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Abstract

The subject of this thesis is to study different type of Convergence of Sequences

and Nets in (l)-groups and Riesz spaces. The tool, we used in our discussions is

Summability theory, which is one of the milestones of Real analysis and Topology

during the last century.

Throughout the thesis, we shall denote by R, N and Z the set of all Real numbers,

the set of all natural numbers and the set of all integers respectively.

This dissertation contains six chapters. Also, at the end of the thesis, we added

one section containing the list of publications and bibliography.

In chapter 3, We consider the notion of generalized density, namely, the natu-

ral density of weight g recently introduced and primarily study some sufficient and

almost converse necessary conditions for the generalized statistically convergent se-

quence under which the subsequence is also generalized statistically convergent. Also

we consider similar types of results for the case of generalized statistically bounded

sequence. Some results are further obtained in a more general form by using the

notion of ideals. The entire investigation is performed in the setting of Riesz spaces.

In chapter 4, we introduce the notions of order quasi-Cauchy sequences, downward

and upward order quasi-Cauchy sequences, order half Cauchy sequences. Next we

consider an associated idea of continuity namely, ward order continuous functions

and investigate certain interesting results. The entire investigation is performed in

(l)-group setting to extend the recent results in this direction, observed by many

authors.

In chapter 5, we introduce the notion of generalized relative order convergence in

(l)-groups by using generalized density. We prove some results including a Cauchy-

type criterion. Furthermore we present an idea of ideal order convergence of sequences

and study some of its properties by using the mathematical tools of the theory of

(l)-group.



In chapter 6, we study the concept of statistical order convergence and some

generalized statistical convergence in (l)-group by using weighted density and modulus

function. We study some sufficient and almost converse necessary conditions for

the generalized statistically convergent sequences under which the subsequence is

also generalized statistically convergent. Also we consider similar type of results for

the case of generalized statistically bounded sequences. The entire investigation is

performed in the setting of (l)-group extending the recent results.

In chapter 7, we introduce the ideas of rough convergence and rough ideal conver-

gence of nets in a locally solid Riesz space endowed with a topology τ and investigate

some of its consequences.

Almost all the results have already been published in the form of research papers

in different journals of international repute.



List of Symbols

• N : The set of natural numbers.

• Q : The set of rational numbers.

• R : The set of real numbers.

• |A(n)| or ♯A(n) : |A ∩ {1, 2, 3..., n}|, A ⊆ N

• X ∖ A : The complement of A in X.

• d(A) : Density of A ⊆ N

• df (A) : f -density of A ⊆ N, f being a unbounded modulus function.

• Kx′ : The set {nk : k ∈ N}, x′ = (xnk
) is a subsequence of x = (xn).

For the following notations, let S be an arbitrary infinite set and (R, τ) be a
locally solid Riesz space. f : S → R is a function. Also let I be an ideal of S.

• L(f) : The set of all limit points of f ,

• CI(f) : The set of all I-cluster points of f with respect to the ideal I.

Let L be a (l)-group and E be a subset of L. We use the following notations :

• C[L,L] = Set of all order continuous functions on L.

• WC[L,L] = Set of all ward continuous functions on L.

• UC[L,L] = Set of all uniform order continuous functions on L.

• SWC[E,L]= Set of all statistical ward continuous functions on E.

• SOC[E,L]= Set of all slowly oscillating continuous functions defined on E.
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Chapter 1

Introduction

In Real Analysis, Metric space, Topology, one of most important thing is con-

vergence. We can define convergence of sequence (or, Nets) in terms continuous

functions. This usual convergence notion was further generalized in several ways by

using asymptotic density (statistical convergence), ideal (ideal convergence), mod-

ulus function (f -statistical convergence), weighted density function (dg-statistical

convergence), Rough convergence in different spaces.

The term statistical convergence was first introduced by Fast [35] and Schoenberg

[59] using natural density for Real numbers as: any sequence (xn) in R is statistical

convergent to the number L provided that for each ϵ > 0, limn→∞
d(k≤n:|xk−L|≥ϵ)

n
= 0.

Equivalently, |xk −L| < ϵ for almost all k. Its topological consequences were studied

by Fridy [37] and Šalát [58].

The notion of ideal convergence was introduced by P. Kostyrko and T. S̆alát [39]

in 2000. Using the notion of arbitrary ideal I of N, I-convergence of sequences is

defined as follows: A sequence (xn)n∈N of points in a metric space (X, ρ) is said to be

I-convergent to l if for arbitrary ε > 0, the set K(ε) = {k ∈ N : ρ(xk, l) ≥ ε} ∈ I.

The study of statistical convergence and its numerous extensions and, in partic-

ular, of the ideal convergence and its applications, has been one of the most active

areas of research in the summability theory over the last few years.

Throughout this thesis is we will observe different Type of Convergence of Se-

quences and Nets in (l)-groups and Riesz spaces. Necessary things which are needed

in this sequel will be discussed in the subsequent chapters.
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Chapter 2

Preliminary

The idea of usual convergence was further extended in several ways by using

asymptotic density(statistical convergence), ideal(ideal convergence). In this chapter

we will discuss different types od density functions and some spaces related to our

dissertation.

2.1 Natural density and statistical convergence

Natural density or Asymptotic density of A ⊆ N is defined as,

d(A) = lim
n→∞

|A(n)|
n

where |A(n)| = |{k ≤ n : k ∈ A}| = |A ∩ {1, 2, 3..., n}|, the number of elements

of A not exceeding n. For example, a finite subset of positive integers has natural

density zero.

The notion of statistical convergence which is an extension of the idea of usual

convergence, was introduced by H. Fast [35] and I. J. Schoenberg [59]. Any sequence

(xn) in R is statistical convergent to the number L provided that for each ϵ > 0,

lim
n→∞

d(k ≤ n : |xk − L| ≥ ϵ)

n
= 0.

Equivalently, |xk − L| < ϵ for almost all k.
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Chapter 2 Preliminary

Topological consequences of statistical convergence were studied by Fridy [37]

and Šalát [58]. The study of statistical convergence and its numerous extensions

and, in particular, of the ideal convergence and its applications has been one of the

most active areas of research in the summability theory over the last 15 years.

2.2 Ideal convergence

The notion of I-convergence of a sequence was introduced by using ideals of the

set of positive integers as: I ⊂ 2N is called an ideal if (i) A,B ∈ I implies A∪B ∈ I

and (ii) A ∈ I, B ⊂ A implies B ∈ I, I is called non-trivial if I ≠ Φ and N /∈ I.

I is admissible if it contains all singletons. If I is a proper non-trivial ideal then the

family of sets F(I) = {M ⊂ X : M c ∈ I} is a filter on X where c stand for the

complement. It is called the filter associated with the ideal I.

Using the notion of arbitrary ideal I of N, I-convergence of sequences is defined

as follows: A sequence (xn)n∈N of points in a metric space (X, ρ) is said to be I-

convergent to l if for arbitrary ε > 0, the set K(ε) = {k ∈ N : ρ(xk, l) ≥ ε} ∈ I.

(xn)n∈N is said to be I-Cauchy if for ε > 0 there exists N such that the set K(ε) =

{n ∈ N : ρ(xn, xN) ≥ ε} ∈ I. It is obvious that the notions of I-convergence of

sequences coincide with the usual convergence if I = Ifin, the ideal consisting of

finite sets only. A real sequence (xn) is said to be I-convergent to l if and only if

for each ϵ > 0 the set {n ∈ N : |xn − l| ≥ ϵ} ∈ I. Equivalently it can be written as

{n ∈ N : |xn − l| < ϵ} ∈ F (I).

2.3 Modulus function and f-density

The idea of modulus function was introduced by Hidegoro Nakano in 1953 [50],

as concave modular, and further studied by W. H. Ruckle [56], I. J. Maddox [48].

Let f : [0,∞) → [0,∞). f is called modulus function if it satisfies:

i) f(x) = 0 if and only if x = 0

7



Chapter 2 Preliminary

ii) f(x+ y) ≤ f(x) + f(y) for every x, y ∈ [0,∞)

iii) f(x) is increasing

iv) f is continuous from the right at 0.

Some examples of modulus functions are: f(x) = x, x ∈ [0,∞); f(x) = x
1+x

,

x ∈ [0,∞); f(x) = log(1 + x), x ∈ [0,∞).

Modulus function is continuous on [0,∞). Modulus function may be bounded,

e.g. f(x) = x
1+x

, x ∈ [0,∞), may be unbounded e.g. f(x) = x, x ∈ [0,∞).

The notion of f -density (density via modulus function) as an extension of asymp-

totic density, was introduced by Aizpuru [2] as:

Definition 2.3.1. Let f be an unbounded modulus function. The f -density of a set

A ⊆ N is defined by

df (A) = lim sup
n→∞

f(|A(n)|)
f(n)

in case the limit exists.

Definition 2.3.2. The set A ⊂ N is said to be f -dense subset of N if df (A) = 1.

Note 2.3.1. We know that, d(A) = 1 − d(N\A), this relation is true whenever

one of the sides exists for any subset A of N. But a similar relation is not true for

f -density. If A ⊆ N and df (A) = 0 then df (N\A) = 1 − df (A). But the converse

relation is not true in general. Example 2.1.[2] serves our purpose.

Definition 2.3.3. A sequence (xn) in R is said to be f -statistically order bounded

if there exists an order interval [a, b] such that df{n ∈ N : xn /∈ [a, b]} = 0.

Definition 2.3.4. Two sequences (xn), (yn) ∈ R are said to be f -statistically equiv-

alent, if there is a f -dense set A ⊂ N such that xn = yn for every n ∈ A.

8



Chapter 2 Preliminary

Definition 2.3.5. Let x = (xn) be a sequence in R. If (n(k)) is an infinite strictly

increasing sequence of natural numbers then x̃ = (xn(k)) is called a subsequence of

x.

We denote Kx̃ = {n(k) : k ∈ N} i.e. the set of indices of the subsequence xn(k).

x̃ is called f -dense subsequence of x if Kx̃ is a f -dense subset of N i.e. df (Kx̃) = 1.

2.4 Weighted density

The notion of natural density was extended further in [7] as follows: Let g : N →

[0,∞) be a function with lim
n→∞

g(n) = ∞. The upper density of weight g was defined

in [3] by the formula: for A ⊂ N,

dg(A) = lim sup
n→∞

|A(n)|
g(n)

.

Similarly, lower density of weight g is dg(A) = lim inf
n→∞

|A(n)|
g(n)

. If dg(A) = dg(A),

then we say that weighted density of A exists and we denote it by dg(A). If we take

g as identity function in N, then clearly weighted density reduced to natural density.

Let Ig = {A ⊂ N : dg(A) = 0}. Now clearly if n
g(n)

↛ 0 then N /∈ Ig. So if we

assume that n
g(n)

↛ 0 then Ig is an ideal of N.

2.5 Nets

Definition 2.5.1. Let D be a non-empty set and “≤” be a binary relation on D

such that “≤” is reflexive, transitive and for any two elements m,n ∈ D there is an

element p ∈ D with m ≤ p and n ≤ p. The pair (D,≤) is called a directed set.

Set of Natural number N is the basic example of directed set.

Any mapping s : D → X is called a net in X. It is denoted by {sn : n ∈ D,≤} or

{sn : n ∈ D} or {sn}. The net {sn} is said to be eventually in the set A if there

exists an element n0 ∈ D such that sn ∈ A for all n ∈ D with n0 ≤ n. {sn} is said

9



Chapter 2 Preliminary

to be frequently in the set A if for every element m ∈ D there is an element n ∈ D

with m ≤ n such that sn ∈ A . Let X be a topological space. A net {sn : n ∈ D}

is said to converge to the element x0 ∈ X if {sn : n ∈ D} is eventually in every

neighborhood of x0 and we write, sn → x0. A point x0 ∈ X is said to be cluster

point of the net {sn : n ∈ D} if {sn : n ∈ D} is frequently in every neighborhood of

x0. Again a net {tα : α ∈ E} is said to be subnet of the net {sn : n ∈ D} if there

is a mapping i : E → D such that: (a) t = s ◦ i and (b) for any m ∈ D there is an

element α0 ∈ E with the property m ≤ i(α) for all α in E with α0 ≤ α.

The following theorem is widely known.

Theorem 2.5.1. Let X be a topological space and {sn : n ∈ D} be a net in X.

A point x0 in X is a cluster point of the net {sn : n ∈ D} iff some subnet of

{sn : n ∈ D} converges to x0.

2.6 Riesz spaces

A Riesz space is an ordered vector space which is a lattice at the same time. It

was first introduced by F. Riesz [55] in 1928. Riesz spaces have many applications in

measure theory, operator theory and optimization. They have also some applications

in economics (see [4])

Definition 2.6.1. Let L be a real vector space and “≤” be a partial order on this

space. L is said to be an ordered vector space if it satisfies the following properties:

(i) If x, y ∈ L and y ≤ x then y + z ≤ x+ z for each z ∈ L.

(ii) If x, y ∈ L and y ≤ x then λy ≤ λx for each λ ≥ 0.

Definition 2.6.2. A nonempty set L is said to a lattice with respect to the partial

order ≤ if for each pair of elements x, y ∈ L, both the supremum and infimum of

the set {x, y} exists in L.

We shall write x ∨ y = sup{x, y} and x ∧ y = inf{x, y}. For x ∈ L, we further

define |x| = x ∨ (−x).

10
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Definition 2.6.3. If L is an ordered vector space as well as a lattice, then we call L

a Riesz space or a Vector lattice.

A subset S of a Riesz space L is said to be solid if y ∈ S and |x| ≤ |y| imply

that x ∈ S.

Definition 2.6.4. A topological vector space (L, τ) is a real vector space L which

has a topology τ , such that, the mappings : L×L −→ L and : R×L −→ L defined

by (x, y) −→ x + y and (a, x) −→ ax are continuous. In this case, the topology is

called linear topology.

A topological vector space L is said to be locally solid if τ has a base at zero

(local base) consisting of solid sets.

Definition 2.6.5. A locally solid Riesz space (L, τ) is a Riesz space L equipped with

a locally solid topology τ on L.

Every linear topology τ on a vector space L has a base N consisting of the

neighborhoods of θ (zero) satisfying the following properties:

(a) Each V ∈ N is a balanced set; that is, λx ∈ V holds for all x ∈ V and every

λ ∈ R with | λ |≤ 1.

(b) Each V ∈ N is an absorbing set; that is, for every x ∈ L, there exists a λ > 0

such that λx ∈ V .

(c) For each V ∈ N there exists some W ∈ N with W +W ⊆ V

In the sequel, by the symbol Nsol we will denote base at zero consisting of solid sets

and satisfying the properties (a), (b) and (c) in a locally solid topology. Throughout

the discussion, (L, τ) denotes a locally solid Riesz space and L̃ denotes the set of all

sequences of points from L and D be an arbitrary directed set.

2.7 Lattice order group

Now we recall some concepts related to lattice, order convergence and lattice

order group. A nonempty set L is said to be a lattice with respect to the partial

11
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order ≤ if for each pair of elements x, y ∈ L, both the supremum and infimum of

the set {x, y} exists in L. We shall write x ∨ y = sup{x, y} and x ∧ y = inf{x, y}.

Definition 2.7.1. An abelian group (L,+) is said to be an (l)-group if it is lattice

and a ≤ b implies a+ c ≤ b+ c for all a, b, c ∈ L.

From now throughout this paper we will write L for (l)-group (L,+) and θ denotes

the identity element of the (l)-group (L,+).

Let x ∈ L be any element, we define |x| = x ∨ (−x) where −x denotes the

additive inverse of x. Also we use the notation a ≥ b equivalent as b ≤ a, and a > b

as equivalent to b ≤ a with b ̸= a.

A sequence (xn) in L ( i.e. a map : N → L) is said to be increasing (or,

decreasing) if x1 ≤ x2 ≤ ... (or, x1 ≥ x2 ≥ ...) and we write it symbolically as xn ↑

(or xn ↓).

A sequence (pn) is called an order sequence if pn ↓ and inf pn = θ. In this case

we write pn ↓ θ. Some author use the term monotone sequences instead of order

sequence. It is easy to observe that if (an) and (bn) are two order sequences then

the sequence (an + bn) is also an order sequence.

A sequence (xn) in L is said to be order bounded if there exists an order interval

[a, b] such that a ≤ xn ≤ b for all n ∈ N.

A sequence (an) in L is said to be convergent in order (or order convergence ) to

a ∈ L if there exists an order sequence (pn) such that |an − a| ≤ pn holds for all n.

We write it symbolically as an
ord−−−→ a.

In the literature, there are two ways to define order convergence. Other than the

above way one can define order convergence as: A sequence (an) in L is said to be

order convergence to a ∈ L if there exists an order sequence (pn) such that for each

n0 ∈ N, there exists some m ∈ N satisfying |an − a| ≤ pn0 for all n ≥ m.

The later definition is useful for defining order convergence in filter. The first

definition is called 1-converging and the second one is called 2-converging. If the

lattice is Dedekind complete then the two definitions are equivalent. Throughout the

paper we use the second type definition of order convergence.

12
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If a sequence (xn) is order convergent to x0 then we call the sequence (xn − x0)

as a null order sequence which converges to θ.

13
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Chapter 3

Generalized statistical convergence
in Riesz Spaces

3.1 Introduction

A Riesz space is an ordered vector space which is a lattice at the same time. It

was first introduced by F. Riesz [55] in 1928. Riesz spaces have many applications in

measure theory, operator theory and optimization. They have also some applications

in economics (see [4]).

Recall that a topology on a vector space that makes the operations of addition

and scalar multiplication continuous is said to be a linear topology. A vector space

equipped with a linear topology is called a topological vector space. A Riesz space

equipped with a linear topology that has a base at zero consisting of solid sets is

called a locally solid Riesz space.

The notion of statistical convergence, which is an extension of the idea of usual

convergence, was introduced by Fast [35] and Schoenberg [59] and its topological

consequences were studied by Fridy [37] and Šalát [58]. The study of statistical con-

vergence and its numerous extensions and, in particular, of the ideal convergence and

its applications, has been one of the most active areas of research in the summability

theory over the last 15 years. Subsequently, in a very recent development, the idea

of statistical convergence of sequences was studied by Albayrak and Pehlivan [3] in

15



Chapter 3 Generalized statistical convergence in Riesz Spaces

locally solid Riesz spaces.

Naturally, it seems likely that the investigations of these generalized methods of con-

vergence may provide a natural foundation for upbuilding of various tangent spaces

to general metric spaces. The construction of tangent spaces in [10, 11, 29, 30, 31]

is primarily based on the fundamental fact that, for a convergent sequence (xn) in a

metric space, each its subsequence (xnk
) is also convergent. However, this is gener-

ally not true for the generalized methods of convergence mentioned above.

Very recently (see [42]), following the line of investigation in [47], the conditions

have been studied for the density of a subsequence of a statistically bounded and

also statistically convergent sequence under which the indicated subsequence is also

statistically bounded or statistically convergent in the setting of metric space.

As a natural consequence, in [27] Das and Savas investigated the similar type

problem that are proposed in [41, 42] for metric valued sequences by considering the

notion of natural density of weight g, which was introduced in [3].

In the present chapter we continue the investigation proposed in [42] and study

similar type problems for Riesz space-valued sequences by considering the notion of

natural density of weight g as also the notion of f -density (introduced and studied

in [3]).

3.2 Results for f-density

The idea of modulus function was introduced by Nakano in 1953 [50]. He used

the term concave modular, and defined it on semi-ordered linear space. Several

consequences were rather studied by Ruckle [56], Maddox [48] etc.

Let f : [0,∞) → [0,∞). f is called modulus function if it satisfies:

i) f(x) = 0 if and only if x = 0

16
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ii) f(x+ y) ≤ f(x) + f(y) for every x, y ∈ [0,∞)

iii) f(x) is increasing

iv) f is continuous from the right at 0.

Some examples are:

i) f(x) = x, x ∈ [0,∞)

ii) f(x) = x
1+x

, x ∈ [0,∞)

iii) f(x) = log(1 + x), x ∈ [0,∞)

iv) f(x) = xp with 0 < p ≤ 1, x ∈ [0,∞).

From the condition that satisfied by a modulus function, it is clear that modulus

function must be continuous on R+. Using f -density we now introduce a version of

statistical convergence in locally solid Riesz space which we call it f -statistical con-

vergence as in [3]. Throughout this section f denotes unbounded modulus function.

The notion of f -density (density function via modulus function) was introduced

by Aizpuru [2] as follows:

Definition 3.2.1. Let f be an unbounded modulus function. The f -density of a set

A ⊆ N is defined by

df (A) = lim sup
n→∞

f(| A(n) |)
f(n)

in case the limit exists.

Definition 3.2.2. If df (A) = 1, then we say the set A ⊂ N is f -dense subset of N.

Note 3.2.1. For density function it is clear that d(A) = 1− d(N\A), whenever one

of the sides exists. If A ⊆ N and df (A) = 0 then df (N\A) = 1 − df (A). On the

other cases the relation is not true [2].
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Definition 3.2.3. Let (L, τ) be a locally solid Riesz space and x̃ = (xn) be a

sequence in L. Then we will say that (xn) is f -statistical convergent to x0 and write

f -st lim xn = x if for any τ -neighborhood U of zero we have df ({n ∈ N : xn − x0 /∈

U}) = 0.

i.e.

lim sup
n→∞

f(|{n ∈ N : xn − x0 /∈ U}|)
f(n)

= 0.

Note 3.2.2. f -statistical convergence coincides with statistical convergence when

we take the modulus function as the identity mapping.

Definition 3.2.4. Let (L, τ) be a locally solid Riesz space and x̃ = (xn) be a

sequence in L. x̃ is called bounded if for every x ∈ L there is a τ -neighborhood U

of zero such that xn − x ∈ U for all n.

Definition 3.2.5. Let (L, τ) be a locally solid Riesz space and x̃ = (xn) be a

sequence in L. x̃ is called f -statistically bounded if for every x ∈ L there is a

τ -neighborhood U of zero such that

lim sup
n→∞

f(|{k : k ≤ n, xn − x /∈ U}|)
f(n)

= 0.

Note 3.2.3. It is clear from the definition that, a sequence x̃ = (xn) in L is f -

statistically bounded if and only if the sequence (xn − x) is f -statistical bounded for

an arbitrary x ∈ L.

Definition 3.2.6. Two sequences x̃ = (xn) ∈ L̃ and ỹ = (yn) ∈ L̃ are f -statistically

equivalent, if there is a f -dense set A ⊂ N such that xn = yn for every n ∈ A.

Definition 3.2.7. Let x̃ = (xn) ∈ L̃. If (nk) is an infinite strictly increasing sequence

of natural number, then x̃′ = (xnk
) is called a subsequence of x̃. Let Kx̃′ = {nk :

k ∈ N}. x̃′ is called f -dense subsequence of x̃ if Kx̃′ is a f -dense subset of N, i.e.

df (Kx̃′) = 1.

We know that for any metric space if a sequence is convergent then it is bounded.

We now show that similar type relation holds for f -statistical convergence.
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Theorem 3.2.1. Let (L, τ) be a locally solid Riesz space and x̃ = (xn) be a sequence

in L. The following statements hold:

(i) If x̃ is bounded then x̃ is f -statistically bounded.

(ii) If x̃ is f -statistically convergent to x0 ∈ L then x̃ is f -statistically bounded.

Proof. (i) Let x̃ is bounded. Then for every x ∈ L, there exists a τ -neighborhood

U of zero such that xn − x ∈ U for all n. So, |{k : k ≤ n, xn − x /∈ U}| = 0. This

implies f(| {k : k ≤ n, xn − x /∈ U} |) = 0. Hence x̃ is f -statistical bounded.

(ii) Let f -st lim xn = x0. For any arbitrary τ -neighborhood U of zero we can

choose a τ -neighborhood W of zero such that {k : k ≤ n, xn − x0 /∈ W} ⊂

{n : xn − x0 /∈ U} i.e. |{k : k ≤ n, xn − x0 /∈ W}| ≤ |{n : xn − x0 /∈

U}|. As given x̃ is f -statistical convergent and f is unbounded modulus function so,

lim sup
n→∞

f(|{k : k ≤ n, xk − x0 /∈ W}|)
f(n)

= 0. Therefore x̃ is f -statistically bounded.

Converses of each cases of the theorem above are not true in general. The

following example gives support about this.

Example 3.2.1. Consider real line R with usual metric and consider the sequence x̃ =

(xn) where xn = {(−1)n}. Take f(x) = x, x ∈ [0,∞) as a modulus function. Clearly

this sequence x̃ is f -statistically bounded but it is not f -statistically convergent.

Example 3.2.2. Consider the sequence x̃ = (xn) in real line R with usual metric

where xn = 0 if n ̸= 10k and xn = k if n = 10k. Also consider f(x) = x, x ∈ [0,∞)

as a modulus function. Then x̃ is f -statistically bounded which is not a bounded

sequence.

Theorem 3.2.2. Let (L, τ) be a locally solid Riesz space and let x̃ = (xn) be f -

statistical convergent sequence. Also let x̃′ = (xnk
) be any subsequence of x̃. Then

x̃′ is f -statistically bounded.

Proof. Let x̃ = (xn) be f -statistically converges to x0. Then obviously x̃ is f -

statistically bounded by above theorem. It is clear that for any τ neighborhood U
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of zero, {nk : nk ≤ n, xnk
− x0 /∈ U} ⊂ {k : k ≤ n, xk − x0 /∈ U}. Hence

|{nk : nk ≤ n, xnk
− x0 /∈ U}| ≤ |{k : k ≤ n, xk − x0 /∈ U}|. As x̃ is

f -statistically bounded so for any unbounded modulus function f , we have 0 ≤

lim sup
n→∞

f(|{nk : nk ≤ n, xnk
− x0 ∈ U}|)

f(n)
≤ 0. That is x̃′ is f -statistically bounded.

We know that, every subsequence of a convergent sequence is also convergent

in a metric space. But this is not generally true for statistical convergence. In the

articles [42, 47] some investigation done that under what condition subsequence of a

statistical convergent sequence is also convergent. Following this line of investigation

some work done in [27]. We prove the next results in this direction.

Theorem 3.2.3. Let (L, τ) be a locally solid Riesz space, let x̃ = (xn) ∈ L̃ and

let x̃′ = (xnk
) be a subsequence of x̃ such that lim inf

n→∞

f(|Kx̃′(n)|)
f(n)

> 0. If x̃ is

f -statistically convergent to x0 ∈ L then x̃′ is also f -statistically convergent to x0.

Proof. Suppose that x̃ is f -statistically convergent to x0. Let U be a τ -neighborhood

of zero. Then from definition

lim sup
n→∞

f(|{m : m ≤ n, xn − x0 /∈ U}|)
f(n)

= 0.

In order to prove that x̃′ is f -statistically convergent to x0 we have to show that

lim sup
n→∞

f(|{nk : nk ≤ n, xnk
− x0 /∈ U}|)

f(|Kx̃′(n)|)
= 0,

where Kx̃′(n) = Kx̃′ ∩ {1, 2, 3, ..., n}.

Then clearly, {nk : nk ≤ n, xnk
− x0 /∈ U} ⊆ {m : m ≤ n, xm − x0 /∈ U}. Thus

we can write

f(|{nk : nk ≤ n, xnk
− x0 /∈ U}|)

f(|Kx̃′(n)|)
≤ f(|{m : m ≤ n, xm − x0 /∈ U}|)

f(|Kx̃′(n)|)

We know for any two sequences (αn) and (βn) of nonnegative real numbers with

0 ̸= lim inf
n→∞

αn < ∞, we have (lim inf
n→∞

αn)(lim sup
n→∞

βn) ≤ lim sup
n→∞

αnβn.
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Taking αn =
f(|Kx̃′ (n)|)

f(n)
, βn = f({m: m≤n, xm−x0 /∈U})

f(|Kx̃′ (n)|)
then, αnβn = f({m: m≤n, xm−x0 /∈U})

f(n)
.

Therefore it follows that,

(lim inf
n→∞

f(|Kx̃′(n)|)
f(n)

)(lim sup
n→∞

f(|{m : m ≤ n, xm − x0 /∈ U}|)
f(|Kx̃′(n)|)

)

≤ lim sup
n→∞

f(|{m : m ≤ n, xm − x0 /∈ U}|)
f(n)

.

Since x̃ is f -statistically convergent to x0, the right hand side of the above inequality

is zero. Also by our assumption lim inf
n→∞

f(|Kx̃′(n)|)
f(n)

> 0, hence we find

lim sup
n→∞

f(|{m : m ≤ n, xm − x0 /∈ U}|)
f(|Kx̃′(n)|)

= 0.

Then by (1)

lim sup
n→∞

f(|{nk : nk ≤ n, xnk
− x0 /∈ U}|)

f(|Kx̃′(n)|)
= 0.

Hence x̃′ is f -statistically convergent to x0.

Theorem 3.2.4. Let (L, τ) be a locally solid Riesz space and let x̃, ỹ be two f -

statistically equivalent sequence in L. If K is a subset of N such that,

0 ≤ lim sup
n→∞

f(n)

f(|K(n)|)
< +∞ and if x̃′ = (xnk

) and ỹ′ = (ynk
) are subsequences

of x̃, ỹ respectively such that Kx̃′ = Kỹ′ = K, then x̃′ and ỹ are f -statistically

equivalent.

Proof. Given that x̃, ỹ are f -statistically equivalent, so there exists f -dense set

M ⊂ N such that xn = yn for all n ∈ M. Equivalently, f(|{n∈N : xn ̸=yn and n≤m}|)
f(m)

= 0.

We have to show that x̃′ and ỹ′ are f -statistically equivalent, i.e. xnk
= ynk

for

all nk ∈ M with df (M) = 1. Equivalently we have to show that df{nk : xnk
̸=

ynk
} = 0. i.e.

lim sup
m→∞

f(|{nk ∈ K : xnk
̸= ynk

and nk ≤ m}|)
f(|K(m)|)

= 0.

Now for any m ∈ N, we have,

21



Chapter 3 Generalized statistical convergence in Riesz Spaces

{nk ∈ K : xnk
̸= ynk

and nk ≤ m} ≤ {n ∈ N : xn ̸= ynand n ≤ m}.

So for any unbounded modulus function f , we have

lim sup
m→∞

f(|{nk ∈ K : xnk
̸= ynk

and nk ≤ m}|)
f(|K(m)|)

≤ lim sup
m→∞

f(|{n ∈ N : xn ̸= yn and n ≤ m}|)
f(|K(m)|)

≤ lim sup
m→∞

f(|{n ∈ N : xn ̸= yn and n ≤ m}|)
f(m)

lim sup
m→∞

f(m)

f(|K(m)|)

[We know for any two bounded sequences of non-negative reals (un) and (vn),

lim sup(unvn) ≤ (lim supun)(lim sup vn) holds].

Now using the given assumption that x̃, ỹ are two f -statistically equivalent se-

quences in L and

0 ≤ lim sup
n→∞

f(n)

f(|K(n)|)
< +∞, we get

lim sup
m→∞

f(|{nk ∈ K : xnk
̸= ynk

and nk ≤ m}|)
f(|K(m)|

= 0.

Hence x̃′ and ỹ are f -statistically equivalent.

3.3 Results for weighted density

In [7], the notion of natural density was further extended as follows: Let g :

N → [0,∞) be a function with lim
n→∞

g(n) = ∞. The upper density of weight g

was defined in [7] by the formula dg(A) = lim sup
n→∞

card(A ∩ [1, n])

g(n)
for A ⊂ N. Let

Ig = {A ⊂ N : dg(A) = 0}. Then Ig is an ideal of N. Also N ∈ Ig if and only if

n
g(n)

→ 0. Hence we assume that n
g(n)

↛ 0. Hence N /∈ Ig, and it was observed in

[7] that Ig is a proper admissible P -ideal of N. The collection of all functions g of

this kind satisfying the above mentioned properties is denoted by G. As a natural

consequence we can introduce the following definitions:
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Definition 3.3.1. Let (L, τ) be a locally solid Riesz space and x̃ = (xn) be a

sequence in L. x̃ is called bounded if for every x ∈ L there is a τ -neighborhood U

of zero such that xn − x ∈ U for all n.

Definition 3.3.2. Let (L, τ) be a locally solid Riesz space and x̃ = (xn) be a

sequence in L. x̃ is called dg-statistically bounded if for every x ∈ L there is a

τ -neighborhood U of zero such that

lim sup
n→∞

|{k : k ≤ n, xn − x /∈ U}|
g(n)

= 0.

Definition 3.3.3. Let (L, τ) be a locally solid Riesz space and (xn) ∈ L̃. Then (xn)

is said to be dg-statistically convergent to x0 ∈ L if for any τ -neighborhood U of

zero we have dg(AU) = 0, where AU = {n ∈ N : xn − x0 /∈ U}.

In what follows, we present several more basic definitions required throughout the

paper.

Definition 3.3.4. [26] A set K ⊂ N is called dg-dense subset of N if dg(K
c) = 0.

Definition 3.3.5. Let (L, τ) be a locally solid Riesz space. A sequence (xn) ∈ L̃ is

said to be I(τ)-convergent to an element x0 ∈ L if for each τ -neighborhood U of

zero {k ∈ N : xk − x0 /∈ U} ∈ I.

Definition 3.3.6. [27] A set K ⊂ N is called I-dense subset of N if K ∈ F(I).

Definition 3.3.7. [27] If (n(k)) is an infinite strictly increasing sequence of natural

numbers and x̃ = (xn) ∈ L̃, then we write x̃′ = (xn(k)) and Kx̃′ = {n(k) : k ∈ N}.

A subsequence x̃′ is called an I-dense subsequence of x̃, if Kx̃′ is an I-dense subset

of N.

Definition 3.3.8. [27] Two sequences x̃ = (xn) ∈ L̃ and ỹ = (yn) ∈ L̃ are I-

equivalent,x̃ ≍ ỹ, if there is an I-dense set M ⊂ N such that xn = yn for every

n ∈ M .

The following definitions are special case of the last two definitions:
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Definition 3.3.9. If (n(k)) is an infinite strictly increasing sequence of natural num-

bers and x̃ = (xn) ∈ L̃, then we write x̃′ = (xn(k)) and Kx̃′ = {n(k) : k ∈ N}. A

subsequence x̃′ is called an dg-dense subsequence of x̃, if Kx̃′ is an dg-dense subset

of N.

Definition 3.3.10. Two sequences x̃ = (xn) ∈ L̃ and ỹ = (yn) ∈ L̃ are dg-

statistically equivalent,x̃ ≍ ỹ(dg-statistically), if there is an dg-dense set M ⊂ N

such that xn = yn for every n ∈ M .

The first result shows that there is a one-to-one correspondence between topolo-

gies on L and the subsets of L̃ consisting of all I-convergent net for certain special

types of ideals. The result is in line of Theorem 3.1 in [27].

Theorem 3.3.1. Let (L, τ1) and (L, τ2) be two locally solid Riesz spaces. Let I be

a DP -ideal, which is not maximal. Then the following statement are equivalent:

(i) The set of all τ1−I-convergent nets coincides with the set of all τ2−I-convergent

nets.

(ii) The set of all nets convergent in (L, τ1) coincides with the set of all nets con-

vergent in (L, τ2).

(iii) The topologies τ1 and τ2 are homeomorphic on L.

Proof. (ii) ⇔ (iii): The result is well known.

(ii) → (i): Let x̃ = (xn) be τ1 − I-convergent. Since I is a DP -ideal, we conclude

that x̃ is τ1 − I∗ convergent i.e. there is a set M ∈ F(I) such that (x̃)M is τ1-

convergent [44]. By (ii) (x̃)M is τ2-convergent, and hence x̃ is τ2 − I∗ convergent,

which evidently implies that x̃ is τ2 − I convergent.

(i) → (iii) : Assume that (i) holds. If possible suppose that the topologies are

distinct. Then there exists x0 ∈ L and a τ1-neighborhood U0 of zero such that

{x ∈ L : x− x0 ∈ U0} ⊉ {x ∈ L : x− x0 ∈ U2} for all τ2-neighborhood U2 of zero

or the opposite inclusion. Without loss of any generality we can assume that the first

one holds. For any n ∈ D we can choose xn ∈ L and a neighborhood Un of zero

such that xn − x0 ∈ Un and xn − x0 /∈ U0 for each n ∈ D. We choose a set K ⊂ D

24



Chapter 3 Generalized statistical convergence in Riesz Spaces

such that K /∈ I as well as Kc /∈ I (because I is not maximal). Further we define

a net ỹ = (yn) ∈ L̃ by

yn =

xn if n ∈ K

x0 if n /∈ K.

Clearly {n ∈ N : yn − x0 ∈ U0} = K /∈ I. We now observe that the net ỹ = (yn)

converges to x0 in (L, τ2) and therefore is τ2−I-convergent. By virtue of (i), ỹ = (yn)

is also τ1 − I-convergent. Note that ỹ must be τ1 − I-convergent to x0 because,

otherwise if ỹ is τ1 − I-convergent to y0 ̸= x0, then taking a τ1-neighborhood U ′ of

zero with x0 − y0 /∈ U ′, we obtain that {n : yn − y0 /∈ U ′} ⊃ Kc. Since Kc /∈ I,

we get {n : yn − y0 /∈ U ′} /∈ I. Which contradicts the fact that ỹ = (yn) is

τ1 −I-convergent to y0. However if ỹ is τ1 −I-convergent to x0 then we must have

{n : yn − x0 ∈ U0} = K ∈ I. Which contradicts the fact K /∈ I. Thus (i) → (iii)

holds.

If the given sequence is dg-statistical convergent, it is natural to ask how we can

check that its subsequence is dg-statistical convergent to the same limit. Also it is

natural to ask when the converse assertion is true. We prove the next results in this

direction, as also in the case of dg-statistical bounded sequences.

Theorem 3.3.2. Let (L, τ) be a locally solid Riesz space, let x̃ = (xn) ∈ L̃ and

let x̃′ = (xn(k)) be a subsequence of x̃ such that lim inf
n→∞

g(|Kx̃′(n)|)
g(n)

> 0. If x̃ is

dg-statistically convergent to x0 ∈ L, then x̃′ is also dg-statistically convergent to x0.

Proof. Suppose that x̃ is dg-statistically convergent to x0. Let U be a τ -neighborhood

of zero. Then clearly {n(k) : n(k) ≤ n, xn(k) − x0 /∈ U} ⊆ {m : m ≤ n, xm − x0 /∈

U}. Thus we can write

1

g(|Kx̃′(n)|)
|{n(k) : n(k) ≤ n, xn(k) − x0 /∈ U}| ≤ |{m : m ≤ n, xm − x0 /∈ U}|

g(|Kx̃′(n)|)
.
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In order to prove that x̃′ is dg-statistically convergent to x0 we have to show that

lim sup
n→∞

|{n(k) : n(k) ≤ n, xn(k) − x0 /∈ U}|
g(|Kx̃′(n)|)

= 0.

Now we know for any two sequences (αn) and (βn) of nonnegative real numbers with

0 ̸= lim inf
n→∞

αn < ∞, we have (lim inf
n→∞

αn)(lim sup
n→∞

βn) ≤ lim sup
n→∞

αnβn. Take αn =

g(|Kx̃′ (n)|)
g(n)

and βn = {m:m≤n,xm−x0 /∈U}
g(|Kx̃′ (n)|)

, then αnβn = {m:m≤n,xm−x0 /∈U}
g(n)

. Therefore it

follows that

(lim inf
n→∞

g(|Kx̃′(n)|)
g(n)

)(lim sup
n→∞

{m : m ≤ n, xm − x0 /∈ U}
g(|Kx̃′(n)|)

)

≤ lim sup
n→∞

{m : m ≤ n, xm − x0 /∈ U}
g(n)

.

Since x̃ is dg-statistically convergent to x0, the right hand side of the above inequality

is zero. Also by our assumption lim inf
n→∞

g(|Kx̃′(n)|)
g(n)

> 0, hence we find

lim sup
n→∞

{m : m ≤ n, xm − x0 /∈ U}
g(|Kx̃′(n)|)

= 0.

Hence x̃′ is dg-statistically convergent to x0.

The relation between bounded sequences and convergent sequences in an arbitrary

metric space is known. How will it be for dg-statistical boundedness and dg-statistical

convergence? The next results will answer this question and give some relations be-

tween dg-statistical bondedness and dg-statistical convergence of Riesz space-valued

sequences.

Theorem 3.3.3. Let (L, τ) be a locally solid Riesz space and x̃ = (xn) be a sequence

in L. Then the following statements hold:

(i) If x̃ is bounded, then x̃ is dg-statistically bounded.

(ii) If x̃ is dg-statistically convergent to x0 ∈ L, then x̃ is dg-statistically bounded.

Proof. (i) The proof is trivial.

(ii) For any arbitrary τ -neighborhood U of zero we can choose a τ -neighborhood U0
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of zero such that {k : k ≤ n, xk − x0 /∈ U0} ⊂ {k : k ≤ n, xk − x0 ∈ U} i.e.

|{k : k ≤ n, xk − x0 /∈ U0}| ≤ |{k : k ≤ n, xk − x0 ∈ U}|. For this inequality

we have lim sup
n→∞

|{k : k ≤ n, xk − x0 /∈ U0}|
g(n)

= 0. Therefore x̃ is dg-statistically

bounded.

Note 3.3.1. The converse of (i) and (ii) does not hold generally as can be seen

from [41].

Theorem 3.3.4. Let (L, τ) be a locally solid Riesz space and let x̃ = (xn) ∈ L̃.

Let x̃′ = (xnk
) be a subsequence of x̃ which is dense in (xn). If x̃ is dg-statistically

bounded then x̃′ is also dg-statistically bounded.

Proof. Suppose x̃ is dg-statistically bounded. It is clear that there exists a τ -

neighborhood U0 of zero and x0 ∈ L such that {nk : nk ≤ n, xnk
− x0 /∈ U0} ⊂

{k : k ≤ n, xk − x0 /∈ U0}. Then since |{nk : nk ≤ n, xnk
− x0 /∈ U0}| ≤ |{k : k ≤

n, xk − x0 /∈ U0}| we have 0 ≤ lim sup
n→∞

|{nk : nk ≤ n, xnk
− x0 ∈ U0}|

g(n)
≤ 0. That

is x̃′ is dg-statistically bounded.

Theorem 3.3.5. Let (L, τ) be a locally solid Riesz space and let x̃ = (xn) ∈ L̃.

Then the following statements are equivalent:

(a) x̃ is dg-statistically convergent;

(b) Every subsequence x̃′ of x̃ with lim inf
n→∞

g(|Kx̃′(n)|)
g(n)

> 0 is dg-statistically conver-

gent;

(c) Every dg-statistically dense subsequence x̃
′ of x̃ is dg-statistically convergent pro-

vided that g ∈ G is such that 0 < lim inf
n→∞

n

g(n)
< ∞.

Proof. (a) ⇒ (b) follows from the Theorem 3.2. Since it is obvious that x̃ is a

dg-dense subsequence of itself, we conclude that (c) ⇒ (a).

(b) ⇒ (c) The proof is similar to the proof of Theorem 3.3 [27].

The next results are given in the more general version in terms of ideals.

Lemma 3.3.1. Let (L, τ) be a locally solid Riesz space with |L| > 2, let x̃ = (xn) ∈

L̃ and let x̃′ = (xn(k)) be an infinite subsequence of x̃ such that Kx̃′ ∈ I. Then
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there exists a sequence ỹ ∈ L̃ and a subsequence ỹ′ of ỹ such that Kx̃′ = Kỹ′ , where

ỹ′ is not I-convergent provided that I is not a maximal ideal.

Proof. Choose a and b be two disjoint elements from L and a subset M ⊂ N such

that M /∈ I and in addition M /∈ F(I). Now let us define a sequence ỹ = (yn) ∈ L̃

as:

yn =


xn if n ∈ N \Kx̃′

a if n = n(k) ∈ Kx̃′ , where k ∈ M

b if n = n(k) ∈ Kx̃′ , where k /∈ M.

Since Kx̃′ ∈ I, we get N \Kx̃′ ∈ F(I), which shows that x̃ ≍ ỹ (ideally). Obviously

taking ỹ′ = (yn(k)) we haveKx̃′ = Kỹ′ . Hence for any c ∈ L choose a τ -neighborhood

U of zero with (a−c)∨ (b−c) ∈ U , we observe that {k : yn(k)−c /∈ U} ⊃ M or M c

and thus cannot belong to I. This shows that ỹ′ is not I-convergent.

Lemma 3.3.2. Let (L, τ) be a locally solid Riesz space, let a ∈ L and x̃ = (xn), ỹ =

(yn) ∈ L̃. If x̃ is I-convergent to a and x̃ ≍ ỹ (ideally), then ỹ is also I-convergent

to a.

Proof. Since x̃ ≍ ỹ (ideally), there is M ∈ F(I) such that xn = yn for all n ∈ M .

Hence clearly for any τ -neighborhood U of zero {n : yn − a /∈ U} ⊂ M c ∪ {n :

xn − a /∈ U}. Since x̃ is I-convergent to a, {n : xn − a /∈ U} ∈ I. Which implies

that {n : yn − a /∈ U} ∈ I and hence ỹ is also I-convergent to a.

Using these Lemma 3.3.1 and Lemma 3.3.2 we can formulate the following the-

orem:

Theorem 3.3.6. Let (L, τ) be a locally solid Riesz space with |L| > 2, let a ∈ L and

I be not maximal. Also let x̃ = (xn) be I-convergent to a. Then for every infinite

subsequence x̃′ of x̃ with Kx̃′ ∈ I there exists a sequence ỹ in L and a subsequence

ỹ′ of ỹ such that:

(i) x̃ ≍ ỹ (ideally) and Kx̃′ = Kỹ′
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(ii) ỹ is I-convergent to a.

(iii) ỹ′ is not I-convergent.

Lemma 3.3.3. Let (L, τ) be a locally solid Riesz space and x̃, ỹ ∈ L̃ with x̃ ≍ ỹ (dg-

statistically). IfK is a subset of N such that lim inf
n→∞

g(|K(n)|)
g(n)

> 0 and if x̃′ = (xn(k))

and ỹ′ = (yn(k)) are subsequences of x̃, ỹ respectively such that Kx̃′ = Kỹ′ = K

then the relation x̃′ ≍ ỹ(dg-statistically) is true.

Proof. The proof is similar to the usual case with some trivial modification and so

we omit it.

Theorem 3.3.7. Let (L, τ) be a locally solid Riesz space and x̃ = (xn) be dg-

statistically convergent to a. Suppose that x̃′ = (xn(k)) is a subsequence of x̃ for

which there are ỹ = (yn) and ỹ′ such that (i) x̃ ≍ ỹ (dg-statistically) and Kx̃′ = Kỹ′ .

(ii) ỹ′ is not dg-statistically convergent. Then lim inf
n→∞

|Kx̃(n)|
g(n)

= 0 provided that

g : N → [0,∞) satisfying the inequalities 0 < lim inf
n→∞

n

g(n)
and lim sup

n→∞

n

g(n)
< ∞.

Proof. If possible, suppose that lim inf
n→∞

|Kx̃(n)|
g(n)

> 0. Then

lim inf
n→∞

g(|Kx̃′(n)|)
g(n)

≥ (lim inf
n→∞

g(|Kx̃′(n)|)
|Kx̃′(n)|

)(lim inf
n→∞

|Kx̃′(n)|
g(n)

) > 0.

Let ỹ ∈ L̃ and ỹ′ be a subsequence of ỹ such that (i) and (ii) hold. Then we

have Kx̃′ = Kỹ′ and x̃ ≍ ỹ (dg-statistically). Thus it follows from Lemma 3.2 that

x̃′ ≍ ỹ′ (dg-statistically). Now applying Theorem 3.4 we conclude that x̃′ is dg-

statistically convergent to a. Since x̃′ ≍ ỹ′ (dg-statistically), by Lemma 3.2, ỹ′ is also

dg-statistically convergent to a. Which contradicts (ii). Hence the theorem.

Now we will give some relations between dg-statistical boundedness with usual

boundedness.

Lemma 3.3.4. Let (L, τ) be a locally solid Riesz space and let x̃ = (xn) ∈ L̃. Then

the sequence x̃ is dg-statistically bounded if and only if the sequence (xn − x) is

dg-statistical bounded for an arbitrary x ∈ L.
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Proof. It follows from the definition.

Theorem 3.3.8. Let (L, τ) be a locally solid Riesz space and let x̃ = (xn) ∈ L̃ be

a dg-statistically bounded sequence. Then the sequence has at least one bounded

subsequence.

Proof. From the Lemma 3.4 the sequence (xn − x) is dg-statistical bounded for an

arbitrary x ∈ L. Thus there exists a τ -neighborhood U0 of zero such that dg(A) = 1

and dg(B) = 0. Where, A = {k : xk − x ∈ U0} and B = {k : xk − x /∈ U0}. Let

k1 ∈ N be the minimal element of A and xk1 − x ∈ U0. Since dg(A) = 1, it can

be chosen k2 ≥ k1 such that the minimal element of the set {k : k > k1, k ∈ A}

satisfying xk2 − x ∈ U0. In the n-th step we can chose kn ≥ kn−1 which is the

minimal element of the set {k : k > kn−1, k ∈ A} such that xk − x ∈ U0. So we

obtain a non-decreasing sequence (kn) such that x̃′ = (xnk
) is the subsequence of

x̃ satisfying xkn − x ∈ U0 for all kn ∈ N. This shows that the subsequence x̃′ is

bounded.

Theorem 3.3.9. Let (L, τ) be a locally solid Riesz space. Also let x̃ = (xn), ỹ =

(yn) ∈ L̃ and x̃ is dg-statistically bounded. If x̃ ≍ ỹ (dg-statistically), then ỹ is also

dg-statistical bounded.

Proof. The proof is parallel to the proof in [41].

Note 3.3.2. Let (L, τ) be a locally solid Riesz space and x̃ ∈ L̃. If every subse-

quence x̃′ of x̃ with

lim inf
n→∞

g(|Kx̃′(n)|)
g(n)

> 0 is dg-statistically bounded then x̃ must be dg-statistical

bounded.

3.4 I-convergence of Riesz space valued functions

In this section we investigate certain aspects of ideal convergence of Riesz space

valued functions, in a very general context. We consider the situation when an I-

convergent function f from S to a Riesz space L will have a F -subfunction which is
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K- convergent to the same limit. Further we also introduce the notion of I-cluster

points of Riesz space valued functions and make some observations.

Let S be an arbitrary infinite set and (L, τ) be a Locally solid Riesz space. Let

I, K be ideals of S. F (I) denotes filter associated with ideal I. We recall that a

topological space (L, τ) is called finitely generated space (Alexandroff space) if any

intersection of open subsets of L, is open set. L is finitely generated if and only if

each point of L has a smallest neighborhood.

The notion of IK-convergence was first introduced by Maĉaj [47].

Definition 3.4.1. Any function f : S → L is said to be I-convergent to x ∈ L if

for every τ neighborhood U of zero, the set {s ∈ S : f(s)− x /∈ U} ∈ I.

In this case we say Iτ − lim f = x.

Definition 3.4.2. Any function f : S → L is said to be I∗
τ -convergent to x ∈ L if

there exists set M ∈ F (I) such that g is defined by

g(s) =

f(s) if s ∈ M

x if s /∈ M.

is convergent to x.

In this case we say I∗
τ − lim f = x.

Definition 3.4.3. Any function f : S → L is said to be IK
τ -convergent to x ∈ L if

there exists set M ∈ F (I) such that g is defined by

g(s) =

f(s) if s ∈ M

x if s /∈ M.

is K-convergent to x.

In this case we say IK
τ − lim f = x.

31



Chapter 3 Generalized statistical convergence in Riesz Spaces

Note 3.4.1. If S = N, then we obtain usual I-convergence, I∗-convergence, IK-

convergence.

From the above definitions the theorem easily follows.

Theorem 3.4.1. Let I and K be two ideals of S, and f : S → L be a function such

that Kτ − lim f = x then IK
τ − lim f = x.

Definition 3.4.4. Suppose f : S → X is an arbitrary function. Let F ⊆ 2S. A

nonempty function g is defined by

g(s) =

f(s) if s ∈ A

x if s /∈ A.

where A ∈ F and x ∈ L is called a F -subfunction of f with respect to x.

Theorem 3.4.2. Let I and K be two ideals on a set S such that K ⊂ I, and

F ⊂ 2S. Let (L, τ) be Riesz space where the topology τ on L is first countable and

not finitely generated. Then the following two conditions are equivalent :

(i) for any I-convergent function f : S → L has a F -subfunction which is K-

convergent to the same limit.

(ii) for any sequence of sets (An)n∈N from I there exist A ∈ F such that A∩An ∈ K

for all n ∈ N.

Proof. (i) ⇒ (ii): As L is not finitely generated, so we get x ∈ L, such that there is

a sequence of distinct points xn in X convergent to x. Let (An)n∈N be a sequence

of sets from I. We have to prove that there exist A ∈ F such that A ∩An ∈ K for

all n ∈ N.

Let Un =
n⋃

k=1

Ak, then clearly An ⊂ Un and each Un belongs to I.

Now we define f : S → L by

f(s) =


xn when s ∈ Un+1 ∖ Un

x when s /∈
⋃
n∈N

An.
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Take any τ neighborhood U of zero, then there exists m ∈ N such that xn − x ∈ U

for all n ≥ m. Hence {s ∈ S : f(s)−x /∈ U} ⊂ Um+1 ∈ I. Hence f is I-convergent

to x.

Now from the given condition f has a F -subfunction g which is K-convergent to

x. i.e., there is A ∈ F such that the function g defined by

g(s) =

f(s) if s ∈ A

x if s /∈ A.

is K-convergent to x. Which implies A ∩ Un ∈ K for all n.

Consequently A ∩ An ⊂ A ∩ Un ∈ K.

(ii) ⇒ (i): Let f : S → L be a function such that Iτ − lim f = x, where

x ∈ L. As (L, τ) is first countable space, let Un be the monotonically decreasing

τ -neighborhoods of zero. Now define, Vn = {s ∈ S : f(s) − x /∈ Un}, clearly Vn is

sequence of sets from I. So from the given condition there exists A ∈ F such that

A ∩ Vn ∈ K for all n ∈ N. We define g by,

g(s) =

f(s) if s ∈ A

x if s /∈ A.

Clearly g is F -subfunction of f . We have to show that Kτ − lim g = x.

Consider any τ -neighborhood U of zero, as Un is the monotonically decreasing τ -

neighborhoods of zero. So we get a n0 ∈ N such that Un0 ⊂ U . Then {s ∈ S :

g(s)−x /∈ U} ⊂ {s ∈ S : g(s)−x /∈ Un0} ⊂ A∩Vn ⊂ K. Hence g is K-convergent

to x.

Let S be an arbitrary infinite set and (L, τ) be a locally solid Riesz space. Also

let I be an ideal of S.

Definition 3.4.5. Let f : S → L be a function. x ∈ L is said to be limit point of

f , if for every τ neighborhood U of x , the set {s ∈ S : f(s) ∈ U} is infinite.

By L(f) we denote the set of all limit points of f .
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Definition 3.4.6. x ∈ L is said to be I-cluster point of a function f : S → L if for

every τ neighborhood U of x, {s ∈ S : f(s) ∈ U} /∈ I.

By CI(f) we denote the set of all I-cluster points of f with respect to the ideal

I.

Definition 3.4.7. A function f : S → L is said to be I-maximal if for any set

A ⊂ L, either {s ∈ S : f(s) /∈ A} ∈ I or {s ∈ S : f(s) /∈ L \ A} ∈ I.

Theorem 3.4.3. Suppose the function f : S → L be I-maximal. If x0 ∈ CI(f)

then f is I-convergent to x0.

Proof. Let x0 ∈ CI(f). Let U be any τ -neighborhood of x0. By our assumption f

is I-maximal. So either {s ∈ S : f(s) /∈ U} ∈ I or {s ∈ S : f(s) /∈ L \ U} ∈ I.

If {s ∈ S : f(s) /∈ L \ U} ∈ I then this implies {s ∈ S : f(s) ∈ U} ∈ I. Which

contradicts the fact that x0 ∈ CI(f). So {s ∈ S : f(s) /∈ U} ∈ I. Hence f is

I-convergent to x0.

Theorem 3.4.4. If f : S → L and g : S → L be two functions such that {s ∈ S :

f(s) ̸= g(s)} ∈ I, then CI(f) = CI(g).

Proof. Let x0 ∈ CI(f) then for any τ -neighborhood U of x0, {s ∈ S : f(s) ∈ U} /∈

I. If possible let x0 /∈ CI(g) then there exist τ -neighborhood W of x0 such that

{s ∈ S : g(s) ∈ W} ∈ I. Now,

{s ∈ S : f(s) ∈ W} ⊂ {s ∈ S : g(s) ∈ W}
⋃
{s ∈ S : f(s) ̸= g(s)} ∈ I.

So we get a τ -neighborhood W of x0, that {s ∈ S : f(s) ∈ W} ∈ I. This

contradicts the assumption that x0 ∈ CI(f). Hence x0 ∈ CI(g). This implies

CI(f) ⊆ CI(g). Similarly CI(g) ⊆ CI(f). Hence CI(f) = CI(g).

Theorem 3.4.5. Let f : S → L be a function. Let x0 ∈ L. Then the following two

conditions are equivalent

(i) x0 ∈ CI(f)

(ii) x0 ∈ f(M), for every M ∈ F (I).

Here f(M) = {f(m) : m ∈ M}, F (I) is filter associated with the ideal I and f(M)

denotes the closure of f(m).
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Proof. (i) ⇒ (ii) : suppose x0 ∈ CI(f). Let U be any τ -neighborhood of x0.

So {s ∈ S : f(s) ∈ U} /∈ I. This implies for any M ∈ F (I), M ̸⊂ {s ∈

S : f(s) ∈ L \ U}. Hence there exists m ∈ M such that f(m) ∈ U . Which

implies U ∩ f(M) ̸= ϕ, this is true for any arbitrary τ -neighborhood U of x0. Hence

x0 ∈ f(M), for every M ∈ F (I).

(ii) ⇒ (i) : Let x0 ∈ f(M), for every M ∈ F (I). If possible let x0 /∈ CI(f). Then

we get a τ -neighborhood V of x0 such that {s ∈ S : f(s) ∈ V } ∈ I. Hence for

M = {s ∈ S : f(s) ∈ L \ V } ∈ F (I)} and x0 ∈ f(M). So V ∩ f(M) ̸= ϕ. Then

there exists y0 ∈ V such that y0 = f(m0) for some m0 ∈ M ⊆ F (I), which implies

y0 = f(m0) ∈ L \ V . We get a contradiction. Hence x0 ∈ CI(f).

Theorem 3.4.6. Let f : S → L be a function. Then for any compact subset G of

L if {s ∈ S : f(s) ∈ G} /∈ I then G ∩ CI(f) ̸= ϕ.

Proof. If possible let G∩CI(f) = ϕ. Then for every x ∈ G, x /∈ CI(f). So we get a

τ -neighborhood Ux of x such that {s ∈ S : f(s) ∈ Ux} ∈ I. Clearly {Ux : x ∈ G} is

an τ -open cover of compact set G hence {s ∈ S : f(s) ∈ G} ⊂
n⋃

i=1

{s ∈ S : f(s) ∈

Uxi
} ∈ I. Which contradicts the given assumption. Hence G ∩ CI(f) ̸= ϕ.

————————————————
The matter of this chapter is based on the following research paper:

Sudip Kumar Pal, Sagar Chakraborty, On Generalized Statistical Conver-
gence and Boundedness of Riesz Space-Valued Sequences, Filomat, Vol.33,
No.15(2019), pp 4989-5002. (SCOPUS, SCIE)
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Summability methods of Nets in
Locally Solid Riesz Spaces

4.1 Introduction

In a very recent development, the idea of statistical convergence of sequences

was studied by Albayrak and Pehlivan [3] in locally solid Riesz spaces. However if

one considers the concept of nets instead of sequences, which is undoubtedly plays a

more important and natural role in general structures like topological spaces, uniform

spaces and Riesz spaces. The above approach does not seem to be appropriate

because of the absence of any idea of density in arbitrary directed sets. Instead it

seems more appropriate to follow the more general approach of [39] where the notion

of I-convergence of a sequence was introduced by using ideals of the set of positive

integers (recall that I ⊂ 2N is called an ideal if (i) A,B ∈ I implies A∪B ∈ I and

(ii) A ∈ I, B ⊂ A implies B ∈ I, I is called non-trivial if I ≠ Φ and N /∈ I. I

is admissible if it contains all singletons. If I is a proper non-trivial ideal, then the

family of sets F(I) = {M ⊂ X : M c ∈ I} is a filter on X where c stand for the

complement. It is called the filter associated with the ideal I). One may consider an

arbitrary ideal I of N and define I-convergence of sequences as follows:

A sequence (xn)n∈N of points in a metric space (X, ρ) is said to be I-convergent

to l if for arbitrary ε > 0, the set K(ε) = {k ∈ N : ρ(xk, l) ≥ ε} ∈ I. (xn)n∈N is

said to be I-Cauchy if for ε > 0 there exists N such that the set K(ε) = {n ∈ N :

ρ(xn, xN) ≥ ε} ∈ I. The notions of I-convergence of sequences coincide with the
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usual convergence if I = Ifin, the ideal consisting of finite sets only. One can see

[24, 40, 44, 45] for more works in this direction where many more references can be

found.

The idea of rough convergence was first developed by H.X. Phu [53] in 2001 for

normed linear spaces as following: Let x = (xi) be a sequence in a finite dimensional

normed space X and r be a nonnegative real number. Suppose that for every ϵ > 0

there exists m ∈ N such that ||xi − y|| < r + ϵ for every i ≥ m. Then the sequence

(xi) is said to be r-convergent to y. Here we will adopt the definitions and notations

in [53]. In this chapter initially we introduce the idea of rough convergence of nets in

a locally solid Riesz space and study some of its properties by using the mathematical

tools of the theory of topological vector spaces. Further we extend this idea to rough

ideal convergence and investigate its basic nature in Locally solid Riesz space.

4.2 Rough convergence of nets

In this section, we introduce the concept of rough convergence of nets in locally

solid Riesz space (X, τ), and we study some results. We first introduce our main

definition:

Definition 4.2.1. Let (X, τ) be a locally solid Riesz space. Let D be a directed set

and {sα : α ∈ D} be a net in X. {sα : α ∈ D} is said to be rough convergent

(r-convergent) to x0 (with roughness degree r ∈ X) if for every τ -neighborhood V

of 0, there exists a k ∈ D such that sn − x0 ∈ r + V for all n ≥ k.

We write it symbolically as sα
r−−→ x0 in X. We say x0 is a r-limit of {sα : α ∈

D}, that is, r-lim sα = s0. Clearly for r = 0, we get the classical convergency. So

we always take r > 0.

Example 4.2.1. Let X = R and we consider usual topology on R. Consider the

sequence sα = (−1)α, α ∈ N. Clearly the sequence is non-convergent in classical

sense. But if we take r = 2, then sα
2−−→ x0 where x0 ∈ (−1, 1).
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Example 4.2.2. [5] Let us consider the sequence sα = 0.5+ 2 (−1)α

α
in R with usual

topology and α ∈ N. It is obvious that sα converges to 0.5 in ordinary sense. But

sα cannot be calculated exactly for large α. But it can be rounded to some machine

number, i.e., to the nearest one. Let, tα be a sequence defined as tα = round sα = z,

where z is an integer lies z − 0.5 ≤ sα < z + 0.5. Then t1 = −1, t2 = 2, t2j−1 = 0

and t2j = 1 for j = 2, 3, .... Obviously the sequence tα does not converge in ordinary

sense. but tα
r−−→ 0 for r < 0.5 and tα

r−−→ [1− r, r] for 0.5 ≤ r.

From the above examples, we see that for r-convergent net, r-limit is not unique.

For this, we define r-limit set, we denote it by LIMrSα.

Definition 4.2.2. Let {sα : α ∈ D} be a net in X.Then LIMrsα := {x0 ∈ X :

sα
r−−→ x0}.

For example 4.2.1, LIMrsα = (−1, 1).

Note 4.2.1. Clearly {sα} is r-convergent if LIMr
sα ̸= ϕ.

Definition 4.2.3. [6] Let (X, τ) be a locally solid Riesz space. A net {sα : α ∈ D}

of X is said to be bounded in X if for each τ -neighborhood V of 0, there exists

p ∈ R such that Sα ∈ pV for all α ∈ D.

We can easily prove that,

Theorem 4.2.1. If a Net {sα} in (X, τ) is bounded then LIMrsα ̸= ϕ for some

r ∈ X.

Theorem 4.2.2. Let (X, τ) be a locally solid Riesz space and {sα : α ∈ D} be a

net in X. If LIMrsα ̸= ϕ for some r ∈ X then {sα}is bounded.

Proof. If LIM rsα ̸= ϕ for some r ∈ X, then we get atleast one x0 ∈ LIM rsα. Let

U be any τ -neighborhood of zero. We always get V ∈ Nsol such that V + V ⊂ U

and for this V we get W ∈ Nsol such that W +W ⊂ V . Now as x0 ∈ LIM r
sα there

exists k ∈ D such that sα−x0 ∈ r+W for all α ≥ k. Also for k ≥ α we get q ∈ K

such that sα ∈ qU .
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Now for α ≥ k, sα = (sα−x0)+x0 ∈ (r+W )+(x0+W ) = (r+x0)+(W+W ) ⊂

(r + x0) + V ⊂ pV + pV ⊂ pU . (We choose p ∈ X such that r + x0 ∈ pV and

also pV ⊂ V ). So for α ≥ k, sα ∈ pU and for k ≥ α, sα ∈ qU which shows that

sα ∈ tU for all α ∈ D, where t = p ∨ q.

Note 4.2.2. Every r-convergent net in locally solid Riesz space (X, τ) is bounded.

Theorem 4.2.3. Let (X, τ) be a locally solid Riesz space and {sα : α ∈ D} be a

net in X. Then the set LIMrsα is closed.

Proof. Let U be any τ -neighborhood of zero. Let {tα} be arbitrary net in LIMrsα

which converges to some t∗. Let U be any τ -neighborhood of zero, we always

get V ∈ Nsol such that V + V ⊂ U . As tα → t∗, so {tα} is eventually in any

neighborhood of t∗. i.e. tα − t∗ ∈ V , for all α ≥ k. Also sα − tα ∈ r + W (we

choose W such that W ⊂ V ).

Now, for all α ≥ k, sα−t∗ = (sα−tα)+(tα−t∗) ∈ (r+W )+V ⊂ r+(V +V ) ⊂ r+U .

Which shows that sα−t∗ ∈ r+U , for all α ≥ k and hence sα
r−−→ t∗. So t∗ ∈ LIMrsα.

Thus LIMrsα is closed.

Theorem 4.2.4. Let (X, τ) be a locally solid Riesz space and {sα : α ∈ D} be a

net in X. Then LIMr1sα ⊆ LIMr2sα for r1 < r2.

Proof. Let x ∈ LIMr1sα, then for any τ -neighborhood V of zero, sα − x ∈ r1 + V ,

which is clearly subset of r2 + V as r1 < r2. So x ∈ LIMr2sα. Hence LIMr1sα ⊆

LIMr2sα.

Theorem 4.2.5. Let (X, τ) be a locally solid Riesz space and {sα : α ∈ D} be a

net in X. Then

(a) y0 ∈ LIMr0sα and y1 ∈ LIMr1sα, then yλ = (1− λ)y0 + λy1 ∈ LIM (1−λ)r0+λr1sα

, for λ ∈ [0, 1].

(b) The set LIMrsα is convex.

Proof. : (a) Let y0 ∈ LIMr0sα and y1 ∈ LIMr1sα. i.e. sα
r0−−−→ y0 and sα

r1−−−→ y1.

For every τ -neighborhood V of zero, there exists k0 and k1 such that sα−y0 ∈ r0+V

for all α ≥ k0 and sα − y1 ∈ r1 + V for all α ≥ k1. Take k = k0 ∨ k1.
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Now, yλ = (1− λ)y0 + λy1. So sα − yλ = sα − (1− λ)y0 − λy1 = (1− λ)(sα −

y0)+λ(sα−y1) ∈ (1−λ)(r0+V )+λ(r1+V ) = (1−λ)r0+λr1+V . Which shows

that sα − yλ ∈ (1 − λ)r0 + λr1 + V . So sα
(1−λ)r0+λr1−−−−−−−−−→ yλ = (1 − λ)y0 + λy1.

Hence yλ ∈ LIM(1−λ)r0+λr1sα.

(b) If we take r0 = r1 = r then sα
r−−→ y0 and sα

r−−→ y1 and also sα
r−−→

(1− λ)y0 + λy1 (From (a)). So If y0, y1 ∈ LIMrsα then (1− λ)y0 + λy1 ∈ LIMrsα.

Hence LIMrsα is convex.

Theorem 4.2.6. Let (X, τ) be a locally solid Riesz space and {sα}, {tα} be two

nets in X. If r1-lim sα = s0 and r2-lim tα = t0 then (r1+ r2)-lim(sα+ tα) = s0+ t0.

Proof. Let U be a τ -neighborhood of zero. Choose V ∈ Nsol such that V ⊂ U and

W ∈ Nsol such that W +W ⊂ V . As r1-lim sα = s0 and r2-lim tα = t0, there exists

m1,m2 ∈ D such that sα − s0 ∈ r1 +W for all α ≥ m1 and tα − t0 ∈ r2 +W for

all α ≥ m2. Let us take m = m1 ∨m2, then for all α ≥ m, sα − s0 ∈ r1 +W and

tα − t0 ∈ r2 +W . Clearly for all α ≥ m,

(sα + tα) − (s0 + t0) = (sα − s0) + (tα − t0) ∈ (r1 + W ) + (r2 + W ) =

(r1 + r2) +W +W ⊂ (r1 + r2) + U . Hence (r1 + r2)-lim(sα + tα) = s0 + t0.

Theorem 4.2.7. Let {sα}, {tα} and {vα} be three nets inX such that sα ≤ tα ≤ vα

for each α ∈ D. If r1-lim sα = r2-lim vα = x0 then (r1 + r1)-lim tα = x0.

Proof. Let U be any arbitrary τ -neighborhood of zero. Choose V,W ∈ Nsol such

that W +W ⊂ V ⊂ U . As r1-lim sα = r2-lim vα = x0, there exists m ∈ D such

that sα − x0 ∈ r1 +W for all α ≥ m and vα − x0 ∈ r2 +W for all α ≥ m. Also

sα − x0 ≤ tα − x0 ≤ vα − x0 and so

|tα−x0| ≤ |sα−x0|+ |vα−x0| ∈ (r1+W )+ (r2+W ) ⊂ (r1+ r2)+V +W ⊂

(r1+ r2)+V . Since V is solid tα−x0 ∈ (r1+ r2)+V ⊂ (r1+ r2)+U . This implies

that (r1 + r1)-lim tα = x0.

Theorem 4.2.8. Suppose r1 ≥ 0 and r2 > 0. A net {sα} inX is (r1+r2) convergent

to s0 if there exists a net {tα} in X such that tα
r1−−−→ s0 and sα − tα ∈ r2 +W for

some τ -neighborhood W of zero.
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Proof. Let {tα} be a net in X such that tα
r1−−−→ s0. Let U be any arbitrary τ -

neighborhood of zero. Choose V,W ∈ Nsol such that W + W ⊂ V ⊂ U and

sα − tα ∈ r2 +W , there exists k ∈ D such that tα − s0 ∈ r1 +W , for all k ≥ α.

Now sα− s0 = sα− tα+ tα− s0 ∈ (r1+ r2)+ (W +W ) ⊂ (r1+ r2)+U . Therefore

sα
r1+r2−−−−−→ s0.

Note 4.2.3. In particular if we take r1 = 0 and r2 = r > 0 then the above theorem

simplifies as : A net {sα} in X is r-convergent to s0 if there exists a net {tα} in X

such that tα −→ s0 and sα − tα ∈ r +W for some τ -neighborhood W of zero.

4.3 Rough Cauchy Net

Definition 4.3.1. Let (X, τ) be a locally solid Riesz space and {sα : α ∈ D} be a

net in X. {sα : α ∈ D} is said to be rough Cauchy with roughness degree r if for

each τ -neighborhood V of zero there exists k ∈ D such that sα − sβ ∈ r+ V for all

α, β ≥ k.

Theorem 4.3.1. Every r-convergent sequence is always 2r-Cauchy.

Proof. Let sα be r-convergent to s0 ∈ X. Let U be any arbitrary τ -neighborhood

of zero. Choose V ∈ Nsol such that V + V ⊂ U . As sα
r−−→ s0 there exist k ∈ D

such that sα − s0 ∈ r + V for all α ≥ k. Now clearly sα − sβ ∈ 2r +W . Hence sα

is 2r-Cauchy net.

Definition 4.3.2. For a net {sα} we say that y is an r-cluster point if there exists

a subnet {tα} of {sα} such that tα
r−−→ y.

Theorem 4.3.2. If an r-Cauchy net {sα} has a r-cluster point s∗ then {sα} is

2r-convergent to s∗.

Proof. Let U be a τ -neighborhood of zero. Choose V,W ∈ Nsol such that, W+W ⊂

V ⊂ U . As s∗ is r-cluster point of {sα} there exists a subnet {tα} of {sα} such that

tα
r−−→ s∗. So there exists k1 ∈ D such that for all α ≥ k1, tα − s∗ ∈ r+ V . Also it
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is given that sα is r-Cauchy net so there exists k2 ∈ D such that sα − tα ∈ r +W

for all α ≥ k2. Now take k = k1 ∨ k2, then for all α ≥ k,

sα − x∗ = (sα − tα) + (tα − x∗) ∈ (r +W ) + (r +W ) ⊂ 2r + V .

Hence {sα} is 2r-convergent to s∗.

4.4 Rough ideal convergence of nets

In this section we introduce the concept of rough ideal convergence and rough

ideal Cauchy condition of nets in locally solid Riesz space endowed with the topology

τ and studied some properties of these concepts. There are some cases where the

properties of rough convergence and rough ideal convergence are different. We study

some of these properties.

Recently, in [25] Das and Savas introduced the notion of ideal convergnce in

locally solid Riesz spaces as follows:

Definition 4.4.1. Let (X, τ) be a locally solid Riesz space. Let D be a directed

set and {sα : α ∈ D} be a net in X. {sα : α ∈ D} is said to be ideal convergent

(Iτ -convergent) to s0 ∈ X if for every τ -neighborhood U of zero, {α ∈ D : sα−s0 /∈

U} ∈ I.

We write it symbolically as sα
Iτ−−−→ s0 in X or Iτ -lim sα = s0.

Now we give the definitions of rough ideal convergence in locally solid Riesz

spaces.

Definition 4.4.2. Let (X, τ) be a locally solid Riesz space. Let {sα : α ∈ D} be a

net in X. {sα : α ∈ D} is said to be rough ideal convergent (r-Iτ -convergent) to

s0 ∈ X if for every τ -neighborhood U of zero, {α ∈ D : sα − s0 /∈ r + U} ∈ I or

equivalently {α ∈ D : sα − s0 ∈ r + U} ∈ F (I).

We write it symbolically as sα
r−Iτ−−−−→ s0 in X. We say s0 is a r-Iτ limit of

{sα : α ∈ D}, i.e. r-Iτ -lim sα = s0. Clearly for r = 0, we get the notion of ideal

convergence. So we always take r > 0.
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Definition 4.4.3. Let (X, τ) be a locally solid Riesz space. Let {sα : α ∈ D} be a

net in X. {sα : α ∈ D} is said to be I(τ)-bounded in X if for each τ -neighborhood

V of zero there is some a > 0, {k ∈ D : ask /∈ V } ∈ I.

Definition 4.4.4. Let (X, τ) be a locally solid Riesz space. Let {sα : α ∈ D} be a

net in X. Then we define I − LIMrsα := {s0 ∈ X : sα
r−Iτ−−−−→ s0}.

Clearly {sα} is r-Iτ convergent if I − LIMrsα ̸= ϕ.

Theorem 4.4.1. The r-Iτ limit set I − LIMrsα of a net {sα} is closed set.

Proof. Let {tα} be arbitrary net in I − LIMrsα which converges to some t0. Let

U be any τ -neighborhood of zero, we always get V ∈ Nsol such that V + V ⊂ U .

As tα → t0, {tα} is eventually in any neighborhood of t0. i.e. tα − t0 ∈ V for all

α ≥ k. That is A = {α ∈ D : tα − t0 ∈ V } ∈ F (I). Also since tα ∈ I − LIMrsα,

B = {α ∈ D : sα − tα ∈ r + V } ∈ F (I).

Let α ∈ A ∩B, then sα − t0 = (sα − tα) + (tα − t0) ∈ r + V + V ⊂ r + U .

Now (A ∩ B) ⊂ {α ∈ D : sα − t0 ∈ r + U} ∈ F (I). Which shows that t0 ∈

I − LIMrsα. Hence I − LIMrsα is closed.

It can be readily seen that:

Theorem 4.4.2. I − LIMr1sα ⊆ I − LIMr2sα, for r1 < r2.

Theorem 4.4.3. r-τ limit set of a net {sα}, I − LIMrsα is convex.

Theorem 4.4.4. {sα} , {tα} and {vα} be three nets in X such that sα ≤ tα ≤ vα

for each α ∈ D.

If r1-Iτ lim sα = r2–Iτ lim vα = x0 then (r1 + r1)–Iτ lim tα = x0.

Proof. Let U be any arbitrary τ -neighborhood of zero. Choose V,W ∈ Nsol such

that W +W ⊂ V ⊂ U . As r1-Iτ lim sα = r2-Iτ lim vα = x0, so,

A = {α ∈ D : sα − x0 ∈ r + W} ∈ F (I), and B = {α ∈ D : vα − x0 ∈

r + W} ∈ F (I). Let us choose α ∈ A ∩ B, for this α, as sα ≤ tα ≤ vα, this

implies sα − x0 ≤ tα − x0 ≤ vα − x0 and so |tα − x0| ≤ |sα − x0| + |vα − x0| ∈
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(r1 +W ) + (r2 +W ) ⊂ (r1 + r2) + V +W ⊂ (r1 + r2) + V , since V is solid so,

tα−x0 ∈ (r1+ r2)+V ⊂ (r1+ r2)+U . This implies that (r1+ r1)-lim tα = x0.

Theorem 4.4.5. (X, τ) be a locally solid Riesz space and {sα} and {tα} be two

nets in X. If r1-lim sα = s0 and r2-lim tα = t0, then (r1+r2)-lim(sα+ tα) = s0+ t0.

Theorem 4.4.6. If a net {sα : α ∈ D} in a locally solid Riesz space (X, τ) is

r-Iτconvergent then it is I(τ)-bounded.

Proof. Let U be any arbitrary τ -neighborhood of zero. Choose W ∈ Nsol such that

W +W ⊂ U . Let sα be r-Iτconvergent to s0 ∈ X. So A = {α ∈ D : sα − s0 ∈

r + W} ∈ F (I). As W ∈ Nsol so r + W is absorbing set. Let s0 ∈ X, so there

exists λ ∈ R such that λs0 ∈ r +W . Now sα − s0 ∈ r +W , also r +W balanced

set, so λ(sα − s0) ∈ r +W .

Thus λsα = λ(sα − s0) + λs0 ∈ r + W + W ⊂ r + U for α ∈ D − A. Hence

{α ∈ D : λsα /∈ r + U} ⊂ I. This implies {sα : α ∈ D} is I(τ)-bounded.

4.5 Rough Ideal Cauchy Nets

Definition 4.5.1. A net {sα : α ∈ D} in a locally solid Riesz space (X, τ) is said

to be r-Iτ Cauchy in X if for each τ -neighborhood U of zero, there exists β ∈ D

such that {α ∈ D : sα − sβ /∈ r + U} ∈ I.

Theorem 4.5.1. If a net {sα : α ∈ D} in a locally solid Riesz space (X, τ) is

r-Iτconvergent then it is 2r-Iτ Cauchy.

Proof. : Let U be any arbitrary τ -neighborhood of zero. Choose W ∈ Nsol such that

W +W ⊂ U . Let sα be r-Iτconvergent to s0 ∈ X. So A = {α ∈ D : sα − s0 ∈

r+W} ∈ F (I). Let α, β ∈ D. Then, sα − sβ = (sα − s0)+ (s0 − sβ) ∈ (r+W )+

(r +W ) ⊂ 2r + U . Hence A ⊂ {α ∈ D : sα − sβ ∈ 2r + U}, where β ∈ A is fixed.

This shows the existence of β ∈ D for which {α ∈ D : sα − sβ ∈ 2r + U} ∈ F (I)

and this holds for every τ -neighborhood U of zero. Therefore {sα : α ∈ D} is 2r-Iτ

Cauchy.
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Definition 4.5.2. For a net {sα} we say that y is an r-Iτcluster point if there exists

a subnet {tα} of {sα} such that tα
r−Iτ−−−−→ y.

Theorem 4.5.2. If an r-IτCauchy net {sα} has a r-Iτcluster point s0 then {sα} is

2r-Iτconvergent to s0.

Proof. Let U be a τ -neighborhood of zero. Choose V,W ∈ Nsol such that W+W ⊂

V ⊂ U . As s0 is r-Iτcluster point of {sα} so there exists a subnet {tα} of {sα}

such that tα
r−Iτ−−−−→ s0. Thus A = {α ∈ D : tα − s0 ∈ r +W} ∈ F (I). Also {sα}

is r-IτCauchy net so B = {α ∈ D : sα − tα ∈ r +W} ∈ F (I). Let α ∈ (A ∩ B).

Then α, sα − s0 = (sα − tα) + (tα − s0) ∈ (r+W ) + (r+W ) ⊂ 2r+U . Therefore

{α ∈ D : sα − s0 ∈ 2r + U} ∈ F (I). Hence {sα} is 2r-Iτconvergent to s0.

Theorem 4.5.3. Let (X, τ) be a locally solid Riesz space. Let {sα} be a r-Iτ

Cauchy net in X. Then the following conditions holds-

(a) for every τ neighborhood U of zero there exists A = {α : α ∈ D} ∈ I such

that sα − sβ ∈ 2r + U for all α, β /∈ A.

(b) for every τ neighborhood U of zero, {β ∈ D : Fβ(U) /∈ I} ∈ I where

Fβ(U) = {α ∈ D : sα − sβ ∈ 2r + U}.

Proof. (a) Let U be a τ -neighborhood of zero. Choose V,W ∈ Nsol such that

W + W ⊂ V ⊂ U . As {sα} is r-Iτ Cauchy net, so there exists β ∈ D such that

{α ∈ D : sα − sβ /∈ r +W} ∈ I. We choose A = {α ∈ D : sα − sβ /∈ r +W}.

Clearly A ∈ I. Let γ, α /∈ A this implies sα − sβ ∈ r+W and sγ − sβ ∈ r+W . so

sα − sγ = (sα − sβ) + (sβ − sγ) ∈ (r +W ) + (r +W ) ⊂ 2r + U .

(b) Let U be a τ -neighborhood of zero then by (a) there exists A ∈ I such that

α, γ /∈ A. Then sγ − sα ∈ 2r + U . Let β ∈ D such that Fβ(U) /∈ I, that is

{α ∈ D : sα − sβ /∈ 2r + U} /∈ I. We will show {β ∈ D : Fβ(U) /∈ I} ⊂ A ∈ I.

If possible let β /∈ A. Since A ∈ I and Fβ(U) /∈ I so Eβ(U) ⊈ A. Choose

α ∈ Fβ(U) \ A. As α ∈ Fβ(U) so sα − sβ /∈ 2r + U also since α, β /∈ A so

sα − sβ ∈ 2r + U , which is clearly a contradiction. Therefore β ∈ A which shows

that {β ∈ D : Fβ(U) /∈ I} ⊂ A ∈ I.
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Theorem 4.5.4. Let {sα} be a net in a locally solid Riesz space (X, τ). If for every

τneighborhood U of zero, {β ∈ D : Eβ(U) /∈ I} ∈ I where Eβ(U) = {α ∈ D :

sα − sβ ∈ r + U} then {sα} is 2r-IτCauchy net.

Proof. Let U be any τ -neighborhood of zero. Then {β ∈ D : Eβ(U) /∈ I} ∈ I

this implies A = {β ∈ D : Eβ(U) ∈ I} ∈ F (I). As ϕ /∈ F (I) so A ̸= ϕ. Let

γ ∈ A ⊂ D this implies γ ∈ D such that Eγ(U) ∈ I. So there exists γ ∈ D such

that {α ∈ D : sα − sγ /∈ 2r + U} ∈ I.This implies {sα} is 2r-Iτ Cauchy net.

This gives an Idea about when a net becomes Cauchy net.

————————————————
The matter of this chapter is based on the following research paper:

Sagar Chakraborty, Sudip Kumar Pal, On some generalized summability
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5.1 Introduction

The concept of continuity and any concept involving continuity play a very im-

portant role not only in pure mathematics but also in other branches of sciences

especially in computer science, information theory, biological science. In 2010, Bur-

ton and Coleman first introduce the term quasi-Cauchy sequence which is weaker than

Cauchy sequence but interesting in their own right. They defined the term quasi-

Cauchy sequence as: any sequence of real numbers (xn) is quasi-Cauchy if given any

ϵ > 0 there exists an integer K > 0 such that n ≥ K implies |xn+1 − xn| < ϵ.

Evidently Cauchy sequences are quasi-Cauchy but the converse is not true in general

as the counter example is provided by the sequence of partial sums of the harmonic

series. This and several such examples establish the important fact that the class

of quasi-Cauchy sequences is much bigger than the class of Cauchy sequences, tak-

ing in the process more sequences under the preview. Understandably mathematical

consequence are not analogous to the already existing notions bases on Cauchy se-

quences, like the usual idea of compactness. In a current development of the study of

generalized metric space, the term ward continuity comes remembering the definition

of continuity in sequential sense. The concepts of ward continuity of real valued

function and ward compactness of subsets of R are introduced by Cakalli [14]. A real

valued function f is called ward continuous on E if for every quasi-Cauchy sequence

49



Chapter 5 Order Cauchy sequences in (l)-group

in E, the corresponding f -image sequence is also quasi-Cauchy.

In this chapter we introduce the notion of order quasi-Cauchy sequences and

some weaker versions of it [13]. We primarily investigate several features of this

new notion. Finally, a new concept, namely the concept of order statistical ward

continuity of a function is introduced and investigated [17]. In this investigation we

have obtained theorems related to order statistical ward continuity, order statistical

ward compactness, compactness, and uniform order continuity. We also introduced

and studied some other continuities involving statistical order quasi-Cauchy sequences

and order convergent sequences of points in (l)-group [18].

Throughout R and N stand for the sets of all real numbers and natural numbers

respectively and our topological terminologies and notations are as in the book [32]

from where the notions (undefined inside the article) can be found. All spaces in the

sequel are (l)-group.

5.2 Ward Continuity in (l)-group

In this section, we introduce the concept of order quasi-Cauchy sequences and

ward continuity in (l)-group L, and we study some results related to it.

We know that any sequence of real numbers (xn) is said to be Cauchy if given

any ϵ > 0 there exists an integer K > 0 such that m,n ≥ K implies |xm − xn| < ϵ.

In 2010, Burton and Coleman first use the term quasi-Cauchy sequence. They

defined the term quasi-Cauchy sequence as: any sequence of real numbers (xn) is

quasi-Cauchy if given any ϵ > 0 there exists an integer K > 0 such that n ≥ K

implies |xn+1 − xn| < ϵ. Using this idea we first introduce two definitions.

Definition 5.2.1. Any sequence (xn) in a (l)-group L is said to be an order-Cauchy

sequence if for any order sequence (pn) and for each n0 ∈ N there exists m ∈ N such

that |xi − xj| ≤ pn0 for all i, j ≥ m.

Definition 5.2.2. Any sequence (xn) in a (l)-group L is said to be an order quasi-

Cauchy sequence if for any order sequence (pn) and for each n0 ∈ N there exists
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m ∈ N such that |xn+1 − xn| ≤ pn0 for all n ≥ m.

Remark 5.2.1. It is easy to verify that every order-Cauchy sequence is order quasi-

Cauchy but the converse is not true in general. For counter example we take (l)-group

(R,+) and consider the sequence (xn) where xn = 1 + 1
2
+ 1

3
+ ...+ 1

n
. Clearly this

sequence is order quasi-Cauchy but not order-Cauchy.

Remark 5.2.2. Every order convergent sequence is also order quasi-Cauchy.

Remark 5.2.3. Also every subsequence of order-Cauchy sequence is order-Cauchy.

But the analogous property fails for quasi-Cauchy sequences. For instance we take

the sequence (xn) in R, xn =
√
n. (xn) is order quasi-Cauchy but the subsequence

(xn2) is not order quasi-Cauchy.

We know that if a function preserves Cauchy sequences, then it is called Cauchy

continuous function. Similarly we define quasi-Cauchy continuous function in (l)-

group. Some author rename it as ‘ward continuous function’. Throughout this

chapter we use the name ward continuous.

Definition 5.2.3. Let L be a (l)-group. A function f : L → L is said to be Ward

Continuous on L if the sequence (f(xn)) is order quasi-Cauchy whenever (xn) is

order quasi-Cauchy in L.

Definition 5.2.4. A subset E of L is said to be ward compact if any sequence in E

has an order quasi-Cauchy subsequence.

The following theorems are obvious.

Theorem 5.2.1. 1. Every finite subset of L is ward compact.

2. Union of any two ward compact subsets of L is ward compact.

3. Intersection of any family of ward compact sets is ward compact.

4. Any subset of ward compact set is ward compact.
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We see that for any metric space, continuity can be described by using sequence.

Remembering this idea, we introduce continuity in (l)-group L. We call it order

continuity.

Definition 5.2.5. A function f : L → L is said to be order continuous at x0 if for

any sequence (xn) in L, which is order convergent to x0, the corresponding image

sequence (f(xn)) is order convergent to f(x0).

In the next theorem we will investigate the relationship between ward continuity

and order continuity [19].

Theorem 5.2.2. Let f : R → L be a ward continuous function, where R ⊂ L then

it is order continuous on R.

Proof. Suppose that f : R → L is ward continuous on R ⊂ L. Let (xn) be a

sequence in R such that xn
ord−−−→ x0. Now we define a new sequence (yn) as :

yn =

x0, if n is even

xk, if n = 2k − 1, k ∈ N.

So,

yn − x0 =

θ, if n is even

xk − x0, if n = 2k − 1, k ∈ N.

As (xn) is order convergent to x0 so for any order sequence (pn) and n0 ∈ N there

exists m ∈ N such that |xn − x0| ≤ pn0 for all n ≥ m. Now using this (pn) and

n0 ∈ N with some suitable changes of m, from the construction of yn − x0, we

can easily conclude that (yn) is order convergent. Hence it is an order quasi-Cauchy

sequence. As f is ward continuous so it preserves order quasi Cauchy sequence.
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Hence (f(yn)) is also order quasi-Cauchy, which is given by:

f(yn) =

f(x0), if n is even

f(xk), if n = 2k − 1, k ∈ N.

Now for any order sequence (qn) and n′
0 ∈ N, there exists m′ ∈ N such that

|f(yn+1) − f(yn)| ≤ pn′
0
for all n ≥ m′ which implies |f(xk) − f(x0)| ≤ pn′

0
,

for all k ≥ M , where M(∈ N) depends on m′. So f(xn)
ord−−−→ f(x0). Hence f is

order continuous.

Converse of the above theorem is not true in general, which follows from the next

example.

Example 5.2.1. Conisder the function f : R → R, given by f(x) = x2 and consider

the sequence (xn) given by xn =
√
n.

Theorem 5.2.3. Ward continuous function preserves ward compact set.

Proof. Let f : L → L be a ward continuous map and E ⊆ L be ward compact set.

Let (xn) be any sequence in E, as E is ward compact so we get subsequence (yn)

of (xn) such that (yn) is order quasi-Cauchy sequence. Now as f is ward continuous

function, (f(yn)) is order quasi-Cauchy subsequence of the sequence (f(xn)) in f(E).

This completes the proof of the theorem.

Definition 5.2.6. A function f : L → L is said to be uniformly order continuous on

a subset E of L if for any order sequence (ϵn) and n0 ∈ N, depending on this we get

another order sequence (δn) and m ∈ N, such that |f(x) − f(y)| < ϵn0 whenever

|x− y| < δm.

Theorem 5.2.4. If f : L → L is an uniform order continuous map on E ⊂ L then

it is ward continuous on E.

Proof. Let (xn) be any order quasi-Cauchy sequence of points in E. As f is uniform

order continuous so any order sequence (ϵn) and n0 ∈ N, depending on this we get
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another order sequence (δn) and m ∈ N, such that |f(x) − f(y)| < ϵn0 whenever

|x − y| < δm. This implies for this δn and m,n0, we get suitably N , depends on

δn,m, n0 such that |xn+1 − xn| < δn for all n > N . So |f(xn)− f(xn+1)| < ϵno , for

all n > N .

From the above theorem we can easily conclude that uniform order continuous

functions are also order continuous.

Remark 5.2.4. Uniform order continuous image of ward compact set is ward com-

pact.

We use the following notations :

C[L,L] = Set of all order continuous functions on L.

WC[L,L] = Set of all ward continuous functions on L.

UC[L,L] = Set of all uniform order continuous functions on L.

Now from the above discussion we can easily conclude that,

Remark 5.2.5. UC[L,L] ⊆ WC[L,L] ⊆ C[L,L].

We see that, a sequence (xn) in L is said to be order convergent to x0 ∈ L if there

exists an order sequence (pn) such that for each n0 ∈ N, there exists some m ∈ N

satisfying |xn−x0| ≤ pn0 for all n ≥ m. In this case choice of m depends on x0. To

deal this type of situation we introduce the concept of uniform order convergence in

(l)-group.

Definition 5.2.7. A sequence (xn) in E ⊂ L is said to be uniform order convergent

to x ∈ E if there exists an order sequence (pn) in L such that for each n0 ∈ N, there

exists some m ∈ N satisfying |xn − x| ≤ pn0 for all n ≥ m and for all x ∈ E.

Theorem 5.2.5. Let (fn) be a sequence of uniform order continuous functions on

E ⊂ L and (fn) is uniformly order convergent to a function f then f is uniform order

continuous on E.

Proof. Suppose that (fn) is uniformly order convergent to some function f . Then

for a given order sequence (pn) in L and for each n0 ∈ N, there exists some m ∈ N
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satisfying |fn(x)−f(x)| ≤ pn0 for all n ≥ m and for all x ∈ E. Now each fn : L → L

is uniform order continuous on E. Hence for this order sequence (pn), n
′ ∈ N, there

exists order sequence qn and m′ ∈ N such that |fn(x)− fn(y)| < pn′ , for all n ≥ m′,

whenever |x−y| ≤ qn. Now f(x)−f(y) = f(x)−fn(x)+fn(x)−fn(y)+fn(y)−f(y),

sum of three null sequences, hence f(x) is uniform order continuous on E.

Theorem 5.2.6. Let (fn) be a sequence of ward continuous functions defined on

E ⊂ L and (fn) is uniformly order convergent to a function f , then f is ward

continuous on E.

Proof. Let (xn) be an order quasi-Cauchy sequence of points on E. As (fn) is

uniformly order convergent to f , given order sequence (pn) in L such that for each

n0 ∈ N, there exists some m ∈ N satisfying |fn(x)− f(x)| ≤ pn0 for all n ≥ m and

for all x ∈ E. Now each fn is ward continuous on E. So for this (pn) and n′ ∈ N

there exists m′ ∈ N with |fm(xn+1)− fm(xn)| < pn′ for all n ≥ m′. Now

f(xn+1)− f(xn) = f(xn+1)− fm(xn+1) + fm(xn+1)− fm(xn) + fm(xn)− f(xn).

This implies f(xn+1) − f(xn) is sum of three null sequences, so we easily conclude

that f is ward continuous on E.

5.3 Statistical Ward Continuity in (l)-group

Recently, it has been proved that a real-valued function defined on an interval A of

the set of real numbers, is uniformly continuous on A if and only if it preserves quasi-

Cauchy sequences of points in A. In this section we call a real-valued function order

statistically ward continuous if it preserves statistical order quasi-Cauchy sequences.

It turns out that any order statistically ward continuous function on a statistically

ward order compact subset A of an (l) -group is uniformly order continuous on A.

We prove theorems related to order statistical ward compactness, order statistical
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compactness, order continuity, statistical order continuity, ward order continuity, and

uniform order continuity.

Definition 5.3.1. We call a sequence (xn) of points in (l)-group L statistically order

quasi-Cauchy if for any order sequence (pn) and n0 ∈ N,

lim
n→∞

d(k ≤ n : |xk+1 − xk| ≥ pn0)

n
= 0.

Where d(A) denotes the cardinality of the set A.

It is clear that, any order quasi-Cauchy sequence is statistically order quasi-Cauchy.

Definition 5.3.2. A subset E of L is said to be statistically ward compact if any

sequence of points in E has a statistically order quasi-Cauchy subsequence.

Definition 5.3.3. A function f : E → L is said to be statistically order continuous

on E ⊆ L if it preserves statistically order convergent sequences.

Definition 5.3.4. Let E ⊆ L. A function f : E → L is said to be statistically ward

continuous if it preserves statistically order quasi-Cauchy sequences.

Theorem 5.3.1. Every statistically ward continuous functions are also statistically

order continuous.

Proof. Let f : E → L be a statistically ward continuous function and (xn) be

any statistically order convergent sequence which converges to x0. For any or-

der sequence (pn), n0 ∈ N, limn→∞
d(k≤n:|xk−x0|≥pn0 )

n
= 0. Hence the sequence

(x1, x0, x2, x0, ..., xn−1, x0, xn, x0, ...) is also statistically order convergent to x0. Hence

it is statistically order quasi-Cauchy. As f is statistically ward continuous so,

(f(x1), f(x0), f(x2), f(x0), f(x3), ...) is also statistically order quasi-Cauchy. As the

even terms of the sequence are f(x0), odd terms are nothing but the sequence

(f(xn)), we can easily conclude that (f(xn)) is statistically order convergent to

f(x0). This completes the proof.
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The converse is not true in general. For counter example we take the function

f : R → R given by f(x) = x2 and consider the sequence (
√
n).

We know that any continuous function on a compact set is uniformly continuous.

Similarly for statistically ward continuous function defined on a statistically ward

compact subset of an (l)-group, we have the following result :

Theorem 5.3.2. Let E be a statistically ward compact subset of an (l)-group L

and f : E → L be a statistically ward continuous function on E. Then it is uniform

order continuous.

Proof. If possible suppose that f is not uniformly order continuous on E. Then there

exists order sequence (ϵn) and n0 ∈ N such that for any δn and m ∈ N with |x−y| ≤

δm, |f(x)−f(y)| > ϵn0 . Now for each n ∈ N fix |xn−yn| < δn and |f(xn)−f(yn)| ≥

ϵn0 . Since E is statistically ward compact so (xn) has a subsequence (xnk
) which is

statistically order quasi-Cauchy. Now ynk+1
−ynk

= (ynk+1
−xnk+1

)+(xnk+1
−xnk

)+

(xnk
−ynk

) which is clearly sum of three null sequences hence (ynk
) is statistically order

quasi-Cauchy subsequence of (yn). As xnk+1
− ynk

= (xnk+1
− ynk+1

)+ (ynk+1
− ynk

)

so the sequence (xnk+1
− ynk

) is statistically order convergent to θ. Hence the se-

quence (xn1 , yn1 , xn2 , yn2 , ..., xnk
, ynk

, ...) is statistically order quasi-Cauchy. Which

implies that the sequence (f(xn1), f(yn1), f(xn2), f(yn2), ..., f(xnk
), f(ynk

), ...) is

also statistically order quasi-Cauchy in f(E). But this contradicts the fact that

|f(x)− f(y)| > ϵn0 . Thus f is uniformly order continuous on E.

Theorem 5.3.3. Statistically ward continuous image of any statistically ward com-

pact subset of L is statistically ward compact.

Proof. Let f : A → L be a statistically ward continuous function defined on a subset

A of L and E be a statistically ward compact subset of A. We want to show f(E)

is statistically ward compact subset of L. Let (yn) be any sequence of points in

f(E). Then clearly yn = f(xn) for some sequence (xn) of points in E. As E is

statistically ward compact set so there exists subsequence (zk) = (xnk
) of (xn) such

that (zk) is statistically ward compact. Now as f is ward continuous function so
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f(zk) is statistically order quasi-Cauchy sequence. Thus we get a order quasi-Cauchy

subsequence (f(zk)) of the sequence (yn) of f(E). Hence f(E) is a ward compact

set.

Theorem 5.3.4. If (fn) is a sequence of statistically ward continuous functions on

a subset E of L and (fn) is uniformly order convergent to a function f then f is

statistically order ward continuous on E.

Proof. Suppose that (fn) is uniform order convergence to f . For any order sequence

(ϵn) and n0 ∈ N there exists m ∈ N such that |fn(x) − f(x)| < ϵn0 , for all n ≥ m

and for all x ∈ E. Consider any statistically order quasi-Cauchy sequence (xn) of

points in E. As fm is statistically ward continuous on E so it preserves statistically

order quasi-Cauchy sequence. Hence limn→∞
d(k≤n:|fm(xk+1)−fm(xk)|≥ϵn0 )

n
= 0. Now

f(xk+1)−f(xk) = [f(xk+1)−fm(xk+1)]+[fm(xk+1)−fm(xk)]+[fm(xk)−f(xk)].

Hence using the fact that fm is statistically ward continuous and fm is uniform

convergent to f we can easily conclude that

lim
n→∞

d(k ≤ n : |f(xk+1)− f(xk)| ≥ ϵn0)

n
= 0.

This completes the proof.

The following result follows immediately:

Theorem 5.3.5. The set SWC[E,L], the set of all statistical ward continuous

functions is a closed set.

From the above discussion we see that UC[L,L] ⊆ WC[L,L] ⊆ C[L,L]. Now

the obvious question is when these sets are equal. In [2], Burton and Coleman gives

some partial idea about the equality of UC[L,L] ⊆ WC[L,L].

Theorem 5.3.6. Let I ⊆ R be any interval. Then UC[I,R] = WC[I,R].

Now we introduce another type of convergence in (l)-group called slowly oscillat-

ing order convergence.
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Definition 5.3.5. A sequence (xn) of points in (l)-group L is called slowly oscillating

order convergence if for any order sequence (ϵn) and n0 ∈ N there exists m ∈ N such

that |xi − xj| < ϵn0 for all i ≥ m and 1 ≤ i
j
and i

j
→ 1 as i, j → ∞.

From Definition it is clear that order Cauchy sequences are obviously slowly os-

cillating and every slowly oscillating sequence is order quasi-Cauchy.

Definition 5.3.6. [14, 62] A function f : E → L is said to be slowly oscillating

continuous if it preserves slowly oscillating order sequences.

By SOC[E,L] we denote set of all slowly oscillating continuous functions defined

on E.

Now we introduce the concept of Connectedness in (l)-group L.

Definition 5.3.7. Let L be a (l)-group. Suppose that x ∈ U ⊆ L. U is called order

sequential neighborhood of x ∈ L if any sequence (xn) which is order convergent to

x, then {xn : n ≥ m} ⊂ U for some m ∈ N.

Definition 5.3.8. U is said to be an order sequential open subset of L if for each

x ∈ U , U is order sequential neighborhood of x.

Definition 5.3.9. A is said to be an order sequential closed subset of L if L \ A is

an order sequential open subset of L.

Definition 5.3.10. Let A ⊆ L, by Ā we denote closure of A, defined as intersection

of all sequentially closed sets containing A.

Definition 5.3.11. An (l)-group L is said to be order connected if there do not

exists any non empty subsets A,B such that X = A ∪B with Ā ∩ B̄ = ϕ.

Now we modify the Lemma 1 in [13] which is given in metric space setting.

Lemma 5.3.1. Let ((an, bn)) be a sequence of ordered pair of points in a connected

subset E ⊆ L such that given any ordered sequence (ϵn) there exists n0,m ∈ N,

we have |an − bn| ≤ ϵn0 for all n ≥ m. Then there exists an order quasi-Cauchy

sequence (tn) with the property that for any positive integer i there exists a positive

integer k such that (ai, bi) = (tj−1, tj).
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It turns out that a function defined on a connected subset E of a metric space

is uniformly continuous if and only if it preserves either quasi-Cauchy sequences or

slowly oscillating sequences of points in E.

Now we are in the position of most desired result:

Theorem 5.3.7. Let E be an order connected subset of a (l)-group L then the three

sets UC[E,L],WC[E,L] and SOC[E,L] are equivalent.

Proof. UC[E,L] ⊆ WC[E,L] : Let f : E → L be any uniformly order continuous

function on E. Let (xn) be any order quasi-Cauchy sequence of points in E. As f

is uniform order continuous so any order sequence (ϵn) and n0 ∈ N, depending on

this we get another order sequence (δn) and m ∈ N such that |f(x) − f(y)| < ϵn0

whenever |x−y| < δm. This implies for this δn andm,n0, we get suitably N , depends

on δn,m, n0 such that |xn+1−xn| < δn for all n > N . So, |f(xn)− f(xn+1)| < ϵn0 ,

for all n > N .

UC[E,L] ⊆ SOC[E,L] : Let f : E → L be uniform order continuous. We take

slowly oscillating sequence (xn) of points on E. Let (ϵn) be any order sequence. We

get another order sequence (δn) and n0,m0 ∈ N such that |f(xi) − f(xj)| ≤ ϵn0

whenever xi, xj ∈ E and |xi−xj| ≤ δm0 . As (xn) is slowly oscillating so |xi−xj| ≤ δk,

for all i ≥ m and 1 ≤ i
j
and i

j
→ 1 as i, j → ∞. Now using uniform continuity of f ,

|f(xi)− f(xj)| ≤ ϵk, for all i ≥ m and 1 ≤ i
j
and i

j
→ 1 as i, j → ∞. This implies

(f(xn)) is slowly oscillating. Hence f ∈ SOC[E,L].

SOC[E,L] ⊆ UC[E,L] : Let f : E → L be not uniformly continuous on E.

Now each n ∈ N, we fixed |xn−yn| < δn then as f is not uniformly order continuous

so there exists order sequence ϵn such that |f(xn)−f(yn) ≥ ϵ(k)|. Now As it is given

that E is order connected so by the Lemma 5.3.1, from (xn) we can construct a slowly

oscillating sequence (tn) but as f is not uniformly continuous, so the transformed

sequence (f(tn)) is not slowly oscillating. Hence f /∈ SOC[E,L]. This implies

SOC[E,L] ⊆ UC[E,L].

WC[E,L] ⊆ UC[E,L] : Suppose f is not uniformly order continuous on E.

Since we know that slowly oscillating sequences are also order quasi-Cauchy hence
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the sequence (tn) constructed on previous case is also order quasi-Cauchy, but as f is

not uniformly order continuous so f(tn) is not order quasi-Cauchy. So WC[E,L] ⊆

UC[E,L].

This completes the proof of the Theorem.

5.4 Downward and upward order Continuity in (l)-

group

In this section, we introduce and investigate the concepts of down order continuity

and down order compactness. A real valued function f on a subset E of the set of

real numbers is down continuous if it preserves downward half Cauchy sequences, i.e.

the sequence (f(an)) is downward half Cauchy whenever (an) is a downward half

Cauchy sequence of points in E. A sequence (ak) of points in R is called downward

half Cauchy if for every ϵ > 0 there exists an n0 ∈ N such that am − an < e

for m ≥ n ≥ n0. It turns out that the set of all down continuous functions is a

proper subset of the set of all continuous functions. First we introduce the following

definition:

Definition 5.4.1. Let (xn) be a sequence in (l)-group L. Then (xn) is called

downward order quasi-Cauchy if for any order sequence (pn) and for each n0 ∈ N

there exists m ∈ N such that xn+1 − xn ≤ pn0 , for all n ≥ m.

It is clear that every order quasi-Cauchy sequence is also downward order quasi-

Cauchy but the converse is not true in general. For example we take the lattice order

group (R,+) and the sequence (xn), where xn = −n. This sequence is downward

order quasi-Cauchy but not order quasi-Cauchy.

Any order Cauchy sequence is obviously order quasi-Cauchy and hence downward

order quasi-Cauchy.

Definition 5.4.2. A sequence (xn) of points in L is said to be downward order half

Cauchy if for any order sequence (pn) and for each n0 ∈ N there exists k ∈ N such
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that xm − xn ≤ pn0 where m,n ∈ N with m ≥ n > k.

It is obvious that downward order half Cauchy sequences are also downward order

quasi-Cauchy and any subsequence of downward order half Cauchy sequence are same

type. But for the downward order quasi Cauchy sequences the situation is different.

We take the sequence (xn) in (R,+) such that xn =
√
n. Clearly (xn) is downward

order half Cauchy but one of it’s subsequence, namely (xnk
) is not downward order

half Cauchy.

In [13], authors proved that a sequence of real numbers is Cauchy if and only

if every subsequence is quasi-Cauchy. In the next theorem we present similar type

result for downward order half Cauchy sequences in (l)-group.

Theorem 5.4.1. A sequence (xn) in L is downward order half Cauchy if and only if

every subsequence of (xn) is downward order quasi-Cauchy.

Proof. If (xn) is downward order half Cauchy then every subsequence of (xn) is

downward half Cauchy so is downward order quasi-Cauchy.

To prove the converse part, we use contrapositive statement. Let (xn) be not

downward order half Cauchy. Then there exists order sequence (pn) and n0 ∈ N such

that for every positive integer m, xni
− xnj

> pn0 , ni > nj ≥ m.

Now for m = 1 we get such ni, nj, we rename it as k1, k2. So k2 > k1 > 1 and

xk2 − xk1 > pn0 . Similarly for m = 2, 3, .... Inductively we get xkn+1 − xkn > pn0 ,

where kn+1 > kn > kn−1 > .... Which shows that the subsequence (xkn) is not

downward order quasi-Cauchy. Hence the proof.

Now we study the sequential compactness like property. First of all we introducing

the idea of downward order compact set in a lattice order group as:

Definition 5.4.3. A subset E of L is called downward order compact if any sequence

of points in E has a downward order quasi-Cauchy subsequence.

We know that a real valued function of real variables is continuous if it preserves

convergent sequences. In a similar way we already defined order continuity. Now if a
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function preserves downward order quasi-Cauchy sequences then we get a new type

of continuity, we call it downward order continuity.

Definition 5.4.4. A function f : E → L is called downward order continuous on a

subgroup E of L if it preserves downward order quasi-Cauchy sequences.

Theorem 5.4.2. Sum of two downward order continuous functions is downward

order continuous.

Proof. Suppose that f : E → L and g : E → L are two downward order continuous

functions on E, a subgroup of L. Let (xn) be a downward order quasi-Cauchy

sequence in E. As f, g both are downward order continuous so the sequences (f(xn))

and (g(xn)) both are downward order quasi-Cauchy. We know that sum of two

order sequences is also an order sequence. Take any order sequence (pn) then (2pn)

is also order sequence. So for order sequence 2pn and for n0 ∈ N there exists

positive integers m1 and m2 such that f(xn+1) − f(xn) ≤ pn0 for all n ≥ m1 and

g(xn+1) − g(xn) ≤ pn0 for all n ≥ m2. Take m = max{m1,m2}. Then f(xn+1) +

g(xn+1)− g(xn)− f(xn) ≤ 2pn0 for all n ≥ m. This proves the theorem.

From definition it is quite obvious that every ward order continuous function is

downward order continuous. The following theorem make the link between ward order

continuity and order continuity.

Theorem 5.4.3. Every downward order continuous function is order continuous.

Proof. Let f : E → L be downward order continuous on E and (xn) be a sequence

which order converges to x0. Now we construct a sequence

(x1, x0, x1, x0, x2, x0, x2, x0, ...).

As (xn) is order converges to x0 so the new sequence is also order converges to x0.

Also from the construction it is clear that the new sequence is also downward order

quasi-Cauchy. As f is downward order continuous so

(f(x1), f(x0), f(x2), f(x0), f(x2), f(x0), ...)
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is downward order quasi-Cauchy. From here we can easily conclude that f(xn) order

converges to f(x0). Hence f is order continuous.

Theorem 5.4.4. Let E be a downward compact subgroup of L and f : E → L be

downward order continuous function. Then f(E) is also downward order compact.

Proof. Suppose that E is a downward compact subgroup of L. Let us take any

sequence (yn) in F (E). So yn = f(xn) where xn ∈ A for each n. As E is downward

order compact and (xn) is any sequence in E so (xn) has a downward order quasi-

Cauchy sub-sequence, say, (zk). As f : E → L is a downward order continuous

function, f(zk) is a downward order quasi-Cauchy sequence. Hence we get f(zk) is a

downward order quasi-Cauchy sub-sequence of (yn). This completes the proof.

Now the question arise that does the downward continuous function preserves

uniform limit? The following theorem gives the answer. The technique of the proof

is almost same as word continuous function. So we just state the theorem.

Theorem 5.4.5. If (fn) be a sequence of downward continuous functions defined

on a subgroup E of L and (fn) is uniform order convergent to a function f then f

is downward order continuous on E.

If we change the position of xn+1 and xn in the definition of downward order

quasi-Cauchy sequence we get a new type of sequence, we call it upward order quasi-

Cauchy sequence. The results are similar. We just state the result.

Definition 5.4.5. Let (xn) be a sequence in (l)-group L. Then (xn) is called upward

order quasi-Cauchy if for any order sequence (pn) and for each n0 ∈ N there exists

m ∈ N such that xn − xn+1 ≤ pn0 .

It is clear that every order quasi-Cauchy sequence is also upward order quasi-

Cauchy. But the converse is not true in general. For example, we take the lattice

order group (R,+) and the sequence (xn), where xn = n. This sequence is upward

order quasi-Cauchy but not order quasi-Cauchy.
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Any order Cauchy sequence is obviously order quasi-Cauchy and hence upward

order quasi-Cauchy.

————————————————
The matter of this chapter is based on the following research paper:
Sudip Kumar Pal, Sagar Chakraborty, On certain new notion of Order
Cauchy sequences, continuity in (l)-group, Applied General Topology Vol.23(1)
(2022), pp 55-68 (SCOPUS, ESCI)
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Statistical order convergence in
(l)-group

6.1 Introduction

In metric space for a convergent sequence (xn), each its subsequence (xnk
) is

also convergent. However, this is generally not true for the generalized methods of

convergence. Very recently, following the line of investigation in [41], the conditions

have been studied for the density of a subsequence of a statistically bounded and

also statistically convergent sequence under which the indicated subsequence is also

statistically bounded or statistically convergent in the setting of metric space. As

a natural consequence, in [27] Das and Şavaş investigated the similar type problem

that are proposed in [41] for metric valued sequences by considering the notion of

natural density of weight g, which was introduced in [7].

In recent time some ideas in (l)-group, namely order convergence, order Cauchy-

ness of nets in (l)-group using ideals developed by Boccuto and others [12]. As a

continuation, P. Das and E. Şavaş was introduce the notion of IK-order convergence

in (l)-group [26].

In the present chapter we continue the investigation posed in [41] for the sequences

in (l)-group considering the notion of natural density of weight g as also the notion

f -density (introduced and studied in [2]).
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6.2 f-statistical order convergence

Using f -density we now introduce statistical order convergence in (l)-group. We

call it f -statistical order convergence. Throughout this section f denotes unbounded

modulus function.

Definition 6.2.1. A sequence (xn) in R is said to be f -statistical order convergent to

x0 if there exists a sequence (yn) in R such that yn ↓ θ and df ({n ∈ N : |xn−x0| >

yn}) = 0.

i.e.

lim sup
n→∞

f(|{n ∈ N : |xn − x0| > yn}|)
f(n)

= 0.

We write it as (stf -ord.)lim xn = x0.

Note 6.2.1. It is obvious that f -statistical order convergence and statistical order

convergence are same when the modulus function is the identity mapping.

Definition 6.2.2. A sequence (xn) in R is said to be f -statistically order bounded

if there exists an order interval [a, b] such that df{n ∈ N : xn /∈ [a, b]} = 0.

Definition 6.2.3. Two sequences (xn), (yn) in R are said to be f -statistically equiv-

alent, if there is a f -dense set A ⊂ N such that xn = yn for every n ∈ A.

Definition 6.2.4. Let x̃ = (xn) be a sequence in R. If (nk) is an infinite strictly

increasing sequence of natural number then x̃′ = (xnk
) is called a subsequence of x̃.

We denote Kx̃′ = {nk : k ∈ N} i.e. the set of indices of the subsequence (xnk
).

x̃′ is called f -dense subsequence of x̃ if Kx̃′ is a f -dense subset of N, i.e. df (Kx̃′) = 1

Theorem 6.2.1. Let (R,+) be a (l)-group and (xn) be a sequence in R. Then

(i) If (xn) is bounded then it is also f -statistically order bounded.

(ii) If (xn) is f -statistically order convergent to x0 ∈ R then it is f -statistically order

bounded.

Proof. (i) Follows from the definition. (ii) Let (xn) be f -statistically order con-

vergent to x0 ∈ R. So, there exists a sequence (yn) in R such that yn ↓ θ and
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df ({n ∈ N : |xn − x0| > yn}) = 0. Chose a = x0 − y1 and b = x0 + y1 then

clearly for this order interval [a, b], df ({n ∈ N : xn /∈ [a, b]}) = 0. Therefore (xn) is

f -statistically order bounded.

Converse of the above theorems is not true in general. Considering the sequence

xn = (−1)n in R we can easily verify it.

Theorem 6.2.2. Let x̃ = (xn) be f -statistical order convergent sequence and x̃′ =

(xnk
) be any subsequence of x̃. Then, x̃′ is f -statistically order bounded.

Proof. Let x̃ = (xn) be f -statistically order converges to x0. Then x̃ is f -statistically

order bounded. Hence we get a order interval [a, b], such that df{n ∈ N : xn /∈

[a, b]} = 0. Now |{nk ∈ N : xnk
/∈ [a, b]}| ≤ |{n ∈ N : xn /∈ [a, b]}|. Hence

df{nk ∈ N : xnk
/∈ [a, b]} = 0. Therefore x̃′ is f -statistically bounded.

In statistical convergence, we see that every subsequence of a statistical conver-

gent sequence may not be statistical convergent. One can see the reference [42] for

supporting example. Using the same example we can verify that, every subsequence

of a f -statistically order convergent sequence may not be f -statistically order conver-

gent. The following theorem gives idea about under what condition the subsequences

also be convergent.

Theorem 6.2.3. Let (R,+) be an (l)-group, x̃ = (xn) be a sequence in R and

x̃′ = (xnk
) be a subsequence of x̃ such that lim inf

n→∞

f(|Kx̃′(n)|)
f(n)

> 0. If x̃ is f -

statistically order convergent to x0 ∈ R, then x̃′ is also f -statistically order convergent

to x0.

Proof. Suppose that x̃ = (xn) is f -statistically order convergent to x0. Then, there

exist a sequence (yn) in R such that yn ↓ θ and df{n ∈ N : |xn − x0| > yn} = 0.

Let x̃′ = (xnk
) be a subsequence of x̃ such that lim inf

n→∞

f(|Kx̃′(n)|)
f(n)

> 0 holds.

Now {nk ∈ N : |xnk
− x0| > ynk

} ⊆ {n ∈ N : |xn − x0| > yn}.
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Thus, we can write following inequalities

|{nk ∈ N : |xnk
− x0| > ynk)}|

f(|Kx̃′(n)|)
≤ |{n ∈ N : |xn − x0| > yn}|

f(|Kx̃′(n)|)
.

Now we know from [42] that, for any two sequences (αn) and (βn) of non-negative real

numbers with 0 ̸= lim inf
n→∞

αn < ∞, we have (lim inf
n→∞

αn)(lim sup
n→∞

βn) ≤ lim sup
n→∞

αnβn.

Now taking αn =
f(|Kx̃′ (n)|)

f(n)
and βn = |{n∈N:|xn−x0|>yn}|

f(|Kx̃′ (n)|)
and using first inequality

with the given condition, we easily conclude that

lim sup
n→∞

|{nk ∈ N : |xnk
− x0| > ynk

}|
f(|Kx̃′(n)|)

= 0,

holds. Hence x̃′ is f -statistically order convergent to x0.

Theorem 6.2.4. Let x̃ = (xn) and ỹ = (yn) be two f -statistically equivalent se-

quences in an (l)-group (R,+) and K be a subset of N such that,

0 < lim sup
n→∞

f(n)

f(|K(n)|)
< +∞. If x̃′ = (xnk

) and ỹ′ = (ynk
) are subsequences of x̃, ỹ

respectively such that Kx̃′ = Kỹ′ = K, then x̃′ and ỹ′ are f -statistically equivalent.

Proof. Let x̃ = (xn) and ỹ = (yn) be two f -statistically equivalent, so there exists a

f -dense set M ⊂ N such that xn = yn for all n ∈ M. Equivalently,

lim sup
m→∞

f(|{n ∈ N : xn ̸= yn and n ≤ m}|)
f(m)

= 0,

holds. We want to prove that x̃′ and ỹ′ are f -statistically equivalent, i.e. xnk
= ynk

for all nk ∈ M with df (M) = 1. Equivalently we have to show that,

lim sup
m→∞

f(|{nk ∈ K : xnk
̸= ynk

and nk ≤ m}|)
f(|K(m)|)

= 0.

Now, for any m ∈ N, we have

{nk ∈ K : xnk
̸= yn(k) and nk ≤ m} ⊆ {n ∈ N : xn ̸= ynand n ≤ m}
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So for any unbounded modulus function f , we have

lim sup
m→∞

f(|{nk ∈ K : xnk
̸= ynk

and nk ≤ m}|)
f(|K(m)|)

≤ lim sup
m→∞

f(|{n ∈ N : xn ̸= yn and n ≤ m}|)
f(|K(m)|)

≤ lim sup
m→∞

f(|{n ∈ N : xn ̸= yn and n ≤ m}|)
f(m)

. lim sup
m→∞

f(m)

f(|K(m)|)

Now, x̃ = (xn) and ỹ = (yn) are f -statistically equivalent sequences in R and

0 < lim sup
n→∞

f(n)

f(|K(n)|)
< +∞, we get

lim sup
m→∞

f(|{nk ∈ K : xnk
̸= ynk

and nk ≤ m}|)
f(|K(m)|)

= 0.

Hence x̃′ and ỹ′ are f -statistically equivalent.

6.3 dg-statistical order convergence

The concept of statistical order convergence was introduced in [60]. In a similar

way we define statistical order convergence in (l)-group as follows:

Definition 6.3.1. Let (R,+) be an (l)-group. A sequence (xn) in R is said to

be statistically order convergent to x0 ∈ R if there exists a sequence (yn) in R

such that yn ↓ θ (i.e. (yn) is decreasing sequence and converges to θ) and a set

K = {n1 < n2 < ...} ⊂ N with d(K) = 1 such that | xn − x0 |≤ yn for every

n ∈ K. In this case we have d{n ∈ N :| xn−x0 |> yn} = 0.We write it symbolically

as xn
st.ord.−−−−−→ x0.

Let g : N → [0,∞) be a function with limn→∞ g(n) = ∞ and limn→∞
n

g(n)
̸= 0.

The density of weight g was defined in [7] by the formula,

dg(A) = lim sup
n→∞

card(A ∩ [1, n])

g(n)
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for A ⊆ N. Using the weighted density we define the weighted statistical order

convergence as follows:

Definition 6.3.2. Let (R,+) be an (l)-group. A sequence (xn) in R is said to be

statistical order convergent of weight g or dg-statistically order convergent to x0 ∈ R

if there exists a sequence (yn) in R such that yn ↓ θ and dg{n ∈ N :| xn − x0 |>

yn} = 0. We write it symbolically as xn
dg−st.ord.−−−−−−−→ x0.

Definition 6.3.3. A sequence (xn) in R is said to be dg-statistically order bounded

if there exists an order interval [a, b] such that dg{n ∈ N : xn /∈ [a, b]} = 0

From the above definitions we can easily conclude that:

Theorem 6.3.1. Let R be an (l)-group and (xn) be any sequence in R:

i. if (xn) is order bounded, then it is dg-statistically order bounded.

ii. if (xn) is dg-statistically order convergent , then it is dg-statistically order bounded.

Proof. i. Let (xn) be an order bounded sequence in R, so there exists an order interval

[a, b] such that a ≤ xn ≤ b for all n. This implies dg{n ∈ N : xn /∈ [a, b]} = 0.

Hence xn is dg-statistically order bounded.

ii. Let (xn) is dg-statistically order convergent then there exists sequence (yn) in

R such that dg{n ∈ N : |xn − x0| > yn} = 0. Now chose a := inf
n∈N

{x0 − yn}

and b := sup
n∈N

{yn + x0}. Clearly for this a, b we get order interval [a, b] for which

dg{n ∈ N : xn /∈ [a, b]} = 0. Hence (xn) is dg-statistically order bounded.

Theorem 6.3.2. Let R be an (l)-group and (xn) be dg-statistically order bounded

sequence in R. Then, xn = an + bn, where (an) is order bounded sequence and

dg{n ∈ N : bn ̸= θ} = 0.

Proof. Let (xn) be dg-statistically order bounded sequence in R. Then, there exists

an order interval [a, b] such that dg{n ∈ N : xn /∈ [a, b]} = 0. Now, we define,

an :=

xn if xn ∈ [a, b]

θ otherwise.
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and

bn :=

θ if xn ∈ [a, b]

xn otherwise.

then clearly from the construction xn = an + bn, where (an) is order bounded, and

dg{n ∈ N : bn ̸= θ} = 0.

Theorem 6.3.3. Let (xn), (yn), (zn) be sequences in R such that xn ≤ yn ≤ zn for

all n ∈ N. If xn
dg−st.ord.−−−−−−−→ x0, and zn

dg−st.ord.−−−−−−−→ x0, then yn
dg−st.ord.−−−−−−−→ x0

holds.

Proof. Given that xn
dg−st.ord.−−−−−−−→ x0 and zn

dg−st.ord.−−−−−−−→ x0, so there exists order

sequence (pn) and (qn) such that dg{n ∈ N : |xn − x0| > pn} = 0 and dg{n ∈ N :

|zn − x0| > qn} = 0. That is |xn − x0| ≤ pn and |zn − x0| ≤ qn for almost all

n . Now clearly pn + qn is also a order sequence and |yn − x0| ≤ pn + qn. Hence

dg{n ∈ N : |yn − x0| > pn + qn} = 0. So, yn
dg−st.ord.−−−−−−−→ x0.

From the definition of dg-statistically order boundedness the following theorem is

obvious:

Theorem 6.3.4. Let (xn) be a dg-statistically order bounded sequence in (l)-group.

Then, every subsequence of (xn) which is dense in (xn) is also dg-statistically order

bounded.

Definition 6.3.4. A set M ⊂ N is said to be dg-dense subset of N if dg(M
c) = 0.

Definition 6.3.5. If (nk) is an strictly increasing sequence of natural numbers and

x̃ = (xn) be a sequence in R , then we write x̃′ = (xnk
) be a subsequence of x̃ and

Kx̃′ = {nk : k ∈ N}. A subsequence x̃′ is called an dg-dense subsequence of x̃, if

Kx̃′ is an dg-dense subset of N.

For a dg-statistically order convergent sequence, there exist some subsequence

which may not be dg-statistically order convergent. Then the obvious question is
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which subsequence will be dg-statistically order convergent ? The following theorem

gives the answer.

Theorem 6.3.5. Let (R,+) be a (l)-group, let x̃ = (xn) be sequence in R and

let x̃′ = (xnk
) be a subsequence of x̃ such that lim inf

n→∞

g(|Kx̃(n)|)
g(n)

> 0. If x̃ is

dg-statistically order convergent to x0 ∈ R, then x̃′ is also dg-statistically order

convergent to x0.

Proof. Suppose that x̃ = (xn) is dg-statistically order convergent to x0. Then there

exist e sequence (yn) in R such that yn ↓ θ and dg{n ∈ N : |xn − x0| > yn} = 0.

let x̃′ = (xnk
) be a subsequence of x̃ such that lim inf

n→∞

g(|Kx̃′(n)|)
g(n)

> 0.

Now {nk ∈ N : |xnk
− x0| > ynk

} ⊆ {n ∈ N : |xn − x0| > yn}.

Thus, we can write,

|{nk ∈ N : |xnk
− x0| > ynk

}|
g(|Kx̃′(n)|)

≤ |{n ∈ N : |xn − x0| > yn}|
g(|Kx̃′(n)|)

.

Now we know for any two sequences (αn) and (βn) of non-negative real numbers

with 0 ̸= lim inf
n→∞

αn < ∞, we have (lim inf
n→∞

αn)(lim sup
n→∞

βn) ≤ lim sup
n→∞

αnβn.

Now taking αn =
g(|Kx̃′ (n)|)

g(n)
and βn = {n∈N:|xn−x0|>yn}

g(|Kx̃′ (n)|)
and using above two

inequalities and the given condition, we easily conclude that

lim sup
n→∞

|{nk ∈ N : |xnk
− x0| > ynk

}|
g(|Kx̃′(n)|)

= 0.

Hence x̃′ is dg-statistically order convergent to x0.

Theorem 6.3.6. Let R be a (l)-group and let x̃ = (xn) be a sequence in R. Then

the following statements are equivalent:

(a) x̃ is dg-statistically order convergent;

(b) Every subsequence x̃′ = (xnk
) of x̃ with lim inf

n→∞

g(|Kx̃′(n)|)
g(n)

> 0 is also dg-

statistically order convergent;

(c) Every dg-statistically dense subsequence x̃′ of x̃ is dg-statistically convergent

provided that g ∈ G is such that 0 < lim inf
n→∞

n

g(n)
< ∞.
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Proof. From theorem 6.3.5, we can say that a ⇒ b. Now let x̃′ = (xnk
) be dg-

statistically dense subsequence of x̃, so Kx̃′ is an dg-dense subset of N. Using the

given condition we can say that

lim sup
n→∞

|{nk ∈ N : |xnk
− x0| > ynk

}|
g(|Kx̃′(n)|)

= 0.

Hence x̃′ is dg-statistically order convergent to x0. So, b ⇒ c. Using Theorem 6.3.5

and the definition 6.3.4 and 6.3.5 we can say c ⇒ a.

Definition 6.3.6. Two sequences x̃ = (xn) and ỹ = (yn) in a (l)-group R are said to

be dg-statistically equivalent if there exist dg-dense subset M of N such that xn = yn

for all n ∈ M . We write it symbolically as x̃ ≍ ỹ.

Lemma 6.3.1. Let R be a (l)-group, and x̃ = (xn), ỹ = (yn) be two sequences

in R. If x̃ is dg- statistically order convergent to x0 and x̃ ≍ ỹ, then ỹ is also dg-

statistically order convergent to x0.

Proof. Since x̃ ≍ ỹ, there is dg-dense set M ⊂ N such that xn = yn for all n ∈ M .

Hence clearly for any sequence (tn) in R with tn ↓ θ we have {n : |yn − x0| > tn} ⊂

M c ∪ {n : |xn − x0| > tn}. Since x̃ is dg- statistically order convergent to x0 so,

dg({n : |xn − x0| > tn}) = 0. Also M is dg-dense i.e. dg(M
c) = 0. This implies

that dg({n : |yn − x0| > tn}) = 0. Hence ỹ is also dg- statistically order convergent

to x0.

Lemma 6.3.2. Let R be a (l)-group and x̃ = (xn), ỹ = (yn) be two sequences in R

such that x̃ ≍ ỹ (dg-statistically). IfK is a subset of N such that lim inf
n→∞

g(|K(n)|)
g(n)

>

0 and if x̃′ = (xnk
) and ỹ′ = (ynk

) are subsequences of x̃, ỹ respectively such that

Kx̃′ = Kỹ′ = K then the relation x̃′ ≍ ỹ′ (dg-statistically) is true.

Proof. The proof is similar to the usual case with some trivial modification and so

we omit it.

Theorem 6.3.7. Let R be a (l)-group and x̃ = (xn) be dg-statistically order con-

vergent to x0. Suppose that x̃′ = (xnk
) is a subsequence of x̃ for which there are
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ỹ = (yn) and ỹ′ = (ynk
) subsequences of ỹ such that (i) x̃ ≍ ỹ (dg-statistically) and

Kx̃′ = Kỹ′ . (ii) ỹ
′ is not dg-statistically order convergent. Then lim inf

n→∞

|Kx̃′(n)|
g(n)

= 0

provided that g : N → [0,∞) satisfying the inequalities 0 < lim inf
n→∞

n

g(n)
and

lim sup
n→∞

n

g(n)
< ∞.

Proof. If possible suppose that lim inf
n→∞

|Kx̃′(n)|
g(n)

> 0. Then

lim inf
n→∞

g(|Kx̃′(n)|)
g(n)

≥ (lim inf
n→∞

g(|Kx̃′(n)|)
|Kx̃′(n)|

)(lim inf
n→∞

|Kx̃′(n)|
g(n)

) > 0.

Let ỹ = (yn) be a sequence in R and ỹ′ = (ynk
) be a subsequence of ỹ such

that (i) and (ii) holds. Then we have Kx̃′ = Kỹ′ and x̃ ≍ ỹ (dg-statistically).

Thus it follows from Lemma 6.3.2 that x̃′ ≍ ỹ′ (dg-statistically). Now as x̃ = (xn)

be dg-statistically order convergent to x0 and lim inf
n→∞

g(|Kx̃′(n)|)
g(n)

≥ 0, by applying

Theorem 3.10 we conclude that x̃′ is also dg-statistically convergent to x0. Since

x̃′ ≍ ỹ′ (dg-statistically), by Lemma 3.1, ỹ′ is also dg-statistically convergent to x0.

Which contradicts (ii). Hence lim inf
n→∞

|Kx̃′(n)|
g(n)

= 0.

Theorem 6.3.8. Let R be a (l)-group and x̃ = (xn), ỹ = (yn) be two sequences in

R. If x̃ is dg-statistically order bounded and x̃ ≍ ỹ , then ỹ is also dg-statistically

order bounded.

Proof. Let x̃ = (xn) is dg-statistically order bounded then there exists an order

interval [a, b] such that dg{n ∈ N : xn /∈ [a, b]} = 0. As x̃ ≍ ỹ, there exist dg-dense

subset M of N such that xn = yn for all n ∈ M . Equivalently dg{n ∈ N : xn ̸=

yn} = 0. Now {n ∈ N : yn /∈ [a, b]} ⊆ {n ∈ N : xn ̸= yn} ∪ {n ∈ N : xn /∈ [a, b]}.

This implies dg{n ∈ N : yn /∈ [a, b]} = 0. Hence ỹ′ is also dg-statistically order

bounded.

Note 6.3.1. Let R be a (l)-group and x̃ = (xn) be a sequence in R. If every

subsequence x̃′ = (xnk
) of x̃ with lim inf

n→∞

g(|Kx̃′(n)|)
g(n)

> 0 is dg-statistically order

bounded then x̃ must be dg-statistically order bounded.
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Theorem 6.3.9. Let x̃ = (xn) be a dg-statistically order bounded sequence in a

(l)-group R. Then the sequence x̃ has at least one order bounded subsequence.

Proof. As x̃ = (xn) is a dg-statistically order bounded sequence in a (l)-group R,

then there exists an order interval [a, b] in R such that dg{n ∈ N : xn /∈ [a, b]} = 0.

Let A = {n ∈ N : xn ∈ [a, b]} and B = {n ∈ N : xn /∈ [a, b]}, then dg(A) = 1

and dg(B) = 0. Let n1 ∈ N be the minimal element of A and xn1 ∈ [a, b]. Since

dg(A) = 1, it can be chosen n2 ≥ n1 such that n2 is the minimal element of

the set {n : n > n1, n ∈ A} satisfying xn2 ∈ [a, b]. Continuing this process,

after k-th step we can chose nk ≥ nk−1 which is the minimal element of the set

{n : n > nk−1, n ∈ A} such that xnk
∈ [a, b]. So we obtain a non-decreasing

sequence nk such that x̃′ = (xnk
) is the subsequence of x and satisfying xnk

∈ [a, b]

for all nk ∈ N. So the subsequence x̃ is order bounded.

So, Every dg-statistically order bounded sequence in a (l)-group has at least one

order bounded subsequence.

————————————————
The matter of this chapter is based on the following research paper:

Sudip Kumar Pal, Sagar Chakraborty, Some Further Results On Order
Convergence of Sequences in (l)-groups, Southeast Asian Bulletin of Math-
ematics, Accepted, (ESCI )
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7.1 Introduction

Very recent time some applications of ideal convergence was studied in Riesz

spaces [3]. In 2012, Boccuto and others introduced some important ideas in (l)-

group [12]. They extend the idea of I-convergence, namely, order convergence,

order Cauchy condition. Continuing the same direction, in present chapter in first

we introduce the notion of f -statistical relative order convergence which are more

general than the previous. We examine some of its consequences. We will adopt

the definitions and notations in [54] and studying some results of [3, 12, 25, 53] in

(l)-group context. One can see [5, 6, 8, 9] for more works in this direction where

many more references can be found.

The aim of the second section is to continue the investigation discussed in

[22, 23, 63] and study similar problems in more general form. We also deal with

some generalized relative order convergence notion and f -statistical uniform Cauchy

criterion in (l)-groups context. Further we study some properties of dg-(e)uniform

pre-Cauchy sequence.
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7.2 f-statistical relative order convergence

Using f -density we can generalize the notion of statistical relative order conver-

gence in (l)-group. We call it f -statistical relative order convergence. Throughout

this discussion f denotes unbounded modulus function and ♯A denotes the cardinality

of the set A, we use this symbol to overcome the confusion with usual modulus, as

both are used in this chapter.

Definition 7.2.1. Let e ∈ R+. A sequence (xn) in R is said to be converges e-

uniformly to x0 ∈ R if there exists a sequence (yn) in R such that yn ↓ θ with yn ≥ θ

and |xn − x0| ≤ e · yn, for all n.

We say that a sequence (xn) in R converges relatively uniformly to x0 ∈ R if it

is converges e-uniformly to x0 for some e ∈ R+.

Definition 7.2.2. Let e ∈ R+. A sequence (xn) in R is said to be f -statistical

e-order convergent to x0 ∈ R if there exists a sequence (yn) in R such that yn ↓ θ

with yn ≥ θ and df ({n ∈ N : |xn − x0| > e · yn}) = 0.

i.e.

lim sup
n→∞

f(♯{n ∈ N : |xn − x0| > e · yn})
f(n)

= 0.

We say that a sequence (xn) in R converges f -statistical relatively order conver-

gent to x0 ∈ R if it is f -statistical e-order convergent to x0 for some e ∈ R+.

Note 7.2.1. f -statistical relatively order convergence and statistical order conver-

gence coincide when we take e = I (identity element with respect to the operation)

and the modulus function as the identity mapping.

In the line of [63], a characterization result for f -statistical e-order convergent

sequences is as follows:

Theorem 7.2.1. Let R be a (l)-group and e ∈ R+. Any sequence (xn) in R is

f -statistical e-order convergent to x0 ∈ R if and only if there exist a sequence (yn)

in R such that yn ↓ θ with yn ≥ θ such that |xn − x0| ≤ e · yn for a.a.n.

80



Chapter 7 Generalized Order convergence in (l)-group

Theorem 7.2.2. Let (xn) be a f -statistical relative order convergent sequence in R.

Then (xn) is f -statistically order bounded.

Proof. Let (xn) be a f -statistical relative order convergent to x0 ∈ R. Hence there

exist e ∈ R+ and a sequence (yn) in R with yn ↓ θ and yn ≥ θ such that df ({n ∈

N : |xn − x0| > e · yn} = 0. Choose a = x0 − e · yn and b = x0 + e · yn, then

clearly for the order interval [a, b], df{n ∈ N : xn /∈ [a, b]} = 0. Therefore (xn) is

f -statistically order bounded.

In usual cases every subsequence of a convergent sequence must be convergent.

But in statistical convergence, this is not true in general. From the following example

it is clear that a subsequence of a f -statistical relative order convergent sequence need

not be f -statistical relative order convergent.

Example 7.2.1. Let us consider the following sequence in R defined as, for n ̸=

k2(k ∈ N) take, xn = 1
n
otherwise, xn = n. Then (xn) is f -statistical relatively

order convergent to 0. But the subsequence (xk2)k∈N is not order bounded, hence

not f -statistical relative order convergent.

In the following theorem we show that every subsequence of a f -statistical relative

order convergent sequence must be f -statistically order bounded.

Theorem 7.2.3. Let (xn) be a f -statistical relative order convergent sequence and

(xn(k)) be any subsequence of (xn). Then (xn(k)) is f -statistically order bounded.

Proof. Let (xn) be a f -statistical relative order convergent to x0. Then the sequence

(xn) is f -statistically order bounded. Hence we get an order interval [a, b], such that

df{n ∈ N : xn /∈ [a, b]} = 0. Now, |{n(k) ∈ N : xn(k) /∈ [a, b]}| ≤ |{n ∈ N : xn /∈

[a, b]}|. Thus df{n(k) ∈ N : xn(k) /∈ [a, b]} = 0. Therefore (xn) is f -statistically

bounded.

In the following theorem we will discuss under what condition the subsequence is

also convergent.
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Theorem 7.2.4. Let x = (xn) be a sequence in R and let x̃ = (xn(k)) be a

subsequence of x, with lim inf
n→∞

f(♯Kx̃(n))

f(n)
> 0. If x is f -statistical e-order convergent

to x0 ∈ R, then x̃ is also f -statistical e-order convergent to x0.

Proof. Suppose that x is f -statistical e-order convergent to x0. Then there exist

a sequence (yn) in R with yn ↓ θ and yn ≥ θ such that df{n ∈ N : |xn − x0| >

e · yn} = 0. Let x̃ = (xn(k)) be a subsequence of x such that lim inf
n→∞

f(♯Kx̃(n))

f(n)
> 0.

Now {n(k) ∈ N : |xn(k) − x0| > e · yn(k)} ⊆ {n ∈ N : |xn − x0| > e · yn}.

Thus we can write,

♯{n(k) ∈ N : |xn(k) − x0| > e · yn(k)}
f(♯Kx̃(n))

≤ ♯{n ∈ N : |xn − x0| > e · yn}
f(♯Kx̃(n))

.

Again we know for any two sequences (αn) and (βn) of non-negative real numbers

with 0 ̸= lim inf
n→∞

αn < ∞, we have (lim inf
n→∞

αn)(lim sup
n→∞

βn) ≤ lim sup
n→∞

αnβn.

Now, taking αn = f(♯Kx̃(n))
f(n)

and βn = {n∈N:|xn−x0|>e·yn}
f(♯Kx̃(n))

and using above two

inequalities with the given condition, we can easily conclude that

lim sup
n→∞

♯{n(k) ∈ N : |xn(k) − x0| > e · yn(k)}
f(♯Kx̃(n))

= 0.

Hence x̃ is f -statistical e-order convergent to x0.

Theorem 7.2.5. Let (xn) be a sequence in R and e ∈ R+. The following are

equivalent : (1) (xn) in R is f -statistical e-order convergent to x0 ∈ R.

(2) There exists a sequence (tn) in R with (xn), (tn) are f -statistically equivalent

and the sequence (tn) converges e-uniformly to x0 ∈ R.

Proof. Let (xn) in R be f -statistical e-order convergent to x0 ∈ R. Then there exists

a subset K = {n(k) : k ∈ N} such that (xn(k)) converges e-uniformly to x0. We set

tn = xn if n ∈ K, otherwise tn = x0. Then clearly (xn) and (tn) are f -statistically

equivalent. Also the sequence (tn) in R converges e-uniformly to x0 ∈ R.
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7.3 Generalized uniform Cauchy sequences

In this section we discuss about the concept of generalized uniform Cauchy se-

quence using f -density and weighted density. First we consider the following defini-

tions.

Definition 7.3.1. Let R be a (l)-group and e ∈ R+. A sequence (xn) in R is said

to be e-uniform Cauchy sequence if for any (yn) in R with yn ↓ θ and yn ≥ θ there

exists a natural number N such that |xn − xm| ≤ e · yn holds for all m,n ≥ N .

We say that a sequence (xn) is uniform Cauchy if it is e-uniform Cauchy for some

e ∈ R+.

Definition 7.3.2. Let e ∈ R+. A sequence (xn) in R is said to be f -statistical

e-uniform Cauchy sequence if for any (yn) in R with yn ↓ θ and yn ≥ θ there exists

a natural number m such that df ({n ∈ N : |xn − xm| > e · yn} = 0.

We say that a sequence (xn) is f -statistical uniform Cauchy if it is f -statistically

e-uniform Cauchy for some e ∈ R+.

Definition 7.3.3. Let (xn) be sequence in R and e ∈ R+. (xn) is said to be dg- (e)

uniform Cauchy sequence if for any (yn) in R with yn ↓ θ and yn ≥ θ there exists a

natural number m such that dg({n ∈ N : |xn − xm| > e · yn} = 0.

We say that a sequence (xn) is dg- uniform Cauchy if it is dg-(e) uniform Cauchy

for some e ∈ R+.

Note 7.3.1. From the definition it is obvious that every e-uniform Cauchy sequence

is also f -statistical e-uniform Cauchy and dg-(e) uniform Cauchy.

Theorem 7.3.1. Let e ∈ R+ and (xn) be a sequence in R. Then (xn) is a f -

statistically e-uniform Cauchy sequence if and only if there exists a subset A =

{n(k) : k ∈ N} of N with df (A) = 1 such that (xn)n∈A is an e-uniform Cauchy

sequence.

Proof. Let there exist a subset A = {n(k) : k ∈ N} of N with df (A) = 1 and

(xn)n∈A be a e-uniform Cauchy sequence. Then for (yn) in R, with yn ↓ θ and
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yn ≥ θ there exists a natural number N0 such that |xn(i) − xn(j)| ≤ e · yn holds

for i, j, n ≥ N0. Now {n(k) ∈ A : k ≥ N0} ⊆ {n ∈ N : |xn − xn(N0)| ≤ e · yn}.

This implies |xn − xn(N0)| ≤ e · yn a.a.n. So for (yn) in R we get a natural number

m = n(N0) such that df (n ∈ N : |xn − xm| > e · yn) = 0. Hence (xn) is a

f -statistically e-uniform Cauchy.

Conversely, let (xn) be a f -statistically e-uniform Cauchy sequence, then for each

(yn) in R, with yn ↓ θ and yn ≥ θ, we get a natural numberm, such that df (Am) = 1,

where Am = {n ∈ N : |xn − xm| ≤ e · yn}. So we get a countable collection Am of

subsets of N such that df (Am) = 1. Hence there exist a set A ⊆ N such that A∖Am

is finite and df (A) = 1. Clearly (xn)n∈A is an e-uniform Cauchy sequence.

A similar result hold for weighted density. We just state the theorem.

Theorem 7.3.2. Let e ∈ R+ and (xn) be a sequence in R. Then (xn) is a dg-(e)

uniform Cauchy sequence if and only if there exists a subset A = {n(k) : k ∈ N} of

N with dg(A) = 1 such that (xn)n∈A is an e-uniform Cauchy sequence.

Theorem 7.3.3. Every monotone f -statistical e-uniform Cauchy sequence in R is

e-uniform Cauchy for some e ∈ R+.

Proof. Let (xn) be an increasing f -statistical e-uniform Cauchy sequence. So we

get a subset A = {n(k) : k ∈ N} of N with df (A) = 1 such that (xn)n∈A is

an e-uniform Cauchy sequence. Then for (yn) in R with yn ↓ θ and yn ≥ θ we

get a natural number N0 such that |xn(i) − xn(j)| ≤ e · yn holds for all i, j ≥ N0.

Now for all m > n > n(N0), if n(k) ≤ n ≤ m ≤ n(k + 1) for some k > N0

we have 0 ≤ xm − xn ≤ xn(k+1) − xn(k) ≤ e · yn. If n(k) ≤ n ≤ n(k + 1) and

n(l) ≤ m ≤ n(l+1) for k, l > N0 then also 0 ≤ xm − xn ≤ xn(l+1) − xn(k) ≤ e · yn.

Hence (xn) is e-uniform Cauchy.

7.4 Generalized pre-Cauchy sequence

In paper [23], the authors introduce statistical pre-Cauchy sequence and also

investigate relationship with Cauchy sequence. In line of [23], [33], [63] we introduce
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dg-uniform pre-Cauchy sequence using weighted density proposed in [7].

Definition 7.4.1. Let R be a (l)-group and e ∈ R+. A sequence (xn) in R is said

to be dg-(e) uniform pre-Cauchy if for any (yn) in R with yn ↓ θ and yn ≥ θ,

lim
n→∞

♯{(i, j) : i, j ≤ n, |xi − xj| > e · yn}
(g(n))2

= 0.

We say that a sequence (xn) in R is dg-uniform pre-Cauchy if it is dg-(e) uniform

pre-Cauchy for some e ∈ R+.

Theorem 7.4.1. Every dg-(e) uniform Cauchy sequence in R is dg-(e) uniform pre-

Cauchy.

Proof. Let (xn) be a dg-(e) uniform Cauchy sequence in R. So there exists a subset

A = {n(k) : k ∈ N} with dg(A) = 1 such that (xn(k)) is e-uniform Cauchy. Then

for (yn) in R with yn ↓ θ and yn ≥ θ, there exists B ⊆ A such that A \ B is finite

and B ×B ⊂ {(i, j) : |xi − xj| ≤ e · yn}.

Now for each n ∈ N, we have

(♯Bn)
2 = ♯{(i, j) ∈ B ×B : i, j ≤ n}.

Hence,
(♯Bn)

2

(g(n))2
≤ ♯{(i, j) : i, j ≤ n, |xi − xj| ≤ e · yn}

(g(n))2
.

Since, limn→∞ dg(Bn) = 1, it follows that

lim
n→∞

|{(i, j) : i, j ≤ n, |xi − xj| ≤ e · yn}|
(g(n))2

= 1.

This ends the proof.

The converse is not true in general [Example 8, [50]].

Theorem 7.4.2. Let R be a (l)-group and e ∈ R+. Also let (xn) be a dg-(e)uniform

pre-Cauchy sequence in R. If (xn) has a subsequence x̃ = (xn(k)) which converges
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(e)-uniformly to x0 ∈ R and lim infn→∞
♯Kx̃(n)
g(n)

> 0 then (xn) converges dg-(e)

uniformly to x0 ∈ R.

Proof. Let (xn) be a dg-(e) uniform pre-Cauchy sequence and x̃ = (xn(k)) converges

(e)-uniformly to x0 ∈ R. Then for (yn) in R with yn ↓ θ and yn ≥ θ, there exists a

A ⊆ Kx̃ such that Kx̃ \A is finite and |xi − x0| ≤ e · yn for all i ∈ A. Now we take

B = {j ∈ N : |xj − x0| > e · yn}.

Then for each n ∈ N we have A(n) = {i ∈ A : i ≤ n, |xi − x0| ≤ e · yn} and

similar result for B(n). As lim infn→∞
♯Kx̃(n)
g(n)

> 0 so, lim infn→∞
♯A(n)
g(n)

> 0. Now

♯A(n)

g(n)

♯B(n)

g(n)
≤ ♯{(i, j) : i, j ≤ n, |xi − xj| > e · yn}

(g(n))2
.

As (xn) is dg-(e) uniform pre-Cauchy sequence in R and using the fact that

lim infn→∞
♯A(n)
g(n)

> 0, taking n → ∞ we get dg(B) = 0 . Hence (xn) converges

dg-(e) uniformly to x0 ∈ R.

7.5 Rough ideal order convergence

In this section we introduce the concept of rough ideal order convergence of

sequences in (l)-group R and we study some results related to it. We first introduce

our main definition:

Definition 7.5.1. A sequence (xn) in R is said to be rough ideal order convergent(r-

I-order convergent) to x ∈ R if there exists an order sequence (yn) with roughness

degree r ∈ R provided {n : |xn − x| ≤ r + yn} ∈ F (I).

In symbol we write it as xn
r−I−order−−−−−−−−→ x in R. We call x as r-I-order limit

of (xn), that is, (r-I-order)limxn = x. Clearly if r = 0, we get the ideal order

convergence. So we always take r > 0.

Example 7.5.1. Let us consider usual order on additive group R. Consider the

sequence xn = (−1)n, n ∈ N. This is a divergent sequence in classical sense. But
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if we take r = 2, and consider the order sequence (yn) as yn = 1
n
, then clearly

xn
2−I−order−−−−−−−−→ x, where x is any real number between −1 and 1.

In usual convergence we see that convergent sequence has unique limit. But in

r-I-order convergence, the case is different. From the above example we see that

r-I-order limit is not unique. For this we define r-I-order limit set. We denote

it by I − LIMrxn. It is evident that (xn) is r-I-order convergent if and only if

I − LIMrxn ̸= ϕ.

Definition 7.5.2. Let (xn) be a sequence in R. Then I − LIMrxn := {x ∈ R :

xn
r−I−order−−−−−−−−→ x}.

For above example I − LIMrxn = (−1, 1).

Definition 7.5.3. A sequence (xn) in R is said to be I-order bounded if there exists

an order interval [a, b] such that {n ∈ N : xn ∈ [a, b]} ∈ F (I).

In usual convergence we see that every convergent sequence is bounded. In r-I-

order convergence the sequence is I-order bounded.

Next we will discuss some properties of r-I-order convergent sequences.

Theorem 7.5.1. Let (xn) be a r-I-order convergent sequence in R. Then (xn) is

I-order bounded.

Proof. Let (xn) be a r-I-order convergent sequence in R. So there exists an order

sequence (yn) with roughness degree r ∈ R such that {n : |xn−x| ≤ r+yn} ∈ F (I).

We know that |xn − x| = (xn − x) ∨ −(xn − x). Choose a = x + r + yn and

b = x − r − yn, then {n ∈ N : xn ∈ [a, b]} ∈ F (I). Hence (xn) is I-order

bounded.

The following two theorems are straightforward. We just sketch the proof.

Theorem 7.5.2. If (r1-I-order) limxn = a and (r2-I-order) lim yn = b then ((r1+

r2)-I-order) lim(xn + yn) = a+ b, where (xn) and (yn) are two sequences in R and

r1, r2 ∈ R.

87



Chapter 7 Generalized Order convergence in (l)-group

Proof. Given, (r1-I-order) limxn = a and (r2-I-order) lim yn = b. Hence for any

order sequence (tn), {n ∈ N : |xn−a| ≤ r1+tn}, {n ∈ N : |yn−b| ≤ r2+tn} ∈ F (I).

Now (xn + yn)− (a+ b) = (xn − a) + (yn − b). Using the basic properties of filter

we can conclude that (r1 + r2)-ord lim(xn + yn) = a+ b.

Theorem 7.5.3. If (xn), (yn), (zn) are three sequences in R such that xn ≤ yn ≤ zn

and (r-I-order) limxn = (r-I-order) lim zn = a then (r-I-order) lim yn = a.

Proof. Given that (r-I-order) limxn = (r-I-order) lim zn = a. So for order se-

quence (tn), A = {n ∈ N : |xn − a| ≤ r+ tn} ∈ F (I) and B = {n ∈ N : |zn − a| ≤

r + tn} ∈ F (I). Now xn ≤ yn ≤ zn implies xn − a ≤ yn − a ≤ zn − a, hence

|yn − a| ≤ |xn − a| + |zn − a|. Thus A ∩ B ⊆ {n ∈ N : |yn − a| ≤ r + tn}. This

ends the proof.

We now have the following theorem whose proof is rather simple.

Theorem 7.5.4. A sequence (xn) in R is (r1 + r2)-I-order convergent to x if there

exists a sequence (yn) in R such that yn
r1−I−order−−−−−−−−−→ x and |xn − yn| ≤ r2.

Proof. Suppose that yn
r1−I−order−−−−−−−−−→ x. Hence for an order sequence (pn), {n ∈

N : |xn − x| ≤ r1 + pn} ∈ F (I). Also |xn − yn| ≤ r2. Which implies {n ∈ N :

|xn − x| ≤ (r1 + r2) + pn} ∈ F (I). Hence (xn) is (r1 + r2)-I-order convergent to

x.

Using the above theorem (taking r1 = 0 and r2 = r > 0) we can get a relation

between r-I-order convergence and order convergence as :

Theorem 7.5.5. A sequence (xn) in R is r-I-order convergent to x if there exists

a sequence (yn) in R such that yn is order convergent to x and |xn − yn| ≤ r.

We see that for our usual convergence limit set contains atmost one point, but

for r-order convergence limit set is not a singleton set. So it is something different

from our classical sense. Now we will study some interesting properties of r-I-limit

set.
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Theorem 7.5.6. For a r-I-order convergent sequence (xn), the set I-LIMrxn is

closed and convex.

Proof. Let (yn) be a sequence in I-LIMrxn which is order convergent to y ∈ R. So

there exists an order sequence (zn) in R such that A = {n ∈ N : |yn − y| ≤ zn} ∈

F (I). Also (yn) is a sequence in I-LIMrxn, so for each m, xn
r−I−order−−−−−−−−→ ym.

Hence there exists an order sequence (wn) such that B = {n ∈ N : |xn − ym| ≤

r + wn} ∈ F (I).

Now for n ∈ A ∩B, |xn − y| ≤ r + (zn + wn).

We know that if A,B ∈ F (I) then A ∩ B ∈ F (I) and sum of two order sequences

is also an order sequence. Which implies y ∈ I − LIMrxn. Hence I-LIMrxn is a

closed set.

To prove I-LIMrxn is convex, first of all, we will prove that if a ∈ I − LIMr1xn

and b ∈ I −LIMr2xn, then (1− t)a+ tb ∈ I −LIM (1−t)r1+tr2xn, for all t ∈ [0, 1]. As

xn
r1−I−order−−−−−−−−−→ a and xn

r2−I−order−−−−−−−−−→ b, so there exist two order sequences (an)

and (bn) such that A = {n ∈ N : |xn − a| ≤ r1 + an} ∈ F (I) and B = {n ∈ N :

|xn − b| ≤ r2 + bn} ∈ F (I). Now xn − (1− t)a− tb = (1− t)(xn − a) + t(xn − b).

From here we can easily conclude that xn
(1−t)r1+tr2)−I−order−−−−−−−−−−−−−−−→ (1− t)a+ tb. That

is (1− t)a+ tb ∈ I − LIM (1−t)r1+tr2xn.

Now putting r1 = r2 = r we easily observe that I − LIMrxn is a convex set.

Theorem 7.5.7. Let (xn) be a sequence in R. Then I − LIMr1xn ⊆ I − LIMr2xn

for r1 < r2.

Proof. Let a ∈ I − LIMr1xn then there exists an order sequence (yn) in R such that

A = {n : |xn − a| < r1 + yn} ∈ F (I). As r1 < r2, this implies r1 + yn < r2 + yn.

Let B = {n : |xn − a| < r2 + yn}. Clearly B ∈ F (I). Hence a ∈ I − LIMr2xn.

I − LIMr1xn ⊆ I − LIMr2xn.

Definition 7.5.4. A sequence (xn) in R is said to be r-I-order Cauchy with rough-

ness degree r, if for each order sequence (yn) there exists m ∈ N such that {n ∈ N :

|xn − xm| ≤ r + yn} ∈ F (I).
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Sometimes we denote the set {n ∈ N : |xn − xm| ≤ r + yn} by r − I −Km
{yn}.

Definition 7.5.5. Let (xn) be a sequence in R. We say that a is an r-I-order

cluster point of (xn) if there exists a subsequence (xn(k)) of (xn) such that (xn(k))

is r-I-order convergent to a.

Theorem 7.5.8. If a sequence (xn) in R is r − I-order convergent then it is 2r-I-

order Cauchy.

Proof. : Given xn
r−I−order−−−−−−−−→ x in R then there exists an order sequence (yn) in R

such that A = {n ∈ N : |xn − x| ≤ r+ yn} ∈ F (I). Then for any fixed m ∈ A and

arbitrary n ∈ A, |xn − xm| ≤ 2r + yn + yn. So (xn) is 2r-I-order Cauchy.

Theorem 7.5.9. For a r-I-order Cauchy sequence (xn), if a is r-I-order cluster

point then (xn) is 2r-I-order convergent to a.

Proof. : Let (xn) be a r-I-order Cauchy sequence with r-I-order cluster point a.

So we get a subsequence (xn(k)) of (xn) such that (xn(k)) is r-I-order convergent

to a. So there exists an order sequence (yn) such that A = {n ∈ N : |xn(k) −

a| ≤ r + yn} ∈ F (I). Also as (xn) is r-I-order Cauchy, so for fixed n(k) ∈ N,

B = {n ∈ N : |xn − xn(k)| ≤ r + yn} ∈ F (I). Now for n ∈ A ∩ B, clearly

|xn − a| ≤ 2r + 2yn. Hence (xn) is 2r-I-order convergent to a.

Theorem 7.5.10. Let (xn) be a r-I-order Cauchy sequence in R. Then for every

order sequence (yn) there exists A ∈ N, where A ∈ F (I) such that |xa − xb| ≤

2r + 2yn, for all a, b ∈ A.

Proof. Let (xn) be a r-I-order Cauchy sequence in R. So for the order sequence

(yn), we get m ∈ N such that A = {n ∈ N : |xn − xm| ≤ r + yn} ∈ F (I).

Now for a, b ∈ A, |xa − xm| ≤ r + yn and |xb − xm| ≤ r + yn. Hence clearly

|xa − xb| ≤ 2r + 2yn.

Theorem 7.5.11. Let (xn) be a r-I-order Cauchy sequence in R. Then for every

order sequence (yn), {m ∈ N : 2r − I −Km
{yn} ∈ I} ∈ F (I).
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Proof. Let (xn) be a r-I-order Cauchy sequence in R. Also let (yn) be any order

sequence. So by the above theorem there exists A ∈ F (I), where A ⊆ N, such that

for all a, b ∈ A, |xa−xb| ≤ 2r+2yn. Letm ∈ N be such that 2r−I−Km
{yn} ∈ I, that

is, {n ∈ N : |xn−xm| ≤ 2r+yn} ∈ I. Now clearly A ⊂ {m ∈ N : 2r−I−Km
{yn} ∈

I}. This ends the proof.

Now the obvious question is what about converse ? For converse part the condi-

tion will be slightly different.

Theorem 7.5.12. Let (xn) be a sequence in R. If for every order sequence (yn),

{m ∈ N : r − I −Km
{yn} ∈ I} ∈ F (I), then (xn) is 2r-I-order Cauchy.

Proof. : Let A = {m ∈ N : r−I −Km
{yn} ∈ I}. By the given condition A ∈ F (I).

Hence A ̸= ϕ . Let p ∈ A, so r−I−Kp
{yn} ∈ I. Which implies {n ∈ N : |xn−xp| ≤

r + yn} ∈ F (I). Hence (xn) is 2r-I-order Cauchy sequence.

This gives some idea about the converse part.

————————————————
The matter of this chapter is based on the following research paper:

Sudip Kumar Pal, Sagar Chakraborty, on certain generalized summability
methods of order convergence in (l)-groups, Journal of Analysis, (Published
online 08 February, 2022) (SCOPUS, ESCI).
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[42] M. Kücükaslan, U. Deger and O. Dovgoshey, On statistical convergence of
Metric valued sequences., Ukr. Math. Zh., 66 No.5, (2014), 796-805.

[43] K. Kuratowski, Topologie I, PWN, Warszowa, 1962.

[44] B. K. Lahiri and P. Das, I and I∗-convergence in topological spaces, Math.
Bohem. 130(2), (2005), 153-160.

[45] B. K. Lahiri, P. Das, I and I∗-convergence of nets, Real Anal. Exchange 33,
431-442, 2007-2008.

[46] W. A. J. Luxemburg, A. C. Zaanen, Riesz Spaces-I, North Holland, Amsterdam,
1971.
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