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Preface

This thesis addresses the critical challenge of enhancing the bearing study of a shaft-disc
system. To achieve this, a comprehensive theoretical investigation of both oil film and
permanent magnet bearings is undertaken. This research introduces a novel semi-analytical
FEM approach for simultaneously identifying stiffness properties and other
characterizations of these bearings. Furthermore, the research delves into exploring the
mixed behavior of both systems by analyzing their interaction within a hybrid system
configuration of permanent magnet and oil film bearings. This in-depth exploration provides

valuable insights for designers.

Vil






FEM
CFD
FDM
PDE
PMB
AMB
DOF
ANOVA
RMS
3D
2D

List of Abbreviations

Finite Element Method
Computational Fluid Dynamics
Finite Difference Method
Partial Differential Equation
Passive Magnet Bearing
Active Magnet Bearing

Degree of Freedom

Analysis of Variance

Root Mean Square
Three-Dimensional

Two-Dimensional






Nomenclature

Fsr: Magnetic force between stator and rotor (N);

lo: Absolute permeability (4 x 1077 :’—2 or % or TTm);

qs: Magnetic pole strength of stator magnet (Wb or Am);

qr: Magnetic pole strength of rotor magnet (Wb or Am);

re: Distance between stator and rotor magnetic pole (m);

0: Stator magnetic surface charge density (T);

o,: Rotor magnetic surface charge density (T);

Ss: Stator magnetic pole surface area per pole (m?);

S,: Rotor magnetic pole surface area per pole (m?);

Br;: Residual magnetism of rotor magnetic material (T);

Br,: Residual magnetism of stator magnetic material (T);

r: Radial distance of rotor small elemental area dS, from rotor axis (m);

r,: Radial distance of stator small elemental area dSg from stator axis (m);

x: Radial displacement of rotor centroid from stator centroid (global origin) along x
axis (m);

y: Radial displacement of rotor centroid from stator centroid (global origin) along y
axis (m);

z: Axial displacement of rotor centroid from stator centroid (global origin) along z
axis (m);

u: Radial displacement of rotor small elemental area dS; from stator small elemental
area dSgalong x axis (m);

v: Radial displacement of rotor small elemental area dS; from stator small elemental
area dSgalong y axis (m);

z,: Displacement of small elemental area dS; of rotor’s South Pole from small
elemental area dS; of stator’s North Pole along z axis (m);

zZ,: Displacement of small elemental area dS,. of rotor’s North Pole from small
elemental area dS; of stator’s South Pole along z axis (m);

z3: Displacement of small elemental area dS,. of rotor’s North Pole from small
elemental area dSg of stator’s North Pole along z axis (m);

z4: Displacement of small elemental area dS, of rotor’s South Pole from small
elemental area dSg of stator’s South Pole along z axis (m);

Ls: Stator length along stator z axis (m);

L,: Rotor length along stator z axis (m);

§: Maximum radial clearance between rotor and stator cylindrical axis (m);

Fref: Reference force of rotor and stator magnets (N);

F,: Magnetic force along x axis (N);

Fo: External radial force per bearing applied on journal having rotor (N);

R;: Inner radius of rotor magnet (m);

R,: Outer radius of rotor magnet (m);






R;: Inner radius of stator magnet (m);
R,: Outer radius of stator magnet (m);

k: Magnetic stiffness (%);

w: Frequency (rad/s);

t: Time (s);

wref: Reference natural frequency (rad/s);

a,: Frequency that governs growth of vibration (rad/s);

w;: Natural frequency (rad/s);

P,: Atmospheric pressure (Pa);

B,,: Journal Bearing Number;

h: Fluid film thickness in m;

U: Fluid film layer (near journal surface) linear speed in m/s;

u: Coefficient of viscosity of fluid in Pa s (Pascal second);

s: Circular circumference of the journal bearing section perpendicular to its
rotational axis in m;

R: Fluid film journal bearing radius in m;

r: Journal radius in m;

D: Fluid film journal bearing diameter in m;

L: Length of the journal bearing;

: Angular spin speed of journal/ rotor;

H: Non dimensional thickness of the fluid film defined as the ratio of h is to
maximum radial clearance (R-r) between journal and bearing;

o: Angular length of circumference of the journal bearing section perpendicular to its
rotational axis in radian;

@: Angular position of journal center in radian;

e: dimensional eccentricity or radial distance (in polar coordinate) of journal center
from bearing center in m;

e€: nondimensional eccentricity or nondimensional radial distance (in polar
coordinate) of journal defined as e is to maximum radial clearance (R-r) between
journal and bearing;
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1. Introduction

This chapter introduces the research work and provide a roadmap for the entire study.
The research study aims to enhance the bearing load capacity of a shaft-disc system
by investigating three basic problem areas: hydrodynamic bearing, passive magnetic
bearing, and hybrid system of bearings. Hence, the scope of the research work is to
investigate the three problem areas mentioned above and provide a detailed analysis
of each area. The outlines are as objectives of the research work in Section 1.2, which
are specific statements that break down the aim into several key sections of the
overall research. Finally, it provides a roadmap in the introduction part detailing how
each chapter contributes to achieving these objectives and demonstrating the overall
scope of the study.

1.1 Research motivations

The aim of the research is
To improve the bearing load of a shaft-disc system.
The specific objectives are
e To study the oil film bearings.
e To study the permanent magnet bearings

e To investigate alternative approaches for identifying stiffness properties of
permanent magnet bearings

e To investigate the mixed behaviors of oil film bearing and permanent magnet
bearing

1.2 Thesis outline

e In consistent of the goals and objectives of the thesis as mentioned above in
this chapter, the following outline covers here.

e In Chapter 2, the following brief literature review appears.
Oil film bearings: Important for machines with rotating shafts. Research
is ongoing to improve them.
Permanent magnet bearings: A new type of bearing with advantages and
disadvantages. More research is needed.
Hybrid bearings: Combine the best of both worlds. Researchers are
working on them.

e In persuasion of the first objective from Chapter 1 and realization of Chapter
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2, Chapter 3 compares different methods for estimating the force acting
on an oil film bearing. This chapter concludes that the best way depends
on the desired accuracy and the available computational time.

e As an extension of Chapter 3, Chapter 4 presents a method to calculate the
journal force of a finite-length hydrodynamic journal bearing using the
FEM approach. The author compares his methodology to other methods
and find it more accurate and less complex. The author also suggests that
his way could be used to study dynamic journal bearings. The outcome
of this chapter can also add value to the last objective.

e In persuasion of the second and third objectives from Chapter 1 and also
realization from Chapter 2, Chapter 5 presents a new approach based on
non-dimensional modelling.

The new approach is more general, easier to use, and more accurate.
The author validates his method by comparing it to previous research
data. The new approach could be a valuable tool for characterizing
permanent magnetic bearings.

e In the extension of Chapter 5, Chapter 6 presents a new approach using FEM
to calculate the force and moment on a permanent magnet bearing. In
addition to non-dimensional features, the latest simulation method is
more accurate and faster than older numerical methods to find the 6-DOF
bearing characteristics. It can also be used to study how the bearing works
with other things, like fluids. The outcome of this chapter can add value
to the last objective as mentioned to the next Chapter.

e In persuasion of the fourth objective from Chapter 1 and realization of Chapter
2, Chapter 7 covers the following outline
The hybrid system of bearings can combine the advantages of permanent
magnet bearings and fluid film bearings.

This work presents an analytical non-dimensional model of a hybrid
system of bearings consisting of a passive magnetic bearing and a fluid
film plain cylindrical short bearing.

An analytical study of a hybrid system of bearings can help designers
choose design parameters and check feasibility.

e Chapter 8 discusses the overall conclusions and potential future work
attractions.
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2. Literature review

This chapter discusses a brief literature review on oil film bearing simulation
methods, permanent magnet bearing characteristics, analysis approaches, advantages
and limitations of PMB, and hybrid systems with magnet bearing and oil film
bearing. The intention of this review to find the research gap in pursue with the
objectives as mentioned in Chapter 1.1.

2.1 OQil film bearing simulation methods

Oil film bearing may be considered incompressible fluid film bearing to tell its more
generic form. A hydrodynamic journal bearing is a sliding contact bearing operating
with hydrodynamic lubrication. In the radial hydrodynamic journal bearing, if the
journal revolves in a forward direction, the journal does pump action on the lubricant
flowing all over the bearing in the direction of rotation. If no force is exerted on the
journal, its position will remain concentric on the bearing position. However, a loaded
journal moves out from the concentric location, creating a nonuniform gap between the
bearing and journal surfaces. The pumping phenomena of the journal force the oil to
squeeze through the wedge-shaped gap, thus generating pressure. The pressure falls to
the cavitation pressure (closest to atmospheric pressure) in the diverging gap zone
where cavitation starts. The oil pressure produces a separating force, pushing the
journal from the bearing surface. The force of oil pressure and the hydrodynamic
friction force balance the external load F. The equilibrium among these forces
determines the final position of the journal. Journal bearing can work in any of three
lubrication regimes, thick-film lubrication, thin-film Ilubrication and boundary
lubrication. Hydrodynamic journal bearing is also called self-acting bearings. It
depends entirely on the relative motion of the journal to the bearing to make film
pressure for load support.

E. Kramer [1] presented the derivation of the classical Reynolds equation clearly and
distinctly. The formulation and calculation of stiffness and damping coefficients for
short cylindrical bearings were explained using the short bearing approximation of the
Reynolds equation. The empirical relation was established between the attitude angle,
eccentricity, and static equilibrium curves for different bearings.

Sarkar et al. [2] discussed the finite element analysis of misaligned rotors on short oil-
film bearings of wvarious types. Lagrange multipliers modelled the angular
misalignment. The static equilibrium position of the journal was found by the iterative
non-linear static finite element method. Finally, the orbit of the rotor around the static
equilibrium was determined using a time-integration scheme.

Machado and Calvacla [3] presented the solution of the Reynolds equation for pressure
field using the finite difference method. It gave pressure distribution for different types
of bearings.

Faria [4] presented the application of the finite element method with the development
of computational procedures for hydrodynamic elliptical journal bearing. The finite
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element formulation for the classical Reynolds equation was made, and the pressure
field was calculated. The methods used here to calculate load capacity and stability
formulation were unique. Other researchers validated the results obtained for the finite
element method.

Rowe and Chang [5] used the finite difference method for calculating the pressure field
from the Reynolds equation based on which non-dimensional linearized dynamic
coefficients. Finite difference and perturbation techniques were used to predict dynamic
coefficients. Both analyses considered the classical Reynolds equation with a flow
source, film rupture and iso-viscous fluid. This paper gave a clear picture of dynamic
coefficients and a detailed flowchart.

Hirani [6] presented the derivation Reynolds equation from Navier stokes equation
using certain assumptions. The boundary conditions viz. Full Sommerfeld and half
Sommerfeld boundary conditions were studied. Different types of bearings were
studied, such as hydrostatic bearings, squeeze film bearings, and elasto-hydrodynamic
bearings. The finite difference method to solve the Reynolds equation and derivation
of film thickness was done.

Sarkar et al. [ 7] described a non-linear finite element analysis of a statically determinate
shaft-disc system connected to short oil film bearing of various types (cylindrical,
pocket, symmetrical and unsymmetrical three-lobed). At first, they determined the
static position of the journal by using an iterative non-linear static analysis, where the
journal force at the location of the bearing was balanced with the bearing force. The
non-linear transverse forces of the journal were expanded in Taylor’s series in two
variables, and finally, they computed the locus of the journal around the static
equilibrium position.

Chapra [8] discussed the finite difference techniques for solving different partial
differential equations. Other numerical tools like the finite element and finite volume
methods and their applicability were studied. The Gauss seidel over relaxation method
was studied and used in the present work.

Stachowiak and Batchelor [9] presented the formulation and derivation of the Reynolds
equation. The misalignment parameter was considered in the expression of film
thickness in the Reynolds equation. The solution of the classical Reynolds equation was
done using the finite difference method using the Vogelpohl parameter. The pressure
field and dynamic coefficients were calculated using the Vogelpohl parameter for
partial and grooved bearings.

Budynas and Nisbett [10] showed the pattern of journal movement as a function of
speed and viscosity eccentricity ratio. A comparative study was done between the texts
learnt from Bhandari and Sigley. The Raimondi Boyd solution was again studied. The
short-bearing and long-bearing approximations were discussed. The working of a
journal in loaded and unloaded condition was investigated.

Styris and Chasalevris [11] presented a picture of the solution of the Reynolds equation
by using an exact analytic solution. It used different mathematical tools and techniques
like the Bessel function and the Sturm-Liouville problem for the eigenvalues power
series method. They used the 3-D CFD method for solving numerical validation. They
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also validated the results with the finite difference method.

Bhandari [12] and Tiwari [13] described the classification of different fluid film
bearings such as hydrostatic and squeeze film bearings, which were made very clear.
The finite difference solution of the Reynolds equation was done. The empirical relation
was made for calculating the Sommerfeld number and dynamic coefficients. The
numerical method for finding the stiffness and damping coefficients was discussed.
Raimondi and Boyd [14] presented three papers in a series which explain the iteration
technique to solve the Reynolds equation for a finite width bearing. It considers the
coefficient of friction variable, side leakage and temperature rise to give the solution of
the Reynolds equation.

Lund [15] presented the idea of representing the rotor system as a spring mass damper
system and how the determination of dynamic coefficients of the bearing makes a
crucial contribution to the field of rotor dynamics. It gives the idea of short and long-
bearing approximations.

Zhou et al. [16] described the finding of dynamic coefficients of a fluid film bearing
and determined the static equilibrium position, which is the most important and
inevitable step. It gives an idea of the superliner iteration method for calculating the
stable equilibrium position of the journal in finite length bearing.

Lund and Thomson [17] described how to calculate the stiffness a damping coefficient
of oil lubricated using a numerical method. It took the film rupture into account. It gave
a brief idea of how pressure integration gives rise to load-carrying capacity, four
stiffness and four damping coefficients.

Ebrat et al. [18] discussed the solution of the Reynolds equation, including the journal’s
elastic deformation. It used the finite difference method for solving the equation. The
squeeze effect was considered, and a superposition of wedging action and squeeze
effect was taken. It considered the bearings with grooves for analysis. The perturbation
technique and the successive over-relaxation algorithm calculated the dynamic
coefficients.

Huang [19] discussed different types of bearings. The formulation of the Reynolds
equation was studied. How the Reynolds equation governs the fluid flow in various
bearings was analyzed. The algorithm to solve the modified Reynolds equation for
different types of bearings with Fortran code was studied.

Chasalevris and Sfyris [20] analyzed the exact analytical solution of the Reynolds
equation of the finite-length plain journal bearing. They evaluated the journal forces of
the fluid film in closed form analytically. Also, they estimated the design parameters
such as eccentricity ratio, stiffness, damping coefficients and location of the minimum
film thickness.

Causon and Mingham [21] described the finite difference method (FDM), which is used
to solve partial differential equations (PDEs). Also, they presented specific FDM
details, boundary conditions, validation and general concept such as stability and grid
independence, which are necessary to solve PDEs using other numerical methods.

5/Page



2.2 Permanent magnet bearing and simulation

This section reviews permanent magnet bearing types, characteristics, design
simulation methods, limitations and applications.

2.2.1 Permanent magnet bearing

A permanent magnet bearing consists of more than equals two permanent magnets. The
most primitive types of permanent magnet bearings are two concentric cylindrical ring
types. They are oriented so that the inner ring permanent magnet can bear a load for its
stiffness property. Lower magnetic strength and instability of permanent magnetic
bearings kept the researchers in abeyance for further development. In the recent past,
there have been fewer available research papers on permanent magnetic bearings
compared to active magnetic bearings. Research on permanent magnetic bearings was
started using the preliminary study of permanent magnets for radial and axial forces
[22]. Yung et al. [23] derived the force equation between two small magnetic dipoles
smaller than their separation using Taylor expansion for the first non-zero term by
vector differential and path integral derivation approaches. In their paper, Simon et al.
[24] discussed the spin stabilization of a magnetic levitating top on a magnetic base.
Gyroscopic precession around the local magnetic field was considered to predict a
maximum stable spin speed of the top. Tan et al. [25] discussed the hybrid bearing.
They used permanent magnetic bearing in the experimental test rig of hydrodynamic
journal bearing to study the magnetic forces during starting and stopping of the
machine. Muzakkir et al. [26] hybridized a magnetic arrangement in a conventional
journal-bearing system to perform a feasibility study in heavy and low-speed
conditions. They calculated magnetic levitation force theoretically to find the reasons
for mechanical contact between rotor and stator magnets.

Different components of hybrid magnetic bearing models were presented by
Mukhopadhyay et al. [27]. Vertical instability of repulsive type magnetic bearing
system was controlled by using micro-controllers. Azukuzawa and Yamamoto [28]
considered a pair of ring-shaped axially polarised permanent magnets as a magnetic top
levitating on a giant ring-shaped permanent magnet resting at the bottom. They
investigated design parameters for levitation and simulated the behaviour of levitating
magnetic top. The optimisation of repulsive forces was carried out for multi-layered
permanent magnets by Moser et al. [29]. There was also relevant research on flux
density produced by axially polarized permanent magnetic bearings [30]. Methods of
estimation of forces and stiffness of permanent magnetic bearings (both radially and
axially polarized types) were proposed by many researchers [31-42]. Janssen et al. [43]
derived analytical force and stiffness expressions for the cases where the conventional
analytical expressions are difficult to solve. They also proposed the analytical stiffness
matrix, which is necessary for designing and analysing such magnetic bearings.
Another relevant research on the demagnetising field [44] and diamagnetic levitation
[45] also advances magnetic bearing research. Some researchers also reviewed the
comparison of magnetic bearings over ball bearings [46] and suggested the
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improvement of the performance of permanent magnetic bearings using experimental
investigation. To achieve less computational time for calculating force between the
rotor and stator of permanent magnetic bearing, some researchers tried various
statistical approaches, like the Monte Carlo integration technique, in recent years [47-
49].

2.2.2 Methods for design simulation

Past researchers have done numerous works on load calculation considering various
methods, models and combinations of both. These methods are mainly related to the
analytical integral [23, 30, 31, 33, 37, 42, 50-53] statistical Riemann sum and Monte
Carlo integration [47, 49, 54], general division approach [48], magnetic scalar and
vector potential volume integral [55, 56], magnetic dipole method [23, 36, 50], Taylor’s
expansion [23], power series expansion [57], surface current model [32, 58, 59], surface
charge model or Coulomb model [32, 35, 39, 40, 60, 61], Gauss and Maxwell stress
tensor model [62-65], Finite element method [63], semi-analytical [34, 38, 41, 66], and
considering cuboid structure [51, 62, 66, 67]. Most of the above approaches have
validations among themselves. Some of these papers also have shown practical
validation of force only.

There are few articles on the theoretical moment calculation of ring-shaped axially
magnetized PMB. Also, no validation plot of PMB moment with the experimental data
or other simulation models is found in the literature. However, partly similar work [38]
is carried out by Bekinal et al. to characterize magnetic moments without showing
validation or comparing results.

2.2.3 Advantage and limitation of permanent magnet bearing

Permanent magnet bearings (PMBs) offer a number of advantages over traditional
bearings, including no friction or wear, relatively high stiffness for low speed, damping
during pairing with another active magnetic system, wide speed range, low noise and
vibration low maintenance, etc.

However, PMBs also have some limitations. The main limitation of permanent magnet
bearing is its instability behaviour. Passive magnetic bearing using ferromagnetic
material has lesser application due to failing of stability together in all degrees of
freedom. Earnshaw theorem [25] always censures its stability simultaneously in all
translation axes. Here is some explanation of limitation.

Limited load capacity: PMBs are limited in the amount of load they can support. This
is because the magnetic force between the magnets and the rotor is proportional to the
air gap between them. If the load is too heavy, the air gap will decrease, which will
reduce the magnetic force and cause the rotor to fall.

Susceptibility to external magnetic fields: PMBs can be affected by external magnetic
fields, such as those produced by electric motors and transformers. If the external
magnetic field is strong enough, it can cause the PMB to malfunction. For example, the
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rotor may be unable to levitate properly, or it may vibrate excessively.

Complex design: PMBs are more complex to design and manufacture than traditional
bearings. This is because the PMB must be designed to precisely control the magnetic
field and air gap. Additionally, the PMB must be able to withstand the high
temperatures and pressures that can occur in some applications.

High cost: PMBs are more expensive than traditional bearings because of their complex
design and manufacturing process. Additionally, PMBs typically use high-quality
magnets, which are also expensive.

2.2.4 Application of permanent magnet bearing

Despite their limitations, PMBs are a valuable technology for applications where high
performance and low maintenance are required. PMBs are used in a variety of
applications, including aerospace, medical devices, semiconductor manufacturing,
robotics, wind turbines, the significant limitation is discussed. Hence passive magnetic
bearing is generally used with other supporting systems or electromagnets [25, 26, 36,
46, 68-74]. Some PMB designs with such support also got patents [68-70, 74]. The old
example of an application was to reduce friction only. The University of Toledo and
NASA Glenn Mechanical Components Branch had investigated around 2002 for low
friction efficient energy storage devices for use on unmanned, low earth orbit satellites.

2.3 Hybridization of permanent magnet bearing and
oil film bearing

Hybridizing magnet and oil film bearing come from cross-fertilizing good properties of
magnet bearing and oil film bearing. In this section, there are discussions mainly about
how the previous researcher approaches the hybridization concept in the above subject
domain.

The interest of a hybridization system of bearings is to obtain good performance
characteristics over a system of similar bearings. Different types of the hydrodynamic
journal and magnetic bearings have different favourable and unfavourable
characteristics. Some well-known characteristics are that fluid film plain cylindrical
short bearing has low stiffness at a lower spin speed of journal and becomes zero at
zero spin speed. Hence, it cannot take any load at zero or a significantly less typical
speed. Whereas permanent magnetic bearing stiffness generally does not depend upon
the spin speed of the journal. The permanent magnetic bearing generally does not have
its damping phenomenon, which is essential for stability. Fluid film bearing has a
damping phenomenon depending on the various spin speed of the journal. Hence, the
hybridization of good characteristics is always very interesting to the designer and
researcher. The fundamental analysis of the feasibility and optimization of ring-type
permanent magnet bearings is investigated experimentally and theoretically in many
old and recent researches [22, 28-42, 47-49, 53, 65, 73, 75] The plain fluid film
cylindrical bearing also has well-known fundamental characteristics, which are
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available in many past research and studies [15, 16, 20, 76-99]. There has been much
experimental investigation of the hybrid bearings system but in compact and integrated
shapes as one bearing. Some are based on permanent magnets and hydrodynamic or
fluid film bearing for investigating design feasibility, force optimization, performance,
and failure analysis [25, 26, 100-103]. A similar type of many studies has been carried
on for a hybridization system of active magnetic bearing and hydrodynamic bearing
[104, 105]. Permanent magnets are also used with active magnetic bearing as
hybridization [106-109], where fluid film bearing is not used. Some other hybridization
concepts with permanent magnet bearings are also studied for different areas of
application, like rotary blood pump application [110] and infrastructure engineering
application [111]. The interest and conclusions found in previous research [25, 26, 100-
105] indicate that the hybrid bearings system has feasibility and advantages. It is also
seen that there needs to be a more focused area in theoretical study, especially in the
non-dimensional characterization of such a system of bearings. In theory, only one
recent research showed such an approach to explain the behaviour of the hybrid bearing,
which is combined with fluid film, plain cylindrical bearing and electromagnetic
bearing [105].

2.4 Summary

In Chapter 2.1, it is seen from the literature review there have many establish a method
to simulate oil film bearings, but there may need to have a proper choice of solver to
have the desired simulation of bearing force and characteristics.

In Chapter 2.2, the literature review clearly indicates that the permanent magnet
bearings have some special properties that always attract academic and industrial
researchers for further investigations. The stiffness coefficients are the key properties
of such bearings, which needs to be explored with six degrees of freedom. Further, the
researcher tried many methods for simulating permanent magnet bearings. So, there is

a requirement for such a method that is suitable to simulate 6-DOF stiffness coefficients
with easiness. The most important thing is that the ring shape passive permanent magnet
bearing always needs some other coupling or support parameters to have stable
characteristics.

In Chapter 2.3, it is seen from the literature review there has a trend of study of cross-

fertilization of active magnet bearing and hydrodynamic journal bearing. But there is a
gap in the hybridization of passive permanent magnet bearing and incompressible fluid
film bearing.
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3. Solver study and methods

To address the first objective of the research and the gap realized from the literature
review of Chapter 2.1, as also expressed in Chapter 2.4, The following works become
essential. This chapter introduces three approaches to analyses the errors for calculating
the journal force of a short cylindrical oil film journal bearing. The pressure distribution
in oil film short journal bearing has been determined with the help of Reynold’s
equation. Fluid is assumed incompressible and steady. This work investigates three
different computation methods, FDM conventional, FDM matrix formation and FEM
using PDE solver, for calculating journal force. The results show that the absolute error
percentage for force calculation in the short cylindrical bearing is minimal using the
FEM PDE solver compared to the other two methods. Also, a vivid statistical analysis
is carried out with the help of the ANOVA tool to understand the dependency of the
method, step or element size and eccentricity on computational time and errors.

3.1 Introduction

From the literature in Chapter 2.1, the basic idea about the solution of the Reynolds
equation was gained. Different numerical methods like FDM, FEM, and analytical
methods were understood. It was evident from the literature that solving the Reynolds
equation is necessary.

A rotor system is always supported by bearings that may be sliding or ball, or roller
bearings. A general idea about the bearings is of utmost importance to study the
pressure and force characteristics. In most heavy-duty works, sliding bearings are used,
of which fluid film bearing is the most critical category.

Finding the pressure distribution of the fluid film bearing has very high importance in
the field of journal bearing. The Reynolds equation governs the flow of lubricant in the
fluid film bearing by O. Reynolds. The analytical solutions are readily available for
very short or very long bearings approximations, called Somerfield's solution.
However, the analytical solutions are hardly possible for a real finite width bearing, so
they are less appreciable. So, numerical methods such as finite difference methods and
finite elements take hold over analytical ones. Solving the Reynolds equation is an
inevitable step for the design of a natural bearing. After solving the same, it is possible
to find the load-carrying capacity, friction coefficient, lubricant flow rate, static
equilibrium positions and a

Lot more. Many researchers have made heroic attempts to solve the Reynolds equation
using various analytical and numerical methods in the last four to five decades. Here is
an attempt to solve the Reynolds equation for oil film short journal bearings using the
finite difference method, FDM Matrix and FEM PDE solver. The solution of the
Reynolds equation is used to find load carrying capacity and the attitude angle. After
calculating the journal forces, a graph is developed between errors of force and
eccentricity in the different computational methods. The eccentric position, as well as
the attitude angle, gives the equilibrium position of the journal bearing.
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3.2 Journal force expression from Reynold’s equation

Differential expression of Reynolds equation is considered as below,

d (h3dp 8 (h3dp\ _ oh oh
a(:a)m(za)—waﬂza (D

Non-dimensional differential expression of Reynolds equation is

3] 3 0P 1)0 30P\ _OH  2dH

5 (H £)+<a)£(’{ =) =%t )
P—_P_ _S8UuR - _ 2z, _L ___e _U

Where, P = Pref,Pref =G 2T D Ly = E =Gy Y TR 3)

H=1-¢ccos(0— ) 4)

2% = esin(6 — ) (5)

—g = Esin ,

dH , .

— = —esin(6 — )P — écos(6 — 0) (6)

For steady analysis non-dimensional differential expression of Reynolds equation is
generally considered as

O (g3P) 4 (L) (3R =28
26 (H ae) + <4L3) 0z (H az) D )
For short bearing non-dimensional differential expression eqn. (7) reduces to
1) 8 (y3P)_0H
(4@) X5z (H aE) Y ®)

In this theory pressure variation with respect to circumference is considered zero,
thus Op/0s=0. And it gives the analytical relative pressure distribution function as
mentioned below

ﬁ=2xLéx%x(Ez—E)xsin(9—®) €]

Where 6 ranges at circumferential direction from 0 to 2m and z ranges axially from 0
(one side of journal end) to 1 (opposite side of journal end). Here, Z and z is
nondimensional and dimensional location of the journal bearing along the axis of the
journal bearing and applicable to Chapter 3 and 4 only.

And non-dimensional analytical journal force for short bearing can be found by
conventional method [112] and expressed as mentioned below

f=(%L§)x(1_%)2x\/1—gz+(%e)2 (10)

The author has calculated the same force in three different methods in this work. The
first method is the Finite difference method using iteration. The second is the finite
difference method using matrix formation, and the third is the FEM using PDE solver.
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3.3 FDM approach

Using FDM approach equation (7) can be written following similar way as presented
by Huang [113]

AiPi_1j+BiPij_1+ CPij+DiPiyyj+EP;jy1 = F (1T)

where,

A =H>: B =a’H},D; = H’ 1, C; = —(A; + D; + 2By), E; = B; (12)
2 2

F; = s? [ssin(&i —p)— %{5(psin(9i — @) + écos(6; — go)}] (13)

3.3.1 Conventional FDM method using iteration

In finite difference method with iteration [113] equation (11) is written in the form of
equation (14) as follows.

_ Fi—AiPi—1,j+BiP;j—1+DiPis1 j+EiPij+1

P, = - (14)

In this method, three following assumptions are considered to obtain the pressure from
equation (14). Initial pressure at all nodes of the grid of inside fluid film is considered
0.5 during the iterative solution of pressure. Modification of pressure as per the
algorithm [113] is considered using relaxation coefficients of 0.3 for present pressure
and 0.7 for pressure calculated just before that step of the iteration. The minimum
fractional relative error of pressure is considered at every iteration step to its earlier
iteration step. The maximum number of iterations is considered 30000.

3.3.2 FDM method using matrix formation

This method is little bit similar as presented by Causon and Mingham [5].
Using this method equation (11) can be written as matrix form shown in equation (15).

[LC] % [Nodalpressure] = [RC] (15)

Where, [LC] is sparse matrix as shown in equation (16).
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A, C, D, E,
A, - )
An-1 Cy-g Dy En-1
Dy Ay Cn En
B, €, Dy A E;
B, A, G Dy E;
Az
Bn-1
By Dy
B, ™
B,
“ Dn-g
By Dn AN Cn “MNXMN
(16)
— F1
F
Fy_q
Fy
[RC]=| F (17)
F
Fy-1
L Fy “MNX1
Py,
P31
Pn_11
Py,
[Nodalpressure] =| P, (18)
Pz
Py_1m
L P “MNx1

Here along the circumferential axis, N numbers of nodes and along the length of the
journal, M numbers of nodes are considered. Hence MN numbers of equations are
formed in square matrix format. As relative pressure outside these nodes along journal
length is zero, the following relation is used for boundary condition.
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ﬁ1 ...... N0 = 0 (19)
mM=0 (20)

Pi.. N,M+1 = 0 (21)

After calculating nodal pressure, same standard conventional algorithm [113] is used
to calculate journal force. For short bearing Ai, Di will be zero in eqn. (11), (14) and
(16) when eqn. (8) is referred to FDM method.

3.4 FEM approach

In this proposed method PDE tool for solving eqn. (7) and (8) can be used. Triangular
mesh elements are created in this method as shown in Fig 1.

(=]

g Triangular element
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Fig. 1. Triangular FEM 2D mesh generation of bearing oil film area

For short fluid film bearing Eqn. (8) is solved using the PDE tool function to calculate
the pressure at all nodal points. The author has derived pressure at the centroids of each
triangular mesh using linear interpolation of the nodal pressure of each triangle. After
that, journal force components and resultant journal force are calculated using Eqn.
(22), (23) and (24).

F, =Y P; xS; x cosx; (22)
F, =31 P; X S; X sinx; (23)
F, = |(F? +E}) (24)

Where Fj, is resultant journal force and F,, and Fy are the journal force orthogonal
components along radial plane perpendicular to journal rotational axis. S; and x;are
area and circumference coordinate of each mesh accordingly. T is total number of
mesh element.
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3.5 Input parameters

The input data considered for analysis is mentioned in the table 1. But for calculating
non-dimensional journal force, Lq and € are sufficient for short bearing.

Table 1. Data used for journal force calculation

Input parameters Values (In SI units)
Coefficient of viscosity 0.25

Relative pressure outside oil film 0

Journal radius 0.025

Bearing radius 0.026

Length of the bearing 0.050

eccentricity taken 0.1,0.3,0.5,0.7, 0.9
Angular velocity of journal 60000 (rpm)

3.6 Results and statistical analysis

The analytical solution of journal force from eqn. (10) is shown in table 2. These
solutions have been used for calculating absolute errors in different method of
approaches.

Table 2. Analytical solution of non-dimensional journal forces of short bearing
Eccentricity | 0.1 0.3 0.5 0.7 0.9

Force 0.0495 0.1802 0.4625 1.4879 14.7967

3.6.1 Computational time and errors in different methods

Solutions were found at different eccentricities and element sizes, and computational
time was recorded in seconds. Absolute error is calculated in percentage concerning
force data, as available in table 2. The relative error is also calculated in percentage to
previous results where an element or grid size decreases in geometric progression with
a factor of multiplication 0.5. The results of the above three methods are shown in
Tables 3, 4 and 5, respectively.
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Table 3. Output data of computation time and errors of journal force using FDM with
iteration

Eccentricity  Element size

(Non (Non Computation Absolute Relative
dimensional) dimensional) cost (seconds) error (%) error (%)
0.1 0.112 0.50 0.93 49.43
0.1 0.056 2.32 1.88 0.94
0.1 0.028 10.50 2.17 0.29
0.1 0.014 82.19 -1.54 -3.63
0.1 0.007 338.77 76.70 79.46
0.3 0.112 0.27 0.88 49.62
0.3 0.056 1.35 1.87 0.98
0.3 0.028 7.53 2.17 0.30
0.3 0.014 86.09 -1.72 -3.80
0.3 0.007 322.22 30.86 33.15
0.5 0.112 0.13 0.77 50.13
0.5 0.056 0.76 1.84 1.06
0.5 0.028 6.72 2.16 0.31
0.5 0.014 85.13 -1.76 -3.83
0.5 0.007 318.66 2.39 4.22
0.7 0.112 0.12 0.49 51.44
0.7 0.056 0.73 1.76 1.27
0.7 0.028 8.03 2.13 0.36
0.7 0.014 84.38 -1.79 -3.84
0.7 0.007 330.29 -8.28 -6.61
0.9 0.112 0.12 -0.96 59.41
0.9 0.056 0.75 1.41 2.38
0.9 0.028 9.13 2.04 0.62
0.9 0.014 89.89 -1.83 -3.79
0.9 0.007 320.24 -10.87 -9.21

Table 4. Output data of computation time and errors of journal force using FDM
matrix formation

Eccentricity  Element size

(Non (Non Computation Absolute Relative
0 0

dimensional) dimensional) cost (seconds) error (%) error (%)
0.1 0.112 0.01 85.03 -21.73
0.1 0.056 0.03 39.83 -24.43
0.1 0.028 0.39 20.16 -14.06
0.1 0.014 4.33 6.77 -11.14
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0.1
0.3
0.3
0.3
0.3
0.3
0.5
0.5
0.5
0.5
0.5
0.7
0.7
0.7
0.7
0.7
0.9
0.9
0.9
0.9
0.9

0.007
0.112
0.056
0.028
0.014
0.007
0.112
0.056
0.028
0.014
0.007
0.112
0.056
0.028
0.014
0.007
0.112
0.056
0.028
0.014
0.007

179.75
0.00
0.04
0.28
4.10

177.07
0.00
0.03
0.25
4.26

175.75
0.01
0.02
0.24
4.20

175.66
0.01
0.03
0.25
4.29

174.29

4.61
84.95
39.81
20.16

6.77

4.61
84.74
39.78
20.15

6.77

4.61
84.23
39.68
20.13

6.77

4.61
81.58
39.19
20.03

6.74

4.60

-1.37
-21.63
-24.40
-14.06
-11.14

-1.36
-21.36
-24.34
-14.04
-11.14

-1.36
-20.68
-24.18
-13.99
-11.13

-1.36
-16.50
-23.35
-13.77
-11.07

-1.36

Table 5. Output data of computation time and errors of journal force using PDE tool

Eccentricity  Element size

Computation Absolute Relative
(Non (Non o o

dimensional) dimensional) cost (seconds) error () error (%)
0.1 0.112 2.24 0.34 -0.96
0.1 0.056 6.73 0.08 -0.25
0.1 0.028 24.02 0.02 -0.06
0.1 0.014 86.08 0.01 -0.02
0.1 0.007 274.50 0.00 0.00
0.3 0.112 1.84 0.35 -0.96
0.3 0.056 6.65 0.09 -0.26
0.3 0.028 25.67 0.02 -0.06
0.3 0.014 88.85 0.01 -0.02
0.3 0.007 276.77 0.00 0.00
0.5 0.112 1.84 0.38 -0.96
0.5 0.056 6.58 0.10 -0.28
0.5 0.028 23.92 0.03 -0.07
0.5 0.014 85.99 0.01 -0.02
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0.5
0.7
0.7
0.7
0.7
0.7
0.9
0.9
0.9
0.9
0.9

0.007
0.112
0.056
0.028
0.014
0.007
0.112
0.056
0.028
0.014
0.007

276.30
1.96
6.79

24.53
86.18

280.44
2.05
6.74

24.20
86.37
273.09

0.00
0.43
0.11
0.03
0.01
0.00
0.61
0.18
0.05
0.01
0.00

0.00
-0.86
-0.31
-0.08
-0.02
-0.01
0.40
-0.42
-0.13
-0.03
-0.01

3.6.2 Analysis of results

The data from table 3, table 4 and table 5 is analysed using the analysis of variance
(ANOVA) statistical tool. The analysis is to understand the effect of the method, grid
or mesh size and eccentricity on the error and computation time. Three groups of source
variables, method, eccentricity and element size, are considered, as shown in Table 6.

Table 6. Grouping variables with their levels

Method Eccentricity (Non element size (Non
dimensional) dimensional)
FDM with iteration 0.1 0.112
FDM matrix 0.3 0.056
PDE tool 0.5 0.028
0.7 0.014
0.9 0.007

To study three response vectors: computation cost, absolute error and relative error, we
conducted three ways ANOVA with two factors interaction tests. The ANOVA output
tables are shown in table 7, table 8 and table 9 for response vectors of computation cost,
absolute error and relative error accordingly.

Table 7. ANOVA table for computation cost

Source Sum Degree Mean Square F ratio Pr(?bablhty> F
Square of ratio

method 34871.80 2 17435.90 3328.44 0.00

Eccentricity 27.74 4 6.93 1.32 0.28

element size 732287.3 4 183071.85  34947.6 0.00

method: eccentricity 43.45 8 5.43 1.04 0.43

method: element size 47108.51 8 5888.56 1124.10 0.00
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eccentricity: element 142.66 16 8.92 1.70 0.10
Error 167.63 32 5.24
Total 814649.1 74

In table 7, the probability value of 0.28 indicates that the mean computation cost
responses for different eccentricity levels are not that significant. However, methods
and element sizes have strong evidence of an effect on computation cost as
corresponding probability values are zero in two decimals round off. Lastly, their
entries in the probability column of table 7 are the probability value of the null
hypothesis for the two-way interactions. The interaction between methods and element
sizes is significant as the probability value is zero in two decimals rounded off. The
interaction between method and eccentricity is insignificant as the probability value is
0.43, which is comparatively much higher than others. The interaction between
eccentricity and element sizes is very little significance, as the probability value shows
0.10.

Table 8. ANOVA table for absolute error

Source Sum Degree of Mean F ratio  Probability>
Square freedom Square F ratio
method 14144.22 2 7072.11 79.07 0.00
eccentricity 393.37 4 98.34 1.10 0.37
element size 6241.58 4 1560.39 17.45 0.00
method: eccentricity 728.66 8 91.08 1.02 0.44
method: element size 16518.70 8 2064.84 23.09 0.00
eccentricity: element  1405.98 16 87.87 0.98 0.50
Error 2862.14 32 89.44
Total 42294.65 74

The probability value of 0.37 in table 8 indicates that the mean responses of absolute
error for levels of eccentricity are not significantly different. However, methods and
element size strongly influence an absolute error as corresponding probability values
are zero in two decimals rounded off. The interaction between method and element size
is significant as the probability value is zero in two decimals round off. Also, the
interaction between method and eccentricity is not significant as a probability value of
0.44. Similarly, the interaction between eccentricity and element size is also significant
as the probability value shows 0.50, which is comparatively higher than others.

Table 9. ANOVA table for relative error

Source Sum Degree of Mean Square  F ratio Probabi'I ity>
Square freedom F ratio
method 9957.97 2 4978.99 52.49 0.00
eccentricity 295.10 4 73.78 0.78 0.55
element size 3761.65 4 940.41 9.91 0.00
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method: eccentricity 670.76 8 83.85 0.88 0.54

method: element size  8522.24 8 1065.28 11.23 0.00
eccentricity: element  1611.30 16 100.71 1.06 0.43
Error 3035.64 32 94.86

Total 27854.67 74

Similarly, from table 9, it can be interpreted that methods and element sizes both have
strong evidence of an effect on relative error while eccentricity remains dormant. The
interaction between the method and element size is significant as the probability value
is close to zero. The interactions in method-eccentricity and eccentricity-element size
are insignificant as probability values are significant.

The levels of absolute minimum errors in different methods at different eccentricities
are presented in table 10. Table 10 is prepared with bold-faced rows from tables 3, 4
and 5, which are at a minimum value of absolute errors at different eccentricities. For
all cases, the computational cost is less than 300 seconds.

Table 10. Consolidated data of minimum absolute errors in different methods

Eccentr
icity ~ Grid/element  Computation Absolute Relativ
Method (Non length (Non cost error (%) € error
dimensi dimensional) (seconds) (%)
onal)

FDM with iteration 0.1 0.112 0.50 0.93 49.43
FDM with iteration 0.3 0.112 0.27 0.88 49.62
FDM with iteration 0.5 0.112 0.13 0.77 50.13
FDM with iteration 0.7 0.112 0.12 0.49 51.44
FDM with iteration 0.9 0.112 0.12 -0.96 59.41
FDM matrix 0.1 0.007 179.75 4.61 -1.37
FDM matrix 0.3 0.007 177.07 4.61 -1.36
FDM matrix 0.5 0.007 175.75 4.61 -1.36
FDM matrix 0.7 0.007 175.66 4.61 -1.36
FDM matrix 0.9 0.007 174.29 4.60 -1.36
FEM PDE tool 0.1 0.007 274.50 0.00 0.00
FEM PDE tool 0.3 0.007 276.77 0.00 0.00
FEM PDE tool 0.5 0.007 276.30 0.00 0.00
FEM PDE tool 0.7 0.007 280.44 0.00 -0.01
FEM PDE tool 0.9 0.007 273.09 0.00 -0.01

The absolute error data of table 10 is rounded off up to two decimals points. The same
data is plotted in Fig 2.
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Fig. 2. Minimum absolute error comparisons plot for different computation method

It is seen that the method using FEM PDE tool shows minimum error, almost zero, after
rounding off up to two decimal points and remains unchanged with the variation of
eccentricity.

3.7 Summary

This work presents statistical and graphical comparisons of errors and computational
time on non-dimensional journal force estimation for short cylindrical bearings. It is
concluded with more than 99.99% confidence that the absolute error, relative error and
computational time are affected strongly by the changes in methods and element or grid
sizes. It is also seen that eccentricity has much less contribution to errors and
computational time compared to methods and element sizes. The FDM Matrix method
shows a steady and consistent trend in absolute error with higher computational time
(refer to table 4). So, the FDM Matrix method may be a better choice than the
conventional FDM on consistency and stability. However, because of the absolute error
in short computational time and typical significant size step consideration, the FDM
conventional is better than the FDM Matrix method. FEM PDE tool method is much
more accurate, consistent and stable in estimating journal force when the problem is
allowed reasonable computational time. In this method, Computational time and
accuracy increase further as element size decreases. This work shows a way to choose
a method and subsequent step or element size depending on the degree of error margin
and constraint on computational time. The knowledge of Chapter 3 helps to explore the
first objective of the research and transfer to the next Chapter for its fulfilment.
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4. Stiffness study of journal bearing
using FEM approach

In pursuit of the realisation from Chapter 3, this chapter presents the work for the first
objective of the research. In this chapter, we use the FEM approach, as realised in
Chapter 3, to solve a simplified Reynolds equation to simulate the finite-length oil film-
bearing characteristics. Chapter 4 estimates static journal-bearing characteristic
parameters, including stiffness coefficients. The present scope of study and
investigation is for the cylindrical type of incompressible fluid film journal bearing.
Here, the bearings have a finite length of short, medium and long type length to
diameter ratio. The estimation of coefficients of stiffness-bearing parameters with this
method is validated with previous research. The results of bearing characteristic
parameters are shown in a different plot style to interpret the same wisely.

4.1 Introduction

This work mainly focuses on calculating the journal force of a hydrodynamic journal
bearing using the FEM approach. The pressure distribution in hydrodynamic bearing
has been determined with the help of the Reynolds equation. We assume that the fluid
is incompressible and steady.

From the literature reviews of Chapter 2.1, it is understandable about the basic idea of
the solution of the Reynolds equation. It is noticeable that for calculating the pressure
distribution problem in a journal bearing the Reynolds equation is very necessary to
understand. Furthermore, from the solution of Reynolds equations, the different types
of static journals bearing characteristic parameters, including stiffness coefficients, can
be estimated very accurately. There are many methods like FDM, FEM and analytical
method also to solve Reynold’s equations, but these methods have more complexity
and are restricted to some research areas only. However, using FEM approach with
FEM PDE solver [114], the Reynolds partial differential equation is solved very quickly
and effectively for cylindrical fluid film journal bearing.

4.2 Details of the proposed method

This chapter presents the numerical method with a journal-bearing set-up
configuration.

4.2.1 Journal and bearing setup

The radius R journal is considered to rotate with a constant anti-clockwise rotational
speed. Journal centre Cj is located at a point of eccentricity e to the geometric centre
Cb of the bearing of radius R and length L. The journal is subjected to a virtual external
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applied force Fa. The external force is balanced by Reynold’s force Fb. The Reynolds
force is developed for the variable pressure distribution on the internal bearing surface.
The pressure distribution is generated due to the fluid film variable thickness h and film
tangential velocity along the circumference of the journal’s circular cross-section. The
schematic layout of the setup is shown in Fig. 3. Half Summerfield boundary condition
is considered for evaluating fluid film pressure distribution. The common assumption
is that the fluid is Newtonian, incompressible and flows under laminar, iso-viscous, and
isothermal conditions.

pressure profile

/s

Fig. 3: Schematic of journal bearing

4.2.2 Finite element discretization of fluid film

The fluid film shape is similar to the cylindrical bearing curved surface, which is
considered a flat rectangular area for discretization purposes. The surface is discretized
using triangular mesh. A discretization plot is shown in Fig. 1 in Chapter 3.4. All nodal
point pressure is evaluated using FEM PDE solver for solving (7). The boundary
condition at the edges is considered as zero relative pressure.

Summerfield no. expression is considered as
2

_ (L r uLwD
5= (5) X ¥ 5 (25)
Where,
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D = 2R,F = |F,| = |F,| (26)
The bearing force can be estimated as below steps and derived in Appendix A.1

F, = foan fOL Pdxdz (27)
Where,
x=RO,z=7L (28)

Hence, relation (29) can be obtained from relation (26), (27) and (28) in terms of non-
dimensional form. The symbol ¢ ’ stands for non-dimensional presentation.

Fy =" [ PRLAOdZ (29)

Further, from relation (3), (25), (26) and (29) Summerfield number relationship with
non-dimensional force can be found as below and derived in Appendix A.2

1
m T 2mI2F

(30)

4.3 Validation of some stiffness parameters of journal

bearing

The FEM PDE solver method for solving PDE is one of the best-validated methods
than other conventional methods [114]. The maximum edge length of the mesh is taken
at 0.028. The stiffness is calculated using a central finite difference of evaluated force.
The results using this proposed method are validated with the available past validated
data. An image viewer is used to extract the data in quantified pixel format to get
reference data from previous research work in image format. The pixel value is then
mapped to the available axis unit. Details of the image data extraction method are
described in [53].

4.3.1 The stiffness coefficients validation for short bearing

The stiffness coefficients for short bearing are validated with the data from direct
analytical expression [20]. The length-into-diameter ratio for the short bearing is
considered 0.1. Non-dimensional eccentricity range is taken from 0.05 to 0.95 at 0.01
increment. The R.M.S errors of Kxx, Kxy, Kyy and Kyx are estimated at 0.0140,
0.0311, 0.2489 and 0.0634, respectively. Here, stiffness coefficients follow a standard
suffix notation. For example, Kxy represents the partial derivative of the x-component
of the Reynolds force vector with respect to the y-component of the journal position
vector. The stiffness analysis for short and finite-length bearings is not discussed in
detail in the text but is presented graphically. The RMS errors of stiffness coefficients
are calculated using analytic data from Fig. 4 to evaluate and justify the performance
of the current FEM PDE model compared to existing models from past research The
comparison plot of the variation of stiffness coefficients for the short bearing is shown
in Fig. 4. The conventional analytical method for short bearing does not consider partial
pressure derivative terms to circumference in (1). However, all terms in (1) are
considered using the proposed method. It has also been observed that the error
converges to zero while considering the length diameter ratio much lesser than 0.1.
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Fig. 4: Variation of stiffness coefficients with comparison of analytical [20] for short
bearing

4.3.2 The stiffness coefficients validation of finite length bearing

The direct stiffness coefficients for finite length bearing are validated with previously
validated data [20]. A comparison plot of the variation of stiffness coefficients for
length diameter ratio one is shown in Fig. 5. The average data of previous research of
various methods are considered for estimating R.M.S. error as the previously validated
data from another research have significant variance. A total 21 number of points from
Summerfield, numbers 0.01 to 10, are taken for error evaluation purposes. The R.M.S.
error of Kxx and Kyy is estimated at 0.2482 and 2.0032, respectively. Similarly, the
comparison plot of the variation of the same stiffness coefficients for length diameter
ratio four is shown in Fig. 6. Total of 21 points from Summerfield numbers 0.01 to 10
are taken for error evaluation purposes. The R.M.S. error of Kxx and Kyy is estimated
at 0.0647 and 0.8310, respectively. Results have been observed from Fig. 5 and Fig. 6
that the present study closely matches the previous analytical and numerical data
presented by Chasalevris and Sfyris [20]. The currently proposed method also shows a
good average estimation of past data in different mentioned methods.
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4.4 Results of proposed method

The results of the currently proposed method are presented graphically for various
output parameters, including stiffness coefficients for different length diameter ratios
of journal bearing.

4.4.1 Pressure distribution

Non-dimensional relative pressure variation against the circumference of the bearing is
shown in Fig. 7. Pressure variation comparison is also observed for different length-to-
diameter ratios in the same figure at the middle line of the axial length of the bearing.
The pressure profile becomes high while increasing the length-to-diameter ratio against
the same non-dimensional eccentricity.

0.45
.04

0.35

Non-dimensional relative pressure

(R —7)*P)/6UuR

50 100 150 200 250 300

Ll
-
=

Circumference of bearing (°)

Fig. 7: Non-dimensional relative pressure distribution along circumference (e= 0.5, z=
0.5)

A similar pressure distribution is also shown in Fig. 8 and Fig. 9 in 3D and 2D contour
plots. These plots are for length-to-diameter ratio one and non-dimensional eccentricity
0.5 over the entire bearing area. The subsequent colour scale bar in Fig. 8 and Fig. 9
quantifies non-dimensional relative pressure.
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Fig. 8: Non-dimensional relative pressure distribution along the bearing surface (e=
0.5,L/D=1)

Constant pressure lines are visible in the black contour line in Fig. 8. Due to the half
Summerfield boundary condition, relative pressure is zero at half of the locations of
the bearing circumference area, as shown in Fig. 8 and Fig. 9.

=

Circumference of bearing (radian)

Non-dimensional width of the bearing

Fig. 9: Contour plot of non-dimensional relative pressure distribution (¢= 0.5, L/D =

1)
4.4.2 Attitude angle variation

Attitude angle variation with different non-dimensional eccentricities is shown in Fig.
10 as a polar plot. Eccentricity in this plot is considered along the radial direction. The
same variations with eccentricity for different length-to-diameter ratios are also shown
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in identical Fig. 10.
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Fig. 10: Polar plot of attitude angle variation

It is clearly observed that the Attitude angle is increasing while increasing the length-
to-diameter ratio or decreasing non-dimensional eccentricity, or both.

4.4.3 Force variation

The variation plot of non-dimensional Reynolds static force against non-dimensional
eccentricity is shown in Fig. 11, which shows how the non-dimensional static force
increases in a non-linear fashion. Also, the same force increases due to the increase in
the value of the length-to-diameter ratio of the bearing.
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4.4.4 Non-dimensional stiffness coefficients variation

Non-dimensional stiffness coefficient variation is estimated with the variation of non-
dimensional eccentricity and Summerfield number separately. Non-dimensional
stiffness coefficient variation is shown in Fig. 12 and fig. 13 in linear and logarithm
scales, respectively.
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Fig. 12: Variation of non-dimensional stiffness coefficients with eccentricity for L/D
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The absolute value of the non-dimensional stiffness coefficient is significantly different
at a non-dimensional eccentricity value of less than 0.1 or more than 0.9.

10?2 ' T

Non-dimensional stiffness coefficients

107"
102 107! 10° 10!
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Fig. 13: Variation of non-dimensional stiffness coefficients with Summerfield number
forL/D=1

4.5 Summary

This chapter presents a way of estimating hydrodynamic journals bearing characteristic
parameters while the journal is under static equilibrium. With this proposed method
using FEM PDE solver tool helps to find a more accurate solution than another method
with minimum complexity. The solution can be more accurate if the maximum element
size of the triangular mesh is considered 0.007 or less. However, computation cost will
grow further with less element size. This method also invites further investigation scope
for dynamic study and related characteristic parameter estimation.

Now this knowledge from this chapter can add value to the work for the fourth objective
of the research work as shown in Chapter 7.
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5. Non dimensional numerical study of
3-DOF PMB:s

In persuasion of the second and third objectives of the research and also realization
from Chapter 2.2, Chapter 5 presents a new approach based on non-dimensional
modelling. This chapter presents a non-dimensional approach with additional
parameters like all coefficients of stiffness and natural frequency. The model is
considered for static analysis of axially polarized ring-shaped magnets for both stator
and rotor parts in three degrees of freedom with three linear translations in a 3D
Cartesian coordinate system. The significance of this non-dimensional method to the
designer is that parameters like maximum force on the rotor of passive magnetic
bearing, and natural frequency, can be easily estimated by simple conversion without
doing separate numerical simulations for different parameters every time. The analysis
of additional parameters like non-dimensional natural frequency can be the input for
non-dimensional dynamic analysis. This chapter also provides a way to maximize radial
force with the optimized solution of physical dimensions of passive magnetic bearing
as the inner radius of stator and outer radius of rotor magnet while keeping others as
input parameters. The proposed model is validated with data available for radial and
axial forces, and radial and axial stiffnesses are found in existing literature for similar
problems.

5.1 Introduction

It is found from previous literature that with the progress of research, the non-
dimensional model approach for calculating forces and stiffness of axially polarized
ring-type passive magnetic bearing has yet to be exploited. The non-dimensional
analysis is essential to reduce the dependency on the parameters and units of the
parameters. Once the non-dimensional generalized relationship is found, it is easy and
fast to calculate a customized set of parameters and unit system. This work adopts a
non-dimensional modelling approach to determine the optimized design parameters of
the rotor and stator part of the bearing. The non-dimensional model is validated after
converting it into a dimensional model and comparing it with previous research data
already reported in various research papers. The non-dimensional natural frequency of
the passive magnetic bearing system is also simulated in this model. Here ring-shaped
magnets are used in the rotor and stators. The stator magnet is attached to the static
frame of the bearing house, while the rotor magnet is attached to the axial end of the
journal. Stator magnet has zero degrees of freedom. However, the rotor magnet can
rotate or translate with the shaft, but with no relative motion between them. Force,
stiffness, natural frequency, and stability are essential for static and dynamic analyses.
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5.2 Configuration details for the proposed model

In this chapter, we consider three degrees of freedom configurations of passive
permanent magnet bearings to present the non-dimensional approach for finding the
non-dimensional characteristics with numerical examples.

5.2.1 Permanent magnetic bearing set up

Two pairs of permanent ring-type stator and rotor magnets are attached to the bearing
house of fixed reference and journal axial end, respectively. The assembly setup and
schematic representations for analytical derivation purposes are shown in fig. 14a and
fig. 14b.

In fig. 14a partially exploded view of the model is shown in a simple form where ring
types of bushes are shown with the rotor magnet. This view shows axial shift alignment
with the stator position. The stator magnet is assumed stationary at the bearing house
arrangement by any fixed joining with the housing. The rotor magnet is also assumed
to be fixed with the journal shaft, so there is no relative rotation or translation between
the magnet and the journal shaft. In fig. 14b, the schematic representation for analytic
derivation is shown. An almost Lijesh and Hirani [42] and Santra et al. [47-49] have
reported similar sketches. In this fig. 14b the relative axial shift of rotor magnet by z
unit is shown in sections A-A. The section line passing through the centre of the rotor
is drawn from the exact figure in side view B. For example, z = 15 unit is considered
for the axial shift of the rotor magnet.

Similarly, other values of different parameters are assumed for reference purposes only.
The radial shift can be shown in view B of the same fig. 14b. Outer and inner radii for
the rotor and stator are shown in this view B in the exact figure. The radial shift of the
rotor centre in the direction of x and y with respect to cylindrical stator axes are shown
in enlarged scale in detail C of fig. 14b. Small arbitrary elemental area in the rotor cross
section at radius and angle measured from the rotor centre in a counterclockwise
direction is shown in detail C, which is cropped from view B of the same fig. 14b.
Similarly, in detail C of fig. 14b, there is another elemental area from the stator cross-
section at the radius and angle measured from the stator axis in the counterclockwise
direction. Relative displacement of rotor small elemental area and stator small
elemental area in x and y direction are shown as X and Y.
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Fig.14 a Partial exploded view of permanent magnetic bearing set up, b A schematic

representation for analytical derivation

5.2.2 General assumption and consideration

The following assumption is considered for the proposed model.

i.  Both stator and rotor magnet pair are axially magnetized ring magnet.
ii.  Stator magnets are aligned with the common bearing axis of fixed reference.
iii.  The magnet material is stiff, ferromagnetic and isotropic.
iv.  The present analysis is static.
v.  Demagnetization is not considered.
vi.  The shaft is rigid and massless.
vii.  The nominal mass of the rotor/ disc is considered for analysis.
vii. A finite division approach has been taken care of for this method.
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Xi.

Xii.

xiii.

A combination of Riemann summation and triple integral is considered for
fourth-dimensional integration.

Flat surface magnetic charge density is considered constant over the flat surface
of both magnets.

Horizontal X and vertical Y are radial directions, and the axial Z translation of
the rotor magnet is considered for the analysis.

The rotors have a common angular spin velocity with respect to their axis, which
is also aligned with the journal axis along the Z direction.

The Columbian model for the evaluation of magnetic force is considered.

5.2.3 Columbian model of magnetic force
The magnetic force of the Columbian model described by Santra et al. [47-49] is
rearranged below as

- sXqr —>

dF, =Z_;X%rsr (31)

qs = 05dSg, qr = 0,dSy, 0, = %Us =2 (32)
0 Ho

dS; =1, X da X dr,,dS, =1, X df X dr; (33)

—5=— _ Bry{XBr; rrydridrydadff —s

dF,, = 417-[#0 2y 1172 1,-S3r2 o (34)

The equation (34) also can be written in the following form.

dF, =
dF, =
dF, =

Where,

BT XBT: Ay A
Brixbry o Arks (34b)
ATt Tsr
BriXBry _ ApX8%XAgx8? —2
A1 3 63 7:97'6 (34C)
Ho Tsr
BriXBryX8?%  ApxAs —s
Eliag X ——"Tq (34d)
ATt Tsr

a is angular displacement of stator small elemental area dSs about stator axis

measured from x axis (radian), 3 is angular displacement of rotor small elemental area
dS; about rotor axis measured from x axis (radian)

5.2.4 Non-dimensional approach of parameters
All parameters have been converted to non-dimensional ones by dividing by maximum
radial clearance (0). The maximum radial clearance () is a geometric parameter of the
rotor and the stator magnet, which is evaluated by subtraction of the outer radius of the
rotor magnet (R2) from the inner radius of the stator magnet (R3). These two radii are
also geometric parameters of the bearing system. From the sketch detail C of fig. 14b,

we can write

u =x + rycosf —rycosa (35)
v =y 4+ nsinf —rsina (36)
z1=2z+05%x(Ls+L,) (37)
z,=2z—05%(Lg+L,) (38)
z3=2z+05%x(Lg—L,) (39)

35|Page



2y =2z—05%(Lg—L,) (40)

Where u, v, 71, 2, z3 and z4 are relative displacements of rotor elemental area from that
of stator one. Refer to the notations in the Nomenclature section of the thesis for further
understanding.

Dividing the above equations (35 to 40) by maximum radial clearance (6 = R3-R»), we

u=Xx+rcosf —r,cosa (41)
v =Yy +7rsinf —r,sina (42)
Z1=2+05x(Lg+L,) (43)
Z;=7—05x% (Ls+1L) (44)
Z3=2+05x%x(Ls—L, (45)
Zg=2—-05x%x(Ls—L,) (46)

Above parameters are non dimensionalized and represented with a bar ‘-‘above the
usual notations.

Again, reference force in rotor and stator magnets is written as

Bry XBr,; X682 (47)

Fref = 4,

By dividing magnetic force along x-axis (Fx) by reference force (Frer) we have non
dimensionalized magnetic force

Fp=—2 (48)

Fref

Assembling eqn. (48) for all combinations, Eq. (47) provides the fundamental basis
for the reference force expression, while the non-dimensional expressions in Egs. (48)
and (49) are derived from Eqgs. (31) to (34).

fx=fgf§f02”f02”ﬁx5xﬂx = 3 - i - 3t
(@ +v%+2,%)?  (@+9°+2,° )2 (W+07+7:° )

L | x dry x dr, x da x dB (49)

2 _2 _
(u +v +z42)2

Similarly, we can get other non-dimensional forces F,, and F, as

= Ry (Ry (2m (2m—  —  — -1 1 1
Fy=fR_3‘*fR_12f0"f0”r1xr2xvx 5 — 5+ T+
(ﬁ2+§2+212)2 (ﬁz+§2+222)2 (EZ+EZ+E32)2
L | xdr xdr, x da x dB (50)
(HZ+EZ+E42)2
and
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3
(ﬁz +7° +212)2

B |xdr x dry x da x dB (51
(@ +v%+2,”)?
Since force from each bearing applied on journal is Fo, we can write non dimensional
stiffness as

1)
kyx = F_o X Ky (52)

where (Fo/9) is reference stiffness.

Again,

e = 5 (53)

or, Ky, = F:;f aa—ix (54)

or, kyy = % X Koy (55)

where &, = %

50, R = L x Ky (56)
Fy

SINCE Kyep = 5

Again, non dimensional stiffness of second kind can be written in partial derivative
form as

- 6Fx ou
XX = “5u ox

(57)

Therefore, using eqn. (41) and eqn. (49), we have

f f fzﬂ.'fzﬂfﬁsz - -1 _ 1 3+ 1 §+

1 —2 -1 1 1 1
_3u X - 5+ 5+

3
(Hz +7° +E42)2

dry X dry x da x df (58)

Similarly other non-dimensional stiffnesses of second kind coefficients can be found as
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f f fZT[ fZTL'ﬁ % rz -1 _ 1 + 1 +

1 —2 -1 1 1 1
—3v" X - T+ s+ X

3
(ﬁz +72 +E42)2

dry x dry x da x df (59)

— f f fZT[ fZTL'ﬁ % rz - -1 _ 1 + 1 +

- 2 —
1 —-Zy Z,

3
—2 =2 — 2
(u oy +z42)2

dr, x da x dp (60)

f fR2f2”f2”3xr1xr2><u><vx L4 CE— CE—

! X dry X dr, X da x df (61)

5
(azwz +E42)2

fffZ"fZ"erlerXUx B 7 T

Z s ¢ X dry X dry X da x df (62)
(@ +v°+2,%)?

fff2"f2”3xr1><r2><ux 4 - 2B

o X dry X dry, X da x df (63)

Thus, all nine-dimensional and non-dimensional stiffness terms can be found by simple
analytical differentiation. Also found that three pairs of corresponding non-dimensional
cross-stiffness terms are equal as

Exy = nya kyz = Ezy 5 sz = Exz (64)

and summation of diagonal non-dimensional stiffness terms is zero [115] as given

kyx + kyy + Kz =0 (65)
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5.2.5 Calculation of natural frequency

Stiffness coefficients thus derived, used in force equation to find the natural
frequencies. 3-DOF matrix equation is

m 0 O X kxx kxy ky, X 0

[0 m O|X|[y|l+2 kyx kyy kyz X |yl = [0] (66)
o o ml Lz ko ks ky| 'z Lo

Assuming solution of x, y and z as follows

x =0y =0,e%z=0,e" (67)

Putting the above the following is found as e®* # 0,¢t > 0

m 0 0] [Px kox kxy kxz] 1ox] 10

(1)2[0 m 0| x|@y|+2]kyx kyy ky | x|oy|= 0] (68)
0 0 ml los koo kg ki Lozl lo
Px

and |@y| #0 (69)
P,

Where, ox, 9y and @,, are the amplitude of displacement along x, y and z axis (m)
accordingly. m is the mass of the rotating system.

Hence, to find the natural frequency,

w?m + 2k, 2Ky 2k,
2k, w*m + 2k, 2k, =0 (70)
2k, 2k, w?m + 2k,

mM3w8 + 4m(kyyky, — k2, — k2, — k2, — k2 )P + 24k kyrk e — 8(KogkZ, + by k2 +

kzzkazcy) =0 (71)
Considering reference frequency [116] as wy.r = % (72)
Fre !
kyx = Z_F; X mw%ekax (73)
Let—2=§ (74)
Fref

This non dimensional term S as a ratio between applied and reference force has a typical
relation with other non-dimensional parameters as shown in equation (76).

Therefore, ky, = % X mwfefﬁ;x (75)

Similarly knowing other coefficient following expression can be formed
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S35 + 5 x (Tylns =Ky —Kys =Ko —Foux )@ + 3eyRylipe — (Keeliys +
w yy'tzz = fxy vz zx xx W xyRyzKzx xxyz

—1 —r 2y 2
Koykos + Kogliny ) —0 (76)
The roots of the eqn. (76) have non-dimensional Eigen values. They are generally

complex conjugate. Where,

J— j— R — a —_ w
w=a tin,a =—, 0, =— (77)
Wref Wref

where, r = 1,2,3

For stability, non-dimensional coefficient that governs growth of vibration (a,) <0
and non-dimensional natural frequency (w,) should be more than applied frequency
[116].

5.2.6 Input consideration for radial force maximization

For finding maximum radial force, the inner radius of the rotor ring magnet, the outer
radius of the stator ring magnet, maximum radial clearance, the same length of all rotor
and stator magnet, the mass of the rotating system and external applied force on rotor
have been taken as input for optimization. The residual flux density of magnets is also
taken as input. The space limit in the X and Y directions is equal to positive radial
clearance, and the same in the Z direction is equal to the positive axial end of the stator.

5.2.7 Algorithm for the solution
The non-dimensional space is discretised by Nx, Ny and N; along X, Y and Z direction.

The algorithm steps as follows in table 11.

Table 11 Algorithm for the proposed model

Steps Details

1 Load value of the input parameters.

2 Initiate all non-dimensional global parameter.

3 Discretise all space coordinates within the interested limit.

Run a loop for the outer radius of the rotor where the inner radius of the
stator, R; = 1 + R,

Solve the non-dimensional force and stiffness using one iterated loop by
5 Riemann summation followed by the nested triple integral tool in any
software like the integral3 function using equations (58 to (63).
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Store the maximum values for a particularly interesting position in space
boundary by comparing forces among different outer radii of the rotor and
the inner radius of the stator. This radius searching may be adopted by any

6 i i )
suitable method like the "coordinate descent method". Store the related
concern outer radius of the rotor and the inner radius of the stator for
which the maximum value is obtained.

. Store the maximum values of forces and stiffness for various discretised
space zone.

8 Plot all forces and stiffness for the interested space zones.

5.2.8 Input parameters
Following input parameters are chosen to run the program for the above algorithm in
the following table 12, table 13 and table 14.

Table 12 Data used for force validation

Input parameters Values (In SI units)
Inner radius of the rotor ring magnet 0.005

Outer radius of the rotor ring magnet 0.024

Inner radius of the stator ring magnet 0.025

Outer radius of the stator ring magnet 0.050

Length of the rotor magnet/ stator magnet 0.032/0.030

Mass of the rotor system 8

Load on journal/ bearing 40

Residual flux density of magnets 1.0& 1.2

Absolute magnetic permeability 41 x 1077

Table 13 Data used for axial stiffness validation

Input parameters Values (In SI units)
Inner radius of the rotor ring magnet 0.021
Outer radius of the rotor ring magnet 0.024
Inner radius of the stator ring magnet 0.025
Outer radius of the stator ring magnet 0.028
Length of the rotor magnet/ stator magnet 0.003
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Mass of the rotor system 8

Load on journal/ bearing 40
Residual flux density of magnets 1.0, 1.0
Absolute magnetic permeability 4mt x 1077

Table 14 Data used for radial stiffness validation

Input parameters Values (In SI units)
Inner radius of the rotor ring magnet 0.010

Outer radius of the rotor ring magnet 0.020

Inner radius of the stator ring magnet 0.022

Outer radius of the stator ring magnet 0.032

Length of the rotor magnet/ stator magnet 0.010/0.010

Mass of the rotor system 8

Load on journal/ bearing 40

Residual flux density of magnets 1.0& 1.0

Absolute magnetic permeability 41 x 1077

5.3 Validation of the proposed model

Almost all of the available reference data are in image format. Hence to extract the
force or stiffness distribution data numerically, the available image information is
converted to matrix data format using the any image viewer. In this matrix format, the
data are in pixel units. Origin position and axes position data from the available plot are
also extracted. After that, the pixel unit is converted to an axes label unit in horizontal
and vertical directions. These processed data are taken for validation with the proposed
model data statistically and graphically. These are shown in fig. 15, fig. 16, fig. 17 and
fig. 18. The relative error of a parameter has been calculated by subtracting the value
of the same parameter of the proposed model from the same reference data. The relative
error is multiplied by 100 and divided by the reference data to get the relative
percentage error. All the calculated relative error is fitted using the normal distribution
to obtain the population mean and standard deviation. This information helps to
quantify the validation statistically.

5.3.1 Theoretical validation for axial force and stiffness

Ravaud et al. [33-35] and Lemarquand and Lemarquand [37] have shown the axial force
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variation over axial position with the same relevant input data of table 13. Axial force
data concerning axial position has been extracted from the reference plot image given
by Lemarquand and Lemarquand [37] and linked with the relevant input parameter of
table 13. The same has been calculated using the proposed model. Using normal
distribution population mean of relative error is calculated as 0.45%, and the standard
deviation is 1.75% approximately. With the fitted normal distribution mean relative
error of axial force using the proposed model over the reference model is found between
-1.34% to 2.24%, approximately with a 99.97% confidence level. The axial force is
validated by the above statistically, and a comparison is also shown in fig. 15.

OR
G Axial force (Lemarquand and Lemarquand [37])
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Fig. 15 Comparison of axial force computed by proposed model and ref. Lemarquand and Lemarquand
[37]

The variation of axial force to the relative axial position of the rotor in the reported and
proposed model is very close in fig. 15, and most of the zone is overlapped.
Lemarquand and Lemarquand [37] have shown the axial stiffness variation over axial
position with the same relevant input data of table 13. Axial stiffness data for the axial
position has been extracted from the reference plot image, as shown by Lemarquand
and Lemarquand [37], linked with the relevant input parameter of table 13. The same
has been calculated using the proposed model. Using normal distribution population
mean of relative error is calculated as -1.21% and the standard deviation as 2.08%
approximately. With the fitted normal distribution mean relative error of axial stiffness
using the proposed model over the reference model is found between -3.27% to 0.84%,
approximately with a 99.97% confidence level. The axial stiffness is validated by the
above statistically, and the comparison result is also shown in fig. 16. Here also, the
results are close.
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Fig. 16 Comparison of axial stiffness computed by proposed model and ref. Lemarquand and
Lemarquand [37]

5.3.2 Theoretical validation for radial force and stiffness

Muzakkir et al. [26] have shown the radial force variation over radial position with the
same relevant input data of table 12. Radial force data with respect to radial position
has been extracted from the reference plot image, as shown by Muzakkir et al. [26],
linked with the relevant input parameter of table 12. The same has been calculated using
the proposed model also. Using normal distribution population mean of relative error
is calculated as 0.12%, and the standard deviation is 0.70% approximately. With the
fitted normal distribution mean relative error of radial force using the proposed model
over the reference model is found between -0.57% to 0.81%, approximately with a
99.97% confidence level. The radial force is validated by the above statistically, and
the comparison result is shown in fig. 17.

Non-dimensional radial force variation is shown and validated in fig. 17, where radial
force looks almost linearly varying with the radial eccentricity position. Here also, it is
clearly observed that lines showing the variation of radial force with respect to the radial
eccentricity of the rotor in reported, and the proposed model is very close in fig. 17, and
most of the zone it is overlapped. Bekinal et al. [38] have shown the radial stiffness
variation over radial position with the same relevant input data of table 14. Radial
stiffness data concerning radial position has been extracted from the reference plot
image, as shown by Bekinal et al. [38], linked with the relevant input parameter of table
14. The same has been calculated using the proposed model also. Using normal
distribution population mean of relative error is calculated as 3.27%, and the standard
deviation is 2.00% approximately.
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Fig. 17 Comparison of radial force computed by proposed model and ref. Muzakkir et al. [26]

With the fitted normal distribution mean relative error of radial stiffness using the
proposed model over the reference model is found between 1.30% to 5.24%,
approximately with a 99.97% confidence level. The radial stiffness is validated by the
above statistically, and the comparison result is also shown in fig. 18. Here, the radial
stiffness parameter's error is higher than other parameters.
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Fig. 18 Comparison of radial stiffness computed by proposed model and ref. Bekinal et al. [38]
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5.4 Simulation of non-dimensional proposed model

The non-dimensional analysis is carried out with the input parameter of table 13.
5.4.1 Non-dimensional force variation

Contour plots of non-dimensional forces are shown in fig. 19 and fig. 20 in ranges of
the interested zone. The absolute force can be computed by multiplying the reference
force with the non-dimensional force value obtained from the graph for a particular
axial and radial eccentric location.

1 N
®
0.9 AN o 100
Q
S 20
0.8 50
2
5 0.7 0
& 0.6 N
3
S 05 -0
= 04 -100
ks
~ 03
0.2 -150
0.1 -200
0

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6
Axial ecentricity

Fig. 19 Contour plot of non-dimensional radial force

Fig. 19 shows that radial repulsive force has a considerably high value at zero axial
eccentricity. The eccentric position is near the stator inner wall (Radial eccentricity
equals 1). Here, radial eccentricity and forces experienced by rotor magnets are
considered positive along the positive direction of the x-axis. So, the opposing force is
directed towards the negative x-axis, trying to move the rotor magnet away from the
proximity of the inner wall of the stator magnet, and it is repulsive. At axial eccentricity
greater than 1.9, the force direction changes to a positive one, pulling the rotor towards
the stator magnet. This attractive force is higher at a higher value of radial eccentricity.
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Fig. 20 Contour plot of non-dimensional axial force

Fig. 20 shows the maximum value of axial force at non-dimensional axial eccentricity
around 2. The reason is that the repulsive force (here, force along the positive z-axis) is
more than that of other places. Further, more axial force components between the rotor
and stator pole surfaces are in the same direction. When rotor magnets pass away axial
eccentricity value 3, overall, two of such axial force components change the direction.
Thus, it reduces effective axial force drastically.

5.4.2 Non-dimensional stiffness variation

Non-dimensional stiffnesses in a different plane of interested space are shown in fig.
21 to 24. Four non-dimensional stiffnesses, Kxx, Kyy, Kzz and Kzx, dominate as x and
y-axes are symmetric due to the consideration of a complete circular ring for the
proposed model. Thus considering y=0, in 2D space of x and z axes, Kxy and Kyz are
obtained zero value for every position of that 2D region as seen in fig. 25 and 26.
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Fig. 21 Contour plot of non-dimensional stiffness (Kyx)
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Fig. 23 Contour plot of non-dimensional stiffness (K,,)
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Fig. 25 Plot of non-dimensional stiffness v/s radial eccentricity at particular axial eccentricity position
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Fig. 26 Plot of non-dimensional stiffness v/s axial eccentricity at particular radial eccentricity position
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5.4.3 Stability analysis

The static stability is not found here as radial, and axial stiffness is opposite in sign, as
seen in fig. 21,23, 25 and 26. Hence when radial stability is achieved, the axial stability
loses and vice versa [49].
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Fig. 28 Contour plot of non-dimensional 3 mode natural frequency

The stability plots are shown in terms of variation of non-dimensional natural frequency
with the variation of the non-dimensional angular velocity of the rotor. The first mode
of non-dimensional natural frequency is zero at all places. The second and third modes
of non-dimensional natural frequency are shown in fig. 27 and fig. 28. If the rotor is
supported by rigid axial support with a high stiffness value, stability may be observed
at radial and axial eccentricity of 0.8. Near this point, the minimum of modal
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frequencies shows a high value in fig. 27 and fig. 28. Due to the high rigid support
assumption, the first mode of natural frequency also would be very high at the same
point.

5.4.4 Optimization results

For finding maximization of radial forces at zero axial position, the input and output
parameters are shown in table 15 and table 16 accordingly.

Table 15 Data used for optimization

Input parameters Values (In SI units)
Inner radius of the rotor ring magnet 0.010

Outer radius of the stator ring magnet 0.040

maximum radial clearance 0.002

Length of the rotor magnet/ stator magnet 0.010

Residual flux density of magnets 1.0, 1.0

Absolute magnetic permeability 41 x 1077

Table 16 Optimization results

Output parameters Values (In SI units)
Outer radius of the rotor ring magnet 0.030
Inner radius of the stator ring magnet 0.032

This simple optimization results from one kind of iterative method and incrimination
of radius per iteration after completing the fourth-dimensional integration of radial
force as per Eqn. (19) and a portion of the algorithm of Table 11 gives the idea of stator
and rotor optimum size. The iterative technique used here is the coordinate descent
method.

5.5 Summary

This chapter presents the simplest method of non-dimensional modelling using a simple
permanent magnetic bearing configuration. This model is axially unstable, but it can be
stable if axial outwards motion is restricted at the end of the journal with some axial
shift by frictionless ball contact support to balance axial magnetic force. Non-
dimensional value of parameters is more generalized than that of parameters analyzed
by assuming specific dimensional values. The feasibility of actual dimensional
parameters for permanent magnetic bearing design can be decided using the formula of
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reference parameters as per Eqn. (17) and (42), as well as the corresponding value of
non-dimensional parameters. The yellow zone of the second mode of non-dimensional
natural frequency in fig. 27 is also valuable information to the designer where the radial
stability reaches the maximum as the second mode of non-dimensional natural
frequency has the maximum value here. The algorithm covers one proper non-
dimensional optimization of radial magnetic force. The algorithm does not consider
probabilistic approaches like the Monte Carlo Integration method. Hence, the
simulation results have deterministic information. Examples simulated in this work act
as an initial guideline for permanent magnetic design. The knowledge gained from
Chapter 5 has been transferred to Chapter 6 for further exploration of the second and
third objectives of the research.
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6. Semi-analytical FEM approach for
studying 6-DOF PMB

In the extension of Chapter 5, Chapter 6 presents a new approach using FEM to
calculate the force and moment on a permanent magnet bearing. In this chapter, we
used a typically new semi-analytical finite element approach to calculate the force and
moment of permanent magnet bearing (PMB) in this work. PMB stator and rotor consist
of ring-type cylindrical magnets having an axial magnetization. This work focuses on
the characterization of magnetic moment, stiffness matrix, model validation and
comparisons of the moment with other simulating software. This work also explains
how PMB's angular stiffness or resisting magnetic moment improves with the rotor's
change of magnet length and positional shift.

6.1 Introduction

The chapter presents an innovative semi-analytical finite element approach to estimate
the force and moment for a single pair of axially magnetized ring-type permanent
magnet bearings. A sensitivity study with this method and algorithm handles the
accuracy and computation performance of the calculation. Further, a designer can adopt
any optimization algorithm in the following explained model of the repulsive type PMB
to characterize according to application requirements. Moreover, the scripting of the
proposed algorithm allows it to couple with any physical interface around the spatial
boundary of the bearing so that analysis may be carried out to study stability in the
presence of active or passive interaction due to viscous damping.

All six degrees of freedom (6-DOF) are considered to extend our previous work [53].
Here, the complete 6 degrees of freedom means three orthogonal axes X, Y, and Z
translation orientation and three tilting orientations about those three axes.

6.2 Details of the proposed model

We present the details of the proposed model with the schematic diagram, a
mathematical model with a different approach of computation strategy and algorithm
to address the simulation of the stiffness matrix of 6-DOF passive magnet bearing.

6.2.1 Schematic of passive magnetic bearing

A single pair of cylindrical permanent magnets (Fig.29) are considered for the analysis.
Both magnets of the stator and rotor are hollow and cylindrical type. These magnets
have axially similar polarization. The outer part is the stator magnet kept fixed with the
PMB base. The inner magnet can be attached co-axially with the flexible cylindrical
shaft. Rs, and Ry are the outer and inner radius of the stator magnet respectively.
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Similarly, Ry and R;; are the outer and inner radius of the rotor magnet. Ls and L, are
the length of the stator and rotor magnet.
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Fig. 29. Schematic of PMB rotor and stator magnet

6.2.2 Mathematical model

The expression of magnetic force components follows the Columbian model with
constant isotropic and homogeneous magnetostatics surface charge density [32, 35, 39,
40, 60, 61]. The magnet's remanence and coercivity properties are assumed to have
negligible impact. Hence, demagnetization during repulsive magnetic force interaction
has negligible influence on the nearby rotor and stator finite elements. The structural
stiffness of the magnets and shaft is assumed to be very high to consider the finite
element as rigid. The rotor magnet and the shaft have fixed joints, so there is no relative
displacement between them. 3D vector space in a right-angled Cartesian coordinate
system presents the force components. The cross-sectional area of the rotor and stator
magnet has meshed with the triangular shape finite elements, as shown in Fig. 30.
Hence, all such elements of the rotor and stator magnets have the shape of right-angled
prism geometry with a triangular cross-section. The prism elements' length is equal to
those magnets' axial lengths. Both side triangular areas of the prism elements are
assumed to have the same quantity of magnetic charge but opposite in sign. The total
charge of each small triangular prism magnet is assumed to have an equivalent point
source charge that lies at the centroid of the triangular area.
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Fig. 30. Triangular mesh plot of magnets

The vector summation of forces of all combinations between stator and rotor finite
elements represents the force given by the stator magnet on the rotor magnet. The rotor
magnet's moment is about the rotor magnet's geometrical centre. Hence, the positional
vectors of all such magnetic point charges become the relative positional vectors after
subtracting the position vector of the rotor geometric centre.

The moment vector of the rotor magnet is calculated by vector summation of moments
obtained using the cross product of the relative positional vector of the rotor triangular
element and force vector applied on it due to stator elemental charge with all
combinations.

The present model considers three translational (X, y, and z) and three angular (o, f3,
and y) degrees of freedom of rotor magnet. The orientation angles of the cylindrical
rotor magnet axis are represented as a, , and y. They are measured on YZ, ZX, and
XY planes anticlockwise about the X, Y, and Z-axis accordingly. The stator has a global
coordinate system XYZ. The cylindrical axis of the stator magnet is considered global
Z-axis. The global axes are orthogonal to each other. The X-axis and component of the
parameter along this axis in this work are assumed as radial only, while the centroid of
the rotor magnet lies on the XZ plane. The directional cosine angles of the positional
vectors are considered as @x, ¢y and @, for global axis X, Y and Z accordingly as shown
in Fig. 31. Generally, all these angles hold the relationship as per (1).

tan(a)tan(B)tan(y) =1 (78)
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These angles also have relationship with cosine of axis angles (1, m and n) shown on
(79)-(81). All angles are shown in Fig. 31.

1

l = = cos(P,) (79)
J1+(tan)+(corp))?
m= ! = cos(®y) (80)
\/1+(tan(a))2+(60t(]/))2
n= ! = cos(®,) 81
\/1+(tan(ﬁ))2+(cot(a))2
Where, 12 + m? +n? =1 (82)

Fig. 31. Orientation of axis angles and projection angles

Initially, the rotor axis is parallel to the fixed stator axis. It is considered that the rotor
axis has taken a typical orientation as per Fig. 31. Orientation angles of the rotor magnet
axis will help configure the rotation matrix. The black line shown in Fig. 31 can be
assumed the rotor magnet axis here. Another spin rotation angle may be considered to
configure the final rotation matrix. Here we rotate the local coordinate system about the
local Y-axis with § angle. Then rotate about immediate X-axis with (0.5n-¢y) angle and
finally rotation as spin angle A about next immediate Z-axis. Thus, the rotation matrix
will be as per equation (83).

Ritoc = Toty(B) X rotx (% - (py) X rotz(1) (83)

Here, rotation about Y axis,
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cosp 0 sinf
roty(B) = [ 0 1 0 ] (84)
—sinf 0 cosp
rotation about X axis,
1 0 0
Vi T
rotx (g - (py) =0 cos (E B <Py) —S€ (E B <‘03’) (85)
. T Vi
0 sin (E - (py) cos (E - (py)
rotation about Z axis,
cosA —sinA 0
rotz(1) = [sin/l cosA 0] (86)
0 0 1

And ¢y can be estimated from equation (78) and (80) with following sign corrected
equation (10)

¢, = cos™1 s 87
Y \/(1+(tan(a))2+(tan(a)tan([>’))2) ( )

Here,

sh = signoftan(a) (88)

The rotation matrix can also be found when the local coordinate axes component is
considered an input concerning the global coordinate system. Hence, three unknown
angles will be required, like a, B, and A, to find the rotation matrix for transforming
local to global orientation system.

The rotation matrix is pre-multiplied to all rotor elemental magnetic charge positional
vectors and added to the linear translation positional vector. Thus, the final oriented
position of the rotor element is achieved for the global coordinate system, as mentioned
below.

XR Xrc
ﬁr = Rytog X |YR| + [Vrc (39)
ZR Zyc

Where, Xre,yre, and zre are rotor local Cartesian coordinates of rotor element position.
Xre,Yre, and zre indicate centroid of rotor magnet concerning global coordinates. Ririg is
the rotation matrix for converting the vector parameter to the global coordinate system
from the local rotor coordinate system. The centroid of the stator magnet is considered
to the global origin O as shown in Fig. 32. The force vector is expressed in global
coordinate reference system where stator geometric center is at the location of global
origin. The magnetic moment vector is evaluated about the rotor geometric center with
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the same reference frame of global orientation. The externally moment and force load
applied on the rotor center can be directly used as an equilibrium matrix equation due
to the generic consideration of rotor centroid for magnetic moment evaluation. The
rotor magnet also has a local coordinate reference frame as X1Y1Z; with origin O;. They
are orthogonal to each other and fixed to the rotor centroid. The geometry of the rotor
magnet is symmetric about Z; axis.
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of Stator magnet

S~ N A finite element
of Rotor magnet

Rotor axis
——

—

Stator axis|

Rotor magnet

Stator magnet

Fig. 32. Schematic of mathematical model of PMB load
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Fxn and Fsy are the magnetic force of a finite stator element applied on the north pole
of the finite rotor element due to the magnetic field of the north and south poles of the
finite stator element. The directions are shown in Fig.32. Similarly, Fsny and Fss are
defined and demonstrated in Fig.32. The value of the position vectors Pss and Pgn in
Fig. 32 indicates the south and north pole positions of the stator magnet element
respectively. Similarly, P;s and Py indicate the positional value of the poles of the rotor
magnet element. The value of the center position of the rotor magnet is indicated by Pe,
as shown in Fig.32. The directional arrow of the positional vectors is also demonstrated
in Fig. 32.

Now magnetic force acted on a rotor magnetic element due to one stator magnetic
element is expressed as follows.

5 (Brn—Dsn)

Fiw = FrepArAs {(lﬁrN—ﬁle)s} (902)
] (BrN—Dss)
Fsn = =FrepArds {(lﬁﬂy—ﬁssiﬁ} (90b)

" (Brs—Psn)
Fns = —FrepArAs {qr}*;—ﬁml\ll)a} (90c)

" (Brs—Pss)
Fss = FrepArAs {m} (904d)

And the resultant Force value by stator element on rotor element due to four poles
combination between the rotor and stator element pair is defined as Fers. The following
vector expression represents the same.

Fors = Fyn + Fsy + Fys + Fs (90¢)

BryBr, 8%
Where, reference force, Fyr = 11720 153]

T amp

B:1, and By are the residual flux density of stator and rotor magnets accordingly.
Maximum radial clearance between rotor and stator is indicated by J. Absolute
magnetic permeability is indicated by .

The total force is calculated by algebraic vector summation of all forces as shown
below, where N and N> are the number of mesh elements for rotor and stator,
respectively.

F=ZS;1 r1 Fers 29

The other positional vectors have suffix r and s to indicate the index of the rotor mesh
element and stator mesh element respectively. North and south polarity is indicated by
N and S accordingly. Similarly, value of moment vector is indicated by Mers and found
as follows.
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Mers = 8 % [(ﬁrN — Pe) X {ﬁNN + ﬁSN} + (Brs — Pc) X {ﬁzvs + ﬁss}] (92)

6 will be in equation (92) while there is the consideration of non-dimensional
parameter for p,, 1, or P,y and so on to maintain the same practice as equation (34c).
Where, translation positional vector of rotor magnet centroid expressed as follows.

xrc
Pe = [y] (93)

ZT'C

The total moment is calculated by algebraic vector summation of all moments of all
elements.

M = ZNl N2 Mers (94)

s=14&r=1

Stiffness coefficient (Kab) 1s estimated using central finite difference method as
follows.

_ “Vaw+ab)=Vawm-4b)
Kab - 24b (95)

Where, V corresponds to F or M, a and b corresponds to x, y, z, a, B and y. Hence
stiffness matrix due to magnetism only is shown below expression (96).

_Kxx ny sz Kxa Kxﬁ ny_

ny Kyy Kyz Kya Kyﬁ Kyy
Km= sz sz Kzz Kza Kzﬁ sz (96)

Kax Kay Kaz Kaa Kaﬁ Kay
Kpx Kpy Kpz Kpa Kpp Kpy

Kyy ya Kyﬁ Kw-

6.2.3 Computation strategy of the model

The computation strategy is found by compromising between results error and
allowable time resources for computation. The increment of mesh density reduces the
error and increases computation time. The computation step includes a while loop that
checks the allowable error and computation total time resource limit. If the limit
permits, it increases mesh density by reducing the maximum element size for each loop
iteration. The initial maximum size (indicated by emax) of triangular mesh elements as
shown in Fig. 30, is considered as per the following expression (97).

€max = \/Rgo + Rﬁo - R?i - er'i (97)

6.2.4 Algorithm of the model

The computation of the proposed model is done with an algorithm that follows the
flow chart is shown in Fig. 33.
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e =

Initialize the input parameters as geometric sizes, positional
and orientation vectors, magnetic properties, error limitation
and approximate computation time allowed

Calculate the initial size of the mesh element using the equa-
tion (97)

Create triangular 2D mesh of cross-sectional area of the stator
and rotor magnets, calculate centroids of triangular meshes

'l

Compute the instial force and moment vectors using equation
(83) to (94) and initialize the temporary errors as larger val-

ues
- .
__.»“ , ~..
e Erl;iﬁsl{hﬂ;ﬁbgg e . w0/ N
/" Display all out-
—>‘<Z: force or moment error :34:} pﬁppgmgs
. limitation and consumed =~ AN /
“-_time is less than the time ]
ﬂ YES
Reduce the mesh size and create the triangular 2T mesh for -~ =
cross-sectional areas of stator and rotor magnets, calculate cen- I.*’ End \‘-I
troids of triangular meshes. Compute the force and moment vec-| | )
tors using equation (83) to (94) and replace the temporary errors |~
with the old values

Fig. 33. Flowchart of the program of the proposed model

6.3 Sensitivity analysis of error and computational time
on mesh density

The sensitivity study of absolute error and computation time are conducted together.
The maximum size of the element reduces while multiplying a suitable fractional
number of 0.75 for each step. The relevant number of elements also increased on mesh
generation for each iteration. Hence, Mesh density.

(i.e., number of elements per unit area) also increases. The error and computation time
is calculated for each mesh density and plotted in Fig. 34. Geometric and magnetic
properties of PMB are taken from Table 17. Rotor magnet position is considered
radially 1 mm shift and axially 5 mm shift from the stator magnet. Axes of the rotor
magnet and stator magnet are considered parallel here. The slope of Relative errors, as
per Fig. 34, becomes almost flat and reaches below 0.63% for mesh density
approximately above 48 elements/ cm2. The optimum computation time is
approximately below 4 seconds for this mesh density. Computation time increases with
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the increment of mesh density, as shown in Fig. 34. The convergence error mentioned
as an error bar in Fig. 36, Fig. 37, Fig. 38, Fig. 39 and Fig. 41 is demonstrated to get
the confidence of the computation.

Relative error (%)

Fig. 34. Relative errors and computation time variation with mesh density
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6.4 Validation of the proposed model
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The basic estimated parameters, such as force and moment, are validated with the
relevant previous research data [38] and compared with the FEM analysis tool (A
commercial software). A similar method was adopted to [53] extract data in a quantified

0 20 40 (mm)

Fig.35. 3D Mesh plot of magnets in A commercial software
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format for comparison. We found present model holds good validation with the existing
model in the force parameter comparisons plot. Further, parameters estimated using
other FEM analysis tools (A commercial software) also confirm a close comparison
plot of results.

The typical input data of Table 17 and Table 18 are used for validation and comparison
purposes. Here, the rotor translation movement is considered on the XZ plane only with
zero tilt for validation. In commercial software, default tetrahedron elements are created
during meshing, as shown in Fig. 35. We used a parametric option in Magnetostatics
Solver of a commercial software for setting different rotor magnet positions to compute
relevant forces and moments in row vectors. This tool solves the Maxwell
magnetostatics equation using the integral of the surface current source method
followed by generalized potential formulation [56]. Fig. 35 shows all three axes of the
rotor magnet and 3D meshing axes.

Table 17 Physical parameters for validation

Input parameters Values with units
Inner radius of the rotor ring magnet 0.010 m
Outer radius of the rotor ring magnet 0.020 m
Inner radius of the stator ring magnet 0.022 m
Outer radius of the stator ring magnet 0.032 m
Length of the rotor magnet/ stator magnet 0.010 m
Residual flux density of magnets 1.0T (kg. s2. A
Absolute magnetic permeability 4 x 1077 N/ A?
Relative magnetic permeability 1.0

Table 18 Mesh and other Parameters for Validation

Input parameters Values with units

Initial absolute error of forces used in AN
proposed model
Initial absolute error of moments used in

0.01 Nm
proposed model
Initial relative error of both force and 0.1%
moment used in proposed model '
Cumulative computation time resource per
estimation of force and moment together 3 seconds
used in proposed model
Variable density of triangular mesh used in
proposed model for rotor and stator
magnet
Number of elements used in software for
rotor magnet
Number of elements used in software for
stator magnet

25-90 number of
elements/ cm?

11649

19410
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6.4.1 Proposed model validation using axial force data

The axial force is calculated at the different axial shifts of the rotor magnet as Fig. 36.
The radial shift of the rotor magnet for this calculation is kept constant at 1 mm. The
absolute maximum and minimum errors of the predicted axial force found in the
proposed model are 2.346 N and 0 N. Here, the prediction error is the difference
between the results on the last two successive iterations of the conditional loop of the
algorithm shown in Fig. 33. The estimation of axial force using the proposed model
almost matches the previous research by Bekinal et al. [38] shown in Fig. 36. However,
it shows approximately different error values at all positions compared with a
commercial software result. The main two probable reasons for this error compared
with commercial software results are the demagnetization effect and non-optimum or
coarse element size. The average density of tetrahedral mesh calculated here is 1177
elements/ cm3 for estimation using a commercial software to limit the computation
cost. Also, demagnetization effects due to the proximity of the rotor and stator magnet
are not considered in the proposed model. Error bars represent the range of model
residual errors in predicted values, varying for different dependent variable values.
These residual errors are derived from the output metrics at the final iteration step and
can be positive or negative.

160

Predicted errorbar of present model
—e—Nominal Force of present model
=~ ~Reported by Bekinal et al.

: ......._.__-‘_-_-‘---'Estimation using Ansys Maxwell
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Axial Magnetic force
on rotor magnet (N)
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Axial shift of rotor magnet (mm)

Fig. 36. Variation of magnetic axial force on rotor magnet with the variation of axial
shift of rotor magnet from stator magnet for validation of present model with the
existing model

6.4.2 Proposed model validation using radial force data

The radial force is calculated at the different radial shifts of the rotor magnet as Fig. 37.
The axial position of the rotor magnet for this calculation is kept constant at zero. The
maximum and minimum absolute prediction radial force errors found on the proposed
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model are 1.772 N and 0.008 N. The estimation of radial force using the proposed
model with the algebraic sum of the prediction error almost matches previous research
[38], as shown in Fig. 37. Hence, the estimation of radial force using the proposed
method is closer to the previous research by Bekinal et al. [38] than the computation
value in software. The probable reasons are as same as mentioned earlier for axial force
validation. The nature of errors while comparing with computation in a commercial
software grows with the increment of radial force value.

OC\ T
Predicted errorbar of present model
N —e&— Nominal radial force of present model
- > - - - Reported by Bekinal et al.
@ Py e U Estimation using Ansys Maxwell
S Sof N - ]
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U) —"*: ~
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© ~-301
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Radial shift of rotor magnet (mm)

Fig. 37. Variation of magnetic radial force on rotor magnet with the variation of radial
shift of rotor magnet from stator magnet for validation of present model with the
existing model

6.4.3 The moment comparison

In the XZ plane, the moment is considered about an axis parallel to the Y-axis, passing
through the geometric centre of the rotor magnet. The moment estimated from the
proposed method is compared with the moment result of a commercial software only.
We have yet to find any validated moment data from previous research with this type
of PMB configuration. The moment of the rotor magnet is calculated at the different
axial shifts of the rotor magnet as Fig. 38. The radial shift of the rotor magnet for this
moment calculation is kept constant at I mm. The absolute value of the maximum and
minimum prediction of moment errors found in the proposed model is 0.0088 Nm and
0 Nm, accordingly. Thus, the variation of the moment using the present model is also
compared and validated with the results using a commercial software are shown in Fig.
38. Here, the magnetic moment results about the centroidal Y-axis of the rotor magnet
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using the recommended method are close to the computation results estimated by
software. Here, the maximum difference in results between the recommended method
and the software tool is 0.017 Nm. This maximum difference result is found while
calculating the moment at the rotor magnet's 1 mm axial shift and 1 mm radial shift. As
a result, the moment value using the proposed method at this position is -0.0966 Nm,
and the same using software is -0.1136 Nm. The reasons for this minor variation of
results should be the same as discussed in the proposed model validation with axial
force data.

0.06 : : : .
-0.055 31

Predicted errorbar of present model
—e—Nominal Moment of present model
-+ Estimation using Ansys Maxwell
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o
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o
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Magnetic moment about Y axis
on rotor magnet

0.2 _é _ 12 1I8 2|4
Axial shift of rotor magnet (mm)

Fig. 38. Variation of magnetic moment about centroidal Y axis of rotor magnet for
validation of present model with a commercial software

30

6.5 Simulation results for magnetic moment and
stiffness characteristics using proposed method

The proposed method with an applied example is simulated here using the same input
of Table 17 and Table 18. The magnetic moment for the various shift positions and tilt
as angular orientations is simulated.

The magnetic moment of the rotor magnet about the centroidal Y-axis for various
axial shift positions is simulated in Fig. 39. The plots in Fig. 39 also compare moments
for the different radial shifts. The orientation considered here is constant and maintains
concentric axial alignment between magnets. The plots in Fig. 39 also consist of
prediction errors tendency as shades for each calculation. A separate contour plot of the
magnetic moment about the centroidal Y-axis is shown in Fig. 40 with color scale and
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lines to understand the constant magnetic moment line characteristics on the XZ plane.

0.1 T
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04 ——
: Predicted errorbar for
radial shift 0.5 mm
Nominal magnetic moment

for radial shift 0.5 mm
Predicted errorbar for
radial shift 1 mm

Nominal magnetic moment
for radial shift 1 mm
Predicted errorbar for
radial shift 1.5 mm
___Nominal magnetic moment
for radial shift 1.5 mm

Magnetic moment (N
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Axial shift (mm)

Fig. 39. Magnetic moment with subsequent prediction error bar distribution along axial
shift for three different radial shifts differentiating by three colors of blue, magenta and
red accordingly
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Fig. 40. 2D contour plot of magnetic moment about centroidal Y axis distributed over
XZ plane

Only the relative radial position in the X direction and the relative axial position in the
Z direction are considered for the 2D contour plot for the magnetic moment in the XZ
plane, keeping all other degrees of freedom as zero. The equal magnitude moments (in
Nm) are joined with the white line mentioning the value. The colour map with a scale
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presents an additional presentation of moment estimation. The magnetic moment in
Fig.40 is negative (clockwise) for axial shifts up to approximately 13 mm and positive
(counterclockwise) for axial shifts above 13mm. The radial shift of the rotor magnet
centre is positive (away from the radial X direction and perpendicular to the stator axis).

Another similar magnetic moment distribution over tilt about the centroidal Y-axis is
shown in Fig. 41. Here, the centroid of the rotor magnet is kept radially zero position
such that the centroid of the rotor always lies on the stator magnet axis for all tilts and
axial shifts. It also compares the moment and its error bar for the different axial shifts
of the rotor magnet. The moment for a particular tilt angle is reducing with the increase
of axial shifts from zero to 5 mm axial shift. Finally, it becomes negative at a 10 mm
axial shift in the same direction as observed in Fig. 41. This characterization is
simulated for the variation of tilts from 0 degrees to 10 degrees in Fig. 41. This
phenomenon is also observed in Fig. 42 along the Y axis. The absolute value of the
magnetic moment about the centroidal Y-axis of the rotor magnet increases with the
increase of tilt angle about the same centroidal Y-axis.

1.6
Errorbar for zero axial shift
—e—Moment for zero axial shift
0.54 F . Errorbar for 5 mm axial shift
1.2 = # Moment for 5 mm axial shift
0.52 / Errorbar for 10 mm axial shift
05—  9Momentfor 10 mm axial shift
39 441

o
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0.4 -

Moment about centroidal
Y axis of rotor magnet (Nm)

-0.16 pone,
0#« . @ i
P Sl - -0.18
L9 I\ 39 4 4.1

04 2 4 6
Tilt about centroidal
Y axis of rotor magnet (degree)

Fig. 41. Magnetic moment with subsequent prediction error bar distribution over tilts
about centroidal Y axis of the rotor magnet for three different axial shifts differentiating
by three colors of blue, magenta and red accordingly
A similar characterization simulation can also be observed if we change the rotor
magnet axial length without changing the stator parameters; even the rotor magnet
centroid is radially and axially at zero position. A 2D contour plot in Fig. 42 shows a
color scale and constant magnetic moment line to describe the observation. The contour
plot presents the magnetic moment variation where tilt about the centroidal Y axis
varies in the vertical axis, and rotor magnet axial length varies in the horizontal axis.
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Fig. 42 shows that moment becomes positive up to approximately 20 mm axial rotor
length. The moment becomes negative (changed moment direction) for the axial length
above 20 mm. The moment in Fig. 42 becomes maximum at 10 mm axial length of the
rotor (equal length of stator magnet) and 10 degrees tilt of the rotor. Similar behaviour
is also understood from Fig. 14 that resisting moment (negative moment) with the
increase of tilt can be achieved once the rotor magnet axial length is more than 20 mm
approximately while the stator magnet axial length remains the same at 10 mm. Thus,
a designer can choose the appropriate rotor length to achieve the required angular
stiffness and stability when there is a demand for angular stiffness. The same demand
of angular stiffness can be fulfilled with the proper axial shift, as shown in Fig. 41, with
the same length of rotor and stator.

© 10 1

o

O

= 8|

c

85, 0s

5 @ Moment
| —

° Q. (Nm)

— 0 0

: g

C w

Q % 2

E @

E > 0 05

o

10 15 20 25 30
Rotor magnet axial length (mm)

Fig. 42. 2D Contour plot of magnetic moment about centroidal Y axis of rotor magnet
distributed over variation of tilt and rotor magnet length

This characteristic can also be understood from the 6-DOF stiffness matrix, as shown
in Tables 19 and 20. The stiffness matrix in Table 19 and Table 20 is calculated when
the rotor has zero shift and tilt orientation in all degrees of freedom. The other input
parameters are also the same as Table 17 and Table 18 except for the rotor magnet axial
length for calculating the stiffness matrix of Table 20. The rotor magnet axial length is
chosen as 30 mm to get the diagonal positive angular stiffness matrix, as shown in Table
20. The value is 1.98 Nm/ rad. Table 19 shows negative angular direct stiffness as -7.96
Nm/ rad as the same length (10 mm) of stator and rotor magnet is chosen for calculation.
The first row and column of Table 19 and Table 20 indicate the degrees of freedom and
relevant load type. Direct and cross stiffness for the spin angular degree of freedom is
found zero in Table 19 and Table 20. This zero is found as the stator magnet is
symmetric about its cylindrical axis. If the stator is an intermittent or arc type of
segmented magnet, the direct stiffness coefficient of the rotational axis about the Z-axis
can be non-zero.
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Table 19 magnetic stiffness coefficients for equal length of rotor and stator magnet

X Y Z o B y
S
wodh B,
Fz 0 0 ﬁfﬁ” ;\%%74 0.0188 N/rad 0
Mx 0 0 _0774 N I\Zn?fm . ££2;3 0
My 0 0 0.0188 N ££2;3 i\?ﬁfra ; 0
My 1%00“ 1%0077 . . . .

Table 20 magnetic stiffness coefficients for increased length of rotor magnet from stator

X Y Z o B Y
1623 0.0187 -0.0005
Fx N/m N/m 0 0 0 N/rad
0.0187 1623 -0.0002
Fy N/m N/m 0 0 0 N/rad
-3245 0.0003 0.001
Fz 0 0 N/m N N/rad 0
1.98
Mx 0 0 0.0003 Nm/ 0 0
N
rad
1.98
My 0 0 0.001 0 Nm/ 0
N
rad
-0.0005 -0.0002
Mz N N 0 0 0 0

A permanent magnet must be integrated with proper stiffed and damped interfaces to
stabilize. Table 19 and 20 stiffness matrices here require additional positive stiffness
(mainly axial stiffness). A positive value of the axial stiffness may be obtained using a
pin joint support with a flexible structure to one end of the rotor magnet. The other end
of the same structure has a fixed joint. The stiffness matrix can be converted to a modal
stiffness matrix, assuming mass as the identity matrix. The eigenfrequency can be
analyzed for its static stability. Static stability demands the diagonal element of the
normalized modal stiffness matrix to be positive. Direct angular stiffnesses, as per the
fourth and fifth diagonal elements in Table 19, become positive, as shown in the same
component in table 20, by changing the geometric property as the length of the rotor
magnet.

Similarly, The Moment component of the rotor centroid along the global Z-axis may
be assumed as a relatively high stiffness value equal to the shaft’s twisting stiffness,
considering the angle between the Z and Z1 axis as significantly less. Hence, various
random positive assumed stiffness values are added in Tables 19 and 20 separately to
the coefficient Kzz and Kyy to assess the eigenfrequency. In all the cases, the table 20
stiffness matrix has positive eigenvalues after the above addition, whereas table 19 does
not. Thus, rotor magnet axial length also significantly contributes to stiffness and
stability.
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6.6 Summary

This chapter presents a typically semi-analytic and finite element approach that differs
from past available methods. The magnetic moment characterization of permanent ring-
type axially magnetized magnetic bearing is explained in Fig 39, Fig. 40, Fig. 41, and
Fig. 42. Particularly the plot of magnetic moment, proper validation of this kind of
permanent magnetic bearing is not found in previous pieces of literature. A complete
6-DOF stiffness matrix is also studied. A characterization also shows how angular
stiffness or resisting moment varies with the tilt angle. Furthermore, A designer can
wisely choose the rotor magnet length or axial shift position while demanding positive
angular direct stiffness, as shown in table 20. An algorithm is also presented here with
this suggested model that handles the improvisation between numerical error and
computation time. The algorithm of this proposed method is simplified for scripting.
The simplicity of matrix operation in the proposed model will allow them to couple
with another physical interface around the spatial boundary of the bearing. Hence, it
has the future scope for studying dynamic stability considering the presence of any fluid
in the clearance of the rotor and stator. Viscous damping due to the other fluid's passive
or active interaction can be studied for stability and disturbance rejection. This overall
finding will help the designer to optimize for a specific goal related to the magnetic
moment and direct angular stiffness with the constraint of PMB parameters, such as the
length of the rotor magnet over a stator magnet shift position of the rotor magnet. Thus,
this chapter has addressed the second and third objectives. The knowledge from Chapter
6 can add value to the next chapter to address the last objective of the research.
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7. Numerical study of hybrid-system of
bearings

In persuasion of the fourth objective of the research and the gap realized from the
literature review done in Chapter 2.3, as also expressed in Chapter 2.4, The following
works have correlations with earlier works. The fundamental characteristics of a hybrid
system of different types of bearings are shown in this chapter with the non-dimensional
analytical model. The fundamental characteristics of the hybrid system of multiple
types of bearings are shown in this present work with a non-dimensional analytical
model. The hybrid bearings system is a simple arrangement of permanent magnet
bearings and fluid film plain cylindrical short bearings with a standard journal. It can
also be valid for certain types of compact hybrid bearings instead of the system of
bearings. The characteristic analysis covers the non-dimensional trajectory of the
journal position, natural frequency, stability analysis, and the journal's response to
harmonic load. The analysis results of the hybrid bearings system are compared with
the results of fluid film plain cylindrical similar bearing pairs. This study is to
understand the conditions of improved behaviours of the hybrid system of different
bearings over fluid film bearings.

7.1 Introduction

There is the requirement of such an analytical study like fluid film plain journal bearing
so that designer can easily choose the design parameters to use such a hybrid system of
bearings and also check if it is feasible with the desired application. From this
motivation, analytical non-dimensional characteristics of the hybrid system of bearings
are derived. So, there will be some fundamental clarity of the feasibility zone of such a
hybrid system. A combination of passive magnetic bearing and fluid film plain
cylindrical short bearing is considered in the present scope of work. However, it will
still be valid for other magnetic bearings systems where the radial stiffness of magnetic
bearing will not vary directly on all angular positions of the rotor magnet. Hence, the
hybrid bearings with the angle of the arc of the stator magnet [26, 102-105] cannot be
theoretically characterized with this present scope of the study. The findings are also
shown in comparison figures with plain cylindrical short-bearing pairs of fluid film.

7.2 Details of the proposed model

The detail analytical model is presented with derivation and schematic of the set up.

7.2.1 Hybrid bearing setup

A fluid film plain cylindrical short bearing, a stator ring magnet, a rotor magnet and a
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standard journal are the key elements of a hybrid system of bearings setup, as shown in
schematic views in Fig.43 and Fig. 44.

The journal of radius R1 is considered to be rotating with a constant anti-clockwise
rotational speed. Journal centre Cj is located at a point of eccentricity € to the geometric
centre Cb of the fluid film plain cylindrical short bearing of radius Rb and length L.
The rotor magnet is concentric with a journal and attached to the journal with a fixed
joint. The stator magnet is concentric with fluid film plain cylindrical short bearing and
fixed with a common grounded base of both bearings. The rotor and stator magnet
length is commonly considered L as the same length of short bearing. Hence both
bearings are considered very close axially to each other and act as a parallel
combination. Both the magnets of the rotor and stator have an axial magnetization.
Rotor magnets have an inner and outer radius of R1 and R2 respectively. The same for
stators have R3 and R4, respectively. In this proposed model setup, the journal and
other assumed rotary elements, excluding mass due to magnetic rotor arrangements, are
considered rigid. It is also considered that these have lumped mass of m0. However, A
lumped mass, including the mass of rotor magnetic arrangements, is considered m. The
reason for considering different masses is to compare both bearings systems with the
applicable mass. Mass can also be considered as same when no comparison will be
studied. The same maximum radial clearance or gap is also considered for all bearings
for easy analytical purposes.

Fluid film plain A
cylindrical short bearing \
A Stator magnet
Journal
Bearing center axis

Journal center axis

\ T Rotor magnet

=

/&
(e [ e /@)

Fixed base

Fig. 43: Schematic front view of hybrid system of bearings
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Y Stator magnet

Rotor magnet
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Fluid film bearing
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Magnetic force, Fm

Viscous force, Fb
|Applied load, Fa

Fig. 44: Schematic end view of hybrid system of bearings

The centre circular green colour zone is the journal end view portion. The black dashed
circular line of Fig. 44 is the inner diameter of a fluid film plain cylindrical short
bearing. Hence, the zone is inside the black dashed circle and outside the green circular
area is the conventional clearance of fluid film bearing. Both light-brown and deep
brown-coloured zones are the total end view area of the rotor magnet and stator magnet
accordingly. The outermost light brown-coloured zone is the end view of the stator
magnet. The white-coloured zone is the clearance zone of the rotor and stator magnets.
Rotor and stator magnets are basically a magnetic bearing setup. The magnetic bearing
has zero axial shift between two magnets. However, magnetic bearing and fluid film
plain cylindrical short bearings have very small relative axial shifts compared to the
overall length of the journal. Two or more pairs of similar magnetic bearings can be
used symmetrically on both sides of fluid film bearing instead of an equivalent single
magnetic bearing setup. This setup avoids the ambiguity of tilting moments in a hybrid
bearing configuration system. This configuration is also valid for compact hybrid
bearings where two bearings have zero axial shift. Hence, total magnetic stiffness can
be directly multiplied by the number of magnetic bearing setups for all such types of
configurations. Both rotor and stator magnets are arranged with similar magnetic
polarization states to act as repulsive magnetic bearings.

The forces Fa, Fm and Fb are basically applied load on the journal, magnetic force and
Reynold’s viscous force of the hybrid bearings system. Their static force equilibrium
schematic diagram is shown in Fig. 44.

7.2.2 Analytical model of hybrid system of bearings

The analytical model of a hybrid system of bearings setup arrives from the available
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model of fluid film plain cylindrical short bearing [76] and model of ring type
permanent magnet bearing [28, 31-35, 37-42, 47-49, 53, 65, 73, 117]. The Reynolds
force of short bearing along X' and Y' are as follows [76].

o AN € (1+2€2)

F'y = —Fg, {e (1-28) = +75 (1_62)%} (98)
o (. 9 € —& 4e

i FCb{ >(1-23) (1-e2)7 (1‘62)2} o2

Where Fe, is Reynold’s force coefficient.u is the absolute viscous coefficient of the
fluid. & is the common radial clearance of fluid film plain cylindrical short bearing.

NRpL3
Fop =555 (100)

For static equilibrium the following relation holds.

=0

Qe

=0 (101)

£
"0
Reynolds dynamic force components along X and Y coordinates are as follows [76].

F, = F'ycosp — F',sing (102)
E, = F';sing + F',,cosg (103)

Magnitude of this force is,

F, = |(F2+E}?) (104)
Or,
F,= |(F2+F%) (105)

And attitude angle only due to fluid film plain cylindrical short bearing is,

n=tan~1 =2 (106)

Fry

Hence, following relation can be concluded where f; is function of dynamic force
without coefficients.

IFol = fen2fs (6.5, %) (107)
for =525 (108)

The coefficient fc, is always constant for a particular system of fluid film plain
cylindrical short bearing.

The following expression is also true at static position of journal where fys is function
of static force without coefficients.
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€=0,¢ =0 (109)
Fps = fepfps(€) (110)

Where, F,, is the magnitude of static force. fy,4(€) is modified Summerfield number of
fluid film short cylindrical bearing [76].

From the above following dynamic stiffness K, and damping coefficient C;, of fluid film
plain cylindrical short bearing can be arrived [76].

1T
 simgy[3F 9]
K] = | (Z2) [0 e, |8 2 (111)
bl — 5 . cosp | |aF, OF,
) " Loy [
1T

coso  =Sme1[2 95
e = |(E2)| 7 e || & (112)
- . cos OF,
o) |ging <o ||ore o,

- € “lop 0¢l

Non dimensional stiffness K,and damping coefficient C,, are as expressed below.

(K] = — (K] (113)

[Ch] === [Cp] (114)

Permanent magnetic radial force is almost directly proportional to the radial eccentricity
of the journal or rotor magnet at zero axial shift of magnets [28, 31-35, 37-42, 47-49,
53, 65, 73, 117]. the radial stiffness is almost constant at zero axial shift between
magnets as found on various literatures [28, 31-35, 37-42, 47-49, 53, 65, 73, 117]. The
magnetic radial cross stiffnesses are zero and direct stiffnesses are equal at same
condition [53]. Hence, following relations for magnetic force (Fm) with stiffness (Km)
can be adopted for easy analytical purposes.

1 0 cosQ
[Pl = =K [ 1] 9€ [ sing (115)

Non dimensional magnetic stiffness expression will be as follows.

K] = [(1) ‘1) (116)

The radial magnetic reaction force on the journal is along the eccentricity displacement
of the journal centre. Reynold’s reaction force is acting same location on the journal
approximately as a concurrent force system, as shown in Fig. 44. The angle among
them is equal to the attitude angle of a fluid film plain cylindrical short bearing. The
angle of action of applied force on the journal acts  angle from the eccentricity
displacement or magnetic force. The angle [ is the modified attitude angle of the hybrid
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bearings setup system. Under equilibrium conditions, the following expressions hold.

E? = F2 + E2 + 2F,E,cosn (117)
_ 1 Sinnp
B = tan~ F—’:+wsn (118)

If external load on journal is acting at an angle o with X axis then following relation
holds.

p=a+p (119)

Angle a is -90° for downwards vertical applied load on journal.
The following state-space representation may be considered to find the trajectory of
journal position or the final static position of the journal in case of vertical load.

4

Where,
Total horizontal force component as below,

=R R

‘ ‘Fm(t X9, %) (120)
_FTy(t X, y'x Y)

FTx(tlx'y:xly):FH_Fx_Kmx (121)
And total vertical force component as below,

Fry(t,x,y,%,9) = Fy — E, — Kny (122)

Here, Fu and Fy are the magnitude of horizontal and vertical force. In case of downward
the sign of Fv may be considered as negative.

Orthogonal coordinates of the journal position and velocity of the above expressions
can be converted to polar coordinates as follows.

e = JxSTy (123)
Q= tan‘li—/ (124)

- % (125)
9 =57 (126)

Now, the expression (120) can be solved any two-state ordinary differential equation
solver programs with initial condition.
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For example, the initial velocity components may be considered zero at the initial
condition if it allows moving from rest. The initial position may be considered near the
bearing centre where eccentricity is close to zero.

To find the damped natural frequency general vibration equation will be,

[m 0 fa [Cxx ny]X_l_( kpxx kbxy] n [II:

mxx  Kmxy
0 m Cyx  Cyy kbyx kbyy k

])X =0 (127)

myx myy

Here, the rotating total mass is considered as m and stiffness and damping coefficient
matrix details are considered from the following

rCx ny
o ol =16] (128)
_kbxx kbxy]

=[K 129
»kbyx kbyy [ b] ( )
[Komoxx kmxy] [Km 0 ]

= 130

Ky mgy) L0 Ky (130)
The solution is considered as
X = X et (131)

Where t is time and o is oscillating frequency.
From equation (30) the following derivation can be found.

2[m 01 wt Cxx  Cxy] ot K pyx kbxy] [kmxx kmxy] ot _
+ + + =0
@ [0 m] ¢ @ [ny ny] ¢ ( kbyx kbyy kmyx kmyy ¢

Or,

mw? 0 ] WCxxy WCxy kpyx kbxy] [kmxx kmxy]
=0 133
[ 0 ma)z + wcyx wcyy] * ( kbyx kbyy * kmyx kmyy ( )

Ase®t =0,t #0

Or,
[mwz + WCxx + Kpxx + kmxx WCyxy + kbxy + kmx)’ ] =0

(134)
WCyy + Kpyy + kmyx mw? + weyy + kpyy + kmyy

m2w* + (Mcyy + meyy )03 + (Mkpry + Mkipry + Mkpyy + MKy + CrxCyy —
2
nycyx)w + (Cxxkbyy + Cxkayy + nykbxx + nykmxx - nykbyx - nykmyx -

nykbxy - nykmxy)w + kbxxkbyy + kbxkayy + kbyykmxx + kmxkayy - kbxykbyx -
kbxykmyx - kmxykbyx - kmxykmyx =0 (135)
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Now there is considered a reference frequency s such that following relation holds.
Fq
ws = |-£[76] (136)

Here,
Total mass of rotor magnet and journal together is m.
Let consider the following.

n== (137)

Ws

w =

$le

Hence, the following equation is found from (135).

m2wgto’ + (Mmeyy + mcyy)a)5353 + (Mkpyy + MKy + Mkpyy + Mgy + CexCyy —
—2

nycyx)wszw + (Cxxkbyy + Cxkayy + nykbxx + nykmxx - nykbyx - nykmyx -

nykbxy - nykmxy)wsa + kbxxkbyy + kbxkayy + kbyykmxx + kmxkayy - kbxykbyx -
kbxykmyx - kmxykbyx - kmxykmyx =0 (138)

Using non-dimensional stiffness and damping coefficients relations from (113, 114 &
116) following equation is arrived.

—4 Fp = | = _3 FyT -
m?wstw +mﬂ—’;(cxx+cyy)ws3w +(m?”k +m-2

Fn 7 Fb Fb— — Fb Fb— — 2—2 Fp Fp— 7 Fme_ -
m?k myy t 55 26 C¥*Svy ~ 05 26 cxycyx) wlw” + (Q—s?cxxkbyy t 2575 — CxxKmyy +
F Fb 7 Fme— ' Fbe— - Fp Fn— 77 Fb Fb—
—c k —c ——C bC Ky —
255 Cyy bxx F o575 € Mmux T o575 CxyKoyx T o575 xy ™% s & TyxTbxy
Fp En— 77 Fp F e Fp F 7 Fp F, 7
n—’;?mcykaxy) wsw + 5” ab kbx kpyy + 5” ;”k kmyy + 5” ;”kbyykmxx +
Fn Fm 77 1 FpFpT Fme Fme 1, FmFm 1, _
??kmxkayy _?? bxykbyx 5 & kbxykmyx 5 & kmxykbyx 5 6 kmxykmyx -
0 (139)

(Fb)zlz Cpel@” + (F)ZE Kpyy +2Eme Kk +(Fb)zz Kpex + 20 &
Fa 52 xytyx Fg xx"byy Faz xxtmyy bxx Faz mxx

2 2 2
Fp\“ = T FpFm— 77 Fp\“ = T FpFm— 77 1— Fp\“ 7 -
(3) Eeykiye — 25 ¢ Jemye (2) eekiny — 253 cykaxy}5w+{(Fa) K Kpyy +

bxx
2 2
FpF, FpF, F, - T Fp\“ 7 T FpFm 7o -
Fa zm kbxkayy + Fam kbyykmxx + (F_T:) kmxkayy - (F_a) kbxykbyx - ?;nkbxykmyx -
FpF, F\2— =+
; zmkmxykbyx (F_Zl) kmxykmyx} =0 (140)



Or,

0 +A,@ + A0 +Asw+A4,=0 (141)
Here,

F — —
Ay = 15 (Cox + Tyy) (142)

Fbk ka Fm

Fb kb
mxx
Fa  pxx Fq yy

2 2
- Fp 1 — Fp 1 —
kmyy + (F_a) 52 Cxxcyy (F_a) ) nycyx

(143)

Fp)\? FpFp— T FpFpp— T Fp\°= —
A3:{(F_::) Cxxkbyy+ b;ncxkayy-i_(F) C kbxx‘l' —bom m kmxx—(F—s) nykbyx_

a yy yy
2
FpFpm— 7T Fp\“ = 77 FpFp— 7T 1
7 C kmyx — (_) Cyxkpxy =—=2 € kmxy(= (144)
Fq xy Y Fg y y Fq yx Yo
2 2
_(F\"T T FpFmT T FpEm T T Fo\“T T _
A4 - (_a) kbxxkbyy + Faz kbxkayy + Fa 2 kbyykmxx + (F_a) kmxkayy
2 2
Fp\“ 7, 1 FpFm 7, 1, Fme Fm 1, 1,
—) k kbyx - 2 kbxykmyx kmxykbyx kmxykmyx (145)
Fa bxy Fa a Fa

If the polynomial equation (141) has complex conjugate roots, the imaginary part of the
roots will be the non-dimensional damped natural frequency of the hybrid bearing.
There exists a maximum of two such natural frequencies. Real parts of the complex
conjugate roots are the non-dimensional growth frequency coefficients of the hybrid
bearing. There may exist a maximum of four such growth coefficients in the case of
real roots only and a minimum of two such growth coefficients in the case of complex
roots only.

For the system's stability, all growth coefficients of hybrid bearing need to be less than
zero. The real part of the complex root of the polynomial equation (141) needs to be

zero at the stability borderline. The imaginary part of the root is considered as A. The

following relation can be obtained putting w = iA on the polynomial equation (141).
—4 =3 -2 —

The following relations are found as the real part and imaginary part of the above (146)
is separately zero.

1 — A7 +4,=0 (147)
AT+ A1 =0 (148)

The first solution of the above relation is zero which has no interest on this contrast.
The other solution is as follows
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(149)

The non-dimensional damped natural frequency at the borderline is considered 2, and
;. The following solution is obtained.

= 3 (150)

Ay = /% (151)
3

DA+ =0 (152)

The below relation can be obtained from the above relations (142, 143, 144 & 145).

( (F 2_ FpFm— \
(ﬁ) Cxxkbyy+ Cxkayy+( ) nykbxx‘l' b ;nc kmxx }1
Fp\2_ — FpFm— — Fp\2_ — a
_(F_b) nykbyx_b—;nc kmyx_(p_b) nykbxy C kmxy
A a Faq a J
4 =7 (153)
Ay F_b(— +2yy)
a\CxxtCyy
F m— —
{F Cxxkbyy+ Cxkayy+ nykbxx‘l' nykmxx}
—Fy_ Fm— Fp— _ —
b Khyx—C  Kmyx—LCyxKpxy—C K
A, \Fa ny byx Facxy myx Facyx bxy Facyx mxy
Or, % = i (154)
Ag (Cxx+Cyy)
Or,
[ F bExbeyy"'FmExxEmyy"'F bEnybxx"'FmEnymxx }
A3z _ _szxyﬁbyx_FmExyEmyx_Fbnybey_Fmnymey (155)
Aq Fo(Cxx+Cyy)
Or,
1 Fb(Exbeyy+Enybxx_ExyEbyx_nybey) ]
Az _ +Fm(Exkayy"'zyykmxx_Exykmyx_nykmxy) (156)
Ay Fa(Cxx+Cyy)
Similarly,
1 - - - - Fp?\ 1 (— — - -
Az = o {Fo (ke + Ryy) + Fn (R + Kmy) + (5) 22 (CxTyy = Ty i)}
(157)

Fm is not function of spin speed of journal but Fy equals to Fys and directly proportional
to spin speed of journal at static condition. Now,

Fm _  Kmbe

Fp  fepfbs (158)
Or,

_ Kpde
Tmb = e fre (159)
Here,
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Fn Fq
1, =—,Tqp = —
mb Fp’ ab F

b

—2

So, the following equation can be arrived from equation (145), (152), (156) and (157).
_ By (BT mp+Bs3)

(160)
= 161
Tab(Bar2,,+BsTmp+Bs) ( )
Here,
B, = (Exx + Eyy)(ExxEyy - Exyfyx) (162)
BZ = _(Exkayy + Eyykmxx - Exykmyx - nykmxy) (163)
B3 = _(Exxkbyy + Eyykbxx - Exykbyx - nykbxy) (164)
—_ 2= - R R R
By = Cxx” kimxyKRmyx = CxxCxykmxxkmyx + CxxCxyKmyxKmyy = CxxCyxkmxxKmxy +
- — = — - - 2 - - = — - - = -
Cxxcykaxykmyy + Cxxcyykmxx - Zcxxcyykmxkayy + Zcxxcyykmxykmyx +
_ - 2 _ 2= 2 _ - — - _ - —
CxxCyykmyy — Cxy Kmyx — 2CxyCyxKmxyKmyx + CxyCyyKmrxkmyx —
_ _ o— 2 — _

2—

CxyCyykmyxKmyy = Cyx " Kmxy  + CyxCyyKmuxKmxy = CyxCyykmxyKmyy + Cyy " KinxyKmyx

(165)

BS = (beyﬁmyx + Ebyxzmxy)Exxz + (Ebyxzmyy - Ebyx

=

mxx ~ kbxkayx +

Ebyyzmyx)zxxExy + (beyEmyy - beymex - bexzmxy + Ebyyzmxy)fxxfyx +
(Zkbxkaxx - 2kbxkayy + Zkbxykmyx + Zkbykaxy - 2kbyykmxx +

_ 2T 7 T
2kpyykmyy )CxxCyy — 2kbyxkmyxCry” + (—2kpxykmyx — 2Kpyxkmxy )CayCyx +

_ _ S _ o - T
(kbxkayx + kbykaxx - kbykayy - kbyykmyx)cxycyy - Zkbxykmxycyx +

- — — — — — _ — — — — _ 2
(kbxkaxy + kbxykmxx - kbxykmyy - kbyykmxy)cyxcyy + (kbxykmyx + kbykaxy)cyy
2

(166)
B6 = ExxEyykbxx - 2Exxzyykbxxkbyy + (nyEyy - Exxny)kbxxkbxy + (ExyEyy -
- — N T - - = 2 S — - - S
Cxxcxy)kbxxkbyx + Cxxcyykbyy + (Cxxcyx - nycyy)kbyykbxy + (Cxxcxy -
N — 2T 2 L, 2 ._ _ — 2 = = N T
cxycyy)kbyykbyx — Cyx Kpxy + (cxx + 2CxxCyy + €y — Znyny)kbxykbyx -
_ 22— 2
ny kbyx (167)
Now
Ty = = (168)
Here,
Kmb€
B, = —™m
7 febwsfps
Or,
— fm€
7 fbs

(169)

The cm from the above equation is characteristic constant of the hybrid system of
Km
Cm = 77—

(170)
bearings which is newly introduced here and can be expressed as follows.
- fepws
Or,

(171)
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Cm = Cscmk\/mzo (172)

Here,

Journal mass is mo. cmk and cs are the characteristic constant of permanent magnet
bearing and fluid film plain cylindrical short bearing accordingly. cmk and cs can be
expressed as follows.

'm0

e = =2 (173)
G

o = M—VRZ’LL 525 [76] (174)

Where, G is applied load on the journal. It is equal to F. for hybrid system of bearings.
The following equation is derived from equation (117), (160), (168) and (170).
Tab =J(1 +%+2%cosn) (175)

Following relation is also derived from equation (117), (136), (137), (160), (168) and
(170).

_2 _
A0+ c2e? + 2cpefpsflcosn — 4c? mﬁ =0 (176)

0

The following relation is also true for the systems of n number of fluid film plain
cylindrical short bearing.

Qfps === (177)

The above equation (176) and (177) are the startup curves of system of hybrid bearing
and the system of plain fluid film cylindrical short bearing accordingly.

The following polynomial equation is also derived from equation ().

CO° 00 +Cal +C +Cell +Cel+Cy =0 (178)
Where coefficients expressions are as follows

C, = B? (179)
C, = 2B;B2cosn + 2BsB¢B, (180)
C; = BZB? + 4BsB¢B%cosn + BZB? + 2B,B¢B? (181)
Cy = (2BZcosn + 2B,Bs + 2BsBy  + 4B,Bscosn)B3 (182)
Cs = —B?B? + B2B7 + 4B,BsB7cosn + 2B,B¢B7 + BZB7 (183)
Ce = 2B?B,B3B;, + 2cosnBZB3 + 2B,B<B3 (184)
C, = —B?B2B? + BZB?® (185)

The positive real root of the solution of the equation (178) is the variable borderline
speed of the hybrid system of bearings over eccentricity. The polynomial equation (178)
is the borderline curve.

Hence, the characteristics of the non-dimensional borderline curve of a hybrid bearings
system depend only on non-dimensional characteristics constant parameter cm.
However, the same borderline speed for fluid film plain short cylindrical bearing is
almost universal for a particular length-to-diameter ratio [76].

Non-dimensional borderline speed and corresponding borderline eccentricity can be
obtained as the intersection of the borderline and startup curves.
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The equations (120) are also expressed in a non-dimensional form as follows.

x
y
x _
y cosa —=| 2 _ ¢ %
1 d I - k
—=1I"|= 2\ . [m m (186)
Wg dt X mg
y _
. -1| aF, —
sina 7 —F — CmkY
Cs [—
mo
Here,
= Fy, = B, X X y y ooz 1dx 3 1 dy
F = X F :—yx: = — = == X =—— = —— 187
X Fup’ Y Fu 0§ wg’ Y wsd  wg’ wg dt’ y wg dt ( )

Equation of motion for excitation force can be expressed following way in equilibrium
state [118].

(188)

[M]X + [C]X + [K]X = [F H e_iwlt]

Fve—lwzt
Where FH and FV are horizontal and vertical forces respectively and o; and o are
excitation frequencies, M is mass matrix, C is damping coefficient matrix and K is total
stiffness matrix.

If there is only consideration of vertical Force and related forced frequency is o, the
above equation becomes as following.

[M]X + [C]X + [K]X = [;’V] e-ivt (189)

Assuming harmonic form of solution which mimics the induced forced function, the
solution can be expressed as

X = Xge~iwt (190)
So, Differentiating the followings can be found.

X = —iwX et (191)
X = —w?Xye~twt (192)

Substituting the same on equation (189)
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—w2[M]X, — iw[C]X, + [K XO—[FV] (193)

Xo = [~o?M] = () + [K]) [ 1 ] (194)
Or,
% = [~w?[M] — iwlc] + (K1) []] (195)

The above expression is the two-dimensional response of journal position in terms of
non-dimensional displacement magnitude per unit non-dimensional vertical force,
which is named here non-dimensional receptance. As mentioned below, the same can
also be expressed as a non-dimensional form for hybrid bearing.

Xo —2 mo b mb T
==|-w —iw|C|— f + K ]
Fy [ [ ]rab Tab Tab m

7.3 Validation of model for static load

Validation of the algorithm for solving programs using any coding is necessary as it
warns of typographical program mistakes. The journal has been considered as having a
constant downward vertical load and spinning motion about its axis. The present model
is firstly aligned with a single fluid film plain cylindrical short bearing, putting cm as
zero on equation (186) to validate it with existing numerical solutions available on past
research data. The validation input parameters and output results are shown in Table 21
and Fig.45.

i (199

Static stability position is found when velocity components of the journal centre again
become approximately zero after releasing the journal from the start location mentioned
as “A1” in Fig. 45. The transient locus of the journal centre is shown with a brown
curved line starting from point “A1” in Fig. 45. The brown line data is the validation
reference data extracted from the figure of the past available research [85]. The same
curve is plotted with the present model with the same input as Table 21 in same Fig. 45
to understand the validation accuracy. The colour of the transient locus as per the
present model is also maintained in a colour scale mapped to the nondimensional spin
speed of the journal, as shown using a colour bar in Fig.45 to understand the speed
variation along the locus.

Table 21 Data used for validation

parameters Non dimensional values
Static eccentricity 0.2

Static attitude angle 75.4°
Borderline spin speed of journal 2.688

85|Page



Direction of external static load with horizontal -90°

Running spin speed of journal (counter clockwise) 2
Coordinates of start location 0.2,-0.3418
Characteristic constant calculated from equation (177) 0.3451

0.3

1r

08
Clearance boundary

06 L 1025

Colour scale for non-dimensional spin speed

04r
0.2
0.2

Y eccentricity

0.2

0.4 .
Be#ring center

| Stableévend position

-0.6
Locus of jgumal center 0.05
081
Start location
4 | . . . . . 0
-1 -0.8 -0.6 -0.4 -0.2 ] 0.2 0.4 0.6 0.8 1

X eccentricity

Fig.45: Validation of trajectory of the journal center position of plain cylindrical short
bearing

7.4 Comparison results and characteristics study of
hybrid system of bearings

A detailed comparison study is carried out to study the characteristics of the hybrid
bearings system. The hybrid system consists of one fluid film, a plain cylindrical short
bearing, and a permanent magnetic bearing. The comparison is made for a hybrid
bearings system over two fluid film plain cylindrical short bearings. Thus, it is easy to
understand how a hybrid bearing system shows different characteristics than two fluid
film plain cylindrical short bearings do with the input parameters.

7.4.1 Stable position comparison

A similar method as adopted during the validation of fluid film plain short cylindrical
bearing is followed here to compare results for estimating stable position. The static
position is estimated using the assumed data as per Table 22.
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Table 22 Data used for hybrid system of bearings

parameters Non dimensional values
Coordinates of start location 0,0
Journal mass plus rotor mass to journal mass ratio 1.5

Characteristic constant of fluid film cylindrical 1

Characteristic constant of hybrid system of bearings 0, 1, 3, 5, 10, 20

The details, including starting and final positions of journal centres for both systems of
bearings, are shown in Fig. 46. The journal centre of the fluid film's plain short
cylindrical bearing is shown in black dashed lines. Others are shown in different

colours.

Y eccentricity

T ——1 T T

= = =two fluid film bearing Cs=1
Hybrid system of bearing Cs=1
Hybrid system of bearing Cs=1

Hybrid system of bearing Cs=1

Hybrid system of bearing Cs=1,
Hybrid system of bearing Cs=1,
Clearance circle

. Cm=0
, Cm=1
Hybrid system of bearing Cs=1,
. Cm=5

Cm=3

Cm=10
Cm=20

-1 0.8 0.6 -0.4

] 0.2 0.4 0.6

X eccentricity

0.8

Fig.46: Trajectory of the journal center position of both plain fluid film cylindrical
short bearing pair and hybrid system of bearings

To understand the above comparison with the time domain, Fig. 47 is shown the
variation of eccentricity to time. The oscillation of the journal centre of hybrid bearing
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is now comparable over fluid film plain short cylindrical bearing in Fig. 47. However,
the journal centre position is not showing a large oscillation to time due to the above
combination. The stability of eccentricity exists after some typical times, as shown in
Fig. 47. This settling time depends upon the characteristics constant and mass ratio of
journal mass to total rotating mass.

The high amplitude of eccentricity during the journey of oscillation is not favourable.
Due to the high eccentricity value, the bearing and journal surfaces are very close
together. The practical surfaces of the journal and bearing must have some irregularity
in terms of surface roughness at the micron level. Hence oscillation with large
amplitude is prone to bearing health.

The shorter amplitude of eccentricity oscillation of hybrid bearing means the clearance
of the journal surface and bearing surface is now more than that of fluid film plain short
cylindrical bearing. In this concern, essential observations are found in Fig. 46 and Fig.
47 that the eccentric position of the journal centre of a hybrid system of bearings before
and after settling to zero motion is more than that of fluid film plain short cylindrical
bearing depending upon the characteristics constant. This phenomenon is one of the
essential characteristics for avoiding friction due to the irregularity of the surfaces.

D? T T T T T
= — —two fluid film bearings Cs=1
Hybrid system of bearing Cs=1, Cm=0
Hybrid system of bearing Cs=1, Cm=1
06 Hyhbrid system of bearing Cs=1, Cm=3 |
Hybrid system of bearing Cs=1, Cm=5
Hybrid system of bearing Cs=1, Cm=10
a5 L Hybrid system of bearing Cs=1, Cm=20 |
zoal, .
S
o I
= i
o
5] 1
2 )
03 i - n
] i i \ F \\ Pt St i
! [ | v e o~ e T T R TEE TEE N TE P PRPY ey SR e P E s Sert e
|r 1) yof
! ¥ =
0.2 vt :
VI
| a
0.1 T
D | 1 1 1 |
] 10 20 30 40 50 &80

Time (seconds)

Fig.47: Eccentricity of the journal center position of both plain fluid film cylindrical
short bearing pair and hybrid system of bearings
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7.4.2 Attitude angle variation comparison

A comparison of attitude angle over time is shown in Fig. 48, considering the same data
in Table 22. The attitude angle of a hybrid bearings system is lesser than that of two
plain short cylindrical bearings, as shown in Fig. 48.

The characteristics curve of attitude angle over eccentricity at the stability point are
shown in Fig. 49. The attitude angle curve of fluid film plain cylindrical short bearing
is almost universal [76] as attitude angle is a function of eccentricity only here. The
same curve of a hybrid system of bearings varies with a change of speed and applied
load or both if the geometric and other parameters of the hybrid bearing are constant.
The attitude angle becomes zero much early before it reaches zero if the magnetic
bearing reaction contribution is biased by increasing the value of the characteristic
constant of a hybrid bearings system. A similar behaviour of attitude angle variation is
also reported in some recent research [ 105] which is close to one of this kind of bearings
arrangement as expected from the derived mathematical expression (118). That is not
precisely similar to the force of the electromagnetic bearing model [105] and is not
linear with eccentricity. Hence, stiffness is not approximately constant and not
applicable to this proposed model.

‘1DD T T T T T

= = =two fluid fim bearings Cs=1

Hybrid system of bearing Cs=1, Cm=0
Hybrid system of bearing Cs=1, Cm=1
80 F Hybrid system of bearing Cs=1, Cm=3 =3
Hybrid system of bearing Cs=1, Cm=5

| Hybrid system of bearing Cs=1, Cm=10
Hybrid system of bearing Cs=1, Cm=20

60

Attitude angle (degrees)
.
=

201

1] 10 20 30 40 50 60
Time (seconds)

Fig.48: Attitude angle of the journal center position of both plain fluid film cylindrical
short bearing pair and hybrid system of bearings
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Fig.49: Polar plot of attitude angle variation with non-dimensional eccentricity for
different characteristic constant of hybrid system of bearings

Another study is carried on as per subset data in table 22. The attitude angle of a hybrid
bearings system is dependent on both journal's spin speed and eccentricity
simultaneously, as shown in Fig. 50. White region of Fig. 50 is the unstable zone for
this particular hybrid bearings system. Constant attitude angle levels in lines are also
shown with the colour scale in Fig. 50.
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Fig.50: Contour plot of attitude angle variation for hybrid system of bearings (Cm =
2)

7.4.3 Bearing Load capacity ratio of hybrid system of bearings to
incompressible fluid film short bearings system

Fig. 51 shows the bearing load capacity ratio between the two systems of bearings. The
bearing load capacity ratio of hybrid system bearings to the similar double fluid film
bearings system is more than one when non-dimensional speed is approximately less
than one and eccentricity is also approximately 0.05 to 0.25. The characteristic constant
of fluid film short cylindrical bearing of a hybrid system of bearings need not be the
same at different sets of eccentricity and speed combinations. It has to maintain a fixed
characteristic constant of value 2 for a hybrid system of bearing and mass ratio 1.44 by
considering it as an example. This mass ratio is more than one to simulate extra mass
due to the addition of a rotor magnet. It may be concluded with this example, as shown
in Fig. 51, that the load capacity of a hybrid system of bearing can be increased when
there is such a demand at low speed and eccentricity under the constraint of fixed mass
ratio and characteristic constant of a hybrid system of bearings.

However, this will not be that useful concerning load carrying capacity while there is a
demand for non-dimensional spin speed of journal more than one under the same
constraints. This phenomenon is similar in Fig. 52, where the magnetic bearing load
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carrying participation becomes less at the regions under low speed and high
eccentricity.

The role of attitude angle on bearing resultant load capacity is easily understood from
Fig. 44 and equation (117). This phenomenon is further explained in Fig. 53 with other
typical examples. Here the fractional force components along the resultant load of both
bearings of a hybrid system are plotted over eccentricity. Other orthogonal components
will be the same and opposite to each other under equilibrium and stable conditions.

2

Non-dimensional borderline speed curve

Eccentricity
=
L

S
o

-0.7

-0.8

-0.9

- 0.5
0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 [

Non-dimensional speed of journal/rotor

Fig. 51: Contour plot of bearing load capacity ratio of hybrid system of bearings to
double fluid film short bearings system over non-dimensional speed and eccentricity
for a typical hybrid system of bearings (Cm = 2.4, mass ratio = 1.44)
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7.4.4 Natural frequency comparison

The variations of non-dimensional natural frequency are plotted over the non-
dimensional spin speed of the journal/ rotor. Fig. 54 shows that the natural frequencies
of two fluid film bearings systems are less than the spin speed of the journal. Here, the
natural frequency curve of a hybrid system of bearings crosses the equal spin speed line
at different points, indicating that the natural frequencies of a hybrid system of bearings
are somewhere more or less equal to the non-dimensional spin speed of the journal.

Equal speen speed line

Natural frequencies of hybrid system
of bearings (Cm=2.4, Cs=1, Cmk=2)
Natural frequencies of hybrid system
of bearings (Cmi=1.2, Cs=1, Cmk=1)

Non-dimensional natural frequencies
oy
T

Natural frequencies of two fluid

film bearings system (Cs = 1)
| |

1
0 1 2 3 4 5 i
Non-dimenstonal spin speed of journal/rotor

Fig. 54: Variation of non-dimensional natural frequency with respect to non-
dimensional spin speed of journal/ rotor

The relevant characteristic constants of all systems of bearings are also shown in Fig.54.
The designer has to choose the characteristic constants so that the journal's non-
dimensional working spin speed is not equal or nearly equal to the natural frequency of
the system. This choice is to avoid resonance during working speed.

7.4.5 Stability comparison for static load

The variations of non-dimensional growth coefficients are plotted over the non-
dimensional spin speed of the journal/ rotor. A stability comparison is also carried out
considering the typical characteristic constant of a hybrid system of bearings, as shown
in Fig. 55. The limit of the non-dimensional spin speed of the journal of a hybrid system
of bearings is at the point where the horizontal axis passing through the origin crosses
with the growth coefficient curve. The limit of journal spin speed of fluid film plain
cylindrical short bearing is 2.671. The growth coefficients curve of two fluid film
cylindrical short bearings systems are shown in the dashed green line in Fig. 55, the
same as standard [76]. Similarly, the limits for a hybrid system of bearings are 2.791
and 3.037 for different characteristic constants of a hybrid system of bearings, as shown

94 |Page



in the pink and blue curve in Fig. 55. Stability of the bearing loses above the limit of
spin speed as the growth coefficients of bearings have not negative sign.

Growth coeflicients of
hybnd system of bearings

({Cm=2.4, Cs=1 *W
0 A

Growth coefficients of
hybrid system of bearings

(Cm=1.2, Cs=1, Cmk=1)

|
I

Growth coefficients of
3 two fluid film bearings |
system (Cs = 1)

Non-dimensional growth coetficients

= I.I_ 1 1 1 1 1
0 1 2 3 4 5 6
Non-dimensional spin speed of journal/rotor

Fig. 55: Variation of non-dimensional growth coefficients with respect to non-
dimensional spin speed of journal

Another plot is shown in Fig. 56 for presenting the borderline speed curve and startup
curve of a different hybrid system of bearings and double fluid film bearings system.
The startup curve of each system bearing differs with the change of characteristic
constants of bearings. The stability border point of a particular system of bearings is
found at the intersection of the startup curve with the borderline curve. The stability
borderline speed curve of the double fluid film short cylindrical bearings system is
shown in the red curved standard line [76] in Fig. 56.

The borderline stability curve is a function of the bearing system's geometric and other
internal properties. Fig. 56 shows that the area of the stability zone of the hybrid system
of bearings has more coverage area than the area of two fluid film plain cylindrical
short bearings systems. The unstable zone is enclosed by a borderline speed curve, as
shown in Fig. 56 and Fig. 50, Fig. 51 and Fig. 52 as a white region. The hybrid bearing
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systems can operate an extended range of spin speed of journal at low eccentricity
compared with the same two fluid film plain cylindrical short bearings system.
Borderline speed curves of hybrid systems of bearings and two fluid film plain
cylindrical short bearings systems have overlapped each other at an eccentricity of
0.756. This phenomenon is shown in the dashed black line in Fig. 56. A contour plot of
the borderline speed of the hybrid bearings system is shown in Fig. 57 by assuming the
typical mass ratio of total rotary mass to journal mass as 1.44.

—— Borderline speed curve for hybrid system of bearings (Cm=0.012)
——Borderline speed curve for hybrid system of bearings (Cm=0.12)
——Borderline speed curve for hybrid system of bearings (Cm=1.2)

— — —Startup curve for hybrid system of bearings (Cm=1.2, Cs=1, Cmk=1)
Borderline speed curve for hybrid system of bearings (Cm=2.4) _
Startup curve for hybrid system of bearings (Cm=2.4, Cs=0.5, Cmk=4)

——— Borderline speed curve for hybrid system of bearings (Cm=6)
Borderline speed curve for hybrid system of bearings (Cm=60)

——Borderline speed curve for two fluid film bearings system

Eccentricity

Startup curve for two fluid film bearings system (Cs=1)
— — —Startup curve for two fluid film bearings system (Cs=0.5)
— — — Eccentricity limit line for extreme borderline speed (0.756)

-1 L 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
Non-dimensional spin speed of journal/rotor

Fig. 56: Borderline of stability and start up curve comparisons between hybrid system
of bearings over two fluid film bearings system

Characteristic constants of magnetic bearing and fluid film cylindrical short bearing
vary in the horizontal and vertical axis of Fig. 57. This type of plots information will
be helpful to the designer in choosing the mixing characteristics constants of a hybrid
system of bearings to achieve the desired maximum non-dimensional spin speed of
journal.

Another similar contour plot of eccentricity at maximum borderline speed is shown in
Fig. 58. This kind of information will be significant when the designer tries to limit
the eccentricity at maximum speed, maintaining a desired radial gap between the
journal and bearing.
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7.4.6 Forced frequency response comparison for vertical harmonic
excitation

A frequency response comparison study is carried out under a downward vertical
excitation. The hybrid bearing system is becoming stiffer due to the addition of stiffness
of permanent magnetic bearing. There has been no additional damping considered due
to magnetic bearing. Hence, this type of bearing is typically more than the response of
two fluid film bearings systems. Non-dimensional vertical and horizontal receptance
over various non-dimensional spin speeds of the journal is shown in Fig. 59 and Fig.
60 to understand the response comparison of a hybrid system of bearing over two fluid
film bearings systems. All the responses are due to vertical harmonic excitation, which
matches the non-dimensional spin speed of the journal. Fig. 59 shows more responses
for the hybrid system of bearing than another one due to harmonic excitation vertical
load for typical characteristic constant. The dynamic responses, as shown in Fig. 60,
are not similar patterns as shown in Fig. 59 because of stiffness and damping matrix
coefficients contribution to the dynamics are different for the vertical and horizontal

directions.
U_S T T T T T T T
Hybrid system of bearings (Cs = [, Cmk =4, Cm = 4.8)
0.45 | Hybrid system of bearings (Cs = 1, Cmk =2, Cm = 2.4) |
T Hybrid system of bearings (Cs = [, Cmk =1, Cm = 1.2)
Two fluid film bearings system (Cs = 1)
04r T
v}
o
Z 035§ -
1
w
o
= 03rf T
o
b=
1
=~ 0251 §
% 0.2 1
o
Toast -
Z
0.1 §
0.05
|
|
[’] 1 1 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3 35

Non-dimensional spm speed of journal/rotor

Fig. 59: Absolute vertical non-dimensional receptance of both system of bearings for
vertical harmonic force

The responses of the bearings show the highest peak close to their damped natural
frequency while plotting to the non-dimensional spin speed of the journal. Figures Fig.
59 and Fig. 60 show three types of characteristic constant combinations for a hybrid
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system of bearing with a fluid film bearing system shown in different colour response
lines. The lower response of the bearing system is desired as it reduces the chance of
surface damage due to collision and rubbing between bearing and journal surfaces
during harmonic excitation.

[j.?’ T T T T T T T
Hybrid system of bearings (Cs = 1, Cmk = 4, Cm = 4.8)
Hybrid system of bearings (Cs = 1, Cmk =2, Cm = 2.4)
Hybrid system of bearings (Cs = 1, Cmk=1,Cm = 1.2)
0.25 b Two fluid film bearings system (Cs = 1)

<
[

e

Non-dimensional horizontal receptance
=
s

0.05

[’j 1 | 1 1 1 1 1
] 0.5 1 1.5 2 2.5 3

Non-dimensional spin speed of journal/rotor

Lt
Lh

Fig. 60: Absolute horizontal non-dimensional receptance of both system of bearings
for vertical harmonic force

7.5 Summary

This work presents a detailed analytical model for finding the behaviour of a hybrid
system of journal-bearing setup. This analytical model with a similar schematic
configuration can help the designer decide the use of this type of hybridization as per
the required design objective and constraint. This finding can quantify the conditions
of improving the stability zone, increasing the borderline spin speed of the journal,
and increasing the excitation load capacity of a hybrid system of bearing over fluid
film plain cylindrical short bearings system. This analytical model also invites further
investigation scope for the character study of the different geometric structures of
bearings with more degrees of freedom.
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8. End conclusion and future scope of
work

8.1 Conclusions

The thesis presents a detailed study of journal-bearing systems. It includes a
statistical and graphical comparison of errors and computational time on non-
dimensional journal force estimation for short cylindrical bearings. It also presents a
numerical method for estimating hydrodynamic journals bearing characteristic
parameters under static equilibrium. The writing presents a simple method of non-
dimensional modelling using a simple permanent magnetic bearing configuration.
The article also presents a semi-analytic and finite element approach that differs from
past available methods. Finally, the report presents a detailed numerical model for
finding the behaviour of a hybrid system of journal-bearings and permanent magnet
bearings setup.

8.2 Suggestions for potential future work

Develop a more comprehensive model considering thermal load for estimating
hydrodynamic journal-bearing characteristic parameters. The current model is based
on a simplified assumption of static equilibrium without using any thermal load. A
more comprehensive model could consider the effects of thermal loads, wear, and
other factors, which would provide more accurate estimates of bearing performance
and could be used to design more reliable bearings.

Investigate the use of probabilistic approaches for estimating non-dimensional
natural frequencies. The current study uses a deterministic approach to estimate non-
dimensional natural frequencies. However, probabilistic approaches, such as the
Monte Carlo Integration method, could be used to consider the uncertainty in the
input parameters. This would provide more realistic estimates of bearing stability.
Develop a more sophisticated algorithm for optimizing radial magnetic force. The
current algorithm is a simple one-step optimization algorithm. A more sophisticated
algorithm could be used to find the global optimum of the radial magnetic force.
Considering all interfaces with PMB, A parametric study with feature engineering
could lead to the design of more efficient permanent magnetic bearings.

Investigate the effect of viscous damping on the stability of hybrid journal bearings.
The current study and model do not consider the effect of viscous damping except
for fluids viscous damping. However, viscous damping can significantly affect the
stability of bearings. Investigating the effect of additional viscous damping using
active magnetic bearing could provide more insights into the design of hybrid journal
bearings.

Develop a more general analytical model for a hybrid system of journal bearings and
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magnetic bearings. The current analytical model is specific to a particular type of
hybrid journal bearing. A more general model could be developed. This might be
applied to a broader range of hybrid journal bearings with 6-DOF that would be a
valuable tool for bearing designers. Similar methods can be applied on hybrid-system
of AMB and fluid film journal bearing or PMB with pneumatic bearing.
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Appendix A

A.1 Bearing force derivation

Relationship found from equation (27) and equation (29)

2TR

F, =, fOL Pdxdz where x = RO,z = ZL
2 1 —
Fy = [" [ PRLAOAZ

There are other approach using uniform scaling just considering x = R6,z = Rz

Hence, the equation (27) becomes,
Fy = [2" ['" PR2d0dZ

or, Fy = [27 [2/*F PR2d6dz

2

2
Or, F, = P,R?B, [ | L B, =KX

Lg = — _ L = _
Pd@dz where, L; = E’P =p ="

Fy = FycoerFyo Where, coefficient force, Fpeoer = P,R*B, and dimensionless force
function, Fy, = fozn fOZLd Pd6dz

Now, F, = :—b where, F,;, found from equation (100)
cb

- Fbcoefﬁbo
F, = —
cb

5 1.5XF_'b0
Fb - 13
d

A.2 Sommerfeld number relationship with journal
bearing force

Relationship found from equation (25) and equation (100)

1 r? uLwD URRpL3
=({—) % X nd F.,, =
S (Zn) (R-71)2 F @ d Fep 2652

If F,, is non-dimensional force of fluid film journal bearing, following steps can be
found in context of the above equations (25) and (100) as

FOT'Fb:FCbXF_b

S=(i)xﬁ>< WLOD s §=R—7

21 52 FCbXF_b
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1 r? uLwD
S = (—) X=X—7——7F5—
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2T 8 HORp xFp

252
1 . . :
S = ——= as mentioned in equation (30)
2 L4F)
L e = 1.5xF .
Or, S = —2— as substituting F, = # from Appendix A.l
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Abstract

Ranges of investigation on passive magnetic bearing exist where radial and axial forces and variations of a few coef-
ficients of radial and axial stiffnesses are shown for a particular set of chosen parameters and dimensions. The paper
presents a non-dimensional approach for the same with additional parameters like all coefficients of stiffnesses and
natural frequency. The model is considered for static analysis of axially polarised ring shaped magnets for both stator and
rotor part in three degrees of freedom with three linear translations in 3D Cartesian coordinate system. The significance
of this non-dimensional method is more generalised to the designer where boundary parameters like maximum force
on the rotor of passive magnetic bearing, natural frequency, etc. can be easily estimated by simple conversion without
doing separate numerical simulation for different parameters every time. The analysis of additional parameters like
non-dimensional natural frequency can be the input for non-dimensional dynamic analysis. This paper also provides a
way for maximization of radial force with the optimized solution of physical dimensions of passive magnetic bearing as
inner radius of stator and outer radius of rotor magnet while keeping others as input parameters. The proposed model
is validated with data available for radial and axial forces as well as for radial and axial stiffnesses that found in existing
literature for similar kind of problem.

Keywords Non-dimensional - Passive magnetic bearing - Radial force maximization - Natural frequency - Axially
polarised

Abbreviations Br,  Residual magnetism of rotor magnetic material (T)
F,,  Magnetic force between stator and rotor (N) Br,  Residual magnetism of stator magnetic material
Mo  Absolute permeability (47r X 10‘7%or%or%"') (M

r Radial distance of rotor small elemental area dS,
from rotor axis (m)
r, Radial distance of stator small elemental area dS,

n 3.1415926535 (Non-dimensional)
d;  Magnetic pole strength of stator magnet (Wb or

Am) N
q, Magnetic pole strength of rotor magnet (Wb or from statqr axis (m)
Am) Angular displacement of stator small elemental
r,,  Distance between stator and rotor magnetic pole area.dSS about stator axis measured from x axis
(m) (radian)
o, Stator magnetic surface charge density (T) B Angular displacement of rotor small elemental

area dS, about rotor axis measured from x axis

o, Rotor magnetic surface charge density (T) .
(radian)

S, Stator magnetic pole surface area per pole (m?)
S, Rotor magnetic pole surface area per pole (m?)
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Semi-Analytical Finite Element Approach for 6-DOF
Characterizations of PMB Load
M. Karmakar™ and S. Sarkar

Department of Mechanical Engineering, Jadavpur University, Kolkata, West Bengal 700032, India

A typically new semi-analytical finite element approach has been used to calculate the force and t of per g
bearing (PMB) in this article. PMB stator and rotor consist of ring-type cylindrical magnets having an axial magnetization. This
article focuses on the characterization of magnetic moment, stiffness matrix, model validation, and comparisons of the moment with
other simulating software. This article also explains how angular stiffness or resisting magnetic moment of PMB improves with the

change of rotor magnet length and positional shift of the rotor.

Index Terms— Angular stiffness, magnetic t, per

t bearing (PMB), semi-analytic finite element, six degrees

of freedom (6-DOF).

I. INTRODUCTION

HE bearing is one of the essential machine elements for

supporting rotary parts. A magnetic bearing is beneficial
not only for its contactless operation but for its wide range of
operational rotating speeds. Magnetic bearings used in industry
are mostly active control magnetic bearings. Passive magnetic
bearing using ferromagnetic material has less application due
to failing of stability together in all degrees of freedom. Earn-
shaw theorem [1] always censures its stability simultaneously
in all translation axes. Hence, passive magnetic bearing is
generally used with other supporting systems or electromag-
nets [2]-[12]. Some permanent magnet bearing (PMB) designs
with such support also got patents [2], [4], [5], [12]. Various
optimization of the PMB design requires a faster and more
accurate calculation of magnetic load like force, moment,
stiffness, etc. Past researchers have done numerous works on
load calculation considering various methods and models or
different combinations of both. These are mainly analytical
integral [13]-[22], statistical Riemann sum and Monte Carlo
integration [23]—[25], general division approach [26], magnetic
scalar and vector potential volume integral [27], [28], mag-
netic dipole method [7], [13], [14], Taylor’s expansion [13],
power series expansion [29], surface current model [30]-[32],
surface charge model or Coulomb model [31], [33]-[37],
Gauss and Maxwell stress tensor model [38]-[41], finite
element method (FEM) [39], semi-analytical [42]-[45], and
considering cuboid structure [19], [38], [45], [46], etc. Most
of the above-mentioned approaches have validations among
themselves. Some of these papers also have shown practical
validation of force only.

There are very few articles on the theoretical moment
calculation of ring-shaped axially magnetized PMB. Also,
no validation plot of PMB moment with the experimental data
or other simulation models is found in the literature. However,
partly similar work [43] is carried out by Bekinal er al. to
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Fig. 1. Schematic of PMB rotor and stator magnet.

characterize magnetic moments without showing validation
or comparing results. Ansys Maxwell software is used in
this study to validate the model for calculating the PMB
magnetic moment experienced at the rotor part of the magnetic
bearing. The article presents an innovative semi-analytical
finite element approach to estimate the force and moment for
a single pair of axially magnetized ring-type PMB. A sen-
sitivity study with this method and algorithm handles the
accuracy and computation performance of the calculation.
Further, a designer can adopt any optimization algorithm in
the following explained model of the repulsive type PMB to
characterize according to application requirements. Moreover,
scripting of the proposed algorithm allows to couple with
any physical interface around the spatial boundary of the
bearing so that analysis may be carried out to study stability
in the presence of active or passive interaction due to viscous
damping.

All six degrees of freedom (6-DOF) are considered to
extend [22]. Here, the complete 6-DOF means three orthogo-
nal axes X, Y, and Z translation orientations and three tilting
orientations about those three axes.

II. DETAILS OF THE PROPOSED MODEL
A. Schematic of Passive Magnetic Bearing

A single pair of cylindrical permanent magnets (see Fig. 1)
is considered for the analysis. Both magnets of the stator

0018-9464 © 2022 Crown Copyright
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In the present paper, a new model is developed for analysis of the errors for calculating journal force of a
short cylindrical oil film journal bearing. The pressure distribution in oil film short journal bearing has been
determined with the help of Reynold’s equation. Fluid is assumed incompressible and steady. In this paper
three different computation methods FDM conventional, FDM matrix formation and FEM using MATLAB PDE

solver are investigated for calculating journal force. From the results it has been observed that the absolute
error percentage for force calculation in short cylindrical bearing is minimum by using the FEM MATLAB PDE
solver compared to other two methods. Also a vivid statistical analysis is carried with the help of ANOVA tool
to understand the dependency of method, step or element size and eccentricity on computational time and

errors.
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1. INTRODUCTION

Kramer presented the derivation of classical Reynolds equation in a very
clear and distinct manner (Kramer, 1993). The short bearing
approximation for solving Reynolds equation was clearly reported with
the formulation and calculation of damping and stiffness coefficients for
various types of short cylindrical bearings. The procedure to calculate the
static equilibrium position was also clearly mentioned. The Somerfield’s
solutions and boundary conditions were also investigated. The empirical
relation between the attitude angle and the eccentricity was studied.
Sahoo presented the derivation of Navier stokes equation and reduced it
to Reynolds equation using certain assumptions (Sahoo, 2005). Different
types of bearings such as hydrostatic bearing, squeeze film bearing, elasto
hydrodynamic bearing were studied with different boundary conditions.
By finite difference method Machado and Calvacla presented the solution
of Reynolds equation for pressure field using finite difference method
(Machado and Cavalca, 2009). They reported pressure distribution for
different types of bearings such as cylindrical bearing, elliptical bearing, 3
lobed bearing etc. They also found the locus of shaft journal center in the
bearing and the dynamic coefficients in different types of bearings.
Squeeze effects were also investigated in the above all bearings. Faria
presented the application of finite element method in the development of

computer procedures for hydrodynamic elliptical journal bearing (Faria,
2015). The finite element formulation for the classical Reynolds equation
was made and the pressure field was calculated. The method used here for
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the calculation of load capacity and the stability formulation were a bit
unique. The procedure for finding the static equilibrium position was not
clearly stated. How discretization affects the solution of Reynolds equation
was also analyzed which was called mesh sensitivity analysis. The results
obtained for finite element method was validated with other researchers.
In the last step performance analysis of elliptical journal bearing was
made. Rowe and Chang used finite difference method for calculating
pressure field from Reynolds equation based on non-dimensional
linearized dynamic coefficients (Rowe and Chong, 1986). Two techniques,
Finite difference and perturbation technique were used for prediction of
dynamic coefficients. This paper gave a clear picture of dynamic
coefficients and detailed flowchart of the same, but the determination of
static equilibrium position was not clearly mentioned.

From different literatures stated above the basic idea about the solution of
the Reynolds equation was gained. Different numerical methods like FDM,
FEM, and analytical methods were understood. It was evident from the
literature that for finding pressure distribution, solving of the Reynolds
equation is necessary.

A rotor system is always supported by bearings that may be sliding or ball
orroller bearing. To study the pressure and force characteristics, a general
idea about the bearings is of utmost importance. In most of the heavy duty
works the sliding bearings are used of which fluid film bearing is of the
most important category.
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