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ABSTRACT

This thesis presents a comprehensive study on compact stars, black holes and wormholes,

exploring their physical characteristics, formation processes and theoretical implications. By

synthesizing current theoretical frameworks with observational constraints, this work aims

to enhance understanding of these enigmatic cosmic entities and their roles in the broader

structure of the universe. The thesis is embodied into the following chapters, each dedicated

to explore different aspects and theoretical models related to these cosmic phenomena.

First chapter elucidates the transition from special to general relativity, explores mod-

ified gravity theories and discusses their impact on compact objects. It also covers the

observational signatures of these objects, such as strong lensing and shadows and the role

of Bose-Einstein condensation setting the stage for the detailed analysis in later chapters.

Second chapter constructs a compact star model incorporating Bose-Einstein Conden-

sate (BEC) matter, governed by a polytropic equation of state with γ = 2 and a specific

energy density. It evaluates the model’s physical viability, stability and alignment with

constraints from the GW 170817 event. Key findings include how the parameter κ affects

central density, compactness and the likelihood of gravitational collapse, suggesting BEC

stars could mimic neutron stars.

Third chapter explores relativistic quintessence anisotropic solutions within the f(T )

gravity framework, employing Tolman-Kuchowicz metric potentials. It analyzes how anisotropy

and a quintessence field with parameter ωq, along with f(T ) gravity parameter α, influence

stellar characteristics. The study demonstrates that varying α from 0.5 to 2.5 affects density,

pressure and compactness of the compact star Her X-1, with higher values of α yielding a

more compact star. The chapter also evaluates the hydrostatic equilibrium and mass-radius

relationship for the model emphasizing the impact of α on the star’s structural and stability

attributes.

Fourth chapter provides an exact solution to the Einstein field equations for a static,

spherically symmetric, anisotropic stellar fluid sphere with non-zero complexity, using spe-

cific metric potentials and ensuring boundary continuity; stability is assessed through stan-

viii



dard conditions and validated against pulsar data.

Fifth chapter explores a Reissner-Nordström+ Λ black Hole in a (2+1) dimensional

Friedmann-Robertson-Walker universe. It presents new exact solutions and finds that the

cosmological constant Λ is negative inside the black Hole. The chapter demonstrates that

Λ depends on the black Hole’s radius R, charge Q and the universe’s scale factor a(v). It

shows that the black Hole’s mass and charge increase with cosmic contraction and decrease

with cosmic expansion.

Sixth chapter explores the astrophysical consequences of black holes in quadratic grav-

ity. To evaluate the physical validity of black hole like solutions in quadratic gravity, their

shadow and gravitational lensing properties are analyzed in the strong field regime.

Seventh chapter examines three new wormhole solutions with Yukawa gravitational po-

tential, focusing on geometry, energy conditions, stability and shadow. Stability is assessed

using the Tolman-Oppenheimer-Volkov equations, with parameters β, a and γ influencing

wormhole properties.

Eighth chapter, investigates identifying wormholes through their shadows by analyzing

the effects of rotating wormhole parameters on photon orbits, using Event Horizon Telescope

(EHT) data to constrain shadow size and spin, aiming to potentially reveal wormholes in

galactic regions.

Finally, Ninth chapter encapsulates the crux of the research, emphasizing the nuanced

impacts of parameter variations on the attributes and detectability of cosmic entities. It out-

lines prospective research trajectories to further elucidate theoretical constructs and refine

observational methodologies for these enigmatic phenomena.
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Chapter 1

Introduction

Imagine a world at the turn of the 20th century where scientists believed space and time

were unchanging, like the fixed stage upon which all of nature’s events unfold. This was the

world of Newtonian mechanics, where forces acted instantaneously across distances and time

ticked uniformly for everyone. But as scientists peered deeper into the mysteries of light and

motion, cracks began to appear in this comfortable view of reality. James Clerk Maxwell

had shown that light moves at a constant speed, but how could that be? Shouldn’t light

slow down or speed up if you’re moving towards or away from it, just like sound or a moving

car? Then came the famous Michelson-Morley experiment in 1887, which sought to measure

Earth’s movement through a mysterious substance called “aether”, thought to carry light

waves. But no matter how hard they tried, they found no trace of this aether—light’s speed

remained bafflingly constant.

Enter Albert Einstein, a young patent clerk with a head full of revolutionary ideas. In

1905, Einstein tossed out the need for aether and flipped our understanding of the universe

on its head. He declared that space and time weren’t fixed after all they could stretch,

bend and even slow down depending on how fast you were moving. According to his special

theory of relativity, the faster you go, the more time slows down and distances shrink. And

no matter how fast you chase it, the speed of light stays the same for everyone. But Einstein

wasn’t done yet. In 1915, he introduced the general theory of relativity, where gravity wasn’t

a force pulling objects together as Newton had thought, but a warping of the very fabric of

space and time by massive objects. Imagine spacetime as a trampoline—place a heavy ball

in the center and it bends, causing other smaller objects to roll toward it. This new view
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of gravity explained everything from the strange wobble in Mercury’s orbit to the bending

of starlight around the Sun during an eclipse, even predicting exotic things like black holes

and gravitational waves, which would not be confirmed until a century later.

1.1 Transition from Special to General Theory of Rel-

ativity

The transition from Special Theory of Relativity (STR) to General Theory of Relativity

(GTR) marks a fundamental shift in the way one understands the universe. While STR

revolutionized our understanding of space and time by unifying them into a single space-

time continuum, GTR goes a step further by explaining gravity as the curvature of this

spacetime. This shift laid the groundwork for many modern advancements in astrophysics

and cosmology, fundamentally altering our view of the universe.

1.1.1 Classical Physics to STR

Before Einstein’s breakthrough in 1905, the world of physics was dominated by Newtonian

mechanics. According to Newton’s laws, space and time were fixed. Mass and energy were

distinct, mass described the amount of “matter” in an object, while energy referred to its

capacity to perform work, whether through motion (kinetic energy) or position (potential

energy).

However, as scientists began exploring phenomena at higher velocities—close to the speed

of light—anomalies started to emerge. The laws of physics, particularly those concerning

electromagnetism and light, seemed to behave differently at these speeds. For example,

James Clerk Maxwell’s equations of electromagnetism implied that the speed of light remains

constant, regardless of the observer’s motion. This was puzzling because, according to

classical mechanics, speeds should add up; if someone is moving toward or away from a

light source, he or she should measure different speeds for light. But experiments showed

otherwise.

This inconsistency hinted at the need for a new understanding of how space, time, mass

and energy were connected.
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1.1.2 STR Brief Overview

The journey from Newtonian mechanics to STR of Einstein marks one of the most transfor-

mative periods in the history of physics. In 1905, a 26-year-old Albert Einstein published a

groundbreaking paper that would forever change the way one thinks about space and time.

This was the STR and its foundation rested on two simple, yet revolutionary ideas

1.1.2.1 Foundation of STR

I Laws of Physics: The laws of physics are the same for everyone, no matter how

fast they are moving—as long as they’re not accelerating. In other words, the

universe doesn’t care if someone is zooming along in a spaceship or standing still

on Earth; the rules are the same.

II Speed of Light: The speed of light is constant, regardless of the observer’s

motion or the light source’s motion. Whether you’re running toward a beam of

light or away from it, one will always measure the same speed near about 300,000

kilometers per second.

1.1.2.2 Resultant of STR

These principles led to several groundbreaking conclusions

I Time Dilation: Moving clocks run slower compared to those at rest relative to

an observer.

II Length Contraction: To a stationary observer, moving objects appear short-

ened along the direction of their motion.

III Relativity of Simultaneity: Events that are simultaneous in one reference

frame may not be simultaneous in another frame that is in motion relative to the

first.

1.1.2.3 Limitations of STR

STR was elegant and revolutionary, the main limitations of this arise from its assump-

tions and scope, but it had limitations,
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I Inapplicable to Accelerating Frames: STR applies only to observers in con-

stant motion (inertial frames). It doesn’t work for accelerating reference frames,

as it doesn’t address forces like gravity or acceleration, which led to the develop-

ment of GTR to include non-inertial frames and gravitational effects.

II Applicable Only to Flat Spacetime: STR is valid in the absence of curvature,

i.e., in Minkowski spacetime. In curved spacetime, where gravity causes spacetime

distortion, STR is no longer valid, necessitating GTR.

ds2 = ηµνdx
µdxν (1.1.1)

where,

• ηµν = diag(−1,−1,−1), for Minkowski Space.

1.1.3 GTR Brief Overview

GTR was necessary to bring together the concepts of spacetime and gravity in a consistent

framework. Einstein realized that mass and energy influence the curvature of spacetime and

that curved spacetime tells objects how to move. This replaced the concept of gravity as an

instantaneous force with the idea that objects follow curved paths (geodesics) in spacetime.

1.1.3.1 Spacetime and the Metric Tensor

I Spacetime: In GTR, spacetime is described as a 4-dimensional manifold with

a metric tensor gµν , which specifies the separation between two nearby points in

spacetime.

II Line element: The line element (infinitesimal distance between two points) is

given by:

ds2 = gµνdx
µdxν , (1.1.2)

where,

• µ, ν = 0,1,2,3,

• xµ = The spacetime coordinate,
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•

gµν =


g00 g01 g02 g03

g10 g11 g12 g13

g20 g21 g22 g23

g30 g31 g32 g33


.

1.1.3.2 Lagrangian Derivation using Einstein-Hilbert Action

I Einstein-Hilbert (EH) Action: The EH action is given by

SEH =
1

2κ

∫ √
−gR d4x (1.1.3)

where,

• κ = 8πG
c4

is a constant, G, gravitational constant,

• g = |gµν | is the determinant of gµν ,

• R = Ricci scalar.

II Total Action: The total action in general relativity is

Stotal = SEH + Sm, (1.1.4)

which expands to

Stotal =
1

2κ

∫ √
−g R d4x+

∫
Lm d4x

√
−g, (1.1.5)

where,

• Lm = the Lagrangian density for the matter fields.

III Variation of Action: To derive the field equations, the total action is varied

with respect to the metric gµν

δSEH =
1

2κ

∫
δ(
√
−g R) d4x (1.1.6)

This variation consists of two parts
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a. The variation of
√
−g is given by

δ
√
−g = 1

2

√
−g gµνδgµν . (1.1.7)

b. The variation of the Ricci scalar R is

δRµν = ∇λ(δΓ
λ
µν)−∇ν(δΓ

λ
λµ), (1.1.8)

where,

• Rµν = Ricci curvature tensor.

After integrating by parts and assuming the boundary terms vanish, the variation

of the Ricci scalar leads to

δSEH =
1

2κ

∫ √
−g

(
Rµν −

1

2
Rgµν

)
δgµν d4x. (1.1.9)

IV Variation of the Matter Action The variation of the matter action gives the

energy-momentum tensor Tµν

δSm =

∫ √
−g 1

2
Tµν δg

µν d4x. (1.1.10)

By equating the variations to zero, the Einstein field equations are obtained.

1.1.3.3 Einstein Field Equations

The core of GTR is the Einstein field equations, which relate the geometry of spacetime

(encoded in the Einstein tensor Gµν ) to the energy and momentum of matter and

radiation (encoded in the stress-energy tensor Tµν )

Gµν =
8πG

c4
Tµν , (1.1.11)

• Gµν = Rµν − 1
2
gµνR, Einstein tensor.

1.1.3.4 Geodesics

Particles follow paths called geodesics in curved spacetime, which are the generalization
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of straight lines in flat space. The geodesic equation is

d2xλ

dτ 2
+ Γλ

µν

dxµ

dτ

dxν

dτ
= 0, (1.1.12)

• τ : The proper time along the particle’s worldline,

• Γλ
µν : The Christoffel symbols, which depend on the metric tensor.

1.1.3.5 Energy-Momentum Conservation

The Bianchi identity for the Riemann curvature tensor is given by

Rµν;ρ +Rνρ;µ +Rρµ;ν = 0. (1.1.13)

GTR ensures the conservation of energy and momentum via the contracted Bianchi

identity, which leads to the covariant divergence of the Einstein tensor being zero

∇µGµν = 0. (1.1.14)

This leads to the conservation of the stress-energy tensor

∇µTµν = 0. (1.1.15)

GTR offers a radically new, geometrical view of gravity, replaces Newtonian mechanics at

cosmological scales and provides a more accurate description of the universe.

1.2 Cosmic Origins: The Big Bang and the Steady

State Debate

Prior to GTR, the universe was thought of as static and unchanging. However, when

Einstein’s equations were applied to the large-scale structure of the universe, they revealed

the possibility of a dynamic, evolving cosmos.
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1.2.1 The Birth of the Big Bang Theory

One of the theories that explains universe’s origin and evolution suggests it began in an

incredibly hot and dense state, expanding rapidly from that initial condition, roughly 13.8

billion years ago. That extremely hot and dense state known as a singularity, marking the

beginning of space and time and the expansion through the cosmic inflation and nucleosyn-

thesis the cosmic structure is formed and still expanding and cooling.

I Lemâıtre’s Hypothesis: In 1927, Belgian priest and physicist Georges Lemâıtre

independently derived the idea of an expanding universe from Einstein’s equations,

before Hubble’s observations.

II Singularity: The universe originated from a point where densities and temperatures

are infinitely high. Lemâıtre proposed that the universe originated from a single point,

which he called the “primeval atom” or cosmic egg, which exploded, leading to the

expansion of the universe.

III “Big Bang” Term: The term “Big Bang” was coined by British astronomer Fred

Hoyle in 1949 during a radio broadcast, though Hoyle intended it as a dismissive term

because he supported the rival steady state theory. Ironically, the name stuck.

1.2.2 The Steady State Challenge

Not everyone was convinced by the idea of a universe with a singular beginning. The

Steady State theory was introduced in 1948 by Fred Hoyle, Thomas Gold and Hermann

Bondi. It was a bold cosmological model positing that the universe has no beginning or

end, it is eternal and unchanging in its large-scale structure over time, relies on the Perfect

Cosmological Principle, which extends the Cosmological Principle by asserting that the

universe looks the same not only in space but also in time.

I Infinite Universe: The universe is infinite in time and has always existed in its

current form, expanding forever.

II Continuous Creation of Matter: To account for the universe’s expansion, the

theory posits that new matter is continuously created from nothing at a rate just

enough to keep the overall density constant as galaxies move apart.

8



1.2 Observational Evidence of Big Bang

III Self-sustaining: The theory implies a kind of “self-sustaining” universe, with no need

for a beginning or end, unlike the Big Bang model, which requires a singularity.

IV Observational Problems: Observations show that galaxies evolve over time, there

are more young galaxies at greater distances (looking further back in time), which

contradicts the Steady State Theory’s assertion that the universe remains unchanged

in time.

Due to its failure to account for these observations, the Steady State Theory was largely

rejected by the scientific community. Over time, the Big Bang theory became the dominant

cosmological model due to key pieces of evidence.

1.2.3 Observational Evidence of Big Bang

The Big Bang theory emerged as the leading cosmological model by combining theoretical

insights from general relativity with key observational evidence, such as Hubble’s discovery

of the expanding universe and the detection of the Cosmic Microwave Background (CMB).

I Hubble’s Discovery: Edwin Hubble’s observation in 1929 that galaxies are moving

away from each other provided strong observational support for an expanding universe,

a key prediction of the Big Bang model.

II CMB: The discovery of the CMB in 1965 provided crucial evidence for the Big Bang

theory, as it represented the leftover radiation from the early, hot phase of the universe.

1.2.4 Challenges of Big Bang

While the Big Bang theory is now the dominant cosmological model, it doesn’t explain

everything,

I Horizon Problem: Why is the universe so uniform on large scales? The Big Bang

theory doesn’t fully explain how regions of the universe that were never in causal

contact (due to the finite speed of light) appear so similar.

II Flatness Problem: The geometry of the universe is very close to being flat, but the

Big Bang theory alone doesn’t explain why.
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III Dark Matter and Dark Energy: The Big Bang theory explains cosmic expansion,

but the accelerated expansion observed today (attributed to dark energy) and the pres-

ence of dark matter (which doesn’t emit or absorb light but interacts gravitationally)

remain puzzles within the standard cosmological framework.

1.3 Modified Gravity

Since the inception of Big Bang, our universe has gone through various phases. Let’s break

down the evolution of the idea and how it comes about.

1.3.1 Cosmological Acceleration

It is interesting to note that the late time cosmological acceleration was discovered [ Riess et

al. (1998) ] by the Supernova Cosmology Project and the High-Z Supernova Search Team in

1998, led by Saul Perlmutter, Brian P. Schnidh and Adam G. Riess. They observed distant

Type la supernova and found that the universe expansion is accelerating. It is to be note

that this acceleration phase is not only on the Big Bang but it also upper drive after the Big

Bang which is called as Inflation. Although that is not an observational thing but that epoch

was used to solve some fundamental problems of cosmology such as the Horizon, Flatness

problems, the Fine Tuning problem and so on. After the inception of the observational

evidence of acceleration of universe, the constituent universe are now following luminous

matter 4.9%, Dark energy 68.3%, Dark matter 26.8%. It means that 95% of universe is still

unknown to us. What causes this acceleration? The physics behind this acceleration has

various motivation and various alternatives. The first alternatives is cosmological constant.

1.3.1.1 Cosmological Constant

Albert Einstein originally introduced the cosmological constant in 1917 as a term in

his equations of general relativity to achieve a static universe model, which was the

prevailing view at the time. It was added to counteract gravitational collapse in a

static universe. After the discovery of the universe’s expansion by Edwin Hubble,

Einstein discarded Λ calling it his “biggest blunder”. The modified field equation is

Gµν + Λgµν =
8πG

c4
Tµν , (1.3.1)
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where,

• Λ = Cosmological constant and acts as a constant energy density filling space.

1.3.1.2 Problems of Cosmological Constant

From a quantum field theory perspective, empty space (the vacuum) is not truly empty

but has fluctuations at the quantum level, leading to a non-zero vacuum energy. This

energy should manifest as a cosmological constant in general relativity. The prob-

lem arises when comparing the theoretical predictions of the vacuum energy density

from quantum mechanics to its observed value based on cosmological measurements.

The vacuum energy density (or cosmological constant) should, according to quantum

mechanics, be much larger on the order of 10−3 GeV 4 based on Quantum Chromody-

namics phase transitions. However, the observed value today is around 10−3 eV 4, a

huge discrepancy. The question is: Why is it so small today?

To elevate this problem, scientists thought about variable density cosmological constants

which have variable equation of state and variable density. Alternative view is also floating,

some scientists have alternate view that there is no exotic matter but there is a modification

of gravity.

1.3.2 f(R) Gravity

f(R) gravity [ Buchdahl (1970) ] is a modification of general relativity that aims to explain

cosmological phenomena such as the accelerated expansion of the universes without invoking

dark energy or other exotic matter components. This class of theories extends the EH action

by replacing the Ricci scalar R with a general function f(R).

1.3.2.1 Action and Field Equation

In f(R), this action is generalized to

S =
1

2κ2

∫
d4x

√
−g f(R) + Sm, (1.3.2)

where,

• f(R) = Arbitrary function of the Ricci scalar R,
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• Sm = The action for matter fields.

To derive the field equations, a variation of the action is performed with respect to

the metric tensor gµν ,

δS =
1

2κ2

∫ √
−g
[
f ′(R)δR + f(R)δ(

√
−g)

]
d4x+ δSm, (1.3.3)

where, “ ′ ” represent derivative with respect to R.

Using the variations,

δ(
√
−g) = 1

2

√
−ggµνδgµν , (1.3.4)

δR = Rµνδg
µν + gµν□δg

µν −∇µ∇ν − δgµν , (1.3.5)

it is obtained,

δS =
1

2κ2

∫
d4x

√
−g
[
f ′(R)

(
Rµνδg

µν + gµν□δg
µν −∇µ∇νδg

µν
)
+

1

2
gµνf(R)δg

µν

]
+δSm,

(1.3.6)

here, □ = ∇µ∇µ is the d’Alembertian operator.

Integrating by parts and applying the variation, the field equations become

f ′(R)Rµν −
1

2
f(R)gµν +

(
gµν□−∇µ∇ν

)
f ′(R) = κ2Tµν , (1.3.7)

where, Tµν is the energy-momentum tensor of matter.

1.3.2.2 Stability and Viability Conditions

For f(R) gravity to be physically viable, it must satisfy certain stability conditions.

I No Tachyon: The condition f ′(R) > 0 ensures that the effective gravitational

constant is positive as if then, it leads to a repulsive gravity effect and instability in

the gravitational field equations avoid tachyon instabilities. Tachyonic instability

arises when a field has an imaginary mass, leading to an unstable system where

small perturbations grow exponentially.

II No Ghosts: The condition f ′′(R) < 0 prevents the presence of ghost fields,

which lead to quantum instabilities. This condition ensures that the scalar degree

12



1.3 Teleparallel Gravity

of freedom introduced by the modification of the gravity action does not have a

wrong-sign kinetic term.

1.3.2.3 Significance of f(R) Gravity

I Generalized EH Action: f(R) gravity extends the EH action by substituting

the Ricci scalar R with a general function f(R). This allows the theory to describe

a wide range of gravitational phenomena beyond general relativity, including the

possibility of explaining cosmic acceleration without dark energy.

II Late-Time Cosmic Acceleration: f(R) gravity has been studied extensively

as a potential explanation for the observed late-time acceleration of the universe.

By selecting appropriate forms of f(R) models can mimic dark energy and provide

a modified gravitational framework to explain cosmic expansion.

III Higher-Order Field Equations: Unlike general relativity, where the field equa-

tions are second-order, f(R) gravity leads to fourth-order differential equations.

This increases the complexity but also provides more flexibility in modeling grav-

itational interactions.

IV Viable Models and Constraints: Viable models of f(R) gravity must pass

stringent cosmological and astrophysical tests, such as consistency with the CMB,

large-scale structure and solar system experiments. Some models have been found

to be consistent with observations while offering new perspectives on gravitational

theory.

1.3.3 Teleparallel Gravity

Following the successful introduction of general relativity, Einstein endeavored to unify it

with electromagnetism through the use of affine connections. This led him to develop a

pioneering theory in which gravity is mediated by torsion rather than curvature.

The metric signature (−1,+1,+1,+1) is used for flat spacetime. The line element in

Cartesian coordinates is chosen to be described by

ds2 = ηµνdx
µdxν = −dt2 + dx2 + dy2 + dz2. (1.3.8)
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• ηµν = Minkowski metric.

All metric tensor line elements are produced by tetrads eiµ and inverse tetrads eµi . e
i
µ are

linear basis on the spacetime manifold, give us basis for vectors on tangent space. Where,

gµν = ηije
i
µe

j
ν , (1.3.9)

gµν = ηijeµi e
ν
j . (1.3.10)

To calculate the curvature and torsion of a spacetime metric one must define a connection.

Curvature and torsion are properties of connection, there are infinite choices of connection

among their is a connection named Levi-Civita connection in which there is only curvature

but torsion is zero, Einstein use this for general relativity

Γ̂σ
µν =

1

2
ησβ

(
ηβµ,ν + ηβν,µ − ηµν,β

)
. (1.3.11)

There is another connection named Weitzenböck connection in which there is only torsion

where as curvature is 0. This is used for teleparallel gravity.

Γσ
νµ = eσi

(
∂µe

i
ν + ωi

jµe
j
ν

)
, (1.3.12)

where,

• ωi
jµ = The components of the teleparallel spin connection.

This is used to build torsion tensor, contorsion tensor, superpotential tensor as well as

torsion scalar.

1.3.3.1 Compositions

I Torsion Tensor: The torsion tensor is defined as

T i
µν = 2Γi

[νµ] = eiν,µ − eiµ,ν + ωi
jµe

j
ν − ωi

jνe
j
µ = −2Γi

[µν], (1.3.13)

where,

• A[µν] =
1
2

(
Aµν − Aνµ

)
,
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• e,µ = ∂e
∂µ
.

II Contortion Tensor: The contortion tensor is basically the difference between

the teleparallel connection and Levi-Civita connection defined as

Kσ
µν = Γσ

µν − Γ̂σ
µν =

1

2

(
T σ
µ ν + T σ

ν µ − T σ
µν

)
. (1.3.14)

III Superpotential Tensor: The superpotential tensor defined as

Sµν
σ = Kµν

σ − δµσT
ρν
ρ + δνσT

ρµ
ρ = −Sνµ

σ . (1.3.15)

IV Torsion Scalar: The torsion scalar is defined as

T =
1

2
Sµν
σ T σ

µν . (1.3.16)

1.3.3.2 f(T) Gravity

The f(T ) theory of gravity is a relatively recent modification of the Teleparallel Equiv-

alent of General Relativity (TEGR), introduced as an extension analogous to the f(R)

theory of gravity. It was proposed by [ Ferraro and Fiorini (2007) ] over a decade ago,

also studied by so many authors [ Linder (2010) and Yerzhanov et al. (2010) ] and it

generalizes the TEGR action in a similar way that f(R) gravity generalizes the EH

action of general relativity.

I Action and Field Equations of f(T ) Gravity: The action for the standard

teleparallel gravity is given by

S =
1

2κ2

∫
d4x e f(T ) + Sm , (1.3.17)

where,

• e = det(eµA), the determinant of the tetrad field eµA,

• f(T ) = An arbitrary function of T ,

• Sm = The action of the matter fields.

II Significance of f(T ) Gravity:
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(a) Cosmological Implications: f(T ) gravity has been widely explored in

cosmology, as it offers possible explanations for the accelerated expansion

of the universe without needing to invoke a cosmological constant or dark

energy. By choosing appropriate forms for f(T ), researchers can model late-

time cosmic acceleration or mimic inflationary dynamics.

(b) Lower Order Equations: Compared to f(T ) gravity, the field equations

in f(T ) gravity are of second order, making them simpler to handle both

analytically and numerically. This property is one of the main advantages of

f(T ) gravity.

(c) Breaking of Lorentz Invariance: One of the main challenges of f(T )

gravity is the inherent breaking of local Lorentz symmetry due to the specific

choice of tetrads. This issue has led to concerns about the physical viability

of the theory, but it remains a subject of ongoing research.

III Application: The f(T ) theory of gravity provides a promising generalization of

the teleparallel formulation of gravity, offering a new avenue to explore alternative

models of gravity beyond general relativity. It has shown significant potential ap-

plications [ Bamba et al. (2011), Boehmer et al. (2012), Cai et al. (2011), Dent et

al. (2011), Iorio et al. (2015), and Ualikhanova and Hohmann (2019) ], especially

in explaining the accelerated expansion of the universe, while also presenting in-

teresting theoretical challenges, such as the issue of Lorentz symmetry breaking

and the behavior under conformal and disformal transformations.

In Chapter.3, I have elaborately discussed the construction of a compact star model

within the framework of f(T ) gravity, where the modifications to the gravitational theory

are used to explore the unique characteristics and structure of these celestial objects.

1.3.4 Einstein-Gauss-Bonnet Gravity

Among the myriad possibilities of modified gravity, the Einstein-Gauss-Bonnet (EGB) the-

ory holds a particularly distinguished place. Originally proposed by [ Lanczos (1932) and

Lanczos (1938) ], this theory was later generalized by [ Lovelock (1970, 1971) ]. EGB grav-

ity is a higher-dimensional theory that extends general relativity by incorporating a specific
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combination of higher-order curvature invariants, known as the Gauss-Bonnet term. This

term appears naturally in the low-energy limit of string theory and provides corrections to

Einstein’s field equations.

1.3.4.1 Gauss-Bonnet term LGB

LGB is a specific combination of the Ricci scalar R, the Ricci tensor Rµν and the

Riemann tensor Rµνρσ

LGB = R2 − 4RµνR
µν +RµνρσR

µνρσ. (1.3.18)

This term is derived from the Euler characteristic in four dimensions but contributes to

the dynamics in higher-dimensional spacetime. The Gauss-Bonnet term is topological

in four dimensions (it does not contribute to the field equations in D = 4) but has

dynamical effects in higher dimensions (D > 4).

1.3.4.2 Action and Field Equations

The EGB gravity action in D-dimensions is an extension of the EH action with the

inclusion of the Gauss-Bonnet term.

The action for EGB gravity in D-dimensions is given by

S =

∫ √
−g
[
1

2κ
(R + αLGB + Lm)

]
dDx, (1.3.19)

where,

• κ = the gravitational constant in D-dimensions,

• α = The EGB Lagrangian coupling constant.

To derive the field equation, the action is varied with respect to the metric tensor gµν

δS =

∫ √
−g
[
1

2κ

(
δ (R + αLGB) + δ

(√
−gLm

))]
dDx. (1.3.20)

The modified field equations are
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Gµν + αHµν = κTµν , (1.3.21)

where,

• Hµν = The contribution from the Gauss-Bonnet term,

Hµν is of the form

Hµν = 2
(
RRµν − 2RµανβR

αβ − 2RµαR
α
ν +RµαβγR

αβγ
ν

)
− 1

2
gµνLGB. (1.3.22)

1.4 Compact Object

The term compact emphasizes the unusual combination of small physical size and enormous

mass that is a small volume relative to mass. The compactness leads to extreme physical

conditions such as high density, intense gravity and strong magnetic fields which are not

found in less dense objects like regular stars.

• Formation of Compact Objects:

Compact objects are formed when stars undergo gravitational collapse after burning

out their nuclear fuel. Gravitational collapse is the process by which an astronomical

object, such as a star or cloud of gas, contracts under its own gravity, leading to a

significant increase in density. It occurs when the internal pressure of an astronomical

object is no longer sufficient to counteract the force of gravity pulling its mass inward.

Stars begin in a state of hydrostatic equilibrium, where the force of gravity pulling

inward is counteracted by the outward pressure generated by nuclear fusion within

the star’s core. For most stars, this internal pressure is provided by nuclear fusion

reactions occurring in their cores, which produce energy and heat that generate an

outward pressure. However, once a star exhausts its nuclear fuel, it loses this source of

pressure and gravity takes over, causing the star to collapse. Let’s discuss the physics

behind gravitational collapse. As the star collapses, fermions, electrons, neutrons

within the star obey the Pauli exclusion principle ( no two fermions can occupy the

same quantum state, simultaneously within a given system) creating a degeneracy

pressure that can temporarily halt the collapse.
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The final fate of a compact object is determined by the primary parameter, that is its

mass at birth.

1.4.1 Compact Star

I have classified compact stars into two types white dwarfs and neutron stars. These ob-

jects represent the end stages of stellar evolution and each type has distinct characteristics

determined by the mass and internal processes that govern their structure and stability.

1.4.1.1 White Dwarf

A white dwarf is the remnant core of a star with low to medium mass, which has

depleted its nuclear fuel.

I Formation: Each of these stages represents a critical step in the transformation

of a star into a white dwarf, from main sequence burning through to the eventual

cooling and dimming phases.

(a) Main Sequence Star: During its life cycle it goes through the longest

and most stable phase called main sequence stage. In a star’s life, during

this stage, the star fuses hydrogen into helium in its core through nuclear

fusion, producing vast amounts of energy that counterbalances the gravita-

tional forces trying to collapse the star. This energy is radiated out into

space, causing the star to shine.

A star’s position on the main sequence is primarily determined by its mass.

More massive stars burn their fuel quickly and are hotter, while less massive

stars burn fuel slowly and are cooler. Stars can spend millions to billions

of years in this stage, depending on their mass. For example, massive stars

might remain on the main sequence for only a few million years, while stars

like our Sun can stay in this phase for about 10 billion years.

(b) Red Giant Phase: Then it goes through the red giant stage, when a star

exhausts the hydrogen in its core, it can no longer maintain the pressure

needed to support itself against gravity. The core contracts and heats up,

while the outer layers expand dramatically, causing the star to enter the red
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giant stage. As the star’s outer envelope swells, its temperature drops, giving

it a reddish hue.

The red giant phase is relatively short lived compared to the main sequence,

typically lasting a few hundred million years. For stars like the Sun, this

stage marks the final phase of active fusion before the star sheds its outer

layers and involves into a white dwarf.

(c) Planetary Nebula Formation: After the star goes through its life cycle,

including the main sequence and red giant phases, it sheds its outer lay-

ers. Meanwhile, in the core, helium begins to fuse into heavier elements like

carbon and oxygen if the star is massive enough, in a process called the he-

lium flash. The star’s outer layers may become unstable contributing to the

formation of planetary nebulae.

(d) Final Stage: This core is no longer undergoing nuclear fusion, slowly cools

and contracts under the influence of gravity. The resulting object is incredibly

dense, with a mass similar to that of the Sun but compressed into a volume

comparable to that of Earth. The electrons within the White dwarfs are

degenerate, meaning they are packed so closely together that quantum me-

chanical effects dominate preventing further collapse. Over billions of years,

the white dwarf will continue to radiate its residual heat into space gradually

cooling and fading, eventually becoming a cold, dark, “black dwarf ” though

the universe is not old enough for any black dwarf to exist yet. White dwarfs

are key to understanding stellar evolution and most stars including our Sun

will end their lives in this state.

II Discovery: The discovery and understanding of white dwarfs began in the early

20th century, marking a significant departure from the study of ordinary stars, the

realization that a new class of stars, which were small, faint and incredibly dense

existed, came about in 1910. Henry Norris Russell played a key role in identifying

this new class through his studies of the Hertzsprung - Russell diagram.[ Russell

(1977) ] He noticed that while most faint stars were red, a star now known as

40 Eridani B, part of a triple system, was both faint and white, this was a key

observation leading to the identification of white dwarfs as a distinct class of stars.
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[ Van Maanen (1917) ] also puzzled astronomers. There spectral type suggested it

was too hot for its faint luminosity, again hitting at the existence of these unusual

objects. Sirius B the companion to the bright star Sirius was detected visually

in 1861 by Alvan Clark[ Warner (1968) ]. In 1910, its mass was determined

and further studies revealed its effective temperature and density which were

strikingly high, leading to the realization of its compact nature[ Koester (1990) ].

III Types: Initially, only 3 types of white dwarfs were known by 1920, as obser-

vational techniques improved more white dwarfs were discovered. Systematic

surveys in the 20th century [ Greenstein (1986) and Luyten (1970) ] such as the

Bruce Proper Motion survey, led to the discovery of many more white dwarfs by

capitalizing on their intrinsic faintness and proper motion. Surveys focusing on

the blue color and faintness of white dwarfs, such as the Polomar - Green Sur-

vey further expanded the catalogue of known white dwarfs By 1980s, catalogues

such as that by [ Green et al. (1986) ] listed over a thousand spectroscopically

identified white dwarfs.

IV Physical Characteristic: Early estimates of the density of white dwarfs, such

as Sirius B, yielded values around 5 × 104g/cm3, which [ Eddington (1925) ]

initially found “ absurd ”. However, more accurate measurements later [ Thejll

and Shipman (1986) ] confirmed densities as high as 3× 106g/cm3.

Chandrasekhar (1931) on the structure of white dwarfs, conducted while he was

still a student, led to the discovery of the Chandrasekhar limit. His calculations

showed that white dwarfs, supported by electron degeneracy pressure, have a

maximum mass 1.4M⊙ beyond which they can’t remain stable.

V Ultimate Fate: However, unsolved issues remain such as the precise composition

of the hydrogen and helium layers, the behavior of carbon / oxygen mixtures in

the crystalline phase and the relationship between different spectral types of white

dwarfs. Despite being less exotic than neutrons stars or black hole, white dwarfs

remain crucial to understanding many aspects of physics and astronomy.

1.4.1.2 Neutron Star

white dwarfs and neutron stars are closely related in the evolutionary paths of stars
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but represent different endpoints based on the mass of the progenitor star.

• Progenitor Star: A progenitor star refers to the original star from which com-

pact star eventually forms after it has exhausted its nuclear fuel and undergo

stellar evolution.

I Formation: Neutron stars are formed from the remnants of massive stars that

have undergone a supernova explosion. When a progenitor star with an initial

mass between approximately 8 to 25 times solar mass, exhausts its nuclear fuel,

it can no longer support itself against gravitational collapse.

During the supernova, the core of the star collapses under gravity and the outer

layers are expelled. The collapse is so extreme that protons and electrons combine

to form neutrons, resulting in a dense object primarily composed of neutrons as

it becomes a star nearly in between 1.4M⊙− 2.9M⊙ but is only about 10− 12km

in radius, that is around 1017kg/m3.

II Discovery: The search for neutron stars and their eventual Discovery is a fasci-

nating story that spans several decades, beginning in the 1960s with the advent

of the practical X-ray astronomy.

• It was initially expected that neutron stars could be discovered by detecting

thermal radiative from the surfaces, as cooling isolated neutron stars with

surface temperatures around 106K would emit primarily soft X-rays, which

are not detectable by ground- based observations. This led to the launch of

the first X-ray detectors on rockets and balloons.

• The first significant breakthrough came when [ Giacconi et al. (1962) ] dis-

covered the first Cosmic X-ray source, Sco x-1, in the Scorpius constellation.

This discovery was a pivotal moment in the X-ray astronomy and garnered

significant interest in neutron stars. However, early attempts to link neu-

tron stars with these newly discovered X-ray sources were unsuccessful. For

example, [ Bowyer et al. (1964) ] measured the size of the X-ray source in

the Crab Nebula, finding it to be much larger than a neutron star should be,

which initially cast doubt on the presence of a neutron star there.

• Ironically the Crab Nebula Fig.1.1 indeed contained a neutron star, the fa-
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Fig. 1.1. The Beautiful Crab Nebula.(NASA (2000))

mous Crab Pulsar, but it was concealed within a compact pulsar nebula.

The detection of the Crab Pulsar provided crucial evidence supporting this

model, cementing the connection between pulsars and neutron stars. While

Hewish received the Nobel Prize in 1974 for this discovery, [ Hewish (1975) ]

controversy remains over the exclusion of Jocelyn Bell in the award, despite

her crucial role in the discovery.

III Types: There are various types of neutron Star, such as

• Radio Pulsars: Emit regular pulses of radio waves due to their rapid rota-

tion and strong magnetic fields.

• X-ray Pulsars: Emit X-rays due to accretion of material from a companion

star. Often found in binary systems.

• Magnetars: Neutron Star with extremely strong magnetic fields, emit bursts

of high-energy gamma rays and X-rays and so on.

IV Physical Characteristics: In the period following World War II and leading up

to the discovery of neutron stars, theoretical progress advanced significantly in

understanding these enigmatic objects. Initially researchers focused on construct-

ing models for the equation of state of dense stellar matter with key contributions

from [ Harrison et al. (1958) ] who explored how nuclear forces and interactions
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between various particles could affect neutron star structure and stability.

[ Bahcall and Wolf (1965) ] who identified key neutrino processes and their role

in the thermal evolution of neutron stars. Additionally, research into neutron

star thermal evolution, including early estimates of cooling rates and models

of thermal emissions, laid the groundwork for interpreting observations of these

stars, setting the stage for their eventual Discovery and detailed study.

The layers of Neutron Stars are,

• The outermost layer of a neutron star is the crust, which is composed of a

lattice of atomic nuclei and a sea of electrons.

• As if one moves deeper into the crust, the density increases and the nuclei

become more neutron rich.

• Below the crust lies the outer core, which contains a superfluid of neutrons

along with a smaller fraction of protons and electrons.

• The composition of the inner core is less certain and is the subject of active

research. It may contain exotic states of matter such as hyperons, pion

condensates, or even deconfined quark matter, Bose-Einstein condensates

(BEC). This will be discussed in the next part of this chapter.

V Ultimate Fate: The ultimate fate of a neutron star depends on various factors

including its mass and environment such as if the neutron star gains enough

mass, it can collapse into a black hole or as neutron star lose rotational energy

and their magnetic fields decay, they may eventually cease to emit significant

radiation, becoming invisible as “dead” neutron stars.

1.4.2 Black Hole

A black hole is a region of space where the gravitational pull is so intense that nothing,

not even light, can escape from it. The classical explanation is that the escape velocity in

a black hole exceeds the speed of light. However, this explanation, rooted in Newtonian

physics, does not fully capture the predictions of general relativity.

1.4.2.1 Formation
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Black holes are typically formed from the remnants of massive stars that have ended

their life cycles. When such a star exhausts its nuclear fuel, it can undergo a supernova

explosion and if the remaining core is massive enough, it will collapse under its own

gravity to form a black hole.

According to general relativity, a black hole is a region where space itself is falling

faster than the speed of light. Inside the event horizon ( the boundary of black hole)

space is pulled inward at a rate faster than light can more outward, making escape

impossible.

1.4.2.2 Types According to Mass

According to the mass there are mainly four types of black holes.[ Frolov and Zelnikov

(2011) ]

I Primordial Black Holes: Can range from very small , mass upto 1M⊙.

II Stellar-Mass Black Holes: They are commonly found throughout galaxies,

including the Milky Way, mass range upto 3M⊙.

III Intermediate-Mass Black Holes: They are hypothesized to exist in star clus-

ters or dwarf galaxies, though observational evidence is limited, mass range upto

103M⊙.

IV Supermassive Black Holes: Supermassive black holes are found at the centers

of most large galaxies, including the Milky Way (e.g. Sagittarius A*), mass range

upto 105M⊙ − 109M⊙.

1.4.2.3 Eminent Black Holes

I Schwarzschild Black Hole [Non Rotating, Non Charged Black Hole]:

The Schwarzschild metric was discovered by [ Schwarzschild (1916) ] in 1915,

shortly after Einstein formulated his GTR. Unfortunately, Schwarzschild passed

away in 1916, shortly after his discovery. The Schwarzschild metric describes the

spacetime around spherically symmetric, non-rotating mass like a black hole. In

the co-ordinate system (t, r, θ, ϕ), where t and r represents time, radial distance
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respectively and θ, ϕ are angular co-ordinates, the metric is

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dΩ2, (1.4.1)

where, dΩ2 = dθ2 + sin2θdϕ2 is the metric on a unit 2-sphere, M is the mass of

the black hole.

Features:

• The Schwarzschild geometry is asymptotically flat, meaning it approaches

the flat spacetime of special relatively at large distances from the mass.

• This spacetime is stationary, meaning there exists a time like co-ordinate t

such that the metric does not change over time.

• This spacetime is also static, meaning that the time co-ordinate t is orthog-

onal to the spatial coordinates. In a static spacetime, observers who are at

rest with respect to these co-ordinates will not observe any movement among

themselves over time.

• This geometry is spherically symmetric, meaning that the space time looks

the same in all directions around the central mass.

• The Schwarzschild radius rs =
2GM
c2

defines the event horizon of a black hole.

II Reissner-Nordström (RN)[Non Rotating but Charged Black Hole]: RN

geometry describes a black hole that possesses both mass M and electric charge

q, was independently discovered by [ Nordström (1918), Reissner (1916), and

Weyl (1917) ]. It is a solution to Einstein’s field equations that generalizes the

Schwarzschild solution by including the effects of electric charge. The RN metric

is

ds2 = −

(
1− 2M

r
+
q2

r2

)
dt2 +

(
1− 2M

r
+
q2

r2

)−1

dr2 + r2dΩ2, (1.4.2)

where, dΩ2 = dθ2 + sin2θdϕ2.

Features

• The R-N black hole is stationary.

• The R-N black hole is also static.

26



1.4 Black Hole

• Horizons are important because they mark boundaries in spacetime where

different physical behaviors occur. The horizons are located from the follow-

ing Eq.(1.4.3), (
1− 2M

r
+
q2

r2

)
= 0. (1.4.3)

From this, it is obtained,

r± =M ±
√
M2 − q2. (1.4.4)

Where,

• r+ is called the outer event horizon.

• r− is called the inner Cauchy horizon.

• The Einstein tensor for the RN is diagonal: Gµ
ν = 8πT µ

ν where the energy-

momentum tensor T µ
ν describes a radial electric field E1 =

q
r2
.

The tension associated with the radial electric field causes a gravitational

repulsion that counteracts the usual gravitational attraction near the black

hole, leading to unique behaviors, particularly near the inner horizon.

The Weyl scalar for R-N geometry is C1 = −M
r3

+ q2

r4
as r the Weyl scalar

diverges, indicating a singularity where the curvature of spacetime become

infinite.

III Kerr Black Hole[Rotating, Non Charged Black Hole]: [ Kerr (1963) ]

provided the exact solution of Einstein field equations, it describes an axially

symmetric, rotating, stationary black hole, the metric is

ds2 = −
(
1− 2Mr

ρ2

)
dt2 − 4Mrasin2θ

ρ2
dϕdt+

ρ2

∆
dr2

+ ρ2dθ2 +

(
r2 + a2 +

2Mra2sin2θ

ρ2

)
sin2θdϕ2

(1.4.5)

where,

• a = angular momentum per unit mass,

• ρ2 = r2 + a2cos2θ,

• ∆ = r2 − 2Mr + a2,
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• when a→ 0 it becomes Schwarzschild black hole.

IV Kerr Newman Black Hole[Rotating,Charged black hole]: Shortly after

kerr’s work [ Kerr (1963), Newman et al. (1965) ] extended the solution to include

electrically charged black holes, resulting in what is now known as the Kerr

Newman (K-N) metric. The K-N metric is expressed using Boyer - Lindquist

coordinates,

ds2 = −∆

ρ2
(
dt− asin2θdϕ

)2
+
ρ2

∆
dr2+ρ2dθ2+

sin2θ

ρ2
(
(r2 + a2)dϕ− adt

)2
(1.4.6)

where,

• ∆ = 1− 2Mr
R2 + e2

R2

• ρ =
√
r2 + a2cos2θ

• a : angular momentum per unit mass.

when both a = 0 and e = 0, this metric reduces to Schwarzschild black hole

metric.

The K-N geometry exhibits time translation symmetry and rotational symmetry

around its axis, which are reflected in the killing vectors corresponding to the

time and azimuthal coordinates.

There are various types of black holes. Black holes are widespread in the universe. While

they cannot be observed directly, they reveal their presence through the effects they have

on their surroundings. Black holes are observed in X-ray binary systems, in active galactic

nuclei at the centers of galaxies, including our own. The first direct detection of gravitational

waves occurred on September 14, 2015, by LIGO, [ Abbott et al. (2016) ] consistent with

the merger of two black holes.

1.5 Wormhole

Wormholes, theoretical constructs speculated to exist within spacetime, have been a source

of intrigue and investigation in the fields of theoretical physics and astrophysics. These

traversable routes through spacetime, largely theoretical, still intrigue the scientific commu-

nity because of their potential significance in comprehending the fundamental laws of the
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universe, particularly within the context of Einstein’s theory of general relativity. The the-

oretical framework for wormholes was first developed by Flamm in 1916 [ Flamm (1916) ].

Later on, a comprehensive exploration of wormholes was undertaken by Albert Einstein and

Nathan Rosen in their seminal paper in 1935 [ Einstein and Rosen (1935) ] , commonly

known as the Einstein-Rosen bridge. In the 20th century, the exploration of black holes

and wormholes intersected as physicists delved deeper into the mathematical and physical

principles governing these extraordinary phenomena. One of the most notable papers that

advanced our comprehension of wormholes was published in 1988. This paper delved into the

theoretical aspects of traversable wormholes and their possible applications in interstellar

travel [ Morris and Thorne (1988) ]. This research propelled wormholes into the forefront of

astrophysical inquiry and introduced the notion of “exotic matter” as a crucial element for

stabilizing these theoretical pathways through spacetime. In the literature, numerous au-

thors have extensively examined various aspects of traversable wormhole (TW) geometries,

as evidenced in References[ Almheiri et al. (2020), Bronnikov and Kim (2003), Hawking

(1988), Lemos et al. (2003), Penington et al. (2022), and Visser (1989) ]. The line element

for a static, spherically symmetric traversable wormhole is given by

ds2 = −e2Φ(r)dt2 +
dr2

1− S(r)
r

+ r2
(
dθ2 + sin2 θ dϕ2

)
, (1.5.1)

where,

• Φ(r) is the redshift function, which determines the gravitational time dilation,

• S(r) is the shape function, which determines the spatial shape of the wormhole,

• r is the radial coordinate with a minimum value at the throat of the wormhole, i.e.,

at r = rth, S(rth) = rth.

1.5.1 Einstein Rosen Bridge

The Einstein-Rosen bridge essentially connects two asymptotically flat regions [ Einstein

and Rosen (1935) ], effectively linking two distinct universes or different parts of the same

universe. This bridge appears as a non-traversable wormhole, meaning that an object cannot

pass through it from one side to the other. The idea was rooted in an attempt to understand
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singularities and elementary particles within the framework of general relativity, without the

singularities that plagued classical theories of particles.

In modern physics, the Einstein-Rosen bridge is interpreted as part of the maximally

extended Schwarzschild geometry, which describes the structure of black holes.

They took the metric Eq.(1.4.1) and give the coordinate change

u2 = r − 2M, (1.5.2)

get the Einstein-Rosen form

ds2 = − u2

u2 + 2M
dt2 + 4

(
u2 + 2M

)
du2 + (u2 + 2M)2dΩ2. (1.5.3)

Where, −∞ < u < +∞.

The “bridge” refers to the non-traversable connection between two regions that arise from

a coordinate transformation removing the singularity at the Schwarzschild radius. The The

narrowest region of the geometry is referred to as the “throat” where as the nearby region

is called “bridge”. [ Einstein and Rosen (1935) ], here, they discuss two particular types of

“bridges”, “neutral” and “quasicharged”. Later, [ Visser (1995) ] using those two concept

of “bridges” formulated a generalized bridge.

Fig. 1.2. A 3D surface of wormhole.
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In Fig.1.2, a 3D surface of a traversable wormhole is depicted, produced in Mathematica,

using specific parameters outlined in Chapter.7 of this thesis. The figure offers a captivat-

ing visual representation of a traversable wormhole, capturing its essence as an accessible

structure that can be explored. This visualization embodies the concept of a wormhole that

not only exists in theory but can also be conceptualized as a conduit for travel across vast

cosmic distances.

1.5.2 Taxonomy of Wormholes

The taxonomy of wormholes, as described in [ Visser (1995) ], categorizes different types of

wormholes based on their geometric and topological properties. Here’s an overview of the

taxonomy presented below

1.5.2.1 Basic Distinction: Lorentzian vs. Euclidean Wormholes

The basic distinction between Lorentzian and Euclidean wormholes lies in the type of

manifold in which they exist.

I Lorentzian Wormholes: These wormholes are embedded in Lorentzian (pseudo-

Riemannian) manifolds, which are associated with spacetime in general relativity.

These are the kinds of wormholes often studied in connection with traversability

and exotic matter.

II Euclidean Wormholes: These are based on Riemannian manifolds with Eu-

clidean signature metrics, typically arising in quantum gravity theories. However,

experimentally, real physics happens in Lorentzian signatures, so the status of

Euclidean wormholes is considered more theoretical.

1.5.2.2 Variations of Lorentzian Wormholes

Within Lorentzian wormholes, the classification is further broken down into,

I Permanent Wormholes: These do not violate classical topology change theo-

rems and exist without significant changes in spacetime structure.

II Quasipermanent Wormholes: These exist for a finite duration, violating clas-

sical topology change theorems. They may require exotic physics like quantum

gravity or violations of causality to explain their creation and destruction.

31



1.6 Gravitational Lensing and Shadow

III Transient Wormholes: These are temporary structures in spacetime, popping

in and out of existence. The topology of these involves higher-dimensional spaces

that violate the classical topology change theorems. They also require more

extreme manipulations of classical general relativity to exist.

1.5.2.3 Macroscopic vs. Microscopic Wormholes

I Macroscopic Wormholes: These are large-scale structures that could, in the-

ory, connect different regions of the universe and allow for traversability. Their

“active” regions are large enough to have physical meaning within general rela-

tivity.

II Microscopic Wormholes: These are tiny structures, possibly at the quantum

scale, where their size is close to the Planck length. Quantum gravity effects

would dominate in these wormholes and their existence would likely be short-

lived.

Galaxies, compact stars, black holes and wormholes are all interconnected through the

dynamics of spacetime and gravity. In essence, gravitational lensing serves as a bridge

connecting our understanding of these objects, revealing the influence of massive bodies on

the fabric of spacetime. In the next section this gravitational lensing is discussed elaborately.

1.6 Gravitational Lensing and Shadow

The concept of gravitational lensing was first proposed by Albert Einstein in the early 20th

century, based on his theory of General Relativity. In 1915, Einstein predicted that light

from a distant star would bend as it passed near a massive object due to the curvature of

spacetime caused by gravity. Although he initially considered the effect to be too small

to observe, he later published a more detailed paper in 1936 discussing the concept of

gravitational lensing, though he did not actively seek observational confirmation [ Einstein

(1936) ]. The first observational confirmation of gravitational lensing occurred in 1919,

led by the British astronomer Sir Arthur Eddington. During a solar eclipse on May 29,

1919, Eddington’s expedition measured the apparent shift in the position of stars near the

Sun’s edge. The observed bending of starlight matched Einstein’s predictions, providing
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strong evidence for General Relativity and indirectly confirming the idea of gravitational

lensing. Over the years, gravitational lensing has been classified into weak, strong and

microlensing, with strong-gravitational lensing offering the best opportunity to study the

curved spacetime.

1.6.1 Gravitational lensing by Black Hole

The study of strong gravitational lensing around black holes has evolved significantly since

Darwin’s early exploration of photon orbits around Schwarzschild black holes [ Darwin

(1959) ]. These studies reveal that dark matter can significantly impact the observables of

strong lensing, such as the size of the black hole shadow, the positions of relativistic images

and time delays.

To investigate the strong gravitational lensing phenomena, here, a static, spherically

symmetric metric is considered as

ds2 = −f(r)dt2 + 1

h(r)
dr2 + r2(dθ2 + sin2 θdϕ2). (1.6.1)

The analysis is simplified by confining the photon’s trajectory around the black hole to

the equatorial plane (θ = π
2
). The Lagrangian equation is used to express the equation

governing the motion of photons around a black hole Eq.(1.6.1)

L = −1

2
gµν ẋ

µẋν

=
1

2
(f(r)dt2 − 1

h(r)
dr2 − r2(dθ2 + sin2 θdϕ2)) = ϵ.

(1.6.2)

Here, ẋµ indicates the four-velocity of a light ray, with the dot indicates derivative w.r.t.

the affine parameter τ . The parameter ϵ can take values of 1, 0 or −1 which correspond to

timelike, null or spacelike geodesics, respectively. The metric coefficients in Eq.(1.6.1), result

in the inability to explicitly solve for the coordinates t and θ, leading to the emergence of two

conserved quantities the energy E of the particle and its angular momentum L, respectively

which are defined as follows [ Tsukamoto (2017) ]

E = −gµνtµẋν = f(r)ṫ,
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L = gµνϕ
µẋν = r2ϕ̇.

The photon follows null geodesics around the black hole, indicating ϵ = 0. The null

geodesics derived from Eq.(1.6.2) are as follows

ṫ =
dt

dτ
=

E

f(r)
, (1.6.3)

ϕ̇ =
dϕ

dτ
=
L

r2
, (1.6.4)

ṙ =
dr

dτ
= ±

√
h(r)

(
E2

f(r)
− L2

r2

)
. (1.6.5)

The symbol ± in ṙ indicates the direction of radial motion, for ingoing and outgoing trajec-

tories, respectively. Eq.(1.6.5) can be written as

(
dr

dτ

)2

+ Veff = 0. (1.6.6)

Without loss of generality, it can be proceed by setting E = 1. Thus, the effective potential

function can be obtained as

Veff = h(r)

(
L2

r2
− 1

f(r)

)
. (1.6.7)

where as the function Veff(r) satisfies specific conditions

Veff(r) =
dVeff(r)

dr
= 0, (1.6.8)

d2Veff(r)

dr2
> 0, (1.6.9)

d2Veff
dr2

< 0. (1.6.10)

Eq.(1.6.9) stands for stable and Eq.(1.6.10) for unstable circular orbit. Consequently,

photon rays approaching the black hole from infinity, reaching the closest distance r0 with

a minimum impact parameter, trace unstable circular orbits near the black hole and form a

photon sphere at radius rph. Therefore, the photon sphere radius rph is given by the largest

real solution of the following equation

2f(rph)− rphf
′(rph) = 0. (1.6.11)
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1.6 Strong Gravitational Lensing by Black Holes

1.6.2 Strong Gravitational Lensing by Black Holes

To determine the strong deflection angle of a light ray traveling in the equatorial plane

(θ = π
2
) around a static, spherically symmetric black hole, the metric from Eq.(1.6.1) was

reformulated using dimensionless variables, scaling quantities in terms of the radius 2M .

This helps to deepen our understanding of how these parameters affect the strong grav-

itational lensing phenomena in the vicinity of a black hole. By expressing the metric in

dimensionless form, Eq.(1.6.1) can be rewritten as

ds̄2 = −A(r)dt2 +B(r)dr2 + C(r)dϕ2. (1.6.12)

When particles approach their nearest distance, r = r0 to the black hole, where dr
dτ

= 0,

the quantity u0 can be defined as the minimum impact parameter, corresponding to the

closest distance r0 [ Bozza (2002) ].

u0 =
r0√
A(r0)

. (1.6.13)

The strong deflection angle in a static, spherically symmetric spacetime, expressed as a

function of the closest approach distance r0, can be read as [ Claudel et al. (2001), Virbhadra

and Ellis (2002), and Zhao and Xie (2017) ]

αD(r0) = I(r0)− π = 2

∫ ∞

r0

√
B(r)dr√

C(r)
√

A(r0)C(r)
A(r)C(r0)

− 1
dr − π. (1.6.14)

The strong deflection angle αD(r0) depends on r0 and rph while r0 ≈ rph, it increases. To

simplify the analysis, a new variable is introduced, z as

z = 1− r0
r
. (1.6.15)

For, r0 ≈ rph, the strong deflection angle becomes

αD(u) = −ā log

(
u

uph
− 1

)
+ b̄+O((u− uph)log(u− uph)), (1.6.16)
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where,

ā =

√
2A(rph)B(rph)

A(rph)C ′′(rph)− A′′(rph)C(rph)
, (1.6.17)

b̄ = −π + IR(rph) + ā log

[
r2ph

(
C ′′(rph)

C(rph)
− A′′(rph)

A(rph)

)]
. (1.6.18)

Here,

IR(rph) = 2

∫ 1

0

(
rph

[√
B(z)

C(z)

(
A(rph)

C(rph)

C(z)

A(z)
− 1

)
1

(1− z)2

]
− ā

z rph

)
dz, (1.6.19)

which is evaluated numerically.

1.6.3 Lensing Observables

Next, the observable characteristics of strong gravitational lensing effects by a black hole is

studied. It is to be considered that both the source and the observer to be nearly aligned

along the optical axis, situated within a flat spacetime framework. Furthermore, it is as-

sumed that the curvature influences the strong deflection angle only near the black hole

(lens), as outlined in [ Bozza (2010) ]. The source is assumed to be located behind the

lens and the corresponding lens equation is provided in Fig.1.3 [ Bozza (2008), Bozza et al.

(2001), and Islam et al. (2020) ]

β = θ − Dls

Dos

∆αn. (1.6.20)

Here, the offset deflection angle, denoted as ∆αn is the difference between the primary

deflection angle αD(θ) and 2nπ where, n represents the number of photon revolutions around

the black hole.

The angle β is the angular position of source w.r.t. the optical axis and θ is the angular

position of the image as seen by the observer without the gravitational lens. This is the

true angle from the observer to the source in the absence of any lensing effects, depicted in

Fig.1.3.

The distances Dol is the distance between the observer and the lens, Dls is the distance

between the lens and the source and Dos represents the distance between the observer and
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1.6 Lensing Observables

Fig. 1.3. A schematic diagram illustrating gravitational lensing, where a light ray with
impact parameter u, originates from a source positioned at an angle β. As the ray passes
through the gravitational lens, it is deflected by an angle αD. The observer detects the
deflected ray at an angle θ.

the source, with,

Dos = Dol +Dls.

Using Eqs. (1.6.16) and (1.6.20), the angular position of the nth relativistic image can be

expressed as

θn = θ0n −
uphen(θ

0
n − β)Dos

āDolDls

, (1.6.21)

where,

en = e
b̄−2nπ

ā ,

θ0n =
uph(1 + en)

Dol

,

.

Here, θ0n represents the angular position of the image at θ = 2nπ.

The magnification for the n-th relativistic image is given by[ Bozza (2002) ]
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1.6 Shadow of Black hole and Wormhole

µn =

(
β

θ

dβ

dθ

)−1∣∣∣∣
θ0

=
u2ph(1 + en)enDos

βāDlsD2
ol

. (1.6.22)

The Eq.(1.6.22) indicates that the first relativistic image exhibits the highest bright-

ness, with the magnification is exponentially decreasing as the winding number n increases.

Consequently, the brightness of the first image exceeds that of the following relativistic im-

ages. Notably, Eq.(1.6.22) becomes diverges as β → 0, indicating that perfect alignment

maximizes the probability of detecting relativistic images.

In this scenario, focus on the brightest image, namely the outermost image θ1, which

appears as a single resolved image. On the other hand, the remaining inner set images

are tightly clustered together at θ∞ (i.e., θn|n→∞ = θ∞). By using the deflection angle

Eq.(1.6.16) and the lens equation Eq.(1.6.20), strong lensing observables can be calculated,

including the angular position θ∞, Einstein’s ring θEn , the angular separation S and the

relative magnification rmag of the relativistic images. These three quantities can be precisely

defined based on the formulations presented in Bozza (2002) and Kumar et al. (2022b).

θ∞ =
uph
Dol

, (1.6.23)

Sa = θ1 − θ∞ ≈ θ∞e
(b̄−2π)

ā , (1.6.24)

rmag =
µ1

Σ∞
n=2µn

≈ 5π

ā log(10)
. (1.6.25)

If the observables θ∞, S and rmag are measured through observations, the lensing coefficients

ā, b̄ and the critical impact parameter uph can be determined by solving Eqs. (1.6.23),

(1.6.24) and (1.6.25) in reverse, respectively. This allows for a direct comparison between

the observed data and the theoretically derived values.

1.6.4 Shadow of Black hole and Wormhole

The shadow of a compact object is one of the most significant observables in gravitational

lensing. The study of black hole shadows has garnered significant attention, particularly

following the groundbreaking achievement of the EHT, which captured the first-ever image

of a black hole shadow in the galaxy M87. This shadow arises due to the bending of

light caused by the strong gravitational field near the event horizon, creating a dark region
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1.6 Shadow of Black hole and Wormhole

bordered by bright photon rings. Shadows have been widely investigated for black holes

[ Afrin and Ghosh (2023) and Molla and Debnath (2023b) ]. I have shown a schematic

diagram giving an idea how the shadow of a non rotating axially symmetric black hole looks

like in Fig.1.4, where rs is the Schwarzschild radius. In Chapter.6, Sec.6.3 shadow of a non

rotating black hole is depicted through strong gravitational lensing.

Fig. 1.4. A schematic diagram of the structure of Shadow of a non rotating axially sym-
metric black hole is shown here.

While black hole shadows have been the focus of extensive research, similar principles

can be extended to wormholes, leading to the intriguing concept of a wormhole shadow. In

this scenario, light would bend around the throat of the wormhole, potentially creating a

detectable dark region.

Among the fascinating aspects of wormholes, the investigation of their shadows and asso-

ciated gravitational lensing effects provides a unique opportunity to probe their properties.

In astrophysics, a shadow refers to the apparent outline of an object as seen by a distant

observer. This concept is tightly linked to gravitational lensing, where light bends around

massive objects. A wormhole’s gravitational field can bend light in such a way that it creates

multiple images or a bright ring around its shadow. Unlike black holes, which have a dis-

tinct photon sphere shaping their shadow, wormholes can produce a more intricate shadow

pattern due to light that traverses or loops around the wormhole’s throat. In Chapter.7,

39



1.7 Bose Einstein Condensate

Sec.7.6 shadow cast by a non rotating wormhole has been analyzed. This section offers an

deep analysis of the non rotating wormhole, providing both its mathematical framework

and physical interpretation. Physical analysis for rotating wormhole also shown in Chap-

ter.8 The study of shadows in wormholes [ Alloqulov et al. (2024) and Shaikh (2022) ] is

an emerging field with its own unique challenges and opportunities. The shadows cast by

wormholes offer vital information regarding their size, structure and the nature of the exotic

matter inside them. These investigations not only deepen our understanding of wormholes’

theoretical viability but also explore the possibility of traversable wormholes and their ob-

servable signatures, potentially revolutionizing our understanding of spacetime. The recent

image of the shadow of the supermassive black hole shown in Fig.1.5 at the centre of M87

galaxy captured by the Event Horizon Telescope, provided strong evidence for the existence

of black holes [ Akiyama et al. (2019) ].

Fig. 1.5. Shadow of the supermassive black hole M87∗ captured by EHT in April, 2017
[ Akiyama et al. (2019) ].

1.7 Bose Einstein Condensate

In the labyrinthine interplay of quantum statistical paradigms, the germination of Bose–Einstein

Condensation (BEC) can be traced to the alchemical musings of 1924, wherein [ Wali (2006) ]

the Bengali Scientist Satyendra Nath Bose transmuted the etheric quanta of light into a sta-

tistical tableau, subsequently extrapolated by the illustrious Albert Einstein into a specula-
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tive condensate of noninteracting atomic entities. This cryptic phase transition, enigmatic

in its quantum statistical essence, envisaged a coagulation of atoms into a primordial ground

state, cocooned within the spectral confines of low-temperature realms. For epochs, these

theoretical reveries meandered in the arcane recesses of academic curiosity, bereft of em-

pirical resonance, until the epochal synthesis of 1995 [ Anderson et al. (1995) and Davis

et al. (1995) ], when the experiment orchestrated a tangible manifestation of this elusive

quantum phenomenon, the first successful observation of BEC at MIT. They achieved BEC

in vapours of Rubidium-87 (87Rb) [ Anderson et al. (1995) ] and Sodium-23 (23Na) [ Davis

et al. (1995) ], marking a significant milestone in quantum physics.

A vivid historical background on theory as well as experiment can be created based on

the source material from the book [ Pitaevskii and Stringari (2016) ], as this wasn’t still just

the theoretical conga line.

1.7.1 Historical Background

• During 1925 Albert Einstein, inspired by S. N. Bose’s work on the statistical descrip-

tion of photons, predicted a phase transition in a gas of noninteracting atoms, leading

to the formation of a Bose-Einstein Condensate (BEC).

• The discovery of superfluidity in helium to BEC was linked [ London (1938) ].

• Landau developed a theory of superfluidity in 1941, introducing the two-fluid model

of helium.

• The first microscopic rendition of BEC in interacting Bose gases, bringing in a deeper

understanding of BEC in relation to superfluidity was concocted [ Bogoliubov (1947) ].

• In 1950s the relationship between BEC and superfluidity was further explored by

[ Penrose (1951) ], Onsager and others, focusing on the concept of nondiagonal long-

range order. This work led to the prediction and discovery of quantized vertices, key

features of superfluid behavior.
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1.7.2 Advancements in Experimentation

• In the 1970s, experimental efforts shifted to study BEC in dilute atomic gases, initially

focusing on hydrogen.

• Later, in the 1980s, with the development of laser cooling and magneto-optical trap-

ping, it became possible to cool and trap alkali atoms at temperatures close to absolute

zero.

• These advances were crucial in the final realization of BEC in 1995, as they enabled

scientists to further cool trapped atoms using evaporative cooling, eventually leading

to the observation of Bose-Einstein condensation.

1.7.3 Physical Phenomena

• Relation with de-Broglie Wavelength: BEC is a pure quantum phenomenon,

at the heart of this phenomenon is wave-particle duality, which states that every

quantum particle exhibits both particle-like and wave-like properties. The wavelength

associated with a particle, known as the de-Broglie wavelength in the Eq.(1.7.1) plays

a crucial role in determining whether quantum mechanical effects become significant.

As the temperature of a gas decreases, the de-Broglie wavelength of its atoms increases

[ Jochim et al. (2003) ]. The formula for the de-Broglie wavelength is

λdB =

√
2πℏ2
mkBT

(1.7.1)

where,

• T : Temperature,

• m: The mass of the atom

• ℏ: The reduced Planck’s constant

• kB: Boltzmann’s constant

As the temperature drops, the de-Broglie wavelength increases and when it becomes

comparable to the average distance between atoms, significant quantum effects emerge.

Under these conditions, the atomic wave packets overlap, leading to the BEC phase
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transition. This phase transition occurs at a critical temperature Tc, where atoms

collectively enter the ground state, forming a BEC and behave as a single macroscopic

quantum entity, describable by a single wave function.

• Critical Temperature:

When a gas of bosons is cooled down to the point where the de-Broglie Wavelength of

the particles becomes comparable to the inter-particle distance, they begin to occupy

the same quantum state, leading to Bose - Einstein Condensation [ Jochim et al.

(2003) ]. The critical temperature Tc for this to occur in a harmonic trap is given by

Tc =
ℏω
kB

(
N

ζ(3)

) 1
3

, (1.7.2)

where,

• ω: Trap frequency,

• N : Number of particles,

• ζ(3) ≈1.202, The Riemann zeta function.

In the context of quantum statistics, the Fig.1.6 likely demonstrates how, below a

critical temperature, a macroscopic number of particles occupy the lowest energy level,

which corresponds to the onset of BEC. The figure emphasizes the quantum mechanical

nature of the transition and the statistical distribution of particles, distinguishing the

condensed fraction from the thermal cloud above the transition.

The diagram could also potentially contrast Bose-Einstein statistics with classical

Maxwell-Boltzmann distributions, showing the buildup of particles in the ground state

that does not occur in classical systems.

• Wider Existence of BECs: BECs are found not only in ultracold gases but also in

materials at higher temperatures that host bosonic quasiparticles and excitons.

• BEC Matter: A detailed physical and mathematical description is given in Chap-

ter.2, Sec.2.3.
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Fig. 1.6. The leftmost image depicts a gas nearing condensation; the central im-
age shows the state right after the condensate emerges; and the rightmost image repre-
sents a sample with nearly pure condensate following additional evaporation.(Image credit:
NIST/JILA/CU-Boulder - NIST Image)

1.7.4 BEC’s Application

• Atomic Clock: BEC’s can enhance the precision of cesium atomic clocks, potentially

improving time measurement accuracy by 100 times. Using BECs in the clock mech-

anism provides sharper resonance signals for more precise frequency measurements.

• Simulation of Black Hole Radiation: BEC’s simulate black hole radiation (Hawk-

ing radiation) by mimicking the event horizon with different flow speeds in a BEC.

Sound waves represent quantum particles, providing a model for studying black hole

phenomena in a controlled lab environment.

• Atom Laser: An atom laser emits coherent matter waves similar to a regular laser’s

light waves. Recent advances in creating continuous BEC’s open the door for atom

lasers, which could improve precision in atomic clocks, quantum computing and nan-

otechnology.

1.7.5 Epilogue of BEC

Continued BEC research promises deeper insights into quantum behavior and advancements

in precision measurement, quantum information and quantum phase transitions. BEC, by

bridging quantum theory and experimental physics, continues to be a pivotal area of research

with the potential to transform various scientific and technological domains.
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Chapter 2

Possible Existence of Bose-Einstein

Condensate Compact Stars

2.1 Introduction

Universe is a cosmic theatre where stars take center stage. From the grandeur of their birth

in the depths of interstellar clouds to their dramatic climax, stars go through a marvelous

journey that shapes the cosmos. This journey, called stellar evolution, the remarkable tale

of stars is a saga of immense power, cosmic choreography and wondrous transformation.

The endpoint of stellar evolution is the final stage in the celestial saga of stars, a captivating

narrative where stars leave their mark on the universe in diverse and profound ways. It

is believed that this endpoint of stellar evolution reveals the beauty and complexity of the

universe by forming compact stars. The formation of compact stars is a cosmic symphony

where the universe’s most remarkable structures emerge from the depths of nebulae. Com-

pact stars are the cosmic remnants that bridge the gap between the luminous lives of stars

and the profound mysteries of the universe.

Compact stars are frequently believed to be isotropic, which means that their pressure

and density profile are exactly the same in every direction. This over simplification is often

made for the sake of mathematical tractability because it provides a good first approxi-

mation for understanding the behavior of many compact stars. In the context of highly

compact objects, Ruderman (1972) first raised the idea of pressure anisotropy of the stel-

lar object. The traditional notion of compact objects as being spherically symmetric and
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isotropic may be challenged under certain conditions. The work of Bowers and Liang (1974),

Canuto (1974) likely refers to deviations from perfect symmetry and isotropy in certain as-

trophysical scenarios as in high density, radial pressure and transverse pressure differ from

each other. Ideally, compact objects are assumed to be isotropic, but pressure variations

cause deviations from this assumption [ Canuto (1974) and Herrera and Santos (1997) ],

electric field, magnetic field [ Cardall et al. (2001) and Frieben and Rezzolla (2012) ], fluid

interaction [ Di Prisco et al. (2007) ], the presence of type 3A superfluid [ Kippenhahn et al.

(1990) and Sokolov (1980) ], pion condensation [ Sawyer (1972) ] sometimes it becomes

anisotropic. Anisotropy is generally calculated or demonstrated by dividing the pressure

into two different parts, radial and transverse directions which are orthogonal to each other.

The difference between them is called anisotropic factor which is denoted by ∆ = pt − pr.

Recently some authors [ Estrada et al. (2023), Jasim et al. (2023), and Maurya et al. (2023) ]

have worked on anisotropic strange star model.

Quantum principles describe compact objects in the quantum scales. The most popular

theory argues that they are made of degenerate gases of fermions, with the collapse being

counteracted by their Fermi pressure, which results from the Pauli Exclusion Principle. How-

ever, a degenerated boson gas can also balance gravity because of Heisenberg’s uncertainty

principle, even though its pressure is relatively low because of Bose-Einstein condensation.

A BEC star is made entirely of interacting bosons, formed when two neutrons team up and

spin parallel. The pressure created by these particles’ interactions counteract gravity and

the intensity of these interactions determines the maximum mass of the compact object

which can reach up to two solar masses [ Chavanis and Harko (2012) and Latifah et al.

(2014) ]. Quintero Angulo et al. (2019) examined how the boundary conditions affected

the γ-structure equation solutions for magnetized Bose–Einstein condensate stars (BECs).

They looked at two scenarios, one with pure BECs and the other with BECs embedded in

a magnetic field. They found that the magnetized BECs are smaller and less massive than

the non-magnetic ones and that these effects are more significant at low densities. The link

between pressure and density inside a star model is yet unknown. A quadratic EoS was

employed by a number of researchers to model compact objects. Gedela et al. (2019a) inves-

tigated a new exact solution for the anisotropic matter distribution. The author used the

quadratic EoS in conjunction with the Einstein field equations to analyze the overall struc-
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ture of space-time within the star configuration. The core-envelope model of an isotropic,

spherically symmetric superdense star with a quadratic EoS for the envelope section has

been studied [ Gedela et al. (2019b), Pant et al. (2019), and Takisa et al. (2019) ]. A three

layered model of neutron stars with quarks at the core, super-fluid (BEC) matter at the

middle and a normal matter shell was also constructed [ Bisht et al. (2021) and Lighuda

et al. (2021) ]. In the framework of the general theory of relativity, Rahaman et al. (2011a)

proposed spherically symmetric charged perfect fluid distribution of matter by assuming a

matter source that is characterized by quadratic EoS. Maharaj and Mafa Takisa (2012) used

a quadratic EoS to relate the radial pressure to the energy density, leading to novel exact

solutions to the Einstein-Maxwell system of equations that are physically plausible. Sharma

and Ratanpal (2013) report a class of solutions using the Finch and Skea ansatz for the metric

potential grr to describe the interior of a static spherically symmetric compact anisotropic

star. It has been demonstrated by the authors that the model accepts a quadratic EoS.

Further studies on the quadratic EoS are available [ Aygün et al. (2019), Ngubelanga et al.

(2015), Rahaman et al. (2019), Singh et al. (2018), and Singh et al. (2020) ]. Bose–Einstein

condensate (BEC) EoS is one type of quadratic EoS p ∝ ρ2 [ Chavanis (2017) ]. Colpi et al.

(1986) first presented the BEC EoS model, which has since been suggested as the most likely

candidate for the EoS of matter in the interior of neutron star. A BEC can be formed by

neutrons bound in Cooper pairs. Depending on the high binding energy between each pair,

they can be viewed as a composite boson with an effective mass almost equivalent to twice

the mass of a neutron or less.

In this chapter, a class of relativistic solutions is provided to describe the inner structure

of the compact star with the assistance of BEC EoS by assuming BEC matter. The struc-

ture of this chapter is as follows: In the section 2.2 Einstein field equations are recapitulated

describing a spherically symmetric static anisotropic configuration. In the section 2.3, BEC

EoS are described and the compact star stellar interior solution is speculated in the section

2.4. The unknown parameters of the generalized solutions are fixed using boundary condi-

tions in section 2.5. The behavior of density, radial and transverse pressure at r = 0, energy

conditions, surface redshift and causality are discussed in section 2.6. In section 2.7 the

stability of the stellar model is pursued, 2.8 is dedicated to M − R relationship and effect

of k and finally the discussion remarks in section 2.9.
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In what follows, natural units with G = c = 1 are used and a signature convention of

{+ - - -} is adopted.

2.2 Interior Spacetime and the Einstein Field Equa-

tions

The interior of the super-dense star is assumed to be described by the line element of

spherically symmetric in standard coordinates xµ = (t, r, θ, ϕ) as

ds2 = eν(r)dt2 − eλ(r)dr2 − r2(dθ2 + sin2 θ dϕ2), (2.2.1)

where,

• ν and λ: Functions of the radial coordinate ‘r’ only.

• eλ(r) and eν(r): The gravitational potentials.

The gravitational potentials will be determined in the next part.

The field equations that connect the matter sector and the associated geometry in the

framework Einstein’s gravity, is given by

8π Tµν = Gµν = Rµν −
1

2
R gµν , (2.2.2)

where,

• Tµν : The energy-momentum tensor,

• Rµν : The Ricci tensor,

• R: The Ricci scalar,

• gµν : The metric tensor.

It is assumed that the matter within the stellar interior is anisotropic in nature, the

corresponding energy-momentum tensor can be described by

T µ
ν = (ρ+ pr)u

µuν − ptg
µ
ν + (pr − pt)η

µην , (2.2.3)
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with,

• uµuν = −ηµην = 1 and uµην = 0,

• uµ : The fluid 4-velocity vector,

• ην : Spacelike vector, orthogonal to uµ,

• ρ : Matter density,

• pr : Radial pressure,

• pt : Transverse pressure of the fluid in the orthogonal direction to pr.

The components of T µ
ν are

T 0
0 = ρ, T 1

1 = −pr, T 2
2 = T 3

3 = −pt, T j
i = 0; ∀ i ̸= j. (2.2.4)

Using Eq.(2.2.4) and the matter distribution Eq.(2.2.3), the Einstein field equations reduce

to

8πρ =
1− e−λ

r2
+
λ′e−λ

r
, (2.2.5)

8πpr =
ν ′e−λ

r
− 1− e−λ

r2
, (2.2.6)

8πpt =
e−λ

4

(
2ν ′′ + ν ′

2 − ν ′λ′ +
2ν ′

r
− 2λ′

r

)
, (2.2.7)

where, primes (′) represent differentiation with respect to the radial coordinate r. Using

Eq.(2.2.6) and Eq.(2.2.7) it is obtained

8π∆ = 8π(pt − pr)

= e−λ

[
ν ′′

2
− λ′ν ′

4
+
ν ′2

4
− ν ′ + λ′

2r
+
eλ − 1

r2

]
. (2.2.8)

2.3 Bose-Einstein Condensate (BEC) Matter

Diluted Bose gas can be accommodated in a same quantum ground state at very low tem-

perature, which can be observed as a sharp peak in momentum and coordinates space. This
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phenomenon is termed as BEC. In the realm of condensed matter physics, BEC condensa-

tion can be obtained via several techniques such as laser and evaporative cooling, magnetic

traps etc. Using the Gross-Pitaevskii equation one can model a diluted BEC gas at near

absolute zero temperature [ Dalfovo et al. (1999) ].

The concepts of dark matter as BEC of very light scalar particles (m ≈ 10−22 eV ) was

presented by Barkana and Gruzinov [ Hu et al. (2000) ] and later by Khlebnikov (2002).

It was also suggested that dark energy was formed by gradual condensation of bosonic

dark matter [ Nishiyama et al. (2004) ]. The equation of motion of gravitationally trapped

rotating BEC is given by the generalized Gross–Pitaevskii equation [ Boehmer and Harko

(2007) ]

iℏ
∂ψ(r⃗, t)

∂t
=

[
− ℏ2

2m
∇2 + Vrot(r⃗) + Vext(r⃗) + g′(|ψ(r⃗, t)|2)

]
ψ(r⃗, t), (2.3.1)

where,

• g′ = dg/dρ̃, [ Barcelo et al. (2001) ]

• ρ̃ = |ψ(r⃗, t)|2,

• N : Normalized probability density with
∫
ρ̃ d3r⃗ = N .

The Vrot is defined as,

Vrot(r⃗) = ζrot(t)
mω2

2
r⃗ 2, (2.3.2)

with,

• ω : Angular velocity of the condensate,

• ζrot(t) : A possible time variation in the potential function.

The external gravitational potential Vext(r⃗) = V holds the Poisson equation

∇2V = 4πρ. (2.3.3)

with ρ = mρ̃, the mass density of the BEC. By adopting the Madelung method of wave
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2.3 Bose-Einstein Condensate (BEC) Matter

function [ Barcelo et al. (2001) and Madelung (1927) ] separation through

ψ(r⃗, t) =
√
ρ̃(r⃗, t) exp

(
i

ℏ
S(r⃗, t)

)
, (2.3.4)

where,

S(r⃗, t) = −i ℏ
2
ln

(
ψ

ψ∗

)
. (2.3.5)

Eq.(2.3.1) under the slowly rotating Newtonian approximation [ Vrot(r⃗) = 0 ] reduces to

∇⃗p
(
ρ

m

)
= −ρ ∇⃗

(
V

m

)
and ∇2V = 4πρ, (2.3.6)

where,

p

(
ρ

m

)
= g′

(
ρ

m

)
ρ

m
− g

(
ρ

m

)
, (2.3.7)

which is the EoS p = p(ρ) of the system. Assuming the non-linear term in the Gross–Pitaevskii

equation in the form of g(ρ̃) = wρ̃ γ, Eq.(2.3.7) reduces to the polytropic form p = αργ.

In general, the non-linearity term g in BEC is chosen as g(ρ̃) = wρ̃2 [ Dalfovo et al.

(1999) ] which eventually leads to the EoS p(ρ) = αρ2 [ Boehmer and Harko (2007) ] i.e.

a polytropic EoS of γ = 2. This EoS and the boundary condition force the matter density

to obey the form [ Boehmer and Harko (2007) ]

ρ = a
sin(kr)

kr
, (2.3.8)

where,

• a and k : arbitrary constant to be determined.

However, if the BEC to form a compact star, its pressure at the boundary/surface must be

vanishing while the surface density remains non-vanishing. Hence, the BEC EoS has been

modified as

pr = αρ2 − β, (2.3.9)

where,

• α and β : arbitrary constant to be determined later.

51



2.4 BEC Compact Star

2.4 BEC Compact Star

Recently, Sarkar et al. (2023) have presented a compact star model using the same density

profile, however they couldn’t include the EoS and therefore the claim of BEC compact star

is incomplete. The mass function takes the form,

m(r) =

∫
4π r2ρ(r) dr =

4πa[sin(kr)− kr cos(kr)]

k3
. (2.4.1)

On using Eq.(2.4.1) one can determine grr metric function as

e−λ = 1− 2m(r)

r
= 1 +

8πa [kr cos(kr)− sin(kr)]

k3 r
. (2.4.2)

Using the metric potential Eq.(2.2.6) and Eq.(2.4.2) in Eq.(2.3.9), ν can be obtained as

ν(r) =

∫ 8π
[
a sin(kr)

{
αa k r sin(kr) + 1

}
− a k r cos(kr)− β k3r3

]
r[k3r − 8πa sin(kr) + 8πa k r cos(kr)]

dr (2.4.3)

which can be integrated only by numerical technique.

Now, using Eq.(2.4.2) and Eq.(2.4.3), the expression of matter density ρ, radial pressure

pr, transverse pressure pt and anisotropic factor ∆ are obtained as

ρ =
a sin(kr)

kr
, (2.4.4)

pr = α ρ2 − β =
α a2 sin2(kr)

(kr)2
− β, (2.4.5)

pt =
1

2k2r2
[
k3r − 8πa sin(kr) + 8πa k r cos(kr)

][2β k5r3(2πβr2 − 1)

+a

{
− 12k3πr3β cos(kr) + 2π sin(kr)

(
k2r2(5αa2 + 6β − 2βk2r2) + 2a

sin(kr){aα sin(kr) + kr − 2k3r3αβ}{aα kr sin(kr) + 1}+ 3a2αk2r2

cos(2kr)

)
+ ak r sin(2k r)

[
αk3r − 10π aα sin(kr)− 2πk r

]
)

}]
(2.4.6)
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∆ =
1

2k2r2
(
k3r − 8πa sin(kr) + 8πakr cos(kr)

)[4β2k5r5 + a

{
4k3

πr3β cos(kr) + 2π sin(kr)

(
k2πr2

{
5αa2 − 2β(1 + k2r2)

}
+ a sin(kr){

− kr(−2π + k2α + 4k2πr2αβ) + 2aπ α sin(kr)
[
5 + aαkr sin(kr)

]}
+ 3π

a2 αk2r2 cos(2kr)

)
+ akr sin(2kr) (αk3r − 18πaα sin(kr)− 2πk r)

}]
. (2.4.7)
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Fig. 2.1. Variations of density with r for different values of k in MeV/fm3 unit with
M = 1.77M⊙, β = 0.86× 10−4/km2 and R = 11km.
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Fig. 2.2. Variations of radial pressure with r for different values of k in MeV/fm3 unit
with M = 1.77M⊙, β = 0.86× 10−4/km2 and R = 11km..

The behavior of the pressure, density and anisotropy at the interior are shown in Figs.2.1,

2.2 and 2.3 for different values of k. Examining the relative changes in isolines for ρ(r), radial

pressure and anisotropy as depicted in Figs.2.1-2.3, It is observed that the energy density

parameter k rises, both the energy density and radial pressure show an upward trend towards

the center, while anisotropy decreases, causing a reduction in confining radii at the same

density, radial pressure and anisotropy, as depicted by concentric contours. This increase in
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Fig. 2.3. Variations of anisotropy with r for different values of k in MeV/fm3 unit with
M = 1.77M⊙, β = 0.86× 10−4/km2 and R = 11km..

energy density can play a role in establishing a stable dense core at a lower stellar radius,

mitigating the risk of disastrous collapse. The variations of the central density, central radial

pressure, central adiabatic index and surface anisotropy with respect to the k parameter are

given in Table.2.1.

Table 2.1: Central density, central pressure, surface anisotropy and central adiabatic index.

k prc × 10−5/km2 ρc × 10−4/km2 ∆s × 10−5/km2 Γc

0.080 2.610 3.435 1.224 9.23
0.085 3.019 3.469 1.085 8.39
0.090 3.453 3.506 0.502 7.70
0.095 3.954 3.547 0.101 7.01

2.5 Matching of Interior and Exterior Spacetime

Assuming the exterior spacetime to be the Schwarzschild exterior solution which is matching

smoothly with the interior solution is given by

ds2 =

(
1− 2M

r

)
dt2 −

(
1− 2M

r

)−1

dr2 − r2(dθ2 + sin2 θ dϕ2). (2.5.1)

Now, the interior solution Eq.(2.2.1) and exterior solution Eq.(2.5.1) is matched at the

boundary r = R,

e−λ(R) = 1− 2M

R
= eν(R). (2.5.2)

Also, the vanishing value of the radial pressure at the boundary of the matter configuration
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implies

pr(R) = 0. (2.5.3)

Using the boundary conditions Eq.(2.5.2) & Eq.(2.5.3), a and α are obtained as

a = − k3M

4πkR cos(kR)− 4π sin(kR)
, (2.5.4)

α =
βk2R2cosec2(kR)

a2
. (2.5.5)

The remaining parameters will be chosen freely for well-behaved solution.

2.6 Physical Analysis of the Model

This new solution comprising a compact star composed of BEC matter has to be tested

under certain physical criteria which are to be satisfied by any physical model.

2.6.1 Non-Singularity of the Central Pressure and Density

For a solution to be considered physically meaningful, the energy density, along with the

radial and transverse pressures, should be finite and positive. This implies that their values

at the center must also remain finite and positive. Now, the central values of density and

pressures for the solution are obtained as,

ρc(r = 0) = a > 0. (2.6.1)

This leads to Zeldovich’s condition at the interior, prc/ρc ≤ 1,

a2α− β

a
≤ 1 or a ≤ 1

2α
+

√
1 + 4αβ

2α
. (2.6.2)

Using Eq.(2.6.1) and Eq.(2.6.2) it is obtained that a constraint on a given as,

0 < a ≤ 1

2α
+

√
1 + 4αβ

2α
, provided 1 + 4αβ > 0. (2.6.3)
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2.6.2 Energy Conditions

Physically acceptable models of compact star should fulfill the null energy condition (NEC),

weak energy condition (WEC), strong energy condition (SEC) and dominant energy condi-

tion (DEC) i.e.

NEC : ρ(r) + pr ≥ 0, (2.6.4)

WEC : ρ(r) + pr(r) ≥ 0 and ρ ≥ 0, (2.6.5)

SEC : ρ+ pr(r) + 2pt(r) ≥ 0, (2.6.6)

DEC : ρ ≥ |pr|. (2.6.7)
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Fig. 2.4. Variations of the Energy Conditions against the radial coordinate r for M =
1.77M⊙, β = 0.86× 10−4/km2 and R = 11km.

Fig.2.4 confirms that solution satisfy the above energy conditions. The dominant con-

dition can also be easily verified from the Figs.2.1 and 2.2. Satisfying energy conditions is

essential for ensuring that compact stars are physically realistic and stable, behave in ways

that respect the laws of general relativity and maintain the causal structure of spacetime.

2.6.3 Surface Redshift

Surface redshift refers to the gravitational redshift experienced by light emitted from the

surface of a massive object, such as a star or a compact object like a neutron star or black

hole. Due to the strong gravitational field near the surface, the light loses energy while

escaping, causing its wavelength to stretch and shift toward the red end of the spectrum.
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2.6 Causality Condition

The surface red-shift can be determine by

zs = eλ(R)/2 − 1

=

[
8πa{kR cos(kR)− sin(kR)}

k3R
+ 1

]−1/2

− 1. (2.6.8)
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Fig. 2.5. Variations of surface redshift against the radial coordinate r forM = 1.77M⊙, β =
0.86× 10−4/km2 and R = 11km.

The profile of the surface red-shift has also been drawn, as shown in Fig.2.5 which is far

within the acceptable limit i.e. zs ≤ 2.

2.6.4 Causality Condition

The causality condition in the context of general relativity refers to the requirement that

cause-and-effect relationships are preserved in spacetime. Specifically, it ensures that no

information or influence can propagate faster than the speed of light, so in any general

relativistic model of compact stars, the causality condition where the speed of the sound

inside the stellar interior should be less than that of light. The radial velocity (vr) and

transverse velocity (vt) of sound can be obtained as

vr =
dpr
dρ

, vt =
dpt
dρ
. (2.6.9)

The profile of radial and transverse velocity of sound are shown in Fig.2.6.
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Fig. 2.6. Variations of speed of sound against the radial coordinate r forM = 1.77M⊙, β =
0.86× 10−4/km2 and R = 11km.

2.7 Stability and Equilibrium Analysis

Once the model satisfies all the physical acceptability conditions, it is further required to

investigate the equilibrium and stability under radial perturbations.

2.7.1 Equilibrium Condition

The interior of stellar static objects contain three different forces viz gravitational force,

hydrostatics force and anisotropic force which governs through the equation of hydrostatic

equilibrium i.e.

−ν
′

2
(ρ+ pr)−

dpr
dr

+
2

r
(pt − pr) = 0, (2.7.1)

proposed by Tolman-Oppenheimer-Volkov (TOV). The above equation may also be written

as

Fg + Fh + Fa = 0, (2.7.2)

with

Fg = −ν
′

2
(ρ+ pr) , Fh = −dpr

dr
; Fa =

2∆

r
. (2.7.3)

The three different forces acting on the system are shown in Fig.2.7 and is balanced

indicating that the system is under equilibrium.
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Fig. 2.7. Variations of different forces in TOV-equation against the radial coordinate r for
M = 1.77M⊙, β = 0.86× 10−4/km2 and R = 11km.

2.7.2 Adiabatic Index

The relativistic adiabatic index Γ is defined as

Γ =
ρ+ pr
pr

dpr
dρ

= γ + 2αρ = 2 + 2αρ > 2. (2.7.4)

Here γ = ρ
pr

dpr
dρ

= 2 for non-relativistic BEC EoS that follows pr = αρ2. However, at high

density regime due to the relativistic quantum interactions the relativistic adiabatic index

modifies as Γ. Hence, the fulfillment of Bondi criterion [ Bondi (1964) ] i.e. Γ > 4/3 for a

stable star is achieved. Further, due to the regenerative effect of pressure it requires more

stiffer EoS to achieve an equilibrium [ Bondi (1964) ]. For an anisotropic general relativistic

sphere the situation becomes more complicated, because the stability will depend on the

type of anisotropy. For an anisotropic relativistic sphere the stability condition is given by

[ Chan et al. (1993) ],

Γ >
4

3
+

[
4

3

∆i

|p′ri|r
+

8π

3

r ρ0pri
|p′ri|

]
, (2.7.5)

where,

• ∆i : initial anisotropy,

• pri : initial radial pressure,

• ρi : initial energy density.
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Fig. 2.8. Adiabatic index r for M = 1.77M⊙, β = 0.86× 10−4/km2 and R = 11km.

Initial anisotropy, initial radial pressure and initial energy density in static equilibrium

satisfying Eq.(2.7.1). The profile of Γ is shown in Fig. 2.8 showing that Γ > 4/3 everywhere

within the BEC sphere.

2.7.3 Static Stability Criterion

Investigating the stability of a compact stellar system is a crucial aspect of astrophysics.

This criterion plays a key role in understanding the stability of compact stellar objects un-

der external perturbations. Considering a radial perturbation, Chandrasekhar (1964) first

analysed the stability of compact stars through pulsation equation. Further development

and simplification of the Chandrasekhar’s stability method were envisioned by Harrison-

Zel’dovich-Novikov. It states that the gravitational mass (M) must increase with the in-

crease in central density (ρc). Thus, one implies a stable structure if (dM(ρc)/dρc > 0)

and unstable if (dM(ρc)/dρc < 0). The Fig. 2.9 satisfies stable stellar configuration under

Harrison-Zel’dovich-Novikov criterion under radial pulsation. The mass of the BEC compact

star as a function of its central density is given by

M(ρc) =
4πρc[sin(kR)− kR cos(kR)]

k3
, (2.7.6)

and its graphical representation is given in Fig. 2.9. As the interactions of the BEC

particles increases (i.e. k increases), the mass that hold by the system decreases as well as

the stability under radial density oscillation.
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Fig. 2.9. The M − ρc curve of the Bose-Einstein condensate star with r for M =
1.77M⊙, β = 0.86× 10−4/km2 and R = 11km.

2.8 Mass-Radius Relationship

For the BEC compact star, the M −R curve has been plotted to observe the effect of k on

it (Fig.2.10). Here one can observe that the mass and radius decrease with increase in k.

This is because as the k−parameter increases the density of the BEC star also increases,

leading to more mass and therefore more compactness (or smaller radii). The effect on mass

due to the k−parameter is not seen significantly at lower mass below ≈ 1M⊙. Due to this

characteristic, some massive compact stars have been fitted to predict their radii if they

were BEC compact candidates. Using uncertainties from observations, the radii have been

predicted and are given in Table.2.2.

Table 2.2: Prediction of radii for few well known compact star as BEC stars.

Compact star M/M⊙

R (km)
k

0.095 0.0975 0.100 0.105 0.115

PSR J1614−2230 1.97± 0.04 13.09+0.06
−0.08 13.01+0.05

−0.06 12.92+0.05
−0.06 12.71+0.05

−0.05 11.93+0.03
−0.03

PSR J0952−0607 2.35± 0.17 13.66+0.20
−0.23 13.55+0.16

−0.22 13.40+0.13
−0.19 13.01+0.08

−0.08 -
GW190814 2.5-2.67 13.94+0.08

−0.10 13.77+0.06
−0.09 13.57+0.02

−0.05 12.77+0.19
−0.09 -

In the Table.2.2, it can be seen that for the same mass the radius decreases with in-

crease in k−parameter thereby increasing the compactness M/R and bringing closer to the

Buchdahl limit. This leads the BEC compact star more unstable with when k increases.

It is also highlighted that the GW 170817 observations the constraints on mass and ra-
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dius i.e. (a) for M = 1.6M⊙, R > 10.68+0.15
−0.04km [ Bauswein et al. (2017) ] and (b) for

M = 1.4M⊙, R > 11.0+0.9
−0.6km [ Capano et al. (2020) ] are also fulfilled by the M − R curve

in Fig. 2.10. In the M − R curve, for 1.6M⊙ compact star the expected radius is above

12km while for 1.4M⊙ compact star the radius is just below 12km, which are in agreement

with the above constraints.
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Fig. 2.10. M −R relationship for the BEC compact star.

2.9 Discussion and Conclusion

In this chapter, compact stars formed by BEC matter have been modeled where the physical

properties of the star depend on a single k−parameter. When the generalized Gross–Pitaevskii

equation is solved using the Medelung method of wave function separation under non-

relativistic approximation one can get a density profile of ∼ sin(kr)/kr and an EoS pr ∼ ρ2.

A slight modification has been made by adding an extra constant term β so that the pres-

sure vanishes at the boundary while the density remains non-zero. On using the density

profile and the EoS, Einstein’s field equations have been solved exactly to determine the

physical properties of the general relativistic BEC compact star. The pressure and density

increases with increase in the k−parameter while the anisotropy decreases (hence the solu-

tion is isotropic asymptotically i.e. k → ∞). Due to the increase in compactness with k, the

surface redshift also increases. The stiffness of the BEC matter also depends on the single

k−parameter and as k increases the speed of sound also increases indicating the increase

in stiffness of the EoS. The BEC matter has adiabatic index 2 in the non-relativistic realm
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although due to the relativistic effect its adiabatic index drastically increases above 5. When

k increases the central values of adiabatic index decreases thereby coming closer to 4/3 limit.

On the other hand when k increases the compactness get closer to the Buchdahl limit. There-

fore, k−parameter alter the stability of the BEC compact star. The static stability criterion

also supports this claim, if there is a radial perturbation that cause to oscillation/increase in

the central density, the BEC matter can hold less mass star if k−parameter increases. The

GW 170817 event provides very narrow windows of possible radii for specific masses, which

also holds good by the new BEC compact matter. At the end it was desired to highlight

that BEC matter might also be able to form compact objects that mimic neutron/quark

stars.
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Chapter 3

Anisotropic Quintessence Compact

Star in f (T ) Gravity with

Tolman-Kuchowicz Metric Potentials

3.1 Introduction

The construction of gravitational modifications, namely extended gravity theories with gen-

eral relativity as a specific constraint but with generally richer structures [Akrami et al.

(2021)], is motivated by both theoretical and observational implications. The initial pro-

posal depends on the concept that, due to the fact that general relativity does not seem

renormalizable, it might be presumed that its more intricate extensions would have bet-

ter renormalizability attributes [Stelle (1977)]. The necessity to characterize the universe’s

two accelerated phases—one in the early universe (inflation) and one in the late universe

(the dark energy era)—is the second motive. It is tied to the observable characteristics of

the universe. Starting with the Einstein-Hilbert action and extending it in different ways

[Capozziello and De Laurentis (2011)] is the typical method for constructing gravitational

modifications. However, starting with the Teleparallel Equivalent of General Relativity

(TEGR) [Maluf (2013), Shirafuji and Nashed (1997), and Unzicker and Case (2005)], which

is the analogous torsional formulation for gravity, it can be manipulated to arrive at f(T )

gravity [Bengochea and Ferraro (2009) and Cai and Capozziello (2016)], f(T, TG) gravity

[Kofinas and Saridakis (2014)], f(T,B) gravity [Bahamonde et al. (2015) and Böhmer and
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3.1 Introduction

Jensko (2021)], scalar-torsion theories [Bahamonde et al. (2019), Geng et al. (2011), and

Hohmann et al. (2018)] etc.

An alternative geometrical theory of gravity known as TEGR was developed by Albert

Einstein using absolute parallelism and the tangent space as a frame of reference [Hayashi

and Shirafuji (1979)]. At every point in tangent space, an orthogonal tetrad is generated

in TEGR and can therefore be employed as a dynamical variable [Aldrovandi and Pereira

(2009)]. The torsion in space-time, which may be determined using a torsion tensor, defines

the gravitational influence in TEGR. A torsion scalar is used to describe the effect of gravity

and the tetrad field is used as one of the theory’s dynamical variables to generate the field

equation for TEGR. The action of TEGR may now be modified for generating f(T ) gravity

by employing a more general function of torsion scalar [Bahamonde et al. (2023)]. The f(T )

gravity has recently been shown to be incredibly effective in interpreting a variety of celestial

observations [El Hanafy and Nashed (2016) and Jamil et al. (2012a, 2012b, 2013, 2015)]. It

has been established that the galactic dynamics and cosmic expansions can both be explained

quite well by the f(T ) gravity theory. In Ref. [Li et al. (2018)], the effective field theory is

put forward in a systematic approach to explain torsion gravity. Moreover, the gravitational

wave propagation bound from GW170817 and GRB170817A are two examples of how this

approach of effective field theory description and application of specific operators, including

torsional terms, by observational constraints has already demonstrated its effectiveness in

interpreting stellar phenomena. The combined interpretation of H0 and σ8 tensions has

recently also been investigated by Yan and colleagues [Yan et al. (2020)].

Significant attempts are underway to describe compact stellar configurations using mod-

ified theories of gravity in order to shed light on some remarkable observations of them

[Astashenok et al. (2020, 2021)]. Moreover, the study of anisotropic compact stellar struc-

tures with diagonal and off-diagonal tetrads in f(T ) gravity has been extensively explored

[Daouda et al. (2012), Ditta et al. (2021), and Zubair and Abbas (2016)]. Besides that,

an analysis of spherically symmetric stellar structures in f(T ) gravity based on diagonal

tetrad yields necessities on f(T ) for being a linear function of T , thereby making the theory

fundamentally TEGR [Bahamonde et al. (2023)].

Studying the physical attributes of compact stellar objects using teleparallel gravity is

also useful for understanding their nature. Typically, compact stars are modeled using the
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3.1 Introduction

isotropic stellar configuration. Anisotropy pertains to the directional dependence of prop-

erties such as pressure. Naturally, the pressures inside a star characterized differently along

radial and transverse directions respectively leading to generate anisotropy measured as the

difference of the radial (pr) and tangential (pt) pressures. This difference can significantly

influence the internal structure, stability, and observable characteristics of the object. The

anisotropy factor ∆ is often defined as ∆ = pr − pt. If ∆ > 0, the tangential pressure

dominates, leading to a more oblate structure. Conversely, if ∆ < 0, the radial pressure

dominates, leading to a more prolate structure. The presence of anisotropy can have a

stabilizing effect on compact objects. In particular, a positive anisotropy (where pt > pr)

can support a higher maximum mass for neutron stars, making them less prone to collapse.

Thus anisotropy not only affects the stability and structure of stars but also has implications

for observable phenomena, making it a vital factor in modern astrophysical models. Rud-

erman (1972) first analyzed this deviation from isotropy in the context of stellar structure

and dynamics. In the study of relativistic anisotropic compact stars, Bowers and Liang have

shown that anisotropy could have significant influence on mass and surface redshift [Bowers

and Liang (1974)]. Over the years various factors have been recognized to contribute to the

anisotropy, such as extremely high densities in the core [Canuto (1974)], the presence of pion

and meson condensate states [Sawyer (1972)], mixtures of different fluids, slow rotational

motion [Herrera and Santos (1995)], mixture of perfect and a null fluid [Letelier (1980)],

strong magnetic fields [Weber (1999)], the presence of strong electromagnetic field [Usov

(2004)] etc. On the other hand, Ivanov (2010) highlighted that the effects of shear and

electromagnetic fields on stellar systems can be accommodated by considering them to be

anisotropic. It was found that boson stars composed of scalar fields are anisotropy exhibit in

naturally [Schunck and Mielke (2003)]. Additionally, structures like wormholes [Morris and

Thorne (1988)] and gravastars [Cattoen et al. (2005)] are also characterized as anisotropic

objects. A complete review on the origin and impact of anisotropy on stellar structure can

be found in the seminal work of Herrera and Santos (1997). In modeling compact objects,

there is a wide plethora of arguments in favor of the presence of anisotropy within stellar

interiors. The instability of the pressure isotropy condition was demonstrated by Herrera

(2020). They showed that an initially isotropic pressure profile will evolve into an anisotropic

state as the star loses hydrostatic equilibrium. The study of anisotropy and its impact in
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3.2 Interior Spacetime and Einstein Equation in f(T ) Theory

modeling compact stars has been studied by many researchers [Deb et al. (2017), Ivanov

(2002), Kalam et al. (2012), Mak and Harko (2003), Maurya et al. (2016), Maurya et al.

(2019), Rahaman et al. (2010, 2011b), and Schunck and Mielke (2003)].

In this chapter, an analytical relativistic anisotropic quintessence spherical model has

been developed within the framework of f(T ) gravity theory, driven by all of the preceding

arguments. A quintessence star is a hypothetical astrophysical object where the primary

source of internal pressure counteracting gravitational collapse is provided by a form of

dark energy known as quintessence. Regarding this, some ingredients have been imposed

by considering the pressure anisotropy condition and the metric potential of the Tolman-

Kuchowicz (TK) type, which serve as the main pillars of the resulting paradigm. Along

with the anisotropic matter distribution, it is also assumed that the current model includes

a quintessence field, defined by a parameter ω and then study the stability of motion and

thermodynamic properties.

This chapter is organized in the following way: In section 3.2, the interior spacetime

and Einstein’s equations in the f(T ) theory are briefly described. In section 3.3, relativistic

quintessence anisotropic spherical solutions are addressed analytically in the context of f(T )

gravity. In section 3.4, the interior and exterior Schwarzschild solutions at the boundary of

stellar surfaces is matched. In section 3.5 physical analysis of this model has been discussed

and in section 3.6 the analysis of motion stability and thermodynamic characteristics are

investigated. Using the M −R curve the predicted mass and radius of stars that may exist

in nature are listed in section 3.7. The overall summary and a few final concluding remarks

on the investigation are addressed in section 3.8.

3.2 Interior Spacetime and Einstein Equation in f (T )

Theory

When considering static geometry for stellar formations with spherically symmetric matter

distribution, spacetime is described by the following line element,

ds2 = eν(r)dt2 − eλ(r)dr2 − r2(dθ2 + sin2 θdϕ2). (3.2.1)
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3.2 Interior Spacetime and Einstein Equation in f(T ) Theory

Here, the metric coefficients eν(r) and eλ(r) are pure radial functions of r.

With the help of the matrix transformation known as the tetrad, the line element Eq.(3.2.1)

can be transformed into a Minkowskian space as follows

ds2 = gµνdx
µdxν = ηijθ

iθj, (3.2.2)

dxµ = eµi θ
i, θi = eiµdx

µ. (3.2.3)

where,

• ηij = diag(1,−1,−1,−1),

• eµi e
i
ν = δµν ,

• e =
√
−g = det(eiµ).

The action of the f(T ) theory is given as the starting point [Bengochea and Ferraro

(2009) and Li et al. (2011)]

S[eiµ, ϕA] =

∫
d4x e

[
1

16π
f(T ) + Lmatter(ϕA)

]
. (3.2.4)

Here, ϕA represents matter fields and f(T ) is an arbitrary analytic function of the torsion

scalar T . Here the expression of the torsion scalar is given as follows

T = S µν
σ T σ

µν , (3.2.5)

where the tensor Sµν
σ is described as [Nashed and Bamba (2022)],

S µν
σ =

1

2

(
Kµν

σ + δµσT
βν

β − δνσT
βµ

β

)
. (3.2.6)

In which,

T σ
µν = Γσ

νµ − Γσ
µν = e σ

i

(
∂µe

i
ν − ∂νe

i
µ

)
, (3.2.7)

Kµν
σ = −1

2
(T µν

σ − T νµ
σ − T µν

σ ) . (3.2.8)

By varying the action with respect to the tetrads, the field equations of f(T ) gravity can

68



3.2 Interior Spacetime and Einstein Equation in f(T ) Theory

be obtained as [Li et al. (2011)]

S νρ
µ ∂ρTfTT +

[
e−1eiµ∂ρ(ee

α
i S

νρ
α )
]
fT +

1

4
δνµf = 4πT ν

µ , (3.2.9)

where,

fT =
∂f

∂T
fTT =

∂2f

∂T 2
, (3.2.10)

here, ∂µ stands for partial derivative with respect to four coordinates xµ, (xµ stands for t,

r, θ, ϕ) and e = det(eiµ) = e
λ+ν
2 r2 sin θ. Now the expression of the torsion scalar becomes,

T (r) =
2e−λ

r

(
ν ′ +

1

r

)
. (3.2.11)

Here, T ν
µ is the energy-momentum tensor of the underlying fluid. Let us assume that

this model includes an anisotropic fluid that represents regular baryonic matter and a

quintessence field.

The energy-momentum tensor for normal baryonic matter is given by

T ν
µ = diag(ρ, −pr, −pt, −pt), (3.2.12)

where, ρ, pr and pt respectively, represent the energy density, radial pressure and transverse

pressure of normal matter.

Furthermore, let us assume that τ νµ represents the energy-momentum tensor for the

quintessence field and its non-zero components are given by

τ rr = τ tt = −ρq,

τ θθ = τϕϕ =
(3ω + 1)ρq

2
,

here ρq represents the energy density for the quintessence field characterized by the param-

eter ω, with (−1 < ω < −1
3
) and

T ν
µ = T ν

µ + τ νµ . (3.2.13)
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3.3 Present Model

The field equations in f(T ) gravity for the underlying fluid are given by

4π
(
ρ+ ρq

)
=

f

4
−

[
T − 1

r2
− e−λ

r
(λ′ + ν ′)

]
fT
2

− e−λ

r
T ′fTT , (3.2.14)

4π
(
pr − ρq

)
=

[
T − 1

r2

]
fT
2

− f

4
, (3.2.15)

4π

(
pt +

3ω + 1

2
ρq

)
=

T
2
+ e−λ

{
ν ′′

2
+

(
ν ′

4
+

1

2r

)
(ν ′ − λ′)

} fT
2

−f
4
+

e−λ

2

(
ν ′

2
+

1

r

)
T ′fTT , (3.2.16)

and e−
λ
2
cot θ

2r2
T ′fTT = 0. (3.2.17)

Here, (′) denotes differentiation with respect to the radial coordinate ‘r’.

For the choice of f(T ) = T , the aforementioned field equations in Eqs.(3.2.14)-(3.2.16) lead

to the corresponding field equations in general relativity.

Now the Eq.(3.2.17) gives two choices: (i) T ′ = 0 or (ii) fTT = 0. In the second case, one

obtains a linear form of the f(T ) function as

f(T ) = αT + β, (3.2.18)

where α and β are constants of integration.

If T ′ = 0 is chosen instead of fTT = 0, it gives a constant torsion scalar, T = T0. With the

choice of T = T0, the right side of the Eq.(3.2.15) blows up as r → 0. This implies that the

pressure of the substance is not finite; therefore, this case is excluded.

3.3 Present Model

With the choice of f(T ) function given in Eq.(3.2.18), from the Eqs.(3.2.14)-(3.2.15), the

following equation can be arrived as

ρ+ pr =
α

8πr
e−λ(λ′ + ν ′). (3.3.1)
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3.3 Present Model

At this stage, let us assume that the metric potentials eν(r) and eλ(r) are of TK type, i.e.,

ν(r) = Br2 + 2 lnD and λ(r) = ln(1 + ar2 + br4), (3.3.2)

here, a, b, B, D, are all arbitrary constants and their value can be obtained by a smooth

matching of interior and exterior spacetime at the boundary.

Using Eqs.(3.3.1) and (3.3.2) the following form is obtained

ρ+ pr =
α

4π

[
a+ 2br2

1 + ar2 + br4
+B

]
. (3.3.3)

Let us further suppose that the energy density ρ and the radial pressure pr maintain a linear

relationship given as

pr = γρ− δ, (3.3.4)

where γ and δ are arbitrary positive constants with 0 < γ < 1.

Now, using the above relationship, the field equations are solved and the expressions of the

parameters are obtained as follows,

ρ =
1

4(1 + γ)

[
(a+B + (2b+ aB)r2 + bBr4)α

π(1 + ar2 + br4)2
+ 4δ

]
, (3.3.5)

ρq =
1

16π(1 + γ)

[
(1 + γ)β (3.3.6)

+2
{α((a− 2B + br2)(1 + ar2 + br4) +

(
3a+ (a2 + b)r2 + 2abr4 + b2r6

)
γ
)

(1 + ar2 + br4)2
− 8πδ

}]
,

(3.3.7)

pr =
1

4(1 + γ)


(
a+B + (2b+ aB)r2 + bBr4

)
αγ

π(1 + ar2 + br4)2
− 4δ

 , (3.3.8)

pt =
1 + 3ω

32π(1 + ar2 + br4)2

[
− β(1 + ar2br4)2 − 2

{
a2r2α + 2abr4α

+
α
(
a(1− 2Br2 + 3γ)− 2B(1 + br4) + br2(1 + 5γ + br4(1 + γ))

)
− 8π(1 + ar2 + br4)2δ

1 + γ

−
2
(
2B − a+ (−2b+B(a+B))r2 + aB2r4 + bB2r6

)
α− (1 + ar2 + br4)2β

1 + 3ω

}]
. (3.3.9)

71
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For the current model, the central density and central pressure are obtained as follows,

ρ(r = 0) = ρc =
aα +Bα + 4πδ

4(1 + γ)
, (3.3.10)

pr(r = 0) = prc =
(a+B)αγ − 4πδ

4(1 + γ)
, (3.3.11)

pt(r = 0) =

4αB(3 + 2γ + 3ω)− 2aα(3 + 5γ + 3ω + 9γω) + 16δπ − 3(β(1 + γ)(1 + ω)− 16δωπ)

32(1 + γ)π
,

(3.3.12)

therefore the anisotropic factor ∆ at the origin is obtained as

∆(r = 0) = −3(1 + ω)(−4αB + β + βγ + 2a(α + 3αγ)− 16δπ)

32(1 + γ)π
(3.3.13)

For a physically acceptable model, the anisotropic factor should vanish at the center of

the star, which gives

−4αB + β + βγ + 2a(α + 3αγ)− 16δπ = 0. (3.3.14)

In the next sections, the boundary condition and the physical viability of the present model

will be checked via different tests.

3.4 Boundary Matching Condition

In this section, the interior spacetime is matched to the exterior geometry and for the model,

it is determined by the Schwarzschild line element given by

ds2 =

(
1− 2M

r

)
dt2 −

(
1− 2M

r

)−1

dr2 − r2(dθ2 + sin2 θdϕ2), (3.4.1)

Now at the boundary r = R the metric coefficients grr, gtt and
∂
∂r
(gtt) are all continuous,
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3.5 Physical Analysis of the Model

which gives the following set of equations

Continuity of gtt : 1− 2M

R
= eBR2

D2, (3.4.2)

Continuity of grr :

(
1− 2M

R

)−1

= 1 + aR2 + bR4, (3.4.3)

Continuity of
∂

∂r
(gtt) :

2M

R2
= 2BReBR2

D2. (3.4.4)

Again, the radial pressure pr vanishes at the boundary, i.e.,

pr(r = R) = 0. (3.4.5)

Solving the Eqs.(3.4.2)-(3.4.4), with the help of Eq.(3.3.14) and Eq.(3.4.5), one can obtain,

a =
1

R2

[(
1− 2

M

R

)−1

− 1− bR4

]
,

B =
M

R3

(
1− 2

M

R

)−1

,

D = e
−BR2

2

√
1− 2

M

R
,

β =
−2(a− 2B)(1 + aR2 + bR4)2α− 2(a− 2B + 2(3a2 − 2b− aB)R2

(1 + aR2 + bR4)2(1 + γ)

+
(3a3 + 6ab− 2bB)R4 + 6a2bR6 + 3ab2R8)αγ

(1 + aR2 + bR4)2(1 + γ)
,

δ =
(a+B + (2b+ aB)R2 + bBR4)αγ

4π(1 + aR2 + bR4)2
.

3.5 Physical Analysis of the Model

In this section, the physical features of the developed model shall be discussed. A model cor-

responding to a stellar structure has been developed by assuming TK-type metric potentials

and a linear pressure density relation for the matter distribution. The physical quantities

are presented in a simple, elementary functional form to analyze the physical behavior of

the model. To examine the physical acceptability of the model, recently observed values

corresponding to the mass and radius of known pulsar Her X-1 have been used as input

parameters. For the given mass and radius (M = 0.85 ± 0.15M⊙ and R = 8.1 ± 0.41 km),

the values of the model parameters have been determined from the condition of the vanish-
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3.5 Metric Coefficients

ing radial pressure and the smooth matching of two metrics at the boundary. Using this

value the numerical values of a, B and D have been calculated for different stars shown

in Table.3.1. To figure out the behavior of the physically relevant quantities, the graphical

method was used and analyzed the model graphically under f(T ) gravity with different α

values. The nature of the plots shows the regular and well-behaved basic features of all the

physical quantities within the stellar interior. Based on the graphical analysis, some salient

features are discussed in the developed model.

3.5.1 Metric Coefficients

The profiles of the metric potential for the present model are shown in Fig.3.1 and it shows

that the metric potentials are positive and continuous within the stellar interior, which is

the requirement for a physically viable model presenting stellar structure. Also, it is finite

and regular at the center.
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Fig. 3.1. The metric potentials are shown against ‘r’ for different values of α.

3.5.2 Density Profiles

Fig.3.2 shows variations of the energy density and quintessence density respectively, for the

α values ranging from 0.5 to 2.5. The plots depicted a monotonically decreasing nature

from their maximum values at the center towards the boundary.ρq decreases with radial

parameter and takes more negative as α increases. Also, it is inferred that for higher values

of α, density pick up higher values.
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Fig. 3.2. The matter density and quintessence density are shown with respect to r for
different values of α.

3.5.3 Pressure Profiles

Fig.3.3 shows variations of radial pressure and traverse pressure, respectively, for the α

values ranging from 0.5 to 2.5. The plots depicted a monotonically decreasing nature from

their maximum values at the center towards the boundary. In the case of radial pressure, it

drops to zero, indicating the radius value of the star, while in the case of tangential pressure,

it does not zero at the boundary. Also, it is inferred that for higher values of α, pressures

pick up higher values.

0 2 4 6 8

0.00000

0.00002

0.00004

0.00006

0.00008

0.00010

0.00012

r (km)

p
r
(k
m

-
2
)

Her X-1

=2.5
=2
=1.5
=1
=0.5

0 2 4 6 8

0.00000

0.00002

0.00004

0.00006

0.00008

0.00010

0.00012

r (km)

p
t
(k
m

-
2
)

Her X-1

=2.5
=2
=1.5
=1
=0.5

Fig. 3.3. Radial, transverse pressure and are shown with respect to r for different values
of α.

3.5.4 Density and Pressure Gradients

For the current model, the pressure and density gradient are obtained as follows
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3.5 Density and Pressure Gradients

dρ

dr
=

−1

2π(1 + ar2 + br4)3(1 + γ)
(r(a2(2 +Br2) + a(B + 6br2 + 3bBr4) +

2b(−1 + 3br4 +B(r2 + br6)))α), (3.5.1)
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Fig. 3.4. The density is shown inside the stellar interior with respect to r for different
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Fig. 3.5. The pressure gradient are shown inside the stellar interior with respect to r for
different values of α.

dpr
dr

=
−1

2π(1 + ar2 + br4)3(1 + γ)
(r(a2(2 +Br2) + a(B + 6br2 + 3bBr4) +

2b(−1 + 3br4 +B(r2 + br6)))αγ), (3.5.2)
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3.5 Pressure Anisotropy

dpt
dr

=
1

8π(1 + ar2 + br4)3(1 + γ)
rα
[
− 5b− 2B2(−1 + b2r8)(1 + γ) +

a3r2(1 + γ)(1 + 3ω)− 4bBr2
(
5 + 4γ + 3ω + br4(1 + 3ω)

)
+a2

(
5 + 9γ + 3ω + 15γω + 3br4(1 + γ)(1 + 3ω)− 2Br2(2 + γ + 3ω)

)
+a
{
− 2B2r2(−1 + br4)(1 + γ)

+br2
(
13 + 25γ + 3ω + 39γω + 3br4(1 + γ)(1 + 3ω)

)
− 2B

(
4 + 3γ + 3ω +

3br4(2 + γ + 3ω)
)}

+ b
{
b2r8(1 + γ)(1 + 3ω)

+12br4
(
1 + γ(2 + 3ω)

)
− 3
(
ω + γ(3 + 5ω)

)}]
. (3.5.3)

The gradients of density and radial and transverse pressures are shown in Fig.3.4, Fig.3.5,

which are negative inside the stellar structure, which confirms the monotonically decreasing

nature of physical parameters from the centre to the boundary.

3.5.5 Pressure Anisotropy

For the current model, the anisotropic factor ∆ is calculated as follows

∆ = pt − pr

=
1

32π(1 + ar2 + br4)2(1 + γ)

[
48πδ −

{
10br2α + 2b2r6α + 3β + 6br4β + 3b2r8β

+34br2αγ + 2b2r6αγ + 3βγ + 6br4βγ + 3b2r8βγ − 4B2r2(1 + br4)α(1 + γ)
}

+96πr4δ + 48b2πr8δ − 3(β + βγ − 16πδ)− 2br2
{
α + 5αγ + r2(β + βγ − 16πδ)

}
−b2r6

{
2α(1 + γ) + r2(β + βγ − 16πδ)

}
ω − 6ar2(1 + br4)(β + βγ − 16πδ)(1 + ω)

+2aα(2B2r4(1 + γ)− 2Br2
{
− 2 + γ − 3ω)− 3(1 + 3γ)(1 + ω)− 2br4(1 + γ)

(1 + 3ω)
}
− a2r2

{
3r2(β + βγ − 16πδ)(1 + ω) + 2α(1 + γ)(1 + 3ω)

}
+4Bα

{
3(1 + ω) + br4(1− 2γ + 3ω)

}]
. (3.5.4)

The variation of the anisotropy inside the star has been shown in Fig.3.6. The anisotropy

is zero at the center since the radial and transverse components are equal as expected and

reach their maximum at the surface. Also, it is clear that the anisotropy increases as the α

increases.
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Fig. 3.6. The anisotropic factor is shown for different values of α.

3.5.6 Equation of State Parameters

The equation of state parameters, given by ωr = pr/ρ and ωt = pt/ρ lie within 0 and 1, as

depicted in the plot of Fig.3.7. For the matter to be non-exotic in nature, it should satisfy

the conditions 0 ≤ ωr ≤ 1 and 0 ≤ ωt ≤ 1, which are ensured by the plot. The expression

of ωr and ωt for the present model is given as follows

ωr =
pr
ρ

=
(a+B + (2b+ aB)r2 + bBr4)αγ − 4π(1 + ar2 + br4)2δ

(a+B + (2b+ aB)r2 + bBr4)α + 4π(1 + ar2 + br4)2δ
(3.5.5)

ωt =
pt
ρ

=
(1 + 3ω)

128π2(1 + ar2 + br4)4
(
(a+B + (2b+ aB)r2 + bBr4)α + 4π(1 + ar2 + br4)2δ

)
1

(1 + γ)

[
− β(1 + ar2 + br4)2 − 2

{
a2r2α + 2abr4α− 8π(1 + ar2 + br4)2δ

1 + γ

+
α
{
− 2B(1 + br4) + a(1− 2Br2 + 3γ) + br2

(
1 + 5γ + br4(1 + γ)

)}
1 + γ

+

−2
{
− a+ 2B +

(
− 2b+B(a+B)

)
r2 + aB2r4 + bB2r6

}
α + (1 + ar2 + br4)2β

1 + 3ω

}]
(3.5.6)
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Fig. 3.7. ωr and ωt are shown inside the stellar interior for different values of α.
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Fig. 3.8. The Energy conditions are shown against r for different values of α.
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3.5 Energy Conditions

Table 3.2: Central density, surface density, central pressure, compactness factor and surface
redshift have been presented for the compact star Her X-1 [ Abubekerov et al. (2008) ] for
different values of α.

α ρc ρs prc u(R) zs(R)

0.5 3.9184× 1014 2.83428× 1014 3.21983× 1034 0.0115149 0.0117177
1.08 7.83679× 1014 5.66856× 1014 6.43966× 1034 0.0230299 0.0238572
1.5 1.17552× 1015 8.50283× 1014 9.65948× 1034 0.0345448 0.0364445
2.0 1.56736× 1015 1.13371× 1015 1.28793× 1035 0.0460597 0.0495077
2.5 1.9592× 1015 1.41714× 1015 1.60991× 1035 0.0575747 0.0630777

3.5.7 Energy Conditions

A model representing a physically realistic anisotropic fluid sphere demands satisfaction of

the following energy conditions at all internal points, including the surface of the sphere

[Brassel et al. (2021)]

• Null Energy Condition (NEC) : ρ+ pr ≥ 0; ρ+ pt ≥ 0,

• Weak Energy Condition (WEC) : ρ+ pr ≥ 0; ρ ≥ 0, ρ+ pt ≥ 0,

• Strong Energy Condition (SEC) : ρ+ pr ≥ 0; ρ+ pr + 2pt ≥ 0,

• Dominant Energy Condition (DEC) : ρ ≥ 0; ρ− pr ≥ 0; ρ− pt ≥ 0.

In Fig.3.8, the different energy conditions have been plotted and in this model, the necessary

energy conditions hold good.

3.5.8 Mass, Compactness and Surface Redshift

The mass function of the present model of a quintessence star can be obtained as follows,

m(r) =

∫ r

0

4πρr2 dr =
1

1 + γ

[
− rα

2(1 + ar2 + br4)
+

4

3
πr3δ +(

b+ (−a+
√
a2 − 4b)B

)
α tan−1

[ √
2br√

a−
√
a2−4b

]
√
2b
√
a−

√
a2 − 4b

√
a2 − 4b

+

(
− b+ (a+

√
a2 − 4b)B

)
α tan−1

[ √
2br√

a+
√
a2−4b

]
√
2b
√
a+

√
a2 − 4b

√
a2 − 4b

]
(3.5.7)
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3.5 Mass, Compactness and Surface Redshift

Fig.3.9 shows the variation of mass, compactness and surface redshift with radial pa-

rameters. The mass function is a monotonically increasing function of r and m(0) = 0, i.e.,

the mass function is regular at the center. The compactness of a star, which is defined as

u(r) = m(r)/r, should lie within a limit as suggested by Buchdahl (1959) and the limit

for the ratio of mass to the radius is 2M/r < 8/9. For different α plots, it shows that

m(r)/r < 4/9 = 0.44, i.e., Buchdahl conditions are satisfied in this model. Surface redshift

is defined as

zs = (1− 2M

R
)−1/2 − 1. (3.5.8)

Using Eqs.(3.3.10), (3.3.11) and (3.5.8) the values of central density, surface density,

central pressure, compactness factor and surface redshift have been calculated for different

values of α for the star Her X-1, shown in Table.3.2. The variation of zs is shown as a radial

function in the lower panel of the Fig.3.9. According to Boehmer and Harko (2006), the

surface redshift should always be ≤ 5, which is satisfied in this model for all values of α.
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Fig. 3.9. Mass, compactness and surface redshift are shown inside the stellar interior for
different values of α.
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3.6 Stability and Equilibrium Conditions for the Present Model

3.6 Stability and Equilibrium Conditions for the Present

Model

The stability and equilibrium conditions are crucial for understanding their structure and

behavior these ensure that the star remains in a steady state, neither collapsing nor exploding

under normal circumstances. Now the stability and equilibrium conditions of the present

model of this chapter is going to be discussed with the help of different criteria.

3.6.1 Causality Condition

The causality condition of a stellar model depends on the radial and transverse speeds of

sound. The radial and transverse speeds of sound for the present model are obtained as

follows,

V 2
r =

dpr
dρ

= γ, (3.6.1)

V 2
t =

dpt
dρ

,

=
1[

4
{
a2(2 +Br2) + a(B + 6br2 + 3bBr4) + 2b

(
− 1 + 3br4 +B(r2 + br6)

)}]
[
5b+ 2B2(−1 + b2r8)(1 + γ)− a3r2(1 + γ)(1 + 3ω) + 4bBr2(
5 + 4γ + 3ω + br4(1 + 3ω)

)
− a2

(
5 + 9γ + 3ω + 15γω + 3br4(1 + γ)

(1 + 3ω)− 2Br2(2 + γ + 3ω)
)
− a
{
− 2B2r2(−1 + br4)(1 + γ)

+br2
(
13 + 25γ + 3ω + 39γω + 3br4(1 + γ)(1 + 3ω)

)
−2B

(
4 + 3γ + 3ω + 3br4(2 + γ + 3ω)

)}
− b
(
b2r8(1 + γ)(1 + 3ω)

−12br4(1 + γ(2 + 3ω)
)
+ 3
(
ω + γ(3 + 5ω)

)}]
(3.6.2)

For a physically acceptable stellar model, both the radial and transverse speeds of sound

should remain within the limit [0, 1], known as the ‘causality condition’. In Fig.3.10, the

variation of the radial and transverse sound speeds has been demonstrated with radial

parameters. It is found that the sound speeds lie within the prescribed limit, which ensures

the non-violation of the causality condition in the interior of the star. Based on Herrera’s
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3.6 Adiabatic Index

cracking method [Herrera (1992)], Abreu et al. (2007) set a condition for a potentially stable

compact stellar structure that reads −1 ≤ V 2
t − V 2

r ≤ 0. The plot confirms this feature of

stability.
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Fig. 3.10. The square of the sound velocity and stability factor V 2
t − V 2

r is shown against
r for different values of α.

3.6.2 Adiabatic Index

The stability of a relativistic anisotropic stellar configuration is closely related to an im-

portant thermodynamical quantity known as the adiabatic index. The adiabatic index,

mathematically defined as Γ = ρ+pr
pr

dpr
dρ

, depends on the EoS and interior fluid density. The

stability of an anisotropic fluid sphere is preserved when the adiabatic index > 4/3. For the

present model, the expression of the relativistic adiabatic index is calculated as follows

Γ =
(a+B + (2b+ aB)r2 + bBr4)αγ(1 + γ)

(a+B + (2b+ aB)r2 + bBr4)αγ − 4π(1 + ar2 + br4)2δ
V 2
r , (3.6.3)

Fig.3.11 clearly shows that Γ is greater than 4/3 throughout the interior of the star and

hence the stability condition is fulfilled in the model.

3.6.3 Equilibrium under Three Different Forces

The stability of an anisotropic star in static equilibrium depends on the different forces,

namely, gravitational force (Fg), hydrostatic force (Fh) and anisotropic force (Fa). The

anisotropic and hydrostatic forces are directed in a radially outward direction and strong

gravitational forces point inwardly. The condition of balancing the different forces in stable
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Fig. 3.11. Relativistic adiabatic index is shown inside the stellar interior, for different
values of α.

equilibrium is mathematically formulated as a Tolman-Oppenheimer-Volkoff (TOV) equa-

tion

−ν
′

2
(ρ+ pr) +

2

r
(pt − pr)−

dpr
dr

= 0, (3.6.4)

which may be rewritten in the form

Fg + Fh + Fa = 0, (3.6.5)

where,

• Fg = −ν′

2
(ρ+ pr)

• Fh = −dpr
dr

• Fa =
2
r
(pt − pr).

The nature of these forces is described in Fig.3.12, which shows that all forces increase

from the center to attain maximum value at some interior point and then decrease towards

the surface. The fact that the sum of all forces vanishes at all interior points results in null,

indicating a stable configuration under the combined action of all forces. It is to be noted

that the system remains in a static equilibrium condition for different values of α.
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Fig. 3.12. Three different forces acting on the system are shown in the figure for different
values of α.

3.7 Mass-Radius Relationship

One of the important features of compact stellar modeling is the ability to predict the mass

and radius of stars that may exist in nature. One way is to do this by plotting the M − R

curve using the TOV equation. In this chapter, the mass-radius curve has been plotted with

different surface densities for a particular value of α = 0.6 in Fig.3.13. The different masses

and radii of some observed pulsars have also been marked [Abbott et al. (2018), Abbott

et al. (2020), Gonzalez-Caniulef et al. (2019), Ozel et al. (2016), Rybicki et al. (2006), and

Webb and Barret (2007)]
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3.8 Discussion and Conclusion

• KS 1731-260 with M = 1.61+0.35
−0.37 M⊙ & R = 10.0+2.2

−2.2 km;

• 4U1608− 52 with M= 1.57+0.30
−0.29 M⊙ & R = 9.8+1.8

−1.8 km;

• EXO1745− 268 with M= 1.65+0.21
−0.31 M⊙ & R = 10.5+1.6

−1.6 km;

• SAXJ1748.9− 2021 with M = 1.81+0.25
−0.37 M⊙ & R = 11.7+1.7

−1.7 km;

• 4U1820− 30 with M = 1.46+0.21
−0.21 M⊙ & R = 11.1+1.8

−1.8 km;

• 4U1724− 207 with M= 1.81+0.25
−0.37 M⊙ & R = 12.2+1.4

−1.4 km;

• M13 with M = 1.38+0.08
−0.23 M⊙ & R = 9.95+0.24

−0.27 km;

• J0030 + 0451 with M = 1.34+0.15
−0.16 M⊙ & R = 12.71+1.14

−1.19 km;

• J0437− 4715 with M = 1.44+0.07
−0.07 M⊙ & R = 13.6+0.9

−0.8 km;

• GW170817− 1 with M = 1.45+0.09
−0.09 M⊙ & R = 11.9+1.4

−1.4 km;

• GW170817− 2 with M = 1.27+0.09
−0.09 M⊙ & R = 11.9+1.4

−1.4 km.

with their recent data in the plot. The observed values corresponding to mass and radius

are found to fit in the M − R curve. The plot also predicts the possibility of the existence

of higher mass for a certain range of boundary surface density.
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Fig. 3.13. The mass-radius curve for three different surface densities along with mass-
radius points of some observed pulsars.

3.8 Discussion and Conclusion

Within the context of f(T ) gravity theory, an analytical relativistic anisotropic quintessence

spherical model has been developed in the current chapter. Three ingredients, which serve
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3.8 Discussion and Conclusion

as the main pillars of the resulting paradigm, were imposed to achieve this. The first of

them was to take into account a straightforward, noteworthy and realistic modified gravity

model given by f(T ) = αT + β, where T is the torsion, α is a coupling constant and

β is another constant. The second step is to choose the metric coefficients and for this

task, the coefficients suggested by TK have been opted for. The matter density and radial

pressure possess a linear equation of state imposed between them. Using these components,

expressions for matter density, radial and transverse pressure, as well as the matter density

associated with the quintessence field, have been effectively generated. Once that was done,

the constant parameters of the solution have been obtained. A matching between the internal

and external Schwarzschild solutions at the boundary of the compact structure has been

developed for this purpose. In terms of the mass and radius of the compact star, various

model parameters have been successfully acquired by using the matching conditions. The

existence, stability and equilibrium of spherical stars in the f(T ) theory are the next topics

of interest to us. The behavior of the key distinguishing characteristics has been investigated

for this purpose, including the radial and tangential pressure, matter density and anisotropy

factor. Both the parameter ω and the parameter α have an impact on the model parameters,

which is summarized here. Throughout the analysis, a wide range of α has been taken i.e.,

for the plotting of the model parameters, α ∈ [0, 2.5] has been chosen.

Central density, surface density,central pressure, compactness factor and surface redshift

have been presented for the compact star Her X−1 for different values of α in the Table.3.2,

According to the findings, all three thermodynamic observables ρ, pr and pt remain

positive and reach their highest values at the core of the compact star. This indicates that

they behave monotonically, decreasing from the center to the boundary. It is interesting to

see that ρ, pr and pt have higher central values when α = 2.5 is applied; however, these

values are lower when α = 0.5. For all chosen values of α, the anisotropic factor ∆ is

a positive and monotonic increasing function throughout the object. In order to prevent

point singularities or the creation of a black hole, a positive anisotropy factor signifies that

the system is subject to an external repulsive force that works to balance the gravitational

attraction. For all values of α, in this investigation, the energy conditions are valid. Since

the material inside the object cannot travel faster than light, the current model satisfies the

constraints of causality. The profiles of V 2
t coincide for all values of α, as seen in Fig.3.10. It
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3.8 Discussion and Conclusion

has been discovered that the range [0, 1] encompasses the difference between the squares of

the subliminal sound speeds, i.e., |V 2
t −V 2

r | ∈ [0, 1]. Fig.3.9 illustrates the maximum feasible

value of the surface redshift, which cannot be arbitrarily large. The compactness factor for

the current model is below the maximum value found in the literature, i.e., u|max < 4/9.

The TOV equation is used to study the analysis of the balance mechanism in the context

of the f(T ) model. It is demonstrated that the system is subject to three forces for the

specific choice of the f(T ) model, namely the hydrostatic force Fh, gravitational force Fg

and anisotropic force Fa, achieving the equilibrium condition by maintaining the sum of all

the forces to be zero. Additionally, the equation of the state parameters ωr and ωt for all

values of α have been shown and for the current model, the profiles of ωr and ωt coincide for

all values of α. It should be mentioned that ωr and ωt both fall within the range [0, 1]. For

the current model, the maximum permissible mass and associated radius were determined

using the M −R curve and they are shown in Fig.3.13. A comprehensive graphical analysis

is used to support each of the concepts shown in Figs.3.1 to 3.13. In conclusion, the models

described here have been meet all the physical requirements, making them perfect choices

to represent reliable models in the context of f(T ) gravity.
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Chapter 4

Complexity Characterization in

Modeling Anisotropic Compact

Stellar Structures

4.1 Introduction

Compact stars serve as distinctive laboratories for the study of physics at ultra-high den-

sities. At such extreme densities (exceeding nuclear saturation), it is expected that exotic

forms of matter exist within the stellar cores of these objects. Such stellar states can take the

form of quark or hyperonic matter in place of normal baryonic matter. In general, to model

such extreme objects theoretically one needs to know the interior properties of compact

objects such as neutron stars and pulsars which are described by an equation of state (EoS)

which relates the pressure with density. Based on the EoS, the physical properties of a com-

pact star can be analyzed by solving the general relativistic Tolman-Oppenheimer-Volkov

(TOV) equation governing stellar structure. In the absence of the adequate knowledge

of particle interactions at extreme densities, researchers employ alternative routes such as

assuming specific geometric forms or the behavior of density, pressures, anisotropy in the-

oretical modeling of compact objects. The concept of isotropy as well as anisotropy in the

context of general relativity have been discussed elaborately in Sec.3.1 of Chapter.3.

In the framework of classical General Theory of Relativity (GTR), the exploration of

compact objects relies on finding exact solutions of the corresponding field equations. Since
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4.1 Introduction

then the area of modeling compact stellar objects in GTR has become an active research

avenue. In the pursuit of solutions describing self-gravitating configurations, researchers

have adopted various approaches many of them were discussed in the introduction section

of previous chapters, aligning with this approach, the concept of complexity is incorporated

to solve the set of field equations and to construct realistic models that characterize com-

pact stellar objects. Complexity in astrophysics refers to how complicated or intricate the

structure and behavior of an astrophysical object are. Lloyd and Pagels (1988) explored

statistical complexity, which measures the amount of information stored in the causal states

of a system. Later, Calbet and López-Ruiz (2001) studied the complexity in the context of

a simplified isolated ideal gas model, known as the “tetrahedral gas.” They examined the

Lopez-Ruiz–Mancini–Calbet complexity, which considers the balance between entropy and

disequilibrium. Panos et al. (2009) explored the concept of complexity in nuclear physics.

They applied complexity measures to the analysis of nuclear systems. Initially, the idea of

complexity in physics began with work on algorithmic complexity by Kolmogorov (1965),

who proposed a measure based on the length of the shortest possible description of an ob-

ject or system. This laid the groundwork for understanding complexity in a broad sense,

influencing various fields including astrophysics. The concept of complexity developed and

[ Herrera (2018) ] revolves around a quantifiable measure of the structural characteristics of

self-gravitating systems, like stars or fluid spheres. This measure is designed to capture the

degree of inhomogeneity in energy density and anisotropy in pressure within these systems.

Complexity refers to the degree of intricate structure and behavior within astrophysical ob-

jects such as stars, black holes and galaxies. It encompasses both the physical structure and

the dynamical processes within these objects. Understanding complexity is crucial for de-

veloping accurate models of stellar evolution, galaxy formation and the behavior of compact

objects. It is defined in terms of the structure and properties of the fluid that makes up

these objects. This includes considerations of anisotropy, energy density inhomogeneity and

the behavior of the fluid’s constituents. Herrera uses the equations of relativistic hydrody-

namics to describe the behavior of the fluid in a self-gravitating system. These relations are

derived from the Einstein field equations. He introduces structure scalars derived from the

orthogonal splitting of the Riemann tensor. These scalars are used to describe the energy

density, pressure and anisotropy of the fluid. He defines a complexity factor for the fluid.
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4.1 Introduction

This factor is a function of the structure scalars and provides a measure of the deviation

from simplicity.

In the literature, researchers have developed models of compact objects constrained by

the condition of vanishing complexity. Das et al. (2024) have modelled superdense stars

using the vanishing complexity condition by solving Einstein equations for exact solutions

by employing the Vaidya–Tikekar background geometry.The various factors contributing to

the complexity of a stellar interior, such as inhomogeneity refers to the variation in density

and composition within the star and anisotropy have been thoroughly analyzed. By exam-

ining these components in detail, researchers aim to understand their impact on the overall

structure and stability of compact objects. In the context of Vaidya–Tikekar background

geometry, Govender et al. (2022) have examined the impact of spheroidicity parameter K

on complexity in static, self-gravitating systems. Using the anisotropic generalization of the

Vaidya-Tikekar superdense stellar model, they relate the spheroidal parameter to pressure

anisotropy and density inhomogeneity through the complexity factor. Their results showed

that deviations from spherical symmetry increase the complexity within the stellar body.

The complexity factor vanishes for a homogeneous and isotropic fluid distribution, im-

plying that such a system has zero complexity. The complexity in compact stars can be

attributed to the resultant effects of density inhomogeneity and anisotropy within their in-

teriors. If the impact of anisotropy counteracts the effects caused by density inhomogeneity,

the system becomes free of complexity. However, it’s important to note that not all static

systems are required to have zero complexity. Particularly, it may be interesting to study

static compact systems by prescribing complexity factor suitably. In this chapter, the novel

approach is to specify a particular reasonable form of the complexity in addition of assum-

ing a particular geometry corresponds to gtt component to solve the system. This approach

diverges by admitting that not all solutions to the Einstein field equations for stellar struc-

tures are complexity-free, thereby not utilizing the vanishing complexity condition.Various

factors contributing to the complexity within the interior of the star are also analyzed.

This chapter has been organized as follows: In section 4.2, the fundamental Einstein field

equations describing anisotropic compact objects are introduced. In section 4.3, a general-

ized metric potential for gtt is adopted, along with a specific complexity factor for the matter

distribution, to solve the associated field equations analytically. The physical conditions nec-
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4.2 Einstein Field Equations

essary for modeling realistic compact stars are then outlined section 4.4. Subsequently in

section 4.5, the interior solution is matched with the Schwarzschild exterior space-time at

the star’s boundary and the corresponding boundary conditions are formulated. Recent ob-

servational data from well-known pulsars are used to validate the proposed model in section

4.6. Following this, an in-depth analysis of the physical properties is presented in section 4.7

with some graphical representations. The stability of the model under different conditions

is also explored in section 4.8. The importance of mass-radius relationship is depicted in

section 4.9. Finally, the chapter concludes with a summary of key findings and insights, in

section 4.10.

4.2 Einstein Field Equations

The interior space-time geometry of a static, spherically symmetric object is assumed to be

described by the line element in standard coordinates x0 = t, x1 = r, x2 = θ, x3 = ϕ as

ds2 = −A2
0(r)dt

2 +B2
0(r)dr

2 + r2(dθ2 + sin2 θdϕ2), (4.2.1)

here,

• A0(r) and B0(r): the gravitational potentials, dimensionless.

This is assumed that the compact star is composed of matter which is anisotropic in nature

with respect to pressure. Apart from the physical processes which give rise to anisotropy

within the stellar fluid, one expects density inhomogeneity in the energy density profile. It

is possible that these two factors, anisotropy and density inhomogeneity not to cancel out

thus giving rise to the notion of complexity in stellar systems. To describe the anisotropic

fluid system, an energy-momentum tensor is employed which is of the form

Tαβ = (ρ+ pt)uαuβ + ptgαβ + (pr − pt)χαχβ, (4.2.2)

where ρ represents the energy-density, pr and pt denote fluid pressures along the radial and

transverse directions respectively. The quantity uα is the 4-velocity of the fluid and χα is

a unit space-like 4-vector along the radial direction so that the following relations holds:

uαuα = −1, χαχβ = −1 and uαχβ = 0.
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4.2 Einstein Field Equations

The Einstein field equations of the system corresponding to the line element Eq.(4.2.1)

is given by

8πρ =

[
1

r2
− 1

r2B2
0

+
2B′

0

rB3
0

]
, (4.2.3)

8πpr =

[
− 1

r2
+

1

B2
0r

2
+

2A′
0

rA0B2
0

]
, (4.2.4)

8πpt =

[
A′′

0

A0B2
0

+
A′

0

rA0B2
0

− B′
0

rB3
0

− A′
0B

′
0

A0B3
0

]
. (4.2.5)

Where, (′) denotes differentiation with respect to the radial coordinate r.

Utilizing the Eqs.(4.2.4) and (4.2.5), the pressure anisotropy of the stellar interior can

be defined as

∆(r) = 8π(pt − pr)

=

[
A′′

0

A0B2
0

− A′
0

rA0B2
0

− B′
0

rB3
0

A′
0B

′
0

A0B3
0

− 1

r2B2
0

+
1

r2

]
. (4.2.6)

In principle, ∆ may be positive as well as negative in nature depending upon whether

pt > pr or pt < pr. The model of this chapter has been considered to be pt > pr for the

matter distribution to obtain a stable structure of compact objects.

The complexity factor YTF is introduced [ Herrera (2018) ] to quantify the structural

inhomogeneities and anisotropies within these systems. The complexity of the system is

quantified using the orthogonal splitting of the Riemann tensor, which decomposes the

gravitational field into its constituent parts. For the metric of a spherically symmetric,

static fluid distribution, the structure scalars are defined by

YTF = 8πΠ− 4π

r3

∫ r

0

r̄3ρ′dr, (4.2.7)

where, Π = pr − pt. Now from Eqs.(4.2.3)-(4.2.6), the form of Complexity factor is obtained

as

YTF (r) =
1

B0(r)2

[
A0

′′(r)

A0(r)
−
A0

′(r)
(

2B0
′(r)

B0(r)
+ 1

r

)
A0(r)

]
. (4.2.8)
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The mass contained within a stellar radius r is defined as

m(r) =
1

2

∫ r

0

r2ρ(r) dr. (4.2.9)

Thus basically a system of three independent equations are there Eqs.(4.2.3)- (4.2.5) in 5

independent variables, viz. A0, B0, ρ, pr and pt. The Eq.(4.2.6) representing ∆ is basically

a dependent equation in pr and pt.Two of them must be prescribed to solve the system.

The most general metric for a spherically symmetric static body with anisotropic pressure

within the context of GTR was obtained by Herrera and co-workers. They showed that in

order to obtain the full gravitational behavior of a compact stellar object on needs to employ

an ansatz for the one of the metric functions and a the anisotropy factor must be specified

[ Herrera et al. (2008) ].

In this chapter, A novel approach is adopted which involves choosing a metric ansatz

for one of the metric potentials and prescribing a physically viable form for the complexity

factor. Under these assumptions, the governing equations is solved in the Sec.4.3.

4.3 A New Model with Complexity

To create a physically plausible model of a star’s configuration and derive exact solutions,

two physical parameters can be selected independently. For the model of this chapter, a

particular metric potential and an appropriate form of the complexity are assumed. The

metric potential for the gtt metric [ Das et al. (2019) ] is given by

A0(r) = β +
α

1− r2

L2

, (4.3.1)

where α, β are constants and will be determined from the matching conditions. Here L

is the curvature parameter. It is interesting to note that the assumed form of the metric

potential can be transformed to Tolmann-IV like metric potential. Under the restriction of

r2

L2 << 1, the metric potential A0(r) can reduces to

A0(r) = β + α

(
1− r2

L2

)−1

, (4.3.2)
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4.3 A New Model with Complexity

A0(r) = β + α

(
1 +

r2

L2
+
r4

L4
+ ......

)
, (4.3.3)

neglecting higher order terms of r2

L2 , the metric potential becomes,

A0(r) =

(
β + α +

αr2

L2
+
αr4

L4

)
. (4.3.4)

Now setting α + β = 1, α
L2 = a and α

L4 = b, the following form of the metric is obtained.

A0(r) = (1 + ar2 + br4), (4.3.5)

which is commonly associated with the Tolman IV metric family in the context of exact

solutions to Einstein’s field equations for a static, spherically symmetric perfect fluid distri-

bution.

With this choice of A0(r), Eq.(4.2.7) then reduces to

YTF (r) =
4αrL2

((
L2 − r2

)
B0

′(r)− 2rB0(r)
)

B0(r)3 (r2 − L2)2
(
βr2 − L2(α + β)

) . (4.3.6)

The equation for B0(r) will be solved by choosing a specific form of YTF as follows

YTF (r) =
8αr2

(
r2 − L2

)2
L6
(
βr2 − L2(α + β)

) . (4.3.7)

The reasons for the choice

1. To simplify the equation.

2. To make the form dimensionally correct.

Now using Eq.(4.3.6) and Eq.(4.3.7) the following equation is obtained,

αr
(
L8
(
r2 − L2

)
B0

′(r) + 2rB0(r)
3
(
r2 − L2

)4
+ 2rL8B0(r)

)
L6B0(r)3 (L2 − r2)2

(
βr2 − L2(α + β)

) = 0. (4.3.8)

which reduces to

L8
(
r2 − L2

)
B0

′(r) + 2rB0(r)
3
(
r2 − L2

)4
+ 2rL8B0(r) = 0, (4.3.9)
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4.4 Constraints on Physical Parameters

the solution of which is

B0(r) =
L4

(r2 − L2)2
. (4.3.10)

Now it’s time to determine the physical quantities such as matter density, radial pressure,

transverse pressure and pressure anisotropy which can be cast as

8πρ =
−9r6 + 28r4L2 − 30r2L4 + 12L6

L8
, (4.3.11)

8πpr =
r6 − 4r4L2 + 6r2L4 − 4L6

L8
+

4α
(
L2 − r2

)3
L6[L2(α + β)− βr2]

, (4.3.12)

8πpt =
4r6 − 12r4L2 + 12r2L4 − 4L6

L8
+

4α
(
L2 − r2

)3
L6[L2(α + β)− βr2]

, (4.3.13)

8π∆ =
3r6 − 8r4L2 + 6r2L4

L8
. (4.3.14)

4.4 Constraints on Physical Parameters

The following conditions must be met for a stellar model to be physically viable,

(i) The gravitational potentials A0(r), B0(r) and the physical quantities ρ, pr, pt must be

well-defined at the center of the star and remain regular and non-singular throughout

its interior.

(ii) The energy density must remain positive throughout the star’s interior and should

monotonically decrease from its maximum value at the center towards the boundary.

Mathematically i.e., ρ ≥ 0, dρ
dr

≤ 0.

(iii) The radial and tangential pressures must remain positive throughout the entire interior

of the star i.e., pr ≥ 0, pt ≥ 0. The pressures should decrease monotonically with

respect to the radial coordinate r. This is ensured by the negative signature of the

gradient of the pressures inside the stellar body, i.e., dpr
dr
< 0, dpt

dr
< 0. Additionally, at

the boundary r = R of the star the radial pressure must approach zero. The condition

pr(R) = 0 is defines the radius of the star. However, the tangential pressure on

the surface may be nonzero. At the center of the star, both the radial and transverse

pressures are equal, implying that the anisotropy vanishes at the center, ∆(r = 0) = 0.
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(iv) For a stable anisotropic compact star, certain energy conditions must be met at every

interior point of the fluid sphere. In the framework of general relativity, the energy

conditions are basically expressed through local inequality relations between the energy

density and the pressures. The energy conditions are the Weak, Null, Strong and

Dominant Energy Condition respectively, defined by the following inequalities.

• WEC : ρ > 0, pr + ρ ≥ 0, pt + ρ ≥ 0.

• NEC : pr + ρ ≥ 0, ρ+ pt ≥ 0.

• SEC : ρ+ pr + 2pt ≥ 0.

• DEC: ρ− |pr| ≥ 0 and ρ− |pt| ≥ 0.

In this context it is interesting to check the trace energy condition (TEC) as sug-

gested by the authors [ Bondi (1999) and Tello-Ortiz et al. (2020) ]. The trace of the

energy tensor must remain positive throughout the interior of the star, represented

mathematically as : ρ− pr − 2pt ≥ 0.

(v) The causality condition states that the speed of sound, both radial and transverse,

must be less than 1 (in natural units where the speed of light c=1) throughout the

interior of the star. For a physically acceptable realistic model the causality condition,

i.e., 0 ≤ dpr
dρ

≤ 1, 0 ≤ dpt
dρ

≤ 1 must be satisfied.

(vi) The interior geometry of the star, represented by the metric functions, must smoothly

match the exterior Schwarzschild space-time metric at the stellar boundary.

(vii) Adiabatic index (Γ), the ratio of two specific heats is related to the stability of an

anisotropic stellar configuration. For a stable model, the well known condition for the

stability of a Newtonian isotropic sphere is: Γ > 4/3. For a relativistic anisotropic

sphere this condition modified to some extent.

4.5 The Space-time at the Exterior and Junction Con-

ditions

In general relativity theory, the Schwarzschild metric is defined uniquely as spherically sym-

metric solution to the vacuum Einstein field equations. The Schwarzschild metric, describes
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the exterior vacuum spacetime of a non-radiating star can be cast as

ds2 = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2
(
dθ2 + sin2 θdϕ2

)
, (4.5.1)

where M being the total mass of the stellar object.

The matching conditions determine the numerical values of the model parameters. The

junction conditions require the continuity of both the first and second fundamental forms

(representing intrinsic and extrinsic curvature, respectively) across the non-radiating bound-

ary surface. Here, the condition of the continuity of the first fundamental form is applied

in the development of compact stars, resulting in the creation of static solutions. The con-

tinuity of the second fundamental is not required. For a static scenario, the continuity of

the first fundamental form at the boundary enables the matching of the interior spacetime

metric Eq.(4.2.1) to the vacuum exterior Schwarzschild solution Eq.(4.5.1). This continuity

of the metric functions at the boundary results in

Continuity of gtt :

A2
0(R) =

(
1− 2M

R

)
, (4.5.2)

Continuity of grr :

B2
0(R) =

(
1− 2M

R

)−1

. (4.5.3)

Radial pressure disappears at a finite value of the radial parameter r which defines the

star’s radius. Therefore, the radius of the star can be determined by applying the condition

pr(r = R) = 0.

The above boundary conditions determine the model parameters. 3 model parameters

with three equations are obtained in total. By fixing mass and radius of stars, the model

parameters can be determined in principle. These parameters are utilized to represent all

the physically relevant quantities graphically.

4.6 Model with Observational Data

A specific pulsar 4U 1608−52 has been chosen and the following criteria has been checked.

It’s the right time to validate this theoretical model against experimentally observed data

from various reliable sources on neutron star masses and radii. For this purpose the mass
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Fig. 4.1. Variation of Complexity function YTF with radial parameter ‘r’

and radius of observed pulsars were used as input parameters and the physical consistency

of the model was assessed. The pulsar 4U 1608− 52 km [ Roupas and Nashed (2020) ] with

its recent estimated mass has been considered = 1.57+0.30
−0.29 M⊙ and radius = 9.8±1.8. With

these mass and radius constrains α = 0.80375, β = −0.20676 and L = 25.81 are obtained,

using the junction conditions. The values of these constants thus obtained various physical

quantities have been plotted graphically.

The regular and well-behaved nature of all relevant physical quantities, along with the

fulfillment of the necessary conditions, suggests that the model aligns with the experimental

data, making it suitable for describing a physically realistic and plausible star.
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Fig. 4.2. Variation of Π(pr − pt) with radial parameter ‘r’
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Fig. 4.3. Variation of density inhomogeneity with radial parameter ‘r’

Measure of the deviation from uniformity in the physical characteristics of the system

that is complexity is depicted in Fig.4.1. From this figure it can be shown that there is a

definite variation of complexity factor YTF with compactness C, complexity is increasing

when compactness is increasing. One can note the same pattern with the anisotropy and

energy density inhomogeneity depending on compactness refers in Figs.4.2-4.3.

4.7 Validation of the Model: Physical Analysis

In this section, the goal is to demonstrate that all the physical requirements stated in the

previous Sec.4.5 are satisfied for this model.

4.7.1 Metric Coefficients

The gravitational potentials at the origin of the star are finite at the center (r = 0) of the

stellar configuration. A2
0(0) = (α+β)2 = constant, B2

0(0) = 1. Also this has been checked

that (A2
0(r))

′
r=0 = (B2

0(r))
′
r=0 = 0. These imply that the metric is regular at the center and

regular throughout the stellar interior.

In Fig.4.4, the metric potentials for the pulsar 4U 1608 − 52 have been graphically

depicted, highlighting their regularity and non-singular nature. This figure depicts the

smooth matching of the interior space time with that of the exterior metric over the bounding

surface.
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4.7 Density Profile
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4.7.2 Density Profile

The value of the density at the centre in this model is ρ(0) = 12
L2 ,

Note that the density is always positive as the curvature parameter L is positive.
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Fig. 4.5. Density Profile

Fig.4.5 demonstrates that the energy density monotonically decreases from its maximum

value at the center to the surface, as expected.

4.7.3 Pressures Profile

For this model the values of the radial pressure and tangential pressure at the center are

pr(0) = − 4β
L2(α+β)

,

pt(0) = − 4β
L2(α+β)

.
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4.7 Anisotropy

That is at the center, the radial pressure and tangential pressure are equal, indicating

that pressure anisotropy vanishes, as expected. According to Zeldovich’s condition, pr/ρ

must be ≤ 1 at the centre. Therefore, − β
3(α+β)

≤ 1 i.e., 3α + 4β ≤ 0.
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Fig. 4.6. Radial and transverse pressure profiles

The variations of radial and tangential pressures are plotted in Fig.4.6, showing that

both decrease radially from their maximum value at the center towards the boundary. The

plot confirms that while the radial pressure drops to zero at the boundary, the tangential

pressure remains non-zero at the surface.

4.7.4 Anisotropy

Anisotropy mentioned in Eq.4.3.14 is depicted in the following figure.
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Fig. 4.7. Anisotropy profile
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4.7 Causality Condition

The radial variation of anisotropy, shown in Fig.4.7, is zero at the center and reaches its

maximum value at the surface.

4.7.5 Causality Condition

The radial(dpr
dρ
) and transverse velocity (dpt

dρ
) of sound (c = 1) are obtained from the expres-

sions

v2sr =
2

(−60L4 + 112L2r2 − 54r4)
(
βr2 − L2(α + β)

)2
×
[
4αβL2

(
L2 − r2

)3
+
(
6L4 − 8L2r2 + 3r4

) (
βr2 − L2(α + β)

)2
+12α

(
L3 − Lr2

)2 (
βr2 − L2(α + β)

)]
, (4.7.1)

v2st = −
4β
(
L2 − r2

)3 (
L2(4α + 3β)− 3βr2

)
(30L4 − 56L2r2 + 27r4)

(
βr2 − L2(α + β)

)2 . (4.7.2)

In this model the speed of sound is smaller than 1 in the interior of the star, i.e., 0 ≤ dpr
dρ

≤ 1,

0 ≤ dpt
dρ

≤ 1 which has been shown graphically in Fig.4.8.
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Fig. 4.8. Radial and transverse sound speed profile

In Fig.4.8, the sound speeds in the radial and transverse directions are plotted as a

function of the radial coordinate. The speeds stay within the required range throughout the

interior of the star (c = 1), ensuring that the causality condition is not violated.
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4.7 Energy Conditions

4.7.6 Energy Conditions

The energy conditions for an anisotropic fluid sphere require that the following terms remain

positive throughout the stellar interior:

ρ+ pr ≥ 0, ρ+ pt ≥ 0 and ρ+ pr + 2pt ≥ 0.

As evidenced by the graphical plot in Fig.4.9, these quantities are observed to remain positive

throughout the compact sphere, as expected. Also, trace energy condition refers as TEC =

ρ− pr − 2pt ≥ 0.
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Fig. 4.9. Energy Conditions

The Trace Energy Condition (TEC) is a less commonly discussed, but still important,

energy condition in general relativity. TEC can also be examined graphically ensuring the

combination of energy density and radial pressure within a compact object remains non-

negative, preserving the physical integrity of the object and preventing the occurrence of

exotic matter or unstable configurations. In this model TEC it is found to be satisfied

denoted by black curve in Fig.4.9.

4.7.7 Mass Function

The mass function of a compact object describes how the mass is distributed within the

object as a function of its radial coordinate. In the context of general relativity, for a

spherically symmetric compact object such as a star or a neutron star, the mass function is

used to determine the total mass enclosed within a given radius.
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4.7 EoS Parameter
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Fig. 4.10. Mass profile

The mass function is monotonically increasing the function of r. Also m(0) = 0 and

m(9.8) = 1.57M⊙ corresponds to centre and surface as shown in Fig.4.10. It is also shown

that mass function is regular at the centre.

4.7.8 EoS Parameter

EoS parameter is given by

ωr =
pr
ρ
; ωt =

pt
ρ
. (4.7.3)
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Fig. 4.11. Curve Fitting

106



4.8 Analysis of the Model’s Stability
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Fig. 4.12. EoS profile

To be non-exotic in nature the value of ωr and ωt should lie within 0 and 1. Our model

is shown to satisfies the condition 0 ≤ ωr ≤ 1, 0 ≤ ωt ≤ 1.

It is to be noted that in developing this model any EoS has not been considered. The

relationship between ρ and pr is inferred almost linear according to the relation given as pr =

−140.524+0.372848ρ in Fig.4.11. The relationship between the thermodynamic parameters,

energy density and pressure, is presented graphically without prescribing any specific EoS.

Thus, the nature of the EoS for the matter distribution is illustrated in Fig.4.12.

4.8 Analysis of the Model’s Stability

The stability of a compact star is governed by a delicate balance of gravitational forces,

internal pressure, thermodynamics and relativistic effects. Compact stars are stable as long

as they maintain hydrostatic equilibrium, resist both radial and non-radial instabilities and

stay within their mass limits.
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4.8 Equilibrium Condition

4.8.1 Equilibrium Condition

The stability of a star can be characterized by the well-known TOV equilibrium conditions.

A star maintains static equilibrium due to the combined effects of gravitational force, hy-

drostatic pressure and anisotropic pressure. This equilibrium is mathematically described

by the TOV equation, which is given by

−MG

r
(ρ+ pr)

A0(r)

B0(r)
− dpr

dr
+

2

r
(pt − pr) = 0, (4.8.1)

Here, MG(r) represents the gravitational mass of the star at a radial distance r. The

value of MG(r) can be derived using the Tolman-Whittaker formula in conjunction with

Einstein’s field equations and is expressed as

MG(r) =
rB0(r)A

′
0(r)

A2
0(r)

. (4.8.2)

Using the expression of MG(r) in Eq.(4.8.1) this is obtained

−A
′
0(r)

A0(r)
(ρ+ pr)−

dpr
dr

+
2

r
(pt − pr) = 0. (4.8.3)

The above equation is equivalent to Fg + Fh + Fa = 0, where,

Fg = −A
′
0(r)

A0(r)
(ρ+ pr), (4.8.4)

Fh = −dpr
dr

, (4.8.5)

Fa =
2

r
(pt − pr), (4.8.6)

represents the gravitational, hydrostatics and anisotropic forces respectively. The expres-

sions for different forces Fg, Fh and Fa can be expressed as,

Fg =
8αr

(
L2 − r2

)2 (
L2(3α + 2β)− 2βr2

)
L6
(
βr2 − L2(α + β)

)2 , (4.8.7)

Fh = − 2r

L8

[
4αβL2

(
L2 − r2

)3
+
(
6L4 − 8L2r2 + 3r4

) (
βr2 − L2(α + β)

)2
+12α

(
L3 − Lr2

)2 (
βr2 − L2(α + β)

) ]
, (4.8.8)

Fa =
2
(
6L4r − 8L2r3 + 3r5

)
L8

. (4.8.9)
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4.8 Adiabatic Index
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Fig. 4.13. Different forces

Fig.4.13 depicts the nature of all these forces thus satisfying the TOV equation.

4.8.2 Adiabatic Index

One important criterion for the stability of any stellar configuration is to examine the adia-

batic index. The adiabatic index (denoted by Γ) is defined as the ratio of two specific heats

[ Chan et al. (1993) ] is expressed as

Γ =
ρ+ pr
p

dpr
dρ

. (4.8.10)
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4.8 Herrera Cracking Condition

The stability of a relativistic anisotropic compact star maintain as long as the value of

the adiabatic index Γ > 4/3. This feature is shown to satisfy in Fig.4.14.

4.8.3 Herrera Cracking Condition

Another key method for analyzing the stability of anisotropic stars is the cracking condition,

introduced by Herrera (1992). In the cracking method, a small perturbation is introduced

at a specific point, causing a slight deviation or split from the equilibrium configuration,

without leading to collapse or expansion. The cracking method investigates the behavior of

the matter distribution after it deviates from equilibrium, allowing for the examination of

potentially stable or unstable anisotropic configurations. Subsequently, Abreu et al. (2007)

identified the stable region of an anisotropic fluid sphere by imposing a constraint on the

sound speeds, expressed as −1 ≤ v2t − v2r ≤ 0. This condition is satisfied in the current

model, as depicted graphically in Fig.4.15.
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Fig. 4.15. Difference in sound speeds

4.9 Mass-Radius Relationship

The mass-radius relationship of compact stars is a critical aspect of their stability. This

relationship describes how the mass of a star correlates with its radius and it provides

important insights into the internal structure and physical limits of compact stars.

In Fig.4.16, the mass-radius (M − R) relationship is presented which is derived for a

110



4.10 Discussion
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Fig. 4.16. Mass-Radius (M-R) profile

fixed surface density of 4.7 × 1014 g/cm3. Notably, several known pulsars namely SAX

J1748.9− 2021 (M = 1.81+0.25
−0.37M⊙; R = 11.7± 1.7 km), 4U1820− 30 (M = 1.46± 0.21M⊙;

R = 11.1 ± 1.8 km), Vela X-1 (M = 1.77 ± 0.08M⊙; R = 10.654 km), Her X - 1 (M

= 0.85 ± 0.15M⊙; R = 8.1 km), GW170817 − 1 (M = 1.45M⊙; R = 11.9 km) and the

secondary component of GW190814 (2.59+0.08
−0.09M⊙) align with this plot, indicating that this

model accurately predicts the characteristics of these well-known stars.

4.10 Discussion

This study develops and validates an exact solution to the Einstein field equations for

a static, spherically symmetric, anisotropic stellar fluid sphere with non-zero complexity,

using pulsar data for validation and standard stability conditions. In this chapter, despite

not prescribing a specific EOS, this was possible to identify the linkage between the density

and pressure distributions which is almost linear.

It has been observed that the parameter YTF exhibits a definite pattern of variation with

the compactness C of stars. YTF increases with compactness of stars. Also, the anisotropy

parameter Π follows a consistent pattern with respect to C as YTF and density inhomogene-

ity. This suggests that as the compactness of the stars changes, both anisotropy and density

inhomogeneity adjust in a manner that ensures a regular and predictable behavior in the

YTF parameter. The combined influence of anisotropy and density inhomogeneity appears

to be coordinated to maintain a specific trend in YTF as the compactness C varies.

One interesting outcome of the study is the generation ofM−R curves that predicts the

mass-radii characteristics of some well-known pulsars. One can note that this model predicts

the existence of compact objects with masses more than 2M⊙ in addition of low-mass stars.

111



4.10 Discussion

The complexity factor can be utilized to explore variations in stellar complexity across

different polytropic indices and anisotropic models, offering insights into how anisotropy

affects overall complexity.
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Chapter 5

A Reissner-Nordström+Λ Black Hole

in the Friedman-Robertson-Walker

Universe

5.1 Introduction

Ever since their advent black holes have been studied in a great detail. However, almost all

previous studies have focused either on isolated or binary black holes. But in reality black

holes are neither isolated nor only in binaries. They are actually embedded in the background

of expanding universe. Therefore, one must study black holes in non-flat backgrounds in

order to understand the black holes in real universe.

The main motivation to study (2 + 1)-dimensional spacetimes admitting black hole so-

lutions is that the d = 3 cases have now attracted more attention and interest as compared

to other (d ≥ 4) spacetimes with special mass and charge dependence. The solution of the

Einstein field equations in (2+ 1)-d exhibit many characteristics of the (3+ 1)-d black hole.

Moreover the structure of (2 + 1)-d black hole is simple enough to derive a number of exact

computations, particularly in the quantum realm and string theory, which are not possible

in (3+1) dimensions. Such study may also give a way to unify gravity and quantum theory.

It’s known that the entropy of a black hole is proportional to its surface area, which is

also consistent with a (2 + 1)-d black hole. Further exploration is focused on deriving the

equation of motion for geodesics in vicinity of spacetime of a (2 + 1)-dimensional charged
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5.1 Introduction

black hole.

It is well known also that at the core or center of a black hole, according to general

relativity, is a gravitational singularity, which is indeed a one-dimensional point. Its huge

mass is located in an infinitesimal small space, where density as well as gravity is infinite

and space-time curves infinitely. Hence, the notion of an actual physical singularity appears

quite unlikely and possibly points to general relativity being rather incomplete.

The work on (2+ 1)-d gravity theories has seen a great increase after the discovery that

(2 + 1)-d general relativity possesses a black hole solution [ Banados et al. (1992) ]. It is

the first example in this regard. The authors have observed that the fascinating properties

of classical and especially quantum black hole, have long made it desirable to work on a

lower-dimensional analog which could exhibit the key features and avert the unnecessary

complications. It has been observed that such analog does exist in standard (2 + 1)-d

Einstein-Maxwell theory with a negative cosmological constant. This has further motivated

us to work on (2 + 1)-d black hole including the cosmological constant inside it.

Later on, Einstein-Maxwell [ Martinez et al. (2000) ] and Einstein-Maxwell-dilaton [ Chan

and Mann (1994) ] extensions were also found. The authors studied black hole solutions

which include all special characteristics that are observed in (3 + 1) or higher dimensional

black holes like horizon(s), black hole thermodynamics as well as Hawking radiation.

The dimensional reduction of black hole solutions in 4D general relativity is done and

new 3D black hole solutions with an isotropic event horizon are obtained by Zanchin et

al. (2002). Such event horizon is a typical characteristic of black hole and is an important

study in our research too. The authors considered a 4D spacetime with one spacelike Killing

vector and observed that it is possible to split the Einstein-Hilbert-Maxwell action with a

cosmological term in terms of 3D quantities. The authors Zanchin and Miranda (2004) have

further formulated the three-dimensional Einstein-Maxwell-dilaton theory from the usual

four-dimensional Einstein-Maxwell-Hilbert action for general relativity and observed that

the 3D static spherically symmetric solution is analogous to the 4D Reissner-Nordström

anti-de Sitter black hole. A particular case of the 3D action which presents Maxwell field,

dilaton field and an extra scalar field, besides gravity field and a negative cosmological

constant is chosen by them and new 3D static black hole solutions are obtained.

Gurtug et al. (2012) have constructed a large class of black hole solutions by the power
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5.1 Introduction

Maxwell field. Here the Maxwell scalar has the form (FµνF
µν)k. The particular choice of

k = d
4
, yields in general a traceless Maxwell’s energy-momentum tensor. They however

observed that k = 3
4
yields a general solution in (2+1)-dimensional Einstein-power-Maxwell

spacetime which is devoid of the traceless condition.

The references are much more, but limited here, which have aroused the interest to study

the Reissner-Nordström+Λ (RN+Λ) black hole in the Friedman-Robertson-Walker universe.

The study on black holes is not completely new. It started long back in 1933 when

McVittie (1933) obtained his celebrated metric for a mass-particle in an expanding universe.

This metric is nothing but the Schwarzschild black hole which is embedded in the Friedman-

Robertson-Walker universe. In 1993, Kastor and Traschen found the multi-black holes

solution in the background of de Sitter universe [ Kastor and Traschen (1993a, 1993b) ]. The

Kastor-Traschen solution describes the dynamical system of arbitrary number of extreme

Reissner-Nordström (RN) black holes in the background of de Sitter universe. In 1999,

Shiromizu and Gen studied charged rotating black hole in de Sitter background[ Shiromizu

and Gen (2000) ]. In 2000, Nayak et al. studied the solutions for the Schwarzschild and Kerr

black holes in the background of the Einstein universe [ Nayak et al. (2000) and Nayak and

Vishveshvara (2000) ]. In 2004 Gao et al. studied RN black hole in the expanding universe

[ Gao and Zhang (2004) ].

In this chapter, the above studies are extended from charged black holes into charged

black holes which have cosmological constant inside them. It has been found in the literature

that there are three possible black hole solutions depending on the cosmological constant

being (i) positive (ii) negative and (iii) zero [ Bousso (2011) ]. First a RN+Λ metric is

deduced for a black hole in the expanding universe.It’s shown that several special cases of

our solution are exactly the same as some solutions discovered previously.Then the effects

of the evolution of the universe on the size, mass and charge of the black hole are studied.

It’s known that black holes exert a strong gravitational influence due to their mass, just

like every other massive object in the Universe. This is how the mass of black holes is

actually discovered and measured, by watching their effect through gravitational lensing,

accretion, X-ray emissions etc. The next chapter explores the effects of strong gravitational

lensing around a black hole and its shadow. For instance, the supermassive black hole at

the center of the Milky Way galaxy is so strong gravitationally that the stars very near to
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5.2 Interior Reissner-Nordström with Λ Metric

it, orbit at a very, very high rate. Using this and the equations that describe the orbits of

these stars, the mass of the black hole can be actually estimated.

Kaloper et al. (2010) has analyzed the McVittie solutions of Einstein’s field equations for

describing the gravitational fields of spherically symmetric mass distributions in expanding

FRW universes. They focused on spatially flat McVittie geometries and showed that the

McVittie solutions which asymptote to FRW universes and dominated by a positive cosmo-

logical constant at late times are black holes with regular event horizons. Near the black

hole the charge contributions correct the effective potential for the scalar and give it a large

mass, as the supersymmetric attractor mechanism in asymptotically flat black holes.

Maki and Shiraishi (1993) have studied (N + 1)-dimensional cosmological solutions de-

scribing the multi-black hole configuration in the same system with a cosmological constant.

They investigated that the cosmological evolution of the scale factor depends on the cou-

pling of the dilaton to the cosmological constant. The outline of this chapter is envisaged

as follows:

In section 5.2 the Einstein-Maxwell field equations have been solved for the static spheri-

cally symmetric line element for interior spacetime of a RN+Λ black hole. The event horizons

have been studied. The pressure, matter density and proper charge density of the black hole

has been expressed in terms of the mass, charge and the cosmological constant (Λ). The

geodesics have been further verified. In section 5.3 the RN+Λ metric is transformed to the

McVittie form [ McVittie (1933) ] under suitable transformation conditions for compatible

study with respect to the FRW universe. The various subconditions are specified. In section

5.4 the boundary conditions are discussed and the negative value of cosmological constant

inside the black hole is further confirmed. The value of the curvature parameter k in the

FRW metric is discussed. That the transformed RN+Λ metric is an exact solution of the

Einstein-Maxwell field equations and the metric is physically relevant has been studied in

section 5.5 .The Darmois-Israel matching conditions are discussed in section 5.6. In section

5.7 the surface continuity is further studied.

5.2 Interior Reissner-Nordström with Λ Metric

It’s known that if an electrically charged particle falls into the Schwarzschild black hole

it becomes charged. To describe such a black hole one has to solve the Einstein-Maxwell
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5.2 Interior Reissner-Nordström with Λ Metric

equations considering the stress-energy tensor of the electromagnetic field. RN+Λ metric

is a static solution to the Einstein-Maxwell field equations, which corresponds to the elec-

trovacuum gravitational field of a charged, non-rotating, spherically symmetric black hole of

mass M. Hence, the analogue of the RN+Λ solution with exterior FRW metric for a space-

time with a cosmological constant is followed. Under such conditions, the metric of the line

element for the interior space-time of a static spherically symmetric charged distribution of

matter in (2 + 1) dimensions is of the form,

ds2 = −

(
1− 2M

r
+
Q2

r2
− Λr2

3

)
dt2 +

(
1− 2M

r
+
Q2

r2
− Λr2

3

)−1

dr2 + r2dθ2, (5.2.1)

where,

• Q : the charge of the black hole,

• Λ : the cosmological constant.

The charge Q has been included inside the metric. Unlike our 2+ 1-d metric, it is found

that the 3+1-d metric [ DeWitt-Morette and DeWitt (1973), Lake (1979), and Weyl (1919) ]

is devoid of any charge. The coordinate speed of light signal (Null geodesic) is obtained with

ds2 = 0, hence it is obtained from Eq.(5.2.1),

0 = −

(
1− 2M

r
+
Q2

r2
− Λr2

3

)
dt2 +

(
1− 2M

r
+
Q2

r2
− Λr2

3

)−1

dr2 + r2dθ2. (5.2.2)

This implies,(
dr

dt

2
)

=

(
1− 2M

r
+
Q2

r2
− Λr2

3

)
×
[(

1− 2M

r
+
Q2

r2
− Λr2

3

)
− r2

(
dθ

dt

)2 ]
. (5.2.3)

At the surface r = R on which dr
dt

= 0 (i.e on the RN+Λ black hole surface), light cannot

escape from this black hole surface thus,

1− 2M

R
+
Q2

R2
− ΛR2

3
= 0, (5.2.4)
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5.2 Horizons in the RN+Λ Spacetime

Besides the cosmological constant the charged black hole is characterized by two parameters,

the mass M and the electric charge Q.

5.2.1 Horizons in the RN+Λ Spacetime

On solving the above Eq.(5.2.4), four values of the radial parameter r are obtained and

given by,

r1 =
1

2

[
2

Λ
− a1

Λb1
− b1
c1

] 1
2

− 1

2

 4

Λ
+

a1
Λb1

+
b1
c1

− 12M

Λ( 2
Λ
− a1

Λb1
− b1

c1
)
1
2

 1
2

, (5.2.5)

r2 =
1

2

[
2

Λ
− a1

Λb1
− b1
c1

] 1
2

+
1

2

 4

Λ
+

a1
Λb1

+
b1
c1

− 12M

Λ( 2
Λ
− a1

Λb1
− b1

c1
)
1
2

 1
2

, (5.2.6)

r3 = −1

2

[
2

Λ
− a1

Λb1
− b1
c1

] 1
2

− 1

2

 4

Λ
+

a1
Λb1

+
b1
c1

− 12M

Λ( 2
Λ
− a1

Λb1
− b1

c1
)
1
2

 1
2

, (5.2.7)

r4 = −1

2

[
2

Λ
− a1

Λb1
− b1
c1

] 1
2

+
1

2

 4

Λ
+

a1
Λb1

+
b1
c1

− 12M

Λ( 2
Λ
− a1

Λb1
− b1

c1
)
1
2

 1
2

, (5.2.8)

where

a1 = 32
1
3 (1− 4Q2Λ), (5.2.9)

b1 =

[
54−972M2Λ+648Q2Λ+

[
(54−972M2Λ+648Q2Λ)2−4(9−36Q2Λ)3

] 1
2

] 1
3

(5.2.10)

c1 = 3.2
1
3Λ, (5.2.11)

From the above equations this can be observed that a1 depends on the charge of the

black hole and the cosmological constant, b1 depends on the mass, the charge of the black

hole and the cosmological constant whereas c1 depends only on the cosmological constant.

This is found from Eq.(5.2.7) that r3 is negative and hence unphysical, from Eqs.(5.2.5),

(5.2.6) and (5.2.8) that r1, r2, r4 are real and positive, depending upon suitable choice of

M,Q,Λ. Hence there are three possible horizons, from the innermost (depending on the
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5.2 Solutions of Einstein-Maxwell Equations in RN+Λ Spacetime

values of r), they are Cauchy horizon, event horizon and the cosmological horizon.

The horizons for RN metric are obtained by setting Λ = 0 in Eq.(5.2.4). Hence the

values of the radius of the horizon of the charged black hole in case of RN metric is,

r± =M ±
√
M2 −Q2, (5.2.12)

The larger one r+ is the event horizon, while the smaller one, r− is the inner or Cauchy

horizon located inside the black hole. The event horizon corresponds to,

r+ =M +
√
M2 −Q2, (5.2.13)

This is analog of the Schwarzschild radius and for Q = 0, r+ = rs = 2M .

5.2.2 Solutions of Einstein-Maxwell Equations in RN+Λ Space-

time

The metric Eq.(5.2.1) (considering spherical and planar (2+1)-dimensional black holes as [

Zanchin et al. (2002), Zanchin and Miranda (2004) ]) can be written in the form,

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2dθ2, (5.2.14)

where the following form is taken,

eν(r) = e−λ(r) =

(
1− 2M

r
+
Q2

r2
− Λr2

3

)
, (5.2.15)

The Hilbert action coupled given by ,

I =

∫ √
−g
(
R− 2Λ

16π
− 1

4
F c
aFbc + Lm

)
dx3, (5.2.16)

where, Lm is the Lagrangian for matter. The variation with respect to the metric gives

the following self consistent Einstein-Maxwell equations with cosmological constant Λ for a

charged (cosmological constant effective fluid) distribution,

Gab = Rab −
1

2
Rgab + Λgab = −8π

(
T PF
ab + TEM

ab

)
, (5.2.17)
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5.2 Solutions of Einstein-Maxwell Equations in RN+Λ Spacetime

The explicit forms of the energy momentum tensor components for the matter source, this

was assumed that the matter distribution at the interior of the black hole is (cosmological

constant effective fluid) type and electromagnetic fields are given by,

T PF
ab = (ρ+ p)uaub + pgab, (5.2.18)

TEM
ab = − 1

4π

(
F c
aFbc −

1

4
gabFcdF

cd

)
, (5.2.19)

where,

• ρ : matter density of a fluid element,

• p : fluid pressure of a fluid element,

• ui : velocity three vector of a fluid element,

• Fab : electromagnetic field tensor.

Here, the electromagnetic field is related to current three vector

J c = σ(r)uc, (5.2.20)

as

F ab
;b = −4πJa, (5.2.21)

where,

• σ(r) : the proper charge density of the distribution.

In this consideration, the three velocity is assumed as ua = δta and consequently the

electromagnetic field tensor can be given as,

Fab = E(r)
(
δtaδ

r
b − δraδ

t
b

)
, (5.2.22)

where,

• E(r) : the electric field.
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The Einstein-Maxwell equations with the assumption, cosmological constant (Λ < 0),

for the black hole metric in Eq.(5.2.14) together with the energy-momentum tensor given

in Eqs.(5.2.18), (5.2.19) along with Eqs. (5.2.20), (5.2.21) and (5.2.22) yield (rendering

G = c = 1)

λ′e−λ

2r
= 8πρ(r) + E2(r) + Λ (5.2.23)

ν ′e−λ

2r
= 8πp(r)− E2(r)− Λ (5.2.24)

e−λ

2

(
1

2
ν ′2 + ν ′′ − 1

2
ν ′λ′

)
= 8πp(r) + E2(r)− Λ (5.2.25)

σ(r) =
e−

λ
2

4πr2
(
r2E(r)

)′
(5.2.26)

where a (′) denotes differentiation with respect to the radial parameter r. When E = 0,

the Einstein-Maxwell system given above reduces to the uncharged Einstein system.

Here the term σ(r)e
λ(r)
2 [ Usmani et al. (2011) ] is equivalent to the volume charge density

in (2 + 1)-d. The proper charge density σ(r) is considered as a polynomial function of r.

The Einstein-Maxwell equations in Eqs.(5.2.23), (5.2.24) and (5.2.25), using Eq.(5.2.15)

reduce to,

8πρ(r) + E2(r) + Λ = −1

r

(
M

r2
− Q2

r3
− Λr

3

)
(5.2.27)

8πp(r)− E2(r)− Λ =
1

r

(
M

r2
− Q2

r3
− Λr

3

)
(5.2.28)

8πp(r) + E2(r)− Λ =
3Q2

r4
− 2M

r3
− Λ

3
(5.2.29)

On adding Eqs.(5.2.27) and (5.2.28) it is obtained,

16πp(r) = −16πρ(r) =
2Q2

r4
− M

r3
+

4Λ

3
(5.2.30)

The equations for pressure and matter density are evident from Eq.(5.2.30). Both should

be dependent on the radial parameter r. It is observed from the above Eq.(5.2.30), that the
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5.2 Physical Significance of Pressure and Matter Density

particular case of (Λ = 0, r2 < 2Q2

M
) is not valid, which makes the energy density negative.

Hence the cosmological constant should be negative, which is further verified in the following

sections. Now solving Eq.(5.2.27) and Eq.(5.2.30), the E(r) can be obtained,

E(r) =

(
2Q2

r4
− 3M

2r3

) 1
2

(5.2.31)

It is observed that the electric field E(r) which is dependent on r but is independent of

the cosmological constant. It can also be observed that the electric field is non-vanishing

and imaginary, if Q = 0 and hence the field is limited to our RN +Λ black hole and cannot

be reduced to the Schwarzschild form, as a particular case.

Now using Eq.(5.2.31) in Eq.(5.2.26) it is evaluated that,

σ(r) =

(
1− 2M

r
+ Q2

r2
− Λr2

3

) 1
2
(

3M
2r3

− 3Q2

r4

)
2πr

(
2Q2

r4
− 3M

2r3

) 1
2

. (5.2.32)

This shows the proper charge density is also dependent on r.

5.2.3 Physical Significance of Pressure and Matter Density

For interior solutions p = −ρ is deduced. It is equivalent to p = ωρ, where it’s taken ω = −1.

This type of equation of state is available in the literature and is known as a false vacuum,

degenerate vacuum or ρ-vacuum and represents a repulsive pressure [ Blome and Priester

(1984) ].

The following values of the parameters are chosen

Λ = −10−46km−2, M = 3.8M⊙, Q = 0.00089km,

The Fig.5.1 shows the variation of p(r) and ρ(r) against r.

Hence, this is observed from the Figs.5.1 and 5.2 that the black hole has a negative

pressure positive matter density respectively, which is due to the presence of exotic matter.

The pressure p(r) increases with the increase in radius and the matter density ρ(r) decreases

with the increase in radius.

This has been assumed that the effective mass of the black hole is M = 3.8M⊙. It can
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5.2 Physical Significance of Pressure and Matter Density

Fig. 5.1. Pressure p(r) has been depicted against r. The geometric unit of pressure here is
in km−2.

Fig. 5.2. Density ρ(r) has been depicted against r. The geometric unit of density here is
km−2.

Fig. 5.3. Proper charge density σ(r) has been depicted against r. The geometric unit of
proper charge density here is km−2.
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5.2 Geodesic Equations in RN+Λ Spacetime

also be observed via Eq.(5.2.30), that the physical parameters, viz. density and pressure

are dependent on the charge. Also, if σ(r) = 0, then from Eq.(5.2.32), it’s obtained that

M = 2Q2

r
and both the parameters p(r) and ρ(r) in Eq.(5.2.30), become constant, being de-

pendent only on Λ. Therefore, our solutions provide electromagnetic mass model, such that

for vanishing charge density σ(r), the physical parameters (pressure and density) becomes

constant.

Fig.5.3 shows the variation of the proper charge density against r. This is observed

that the proper charge density is maximum at the centre and decreases with the increase in

radius.

5.2.4 Geodesic Equations in RN+Λ Spacetime

The geodesic equations is written as follows

d2t

ds2
+ ν ′

dt

ds

dr

ds
= 0, (5.2.33)

d2r

ds2
+

1

2
ν ′e(ν−λ)

(
dt

ds

)2

+
1

2
λ′
(
dr

ds

)2

− re−λ

(
dθ

ds

)2

= 0, (5.2.34)

d2θ

ds2
+

2

r

dθ

ds

dr

ds
= 0, (5.2.35)

Using Eq.(5.2.15), since ν = −λ, ν ′ = −λ′ and ν − λ = 2ν, it is found that

ν ′ =
2(

1− 2M
r

+ Q2

r2
− Λr2

3

) (M
r2

− Q2

r3
− Λr

3

)
, (5.2.36)

On integrating Eqs.(5.2.33) and (5.2.35), this is obtained

dθ

ds
=

k21
r2
, (5.2.37)

dt

ds
=

k22(
1− 2M

r
+ Q2

r2
− Λr2

3

) . (5.2.38)

here, k1, k2 are integrating constant will be determine in next part.
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5.2 Geodesic Equations in RN+Λ Spacetime

Putting the above values of dθ
ds

and dt
ds

in Eq.(5.2.34), this results in,

0 =
d2r

ds2
+

k22

(
M
r2

− Q2

r3
− Λr

3

)
(
1− 2M

r
+ Q2

r2
− Λr2

3

) −

(
M
r2

− Q2

r3
− Λr

3

)
(
1− 2M

r
+ Q2

r2
− Λr2

3

) (dr
ds

)2

−k
2
1

r3

(
1− 2M

r
+
Q2

r2
− Λr2

3

)
(5.2.39)

Also from the metric Eq.(5.2.14), on dividing each side by ds2, this is found that,

1 = −eν
(
dt

ds

)2

+ eλ
(
dr

ds

)2

+ r2
(
dθ

ds

)2

, (5.2.40)

Using Eqs.(5.2.37), (5.2.38) and (5.2.40) reduces to,

(dr
ds

)2
= k22 +

(
1− 2M

r
+
Q2

r2
− Λr2

3

)(
1− k21

r2

)
. (5.2.41)

Using Eq.(5.2.41) in Eq. (5.2.39), it is obtained,

d2r

ds2
=

(M
r2

− Q2

r3
− Λr

3

)
+ k21

( 1

r3
− 3M

r4
+

2Q2

r5

)
. (5.2.42)

Multiplying the Eq.(5.2.42) by 2dr
ds

and integrating both sides w.r.t ds it is obtained that

(dr
ds

)2
= 2

[
− M

r
+
Q2

2r2
− Λr2

6
+ k21

(
− 1

2r2
+
M

r3
− Q2

2r4

)]
, (5.2.43)

On equating Eqs.(5.2.41) and (5.2.43), it is observed that

k22 = −
(Λk21

3
+ 1
)
. (5.2.44)

Hence this can be observed that the cosmological constant can have a negative value as is

confirmed from the above Eq.(5.2.44) [ Maeda and Ohta (2014) ]. Therefore, our assumption

has been confirmed to be correct.
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5.3 Metric for Interior RN+Λ and Exterior FRW Space-

times

The metric for RN+Λ black hole in (2 + 1) dimensions is given by Eq.(5.2.1). For the

sake of convenience the metric is transformed under isotropic conditions with the following

transformations, using x0 = v and x1 = x, as

2t = v, 2s = l, 2r = x

[(
1 +

M

x

)2

− Q2

x2
+ Λe−2x

]
. (5.3.1)

Hence Eq.(5.2.1) is transformed as,

dl2 = −

(
1− M2

x2 + Q2

x2 − Λe−2x
)2

[(
1 + M

x

)2 − Q2

x2 + Λe−2x
]2dv2 +

[(
1 +

M

x

)2

− Q2

x2
+ Λe−2x

]2
(dx2 + x2dθ2),

(5.3.2)

The line element for the exterior space-time in FRW metric is considered in the form,

dl2 = −dv2 + a2 (v)

(1 + kx2

4
)2
(dx2 + x2dθ2). (5.3.3)

Here a(v) is the scale factor of the universe and k denotes the space-time curvature. The

above RN+Λ metric embedded in FRW universe is represented as follows

dl2 = −P 2 (v, x) dv2 + T 2 (v, x)
(
dx2 + x2dθ2

)
. (5.3.4)

where,

T (v, x) =

[
g(v, x) +

z(v)

x

]2
− h(v)

x2
+ Λg2e−2bgx, (5.3.5)

P (v, x) = f(v)
Ṫ

2T

=

[
ġf

g
+ (gż + ġz)

f

g2x
+
zżf

g2x2
− ḣf

2g2x2
− Λe−2bgx

]

×

[(
1 +

z

gx

)2

− h

g2x2
+ Λe−2bgx

]−1

. (5.3.6)
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where ( . ) denotes differentiation with respect to v and b(v) is the scale factor under the

transformed conditions.The limit is considered when fġ
(
bx− 1

g

)
→ 1.

Asymptotic flat conditions is considered where P (v = const., x) is reduced to
√
g00 term

in Eq.(5.3.2). Hence on comparing the
√
g00 term of Eq.(5.3.6) with that of Eq.(5.3.2), it is

found that the following identities hold

(i) ġf
g
= 1,

(ii) (gż + ġz) f
g2x

= 0,

(iii) zżf
g2x2 = −( z

gx
)2

(iv) − ḣf
2g2x2 = h

g2x2 .

Now, (i)-(iv) reduce to (v)

(v) ġf = g, żf = −z, ḣf = −2h;

On suitable transformations assuming, f = b
ḃ
and g = b(v)√

1+ kx2

4

, it is obtained,

(vi) z = M
b
, h = Q2

b2
.

Here the integration constants M and Q are related to the mass and charge of the black

hole respectively.

On substituting the above Eqs.(5.3.4), (5.3.5) and (5.3.6) in Eq.(5.3.2) with the above

transformations under suitable conditions, the final RN+Λ metric in (2 + 1) dimensions in

the FRW background is observed as follows

dl2 = −

1−
M2

(
1+ kx2

4

)
a2x2 +

Q2

(
1+ kx2

4

)
a2x2 − Λe

− 2ax√
1+ kx2

4

2

(1 + M

√
1+ kx2

4

ax

)2

−
Q2

(
1+ kx2

4

)
a2x2 + Λe

− 2ax√
1+ kx2

4

2dv
2 +

(
dx2 + x2dθ2

)

× a2(
1 + kx2

4

)2

1 +

M
√
1 + kx2

4

ax


2

−
Q2
(
1 + kx2

4

)
a2x2

+ Λe
− 2ax√

1+ kx2
4


2

,

(5.3.7)
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here a = a(v) → b2(v).

If k = 0, the above Eq.(5.3.7) reduces to,

dl2 = −

(
1− M2

a2x2 +
Q2

a2x2 − Λe−2ax
)2

[(
1 + M

ax

)2 − Q2

a2x2 + Λe−2ax
]2dv2+a2

[(
1 +

M

ax

)2

− Q2

a2x2
+ Λe−2ax

]2 (
dx2 + x2dθ2

)
,

(5.3.8)

It’s known that a(v) = eHv where H is the Hubble constant. If further H = 0, then

a(v) = 1 and the Eq.(5.3.2) is restored from Eq.(5.3.8). However Q = 0 reduces the above

Eq.(5.3.7) to,

dl2 = −

1−
M2

(
1+ kx2

4

)
a2x2 − Λe

− 2ax√
1+ kx2

4

2

(1 + M

√
1+ kx2

4

ax

)2

+ Λe
− 2ax√

1+ kx2
4

2dv
2 +

a2

(1 + kx2

4
)2

×


1 +

M
√
1 + kx2

4

ax


2

+ Λe
− 2ax√

1+ kx2
4


2 (
dx2 + x2dθ2

)
, (5.3.9)

which is just the McVittie solution. For the extreme RN black hole case M = Q and

k = 0 in presence of cosmological constant, the Eq.(5.3.7) is reduced to

dl2 = −
(
1− Λe−2ax

)2(
1 + 2M

ax
+ Λe−2ax

)2dv2 + a2
(
1 +

2M

ax
+ Λe−2ax

)2 (
dx2 + x2dθ2

)
, (5.3.10)

If Λ = 0 the above Eq.(5.3.10) further takes the form,

dl2 = − 1(
1 + 2M

ax

)2dv2 + a2
(
1 +

2M

ax

)2 (
dx2 + x2dθ2

)
, (5.3.11)

If the scale factor a(v) = 1, whenH = 0, the above Eq.(5.3.11) reduces to the Schwarzschild

metric in an FRW present day accelerating universe.
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5.4 Boundary and Matching Conditions with the Ex-

terior FRW Universe

Matching conditions of gvv, gxx and ∂gvv
∂x

at x = R are used. It’s found from Eq.(5.3.3) and

Eq.(5.3.7) three results which are enunciated below,

5.4.1 Continuity of gvv1−
M2

(
1+ kx2

4

)
a2x2 +

Q2

(
1+ kx2

4

)
a2x2 − Λe

− 2ax√
1+ kx2

4

2

(1 + M

√
1+ kx2

4

ax

)2

−
Q2

(
1+ kx2

4

)
a2x2 + Λe

− 2ax√
1+ kx2

4

2 = 1. (5.4.1)

Thus the scale factor a(v) is expressed by the following equation,

M2
(
1 + kx2

4

)
a2x2

+
M
√

1 + kx2

4

ax
−
Q2
(
1 + kx2

4

)
a2x2

+ Λe
− 2ax√

1+ kx2
4 = 0, (5.4.2)

Hence Λ is negative for a positive mass. For the extreme RN case when Q =M ,

M
√

1 + kx2

4

ax
+ Λe

− 2ax√
1+ kx2

4 =
Q
√

1 + kx2

4

ax
+ Λe

− 2ax√
1+ kx2

4 = 0. (5.4.3)

As Λ is constant the above Eq.(5.4.3) indicates that, for an observer at infinity, the mass

and charge of the black hole decreases with the expansion of the universe whereas both

increases with the contraction of the universe.

If Q = 0 it is obtained,M
√

1 + kx2

4

ax


1 + M

√
1 + kx2

4

ax

+ Λe
− 2ax√

1+ kx2
4 = 0, (5.4.4)
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5.4.2 Continuity of gxx

a2(v)(
1 + kx2

4

)2 =
a2(v)(

1 + kx2

4

)2

1 +

M
√

1 + kx2

4

ax


2

−
Q2
(
1 + kx2

4

)
a2x2

+ Λe
− 2ax√

1+ kx2
4


2

(5.4.5)

The above Eq.(5.4.5) gives another expression for a(v) as,

M2
(
1 + kx2

4

)
a2x2

+
2M
√

1 + kx2

4

ax
−
Q2
(
1 + kx2

4

)
a2x2

+ Λe
− 2ax√

1+ kx2
4 = 0, (5.4.6)

It can be observed via Eq.(5.4.2) and Eq.(5.4.6) that as Λ has a negative value of the

order 10−46, the term containing Λ can be eliminated to obtain the value of the constant

k = −0.0278 in both the equations, considering the scale factor, a(v) = 1 for the present

day accelerating universe.

5.4.3 Continuity of ∂gvv
∂x at x = R

2

2−

√
1 + kx2

4

ax




M2(
ax√
1+ kx2

4

)3 − Q2(
ax√
1+ kx2

4

)3 + Λe
− 2ax√

1+ kx2
4

+

√
1 + kx2

4

ax
= 0,(5.4.7)

Hence at x = R it is obtained,

2

2−

√
1 + kR2

4

aR




M2(
aR√
1+ kR2

4

)3 − Q2(
aR√
1+ kR2

4

)3 + Λe
− 2aR√

1+ kR2
4

+

√
1 + kR2

4

aR
= 0,(5.4.8)

In the extreme RN case when Q =M it is found,
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Λ = − e

2aR√
1+ kR2

4

2

(
2aR√
1+ kR2

4

− 1

) (5.4.9)

As Λ is negative, 2aR√
1+ kR2

4

>1. Hence R> 2√
16a2−k

, where k is the curvature of space-time.

The curvature parameter k may take values of 0, +1 or -1, depending on whether 3-D

spacetime is assumed to be Euclidean, spherical, or hyperbolic, respectively. Here this can

be observed that R is always positive for the accelerating universe, if it’s taken a(v) = 1

and k = 1.

For Q = 0 in Eq.(5.4.7),

Λ = −e
2aR√
1+ kR2

4


M2(
aR√
1+ kR2

4

)3 +
1

2

(
2aR√
1+ kR2

4

− 1

)
 (5.4.10)

which represents the cosmological constant inside the Schwarzschild black hole and also has

a negative value.

Q = 0.00089 km and c=1 are considered as geometric units. However when converted

to SI units, it is obtained Q = 1.03419× 1017 coulomb.

5.5 Physical Relevance of RN+Λ Metric

It is found that the final RN+Λ metric in Eq.(5.3.7) satisfies the field equations Eqs.(5.2.23)-

(5.2.26). The Einstein tensor Gµν and the energy momentum tensor T PF
ab and TEM

ab for

cosmological constant effective fluid and electromagnetic fields w.r.t the metric are easily

obtained. Using Eqs.(5.2.18) - (5.2.22) the non-vanishing components of the electromagnetic

tensor Fab is deduced as,
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F 01 = E1 =

[
2(4 + kx2)

(
e

4ax√
4+kx2

(
− 4a2x2 +M2(4 + kx2)−Q2

(
4 + kx2

) )
+ 4a2x2Λ

)
(
e

4ax√
4+kx2

(
4a2x2 + 4aMx

√
4 + kx2 +M2(4 + kx2)−Q2(4 + kx2)

)

+4a2x2Λ

)4]− 1
2
[
32a3e

12ax√
4+kx2 x3

(
(4 + kx2)

(
e

8ax√
4+kx2M(M2 −Q2)2

(−2 + kx2)(4 + kx2)
5
2 + 4ae

8ax√
4+kx2 × (M2 −Q2)x(4 + kx2)2(

2kM2x2 +Q2(4− kx2)
)
+ 8a2e

4ax√
4+kx2M(M2 −Q2)x2(4 + kx2)

3
2(

3e
4ax√
4+kx2 (2 + kx2) + 8Λ

)
+ 16a3e

4ax√
4+kx2 x3(4 + kx2)

(
e

4ax√
4+kx2

(
2M2

(4 + kx2)−Q2(8 + kx2)
)
+
(
8M2 −Q2(8 + kx2)

)
Λ

)
+ 16a4Mx4

√
4 + kx2(6 + kx2)

(
e

8ax√
4+kx2 − Λ2

))
+ 16a3x3Λ

(
e

4ax√
4+kx2

(
M3

(−16 + kx2)(4 + kx2)2 + 6aM2x
√
4 + kx2(−40− 6kx2 + k2x4)

+2ax
√
4 + kx2

(
4a2x2(2 + kx2) +Q2(88 + 18kx2 − k2x4)

)
−M(4

+kx2)
(
− 12a2x2(−4 + kx2) +Q2(−64− 12kx2 + k2x4)

))

+4a2x2
(
2ax(2 + kx2)

√
4 + kx2 +M(32 + 12kx2 + k2x4)

)
Λ

)

+128a4x4

(
2ae

4ax√
4+kx2 (3M2 −Q2)x(4 + kx2) + e

4ax√
4+kx2M

(M2 −Q2)(4 + kx2)
3
2 + 8a3x3

(
e

4ax√
4+kx2 − 2Λ

)
+4a2Mx2

√
4 + kx2

(
3e

4ax√
4+kx2 − 2Λ

))
Λ

] 1
2

(5.5.1)
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which reduces significantly as follows when Q =M ,

F 01 = E1 =

[
2(4 + kx2)

(
e

4ax√
4+kx2 (−4a2x2) + 4a2x2Λ

)(
e

4ax√
4+kx2 (4a2x2 + 4aMx

√
4 + kx2)

+4a2x2Λ
)4]− 1

2
[
32a3e

12ax√
4+kx2 x3((4 + kx2)(16a3e
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√
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√
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+M(32 + 12kx2 + k2x4))Λ
)
+ 128a4x4
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4aM2e

4ax√
4+kx2 x(4 + kx2) + 8a3x3
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4ax√
4+kx2 − 2Λ

)
+ 4a2Mx2

√
4 + kx2

(
3e

4ax√
4+kx2 − 2Λ

))
Λ

] 1
2

(5.5.2)

Also since Fab = Aa;b−Ab;a , using Eq.(5.5.1), the non-vanishing components of the potential

Aa is obtained as,

A0 =

∫
F 01g00g11dx (5.5.3)

Furthermore the Eq.(5.5.1) satisfies F ab
;b = 0. From Eq.(5.2.17) Gab

;b = 0 always holds,

hence this can be obtained, T PF
ab;b +T

EM
ab;b = 0. This can be also found that the above relation

is satisfied using equations Eqs.(5.2.18) and (5.2.19) as,

uaT
PF
ab;b = T PF

0b;b = p,bg0b + pg0b;b + (ρ+ p),bubu0 + (ρ+ p)[ub;bu0 + u0;bub] = 0

and

4πT
ab(EM)
;b = F aα

;b F
b
α+F

aαF b
α;b− 1

2
gabFαβF

αβ = F aαF b
α;b+

1
2
gaζF bκ(Fζκ;b−Fζb;κ−Fκb;ζ) =

−F aαJα = 0.

So both T PF
ab and TEM

ab satisfy Bianchi identity. The proof is indicative of the fact

that Eq.(5.3.7) is an exact solution of the EM field equations and the metric is physically

relevant.
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5.6 Darmois-Israel Matching Conditions

The Darmois-Israel matching conditions have been studied [ Darmois (1927), Lanczos (1924),

Perry and Mann (1992), and Sen (1924),Papapetrou and Hamoui (1968) ]. The junction

conditions to match the inner and exterior metrics across the boundary surface x = x0,

are the continuity of first and second fundamental forms across that surface.A surface
∑

is

defined by the metric (where x = x0, the junction surface being an one dimensional ring of

matter) [ Lemos and Zanchin (2011) ],

dl2∑ = −dτ 2 + x20dθ
2, (5.6.1)

with the intrinsic coordinates of
∑

being ξm = (τ, θ). The inner and outer metrics from

Eqs.(5.3.7) and (5.3.3) are given as,

dl2− = −

(
1−

M2

(
1+ kx2

4

)
a2x2 +

Q2

(
1+ kx2

4

)
a2x2 − Λe

− 2ax√
1+ kx2

4

)2

[(
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M

√
1+ kx2

4

ax

)2
−

Q2

(
1+ kx2

4

)
a2x2 + Λe

− 2ax√
1+ kx2

4

]2
dv2 +

a2(
1 + kx2

4

)2[(1 + M
√
1 + kx2

4

ax

)2

−
Q2
(
1 + kx2

4

)
a2x2

+ Λe
− 2ax√

1+ kx2
4

]2
× (dx2 + x2dθ2), (5.6.2)

dl2+ = −dv2 + a2(v)(
1 + kx2

4

)2 (dx2 + x2dθ2), (5.6.3)

Here the coordinates (v, x, θ) are recognised in both the regions of the spacetime.

Now the boundary surface
∑

is considered which would imply as timelike

(
1−

M2

(
1+ kx2

4

)
a2x2 +

Q2

(
1+ kx2

4

)
a2x2 − Λe

− 2ax√
1+ kx2

4

)2
[(

1 +
M

√
1+ kx2

4

ax

)2
−

Q2

(
1+ kx2

4

)
a2x2 + Λe

− 2ax√
1+ kx2

4

]2 > 0

(5.6.4)
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The radial coordinate x is used as the matching parameter along the generators on
∑

,

the normal ηm to the surface has only the radial component ηx =
√
gxx. The extrinsic

curvature is obtained in the form (where,x0 = v, x1 = x, x2 = θ),

K±
mn = −η±x Γ

x(±)
ab

∂xa

∂ξm
∂xb

∂ξn
. (5.6.5)

Now, the line elements in Eqs.(5.6.2) and (5.6.3) are continuous at x = x0. The continuity

of the first fundamental form at the boundary indicates that g+vv = g−vv and g+xx = g−xx, i.e,

(
1−

M2

(
1+

kx20
4

)
a2x2

0
+

Q2

(
1+

kx20
4

)
a2x2

0
− Λe

− 2ax0√
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kx20
4

)2
[(
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M

√
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4

ax0

)2
−

Q2

(
1+

kx20
4

)
a2x2

0
+ Λe

− 2ax0√
1+

kx20
4

]2 = 1, (5.6.6)

and

a2(v)(
1 +

kx2
0

4

)2 =
a2(v)(

1 +
kx2

0

4

)2
[(

1 +
M

√
1 +

kx2
0

4

ax0

)2

−
Q2
(
1 +

kx2
0

4

)
a2x20

+ Λe
− 2ax0√

1+
kx20
4

]2
. (5.6.7)

Hence Eqs.(5.4.1) and (5.4.5) are retrieved on replacing x0 by x in the above Eqs.(5.6.6)

and (5.6.7) respectively. It is also evident that,

K−
ττ = −η−x Γ(−)x

vv

dv

dτ

dv

dτ
, (5.6.8)

But g±vv
dv2

dτ2
= −1 (by construction) and

η−x =
a(

1 +
kx2

0

4

)[(1 + M

√
1 +

kx2
0

4

ax0

)2
−
Q2
(
1 +

kx2
0

4

)
a2x20

+ Λe
− 2ax0√

1+
kx20
4

]
. (5.6.9)
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Now,

∂g−vv
∂x

=

[
(4 + kx20)

−3/2
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e

4ax0√
4+kx20 (4a2x20 + 4aMx0
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(5.6.10)

It is found that

Γx(−)
vv =

[
e

4ax0√
4+kx20

(
4a2x20 + 4aMx0

√
4 + kx20 +M2(4 + kx20)−Q2(4 + kx20)
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×
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(5.6.11)

Thus,

K−
ττ = −
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(5.6.12)
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Similarly, the extrinsic curvature arising from the exterior FRW region is calculated and

this can be found,

K+
ττ = 0. (5.6.13)

In order to match K−
ττ and K+

ττ , this would simply imply,

(
4 + kx20

)(
e

4ax0√
4+kx20

(
4aM2x0

√
4 + kx20 − 4aQ2x0
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(
− 4a2x20

+Q2(4 + kx20)
))

− 4a2Mx20Λ

)
+ 16a3x30

(
2ax0 +M

√
4 + kx20

)
Λ = 0.

(5.6.14)

Hence the metric as well as the extrinsic curvature are continuous at the boundary

surface.

5.7 Further Discussion on Surface Continuity

The surface continuity is now going to be proved alternatively. Let the surface be dis-

continuous. Then on the contrary, the discontinuity in the extrinsic curvature determine

the surface stress energy and surface tension of the junction surface at x = x0 where the

surface stress-energy tensor components are determined [ Rahaman et al. (2012),Banerjee

(2013),Övgün and Sakalli (2017),Habib Mazharimousavi et al. (2017) ].

Let,

f(x) =
(1− M2(1+ kx2

4
)

a2x2 +
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4
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(5.7.1)
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ax
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4 ]2, (5.7.2)
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h(x) =
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ax
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Hence,
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(5.7.4)

The jump of the extrinsic curvature components at the surface x = x0, is associated with

the surface energy density [ Bejarano et al. (2014) ] as,

λ(x0) = − 1

8π

h′(x0)

h(x0)

√
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2g(x0)
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, (5.7.5)

and the surface pressure as,
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2g(x0)

g(x0)
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]. (5.7.6)

For a static configuration of radius x0, this is obtained (assuming ẋ0 = 0 and ẍ0 = 0)
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and
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(5.7.8)

which significantly reduces to P (x0) = 0 using Eq.(5.6.14). The vanishing surface pressure

thus proves the metric continuity at the boundary surface, i.e on the horizon x = x0, as

envisaged.

5.8 Discussion and Conclusions

Thus a charged, non-rotating, spherically symmetric black hole which has cosmological

constant Λ (RN+Λ), active gravitational massM and electric chargeQ in exterior Friedman-

Robertson-Walker (FRW) universe is studied. The Einstein-Maxwell equations of the RN+Λ

black hole embedded in the FRW background are solved. As a procedure, starting with a

(2+1)-d RN+Λ black hole and then performed a simple transformation only under suitable

conditions to obtain a metric which matches with the exterior Friedman-Robertson-Walker

universe and also derived a negative cosmological constant inside the black hole. New classes

of exact solutions of the charged black hole are found. Literature reveals that there are three

possible black hole solutions where the cosmological constant is (1) positive (2) negative and

(3) zero. The cosmological constant found negative inside the black hole is also confirmed

by the geodesic equations. Here, the cosmological constant is dependent on R,Q and a(v)

which correspond to the areal radius, charge, of the black hole and the scale factor of the

universe respectively.

The century-old problem of describing a gravitationally bound system in an expanding

universe in the frame-set of general relativity has seen many attempts to find a solution.
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Assuming that scale factor does not alter with the metric transformation, a maximum limit

of the universal expansion is found. Despite its apparent simplicity, a full understanding of

the mechanisms involved when general and realistic systems are considered has yet to be

found. It is observed that the size, mass and charge of the black hole are affected by the

expansion of the universe. An important observation is that, for an observer at infinity, both

the mass and charge of black hole increase with the contraction of the universe and decrease

with the expansion of the universe. The cosmological constant has been found to be negative

in a previous work too [Landry et al. (2012)]. The anti-de Sitter space or conformal field

theories correspondence tells us that the case Λ < 0 is still worthy of consideration.

The use of two different methods for matching spacetimes is justified. Boundary and

matching conditions with the exterior FRW universe are studied in Sec.5.4, to arrive at

a conclusion that the cosmological constant can have a negative value inside the black

hole. However, the Darmois-Israel matching conditions have been studied in Sec.5.6, to

deduce that the metric as well as the extrinsic curvature are continuous at the boundary

surface. Alternatively the vanishing surface pressure also proves the metric continuity at

the boundary surface, i.e on the horizon (x = x0).

The shadow of M87∗’s supermassive Black Hole, captured by the Event Horizon Tele-

scope in 2019 [ Akiyama et al. (2019) ], serves as a profound source of inspiration, showcasing

the remarkable power of modern science to reveal the unseen. This iconic image pushes us

to explore even deeper mysteries of the universe, such as shadows of compact objects as well

as the hypothetical shadows of wormholes. The shadow itself is the observable outcome of

gravitational lensing process. So, in the following chapter the effect of gravitational lensing

on a black hole is studied.
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Chapter 6

Shadows and Strong Gravitational

Lensing around Black Hole Like

Solution in Quadratic Gravity

6.1 Introduction

The study of black holes offers a unique opportunity to test the predictions of general

relativity under extreme conditions. In the high-curvature regions surrounding black holes

[ Kerr (1963) and Schwarzschild (1916) ], general relativity predicts phenomena such as

time dilation, gravitational redshift and the warping of space, which have been observed

and confirmed through astrophysical measurements. The Schwarzschild and Kerr solutions

to Einstein’s field equations describe the spacetime around non-rotating and rotating black

holes respectively and provide the framework to understand black hole properties. Observing

black holes is pivotal in gravitational and cosmological physics. Recent developments in

observational astrophysics such as gravitational wave detection [ Abbott et al. (2016) ]

from black hole mergers and direct imaging of black hole shadows [ Akiyama et al. (2019,

2022c) ], have provided empirical support for general relativity in strong gravitational fields.

These observations not only affirm the theoretical predictions of general relativity but also

open new avenues for exploring potential extensions to general relativity. Thus, black holes

serve as natural laboratories allowing scientists to probe the limits of general relativity and

explore the fundamental nature of gravity. General relativity is not renormalizable when
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treated perturbatively, except in the case of pure gravity without interactions involving scalar

fields at the one-loop level [ Aharony and Banks (1999) and Birrell and Davies (1982) ].

Nevertheless, gravity can be accurately described within a specific range of energy and

length scales by imposing a suitable cutoff at high energy scales. However, beyond these

limits, particularly near black hole singularities, the classical formulation of general relativity

becomes inadequate, necessitating the development of a new physical theory.

A deeper investigation into the complex features of black holes, particularly the formation

of relativistic images, is required. Key phenomena including gravitational lensing [ Kumar

et al. (2023) ], black hole shadows [ Anjum et al. (2023) ] and quasinormal modes [ Cao et al.

(2023) ] play a crucial role in enhancing our understanding of general relativity, modified

gravity theories. Increasing attention has been directed towards understanding the impact

of quadratic gravity effects near singularities. Quadratic gravity is an extension of general

relativity that includes terms quadratic in the curvature tensors in the gravitational action.

It arises as a natural framework to explore higher-order corrections to general relativity. A

comprehensive formulation of quadratic gravity is presented in [ Held and Zhang (2023) ].

Recent studies in the field of quadratic gravity have been conducted [ Lin et al. (2017),

Podolský et al. (2020), and Pravda et al. (2017) ].

The study of black hole shadows and gravitational lensing further enhances our under-

standing of general relativity and its predictions around these extreme objects. The images of

the supermassive black holes M87∗ [ Akiyama et al. (2019) and Collaboration et al. (2019) ]

and Sgr A∗ [ Akiyama et al. (2022a, 2022b) ] offer critical insights for testing gravitational

effects in the strong field regime. A key characteristic of a black hole’s image is its shadow,

formed by light rays captured by the outer event horizon. The shape and size of the shadow

depend on several factors including the parameters of the black hole, the paths followed by

the light rays and the observer’s location. When light rays approach a black hole, these trap

photons with low orbital angular momentum, while those with higher angular momentum

escape their gravitational pull. As a result, a distant observer perceives a dark region in the

sky, referred to as the black hole’s shadow. This shadow, a silhouette of the event horizon

outlined against the bright background of accreting material is a direct observational indi-

cator of the black hole’s presence and characteristics. The shadow’s shape and size depend

on the mass of the black hole, spin and curvature of the surrounding spacetime offering a
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valuable opportunity to test the predictions of general relativity in the strong-field regime.

For a detailed discussion of black hole shadows and their potential for testing general rel-

ativity, see [ Afrin et al. (2021), Al-Badawi et al. (2024), Bambi et al. (2019), Bronzwaer

and Falcke (2021), Hamil and Lütfüoğlu (2023), Kumar and Ghosh (2020), Li et al. (2020),

Mirzaev et al. (2023), Molla and Debnath (2023b), Narzilloev et al. (2021a), Perlick and

Tsupko (2022), Ror et al. (2024), Singh (2022), and Vagnozzi and Visinelli (2019) ].

Gravitational lensing has become an invaluable tool for probing fundamental proper-

ties of gravitational fields. It plays a crucial role in the study of the large-scale structure

of the Universe, the behavior of massive stellar objects and the search for dark matter

candidates. In this work, we suggest that gravitational lensing can also be employed to dis-

tinguish between different gravitational theories, particularly between quadratic gravity and

general relativity. The deflection of light by black holes and galaxies and the phenomenon

of strong gravitational lensing form a significant area of research. It can potentially re-

veal novel astrophysical effects providing unique signatures for testing modified theories of

gravity. Observables obtained from relativistic images in strong lensing scenarios can help

distinguish between different black hole metrics through high-precision observations. Grav-

itational lensing, a phenomenon predicted by Einstein (1936), though initially doubted by

him if would ever be observed. There are three primary types of gravitational lensing based

on the alignment of the source, lens and observer. The resulting effects on the observed

light offer unique insights into the nature of these extreme objects. On the other hand,

weak gravitational lensing involves minor distortions in the shape of background objects

when light passes through a less intense gravitational field near a black hole. Microlensing

occurs when a black hole or another compact object momentarily magnifies the light of a

background star, creating multiple images but the images are so close together that they

cannot be distinguished from one another. Strong gravitational lensing is particularly signif-

icant in the study of black holes because it produces highly visible and distinct effects such

as multiple images, arcs, Einstein rings, which can be directly observed and analyzed. The

clarity and magnitude of the distortions caused by strong lensing make it an exceptionally

powerful tool for probing the fundamental nature of black holes and the behavior of light

and matter in their extreme gravitational fields. The study of strong gravitational lensing

around black holes has made substantial progress since Darwin’s initial work on photon
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orbits [ Darwin (1959) ], in the Schwarzschild black hole spacetime. Building on this foun-

dation, Virbhadra and Ellis formalized the concept of relativistic images [ Virbhadra and

Ellis (2000) ], focusing on the strong-field regime where light passing near a black hole’s pho-

ton sphere can generate multiple, highly curved images. A significant breakthrough came

with Bozza’s development of the strong deflection limit (SDL) [ Bozza (2002) ], which pro-

vided an accurate framework for calculating light deflection in the proximity of black holes.

Further advancements were made by Frittelli, Killing and Newman, who enhanced analyt-

ical methods for solving the lens equation [ Frittelli et al. (2000) ], while Bozza extended

the SDL approach. This approach has been utilized across various spacetimes including

rotating and charged black holes such as Reissner-Nordström and Kerr black holes [ Bozza

(2003) and Eiroa et al. (2002) ]. The SDL has proven to be a versatile tool, applied to

classical black hole spacetimes and to modified scenarios like braneworld black holes and

those arising in modified gravity theories [ Bhadra (2003), Eiroa and Sendra (2012), Eiroa

and Torres (2004), Islam and Ghosh (2021), Kumar et al. (2022a, 2022b), and Whisker

(2005) ]. Ongoing research continues to investigate gravitational lensing in diverse black

hole spacetimes including those described by higher-curvature gravity theories [ Islam et al.

(2024, 2020), Kumar et al. (2020b), and Narzilloev et al. (2021b) ], as well as modifications

of the traditional Schwarzschild geometry [ Bronnikov and Baleevskikh (2019), Eiroa and

Sendra (2011), Molla et al. (2024), Övgün (2019), and Panpanich et al. (2019) ]. Several

researchers have extensively explored the physical observables associated with strong lensing

effects across a variety of gravitational models and black hole solutions. These studies have

analyzed various astrophysical implications by examining parameters such as the angular

positions of images, separations between them, magnifications, Einstein ring characteristics

and time delays in the formation of relativistic images [ Islam et al. (2024, 2021), Kumar

et al. (2022a), Kumar et al. (2020a), Molla and Debnath (2022, 2023a), and Narzilloev et al.

(2021b) ].

The present study investigates the shadow and strong gravitational lensing characteristics

of black holes in quadratic gravity emphasizing unique geometric properties absent in other

well-known black hole like solutions. This chapter aims to extend the analysis of black hole

shadows and strong gravitational lensing by incorporating the spacetime geometry of black

holes in quadratic gravity. In particular, we focus on key lensing observables such as the
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black hole shadow, deflection angle, image magnifications and time delays and compare them

with predictions from the classical lensing scenario around a black hole in a vacuum. These

results carry significant implications for understanding the environment surrounding black

holes, testing general relativity and alternative gravity theories and probing the fundamental

properties of quadratic gravity through astrophysical observations.

The present chapter is organized as follows: section 6.2 provides a brief overview of the

black hole like solutions in quadratic gravity with a focus on the non-rotating case. In section

6.3, we derive the expression for the black hole shadow in quadratic gravity and present the

first set of constraints on the solution parameters based on comparisons with observational

data fromM87∗ and Sgr A∗. Section 6.4 explores the strong gravitational lensing properties

of the quadratic gravity black hole with a detailed investigation of the associated lensing

observables. Specific predictions for these observables are made using realistic astrophysical

data. Finally, the conclusions and implications of our findings are discussed in section 6.5.

In what follows, we use natural units with G = c = 1 and adopt a signature convention

of {- + + +}.

6.2 Black Hole like Solutions in Quadratic Gravity

Black holes like solutions are derived from the quadratic action. These solutions are formu-

lated within the quadratic gravity framework and have been recently explored numerically

by Pawlowski and Tränkle (2024). The effective action is given by

Γ[gµν ] =
1

16π

∫
x

d4x
√
g

[
R(∆, R) +RfR2(∆)R

+Rµν fR2
µν
(∆)Rµν

]
.

(6.2.1)

Here, the functions fR2(∆) and fR2
µν
(∆) correspond to two-point correlation functions of

the curvature scalar and Ricci tensor, respectively. These functions, often referred to as

form factors, capture generalized dispersion effects. Studies of such form factors have been

presented in works such as Denz et al. (2018). To derive black hole solutions within the

framework of quadratic gravity one must solve the field equations obtained from the effective

action.

The static, spherically symmetric metric in quadratic gravity can be expressed as [ Pawlowski
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and Tränkle (2024) ]

ds2 = −f(r)dt2 + g(r)−1dr2 + r2(dθ2 + sin2 θdϕ2), (6.2.2)

where the metric function can be expressed as

f(r) = 1− 2M

r
+ S0

e−m0r

r
+ S2

e−m2r

r
, (6.2.3)

g(r) = 1− 2M

r
− S0

e−m0r

r
(1 +m0r) +

1

2
S2
e−m2r

r
(1 +m2r). (6.2.4)

The two free parameters, S0 and S2, govern the strength of the exponentially decaying

Yukawa corrections. The masses m0 and m2 correspond to the spin-0 and spin-2 modes,

respectively, linked to the couplings of various curvature terms. For the initial conditions

(S0, S2) = (0, 0), the quadratic gravity black hole metric Eq.(6.2.2) reduces to the classical

Schwarzschild metric. The event horizon, located at rh, is determined by the solution to the

equation g(rh) = 0.

6.3 Shadow in Quadratic Gravity

In this section, we initiate our investigation of the black hole shadow within the quadratic

gravity framework, focusing on the motion of photons and the resulting shadow. Our analysis

begins by examining the trajectories of light in the spacetime of an quadratic gravity black

hole. Furthermore, we aim to constrain the black hole parameters associated with this

quadratic gravity model. Now using Eq.(6.2.3) we can introduce the function γ(r) (it was

recently introduced in Refs. [‘Ghorani et al. (2023), Perlick and Tsupko (2022), and Vagnozzi

et al. (2023) ])

γ2(r) =
r2

f(r)
. (6.3.1)

The radius of a circular light orbit, particularly the one defining the photon sphere with
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radius rph is found by solving the following condition [ Perlick and Tsupko (2022) ]

d(γ2(r))

dr

∣∣∣∣
r=rph

= 0. (6.3.2)

The photon orbit radii rph in quadratic gravity can be determined numerically using this

equation.

When the parameters S0 = S2 = 0, the solution yields rph = 3M [ Perlick and

Tsupko (2022) and Vagnozzi et al. (2023) ], corresponding to the photon orbit radius in

the Schwarzschild spacetime. We now analyze the shadow of the black hole within the

quadratic gravity framework.

The angular radius of the black hole shadow is given by the following relation [ Perlick

and Tsupko (2022) ],

sin2 αsh =
γ2(rph)

γ2(robs)
, (6.3.3)

where, αsh denotes the angular radius of the black hole shadow and robs is the observer’s

distance, assumed to be very large but finite. For instance, the observer distance for Sgr A∗

is robs = D ≃ 8.3 kpc [ Akiyama et al. (2022a) ], while for M87∗, it is robs = D ≃ 16.8Mpc

[ Akiyama et al. (2019) ].

By combining Eqs.(6.3.1) and (6.3.2), it follows that for a distant observer, Eq.(6.3.3)

can be rewritten as [ Atamurotov et al. (2023) and Perlick and Tsupko (2022) ]

sin2 αsh =
r2ph

f(rph)

f(robs)

r2obs
. (6.3.4)

The radius of the black hole shadow for an observer at large distances can be determined

using Eq.(6.3.4), yielding the following expression [ Atamurotov et al. (2023) and Perlick

and Tsupko (2022) ]

Rsh ≃ robs sinαsh ≃ rph√
f(rph)

. (6.3.5)

This equation allows us to examine how the shadow radius of the black hole depends on the

parameters of quadratic gravity.

The dependence of the black hole shadow on the parameters S0, S2, m0 and m2 is
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illustrated in Fig.6.1. It is observed from Fig.6.1(a) that as the numerical values of the

parameter S0 > 0 increase while keeping the other parameters fixed, the size of the black

hole shadow decreases and similar result holds for the parameter S2 shown in Fig.6.1(b).

Conversely, an increase in the values of the parameters m0 > 0 with the other parameters

held constant, increases the size of the black hole shadow, shown in Fig.6.1(c) and similar

result holds for the parameter m2 shown in Fig.6.1(d).
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Fig. 6.1. The shadow silhouette of the black hole in quadratic gravity is presented in the
X-Y plane (Rsh =

√
X2 + Y 2 ), with black hole parameters (a) S0, (b) S2, (c) m0 and (d)

m2 varied independently (while other parameters are kept fixed with respect to one).
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6.3.1 Constraints the Black Hole Parameters with the Observa-

tional Data from M87∗ and Sgr A∗

Now, we aim to determine the possible ranges of the free parameters of the black hole in

quadratic gravity by utilizing observational data from M87∗ and Sgr A∗. Specifically, we

will explore the theoretical constraints on the black hole parameters S0, S2, m0 and m2

pairwise while keeping the remaining two parameters fixed.

To achieve this, we use the shadow data provided by the EHT project. The objective is

to constrain the parameter pairs (S0, S2) and (m0,m2) by fitting them against the observed

shadow sizes ofM87∗ and Sgr A∗ within the framework of quadratic gravity. This approach

will allow us to impose meaningful constraints on these parameters using real observational

data.

The angular diameter of the shadow, the distance from the Sun to the black hole and

the mass of the black hole at the center of the galaxy M87 are given as ΩM87∗ = 42± 3µas,

D = 16.8±0.8Mpc andMM87∗ = (6.5±0.7)×109M⊙, respectively [ Akiyama et al. (2019) ].

For Sgr A∗, the most recent data obtained by the EHT project are ΩSgr A∗ = 51.8 ±

2.3µas, D = 8277±9±33pc andMSgr A∗ = 4.297±0.013×106M⊙ (from VLTI observations)

[ Akiyama et al. (2022a) ].

Using these observational data, we can estimate the diameter of the shadow cast by the

black hole per unit mass, using the following expression [ Arora et al. (2023), Atamurotov

et al. (2023), and Bambi et al. (2019) ]

dsh =
DΩ

M
. (6.3.6)

Now we can obtain the diameter of the shadow from the expression dtheosh = 2Rsh. Thus,

the diameter of the black hole shadow image is dM87∗

sh = (11±1.5)M forM87∗ and dSgr A∗

sh =

(9.5±1.4)M for Sgr A∗. The angular diameters of the shadows of the black hole in quadratic

gravity, obtained using the M87∗ and Sgr A∗ data, are depicted in Fig.6.2, respectively.

Constraints from M87∗ : The shadow’s angular diameter (Ω) for the M87∗ black hole,

averaged within the range of 32 µas to 45 µas with a 1σ region from EHT observations, im-

poses constraints on the parameter pairs (S0, S2) and (m0,m2) of the black hole in quadratic

gravity as shown in Figs.6.2(a) and 6.2(c).
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Fig. 6.2. The angular diameter Ω(µas) of the black hole shadow is presented as a function
of the parameters S0, S2 and m0, m2 for the M87∗ (panels (a) and (c)) and Sgr A∗ (panels
(b) and (d)) supermassive black holes. The enclosed regions satisfy the 1-σ shadow bounds
for M87∗ and Sgr A∗, respectively. In panel (a) the green and blue lines correspond to
Ω = 39.1µas and Ω = 39.5µas, respectively; in panel, (b) they correspond to Ω = 51.4µas
and Ω = 51.8µas, respectively; in panel, (c) to Ω = 39.4µas and Ω = 39.3µas, respectively;
and in panel and (d) to Ω = 52.2µas and Ω = 52µas, respectively.
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Here, the shadow’s angular diameter (Ω) is expressed as a function of the parameter pairs

(S0, S2) and (m0,m2). In Fig.6.2(a), the green and blue lines correspond to Ω = 39.1 µas

and Ω = 39.5 µas, respectively. Similarly, in Fig.6.2(c), the green and blue lines correspond

to Ω = 39.4 µas and Ω = 39.3 µas, respectively. The blue and green curves in Figs.6.2(a)

and 6.2(c) align with the shadow size of M87∗ observed by the EHT.

The constraints on the parameter pair (S0, S2) are given by (see Table.6.1 ) 0 ≤ S2/2M ≤

0.09 and 0 ≤ S2/2M ≤ 0.09, corresponding to Ω = 39.1 µas. Similarly, the constraints on

the parameter pair (m0,m2) are: 0 ≤ 2Mm0 ≤ 0.78 and 0 ≤ 2Mm0 ≤ 0.78, corresponding

to Ω = 39.4 µas.

Thus, M87∗ can be modeled within this constrained parameter space as a black hole

in quadratic gravity. The numerous possible parameter points within the parameter spaces

(S0, S2) and (m0,m2) indicate that the compatibility of the black hole model in quadratic

gravity with M87∗ observations makes it a strong candidate for describing astrophysical

black holes.

Constraints from Sgr A∗ : The shadow’s angular diameter (Ω) for the Sgr A∗ black

hole, averaged within the range of 49.5 µas to 54.1 µas with a 1σ region from EHT obser-

vations, imposes constraints on the parameter pairs (S0, S2) and (m0,m2) of the black hole

in quadratic gravity as shown in Figs.6.2(b) and 6.2(d).

Here, the shadow’s angular diameter (Ω) is expressed as a function of the parameter pairs

(S0, S2) and (m0,m2) (see in Fig.6.2). In Fig.6.2(b), the green and blue lines correspond to

Ω = 51.4 µas and Ω = 51.8 µas, respectively. Similarly, in Fig.6.2(d), the green and blue

lines correspond to Ω = 52.2 µas and Ω = 52 µas, respectively. The blue and green curves

in Figs.6.2(b) and 6.2(d) align with the shadow size of Sgr A∗ observed by the EHT.

The constraints on the parameter pair (S0, S2) are given by (See Table.6.1 ) 0 ≤ S0/2M ≤

0.11, and 0 ≤ S2/2M ≤ 0.11, corresponding to Ω = 51.4 µas. Similarly, the constraints on

the parameter pair (m0,m2) are: 0 ≤ 2Mm0 ≤ 0.78 and 0 ≤ 2Mm2 ≤ 0.78, corresponding

to Ω = 52.2 µas.

Thus, Sgr A∗ can be modeled as a black hole in quadratic gravity within this constrained

parameter space. The numerous possible parameter points within the parameter spaces

(S0, S2) and (m0,m2) indicate that the compatibility of the black hole model in quadratic

gravity with Sgr A∗ observations makes it a strong candidate for describing astrophysical
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black holes.

6.4 Observational Features of Strong Gravitational Lens-

ing

In this section, the phenomenon of strong gravitational lensing is examined in the vicinity of

a black hole in quadratic gravity. The goal is to understand how the black hole parameters

S0, S2, m0 and m2 influence the observable outcomes of strong lensing and to compare the

lensing behavior of the quadratic gravity black hole with that of the Schwarzschild black

hole (S0 = 0 = S2).

We begin our analysis by considering the strong deflection angle of a light ray within the

equatorial plane (θ = π
2
) of the black hole.

6.4.1 The strong Lensing Angle

At first, we rewrite the metric Eq.(6.2.2) to obtain the strong deflection angle of a light

ray in the black hole’s equatorial plane (θ = π
2
) by redefining the quantities r, t, S0, S2,

m0 and m2 to t → t/2M , r → r/2M , S0 → S0/2M , S2 → S2/2M , m0 → 2Mm0 and

m2 → 2Mm2, respectively to get in units of the radius 2M . Hence, the quadratic geometric

metric Eq.(6.2.2) takes in the equatorial approximation form

ds̄2 = −A(r)dt2 +B(r)dr2 + C(r)dϕ2, (6.4.1)

where the metric function can be expressed as

A(r) = 1− 1

r
+ S0

e−m0r

r
+ S2

e−m2r

r
, (6.4.2)

B(r) =
1

1− 1
r
− S0

e−m0r

r
(1 +m0r) +

1
2
S2

e−m2r

r
(1 +m2r)

. (6.4.3)

and

C(r) = r2, (6.4.4)
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respectively. In the strong-field regime gravitational lensing is governed by the interplay

between the lens equation and the deflection angle. The geodesic (null) equation is given by

ṙ =
dr

dτ
= ±

√
1

B(r)

(
E2

A(r)
− L2

r2

)
, (6.4.5)

where,

• E = Energy of the particle (constant),

• L = Angular momentum of the particle (constant),

• τ = Affine parameter along the geodesic.

The conditions for unstable circular photon orbit, with radius rph are
dVeff

dr

∣∣∣
rph

= 0 and

d2Veff

dr2

∣∣∣
rph

< 0. Thus, [ Adler and Virbhadra (2022), Claudel et al. (2001), and Virbhadra

and Ellis (2002) ] the radius of the photon sphere, rph is obtained as the largest real root of

the equation below

2A(rph)− rphA
′(rph) = 0. (6.4.6)

When a particle approaches the black hole at the closest possible distance r = r0, where

dr
dτ

= 0, the minimum impact parameter u0 can be defined in terms of the closest distance

r0 [ Bozza (2002) ] as

u0 =
r0√
A(r0)

. (6.4.7)

Thus we get the critical impact parameter as

uph =
rph√
A(rph)

, (6.4.8)

The behavior of the photon sphere radius, rph and the critical impact parameter, uph,

are expressed as functions of the parameter pairs (S0, S2) and (m0,m2) (see Figs.6.3 and

6.4). It is observed from Fig.6.3(a) that as the numerical values of the parameters S0 > 0

or S2 > 0 increase while keeping the other parameters fixed, the photon sphere radius rph

decreases. Conversely from Fig.6.3(b), an increase in the values of the parameters m0 > 0

or m2 > 0, with the other parameters held constant, increases the photon sphere radius,

rph. Furthermore, the photon sphere radius rph reaches its maximum (rph = 1.5) when both

S0 → 0 and S2 → 0, corresponding to Schwarzschild black hole.
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Fig. 6.3. The minimal impact parameter rph is depicted in terms of the parameters (a) S0

and S2, (b) m0 and m2.
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Fig. 6.4. The critical impact parameter uph is depicted in terms of the parameters (a) S0

and S2, (b) m0 and m2.

It is also observed from Fig.6.4(a) that as the numerical values of the parameters S0 > 0

or S2 > 0 increase while keeping the other parameters fixed, uph decreases. Conversely from

Fig.6.4(b), an increase in the values of the parameters m0 > 0 or m2 > 0, with the other

parameters held constant, results in an increase in uph (see Table.6.2). Furthermore, uph

reaches its maximum (uph = 2.59808 ) when both S0 → 0 and S2 → 0, corresponding to
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Schwarzschild black hole.

The strong deflection angle in the quadratic gravity black hole spacetime can be obtained

as a function of the closest possible distance r0 as [ Virbhadra et al. (1998) ]

αD(r0) = I(r0)− π = 2

∫ ∞

r0

√
B(r)dr√

C(r)
√

A(r0)C(r)
A(r)C(r0)

− 1
− π. (6.4.9)

αD(r0), the strong deflection angle is dependent on the relationship between r0 and rph

and it increases when these two values are approximately equal (i.e., r0 ≈ rph). Hence, we

introduce a new variable z defined as [ Tsukamoto (2016, 2017) ]

z = 1− r0
r
. (6.4.10)

When r0 ≈ rph, the deflection angle takes on the following form [ Bozza (2002) ]

αD(u) = −ā log

(
u

uph
− 1

)
+ b̄+O((u− uph)log(u− uph)), (6.4.11)

where,

ā =

[
4e(m0+m2)rph

(
(rph − 1)e(m0+m2)rph + S2e

m0rph + S0e
m2rph

)] 1
2
[(

− 2S0

(
m0rph + 1

)
em2rph + S2e

m0rph
(
m2rph + 1

)
+ 2

(
rph − 1

)
e(m0+m2)rph

)
(
m0S0

(
m0rph + 2

)
(−em2rph)−m2S2e

m0rph
(
m2rph + 2

)
+ 2e(m0+m2)rph

)]− 1
2

(6.4.12)

and

b̄ = b+ IR(rph), (6.4.13)

where,

b = ā× log

−
rph

(
m0S0

(
m0rph + 2

)
em2rph +m2S2e

m0rph
(
m2rph + 2

)
− 2e(m0+m2)rph

)
(
rph − 1

)
e(m0+m2)rph + S2em0rph + S0em2rph

 ,

(6.4.14)
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IR(rph) = 2

∫ 1

0

rph

([√
B(z)

C(z)

(
A(rph)

C(rph)

C(z)

A(z)
− 1

)− 1
2 1

(1− z)2

]
− ā

z rph

)
dz, (6.4.15)

where the integral must be evaluated numerically. We numerically calculate the values of

uph and of the strong lensing coefficients ā and b̄ at r = rph for the quadratic gravity black

hole parameters S0 = 0, 0.5, S2 = 0, 0.1, 0.2, 0.3, m0 = 0.5, 1 and m2 = 0.3, 0.6, 0.9, 1.1,

respectively. The results are presented in Table.6.2.
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Fig. 6.5. The deflection angle coefficient ā is depicted in terms of the parameters (a) S0

and S2, (b) m0 and m2.

The dependency of the lensing coefficients ā and b̄ on the parameter pairs (S0, S2) and

(m0,m2) are depicted in Figs.6.5 and 6.6. Among them, Fig.6.5(a) depicts that as the nu-

merical values of the parameters S0 > 0 or S2 > 0 increase (other parameters kept fixed) the

lensing coefficient ā increases whereas ā decreases if the numerical values of the parameters

m0 > 0 orm2 > 0 increase (other parameters kept fixed) shown in Fig.6.5(b). All the numer-

ical values are exhibited in tabular format (see Table.6.2). The lensing coefficient ā reaches

the minimum value ā = 1 [ Bozza (2002) ] when both S0 → 0 and S2 → 0, corresponding to

Schwarzschild black hole. Meanwhile, Fig.6.6(a) depicts that as the numerical values of the

parameters S0 > 0 or S2 > 0 increase (other parameters kept fixed) the lensing coefficient

b̄ initially decreases and attains a minimum value then increases whereas b̄ increases if the
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Fig. 6.6. The deflection angle coefficient b̄ is presented as a function of the parameters
S0, S2 and m0, m2.

numerical values of the parameters m0 > 0 or m2 > 0 increase (other parameters kept fixed)

shown in Fig.6.6(b) (see Table.6.2). The lensing coefficient b̄ reaches the value b̄ = −0.40023

[ Bozza (2002) ] when both S0 → 0 and S2 → 0, corresponding to Schwarzschild black hole.

The behavior of αD, the strong deflection angle, is expressed as a function of the param-

eter pairs (S0, S2) and (m0,m2) (see Fig.6.7). It is observed from Fig.6.7(a) depicts that

as the numerical values of the parameters S0 > 0 or S2 > 0 increase (other parameters

kept fixed) the strong deflection angle αD increases whereas αD decreases if the numerical

values of the parameters m0 > 0 or m2 > 0 increase (other parameters kept fixed) shown in

Fig.6.7(b).

Next it is shown that αD → ∞ as u→ uph, i.e. αD gets undoubtedly large when u→ uph.

The relationship between αD and the impact parameter u with respect to the parameter S0

and S2 are shown in the Figs.6.7(c) and 6.7(d) respectively, similar impact happens with

respect to the parameters m0 and m2. These will produce images similar to Figs.6.7(c) and

6.7(d), which is why those figures are not included here.

Furthermore, the strong deflection angle, αD, in the context of an quadratic gravity black

hole is more significant than that of a Schwarzschild black hole. The quadratic gravity black

hole, with the presence of parameters S0, S2, m0 and m2, can significantly intensify the grav-

itational lensing effect compared to other black holes. From this it can be understood that

158



6.4 The strong Lensing Angle

the gravitational lensing effect produced by an quadratic gravity black hole is significantly

amplified with respect to ordinary astrophysical black holes such as the Schwarzschild black

hole (S0 = S2 = 0). Consequently, we may detect moving fluids and sound waves more

quickly near the quadratic gravity black hole aids in differentiating astrophysical ordinary

black holes such as the Schwarzschild black hole.
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Fig. 6.7. The strong deflection angle αD is depicted in terms of the parameters (a) S0

and S2, (b) m0 and m2. Then the relationship between αD and the impact parameter u is
depicted with respect to the parameter (c) S0 and (d) S2. In (c), (d) αD diverges as u→ rph.
The green curve corresponds to Schwarzschild black hole ( S0 = S2 = 0).
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6.4 Lensing Observables

6.4.2 Lensing Observables

Let’s explore the observable features of strong gravitational lensing here. In this analysis, we

assume that both the source and the observer are located far from the black hole (acting as

the lens) with near-perfect coordination. Furthermore, the source is assumed to lie directly

behind the black hole. Under these conditions, the lens equation is expressed as [ Bozza

et al. (2001) ]

β = θ − Dls

Dos

∆αn. (6.4.16)

where, the offset deflection angle is denoted by ∆αn = αD(θ) − 2nπ with the primary

deflection angle represented by αD(θ) and the number of orbits or complete revolutions

a photon makes around the black hole is denoted by n. Where, the angular separations

between the lens (black hole) and the source and between the image and the source are

denoted by the angles β and θ, respectively and the distances between the source-observer,

observer-lens and lens-source are denoted by Dos, Dol and Dls respectively resulting the

relation Dos = Dol +Dls.

From Eqs.(6.4.11) and (6.4.16), the angular separation between the black hole (lens) and

the nth relativistic image is given by

θn = θ0n −
uphen(θ

0
n − β)Dos

āDolDls

. (6.4.17)

Here, θ0n =
uph(1+en)

Dol
, the angular position of the image corresponding to a photon completing

2nπ rotational movements around the black hole (lens) and en = e
b̄−2nπ

ā . In the framework

of strong gravitational lensing, where the brightness of the surface remains preserved, mag-

nification of the relativistic effect is specified as the ratio of the solid angle subtended by

the nth image to that [ Virbhadra and Ellis (2000) ].

The magnification for the nth relativistic image is given by [ Bozza (2002) ]

µn =

(
β

θ

dβ

dθ

)−1∣∣∣∣
θ0n

=
u2ph(1 + en)enDos

β āDlsD2
ol

. (6.4.18)

This indicates that the first relativistic image exhibits the highest brightness, with the

magnification exponentially decreasing as n increases. This implies the brightness of the

first image is stronger comparing to the other subsequent relativistic images. Moreover,
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Eq.(6.4.18) becomes unbounded as β → 0, implying the enhancement of the chances of

detecting relativistic images due to perfect alignment.

We focus on the scenario where the brightest image means the outermost image at θ1,

is resolved as a distinct image, while the remaining inner images cluster near θ∞, defined as

θn|n→ ∞ := θ∞. Using the deflection angle from Eq.(6.4.11), one can derive key strong

lensing observables, including the angular position of the image cluster at θ∞, the angular

separation S between the outermost and innermost images and the relative magnification

rmag between the inner and outermost relativistic images. These quantities are given as

[ Bozza (2002) and Kumar et al. (2022b) ]

θ∞ =
uph
Dol

, (6.4.19)

X = θ1 − θ∞ ≈ θ∞e
(b̄−2π)

ā , (6.4.20)

rmag =
µ1

Σ∞
n=2µn

≈ 5π

ā log(10)
. (6.4.21)

If the strong lensing observables θ∞, X and rmag are determined from observations, the lens-

ing coefficients ā, b̄ and uph can be computed by inverting Eqs.(6.4.19), (6.4.20) and (6.4.21),

respectively. Additionally, the observed data can be compared with the corresponding the-

oretical predictions. These results enable the identification and distinction of the quadratic

gravity black hole from a Schwarzschild black hole.

Lensing Observables and the Quadratic Gravity Black Hole Parameters : Con-

sidering the supermassive black holesM87∗ and Sgr A∗ in the center of the nearby galaxies,

we numerically obtain the observable quantities θ∞, X and rmag for the quadratic gravity

black hole (see Table.6.3). The mass and distance from the earth for M87∗ [ Akiyama et al.

(2019) ] are M ≈ 6.5 × 109M⊙, Dol ≈ 16.8Mpc, for Sgr A∗ are M ≈ 4.28 × 106M⊙,Dol ≈

8.32kpc [ Gillessen et al. (2017) ]. The behavior of the observable quantities θ∞, X and

rmag for M87∗ and Sgr A∗ are expressed as functions of the parameter pairs (S0, S2) and

(m0,m2) (see Figs.6.8, 6.9 and 6.10). It is observed from Fig.6.8 that as the numerical values

of the parameters S0 > 0 or S2 > 0 increase while keeping the other parameters fixed, the

observable quantity θ∞ decreases.
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Fig. 6.8. The angular position of the images θ∞ is depicted in terms of the parameters (a)
S0 and S2, (b) m0 and m2 for M87∗ and similarly θ∞ is depicted in terms of the parameters
(c) S0 and S2, (d) m0 and m2 for Sgr A∗.
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Fig. 6.9. The angular separation of the images X(µas) is depicted in terms of the param-
eters (a) S0 and S2, (b) m0 and m2 for M87∗ and similarly X(µas) is depicted in terms of
the parameters (c) S0 and S2, (d) m0 and m2 for Sgr A∗.

164



6.4 Lensing Observables

T
ab

le
6.
3:

E
st
im

at
io
n
of

th
e
st
ro
n
g
le
n
si
n
g
ob

se
rv
ab

le
s
fo
r
M

87
∗ ,
S
g
r
A

∗
fo
r
d
iff
er
en
t
va
lu
es

p
ar
am

et
er
s
S
0
=

0.
1,
m

0
=

0.
5,
1,

m
2
=

0.
3,
0.
6,
0.
9,
1.
1
an

d
S
2
=

0.
1,
0.
2,
0.
3
re
sp
ec
ti
ve
ly
.
T
h
e
ob

se
rv
ab

le
q
u
an

ti
ty
r m

a
g
d
o
es

n
ot

d
ep

en
d
on

th
e
m
as
s
or

th
e
d
is
ta
n
ce

of
th
e
b
la
ck

h
ol
e
fr
om

th
e
ob

se
rv
er
.

P
a
ra

m
e
te

rs
M

87
∗

S
g
r
A

∗
M

87
∗ ,
S
g
r
A

∗

S
0

m
0

S
2

m
2

θ ∞
(µ
a
s)

X
(µ
a
s)

θ ∞
(µ
a
s)

X
(µ
a
s)

r m
a
g

0
0

19
.9
63
2

0.
02
49
83
9

26
.3
82
6

0.
03
30
17
7

6.
82
18
8

0.
1

0.
5

0.
1

0.
3

17
.5
74
1

0.
07
02
72
7

23
.2
25
2

0.
09
28
69
5

5.
17
02
3

0.
6

18
.0
46
1

0.
06
66
95
5

23
.8
49

0.
08
81
42
1

5.
33
20
3

0.
9

18
.3
66
8

0.
06
45
04
9

24
.2
72
9

0.
08
52
47

5.
42
65
7

1.
1

18
.5
18
5

0.
06
33
43
7

24
.4
73
3

0.
08
37
12
4

5.
46
83
4

0.
2

0.
3

16
.0
61
9

0.
09
38
52
7

21
.2
26
8

0.
12
40
32

4.
48
41
7

0.
6

17
.0
10
1

0.
08
33
59
4

22
.4
79
9

0.
11
01
64

4.
91
45
4

0.
9

17
.6
83
1

0.
07
70
56
1

23
.3
69
3

0.
10
18
34

5.
15
48
9

1.
1

18
.0
06
4

0.
07
38
84
2

23
.7
96
5

0.
09
76
42
3

5.
25
68
2

0.
3

0.
3

14
.4
26
2

0.
12
22
2

19
.0
65

0.
16
15
22

3.
34
54
6

0.
6

15
.8
46
3

0.
10
85
42

20
.9
41
8

0.
14
34
45

4.
31
11
8

0.
9

16
.9
09
7

0.
09
51
57
5

22
.3
47
2

0.
12
57
56

4.
79
82
7

1.
1

17
.4
30
6

0.
08
84
62
7

23
.0
35
6

0.
11
69
09

4.
99
23
3

1.
0

0.
1

0.
3

18
.1
09
4

0.
05
17
97
2

23
.9
32
7

0.
06
84
53

5.
67
76
7

0.
6

18
.5
87
1

0.
04
94
16
9

24
.5
63
9

0.
06
53
07
3

5.
81
31
9

0.
9

18
.9
07
3

0.
04
79
74
6

24
.9
87

0.
06
34
01
3

5.
89
07
2

1.
1

19
.0
56
9

0.
04
71
87
5

25
.1
84
9

0.
06
23
61
1

5.
92
49
1

0.
2

0.
3

16
.6
13
1

0.
06
87
77

21
.9
55
2

0.
09
08
92
9

5.
10
97
3

0.
6

17
.5
76
9

0.
06
11
79
6

23
.2
28
9

0.
08
08
52
5

5.
46
17
8

0.
9

18
.2
50
2

0.
05
68
93
6

24
.1
18
7

0.
07
51
88
2

5.
65
63
5

1.
1

18
.5
69
3

0.
05
47
17
9

24
.5
40
4

0.
07
23
13

5.
73
90
1

0.
3

0.
3

14
.9
89
1

0.
09
73
46
4

19
.8
08
9

0.
12
86
49

4.
22
80
9

0.
6

16
.4
41
3

0.
07
98
19

21
.7
28
2

0.
10
54
86

4.
97
08
8

0.
9

17
.5
08
3

0.
06
98
37
9

23
.1
38
3

0.
09
22
94
8

5.
35
54

1.
1

18
.0
22
7

0.
06
51
23

23
.8
18
1

0.
08
60
63
9

5.
51
03
7

165



6.4 Lensing Observables
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Fig. 6.10. The relative magnification of the images rmag is depicted in terms of the param-
eters (a) S0 and S2, (b) m0 and m2.

Similarly, an increase in the values of the parameters m0 > 0 or m2 > 0, with the

other parameters held constant, also increases the value of the observable quantity θ∞ (see

Table.6.3). The observable quantity θ∞ reaches the maximum value when both S0 → 0 and

S2 → 0, corresponding to Schwarzschild black hole.

Furthermore, Fig.6.9 shows that as the numerical values of the parameters S0 > 0 or

S2 > 0 increase, while keeping the other parameters fixed, X increases. Conversely, an

increase in the values of the parameters m0 > 0 or m2 > 0, with the other parameters held

constant, results in a decrease in the value of the observable quantity X (see Table.6.3).

The observable quantity X reaches the minimum value when both S0 → 0 and S2 → 0,

corresponding to Schwarzschild black hole.

It is also observed from Fig.6.10 that as the numerical values of the parameters S0 > 0

or S2 > 0 increase while keeping the other parameters fixed, the observable quantity rmag

decreases. Similarly, an increase in the values of the parameters m0 > 0 or m2 > 0, with

the other parameters held constant, also increases the value of the observable quantity rmag

(see Table.6.3). The observable quantity rmag reaches the maximum value when S0 → 0 and

S2 → 0 correspond to Schwarzschild’s black hole.

It is also observed that the relative magnification rmag of the relativistic images remains

independent of the black hole’s mass and distance.
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6.4 Einstein Rings

6.4.3 Einstein Rings

When the source, the black hole (lens) and the observer are perfectly aligned, corresponding

to β = 0, the black hole deflects light rays in all directions, producing a ring-shaped image.
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Fig. 6.11. The outermost Einstein ring θE1 (µas) is depicted in the X-Y plane in terms of
the parameters (a) S0, (b) S2 for M87∗ and similarly θE1 (µas) is depicted in terms of the
parameters (c) S0, (d) S2 for Sgr A∗.

This phenomenon, known as the Einstein ring, has been extensively studied in [ Bartel-

mann and Schneider (2001), Einstein (1936), Guzik et al. (2010), Liebes (1964), Mellier

(1999), and Schmidt (2008) ]. By simplifying Eq.(6.4.17) for β = 0, the angular radius of
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6.4 Time Delay in the Strong Field Limit

the nth relativistic image can be expressed as

θn = θ0n

(
1− uphenDos

āDlsDol

)
. (6.4.22)

In the scenario where the black hole (lens) is positioned at a distance halfway between

the source and the observer, denoted as Dos = 2Dol and assuming that Dol ≫ uph, the

angular radius of the nth relativistic Einstein ring within the spacetime of an quadratic

gravity black hole can be expressed as follows

θEn =
uph(1 + en)

Dol

. (6.4.23)

The angular radius θE1 represents the outermost Einstein ring, as displayed in Fig.6.11 for

M87∗ and Sgr A∗. From Fig.6.11, it is observed that the angular radius θE1 of the outermost

Einstein ring decreases with the increasing value of the parameter S0 or parameter S2. From

Fig.6.11, it is also evident that the angular radius θE1 of the outermost Einstein ring for

the quadratic gravity black hole is smaller than the corresponding angular radius of the

Schwarzschild black hole.

6.4.4 Time Delay in the Strong Field Limit

Time delay is one of the most significant observables in the strong gravitational lensing effect.

It arises from the time difference between the formation of two relativistic images. This time

difference occurs because the photon traverses different paths around the black hole. Since

the travel time for photon paths associated with distinct relativistic images is different, a

time difference exists between these images. If the time signals from two relativistic images

are obtained through observations, one can calculate the time delay between the two signals

[ Bozza and Mancini (2004) ]. The time taken by a photon to orbit the black hole is given

by [ Bozza and Mancini (2004) ]

T̃ = ã log

(
u

uph
− 1

)
+ b̃+O(u− uph). (6.4.24)

Using the above Eq.(6.4.24), one can calculate the time difference between two relativistic

images. In the context of a spherically symmetric static black hole spacetime, the time delay

168



6.4 Time Delay in the Strong Field Limit
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Fig. 6.12. The deviation of the time delays between the first and second relativis-
tic images, for the quadratic gravity black hole from Schwarzschild black hole δ∆T2,1 =

∆T Sch
2,1 −∆TASGQ

2,1 minutes is presented as a function of the parameters S0, S2 and m0, m2.
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6.4 Time Delay in the Strong Field Limit

Table 6.4: Estimation of the time delay for various supermassive black holes for the
Schwarzschild metric and for the quadratic gravity black holes, respectively. The masses
are expressed in Solar Masses and the distances are expressed in Mpc units [ Kormendy and
Ho (2013) ]. The time delays ∆T2,1 are estimated in minutes.

Galaxy M(M⊙) Dol(Mpc) ∆T2,1
Schwarzschild
black hole
(S0 = S2 = 0)

∆T2,1 ASQG Black
Hole
(S0 = S2 = 0.1,
m0 = m2 = 1)

NGC 4395 3.6× 105 4.3 0.962522 0.915472
Milky Way 4.3 × 106 0.0083 11.4968 10.9348
NGC 7457 8.95× 106 12.53 23.9294 22.7596
NGC 4486A 1.44× 107 18.36 38.5009 36.6189
NGC 2778 1.45× 107 23.44 38.7682 36.8732
NGC 3607 1.37× 108 22.65 366.293 348.388
NGC 4026 1.80× 108 13.35 481.261 457.736
NGC 5576 2.73× 108 25.68 729.912 694.233
NGC 7052 3.96× 108 70.4 1058.77 1007.02
NGC 3379 4.16× 108 10.70 1112.25 1057.88
NGC 4261 5.29× 108 32.36 1414.37 1345.23
NGC 6251 6.14× 108 108.4 1641.63 1561.39
NGC 5077 8.55× 108 38.7 2285.99 2174.25
NGC 7768 1.34× 109 116.0 3582.72 3407.59
NGC 6861 2.10× 109 28.71 5614.71 5340.25
NGC 4751 2.44× 109 32.81 6523.76 6204.86
Cygnus A 2.66× 109 242.7 7111.95 6764.32
NGC 5516 3.69× 109 55.3 9865.85 9383.59
NGC 4649 4.72× 109 16.46 12619.7 12002.9
M87 6.5× 109 16.68 17378.9 16529.4
NGC 3842 9.09× 109 92.2 24303.7 23115.7
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between two relativistic images, when both images are on the same side of the black hole,

is expressed as follows

∆T2,1 = 2πuph = 2πDolθ∞. (6.4.25)

Using the above Eq.(6.4.25), the time delays for a Schwarzschild black hole (S0 = S2 =

0) and the quadratic gravity black hole, with S0 = S2 = 0.1 and m0 = m2 = 1 have

been estimated in Table.6.4 for several supermassive black holes located in the centers of

nearby galaxies. The deviation of the time delays between the first and second relativistic

images, for the quadratic gravity black hole from Schwarzschild black hole δ∆T2,1 = ∆T Sch
2,1 −

∆TASQG
2,1 minutes with S0 = S2 = 0.1 and m0 = m2 = 1 has been displayed for the cases

of M87∗ and Sgr A∗ in Fig.6.12. This figure shows that as the numerical values of the

parameters S0 > 0 or S2 > 0 increase while keeping the other parameters fixed, δ∆T2,1

increases. Conversely, an increase in the values of the parameters m0 > 0 or m2 > 0, with

the other parameters held constant, decreases the value of the observable quantity δ∆T2,1.

6.4.5 Results and Discussions

Using observations of strong gravitational fields, we have applied the methodology intro-

duced by Bozza (2002) to distinguish between various types of spherically symmetric black

holes and investigate their astrophysical implications, particularly for supermassive black

holes located at the centers of nearby galaxies. This methodology has been extensively em-

ployed to test the key properties of quadratic gravity black holes and compare them with the

standard Schwarzschild general relativity solution. In our analysis, we investigated several

key aspects of astrophysical relevance. First, we computed the strong lensing coefficients

ā, b̄ and uph (see Table.6.2). Utilizing these coefficients, we derived the strong deflection

angle along with several observable quantities such as the angular position of the innermost

image θ∞, the image separation X and the magnification ratio rmag, specifically for M87∗

and Sgr A∗ (see Table.6.3). Furthermore, we examined the time delay between relativistic

images (see Table.6.4) for multiple supermassive black holes located at the centers of nearby

galaxies.
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Angular position θ∞ for the set of images: We have numerically determined the

angular positions of the relativistic images for various supermassive black holes within the

quadratic gravity framework. The results forM87∗ and Sgr A∗ are summarized in Table.6.5.

Table 6.5: Admissible range for the angular position of the innermost relativistic images
θ∞, is analyzed for M87∗ and Sgr A∗. This range is determined for varying values of the
quadratic gravity black hole parameters S2, m0 and m2 while keeping the parameter S0

constant.

SMBH S0 m0 S2 m2 θ∞ (µas)

M87∗ 0.1 0.5 0.1 0.3 ≤ m2 ≤ 1.1 θ∞ ∈ (17.57, 18.52)
Sgr A∗ 0.1 0.5 0.1 0.3 ≤ m2 ≤ 1.1 θ∞ ∈ (23.22, 24.48)

M87∗ 0.1 0.5 0.2 0.3 ≤ m2 ≤ 1.1 θ∞ ∈ (16.06, 18.01)
Sgr A∗ 0.1 0.5 0.2 0.3 ≤ m2 ≤ 1.1 θ∞ ∈ (21.22, 23.80)

M87∗ 0.1 0.5 0.3 0.3 ≤ m2 ≤ 1.1 θ∞ ∈ (14.42, 17.44)
Sgr A∗ 0.1 0.5 0.3 0.3 ≤ m2 ≤ 1.1 θ∞ ∈ (19.06, 23.04)

M87∗ 0.1 1 0.1 0.3 ≤ m2 ≤ 1.1 θ∞ ∈ (18.10, 19.06)
Sgr A∗ 0.1 1 0.1 0.3 ≤ m2 ≤ 1.1 θ∞ ∈ (23.93, 25.19)

M87∗ 0.1 1 0.2 0.3 ≤ m2 ≤ 1.1 θ∞ ∈ (16.61, 18.57)
Sgr A∗ 0.1 1 0.2 0.3 ≤ m2 ≤ 1.1 θ∞ ∈ (21.95, 24.55)

M87∗ 0.1 1 0.3 0.3 ≤ m2 ≤ 1.1 θ∞ ∈ (14.98, 18.03)
Sgr A∗ 0.1 1 0.3 0.3 ≤ m2 ≤ 1.1 θ∞ ∈ (19.80, 23.82)

As one can see from Tables.6.2 and 6.5, the angular position of the innermost relativistic

images θ∞ depends on the values of the quadratic gravity black hole parameters S2, m0 and

m2. An increase in the value of m2 from 0.3 to 1.1 will lead, for the black holes M87∗ and

Sgr A∗, to an increase in θ∞ for fixed values of the remaining parameters, while θ∞ decreases

with an increase in the parameter S2 from 0.1 to 0.3, assuming the other parameters are

fixed. Furthermore, considering the same mass and distance of the black hole, it is observed

that the angular position of the innermost relativistic images θ∞ for the quadratic gravity

black hole is smaller than that in the case of a Schwarzschild black hole. Consequently, the

fundamental quadratic gravity has a significant effect on the potentially observable angular

positions of the images θ∞, enabling a distinction between these images and those associated

with other classical black holes.
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The Angular Separation: We have numerically obtained the angular separation be-

tween the outermost and innermost relativistic images X for M87∗ and Sgr A∗ within the

framework of quadratic gravity, as summarized in Table.6.6.

Table 6.6: Admissible range for the angular separation between outermost and innermost
relativistic imagesX, is analyzed forM87∗ and Sgr A∗. This range is determined for varying
values of the quadratic gravity parameters S2, m0 and m2 while keeping the parameter S0

constant.

SMBH S0 m0 S2 m2 X (µas)

M87∗ 0.1 0.5 0.1 0.3 ≤ m2 ≤ 1.1 X ∈ (0.06, 0.08)
Sgr A∗ 0.1 0.5 0.1 0.3 ≤ m2 ≤ 1.1 X ∈ (0.08, 0.10)

M87∗ 0.1 0.5 0.2 0.3 ≤ m2 ≤ 1.1 X ∈ (0.07, 0.10)
Sgr A∗ 0.1 0.5 0.2 0.3 ≤ m2 ≤ 1.1 X ∈ (0.09, 0.13)

M87∗ 0.1 0.5 0.3 0.3 ≤ m2 ≤ 1.1 X ∈ (0.08, 0.13)
Sgr A∗ 0.1 0.5 0.3 0.3 ≤ m2 ≤ 1.1 X ∈ (0.11, 0.17)

M87∗ 0.1 1 0.1 0.3 ≤ m2 ≤ 1.1 X ∈ (0.04, 0.06)
Sgr A∗ 0.1 1 0.1 0.3 ≤ m2 ≤ 1.1 X ∈ (0.06, 0.07)

M87∗ 0.1 1 0.2 0.3 ≤ m2 ≤ 1.1 X ∈ (0.05, 0.07)
Sgr A∗ 0.1 1 0.2 0.3 ≤ m2 ≤ 1.1 X ∈ (0.07, 0.10)

M87∗ 0.1 1 0.3 0.3 ≤ m2 ≤ 1.1 X ∈ (0.06, 0.10)
Sgr A∗ 0.1 1 0.3 0.3 ≤ m2 ≤ 1.1 X ∈ (0.08, 0.13)

As one can see from Tables.6.2 and 6.6, the angular separation between outermost and

innermost relativistic images X depends on the values of the quadratic gravity black hole

parameters S2, m0 and m2. An increase in the value of m2 from 0.3 to 1.1 will lead, for

the black holes M87∗ and Sgr A∗, to a decrease in X for fixed values of the remaining pa-

rameters, while X increases with an increase in the parameter S2 from 0.1 to 0.3, assuming

the other parameters are fixed. Furthermore, considering the same mass and distance of

the black hole, it is observed that the angular separation between outermost and innermost

relativistic images X for the quadratic gravity black hole is larger than that in the case of a

Schwarzschild black hole. Consequently, the fundamental quadratic gravity has a significant

effect on the potentially observable angular separation between the outermost and innermost

relativistic images X, enabling a distinction between these images and those associated with

other classical black holes.
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Relative Magnification: We have numerically obtained the relative magnification of the

relativistic images rmag for M87∗ and Sgr A∗ within the framework of quadratic gravity, as

summarized in Table.6.7.

Table 6.7: Admissible range for rmag, is analyzed for M87∗ and Sgr A∗. This range is
determined for varying values of the quadratic gravity parameters S2, m0 and m2 while
keeping the parameter S0 constant.

SMBH S0 m0 S2 m2 rmag magnitude

M87∗ ,Sgr A∗ 0.1 0.5 0.1 0.3 ≤ m2 ≤ 1.1 rmag ∈ (5.17, 5.47)
M87∗ ,Sgr A∗ 0.1 0.5 0.2 0.3 ≤ m2 ≤ 1.1 rmag ∈ (4.48, 5.26)
M87∗ ,Sgr A∗ 0.1 0.5 0.3 0.3 ≤ m2 ≤ 1.1 rmag ∈ (3.34, 5.00)
M87∗ ,Sgr A∗ 0.1 1 0.1 0.3 ≤ m2 ≤ 1.1 rmag ∈ (5.67, 5.93)
M87∗ ,Sgr A∗ 0.1 1 0.2 0.3 ≤ m2 ≤ 1.1 rmag ∈ (5.10, 5.74)
M87∗ ,Sgr A∗ 0.1 1 0.3 0.3 ≤ m2 ≤ 1.1 rmag ∈ (4.22, 5.52)

As illustrated in Tables.6.2 and 6.7, the relative magnification of the relativistic images,

denoted as rmag, is influenced by the parameters of the quadratic gravity black hole, specifi-

cally S2, m0 andm2. Increasing the value ofm2 from 0.3 to 1.1 results in a corresponding rise

in rmag for M87∗ and Sgr A∗, assuming the other parameters remain constant. Conversely,

rmag decreases as the parameter S2 increases from 0.1 to 0.3, again with other parameters

held fixed.

Moreover, when comparing black holes of the same mass and distance, it is found that

the relative magnification rmag for the quadratic gravity black hole is less than that for a

Schwarzschild black hole. This indicates that the fundamental aspects of quadratic gravity

significantly affect the observable relative magnification of the relativistic images, allowing

for differentiation between these images and those linked to other classical black holes.

It is also important to note that the relative magnification of the relativistic images is

independent of the black hole’s mass or distance.

The Einstein Rings: For M87∗ and Sgr A∗, the outermost Einstein rings θE1 are pre-

sented in Figs.6.11(a) and 6.11(c) for the parameter values m0 = m2 = 1, S2 = 0.1 and

S0 = 0, 0.05, 0.1, 0.2, & 0.3. Additionally, the cases with m0 = m2 = 1, S0 = 0.1 and

S2 = 0, 0.05, 0.1, 0.2, & 0.3 are shown in Figs.6.11(b) and 6.11(d). Our findings indicate

that the radius of the outermost Einstein ring, θE1 , decreases as the values of the quadratic

gravity black hole parameters S0 or S2 increase while keeping the remaining parameters
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fixed. Notably, the Einstein ring θE1 for an quadratic gravity black hole is significantly

smaller than that of the standard classical Schwarzschild black hole (S0 = S2 = 0).

Relativistic Time Delay: We have also evaluated the time delays ∆T2,1 between the

first and second-order relativistic images for various supermassive black holes within the

framework of the quadratic gravity black hole, using the parameter values (S0 = S2 =

0.1, m0 = m2 = 1), as well as for the Schwarzschild black hole (S0 = S2 = 0). The time

delay ∆T2,1 for the quadratic gravity black hole (e.g., ∼ 23115.7 minutes for NGC 3842) is

significantly smaller compared to the Schwarzschild black hole (e.g., ∼ 24303.7 minutes for

NGC 3842). Thus, the deviation in the time delays for the quadratic gravity black hole with

(S0 = S2 = 0.1, m0 = m2 = 1) from the standard Schwarzschild black hole (S0 = S2 = 0)

is δ∆T2,1 = ∆T Sch
2,1 − ∆TASQG

2,1 = 1188minutes. This suggests that if the first and second

relativistic images are distinguishable, the time delay between them could serve as a valuable

indicator to differentiate the quadratic gravity black hole from the classical Schwarzschild

black hole.

6.5 Conclusions and Final Remarks

In the present chapter, we have discussed the shadow and strong gravitational lensing phe-

nomena by the quadratic gravity black holes, described by a solution obtained by the

quadratic gravity action. A black hole in quadratic gravity is described by five parame-

ters, with M representing the mass of the black hole. The two free parameters S0 and S2

characterize the strength of the exponentially decaying Yukawa corrections. Additionally,

the masses m0 and m2 of the spin-0 and spin-2 modes are associated with various curvature

terms’ couplings. This has been discussed in detail in [ Pawlowski and Tränkle (2024) ].

The classical Schwarzschild black hole is obtained when S0 = S2 = 0. The present study

highlights that traditional black hole solutions derived from classical general relativity may

not fully capture the complexities of black holes in the context of quadratic gravity. This

black hole like solutions exhibit significant deviations from classical predictions, particularly

outside the event horizon. These deviations could manifest in gravitational lensing phenom-

ena, where the curvature of spacetime influences the paths of light rays passing near massive

objects. In this study, we primarily restrict our analysis to positive values of the black hole
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parameters S0,S2,m0 and m2. The study of light deflection (gravitational lensing) in the

strong field limit, particularly in regions dominated by the gravitational effects of quadratic

gravity black holes, offers powerful theoretical and observational tools for distinguishing be-

tween standard general relativistic models and modified gravity models. Although the radial

coordinate dependence of the quadratic gravity metric takes a fixed form, when interpreted

as a galactic metric, the bending angle of light and other optical effects are significantly

influenced by the metric parameters, as well as by the baryonic mass and radius of the

supermassive black hole. The quadratic gravity metric dictates the specific values of the

bending angles and other lensing effects and these values differ substantially from those pre-

dicted by the classical Schwarzschild metric. For example, when S0 = 0.1,S2 = 0.1,m0 = 1

and m2 = 1, the time delay of the photons is much smaller in the quadratic gravity than

in standard general relativity. This may be related to the gravitational light deflection

angle being larger than the value predicted by the standard general relativistic approach.

We observe significant differences in the lensing effects when comparing our results for the

quadratic gravity black holes with those of standard Schwarzschild black holes. As a re-

sult, the quadratic gravity black hole, influenced by moving fluids and sound waves, can

be detected more easily and distinguished from ordinary astrophysical black holes such as

the Schwarzschild black hole. Consequently, the study of gravitational lensing may provide

evidence for the existence of quadratic gravity effects in the Universe. Our findings represent

a promising and significant step towards connecting the fundamental theory of quadratic

gravity to potentially feasible black hole spacetimes.

Motivated by this shadow of back hole, the shadow of a wormhole is sought to be un-

derstood in terms of its potential appearance, investigating how light interacts with these

exotic objects and whether such signatures could one day be observed, potentially offering

insights into new physics and the nature of spacetime. So, in the following chapter the

physical characteristics of non rotating wormholes are analyzed as well as shadow of them

and in Chapter.8, the shadow of rotating wormholes are explored.
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Chapter 7

Impact of Yukwa Potential on

Wormhole Shadow

7.1 Introduction

In the early days of general relativity, wormholes were nothing more than a mathematical

quirk, buried within the solutions to Einstein’s equations. But in 1916, physicist Lud-

wig Flamm stumbled upon a second, hidden solution to the Schwarzschild metric [ Flamm

(1916) ], sparking the earliest inkling of what would later be called a “wormhole”. Fast-

forward to 1935, when Einstein and his colleague Nathan Rosen explored these connec-

tions more deeply, crafting the idea of a bridge between two parts of spacetime, a so-called

“Einstein-Rosen bridge”. Although fascinating [ Einstein and Rosen (1935) ], it was sadly

non-traversable, meaning one could never truly pass through it. But then came a break-

through in 1988, physicists Kip Thorne and Michael Morris imagined a traversable worm-

hole, one that could connect distant points in the universe [ Morris and Thorne (1988) ].

Their work brought wormholes from the realm of theoretical curiosity into practical fascina-

tion, bridging not just space but also the curious minds of scientists in quantum mechanics,

black hole physics and even science fiction writers. Today, wormholes stand at the forefront

of cutting-edge theories, with physicists asking, “Could these gateways to distant galaxies

really exist?”

Wormholes, theoretical constructs that bridge two separate regions of spacetime, have

been a cornerstone in the study of general relativity and its extensions. However, the
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Einstein-Rosen bridge model failed to serve its purpose in particle physics and it was later

realized that these bridges were not traversable. A non-traversable wormhole is a structure

that also connects two points in spacetime but cannot be used as a passage by any form of

matter or radiation. These wormholes typically collapse or form singularities before anything

can pass through, rendering them impassable, while a traversable wormhole is a hypothetical

structure that connects two distinct points in spacetime, allowing matter (and potentially

information) to pass through it without encountering singularities or extreme tidal forces

that would destroy it. To be traversable, a wormhole must have certain conditions in its

geometry, such as the presence of exotic matter [ Visser (1995) ] with negative energy density

at the throat to keep it stable and prevent it from collapsing under gravitational forces.

These would require exotic matter that violates standard energy conditions [ Galloway

et al. (2001, 1999) ], such as the NEC. Although this concept seems counterintuitive in

classical general relativity, it becomes more plausible in the context of quantum mechanics.

Since then, researchers have explored alternatives to minimize or bypass the need for exotic

matter. One approach is modified gravity, which alters general relativity’s equations, adding

extra degrees of freedom that might support traversable wormholes without violating energy

conditions. For example, theories like f(R), f(T ), f(Q) and other modified gravity theories

[ Harko et al. (2013), Hochberg, D (1990), Kanti et al. (2012), and Mazharimousavi and

Halilsoy (2016) ], suggest that wormholes might be possible with ordinary matter.

In theoretical physics, macroscopic traversable wormholes, while still speculative, are a

captivating concept. These hypothetical structures, large enough to allow human travel, re-

quire specific conditions to exist. To address this, researchers have explored the possibility of

introducing a “dark sector” with properties conducive to constructing such wormholes. One

promising approach involves the Randall-Sundrum model [ Randall and Sundrum (1999) ],

which is a framework in physics that incorporates extra dimensions beyond the familiar three

spatial and one temporal dimension. Among these, the Yukawa-modified gravitational po-

tential has garnered attention due to its ability to modify the gravitational potential at

both short and long distances, offering a more flexible framework for dark matter interac-

tions. The Yukawa potential was first proposed by Japanese physicist Hideki Yukawa in

1935 [ Yukawa (1935) ] to describe the force between nucleons (protons and neutrons) in an

atomic nucleus. Yukawa introduced this potential as a way to explain the strong nuclear
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force, which binds nucleons together, in a manner similar to how the Coulomb potential

describes electromagnetic interactions. The Yukawa potential is characterized by an expo-

nentially decaying term, which introduces a finite range to the force, unlike the long-range

Coulomb or gravitational potentials. Yukawa’s theory predicted the existence of a particle,

now known as the pion, as the mediator of the nuclear force. His work earned him the Nobel

Prize in Physics in 1949, as it laid the foundation for our understanding of nuclear forces

in the context of quantum field theory. The Yukawa potential is modified to include terms

that decay over larger distances. It alters Newton’s potential with an exponential decay

term [ Jusufi et al. (2023a) ], providing a nuanced approach to gravity that aligns with

observations of galactic dynamics and could offer insights into dark matter and dark energy.

This potential, which depends on a parameter linked to the wavelength of a hypothetical

massive graviton, has been used to explore modified Friedmann equations, which are central

to cosmological models. The necessity of modifying the Yukawa potential in gravity stems

from the desire to address phenomena where traditional gravity or dark matter hypotheses

are insufficient. For example, the Yukawa potential has been proposed as an alternative to

Modified Newtonian dynamics in explaining flat galaxy rotation curves, gravitational lens-

ing anomalies and other astrophysical phenomena that challenge conventional gravitational

theory. The potential’s versatility allows it to account for both short-range and long-range

modifications, bridging gaps in our understanding of gravity on different scales.

In the present chapter, a cosmologically motivated approach is explored that leverages

the Yukawa potential [ Sekhmani et al. (2024) ] to study dark matter and its implications

for gravity. This framework builds on Verlinde’s concept of gravity as an emergent entropic

force, which views gravitational effects as resulting from changes in a system’s information

content. Verlinde also proposed that what we interpret as dark matter may not be due to

actual, unseen particles but rather an emergent effect resulting from ordinary baryonic mat-

ter, fundamentally altering our perspective on dark matter. By incorporating the Yukawa

potential into this approach [ Gonzalez et al. (2023) ], we consider a modified gravitational

interaction characterized by parameters such as the coupling strength β the wavelength λ

and the Planck-scale length l. This coupling framework is particularly useful in deriving

modified Friedmann equations, which relate dark matter, dark energy and baryonic mat-

ter densities under an entropic force interpretation. This model treats dark energy as a
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manifestation of graviton self-interaction, with implications for the cosmological constant.

Observationally, this framework aligns with recent studies suggesting that dark matter may

be effectively described by long-range interactions between baryonic matter, mediated by a

Yukawa-type gravitational potential.

In our wormhole study, the modified Yukawa potential was chosen because it offers a

promising framework to explore non-standard gravitational structures like wormholes, espe-

cially in regions of high gravitational influence, such as galactic cores. We examined how the

Yukawa modification affects the stability, traversability and shadow properties of wormholes,

offering insights into their possible observational signatures within galactic environments.

Recent studies [ Arvanitaki et al. (2017), Berezhiani et al. (2009), Borka et al. (2013), Garny

et al. (2016), Jusufi and Sheykhi (2023), Jusufi et al. (2023b), and Millano et al. (2023) ]

have suggested that incorporating the Yukawa potential into gravitational theories may lead

to observable effects, particularly in the context of gravitational lensing and the behavior of

cosmic structures. The advancement of modern physics and applied mathematics continues

to push the boundaries of knowledge in fields as varied as signal processing and astrophysical

theory. While adaptive algorithms optimize computational efficiency and resource manage-

ment, corrections to gravitational metrics provide new perspectives on foundational cosmic

structures.

Many studies in the literature have extensively examined various aspects of traversable

wormhole geometries, as demonstrated in literature [ Almheiri et al. (2020), Bronnikov and

Kim (2003), Garcia and Lobo (2010), Garcia and Lobo (2011), Hawking (1988), Konoplya

and Zhidenko (2022), Kuhfittig (2019), Kuhfittig (2021), Lemos et al. (2003), Penington

et al. (2022), Sarkar et al. (2024), Sushkov (2005), and Visser (1989) ]. Researchers have

explored wormholes in the context of various modified gravity theories, taking into account

a range of realistic scenarios [ Botta Cantcheff et al. (2010), Garattini and Lobo (2007),

Lobo and Oliveira (2009), Moraes and Sahoo (2017), and Richarte and Simeone (2007) ].

Among the intriguing aspects of wormholes, the study of their shadows offers a unique

avenue for exploring their properties and implications. In astrophysics, a shadow represents

the apparent outline of an object as seen from a distant observer’s perspective. This effect is

closely related to gravitational lensing, caused by the bending of light around massive bodies.

A wormhole’s gravitational field can bend light in such a way that it creates multiple images
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or a bright ring around its shadow. Unlike black holes, which have a distinct photon sphere

shaping their shadow, wormholes can produce a more intricate shadow pattern due to light

that traverses or loops around the wormhole’s throat. In astrophysics, wormhole shadows

have become a subject of significant interest, as observing one could indirectly support the

existence of wormholes. However, no observational evidence has been obtained yet, making

the study largely theoretical at this stage. Shadows have been widely investigated for black

holes [ Afrin and Ghosh (2023), Arora et al. (2023), and Molla and Debnath (2023b) ]

and the study of shadows in wormholes [ Alloqulov et al. (2024), Shaikh (2022), and Zhu

and Wang (2021) ] is an emerging field with its own unique challenges and opportunities.

Wormhole shadows provide valuable insights into their size, structure and the distribution

of exotic matter within them. This line of research may shed light on the feasibility of

traversable wormholes and their potential observable signatures.

The chapter is organized as follows: section 7.2 presents the interior spacetime with

the Einstein Field Equations equations. In section 7.3, various physically viable models of

wormholes have been explored. The density and stability conditions of wormholes have been

discussed in section 7.4. section 7.5 delves into discussions related to three different models

for distinct redshift functions. In section 7.6, the wormhole shadow cast by the throat is

discussed for the three new wormhole models: Model-I, Model-II and Model-III. Finally, in

section 7.7, a few concluding remarks are provided.

7.2 Interior Spacetime with the Einstein Field Equa-

tions

We examine the Morris–Thorne traversable wormhole spacetime [ Morris and Thorne (1988) ],

which is described by a static, spherically symmetric metric in the Schwarzschild coordinate

system (t, r, θ, ϕ),

ds2 = −e2Φ(r)dt2 +

(
1− b

r

)−1

dr2 + r2dΩ2, (7.2.1)
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where,

dΩ2 =
(
dθ2 + sin2 θdϕ2

)
.

Here, coordinates t, r, θ and ϕ are defined by −∞ < t <∞, r0 ≤ r <∞, 0 ≤ θ ≤ π and

0 ≤ ϕ ≤ 2π and in general, the metric functions Φ, b depend only on r and θ. b(r) and Φ(r)

are known as shape function and redshift function.

The stress-energy tensor for dark matter, assumed to have an anisotropic matter distri-

bution, is given by

T µν =
[
ρ(r) + pt(r)

]
UµUν − pt(r)g

µν +
[
pr(r)− pt(r)

]
χµχν , (7.2.2)

where, UµUµ = −χµχµ = 1 and Uµχµ = 0. Here, ρ(r), pr(r) and pt(r) denote the energy

density, radial pressure and transverse pressure, respectively, of the dark matter distribution.

Thus, the energy-momentum tensor of the wormhole spacetime Eq.(7.2.1) is given by

T µ
ν = diag[−ρ, pr, pt, pt], (7.2.3)

where, ρ is the wormhole matter density, pt is tangential pressure and pr is radial pressure.

The Einstein field equations for the line element Eq.(7.2.1) along with energy-momentum

tensor Eq.(7.2.3) are obtained as (in the geometrized system of units having G = 1)

κρ(r) =
b′(r)

r2
, (7.2.4)

κpr(r) =
2

r

(
1− b(r)

r

)
Φ

′
(r)− b(r)

r3
, (7.2.5)

κpt(r) =
(
1− b(r)

r

)[
Φ

′′
(r) + Φ

′
(r)
(
Φ

′
(r) +

1

r

)]
− b

′
(r)r − b(r)

2r2

(
Φ

′
(r) +

1

r

)
. (7.2.6)

where, the symbol (′) represents differentiation with respect to the radial coordinate r.
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7.3 Generating a Physically Viable Model of Worm-

hole with Yukawa Potential

To develop a physically reasonable model of the stellar configuration, the regular non-

singular Yukawa-type gravitational potential is assumed [ Sekhmani et al. (2024) ],

Ψ(r) =
−GMm√
rD−2 + lD−2

(1 + βe−
r
λ ), (7.3.1)

here, the wavelength of massive graviton is

λ =
h

mgc
. (7.3.2)

Here, l is a Planck-scale parameter and β is a parameter. The Yukawa term decays expo-

nentially over the Planck scale, which is associated with the mass mg of the hypothetical

graviton.

It is recognized that the energy density of modified matter can be explicitly determined

by considering [ Sekhmani et al. (2024) ]

ρ(r) =
1

4π
∆Ψ(r). (7.3.3)

Simplifying Eq.(7.3.3), one can obtain the following energy density [ Sekhmani et al. (2024) ]

ρ(r) =
e−

r
λβM

4πrλ2(r2 + l2)
5
2

A+
3Ml2

4π(r2 + l2)
5
2

, (7.3.4)

where,

A = 2λl4 + (3λ2l2 − l4)r + 2λl2r2 − 2l2r3 − r5. (7.3.5)

Where the first term of the energy density expression is linearly proportional to β, dominates

at large distances, while the second is proportional to l governs short-distance behavior.

Specifically, when long-range modifications are ignored.

Now, substituting Eqs.(7.3.4) and (7.3.5) in Eq.(7.2.4) the shape function is calculated.

All the wormhole’s models of this chapter are analyzed by focusing on four distinct cases
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based on different values of the parameter β. To simplify the calculation of the shape

function b(r), we initially chose λ = 1011. To obtain the shape function, it is considered

l = 1, M = 10, m = 0.2 and κ = 0.001.

For λ = 1011 and using the above values, the equation of shape function can be obtained

as

b(r, β) =
1

(r2 + 1)3/2

(
(0.00795775β + 0.00795775)r3 − 0.000711763(β − 701.481)

√
r2 + 1r2

− 0.000711763(β − 701.481)
√
r2 + 1 + 2.528688524056043× 10−18βr

)
.

(7.3.6)

Now, the shape function of wormhole, along with the embedding and proper length related

to this shape function, will be discussed. These quantities are interconnected, with the

shape function governing the structure of the wormhole, the embedding providing a visual

representation of that structure and the proper length describing the actual distances along

the throat.

7.3.1 Shape Function

The shape function b(r) is a crucial aspect of traversable wormhole models in general rel-

ativity. It defines the geometry of the wormhole and governs the structure of the throat,

the narrowest part of the wormhole connecting two distinct regions of spacetime. The

shape function must satisfy certain conditions [ Morris and Thorne (1988) ] to ensure that

the wormhole is traversable and free from singularities. With all the mentioned necessary

wormhole properties, it is very important to mention that the choice of Yukwa gravitational

potential on wormhole geometry in the framework of general relativity is physically viable

and compatible.

• Positive: From the minimum throat radius, shape function should be positive with

the increased behavior. From Fig.7.1, it can be observed that the numerically calcu-

lated shape function is continuously going up with a positive behavior throughout the

described range of the radial coordinate.
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Fig. 7.1. The shape function b(r) across the radial coordinate r is drawn varying β for
fixed λ = 1011. The positive values of b(r) ensure that the wormhole’s geometry conforms
to the required structure for traversability, with b(r) determining the spatial geometry and
influencing the throat’s characteristics.

• Flaring out condition: This condition ensures that the wormhole “flairs out” at

the throat, preventing it from being pinched off. Mathematically, this condition is

expressed as follows
b(r)− rb′(r)

b2(r)
> 0 for r = r0. (7.3.7)

This ensures that the effective area of the throat is non-decreasing, which is neces-

sary for a traversable wormhole. This condition b
′
(r0) < 1 is also satisfied for the

numerically calculated shape function, which can be confirmed from the Fig.7.2.

• Throat of Wormhole: The throat acts as a bridge connecting two asymptotically

flat regions of spacetime, allowing for shortcuts through spacetime. Its geometric

properties impact the overall topology and curvature of the wormhole. A well-defined

throat with positive curvature ensures that particles can travel through without being

trapped or destabilized. Mathematically, the throat is defined as the minimum radius

of the wormhole, which corresponds to the location where the shape function b(r)

equals zero

b(r0) = r0, (7.3.8)

where r0 is the radius of the wormhole throat. Interestingly, the numerically calcu-
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Fig. 7.2. b′(r) the derivative of the shape function is plotted across the radial coordinate
r, varying β for fixed λ = 1011, which indicates the flare-out condition.

lated shape function is also providing the wormhole throat location which is measured

around r0 = 0.5. The measured value of wormhole throat can be confirmed from

Fig.7.3.

β=1 β=2 β=3 β=4
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r

Fig. 7.3. b(r) − r is plotted across the radial coordinate r, varying β for fixed λ = 1011,
indicating the wormhole throat locations.

• Asymptotically Flat Condition: For a traversable wormhole to be physically mean-

ingful, it should asymptotically approach flat spacetime as one moves away from the
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Fig. 7.4. b(r)
r

is plotted across the radial coordinate r, varying β for fixed λ = 1011, as
r → ∞ this ratio should approach zero, satisfying the asymptotic flatness condition.

wormhole. This condition can be mathematically expressed as

limr→∞
b(r)

r
= 0. (7.3.9)

The flatness condition is also satisfied for the numerically calculated shape function,

which can be confirmed from the Fig.7.4.

It can be seen from the Figs.7.1, 7.2, 7.3 and 7.4 that all the values of all the different

graphs of shape function slightly increase with the increasing value of β.

7.3.2 Proper Radial Length

In traversable wormhole models, the proper radial length, l(r) is a crucial metric that quan-

tifies the physical distance along the wormhole’s radial coordinate from a reference point to

the throat. For a given wormhole geometry, this radial length is determined by integrating

the spatial component of the wormhole metric. The proper distance is influenced by the

shape and size of the wormhole as well as the gravitational effects surrounding it. This can

often be expressed in terms of an integral over the radial coordinate as

l(r) = ±
∫ r

r0

√
grrdr. (7.3.10)
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Using the Eq.(7.2.1), the proper radial distance can be expressed as

l(r) = ±
∫ r

r0

dr√(
1− b(r)

r

) . (7.3.11)

For any traversable wormhole, l(r) must increase monotonically with respect to the increas-

ing values of r. It can be seen in Fig.7.5 that the graph of l(r) is strictly increasing and

for different values of β. To get this graphical representation, Fig.7.5 of the proper radial

distance, numerical integral is used.
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Fig. 7.5. The figure shows the variations of proper radial length l(r) of wormhole for
different values of β.

7.3.3 Embedding

The concept of embedding in wormhole physics provides a valuable way to visualize and

understand the geometry of a wormhole spacetime. In particular, embedding diagrams allow

us to represent a two-dimensional slice of the three-dimensional spatial geometry, illustrating

the curvature and overall shape of the wormhole. The process involves embedding a surface

defined by the wormhole’s metric into a higher-dimensional space.

To construct an embedding diagram, we start by considering the wormhole’s line element

in spherical coordinates. For simplicity, we analyze a two-dimensional equatorial slice
(
with

constant time and azimuthal angle (θ = π
2
)
)
. Given the metric in the form

ds2 =
dr2

1− b(r)
r

+ r2dϕ2. (7.3.12)
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We examine the embedded surface z(r), which embeds into three-dimensional Euclidean

space of cylindrical form as

ds2 = dξ2 + dz2 + ξ2dη2, (7.3.13)

where, ξ = ξ(r, ϕ), z = z(r, ϕ) and η = ϕ. As we are working on symmetric metric so for

axi-symmetry we can write ξ = ξ(r), z = z(r).

Now comparing Eq.(7.3.12) and Eq.(7.3.13), we get

(
dξ

dr

)2

+

(
dz

dr

)2

=

(
1− b(r)

r

)−1

and ξ2 = r2. (7.3.14)

From Eq.(7.3.14), we get,

1 +

(
dz

dr

)2

=
1

1− b(r)
r

or
dz

dr
= ±

√
r

b(r)
− 1. (7.3.15)

Now, from Eq.(7.3.15), the embedding surface can now be expressed as a function

z(r) = ±
∫ r

r0

dr√
r/b(r)− 1

. (7.3.16)
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Fig. 7.6. Depicted for variations of embedding surface z(r) of wormhole for different values
of β.

Here, we employ the methodology originally introduced by Marolf [ Marolf (1999) ],

along with the approach developed by Peter and David in a separate investigation [ Collas

and Klein (2012) ], to construct the embedded diagram for the wormhole.
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Fig. 7.7. Depicted for variations of 3D surface of wormholes for different values of β.

Using the numerical method, we solve the Eq.(7.3.16). The embedding surfaces are

shown in Fig.7.6 and their revolutions are presented in Fig.7.7. These embedding diagrams

help clarify how the involved parameters affect the wormhole’s geometry. The 3D plot of

a wormhole typically involves revolving the embedding surface around an axis to form a

solid shape that represents the wormhole in a 3-dimensional view. Here the 3D plots of

wormholes for different values of β are presented in single frame, demonstrating how the

geometry of the wormhole varies with changing parameter settings. In Fig.7.7 the throat of

the wormholes are shown narrow as the throat radius for all the models of this chapter is

0.5. This plot helps in visualizing how the wormholes bend and connect different regions of

spacetime, making it easier to understand its geometrical properties.

7.4 Wormhole Physical Property and Stability

We are going to discuss some physical properties and will check stability condition for

wormholes. For this discussion, we’ll cover two main aspects. Density with energy conditions
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and for stability analysis, we’ll use the Tolman-Oppenheimer-Volkoff (TOV) equation, which

applies to spherical objects in equilibrium.

7.4.1 Energy Conditions and Matter Distribution

In the context of general relativity, the fulfillment of energy conditions for matter plays a

pivotal role, as they are crucial for the validity of the singularity theorems [ Hawking and

Ellis (1973) ]. These energy conditions not only support the interpretation of spacetime

singularities but also assist in exploring the broader structure of spacetime, even when ex-

act solutions to Einstein’s equations are unavailable. They are particularly important for

analyzing wormhole solutions within the framework of modified gravity theories. The funda-

mental energy conditions—namely, the null, weak, dominant and strong energy conditions

originate from the Raychaudhuri equation [ Raychaudhuri (1955) ], which is instrumental

in describing the gravitational attraction and the positive energy density of matter. The

evolution of radial and tangential pressures, along with energy density, plays a crucial role in

forming wormhole structures. This study primarily aims to explore how energy conditions

behave in the presence of an anisotropic matter source.

NEC : ρ+ pr ≥ 0, ρ+ pt ≥ 0, (7.4.1)

WEC : ρ ≥ 0, ρ+ pr ≥ 0, ρ+ pt ≥ 0, (7.4.2)

DEC : ρ ≥ 0, ρ− |pr| ≥ 0, ρ− |pt| ≥ 0, (7.4.3)

SEC : ρ+ pr ≥ 0, ρ+ pt ≥ 0, ρ+ pr + 2pt ≥ 0. (7.4.4)

The NEC states that for any null vector κµ the energy-momentum tensor Tµν , derived from

Tµνκ
µκν ≥ 0. (7.4.5)

For a traversable wormhole, the NEC is violated in most models. This is because wormholes

typically require exotic matter that can produce negative energy densities, thus allowing the

wormhole throat to remain open. From our models, it is clear that violations of the NEC

are tied directly to the nature of the shape function. It has been presented in this chapter.

The regional behavior of the NEC and SEC expressions for both the chosen and derived
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shape functions has been illustrated. Violations of these energy conditions, especially NEC

and SEC, are necessary to maintain an open wormhole throat and indicate the presence of

exotic matter, an unusual form of matter essential for wormhole formation. Exotic matter,

which remains unobserved and theoretically challenging to verify physically, may emerge if

these energy conditions are not met. These energy conditions provide valuable insights into

the properties of wormhole geometry within general relativity. In general relativity, nega-

tive energy conditions are fundamental to create and sustain the exotic matter associated

with wormholes, characterized by properties such as negative mass and energy that are not

observed in ordinary matter. The behavior of the energy density ρ(r) for different values of

β is depicted in Fig.7.8 suggesting a validation of the wormhole models.
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Fig. 7.8. The figure shows the variations of energy density ρ for different values of β.

7.4.2 Equilibrium Condition

In the context of wormhole stability analysis, the Tolman-Oppenheimer-Volkoff (TOV) equa-

tion [ Oppenheimer and Volkoff (1939) ] is adapted to examine the forces acting within a

spherically symmetric, static spacetime. This equation is fundamental in assessing the equi-

librium and stability of compact objects and can be generalized to incorporate the effects

of anisotropic matter distributions. In a wormhole model, the TOV equation essentially
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balances distinct forces. The generalized TOV equation is provided as

p
′

r(r) +
2

r
[pr(r)− pt(r)] + [ρ(r) + pr(r)]

Φ
′
(r)

2
= 0. (7.4.6)

For a static equilibrium the generalized TOV equation for anisotropic matter distributions

is structured as follows

Fh + Fa + Fg = 0, (7.4.7)

Fa =
2

r
[pt(r)− pr(r)], Fg = −Φ

′
(r)

2
[ρ(r) + pr(r)], Fh = −p′

r(r). (7.4.8)

The forces are hydrostatic force (Fh), anisotropic force (Fa) and the gravitational force (Fg).

Here, each force contributes uniquely to the overall stability.

For a wormhole to remain in stable equilibrium, the sum of the forces in the modified

TOV equation must indeed equal zero. This balance is necessary to counteract the gravita-

tional collapse of the wormhole throat. The graphical behavior of the equilibrium condition,

using the TOV equation, is presented separately for each of the three models: Model-I,

Model-II and Model-III.

7.5 Different Models Corresponding to the Three Dif-

ferent Redshift Functions

Now, we will discuss three different models of wormholes. In the first two cases, we assume

specific forms of the redshift function. In the last case, we use an EoS to determine the

redshift function for new wormhole solutions.

7.5.1 Model:I

To analyze the complete wormhole configuration, we first use a specific redshift function

given by

Φ =
a

r
, (7.5.1)

where a is the arbitrary constant.
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Using this Eq.(7.5.1) we get from Eq.(7.2.5) and Eq.(7.2.6), the expression of radial

pressure and transverse pressure respectively, as

pr =
(2a− r)b(r)− 2ar

κr4
, (7.5.2)

pt =
1

8κr5πλ2 (l2 + r2)
5
2

[
r(r − a)e−

r
λ

{
4πλ2

(
l2 + r2

)5/2
er/λb(r)

+κMr2

(
βl4(r − 2λ) + l2r

{
2βr2 − 3λ2

(
β + er/λ

)
− 2βλr

})
+ βr5

}]

+
8a(a+ r)(r − b(r))

8κr5
. (7.5.3)
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Fig. 7.9. Model:I, NEC: Illustrates the variation of ρ + pr for different values of the
parameter β (1, 2, 3, 4) with a = 0.03 in the Model-I for r0 = 0.5.

By examining the behavior of a with respect to different values of the parameter β in our

Model-I, we gain insights into how the matter content, radial pressure (pr) and transverse

pressure (pt) varies and whether these violations differ and also calculated the expressions

for various combinations of the energy density (ρ) and pressures.

Using the redshift function in Eq.(7.5.1) and the NEC in Eq.(7.4.1) of energy conditions

for Model-I are shown in Fig.7.9. The validity regions where these energy conditions fulfill
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the necessary requirements are also provided in Fig.7.10 for Model-I. We get that NEC is

violated in most regions for various ranges of the involved parameters in the context of

Model-I.

Fig. 7.10. Model:I, NEC(Region): Shows the valid region of ρ+ pr with respect to the
parameters β and a for the Model-I with r0 = 0.5.
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Fig. 7.11. Model:I, SEC: Illustrates the variation of ρ + pr + 2pt for different values of
the parameter β (1, 2, 3, 4) with a = 0.03 in the Model-I for r0 = 0.5.

Using the redshift function in Eq.(7.5.1) and the SEC in Eq.(7.4.2) of energy conditions

for Model-I are shown in Fig.7.11. The validity regions where these energy conditions fulfill
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the necessary requirements are also provided in Fig.7.12 for Model-I. We get that SEC is

violated in most regions for various ranges of the involved parameters in the context of

Model-I. The violated region is shown in Fig.7.12.

Fig. 7.12. Model:I, SEC(Region): Shows the valid region of ρ + pr + 2pt with respect
to the parameters β and a for the Model-I with r0 = 0.5.
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Fig. 7.13. Model:I, TOV: (a) The figure shows the variations of TOV analysis under the
effect of three different forces for different values of β, for the Model-I with r0 = 0.5. (b)
The graph of magnification of gravitational force Fg is shown.

From Fig.7.13, it is evident that the stability of the wormhole in Model-I is achieved
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through the interplay of forces. For the redshift function in Eq.(7.5.1), Model-I is shown to

be stable, as illustrated in Fig.7.13(a), which displays the hydrostatic and anisotropic forces.

Additionally, Fig.7.13(b) shows the gravitational force for further illustration.

7.5.2 Model: II

In this section, we use another specific redshift function is given by

Φ = 1 +
γ

r2
, (7.5.4)

here γ is the arbitrary constant.

Now, using this Eq.(7.5.4) we get from Eq.(7.2.5) and Eq.(7.2.6), the expression of radial

pressure and transverse pressure as

pr = −
(
r2 − 4γ

)
b(r) + 4γr

κr5
, (7.5.5)

pt =
8γ
(
γ + r2

)
(r − b(r))

2κr7
−

(
r2 − 2γ

)(
κMr2

(
Aβe−

r
λ + 3λ2l2r

)
− 4πλ2

(
l2 + r2

)5/2
b(r)

)
8κπλ2r5 (l2 + r2)5/2

.

(7.5.6)
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Fig. 7.14. Model:II, NEC: Illustrates the variation of ρ + pr for different values of the
parameter β (1, 2, 3, 4) with a = 0.03 in the Model-I for r0 = 0.5.
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Fig. 7.15. Model:II, NEC(Region): Shows the valid region of ρ + pr with respect to
the parameters β and a for the Model-I with r0 = 0.5.

Using the redshift function in Eq.(7.5.4) and the NEC in Eq.(7.4.1) of energy conditions

for Model-II are shown in Fig.7.14. The validity regions where these energy conditions fulfill

the necessary requirements are also provided in Fig.7.15 for Model-II. We get that NEC

is violated in most regions for various ranges of the involved parameters in the context of

Model-II.

β 1 β 2 β 3 β 4

1.201401.201451.201501.201551.20160

22.98

22.99

23.00

23.01

23.02

1.0 1.5 2.0 2.5 3.0

0

10

20

30

r

ρ
+
p
r
+
2
p
t

γ 0.03

Fig. 7.16. Model:II, SEC: Illustrates the variation of ρ+ pr + 2pt for different values of
the parameter β (1, 2, 3, 4) with a = 0.03 in the Model-I for r0 = 0.5.
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Fig. 7.17. Model:II, SEC(Region): Shows the valid region of ρ+ pr + 2pt with respect
to the parameters β and a for the Model-I with r0 = 0.5.

Using the redshift function in Eq.(7.5.4) and the SEC in Eq.(7.4.2) of energy conditions

for Model-II are shown in Fig.7.16. The validity regions where these energy conditions fulfill

the necessary requirements are also provided in Fig.7.17 for Model-II. We get that SEC

is violated in most regions for various ranges of the involved parameters in the context of

Model-II.
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Fig. 7.18. Model:II, TOV:(a) The figure shows the variations of TOV analysis under the
effect of three different forces for different values of β, for the Model-I with r0 = 0.5. (b)
The graph of magnification of gravitational force Fg is shown.
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From Fig.7.18, it is evident that the stability of the wormhole in Model-II is achieved

through the interplay of forces. For the redshift function in Eq.(7.5.4), Model-II is shown

to be stable, as illustrated in Fig.7.18(a), which displays the hydrostatic and anisotropic

forces. Additionally, Fig.7.18(b) shows the gravitational force for further illustration.

7.5.3 Model:III

In this section, we aim to analyze the wormhole configuration by calculating a new redshift

function of the wormhole spacetime given in Eq.(7.2.1) using an EoS. To examine the matter

content within our wormhole model, we introduce a straightforward EoS. The EoS provides

a useful framework for relating the pressure and energy density within the wormhole model,

which is crucial for assessing the types of matter needed to maintain the wormhole. The

EoS is defined as ω = pr
ρ
and is classified as dark energy under the following conditions

• −1
3
< ω < 0: represents quintessence matter.

• ω < −1
3
: necessary for cosmic acceleration.

• ω < −1: leads to the concept of phantom energy.

Using Eq.(7.2.5), we obtain the differential of the redshift function, which is given by

Φ′(r, β, ω) =
r

2
(
1− b(r,β)

r

)×(ρ ω +
b(r, β)

r3

)
. (7.5.7)

Integrating Eq.(7.5.7) w.r.t r, one can express the redshift function as

Φ(r, β, ω) =

∫ [
r

2
(
1− b(r,β)

r

)×(ρ ω +
b(r, β)

r3

)]
+ C1, (7.5.8)

where C1 is the integrating constant. For the complicated integrand in Eq.(7.5.8), the

equation can be numerically integrated. Using the numerical value of the redshift function

Φ(r), one can express the radial pressure pr and the tangential pressure pt as

pr =
2r2Φ

′
(r, β, ω)− (2rΦ

′
(r, β, ω) + 1)b(r)

κr3
, (7.5.9)
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Fig. 7.19. Model:III, NEC: Illustrates the variation of ρ + pr for different values of the
parameter β (1, 2, 3, 4) with ω = −1.1 in the Model-III for r0 = 0.5.

pt =
1

2κr2

[
2(r − b(r))

(
Φ

′
(r, β, ω) + rΦ

′
(r, β, ω)2 + rΦ

′′
(r, β, ω)

)

−
(
Φ

′
(r, β, ω) +

1

r

)κMr2e−
r
λ

(
Aβ + 3λ2l2rer/λ

)
4πλ2 (l2 + r2)5/2

− b(r)

]. (7.5.10)

Fig. 7.20. Model:III, NEC(Region): Shows the valid region of ρ + pr with respect to
the parameters β and ω for the Model-III with r0 = 0.5.

The NEC for Model-III is satisfied for a physically viable wormhole if and only if ω < −1,

indicating support by phantom energy.
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Using the redshift function in Eq.(7.5.8) and the NEC in Eq.(7.4.1) of energy conditions

for Model-III are shown in Fig.7.19 . The validity regions where these energy conditions

fulfill the necessary requirements are also provided in Fig.7.20 for Model-III. The energy

condition NEC is violated in most regions for various ranges of the involved parameters in

the context of Model-III.
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Fig. 7.21. Model:III, SEC: Illustrates the variation of ρ+ pr +2pt for different values of
the parameter β (1, 2, 3, 4) with ω = −1.1 in the Model-III for r0 = 0.5.

Fig. 7.22. Model:III, SEC(Region): Shows the valid region of ρ+ pr +2pt with respect
to the parameters β and ω for the Model-III with r0 = 0.5.
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Using the redshift function in Eq.(7.5.8) and the SEC in Eq.(7.4.2) of energy conditions

for Model-III are shown in Fig.7.21. The validity regions where these energy conditions fulfill

the necessary requirements are also provided in Fig.7.22 for Model-III. It is observed that the

SEC is violated across a significant portion of the parameter space, with fulfillment limited

to specific regions. For various ranges of the parameters involved, the SEC is not upheld

in nearly half of the analyzed regions, shedding light on the intricate interplay between the

redshift function and energy conditions in the framework of Model-III.

β 1 β 2 β 3 β 4

Fh

Fa

1 2 3 4 5

0.000

0.005

0.010

0.015

r

F
g

0 1 2 3 4 5
-4

-2

0

2

4

r

F
o
rc
e
s

ω -1.1

Fig. 7.23. Model:III, TOV: The figure shows the variations of TOV analysis under the
effect of three different forces for different values of β, with r0 = 0.5 and ω = −1.1.

From Fig.7.23, it is evident that the stability of the wormhole in Model-III is achieved

through the interplay of forces. For the redshift function in Eq.(7.5.7), Model-III is shown

to be stable, as illustrated in Fig.7.23, which displays the hydrostatic and anisotropic forces.

7.6 Shadow of Wormhole

In this section, we analyze the shadow cast by a wormhole in the context of the Yukwa

gravitational potential applied to wormhole geometry within a galactic region. The shadow

forms near the wormhole throat and we aim to quantify how light rays behave in this
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spacetime. By examining the trajectory of a light ray following the null geodesic equation,

we can predict its path.

Since the wormhole spacetime Eq.(7.2.1) is both static and spherically symmetric, the

projection of the photon’s four-momentum along the Killing vectors associated with the

spacetime’s symmetries yields conserved quantities. Specifically, these are the energy,

E = −pµξµ(t),

and the angular momentum,

L = −pµξµ(ϕ),

which remain constant along the geodesics. Here, ξµ(t) and ξ
µ
(ϕ) represent the Killing vectors

corresponding to time translation and rotational invariance, respectively.

This leads to the following expressions on the equatorial plane π
2

ṫ =
dt

dτ
=

E

e2Φ(r)
, (7.6.1)

ϕ̇ =
dϕ

dτ
=
L

r2
, (7.6.2)

where τ is the affine parameter.

Using the Eqs.(7.6.1) and (7.6.2), one can obtain the orbit equation as

KE + Veff =
1

b̃2
, (7.6.3)

where, b̃ = L
E
the kinetic energy function KE and potential function Veff is described by

KE =
e2Φ(r)

1− b(r)
r

ṙ2, (7.6.4)

Veff =
e2Φ(r)

r2
. (7.6.5)

To describe the wormhole shadow boundary, one can introduce the celestial coordinates
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(X, Y ) defined as

X = lim
r̃0→∞

(−r̃20 sin(θ0))
dϕ

dr
, Y = lim

r̃0→∞
(r̃20

dθ

dr
), (7.6.6)

where r̃0 is the radial distance of the wormhole with respect to the observer and θ0 is the

inclination angle between the wormhole and the observer. Assuming the static observer is

located at infinity, the radius of the wormhole shadow rs as seen from the equatorial plane,

i.e. θ0 = π/2 can be expressed as

rs =
√
X2 + Y 2 =

r0
eΦ(r0)

, (7.6.7)

where the function Φ(r0) is provided by Eq.(7.5.1) for Model-I, Eq.(7.5.4) for Model-II and

Eq.(7.5.8) for Model-III.
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Fig. 7.24. The shadow silhouette of the wormhole is shown in the X-Y plane for varying
values of the parameter a, considering the parameter values for Model-I.

The parametric plot of Eq.(7.6.7) in the X−Y plane reveals a range of possible wormhole

shadow silhouettes. The shadow profiles for the wormhole under the influence of the Yukawa

gravitational potential are illustrated in Fig.7.24 for Model-I, Fig.7.25 for Model-II and

Fig.7.26 for Model-III. From Figs.7.24 and 7.25, it can be observed that the radius of the

wormhole shadow decreases as the parameters a and γ increase.
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Fig. 7.25. The shadow silhouette is shown for varying values of the parameter γ, considering
the parameter values for Model-II. Both are observed from the equatorial plane (θ0 = π/2)
in the wormhole spacetime described by the Yukawa gravitational potential.
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Fig. 7.26. The shadow silhouette of the wormhole Model-III is shown in X/λ-Y/λ plane
with varying values of β by the considering the parameter value (a) λ = 1011 and (b) λ = 1044

as observed from the equatorial plane (θ0 = π/2) in the wormhole spacetime described by
the Yukawa gravitational potential for ω = −1.1 .

To achieve a consistent shadow radius for Model-III, we express the celestial coordinates

X and Y in dimensionless form, scaled by the wavelength λ as X/λ and Y/λ, respectively.

From Fig.7.26 for Model-III, it can be observed that the radius of the wormhole shadow

increases as the parameter β increases, while the value of the graviton wavelength parameter
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λ and ω(=-1.1) are held constant. This suggests that the Yukawa gravitational potential

has a significant effect on the wormhole shadow.

7.7 Concluding Remarks

This chapter explores the impact of the Yukawa gravitational potential on the geometry of

a wormhole in a galactic context, with a focus on traversable wormholes. These intriguing

astrophysical objects, predicted by general relativity, theoretically link distant regions of

spacetime. Although their existence has yet to be confirmed, traversable wormholes con-

tinue to be a subject of significant scientific inquiry. Theoretical models suggest that their

existence requires an unusual type of energy, known as exotic matter, concentrated at the

throat of the wormhole.

The current analysis presents three new wormhole solutions derived by considering two

distinct redshift functions and one newly obtained redshift function based on the Yukawa

gravitational potential. Notably, both newly calculated shape functions satisfy the necessary

conditions for the existence of wormholes. All essential properties, including the flaring-out

and flatness conditions, are met for various choices of parameters across Model-I, Model-II

and Model-III. Embedded surface diagrams for the newly calculated wormhole solutions are

provided. To examine the nature of matter, we analyzed the regional behavior of all energy

conditions over different parameter ranges for the newly calculated wormhole solutions. It

was observed that, in the majority of the parameter space, the energy conditions exhibit

invalid or supportive regions, favoring the existence of the wormhole. The widespread vio-

lation of energy conditions in these regions confirms the presence of exotic matter, a crucial

component for the existence of these new wormhole solutions. The stability analysis through

the TOV equation has also been discussed in the current analysis for the Model-I, Model-II

and Model-III.

Furthermore, we investigate the shadow cast due to the wormhole throat for the three

new wormhole models. In this context, we assume the wormhole’s throat acts as a photon

sphere. It is concluded that, with all other parameters fixed, the parameters a for Model-I,

γ for Model-II and β and ω = −1.1 (phantom energy) for Model-III, under the Yukawa

potential significantly affect the wormhole shadow.

Incorporating the Yukawa gravitational potential into wormhole models could further
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expand our understanding by examining the impact of modified gravity on exotic spacetime

structures, potentially offering observable signatures in the form of deviations in gravita-

tional wave patterns. Through these models, researchers hope to bridge the gap between

theoretical predictions and observational data, contributing to a deeper understanding of

the universe’s dark sector.

The shadow of a non-rotating wormhole was analyzed in detail in the this chapter, with

its geometric and observational features thoroughly explored. In the subsequent chapter,

attention is directed toward the shadow of a rotating wormhole, where the influence of spin

on its shape and dynamics is examined.
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Chapter 8

Shadows of Lorentzian Traversable

Wormholes

8.1 Introduction

Apart from gravitational lensing effects [ Cramer et al. (1995) ], another possible method

for probing wormholes is the usage of shadows (a dark region over a luminous contextual).

One can recognize the shadow of a wormhole as the result of strong gravitational lensing

generating a dark spot in the sky of a remote viewer. It is actually an optical look exhibited

by the wormhole when there is a source of light from stars, accretion flows etc. around it.

This manifestation has been investigated theoretically as well as observationally, by the ap-

plication of very large baseline interferometry (VLBI) [ Doeleman et al. (2008) ] techniques

at sub-mm wavelengths, for studying the shadow cast by supermassive objects, including

the ongoing ambitious project involving Sagittarius A* in our galaxy center [ Broderick

et al. (2014) ]. Being at sub mm wavelength this technique significantly reduces the inter-

stellar scattering and may allow us to see beyond the compact synchrotron emitting region

around Sgr A∗, since this region is expected to become optically thin at sub-mm wave-

lengths. Also, VLBI experiments can reach a resolution of the order of the angular size

of the gravitational radius of Sgr A∗. Thus the spacetime geometry could be determined

through the analysis of shadow in the vicinity of photon sphere. Similar ambitious projects

include the Japanese VLBI Network (JVN), the Chinese VLBI Network (CVN), the Korean

VLBI Network (KVN), the Chinese Space VLBI project [ Li et al. (2007) ].
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Compact Objects can cause extreme local deflections of light and can bend light by

an arbitrary large angle, causing the formation of light rings which are circular photon

spheres, possessing distinct phenomenological signatures in terms of both electromagnetic

and gravitational waves. And since this shadow outline depends on the gravitational lensing

of nearby radiation, its proper surveillance can provide evidence about the parameters as

well as spacetime geometry around the wormhole. Light propagation i.e. null geodesics

in compact object (wormhole) spacetime can be perceived in two ways: trajectories which

escape to distant observer and such that are apprehended by the compact object. Therefore,

a black region appears in the viewer’s sky, creating the shadow. The boundary of the shadow

can be resolved by the wormhole spacetime metric itself, as it relates to the appearing shape

of the photon detained orbits as observed by a remote viewer. Theoretically, although

researchers seek to find an analytical closed form of the shadow edge, it is rarely possible to

integrate the geodesic motion. In such cases the null geodesic equations have to be solved

numerically. An efficient procedure involves a method called backwards ray-tracing, which

requires the propagation of light rays from the observer backward in time and identifying

their origin [ Riazuelo (2019) ], instead of evolving the light rays directly from a light source

and detect the ones that reach the observer.

Ever since the remarkable image of the shadow of black holes, M87* at the center of the

Virgo A galaxy was taken by Event Horizon Telescope in April 2019 [ Akiyama et al. (2019)

and Psaltis et al. (2020) ], a new era of research on shadows of dark compact objects like black

holes and wormholes have emerged. Following this, in 2020, [ Kruglov (2020) ] considered

rational nonlinear electrodynamics and interpreted the super-massive M87∗ black hole as a

regular (without singularities) magnetized black hole. The shadow observed from the center

of M87∗ was consistent with the shadow generated through numerical simulation of a Kerr

black hole of mass (6.5 ± 0.7)9M⊙ [ Akiyama et al. (2019) ]. This shadow can provide us

with the properties of the black hole such as mass, spin, accretion disk and to verify the

constraints on fundamental physics. The EHT data strongly suggest that the dimensionless

spin parameter a∗ is ≳ 0.5. This results in the non-existence of ultra-light boson of mass

µb ∼ 10−21eV, which was considered as a dark matter candidate in the distribution scales

of ∼ kpc [ Davoudiasl and Denton (2019) ]. Vagnozzi and Visinelli (2019) used the M87∗

data to constraint the AdS5 curvature radius in Randall-Sundrum AdS5 brane-world.
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Since in classical theory these black holes are not a source of radiation, the shadow

actually targets exactly this feature, for lack of radiation. The shadow is an important

observational evidence of the most standard problem in general relativity, the motion of light

around compact objects. Earliest works on static Schwarzschild black hole shadows were

done [ Synge (1966) ] and [ Luminet (1979) ]. The influence of charge on the measurements

of shadow in case of Riessner-Nordström black hole were investigated [ Zakharov (2014) and

Zakharov et al. (2005b) ]. Detailed study on rotating Kerr black hole were also conducted

[ Broderick and Loeb (2005), Falcke et al. (1999), Hioki and Maeda (2009), Takahashi

(2004), and Zakharov et al. (2005a) ]. Other pioneering works on black hole shadows include

[ Abdujabbarov et al. (2016a, 2017), Amarilla and Eiroa (2012, 2013), Amir and Ghosh

(2016), Atamurotov et al. (2013a, 2013b, 2015), Cunha et al. (2015, 2018), Cunha et al.

(2017), Dastan et al. (2016), de Vries (2000), Grenzebach et al. (2014), Hioki and Miyamoto

(2008), Li and Bambi (2014), Papnoi et al. (2014), Saha et al. (2018), Shaikh (2019), Sharif

and Iftikhar (2016), Shipley and Dolan (2016), Tsukamoto and Gong (2018), Wang et al.

(2017), Wei and Liu (2013), Young (1976), Younsi et al. (2016), and Yumoto et al. (2012) ].

The challenge of investigating the spacetime in the vicinity of the event horizon of a black

hole, with angular resolution comparable to the event horizon, is almost a thing of the

past. In fact direct detection of dynamics of matter at light speed and at strong gravity

near a compact object is now almost possible. Very recently in 2020, shadow, quasinormal

modes and quasiperiodic oscillations of rotating Kaluza-Klein black holes were investigated

by [ Ghasemi-Nodehi et al. (2020) ], while Kala et al. (2020) studied the deflection of

light and shadow cast by a dual-charged stringy black hole. Long et al. (2020) shown that

the shadow size of disformal Kerr black hole in non-stealth rotating solutions in quadratic

degenerate higher-order-scalar-tensor (DHOST) increases with a deformation parameter and

the shape on both deformation and spin parameter. Quasi-normal modes and shadows of

Schwarzschild and high-dimensional Einstein-Yang-Mills spacetimes were also discussed in

[ Guo and Miao (2020),Guo et al. (2020) ].

While black holes continues to attract much attention, horizonless compact objects are

fast gaining popularity recently in the literature for a number of reasons (for a review of

the topic, see the recent work of [ Cardoso and Pani (2019) ]). One important class of

horizonless objects are wormholes. Imaging the shadow of a wormhole may help to progress
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8.2 The General Rotating Wormhole Spacetime

observational investigation of differentiating the wormhole amongst other compact objects

e.g. black holes, neutron stars etc. In an interesting paper in 2013, [ Bambi (2013) ] pointed

out that there is insufficient evidence to confirm that the supermassive objects at the center

of many galaxies, including our own, are in fact Kerr black holes. Instead exotic compact

objects like wormholes might have been formed in the early universe. Though an exhaustive

list of papers on wormhole shadows is not possible, yet [ Abdujabbarov et al. (2016b),

Azreg-Aı̈nou (2015), Lamy et al. (2018), Nedkova et al. (2013), Ohgami and Sakai (2015,

2016), Sarbach and Zannias (2012), and Vincent et al. (2021) ] are many notable works.

More recently, [ Amir et al. (2019) ] worked on the shadows of Kerr like wormholes and

charged wormholes [ Amir et al. (2019) ] in Einstein-Maxwell-dilaton theory. Shadows of

rotating wormholes were also investigated by [ Gyulchev et al. (2018), Shaikh (2018) and

Abdujabbarov et al. (2016b) ]. Wielgus et al. (2020) constructed Reissner-Nordström (RN)

wormhole by joining two different RN spacetime i.e. two different mass and charge. This

kind of wormholes are not mirror-symmetric which affects the photon sphere and may have

two photon rings to a distant observer. This doubling of photon ring was explained by

doubling of effective potential maximum. However, mirror-symmetric wormholes can also

have multiple photon rings and can exhibit interesting strong lensing effect [ Shaikh et al.

(2019a, 2019b) and Tsukamoto (2021) ]. These recent ventures [ Wang et al. (2020) ] on the

shadow of compact objects have inspired us to construct the shadow of wormholes, as well

as, analyse the shape of the shadows.

8.2 The General Rotating Wormhole Spacetime

Let us consider a general stationary, axisymmetric spacetime metric, describing a Teo class

rotating traversable wormhole [ Teo (1998) ] in Boyer-Linquist coordinates (t, r, θ, ϕ) as

ds2 = −N2dt2 +

(
1− b

r

)−1

dr2 + r2K2
[
dθ2 + sin2 θ(dϕ− ω dt)2

]
, (8.2.1)

where,

• t, r, θ and ϕ : the spherical polar coordinates are defined by −∞ < t < ∞ and r0 ≤

r <∞, 0 ≤ θ ≤ π and 0 ≤ ϕ ≤ 2π and in general,
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8.2 The General Rotating Wormhole Spacetime

• N, b,K and ω : the metric functions depend only on r and θ.

The orbits of the timelike and the spacelike Killing fields (tµ∂µ = ∂t and ϕµ∂µ = ∂ϕ

respectively ) represent in terms of the parameters t and ϕ. This metric is actually a

generalized rotating form of the static Morris-Thorne wormhole metric [ Morris and Thorne

(1988) ]. Therefore, the metric functions must have some restrictions, which lead to the

specific geometry and significant properties of the wormhole.

• N : The function which regulates the gravitational redshift is often called a redshift

function. In order for the wormhole to be traversable, one has to ensure that there are

no curvature singularities or event horizons. Therefore, the redshift function N should

be nonzero and finite all over the region, i.e. from the throat to the spatial infinity.

• b : The function is known as the shape function which regulates the shape of the

wormhole. It is always non-negative and possesses an apparent singularity at r = r0 =

b ≥ 0, which is associated with the throat of the wormhole. The function b should

be independent of θ to avoid any curvature singularity at the throat i.e. it obeys the

restriction ∂b(r,θ)
∂θ

= 0. An important constraint is the flare-out condition at the throat:

∂rb|r=r0 < 1, while b(r) < r near the throat.

• K(r, θ) : Function is a regular, positive and non-decreasing function, defining the

proper radial distanceR = rK, measured at (r, θ) from the origin. Actually it regulates

the area radius given by R.

• ω : The function is associated with the angular velocity of the wormhole.

Also to confirm that metric Eq.(8.2.1) is regular on the rotation axis θ = 0, π, the

derivatives of N and K with respect to θ should vanish on it, i.e. ∂N(r,θ)
∂θ

= 0, ∂K(r,θ)
∂θ

= 0.

Although, a wide variety of choices for the metric functions N,K, b and ω can be freely

adopted, we emphasize that all the solutions do not correspond to wormhole physics. One

must choose such metric functions which satisfy the above-mentioned regularity conditions.

That class of solutions are the certain cases of the rotating Teo wormhole. In this study the

specific type of solutions will be considered, where entire metric coefficients are functions

of radial coordinate r only. These solutions reduce to the static wormhole for zero rotation,

i.e. when ω = 0.
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8.2 Ergoregion of Wormhole

Recently, [ Konoplya and Zhidenko (2016) ] studied quasinormal rings of a wormhole,

which rings like the Schwarzschild or the Kerr black holes and its metric is similar to

Eq.(8.2.1). The specific form of gtt and the shape function b(r) are given by

N =

√
1− 2M

r
, b(r) =

r20 + 2M(r − r0)

r
, ω =

2J

r3
=

2aM2

r3
, K = 1.(8.2.2)

Here

• a : The spin parameter, a = J/M2.

• M : Mass of the wormhole.

• r0 : The throat of the wormhole, r0 ≥ 2M ≥ 0.
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Fig. 8.1. Schematic diagram of ergosphere. The region between the ergosurface (red-dashed
curve) and the wormhole throat (blue circle) is the ergoregion.

8.2.1 Ergoregion of Wormhole

The ergosphere is the outer region of a rotating black hole where spacetime is dragged

around by the black hole’s rotation. This dynamic boundary encloses the ergoregion, the

space within which the dragging effect is so profound that all objects are compelled to

move in the direction of the black hole’s spin, regardless of whether they are falling into

it. An ergoregion may be present around the throat of a rotating wormhole. This region

can be determine when gtt = −(N2 − ω2r2 sin2 θ) ≥ 0 and the ergosurface by gtt = 0. The

ergosurface for the metric Eq.(8.2.1) is given by

N2 − ω2r2K2 sin2 θ = 0. (8.2.3)
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8.3 Propagation of light in a Rotating Wormhole Spacetime

Fig. 8.2. Schematic diagram of ergosphere of the wormhole.

Since the ergoregion doesn’t extent up to the poles θ = 0 and θ = π, there exist a critical

angle θc, where the ergosphere exists in between θc and π − θc, for all 0 < θc ≤ π/2. This

critical angle can determined at the throat of the wormhole using Eq.(8.2.3) as

sin θc =

∣∣∣∣ N0

ω0r0K0

∣∣∣∣ (8.2.4)

Further, the ergosphere will only exist when the spin parameter a crosses a critical limit

ac, corresponding to sin θc = 1 or ωc = N0/r0K0. For the wormhole metric Eq.(8.2.2) with

M = 1 and r0 = 2.2, the critical value is ac = 0.729657. The ergosphere for these values can

be seen in Fig.8.1. A schematic diagram of ergosphere of the wormhole is given in Fig.8.2

depicting the critical angle(θc) and maximum radius of ergosphere with respect to the throat

radius.

8.3 Propagation of light in a Rotating Wormhole Space-

time

When a wormhole is between a star (bright source of light) and a viewer, the light comes

to the viewer after being deviated by the gravitational field of wormhole. However, certain

portion of the photons (with small impact parameters) emanated by the star end up falling
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8.3 Propagation of light in a Rotating Wormhole Spacetime

into the wormhole, i.e. not able to reach the observer, giving as a result, a dark sector

in the sky dubbed as shadow. The boundary of the shadow apparently is determined by

unstable circular photon orbits. In order to find the unstable orbit, one is required to study

the geodesic configuration.

The motion of a photon in the rotating wormhole spacetime Eq.(8.2.1) can be described

by the Lagrangian, ( L = 1
2
gµν ẋ

µẋν) as

2 L = −N2ṫ2 +
ṙ2

1− b/r
+ r2K2[ θ̇2 + sin2 θ(ϕ̇− ωṫ)2 ]. (8.3.1)

Here an overdot denotes the derivative with respect to the affine parameter λ. Here the

Lagrangian does not depend on t and ϕ, as a result, there are only two constants of motion,

which are the energy E and the angular momentum L in the direction of the axis of symmetry

of the photon.

pt =
∂  L

∂ṫ
= −N2ṫ− ωr2K2 sin2 θ(ϕ̇− ωṫ) = −E,

pϕ =
∂  L

∂ϕ̇
= r2K2 sin2 θ(ϕ̇− ωṫ) = L.

These two equations yield

ṫ =
E − ωL

N2
, ϕ̇ =

L

r2K2 sin2 θ
+
ω(E − ωL)

N2
. (8.3.2)

Now, the r and θ-component of the momentum are calculated as,

pr =
∂  L

∂ṙ
=

ṙ

1− b
r

, pθ =
∂  L

∂θ̇
= r2K2θ̇. (8.3.3)

To achieve a general formula for finding the contour of a shadow Hamilton-Jacobi method

is used for the null geodesic equations in the general rotating spacetime Eq.(8.2.1). The

Hamilton-Jacobi method determines the geodesics via the equation

∂S

∂λ
= −1

2
gµν

∂S

∂xµ
∂S

∂xν
, (8.3.4)

where, λ is the affine parameter along the geodesics, gµν are the components of the metric
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8.3 Propagation of light in a Rotating Wormhole Spacetime

tensor and S is the Jacobi action with the following separable ansatz,

S =
1

2
µ2λ− Et+ Lϕ+ Sr(r) + Sθ(θ), (8.3.5)

where, Sr and Sθ are the functions of r and θ, respectively and µ is the mass of the

test particle. For photons, µ = 0. Here the rotating wormhole metric functions N, b, K

and ω, depend only on the radial coordinate, therefore, following [ Nedkova et al. (2013) ],

the Hamilton-Jacobi equation will be separable. Inserting Eq.(8.3.5) into Eq.(8.3.4) one can

obtain the following equations for the functions Sr(r) and Sθ(θ) [ Nedkova et al. (2013) ]

(
dSθ

dθ

)2

= Q− L2

sin2 θ
, (8.3.6)(

1− b

r

)
N2

(
dSr

dr

)2

= (E − ωL)2 −
(
µ2N2 +Q

N2

r2K2

)
, (8.3.7)

where, Q is the Carter constant.

It’s known pr =
∂S
∂r

= dSr

dr
and pθ = ∂S

∂θ
= dSθ

dθ
, therefore, Eqs.(8.3.3), (8.3.6) and (8.3.7)

yield [ Nedkova et al. (2013) ],

N√
1− b/r

dr

dλ
= ±

√
R(r), r2K2 dθ

dλ
= ±

√
T (θ), (8.3.8)

where,

T (θ) = Q− L2

sin2 θ
, (8.3.9)

R(r) = (E − ωL)2 −

(
µ2N2 +Q

N2

r2K2

)
. (8.3.10)

Hence, the Jacobi action assumes the following form,

S =
1

2
µ2λ− Et+ Lϕ+

∫ √
R(r)

N2(1− b/r)
dr +

∫ √
T (θ) dθ. (8.3.11)

The geodesic equations in stationary and axisymmetric spacetimes are parameterized by

the constants of motions E, L and Q. However, the geodesic motion of a photon is described
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8.4 Wormhole Shadow

by two independent parameters defined by

ξ =
L

E
, η =

Q

E2
.

Here, ξ and η are known as impact parameters and a new affine parameter λ̃ = λE. After

eliminating the energy from the geodesic equations, the path of the photon is parameter-

ized only by ξ and η. One can write the functions R(r) and T (θ) in terms of the impact

parameters as,

R(r) = (1− ωξ)2 − η
N2

r2K2
, (8.3.12)

T (θ) = η − ξ2

sin2 θ
. (8.3.13)

For a photon µ = 0.

Fig. 8.3. Schematic diagram of the photon orbits around the wormholes.

8.4 Wormhole Shadow

Two regions of spacetime are joined through wormhole (a tunnel-like structure, without

any horizon or singularity within it). Let us assume that the photons are coming from

a star towards the wormhole, (placed between the observer and the star) and illuminate

one region and no light sources are remaining in the neighborhood of the throat in the

other region. In the first region, the possible orbit of the photons around the wormhole
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8.4 Wormhole Shadow

are as follows: (i) orbits entering into the wormhole and passing through its throat (ii)

dispersed from the wormhole to infinity. A remote viewer will be capable of observing only

dispersed photons from the wormhole (see Fig.8.3). However the photon apprehended by

the wormhole will form a dark patch. This dark region detected on the bright background

is known as shadow of the wormhole. To find the wormhole shadow, i.e. dark region in

the viewer’s atmosphere in the presence of a shiny background, one would have to start

finding out the critical orbits that separate the evading and falling photons. Actually the

prime motive is to estimate these critical geodesics or unstable circular orbits. In order

to acquire the boundary of the wormhole shadow, one needs to study the radial motion of

photons around the wormholes. The critical orbits (described by certain critical values of the

impact parameters ξ and η ) distinguish the dispersed and apprehended photons. A slight

disturbance in these critical values can change it either to a seepage or to a apprehend orbit.

As a result, the critical impact parameters describe the boundary of a shadow. Thus the

boundary of the shadow is determined by the unstable circular photon orbits. By studying

the radial geodesic equation, one can calculate the critical orbit, which can be expressed in

the form of an energy conservation equation,

(
dr

dλ̄

)2

+ Veff = 1, Veff = 1− 1

N2

(
1− b

r

)
R(r), (8.4.1)

where, Veff is the effective potential that describes the geodesic motion of a photon around

the wormhole. The null geodesics are divided into two classes depending on their impact

parameters: (i) trajectories of photon passing through the wormhole (ii) orbits of the photon

dispersing to infinity. The boundary among the two classes is destined through a family of

unstable spherical orbits fulfilling the following conditions,

Veff = 1,
Veff
dr

= 0,
d2Veff
dr2

≤ 0. (8.4.2)

The first condition comes from the fact that the radial motion has a turning point

dr/dλ̄ = 0, when the photon will scatter from the wormhole. The last conditions are due

to the maximum of the effective potential for the critical orbit between seepage and plunge

motion.

While writing down the above conditions in terms of R(r), one could assume that the
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Fig. 8.4. Shadow of a wormhole for different a and r0 = 2.5. The axes are in units of M .
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Fig. 8.5. Shadow of a wormhole for different r0 and a = 0.8. The axes are in units of M .
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8.4 Wormhole Shadow

functionsN and (1− b
r
) are finite and non-zero outside the throat of the wormhole. Therefore,

for the unstable circular orbits lying outside the throat, i.e., having radii greater than r0,

the above set of conditions can be written in terms of R(r) as,

R(r) = 0,
dR

dr
= 0,

d2R

dr2
≥ 0. (8.4.3)

Using the equations R(r) = 0, dR/dr = 0, one can easily find two expressions for the

impact parameters ξ and η in terms of the radial coordinate of the unstable circular orbit

as,

η =
r2K2

N2
(1− ωξ)2, (8.4.4)

ξ =
Σ

Σω − ω′ , Σ =
1

2

d

dr
ln

(
N2

r2K2

)
. (8.4.5)

Here, prime denotes the differentiation with respect to radial coordinate r. This process

of finding the location of the unstable spherical orbits in the impact parameter space as

given in Eqs.(8.4.4) and (8.4.5) was originally derived in [ Nedkova et al. (2013) ]. However,

it has been shown that a wormhole throat can act as a natural location of unstable circular

orbits [ Shaikh et al. (2019a) ]. For such unstable orbits, (1 − b/r) vanishes and hence,

Veff = 1 is automatically satisfied. Therefore, for unstable circular orbits located at the

throat, the second conditions in Eq.(8.4.2) can be reduced to [ Shaikh (2018) ],

(1− ω0ξ)
2 − η

N2
0

r20K
2
0

= 0, (8.4.6)

where, the subscript ‘0’ implies that the functions are evaluated at the throat.

For the set of unstable photon orbits, Eqs.(8.4.4), (8.4.5) and (8.4.6) express the critical

locus of the impact parameters. In other words, these equations express the boundary of the

shadow in the impact parameter space. However, for true observation, the remote viewer

will see the apparent shape of a shadow in his sky (a plane passing through the center of

the wormhole and normal to the line linking it with the viewer). The celestial coordinates

connected to the actual astronomical measurements that span a two-dimensional plane are
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8.4 Wormhole Shadow

defined as [ Vazquez and Esteban (2004) ],

α = lim
ro→∞

(
−r2o sin θo

[
dϕ

dr

]
(ro,θo)

)
, (8.4.7)

β = lim
ro→∞

(
r2o

[
dθ

dr

]
(ro,θo)

)
, (8.4.8)

where,

• ro : The position coordinate of the remote viewer taken very large (far away from the

wormhole).

• θo : The angular coordinate. It is actually the angle of inclination between the axis of

symmetry of the wormhole and the direction to the viewer.

The celestial coordinates α and β are the discernible perpendicular distances of the

shadow image, as observed from the rotation axis and from its projection on the equatorial

plane respectively. Using the geodesic equations and values of the four-velocity components

and after some simple algebraic manipulation, the celestial coordinates assume the following

forms

α = − ξ

sin θ0
, (8.4.9)

β =

(
η − ξ2

sin2 θ0

)1/2

. (8.4.10)

After knowing the expressions of celestial coordinates and impact parameters, one can

construct the shadow of wormholes. In the (α, β)-plane, Eqs.(8.4.4), (8.4.5), (8.4.9) and

(8.4.10) define the part of the shadow boundary formed by the unstable circular orbits

which lie outside the throat. However, the part of the shadow boundary formed due to

the unstable circular orbits which are located at the throats are obtained from Eqs.(8.4.6),

(8.4.9) and (8.4.10),

(N2
0 − ω2

0r
2
0K

2
0 sin

2 θobs)α
2 − 2ω0r

2
0K

2
0 sin θobs α− r20K

2
0 +N2

0β
2 = 0. (8.4.11)

Therefore, the complete contour of the shadow is given by the combination of Eqs.(8.4.9)-
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Fig. 8.6. Shadow of a wormhole (red solid curve) and a Kerr black hole (blue dashed curve)
for different a. Here r0 = 3.0. The axes are in units of M .
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Fig. 8.7. Shadow of a wormhole (red solid curve) and a Kerr black hole (blue dashed curve)
for different r0. Here a = 0.8. The axes are in units of M .
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8.5 Constraining the Wormhole Parameters Using the M87∗ Results

(8.4.10)
(
with ξ and η given by Eqs.(8.4.4) and (8.4.5)

)
and Eq.(8.4.11) [ Shaikh (2018) ].

Figs.8.4 and 8.5 show the shadow the wormhole given above for different values of the

spin and throat size. Note that, for a given wormhole size r0, the shadow shape deviates

from circularity as the spin a increases (see Fig.8.4). On the other hand, for a given spin a,

the shadow becomes more and more circular as the wormhole size r0 increases (see Fig.8.5).

The results have been compared with those of a Kerr black hole in Figs.8.6 and 8.7. Note

that, for small spin and smaller wormhole size, its shadow mimics those of the black hole.

However, with increasing either the spin or the throat size, the shadow of a wormhole start

deviating from that of a Kerr black hole. Detection of such deviation may possibly indicate

the presence of a wormhole.

8.5 Constraining the Wormhole Parameters Using the

M87∗ Results

The size and the spin of the wormhole are now constrained using the results from M87∗

observation [ Akiyama et al. (2019) ]. For this purpose, the average angular size of the shadow

and its deformation from circularity are used. Since the shadow has reflection symmetry

with respect to the α-axis, its geometric center (αc, βc) is given by αc = 1/A
∫
α dA and

βc = 0, dA being an area element. At first, an angle ϕ is defined between the α-axis and

the vector connecting the geometric centre (αc, βc) with a point (α, β) on the boundary of a

shadow. Therefore, the average radius Rav of the shadow is given by [ Bambi et al. (2019) ]

R2
av =

1

2π

∫ 2π

0

l2(ϕ) dϕ, (8.5.1)

where, l(ϕ) =
√

[α(ϕ)− αc]2 + β(ϕ)2 and ϕ = tan−1[β(ϕ)/(α(ϕ)−αc)]. Following [ Akiyama

et al. (2019) ], the deviation ∆C from circularity is defined as,

∆C =
1

Rav

√
1

2π

∫ 2π

0

(l(ϕ)−Rav)2 dϕ. (8.5.2)

Note that ∆C is the fractional root mean square (RMS) distance from the average radius

of the shadow.

According to EHT collaboration [ Akiyama et al. (2019) ], the angular size of the observed
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shadow is ∆θsh = 42 ± 3 µ as and the deviation ∆C is less than 10%. Also, following

[ Akiyama et al. (2019) ], it’s taken, the distance to M87∗ to be D = (16.8 ± 0.8) Mpc

and the mass of the object to be M = (6.5± 0.7)× 109M⊙. These numbers imply that the

average diameter of the shadow should be,

dsh
M

=
D∆θsh
GM

= 11.0± 1.5, (8.5.3)

where the errors have been added in quadrature. The above quantity must be equal to 2Rav

M
.

In Fig.8.8, the average diameter and the deviation from circularity of the shadow for different

values of the spin and the wormhole throat size are shown. Here, the inclination angle is

taken to be θo = 17◦, which the jet axis makes to the line of sight [ Akiyama et al. (2019) ].

Also, according to EHT collaboration, the spin lies within the range 0.5 ≤ a∗ ≤ 0.94,

where a∗ = a/M . Note that, for this spin range, the diameter of the shadow is always

greater than the minimum allowed value of 9.5. However, the diameter will be within the

maximum allowed value 12.5 if the wormhole throat size is restricted below some critical

value r0 ≤ r0c = 4.76M . Note that the deviation from circularity is always less than

2.75%, i.e., ∆C ≤ 0.0275 for the allowed throat size r0 < r0c = 4.76M and spin range

0.5 ≤ a∗ ≤ 0.94.

Here it should be noted that, using integrable geodesic equations, shadows of rotating

traversable wormhole geometries which belong to the class same as this chapter but with

different forms of the metric functions were successfully studied in many prior works like

references [ Nedkova et al. (2013), Gyulchev et al. (2018), Shaikh (2018) ] and similar

conclusions about the dependency of the shadow boundary on the wormhole spin were

obtained. However, these works did not considered constraining the wormhole parameters

using observational data. In this work here, along with studying the dependence of the

shadow on the wormhole spin as well as on the wormhole throat size, the parameters have

been constrained using the M87∗ results.

8.6 Concluding Remarks

In this chapter, the shadow of a rotating traversable wormhole has been investigated and

the results are compared with those of Kerr black hole of same mass and spin. The results
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Fig. 8.8. Dependence of the angular size and the deviation of the shadow on r0 and spin.
The region between the two black dashed vertical lines indicate the spin range 0.5 ≤ a∗ ≤
0.94. The horizontal red dashed line indicates the critical throat size r0c = 4.76M , below
which both the size and deviation from circularity of the shadow is consistent with theM87∗

results.

obtained here will have several implications in the study of shadow. The throat of a worm-

hole plays very crucial role in shadow formation. It’s found that, for small spin and smaller

wormhole throat size, the shadow of a wormhole mimics those of the black hole. However,

with increasing either the spin or the throat size, the shadow of a wormhole start deviating

from that of a black hole. Detection of such deviation may possibly indicate the presence

of a wormhole. In Sec.8.5, the size and the spin of the wormhole has been constrained,

using the results from M87∗ observation [ Akiyama et al. (2019) ]. In Fig.8.8, the average

diameter and the deviation from circularity of the shadow for different values of the spin and

the wormhole throat size are shown, taking inclination angle to be θo = 17◦, which the jet

axis makes with the line of sight. Note that, the spin lies within the range 0.5 ≤ a∗ ≤ 0.94,

where a∗ = a/M and the diameter of the shadow is always greater than the minimum al-

lowed value of 9.5. However, the diameter will be within the maximum allowed value 12.5, if

the wormhole throat size is restricted below some critical value r0 ≤ r0c = 4.76M . Also, the

deviation from circularity is always less than 2.75%, i.e., ∆C ≤ 0.0275 for the allowed throat

size r0 < r0c = 4.76M and spin range 0.5 ≤ a∗ ≤ 0.94. In other words, the results obtained

here indicate that a wormhole having reasonable spin or throat size, can be distinguished

from a black hole through observations of their shadow. Also worth noting a recent paper

by [ Gralla et al. (2019) ] in which the emission profile originating near a black hole has been
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discussed and the “photon rings” surrounding the dark black hole shadow has been studied,

including the implications of the recent M87∗ Event Horizon Telescope observations and

mass measurement on it. Previous studies claimed that the observed emission will peak

near the photon ring, but this suggested otherwise. Distinguishing between a “photon ring”

(light rays that complete at least n = 5/4 orbits) and a “lensing ring” (light rays that com-

plete between 3/4 and 5/4 orbits); it showed that, for optically thin emission, “photon ring”

produced a sharp feature near the critical impact parameter but the peak is so narrow and

the brightness being logarithmic, it never makes a significant contribution to the observed

flux.
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Chapter 9

Summary of This Research Work and

Future Directions

Researching compact stars, black holes and wormholes is essential for understanding the

universe’s most extreme environments, pushing the boundaries of physics. These objects

allow us to test fundamental theories like general relativity and quantum mechanics such

as black holes challenge our understanding of gravity and neutron stars offer insights into

matter at extreme densities. They are also key to study astrophysical phenomena like gravi-

tational waves. Wormholes, though hypothetical, open possibilities for exploring the nature

of spacetime. This research not only addresses profound scientific questions but also drives

technological innovation and inspires broader curiosity about the cosmos.

9.1 Summary

Chapter.2: In this chapter, a compact star model composed of Bose-Einstein Conden-

sate (BEC) matter is modeled, satisfying a polytropic equation of state (EoS) with γ = 2

and a specific density profile. The model is tested through various physical criteria like

non-singular pressure and density, energy conditions, causality condition etc. Additionally,

stability is examined using the Bondi criterion, hydrostatic equilibrium and static stability

criterion. The stiffness of the EoS, stability, adiabatic index and maximum mass Mmax

are found to depend on a single parameter k. As k increases, the central adiabatic index
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Γ decreases near 4/3 and the compactness approaches 4/9 while the mass sustained with

increasing central density due to radial perturbation decreases. This indicates that the sys-

tem undergoes gravitational collapse sooner as k increases. Furthermore, it is demonstrated

that this new category of compact star also follows that constraints provided by GW 170817

event. The possibility of a distinct category of compact stars composed of BEC matter,

capable of mimicking neutron stars, is proposed.

Chapter.3: The primary objective of this chapter is to obtain analytically relativistic

quintessence anisotropic spherical solutions within the f(T ) paradigm. To achieve this, the

pressure anisotropy condition is imposed and a metric potential of the Tolman-Kuchowicz

(TK) type is employed. Additionally, it is assumed that the current model incorporates a

quintessence field characterized by a parameter ωq, along with the anisotropic matter distri-

bution. In the presence of the parameter α, the field equations are modified by the choice

of the f(T ) function. The f(T ) gravity parameter α introduces new components to the ba-

sic physical characteristics, such as density, pressure, subliminal sound velocity and surface

redshift of the present model. By selecting the compact star HerX − 1 and varying α from

0.5 to 2.5, all the physical characteristics of the model parameter of the configuration are

examined. It is demonstrated through the graphical process that a more compact object is

produced with greater values of α. The hydrostatic equilibrium condition of the model is

discussed and the mass-radius relationship for the current model is obtained.

Chapter.4: An exact solution to the Einstein field equations is presented, featuring a

static, spherically symmetric, anisotropic compact stellar fluid sphere with non-zero com-

plexity. The model is constructed using a specific metric potential for the gtt component,

along with a defined complexity profile. The model parameters are fixed by ensuring the

continuity of the interior and exterior metrics across the surface of the star and by setting

the radial pressure to zero across the boundary. The stability of the model has been ana-

lyzed by verification of different standard conditions. Validation of our model is supported

by recent observational data from well-known pulsars.

Chapter.5: A charged, non-rotating, spherically symmetric black hole with cosmologi-
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cal constant Λ (Reissner-Nordström+Λ or RN+Λ), active gravitational massM and electric

charge Q is studied in an exterior Friedmann-Robertson-Walker (FRW) universe in (2+1)

dimensional spacetime. New classes of exact solutions for the charged black hole are found.

It is discovered that the cosmological constant is negative inside the black hole, which is

confirmed through the geodesic equations as well. The cosmological constant is found to

depend on R, Q and a(v), which correspond to the areal radius, charge of the black hole and

the scale factor of the universe, respectively. It is noted that the expansion of the universe

affects the size and mass of the black hole. An important observation is that, for an observer

at infinity, both the mass and charge of the black hole increase with the contraction of the

universe and decrease with the expansion of the universe.

Chapter.6: The astrophysical consequences of black holes in quadratic gravity is inves-

tigated, characterized by the parameters S0, S2, m0 and m2, in addition to the black hole

mass M . To evaluate the physical validity of the fundamental quadratic gravity black hole

like solutions, their gravitational lensing properties are analyzed in the strong field regime.

Specifically, the shadows are examined and are constrained using observational data from

theM87∗ and SgrA∗ supermassive black holes. Our analysis reveals that, within the 1σ con-

fidence level, a significant portion of the parameter space for quadratic gravity black holes

is consistent with the Event Horizon Telescope (EHT) observations ofM87∗ and SgrA∗. As

an additional observational test, a detailed investigation of the strong gravitational lensing

properties of these black holes is performed. The fundamental strong lensing observables

are explored in detail, including the angular positions and separations of the lensed images,

the relative magnifications, the radius of the outermost Einstein ring and the relativistic

time delay between images.

Chapter.7: This study aims to identify wormholes within newly derived wormhole so-

lutions in the context of the Yukawa gravitational potential. This type of study may help

to indicate the presence of a wormhole in a galactic region. The three newly calculated

wormhole solutions satisfy all the required properties. In reasonable ranges, null energy

conditions are violated to the requirement of wormhole structure. Further, the embedding

surface and its revolution have been generated using numerical methods to investigate how
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the length of the throat is influenced by the parameter β in the context of wormhole geome-

try under the effects of the Yukawa gravitational potential. The wormhole solutions for the

wavelength λ are determined to be physically stable when we evaluate the stability of these

wormhole solutions graphically. Since Yukawa-modified potential acts as a contribution of

dark matter in the galactic region, it is concluded that wormhole solutions exist with viable

physical properties in the galactic region comprising with the Yukawa gravitational poten-

tial. We investigate the shadow by the wormhole throat for all the three models. Here it is

considered that the wormhole throat acts as a photon sphere. Keeping all other parameters

fixed, it is observed that the parameters a for Model-I, γ for Model-II and β for Model-III

with Yukawa gravitational potential significantly affect the wormhole shadow.

Chapter.8: The prospect of identifying wormholes by investigating their shadows con-

stitutes a foremost source of insight into the evolution of compact objects and is considered

one of the essential problems in contemporary astrophysics. The nature of the wormholes

plays a crucial role in the shadow effect, which arises during strong gravitational lensing.

Current EHT observations have inspired scientists to study and construct the shadow im-

ages of wormholes. In this work, the shadow cast by a certain class of rotating wormholes

is explored. To achieve this, the null geodesics are first composed and the effects of various

parameters on the photon orbit are studied. The form and size of the wormhole shadow are

exposed, revealing that it is slanted and can be altered depending on different parameters

present in the wormhole spacetime. The size and spin of the wormhole are also constrained

using results from theM87∗ observation by investigating the average diameter of the worm-

hole and deviations from circularity with respect to the wormhole throat size.

9.2 Future Prospects

Future prospects of all the chapters are written below.

Chapter.2: Expanding on the chapter’s results, future studies could further investigate

exploring the broader implications of Bose-Einstein Condensate (BEC) compact stars for

astrophysical observations and theoretical models are,
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• Further Observational Verification: The theoretical model proposed can be tested

against observational data from current and future astrophysical surveys.

• Refinement of Theoretical Models: The parameters and assumptions in the BEC

compact star model could be refined. Further theoretical work may focus on exploring

variations in the polytropic equation of state and density profiles, potentially expand-

ing the range of possible compact star configurations and behaviors.

• Implications for Gravitational Theories: Insights gained from this research could

inform modifications to general relativity or other gravitational theories, particularly

in extreme conditions. This could contribute to a broader understanding of how exotic

matter influences gravitational phenomena.

• Exploration of Stellar Evolution: Future research could investigate the formation

and evolution of BEC compact stars in different astrophysical contexts.

Chapter.3: Based on the insights provided in this chapter, upcoming research may

explore further investigation and development.

• Extension to Other Metric Potentials: Future work could explore solutions us-

ing different metric potentials beyond the Tolman-Kuchowicz (TK) type to exam-

ine how these choices impact the physical characteristics and stability of anisotropic

quintessence compact stars.

• Inclusion of Additional Physical Effects: The impact of additional physical fac-

tors such as rotation, magnetic fields, or charge on the anisotropic quintessence com-

pact stars could be investigated to provide a more comprehensive understanding of

their behavior.

• Observational Constraints and Comparisons: The model predictions could be

compared with observational data from astrophysical sources to test its validity.

• Generalization to Different f(T ) Functions: Future studies might generalize the

findings by considering different forms of the f(T ) function to understand how varying

the functional form affects the compact star solutions and their physical properties.
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• Impact of Quintessence Parameters: Further investigation into how variations in

the quintessence field parameter ωq influence the model’s results could provide deeper

insights into the nature of dark energy and its effects on compact stars.

Chapter.4: In the context of this chapter, several important aspects of the complexity

factor have been explored. The study of anisotropic models with vanishing complexity

suggested a relationship between the metric functions, providing insights into the collapse

dynamics. Based on these findings, the following future directions can be suggested

• Extension to Other Metric Potentials: Future work could explore solutions using

different metric potentials.

• Numerical Simulations: Conducting simulations to assess the complexity factor in

various astrophysical contexts, allowing for a deeper understanding of stellar dynamics

and evolution.

Chapter.5: Building on the findings of this chapter, future research could delve deeper

into how the interplay between charged black holes and the evolving universe in different

cosmological models might reveal new insights.

• Extension to Higher Dimensions: Investigating the Reissner-Nordström+Λ black

hole solutions in higher-dimensional spacetimes could reveal how extra dimensions

affect the cosmological constant and the interaction between the black hole and the

expanding universe.

• Analyzing Physical Properties: More physical properties can be calculated and

shown.

• Impact of Varying Cosmological Models: Studying how different cosmological

models (e.g., modified FRW models or alternative dark energy scenarios) influence the

results could provide insights into the broader implications of the research.

Chapter.6: Building on the insights of this chapter, future investigations could explore

these avenues as promising prospects.
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• Application to Additional Black Hole Candidates: Apply the framework to

other astrophysical black hole systems beyond M87∗ and SgrA∗.

• Incorporation of Modified Gravity Theories: One can compare the strong lensing

predictions of quadratic gravity with other modified gravity theories.

• Higher-Order Corrections: One can include higher-order corrections to the strong

lensing observables.

Chapter.7: Future research on integrating the Yukawa gravitational potential into

wormhole models presents a rich avenue for exploration, with several key areas of focus.

• Modeling Compact Stars and Gravaster Dynamics: The Yukawa potential

could help refine the description of compact stars and gravaster by incorporating mod-

ifications to the gravitational interactions at small scales.

Chapter.8: Following the conclusions of this chapter, subsequent investigations could

examine.

• Exploration of Different Wormhole Classes: Future research could investigate

shadows of various classes of wormholes beyond the rotating ones studied, including

static or charged wormholes, to understand how different characteristics influence the

observed shadows.

• Impact of Additional Parameters: Studies could incorporate additional param-

eters or modifications to wormhole models, such as those involving exotic matter or

alternative theories of gravity, to explore how these factors affect the shadow’s prop-

erties.
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Abdujabbarov, A., Toshmatov, B., Stuchĺık, Z., & Ahmedov, B. (2017). Shadow of the

rotating black hole with quintessential energy in the presence of plasma. International

Journal of Modern Physics D, 26 (06), 1750051.

Abreu, H., Hernandez, H., & Nunez, L. A. (2007). Sound Speeds, Cracking and Stability of

Self-Gravitating Anisotropic Compact Objects. Class. Quant. Grav., 24, 4631–4646.

Abubekerov, M. K., Antokhina, E. A., Cherepashchuk, A. M., & Shimanskii, V. V. (2008).

The Mass of the Compact Object in the X-Ray Binary Her X-1/HZ Her. Astron.

Rep., 52, 379–389.

Adler, S. L., & Virbhadra, K. S. (2022). Cosmological constant corrections to the photon

sphere and black hole shadow radii. Gen. Rel. Grav., 54 (8), 93.

Afrin, M., & Ghosh, S. G. (2023). EHT observables as a tool to estimate parameters of

supermassive black holes. Mon. Not. Roy. Astron. Soc., 524 (3), 3683–3691.

235



BIBLIOGRAPHY

Afrin, M., Kumar, R., & Ghosh, S. G. (2021). Parameter estimation of hairy Kerr black

holes from its shadow and constraints from M87∗. Monthly Notices of the Royal

Astronomical Society, 504 (4), 5927–5940.

Aharony, O., & Banks, T. (1999). Note on the quantum mechanics of M theory. Journal of

High Energy Physics, 1999 (03), 016–016.

Akiyama, K., et al. (2019). First M87 Event Horizon Telescope Results. I. The Shadow of

the Supermassive Black Hole. Astrophys. J. Lett., 875, L1.

Akiyama, K., et al. (2022a). First Sagittarius A* Event Horizon Telescope Results. I. The

Shadow of the Supermassive Black Hole in the Center of the Milky Way. Astrophys.

J. Lett., 930 (2), L12.

Akiyama, K., et al. (2022b). First SagittariusA∗ Event Horizon Telescope Results. II. EHT

and Multiwavelength Observations, Data Processing, and Calibration. Astrophys. J.

Lett., 930 (2), L13.

Akiyama, K., et al. (2022c). First Sagittarius A* Event Horizon Telescope Results. IV.

Variability, Morphology, and Black Hole Mass. Astrophys. J. Lett., 930 (2), L15.

Akrami, Y., et al. (2021). Modified Gravity and Cosmology. An Update by the CANTATA

Network (E. N. Saridakis, R. Lazkoz, V. Salzano, P. Vargas Moniz, S. Capozziello,
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Lanczos, K. (1924). Flächenhafte verteilung der materie in der einsteinschen gravitations-

theorie. Annalen der Physik, 379 (14), 518–540.

Landry, P., Abdelqader, M., & Lake, K. (2012). McVittie solution with a negative cosmo-

logical constant. Physical Review D, 86 (8), 084002.

Latifah, S, Sulaksono, A., & Mart, T. (2014). Bosons star at finite temperature. Physical

Review D, 90 (12), 127501.

251



BIBLIOGRAPHY

Lemos, J. P. S., Lobo, F. S. N., & Quinet de Oliveira, S. (2003). Morris-Thorne wormholes

with a cosmological constant. Phys. Rev. D, 68, 064004.

Lemos, J. P., & Zanchin, V. T. (2011). Regular black holes: Electrically charged solutions,

Reissner-Nordström outside a de Sitter core. Physical Review D, 83 (12), 124005.

Letelier, P. S. (1980). Anisotropic fluids with two-perfect-fluid components. Physical Review

D, 22 (4), 807.

Li, B., Sotiriou, T. P., & Barrow, J. D. (2011). f(T ) gravity and local Lorentz invariance.

Phys. Rev. D, 83, 064035.

Li, C., Cai, Y., Cai, Y.-F., & Saridakis, E. N. (2018). The effective field theory approach of

teleparallel gravity, f(T ) gravity and beyond. Journal of Cosmology and Astroparticle

Physics, 2018 (10), 001.

Li, J., Guo, L, & Zhang, B. (2007). The Chinese VLBI network and its astrometric role.

Proceedings of the International Astronomical Union, 3 (S248), 182–185.

Li, P.-C., Guo, M., & Chen, B. (2020). Shadow of a spinning black hole in an expanding

universe. Phys. Rev. D, 101, 084041.

Li, Z., & Bambi, C. (2014). Measuring the Kerr spin parameter of regular black holes from

their shadow. Journal of Cosmology and Astroparticle Physics, 2014 (01), 041.

Liebes, S. (1964). Gravitational Lenses. Phys. Rev., 133, B835–B844.

Lighuda, A., Maharaj, S., Sunzu, J., & Mureithi, E. (2021). A model of a three-layered

relativistic star. Astrophysics and Space Science, 366 (8), 76.

Lin, K., Pavan, A. B., Flores-Hidalgo, G., & Abdalla, E. (2017). New Electrically Charged

Black Hole in Higher Derivative Gravity. Braz. J. Phys., 47 (4), 419–425.

Linder, E. V. (2010). Einstein’s other gravity and the acceleration of the universe. Physical

Review D, 81 (12), 127301.

Lloyd, S., & Pagels, H. (1988). Complexity as thermodynamic depth. Annals of Physics,

188 (1), 186–213.

Lobo, F. S. N., & Oliveira, M. A. (2009). Wormhole geometries in f(R) modified theories

of gravity. Phys. Rev. D, 80, 104012.

London, F. (1938). The λ-phenomenon of liquid helium and the Bose-Einstein degeneracy.

Nature, 141 (3571), 643–644.

252



BIBLIOGRAPHY

Long, F., Chen, S., Wang, M., & Jing, J. (2020). Shadow of a disformal Kerr black hole in

quadratic degenerate higher-order scalar–tensor theories. Eur. Phys. J. C, 80 (12),

1180.

Lovelock, D. (1970). Divergence-free tensorial concomitants. Aequationes Mathematicae, 4,

127–138.

Lovelock, D. (1971). The Einstein tensor and its generalizations. Journal of Mathematical

Physics, 12 (3), 498–501.

Luminet, J.-P. (1979). Image of a spherical black hole with thin accretion disk. Astronomy

and Astrophysics, vol. 75, no. 1-2, May 1979, p. 228-235., 75, 228–235.

Luyten, W. J. (1970). White dwarfs. University of Minnesota Press.

Madelung, E. (1927). Quantum theory in hydrodynamical form. z. Phys, 40, 322.

Maeda, K.-i., & Ohta, N. (2014). Cosmic acceleration with a negative cosmological constant

in higher dimensions. Journal of High Energy Physics, 2014 (6), 1–33.

Maharaj, S., & Mafa Takisa, P. (2012). Regular models with quadratic equation of state.

General Relativity and Gravitation, 44, 1419–1432.

Mak, M. K., & Harko, T. (2003). Anisotropic stars in general relativity. Proc. Roy. Soc.

Lond. A, 459, 393–408.

Maki, T., & Shiraishi, K. (1993). Multi-black hole solutions in cosmological Einstein-Maxwell-

dilaton theory. Classical and Quantum Gravity, 10 (10), 2171.

Maluf, J. W. (2013). The teleparallel equivalent of general relativity. Annalen der Physik,

525 (5), 339–357.

Marolf, D. (1999). Spacetime Embedding Diagrams for Black Holes. General Relativity and

Gravitation, 31 (6), 919–944.

Martinez, C., Teitelboim, C., & Zanelli, J. (2000). Charged rotating black hole in three

spacetime dimensions. Physical Review D, 61 (10), 104013.

Maurya, S. K., Gupta, Y. K., Ray, S., & Deb, D. (2016). Generalised model for anisotropic

compact stars. Eur. Phys. J. C, 76 (12), 693.

Maurya, S., Deb, D., Ray, S., & Kuhfittig, P. (2019). A study of anisotropic compact stars

based on embedding class 1 condition. International Journal of Modern Physics D,

28 (09), 1950116.

253



BIBLIOGRAPHY

Maurya, S., Errehymy, A., Singh, K. N., Dayanandan, B, & Daoud, M. (2023). Self-gravitating

electrically charged anisotropic strange star model. New Astronomy, 101, 102000.

Mazharimousavi, S. H., & Halilsoy, M. (2016). Wormhole solutions in f(R) gravity satisfying

energy conditions. Modern Physics Letters A, 31 (34), 1650192.

McVittie, G. C. (1933). The mass-particle in an expanding universe. Mon. Not. Roy. Astron.

Soc., 93, 325–339.

Mellier, Y. (1999). Probing the universe with weak lensing. Ann. Rev. Astron. Astrophys.,

37, 127–189.

Millano, A. D., Jusufi, K., & Leon, G. (2023). Phase space analysis of the bouncing universe

with stringy effects. Physics Letters B, 841, 137916.

Mirzaev, T., Li, S., Narzilloev, B., Hussain, I., Abdujabbarov, A., & Ahmedov, B. (2023).

Simulated image of the shadow of the Kerr–Newman–NUT–Kiselev black hole in the

Rastall gravity with a thin accretion disk. Eur. Phys. J. Plus, 138 (1), 47.

Molla, N. U., & Debnath, U. (2022). Gravitational lensing for power-Maxwell charged

quintessence black hole in Rastall gravity. Int. J. Geom. Meth. Mod. Phys., 19 (12),

2250183.

Molla, N. U., & Debnath, U. (2023a). Gravitational Lensing of Acoustic Charged Black

Holes. Astrophys. J., 947 (1), 14.

Molla, N. U., & Debnath, U. (2023b). Shadows and strong gravitational lensing by Van der

Waals black hole in homogeneous plasma. Annals Phys., 453, 169304.

Molla, N. U., Ghosh, S. G., & Debnath, U. (2024). Testing gravitational lensing effects

by supermassive massive black holes with superstring theory metric: Astrophysical

implications and EHT constraints. Phys. Dark Univ., 44, 101495.

Moraes, P. H. R. S., & Sahoo, P. K. (2017). Modeling wormholes in f(R, T ) gravity. Phys.

Rev. D, 96, 044038.

Morris, M. S., & Thorne, K. S. (1988). Wormholes in spacetime and their use for interstellar

travel: A tool for teaching general relativity. American Journal of Physics, 56 (5),

395–412.

Narzilloev, B., Hussain, I., Abdujabbarov, A., Ahmedov, B., & Bambi, C. (2021a). Dynamics

and fundamental frequencies of test particles orbiting Kerr–Newman–NUT–Kiselev

black hole in Rastall gravity. Eur. Phys. J. Plus, 136 (10), 1032.

254



BIBLIOGRAPHY

Narzilloev, B., Shaymatov, S., Hussain, I., Abdujabbarov, A., Ahmedov, B., & Bambi, C.

(2021b). Motion of Particles and Gravitational Lensing Around (2+1)-dimensional

BTZ black holes in Gauss-Bonnet Gravity. Eur. Phys. J. C, 81, 849.

NASA. (2000). Crab Nebula. https://en.wikipedia.org/wiki/Crab Nebula#/media/File:

Crab Nebula.jpg

Nashed, G., & Bamba, K. (2022). Realistic compact stars in conformal teleparallel gravity.

Progress of Theoretical and Experimental Physics, 2022 (10), 103E01.

Nayak, K. R., MacCallum, M. A., & Vishveshwara, C. (2000). Black holes in nonflat back-

grounds: The Schwarzschild black hole in the Einstein universe. Physical Review D,

63 (2), 024020.

Nayak, K., & Vishveshvara, C. (2000). Geometry of the Kerr Black Hole in the Einstein

Cosmological Background. Preprint to be submitted for publication.

Nedkova, P. G., Tinchev, V. K., & Yazadjiev, S. S. (2013). Shadow of a rotating traversable

wormhole. Phys. Rev. D, 88, 124019.

Newman, E. T., Couch, E., Chinnapared, K., Exton, A., Prakash, A., & Torrence, R. (1965).

Metric of a Rotating, Charged Mass. Journal of Mathematical Physics, 6 (6), 918–

919.

Ngubelanga, S. A., Maharaj, S. D., & Ray, S. (2015). Compact stars with quadratic equation

of state. Astrophys. Space Sci., 357 (1), 74.

Nishiyama, M., Morita, M.-a., & Morikawa, M. (2004). Bose Einstein condensation as dark

energy and dark matter. arXiv preprint astro-ph/0403571.

Nordström, G. (1918). On the Energy of the Gravitation field in Einstein’s Theory. Konin-

klijke Nederlandse Akademie van Wetenschappen Proceedings Series B Physical Sci-

ences, 20, 1238–1245.

Ohgami, T., & Sakai, N. (2015). Wormhole shadows. Physical Review D, 91 (12), 124020.

Ohgami, T., & Sakai, N. (2016). Wormhole shadows in rotating dust. Physical Review D,

94 (6), 064071.

Oppenheimer, J. R., & Volkoff, G. M. (1939). On Massive Neutron Cores. Phys. Rev., 55,

374–381.
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ogischen” Gravitationsgleichungen. Phys. Z, 20 (31-34), 65.

262



BIBLIOGRAPHY

Whisker, R. (2005). Strong gravitational lensing by Braneworld black holes. Phys. Rev. D,

71, 064004.

Wielgus, M., Horák, J., Vincent, F., & Abramowicz, M. (2020). Reflection-asymmetric worm-

holes and their double shadows. Physical Review D, 102 (8), 084044.

Yan, S.-F., Zhang, P., Chen, J.-W., Zhang, X.-Z., Cai, Y.-F., & Saridakis, E. N. (2020).

Interpreting cosmological tensions from the effective field theory of torsional gravity.

Physical Review D, 101 (12), 121301.

Yerzhanov, K., Myrzakul, S. R., Kulnazarov, I., & Myrzakulov, R. (2010). Accelerating

cosmology in f(T ) gravity with scalar field. arXiv:1006.3879.

Young, P. J. (1976). Capture of particles from plunge orbits by a black hole. Phys. Rev. D,

14, 3281–3289.

Younsi, Z., Zhidenko, A., Rezzolla, L., Konoplya, R., & Mizuno, Y. (2016). New method for

shadow calculations: Application to parametrized axisymmetric black holes. Phys.

Rev. D, 94, 084025.

Yukawa, H. (1935). On the interaction of elementary particles. I. Proceedings of the Physico-

Mathematical Society of Japan. 3rd Series, 17, 48–57.

Yumoto, A., Nitta, D., Chiba, T., & Sugiyama, N. (2012). Shadows of multi-black holes:

Analytic exploration. Phys. Rev. D, 86, 103001.

Zakharov, A., Nucita, A., DePaolis, F., & Ingrosso, G. (2005a). Measuring the black hole

parameters in the galactic center with Radioastron. New Astronomy, 10 (6), 479–489.

Zakharov, A. F. (2014). Constraints on a charge in the Reissner-Nordström metric for the

black hole at the Galactic Center. Physical Review D, 90 (6), 062007.

Zakharov, A. F., De Paolis, F., Ingrosso, G., & Nucita, A. (2005b). Direct measurements

of black hole charge with future astrometrical missions. Astronomy & Astrophysics,

442 (3), 795–799.

Zanchin, V. T., Kleber, A., & Lemos, J. P. (2002). Four-dimensional anti-de Sitter toroidal

black holes from a three-dimensional perspective: Full complexity. Physical Review

D, 66 (6), 064022.

Zanchin, V. T., & Miranda, A. S. (2004). Spherical and planar three-dimensional anti-de

Sitter black holes. Classical and Quantum Gravity, 21 (4), 875.

263



BIBLIOGRAPHY

Zhao, S.-S., & Xie, Y. (2017). Strong deflection gravitational lensing by a modified Hayward

black hole. Eur. Phys. J. C, 77 (5), 272.

Zhu, Y., & Wang, T. (2021). Shadow of the wormholelike static aether solution. Phys. Rev.

D, 104, 104052.

Zubair, M, & Abbas, G. (2016). Analytic models of anisotropic strange stars in f(T ) gravity

with off-diagonal tetrad. Astrophysics and Space Science, 361 (1), 27.

264


	SOMI ROMAN P-1
	List of Figures
	List of Tables
	List of Abbreviations

	Introduction              
	 Transition from Special to General Theory of Relativity
	Classical Physics to STR
	STR Brief Overview
	GTR Brief Overview

	Cosmic Origins: The Big Bang and the Steady State Debate
	The Birth of the Big Bang Theory
	The Steady State Challenge
	Observational Evidence of Big Bang
	Challenges of Big Bang

	Modified Gravity
	Cosmological Acceleration
	f(R) Gravity
	Teleparallel Gravity
	Einstein-Gauss-Bonnet Gravity

	Compact Object
	Compact Star
	Black Hole

	Wormhole
	Einstein Rosen Bridge
	Taxonomy of Wormholes

	Gravitational Lensing and Shadow
	Gravitational lensing by Black Hole
	Strong Gravitational Lensing by Black Holes
	Lensing Observables
	Shadow of Black hole and Wormhole

	Bose Einstein Condensate
	Historical Background 
	Advancements in Experimentation 
	Physical Phenomena
	BEC's Application
	Epilogue of BEC


	Possible Existence of Bose-Einstein Condensate Compact Stars 
	Introduction
	Interior Spacetime and the Einstein Field Equations
	Bose-Einstein Condensate (BEC) Matter
	BEC Compact Star
	Matching of Interior and Exterior Spacetime
	Physical Analysis of the Model
	Non-Singularity of the Central Pressure and Density
	Energy Conditions
	Surface Redshift
	Causality Condition

	Stability and Equilibrium Analysis
	Equilibrium Condition
	Adiabatic Index
	Static Stability Criterion

	Mass-Radius Relationship
	Discussion and Conclusion

	 Anisotropic Quintessence Compact Star in f(T) Gravity with Tolman-Kuchowicz Metric Potentials 
	Introduction
	Interior Spacetime and Einstein Equation in f(T) Theory
	Present Model
	Boundary Matching Condition
	Physical Analysis of the Model
	Metric Coefficients
	Density Profiles
	Pressure Profiles
	Density and Pressure Gradients
	Pressure Anisotropy
	Equation of State Parameters
	Energy Conditions
	Mass, Compactness and Surface Redshift

	Stability and Equilibrium Conditions for the Present Model
	Causality Condition
	Adiabatic Index
	Equilibrium under Three Different Forces 

	Mass-Radius Relationship
	Discussion and Conclusion

	 Complexity Characterization in Modeling Anisotropic Compact Stellar Structures
	Introduction
	 Einstein Field Equations
	 A New Model with Complexity
	 Constraints on Physical Parameters
	 The Space-time at the Exterior and Junction Conditions
	 Model with Observational Data
	 Validation of the Model: Physical Analysis
	Metric Coefficients
	Density Profile
	Pressures Profile
	Anisotropy
	Causality Condition
	Energy Conditions
	Mass Function
	EoS Parameter

	 Analysis of the Model's Stability
	Equilibrium Condition
	Adiabatic Index
	Herrera Cracking Condition

	Mass-Radius Relationship
	 Discussion

	A Reissner-Nordström+ Black Hole in the Friedman-Robertson-Walker Universe
	Introduction
	Interior Reissner-Nordström with  Metric
	Horizons in the RN+ Spacetime
	Solutions of Einstein-Maxwell Equations in RN+ Spacetime
	Physical Significance of Pressure and Matter Density
	Geodesic Equations in RN+ Spacetime

	Metric for Interior RN+ and Exterior FRW Spacetimes
	Boundary and Matching Conditions with the Exterior FRW Universe
	Continuity of gvv
	Continuity of gxx
	Continuity of gvvx at x=R

	Physical Relevance of RN+ Metric
	Darmois-Israel Matching Conditions
	Further Discussion on Surface Continuity
	Discussion and Conclusions

	 Shadows and Strong Gravitational Lensing around Black Hole Like Solution in Quadratic Gravity
	Introduction
	Black Hole like Solutions in Quadratic Gravity
	Shadow in Quadratic Gravity
	Constraints the Black Hole Parameters with the Observational Data from M87* and Sgr A*

	Observational Features of Strong Gravitational Lensing
	The strong Lensing Angle
	Lensing Observables
	Einstein Rings
	Time Delay in the Strong Field Limit
	Results and Discussions

	Conclusions and Final Remarks

	 Impact of Yukwa Potential on Wormhole Shadow
	Introduction
	 Interior Spacetime with the Einstein Field Equations
	Generating a Physically Viable Model of Wormhole with Yukawa Potential
	Shape Function
	Proper Radial Length
	Embedding

	Wormhole Physical Property and Stability
	Energy Conditions and Matter Distribution
	Equilibrium Condition

	Different Models Corresponding to the Three Different Redshift Functions
	 Model:I
	Model: II
	 Model:III

	Shadow of Wormhole
	Concluding Remarks

	 Shadows of Lorentzian Traversable Wormholes
	Introduction
	 The General Rotating Wormhole Spacetime
	Ergoregion of Wormhole

	 Propagation of light in a Rotating Wormhole Spacetime
	Wormhole Shadow
	Constraining the Wormhole Parameters Using the M87* Results
	Concluding Remarks

	 Summary of This Research Work and Future Directions 
	Summary
	Future Prospects


	SOMI AKTAR
	List of Figures
	List of Tables
	List of Abbreviations

	Introduction              
	 Transition from Special to General Theory of Relativity
	Classical Physics to STR
	STR Brief Overview
	GTR Brief Overview

	Cosmic Origins: The Big Bang and the Steady State Debate
	The Birth of the Big Bang Theory
	The Steady State Challenge
	Observational Evidence of Big Bang
	Challenges of Big Bang

	Modified Gravity
	Cosmological Acceleration
	f(R) Gravity
	Teleparallel Gravity
	Einstein-Gauss-Bonnet Gravity

	Compact Object
	Compact Star
	Black Hole

	Wormhole
	Einstein Rosen Bridge
	Taxonomy of Wormholes

	Gravitational Lensing and Shadow
	Gravitational lensing by Black Hole
	Strong Gravitational Lensing by Black Holes
	Lensing Observables
	Shadow of Black hole and Wormhole

	Bose Einstein Condensate
	Historical Background 
	Advancements in Experimentation 
	Physical Phenomena
	BEC's Application
	Epilogue of BEC


	Possible Existence of Bose-Einstein Condensate Compact Stars 
	Introduction
	Interior Spacetime and the Einstein Field Equations
	Bose-Einstein Condensate (BEC) Matter
	BEC Compact Star
	Matching of Interior and Exterior Spacetime
	Physical Analysis of the Model
	Non-Singularity of the Central Pressure and Density
	Energy Conditions
	Surface Redshift
	Causality Condition

	Stability and Equilibrium Analysis
	Equilibrium Condition
	Adiabatic Index
	Static Stability Criterion

	Mass-Radius Relationship
	Discussion and Conclusion

	 Anisotropic Quintessence Compact Star in f(T) Gravity with Tolman-Kuchowicz Metric Potentials 
	Introduction
	Interior Spacetime and Einstein Equation in f(T) Theory
	Present Model
	Boundary Matching Condition
	Physical Analysis of the Model
	Metric Coefficients
	Density Profiles
	Pressure Profiles
	Density and Pressure Gradients
	Pressure Anisotropy
	Equation of State Parameters
	Energy Conditions
	Mass, Compactness and Surface Redshift

	Stability and Equilibrium Conditions for the Present Model
	Causality Condition
	Adiabatic Index
	Equilibrium under Three Different Forces 

	Mass-Radius Relationship
	Discussion and Conclusion

	 Complexity Characterization in Modeling Anisotropic Compact Stellar Structures
	Introduction
	 Einstein Field Equations
	 A New Model with Complexity
	 Constraints on Physical Parameters
	 The Space-time at the Exterior and Junction Conditions
	 Model with Observational Data
	 Validation of the Model: Physical Analysis
	Metric Coefficients
	Density Profile
	Pressures Profile
	Anisotropy
	Causality Condition
	Energy Conditions
	Mass Function
	EoS Parameter

	 Analysis of the Model's Stability
	Equilibrium Condition
	Adiabatic Index
	Herrera Cracking Condition

	Mass-Radius Relationship
	 Discussion

	A Reissner-Nordström+ Black Hole in the Friedman-Robertson-Walker Universe
	Introduction
	Interior Reissner-Nordström with  Metric
	Horizons in the RN+ Spacetime
	Solutions of Einstein-Maxwell Equations in RN+ Spacetime
	Physical Significance of Pressure and Matter Density
	Geodesic Equations in RN+ Spacetime

	Metric for Interior RN+ and Exterior FRW Spacetimes
	Boundary and Matching Conditions with the Exterior FRW Universe
	Continuity of gvv
	Continuity of gxx
	Continuity of gvvx at x=R

	Physical Relevance of RN+ Metric
	Darmois-Israel Matching Conditions
	Further Discussion on Surface Continuity
	Discussion and Conclusions

	 Shadows and Strong Gravitational Lensing around Black Hole Like Solution in Quadratic Gravity
	Introduction
	Black Hole like Solutions in Quadratic Gravity
	Shadow in Quadratic Gravity
	Constraints the Black Hole Parameters with the Observational Data from M87* and Sgr A*

	Observational Features of Strong Gravitational Lensing
	The strong Lensing Angle
	Lensing Observables
	Einstein Rings
	Time Delay in the Strong Field Limit
	Results and Discussions

	Conclusions and Final Remarks

	 Impact of Yukwa Potential on Wormhole Shadow
	Introduction
	 Interior Spacetime with the Einstein Field Equations
	Generating a Physically Viable Model of Wormhole with Yukawa Potential
	Shape Function
	Proper Radial Length
	Embedding

	Wormhole Physical Property and Stability
	Energy Conditions and Matter Distribution
	Equilibrium Condition

	Different Models Corresponding to the Three Different Redshift Functions
	 Model:I
	Model: II
	 Model:III

	Shadow of Wormhole
	Concluding Remarks

	 Shadows of Lorentzian Traversable Wormholes
	Introduction
	 The General Rotating Wormhole Spacetime
	Ergoregion of Wormhole

	 Propagation of light in a Rotating Wormhole Spacetime
	Wormhole Shadow
	Constraining the Wormhole Parameters Using the M87* Results
	Concluding Remarks

	 Summary of This Research Work and Future Directions 
	Summary
	Future Prospects





