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Preface

Rings and algebras have long been studied for their own intrinsic properties, and
an ongoing area of interest has been to explore the implications of various special
identities and, conversely, identifying sufficient conditions for a given ring to sat-
isfy a particular identity. Ring derivation is a branch of algebra that focuses on
the study of the structure of additive maps and the structure of rings by analyz-
ing functional identities related to these additive maps. These additive maps are
derivation, skew derivation, generalized derivation, generalized skew derivation, b-
generalized derivation, X-generalized skew derivation, generalized (a, ) derivation
etc. It is well established that there is a significant relationship between functional
identities involving derivations as well as generalized derivations and the structure
of rings. The key purpose of this thesis is to investigate various functional identi-
ties and generalized functional identities within the context of prime and semiprime
rings. Let R be an associative ring. A basic example of a functional identity is
the identity [f(x),z] = 0 for all z € R, where [z,y] = 2y —yxr and f : R — R
is a mapping. In 1957, Posner [80] examined a specific type of functional identity
in rings by considering the above function as a derivation. Later on, Bresar [10]
demonstrated that if f is an additive mapping satisfying the identity investigated
by Posner [80] in a prime ring R, then f must be of the form f(z) = Az + &(z),
where A € (', £ : R — (' is an additive map and C' is the extended centroid of R.
Subsequently, numerous researchers have explored various functional identities and
achieved remarkable results. We have also investigated some problems within this
area.

This thesis is composed of eight chapters. Chapter wise brief information is given
bellow:

Chapter 1 is basically devoted for introductory purpose. Some basic definitions,

preliminaries and prerequisites which have been collected from other references and

vil
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which are needed for the development of the subsequent chapters for this thesis.

In Chapter 2, we study some commutativity theorems involving generalized
(c, B) derivations on left sided ideals in prime and semiprime rings. Some examples
are given at the end of this chapter concluding that the hypothesis of semiprimeness
or primeness in the results are not superfluous.

Recently, De Filippis [45] introduced the new map X-generalized skew deriva-
tion. This concept covers the concept of generalized skew derivation as well as
b-generalized derivation.

In Chapter 3, we study an identity with annihilating and centralizing conditions
involving X-generalized skew derivations in prime rings.

A number of authors have studied some functional identities on the evaluations
of a non central valued multilinear polynomial.

In Chapter 4, we study an identity involving annihilating and centralizing con-
ditions of generalized derivations acting on noncentral multilinear polynomials in
prime ring.

In Chapter 5, we study an identity involving three generalized derivations acting
on multilinear polynomial in prime rings.

In Chapter 6, we study a derivation which vanishes when applied over a identity
involving two generalized derivations acting on noncentral multilinear polynomial.
We obtain results for the inner case, and furthermore, we clarify all possible forms
of the derivation and generalized derivations involved in the identity.

In Chapter 7, we study an identity involving two nonzero generalized skew-
derivations acting on multilinear polynomials in prime rings.

An additive subgroup L of R is said to be a Lie ideal of R, if [I,r] € L for all
l € L and r € R. The m-th commutator of a, b is defined as [a, b],, = [[@, b]m—1, 0],
m =1,2,.... It is easy to check that [a, b],, = i(—l)i(’?)biabm*i.

In Chapter 8, we study an m-th commutaté?identity involving three generalized
derivations acting on elements in Lie Ideal L.

Last of all we give some references from where we get many valuable results

which help us to develop the whole work.
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Chapter 1

Outline, Foundations and
Prerequisites

This chapter is focused on foundational concepts, notations and expressions that
will be extensively utilized in the upcoming chapters.

Across this thesis, R will refer to an associative ring and ideal of a ring will be
understood as a two-sided ideal. Our focus has been on functional identities related
to specific types of additive maps, particularly in the context of prime and semiprime
rings. A functional identity on a ring R is an identity that involves both functions
and elements of R. The primary objective in studying functional identities is to
identify the form of the mappings involved, or, when that is not feasible, to ascertain
the structure of the ring. Functional identity theory has proven to be a valuable
tool for addressing a range of problems across various fields. Primarily, this chapter
covers special classes of rings, quotient rings, particular types of additive maps,
and generalized polynomial identities. Since all basic notations are not possible to
mention here, we refer to the books by Herstein [58], Jacobson [61, 62].

Before establishing the results, we give some fundamental concepts of rings.

1.1 Several Specific Categories of Rings

We restrict our attention specially to prime and semiprime rings. To grasp the
theory of prime and semiprime rings, it is essential first to understand the concepts

of prime and semiprime ideals.
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Now, we revisit the definitions of prime and semiprime ideals in rings.

Definition 1.1.1. Let R be a ring. An ideal P of R is said to be a prime ideal if
for any two ideals A, B in R, AB C P implies either AC P or B C P.

The following well-established theorem provide characterizations of prime ideal

in a ring :

Theorem 1.1.1. Let P be an ideal of R. Then the following are equivalent :

(1) P is a prime ideal of R;

(ii) If a,b € R such that aRb C P, then either a € P or b € P;

(zi1) If < a >, < b> are principal ideals in R such that < a >< b >C P then
either a € P orb € P;

(i) If V and V' are right ideals in R, then VV' C P implies either V. C P or
V' C P;

(v) If V and V' are left ideals in R, then VV' C P implies either V. C P or
V' CP.

Definition 1.1.2. Let R be a ring. An ideal P of R is said to be a semiprime ideal
of R if for any ideal A in R, A*> C P implies A C P.

For example, in the ring Z of integers, the semiprime ideals are the zero ideal,
also those ideals of the form nZ where n is a square-free integer (square-free integer
is one divisible by no perfect square, except 1). Hence 15Z is a semiprime ideal of
Z but 187 is not.

e A prime ideal of a ring R is a semiprime ideal of R.

e Intersection of any set of semiprime ideals of a ring R is also a semiprime ideal
of R.

o If () is a semiprime ideal of R and A is an ideal of R such that A™ C @ for
some n € N, then A C Q.

The following well-established result detail the characteristics of semiprime ide-

als.

Theorem 1.1.2. Let QQ be an ideal of R. Then the following are equivalent :

(1) Q is a semiprime ideal of R;
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(71) If a € R be such that aRa C Q, then a € Q;

(i1i) If < a > is a principal ideal in R such that < a >2C Q, then a € Q;
(iv) If V is a right ideal in R, then V* C Q implies V C Q;

(v) If V is a left ideal in R, then V? C Q implies V C Q.

Definition 1.1.3. A ring R is said to be a prime ring if zero ideal is a prime ideal

in R.

Example 1.1.1. Notable examples of prime ring are:
(i) Any domain is a prime ring.
(i) Any matriz ring over an integral domain is a prime ring.

(i1i) Every simple ring is a prime ring.

Theorem 1.1.3. The subsequent conditions are equivalent:
(i) R is a prime ring;

(13) If A, B are two ideals of R such that AB = (0), then either A = (0) or B = (0);
(13i) If a,b € R such that aRb = (0), then either a =0 or b =0;

(iv) There exist 0 £ r; 0 #t € R such that rst # 0 for some s € R.

Definition 1.1.4. A ring R is said to be a semiprime ring if zero ideal is a semiprime

ideal in R.

Example 1.1.2. Notable examples of semiprime ring are:
(i) Every prime ring is semiprime ring.

(i1) Ry @ Rs is a semiprime ring if Ry and Ry are nonzero prime rings.

Theorem 1.1.4. The subsequent conditions are equivalent:

(1) R is a semiprime ring;

(it) If A is an ideal of R such that A? = (0), then A = (0);

(1ii) If a € R such that aRa = (0), then a = 0;

(tv) There exist 0 #r; 04t € R such that rst # 0 for some s € R.

Definition 1.1.5. An element a of a ring R is said to be nilpotent if a™ = 0 for

some positive integer n.

Definition 1.1.6. For any nonempty subset A of R, r(A) = {x € R: Az = (0)}
is called the right annihilator of A in R and l(A) = {x € R : zA = (0)} is called
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the left annihilator of A in R. If r(A) = l(A), then r(A) is called an annihilator

ideal of R and is written as anng(A). An element a € R is called annihilator of A

if a € r(A) as well as a € [(A)

B Certain Characteristics of Prime and Semiprime Rings :

In this section, we present several established facts about prime and semiprime

rings. The more information about prime and semiprime rings can be found in the

book of Herstein [59].

1.

10.

In general, if Ry and R, are semiprime rings, then Ry @ R» is semiprime but

not prime.

. Every prime ring is a semiprime ring but the converse is not true. For example,

ZEPZ, where Z is the ring of integers, is a semiprime ring but not a prime

ring.

Semiprime ring has no nonzero nilpotent ideal.

. If R is a semiprime ring and [ is an ideal of R, then r(I) = {(I). Moreover, if

R is semiprime and [ is an ideal of R, then I Nanng(l) = (0).

. Let R be a semiprime ring and p be a right ideal of R. Then Z(p) C Z(R),

where Z(R) is the center of the ring R.

. Let R be a prime ring which contains a commutative one sided ideal. Then R

must be commutative.

. If a prime ring R contains a nonzero one sided central ideal, then R must be

a commutative ring.

Center of a prime ring contains no divisor of zero.

. Let R be a prime ring with center Z(R). If zr € Z(R) for some 0 # z € Z(R)

and r € R, then r € Z(R).

If R is a prime ring with no nonzero nilpotent elements, then R has no zero

divisor.
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11. R is a prime ring if and only if r(J) = (0), where J is a nonzero right ideal of

R.

Definition 1.1.7. A ring R is said to be n—torsion free, where n is a positive

integer, if whenever nx = 0, with x € R, then x = 0.

e For a prime ring R, char(R) # n if and only if R is n—torsion free. It is easy to
note that whenever a ring R is n—torsion free, then char(R) # n. But converse of
the above result is not true for all rings. The primeness is required for the converse

statement to be true.

1.2 Commutator Identities in Rings

For any z,y € R, the symbol [z, y| stands for the commutator or Lie product xy—yz
and the symbol z o y stands for the anti-commutator or Jordan product xy + yx.

We recall some basic commutator identities in a ring R as follows : For all

7,2 € R,
[vy, 2] = xly, 2] + [z, 2]y; [, 92] = ylo, 2] + 2, 9%
(zyoz) =a(yoz) =[x, 2]y = zly, 2] + (z 0 2)y;
(xoyz)=(roy)z—ylx,z] = [z,y]z + y(z o 2).
Moreover,

[z, v], 2] + [y, 2], =] + [[2, x],y] = 0.

The last identity is called as Jacobi Identity.
For x,y € R, set [x,ylo = x, [z,y]1 = [z,y] = vy — yz, and then an Engel type
polynomial [z, ylx = [z, y]x—1,y], E=1,2,....

Definition 1.2.1. An additive subgroup L of R is said to be a Lie ideal of R, if
[l,r] € L foralll € L andr € R.

¢ Every ideal of a ring R is a Lie ideal of R. It is to be noted that a Lie ideal of

a ring R may not be an ideal of R.

¢ A Lie ideal L is said to be square closed if u?> € L for all u € L.
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Theorem 1.2.1. Let S be a nonempty subset of a ring R. A map f : R — R

is called commuting (resp. centralizing) on S if [f(x),x] = 0 for all x € S (resp.
[f(z),2] € Z(R) for allz € S).

Theorem 1.2.2. Let S be a nonempty subset of a ring R. Two maps f : R — R and
g : R — R are called co-commuting (resp. co-centralizing) on S if f(x)x = xg(z)
forallx € S (resp. f(x)x —xg(x) € Z(R) for allz € S).

1.3 Ring of Quotients

In the study of generalized identities in prime and semiprime rings we observe that
rings of quotients play a crucial role. For us, the most important ring of quo-
tients is the mazimal right ring of quotients or Utumi ring of quotients. It was first
constructed by Y. Utumi [89]. Another important ring of quotients is used here, two-
sided ring of quotients or Martindale ring of quotients. This ring of quotients was
introduced in [82] as a tool to study prime rings satisfying a generalized polynomial

identity:.

1.3.1 Utumi Ring of Quotients

Let R be a prime ring and D = {J} be the collection of all dense right ideals of R,
and consider 7" to be the set of all R-homomorphisms f : Jz — Rg, where J ranges
over D, J and R are regarded as right R-modules. So T' = {(f;J)| J € D, f:
Jr — Rpg}, where (f;J) denotes f acting on J.

We define (f; J) ~ (g; K) if there exists L C J N K such that L € D and f =g
on L. One readily check that ‘~’ is indeed an equivalence relation, let [f; J] denote
the equivalence class determined (f;.J) € D and we let U denote the collection
of all equivalence classes of T" with respect to ‘~’. We then define addition and

multiplication of equivalence classes as follows:

5 T+ Mg Kl = [f +g; JN K] and [f; J][g; K] = [fg; 97" (J)].

One can easily check that the addition and multiplication is well-defined [7, pp. 55].
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Under these operations it is readily seen that U forms a ring with respect to above
addition and multiplication. This ring U is called Utumi ring of quotients.

Some important properties are given below :

Proposition 1.3.1. [7, Proposition 2.1.7] For a semiprime ring R, the Utumi ring
of quotients U satisfies the following properties:

(1) R is a subring of U;
(2) For all g € U, there exists J € D such that qJ C R;
(3) For allq € U and J € D, qJ =0 if and only if ¢ = 0;

(4) For all J € D and f : Jp — Rg, there exists ¢ € U such that f(x) = qx for
all x € J.

Furthermore, properties (1) — (4) characterize the ring U up to isomorphism.

1.3.2 Martindale Ring of Quotients

For a prime ring R, a nonzero two-sided ideal is obviously a dense right ideal of R.
In the above construction if we consider only nonzero two-sided ideals instead of
dense right ideals, then we obtain the Martindale ring of quotient (see [82]). Here

we denote this ring by Q.

Proposition 1.3.2. [7, Proposition 2.2.1] Let R be a semiprime ring. Then the
Martindale ring of quotients Q satisfies the following properties:

(1) R is a subring of Q;
(2) For all g € Q, there exists J € D such that ¢J C R;
(3) For allq € Q and J € D, qJ =0 if and only if ¢ = 0;

(4) For all J € D and f : Jp — Rg, there exists ¢ € Q such that f(x) = qx for
all x € J.

Furthermore, properties (1) — (4) characterize ring Q up to isomorphism.
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Some important facts are as follows:

e () can be naturally regarded as a subring of U [7, Proposition 2.2.2] and can be
characterized as follows: For a € U, a € @) if and only if al C R for some nonzero
two-sided ideal I of R.

e Also for a prime ring R, the corresponding rings of quotients ) and U both are
prime ring [40, p. 74].

e Z7(Q) = Z(U), where Z(Q) and Z(U) are centers of @) and U respectively |7,
Remark 2.3.1].

Definition 1.3.1. The center of the Martindale ring of quotients as well as the
Utumi ring of quotients is called the extended centroid C' of R and S = RC' is called

the central closure of R.

It is very well known that C' forms a field, when R is prime ring [7, p. 70]. In
fact, S = RC' is a prime ring containing R. Further S is contained in Q C U. If R
has unity then C'= Z(S). If R is a simple ring with unity then Q = S = R ie., R

is its own central closure. We refer to [59, 82| for more details.

1.4 Several Specific Additive Maps in Rings

Let R be aring. A map f: R — R is said to be additive if f(z +y) = f(z) + f(y)

holds for all x,y € R i.e., it preserves the additive structure of R.

Definition 1.4.1. Let R be a ring. An additive mapping d : R — R is called a
derivation if d(xy) = d(x)y + xd(y) holds for all z,y € R.
Example 1.4.1. Some examples of derivation are:

(i) The usual derivation d on the polynomial ring R = Flx] (where F is a field)
given by

¢ ¢ ¢
d>" aixt) = Y daatt =Y daatL
i=0 i=1 i=0

(i) The mapping d, : R — R defined by d,(z) = |a,z] for all x € R and some fized
a € R, we have d,(zy) = [a,zy] = x[a,y] + [a,z]y = xd.(y) + do(x)y. This kind of

derivations are called as inner derivations of R. Inner derivation leads to a great
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deal in the study of derivations. The derivation which is not inner, called outer

derivation.

(11i) Let us consider the ring R defined by,

a b
R = ca,b,ce
0 c

where Z is the set of all integers. Let us define a map d : R — R by

a b 0 nb
d = ,a,b,c € 7,
0 ¢ 0 0

and n be any fized integer. Then it is obvious that d is a derivation on R.

Remark 1.4.1. Let d be a derivation of a ring R. Then d(Z(R)) C Z(R).

The notion of derivation was extended by Bresar [9] in 1991. He first introduced
the concept of generalized derivation which was further studied algebraically by

Hvala [60] in 1998.

Definition 1.4.2. Let R be a ring. An additive mapping F : R — R is called a
generalized derivation, if there exists a deriwation d : R — R such that F(xy) =

F(z)y + xd(y) holds for all x,y € R.

Evidently, every derivation is a generalized derivation of R. When d = 0, then
it is clear that F' turns to a left multiplier map of R. Thus generalized derivation
covers the concept of derivation as well as the concept of left multiplier map. Some

authors used the notion of left centralizer instead of left multiplier in a ring.

Example 1.4.2. Let R be a ring.

(i) For a,b € R, the map v — ax + xb of R is a generalized derivation.

b
(ii) Let R = “ ca,b,c € Z 3, where 7Z is the set of all integers. Let us
0 0
, a b 0 a
define the mappings d : R — R and F : R — R by d = and
00 0 0
a b a a+b

= . Then F' is a generalized derivation of R with the
00 0 0

derivation d.
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(111) Addition of two generalized derivations of a ring R is again a generalized deriva-

tion of R.

In the literature, we can found many interesting results involving («, #)-derivations.

These kinds of derivations defined as follows:

Definition 1.4.3. An additive mapping d : R — R is called a (o, 5)-derivation if
d(zy) = d(z)a(y) + B(x)d(y) holds for all x,y € R, where o, B are automorphisms
of R.

Of course every (1, 1)-derivation is a derivation of R, where 1 denotes the identity
mapping of R.
Being inspired by the definition of («, §)-derivation, the notion of generalized

(o, B)-derivation was extended as follows:

Definition 1.4.4. An additive mapping F' : R — R is said to be a generalized
(o, B)-derivation of R, if there exists a (o, )-derivation d : R — R such that
F(zy) = F(x)a(y) + B(z)d(y) holds for all z,y € R, where o, B are automorphisms
of R.

Of course every generalized (1,1)-derivation of R is a generalized derivation of
R, where 1 means an identity map of R. If d = 0, we have F(zy) = F(x)a(y) for all
x,y € R, which is called a left a-multiplier mapping of R. Thus generalized (a, 3)-
derivation generalizes both the concepts, («a, §)-derivation as well as left a-multiplier

mapping of R.

Definition 1.4.5. Let R be a Ring and b € R. An additive mapping F': R — R is

said to be b-generalized derivation of R, if there exists a derivation d of R such that
F(zy) = F(z)y + bxd(y)
holds for all x,y € R.

From the above definition we can easily see that generalized derivation is a 1-
generalized derivation and we can define a map F': R — R by F(x) = ax + bxc for

all x € R, where a,b,c € R which is called inner b-generalized derivation of R.
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Definition 1.4.6. Let R be an associative ring and o be an automorphism of R.

An additive mapping d : R — R is called a skew derivation of R if

d(wy) = d(x)y + a(x)d(y)
holds for all x,y € R. Here « is called the associated automorphism of d.

Definition 1.4.7. An additive mapping G : R — R is said to be a generalized skew
derivation of R, if there exists a skew derivation d of R with associated automorphism
a such that

Gry) = G(x)y + a(x)d(y)

holds for all x,y € R. Here d is said to be an associated skew derivation of G and

« is called an associated automorphism of G.

The concept of the map X-generalized skew derivation was introduced by De
Filippis and Wei in [54]. The concept of X-generalized skew derivation generalizes

the concept of generalized skew derivation as well as b-generalized derivation in R.

Definition 1.4.8. Let R be an associative ring, b € @), d : R — R an additive
mapping and o be an automorphism of R. An additive mapping F' : R — R is called

an X —generalized skew derivation of R, with associated term (b, o, d) if F(xy) =
F(z)y + ba(z)d(y) for all z,y € R.

It is very easy to check that X —generalized skew derivation generalizes the con-
cept of generalized skew derivation as well as b-generalized derivation. The map
x — ax + ba(zx)c is an example of X-generalized skew derivation of R with associ-
ated map (b, o, d), where a, b, c € R are fixed elements and d(z) = a(z)c — cx for all
x € R. Such X-generalized skew derivations of R are called as inner X-generalized

skew derivations of R.

1.5 Generalized Polynomial Identity (GPI)

Let R be an associative ring and let X = {x;,2,...} be an infinite set of non-
commutative indeterminates. The classical approach to the theory of polynomial

identities of a ring R was to consider identical relations in R of the form p[z] = 0,
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where p[z] = Y a)xi 4, - - - 5, s a polynomial in the x; with coeflicients o;) which
are integers or belong to a commutative field F' over which R is an algebra. The
main result in the theory of these identities is due to Kaplansky [61, p. 226] which
states that a primitive ring satisfying a polynomial identity of degree d is a finite-
dimensional algebra over its center, and its dimension is < [d/2]?.

The generalized polynomial identities to be dealt with are of the form:

P[ZL‘] = E Qg Tjy Qip Ty = = Oy Ty gy g = 0,

where the 7; are monomials in the indeterminates z; and the elements a;, appear
both as coefficients and between the monomials 7;. More precisely, one considers a
prime ring R and S = RC), its central closure. Consider S < z >= Sxc{X}, the free
product of S and {X} over C. The elements of S < x > are called the generalized
polynomials. By a nontrivial generalized polynomial, we mean a nonzero element
of S < x >. An element m € S < x > of the form m = quy1q1y2q2 - - - YnGn, Where
{90, q1,---,q,} € S and {y1,y2,...,yn} C X, is called a monomial ( some of the g;
can be 1 also); qo, q1, - - -, qn are called the coefficients of m. Each f € S < x > can
be represented as a finite sum of monomials. Such a representation is certainly not
unique.

Let B be a set of C-independent vectors of S. By a B-monomial, we mean a
monomial of the form ugy; u1yaus . . . ypt,, where {ug, ..., u,} € Band {y1,92,...,Yn}
C X. Let V = BC, the C-subspace spanned by B. Then any V-generalized polyno-
mial f can be written in the form > a;m;, where o; € C' and m; are B-monomials,
in the following manner: First fix a representation of f with all of its coefficients in
V' and express each coefficient of the given representation as a linear combination of
elements of B. Then substitute these linear combinations into the representation of
f and expand the resulting expression using the distributive law. Finally, we collect
similar terms to get our desired form.

It is also obvious that such representation of a given f in terms of B-monomials
is unique. If B is chosen to be a basis of S over (', the B-monomials span the whole

S <ax>.
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The uniqueness of representation in terms of B-monomials gives a practical cri-
terion to decide whether a given generalized polynomial f is trivial or not: Pick a
basis B for the C-subspace spanned by the coefficients of a given representation of
f. Express f as a linear combination of B-monomials in the way explained above.
Let us say f = > a;m;, where o; € C' and m; are B-monomials. Then f is trivial
if and only if o; = 0 for each i. This simple criterion will be used frequently in the

subsequent chapters.

Remark 1.5.1. As a consequence, if we consider T = UxcC{X}, the free product
of U and the free algebra C{X} over C. If a1,as € U are linearly independent over
C and ar1g1(xy, ..., x,) + asge(x1, ..., x,) =0 €T, where

gi(T1,. ., xp) = Zl‘z‘hi(xh -
i=1

and

g2z, .. x,) = Zmiki(xl, ey T)
i=1

for hi(zq, ..., x,), ki(x1,...,x,) €T, then both ¢1(x1,...,x,) and ga(x1, ..., x,) are

zero element of T.

Definition 1.5.1. S is said to satisfy generalized polynomial identity if there exists
an 0 # f € S < x> such that f(sq,82,...,8,) =0 for all s; € S.

Definition 1.5.2. The polynomial with n variables

Sp(T1, ..., Tpn) = Z (—1)”170(1):100(2) e Zo(n)s

oESH

where (—1)7 is +1 or —1 according as o being an even or odd permutation in sym-

metric group Sy, is called the standard polynomial of degree n.

Theorem 1.5.1. Amitsur-Levitzki Theorem: Let R be a commutative ring.

Then M, (R) satisfies Sa,.

Theorem 1.5.2. [21, Theorem 2] Let R be a prime ring with its Utumi ring of
quotients U. For any dense submodule M of U, the GPIs satisfied by M are the
same as the GPIs satisfied by U.
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Theorem 1.5.3. [21, Theorem 3] Let R be a prime ring with its Utumi ring of
quotients U. Let M and N be two dense submodules of U. If M satisfies a GPI,
then M satisfies a GPI of N.

Let R be a prime ring with its Utumi ring of quotients U. Let Der(U) be the
set of all derivations of U. By a derivation word we mean an additive map A of the
form A =d; ...d, with each d; € Der(U).

A differential polynomial is a generalized polynomial of the form ®(A(x;)) in-
volving non-commutative indeterminates z; which are acted by derivation words A;
as uniary operation and with coefficients from U. ®(A;(z;)) is said to be differential
identity on S C U, if ®(A;(x;)) assumes the constant value 0 for any assignment of

values from S to its indeterminates x;.

Theorem 1.5.4. [71, Theorem 3] Let R be a semiprime ring, U its Utumi ring
of quotients and Ig a dense R-submodule of Ug. Then I and U satisfy the same

differential identities.

1.6 Some Crucial Outcomes

Theorem 1.6.1. [7, Proposition 2.5.1] Every derivation of a prime ring R can be

uniquely extended to a derivation of the Utumi ring of quotients U.

Theorem 1.6.2. [72, Theorem 3] Every generalized derivation g on a dense right
ideal of R can be uniquely extended to U and assumes the form g(z) = ax+(z) for

some a € U and a derivation ¢ on U.

Theorem 1.6.3. [51, Lemma 1.5] Suppose that Ay, ..., Ay are non scalar matrices
in My(C), where t > 2 and C' is infinite field. Then there exists an invertible matriz
P € M,,(C) such that any matrices PA; P!, ..., PA,P~" have all nonzero entries.

Theorem 1.6.4. [64, Theorem 2] Kharchenko’s Theorem:
Let R be a prime ring, U be its Utumi ring of quotients and I be an ideal of R. Let
D(Aj(x;)) = 0 be a reduced differential identity for I. Then ®(z;;) = 0 is GPI for

U, where z;; are distinct indeterminates.
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In particular, we have:
If d is a nonzero outer derivation of R and ®(z1,...,z,, d(z1),...,d(x,)) = 01is a
differential identity on R, then U satisfies GPI ®(xy,...,x,, 21,...,2,) = 0, where

X1y T, 21, --,2n are distinct indeterminates.

Theorem 1.6.5. [61] Jacobson Density Theorem:
Let R be a (left) primitive ring with RV a faithful irreducible R-module and D =

End(RY). Then for any natural number n, if vi,...,v, are D-independent in V
and wy, ..., w, are arbitrary in V', then there exists r € R such that rv; = w;, 1 =
1,...,n.

Theorem 1.6.6. [82, Theorem 3] Martindale Theorem:
Let R be a prime ring with its extended centroid C. Then S = RC satisfies a GPI
over C if and only if S contains a minimal right ideal €S (hence S is primitive) and

eSe is a finite dimensional division algebra over C, where e is idempotent.

Theorem 1.6.7. [7, 61] Litoff’s Theorem:

Let R be a primitive ring with nonzero socle H = Soc(R) and by, ..., b,, € H. Then
there exists an tdempotent e € H such that by,...,b, € eRe and the ring eRe 1s
isomorphic to M, (C).



Chapter 2

Some lIdentities Involving
Generalized («, §)-derivations in
Prime and Semiprime Rings

2.1 Introduction

Throughout this chapter R denotes an associative ring with its center Z(R). There
is ongoing interest to study the functional identities replacing generalized derivations
with generalized («, §)-derivations. We have already mentioned in Chapter-1 that an
additive map d : R — R is called a («, 5)-derivation if d(xy) = d(x)a(y) + 5(x)d(y)
holds for all x,y € R where «, § are two automorphisms of R. For some fixed a € R,
the map = — aa(x) — f(x)a is an example of («, 5)-derivation which is called inner
(o, B)-derivation.

Inspired by the definition of («, )-derivation, the notion of generalized derivation
was extended to generalized (a, §)-derivation. An additive mapping F': R — R is
said to be a generalized («, )-derivation, if there exists a (a, 3)-derivation d of
R such that F(zy) = F(x)a(y) + B(x)d(y) holds for all z,y € R. Every («, )-
derivation is generalized (a, §)-derivation. The map of the form = — aa(z) + 5(x)b
for some a,b € R is an example of generalized («, §)-derivation which is said to be
an inner generalized (a, )-derivation.

In [6], Ashraf et al. have studied the following identities in prime ring R: (i)
F(zy) —zy € Z(R) for all x, y € I, (ii) F(zy) + zy € Z(R) for all z, y € I, (iii)

9This work is published in Asian-FEur. J. Math., 16(04) (2023), Article No. 2350073.
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F(zy) —yx € Z(R) for all z, y € I, (iv) F(zy) + yzr € Z(R) for all x, y € I, (v)
F(x)F(y) —xy € Z(R) for all z, y € I, (vi) F(x)F(y) +zy € Z(R) for all z, y € I,
where [ is a generalized derivation of R associated with a non-zero derivation d and
I is a non-zero two-sided ideal of R and obtained the commutativity of prime ring
R.

In [33], Dhara studied the identities (i) F'(z)F(y)—yx € Z(R) and (ii) F(x)F(y)+
yr € Z(R) for all z, y in some suitable subset of R. Recently, in [85], Tiwari et al.
considered the identities as follows:

(i) G(zy) £ F(2)F(y) £ 2y € Z(R) for all z, y € I;

(ii) G(xy) £ F(2)F(y) £ yx € Z(R) for all z, y € I;

(iii) G(xy) £ F(y)F(z) £ 2y € Z(R) for all z, y € I;

(iv) G(zy) £ F(y)F(z) £ yr € Z(R) for all z, y € I;

(v) G(zy) £ F(y)F(z) + [z,y] € Z(R) for all z, y € I;
(Vi) G(zy) £ F(x)F(y) £ [a(z),y] € Z(R) for all z, y € 1,

where I is a non-zero ideal in prime ring R and o : R — R is any mapping and
obtained commutativity of prime rings.

Several authors studied the commutativity in prime and semiprime rings admit-
ting (v, B)-derivations and generalized («, 3)-derivations which satisfy appropriate
algebraic conditions on appropriate subsets of the rings (see [3], [34], [56], [57], [63],
[79])-

Let R be a prime ring and F', G be two generalized (a, ()-derivations with
associated («, 5)-derivations d and g, respectively. Recently, in [56] Garg studied
the following identities in prime rings

(i) G(zy) + d(z)F(y) = 0;

(ii) G(ay) + d(z)F(y) + ayz) = 0;

(iii) G(zy) +d(y) F(x) = 0;
(iv) G(zy) + d(y)F () + a(yz) = 0;
(v) G(zy) + F(z)F(y) = 0;
(vi) G(zy) + F(y)F(x) =0,

for all x,y € L, where L is a square closed Lie ideal of R.
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In the present chapter our motivation is to study above identities involving gen-
eralized («, )-derivations on left-sided ideals in prime and semiprime rings. More

precisely, we study the following algebraic identities:

L. G(zy) + d(z)F(y) + a(zy) = 0;
2. G(zy) + d(x)F(y) = 0;
3. G(zy) + d(x)F(y) + alyz) = 0;
4. G(zy) +d(z)F(y) + a(yz) + a(zy) = 0;
5. G(zy) +d(z)F(y) + a(yz) — a(zy) = 0;
6. G(zy) +d(y)F(z) + alyz) = 0;
7. G(zy) +d(y)F(x) + a(yz) + a(zy) = 0;
8. Gry) +d(y)F(x) + alyr) — a(zy) = 0;
9. G(xy) + F(x)F(y) = 0;

10. G(zy) + F(y)F(z) = 0;

11. Fzy) + G(x)aly) + alyz) = 0;

12. F(z)F(y) + G(z)a(y) + a(yz) =0,

for all z,y € A, where F'; G are two generalized (a, f)-derivations of R associated

with («, §)-derivations d and g, respectively and \ is a nonzero left-sided ideal of R.

2.2 Preliminaries

To prove our Theorems, we need the following Lemmas.

Lemma 2.2.1. Let R be a semiprime ring and d be a nonzero («, B)-derivation of

R. If [d(x),B(x)] =0 for all x € R, then d maps R to Z(R).
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Proof. By hypothesis,

[d(z+y),B(xz+y)] =0 (2.2.1)

for all x,y € R, which implies

[d(z), B(y)] + [d(y), B(x)] = 0 (2.2.2)

for all x,y € R. Replacing y with xy, we have

[d(x), B(x)B(y)] + [d(z)aly) + B(x)d(y), B(x)] = 0 (2.2.3)

which gives by using [d(x), B(z)] = 0 for all x € R that

Bla)ld(z), B(y)] + d(z)aly), B(x)] + B(x)[d(y), B(z)] = 0 (2.2.4)

for all ,y € R. By using (2.2.2), it reduces to

[d(z)a(y), B(z)] =0 (2.2.5)

for all z,y € R. Replacing y by yt, for t € R, we have

0 = ld(z)a(y)a(t), B(x)] = [d(x)aly), B(x)]a(t) + d(x)a(y)|a(t), 5(z)]

that gives
d(z)a(y)la(t), f(x)] = 0

for all z,y,t € R. This implies that d(z)R[R, (x)] = (0) for all x € R. Since
R is semiprime, it must contain a family = {P, : « € A} of prime ideals such
that (,cp Po = (0). If P is typical member of , then for each x € R, we have
either d(z) € P or [R,(z)] C P. For fixed P, the sets Ty = {z € R : d(z) € P}
and Ty = {z € R : [R,f(x)] € P} form two additive subgroups of R such that
Ty UT, = R. Therefore, either Ty = R or T, = R, that is, either d(R) C P or
[R,B(R)] € P. Both of these two conditions together imply that [d(R), 5(R)|] C P
for any P € €. Since (), Pa = (0), we have [d(R), B(R)] = (0) i.e., [d(R), R] = (0).
Hence d(R) C Z(R) which implies that d maps from R to Z(R). O

Lemma 2.2.2. Let R be a prime ring, A a nonzero left-sided ideal of R and d be a
(o, B)-derivation of R. If B(N)[d(x), B(x)] = (0) for all x € A, then B(A)d(X) = (0)
or a(A)[a(A), B(A)] = (0).
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Proof. By hypothesis,
BN)[d(z), B(x)] = (0) (2.2.6)
for all # € \. Linearizing, we obtain
BNd(x), By)] + BN)d(y), B(z)] = (0) (2.2.7)
for all z,y € \. Replacing y by zy, we get
BNd(x), B(x)B(y)] + BNd(z)aly) + B(z)d(y), B(x)] = (0) (2.2.8)

that is

BNB(@)[d(x), B(y)] + BN [d(z), B(2)1B(y) + BN d(z)[e(y), B(x)]
+8(Md(2), B(x)]aly) + B(N)B(x)[d(y), B(x)] = (0) (2.2.9)

for all ,y € A\. By using (2.2.6) and (2.2.7), above relation yields

BA)d(x)la(y), B(x)] = (0) (2.2.10)

BN d(z)a(y)la(t), B(x)] = (0) (2.2.11)
for all z,y,t € A\. We replace y with ry, for » € R, and then obtain
BN)d(x)Ra(y)la(t), B(z)] = (0) (2.2.12)

for all x,y,t € A. Since R is prime, for each x € A, either (A\)d(z) = (0) or
a(N)[a(N), B(x)] = (0). Let T} = {x € N\|f(N)d(x) = (0)} and

Ty = {z € NaW)a(\), B(z)] = (0)}.

Then T; and T5 are two additive subgroups of A such that 77 U T = A. Since a

group cannot be union of its two proper subgroups, either 7} = X or T, = A. Hence

B = (0) or a(N)[a(X), BA)] = (0). O
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2.3 Main Results

Theorem 2.3.1. Let R be a semiprime ring, \ be a left-sided ideal of R, F and G
be two generalized (v, 5)-derivations on R with associated («, 5) derivations d and

g, respectively. If
G(zy) + d(z)F(y) + a(zy) =0

for all x,y € A, then S(N)[d(x), B(x)] = (0) and 5(N)[g(x), B(x)] = (0) for all x € A.
If \ = R then d and g map from R to Z(R).

Proof. By the given condition
G(xy) + d(z) F(y) + a(zy) = 0 (2.3.1)
for all z,y € \. Substituting y = yz we get
G(xyz) + d(z)F(yz) + a(zyr) = 0 (2.3.2)
that is
Glazy)a(z) + Bry)g(x) + d(z)(F(y)a(z) + By)d(z)) + alzy)alr) =0 (2.3.3)
for all 2,y € \. Using (2.3.1) we get
Alay)g(x) + d(x)B(y)d(x) = 0 (2.3.4)
for all #,y € A. Putting y = zy in (2.3.4) we have
B(x)B(xy)g(x) + d(z)B(x)B(y)d(x) = 0 (2.3.5)

which reduces by using (2.3.4) to [d(x), 5(z)]B(y)d(z) = 0 for all z,y € A. This
relation implies that [d(x), 8(x)]8(y)[d(x), B(x)] = 0 and so,
By)[d(x), B(z)|RB(y)[d(x), 5(z)] = (0) for all x,y € A. Since R is semiprime,
B(y)[d(x), 5(x)] = 0 for all z,y € A, as desired.

Now putting y = yx in (2.3.4) we get

Blay)B(x)g(x) + d(2)5(y)B(x)d(x) = 0. (2.3.6)

Now right multiplying (2.3.4) by (x) and then substracting from (2.3.6) we get

Blay)lg(x), ()] + d(z)B(y)[d(z), B(x)] = 0
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for all z,y € A. Since B(y)[d(z), 5(z)] = 0, we get S(xzy)[B(x),g(x)] = 0 for all
z,y € A. Since A is a left-sided ideal of R, f(x)RB(y)[B(x),g(x)] = (0) for all
z,y € A. This relation yields [8(z), g(z)|RB(y)[B(x), g(z)] = (0) for all z,y € A.
Due to semiprimeness of R, S(\)[g(z), B(x)] = (0) for all z € A.

When A = R, then [d(x), 8(z)] = 0 and [g(z), 5(z)] = 0 for all z € R. Then by
Lemma 2.2.1, d and g map from R to Z(R). O

Since G is a generalized («, f)-derivation on R associated to («, ) derivation g
of R, G—a is also a generalized («, 3)-derivation on R associated to («, ) derivation
g of R. Thus replacing G with G — a in Theorem 2.3.1, the following Theorem is

straightforward.

Theorem 2.3.2. Let R be a semiprime ring, \ be a left-sided ideal of R, F and G
be two generalized (v, 5)-derivations on R with associated («, 5) derivations d and
g, respectively. If

G(zy) +d(x)F(y) =0
for all z,y € X, then B(N)[d(x), B(z)] = (0) and B(N)[g(x), B(z)] = (0) for all x € A.
If \ = R then d and g map from R to Z(R).

Corollary 2.3.3. Let R be a prime ring, X be a left-sided ideal of R, F' and G be
two generalized («, )-derivations on R with associated (a, B) derivations d and g,
respectively. If
G(zy) + d(z)F(y) + a(zy) =0

forallz,y € A, then either S(N)d(N\) = (0) and B(A)g(A) = (0) or a(N)[a(X), B(N)] =
(0).

If \=R thend =g =0 and G = —a.
Proof. By Theorem 2.3.1, we have 3(\)[d(x), B(z)] = (0) and S(N)[g(z), B(x)] = (0)
for all z € A. By applying Lemma 2.2.2, either a(\)[a(N), ()] = (0) or B(N)d(N) =
(0) and 5(A)g(A) = (0).

When A = R, then the conclusions give either R is commutative or d = g = 0.
Thus we consider the following two cases:

Case-i: When d =g =0.

Then our hypothesis G(zy)+d(x) F(y)+a(xry) = 0 reduces to (G(x)+a(z))a(y) =
0 for all x,y € R. This implies G(z) + a(z) = 0 for all z € R.
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Case-ii: When R is commutative.

Then substituting y = yt in G(zy) + d(x)F(y) + a(zy) = 0 we have

Gay)alt) + B(ry)g(t) + d(x)(F(y)ad) + fy)d(t) + a(zy)a(t) =0 (2.3.7)

for all z,y,t € R. By our hypothesis, it reduces to 8(y)(5(x)g(t) + d(z)d(t)) =0
for all x,y,t € R. By primeness of R, 5(z)g(t) + d(x)d(t) = 0 for all z,t € R. We
replace x with xs and then obtain 0 = B(s)(8(x)g(t) + d(x)d(t)) + d(s)d(t)a(z) =
d(s)d(t)a(x) for all z,s,t € R. This implies d = 0.

Then our hypothesis becomes G(zy) + a(zy) = 0 for all z,y € R. Replacing
y with yz, it yields S(zy)g(z) = 0 for all z,y,z € R. This implies ¢ = 0 and
hence (G(x) + a(x))a(y) = 0 for all x,y € R. This implies G(z) + a(z) = 0 for all
r € R. O

Theorem 2.3.4. Let R be a semiprime ring, \ be a left-sided ideal of R, F and G
be two generalized (o, B)-derivations on R with associated (o, B) derivations d and
g, respectively. If

G(zy) + d(z)F(y) + a(yz) =0

for all x,y € X, then S(N\)[d(x), B(x)] = (0) and S(N)[g(x), B(z)] = (0) for all x € A.
If \ = R then d and g map from R to Z(R).

Proof. By the given condition
G(zy) + d(z)F(y) + a(yz) = 0 (2.3.8)
for all 7,y € \. Substituting y = yz we get
G(zyz) + d(z)Flyz) + a(yz)a(z) = 0 (2.3.9)
G(zy)a(z) + Blry)g(x) + d(z)(F(y)a(z) + fy)d(z)) + alyr)a(z) = 0
for all 2,y € \. Using (2.3.8) we get
Blzy)g(x) + d(z)B(y)d(x) = 0 (2.3.10)

for all z,y € A\, which is same as relation (2.3.4) in Theorem 2.3.1. Hence by same

argument, we have our conclusions. O]
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Since G is a generalized («, §)-derivation on R associated to («, ) derivation g
of R, G+ «a and G — « are also generalized («, )-derivations on R associated to
(c, B) derivation g of R. Thus replacing G with G + o and G — « in Theorem 2.3.4

respectively, the following Theorems are straightforward.

Theorem 2.3.5. Let R be a semiprime ring, \ be a left-sided ideal of R, F and G
be two generalized (v, 5)-derivations on R with associated («, 5) derivations d and

g, respectively. If
G(zy) + d(z)F(y) + alyz) + a(ry) = 0

for all z,y € X, then B(N\)[d(x), 5(z)] = (0) and B(N)[g(x), B(z)] = (0) for all x € A.
If A= R then d and g map from R to Z(R).

Theorem 2.3.6. Let R be a semiprime ring, \ be a left-sided ideal of R, F and G
be two generalized (o, B)-derivations on R with associated (o, B) derivations d and
g, respectively. If

G(zy) + d(z)F(y) + a(yz) — a(zy) =0

for all x,y € X, then S(N\)[d(x), B(x)] = (0) and S(N)[g(z), B(z)] = (0) for all x € A.
If A= R then d and g map from R to Z(R).

Corollary 2.3.7. Let R be a prime ring, \ be a left-sided ideal of R, F and G be
two generalized (o, )-derivations on R with associated (o, B) derivations d and g,

respectively. If
G(zy) + d(x)F(y) + alyz) =0

forallz,y € A, then either S(N)d(N\) = (0) and B(A)g(A) = (0) or a(N)[a(X), B(A)] =

(0).
If X\ = R then R is commutative, d = g =0 and G = —a.

Proof. By Theorem 2.3.4, we have S(\)[d(x), B(x)] = (0) and B(N)[g(z), 5(z)] = (0)
for all x € A\. By applying Lemma 2.2.2, either a(A\)[a (M), B(N)] = (0) or S(AN)d(N) =
(0) and 5(A)g(A) = (0).

When A = R, then the conclusions give either R is commutative or d = g = 0.
If d = g = 0, then our hypothesis G(zy) + d(x)F(y) + a(yx) = 0 reduces to
G(z)a(y) + a(yx) =0 for all z,y € R. Replacing y by yt, we have G(z)a(y)a(t) +
a(ytr) =0 for all z,y,t € R. This relation implies by using G(z)a(y) + a(yx) =0



Generalized («, B)-derivations 25

that a(y[z,t]) = 0 for all z,y,t € R. Therefore, R must be commutative. Hence by

Corollary 2.3.3, conclusion follows. O]

Theorem 2.3.8. Let R be a semiprime ring, \ be a left-sided ideal of R, F and G
be two generalized (v, B)-derivations on R with associated (cv, B) derivations d and

g, respectively. If
G(zy) + d(y)F(z) + a(yz) =0

for all x,y € X, then B(N)[d(N), B(N)] = (0) and B(N)[B(y)g(y), B(A)] = (0) for all
Yy E N
If A = R then d maps from R to Z(R) and 5(x)g(x) € Z(R) for all x € R.

Proof. By the given condition
G(zy) +d(y)F(x) + a(yz) =0 (2.3.11)
for all =,y € A. Substituting x = xy we get

G(ry)aly) + B(xy)g(y) + dy)(F(x)aly) + B(z)d(y)) + a(yr)aly) (2.3.12)

which gives by using (2.3.11)

Blxy)g(y) + d(y)B(x)d(y) =0 (2.3.13)

for all x,y € \. Substituting x = uxr we get

Buxy)g(y) + d(y)B(uzr)d(y) = 0 (2.3.14)

for all z,y,u € X Left multiplying (2.3.13) by f(u) and then subtracting from
(2.3.14), we obtain [d(y), f(u)|B(x)d(y) = 0 for all z,y,u € X\. Replacing = with rz,
where r € R, we get [d(y), B(u)|RB(x)d(y) = (0) for all z,y,u € \. This relation
implies [d(y), B(u)|RB(z)[d(y), B(u)] = (0) for all z,y,u € A\. Since R is semiprime,

B(x)[d(y), B(w)] = 0 for all z,y,u € .
Replacing = with zz in (2.3.13), we get

B(xzy)g(y) + d(y)B(xz)d(y) =0 (2.3.15)

for all z,y, 2z € A. Right multiplying (2.3.13) by ((z) we get

B(xy)g(y)B(z) + d(y)B(x)d(y)B(z) =0 (2.3.16)
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for all z,y € A\. Subtracting (2.3.16) from (2.3.15) and then using the fact

B(z)[d(y), Bw)] = 0 for all z,y,u € A, we get B(z)[B(y)g(y), B(2)] = 0 that is
BOVB@)9(w), BOV] = (0) for all y € A

In particular, when A = R, then [d(R), 5(R)] = (0) and [B(x)g(z), B(R)] = (0)
for all z € R. The first case gives d maps from R to Z(R). The second case gives
[B(z)g(x), R] = (0) for all z € R, i.e., B(x)g(z) € Z(R) for all = € R. O

Thus replacing G with G + o and G — a in Theorem 2.3.8, respectively, the

following Theorems are straightforward.

Theorem 2.3.9. Let R be a semiprime ring, \ be a left-sided ideal of R, F and G
be two generalized (o, B)-derivations on R with associated (cv, B) derivations d and
g, respectively. If
G(zy) + d(y) F(z) + alyr) + afzy) =0
for all w,y € A, then S(N)[d(A), BN)] = (0) and S(N)[B(y)g(y), BA)] = (0) for all
Yy E N
If X = R then d maps from R to Z(R) and B(z)g(x) € Z(R) for all x € R.

Theorem 2.3.10. Let R be a semiprime ring, X be a left-sided ideal of R, F' and G
be two generalized (v, 5)-derivations on R with associated (o, ) derivations d and

g, respectively. If
G(zy) +d(y)F(z) + alyr) — alzy) =0
for all z,y € A, then BN)[A(N), BN)] = (0) and BNB(y)g(y), BV = (0) for all

Yy E M
If X = R then d maps from R to Z(R) and B(z)g(x) € Z(R) for all x € R.

Corollary 2.3.11. Let R be a prime ring, X be a left-sided ideal of R, F and G be
two generalized («, 3)-derivations on R with associated («, B) derivations d and g,

respectively. If
G(ry) +d(y)F(z) + alyr) =0

for all x,y € A, then B(N)[B(y)g(y), B(N)] = (0) for all y € X and either

a(A)]a(A), BAA)] = (0) or B(A)d(A) = (0).
If A= R then R is commutative, d = g =0 and G = —a.
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Proof. By Theorem 2.3.8, we have B(\)[d(x), B(x)] = (0) and S(N\)[B(x)g(x), B(N)] =
(0) for all x € X\. By applying Lemma 2.2.2, either a(\)[a(N), B(A)] = (0) or
BN = (0).

When A = R, then the conclusions give either R is commutative or d = 0. If R
is commutative, then by Corollary 2.3.3, d = g =0 and G = —a.

If d = 0, then our hypothesis G(xy)+d(y) F(z)+a(yz) = 0 reduces to G(z)a(y)+
B(x)g(y) + a(yz) = 0 for all z,y € R. Replacing y by yt, we have G(x)a(y)a(t) +
B(x){g(y)a(t) + B(y)g(t)} + a(ytz) = 0 for all z,y,t € R. This relation implies by
using G(z)a(y) + B(z)g(y) + a(yz) = 0 that B(x)B(y)g(t) + a(ylt,z]) = 0 for all
z,y,t € R. Assuming « = t, we have f(x)Rg(x) = (0) for all z € R. Since R is prime
ring, for each z € R, either f(x) = 0 or g(z) = 0. Since the set {z € R : f(z) = 0}
and the set {x € R : g(x) = 0} both form two additive subgroups of R whose
union is R, thus we conclude as earlier argument that S(R) = (0) or g(R) = (0).
Since for any automorphism S of R, S(R) # (0), we must have ¢ = 0. Thus
our hypothesis G(zy) + d(y)F(z) + a(yx) = 0 reduces to G(z)a(y) + a(yz) = 0
for all z,y € R. Replacing y by yt, we have G(z)a(y)a(t) + a(ytx) = 0 for all
z,y,t € R. This relation implies by using G(z)a(y) + a(yz) = 0 that a(y[z,t]) =0
for all z,y,t € R. Therefore, R must be commutative. Hence by Corollary 2.3.3,

conclusion follows. O

Theorem 2.3.12. Let R be a prime ring, X be a left-sided ideal of R, F and G be
two generalized («, )-derivations on R with associated («, B) derivations d and g,

respectively. If
G(zy) + F(x)F(y) =0

for all z,y € A, then F is B-commuting on X or B(A)d(X) = (0) and B(N\)g(A) = (0).
Proof. By the given condition
G(xy) + F(x)F(y) = 0 (2.3.17)
for all =,y € A\. Now substituting y = yz we get
G(ry)a(z) + B(xy)g(z) + F(z)F(y)a(z) + F(z)B(y)d(z) = 0 (2.3.18)

for all z,y,z € A\. Using (2.3.17) we get

B(zy)g(z) + F(x)B(y)d(2) =0 (2.3.19)
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for all z,y,z € A\. Putting y = zy in (2.3.19), we get

B(x)B(xy)g(2) + F(x)f(ry)d(z) = 0 (2.3.20)

for all z,y,z € A. Now pre-multiplying (2.3.19) by $(z) and then subtracting from
(2.3.20) we get

[F'(x), B(x)]6(y)d(z) = 0 (2.3.21)

for all z,y, z € \. Replacing y with ry, for r € R, we have

[F(z), B(x)]RB(y)d(z) = (0) (2.3.22)

for all z,y,z € A. Since R is prime, either [F(x),5(z)] = 0 for all x € A that
is F'is f-commuting on A or S(A)d(A) = (0). When S(\)d(A) = (0), by (2.3.20),
B(x)B(xy)g(z) = 0 for all z,y € A\. This implies that S(A)g(A) = (0). O

Theorem 2.3.13. Let R be a prime ring, \ be a left-sided ideal of R, F' and G be
two generalized («, 3)-derivations on R with associated («, ) derivations d and g,

respectively. If
G(zy) + F(y)F(z) =0

for all x,y € X\, then one of the following holds: (i) [F(\),B(N)] = (0); (i)
BA)d(N) = (0) and B(N)g(A) = (0); (i) B(N)d(N) = (0) and R is commutative.

Proof. By the given condition
G(zy) + F(y)F(z) =0 (2.3.23)
for all 2,y € . Now substituting z = zy we get
Gey)aly) + B(zy)g(y) + Fy)F(x)aly) + F(y)Blx)d(y) =0 (2.3.24)
for all z,y € X. Using (2.3.23) we get
Bley)g(y) + F(y)B(x)d(y) =0 (2.3.25)

for all z,y € A\. Putting x = zz in (2.3.25) we get

B(2)B(zy)g(y) + F(y)B(2y)d(y) =0 (2.3.26)
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for all z,y,2z € A. Now pre-multiplying (2.3.25) by f(z) and then subtracting from
(2.3.26) we get

[F'(y), B(2)]A(x)d(y) = 0 (2.3.27)

for all x,y, z € A. Replacing = with rz, for r € R, we have [F(y), 5(2)|R5(z)d(y) =
(0) for all z,y, z € \. Primeness of R implies that for each y € A either [F(y), 5(\)] =
(0) or B(A)d(y) = (0). We consider two additive subgroups 77 = {y € A|[F(y), B(N)] =
(0)} and Ty, = {y € AB(N\)d(y) = (0)}. Then T} UT> = A. Since a group can
not be union of its two proper subgroups, either 77 = X or T, = A. Thus ei-
ther [F'(A\),5(A)] = (0) or S(A)d(N) = (0). If B(N)d(N) = (0), then by (2.3.25),
B(y)g(y) =0 for all y € A\. Linearizing it yields

Bx)g(y) + By)g(z) =0 (2.3.28)

for all z,y € A. Putting x = tx we get

B(tx)g(y) + By)g(t)alz) + B(yt)g(x) =0 (2.3.29)

for all z,y € A. Left multiplying (2.3.28) by £(¢) and then subtracting from (2.3.29)

we get

[6(y), B(B)]g(x) + B(y)g(t)alz) = 0 (2.3.30)

for all z,y,t € A. Substituting = with zz in (2.3.30) and then using it, we obtain that
[8(y), B(t)]B(x)g(z) = 0 which gives [3(y), B(t)]RB(x)g(2) = (0) for all z,y,¢,z € A.
By primeness of R, either [\, \] = (0) or B(A\)g(A) = (0). Note that [A\,\] = (0)

implies R must be commutative. Hence we have our conclusions. O

Theorem 2.3.14. Let R be a semiprime ring, X be a left-sided ideal of R, F' and G
be two generalized (o, B)-derivations on R with associated (c, B) derivations d and

g, respectively. If
F(zy) + G(z)a(y) + a(yz) =0

for all z,y € X, then B(N)d(N) = (0), a(N)B(N)g(A) = (0) and A\[\, A] = (0).
In particular, for A = R, R must be commutative and d = g = 0, a(y)(F(z) +
G(z) + a(x)) =0 for all z,y € .
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Proof. By hypothesis
F(zy) + G(z)a(y) + alyz) =0 (2.3.31)

for all z,y € \. Putting y = yz, we have
F(zy)a(z) + flzy)d(z) + G(x)a(yr) + a(yz®) = 0 (2.3.32)

for all ;y € A. Right multiplying (2.3.31) by a(z) and then subtracting from
(2.3.32), we obtain

Blaey)d(z) =0 (2.3.33)

for all x,y € A. Replacing y with ry, r € R, we get f(z)RB(y)d(x) = (0) for all
T,y €A

Let Q = {P,|a € I} be a family of prime ideals of R such that (] P, = (0).

If P is typical member of €2, then for each x € A, either G(z) € P or f(\)d(z) C
P. For fixed P, the sets Ty = {x € A: B(z) € P} and Ty = {z € XA : f(\)d(z) C P}
form two additive subgroups of A such that 77 UT, = A. Therefore, either T} = A
or Ty = A, that is, either 5(A) C P or S(A)d(A) C P. Both of these two conditions
together imply that S(A)d(\) C P for any P € Q. Since [,y Pa = (0), we have
AN = (0).

Thus replacing y with yz in (2.3.31), we get

F(zy)a(z) + G(z)a(yz) + a(yzz) =0 (2.3.34)

for all z,y € A Right multiplying (2.3.31) by «(z) and then subtracting from
(2.3.34) we get a(y[z,z]) =0 for all z,y,z € A, that is, A[]A\, A] = (0).

Moreover, replacing z = zz and y = zy in (2.3.31) respectively and then
subtracting one from another implies that S(x)g(z)a(y) + a(ly, z]Jz) = 0 for all
z,y,z € A. Then left multiplying by a(t) and using A\, A] = (0), the rela-
tion gives a(t)5(z)g(z)a(y) = 0 for all x,y,t,z € X\. Replace y with rt, r € R,
yields a(t)5(x)g(z)Ra(t) = (0) and hence «(t)5(x)g(2)Ra(t)5(x)g(z) = (0) for all
z,t,z € \. Since R is semiprime, a(X)5(N)g(A) = (0).

In particular, for A = R, R must be commutative and d = ¢ = 0 and hence by
(2.3.31), (F(x) + G(z) + a(x))a(y) = 0 for all z,y € A\. Thus a(y)(F(z) + G(z) +
a(x))Ra(y)(F(x)+G(x)+a(x)) = (0) for all z,y € A and hence a(y)(F(x)+G(x)+
a(x)) =0 for all z,y € A O
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Corollary 2.3.15. Let R be a prime ring, F and G be two generalized (c,[3)-

derivations on R with associated («, ) derivations d and g, respectively. If
F(zy) + G(z)aly) + a(yz) =0
for all z,y € R, then R must be commutative and d =g =0, F +G = —a.

Theorem 2.3.16. Let R be a semiprime ring, X be a left-sided ideal of R, F and G
be two generalized (v, 5)-derivations on R with associated («, ) derivations d and

g, respectively. If
F(z)F(y) + G(z)a(y) + alyr) =0

for all x,y € A, then B(N)d(N\) = (0) and A[A, A\] = (0).

In particular, for A = R, R must be commutative and d = g = 0.

Proof. By hypothesis
F(z)F(y) + G(x)a(y) + a(yx) =0 (2.3.35)
for all ,y € A. Putting y = y, we have
F(z){F(y)a(z) + By)d(z)} + G(z)a(yz) + a(yz®) =0 (2.3.36)

for all x;y € A. Right multiplying (2.3.35) by a(z) and then subtracting from
(2.3.36), we obtain

F(x)B(y)d(xz) =0 (2.3.37)

for all z,y € A\. Replacing y with ry, r € R, we get F(z)R5(y)d(z) = (0) for all
T,y € N

Let Q = {P,|a € I} be a family of prime ideals of R such that (] P, = (0).

If P is typical member of €2, then for each x € A, either F/(z) € P or (\)d(z) C
P. For fixed P, thesets Ty = {x € A\ : F(x) € P} and To = {x € X\ : f(\)d(x) C P}
form two additive subgroups of A such that T UT, = A. Therefore, either T} = A
or Ty = A, that is, either F(A\) C P or B(A)d(\) C P. Now since for x,y € A,
F(zy) = F(x)a(y) + 8(x)d(y), therefore F(A) C P implies S(A\)d(A) C P. Thus we
conclude that in any case S(A)d(\) C P for any P € . Since () Pa = (0), we
have B(A)d(\) = (0).
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Thus replacing y with yz in (2.3.35), we get

(F(x)F(y) + G(z)aly) + alyz))a(z) + alylz,2]) = 0 (2.3.38)

for all z,y,z € A. By (2.3.35), above relation gives A\[A, \] = (0).

In particular for A = R, R must be commutative and d = 0. Then putting
r = zz in (2.3.35) we have (F(z)F(y) + G(z)a(y) + a(yz))a(z) + S(x)g(2)a(y) =0
for all z,y, z € R, implying B(x)g(z)a(y) = 0 for all z,y,z € R. This again implies
that g = 0. [

2.4 Examples

We end this chapter with four examples, which show that hypothesis of primeness

or semiprimeness in our theorems is not superfluous.

Example 1:
0 a b
Consider the ring R = 0 0 c :a,b,cEZ} where Z is the set of all inte-
0 00
011 0 a b 01 1
gers. Since |0 0 0 00 c) 0 0 0| =0, Risnot a prime or semiprime
000 000 000
ring.
0 a b 0 a b
Define automorphisms o, : R — Rsuchthat « |0 0 ¢ =10 0 ¢ | and
000 000
0 a b 0 —a —b
610 0 ¢l =10 0 ¢ |. Now define the maps F, G and d, g on R by
000 0 0 0
0 a b 0 a b 0 0 —b 0 a b 0 a b
FI0 0 ¢c|=G|0 0 ¢c|=]100 0| andd]|0 0 ¢c|=9]0 0 ¢c|=
000 0 00 00 O 000 0 00
0 a O
0 0 c|. Then clearly F' and G are generalized («, [3)-derivations associated

000



Generalized («, B)-derivations 33

with (a, #)-derivations d and g on R respectively.
Now we can see that G(zy)+d(z)F(y) +a(zy) = 0 for all z,y € R. Since d, g do
not map from R to Z(R) and G # —«, the semiprimeness or primeness hypothesis

in Theorem 2.3.1 and Corollary 2.3.3 is not superfluous.

Example 2:
0 a b
Consider the ring R = { 00 ¢| :abce Z} where Z is the set of all
000
integers. Then as above R is not semiprime ring.
0 a b 0 a b
Define automorphisms a,,3: R — Rsuchthata |0 0 ¢| =60 0 ¢| =
000 0 00
0 —a —b 0 a b
0 0 ¢ |- Now define the maps F', G and d, gon Rby F [0 0 c| =
0 0 0 0 00
0 a b 000 0 a b 00 a 0 a b
Gl10 O c| =100 c¢clandd|0 0 c|] =000, g9[00 c| =
000 000 000 0 00 0 00
0 —a —b
0 0 0 |. Then clearly F, G are two generalized («, f)-derivations associ-
0 0 0

ated with (a, §)-derivations d, g respectively on R. Now we can see that G(zy) +
d(z)F(y) =0 for all z,y € R. Since g does not map from R to Z(R), the semiprime-

ness hypothesis in Theorem 2.3.2 is not superfluous.

Example 3:
0 a b
Consider the ring R = { 00 ¢c| :abce Z} where Z is the set of all
0 00
integers. Then as above R is not a prime or semiprime ring.

0 a b 0 a b

Define automorphisms a,3: R — Rsuchthata |0 0 ¢| =060 0 ¢| =
0 0 0 0 0 0
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0 —a b 0 a b
0 0 ¢ |- Now define the maps F', G and d, gon Rby F|0 0 ¢| =
0 0 0 0 00
0 a b 00 0 0 a b 0 a b 0 —a —b
GO O c|=]00 —c|andd]|0 0 ¢c|=9]0 0 ¢c|]=[0 0 0
000 00 O 000 000 0 0 0

Then clearly F', G are generalized («, §)-derivations associated with («, 5)-derivations
d, g, respectively on R. Now we can see that (i) G(zy) + d(y)F(z) + a(yz) = 0, (ii)
G(zy)+ F(z)F(y) = 0 and (iii) G(zy) + F(y)F(x) = 0 for all z,y € R. Since d and
g do not map from R to Z(R), R is not commutative and F' is not S-commuting on
R, the semiprimeness or primeness hypothesis in Theorem 2.3.8, Corollary 2.3.11,

Theorem 2.3.12 and Theorem 2.3.13 can not be omitted.

Example 4:
0 a b
Consider the ring R = { 00 ¢c| :abce Z} where Z is the set of all
000
integers. Then R is not a semiprime ring.
0 a b 0 —a —b
Define automorphisms o, 5 : R — Rsuchthat a |0 0 ¢| =10 0 ¢
000 0 0 0
0 a b 0 a —b
and 810 0 ¢| =10 0 —c|. Now define the maps F, G and d, g on R
000 00 0
0 a b 00 O 0 a b 00 b 0 a b
by F10 0 ¢| =10 0 —|,G|0 0 ¢c| =100 0f,d]0 0 c]| =
000 00 O 000 0 00 0 00
0 —a —b 0 a b 0 0 b
0 0 O0OJandg|l0O O ¢| =10 0 c¢|. Then clearly F', G are generalized
0 0 0 000 0 00

(o, B)-derivations associated with (a, 3)-derivations d, g respectively on R. Now we
can see that G(zy)+d(y)F(x) +a(yx) +a(zry) = 0 for all z,y € R. Since d does not

map from R to Z(R), the semiprimeness hypothesis in Theorem 2.3.9 is essential.



Chapter 3

X-generalized Skew Derivations
with Annihilating and Centralizing
Conditions in Prime Rings

3.1 Introduction

Throughout this chapter R denotes an associative prime ring with char(R) # 2,
center Z(R), extended centroid C' and f(xy,...,x,) a multilinear polynomial over
C which is noncentral-valued on R and its right Martindale quotient ring @,. In
[66], Kosan and Lee introduced the notion of b-generalized derivations. We already
know that, if F,d : R — @, are additive maps and b € @, such that F(xy) =
F(x)y + bxd(y) for all z,y € R, then F is said to be b-generalized derivation of R
with associated map d. For some a, b, c € Q,(R), the map x — az+bxcis an example
of b-generalized derivation; which is called inner b-generalized derivation of R. Kosan
and Lee [66] proved that if R is a prime ring and b # 0, then the associated map
d must be a derivation of R. Recently, few papers studied b-generalized derivations
(viz. [27], [73], [77]).

In [45], De Filippis introduced the new map X —generalized skew derivation. Let
be Q. d: R— R an additive mapping and a be an automorphism of R. An
additive mapping F' : R — R is called an X —generalized skew derivation of R,
with associated term (b, o, d) if F(zy) = F(z)y + ba(z)d(y) for all x,y € R. In [55,
Lemma 3.2], De Filippis and Wei proved that if ' : R — R is an X —generalized

OThis work is published in Ann. Univ. Ferrara, 68 (2022), 147-160.
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skew derivation of a prime ring R with associated term (b, o, d), then d must be a

skew derivation of R with associated automorphism a.

There are few papers which recently introduced and studied the X-generalized
skew derivations (viz. [53], [54], [55]). In the present chapter our motivation is to
study X-generalized skew derivation in prime rings.

Argag and De Filippis [5, Theorem 2] proved a result for generalized derivation

as follows:

Let K be a commutative ring with unity, R be a noncommutative prime K -algebra
with center Z(R), U be the Utumi quotient ring of R, C = Z(U) the extended
centroid of R, I a nonzero ideal of R. Suppose that f(x1,...,x,) is a noncentral

multilinear polynomial over K, F' is a nonzero generalized derivation of R such that

[F(f(x)), f(x)] =0 for all x = (x1,...,x,) € I"™. Then one of the following holds:
1. there exists A € C' such that F(x) = Az for all x € R;

2. there exist a € U and X € C such that F(z) = ax +xa+ Az for all x € R with

f(xy, ..., 2,)?% is central valued on R;

3. char(R) = 2 and R satisfies sy.

Recently, Dhara et al. [35, Corollary 2.7] proved the following:

Let R be a noncommutative prime ring of characteristic different from 2, U the
Utumi quotient ring of R, C the extended centroid of R. Let 0 # a € R and
f(z1,...,x,) a multilinear polynomial over C' which is noncentral valued on R.
Suppose that F is a nonzero generalized derivation of R such that a[F(f(x)), f(x)] €
C for all x = (xq,...,2,) € R". Then one of the following holds:

1. f(xy,...,2,)?% is central valued on R and there exist p € U and A\ € C such
that F(x) = px + xp + Az for all x € R;

2. there ezists A € C' such that F(xz) = A\x for all x € R;

3. R satisfies s4 and there exist p € U and X\ € C' such that F(x) = pr + zp+ A\x
for all z € R.
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In [52], De Filippis and Wei proved a result for generalized skew derivations as
follows:

Let R be a prime ring of char(R) # 2, Q. its right Martindale quotient ring, C
its extended centroid, f(x1,...,x,) a noncentral valued multilinear polynomial over
C and F a nonzero generalized skew derivation of R. If there exists 0 # a € R such

that
alF(f(x1,...,xn)), f(x1,...,2,)] =0

for all z1,...,x, € R, then one of the following holds:

1. there exists A € C such that F(z) = Az for all z € R;

2. there exist ¢ € Q, and A\ € C such that F(x) = (¢ + N)x + xq for allx € R

and f(zy,...,1,)? is central valued on R.

In a recent paper [24], Das et al. considered the situation with central values,

that is,

alF(f(z1,...,20)), f(x1,...,2,)] €C

for all xy,...,x, € R, where F' is a generalized skew derivation of R, and then
obtain same conclusions of [35, Corollary 2.7].

In the present chapter, we generalize all the above situations replacing the map
F with an X-generalized skew derivation of R. More precisely we prove the following

Theorem:

Theorem 3.1.1. Let R be a prime ring of char(R) # 2, Q, its right Martindle
quotient ring and C' its extended centroid, f(x1,...,x,) a multilinear polynomial

over C' that is noncentral-valued on R and F an X-generalized skew derivation of

R. If for some 0 # a € R,

alF(f(x1,...,x,)), f(x1,...,2,)] € C
forall x1,...,x, € R, then one of the following holds:
(1) there exists A € C' such that F(x) = Az for all x € R;

(2) there exist X € C' and a € Q, such that F(z) = ax + za + A\v for all x € R

and f(xy,...,2,)?% is central-valued on R;
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(3) R satisfies s4 and there exist X € C' and a € Q, such that F(z) = ax+za+ Az
forall z € R.

3.2 The matrix ring case and outcomes for inner

generalized derivations

We need the following Lemma.

Lemma 3.2.1. /35, Lemma 2.5] Let R be a noncommutative prime ring of char-
acteristic different from 2 with the extended centroid C' of R. Let 0 # a € R and
f(z1,...,x,) be a multilinear polynomial over C which is not central-valued on R.
Suppose that b,c,p,q € R such that a(bf(x)* + f(x)(c —p)f(z) — f(x)?*q) € C for
all z = (x1,...,2,) € R". Then ¢ —p € C and one of the following holds:

1. f(xy,...,2,)% is central-valued on R and a(b+c—p—q) € C;
2.qeCandalb+c—p—q)=0;
3. R satisfies sy.

Proposition 3.2.2. Let R be a noncommutative prime ring of characteristic different
from 2 and C' be its extended centroid. Suppose that f(xq,...,x,) be a noncentral
multilinear polynomial over C and F(x) = kx+maxp for allx € R for some k,m,p €
Qr. If 0 # a € R such that a[F(f(r)), f(r)] € C for all v = (ry,...,1,) € R", then
one of the following holds:

(1) There exists A € C such that F(x) = \x for all x € R;

(2) There exist A € C and a € Q, such that F(z) = ax + xa+ Az for allx € R

and f(x1,...,x,)% is central-valued on R;

(3) R satisfies s4 and there exist A € C' and a € Q, such that F(v) = ax+xa+ Az
for all z € R.

Since F(z) = kx + map,

alF(f(ri,...,mn)), fre,...,rp)] € C
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for all r1,...,r, € R gives
akf(r)* +amf(r)pf(r) — af(r)kf(r) — af(rymf(rjp € C
for all r = (r1,...,7r,) € R™. Thus R satisfies the following GPI

lakf(ry,...,rn)>+amf(ry,...,r)pf(re, ... 70)

—af(ry,...,rp)kf(re, ... rn) —af(ry,...,r)mf(ry, ...y mn)p, Ty (3.2.1)

Now we will investigate this GPI in prime rings. We consider another GPI

bf(ry,...,m)?+cf(re, .. om)pf(re, ... r)

—af(ri,...,rp)kf(re,...orn) —af(ry,...,r)mf(ry,...,m)p € C (3.2.2)
where a,b,c,p,k,m € Q,.
Lemma 3.2.3. If a € C, we have conclusions (1) and (2) of Proposition 3.2.2.

Proof. In case 0 # a € C, then from (3.2.1) we get

kf(ri,...,rn)2+mf(ry,...,ro)pf(re,...,m)
—f(ri, . r)kf(re, ... orn) — f(r, o oyr)mf(ry,...,r)p € C 0 (3.2.3)

for all r,...,7, € R. Then by [27, Corollary 1.2], we have conclusions (1) and
(2). O

Lemma 3.2.4. If m € C, we have conclusions (1), (2) and (3) of Proposition 3.2.2.

Proof. In case m € C, we have from (3.2.1)

a(kf(xy,...,z0)° + f(ze,.. ., 2)(mp — k) f(z1, ..., 2) — f(z1,...,7,)*mp) € C

for all z1,...,z, € R. Then by Lemma 3.2.1, mp — k € C' and one of the following
holds:

1. f(xy,...,2,)? is central-valued on R. In this case, F(z) = kx + maxp =
kx + xmp = kx + zk + Az for all x € R, where mp — k = A € C'. This is our

conclusion (2).
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2. mp e C. Asmp—k € C, we have k € C and hence F(z) = kx + map =
kx+xmp = (k+mp)x = px where p = k+mp € C. This gives our conclusion

(1).

3. R satisfies s4. In this case F(z) = kx + map = kv + xmp = kv + xk + Az for
all x € R, where mp — k = X € C. This is our conclusion (3).

Lemma 3.2.5. If p € C, we have conclusions (1) of Proposition 3.2.2.

Proof. In case p € C, we have from (3.2.1)

a((k+mp)f(xy,...,0,)% — f(z1,...,2.)(k +mp)f(z1,...,3,)) € C

forall zy,...,x, € R. Then by Lemma 3.2.1, k+mp € C. Then F(z) = kx+map =
kx+mpx = (k+mp)z = Az where A = (k+mp) € C which gives conclusion (1). O

Lemma 3.2.6. If R = M;(C),t > 2 be the ring of all t x t matrices over the infinite
field C' and for some a,b,c,k,m,p € R. If R satisfies (3.2.2), then either a € C.I;
ormeée C.I; orpe C.I.

Proof. On contrary, we assume that a € C.I;,m & C.I; and p & C.I;. By Theorem
1.6.3, there exists an invertible matrix @ such that the matrices ¢(a) = QaQ™?,
d(m) = QmQ~! and ¢(p) = QpQ~! have all non-zero entries. By assumption, R

satisfies

bf(ri, .. ,r) > +cf(ri, e sm)pf(re, oo oorn) —af(ry, o )k f(re, ..o om)
—af(ry,...,rn)mf(ry,...,rn)p € C. L. (3.2.4)

Evidently, ¢ is an inner automorphism and so R satisfies the condition

dD)f(re,...,rn)2+ o) f(re, ..., rn)dP) flry, ..., 1) —
o(a)f(r,...,rn)0(k) f(re,. . mn)
—d(a)f(ri,...,r)o(m)f(r,...,m)o(p) € C.I. (3.2.5)

Let e;; denotes the usual matrix unit with 1 in (7, j)-entry and zero elsewhere. Since

f(z1,...,x,) is not central, by [71] (see also [76]), there exist a sequence of matrices
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Ty, € My(C) and 0 # v € C such that f(ry,...,r,) = ye;; with ¢ # j. Thus
replacing f(ry,...,r,) by ve;; in (3.2.5), we get
¢(b)e§j + ¢(c)eijo(p)ei; — dla)eijo(k)e; — dpla)ejp(m)ei;o(p) € C.,.
that is
p(c)eio(plei; — gla)ei;o(k)es; — dpla)e;p(m)ei;d(p)

is a scalar matrix whose (j,7) entry is zero. Thus we get

¢(a)jip(m)jip(p)ji = 0

which is a contradiction, since ¢(a), ¢(p) and ¢(m) have all non-zero entries. Thus

we conclude that either a € C.I, or p € C.I; or m € C.1,. O

Lemma 3.2.7. Let R = M;(C),t > 2 be the ring of all t x t matrices over the field
C' with char(C) # 2 and for some a,b,c,p,k,m € R, R satisfies (3.2.2), then either
acClyormeCl orpeC.I.

Proof. If C'is an infinite field, then the conclusions follow by Lemma 3.2.6.

Thus we assume that C' is a finite field. Let K be an infinite field which is an
extension of the field C. Let R = M;(K) = R@, K. Notice that the multilinear
polynomial f(zq,...,x,) is central-valued on R if and only if it is central-valued on

R. Let
X(r1y oo Ty Toa1) = [0f (71, ... ,Tn)2 +cf(ri,...,r)pf(ry,...,mn)

—af(ry,...,rp)kf(re, ... rn) —af(ry, .. r)mf(re, ..., m0)P, Tnaal-

It is a multi-homogeneous of multi-degree (2,...,2) in the indeterminates 71, ..., 7.
Hence the complete linearization of x(ry,..., 7, 7he1) yields a multilinear general-
ized polynomial ©(ry, ..., 7, S1,. .., Sn, Fne1) in 2n + 1 indeterminates such that
O(T1y e oy Ty Ty e ey Ty T1) = 27"X(T1, ooy Ty Tit1)-
Clearly the multilinear polynomial ©(ry,..., 7, S1,. .., Sn, Tni1) 1S a generalized

polynomial identity for R and R too. Since char(C') # 2, we obtain

X(r1y .oy Ty 1) =0

for all r1,...,7n,"hs1 € R and thus the conclusion follows by Lemma 3.2.6. ]
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Corollary 3.2.8. If R = M,(C),t > 2 be the ring of all t x t matrices over the field
C' with char(C) # 2 and for some a,b,c,p,k,m € Q,, R satisfies

br? + crpr — arkr — armrp € C
then either a € C.I; orm € C.I; orp € C.1,.

Lemma 3.2.9. Let R be a prime ring of char(R) # 2. If for some a,b,c,p,k,m € R,
R satisfies

bf(re,....,rn)2 +ef(re,...,rn)pf(re, ... omn) —af(re, ... ,r)kf(re, ..., 7)

—af(ry,...,rn)mf(ry,...,r)p =0,

then either a € C orm € C orp e C.

Proof. Since R and @), satisfy same generalized polynomial identity (GPI) (see [22]),
Q. satisfies

bf(re,....rn)2 +ef(re,...,r)pf(re, .. omn) —af(re, ... ,r)kf(re, ... )

—af(ry,...,rn)mf(ry,...,rm)p =0.
First we assume that this is a trivial GPI for @),.. If p € C, we have our conclusion.
If p ¢ C, then the term —af(rq,...,r,)mf(ry,...,r)p = 0 can not be cancelled
and so —af(ry,...,rn)mf(ry,...,r)p =0 implying a = 0 or m = 0. Thus we have
reached to our conclusion.

Next assume that the above GPI is a non-trivial GPI for @,. Then by [21], Q,
also satisfies the same GPI ¥(z4,...,2,) = 0. Using Martindale’s Theorem (see
Theorem 1.6.6), @, is a primitive ring having nonzero socle soc(Q,) with C' as its
associated division ring. Hence, by Jacobson’s theorem (see Theorem 1.6.5), @, is
isomorphic to a dense ring of linear transformations of a vector space V over C.

If V' is finite dimensional over C, then dimcV =t and also R = M,;(C). More-
over, since f(ry,...,r,) is not central valued on R, R must be noncommutative.
Hence t > 2. In this case by Lemma 3.2.7, either a or m or p is in C'; and so we are
done.

Now if V' is infinite dimensional over C, then by [90, Lemma 2], the set f(Q,) is

dense on @), and hence @), satisfies

br? + crpr — arkr — armrp = 0.
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For any e¢? = e € soc(Q,), we have eQ,e = M,(C) with t = dimcVe. We want to
show that in this case also either a or m or p is in C'. To prove this, let none of
a,m,p be in C. Then a,m,p do not centralize the nonzero ideal soc(Q,). Hence
there exist hq, he, h3 € soc(R) such that [a, hi] # 0, [m, hs] # 0, [p,hs] # 0. By
Litoff’s Theorem (see Theorem 1.6.7), there exists an idempotent e € soc(Q),) such
that ahy, hya, mhs, ham, phs, hsp, hy, he, hy € eQ.e. We have eQ.e = M, (C) with

t = dimcVe. Since
eber? + ecereper — eaercker — eaeremerepe = ()

for all r € eQ,e, by Corollary 3.2.8, either eae or eme or epe is in Ce. Thus
ahy; = eahie = (eae)hie = ehieae = ehjae = hya

or

mhy = emhge = (eme)hse = ehgeme = ehome = ham

or

phs = ephge = (epe)hse = ehzepe = ehgpe = hsp,

a contradiction.

Thus we have proved that either a or m or p is in C. O

Proof of Proposition 3.2.2
By hypothesis,

[akf(re,...,rn)> +amf(re,...,r)pf(re, ..., )

—af(ry,...,rp)kf(re, ... rn) —af(ry,...,r)mf(ry, ..., m0)p, Ty = 0 (3.2.6)

for all ri,... 7,741 € R. If 0 = a[F(x), z] for all x € f(R), then by Lemma 3.2.9
eithera € Corm e C orp e C.

Next we assume that there exists xy € f(R) such that 0 # a[F(zy), z] € C. Thus
R satisfies a central generalized polynomial identity a[F(x),z] € C for all x € f(R).
By [18, Theorem 1|, RC' is a finite dimensional central simple C-algebra, so that
Soc(Q,) = RC = @Q,, in particular, R is a Pl-ring. Denote by K the algebraic
closure of C, if C is infinite, otherwise let K = C. Then RC Q. K = M;(K)
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for some [ > 2. Moreover, RC Q) K satisfies the same generalized polynomial
identities of RC' = @Q,, in particular, a[F'(z), z] is central in RC Q) K for any = €
f(RC Q. K). Therefore, by Lemma 3.2.7, we have that either [a, RC Q. K] = (0)
or [m, RC Q. K] = (0) or [p, RC Q. K] = (0). Since RC @, K satisfies the same
generalized polynomial identities of RC' = @Q,, it follows that either [a, @,] = (0) or
[m, Q] = (0) or [p,Q,] = (0). In other words, we have proved that either a € C' or
me Corpe(C.

Thus in any case, we have obtained that either a € C' or m € C' or p € C. In

any case conclusion follows by Lemma 3.2.3, Lemma 3.2.4 and Lemma 3.2.5.

Proposition 3.2.10. Let R be a noncommutative prime ring of characteristic differ-
ent from 2 and C' be its extended centroid. Suppose that f(x1,...,x,) is a noncentral
multilinear polynomial over C, F(x) = kx + ma(x)p, where k,m,p € Q, and « is

an automorphism of R. Let 0 # a € R be such that

alF(f(r), f(r)] € C
for allr = (ry,...,1,) € R", then one of the following holds:
(1) there exists A\ € C' such that F(x) = \x for all x € R;

(2) there exist A € C' and a € Q, such that F(z) = ax + za + Az for all x € R

and f(x1,...,x,)% is central-valued on R;

(3) R satisfies s4 and there exist X € C' and a € Q, such that F(z) = ax+za+ Az
forall z € R.

Proof. If o is an inner automorphism, then the result follows by Proposition 3.2.2.

So we assume that « is an outer automorphism of R. By hypothesis, we have

alkf(z1,...,xn) +ma(f(xy, ..., z.))p, f(x1,...,2,)] € C (3.2.7)

for all z1,...,2z, € R.

Let f*(xy,...,x,) be the polynomial obtained from f(z1,...,x,) by replacing
cach coefficients 7, with a(7,). Since the degree of any (z;)*-word in (3.2.7) is equal
to one, by [22, Theorem 3], @, satisfies the generalized polynomial identity

lalkf(z1,...,x0) +mf (Y1, Yn)0, f(T1, -y 20)], Tnga] = 0.
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In particular, @), satisfies the blended component

la[mf(yi, .. yn)p, f(21, ..o, 20)], Tpia] = 0.

Then
alz, f(z1,...,x,)] € C,

where z = mf*(y1,...,y,)p. Hence, z = mf*(yy,...,y,)p € C for all y;,...,y, €
Q. Then [mf*(yi,...,yn)p, f*(y1,...,yn)] = 0. Hence for ¢ ¢ C, Q, satisfies

[g; [ f (Y, Yn)Ds (Y15 -, )] = 0.
Then by [27, Lemma 2.9], one of the following holds:
1. me C,mp e C;
2. peC,mpeC.

Since z = mf*(y1,...,yn)p € C for all y1,...,y, € Q,, then for both the above
cases, we have mpf*(y1,...,yn) € C for all y1,...,y, € Q.. If mp # 0, then
f%v1,-..,yn) € C which is a contradiction. Therefore mp = 0 with either m € C
or p € C'. Hence as mp = 0, we have either m = 0 or p = 0. Therefore, @), satisfies

the following relation alkf(z1,...,2,), f(x1,...,2,)] € C, which is

alkf(zy,...,z0)* — f(21, ..., 20)kf(z1,...,2,)) € C.

By Lemma 3.2.1, k € C. Since either m or p is zero, therefore F(z) = kx, which is

our conclusion (1). O
In particular, we have the following corollary.

Corollary 3.2.11. Let R be a noncommutative prime ring of characteristic different
from 2 and C be its extended centroid. Suppose that f(x1,...,x,) is a noncentral
multilinear polynomial over C, F(x) = kx — ka(x), where k € @, and « is an

automorphism of R. Let 0 # a € R be such that

alF'(f(r)), f(r)] € C

forallr = (ry,...,r,) € R", then F = 0.
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3.3 Proof of Main Theorem

The X-generalized skew derivation F' has its form F(x) = bx + cd(x) for all z € R,
where b,c € ), and d is a skew-derivation of R. Since any skew derivations of R
can be uniquely extended in @, and by [23, Theorem 2|, R and @), satisfy the same

generalized polynomial identities with a single skew derivation, (), satisfies

abf(zy, ... xy) +cd(f(x1,...,x0)), f(z1,...,2,)] € C.

If d is inner skew derivation of Q,, i.e., d(x) = px — a(z)p, then F(x) = (b+ cp)x —
ca(x)p for all x € Q,. Then by Proposition 3.2.10, we have our conclusions.
Thus we assume that d is the outer skew derivation of (),.. We denote
flz,. ... x,) = Z Yolo(1)To(2) - - - To(n)
0ESn
where 7, € C. Let f(xy,...,x,) be the polynomial obtained from f(x1,...,z,) by

replacing each coefficients 7, with d(~,). Hence

d(f(xy,... z0) = fY 21, ..., T0)

+ Z Oé(’yg) Z Oé(l‘a(l)xg(g) .. .[Eg(j))d(ZEU(j+1))ZL‘U(j+2) o To(n)-

1
gESy 7=0

Thus @, satisfies

albf(z1, .. xn) + of U1, 2) + €D ges, 0(V6) X0y Ta)Tor@) - - Ta())

d(ZEU(j+1))ZL‘U(j+2) < To(n)s f(:L‘l, .. ,CL’n)] eC. (331)

Then by [23, Theorem 1], @, satisfies

albf(xy, ... xn) +cfi(zy, ..., x,)

[y

n—

+c Z Oé(’}/g) Oé(xg(l)xa@) ce. xa(j))ya(j—kl)xa(j—&-?) cee Z‘U(n)a f(xh s 7‘7:%)} eC.
oESH J

Il
o

In particular, @), satisfies the blended component

n—1
alcY ges, @(V0) 2oj20 U Ta()To@) - - - Ta())Yo(j+1)Ta(+2) - - - To(n);

flzy,...,z,)] € C. (3.3.2)

Then two cases arise:
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e Case i: Let a be an inner automorphism of ). Then there exists ¢ € @, such
that a(z) = qrq™! for all z € Q,. Moreover, a(y,) = 7, for all coefficients
involved in f(x1,...,x,). Then replacing y; by z; — a(x;) in above relation,

we have that (@), satisfies

ale(f(xy,...,zn) —a(f(xy, ..., 20))), flx1,...,2,)] € C

ie.,

alef(xy, ... x,) —cal(f(zr, ..., 2,)), f(x1,...,2,)] € C

Then by Corollary 3.2.11, ¢(z — a(z)) = 0 for all x € @,. This gives c(x —
qrq~') = 0 ie., c[¢g,z] = 0 for all z € Q,. This implies that either ¢ = 0 or
q € C. In any case F' becomes a generalized derivation and hence conclusion

follows by [35, Corollary 2.7].

e Case ii: Let o be an outer automorphism of ). Then from (3.2.7), using [22,

Theorem 3], @, satisfies generalized polynomial identity

—_

n—

CL[C Z Oé(’)Q;) Z Ro(1)%a(2) - - - o (Yo (j+1) Lo (5+2) - - - Lo(n)s f('rlu S 7$Tl)] €.

oSy 7=0
In particular, @), satisfies the blended component
aled pes, (Vo) 20(1)20(2) - - - Zon-1)Yo(n), [ (X1, 2n)] € C. (3.3.3)

Replacing z; by a(z;) and y; by a(z;) fori = 1,2, ..., n, we get that Q.. satisfies

alca(f(z1,. .. 20)), f(x1,...,2,)] € C

ie.,

ald, f(x1,...,2,)] € C
where ¢ = ca(f(z1,...,2,)). Since a and f(xy,...,x,) are noncentral then
d=ca(f(z,...,2z,)) € Cforall z,...,z, € Q,. Commuting both sides with

a(f(z1,-..,2n)) We get,
0= [cal(f(z1,.y2n),a(f(z1,.-y2n)] = [, f(z1, ..oy 2n)]a(f(21, .-y 2n))
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for all zy,..., 2, € @, which implies ¢ € C. Therefore, ca(f(z1,...,2,)) € C

for all z1,..., 2, € @, implies ¢ = 0. Then from (3.3.1) we get
albf(z1,...,20), f(x1,...,2,)] € C

ie., a(bf(zy,...,20)* — f(x1,...,22)0f(x1,...,2,)) € C. Then by Lemma
3.2.1, b € C and hence F(z) = bx for all x € R, with b € C. This is our

conclusion (1).

Thus the Proof of Theorem 3.1.1 is completed. O



Chapter 4

Annihilating and Centralizing
Condition of GGeneralized
Derivation in Prime Ring

4.1 Introduction

Throughout this chapter, we denote R as a prime ring with char(R) # 2, cen-
ter Z(R), extended centroid C. Here f(xy,...,x,) denotes a multilinear polyno-
mial over C' that is noncentral-valued on R, I a nonzero ideal of R. By d and
F, we mean a derivation and a generalized derivation of R. Posner initiated the
study of commuting and centralizing maps in 1957. Posner [80] proved that a
prime ring must be commutative if it possesses a nonzero centralizing derivation
ie., [d(x),z] € Z(R) for all z € R, where d is a nonzero derivation of R. Since
then many authors investigated these centralizing and commuting maps in different
way (see [12], [25], [41], [43], [48]). For example Lee and Lee [69] showed that if
[d(f(ry,...,rn)), f(r1,...,rn)] € Z(R) for all ry,...,7, in some nonzero ideal of R,
then f(rq,...,r,) is central valued on R, except when char(R) # 2 and R satisfies s4.
In [38], Dhara and Sharma studied the situations [d*(f(r1, ..., 7)), f(ri,...,7)] =
0and [d*(f(r1,...,m0)), f(r1,...,m)] € Z(R) for all rq, ..., 7, in some nonzero right
sided ideal of R.

Argac and De Filippis [5] studied the commuting generalized derivation maps.

In [5], Argac and De Filippis obtained the following:

9This work has been published in Southeast Asian Bull. Math., 48(4) (2024), 467-476
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Let K be a commutative ring with unity, R be a noncommutative prime K-
algebra with center Z(R), U be the Utumi quotient ring of R, C = Z(U) the
extended centroid of R and I a nonzero ideal of R. Suppose that f(xy,...,2,) is a

noncentral multilinear polynomial over K, F' is a nonzero generalized derivation of

R such that
[F(f(x1,...,xn)), f(x1,...,2,)] =0

for all xq,...,x, € I. Then one of the following holds:
1. there exists A € C' such that F'(z) = Az for all x € R;

2. f(x1,...,2,)% is central-valued on R and there exist a € U and A € C such

that F(z) = ax + xa + Az for all x € R;
3. char(R) =2 and R satisfies s4.

In [42], De Filippis obtained the following:

Let R be a prime ring of characteristic different from 2, with extended centroid C,
U its Utumi quotient ring, F' # 0 a non-zero generalized derivation of R, f(ry,...,7,)
a noncentral multilinear polynomial over C' in n non-commuting variables, a € R

such that
alF(f(ri,...,rn)), f(r1,...,m)] =0

for any r1,...,r, € R. Then one of the following holds:
1. a=0;
2. there exists A € C' such that F(z) = Az for all x € R;

3. there exist ¢ € U and A € C such that F(x) = (¢+ \)z + zq for all z € R and

f(ry,...,m,)? is central valued on R.

In [35, Corollary 2.7], Dhara et al. obtained the following:
Let R be a noncommutative prime ring of characteristic different from 2, U the

Utumi quotient ring of R and C' the extended centroid of R. Let 0 # a € R and
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f(z1,...,2,) be a multilinear polynomial over C' which is noncentral-valued on R.

Suppose that F' is a nonzero generalized derivation of R such that

alF(f(x1,...,x,)), f(x1,...,2,)] € C

for all zq,...,x, € R. Then one of the following holds:

1. f(xy,...,1,)?% is central-valued on R and there exist p € U and \ € C such

that F'(z) = pxr + op + Az for all z € R;
2. there exists A € C such that F(z) = Az for all z € R;

3. R satisfies s4 and there exist p € U and A € C such that F(z) = pr+ap+ \x

for all z € R.

In [16], Carini et al. already obtained the following:

Let R be a non-commutative prime ring of characteristic different from 2, U its
right Utumi quotient ring, C'its extended centroid, F' a generalized derivation on R,
and f(ry,...,r,) a noncentral multilinear polynomial over C'. If there exists a € R

such that, for all r4,...,r, € R,

alF2(f(re,...,m), fre,...,m)] =0

then one of the following statements hold:

(ii) there exists A € C such that F(x) = Az, for all z € R;
(iii) there exists ¢ € U such that F(x) = cz, for all z € R, with ¢® € C;
(iv) there exists ¢ € U such that F(x) = xc, for all z € R, with ¢* € C.

In this present chapter, we will study the following situation

alF*(f(re,...,m)), f(re,...,m)] € C

for all r1,...,r, € R. More precisely, we will prove the following Theorem.
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Theorem 4.1.1. Let R be a prime ring of characteristic different from 2, U its
Utumi ring of quotients and C' its extended centroid, f(xi,...,x,) a multilinear
polynomial over C' that is noncentral-valued on R, I a nonzero ideal of R and F' a

nonzero generalized derivation of R. If for some 0 # a € R,

alF2(f(r,...,m)), flre,...,mm)] € C
forallry,...,r, € I, then one of the following holds:
(i) there exists A € C such that F(x) = Az for all x € R;
(ii) there exists p € U such that F(x) = px with p* € C;
(iii) there exists p € U such that F(z) = xp with p* € C.

Corollary 4.1.2. Let R be a prime ring of characteristic different from 2, C its
extended centroid, f(xy,...,x,) a multilinear polynomial over C' that is noncentral-

valued on R, I a nonzero ideal of R and d a deriwvation of R. If for some a € R,

ald*(f(ri,...,m0)), f(ri,...,m)] € C
forallry,...,r, € I, then either a =0 or d = 0.

Corollary 4.1.3. Let R be a prime ring of characteristic different from 2, C its
extended centroid, I a nonzero ideal of R and d a nonzero derivation of R. If for
some a € R,

ald*(z),z] € C

for all x € I, then either a =0 or R is commutative.

4.2 The case of inner generalized derivations

Lemma 4.2.1. Let R be a noncommutative prime ring of characteristic different
from 2, U its Utumi ring of quotients and C' be its extended centroid. Suppose that
f(z1,...,x,) be a noncentral multilinear polynomial over C' and F(x) = bx for all
x € R for someb € U. If 0 # a € R such that a[F*(f(r)), f(r)] € C for all
r=(ry,...,m,) € R", then b* € C.
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Proof. By hypothesis, R satisfies

alb?f(r), [(r)] € C (4.2.1)
that is

alt?, f(r)]f(r) € C (4.2.2)
for all r = (ry,...,r,) € R". Then by [35, Corollary 2.8], b* € C. 0

Lemma 4.2.2. Let R be a noncommutative prime ring of characteristic different
from 2, U its Utumi ring of quotients and C' be its extended centroid. Suppose that
f(z1,...,2,) be a noncentral multilinear polynomial over C and F(x) = xc for all
r € R for some c € U. If 0 # a € R such that a[F*(f(r)), f(r)] € C for all
r=(ry,...,m) € R", then ¢* € C.

Proof. By hypothesis, R satisfies

alf(r)é, f(r)] € C (4.2.3)
that is

af(r)[c, f(r)] € C (4.2.4)
for all ¥ = (rq,...,7,) € R". Then by [35, Corollary 2.8], 2 € C. 0O

Lemma 4.2.3. Let R = M,,,(C),m > 2 be the ring of all m x m matrices over the

field C with char(R) # 2, f(r1,...,rs) a non-central multilinear polynomial over C
and a(# 0),b,c € R. If

alb? f(r) +2bf (r)e + f(r)?, f(r)] € C.1p
forallr = (ry,...,1,) € R", then either b € C.1,, or ¢ € C.1,.

Proof. Assume first that C' is an infinite field. By assumption, R satisfies

A1, Ty Trst)
= [ab2f(r1, ... )2+ 2abf(r1, ) (s )+ af(re o )L ()
—af(re, ..t ) — 2af(re, o r)bf (T, T)e
—af(ri, ..., m0)2c% Tuy1] = 0. (4.2.5)
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We first assume that a ¢ C.1,,,, b ¢ C.1,,, and ¢ ¢ C.1I,,,. Then under this assumption,
by Theorem 1.6.3, there exists an invertible matrix @ such that ¢(a) = QaQ™!,
#(b) = QbQ™! and ¢(c) = QcQ ™! have all non-zero entries. Evidently, R satisfies

the condition

[B(ab?) f(re, ... )2+ 20(ab) f(re, ... ra)d(Q) f(re, ... Tn)
(@) F(r1, .. )2 F (1, o) — @) F (1, ) SB)2F (P, . 70)
=2¢(a) f(r1, .., 12) (1) f(r1, .., 70)B(c)
— (@) F(r1, . 7) ()2, Pnsn] = 0. (4.2.6)
Since f(x1,. .., xn) is not central valued, by [71] (see also [76]), there exist rq,.. ., 7, €

M,,(C) and 0 # v € C such that f(ry,...,r,) = ve;; with ¢ # j, where e;; denotes

the usual matrix unit with 1 in (¢, j)-entry and zero elsewhere. Thus by (4.2.6),
[p(ab®)es; + 2¢(ab)eid(c)ei; + dla)esjd(c) ey — pla)ey;d(b) e

—2¢(a)e;jp(b)e;jd(c) — da)el;d(c)?, ei;] = 0.
Left multiplying by e;; and then using char(R) # 2, we have

eijp(a)e;o(beijp(clei; =0

which is a contradiction, since ¢(a), ¢(b) and ¢(c) have all non-zero entries. Thus
we conclude that either a € C.1,,, or b € C.1,, or c € C.1,,,.

If 0 # a € C.1,, by assumption, we have

O f(r)* +20f (r)ef (r) + f(r)cf(r) = f(r)b*f(r) = 2f(r)bf (r)e — f(r)*c* € C.Ly,

for all r = (ry,...,7,) € R™. Then by similar process replacing f(ry,...,r,) with
e;; and then commuting by e;; yields 2¢(b);;¢(c);; = 0, which is a contradiction,
since ¢(b) and ¢(c) have all non-zero entries. Thus finally we conclude that either
beCl,orceC.I,.

Next we assume that C' is a finite fields. Let K be an infinite field which is an
extension of the field C. Let R = M,,(K) =~ R@ K. Notice that the multilinear
polynomial f(ry,...,r,) is central-valued on R if and only if it is central-valued on

R. R satisfies

Ari, .o Ty Tng1) = [ab®f(r)2 + 2abf (r)ef(r) + af(r)c f(r)
—af(r)b*f(r) —2af(r)bf(r)c — af(r)*c ro] (4.2.7)
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Moreover, it is a multi-homogeneous of multi-degree (2,. .., 2) in the indeterminates
T1,...,T,. Hence the complete linearization of ¢(r1, ..., 7, rpe1) yields a multilinear
generalized polynomial O(ry, ..., 7, S1,...,Sn, "ne1) in 2n 4 1 indeterminates such
that O(r1, ..., Tny T1y e ooy Ty Tit1) = 27O(r1, ooy Ty Tt 1)-

Clearly the multilinear polynomial ©(ry,..., 7, S1,...,Sn, Tni1) 1S & generalized

polynomial identity for R and R too. Since char(C) # 2, we obtain

A1y Ty Te1) =0
for all 71,...,7,"ns1 € R and hence the conclusion follows from above argument
when associated field was infinite field. n

To prove our next Lemma, we need the following:

Lemma 4.2.4. [35, Lemma 2.5] Let R be a noncommutative prime ring of char-
acteristic different from 2 with the extended centroid C' of R. Let 0 # a € R and
f(z1,...,x,) be a multilinear polynomial over C which is not central-valued on R.
Suppose that b,c,p,q € R such that a(bf(x)* + f(z)(c —p)f(z) — f(x)*q) € C for
all v = (x1,...,2,) € R". Then ¢ —p € C and one of the following holds:

(i) f(z1,...,2,)? is central-valued on R and a(b+c—p—q) € C;
(1)) g € C anda(b+c—p—q) =0;
(11i) R satisfies s4.

Lemma 4.2.5. Let R be a noncommutative prime ring of characteristic different
from 2, U be its Utumi ring of quotients and C' be its extended centroid. Suppose
that f(x1,...,x,) be a noncentral multilinear polynomial over C' and F(x) = bx+xc
for all x € R, for some b,c € U. If 0 # a € R such that a[F?*(f(r)), f(r)] € C for
all = (ry,...,r,) € R™, then one of the following holds:

(1) there exists A € C such that F(x) = Az for all x € R;
(2) there exists p € U such that F(z) = px for all x € R with p* € C;

(3) there exists p € U such that F(x) = xp for all x € R with p* € C.
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Proof. By hypothesis,
alb*f(r) +2bf(r)c+ f(r)c?, f(r)] € C (4.2.8)

for all ¥ = (ry,...,r,) € R™ TIf a[b®f(r) + 2bf(r)c + f(r)c?, f(r)] = 0 for all
r=(ry,...,r,) € R", then by [16], we have our conclusions (1)-(3).

Thus we assume that there exists r = (ry,...,7,) € R" such that a[b*f(r) +
20f(r)c+ f(r)c?, f(r)] # 0. Therefore, a[b*f(r) + 20f(r)c + f(r)c?, f(r)] € C is a
nonzero central generalized identity for R. In this case by [18, Theorem 1], R is a
PI- ring and hence RC' = U is a nontrivial GPI-ring simple with 1. By [67, Lemma
2] and [81, Theorem 2.3.29], there exists a field K such that U C My (K), k > 2;
moreover U and M (K) satisfy the same generalized polynomial identities. Hence
alp®f(r)+20f (r)e+ f(r)c, f(r)] € Z(M(K)) for all r = (ry,...,7,) € Mp(K). By
Lemma 4.2.3, either b € C or ¢ € C.

If b € C, then by Lemma 4.2.2, F(x) = x(b+ ¢) for all x € R with (b+ ¢)? € C,
as desired in conclusion (3).

If c € C, then by Lemma 4.2.1, F(x) = (b+ c)z for all x € R with (b+ ¢)? € C,

as desired in conclusion (2). O

Now we are ready to prove our Theorem 4.1.1.

4.3 Proof of Main Theorem in the general case

To prove the Main Theorem 4.1.1, we need the following Remark:

Remark 4.3.1. Suppose that f(z1,...,x,) be a multilinear polynomial over C, then

[y, 2,) = Z Yolo(1)Ta(2) - - - Ta(n)
gESy
where v, € C and S,, be the symmetric group of n symbols. If d be a derivation on

R and fzy,...,2,), [ (x1,...,2,) be the polynomials obtained from f(xq,...,x,)
by replacing each coefficients v, with d(v,) and d*(v,), respectively, then

d(f(re,.ora)) = U m) + > d(r), )

and

P(f(ry,. o)) = fE ) 42 U d(r), )
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+Zf(r1,...,d2(ri),...,rn)+22f(r1,...,d(ri),...,d(rj)...,rn).

i#]
By [72, Theorem 3], there exist b € U and derivation d on U such that F(z) =
br+d(x) for all z € U. Then F?(x) = b(bx+d(z))+d(bx+d(x)) = F(b)x+2bd(z)+
d*(x). By [21] and [71], both I, R and U satisfy the same generalized polynomial

identities and same differential identities. So we have

alF(D)f(ry,...,rn) +2bd(f(ry,...,m0)) +d*(f(re,...,m)), f(r1,...,m)] € C

for all r,...,r, € U. If d is inner, that is, F' is inner, then conclusions follow by
Lemma 4.2.5. Thus we assume that d is not inner. Using Remark 4.3.1, above

relation can be written as

alF(b)f(re, ..o yrn) +20f%re, . oyrn) + 205, f(re, .., d(ri), ... )
+fd2(r1,...,rn) + 250 fUry, e d(ri)y ) > f ey A2 (), )
A2 [ d(r), o d(ry) o), [, o)) €C

forallry,...,r, € U. Then by Kharchenko’s result (from Theorem 1.6.4), U satisfies
alF(0)f(ri, . oyrn) +20f%r, . oyrn) 205 f(r1, .oty T)

—|—fd2(r1,...,rn)—i—QZifd(rl,...,ti,...,rn)+zif(7“1,...,si,...,rn)
+2Zi;ﬁjf(7'1,...,ti,...,tj...,T’n),f(Tl,...,Tn>] < C

In particular, U satisfies the blended component
a[z flre, o siyeesmn), fre,...,m)] € C.
Replacing s; with [g, ;] for some ¢ ¢ C, U satisfies
allg, fri,...,m)], f(r1,...,r)] € C
which gives

alqf(re,...,m)* = 2f(re,...,m)af(re, ... ,rn) + f(re, ..., m0)%q) € C.

Then by Lemma 4.2.4, ¢ € C' which leads to a contradiction. Thus the proof of the

Theorem 4.1.1 is completed.



Chapter 5

Generalized Derivations and
Multilinear Polynomials in Prime
Rings

5.1 Introduction

In this Chapter, R always denotes a prime ring which is associative and the center
is Z(R). U denotes the Utumi quotient ring of the prime ring R. It is noted
that R is a subring of the Utumi quotient ring U. The center of U is called the
extended centroid of R and it is denoted by C. Let f(ry,...,r,) be a noncentral
multilinear polynomial over C' in n noncommuting variables which is written as
fri,..oomp) =rira..t+ D Qolo(1) - - - To(n) for some a, € C.

I#O'ES’VL
In [50], De Filippis and Di Vincenzo studied the situation

S([d(f(r1, .. ym)), fri,...,m)]) =0

for all r1,...,r, € R where R is a prime K-algebra of characteristic different from
2, K is a non-commutative ring with unity, d and ¢ are two non-zero derivations of
R and f(ry,...,r,) is a multilinear polynomial over K.

In [51], De Filippis and Di Vincenzo investigated the above result by replacing

the derivation d with a generalized derivation F'. They studied the situation

d([F(f(Tla o))y fr, ,Tn)]) =0

for all r1,...,r, € R.

9This work has been published in Rend. Circ. Mat. Palermo, II. Ser., 73 (2024), 415-427.

o8
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In [26], Dhara extended the above result by replacing derivation d with a gener-

alized derivation G i.e.,

for all r1,...,r, € R.

In this line of investigation very recent, Tiwari [87] has studied the case

GF(f(re,...,ro)f(re,...rn)) = H(f(re,...,m0)%)

for all r1,...,r, € R, where F,G and H are three generalized derivations in prime
ring R and then described the forms of the maps.

In this present chapter, our aim is to study

G(E(f (i, yma))s flr o)) = H(f(ry, - ra)?)

for all r1,...,r, € R. More precisely, we prove the following:

Theorem 5.1.1. Suppose that R is a prime ring with Utumi quotient ring U, ex-
tended centroid C' and f(r1,...,r,) a noncentral multilinear polynomial over C. Let
I be a nonzero ideal of R and char(R) # 2. If F, G and H are three generalized
derivations of R such that

forallr = (ry,...,r,) € I", then one of the following holds:

(1) there exist \,u € C and a,b € U such that F(x) = px, G(z) = ax + za + Az,
H(x) = [b,z] for all x € R with b — pa € C;

(2) there exist A\, € C and a,b,q € U such that F(z) = qx + xq + pz, G(z) =
ar+zxa+Ar, H(z) = [b,z] for allx € R with g+ aa € C and ¢*+pqg+ab € C
for some 0 # a € C;

(3) f(re,...,m)? is central valued on R and there exist X € C, a,b,p € U and
a derivation d in U such that F(z) = px + d(x), G(x) = ax + za + Az and
H(z) = [b,z| for all x € R;

(4) R satisfies sy.
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5.2 The case of inner generalized derivations

Lemma 5.2.1. [5] Suppose that R is a noncommutative prime ring with Utumi quo-
tient ring U, extended centroid C and f(r1,...,m,) a noncentral multilinear polyno-

maal over C. If there exist a,b,c € U such that

f(r)af(r) + f(r)*b—cf(r)* =0
for allr = (ry,...,1,) € R", then one of the following holds:
(1) a,b,ce C and a+b—c=0;
(2) ae€C, f(ri,...,rn)?* is central valued on R and a +b—c = 0;
(8) char(R) =2 and R satisfies s4.

Lemma 5.2.2. [5, Lemma 1] Let R be a noncommutative prime ring and n(x, .. ., x,)

be any polynomial over C', which is not an identity for R. If a,b € U such that

an(r) = n(r)b =0

for allr = (ry,...,1,) € R", then one of the following holds:
(1) a=beC;
(2) a="b and n(xy,...,x,) is central valued on R;

(3) char(R) = 2 and R satisfies sy.

Lemma 5.2.3. [26, Proposition 2.7] Let R be a prime ring of char(R) # 2, C the
extended centroid of R and f(r1,...,r,) a non-central multilinear polynomial over
C. If a,b,p,q,s,p',t/ € R such that p'f(r)> + pf(r)sf(r) — pf(r)*b + af(r)*q +
f(r)sf(ryg—f(r)?0' =0 for allr = (ry,...,r,) € R", then either p,q € C ors € C.

Lemma 5.2.4. Let R be a noncommutative prime ring of char(R) # 2 and C be
the extended centroid of R. Let b,p,q,m,u € U and n(xy,...,x,) be any polynomial

over C', which is not central valued on R. If
plb, n(r)] + [b,n(r)lg = mn(r) +n(r)u
forallr = (ry,...,7r,) € R", then one of the following holds:
1. beC;

2. p,ge C;
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3. q,b,ue’;

4. p,b,m e C;

5. there exists 0 # o € C such that p+ab e C and g+ ab e C.
6. R satisfies s4.

Proof. G denotes the additive subgroup of R generated by the set
S ={n(zy,...,x,)|x1,..., 2, € R}.

Since n(x1,...,x,) is noncentral valued on R, S # {0}. By assumption, p[b, x] +
[b, z]q = max + zu for all x € G. Since char(R) # 2, by [20] either G C Z(R) or G
contains a noncentral Lie ideal L of R. Since n(xy,...,x,) € G and n(xy,...,x,)
is a polynomial which is not central valued on R, therefore G Z Z(R). Thus we
conclude that G contains a noncentral Lie ideal L of R. Then by [8, Lemma 1],

there exists a noncentral two sided ideal I of R such that [I, R| C L. In particular,
plb, [x1, z2]] + [b, [21, 22llq = mz1, 22] + [21, 22]u

for all x1, 29 € I. By [21],
plb, [z1, x2]] + [b, [21, wo]lq = mlay, o] + [21, wo]u

is a generalized polynomial identity for R and for U. Then by [44, Proposition 2.5],

conclusions follow. O

Lemma 5.2.5. Suppose that R is a noncommutative prime ring with Utumi quotient
ring U, extended centroid C' and f(ry,...,r,) a noncentral multilinear polynomial
over C'. Let char(R) # 2. If F, G and H are three nonzero inner generalized

derivations of R such that

for allr = (ry,...,1,) € R", then one of the following holds:

(1) there exist A\, € C and a,b € U such that F(x) = ux, G(z) = ax + za + Az,
H(z) = [b,z] for all x € R with b — pa € C;
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(2) there exist \,u € C' and a,b,q € U such that F(z) = qx + xq + pz, G(z) =
ar+xa+Ax, H(z) = [b,z] for all x € R with g+aa € C and ¢*+pq+ab € C
for some 0 # « € C;

(3) f(ri,...,rn)? is central valued on R and there exist A € C' and a,b,p,q € U
such that F(z) = px + zq, G(z) = ax + za + Az and H(z) = [b,x] for all
r € R;

(4) R satisfies sy.

Proof. Assume that F(z) = px + xq, G(x) = ax + xb and H(x) = mz + zu for all
x € R and for some a, b, p,q, m,u € U. Then by hypothesis

gives

(pa —m)f(r)* + pf(r)(b—a)f(r) = pf(r)*b+ af(r)*q
+f(r)(b—a)f(r)g — f(r)*(bg +u) =0 (5.2.1)

for all r = (r1,...,7r,) € R™
By Lemma 5.2.3, either p,g e C or b—a € C.
If p,q € C, then F(x) = (p+ ¢)z and hence (5.2.1) reduces to

(p+a)a—m)f(r)*+ f(r)(b—a)lp+a)f(r) = f(r)*((p+ @b+ u) =0.

Then by Lemma 5.2.1, we get (b —a)(p+q) € C. If p+q =0, then ' =0, a
contradiction. Thus 0 #p+q € C. Hence b —a € C.
Therefore, in any case b —a € C. Let b = a + A for some A € C. Then

implies F([af(r) + f(r)a + Af(r), f(r)]) = H(f(r)?) ie., F(la, f(r)’]) = H(f(r)?)

for all r = (ry,...,r,) € R™. Thus we have
pla, f(r)?] + [a, f(r)*lg = mf(r)* + f(r)*u (5.2.2)

for all r = (r1,...,7,) € R™. Then by Lemma 5.2.4, one of the following holds:
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1. f(ri,...,m)? is central valued on R. Then (5.2.2) reduces to (m+u)f(r)? =0
for all » = (rq,...,7r,) € R™. This yields m +u = 0. Thus we have F(z) =
pr+xq, G(x) = ar+xza+Ax and H(z) = [m, z] for all x € R. Thus conclusion
(3) is obtained.

2. a € C. Then (5.2.2) implies mf(r)?+ f(r)*>u =0 for all r = (ry,...,7r,) € R™
By Lemma 5.2.2, one of the following holds:
(i) m = —u € C. Then H(xz) = 0 which is a contradiction, since H # 0.

(i) m = —w and f(ry,...,7,)? is central valued on R. Thus F(x) = pz + zq,
G(r) = z(a+b) = px and H(x) = [m,x] for all x € R, where p = a+b =

2a + A € C. This is a particular case of conclusion (3).

3. p,ge C. Let u=p+q. By (5.2.2), for all r = (r1,...,71,) € R™,

pla, f(r)*] = mf(r)* + f(r)*u

(na —m)f(r)* = f(r)*(pa+u) = 0.

By Lemma 5.2.2, one of the following holds:

(i) pga—m =pa+u € C,ie, m+u=0and m = pa+ n for some n € C.
Then F(z) = px, G(z) = ax + xa + Az and H(z) = [m,z| for all z € R
which is conclusion (1).

(i) pa—m = pa+wu and f(ry,...,r,)?* is central valued on R. Then F(z) =
px, G(z) = ax + xza + Az and H(z) = [m,z] for all x € R, which is a

particular case of conclusion (3).

4. q,a,u € C. By (5.2.2), (m+u)f(r)>=0forall r = (ry,...,7,) € R" implying

m—+u =0, ie., H(z) = 0 which leads to a contradiction.

5. p,a,m € C. By (5.2.2), f(r)?(m+u) =0forallr = (ry,...,7,) € R" implying

m—+u =0, ie., H(x) =0, a contradiction.

6. there exists 0 # a € C such that p+aa € C and g+ aa € C. Thenp—q € C,
i.e., p = q+p for some p € C. Since g+aa € C, 0 = [g+aa, z| = [¢, z] +a[a, 2]
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and so [a,2] = Blq, z], where 8 = —a~! € C. Now, by (5.2.2),
B((a+wla, Fr)2)+ la. F %)) = mf(r)? + F(r)u
that is
[B(¢® + 1), (r)?) = mf(r)? + f(r)?u.

We re-writing it as

(B(¢* + ng) —m) f(r)> = f(r)*(B(¢* + ng) +u) =0

forall r = (ry,...,7,) € R". Then by Lemma 5.2.2, one of the following holds:

(i) B(¢* +pq) —m = B(¢* + pq) +u € C. Tt gives m +u = 0. So F(z) =
qr + zq + px, G(r) = ar + za + Av and H(x) = [m,z] for all x € R
with 8(¢® + ug) —m € Cie., >+ pg+am € C (as f = —a~') which is
conclusion (2).

(ii) B(¢* + pg) — m = B(¢* + uq) + v and f(ry,...,r,)?* is central valued on
R. Thus m+u = 0. So F(z) = gz + zq + pz, G(x) = ax + xva + Az and

H(z) = [m,z] for all € R, which is conclusion (3).

7. R satisfies sy.

5.3 Proof of Main Theorem for general case

In all that follows, throughout this section, R always be a prime ring with extended
centroid C' and U its Utumi ring of quotients. We always denote by f(r1,...,7,)
a noncentral multilinear polynomial over C' and f(ri,...,7n) = > QuTo(1) - --To(n)
for some o, € C. Te

The following facts are frequently used to prove our Theorem 5.1.1.
Fact 5.3.1: Let d and § be two derivations of R. By f¢(ry,...,r,) and f%(ry,...,7r,),

we denote the polynomial obtained from f(ry,...,r,) replacing each coefficients o,

with d(a,) and dd(a,) respectively. Then we have

d(f(ri,...,m)) :fd(ﬁ,...,rn)+Zf(r1,...,d(ri),...,rn)
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and

Sd(f(re,...,mn)) = fo%r, ..., m0) + ZZ: fo(ry,...,d(r:),...,mn)
—i—;fd(rl, e 0(ry)s ) F Zi:f(rl, co0d(r), )
+> 0 flre, o 0(ri), oo d(r5), - Th).
i#]
Fact 5.3.2: [64, Theorem 2] (see also [71, Theorem 1]) Let Der(U) be the set of
all derivations on U and D;,; be the C-subspace of Der(U) consisting of all inner
derivations on U.

By a derivation word we mean an additive map A of the form A = dj*d3?* - - - d>m,
with each d; € Der(U) and s; > 1.

For prime ring R, let (ID(miAj) be a differential identity on R, involving n derivation
words Ay, ..., A,. Assume next that each A; is a derivations word in the following
form

A =ddy? o dimd j =100
and
s=max{s;,j, i=1,...,mj=1,...,n}
Let char(R) = p # 0. If dy,...,d,, are linearly C'— independent modulo D;,; and
s < p, then ®(y;;) is a generalized polynomial identity on R, where y;; are distinct
indeterminates.
Fact 5.3.3: [38, Lemma 1.2] Let R be a prime ring of characteristic different from

2 and f(ry,...,r,) a multilinear polynomial over C. If for any i = 1,...,n,

(fOri, .o ziyeoyrn), flry,..ym)] =0

for all r1,...,r,, 2 € R, then the polynomial f(rq,...,r,) is central-valued on R.
In view of [72, Theorem 3|, there exist a,p,m € U and derivations d, g, h of U

such that F(x) = pr + d(z), G(z) = ax + g(z) and H(x) = mz + h(z). We know

that I, R and U satisfy the same generalized polynomial identities (GPIs) (see [21])

and also the same differential identities (see [71]) and hence by hypothesis

plaf(r) + (7)), 1) + a([af (r) + g7 (), 7))
=mf(r)? + h(f(r)?) (5.3.1)
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for all r = (ry,...,1,) € U™

If H =0, then by [26] and if F' = 0 or G = 0, then by [5], we get our conclusions.
Thus we assume that F', G and H all are nonzero maps.

If I, G and H are all inner generalized derivations, then by Lemma 5.2.5, we
have our all conclusions of Theorem 5.1.1. Thus in all that follows we may assume

that all of F'; G and H are not inner. Therefore, we have the following cases:

e d, g are inner and h is outer.

d, h are inner and g is outer.
e ¢, h are inner and d is outer.
e ( is inner, g and h are outer.

e ¢ is inner and d, h are outer.

h is inner, d and ¢ are outer.

d, g and h all are outer.

We consider these cases into the following Lemmas.

Lemma 5.3.1. Ifd, g are inner and h is outer, then no conclusion of Theorem 5.1.1

holds.

Proof. Let d(x) = [k,x] and g(x) = [q,z] for all z € R and fixed k,q € U. Then
(5.3.1) reduces to

p|af(r) +la, FOL ()] + [k, [af () + [ £ £
=mf(r)®+h(f(r)?) (5.3.2)

for all r = (rqy,...,r,) € U™ Since h is not inner derivation on U, by Fact 5.3.2, we

can replace each h(r;) with z; in (5.3.2) and then U satisfies blended component

0=> f(ri,- sz, ma) f(re, oo )
Hf(rrsern) 2 f (s 2z ). (5.3.3)
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In particular, for z; = r; and z; = 0 for all ¢ > 2, U satisfies
2f(r,...,m)% =0, (5.3.4)

Since char(R) # 2, f(r1,...,r,)? = 0, implying f(ry,...,r,) = 0, a contradiction.
]

Lemma 5.3.2. Ifd, h are inner and g is outer, then no conclusion of Theorem 5.1.1

holds.

Proof. Let d(x) = [k,z] and h(x) = [K/,z] for all z € R and for fixed k, k" € U.
Then (5.3.1) reduces to

p|af(r) + g(f (), F)] + [k |af(r) + g(£ (), ()]

=mf(r)* + [k, f(r)*] (5.3.5)

for all r = (r1,...,7,) € U™. In this case as ¢ is not inner derivation on U, by Fact
5.3.2, we replace g(r;) with y; in equation (5.3.5) and then U satisfies the blended

component

p[;f(rl,...,yi,...,rn),f(rl,...,rn)]
—|—[/<:, [zi:f(rl, e Ui ,rn),f(rl,...,rn)H =0. (5.3.6)

Then replacing y; by [A’, ;] for some A’ ¢ C' we get

p[[A’,f(rl, e r)]s flr, e ,rn)]
[ [ )] S )] | =0 (5.3.7)
This is the situation
F([o(f(r), f(r)]) =0
for all r = (r1,...,r,) € U™, where 6(x) = [A’, z]. Then by [26], 6 =0, i.e., A’ € C,

a contradiction. O

Lemma 5.3.3. If g, h are inner and d is outer, then the conclusion (3) of Theorem

5.1.1 holds.
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Proof. Let g(x) = [q,z] and h(x) = [k, z| for all z € R and for some fixed ¢, k' € U.
Then (5.3.1) reduces to

p|af () + la. £, £()] + d([af ) + o S]] )
=mf(r)* + [, f(r)?)] (5.3.8)
for all r = (ry,...,7,) € U™
Since d is not inner derivation on U, in this case by Fact 5.3.2, we can replace

d(r;) with z; in the above relation and then U satisfies the blended component
([aZf(rl,...,mi,...,rn) + [q,Zf(rl,...,mi,...,rn)},f(rl,...,rn)D
([arn ) g fr )L S F )] ) = 0. (5.3.9)

In particular, for 1 = r; and z; = 0 for all ¢ > 2 and using char(R) # 2, we have

([o6) + [, 701, 1)) ) =0 (5.3.10)

that is [G(f(r)), f(r)] =0 for all r = (ry,...,7r,) € U™
Since [G(f(r)), f(r)] = 0, by hypothesis, we have H(f(r)?) = 0forallr = (ry,...,7,) €
U". By [5, Theorem 1], there exists ' € U such that H(z) = [V/,z] for all z € R
with f(ry,...,7,)?% is central valued in R.

Again, since [G(f(r)), f(r)] = 0forallr = (r1,...,r,) € U™, then by [5, Theorem
2], one of the following holds:

(1) there exists A € C such that G(z) = Az for all # € R which is a particular
case of conclusion (3).

(ii) there exist A € C' and b € U such that G(x) = bz + xb+ Az for all z € R

which is conclusion (3). O

Lemma 5.3.4. Ifd is inner and g, h are outer, then no conclusion of Theorem 5.1.1

holds.
Proof. Let d(x) = [k, z] for all z € R and for fixed k € U. Then (5.3.1) reduces to
p|af(r) +g(£(r). F()] + [k [af () + 9(F (). ()]
=mf(r)®+ h(f(r)?) (5.3.11)

for all » = (rq,...,r,) € U™ Since g and h are outer, we consider the following
cases:

Case-1. Let g and h be linearly C-dependent.
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Then h(z) = ojg(x) + [k, 2] for all x € R and for some o) € C and k' € U.
Then (5.3.11) becomes

p|af(r) + g(f (), 1] + [k [af(r) + g(r (), ()]

=mf(r)* +oig(f(r)?) + [¥, f(r)’] (5.3.12)

for all r = (ry,...,r,) € U™. By using Fact 5.3.2, we can replace g(r;) with y; and
then U satisfies the blended component

p[zi:f(rl,...,yi,...,rn),f(rl,...,rn)}
+ [k, [;f(rl,...,yi,...,rn),f(rl,...,rn)ﬂ
:a;(;f(rl,...,yi,...,rn)f(rl,...,rn)+f(r1,...,rn);f<r1,...,y,-,...,rn))
In particular, for y; = ry and y; = 0 for all 7+ > 2, we get
0 =2, f(ry,...,rn)*

which implies oy =0 or f(ry,...,7r,) = 0. In any cases, we have contradiction.
Case-2. Let g and h be linearly C'-independent.

By Fact 5.3.2, we can replace g(r;) with y; and h(r;) with z; respectively in
(5.3.11) and then U satisfies the blended component

2o Sz ) fr, )

(i) 2 f (s 2 m) = 0. (5.3.13)
In particular, for z; = r; and 29 = -+ = z, = 0, U satisfies 2f(ry,...,7,)*> = 0.
Since char(R) # 2, this implies that f(ry,...,7,) =0, a contradiction. O

Lemma 5.3.5. If g is inner and d, h are outer, then no conclusion of Theorem 5.1.1

holds.

Proof. Let g(x) = [q, ] for all x € R and for fixed ¢ € U. Then (5.3.1) reduces to

plaf(r) +la. f0)), £)| +d([af(r) + [a £, £7)] )
=mf(r)> + h(f(r)? (5.3.14)

for all r = (71,...,7,) € U™. In this case h and d are outer.

Case-1. Let h and d be linearly C-dependent.
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Then for some oy, ag € C and k € U, ayh(x) + asd(x) = [k, x]. Since d is outer,
there exist o) € C' and k' € U such that h(z) = ojd(z) + [k, z] for all z € R. By
(5.3.14),

p|af(r) +la. £, £()| +d([af(r) + [a £, £7)] )
= mf(r)? + ahd(f(r)?) + [V, f(r)? (5.3.15)

for all r = (ry,...,7r,) € U". By Fact 5.3.2, we can replace d(r;) with x; and then
U satisfies the blended component

[a;f(rl,...,xi,...,rn)—i-[q,;f(rl,...,xi,...,rn)},f(rl,...,rn)}
—i—[af(rl,...?rn)—i— [q,f(rl,...,rn)],Zf(rl,...,:L',-,...,rn)]

%

:ai(Zf(Tl,...,l‘i,...,Tn)f(Tl,uwrn)

+f(r1y .y m) Zi:f(rl, e Ty ,'r’n)>. (5.3.16)
In particular, for ; = 7 and x; = 0 for all ¢ > 2, we have by using char(R) # 2,
af(r)+ [, f0)), £ ()| = Q) (5.3.17)
for all » = (ry,...,r,) € U™ This can be re-written as
(a+q—ah)f(r)* = f(r)2q+a)f(r) + f(r)*¢ =0 (5.3.18)

for all r = (r1,...,7,) € U". By Lemma 5.2.1, one of the following holds:
l. ga+q—a),2¢+a€ Canda+q—a] —2¢—a+q=0. This gives o/} =0,
leads to a contradiction.

2. f(ry,...,rn)* is central valued on R and a + q — o —2¢ — a + ¢ = 0 implying

aj = 0, a contradiction.

Case-2. Let d and h be linearly C'-independent.
By applying Fact 5.3.2 to (5.3.14), we can replace d(r;) with x; and h(r;) with

z; respectively, and then U satisfies the blended component
Zf(rl,...,zi,...,rn)f(rl,...,rn)
(i) 2 f (s 2 mn) = 0. (5.3.19)

In particular, U satisfies 2f(ry,...,r,)* = 0. Since char(R) # 2, this implies that

f(ry,...,m) =0, a contradiction. ]
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Lemma 5.3.6. If h is inner, d and g are outer, then no conclusion of Theorem 5.1.1

holds.
Proof. Let h(z) = [k, z] for all x € R and for some k € U. Then (5.3.1) reduces to
p|af(r) + g(f ), S ()] +d([af(r) + g(F(r)), £(7)])

=mf(r)*+ [k, f(r)?] (5.3.20)

for all r = (r1,...,7,) € U™. Now we have the following two cases:
Case-1. Let d and g be linearly C-dependent.

Then d(x) = ajg(x) + [k, z] for all x € R, where of € C and k' € U. Then by
(5.3.20)

p[af(r) +9(f(r)), f(r)} - o/lg( [af(r) +g(f(r)), f(r)])
+[1, [f () + g(F (), £()] | = mf (2 + s, £, (5.3.21)

By Fact 5.3.2, we can replace g(r;) with y; and ¢*(r;) with ¢; respectively in (5.3.21)
and then U satisfies the blended component

O/l[Zf(ﬁ,...,ci,---,rn),f(n,...,rn)} = 0. (5.3.22)

Since o # 0,

[;f(rl, N PR 5 N £ (s P ,rn)} =0. (5.3.23)

By Fact 5.3.3, it leads to a contradiction.
Case-2. Let d and g be linearly C'-independent.

By Fact 5.3.2, we can replace d(r;) with z;, g(r;) with y; and dg(r;) with z
respectively in (5.3.20) and then U satisfies the blended component

Do S,z ), f(r, )] = 0. (5.3.24)
By Fact 5.3.3, this leads to a contradiction. O]

Lemma 5.3.7. If all of d, g and h are outer, then no conclusion of Theorem 5.1.1
holds.

Proof. We have the following cases.

Case-1. d, g and h are linearly C-dependent.
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Then there exist oy, as, a3 € C, g € U such that ayd(z)+asg(z)+ash(z) = [¢, x]
for all x € U. Since d is not inner, (ag, az) # (0,0).

Without loss of generality, we may assume ag # 0. Then we can write h(z) =

ayd(z) + abg(z) + [¢, 2] for all z € U, where o) = —aja3’, o = —azas’ and

¢ = az'q. Then (5.3.1) gives
p|af(r) +g(f(r), £(r)| +d( |af (r) + g(F (), £()))
=mf(r)* + a4d(f(r)?) + arg(f(r)*) + [¢, f(r)*] (5.3.25)
for all r = (71, ...,r,) € U". Now we have the following two sub-cases.

Sub-case-i. Let d and g be C-dependent modulo inner derivations of U. Then since

d and g are outer, g(x) = fid(z) + [t', x|, where 5] € C and ' € C. By (5.3.25),

p|af(r) + B(F(r) + ¢, F(r)). £ ()

d([af(r) + B ) + [, £ ()]

mf(r)? + (0 + Bob)d(f(r)?) + o’ + ¢, F(7)] (5.3.26)
for all 7 = (r1,...,m,) € U™

By Fact 5.3.2, we can replace d(r;) with z;, d*(r;) with w; in above relation and

then U satisfies the blended component

51[Zf(7'17"->w’ia'"77an)7f(7117'-'77ﬁn)] :()7

where w; = d*(r;). Since 3] # 0, by Fact 5.3.3, this gives to a contradiction.
Sub-case-ii. Let d and g be C-independent modulo inner derivations of U.

Again, by Fact 5.3.2, we replace d(r;) with z;, g(r;) with y; and dg(r;) with z; in
(5.3.25) and then U satisfies the blended component

Zf(rl,...,zi,...,rn),f(m,...,rn) =0,

where z; = dg(r;). Again, by Fact 5.3.3, above relation gives to a contradiction.
Case-2. d, g and h are linearly C'-independent.

By Fact 5.3.2, substituting d(r;) with x;, g(r;) with y;, h(r;) with ¢; and dg(r;)
with z; in (5.3.1) and then using Fact 5.3.3 to (5.3.1), U satisfies the blended com-

ponent

Zf(rl,...,ti,...,rn)f(rl,...,rn)+f(7”1,...,rn)Zf(rl,...,ti,...,rn):O.

This is same as (5.3.13) and hence by same argument, it leads to a contradiction. [



Chapter 6

Vanishing Derivations on Some
Subsets in Prime Rings Involving
Generalized Derivations

6.1 Introduction

Let R be a noncommutative prime ring with center Z(R), extended centroid C
and Utumi quotient ring U. A well-known result of Posner [80] states that if d
is a derivation of R such that d(z)z — zd(z) € Z(R) for all z € R, then either
d = 0 or R is commutative. Numerous articles appear in the literature which aim
to generalize Posner’s result. For instance, in [74], Lee and Shiue study the case
when d(z)x — xd(z) € C for all x € {f(z1,...,2,)|21,..., 2, € R}, where d and §
are derivations of R and f(x1,...,x,) is any polynomial over C' and obtained that
either d = § = 0, or § = —d and f(xy,...,7,)?* is central valued on RC, except
when char(R) = 2 and dimcRC = 4.

Recently, in [5] Argac and De Filippis, determine a complete description of two
generalized derivations F' and G of R satisfying the condition F(z)x — 2G(z) =
0 for all z € {f(z1,...,2,)|21,..., 2, € I}, where f(z1,...,2,) is a multilinear
polynomial over C' and [ is an ideal of R.

More recently, in [86], Tiwari considers the situation when F?(u)u — G(u?) = 0
for all u € f(R) and then obtained all possible forms of the maps. Starting from

the result in [86], Tiwari and Singh study its central-valued version (see [88]), that

OThis work is published in Bull. Malays. Math. Sci. Soc., 44 (2021), 2693-2714.
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is F?(u)u — G(u?) € C for all u € {f(xy,...,2,)|T1,. .., 20 € R}.

The present chapter is then motivated by wanting to generalize the previous last
two cited results. To do this, we will investigate the situation when d(F?(u)u —
Gw?)) = 0 for all u € {f(x1,...,2,)|21,..., 20 € I}, where f(xq,...,7,) is a
multilinear polynomial over C', I is an ideal of R, d is a nonzero derivation of R and

F, G are two generalized derivations of R. More precisely, we prove the following:

Theorem 6.1.1. Let R be a noncommutative prime ring of characteristic different
from 2 and 3, U be the Utumi quotient ring of R and C' = Z(U) be the extended
centroid of R. Suppose that f(xy,...,2,) is a noncentral multilinear polynomial
over C' and F, G are two generalized derivations of R and d is a nonzero derivation

of R. Let I be a nonzero ideal of R and f(I) ={f(xy1,...,xn)|x1,...,2p € I}. If
d(F?*(u)u — G(u?)) =0
for allw € f(I), then one of the following holds:

(1) there exist a,b,p € U and § a derivation of R such that d(x) = [a,z], F(x) =
xb, G(z) = pr + 6(z) for allx € R with v? € C, [a,p] =0 and f(ry,...,7,)>

18 central valued on R;

(2) there exist a,b,p,q € U and a,\,u € C such that d(z) = [a,z]|, F(x) = xb,
G(r) = pr +zq for allz € R withb®> € C, p+aa = \, ¢+ aa = p and
aa’* + (0> =X —paeC;

(3) there exist a,b,p,q € U and a,a',f € C such that d(x) = [a,z], F(x) =
br, G(x) = px +xq for all z € R with V> —p+q = o/, ¢+ aa = B and
aa® + (o —28)a € C;

(4) there exist a,b,p € U and 0 a derivation of R such that d(x) = [a,z], F(x) =
br, G(z) = pr + 6(x) for all x € R with [a,b* —p| = 0 and f(ry,...,7m,)? is

central valued on R;
(5) there exists b € U such that F(x) = zb, G(z) = b?z for all x € R with V* € C;

(6) there exists b € U such that F(x) = bz, G(z) = b’z for all z € R;
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(7) there exist b,p' € U such that F(z) = bx, G(x) = zb* + [p/, 2] for allz € R

and f(ry,...,m,)? is central valued on R;

(8) there exist b,p € U such that b* € C, F(x) = xb, G(z) = b*x + [p/, z] for all

r € R and f(ry,...,r,)? is central valued on R;

(9) R C M5(C), the 2 x 2 matriz ring over C, and there exist a,b,p,q € U such
that d(x) = [a,z]|, G(z) = px + xq and either F(x) = xb, for all x € R, or
F(x) = bx for all x € R. Moreover b* € C, and b* — p = Iy — q, where
Iy € My(C) is the identity matriz and v € C' is the trace of the matriz q.

6.2 Results for Inner Cases

In this section, we always assume that R is a noncommutative prime ring of char-
acteristic different from 2, with U the Utumi ring of quotients of R, C' = Z(U) the
extended centroid of R, f(Xj,...,X,) a multilinear polynomial over C' which is not
central-valued on R, f(R) the set of all evaluations of the multilinear polynomial
f(Xy,...,X,) in R. Suppose that char(R) # 2.

Moreover, all the results contained in the present section Here we study a special
generalized identity which will be useful for the proof of our theorem, in case the
involved generalized derivations are inner. More precisely we analyze the case when

there exist a, b, ¢, aq, as, az, ay, as, ag, a7, ag, ag € U such that
a1u? + aguasu + aguasu + auag + azula + bucua + vasua + ulag = 0 (6.2.1)

for all u € f(R).

We need the following;:

Lemma 6.2.1. Let R = M,,(C), m > 2, be the ring of all m X m matrices over the
field C. If R satisfies (6.2.1), then either a € Z(R) orb e Z(R) or c € Z(R).

Proof. We assume first that C' is an infinite field.
To prove this Lemma, we assume that a, b and ¢ are noncentral. Then by Theo-
rem 1.6.3, there exists an invertible matrix P such that PaP~!, PbP~! and PcP™!

have all non-zero entries. Let p(z) = PxP~! for all z € R be an automorphism
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of R. Since f(R) is invariant under the action of all inner automorphisms of R, by
(6.2.1),
plar)u® + p(az)up(as)u + p(as)up(as)ut
+p(a)u*p(as) + plar)u’p(a) + p(b)up(c)uep(a) (6.2.2)
+ up(as)ugp(a) + uplag) = 0
for all u € f(R).

Here e;; denotes the usual matrix unit with 1 in (4, j)-entry and zero elsewhere.
Since f(ry,...,r,) is noncentral multilinear polynomial in M,,(C), by [71] (see also
[76]), there exist rq,...,r, € M,,(C) and 0 # v € C such that f(ry,...,7,) = ve; €
f(R), with ¢ # j. Hence in particular, we may replace u with ~ye;; in (6.2.2). Then,
since u? = 0, both left and right multiplying by e;;, we get

Vegpbeip(c)egp(a)e; =0 (6.2.3)

which is a contradiction, since v # 0 and ¢(a), ¢(b) and ¢(c) have all non-zero
entries. Thus we conclude that either a or b or ¢ is central matrix, when C' is an
infinite field.

Next, we assume that C' is a finite field. Let K be an infinite field which is an
extension of the field C' and let R = M,,(K) = R ®¢ K. Note that the multilinear
polynomial f(zq,...,x,) is central-valued on R if and only if it is central-valued on
R. The generalized polynomial

X1, mn) =ayf(ry, .. rp)? A agf(ry, .. rp)asf(ry, ..., n)
+agf(re, .. ra)asf(re, .. mn) Faf(ry, ..., m)2as
+arf(ry,...,r)a+bf(re, ..., mn)ef(re, ..., r)a
+ flre, . oom)asf(re, . om)a+ f(ry, .. ) ag
is a multi-homogeneous of multi-degree (2,...,2) in the indeterminates rq,...,r,,
which is satisfied by R, that is, x(r1,...,r,) =0 for all r,...,r, € R.
Complete linearization of x(rq,...,7,) is a multilinear generalized polynomial

O(ry,...,Tn, S1,...,5,) in 2n indeterminates; moreover,
n
Oy ey Ty Ty ey ) = 2X(r1, oy T)-

Clearly the multilinear polynomial ©(ry,...,r,, S1,...,S,) is a generalized polyno-
mial identity for R and R too. Since char(C) # 2, we obtain x(ry,...,r,) = 0 for

all 71,...,7, € R and then, conclusion follows from the first argument. n
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Lemma 6.2.2. Let R be a noncommutative prime ring and assume that (6.2.1) is a

trivial generalized polynomial identity for R. Then either a € C' orb e C orc € C.

Proof. In this proof, for sake of clearness, we denote X = f(x1,...,2,). More-
over we assume that a,b and ¢ are noncentral elements. Since R and U satisfy same
generalized polynomial identities (see [21]), U satisfies (6.2.1). Moreover, by hypoth-
esis, (6.2.1) is a trivial generalized polynomial identity for R. Hence the generalized

polynomial identity
a1 X2+ as Xas X + asXas X + aX2ag
+a: X204+ bXcXa+ XagXa + X3ag

is the zero element in the free product T'= U ¢ C{xy,...,z,}, that is

a1X2 + (IgXCLgX + a4Xa5X + (IXQCLG (6 5 4)
+ar X?a+bXcXa+ XagXa+ X%a9=0€T. -
Suppose a, ag, ag, 1 are linearly independent over C. We have aX?as = 0 € T,

forcing either a = 0 or ag = 0, which is a contradiction.

Thus, we assume that there exist «, 3,7v,n € C such that
aa + fag + yag + 1 = 0.

Moreover, a ¢ C implies (3,7) # (0,0). We divide the rest of the proof into two

cases.
Assume [ # 0

In this case, we may write ag = o’a + v'ag + 1/, for suitable o/,+', 7 € C'. Then, by
(6.2.4)
a1X2 + CLQXCLgX + (Z4XCL5X + CLX2CL6 ( )
6.2.5
+ a7 X?a+bXcXa+ XagXa+ X*(d'a+~ag+n)=0€T.
Notice that, if we suppose that a, ag, 1 are linearly C-independent, by relation (6.2.5)
and since U is not GPI ring, it follows (a + 7' )X?%ag = 0 € T, which is again a

contradiction. Hence there are \, i, v € C such that

Aa+pag+v=0 p#0.
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So we may write ag = Na+ 1/, for suitable X',/ € C. In this case (6.2.5) reduces to

a X? 4+ apXasX +asXas X +aX*(Na+ V)

(6.2.6)
+ a7 X%a+bXcXa+ XagXa+ X*(da+~yNa++V +17)=0¢cT.
Once again, since U is not GPI ring and a ¢ C, by (6.2.6) it follows that
Na+ar+d +XNY)X +bXc+ Xag=0€T. (6.2.7)

In case c,ag,1 are linearly C-independent, then the contradiction bXc = 0 € T
follows. On the other hand, if ¢, ag, 1 are linearly C-dependent, since ¢ ¢ C, we may

assume there exist 0,7 € C such that ag = oc + 7. Therefore, by (6.2.7) we get
Na+ar+a +NY)X +0Xc+ X(oe+7)=0€T

which implies (b+0)Xc¢ =0 € T. This contradicts the assumption b ¢ C and ¢ ¢ C.

Assume now vy # (

Here, we write ag = o’a+ 3" ag+n", for suitable o/, 5", € C. Thus (6.2.4) reduces

to

a X%+ apXasX + a;Xas X + aX?*(a"a+ B"ag + 1) )

+ar X%+ bXcXa+ XagXa+ X%ag =0 € T. (0:2:)
If a, ag, 1 are linearly C-independent, (6.2.8) implies that (1 + 3”a)X?ag =0€ T, a
contradiction. Hence, a,ag, 1 are linearly C-dependent, and since a ¢ C, there are

suitable \”, /" € C' such that ag = X\"a + p”. Substitution of ag in (6.2.8) leads to
a1X2—|—a2Xa3X—i—a4Xa5X—i—aXQ(a”a—l—ﬁ”()\"a—i—u”)+n”) ( )
6.2.9
+ a7 X?a+bXcXa+ XagXa+ X*(N'a+p")=0€T.

In particular, since a ¢ C,
(@’a+ N'B"a+a; + N') X?a + (bXc+ Xag)Xa=0€ T

that is
(@"a+N'B"a+a; + N)X + (bXc+ Xag) =0€ T.

In case c¢,ag,1 are linearly C-independent, then the contradiction bXc = 0 € T
follows. Thus we assume c, ag, 1 are linearly C-dependent, and since ¢ ¢ C, there

exist o', 7" € C such that ag = o’c + 7’. Therefore

(@"a+N'B"a+ar + X)X +bXc+ o' Xe+7X =0€T.
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Since ¢ ¢ C and U is not GPI ring, it follows (b + ¢’)Xc¢ = 0 € T, a contradiction
again. O

Lemma 6.2.3. Let R be a noncommutative prime ring. If R satisfies (6.2.1), then
either a € Z(R) orb e Z(R) orc € Z(R).

Proof. By hypothesis, since R and U satisfy same generalized polynomial identities

(see [21]), U satisfies (6.2.1). We denote

X(r) = a1 f(r)* + azf (r)as f(r) + asf(r)asf(r) + af (r)*as

(6.2.10)
+arf(r)?a+bf(r)ef(r)a+ f(r)asf(r)a+ f(r)%ag

where r = (ry,...,r,) € U". If (6.2.10) is trivial generalized polynomial identity for
U, then we conclude from Lemma 6.2.2.

Thus we may assume that (6.2.10) is not trivial generalized polynomial identity
for U; moreover, by contradiction we suppose simultaneously that a ¢ Z(R), b ¢
Z(R) and ¢ ¢ Z(R).

If C is infinite, x(ry,...,m,) = 0 for all ry,...,7, € U ®¢ C, where C is the
algebraic closure of C. Since both U and U ®¢ C are prime and centrally closed
[39, Theorems 2.5 and 3.5], we may replace R by U or U ®¢ C according to C
finite or infinite. Then R is centrally closed over C' and x(ry,...,r,) = 0 for all
r1,...,m € R. By Martindale’s result (see Theorem 1.6.6), R is then a primitive
ring with nonzero socle soc(R) and with C' as its associated division ring. Then, by
Jacobson’s theorem (see Theorem 1.6.5), R is isomorphic to a dense ring of linear
transformations of a vector space V over C.

If dimeV = m, we have R = M,,(C) and both R and M,,(C) satisfy (6.2.10).
As R is noncommutative, m > 2. By Lemma 6.2.1, we get that a or b or ¢ is in C,
a contradiction.

If dimgV = oo, then for any e? = e € soc(R) we have eRe = M,(C) with
t =dimgVe. Since a,b and ¢ are not in C, they cannot commute any nonzero
ideal of R. Thus [a, soc(R)] # (0), [b, soc(R)] # (0) and [c, soc(R)] # (0). Hence
there exist hi, ho, hy € soc(R) such that either [a, hy] # 0, [b, ho] # 0 and [c, hs] #
0. By Litoff’s theorem (see Theorem 1.6.7), there exists idempotent e € soc(R)
such that ahq, hia, bhg, hob, chs, hsc, hy, ho, hy € eRe. We have eRe = M (C') with
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k =dimcVe. By (6.2.10)

a1 f(r)? + ax f(r)as f(r) + asf(r)as f(r) + af (r)*as
+azf(r)’a+0f(r)ef(r)a+ f(r)asf(r)a+ f(r)’ag =0

for all r = (erye,...,er,e) € R™ Thus, both right and left multiplying by e in

above relation, we have that
earef(r)? + easef(r)eazef(r) + easef(r)easef(r) + eaef (r)*eage
+ eazef(r)’eae + ebef(r)ecef(r)eae + f(r)eagef(r)eae + f(r)’eage = 0

for all r = (rq,...,r,) € (eRe)”. As eRe = My(C), by above arguments, we
conclude that either eae or ebe or ece are central elements of eRe. Thus ah; =
(eae)hy = hieae = hya or bhy = (ebe)hy = ho(ebe) = hob or chy = (ece)hs =

hs(ece) = hse, a contradiction. O

In order to apply the previous result to our work, we assume that there exist
a,b,c,p,q € U such that d(z) = [a,z|, F(x) = bxr + zc and G(x) = px + xq for all
x € R. Thus d, F,G are an inner derivation and two inner generalized derivations
of R, respectively. As d is nonzero, a ¢ C. Then d(F?*(u)u — G(u?)) = 0 for all
u € f(R) yields

[a, b®u® 4 2bucu + uc*u — pu® — u?q] = 0
for all w € f(R). Expanding the identity, we obtain

*u — au’q — (b* — p)ua — 2bucua — uc*ua + u’qa = 0

a(b® — p)u® + 2abucu + auc
for all uw € f(R). We re-write it as
ayu® + asuazu + aguasu — au’ag + aru’a + b'ucua + uagua + ulag =0 (6.2.11)

for all uw € f(R), where

a; = a(b* — p),as = 2ab,a3 = c,ay = a, a5 = c*,

ag = ¢,a7 = _(b2 _p>7b/ - _267 as = —C2,(19 = ga.

Moreover, we need the following results:
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Lemma 6.2.4. [11] Let R be a noncommutative prime ring of char(R) # 2, C the
extended centroid of R and f(x1,...,2,) a non-central multilinear polynomial over
C. If d is a nonzero deriwation of R, G a nonzero generalized derivation of R such
that d(G(f(x1, ..., zn))f(x1, ..., 2,)) =0 for all zy, ...z, € R, then f(x1,...,T,)>
is central-valued on R and there exists a € U such that G(z) = ax for all x € R,

and d is an inner derivation of R such that d(a) = 0.

Lemma 6.2.5. [30, Proposition 2.6] Let R be a prime ring of char(R) # 2, C' the
extended centroid of R and f(x1,...,x,) a noncentral multilinear polynomial over

C. Ifa,b,c,w,p,q € R such that

bf(r)* + cf (rwf(r) — cf(r)?q — af(r)’c = f(r)wf(r)e+ f(r)’p =0
forallr = (ry,...,r,) € R", then either ¢ or w is central.

Lemma 6.2.6. Let R be a noncommutative prime ring with char(R) # 2, a,c,q € U,
p(z1, ..., x,) be any polynomial over C, which is not an identity for R. If [c,ap(r)+
p(r)qgl =0 for all v = (ry,...,r,) € R", then one of the following holds:

1. ce C;
2. [e,a+q) =0 and p(z1,...,x,) is central valued on R;
3. a=—qeC;

4. a—qé€C and g+ ac € C for some a € C;

5. R C My(C), the 2 x 2 matriz ring over C, and a = q— Iy, where Iy € My(C)

is the identity matriz and v € C' is precisely the trace of the matrix q.

Proof. Under the assumption of the present Lemma and by [30, Lemma 2.12], we

have that one of the following conclusion occurs:
(i) ce C;
(ii) [¢,a+ q] =0 and p(z1,...,x,) is central valued on R;
(iii) a = —q € C,

(iv) a — ¢ € C and ¢+ ac € C for some a € C;
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(v) R satisfies the standard identity s, and there exists v € Z(R) such that a =
q—r.
Hence we have to analyze the only case (v). To do this, of course we may suppose
that p(x1,...,x,) is not central valued on R, otherwise [c¢,a + ¢] = 0 easily follows,
and we would have finished. Analogously, we suppose in all that follows ¢ ¢ C and
q ¢ C (if not we easily obtain the conclusion a = —¢q € ().

Since R satisfies the standard identity s4, without loss of generality we assume
that U = M5(C'), the 2x 2 matrix ring over C'. We also recall that, since char(R) # 2
and p(xy,...,2,) is not central valued on R, the additive subgroup generated by
p(z1,...,x,) contains a non-central Lie ideal L of U (see [20]). Moreover, it is well

known that, in case of characteristic different from 2, since U = M,(C') is a simple

ring, [U, U] C L. Therefore
(e, qlr1,ma) + [r1,ma)qg — Y[ri,re]] =0 Vry,rp € UL (6.2.12)
In particular, for r; = ¢ in (6.2.12) we get
le,[¢® —vq,m2]] =0 Vra €U (6.2.13)

which implies

¢ —vqeC=2ZU) (6.2.14)

We denote ¢ =} cijey, ¢ = Y qijeij, ¢q = Y ajeq, qc = Y bise;;, where any
Cijs Gij, @3, by; are elements of C'. By relation (6.2.14) we obtain the following condi-

tions:
(g11 — q22)(q11 + g2 —7) =0

G2(q11 + g2 —7y) =0 (6.2.15)
G1(q11 + g2 —7) =0
If we suppose q11+¢q22—7 # 0, relations (6.2.15) say that g2 = go1 = 0 and g17 = ¢ao,
then ¢ is a central matrix, a contradiction.

We may then conclude that ~ is precisely the trace of the matrix q. O

Now we are ready to prove our theorem for inner cases as follows:

Lemma 6.2.7. Let R be a prime ring of characteristic different from 2 with Utumi
quotient ring U and extended centroid C, I an ideal of R and f(x1,...,x,) a multi-

linear polynomial over C' which is not central valued on R. Assume that there exist
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a,b,c,p,q € U such that d(z) = |a,x], F(x) = bx + zc and G(x) = px + xq for all
xeR. Ifd#0 and
d(F?*(u)u — G(u?)) =0

for alluw € f(I), then one of the following holds:

(1) there exist V',p' € U such that F(z) = xb/, G(x) = p'z + [q,z] for all x € R
with b € C, [a,p'] =0 and f(ry,...,7,)? is central valued on R;

(2) there exists V' € U such that F(z) = zb/, G(x) = b?z for all x € R, with
V" e C;

(3) there exist b € U and a, \,u € C such that F(z) = zb/, for all x € R, with
V2eC,p+aa=\ qg+aa=p and (b* — X — p)a+ aa® € C;

(4) there exist V', p’ € U such that F(z) = bz, G(x) = p'z + [q, 2| for all x € R,

with [a,b® —p'] =0 and f(r1,...,r,)? is central valued on R;
(5) there exists U € U such that F(z) = Vx, G(x) = b?x for all x € R;

(6) there existV/ € U and a,d’, B € C such that F(x) = Vx, for all x € R, with
V2 —p+q=0a, ¢g+aa=f and aa® + (o/ —2B)a € C;

(7) R C My(C) and there ezists b’ € U such that either F(x) = xb', for allx € R,
or F(x) = Vx for all x € R. Moreover, V? —p = I, — q, where Iy € My(C')
is the identity matriz and v € C' 1s the trace of q.

Proof. As d is nonzero, a ¢ C. Then d(F?*(u)u — G(u?)) = 0 for all u € f(I) yields

[a, b*u? + 2bucu + uc’u — pu® — u’q) = 0

for all u € f(I). Expanding the identity, we obtain
a(b® — p)u® + 2abucu + auc*u — au’q — (b* — p)u*a — 2bucua — uc*ua + u*qa = 0

for all w € f(I). Since I, R and U satisfy the same generalized polynomial identities
(see [21]),

2

a(b?—p)u*+2abucu+auc*u—au*q— (b*—p)u’a—2bucua—uc*ua+u’qa = 0 (6.2.16)
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for all w € f(U). By Lemma 6.2.3, either b € C or ¢ € C. Thus we consider the
following two cases:
CaseI: be C
In this case, F(x) =zt and so F?(x) = zb” for all x € R, where V/ = b+ c. By
hypothesis,
[a, ubu — pu® — u?q] = 0 (6.2.17)

that is
[a, (ub? — pu)u — u(ug)] =0 (6.2.18)

for all uw € f(U). By Lemma 6.2.5, > € C. From above relation,
[a, (b — p)u® — u?q)] =0 (6.2.19)

for all uw € f(U). Again, by Lemma 6.2.6, one of the following holds:

(i) [a, b —p—¢q] = 0 and f(ry,...,r,)? is central valued. In this case, G(z) =
p'x —|[q,z] for all x € R, where p’ = p+ ¢. This is conclusion (1).

(i) ¥ — p = q € C; in this case G(x) = px + xq = (p + q)x for all x € R. This
is conclusion (2).

(iii) ? — p+ ¢ € C with ¢ + aa € C for some nonzero a € C. Thus, p — q € C,
p+ aa € C, so that there exist A\, u € C such that p+ aa = A and g + aa = p.
Then, both [a,p] = 0 and [a,q] = 0. Then, by (6.2.19) [a, (b* — p)u* — u?q)] = 0
that is [(0? — X\ — p)a + aa®,u*] = 0, for all u € f(U). By Lemma 1 in [5], either
(%2 —X—p)a+aa* € Cor f(ry,...,r,)?% is central valued. Hence we get conclusion
(3) or conclusion (1), respectively.

(iv) R C My(C) and b? — p = vI, — q, where I, € M,(C') is the identity matrix
and v € C is the trace of ¢. This is conclusion (7).

Case Il: ce C

In such case, F'(z) = b’z and so F?(z) = bz for all z € R, where b = b+ c. By
hypothesis,

[a, (b — p)u* — u?q] =0 (6.2.20)

for all uw € f(U). By Lemma 6.2.6, one of the following holds:
(i) [a,b* —p—q] = 0 and f(r1,...,7,)? is central valued. In this case, G(z) =
pr+xq= (p+ q)x — [q,z] for all x € R. This is conclusion (4).
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(ii) ¥* — p = q € C; in this case, G(z) = pr + xq = (p + q)x for all z € R. This
is conclusion (5).

(iii) b2 — p+q = o/ € C with ¢+ aa = 8 € C for some nonzero a € C. Then,
[a, (b — p)u? — u?q] = 0 implies [aa® + (o — 2B)a,u?] = 0 for all u € f(U). By
Lemma 1 in [5], either aa®+ (o’ —28)a € C or f(ry,...,r,)? is central valued. Thus,
we get conclusion (6) or conclusion (4), respectively.

(iv) R C My(C) and b? — p = I, — q, where I, € My(C) is the identity matrix
and v € C' is the trace of ¢. This is conclusion (7). O

6.3 Proof of Main Theorem

In light of the results contained in the previous section, Theorem 6.1.1 is proved
if d, F' and G are simultaneously inner. In this section, we then consider the case
when at least one of them is not inner. We recall that, in view of [72, Theorem
3], there exist a,b € U and derivations d’,d of U such that F(z) = ax + d'(x) and
G(x) = bz + 6(x). We know the fact that I, R and U satisfy the same generalized
polynomial identities (GPIs) (see [21]) and also the same differential identities (see

[71]) and hence by hypothesis

d((a2 =) f(r,..om)? +ad (f(re, . ) flr, . oor) + d (@) f(re, )
+af(r,... ,rn)d'(f(rl, o ,rn)) + d/Q(f(Tl, o ,rn))f(rl, ey Th)

—0(f(r1, o)) f (e, mn) = flr, o) (f (- ,rn))) =0

(6.3.1)
for all r,...,r, € U.

Now, we denote by Der(U) the set of all derivations on U. By a derivation
word, we mean an additive map A of the form A = d*d5*---d’», with each d; €
Der(U) and s; > 1. Then, a differential polynomial is a generalized polynomial, with
coefficients in U, of the form (ID(:EiAj ) involving noncommutative indeterminates x; on
which the derivations words A; act as unary operations. The differential polynomial
CID(:L’iAj) is said to be a differential identity on a subset 7" of U if it vanishes for any

assignment of values from T to its indeterminates x;.
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Let D;,; be the C-subspace of Der(U) consisting of all inner derivations on U.
By [64, Theorem 2|, we have the following result (see also [71, Theorem 1]):
Fact 6.3.1 Let R be a prime ring, dy,...,d,, € Der(U), @(:piAj) is a differential
identity on R, involving n derivation words Aq,...,A,. Assume that each A; is a

derivations word of the following form
A =didy? o dimi j=1,...,n

and let

s=max{s;j, i=1,....,mj=1,...,n}

If dy,...,dy, are C—linearly independent modulo D;,; and s < p, if char(R) =
p # 0, then ®(y;;) is a generalized polynomial identity on R, where y;; are distinct
indeterminates.

Since f(xy,...,z,) a multilinear polynomial, we can write

flzy,. ... x,) = Z QoTo(1) * * * To(n)
oc€ESh

where S, is the permutation group over n elements and any «, € C.

In all that follows and for any derivations d and § of R, we denote by f(z1, ..., x,),
fdz(atl, cey T, fdg(ml, o xy), U, . ), f‘gzd(xl, ..., x,) the polynomials ob-
tained from f(zy,...,x,) replacing each coefficient a, with d(c,), d*(ay), d*(ay),

d(6(ay)) and d(6%(ay)), respectively. In this way, we have

Ad(f(ry,....m)) = fd(rl,...,rn)+Zf(7‘1,...,d(ri),...,rn),

P(f(ri,....m)) :fdQ(rl,...,rn)—i—ZZfd(rl,...,d(ri),...,rn)
A A )y ) 2> f (s d (), d (), ),

i i#]
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+32fd(T1’ 7d2(rz)7 ,Tn)+6Zfd(T1, 7d(rl)’ ,d(T‘]), 7TN)
i i#]
_'_Zf(Tl? '7d (Ti)v ,Tn>+32f<7’1, 7d(rl)> 7d2(rj>> ,Tn)
i i#]
+6 Z flro, .o, d(r),....d(r;), ..., d(rg), ..., 70)

and

We begin with the following:

Proposition 6.3.1. Assume char(R) # 2. Let d(z) = [c, ] for all z € R and fized

c € U\ C. Then, one of the following cases occurs:

(1) there exist byp € U and 0 a derivation of R such that F(z) = zb, G(z) =
pr + 6(x) for all x € R with b* € C, [c,p] = 0 and f(ry,...,7,)? is central

valued on R;

(2) there exist b,p € U and § a derivation of R such that F(x) = bx, G(z) =
pr + () for all v € R with [c,b> —p] =0 and f(ry,...,,)? is central valued
on RR.

Proof. For d(z) = [c, x|, we write (6.3.1) as

¢, (@®=0)f(ri,....rp)*> +ad (f(re,....r)) f(ri, ... omn) + d' (@) f(r1s. .. rn)?
+af(ri,...,r)d (f(ri,...,m)) +d?(f(ri, . oma)) fFr, - ooor)

—5(f(7"1,...,rn))f(rl,...,rn) —f(?"l,...,rn)é(f(rl,...,rn)) =0
(6.3.2)
for all r,...,7r, € U.
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Assume firstly that d’,0 are linearly C-independent modulo inner derivations.
In this case, by Fact 6.3.1, we replace each d”?(r;) with y; in (6.3.2), and then, U

satisfies blended component
[C,Zf(rl, YT f ()], (6.3.3)
Then, replacing y; with [g, ;] in (6.3.3), where g € U \ C, U satisfies
[C,Zf(rl, gl f(r )] =0 (6.3.4)
for all r; € U, that is

le, g, f(ri,.. )] f(re, )] =0

for all 7, € U. By [11, Theorem], it follows either ¢ € C' or ¢ € C, in any case a
contradiction.
Let now \, u € C' and ¢ € U be such that A\d'(z) + pd(x) = [q, z], for any = € R.
In case = 0 and X\ # 0, we have d'(x) = [\"'¢q, ] and ¢ is not an inner derivation

of R. Hence, for A™1q = ¢/, U satisfies
e, (@2 =) f(re,...,r)? +2alc, f(re, .. r)]f(res o)
Fd () f(r1, )+ [ f )] () (6.3.5)
—5(f(r1y ) f () = (1), ,rn))} =0

forall ry,...,7r, € U.
Since 0 is not inner and by Fact 6.3.1, we replace 6(r;) with y; in relation (6.3.5),

and then, U satisfies blended component

[C,Zf(rl,...,yi,...,rn)f(rl,...,rn)+f(rl,...,rn)Zf(rl,...,yi,...,rn)] =0
Z Z (6.3.6)

for all r;,y; € U.
In particular, U satisfies [c, 2f(r1,...,7,)?] = 0 implying f(ry,...,7,)? is central

valued (see Lemma 1 in [5]). Then, by (6.3.5),

¢, (a® = b)f(ri,...,m)%+2ald, fre,...,r)]f(re, ..., m0)
(6.3.7)

+d(a)f(ry,...,r)*+ [ )] flr, . ora) | =0
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forall ry,...,r, € U.
Then by Lemma 6.2.3, either a+¢ € Cor ¢ € C. If a+ ¢ € C, then F(x) =

(a+ ) —xd =xafor all x € R and so

e, f(re,...,m)a®f(re,...,r0) —bf(re,...,7)*] =0 (6.3.8)

which gives

e, (f(rl, coorn)at = bf(ry, .. ,rn))f(rl, )] =0 (6.3.9)

for all 71,...,r, € U. By Lemma 6.2.4, a®> € C and [c,a? — b] = 0. Thus, in this
case F(x) = za and G(x) = bz + () for all x € R, with a* € C, [¢,b] = 0 and
f(ry,...,m,)? is central valued, as desired in conclusion (1).

On the other hand, if ¢ € C with f(ry,...,r,)? is central valued, then d’ = 0
and hence F'(z) = ax for all z € R. By (6.3.5),

[c,a® = b f(ry,...,m)*> =0 (6.3.10)

for all 71,...,r, € U. This implies either f(r1,...,7,)> =0 or [c,a® —b] = 0. In the
first case, f(ri,...,rn)> = 0 implies f(ry,...,7,) = 0, a contradiction. Thus, the
conclusion (2) is obtained.

Let now A\ = 0 and p # 0, so that §(z) = [p~'q,x] and d’ is not an inner
derivation of R. Hence, for u~'q = ¢ and by (6.3.2),

c,(@®=b)f(ry, ..., +ad (f(ri,...,r)f(re, ..., m0)

+d'(a)f(ri, ... or)? +ad (f(ri, .. r)) o )
A d?(f(re, ) () = [ f () (0, )

— fri, o) fr, o) =0

(6.3.11)

forall ry,...,r, € U.
Since d’ is not inner and by Fact 6.3.1, we replace d”(r;) with y; in relation
(6.3.11), and then U satisfies blended component (6.3.3) and a contradiction follows.
Finally consider the case both A # 0 and u # 0. Hence, 6(z) = ad'(x) + [d/, z],

where o = —p~ !X\ and @’ = p~'q. Moreover, d’ is not inner, if not both d and §
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must be inner. By (6.3.2)

c,(a®> =0)f(re,...,rp) 2 +ad (f(re,...,r))f(re, ..., )

+d(a)f(re,...,rn)* +ad (f(re,...,m ) f(re, ..., 7)
+d?*(f(re, . ) f(re, o, 7) (6.3.12)
—ad (f(ri,. ) fOre, oo yrn) — f(r, o yr)ad (f(r, ..o )

—ld, f(ri,...,m)*]| =0

for all 71,...,r, € U. In particular, by Fact 6.3.1, we replace d"*(r;) with y; in above
relation, and then, again U satisfies the blended component (6.3.3). As above, we

have a contradiction. O

We now consider another special case of our Theorem 6.1.1:

Proposition 6.3.2. Assume char(R) # 2. Let d'(z) = [q, ] for all x € R and fized
q € U\ C. Then one of the following cases occurs:

(1) there exist c,b,p € U and 0 a derivation of R such that d(z) = [c,z|, F(x) =
xb, G(z) = pxr + (x) for allz € R with b* € C, [c,p] = 0 and f(ry,...,7,)?

15 central valued on R;

(2) there exist c,b,p € U and 0 a derivation of R such that d(z) = [c,z|, F(x) =
br, G(z) = pr + §(x) for all x € R with [c,0* —p] = 0 and f(ry,...,7m,)? is

central valued on R;
(3) there exists a € U such that a* € C, F(x) = za, G(z) = a*x for all x € R;

(4) there exist a,p’ € U such that a* € C, F(x) = za, G(x) = a*x + [p/, z] for all

r € R and f(ry,...,r,)? is central valued on R;
(5) there exist a € U such that F(z) = ax, G(z) = a*x for all v € R;

(6) there exist a,p’ € U such that F(z) = ax, G(x) = za®> + [p/,x] for all x € R

and f(ry,...,m,)? is central valued.
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Proof. Under the assumption of the present proposition, we have that
d((a2 - b)f(/rlv s 7Tn)2 + 2a[q7 f(rla s arn)]f(rlv s 7rn)
+ [q7 a’]f(rb s 7TTL>2 + [Q7 [qa f(rla s 7rn)]]f(rla s ,T‘n) (6313)

—0(f(re,.oosmn)) f(re, . ) — f(rl,...,rn)é(f(rl,...,rn))) =0

for all r,...,r, € U.
In case d, ¢ are linearly C-independent modulo inner derivations and by Fact
6.3.1, we may replace in (6.3.13) each dd(r;) with arbitrary y;. It follows that U

satisfies the component
Zf(ml,...,yi,...,xn)f(xl,...,xn) +f(x1,...,:cn)2f(a:1,...,yi,...,xn)

and in particular

2f(ri,...,r)* =0 ¥ry,...,r, €U.

Thus, f(x1,...,x,) should be an identity for U, a contradiction.

Hence, we must assume that there exist A\, u € C' and p € U such that \d(x) +
uo(x) = [p,z], for any x € R. In the case, 4 = 0 and A\ # 0, d is an inner
derivation of R and the conclusion follows from Proposition 6.3.1. Therefore, we
may suppose i # 0, so that §(z) = ad(z) + [p/, x|, for any x € R, where a = —p '\
and p' = pu~!p. Ofcourse, we also assume that d is not an inner derivation of R;
otherwise, by Proposition 6.3.1, we obtain conclusions (1) and (2) of the present
proposition.

By (6.3.13) we have that
d((a2 — V) f(r, .. ra)? +2alq, fre, - ) f (e, o)

+ g, alf(re,...,m)* + [q, [q,f(rl,...,rn)]}f(rl,...,rn)
—ad(f(ri,...,ra))fre, o osrmn) = [P f(re, o )] f (e, oo T)

— flr1,...,rp)ad(f(ry, ... ,0)) —f(rl,...,rn)[p’,f(rl,...,rn)]> =0

(6.3.14)

for all r1,...,r, € U. The derivation words that appear in (6.3.14) have the form
d(r;) and d?(r;). Since d is not inner, by Fact 6.3.1, we may replace each d(r;) and
d*(r;) with arbitrary ¢; and y;, respectively. Thus, U satisfies the component

a{Zf(:pl,...,yi,...,xn)f(ml,...,xn)+f(xl,...,xn)Zf(ml,...,yi,...,xn)}
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and, as above, a contradiction follows, unless o = 0, that is A = 0. Therefore, for

A =0, it follows that §(x) =

[/, 2] and, by (6.3.14),

d((a2 — ) f(ry,...,r)? +2alq, f(re,...,r )] f(re, ... m0)

+ g, alf(re,...

)+ g, g, [, -

Jr)]]

7Tn)

(6.3.15)

— W, flre,y ) f (e, oo ) — f(rl,...,rn)[p/,f(rl,...,rn)]) =0

for all r,...,

rn € U. Hence, the derivation words that appear in (6.3.15) have only

the form d(r;) and, replacing each d(r;) with arbitrary ¢;, U satisfies the blended

component

(a2—b)Zf(x1,... t

+(@®=b)f(ry, ..., fol,...,
+2aq,Zfxl,...,ti,...,xn)}f(rl,...
+2alq, f(ry,...,r Zle,...

+g,a fol,... tiy o) f(r1, -
+lg,alf(ry, ..., fol,...
—i—[q,[q,Zfxl,...,ti,...,xn)]}f(rl,...

+[Q7[q7 rla"'a

_paz.fxla--'a

[p frh-"a

—Zf T1yenny
Zfl‘l,..., TEEE

f?"17...,

IRZ I

Zf iL'l,..., iy
ti,...,xn)}f(rl,...

Zf 1’1,...7 iy

tiso. o xn)[p, flre, ...

In particular, replacing ¢t; with z; and t; = --- =

char(R) # 2, we obtain the identity

F2<f(7”1, Ce

) fr, ..

) — G(f(r, ...

) f(r1, .

(6.3.16)

)] = 0.

t, = 0, and then using

) Tn)2) =0
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for all 71, ...,7r, € U, where F(z) = ax + [q, 2] and G(z) = bx + [p/, z] for all z € R.
Then, by [86], we have our conclusions (3)-(6). O

Now we have the following remark:

Remark 6.3.3. We would like to point out that, in each of the previous proved
results, the only restriction regarding the characteristic was char(R) # 2.

In all that follows, we assume in addition char(R) # 2, 3.

Proof of Theorem 6.1.1 Thanks to the results obtained in Propositions 6.3.1
and 6.3.2, in all that follows we may assume both d and d’' are not inner derivations
of R. Under this assumption, here we prove that a number of contradictions follows.

Let d, d’ and § be C-independent modulo inner derivations of U.

Applying Fact 6.3.1 and replacing in (6.3.1) each dd?(r;) with y;, we note that

U satisfies the blended component
Zf(xla--'7yia'--7$n)f<x17"'7$n)

and in particular f(rq,...,r,)* = 0, for any ry,...,r, € U. This implies the con-
tradiction f(ry,...,r,) =0, for any rq,...,r, € R.
In all that follows, we then assume that d, d’ and § are C-dependent modulo

inner derivations of U, i.e., there exist A\, u,v € C' and ¢ € U such that
M(z) + pd (z) + vé(z) = [q,2] Vx € R. (6.3.17)

Notice that, since d is not inner, then (u, v) # (0, 0).
Case 1
In case pu # 0, by (6.3.17) we have that

d(x)=Nd(z)+v6(z)+[¢,2] VreR (6.3.18)

where N = —pu™'\, v/ = —p~ v and ¢ = p~'q. Substitution of @' in (6.3.1) leads to

a differential identity in which the derivation words that appear are of the type

d, 8,ds,6d, d2, 82, d*5, dod, d®, do>.
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We recall that
do*(f(ro, .. oma)) = F7 ) £ Y (s d(r), )
+23 00 r) +2) (o), )
—i-QXZ:f‘s(rl,...,d(ri), ey 0(rg), )
i#]

+ Zfd(rl, L)) Y f(r S (), )
Y fr o d(r), 8 (), )

i#]
+23 U (), d (), )
i#]
+2)  f(r,.,do(ry), . d(ry), )
i#j
+20> flrre o, 8(r), (), 6, ).
(Eavkalaall

If we suppose that d, § are linearly C-independent modulo inner derivations, using
again Fact 6.3.1, we may replace each d*(r;) and dd?(r;) with y; and t;, respectively.

By computations, U satisfies both the blended components
)\’2Zf(x1, R TP o €2 D

and
V'zzf(:cl,...,ti,...,xn)f(azl,...,xn).

As above, we arrive at
N2f(ry,...,rn)>=0 Vry,...,r, €U

and

V2f(ry,...,r)? =0 Vr,...,r, €U

The previous relations imply ' = 0 and v/ = 0, that is both A =0 and v = 0. On
the other hand, this last conclusion forces d’ to be inner, which is a contradiction.

Consider now the case when there are suitable n,9 € C' and p € U such that

nd(x) +9(x) = [p,x] VreR
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where ¥ # 0 since d is assumed to be not inner. Then, we may write
§(x) =n'dlx)+[p,2] VreR (6.3.19)
where = —9~!n and p’ = 9~ 'p. Hence, (6.3.18) and (6.3.19) leads to
d'(z) =\ +vn)d(x)+ ¢ + V' z] VxeR. (6.3.20)

Once again, we substitute d’ in (6.3.1). In this last case, we arrive at a differential

identity in which the derivation words that appear are of the type
d,d*, d°.

Since d is not inner, we may replace each d(r;),d*(r;), d*(r;) with y;, t;, 2;, respec-

tively. In particular, U satisfies the blended component

(X—{—V'n')sz(xl,...,zi,...,xn)f(xl,...,xn)

that is

(>\'+I//77/)2f(7“1,...,7“n)2=0 Vry,..o,m €U

Thus, N + v/ =0 and d' is an inner derivation, which is again a contradiction.
Case 2

Start again by (6.3.17) and consider now the case v # 0. Thus,
6(x) = N'd(z) + p'd (z) + [¢", 2] Vze€R (6.3.21)

where N = —v7I\ 4" = —v~p and ¢” = v=1q. In light of (6.3.21), the derivation
words that appear in (6.3.1) are

d,d.dd d* d?, dd>.

If d,d are linearly C-independent modulo inner derivations, we may replace each

dd”(r;) with y;. As a consequence, U satisfies the blended component
Zf(xl, s Yiy o) f(T1, )

implying the contradiction f(ry,...,r,)? =0, for any ry,...,r, € U.
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Hence, we finally consider od(z) + 7d'(z) = [v,z| for any = € R, for suitable
elements 0,7 € C and v € U. Moreover, since both d and § cannot be inner

derivations, it follows that o # 0 and 7 # 0. Thus, we write
d(z)=d'd(x)+[v,z] VreR
where 0/ = =771 # 0 and v' = 77 !v. Hence, by (6.3.21),
§(x) = (N + p"o")d(z) + [V +¢", 2] VxeR. (6.3.22)

If we substitute d in (6.3.1), we obtain a differential identity containing the derivation
words d, d?, d®. Since d is not inner, we replace each d(r;), d*(r;), d®(r;) with y;, t;, 2,

respectively. Thus, U satisfies the blended component
0/22f<$1, e Ziy @) [Ty, ).

In particular,

0'/2]"(7’1,...77’”)2:0 Vrb_”,rneU

which is again a contradiction, since ¢’ # 0 and f(z1,...,x,) is not an identity for
R.

This completes the proof of the Theorem.



Chapter 7

Generalized Skew Derivations
Acting on Multilinear Polynomials
in Prime Rings

7.1 Introduction

Throughout this chapter, unless specifically stated, R always denotes an associative
prime ring with center Z(R) and with extended centroid C'. Always @, denotes the
right Martindale quotient ring of R. Let S C R and £ : R — R be an additive map.
The map £ is said to act as a homomorphism on S if {(zy) = &(x){(y) for all z,y € S.
The map £ is said to be a Jordan homomorphism acting on S, if £(2?) = &(z)? for
all z € S. So every homomorphism map is Jordan homomorphism, but the converse
is not true in general. Let f(xi,...,x,) be a multilinear polynomial over C' in n
non-commuting indeterminates and f(R) = {f(r1,...,7) 1 71,...,mn € R}.

In [13], Carini et al. studied the case when F(u)G(u) = 0 for all u € f(R), where
F and G are generalized derivations of R and then describe all possible forms of F
and G. Recently Tiwari [84] studied To(u)T)(u) = 11 (u)u — uT3(u) for all u € f(R),
when T3, T, T3 are all generalized derivations of R.

In [47], De Filippis and Dhara studied the situation F(u)F(u) = G(u?) for all
u € f(R), where F' and G are generalized skew derivations of R associated to the

same automorphism and then obtain all possible forms of the maps.

OThis work is published in Advances in Ring Theory and Applications, WARA 2022, Springer
Proceedings in Mathematics & Statistics, 443 (2024), 279-300.
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In a recent paper, Dhara et al. [32] generalize the concept of Jordan homo-
morphisms by considering two generalized skew derivations F' and G such that
F(z?) = F(x)G(z) for all x € R. In this paper authors considered the situation
F(u?) = F(u)G(u) for all u € f(R) and then described all possible forms of the
maps.

In [14], Carini et al. studied the case F'(u)G(u) = 0 for all uw € f(R), where F' and
G are generalized skew derivations of R and then describe all possible forms of F' and
G. In another article [15], Carini et al. considered the situation F'(u)u —uG(u) € C
forallu € f(R), where F and G are generalized skew derivations of R. It is natural to
consider a case combining both the situations, that is, F(u)G(u) = F(u)u — uG(u)
for all w € f(R). In this present chapter our motivation is to investigate this

situation. More precisely, we prove the following Theorem.

Theorem 7.1.1. Let R be a noncommutative prime ring of characteristic different
from 2, @Q, be its right Martindale quotient ring, C be its extended centroid and
f(ry,...,rn) be a noncentral multilinear polynomial over C. Suppose that Ty, Ty are

nonzero generalized skew derivations on R. If R satisfies the identity
Ty (w)To(u) = Ty (u)u — uTy(u)
where u € f(R), then one of the following holds:

1. there exist a,c € @Q, such that Ti(z) = xa, To(x) = cx for all x € R with

ac+c—a=0;
2. f(xy,...,x,)? is central valued on R and one of the following holds:

(a) there exists u € C such that Ty(z) = —x + ppxp~ ' and Ty(z) = x —
pipzp=t for all x € R;

(b) Ti(z) = ax and Ty(x) = xc for all z € R with ac+ ¢ —a = 0.

7.2 Some reductions in inner case

The following Lemma is a particular case of Lemma 3 of [5].
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Lemma 7.2.1. Let R be a prime ring and f(r1,...,r,) be a noncentral multilinear

polynomial over C'. If a,b,c € R such that
fr)af(r)+ f(r)*—cf(r)* =0
for allr = (ry,...,1,) € R", then one of the following holds:
(1) a,b,ceC anda+b—c=0;
(2)  f(z1,...,2,)? is central valued on R, a € C and a +b—c = 0;
(3) char(R) =2 and R satisfies sy.

Lemma 7.2.2. /28, Lemma 2.9] Let R be a prime ring of char(R) # 2 and p(zy, . .., T,)

be any polynomial over C' which is nonzero valued on R. If a,b,c,c € R such that
ap(r) + p(r)b+ cp(r)c’ = 0
forallr = (ry,...,7r,) € R", then one of the following holds:
(1) b,d €C anda+b+ cd =0;
(2) a,ceC anda+b+cd =0;
(3) a+b+cd =0 and p(xy,...,x,) is central valued on R.

In all that follows we assume that T (z) = ax + prp~'b and Ty(x) = cx + prp~q

for all x € R, where a,b, c,p,q € Q.. Suppose that R satisfies

T(f(r)Te(f(r) = Ta(f () f(r) — f(r)T2(f(r))
for all » = (ry,...,7,) € R". This gives after pre-multiplying by p~—!
p~Ha+ 1) f(r)ef(r) + fr)p~ (be = b) f(r) +p~ (a + 1) f(r)pf(r)p~"q

+f(r)p~topf (r)p~'q —p~laf(r)* = 0.

Now we prove the following Lemmas.

(7.2.1)

Lemma 7.2.3. Let R be a prime ring of characteristic different from 2, Q,. be its right
Martindale quotient ring, C' be its extended centroid and f(r1,...,r,) be a noncentral
multilinear polynomial over C. Let Ti(x) = ax + pxp~tb and Ty(x) = cx + prp~'q
for all x € R, for some a,b,c,q,p € Q.. Suppose that Ty (u)Tz(u) = T)(u)u —uTy(u)
for allu € f(R). If p~*(a + 1) € C, then one of the following holds:
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(1) Ty(z) = z(a+0b), Ta(x) = (c+q)x for all z € R with (a+b)(c+q)+ (¢ +q) —
(a+0b)=0;

(2) f(z1,...,2,)? is central valued on R and there exists p € C such that Ty (z) =
—x + uprp~t and To(z) = v — p~tprp! for all x € R.

Proof. Since p~'(a+ 1) € C, we get from (7.2.1)

fr)p~H(ac+c+be=b) f(r)+ f(r)p~ (ap+p+bp) f(r)p~ g —p~laf(r)* = 0 (7.2.2)

Then by Lemma 3.7 in [17], either p~'(ap +p + bp) € C or p~lq € C. Now we
consider the following two cases:
(i) When p~*(ap+p+bp) € C.

This implies a +b € C. Let a+b+ 1= p € C. Thus (7.2.2) reduces to

fr)p~(ac+c+be—b)f(r) + f(r)*p ' (ag+bg+q) —plaf(r)>*=0 (7.2.3)

Then by Lemma 7.2.1, any one of the following holds:
ep Y ac+c+bc—b) e C,ptaec C,ptag+bg+q) € Cand p~t(ac+c+bc—b+
ag+bg+q—a) =01ie., (a+b)(c+q)+(c+q)—(a+b) =0,ie., ulc+q)—p+1=0.
Now Since p~'(a + 1) € C and p~la € C together yields a,p € C. Again, since
a+be C, wehave be C. Now p~t(aqg+bg+q) € C impliesa+b+1=p=0or
q € C. Now pu = 0 contradicts with the fact pu(c+q) — p+1 = 0. Hence ¢ € C.
Now p(c+¢q) — pu+1=0 gives ¢ € C. Therefore, T1(x) = ax + prp~'b = (a + b)x
and Ty(z) = cx + prp~'q = (c + ¢)x for all z € R. Then conclusion (1) holds.
o f(z1,...,2,)?is central valued on R, p~!(ac+c+bc—b) € C and p~!(ac+c+bc—
b+aq+bg+q—a) =0. The last relation yields (a+b+1)(c+q) — (a+b) = 0, that is,
pu(c+q—1)+1=0. Now p~!(ac+c+bc—b) € C implies that p~'(uc—0b) € C. Since
pa+1) € C, we can write p~!(uc —a—b—1) € C and hence p~(uc — p) € C,
that is, up~'(c — 1) € C. This implies either 4 =0 or p~!(c—1) € C. But if u =0,
then pu(c+q—1)+1 = 0 gives contradiction. Thus we conclude that p~*(c—1) € C.
Let p'(c—1) =X € C. Now p(c+q—1)+1=0yields p~*(c+q—1)+ptut =0.
This gives A +p~tq¢+p~tu~t =0, ie, plg=—p iyt -\

Let p*(a+1)=veC. Thena+b+1=puc C implies p~tb=pup~! —v.
Thus Ty (z) = ax + prp~ b = ax + pr(up™' —v) = —x + pupxp™?, since a — vp = —1

and
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Ty(x) = cx +prp~tq = cx + pr(—put —A) = z — p~pzp~?, since ¢ — A\p = 1.

This is our conclusion (2).
(ii) Whenp~tq e C.
By (7.2.2), we get

f(r)pHac+c+bec—b+aq+bg+q)f(r) —ptaf(r)* =0. (7.2.4)

By Lemma 7.2.1, p~Yac+c+bc—b+aq+bg+q) € C, p~ta € C and p~*(ac +
c+bc—b+ag+bg+q—a)=0ie, (a+b(c+q)+ (c+q) — (a+b)=0. Since
p Y a+1) € C, we have p € C' and hence a,q € C. Thus Ti(x) = z(a + b) and
Ty(x) = (¢ + q)x for all x € R. Then conclusion (1) holds. O

Lemma 7.2.4. Let R be a prime ring of characteristic different from 2, Q, be its
right Martindale quotient ring, C be its extended centroid and f(ry,...,m,) be a
noncentral multilinear polynomial over C. Let Ti(x) = ax + xb and Ty(z) = cx + xq
for all x € R, for some a,b,c,q € Q.. Suppose that Ty (u)Ts(u) = Ti(u)u — uTs(u)
for allu € f(R). Then one of the following holds:
(1) Ty(z) = z(a+0), Tu(z) = (c+ q)x for all x € R with (a+0b)(c+q)+ (c+q) —
(a+b)=0;

(2) f(xy,...,2,)? is central valued on R and one of the following holds:

(a) there exists jn € C' such that Ty(x) = —x + px and Ty(x) =z — u 'z for
all x € R;
(b) Ti(xz) = (a+b)x and Ty(x) = x(c+ q) for all x € R with (a+b)(c+ q) +
(c+q)—(a+b)=0.
Proof. By (7.2.1), we get

af (F)ef(r)+ F(r)(be—b+) F(r)+af (r)a+ F(rbf (r)g—af (r)+ F(rY2g = 0. (7.2.5)
By Lemma 3.7 in [17], either a € C or ¢ € C and either b e C or g € C. If a € C,
then conclusion follows by Lemma 7.2.3. Thus we consider the following two cases:
(i) When c,be C.

Then from (7.2.5) we get
(ac+bc—a—0b+c)f(r)>+ (a+0b)f(r)’q+ f(r)*q¢ = 0. (7.2.6)

Then using Lemma 7.2.2, we get any one of the following:
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1. g€ Cand (a+0b)(c+q)+ (c+¢q) = (a+b). In this case, c+ ¢ € C and hence,
a+b=(c+q)/(1—c—gq). From the relation (a +0b)(c+q) + (c+¢q) = (a+),
we observe that ¢4+ ¢ # 1. Hence, a +b € C. Then Ti(z) = (a + b)z and

Ty(z) = (¢ + q)x for all x € R, which gives particular case of conclusion (1).

2. a+be Cand (a+b)(c+q)+ (c+q) = (a+b). This implies a+b # —1. Thus
c+q=(a+b)/(1+a+0b)eC. Then T (z) = (a + b)z and Tr(z) = x(c + q)

for all z € R, which gives particular case conclusion (1).

3. f(x1,...,2,)% is central valued on R and (a+b)(c+¢q)+ (c+¢q) = (a+b). In
this case T1(x) = (a+b)x and Ty(x) = x(c+ q) which gives conclusion (2)-(b).

(ii) When c¢,q € C.
Then from (7.2.5) we get

(ac+aq—a+q)f(r)* + f(r)(bc+bg—b+c)f(r) = 0. (7.2.7)

By Lemma 7.2.1, bc +bg — b+ c € C and (a +b)(c+q) + (c +q) = (a +b). Now
bc+bg — b+ c € C implies b(c+ ¢ — 1) € C. This gives either c+g=1or b € C.
Now ¢ + g = 1 contradicts with the fact (a + b)(c 4+ ¢q) + (¢ + ¢) = (a + b). Thus
beCanda+b=(c+q)/(1—c—q) € C. Hence Ty(z) = (a+b)x, To(z) = (c+q)z

for all x € R. This is a particular case of conclusion (1). O

Lemma 7.2.5. Let R be a prime ring of characteristic different from 2, Q,. be its right
Martindale quotient ring, C' be its extended centroid and f(r1,...,r,) be a noncentral
multilinear polynomial over C. Let Ty(x) = ax + pxp~'b and Ty(z) = cx + prp~lq
for all x € R, for some a,b,c,q,p € Q.. Suppose that Ty (u)Tz(u) = T)(u)u — uTy(u)
for allu € f(R). If p~'q € C, then one of the following holds:

(1) Ty(z) = z(a+0), To(z) = (c+ q)x for all x € R with (a+0b)(c+q)+ (c+q) —
(a+b)=0;

(2) f(x1,...,2,)? is central valued on R and there exists u € C such that Ty(z) =
—x + uprp~t and Ty(z) = v — p~tprp=! for all x € R.

Proof. Since p~'q € C, T\ (x) = azx + prp~'b and Ty(x) = (¢ + q)x. Thus by (7.2.1),

p~Ha+1)f(r)(c+a) f(r) + fr)p~ (be = b+bq) f(r) —p~laf(r)* = 0. (7.2.8)
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By Lemma 3.7 in [17], either p~'(a+1) € C or (c+¢q) € C. If p~Ha+1) € C, we
get conclusions by Lemma 7.2.3. Now, if (¢ + ¢) € C, then from above

p~Hac+c+ag+q—a)f(r)? + f(r)p~t(be — b+ bg) f(r) = 0. (7.2.9)

By Lemma 7.2.1, p~!(ac+c+aq+qg—a) € C, p~t(be—b+bq) € C and p~(ac+c+bc—
b+aq+bg+q—a) = 0. Now p~'b(c—1+¢q) € C implies either c+¢=1or p~'b € C.
Now ¢ + g = 1 contradicts with the fact that (a + b)(c+ ¢q) + (¢ +¢q) — (a + b) = 0.
Thus, a+b= (c+q)/(1—c—q) and p~'b € C. Then Ty(x) = (a+b)x for all x € R,

which gives particular case of conclusion (1). O

Proposition 7.2.6. Suppose that R = My (C) is the ring of all k x k matrices over
the ﬁ@ld C with k Z 2 and P1,D2, D3, P4, Ps5, Pe, Pr € R. If

prf(r)p2f (r) + F(r)psf(r) + p1of (r)paf (r)ps + f(r)pef(r)ps — prf(r)? = 0 (7.2.10)
for allr = (ry,...,1,) € R", then either py € C'- I, orpy € C - I}, or ps € C - I.

Proof. We consider the following two cases:

Case-I: Suppose that C' is infinite field.

Let p1 ¢ Z(R), ps ¢ Z(R) and p; ¢ Z(R), that is, p1, ps and ps are not scalar
matrices.

By Theorem 1.6.3, there exists an invertible matrix n € R such that ¢(z) = nzn~! an
inner automorphism of R and ¢(p1), ¢(p4), ¢(ps) have all non-zero entries. Clearly

R satisfies

1) f(r)o(p2) f(r) + f(r)o(ps) f(r) + ¢(p1) f(r)d(pa) f(r)d(ps)
+1(r)¢(pe) f(r)¢(ps) — ¢(pr) f(r)* =0

for all r = (ry,...,7r,) € R". Let e;; be the matrix whose (4, j)-entry is 1 and rest

(7.2.11)

entries are zeros. Since f(z1,...,x,) is not central, by [71] (see also [76]), there exist
T, ...,mn € Mi(C) and v € C' — {0} such that f(ry,...,r,) = ve;;, with i # j. For
the value of f(ry,...,7,) = 7ve;;, (7.2.11) implies

P(pr)eijo(p2)es; + 6ij¢(p3)ez‘j + ¢(p1)€ij¢(P4)€ij¢(p5)

+eid(pe)eijo(ps) — p(pr)es; = 0.

Right multiplying above relation by e;;, we obtain

(7.2.12)

P(p1)ei@(pa)eijd(ps)eij + eijd(ps)eijd(ps)ei; = 0. (7.2.13)
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Again left multiplying above relation by e;;, we obtain

€ij¢(p1)eij@(pa)eid(ps)e; = 0 (7.2.14)
which gives
D(p1);id(pa) jid(ps)ji = 0,
a contradiction. Therefore, either p; or py or ps is scalar matrix.
Case-11: Suppose that C' is finite filed.
Let K’ be an infinite field which is an extension of the field C. Let R = M(K') =
R ®c K'. Notice that the multilinear polynomial f(z,...,z,) is central-valued on

R if and only if it is central valued on R. Let
P(ri,...;mp) =prf(ry .o oorn)paf(ra, oo osmn) + f(ra, ooy m)psf(re, oo rn)
+p1f(re, . r)paf(re, o m)ps + f(re, o ) pe f (71, o TR)Ds

—prfri, ... omn)?.
(7.2.15)

Since the generalized polynomial P(rq,...,7r,) on R is a multi-homogeneous of
multi-degree (2,...,2) in the indeterminates r,...,r,, the complete linearization
of P(ry,...,r,) is a multilinear generalized polynomial O(ry, ..., 7y, x1,...,2,) in

2n indeterminates. Moreover,
n
Ory, oo Ty 1y ey T) = 2" P(1ry, ., 1y).

It is clear that the multilinear polynomial O(ry,...,7,, x1,...,x,) is a generalized
polynomial identity for both R and R. Since char(R) # 2, we obtain P(ry,...,7,) =

0 for all 71,...,r, € R and then we get conclusions as desired by Case-I. [
Corollary 7.2.7. Let R = M,,(C), m > 2 be the ring of all matrices over the field
C' with char(R) # 2 and py, p2, P3, P4, Ps, Pe, D7 € R. If
prrpar + P31 + prrparps + rperps — prr =0
for allr € R, then either py € C'- I orpy € C'- Iy, or ps € C' - Ij.
Lemma 7.2.8. Let R be a noncommutative prime ring and pi, ps, 3, Pa, Ps, Pes D7 €
R. If
prf(ze, . xn)pef(z, .o xn) + flag, .o xn)psf(xy, .. xp)
+prf(z1, - xn)paf (@1, .o x0)ps
+f(xy, )P f (T, 0)ps — prf(we, ... 2,)2 =0 (7.2.16)
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is a trivial GPI for R, then either py or psy or ps is central.

Proof. Let none of p1, ps and ps be central. Since R and @), satisfy same generalized
polynomial identity (GPI) (see [21]), @, satisfies (7.2.16). Also (7.2.16) is a trivial
GPI for R. Therefore,

prf(zr, . xn)pef(z, .o xn) + f(xg, .o xn)psf(xy, .. xp)
+p1f(z1, . xn)paf (@1, x0)Ds
+ (1, )P f (1, n)ps — prf(Te, . 2n)? (7.2.17)

is the zero element in the free product T' = Q, x¢ C{z1,...,z,}. Since p5 and 1 are

linearly independent over C, from above

{plf(xl, ooy T)Pa A+ [, ) pe b f (21, xn)ps =0 € T.

Again, since p; and 1 are linearly independent over C,

pif(xy, . xn)paf(xe, .. x,)ps =0 € T.
This implies either p; = 0 or py = 0 or p5 = 0, contradiction. O

Lemma 7.2.9. Let R be a noncommutative prime ring of characteristic different
from 2, Q, be its right Martindale quotient ring, C be its extended centroid and
D1, D2, D3, P4, D5, D6, D7 € Q. Suppose that f(ry,...,r,) be a noncentral multilinear
polynomial over C. If R satisfies

i f(r)paf(r) + F(r)psf(r) + pif (r)paf (r)ps + f(r)psf(r)ps — prf(r)* =0,

forallr = (ry,...,r,) € R", then either p; or py or ps is central.

Proof. Let

P(ri,...;rp) =prf(r, .o oorn)paf(ra, o oosmn) + f(ra, oo m)psf(re, oo )
+p1f(rey oo r)paf (ry o r)ps + (1, o ) e f (1, - s TR DS
—prf(re, .. ma)? (7.2.18)

If P(ry,...,r,) = 0 is the trivial GPI for R, then by Lemma 7.2.8 we get our
conclusion. Thus we assume that P(ry,...,r,) = 0 is the non-trivial GPI for R

and so for @, (see [21]). In case C is infinite, we have P(z1,...,2,) = 0 for all
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T1,...,2n € Q, ®c C, where C is the algebraic closure of C. Since both Q, and
Qr ®¢ C are prime and centrally closed [39, Theorems 2.5 and 3.5], we may replace
R by Q. or Q, ®c C according to C finite or infinite. Then R is centrally closed
over C' and P(zy,...,x,) =0 for all zq,..., 2, € R. By Martindale’s theorem (see
Theorem 1.6.6), R is then a primitive ring with nonzero socle soc(R) and with C
as its associated division ring. Then, by Jacobson’s theorem (see Theorem 1.6.5), R
is isomorphic to a dense ring of linear transformations of a vector space V over C.
Now we have the following cases.

Case-I: Suppose that V is finite dimensional over C', that is, dimcV = t.

Then by density of R, we have R = M,(C'). Since f(ry,...,r,) is not central valued
on R, R must be noncommutative and so ¢ > 2. In this case, by Proposition 7.2.6,
we get either p; or psy or ps is central.

Case-II: Suppose that V' is infinite dimensional over C'.

Then by [90, Lemma 2], the set f(R) is dense on R. Then by hypothesis, R satisfies

PiTPor + Tp3T + pirparps + rperps — prr’ = 0. (7.2.19)

If any one of p; or ps or ps is central, then we get our conclusions. Therefore on
contrary, we assume that none of them be central elements. Then by the prop-
erty of primeness, none of them can commute with nonzero ideal soc(R), that
is, [p1,s0c(R)] # (0), [ps,soc(R)] # (0), [ps,soc(R)] # (0). Then there exist
hi, hae, hs € soc(R) such that

[p1, h1] # 0, [pa, ho] # 0 and [ps, hs] # 0.

By Martindale’s theorem (see Theorem 1.6.6), for any ¢? = e € soc(R) we have
eRe = M,(C) with t =dimcVe. By Litoftf’s Theorem (see Theorem 1.6.7), there
exists idempotent e € soc(R) such that hy, ho, hs,, p1hi, hip1, pahe, haps, pshs, hsps €
eRe. Since R satisfies generalized identity (7.2.19), the subring e Re satisfies

(epre)r(epae)r + r(epse)r + (epre)r(epse)r(epse) + r(epse)r(epse) — (epre)r® = 0.
(7.2.20)

Then by Corollary 7.2.7, any one of the following holds:
1. ep1e € eC which contradicts with existence of hq;

2. epse € eC' which contradicts with existence of ho;
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3. epse € eC' which contradicts with existence of hs.
Hence the Lemma is proved. O

Lemma 7.2.10. Let R be a prime ring of characteristic different from 2, Q, be its
right Martindale quotient ring, C be its extended centroid and f(ri,...,m,) be a
noncentral multilinear polynomial over C. Let Ti(z) = ax + prp~'b and Ty(z) =
cx+pxp~iq for allx € R, for some a,b,c,q,p € Q,. If Ty(u)Tsy(u) = T\ (u)u—uTs(u)
for all u € f(R), then one of the following holds:

1. Ty(z) = z(a+0), To(z) = (c+q)z for allx € R with (a+b)(c+q) + (c+q) —
(a+b)=0;

2. f(xy1,...,xn)? is central valued on R and one of the following holds:

(a) there exists i € C such that Ty(z) = —x + ppxp~' and Ty(z) = = —
ppzp~t for all x € R;
(b) Ti(xz) = (a+b)x and Ty(x) = x(c+ q) for all x € R with (a+b)(c+ q) +
(c+q) — (a+b)=0.
Proof. By hypothesis

(af(r) + pf(r)p—1b> (cf(r) +pf(7’)p_1q> _
(af0) +p7(710) 1) = F0) (7 () + S )0~ '0)

that is
af(ref(r) +pf(r)p~ocf(r) +af (r)pf(r)p~" q +pf(r)p~ bof(r)p~'q
= (af () +pFIP0) £r) = £) (ef (1) + pFGIP )

for all 7 = (ry,...,7,) € R". Pre-multiply by p~!, we get,

(7.2.21)

p~raf(r)ef(r) + f(r)p~ ocf(r) +p~ af (r)pf (r)p~ a + f(r)p~ o f(r)p~"q
= (p7af () + £ 70) F0) = 7 F ) (ef (1) + pF(r)p~a)
(7.2.22)

which gives

pHa+ 1) f(r)ef(r)+ f(r)p~ (be = 0)f(r) + p~ (a + ) f(r)pf (r)p~'q
+f(r)p~topf(r)p~ta —praf(r)? =0 (7.2.23)
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for all r = (ry,...,7,) € R". By Lemma 7.2.9, either p~!(a+1) € C or p € C or
p~lq € C. In any case by Lemma 7.2.3, Lemma 7.2.4, Lemma 7.2.5, we obtain our

conclusions. N

Lemma 7.2.11. Let R be a noncommutative prime ring of characteristic different
from 2, Q, be its right Martindale quotient ring and C be its extended centroid.
Suppose that f(x1,...,x,) be a noncentral multilinear polynomial over C, Ti(x) =
ax + a(x)b and Ty(x) = cx + a(z)q for all x € R, where a,b,c,q € Q,, o € Aut(R).
If R satisfies

Ti(f(r)Ta(f(r) = Ti(f(r) f(r) = f(r)T2(f(r))

forallr = (ry,...,r,) € R", then one of the following holds:

1. Ti(z) = z(a+0b), Th(z) = (c+q)x for all z € R with (a+0b)(c+q) + (c+q) —
(a+b)=0;

2. f(xy1,...,x,)? is central valued on R and one of the following holds:

(a) there exists i € C such that Ty(z) = —x + ppxp~' and Ty(z) = = —
pipzp~t for all x € R;
(b) Ti(z) = (a+b)x and Ty(x) = x(c+ q) for all z € R with (a+0b)(c+q) +
(c+q) — (a+b)=0.
Proof. If o is an inner automorphism, then by Lemma 7.2.10, we have our conclu-
sions. Next, we assume that « is an outer automorphism. Any (x;)“-word degree in

O(z4,...,2,) is equal to 2 and char(R) = 0 or char(R) = p > 2 and hence by [22,
Theorem 3], R satisfies the generalized polynomial identity

(af(@reomn) + 2o p)b) (ef (1) + £ v)a)
—af(x1, . xn)? = fyi, - yn)0f (1, ) + f(or, o mn)ef (T, xy)
+f(@1, ) Y Yn)g (7.2.24)

where we denote by f*(zy,...,x,) the polynomial obtained from f(z1,...,z,) by

replacing each coefficient v, with a(v,). By (7.2.24), R satisfies blended component

af(zy, ..., wp)cf(@r, ... xn) —af(wr,...,20)° + f(z1, ..., 20)cf (21, ..., 2,) = 0.
(7.2.25)
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By Lemma 3.7 in [17], either a € C' or c € C. If a € C, then R satisfies

flzy,... zn)(ac+ o) f(zy, ... xn) —af(zy,...,2,)* = 0. (7.2.26)

By Lemma 7.2.1, ac+c¢ € C with ac+c—a = 0. Thus (a+1)c € C impliesa+1 =10
orceC. If a+1=0, then ac+ c—a = 0 implies a = 0 contradicting with the fact
a+1=0.

Next we assume that ¢ € C. Then (7.2.25) reduces to

(ac—a+c)f(z1,...,2,)* =0 (7.2.27)

which implies ac—a+c = 0. we see that a(c—1) = —c € C. This implies either ¢ = 1
or a € C. As before, a € C leads to a contradiction and hence, ¢ = 1 contradicting

with the fact ac — a + ¢ = 0. This completes the proof of the Lemma. O

7.3 Proof of Main Theorem

Let f(xy,...,2,) = desn Yolo(1)Ta(2) - * " To(n) De any multilinear polynomials over
C. We know the following facts.
Fact 7.3.1: The action of any skew derivation d on any monomial of f(z1, -+ ,z,)

can be described as follows:

d(f)/a-l’a(l) .. .J]J(n)) = d(’}/g)xa(l) .. .ZL’U(n)

—

n—

+a(Ve) ) a(@e)To(@) - - - To()) A To(j+1))Ta(j+2) - - - To(n)-

<.
Il
o

Hence, we have

d(f(xy,...,z0)) = fY 21, ..., T0)

n—

+ Y al1e) D Ao To(a) -+ To())d(To(11)) To(42) - - - Toim)-

1
oESy, 7=0

Fact 7.3.2: Let R be a prime ring, D be an X-outer skew derivation of R and « be
an X-outer automorphism of R. If ®(z;, D(x;),a(z;)) is a generalized polynomial
identity for R, then R also satisfies the generalized polynomial identity ®(z;, v, 2i),

where z;, y; and z; are distinct indeterminates ([23, Theorem 1]).
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Now we are ready to prove our Theorem 7.1.1.
By [19], there exist a,c € @, and d,§ skew derivations of R such that T}(z) =
ar + d(z) and Th(x) = cx + 6(x) for all x € R. By the results contained in the

previous section, the Theorem is proved if one of the following cases occurs:
e d=0,0=0;

e both d,0 are inner skew derivations of R, that is, both F and G are inner

generalized skew derivations of R.
Thus in all that follows, we assume that

e either d # 0 or 9 # 0;

e d and ¢ are not simultaneously inner skew derivations of R.

By [23, Theorem 2] and our hypothesis, Q, satisfies
<af(a:1, )+ d(fla, . ,xn))> <cf(x1, )+ 6(f (s ,a:n))
:(af(xl,...,xn)+d(f(x1,...,mn))>f(x1,...,xn) (7.3.1)
~f(an, ... ,xn)(cf(xl, o wn) — 0(f (@, ,xn))).

Thus from above, ), satisfies

(af(:vl,...,:cn) + [z, ..., 2)

1
+ ) ali) D alTeTow) - - o)A To(i41))Toit2) - -fL‘o(n))-
(cf(xl, o)+ oy, )

1

+ Z Oé(’ya) Oé(ZEU(l)JZU(Q) - J]J(j))(;(xo(j_i_l))l’a(j_,_g) .. .ZL’U(n)>
gESy J

3
|

Il
o

— (af(ajl,...,xn)—|—fd($1,---axn)

—_

n—

+ Z (7s) Z CY(%(l)%(Q) . -%(j))d(%(j+1))%(j+2) - -%m)) (e, o an)
gESy 7=0
—flxy,... ,xn)(cf(xl, cey Tp) f5(a:1, cey )

n—

+ Z Oé(’ya) Z Oz(%a(l)l‘a(z) .. .Ig(j))5($g(j+1))$g(j+2) .. .Ig(n)>.

1
oES) 7=0

(7.3.2)
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Thus we have to consider the following cases:
Case-1: d is inner and J is outer.

Assume that d(z) = uxr — a(z)u, for some u € @,. Then, by [23, Theorem 2], Q,

also satisfies

<(a—|—u)f(a:1,...,xn) —oz(f(xl,...,xn))u>.
(cf(xl,...,xn) + f(xr, ..., xp)

-1

+ Y al0) D A@o)To) -+ To()8(To(j41) ) To(i42) - - %(n)>

oES, 7=0

3

(7.3.3)
= ((a +u)f(xy, ... xn) — a(f(z, ... ,xn))u>f(a:1, )
—flxy,... ,xn)<cf($1, o)+ oy, )
n—1
+ Z Oé(’}/g) Z Oz(.Z'U(l)ZL‘J(g) .. ‘:Ea(j))5($g(j+1))xg(j+2) .. .:L‘U(n)>.
gES) 7=0
Since 0 is not inner, (), satisfies
(@t w)f@s,.zn) = alf (@, zn)u).
(cf(xl, o xy) o, x)
n—1
+ D o Z ATo()To(2) - - Lo () Yo(+1)To(i+2) - - -%(m)
7E 5 = (7.3.4)
:(<a+u>f<x1,..., W) = a(f (e )u) (@)
—f(zq, ... ,$n)<cf(a:1, coxn) + o, )
n—1
ULe(1)To(2) - - - To(3))Yoj+1)To(i+2) - - wa(n))
oESy 7=0
In particular, @), satisfies,
((a+ e wa) = alf (o m)ut (@, w0)
(7.3.5)

n—1
< > () Y alTe)Tor) - - Tal)Yat+1)Tol+2) - -xcr(n)) =0.
7=0

oESh

Let o be inner automorphism, that is, there is an invertible element ¢ € @, such

that a(z) = qzq™! for all x € R. Then from (7.3.5)

((a—l—u—i— Df(z, ..., z0) —qf(xl,...,xn)q_1u>.

n—1
(D" 70 D 020 To) - 2ot Yoo Tat12) - Totn)) =

0ESL 7=0

(7.3.6)
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Replacing any y,(j+1) by q¥s(j+1), it follows that (), satisfies

((a+u+ Df(z,...,z0) —qf(xl,...,xn)q_1u>.

n-1 (7.3.7)
Q< Z Yo Z LTo(1)To(2) -+ - La()Yo(j+1) Lo (j+2) - - - xa(n)) =0.

oc€ESnh 7=0

that is

((a+u+ Df(z1,...,z0) —qf(xl,...,xn)q_1u>qf(x1,...,xn) =0. (7.3.8)

Left multiplying by ¢!, Q, satisfies

(q_l(a+ u+ 1) f(z1,...,zn) — f(z1,. .. ,xn)q_1u>qf(x1, coomy) =0 (7.3.9)

By Lemma 3.7 in [17], either ¢ € C or ¢ '(a+u+1) € C.

o If ¢ € C, then o = Id, identity map. Then from above @), satisfies

((a fut D) f(zn,. .. xn) — fa, ... ,xn)u)f(xl, o, xn) =0, (7.3.10)

By Lemma 7.2.1, u € C and a+ 1 =0. Thus d = 0 and T3 (z) = —x for all z € R.
o If ¢'(a+u+1) € C, then from above Q, satisfies

flxy,.. . m)g Ha+ VDagf(zr,...,7,) =0 (7.3.11)

which implies ¢~ !(a + 1)g = 0, that is, a = —1. Thus ¢"'(a + u + 1) € C implies
¢ 'u € C and hence d = 0 and Ty(z) = —z for all z € R.

Therefore, in any cases we obtain that 7} (z) = —z for all x € R. Then situation
T (2)Ty(x) = Ty(z)z — 2Ty(x) for all z € f(R) implies f(zy,...,2,)* = 0 which
gives f(z1,...,x,) =0 for all xy,...,2, € R, a contradiction.

Let a be outer. Then from (7.3.5), @), satisfies (see [22])

((a—{—u)f(xl,...,xn) — fa(zl,...,zn)u+f(:1:1,...,:rn)>.

n-1 (7.3.12)
( D al10) D 20 Z0(2) - Zo() Yo+ Ta(i42) - ~l’a(n>> = 0.
oESH 7=0
In particular, for z; = --- =z, = 0, we have from (7.3.12) that @), satisfies
f 2, zn)u< Z (Vo) 20(1)%0(2) - - - Zo(j) - - .yg(n)) =0. (7.3.13)

O'ESTL
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Replacing y; with z,(;) in above relation, @), satisfies
9z, z)uf* (21,0 20) = 0. (7.3.14)

This gives u = 0 and hence d = 0. Thus (7.3.12) reduces to

n—1
<af(x1, ooy )+ fx, . ,xn)> ) ( > ves, (Vo) ijo 26(1)%0(2) - - - Zo(j)Yo(j+1)

To(is2) -+ To(w ) = 0. (7.3.15)

In particular, @), satisfies the blended component

<af(x1, cey )+ [T, ,xn)> < Z (Vo) Zo(1)20(2) - - - za(n_l)ya(n)) = 0.

UGSn

(7.3.16)

Replacing z; and y; by a(z;) for i = 1,...,n, we have from above relation that Q,
satisfies

(a+ 1) f(z1,...,xn)a(f(z1,...,2,)) = 0. (7.3.17)

Since f(xy,...,x,) is non-central valued, a(f(z1,...,2,)) is also non-central valued

in @, and hence by Lemma 7.2.2, a+1 =0 1ie., a = —1. Thus T1(x) = —z for all
x € R which leads to a contradiction as before.
Case-2: ¢ is inner and d is outer.

Assume 6(x) = ve — a(x)v, for some v € @Q,., then as above @), satisfies

(af(:vl,...,:vn) + [z, ..., 1)

n—1
+ ) i) D alTo)To) - - o)A To(i41))Toit2) - -fL‘o(n))-
oESy 7=0
(o) fwr, o mn) = alf (@, m)))
- (af(a:l, o)+ )
n—1
+ Z Oé(”}/o) Z Oz(l‘g(l)xa(g) cee xg(j))d<xg(j+1))xg(j+2) - .xa(n)> f(xl, ous ,:Cn)
oESH 7=0

—f(:pl,...,mn)<(c—|—v)f(x1,...,xn) —a(f(zy,... ,mn))v>.
(7.3.18)
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Since d is not inner, (), satisfies

(af(xl, o)+, ay)

n—

1
+)aln) ) al <)900-(2)---%(j))ya<j+1>$o<j+2>---%(n>>-
0ESh 7=0

<(c+v)f(x1, ooy Ty) —alf(xg, ... ,xn))v)

(7.3.19)
= (af(xl, o)+ Uy, ay)
n—1
+ ) a(1e) Y @) To() - - To())Yo(i+1) Ta(i+2) - -$a(n)>f($17 ey Tn)
oc€Sh 7=0
_f(xh s 7xn><<c + U)f(‘rh cee an) - Oé(f(l‘l, s ,In))'U)-
In particular, (), satisfies blended component
n—1
< D a(10) D A1) To@) - - To()Yoli41)To(i+2) - .xa(n)>-
geSn 7=0 (7320)

((c—l—v D) f(an, 1) — a(f(xl,...,xn))v> —0.

Let « be inner, that is, there exists ¢ € Q, such that a(z) = qzq~! for all z € R.
By (7.3.20)

( Z Vo Z ATo()To(2) - - To()d Yo(+1)To(j42) - - --’Eom))-
0eS,  j=0 (7.3.21)

((c—i—v — ) f(xy,...,z,) — qf(a:l,...,xn)q_lv> = 0.

Replacing any y,(j+1) by qys(j+1), it follows that @), satisfies

n—1
Q< Z Yo Z To(1)Lo(2) -+ - Lo()Yo(j+1) Lo (j+2) - - - Zl?a(n))-

oes. =0 (7.3.22)
((C+U — U f(xy, ..., xn) —qf (x4, ... ,xn)q_1v> = 0.

In particular, (), satisfies

qf (z1,... ,a:n)<(c+v - f(xy,...,xn) —qf (x4, ... ,xn)q_1v> = 0. (7.3.23)

Left multiplying by ¢~!, Q, satisfies

flxy,...,o ) {(c+v—1)f(z1,...,2,) —qf(x1,...,2,)q¢ "0} = 0. (7.3.24)
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Then by Lemma 3.7 in [17], either ¢ € C or ¢ 'v € C.

o If g € C, then a = Id, identity map. Then from above @), satisfies

flzy,..,xp){(c+v—=1)f(x1,...,2n) — f(z1,...,25)0} = 0. (7.3.25)

By Lemma 7.2.1, v,¢c € C with ¢ —1 = 0. Thus § = 0 and T3(z) = z for all = € R.

e If g 'v € C, then § = 0 and (7.3.24) reduces to f(x1,...,z,)(c—1)f(z1,...,7,) =

0 which implies ¢ — 1 = 0. Therefore, T5(z) = x for all z € R. Thus in any cases we

have Ty(z) = z for all z € R and hence our hypothesis T’ (x) Ty (x) = Ty (z)x — 2T (z)

for all z € f(R) implies f(xy,...,2,)? =0 for all 71,...,z, € R, a contradiction.
Next, let a be outer. Then from (7.3.20), @, satisfies (see [22])

n—1
( Y1) Y 2e)Z0) - Zo() Yo+ 1) To42) - - -%(n>>-
T€Sn =0 (7.3.26)

((c+ v D) f(xr, . ) — f 2, ,zn))v> — 0.

For 1 = --- =z, = 0, one has that (), satisfies
( Z (Vo) 20(1)%0(2) - - - za(n,l)ya(n)>f°‘(zl, ez =0, (7.3.27)
oESy
In particular, replacing y; with z; we have from above that f®(z1,...,2,)%v = 0 is

an identity for @,. This gives v = 0 and hence § = 0. By (7.3.26), @, satisfies

n—1
( D al1e) D 2 )Ze(2) -+ Zo() Yo+ D To(j42) - -xo(m)-
T€Sn =0 (7.3.28)

(c—=1)f(z1,...,2,) =0.

In particular, @), satisfies the blended component

< Z (Vo) 20(1)%0(2) - - - Zo‘(nfl)ya(n)> (c=1)f(z1,...,2,) = 0. (7.3.29)

oES)

Replacing y; and z; by «a(z;) for i = 1,...,n, Q, satisfies

alf(zr,y. o zn)(c—= 1) f(zy,...,2,) =0 (7.3.30)

ie., df(xy,...,z,) =0 where ¢ = a(f(z1,...,2,))(c —1). This implies ¢ =0 i.e.,

a(f(z1,...,2,))(c—1) = 0. Again this implies ¢ = 1. Thus, Ty(z) = x forallz € R
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and hence by same argument as above it leads to a contradiction.

Case 3:{d, ¢} is linearly C-independent modulo inner skew derivations of
R.

In this case, since d and ¢ are associated with the same automorphism, by relation

(7.3.2) and [65, Theorem 6.5.9] it follows that @), satisfies the generalized identity

(af(a:l, o)+ Uy, )
n—1

+ 3 (1) Y alTa()Tow) - - To(j) Yol +1)To(j42) - -fco(m)-
gES, 7=0

(cf(xl,...,a:n) + fo(xy, ..., xy)

n—1
+ Z (Yo Z@ To(1)Zo(2) - - - Lo (j)) Zo(j+1) Ta(j+2) - - -ﬂfam))

7 7= (7.3.31)
=af(zy,...,20)° + (fd(xl, ey Ty)
n—1
+ Z 04(’70 Z O\To(1)To(2) - - - xU(j))yJ(j—i-l)xa(j-l—Q) cee xa(n))f(‘rla cee 7xn)
oc€ESh 7=0
—f(z1, ... xp)ef(xy, .o x,) — f(og, ... ,xn)<f‘5(x1, ey )
n—1
+ D a(10) D AT To(2) - - - To(i) Zo(41)To(+2) - wo(n))-
gESh 7=0
Thus @), satisfies the blended component
n—1
( Z Oz(’)/g) Z OZ(l’U(l)ZEU(g) .. .:L‘U(j))yg(j+1)xg(j+2) o .l‘a(n)>.
oESy 7=0
- (7.3.32)
( D al1e) D Ao To() -+ To(s) 20(41)To(i12) - -»”Uo—<n>) =0.
€Sy 7=0
In above relation we replace yy(j+1) With zy(j41) for any j = 0,...,n — 1 and then
@, satisfies
n—1 9
( Z (]./(’yg) Oz(:L‘g(l):L“U(g) .. .Ia(j))zg(j_,_l)xg(j_,_Q) .. .xo(n)> =0. (7333)

Il
=)

gESy 7
Now if « is inner, then a(x) = prp~! for any x € R and for some p € @Q,. From
above (), satisfies

— 2
< D Vo D PUe()Ta(2) - LoD 2o(+1)To(i42) - -l‘am)) = 0. (7.3.34)
oESH 7=0
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Replacing z,(j4+1) with pr,(j1) for any j =0,...,n — 1, Q, satisfies
<pf(x1, . ,:vn)>2 =0. (7.3.35)
Left multiplying by p~! it follows that
fz1, ... xn)pf(2e, ... 2,) = 0. (7.3.36)

By Lemma 7.2.1, it follows that p = 0, a contradiction. On the other hand, if « is

not inner, by [22]

n—1 9
( Y al) D tolew) -+ - to() Zo( 1) To(+2) - -%(n>> =0. (7.3.37)
oc€ESL j=0
is an identity for ), and hence for 1 =--- =z, =0,
2
( Z a(rya)tﬂ(l) e ‘ta(n—l)za(n)> = 0. (7338)
oc€Sh

Replacing z; with ¢; for all i = 1,...,n, we have f*(t1,...,t,)? = 0 is an identity
for @, implying f*(t1,...,t,) = 0, a contradiction.

Case 4 : {d,0} is linearly C-dependent modulo inner skew derivations of
R.

Under our last assumption, there exist A, u € C, ¢ € @, and v € Aut(R) such that
Md(x) + pé(z) = gr — y(x)q, for any x € R. Recall that d and ¢ are not inner skew
derivations, so that both A # 0 and p # 0. Here we write d(z) = pr —v(x)p+nd(x),

where p = =g and n = —A\u~! # 0. Hence Q, satisfies
(af(:z:l, o)+ L w)
+ D pes, (Vo) Z?;ol AUTr(1)To(2) - - To())A(Ta(j41)) To(jt2) - - .xa(n)>.
((c+p)f(x1, o) = y(fa, o x))p+nfi (T, T)
1 ges, (Vo) 220 AToTo(2) - - To())A(Ta(i41))To(12) - %(n))
= (af(xl, o)+ (U, )
+ desn (V) Z}:ol 04(%(1)%(2) e %(j))d($a(j+1))%(j+2) . %(n))f(%, e »xn)>
—f(x1,...,zp)(c+p)f(x1,...,2,)
) (Y@ w)p = nf o)

n—1
—n Zaesn a(’ya) ijo Oé({lfg(l)xg(g) .. .afg(j))d(mg(j+1))xg(j+2) .. .xo(n)>.
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Since d is outer, by [23, Theorem 1], it follows that @), satisfies

(af(xl, oo xn) + f U, 1)
+3 e, (10) 720 AlTe()To@) - - To() Yo+ 1) Ta(i+2) - -%(n))-
<(c+p)f(x1,...,:vn) —y(f(zy, ..., z0))p +nfixy, ..., 2)

1 ges, @(0) X520 ATo()To@) - - To() Yo+ 1) To(+2) - .xg(n)>

= (af(xl, o x)t+ (f . T)
+ e, W) ) Ao To(2) - - - Ta())Yo(41)Ta(i4+2) - - Tom) [ (@1, ,l’n))
—f(z1,...,zp)(c+p)f(z,...,2,)
+f(x1,. .. ,xn)<7(f(x1, o z))p —nfixy, . 1)

n—1
N 2ges, Wo) 2520 A(To()To2) - - To() Yol +1)To(i42) - - - xa<n>>‘

In particular, @), satisfies blended components (taking only y; terms)

(af(xl, vy )+ [y, 1)

+3pes, @(Ve) X720 ATo(1)To(@) - - - To () Yo +1) To(j+2) - -%(n)>-

(77 P ses, (00) im0 U To(1)To(@) - - To(3))Yo(i41)To(i42) - wa(n))

+( Les, 000) S50 Alo)To(2) - - o) Woti 1 To(342) - Totr) )

((c+ P @1, swa) = 4(F(@1, o w)p + 0f 41, 20)

1 es, A0) X720 ATo()To@) - - To() Yo+ To(i+2) - -%<n>)
— <ZUESn a(vs) Z;L:_Ol ATo(1)To(2) - - - To())Yo(j+1) Ta(j+2) - - .xa(n)> f(z1,... xy)
—f(a1, - ) (n Pes, (%e) 3520 Ta()To(z) - - Ta() Ya(+1) To(42) - - -xa<n>)~

The above equations contains some terms of y? and some other terms of y;. If

we replace y; with —y; in above equation and then adding both the equations, we

will have the only terms of y?. Then by using char(R) # 2, we get that Q, satisfies

I
.

n

2
( Z Oé(’yg) oz(xa(l)xg(g) .. .Jig(j)>yg(j+1)xa(j+2) .. .Jfa(n)> =0 (7339)

gESy J

Il
=)

which is same as (7.3.33). Thus by same argument, we arrive at a contradiction.

Thus the proof of the theorem 7.1.1 is completed.



Chapter 8

Generalized Derivation with Engel
Condition Acting on Lie Ideals in
Prime Rings

8.1 Introduction

Throughout this chapter, R always stands for an associative prime ring, character-
istic of R is different from 2, the center of R is Z(R) and U stands for the Utumi
quotient ring of R. It is noted that R is a subring of U. C' = Z(U), the center of U
is called the extended centroid of R.

The m-th commutator of a,b is defined as [a,b],, = [[a,b]m-1,b], m = 1,2,....
It is easy to check that [a,b],, = i(—l)i(rg‘)biabm_". Also denote [ay, as, ..., a,] =
[la1,as, ..., a,_1],a,] for all ay,. .Z.:,(;n € R and for every positive integer n > 2.

Now we shall provide the background of our study. Suppose that d and ¢ stands
for derivations of R and L stands for noncentral Lie ideal of R. A well-known
theorem of Posner [80] asserts that R is commutative, if [d(a),a] € Z(R) for all
a € R. In [67], Lanski extended the above result by substituting a € R with
a € L, incorporating the m-Engel condition and subsequently established that if
[d(a),al,, = 0 for all @ € L, m > 1 is a fixed integer, then char(R) = 2 and R
satisfies s4. Bresar [10] commenced the investigation of co-centralizing derivations

and proved that if d(a)a — ad(a) € Z(R) for all a € R, then d = § = 0 or R is

commutative. Further, Lee and Wong [70] generalized this outcome to Lie ideals

OThis work is Communicated
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and demonstrated that if d(a)a — ad(a) € Z(R) for all @ € L, then d = § = 0 or
R C My(K).

Later, by swapping d with a generalized derivation F', the aforementioned prob-
lem was studied by Argac et al. in [4]. More precisely, authors proved that if
[F(a),al, = 0 for all a € L, m > 1 a fixed integer, then either R satisfies s4 or
F(a) = aa for all a € R and for some a € C. Carini et al. [12] explored a result
under the left annihilator condition and replaced derivations with generalized deriva-
tions. Specifically, the authors demonstrated the structure of generalized derivations
F and G, if for some 0 # b € R, b(F(a)a —aG(a)) =0 for all a € L.

Let f(ry,...,r,) be a noncentral multilinear polynomial over C' and denote the
set f(S) = f(r1,...,r), where r,...,7r, € S for some S C R. In [5], the authors
examined the co-commuting condition F'(a)a — aG(a) = 0 for all a € f(I) where
I is an ideal of R. In [46], the authors investigated the co-centralizing condition,
F(a)a —aG(a) € C for all a € f(\), where A is a nonzero right ideal of R.

Let I be a left sided ideal of R, L be a Lie ideal of R and F', G, H be three
generalized derivations of R. Identity with Engel condition was studied by Lanski
in [68]. Lanski studied in semiprime ring that [d(a'),a’,... a'"] =0 for all a € I,
where tg,...,t, > 1 are fixed integers. Lee and Shiue [75] studied [d(a™)a™ —
afé(a?),a")y =0 for all a € I, where m,n,p,q,r, k are fixed positive integers.

In [4] Argac et al. studied [F(a),aly = 0 for all a € L, where k > 1 a fixed
integer.

In the same flavour, Albas et al. [2] studied [F(a*),a*], =0 for all a € I.

Above result is extended by Dhara [29] et al. to the case [F'(a™),a™,...,a™] =0
for all @ € L and [F(a™),a"™,...,a™] =0 for all a € [I,I], where ny,...,n; are all
fixed positive integers.

Recently, in [1], Alahmadi et al. studied [F(a™)a"™ + a"d(a™),a"];, = 0 for all
a € R, where derivation d is independent of F'. Further this result was studied by
Dhara and De Filippis [31] when generalized derivation F' and the derivation d act
on left ideals and Lie ideals of R.

In [83], Tiwari examined the scenario F(a)G(a) — aH(a) = 0 for all a € f(R)
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and obtain all possible forms of the maps F' and G. In [37], Dhara et al. and in
[36], Dhara et al. examined the identities [F'(a)G(a) — aH(a),a] = 0 for all a € L
and the n-Engel condition [F(a)G(a),al, = 0 for all a € L, respectively and then
authors described the structure of the maps in all the cases. So it is quite apparent

to determine the structure of the maps whenever
[F(a)G(a) — aH(a),a"™,a",...,a"] =0

for all a € L, where tq,...,t, are some fixed positive integers.

More precisely we prove the following theorem.

Theorem 8.1.1. Let R be a prime ring with char(R) # 2, U Utumi quotient ring,
C = Z(U) extended centroid of R and F, G, H three generalized derivations of R.
If

[FIX)G(X) - XH(X), X" X" .. X" =0
for all X € L and for some fized positive integers ty, ..., t,, where L is a non-central
Lie ideal of R, then either R C My(K), the 2 X 2 matriz ring over a field K or one
of the following holds:

(1) there exist a,b,m,u € U, A € C such that F(z) = Az, G(z) = ax + xb,
H(z) = mx + zu for all x € R, with \a — m,\b —u € C;

(2) there exist a,p,m € U such that F(x) = zp, G(x) = ax, H(x) = mx for all
x € R, with pa —m € C;

(3) there exist a € U, u € C and a derivation 6 on R such that F' =0, G(z) =
ax + 6(x), H(z) = px for all x € R;

(4) there exist p € U, p € C and a derivation d on R such that F(x) = px +d(z),
G =0, H(x) = ux for allx € R;

(5) there exist a,m € U, 0 # A\, € C and a derivation n on R such that F(x) =
Az, G(x) = ax + an(z), H(x) = mx + n(z) for all x € R, with \a —m € C,
aX=1;

(6) t =lem{ty, ta, ... t,} is even, R = M(C), the | x | matriz ring over a finite
field C' for some integer | > 3 and one of the following holds:
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(1) there exist a,b,m,u € U, A € C such that F(x) = Az, G(x) = ax + zb,
H(z) = mx + zu for all x € R, with \b —u € C;

(i1) there exist a,p,m € U such that F(z) = zp, G(z) = ax, H(x) = mx for
all x € R;

(iii) there exist a,m € U and a derivation § on R such that F' = 0, G(z) =
ar + 0(x), H(x) = mz for allv € R;

(iv) there exist p,m € U and a derivation d on R such that F(z) = pr+d(z),
G =0, H(x) = mx for all x € R;

(v) there exist a,m € U, 0 # \,a € C and a derivation n on R such that
F(z) = Az, G(z) = ax + an(x), H(z) = mx + n(z) for all x € R, with
al = 1.

Corollary 8.1.2. Let R be a prime ring with char(R) # 2 and d, &, h three nonzero
derivations of R. If

[d(X)§(X) — Xh(X), X" X= . X"]=0

for all X € L and for some fixed positive integers ty, ..., t,, where L is a non-central

Lie ideal of R, then R C Ms(K), the 2 x 2 matrixz ring over a field K.

Let R = M(K) be a matrix ring over a field K. Let us consider a noncentral

cC —a

Lie ideal L = < ¢ ) of R. If we choose d(z) = §(x) = [e1a,x] for all x € R

and h = Id, identity map, we see that
[d(X)o(X) — Xh(X),X]=0

holds for all X € L. Thus the conclusion R C M,(K) in the above Corollary can

not be omitted. Hence this conclusion is also essential in our Theorem 8.1.1.

8.2 The Case: maps are inner

Throughout this section, we always assume that R be a noncommutative prime ring
with char(R) # 2 and U be its Utumi ring of quotients. For a field K, M;(K)

denotes the [ x [ matrix ring over the field K. Assume that a, b, p,q, m,u € U such
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that F(x) = pxr + x2q, G(x) = ax + zb and H(z) = mx + zu for all x € R. Let t =
lem{ty,ta, ..., t,}. First we examine the identity [F(X)G(X) — XH(X), X", =0
for all X € [R, R]. Thus identity becomes

[plz1, zolalzy, 2] + plar, 22)?b + [m1, m2]c[1, 2o] + [21, T2)q[21, 22]b

—[x1, 2o)?u, 21, 25]"] =0 (8.2.1)

for all x1, x5 € R, where ¢ = qa — m.

Lemma 8.2.1. Let C be a finite field and R = M(C), for some integer | > 3. If
char(R) # 2 and p € R such that

[?Jh ?J2]P[y1, yQ], [y1, yz]t =0

n

for all y1,y2 € R, where n,t are some fixed positive integers and t is odd, then

p € Z(R).

Proof. Let us assume that y; = e;;, y» = ej; for different indices 4, 5. Since ¢ is

odd, we have [y1, 0] = [y1,%2] = X (say). Hence, [[yl, Yalply1, val, (1, yz]t] =
(XpX, X],. '

Forn =1, [XpX, X] = XpX? — X?*pX.

For n = 2, [XpX, X], = [[XpX, X], X] = XpX? —2X?pX? + X3pX = 2XpX —
2X%pX? =2X(p— XpX)X.

For, n = 3, [XpX, X]s = [XpX, X]», X] = 22XpX2 — 22X2pX = 22[XpX, X].

Therefore, by same manner we have for n odd integer that
[(XpX, X], = 2" [XpX, X]
and for n even integer
[(XpX, X], =2""'X(p— XpX)X.
So for n odd integer, replacing X = e;; — e;;, [XpX, X| = 0 implies
(€5 — ej5)p(ei + €j5) — (ess + €55)p(ew — e55) = 0.

Left and right multiplying by e;; and e;; respectively, we obtain 2e;pe;; = 0 and
hence p;; = 0. So, p is diagonal.
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Again, for n odd integer, replacing X = e; — e;j;, X(p — XpX)X = 0 implies
2{(eii — ej)p(en — €j5) — (eii + €j5)p(ei + €j3)} = 0.

Left and right multiplying by e;; and e;; respectively, we obtain 2e;pe;; = 0 and
hence p;; = 0. So, p is diagonal.
Thus, in any cases, we have p is diagonal and hence by standard argument

p€ Z(R). 0

Lemma 8.2.2. [78, Proposition 2.5] If

[pl (Y1, y2]m+n + [y1, Yol " p2(y1, v2]" + (1, v2l pslya, yz}t + (1, y2]s+tp4, [Y1, yﬂ"] L 0

forally,,yo € R, where py, ps, p3,ps € U and m,n, s, t,r, k are fixed positive integers,
then either R C My(K) for some field K or py,py € C and one of the following holds:

(1) p2.ps € C;
(2) m=s,n=tandps+p3 € C;
(3) C is a finite field and R = M;(C) for some integer [ > 3.

Lemma 8.2.3. Let K be a field with char(K) # 2, R = M)(K) and a,b,p,q,c,u € R.
Ifl > 3 and R satisfies (8.2.1), then one of the following holds:

(1) p,q € K.I;
(2) pviK'Il;
(3) a,b € K.I.

Proof. Let us assume a = ), Gnk€nk, b = Y 0 bhk€his P = D p1n Phk€hks ¢ =
th qnk€hk, C = th Chkenr and u = th Unkenk for 0 # apk, buk, Phis Qhk, Chk, Unk €
K, where ey is the usual matrix with 1 in the (h, k)-th entry and zero elsewhere.
Let 4,7, h be three different indices. Choose [z1, 22| = [€;, €] = €;; — e;j; in (8.2.1).

Then [l’l, l‘g]t = [Gij, €j7;]t =e; + (—1>t€jj for t Z 1 and so (821) gives

[pleii — ejj)ales — ej;) + plei + ej;)b+ (ei — ej;)c(ei — ej5)
+(eii — ejj)q(eii — ejj)b — (eii + e]-j)u, €ii + (_1)tejj:|n =0. (822)
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Right multiplying by e; and left multiplying by ey;, we obtain
For any automorphism ¢ of M;(K), we have

[e(p)[1, zo]o(a) 1, ] + @(p) 1, 22]%0(b) + 21, 22)(c) 21, T2
Flar, 2a)o(q) 21, 22 (D) — 21, ] (w), [21, 22]"], = 0 (8.2.4)

is a GPI for R. In particular, let o(x) = (14e;,)x(1—e;) for all z € R. If we denote

p(a) = D pi Gprnrs P(0) = D opy brenrs ©(P) = 2pi Phrenr and ©(q) = 3k hilni
for aj,., Uy Dy, Qi € K, using relation (8.2.3), it follows that

p;m'(a’gi + béz) +p/hj(b;'i - a;’i) =0

ie.,
Phi(@i; + ani + bi; + bpi) + prj(bji — aj;) = 0.
By using (8.2.3), it yields
pri(a+b)p; = 0.
Hence by [49, Proposition 1], either p € K.I; or a+ b € K.1I,.

Again, if we choose the automorphism n(z) = (1 + e;p)x(1 —ej,) for all z € R
and if we denote n(a) = >, apen, 1(0) = D 5 Uhpehks N(P) = D p4 Phiehr and
n(q) = > o Ghxenk for a by, vy, an, € K, then using above relation (8.2.3), we
have

Philad; + b5;) + phy (b7 — af;) = 0
ie.,
Pri(ai; + big) + prj(bji + bpi — aji — an;) = 0.

By using (8.2.3), it yields
prj(a@ —b)ni = 0. (8.2.5)

Now if we choose the automorphism y(z) = (1 + ej;)z(1 — e;;) for all x € R and if

"

we denote x(a) = 3 p; @hpenr, X(0) = 2 py Uprenrs X(P) = 2 Phenr and x(q) =

> onk Genk for api by, pi, ane € K, then by the above relation, it follows that

Pyl =) =0 (825)

1
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ie.,
Phj(ani — anj — bpi + bp;) = 0.
By using (8.2.5), it leads to

prj(a —b)n; = 0. (8.2.7)

Then by [49, Proposition 1], either p € K.I, or a — b € K.I,.

So, if p ¢ K.Ij, then a — b, a +b € K.[; i.e., a,b € K.I[;. This indicates that
either p e K.I; or a,b € K.I.

Now, let us consider p € K.I;. Then we have R satisfies

[[z1, 22](pa + ¢)[x1, z2] + [21, 22)* (b — u)
+[21, 22)q[21, 22D, [$17I2Hn =0. (8.2.8)

Substituting [z, x5]" = e; + (—1)%e;; for t > 1, we obtain
g 3J

[(eis — ej5)(pa + c)(ei — ej5) + (es + ej5) (pb — u)
+(ei — ej5)qles — ej;)b, (e + (—1)'ej;)], = 0. (8.2.9)

Right multiplying by ey and left multiplying by e;; (for I # 4, j) in this relation,

we get
(—1)”6jj{(6n + €55) (pb — u) + (es — €55)q(eii — ejj)b}ew =0 (8.2.10)
which gives
(pb) v — wjr — qjibar + q;5b50 = 0. (8.2.11)
Since, we considered p € K.I;, we obtain
(p+ q)jibjr — wjr — gibar = 0. (8.2.12)

Now we choose the automorphism W(z) = (1 + e;;)x(l — ¢;;) for all z € R and
we denote W(a) = >, apiene, V(b) = 4 bprenr, W(p) = Xy Phrenk and ¥(q) =

> onk Grirens for alll byl pi, qii € K. By above relation, it follows that

(p+ q)//// g ;/ll’l -0 (8.2.13)

4 01 — Wi — Qi
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ie.,
((P +q)j;— (p+ Q)ji)bjl/ — ujy — qjibir — qjibjy = 0.
This gives
{(p+9)i5 — 4ji}biv — v — qjibir — gjibjy = 0. (8.2.14)

Using (8.2.12), we obtain 2¢;;b;y = 0 and since char(R) # 2, we obtain ¢;;b;y = 0.
Again by similar method, considering the automorphism ((x) = (1+ey )z(1—ey)

for all x € R and using the above relation, it follows that
gii{bjy — b} = 0. (8.2.15)

Since gj;bjy = 0, we obtain g;;b;; = 0. Then by [49, Proposition 1], either ¢ € K.I;
orbe K.I. O

Lemma 8.2.4. If (8.2.1) is a trivial generalized polynomial identity (GPI) for R,
then one of the following holds:

(1) a=—-beC, u,c+bg e C;
(2) p7b7u7ap+bq+cec;
(3) p.g,ap+c,b(p+q) —ueC.

Proof. Assume that T = U, C{z1, 22}, the free product of U and C{xy, x5}, the
free C-algebra in noncommuting indeterminates x, xs.

By [21], (8.2.1) is a trivial GPI for U, therefore

[p[ﬂfl, Tolalxy, To] + plar, To)?b + (1, wo] e[z, xa] + [21, 22| ql21, 2]b

—[z1, 2], [z, $2Hn (8.2.16)
is a zero element in the free product T, i.e.,

Z(_l)z(zb) 21, 2] (p[xla Tolalzy, xa] + plx1, 22)?b + 21, T2 c[T1, T2]

+[x1, To]qlTy, T2]b — [xl,mg]2u> (21, 29" =0 € T. (8.2.17)
If p ¢ C, then from above

ploy, 2o (alxy, o] + [21, 22]b)[21, 22)"" = 0 € T.
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This implies @ = —b € C. Using this in (8.2.16), we have

[[21, 22] (¢ + bq) 1, 22] — [1, 20]Pu, [21, 25)'] =0€T (8.2.18)

Z(—l)i (n) [21, 2] (¢ + bg)[w1, m2] — [21, To]u) [21, ' =0 e T.

7

Then clearly u = ¢ + bg € C' which indicates conclusion (1).
Again, if p € C, we obtain from (8.2.16),

[[%; zo)(ap + ¢)[w1, xa] 4 21, T2* (b — u) + [1, 22]q[21, 22]D,
[z, 2)'] =0e€T (8.2.19)

le.,

S (=) (7)o, o] 41 ((ap + s, ) + [o1, 2] (b — )

+qla, xg]b> o1, 2D =0 € T. (8.2.20)

This implies {b, pb — u, 1} is linearly C-dependent. Let v1b + 42(pb — u) + 31 = 0.
If v = 0, then b € C' which gives

S (=) () s ) ((ap + o+ gb) 1, 2] + [, 2] (b — )
[, 2] =0 € T. (8.2.21)

Then ap + ¢+ gb = u — pb € C. This gives conclusion (2).
If 45 # 0, then we can write pb — u = A\b + Ao, where A, Ay € C. Then (8.2.20)

indicates

S (1) (%) [, o] ((ap + ¢+ Xo)[x1, 22) + (g + A1)z, @]b)
Jry, 2]t =0 € T. (8.2.22)

From above equation, either b € C' or
[{L'l, :EQ]”H_I((IP +c+ )\2)[1’1, 1'2] =0eT

and

[x17x2]tn+l(q + )\1>[I'1, Ig]b =0eT.
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Thus if b ¢ C, first equation gives (ap + ¢ + \y) = 0, i.e., ap + ¢ € C and the
second equation gives ¢ € C. Since ¢ = ga — m, we have ap + ga — m € C. Now
by (8.2.20), using ¢ € C, we can obtain ap + ¢ = u — pb — gb € C' which indicates
conclusion (3).

On the other hand, if b € C, then from (8.2.22),
Z(—l)i (7;) (21, 2] (ap + ¢+ bg + M\ib + No)[21, 2] I =0 € T.
Since A\1b + Ay = pb — u, then we now have
[[#1, 22](ap + ¢ + pb — u+ gb)[x1, z2], [x1, 22| =0€T (8.2.23)
ie.,
(21, o] [(ap + e+ pb—u+ gb), [z, xg]t] [ana] =0€T (8.2.24)

Hence (ap+c+pb—u+qgb) € C. Moreover, since b € C, we have pb—u = A\jb+ Xy € C
and hence ap + ¢gb + ¢ € C which indicates conclusion (2). O

Lemma 8.2.5. If R satisfies (8.2.1) and p,q € C, then one of the following holds:

(1) ap+¢,b(p+q) —u € C,

(2) tis even, b(p+q) —u € C and R=U = M,(C), | > 3, C is finite;

(3) R C My(K), over a field K.
Proof. By the hypothesis, R satisfies

([, 22)(ap + ¢)[x1, 22] + [1, 222 (bp + bg — ), [1,22]"] =0.  (8.2.25)

By Lemma 8.2.2, we obtain one of the following results:

(1) ap+¢,blp+q) —u e C,

(2) bp+q)—ue Cand R=U = M(C), | > 3, C is finite field. If ¢ is odd, by

Lemma 8.2.1, we obtain ap+ ¢ € C which is conclusion (1) otherwise ¢ is even;

(3) R C My(K), over a field K.
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Lemma 8.2.6. If R satisfies (8.2.1) and p,b € C, then one of the following holds:
(1) ap+bq + c,u € C;
(2) tis even, u € C and R=U = M,(C), l > 3, C is finite field;
(3) R C My(K), over a field K.
Proof. By the hypothesis, R satisfies
(1, 2] [(ap + b + ¢)[w1, 2] — [21, 2w, [21, 25]"] = 0.
By Lemma 8.2.2, we obtain one of the following results:
(1) ap+bg+c,ueC;

(2) we Cand R=U = M(C), 1l > 3, C is finite field. If ¢ is odd then using
Lemma 8.2.1, we obtain ap + bqg + ¢ € C which is conclusion (1) otherwise ¢ is

even;

(3) R C My(K), over a field K.

Lemma 8.2.7. If R satisfies (8.2.1) and a,b € C, then following one holds:
(1) u,c+bq € C with a+b=0;
(2) puct by € C;

(3) tis even,u e C, R=U = M;(C), | > 3, C is finite field and either a +b =10
orpeC;

(4) R C My(K), over a field K.
Proof. By the hypothesis, R satisfies
[(a+b)play, 2o]® + [21, ) (¢ + bq) [y, 2] — w1, 20]?u, [, 25]"] = 0.
Then using Lemma 8.2.2, we obtain one of the following results:

(1) (a+b)p,u € C, (c+bg) € C; Since a,b € C and (a + b)p € C then either
a+b=0orpeC;
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(2) (a+b)p,u e Cand R=U = M(C), 1 > 3, C is finite field. If ¢ is odd, then
by Lemma 8.2.1, we obtain ¢+ bg € C' which is same as (1) otherwise t is even.

Also a,b € C and (a4 b)p € C together imply either a +b =0 or p € C;
(3) R C My(K), over a field K.
O

Lemma 8.2.8. Let R be a primitive ring with char(R) # 2 having nonzero so-
cle Soc(R), where R is isomorphic to a dense ring of linear transformations of a
vector space V' over C' along with dim¢cV = oco. If R satisfies (8.2.1) for some
a,b,p,q,c,u € R, then either p,q € C or p,b e C ora,be C.

Proof. Since dimgV = oo, R can not satisfy PI s,.
We know that if [s, Soc(R)] = (0) for any element s € R, then s € C. Thus on
contrary, we may assume that there exist Iy, lo, I3, l4, l5, lg, l7, 3, lg, l19 € Soc(R) such

that
1. either [p,l4] # 0 or [q,ls] # 0;
2. either [p,l3] # 0 or [b,l4] # 0;
3. either [a,l5] # 0 or [b,lg] # 0;
4. s4(l7, s, lo, 11o) # 0.

Now we will prove that a number of contradictions arise. By Litoff’s theorem (see
Theorem 1.6.7), there exists e = e € Soc(R) such that

e/, ceReforallt=1,...,10;

o pl;, lLip,ql;, l;q,bl;, ;b al;, l;a € eRe for all e =1,...,10

where eRe = M (C'), the matrix ring over C'. By the hypothesis,

[(epe)[x1, zo)(eae) [z, x2] + (epe) |1, x2]*(ebe) + [x1, x2](ece)[x1, 2]

+[21, 22] (ege)[x1, xa](ebe) — [1, zo]?(eue), [v1, QTQH,L =0
is a GPI for eRe. Then by Lemma 8.2.3, one of the following holds:
1. epe, eqe € Ce;

2. epe, ebe € Ce;
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3. eae,ebe € Ce;

4. eRe C My(K), over a field K, that is, eRe satisfies s;. In any case we have
contradiction with the choice of [; € Soc(R), i =1,...,10.

Proposition 8.2.9. If (8.2.1) is a GPI for R, then following one holds:
(1) p,q,ap+c,b(p+q) —ueC;
(2) p,b,ap+bq+c,u € C;
(8) p,a,b,u,c+bq € C;
(4) a,b,u,c+bq € C with a+b = 0;
(5) R C My(K), over a field K;

(6) t is even, R = U = M;(C), | > 3, C is finite field and one of the following
holds:

® p,q,b(p+q) —ucC;
e pbueC;
e a,b,u,peC;

e a,b,u e C witha+b=0.
Proof. If one of the following holds
(1) p.geC;
(2) p,beC;
(3) a,b e C,

then conclusion follows by Lemma 8.2.5, Lemma 8.2.6 and Lemma 8.2.7. Thus on

contrary, we assume
(1) either p ¢ C or q ¢ C;

(2) either p ¢ C or b ¢ C,
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(3) eithera ¢ Corb ¢ C.

Then we prove a number of contradictions.
By Lemma 8.2.4, (8.2.1) is nontrivial GPI for R. By [21], (8.2.1) is a nontrivial GPI
for U.

Assume that if C' is infinite, then E be the algebraic closure of C' and if C is
finite, set £ = C. So we may assume that U is a subring U ®¢ E. By [70], (8.2.1)
is a nontrivial GPI for U ®¢ E. In view of [39, Theorem 3.5], U ®¢ E is prime ring
with extended centroid E. Let U = U®¢ E. By Martindale’s theorem (see Theorem
1.6.6), U is isomorphic to a dense subring of End(Vp), where V' is a vector space
over a division ring D and D is a finite dimensional central division algebra over F.
Note that E is either finite or algebraically closed. Since D is a finite dimensional
over E, we must have D = E. If dimpV =k, R C U My(E). If k = 2, then
conclusion follows, otherwise by Lemma 8.2.3, either p,q € C' or p,b € C or a,b € C.
In any case, contradiction arises.

Hence we assume that dimgV = co. Then using Lemma 8.2.8, again we arrive

at a contradiction. O

Lemma 8.2.10. Suppose that F', G, H are three inner generalized derivations on R

such that

[F([zy))G([2, y]) — [z, y] H([z, 9]), [z, 9]l = 0
for all z,y € U, where t > 1 fized integer, then either R C My(K), over a field K
or one of the following holds:

(1) there exist a,b,m,u € U, A € C such that F(zx) = Az, G(z) = ax + zb,
H(z) = mx + zu for all x € R with \a — m,\b —u € C for all x € R;

(2) there exist a,p,m € U such that F(x) = xp, G(z) = ax, H(x) = mx for all
x € R with pa —m € C for all x € R;

(3) there exist p,q € U, X\ € C such that F(z) = px +xq, G =0, H(z) = \x for
all x € R;

(4) t is even, R = M,(C), | > 3, C is finite field and one of the following holds:

(1) there exist a,b,m,u € U, A € C such that F(x) = Az, G(x) = ax + zb,
H(z) = mx + zu for all x € R with \b —u € C for all x € R;
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(ii) there exist a,p,m € U such that F(x) = xzp, G(z) = ax, H(x) = mx for
all x € R;

(i1i) there exist p,q,m € U such that F(x) = px + zq, G(x) =0, H(z) = mz
for all x € R.

Proof. Let us assume that there exist a, b, p,q, m,u € U such that F(x) = pz + zq,

G(z) = ax + xb and H(z) = ma + zu for all € R. By hypothesis, R satisfies

[p[iL‘, ylalz, y] + plz, y]Qb + [z, y](ga — m)[x, y]

+z, ylalz, ylb — v, y)?u, [z, 9)7], = 0

Then using Proposition 8.2.9, we have either R C My(K), over a field K or one of
the following holds:

1.

p,q,ap + ga — m,bp +bqg —u € C; Then F(z) = (p + q)z, G(z) = azx + xb,
H(x) =mz+zu for all z € R with (p+q)a—m € C, (p+q)b—u € C. Thus

we obtain conclusion (1).

. p,b,ap+bg+qga—m,u € C; Then F(z) =z(p+q), G(z) = (a+b)x, H(z) =

(m~+u)x for all z € R with (p+q)(a+b)—(m+u) = pa+qga+pb+gb—m—u € C.

Thus we obtain conclusion (2).

. pya,byu,qa —m+bg € C; Then F(x) = z(p + q), G(z) = (a + b)x, H(z) =

(m4u)x for all z € R with (a+b)(p+q)—(m+u) = ap+qa+pb+bg—m—u € C.

This is a particular case of conclusion (2).

. a,b,u,qa—m+bq € C with a+b = 0; Then F(z) = pr+zq, G =0, H(x) = Az

for all z € R, for A = m + u € C which is conclusion (3).

. tiseven, R= M;(C), 1> 3, C is finite field and one of the following holds:

(i) p,q,b(p+q) —u € C; Then F(z) = (p+ q)z, G(z) = ax + xb, H(z) =

max + zu for all x € R with (p + ¢q)b — u € C which is conclusion (4)-(i).

(i) p,b,u € C; Then F(z) = z(p+¢q), G(z) = (a+b)x, H(x) = (m+u)x for
all z € R which is conclusion (4)-(ii).

(ili) a,b,u,p € C; Then F(z) = z(p+q), G(z) = (a +b)z, H(z) = (m + u)z

for all z € R which is a particular case of conclusion (4)-(ii).
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(iv) a,b,u € C with a 4+ b = 0; Then F(z) = px + zq, G = 0, H(x) = mx for

all z € R which is conclusion (4)-(iii).

8.3 Proof of Theorem

Let t = lem{ty,ta,...,t,}. Then we can write t = pt; for some positive integer p.

Hence

[F(X)G(X) = XH(X), X", X", ..., X"

—

(
F(X)G(X) = XH(X), XP", X ... X'

3

= XMF(X)G(X) — XH(X), X", X ... XX e-t=ih

-
I
o

that is,
[F(X)G(X) - XH(X),X",=0

for all X € L.
Since L is a noncentral, by [8, Lemma 1], 0 # [/, I] C L for some nonzero ideal

I of R. Thus [ satisfies

P, )G v)) — o, 9l H ([, 0)). [ 9] =0,

By [72, Theorem 3], there exist a,p,m € U and derivations d,d,n of U such that
F(z) = px +d(x), G(x) = ax + §(z) and H(x) = mz + n(z). By [21, 71], we can

write

(plx, y] + d([z, y]))(alz, y] + ([, y]))

=z, yl(mlz, y] + 0, y])), [z, y]"] =0 (8.3.1)

t
n

for all z,y € U.
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If F/; G and H are all inner maps, then by Lemma 8.2.10, we have conclusions
(1), (2) and (6)-(i), (6)-(ii) and particular cases of (4), (6)-(iv) of Theorem 8.1.1
Thus, it is enough to consider the cases where all of F'; G and H are not inner maps.

All these cases are considered in the following Lemmas:

Lemma 8.3.1. If d, n are inner and § is outer, then one of the conclusions (3) and

(6)-(iii) holds.

Proof. Let d(x) = [l,z], n(z) = [k,z] for all x € R and for some [,k € U. The
(8.3.1) transferred to

[(p[x,y} + 1, [z, 9))) (alz, y] + 0([z, y])) — [z, y](m[z,y] + [k, [z, y]]),
[fv,y]t]n =0. (8.3.2)

By [64, Theorem 2], U satisfies

@ma+muwmwam+mm+nwm—mmmmm+%h%%mmi=0

In particular, U satisfies the blended component

[l + 1 ol (o, + [ 2] )] =01

Choose b € U — C and then replacing v; with [b,z] and v, with [b,y] in above

relation, and then obtain

(D) = sl ool o], =0

Since b ¢ C, using Proposition 8.2.9, either R C My(K) or p,l,bp € C. When
p,l,bp € C, we obtain d =0, p =0, FF = 0. Then equation (8.3.2) reduces to

29| (m + B)lz.y] = [, )k [, )| =0,

Hence again using Proposition 8.2.9, we obtain either m, k € C' which gives conclu-
sion (3) or ¢t is even, k € C' with R = M,(C), [ > 3 and C is a finite field, which

gives conclusion (6)-(iii). O
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Lemma 8.3.2. If d, ¢ are inner and n is outer, then R C My(K) over a field K .

Proof. Let d(x) = [l,z], 0(xz) = [k,z] for all x € R and for some [,k € U. Then
(8.3.1) transferred to

[@MWH{H%MD@MM+MH%MD—hwWﬂ%M+n®m@%hwﬂn=0
By [64, Theorem 2|, U satisfies
(bl ) + [ [z, o)) el y) + [k )
—[z, yl(mle, yl + [v1, Y] + [, v2), [, y]t]n =0. (83.3)

In particular, U satisfies the blended component

[z, ] [[vi, 9] + [z, 02, [z, 9]'] =0 (8.3.4)

which is a polynomial identity (PI). By [67, Lemma 2] there exists a field K such
that U C M(K), s > 1 and the matrix ring M (K) satisfies

[z, y][[v1, 9] + [z, va], [:z:,y]t]n =0.
If s =2, then R C My(K), as desired. So, let us assume s > 3. But for x = e,
Yy = €21, v1 = 0 and vy = e93, we have
0= [z,y)[([v1,y] + [z, v2]), [, 9]], = e,
a contradiction. O

Lemma 8.3.3. If 0, n are inner and d is outer, then either R C My(K) over a field
K or one of the conclusions (4) and (6)-(iv) holds.

Proof. Let §(z) = [I,x], n(x) = [k,z] for all x € R and for some [,k € U. Then
(8.3.1) reduces to

[(p[% yl +d([z.y])) (alz, ] + [ [z, 9]) — [z, yl(m[z, y] + [k, [z, y]]).

[x,y]t] = 0. (8.3.5)

n

By [64, Theorem 2], U satisfies

[(p[x,y] + [v1,y] + [, va))(alz, y] + 1, [2, y]]) — [=, yl(mz,y] + [k, [z, 9]]),

[:E,y]t]n ~0. (8.3.6)
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In particular, U satisfies the blended component

[ ([o1,9) + [ v2]) (ala ) + (1 2. y]))s )| =00 (8:3.7)

We choose b € U — C' and replacing v; with [b, z] and vy with [b, y] and then obtain

[0, o] ((a+ Dl = [ plt) )] =0 (5.33)

Since b ¢ C, by Proposition 8.2.9, either R C M,(K) over a field K or [ € C, a = 0.
For l € C, a =0 we obtain § = 0, G = 0. Then equation (8.3.5) reduces to

291 | (m + K)[y] = [ )k [ )] =0, (8:3.9)

Again using Proposition 8.2.9, we obtain either m, k € C' which gives conclusion (4)
or tiseven, k € C with R =U = M)(C), | > 3 and C is finite field which gives

conclusion (6)-(iv). O

Lemma 8.3.4. If d is inner and &, n are outer, then either R C My(K) over a field
K or one of the conclusions (5) and (6)-(v) holds.

Proof. Let d(x) = [l,z] for all x € R, for some [ € U. Then (8.3.1) reduces to
(0w, y] + 1 2 ) ale, o] + 8((, )

e yl(mle ]+ n(le.u) e o)!| =0 (8.:3.10)

e Let & and n be linearly C-dependent.
Then 6(z) = an(z) + [k, z] for all x € R, k € U where 0 # a € C then (8.3.10)

reduces to

[(p[x,y] + [ [z, v (alz, yl + an(lz, y]) + [k, [z, y]])

~ [, ylmle. y] + (). 0,9 =0, (8:311)

By [64, Theorem 2|, U satisfies

[(plz, y] + (L [z, y]]) (alz, y] + o([vr, y] + [z, 09]) + [k, [z, y]])
—[x, yl(mlz, y] + [v1, y] + [z, v2]), [z, 9]] = 0. (8.3.12)

U satisfies the blended component

la(ple, ] + [ [yl ([r, 9] + [, 02]) = [z, y)([vr, 9] + [2,02)), [2,9]'], = 0.



On Lie ideals 139

Choose b € U — C and replace vy with [b, z] and v, with [b,y] in above equation,

and then get

|:(a(p + l)[l’,y] - [m,y]al) [b7 [:L" yH - [l‘,y] [bv [ZE, yH ) [{L‘, y]t} = 0.

n

Since b ¢ C, o # 0, by Proposition 8.2.9, either R C My(K) over a field K or
p,l,b(ap — 1) € C. When p,l,b(ap — 1) € C, we obtain ap = 1, d = 0. Then by
(8.3.11),

[z, yl(pa + pk — m)[z,y] — [z, y|*pk, [z,y]"] = 0. (8.3.13)

Again applying Proposition 8.2.9, we obtain either pa — m,pk € C or t is even,
pk € C with R=U = M;(C), [ > 3, C is a finite field. Now p, pk € C imply either
ke C or p=0. But p =0 contradicts ap = 1. Consequently, k € C, §(z) = an(z).
Hence we obtain either conclusion (5) or (6)-(v).

e Let & and n be linearly C-independent.

By [64, Theorem 2], from (8.3.10), U satisfies

(play] + [1 e,y ala, ]+ [oa, 9] + [ )
~[e,y)mlz.y) + ) + o, w)), [2.9)] =0, (8:3.14)

In particular, U satisfies blended component [z, y] [[ul, Y|+ [z, ual, [z, y]t}n = 0 which

is same as (8.3.4). Hence by similar manner, the conclusion follows. O

Lemma 8.3.5. If § is inner and d, n are outer, then we obtain R C My(K) over a
field K.

Proof. Let 6(x) = [l,z] for all z € R, for some | € U. Then (8.3.1) reduces to

[(p[x, yl + d(z, y))(alz, y] + I, [, y]])

~[e,y)(mla,y) + (). [ )| =0 (8:3.15)

o Let d and n be linearly C-dependent.
Then d(z) = an(x) + [k, z] for all x € R where 0 # o € C, by (8.3.15),

[(p[%y] +an([z,y]) + [k, [z,y]])(alz, y] + [I, [z, y]])

e yl(mle ]+ n(le.u)) e o)!| =0 (8.3.16)
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By [64, Theorem 2], U satisfies

[l y] + o[v1, 9] + [, v2]) + [, [z, y]])(alz, y] + [ [, 9]

—[z, yl(mlz, y] + [v1, 9] + [z, va]), [2,9]],, = 0. (8.3.17)

In particular, U satisfies the blended component

(o1, 9] + [, va]) (al, y] + (1 [2,9]]) = [ y)(fr, 9] + [z, 02)), [2,9)'], = 0.

Choose b € U — C and replacing v with [b, z] and vy with [b, y]. We get from above

(b [ 9] (ala+ Dle,y) = [ y)ad) = ) [b, 2. )] e, 9)] =o0.

Since b ¢ C', o # 0, using Proposition 8.2.9, R C M,(K) over a field K.
e Let d and n be linearly C-independent.
By [64, Theorem 2|, from (8.3.15), U satisfies

(plz, y] + [v1, y] + [, va] ) (alz, y] + [1, [z, 9]])

=z, yl(mlz, y] + [ur, y] + [z, us]), [, y]t]n =0. (8.3.18)

In particular, U satisfies blended component [z, y] [[ul, Y|+ [z, ual, [z, y]t}n = 0 which

is same as (8.3.4) and hence the conclusion follows. O

Lemma 8.3.6. If n is inner and d, & are outer, then we obtain R C My(K) over a
field K.

Proof. Let n(z) = [l,z] for all x € R, for some [ € U. Then (8.3.1) reduces to

(plz, yl + d([z, y])(alz, y] + 6([z, y]))

—[z,yl(mlz,y] + [, [z, y]]), [x,4]"| =0. (8.3.19)

t
e Let d and 6 be linearly C-dependent.
Then d(z) = ad(x)+ [k, z] for all z € R where 0 # o € C. Thus (8.3.19) reduces

to

(plz, y] + ad([z,y]) + [k, [z, yl))(alz, y] + 0([z, y]))

t
n
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By [64, Theorem 2], U satisfies
[(plz, 9] + allvr, y] + [z, 02]) + [k, [z, y]]) (alz, y] + [v1,y] + [, v2])

—[z, y](mlz,y] + I, [z, y])), [z, y]'], = 0. (8.3.21)

In particular, U satisfies the blended component (for v; = 0)

afos, o] (ale, ] + o1, 9] + [, 0a]) + (ple o + alfos, ] + [, va])

1k oyl for, o, Loyt =0, (8.3.22)
Since a # 0, from above U satisfies the blended component (for vy = 0),
[[Uh y} [.ZU, 1}2] + [.ZU, UQ} [Uh y]) [l‘7 ?JH n = 0. (8323)

This is a polynomial identity (PI) and hence by [67, Lemma 2], U C M(K),
s > 1 for some field K and M(K) satisfies

(1, y)[2, vo] + [, val[v1, 9], [, 9], = 0. (8.3.24)

If s =2, then R C My(K) over a field K. Let us assume s > 3. Then for v; = e3y,

Y = €12, T = €31, V3 = €11, We have

[[v1, ][z, vo] + [z, va][or, 9], [z, )], = (1) ez = 0,

a contradiction.
e Let & and d be linearly C-independent.
By [64, Theorem 2|, from (8.3.19), U satisfies

[(Ple,y] + [v1, 9] + [, va])(alz, y] + [ur, ] + [2,u2])
—[z,yl(mlz, y] + [I, [z, y]]). [z, )], = 0. (8.3.25)

In particular, U satisfies blended components (for v; = 0),

(o1 yl(alz, y] + [ur, 9] + [z, w]), [2,9]'], = 0. (8.3.26)

Assuming v; = z, U satisfies

9] [, ] + [ ), [, 9], = 0

which is same as (8.3.4). Thus by similar method we obtain the conclusion. O
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Lemma 8.3.7. If all of d, § and n are outer, then we obtain R C My(K) over a
field K.

Proof. We have the following cases.
Case-i. d, 6 and n are linearly C-dependent. Then for some aq, s, a3 € C,

[ € U such that aqd(z) + aod(x) + azn(x) = [I, 2] for all x € U. Since 7 is not inner,

(061, 042) 7£ <07 O)

Without loss of generality, we may assume «; # 0. Then d(z) = o}d0(z) +

1

ayn(z)+[I', ] for all v € U, where o} = —asa; !, oy = —aza;’ and I’ = a;*l. Then

(8.3.1) gives,
(plz, y] + @46 ([z, y]) + con(lz, y]) + [, [z, yl))(alz, y] + 0([2, y]))

~ [z ylme,y) + (e ). [0t =0, (8.3.27)

n

Then we have the following cases.
Sub-case-i. Let § and 1 be C-dependent modulo inner derivations of U. Then

d(z) = Bym(x) + [K', x], where 0 # 55 € C. Then (8.3.27) reduces to
| (ples o) + Byn(le, o) + 0, (o, 9))) (ale, o] + Byn(lar ) + K, [z, 0]))
—[z,yl(mlz,y] +n(lz.9])). [z, yﬂn =0 (8.3.28)

where B = a8y + o, ' = ok’ + 1, d(a) = Bn(x) + [, a].
By [64, Theorem 2|, U satisfies

(Pl u] 85 (o) + L ea]) + 8. o] ) (ali o] + B30+ Lo,
+[K, [l%@d]) — [z, y]l(m[z, y] + [v1,y] + [z, va]), [x,y]th =0. (8.3.29)
Particularly, U satisfies the blended component (for v; = 0)
B5lor, - (ale,y) + Bi[ov, ) + [y ea]) + [, 9] ) + (Pl
85 (o, + [ va]) + K, 2,91 ) Byl o] = [ yllon, ol [0l =0,
Again from above U satisfies the blended component (for vy = 0),
By By [[vr, yll, va] + [, va][vr, ), [, )], = 0.

Using the same argument applied for (8.3.23), we obtain 8§ = 0 (as 8 # 0) unless
R C M,(K) holds. If g5 =0, then d is inner, a contradiction.
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Sub-case-ii. Let 6 and n be C-independent modulo inner derivations of U. By

[64, Theorem 2], (8.3.27) gives that U satisfies
(Pl ) + @l (1, 9] + [z, ea]) + [, 9] + [y ) + [0, o) ).
(alar, ) + [or. ) + [, va] ) = [o,y)(mla )+ [, 9] + Lo ] [ )] =0,

Hence U satisfies the blended component

[0/2([”17 yl =+ [z, wa])(alz, y] + [v1, 4] + [, 02])
[y} (s, ) + [ wa]), [, 9] =0 (8:3.30)
which implies [aé([ul,y] + [z, u2))([v1, y] + [z, v2)), [m,y]t]n = 0. Now for u; = =,
uy = 0, U satisfies o[z, y][([v1,y] + [#,v2]), [z, y]] = 0. Then by similar argument

applied to (8.3.4), either R C My(K) over a field K, as desired or oy = 0. When
oy =0, (8.3.30) reduces to

[, y][([ur, y] + [z, ua)), [x,y]]n = 0.

This is same as (8.3.4) and again by similar method conclusion follows.
Case-ii. d, 6 and n are linearly C-independent.

By [64, Theorem 2], as before we obtain from (8.3.1) that

(Pl )+ [i1, 9] + [z, wa]) (al ) + o1, 9] + [ 2]

oyl o] + fon, o] + [ ) [l =0, (8.3.31)
Hence U satisfies the blended component (for u; = uy = 0)
[fE, y] [[wh y} + [-T, ’UJQ], [.CL', y]t]n = 0.

This is same as (8.3.4). Hence by similar method conclusion follows. Thus the proof

of the Theorem 8.1.1 is completed. O
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