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Abstract 
 

A rotating disk is considered to be a very important machine component due to its wide 

applications in various fields of engineering and technology. From the perspective of 

operating performance, durability, reliability and safety, a comprehensive knowledge on 

free vibration behaviour of rotating disks is essential for design and analysis of machines 

and instruments involving rotating disks. The coincidence of the free vibration frequency 

of a rotating disk with its rotational speed marks an important event in the dynamics of 

rotating systems. In recent times, the reality of miniaturization has shifted the focus of 

modern scientists and researchers towards the use of micro- and nano-size components in 

different conventional applications of engineering and technology. The theoretical study of 

micro-size structural components including rotating disks has become an emerging 

research area because the experimentation involving micro-size components remain a very 

costly and complicated affair. Moreover, the research area involving the theoretical study 

of micro-size components is considered challenging because the classical continuum 

theories are unable to capture the small-size effect. It is found that the modified couple 

stress theory (MCST), which is a continuum based non-classical theory, is being 

extensively explored by the researchers to investigate the mechanical behaviour of various 

micro-size structural components. Additionally, to have tailor-made material compositions 

for rotating micro-disks, especially in high-temperature applications, a noble family of 

composite materials called functionally graded (FG) materials (FGMs) can be used. In 

FGMs, the continuous variation of the volume fractions of the constituents enables the 

design engineers and scientists to achieve direction-specific properties. For rotating 

machineries, especially those involved in power generation in high-thermal environment, 

increase in the operating temperature is often desirable to increase the thermodynamic 

efficiency and power density of the system. In those applications, the FGMs are two-phase 

composites consisting of a metal phase and a ceramic phase. In such FGMs, the metal 

phase provides the necessary strength and toughness of the overall structure, and the 

ceramic phase provides the necessary thermal resistance in order to make the structure 

suitable for high-temperature application. 

  The research domain to study the free vibration behaviour of rotating micro-disks 

involving non-classical theories is very new, and has many research gaps. Based on these 
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research gaps, the present thesis has been thematized to study the free vibration 

behaviour of rotating bidirectional FGM (BFGM) micro-disks based on the MCST. To be 

specific, the following four problems have been investigated in the present thesis work: 

First problem - Free vibration behaviour of a BFGM annular clamped–free micro-disk, 

which is rotating at constant angular speed, and operating in high-temperature 

environment; Second problem - Free vibration behaviour of a BFGM annular clamped–

free micro-disk, which is rotating at constant angular speed, subjected to uniform 

transverse pressure, and operating in high-temperature environment; Third problem - 

Free axisymmetric bending vibration behaviour of a BFGM annular clamped–free 

micro-disk, which is rotating at constant angular speed, subjected to uniform transverse 

pressure, and operating in high-temperature environment; Fourth problem - Free 

vibration and static buckling behaviours of a BFGM annular micro-disk under different 

boundary conditions, which is rotating at constant angular speed, and operating in high-

temperature environment.  

 The present mathematical model is displacement based. It is formulated using 

Kirchhoff plate theory coupled with von Kármán nonlinearity for circular plates using 

polar coordinates. The small size-effect in the micron level is addressed within the 

framework of the MCST, and assuming linear elastic material behaviour. The micro-disk 

is assumed to be FG along the radial and thickness directions, and hence it is termed as a 

BFGM micro-disk. The thermal effect due to high-temperature operating environment has 

been incorporated into the mathematical model through thermo-elastic constitutive 

relations. The mechanical properties of the FGM constituents are considered temperature-

dependent based on Touloukian model. The effective material properties of the BFGM 

material are calculated using the rule-of-mixtures (Voigt model). The problem is 

formulated using two steps. In the first step, the deformed configuration of the BFGM 

micro-disk under time-invariant centrifugal loading, uniform transverse pressure and 

thermal loading is determined. The governing equations for this step are derived using the 

principle of minimum total potential energy. In the second step, the free vibration response 

of the micro-disk about its deformed configuration is determined. The governing equations 

for this step are derived using Hamilton’s principle. The governing equations for both the 

steps are discretized following Ritz method with the help of admissible orthogonal 

functions. The set of governing equations for the first step are nonlinear due to the 

presence von Kármán type nonlinear relations, and is solved employing Broyden’s 

algorithm. The set of governing equations for the second step constitute an eigenvalue 
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problem, and is solved using a standard eigen-solver.  

 A convergence study has been undertaken to decide on the appropriate number of 

functions, required for the Ritz approximation. The validity of the model has been 

established successfully through various comparison studies with the available results in 

the literature. A reasonable volume of numerical results has been generated to investigate 

the effects of a variety of physical parameters such as rotational speed, applied transverse 

pressure, thermal loading, size-dependent thickness, material gradation indices, radius 

ratio and FGM composition. The free vibration response of the BFGM micro-disks has 

been presented for both axisymmetric and asymmetric bending modes as well as for the 

torsional mode. The problem is mainly investigated for clamped-free BFGM rotating 

micro-disks. However, in order to study the effects of different boundary conditions, a 

separate study has also been undertaken for different boundary conditions namely, simply 

supported-simply supported, clamped-simply supported, simply supported-clamped and 

clamped-clamped. While considering different boundary conditions, the critical condition 

leading to static buckling of the micro-disk, when the vibration frequency becomes zero, 

has been identified and reported. Four different metal-ceramic FGM compositions namely, 

Stainless Steel/Silicon Nitride, Stainless Steel/Alumina, Stainless Steel/Zirconia and 

Titanium Alloy/Zirconia have been considered for presentation of results. Three-

dimensional mode-shape plots along with contour plots have also been presented to 

visualize the axisymmetric and asymmetric bending vibration modes as well as the 

torsional vibration mode. 

 The presented formulation is quite general in nature, and can be applied for a wide 

variety of problems, apart from the specific problems of the thesis, by properly adjusting 

certain parameters. That the present model successfully solved the four research problems 

of the thesis clearly justifies the novelty of the model. Additionally, the fact that the model 

can be employed to solve a wide variety of problems related to mechanical behaviour of 

micro-disks/plates is a testament of the robustness of the present model. The problem-

specific results presented as well as the overall summary of the results are new of its kind. 

These results and the corresponding findings will definitely serve as benchmark for further 

study in the domain of dynamics of rotating micro-disks. 
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Chapter 1 

 

 

1.1 Introduction 

A rotating disk is considered to be a very important machine component due to its wide 

applications in various fields of engineering and technology. Rotating disks are commonly 

found in different machines and instruments used in mechanical, aerospace, automotive, civil, 

chemical, marine and bio-medical engineering applications. From the perspective of operating 

performance, durability, reliability and safety, a comprehensive knowledge on mechanical 

behaviour of rotating disks is essential for design and analysis of machines and instruments 

involving rotating disks. The study of mechanical behaviour of rotating disks involves in-

depth knowledge of solid mechanics, theory of elasticity, structural vibration and machine 

dynamics. Hence, this particular topic has become a part of advanced study and research in 

the discipline of mechanical engineering. The literature review presented in subsequent 

sections will reveal the fact that the study on mechanical behaviour of rotating disks has been 

a wide research area for many years. Though the mechanical behaviour broadly involves 

static, dynamic and buckling responses, the knowledge on dynamic behaviour of rotating 

disks is of prime importance due to the complicated influence of time-varying forces in 

presence of rotational motion. Within the ambit of dynamics of rotating disks, study on its 

free vibration behaviour forms a major part. The present thesis primarily involves free 

vibration behaviour of rotating disks. 

 Every structure, having some mass and elasticity, tends to vibrate even with a small 

disturbance. It is known that disturbances in the form of mass imbalance, pressure differential 

of working fluid, foundation flexibility etc. are very common to rotating systems. As a result, 

rotating systems tend to execute free vibration. Hence, for dynamic design of the rotating 

systems involving rotating disks, having prior knowledge of free vibration behaviour of the 

rotating disks is essential. The tasks become challenging for micro-size disks, which 
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supposedly rotate at very high speeds because at high speeds, the effect of the disturbances 

manifests in a complicated manner. To be specific, the coincidence of the free vibration 

frequency of a rotating disk with its rotational speed marks an important event in the 

dynamics of rotating systems. Hence apprehending the complete free vibration behaviour of 

the micro-size rotating disks, in the frequency domain, is important to prevent its catastrophic 

failure. 

 The problem of separation of fiber from matrix of a composite material due to high 

thermal loading was solved by researchers of Japan in mid-1980s in their hypersonic space 

plane project (Yamanouchi et al. (1990)). In that project, they required a thermal shield 

having temperature variation from 2000 K at the outer surface to 1000 K at the inner surface 

within a thickness of 10 mm. Japanese researchers then came up with a novel material called 

functionally graded material (FGM). FGMs form noble composite materials, which have 

material properties that gradually change in the specified direction. In applications with 

challenging working circumstances, such as heat shields for spacecraft, heat exchanger tubes, 

biomedical applications, flywheels, plasma facings for fusion reactors etc., FGMs offer a lot 

of promise. It is possible to implement different combinations of the often-incompatible 

functionalities to develop novel FGMs. Presently the use of FGMs in various structural 

applications is on the rise. FGMs are composites that are made of two or more constituent 

materials in such a way that the volume fractions of the constituents’ may be varied smoothly 

and continuously in desired direction(s) of the volume. Eliminating the interfacial stress 

discontinuities at the intersection of two separate materials in traditional composites is the 

main goal of creating FGMs. FGMs are preferred over conventional composites, especially in 

high-temperature applications. This is because the problem of interfacial stress discontinuity 

of conventional composites, especially in high-temperature applications, is mitigated in FGMs 

by smooth and continuation variation of volume fractions. In FGMs, the continuous variation 

of volume fractions of the constituents enables the design engineers and scientists to achieve 

direction-specific properties. For rotating machineries, especially those involved in power 

generation in high-thermal environment, increase in the operating temperature is often 

desirable to increase the thermodynamic efficiency and power density of the system. In those 

applications involving high-temperature environment, the FGMs are two-phase composites 

consisting of a metal phase and a ceramic phase. In such FGMs, the metal phase provides the 
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necessary strength and toughness of the overall structure and the ceramic phase provides the 

necessary thermal resistance in order to make the structure suitable for high-temperature 

application (Reddy and Chin (1998)). An FGM, for which the material gradations are 

provided in two directions are called bidirectional FGM (BFGM). The rotating disks used in 

the present thesis for the study of its free vibration are considered to be made of metal-

ceramic BFGM.  

 Usage of micro- and nano-size components has now become a reality due to 

remarkable advancements in micro- and nano-fabrication technologies over the last few years. 

The reality of miniaturization has shifted the focus of modern scientists and researchers 

towards the use of micro- and nano-size components in different conventional applications of 

engineering and technology. The potential advantages of miniaturization are being considered 

and explored for micro-CHP (combined heat and power) systems, power-MEMS (micro-

electro-mechanical systems), micro-propulsion systems, micro-machining devices, micro-

energy harvesters, miniaturized robots, and various other micro-scale distributed generation 

systems and rotating machineries, where micro-size gas-turbines, steam-turbines, wind-

turbines, compressors, pumps etc. are found (Epstein and Senturia (1997); Jacobson and 

Epstein (2003); Zhang et al. (2013); Schneider et al. (2014); Kim et al. (2015); Kim and Yoon 

(2016); Amrani et al. (2018); Akour et al. (2018); Giostri et al. (2020); Adamou et al. (2021)). 

In all these systems, micro-size rotating disks form a major component. The different 

dimensions of the BFGM rotating disks used in the present thesis are in the order of 

micrometer. 

 With the increasing need of miniaturization, scientists and researchers have recently 

become interested to conduct theoretical investigation on the mechanical behaviour of micro-

size components including the rotating disks. The research area involving theoretical study of 

micro-size structural components is becoming even more demanding as the experimentation 

involving micro-size components remain a very costly and complicated affair. However, the 

theoretical study of micro-size components is a challenging and emerging research area 

because the classical continuum theories are unable to capture the small-size effect. There are 

experimental evidences (Lam et al. (2003); Liu et al. (2008); Tang and Alici (2011a); Tang 

and Alici (2011b); Liebold and Muller (2016); Lei et al. (2016); Li et al. (2019)) which show 



  4

that the classical continuum theories cannot predict the actual behaviour of micro-size 

components due to the absence of length scale parameters in those theories. The recent trends 

of miniaturization have led to the development of different continuum based non-classical 

theories that contain additional length scale parameter(s) to account for the size-effect. The 

notable fundamental theories behind the development of these non-classical theories are 

couple stress theory (Mindlin and Tiersten (1962); Toupin (1962); Koiter (1964)), micro-polar 

theory (Eringen (1967)), surface elasticity theory (Gurtin and Murdoch (1978)), nonlocal 

elasticity theory (Eringen (1983)) and strain gradient theory (Fleck et al. (1994); Fleck and 

Hutchinson (1997); Fleck and Hutchinson (2001)). Based on the couple stress theory, Yang et 

al. (2002) proposed a modified couple stress theory (MCST) that involves only one material 

length scale parameter, and thus simplified the treatment of size-effect for micro-size 

structural elements. The literature survey reveals that the MCST is the mostly used continuum 

based non-classical theory that is being explored by the researchers to investigate the 

mechanical behaviour of micro-size structural components. The MCST is popular among 

other theories because it involves just one material length scale parameter, as contrary to the 

other theories that include several such parameters. Hence, in the present thesis, the free 

vibration behaviour of BFGM rotating micro-disks is investigated using MCST. 

 
Fig. 1.1: BFGM micro-disk. 

 

 The present problem considers a deformable BFGM annular micro-size disk mounted 

on a rigid shaft. The mathematical model is displacement based. It is formulated using 
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Kirchhoff plate theory (also called classical plate theory (CPT)) coupled with von Kármán 

nonlinearity for circular plates using polar coordinates. As already mentioned, the small size-

effect in the micron level is addressed within the framework of the MCST, and assuming 

linear elastic material behaviour. The micro-disk is considered as functionally graded (FG) in 

the radial and thickness directions, and hence it is termed as a BFGM micro-disk (Fig. 1.1). 

The disk material is pure metallic at the inner radius, and also at the mid-plane. Further, 

moving along from the inner radius towards the outer radius, or moving across from the mid-

plane towards the top or the bottom surface, the disk material becomes less richer in the metal 

constituent and more richer in the ceramic constituent. The thermal effect due to high-

temperature operating environment has been incorporated into the mathematical model 

through thermo-elastic constitutive relations. The mechanical properties of the FGM 

constituents are considered temperature-dependent based on Touloukian model. The effective 

material properties of the BFGM material are calculated using the rule-of-mixtures (Voigt 

model). The formulation of the problem is carried out involving two steps. In the first step, the 

deformed configuration of the BFGM micro-disk under time-invariant centrifugal loading, 

uniform transverse pressure and thermal loading is determined. The governing equations for 

this step are derived using the principle of minimum total potential energy. In the second step, 

the free vibration response of the micro-disk about its deformed configuration is determined. 

The governing equations for this step are derived employing Hamilton’s principle. The 

governing equations in each of these steps are discretized following Ritz technique with the 

help of admissible orthogonal functions. The set of governing equations for the first step are 

nonlinear due to the presence von Kármán type nonlinear relations, and is solved employing 

Broyden’s algorithm. The set of governing equations for the second step constitute an 

eigenvalue problem, and is solved using a standard eigen-solver. A convergence study has 

been undertaken to decide on the appropriate number of functions, required for the Ritz 

approximation. The validity of the model has been established successfully through various 

comparison studies with the available results in the literature. A reasonable volume of 

numerical results have been generated to investigate the effects of a variety of practical 

parameters such as rotational speed, applied transverse pressure, thermal loading, size-

dependent thickness, material gradation indices, radius ratio and FGM composition. The free 
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vibration response of the BFGM micro-disks has been presented for both axisymmetric and 

asymmetric bending modes as well as for the torsional mode. The problem is mainly 

investigated for clamped-free BFGM rotating micro-disks. However, in order to study the 

effects of different boundary conditions, a separate study has also been undertaken for 

different boundary conditions namely, simply supported-simply supported, clamped-simply 

supported, simply supported-clamped and clamped-clamped. While considering different 

boundary conditions, the critical condition leading to static buckling of the micro-disk, when 

the vibration frequency becomes zero, has been identified and reported. 

 

1.2 Literature Review 

The specific research problems of the present thesis have been identified through an extensive 

survey of the existing literature. As mentioned in the preceding section, the present 

mathematical model is based on the circular plate theory. Hence, it is understood that the 

present model is reducible to a conventional circular plate problem. As the present problem 

involves free vibration of the micro-disk under large transverse deflection due to applied 

transverse pressure, it is imperative to conduct literature review of circular micro-/nano-plates 

apart from that of rotating circular disks. The ongoing section on literature review pertaining 

to static and dynamic analyses is segregated into different sub-sections for homogeneous 

circular micro-/nano-plates, FGM circular micro-/nano-plates, homogeneous rotating disks, 

FGM rotating disks, homogeneous rotating micro-/nano-disks and FGM rotating micro-/nano-

disks. 

 

1.2.1 Static and Dynamic Behaviours of Homogeneous Circular Micro-/Nano-Plates 

Static and dynamic analyses of circular plates have been an important research area among 

researchers and scientists for many decades. Theoretical studies on homogeneous circular 

plates (Pardoen (1973); Leissa (1980)) were conducted long before to understand its free 

vibration behaviour. A significant volume of literature related to mechanical behaviour of 

homogeneous circular plates is available. But they are not mentioned here to maintain brevity. 

A nonlocal plate theory was used by Duan and Wang (2007) to investigate the axisymmetric 

bending of micro-/nano-scale circular plates. They presented qualitative and quantitative 

analysis of small-scale effects on deflection, radial moment, circumferential moment and 



Chapter 1 

 

7 

 

shear force. The MCST was used to conduct a micro-scale vibration analysis of micro-plates 

by Jomehzadeh et al. (2011). In this work, the influence of the length scale parameter on the 

natural frequencies of the micro-plates was examined, and numerical findings showed that the 

material size-dependence led to an increase in the natural frequency. Malekzadeh and 

Farajpour (2012) studied the axisymmetric free and forced vibration behaviours of elastically 

supported (Pasternak type) circular nano-plates under in-plane stresses. In this work, the 

governing equations were formulated by employing Eringen’s nonlocal constitutive equations 

and the CPT. The axisymmetric vibration of a circular nano-plate with clamped edge has been 

studied by Gheshlaghi and Hasheminejad (2013) in the presence of size-dependent surface 

dissipation effects. In this work, the numerical examples revealed that the surface dissipation 

effects increase with increasing mode number.  

 Using the strain gradient theory and Kirchhoff plate theory, the dynamic pull-in 

instability and free vibration behaviours of circular micro-plates loaded by hydrostatic and 

electrostatic forces were studied by Mohammadi et al. (2013). It was found in this work, that 

raising the dimensionless internal length scale parameter or reducing the applied hydrostatic 

pressures results in larger pull-in voltage values. Wang et al. (2013) investigated the large 

amplitude axisymmetric nonlinear free vibration behaviour of size-dependent circular micro-

plates based on the MCST and von Kármán nonlinear theory. In this work, the numerical 

findings show that the MCST-modeled micro-plates create higher stiffness than the classical 

continuum plate theory. The effects of surface stress on the post-buckling and free vibration 

behaviours of axisymmetric circular nano-plates with various edge supports were investigated 

by Ansari et al. (2014). They derived nonlinear equations of motion using Mindlin's plate 

theory in conjunction with the Gurtin-Murdoch elasticity theory. The axisymmetric vibration 

characteristics of a circular graphene sheet ingrained in a polymer matrix and subjected to 

thermo-mechanical stress was discussed by Asemi and Arajpour (2014) considering both 

surface and nonlocal effects. In this work, the model was developed using Gurtin–Murdoch 

continuum elasticity in conjunction with the nonlocal elasticity theory, and Galerkin method 

was used to obtain the vibration frequencies. Thai et al. (2014) carried out a research work 

involving Eringen's nonlocal elasticity theory and sinusoidal shear deformation theory for 
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micro-/nano-scale plates. They studied the effects of small scale and shear deformation on the 

responses of micro-/nano-scale plates.  

 Using the MCST, the static deflection, pull-in instability and resonant frequency for a 

circular micro-plate subjected to capillary force were investigated by Kahrobaiyan et al. 

(2015). This work reveals that when the thickness to length scale parameter ratio of the micro-

plate increases, frequency also increases. Vibration analyses of embedded orthotropic circular 

and elliptical micro-/nano-plates were carried out by Anjomshoa et al. (2015) based on the 

nonlocal elasticity theory and finite element method (FEM). They showed that, for small 

dimensions, the natural frequencies depend on the non-locality of the micro-/nano-plates. 

Based on Eringen’s nonlocal elasticity continuum in conjunction with the Gurtin-Murdoch 

elasticity theory, Sahmani and Bahrami (2015) investigated the dynamic pull-in instability 

and free vibration behaviour of higher-order shear deformable circular nano-plates under 

hydrostatic, electrostatic and surface stress effects. Using the continuum model based on the 

nonlocal elasticity theory Anjomshoa and Tahani (2016) investigated the free vibration 

responses of ingrained orthotropic thick circular and elliptical nano-plates resting on a 

Pasternak type elastic support. In this work, the effects on vibration frequencies of the 

nonlocal parameter, length of nano-plate aspect ratio, mode number, material properties and 

thickness were reported. A modified Kirchhoff plate model were used by Yan (2016) to 

examine the size-dependent bending and vibration characteristics of a clamped piezoelectric 

circular nano-plate. In this work, the effects of flexo-electricity, surface stress and non-local 

elasticity are considered into the formulation. Nonlinear dynamics and stability behaviour of 

an electrically actuated circular micro-plate under differential pressure were investigated by 

Sajadi et al. (2018). This study showed that in presence of a differential pressure, raising the 

DC or AC voltages assist in stabilizing the motion of the micro-plate.  

 Yang et al. (2018) studied the bending of nano-plates with consideration of surface 

effects such as the surface elasticity and surface residual stress. They considered concentrated 

load at the plate center and uniformly distributed load over the plate surface to develop the 

results. The buckling and free vibration of a circular tapered nano-plate subjected to in-plane 

forces were investigated by Zarei et al. (2018a) based on the nonlocal elasticity theory. 

According to their results, increasing the taper parameter generates an increase in the buckling 

load and natural frequencies, and their impacts on the clamped boundary condition were 
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found more than on the simply supported boundary condition. Based on the nonlocal elasticity 

theory, Zarei et al. (2018b) studied the axisymmetric free vibrational characteristics of a 

circular nano-plate with variable thickness. They found that the taper parameter had a 

substantial influence on the non-dimensional frequency. For the bending analysis of micro-

plates under an asymmetric load, a Green's function is created, and the MCST was used by 

Shahrokhi et al. (2019) to predict the behaviour of microstructures with high precision. They 

reported findings for various asymmetric loads, and concluded that the length scale has a 

considerable influence on the bending of micro-plates. The small-size effects on the torsional 

vibration of micro-size rotors for eccentric micro-disks were studied by Jahangiri et al. (2020) 

using the MCST. The effects of the material length scale parameter on the torsional vibration 

frequency and super-harmonic resonance were studied in this work. Using the nonlocal 

elasticity theory, Shishesaz et al. (2020) conducted a research work to explore the small-scale 

influence on the linear free-field vibration of a nano-circular plate. The Ru's surface stress 

elasticity theory and the Gurtin-Murdoch surface elasticity theory were used by Benazouz et 

al. (2022) to explore the nonlinear bending of axisymmetric circular nano-plates. They 

presented an analytical method to determine static deflections, moments and membrane forces 

within the purview of circular thin nano-plates. 

 

1.2.2 Static and Dynamic Behaviours of FGM Circular Micro-/Nano-Plates 

Employing the MCST, Reddy and Berry (2012) developed mathematical models based on the 

classical and first-order plate theories for nonlinear axisymmetric bending of FG circular 

micro-plates. They concluded that the models could be used to develop analytical solutions of 

bending, buckling, and free vibration responses for axisymmetric formulation of circular 

mico-plates. Ke et al. (2012) investigated the bending, buckling and free vibration of annular 

micro-plates made of FGMs using the MCST and the Mindlin plate theory. They studied the 

effects of the length scale parameter, gradient index and inner-to-outer radius ratio on the 

bending, buckling and vibration properties of the FGM micro-plates with hinged-hinged and 

clamped-clamped boundary conditions. The mechanical behaviour of an FGM circular micro-

plate exposed to nonlinear electrostatic pressure and mechanical shock was investigated by 

Sharafkhani et al. (2012). In this work, a step-wise linearization approach and a Galerkin-
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based reduced order model were used to investigate the nonlinear static and dynamic 

problems. Employing Mindlin plate theory, the free vibration behaviour of thick circular FG 

nano-plates was carried out Hosseini-Hashemi et al. (2013) using Eringen’s nonlocal 

elasticity theory and employing an exact analytical technique. The impacts of several 

parameters including the radius of the nano-plate, support conditions, material qualities and 

nonlocal parameter on the natural frequencies were presented in this work. Using the finite 

difference method, the buckling behaviour of solid circular and annular nano-plates under 

uniform compression have been studied by Ravari and Shahadi (2013) for a variety of 

boundary condition combinations. In this work, the effects of nonlocal parameter and plate 

size have been explored for each set of boundary conditions. Based on the MCST, Mindlin 

plate theory, and von Kármán geometric nonlinearity, a non-classical micro-plate model was 

proposed by Ke et al. (2013) for the axisymmetric nonlinear free vibration analysis of annular 

micro-plates comprised of FGMs. In this work, the impacts of length scale parameter, volume 

fraction index, inner-to-outer radius ratio, and radius-to-thickness ratio on the nonlinear free 

vibration response of FGM micro-plates were studied.  

 Using the MCST, a non-classical model for circular Mindlin plates subjected to 

axisymmetric loading was investigated by Zhou and Gao (2014). According to the numerical 

findings, the deflection and rotation angle anticipated by the MCST based model were found 

lesser compared to the same indicated by the traditional Mindlin plate theory. Based on the 

MCST, Ahmadi (2015) investigated the free vibration behaviour of annular flexural micro-

plates using higher continuity C2 finite elements. In this work, the sixth-order linear governing 

differential equation, in polar coordinates, has been solved by using its Galerkin weak form. 

Ansari et al. (2015) studied a Mindlin micro-plate model based on a modified strain gradient 

theory to predict axisymmetric bending, buckling, and free vibration properties of 

circular/annular micro-plates made of FGMs. In this work, the effects of the dimensionless 

length scale parameter, volume fraction index and radius-to-thickness ratio on the 

deformation, critical buckling load, and natural frequency of FG circular/annular micro-plates 

were demonstrated numerically. Eshraghi et. al. (2015) studied the static and dynamic 

responses of FG circular micro-plates using the MCST and considering the space variation of 

length scale parameter. They derived the numerical results of the displacement and frequency 

fields using three distinct plate theories: Kirchhoff plate theory, Mindlin plate theory and 
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third-order shear deformation theory. In this work, the length scale parameter ratio was shown 

to have a significant influence on the mechanical behaviour of FG annular and circular micro-

plates. Based on the strain gradient theory, Zhang et al. (2015) constructed a size-dependent 

plate model to study axisymmetric bending, buckling, and free vibration analyses of FG 

circular and annular micro-plates using a third-order shear deformation theory. They carried 

out a parametric investigation to evaluate the effects of material length scale, volume fraction 

index, thickness-to-radius ratio, radii ratio, and support conditions on the mechanical 

properties of the micro-plate. An isogeometric model was developed by Ansari and 

Norouzzadeh (2016) to examine the size-dependent buckling behaviours of circular, elliptic, 

and skew nano-plates composed of FGMs. They used Eringen’s nonlocal continuum theory to 

capture the nonlocal effects, and Mori-Tanaka homogenization technique to analyze the 

material properties. In this work, the free surface energy was found to have a considerable 

impact on the buckling configuration of nano-plates at small scale.  

 Based on the MCST, Ashoori and Vanini (2016a) explored the thermal stability 

behaviour of circular microstructure-dependent FGM plates supported on an elastic medium. 

They studied the impacts of the length scale parameter, gradation index, radii ratio, and elastic 

foundation parameters on the thermal stability properties of FGM plates. Based on MCST, 

Ashoori and Vanini (2016b) conducted a study on the nonlinear thermal stability of 

perfect/imperfect circular size-dependent FG plates, with the concurrent objective of studying 

the snap-through phenomenon in thermally pre-loaded plates under concentrated/uniform 

lateral loads. They considered two different thermal loadings, namely uniform temperature 

rise and heat conduction through the thickness, and two boundary conditions namely, clamped 

and simply supported. Within the context of the nonlocal Mindlin plate theory, Bedroud et al. 

(2016) investigated the buckling analysis of FG circular/annular nano-plates under uniform 

in-plane radial compressive force. They explored the impacts of small scales on the maximum 

buckling load corresponding to the optimal radius of the internal ring support for different 

parameters such as radius and thickness of the FG nano-plate, boundary conditions, mode 

numbers and material qualities. Based on the MCST, Eshraghi et al. (2016) investigated the 

static bending and free vibration responses of thermally loaded FG annular and circular 

micro-plates. They formulated the problems using three plate theories namely, Kirchhoff 
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theory, Mindlin theory and third-order shear deformation theory, and demonstrated influences 

of thermal loading, material and geometric parameters on the static deformation, stress and 

natural vibration frequencies. Employing the MCST, Reddy et al. (2016) developed finite 

element formulations based on Kirchhoff and first-order circular plate theories for nonlinear 

axisymmetric bending of FG micro-plates. They investigated the effects of geometric 

nonlinearity, power law index and microstructure-dependent constitutive relations on the 

bending responses for different boundary conditions.  

 Ji et al. (2017) conducted a comparison study of strain gradient theories and their 

applications to FG circular micro-plates. In this work, the results showed that considering the 

strain gradients into account increases plate stiffness, which leads to less deflection, and an 

increase in the natural frequency. Transverse vibration and thermal buckling of a size-

dependent FG circular micro-plate were examined by Ghadiri et al. (2017) using the MCST 

and CPT for various boundary conditions. They reported the influences of temperature 

fluctuations, changing boundary conditions, length scale parameter, FG index and buckling 

stress on the first and second non-dimensional frequencies of vibration. The nonlocal 

elasticity theory was used by Golmakani and Vahabi (2017) to study the buckling behaviour 

of FG single-layered annular graphene sheets embedded in a Pasternak elastic medium. They 

investigated the effects of small-size, gradation parameter, elastic medium, support 

conditions, buckling mode and geometric parameters on the critical load through a parametric 

study. The numerical study of thermal stability and free vibration of a temperature-dependent 

circular FG porous micro-plate subjected to a nonlinear thermal load was performed by 

Shojaeefard et al. (2017) using the MCST and considering the CPT and FSDT. They 

represented the critical conditions of the plate for variations of porosity, FG power index, 

size-dependency, temperature change and geometrical dimensions. Wang et al. (2017) 

investigated the microstructure-dependent axisymmetric large deflection bending of pressure 

loaded circular micro-plates made of FGMs using the MCST for different boundary 

conditions. They presented and analyzed results for the bending deflection of micro-plates 

with regard to several significant characteristics such as length scale parameter, FGM 

variation, boundary conditions and symmetrical transverse loadings. Employing the MCST, 

the size-dependent thermal buckling and post-buckling behaviours of FG circular micro-plates 

were investigated by Zandekarimi et al. (2018) based on the CPT and von Kármán geometric 
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nonlinearity under uniform temperature rise and clamped boundary condition. In this work, 

the effects of the gradation parameter, length scale parameter, and thickness-to-radius ratio on 

the thermal buckling and post-buckling behaviour were analyzed. The coupled heat 

conduction equation was used to investigate the thermo-elastic damping of FGM circular 

micro-plates by Li et al (2018). The results of ceramic-metal composite FGM circular micro-

plates were provided to illustrate the impacts of the material gradient index, geometry, 

vibration mode-shapes and temperature on the thermo-elastic damping.  

 Norouzzadeh and Ansari (2018) presented a size-dependent investigation of surface 

elasticity and nonlocal elasticity on the free vibration behaviour of circular and rectangular 

FGM nano-plates using the Gurtin-Murdoch and Eringen’s elasticity theories. Several case 

studies have been presented to show the effects of surface characteristics and small-scale 

influences on the vibration behaviour of nano-plates with various boundary conditions. The 

static and dynamic behaviours of inhomogeneous macro- and nano-plates constructed of 

FGMs were investigated by Dastjerdi and Akgöz (2018) using the 3D elasticity theory in 

combination with Eringen's nonlocal theory and considering variation of deflection along the 

thickness. They investigated the effects of some important parameters such as the size of the 

plate, loading, FGM parameters and boundary conditions. Mahinzare et al. (2019) 

investigated the vibration behaviour of circular nano-plates made of functionally graded 

piezoelectric material (FGPM) subjected to rotational and thermal loading using the strain 

gradient theory, nonlocal strain gradient theory, Eringen’s elasticity theory and considering 

first order shear deformation theory (FSDT). It was shown that the vibration behaviour of 

nano-plates was influenced by temperature rise, angular speed, external voltage, FG gradation 

parameter, material length scale parameter and nonlocal parameter. Analysis of axisymmetric 

vibrational behaviour of size-dependent circular nano-plates made of FGM using the integral 

form of the nonlocal strain gradient theory was conducted by Pourabdy et al. (2021). The 

findings of this study can be considered as a pivotal point in the progress of  theoretical results 

toward better prediction of vibration behaviour of nano-structures. The axisymmetric 

vibration behaviour of a size-dependent circular nano-plate made of FGM under various 

boundary conditions was investigated by Shariati et al. (2022). The analysis was carried out 

using the stress-driven model, strain gradient theory and CPT. The findings indicate that this 
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methodology is appropriate for the vibration analysis of such components with a high 

convergence rate. 

 Based on the nonlocal elasticity theory and FSDT, the nonlinear bending analysis of 

bilayer orthotropic annular/circular graphene sheets was investigated by Dastjerdi and 

Jabbarzadeh (2016). Based on the non-local elasticity theory and FSDT, the nonlinear 

bending analysis of multilayer orthotropic annular/circular graphene sheets under thermal 

loading was carried out by Dastjerdi and Jabbarzadeh (2017). They investigated the effects of 

small-scale parameters, the van der Waals interaction between different layers of graphene 

sheets, different elastic foundation matrix values and load for different nonlocal coefficients. 

Using FSDT and modified strain gradient theory, Mohammadimehr et al. (2018) studied the 

bending, vibration and buckling behaviours of micro-composite sandwich circular plates with 

carbon nanotube (CNT) reinforced composite face-sheets under hydro-thermo-magneto-

mechanical loadings. The results were presented to show the influences of the length scale 

coefficient, thermal and moisture effects, magnetic effect, core-to-facesheet thickness ratios 

on the deflection, natural frequency and critical load. Arshid et al. (2021) presented the 

bending and buckling responses of a heterogeneous annular/circular sandwich micro-plates 

mounted on a Pasternak foundation using the FSDT and MCST. In this work, they 

investigated and highlighted the effects of different properties and aspect ratio of the plate. 

 

1.2.3 Static and Dynamic Behaviours of Homogeneous Rotating Disks 

D'Angelo and Mote (1993) predicted the vibration frequencies of a thin spinning disk, 

clamped by thick fraction collars. This study showed that friction and slippage significantly 

affect the disk natural frequency when the disk spins at very high speed. Using Ritz method 

and employing FEM, Shahab (1993) investigated the vibration behaviours of uniform and 

variable thickness disks. He also carried out experimentation on this using holographic 

interferometry. Raman and Mote (1999) investigated the nonlinear response of a circular plate 

subjected to fixed transverse force and rotating near a critical speed of an asymmetric mode 

using von Kármán type field equations. They also conducted a simple experiment to confirm 

the analytical prediction. The transverse vibration behavior of a circular rotating disk was 

analyzed by Manzione and Nayfeh (2001) when the disk was subjected to a space-fixed linear 

spring. They studied the stability characteristics of all the possible interactions among four of 
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the lowest modes. Using Tresca's yield criterion, a static analytical solution is presented by 

Eraslan and Orcan (2002) for an elastic-plastic rotating solid disk of variable thickness. They 

reported that the radial stress at the central portion might exceed the circumferential stress, 

depending on the disk profile. Employing Mindlin plate theory, Eid and Adams (2006) 

investigated the critical speed and the dynamic response of a spinning disk, which is centrally 

clamped and subjected to a stationary load. They presented a combined analytical and 

numerical method to determine the four lowest critical speeds for a clamped-free circular disk 

for various thickness and clamping ratio. Nonlinearly coupled in-plane and transverse 

vibrations for a spinning disk have been carried out by Boddur and Zu (2007) using Galerkin 

method and canonical perturbation approach.  

 Bauer and Eidel (2007) conducted their research on transverse vibration and stability 

analyses of rotating circular plates of uniform thickness for various boundary conditions such 

as clamped, free, guided and simply supported. The dynamic analysis of a rotating annular 

plate was conducted by Meretic and Glavardanov (2008), and they discussed the impact of 

mounting overlap on stability of the rotating plate. Basmal et al. (2009) investigated the in-

plane free vibration of a circular annular isotropic disk using Rayleigh-Ritz method and 

presented the mode-shapes to explain the free vibration behaviour of the disk under different 

boundary conditions. Okuizumi (2009) investigated the vibration behaviour of a rotating 

circular membrane subjected to a transverse distributed load, considering von Kármán theory 

and taking into account buckling under rotationally symmetric deformation. The out-of-plane 

free vibration behaviour of a rotating homogeneous annular disk under uniform transverse 

pressure loading was studied by Das at al. (2010). They employed energy principle to 

formulate the governing equations and presented the results in a non-dimensional plane.  

 The effects of rigid body translational degree-of-freedom on the linear vibration 

behaviour of a disk were investigated by Khorasany and Hutton (2010). In this work, the disk 

is constrained by a space-fixed linear spring whereas the inner boundary is free to move along 

the radial direction. Zhou et al. (2011) conducted a research work on the dynamic behaviour 

of a thin circular and annular disk using the conservation principle of mixed energy and 

constructed in a new symplectic space. In this work, three basic support conditions for 

circular plates and nine basic support conditions for annular plates were studied. Using 
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piezoelectric actuators, the dynamic behaviour of rotating disk structures due to rotor stator 

interaction was studied by Presas et al. (2014). Presas et al. (2015a) analyzed the effect of 

rotation on the natural frequencies and mode-shapes of a disk submerged and confined inside 

a casing filled with water using analytical, numerical and experimental methods. Presas et al. 

(2015b) further investigated the vibration frequencies and mode-shapes of a rotating disk 

from a stationary frame, and showed how frequency and mode-shape changed with the 

change in medium of fluid inside the casing.  

 The nonlinear free vibration of a circular rotating thin plate under clamped support 

condition subjected to a static load in magnetic field was studied by Hu and Wang (2016) 

using Galerkin integral method. Shahriari et al. (2017) conducted free vibration analysis of 

variable thickness rotating bladed disks for aircraft gas turbine considering generalized 

differential quadrature method (DQM). Pei et al. (2018) investigated the dynamic behaviour 

of rotating flexible annular disks under twenty-five different boundary conditions, and 

compared their natural frequency, dynamic stability, critical speed and limit speed. Vibration 

and buckling analyses of a rotating plate were investigated by Yang and Kang (2018) using 

the Ritz method. In this work, the disk was considered annular with free inner edge and 

clamped outer edge, and subjected to compressive centrifugal body force. Tang el al. (2021) 

analyzed the frequency and mode-shape of a rotating-flexible disk-drum structure considering 

Sander's shell and the Kirchhoff plate theory. Koç et al. (2023) conducted their research on 

the dynamic behaviour of spinning annular disks for nine different boundary conditions. They 

employed Galerkin method to solve the governing equations, and investigated the effect of 

radius ratio and rotational speed on the free vibration frequency. 

 

1.2.4 Static and Dynamic Behaviours of FGM Rotating Disks  

Durodola and Attia (2000) investigated the deformation and stress in a rotating hollow and 

solid disks made up of FGM. In this work, FEM and numerical integration were used to 

predict the stress and deformation distribution in the disk. The analytical solution for 

exponential FGM rotating disks with various boundary conditions (Zenkour (2005)) and with 

rigid casing (Zenkour (2007)) were investigated, where the solution obtained was in terms of 

Whittker's function. Chen et al. (2007) investigated the three-dimensional analytical solution 

for a rotating disk made up of FGM, which is transversely isotropic. They  showed that the 
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gradient index has important effect on the elastic deformation. A semi-analytical thermo-

elastic solution of an FGM rotating hollow and solid axisymmetric disk was conducted by 

Kordkheili and Naghdabadi (2007). They presented the effect of radius ratio on stress, strain 

and displacement components under centrifugal and thermal loading.  

 Bayat et al. (2008) analyzed the elastic solution of rotating disks with variable 

thickness for parabolic and hyperbolic profile under free-free and fixed-free boundary 

conditions. Their results showed that the parabolic concave and hyperbolic convergent 

thickness could be more efficient than uniform profile. Bending analysis of rotating FGM 

disks based on the FSDT was conducted by Bayat et al. (2009a), and thermo-elastic analysis 

of FGM disks with temperature-dependent material properties and thickness variation was 

carried out by Bayat et al. (2009b). Employing finite element method, Afsar and Go (2010) 

conducted a thermo-elastic analysis of a thin circular FGM rotating disk which was subjected 

to a thermal load and centrifugal rotation. The analysis of the results reveals that the thermo-

elastic field was influenced by the temperature distribution profile, thickness and angular 

speed of the disk. A broad analysis regarding thermal stress in FGM rotating annular disks 

was conducted by Peng and Li (2010). The result was presented graphically showing the 

effects of temperature difference, rotational speed and thickness of the disk on the distribution 

of thermal stress.  

 Asghari and Ghafoori (2010) addressed a three-dimensional elasticity solution for 

rotating hollow and solid disks made up of FGM. The results showed that there was a 

substantial difference between three-dimensional and two-dimensional solution for thick 

rotating disks. Çallioğlu et al. (2011) studied the stress analysis of annular rotating disks made 

with FGM where the property is varying along the radial direction, and they showed that the 

radial displacement increased gradually as the material gradation index had been increased. 

Using Liao's homotopy analysis, Asomina's decomposition method and variational iteration 

method, a semi-exact elastic solution for a rotating FGM disk with non-uniform thickness and 

thermal loading was conducted by Hassani et al. (2011) to determine the stress and strain 

distribution along radial direction. Free vibration analyses of multidirectional FGM circular 

and annular disks were carried out using the state-space based DQM by Kermani et al. (2012). 
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Non-dimensional frequencies and mode-shapes were shown for different boundary conditions 

in this article. 

 Tutuncu and Temal (2013) investigated the thermo-elastic behaviour of rotating 

variable thickness disk made up of FGM and subjected to non-uniform temperature rise, using 

complimentary function method and fifth-order Runge-Kutta method. Thermo-elastic 

displacements, stresses and strains in a thin rotating circular disk made up of FGM was 

analyzed by Sharma et al. (2013) using FEM. In this work, the effects of Kibel Number on 

stresses, strains and displacements have been discussed. Golmakani and Kadkhodayan (2014) 

studied the axisymmetric bending and stretching behaviour of circular and annular FGM disks 

of variable thickness under thermo-mechanical loading and different boundary conditions. 

Bayat et al. (2014) presented a magneto-thermo-mechanical response of FG magneto-elastic 

material rotating disks with variable thickness for different boundary conditions. The effects 

of magnetic field and grading index on mechanical and thermal stress were explained in this 

article. Kermani et al. (2016) investigated the nonlinear behaviour of stability, rotational 

dynamics and free vibrations of annular spinning disks composed of FGM. The governing 

equations of motion were developed by applying the CPT and von Kármán nonlinear plate 

theory. The results showed the effects of the gradation parameter, rotational speed, thickness-

to-outer radii ratio, inner-to-outer radii ratio and various support conditions on the vibration 

frequencies of the disk. 

 Using elastic-perfectly-plastic material model, Nejad et al. (2014) obtained an exact 

closed-form solution for deformations and stresses of a rotating FGM disk. The results 

showed that density variation had a pronounced influence on the distribution of deformation 

and stress. The stress and displacement for a rotating circular FGM disk with a variable 

rotational speed was investigated by Dai and Dai (2015) with the help of Runge-Kutta 

technique and shooting method to solve ordinary differential equations. They showed that the 

material gradation index and angular speed had major influence on the mechanical behaviour 

of the rotating disks. A semi-analytical technique was used by Dai and Dai (2016) to 

determine the displacement and stress fields in a FGM annular disk, revolving with an angular 

acceleration under varying temperature field. The research results disclose that the values of 

the FGM index, geometric shape, angular speed, temperature and the boundary condition have 

prominent effects on the displacement and stress fields. Zheng et al. (2016) performed a 
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numerical analysis for the stress field in rotating disks made up of FGM with non-uniform 

thickness and varying angular velocity. The influence of the material gradient index on the 

stress field was addressed in this work. They also showed that the thickness profile that was a 

rational function of the radial coordinate produced the best stress field. 

 Jalali et al. (2018) carried out free vibration study of a spinning annular disk formed of 

FGM with variable thickness under clamped and free boundary condition using generalized 

DQM. Bagheri and Jahangiri (2019) used DQM to conduct an in-plane free vibration study of 

FG spinning disks with varying thickness. The impact of the disk's FG index and geometrical 

shape on its natural frequencies and critical speed were explained in this article. A rotating 

porous FG magneto-electro-elastic annular plate with variable thickness in a hygrothermal 

environment was examined by Dai et al. (2019). They used DQM to construct and solve 

steady-state heat conduction and nonlinear moisture diffusion equations. Thermo-elastic 

analysis of axisymmetric bending of FGM rotating disks with and without imperfection was 

presented by Babamiri et al. (2020). In this work, the impacts of material characteristics, 

temperature and imperfection on displacement and stress fields with varying support 

conditions were evaluated numerically. Eldeeb et al. (2021) investigated the influences of 

angular deceleration on the thermo-elasto-plastic behaviours of non-uniform thickness 

multilayer FGM disk. They investigated a series of case studies and addressed the effects of 

many parameters such as the layers and the role of their volume fractions, the deceleration 

rate, kind of behaviour, the thickness profile, and the disk diameters. The displacements, 

stresses and strains for a spinning FGM disk with varying thickness was presented by Sharma 

et al. (2021) using the FEM. Under a power law distribution of material properties, the 

thermo-elastic behaviour of the disk were studied for different non-homogeneity parameters. 

 

1.2.5 Static and Dynamic Behaviours of Homogeneous Rotating Micro-/Nano-Disks 

Pei (2012) modeled a flexible annular rotating micro-disk under thermo-elastic coupling to 

explore the thermo-elastic damping in spinning micro-disks in micro-drives. In this work, the 

effects of rotational speed, surface convection and temperature on vibration frequency, 

frequency shift and thermo-elastic damping were studied. Danesh and Asghari (2014) 

employed the strain gradient theory of elasticity to examine the mechanical behaviour of 
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rotating micro-disks using variational approach to generate the governing equations and 

boundary conditions. Some numerical results were provided to emphasize the benefit of using 

non-classical theories rather than the classical continuum theory while dealing with micro-

rotating disks. Based on the strain gradient theory, the effects of small-size on the mechanical 

behaviour of micro-rotating disks with angular acceleration were examined by Bagheri et al 

(2019). They examined the distribution of the displacement and stress components using a 

numerical case study, and the outcomes were compared with those predicted by the traditional 

continuum theories. The static inertial-elastic instability of spinning nano-disks was 

investigated by Guven (2019) using the centrifugal force formulation with radial 

displacement, considering Eringen's nonlocal theory. In this work, the variations of critical 

rotation speeds with the nonlocal parameter were demonstrated for different support 

conditions. Bagheri et al. (2020) investigated the small-scale impacts on the in-plane free 

vibration of micro-disks using the MCST under diverse boundary conditions. The impacts of 

the micro-disks' angular speed and the length scale parameter on the stable radial and 

tangential displacements as well as the natural frequencies were explored in this work. Based 

on the MCST, the elasticity formulation for the equations of motion of micro-rotating disks 

were obtained by Bagheri and Asghari (2021) in the presence of angular acceleration for 

different boundary conditions. They examined the influence of couple stresses on the 

distribution of stresses and displacements through a numerical case study. 

 

1.2.6 Static and Dynamic Behaviours of FGM Rotating Micro-/Nano-Disks 

Employing the strain gradient theory, Baghani et al. (2016) investigated the mechanical 

response of a micro-/nano-rotating disk made of FGMs with varying thickness. This work 

demonstrated that non-homogeneity constants had a significant influence on the stress 

distribution in the FG spinning disk. Based on the strain gradient theory, Hosseini et al. 

(2016) conducted a study of spinning nano-disks of varied thickness made of FGM. The 

influence of several characteristics on stresses such as graded index and thickness profile were 

investigated in this work. The strain gradient theory of elasticity was used by Shishesaz et al. 

(2017) to investigate the thermo-elastic behaviour of FG nano-disks. This work clearly 

highlights the differences in stresses generated from the CPT and strain gradient theory. In 

this work, the effects of external load, material in-homogeneity parameter, rise in temperature 
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on radial displacement and stress components at the inner and outer radii were thoroughly 

explored. Based on the FSDT and MCST, the free vibration of a circular rotating nano-plate 

consisting of bi-directional FG piezo materials was studied by Mahinzare et al. (2018a). They 

demonstrated that the rotational velocity, external electric voltage, size dependency and 

power-law index have profound influence on the plate's vibration behaviour. Based on the 

FSDT and MCST, Mahinzare et al. (2018b) studied the free vibration response of a BFGM 

spinning circular micro-plate, exposed to thermal load and supported on Winkler-Pasternak 

foundation. They assessed the effectiveness of the Winkler and Pasternak coefficients, FG 

gradation parameter, size dependency, rotational speed, temperature variations and thermal 

environment on the vibration frequencies of the spinning micro-plate using a parametrical 

analysis.  

 The free vibration of a rotating variable thickness two-directional FG circular micro-

plate was investigated by Shojaeefard et al. (2018a) using the FSDT and MCST. The results 

reveal that increasing the size-dependency reduces the non-dimensional natural frequency as 

well as the critical angular velocity. Based on Eringen’s nonlocal elasticity theory and the 

MCST, Shojaeefard et al. (2018b) studied the free vibration behaviour of rotating circular 

micro-/nano-plates made of FG magneto-elastic material using the FSDT. The work reveals 

that raising the angular velocity causes a critical point, and the influence of numerous factors 

such as the size-dependency of non-classical theories and the power law index changes 

beyond this point. The stress distribution in an FG nano-disk of varying thickness was 

investigated by Hosseini et al. (2019) using the strain gradient theory while the nano-disk was 

exposed to thermal and mechanical pressures, and was spinning with a constant angular 

velocity. They investigated the impacts of rotational speed, material in-homogeneity, 

thickness profile, mechanical loads and temperature on the total stresses and the radial 

displacements. The vibrational properties of a laminated composite annular micro-plate 

covered with a viscoelastic foundation were modeled by Al-Furjan et al. (2021) using the 

Kelvin-Voight model and MCST. They conducted a parametric study to investigate the effects 

of the length scale parameter, radial and circumferential modal number, radius ratio, geometry 

of the laminated layer and support conditions on the frequency characteristics of the annular 

micro-plate. 
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 Based on the preceding discussion, the summary of the available research contribution 

pertaining to rotating micro-/nano-disks has been presented in Table 1.1. Also the 

corresponding research gaps are also presented in Table 1.1. 

  

Table 1.1: Summary of research contribution and research gaps. 

Literature Contribution Research Gap 

 Danesh and 

Asghari 

(2014) 

 The first work on rotating micro-

disk based on strain-gradient 

theory. 

 Based on axisymmetric 

formulation. 

 Studied static stress analysis. 

 Asymmetric formulation was 

not presented. 

 Dynamic and buckling 

behaviour were not studied. 

 Presented very limited 

results. 

 Hosseini et al. 

(2016) 

 Shishesaz et 

al. (2017) 

 Hosseini et al. 

(2019) 

 Studied thermo-elastic behaviour 

of FG nano-disks. 

 Studied static stress analysis. 

 Based on axisymmetric 

formulation. 

 Asymmetric formulation was 

not presented. 

 Dynamic and buckling 

behaviour were not studied. 

 Mahinzare et 

al. (2018a)  

 Mahinzare et 

al. (2018b)  

 Shojaeefard et 

al. (2018a)  

 Shojaeefard et 

al. (2018b) 

 Studied vibration behaviour of 

FGM rotating micro-/nano-plates 

based on the various non-classical 

theories. 

 Dealt with solid plates under 

clamped and hinged boundary 

conditions at the outer edge of the 

plates.  

 Based on axisymmetric 

formulation. 

 Typical clamped-free 

rotating disk-type problem of 

FGM micro-disks was not 

studied. 

 Annular configurations for 

different support conditions 

both at the inner and outer 

edge were not considered.  

 Asymmetric formulation was 

not presented. 
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1.3 Identification of Research Problems 

The literature survey presented in the preceding section reveals that the research works 

involving mechanical behaviour of homogeneous and FGM rotating disks based on the 

classical continuum theories are significant in number. It also reveals that there is ample 

number of research works available, which studied the mechanical behaviour of homogeneous 

and FGM circular micro-/nano-plates based on different non-classical theories. The literature 

review further reveals that the number of research works involving mechanical behaviour of 

rotating micro-/nano-disks based on the non-classical continuum theories is very limited. In 

fact, the research study involving rotating micro-disks based on a non-classical continuum 

theory was first reported by Danesh and Asghari (2014) a few years before. After that, though 

the research studies on the rotating micro-/nano-disks based on the non-classical continuum 

theories started to come up in open literature, they are limited in number. Hence, the research 

domain to study the mechanical behaviour of rotating micro-/nano-disks involving non-

classical theories is very new, and has many research gaps. The specific problems of the 

present thesis and the theme of the thesis as a whole are indeed based on those research gaps. 

In that sense, the problems of the thesis and the presented results are new and reported for the 

first time through this work and its publications. Beside this novelty, the methodology 

adopted to formulate the present mathematical model is a novel one, which is reported for the 

first time through this work. Through a generalized mathematical model, the present work 

studies four specific problems, which are related to the main theme of the thesis. 

 From the literature review, it is seen that the studies on the vibration behaviour of 

FGM rotating micro-/nano-plates based on the various non-classical theories are very limited, 

and are found in Mahinzare et al. (2018a), Mahinzare et al. (2018b), Shojaeefard et al. 

(2018a) and Shojaeefard et al. (2018b). In all these works, the rotating plates are assumed to 

be supported at the outer edge. Hence, the typical clamped-free rotating disk-type problems of 

FGM micro-disks have not yet been studied by the researchers. Furthermore, only the 

axisymmetric modes of vibration are considered in the above-mentioned works by Mahinzare 

et al. (2018a), Mahinzare et al. (2018b), Shojaeefard et al. (2018a) and Shojaeefard et al. 

(2018b). Hence in the first problem of the present thesis, the free vibration response of 

clamped-free BFGM rotating micro-disks, operating under high-temperature thermal loading, 
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have been studied based on the MCST. This particular problem is investigated up to the first 

six modes of vibration. The modes dealt with are of axisymmetric and asymmetric bending as 

well as of the torsional vibration. 

 It is known that understanding of the free vibration behaviour of clamped-free rotating 

micro-disks subjected to transverse pressure and operating in high-temperature environment 

has huge significance in industrial applications. However, the literature review finds no such 

study related to this specific problem. Hence, the second problem of the present thesis studies 

the free vibration response of the clamped-free BFGM rotating micro-disks subjected to 

transverse pressure and high-temperature thermal loading, and it is based on the MCST. This 

particular problem is investigated for the first four modes of vibration, which consists of 

different combinations of axisymmetric bending, asymmetric bending and torsional modes.  

 The study of the free vibration behaviour only for the axisymmetric bending/flexural 

modes of clamped-free rotating disks is of special importance. This is evident from the 

literature survey where most of the research studies on the free vibration behaviour of rotating 

disks (of both macro- and micro-size) have been carried out for the asymmetric bending 

modes. This fact is true for the studies involving both classical and non-classical theories, 

though the studies involving the non-classical theories are mostly conducted for rotating 

circular micro-plates supported at their outer edges. Hence, the free axisymmetric bending 

vibration behaviour of clamped-free rotating micro-disks is not available in the literature. 

Hence, the third problem of the present thesis studies the free axisymmetric bending vibration 

response of the clamped-free BFGM rotating micro-disks subjected to transverse pressure, 

and operating in high-temperature environment. This study is also based on the MCST. This 

particular problem reports the response for the first four axisymmetric bending vibration 

modes.  

 Further, to have a comprehensive understanding of rotating disk dynamics, the effects 

of different boundary conditions must be studied. The literature survey shows that the free 

vibration behaviour of BFGM rotating micro-disks have not yet been studied for annular 

configuration under different boundary conditions. Though studies on FGM rotating micro-

size plates are available (Mahinzare et al. (2018a), Mahinzare et al. (2018b), Shojaeefard et al. 

(2018a) and Shojaeefard et al. (2018b)), they are conducted for solid plates under clamped 

and hinged boundary conditions at the outer edge of the plates. Because of this research gap, a 
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problem has been undertaken to study the free vibration behaviour of BFGM rotating annular 

micro-disks under four different boundary conditions namely, simply supported-simply 

supported (SS), clamped-simply supported (CS), simply supported-clamped (SC) and 

clamped-clamped (CC). This is the fourth problem of the thesis. It is noted that ‘C’, and ‘S’ 

stand for clamped and simply supported boundary condition respectively. The first letter of 

each case corresponds to the inner radius and the second letter corresponds to the outer radius 

of the annular micro-disk. Furthermore, while considering different boundary conditions, the 

critical condition leading to static buckling of the micro-disk, when the vibration frequency 

becomes zero, has been identified and reported. 

 

1.4 Mathematical Background 

The following principles/theories/methodologies have been used to formulate the generalized 

mathematical model for the problems mentioned in the preceding section with an objective to 

study the free vibration behaviour of BFGM rotating micro-disks: Principle of minimum total 

potential energy, Hamilton's principle, Ritz method, Gram-Schimdt orthogonalization scheme, 

Eigenvalue problem and Modified couple stress theory. A brief overview of these standard 

principles/theories/methodologies is given below: 

 

1.4.1 Principle of Minimum Total Potential Energy 

Stress and deformation analysis of structural elements can be carried out using the principle of 

minimum total potential energy. A constrained structural system (i.e., a structure that is fixed 

at some part of its boundary) will deform when external forces are applied on it. Deformation 

of a structural system is the incremental change to the deformed state from the original 

undeformed state. The displacements are the principal unknown variables in a displacement-

based structural analysis, and strains and stresses are the variables which are derived 

employing the strain-displacement relationships and the constitutive relationships 

respectively. Therefore, the primary objective is to determine the displacements leading to 

deformation. Upon application of forces, the deformed state that a structure reaches is the 

equilibrium state of the system. A structural system, out of the many possible deformations, 

will only attain a unique deformation state to achieve the equilibrium. According to the 
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principle of minimum total potential energy, this unique deformation state corresponds to the 

minimum value of the total potential energy    of the system.  

 The total potential energy of a structural system is determined as the sum of its strain 

energy  U  and work potential  W
 
given as follows: 

 
.U W           (1.1) 

Here, the strain energy is defined as the elastic energy induced in the deformed structure; the 

work potential is the negative value of the mechanical work imposed by the external loads 

acting on the system. The principle of minimum total potential energy (Shames and Dym 

(2009); Reddy (2002); Reddy (2008)) states: “For conservative structural systems, of all the 

kinematically admissible deformations, those corresponding to the equilibrium state extremize 

(i.e., minimize or maximize) the total potential energy, and if the extremum is a minimum, the 

equilibrium state is stable.” Mathematically, it is written as follows: 

      0,U W           (1.2) 

where,   is the variational operator. In conservative systems, W  is independent of the path 

taken from the undeformed state to the deformed state. Further, kinematically admissible 

deformations are those that satisfy the geometric (kinematic) boundary conditions of the 

structure. 

 

1.4.2 Hamilton’s Principle 

Hamilton's principle is an important variational principle in structural dynamics. Hamilton’s 

principle (Shames and Dym (2009); Reddy (2002); Reddy (2008)) states: “Of all the paths of 

admissible configurations that the body can take as it goes from configuration ‘1’ at time 1  to 

configuration ‘2’ at time 2 , the path that satisfies Newton’s law at each instant during the 

interval (and is thus the actual locus of configurations) is the path that extremizes the time 

integral of the Lagrangian during the interval.” Deformable bodies have an infinite number of 

degrees of freedom, and occupy continuous regions of space. Consequently, the state of the 

system is described by using continuous functions of space and time. Hamilton’s principle for 

such bodies is mathematically written as follows: 
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   
2

1

0,kT d
 

   
 





         (1.3) 

where,  kT   is called the Lagrangian and kT  is the kinetic energy of the body at time  . 

Noting that U W    is the total potential energy, the following familiar form for 

Hamilton’s principle is obtained: 

 
2

1

0.kT U W d
 

    
 





        (1.4) 

 

1.4.3 Ritz Method 

One of the most powerful approximate methods originating from variational mathematics is 

the Ritz method. In this method, an approximate solution is expected with respect to the exact 

solution of the equation that describes the energy principle. According to this method, an 

assumed solution is considered in the form of finite linear combinations of unknown 

coefficients and properly selected functions. As the solution of a continuum problem cannot 

be obtained by a finite set of functions, an error is introduced and thus making it an 

approximate solution. With increase in the linearly independent parameters in the assumed 

solution, error in the solution is reduced, and convergence to the exact solution is achieved. 

 According to this method (Shames and Dym (2009); Reddy (2002); Reddy (2008)), a 

dependent unknown (e.g., the displacement) u  is approximated by a finite linear combination 

nU  of the form given below:  

  
0

1

.
n

n j j
i

u U c  


          (1.5) 

Then the undetermined parameters ic  are determined by considering that the principle of 

minimum total potential energy holds for this approximate problem. In Eq. (1.5), j jc   

incorporates the homogeneous form of the essential (geometric) boundary conditions, and 0  

incorporates the non-homogeneous form of the essential boundary conditions. To get the 

solution of the equation that results using Ritz approximation method with minimum error (as 

the number of parameter n  increases), one should choose j  and 0  wisely, such that the two 
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functional requirements of convergence and completeness get satisfied. The lists of 

requirements needed for convergence of Ritz approximation (Eq. (1.5)) are: 

(i) j  should satisfy the following three conditions: 

(a) Each j  is continuous. 

(b) Each j  satisfies the homogeneous form of the specified essential boundary conditions. 

(c) The set  j  is linearly independent and complete. 

(ii) 0  should satisfy the specified essential boundary conditions associated with the 

variational formulation. 

 

1.4.4 Gram-Schmidt Orthogonalization Scheme 

In order to satisfy the requirement of linear independence of j , an orthogonal set of 

functions j  has been considered in the present work. The complete set of orthogonal 

functions j  used in Eq. (1.5) for approximating any displacement field, following the Ritz 

method, is generated through a numerical implementation of Gram-Schmidt orthogonalization 

scheme. To cater to the need of the numerical scheme, all the functions are described 

numerically at some suitably selected Gauss points (Saha et al. (2004)). The algorithm for 

generation of the functions are given as follows: 

 Beginning with a polynomial  0  , a set of orthogonal polynomials in the interval 

a b   is generated as given below: 

      1 1 0 ,B          (1.6a) 

        1 2 ,j j j j jB C             (1.6b) 

where, 

        2 2
1 1/ ,

b b

j j j

x x

B w d w d         

   
    
   
     (1.7a) 

          2
1 2 2/ ,

b b

j j j j

x x

C w d w d            

   
    
   
    (1.7b) 
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with  w   being the weight function. The set of functions  j  , thus generated, satisfy the 

following orthogonality condition: 

       0
b

i j

x

w d        if i j ,    (1.8a) 

                                   1  if i j .    (1.8b) 

Here, the weight function  w   is chosen as unity and the interval of   is selected from 0 to 

1. 

 

1.4.5 Eigenvalue Problem 

Let A  and X  be a square matrix and column vector respectively of order n  as given below: 
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x
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 
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 
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A
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 
 
 
 
 

    (1.9) 

The linear transformation AX Y  carries the column vector X  into the column vector Y  by 

means of the square-matrix A . In practice, it is often required to find such vectors, which 

transform into themselves or to a scalar multiple of themselves. 

Let X  be such a vector, which transforms into X  by means of the above-mentioned 

transformation, then we can write as follows: 

 AX X  

 0AX IX    

   0A I X   .       (1.10) 

  

This matrix equation represents n homogeneous linear equations of the form given below: 

  

 
 
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11 1 12 2 1

21 1 22 2 2

1 1 2 2

.... 0

.... 0
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n n
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





    
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     (1.11)  
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The set of equations given above will have a non-trivial solution only if the coefficient matrix 

 A I  is singular, i.e., if 
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n

n

n n nn

a a a

a a a
A I

a a a











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

    (1.12) 

This is called the characteristic equation of the transformation, and is same as the 

characteristic equation of the matrix A . It has n  roots or eigenvalues, which are 

1 2, , ..... ,    n   . For each eigenvalue  1, 2,....,  i i n  , a non-zero solution 

21 , ,..........,
n

Ti i i iX x x x     can be obtained, which is known as the eigenvector or latent vector 

(Shames and Dym (2009); Reddy (2002)). 

 

1.4.6 Modified Couple Stress Theory 

The classical theory or conventional mechanics states that a force applied to a material 

particle produces translation of the particle only, and the force is determined through the 

observation of the motion or the change in kinetic energy of the particle. The applied loads on 

the material particle in the classic couple stress theories (CCST) for linear elastic materials 

comprise (i) a force to translate the material particle and (ii) a couple to drive it to rotate 

(Fleck and Hutchinson (1997)). Only the classic equilibrium relations between forces and 

moments (of forces) are required to constrain the force that produces translation. Due to 

absence of higher order equilibrium relations, the couple is unrestricted. The deformation 

measure that gives strain energy of any micro-structure are the symmetric stress tensor 

conjugate to the displacement gradient (or symmetric strain tensor), and the couple stress 

tensor (both symmetric and asymmetric) conjugate to the rotation gradient (both symmetric 

and asymmetric). Two curvature tensors coexist because of unconstrained nature of couple 

vector. For linear elastic materials, there are two independent material length scale parameters 

 l  associated with the two curvature tensors in CCST. 

Yang et al. (2002) developed couple stress-based strain gradient theory of elasticity, 

known as modified couple stress theory (MCST), incorporating equilibrium of the moment of 

couples as an extra equation for the couple stresses. In the MCST, an additional higher order 
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equilibrium equation for continuum has been introduced that resolves the free-floating nature 

of the couple vector, and restrict the couple stress tensor and the curvature tensor to be 

symmetric only. According to the MCST: the classical stress tensor (symmetric)    is 

energy conjugate to the classical strain tensor (symmetric)   ; the deviatoric part of the 

symmetric couple stress tensor  m  is the only energy conjugate to the symmetric curvature 

tensor   . Hence, the deformation energy becomes independent of asymmetric part of the 

couple stress tensor and the curvature tensor. There is only one independent material length 

scale parameter l  required for linear elastic materials according to the MCST. Earlier for the 

case of CCST, combination of twisting and bending tests was necessary to determine two 

different material length scale parameters  l . Now for the MCST, single l
 

can be 

determined by the twisting test only. 

 According to the MCST, the total strain energy is the summation of classical  clU  

and non-classical  nclU  strain energy as given below: 

  
   1 1

: : .
2 2cl nclU U U dV dV     m      (1.13) 

In Eq. (1.13),   and   are the classical stress and strain tensors respectively, generating the 

classical strain energy ( clU ); m  and   are the deviatoric part of symmetric couple stress and 

symmetric curvature tensors respectively, generating the non-classical strain energy ( nclU ); V

is the volume. 

 The displacement vector  u


 and the rotation vector    are related using the 

following relationship (Reddy et al. (2012); Reddy et al. (2016)): 

  
 1

2
 u
 
 .        (1.14) 

Here 
1

r ze e e
r r r 
  

   
  

ˆ ˆ ˆ  is the del operator, where  , ,r ze e eˆ ˆ ˆ  is the set of unit vectors 

along the coordinate directions  , ,r z . Again, the symmetric curvature tensor    and the 
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rotation vector    are related using the following relationship (Reddy et al. (2012); Reddy et 

al. (2016)): 

   =  1
.

2

T     

 
         (1.15) 

The classical stress    and strain    tensors are related as per the classical stress-strain 

relationships following Hooke’s law. However, accordingly to the MCST, the couple stress 

 m  and curvature    tensors are related according to the following relationship: 

  22Gl m .        (1.16) 

Here l  is the material length scale parameter and G  is the shear modulus. 

 

1.5 Overview of the Thesis Problems 

In this thesis, mainly four problems on BFGM rotating micro-disks have been studied. In 

Chapter 2, a general mathematical formulation encompassing all the four identified problems 

has been developed and presented. Subsequently, extensive sets of numerical results have 

been generated for each of the specific problems to investigate the effects of different 

practical parameters. The problem-specific description and the corresponding results for the 

first, second, third and fourth problems of the thesis have been presented and discussed in 

Chapters 3-6 respectively. The descriptions of the problems and the overview of the presented 

results are briefly mentioned in the following paragraphs. 

 In Chapter 2, a generalized mathematical model of BFGM rotating micro-disks 

subjected to centrifugal loading due to body force of constant angular speed, transverse 

loading due to uniform transverse pressure and high-temperature thermal loading due to 

uniform temperature rise has been developed. The metal-ceramic FG micro-disk is assumed to 

be graded along the radial and thickness directions. Further, the material gradation is assumed 

to be symmetric along the thickness direction in order to prevent bending of the disk due to 

centrifugal loading. The mechanical properties of the constituents of the FGM are assumed to 

be temperature-dependent. The temperature-dependency is addressed employing Touloukian 

model (Touloukian (1967); Reddy and Chin (1998)), in which any property is a nonlinear 

function of the temperature (in K). The mathematical formulation is developed within the 

framework of Kirchhoff plate theory involving von Kármán type nonlinearity, and the small-
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size effect is addressed employing the MCST. The formulation is meant to address both 

axisymmetric and asymmetric behaviour of the micro-disk. The problem is formulated in 

polar coordinate system using two different but interrelated steps. In the first step, the 

governing equations to determine the deformed configuration of the micro-disk under 

centrifugal loading, transverse mechanical loading and thermal loading are formulated using 

the principle of minimum total potential energy. The governing equations for this step are 

discretized following Ritz method. For this step, the system of governing equations is 

geometrically nonlinear, and is solved using Broyden’s algorithm, which is a multi-

dimensional secant method. In the second step, the governing equations for free vibration of 

the micro-disk about its deformed configuration are developed using Hamilton’s principle. In 

this step, the tangent stiffness of the deformed micro-disk is used in the formulation to 

determine the small amplitude free vibration response of the micro-disk in the frequency 

domain. The governing equations for this step are discretized following Ritz method, and are 

transformed into a standard eigenvalue problem. The square roots of the eigenvalues represent 

the frequencies of vibration of the deformed micro-disk, and the eigenvectors represent the 

related mode-shapes. It is to be mentioned that appropriate admissible orthogonal functions 

are used for approximating the displacement fields using the Ritz method. The set of 

orthogonal functions are numerically generated using Gram-Schmidt orthogonalization 

scheme. Though the mathematical model is developed for an annular micro-disk, it can also 

be reduced to a solid micro-disk by appropriate transformations. The model is developed for a 

typical clamped-free (CF) rotating micro-disk where the disk is supported at its inner radius 

on a rigid shaft while it is free at its outer radius. However, the same model can be used for 

other classical boundary conditions namely, simply supported-simply supported (SS), 

clamped-simply supported (CS), simply supported-clamped (SC) and clamped-clamped (CC). 

In this nomenclature of the boundary conditions, the first letter corresponds to the inner radius 

while the second letter corresponds to the outer radius of the disk. While considering different 

boundary conditions, it has been found that the frequency of vibration becomes zero, within 

the range of speed considered, for certain cases. This definitely signifies the instability 

condition corresponding to static buckling. Hence, the instability condition leading to static 

buckling of the micro-disk has been identified and reported. The mathematical model is a 
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novel one, which considers three different types of loading namely, centrifugal loading due to 

body force as a result of rotational speed, mechanical loading due to uniform transverse 

pressure and thermal loading due to uniform temperature rise. The novelty is further 

established due to consideration of the bi-directional gradation of the material properties. The 

novelty of the model is further outlined based on the facts that it can address both asymmetric 

and axisymmetric behaviour, different disk geometry such as annular and solid, and a variety 

of boundary conditions as mentioned above. 

  In Chapter 3, the free vibration behaviour of BFGM annular rotating micro-disks is 

evaluated under centrifugal and thermal loading. In this problem, both axisymmetric and 

asymmetric behaviour have been studied for clamped-free micro-disks. First of all, a 

convergence study has been presented to assess the appropriate number of functions required 

for Ritz approximation. A number of comparison studies with standard available results have 

been undertaken for some reduced problems to successfully validate the mathematical model. 

The numerical results, mostly in non-dimensional form, are presented graphically and in 

tabular form. Up to the first six modes, the effects of rotational speed, thermal loading, size-

dependent thickness, material gradation indices, radius ratio and FGM composition on the 

frequencies of vibration have been discussed. Four different metal-ceramic FGM 

compositions namely, Stainless Steel/Silicon Nitride (SUS304/Si3N4), Stainless 

Steel/Alumina (SUS304/Al2O3), Stainless Steel/Zirconia (SUS304/ZrO2) and Titanium 

Alloy/Zirconia (Ti-6Al-4V/ZrO2) have been considered for presentation of results. Three-

dimensional mode-shape plots along with contour plots have also been presented to visualize 

the axisymmetric and asymmetric bending vibration modes as well as the torsional vibration 

mode. 

 In Chapter 4, the free vibration behaviour of BFGM annular rotating micro-disks is 

studied under centrifugal, transverse and thermal loading. In this problem, both axisymmetric 

and asymmetric behaviour have been studied for clamped-free micro-disks. The validity of 

the model is successfully established through a number of comparison studies with standard 

available results for some reduced problems. The numerical results, mostly in non-

dimensional form, are presented graphically and in tabular form. The effects of rotational 

speed, transverse pressure, thermal loading, size-dependent thickness, material gradation 

indices, radius ratio and FGM composition on the frequencies of vibration for the first four 
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modes have been discussed. Four different metal-ceramic FGM compositions namely, 

Stainless Steel/Silicon Nitride (SUS304/Si3N4), Stainless Steel/Alumina (SUS304/Al2O3), 

Stainless Steel/Zirconia (SUS304/ZrO2) and Titanium Alloy/Zirconia (Ti-6Al-4V/ZrO2) have 

been considered for presentation of results. Three-dimensional mode-shape plots along with 

contour plots have been presented for axisymmetric and asymmetric bending vibration modes 

as well as for the torsional vibration mode. 

 In Chapter 5, the free vibration behaviour of axisymmetric bending modes is studied 

for BFGM annular rotating micro-disks subjected to centrifugal, transverse and thermal 

loading. In this problem, clamped-free micro-disks have been considered, and first four modes 

of vibration have been studied. The validity of the model is successfully established by 

comparison with the available results. The numerical results mostly in non-dimensional form 

are presented in graphical form and tabular form. The effects of rotational speed, transverse 

pressure, thermal loading, size-dependent thickness, material gradation indices, radius ratio 

and FGM composition on the frequencies of vibration for the first four modes have been 

discussed. Four different metal-ceramic FGM compositions namely, Stainless Steel/Silicon 

Nitride (SUS304/Si3N4), Stainless Steel/Alumina (SUS304/Al2O3), Stainless Steel/Zirconia 

(SUS304/ZrO2) and Titanium Alloy/Zirconia (Ti-6Al-4V/ZrO2) have been considered for 

analysis. Three-dimensional mode-shape plots along with contour plots have been presented 

for the first four axisymmetric bending vibration modes. 

 In Chapter 6, the free vibration behaviour of BFGM annular rotating micro-disks 

subjected to centrifugal and thermal loading has been studied for different boundary 

conditions. The different boundary conditions that are considered are simply supported- 

simply supported (SS), clamped-simply supported (CS), simply supported-clamped (SC) and 

clamped-clamped (CC). Here, the first letter denotes the inner radius while the second letter 

denotes the outer radius. The model is successfully validated with the available results for 

different boundary conditions. The numerical results, mostly in non-dimensional form, are 

presented graphically and in tabular form. The effects of rotational speed, thermal loading, 

size-dependent thickness, material gradation indices and radius ratio on the frequencies of 

vibration for the first four modes have been discussed for different boundary conditions. 

Three-dimensional mode-shape plots along with contour plots for the first four modes have 
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been presented for a specific boundary condition. Furthermore, the instability condition 

leading to static buckling of the micro-disk has been identified and reported for different 

boundary conditions. The influences of size-effect and gradation indices on the critical 

buckling speed for the fundamental mode have been reported for different boundary 

conditions. 

 

1.6 Chapter Summary 

The thematic background of the present thesis in relation to the current research trends and 

practical applications has been discussed. An extensive literature review involving studies on 

homogeneous and FGM rotating macro-/micro-/nano-disks and circular micro-/nano-plates 

has been presented. Based on the literature review, identifications of specific research 

problems have been explained. The standard mathematical principles/theories/methodologies 

that are relevant to the current thesis have been briefly discussed. A very brief overview of the 

present mathematical model along with its novelty, and the specific problems and its’ related 

results have been provided. 



  

  Chapter 2 

  

  

2.1 Introduction 

In this chapter, a generalized mathematical formulation for the identified research problems 

will be developed in detail. The sole objective of this study is to investigate the free vibration 

behaviour of BFGM annular rotating micro-disks made of BFGM for different loadings and 

boundary conditions. The entire formulation is divided into two steps for the following 

objectives: (i) Determination of the deformed configuration of the micro-disk under the 

combined effects of steady or time-invariant centrifugal loading due to constant angular 

speed, uniform transverse pressure and thermal loading due to uniform temperature rise; (ii) 

Determination of the free vibration behaviour of the deformed micro-disk in the neighborhood 

of its deformed configuration in the frequency domain. 

 For the present study, a metal-ceramic BFGM micro-disk has been modeled where the 

material is graded along the radial and thickness directions. The gradation is such that it is 

symmetric through the thickness with reference to the geometrical neutral axis of the disk to 

avoid bending by the centrifugal force generated due to rotation of the disk. The material 

properties of the metallic and ceramic phases are considered temperature-dependent following 

Touloukian model. It must be mentioned that the temperature sensitivity of the material 

properties of the BFGM constituents must be taken into account in order to consider the effect 

of thermo-elastic degradation. 

  The present displacement-based formulation is developed within the framework of 

Kirchhoff plate theory using the mid plane displacements of the micro-disk. To incorporate 

the small size-effect, the MCST is used. The classical strain-displacement relationship 

incorporates von Kármán type nonlinearity to take into the effect of geometric nonlinearity 

during transverse displacement. Symmetric curvature tensor is developed with the help of 

MATHEMATICAL FORMULATION 
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rotational vector, which is again related to the displacement vector. The effect of thermal 

stress due to the uniform temperature rise of the disk is incorporated employing thermo-elastic 

constitutive relations. 

 The governing equations for determining the deformed configuration of the micro-disk 

under the combination of centrifugal, transverse and thermal loadings were developed using 

the principle of minimum total potential energy. On the other hand, the governing equations 

for the free vibration problem were derived using Hamilton's principle with the help of 

tangent stiffness approach. The Ritz method was used to approximate the displacement fields 

employing Gram-Schmidt orthogonalization scheme and using orthogonal admissible 

functions. The solution of the deformed configuration of the micro-disk under the combined 

effect of different loadings is obtained employing Broyden’s algorithm. The free vibration 

problem was formulated as an eigenvalue problem which is solved using a standard eigen-

solver. The solution of the eigenvalue problem yields eigenvalues corresponding to the 

vibration frequencies of different modes and eigenvectors associated with the mode-shapes. 

The general formulation embracing all the problems of the thesis is presented such that a 

reduced model can be obtained by retaining the problem specific relevant terms and 

neglecting or omitting the out-of-the problem terms, maintaining the base of the considered 

problem.  

 An annular micro-size disk is considered with inner radius a , outer radius b  and 

constant thickness t  as shown in Fig. 2.1. A cylindrical coordinate system  , ,r  z   is 

considered, where the origin O  lies at the geometric center of the annular disk. Now the disk 

along with the  r -   axes is assumed to be rotating with uniform angular speed   about the 

z -axis. The disk is subjected to uniform transverse pressure of intensity 0q .  Further the disk 

is subjected to a thermal loading in the form of a uniform temperature rise 0ΔT = T -T  where 

T  and 0T  denote the present and constant stress-free temperatures respectively. For the 

development of numerical results, it is assumed that 0 300 KT  . The boundary conditions 

considered for the rotating disk are: clamped-free (CF), simply supported-simply supported 

(SS), clamped-simply supported (CS), simply supported-clamped (SC) and clamped-clamped 

(CC), where ‘C’, ‘F’ and ‘S’ stand for clamped, free and simply supported boundary 
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respectively. The first letter of each boundary condition corresponds to the inner radius and 

the second letter corresponds to the outer radius. 

 

 

Fig. 2.1: Schematic diagram of a rotating disk. 
 

2.2 Modeling of Bidirectional Functionally Graded Micro-Disk 

 Different types of FGMs that have been created so far are: chemical composition 

gradient functionally graded material (CCGFGM), porosity gradient functionally graded 

material (PGFGM) and microstructure gradient functionally graded material (MGFGM). 

Numerous studies on the mechanical behaviour of FGM structures such as: beams, plates and 

shells exist for MGFGM. In those studies, particular mechanical properties are varied using 

different models namely, power-law model, exponential model, Mori-Tanaka model and 

sigmoid-law model. The FGM considered for the present thesis is MGFGM type. In the 

present case, bidirectional functionally gradation of metals and ceramics along the radial and 

thickness directions has been obtained following power-law model. 

 By using Voigt's model, also known as the simple rule-of-mixtures, many researchers 

have calculated the material properties of typical FGMs. According to Voigt’s model (Shen 
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(2004)), any generic effective material property  fR  of an FGM is the function of the 

constituents’ material properties  andm cR R , and the volume fractions  andm cV V  of the 

constituent materials (metal and ceramic). Here the subscripts ‘m’ and ‘c’ denote the ceramic 

and metallic phases respectively. The relation for the rule-of-mixtures is expressed as below:  

  f m m c cR R V R V  .        (2.1) 

As 1m cV V  , Eq. (2.1) takes the following form: 

   f m c m cR R R R V   .      (2.2) 

When the material is graded along the radial direction  r  and symmetrically through the 

thickness direction  z , the variation of the volume fractions of the ceramic phase along the 

radial  r
cV  and thickness  t

cV  directions, following the power-law model, are expressed 

respectively as: 

  
2

 and  
r tk k

r t
c c

r a z
V V

b a t

    
.     (2.3) 

Here rk   0 rk 
 
and tk  0 tk   symbolize the gradation indices along the radial and 

thickness directions respectively. Hence the combined volume fraction of the ceramic phase 

becomes, 

  
2r tk k

r t
c c c

r a z
V V V

b a t

      
.     (2.4) 

Using Eq. (2.2) and considering temperature-dependent material property, the generic 

effective material property of the BFGM disk takes the following form: 

  
         2

, , ,
r tk k

f m c m

r a z
R r z T R T R T R T

b a t

      
  (2.5) 

where T  is the temperature in K. The Touloukian model (Touloukian (1967)) which governs 

the temperature-dependence of the constituents’ material properties using a nonlinear relation, 

is given as follows: 

      1 2 3
0 1 1 2 3or 1 ,c mR T R T R R T R T R T R T

         (2.6) 

where 0R , 1R , 1R , 2R  and 3R  are phase- and property-specific temperature coefficients.  
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Table 2.1: Temperature coefficients for different metal and ceramic constituents. 

Constituent Property 0R  1R

 
1R  2R  3R  

Stainless 

Steel 

(SUS304) 

E  (Pa) 201.04109 0 3.07910-4 - 6.53410-7 0 

  (1/K) 12.33010-6 0 8.08610-4 0 0 

  0.3262 0 -2.00210-4 3.79710-7 0 

Titanium 

Alloy (Ti-

6Al-4V) 

E  (Pa) 122.56109 0 -4.58610-4 0 0 

  (1/K) 7.578810-6 0 6.638   10-4 -3.14710-6 0 

  0.2884 0 1.12110-4 0 0 

Silicon 

Nitride 

(Si3N4) 

E  (Pa) 348.43109 0 -3.07010-4 2.16010-7 -8.94610-11 

  (1/K) 5.872310-6 0 9.09510-4 0 0 

  0.2400 0 0 0 0 

Zirconia 

(ZrO2) 

E  (Pa) 244.27109 0 -1.37110-3 1.21410- 6 -3.68110-10 

  (1/K) 12.76610-6 0 -1.49110-3 1.00610-5 - 6.77810-11

  0.2882 0 1.13310-4 0 0 

Alumina 

(Al2O3) 

E  (Pa) 349.55109 0 -3.85310-4 4.02710-7 -1.67310-10 

  (1/K) 6.826910-6 0 1.83810-4 0 0 

  0.2600 0 0 0 0 

  

 Eq. (2.5) is used to evaluate the effective material properties such as Young’s modulus 

 fE , Poisson’s ratio  f , thermal expansion coefficient  f  and mass density  f . The 

temperature coefficients for Young’s moduli  ,m cE E , thermal expansion coefficients 
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 ,m c   and Poisson’s ratios  ,m c   for Stainless Steel/Silicon Nitride (SUS304/Si3N4), 

Stainless Steel/Alumina (SUS304/Al2O3), Stainless Steel/Zirconia (SUS304/ZrO2) and 

Titanium Alloy/Zirconia (Ti-6Al-4 V/ZrO2) compositions are given in Table 2.1. It is to be 

noted that mass densities  ,m c 
 
of these materials are independent of temperature, and 

their numerical values are provided in Table 2.2. 

 According to Eq. (2.5), the disk material is pure ceramic (i.e., f cR R ) when
 

rk = tk = 

0, and pure metallic (i.e., f mR R ) when rk = tk = . Furthermore the disk material is pure 

metallic (i.e., f mR R )  at the inner radius ( r a ), and also at the mid-plane ( 0z  ). Hence, 

at any non-zero finite values of rk  and tk , moving along from the inner radius towards the 

outer radius, or moving across from the mid-plane towards the top or the bottom surface, the 

disk material becomes less richer in the metal constituent and more richer in the ceramic 

constituent. The presence of metallic core makes it tougher whereas the presence of ceramic-

rich outer layers makes it suitable for high-temperature environment as ceramics have high 

thermal resistance. Eq. (2.5) also shows that the material gradation is symmetric across the 

thickness. Due to this, the resultant centrifugal force developed along the radial direction due 

to the rotation of the disk lies at the mid-plane. This avoids bending of the disk as the moment 

of the centrifugal force about the neutral axis becomes zero. 

 

Table 2.2: Mass density values for different metal and ceramic constituents. 
Constituent Mass Density (kg/m3) 

Stainless Steel (SUS304) 8166 

Titanium Alloy (Ti-6Al-4V) 4429 

Silicon Nitride (Si3N4) 2370 

Zirconia (ZrO2) 3000 

Alumina (Al2O3) 3750 
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2.3 Determination of Displacement Fields 

 The Kirchhoff hypothesis is used in the CPT (Reddy (2007)), which has the following 

three components: 

(i) Before deformation, a straight line perpendicular to the mid surface (i.e., transverse 

normal) remains straight after deformation. 

(ii) A transverse normal does not experience deformation i.e., they are inextensible. 

(iii) A transverse normal rotates in such a way that it remains perpendicular to the middle 

surface after deformation. 

The Kirchhoff hypothesis neglects both transverse shear and transverse normal effects, i.e., it 

considers that the deformation is due to bending and in-plane stretching only. 

According to the CPT or Kirchhoff plate theory in cylindrical coordinate system 

 , ,r z , the general displacement components  , ,u v w  of any point Q  along the coordinate 

directions are stated in terms of the mid-plane displacement components  0 0 0, ,u v w  as 

follows: 

  0
0

( , , )
( , , , ) ( , , ) ,

w r
u r z u r z

r


 


         (2.7a) 

  0
0

( , , )
( , , , ) ( , , ) ,

w rz
v r z v r

r


 


    


    (2.7b) 

  0
( , , ) ( , )., ,w r z w r         (2.7c) 

The displacement fields given by Eqs. (2.7a)-(2.7c) are used for both axisymmetric and 

asymmetric bending. For axisymmetric bending, Eqs. (2.7a)-(2.7c) take the following form: 

  0
0

( , )
( , , ) ( , ) ,

w r
u r z u r z

r


 


       (2.8a) 

  ( , , ) 0,v r z          (2.8b) 

  0
( , ) ( )., ,w r z w r         (2.8c) 

In Eqs. (2.7a)-(2.7c) and Eqs. (2.8a)-(2.8c), the displacement fields  , ,u v w and  0 0 0, ,u v w  

are considered as functions of the space coordinates and also of time coordinate  . 
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2.4 Determination of Strain and Stress Fields 

Using the general displacement components  , ,u v w , the components of Green-Lagrange 

strain tensor (Reddy (2007)) in cylindrical coordinate system for the CPT are given as 

follows: 

2 2 2
1

2
,rr

u u v w

r r r r

                            
       (2.9a) 

2 2 2

2 2

2

1 1 1 1 1 1
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u v v u

r r r r r r

                                           
,      
(2.9b) 
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 (2.9c) 

Considering only the von Kármán nonlinearity (i.e., retaining the nonlinear terms involving 

w ), the above set of equations are reduced to the following form: 

  

2
1
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2rr

u w
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       (2.10a) 
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    (2.10c) 

Eqs. (2.10a)-(2.10c) are termed as von Kármán strain tensor. Using the displacement 

components of the CPT given by Eqs. (2.7a)-(2.7c), the components of the von Kármán strain 

tensor    can be derived in terms of the mid-plane displacements  0 0 0, ,u v w  as given below 

(Reddy (2007); Reddy et al. (2016)): 
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The last terms in Eqs. (2.11a) and (2.11b) are von Kármán type nonlinear terms. These are 

included to consider the effect of geometric nonlinearity during transverse displacement. 

 Assuming linear elastic material behaviour and considering the effect of the thermal 

strain due to thermal loading T , the components of the Cauchy stress tensor    and the 

von Kármán strain tensor
    are related as shown below: 
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  2 .r r f rG             (2.12c) 

Here , , , f f f fE G    are effective Young’s modulus, effective shear modulus, effective 

thermal expansion coefficient and effective Poisson’s ratio respectively. It is to be noted that 

the shear modulus  fG  is obtained using the following relationship:   / 2 1f f fG E  . 

 

2.5 Determination of Symmetric Curvature and Couple Stress 

Fields 

Considering  , ,r ze e eˆ ˆ ˆ  as the set of unit vectors along the coordinate directions  , ,r z , the 

displacement vector for any point  , ,Q r z  is given by: 

   ˆ ˆ ˆr zu v we e e  u


       (2.13) 

where  , ,u v w are the general components of the displacement field. The relationship 

between the rotation vector  
 
and the displacement vector  u


 is given by (Yang et al. 

(2002); Reddy et al. (2016)):  

   
 1

2
 u
 
 .       (2.14) 
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Using Eq. (2.14), the complete rotation vector in terms of the displacement components is 

obtained as follows: 

  



1 1 1

2 r z

w v u w v v u
e e e

r z z r r r r

                                  
ˆ ˆ ˆ 

. (2.15) 

In Eq. (2.15), the components of the rotation vector  
 
are obtained as given below: 

   
1 1

,
2r

w v
θ

r z
      

      (2.15a) 

   
1

,
2

u w
θ

z r

      
      (2.15b) 

   
1 1

.
2z

v v u
θ

r r r 
       

     (2.15c) 

Furthermore, the symmetric curvature tensor    is related to the rotation vector    using 

the following relationship (Yang et al. (2002); Reddy et al. (2016)): 

    =  1

2

T     

 
  ,      (2.16) 

where 
1

r ze e e
r r r

  
   

  
ˆ ˆ ˆ 

 is the del operator in cylindrical coordinate system. The 

components of the symmetric curvature tensor    can be written in matrix form as follows: 

   
rr r rz

r z

zr z zz

 
   
  



  



  
  
  

.      (2.17) 

Using Eqs. (2.16) and (2.17), the components of the symmetric curvature tensor    are 

obtained as follows: 

 
2 2

2

1 1 1
,

2
r

rr

θ w w v

r r r r r z


 
    

           
     (2.18a) 

 
2 2

2

1 1 1 1 1 1
,

2
rθ θ u w w v

r r r z r r r r z



   

     
             

   (2.18b) 

 
2 21 1 1

,
2

z
zz

θ u v v

z r z r z r z



    

           
     (2.18c) 
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

 

       
      

              

  (2.18d) 
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2 2 2 2

1 1

2

1 1 1 1
,

4

z
z z r z

v v u u w

r r r r z r z

      
     

            


 

 


  

   (2.18e) 
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1 1 1 1 1
.
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r z
rz zr

θ θ

z r

v v v u u w v

r r r r r r r r z z

 

  

       
      

               

  (2.18f) 

Following Eqs. (2.7a)-(2.7c), substituting the mid-plane displacement fields  0 0 0, ,u v w  in 

place of the general displacement fields  , ,u v w in Eqs. (2.18a)-(2.18f), the components of 

the symmetric curvature tensor    are obtained as follows: 

  

2
0 0

2

1 1
,rr

w w

r r r


 
  

      
      (2.19a) 

  
2

0 0

2

1 1
,

w w

r r r
 

  
     

      (2.19b)  

  0,zz          (2.19c) 

  
2 2

0 0 0

2 2 2

1 1 1
,

2r r

w w w

r r r r  


   
       

    (2.19d) 

  
2 2

0 0 0

2 2 2

1 1 1 1
,

4z z

u v v

r r r r  
  

   
         

    (2.19e) 

  
2 2

0 0 0 0 0

2 2 2

1 1 1 1
.

4rz zr

u u v v v

r r r r r r r
 

 
    

           
   (2.19f) 
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 According to the MCST (Yang et al. (2002)), the components of the deviatoric part of 

the symmetric couple stress tensor  m  are obtained from the corresponding components of 

the symmetric curvature tensor    as follows: 

   22 ,rr f rrm G l        (2.20a) 

   22 ,fm G l        (2.20b) 

   0,zzm         (2.20c) 

   22 ,r r f rm m G l          (2.20d) 

   22 ,z z f zm m G l          (2.20e) 

   22 .
rzrz zr fm m G l         (2.20f) 

In Eq. (2.20), l  is the material length scale parameter. It is noted that the present formulation 

can be transformed to a classical one (where the size-effect is not considered) by putting l =0. 

 

2.6 Generation of Normalized Computational Domain 

The governing equations in terms of the mid-plane displacements  0 0 0, ,u v w will be derived 

for the middle circular plane  , ,0r  . Hence this particular plane is termed as the physical 

domain of the problem. But to carry out the computation of the equations and other problem 

parameters, the computational domain should be independent of the physical dimensions. 

Hence the physical domain  , ,0r   is transformed into a normalized computational domain 

 , ,0  . The normalized coordinates   and   along the r  and   directions respectively are 

defined as: 

      / ;0 1r a b a      ,     (2.21a) 

    / 2 ; 0 1      .      (2.21b) 

The physical domain and the computational domain are shown in Figs. 2.2(a) and 2.2(b) 

respectively. The Jacobian matrix  J  of this transformation between  ,r   and  ,   

coordinates is given below: 
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    
  0

.

0 2

r b a

r

                     

J


 




 

    (2.22) 

 

 

 

Fig. 2.2: Grid showing domain of the problem: (a) Physical Domain, (b) Computational 

Domain. 
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2.7 Determination of Deformed Configuration of Micro-Disk 

under Different Time-invariant Loadings 

This particular objective forms the first step of the problem. The principle of minimum total 

potential energy is used to determine the deformed configuration of the micro-disk under the 

combined effects of time-invariant centrifugal loading caused by the constant rotational 

speed, mechanical loading caused by the uniform transverse pressure and thermal loading 

caused by the uniform temperature rise. The mathematical form of this principle for the 

present problem is given as below: 

     0,cl nclU U W          (2.23) 

where clU  and nclU  are the classical and non-classical strain energies, and W  is the potential 

energy due to the applied loadings. According to the MCST: the Cauchy stress tensor    is 

energy conjugate to the von Kármán    strain tensor, and they contribute to form the 

classical strain energy clU ; the deviatoric portion of the symmetric couple stress tensor  m  

is the energy conjugate to the symmetric curvature tensor   , and they contribute to form 

the non-classical strain energy nclU . 

 Using Eqs. (2.11a)-(2.11c) and Eqs. (2.12a)-(2.12c), the classical strain energy is 

obtained as follows: 

 
/ 2 2

/ 2 0

1
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t π b
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U  rdrdθdz

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   
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   (2.24) 

The above equation shows that the classical strain energy is nonlinear due to the presence of 

cubic and higher order terms of the displacements and its gradients, and this happens due to 

the presence of von Kármán type nonlinearity in the strain tensor shown in Eqs. (2.11a)-

(2.11c).   

 Using Eqs. (2.19a)-(2.19f) and Eqs. (2.20a)-(2.20f), the non-classical strain energy is 

obtained as follows: 
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        (2.25) 

The above equation shows that the non-classical strain energy is essentially linear due to 

absence of any kind of nonlinearity in the symmetric curvature tensor shown in Eqs. (2.19a)-

(2.19f). 

 The work potential due to the centrifugal loading for constant angular speed   and 

due to the uniform transverse pressure of intensity 0q  is derived to the following form: 
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2 2
0 0 0

0 0

.
b b
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a a

W u r drd q w rdrd     
 

       (2.26) 

The set of stiffness coefficients  , , , , , , ,A A I I PA PI TA CE G E G E E E E  used in Eqs. (2.24) and 

(2.25), and the inertia coefficient A  used in Eq. (2.26) are defined as given below:
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Also, due to the symmetry of material gradation and of thermal loading through the thickness, 

the following simplifications are applied to derive Eqs. (2.24) and (2.25):
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It is noted 

that the potential energy due to thermal loading  T  has been included in the classical strain 

energy  clU  through thermo-elastic stress-strain relations, and the energy terms in this regard 

can be seen in the last line of Eq. (2.24). 

 The variational form of the classical strain energy  clU , non-classical strain energy 

 nclU  and work potential  W  are given as follows:  
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2

4
,

w w
drd

r r
 

 
           

        (2.29) 

 W =    
2 2

2 2
0 0 0

0 0

.
b b

A

a a

r u drd q r w drd    
 

         (2.30) 

 The governing equations are derived and transformed into algebraic form, following 

Ritz method (Shames and Dym (2009); Reddy (2008)). According to this method, each of the 

mid-plane displacements  0 0 0, ,u v w  are discretized as finite linear combinations of two-

dimensional (2D) orthogonal admissible functions  , ,u v w
j j j    and unknown coefficients jc  

as: 

    0
1

( , ) , ,
n

u
j j

j

u c


           (2.31a) 

    0
1

( , ) , ,
n

v
n j j

j

v c 


          (2.31b) 
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    0 2
1

( , ) ,
n

w
n j j

j

w c 


      .     (2.31c) 

Here n  is the total number of functions for discretizing each of the displacement fields 

 0 0 0, ,u v w . Each of the functions  , ,u v w
j j j    is defined in the normalized domain  ,  . It 

is noted that the vector of unknown coefficients  c  
is also called vector of generalized 

coordinates. 

 Each of the 2D functions  , ,u v w
j j j  

 
is derived by ordered multiplication of the 

following sets of one-dimensional (1D) functions:  , ,u v w
p p p  

 
and  , ,u v w

q q q   . These 1D 

functions are numerically generated along each direction of the normalized domain  ,   

(Das et al.  (2009)). Hence the 2D functions  , ,u v w
j j j    now takes the following form: 

        ,u u u

j p q
        ,     (2.32a) 

        ,v v v
j p q        ,     (2.32b) 

        ,w w w
j p q        .     (2.32c)  

Here 1,2,...p n  and 1,2,...q n , where n  and n  are the number of functions along the   

and   directions respectively, and 1, 2,...j n  where n n n   . The lowest-order admissible 

1D functions  1 1 1, ,u v w    for the set  , ,u v w
p p p   are selected considering the boundary 

conditions of the micro-disk. These 1D functions i.e.,  1 1 1, ,u v w    for different boundary 

conditions, namely CF, SS, CS, SC and CC are shown in Table 2.3. The remaining ( n -1) 

number of functions for  , ,u v w
p p p  

 
are numerically generated employing Gram-Schmidt 

orthogonalization scheme. On the other hand, the set of functions  , ,u v w
q q q    are selected as 

follows: 

          
1 for 1

sin 1 2 for 2.
u v w
q q q

q

q q


  

 
     


  (2.33) 
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Table 2.3: List of lowest order admissible functions  1 1 1, ,u v w   . 

  

 Substituting Eqs. (2.28)-(2.30) into Eq. (2.23), and further substituting the 

approximate displacement fields given by Eqs. (2.31a)-(2.31c), the set of governing equations 

are obtained in algebraic form, which in matrix form can be written as follows: 

Displacement 
field 

Boundary 
Type 

Boundary Conditions Lowest Order Function 

0u  

CF 0 00, 0.
r a x b

u u
 
   1

u   

SS 

0 00, 0.
r a x b

u u
 
    1 1u     CS 

SC 
CC 

0v  

CF 0 00, 0.
r a x b

v v
 
   1

v   

SS 

0 00, 0.
r a x b

v v
 
    1 1v     CS 

SC 
CC 

0w  

CF 

0 0

0 0

0, 0,

0, 0.

r a x b

r a x b

w w

w w

 

 

 

 

 
 

 

   2
1
w    

SS 

0 0

2 2
0 0

2 2

0, 0,

0, 0.

r a x b

r a x b

w w

w w

 

 

 

 

 
 

 

 

 1 sinw   

CS 

0 0

2
0 0

2

0, 0,

0, 0.

r a x b

r a x b

w w

w w

 

 

 

 

 
 

 

  2 2
1 3 5 2w       

SC 

0 0

2
0 0

2

0, 0,

0, 0.

r a x b

x br a

w w

w w

 

 



 

 
 

 

  2 3
1 1 3 2w       

CC 

0 0

0 0

0, 0,

0, 0.

r a x b

r a x b

w w

w w

 

 

 

 

 
 

 

  2 2
1 1 2w       
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        .S c P       (2.34) 

In the above equation,  S
 
is the total stiffness matrix (of dimension 3 3n n ) given by 

  cl ncl       S S S
 
where cl  S  and ncl  S

 
are the classical and non-classical stiffness matrix 

respectively;  c  is the vector of unknown coefficients jc  to be determined;  P is the  load 

vector. The components of cl  S , ncl  S  and  P  are provided in Appendix 2A. Due to the 

presence von Kármán type nonlinearity in the classical strain tensor, cl  S  is nonlinear in 

nature; whereas in the absence of any type of geometric nonlinear terms in the curvature 

tensor, ncl  S  is essentially linear. To solve the system of nonlinear algebraic equations given 

by Eq. (2.34), a multi-dimensional secant method, known as Broyden’s method (Press et al.  

(1992); Das et al. (2011)) is employed. This method, though taking significantly longer 

computation time, provided very stable and accurate solution. The solution of Eq. (2.34) when 

substituted in Eqs. (2.31a)-(2.31c) determines the displacement fields, and in turn provides the 

deformed configuration of the micro-disk under combined effects of centrifugal loading, 

transverse pressure and thermal loading. All the computations up to Eq. (2.34) have been 

carried out in FORTRAN. 

 

2.8 Determination of Free Vibration Response of Deformed 

Micro-Disk 

This particular objective forms the second step of the problem. If the deformed micro-disk 

executes free vibration, the vibratory motion will take place about the deformed 

configuration, which has already been determined in the previous step. It is assumed that the 

micro-disk will execute small amplitude free vibration about its deformed configuration, and 

the vibratory motion is essentially linear. 

 The governing equations for free vibration of the micro-disk about the deformed 

configuration are derived employing Hamilton’s principle, which is given as follows: 

    
2

1

0.kT U W d
 

    
 





       (2.35) 
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Here   is time, kT  is the kinetic energy, U  is the total strain energy, and W  is the work 

potential of the applied load during free vibration. As the present problem involves free 

vibration, W  is equated to zero. Furthermore, U  consists of classical  clU  and non-classical 

 nclU  parts. Hence Hamilton’s principle takes the following form for the present case: 

    
2

1

0.k cl nclT U U d
 

    
 





       (2.36) 

 The expression of kT  is derived in terms of the dynamic displacement components

 0 0 0, ,u v w  as follows: 

2 2 2/ 2 2
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2

0
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2

b

A I

a

u v w w w
rdrd

r r



  
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                                                           
  . (2.37) 

In Eq. (2.37),  ,A I  is the set of inertia coefficients where A  is already defined in Eq. 

(2.27i) and I  is defined as:  

   
2

2

2
 .

t

I ft
z dz 




         (2.38) 

It is noted that the following simplification is used to derive Eq. (2.37) as a result symmetrical 

material gradation across the thickness: 
2

2
0

t

ft
zdz




  . It is further noted that the dynamic 
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mid-plane displacements  0 0 0, ,u v w for this step of the problem are referenced from the 

deformed configuration, already determined. 

 The dynamic displacements  0 0 0, ,u v w  are functions of both space and time. It is 

considered that the space and time parts of  0 0 0, ,u v w  are separable. Further the time parts of 

 0 0 0, ,u v w  are assumed harmonic because the present problem involves free vibration of an 

elastic system. The space parts of the dynamic displacement components are discretized 

following Ritz method using the same set of functions  , ,u v w
j j j   that are used for 

determining the deformed configuration of the micro-disk. But the discretization takes place 

with the combination of a new set of unknown coefficients jd . The displacement fields in 

discretized form are given as follows: 

      0
1

( , , ) , ,
n

u
j j

j

u d e


  i          (2.39a) 

      0
1

( , , ) , ,
n

v
n j j

j

v d e


 i          (2.39b) 

      0 2
1

( , , ) ,
n

w
n j j

j

w d e


  i      .    (2.39c) 

In Eqs. (2.39a)-(2.39c),   is the frequency of vibration and -1i= . It is noted that the set of 

unknown coefficients jd  is called the set of generalized coordinates. 

 As the micro-disk executes small amplitude free vibration about its deformed 

configuration, its tangent stiffness is responsible for free vibratory motion that would occur in 

the neighborhood of the deformed configuration. The strain energies involved in Eq. (2.36) 

would lead to the tangent stiffness matrix  K  of the deformed disk. It is noted that the 

tangent stiffness matrix, and the total stiffness matrix used in the previous step (Eq. (2.34)) for 

determining the deformed configuration of the micro-disk are not same. As the total stiffness 

of the micro-disk for undergoing time-invariant deformation is already known (i.e.,  c  is 

known for any particular loading) from the previous step, the tangent stiffness can be suitably 

obtained using it. 
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 At any deformed state given by  c , the components of the tangent stiffness matrix 

  K  are determined by taking partial derivative of each of the elements of the restoring 

force vector  rP  with respect to each component of  c . The vector of restoring forces  rP  

at any deformed state given by  c  is obtained by the product of the total stiffness matrix  S  

and  c  given as below: 

      
3

1

for 1 2 3
n

r
i ij j

j

P S c i , ,....., n.


       (2.40) 

Hence the components of the tangent stiffness matrix are derived using the following relation 

(Das (2018)): 

    
 

3

1 1, 2,.....,3 ,
for

1, 2,.....,3 .

n

ij j
j

ik

k

S c
i n

K
k nc



 
      




   (2.41) 

 It must be noted that  K  is contributed by the classical  cl  K  and non-classical 

 ncl  K  parts. It can be said that the non-classical part of the total and tangent stiffness 

matrices are both linear and same i.e., ncl ncl      S K , owing to the fact that the symmetric 

curvature tensor    is essentially linear. However the classical part of the tangent stiffness 

matrix  cl  K  is nonlinear. The derivations of cl  K  using Eqs. (2.40) and (2.41) are shown 

in Appendix 2B. The components of cl  K  are provided in Appendix 2C. 

 Using Eqs. (2.39a)-(2.39c), substituting Eq. (2.37) into (2.36), and using the 

components of the tangent stiffness into Eq. (2.36), the governing equations are derived in the 

following form: 

   
     2 0.K M d         (2.42) 

Here  M  is the mass matrix and  d
 
is the set of unknown coefficients representing the 

dynamic displacements during the free vibration. The components of  M
 
are provided in 

Appendix 2D. It is noted that the nonlinear tangent stiffness matrix  K  appearing in Eq. 
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(2.42) is linearized using the solution coefficients  c  of the deformed configuration of the 

micro-disk to take into the effect of pre-stress induced due to centrifugal loading, transverse 

pressure and thermal loading. Eq. (2.42) clearly represents an eigenvalue problem. The square 

roots of the eigenvalues  2  signify the frequencies of vibratory motion of the deformed 

micro-disk, and the eigenvectors i.e.,  d
 

represent the corresponding mode-shapes of 

vibration. These eigenvectors when used in Eqs. (2.39a)-(2.39c) generate the mode-shapes of 

vibration. Eq. (2.42) is solved using a standard eigen-solver of MATLAB. All the 

computations in this section, except the solution of Eq. (2.42), have been carried out in 

FORTRAN. 

 

2.9 Chapter Summary 

The general thematic problem of the thesis as a whole has been defined. The details of FGM 

modeling of the disk have been explained. The physical and computational domains of the 

present problem has been identified and discussed. Various components of different tensors, 

namely von Kármán strain tensor, Cauchy stress tensor, symmetric curvature tensor and 

deviatoric part of symmetric couple stress tensor have been derived. The governing equations 

for two different but interrelated parts of the main problem have been derived and solved with 

the help of Ritz method. The solution methodologies of the governing equations for these two 

problems have been explained. In nutshell, the generalized mathematical formulation, 

encompassing all the reduced problems for the subsequent chapters, has been discussed in this 

chapter. 
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Appendix 2A 

Classical Part of Total Stiffness Matrix 

The sub-matrices of Scl   , each of dimension n n , are as follows: 

    

11 12 13

21 22 23

31 32 33

S S S

S S S S

S S S

cl cl cl

cl cl cl cl

cl cl cl

            
                
            

.     (2A.1) 

The components of these sub-matrices are given below: 
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(2A.2) 
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1
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G E d d

r r r r

       
   
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Non-classical Part of Total Stiffness Matrix 

The sub-matrices of Sncl   , each of dimension n n ,  are as follows: 
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.    (2A.11) 

The components of these sub-matrices are given below:
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Elements of Load Vector  

The sub-vectors of  P , each of dimension 1n ,  are as follows: 
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The components of these sub-vectors are given below:
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Appendix 2B 

If the elements of the total stiffness matrix  S
 
are linear (i.e., independent of the generalized 

coordinates  jc ), then the corresponding elements of the tangent stiffness matrix  K
 
are 

also linear. This makes the corresponding elements of the total and tangent stiffness matrices 

identical. This can be shown, employing Eqs. (2.40) and (2.41) as follows: 
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1, 2,.....,3 ,

for possible 1, 2,.....,3 ,
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r
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c c
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
            


 (2B.1) 

The components of the classical part  Scl    of the total stiffness matrix, given by Eqs. 

(2A.2), (2A.3), (2A.5) and (2A.6), and also all the elements of the non-classical part  Sncl    

of the total stiffness matrix given by Eqs. (2A.12)-(2A.20) are linear. 

 On the other hand, if the elements of the total stiffness matrix  S
 
are nonlinear (i.e., 

dependent on the displacement fields, and in turn on the generalized coordinates  jc ), then 

the corresponding elements of the tangent stiffness matrix  K
 
are nonlinear and distinct from 

 S . It can be seen from Appendix 2A that the elements of  S , represented by Eqs. (2A.4), 

(2A.7) and (2A.10) are nonlinear. As an illustration, the derivation of the particular elements 

of  K

 

corresponding to the elements of  S ,
 
given by Eq. (2A.7), is shown below: 
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Appendix 2C 

Classical Part of Tangent Stiffness Matrix 

The sub-matrices of K cl   , each of dimension n n ,  are as follows: 
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Appendix 2D 

Mass Matrix 

The sub-matrices of  M , each of dimension n n ,  are as follows: 
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The components of these sub-matrices are given below:
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3.1 Introduction 

From the literature review, it is seen that the studies on the vibration behaviour of FGM 

rotating micro-/nano-plates based on various non-classical theories are very limited, and are 

found in Mahinzare et al. (2018a), Mahinzare et al. (2018b), Shojaeefard et al. (2018a) and 

Shojaeefard et al. (2018b). In all these works, the rotating plates are assumed to be supported 

at the outer edge. Hence, the typical clamped-free rotating disk-type problem of FGM micro-

disks has not yet been studied. Furthermore, only the axisymmetric modes of vibration are 

considered in the above-mentioned works. In this chapter, the free vibration behaviour of 

clamped-free BFGM annular rotating micro-disks subjected to centrifugal loading due to 

constant rotational speed and thermal loading due to high-temperature operating environment 

has been studied. The effect of transverse pressure has been considered to be zero in this case. 

The mathematical model is developed based on the Kirchhoff plate theory and the MCST, and 

the governing equations are derived employing the principle of minimum total potential 

energy and Hamilton’s principle. The governing equations are solved after discretization of 

the mid-plane displacements following Ritz method. In this problem, both axisymmetric and 

asymmetric behaviours have been studied for clamped-free micro-disks. After developing the 

model, a convergence study has been presented to assess the number of functions required for 

Ritz approximation. A number of comparison studies with standard available results have 

been undertaken for some reduced problems to successfully validate the mathematical model 

for this particular problem. The numerical results mostly in non-dimensional plane are 

presented in graphical and tabular form. The effects of rotational speed, thermal loading, size-

dependent thickness, material gradation indices, radius ratio and FGM composition on the 

frequencies of vibration have been discussed. Four different metal-ceramic FGM 

FREE  VIBRATION  BEHAVIOUR  OF  BFGM  ROTATING 
MICRO­DISKS UNDER HIGH­TEMPERATURE  THERMAL 
LOADING 
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compositions namely, Stainless Steel/Silicon Nitride (SUS304/Si3N4), Stainless 

Steel/Alumina (SUS304/Al2O3), Stainless Steel/Zirconia (SUS304/ZrO2) and Titanium 

Alloy/Zirconia (Ti-6Al-4V/ZrO2) have been considered for presentation of results. Three-

dimensional mode shape plots along with contour plots have also been presented to visualize 

the axisymmetric and asymmetric bending vibration modes as well as the torsional vibration 

mode. 

 

Fig. 3.1: Schematic diagram of a rotating disk. 

 

3.2 Mathematical Background 

A general mathematical model has already been presented in the preceding chapter. The 

present model can be obtained from the generalized mathematical model. The outline of the 

mathematical formulation has been provided here, to have better understanding of the 

subsequent sections of the present chapter. 

 A rotating micro-disk having inner radius a , outer radius b and constant thickness t  

is considered as shown in Fig. 3.1. The micro-size disk is made of metal-ceramic BFGM, 

which is graded along the radial and transverse directions, following Voigt rule involving 

power law. The parameters rk  and tk  symbolize the gradation indices along the radial and 

thickness directions respectively. The problem has been formulated using two steps. In the 

first step, the deformed configuration of the micro-disk under centrifugal loading due to 

constant rotational speed    and thermal loading  0ΔT = T -T  due to uniform temperature 
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rise has been determined, where T  and  0 300 KT   denote the present and constant stress-

free temperatures respectively. In the second step, the free vibration response of the deformed 

micro-disk about its deformed configuration has been determined. 

 Using the Kirchhoff plate theory and the MCST, employing the principle of minimum 

total potential energy, and discretizing the mid-plane displacement fields following Ritz 

method, the governing equations for the first step have already been derived as Eq. (2.34), 

which is again given below: 

        .S c P       (3.1) 

In Eq. (3.1),  S is the total stiffness matrix (of dimension 3 3n n , where n  is the number of 

functions to discretize each of the displacement fields  0 0 0, ,u v w ) having classical  Scl    

and non-classical  Sncl    parts;  c  is the vector of unknown coefficients jc to be 

determined with reference to Eqs. (2.31a)-(2.31c);  P is the  load vector. The components of 

cl  S  and n cl  S remain same as given in Appendix 2A. However, due to the absence of 

uniform transverse pressure, the components of the load vector         1 2 3P P P P
T

 for the 

present problem are reduced to the following form: 

 
 

1 1 1 1
2 2

1

0 0 0 0

,P J J
u

u u i
A i TA ir d d E r d d

r

       
     

       (3.2a) 

 
 

1 1

2

0 0

,P J
v
i

TAE d d
  





         (3.2b) 

 
 3 0.P      (3.2c) 

Eq. (3.1) provides a set of non-linear algebraic equations, which is solved employing 

Broyden’s algorithm. It is to be mentioned that, for Ritz approximation, the functions, given 

for a CF disk in Table 2.3, is to be used for the present problem.  

 Employing Hamilton’s principle, assuming harmonic vibration for the elastic system, 

and discretizing the space part of the displacement fields following Ritz method, the 
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governing equations for the second step have already been derived as Eq. (2.42), which is 

again given below: 

         2 0.K M d        (3.3) 

Here  K  is the tangent stiffness matrix, the components of which are given in Appendix 2C;

 M  is the mass matrix, the components of which are given in Appendix 2D;  d is the set of 

unknown coefficients representing the dynamic displacements during the free vibration. The 

set of equations given by Eq. (3.3) is non-linear, which is linearized using the solution 

parameters  c  of the previous step to take into the effect of pre-stress induced due to 

centrifugal and thermal loading. For the eigenvalue problem given by Eq. (3.3), the square 

roots of the eigenvalues  2  signify the frequencies of vibration of the deformed micro-disk, 

and the eigenvectors i.e.,  d represent the corresponding mode-shapes of vibration. The 

mode-shapes are obtained by appropriately substituting  d  into Eqs. (2.39a)-(2.39c). 

 

Table 3.1: Material properties of the ceramic constituents at 0T  = 300 K. 

Material Property Silicon Nitride (Si3N4) Zirconia (ZrO2) Alumina (Al2O3) 

0
cE  (GPa) 322.27 168.06 320.24 

0
c  0.240 0.298 0.260 

c  (kg/m3) 2370 3000 3750 

 

 

3.3 Results and Discussion 

The non-dimensional speed  *  and frequency of vibration  * for the present problem are 

defined as follows (Das et al. (2010); Kermani et al. (2016); Shojaeefard et al. (2018b)): 

   
* 2= / ,cb t D 

      (3.4a) 

   
* 2= / ,cb t D         (3.4b) 
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where    20 3 012 1c cD E t   .It is noted that the non-dimensional parameters are defined 

with reference to the property values of the ceramic phase of the FGM composition at

 0 300 KT  , which are calculated using the Touloukian model given by Eq. (2.6) and 

employing the temperature coefficients provided in Table 2.1. For the ceramic constituents, 

the mass density values, which are independent of temperature, are already listed in Table 2.2. 

However, the mass density  c  values along with the values of the Young’s modulus  0
cE  

and Poisson’s ratio  0
c for different ceramic constituents at 0T  used in the present analysis are 

provided in Table 3.1. 

 The bending or flexural mode shape is denoted by mode number  p,q , in which p

represents the number of nodal circles and q represents the number of nodal diameters. The 

torsional mode is denoted by (T) which is contributed by 0v , the displacement field along the 

θ  direction. It is to be noted that  ,0p denotes an axisymmetric bending mode indicating the 

absence of nodal diameter (i.e., 0q ). Further, the presence of one or more nodal diameters 

gives an asymmetric bending mode  0q  . For example, (1,1) implies an asymmetric 

bending mode with one nodal circle ( p  1) and one nodal diameter ( q 1). Further (1,0) 

implies an axisymmetric bending mode with one nodal circle ( p  1) and without the 

presence any nodal diameter ( q 0).    

 The present formulation is quite general in nature, and can be applied for a wide 

variety of problems by properly adjusting certain parameters as follows: the present model 

can be reduced to a plate model under non-rotating condition by putting the rotational speed 

 =0; the size-independent behaviour, which is applicable for a macro-size rotating disk, can 

be investigated by putting 0l  ; the problem of solid micro-plate clamped at the outer edge 

can be investigated by putting a =0, 0   and considering    2

1 1 11 ; 1u v w          

as the lowest order admissible function for Ritz discretization; a radial-FG micro-disk/plate is 

obtained by putting 0tk  ; a thickness-FG micro-disk/plate is obtained by putting 0rk  . 
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 Unless otherwise specified, the numerical results for this chapter are represented for a 

Stainless Steel/Silicon Nitride BFGM micro-disk for the following values: l =17.610-6 m,

1t l  , 50b t  , 5b a  , 1rk  , 1tk   and 300.T   All the results are associated with the 

corresponding mode numbers. 

Table 3.2: Non-dimensional frequency values for different number of functions. 

n n n    

33 44 55 66 77 88 99 1010 

6.403 
(0,0) 

6.360 
(0,0) 

6.356 
(0,0) 

6.355 
(0,0) 

6.355 
(0,0) 

6.354 
(0,0) 

6.354 
(0,0) 

6.354 
(0,0) 

8.061 
(0,1) 

7.986 
(0,1) 

7.974 
(0,1) 

7.971 
(0,1) 

7.970 
(0,1) 

7.970 
(0,1) 

7.970 
(0,1) 

7.970 
(0,1) 

12.764 
(0,2) 

12.687 
(0,2) 

12.666 
(0,2) 

12.658 
(0,2) 

12.656 
(0,2) 

12.654 
(0,2) 

12.654 
(0,2) 

12.654 
(0,2) 

30.776 
(T) 

21.733 
(0,3) 

21.722 
(0,3) 

21.715 
(0,3) 

21.712 
(0,3) 

21.711 
(0,3) 

21.711 
(0,3) 

21.711 
(0,3) 

36.047 
(1,0) 

30.560 
(T) 

30.507 
(T) 

30.496 
(T) 

30.494 
(T) 

30.494 
(T) 

30.493 
(T) 

30.493 
(T) 

40.531 
(1,1) 

35.462 
(1,0) 

34.701 
(0,4) 

34.696 
(0,4) 

34.695 
(0,4) 

34.694 
(0,4) 

34.693 
(0,4) 

34.693 
(0,4) 

 

 

Fig. 3.2: Comparison of the variation of fundamental natural frequency with material 
gradation index for a radial-FG annular rotating disk based on the classical theory. 

 

3.3.1 Convergence Study 

As the governing equations are discretized following Ritz method, it is essential to decide the 

number of functions to be employed for generation of results. In this regard, a convergence 
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study has been conducted for the BFGM rotating annular micro-disk for the following values: 

l =17.6 μm (Lam et al. (2003); Park and Gao (2006)), 1t l  , 50b t  , 5b a  , 1rk  , 1tk  , 

300.T  Accordingly, the dimensions of the BFGM rotating annular micro-disk become: t

=17.6 μm,b=880 μm, a= 176 μm. Table 3.2 presents the results of the convergence study 

which are the non-dimensional frequencies of vibration for the first six modes for different 

values of  n n n   . It can be seen from Eqs. (2.31a)-(2.31c) and Eqs. (2.32a)-(2.32c) that 

n  is the total number of functions used to discretize each of the displacement fields 

 0 0 0, ,u v w , and n  and n  are the number of functions along   and   directions 

respectively. Table 3.2 shows that a converged set of results are obtained for n 88 and 

above. Hence, this particular value of n  has been used for generation of results. 

 

3.3.2 Validation Study 

The variation of fundamental natural frequency  *  with material gradation index   for a 

clamped-free radial-FG annular rotating disk is shown in Fig. 3.2based on the classical theory 

 0l  . This figure shows a good matching between the present result and the result from 

Kermani et al.(2016). The plot is generated by considering dimensional speed 100 /3 

rad/s, and the following property values: /3800 r b

f eE  GPa, /380 r b
f e  kg/m3, 0.3f 

(constant). 

Table 3.3: Comparison of the first two axisymmetric and asymmetric non-dimensional free 

vibration frequencies for a radial-FG ( =1) annular non-rotating disk  0 based on the 

classical theory  0l  with / 100b t   and / 5b a  . 

Type Mode Present Kermani et al. (2016) 

Axisymmetric 
(0,0) 4.23 4.24 

(1,0) 30.00 30.10 

Asymmetric 
(0,1) 3.81 3.81 

(1,1) 32.52 32.56 
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Another comparison with Kermani et al. (2016) is shown in Table 3.3 for the first two 

axisymmetric and asymmetric free vibration frequencies for the same disk (used for Fig. 

3.2)under non-rotating condition  0 and having  =1. It also demonstrates excellent 

matching of the results. 

 

Fig. 3.3: Comparison of the first two axisymmetric free vibration frequencies under different 
thermal loadings for a thickness-FG solid circular clamped micro-plate. 

 
 The variation of the first two axisymmetric free vibration frequencies with thermal 

loading under uniform temperature rise is compared with that of Ghadiri et al. (2017) in Fig. 

3.3 to validate the size-effect for a clamped (outer edge) thickness-FG  1.2tk   solid  0a   

micro-plate  2t l  . The functional gradation is asymmetric all through the plate thickness 

and the plate is clamped at the outer circular edge  r b . The asymmetric gradation through 

the plate thickness is modeled by replacing 
2 tk

z

t
by 

1

2

tk
z

t
  
 

 and putting 0rk   in Eq. (2.5). 

Fig. 3.3 shows good matching of the results. Thus, the validity of the present model is 

established through the above comparisons. 

 
3.3.3 Numerical Results for Different Parameters 

Tables 3.4-3.19 illustrate the first four free vibration frequencies for various size-dependent 

thickness  t/l  values including that for a classical  0l   rotating clamped-free micro-disk. 
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Each of these tables presents results for both T  0 and 300. Tables 3.4-3.19 present the 

results for different rotational speed * and these values are: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 

12, 13, 14 and 15 respectively. The size-dependent thickness  t/l  is considered to study the 

effect of small-size. Smaller value of  t/l  signifies enhanced effect of small-size, and as the 

value of t/l  increases, small-size effect diminishes. The collective observation from Tables 

3.4 to 3.19 demonstrates a constant trend of increasing flexural vibration frequencies with the 

increase of speed due to centrifugal stiffening while all other parameters are kept constant. It 

should be noted that the stretching-flexural coupling involving von Kármán type non-linearity 

is used to introduce the centrifugal stiffening effect into the free vibration behaviour. 

However, it appears that the torsional vibration frequencies, which are manifested by the 

circumferential displacement field 0v , are independent of the rotational speed, and the reason 

is the lack of stretching-torsional coupling (i.e., coupling of axial-tangential displacements). 

The torsional vibration modes are evolved gradually at higher rotational speed. Additionally, 

each table shows a notable rise in the flexural vibration frequencies with decrease in t/l values 

because of the enhanced size-dependent stiffening effect when the disk thickness approaches 

the material length scale parameter  l  value. For the lower flexural modes, the size-effect 

decreases or nearly disappears as t/l  approaches 10. The torsional vibration frequencies 

which appeared as the fourth mode as shown in Table 3.19 are observed to be mostly 

unaffected by the parameter t/l . The effect of thermal loading  T  for the first mode is 

shown to be negligible, but for the higher modes, it becomes progressively relevant. The 

frequency values for the first two flexural modes are found to be lower at T= 0 and higher at 

T= 300. But for the higher flexural modes and the torsional mode, the frequency values are 

found to be higher at T = 0 and lower at T = 300, indicating prominent effect of thermo-

elastic material degradation. Further, mode-switching is observed to occur between different 

sets of consecutive modes at higher speed ranges depending on the specific t/l  values and 

thermal loading condition, although it is found absent in lower and medium speed ranges. For 

example, at speed * = 15, as shown in Table 3.19, for t/l =5, mode-switching takes place for 

the fourth mode where the flexural mode (0,3) is switched to the torsional mode as the 
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thermal loading changes from T = 0 to 300 K. Table 3.4-3.19 clearly indicates the role of the 

torsional mode in properly understanding the dynamic behaviour of rotating micro-disks, 

especially at higher rotational speeds and thermal loading condition. 

 

Table 3.4: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 4.04 (0,0) 5.79 (0,1) 10.51 (0,2) 19.97 (0,3) 

300 3.99 (0,0) 5.65 (0,1) 10.00 (0,2) 19.06 (0,3) 

2 0 3.39 (0,0) 3.69 (0,1) 6.31 (0,2) 12.41 (0,3) 

300 3.45 (0,0) 3.71 (0,1) 5.96 (0,2) 11.81 (0,3) 

5 0 2.83(0,1) 2.98(0,0) 4.26(0,2) 8.63(0,3) 

300 2.94 (0,1) 3.15 (0,0) 4.00 (0,2) 8.25 (0,3) 

10 0 2.69 (0,1) 2.90(0,0) 3.84(0,2) 7.81(0,3) 

300 2.81 (0,1) 3.09 (0,0) 3.60 (0,2) 7.50 (0,3) 

l =0 

(classical) 

0 2.64 (0,1) 2.87(0,0) 3.68(0,2) 7.49(0,3) 

300 2.76 (0,1) 3.06 (0,0) 3.46 (0,2) 7.22 (0,3) 

 

Table 3.5: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 1.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 4.16 (0,1) 5.89 (0,0) 10.62 (0,2) 20.07 (0,3) 

300 4.11 (0,0) 5.76 (0,1) 10.11 (0,2) 19.18 (0,3) 

2 0 3.53 (0,0) 3.86 (0,1) 6.50 (0,2) 12.58 (0,3) 

300 3.59 (0,0) 3.88 (0,1) 6.15 (0,2) 11.99 (0,3) 

5 0 3.05 (0,1) 3.13 (0,0) 4.53 (0,2) 8.87 (0,3) 

300 3.14 (0,1) 3.29 (0,0) 4.29 (0,2) 8.50 (0,3) 

10 0 2.91 (0,1) 3.05 (0,0) 4.13 (0,2) 8.06 (0,3) 

300 3.02 (0,1) 3.23 (0,0) 3.92 (0,2) 7.77 (0,3) 

l =0 

(classical) 

0 2.86 (0,1) 3.01 (0,0) 3.99 (0,2) 7.76 (0,3) 

300 2.98 (0,0) 3.21(0,1) 3.78(0,2) 7.50(0,3) 
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Table 3.6: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 2.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 4.50 (0,0) 6.21 (0,1) 10.96 (0,2) 20.39 (0,3) 

300 4.46 (0,0) 6.08 (0,1) 10.47 (0,2) 19.51 (0,3) 

2 0 3.90 (0,0) 4.32 (0,1) 7.03 (0,2) 13.08 (0,3) 

300 3.97 (0,0) 4.34 (0,1) 6.71 (0,2) 12.51 (0,3) 

5 0 3.53 (0,0) 3.61 (0,1) 5.26 (0,2) 9.54 (0,3) 

300 3.69 (0,0) 3.70 (0,1) 5.05 (0,2) 9.21 (0,3) 

10 0 3.45 (0,0) 3.50 (0,1) 4.92 (0,2) 8.80 (0,3) 

300 3.60 (0,1) 3.63 (0,0) 4.74 (0,2) 8.54 (0,3) 

l = 0 

(classical) 

0 3.42 (0,0) 3.46 (0,1) 4.80 (0,2) 8.52 (0,3) 

300 3.56 (0,1) 3.61 (0,0) 4.63 (0,2) 8.29 (0,3) 

 

 

Table 3.7: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300 and * 3.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 5.02 (0,0) 6.70 (0,1) 11.49 (0,2) 20.91(0,3) 

300 4.98 (0,0) 6.58 (0,1) 11.03 (0,2) 20.06 (0,3) 

2 0 4.44 (0,0) 5.00 (0,1) 7.83 (0,2) 13.86(0,3) 

300 4.52 (0,0) 5.01 (0,1) 7.55 (0,2) 13.34(0,3) 

5 0 4.10 (0,0) 4.39 (0,1) 6.29 (0,2) 10.57(0,3) 

300 4.26(0,0) 4.47(0,1) 6.12(0,2) 10.29(0,3) 

10 0 4.02 (0,0) 4.30 (0,1) 6.01 (0,2) 9.90 (0,3) 

300 4.21 (0,0) 4.39 (0,1) 5.86(0,2) 9.68 (0,3) 

l =0 

(classical) 

0 4.00 (0,0) 4.27 (0,1) 5.91 (0,2) 9.66(0,3) 

300 4.19 (0,0) 4.36 (0,1) 5.77 (0,2) 9.46 (0,3) 



 84

 

Table 3.8: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 4.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 5.65 (0,0) 7.33 (0,1) 12.20 (0,2) 21.62(0,3) 

300 5.63 (0,0) 7.22 (0,1) 11.77 (0,2) 20.80 (0,3) 

2 0 5.10 (0,0) 5.81 (0,1) 8.84 (0,2) 14.90(0,3) 

300 5.18 (0,0) 5.83 (0,1) 8.59 (0,2) 14.41 (0,3) 

5 0 4.77 (0,0) 5.29 (0,1) 7.50 (0,2) 11.87(0,3) 

300 4.93 (0,0) 5.36 (0,1) 7.35 (0,2) 11.62 (0,3) 

10 0 4.70 (0,0) 5.21 (0,1) 7.26 (0,2) 11.27(0,3) 

300 4.89 (0,0) 5.29 (0,1) 7.14 (0,2) 11.09 (0,3) 

l = 0 

(classical) 

0 4.68 (0,0) 5.18(0,1) 7.18 (0,2) 11.05(0,3) 

300 4.87 (0,0) 5.27 (0,1) 7.07 (0,2) 10.89 (0,3) 

 

 

Table 3.9: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 5.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 6.37 (0,0) 8.06 (0,1) 13.06 (0,2) 22.50 (0,3) 

300 6.35 (0,0) 7.97 (0,1) 12.65 (0,2) 21.71 (0,3) 

2 0 5.83 (0,0) 6.71 (0,1) 9.98 (0,2) 16.12(0,3) 

300 5.91 (0,0) 6.72 (0,1) 9.76 (0,2) 15.68(0,3) 

5 0 5.51 (0,0) 6.25 (0,1) 8.81 (0,2) 13.34(0,3) 

300 5.67 (0,0) 6.32 (0,1) 8.69 (0,2) 13.14(0,3) 

10 0 5.44 (0,0) 6.19 (0,1) 8.61 (0,2) 12.81(0,3) 

300 5.62 (0,0) 6.26(0,1) 8.51(0,2) 12.66(0,3) 

l =0 

(classical) 

0 5.42 (0,0) 6.16 (0,1) 8.54 (0,2) 12.61(0,3) 

300 5.61 (0,0) 6.24 (0,1) 8.44 (0,2) 12.49 (0,3) 
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Table 3.10: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 6.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 7.13 (0,0) 8.88 (0,1) 14.04 (0,2) 23.53 (0,3) 

300 7.13 (0,0) 8.79 (0,1) 13.66 (0,2) 22.78 (0,3) 

2 0 6.59 (0,0) 7.66 (0,1) 11.22 (0,2) 17.49 (0,3) 

300 6.69 (0,0) 7.67 (0,1) 11.03 (0,2) 17.10 (0,3) 

5 0 6.28 (0,0) 7.25 (0,1) 10.18 (0,2) 14.95 (0,3) 

300 6.44 (0,0) 7.31 (0,1) 10.08 (0,2) 14.78 (0,3) 

10 0 6.21 (0,0) 7.19 (0,1) 10.01 (0,2) 14.47 (0,3) 

300 6.39 (0,0) 7.26 (0,1) 9.92 (0,2) 14.35 (0,3) 

l = 0 

(classical) 

0 6.20 (0,0) 7.17 (0,1) 9.95 (0,2) 14.30 (0,3) 

300 6.38 (0,0) 7.24 (0,1) 9.87 (0,2) 14.19 (0,3) 

 

 

Table 3.11: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 7.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 7.93 (0,0) 9.75 (0,1) 15.11 (0,2) 24.68(0,3) 

300 7.94 (0,0) 9.68 (0,1) 14.76 (0,2) 23.97 (0,3) 

2 0 7.39 (0,0) 8.64(0,1) 12.52 (0,2) 18.99(0,3) 

300 7.48 (0,0) 8.66 (0,1) 12.35 (0,2) 18.64(0,3) 

5 0 7.07 (0,0) 8.28 (0,1) 11.60 (0,2) 16.65(0,3) 

300 7.23 (0,0) 8.33 (0,1) 11.51 (0,2) 16.50 (0,3) 

10 0 7.01 (0,0) 8.22(0,1) 11.45 (0,2) 16.21(0,3) 

300 7.19 (0,0) 8.28(0,1) 11.37(0,2) 16.11(0,3) 

l = 0 

(classical) 

0 6.99 (0,0) 8.20 (0,1) 11.40 (0,2) 16.05 (0,3) 

300 7.17 (0,0) 8.27 (0,1) 11.32 (0,2) 15.97 (0,3) 
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Table 3.12: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 8.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 8.75 (0,0) 10.67 (0,1) 16.26 (0,2) 25.95(0,3) 

300 8.76 (0,0) 10.60 (0,1) 15.94 (0,2) 25.28 (0,3) 

2 0 8.19 (0,0) 9.65(0,1) 13.88 (0,2) 20.58(0,3) 

300 8.29 (0,0) 9.67 (0,1) 13.72 (0,2) 20.26 (0,3) 

5 0 7.88 (0,0) 9.31 (0,1) 13.05(0,2) 18.41(0,3) 

300 8.03 (0,0) 9.36 (0,1) 12.96 (0,2) 18.28 (0,3) 

10 0 7.81 (0,0) 9.26 (0,1) 12.91 (0,2) 18.01(0,3) 

300 7.99(0,0) 9.32 (0,1) 12.84 (0,2) 17.93 (0,3) 

l = 0 

(classical) 

0 7.80 (0,0) 9.25 (0,1) 12.87 (0,2) 17.87(0,3) 

300 7.97 (0,0) 9.30 (0,1) 12.80 (0,2) 17.80 (0,3) 

 

 

Table 3.13: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 9.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 9.59 (0,0) 11.62 (0,1) 17.47 (0,2) 27.32 (0,3) 

300 9.60 (0,0) 11.56 (0,1) 17.17 (0,2) 26.68 (0,3) 

2 0 9.01 (0,0) 10.67 (0,1) 15.27 (0,2) 2.24 (0,3) 

300 9.10 (0,0) 10.69 (0,1) 15.13 (0,2) 21.95 (0,3) 

5 0 8.69 (0,0) 10.36 (0,1) 14.51 (0,2) 20.23 (0,3) 

300 8.85 (0,0) 10.41 (0,1) 14.43 (0,2) 20.11 (0,3) 

10 0 8.63 (0,0) 10.31 (0,1) 14.39 (0,2) 19.86 (0,3) 

300 8.80 (0,0) 10.36(0,1) 14.32 (0,2) 19.78 (0,3) 

l = 0 

(classical) 

0 8.61 (0,0) 10.30 (0,1) 14.35 (0,2) 19.73 (0,3) 

300 8.78 (0,0) 10.35 (0,1) 14.28 (0,2) 19.66 (0,3) 
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Table 3.14: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 10.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 10.43 (0,0) 12.60 (0,1) 18.73 (0,2) 28.77(0,3) 

300 10.44 (0,0) 12.53 (0,1) 18.45 (0,2) 28.16 (0,3) 

2 0 9.83 (0,0) 11.71 (0,1) 16.68 (0,2) 23.96 (0,3) 

300 9.93 (0,0) 11.72 (0,1) 16.55 (0,2) 23.69 (0,3) 

5 0 9.51 (0,0) 11.41 (0,1) 15.99 (0,2) 22.07 (0,3) 

300 9.66 (0,0) 11.46 (0,1) 15.92 (0,2) 21.97 (0,3) 

10 0 9.46 (0,0) 11.37 (0,1) 15.88 (0,2) 21.73 (0,3) 

300 9.62 (0,0) 11.42 (0,1) 15.81 (0,2) 21.67 (0,3) 

l =0 

(classical) 

0 9.44 (0,0) 11.35 (0,1) 15.84 (0,2) 21.61 (0,3) 

300 9.60 (0,0) 11.40 (0,1) 15.78 (0,2) 21.56 (0,3) 

 

 

Table 3.15: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 11.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 11.27 (0,0) 13.58 (0,1) 20.03 (0,2) 30.28 (0,3) 

300 11.29 (0,0) 13.53 (0,1) 19.77 (0,2) 29.71 (0,3) 

2 0 10.66 (0,0) 12.75 (0,1) 18.12 (0,2) 25.73 (0,3) 

300 10.75 (0,0) 12.76 (0,1) 18.00 (0,2) 25.48 (0,3) 

5 0 10.34 (0,0) 12.47 (0,1) 17.48 (0,2) 23.95 (0,3) 

300 10.48 (0,0) 12.51 (0,1) 17.41 (0,2) 23.86 (0,3) 

10 0 10.28 (0,0) 12.43 (0,1) 17.37 (0,2) 23.63 (0,3) 

300 10.44 (0,0) 12.47 (0,1) 17.31 (0,2) 23.57 (0,3) 

l = 0 

(classical

0 10.26 (0,0) 12.41 (0,1) 17.34 (0,2) 23.52 (0,3) 

300 10.42 (0,0) 12.46 (0,1) 17.28 (0,2) 23.47 (0,3) 
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Table 3.16: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 12.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 12.12 (0,0) 14.59 (0,1) 21.36 (0,2) 31.86 (0,3) 

300 12.14 (0,0) 14.53 (0,1) 21.11 (0,2) 30.49 (T) 

2 0 11.49 (0,0) 13.80 (0,1) 19.57 (0,2) 27.52 (0,3) 

300 11.58 (0,0) 13.81 (0,1) 19.46 (0,2) 27.29 (0,3) 

5 0 11.17 (0,0) 13.53 (0,1) 18.97 (0,2) 25.85 (0,3) 

300 11.31 (0,0) 13.57 (0,1) 18.91 (0,2) 25.76 (0,3)  

10 0 11.11 (0,0) 13.49 (0,1) 18.87 (0,2) 25.55 (0,3) 

300 11.26 (0,0) 13.53 (0,1) 18.82 (0,2) 25.49 (0,3) 

l = 0 

(classical) 

0 11.09 (0,0) 13.48 (0,1) 18.84 (0,2) 25.44 (0,3) 

300 11.24 (0,0) 13.52 (0,1) 18.79 (0,2) 25.40 (0,3) 

 

 

Table 3.17: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 13.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 12.97 (0,0) 15.61 (0,1) 22.72 (0,2) 31.92 (T) 

300 12.98 (0,0) 15.56 (0,1) 22.49 (0,2) 30.49 (T) 

2 0 12.32 (0,0) 14.85 (0,1) 21.03 (0,2) 29.35 (0,3) 

300 12.41 (0,0) 14.86 (0,1) 20.93 (0,2) 29.14 (0,3) 

5 0 12.00 (0,0) 14.60 (0,1) 20.47 (0,2) 27.76 (0,3) 

300 12.13 (0,0) 14.63 (0,1) 20.41 (0,2) 27.68 (0,3) 

10 0 11.94 (0,0) 14.56 (0,1) 20.38 (0,2) 27.48 (0,3) 

300 12.09 (0,0) 14.59 (0,1) 20.33 (0,2) 27.43 (0,3) 

l = 0 

(classical) 

0 11.92 (0,0) 14.54 (0,1) 20.35 (0,2) 27.38 (0,3) 

300 12.07 (0,0) 14.58 (0,1) 20.30 (0,2) 12.07 (0,0) 
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Table 3.18: First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 14.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 13.81 (0,0) 16.63 (0,1) 24.10 (0,2) 31.92 (T) 

300 13.83 (0,0) 16.59 (0,1) 23.88 (0,2) 30.49 (T) 

2 0 13.15 (0,0) 15.91 (0,1) 22.51 (0,2) 31.20 (0,3) 

300 13.24 (0,0) 15.92 (0,1) 22.41 (0,2) 30.52 (0,3) 

5 0 12.83 (0,0) 15.66 (0,1) 21.98 (0,2) 29.69 (0,3) 

300 12.96 (0,0) 15.69 (0,1) 21.92 (0,2) 29.62 (0,3) 

10 0 12.78 (0,0) 15.62 (0,1) 21.89 (0,2) 29.42 (0,3) 

300 12.91 (0,0) 15.66 (0,1) 21.84 (0,2) 29.37 (0,3) 

l = 0 

(classical) 

0 12.76 (0,0) 15.61 (0,1) 21.86 (0,2) 29.33 (0,3) 

300 12.90 (0,0) 15.65 (0,1) 21.82 (0,2) 29.29 (0,3) 

 

 

Table 3.19 First four non-dimensional free vibration frequencies for different size-dependent 

thicknesses at T  0 and 300, and * 15.0. 

t l  T  Mode 1 Mode 2 Mode 3 Mode 4 

1 0 14.66 (0,0) 17.66 (0,1) 25.50 (0,2) 31.92 (0,3) 

300 14.68 (0,0) 17.62 (0,1) 25.29 (0,2) 30.49 (T) 

2 0 13.98 (0,0) 16.97 (0,1) 23.99 (0,2) 31.95 (T) 

300 14.07 (0,0) 16.98 (0,1) 23.89 (0,2) 30.52 (T) 

5 0 13.67 (0,0) 16.73 (0,1) 23.49 (0,2) 31.63 (0,3) 

300 13.79 (0,0) 16.76 (0,1) 23.43 (0,2) 30.53 (T) 

10 0 13.61 (0,0) 16.69 (0,1) 23.41 (0,2) 31.38 (0,3) 

300 13.74 (0,0) 16.73 (0,1) 23.36 (0,2) 30.53 (T) 

l =0 

(classical) 

0 13.59 (0,0) 16.68 (0,1) 23.38 (0,2) 31.29 (0,3) 

300 13.73 (0,0) 16.71 (0,1) 23.33 (0,2) 30.53 (T) 
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 The mode shape and the corresponding contour plots for the first four modes are 

displayed in Figs. 3.4(a)-(d) and Figs. 3.5(a)-(d) for two different speeds * =12 and * =15 

respectively for t/l =2. In Fig. 3.4, one symmetric mode and three different asymmetric modes 

are depicted, whereas in Fig. 3.5, one symmetric mode, two different asymmetric modes and 

the torsional mode are depicted. It is observed that the fourth mode changes from third 

asymmetric bending mode to the torsional mode (T) as the speed increases from 12 to 15. 

 

  
 
 

  
  

Fig. 3.4: Mode shape and contour plots for the first four modes for 2t/l=  at * 12  : (a) 

Mode (0,0), (b) Mode (0,1), (c) Mode (0,2), (d) Mode (0,3). 
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Fig. 3.5: Mode shape and contour plots for the first four modes for 2t/l=  at * 15  : (a) 

Mode (0,0), (b) Mode (0,1), (c) Mode (0,2), (d) Mode (T). 

 

 For the first four flexural vibration modes and the torsional mode, the non-dimensional 

speed-frequency behaviour is shown in Figs. 3.6(a)-(d) for various radial gradation indices 

 rk , and in Figs. 3.7(a)-(d) for various thickness gradation indices  tk . The constant 
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frequency values of the torsional modes, which are engaged in mode-switching with the 

preceding flexural modes, are also displayed in the relevant figures. The amount of metal 

volume fraction in the disk increases as either rk or tk  or both are increased. Increasing rk  or 

tk results in a drop in the frequency values for both the flexural and torsional modes as shown 

in the figures. This is because the metal (Stainless Steel) used in the current FGM 

composition is less elastically stiffer and heavier than its ceramic equivalent (Silicon Nitride). 

However, this effect becomes more and more predominant as the mode number becomes 

higher and higher. On the other hand, when the mode number increases, this impact of 

gradation indices gets more and more pronounced. 

 

 

Fig.3.6: Effect of radial gradation index on the speed-frequency behaviour for the flexural 
modes and the torsional mode: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) Mode 4. 
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Fig.3.7: Effect of thickness gradation index on the speed-frequency behaviour for the flexural 
modes and the torsional mode: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) Mode 4. 

 

The effect of radius ratio  b a  is shown in Figs. 3.8(a)-(d) for the first four modes 

respectively. The torsional mode is also shown in Figs. 3.8(b) and (c) to depict its mode 

switching with the first (0,1) and second (0,2) asymmetric modes at different levels of speeds. 

Smaller annular dimensions are indicated by a decreasing b a value, which makes the disk 

stiffer. As a result, for the first three modes (first axisymmetric and first two asymmetric 
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modes), a rise in the frequency is seen with a decrease in the b a  value. This tendency 

reverses for the fourth mode at higher value of b a , which shows that the reduction of b a

relaxes the stiffening effect. 

 

Fig.3.8: Effect of radius ratio on the speed-frequency behaviour for the flexural modes and 
the torsional mode: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) Mode 4. 

 

 The effect of thermal loading  T
 
is shown in Figs. 3.9(a)-(d) for the first four 

flexural modes respectively and also for the torsional mode. For the first two modes, the 

impact of thermal loading is shown to be negligible, but for the higher modes, it becomes 

progressively relevant. However, the thermal effect has a major impact on the torsional mode, 

which is found to switch modes with the asymmetric (0,3) mode. That the frequency values 
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decrease as thermal loading rises, indicate to a significant role of thermo-elastic material 

degradation. 

 

 
 
 

 

Fig.3.9: Effect of thermal loading on the speed-frequency behaviour for the flexural modes 
and the torsional mode: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) Mode 4. 
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Fig. 3.10: Speed-frequency behaviour for the first five flexural modes and the torsional mode: 
(a) Stainless Steel/Silicon Nitride, (b) Stainless Steel/Alumina, (c) Stainless Steel/Zirconia, 

(d) Titanium Alloy/Zirconia. 

 
 The previous results are all presented for Stainless Steel/Silicon Nitride composition. 

To demonstrate the effect of different FGM compositions, Figs. 3.10(a)-(d) are presented for 

Stainless Steel/Silicon Nitride, Stainless Steel/Alumina, Stainless Steel/Zirconia and Titanium 

Alloy/Zirconia compositions respectively, each for the first five flexural modes and the 

torsional mode. Fig. 3.10 shows that the trends of the mode-specific speed-frequency 

behaviour for Stainless Steel/Silicon Nitride and Stainless Steel/Alumina compositions are 

similar, but they differ in the relative values. The behaviour of Stainless Steel/Zirconia and 
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Titanium Alloy/Zirconia compositions are different than the other two compositions. For 

Stainless Steel/Zirconia, mode-switching occurs between the first two flexural modes (modes 

(0,1) and (0,0)) at very low rotational speeds. For Titanium Alloy/Zirconia, mode-switching 

occurs between the first two asymmetric modes (modes (0,1) and (0,2)) at low rotational 

speeds, and then between the first axisymmetric and asymmetric modes (modes (0,0) and 

(0,1)) at slightly higher speed. 

 

3.4 Chapter Summary 

The free flexural and torsional vibration behaviour of a BFGM rotating annular micro-disk 

operating in a high-temperature environment is investigated. Using Kirchhoff plate theory and 

Ritz technique, an energy-based formulation is developed to address the size-effect while 

taking into account the MCST. The mathematical framework captures both the axisymmetric 

and asymmetric vibration behaviour for the BFGM rotating micro-disk problem. The non-

dimensional speed-frequency behaviours are presented to investigate the effects of size-

dependent thickness, radial and thickness gradation indices, radius ratio, thermal loading and 

FGM composition, for a wide range of parametric values. A few mode-shape plots along with 

their contour have been presented for visualization of the axisymmetric and asymmetric 

bending, and the torsional modes. The mathematical model is new of its kind. The results that 

are being presented are the first of their kind, and will act as a standard for further research in 

this domain. The key findings of this chapter are summarized below: 

 Due to centrifugal stiffening, the flexural vibration frequencies increase with speed, 

but the torsional vibration frequency is found to be indifferent with the change of 

speed. 

 Although it has a minor influence on the torsional mode, the size-dependent thickness 

has a significant stiffening effect on the flexural vibration frequencies. 

 The flexural and torsional vibration frequencies are significantly influenced by the 

radial and thickness gradation indices, with the effects being more pronounced for the 

higher flexural modes. The vibration frequencies decrease with increase in the 

gradation indices. 
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 The vibration frequencies for the flexural modes are found to increase with decrease in 

the radius ratio for the first three modes, but this trend is reversed for the fourth 

bending mode for higher values of the radius ratio. 

 The speed-frequency behaviour is found to be significantly affected by the high 

operating temperature only for the higher modes. 
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4.1 Introduction 

The preceding chapter studied the free vibration behaviour of BFGM annular rotating micro-

disks subjected to centrifugal loading under high-temperature environment. A rotating disk 

may have to operate under high pressure and high temperature environment. To have basic 

understanding of the dynamic behaviour of the rotating disks under such situation, the free 

vibration behaviour of BFGM rotating annular disks subjected to uniform transverse pressure 

and operating at high-temperature environment needs to be studied. However, the literature 

review finds no such study related to this specific problem. Hence, in this chapter, the free 

vibration response of the clamped-free BFGM rotating micro-disks under transverse pressure 

and high-temperature thermal loading has been investigated. The mathematical model has 

been developed based on the Kirchhoff plate theory and the MCST. The governing equations 

are formulated employing the principle of minimum total potential energy and Hamilton’s 

principle, and are solved after discretization of the mid-plane displacements following Ritz 

method. In this problem, both axisymmetric and asymmetric modes as well as the torsional 

mode has been studied for a clamped-free micro-disk. The validity of the mathematical model 

for this particular problem has been established through a number of comparison studies with 

some standard available results. The numerical results are presented as graphs and tables. The 

effects of rotational speed, transverse pressure, thermal loading, size-dependent thickness, 

material gradation indices, radius ratio and FGM composition on the frequencies of vibration 

have been discussed. Four different metal-ceramic FGM compositions namely, Stainless 

Steel/Silicon Nitride (SUS304/Si3N4), Stainless Steel/Alumina (SUS304/Al2O3), Stainless 

FREE  VIBRATION  BEHAVIOUR  OF  BFGM  ROTATING 
MICRO­DISKS  SUBJECTED TO TRANSVERSE PRESSURE 
UNDER HIGH­TEMPERATURE THERMAL LOADING 
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Steel/Zirconia (SUS304/ZrO2) and Titanium Alloy/Zirconia (Ti-6Al-4V/ZrO2) have been 

considered for presentation of results. Three-dimensional mode shape plots along with 

contour plots have also been presented. 

 

Fig. 4.1: Schematic diagram of a rotating disk under uniform transverse pressure. 

   

4.2 Mathematical Background 

The general mathematical model has already been presented in the second chapter. To address 

the present problem, no simplification is needed with regard to the model presented in the 

second chapter, because the generalized mathematical model fully describes the present 

problem. Hence the entire generalized formulation is applicable for the present problem. 

However, to have better understanding of the subsequent sections of the present chapter, the 

outline of the mathematical formulation has been provided here. 

 A rotating micro-disk having inner radius a , outer radius b and constant thickness t is 

considered as shown in Fig. 4.1. The disk is made of metal-ceramic BFGM, which is graded 

along the radial and transverse directions, following Voigt rule involving power law. The 

parameters rk and tk  symbolize the gradation indices along the radial and thickness directions 

respectively. The micro-disk is assumed to be rotating with uniform angular speed  , and 

subjected to uniform transverse pressure of intensity 0q and thermal loading in the form of a 

uniform temperature rise 0ΔT =T -T , where T  and  0 300 KT   denote the present and 

constant stress-free temperatures respectively. The problem has been formulated using two 
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steps. In the first step, the configuration of the micro-disk under centrifugal loading, uniform 

transverse pressure and high-temperature environment has been determined. In the second 

step, the free vibration response of the deformed micro-disk about its deformed configuration 

has been determined in the frequency domain. 

 Using Kirchhoff plate theory and the MCST, employing the principle of minimum 

total potential energy, and discretizing the mid-plane displacement fields following Ritz 

method, the governing equations for the first step have already been derived as Eq. (2.34), 

which is again given below: 

        .S c P       (4.1) 

In Eq. (4.1),   cl n cl       S S S is the total stiffness matrix (of dimension 3 3n n , where n  

is the number of functions to discretize each of the mid-plane displacement fields  0 0 0, ,u v w ) 

; cl  S  and n cl  S  are the classical and non-classical parts of  S ;  c  is the vector of 

unknown coefficients jc to be determined with reference to Eqs. (2.31a)-(2.31c);  P is the  

load vector. The components of cl  S , n cl  S and  P remain same as given in Appendix 2A. 

Eq. (4.1) presents a set of non-linear algebraic equations, which is solved employing 

Broyden’s method. For Ritz discretization, the functions given for CF disks as given in Table 

2.3, is to be used for the present problem. 

 Employing Hamilton’s principle, assuming harmonic vibration for the elastic system, 

and discretizing the space part of the displacement fields following Ritz method, the 

governing equations for the second step have already been derived as Eq. (2.42), which is 

again given below: 

         2 0.K M d        (4.2) 

Here  K  is the tangent stiffness matrix, the components of which are given in Appendix 2C; 

 M  is the mass matrix, the components of which are given in Appendix 2D;  d is the set of 

unknown coefficients representing the dynamic displacements during the free vibration. Eq. 

(4.2) represents an eigenvalue problem, which is solved using a standard eigen-solver. Eq. 

(4.2) is non-linear but is linearized using the solution parameters  c  of the previous step to 
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take into the effect of pre-stress induced due to centrifugal, transverse pressure and thermal 

loading. The square roots of the eigenvalues  2  signify the frequencies of vibration of the 

deformed micro-disk, and the eigenvectors i.e.,  d represent the corresponding mode-shapes 

of vibration. The mode-shapes are obtained by appropriately substituting  d  into Eqs. 

(2.39a)-(2.39c). 

 

4.3 Results and Discussion 

The non-dimensional speed  * , pressure  *p  and frequency of vibration  * for the 

present problem are defined as follows (Das et al. (2010); Kermani et al. (2016); Shojaeefard 

et al. (2018b)):  

   
* 2= / ,cb t D 

      (4.3a) 

    * 4 0 4
0 /

c
p q b E t ,      (4.3b) 

   
* 2= / ,cb t D         (4.3c) 

where    20 3 012 1c cD E t   . It is noted that the non-dimensional parameters, defined in 

Eqs. (4.3a)-(4.3c) are defined with reference to the property values of the ceramic phase of the 

FGM composition at  0 300 KT  . These property values are calculated using the Touloukian 

model given by Eq. (2.6),and employing the temperature coefficients provided in Table 2.1. 

The values of the Young’s modulus  0
cE , Poisson’s ratio  0

c  and mass density  c for 

different ceramic constituents at 0T used in the present analysis are provided in Table 4.1. It is 

noted that the mass density is independent of temperature. 

 The bending or flexural mode-shape is denoted by mode number  p,q in which p

represents the number of nodal circles and q  represents the number of nodal diameters. The 

torsional mode is denoted by (T) which is contributed by 0v  which is the mid-plane 

displacement field along the θ  direction. It is to be noted that  ,0p denotes an axisymmetric 
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bending mode indicating the absence of nodal diameter(s). Further, the presence of one or 

more nodal diameters generates an asymmetric bending mode  0q  . 

Table 4.1: Material properties of the ceramic constituents at 0T  = 300 K. 

Material Property Silicon Nitride (Si3N4) Zirconia (ZrO2) Alumina (Al2O3) 

0
cE  (GPa) 322.27 168.06 320.24 

0
c  0.240 0.298 0.260 

c  (kg/m3) 2370 3000 3750 

 

 

Fig. 4.2: Comparison of non-dimensional pressure versus deflection behaviour of a thickness-
FG annular clamped-free micro-plate. 

 
 The present formulation is quite general in nature and can be applied for a wide 

variety of problems by properly adjusting certain parameters as follows: the present model 

can be reduced to a plate model under non-rotating condition by putting the rotational speed 

 = 0; the size-independent behaviour, which is applicable for a macro-size rotating disk, can 

be investigated by putting 0l  ; the problem of solid micro-plate clamped at the outer edge 

can be investigated by putting a =0, 0   and considering    2

1 1 11 ; 1u v w          

as the lowest order admissible function for Ritz discretization; a radial-FG micro-disk/plate is 

obtained by putting 0tk  ; a thickness-FG micro-disk/plate is obtained by putting 0rk  . 
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 Unless otherwise mentioned, the numerical results for this chapter are generated for a 

Stainless Steel/Silicon Nitride BFGM micro-disk using the following values of the 

parameters: l =17.610-6 m (Lam et al. (2003); Park and Gao (2006)), /t l =1, /b t = 40, /b a

=7.5, 1r tk k  , * =10, *p =5 and T =300.Accordingly, the dimensions of the BFGM 

rotating annular micro-disk become:  t =17.6 μm, b =704 μm, a=93.87 μm. Based on the 

convergence study reported in Table 3.2, the number of functions for Ritz approximation has 

been taken as n 88 for generation of results. 

 
Fig. 4.3: Comparison showing variation of non-dimensional vibration frequency with size-

dependent thickness under thermal loading for the first two axisymmetric modes of a 
thickness-FG solid circular clamped micro-plate. 

 

4.3.1 Validation Study 

The load-deflection behaviour of a thickness-FG  0rk  annular and clamped-free micro-

plate under uniform transverse pressure has been compared with Reddy et al. (2016) in Fig. 

4.2 for different values of tk , where the normalized deflection  *w  is given by /*
maxw w t . 

The results for this comparison are generated considering the following relation: 

   2 1 2

1

2f

z
E z E E E

t
     
 

,  and with the following values: 1E =106 N/m2, 2E =105 N/m2, 

f =0.25, t =0.110-6 m, /l t = 0.6, /b t = 10, /b a = 4, * = 0 and T = 0. The results exhibit 

excellent conformity.  
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 The variation of vibration frequency for the first two axisymmetric modes with size-

dependent thickness  /t l  of a thickness-FG  0, 2r tk k   solid circular  0a   clamped 

micro-plate has been compared with Shojaeefard et al. (2017) in Fig. 4.3. The results in Fig. 

4.3 correspond to Stainless Steel/Silicon Nitride plate under non-linear through-thickness 

temperature variation given by:  
0.9

1
300 40

2

z
T z

t
    
 

K. The results of Fig. 4.3 are 

generated considering asymmetric functional gradation, by using the following in Eq. (2.5): 

    1
, ( ) ( ) ( )

2

tk

f m c m

z
R z T R T R T R T

t
     
 

, and with the following values: l =17.610-6 m, 

/b t = 20, * =0, *p =0. Fig. 4.3 also shows excellent matching of the results. 

 

Fig. 4.4: Comparison of non-dimensional speed versus frequency behaviour under uniform 
transverse pressure for the first four modes of a homogeneous annular rotating disk. 

 

 The variation in vibration frequency with rotational speed for the first four modes of a 

classical  0l   homogeneous  0, 0r tk k  annular rotating disk, subjected to uniform 

transverse pressure, has been compared with Das et al. (2010). The comparison is shown in 

Fig. 4.4. The non-dimensional speed   in Fig. 4.4 is defined as / yb     , and the 

results are generated with the following values: l =0, E =210109 N/m2,  =0.3,  =7850 
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kg/m3, y =300106 N/m2, t =0.006 m, /b t = 50, /b a =12, *p =0.3571 and T =0. The 

comparison shows great matching for both the axisymmetric and asymmetries modes. Figs. 

4.2-4.4 clearly validate the accuracy of the present mathematical model. 

 

 
Fig. 4.5: Variation of vibration frequency with transverse pressure for different rotational 

speed under constant thermal loading: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) Mode 4. 

 

4.3.2 Numerical Results for Different Parameters 

Figs. 4.5(a)-(d) present the variation of vibration frequency with transverse pressure in high-

temperature environment for the first four modes, each for different rotational speeds. The 

first mode is an axisymmetric bending mode, the second and third modes are asymmetric 

bending modes, and the fourth mode is a torsional mode, as can be observed from Figs. 

4.5(a)-(d). The geometric stiffening caused by non-linear transverse deformation is observed 
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to cause the bending frequencies to increase with pressure, and this effect is more prominent 

at lower rotational speeds, and also for the lower modes. It is observed that the pressure and 

rotational speed have no effect on the vibration frequency for the torsional mode. This implies 

that neither the centrifugal stiffening caused by the rotational speed nor the geometric 

stiffening caused by the transverse pressure have an impact on the torsional mode. It is noted 

that the torsional mode is contributed by the in-plane displacement   along circumferential 

direction. 

 
 

 

Fig. 4.6: Variation of vibration frequency with rotational speed for different transverse 
pressure under constant thermal loading: (a) Mode 1, (b) Mode 2, (c) Modes 3 & 4. 
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Table 4.2: Effect of size-dependent thickness ( /t l ) on vibration frequency ( * ) for different 

rotational speed at transverse pressure * 0p  . 
*  /t l  Mode 1 Mode 2 Mode 3 Mode 4 

1 

1 3.21 (0,0) 4.65 (0,1) 9.56 (0,2) 15.67 (T) 

2 2.78 (0,0) 3.08 (0,1) 6.06 (0,2) 12.48 (0,3) 

5 2.46 (0,1) 2.47 (0,0) 4.44 (0,2) 9.15 (0,3) 

10 2.36 (0,1) 2.40 (0,0) 4.13 (0,2) 8.46 (0,3) 

l = 0 (classical) 2.32 (0,1) 2.38 (0,0) 4.01 (0,2) 8.20 (0,3) 

5 

1 5.48 (0,0) 7.02 (0,1) 12.25 (0,2) 15.67 (T) 

2 5.07 (0,0) 6.08 (0,1) 9.74 (0,2) 15.75 (T) 

5 4.80 (0,0) 5.78 (0,1) 8.80 (0,2) 13.67 (0,3) 

10 4.75 (0,0) 5.73 (0,1) 8.64 (0,2) 13.19 (0,3) 

l = 0 (classical) 4.73 (0,0) 5.72 (0,1) 8.59 (0,2) 13.02 (0,3) 

10 

1 9.25 (0,0) 11.60 (0,1) 15.67 (T) 18.25 (0,2) 

2 8.68 (0,0) 11.00 (0,1) 15.75 (T) 16.61 (0,2) 

5 8.39 (0,0) 10.81 (0,1) 15.77 (T) 16.04 (0,2) 

10 8.34 (0,0) 10.78 0,1) 15.77 (T) 15.95 (0,2) 

l = 0 (classical) 8.32 (0,0) 10.77 (0,1) 15.78 (T) 18.25 (0,2) 

 

 Figs. 4.6(a)-(c) show the variation of vibration frequency with rotational speed in 

high-temperature environment for the first four modes, each for different values of transverse 

pressure. Due to centrifugal stiffening, it is observed that the vibration frequencies of the 

bending modes increase with speed. However, there is an exception to this trend for the first 

and second modes (Figs. 4.6(a) and (b)) in the lower speed ranges, and for moderate to higher 

pressure values, in which the frequency remains constant or slightly declines with speed. The 

influence of transverse pressure is less at higher bending modes, and it also vanishes at higher 

rotational speeds, as shown in Fig. 4.6. Mode switching between the third bending mode and 

the torsional mode at very high speed is clearly visible in 4.6(c). 
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Table 4.3: Effect of size-dependent thickness ( /t l ) on vibration frequency ( * ) for different 

rotational speed at transverse pressure * 2.5p  . 
*  /t l  Mode 1 Mode 2 Mode 3 Mode 4 

1 

1 4.42 (0,0) 5.47 (0,1) 9.90 (0,2) 15.67 (T) 

2 4.32 (0,0) 4.40 (0,1) 6.52 (0,2) 12.26 (0,3) 

5 4.14 (0,1) 4.30 (0,0) 4.96 (0,2) 8.60 (0,3) 

10 4.11 (0,1) 4.31 (0,0) 4.66 (0,2) 7.80 (0,3) 

l = 0 (classical) 4.10 (0,1) 4.31 (0,0) 4.55 (0,2) 15.67 (T) 

5 

1 5.63 (0,0) 7.12 (0,1) 12.30 (0,2) 15.67 (T) 

2 5.24 (0,0) 6.21 (0,1) 9.78 (0,2) 15.75 (T) 

5 5.02 (0,0) 5.94 (0,1) 8.83 (0,2) 13.59 (0,3) 

10 4.98 (0,0) 5.90 (0,1) 8.67 (0,2) 13.10 (0,3) 

l = 0 (classical) 4.96 (0,0) 5.88 (0,1) 8.61 (0,2) 12.93 (0,3) 

10 

1 9.26 (0,0) 11.60 (0,1) 15.67 (T) 18.25 (0,2) 

2 8.70 (0,0) 11.01 (0,1) 15.75 (T) 16.61 (0,2) 

5 8.40 (0,0) 10.81 (0,1) 15.77 (T) 16.04 (0,2) 

10 8.35 (0,0) 10.78 (0,1) 15.77 (T) 15.95 (0,2) 

l = 0 (classical) 8.33 (0,0) 10.77 (0,1) 15.78 (T) 15.92 (0,2) 

 

 The size-effect has been presented in Tables 4.2-4.4, where the vibration frequencies 

in high-temperature environment are listed for the first four modes considering different size-

dependent thickness ( /t l ) values including the classical one ( l =0). Tables 4.2-4.4 correspond 

to different non-dimensional transverse pressure such as *p = 0, 2.5 and 5 respectively, and 

each case corresponds to * =1, 5 and 10. It is observed that the bending vibration frequencies 

are strongly influenced by the size-effect. They are diminished significantly as /t l  values 

rise, and become closer to those predicted by the classical theory. It shows that the frequency 

values for the bending modes would be significantly underestimated if the size-effect are 

ignored. For each of Tables 4.2-4.4, the torsional vibration modes are prominent for higher 

rotational speed. Moreover, the torsional vibration frequency is seen to be almost unaffected 
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by the size-effect where it increases marginally with /t l . The tabulated results also 

demonstrate that the sequence in which different vibrational modes occur is determined by the 

size-dependent thickness together with the magnitude of rotational speed and transverse 

pressure. As a result, it causes mode switching between different modes. For example, 

considering Table 4.4 for * =1, the first four modes for /t l =1 are (0,0), (0,1), (0,2) and (T) 

respectively, whereas, they are: (0,1), (0,0), (0,2) and (0,3) respectively for /t l =2, and (0,1), 

(0,2), (0,0) and (0,3) respectively for /t l =5 . Tables 4.2 to 4.4 show same pattern of mode-

shapes which are (0,0), (0,1), (T) and (0,2) for the first four modes respectively at * =10. In 

this case, mode-shape is not influenced by the size effect and transverse pressure. As an 

illustration, the mode shapes along with their contour have been shown in Figs. 4.7(a)-(d) for 

the first four modes respectively for /t l =1 at *p =5.0 and * =10. 

Table 4.4: Effect of size-dependent thickness ( /t l ) on vibration frequency ( * ) for different 

rotational speed at transverse pressure * 5.0p  . 
*  /t l  Mode 1 Mode 2 Mode 3 Mode 4 

1 

1 5.59 (0,0) 6.37 (0,1) 10.31 (0,2) 15.67 (T) 

2 5.49 (0,1) 5.51 (0,0) 6.94 (0,2) 11.95 (0,3) 

5 5.27 (0,1) 5.34 (0,2) 5.51 (0,0) 7.94 (0,3) 

10 5.03 (0,2) 5.24 (0,1) 5.52 (0,0) 7.03 (0,3) 

l = 0 (classical) 4.92 (0,2) 5.23 (0,1) 5.52 (0,0) 6.68 (0,3) 

5 

1 5.99 (0,0) 7.39 (0,1) 12.41 (0,2) 15.67 (T) 

2 5.67 (0,0) 6.54 (0,1) 9.88 (0,2) 15.75 (T) 

5 5.52 (0,0) 6.30 (0,1) 8.90 (0,2) 13.39 (0,3) 

10 5.49 (0,0) 6.27 (0,1) 8.74 (0,2) 12.89 (0,3) 

l = 0 (classical) 5.48 (0,0) 6.26 (0,1) 8.68 (0,2) 12.70 (0,3) 

10 

1 9.29 (0,0) 11.62 (0,1) 15.67 (T) 18.26 (0,2) 

2 8.73 (0,0) 11.03 (0,1) 15.75 (T) 16.61 (0,2) 

5 8.45 (0,0) 10.84 (0,1) 15.77 (T) 16.04 (0,2) 

10 8.40 (0,0) 10.81 (0,1) 15.77 (T) 15.95 (0,2) 

l = 0 (classical) 8.38 (0,0) 10.80 (0,1) 15.78 (T) 15.92 (0,2) 
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Fig. 4.7Mode shape and contour plots for /t l =1 at *p =5.0 and * =10: (a) Mode 1 

(0,0), (b) Mode 2 (0,1), (c) Mode 3 (T), (d) Mode 4 (0,2). 
 

Figs. 4.8(a)-(d) depict the behaviour of vibration frequency for the first four modes 

respectively with rotational speed in a high-temperature environment at *p =5.0 and T =300 

K for different values of the gradation indices ( rk , tk ). Eq. (2.5) states that when one or both 

the gradation indices rises, the ceramic (Silicon Nitride) percentage of the micro-disk 

declines, leading to an increase in the metallic portion (Stainless Steel). Since the ceramic 

phase is indeed lighter and more elastic than the metallic phase, a rise in the gradation index 

values results in a reduction in the vibration frequency for the bending modes and the 

torsional mode, as seen from Figs. 4.8(a)-(d). For the entire range of rotational speeds, this 
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explanation is valid. Both at lower levels of the rotational speed and lower values of the 

gradation indices, it is observed that the impact of these parameters is more prominent. Figs. 

4.8(c) and (d) show mode switching at larger rotational speeds between the third bending 

mode (0,2) and the torsional mode for rk = tk =0.75 and higher values. The speed at which 

mode switching occurs decreases with increase in the values of rk and tk . 

 

 
 

 

Fig. 4.8: Variation of vibration frequency with rotational speed for different gradation indices 
under constant transverse pressure and thermal loading: (a) Mode 1, (b) Mode 2, (c) Mode 3, 

(d) Mode 4. 
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Fig. 4.9: Variation of vibration frequency with transverse pressure for different 
gradation indices under constant rotational speed and thermal loading: (a) Mode 1, (b) Mode 

2, (c) Mode 3, (d) Mode 4. 
 

Figs. 4.9(a)-(d) depict the variation of vibration frequency with transverse pressure in 

high-temperature environment at * =10.0 for the first four modes, each for various values of 

gradation indices ( rk , tk ). The increase in the gradation index values leads to significant 

decrease in the vibration frequency values. The effect of gradation indices remains true for the 

bending modes as well as for the torsional mode across the whole range of transverse pressure 
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values. For the first two modes, the frequency is slightly incremental in nature with pressure 

for rk = tk = 0.0 and 0.25. For other values of rk  and tk , and for the third and the fourth 

modes, the frequency values do not change much with transverse pressure. Figs. 4.9(c) and 

(d) reveal that the third and the fourth modes are (0,2) and (T) respectively for lower values of 

rk  and tk  ( rk = tk = 0.0 and 0.25). On the other hand, they are (T) and (0,2) respectively for 

the higher values of rk  and tk ( rk = tk = 0.75, 1.5 and 4.0). It may therefore be concluded that 

the gradation indices significantly affect the free vibration behaviour of a BFGM rotating 

micro-disk under transverse pressure. 

 

 

Fig. 4.10: Variation of vibration frequency with rotational speed for different thermal loading 
under constant transverse pressure: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) Mode 4. 
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Fig. 4.11: Variation of vibration frequency with transverse pressure for different 
thermal loading under constant rotational speed: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) 

Mode 4. 
 

The variation of vibration frequency with rotational speed at *p = 5.0 for the first four 

modes, each for different magnitude of thermal loading, is shown in Figs. 4.10(a)-(d). For 

both bending modes and the torsional mode, the vibration frequencies decrease as temperature 

increases, and this effect is more prominent for larger thermal loading values. This influence 

of temperature is found to be uniform for the entire range of speed, with the exception at 

lower values of rotational speed for the first and second modes. Figs. 4.10(c) and (d) show 
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mode switching at larger rotational speeds between the third bending mode (0,2) and the 

torsional mode for all the values of thermal loading. The speed, at which mode switching 

occurs, decreases with increase in the values of thermal loading. Figs. 4.10(a)-(d) reveal that 

the change in frequency values with temperature is more pronounced for the torsional mode 

compared to the bending modes throughout the entire range of rotational speed. 

 

 

 

Fig. 4.12: Variation of vibration frequency with rotational speed for different radius ratio 
under constant transverse pressure and thermal loading: (a) Mode 1, (b) Mode 2, (c) Mode 3, 

(d) Mode 4. 
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Figs. 4.11(a)-(d) show the variation of vibration frequency with transverse pressure at 

* = 10.0 for the first four modes, each for different values of thermal loading. Over the 

entire range of transverse pressure, the vibration frequencies decrease with temperature for all 

the four modes. Also, the impact of temperature continues to be almost entirely independent 

of transverse pressure for all modes considered. It is observed from Figs. 4.11(a)–(d) that the 

change in frequency values with temperature is more pronounced for the torsional mode 

compared to the bending modes throughout the entire range of transverse pressure. 

 

 

Fig. 4.13: Variation of vibration frequency with transverse pressure for different 
radius ratio under constant rotational speed and thermal loading: (a) Mode 1, (b) Mode 2, (c) 

Mode 3, (d) Mode 4. 
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The variation of vibration frequency with speed for different radius ratio  b a  is 

shown in Figs. 4.12(a)-(d) for the first four modes respectively at * = 10.0 and *p =5.0. 

Higher annular dimensions are indicated by an increased value b a . Hence an increasing b a  

value signifies decreasing bending stiffness. As a result, for the first two modes, a decrease in 

frequency values is seen with increasing b a  values. This trend changes for the third mode 

for higher values of b a , which shows that an increase of annular dimension (i.e., increasing 

b a  value) stiffens the disk, leading to increased frequency values. Figs. 4.12(c) and (d) show 

mode switching between the third bending mode (0,2) and the torsional mode (T) for b a

=10.0. Figs. 4.12(a) and (b) show that, for b a =10.0 at low-speed range, frequency decreases 

slightly as rotational speed increases indicating a softening effect, and this effect vanishes at 

higher rotational speed. The variation of vibration frequency with non-dimensional pressure 

for different radius ratio  b a  is shown in Figs. 4.13(a)-(d) for the first four modes 

respectively. From Figs. 4.13(a), (b) and (d), a rise in the frequency values is seen with a 

decrease in b a  values for the first, second and the fourth modes. But for the third mode, as 

shown in Figs. 4.13(c), the frequency becomes maximum for b a =4.0, and decreases slightly 

for b a =2.0. 

The previous results are all presented for Stainless Steel/Silicon Nitride composition. 

To illustrate the impact of various FGM compositions on the speed-frequency behaviour, 

Figs. 4.14(a)-(d) are presented for Stainless Steel/Silicon Nitride, Stainless Steel/Alumina, 

Stainless Steel/Zirconia and Titanium Alloy/Zirconia compositions respectively, each for the 

first four modes under constant pressure and thermal loading. Figs. 4.14(a) and (b)show that 

the trends of the mode-specific speed-frequency behaviour for Stainless Steel/Silicon Nitride 

and Stainless Steel/Alumina compositions are identical, and they differ in the relative values. 

The effect of softening is clearly visible for the first mode for these two material compositions 

(Stainless Steel/Silicon Nitride and Stainless Steel/Alumina) at low-speed range, where the 

frequency is slightly decreasing in nature while speed is increasing. For higher modes, this 

effect ceases to exist. The behaviour of Stainless Steel/Zirconia and Titanium Alloy/Zirconia 

compositions are different than the other two compositions. For Stainless Steel/Zirconia, one 

axisymmetric, two asymmetric and a torsional mode is depicted. For Titanium Alloy/Zirconia, 
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mode-switching occurs between the first two asymmetric modes (modes (0,1) and (0,2)) at 

slightly higher speed. 

 

 

 

 

Fig. 4.14: Variation of vibration frequency with rotational speed under constant transverse 
pressure and thermal loading: (a) Stainless Steel/Silicon Nitride, (b) Stainless Steel/Alumina, 

(c) Stainless Steel/Zirconia, (d) Titanium Alloy/Zirconia. 
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 Variation of vibration frequency with transverse pressure for different material 

compositions under constant rotational speed and thermal loading is shown in Figs. 4.15(a)-

(d). Figs. 4.15(a) and (b) show that the trend of the mode-specific pressure-frequency 

behaviour for Stainless Steel/Silicon Nitride and Stainless Steel/Alumina compositions are 

identical, and differs in the relative values, whereas similar trend is observed for Stainless 

Steel/Zirconia and Titanium Alloy/Zirconia compositions as shown in Figs. 4.15(c) and (d). 

 

 

 

Fig. 4.15: Variation of vibration frequency with transverse pressure for different 
material combination under constant rotational speed and thermal loading: (a) Stainless 

Steel/Silicon Nitride, (b) Stainless Steel/Alumina, (c) Stainless Steel/Zirconia, (d) Titanium 
Alloy/Zirconia. 
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4.4 Chapter Summary 

With the objective of studying the free vibration behaviour of rotating micro-size disks 

operating in high-pressure and high-temperature environment, the free flexural and torsional 

vibration behaviour of a BFGM rotating annular micro-disk operating in high-temperature 

environment and subjected to uniform transverse pressure has been investigated in the 

frequency domain. Using the Kirchhoff plate theory and the MCST, an energy-based 

mathematical model is developed. The model studies both axisymmetric and asymmetric 

bending modes, and also the torsional mode of vibration. The mathematical model is 

successfully compared against several simplified problems, demonstrating that it can be used 

to solve a variety of related problems. For a wide range of parametric values, the effects of 

speed, transverse pressure, thermal loading, size-dependent thickness, radial and thickness 

gradation indices, radius ratio and FGM composition on the frequencies of vibration of the 

first four modes have been discussed through extensive sets of numerical results. A few 

mode-shape plots along with their contour have been presented for visualization of the 

axisymmetric, asymmetric and torsional modes. The mathematical model is a novel one and 

the results that have been presented are the first of their kind, and will act as a standard for 

further research in this domain. The key findings of this chapter are summarized below: 

 The small-size shows significant stiffening effect on both the axisymmetric and 

asymmetric bending modes of vibration, whereas the torsional mode is not 

significantly affected by small-size of the micro-disk. 

 The transverse pressure only affects the bending modes within low to moderate speed 

ranges. However the rotational speed has a substantial impact on the bending vibration 

frequencies over the entire range of pressure values. In this instance, the torsional 

mode is found to be independent of the rotational speed and transverse pressure. 

 For the entire ranges of speed and pressure loadings, the thermal loading significantly 

reduces frequencies for both the bending modes and the torsional mode. However, the 

effect of thermal loading is found more pronounced on the torsional mode compared 

to the bending modes. 
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 The bending vibration frequencies and the torsional vibration frequency are 

significantly reduced with the gradation indices for the entire ranges of speed and 

pressure loadings. 

 The radius ratio has significant influence on the vibration frequencies for the bending 

modes and the torsional mode for the entire range of speed but it exhibits minute effect 

with the variation of pressure loading. 

 Different FGM compositions exhibit different extent of influence on the speed-

frequency and pressure-frequency behaviours.  

 



 

  Chapter 5 

  

 

5.1 Introduction 

The preceding chapter studied the free vibration behaviour of BFGM rotating micro-disks, 

considering both axisymmetric and asymmetric behaviour. For that study, the results were 

presented for the first four modes, and within the first four modes, only a single mode 

appeared for symmetric bending vibration. That symmetric mode of bending vibration is the 

first of the many such modes that the micro-disks can exhibit. It is known that the free 

vibration behaviour of the symmetric modes is often useful for mechanical and aerodynamic 

design of rotating disks. So, it essential to study the free vibration behaviour involving 

symmetric bending of rotating micro-disks at least for the first few modes. Most of the 

research works discussed in section 1.2.6 investigated the free axisymmetric bending 

vibration behaviour. This clearly indicates the significance of the axisymmetric modes as far 

as the dynamics of rotating disks are concerned. But at the same time, it must be mentioned 

that those works are mainly involved in the vibration behaviour of rotating plates that are 

supported at the outer edge. Hence the free axisymmetric bending vibration behaviour of 

typical clamped-free rotating micro-disks has not yet been studied. With this objective, the 

present chapter investigates the free vibration behaviour of BFGM rotating clamped-free 

micro-disks for axisymmtric modes, which is subjected to transverse pressure and high-

temperature thermal loading. 

 The general mathematical model has already been presented in detail in the second 

chapter. In the following section, to maintain brevity, only the salient features and equations 

AXISYMMETRIC  FREE  VIBRATION  BEHAVIOUR  OF 
BFGM  ROTATING  MICRO­DISKS  SUBJECTED  TO 
TRANSVERSE PRESSURE UNDER HIGH­TEMPERATURE 
THERMAL LOADING
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are briefly discussed and provided for the present problem of axisymmetric bending vibration 

of BFGM rotating micro-disks. 

 

Fig. 5.1: Schematic diagram of a rotating disk for axisymmetric vibration. 

 

5.2 Mathematical Background 

A rotating micro-disk having inner radius a , outer radius b and constant thickness t  is 

considered as shown in Fig. 5.1. The disk is made of metal-ceramic BFGM, which is graded 

along the radial and transverse directions, following Voigt rule involving power law. The 

parameters rk  and tk  symbolize the gradation indices along the radial and thickness 

directions respectively. The material properties are determined using Eq. (2.5). The micro-

disk is assumed to be rotating with uniform angular speed  , and subjected to uniform 

transverse pressure of intensity 0q and thermal loading in the form of uniform temperature rise 

0ΔT = T -T , where T  and  0 300 KT   denote the present and constant stress-free 

temperatures respectively. 

 Considering an arbitrary point  , ,Q r z on the disk, the displacement vector u


 is 

given by, 

   ˆ ˆ ˆr zu v we e e  u


 .      (5.1)  
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According to Kirchhoff plate theory for axisymmetric bending, the displacement components 

 , ,u v w  are stated in terms of the mid-plane displacement components  0 0 0, ,u v w of the disk 

as follows: 

   0

0

( , )
( , ) ( ) ,

w r
u r z u r z

r


 


     (5.2a) 

   ( , , ) 0,v r z         (5.2b) 

   0
( , , ) ( , ),w r z w r        (5.2c) 

where  denotes time. Incorporating von Kármán type non-linearity, the classical strain tensor 

   can be derived as given below: 

   
22

0 0 0

2

1
,

2rr

u w w
z

r r r


             
    (5.3a) 

   0 0 ,
u wz

r r r
    

      (5.3b) 

   0.r r           (5.3c) 

Considering the effect of thermal strain due to thermal loading T , the components of the 

Cauchy stress tensor   are obtained using the von Kármán strain tensor    as follows: 

  
 

 2 - ,
11

f f f

rr rr f

ff

E E
T


   


  


    (5.4a) 

  
 

 2 - ,
11

f f f

f rr

ff

E E
T 


   


  


    (5.4b) 

  0.r r            (5.4c) 

 According to the MCST, for any point  , ,Q r z , the components of the rotation 

vector   and the symmetric curvature tensor    are obtained as given below:    

   
1

2

u w
θ

z r

      
,      (5.5a) 

   0r zθ θ  ,       (5.5b) 
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2

0 0

2

1 1
,

2r r

w w

r r r  
  

     
    (5.6a) 

   0.rr zz z z rz zr                  (5.6b) 

In deriving the above components, the following form of del operator is considered: 

    
r zn n

r z

 
  

 
.      (5.7) 

The deviatoric part of the symmetric couple stress tensor  m is obtained from the 

corresponding components of the symmetric curvature tensor    as follows: 

   22 ,r r f rm m G l          (5.8a) 

   = 0rr z z rz zrm m m m m m       .   

 (5.8b) 

In Eq. (5.8a), l  is the material length scale parameter. It is noted that the present formulation 

can be transformed to a classical one by putting l =0. 

 The problem is formulated using two different steps. In the first step, the configuration 

of the micro-disk as a result of the combined effects of time-invariant centrifugal loading, 

transverse pressure and uniform thermal loading is determined. The second step involves 

determination of the free vibration behaviour about the micro disk's deformed configuration. 

 

5.2.1 Determination of Deformed Configuration of Micro-Disk under Different Time-

invariant Loadings 

The principle of minimum total potential energy is used to determine the deformed 

configuration of the micro-disk under the combined effects of time-invariant loadings 

mentioned above. The principle of minimum total potential energy is given as follows: 

     0,cl nclU U W          (5.9) 

where clU  and nclU  are the classical and non-classical strain energies;W  is the potential 

energy due to the applied loadings. According to the MCST, the expressions of clU , nclU  and 

W  can be derived to the following form as given below: 

 
/ 2 2

/ 2 0

1
:

2

t π b

cl

t a

U  rdrdθdz




     
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   (5.11) 

2 2
0 0 02 .

b b

A

a a

W u r dr q w rdr 
 

    
 

        (5.12) 

The set of stiffness coefficients  , , , , , ,A A I PA PI TA CE G E E E E E used in Eqs. (5.10) and (5.11), 

and the inertia coefficient A  used in Eq. (5.12) are defined in Eqs. (2.27a)-(2.27i). 

 In this problem, the physical domain  ,0,0r  is transformed into a normalized 

computational domain  ,0,0 , where the normalized coordinate   along the r  direction is 

defined as: 

      / ;0 1r a b a      .     (5.13) 

 Following Ritz method, the mid-plane displacements  0 0,u w  are discretized as finite 

linear combinations of one-dimensional (1D) orthogonal admissible functions  ,u w
j j   and 

unknown coefficients jc  as: 
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    0
1

( ) ,
n

u
j j

j

u c  


       (5.14a) 

    0
1

( ) ,
n

w
n j j

j

w c  


       (5.14b) 

where n  is the total number of terms for each displacement field. Considering the clamped-

free boundary condition of the disk, the lowest-order admissible functions for  ,u w
j j  are 

selected as follows:  

    1 ,u          (5.15a)  

     2
1
w   .       (5.15b) 

Thereafter, the remaining ( n -1) number of functions for each displacement field are 

numerically generated employing Gram-Schmidt orthogonalization scheme. 

 Substituting Eqs. (5.10)-(5.12) into Eq. (5.9), and further substituting the approximate 

displacement fields given by Eqs. (5.14a)-(5.14b), the set of governing equations are obtained 

in algebraic form, which in matrix form can be written as follows: 

        .S c P       (5.16) 

In the above equation,  S is the total stiffness matrix (of dimension 2 2n n ) given by 

  cl ncl       S S S where cl  S  and n cl  S are the classical and non-classical stiffness matrix 

respectively;  c  is the vector of unknown coefficients jc to be determined;  P is the load 

vector. The details of cl  S , n cl  S  and  P  are provided in Appendix 5A. The system of 

non-linear algebraic equations given by Eq. (5.16) is solved employing Broyden’s method. 

The solution of Eq. (5.16), when substituted back into Eqs. (5.14a)-(5.14b), determines the 

displacement fields for the deformed configuration of the micro-disk under combined effects 

of centrifugal loading, transverse pressure and thermal loading. 

 

5.2.2 Determination of Free Vibration Response of Deformed Micro-Disk 

To derive the governing equations for this step involving free vibration of the deformed 

micro-disk about its deformed configuration, Hamilton’s principle is employed which is given 

as follows: 
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


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 
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 


      (5.17) 

where kT is the kinetic energy of the micro-disk, U  is the total strain energy and   is time. 

The expression of kT  is derived to the following form: 
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    (5.18) 

In Eq. (5.18),  ,A I   is the set of inertia coefficients where A is given as defined in 

Eq.(2.27i) and I is defined as given in Eq. (2.38).  

 The dynamic displacement fields are discretized following Ritz method using the same 

set of functions  ,u w
j j  that are used for determining the deformed configuration of the 

micro-disk but with the combination of a new set of unknown coefficients jd  as follows: 
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 .    (5.19b) 

Here  is the frequency of vibration and -1i= . 

 As the micro-disk executes small amplitude free vibration about its deformed 

configuration, its tangent stiffness is responsible for free vibratory motion that would occur in 

the neighborhood of the deformed configuration. The elements of the tangent stiffness matrix

  K  are derived considering the following relation: 

    
 

2

1 1, 2,....., 2 ,
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1, 2,....., 2 .

n

ij j
j

ik

k

S c
i n

K
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

 
      




   (5.20) 

It must be noted that  K  is contributed by the classical  cl  K  and non-classical  ncl  K  

parts. It is already discussed that the non-classical part of the tangent stiffness is linear, and 

hence equal to the non-classical part of the total stiffness matrix, i.e., ncl ncl      S K . 
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However the components of the classical part of the tangent stiffness matrix  cl  K are non-

linear and are provided in Appendix 5B. 

 Using Eqs. (5.19a) and (5.19b), substituting Eq. (5.18) into Eq. (5.17), and using the 

components of the tangent stiffness into Eq. (5.17), the governing equations are derived in the 

following form: 

        2 0.K M d         (5.21) 

Here  M  is the mass matrix, the components of which are given in Appendix 5C;  d is the 

set of unknown coefficients representing the dynamic displacements during the free vibration. 

Eq. (5.21) represents an eigenvalue problem, which is solved using a standard eigen-solver. 

Eq. (5.21) is nonlinear but is linearized using the solution parameters  c  of the previous step 

to take into the effect of pre-stress induced due to centrifugal loading, transverse pressure and 

thermal loading. The square roots of the eigenvalues  2  signify the frequencies of vibration 

of the deformed micro-disk, and the eigenvectors i.e.,  d represent the corresponding mode-

shapes of vibration. The mode-shapes are obtained by appropriately substituting  d  into Eqs. 

(5.19a) and (5.19b). 

 

5.3 Results and Discussion 

The non-dimensional speed  * , pressure  *p  and frequency of vibration  * for the 

present problem are defined as follows (Das et al. (2010); Kermani et al. (2016); Shojaeefard 

et al. (2018b)):  

   
* 2= / ,cb t D 

      (5.22a) 

    * 4 0 4
0 / cp q b E t ,      (5.22b) 

   
* 2= / ,cb t D         (5.22c) 

where    20 3 012 1c cD E t   . It is noted that the non-dimensional parameters, presented 

above, are defined with reference to the property values of the ceramic phase of the FGM 
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composition at  0 300 KT  . These property values are calculated using the Touloukian 

model given by Eq. (2.6), and employing the temperature coefficients provided in Table 2.1. 

The values of the Young’s modulus  0
cE , Poisson’s ratio  0

c  and mass density  c  for 

different ceramic constituents at 0T used in the present analysis are provided in Table 5.1. It is 

noted that the mass density is independent of temperature. 

In the present case of axisymmetric bending vibration, no separate mode numbers are 

provided with the results. It is understood that the first axisymmetric mode contains no nodal 

circle, and as the mode number is increased sequentially from second mode onwards, the 

number of nodal circles also increases by one for each higher mode. 

 

Table 5.1: Material properties of the ceramic constituents at 0T  = 300 K. 

Material Property Silicon Nitride (Si3N4) Zirconia (ZrO2) Alumina (Al2O3) 

0
cE  (GPa) 322.27 168.06 320.24 

0
c  0.240 0.298 0.260 

c  (kg/m3) 2370 3000 3750 

 

 The present formulation is quite general in nature and can be applied for a wide 

variety of problems by properly adjusting certain parameters as follows: the present model 

can be reduced to a plate model under non-rotating condition by putting the rotational speed 

 = 0; the size-independent behaviour, which is applicable for a macro-size rotating disk, can 

be investigated by putting 0l  ; the problem of solid micro-plate clamped at the outer edge 

can be investigated by putting a =0, 0  , and considering    2

1 11 ; 1u w        as the 

lowest order admissible function for Ritz discretization; a radial-FG micro-disk/plate is 

obtained by putting 0tk  ; a thickness-FG micro-disk/plate is obtained by putting 0rk  . 

 Unless otherwise mentioned, the numerical results for this chapter are generated for a 

Stainless Steel/Silicon Nitride BFGM micro-disk using the following values of the 

parameters: l =17.610-6 m (Lam et al. (2003); Park and Gao (2006)), /t l =1, /b t = 50, /b a

=10.0, 1r tk k  , * =5, *p =10 and T =200.Accordingly, the dimensions of the BFGM 
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rotating annular micro-disk become: t =17.6 μm,b=880 μm, a= 88 μm. Based on the 

convergence study reported in Chapter 3, the number of functions for Ritz approximation has 

been taken as n 8 for generation of results. 

 

5.3.1 Validation Study 

Fig. 5.2 compares the variation of the axisymmetric vibration frequency with rotational speed 

for the fundamental mode of a homogeneous  0, 0r tk k   annular clamped-free rotating 

disk under uniform transverse pressure with Das et al. (2010). The non-dimensional speed   

in Fig. 5.2 is defined as / yb     , and the results are generated with the following 

values: l =0, E =210109 N/m2,  =0.3,  =7850 kg/m3, y =300106 N/m2, t =0.006 m, 

/b t = 50, /b a =12, *p =0.3571, T =0. The comparison exhibits excellent matching. 

  

 

Fig. 5.2: Comparison of non-dimensional speed versus frequency behaviour for the first mode 
of a homogeneous annular rotating disk under uniform transverse pressure. 

 

 Considering different values of tk , the non-dimensional load-deflection behaviour of a 

thickness-FG  0rk   annular clamped-free micro-plate under uniform transverse pressure 

has been compared with Reddy et al. (2016) in Fig. 5.3. For this comparison, the normalized 

deflection  *w  is defined as /*
maxw w t , and the effective Young’s modulus is determined 
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using the following relation:    2 1 2

1

2f

z
E z E E E

t
     
 

. The following values are taken 

for generation of results: 1E =106 N/m2, 2E =105 N/m2, f = 0.25, t =0.110-6 m, /l t =0.6, 

/b t = 10, /b a =4, * =0, T =0. An excellent agreement is observed in Fig. 5.3. 

 

Fig. 5.3: Comparison of non-dimensional pressure versus deflection behaviour of a thickness-
FG annular clamped-free micro-plate. 

 

 

Fig. 5.4: Comparison showing variation of non-dimensional vibration frequency with volume 
fraction index for the first two modes of a thickness-FG solid circular clamped micro-plate 

under thermal loading. 
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Fig. 5.5: Variation of transverse deflection with applied transverse pressure for different 
rotational speed under constant thermal loading. 

 

 In Fig. 5.4, variations of the vibration frequency with volume fraction index ( tk ) for 

the first two modes of a thickness-FG  0rk   solid circular  0a   clamped micro-plate are 

compared with Shojaeefard et al. (2017). It shows excellent conformity. Fig. 5.4 corresponds 

to Stainless Steel/Silicon Nitride plate under non-linear through-thickness temperature 

variation given by  
0.9

1
300 90

2

z
T z

t
    
 

K. The results of Fig. 5.4 are generated, 

considering asymmetric functional gradation, by using the following in Eq. (2.5): 

    1
, ( ) ( ) ( )

2

tk

f m c m

z
R z T R T R T R T

t
     
 

, and with the following values: l =17.610-6 m, 

/t l = 1.0, /b t = 20, * =0, *p =0.  The comparisons illustrated through Figs. 5.2-5.4 show 

excellent matching of the results, and thus validate the present model. 
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Fig. 5.6: Variation of vibration frequency with rotational speed for different transverse 
pressure under constant thermal loading: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) Mode 4. 

 
5.3.2 Numerical Results for Different Parameters 

The centrifugal loading due to rotation and the thermal loading are in-plane in nature, and do 

not induce any bending of the micro-disk. However, it is subjected to static bending due to 

applied transverse pressure. To illustrate this, the pressure-deflection curves in high-

temperature environment are shown in non-dimensional plane in Fig. 5.5 for different 

rotational speed where the normalized deflection is defined as *
max /w w t . Fig. 5.5 clearly 
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shows the hardening type non-linear static behaviour at low to moderate rotational speeds, 

and almost linear static behaviour at higher values of rotational speed. This non-linearity 

arises out of the geometric stiffening due to von Kármán type non-linearity. Furthermore, the 

deflection is found to decrease with increasing rotational speed as a result of enhanced 

centrifugal stiffening. 

 

 

 

 

Fig. 5.7: Variation of vibration frequency with transverse pressure for different rotational 
speed under constant thermal loading: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) Mode 4. 
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The non-dimensional speed-frequency behaviour in a high-temperature environment 

for the first four modes, each for different transverse pressures, is shown in Figs. 5.6(a)-(d). 

The frequencies are found to increase with speed because of centrifugal stiffening. Further the 

increase in transverse pressure exhibits increasing frequency values for all the four modes, 

indicating enhanced geometric stiffening at higher pressure values. However, there is an 

exception to this for the first and second modes (Figs. 5.6(a) and (b)) for lower speed ranges, 

and moderate to higher pressure values, where the frequency stays constant or just slightly 

declines with speed indicating softening effect due to such loading conditions. The impact of 

transverse pressure decreases with speed, and virtually vanishes at higher rotational speeds for 

the higher modes of vibration. 

Figs. 5.7(a)-(d) show the non-dimensional pressure-frequency behaviour in high-

temperature environment for the first four modes, each for different rotational speed. The 

frequencies are found to increase with pressure because of geometric stiffening but this effect 

is minute at high speeds. It is found that the effect of centrifugal stiffening plays a crucial role 

in governing the pressure-frequency behaviour. For the first mode, at higher pressure values, 

it is found that the stiffening effect due to transverse pressure dominates the centrifugal 

stiffening. Hence the plots for * 0.0,2.0 and 5.0 shows reverse trend, which is increase in 

the frequency values with decease in rotational speed. 

 Tables 5.2-5.4 show the variation of vibration frequencies in high-temperature 

environment ( 200T  ) for different size-dependent thickness ( /t l ) values at different 

pressure values * 0,  5, 10p   respectively, each for the first four modes. The classical theory 

(i.e., where no size-effect is considered) is restored by putting l =0. It should be noted that the 

size-effect is greater when the size-dependent thickness is lower and vice versa. For all the 

modes presented, the frequency values increase as the size-dependent thickness decreases, 

illustrating enhanced stiffness when the size-effect is increased. Exception to this occurs for 

the first mode for Table 5.3 and 5.4 at low speed ( * =1), where the frequency values slightly 

increase when /t l  is increased as 2, 5 up to 10. For all the modes, and any combination of 

pressure and speed, the classical theory offers the smallest values of frequencies. However, it 

is found that the difference in the frequency values between the cases of no size effect  0l 
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and highest size effect  / 1t l   varies widely depending on the loading conditions and the 

mode numbers. The intensity of the size-effect also changes with the mode number since it 

has been observed that the higher is the mode number, the greater is the decrease in frequency 

values noticed with an increase in /t l values. 

 

Table 5.2: Effect of size-dependent thickness on vibration frequency for different rotational 
speed at transverse pressure * 0p   under constant thermal loading ( 200T  ). 

*  /t l  Mode 1 Mode 2 Mode 3 Mode 4 

1 

1 2.92 25.41 82.91 167.38 

2 2.51 17.17 53.25 106.62 

5 2.19 13.84 41.21 81.84 

10 2.12 13.28 39.17 77.65 

l = 0 (classical) 2.09 13.08 38.47 76.20 

5 

1 5.17 27.53 84.93 169.51 

2 4.75 20.22 56.36 109.94 

5 4.47 17.54 45.19 86.13 

10 4.42 17.11 43.35 82.16 

l = 0 (classical) 4.40 16.96 42.72 80.79 

10 

1 8.77 33.36 90.92 175.96 

2 8.15 27.73 65.04 119.62 

5 7.83 25.88 55.64 98.15 

10 7.77 25.59 54.15 94.68 

l = 0 (classical) 7.75 25.49 53.64 93.49 

 

 For visualization of the modes, Figs. 5.8(a)–(d) show the mode shapes and associated 

contour plots of the first four axisymmetric bending vibration modes for *=5p , * 10.0  and 

200T  . Fig. 5.8 confirms that the axisymmetric modes contain only nodal circle(s) without 

any nodal diameter. It is seen that for a clamped-free micro-disk, the first mode contains no 

nodal circle, and the number of nodal circles increases by one for the next higher mode. 
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Table 5.3: Effect of size-dependent thickness on vibration frequency for different rotational 
speed at transverse pressure * 5p   under constant thermal loading ( 200T  ). 

*  /t l  Mode 1 Mode 2 Mode 3 Mode 4 

1 

1 5.54 27.06 83.95 168.16 
2 5.44 19.79 55.35 108.53 
5 5.45 17.20 44.31 84.82 
10 5.46 16.80 42.52 80.88 

l = 0 (classical) 3.83 14.56 39.75 77.35 

5 

1 5.75 27.99 85.24 169.75 
2 5.45 20.95 57.01 110.56 
5 5.31 18.49 46.18 87.14 
10 5.29 18.10 44.42 83.27 

l = 0 (classical) 3.92 15.39 40.50 78.09 

10 

1 8.81 33.40 90.95 175.99 
2 8.21 27.80 65.12 119.70 
5 7.90 25.96 55.75 98.27 
10 7.85 25.68 54.27 94.81 

l = 0 (classical) 7.83 25.58 53.77 93.62 
 

Table 5.4: Effect of size-dependent thickness on vibration frequency for different rotational 

speed at transverse pressure * 10p   under constant thermal loading ( 200T  ). 
*  /t l  Mode 1 Mode 2 Mode 3 Mode 4 

1 

1 7.05 28.48 84.92 168.90 
2 6.93 21.69 57.07 110.17 
5 6.95 19.37 46.57 87.11 
10 6.97 19.01 44.88 83.30 

l = 0 (classical) 3.83 14.95 39.75 77.35 

5 

1 6.75 28.88 85.86 170.22 
2 6.54 22.23 58.21 111.71 
5 6.50 20.01 47.82 88.84 
10 6.50 19.67 46.16 85.09 

l = 0 (classical) 6.50 19.56 45.59 83.80 

10 

1 8.93 33.54 91.07 176.07 
2 8.37 28.00 65.34 119.94 
5 8.10 26.21 56.05 98.62 
10 8.06 25.93 54.59 95.10 

l = 0 (classical) 8.04 25.84 54.10 94.01 
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Fig. 5.8: Mode shapes and contour plots of the axisymmetric bending vibration modes: (a) 
Mode 1, (b) Mode 2, (c) Mode 3, (d) Mode 4. 

 

Figs. 5.9(a)-(d) show the non-dimensional speed-frequency behaviour at a constant 

transverse pressure for the first four modes, each for different thermal loading. Centrifugal 

stiffening effect is clearly visible in the plots where the frequency increases with speed. Due 

to the thermo-elastic degradation of the material properties, it is seen that frequencies 

decrease as thermal loading increases, and this effect is increased as the mode number 

increases. For the first mode, at lower speed (up to * =2.5 approximately), the thermo-elastic 

degradation is absent, and frequency increases with the increase in the thermal loading. 
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Fig. 5.9: Variation of vibration frequency with rotational speed for different thermal loading 
under constant transverse pressure: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) Mode 4. 

 
Figs. 5.10(a)-(d) show the variation of vibration frequency with transverse pressure for 

different thermal loading under constant rotational speed. In this figure, the influence of 

pressure on frequency is appreciable for the first modes, but it is not much noticeable for the 

higher modes. The frequency values decrease as thermal loading increases, indicating thermo-

elastic degradation of material properties. With respect to pressure loading, the effect of 

thermal loading are found to be almost same for all the modes. 
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Fig.5.10: Variation of vibration frequency with transverse pressure for different thermal 
loading under constant rotational speed: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) Mode 4. 

 
 Figs. 5.11(a)-(d) show variation of vibration frequency with rotational speed for 

different volume fraction indices under constant transverse pressure and thermal loading. For 

all the values of the volume fraction indices, the frequency values are found to increase with 

speed, with the exception of the first mode, where they appear to slightly decrease or remain 

constant in nature at lower speed range. Further the frequencies are found to decrease with 

increasing values of volume fraction indices. This is due to the fact that increasing of volume 

fraction indices leads to relative increase of volume proportion of the metal content in the 

FGM composition, and for Stainless Steel/Silicon Nitride, the metal phase has less elasticity 
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and more density with respect to the ceramic phase. This effect of volume fraction indices 

becomes enhanced with increasing mode number. 

 

 

 

 

 

Fig. 5.11: Variation of vibration frequency with rotational speed for different volume fraction 
indices under constant transverse pressure and thermal loading: (a) Mode 1, (b) Mode 2, (c) 

Mode 3, (d) Mode 4. 
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Fig. 5.12: Variation of vibration frequency with transverse pressure for different volume 
fraction indices under constant rotational speed and thermal loading: (a) Mode 1, (b) Mode 2, 

(c) Mode 3, (d) Mode 4. 

 
Figs. 5.12(a)-(d) show variation of vibration frequency with transverse pressure for 

different volume fraction indices under constant rotational speed and thermal loading. The 

frequency gradually increases with pressure for the first mode, whereas for the higher modes, 

the frequency remains almost entirely independent of transverse pressure. Further, the 

frequencies are found to decrease with increasing values of volume fraction indices. This is 

due to the fact that increasing volume fraction indices leads to relative increase of volume 
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proportion of the metal content which is less elastic and heavier compared to the ceramic 

phase. 

 

 

 

Fig. 5.13: Variation of vibration frequency with rotational speed for different radius ratio 
under constant transverse pressure and thermal loading: (a) Mode 1, (b) Mode 2, (c) Mode 3, 

(d) Mode 4. 
 

 Figs. 5.13(a)-(d) show the variation of vibration frequency with rotational speed for 

different radius ratio under constant transverse pressure and thermal loading. In general, the 

frequency increases with speed. But for the first mode, the frequency slightly decreases or 
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remains constant with speed at lower speeds, and this is true for all the values of the radius 

ratio considered. As far as the effect of radius ratio is considered, it shows that the frequencies 

increase with decreasing radius ratio. This is because the decreasing radius ratio indicates 

lesser un-supported radial span of the disk which is clamped at the inner radius, and thus 

stiffness of the disk increases against bending vibration. The effect of radius ratio becomes 

enhanced with higher modes. 

 
 

 

Fig. 5.14: Variation of vibration frequency with transverse pressure for different radius ratio 
under constant rotational speed and thermal loading: (a) Mode 1, (b) Mode 2, (c) Mode 3, (d) 

Mode 4. 
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Figs. 5.14(a)-(d) depicts the variation of vibration frequency with transverse pressure 

for different radius ratio under constant rotational speed and thermal loading. As already 

reported, pressure has very little effect on the frequency of vibration. The increasing radius 

ratio decreases the frequency value of the clamped-free disk as its un-supported radial span 

increases, and thus making the disk less stiff to bending. This effect seems higher for the 

higher modes. 

 

 

 

Fig. 5.15: Variation of vibration frequency with rotational speed for different material 
composition under constant transverse pressure and thermal loading: (a) Stainless 

Steel/Silicon Nitride, (b) Stainless Steel/Alumina, (c) Stainless Steel/Zirconia, (d) Titanium 
Alloy/Zirconia. 
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Fig. 5.16: Variation of vibration frequency with transverse pressure for different material 
composition under constant rotational speed and thermal loading: (a) Stainless Steel/Silicon 

Nitride, (b) Stainless Steel/Alumina, (c) Stainless Steel/Zirconia, (d) Titanium Alloy/Zirconia. 

 

All the previous results are presented considering Stainless Steel/Silicon Nitride 

composition. To illustrate the impact of variation of FGM compositions, Figs. 5.15(a)-(d) 

show speed-frequency behaviour at constant pressure and thermal loading, and Figs. 5.16(a)-

(d) show pressure-frequency behaviour at constant speed and thermal loading. Results for 

Figs. 5.15 and 5.16 are presented for Stainless Steel/Silicon Nitride, Stainless Steel/Alumina, 

Stainless Steel/Zirconia and Titanium Alloy/Zirconia compositions, each for the first four 

axisymmetric bending modes. Fig. 5.15 shows that speed-frequency behaviour for all four 
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compositions are identical, and differs in the relative values. For all the compositions in Fig. 

5.15, the frequency increases slightly with increase in speed for all the four modes. Fig. 5.16 

shows that the pressure-frequency behaviour for all four compositions are identical, and 

differs in the relative values. In Fig. 5.16, the increase in frequency with pressure is observed 

only for the fourth mode, whereas the frequency values for the other modes remain almost 

constant over the range of pressure considered. 

 

5.4 Chapter Summary 

With the objective of studying the free axisymmetric bending vibration behaviour of rotating 

micro-disks operating in high-pressure and high-temperature environment, a mathematical 

model has been developed exclusively for the axisymmetric problem. In this chapter, the 

important problem parameters are defined, and the governing equations are provided in a 

concise manner, maintaining the overall methodology discussed in Chapter 2. Using 

Kirchhoff plate theory and the MCST, an energy-based mathematical model is developed. 

The model is successfully validated by comparing it with several simplified problems. For a 

wide range of parametric values, the effects of speed, transverse pressure, thermal loading, 

size-dependent thickness, radial and thickness gradation indices, radius ratio and FGM 

composition on the frequencies of vibration of the first four modes have been discussed 

through extensive sets of numerical results. Some mode-shape plots along with their contour 

have been presented for visualization of the axisymmetric vibration modes. The mathematical 

model is a novel one. The presented results are the first of their kind and will act as a 

benchmark for further study in this domain. The key findings of this chapter are summarized 

below: 

 The micro-disk experiences non-linear static bending as a result of the transverse 

pressure, particularly at low to moderate rotating speeds. 

 The effect of centrifugal stiffening is observed clearly at moderate to high speed. For 

the first and second modes, at lower speed ranges and for moderate and higher-

pressure values, the frequency either remains constant or slightly decreases with 

speed, showing dominance of softening. 
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 The influence of pressure is observed to diminish with increasing speed. But the 

increase in pressure results in a mild rise in vibration frequency for all four modes due 

to enhanced geometric stiffening. 

 Under higher thermal loading, the frequency values generally decrease due to thermo-

elastic degradation of the micro-disk. 

 The size-effect is found to have a considerable impact, where the greatest size-

dependent stiffening of the micro-disk is illustrated by the smallest size-dependent 

thickness, yielding higher frequency values. 

 Due to the presence of greater metal content than its ceramic counterpart, increasing 

the volume fraction indices results in lower frequency values and vice versa. 

 Increased radius ratio gives decreased frequency value of the disk due to reduced 

bending stiffness as a result of increased unsupported radial span of the disk. 

 It is found that the speed-frequency and pressure-frequency behaviours are identical 

for all the FGM four compositions considered, and they only differ in their relative 

values. 
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Appendix 5A 

Classical Part of Total Stiffness Matrix 

The sub-matrices of cl  S , each of dimension n n , are as follows: 
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The components of these sub-matrices are given below: 
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Non-classical Part of Total Stiffness Matrix 

The sub-matrices of ncl  S , each of dimension n n , are as follows: 
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The components of these sub-matrices are given below:

 
0,ncl   11S           (5A.7) 
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0,ncl   12S           (5A.8) 

0,ncl   21S           (5A.9) 
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Elements of Load Vector  

The sub-vectors of  P , each of dimension 1n , are as follows: 
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The components of these sub-vectors are given below:
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Appendix 5B 

Classical Part of Tangent Stiffness Matrix 

The sub-matrices of clK   , each of dimension n n , are as follows: 
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The components of these sub-matrices are given below: 
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Appendix 5C 

Elements of Mass Matrix 

The sub-matrices of  M , each of dimension n n , are as follows: 

     11

22

M 0
M

0 M
.

    
    

     (5C.1)
 

The components of these sub-matrices are given below:

 
     2 ,

b
u u

A i j

a

b a r d        11M      (5C.2)

 

  

     2 .
wb w
jw w i

A i j I

a

b a r r d
r r

     
  

    
    

22M   (5C.3) 
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6.1 Introduction 

The literature survey shows that the free vibration behaviour of rotating BFGM micro-disks 

has not yet been studied for annular configuration under different boundary conditions. 

Though studies on rotating FGM micro-size plates are available (Mahinzare et al. (2018a), 

Mahinzare et al. (2018b), Shojaeefard et al. (2018a) and Shojaeefard et al. (2018b)), they are 

conducted for rotating solid micro-plates under clamped and hinged boundary conditions. For 

rotating annular micro-disks, no research work dealing with their vibration behaviour is 

available in the literature. Hence there exists a research gap. The BFGM micro-disk for which 

the free vibration behaviour has been studied in the preceding three chapters, is essentially 

considered as clamped-free, i.e., its inner radius is rigidly mounted on a shaft and its outer 

radius is free.To acquire a comprehensive understanding of rotating disk dynamics, it is 

essential to study the free vibration behaviour of rotating annular micro-disks under different 

boundary conditions. Hence, to fill up the research gap, and for thematic development of the 

present thesis, another problem has been undertaken in this chapter, which studies the free 

vibration behaviour of BFGM rotating annular micro-disks under four different boundary 

conditions namely, simply supported-simply supported (SS), clamped-simply supported (CS), 

simply supported-clamped (SC) and clamped-clamped (CC). Here ‘S’ and ‘C’ stand for 

clamped and simply supported boundary condition respectively. The first letter of each 

boundary condition corresponds to the inner radius and the second letter corresponds to the 

outer radius. 

 Unlike the previous two chapters, the present problem is studied for a micro-disk, 

which is subjected to centrifugal loading due to rotational speed and thermal loading due to 

high-temperature environment, i.e., the effect of transverse pressure has not been considered 

FREE VIBRATION & STATIC BUCKLING BEHAVIOURS OF 
BFGM  ROTATING  MICRO­DISKS  FOR  DIFFERENT 
BOUNDARY CONDITIONS 
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in this case. Another striking feature of this problem is that the critical condition leading to 

static buckling of the BFGM micro-disk, when the vibration frequency becomes zero, has 

been identified and reported. While considering different boundary conditions mentioned 

above, the micro-disk is assumed radially immovable due to constraints both at the inner and 

outer radii. This induces compressive axial force due to both centrifugal and thermal loading, 

resulting in softening of the micro-disk. As a result, the vibration frequency becomes zero at a 

particular higher value of the rotating speed, making the disk statically unstable. This 

particular speed is termed as the critical buckling speed. 

 

Fig. 6.1: Two-dimensional schematic diagram of a rotating disk. 

 

 The mathematical model for this problem has been successfully validated with 

appropriate problems pertaining to different boundary conditions. The effects on the first four 

frequencies of vibration for different parameters such as rotating speed, size-dependent 

thickness, gradation indices and radius ratio have been presented. Some representative mode-

shapes along with their contour have been presented. As far as the critical buckling speed is 

considered, the effects of size-dependent thickness and gradation indices have been depicted. 

The present model can be obtained from the generalized mathematical model discussed in 

Chapter 2. The outline of the mathematical formulation has been briefly discussed in the 
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 For the first step, the governing equations remain same as Eq. (2.34), which is again 

given below: 

        .S c P       (6.1) 

In Eq. (6.1),  S is the total stiffness matrix (of dimension 3 3n n , where n  is the number of 

functions to discretize each of the displacement fields  0 0 0, ,u v w ) having classical  Scl    

and non-classical  Sncl    parts;  c  is the vector of unknown coefficients jc to be 

determined with reference to Eqs. (2.31a)-(2.31c);  P is the  load vector due to rotational 

speed and thermal loading. The components of cl  S  and n cl  S  remain same as given in 

Appendix 2A. In the absence of transverse pressure, the components of the load vector 

        1 2 3P P P P
T

 for the present problem are derived to the following form: 

 
 

1 1 1 1
2 2

1

0 0 0 0

,P J J
u

u u i
A i TA ir d d E r d d

r

       
     

       (6.2a) 

 
 

1 1

2

0 0

,P J
v
i

TAE d d
  





         (6.2b) 

 
 3 0.P      (6.2c) 

 The governing equations for the second step have already been derived as an 

eigenvalue problem in Eq. (2.42), which is again given below: 

         2 0.K M d        (6.3) 

In Eq. (6.3),  K  is the tangent stiffness matrix, the components of which are given in 

Appendix 2C;  M  is the mass matrix, the components of which are given in Appendix 2D; 

 d is the set of unknown coefficients representing the dynamic displacements. With respect 

to Eq. (6.3), the square roots of the eigenvalues  2 signify the frequencies of vibration of 

the deformed micro-disk, and the eigenvectors i.e.,  d provide the corresponding mode-

shapes of vibration. The mode-shapes are obtained by appropriately substituting  d  into Eqs. 

(2.39a)-(2.39c). 
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6.3 Results and Discussion 

The non-dimensional speed  *  and frequency of vibration  * are defined as follows (Das 

et al. (2010); Kermani et al. (2016); Shojaeefard et al. (2018b)):  

   
* 2= / ,cb t D 

      (6.4a) 

   
* 2= / ,cb t D         (6.4b) 

where    2
0 3 012 1
c c

D E t   . The non-dimensional parameters defined above are defined 

with reference to the property values of the ceramic phase of the FGM composition at 

 0 300 KT  . The numerical results for this chapter are presented for Stainless Steel/Silicon 

Nitride composition. Based on the Touloukian model given by Eq. (2.6), the Young’s 

modulus  0

c
E , Poisson’s ratio  0

c
  and mass density  c  of Silicon Nitride (ceramic) are 

calculated, and their values are obtained as 322.27 GPa, 0.240 and 2370 kg/m3 respectively. If 

not mentioned otherwise, the numerical results are generated for the following parameter 

values: l =17.610-6 m (Lam et al. (2003); Park and Gao (2006)), /t l =1, /b t = 50, /b a

=4.0, 1r tk k  , T =0.Accordingly, the dimensions of the BFGM rotating annular micro-

disk become:  t =17.6 μm, b=880 μm, a=220 μm. Based on the convergence study reported 

in the third chapter, the number of functions for Ritz approximation has been taken as n  8

8 for generation of results. The mode number of any vibration frequency is denoted by  ,p q  

where p  and q signify the number of nodal circles and nodal diameters respectively. It must 

be mentioned that 0q   signifies an axisymmetric vibration mode, and the presence of one or 

more nodal diameters generates an asymmetric mode  0q  . 

 The present formulation is quite general in nature and can be applied for a wide 

variety of problems by properly adjusting certain parameters as follows: the present model 

can be reduced to a plate model under non-rotating condition by putting the rotational speed 

 = 0; the size-independent behaviour for a macro-size rotating disk can be investigated by 

substituting 0l  ; the problem of solid micro-plate clamped at the outer edge can be 
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investigated by putting a =0, 0  , and considering    2

1 1 11 ; 1u v w           as the 

lowest order admissible function for Ritz discretization; the problem of solid micro-plate 

simply supported at the outer edge can be investigated by putting a =0, 0   and 

considering     1 1 11 ; sin 0.5 1u v w            as the lowest order admissible 

function for Ritz discretization; a radial-FG micro-disk/plate is obtained by putting 0tk  ; a 

thickness-FG micro-disk/plate is obtained by putting 0rk  . 

 

Table 6.1: Comparison of the free bending vibration frequencies  *  for the first four 

modes of homogeneous annular plate for different boundary conditions and radius ratios. 

Boundary 

Condition 
Mode 

/b a =2.5 /b a =5.0 

Present 
Zhou et al. 

(2011) 
Present 

Zhou et al. 

(2011) 

SS 

1st (0,0) 28.086 28.183 16.734 16.733 

2nd (0,1) 30.079 30.079 19.197 19.432 

3rd (0,2) 36.139 36.143 27.248 27.285 

4th (0,3) 46.311 46.321 40.330 40.340 

CS 

1st (0,0) 41.242 41.261 22.755 22.767 

2nd (0,1) 42.529 42.548 24.309 24.322 

3rd (0,2) 46.678 46.699 30.118 30.088 

4th (0,3) 54.307 54.332 41.353 41.329 

SC 

1st (0,0) 44.931 44.932 26.626 26.619 

2nd (0,1) 46.732 46.735 29.160 29.158 

3rd (0,2) 52.345 52.353 37.573 37.579 

4th (0,3) 62.135 62.148 51.670 51.685 

CC 

1st (0,0) 61.846 61.872 34.593 34.609 

2nd (0,1) 62.968 62.996 36.085 36.103 

3rd (0,2) 66.640 66.672 41.797 41.820 

4th (0,3) 73.592 73.630 53.361 53.388 

 

6.3.1 Validation Study 

Based on the classical plate theory ( l =0), the free bending vibration frequencies  * for the 

first four modes of a homogeneous ( 0r tk k  ) annular plate are compared with Zhou et al. 
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(2011) in Table 6.1, and the comparison study is conducted for four boundary conditions 

which are SS, CS, SC and CC, each for two different radius ratio such as /b a = 2.5 and 5.0. 

These results are generated considering  =1/3, /b t =100 and T =0. The comparison shows 

excellent agreement. 

 Based on the classical plate theory ( l =0), free bending vibration frequencies  *  for 

the first four modes of a radial-FG annular rotating disk with CS boundary condition are 

compared with Kermani et al. (2016) and presented in Table 6.2 for both rotating as well as 

non-rotating condition. The comparison study is carried out considering the following values 

and relations: /b t =100, /b a =5, /3800 r b

f eE  GPa, /380 r b
f e  kg/m3, 0.3f 

(constant)with =1.The comparison shows excellent matching of results. 

 

Table 6.2: Comparison of the free bending vibration frequencies  *  for the first four modes 

of a CS radial-FG annular rotating disk. 

Mode 
 = 0 rpm  = 2000 rpm 

Present Kermani et al. (2016) Present Kermani et al. (2016) 
1st (0,0) 21.48 21.53 19.39 19.43 
2nd (0,1) 23.29 23.34 21.42 21.54 
3rd (0,2) 29.63 29.67 28.39 28.49 
4th (0,3) 41.24 41.28 40.46 40.52 

 

Table 6.3: Comparison of the free bending vibration frequencies (kHz) for the first three 
axisymmetric modes of a homogeneous simply supported solid circular micro-plate. 

/t l  Reference 
Mode

1st 2nd 3rd 

1 
Present 1.2051  13.3244 34.1734 

Eshraghi et al. (2015) 1.2051 13.3263 34.1874 

2 
Present 1.1565 8.6926 22.0047 

Eshraghi et al. (2015) 1.1566 8.6939 22.0136 
 

 Based on the MCST, the free bending vibration frequencies (kHz) for the first three 

axisymmetric modes of a homogeneous ( 0r tk k  ) simply supported solid circular micro-

plate ( 0r tk k  ) are compared with Eshraghi et al. (2015)and presented in Table 6.3. The 
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results for this comparison study are generated using the following values: t =10010-6 m, 

/b t =50, E =1.44 GPa,  =0.38,  =1220 kg/m3. The comparison shows excellent agreement. 

The comparisons shown through Tables 6.1-6.3establish the validity of the present model. 

 

6.3.2 Numerical Results for Different Parameters 

The variation of the free vibration frequencies with rotational speed is shown in Figs. 6.3(a)-

(d) for the first four modes respectively, where each figure shows results for all the four 

boundary conditions namely, SS, CS, SC and CC. All the modes shown in the plots are 

bending in nature where the first mode is an axisymmetric one ((0,0)),and the other three 

modes are ((0,1), (0,2) and (0,3)) are asymmetric for all the boundary condition stated above. 

The micro-disks for different boundary conditions can be arranged in increasing sequence of 

vibration frequency for all four modes as follows: SS, CS, SC and CC. Both the SS and CS 

micro-disks demonstrate a softening behaviour across all the four modes indicating a gradual 

initial decrease in frequency with speed followed by a more rapid decline at higher speeds. In 

this case, as the mode number increases, the rate at which the frequency decreases with speed 

gradually diminishes. It is worth mentioning that in contrast to the other two boundary 

conditions, the speed-frequency behaviours for SC and CC micro-disks show a distinct 

pattern. For all four modes, the SC micro-disk exhibits hardening-type speed-frequency 

behaviour, where the frequency increases with speed first slowly and afterward quite rapidly. 

This rate also increases with the mode number. For the CC micro-disk, the first two modes 

show a moderate softening type speed-frequency behaviour, where the frequency slowly 

drops with speed, which is more visible for the first mode. However, for the third and fourth 

modes of the CC micro-disk, the speed-frequency behaviour changes to a hardening type, 

with the fourth mode having a considerably larger rate of frequency rise with speed. The 

instability condition associated with static buckling is expected to occur at greater rotating 

speeds when the micro-disk's frequency becomes zero because of the radial immovability of 

the disk. This is valid for all the boundary conditions including those that initially display a 

hardening kind of speed-frequency behaviour. Figs. 6.4(a)-(d) provide visual understanding of 

the vibrating CS micro-disk with /b a =10, illustrating the mode-shapes and contour plots 

indicating deformation patterns for the first four modes. 
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Fig. 6.3: Non-dimensional speed versus frequency behaviour for different boundary 
conditions: (a) Mode 1 (0,0), (b) Mode 2 (0,1), (c) Mode 3 (0,2), (d) Mode4 (0,3). 
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Fig. 6.4: Mode shape and contour plots for a CS micro-disk for /b a =10: (a) Mode 1 (0,0), 
(b) Mode 2 (0,1), (c) Mode 3 (0,2), (d) Mode 4 (0,3). 
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Table 6.4: Effect of size-dependent thickness on the free vibration frequencies of the first four 
modes for different boundary conditions and rotational speeds. 

/t l  BC** 

* =5 * =10 * =15 

Mode Mode Mode 

1st 2nd 3rd 4th 1st 2nd 3rd 4th 1st 2nd 3rd 4th 

1 

SS 21.82 
(0,0) 

24.55 
(0,1) 

33.41 
(0,2) 

48.57 
(0,3)

19.46 
(0,0)

22.64 
(0,1)

32.29
(0,2)

47.94 
(0,3)

13.23
(0,0)

17.91 
(0,1) 

29.59 
(0,2)

46.38 
(0,3)

CS 27.96 
(0,0) 

30.09 
(0,1) 

37.31 
(0,2) 

50.66 
(0,3)

25.42 
(0,0)

27.89 
(0,1)

35.85
(0,2)

49.81 
(0,3)

19.63
(0,0)

23.01 
(0,1) 

32.68 
(0,2)

47.92 
(0,3)

SC 38.59 
(0,0) 

40.98 
(0,1) 

49.18 
(0,2) 

64.21 
(0,3)

38.83 
(0,0)

41.35 
(0,1)

49.78
(0,2)

64.94 
(0,3)

39.04
(0,0)

41.77 
(0,1) 

50.59 
(0,2)

65.99 
(0,3)

CC 47.00 
(0,0) 

48.77 
(0,1) 

55.09 
(0,2) 

67.70 
(0,3)

46.81 
(0,0)

48.71 
(0,1)

55.32
(0,2)

68.19 
(0,3)

46.39
(0,0)

48.49 
(0,1) 

55.58 
(0,2)

68.89 
(0,3)

2 

SS 13.34 
(0,0) 

15.22 
(0,1) 

21.10 
(0,2) 

30.87 
(0,3)

8.35 
(0,0)

11.40 
(0,1)

18.91
(0,2)

29.60 
(0,3)

-* -* 9.57 
(0,2)

24.99 
(0,3)

CS 17.60 
(0,0) 

19.00 
(0,1) 

23.70 
(0,2) 

32.23 
(0,3)

12.75 
(0,0)

14.89 
(0,1)

20.99
(0,2)

30.63 
(0,3)

-* -* 11.55 
(0,2)

25.63 
(0,3)

SC 23.87 
(0,0) 

25.51 
(0,1) 

30.94 
(0,2) 

40.66 
(0,3)

24.19 
(0,0)

26.01 
(0,1)

31.79
(0,2)

41.70 
(0,3)

23.93
(0,0)

26.08 
(0,1) 

32.49 
(0,2)

42.82 
(0,3)

CC 29.60 
(0,0) 

30.76 
(0,1) 

34.86 
(0,2) 

42.93 
(0,3)

29.21 
(0,0)

30.57 
(0,1)

35.12
(0,2)

43.60 
(0,3)

28.08
(0,0)

29.78 
(0,1) 

35.09 
(0,2)

44.25 
(0,3)

5 

SS 9.61 
(0,0) 

11.22 
(0,1) 

16.00 
(0,2) 

23.63 
(0,3)

-* 3.08 
(0,1)

12.30
(0,2)

21.49 
(0,3)

-* -* -* 8.27 
(0,3)

CS 13.30 
(0,0) 

14.42 
(0,1) 

18.11 
(0,2) 

24.70 
(0,3)

3.83 
(0,0)

7.28 
(0,1)

13.79
(0,2)

22.14 
(0,3)

-* -* -* 8.71 
(0,3)

SC 17.59 
(0,0) 

18.96 
(0,1) 

23.38 
(0,2) 

30.99 
(0,3)

17.90 
(0,0)

19.51 
(0,1)

24.33
(0,2)

32.18 
(0,3)

16.55
(0,0)

18.64 
(0,1) 

24.37 
(0,2)

32.83 
(0,3)

CC 22.42 
(0,0) 

23.35 
(0,1) 

26.56 
(0,2) 

32.79 
(0,3)

21.74 
(0,0)

22.93 
(0,1)

26.74
(0,2)

33.51 
(0,3)

19.43
(0,0)

21.10 
(0,1) 

25.96 
(0,2)

33.65 
(0,3)

10 

SS 8.93 
(0,0) 

10.50 
(0,1) 

15.12 
(0,2) 

22.40 
(0,3)

-* -* 10.91
(0,2)

19.99 
(0,3)

-* -* -* -* 

CS 12.56 
(0,0) 

13.64 
(0,1) 

17.16 
(0,2) 

23.43 
(0,3)

-* 5.15 
(0,1)

12.33
(0,2)

20.58 
(0,3)

-* -* -* -* 

SC 16.48 
(0,0) 

17.82 
(0,1) 

22.07 
(0,2) 

29.35 
(0,3)

16.78 
(0,0)

18.36 
(0,1)

23.05
(0,2)

30.56 
(0,3)

15.02
(0,0)

17.15 
(0,1) 

22.82 
(0,2)

31.01 
(0,3)

CC 21.19 
(0,0) 

22.08 
(0,1) 

25.15 
(0,2) 

31.07 
(0,3)

20.43 
(0,0)

21.60 
(0,1)

25.30
(0,2)

31.79 
(0,3)

17.70
(0,0)

19.40 
(0,1) 

24.25 
(0,2)

31.73 
(0,3)

l=0 

SS 8.69 
(0,0) 

10.25 
(0,1) 

14.81 
(0,2) 

21.97 
(0,3)

-* -* 10.39
(0,2)

19.45 
(0,3)

-* -* -* -* 

CS 12.30 
(0,0) 

13.37 
(0,1) 

16.83 
(0,2) 

22.99 
(0,3)

-* 4.18 
(0,1)

11.78
(0,2)

20.03 
(0,3)

-* -* -* -* 

SC 16.09 
(0,0) 

17.42 
(0,1) 

21.62 
(0,2) 

28.78 
(0,3)

16.39 
(0,0)

17.96 
(0,1)

22.60
(0,2)

30.00 
(0,3)

14.45
(0,0)

16.60 
(0,1) 

22.26 
(0,2)

30.36 
(0,3)

CC 20.77 
(0,0) 

21.64 
(0,1) 

24.66 
(0,2) 

30.48 
(0,3)

19.97 
(0,0)

21.13 
(0,1)

24.79
(0,2)

31.19 
(0,3)

17.07
(0,0)

18.79 
(0,1) 

23.63 
(0,2)

31.05 
(0,3)

* indicates instability of the micro-disk; ** BC means boundary condition 
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Table 6.5: Effect of volume fraction indices on the free vibration frequencies of the first four 
modes for different boundary conditions and rotational speeds. 

rk
= 

tk  

BC** 

* =5 * =10 * =15 

Mode Mode Mode 

1st 2nd 3rd 4th 1st 2nd 3rd 4th 1st 2nd 3rd 4th 

0.0 

SS 44.06 
(0,0) 

48.98 
(0,1) 

65.34 
(0,2) 

93.62 
(0,3)

42.92 
(0,0) 

48.04 
(0,1) 

64.74
(0,2)

93.25 
(0,3) 

40.83 
(0,0) 

46.30 
(0,1) 

63.64
(0,2)

92.56 
(0,3) 

CS 55.88 
(0,0) 

59.66 
(0,1) 

72.76 
(0,2) 

97.39 
(0,3)

54.62 
(0,0) 

58.56 
(0,1) 

71.99
(0,2)

96.91 
(0,3) 

52.37 
(0,0) 

56.58 
(0,1) 

70.61
(0,2)

96.06 
(0,3) 

SC 76.63 
(0,0) 

81.20 
(0,1) 

96.92 
(0,2) 

125.71 
(0,3)

76.75 
(0,0) 

81.38 
(0,1) 

97.21
(0,2)

126.06 
(0,3) 

76.92 
(0,0) 

81.65 
(0,1) 

97.67
(0,2)

126.63 
(0,3) 

CC 92.91 
(0,0) 

96.21 
(0,1) 

108.11 
(0,2) 

132.02 
(0,3)

92.80 
(0,0) 

96.16 
(0,1) 

108.22
(0,2)

132.26 
(0,3) 

92.61 
(0,0) 

96.08 
(0,1) 

108.38
(0,2)

132.65 
(0,3) 

0.5 

SS 25.75 
(0,0) 

28.79 
(0,1) 

38.90 
(0,2) 

56.53 
(0,3)

23.86 
(0,0) 

27.26 
(0,1) 

38.01
(0,2)

56.05 
(0,3) 

19.58 
(0,0) 

23.87 
(0,1) 

36.03
(0,2)

54.93 
(0,3) 

CS 32.83 
(0,0) 

35.25 
(0,1) 

43.53 
(0,2) 

59.05 
(0,3)

30.75 
(0,0) 

33.44 
(0,1) 

42.33
(0,2)

58.36 
(0,3) 

26.44 
(0,0) 

29.75 
(0,1) 

39.90
(0,2)

56.94 
(0,3) 

SC 44.80 
(0,0) 

47.50 
(0,1) 

56.89 
(0,2) 

74.42 
(0,3)

45.02 
(0,0) 

47.83 
(0,1) 

57.43
(0,2)

75.08 
(0,3) 

45.26 
(0,0) 

48.26 
(0,1) 

58.21
(0,2)

76.07 
(0,3) 

CC 54.55 
(0,0) 

56.57 
(0,1) 

63.88 
(0,2) 

78.60 
(0,3)

54.39 
(0,0) 

56.53 
(0,1) 

64.09
(0,2)

79.05 
(0,3) 

54.05 
(0,0) 

56.37 
(0,1) 

64.36
(0,2)

79.71 
(0,3) 

2.0 

SS 19.42 
(0,0) 

21.94 
(0,1) 

29.97 
(0,2) 

43.51 
(0,3)

16.55 
(0,0) 

19.62 
(0,1) 

28.58
(0,2)

42.69 
(0,3) 

7.02 
(0,0) 

13.08 
(0,1) 

25.01
(0,2)

40.57 
(0,3) 

CS 24.92 
(0,0) 

26.87 
(0,1) 

33.39 
(0,2) 

45.29 
(0,3)

21.92 
(0,0) 

24.28 
(0,1) 

31.65
(0,2)

44.24 
(0,3) 

14.21 
(0,0) 

17.96 
(0,1) 

27.62
(0,2)

41.81 
(0,3) 

SC 34.97 
(0,0) 

37.16 
(0,1) 

44.57 
(0,2) 

58.01 
(0,3)

35.22 
(0,0) 

37.55 
(0,1) 

45.21
(0,2)

58.78 
(0,3) 

35.37 
(0,0) 

37.92 
(0,1) 

46.01
(0,2)

59.84 
(0,3) 

CC 42.49 
(0,0) 

44.10 
(0,1) 

49.78 
(0,2) 

61.01 
(0,3)

42.28 
(0,0) 

44.02 
(0,1) 

50.02
(0,2)

61.54 
(0,3) 

41.76 
(0,0) 

43.73 
(0,1) 

50.25
(0,2)

62.24 
(0,3) 

5.0 

SS 18.22 
(0,0) 

20.54 
(0,1) 

27.97 
(0,2) 

40.49 
(0,3)

14.87 
(0,0) 

17.83 
(0,1) 

26.32
(0,2)

39.47 
(0,3) 

-* 
9.01 
(0,1) 

21.82
(0,2)

36.77 
(0,3) 

CS 23.31 
(0,0) 

25.10 
(0,1) 

31.11 
(0,2) 

42.09 
(0,3)

19.90 
(0,0) 

22.14 
(0,1) 

29.09
(0,2)

40.84 
(0,3) 

9.84 
(0,0) 

14.22 
(0,1) 

24.19
(0,2)

37.83 
(0,3) 

SC 33.17 
(0,0) 

35.20 
(0,1) 

42.10 
(0,2) 

54.61 
(0,3)

33.41 
(0,0) 

35.59 
(0,1) 

42.76
(0,2)

55.41 
(0,3) 

33.50 
(0,0) 

35.92 
(0,1) 

43.55
(0,2)

56.47 
(0,3) 

CC 40.14 
(0,0) 

41.62 
(0,1) 

46.89 
(0,2) 

57.32 
(0,3)

39.91 
(0,0) 

41.54 
(0,1) 

47.14
(0,2)

57.87 
(0,3) 

39.32 
(0,0) 

41.19 
(0,1) 

47.34
(0,2)

58.56 
(0,3) 

* indicates instability of the micro-disk; ** BC means boundary condition 
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Table 6.6: Effect of radius ratio on the free vibration frequencies of the first four modes for 
different boundary conditions and rotational speeds. 

/b a
 

BC** 

* =5 * =10 * =15 

Mode Mode Mode 

1st 2nd 3rd 4th 1st 2nd 3rd 4th 1st 2nd 3rd 4th 

2.0 

SS 47.60 
(0,0) 

49.68 
(0,1) 

55.94 
(0,2) 

66.51 
(0,3) 

46.66 
(0,1) 

48.79
(0,0)

55.22
(0,2)

65.97
(0,3)

44.70 
(0,0) 

46.97 
(0,1) 

53.72
(0,2) 

64.84 
(0,3) 

CS 67.75 
(0,0) 

69.31 
(0,1) 

74.11 
(0,2) 

82.54 
(0,3) 

66.21 
(0,0) 

67.82
(0,1)

72.79
(0,2)

81.43 
(0,3)

63.39 
(0,0) 

65.11 
(0,1) 

70.37
(0,2) 

79.41 
(0,3) 

SC 79.65 
(0,0) 

81.29 
(0,1) 

86.37 
(0,2) 

95.30 
(0,3) 

80.29 
(0,0) 

81.93
(0,1)

87.01
(0,2)

95.95 
(0,3)

81.24 
(0,0) 

82.89 
(0,1) 

87.99
(0,2) 

96.95 
(0,3) 

CC 106.06 
(0,0) 

107.25 
(0,1) 

111.01 
(0,2) 

117.80 
(0,3) 

105.99
(0,0) 

107.20
(0,1)

110.99
(0,2)

117.86 
(0,3)

105.82 
(0,0) 

107.06 
(0,1) 

110.94
(0,2) 

117.91 
(0,3) 

5.0 

SS 19.43 
(0,0) 

22.27 
(0,1) 

31.84 
(0,2) 

48.06 
(0,3) 

16.72 
(0,0) 

20.18
(0,1)

30.71
(0,2)

47.43 
(0,3)

8.65 
(0,0) 

14.71 
(0,1) 

27.92
(0,2) 

45.82 
(0,3) 

CS 24.10 
(0,0) 

26.38 
(0,1) 

34.36 
(0,2) 

49.09 
(0,3) 

21.33 
(0,0) 

24.07
(0,1)

32.98
(0,2)

48.32 
(0,3)

14.42 
(0,0) 

18.64 
(0,1) 

29.82
(0,2) 

46.53 
(0,3) 

SC 34.77 
(0,0) 

37.33 
(0,1) 

46.46 
(0,2) 

63.07 
(0,3) 

34.89 
(0,0) 

37.64
(0,1)

47.09
(0,2)

63.84 
(0,3)

34.89 
(0,0) 

37.95 
(0,1) 

47.94
(0,2) 

64.93 
(0,3) 

CC 41.26 
(0,0) 

43.19 
(0,1) 

50.41 
(0,2) 

64.88 
(0,3) 

41.04 
(0,0) 

43.15
(0,1)

50.76
(0,2)

65.50 
(0,3)

40.56 
(0,0) 

42.96 
(0,1) 

51.19
(0,2) 

66.38 
(0,3) 

10.0 

SS 16.10 
(0,0) 

18.92 
(0,1) 

30.18 
(0,2) 

48.18 
(0,3) 

12.68 
(0,0) 

16.60
(0,1)

29.13
(0,2)

47.52 
(0,3)

-* 
9.64 
(0,1) 

26.31
(0,2) 

45.80 
(0,3) 

CS 18.28 
(0,0) 

20.78 
(0,1) 

30.84 
(0,2) 

48.27 
(0,3) 

14.97 
(0,0) 

18.35
(0,1)

29.69
(0,2)

47.60 
(0,3)

1.60 
(0,0) 

11.68 
(0,1) 

26.74
(0,2) 

45.86 
(0,3) 

SC 29.38 
(0,0) 

32.06 
(0,1) 

43.55 
(0,2) 

62.96 
(0,3) 

29.23 
(0,0) 

32.33
(0,1)

44.31
(0,2)

63.76 
(0,3)

28.79 
(0,0) 

32.57 
(0,1) 

45.33
(0,2) 

64.87 
(0,3) 

CC 32.54 
(0,0) 

34.77 
(0,1) 

44.64 
(0,2) 

63.13 
(0,3) 

32.27 
(0,0) 

34.86
(0,1)

45.29
(0,2)

63.90 
(0,3)

31.65 
(0,0) 

34.83 
(0,1) 

46.15
(0,2) 

64.99 
(0,3) 

* indicates instability of the micro-disk; ** BC means boundary condition 

 

The size-effect has been illustrated in Table 6.4 where the free vibration frequencies 

for the first four modes at three different rotational speeds are presented for different values of 

size-dependent thickness values ( /t l ) such as 1, 2, 5 and 10, and that without the size-effect (

l =0). It is noted that higher is the size-dependent thickness, lower will be the size-effect and 

vice-versa. Table 6.4 omits frequency values at * =10 and 15 for specific combinations of 

mode and size-dependent thickness. This exclusion is due to the fact that the instability 

condition, leading to static buckling, occurs at speeds equal to or lower than those specified 
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values (i.e., *  = 10 and 15). Within the range of speed considered, the instability has been 

observed to reach for SS and CS boundary conditions. The first mode is consistently seen to 

be (0,0), whereas its following three modes are recognized as (0,1), (0,2), and (0,3), 

respectively, regardless of the boundary conditions and /t l  values. An evident trend is 

observed where the frequency values decrease as the /t l values increase. In other words, a 

greater size-effect leads to higher frequencies of vibration. This relationship holds true across 

all the modes and boundary conditions that have been considered. The observed correlation 

provides clear evidence that the size-effect results in a stiffening response into the micro-

disks. The absence of instability in the SC and CC micro-disks within the speed * =15 

indicates their higher stiffness compared to the SS and CS micro-disks. Due to the increased 

stiffness, it is anticipated that instability for these boundary conditions would manifest at 

higher rotational speeds (i.e., * 15). The size-effect reaches a state of near-saturation 

around /t l =10, as evidenced by the frequency values at /t l =10, being nearly equal to or 

slightly greater than those predicted by the classical theory ( l =0). 

Table 6.5 displays the frequencies of free vibrations for the first four modes at three 

different rotational speeds and considering four distinct values of volume fraction indices 

which are: r tk k  0.0, 0.5, 2.0 and 5.0. The table aims to illustrate how these different 

volume fraction indices affect the vibration frequencies of the system. Regardless of the 

boundary conditions, Table 6.5 consistently reveals that the first mode corresponds to (0,0), 

while the subsequent three modes are identified as (0,1), (0,2), and (0,3) respectively. This 

pattern remains unchanged across the different values of the volume fraction indices 

considered in the table. The instability condition is observed to manifest in the first mode of 

the SS micro-disk for r tk k  5.0, occurring at a speed equal to or lower than 15. It is 

observed that, across all the four modes and four boundary conditions considered, the 

frequencies exhibit a decreasing trend with an increase in rk and/or tk values. As the value of 

rk and/or tk  increases, the rate of frequency reduction becomes less pronounced, resulting in 

a more gradual decrease in the frequency values. According to Eq. (2.5), r tk k  0 indicates 

that the disk is fully ceramic, and as rk and/or tk increases, the metal fraction increases. As for 

the present FGM composition, the metal constituent (Stainless Steel) is less elastic and denser 
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compared to its ceramic counterpart (Silicon Nitride), the frequency values decrease with 

increase in the values of rk and/or tk . 

 

Table 6.7: Effect of thermal load on the free vibration frequencies of the first four modes for 
different boundary conditions and rotational speeds. 

T
 BC** 

* =5 * =10 * =15 

Mode Mode Mode 

1st 2nd 3rd 4th 1st 2nd 3rd 4th 1st 2nd 3rd 4th 

100 

SS 
14.38 
(0,0) 

17.06 
(0,1) 

25.98 
(0,2) 

41.28 
(0,3) 

9.99 
(0,0) 

13.86 
(0,1) 

24.39 
(0,2) 

40.48 
(0,3) 

-* -* 
20.27 
(0,2) 

38.44 
(0,3) 

CS 
21.56 
(0,0) 

23.48 
(0,1) 

30.36 
(0,2) 

43.54 
(0,3) 

17.88 
(0,0) 

20.37 
(0,1) 

28.41 
(0,2) 

42.48 
(0,3) 

6.16 
(0,0) 

12.12 
(0,1) 

23.94 
(0,2) 

40.08 
(0,3) 

SC 
34.46 
(0,0) 

36.47 
(0,1) 

43.86 
(0,2) 

58.26 
(0,3) 

34.75 
(0,0) 

36.90 
(0,1) 

44.56 
(0,2) 

59.09 
(0,3) 

35.00 
(0,0) 

37.38 
(0,1) 

45.49 
(0,2) 

60.27 
(0,3) 

CC 
43.19 
(0,0) 

44.63 
(0,1) 

50.16 
(0,2) 

61.97 
(0,3) 

42.99 
(0,0) 

44.56 
(0,1) 

50.42 
(0,2) 

62.53 
(0,3) 

42.52 
(0,0) 

44.32 
(0,1) 

50.71 
(0,2) 

63.30 
(0,3) 

200 

SS -* -* 
13.74 
(0,2) 

31.32 
(0,3) 

-* -* -* 
30.15 
(0,3) 

-* -* -* 
27.02 
(0,3) 

CS 
10.39 
(0,0) 

12.44 
(0,1) 

20.00 
(0,2) 

33.96 
(0,3) 

-* -* 
16.59 
(0,2) 

32.48 
(0,3) 

-* -* -* 
28.96 
(0,3) 

SC 
29.16 
(0,0) 

30.64 
(0,1) 

37.05 
(0,2) 

50.78 
(0,3) 

29.53 
(0,0) 

31.18 
(0,1) 

37.91 
(0,2) 

51.77 
(0,3) 

29.83 
(0,0) 

31.77 
(0,1) 

39.03 
(0,2) 

53.15 
(0,3) 

CC 
38.44 
(0,0) 

39.44 
(0,1) 

43.97 
(0,2) 

54.86 
(0,3) 

38.21 
(0,0) 

39.37 
(0,1) 

44.28 
(0,2) 

55.50 
(0,3) 

37.67 
(0,0) 

39.09 
(0,1) 

44.62 
(0,2) 

56.39 
(0,3) 

400 

SS -* -* -* -* -* -* -* -* -* -* -* -* 

CS -* -* -* -* -* -* -* -* -* -* -* -* 

SC 
8.10 
(0,1) 

9.75 
(0,0) 

11.99 
(0,2) 

27.50 
(0,3) 

10.26 
(0,1) 

11.03 
(0,0) 

14.71 
(0,2) 

29.46 
(0,3) 

11.90 
(0,0) 

12.09 
(0,1) 

17.63 
(0,2) 

32.01 
(0,3) 

CC 
23.89 
(0,1) 

24.43 
(0,0) 

25.04 
(0,2) 

33.84 
(0,3) 

23.80 
(0,1) 

24.07 
(0,0) 

25.64 
(0,2) 

34.96 
(0,3) 

23.15 
(0,0) 

23.31 
(0,1) 

26.26 
(0,2) 

36.44 
(0,3) 

* indicates instability of the micro-disk; ** BC means boundary condition 

 

Table 6.6 presents the free vibration frequencies for the first four modes at three 

distinct rotational speeds, considering three different values of the radius ratio /b a , which 

are: 2.0, 5.0 and 10.0. The purpose of the table is to illustrate how varying the radius ratio 
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impacts the vibration frequencies of the system across different modes and rotational speeds. 

Regardless of the boundary conditions and the values of the /b a ratio, the first mode 

corresponds to (0,0), while the subsequent three modes are identified as (0,1), (0,2), and (0,3) 

respectively. It is observed that the instability condition occurs in the system for the first 

mode of the SS micro-disk for /b a =10 at a speed equal to or less than 15. Across all the four 

modes and four boundary conditions considered, it has been found that the frequencies 

decrease as the values of the /b a  ratio increase. This consistent trend can be attributed to the 

fact that an increase in the radius ratio implies a larger span of the disk in both the radial and 

circumferential directions, subsequently resulting in a decrease in the bending resistance. 

Consequently, the frequency values exhibit a decline nature as the /b a  values increase. 

Table 6.7 presents the free vibration frequencies for the first four modes at three 

distinct rotational speeds, considering three different values of thermal load, specifically T = 

100, 200, and 400. The purpose of the table is to present how the vibration frequencies of the 

system vary with different thermal loads. For all the four boundary conditions up to T  = 

200, this table demonstrates that the first mode is (0,0) and the next three modes are (0,1), 

(0,2) and (0,3) respectively. At T = 400, it has been observed that a mode switching 

phenomenon takes place between the first two modes for the SC and CC boundary conditions 

at speed values of * =5 and 10. As a result, the order of occurrence of the first four modes is 

changed, and they are observed to be (0,1), (0,0), (0,2) and (0,3) respectively. For the ranges 

of speed and thermal load examined, it has been observed that the instability condition arises 

for all the modes under the SS and CS boundary conditions at various combinations of loads. 

The property-temperature relationship shown in Eq. (2.6) shows that when T  increases, the 

components of the disk material degrade thermo-elastically, thus softening the micro-disk, 

and causing the frequency values to decline. Similarly, an increase in the value of T also 

signifies the development of compressive forces due to the immovable nature of the radial 

boundary conditions. This development of compressive force induces a geometric softening 

effect in the micro-disk, which ultimately leads to a decrease in the frequency values. This 

observation highlights the influence of thermal load on the free vibration behaviour of the 

micro-disk, as higher temperature can significantly impact its stability and lead to static 

buckling of the disk, particularly for the SS and CS boundary conditions. 
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Fig. 6.5: Variation of non-dimensional critical buckling speedwith size-dependent thickness 
for the fundamental mode for different boundary conditions. 

 

 It is mentioned that   is used to denote the non-dimensional critical buckling speed 

for which the same non-dimensional scheme, as used in Eq. (6.4a), is considered. Fig. 6.5 

represents the variation of the non-dimensional critical buckling speed ( ) with size-

dependent thickness ( /t l ) for all the four boundary conditions. In the present study, only the 

fundamental (first) buckling mode has been considered. The results indicate that variations of 

critical buckling speed with /t l  are almost identical for the SS and CS micro-disks, and also 

for the SC and CC micro-disks. It means the critical buckling speed is nearly unaffected by 

the nature of the inner boundary condition, resulting in the SS and CS micro-disks to 

demonstrate nearly identical behaviour, while the SC and CC micro-disks exhibit almost 

indistinguishable behaviour in this regard. For all the boundary conditions, the critical 

buckling speed is found to be maximum at /t l =1 and decreases rapidly with increase in the 

/t l  values. This plot implies that increasing the size-effect increases the critical buckling 

speed. The critical buckling speed becomes almost invariant of the size-dependent thickness 

for SS and CS micro-disks beyond /t l =5, and for SC and CC micro-disks beyond /t l =9. To 

have an idea on the value of /t l , at which the critical buckling speed saturates to the value of 

a classical disk ( l =0), Table 6.8 shows the non-dimensional critical buckling speed of the 
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BFGM rotating annular disk considering classical theory ( l =0). The results are shown for all 

the four boundary conditions in Table 6.8. 

 
Table 6.8: Non-dimensional critical buckling speed for the fundamental mode based on the 

classical theory ( l =0) for different boundary conditions. 

Boundary 
Condition 

Non-dimensional Critical 

Buckling Speed( ) 
SS 8.80 
CS 9.80 
SC 19.80 
CC 20.20 

 
 

 

Fig. 6.6: Variation of the non-dimensional critical buckling speed with volume fraction 
indices for the fundamental mode for different boundary conditions. 

 

Fig. 6.6 shows the variation of the non-dimensional critical buckling speed ( )with 

volume fraction indices ( r tk k )for the fundamental mode for all the four boundary 

conditions considered. The observed results demonstrate that the inner boundary condition 

has minimal influence on the critical buckling speed. As a result, the behaviours of SS and CS 

micro-disks are remarkably similar, while the behaviours of SC and CC micro-disks are 

virtually indistinguishable in relation to this aspect. The critical buckling speed is found to be 



Chapter 6 

 

173 

 

maximum at r tk k  0,and decreases rapidly with increase in the values of rk and tk . The 

critical buckling speed remains almost invariant of the size-dependent thickness beyond

r tk k   7 for SS and CS micro-disks, and beyond r tk k  9 for SC and CC micro-disks. 

 

6.4 Chapter Summary 

To fill up the research gap and to acquire a comprehensive understanding on the thematic 

problem of BFGM rotating micro-disks, the present chapter studied the free vibration 

behaviour of a BFGM rotating annular micro-disk under four different boundary conditions. 

They are simply supported-simply supported (SS), clamped-simply supported (CS), simply 

supported-clamped (SC) and clamped-clamped (CC). This problem essentially reveals a 

softening type behaviour of the rotating annular micro-disk. Hence tracking the speed-

frequency behaviour, the critical buckling speed pertaining to instability of the micro-disk has 

been determined and reported. In the present problem, the BFGM micro-disk has been 

considered to be subjected to centrifugal and thermal loading, and the effect of transverse 

pressure has been assumed to be zero. The important problem parameters are defined, and the 

governing equations are provided in a concise manner, maintaining the overall methodology 

discussed in Chapter 2. Using Kirchhoff plate theory and the MCST, an energy-based 

mathematical model is developed. The validity of the model has been established through a 

number of comparison studies. The free vibration behaviour has been reported for the first 

four modes to study the effects of speed, thermal loading, size-dependent thickness, radial and 

thickness gradation indices and radius ratio. Some illustrative mode-shape plots along with 

their contour have been presented for visualization of the bending vibration modes. The 

effects of size-dependent thickness, and radial and thickness gradation indices on the critical 

buckling speed of the fundamental mode have been discussed. The key findings of this 

chapter are summarized below: 

 For all the parameters considered, except for the thermal load, the first mode has been 

found to be of axisymmetric bending ((0,0)), while the next three modes exhibit 

asymmetric bending characteristics ((0,1), (0,2), (0,3)). For the entire range of 

parameters, no torsional mode has been observed to appear within the first four modes. 
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 Arranging the micro-disks in ascending order based on the frequency values, the 

sequence is as follows: SS, CS, SC, and CC for all four modes. 

 For SS and CS micro-disks, the frequency of vibration decreases with an increase in 

speed across all four modes. In contrast, for CC micro-disks, the frequency increases 

with speed for all modes, and for SC micro-disks, the frequency slightly decreases 

with speed for the first two modes but increases for the next two modes. 

 The size-dependent thickness has significant stiffening effect for all the four modes. 

The frequency values approach to those of the classical theory when the size-

dependent thickness reaches approximately the value of 10. 

 The volume fraction indices exert a significant influence on the vibration frequency, 

with an increase in the indices resulting in a decrease in frequency values for all the 

four modes considered. 

 Increasing the radius ratio causes a decrease in the vibration frequency for all the four 

modes. 

 Thermal loading induces softening in the micro-disks, resulting in a significant 

decrease in the frequency values. 

 Some of the frequency values for the above parametric variations have not been 

reported due to reaching of the instability condition. 

 Decreasing the size-dependent thickness increases the critical buckling speed and 

vice-versa. The effect is sharp at lower values of the size-dependent thickness values. 

 The critical buckling speed decreases rapidly with increasing volume fraction indices. 

  



  

  Chapter 7 

 

 

7.1 Problems of the Thesis 

With the thematic objective of studying the free vibration behaviour of functionally graded 

rotating micro-disks, the following four problems have been investigated in the present thesis 

work: 

 First Problem: Free vibration behaviour of a BFGM annular clamped–free micro-disk, 

which is rotating at constant angular speed, and operating in high-temperature 

environment. 

 Second Problem: Free vibration behaviour of a BFGM annular clamped–free micro-disk, 

which is rotating at constant angular speed, subjected to uniform transverse pressure, and 

operating in high-temperature environment. 

 Third Problem: Free axisymmetric bending vibration behaviour of a BFGM annular 

clamped–free micro-disk, which is rotating at constant angular speed, subjected to 

uniform transverse pressure, and operating in high-temperature environment. 

 Fourth Problem: Free vibration and static buckling behaviours of a BFGM annular micro-

disk under different boundary conditions, which is rotating at constant angular speed, and 

operating in high-temperature environment. 

All the above problems that have been successfully solved and discussed in the thesis were 

defined based on the research gaps found through an extensive literature review. These 

problems have been studied for the first time through this thesis work, and hence they 

contribute to the novelty of the thesis. 

 

 

 

CONCLUSIONS 
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7.2 Mathematical Model 

The salient features of the developed mathematical model are summarized below:    

 A BFGM micro-size rotating disk has been considered, which is assumed to be 

functionally graded along the radial and thickness directions. The through-thickness 

gradation has been assumed symmetrical to avoid bending due to centrifugal loading.  

 The mechanical properties of the metal-ceramic BFGM constituents have been considered 

temperature-dependent based on the Touloukian model. The effective material properties 

of the BFGM have been calculated using the rule-of-mixtures (Voigt model) and 

following the power law. 

 The mathematical model has been formulated based on the mid-plane displacements of 

the micro-disk. The model has been built employing Kirchhoff plate theory coupled with 

von Kármán nonlinearity for circular plates using polar coordinates. The small size-effect 

in the micron level has been addressed within the framework of the MCST, and assuming 

linear elastic material behaviour.  

 The problem is formulated using two steps.  

 In the first step, the deformed configuration of the BFGM micro-disk under time-invariant 

centrifugal loading due to rotational speed, mechanical loading due to uniform transverse 

pressure and thermal loading due to uniform temperature rise has been determined 

employing the principle of minimum total potential energy. The thermal effect due to 

high-temperature operating environment has been incorporated into the mathematical 

model through thermo-elastic constitutive relations. The set of governing equations for 

this step is nonlinear due to the presence von Kármán type nonlinearity, and is solved 

employing Broyden’s algorithm. 

 In the second step, the free vibration response of the micro-disk about its deformed 

configuration has been determined employing Hamilton’s principle. The tangent stiffness 

of the deformed micro-disk has been determined and used in the governing equations. The 

set of governing equations for this step, which is an eigenvalue problem, has been 

linearized using the solution parameters of the first step, and solved using a standard 

eigen-solver.  
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 The governing equations for both the steps have been discretized following Ritz method 

with the help of admissible orthogonal functions, and employing Gram-Schmidt 

orthogonalization scheme. 

 A general formulation embracing all the four problems of the thesis has been presented 

such that a reduced model can be obtained by retaining the problem specific relevant 

terms, and neglecting or omitting the out-of-the problem terms, maintaining the base of 

the considered problem. 

 The present model is capable of investigating both the axisymmetric and asymmetric 

bending vibration behaviours as well as the torsional vibration behaviour.  

 The convergence of the results with increasing number of terms for the assumed 

admissible orthogonal functions has been successfully exhibited, and it thus establishes 

the validity of the Ritz technique. 

 The validity of the model as a whole, and for the problems of the thesis in specific, has 

been established through a number of comparison studies with the standard available 

results for some reduced problems. 

 As mentioned earlier, the first step of the problem determines the deformed configuration 

of the micro-disk under centrifugal, mechanical and thermal loading. It implies that the 

present model is capable of studying the static behaviour of the micro-disk under any of 

the, or combination of the loadings. 

 The critical buckling speeds of the rotating micro-disk under various boundary conditions 

have been determined by numerically tracking the speed-frequency behaviour. It implies 

that the present model is capable of determining the critical buckling load under any 

particular loading which imparts softening effect into the micro-disk.   

 The developed formulation is quite general in nature, and can be applied for a wide 

variety of problems, apart from the specific problems of the thesis, by properly adjusting 

certain parameters as follows:  

 The present model can be reduced to a circular micro-disk/plate under non-rotating 

condition by putting the rotational speed  = 0. 

 The present model can be reduced to a solid circular micro-disk/plate by making the 

inner radius a = 0. 
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 The classical theory representing the size-independent behaviour of a macro-size 

disk/plate can be restored by substituting 0l  .  

 The present model can be used to represent any classical boundary conditions by 

properly selecting the lowest order admissible functions for the mid-plane 

displacement fields. 

 The present model can be reduced to that of a radial-FG micro-disk/plate by putting 

0tk  , and a thickness-FG micro-disk/plate by putting 0rk  . 

That the present model successfully solved the four research problems of the thesis clearly 

justifies the novelty of the model. Additionally, the fact that the model can be employed to 

solve a wide variety of problems related to mechanical behaviour of micro-disks/plates is a 

testament of the robustness of the present model. 

   

7.3 Observations and Findings through the Numerical Results 

The problems of the thesis have been studied for a variety of physical parameters, each for a 

wide range of values/variants. All the numerical results, except the thermal loading, have been 

presented in non-dimensional form. The present thesis has been undertaken to study the free 

vibration behaviour of the micro-disk in the frequency domain. Hence, all the results are 

generated and presented to investigate the effects of various loading parameters and problem 

parameters on the vibration frequencies of the first few modes. Through extensive sets of 

numerical results, some important observations and findings have been noted with regard to 

different parameters. These are briefly summarized below: 

 Rotational Speed:  

For CF micro-disks, the rotational speed imparts centrifugal stiffening, which leads to an 

increase in the bending vibration frequencies, in general, for all the modes. However, under 

moderate to high transverse pressure, the effect of rotational speed almost vanishes for the 

lower bending modes. Further, the torsional vibration frequency is found to be indifferent 

with the change of speed. 

 For SS and CS micro-disks, the frequency of vibration decreases with speed for the 

first four bending modes, indicating a softening type effect. In contrast, for CC micro-disks, 

the frequency increases with speed for the first four bending modes. However, for SC micro-
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disks, the frequency slightly decreases with speed for the first two bending modes but 

increases with speed for the next two bending modes. The softening type effect of the 

rotational speed leads the vibration frequency to become zero, making the disk unstable. 

 Transverse Pressure: 

For CF micro-disks, the increase in transverse pressure results in a mild rise in the vibration 

frequency for all the bending modes due to enhanced geometric stiffening. Further, the 

transverse pressure affects the bending modes within low to moderate speed ranges, and its 

effect is observed to diminish with increasing speed. On the other hand, the rotational speed 

has a substantial impact on the bending vibration frequencies over the entire range of pressure 

values. However, the torsional frequency is found to be independent of the transverse 

pressure. 

 Thermal Loading: 

Under thermal loading due to uniform temperature rise, the bending frequency values 

generally decrease due to thermo-elastic degradation of the CF micro-disks. The speed-

frequency and pressure-frequency behaviours are found to be significantly affected by the 

high operating temperature only for the higher modes. However the effect of thermal loading 

is found to be more prominent on the axisymmetric bending modes compared to the 

asymmetric bending modes. Furthermore, the thermal loading significantly reduces the 

torsional vibration frequency. It has been observed that the effect of thermal loading is more 

pronounced on the torsional mode compared to the bending modes. 

 For the micro-disks other than CF configuration, the thermal loading induces softening 

due to both thermo-elastic degradation and development of compressive thermal stress due to 

radial restraint at the boundaries. This results in significant decrease in the bending frequency 

values. 

 Size-dependent Thickness: 

When the material length scale parameter approaches the representative dimension (thickness) 

of the micro-disk, it implies enhanced size-effect. Hence, less is the size-dependent thickness, 

more is the small-size effect. For all the boundary conditions considered, including the CF 
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micro-disks, the small-size effect shows significant stiffening effect on both the axisymmetric 

and asymmetric bending modes of vibration, resulting in enhanced frequencies of vibration. 

However, the small-size effect has very insignificant influence on the torsional vibration 

frequency. For the bending modes, the frequency values approach to those of the classical 

theory when the size-dependent thickness reaches approximately the value of 10. 

 Decreasing the size-dependent thickness increases the critical buckling speed and 

vice-versa. The effect of size-dependent thickness on the critical buckling speed has been 

observed to be sharp at lower values of the size-dependent thickness. As far as the effect of 

size-dependent thickness is concerned, the critical buckling speed is nearly unaffected by the 

nature of the inner boundary condition, resulting in the SS and CS micro-disks to demonstrate 

nearly identical behaviour, while the SC and CC micro-disks exhibit almost indistinguishable 

behaviour in this regard. 

 Gradation Indices: 

The radial and thickness gradation indices exert a significant influence on the vibration 

frequencies for the axisymmetric and asymmetric modes as well as for the torsional mode. To 

be specific, the increase in the gradation indices results in a decrease in the frequency values 

for all the modes considered. Furthermore, the influences of these indices are found to be 

more prominent on the higher bending modes. Increasing the gradation indices results in more 

volume proportion of the metallic phase compared to its ceramic counterpart, and for the 

FGM compositions considered, the metallic phase is less elastic and lighter compared to the 

ceramic phase. That is why increasing gradation indices results in decrease in the vibration 

frequencies. 

 The critical buckling speed decreases rapidly with increase in the volume fraction 

indices. The effect is sharp for lower values of the gradation indices. As far as the effect of 

gradation indices is concerned, the critical buckling speed is almost unaffected by the nature 

of the inner boundary condition, resulting in the SS and CS micro-disks to demonstrate nearly 

similar behaviour, while the SC and CC micro-disks exhibit almost indistinguishable 

behaviour. 
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 Radius Ratio: 

The vibration frequencies for the bending modes are found to increase with decrease in the 

radius ratio for the first two modes. But it exhibits reverse trend for the higher bending modes, 

especially at the higher values of the radius ratio. This observation is true for the CF micro-

disks and for the asymmetric modes. However for the other boundary conditions and for the 

axisymmetric modes, the vibration frequencies are found to increase with decrease in the 

radius ratio for all the modes. It is known that increased radius ratio increases the radial and 

circumferential span of the micro-disk, making it less stiff for bending. 

 FGM Composition: 

Although the overall trend of the influence is same for various FGM compositions, different 

FGM compositions exhibit different extent of influence on the speed-frequency and pressure-

frequency behaviours. It is observed that, as a whole, Stainless Steel/Silicon Nitride and 

Stainless Steel/Alumina compositions exhibit almost similar behaviour, whereas the 

behaviours of Stainless Steel/Zirconia and Titanium Alloy/Zirconia compositions are close to 

each other. 

 

 Apart from the above-mentioned observations and findings, various mode-shapes 

along with their contour have been presented. The representative mode-shapes are shown for 

the first few axisymmetric and asymmetric bending modes, and also for the torsional mode. 

The problem-specific results presented in specific chapters as well as the overall summary of 

the results presented above are new of its kind. These results and the corresponding findings 

will definitely serve as benchmark for further study in the domain of dynamics of rotating 

micro-disks. 

 

7.4 Future Scope of Work 

 In view of the present thesis, the following can be considered for further research 

study in the field of dynamics of rotating micro-disks:  

(i) The free vibration behaviour of rotating micro-disks can be studied employing other size-

dependent continuum theories such as nonlocal theory, strain gradient theory etc. 
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(ii) The free vibration behaviour of rotating micro-disks can be studied by considering 

tridirectional functionally graded micro-disks, for which the material gradation can be 

considered along the circumferential direction apart from the radial and thickness directions. 

(iii) An experimental study involving free vibration behaviour of micro-size rotating disks, 

though extremely challenging, will reveal many important aspects of the problem.   
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