alpha,al,bl,Y,B,C1);
1=i+1;

if(abs(a-al)./a*100<=ones(1,3) && abs(b-b1)./b*100<=ones(1,3))
break;

endif

a=al;

b=bl1;

endwhile

a

b
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13.5 Variable Description

Variable

Description

r,e
data

d1.d2
mu_x
alpha

ab

s,k
al-a3
b1-b3

al, bl

Cl

CI1-C3

Function output variables

Vector of size 100x2 to store data

Vectors of size 1x100 to store x and y values respectively

Fuzzy membership function

Fuzziness parameter i.e. a

Vectors of size 3x1 storing Focus x component and y component respectively

Counters

To perform summation in mu_x_mod

Normal variables to store computed x component values of focuses

Normal variables to store computed y component values of focuses

Vectors of size 3x1 to store current computed focus x and y components respectively

Vector of size 3x1 to store directrix equation parameter as in Ax+By+C=0

Vector of size 3x1 to compute directrix equation parameter as in Ax+By+C=0

Normal variables to store computed directrix equation parameters as in Ax+By+C=0
It is the 1x3 vector which stores parameter ‘A’ values of directrix equation Ax+By+C=0

It is the 1x3 vector which stores parameter ‘B’ values of directrix equation Ax+By+C=0
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13.6 Output

100 | x T ,

T
1

80

60

T
L

T
1

40

20

T
1

0 20 40 60 80 100

Fig.13.6.1 Graph showing random data points selected using random number generator

In the above graph blue dots represents data points. The data was generated using random
number generator and multiplying each value with 100.

80| Page



100 . - T .

80

60

I
1

T
1

40

T
.

X

1

20

0 20 40 60 80 100

Fig.13.6.2 Graph showing output of the modified algorithm

In the above graph blue dots represents data points. Orange asterix represents focuses of
8letected clusters.
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Fig. 13.6.3 Graph showing one of the clusters

In the above graph orange dots represents data points belonging to a cluster selected using a
threshold value. The blue asterix represents focus of the cluster.
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13.7 Discussion Of Output

The algorithm along with the cost function does in fact tries to impose a parabola shape on
clusters in 2 dimensional space. But there are some problems with this approach. The first and
foremost problem is that there is no computationally efficient way to determine dataset
dependent directrix equations. It was stated in the ellipse section that the semi major/minor axes
lengths doesn’t have any update equations but the problem here is different. Here directrix
equation coefficients can be made completely dataset dependent i.e. it reflects the data. Even
though it required some initial values but the update equations derived were extremely complex
and would have increased he complexity manifold. So the method was totally bypassed and only
one coefficient was made data dependent. This has created the problem that the proper directrix
equation may not be used in the process and the used one has a high chance to be drastically
different from the real ones.

There is a solution to the problem which will no completely fix the situation but will fix it to a
great extent if properly implement. Here we alter (increment) the coefficients in a step wise
manner by a constant value. This will provide the benefit of providing new directrix equation in
each run and we might get close to the actual equations which will yield better clusters than that
of the previous algorithm. This will give variations in the orientation and positions of parabolas.
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13.8 Fuzzy C Means Parabola Clustering of Variable Orientation and position

Using the derived update equations for parabola clustering and then merging the concepts of
Fuzzy C Means Clustering, we get the algorithm of Fuzzy C Means Parabola clustering of
Variable orientation and position in 2 dimensional space.

Algorithm: Fuzzy C Means Parabola Clustering of variable orientation and positions
Input: @, X, Vp =1ton

Output: vxVi=1tom Vk =1to 11.

Step 1. Select values for Ajand B; Vi=1tom.

Step 2. Set Aoldi=A;*0.1 and Boldi=B;*0.1 Vi =1 tom.

Step 3. For k=1 to 10 repeat step 4 to step 11

Step 4. Assign y;(x%,) €[01]Vi=1tomVp=1ton
Step 5. Compute vy and vy, Vi = 1tom

Step 6. Compute C; Vi=1tom

Step 7. Compute ;(X,) Vi=1ltomVp=1ton

Step 8. Goto Step 4 until vy and vy Vi = 1 to m doesn’t change much.
Step 9. Print the cluster focuses along with clusters

Step 10. Set Aj= A; +Aold; and Bij=B;+Bold; Vi=1tom

Step 11. K=K+1

Step 12. End

The algorithm in effect changes the directrix equations. In the previous algorithm C; was altered
on the basis of dataset but Aj and B; was not altered i.e. on the basis of A;, B; and dataset only
C; was adjusted. In effect, this algorithm adjusts a new directrix for each cluster in every run. So
in short the problem of complex update equations and inefficient clustering is solved to some
extent.

This code is implemented on artificial datasets were data points are arranged in the form of three
parabolas. a was taken as 4.
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13.9 Flowchart

/ Enter Data, select value of a and set K=0 /

!

/ Select A;, B set Aoldi=A; Bold;=B; /

/ Assign p;(x,) €[0,1]Vi=1tomVp=1ton /

Compute C;, Compute focus Vi =1tom

J

Compute p;(x,) Vi=1ltomVp=1ton

|

Yes

Is Shift> x Yes
%?
. k<
117
Ai-A;+ Aold; and B;-B;+ Bold; Vi = 1 to m set K=K+1
No
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13.10 Code

function e=a_mod(mu_x,alpha,data)
d2=reshape(data(:,1),1,40);

al=sum((mu_x(1, :)."alpha).*d2)/sum(mu_x(1, :)."alpha);
a2=sum((mu_x(2, :)."alpha).*d2)/sum(mu_x(2, :)."alpha);
a3=sum((mu_x(3, :)."alpha).*d2)/sum(mu_x(3, :)."alpha);
e=[al;a2;a3];

endfunction

function e=b_mod(mu_x,alpha,data)
d2=reshape(data(:,2),1,40);

bl=sum((mu_x(1, :)."alpha).*d2)/sum(mu_x(1, :).%alpha);
b2=sum((mu_x(2, :)."alpha).*d2)/sum(mu_x(2, :)."alpha);
b3=sum((mu_x(3, :)."alpha).*d2)/sum(mu_x(3, :).%alpha);
e=[b1;b2;b3];

endfunction

function e=C_mod(mu_x,data.alpha,Y,B)

d1=reshape(data(:,1),1,40);

d2=reshape(data(:,2),1,40);

Cl=-sum((mu_x(1, :)."alpha).*(d1*Y(1)+d2*B(1)))/sum(mu_x(1, :)."alpha);
C2=-sum((mu_x(2, :)."alpha).*(d1*Y(2)+d2*B(2)))/sum(mu_x(2, :)."alpha);
C3=-sum((mu_x(3, :)."alpha).*(d1*Y(3)+d2*B(3)))/sum(mu_x(3, :)."alpha);
e=[C1;C2:C3];

endfunction

function e=mu_x_mod(data,alpha,a,b,Y.B,C)

mu=zeros(3,40);

fori=1:3

forj=1: 40

s=(1/((data(j,1)-a(i))"2+(data(j,2)-b(i))"2-
(Y(i)*data(j,1)+B(i)*data(j.2)+C(1))"2/(Y (1)"2+B(1)"2)))"(1/(alpha-

1));

k=intermediate(j,a,b,Y,B,C.,data,alpha);

mu(i,j)=s/k;

end

end

e=mu;

endfunction

function e=intermediate(j,a,b,Y,B,C,data,alpha)

s=0;

fori=1:3

s=s+ (1/((data(j,1)-a(i))"2+(data(j,2)-b(i))"2-
(Y(i)*data(j,1)+B(i)*data(j.2)+C(1))"2/(Y(1)"2+B(1)"2)))"(1/(alpha-1));

end

e=s;

endfunction

Y=Yo=rand(1,3)*-100
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B=Bo=rand(1,3)*100
770;

1=1;

for K=1:10

mu_x=rand(3,40);
a=a_mod(mu_x,alpha,data);
b=b_mod(mu_x,alpha,data);
C=C_mod(mu_x.data,alpha,Y.B);
mu_x=mu_x_mod(data,alpha,a,b,Y ,B,C);
while(1)

al=a_mod(mu_x,alpha,data);
bl=b_mod(mu_x,alpha,data);
C1=C_mod(mu_x,data,alpha,Y,B);
mu_x=mu_x_mod(data,alpha,al,bl,Y,B,C1);
i=i+1;

if(abs(a-al)./a*100<=ones(1,3) && abs(b-bl)./b*100<=ones(1,3))
break;

endif

a=al;

b=bl;
endwhile

a

b
Y=Y+0.1*Yo;
B=B+0.1*Bo;
end
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13.11 Variable Description

Variable Description
r,e Function output variables
data Vector of size 40x2 to store data
d1,d2 | Vectors of size 1x40 to store x and y values respectively
mu_X | Fuzzy membership function
alpha | Fuzziness parameter i.e. a
a,b Vectors of size 3x1 storing Focus x component and y component respectively
i Counters
s,k To perform summation in mu_x_mod
al-a3 | Normal variables to store computed x component values of focuses
b1-b3 | Normal variables to store computed y component values of focuses
al, bl | Vectors of size 3x1 to store current computed focus x and y components respectively
C Vector of size 3x1 to store directrix equation parameter as in Ax+By+C=0
C1 Vector of size 3x1 to compute directrix equation parameter as in Ax+By+C=0
C1-C3 | Normal variables to store computed directrix equation parameters as in Ax+By-+C=0
Y It is the 1x3 vector which stores parameter ‘A’ values of directrix equation Ax+By+C=0
B It is the 1x3 vector which stores parameter ‘B’ values of directrix equation Ax+By+C=0
Yo Vector of size 1x3 to store Y variable in it
Bo Vector of size 1x3 to store B variable in it
K Counter to maintain run number
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13.12 Qutput
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Fig. 13.12.1 Graph showing the artificial data used

120 140

The above graph shows data points of the artificial dataset designed intentionally to introduce
parabolas. As it is evident from the above graph it does contain three parabolas. The blue dots

represent the data points.
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Fig.13.12.2 Graph showing output at the end of 1% run

The above graph corresponds to the output of the 1** run. The blue dot represents data points.
The initial coefficients were select randomly and was used along with data set to develop the
remaining coefficient and find focuses of clusters. Orange asterix represents focuses of parabola
shaped clusters.
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Fig.13.12.3 Graph showing output at the end of 2™ run

The above graph corresponds to the output of the 2" run. The blue dot represents data points.
The coefficients were formed by adding 0.1*initial value to the previous run coefficients and was
used along with data set to develop the remaining coefficient and find focuses of clusters. Orange
asterix represents focuses of parabola shaped clusters.
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Fig.13.12.4 Graph showing output at the end of 3™ run

The above graph corresponds to the output of the 3™ run. The blue dot represents data points.
The coefficients were formed by adding 0.1*initial value to the previous run coefficients and was
used along with data set to develop the remaining coefficient and find focuses of clusters. Orange
asterix represents focuses of parabola shaped clusters.
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Fig.13.12.5 Graph showing output at the end of 4™ run

The above graph corresponds to the output of the 4™ run. The blue dot represents data points.
The coefficients were formed by adding 0.1%*initial value to the previous run coefficients and was
used along with data set to develop the remaining coefficient and find focuses of clusters. Orange
asterix represents focuses of parabola shaped clusters.
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Fig.13.12.6 Graph showing output at the end of 5" run

The above graph corresponds to the output of the 5™ run. The blue dot represents data points.
The coefficients were formed by adding 0.1*initial value to the previous run coefficients and was
used along with data set to develop the remaining coefficient and find focuses of clusters. Orange
asterix represents focuses of parabola shaped clusters.
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Fig. 13.12.7 Graph showing output at the end of 6" run

The above graph corresponds to the output of the 6™ run. The blue dot represents data points.
The coefficients were formed by adding 0.1%*initial value to the previous run coefficients and was
used along with data set to develop the remaining coefficient and find focuses of clusters. Orange
asterix represents focuses of parabola shaped clusters.
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Fig.13.12.8 Graph showing output at the end of 7" run
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The above graph corresponds to the output of the 7™ run. The blue dot represents data points.
The coefficients were formed by adding 0.1*initial value to the previous run coefficients and was
used along with data set to develop the remaining coefficient and find focuses of clusters. Orange
asterix represents focuses of parabola shaped clusters.
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Fig. 13.12.9 Graph showing output at the end of 8" run

The above graph corresponds to the output of the 8" run. The blue dot represents data points.
The coefficients were formed by adding 0.1%*initial value to the previous run coefficients and was
used along with data set to develop the remaining coefficient and find focuses of clusters. Orange
asterix represents focuses of parabola shaped clusters.
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Fig.13.12.10 Graph showing output at the end of 9" run

The above graph corresponds to the output of the 9™ run. The blue dot represents data points.
The coefficients were formed by adding 0.1*initial value to the previous run coefficients and was
used along with data set to develop the remaining coefficient and find focuses of clusters. Orange
asterix represents focuses of parabola shaped clusters.
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Fig.13.12.11 Graph showing output at the end of 10" run.

The above graph corresponds to the output of the 10™ run. The blue dot represents data points.
The coefficients were formed by adding 0.1*initial value to the previous run coefficients and was
used along with data set to develop the remaining coefficient and find focuses of clusters. Orange
asterix represents focuses of parabola shaped clusters.
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Fig.13.12.12 Graph showing output at the end of 11" run

The above graph corresponds to the output of the 11" run. The blue dot represents data points.
The coefficients were formed by adding 0.1*initial value to the previous run coefficients and was
used along with data set to develop the remaining coefficient and find focuses of clusters. Orange
asterix represents focuses of parabola shaped clusters.
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Fig.13.12.13 1% cluster at the end of last run

The graph shows the 1* cluster using a certain cutoff value for membership function. This output
corresponds to the 11™ run. Purple asterix denotes focus of the parabola.
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Fig. 13.12.14 2™ cluster at the end of last run

The graph shows the 2" cluster using a certain cutoff value for membership function. This
output corresponds to the 1 1™ run. Purple asterix denotes focus of the parabola.
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Fig.13.12.15 3" cluster at the end of last run

The graph shows the 3™ cluster using a certain cutoff value for membership function. This
output corresponds to the 11™ run. Purple asterix denotes focus of the parabola.
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Fig.13.12.16 The above graph shows membership function at the end of 11 run.

The above graph is that of the fuzzy membership function at the end of 11" run. Also sum of
membership value of a data point with respect to all the clusters.
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13.13 Discussion Of Output

As we see from the outputs of the new algorithm we find that the algorithm detects the focuses of
the parabolas with ease. At each run the parameters of the directrix equations are incremented in
the steps of 10% of initial values. Using the new values and the data and the fuzziness parameter
we get other required parameters i.e. the directrix equation gets altered not only in intercept but
also by slope which will be evident if we think about the equation and perform some basic
algebraic operations and rewriting the equation in slope intercept form. In effect we use a new
equation for each cluster in every new run. We can further modify the increment operations to
suit the need of the problem. In short we are assuming that a parabola can be anywhere and
oriented freely in 2D space. As same as before Fuzziness parameter should be selected with care
[21].
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CHAPTER 14

APPLICATION

So far the theoretical and conceptual grounds of our new algorithm and tested on artificial data
and random data. Here some potential uses of the algorithms are stated followed by an example.

The main task of the algorithms developed is clustering which is a form of unsupervised learning
task. We can use these algorithms were the inherent task is that of clustering. We can use them to
find clusters of ellipse, parabola shapes. We can also use them in image processing [12] to find
objects of desired shape.

Here we show one application in the field of image processing. The image has been taken from

[11].

From the digital image [12] we took a small section from it which was converted from RGB to
gray scale image[12]. Then the gray scale image was sharpened [12] and to the sharpened image
we apply Canny edge detection algorithm [12] to get the edges now. Then we find the pixel
positions of those pixels which have the value 1[12] i.e. the pixels corresponding to edges. The
positions were plotted on the graph and we apply Fuzzy C Means Ellipse Clustering of variable
size algorithm. A point to be mentioned the initial values of semi major/minor axis lengths of
clusters should be as close to the desired clusters as much as possible. Here the clusters are
blood cells Leukocyte to be more specific [11]. Here the centroids belong to the cells in the
image slice.

L% op @%% T

X 0 h C
co J 0o’

Fig.14.1 Image used from the mentioned [11] paper

)

O

Fig.14.2 Image portion used from the mentioned [11] paper
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Fig.14.3 Image portion converted to gray scale

Fig.14.4 Gray Scale image sharpened
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Fig.14.5 Edge detected using Canny

In this example attempt was made to find 2 clusters (cells). Each cluster corresponds to a cell and
thus centroid of clusters can be thought of as centroid of cells. The value of o was taken as 2.8.
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14.1 Output
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Fig.14.1.1 Graph Showing Pixel positions having value 1

The above graph was developed by converting the digital image from RGB format to gray scale
image [12]. Then sharpening [12] it at applying Canny edge detection algorithm [12] on it to find
the edges in the image then extracting pixels with value 1[12] and plotting them. A point to be
noted that in digital image [12] the top left hand corner is the origin and the ordinate value
increases as we move from left to right and top to bottom [12]. In short the above graph is mirror
reflection about the x axis..
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Fig.14.1.2 1% Run Qutput

The above graph shows the output of the 1% run. We randomly select lengths of semi
major/minor axes of clusters but should be close to real values as much as possible. Blue dots
are data points and orange asterix are centroids.
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Fig.14.1.3 2" Run Output

The above graph shows the output of 2" run. The semi major/minor axes values are incremented
by 0.1*initial values. . Blue dots are data points and orange asterix are centroids.
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Fig.14.1.4 3™ Run Output

The above graph shows the output of 3™ run. The semi major/minor axes values are incremented
by 0.1*initial values. Blue dots are data points and orange asterix are centroids.
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Fig. 14.1.5 4™ Run Output

The above graph shows the output of 4™ run. The semi major/minor axes values are incremented
by 0.1*initial values. Blue dots are data points and orange asterix are centroids.
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Fig.14.1.6 5™ Run Output

The above graph shows the output of 5™ run. The semi major/minor axes values are incremented
by 0.1*initial values. Blue dots are data points and orange asterix are centroids.
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Fig. 14.1.7 6™ Run Output

The above graph shows the output of 6™ run. The semi major/minor axes values are incremented
by 0.1*initial values. Blue dots are data points and orange asterix are centroids.
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Fig.14.1.8 7™ Run Output

The above graph shows the output of 7" run. The semi major/minor axes values are incremented
by 0.1*initial values. Blue dots are data points and orange asterix are centroids.
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Fig. 14.1.9 8™ Run Output

The above graph shows the output of 8" run. The semi major/minor axes values are incremented
by 0.1*initial values. . Blue dots are data points and orange asterix are centroids.
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Fig 14.1.10 9" Run Output.

The above graph shows the output of 9™ run. The semi major/minor axes values are incremented
by 0.1*initial values. Blue dots are data points and orange asterix are centroids.
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Fig.14.1.11 10™ Run Output

The above graph shows the output of 10" run. The semi major/minor axes values are
incremented by 0.1*initial values. Blue dots are data points and orange asterix are centroids.
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14.2 Process In A Nutshell

ﬂ

RGB TO GRAY SCALE
CONVERSION

IMAGE

IMAGE
SHARPENING

CANNY EDGE
DETECTION

WHITE PIXEL
POSITION

FUZZY C MEANS
ELLIPSE CLUSTERING OF
VARIABLE SIZE

CENTROIDS IN EACH RUN

Fig 14.2.1. Summary of steps followed in the application
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14.3 Discussion Of Output

From the above images we can see that cell centroids are properly detected in most of the runs.
Fuzziness parameter should be properly selected else the algorithm will get stuck at local optima
[21] which is inherent property of Fuzzy C Means Clustering [9] algorithm which is the basis of
both Fuzzy C Means Ellipse Clustering of variable size and Fuzzy C Means Parabola Clustering
of variable orientation and positions .
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In this chapter we present the performance of Fuzzy C Means Ellipse Clustering of variable size

CHAPTER 15

PERFORMANCE

and Fuzzy C Means Parabola Clustering of variable orientation and positions.

We have chosen the performance parameters to be No of iteration per run and c.p.u. time

consumed for the entire run to complete. The value of & was chosen as 2.8.

Run Number No Of Iterations Required C.P.U. Time Consumed in
seconds
1 10 0.4219
2 8 0.2969
3 9 0.3281
4 7 0.2969
5 8 0.2656
6 9 0.3281
7 11 0.4531
8 8 0.2500
9 7 0.2500
10 12 0.4531

Fig 15.1 Table showing performance of Fuzzy C Means Ellipse Clustering of Variable size for a

The above table is for the application of Fuzzy C Means Ellipse Clustering of variable size on
the formatted image data which are white pixel positions. We see that it takes on an average 8.9
iterations per run and 0.33437s average cpu time per run. CPU time was found out by using
cputime() function at the beginning and at end of each run and subtracting the values. The values

may change.

certain instance

Let us plot the above performance data
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NO OF ITERATIONS vs RUN NUMBER
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Fig.15.2 Graph showing No of iterations vs

R

Run number
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The above graph shows us No of iterations vs Run number of Fuzzy C Means Ellipse Clustering
of variable size, the number of clusters (cells) to be searched for was 2 and number of runs were

10. It shows a variation and no fixed relationship is maintained.
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C.P.U. TIME CONSUMED IN SECONDS vs RUN NUMBER
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Figl15.3 Graph Showing CPU Time consumed Vs run number

The above graph shows us C.P.U. time consumed vs run number.

124 |Page

10
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Fig.15.4 Graph showing CPU time consumed in seconds vs Number of Iterations

In the above graph asterix represents points where x value represents number of iterations and y
value represents time consumed by the CPU. System mode execution and user mode execution
are both considered, it has been used in all performance studies presented here.
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Algorithm Data Used a Avg. Average C.P.U. Avg. SSE
used Iterations | Time Consumed
in seconds

Fuzzy C White Pixel 2.8 8.6 0.17967 (0.60052,
Means Positions in
Clustering the Leukocyte 0.68556)

Image
Fuzzy C White Pixel 2.8 8.58 0.270937 (0.4220,
Means Positions in (Per run)
Ellipse the Leukocyte 0.6618)
Clustering of | Image

Variable size

Fig 15.5 Table showing performance of Fuzzy C Means Ellipse Clustering of variable size and

FCM

An experiment was performed for comparing Fuzzy C Means Ellipse Clustering of variable size
and FCM. FCM was executed 10 times and the values were averaged accordingly. Now Fuzzy C
Means Ellipse clustering of variable size was executed 10 times with the same initial conditions

every time, in its case runs we divided each quantity by 100 to get average as each instance
requires 10 runs and the algorithm was executed 10 times so 10*10=100. We also used SSE
parameter which is error sum of squares for each cluster. In case of FCM we divided each result
by 10 to get average values. We used top 50 highest membership value data points to find Avg.
SSE along with the centroids discovered by the respective algorithms. We see that Fuzzy C
Means Ellipse Clustering of Variable Size performs better.

126 |Page



Now we present the performance of an instance of Fuzzy C Means Parabola Clustering of
variable orientation and positions. The value of a was taken as 4. We use the same performance
parameters as with that of Fuzzy C Means Ellipse Clustering of variable size.

Run Number Number Of Iterations C.P.U. Time Consumed In
Seconds
1 15 0.5156
2 17 0.6250
3 14 0.4688
4 10 0.3438
5 19 0.6094
6 14 0.5625
7 20 0.6875
8 12 0.5312
9 12 0.4531
10 19 0.6562
11 20 0.6094

Fig 15.6 Table showing performance of Fuzzy C Means Parabola Clustering of variable
orientation and positions for a certain instance

The same artificial dataset was used and number of clusters to be detected was 3. The average
number of iterations was 15.63 and average cpu time consumed was 0.5511 s.

Let us plot the results.
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Fig 15.7 Graph showing No of iterations vs run number

The graph shows us no of iterations vs run number of fuzzy ¢ means parabola clustering of
variable orientation and positions. As it is evident there is no proper relationship between the two
metrics and is highly variable. It looks like it depends on the parameters used in that run.
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C.P.U. TIME CONSUMED IN SECONDS vs RUN NUMBER
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Fig 15.8 Graph showing CPU time consumed in seconds vs run number

The graph shows us CPU time consumed in seconds vs run number of fuzzy ¢ means parabola
clustering of variable orientation and positions. As it is evident there is no proper relationship
between the two metrics and is highly variable. It looks like it depends on the parameters used in
that run. . CPU time was found out by using cputime() function at the beginning and at end of

each run and subtracting the values. The values may change.
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Fig 15.9 Graph showing CPU time consumed in seconds vs number of iterations

In the above graph asterix represents points where x value represents number of iterations and y
value represents time consumed by the CPU. System mode execution and user mode execution
are both considered. It is for fuzzy ¢ means parabola clustering of variable orientation and
positions.

Both the algorithms have the performance comparable to that of Fuzzy C Means clustering [9]
algorithm but the accuracy of Fuzzy C Means Ellipse Clustering of Variable size is better than
that of FCM as seen in fig 15.5. The relationship between run number and number of iterations is
random and highly depends on starting conditions i.e. the values chosen for various parameters.
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CHAPTER 16

CONCLUSION

The works presented here does enforce their respective shapes on clusters. Some more
refinement might be required which might further improve the applicability of the algorithms
introduced.

It should be again stated that the fuzziness parameter value should be selected with proper care
so that the cost function yields the minimum value possible [21]. If it is not done properly then
the algorithms will get stuck in local optima. This value selection is itself an interesting problem
in its own right.

The algorithms can be used in various applications such as image processing [12]. It can be used
for organ such as eyes, spleen, tumor e.t.c., cell detection in case of Bio-medical Image
processing.
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