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Abstract

The present work is a study on the structure spaces of semirings, semimodules, I'-
semirings and ['S-semimodules showing a nice interplay between the algebraic struc-
tures and the topological structures. At first, different kinds of congruences on a
[-semiring, viz. cancellative congruence, left and right regular congruence, maximal
congruence and prime congruence have been defined and several results on those con-
gruences have been studied. Then in order to study a I'-semiring via its operator
semirings, one-to-one correpondences between the sets of different types congruences
on a ['-semiring with those on its operator semirings have been established. Next, the
structure space of semirings, consisting of all prime congruences on a semiring has been
defined and its topological properties have been studied. Likewise the structure space of
['-semirings, topologizing the set of all prime congruences on a commutative I'-semiring
with strong unities equipped with the Hull Kernel topology, has been defined and in-
vestigation of the topological properties of that space via the left operator semiring
has been done establishing the topological isomorphism between the structure space
of a I'-semiring and that of its left operator semiring. Next, it has been acknowledged
that the set C_(X) of all non-positive valued continuous functions over a topological
space X falls into the algebraic structure viz. ['-semiring with pointwise addition and
multiplication taking I' = C_(X) and not only that it is found that the left operator
semiring of C'_(X) is isomorphic to the semiring C, (X)) of all non-negative valued con-
tinuous functions over a topological space X. Then many results have been proved on
the congruences (such as maximal regular, prime congruences) and ideals (such as z-
ideals, z°-ideals) of the I'-semiring C'_ (X ) via the connection with those of the semiring
C4(X). It has been established that the structure space and the real structure space of
C'_(X) are models of Stone-C'ech compactification and Hewitt Realcompactification of
a Tychonoff space X respectively. Also the I'-semiring analogues of the ‘Banach-Stone
Theorem’ and ‘Hewitt Isomorphism Theorem’ are obtained. In addition some results

on z-ideals, z°-ideals of C_ (X)), characterizing the topological space X, have been stud-
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ied. After that the notion of prime I'S-subsemimodules of an unitary I'S-semimodule
has been introduced and the structure space of a I'S-semimodule is defined. Then a
correspondence between the set of all prime I'S-subsemimodules of a I'S-semimodule
and the set of all prime subsemimodules of the associated L-semimodule is obtained,
where S is a ['-semiring and L is its left operator semiring. After that several prop-
erties of the prime I'S-subsemimodules over multiplication I'S-semimodules, finitely
generated ['S-semimodules, k-finitely generated I'S-semimodules, are studied via the
associated L-semimodules. Thereafter the Hull Kernel topology is defined on the prime
subsemimodules of a multiplication semimodule as well as on the set of all prime I'S-
subsemimodules of a multiplication I'S-semimodule and those spaces have been named
as the structure spaces of semimodules and I'S-semimodules respectively. Then the
topological properties of the structure space of semimodules have been examined and
applying those the structure space of I'S-semimodules has been studied via the home-
omorphism of that space with the space of prime L-subsemimodules of the associated

L-semimodule.
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Introduction

The notion of semirings was introduced by Vandiver [81] in 1934. Semirings constitute
a fairly natural generalization of both rings and distributive lattices. Since unlike in
rings, additive inverses are not required in semirings, there are considerable differences
between the theories of the two structures, viz. there is no bijection between the set
of all ideals and congruences on semirings in general. As a result many theories like k-
ideals have been developed to enrich this algebraic system and narrow the gap between
rings and semirings. Also the structure spaces of semirings, formed by the class of
prime ideals, prime k-ideals and maximal k-ideals etc. have been studied by many
authors [7, 41} [74]. Moreover the properties, viz. separation axioms, compactness and
connectedness of those spaces have been investigated as well. In [63] authors studied
various separation axioms of the prime spectrum of a commutative semiring. In [50]
Lescot proved that the set of all prime k-ideals in a characteristic one semiring with
Zariski topology is a spectral space. He also defined the prime congruences on the
characteristic one semirings which are basically additively idempotent commutative
semiring with zero and unity, to accomplish his study to provide a proper algebraic
geometry in characteristic one semirings. Recently in [32], it has been shown that
the space of all prime k-congruences (following the notion of prime congruence as
of Lescot) is homeomorphic to the space of all prime k-ideals equipped with Zariski
topology which is known as the k-prime spectrum in any commutative semiring with
zero and unity and it has been found that both the spaces are spectral spaces as well.

Also many authors have been interested in studying the semimodules and extended
the results on ideals of a semiring to the setting of semimodules over semirings. For

instance, in [I4], [I3], [85], [35], the authors extended some characterizations of prime



ideals (k-ideals) and maximal ideals (k-ideals) of a semiring to prime subsemimodules
(k-subsemimodules) and maximal subsemimodules (k-subsemimodules) of a semimod-
ule. In [33], [34], [35] different properties of the prime subsemimodules and prime
k-subsemimodules have been generalized over top semimodules/ multiplication semi-
modules/ finitely generated/ k-finitely generated semimodules. There are several works
on the topology defined on the prime spectra of modules over commutative rings [53]
as well as non-commutative rings [78]. For a semiring with identity, Golan [30] proved
that its prime spectrum, endowed with the Zariski topology, is a quasicompact T
space. While for semimodules over semirings, Atani et al. [I3] studied Zariski topol-
ogy defined on the k-prime spectrum consisting of the prime k-subsemimodules of a
semimodule, in [85], [14], [84] studies on the properties of prime subsemimodules, prime
k-subsemimodules can be found. Later, Han et al. [34] defined top semimodule over
a semiring, analogous to the notion of a top module (i.e., module whose spectrum of
prime submodules attains a Zariski topology [53]) and studied some of its topological
properties along with several other results regarding multiplication semimodules over
commutative semirings (in [I0], Ameri studied the prime spectrum for a multiplication
module over a commutative ring with nonzero identity). Recently Han et al. in [35]
studied the space of subtractive prime spectrum for a top semimodule over a semiring
with zero and nonzero identity as well.

To study the representation of arbitrary rings as rings of continuous functions on
topological spaces, Jacobson [43] defined a topology for the set of primitive ideals of a
ring : the Hull Kernel topology. In the context of semirings, many authors have used a
similar construction to topologize sets of ideals and congruences (see, for instance, [42],
[75]). In [7] structure space of semirings consisting of prime k-ideals has been studied
and further the structure space of the semiring Z; of all non-negative integers has
also been studied. In the paper of Sen and Bandyopadhyay [75], they introduced the
notion of Hull Kernel topology for the space of maximal regular congruences for the
semialgebra and studied its topological properties. In 1995, Ray et al [67] constructed
the hemiring structure space consisting of all maximal congruences, adopting the def-
inition of congruence, regular congruence, maximal congruence etc. from the paper
of Sen and Bandyopadhyay [75] on hemirings. They also introduced the concepts of
residue class hemirings modulo regular congruences, prime congruences, maximal con-
gruences [67]. In 1993, they introduced the notion of prime congruences on a semiring
which is different from that of Lescot. In 2014, Joo and Mincheva [45], 54] followed the

same approach of twisted products of pair of elements to define prime congruence on



an additively idempotent semiring as this class of congruences exhibit some analogous
properties to the prime ideals of commutative rings. In order to establish a good no-
tion of radical congruences they showed that the intersection of all prime congruences
on a semiring can be characterized by certain twisted power formulas. In 1993, the
structure of C, (X) was first studied by S. K. Acharyya, K. C. Chattopadhyay and G.
G. Ray [2] (the collection C'(X) of all non-negative real valued continuous functions
over a topological space X forms a semiring with respect to pointwise addition and
multiplication of functions). To establish the structure space of the semiring C (X) of
all non-negative real-valued continuous functions on a topological space X as another
model of the Stone-Cech compactification, Acharyya et al. [67] considered the structure
space of all maximal congruences which are prime on a semiring with zero equipped
with the Hull Kernel topology. They proved that the space is T} and it is compact if
the semiring is with unity and found a necessary and sufficient condition for 75. They
established that the structure space of maximal regular congruences on C, (X) is the
Stone-Cech compactification of X and the structure space of maximal regular congru-
ences that are real on C'(X) is the Hewitt realcompactification of X, where X is a
Tychonoff space. They obtained the semiring analogue of the ‘Banach-Stone Theorem’
and ‘Hewitt Isomorphism Theorem’ as well. In 2019, E. M. Vechtomov et. al. in their
paper [82], reviewed all the results intensively studied by them and many other authors
on the theory of semirings of continuous functions, especially C(X). In [22] authors
have studied the z-ideals, z°-ideals of C', (X)) to characterize the topological space X.
These abovementioned studies exhibit sustained research interest in this structure.
The notion of I' was introduced in Algebra by Nobusawa in order to give a mean-
ingful algebraic structure to Hom(A, B), where A, B are additive abelian groups.
Nobusawa introduced the notion of I'-ring in 1964. Then I'-structure was introduced
in semigroup setting by M. K. Sen in 1981 in the form of I'-semigroup and in semiring
setting by M. M. K. Rao in 1995 in the form of I'-semiring as a generalization of I'-
ring as well as of semiring [65]. After that the theory of I'-semiring has been enriched
by the introduction of operator semirings by T. K. Dutta and S. K. Sardar in 2002
[27]. Also they established the correspondence between the ideals of a I'-semiring and
those of its operator semirings which is an important and effective tool for studying
[-semirings. The study of I'-semiring has a sustained research interest which is evi-
dent from numerous recent papers on I'-semirings. ['-semirings are also studied from
different perspective viz its connection with Morita context / equivalence of semirings
obtained by Sardar, Gupta, Saha [71]. They showed that the left operator and the



right operator semiring of a Nobusawa I'-semiring with unities are Morita equivalent
and also deduced that for any two Morita equivalent semirings there exists a Nobusawa
I-semiring whose left and right operator semirings are isomorphic to those two semir-
ings [71]. Pal, Chakraborty, Mukherjee, Sardar considered I'-semirings as bi-linked
semigroups (cf. (1) of Concluding remarks of [61]) and studied bi-linked group congru-
ences on them. Sardar and Gupta established that the lattices of congruences of two
Morita equivalent semirings are isomorphic [72]. Hedayati and Shum [37] studied the
homomorphism of a I'-semiring induced by the congruences, for establishing isomor-
phism theorem and some fundamental theorems of I'-semirings. Many authors have
studied the topological structure spaces of semirings, I'-semirings and ternary semir-
ings of prime ideals, prime k-ideals, maximal k-ideals etc. equipped with Hull Kernel
topology which is evident from numerous papers on semirings [75], [2], I'-semirings [38§],
[44], [55] and ternary semirings [47]. In [47] author has studied the structure space of
prime k-ideals of Z; of all non-positive integers, as a ternary semiring. The study of
congruences in ternary semirings and I'-semirings has been necessitated by the well
known fact that there is no bijection between the set of all ideals and congruences on
semirings, I'-semirings and ternary semirings.

In order to introduce the concept of primitive I'-semiring and Jacobson radicals, in
2004 Sardar and Dasgupta [69] introduced the notion of I'S-semimodule in T'-semiring
theory. Also Dutta and Dasgupta [28] studied the properties of a I'S-Semimodule via
its associated semimodules. They constructed a semimodule over the left operator
semiring L of the I'-semiring S and called that the associated L-semimodule of the I''S-
semimodule in [28]. They established a lattice isomorphism between the lattices of all
['S-subsemimodules of a I'S-semimodule and of all subsemimodules of the associated
L-semimodule and studied the properties of a I'S-semimodule via its associated L-
semimodule. In [23] and [77] properties of prime I"'S-modules and prime I''S-submodules
over a ['-ring S has been studied respectively.

As a continuation of the above works, we study the properties of structure space
(equipped with the Hull Kernel topology) of prime congruences on a semiring. We also
study the notions of maximal, cancellative, regular, prime congruences on a I'-semiring
and establish one to one correspondences between the sets of those congruences on
a I'-semiring and those on its operator semirings. After that we study the structure
spaces consisting of those above mentioned congruences on a ['-semiring, especially on
the I'-semiring C'"_(X) of all non-positive valued continuous functions over a topologi-

cal space X, in order to establish those spaces of C'"_(X) as models of the Stone-Clech



compactification and the Hewitt realcompactification of X. Towards this we proved
an algebraic as well as topological connection between the semiring Cy(X) and the
[-semiring C'_(X) via the operator semiring approach. In the next segment we char-
acterize the notions of prime I'S-subsemimodules, multiplication I'S-semimodules and
study the properties of the prime I'S-subsemimodules over an unitary I'S-semimodule
via the associated semimodule approach. For this we establish an one to one correspon-
dence between the set of all prime I'S-subsemimodules of a ['S-semimodule and the
set of all prime subsemimodules of its associated left operator semimodule. Next we
define the structure space of all prime subsemimodules of a semimodule and study the
topological properties of that space. Finally we define the structure space consisting of
all prime I'S-subsemimodules of a I'S-semimodule and study the topological properties
of that space via those of the structure space of its associated semimodule.

The thesis consists of six chapters. In the first chapter we recall the preliminaries.
We give a brief description of each chapter below:

e Chapter 1: Here we mainly recall some preliminary notions and results of semir-
ings, I'-semirings, semimodules, I'S-semimodules, lattices and topology.

e Chapter 2: Here we study different types of congruences such as cancellative con-
gruence, left and right regular congruence, maximal congruence and prime congruence
on a I'-semiring. This study is accomplished via the operator semirings of a I"-semiring
by obtaining various lattice isomorphisms (bijection / inclusion preserving bijection)
between the lattice of congruences / cancellative congruences / regular congruences
(respectively, maximal congruences / prime congruences) on a I'-semiring and those on
the operator semirings.

e Chapter 3: Here we study some of the topological properties of the space of
prime congruences on a semiring endowed with the Hull Kernel topology. The structure
space, endowed with the Hull Kernel topology, of maximal regular congruences which
are prime on a ['-semiring as well as the structure space of prime congruences on a
['-semiring have been studied via operator semirings.

e Chapter 4: Here we obtain some important results of the structure space of
C_(X) of non-positive real valued continuous functions over a topological space X. It
has been found that the structure spaces of the semiring C;(X) of non-negative real
valued continuous functions and the I'-semiring C_ (X ') are homeomorphic. Moreover it
has been shown that the structure space of C_(X) is the Stone-Cech compactification
of X, where X is a Tychonoff space. Furthermore, the I'-semiring analogue of the

‘Banach-Stone Theorem’ has been obtained. In addition it is obtained that the real



structure space of C_(X) is the Hewitt realcompactification of X and as a consequence
the I'-semiring analogue of the ‘Hewitt isomorphism Theorem’ is obtained. Several
results on z-ideals, z°-ideals of C'_(X), characterizing the topological space X has
been studied.

e Chapter 5: Suppose S is a I'-semiring and L is its left operator semiring.
We first obtain a correspondence between the set of all prime I'S-subsemimodules
of a I'S-semimodule and the set of all prime subsemimodules of the associated L-
semimodule. Also correspondence between the set of all finitely generated (k-finitely
generated) I'S-subsemimodules of a I'S-semimodule and the set of all finitely gener-
ated (resp. k-finitely generated) subsemimodules of the associated L-semimodule has
been established. It has been found that the associated L-semimodule is multiplication
(finitely generated, k-finitely generated) semimodule if and only if the I'S-semimodule
is multiplication (resp. finitely generated, k-finitely generated) I'S-semimodule. Us-
ing these correspondences, several properties of the prime I'S-subsemimodules of I'S-
semimodules (especially of multiplication ['S-semimodules, finitely generated
['S-semimodules, k-finitely generated I'S-semimodules) have been studied via those of
the associated L-semimodule.

e Chapter 6: Suppose S is a I'-semiring and L is its left operator semiring. We
define the Hull Kernel topology on the set of all prime I'S-subsemimodules of a multi-
plication I'S-semimodule as well as on the prime subsemimodules of a multiplication
semimodule and call those spaces the structure spaces of I'S-semimodules and semi-
modules respectively. We then observe that the Zariski topology and the Hull Kernel
topology on prime subsemimodules are the same. Using this observation we study
the topological space of prime I'S-subsemimodules via the topological space of prime

L-subsemimodules of its associated L-semimodule.
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PRELIMINARIES




Preliminaries

In this chapter certain basic definitions and results are presented for their use in the

sequel.

1.1 Lattice

Definition 1.1.1. [24] Let P be a set. An order (or partially order) on P is a binary
relation < on P such that for all z,y, z € P,

(1) <z (known as reflexivity)
(1) x <y and y <z imply x = y (known as antisymmetry)
(17i) v <y and y < z imply x < z (known as transitivity).

A set P equipped with an order relation < is said to be an ordered set (or partially

ordered set or poset).

Definition 1.1.2. [24] Let P and @ be two ordered sets. Then a map ¢ : P — @Q is
said to be

1) an order preserving if x <y in P implies ¢(x) < ¢(y) in @),
' d f P implies ¢ & 0
(i) an order-embedding if x <y in P if and only if ¢(x) < ¢(y) in @,

(17i) an order-isomorphism if it is an order-embedding which maps P onto () and P

and () are called order-isomorphic.



Chapter 1. Preliminaries

Definition 1.1.3. [24] Let L be an ordered set and S C L. An element z € L is an
upper bound of S if s < x for all s € S. A lower bound is defined dually. z is called
the least upper bound of S (supremum of S) and denoted by supS if z is an upper
bound of S and x < y for all upper bounds y of S. Dually x is called the greatest lower
bound of S (infimum of S) and denoted by infS if x is a lower bound of S and = > y

for all lower bounds y of S.

Definition 1.1.4. [24] Let L be a nonempty ordered set. Then L is called a lattice if
sup{z,y} and inf{x,y} exist for any two elements =,y € L.
sup{z,y},inf{x,y} are denoted by a V b, a A b respectively.

Definition 1.1.5. [24] Let L be a lattice and () # M C L. Then M is called a sublattice
of L if a,b € M implies sup{z,y},inf{x,y} € M.

Definition 1.1.6. [24] Let L and K be two lattices. A mapping f : L — K is said
to be a lattice homomorphism if f is both join-preserving and meet-preserving i.e., for
all a,b € L, f(aVb) = f(a)V f(b) and f(a Ab) = f(a) A f(b). A bijective lattice

homomorphism is called a lattice isomorphism.

Proposition 1.1.7. [Z]] Let L and K be two lattices and f: L — K be a map.

(i) Then the following are equivalent.
(a) f is order preserving.
(b) f(aVb)> f(a)V f(b) for all a,b € L.
(¢) flaAb) < fa)A f(b) for all a,b € L.

In particular, if f is a homomorphism then f is order preserving.

(13) f is a lattice isomorphism if and only if it is an order-isomorphism.

Definition 1.1.8. [24] A lattice L is said to be a complete lattice if the join (supremum),
VS and the meet (infimum), AS exist for every subset S of L.

1.2 Topology

Definition 1.2.1. [76] An operator that assigns to each subset A of a topological space
X asubset A of X is called a Kuratowski closure operator if following four axioms called

Kuratowski closure axioms hold:



Chapter 1. Preliminaries

(1) O =10
(i1) ACA
(iii) A=A

N

(iv) AUB=AUB forall A,BC X.

From these axioms, we have, for A, B C X, A C B implies A C B.
The topology induced by the Kuratowski closure operator is called the Hull Kernel

topology.

Definition 1.2.2. [48] A topological space X is called completely regular if for each
point x of X and each closed set A not containing z, there exists a continuous function
f:X —0,1] such that f(z) =1 and f(A) = {0}.

A T} completely regular topological space is called a Tychonoff space.

Definitions 1.2.3. [29] Let C'(X) be the ring of continuous functions over a topological
space X.

An ideal I of C(X) is called fized it N{Z(f): f €I} #0.

A maximal ideal M in C(X) is called real if C(X), M is isomorphic to R.

A space X is called realcompact if every real maximal ideal in C(X) is fixed.

Definitions 1.2.4. [29] In a space X, a Gs-subset of X is a countable intersection of

open subsets of X.

Definition 1.2.5. [29] For any subset A of a topological space X, the set rclA = {x €
X : each Gg-set in X containing = intersects A} is called the realclosure of A. A is
called realclosed if rclA = A.

Every closed set in X is realclosed.

Theorem 1.2.6. [29] Every realclosed subset of a realcompact space is realcompact.

It is to be noted that a compact space is always realcompact.

Definition 1.2.7. [67] Let X be a topological space. A pair (a,Y) is a said to be an
extension of X if Y is a space and « is a homeomorphism of X into Y such that a(X)
is dense in Y.

If Y is compact T3 then (o, Y) is called a Ty-compactification of X.

If Y is a realcompact space then («,Y) is called a realcompactification of X.

10
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Theorem 1.2.8. [29] For any Tychonoff space X, (o, X) is the Stone-C'ech compact-
ification of X if for every continuous function f from X into any compact Ty space Y

there exists a function F' from X toY such that F oa = f.
Theorem 1.2.9. [2Y] For any Tychonoff space X, (a,vX) is the Hewitt realcompact-

ification of X if for every continuous function f from X into any realcompact space 'Y
there exists a function F' from vX toY such that Foa = f

Definition 1.2.10. [39] A nonempty topological space X is said to be irreducible if
every pair of nonempty open subsets in X have the nonempty intersection. A subset
Y of a topological space X is said to be irreducible if the subspace Y is irreducible. A
subset Y of a topological space X is irreducible if and only if for any closed subsets Y;
and Y5 in X, Y C Y, UY; implies that Y CY; or Y C V5.

Definition 1.2.11. [39] A point y of a topological space X is called a generic point of
a closed subset Y of X if {y} =Y.

Definition 1.2.12. [39] If a topological space X is connected then only subsets which
are both open and closed (clopen sets) are X and the empty set. Otherwise the space

is called disconnected.

Definitions 1.2.13. [63] A point = of a space X is kerneled if {x} is the intersection
of all open neighbourhoods of x. A space is called a T /4-space if each of its points is
either kerneled or closed.

A point x of a space X is isolated if {x} is open. A space is a Tj/9-space if each of its
points is either isolated or closed.

Further a space is a T3/4-space if each of its points is either closed or open-regular,
where an open-reqular set is an open set which is the interior of its closure.

In general T3,y <= T' /5 <= Ty 4.

Note that every isolated point is kerneled.

Definitions 1.2.14. [29] A P-space is a topological space in which every Gs-set is
open.

An almost-P-space is a space in which Gs-sets have dense interiors.

1.3 Semiring

Definition 1.3.1. [31] Let R be a nonempty set and ‘+’ and ‘-’ be two binary oper-
ations on R, called addition and multiplication respectively. Then (R, +,-) is called a

semiring if

11
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(1) (R,+) is a commutative semigroup,
(77) (R,-) is a semigroup and
(7i1) a- (b+c)=a-b+a-cand (b+c)-a=b-a+c-aforallabceR.

If there exists an element 0 € R such that a + 0 = a for all @ € R then 0 is called
additive neutral element or the zero of R and R is called a semiring with zero.
Moreover if a -0 =0-a = 0 for all a € R then R is called a semiring with absorbing
zero.

Again if there exists an element 1 € R such that a.1 = 1.a = a for all a € R then 1 is
called multiplicative identity or simply identity element of R and R is called a semiring
with identity.

Further if a.b = b.a for all a,b € R then R is called a commutative semiring.

Note that this semiring is same as a semiring in [2] and [30] without the additive identity
and multiplicative identity. Throughout our work we have considered semiring with

absorbing zero.

Example 1.3.2. [30] Let C'(X) be the set of all non-negative valued continuous func-
tions over a topological space X. This set with pointwise addition and multiplication

forms a semiring.

Definitions 1.3.3. [30] An ideal I of a semiring R is a nonempty subset of R such
that a + b,as,sa € I for all a,b € I and s € R.

A proper ideal I of a semiring R is called prime if ab € [ implies a € I or b € I for any
elements a,b € R.

A proper ideal I of a semiring R is called mazimal if it is not contained in any other
proper ideal of the semiring R.

An ideal I of a semiring R is called a k-ideal if for x,y € R, v+y € I and y € I implies
that z € I.

For an ideal I of a semiring R, the k-closure of I, denoted by I, is defined by
I={a€R:a+b=cfor some b,c,e I}.

Clearly I is a k-ideal of R if and only if I = I. Also for an ideal I of R, I is a k-ideal
of R.

Proposition 1.3.4. [82] Prime (maximal) ideals of the semiring C(X) are precisely
the ideals PN C.(X) for the prime (resp. mazximal) ideals P of the ring C(X).

12
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Proposition 1.3.5. [82] Any prime ideal of a semiring Cy(X) is contained in a unique

maximal ideal.

Theorem 1.3.6. [82] For any topological spaces X and Y, the following are equivalent.
(1) C(X) is isomorphic to C(Y').
(2) C(X) is isomorphic to C(X).

Definition 1.3.7. [30] If R; and R, are semirings then a function ¢ : Ry — Ry is a

morphism of semirings if and only if:
(1) ¢(0r,) = Og,,
(2) ¢(1g,) = 1p, and
(3) d(r+1') = ¢(r) + ¢(r') and G(rr’) = p(r)d(r’) for all .7’ € R, .

A morphism of semirings which is both injective and surjective is called an isomor-

phism.

Definition 1.3.8. [30] A semiring R is called additively cancellative if for all x,y, z € R,
r+z=y-+ 2z implies z = y.

Definition 1.3.9. [30] A semiring R is said to be zero-sum free if for a +b = 0, where
a,be R, a=0and b=0.

Definition 1.3.10. [30] A semiring R is said to be zero-divisor free (ZDF) if for
a,b € R, ab= 0 implies that a =0 or b = 0.

Definition 1.3.11. [30] A semiring R is a division semiring if for every nonzero element
r € R there exists an element z € R such that xr =1 = rz. A commutative division

semiring is a semifield.

Proposition 1.3.12. [30] A division semiring is either zerosumfree or is a division

Ting.

Definition 1.3.13. [30] An equivalence relation p on a semiring R is called a congru-

ence on R if for any a,b,c € R,

(a,b) € p implies (a + ¢, b+ c) € p, (ac,bc) € p and (ca, cb) € p.

13
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Remark 1.3.14. [30] The set of all congruences on a semiring R, partially ordered
with the set inclusion, forms a complete lattice with meet and join defined as follows:
for two congruences py, pa, p1 A pe = p1 N py and py V py is defined as (a,b) € py V po if
and only if for some natural number n, there exists elements x, xs,..., z,_1 in S and

a = g, T, = b such that (xy_1,x) € p1 or (vx_1, k) € po for 1 < k < n.

Proposition 1.3.15. [30] If R is a commutative semiring with more than two elements

having no nontrivial proper congruence relations then R is a field.

Definition 1.3.16. [67] A congruence p on a semiring R is said to be a cancellative

congruence if (a + ¢,b + ¢) € p implies (a, b) € p, where a, b, c € R.

Definition 1.3.17. [67] A cancellative congruence p on a semiring R is called left
reqular congruence if there exist elements ej,e5 € R such that for all « € R, (a +
era, esa) € p. The pair (eq, eq) is called left unity pair of p.

A cancellative congruence p is called right reqular congruence if there exist elements
f1, f2 € R such that for all a € R, (a + afi,afy) € p. The pair (f1, f2) is called right
unity pair of p.

p is called regular congruence if it is both left and right regular congruence.

Note 1.3.18. It can be shown that if p is a proper left regular congruence on R and
(e1, e2) is a left unity pair of p then (eq,e2) ¢ p. Therefore from this fact it follows that

e1, ey are distinct elements of R.

Definition 1.3.19. [67] A proper congruence is called maximal congruence if it is not
contained in any proper congruence on semiring R.
A proper left regular congruence is called maximal left regular congruence if it is not

properly contained in any other proper left regular congruence on semiring R.

Definition 1.3.20. [67] A proper congruence p on a semiring R is called a prime

congruence if it satisfies the following condition:
(ad + be, ac 4+ bd) € p implies either (a,b) € p or (¢,d) € p, where a,b,c,d € R.
In the following we give two examples of prime congruences.

Examples 1.3.21. [67]

(i) Let us consider the semiring C(X) of all non-negative real-valued continuous

functions on a topological space X. Then for any element z € X, the relation p,

defined by,

14
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(f,9) € p, if and only if f(z) = g(z), where f,g € C(X)

is a prime congruence on C (X).

i1) For any prime number p, the relation p, on the semiring Z; of all non-negative
Y Pp g Zg g

integers defined by,
pp = {(m,n) € Z§ x Zg : m — n is divisible by p}
is a prime congruence.

Proposition 1.3.22. [/5] If a congruence is prime then it can not be obtained as the

intersection of two strictly larger congruences.

Definition 1.3.23. [67] A pair (e, f) of elements of a semiring R is called a left identity
pairin R if for all a € R, a + ea = fa and a pair (¢, f’) is called a right identity pair
in Rif forall a € R, a+ ae’ = af’. A pair is called an identity pair in R if it is both a
left and a right identity pair.

Note 1.3.24. It can be shown that if p is a proper cancellative congruence on R and
(e, f) is an identity pair of p then (e, f) ¢ p. Therefore from this fact it follows that

e, f are distinct elements of R.

Remark 1.3.25. [67] If a semiring contains a left (right) identity pair then every
cancellative congruence on it is left (resp. right) regular. Also if a semiring contains a
multiplicative identity 1 then (0, 1) is an identity pair of the semiring and hence every

cancellative congruence on it is a regular congruence.

Theorem 1.3.26. [07] Every left reqular congruence on a semiring is contained in a

mazimal left reqular congruence on it.

Theorem 1.3.27. [67] Every mazimal left reqular congruence on a semiring is mazximal

cancellative.

Theorem 1.3.28. [67] Let R be a semiring and p be a congruence on R. Then the
quotient set R/p = {p(x) : © € R}, with the compositions ‘+ " and " defined by,

p(z) + p(y) = p(x +y) and p(x).p(y) = p(xy)

forall x,y € R, is a semiring if and only if p is a congruence on R.
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Lemma 1.3.29. [31] If p is a congruence on a semiring R and R/p has a zero [0],
then [0], is a k-ideal of R.

Example 1.3.30. [30] Any k-ideal of Z; is the form aZ; for a € Z; .

Theorem 1.3.31. [67] Let R be a semiring and p be a congruence on R. R/p is

additively cancellative semiring if and only if p is cancellative congruence on R.

Theorem 1.3.32. [67] Let R be a semiring and p be a congruence on R. R/p contains

a left identity pair if and only if p is left reqular congruence on R.

Theorem 1.3.33. [67] Let R be a semiring and py be a congruence on R. There is
an order preserving bijection between set of all congruences (cancellative, left regular,
right reqular, reqular congruences) on R containing py and the set of all congruences

(respectively cancellative, left reqular, Tight reqular, reqular congruences) on R/pq.

Theorem 1.3.34. [67] Let R be a semiring and py be a congruence on R. Then pq is
a mazximal congruence on R if and only if the semiring R/py contains no congruence

other than diagonal.

Theorem 1.3.35. [67] Let R be a semiring and p be a prime congruence on R. Then

R/p has no divisor of zero.

Theorem 1.3.36. [67] The space of all mazximal reqular congruences which are prime

on a semiring with unity equipped with Hull Kernel topology is a Ty, compact space.

Corollary 1.3.37. Singletons are closed if and only if every prime congruence is mazx-

imal.

Theorem 1.3.38. [67] There is an order preserving bijection between the sets of all

congruences (regular, maximal reqular congruences) of two isomorphic semirings.

Theorem 1.3.39. [67] If two semirings are isomorphic then their structure spaces of

maximal reqular congruences are homeomorphic.

Theorem 1.3.40. [67] Every mazimal reqular congruence on the semiring C(X) is

a prime congruence on C(X).

Theorem 1.3.41. [67] For x € X, p, = {(f,9) : f,g € C(X) and f(x) =g(x)} is a

mazimal regular congruence on C(X).
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Theorem 1.3.42. [67]] The structure space of all mazximal reqular congruences on
C(X) with the Hull Kernel topology is a compact Ty space, where X is a Tychonoff

space.

Corollary 1.3.43. [2] If X is a Tychonoff space then (nx,Bc, (x)) is the Stone-C'ech
compactification of X, wherenx : X — Be, (x) is defined as nx(x) := py and (f,g) € ps
if and only if f(x) = g(x) for f,g € C1(X) and Be,(x) = the structure space of all

mazximal reqular congruences on the semiring C(X).

Note that in [2] and [67], the structure space of all maximal regular congruences on
the semiring C' (X)) is denoted by W (C4 (X)) by the authors.

Definition 1.3.44. [67] A maximal regular congruence p on Cy(X) is called real if
C.(X)/p is isomorphic to R .

Lemma 1.3.45. [67] The real structure space B& (x) consisting of all maximal regular

congruences which are real on C (X)) is realcompact.

Note that in [67], the space B&( x) of all maximal regular real congruences on the
semiring C (X)) is denoted by Wgr(C(X)) by the authors.

Corollary 1.3.46. [67] If X is a Tychonoff space then (nX,Bg+(X)) is the Hewitt
realcompactification of X, where ny : X — B&(x) is defined as nx(z) = p, and
(f,9) € ps if and only if f(x) = g(x) for f,g € C(X) and B&(X) = the structure

space of all maximal regular real congruences on the semiring C(X).

Theorem 1.3.47. [2] If X andY are compact Ty spaces then the two semirings C (X)

and C(Y') are isomorphic if and only if X and Y are homeomorphic.

Theorem 1.3.48. [3/ If X andY are realcompact spaces then the two semirings C(X)

and C(Y) are isomorphic if and only if X and Y are homeomorphic.

Definition 1.3.49. [30] A proper ideal [ is called strong if and only if a+b € I implies
a,bel.

Theorem 1.3.50. [30] Let R and S be two isomorphic semirings and Id(R), Id(S) be
the sets of all ideals of R and S (respectively). Then there exists an order preserving

bijective correspondence between Id(R) and Id(S).

Theorem 1.3.51. [30]/ If R and S are two isomorphic semirings then the sets of all
k-ideals, prime ideals, prime k-ideals (maximal, maximal k-ideals) of R and S are in

order preserving bijective correspondences (resp. bijective correpondences).
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Lemma 1.3.52. [22] Prime ideals of C.(X) are strong ideals.

Theorem 1.3.53. [2Z] For every ring ideal I in C(X), the corresponding I'-semiring
ideal I N C4(X) is a k-ideal of C(X).

Definition 1.3.54. [22] Let R be a commutative semiring with unity. Then an ideal
I of R is said to be a z-ideal if f € I implies M]'f C I, where M]'f is the intersection of
all maximal ideals of C'{ (X) containing f.

Equivalently, a proper ideal [ in C(X) is called a z-ideal if Z(f) C Z(g) and f € I
implies g € 1.

Proposition 1.3.55. [22] Fora € C.(X), M} ={ge€ Cy(X): Z(a) C Z(g9)}.

Theorem 1.3.56. [22] Any z-ideal of C(X) is of the form I N C.(X) for various
z-ideals I of C'(X).

Proposition 1.3.57. [22] z-ideals of C.(X) are strong.
Theorem 1.3.58. [22] The minimal prime ideals of C1(X) are z-ideals.
Theorem 1.3.59. [22] For any z-ideal I in C(X), the following are equivalent.
(1) I is a prime ideal.
(ii) I contains a prime ideal.
(i13) For all k,l € Cy(X), ifkl=0then keI orlel.

Definition 1.3.60. [22] A commutative semiring R is called a regular semiring if for

any a € R there exist » € R such that a = a?r.
Theorem 1.3.61. [27] The following are equivalent.
(1) X is a P-space.
(77) Each ideal of C(X) is a z-ideal.
(i13) Each ideal of C(X) is a z-ideal.
(iv) Each strong ideal is a z-ideal in C(X).
(v) Each prime ideal is a z-ideal in C(X).
(vi) CL(X) is a regular semiring.
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Definition 1.3.62. [22] An ideal of a semiring is called essential if it intersects every

nonzero ideal nontrivially.

Theorem 1.3.63. [2Z] The following are equivalent for any essential ideal E of the

semiring C(X).
(1) E intersects every nonzero z-ideals nontrivially.
(i) E intersects every ideal nontrivially.

(i1i) Ann™(E) = (0).

(iv) NZ[E] is nowhere dense.

Theorem 1.3.64. [22] Any essential z-ideal in C(X) is of the form INC, (X)), where

I is an essential z-ideal of C'(X).

Theorem 1.3.65. [22] X is a P-space if and only if every essential ideal is a z-ideal

Definition 1.3.66. [22] An ideal I in C, (X)) is called z°-ideal if a € I implies P,” C I,

where P is the intersection of all minimal prime ideals of C'y(X) containing a.
Proposition 1.3.67. [22] z°-ideals in C'y(X) are strong.

Theorem 1.3.68. [22] Any z°-ideal in C(X) is of the form J N Cy(X) for various
2%-ideals J in C(X).

Definition 1.3.69. [30] A nonzero element a in a semiring R is said to be a zero-divisor

if there exists nonzero b € R such that ab = 0.
Theorem 1.3.70. [22] The following are equivalent.
(1) X is an almost P-space.
(17) Every z-ideal in C(X) is a z°-ideal.
(i13) Every mazimal ideal in C(X) is a z°-ideal.
(iv) Every maximal ideal in C(X) consists entirely of zero-divisors.

(v) For each mnonunit element f € C(X), there exists 0% g e C(X) with
Py C Ann(g).
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(vi) Every z-ideal in C(X) is a z°-ideal.
(vii) Every mazimal ideal in C(X) is a z°-ideal.
(viti) Ewvery mazimal ideal in C,(X) consists entirely of zero-divisors.

(iz) For each nonunit element f € C(X), there ezists 0# g€ C(X) with
P; C Ann*(g).

Definition 1.3.71. [22] A semiring R is called almost regular if for any nonunit a € S
there exists 1 # b € S such that ab = a.

Theorem 1.3.72. [22] X is an almost P-space if and only if C1(X) is almost regular.

Definition 1.3.73. [30] A semiring R is said to be Noetherian (k-Noetherian) if for
every ascending chain A; C Ay C Az C ... of ideals (respectively k-ideals) in R there

exists a positive integer n such that A; = A, for all i < n.

Definition 1.3.74. [30] A semiring is said to be Artinian (k-Artinian) if for every
descending chain A; O A; D Az D ... of ideals (respectively k-ideals) in R there exists

a positive integer n such that A; = A,, for all i < n.
Theorem 1.3.75. [22] The following are equivalent.
(1) X is finite.
(1i) C(X) is Noetherian.
(1i1) C(X) is k-Noetherian.
(v) Cp(X) is Artinian.

(v) CL(X) is k-Artinian.

1.4 [I'-semiring

Definition 1.4.1. [65] Let S and I" be two additive commutative monoids. S is called
a ['-semiring if there exist mapping from S x I' x S to S (images to be denoted by a~vb,
where a,b € S and v € I') satisfying the following conditions:

(1) aa(b+ c¢) = aab+ aac
(77) (a+ b)ac = aac + bac
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(i13) a(a+ B)c = acc+ afic
(1v) aa(bpc) = (aad)pc
(v) aalg = O0gava = 0g and aOrb = Og

for all a,b,c € S and for all o, B € T.

S is said to be a commutative I'-semiring if aab = baa for all a,b € S, a € T'.

Example 1.4.2. [65] Let A and B be two additive commutative semigroups. Let
Hom(A, B) be the additive commutative semigroup of all homomorphishms from A
to B and I' be additive commutative semigroup of all homomorphisms from B to
A. Then Hom(A, B) is a I'-semiring, where aab denotes the usual composition of

homomorphisms, where a,b € Hom(A, B) and o € T.

Example 1.4.3. Let C_(X) be the set of all non-positive valued continuous functions
on a topological space X. Then with pointwise addition and multiplication of functions
C_(X) forms a I'-semiring, where I' = C_(X).

Definition 1.4.4. [27] Let S be a I'-semiring and F' be the free additive commutative
semigroup generated by S x I'. Then the relation p on F' defined by,

Sty (s, i) p X0 (y5, B3) if and only if 370, w40 = 37, y;55a,

for all a € S (m,n € Z7), is a congruence on F.
We denote the congruence class containing Y1 (2, ;) by i [z, o).
Then F'/p is an additive commutative semigroup.

Now F'/p forms a semiring with the multiplication defined by,

(7 [, cu]) (21 [y, B5]) = i [wicay;, Byl

We denote this semiring by L and call it the left operator semiring of the I'-semiring
S.
Dually we define the right operator semiring R of the I'-semiring S.

Theorem 1.4.5. [27] If a ['-semiring S is commutative then its left (right) operator

semiring L (resp. R) is commutative.

Theorem 1.4.6. [27] If S is a commutative I'-semiring then L and R are isomorphic.
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Definitions 1.4.7. [27] Let S be a I'-semiring and L be the left operator semiring
and R be the right one. If there exists an element 37, [e;,0;] € L (respectively,
?:1[%‘7]}] € R) such that 3", e;0;a = a (respectively, 37, av;f; = a), for all
a € S, then S is said to have the left unity Y1, [e;, d;] (respectively, the right unity
Sl £,
Also if there exists an element [e,d] € L (respectively, [, f] € R) such that eda = a
(respectively, ayf = a) for all a € S, then S is said to have the strong left unity [e, ¢]
(respectively, strong right unity |7y, f]).

Definition 1.4.8. [69] A I'-semiring S is called additively cancellative if
forall z,y,z € S, x + 2 =y + z implies © = y.

Lemma 1.4.9. [26] Let S be a I'-semiring and L be its left operator semiring. Then
for any a € T, [0, ] is the zero of L.

Proposition 1.4.10. [20] Let S be a T'-semiring and L and R be its left and right
operator semirings. If Y21 [e;, 05 (37—1[vj, fil) is the left (resp. right) unity of S then
it is the identity of L (resp. R).

Theorem 1.4.11. [70] Let S be a I'-semiring and L be its left operator semiring. Then

S is additively cancellative if and only if so is L.

Definition 1.4.12. [68] A T'-semiring S is called a regular I'-semiring if for any a € S,
a € al'STa.

Definition 1.4.13. [68] A nonzero element a in a I'-semiring S is said to be a zero-

divisor if there exist nonzero v € I' and b € R such that ayb = 0.

Definition 1.4.14. [27] A I'-semiring S is said to be zero-divisor free (ZDF) if for
a,be S and a € I', aab = 0 implies that a =0 or a =0 or b = 0.

Definition 1.4.15. [26] A I'-semiring S is said to be weak zero-divisor free (WZDF)
if for a,b € S, al'b = {0} implies that either a = 0 or b = 0, where I = T"\ {0}.
A commutative ['-semiring S with unities is said to be a I'-semi-integral domain (T -

SID) if it is WZDF.

Definitions 1.4.16. [26] Let S be a I'-semiring. An additive subsemigroup I of S is
called an left (right) ideal of S if STT C I (resp. IT'S C I). If I is both a left and a
right ideal then [ is called an ideal of S.

An ideal I of a I'-semiring S is called a k-ideal if for x,y € S, x+y € [ andy € I
implies that x € I.
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Definitions 1.4.17. [68] For an ideal I of a I'-semiring S, the k-closure of I, denoted
by 1, is defined by I = {a € S : a + b = ¢ for some b, ¢, € I}.
Clearly I is a k-ideal of S if and only if I = I. Also I is a k-ideal of S.

Definition 1.4.18. [26] Let S be a I'-semiring. A proper ideal P of S is said to be
prime if for any two ideals I and J of S, IT'J C P implies that either I C P or J C P,
where IT'J denotes the set of all finite sums of the form Y, a;a;0; with a; € I, b; € J
and o; € T.

A prime ideal which is also a k-ideal is called a prime k-ideal of S.

Theorem 1.4.19. [27] The set of all ideals (k-ideals, prime ideals, prime k-ideals)
of a I'-semiring S and its left operator semiring L are in order preserving bijective
correspondence via the mapping I — I, where I is an ideal (resp. k-ideal, prime
ideal, prime k-ideal) of S and It = {¥X" [zi, 0] € L : (X725, 4])S € I} and
the inverse mapping J — J*, where J is an ideal (resp. k-ideal, prime ideal, prime
k-ideal) of L and J* ={a € S :[a,T] C J} .

Definition 1.4.20. [27] A I'-semiring S is said to be Noetherian (k-Noetherian) if for
every ascending chain A; C Ay C A3 C ... of ideals (respectively k-ideals) in S there

exists a positive integer n such that A; = A,, for all 1 < n.

Definition 1.4.21. [27] A T'-semiring is said to be Artinian (k-Artinian) if for every
descending chain A; O Ay O Az O ... of ideals (respectively k-ideals) in S there exists

a positive integer n such that A; = A, for all i <n.

Theorem 1.4.22. [27] A T'-semiring S is Noetherian (k-Noetherian) if and only if
its right operator semiring R or left operator semiring L is Noetherian (resp. k-
Noetherian,).

Theorem 1.4.23. [Z7] A I'-semiring S is Artinian (k-Artinian) if and only if its right

operator semiring R or left operator semiring L is Artinian (resp. k-Artinian).

Definition 1.4.24. [27] A commutative ['-semiring S with unities is a I'-semifield if
for any a(# 0) € S and for any a(# 0) € T' there exists b € S, € T' such that
aabfd = d for alld € S.

Theorem 1.4.25. [27] A commutative I'-semiring S with unities is a T'-semifield if

and only if it is ZDF and has no nonzero proper ideals.
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Theorem 1.4.26. [27] If a commutative T'-semiring S is a '-semifield then the left

operator semiring L of S is a semifield.

Definition 1.4.27. [37] Let S; be a I'1-semiring and Sy a I'y-semiring,.

Then (¢, g) : (S1,'1) — (52, '2) is called a homomorphism if ¢ : Sy — Sy and

g : I'1 = I'y are homomorphisms of semigroups such that ¢(zyy) = ¢(x)g(x)p(y) for
all z,y € Sy and v € I'. The mapping (¢, g) is called an epimorphism if (¢, g) is a
homomorphism and ¢ and g are epimorphisms of semigroups. Similarly we can define a
monomorphism. A homomorphism (¢, g) is an isomorphism if (¢, g) is an epimorphism

and a monomorphism.

Definition 1.4.28. [65] A congruence p on a I'-semiring S is an equivalence relation

which satisfies the following axioms:
(i) (a,b) € p implies (a+¢,b+c) € p,

(73) (a,b) € p implies (aye,byc) € p and (cya, cyb) € p, for all a,b,c € S and for all
vyel.

Equivalently, p is a congruence on a I'-semiring S if for a,b,¢,d € S, (a,b) € p and

(¢,d) € p implies (a + ¢,b+ d) € p and (ayc, byd), (cya,dvyb) € p for all v € T

Theorem 1.4.29. [37] Let p be an equivalence relation on a I'-semiring S. If p is a
congruence on S then the quotient set S/p = {p(x) : x € S} with the compositions ‘+’
and “’ defined by,

p(x) + ply) = p(x +y) and p(x) -7 - p(y) = p(z7y)
for all x,y € S and for all v € T, is a I'-semiring.

We have the following theorem due to the ‘Isomorphism Theorem’ proved by He-
dayati and Shum, 2011.

Theorem 1.4.30. [37] Let Sy and Sy be I'y-semiring and T'y-semiring respectively. If

(h,9) : (S1,T1) = (59,12) is an epimorphism then there exists an isomorphism
(0, 9) 1 (S1/004,9), 1) = (S2,T2), where Oy = {(x,y) : ¢(x) = ¢(y)} is a congruence

on the I'y-semiring 5.
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1.5 Semimodule

Definition 1.5.1. [34] A left semimodule M over a semiring R or a left R-semimodule
is a commutative semigroup (M, +) together with a scalar multiplication R x M — M
defined by (r,z) — ra such that

(1) (r+s)x =rz+ sz,
(15) r(z+vy) =rz+ry,
(1ii) r(sx) = (rs)z,

forall r,s € Rand z,y € M.

If a left R-semimodule M has an additively neutral element 0,; satisfying r0y; = Oy
for all » € R then 0, is called a zero of M.

A left R-semimodule M is said to be unitary if the semiring R has a zero 0 and an
identity 1, M has a zero 0;; and Ox = 0, and 1x = x hold for all x € M.
Analogously a right R-semimodule is defined.

Throughout this chapter we consider R-semimodule M as an unitary left R-semimodule.

Definition 1.5.2. [34] A nonempty subset N of an R-semimodule M is called a sub-
semimodule of M if v +y € N and rx € N for all z,y € N and all r € R. A
subsemimodule N of an R-semimodule M is called a subtractive subsemimodule or a

k-subsemimodule of M it  +y € N and y € N imply x € N.

Definition 1.5.3. [34] For a subsemimodule N of an R-semimodule M, put
(N:M)={re R:rM C N}. Then (N : M) is an ideal of R, called the associated
ideal of N. If N is a k-subsemimodule of M then (N : M) is a k-ideal of R.

Definition 1.5.4. [34] A subsemimodule N of an R-semimodule M is said to be proper
if N £ M.

A proper subsemimodule P of an R-semimodule M is said to be mazimal in M if for
each subsemimodule N of M, P C N C M implies that N = P or N = M.

A proper k-subsemimodule P of an R-semimodule M is said to be k-mazimal in M if
for each k-subsemimodule N of M, P C N C M implies that N = P or N = M.

Definition 1.5.5. [35] A proper subsemimodule P of an R-semimodule M is said to
be prime in M if rRm C P with r € R and m € M implies that m € Porr € (P : M).

A proper k-subsemimodule which is also prime is called a prime k-subsemimodule.
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Definition 1.5.6. [34] An R-semimodule M is said to be multiplication semimodule
if for every subsemimodule N of M there exists an ideal I of R such that N = I M.
Also N = (N : M)M.

Remark 1.5.7. [34] If P is a prime subsemimodule of M then (P : M) is a prime
ideal of R.

Remark 1.5.8. [35] If P is a prime k-subsemimodule of M then (P : M) is a prime
k-ideal of R.

Lemma 1.5.9. [3]|] Every mazimal subsemimodule K of an R-semimodule M is prime.

Lemma 1.5.10. [35] Every k-mazimal subsemimodule K of an R-semimodule M is

prime.

Lemma 1.5.11. [3]] Let M be a finitely generated R-semimodule. If N is a proper
subsemimodule of M then there exists a maximal subsemimodule of M containing N .

Therefore M has a mazimal subsemimodule.

Definition 1.5.12. [33] An R-semimodule M is said to be subtractively finitely gen-
erated or k-finitely generated if there exists a nonempty finite subset F' of M such that

M = (F).

Lemma 1.5.13. [33] Let M be a k-finitely generated R-semimodule. If N is a proper
k-subsemimodule of M then there exists a k-maximal subsemimodule of M containing

N. Therefore M has a k-maximal subsemimodule.

Note that in [85] and [33], the associated ideal is denoted as An(M) instead of
(N : M).

Theorem 1.5.14. [83] Let M be a multiplication R-semimodule and N be a subsemi-
module of M. Then N is a prime subsemimodule of M if and only if (N : M) is a
prime ideal of R.

Proposition 1.5.15. [85] An R-semimodule M is a multiplication semimodule if and
only if there exists an ideal I of R such that mR = M1 for each m € M

Proposition 1.5.16. [83] Let P be a prime subsemimodule and Ny, Na, ..., N; are sub-
semimodules (k-subsemimodules) of the multiplication semimodule M over the semiring
R. Then N_; N; C P if and only if N; C P for some j with 1 < j < t.
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Definition 1.5.17. [84] Let M be an R-semimodule over a semiring R. We call M a
k-multiplication semimodule if for all subsemimodules N of M there exists a k-ideal I
of R such that N = IM.

Theorem 1.5.18. [§)|] Let M be a k-multiplication semimodule of the semiring R.
Then a k-subsemimodule N is prime if and only if (N : M) is a prime k-ideal.

Definition 1.5.19. [35] For a subsemimodule N of an R-semimodule M, the radical
rad(N) of N is defined to be the intersection of all prime subsemimodules of M con-
taining N.

radg(N), the k-radical of N, is defined to be the intersection of all

prime k-subsemimodules of M containing V.

Note that in [34] and [35], the intersection of all prime subsemimodules
(k-subsemimodules) of a R-semimodule M containing a subsemimodule N of M is
denoted by v/N (resp. \/N(k)) instead of rad(N) (resp. radi(N)).

Proposition 1.5.20. [3]] If N is a subsemimodule of a multiplication R-semimodule
M then rad(N) = Mrad((N : M)).

Theorem 1.5.21. [35] If N is a k-subsemimodule of a multiplication R-semimodule
M then rad(N) = radi(N).

Corollary 1.5.22. [33] If N is a k-subsemimodule of a multiplication R-semimodule
M then rady(N) = Mrad((N : M)).

Lemma 1.5.23. [3]] Let M be a multiplication R-semimodule. If N is a proper sub-
semimodule of M then there exists a prime subsemimodule of M containing N. There-

fore Spec(M) # 0, where Spec(M) is the set of all prime subsemimodules of M.

Theorem 1.5.24. [35] Let M be a multiplication R-semimodule. If N is a proper
k-subsemimodule of M then there is a prime k-subsemimodule of M containing N.
Therefore Spec,(M) # (), where Specy(M) is the set of all prime k-subsemimodules of
M.

For a nonempty subset S of M, put V(S) = {P € Spec(M) : S C P}, where
Spec(M) is the set of all prime subsemimodules of an R-semimodule M.

An R-semimodule M is called a top semimodule if for any subsemimodules N and L
of M, there exists a subsemimodule T" of M such that V(N)U V(L) = V(T).
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For a top R-semimodule M, the collection {V(S) : @ # S C M} of subsets of Spec(M)
satisfies the axioms for closed sets in a topological space. The resulting topology is
called the Zariski topology on Spec(M) and then Spec(M) is called the prime spectrum
of M. The open set Spec(M)\V(S) of Spec(M) is denoted by D(S). For every element
m € M, put V(m) = {P € Spec(M) : m € P} and D(m) = Spec(M) \ V(m). D(m)
is called a basic open set of Spec(M).

By Corollary 4.1 of [34], a multiplication R-semimodule M is a top semimodule. There-
fore the topological properties of Spec(M) over a top semimodule hold for that over a

multiplication semimodule.

Lemma 1.5.25. [3]] If M is a multiplication R-semimodule then the collection
{D(m)|m € M} is a base for the Zariski topology on Spec(M).

Lemma 1.5.26. [F]] If N is a subsemimodule of M then V(N) =V (rad(N)).

Lemma 1.5.27. [3)] If N and K are subsemimodules of M with V(N) C V(K), then
K Crad(N).

Theorem 1.5.28. [34] If M is a multiplication R-semimodule, then Spec(M) is a

Tyh-space.

Theorem 1.5.29. [3)] Let M be a multiplication R-semimodule. Then Spec(M) is a
T1-space if and only if every prime subsemimodule is not contained in the other prime

subsemimodule in M.

Theorem 1.5.30. [F]] Let M be a multiplication R-semimodule and () #Y C Spec(M).
Then'Y is an irreducible subset of Spec(M) if and only if the intersection of all prime

subsemimodules belonging to Y is a prime subsemimodule of M.

Theorem 1.5.31. [3|] If N is a subsemimodule of a multiplication R-semimodule M

then the following are equivalent to one another.
(1) V(N)is an irreducible subset of Spec(M).
(2) rad(N) is a prime subsemimodule of M.
(3) rad(N) is a generic point of V(N) in Spec(M).

Theorem 1.5.32. [3]] A multiplication R-semimodule M is finitely generated if and
only if Spec(M) is a compact space.
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Theorem 1.5.33. [3]] If M is a multiplication R-semimodule then every basic open
set of Spec(M) is compact.

Corollary 1.5.34. [3]] Let M be a multiplication R-semimodule. An open set of

Spec(M) is compact if and only if it is a union of a finite number of basic open sets.

Corollary 1.5.35. [3]]] If N is a finitely generated subsemimodule of a multiplication
R-semimodule M then D(N) is compact in Spec(M).

Theorem 1.5.36. [34] If M is a multiplication R-semimodule then the intersection of

finitely many basic open sets is compact in Spec(M).

Let us consider the space of all prime k-subsemimodules of an R-semimodule M,
denoted by Specy (M), the k-prime spectrum of M, along with the subspace topology as
the subspace of Spec(M). Then the closed sets are Vj(S) = {P € Specy,(M) : S C P},
where S is a nonempty subset of M. Vi (S) = V(S) N Speck(M).

The open sets are of the form Dy(S) = D(S) N Specy(M). For every element m € M,
put Vi(m) = {P € Specy(M) : m € P} and Dy(m) = Speci(M) \ Vi(m). Di(m) is a
basic open set of Specy(M).

Again since a multiplication R-semimodule M is a top semimodule, the topological
properties of Specy(M) over a top semimodule hold for that over a multiplication

semimodule.

Lemma 1.5.37. [35] If M is a multiplication R-semimodule then {Dy(m): m € M}
is a base for the topology on Specy,(M).

Theorem 1.5.38. [33] If M is a multiplication R-semimodule then Specy,(M) is a Ty

space.

Theorem 1.5.39. [35] Let M be a multiplication R-semimodule. Then Specy(M) is
a Ty space if and only if every prime k-subsemimodule is not contained in the other

prime k-subsemimodule in M.

Theorem 1.5.40. [75] If M is a multiplication R-semimodule and O # Specy(M) then

the following are equivalent to one another.

(1) Y is an irreducible subset in Specy(M).

(2) Y is an irreducible subset in Spec(M).
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(3) The intersection of all prime subsemimodules belonging to Y is a prime subsemi-
module of M.

(4) The intersection of all prime subsemimodules belonging to'Y is a prime

k-subsemimodule of M.

Theorem 1.5.41. [35] If N is a subsemimodule of a multiplication R-semimodule M

then the following are equivalent to one another.
(1) Vi(N) is an irreducible subset of Specy(M).
(2) radp(N) is a prime subsemimodule of M.
(8) radi(N) is a generic point of Vi.(N) in Specy(M).

Theorem 1.5.42. [35] A multiplication R-semimodule M is k-finitely generated if and
only if Speci(M) is a compact space.

Theorem 1.5.43. [35] If M is a multiplication R-semimodule then every basic open
set of Specy(M) is compact.

Corollary 1.5.44. [33] Let M be a multiplication R-semimodule. An open set of

Spec,(M) is compact if and only if it is a union of a finite number of basic open sets.

Corollary 1.5.45. [35] If N is a k-finitely generated subsemimodule of a multiplication
R-semimodule M then Dy(N) is compact in Specy(M).

Theorem 1.5.46. [35] If M is a multiplication R-semimodule then the intersection of

finitely many basic open sets is compact in Specy(M).

1.6 ['S-semimodule

Definition 1.6.1. [69] Let S be a I'-semiring and L and R be the left and right
operator semirings of S respectively. An additive commutative monoid M is said to be
a right I'-semiring S-semimodule or simply a I'S-semimodule if there exists a mapping
M xT xS — M (images to be denoted by ays, where a € M,y € I" and s € S)

satisfying the following conditions:
(1) aa(s +t) = aas + aat
(77) (a+ b)as = aas + bas
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(i13) a(a+ B)s = aas + afs
(iv) aa(sPt) = (aas)pt
(v) aalg = 0praes = Oy

for all a,b € M, for all s,t € S and for all o, 5 € T

Left I'-semimodule of S can be defined in a similar manner and it is called an ST'-
semimodule.

A T'S-semimodule M is called unitary if S has a right unity >%_[v;, fi] € R and
> av;f; = aforalla € M.

Throughout the chapter, we take M as an unitary ['S-semimodule.

Example 1.6.2. [68] Let us consider the I'-semiring of all non-positive integers Z; ,
where I' = Z; and let M = Z be the additive commutative semigroup of non-negative

integers. Then M is a I'S-semimodule, where S =1"= Z; .

Definition 1.6.3. [69] A nonempty subset N of a I'S-semimodule M is said to be a
I'S-subsemimodule of M if a4+ b € N and aas € N for all a,b € N, for all s € S and
for all a € T'.

N contains the zero of M.

Example 1.6.4. [68] Let N be the additive commutative semigroup {0} U{n:n >6
is an even integer}. Then N is a I'S-subsemimodule of the I'S-semimodule Z;, where
S=I=2.

Definition 1.6.5. [69] A I'S-subsemimodule N of a I'S-semimodule M is said to be
a kI'S-subsemimodule of M if a +0b,b € N, a € M imply that a € N.

Example 1.6.6. [68] Let K be the additive commutative semigroup {n : n is an even
non-negative integer}. Then K is a k['S-subsemimodule of the I'S-semimodule Z
where S =1"= 7.

Remark 1.6.7. [28] Intersection of any family of I'S-subsemimodules
(kI'S-subsemimodules) of a I'S-semimodule is a I'S-subsemimodule

(resp. kI'S-subsemimodule).

Definition 1.6.8. [69] Let N be a I'S-subsemimodule of a I'S-semimodule M. Then
k-closure of N, denoted by Nk, is defined by N = {a € M : a+b = c for some
b,c,e N}.
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Clearly N is a kI['S-subsemimodule of M if and only if N = N. Alsoif N is a
I'S-subsemimodule of M then N” is a k['S-subsemimodule of M.

Example 1.6.9. [68] The set K = {n : n is an even non-negative integer} is the
k-closure of the I'S-subsemimodule N = {0} U {n : n > 6 is an even integer} of Z,
where S = I' = Z; i.e., K is the smallest k['S-subsemimodule of Z; containing N.
In fact, if there exists a kI'S-subsemimodule N; of Z; such that N ¢ N; C K then
either Ny = N U {2} or Ny = N U {4}. For the first case, 2+ 4,2 € N; though 4 ¢ N,
and for the second case, 2+ 4,4 € N; though 2 ¢ N;. This leads to a contradiction to
our assumption that Nj is a kI'S-subsemimodule of Z;. Therefore K is the k-closure
of the I'S-subsemimodule N of Z; .

Definition 1.6.10. [28] Let M be a right I'S-semimodule over a I'-semiring S with
unities, L be the left operator semiring of S and G be the free additive commutative

semigroup generated by M x I'. Then the relation p on G defined by,
iy (mi, aq)p 325_1 (ny, B5) if and only if 3700, myor = 377 n; Bz,

for all z € S (m,n € Z*), is a congruence on G.

We denote the congruence class containing >, (m;, ;) by >r%, (my, ay).

Then G/p is an additive commutative semigroup.

A multiplication from right of the elements of G/p by the elements of L is defined as
follows: for any >, (my, o) € G/p and 37_, |75, B5] € L,

(i (my i) (1 [z, B5]) = 25 (maaizy, By).

With respect to this multiplication, the additive commutative semiring G /p is a unitary
right L-semimodule. We call it the associated L-semimodule of the I'S-semimodule M
and denote it by M7,

If N and A are nonempty subsets of M and I' respectively then we denote by (N, A)
the set {0 (n;, ;) :n; € Nya € Ayn € ZT}. Also (M, T) = M#.

Theorem 1.6.11. [28] The lattices of all I'S-subsemimodules (kI'S-subsemimodules)
of a I'S-semimodule M and its associated L-semimodule M¥ are isomorphic via the
mapping N +— NT' | where N*' = {7 (my, i) + (X7, (mi, 0))S C N}, for a T'S-
subsemimodule (resp. kT'S-subsemimodule) N of M and the inverse mapping K — KT,
where Kt = {a € M : (a,T') C K}, for a subsemimodule (resp. k-subsemimodule) K
of L.
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['-SEMIRING VIA ITS

OPERATOR SEMIRINGS




A study on congruences on a ['—semiring via

its operator semirings

The studies on the congruences corroborates the well known fact that the structure
theory of semigroups and semirings / hemirings and their generalizations such as I'-
semirings are heavily dependent on the study of congruences. So we extend the study
of congruences on I'-semirings by generalizing the notions and results of semirings stud-
ied by Acharyya et al. Among various ways of studying I'-semiring, one approach is
to study it via its operator semirings [27] and this technique is used by many authors
while studying this I'-algebraic structure (for instance [27], [69], [70], [71]). We have
also applied the same technique in order to accomplish our present study. We obtain a
lattice isomorphism between the set of all congruences on a I'-semiring and those on its
operator semirings. We have also obtained such lattice isomorphisms for cancellative
congruences and for regular congruences. For maximal congruences and prime congru-
ences we have obtained bijection and inclusion preserving bijection respectively. These
correspondences have been applied to obtain some results on quotient I'-semirings in-
duced by the congruences.

In section 1, we introduce the notions of different types of congruences on a I'-semiring
and discuss some examples of those. We also prove the congruence version of the cor-

respondence theorem of I'-semirings in Theorem Besides, we give some remarks

This chapter is mainly based on the work of the following paper:
Sarbani Mukherjee (Goswami), Soumi Basu and Sujit Kumar Sardar, A study on con-

gruences on a I'-semiring via its operator semirings, Communicated.
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and observations on those congruences.

In section 2, we obtain a lattice isomorphism (¢f. Theorem between the set
of all congruences on a ['-semiring and those on its operator semirings. We have also
obtained such lattice isomorphisms for cancellative congruences (c¢f. Theorem
and for regular congruences (cf. Theorem. For maximal congruences and prime
congruences we have obtained bijection and inclusion preserving bijection respectively

(¢f. Theorems . We prove that the lattices of congruences of two isomor-
phic ['-semirings are isomorphic (¢f. Corollary .

In section 3, we obtain a connection between the quotient (by congruences) left oper-
ator semiring and the left operator semiring of a quotient I'-semiring (by congruences)
in Theorem [2.3.1] Those correspondences established in section 2 have been applied
to obtain Theorem [2.3.4] Theorem [2.3.5] Theorem [2.3.8] which are analogous to the

results on prime ideals and maximal ideals and quotient I'-semiring (by ideals).

2.1 Congruences on a ['—semiring

Let us start this section with some examples of congruences on I'-semirings which are

also prevalent in our whole study.

Example 2.1.1. Let us consider the I'-semiring C'_(X) over a topological space X
(¢f. Example [1.4.3). Let us choose an element z € X. Then the relation p, defined
by, (f,g9) € p, if and only if f(z) = g(z), where f,g € C_(X) is a congruence on
the I'-semiring C'_(X) of all non-positive valued continuous functions on a topological
space X, where I' = C_(X). Clearly it is an equivalence relation. Indeed for all
f,9,h € C_(X), (f,g9) € p, implies f(z) = g(x), for all z € X which implies f(z) +
h(z) = g(x) + h(x) for all zx € X. Then (f +h,g+ h) € p,.

Also for all h,y € C_(X), (fy.h,g.v.h), (hy.f, hy.9) € pe.

Therefore p, is a congruence.

Example 2.1.2. Let us consider the set Z; , the set of all non-positive integers. Then
with pointwise addition and multiplication of integers Z; forms a I'-semiring, where
I' = Z, . Let us choose a positive integer k. Then the relation pj on the I'-semiring 7 ,
defined by py, = {(m,n) € Zy x Zy : m —n is divisible by k} is a congruence. Clearly
it is an equivalence relation. Indeed for all m,n,p € Z;, (m,n) € py implies (m —n) is
divisible by k which implies (m+p) — (n+p) is divisible by k. Then (m+p,n+p) € py.
Also for all m,n,p,v € Zy, (myp,nyp) € pr and (pym,pym) € py. .
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Therefore py is a congruence.

Remark 2.1.3. The set of all congruences on a I'-semiring S, partially ordered with
the set inclusion, forms a complete lattice with meet and join defined as follows:

for two congruences p1, pa, p1 A p2 = p1 N p2 and py V py is defined as (a,b) € py V py if
and only if for some natural number n, there exists elements x1, xs,..., ©,_1 in S with

a = xg, T, = b such that (xy_1,x) € p1 or (Tx_1, k) € pg for 1 <k < n.

Let us now introduce the notions of different types of congruences on a I'-semiring.

First we will study cancellative congruence on a I'-semiring.

Definition 2.1.4. A congruence p on a ['-semiring S is said to be a cancellative

congruence if
(a+¢,b+ ) € p implies (a,b) € p, where a,b,c € S.

Example 2.1.5. Consider the congruence p, in Example (f+h,g+h) € p,
implies f(x) + h(x) = g(z) + h(z) which implies f(z) = g(x). So (f,g) € p,. Thus p,

is a cancellative congruence on C_(X).

Example 2.1.6. Consider the congruence py in Example Let (m-+p,n+p) € py
where m,n,p € Z;. Then m —n = (m + p) — (n + p) is divisible by k& which implies

(m,n) € pr. Hence py is a cancellative congruence on Z; .

Theorem 2.1.7. If S is a I'-semiring and p is a congruence on S then S/p is an

additively cancellative I'-semiring if and only if p is a cancellative congruence.

Proof. Let S/p be an additively cancellative I'-semiring. Let (a 4+ ¢,b + ¢) € p, where
a,b,c € S. Then p(a+ c) = p(b+ c¢), i.e., p(a) + p(c) = p(b) + p(c) implies p(a) = p(b)
which means (a, b) € p. Therefore p is a cancellative congruence on S.

Conversely, let p be a cancellative congruence.

Then p(a) + p(c) = p(b) + p(c) implies (a + ¢, b+ c) € p. (a,b) € p, ie., pla) = p(b).
This completes the proof. n

Let us introduce the notion of regular congruence on a I'-semiring.

Definition 2.1.8. A cancellative congruence p on a I'-semiring S is called a left reqular

congruence if there exist e;,e5 € S and 1,7, € I' such that

(a + e1ma,exy2a) € p for all a € S.
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The pair (eq, e9) is called a left reqular unity pair of p. A cancellative congruence p on a
[-semiring S is called a right reqular congruence if there exist fi, fo € S and 61,0, € I’
such that

(a+ adyf1,adsf3) € pforalla € 8S.

The pair (f1, f2) is called a right reqular unity pair of p.

p is called a regular congruence if it is both a left and a right regular congruence on S.

Note that if a ['-semiring is commutative then a left regular congruence is also a

right regular congruence and hence a regular congruence on it.

Example 2.1.9. In Example there exist 0, —1 € C_(X),

where 0(z) =0 for all z € X and —1(z) = —1 for all z € X. Then for all f € C_(X),
(f+0(—=1)f,(—=1)(=1)f) € ps. Also p, is a cancellative congruence on C_(X). Hence
p. is a left regular congruence. Since C_(X) is a commutative [-semiring, p, is also
a right regular congruence on the I'-semiring C'"_(X), where I' = C_(X). Thus p, is a

regular congruence on C_(X).

Example 2.1.10. In Example for all non-positive integer m,

(m+0(—=1)m, (=1)(—=1)m) € pg. Also py is a cancellative congruence on the I'-semiring
Zy, where I' = Z;. Thus p; is a left regular congruence on Z,. Since Z; is a
commutative ['-semiring, py is also a right regular congruence on Z;. Hence pi is a

regular congruence on Z .

The following examples exhibit that a right regular congruence may not be a left

regular congruence and vice versa.

Examples 2.1.11. (1) Let S be the additive commutative semigroup of all 5 x 2
matrices over the set of all non-negative rationals and I' be the additive commutative
semigroup of all 2 x 5 matrices over the same set. Then S is a ['-semiring if AXB
denotes the usual matrix product, where A, B € S and X € I'. This I'-semiring has
the strong right unity [E, F/,

1 00 00
where F = and F' =
01000

oS O O O =
oS O O = O
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Then the identity relation on S is a right regular congruence on S, since A+ AFO =
AFEF, for all A € S, where O denotes the zero matrix of order 5 x 2. But it is not a
left regular congruence on S. For this, let us assume that there exist X;, Xo € S and
Y1,Ys € T' such that A+ X Y1A = XoY5A, for all A€ S. Then A = (X5Y5 — X1Y7)A,
for all A € S which is not possible, since the rank of the matrix X5Y> — X Y7 can be
atmost 4 and it cannot be equal to the identity matrix of order 5.

(2) If we take the I'-semiring S, where S is the set of all 2 x 5 matrices over the
set of all non-negative rationals and I' be the set of all 5 x 2 matrices over the same
set then in a similar fashion as above we can show that the identity relation is a left

regular congruence but not a right regular congruence on S.

Remark 2.1.12. It is easy to observe that every cancellative congruence containing a

left (right) regular congruence is always a left (resp. right) regular congruence.

Analogous to the concept of identity pair in semirings, here we define the identity

pair of I'-semirings.

Definition 2.1.13. In a I-semiring S, a pair (e, f) € S x S is called a left identity
pair in S if there exist v, € I' such that a + eya = fda for all a € S and a pair
(e, f") € S xS is called a right identity pair in S if there exist 7/,6" € I" such that
a+ ay'e =ad' f' for all a € S. A pair is called an identity pair if it is both a left and
a right identity pair on S.

Clearly if the I'-semiring is commutative then a left identity pair is also a right identity

pair and hence becomes an identity pair in it.

Theorem 2.1.14. Let S be a I'-semiring and p be a congruence on S. Then S/p is
an additively cancellative T'-semiring containing a left (right) identity pair if and only

if pis a left (resp. right) reqular congruence on the I'-semiring S.

Proof. Let p be a left regular congruence on a I'-semiring S. Then in view of Theorem
2.1.7 S/p is an additively cancellative [-semiring. Now let (e1,e2) be a left regular
unity pair. Therefore there exist 71,72 € I' such that (a 4 e;71a, e3y2a) € p for all
a € S. Then

pa) + pler) -7 - pla) = p(ez) - 2 - p(a) for all a € S.

Therefore S/p contains a left identity pair (p(eq), p(ez)).

Conversly, let S/p be an additively cancellative I'-semiring containing a left identity
pair (p(f1), p(f2)). Therefore p is a cancellative congruence on S, by Theorem 2.1.7
Also there exist 61,0, € I' such that
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pla) + p(fi) - 61+ p(a) = p(f2) - 62 - p(a) for all p(a) € S/p.

This implies (a+ f101a, f202a) € p for all a € S. Therefore p is a left regular congruence
on S. O

In the following we define the maximal congruence and maximal regular congruence

on a ['-semiring.

Definition 2.1.15. A proper congruence p on a ['-semiring S is called a mazimal
congruence if there is no proper congruence on S properly containing p.

A proper left (right) regular congruence on a I'-semiring S is called a mazimal left
(right) regular congruence if it is not properly contained in any proper left (resp. right)

regular congruence on S.

Example 2.1.16. In the Example for a prime number p, if we take the con-
gruence p, on the I'-semiring Z;, where I' = Z; then p, is a maximal congruence on
Zy -

Example 2.1.17. From Examples[2.1.16|and 2.1.10| we get that Example[2.1.16]is also

an example of a maximal regular congruence

Theorem 2.1.18. Let S be a I'-semiring. Every maximal left (right) regular congru-

ence on S is a maximal cancellative congruence on S.
Proof. Proof follows from Remark [2.1.12 O]

The converse of the above theorem is not true. It is evident from the following

example.

Example 2.1.19. Let us consider the set of all non-positive integers Z; and the set
of all non-positive even integers 27, . Then under usual addition and multiplication of
integers, if we take S = Z; and I' = 27 then S is a ['-semiring. Therefore the relation
p={(m,n) € Zy x Zy : m —n is divisible by 2} on the I'-semiring Z;, is a maximal
cancellative congruence. But p is neither a left regular congruence nor a right regular
congruence on Z; , since for ey, es € Zy and 71,72 € 275, (a+ e1y1a, eay2a) ¢ p for all

odd non-positive integer a.

Recall that G. G. Ray et. al defined the concept of prime congruences on a semiring
as follows: a proper congruence p on a semiring R is called a prime congruence if
(ad 4 be,ac + bd) € p implies either (a,b) € p or (¢,d) € p, where a,b,c,d € R.

Let us now introduce the notion of prime congruences on a ['-semiring.
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Definition 2.1.20. A proper congruence p on a ['-semiring S is called a prime con-

gruence if it satisfies the following condition:
(ayd 4 bye, aye + byd) € p for all v € I' implies either (a,b) € p or (¢,d) € p,
where a,b,c,d € S.
below we give two examples of prime congruences on I'-semiring.

Example 2.1.21. In the Example [2.1.1] let us consider (fvi + gvh, fyh + g7vi) € ps
for all v € C_(X), where f,g,h,i € C_(X). This implies

f(@)y(x)i(z) + g(z)y(z)h(z) = f(x)y(2)h(x) + g(x)y(2)i(z) for all v € C_(X).

Then (f(z) — g(x))y(z)(h(x) —i(x)) = 0 for all v € C_(X). Therefore in particular,
for any nonzero (x), either f(z) = g(z) or h(z) = i(x) whence either (f,g) € p, or

(h,i) € p,. Hence p, is a prime congruence on C'_(X).

Example 2.1.22. Let us consider Example and take p, for any prime number p.
Now let (ayd + bye, aye + byd) € p, for all v € Z;, where a,b,c,d € Z; . This implies
(ayd+byc) — (ayc+byd) is divisible by p for all v € Z;, i.e., (a —b)y(c—d) is divisible
by p for all v € Z,. Since p is prime, p divides a — b or ¢ — d. Hence it follows that

either (a,b) € p, or (¢,d) € p,. Therefore p, is a prime congruence on Z; .

The following example shows that the intersection of two prime congruences may

not be a prime congruence.

Example 2.1.23. Let us consider Example and take two congruences p, and p3
for k = 2,3. Clearly ps and p3 are prime congruences but ps () p3 = pg is not a prime

congruence on the I'-semiring Z; , where I' = Z".

Remark 2.1.24. In view of the above example we conclude that the set of all prime
congruences on a I'-semiring does not form a sublattice of the lattice of congruences

on a [-semiring.

The following two examples show that none of the maximal congruence and the

prime congruence implies the other.

Example 2.1.25. In example 2.1.19, the congruence p is an example of a maximal
congruence on the I'-semiring Z;, where I' = 27,. But it is not a prime congruence
on Z; , as, fora=—1,b= -4, c= —5,d = —6 and for any v € 27,

(ayd 4 bye, aye + byd) € p does not imply (a,b) € p or (¢, d) € p.
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Example 2.1.26. Let us consider the I'-semiring Z; [z], of all polynomials over z
with non-negative coefficients, where I' = Z;~ with usual addition and multiplication

of polynomials. Consider the relation

p={(p(x),q(x)) € Zg'[x] x ZJ[x] : p(0) = q(0)} on Z7 [].

It is a prime congruence on Z [x]. But it is not a maximal congruence on Z [x], since

it is contained in the congruence
o ={(p(x),q(x)) € Z[x] x Zi[z] : p(0) — ¢q(0) is divisible by 2} on Z; [z].

The following theorem is the correspondence theorem for I'-semirings induced by

congruences.

Theorem 2.1.27. Let S be a I'-semiring and py be a congruence on S. There is an
order preserving bijection between the set of all congruences (cancellative, left regular,
right reqular, prime congruences) on S containing po and the set of all congruences

(respectively, cancellative, left reqular, right reqular, prime congruences) on S/ pq.

Proof. Let p be a congruence on a I'-semiring S containing py. Let us consider the

relation
po = {(po(z), po(y)) € S/po x S/po: (z,y) € p}

on the I'-semiring S/py. Routine verification shows that p, is an equivalence relation
on S/po. Let (po(x), po(y)) € po. Then for all z,y,z € S and v € T, (z,y) € p implies
(x+ 2,y + 2), (zyz,y72), (2yx, 27y) € p. This shows that

(po(x + 2), po(y + 2)), (po(272), po(y72)) € po

whence (po(z) + po(2), po(y) + po(2)), (po(2).7-po(2), po(y).7-po(z)) and
(po(2).v-po(x), po(2).v.p0(y)) € ps. Therefore p, is a congruence on S/py.
Again let 7 be a congruence on the I'-semiring S/py and consider the relation on S

ms = {(z,y) € 5 x5 (po(), o(y)) € 7}

Clearly 75 is a congruence on S containing py. Using definition of p, and 75, we can
deduce that for a congruence p on S containing pg, p = (ps), and for a congruence 7
on S/po, ™ = (7s),. These two equalities show that there is a bijective correspondence
between the set of all congruences on S containing py and the set of all congruences on

S/po. Now let p1, p2 be two congruences on S containing pg. Then p; C ps if and only
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if (p1)o C (p2)s. Therefore the correspondence is order preserving.

Also if p is a cancellative (left regular, right regular, prime) congruence on S containing
po then p, is a cancellative (respectively, left regular, right regular, prime) congruence
on S/py. Similarly for a cancellative (left regular, right regular, prime) congruence 7
on S/po, s is a cancellative (respectively, left regular, right regular, prime) congruence

on S containing py.
O

The following theorem gives a necessary and sufficient condition for maximal con-

gruences.

Theorem 2.1.28. Let py be a congruence on a I'-semiring S. Then py is a mazimal
congruence on S if and only if the T'-semiring S/py contains no congruence other than

diagonal.

Proof. The proof follows from Theorem [2.1.27] O

2.2 Bijections between the sets of congruences on a I'—semiring

and those on its operator semirings

Throughout this chapter, we denote S as a I'-semiring with zero unless or otherwise
mentioned and L and R to be the left operator semiring and right operator semiring
of the ['-semiring 5.

In this section we are going to establish the bijection between the set of all congruences

on a I'-semiring and the sets of all congruences on its operator semirings.

Definitions 2.2.1. Let p be a relation on the left operator semiring L (right operator

semiring R) of a I'-semiring S. We define
pt ={(a,b) € S xS : ([a,a],[b,a]) € p for all « € T'}

(respectively, p* = {(a,b) € S x S : ([, al, [, b]) € p for all « € T'}).

Let o be a relation on a ['-semiring S. We define
ot = {( iy [y i), X0 [y, B5]) € Lox Lo (7 wicus, Y5y yi358) € o for all s € S}
(respectively, o = {(S7, [ai, z:], S5, [B5, 45]) € R x R (X soumi, Y-y sBy;) € 0

for all s € S}).
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Remark 2.2.2. Let oy, 05 be two relations on S. Then oy C oy implies of C o
(and of C a3).

Proposition 2.2.3. (i) If p is a congruence on L (on R) then p* (resp. p*) is a

congruence on S.
.. . ’ ’ .
(i7) If o is a congruence on S then o (c* ) is a congruence on L (resp. on R).

Proof. (i) Clearly p™ is an equivalence relation on S as p is an equivalence relation on
L. Let (a,b) € p*. Then ([a, ], [b,a]) € p for all & € T'. Since p is a congruence on L,
([a,a] + [c, ], [b,a] + [¢,a]) € p for all ¢ € S and for all & € T'. Therefore
([a+c,al,[b+c,a]) € pforall ¢c € S and for all & € T'. Hence (a+ ¢,b+ ¢) € p* for
allc e S.
Also ([a, allc, 8], [b, a][c, 5]) € p for all ¢ € S and for all «, § € I'. Therefore
([acec, B], [bae, B]) € p for all ¢ € S and for all «, 8 € T'. Hence (aac,bac) € p* for all
ce Sandforal aeT. ([¢a]la,allc,al.ba]) € pforall c € Sand a € T'. Therefore
([caa, a), [cab,al) € p for all c € S and a € T'.
Similarly we can show that (caa,cab) € p* for all ¢ € S and for all « € T'. Therefore
pT is a congruence on the I'-semiring S.

(ii) Clearly o' is an equivalence relation on S as ¢ is an equivalence relation on
S. Let (37 [, i), Y5 [y, B5]) € o and S0_, [z, k] € L. Since o is a congruence
on S, then (X% 208 + Xh_g 2k VkS, 2j—1 Y5555 + X1 2k es) € o for all s € S. This
implies that (37 [, el + 5o [zk, vel, X [y, B3] + SZhoi [z, 1)) € 0
Also (3, zicizees', 21 YiBjanks’) € o for all s € S.
This shows that (32, x[@icize, V), 2 k(Y5 B52k, Wl) € ot
Therefore (37 [, ] 4y (2 ], X5 W5 B3] S0 [0 1)) € 0
Similarly we can show that (Xh_; [2e, v] S0y [, il Sy [2rs 7] S [y5. B]) € o

/.
Therefore ot is a congruence on L. O

Theorem 2.2.4. Let S be a I'-semiring with left and right unities. The lattices of
all congruences (partially ordered with the set inclusion) on S and its left operator

semiring L are isomorphic via the mapping o — o, where o is a congruence on S.

Proof. Let o be a congruence on a I'-semiring S with unities.
Then (o) = {(z,y) € S x S : ([z,0],[y,a]) € o for all a € T}
= {(x,y) € S xS : (vas,yas) € o for all s € S, a € T'}. Let (z,y9) € (¢*)*.

Since ¢ is a congruence, taking in particular « = v; and s = f;, for i = 1,2, ..., m, we
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get, (X0 xyifi, S yvifi) € o, where Y [, fi] is the right unity of S. Therefore

(z,y) € o whence (6')* C 0. From the definition of (¢*')*, we see that (a,b) € o

implies (acs, bas) € o for all s € S, a € T which further implies ([a, o], [b, a]) € ot for

all & € T and it means (a,b) € (67). So o C (o')*. Therefore we get (o) = 0.

Hence the mapping is injective.

Now let p be a congruence on L. Then

(0" = {2 s, ], X [y, B5]) (S wicis, S5y y38;8) € p* for all s € S}

= {(C% [, il 5 [ys, B5]) + (22 wics, 2], 271 yiB5s,7]) € pforall y € T, s €

S}

= {(C i, oa], X [y B]) + (S [, ulls, 7], i [y, Bills,~]) € p for all v € T

s € S}

Let (X0 [2, cul, 0y [y5, B]) € (pF)*'. Therefore

(X [, vl lews Or), 2251 [y, Billew, 0k]) € p, for k= 1,2, ..., p and whence

(07 [, cui] o e Ol 31 [y, B =i lew, 6k]) € p, where 355, [ex, 0] s the left

unity of S. Thus (X0 (2, cil, S0y [y;, Bj]) € p. Therefore (p™)*" C p. From the

definition of (p™)*', we can deduce that p C (p*)*". Therefore (p*)*" = p. Hence the

mapping is bijective.

Let 0y, o3 be two relations on S. Then oy C oy implies 6f C of (and oF C ¢3'). To

prove this, let (30, [2, i, X5 [y, Bi]) € o, Then (X7, Ti048, Y01 Y fis) € a1 C

o for all s € S implies (X7 [z, i), Y0y [y;, B5]) € o5 . Therefore o C o7

Similarly it can be proved that for any two relations p;, p2 on L (on R), p; C po implies

pi C p3 (respectively, pi C p3). So the mapping preserves inclusion. Since the set of

all congruences on S and its left operator semiring L form lattices (¢f. Remark

and Remark , then by Proposition the mapping is a lattice isomorphism.
O

Dually we can prove the following result which is the right analogue of Theorem

224

Theorem 2.2.5. Let S be a I'-semiring with left and right unities. The lattices of all
congruences (partially ordered with set inclusion) on S and its right operator semiring

R are isomorphic via the mapping o — o* , where o is a congruence on S.
Combining Theorems and we have the following.

Theorem 2.2.6. Let S be a I'-semiring with unities. Then the following lattices (under

the set inclusion) are isomorphic:
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(1) C(S), the lattice of all congruences on the I'-semiring S,
(i) C(L), the lattice of all congruences on L,
(1ii) C(R), the lattice of all congruences on R.

In the rest of this section, we obtain correspondences between the set of all can-

cellative (regular, maximal, prime) congruences on S and those on L.

Proposition 2.2.7. (i) If p is a cancellative congruence on L (on R) then p* (resp.

p*) is a cancellative congruence on S.

(i3) If o is a cancellative congruence on S then o (0% ) is a cancellative congruence
on L (resp. on R).

Proof. (i) Let (a + ¢,b+ ¢) € p*, where a,b,c € S. Then ([a + ¢,al,[b+ ¢,a]) € p
for all & € T which implies ([a, o] + [¢, o], [b,a] + [¢,a]) € p for all a € T. Therefore
([a, ], [b,a]) € p for all a € T, since p is cancellative. So (a,b) € p*. Therefore p* is
a cancellative congruence on the I'-semiring 5.

(#6) Let (7 s, oa] + Shoy [z W)y Xea 1950 B3] + Zhea [z, ) € 0,
where 35 [, o], Y51 [y5, B en [k, i) € L
Then (7% wicis + Xhoy 2kVkS, 2j=1 Y5358 + X1 zrks) € o for all s € S. Since o is
cancellative, (37, w508, X5_, y;8;8) € o for all s € S.
Therefore (X7 [x:, o], X0 [y, 8;]) € o' Hence o is a cancellative congruence on

L. O

Theorem 2.2.8. Let S be a I'-semiring with unities. Then the following lattices (under

the set inclusion) are isomorphic:
(1) the lattice of all cancellative congruences on the I'-semiring S,
(13) the lattice of all cancellative congruences on L,

(1ii) the lattice of all cancellative congruences on R.

Proof. In view of Theorems and Proposition [2.2.7] we obtain an inclusion
preserving bijection between the set of all cancellative congruences on S and that on
L (on R). Again the sets of all cancellative congruences on a semiring and on a I'-
semiring form sublattices of the lattices of all congruences on that semiring and on

that I'-semiring respectively. Hence the theorem. O
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Remark 2.2.9. Let S be a I'-semiring with left unity. Therefore left operator semiring
L of the I'-semiring S is with identity and [0, o] is zero of L, for any o € I". Then by
Remark [1.3.25] every cancellative congruence on L is a left regular congruence on L.
Similarly if S is a ['-semiring with right unity then every cancellative congruence on R

is a right regular congruence on R.

Proposition 2.2.10. Let S be a I'-semiring with strong unities. Then every congru-

ence on S is a cancellative congruence if and only if it is a reqular congruence on

S.

Proof. Let p be a cancellative congruence on a I'-semiring S with strong unities. Then
for any g € I', (a + 08a, eda) € p for all a € S, where [e, d] is the strong left unity of
S. Therefore p is a left regular congruence on S. Since S is a [-semiring with strong
right unity, we can similarly deduce that p is a right regular congruence on S.

The converse part follows from the definitions of left and right regular congruences ( cf.

Definition [2.1.§]). ]

Proposition 2.2.11. (i) If o is a left reqular congruence on S then ot is a left

reqular congruence on L.

(ii) If o is a right reqular congruence on S then o*' is a right regular congruence on
R.

Proof. (i) Let o be a left regular congruence on a I'-semiring S. Then o is a cancellative
congruence on S, whence ot is cancellative congruence on L by Proposition [2.2.7 Let
> |wi, aq] € L. Since o is a left regular congruence on S, let (eq, e2) be a left regular
unity pair of o. Therefore there exist 1,2 € I' such that

(X 208 4 e101 Yoty T04S, €309 > wiys) € o for all s € S.

Therefore (X7, [z, ou] + [er, 01] S [, aul, [e2, 62) X7 [, ou]) € o', Hence ot is a
left regular congruence on L, where ([e1, 01], [e2, 02]) is a left unity pair of o'

(77) The proof can be derived similarly. O

Theorem 2.2.12. Let S be a I'-semiring with strong unities. Then the following

lattices (under the set inclusion) are isomorphic:
(1) the lattice of all reqular congruences on S,
(7i) the lattice of all left reqular congruences on L,

(1ii) the lattice of all right regular congruences on R.
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Proof. In view of Theorems [2.2.4] Remark and Propositions [2.2.10] [2.2.11],

there is an inclusion preserving bijection between the set of all regular congruences on
S and left regular (right regular) congruences on L (resp. on R). The rest of the proof
follows from the fact that in a I'-semiring S with strong unities, the set of all regular
congruences on S and the set of all left (right) regular congruences on L (resp. on R)

form lattices. O
Proposition 2.2.13. Let S be a I'-semiring with unities.

(i) If p is a mazimal congruence on L (on R) then p™ (resp. p*) is a mazimal

congruence on S.

.. . . / / . .
(17) If o is a mazimal congruence on S then o™ (0* ) is a maximal congruence on L

(resp. on R).

Proof. (i) Let p be a maximal congruence on L. Since p is a proper congruence on
L, then p* is a proper congruence on S (¢f. Theorem . Let o be a proper
congruence on S containing p*, i.e., p C 0. If p* # o, then in view of the Theorem
, p = (p)*" C ot and this contradicts the maximality of p. Therefore pt = &
which means p* is a maximal congruence on the I'-semiring S.

(17) Let o be maximal congruence on S. Since o is a proper congruence on S,
then ot is a proper congruence on L. Let p be a proper congruence on L containing
o' ie., ot C p. If 6t # p, then in view of the Theorem , o= (o™t c pt.
This contradicts the maximality of o. Therefore o™ = p which means o is maximal

congruence on L. O

In view of Theorems and Proposition 2.2.13, we have the following

theorem.

Theorem 2.2.14. Let S be a I'-semiring with unities. Then the following sets are in

bijective correspondence:

(1) the set of all maximal congruences on the I'-semiring S,
(73) the set of all mazimal congruences on L,

(1ii) the set of all maximal congruences on R.
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Remark 2.2.15. The set of all maximal congruences on a I'-semiring does not form a
lattice, as the intersection of two maximal congruences is not a maximal congruence on
a [-semiring. Hence Theorem [2.2.14] can be considered to be the maximal congruence
analogue of Theorem [2.2.8 and Theorem [2.2.12

From Theorems [2.2.12] we obtain the following theorem.

Theorem 2.2.16. Let S be a I'-semiring with strong unities. Then the following sets

are in bijective correspondences:

(1) the set of all maximal reqular congruences on S,

(13) the set of all mazimal left reqular congruences on L,
(1ii) the set of all maximal right reqular congruences on R.

Theorem 2.2.17. Let S be a I'-semiring with strong unities. Fvery left reqular con-

gruence on S is contained in a mazximal left reqular congruence on S.

Proof. Let o be a left regular congruence on S. Then ot is left regular congruence on
L by Theorem . So by Theorem , ot is contained in a maximal left regular
congruence p on L(say). Then o = (o7)" C p* and p* is a maximal left regular
congruence on S by Theorem [2.2.16] This completes the proof. O

Proposition 2.2.18. (i) If S has strong right unity then p is a prime congruence

on L implies p* is a prime congruence on S.

(13) If S has strong left unity then p is a prime congruence on R implies p* is a prime

congruence on S.

Proof. (i) Let [y, f] be the strong right unity of a I'-semiring S.

Let (ay'd + by c,ay'c+ by'd) € pt for all 4/ € T', where a,b,c,d € S.

Then ([ay'd + by c,al], [ay c+ by'd,a]) € p for all a,7 €T

whence ([a,v][d, a] + [b,7'][c, al, [a, 7 ][e, o] + [b,7'][d, a]) € p for all a,y" € T
Therefore ([a,][d,~] + [b,7][¢, 7], [a;7][e, 7] + [b,7][d, ~]) € p-

Then either ([a,7], [b,7]) € p or ([¢,7],[d,7]) € p, since p is a prime congruence.
This shows that

either ([a, ][, 3], 5, ](.9)) € p or (e, ][/ 8], [d.A][f. 8]) € p for all § € T.

[RE
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Therefore either ([a,d],[b,d]) € p or ([¢,d],[d,d]) € p for all 6 € T'. Hence either
(a,b) € p* or (¢c,d) € pt. Therefore p* is a prime congruence on the I'-semiring S.

(74) The proof follows similarly. O

Proposition 2.2.19. Suppose S be a commutative I'-semiring. Let o be a prime

congruence on S.
(1) If S has strong left unity then ot is a prime congruence on L.
(ii) If S has strong right unity then o* is a prime congruence on R.

Proof. (i) Let [e, §] be the strong left unity of a commutative I'-semiring S. Let
(i [, oa] S5y [wr, ) + X5 [y, By] Eiema [z, vl il [, 0] 35— [20, i)

+ 30 [y, B3] iy [wi, 61)) € ot Therefore

(i [, aa] S [wr, 0] (e, vI452520 w5, B3] Sk 20, velle 7], 0 [, ) e [z, il [ 7]
+ 30 [y, B3] Sy [wi, 6l [e, 7)) € o for all y €T

Since S is commutative then L is also commutative (¢f. Theorem [1.4.]). Therefore
(i [, ai[e, 7] Z?:l[wh ) + Z?:ﬂyjﬁ ﬂj][e, ol Zizl[zk, Vil

S Lo, alles 1) Sy 2k 28] + S0 s, Billes 1) Sy, 8]) € o for all 4 € T Then
(Sialmicieywr, ) + 35 klyi Bievzm ), Siplwicieyze, i) + SiulyiBieyw, &) € ot for
all v € I'. This shows that

(i micieywibs + 3255 YiBieV2u kS, ik Titi€Y 2k VS + 2, YiBieywids) € o for all
s €S, for all v € I'. Putting s = e, in particular, we get,

(Xia(zicie)y(widie) + 325, (yi85€) 7 (zkvke), X p(wicuie)y (zuvwe) + 325, (y; Bie)y(widie)) €
o for all v € I'. Since o is a prime congruence on S then

either (X7, ziaze, X5, y;fe) € o or (Xh_; zuyke, j—y widie) € o
This implies that

(X0 mvieds', 35 y; B5eds’) € o or (h_; zkweds’, Yol widieds’) € o for all 5" € S.

Then (302, wiqis’, Yo5—y y;8;8") € 0 or (X)_y zemes’s oy widys’) € o for all 5" € S.
Therefore ( ;11[-1'1‘7 O‘i]> Z?:l[yhﬁj]) € U+/ or ( §:1[2k77k]7 Zlqzl[wlv 51]) S U+l'
Hence ot is a prime congruence on L.

(74) The proof follows similarly. O

In view of Theorems and Propositions [2.2.18] and [2.2.19] we have the

following theorem for prime congruences which is the counterpart of Theorem [2.2.14]
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Theorem 2.2.20. Let S be a commutative I'-semiring with strong unities. Then the

following sets are in inclusion preserving bijective correspondence:
(1) the set of all prime congruences on the I'-semiring S,
(13) the set of all prime congruences on L,

(1ii) the set of all prime congruences on R.

In the following, we observe that the left operator semirings of two isomorphic I'-
semirings are isomorphic and dually we can obtain the same result for right operator

semiring.

Theorem 2.2.21. If two I'-semirings are isomorphic then their corresponding left

operator semirings are isomorphic.

Proof. Let S; be a I'1-semiring and S5 be a I's-semiring which are isomorphic (cf. Def-
inition and L; and Ly be the corresponding left operator semirings respectively.
Let (0, ¢) be a I'-semiring isomorphism of S; onto Sy. Let ¢ : Ly — Lo be defined by
V(X [z, i) == 324 [0(x), d(cw)]. Then 3202, [, aq] = Y54 [y;, ;] implies

Sl x0uS = Z?:1 y;Pjs for all s € S; whence it follows that

O3, wiys) = 0(3_, y;8;8) for all s € S;. Therefore Y77, 0(7;a58) = 35, 0(y;8;s)
for all s € Sy from which it follows that 3372, 0(x;) - ¢(cw)-0(s) = 7_; 0(y;) - 4(3;)-0(s)
for all s € S;. This implies for all s* € S,

;9(%) - p() - s = 219(%‘) - 0(f;) -8,

i= =

since 6 in onto and 6(s) = 5. So X7, [0(z:), d(y)] = 7_110(y;), #(8;)] which implies
that (3L [, ai]) = (X, [y, B;]). Therefore ¢ is well defined and one-one and
since f and ¢ are onto, by the definition of mapping % is onto.

Now (3232, [, as]) + ( ?:1[3/1’7@']) = (X [, ai] + Z?:l[yjaﬁj])-

Also (3L, [ws, ci] - 551 [ys, By]) = (X jlmicuyy, B5]) = X ;10(vscuiyy), (55)]

= 3[0(z:) - pai) - 0(y;), ¢(5;)] = iy [0(xi), plai)] - 741 [0(y;), ¢(5;)]

= (X (7, i) - (X5 (Y5, B5])- Therefore 1 is a semiring isomorphism. O

By virtue of the above theorem we have the following.

Corollary 2.2.22. Let S; and Sy be I'y-semiring and I'y-semiring respectively and
let the two T'-semirings be isomorphic. If Sy is proper nontrivial congruence free I';-

semiring then so is I'y-semiring Ss.
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Proof. Let Ly and Ly be the left operator semirings of (S1,1'1) and (S, I'y) respectively.
Let S; be a proper nontrivial congruence free I'y-semiring. Then its left operator
semiring L, contains no proper nontrivial congruence by Theorem Since (51,1)
and (S2,I'9) are isomorphic, L; and Ly are isomorphic semirings by Theorem .
Therefore by Theorem Ly contains no proper nontrivial congruence whence it
follows that Sy is a proper nontrivial congruence free I'y-semiring by Theorem[2.2.4] [

Corollary 2.2.23. Let Sy and Sy be I'y-semiring and I's-semiring respectively and let

the two I'-semirings be isomorphic. Then their lattices of congruences are isomorphic.

Proof. Let Ly and Ly be the left operator semirings of (S1,1'1) and (S, I'y) respectively.
Then by Theorem Ly and L, are isomorphic. So by Theorem lattices of
congruences on L; and Ly are isomorphic. Again from Theorem it follows that
there exist lattice isomorphisms between the lattices of congruences on Sy, L and S5,

L. Therefore we obtain that lattices of congruences on S; and Sy are isomorphic. [

2.3 Some results on quotient I'—semiring

In this section we establish a connection between the quotient left operator semiring

and the left operator semiring of a quotient ['-semiring.

Theorem 2.3.1. Let p be a congruence on S. Then Lg;, and L/p*" are isomorphic

via the mapping

Slp(@), cq) = ot (O [, u)),

i=1 =1

where Lgy, is the left operator semiring of the I'-semiring S/p.

Proof. We define a mapping, ¢ : L/, = L/p* by ¢(X7%,[p(:), au]) == p* (S [, ).
Let 35 [p(x:), oa] = X5 [p(y;), Bj] in Lisyp. Then 352 p(w:) - ai - p(s) = Xy p(y;) -
B;j - p(s) for all p(s) € S/p. Therefore 3712, p(ziays) = 37 p(y;B;s) for all s € S.
Then (X7, w58, X5, y;88) € pfor all s € S

whence (S s, o], a5, 65) € . Therefore p* (S0 [, ) = p*' (S0 [ B3]
Hence ¢ (312 [p(x:), i) = ¢(X7—1[p(y;), B;]) in L/p*". Therefore ¢ is well defined. By
the reverse implication it follows that ¢ is injective. Also by the definition of the map-
ping it is surjective. It remains to show that ¢ is a semiring homomorphism.

Let 35724 [p(xi), cal + X5 [p(y;), Bi] = Eiealp(za), ).

Then 7%, pl:)-05.0(5) + s pl5)-81-0(5) = Sy p() An-p(s) for all s € S

which implies Y7 p(7;08) + X0 p(y;8;8) = Sy p(zkyks) for all s € S. Then
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p(Ty wios + Xj_y y;Bys) = p(Xh—y zwyks) for all s € S
which implies (372, 208 + 371 4858, =y 26715) € p for all s € S whence it follows
that (302, [z, ai] + Z?:l[yﬁﬁj])a Z:l[zkﬂkb S PJF/‘
Therefore pt' (X7 4, o] + Yiilys Bi]) = pt (P _ [z, Ve]) which means
P (Sl ail) + o7 (Shalys, Bi]) = pF (ke )
Hence ¢(3iL [p(x:i), cu]) + (i1 o(y;), Bi]) = (XL [p(wi), cu] + X1 [o(y;), Bil)-
Also (XL [p(w:), ai]. X [p(y)), 1) = o(Zi s lp(wi)cip(y;), Bl)
= T (Zi lmicuy;, Bi]) = ot (S [, ca).p™ (S [y, By))
= o(Zi1lp(xi), i) (X [p(y;), B5])-
Clearly ¢ is a semiring homomorphism. Therefore ¢ is a semiring isomorphism,

ie., Lg/, and L/p*" are isomorphic. ]
Dually we obtain the following result which is the right analogue of Theorem [2.3.1}

Theorem 2.3.2. Let p be a congruence on S. Then Rgj, and R/p* are isomorphic

via the mapping
m m

Z[Oéu p(r)] = P*,(Z[%wi}),

=1 =1

where Rg), is the right operator semiring of the I'-semiring S/p.

Below we prove a criteria for a I'-semiring to be a I'-semi-integral domain. For this,

we first prove the following lemma.

Lemma 2.3.3. Let S be a I'-semiring with strong right unity. Then S is weak zero

divisor free if its left operator semiring L contains no divisor of zero.

Proof. Let al'b = {0}, where a,b € S, I" = T'\ {0}. Then aab = 0 for any nonzero
a € T. Therefore [ayb,v] = [0,7] in L, where [, f] is the strong right unity of S. Since

L contains no divisor of zero, then either [a,y] = [0,7] or [b,7] = [0,7]. Therefore
either @ = 0 or b = 0. Hence in view of Definition [L.4.15] S is weak zero divisor
free. O

Using the above lemma we now prove the following.

Theorem 2.3.4. Let S be a commutative I'-semiring with strong unities. If p is a

prime congruence on S then S/p is a I'-semi-integral domain.

Proof. Let p be a prime congruence on a [-semiring S with strong unities. Then

pt’ is a prime congruence on the left operator semiring L by Proposition [2.2.19] Tt
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implies L/p* has no divisor of zero (¢f. Theorem [1.3.35)). Therefore Theorem m
together with Lemma implies that S/p is weak zero divisor free. Hence, in view
of Definition [1.4.15, S/p is a I'-semi-integral domain. O

As a maximal congruence analogue of the above result we obtain the following.
Before going to the proof we recall that a commutative I'-semiring S with unities is a

[-semifield if and only if it is ZDF and has no nonzero proper ideals.

Theorem 2.3.5. Let S be a commutative I'-semiring with unities where S contains
more than two elements and p be a mazimal congruence such that S/p is a ZDF T'-

semiring. Then S/p is a I'-semifield.

Proof. S/p contains no nontrivial proper congruences, since p is maximal congruence
on S (cf. Theorem . Then by Theorem Lg/, contains no nontrivial proper
congruences. This implies that Lg/, is a field (cf. Proposition . Hence Lg/, has
no nontrivial proper ideals. Therefore using it follows that S/p has no nontrivial
proper ideals. Hence it follows that S/p is a I-semifield (cf. Theorem [1.4.25)). O]

Though we could not obtain the converse of Theorem [2.3.4], we could obtain a sort of
converse of Theorem viz., Theorem for which we need the following lemma.

First we note the following definition.

Definition 2.3.6. A I'-semiring S is said to be zero-sum free if for a + b = 0, where
a,be S, a=0and b=0.

Lemma 2.3.7. If a I'-semiring S with unities is not zero-sum free then its left operator

semiring L is not zero-sum free.

Proof. Let L be zero-sum free and a+b = 0, where a,b € S. Then [a, a|+[b, o] = [0, a]
for all @ € I" which implies [a, o] = [0, @] and [b, o] = [0, a] for all & € I'. Therefore we
obtain that a = 0 and b = 0. Hence I'-semiring S is zero-sum free and this completes

the proof. n

Theorem 2.3.8. Let S be a commutative I'-semiring with unities and p be a congru-
ence such that S/p is a T'-semifield which is not zero-sum free. Then p is a maximal

congruence on S.

Proof. By Theorem [1.4.26} if a commutative I'-semiring S is a I'-semifield then the left

operator semiring L of S is a semifield. So Lg, is a semifield, since S/p is a I'-semifield.
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Now by Lemma m, if S/p is not zero-sum free then so is also Lg/,. Therefore it
follows that Ly, is a field, by Proposition [[.3.12} So L/, contains no nontrivial proper

congruence whence it follows that S/p contains no nontrivial proper congruence (by

2.2.4). So applying Theorem [2.1.28| we get that p is a maximal congruence on S. [J
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Structure spaces of semirings and ['—semirings

In this chapter we have defined the structure space of prime congruences on any
semiring without any restrictions of assumptions like unity or commutativity. We study
the topological properties of that space which is certainly a larger space than the space
considered by Acharyya et al. and found a base and characterized the closed sets of
the space. Then we investigate for the topological properties viz. separation axioms,
compactness, connectedness, irreducibility etc. of that space and have found some
necessary and / or sufficient conditions for T3, Ty, compactness, connectedness etc.
Also we identify the structure space of the semiring Zg of all non-negative integers
and found that it is 77, compact, connected but neither 75 nor regular.

In previous chapter we introduced the notions of various types of congruences viz.
cancellative congruence, regular congruence, maximal congruence, prime congruence
on a ['-semiring and established the bijections between the set of all congruences, can-
cellative congruences, regular congruences, maximal congruences, prime congruences
on a ['-semiring and those on its operator semirings respectively. Motivated by the
studies on structure spaces based on various types of congruences, we have constructed

the structure space of a commutative I'-semiring with strong unities considering the

This chapter is based on the work published in the following papers:
(i) Soumi Basu, Sarbani Mukherjee (Goswami) and Kamalika Chakraborty, On the
structure space of prime congruences on semirings, Discussiones Mathematicae - Gen-
eral Algebra and Applications, 43 (2) (2023) 389-401.
(#4) Soumi Basu, Sarbani Mukherjee (Goswami) and Sujit Kumar Sardar, The structure
space of C_(X) via that of I'-semirings, Asian-European Journal of Mathematics, 16 (8)
(2023), 2350142 (20 pages).
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space as the set of all prime congruences endowed with Hull Kernel topology. In order
to accomplish our study we follow the approach of studying a ['-semiring via its oper-
ator semirings as was done in [55] while studying the topological structure space of all
prime k-ideals of a I'-semiring. Here also using the results established in the setting
of semiring, we have studied several principal topological axioms and properties (such
as seperation axioms, compactness, connectedness etc.) of the structure space of all
prime congruences on a I'-semiring via its operator semiring and also studied those on
the space of all maximal regular congruences those are prime, as a subspace of that
space. We have also studied, via operator semirings, the topological properties of the
structure space of the I'-semiring Z; of all non-positive integers (where I' = Z).

In section 1, we study the topological properties of the space of prime congruences
on a semiring endowed with the Hull Kernel topology. Various properties viz. sepa-
ration axioms, compactness and connectedness etc. of the space of prime congruences
on a semiring are studied (cf. Theorems [3.1.10} [3.1.18} [3.1.20} [3.1.22)). Also the topo-
logical properties of the structure space of the semiring Z;~ of all non-negative integers
are studied (c¢f. Theorem , Example . Additionally it is shown that the
structure spaces of two isomorphic semirings are homeomorphic (¢f. Theorem .

In section 2, the structure space, endowed with the Hull Kernel topology, of prime
congruences on a ['-semiring is studied via its operator semiring (for instance, cf.
Theorems [3.2.20), [3.2.21}] [3.2.22] [3.2.24] [3.2.27] |3.2.28)). For this, it is established that
the structure space of a ['-semiring and its left operator semiring are homeomorphic
(¢f. Theorem . Also the structure space of the I'-semiring Z; of all non-positive
integers is characterized (cf. Corollary. In this connection, the space of maximal

regular congruences which are prime on a I'-semiring is studied as a subspace of the

above mentioned space. In addition it is proved that if two ['-semirings are isomorphic
then their corresponding structure spaces are homeomorphic (c¢f. Theorem [3.2.47]).
3.1 Structure space of prime congruences on a semiring

In this section we define the structure space of prime congruences on a semiring.

Definition 3.1.1. Let R be a semiring and Apr be the collection of all prime congru-

ences on R. For any subset A of Ag, we define

A={pcAx: () nCo)

pi€A
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Evidently, § = (.

The following Lemma and Theorem [3.1.3| can be considered as counterparts of
Lemma 4.1 and Theorem 4.1 of [75], in the setting of prime congruences on a semiring
R.

Lemma 3.1.2. Let p be a prime congruence on R and p1, p2 be two congruences on

R. Then
p1 M p2 C p implies either p1 C p or py C p.

Proof. Let p be a prime congruence on R and p1Nps C p and ps € p. Then there exists
(¢,d) € Rx R such that (¢,d) € p2\ p. Now let (a,b) € p1. Then (ad+bc, ac+bd) € p;.
Also (ad + be, ac + bd) € py. Therefore

(ad 4 be,ac+ bd) € p1 N py C p implies (a,b) € p

Hence p; C p. O

Theorem 3.1.3. Let R be a semiring and the set of all prime congruences on R be

Agr. Then the mapping from A — A is a Kuratowski closure operator on Ag.

Proof. Let A, B C Ap.
(4) Npoea Pa S po for each a and hence A C A.
(ii) From (i) it is clear that A C A. Let pg € A. Then NpocilPa € pp. Again

mp,yeA ,Ofy g pa fOl“ al]. Q. Then

Mp,ea Py €N, e Pa € ps implies ps € A.
Thus A C A. Therefore A=A
(444) Let us suppose that A C B. Let pg € A. Then (, ca pa € pg. Since A C B,
it follows that N, cp Pa € Npoca Pa C pp- This implies that ps € B and hence A C B.
(iv) Clearly AUB C AU B. Now let ps € AU B. Then Npacaus Pa S pg- It can

be easily seen that

N ra=(N p) N o).

pPa€AUB pPa€A pa€EB
Since (N,,c4 Pa) and (N,,ep Pa) are congruences on the semiring R and pg is a prime

congruence on R then by Lemma [3.1.2

(Npaca Pa) N(Npoen Pa) € ps implies either M, ca pa € ps OF Nyoep Pa € ps-
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Hence pg € AU B. Consequently, AU B C AU B. Therefore AUB = AU B.
]

Definition 3.1.4. The topology 7z induced by the Kuratowski closure operator on
Apg is known as Hull Kernel topology. We consider this topological space to be the

structure space of the semiring R.

Throughout this chapter R is a semiring and the space of all prime congruences on
R with the Hull Kernel topology is denoted as Apg.

Notations: Let p be a congruence on a semiring R and (z,y) € R x R. We define,
Az,y) ={p € Ar: (z,y) € p}; CA(z,y) ={p € Ar: (z,y) ¢ p}

Alp) ={p € Ar:pCp'}; CAlp) ={p € Ar:p <L p'}.

Below we obtain forms of the closed sets, a closed base of the space.

Proposition 3.1.5. Any closed set in Ag is of the form A(p), where p is a congruence
on R.

Proof. Let A be any closed set in Ag, where A C Ag. Let A = {p, : @ € A} and
p = NpoeaPa- Then pis a congruence on R. Let p' € A. Then N, capa C 0, i€,
p C p'. Consequently, o’ € A(p). So A C A(p). By the reverse implication, we obtain
that A(p) C A. Thus A = A(p). O

Corollary 3.1.6. A(p) = {A(z,y) : (x,y) € p}, where p is a congruence on R.

Proof. Let p' € A(p). Then p C p' implies that p' € A(x,y) for all (z,y) € p. Therefore
A(p) € Nzyyep Az, y). Conversely, let p1 € N{A(x,y) : (z,y) € p}. Then (z,y) € p1
for all (z,y) € p which implies p C py, i.e., p1 € A(p). Therefore A(p) = N{A(z,y) :
(z,y) € p}. O

Proposition 3.1.7. {CA(a,b) : (a,b) € R x R} is an open base for Ag.

Proof. Let U be an open set in Ag. Then A = Ag \ U is a closed set in Ag. By the
Proposition [3.1.5, A = A(p) for some congruence p on R. Then o € U implies o ¢ A,
i.e., p € o. Then there exists (a,b) € p such that (a,b) ¢ o. Hence o € CA(a,b). Now
let o' € CA(a,b). Then (a,b) ¢ o’. This implies that p € ¢’ whence it follows that
o' ¢ A(p) = A which implies 0/ € Ag \ A = U. Hence CA(a,b) C U. Consequently,
o€ CA(a,b) CU. Thus {CA(a,bd) : (a,b) € R x R} is an open base for Ag. O
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Now we will study the separation properties of the space Ag. Before going to the

main result, we prove the following lemma.

Lemma 3.1.8. Fora,b,c,d € R,
Ala,b) U A(e,d) = A(ac + bd, ad + bc).

Proof. Let p € A(a,b) U A(c,d). Then either p € A(a,b) or p € A(e,d). If p € A(a,b)
then (a,b) € p. Hence (ac + bd,ad + bc) € p which implies p € A(ac + bd, ad + bc).
Therefore

A(a,b) U A(e,d) C A(ac + bd, ad + be).

Again let 0 € A(ac+ bd, ad + bc). Then
(ac + bd, ad 4 bc) € o implies that either (a,b) € o or (¢,d) € o

as o is a prime congruence. Therefore o € A(a,b) U A(c,d) from which it follows that
A(ac + bd, ad + bc) C A(a,b) U A(c, d).
Hence for a,b,c,d € R,

Ala,b) U A(e,d) = A(ac + bd, ad + bc).

From above result we have the following.
Corollary 3.1.9. Fora,b,c,d € R,
CA(a,b) NCA(c,d) = CA(ac+ bd, ad + be).
In the following theorem we proof the separation properties.
Theorem 3.1.10. (i) The space Ag is Ty.

(ii) The space Ag is Ty if and only if no element of Ag is contained in any other

element of Ag.

(1i1) Agr is Ty if and only if for any two distinct elements py, ps of Ar, there exists
two pairs (a,b), (c,d) of elements of R X R such that

(a,b) & p1, (¢,d) & py and (ac+ bd,ad + be) € p for all p € Ag.
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(iv) The space Agr is a reqular space if and only if for any p € Agr and (a,b) ¢ p,

there exists a congruence o on R and (¢,d) € R X R such that
p € CA(c,d) C Alo) € CAla,b).

Proof. (i) Let p; and py be two distinct elements of Ag. Then either p; \ ps # 0 or
p2 \ p1 # (. Let us suppose that p; \ p2 # 0 and (a,b) € p1 \ pa. Then CA(a,d) is a
neighbourhood of py not containing p;. Hence the space Ag is Tp.

(7i) Let the space Ag be T). Let us suppose that p; and py be any two distinct

elements of Ag. Then each of p; and ps has a neighbourhood not containing the other.
Since p; and p, are arbitrary elements of Ag, it follows that no element of Ag is
contained in any other element of Ag.
Conversely, let us suppose that no element of Ag is contained in any other element of
Agr. Let p; and py be any two distinct elements of Ag. Then by hypothesis, p1 € po
and py € p1. This implies that there exist (a,b), (¢,d) € R X R such that (a,b) € py
but (a,b) ¢ ps and (c,d) € py but (c,d) ¢ p;. Consequently, we have p; € CA(c,d)
but p; ¢ CA(a,b) and ps € CA(a,b) but py ¢ CA(c,d), i.e., each of p; and py has a
neighbourhood not containing the other. Hence the space Apg is T.

(7i1) Let the space Agr be T,. Then for any two distinct congruences py, ps of
Apg, there exist two open sets CA(a,b) and CA(c,d) such that p; € CA(a,b) and
p2 € CA(c,d) and CA(a,b) N CA(e,d) = 0.

Therefore (a,b) ¢ p; and (¢, d) ¢ ps. Let if possible there exists p in Ag such that
(ac + bd,ad + bc) ¢ p. That means, by Corollary |3.1.9

p € CA(ac+ bd, ad + be) = CA(a,b) N CA(ce,d) = 0,

which is a contradiction. Hence the given condition holds in Ag. Conversely, let the
condition hold. Let pi, po be two distinct elements of Ag. Then there exists two pairs
(a,b), (c,d) of elements of R x R such that

(a,b) ¢ py and (c,d) ¢ p2 and (ac + bd, ad + be) € p for all p € Ag.
Therefore
p1 € CA(a,b) and ps € CAlc,d) and p € A(ac + bd, ad + be) for all p € Ag,
i.e., CA(ac+ bd,ad 4+ bc) = (). Thus there exist two open sets CA(a,b) and CA(c,d)

containing p; and ps respectively such that
CA(a,b) NCA(e,d) = CA(ac + bd, ad + be) = ().
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Therefore the space is Ts.

(iv) Let the space Apg be regular. Let p € Ag and (a,b) ¢ p. Then p € CA(a,b)
and Agr \ CA(a,b) is a closed set not containing p. Since Apg is a regular space, there
exists two disjoint open sets U and V such that p € U and Ag \ CA(a,b) C V| ie,
A\ V C CA(a,b). Ar\V is a closed set which means Ar \ V = A(o) C CA(a,b)
for some congruence o on R (cf. Proposition 3.1.5)). ..... (1)

Since UNV =0, V C Ag\U and Ag\U being a closed set, is of the form Ag\U = A(o’)
for some congruence ¢’ on R. Since p € U then p ¢ Agr \ U = A(o’) which implies
o' ¢ p. Therefore there exists (¢,d) € o’ such that (¢,d) ¢ p whence it follows that
p € CA(c,d). ... (2)

Now we are to show that V' C A(c,d). Let py € V. Then V' C A(¢’) implies o’ C p;.
Since (¢, d) € o', (¢,d) € p; and hence p; € A(e,d). Thus V C A(c, d).

Consequently, CA(c,d) C Ag\'V = A(0). ..... (3)

Thus combining (1), (2), (3), we find that

p € CA(e,d) C A(o) € CA(a,b).

Conversely, let the given condition hold and let p € Agr and A be a closed set not
containing p. Then A = A(o’) for some congruence ¢’ on R. Since p ¢ A(o’), we have
o' ¢ p. This implies that there exists (a,b) € o’ such that (a,b) ¢ p. Now by the given

condition, there exists a congruence o on R and (¢,d) € R x R such that
p € CA(e,d) C A(o) C CA(a,b).

Since (a,b) € o/, CA(a,b) N A(c’) = 0. Indeed, if CA(a,b) NA(c”) # 0
then p € CA(a,b) N A(o’) would imply that (a,b) ¢ p' and o’ C p’ which is a
contradiction to the fact that (a,b) € ¢’. Hence

A(o') € Ar \ CA(a,b) € Ar\ A(0).
Therefore Ag \ A(o) is an open set containing A(c¢’). It is clear that
CA(c,d) N (Ag\ A(0)) = 0. So we find that CA(c,d) and Ag \ A(o) are two disjoint

open sets containing p and A(o’) respectively. Hence the space Apg is a regular space.
0

Theorem 3.1.11. Ag is compact if and only if for any collection of pairs {(aq, ba) }aca
of elements in R, there exists a finite subcollection {(a;,b;) : i =1,2,...,n} in R X R
such that for any p € Ag, there exists some (a;, b;) from the subcollection such that

(ai, b;) & p.
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Proof. Let Ag be compact. Then the open cover {CA(aq, by) : (aa,bs) € RX R} of Ag
has a finite subcover {CA(a;, b;) : ¢ = 1,2, ...,n}. Then for any p € Ag, p € CA(a;, b;)
for some (a;, b;) € R x R. This implies that (a;,b;) ¢ p. Hence {(a;,b;) :i=1,2,...,n}
is the required finite subcollection of elements of R x R such that for any p € Ag, there
exists some (a;, b;) for i = 1,2, ...,n such that (a;, ;) ¢ p.

Conversely, let us suppose that the given condition holds.

Let {CA(a;, b;) : (a;,b;) € RX R} be an open cover of Ag. Suppose to the contrary that
no finite subcollection of {CA(a;,b;) : (a;,b;)) € R x R} covers Ag. This means that
for any finite set {(a;,b;) : i = 1,2,...,n} of elements of R x R, U, CA(a;,b;) # Ar
whence N; A(a;, b;) # 0. Then there exists p € Ag such that p € N, A(a;, b;) which
implies (a;, b;) € p for i = 1,2, ..., n and this leads to a contradiction. So the open cover

{CA(a;,b;) : (a;,b;) € R x R} has a finite subcover and hence Apg is compact. O

Theorem 3.1.12. Ay is disconnected if and only if there exists a congruence p on R
and a collection of pairs {(aa, ba)}aca of elements in R not belonging to p such that if
p € Ag and (aq,bs) € p' for all « € A then p\ p # 0.

Proof. Let Agr be disconnected. Then there exists a nontrivial clopen subset of Ag.
Let p be a congruence on R for which A(p) is closed as well as open.

Then A(p) = Uaer CA(aq, ba), where {(aq, ba)taea is a collection of pairs of elements
in R. Now if p' € Agr and (aq,b,) € p' for all @ € A then we have p' € A(aq, b,) for
all & € A. Therefore p' ¢ CA(aq,by) for all & € A which implies p' ¢ A(p). So p € o/,
ie., p\p #0.

Conversely, let the given condition hold. Clearly Uycp CA(aq,bs) € A(p). Now let
0 € Naca A(aa, by). Then (ay,b,) € o for all « € A. So by the given condition p\o # ()
which implies that o does not contain p, i.e., ¢ € CA(p). So Nper A(ta,ba) € CA(p).
Therefore A(p) € Uapep CA(Gq, by). Hence A(p) = Upep CA(Gq, by) which is a clopen
subset of Agr. Therefore Ap is disconnected. O

In general intersection of two prime congruences is not a prime congruence on a

semiring. In the following we study that under certain condition this result is true.

Theorem 3.1.13. Let {p; : i € A} be the collection of prime congruences on R such
that {p; : i € A} forms a chain of congruences. Then ;e pi 1S a prime congruence on
R.

Proof. Let (a,b) ¢ Nica pi and (c,d) & Nica pi, where a, b, c,d € R. That means there
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exists a, B € A such that (a,b) ¢ p, and (¢, d) ¢ ps. As {p; : i € A} forms a chain of
prime congruences, let us suppose that pg C p,. Then
(a,b) ¢ pp implies (ac + bd, ad + be) ¢ pgs.

Therefore (ac + bd, ad + be) & Niea pi- SO Nien pi is a prime congruence on R. O

Theorem 3.1.14. Let A be a nonempty closed subset of Ar. Then A is irreducible if

and only if N,,ca pi i a prime congruence on R.

Proof. Let A be a closed subset of Ar which is irreducible.

Let (ac + bd, ad + bc) € (,,c4 pi- Since p; is a prime congruence on R for each ¢ then
either (a,b) € p; or (¢,d) € p; for each i. Hence either p; € A(a,b) or p; € A(c,d) for
each i. Thus A C A(a,b) UA(c,d). Since A is irreducible, it implies that A C A(a,b)
or A C A(c,d). Therefore it follows that

(a7b) € mpieA pPi Or (C’ d) € ﬂpiGA Pi-

Conversely, let us suppose that N, c4 pi is a prime congruence on R. Let A C BUC,
where B, C' are closed subsets of A. So

Npica Pi © Npep pi and Np,ca pi © Np,ec Pi-

So Nyiea Pi € (Nyen pi) N(N,,ec pi)- Therefore by the fact that a prime congruence can

not be obtained as the intersection of two strictly larger congruences (c¢f. Proposition

1.3.22), it follows that
either N,.ea Pi = Np,en Pi OF Npea Pi = Np,ec Pi-

If we assume that N,,c4 pi = Ny,ep pi then for any pr € A, Nycapi = Npen Pi S Pr-
It follows that p, € B = B as B is a closed subset of A. Hence A C B. Similarly
if we assume that N,,capi = Nyecpi then this implies that A € C. Hence A is
irreducible. [

Theorem 3.1.15. Let A be a subset of Ar. A is dense in Ag if and only if
Npiea Pi = Npiean Pi-

Proof. Let A be a subset of Ar which is dense in Ag. Obviously, N,,ca, £i € Nyea Pi-
Since A is dense in Ap then by the definition of A, Npica Pi © Np,eay pi- Therefore
Npica Pi = Npeag pi- To prove the converse, let us assume that Ap \ A # (). Then
there exists a prime congruence p on R such that p € Agr \ A. Therefore there exists
an open neighbourhood U of p in Ag such that UN A =0, i.e., CA(x,y) N A = () for
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some (z,y) € R x R with U = CA(z,y). Then A C A(z,y) implies (2,y) € Np,ca Pi-
Now if possible let (z,y) € N,.cap, Pi-

Then p; € A(x,y) for each p; € Ag. It implies that Ar = A(z,y), i.e., CA(z,y) =0
which is a contradiction to the fact that it is an open neighbourhood of p. That means

(l’,y) ¢ npiGAR Pi- Therefore ﬂpZEAR Pi ; ﬂpieA Pi-
Hence N,,c4 pi = Nyeap, pi implies that A is dense in Ag. O

Let us now introduce the notions of absolutely prime-irreducible congruences on a

semiring.

Definitions 3.1.16. Let F be a family of congruences on R. A congruence p is said
to be absolutely F-irreducible if for every subset {p;};ca of F such that N;ca pi C p,
there exists j in A such that p; C p.

If in particular, F = the set of all prime congruences on R then p is said to be absolutely

prime-irreducible.

Lemma 3.1.17. Let p be a prime congruence on R. Then p is a kerneled point of Ar

if and only if p is a minimal prime congruence.

Proof. Let p be a kerneled point of Ag. Then {p} = N{CA(c) : p € CA(0)}. Let us
suppose, if possible that p is not a minimal prime. Then there exists a prime congruence
P’ properly contained in p, i.e., p’ C p which implies that every neighbourhood of p
is also a neighbourhood of p’. So p/ € N{CA(o) : p € CA(0)}. This leads to a
contradiction to our assumption. Therefore p is a minimal prime.
Conversely, let p be a minimal prime congruence on R. Let us suppose that p' is a
prime congruence such that p/ € N{CA(o) : p € CA(o)}. Let us consider the family
{CA(a,b) : p € CA(a,b)} of neighbourhoods of p.
Then p/ € N{CA(a,b) : p € CA(a,b)}. We observe that if (a,b) € p’ then (a,b) € p,
since otherwise, if (a,b) ¢ p then p € C'A(a,b) would imply that p’ € CA(a,b) which
is a contradiction. Therefore p N p’ # 0. If possible let p’ & p.
Since p' € N{CA(0) : p € CA(0)}, p/ € p implies that p € CA(p') whence it follows
that p’ € CA(p') which is absurd. Hence p’ C p. By minimality of p, it is only possible
if p = p'. Therefore p is a kerneled point of Ag.

O

Theorem 3.1.18. Apg is a T'/4-space if and only if every prime congruence on R is

either mazximal or minimal prime.

65



Chapter 3. Structure spaces of semirings and I'-semirings

Proof. From Lemma and Corollary [1.3.37] we get that every prime congruence
on R is either maximal or minimal prime if and only if each point in Ap is either closed

or kerneled. This completes the proof. O

Lemma 3.1.19. Let p be a prime congruence on R. Then p is a isolated point of Ar

if and only if p is an absolutely prime-irreducible minimal prime congruence.

Proof. 1f Ar = {p} then the proof is immediate.
So let us suppose that Ar # {p} and p is an isolated point of Ag. Therefore
{p} = CA(o) for some congruence o on R. Since every isolated point is kerneled,
p is a kerneled point of Ag. Therefore by Lemma [3.1.17] p is a minimal prime congru-
ence. Let {p;}ien be a subset of Ag such that Nep p; C p. If for every j, p; € p then
p; € Ar \ {p} = A(o) implies o C p; for all j. This implies o C p which is a contra-
diction. Hence there exists j such that p; C p. So p is an absolutely prime-irreducible
minimal prime congruence.
Conversely, suppose that p is an absolutely prime-irreducible minimal prime congru-
ence. If we take the collection of all prime congruences which are different from p and
take the intersection over the collection, we obtain a congruence o (say) on R which is
not contained in p. Therefore {p} = CA(0), i.e., p is an isolated point of Apg.

O

Theorem 3.1.20. Ag is a T} /5-space if and only if every prime congruence on R is

either mazimal or absolutely prime-irreducible minimal prime.

Proof. From Lemma [3.1.19 and Corollary we get that every prime congruence
on R is either maximal or minimal prime if and only if each point in Ay, is either closed

or kerneled. This completes the proof. O
Lemma 3.1.21. Let p be a prime congruence on R. Then the following are equivalent.
(1) p is an open-reqular point of Ag.
(13) p is the unique interior point of A(p).
(i1) Ar\ {p} = CA(p).
(iv) p is an isolated point of Ar such that (o € Ar: p# o} = NCA(p).

Proof. (i) < (ii) : pis an open-regular point of Ag if and only if p is the unique interior

point of {p} if and only if p is the unique interior point of A(p).
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(17) < (it3) : Let us Consider (i) holds. Then Ag \ {p} is a closed set containing

CA(p). So CA(p) € Ar\ {p}. Now let o' € Ar\ {p}. This implies p’ € CA(p), i.e.,

Ar \ {p} € CA(p). Therefore Ar \ {p} = CA(p).

Conversely, let us consider (i77) holds. Therefore {p} is an open set in Ag. Then p is an
interior point of A(p). If p’ is an interior point of A(p) then there exists (a,b) € R X R
such that p' € CA(a,b) C A(p). Then p’ must be equal to p, since, otherwise,

p € Ar \ {p} = CA(p) and this implies that CA(a,b) N CA(p) # @ which is a
contradiction. Hence p is the unique interior point of A(p).

(4ii) < (iv) : Let Agr \ {p} = CA(p). Then clearly p is an isolated point. Let us
consider the two collections {0 € Ag: p# o} and {oc € Ag: p £ 0}.
So{oceAp:pfo}C{ocAr:p#0o}
whence it follows that N{o € Ar: p # o} CNCA(p).

Now let (a,b) € NCA(p) and o # p. Then o € Ag\ {p} = CA(p).

Now if (a,b) ¢ o then CA(a,b) and CA(p) intersect which is a contradiction. In fact
if o € CA(a,b) N CA(p) then p' € CA(a,b) and p' € CA(p). Now (a,b) € NCA(p)
implies (a,b) € p; for all p; such that p & p;. Therefore o/ € CA(p) implies that
(a,b) € p', ie., p € Aa,b). Hence (a,b) € o. Therefore (a,b) € N{oc € Ar : p # 0}
whence it follows that NCA(p) CN{o € Ag: p # o}.

Hence N{o € Ag: p # o} =NCA(p).

Conversely, let p be an isolated point of Ag and N{o € Ag : p # o} = NCA(p).
Then {p} is open, i.e., Ag \ {p} is closed which contains CA(p).

Thus CA(p) C Ag \ {p}. Again by hypothesis,

CTA(p) = AN CA(p) = Ao € Ar : p £ 0}).

Therefore Ag \ {p} C CA(p). Hence Ag \ {p} = CA(p).

From Lemmas [3.1.21] and [3.1.19] we get the following theorem.

Theorem 3.1.22. The following are equivalent.
(i) Ar is a Ts/4-space.

(13) Ewvery point p is either closed or satisfies Ar \ {p} = CA(p).

(1ii) Ewvery point p is either closed or an isolated point such that

Mo € Ar: p# 0} =NCA(p).
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(iv) Ewvery prime congruence p on R is either mazximal or an absolutely prime-irreducible
congruence such that N{o € Ag: p # o} = NCA(p).

Theorem 3.1.23. There is an order preserving bijection between the sets of all prime

congruences of two isomorphic semirings.

Proof. Let ¢ : Ry — Ry be an isomorphism of the two semirings R, and Ry. Then there
is an order preserving bijection between the sets of all congruences on two isomorphic
semirings via the map p — pgs, where p is a congruence on R; and py = {(¢(a), ¢(b)) :
(a,b) € p} is a congruence on Ry. We need to show that p is a prime congruence on
R, if and only if py is a prime congruence on Ry. Let us first assume that p is a prime

congruence on R;. Let us consider that for a,b,c,d € Ry,

(0(a)o(d) + d(b)d(c), p(a)p(c) + d(b)d(d)) € ps.

Since ¢ is an isomorphism of semirings, (¢(ad + bc), ¢(ac + bd)) € p, which means
(ad 4+ be,ac + bd) € p. Now p is a prime congruence whence it follows that either

(a,b) € p or (¢,d) € p. That means
either (¢(a), (b)) € py or (é(c), ¢(d)) € py-

Therefore pg is a prime congruence on Ry. With a similar argument we obtain the

other part. This completes the proof. O

Theorem 3.1.24. If two semirings Ry and Rs are isomorphic then their structure
spaces of prime congruences (maximal reqular congruences) respectively Agr, and Ag,

are homeomorphic.

Proof. Let ¢ : Ry — R be an isomorphism between two semirings R; and R,. Let us
define a mapping ¢* : Ag, — Ag, by ¢*(0) := {(¢(a), ¢(b)) : (a,b) € o}, where o is a
prime congruence on Ry (Theorem assures that ¢*(o) is a prime congruence on
Ry). We will show that ¢* is a homeomorphism. From the definition of mapping it is
clear that ¢* is bijective. Now p € ¢*"1(A(a, b)) if and only if ¢*(p) € A(a,b) if and
only if (a,b) € ¢*(p) if and only if (¢!(a), (b)) € p if and only if

p € A(¢pY(a),¢p7(b)). Therefore ¢* is continuous. With similar argument as above

*—1

we can also prove that ¢*~" is continuous. Hence ¢* is a homeomorphism.

The homeomorphism of maximal regular part is already proved in [67].
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In the following result we characterize the prime congruences on the semiring Z;

of all non-negative integers.

Theorem 3.1.25. The prime congruences on the semiring Zg of all non-negative

integers are precisely of the form
pp ={(m,n) € Z§ x Z : m —n is divisible by p} for some prime number p.

Proof. For any prime number p,
pp = {(m,n) € Z§ x Zg : m — n is divisible by p}

is a prime congruence (cf. Examples (ii)) on Z; . Let o be any prime congruence
on Z;. We are to prove that o is of the form p, for some prime number p. The zero-
class of o denoted by o (0) is a k-ideal of Z, by Lemma Since any k-ideal is the
form aZg for a € Zy (cf. Example[1.3.30)), 0(0) = kZ7 for some k € Zg. Therefore it

can be easily shown that the congruence
pr = {(m,n) € Z§ x Z§ : m — n is divisible by k}

is contained in o, i.e., pp € 0. Also k must be a prime number p (say). In fact,
if k is not a prime then k = nin, (say). Since ¢ is a prime congruence on Zg,
(k,0) € pr C o implies either ny € kZ; or ny € kZ; which is absurd. Again p,
is a maximal congruence on Z; which implies that p, = o. Therefore the prime

congruences on Z; are precisely of the form p, for any prime number p. O]

To end this section we give one example of a semiring R whose structure space Agr

is Ty, Ty, compact, connected but neither T, nor regular.

Example 3.1.26. Let us consider the semiring R = Z; of all non-negative integers
and let AZJ = {p, : pis a prime} be the space of all prime congruences on Z; with the
Hull Kernel topology defined in it (we have already proved in Theorem that the
prime congruences on Z; are p, for any prime number p). Then we have the following

properties of the structure space Azgr of the semiring R :
(1) AZO* is a To-space by (7) of Theorem [3.1.10}
(74) Ay is a Ty-space by (ii) of Theorem [3.1.10

(141) AZO* is a compact space by Theorem [3.1.11}

Now let p,, and p,, be two distinct elements of A+ and let (a,b), (c,d) be two
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pairs of elements of Z; such that (a,b) & p,, and (c,d) ¢ p,, which means p;
does not divide (a — b) and py does not divide (¢ —d). Then there always exists a
prime number p such that p does not divide (a —b) and p does not divide (¢ — d),
i.e., p does not divide (a — b)(c — d) = (ac + bd) — (ad + bc). This implies that
(ad + be,ac + bd) & p,. Again CA(a,bd) for (a,b) € Z§ x Z{ is infinite and its
complement A(a,b) is finite which is also a closed set. Hence it follows that any

two nontrivial open sets intersect. Therefore we have the following:
(iv) A+ is not a Ty-space by (iii) of Theorem .
(v) Az s not a regular space.
(vi) Ay is a connected space.

It is to be noted that p, is a maximal congruence on Z;. Therefore in view of
Theorem |3.1.25| every prime congruence is maximal. So by Corollary [1.3.37, we deduce
that every point of 'AZ(‘]“ is closed. Now using Theorems |3.1.18|7 |3.1.20|, |3.1.22| we have

the following.

Theorem 3.1.27. Azgr is a Thya, Thy2, Ts/a space.

3.2 Structure space of prime congruences on a ['—semiring

In this section we define the structure space of prime congruences on a I'-semiring and

study the topological properties of the space via those of its left operator semiring.

Definition 3.2.1. Let Ag be the collection of all prime congruences on a commutative

[-semiring S with strong left and right unities. For any subset A of Ag, we define
A={peAs:Npeapi Cp}

Throughout the section unless otherwise mentioned Ag stands for the space of all
prime congruences on a commutative ['-semiring S with strong unities and .4, denotes
that of its left operator semiring L and Ag denotes the space of all prime congruences
on a semiring R, all equipped with Hull Kernel topology.

Note that since left and right operator semirings of a commutative I'-semiring are iso-

morphic, the structure space of left operator semiring is homeomorphic to the space of
right operator semiring (see Theorem [3.1.24)).
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To prove the kuratowski closure axioms in the context of the I'-semirings, we first
prove few results.

Notations: For A C Ag, A™ = {0t € AL :0 € A}.
For BC A;, Bt ={pt € As: p € B}.

Lemma 3.2.2. (i) For any subset A of Ag , A¥ = (A)*.
(ii) For any subset B of A, , BT = (B)™.

Proof. (i) Let p € A*'. Then p € Ag and N,.c4 o Cp.
Clearly Ny, ca ot = (Ny,ca0:)™. Tt implies that

Noi= N = o)) Cp’

g, EA g, EA g, €EA

whence it follows that p* € A. Hence p € (A)*". So A+ C (A)*". The reverse inclusion
follows similarly. Consequently, A+ = (A)*'.
(74) The proof can be done similarly. O

Theorem 3.2.3. There exists an inclusion preserving bijection between p(Ag) and

o(AL) via the mapping A — AY', where A € p(Ag) and p(Asg) is the power set of Ag.

Proof. Let A € p(Ar). Then A* € p(Ag). We shall now prove that (AF)* = A.

Let pt" € (AH)*. Then p € A*. So there exists 0 € A such that p = 0. Therefore
= (ot)Y = 0 € A implies that (AT)* C A. Again let o, € A.

Then o1 = (o))" € (AT)*'. Therefore A C (A*)*'. Hence (A*)* = A. Similarly it

can be proved that B = (B*')* for all B € p(Ag). Therefore the mapping A + A™ is

bijective. Now let A, B € p(Ag) such that A C B. Then o™’ € A" implies 0 € A C B.

So ot € Bt and hence AT C B*t'. This completes the proof. ]

Lemma 3.2.4. (i) For A,B C Ag, A UB* = (AuB)"
(it) For A,BC A, AtUB* = (AUB)*.

Proof. (i) A,B C AU B. Then A", B* C (AU B)* implies At UB*Y C (AU B)*
Let p*' € (AU B)*'. Then either p € A or p € B. Therefore p™' € AT U B* which
implies (AU B)* € A* U BY. Hence A UB*Y = (AU B)*.

(74) The proof is similar as that of (7). O

In view of Theorems [3.1.3] [3.2.3] and Lemmas [3.2.2] 3.2.4] we prove the following
Theorem.

Theorem 3.2.5. For A, B C Ag,
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+ C A+ = (A)*'. This implies (AT)* C ((A)*)*. Therefore A C A.
— (@) = (D7) = (A7) = @) = (A7) =4
(1it) A C B implies At C B*Y. Hence AY C B* from which it follows that
(A)*" C (B)*'. It implies that ((A)™)* C ((B)*')*. Therefore A C B.
(iv) AUB = (AUB)*)* = (AuB)Y)* = (AT UBY)t = (AT uBH)*
— (@) U (BF)* = (A)")* U ((B)*)* =AU =

The following result follows from Theorem [3.2.5

Theorem 3.2.6. The mapping from A — A is a Kuratowski closure operator on Asg,
where A C Ag.

Definition 3.2.7. The topology 74, induced by the Kuratowski closure operator on
Ag is known as Hull Kernel topology. The topological space is called the structure
space of the I'-semiring S.

Note that the Hull Kernel topology on Aj, is denoted by 74, .
Using Lemma [3.2.2 we have the following theorem.
Theorem 3.2.8. (Ag, 7a,) and (Ap,74,) are homeomorphic.

Proof. Let us define a mapping f : Ag — Ap by f(p) = pt', where p € Ag. fis a
bijective map by Theorem For any subset A of Ag, f(A) = A", Let A be any
closed set in Ag, then f(A) = f(A) = (A)* = A+ which is a closed set in A;. Again
let B be any closed set in Ay, then f~1(B) = f~}(B) = (B)* = B which is a closed

set in Ag. Therefore f is a homeomorphism. O]
Notations: Let x,y € S. We define,
Az,y) ={p € As: (2,y) € p}; CA(z,y) = {p € As : (z,y) € p}.

Lemma 3.2.9. (i) (A(a,b))* = A([a, 7], [b,7]) and
(11) (A([a,7], [b,7]))" = A(a,b), where [, f] is the strong right unity of the T'-semiring
S and a,b € S.
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Proof. Let a,b e S.
(i) p € A(la, 7], [b,7]). Then ([a, ], [b,7]) € p implies ([a,~]- [f, a], [b,7]- [f, a]) € p for
all a € T. Therefore ([a, ], [b, a]) € p, for all & € T" which implies p* € A(a,b). Hence
o= (P € (Aa, )" implies A(fa, ], [2]) € (Aa, b))
Again let ot € (A(a,b))*’. Then o € A(a,b) implies (a,b) € ¢ = (o')*. Therefore
([a,al, [b,a]) € oF', for all a € T implies o € A([a, 7], [b, 7).
Hence (A(a, )" € A(la,7], [,7]). So (Aa,b)* = A({a ), b))

(i) Da,B) = (Ao, ) )* = (A([a, 1, (b2 by (i) =

From the above lemma the following is easily derived.

Lemma 3.2.10. (i) (CA(a,b))™ = CA([a,~],[b,7]) and
(i7) (CA([a,],[b,7]))T = CA(a,b), where |7, f] is the strong right unity of the T-
semiring S and a,b € S.

Remark 3.2.11. A([a,7],[b,7]) € A([a,a], [b,a]) for any a € ', where [y, f] is the
strong right unity of the I'-semiring S and a,b € S.

The following result is the I'-semiring analogue of Lemma |3.1.8

Theorem 3.2.12. A(a,b) U A(c,d) = A(aye + byd, ayd + byc), where [y, f] is the
strong right unity of the I'-semiring S and a,b,c,d € S.

Proof. By Lemma for a,b,c,d € S,

A([a/ﬂ? [bv 7]) U A([C7 7}7 [d7 7]) =
A(la, V] [e, v+ 1b,7]-[d, 7], [a; 7] - [d AT+ [0, 9] [e,7]) = A(laye+byd, 7], [ayd +bye,7]).

By Lemma [3.2.4]
((Afa,7], [b,7) U A([e, 4], [d,AND) T = (Alla, 7] [6,91) 7 U (A([e, 2], [dAD) T

This implies (A([ayc + byd, 7], [ayd 4 bye,~]))T = A(a, b) U A(e, d) which implies
A(a,b) U A(e,d) = Alaye + byd, ayd + byc) (by Lemma [3.2.9). O

From the above theorem we have the following.

Theorem 3.2.13. CA(a,b) N CA(c,d) = CA(ayc + byd,ayd + byc), where [, f] is
the strong right unity of the I'-semiring S and a,b,c,d € S.

Notations: Let p be a congruence on S. We define,
Alp)={p € As:pCp}CA(p) ={p € As:p L p'}.
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Proposition 3.2.14. Let p be a congruence on the I'-semiring S. Then
(A(p) ™ = Ap™).

Proof. Let o' € (A(p))Y C Ap.
Then o € A(p) C Ag, ie., 0 € Agand p C 0. Thus p*’ C ot € Ap. Soot € A(p?).
Therefore (A(p))* C A(p*).

The reverse inclusion follows similarly. Hence A(p)t = A(p™). O
We can derive the following proposition in a similar manner.

Proposition 3.2.15. Let o be a congruence on L. Then (A(o))t = A(o™).

Proof. A(o) = A((e*)*) = (A(e*))*, by Proposition .
Therefore (A(o))" = A(o™). O

Proposition 3.2.16. Any closed set in Ag is of the form A(p), where p is a congruence
on S.

Proof. Let A be any closed set in Ag. Then A% is a closed set in Az, by Theorem m
So A*" = A(o) for some congruence o on L by Theorem which implies (A™)* =
(A(c))*. Thus by Proposition [3.2.15, A = A(p), where p = ¢" is a congruence on
S. O

Now the following proposition is immediate.

Proposition 3.2.17. Any open set in Ag is of the form CA(p), where p is a congruence
on S.

Proposition 3.2.18. {C'A(a,b) : (a,b) € S x S} is an open base for As.

Proof. Let U be an open set in Ag. Then A = Ag\ U is a closed set in Ag. By the
Proposition [3.2.16] A = A(p) for some congruence p on S. Then o € U implies o ¢ A,
i.e., p € o. Then there exists (a,b) € p such that (a,b) ¢ 0. Hence o € CA(a,b). Now
let o' € CA(a,b). Then (a,b) ¢ o’. This implies that p € o’ whence it follows that
o' € U. Hence CA(a,b) C U. Consequently, 0 € CA(a,b) CU.

Thus {C'A(a,b) : (a,b) € S x S} is an open base for Ag. O

Corollary 3.2.19. {CA([a,7],[b,7]) : (a,b) € S x S} is an open base for Ay, where
[, f] is the strong right unity of the I'-semiring S.

74



Chapter 3. Structure spaces of semirings and I'-semirings

Proof. Let V be any open set in Az and p € V. So pT € V. Then V* € 74, implies
that there exists some (a,b) € S x S such that p™ € CA(a,b) C V*, by Theorem
Therefore p = (p™)* € (CA(a,b))™ C (V*+)* = V. This implies that

p € CA(la,7],[b;7]) € V. O

Now we study the separation properties via operator.

Theorem 3.2.20. The space Ag is Ty.

Proof. Proof follows from Theorems [3.1.10] () and O

Theorem 3.2.21. The space Ag is Ty if and only if no element of Ag is contained in

any other element of Ag.

Proof. Let Ag is a Ti-space. Then Ay, is a Ti-space by Theorem [3.2.8] Therefore by
Theorem (ii), it follows that no element of Ay is contained in any other element
of Ay which further implies that no element of Ag is contained in any other element
of Ag by Theorem [2.2.20, By reverse implication the converse part follows. O

Theorem 3.2.22. The space Ag is Ty if and only if for any two distinct elements py, pa
of As, there exists two pairs (a,b),(c,d) of elements of S x S such that (a,b) ¢ p1,
(¢,d) & po and (ayc + byd,ayd + byc) € p, for all p € Ag, where [y, f] is the strong
right unity of the I'-semiring S.

Proof. Let the space Ag be T,. Then for any two distinct congruences py, p2 of Ag, there
exist two open sets CA(a,b) and CA(c, d) such that p; € CA(a,b) and py € CA(c,d)
and CA(a,b) NCA(c,d) = 0. Therefore (a,b) ¢ p1 and (¢, d) ¢ pe. Suppose if possible
there exists p in Ag such that (ayc + byd, ayd + byc) ¢ p. Then by Lemma [3.2.12)

p € CA(ayce + byd,ayd + byc) = CA(a,b) N CA(e,d) = ), a contradiction.

Hence the given condition is proved.

Conversely, let the condition hold. Let pi, po be two distinct elements of Ag. Then
by our assumption there exist two elements (a, b), (¢,d) € S x S such that (a,b) ¢ p1,
(c,d) ¢ p2 and (ayc+ byd, ayd + byc) € p for all p € Ag. Therefore p; € CA(a,b) and

p2 € CA(c,d) and also there does not exist any congruence in
CA(aye + byd, ayd + byc) = CA(a,b) N CAlc, d),

i.e., CA(a,b) N CA(c,d) = ). Hence the space is Ts. ]
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The next result is required for the proof of Theorem [3.2.24]

Lemma 3.2.23.
CA(Z[[L’Z, ai]7 Z[yj7 /BJD CA Z X azf v 72 y]ﬁ]f 7
i=1 j=1 i=1 j=1

where [, f] is the strong right unity of the I'-semiring S.

Proof. Let p € AL [, ai], 351 [ys, B])- Then (X2 [wi, ou], X [y, B5]) € p which
implies (3724 [z, ci] [f. 7], X5 [ys 8511 7)) € p,

Le., (X [z f, 7], 2721 [y;8; f,7]) € p. Therefore p € AL [wici f, 7], X5 (w851 7))
Hence AT [24, o], 71 [y5, B5]) © AT [mici f, 7], 371 [v585 F:7)),

Le., CACL, [ziai f, 7], ?:1[%’5]‘]07 7)) € CA( 211[%%],2?:1[%,@])-

Again let 0 € CA(XL, [z, i), Y0 [y5, B5])-

Then (32724 [z, cil, 371y, B5]) ¢ o which implies (3272 [vicu f, 7], X5 [y 81 f,7]) & o
Le., o0 € CA(TEL [rioi f, 7], X1 [viBif, 7))

Therefore CA(Z, [z, il ?:1[yj76j]) C CAZ [ o), 5[y Bi f, 1)

Hence CA(XZL, [24, vl j:l[ijﬁj]) = CA( z‘:1[$i04z‘fa 7], j:l[yjﬁjfv ) O

Theorem 3.2.24. The space Ag is a reqular space if and only if for any proper con-
gruence p € Ag and (a,b) & p, there exists a congruence o on the I'-semiring S and

(c,d) € S x S such that
p € CA(c,d) C Alo) € CAla,b).

Proof. Let [, f] be the strong right unity of S. Let Ag be regular. Then Aj is also
regular (c¢f. Theorem [3.2.8). Now let p € Ag and (a,b) € S x S such that (a,b) ¢ p.

Therefore for p*' € Ap (¢f Theorem [2.2.20) and ([a,], [b,7]) & pt’, there exists a
congruence oy on L and (372, [7, i, 320, [y5, B;]) € L x L such that

7" € CA Jawal: Koy B € (1) € O8(as3) 7))

Therefore p € (CA(ZL [, cul, X5 [y, B5])) " € (A(o1))™ € (CA([a, 7], [b,7]) "
Hence by Lemmas [3.2.9| (1), |3.2.23] and Proposition

peCA lealf Zy]ﬁj ) C A(of) € CA(a,b),

7=1

where o is a congruence on S.

The converse part can be proved similarly by Theorem [3.1.10] (iv) and Theorem m
[
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Theorem 3.2.25. Let A be a subset of As. A is dense in Ag if and only if

ﬂpiGA Pi = ﬂpiGAs Pi-

Proof. Let A be a dense subset of Ag. So A = Ag. Then using Lemma (1) we
have, A* = (A)* = (Ag)* = Ap. Hence A" is dense in Aj. Therefore applying

Theorem [3.1.15| we have, ( 1/, ot = N+ ea, pi S0 (Mpear)t = (Nyeas pi)t

whence it follows that N,,capi = N,ca, pi- Converse part follows by reversing the

above argument.

]

Theorem 3.2.26. Let A be a closed subset of As. Then A is irreducible if and only

if Npea pi s a prime congruence on S.

Proof. Let A be an irreducible subset of Ag. To show A%’ is irreducible in Ay, let us
suppose that for two closed sets X,Y in A,, AT C XUY.
Then A = (A*)* C (X UY)*. So using Lemma (i7) we have, A C Xt UY™T.

Since A is irreducible in Ag,
either A C Xt or AC YT, ie., either AY' C X or AT CY.

Hence A" is irreducible in Az. Therefore in view of Theorem we obtain that
Npica o = (Npica pi)t is a prime congruence on L.
So Np,ea pi is a prime congruence on S.
The converse part of the proof follows by reversing the above argument.
O

Theorem 3.2.27. The space Ag is compact if and only if for any collection of pairs
{(aa,ba) tacn of elements in S, there exists a finite subcollection {(a;,b;) i =1,2,...,n}
in S x S such that for any p € Ag, there exists (a;,b;) from the subcollection such that

(ai, b;) & p.

Proof. Let the space Ag be compact and let {(aq,bs)}aca be a collection of pairs
of elements in S and p € As. By Theorem [3.2.8] the space Aj is compact. Also
{([aa, 7], [basV]) taen is a collection of pairs of elements in L, where [y, f] is the strong
right unity of S. Then by Theorem there exists a finite subcollection

{(Jak, 7], [bk,7]) : & = 1,2, ...,p} of pairs of elements in L and there exists a member
([ax, 7], [br,7]) of the subcollection such that ([ax, 7], [bx,7]) & pt', where pt' € Ap.
Therefore we obtain a finite subcollection {(axyf,bxvf) = (ag,bx) : k = 1,2,...,p} of
pairs of elements in S such that for any p € Ag, there exists (ag,by) € S x S such that
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(ax,br) ¢ p. Hence the condition holds. The converse part can be prove analogously

by reversing the arguments above. O]

Theorem 3.2.28. The space Ag is disconnected if and only if there exists a congruence

p on S and a collection of pairs {(au,ba)}aca of elements in S not belonging to p such
that if p € As and (aq,ba) € p' for all « € A then p\ p' # 0.

Proof. Let the space Ag be disconnected. Then by Theorem [B.2.8 A, is discon-
nected. Therefore by Theorem there exists a congruence o on L and a collec-
tion {(xa,Ya) : @ € A} of pairs of elements in L not belonging to o such that for any
o1 € Ap and (24,ys) € o7 for all &« € A, o0\ 07 # 0. Then {(z,e,y.€) : @ € A} is a
collection of pairs of elements in S not belonging to o+ € Ag, where [e, d] is the strong
left unity of S. Now let p € Ag and (z4€,yae) € p for all & € A. Then p*’ € Ay and
([zae, 0], [yae, d]) = (Ta,ya) € p* for all a € A. Therefore it follows o \ p*’ # 0. This
implies (o \ p™ ) # () whence it follows that o0& \ p # (). Hence the condition holds.
The converse part can be proved analogously reversing the above arguments.

O

In [I8] we haven’t been able to prove Theorems 3.2.28| via operator then,
so we took the approach of proving those in a straightforward way. Here we establish

those results via operator.

Theorem 3.2.29. Ay is a Ty4-space if and only if every prime congruence on S is

either mazimal or minimal prime.

Proof. By Theorem , As is a Tj4-space if and only if Ay is a Tj4-space. Now
from Theorem |3.1.18] we obtain every prime congruence on L is either maximal or
minimal prime which means in view of theorem [2.2.20] so is every prime congruence on
S whenever Ag is a Tj/4-space. Therefore it follows that Ag is a T} /4-space if and only

if every prime congruence on S' is either maximal or minimal prime. [

Analogous to the concept of absolutely prime-irreducible congruences on a semiring,
we call a congruence p on S to be an absolutely prime-irreducible congruence if for every

subset {p;}iea of Ag such that N;cp pi C p, there exists j such that p; C p.

Remark 3.2.30. From the above definition and the order preserving bijection estab-
lished in Theorem [3.2.§]it is clear that if p is an absolutely prime-irreducible congruence

. !/ .
on S then so is p™ on L and vice versa.
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Theorem 3.2.31. Ag is a Ty /9-space if and only if every prime congruence on S is

either mazimal or absolutely prime-irreducible minimal prime.

Proof. By Theorem , As is a Tjjo-space if and only if Ay is a T} /o-space. Now
from Theorem we obtain that every prime congruence on L is either maximal
or absolutely prime-irreducible minimal prime which means, in view of theorem [2.2.20
and Remarkthat so is every prime congruence on S whenever Ag is a T jo-space.
Therefore it follows that Ag is a T} o-space if and only if every prime congruence on

is either maximal or minimal prime. O

Remark 3.2.32. We observe that
(As\{p)" =({oeds:p# o) ={o" € Ap:p" #07} = A\ {p"}.
Theorem 3.2.33. The following are equivalent.

(i) Ag is a Ts/4-space.

(13) Ewvery point p is either closed or satisfies As \ {p} = CA(p).

(1ii) FEwvery point p is either closed or an isolated point such that
(o e As:p# o} =)CA(p).

(iv) Every prime congruence p on S is either maximal or an absolutely prime-irreducible

congruence such that N{o € As:p# o} =NCA(p).

Proof. Before going to the main proof we observe the following facts which are neces-
sitated.
By Lemma [3.2.2) CA(0+) = (CA(0))" = (CA(o)) " .......... (a)
(As\{pHNT ={ocAs:pAo})T ={ot € AL :pt' # ot} = A\ {p"'}....... (b)
For any subset A of Ag, N,y cca+ (0T = Noea(pi)™ = (Npeapi) ()

(1) < (ii) : By Theorem , Asg is a T5/4-space if and only if Ay is a T5/4-space.
So let p € Ag. Then by Theorem , the point p™ € Ay is either closed in Aj, or
satisfies AL \ {p*'} = CA(p*') in Ar. We see that (AL \ {pt'})T = As \ {p} (by (b))
and (CA(pt))* = CA(p) (by (a)). Hence p is either closed or Ag \ {p} = CA(p).
Converse part can be proved analogously.

(i) & (iti) : Let Ag be a Ty4-space. Then Ay, is a T3/4-space. So let p € Ag. Then
by Theorem , the point p*’ € Ay is either closed in A, or an isolated point such
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that N{oc € Ay : 0 # pt'} = NCA(pY).

Now by (), (NCA(p*))" = N(CA(p))*)* = NCA(p) and

by (b) and Theorem , (Mo € Ay o1 # p™ DT =N{of € As : of # p} =
o e As:p#o}.

Also p is an isolated point in Ag if and only if p*’ is an isolated point in Ay, if and only
if p*' is an absolutely prime-irreducible minimal prime congruence in Ay, (by Lemma
3.1.19)) if and only if p is an absolutely prime-irreducible minimal prime congruence in
As (by Remark . Hence in view of the above arguments we obtain that p is
either closed or an isolated point such that N{o € Ag: p # o} = NCA(p).

Converse part can be proved analogously.

(1) & (iv) : This can be proved similarly with the same arguments as above. [

We conclude this section by deducing some results of the particular I'-semiring Z;

(the set of all non-positive integers) and its structure space.

Proposition 3.2.34. The left operator semiring L(Zy ) of the I'-semiring of all non-
positive integers Z, , where I' = Zj , is isomorphic to the set of all non-negative integers

ZF wvia the mapping
im i, ou] = 2L @i,
where Y. [x;, ou] is an element of the left operator semiring of Z; .

Proof. Let us define a map ¢ : L(Zy ) — Zg by &(X0 |2, ai]) := S0z
Then 7% [, ai] = 375 [y;, B;] implies 370 wious = Y0 y;B5s for all s € Zy. In
particular, if we take s = —1, it follows that

Sty iy = 30 Y8y, e, o(0 [, au]) = ST [y, B5))-
Therefore ¢ is well defined. Similarly we can prove that ¢ is one-one.
For z € Z§, [-x,—1] € L(Zy) such that ¢([—z,—1]) = x. Hence the mapping is
bijective. Clearly it is a semiring homomorphism. Therefore the semirings L(Z; ) and

Zi are isomorphic. O

Theorem 3.2.35. The structure space AZO— of all prime congruences on Z; and the

structure space A+ of all prime congruences on Zg are homeomorphic.
0

Proof. By Proposition [3.2.34 L(Z; ) and Z; are isomorphic via the mapping

™oz, il = S 20 with inverse mapping a — [—a, —1] for a € Z .
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So by Theorem [3.1.24]and Theorem[1.3.38) A+ and A, are homeomorphic via the
mapping p — p', where (a,b) € p if and only if ([—a,—1],[—b, —1]) € p’. Again by

Theorem |3.2.8, AZg and .AL( z;) are homeomorphic via the mapping o — o+’ Hence

Ay+ and A- are homeomorphic. O
Corollary 3.2.36. AZ(; is Ty, Th, compact, connected but neither Ty nor regular.

Proof. AZJ is Ty, T1, compact, connected but neither T» nor regular (c¢f. Example

3.1.26|). So by Theorem |3.2.35| the result follows. O

From Theorems [3.1.27] and [3.2.35] we get the following theorem.

Theorem 3.2.37. AZJ is a Thya, Thy2, T34 space.

Corollary 3.2.38. The prime congruences on the I'-semiring Zy are precisely of the

form
P, ={(a,b) 1 a,b € Zy and a — b is divisible by p}
for some prime number p.

Proof. Let us denote the homeomorphism Ay« — Ay ;- obtained in Theorem
by v, ie., ¥(p) = p/, where (a,b) € p if and only if ([—a,—1],[-b,—1]) € p' (cf.
proof of Theorem . Again by Theorem , O AL(Zg) — -AZ(; is a bijective
correspondence, where ¢(p) = p™.
Let us define f : Az — Ay by f(p) == d(W(p)) = o(p)) = (p)*. Then f being the
composition of two bijections is a bijection. Let o € AZE' Then there exists p € AZ;r
such that f(p) =0, ie., ()T =0.
By Theorem [3.1.25, p = {(a,b) : a,b € Z; and a — b is divisible by some prime p}.
So ¢ ={([—a,—1],[-b,—1]) : a,b € Z§ and a — b is divisible by some prime p}.
Therefore (p')* = {(—a, —b) : a,b € Zi and a — b is divisible by some prime p}
= {(a,b) : a,b € Zy and a — b is divisible by some prime p} (see Definition [2.2.1)).
Hence the proof is complete.

[

Note 3.2.39. It is well-known that the set of non-positive integers is an example of
a ternary semiring with usual binary addition and ternary multiplication. S. Kar, in
his paper [47], studied the ideal theory of this ternary semiring Z; of non-positive

integers and the structure space of the class of prime k-ideals of the ternary semiring
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Z, . Here in our work, we have taken the approach of studying the structure space of
congruences on Z; via operator, considering 7, , as a ['-semiring instead of a ternary
semiring, where I' = Z;. As far as we are aware, there is no concept of operator
semirings of a ternary semiring as such. So there are two reasons of studying Z; as a
[-semiring via its operator semiring and not as ternary semiring: (i) If we consider the
structure as ternary semiring, we have to prove all the results in the straightforward
way which is supposed to be lengthy comparatively. (ii) In our study we have found
an interesting connection between Z; and Z; , considering it as I'-semiring. Using this

connection, the proofs of the results on Z; have not only been easy but also precise.

Now we will study the space of all maximal regular congruences which are prime
congruences on a ['-semiring. We have shown in previous chapter that none of the
maximal congruence and the prime congruence on a I'-semiring implies the other in
general. Using Corollary [3.2.38 and Example [2.1.17], we deduce that on the I'-semiring
Z, every prime congruence is maximal and regular. In this section we study the space
of all maximal regular congruences which are prime congruences as a subspace of the
space of all prime congruences on any commutative I'-semiring with strong unities.

Let us denote the space of all maximal regular congruences which are prime con-
gruences on a commutative I'-semiring S with strong unities as Bg. Also By denotes

that on its operator semiring L and By denotes that on a semiring R.

Remarks 3.2.40. As Bg C Ag, taking the subspace topology 75, on Bg, we have the

following topological characteristics of the space Bg, inherited from the space Ag.

(i) Any closed set in Bg is of the form A(p) N Bg denoted by m(p), where p is a
congruence on S and m(p) = {p' € Bs : p C p'} = A(p) N Bs.

(77) {Cm(a,d) : (a,b) € S x S} is an open base for Bg, where
m(a,b) = {p € Bs : (a,b) € p} = A(a,b) N Bs.

(1ii) Bg is Tp.
(1v) Bg is T} as no element of Bg is contained in any other element of Bg.

Using Theorem [3.2.13|and the fact that m(a,b) = A(a, b)NBg we have the following.

Theorem 3.2.41.
Cm(a,b) N Cm(c,d) = Cm(ayc+ byd, ayd + byc),
where a,b,c,d € S and [y, f] is the strong right unity of the I'-semiring S.
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Using Theorem [3.2.41], the proof of Theorem [3.2.42] is analogous to the proof of
Theorem [3.2.22)

Theorem 3.2.42. The space Bgs s Ty iff for any two distinct elements py, po of Bg,
there exists two pairs (a,b), (c,d) of elements of S x S such that (a,b) & p1, (¢,d) & p2
and (aye + byd, ayd + bye) € p for all p € Bg, where [y, f| is the strong right unity of
the I'-semiring S.

Also by Theorems [2.2.16] and 2.2.20] and Lemma [3.2.2] we can prove the following

Theorem.

Theorem 3.2.43. (Bg, 75,) and (B, 75,) are homeomorphic, where 13, and 15, are

the subspace topologies corresponding to the spaces Bs and By respectively.
Theorem 3.2.44. Bg is compact.

Proof. By Theorems [3.2.43] and [1.3.36], the space Bg is compact. O

With similar arguments as in Theorems[3.2.24 and [3.1.12], we can prove the following

results.

Theorem 3.2.45. The space Bgs is a reqular space if and only if for any p € Bs and
(a,b) & p, there ezists a congruence o on S and (¢,d) € S x S such that

p € Cm(c,d) Cm(o) C Cm(a,b)

Theorem 3.2.46. The space By is disconnected if and only if there exists a congruence
p on S and a collection of pairs {(aa,ba)}aca of elements in S not belonging to p such
that if p' € Bs and (aq,bs) € p/ for all a € A then p\ p' # 0.

Theorem 3.2.47. If two I'-semirings are isomorphic then their corresponding struc-
ture spaces of all mazimal reqular congruences which are prime congruences (structure

spaces of all prime congruences) are homeomorphic.

Proof. Let S7 be a I';-semiring and S5 be a ['s-semiring and they are isomorphic and
Ly and Ly be the corresponding left operator semirings respectively. So L; and L,y are
isomorphic semirings by Theorem [2.2.21] Therefore the spaces corresponding to L; and
Ly, i.e., B, (vesp. Ar,) and Bg, (resp. Ar,) are homeomorphic by Theorem |3.1.24]
Since homeomorphism is a transitive relation, we can conclude that the required spaces
are homeomorphic by Theorem (resp. by Theorem . O
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CHAPTER 4

A STUDY ON THE I-SEMIRING C_(X)




A study on the I'—semiring C_(X)

In this chapter we mainly focus on the study of the I'-semiring C'_(X). Consider-
ing C_(X), the set of all non-positive valued continuous functions of this topological
space X with usual pointwise addition and multiplication of functions, as a I'-semiring
(where I' = C_(X)), we have taken the approach of studying C_(X) via its opera-
tor semiring. Some results on the congruences and the topological properties of the
structure space of maximal regular congruences on the I'-semiring C'_(X) over a Ty-
chonoff space X have been studied as a natural extension to the studies on the semiring
C4(X). We have found that the structure space of C_(X) is T» and compact and the
real structure space of C_(X) is realcompact. Not only that we have been able to
establish those spaces as another model of the Stone-Cech compactification and He-
witt realcompactification of a Tychonoff space X (other than the ring C'(X) and the
semiring C'; (X)). Also the I'-semiring analogue of the ‘Banach-Stone Theorem’ and
‘Hewitt Isomorphism Theorem’ have been obtained using these results. To accomplish
our study, we have established the homeomorphism between the structure spaces of
the I'-semiring C'_(X) and the semiring C'{(X). For that we have established a re-
lationship between the semiring C,(X) and the I'-semiring C_(X) which have been
instrumental in our present study. Lastly we have studied some results on the z-ideals

and z°%-ideals of C_(X) characterizing the topological space X.

This chapter is partially based on the work published in the following paper:
Soumi Basu, Sarbani Mukherjee (Goswami) and Sujit Kumar Sardar, The structure
space of C_(X) via that of I'-semirings, Asian-European Journal of Mathematics, 16 (8)
(2023), 2350142 (20 pages).
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In section 1, we first establish an isomorphism between the semiring C' (X) and
the left operator semiring of the I-semiring C_(X) (¢f. Theorem[1.1.2). Then we study
some results on the congruences (viz. maximal regular, prime congruences) on C_(X)
via operator (c¢f. Theorem[4.1.4} . It is found that the structure spaces of maximal
regular congruences on the semiring C;(X) of non-negative real valued continuous
functions and the T-semiring C_(X) are homeomorphic (c¢f. Theorem [4.1.6).

In section 2, we obtain some important results of the structure space of C_(X). It
is found that the real structure spaces of the semiring C' (X)) of non-negative real val-
ued continuous functions and the I'-semiring C'_(X) are homeomorphic (¢f. Theorem
. Moreover it is shown that the structure space of maximal regular congruences
on C_(X) is the Stone-Cech compactification of X (¢f. Theorem and the real
structure space of maximal regular congruences that are real on C_(X) is the He-
witt realcompactification of X (¢f. Theorem , where X is a Tychonoff space.
Furthermore, the I'-semiring analogue of the ‘Banach-Stone Theorem’ and ‘Hewitt
Isomorphism Theorem’ is obtained (¢f. Theorems . Finally for two re-
alcompact spaces X and Y, we establish an equivalence of isomorphism between the
rings, semirings and I-semirings of continuous functions (¢f. Theorem [£.2.9).

In section 3, we introduce the notions of the z-ideals and z°-ideals of the I'-
semiring C_(X) and establish their correspondences with the z-ideals and z°-ideals of
the semiring C'y (X ). Then via operator we study the results on those ideals of C'_(X)
which characterizes the topological space X (for example, see Theorems ,
14.3.29] |4.3.32] 14.3.35)).

4.1 The congruences on C_(X)

In this section we study the results related to the congruences on the I'-semiring C_ (X).
Note 4.1.1. C_(X) is a ['-semiring with the ternary operation:
C_(X)xC_(X)x C_(X) = C_(X)
(f;,9) = fag

defined by (fag)(z) = f(x)a(zx)g(x) for all x € X, ie., here S = C_(X) and I' =
C_(X) (see Example [1.4.3). Clearly fah = haf for all f,a,h € C_(X). So C_(X) is
a commutative I'-semiring. Now the elements of the left operator semiring L(C_(X))
of the I'-semiring C_(X) are of the form > [*,[f;, a;]. Clearly [—1,—1] is strong left
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unity as well as right unity of C_(X), where —1(x) = —1 for all x € X. It can be

easily checked that every cancellative congruence is a regular congruence on C'_(X).

We first establish the connection between the left operator semiring of the T'-

semiring C_(X) and the semiring C; (X).

Theorem 4.1.2. The left operator semiring L(C_(X)) of the I'-semiring C_(X) is
isomorphic to C(X) via the mapping Y1 [ fi, ] — X fic.

Proof. Let us define a map ¢ : L(C_(X)) — C(X) by o> [fi, cu]) == X0 fic.
Then Y0 [fi, cu] = X5-1[hy, B;] implies Y7, ficus = 375 h;B;s for all s € C_(X).

In particular, if we take s = —1, it follows that >>7°, fi(v)ai(r) = 37, hj(x)B;(2), i.e.,
(X iy cul) = ¢(Xi% [y, Bj]). Therefore ¢ is well defined. Similarly we can prove
that ¢ is one-one. For f € C(X), [-f,—1] € L(C_(X)) such that ¢([—f,—1]) = f.
Hence the mapping is bijective. Clearly it is a semiring homomorphism. Therefore the

semirings L(C_(X)) and C(X) are isomorphic. O

Remark: We could have considered C'_(X) as a ternary semiring. But for the same
reason as mentioned in Note [3.2.39 we have taken the same approach of studying the

I-semiring C'_(X) via its operator semiring.

Theorem 4.1.3. If the semirings C(X) and C.(Y) are isomorphic then the T-

semirings C_(X) and C_(Y') are isomorphic and vice versa.

Proof. Let the semirings C' (X) and C(Y) be isomorphic and ¢ be the isomorphism.
Let us define a map ¢ : C_(X) — C_(Y) by ¢¥(f) := —¢(—f). By routine verification
it can be obtained that ¢ is a semigroup isomorphism between C_(X) and C_(Y),
where C_(X) and C_(Y) are additive semigroups. Therefore (¢,) is a isomorphism
between the I'-semirings C_(X) and C_(Y).

Conversely, let the I'-semirings C_(X) and C_(Y") be isomorphic. Then by Theorem
@ the left operator semirings L¢ (x) and Lo (yy are isomorphic. Again since
Le_(x)y and Le_(yy are isomorphic to the semirings Cy(X) and C,(Y') (¢f. Theorem
[1.1.2), it implies that C(X) and C(Y) are isomorphic. Hence the theorem. O

Notations:
B; := The set of all maximal regular congruences on the I'-semiring C"_(X);
B, := The set of all maximal regular congruences on the left operator semiring L(C_ (X))
of the I'-semiring C'_(X);

B3 := The set of all maximal regular congruences on the semiring C', (X);
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We recall that every maximal regular congruence on the semiring C'y (X)) is a prime

congruence on Cy(X). Below we proof a similar result for C_(X).

Theorem 4.1.4. Every mazimal regular congruence on the I'-semiring C_(X) is a

prime congruence on C_(X).

Proof. Let p be a maximal regular congruence on C_(X), i.e., p € B;. By Theorem
p' is a maximal regular congruence on L(C_(X)), where (a,b) € p if and
only if ([a,7],[b,7]) € p*’ for all v € T. By Theorem and Theorem we
obtain that By and Bs are in bijective correspondence via the mapping p — o, where
(X [fi cul, X595, B5]) € p if and only if (357, fias, Y5, g;0;) € 0. Therefore for
some congruence oy € Bs, p*’ is mapped to oy. Therefore by Theorem oy is a
prime congruence on Cy(X). Again by Theorem and Theorem , there is
a bijection between the set of all prime congruences on C(X) and L(C_(X)) via the
mapping p — py, where (f,g) € p if and only if ([—f, —1],[—g,—1]) € p1. Therefore
o1 is mapped to a prime congruence p; (say) on L(C_(X)). So by Theorem [2.2.20} pi
is a prime congruence on C_(X). Now let (a,b) € p. Then ([a,~],[b,7]) € p* for all
v € I" which implies (a7, by) € oy for all v € I'. Therefore ([—avy, —1],[—by,—1]) € py
for all v € T' whence it follows that (ays,bys) € p; for all vy € T', s € C_(X). So
p C p{. Analogously the reverse inclusion can be obtained, i.e., p| C p. Therefore

p = pi. Hence it follows that p is a prime congruence on C_(X). O

Remark 4.1.5. By Theorems [£.1.4] we observe that the set of all maximal
regular congruences coincides with the set Be_(xy (B, (x)) of all maximal regular
congruences those are prime on C_(X) (resp. C(X)). So from now on, we will denote
the spaces (equipped with Hull Kernel topology) Bi, By and Bs as Be_(x), Brc_(x))

and Bc, (x) respectively.

Theorem 4.1.6. The space Bc_(x) of all mazimal regular congruences on the I'-
semiring C_(X) and the space Be, (x) of all maximal regular congruences on the semir-

ing C(X) are homeomorphic.

Proof. By Theorem L(C_(X)) and C(X) are isomorphic via the mapping

"o fiau] = X ficy with inverse mapping f +— [—f,—1] for f € C(X). So by
Theorem their structure spaces Brc_(x)) and Be, (x) are homeomorphic. Again
by Theorem Be_(x) and Brc_(x)) are homeomorphic. Hence B (x) and Be, (x)

are homeomorphic. O
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From the following result we obtain one example of a maximal regular congruence

on the I'-semiring C'_(X).

Theorem 4.1.7. For z € X, p, := {(f,9) : f,g € C_(X) and f(x) = g(z)} is a

mazimal regular congruence on the I'-semiring C_(X).

Proof. Let us denote the homeomorphism B¢, (x) — Brc_(x)), obtained in Theorem
by v, ie., ¥(p) = o, where (f,g) € p if and only if ([-f,—1],[—g,—1]) € o
Again by Theorem , ¢ : Brc_(x)) — Bc_(x) is a bijective correspondence, where
o(p) = p* where p € Br_(x). Let us define f : Be,(x) = Be_(x) by f(p) =
o(Y(p)) = ¢(0) = oF. Then f being the composition of two bijections is a bijection.
By Theorem [1.3.41} for x € X, p, € Be, (x)-

Therefore f(p,) = pt. ={(=f,—9): f,g € C(X) and f(z) = g(x)} for z € X.

Hence p, = {(f,9) : f,g € C_(X) and f(x) = g(x)} for x € X is a maximal regular
congruence on C_(X). O

The I'-semiring C_(X)/p,, (I' = C_(X)) has some other nice properties. In this
connection, we will deduced those properties here in this section. For this we first recall
Theorem 2.3.5

In view of the above discussion and the fact that the I'-semiring C_(X) is a com-
mutative I'-semiring with both the left and right strong unities and p/ is a prime

congruence on C_(X), we have the following result.
Theorem 4.1.8. The I'-semiring C_(X)/pl, is a I'-semi-integral domain.

Next, we will verify that C_(X)/p, is a I'-semifield. For proving this, we will

establish some results which are as important as the main result.

Theorem 4.1.9. C_(X)/pl, is isomorphic to the I'-semiring Ry (I' = Ry ) of all non-

positive reals.

Proof. Let us define the mapping ¢, : C_(X) — Ry by ¢.(f) := f(x), where x € X.
Clearly ¢ is a semigroup epimorphism. Therefore (¢, ¢) is an epimorphism. Therefore
by Theorem C_(X)/pl, is isomorphic to Ry, where p!, = {(f,g) € C_(X) x
C_(X): f(z) = g(x)}. O

Lemma 4.1.10. The left operator semiring L(Ry ) of the I'-semiring of all non-positive
real numbers Ry , where I' = Ry, is isomorphic to the set of all non-negative reals R§
via the mapping Y1 [z, ;] — S 20y, where Y [y, o] is an element of the left

operator semiring of Ry .
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Proof. Let us define a map ¢ : L(Ry) — R§ by (X", [%i, au]) :== ¥, z;0. Then
it [, i) = X5 [y, B5] implies 32, wiaus = 377, y;8;s for all s € Ry In particu-
lar, if we take s = —1, it follows that 321" x;a; = 320, y; 0, i.e.,

AT [0, au]) = (32T [y, B4])- Therefore ¢ is well defined. Similarly we can prove
that ¢ is one-one. For x € Ry, [—z, —1] € L(Ry) such that ¢([—z, —1]) = 2. Hence the
mapping is bijective. Clearly it is a semiring homomorphism. Therefore the semirings
L(Ry) and R{ are isomorphic. O

Theorem 4.1.11. The left operator semiring L(C_(X)/pl.) of the I'-semiring C_(X)/p.,

is isomorphic to the semiring Ry of all non-negative reals.

Proof. By Theorem [2.2.21] left operator semiring L(C_(X)/p,) of the I'-semiring
C_(X)/pl, is isomorphic to the left operator semiring L(R;) of the I'-semiring Ry .
Again by Lemma |4.1.10, L(Ry) is isomorphic to the semiring Rj. Hence we get that
L(C_(X)/pl,) is isomorphic to R . O

Theorem 4.1.12. The I'-semiring C_(X)/pl, contains no proper nontrivial congru-

ence.

Proof. Using Theorem [1.3.38 and Theorem {.1.11] it follows that L(C_(X)/pl) is a

proper nontrivial congruence free semiring as Rj contains no nontrivial congruence.

Therefore C_(X)/p’. contains no proper nontrivial congruence by Theorem [2.2.4, [
We have the following as a consequence of the above theorem.
Corollary 4.1.13. p, is a mazimal congruence on C_(X).

Proof. From Theorem we get that there exists an order preserving bijection
between the set of all congruences on C_(X)/p! and the set of all congruences on
C_(X) containing p/,. Therefore by Theorem [4.1.12] there exists no proper congruence
on C_(X) containing p/,. Hence it follows from Theorem that p/, is a maximal

congruence on C_(X). O
Hence we deduce the following.
Theorem 4.1.14. The I'-semiring C_(X)/pl, is a I'-semifield.

Proof. By Theorem“C’ )/ pl., being I'-semi-integral domain, is a ZDF I'-semiring.
Also by Corollary [£.1.7] p/, is a maximal congruence on C_(X). Therefore C_(X)/p/,
is a ['-semifield. ]
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4.2 The structure space of C_(X)

In this section we study the structure space of C_(X) (the set of all maximal regular
congruences on C_ (X ) with Hull Kernel topology) for a Tychonoff space X and obtain
among other things some important analogues of C'y(X) viz. Theorems [1.2.2] [4.2.6]

127 In this study Theorems [2.2.16] 2.2.20] Theorem [3.2.43] Theorem [1.3.38]

Theorem play a key role.
Recall that Be, (x) is a compact T space, where X is a Tychonoff space. So in view

of Theorems [4.1.6] and [1.3.42], we have the following result.

Theorem 4.2.1. The structure space Be_(xy of the I'-semiring C_(X) is a compact
Ty space, where X is a Tychonoff space.

We recall that for any Tychonoff space X, an extension («, 5X) is the Stone-Cech
compactification of X if for every continuous f from X into any compact T, space Y
there exists a function F' from 38X to Y such that Foa = f and that (nx, Bc, (x)) is the
Stone-Clech compactification of X, where nx : X — Be, (x) is defined as nx(z) := p,
and (f,g) € py if and only if f(x) = g(x) for f,g € C(X) and B¢, (x) = the structure
space of all maximal regular congruences on the semiring C; (X) (see Corollary [1.3.43)).

Now we have the following theorem which establishes another representation of
the Stone-Clech compactification of a Tychonoff space X as the structure space of all

maximal regular congruences on the I'-semiring C'_(X).

Theorem 4.2.2. If X is a Tychonoff space then ({x,Bc_(x)) is the Stone-C'ech com-
pactification of X, where {x : X — Beo_(x) is defined as {x(x) = pl, and Be_(x) = the

structure space of all mazimal reqular congruences on the I'-semiring C_(X).

Proof. Let us define a map {x := f ony from X onto Be_(x), where f is a homeo-
morphism between Be, (x) and Be_(x). Since composition of two homeomorphisms is
again a homeomorphism, {x is a homeomorphism between X and Be_(x). Also {x(z) =
(f onx)(@) = Flnx () = Flpa) = pl, where p, = {(f,9) : .9 € C+(X) and f(z) =
g(z)} € Be, (x). We need to show that {x(X) is dense in Be_(x).

Indeed, £ (X) = (F o 1x)(X) = fx (X)) = f(nx (X)) = f(Bes, ) = Ber_ ()

Now let g : X — Y be a continuous map, where Y is a T, compact space. Then in
view of Corollary , there exists a map F' from Be, (x) to Y such that Fronyx = g.
Therefore we get a map F o f~! from Be_(x) to Y such that
(FofHoéx=(Foft)o(fonx)=g. This completes the proof. O
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We again recall that for any Tychonoff space X, (o, v.X) is the Hewitt realcompact-
ification of X if for every continuous function f from X into any realcompact space Y
there exists a function F' from v X to Y such that F'oa = f and that the extension
(nx, BE . (x)) is the Hewitt realcompactification of X, where nx : X — Bg+(x) is de-
fined as nx(z) := p, and (f, g) € p, if and only if f(z) = g(x) for f,g € C(X) and
B(’i( x) = the structure space of all maximal regular real congruences on the semiring
CL(X).

We now introduce the notion of real congruences on the I'-semiring C_(.X) and real
structure space of C_(X).

Let us assume that p is a maximal regular congruence on C'_(X). We call p a real
congruence on C_(X) whenever the corresponding congruence

o' ={(=f,—g): (f,9) € p} on C(X) is a real congruence on Cy(X) (see Definition
. Now let us consider the space BE (X) of all maximal regular real congruences
on C_(X) which is a subspace of the space Bc_(x). We call the space BE (x)» the real

structure space of C_(X).

Remark 4.2.3. According to the definition of real congruence on C_(X) above and
Theorem we conclude that there exists a bijection between the set of all maximal
regular congruence which are real on C, (X) and those on C_(X) via the mapping

p— p, where p) = {(—f,—g) : (f,g) € p} for a real maximal regular congruence p on
C(X).

Therefore by Theorem [£.1.6] and Remark [£.2.3] we have the following Theorem.
Theorem 4.2.4. The spaces B&(x) and Bg_(X) are homeomorphic.
Theorem 4.2.5. The real structure space BE _(X) of C_(X) is a realcompact space.

Proof. By Theorem , Bc_(x) is compact. Then Be_(x) is realcompact. Also Bg,( X)
is a subspace of it. As every realclosed subset of a realcompact space is realcompact,
we shall now show that Bg_(x) is a realclosed subspace of Be_(x). To show that
we need to prove that real closure of Bg = BE (x)- We denote real closure of
BE (x) as rclBE . Let p € rclBE (X)- Then p is a maximal regular congruence on
C_(X) such that each G set containing p meets BC x)- Let No CA(pa) be a Gy set
containing p such that N, CA(p.) N BE x) # 0. Let p' (p,,) be the corresponding
maximal regular congruence of p (resp. p,) on Cy(X). Then p € N, CA(p,) implies
that p' € N, CA(p,,), where N, CA(p),) is a Gs set in Be, (x) containing p'. Again
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Na CA(pa) NBE (xy # 0. Now let o € N, CA(pa) N BE (5.
Then o’ € N, CA(pl,) N BE, (xy, 1-e.; No CA(p,) N BE, (xy is nonempty. Therefore by
Theorem [1.3.45 p' € rclBg+(X) = Bng(X) whence it follows that p € Bg,(x)- Hence

BE (x) is realcompact. This completes the proof.
O

Next we have the following theorem which establishes another representation of
the Hewitt realcompactification of a Tychonoff space X as the structure space of all

maximal regular congruences those are real on the I'-semiring C'_(X).

Theorem 4.2.6. If X is a Tychonoff space then (fX,Bg_(X)) is the Hewitt realcom-
pactification of X, where {x : X — Bg_(x) is defined as Ex(x) = pl, and Be_(x) = the

x

real structure space of C_(X).

Proof. Let us define a map £x := f onx from X onto Bg_(X), where f is a homeo-
morphism between Bf () and Bf_x (see Theorem . Since composition of two
homeomorphisms is again a homeomorphism, £x is a homeomorphism between X and
Bg_(x). Also &x(z) = (fonx)(z) = f(pz) = p.,. We need to show that {x(X) is dense
in Be_(x).

Indeed, &(X) = (F o 1x)(X) = f(x (X)) = f(nx (X)) = f(Bes, ) = Ber_ ()

Now let g : X — Y be a continuous map, where Y is a realcompact space. Then in
view of Corollary , there exists a map F' from B&( x) to Y such that Flony =g.
Therefore we get a map F o f~! from BE (x) 10 Y such that
(Fofo&x=(FofYo(fonx)=g. Hence the result follows. O

Now we prove the I'-semiring analogue of the ‘Banach-Stone Theorem’ using
the semiring analogue of the same proved by Acharyya et al (Theorem [1.3.47)).

Theorem 4.2.7. If X and Y are compact Ty spaces then the two I'-semirings C_(X)
and C_(Y') are isomorphic if and only if X and Y are homeomorphic.

Proof. Let ¢ : X — Y be a homeomorphism of X onto Y. Let us define a map
¢ C_(Y)— C_(X) by ¢(f) := fo¢p, where f € C_(Y). Then for f,g € C_(Y),
(f+g)op = fop+ go¢. Therefore ¢ is a semigroup homomorphism. Now let
fig € C_(Y) and f # g. Then there exists y € Y such that f(y) # g(y) and hence
(f o @)(x) # (g0 ¢)(x), where x = ¢~ (y). It implies that ¢'(f) # ¢'(g). Thus ¢’ is
one-one. Again for any f € C_(X), fogp ™t € C_(Y) and ¢/(fo¢d™!) = f. Thus ¢’ is
onto. Therefore ¢ is a semigroup isomorphism between C_(Y') and C_(X). Also for
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every f,g € C_(Y)and k € C_(Y), ¢'(fkg) = ¢'(f)¢'(k)¢'(g) and ¢'(0) = 0. Hence
(¢/,¢') is a I'-semiring isomorphism of C'_(X) onto C_(Y")

Conversely, let the two I'-semirings C_(X) and C_(Y") be isomorphic. Therefore their
corresponding left operator semirings L(C_ (X)) and L(C_(Y")) are isomorphic by The-
orem|[2.2.21] Then in view of Theorem[4.1.2]and semiring analogue of the ‘Banach-Stone
Theorem’ (¢f. Theorem we conclude that X and Y are homeomorphic. ]

In the following we obtain the ['-semiring analogue of the ‘Hewitt’s Isomorphism
Theorem’ using Theorem

Theorem 4.2.8. If X and Y are realcompact spaces then the two I'-semirings C_(X)
and C_(Y") are isomorphic if and only if X and Y are homeomorphic.

Therefore we have the following theorem.

Theorem 4.2.9. Let X and Y be realcompact spaces. Then the following are equiva-

lent.

(1) X andY are realcompact spaces.
(13) The rings C(X) and C(Y) are isomorphic.
(i1i) The semirings C(X) and C(Y') are isomorphic.

(tv) The I'-semirings C_(X) and C_(Y') are isomorphic.

4.3 The z-ideals and z°-ideals of C_(X)

In this section, we introduce the notions of z-ideals and z°-ideals of C_(X) and on
those study the results characterizing the topological space X.

Note that throughout this section we consider the topological space X as a Tychonoff
space.

Recall that if R and S are two isomorphic semirings then the sets of all k-ideals,
prime ideals, prime k-ideals (maximal, maximal k-ideals) of R and S are in order
preserving bijective correspondences (resp. bijective correspondences).

So there exists an order preserving bijection ¢; : Id(C1 (X)) — Id(L(C_(X))),
where Id(C, (X)), Id(L(C_(X))) are the sets of ideals of the isomorphic semirings
Cy(X) and L(C_(X)) respectively which maps the k-ideals, prime ideals, prime k-
ideals, maximal, maximal k-ideals of C'{(X) to those of L(C_(X) respectively.

Finally by Theorems [4.1.2 and [1.4.19| we get the following.
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Theorem 4.3.1. There exists an order preserving bijection (a bijection) between the
sets of all k-ideals, prime ideals, prime k-ideals (resp. maximal, maximal k-ideals) of

the semiring C(X) and the I'-semiring C_(X).

Remark 4.3.2. Let ¢ be the isomorphism between C(X) and L(C_(X)) via the
definition of mapping f +— [—f, —1].

Let K be an ideal of C;(X) and f € K.

Then 6(f) = [—f,~1) € ¢;(K) which implies (—f) € (¢1(K))*.

We denote (¢7(K))* as K" and call K' the corresponding ideal of K in C_(X).

Again let L be an ideal of C_(X) and g € L. Then [g,—1] € L' which implies
(—g) € o1 (L) = Ly.

We denote ¢; (L") as Ly and call L. the corresponding ideal of L in C(X).

Also we observe that for any ideal I of C, (X)), (I'); = I and for any ideal J of C_(X),
(o) = J.

In addition if I is a k-ideal (prime ideal, prime k-ideal, maximal ideal, maximal k-
ideal) in C(X) then I’ is a k-ideal (resp. prime ideal, prime k-ideal, maximal ideal,
maximal k-ideal) in C_(X). Also if J is a k-ideal (prime ideal, prime k-ideal, maximal
ideal, maximal k-ideal) in C_(X) then J; is a k-ideal (resp. prime ideal, prime k-ideal,

maximal ideal, maximal k-ideal) in C (X).
We note the following result which will be used in the sequel.

Theorem 4.3.3. Let K be an ideal of C(X). K = PNCL(X) if and only if K' =
PN C_(X) for any ideal P of the ring C(X). Also let L be an ideal of C_(X).
L=QNC_(X) if and only if L, = QN CL(X) for any ideal Q of the ring C(X).

Though we may not always mention explicitly but frequent use of Theorems
and and Remark is implicit in the deduction of the following results in this
section.

In the following, we observe some interesting facts about the prime and maximal
ideals of the I'-semiring C'_(X):

(i) Any maximal ideal of C_(X) is of the form M N C_(X) for various maximal
ideals M of the ring C(X).

(77) Any maximal ideal of C_(X) has the following structure:
M, ={f € C_(X):peClsx(Z(f))}p € BX.
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(77i) Any prime ideal of C_(X) is of the form P N C_(X) for various prime ideals P
of the ring C'(X).

(iv) Any minimal prime ideal in C_(X) is of the form P, N C_(X) for some minimal
prime ideal P, of C(X).

Recall that a proper ideal I in a semiring is called strong if and only if a +b € [

implies a,b € I and evidently strong ideals are k-ideal.

Definition 4.3.4. A proper ideal [ in a ['-semiring S is called strong if and only if
a+ b€ I implies a,b € 1.

Theorem 4.3.5. If I is a strong ideal of C_(X) then the corresponding ideal I is
strong ideal of C(X). Also for a strong ideal J of C.(X), the corresponding ideal J'
is strong ideal of C_(X).

Proof. Let a+b € I;. Then (—a)+ (—b) = —(a+0b) € I = (1;)". Since [ is a strong
ideal of C_(X), —a,—b € I. Therefore a,b € I,. Hence I, is strong ideal of C'y(X).

Similarly we can prove the other part of the theorem. O
Theorem 4.3.6. Prime ideals of C_(X) are strong ideals.

Proof. Let P be a prime ideal in C_(X). Then P, is a prime ideal in C (X) which is

a strong ideal in C'y (X), by Lemma [1.3.52] Therefore by Theorem [£.3.5 P = (P;)’ is
a strong ideal in C_(X). O

Theorem 4.3.7. For every ring ideal I in C(X), the corresponding I'-semiring ideal
INC_(X) is a k-ideal of C_(X).

Proof. Let I be a ring ideal in C'(X). Then by Theorem [1.3.53| I N C (X)) is a k-ideal
in Cy(X). Hence INC_(X) is a k-ideal of C_(X). O

Definition 4.3.8. A proper ideal I in C_(X) is called a z-ideal if Z(f) C Z(g) and
f € I implies g € I.

Theorem 4.3.9. If [ is a z-ideal of C_(X) then the corresponding ideal I is z-ideal of
C(X). Also for a z-ideal J of C,(X), the corresponding ideal J' is z-ideal of C_(X).

Proof. Let I be a z-ideal of C_(X). Let Z(f) C Z(g) and f € I,.
Then Z(—f) C Z(—g) and —f € (I;)" = 1. Since [ is a z-ideal of C_(X), —g € [
which implies g € I,. Hence I, is z-ideal of C,(X). The other part can be proved

analogously. O
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Let us consider for any function f € C_(X), M} to be the intersection of all
maximal ideals of C_(X) containing f.

Recall that for a € C; (X), the intersection of all maximal ideals of C'y(X) contain-

ing a= M ={ge€ C.(X):Z(a) C Z(g)} (see Definition |1.3.54)).
Then the following result is clear.

Proposition 4.3.10. Fora € C(X), (M) = M_,.
Theorem 4.3.11. [ is a z-ideal of C_(X) if and only if f € I implies M; C I.

Proof. Let I be a z-ideal of C_(X) and f € I. Then by Theorem [4.3.9 I, is a z-
ideal of C{(X) and also —f € I.. So by Definition M7, C I, which implies
M; = (M*,) C(I,) =1, ie, My C 1.

Conversely, let us suppose that for an ideal I of C_(X), f € I implies M, C I. Let
Z(f)C Z(g)and f € I. Then Z(—f) C Z(—g) and — f € I,. So by Proposition|[L.3.55]
—g € M7;. Therefore g € (M*;)’ = M; C I. Hence I is a z-ideal of C_(X). O

Theorem 4.3.12. Any z-ideal of C_(X) is of the form INC_(X) for various z-ideals
I of C(X).

Proof. Let I be a z-ideal in C_(X). Then I, is z-ideal in C'(X). So by Theorem
1.3.56, I, = JNC(X) for a z-ideal J in C'(X). Then by Theorem [4.3.3]
I=(1;) =JNC_(X) for the z-ideal J in C(X). This completes the proof. O

Theorem 4.3.13. The following are true for any z-ideal of C_(X).
(1) z-ideals of C_(X) are strong.
(17) The minimal prime ideals of C_(X) are z-ideals.

Proof. (i) Let I be a z-ideal of C_(X). Then I, is a z-ideal of C'\(X) which is, by

Proposition [1.3.57 a strong ideal in C'{(X). Then by Theorem I'=(I))isa
strong ideal in C_(X).

(77) Let I be a minimal prime ideal in C_(X). Then I, is a minimal prime ideal of
C4(X). Therefore by Theorem [1.3.58] I, is a z-ideal of C.(X). Hence I = (I,) is a
z-ideal in C_(X).

[l

Below we prove a result for its immediate use.

Lemma 4.3.14. The following conditions are equivalent for a z-ideal I in C_(X).
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(i) Forall g,h € C_(X) andye C_(X)\ {0}, if gyh =0 thenge I orhe 1.
(13) For allk,l € Cy(X), if kl=0 thenk eI, orlel,.

Proof. Suppose for any z-ideal I in C_(X) (i) holds. Then I, is a z-ideal in C(X).

(1) = (1) : Let for all k,l € Cy(X), kIl = 0. So for all v € C_(X) \ {0},
(—k)y(—1) = 0 which implies —k € T or =l € I, ie., k€, orl € ;.

(#7) = (i) : Let us suppose that for all g,h € C_(X) and v € C_(X)\ {0}, gyh = 0.
Then (—g)(—h) = 0 which implies —g € I, or —h € I, by condition (i7). Hence g € I
or hel.

This completes the proof. n

Theorem 4.3.15. For any z-ideal I in C_(X), the following are equivalent.
(1) I is a prime ideal.
(13) I contains a prime ideal.
(i43) For all g,h € C_(X) and v € C_(X)\ {0}, if gyh =0 then g€ I or h € I.

Proof. 1 is a z-ideal in C_(X) if and only if I is a z-ideal in Cy (X).

(1) < (ii) : I is a prime ideal in C_(X) if and only if I, is a prime ideal in Cy (X)
if and only if I contains a prime ideal P (say) (by Theorem [1.3.59). This implies that
I contains prime ideal P’ and conversely. Hence the proof is complete.

(i) < (iii) : Let I be a prime z-ideal in C_(X). From Lemma [4.3.14 and Theorem
we deduce that if (i7) holds then I, is a prime z-ideal in C; (X) which again
implies [ is a prime ideal in C_(X) and conversely if I is a prime ideal in C_(X) then
I, is a prime z-ideal in C, (X) which implies by the above lemma that (ii7) holds.
This completes the proof. n

Recall that a I'-semiring S is called a regular I'-semiring if for any a € S,
a € al'STa.

Theorem 4.3.16. C(X) is a reqular semiring if and only if C_(X) is a regular

I'-semiring.

Proof. Let C(X) be a regular semiring. Let a € C_(X). Then —a € C(X). Since
C.(X) is regular, there exists b € C'(X) such that (—a) = (—a)b(—a), i.e.,

a=a(—1)(=b)(—1)a € al'STa, where S =T = C_(X).
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Since a is an arbitrary element of C_(X), it follows that C_(X) is regular.
Conversely, let C_(X) be a regular I'-semiring. Let x € C.(X). Then —z € C_(X).
Since C_(X) is regular, —z € (—2)I'ST(—x) for S =T = C_(X).

Therefore —x = (—x) 32, >, > ;5 8k (—x). So

r=x(=; 2, X s pk)x, where (=32, 37 ok aus; Bk) € Cp(X).
Since z is an arbitrary element of C (X)), it follows that C (X) is regular. O
Theorem 4.3.17. The following are equivalent.
(1) X is a P-space.
(17) Fach ideal of C(X) is a z-ideal.
(i43) Each ideal of C(X) is a z-ideal.
(iv) Each ideal of C_(X) is a z-ideal.
(v) Each strong ideal is a z-ideal in C(X).
(vi) Each strong ideal is a z-ideal in C_(X).
(vii) Each prime ideal is a z-ideal in C(X).
(viii) Fach prime ideal is a z-ideal in C_(X).
(ix) C(X) is a reqular semiring.
() C_(X) is a reqular I'-semiring.

Proof. (iit) < (i) : Let (#i7) hold. Let I be an ideal of C_(X). Then I, being an
ideal in C'; (X) is a z-ideal in C (X ) which implies that I = (1) is a z-ideal in C_(X)
(by Theorem [4.3.9). Again if (iv) holds then for an ideal J of C'(X), J' is a z-ideal
in C_(X) which implies that (J')y = J is a z-ideal in C'{(X). Therefore each ideal of
C4(X) is a z-ideal if and only if each ideal of C_(X) is a z-ideal.

(v) < (vi) : Let (v) hold. Let I be a strong ideal of C_(X). Then I, being a
strong ideal in C' (X)) is a z-ideal in C (X) which implies that I = (/)" is a z-ideal in
C_(X) (see Theorem and Theorem [4.3.5). Again if (vi) holds then for a strong
ideal J of C'(X), J' is a strong z-ideal in C'_(X) which implies that (J'); = J is a
z-ideal in C' (X). Therefore each strong ideal is a z-ideal in C (X) if and only if each

strong ideal is a z-ideal in C_(X).
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(vii) < (viii) : Let (vii) hold. Let I be a prime ideal of C_(X). Then I, being a
prime ideal in C (X) is a z-ideal in C (X)) which implies that I = (1)’ is a z-ideal in
C_(X) (by Theorem [4.3.9). Again if (viii) holds then for a prime ideal J of C(X),
J' is a prime z-ideal in C_(X) which implies that (J'), = J is a z-ideal in C'(X).
Therefore each prime ideal is a z-ideal in C';(X) if and only if each prime ideal is a
z-ideal in C_(X).

(iz) < (x) : Already proved in Theorem
Other equivalences are already proved in Theorem [1.3.61} O

Definition 4.3.18. An ideal of a I'-semiring is called essential if it intersects every

nonzero ideal nontrivially.

Theorem 4.3.19. If I is an essential ideal of C(X) then the corresponding ideal
I' is an essential ideal of C_(X). Also if J is an essential ideal of C_(X) then the

corresponding ideal Jy is an essential ideal of Cy(X).

Proof. 1f I is an essential ideal of C'; (X) then the corresponding ideal I is an ideal of
C_(X). Now let K be a nonzero ideal in C_(X). So K is a nonzero ideal in C; (X).
Therefore I intersects K, which implies that I’" intersects K = (K )" nontrivially.
Since K is an arbitrary nonzero ideal in C_(X), I’ is an essential ideal of C_(X).

Analogously we can prove the other part as well. O

Proposition 4.3.20. For any essential ideal E of C_(X), (Ann™(E)) = Ann™(E),
where Ann~ (E) ={g € C_(X) : ET'g = (0)}.

Proof. Let x € Ann~(E). Then ET'x = (0), where I' = C_(X).
So for all g € E, v € C_(X), gyr = 0 which implies f(—z) = 0 for all f € E,.
Therefore —z € Ann™(E,), i.e., x € (Annt(E}))". Hence Ann~(E) C (Ann*(Ey))".
Again let y € (Ann*(E,))". Then —y € Ann™(E, ) which implies that a(—y) = 0, i.e.,
ay =0 for all a € F,. So ET'y must be (0). Indeed, if h € ET'y then by the argument
above, h = >, > uivy = 0 as >, 5y = >iv;(—vi)(—=y;) € E4. Therefore
y € Ann~(F) and hence (Annt(Ey)) C Ann~(E). So (Ann™(E,)) = Ann™ (E).

O

Theorem 4.3.21. The following are equivalent for any essential ideal E of the I'-
semiring C_(X).

(1) E intersects every nonzero z-ideals nontrivially.
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(11) E intersects every ideal nontrivially.
(1ii) Ann~(E) = (0).

(iv) NZ[E] is nowhere dense.

Proof. (i) < (ii) : By Theorems |1.3.63] 4.3.19] [4.3.9[ we have the following arguments
that, for any essential ideal E of C_(X), E intersects every nonzero z-ideals of C_(X)

nontrivially if and only if £, intersects every nonzero z-ideals of C'; (X) nontrivially if
and only if F, intersects every ideal of C', (X) nontrivially if and only if F intersects
every ideal of C'_(X) nontrivially. Hence the proof is complete.

(71) < (i4i) : For any essential ideal £ of C_(X), F intersects every ideal of C_(X)
nontrivially if and only if F, intersects every ideal of C'y (X ) nontrivially if and only if
Ann™(E.) = (0) (by Theorem [1.3.63)). Since (Ann™(E.)) = Ann~(E),

Ann™(E,) = (0) if and only if Ann~(FE) = (0). This completes the proof.

(17i) < (iv) : Let us first note that (Ann™(E,)) = Ann~(E) for any essential
ideal F of C_(X). This implies that Ann~(E) = (0) if and only if Ann*(Ey) = (0),
where E. is an essential ideal of C'(X). So by Theorem [1.3.63, N Z[E,] is nowhere
dense. Now By the two facts that f € F if and only if —f € E, and Z(f) = Z(—f),
we deduce that Z[E] = Z[E,] for any essential ideal E of C_(X). Hence NZ[E] is

nowhere dense. By reversing the arguments above, we can prove the converse. O]

Theorem 4.3.22. Any essential z-ideal in C_(X) is of the form I N C_(X), where I

is an essential z-ideal of C'(X).

Proof. Let I be an essential z-ideal in C_(X). Then by Theorems [1.3.9 [1.3.19] I, is
an essential z-ideal in C'y (X). So by Theorem I, = JNnC.(X) for an essential
z-ideal J in C'(X). Then I = (1) = JNC_(X) for the essential z-ideal J in C'(X).
This completes the proof.

O]

Theorem 4.3.23. The following are equivalent.
(1) X is a P-space.
(11) Ewery essential ideal is a z-ideal in C;(X).

(1ii) Every essential ideal is a z-ideal in C_(X).
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Proof. (i) < (i1) : Already proved in Theorem

(17) < (i1d) : Let (i7) hold. Let I be an essential ideal of C_(X). Then I, being
an essential ideal in C;(X) is a z-ideal in C;(X) which implies that I = (I;)" is a
z-ideal in C_(X) (see Theorem [4.3.9|and Theorem [4.3.19). Again if (zi7) holds then for
an essential ideal J of Ct(X), J' is an essential z-ideal in C_(X) which implies that
(J')4+ = J is a z-ideal in C(X). Therefore every essential ideal is a z-ideal in C'y (X)
if and only if every essential ideal is a z-ideal in C_(X). O

Let us now introduce the notion of z°-ideals in C_(X).

Definition 4.3.24. An ideal [ in C_(X) is called 2°-ideal if a € I implies P, C 1,

where P, is the intersection of all minimal prime ideals of C_(X') containing a.

Recall that P} is the intersection of all minimal prime ideals of C'y (X) containing

f. Then the following proposition is easy to observe.
Proposition 4.3.25. (i) Fora € C_(X), P, = (P*)).

(17) Forx € C4(X), P} =(P,)+.

-
Using the above proposition we prove the following theorem.

Theorem 4.3.26. If I is a 2°-ideal of C_(X) then the corresponding ideal I, is a
z%-ideal of C(X). Also for a z°-ideal J of C(X), the corresponding ideal J' is a
2°-ideal of C_(X).

Proof. Let I be a z°ideal of C_(X). Then I, is an ideal of C (X).

Let x € I;. So —x € (1) = I. Since [ is a z°-ideal of C_(X), P~, C I which implies

P~, = (PS) C I. That means P = ((PJ))+ C I;. Therefore I is a z°ideal of

C4(X) (see Definition [1.3.66).

Next let J be a z°-ideal of C(X). Then J’ is an ideal of C_(X). Let a € J'.

So —a € (J')y = J. Since J is a z%ideal of C(X), P, C J which implies (P, ); C J.

That means P, = ((P,)+) € J'. Therefore J' is a z°-ideal of C_(X). O
The following theorem is the C_ (X )-analogue of Proposition |1.3.67]

Theorem 4.3.27. 2°-ideals in C_(X) are strong.

Proof. Let I be a z%ideal in C_(X). Then I, is a z%ideal in C, (X). So by Proposition
I, isastrongideal in C' (X). Therefore I = (1) isastrongidealin C_(X). O
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Theorem 4.3.28. Any z°-ideal in C_(X) is of the form JNC_(X) for various z°-ideals
J in C(X).

Proof. Let I be a z%ideal in C_(X). Then I, is z%ideal in C';(X). So by Theorem

1.3.68) I, = JNCL(X) for a z°ideal J in C'(X). Then by Theorem 4.3.3]
I=(I.)=JNnC_(X) for the z%ideal J in C(X). This completes the proof. O

Theorem 4.3.29. The following are equivalent.
(1) X is an almost P-space.
(17) Every z-ideal in C(X) is a 2°-ideal.
(1ii) Every mazximal ideal in C(X) is a z°-ideal.
(iv) Ewvery mazimal ideal in C(X) consists entirely of zero-divisors.

(v) For each mnonunit element f € C(X), there exists 0% g e C(X) with
Py C Ann(g).

(vi) BEvery z-ideal in C(X) is a z°-ideal.
(vii) Ewvery mazimal ideal in C(X) is a z°-ideal.
(viii) Ewvery mazximal ideal in C(X) consists entirely of zero-divisors.

(iz) For each mnonunit element f € C.(X), there exists 0+# g€ C(X) with
P C Ann*(g).

(x) Every z-ideal in the I'-semiring C_(X) is a z°-ideal.
(xi) Ewvery mazximal ideal in the I'-semiring C_(X) is a 2°-ideal.
(xii) Ewvery mazximal ideal in the I'-semiring C_(X) consists entirely of zero-divisors.

(xiii) For each mnonunit function v € C_(X), there exists 0#y e C_(X) with
P> C Ann~(y).

Proof. (vi) < (z) : Let I be a z-ideal in C_(X). Then I, is a z-ideal in C;(X). By
condition (vi), I; is a z%ideal in Cy(X). Therefore I = (1) is a z°ideal in C;(X).
Again let J be a z-ideal in C{(X). Then J' is a z-ideal in C_(X). By condition (z),
J'is a z%ideal in C_(X). Therefore J = (J'), is a z°-ideal in C' (X ). Therefore every
z-ideal in C', (X)) is a z°-ideal if and only if every z-ideal in C'_(X) is a z°-ideal.
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(vii) < (xi) : Let M be a maximal ideal in C'_(X). Then M, is a maximal ideal
in C(X). By condition (vii), M, is a z°ideal in C;(X). Therefore M = (M) is a
z%-ideal in C}(X). Again let N be a maximal ideal in C{(X). Then N’ is a maximal
ideal in C_(X). By condition (zi), N’ is a z°-ideal in C_(X). Therefore N = (N’); is
a z°-ideal in C'y (X). So every maximal ideal in C; (X) is a z%-ideal if and only if every
maximal ideal in C_(X) is a z°-ideal.

(viii) < (wii) : Let us suppose that every maximal ideal in C' (X) consists entirely

of zero-divisors of C'y (X). Let M be a maximal ideal of C_(X) and 0 # f € M. Then
M, be a maximal ideal of C'y (X) and —f € M, is a zero-divisor of C'y (X). Therefore
there exists 0 # g € C,(X) such that (—f)g = 0. So for all « € T', fa(—g) = 0.
Hence f is a zero-divisor of C_(X) which implies that every maximal ideal in C_(X)
consists entirely of zero-divisors of C_(X).
Conversely, let us suppose that every maximal ideal in C'_(X) is entirely made up of
zero-divisors of C_(X). Let M; be a maximal ideal of C;(X) and 0 # x € M;. Then
M be a maximal ideal of C_(X) and —x € M is a zero-divisor of C_(X). So there
exists 7 # 0 and y # 0 in C_(X) such that (—z)yy = 0. Therefore z(—y) = 0 for some
—y # 0 in C(X) which implies that z is a zero-divisor of C'(X). Hence it follows
that every maximal ideal in C (X') consists entirely of zero-divisors of C'y(X).

(iz) < (xiii) : Let us first recall that for any function f € C(X), (P}) = P,

and also note that

(Ann* (£)) = Ann~(=f).
Indeed, a € (Ann™(f))" implies —a € Ann™(f) which implies (—a)f = 0 whence it
follows that ay(—f) = 0 for all v € C_(X).
So a € Ann~(—f), i.e., (Ann™(f)) € Ann~(—f). By reversing the arguments above
we get, Ann~(—f) C (Ann™(f))". Therefore Ann=(—f) = (Ann™t(f))".
Now let the condition (iz) hold. Let = be a nonunit function of C_(X). Then —z is a
nonunit function of C'; (X). So there exists z # 0 in C' (X) such that PT, C Ann*(z)
which implies that

P; = (P) C (Ann™(2)) = Ann~(—=z), i.e., P, C Ann~(—2z).
Therefore the condition (xiii) holds.
Conversely, let the condition (ziii) hold. Let f be a nonunit function of C,(X).

Then —f is a nonunit function of C_(X). So there exists h # 0 in C_(X) such that
P~; C Ann~(h) which implies that
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Pf+ — (P:f)+ C (Ann—(h))+ = Ann+(—h), i.e., Pfr - Ann+(—h).

Therefore the condition (iz) holds.
Other implications are already proved in Theorem [1.3.70l Therefore this completes the

proof. ]

Though we haven’t been able to introduce the concept of almost regular I'-semiring
analogous to concept of the almost regular semirings, here we define the notion of
almost regular C_(X). The nonunit elements of C_(X) (C C(X)) are the functions

in C_(X) which are zero at some point of X.

Definition 4.3.30. C_(X) is called almost regular if for every nonunit function f in
C_(X), there exists v and s in C_(X) such that f = fvs, where vs # 1.

Theorem 4.3.31. C,(X) is almost regular if and only if so is C_(X).

Proof. Let C'(X) be almost regular and f be a nonunit function of C_(X). Then —f
is a nonunit function of C (X). Since Cy(X) is almost regular, there exists 1 # g €
C4(X) such that (—f)g = —f.

So f = f(—1)(—g) and this implies that C'_(X) is almost regular.

Conversely, let C_(X) be almost regular and = be a nonunit function of C' (X). Then
(—x) is a nonunit function of C_(X). Since C_(X) is almost regular, there exists
v,s € C_(X) such that —x = (—x)7ys, where ys # 1. So & = z(7s). Therefore C'y (X)

is almost regular. O]

We get the following theorem combining Theorems [1.3.72] and 4.3.31]

Theorem 4.3.32. The following are equivalent.
(1) X is an almost P-space.

(17) C(X) is almost regular.

(1i1) C_(X) is almost regular.

Theorem 4.3.33. C(X) is Noetherian (k-Noetherian) if and only if C_(X) is Noethe-

rian (resp. k-Noetherian).

Proof. C_(X) is Noetherian (k-Noetherian) if and only if L(C_(X)) is Noetherian
(resp. k-Noetherian) (see Theorem|1.4.22)). Since L(C_ (X)) and C (X)) are isomorphic
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semirings then by Theorem we deduce that C'(X) is a Noetherian (resp. k-
Noetherian) semiring if and only if L(C_(X)) is Noetherian (resp. k-Noetherian).
Therefore we get that C,(X) is Noetherian (k-Noetherian) if and only if C_(X) is
Noetherian (resp. k-Noetherian). O

In the similar fashion as of Theorem [4.3.33], we can prove the following.

Theorem 4.3.34. C,(X) is Artinian (k-Artinian) if and only if C_(X) is Artinian
(resp. k-Artinian).

Proof. Using Theorems [1.4.22] and [1.3.51], the proof is analogous to that of the above

theorem. O

Combining Theorems [1.3.75] [4.3.33] and [£.3.34] we have the following.

Theorem 4.3.35. The following are equivalent.
(1) X is finite.
(17) C(X) is Noetherian.
(1ii) C_(X) is Noetherian.
(iv) CL(X) is k-Noetherian.
(v) C_(X) is k-Noetherian.
(vi) CL(X) is Artinian.
(vii) C_(X) is Artinian.
(viii) C1(X) is k-Artinian.

(i) C_(X) is k-Artinian.
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CHAPTER 5

A STUDY ON PRIME
['S-SUBSEMIMODULES OF A
['S-SEMIMODULE VIA ITS

ASSOCIATED L-SEMIMODULE




A study on prime ['S-subsemimodules of a
['S-semimodule via its associated

L-semimodule

In this chapter we have first studied the notions of prime I''S-subsemimodules, prime
kI'S-subsemimodules of a I'S-semimodule as a natural generalization of the concept of
the prime subsemimodule of a semimodule. An inclusion preserving one-to-one corre-
spondence between the set of all prime I'S-subsemimodules (kI'S-subsemimodules) of
a I'S-semimodule and the set of all prime subsemimodules (resp. k-subsemimodules)
of the associated L-semimodule has been established. We have also established an one-
to-one correspondence between the set of all maximal I'S-subsemimodules (finitely
generated I'S-subsemimodules and k-finitely generated I'S-subsemimodules) of a I'S-
semimodule and the set of all maximal L-subsemimodules (resp. finitely generated
L-subsemimodules and k-finitely generated L-subsemimodules) of the associated L-
semimodule. Using all these correspondences, we have obtained that I'S-semimodules
are finitely (k-finitely) generated whenever their associated L-semimodules are finitely
(resp. k-finitely) generated and vice versa. Also it has been proved that a I'S-
semimodules is a multiplication I'S-semimodule if and only if the associated
L-semimodule is a multiplication L-semimodule. All these correspondences mentioned

above have been used to obtain some properties of the prime I'S-subsemimodules (es-

This chapter is mainly based on the work of the following paper:
Soumi Basu, Sarbani Mukherjee (Goswami) and Sujit Kumar Sardar, A study on prime

I'S-subsemimodules of a I'S-semimodule via its associated L-semimodule, communicated
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pecially on a multiplication I'S-semimodule, finitely generated I'S-semimodule and
k-finitely generated I'S-semimodule). Some results of the prime subsemimodules (k-
subsemimodules) of a semimodule and the radical of a subsemimodule have been gen-
eralized in the context of I'S-semimodules via those of its associated L-semimodule.

In section 1, we define the notion of prime I'S-subsemimodules of a I'S-semimodule
(cf. Definition and give examples of prime I'S-subsemimodules and prime I''S-
subsemimodules (c¢f. Examples and also we find equivalent criteria of prime
['S-subsemimodules (¢f. Theorem [5.1.15)). We establish the correspondence between
the set of all prime I'S-subsemimodules (kI'S-subsemimodules) of a I'S-semimodule
and that of all prime subsemimodules (resp. k-subsemimodules) of the associated
L-semimodule (¢f. Theorem [5.1.14). We studied the relation between the maximal
['S-subsemimodules (kI'S-subsemimodules) and the prime I'S-subsemimodules (resp.
kT S-subsemimodules) of a I'S-semimodule (¢f. Theorem [5.1.19).

In section 2, we establish that the set of all finitely (k-finitely) generated I'S-
subsemimodules of a I'S-semimodule and the set of all finitely (resp. k-finitely) gen-
erated subsemimodules of its associated L-semimodule are in bijective correspondence
(c¢f. Theorems , respectively). Then we study a few results of prime I'S-
subsemimodules on finitely (k-finitely) generated I'S-semimodules (¢f. Theorems[5.2.11]
52.13).

In section 3, we study the notions of multiplication and k-multiplication
I'S-semimodules and its correspondence with the multiplication associated
L-semimodule (¢f. Definition m, Theorem and proved some interesting prop-
erties of prime ['S-subsemimodules on a multiplication I'S-semimodule such as we
prove the irreducibility property of prime I'S-subsemimodules (Theorem , we
also prove that the associated ideal of a prime I'S-subsemimodule is a prime ideal of
the I'-semiring S and vice versa (Theorem etc. In addition we deduce some

results on the radical (for instance, ¢f. Theorems |5.3.16} |5.3.19)).

5.1 Prime ['S-subsemimodule of a ['S-semimodule

In this section we introduce some notions such as prime I'S-subsemimodule, kI'S-
subsemimodule of an unitary I'S-semimodule and study some useful properties of prime
I'S-subsemimodules and prime £I'S-subsemimodules.

First we look into the definition of prime subsemimodules of a semimodule.
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Definition 5.1.1. A proper subsemimodule P of a R-semimodule M is said to be

prime in M if for an ideal I of R and for a subsemimodule N of M,
NI C Pimpliess NC PorIC (P: M),
where (P : M) ={re R: Mr C P}.

Observation 5.1.2. It is easy to see that for any ideal I of R and for any subsemi-

module N of an unitary R-semimodule M,

NI C Pimplies N C Por I C (P : M) if and only if
mRx C P with x € R and m € M implies m € P or x € (P : M).

Therefore we have the following result.

Proposition 5.1.3. Let M be an unitary R-semimodule and P be a proper subsemi-

module of M. Then the following are equivalent.
(1) P is prime in M.
(11) mRx C P with x € R and m € M implies that m € P or x € (P : M).

Note that the equivalent criteria in Proposition [5.1.3]is considered as the definition

of prime subsemimodules of an unitary semimodule in [34] and its references.

Definition 5.1.4. Let N be a ['S-subsemimodule of a I'S-semimodule M. Then we
define the set (N : M) ={x € S: MT'x C N}.

It is easy to verify that the set (IV : M) is an ideal of the I'-semiring S and we call it
the associated ideal of N.

Also (N : M) is a k-ideal of S if N is a kI'S-subsemimodule of M.

Below we introduce some notations:

(1) Let N be a I'S-subsemimodule of a I'S-semimodule M and I be a right ideal
of S. Then the set NI'I = {3 ja;,a;x; : a; € N,y € I',x; € I,n any positive

integer} is a I'S-subsemimodule of M.
(1) NTz ={X  a;0;x : a; € N,y € I',n any positive integer}.

Taking M as an unitary ['S-semimodule over a ['-semiring S throughout this chap-

ter, we now give the definition of prime I'S-subsemimodules of M.
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Definition 5.1.5. Let P be a proper I'S-subsemimodule of a I'S-semimodule M. P
is said to be a prime I'S-subsemimodule of M if for an ideal I of S and for a I'S-
subsemimodule N of M, NI'l C P implies either N C P or [ C (P : M). A
prime I'S-subsemimodule which is also a kI'S-subsemimodule M is called a prime
kTS -subsemimodule of M.

The following theorem gives a characterization of prime I'S-subsemimodules of a

I'S-semimodule.

Theorem 5.1.6. Let M be a I'S-semimodule. A T'S-subsemimodule P of M is prime
if and only if (m)I'(x) C P implies m € P or x € (P : M), where (m) is the cyclic
['S-subsemimodule of M generated by m € M and {(x) is the ideal of S generated by
reSs.

Proof. If P is a prime I'S-subsemimodule of M then the result follows from Definition
5.1.5. Now suppose that (m)I'(z) C P implies m € P or x € (P : M). Let us assume
that for any ideal I of S and for any I'S-subsemimodule N of M, NI' C Pand N ¢ P.
Then there exists a € N such that a ¢ P. So

(a)['(s) C P for any s € [ implies s € (P : M).
Thus I C (P : M). Therefore P is a prime I'S-subsemimodule of M. O

Below we give one example of prime I'S-subsemimodule and one example of I'S-

subsemimodule which is not prime.

Example 5.1.7. For any prime number p, let K, be the additive commutative semi-
group {n : n is an non-negative integer divisible by p}. Then K, is a I'S-subsemimodule
of the I'S-semimodule Z; , where p is a prime number and S = T' = Z;. Let us as-
sume that (m)T'(z) C K, where (m) is the cyclic I'S-subsemimodule of Z; generated
by m € Zg§ and (z) is the ideal of the I'-semiring Z; generated by z € Z;. Then
myx € K, for all v € Z; which implies that p|m or p|z. Therefore m € K, or
r € (K, : Zf). Hence K, is a prime ['S-subsemimodule of the I'S-semimodule Z;,
where p is a prime number. Again K, is a kI'S-subsemimodule of M. Therefore K, is

a prime kI'S-subsemimodule of Zg for any prime p.

Example 5.1.8. In view of Example [5.1.7], it follows that for p = 2,3, K, and K3 are
prime I'S-subsemimodules of Z; though intersection of K5 and K3 is not a prime I'S-
subsemimodule of Z;. For example, we see that 2 ¢ KoN K3 and —3 ¢ (Ko N K3 : Z7)
but (2)I'(—=3) C Ky N K.
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From Example [5.1.8] the following observation is clear.

Observation 5.1.9. Intersection of two prime I'S-subsemimodules of a I'S-semimodule
may not be a prime I'S-subsemimodule. So the set of all prime I'S-subsemimodules
of a I'S-semimodule does not form a sublattice (with respect to set inclusion) of the

lattice of all I'S-subsemimodules of a I'S-semimodule.

Below we find a condition under which intersection of prime I'S-subsemimodules is

a prime I'S-subsemimodule.

Proposition 5.1.10. Let M be a I'S-semimodule and {P; : i € A} be the collection of
prime I'S-subsemimodules (prime kI'S-subsemimodules) of M such that {P; : i € A}
forms a chain of prime I'S-subsemimodules (resp. prime kI'S-subsemimodules) of M.

Then Niea P; is a prime I'S-subsemimodule (resp. prime kI'S-subsemimodule) of M.

Proof. In view of Remark[1.6.7} Ncy P is a ['S-subsemimodule (kI'S-subsemimodule)
of M. Clearly Niep Pi # M Let us assume that for an ideal I of S and for a I'S-
subsemimodule N of M, NI'I C (;cp P; which implies NI'] C P; for all i € A. if
possible let N & Miea P and I & (Niea B+ M) = Niea(L; : M). Then there exist
j,k such that N ¢ P; and I ¢ (P, : M). Since {P, : i € A} is a chain of prime
I'S-subsemimodules (resp. prime kI'S-subsemimodules) of M, then either P; C Pj or
P, C P If P, C Py then I ¢ (P; : M) and if P, C P; then N ¢ P;. But, for
all i € A, NI'I C P,. Since P, is a prime I'S-subsemimodule of M for all i € A, we
must have either N C P, or I C (P, : M) for all i € A. So if P; C P, then N C P,
and if P, C P; then I C (P, : M). We arrive at this contradiction because of our
assumption that N & Micpx P and I & (Mep P © M). Therefore either N C Nep P
or I C (Miea P : M). Hence Ncp P is a prime I'S-subsemimodule (resp. prime
kI S-subsemimodule) of M. O

Now we will study the correspondence between the set of all prime
['S-subsemimodules of a I'S-semimodule M and the set of all prime subsemimodules
of the associated L-semimodule M# of M via the mapping P — P*', where P is a
I'S-subsemimodule of M. Note that unless otherwise mentioned, we denote the left
operator semiring of a I'-semiring S as L.

We recall the following:

For any I'S-subsemimodule P of M,
Pt = (™ (mi,a;) : (7™, (my,04))S C P} is an L-subsemimodule of M# and
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(Pt M#) is an ideal of L (see Definition [1.5.3)).
For any L-subsemimodule Q of M# Qt = {m € M : (m, ') C Q} is a ['S-
subsemimodule of M and (Q* : M) is an ideal S.

Proposition 5.1.11. Let M# be the associated L-semimodule of the I'S-semimodule
M. Then

(i) For a T'S-subsemimodule P of M, (P : M)t = (P : M#).
(ii) For a L-subsemimodule Q of M#, (Q : M#)* = (Q* : M).

Proof. (i) Suppose P is a I'S-subsemimodule of M. Then (P : M) is an ideal of S. So
(P : M)*" is an ideal of L (by Theorem [1.4.19). Let 37 [z, 4] € (P : M)*'. Then
S xas € (P M) for all s € S. Therefore MT'(37, x;0i5) € P for all s € S. So

for all s € S and m; € M, 3; € I', 32, ; m;Bjwa;s € P

which implies >°7_, (m;, 8;) 3%, [74, i € P* forallm; € M, 3; € T. Since i1 (my, B)
is an arbitrary element of M#, M# Y™ [x;, ;] € P Tt implies Y7, [2;, i] € (P :
M#). Therefore (P : M)™ C (P : M#). Again let Y0 [y;, ;] € (P™' : M#). Then

M#3 [y, B8] C P e, forallng € M, a; € T, S (ng, ) Yy [y, B5] € PT.

Therefore for all s € S and for n; € M, a; € T, 32, ; niaiy;8;8 € P whence it follows
that MT'(3_7_, y;8;s) € P forall s € S.
This implies Y%, y;3;s € (P : M) for all s € S.
Therefore Y7 [y;, 8;] € (P : M)*" and therefore (P* : M#) C (P : M)*'.
Hence (P : M)* = (P : M#).

(i1) Suppose @ is a L-subsemimodule of M#. Then (Q : M#) is an ideal of L. So
(Q : M#)" is an ideal of the I'-semiring S (by Theorem [L.4.19)). Let a € (Q : M#)™.
Then [a,7] € (Q : M#) for all y € . So M#[a,~v] C @ for all ¥ € T'. Then

for all v € T and for m; € M, g; € T', X5 (m;Bja,7) € Q ie., Xj_,m;Ba € QF.
Then MTa C Q*. Therefore a € (Q* : M) which implies (Q : M#)* C (QT : M).
Again let x € (Q* : M). Then MTz C Q*. Therefore

for all y € T and for all n; € M, o; € T', 7 (nyax,y) = X0 (g, i) [x, 7] € Q,

ie., forally e, M#[x,~] C Q,

since 371 (ni, a;) € M*# is arbitrary.
So [z,T] C (Q : M#) which implies x € (Q : M#)™T.
Therefore (Q* : M) C (Q : M#)T. Hence (Q : M#)* = (QT : M). O
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We first prove the result for its immediate use.

Proposition 5.1.12. For any ideal I of the left operator semiring L of the I'-semiring
S and for any proper subsemimodule N of M#, (NI)* = NTT'I+.

Proof. Let I be an ideal of L and let X7 [2;, ] € T = (IT)*.
Then (X1 [, 4])S € I by Theorem [1.4.19, So
NHT(X™, 75, 4])S € NTTIT which implies (N*,T) 7 [2;, o] € (NTTIH)F.
It is easy to see that (N*,T') = N. Then N(X™, [zi, o4]) € (NTTIH).
Therefore NI C (N*TIH)* ie., (NI)T C NtT'Tt.
Let Z;’L:l[yja ﬁ]] € I. Then

N(Zioily;s B)) € N de, (N*,T) S [y;, 53] € NT.

=1

So N*T(X5_,[y;, B1)S € (NI)*. Since 3% _[y;, 3j] € I is equivalent to saying that

j=1
(Xj=1lys, Bi1)S € I and 327, [y;, B5] € I is arbitrary then NTTI'[* C (NI)*. Therefore
N*+TI* = (NI)*. 0

Proposition 5.1.13. Let M# be the associated L-semimodule of the I'S-semimodule

M, where L is the left operator semiring of the I'-semiring S.

(i) If P is a prime T'S-subsemimodule of M then P*' is a prime L-subsemimodule
of M#, where P = {™ (my, oy) + (X0, (my, o)) S C P}

(i1) If Q is a prime L-subsemimodule of M# then Q is a prime I'S-subsemimodule
of M, where Q* ={m € M : (m,T') C Q}.

Proof. (i) Let P be a prime I'S-subsemimodule of M. Then by Theorem , Pt
is a proper L-subsemimodule of M#. Let us assume that for an ideal I of the left
operator semiring L of the I'-semiring S and a subsemimodule N of M#, NI C P*'.
Then by Proposition N*I'I* = (NI)* C (P*)* = P. Since P is a prime
['S-subsemimodule of M,

NIt C P implies that either N* C P or IT C (P : M).

Therefore by Theorem [1.6.11], either N € P+ or I C (P : M)t = (Pt : M#) (by
Proposition [5.1.11{ (i)). Therefore P*' is a prime L-subsemimodule of M#.
(i1) Let Q be a prime L-subsemimodule of M#. Then by Theorem [1.6.11}, QT is a

proper ['S-subsemimodule of M. Let us assume that for an ideal J of the I'-semiring
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S and a I'S-subsemimodule N, of M, N\I'J C QF. Then (N,I'J)* C (Q")" = Q.
Now using Proposition we get,

NiTJ = (N{OYYD (I = (N T

So Ni'Jt = (N;TJ)* C Q. Since Q is a prime subsemimodule of M# then by
Definition , either Ni7 C Q or J*' C (Q : M#),

i.e., either Ny C Q* or J C (Q : M#)* = (Q* : M) (by Proposition [5.1.11] (1))
Therefore Q* is a prime I'S-subsemimodule of M. m

In view of Theorem [1.6.11{ and Proposition [5.1.13, we have the following.

Theorem 5.1.14. The set of all prime ['S-subsemimodules (kI'S-subsemimodules) of
a I'S-semimodule M and the set of all prime subsemimodules (resp. k-subsemimodules)
of its associated L-semimodule M¥ are in order preserving bijective correspondence via

the mapping P +— P*' | where P is a T'S-subsemimodule (resp. kI'S-subsemimodule) of
M.

The following result characterizes prime I'S-subsemimodules of a I'S-semimodule.

Theorem 5.1.15. If P is a proper I'S-subsemimodule of a I'S-semimodule M then

the following conditions are equivalent:
(1) P is a prime I'S-subsemimodule of M.

(i3) If (m)I'(x) C P then m € P or x € (P : M), where (m) is the cyclic subsemi-
module of M generated by m € M and (x) is the principal ideal of S generated
by x € S.

(2ii) If mI'STx C P then either m € P or x € (P : M), where m € M, x € S.

Proof. (i) < (ii): This equivalence has already been proved in Theorem [5.1.6]

(i) = (@ii): Let P be a prime I'S-subsemimodule of M. Then by Theorem [5.1.14]
Pt is a prime L-subsemimodule of M#. Let us assume that for m € M, mI'STz C P.
Then (mI'STx,T') C P*'. So (masax,a) € P for all s € S and a € T" which implies
(m, a)[s,a][x,a] € P forall s € Sand a €T, ie.,

(m,a)L[x,a] € P for all a € I'. Since P* is a prime L-subsemimodule of M# then

by Proposition [5.1.3] we have

either (m,a) € P or [z,a] € (P : M#) = (P : M)* forall a €T.
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Therefore either m € P or x € (P : M). Hence the proof is complete.

(13i) = (ui): Let for m € M, x € S, (m)I'(z) C P. Then we observe that
mI'STx C P. So by the virtue of (iii), either m € P or x € (P : M). Hence (ii) is
proved. O

Theorem 5.1.16. Let M be a I'S-semimodule and P be a prime I'S-subsemimodule
(kT'S-subsemimodule) of M. Then (P : M) is a prime ideal (resp. k-ideal) of S.

Proof. Let M be a I'S-semimodule and P be a prime I'S-subsemimodule of M. Then by
Theorem , P+ is a prime L-subsemimodule of M#. So (P* : M#) = (P : M)*
is a prime ideal of M# (cf. Proposition and Remark . Then by Theorem
we find that (P : M) is a prime ideal of S. With the similar argument as above
and using Remark we get that if P is a prime kI'S-subsemimodule of M then
(P : M) is a prime k-ideal of S. O

Definitions 5.1.17. A proper ['S-subsemimodule N of a I'S-semimodule M is said
to be mazimal in M if for each I'S-subsemimodule P of M, N C P C M implies that
P=No P=M.

A proper kI'S-subsemimodule N of a I'S-semimodule M is said to be a maximal kI'S-
subsemimodule in M if for each KI'S-subsemimodule P of M, N C P C M implies
that P=Nor P= M.

From the order preserving bijection between the set of all I"'S-subsemimodules (kI'S-
subsemimodules) of a I'S-semimodule and the set of all subsemimodules (resp. k-
subsemimodules) of its associated L-semimodule (¢f. Theorem [1.6.11)), we obtain the

following.

Theorem 5.1.18. The set of all mazimal T'S-subsemimodules (kI'S-subsemimodules)
of a T'S-semimodule M and the set of all mazimal subsemimodules (resp.
k-subsemimodules) of its associated L-semimodule M¥* are in bijective correspondence

via the mapping K — K*', where K is a I'S-subsemimodule (resp. kI'S-subsemimodule)
of M.

Proof. (i) Let P be a maximal I'S-subsemimodule of M. Then P*" is a proper subsemi-
module of M#. if possible let P’ be not maximal. Then there exists a proper subsemi-
module N of M# properly containing P*'. Now Pt C N implies P = (P™)* ¢ N*
which is a contradiction to the fact that P is maximal. Therefore Pt is a maximal
L-subsemimodule of M#.
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(ii) Let Q be a maximal L-subsemimodule of M#. Then Q% is a proper I'S-
subsemimodule of M. if possible let QT be not maximal. Then there exists a proper
I'S-subsemimodule K of M properly containing Q*. Now Q1 C K implies
Q = (QT)* ¢ K*' which is a contradiction to the fact that @ is maximal. Therefore

Q7 is a maximal L-subsemimodule of M. O

Theorem 5.1.19. Every mazimal I'S-subsemimodule (kI'S-subsemimodule) of a T'S-

semimodule M is a prime I'S-subsemimodule (resp. kI'S-subsemimodule).

Proof. Let K be a maximal I'S-subsemimodule of M. Therefore by Theorem [5.1.18|

K%' is a maximal subsemimodule of M#. Then by Lemma K+ is a prime sub-

semimodule of M#. So by Theorem (K*)* = K is a prime I'S-subsemimodule

of M. Hence the proof is complete.

Similarly using Lemma |1.5.10, we can prove the result for a maximal kI'S-subsemimodule.
m

5.2 Prime ['S-subsemimodules on a finitely (k-finitely)

generated ['S-semimodule

In this section we study some results on finitely (k-finitely) generated I"S-semimodule.
A T'S-semimodule M is called finitely generated I'S-semimodule if M is generated by

a finite subset of it.

Proposition 5.2.1. Let M be a I'S-semimodule and N be a proper I'S-subsemimodule
and Y7 [es, 6] be the left unity of S. Then Nt = {X™ (a;,0;) : a; € N}.

Proof. If a1, as, ..., an, € N then Y™ a;6;s € N for all s € S. So 7 (a;,6;) € Nt
Let 7 (z;, ;) € N*'. Now

> (wj,05) = Z 2j, o)) (Q_lei &) = D _(wja e, 6i) =Y (> wjazeq di)

7j=1 7j=1 =1 st i=1 j=1

Since 7 zjaye; € N for all i = 1,2, ..., m, the result follows. O

Proposition 5.2.2. If N is a finitely generated T'S-subsemimodule of M then Nt is
a finitely generated L-subsemimodule of M.

Proof. Let N be a finitely generated I'S-subsemimodule and {aq,as,...,a;} be the
set of generators of N, where t is a positive integer. Then NT' is a proper I'S-

subsemimodule of M#. Let us assume that a € N*. Then by Proposition m,
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there exists x1, za, ..., x;, € N such that a = Y7 (z;,0;), where > [e;, d;] is the left
unity of S. So there exist z;, € [I',S] for k = 1,2,...;t and ¢ = 1,2,...,m such that

T = Y 1 QkZik, © = 1,2,...,m. Hence

m m n
a = Z 331, z Z Z A Zik, 61) = Z<akzzk7 Z Z Vi f] Zzlm
=1 i,k J=1

i=1 k=1 ik
Z aka% f]zzlm ] _Z<ak77]><2[szzkaéz])a
ivk,j k.j i
where Y% [v;, f;] is the right unity of S. Hence N +" is finitely generated by the set
{{ag,vj) 1<k <t,1<j<n,t,neZ} O

Proposition 5.2.3. If K is a finitely generated L-subsemimodule of M7# then K™ is
a finitely generated I'S-subsemimodule of M.

Proof. Let K be a finitely generated L-subsemimodule of M# generated by the subset
{a1,a9,...;a,} of K. Let a € K*. Then (a,v;) € K for all j = 1,2,...,n, where

117, fj] is the right unity of S. So there exist zj, € L, for j = 1,2,...,n and
k=1,2,...,r such that (a,v;) = > 11 axTjx = >pq ax{ (7% (€4, 0i] )k }
for j =1,2,...,n. Hence

a=7Y ay;f; =Y (are:)di(wjf;) = Y _(axei)d Z%kfj
j=1 ki ki

Hence K™ is finitely generated by the subset {axe; : 1 <k <r,1 <i<m}of M. [O

Therefore combining propositions [5.2.2] and [5.2.3] we have the following theorem.

Theorem 5.2.4. The set of all finitely generated T'S-subsemimodules of a
['S-semimodule M and the set of all finitely generated subsemimodules of its associated

L-semimodule M# are in bijective correspondence via the mapping K — K%', where
K is a I'S-subsemimodule of M.

As every I'S-semimodule (semimodule) is a I'S-subsemimodule (resp. subsemimod-
ule) of itself, by virtue of Theorem we have the following theorem.

Theorem 5.2.5. M is a finitely generated I'S-semimodule if and only if M* is a

finitely generated L-semimodule.

Lemma 5.2.6. Let N be a proper I'S-subsemimodule of M and T be a proper sub-
semimodule of M. Then:
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(i) (V)" = VFY"

(id) (T =(T7)".
Proof. (i) Let N be a proper ['S-subsemimodule of M. N C N* which implies
N+ C (NM)*. Also (N*)*' is a k-subsemimodule of M#. Since (N +')k is the smallest
k-subsemimodule containing N+, (N +')k - (Wk)Jr'. Again N*' C (N +')k. This implies
N = (N*)* C ((]\H')k)Jr which is a kT'S-subsemimodule of M. Then N* C ((N+’)k)+.
So (N)* € (N*Y". Hence (N*)* = (N+)".

(#7) The proof is analogous to that of (7). O

Recall that a semimodule K is k-finitely generated if there exists a finite subset L
of K such that mk = K [35].

Definition 5.2.7. A I'S-semimodule M is called k-finitely generated if there exists a
finitely generated I'S-subsemimodule F' of M such that =M.

Proposition 5.2.8. (i) If N is a k-finitely generated I'S-subsemimodule of M then
N+t is a k-finitely generated L-subsemimodule of M#.

(it) If K is a k-finitely generated L-subsemimodule of M# then K is a k-finitely
generated I'S-subsemimodule of M.

Proof. (i) Let N be a k-finitely generated I'S-subsemimodule. Then there exists a
finitely generated I'S-subsemimodule N; C N such that Wlk = N. By Theorem
, Ni" is a finitely generated subsemimodule of M# and by Lemma (1),
mk = (Vlkﬁ' = N*'. Therefore N*' is a k-finitely generated subsemimodule of
M*#,

(i) Let K be a k-finitely generated subsemimodule. Then there exists a finitely
generated subsemimodule K; C K such that Ek = K. By Theorem m, K{ is a
finitely generated subsemimodule of M and by Lemma (13),

@k = (Flk)Jr = K. Therefore Kt is a k-finitely generated I'S-subsemimodule of
M. O

From Proposition we obtain the following theorem.

Theorem 5.2.9. The set of all k-finitely generated T'S-subsemimodules of a
['S-semimodule M and the set of all k-finitely generated subsemimodules of its asso-

ciated L-semimodule M# are in bijective correspondence via the mapping K — K1,

where K is a I'S-subsemimodule of M.
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As a particular case of Theorem [5.2.9) we have the following theorem.

Theorem 5.2.10. M is a k-finitely generated I'S-semimodule if and only if M* is a

k-finitely generated L-semimodule.

Theorem 5.2.11. Let M be a finitely generated I'S-semimodule. If N is a proper I'S-
subsemimodule of M then there exists a mazimal I'S-subsemimodule of M containing
N.

Proof. Let M be a finitely generated I'S-semimodule and N be a proper

I'S-subsemimodule of M. Then M# is finitely generated and Nt is a proper subsemi-
module of M#. Therefore by Lemma there exists a maximal subsemimodule K
of M# such that K C N*'. So by Theorem K™ is a maximal ['S-subsemimodule
of M containing N. Hence the proof is complete. n

In view of Theorems [5.2.11] and [5.1.19] we obtain the following result.

Theorem 5.2.12. If N is a proper I'S-subsemimodule of a finitely generated 1'S-

semimodule M then there exists a prime I'S-subsemimodule of M containing N.

Theorem 5.2.13. Let M be a k-finitely generated I'S-semimodule. If N is a proper
k'S -subsemimodule of M then there exists a maximal kI'S-subsemimodule of M con-

taining N.

Proof. Let M be a k-finitely generated I'S-semimodule and N be a proper kI'S-
subsemimodule of M. Then M# is k-finitely generated and Nt is a proper

k-subsemimodule of M#. Therefore by Theorem there exists a maximal k-
subsemimodule K of M# such that &’ C N*t'. So by Theorem , K™ is a maximal

kI'S-subsemimodule of M containing N. Hence the proof is complete. n

In view of Theorems [5.2.13] and [5.1.19] we obtain the following result.

Theorem 5.2.14. If N is a proper kI'S-subsemimodule of a k-finitely generated I'S-

semimodule M then there exists a prime kI'S-subsemimodule of M containing N .

5.3 Prime I'S-subsemimodules on a multiplication

['S-semimodule

We recall that an R-semimodule M is said to be multiplication semimodule if for

every subsemimodule N of M there exists an ideal I of R such that N = MI. Also

120



Chapter 5. A study on prime I'S-subsemimodules of a I'S-semimodule via its associated

L-semimodule

N = M(N : M), where (N : M) = {r € R: Mr C N} [34]. We begin this section

introducing the notion of multiplication I'S-semimodule.

Definition 5.3.1. A I'S-semimodule M is called multiplication I'S-semimodule if for
any I'S-subsemimodule N of M, there exists an ideal I of S such that N = MT'I.

Proposition 5.3.2. (i) For any ideal J of a T'-semiring S, (MT.J)*" = M#J*.

(ii) For any ideal I of the left operator semiring L of a I'-semiring S,
(M#I)T = MTI™.

Proof. (i) Let J be an ideal of a I'-semiring S. Then by Theorem [1.4.19] there exists
an ideal I of the left operator semiring L of S such that /™ = J. Solet >, [z;, o] € 1.
Then Y1, x5 € I for all s € S. So

MUY, x,a58) € MTIT for all s € S.
It implies that for all s € S and m; € M, 3; €T,
Ei,j mjﬁjxiozis c (MFI+), i.e., Z?:1<mj,5j> Z;”Zl[a:i,ozi] - (MP]+)+,.

Hence M# Y™ [x;, ;] € (MTIT)*'. Therefore M#I C (MTI+)*.
Let 3% [y;, Bi] € I. So X5_, y;Bjs € I for all s € S. Then

M# Z?:l[yjﬁﬁj] - M#Iv Le., <M7F> ?:1[%75]'] - M#*I.

Then for all s € S, MT(X)_, y;8;s) € (M#I)* which implies MTIT C (M#*I)*.

Hence (MTI+)* C M#I. Therefore (MTIH)* = (M#I), ie., (MTJ)* = M#J*+.
(ii) Let I be an ideal of L. Then by Theorem [L.4.19] there exists an ideal J of

S such that J*' = I. Therefore by Proposition (1), (MTJ)*" = M#J* which

implies MT'IT = MTJ = (M#J+)* = (M#I)*. O

Theorem 5.3.3. If M is a multiplication I'S-semimodule then the associated semi-

module M#* of M is a multiplication L-semimodule and vice versa.

Proof. Let M be a multiplication I'S-semimodule. Let us take a subsemimodule N
of M#. Then by Theorem [1.6.11, N* is a I'S-subsemimodule of M. Since M is a
multiplication I'S-semimodule, there exists an ideal I of S such that N* = MTI. So
by Proposition (i), N = (N")* = (MTI)* = M#I*' where I is an ideal of
L. Hence M7 is a multiplication L-semimodule.

Conversely, let M# be a multiplication L-semimodule and let N be a I'S-subsemimodule

of M. Then Nt is a subsemimodule of M#. So there exists an ideal I of L such that
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N+ = M#I. Therefore by Proposition (i3), N = (N*)* = (M#I)* = MTI*,

where I1 is an ideal of S. It implies that M is a multiplication I'S-semimodule. O]

Theorem 5.3.4. Let M be a multiplication ['S-semimodule and N be a
I'S-subsemimodule of M. Then N = MT'(N : M).

Proof. Let M be a multiplication I'S-semimodule and N be a I'S-subsemimodule of
M. Then by Theorem m, M# is a multipliccation L-semimodule and also Nt is a
L-subsemimodule of M#. Therefore N*' = M#(N*" : M#) which implies

N = (N*Y* = (M#(N*' . M#))* = (M#(N : M)*")* by Proposition (4).
Again (M#(N : M)*')* = MT(N : M) by Proposition [5.3.2] ().

Hence N = MT'(N : M). O

Theorem 5.3.5. A I'S-semimodule M is a multiplication I'S-semimodule if and only
if there exists an ideal I of the I'-semiring S such that mI'S = MTI for each m € M.

Proof. Let M be a multiplication ['S-semimodule. Then by Theorem m, M*# is a
multiplication L-semimodule. So by Proposition there exists an ideal J of L
such that 37" (my, o)L = M#J for all 7, (my;, o) € M#.

Now Y7 (my, ci) L = > (my, i) [S, T = X0 (myi; S, T) for all m; € M and «; € T
Also by Proposition [p.3.2] (ii), (M#J)* = MTJ*. This implies Y7, m;ays € MTJ*
forallm; € M, o; € I' and s € S.

Hence mI'S = MTI for each m € M, where I = J* is an ideal of S.

Conversely, let I be an ideal of the I'-semiring S such that mI'S = MT'I for each
m € M. Then for the ideal It of L, (MTI)* = M#I*" (by Proposition (7)).
Therefore 3°7_, (m, a;) L = M#I*" for each m € M, a; € T. So by Proposition ,
M7 is a multiplication L-semimodule. Hence by Theorem M is a multiplication

['S-semimodule. O
Now we give one example of a multiplication I'S-semimodule.

Example 5.3.6. Let us consider, for any prime number p, the additive commutative
semigroup pZy = {n : n is an non-negative integer divisible by p}. Clearly for any
prime number p, pZy is a ['S-semimodule, where S = I' = Z;. We observe that pZ;
is a multiplication I'S-semimodule, where S =1T' = Z;. Indeed, for a prime number p,
every element of pZ; is of the form k - p, where k is a non-negative integer. Therefore
for all m € pZ;, mI'S = kpZi Zy = pZy Zy kZy = pZiTI, where [ = kZ, is an
ideal of the I'-semiring 7, for a non-negative integer k. So by Theorem m, pZy is

a multiplication ['S-semimodule, where S =1 = Zj .

122



Chapter 5. A study on prime I'S-subsemimodules of a I'S-semimodule via its associated

L-semimodule

Theorem 5.3.7. Let M be a multiplication I'S-semimodule and P be a
['S-subsemimodule of M. Then (P : M) is a prime ideal of S implies P is a prime
['S-subsemimodule of M.

Proof. Let M be a multiplication I'S-semimodule and P be a I'S-subsemimodule of M
such that (P : M) is a prime ideal of S. Then M# is a multiplication L-semimodule
and (P : M)* = (P* : M#) is a prime ideal of L (by Proposition (i) and
Theorem. It implies that P* is a prime L-subsemimodule of M# (c¢f. Theorem
1.5.14). Therefore by Theorem (P*)* = P is a prime I'S-subsemimodule of
M. O

Combining Theorems [5.1.16] [5.3.7, we have the following result.

Theorem 5.3.8. Let M be a multiplication I'S-semimodule. Then a I'S-subsemimodule
P is a prime T'S-subsemimodule of M if and only if (P : M) is a prime ideal of S.

Let us now define k-multiplication I'S-semimodule.

Definition 5.3.9. A I'S-semimodule M is called k-multiplication T'S-semimodule if
for any I'S-subsemimodule N of M, there exists a k-ideal I of S such that N = MT'I.

Note that every k-multiplication I'S-semimodule is a multiplication I'S-semimodule

but not the converse.

Theorem 5.3.10. If M is a k-multiplication I'S-semimodule then the associated semi-

module M#* of M is a k-multiplication L-semimodule and vice versa.

Proof. Let M be a k-multiplication I'S-semimodule. Let us take a subsemimodule N
of M#. Then by Theorem , N7 is a I'S-subsemimodule of M. Since M is a
k-multiplication I'S-semimodule, there exists a k-ideal I of S such that N* = MTI.
So by Proposition [p.3.2 (1), N = (N+)*' = (MTI)*' = M#I*', where I*" is an k-ideal
of L. Hence M# is a k-multiplication L-semimodule.

Conversely, let M# be a k-multiplication L-semimodule and let N be a I'S-subsemimodule
of M. Then Nt is a subsemimodule of M#. So there exists a k-ideal I of L such that
N+ = M#I. Therefore by Proposition (i), N = (N*)* = (M#I)* = MTI*,
where It is a k-ideal of S. It implies that M is a k-multiplication I'S-semimodule. [J

Theorem 5.3.11. Let M be a k-multiplication T'S-semimodule. Then a
kT'S-subsemimodule P of M is prime if and only if (P : M) is a prime k-ideal of S.
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Proof. Let M be a k-multiplication I'S-semimodule and P be a kI'S-subsemimodule
of M such that (P : M) is a prime k-ideal of S. Then M# is a multiplication L-
semimodule and (P : M)*Y = (P* : M#) is a prime k-ideal of L (by Theorems
5.3.10 and [1.4.19 Proposition (1) respectively). It implies that P’ is a prime
k-subsemimodule of M# (cf. Theorem . Therefore by Theorem [5.1.14, P is

a prime kI'S-subsemimodule of M. The converse part is already proved in Theorem
b.1.16| This completes the proof. O

We observe that prime I'S-subsemimodules do not exhibit the strong irreducibility
property analogous to that of the prime ideals of a I'-semiring in general. Even this is
not true in general for modules. For example, let us consider ()-module Q) @ ) where
@ is the set of all rationals. It is well known that the proper submodules of Q) @ ) are
of the form ((a,b)), where a,b € @), Also it is easy to observe that ((0,0)) is a prime
submodule of @@ Q and ((0,1)) N ((1,0)) = ((0,0)). This implies that the prime
submodule ((0,0)) of @@ @ doesn’t have the property.

In the following Theorem [5.3.13, we see that prime I'S-subsemimodules possess the
strong irreducibility property under certain condition. Before that let us recall the

following.

Remark 5.3.12. [28] For any two I'S-subsemimodules P;, P, of M,
P NP =(Pnp)t.
Theorem 5.3.13. Let M be a multiplication T'S-semimodule and P be a prime I'S-

subsemimodule of M and Py, Py be I'S-subsemimodules of M. If Py N P, C P then
either P, C P or P, C P.

Proof. Let M be a multiplication I'S-semimodule and P be a prime I''S-subsemimodule
of M such that P, N P, C P, where P;, P, are ['S-subsemimodules of M. Then M# is

a multiplication L-semimodule and Pt is a prime L-subsemimodule of M# such that

(PLNPy)t C Pt by Theorem|[5.1.14, Now by Remark [5.3.12, P;"' NPt = (PN Py)*
whence it follows that P;” NP C P Tt implies that either P’ C P or P C Pt

(cf. Proposition|1.5.16)) which implies that P, C P or P, C P (see Theorem|5.1.14). [

Theorem 5.3.14. Let M be a multiplication I'S-semimodule. If N is a proper I'S-
subsemimodule (kI'S-subsemimodule) of M then there exists a prime I'S-subsemimodule

(resp. kI'S-subsemimodule) of M containing N .

Proof. Let M be a multiplication I'S-semimodule and N be a proper ['S-subsemimodule
(kT'S-subsemimodule) of M. Then by Theorem and Theorem [1.6.11), M7 is a
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multiplication L-semimodule and N*' is a subsemimodule (resp. k-subsemimodule)
of M# respectively. So by Lemma (resp. by Theorem it follows that
there is a prime subsemimodule (resp. k-subsemimodule) P (say) of M# containing
N*'. Therefore Pt is a prime I'S-subsemimodule (resp. kI'S-subsemimodule) of M

containing N. Hence the proof is complete. O]

We denote the intersection of prime I'S-subsemimodules of a I'S-semimodule M
containing a I'S-subsemimodule N of M, the radical of N, as rad(N). Also the in-
tersection of prime kI'S-subsemimodules of a I'S-semimodule M containing a I'S-
subsemimodule N of M, the k-radical of N, is denoted as rady(N).

The following result is easily observed.

Lemma 5.3.15. Let M be a I'S-semimodule and N, K be a I'S-subsemimodule of M.
Then the following holds:

(1) N Crad(N).
(17) rad(N N K) C rad(N) Nrad(K).

Proof. (i) The proof is clear by the definition of rad(N).

(77) It is clear that the collection of all prime I'S-subsemimodules containing N N K
contains both the collection of all prime I'S-subsemimodules containing N and the
collection of all prime I'S-subsemimodules containing K. So taking intersection over
the collections mentioned above we obtain that rad(N N K) C rad(N) and
rad(N N K) C rad(K). Hence rad(N N K) C rad(N) Nrad(K). O

Theorem 5.3.16. Let M be a multiplication I'S-semimodule and N, K be
I'S-subsemimodules of M. Then rad(N N K) = rad(N) Nrad(K).

Proof. Let M be a multiplication I'S-semimodule. Then Theorem ensures that
['S-subsemimodule N N K is contained in atleast one prime I['S-subsemimodule P
of M. Let P be a prime ['S-subsemimodule of M such that N N K C P. Since
M is a multiplication I'S-semimodule, it implies N C P or K C P by Theorem
5.3.13l So rad(N) C P or rad(K) C P which implies rad(N) Nrad(K) C P. Since
it is true for all such prime I'S-subsemimodule of M containing N N K. Therefore
rad(N)Nrad(K) C rad(N N K).

So in view of Lemma (17), rad(N N K) = rad(N) Nrad(K). O

Proposition 5.3.17. Suppose N is a I'S-subsemimodule of M and K is a subsemi-
module of M*. Then
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(i) (rad(N))* =rad(N"),
(17) (rad(K))" =rad(KT).

Proof. (i) Let 7, (my, i) € (rad(N))*'. Then Y7, m;a;s € rad(N) for all s € S.
So for all prime ['S-subsemimodule P; containing N,
S myous € Py which implies 7, (myous,~) € P foralls e S, v eT.

In particular, 7 (m;,o5) € P for all 7 O Nt (take s = e; and v = 4, for
k=1,2,...,1, where 3\ _, [ex, 6] is the left unity of S).

Therefore 7 | (my, oy) € rad(N*). So (rad(N))* C rad(N*").

The other inclusion follows by reversing the above argument.

(#7) The proof is analogous to that of (7). O
The following proposition is the k-analogue of Proposition

Proposition 5.3.18. Suppose N is a kI'S-subsemimodule of M and K is a
k-subsemimodule of M*. Then

(1) (radiy(N))*" = rady(N*),
(i7) (rady(K))* =rady(K™").

Using Proposition in the following we generalize Proposition[1.5.20] Theorem

and Corollary
It is to be noted that for an ideal I of S, Rad(I) is the radical of I, the intersection of

all prime ideals of S containing I.

Theorem 5.3.19. For any I'S-subsemimodule N of a multiplication I'S-semimodule
M, rad(N) = MTrad(N : M).

Proof. In view of Proposition [5.3.2] (i) we have,
(MTrad(N : M)* = M#(rad(N : M))*.

Applying Propositions [5.3.17] and [5.1.11] we get,

(rad(N : M))* =rad((N : M)*') = rad(N* : M#).

So M#(rad(N : M))*" = M#rad((N : M)*') = M#rad(N*' : M#)....(x)
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Now by Proposition [1.5.20 M#rad(N* : M#) = rad(N*").

Again by Proposition [5.3.17, rad(N*t") = (rad(N))*'.
Therefore by Theorem [1.6.11) and equation (x),

rad(N) = ((rad(N))*)* = (M#(rad(N : M))*)* = MTrad(N : M).
0

Theorem 5.3.20. For any kI'S-subsemimodule N of a multiplication I'S-semimodule
M, rad(N) = rad,(N).

Proof. Using Proposition [5.3.17| we have, rad(N) = ((md(]\f))*l)Jr = (rad(N*’))*.

Then by Theorem|1.5.21} Theorem and Proposition [5.3.18, rad(N*t") = rad,(N*")
in M#. Therefore by Proposition [5.3.18

(rad(N*)NT = (rady(N*) = ((rade(N))T)* = radp(N).
Hence rad(N) = rady(N). O

In view of Theorems [5.3.19] and [5.3.20 we obtain the following result.

Theorem 5.3.21. For any kI'S-subsemimodule N of a multiplication I'S-semimodule
M, radi(N) = MTrad(N : M).
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AND
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Structure spaces of semimodules and

['S-semimodules

There are several works on the topology defined on the prime spectrum of mod-
ules (semimodules) over rings (resp. semirings). The works in [7], [75], [38], [35],
[34] give impetus to study the topological structure of the space consisting of T'S-
subsemimodules of a I'S-semimodule as a natural generalization. So the topological
space formed by the collection of prime I'S-subsemimodules of a I'S-semimodule en-
dowed with the Hull Kernel topology has been studied in the setting of a I'-semiring
with unities in this chapter. At first, with the objective to study the topological prop-
erties of the space formed by prime I'S-subsemimodules of a I'S-semimodule with the
Hull Kernel topology, we have first topologized the space of all prime subsemimodules
over a multiplication semimodule with the Hull Kernel topology, calling it as the struc-
ture space of a semimodule. Then we investigated for the members of the topology, i.e.,
the open sets, closed set, open base and observed that they are the same as those of
the said space with Zariski topology. Also we have studied some topological properties
of that space over semimodules. After that we have defined the structure space of all
prime I'S-subsemimodules over an unitary multiplication I'S-semimodule, where S is
a ['-semiring. In order to study the topological space of prime I'S-subsemimodules

via the topological space of prime L-subsemimodules of its associated L-semimodule,

This chapter is mainly based on the work of the following paper:
Soumi Basu, Sarbani Mukherjee (Goswami) and Sujit Kumar Sardar, Structure space
of a I'S-semimodule over a I'-semiring, To appear in Bulletin of Calcutta Mathematical
Society, 116 (5) (2024).
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we have proved that the two spaces are homeomorphic, where L is the left operator
semiring of S. Thereafter an open base, form of closed sets of the spaces of all prime
['S-subsemimodules over a multiplication I'S-semimodule have been characterized and
necessary and sufficient conditions for the separation properties viz., T, Ts, regular
etc. and compactness, connectedness etc. and also density and irreducibility of a sub-
set have been studied. In addition to that some topological properties of the space of
all prime subsemimodules of a semimodule, proved in [34] has been generalized (for
example, Theorem 4.1, Theorem 4.2, Corollary 4.2, Corollary 4.3, Theorem 4.3 of [34]).
The whole study of the topological properties mentioned above have been examined
for the space of all prime kI'S-semimodules of a I'S-semimodule, considering it as a
subspace of the space of all prime I'S-subsemimodules of a I'S-semimodule.

In section 1, we define the structure space of prime subsemimodules over a mul-
tiplication semimodule with the Hull Kernel topology and characterize the members
of the topology, i.e., the open sets, closed set, open base (see Propositions ,
. Also we study the topological properties of the structure space of semimodules
(see for instance, Theorems [6.1.7,16.1.9} [6.1.10} [6.1.11)).

In section 2, we study the topological properties of the structure space of prime

['S-subsemimodule over a multiplication I'S-semimodule with the Hull Kernel topology
via that of its associated L-semimodule (c¢f. Theorems [6.2.22] [6.2.23] [6.2.24] [6.2.26],
(6.2.31} 16.2.32] [6.2.33] 16.2.28] [6.2.29)) .

In section 3, we study the topological properties of the space of all prime kI'S-

semimodules of a ['S-semimodule as a subspace of the space of all prime

I'S-subsemimodules of a I'S-semimodule.

6.1 Structure space of prime subsemimodules of a semimodule

In this section we topologize the set of all prime subsemimodules of an unitary multi-
plication semimodule with the Hull Kernel topology.

Throughout the section, we denote the set of all prime subsemimodules of an unitary
R-semimodule V' as Xy. Below we define the closure and prove the closure axioms on
Xy.

Definition 6.1.1. Let R be a semiring and V be a R-semimodule. Let Xy be the

collection of all prime subsemimodule of V. For any subset A of Xy, we define,

closure of A=A ={P € Xy : Npea P C P}.
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Evidently, () = (.

Theorem 6.1.2. Let V' be a multiplication R-semimodule and Xy be the collection
of all prime subsemimodules of V.. Then the mapping from A — A is a Kuratowski

closure operator on Xy, where A C Xy, .

Proof. Let A,B C Xy .
(i) Let P, € A. Np,eaPo C P, for each P, € A implies that P, € A. Hence
ACA
(i) From (i) it is clear that A C A. Let P; € A. Then Np,cz Pa € Ps.
Again Np,eca Py C P, for all P, € A. Then

nPWG.A P’Y - mPQGZPa - PB implies Pg c A

Thus A C A. Therefore A=A
(¢ii) Let us suppose that A C B. Let Pg € A. Then Np, c4 Po € Ps. Since A C B,
it follows that Np, cp Po € Np,ea Po C Ps. This implies that P € B and hence A C B.
(iv) Clearly AUB C AUB. Now let P € AUB. Then Np, caun Pa € Ps. It can

be easily seen that

N Pa=( PI) Fo)

P,eAUB P,cA P,eB
Since (Np,ea Po) and (Np,cp Pa) are R-subsemimodules on V' and Pj is a prime R-

subsemimodule on V' then by Proposition [1.5.16

(Np.ea Po) N(Np,es Pa) € Pg implies either Np cq Po € Ps or Np,es Pa C Ps.

Therefore P3 € A or P; € B. Hence P; € AU B. Consequently, AUB C AU B.
Therefore AUB = AU B.
Therefore combining (1), (i7), (¢ii), (iv), it follows that the mapping is a Kuratowski

closure operator on Xy . O

For a multiplication R-semimodule V', the topology 7, induced by the Kuratowski
closure operator on Xy is called Hull Kernel topology on Xy, and the topological space
(Xv,1v) is called the structure space of the semimodule V. Therefore throughout the
section, V' is a multiplication R-semimodule and we denote the space as Xy without
mentioning the topology explicitly.

Notations: Let N be a R-subsemimodule on V' and m € V. We define,

Av(m):{PEXVmEP},CAV(m):XV\AV(m):{PEXVmgéP}
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The following three results describe the form of closed set, open set and open base
of X V.

Proposition 6.1.3. Any closed set in Xy is of the form Ay (N), where N is a R-

subsemimodule on V.

Proof. Let A be any closed set in Xy. Then A = A. Let A = {P, : a € A} and
P =p,ea Py Then P is a R-subsemimodule on V. Let P’ € A. ThenNp, 4 Po C P/,
i.e., P C P'. Consequently, P’ € Ay(P). So A C Ay (P). By reversing the above
argument, we obtain that Ay (P) C A. Thus A = Ay (P). O

The following result follows from Theorem

Corollary 6.1.4. Any open set in Xy is of the form CAy(N), where N is a R-

subsemimodule on V.
Proposition 6.1.5. {CAy(m):m € V} is an open base for Xy .

Proof. Let U be an open set in Xy. Then A = Xy \ U is a closed set in Xy. By
Proposition [6.1.3) A = Ay(N) for some R-subsemimodule N on V. Then K € U
implies K ¢ A, i.e., N € K. Then there exists m € N such that m ¢ K. Hence

K € CAy(m). Now let K € CAy(m). Then m ¢ K'. This implies that N ¢ K’
whence it follows that K’ € CAy(N) = Xy \ A=U. Hence CAy(m) CU.
Consequently, K € CAy(m) C U. Thus {CAy(m) : m € V} is an open base for
Xy [

Remark 6.1.6. From propositions [6.1.3], [6.1.4] [6.1.5] we observe that for a multiplica-

tion semimodule V', the collections of open sets, closed sets, open bases of the space of

all prime subsemimodules of V' with the Hull Kernel topology are same as those of the
space with the Zariski topology which has been intensively studied by Han et al. in
[34] (in [34], the space is called the prime spectrum of V and is denoted as Spec(V))
and in its references. So all the results related to the space Spec(V') obtained in [34]
and in its references hold true for the space Xy. So subsequently we will use those

results to study the I'S-semimodule version of those.

Now we shall the study necessary and sufficient conditions for the properties viz.
Ty, regular, connectedness and for dense subsets of the space Xy (the topological
properties like Ty, T7, compactness, irreducibility of subsets etc. of the prime spectrum

has already been studied by the authors in [34]).
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Theorem 6.1.7. The space Xy is Ty if and only if for any distinct pair of elements
N1, Ny of Xy, there exist mq,my € V' such that my ¢ Ny, my ¢ Ny and there does not
exist any element N € Xy such that my ¢ N and my ¢ N.

Proof. Let Xy be a T, space. Then for any two distinct elements Ny, Ny of Xy, there
exist basic open sets C' Ay (m) and CAy (ms) such that

N; € CAv(mQ), Ny € CAv(ml) and CAv(ml) N CAv(mg) = 0.

Thus we have my ¢ Ny, my ¢ N;. Now if possible let N € Xy such that m; ¢ N and
mo ¢ N. Then N € CAy(my) N CAy(mgy) which is a contradiction to the fact that
CAy(my) and CAy(mg) are disjoint. Thus there does not exist any element N € Xy,
such that m; ¢ N and my ¢ N.

Conversely, let us suppose that the given condition holds and Nj, Ny are two distinct
elements of Xy. Then by our hypothesis there exist my,my € V such that m; ¢ Ns,
mo ¢ Np and there does not exist any element N € Xy such that m; ¢ N and my ¢ N.

Thus we have,
N; € C’Av(mQ), Ny € OAv(ml) and OAv(ml) N CAv(mg) = 0.

Hence Xy is a T5 space. ]

Theorem 6.1.8. If the space Xy is Ty and Xy contains more than one element then
there exist my,ma € V' such that Xy = CAy(my) U CAy(ms) U Ay (N), where N is

the subsemimodule generated by my and ms.

Proof. Let Ni, Ny be a distinct pair of elements of Xy,. Since Xy is a T, space, there
exist basic open sets CAy(my) and CAy (mg) for my, me € V such that

N; € CA\/<TTL2), Ny € CAv(Wll) and CAv(ml) N CAv(WlQ) = @

Let N be the subsemimodule generated by mi,ms. Then N is the smallest subsemi-
module containing mq, ms. Let N’ € Xy,. Then either my € N’, my ¢ N' or my ¢ N’,
mgo € N' or my,my € N’ as the case my, mg ¢ N’ is not possible because of the fact
that CAy(my) N CAy(my) = (. Therefore it implies that

either N’ € CAv(ml) Q OAv(ml) U OAv<m2) U Av(N)
or N/ € CAv<m2) Q CAv(ml) U CAv(mg) U Av(N)
or NC N' ie, N € Ay(N) C CAy(my) UCAy(mg) UAy(N) respectively.
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Hence Xy C CAy(mq) UCAy(mg) UAy(N).
Again clearly CAy(my) U CAy(ma) UAy(N) C Xy.
Hence XV = CAv(ml) @) CAv(mQ) U Av(N) O

Theorem 6.1.9. The space Xy is a reqular space if and only if for any N € Xy and
m & N, there ezists a subsemimodule N’ of V and m' €V such that
N e CAy(m') C Ay (N') CCAy(m).

Proof. Let the space Xy be regular. Let N € Xy and m ¢ N. Then N € CAy(m)
and Xy \ CAy(m) is a closed set not containing N. Since Xy is a regular space, there
exist two disjoint open sets U and V such that N € U and Xy \ CAy(m) C V, i.e,
Xy \V CCAy(m). Xy \Visa closed set which means Xy \ V = Ay (N') C CAy(m)
for some subsemimodule N’ of V' (¢f. Proposition [6.1.3)). ... (1)

Sinced NV =0,V C Xy \U and Xy \ U being a closed set, is of the form

Xy \U = Ay(N") for some subsemimodule N” of V.

Since N € U then N ¢ Xy \ U = Ay(N”) which implies N” ¢ N. Therefore there
exists m’ € N” such that m’ ¢ N whence it follows that N € CAy(m/). ... (2)

Now we are to show that V C Ay (m/). Let Ny € V. Then ¥V C Ay (N”) implies

N"” C N;. Since m’ € N”, m' € Ny and hence N; € Ay (m'). Thus V C Ay (m/).
Consequently, CAy(m') C Xy \ V = Ay (N'). ... (3)

Thus combining (1), (2), (3), we find that N € CAy(m') C Ay(N') C CAy(m).
Conversely, let the given condition hold and let N € Xy and A be a closed set not
containing N. Then A = Ay (N”) for some subsemimodule N” of V.

Since N ¢ Ay(N”), we have N” ¢ N. This implies that there exists m € N” such
that m ¢ N. Now by the given condition, there exists a subsemimodule N’ of V' and
m’ € V such that N € CAy(m') C Ay (N') € CAy(m). Since m € N,
CAy(m)NAy(N”) = 0. Indeed, if CAy(m)NAy(N") #0

then P € CAy(m) N Ay(N”) would imply that m ¢ P and N” C P which is a
contradiction to the fact that m € N”.

Hence Ay (N”) € Xy \ CAy(m) C Xy \ Ay(N'). Therefore Xy \ Ay (N') is an open
set containing Ay (N"). Tt is clear that CAy(m') N (Xy \ Ay (N')) = 0. So we find
that CAy(m') and Xy \ Ay (N') are two disjoint open sets containing N and Ay (N")

respectively. Hence the space Xy is a regular space. O]

Theorem 6.1.10. Let A be a nonempty subset of Xy. A is dense in Xy if and only
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Proof. Let A be a subset of Xy which is dense in Xy,. Obviously, Npex, 5 € Npea Bi-
Since A is dense subset of Xy, then by the definition of A, Npca Pi € Np,ex, Fi- There-
fore Npca P = Npex, Di-

To prove the converse, let us assume that Xy \ A # 0. Then there exists a prime
subsemimodule P of V such that P € Xy \ A. Therefore there exists an open neigh-
bourhood U of P in Xy such that U N A = 0, where Y = CAy(z) for some z € V,
ie., CAy(r)NA =0 for some x € V. Then A C Ay (x) implies x € Np,cq P;. Now
if possible let € Npex, 5. Then P, € Ay(x) for each P, € Xy. It implies that
Xy = Ay(z), i.e., CAy(z) = () which is a contradiction to the fact that it is an open
neighbourhood of P. That means = ¢ Npey, Pi. Therefore Npex, P G Npea D
which is a contradiction to our assumption. Hence Xy \ A = @) which implies that A

is dense in Xy . N

Theorem 6.1.11. The space Xy is disconnected if and only if there exists a subsemi-
module N of V' and a collection {a,, : o € A} of elements in 'V not belonging to N such
that if N' € Xy and an, € N’ for all « € A then N\ N’ # ().

Proof. Let Xy be disconnected. Then there exists a nontrivial clopen subset of Xy .
Let N be a subsemimodule of V' for which Ay (V) is closed as well as open. Then
Ay(N) = Uger CAy(aq), where {as}aca is a collection of elements in V. Also if
N € Xy and a, € N’ for all @ € A then we have N’ ¢ CA(a,) for all @« € A which
implies N’ ¢ Ay(N). So N € N, ie., N\ N' # .

Conversely let the given condition hold. Clearly Uyep CAy(as) € Ay (N). Now let
B € Naea Av(ay). Then a, € B for all . So B does not contain N, i.e., B € CAy(N).
Therefore Ay (N) C Uper CAv(aq).

Hence Ay (N) = Uyer CAy(aq) which is a clopen subset of Xy .

Then Xy is disconnected. O

In [34] authors proved that the space is compact if and only if the semimodule is
finitely generated. Here we shall study another necessary and sufficient condition of

compactness.

Theorem 6.1.12. The space Xy is compact if and only if for any collection {aq}aen
of elements in V', there exists a finite subcollection {a; : i =1,2,....,n} in V such that

for any N € Xy, there exists a; from the subcollection such that a; ¢ N.

Proof. Let Xy be compact. Then the open cover {CAy(a,) : aq € V} of Xy has a
finite subcover {CAy(a;) : i = 1,2,...,n}. Then for any N € Xy, N € CAy(a;) for
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some a; € V. This implies that a; ¢ N. Hence {a; : i = 1,2,...,n} is the required
finite subcollection of elements of V' such that for any N € Xy, there exists some a;
for i =1,2,...,n such that a; ¢ N.

Conversely, let us suppose that the given condition holds. Let {C Ay (a;) : a; € V'} be
an open cover of Xy. Suppose to the contrary that no finite subcollection of {C'Ay (a;) :
a; € V'} covers Xy. This means that for any finite set {a; : i = 1,2,...,n} of elements
of V, UL, CAy(a;) # Xy whence NI"; Ay (a;) # (. Then there exists P € Xy such
that P € N, Ay(a;) which implies a; € P for i = 1,2,...,n and this leads to a
contradiction. So the open cover {C'Ay(a;) : a; € V'} has a finite subcover and hence

Xy is compact. ]

Remark 6.1.13. In view of Remark we observe that for a multiplication semi-
module V| the collections of open sets, closed sets, open bases of the subspace (induced
with the subspace topology) of all prime k-subsemimodules Yy are same as those of
the space with the Zariski topology which has been intensively studied by Han et al.
in [35] (in [35], the space is called the subtractive prime spectrum of V' and is denoted
as Speci(V')) and in its references. So all the results related to the space Specg(V)
obtained in [35] hold true for the space Yy and subsequently we will use the results to

prove the I'S-semimodule version of those.

Now we shall study the necessary and sufficient conditions for the properties viz. T,
regular, connectedness and for dense subset of the space Yy of all prime k-subsemimodules
of a semimodule (Ty, T;, compactness, irreducibility of a subset etc. of the space has
already been studied by the authors in [35]).

We skip the proofs of Theorems [6.1.14] [6.1.16}, [6.1.17} [6.1.18] [6.1.19, Theorem [6.1.15]
as they are the counterparts of Theorems [6.1.7, [6.1.9] [6.1.10], [6.1.11], [6.1.12], Theorem
[6.1.8 respectively.

Theorem 6.1.14. The space Yy is Ty if and only if for any distinct pair of elements
N1, Ny of Yy, there exist mq,my € V' such that my ¢ Ny, mo ¢ Ny and there does not
exist any element N € Yy such that my ¢ N and my ¢ N.

Theorem 6.1.15. If the space Yy is Ty and Yy contains more than one element then
there exist my,my € V such that Yy = CA¥Y(my) U CAY(my) U AY(N), where N is

the k-subsemimodule generated by my, mo.
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Theorem 6.1.16. The space Yy is a reqular space if and only if for any N € Yy and
m & N, there exists a k-subsemimodule N' of V. and m' € V' such that
N € CAL(m') C AV (N') C CAY(m).

Theorem 6.1.17. Let A be a nonempty subset of Yy,. A is dense in Yy if and only if
mPiE.A PZ = mP»;EYV Pl

Theorem 6.1.18. The space Yy is disconnected if and only if there exists a
k-subsemimodule N of V' and a collection {as : « € A} of elements in V not belonging
to N such that if N' € Yy, and a, € N’ for all « € A then N\ N’ # ().

Theorem 6.1.19. The space Yy is compact if and only if for any collection {aq }aca
of elements in V', there exists a finite subcollection {a; : i = 1,2,....n} in 'V such that

for any N € Yy, there exists a; € V such that a; ¢ N.

6.2 Structure space of prime ['S-subsemimodules of a

['S-semimodule

In this section we define the structure space X,; of all prime I'S-subsemimodules of
a I'S-semimodule M equipped with the Hull Kernel topology and investigate several
topological properties of that space via those of its associated L-semimodule. We
denote the space of all prime L-subsemimodules of the corresponding associated L-
semimodule as X %.
Note that rest of the chapter, unless otherwise mentioned, S is a ['-semiring with both
the unities and 377 [e;, 0] is the left unity, 3-7_, [v;, f;] is the right unity of S and L is
the left operator semiring of .S.

We note the following result which assures that the space we are going to topologize

is always nonempty.

Theorem 6.2.1. Let M be a multiplication I'S-semimodule. Then the space Xy is

nonempty.

Proof. Let M be a multiplication I'S-semimodule and N be a proper I'S-subsemimodule
of M. Then by Theorem [5.3.14] there exists a prime I'S-subsemimodule of M contain-
ing N. Therefore X,; is nonempty. O]

In order to construct the structure space Xy, of the I'S-semimodule M, let us first

define the closure in X,,.
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Definition 6.2.2. Let S be a I'-semiring and M be a I'S-semimodule. Let Xj; be the
collection of all prime I'S-subsemimodule of M. For any subset A of X,;, we define
closure of A=A ={P € Xy : Npeca P C P}.

Evidently, § = (.

To study its topological properties via those of the structure space of its associated

semimodule, we first prove few results that are necessitated.
Notations: For A C X, AY' = {N* € X}, : N € A}.
For B C Xy, Bt ={K* € Xy : K € B}.

Lemma 6.2.3. (i) For any subset A of Xy , AT = (A)*.
(ii) For any subset B of Xy , Bt = (B)™.

Proof. (i) Let N € A+, Then N € X4 and Ng,eq K;7 C N.
Nk,ca K} = (Nk,ea Ki)*'. Tt implies that
N K= (&) =N K)) N
K;eA K;eA K;eA
whence it follows that N* € A. Hence N € (A)*'. So A+ C (A)*.

The reverse inclusion follows similarly. Consequently, A+ = (A)*

(74) The proof is analogous to that of (7). O

Theorem 6.2.4. There exists an inclusion preserving bijection between ©(Xy) and
(X %) via the mapping A — AY | where A € (X)) and o(Xar), o(Xy#) are the

power sets of Xy and Xy # respectively.

Proof. Let A € p(Xy#). Then At € p(X,,). We shall now prove that (A+)+ = A.
Let N*' € (A")*. Then N € A*. So there exists K € A such that N = K.
Therefore N*' = (K*)* = K € A implies that (A7)" C A,

Again let K; € A. Then K, = (K{)* € (A")*. Therefore A C (A")*. Hence
(AT)* = A. Similarly it can be proved that B = (B*')* for all B € p(X};). Therefore
the mapping A — A%’ is bijective. Now let A, B € p(X)) such that A C B. Then
Kt e At implies K € A C B. So K" € Bt and hence At C B*'. This completes
the proof. O

Lemma 6.2.5. (i) For A,B C X, AY nB* = (AnB)*.
(i7) For A,B C Xy, At N BT =(ANB)".
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Proof. (i) ANBC Aand ANB C B. Then (AN B)Y C A* and (AN B)* C B
which implies (AN B)* € A*' N B*. Let N*' € A¥ n BY. Then N € A and
N € B. Therefore N*' € (AN B)* which implies A*' N BY C (AN B)*'. Hence
AT NnBY = (AnB)*.

(#7) The proof is analogous to that of (7). O

Lemma 6.2.6. (i) For A,BC Xy, A UBY = (AU B)*.
(1) For A,B C X+, At UBt =(AUB)".

Proof. (i) A,B C AU B. Then A" B* C (AU B)* implies At UBY C (AUB)*".
Let N*' € (AUB)*". Then either N € Aor N € B. Therefore N*' € A*'UB* which
implies (AU B)* € A* U B*". Hence A*' U B* = (AU B)*.

(71) The proof is analogous to that of (7). O

Using Theorems and Lemmas 6.2.6, and Theorem [5.3.3] we prove

the kuratowski closure axioms in the following Theorem.

Theorem 6.2.7. Let M be a multiplication I'S-semimodule and A, B C X,;. Then
(¢)
(12)

(iii) A C B implies AC B

pS
IN
|

||
I
|

(iv) AUB=AUB.

Proof. (i) At C A* = (A)*'. This implies (A*)* C ((A)*)*. Therefore A C A.

(i1) A= ((A))" = ((A)" = (A7) =A@ = (D) =4

(1i1) A C B implies At C BY'. Hence A*" C B+ from which it follows that
(A)* C (B)*. It implies that ((A)™)™ C ((B)*')*. Therefore A C B.

(i) AUB = (AUB)*)* = (AUB)¥)* = (AT UB¥)* = (A¥ UBT)* =
(A7) U (B¥)* = (A)*)* U (B)")* = AU B,

Now we have the following from Theorem [6.2.

Theorem 6.2.8. Let M be a multiplication I'S-semimodule. The mapping from A — A

is a Kuratowski closure operator on Xy, where A C Xyy;.
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Suppose M is a multiplication I'S-semimodule. Then the topology 7, induced by
the Kuratowski closure operator on X, is called the Hull Kernel topology on Xj; and
we call the topological space (X, 7) as the structure space of the I'S-semimodule M.
Also the structure space of the associated L-semimodule M# is denoted as (X4, 7).
Therefore throughout the section, M is a unitary multiplication I'S-semimodule and
we denote the spaces as X, and X4+ without mentioning the topologies explicitly.
It is to be noted that M7# is a multiplication L-semimodule whenever M is a multipli-
cation I'S-semimodule and vice versa (see Theorem [5.3.3).

Using Lemma |6.2.3] we will now prove that the structure spaces of a I'S-semimodule

and its associated L-semimodule are homeomorphic.
Theorem 6.2.9. (X, 7) and (Xy#,7") are homeomorphic.

Proof. Let us define a mapping f : X3 — X% by f(N) = N*', where N € Xy, f
is a bijective map by Theorem m For any subset A of X,;, f(A) = At Let A
be any closed set in X7, Then f(A) = f(A) = (A)t = A+ which is a closed set in
Xuy#. Again let B be any closed set in Xy;#. Then f~%(B) = f~4(B) = (B)" = Bt

which is a closed set in X,;. Therefore f is a homeomorphism. O]

Before characterizing the form of closed set, open set and open base of X,;, we
introduce the following notions and prove some necessary propositions.
Notations: Let N be a I'S-subsemimodule on M and m € M. We define,

Proposition 6.2.10. Let N be a I'S-subsemimodule on the I'S-semimodule M. Then
(Au(N) = Apw(NY).

Proof. Let K™ € (Ap(N))™ C Xp#. Then K € Ay (N) € Xy, ice,, K € Xy and
N C K. Thus N*' C Kt € Xp#. So Kt € Ay#(NT).

Therefore (Ap(N))* C Apys(NT'). The reverse inclusion follows with a similar argu-
ment. Hence (A (N))T = Ayx(NT). O

Proposition 6.2.11. Let K be a subsemimodule of the L-semimodule M¥*. Then
(Apr (K)) T = Ap(KT).

Proof. Ay#(K) = Ay ((KH)Y) = (Ay (K1), by Proposition Therefore
(An# (K))T = Ap(KT). O
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From Propositions [6.2.11] we clearly have the following.

Proposition 6.2.12. Let N be a I'S-subsemimodule of M. Then
(i) (CAM(N))* = CApys(NT).
(17) (CAy#(K))T =CAy(KT).

Now in the following results, we obtain the closed sets and open sets of the space

Xy via the space X,;# of the associated L-semimodule.

Proposition 6.2.13. Any closed set in Xy is of the form Ay (N), where N is a

I'S-subsemimodule on M.

Proof. Let A be any closed set in Xj;. Then A is a closed set in X,;# by Theorem
6.2.9. So A* = Ay (K) for some subsemimodule K of M# by Theorem It

implies (A*")* = (Ap(K))T. Thus by Proposition [6.2.11]
A=Ay(KT)=Ay(N), where N = KT is a I'S-subsemimodule of M. O

The following result is easy to observe from Proposition |6.2.13]

Corollary 6.2.14. Any open set in Xy is of the form CAp(N), where N is a T'S-

subsemimodule on M.

Below in Lemma [6.2.175]and Theorem [6.2.16 we discuss few properties of closed sets
of XM

Lemma 6.2.15. Let N, K be two I'S-subsemimodules of M. Then
(1) N C K implies Ap(K) C Ap(N).

(1) Naer Anr(Na) = Anr(Xaer Na)-

(131) Ay (N) = Ap(rad(N)).

() If Ay (N) C Ay (K) then K C rad(N).

Proof. The proofs of (i), (ii) are easy.

(7i1) Using Lemma Propositions Proposition we have,
Au(N) = (Au(N)T)F = (Aps(NT)F = (Aps(rad(NT))F =
(Ap#((rad(N)™))* = ((Au(rad(N)))*' )" = Ay (rad(N)).
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Then (Ay(N)* = Ay(NY) € Ay(KY) = (Ap(K))* (using Theorem [6.2.4)).
Therefore from Lemma [1.5.27, it follows that K+ C rad(N*"). Hence by Proposition

B.3.17
K = (KT)* C (rad(NT))* = ((rad(N))*)* = rad(N).

Theorem 6.2.16. Let N, K be two I'S-subsemimodules of M. Then
Ay(N)UAY(K) =Ay(NNK).

Proof. Clearly Ap(N)UAN(K) C Ay (NNK). Let Pe Ay(NNK). So NNK C P.
Since M is a multiplication I'S-semimodule then by Theorem |5.3.13, N C Por K C P
which implies that

Pe AM<N) or P € AM(K), ie., Pe AM(N) UAM(K)
Therefore A (NNK) C Ap(N)UAp(K). Hence Ay (N)UA Y (K) = Ay (NNK). O

The following result describe form of an open base of the space Xj,.
Proposition 6.2.17. {CAy(m):m € M} is an open base for Xy.

Proof. Let U be an open set in Xp;. Then A = Xy, \ U is a closed set in Xy,. By
Proposition [6.2.13] A = Ay(N) for some I'S-subsemimodule N of M. Then K € U
implies K ¢ A, i.e., N ¢ K. Then there exists m € N such that m ¢ K.

Hence K € CAp(m). Now let K/ € CAp(m). Then m ¢ K’. This implies that
N ¢ K’ whence it follows that K’ € CAp(N) =U. Hence CAy(m) CU.
Consequently, K € CApy(m) C U. Thus {CApy(m) : m € M} is an open base for
X O]

Next we are going to prove a few lemmas and subsequently we will use them.
Lemma 6.2.18. Let m € M. Then
(1) (An(m)* = Aps (37 (m, ) and
(#0) (Anrr (i (m, )T = Aar(m),

where Y5_, 7, f;] is the right unity of the I'-semiring S.
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Proof. Let m € M and >77_,[v;, f;] be the right unity of the I'-semiring 5.
(i) Let N € Aps (3271 (m, ;). Then 357, (m,v;) € N implies for all s € S,
>j_ymy;s € NT, in particular, m = Y%_, my; f; € NT. Therefore N € A (m).
Hence N = (NH)* € (Ap(m))* implies A ( T {m, ;) C (Apr(m))t.
Again let K+ € (Apy(m))™. Then K € Ay (m) implies m € K = (K*')*. Therefore
for all a € T, (m, ) € K*', in particular, >j—1{m, ;) € K" which implies
K€ Ay (-1 (m, ;). Hence (Anr(m))* C Apps (S7-1(m, 7).
So (Apr(m))* = Ape (i (m, 7))

(i1) Apr(m) = (Anr(m)) ™) = (Ape (Shoafm, 3)))T, by (0). O

From the above lemma the following is easily derived.
Lemma 6.2.19. Let m € M. Then
(i) (CAM(m))* = CAyw (Zi-i(m, ;) and
(41) (CAp#(Xj=1(m, ;)" = CAn(m),
where Y5_, 7, f;] is the right unity of the I'-semiring S.

Lemma 6.2.20. CA (37 (wk, ) = CAps (X j il Trones, v5)),
where Y31 [ei, 0i], 2251 [vs, f5] are the left, right unities of S respectively.

Proof. Let N € Ay (X0 (xg, ag)).

Then 27" (z, ax) € N which implies 377" (z, ax) 355 ,(ei, 7] € N,
ie., Y i{Trone;, v;) € N.

Then N € Ay (X ;i (Trarei, ;). Therefore

Apre (O (wr, o)) C A (O (zaees, ;)
=1

k7j7i

m

i.e., CApz (D (zpanes, 7)) C CAps (O (@, ar)).
k7,8 k=1

Again let K € CA (X0 (wk, o). Then Y00 (vg, o) ¢ K.
This implies Y-y ; zpare; ¢ KT, where 37 [e;, 6;] is the left unity of S.
Again since 327_,[v;, fj] is the right unity of S,

Zk,j,i(xkak6i77j> §Z K, ie, K € CAy# (Zk,j,i<xkak€z‘,7j>)~

Therefore CA y# (37 Tk, o)) © CAps (Xg i (Tranes, v5))-
Hence CA pr# (30 (Tk, an)) = CAppe (X ji{Teomes, v5))- O
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Corollary 6.2.21. {CA % (37 1(m,v;)) : m € M} is an open base for X+, where
> i=1174, f3] is the right unity of the T'-semiring S.

Proof. Let V be any open set in X;# and N € V. So Nt € V*, where V' is an open
set in Xj. It implies that there exists some m € M such that Nt € CAy(m) C VT,

by Proposition Therefore
N =(NH" e (Cau(m)™ c(VHY =V.

This implies that N € CAp# (37, (m,7;)) €V (see Lemma [6.2.19). O

Now we prove the separation properties of the space X, via the space X+ of its

associated semimodule using the homeomorphism proved in Theorem [6.2.9
Theorem 6.2.22. The space X, is Tj.
Proof. By Theorem [1.5.28 and Theorem [6.2.9], it follows that X, is Tp. O

Theorem 6.2.23. The space X, is 11 if and only if no prime I'S-subsemimodule of

M is contained in any other prime I'S-subsemimodule of M.

Proof. Let the space Xj; be T}. Then X+ is a Ti-space by Theorem [6.2.9, Therefore
by Theorem [1.5.29] it follows that no element of X% is contained in any other element
of Xy#. So by Theorem no element of X, is contained in any other element

of Xy;. The converse part follows by reversing the above argument. O

Using Theorem|[6.1.7 Theorem[6.1.8/and Propositions[6.2.10} [6.2.11} [6.2.19 we prove

the following two results.

Theorem 6.2.24. The space Xy is Ty if and only if for any distinct pair of elements
N1, Ny of Xy, there exist my,my € M such that my ¢ No, my ¢ Ny and there does
not exist any element N € Xy such that my ¢ N and mg ¢ N.

Proof. Let X, be T,. Therefore by Theorem [6.2.9] X4 is a Ty-space. Let Ny, Ny be
two distinct elements of Xy, So Ni7', Ni are two distinct elements of X 4. Since
Xy is Ty, by Theorem m there exists 7 (s, i), Y01 (y;, B;) € M* such that
S (i, aq) ¢ Ny S0 (y;, B;) € NiT and there does not exist any element N € X4
such that 7%, (z;, ;) ¢ N and X7, (y;, 5;) ¢ N. This implies for some s;,s; €
S, Yty riaisy & Noy 300 yBi82 & Ny Also if K € Xy such that Y7, 058, ¢

K, Y7 y;B;is2 ¢ K then for K*' € Xyw, Y00 (i, 00) & KT, S0 (y;,8;) ¢ K
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which is a contradiction to the fact that there is no element of X,;# not containing
Sty (@i, i), 3251 (Y5, Bj). Therefore there does not exist any element K € X, such
that 3510 zius1 & K, 357, Y882 ¢ K. Hence the condition holds.

Conversely, let the condition hold. Let us suppose that K7, K5 be two distinct elements
of Xp/#+. Then K", Ki are two distinct elements of X,,;. So by the condition given,
there exists my, mo € M such that m; ¢ K3, my ¢ K; and there does not exist any
element K € X/ such that m; ¢ K and my ¢ K. Therefore 3%, (mi1,v;) ¢ Ko,
21 (ma, ;) ¢ Ki, where 3%, [v;, f;] is the right unity of S. Also if L € X4 such
that Y5_) (my,v;) & L, Xj_1(ma, ;) ¢ L then for LT € Xy, my ¢ LY and my ¢ LF
which is a contradiction to the fact that there is no element of X;; such that not
containing my,my. Therefore there exist no L € X4 such that 337_, (m1, ;) ¢ L and
>5—1(m2,7;) ¢ L. So by Theorem it follows that X,;+ is a Th-space. Hence by
Theorem [6.2.9, Xy is To. O

Corollary 6.2.25. If the space Xy is Ty and Xy, contains more than one element
then there exist mq,my € M such that Xy = CAp(mq) UCAy(me) U Ay (N), where

N s the I'S-subsemimodule generated by my, ms.

Proof. Let X be T, and contain more than one element. Then X+ contains more
than one element and by Theorem [6.2.9, X+ is T5. Therefore using Theorem [6.1.§]
we get that there exists 3°0_ (my, ax), b, (ng, B;) € M# such that

P q
Xy = CApw (D (g, ) U CAppwe (3, Br)) U Apgse (N),
k=1 =1

where N is the L-subsemimodule of M# generated by >-F_, (my, ax),
Sy, ). So we have Y mpage;, Yoy mbie; € M, where Y7 [e;, §;] is the left unity
of S and using Lemma [6.2.6] (i7),

Ko = (CBprn (3 i )™ U (CAa (> e, ) U (A (N))

k=1 =1

Again by Lemma [6.2.20]

Xur = (CAp# (D (muares, 1)) T U (CAN (D (uBrei, 13))) " U (Aprs (N)) ™

ki, Li,g

Then using Lemma [6.2.19| and Proposition [6.2.10] we have,

XM = CAM(Z mkakei) U CAM(Z nlﬂlei) U AM(NJr)

ki 1
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and also N is the I'S-subsemimodule generated by >, ; mpae;, > ; nyBie; (see Propo-
sition [5.2.3)). Therefore the condition holds. We can proof the converse by reversing
the argument accordingly. This completes the proof. O

Using Theorem and Propositions [6.2.10] [6.2.17], [6.2.19] and Lemma [6.2.20] we
prove Theorem [6.2.26]

Theorem 6.2.26. The space Xy is a reqular space if and only if for any N € Xy
and m ¢ N, there exists a I'S-subsemimodule N' of M and m' € M such that
N e CAy(m') € Ay (N') C CAp(m).

Proof. Let X be regular. Then by Theorem [6.2.9) X+ is regular. Let us suppose
that N € Xp; and m ¢ N. So N*' € X+ and Sio1(m, ;) ¢ Nt where i [vis il
is the right unity of the I'-semiring S. The by Theorem [6.1.9] it implies that there
exists a subsemimodule N; of M# and

S (g, o) € M# such that

m

N*¥ e C’AM#(Z<$k7ak>) C Aps(N1) CCAp Z m,v;))
k=1 J=1

By Lemma [6.2.20| we have, CA % (30 (T, ar)) = CAps (X i (Trowes, ;). Hence
by Lemma [6.2.19] and Proposition [6.2.11
N:(N+) EOAM Z.ﬁlﬁk&kez CAM( )CCAM( )
ki
Hence the condition holds.
Conversely, let the condition hold.
Let us suppose that Ny € X% and Y7 (mg, ) ¢ Ni. Then Nt € Xj and
Dk Meke; & N;f, where 31, [e;, 6;] is the left unity of S. So by the condition,
there exists a I'S-subsemimodule Ny of M and m’ € M such that
+ S C’AM(m’) - AM(NQ) - CAM(Z mkakei).
ki
Therefore by Lemma [6.2.19 and Proposition [6.2.10]

n

Ni= (NP € AN (D (m'75)) © Aars (NS) © CAwa (D (mucures, 7).

j=1 k,j

So by Lemma [6.2.20),

Ny = (N € AW (3 (m 73)) € Apps (NF) C CAWpe (3 (i, ).
Jj=1 k
So by Theorem [6.1.9], X,,;# is regular. Hence by Theorem [6.2.9, X, is regular. O
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Before going to the next results, we first note the following lemma which is easy to

verify.
Lemma 6.2.27. (Npc4 P) = Np+’ e gs’ P for any subset A of Xy

Now we study the necessary and sufficient condition for a subset to be irreducible

and dense in X,,.

Theorem 6.2.28. Let A be a nonempty subset of Xpr. A is dense in Xy if and only
,Lf ﬂPZEAPl = ﬂPZ'GX]u PL

Proof. Let A be a dense subset of X);. So A = Xj;. Then using Lemma (1) we
have, (A)™ = (A*") = X,+. Hence A" is dense in X ;4. Therefore applying Theorem
6.1.10| we have, ij’eAV Pj" = ﬂPj’eXM# Pf. So from Lemma [6.2.27] it implies that
(Npea )T = (Npex,, P)*'. Hence it follows that Npea P = Npex,, P Converse

part follows by reversing the above argument. O

Theorem 6.2.29. Let A be a nonempty subset of Xyr. A is irreducible in Xy if and
only if Npea b is a prime I'S-subsemimodule of M.

Proof. Let A be an irreducible subset of X,;. To show, A%’ is irreducible in X%, let

us suppose that for two closed sets X, Y, A* € XUY. Then A = (AT C (XUY)*.

So using Lemma [6.2.6] (i7) we have, 4 C XT UY ™. Since A is irreducible in Xy,
either A C X+ or A C YT, ie., either AV C X or AT C Y.

Hence A* is irreducible in X 4. Therefore in view of Lemma and Theorem
1.5.30| we obtain that M+, P = (Npyea P))*" is a prime subsemimodule of M#.

So by Theorem [5.1.14] Npc4 F; is a prime I'S-subsemimodule of M.

The converse part of the proof follows by reversing the above argument. O]

Theorem 6.2.30. Let N be a I'S-subsemimodule of M. Then the following are equiv-

alent to one another.
(1) Ap(N) is irreducible subset of Xyy.
(15) NP, € X : N C P} =rad(N) is a prime ['S-subsemimodule of M.

(17i) rad(N) is a generic point of Ay (N) in Xyy.
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Proof. (i) < (i1): Tt directly follows from Theorem
(17) = (i4i): Let rad(N) be a prime I'S-subsemimodule of M. By Lemma
(7i1),
{rad(N)} = {P € Xy : rad(N) C P} = Ap(rad(N)) = Ay (N).
Hence rad(N) is a generic point of Ay (N) in Xyy.
(791) = (i1): It is obvious. O

Now we present some necessary and sufficient condition for compactness, connect-
edness etc. of the space Xjy.

The following Theorem is the I'S-semimodule analogue of Theorem [1.5.32 which
states that for a multiplication semimodule M, Spec(M) is compact if and only if M
is finitely generated.

Theorem 6.2.31. The space X, is compact if and only if M is finitely generated.

Proof. In view of Theorem [6.2.9] Theorem [1.5.32] and Theorem [5.2.5] it follows that
X is compact if and only if X,;# is compact if and only if M# is finitely generated

if and only if M is finitely generated. O

Below we give another necessary and sufficient condition for compactness of the

space X ;.

Theorem 6.2.32. The space Xy is compact if and only if for any collection {aq }aca
of elements in M, there exists a finite subcollection {a; : i =1,2,...,n} in M such that

for any N € Xy, there exists a; from the subcollection such that a; ¢ N.

Proof. Let the space X); be compact and let {m, }aca be a collection of elements in M
and N € X,;. By Theoremm the space X4 is compact. Also {37, (ma, 7)) faca
is a collection of elements in AM7#, where >j-17j, fi] is the right unity of the T'-
semiring S. Then by Theorem there exists a finite subcollection {3=7_; (my, ;) :
k = 1,2,..,p} of elements in M# and there exists 37, (my,7;) € M# such that
S {mi,v) & N +' where Nt € X,;+. Therefore we obtain a finite subcollection
{2 muiv;f; = me 1 k= 1,2,...,p} of elements in M such that for any N € Xy, there
exists my € M such that my ¢ N. Hence the condition holds. The converse part can

be prove analogously by reversing the arguments above. O

Theorem 6.2.33. The space Xy, is disconnected if and only if there exists a T'S-
subsemimodule L of M and a collection {mq : « € A} of elements in M not belonging
to L such that if L' € Xy and my € L' for all « € A then L\ L' # ().
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Proof. Let the space X,; be disconnected. Then by Theorem Xy 1s discon-
nected. Therefore by Theorem there exists a L-subsemimodule N of M# and
a collection {a, : @ € A} of elements in M# not belonging to N such that for any
N € Xy and a, € N' for all « € A, N\ N # (). Then {3 " aqe; : @« € A} is a
collection of elements in M not belonging to Nt € X, where 31", [e;, &;] is the left
unity of S. Now let K € Xy and 7, ane; € K for all o« € A. Then K*' € X% and
S {anei, 0;) = aq € Kt for all @ € A. Therefore it follows that N\ K+ # (. This
implies that (N \ K*')* # () whence it follows that N* \ K # ). Hence the condition
holds. The converse part can be proved analogously reversing the above arguments.
O

Following Theorems [6.2.34] [6.2.35], [6.2.36], [6.2.37] generalize Theorem [1.5.32], Corol-
lary [[.5.34] Corollary [1.5.35] Theorem

Theorem 6.2.34. Fvery basic open set of Xy is compact.

Proof. Let CAyr(m) be a basic open set of Xy for m € M. Then by Lemma [6.2.19]
(CAp(m)t = CAp( %_1{m,v;)) which is a basic open set of X+ by Corollary
where 7, [v;, f;] is the right unity of the I'-semiring S. So by Theorem
(CAp(m))* is compact in X,4. Therefore from Theorem m it follows
that CAp(m) is compact in Xyy. O

Theorem 6.2.35. An open set of Xy, is compact if and only if it is a union of a finite

number of basic open sets.

Proof. Let CAp(N) be an open compact set in X, for some I'S-subsemimodule N
of M. Therefore by Proposition , (CApM(N))T = CAp#(N'') which is an open
compact set in X4 by Theorem m So by Corollary , (CAy#(N)Y is a
union of a finite number of basic open sets in X, i.e., (CAy#(N)Y = Ub_, Uk
(say), where each Uy is a basic open set in Xy4+. Now by applying Lemma (17)
finite times we obtain that CAy (N) = (Us_, Up)* = U, (U;"). So by Theorem [6.2.9]
it follows that each U} is surely a basic open set in X, whence it follows that C' A/ (N)

can be represented as a union of a finite number of basic open sets in Xj;. Converse
part follows from Theorem O

Theorem 6.2.36. If N is a finitely generated I'S-subsemimodule of a I'S-semimodule
M then CAp(N) is compact in Xyy.
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Proof. Let N be a finitely generated I'S-subsemimodule of a I'S-semimodule M. Then
by Theorem N+ is a finitely generated subsemimodule of the semimodule M#.
Therefore by Corollary CAy#(N') is compact in X%

Also CAy#(NY) = (CAy(N))Y (see Proposition (7).

Hence by Theorem [6.2.9, CAy/(N) is compact in X ). O

Theorem 6.2.37. The intersection of finitely many basic open sets is compact in X ;.

Proof. Let us consider a finite family of basic open sets {CAy(m;) 14 = 1,2,...,m}
of Xy. Therefore {CA (G-, (mi, ;) + i = 1,2,...,m} is a finite family of basic
open sets of X4, where Y% ,[v;, f;] is the right unity of the I'-semiring S. So by
Theorem the intersection (2, C Ay (371 (my, ;) is compact subset of X 4.
Now applying Lemma (79) finite times and by Lemma (77) we have,

ﬁ CAy# zn: (mi,y) " = ﬁ(C’AM#(zn:(mi,Vj)))Jr = ﬁ CAp(my).

i=1 i=1 j=1 i=1

Therefore in view of Theorem it follows that N; CAp(m;) is compact in Xy, O

6.3 Structure space of prime kI'S-subsemimodules of a I'S-

semimodule

In this section we study the topological properties of the space Yy, of all prime kI'S-
subsemimodules of a multiplication I'S-semimodule. As Y,; C X);, we consider the
topological space (Yyr, 7%) taking the topology 7% as the subspace topology induced by
the topology 7 on Xj;. Also we denote the space of all prime k-subsemimodules of M#

as Y+ which is a subspace of X 4.

We have the following result which assures that the space is nonempty.

Theorem 6.3.1. Let M be a multiplication I'S-semimodule. Then the space Yy is

nonempty.

Proof. Let M be a multiplication I'S-semimodule and N be a proper kI'S-subsemimodule
of M. Then by Theorem [5.3.14] there exists a prime kI'S-subsemimodule of M con-
taining N. Hence the proof is complete. O

In view of Theorem [6.2.9 and Theorem we have the following.
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Theorem 6.3.2. The spaces Yy, and Y+ are homeomorphic.

Now let us observe the following topological properties of the subspace Y}, inherited

from the space X,,.

(¢) For any subset B of Yy, closure of Bin Yy, = BNYy = {P € Yy : Npep P C P},

where B is the closure of B in X);.

(ii) Any closed set in Yy, is of the form Ak (N) = Ay (N) N Yy, where N is a

I'S-subsemimodule on M.

(ii7) Any open set in Yj; is of the form CA% (N) = CAy(N) N Yy, where N is a

['S-subsemimodule on M.
(iv) {CA%,(m):m e M} ={CAy(m)NYy :m € M} is an open base for Y.

(v) The space Yy is Tp.
The following results can be obtained with a similar argument as [6.2.10] [6.2.11],

[6.2.19, Lemma [6.2.20

Lemma 6.3.3. Let N be a I'S-subsemimodule of M and K be a L-subsemimodule of
M# and m be an element of M. Then

(i) (AR (N))* = Al (NY).
(i1) (Al (K))* = Af (K7).
(iid) (CAR(N))* = CAL(NT).
(iv) (CAR (K))T = CAJ (KF).
(v) (CAR (M) = CAY, (S (m, )
() (CAY (Sfoa(m, 1)) T = CAL, (m).

(vit) CAY (SR (s an)) = CAYp (S ja{zranes, 77)-
where Y5_1 7, f;] is the right unity of S.

We have the following properties of the closed sets of the space Yj; analogous to
X

Lemma 6.3.4. Let N, K be two I'S-subsemimodules of M. Then
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(i) N C K implies A%, (K) C Ak (N).
(i6) Ak (N)UAL (K) C Ak (N N K).
(47) Naea Aﬁ/[(No» = AIf\/l(ZaeA Na).

(iv) Ak (N) = A’fu(ﬁk) for any I'S-subsemimodule N on M, N being the k-closure
of N.

(v) AK(N) = Ay (radi(N)).
(vi) If Ak (N) C A% (K) then K C rady(N).

Using Lemmas [6.3.3] 16.3.4], Theorem we can derive the same topological prop-
erties as earlier for Yy, and prove the results similarly by just replacing the members

of X, with those of the subspace topology (i.e. the closed set, open set, open base of
Yar). So we omit most of the proofs and mention the statements of the results only.
The following result follows from Theorem [1.5.39 and Theorem [5.1.14] and Theorem
0.0. 21

Theorem 6.3.5. The space Yy is 11 if and only if no prime kI'S-subsemimodule of

M is contained in any other prime kI'S-subsemimodule of M.
The following two results generalize Theorem [6.1.14) and Theorem [6.1.15

Theorem 6.3.6. The space Yy, is Ty if and only if for any distinct pair of elements
N1, Ny of Yar, there exist my,mg € M such that my ¢ Ny, me ¢ Ny and there does not
exist any element N € Yy such that mi ¢ N and my ¢ N.

Corollary 6.3.7. If the space Yy is Ty and Yy, contains more than one element then
there exist my,my € M such that Yy = CAX (my) U CAX (mo) U Ak (N), where N is

the kI'S-subsemimodule generated by my,ms.
The following result generalizes Theorem

Theorem 6.3.8. The space Yy, is a reqular space if and only if for any N € Yy
and m ¢ N, there exists a kI'S-subsemimodule N' of M and m’ € M such that
N € CA}(m/) C Af(N') € CAY(m).

The following result generalizes Theorem
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Theorem 6.3.9. Let A be a nonempty subset of Yyr. A is dense in Yy, if and only if

The following two consecutive theorems are generalizations of Theorems 3.8 and

3.9 of [35] respectively.

Theorem 6.3.10. Let B be a nonempty subset of Yy,. Then following are equivalent.
(1) B is irreducible in Y.

(17) B is irreducible in Xyy.

(i11) Npeg P s a prime I'S-subsemimodule of M.

(iv) Npes P is a prime kI'S-subsemimodule of M.

Proof. (i) < (ii) : Let B be irreducible in Yy;. Then in view of Theorem [6.3.2] it
implies that B*' is irreducible in Yy;4. Now from Theorem it follows that B*'
is irreducible in Xj%. Again by Theorem , B = (B*)* is irreducible in X;;. The
converse part of the proof follows by reversing the above argument.

(17) < (i4i) : It follows from Theorem [6.2.29|

(17i) = (iv) : It follows from the fact that intersection of kI'S-subsemimodules of
M is a kT"'S-subsemimodule of M.

(1v) = (4i7) : This is obvious. O

Theorem 6.3.11. Let N be a I'S-subsemimodule of M. Then the following are equiv-

alent to one another.

(i) A (N) is irreducible subset of Y.

(i1) Mi{P;, € Yar : N C P;} = rad®™(N) is a prime kI'S-subsemimodule of M.
(iii) rad®(N) is a generic point of Ak, (N) in Yy,.

Proof. (i) < (ii): It directly follows from Theorem [6.3.10
(ii) = (i3i): Let rad®™(N) be a prime kI'S-subsemimodule of M. By Lemmam

(v),
{rad®(N)} = {P € Yy, : rad® (N) C P} = A%, (rad™(N)) = Ap(N).

Hence rad®(N) is a generic point of A%, (N) in Y.
(7i1) = (di): It is obvious. O
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The following theorem generalizes Theorem [6.1.18

Theorem 6.3.12. The space Yy, is disconnected if and only if there exists a kI'S-
subsemimodule N of M and a collection {a, : a € A} of elements in M not belonging
to N such that if N' € Yy and a, € N’ for all o € A then N\ N’ # ().

The following theorem generalizes Theorem 4.7 of [35].
Theorem 6.3.13. The space Yy is compact if and only if M is k-finitely generated.

Proof. In view of Theorem Theorem and Theorem [5.2.10], it follows that
Yy is compact if and only if Y+ is compact if and only if M7 is k-finitely generated
if and only if M is k-finitely generated. [l

The following theorem generalizes Theorem [6.1.19

Theorem 6.3.14. The space Yy, is compact if and only if for any collection {aq }aca
of elements in M, there exists a finite subcollection {a; : i =1,2,...,n} in M such that

for any N € Yy, there exists a; from the subcollection such that a; ¢ N.

The following results generalize Theorem Corollary Corollary
and Theorem [L.5.46

Theorem 6.3.15. Fvery basic open set of Yy is compact.

Proof. Let C A%, (m) be a basic open set of Yy, for m € M. Then by Lemma (v),
(CAk (m))t = CAk( _1{m,;)) which is a basic open set of Y%, where 3-7_, [v;, f;]
is the right unity of the I'-semiring S. So by Theorem , (CAk (m))* is compact
in Yy/#. Therefore from Theorem [6.3.2} it follows that C'’A% (m) is compact in Y.

]

Theorem 6.3.16. An open set of Yy is compact if and only if it is a union of a finite

number of basic open sets.

Proof. Let CAK(N) be an open compact set in Yy, for some I'S-subsemimodule N of
M. Therefore by Lemma (ii7), (CAk(N))* = CAk, . (N*') which is an open
compact set in Y+ by Theorem m So by Corollary (CAk L(N)T is a
union of a finite number of basic open sets in Y%, ie., (CAL L (N)* = h_, Uy
(say), where each Uy is a basic open set in Yy;#. Now by applying Lemma [6.2.6] (i)
finite times we obtain that CA% (N) = (Ut_, Ux)™ = Ui_,(U;"). Also by Theorem
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6.3.2) it follows that each U," is surely a basic open set in Yj; whence it follows that
CA%,(N) can be represented as a union of a finite number of basic open sets in Y.
Converse part follows from Theorem [6.3.15) and the fact that union of a finite number

of compact sets is compact.
[

Theorem 6.3.17. If N is a k-finitely generated I'S-subsemimodule of a I''S-semimodule
M then CAk,(N) is compact in Y.

Proof. Let N be a k-finitely generated I'S-subsemimodule of a I'S-semimodule M.
Then by Theorem Nt is a k-finitely generated subsemimodule of the semi-
module M#. Therefore by Corollary CAk (Nt is compact in Yy#. Also
CAk L (N) = (CA%,(N))* (see Lemma [6.3.3] (iii)).
Hence by Theorem [6.3.2) C A%, (N) is compact in Yy,.

O

Theorem 6.3.18. The intersection of finitely many basic open sets is compact in Yy;.

Proof. Let us consider a finite family of basic open sets {C A%, (m;) : i = 1,2,....k}
of Yar. Therefore {CAL (30 (mi, ;) 4 = 1,2,...,k} is a finite family of basic
open sets of Yj4, where 37 [v;, f;] is the right unity of the I-semiring S. So by
Theorem , the intersection NF_; CAK ,( _1(ms,;)) is compact subset of Yy 4.

Now applying Lemma [6.2.5] (i7) finite times and by Lemma [6.3.3] (vi) we have,
k n k n k

(nea Z mi, )" = ((CAYw Z mi, ;)" = (] CAY(mi).

i=1 =1 i=1 =1

= i=1

Therefore in view of Theorem it follows that N; CA% (m;) is compact in Yj,.
O
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Some Remarks and Scope of Further Study

We list below some remarks and observations which are mainly related with some

possible extension of the research work undertaken in this thesis.

1. In Chapter 2, we could not provide the converse of Theorem [2.3.4] or any coun-
terexample to illustrate that the said converse does not hold. It would be nice if
one can find the same.

Also it would have been better if Theorem [2.3.5] and Theorem 2.3.8 could have

been obtained with less restrictions.

2. It would be good if one can characterize the structure space of the I'-semiring
C_(X) and extend the study of this space investigating various topological prop-
erties. Also the C_(X) analogue of many results of C';(X) and C(X) character-
izing the topological spaces can be obtained via the correspondences achieved in

our work in Chapter 4.

3. In [9] [60] and many other papers, graded semirings, its ideal theory, topological
properties of the graded spectrum etc. has been studied. Not only that graded
prime spectrum of a module has also been studied. So motivated by these works,
as an extension to our study, the notion of graded prime congruences can be
introduced on a graded semiring. The algebraic properties of the graded prime
congruences can be investigated and structure space of graded semirings con-
sisting of those congruences can be studied. Also so far as our knowledge is

concerned, the area of graded semimodule is still open to explore.

4. In [8] the survey of the studies on fuzzy congruences on semirings, fuzzy prime

subsemimodules of a semimodule etc. can be found. Also in [56], fuzzy struc-
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ture spaces of semirings and I'-semirings have been studied. In [64] properties of
fuzzy I'-semimodules have been investigated. Adopting all these concepts men-
tioned above, one can study the fuzzification of prime congruences and prime
I'S-subsemimodules. Fuzzy prime congruences on semirings as well as I'-semiring
can be defined and their properties can be studied. On the other hand, the no-
tions of the fuzzy prime subsemimodules and fuzzy prime I'S-subsemimodules
can be studied. Further the fuzzy structure spaces of those on the semirings,

['-semirings as well as the related semimodules can be studied.
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