Unsupervised Pattern Recognition
in a
Fuzzy Set Theoretic Framework

Thesis submitted by

Kaushik Sarkar

Doctor of Philosophy (Engineering)

Department of Instrumentation and Electronics Engineering
Faculty Council of Engineering and Technology
Jadavpur University

Kolkata, India
2024






To my family ...






A%

INDEX NoO. 117/17/E

1. Title of the Thesis: Unsupervised Pattern Recognition in a Fuzzy
Set Theoretic Framework

2. Name, Designation & Institution of the Supervisors:

i

ii.

Prof. Rajanikanta Mudi

Professor

Department of Instrumentation and Electronics Engineering
Jadavpur University

Kolkata-700098

Prof. Nikhil Ranjan Pal
Professor
Electronics and Communication Sciences unit

Indian Statistical Institute
Calcutta-700108






vii

List of Publications

i. Journal Publications

1. Kaushik Sarkar, Rajani K Mudi and Nikhil R Pal, “Weighted
Fuzzy C-Means: Unsupervised Feature Selection to Realize a

Target Partition”, International Journal of Uncertainty, Fuzziness
and Knowledge-Based Systems, Vol. 32, No. 8, pp. 1111-1134, 2024.

2. Nikhil R Pal and Kaushik Sarkar, “What and When Can We
Gain From the Kernel Versions of C-Means Algorithm?,” IEEE
Transactions on Fuzzy Systems, Vol 22, Issue 2, pp. 363-379, 2014.

3. Kaushik Sarkar and Rajani K Mudi, “Fuzzy Clustering Exploit-
ing Neighbourhood Information for Non-image Data”, Interna-
tional Journal of Computer Sciences and Engineering, vol. 12, issue
2, pp. 1-8, 2024.

4. Kaushik Sarkar, Prantik Chatterjee and Nikhil R Pal, “Finding
Synergy Networks From Gene Expression Data: A Fuzzy-Rule-
Based Approach”, IEEE Transactions on Fuzzy Systems, Vol 24,
Issue 6, pp. 1488-1499, 2016.

1i. Conference Publications

1. Kaushik Sarkar and Nikhil Ranjan Pal, “Is It Rational To Par-
tition A Data Set Using Kernel-Clustering?,” IEEE International
Conference on Fuzzy Systems, FUZZ-IEEE 2011, Taipei, Taiwan.






Statement of Originality

I Kaushik Sarkar registered on March 3, 2017 do hereby declare that this
thesis entitled “Unsupervised Pattern Recognition in a Fuzzy Set Theo-
retic Framework” contains literature survey and original research work
done by the undersigned candidate as part of Doctoral studies.

All information in this thesis have been obtained and presented in accor-
dance with existing academic rules and ethical conduct. I declare that,
as required by these rules and conduct, I have fully cited and referred all
materials and results that are not original to this work.

I also declare that I have checked this thesis as per the “Policy on Anti

Plagiarism, Jadavpur University, 2019”, and the level of similarity as
checked by iThenticate software is 5%.

-------------------------------------------------

Signature of Candidate:
Date: 29/ 9,} 24

Certified by Supervisors:
(Signature with date, seal)
aof .o
g Pt B 0
(Prof. Rajanikanta Mudiyt?* %", dmpu;:\?% )

(Prof. Nikhil Ranjan Pal) o "

e O
"f X . ’ war!

ereti!t

2,
OV 20 ' )
¥ ‘ nQ\e






xi

CERTIFICATE FROM THE SUPERVISORS

This is to certify that the thesis entitled “Unsupervised Pattern Recogni-
tion in a Fuzzy Set Theoretic Framework” submitted by Kaushik Sarkar,
who got his name registered on March 3, 2017 for the award of Ph.D.
(Engg.) degree of Jadavpur University is absolutely based upon his own
work under the supervision of Prof. Rajanikanta Mudi and Prof. Nikhil
Ranjan Pal and that neither his thesis nor any part of the thesis has been
submitted for any degree/diploma or any other academic award any-
where before.

(Prof. Nikhil Ranjan Pal) ., @ © a\
o)l T e ciences

§@ ) L.
w ' < J -,
WO 3 0408
. Uv
rar 10

\ecironic®
E-f: . \n s\

203, ©






Acknowledgements

I am immensely indebted to my supervisors, Prof. Rajanikanta Mudi
and Prof. Nikhil Ranjan Pal for their kind and invaluable supervision. I
am thankful to all the faculty members and staffs of the Department of
Instrumentation and Electronics Engineering, Jadavpur University, Elec-
tronics and Communication Sciences Unit, Indian Statistical Institute,
Kolkata and Department of Electronics and Communication Engineer-
ing, Narula Institute of Technology, Agarpara, Kolkata. I am grateful to
all my friends. Special thanks go to Kaustav, Prantik, Suvrajyoti, Suchis-
mita and Rupan. Last but not the least, I want to acknowledge my family
members for everything.

M“;l/;]w

p |
Kaushik Sarkar






XV

Abstract

Pattern recognition primarily involves three major tasks: clustering, clas-
sification and feature selection/dimensionality reduction. The success of
clustering and classification heavily depends on representation of data,
i.e., the features used. It is important to note that more features does
not necessarily imply better clustering and classification performance be-
cause there may be derogatory features which hinder the performance of
clustering and classification. To address these three problems, a com-
putational framework can be established using statistical approaches,
neural networks, and/or fuzzy set theoretic methods. Development of
systems for tasks like classification or prediction always demands some
data with the target values (such as class labels). Thus, learning of such
systems is called supervised learning. Clustering finds “homogeneous”
subgoups in the data without knowing any class labels. Consequently,
clustering is an unsupervised learning. On the other hand, feature se-
lection/dimensionality reduction can be done under both frameworks,
supervised and unsupervised. This thesis primarily solves unsupervised
pattern recognition problems using fuzzy set theoretic framework.

In Chapter 1, the literature related to the problems addressed in this the-
sis is briefly reviewed. As already mentioned, the success of a pattern
recognition system heavily depends on the features used. The first con-
tributory chapter, Chapter 2, introduces an unsupervised feature selec-
tion method based on regularized weighted fuzzy C-means (WRFCM)
clustering. When the target task is clustering, a good objective should be
to select a subset of features that can generate the same/similar partition
matrix to the partition matrix obtained on the original high dimensional
data by a clustering algorithm. To achieve this, a novel objective function
is proposed, considering the Fuzzy C-means (FCM) clustering algorithm.
This approach realizes feature selection within the WRFCM framework,
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emphasizing features to maintain the FCM-based target partition. The
proposed method is evaluated using Normalized Mutual Information
(NMI), Adjusted Rand Index (ARI), and KM-index. NMI, and ARI mea-
sure the agreement between clusters, i.e, the partition in the lower di-
mension and the partition of the original data. On the other hand, KM-
index measures the disagreement between the two partitions. Experi-
mental results on synthetic and real datasets demonstrate the efficacy of
the proposed method in selecting informative features. This approach
fills a crucial gap in unsupervised feature selection, making it valuable
for real-world applications. To the best of our knowledge unsupervised
feature selection to match a target partition has been done for the first
time.

The core of this discourse is explored in the second contributory work,
presented in Chapter 3, which emphasizes a pivotal concern: the dis-
parity between clustering in the original feature space and the pursuit of
clustering in the kernel space using fuzzy set theoretic framework; in par-
ticular, using KFCM-F (Kernel FCM with prototypes in the feature Space)
and KFCM-K (Kernel FCM with prototypes in the kernel Space). In this
work, the rationality behind such clustering approaches is critically ex-
amined. Using simple datasets, it is argued and demonstrated that it is
not a good idea to find clusters in the kernel space when the objective is to
look for clusters in the original data because in the kernel space the data
may have a different geometry from that in the original feature space. In
particular, the following points are demonstrated: (1) improper choice of
the number of clusters may lead to very counterintuitive clusters (e.g., in-
stead of merging nearby clusters, it may merge clusters that are far from
each other) and (2) improper choice of kernel parameters has a significant
effect on the extracted clusters and it can even impose arbitrary cluster
structures that are undoubtedly absent in the original data. However,
it is important to note that it is not implied that kernel clustering can
never produce desirable results. In fact, kernel clustering could be useful
provided we can choose right kernel parameters. But the process being
unsupervised, As of now, no solution to this issue has been proposed.
Yet, amidst these challenges, the work cautiously acknowledges the po-
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tential utility of kernel clustering, provided precise parameter choices—a
Herculean task within unsupervised realms—can be achieved.

In the third contributory chapter, Chapter 4, this debate is further ampli-
fied, presenting a meticulous argument against the clustering of object
data in projected spaces. It rigorously scrutinizes the fundamental objec-
tive of clustering algorithms: to unearth natural subgroups defined by
inherent similarities within the data. The work contends that any trans-
formation of data into a new space should, unequivocally, aid in the iden-
tification of the same clusters present in the original dataset to hold any
utility. It firmly cautions against transformations that significantly alter
the “structure”/”geometry” of the data, warning that such alterations
can result in the emergence of clusters devoid of relevance to the origi-
nal context. This exploration moves beyond the algorithmic realm, delv-
ing into the philosophical underpinnings, questioning the very essence
of clustering in transformed spaces. While acknowledging the poten-
tial utility of kernel clustering in 2D/3D data, where visualization of-
fers insights, it contends that in higher dimensions, its relevance remains
enigmatic, intensifying the quest to determine its efficacy. Here are our
line of arguments: (i) The objective of any clustering algorithm is to find
natural subgroups in X, where the subgroups are defined by a measure
of similarity between the vectors in X. (ii) If the data is transformed, X
into Y in another space by a nonlinear transformation and try to find
clusters in Y, then such clusters can be useful, if and only if Y helps to
identify the same clusters that are present in X, because that is the objec-
tive. (iii) If Y maintains the same structure/topology as that of X, then
the use of Y may not give any advantage. (iv) On the other hand, if Y
changes the structure (i.e., imposes a new structure) on the data and that
change makes the extraction of the desired clusters present in X, easier,
then clustering of Y is useful. (v) But when Y imposes new (non-existent)
structures, the clustering algorithm may find very strange clusters with
no relation to the actual clusters present in X. (vi) Thus, when attempting
to cluster in a transformed space, the issue is to know if it could help us
to find the clusters present in X. To get any benefit from kernel cluster-
ing (or clustering in any other transformed space) this question must be
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answered first; otherwise, there is a risk of finding completely irrelevant
clusters without realizing it and thereby making kernel clustering use-
less. (vii) This issue is a philosophical one and is neither dependent on
the choice of clustering algorithm nor on the particular transformation
(kernel function) used. (viii) Except for 2D/3D data, there is no way to
answer the question in (vi) and for 2D/3D data since it is possible to ex-
amine the data directly, without the need for kernel clustering. So there
is no benefit from kernel clustering. The claims are demonstrated and
justified through detailed analysis using both synthetic and real data sets
with visual assessment as well as with Normalized Mutual Information
(NMI), Adjusted Rand Index (ARI) and cluster instability. It is proposed
to use Sammon’s nonlinear projection method to obtain a crude visual
representation of the data in the kernel space. The issue of how to choose
appropriate parameters for the kernel function is discussed, though no
solution to this problem is provided. Finally, the interaction between the
kernel parameters and the algorithmic parameters is examined.

The fourth contributory chapter, Chapter 5 presents an extension of the
conventional Fuzzy C-Means (FCM) algorithm, unlocking the potential
of neighbourhood information in non-image datasets that reside in the
Euclidean space. This approach strategically incorporates local/ contex-
tual information, demonstrating enhanced clustering performance com-
pared to conventional FCM. The utility and validity of the proposed
method are demonstrated using both synthetic and real datasets.

In Chapter 6, the fifth contributory chapter also deals with feature selec-
tion as in Chapter 2. Here, a special type of features, called synergistic
pairs of features, is selected, and the focus is placed on a specific but
important problem related to prostate cancer. Typically, fuzzy rules are
extracted from data by clustering the data point into a fixed number of
clusters and then translating each cluster into a rule representing a spe-
cific class. The present problem involves 12558 genes and thus there is a
need to cluster data corresponding to (12358) , i.e, about 80 million pairs
of genes to extract rules. A novel scheme is proposed to address this is-

sue. Here, the objective is to identify a special type of network called
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“synergy network” using synergistic pairs of genes/features. The goal is
to identify synergistic gene pairs that interact through collaboration with
respect to a disease and form a network of such synergistic genes. A
fuzzy-rule-based approach is proposed for the discovery of synergy net-
works. It is justified that a fuzzy rule base is a natural choice to realize all
the desired attributes of synergistic relations. This is the first attempt to
exploit fuzzy modelling for finding synergy networks. The system uses
a set of human understandable rules that is generated at a low cost for
every pair of genes. The proposed method is applied to prostate cancer
datasets, demonstrating its capability to discover gene pairs that collab-
orate with each other with respect to prostate cancer. The results are
shown to be statistically significant, and the relevance of the identified
genes to cancer biology is discussed.

Finally, the thesis concludes in Chapter 7, where the limitations of the
proposed methods are discussed, along with possible directions for fu-
ture work.
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Chapter 1

Introduction and Scope of the
Thesis

1.1 Introduction

Pattern recognition is a scientific field focused on categorizing objects
into distinct classes/clusters. While pattern recognition has a histori-
cal foundation in statistical theory, the rise of computers has propelled
its practical applications. In the post-industrial era, automation in pro-
duction and the demand for efficient information handling have elevated
pattern recognition’s significance in engineering applications and research.
It now plays a vital role in decision-making within machine intelligence
systems. It is inherent for us to aspire to create machines proficient in
pattern recognition. Applications like automated speech recognition, fin-
gerprint and optical character identification, and DNA sequence analysis
underscore the immense utility of accurate machine pattern recognition.
Delving into the complexities of building such systems deepens the un-
derstanding of natural pattern recognition, particularly in humans. In ar-
eas like speech and visual recognition, our design endeavors may draw
inspiration from nature’s solutions, impacting both algorithmic choices
and the crafting of specialized hardware.
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1.2 Categorization of pattern recognition

Let’s consider a simplified simulation resembling a medical image clas-
sification task . In Figure 1.1 *, two distinct images display regions, each
visually unique. The region in Figure 1.1a is attributed to a benign lesion
(class A), while the region in Figure 1.1b is identified as a malignant le-
sion (cancer, class B). Assuming access to an image database with various
patterns from both classes, the goal is to identify measurable quantities
distinguishing these regions. Let us consider mean (y) and standard de-
viation (¢) are the two measurable quantities here.

(a) Class A (b) Class B

Figure 1.1: An illustrative example of two different cell.

Figure 1.2 depicts a plot of the mean intensity versus the corresponding
standard deviation for each region of interest. Class A and class B pat-
terns exhibit different spreads, suggesting a straight line as a potential
separator.

This artificial classification task illustrates the foundation of many pat-
tern recognition problems. The measurements used, such as mean value
and standard deviation in this case, are referred to as features.

In the scenario illustrated in Figure 1.2, the assumption was centered
around the existence of a designated set of training data, with the clas-
sifier being formulated by leveraging this pre-existing knowledge. This
particular approach falls under the umbrella of supervised pattern recog-
nition, and in the broader context of machine learning, it is recognized as

“Source: “Pattern Recognition” by S. Theodoridis and K. Koutroumbas.
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Figure 1.2: Graph depicting mean value against standard deviation for various
images from class A (circle) and class B (cross).
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Figure 1.3: Clustering of data represented by Feature — 1 and Feature — 2.

supervised learning. However, it is crucial to acknowledge that not all
pattern recognition tasks align with this paradigm. There exists another
category of problems where training data, complete with known class
labels, is not at our disposal.

Consider the Figure 1.3, where a collection of feature vectors denoted as
Feature — 1 and Feature — 2, and the primary objective becomes the dis-
cernment of underlying similarities, facilitating the grouping or cluster-
ing of vectors that share common traits. This variant is referred to as un-
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supervised pattern recognition, synonymous with unsupervised learn-
ing or clustering. The essence of this approach lies in the exploration of
data patterns and structures without explicit guidance from labeled ex-
amples, allowing for the discovery of inherent relationships among the
feature vectors. Obviously, one can easily find two clusters in the Figure
1.3.

So, it is clear that the field of pattern recognition consists of three major
categories, i.e, Feature selection/extraction, Supervised learning and Un-
supervised learning. In the subsequent sections, it is discussed further.

1.2.1 Categorization of dimensionality reduction

Reducing the number of features to a necessary minimum is motivated
by various factors. The most apparent one is computational complex-
ity. Another associated reason is that, while two features may individu-
ally provide valuable classification information, combining them into a
feature vector may not yield significant benefits due to high mutual cor-
relation. Consequently, complexity increases without substantial gains.
A significant additional reason arises from the necessary generalization
properties imposed by the classifier.

Based on the reduction approach, dimensionality reduction schemes can
be divided into two broad categories: feature extraction and feature se-
lection. Dimensionality reduction is now formally defined. Let us de-
note the input space by X C R”, where p is the original dimension of
the data. The feature set corresponding to the input space is denoted as
{x1,%2,...,xp}. Let us denote the output space, i.e., the space where the
data is projected in lower dimension, by Y C IRY, where g is the output
dimension or reduced dimension of the data, and g4 < p. The feature
set corresponding to the output space is {y1,2,...,;}. Dimensionality
reduction is a mapping ¢ : X — Y. For a point x € X, its projection in
lower dimension, y € Y, is given by y = ¢(x).
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1.2.1.1 Feature extraction

In the realm of data preprocessing and analysis, managing the ever ex-
panding dimensions of datasets has become a critical concern. Feature
manipulation, encompassing both selection and extraction, emerges as
a pivotal strategy to enhance the efficiency and efficacy of subsequent
analytical tasks. Feature selection involves identifying and retaining a
subset of the most relevant features from the original dataset, aiming to
eliminate noise, reduce computational complexity, and improve model

interpretability.

However, the challenges associated with increasingly intricate datasets
extend beyond the mere reduction of feature dimensions. Even after se-
lecting pertinent features, issues such as inter-feature correlation and in-
formation redundancy may persist, hindering the overall performance of
analytical models. This is where feature extraction steps in, transcending
the limits of selection by transforming the data into a more condensed
and meaningful representation. By capturing essential patterns and char-
acteristics, feature extraction not only addresses issues of dimensional-
ity but also optimizes the data for subsequent modeling, ensuring a re-
fined input for machine learning algorithms. Examples of linear meth-
ods encompass principal component analysis (PCA) [1], canonical corre-
lation analysis [2], linear discriminant analysis (LDA) [3], factor analy-
sis [4], and locality preserving projections [5]. It’s important to note that
these linear techniques may not be optimal for capturing information in
datasets with non-linear structures. Several non-linear feature extrac-
tion methods include Sammon’s projection [6], ISOMAP [7], Locally Lin-
ear Embedding (LLE) [8], autoencoder-based methods [9], t-distributed
stochastic neighbor embedding (t-SNE) [10].

1.2.1.2 Feature selection

Feature selection is a process that involves the identification and choice of
a subset of original features to accurately represent the data for a specific
task. The chosen subset, denoted as {y1,v2,- -+ ,yq} € {x1,%2,- -, xp},
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constitutes a condensed representation of the initial feature set. Notably,
in the context of feature selection, the mapping ¢ is linear. The represen-
tation of the selected features can be expressed as follows.

y1= 91,1X1 + 91/2X2 + -+ 91/pxp (1.1)
Y2 = 0r1x1 + 6p2x2 + - - - + 6 pxyp

Yg = qulxl + Qq,2x2 + -+ Hq,pxp

given, Yk Gk,j =1, Z] 9k,j =1, Gk,]' c {0,1}, \V/k,]

In any feature selection method the goalis to learn {1, y2, - - - , ¥4 }. Math-
ematically, learning means to estimate the coefficients 6 ;s. By default,
feature selection methods involve explicit mapping techniques. When
a dataset undergoes projection through feature selection, the reduced
space maintains the identity of the original features. If the original fea-
tures carry inherent meaning, the selected features retain that meaningful
essence. This contributes to the interpretability of the underlying system
utilizing the chosen features. Feature selection methods necessitate a cri-
terion to gauge the relevance of each feature. Once a feature selection
criterion is established, a systematic procedure is followed to identify a
subset of the most pertinent features. These procedures can be broadly
categorized into three groups: filter, wrapper, and embedded methods.
Filter methods rank the features and choose those that rank high. No-
tably, these methods do not incorporate any feedback from the predictor
system where the output is employed. While filter methods, which in-
volve selecting a subset without guidance from the underlying predictor
system, may not always yield optimal subsets concerning the predictor
system [11,12], examples of filtering criteria for filter-based feature se-
lection methods include the Fisher score or F-score [13], mutual informa-
tion [14,15], and normalized mutual information [15-18]. On the other
hand, wrapper methods determine the feature selection criterion based
on the performance of the predictor system. The subset of features that
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achieves the highest score from the predictor is chosen. Discovering the
optimal feature subset in wrapper methods entails presenting all possible
feature subsets to the predictor system. For a set of p input features, de-
termining the optimal subset requires evaluating (2p — 1) subsets. How-
ever, when p is moderately high, the wrapper method becomes imprac-
tical [17,19]. To address this issue, various search strategies, such as best-
first search, branch and bound, sequential search, hill climbing, simu-
lated annealing, and genetic algorithms, have been employed [11, 20].
In contrast, embedded methods conduct feature selection concurrently
with the primary learning task, learning the predictor system while iden-
tifying the best subset for it. Generally, embedded methods demonstrate
higher efficiency compared to filter and wrapper methods [11,12,20]. No-
table approaches within the embedded category include pruning-based,
decision tree-based, and regularization-based methods. Recursive Fea-
ture Elimination with Support Vector Machines (SVM) is an example of
a pruning-based method, while CART, C4.5, and ID3 exemplify decision
tree-based methods. Additionally, Least Absolute Shrinkage and Selec-
tion Operator (LASSO) and Elastic Net are examples of regularization-
based embedded methods [11,21]. More details on different features are
discussed in Chapter 2. A novel feature selection technique for unsu-
pervised learning has been proposed in Chapter 2 where the features are
selected based on a target partition.

1.2.2 Categorization of learning method

As outlined in the initial sections of this chapter, the act of reducing the
dimensionality of data can be driven by different objectives, depending
on the presence or absence of a specified target problem. When no partic-
ular target problem is designated, dimensionality reduction is typically
performed to eliminate redundant or noisy information, primarily aim-
ing to alleviate computational burdens and storage requirements. How-
ever, in numerous scenarios, dimensionality reduction serves as a pre-
processing step preceding a pattern recognition task.
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In such cases, the primary goal of dimensionality reduction is to enhance
the performance of the underlying pattern recognition task. This task
may take the form of either supervised or unsupervised pattern recogni-
tion. This thesis primarily addresses unsupervised pattern recognition.
However, supervised learning using a fuzzy rule-based system is also
considered to highlight certain limitations of unsupervised approaches.
The following subsections discuss these two methods in detail.

1.2.2.1 Supervised learning

Classification stands out as a crucial and frequently encountered chal-
lenge in the realms of data mining and machine learning. Numerous
real-world issues across diverse domains can be reformulated as classifi-
cation problems. These encompass tasks such as diagnosing conditions
from microarray data, text categorization, medical diagnoses, software
quality assurance, and more. Formally, classification can be defined as
follows: consider a given training dataset D = {(x;,y;) : i = 1,...,n},
where x; = (xp1,x2,.--, xiP)T € Fs C IR? represents the ith training
pattern, and y; € Y = {Y3,Ys,..., Y.} is the class label for x;. In this
context, the vector f; = (xlj, xzj,...,xnj)T € R" is termed the jth fea-
ture vector, and Fs is referred to as the feature space. Here, d, ¢ and n
respectively denote the dimension of the feature space, the number of
classes, and number of samples in the training data. The classification
task involves formulating the learning of a mapping or model, denoted
as a classifier C : Fs — Y. The goal is to establish, for an unknown pat-
tern x € Fs, C(x) = yp € Y as the desired class label associated with x.
Furthermore, challenges emerge from the presence of redundant and/or
noisy features. In certain instances, the adoption of an ensemble of clas-
sifiers proves to be a viable strategy to improve classification accuracy.
Speech recognition [22], handwriting recognition [23], biometric identi-
fication [24], document classification [25], image classification [26], and
sentiment analysis [27] exemplify practical applications of classification
in various domains.
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1.2.2.2 Unsupervised learning

Unsupervised learning is a pivotal paradigm in machine learning where
the algorithm is tasked with extracting patterns, relationships, or struc-
tures from unlabeled data without explicit guidance from labeled out-
comes. Unlike supervised learning, where the algorithm is provided
with labeled examples to learn from, unsupervised learning involves ex-
ploring the inherent structures and patterns within the data itself.

One of the key advantages of unsupervised learning lies in its ability to
uncover insights and patterns from unannotated data, making it partic-
ularly valuable in scenarios where labeled data is scarce or expensive
to obtain. Common unsupervised learning algorithms include k-means
clustering [28], hierarchical clustering [29], and Fuzzy C-means cluster-
ing [30,31].

The next section discusses two popular techniques associated with pat-
tern recognition using Fuzzy sets.

1.3 Pattern recognition tools using Fuzzy

Fuzzy set theory, introduced by Lotfi A. Zadeh in the mid-1960s, revo-
lutionized the way we handle uncertainty and imprecision in mathemat-
ical modeling and decision-making. Traditional set theory, developed
by mathematicians like Georg Cantor, primarily deals with clear, well-
defined distinctions: an element either belongs to a set or does not. How-
ever, in many real-world scenarios, distinctions are not always so black
and white; uncertainty and vagueness often characterize the boundaries
between different categories.

Fuzzy set theory provides a mathematical framework to represent and
manage this uncertainty by allowing for degrees of membership in a set.
Unlike classical sets where membership is binary (either 0 or 1), fuzzy
sets enable the assignment of membership degrees between 0 and 1, cap-
turing the gradations of belongingness. This flexibility makes fuzzy set
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theory a valuable tool for modeling and reasoning in situations where

information is imprecise, incomplete, or subjective.

Key Concepts

(a)

(b)

()

(d)

Membership Function: The cornerstone of fuzzy set theory is the
membership function, denoted as . It quantifies the degree to which
an element belongs to a particular fuzzy set. For a given element x
and a fuzzy set A, the membership degree p4(x) represents the de-
gree of membership of x in A.

Degrees of Membership: Unlike classical set theory, which recog-
nizes membership as a binary concept (either in or out), fuzzy sets
allow for partial membership. An element can belong to a fuzzy set
to a certain degree between 0 (not a member) and 1 (full member-
ship).

Fuzzy Set Operations: Fuzzy set operations, such as union, inter-
section, and complement, extend classical set operations to handle
membership degrees. The union of two fuzzy sets A and B, denoted
as AU B, is determined by taking the maximum membership degree
for each element from the two sets.

Fuzzification and Defuzzification: Fuzzification involves convert-
ing crisp, well-defined inputs into fuzzy sets to capture the uncer-
tainty in the input data. Defuzzification is the process of converting
fuzzy output into a crisp result, aiding decision-making.

Applications

Fuzzy set theory finds applications across various fields:

(a)

Control Systems: Fuzzy logic controllers are employed in systems
where precise control is challenging due to uncertainty or variabil-

ity.
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(b) Pattern Recognition: In pattern recognition, fuzzy sets help model
and interpret ambiguous or imprecise patterns, enhancing the accu-
racy of recognition systems.

(c) Artificial Intelligence: Fuzzy logic is integrated into Al systems to
handle uncertain information, enabling more human-like reasoning.

(d) Decision Support Systems: Fuzzy sets facilitate decision-making in
situations where information is subjective or incomplete, providing
a robust framework for decision support systems.

(e) Risk Assessment: Fuzzy set theory is applied in risk assessment
models to account for uncertainty and vagueness in risk factors.

Fuzzy set theory has become a cornerstone in dealing with uncertainty,
imprecision, and vagueness in diverse fields. Its ability to represent and
manipulate partial truth has led to its widespread adoption in various
applications, allowing for more realistic and nuanced modeling in the
face of real-world complexity. The flexibility of fuzzy sets in capturing
and managing uncertainty continues to make them an invaluable tool in

contemporary mathematical modeling and decision science.

1.3.1 Fuzzy C-Means (FCM)

Fuzzy C-means (FCM) clustering is a versatile and powerful unsuper-
vised learning algorithm that extends the classical K-Means algorithm
to accommodate a more nuanced representation of cluster assignments.
Unlike K-Means, where each data point is definitively assigned to a sin-
gle cluster, FCM introduces a fuzzy membership concept, allowing a data
point to belong to multiple clusters simultaneously with varying degrees
of membership. [31]

The fundamental idea behind FCM is to capture the inherent fuzziness or
ambiguity present in real-world data. By incorporating membership val-
ues, FCM reflects the likelihood or degree to which a data point belongs
to each cluster. This provides a richer and more realistic representation of
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complex relationships within the data, making FCM particularly suitable
for scenarios where boundaries between clusters are not well-defined.

A clustering algorithm partitions a set of n input vectors X = {x1, X2, ..., Xn },
x; C IR? into c clusters so that members of the same cluster are “similar”
to each other and members of different clusters are dissimilar. The Fuzzy
objective function is defined in Equation 1.2.

C n
Tm =Y Y ulf||x — vil|? (1.2)
i=1k=1

where 7 is the number of data points, c is the number of clusters, x; is the
kth data point, v; is the centroid of the ith cluster, u;; is the membership
degree of x; in the ith cluster, and m is a fuzzifier parameter where m > 1.

The membership matrix is defined in Equation 1.3.

1
Ujp = (1.3)

_2
c <ka_Vi||> m=1
j=1 \ [Ixi—vj]]

The centroids are updated using the Equation 1.4

n m .

k=1 Mgt X

V; = —~n .o
i=1 Ui

(1.4)

The corresponding algorithm of FCM is shown in Algorithm 1.1

Chapters 3 and 4 examine the behavior of the kernel version of the C-
means algorithm. An enhanced version of the conventional Fuzzy C-
means (FCM) algorithm is proposed in Chapter 5, designed to leverage
neighborhood information in non-image datasets characterized by Eu-
clidean metrics.

1.3.1.1 Kernel function

Kernel functions are fundamental in machine learning and statistical mod-
eling, serving as a mathematical tool to transform input data into a higher-
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Algorithm 1.1 Fuzzy C-means

(a) Fix ¢, maxItr,m and € > 0, a tolerance level for termination.

(b) Initialize the set of prototypes, V¥ = [V?] .,
(c) Initialize the membership matrix U° = [Ui(}(]cxn
)

(d) Fort=1,2,--- ,maxItr do

Update U*! = [uf,]c, according to Equation (1.3)
Update vi*1 = [v}!].,, according to Equation (1.4)

until .
t+1 t
Y. ) |u1(k : _uz(k)| <€
i—1k=1

is satisfied.

(e) Return Ut vitl,

(1.5)

dimensional space. This concept is particularly crucial in the context of

support vector machines (SVM), where kernel functions play a key role

in implicitly mapping data points into a higher-dimensional space with-

out explicitly computing the transformed feature vectors.

At its essence, a kernel function measures the similarity between pairs of

data points in the input space. The choice of a kernel function determines

the shape and complexity of the decision boundary in the transformed

space, enabling the handling of non-linear relationships within the data

while maintaining computational efficiency.

Commonly used kernel functions include:

(a) Linear Kernel:
K(x,y) = x"y

(1.6)

The linear kernel represents a simple inner product of the input vec-

tors, preserving the original feature space.

(b) Polynomial Kernel:

K(x,y) = (x"y +c)?

(1.7)
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The polynomial kernel introduces non-linearity by raising the inner
product to a power d, where c is a user-defined constant.

(c) Radial Basis Function (RBF) or Gaussian Kernel:

_ 2
K(x,y) = exp (—%) (1.8)

The RBF kernel measures similarity based on the Euclidean distance
between data points, offering flexibility to capture intricate relation-
ships.

(d) Sigmoid Kernel:
K(x,y) = tanh(axTy + ¢) (1.9)

The sigmoid kernel, often used in neural network architectures, in-
troduces non-linearities through hyperbolic tangent functions.

Kernel functions are not restricted to SVMs and find widespread use in
various algorithms, including kernelized versions of principal compo-
nent analysis (PCA) and Gaussian processes. Their versatility in captur-
ing complex relationships in the data makes kernel functions a crucial
element in the machine learning toolbox. The selection of an appropri-
ate kernel function depends on the nature of the data and the underlying
patterns one aims to capture.

In Chapter 3, a fundamental question regarding the use of kernel func-
tions is raised, and this issue is further amplified and explored in greater
depth in Chapter 4.

1.3.2 Fuzzy Rule Based Systems (FRBS)

Dimensionality reduction can be done through feature selection using a
fuzzy rule-based framework. In Chapter 6, this concept is exploited to
identify a special type of network, referred to as a “synergy network,”
using synergistic pairs of genes/features. Fuzzy Rule-Based Systems
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(FRBSs) are extensively applied in developing interpretable solutions for
complex problems across various fields, including control engineering,
robotics, and bioinformatics. These systems excel in addressing uncer-
tainty, imprecision, and non-linearity, which are common aspects of real-
world challenges. An FRBS extends the traditional rule-based system,
comprising rules in the form “If FA Then FC”, where both the antecedent
FA and the consequent FC are fuzzy sets [32,33].

To understand fuzzy sets, it is essential to contrast them with classical
sets based on bivalent logic. Classical sets operate on the principle of
an instance being either a member or not. In this binary system, the
membership of elements is strictly lor 0. In contrast, fuzzy sets intro-
duce the concept of degrees or grades of membership. In a fuzzy set,
an element’s membership value lies within the range [0,1]. A fuzzy set
employs a membership function to define the gradation of memberships
for its elements. Formally, a membership function on X is any function
u(x) : X — [0,1], where x € X. Consequently, a fuzzy set A can be
defined formally as A = {(x, u(x))|x € X} [34]. The fuzzy set theory
facilitates the modeling of linguistic variables and rules using natural
language.

In terms of rule structures, FRBSs come in three primary types: Mam-
dani Assilian (MA) type, Takagi Sugeno Kang (TSK) type, and classifier
type [32,33]. These distinctions provide flexibility in adapting FRBSs to
different problem domains and varying requirements.

In the Mamdani-Assilian (MA) model, both the antecedent and conse-
quent propositions of a rule are defined using linguistic variables. A rule
in this model is expressed in the following form:

If x1 is FA; and x; is FAp and ... and xp is FAp Then y is FC,

where x; and y are linguistic variables, and FA; and FC are linguistic
values. The key components of an MA model are illustrated in Figure
1.1.

The process in the MA model involves fuzzifying a crisp input into lin-
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guistic values through a fuzzification process. Subsequently, the fuzzi-
tied input undergoes processing in the inference engine based on a set of
'If-Then’ fuzzy rules.

This approach allows for the representation of knowledge and decision-
making in a linguistic form, making it particularly suitable for systems
dealing with uncertainty and imprecision. The MA model provides a
framework for translating crisp inputs into fuzzy linguistic terms, facili-
tating the utilization of expert knowledge in the form of fuzzy rules for
effective decision support. Certainly, here is a rephrased version of the
provided text to avoid plagiarism:

In the fuzzy logic framework, the knowledge base consists of two inte-
gral components: the rulebase (RB) and a database (DB). The fuzzy rules
are stored in the rulebase, defining relationships between linguistic vari-
ables. Simultaneously, the corresponding definitions of fuzzy sets and
parameters for membership functions are stored in a database. Together,
the rulebase and database form the knowledge base, providing the sys-
tem with a structured repository of information.

Outputs generated by the inference engine are linguistic values, which
undergo defuzzification to convert them into crisp values. The defuzzi-
fication process transforms fuzzy linguistic outputs into precise and ac-
tionable information.

The Takagi-Sugeno-Kang (TSK) model [35] shares similarities with the
Mamdani-Assilian (MA) model. However, in the TSK model, the con-
sequent part does not involve fuzzy sets; instead, it is a function of the
input variables. A rule in the TSK model takes the form:

If x1 is FA; and x; is FAp and ... and xp is FAP Theny = h(xq,xp,...,Xp).

In the TSK model, the consequent function yields a crisp output, elim-
inating the need for a separate defuzzification step. Nevertheless, dif-
ferent rules may produce distinct outputs for a given input, requiring
aggregation to obtain the final rulebase output.

For classification rules in the TSK model, the antecedent remains the
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same, but the consequents are class labels, taking the form:
If xq is FA; and x5 is FA; and ... and xp is FAP Then class is k.

It is noteworthy that the TSK model is versatile and can also be employed
for classification tasks.

1.4 Literature review

Dimensionality reduction serves as a fundamental technique for elimi-
nating noisy or redundant features from datasets. It generally falls into
two categories: feature extraction &selection. Extraction of feature ex-
traction involves transforming original features space into a lower di-
mension feature space. The new features are typically combinations of
the originals. Common feature extraction methods include Principal Com-
ponent Analysis (PCA), Canonical Correlation Analysis (CCA), Linear
Discriminant Analysis (LDA). Conversely, the goal of feature selection is
to identify a smaller subset of features that minimize redundancy while
maximizing their relevance to the target, such as class labels in classifi-
cation tasks. Both feature extraction and feature selection offer benefits
like enhancing learning performance, reducing computational complex-
ity, building more generalizable models, and decreasing storage require-
ments. Feature extraction involves reducing the dimensionality of the
original feature space by creating new features that are combinations of
the originals. However, interpreting these new features can be challeng-
ing as they lack a direct physical interpretation related to the original
features.

Feature selection involves selecting a subset of features from the original
feature set without altering their representation, thereby preserving the
geometrical structure of the original features. This aspect makes feature
selection advantageous in terms of readability and interpretability, which
is crucial in various practical applications such as identifying relevant
genes for a specific disease or constructing sentiment lexicons for senti-
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ment analysis. While feature extraction and feature selection are often
treated as distinct techniques, sparse learning methods like /; regulariza-
tion can convert feature extraction (transformation) methods into feature
selection methods, bridging the gap between the two approaches [36].
High-dimensional data poses significant challenges to existing learning
methods due to the curse of dimensionality [37,38]. This phenomenon,
well-recognized in the field, occurs when the presence of numerous fea-
tures leads to overfitting, resulting in decreased performance of learning
models. Dimensionality reduction techniques have emerged as a cru-
cial area of study within machine learning and data mining to tackle this
challenge effectively. Among these techniques, feature selection stands
out as a popular approach for reducing dimensionality. It involves se-
lecting a subset of relevant features from the actual set based on spe-
cific relevance evaluation criteria. This selection process typically im-
proves learning performance, such as higher accuracy in classification
tasks, while also reducing computational costs and enhancing model in-
terpretability.

Researchers have also devoted considerable attention to the development
of unsupervised feature selection methods. Unlike supervised methods,
unsupervised feature selection does not rely on class labels, making it
a less constrained search problem. Instead, it often relies on clustering
quality measures and other unsupervised techniques to identify rele-
vant feature subsets. However, with high-dimensional data, it becomes
challenging to uncover meaningful features without imposing additional
constraints. Additionally, a key challenge in unsupervised feature selec-
tion is determining objective measures to evaluate the effectiveness of the
selected features [39]. Reference [40] provides a comprehensive review of
unsupervised feature selection methods.

Feature selection algorithms can be classified based on the availability
of labels in the training set, resulting in three main categories: super-
vised [41,42], unsupervised [43,44], and semi-supervised feature selec-
tion [45,46]. Supervised feature selection methods are further subdivided
into filter models, wrapper models, and embedded models [47]. In filter
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models, feature selection operates independently of classifier learning to
prevent the biases of one algorithm from interfering with the other. These
methods rely on various measures of the training data’s general charac-
teristics, such as distance, consistency, dependency, information, and cor-
relation. Representative algorithms in this category include Relief [48],
Fisher score [1], and Information Gain-based methods [15].

Filter model methods in feature selection do not rely on clustering al-
gorithms to assess feature quality; instead, they evaluate each feature’s
score based on specific criteria. Features with the highest scores are then
selected, hence the term "filter” as it sifts out irrelevant features based on
predefined criteria. In filter model methods, feature evaluation can take
either univariate or multivariate approaches. Univariate evaluation an-
alyzes each feature independently of the feature space, which enhances
speed and efficiency. However, it may struggle with redundant features.
In contrast, multivariate evaluation considers features in relation to each
other, allowing for the handling of redundant features. An example of a
univariate filter model is SPEC, although it has been extended to a mul-
tivariate approach [49]. Other criteria used in filter model methods for
feature selection in clustering include feature dependency, entropy-based
distance [50], and Laplacian score [51].

The wrapper model utilizes a clustering algorithm to evaluate the effi-
cacy of selected features. It follows a process where it

(a) identifies a subset of features,
(b) evaluates clustering quality using this subset, and

(c) iterates these steps until achieving the required quality.

However, examining all potential feature subsets becomes impractical
for datasets with high dimensions, prompting the adoption of heuristic
search techniques to narrow down the search space. While the wrapper
model incurs higher computational costs compared to the filter model, it
often produces superior clustering outcomes by prioritizing feature se-
lection that optimizes quality. Nonetheless, it tends to favor the chosen
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clustering method. Various wrapper feature selection methods for clus-

tering have been proposed, employing different combinations of search

strategies and clustering algorithms. For example, the approach described
in reference [43] integrates maximum likelihood criteria for feature se-

lection and utilizes a mixture of Gaussians as the clustering algorithm.

Other methods leverage traditional clustering techniques such as k-means
in conjunction with diverse search strategies for feature selection [52].

Real-world datasets often contain imperfections, such as irrelevant and
redundant features. Feature selection techniques offer a way to address
this issue by identifying and removing unnecessary elements, thereby re-
ducing storage and computational costs without significantly impacting
information or learning performance. In the context of a specific appli-
cation, features can be classified into four groups: necessary features,
derogatory features, redundant features, and indifferent features [19].

* Necessary features are essential for solving the target problem.
* Derogatory features impede learning and should be removed.

* Redundant features provide useful information but are not all nec-
essary for problem-solving.

¢ Indifferent features, such as those with constant or nearly constant
values, neither contribute nor cause problems.

By distinguishing between these categories, feature selection methods
can effectively streamline datasets for improved performance and effi-
ciency.

This study focuses on clustering within the Fuzzy framework. To en-
hance the clustering performance of Fuzzy C-means (FCM), various meth-
ods have been proposed in the literature. In a recent study, a novel ap-
proach was introduced, focusing on feature selection within the frame-
work of adaptive weighted fuzzy clustering with intra-cluster data di-
vergence [53]. Evolutionary strategy to optimize the weight matrix, as
suggested in [54], which proved effective in enhancing the clustering pro-
cess. Additionally, in [55], they proposed a technique for feature selection
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during unsupervised clustering. They emphasized two key advantages
of their approach: firstly, it leads to more interpretable and meaningful
clusters, and secondly, it contributes to improving the learning behaviour
of the clustering algorithm. A methodology termed feature-reduction
FCM (FRFCM) was introduced in [56]. In this approach, feature-weighted
entropy was incorporated into the FCM objective function, alongside the
establishment of a learning schema to optimize parameters., followed by
the elimination of irrelevant feature components. A novel automatic lo-
cal feature weighting scheme has been introduced to accurately assign
weights to the features within each cluster [57]. Additionally, a cluster
weighting process has been implemented to overcome the initialization
sensitivity inherent in FCM. The feature weighting and cluster weighting
procedures are carried out concurrently and autonomously throughout
the clustering process, leading to the formation of high-quality clusters
irrespective of the initial center selections. Authors in [58] proposed the
integration of attribute weight entropy regularization into the fuzzy C-
means algorithm for feature selection.

Conventional clustering techniques often rely on the Euclidean distance
measure, treating each feature equally. While sufficient in scenarios where
all features are equally relevant to every cluster, this approach may be in-
adequate when features vary in importance. To address this limitation,
feature weighting algorithms have emerged, aiming to assign weights to
each feature based on their importance in distance computations, thereby
enhancing clustering algorithm performance [59]. The development of
feature weighting algorithms has gained significant attention in cluster
analysis. These algorithms assign weights to features when calculating
the distance between data points. Two notable representatives include
WFCM and W-k-means [60, 61]. In WFCM, feature weighting occurs be-
fore the clustering process, while in W-k-means, it is integrated into the
clustering procedure itself. Generally, feature weighting algorithms learn
weights for features, assigning larger values to more important ones. As
a result, they typically outperform conventional clustering algorithms
that rely solely on the Euclidean distance measure. An improved soft
subspace clustering algorithm for brain MRI segmentation has been used
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in [62]. Taking within cluster and between cluster information, an adap-
tive soft subspace clustering has been proposed in [63].

Fuzzy clustering has gained prominence as a valuable technique for un-
covering the underlying structure within datasets. Kernel methods are
used with fFCM, leading to the development of kernel-based fuzzy clus-
tering. In recent years, there has been a notable surge in interest sur-
rounding kernel-oriented clustering methods [64, 65]. Several kernel-
based fuzzy clustering techniques derived from Fuzzy C-Means (FCM)
have been developed [66-70]. These techniques fall into two main cat-
egories. The first category, referred to as KFCM-F (Kernel FCM where
prototypes in Feature space), is primarily utilized to find the pattern in
incomplete data [69,71]. The prototypes are in feature space in KFCM-F
during clustering.

For instance, in [71], authors utilized kernel version of fuzzy clustering
for imputing missing data in the iris dataset, selectively discarding the
attributes in the process. They observed slight improvements in the mis-
classification rate when compared to alternative imputation methods.
Likewise, in [69], researchers introduced a weighted version of kernel
fuzzy clustering approach designed for handling both complete & in-
complete datasets. Another class of kernel FCM algorithms, referred to
as KFCM-K (Kernel-version FCM where prototypes in Kernel space), has
been identified in the literature [67,72,73]. In KFCM-K, prototypes are
implicitly preserved within the kernel space throughout the clustering
process. As a result, an inverse mapping step becomes essential for re-
trieving prototypes within the original feature space.

In the realm of clustering methodologies, Fuzzy C-means (FCM) has gained
wide acceptance for its versatility in data partitioning [31]. Researchers
frequently employ FCM in various applications, showcasing its effective-
ness. Particularly in image segmentation, FCM has been extensively uti-
lized, with studies often exploiting neighborhood pixel information to
improve segmentation accuracy [74,75]. However, a notable research gap
exists — while FCM with spatial information is commonly used in image-
based studies, its application to non-image datasets remains largely un-
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explored. This chapter strategically incorporates local/contextual infor-
mation, demonstrating enhanced clustering performance compared to
conventional FCM. On the other hand, the K-means clustering method,
known for its simplicity, strictly assigns each image pixel to a single
group. In contrast, Fuzzy C-means (FCM) introduces membership de-
grees, allowing pixels to belong to multiple clusters simultaneously based
on their membership degrees [76]. Despite its significance in various ap-
plications, FCM has shortcomings such as the lack of consideration for
spatial context in images, making it vulnerable to noise and imaging ar-
tifacts like intensity inhomogeneity. Additionally, FCM may converge to
local optima due to poor initialization [77]. To address these limitations,
modifications have been proposed to enhance its robustness for image
segmentation.

For instance, Robust FCM (RFCM) introduced in [78] incorporates a spa-
tial penalty term into the objective function, yet its objective function
exhibits complex variations in the membership function. Spatial FCM
(SFCM) [79] adjusts the membership function by integrating spatial in-
formation, showing improved performance but remaining sensitive to
serious noise. Fast Generalized Fuzzy C-means (FGFCM) proposed in
[80] uses spatial information for brain MRI segmentation, but its perfor-
mance degrades with significant noise. In [81], maximizing fuzzy parti-
tion entropy with 2D histogram for MRI segmentation is explored, but
it suffers from high time complexity. Modified versions of FCM, such
as non-local FCM (NL/FCM) [82] and FCM with non-local spatial in-
formation [83], address robustness against noise and inhomogeneity but
have limitations under high noise levels. In [84], an updated FCM ap-
proach is developed by modifying the objective function to include a
gray-difference coefficient, aiming to enhance performance against noise.
These adaptations illustrate ongoing efforts to address the limitations of
FCM in image segmentation, with each method presenting its advan-
tages and trade-offs.



24

1.5. Scope of the Thesis

1.5 Scope of the Thesis

Through our survey, several compelling areas of inquiry have emerged
within the realm of pattern recognition, sparking our interest in the fol-
lowing key topics:

* An intriguing question arises regarding the preservation of original
data geometry amidst high-dimensional feature selection. Can we
devise methodologies that not only select pertinent features but also
maintain the intrinsic structure of the data? The study also focuses
on a special type of features, known as synergistic pairs, related to
prostate cancer.

¢ Kernel clustering offers a promising approach by transforming data
into higher dimensions, ostensibly enhancing clustering efficacy. Yet,
what unfolds in these higher dimensions? Is the utilization of ker-
nel space a secure and reliable strategy? Our investigation seeks to
delve deeper into the mechanisms underlying kernel clustering and
assess its robustness and applicability in practical scenarios.

¢ Fuzzy C-Means (FCM) has proven effective in image data by capital-
izing on spatial information. The focus is now on exploring the ap-
plicability of Fuzzy C-Means (FCM) techniques to non-image data
that exists in regular Euclidean space.

The objective of this thesis is to explore novel approaches in pattern recog-
nition, focusing on preserving data geometry in high dimensions for fea-
ture selection, understanding the efficacy and safety of kernel clustering,
and extending Fuzzy C-Means to non-image datasets in Euclidean space
to enhance pattern recognition capabilities across diverse domains.

In this thesis, five research problems within the field of pattern recogni-
tion are addressed using Fuzzy set theory. In Chapter 2, a novel method
for feature selection during clustering is proposed to achieve a target par-
tition. To enhance clustering results, the application of Kernel space is
explored in Chapter 3, with a particular focus on high-dimensional con-
texts. The thesis critically examines the use of the Kernel trick for clus-
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tering datasets in high dimensions, highlighting potential misguidance
for researchers. In chapter 4, a thorough analysis emphasizes the sen-
sitivity of Kernel parameters and provides guidelines for their optimal
utilization, along with a method for visualizing data structure in high-
dimensional space. While Fuzzy C-Means (FCM) is commonly applied
to image data with spatial constraints, an innovative approach is pre-
sented in Chapter 5, extending FCM’s application to non-image datasets
by exploiting neighboring information. In Chapter 5, the focus is on fea-
ture selection, with particular emphasis on the utility and effectiveness of
identifying synergistic pairs of features to address a significant problem
related to prostate cancer. An overview on the technical contributions of
this thesis is briefly mentioned below.

1.5.1 Weighted Fuzzy C-Means: Unsupervised Feature Se-

lection to Realize a Target Partition

In Chapter 2, a novel unsupervised feature selection approach is pre-
sented, rooted in regularized weighted fuzzy C-means (WRFCM) cluster-
ing [85]. When the primary objective is clustering, our aim is to identify a
subset of features that can yield a similar partition matrix to that obtained
from the original high-dimensional data using a clustering algorithm. To
address this, a unique objective function tailored to the FCM clustering
algorithm is introduced. This method seamlessly integrates feature selec-
tion within the WRFCM framework, prioritizing features to uphold the
FCM-based target partition. Our method’s performance is assessed using
metrics such as Normalized Mutual Information (NMI), Adjusted Rand
Index (ARI), and KM-index. NMI and ARI gauge the agreement between
clusters, comparing the partition in the lower dimension with that of the
original data. In contrast, the KM-index measures the disagreement be-
tween the two partitions. Experimental results on both synthetic and
real datasets demonstrate the effectiveness of our approach in selecting
informative features. By addressing a critical gap in unsupervised fea-
ture selection, our method proves valuable for real-world applications.
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The ability to maintain the integrity of clustering structures while reduc-
ing dimensionality enhances the utility of our approach across diverse
domains.

1.5.2 Is it Rational to Partition a Data Set using Kernel

Clustering?

In Chapter 3, the rationale behind certain clustering approaches, partic-
ularly those conducted in the kernel space, is critically questioned [86].
Using simple datasets, it is argued and demonstrated that seeking clus-
ters in the kernel space may not align with the objective of identifying
clusters in the original data. This is due to the potential difference in
geometry between the data in the kernel space and that in the original
feature space. Specifically, our findings highlight two key issues: (1) an
inappropriate choice of the number of clusters may lead to counterintu-
itive results, such as merging distant clusters instead of nearby ones, and
(2) selecting improper kernel parameters can significantly impact the ex-
tracted clusters, even introducing arbitrary cluster structures absent in
the original data. It is essential to note that our intention is not to dismiss
the potential of kernel clustering to yield desirable results. Indeed, ker-
nel clustering can be valuable provided appropriate kernel parameters

are chosen.

1.5.3 What and When can We Gain from the Kernel Ver-

sions of C-Means Algorithm?

In Chapter 4, this argument is further amplified and explored in greater
depth. The central question addressed here is whether clustering object
data in the kernel space is a viable approach [87]. Our arguments are as
follows:

(a) Clustering Objective: The primary objective of any clustering algo-
rithm is to identify natural subgroups within X based on a measure
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(b)

(©)

(d)

(e)

(8)

of similarity between vectors.

Nonlinear Transformation: If data X is transformed into Y in an-
other space through a nonlinear transformation, clustering in Y is
useful only if it helps identify the same clusters present in X.

Preservation of Structure: If Y maintains the same structure as X,
the use of Y may not provide any advantage.

Structural Changes: However, if Y induces structural changes that
make extracting desired clusters from X easier, clustering in Y be-
comes useful.

Risk of New Structures: Clustering in a transformed space can
yield strange and irrelevant clusters if the transformation introduces
new (non-existent) structures.

Philosophical Issue: The decision to cluster in a transformed space
hinges on whether it aids in identifying clusters present in X, posing
a philosophical challenge independent of the clustering algorithm
or the specific transformation (kernel function) employed.

Practical Limitations: For data beyond 2D /3D, determining the
benefit of kernel clustering is challenging, as visual assessment be-
comes impractical.

To substantiate these claims, the arguments are demonstrated using both

synthetic and real datasets, employing visual assessments and metrics
such as Normalized Mutual Information (NMI), Adjusted Rand Index
(ARI), and cluster instability. Additionally, Sammon’s nonlinear projec-

tion method is utilized to provide a crude visual representation of data in

the kernel space. While addressing the issue of choosing appropriate ker-

nel function parameters, a definitive solution remains elusive. Lastly, the

interaction between kernel parameters and algorithmic parameters is dis-

cussed, highlighting their combined influence on clustering outcomes.
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1.5.4 Fuzzy Clustering Exploiting Neighbourhood Infor-

mation for Non-image Data

In Chapter 5, a limitation of the conventional Fuzzy C-Means (FCM) al-
gorithm is addressed, specifically its tendency to overlook crucial neigh-
borhood information, particularly in non-image datasets residing in Eu-
clidean space [88]. An extended version of the traditional FCM algo-
rithm is introduced, specifically tailored to leverage neighborhood infor-
mation in non-image datasets within the Euclidean domain. This inno-
vative approach not only embraces the inherent fuzziness of individual
data points but also strategically leverages spatial contextual information
present in the Euclidean space. Our method goes beyond the limitations
of conventional FCM, introducing a nuanced consideration of neighbor-
hood information for improved clustering outcomes. The applicability
and superiority of the proposed approach over the traditional FCM algo-
rithm are demonstrated using both synthetic and real datasets. By seam-
lessly incorporating neighborhood information in non-image contexts,
our method exhibits enhanced clustering performance, showcasing its
ability to outperform the conventional FCM algorithm. The results un-
derscore the effectiveness of our approach in capturing and leveraging
spatial relationships within diverse datasets.

1.5.5 Finding Synergy Networks from Gene Expression
Data: A Fuzzy Rule Based Approach

In Chapter 6, the fifth significant contribution to this thesis, the topic of
feature selection is revisited with a focus on a distinct category of features
known as synergistic pairs of features [89]. This chapter is dedicated to
addressing a specific yet crucial problem related to prostate cancer. Our
objective is to identify a unique type of network known as a ”“synergy
network” among genes. Genes interact directly and indirectly, regulat-
ing the expression levels of one another. The objective is to discover syn-
ergistic gene pairs that collaborate in the context of a specific disease,
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leading to the formation of a network of such synergistic genes. Limi-
tations in existing information-theoretic methods for identifying synergy
networks are addressed by proposing a novel approach based on fuzzy
rule-based systems. This method leverages fuzzy rules, offering a natural
framework for capturing the essential attributes of synergistic relations.
This is the first attempt, to our knowledge, to utilize fuzzy modeling for
the discovery of synergy networks. The system employs a set of human-
understandable rules generated at a low cost for each pair of genes. The
proposed method is applied to two prostate cancer datasets, demonstrat-
ing its ability to uncover gene pairs that collaborate in relation to prostate
cancer. The results are shown to be statistically significant, and the rele-
vance of the identified genes to cancer biology is thoroughly discussed.

1.5.6 Conclusions, Limitations, and Future Scopes

The thesis concludes in Chapter 7, where the limitations of the presented
work are critically examined, and potential avenues for future research
and methodological extensions are explored. This chapter provides in-
sights into the boundaries of our current research and outlines directions
for further exploration and development.

In the following five subsequent technical chapters (Chapter 2 to Chap-
ter 6), the research contributions of this thesis are presented in detail.
The next chapter (Chapter 2) presents an unsupervised feature selection
methods where the reduced dimensional data will preserve the local ge-
ometry of the high dimensional data.






Chapter 2

Weighted Fuzzy C-Means:
Unsupervised Feature Selection

to Realize a Target Partition

2.1 Introduction

In this chapter, we deal with unsupervised feature selection for cluster-
ing, which comes under the broad umbrella of dimensionality reduction.
Hence, we begin with a general overview of the dimenaionality reduc-
tion problem. Real data, in addition to useful features, may contain
derogatory features, strongly correlated features as well as indifferent
features with respect to the target problem at hand [90]. The selection
of useful features and removal of derogatory and indifferent features are
important for any data. And this problem becomes more important for
high-dimensional datasets. For example, in gene expression data analy-
sis, datasets often comprise of a large number of features but a relatively
limited number of instances [91]. This scenario gives rise to the chal-
lenge commonly referred to as the “curse of dimensionality” [37]. Con-
sequently, it becomes essential to identify a small set of discriminative
genes from a pool of thousands, while developing an effective diagnostic
classification systems.
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Dimensionality reduction can be achieved through two main approaches:
feature extraction and feature selection. Feature extraction maps the orig-
inal high-dimensional feature space into a new feature space with a re-
duced dimension. This new space typically comprises of a linear or non-
linear combination of the original features. Methods like Principle Com-
ponent Analysis (PCA) [92], Linear Discriminant Analysis (LDA) [93],
Singular Value Decomposition (SVD) [94] and ISOMAP [7] fall under fea-
ture extraction techniques.

Feature selection, on the other hand, aims to choose the relevant features
from the dataset, effectively discarding derogatory, indifferent, or redun-
dant ones [1,90,95,96]. Feature selection offers several advantages, such
as improving computational efficiency in predictive modeling, providing
deeper insights into the underlying structure of the data, and enhancing
predictive performance by eliminating derogatory and indifferent fea-
tures from the dataset of consideration. Since the focus of the problem
is feature selection, the discussion shall be restricted to either “explicit”
or “implicit” feature selection. In the context of clustering, often weights
are associated with features to find better clusters without explicitly us-
ing the weights to remove/select features. This is an important class of
methods, which although explicitly does not remove/select features, a
few such methods will be discussed, as these methods, in some sense,
implicitly select or reject features.

Feature selection techniques are generally categorized into three groups:
Wrapper Models, Filter Models, [47] and Embedded Models. Wrapper
methods involve a clearly defined objective function that must be opti-
mized by selecting a subset of features. Typically it requires evaluation
of different subsets of features. In contrast, filter models rely on intrin-
sic properties of the features themselves. Filter methods are typically
computationally less demanding, whereas wrapper methods generate
a feature set fine-tuned to a specific predictive model requiring more
computation. The third category of methods, i.e, Embedded Methods
choose features as an integral part of the model construction process.
Embedded methods find the useful features simultaneously along with
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the model construction process. A notable instance of this is the Sup-
port Vector Machine Recursive Feature Elimination (SVM-RFE) [97] ap-
proach, where features are recursively eliminated with iterations based
on the SVM model weights. The final set of retained features constitutes
the reduced-dimensional space. Other examples of embedded methods
include sparsity-driven feature selection algorithms [98,99]. In the case
of LASSO [95] (Least Absolute Shrinkage and Selection Operator), a lin-
ear regression model is constructed while enforcing less useful model
coefficients to be zero, effectively selecting a subset of the most relevant
features. There are families of neural network-based embedded methods
which unlike SVM-RFE, require only a single round of the construction
of the model [19,90,100-103]. In [100-102], a novel concept of feature
attenuation gates is used to realize feature selection. On the other hand,
methods in [19, 90, 103] use group LASSO regularization for feature se-
lection.

For the sake of completeness, note that dimensionality reduction tech-
niques can also be classified primarily into two categories based on the
nature of learning algorithms used: Supervised and Unsupervised. In su-
pervised methods, each data point is associated with a target value (e.g.,
a class label), making feature selection straightforward. The primary ob-
jective is to identify a feature subset that can effectively accomplish the
prediction or classification task.

In contrast, unsupervised methods lack target values, necessitating the
use of task-independent criteria for feature selection. These methods aim
to uncover underlying patterns within data without specific predictive
objectives.

Both feature extraction and feature selection offer several benefits includ-
ing enhanced learning performance, improved computational efficiency,
reduced memory requirement, and the creation of more effective models.
However, a drawback of the feature extraction lies in its creation of a new
set of features, which complicates further analysis as the physical signif-
icance of these features in the transformed space becomes elusive. Con-
versely, feature selection retains some of the original features, preserving
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their physical meanings. This characteristic grants models greater read-
ability and interpretability. Consequently, in numerous real-world ap-
plications like text mining and genetic analysis, feature selection often is
considered the preferred approach [104-107].

Real-world data often come with imperfections, including irrelevant and
redundant features. Employing feature selection helps to trim these un-
necessary elements, cutting down storage and computational costs with-
out significantly compromising information or learning performance.
Given a target application, features can be categorized into four groups:
necessary features, derogatory features, redundant features, and indif-
ferent features [90]. Indifferent features are those which neither help nor
cause any problem as there values remain almost constant. The neces-
sary features are needed to solve the target problem, the derogatory fea-
tures cause problem in the learning, so these should be removed, while
redundant features are useful but not all are needed to solve the prob-
lem. To illustrate derogatory, necessary and redundant features a three-
dimensional dataset is constructed. Two well separated clusters is taken
each with 100 instances each in R?. The corresponding features are re-
ferred to as f1 and f,. Each of the features f; and f; lies in [0, 6]. Then
a third dimension is added as random values in [0, 6]. In Fig. 2.1, the
pair-wise features are visualized using scatter plots. Fig. 2.1a depicts f3
as a derogatory feature, which is incapable of effectively separating the
two classes or clusters. Feature f; is a useful features as using f; only
one can separate the clusters. In Fig. 2.1b, feature f, is also found to be
a useful feature like f;which is able to discriminate the two classes (clus-
ters). Meanwhile, Fig. 2.1c depicts that both f; and f, are useful, but
only one of f; and f, is enough, i.e, f1, f» forms a redundant set as they
are strongly dependent (High mutual information/Correlation). Conse-
quently, eliminating one of f; and f,, as well as f3, will not adversely
affect the learning performance.

Numerous techniques have been introduced within the realm of super-
vised methods [19,97,100-102,108,109] showcasing a wealth of options
for feature selection in supervised contexts. Conversely, there are rela-
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tively fewer methods available for unsupervised scenarios [110-115], as
well as for the semi-supervised framework [45,116-118].

A few methods that are highly relevant to the present study are now dis-
cussed, as these methods explicitly or implicitly select features for the
FCM algorithm.To enhance the clustering performance of FCM, various
methods have been proposed in the literature. In a recent study, a novel
approach is introduced, focusing on feature selection within the frame-
work of adaptive weighted fuzzy clustering with intra-cluster data di-
vergence [53]. Li et al. [54] also attempted to find feature weights for
clustering using FCM. However, this approach differs from rest of the
approaches in two aspects. First, it does not impose the restriction that
the sum of the weights should be one. Second, unlike all other meth-
ods discussed, it uses a cluster validity index, in particular, the parti-
tion coefficient [31] as the objective function to optimize the weights us-
ing evolutionary strategy. In [55], authors have proposed a technique
for feature selection during unsupervised clustering. This method is
claimed to have two advantages: first, it leads to more interpretable
and meaningful clusters, and second, it attempts to improve the learning
behaviour of the clustering algorithm. A methodology termed feature-
reduction FCM (FRFCM) has been introduced in [56]. This approach in-
tegrates feature-weighted entropy into the FCM objective function and
establishes a learning schema to optimize parameters. During the itera-
tive steps of the algorithms, it eliminates less important features using the
weights. Hashemzadeh et. al [57] proposed a weighted Fuzzy-C-Means
algorithm, where the weights are cluster-specific, i.e., for each cluster and
each feature a separate weight is learned. Although, clusters are influ-
enced by the cluster specific feature weights, authors do not explicitly
select/reject features using the weights. Their algorithm uses the clus-
ter weighting process to mitigate the initialization sensitivity of the FCM
algorithm. Both the feature weighting and cluster weighting procedures
are carried out concurrently and autonomously throughout the cluster-
ing process, that leads to the formation of good clusters irrespective of
the initial choice of centers. Authors in [58] also proposed an integration
of attribute weight entropy regularization into the Fuzzy C-Means objec-
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tive function. Like [57], here also for each feature, cluster specific weights
are learned. Here too, authors do not explicitly select features, however,
their results confirm that for some clusters some specific features practi-
cally do not have any effect suggesting implicit rejection of those features
for those clusters.

In the context of our method, the work of Yang et al. [119] is also worth
mentioning. They have proposed feature reduction framework on fea-
ture weighted possibilistic-c-means (PCM). The model enhances the clus-
tering performance by estimating the feature weights which are relevant
for clustering. Consequently the algorithm can remove the irrelevant fea-
tures.

It is important to note that the PCM is not being used here; instead, the
FCM framework will be employed, which is possibly the most popular
fuzzy clustering algorithm that has also been extended in many ways
including deep clustering methods [120-122]. An unsupervised feature
selection method is proposed, with the hope that the data in the reduced
dimension will preserve the local geometry of the data in the original
higher dimension. Now, a question arises what criterion would be useful
to preserve the local geometry? In this context, one of the natural choices
would be to preserve the cluster sub-structures present in the original
data into the lower dimensional data.

Here, clusters extracted by the FCM algorithm on the original high di-
mensional data have been used and the corresponding partition matrix
M = [pjjlexn has been taken as the target partition; y;; is the membership
of the j data point to the i cluster. Note that, the underlying philoso-
phy of our method is very general. Thus, the partition matrix can be gen-
erated by any clustering algorithm. Even the approach can be extended
to partitions induced by class label also. However, this study focuses
solely on the unsupervised approach, utilizing the FCM partition.
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2.2 Weighted Fuzzy-C-Means (FCM) clustering

Fuzzy-C-Means operates by partitioning a set of p-dimensional vectors
X = {x1,...,xn} into c clusters, where xx = (xx1,.-., Xxp )T represents
the kth data point for k = 1,...,n. The clusters are defined by a fuzzy
partition matrix U. The vector v; = (vjy, ..., viP)T represents the centroid
of the ith cluster for i = 1,...,c. FCM is an extension of HCM (Hard
c-means), differing in that, FCM generates a fuzzy partition while HCM
produces a crisp partition.

In FCM, for the kth instance x; (1 < k < n) and the ith cluster centroid v;
(1 <i < c),amembership degree u;, (0 < u;; < 1) denotes the degree to
which x; belongs to the ith cluster which intuitively defines how close x;
is to the centroid v;. This membership degree results in a fuzzy partition
matrix U = (Ujx)cxn. The objective of FCM is to determine the set of
cluster centroids V = {vy,vy,..., v} and the fuzzy partition matrix U
by minimizing the objective function J.

The objective function ] is defined as follows [31]:

J=3 ) ulxe— vil? (2.1)

c
i=1k=1

such that

(@) 0 <uy <1; Vik
(b) Y5 qux =1, Vkand

(0 0 < Y f quj<mn. Vi

Here, m > 1 is a fuzzifier (typically m = 2), ||x; — v;||* represents the
squared Euclidean distance between x; and cluster center v;. Minimizing
J involves iteratively updating U and V to find the optimal V and U
leading to a fuzzy partition of the dataset X into c clusters. A detailed
overview on objective function based fuzzy clustering can be found in
[123].
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Weighted Fuzzy C-Means (WFCM) [124] is a robust clustering algorithm
that extends the classical Fuzzy C-Means (FCM) method by integrating
feature weighting into the clustering process. FCM is well known for
its ability to handle fuzziness in data by allowing data points to belong
to multiple clusters with varying degrees of membership. WFCM en-
hances this approach by incorporating the significance of individual fea-
tures through weighting, leading to more adaptable and refined cluster
assignments.

The essence of FCM lies in assigning cluster memberships to data points
based on their proximity to cluster centers. However, in real-world sce-
narios, not all features hold equal importance or relevance in determin-
ing the similarity between data points, i.e, the similarity between the as-
sociated objects represented by data points. WFCM addresses this limi-
tation by introducing weights that emphasize the significance of certain
features over others during the clustering process. This adaptation en-
ables the algorithm to consider the varying impact of different features,
thereby enhancing its ability to handle complex datasets with heteroge-

neous feature contributions.

The core principle behind WFCM involves iteratively updating cluster
centroids and membership degrees of data points while incorporating
feature weights. These weights encapsulate the relative importance of
features in defining similarities between data instances. By assigning
higher weights to more influential features and lower weights to less
significant ones, WFCM refines the clustering process, resulting in more
“accurate and tailored” cluster assignments.

The WFCM framework finds extensive use in diverse fields such as pat-
tern recognition, image segmentation, bioinformatics, and data mining.
Its adaptability to handle data with varying feature makes it a valuable
tool in scenarios where traditional clustering methods might fall short in
capturing the intricacies of the dataset.

As already mentioned, WFCM, uses a non-negative weight for each fea-
ture. These weights determine the relative importance of features in
constructing the clustering solution. Considering a collection of objects
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O = {01,02, -+ ,0,}, associated with observations X = {xq,xp, -+, X}
in R?, where x; represents the characteristics/features describing the ob-
ject 0;. The primary goal of WFCM [124] involves minimizing the objec-
tive function:

c p
Jn(U,V, W) =} "} uip } wi(x —vi)* + H (2.2)

subject to the constraints:

@) uy € [0,1]Vi,k,
(b) w; € [0,1] Vj;

() 0 < Y f quy <nvi
(d) Yioq uix = 1VKk,

(e) Z?:l ZU] =1.

Note that, to get a soft subspace partition the penalty H is used. Chan et
al. [125] proposed a penalty term H = o) 7 1 Y/ ujk Z]r.;l wz”; where o >
1. In [126] they proposed the penalty H = €) 7 Z]’;l w;’; An entropy
based penalty was proposed in [127] where H = ¢ Y 2}9:1 wjjln(wi;).
In all these cases w;; € [0, 1],2;’:1 wij=1;i=1,2,---,c. Various forms
of H are used by different authors [124,128]. The negative Shannon en-
tropy has been chosen to control the weights, as used in [127].

The weight w; is associated with the jth features; j = 1,---, p; p repre-
sents the number of features. Here features with higher weights wield
greater influence on the clustering process compared to those with lower
weights. With m > 1 as the fuzziness parameter, it regulates the impact
of members’ ratings. In the proposed method, another regularizing term
is used, which primarily drives the feature selection process.

In the next section, the proposed method involves further regularizing
the weighted FCM.
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2.3 Proposed method

The FCM algorithm uncovers patterns in data by minimizing an objective
function. It represents data structure through a fuzzy partition matrix
and a set of “c” prototypes. When utilizing the Euclidean distance, FCM
tends to prioritize spherical cluster shapes. However, the weighted Eu-
clidean distance provides greater flexibility, enabling the exploration of
ellipsoidal shapes aligned with the axes of individual coordinates. The
Fuzzy-c-Means, either uses the Euclidean distance or some other inner
product-induced distance measure and consequently it tries to find all
clusters having similar hyper-spherical structure. The Gustafson-Kessel
(GK) [129] algorithm, on the other hand, adapts the norms of each clus-
ter and thereby can find different clusters with different shapes. How-
ever, the GK algorithm does not do any feature selection. Similarly, there
are other clustering algorithms which adapt the matrices that induce
the inner product to define the distance measures for different clusters.
For example, the semi-supervised Metric Pairwise Constrained K-Means
(MPC-K Means) clustering algorithm [130] integrates the constraints im-
posed by the data points with known cluster labels as well as the distance
metric learning. However, this method also does not do any feature se-
lection.

In this context, it is worth mentioning that the GK-FCM [129] can find
non spherical clusters, but does not do feature selection.

In our proposed method, the following objective function is minimized

c n 14 c n
Jm(U, V, W) ZZu?,ﬁZw] Xjj — vi]-)z—l—oczz Wi — g )?
i=1k=1  j=1 i=1k=1
p
+B ) wjln(w) (2.3)
i=1

subject to the constraints

@) uy € [0,1] Vi, k,
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() w; € [0,1] Vj;

() 0 < Yy_quy <nVi
(d) Yoioq uix = 1VKk,

(e) Zle wj=1.

To account for constraints (4) and (5) using the Lagrange multiplier, the
objective function is rewritten as follows:

C n C n
(U, V, W) ZZu?,;Zw]xk, v +a )Y (uix — i)

i=1k=1 i=1k=1

P n c
+[32w]1n(w]) — Z/\k(Zuik—l)—kv(iwj—l) (2.4)
= =1

=1 k=1 i j=1

For the FCM framework, the parameter m > 1 is called the fuzzifier be-
cause it controls the level of fuzziness in the terminal partition. For FCM,
the most popular choice of m is m = 2. Note that for all our subsequent
derivation and analysis, m = 2 is taken, which makes the mathematical
derivation of the algorithm simpler.

In Equation (2.4), the 1% term is the weighted FCM (WFCM) objective
function. In the 2" term, a regularizer has been introduced, where M =
[pik]exn s the target partition matrix generated by FCM using Equation
(2.1) on the high-dimensional data. Our aim is to select features while
maintaining the partition matrix as M = [yjx]cxn in reduced dimension.
The membership matrix U = [uji|cxn is updated, aiming to make it close
to M. The second term of the objective function can be viewed as a simi-
larity measure between M and U. So, our model looks for a set of features
which can provide a partition of set of objects o similar to the target par-
tition M obtained by FCM on the original high dimensional data. There
could be many ways to generate the target partition leading to feature
selection problems with different purposes. For example, the target par-
tition can be generated using the Spherical k-Means [131] clustering al-
gorithm which works well both for high and low-dimensional datasets.
Moreover, as explained earlier, the scope of our study is primarily re-
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stricted to the cases where fuzzy clustering algorithms, like FCM works
although it can work even beyond that.

To control the effect of this similarity measure, a hyper-parameter « is
introduced. By increasing the value of #, more emphasis is placed on the
similarity measure. Therefore, for a large «, the difference between M
and U is expected to be small. This results in U becoming more similar
to M, but it may also require using more features.

The 3™ term imposes penalty for using more features. The 4" and 5"
terms are the constraints imposed on U and w where A and v are the
Lagrange multipliers.

The partition matrix U is updated using the Equation (2.5).

172C Xk
=1 P (xpi—07:)2
Ej=1 w](xk] vl]) +a

T + 200k

c
=105 P 0 (xp—07:)2
szzl w](xk] Ul]) +20

2 2;7:1 w]-(xk]- — Z),‘j)z + 2w

Ui = (2.5)
Equation (2.5) is derived using the first order necessary condition of op-
timality with respect to U; i.e.,by setting the first derivative of Equation
(2.4) with respect to u; to zero.

The prototype is updated using Equation (2.6)

2
Mg M0
vij = 3 (2.6)

Li=1 U Wj
Equation (2.6) is obtained from the first order necessary condition of op-
timality of | with respect to v.

Note that there is another hyper-parameter p involved here. For a large
B, the model will assign similar weights to all the features. To get sparsity
in feature selection, 8 should be low. The sensitivity of « and B has been
discussed in the results section. To nullify the effect of data dimension,

. . . M . . B
the coefficient a is normalized as -, and f is normalized as Tog()"

The weights are updated using Equation (2.7) which is obtained by set-
ting the first derivative of Equation (2.4) with respect to w; to zero.
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exp

=235 1Yk ”?k(xkj_vif)z_ﬁ
| : |

w] = ’ Vk (2.7)

72):‘?:1 ):’,7:1 u,z,(x rlfvzl)27‘5
ﬁ’ 11'1[257:1 exp i il 1j\7] i ]

expl — |

From Equations (2.6) and (2.7), it is easy to verify that required condition
on U and w are satisfied.

The algorithm of our proposed model is described in Algorithm-2.1.

Algorithm 2.1 Proposed algorithm

(a) Fixa, B,c,maxItr,m = 2 and € > 0, a tolerance level for termination.
(b) Set the target partition M from FCM
(c) Initialize the set of prototypes, V0 = [V?]cx,

1

0

(d) Initialize the set of weights, wd = (wi, -, w?)T

p
(e) Initialize the membership matrix U° = [U} |¢xn

(f) Fort =1,2,--- ,maxItr do

Update U1 = [ul]c, according to Equation (2.5)
Update vi! = [vf;r !)¢xs according to Equation (2.6)
Update wit! = (w!t!, ... wit1) according to Equation (2.7)
P 1 p g q
until .
) |uf,:+1) — uz.(,i)| <e (2.8)
i=1k=1
is satisfied.

(g) Return U'*!, vi+l witl,

In the next section, synthetic and real datasets are used to study the per-
formance of the proposed model. It is again emphasized that the algo-
rithm looks for features that can find partitions in the lower dimension
that are similar to the FCM-induced partitions in the higher dimension.
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2.4 Results

Experiments are conducted on 10 datasets, comprising seven real datasets
(Table 2.1) and three synthetic dataset. Out of three synthetic datasets
two are taken from [55]. First, the datasets used in [55] are considered.
Next, a synthetic dataset is created, where two distinct clusters are gener-
ated in R® and augmented with four random features. Although redun-
dancy in the selected features is not considered in this thesis, there is a
curiosity to evaluate the performance of the model on data with redun-
dant features. Therefore, a few redundant features are also added.

Table 2.1: Real datasets used in the experiment [132].

Dataset Instances | Features | Classes
Iris 150 4 3
Vertebral 310 6 3
Ecoli 336 7 8
Wine 178 13 3
WBC(D) 569 30 2
Sonar 208 60 2
Musk 476 166 2

2.4.1 Studies on the synthetic dataset

Frigui et al. [55] have used two synthetic datasets. The first dataset is
generated in R? having two Gaussian clusters as shown in Figure 2.2.
Number of samples in each cluster is 20. They proposed two methods,
Simultaneous clustering and attribute discrimination-version 1 (SCAD1) and
Simultaneous clustering and attribute discrimination-version 2 (SCAD?2). The
aim of these two methods are to learn a different set of feature weights
for each identified cluster.

Note that, the goal of the method is to learn one weight for each feature
by selecting one set of features for all clusters. The hyper-parameters are
set as & = 25000 and B = 100. The feature weights vector is generated by



46

2.4. Results

feature-2
w

feature-1

Figure 2.2: 2D data from [55].

the method are [0.497,0.503] which is evidently in accordance with the
tindings of Frigui et al. In their second dataset, they increased the num-
ber of features to four by adding two irrelevant features to each cluster.
The first two features of the first cluster are uniformly distributed in the
intervals [0,20] and [0, 10], respectively. Features two and four of the
second cluster are uniformly distributed in the intervals [0, 10] and [0, 5],
respectively. The pairwise plot of the features are shown in Figure 2.3.

All the figures that are associated with feature-2, it is evident from Fig-
ure 2.3 that feature-2 is not a good feature. The weight vector has been
generated using the model for « = 25000 and B = 50. The weights from
the proposed method are 0.285,0.145,0.356 and 0.214. So, our model as-
signed the least weight to the poor feature.

Next, the third synthetic data is used. It consists of two clusters in 3D
by generating 200 points (100 for each cluster) from two Gaussian distri-
bution (¢ = 1) with center (2,2,2) and (7,7,7). Initially the clusters are
formed in 3D space, each point in these clusters is augmented with four
additional features. Two clusters are formed with centroids around the
coordinates (2,2,2) and (2,7,7). Notably, the first feature does not con-
tribute to discriminating between clusters. Two more features, the fourth
and fifth, are introduced, with the fourth highly correlated with the sec-
ond and the fifth with the third features, respectively. These additional
features are generated by slightly modifying the values of features 2 and
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Figure 2.3: Pairwise plot of 4D data from [55]



48

2.4. Results

3 respectively, incorporating small random noise. Two random features,
ranging from -5 to 5, are added as the sixth and seventh features. Con-
sequently, the crucial useful features are either the second or fourth and
the third or fifth. The first feature is neutral, while the sixth and sev-
enth features have no significant impact on the cluster structure. Since
no penalty for redundancy was applied, the best features should be any
subset of features 2, 3,4, and 5. However, to reduce the use of redundant
features, a penalty or regularizer can be applied to prevent the use of
strongly dependent features, ensuring that the selected features are less
redundant [114].

To check the model performance, the confusion matrix is used. The best
two selected features are chosen by the model, and subsequently, other
teatures are considered. In each case, the misalignment between the orig-
inal cluster labels and the generated cluster labels is checked. For this
experiment, « = 25000 and B = 100 are set. First, FCM is applied to
the original dataset in seven dimensions, and the corresponding con-
fusion matrix is shown in Table 2.2. The alignment between the actual
cluster labels and the clusters generated by FCM is checked. The Kuhn-
Munkres [133] algorithm is used to find the best relabeling of clusters.

Table 2.2: Confusion matrix of synthetic dataset for FCM.

Predicted by FCM
Group-1 | Group-2 | Total
Group-1 100 0 100
Actual e o T 0 100 | 100
Total 100 100 200

The weights of the seven features obtained by our algorithm are 0.011,
0.236, 0.276, 0.22, 0.238, 0.01 & 0.01. It is clear that our model discarded
the 1%, 6!" and 7" features straightway having weights 0.011,0.01, and
0.01 respectively. The top two features are feature-3 (weight=0.276) and
teature-5 (weight=0.238). Since redundancy in the selected features is not
being controlled, dependent features are also selected. The alignment be-
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tween the natural groups in the dataset and the clusters obtained by FCM
using only the two selected features is checked once again. Specifically,
the alignment between the cluster labels in 2D and the clusters generated
by FCM in 7D is assessed. The target partition matrix M in the model is
set to the same partition matrix as generated by FCM on the high dimen-
sional data. In this case, a confusion matrix is considered where the rows
represent the FCM-generated results on the 7-dimensional data, and the
columns represent the FCM-generated results using the selected two fea-
tures. The confusion matrix is shown in Table 2.3 and it shows that the
proposed model rightly find similar groups in the dataset using only two
features.

Table 2.3: Confusion matrix of synthetic dataset taking feature 3 and 5.

Predicted by Model
Group-1 | Group-2 | Total
_ Group-1 0 100 100
Predicted by FCM Group-2 100 0 100
Total 100 100 200

To demonstrate the effect of the selected features on the model accuracy
it is better to use some index in place of the confusion matrix. To val-
idate the results further, two popular cluster validity indexes are used:
Normalized Mutual Information (NMI) [134] and Adjusted Rand Index
(ARI) [135]. Note that to compute ARI and NMI, the target partition gen-
erated by FCM on the original high-dimensional data is compared with
the partition generated by FCM in the lower dimension. Here, the top
features are subsequently added, and both NMI and ARI are checked.
For every set of features, the targeted partition matrix, M, is set to the
same partition matrix generated by FCM on the high-dimensional data.
The results are shown in Table 2.4.

Table 2.4 reveals that our model selects the GOOD features and discards
the BAD features. There may be some doubt regarding the confusion ma-
trices shown in Tables 2.2 and 2.3 because, in the first matrix the data are
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Table 2.4: NMI and ARI for different set of features for synthetic dataset.

features NMI | ARI

3,5 1.0 | 1.0
2,53 1.0 | 1.0
4,253 1.0 | 1.0

14,2,5,3 1.0 | 1.0
6,14,253| 1.0 | 1.0

aligned with the diagonal whereas in the other it is anti-diagonal. This
is possible because the actual cluster labels are not being compared with
those generated by the 2D data. Rather, the intention is to check whether
the groups predicted by the proposed model in the lower dimension
are properly aligned with the clusters found in the original dataset. To
overcome this confusion, in the subsequent section, in place of confusion
matrix, Kuhn-Munkres index (KM-index) is used which is computed as
the number of mis-labeled points after the best relabelling of the clusters
found in the lower dimension using the Kuhn-Munkres algorithm [133].
Kuhn-Munkres algorithm solves an assignment problem in polynomial
time. Lets take an example to illustrate it. There are two partions of a
given dataset using all features and using a subset of features. For ease
of understanding, let us call the labels of the clusters found using all fea-
tures as the “Actual” cluster labels and the labels of the clustes found in
a reduced dimension as the “Predicted” labels. Suppose the confusion
matrix between these two partitions is as shown in Table 2.5.

Table 2.5: Confusion Matrix.

Predicted
Group-1 | Group-2 | Total
Group-1 10 90 100
Actual e b2 80 20 | 100
Total 100 100 200

It suggests that the best assignment of actual to predicted is Actual-Group-
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1 to Predicted-Group-2, i.e, 90 and the Actual-Group-2 to Predicted-Group-
1, i.e, 80. So out of 200 points, 90 + 80 = 170 points are rightly aligned
and 30 points are wrongly aligned. After the Kuhn-Munkres algorithm
aligns the two partitions, the sum of the off diagonal entries in the confu-
sion matrix is computed as SUMOFF. Then the KM-index is computed
as

KM — index = w % 100%. (2.9)

Thus for Table 2.5, the KM-index is 15%.

2.4.2 Effect of x and

This section examines the effect of « and  on the results. Observe that
the value of « and  cannot be chosen randomly because higher values
of & will make the two partitions closer, while B controls crispness of
the weights. If we want to select either a fixed % of features or a fixed
number of features given a data set, then there may exist an optimal pair
of « and B, which can be found using training-validation paradigm. In
the future studies, such possibilities of finding the most desirable pair(s)
of « and B will be explored.

For this, two datasets have been considered. One is a new synthetic
dataset and the other is the Iris dataset. The synthetic dataset contains
3 clusters with 50 points each having centres at (1,1,1), (5,5,5) and (7,7,7)
respectively. The 4 and the 5" features are random values from —5 to
5.

First, a fixed value of § is chosen while « is varied. In each run, the
difference between M and U is analyzed, i.e., how similar the updated
partition matrix is with the FCM generated partition matrix, say we call
it “Similarity” and it is defined as in Equation 2.10.

1
similarity = - ZZ i — i (2.10)
i
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Table 2.6: Effect of « for a fixed value of § = 100.

Similarity
« Synthetic data | Iris data
0 0.34 0.14
100 0.20 0.079
500 0.09 0.034
1000 | 0.06 0.021
5000 | 0.02 0.868
10000 | 1.2 0.0057
15000 | 0.008 0.002
20000 | 0.611 0.0015
25000 | 0.0004 0.0012
30000 | 0.003 0.0006

In Equation (2.10), the division by n ensures that the index remains inde-
pendent of 7.

An ablation study is conducted first. An ablation study removing the
regularizer (¢ = 0) on the partition matrix will reduce it to a problem of
entropy-regularized feature selection. It may help us to figure out how
similar are the generated partition to the target partition. Note that de-
pending on the dataset, the set of selected features may be the same with
or without the regularizer involving the partition matrix. It is noted that
the similarity at « = 0 is 0.34 and 0.14 for synthetic and Iris data respec-
tively. From Table 2.6, it is seen that as « increases the model emphasizes
more on the 2" term in Equation (2.3). Thus, more similar partition ma-
trices are obtained, as generated by FCM, during the feature selection
process. It is useful when we have a targeted structure in the dataset and
maintaining the same structure if someone wants to select the features.
It is worth mentioning that this technique can be extended to a classifica-
tion problem as well.

Now, the effect of B is considered while keeping & = 25000 fixed. For
this, the entropy of the weight distribution is computed. The results are
shown in Table 2.7.
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Table 2.7: Effect of  for a fixed value of & = 25000.

Entropy
B Synthetic data | Iris data
10 0.92 0.62
20 1.06 0.86
30 1.14 1.02
50 1.30 1.19
70 1.40 1.27
100 1.48 1.90
200 1.57 1.37
500 1.60 1.38
1000 1.60 1.38
3000 1.60 1.38

In the proposed objective function as shown in Equation (2.3), the pa-
rameter B controls the distribution of weights among the features. A
more uniform distribution of features (higher entropy) is obtained as p
increases. For each set of feature w; where j = 1,---,p, the entropy
is measured as — Z]F.;l wjIn(w;). For uniform distribution the entropy is
high and for sparse weights the entropy is low. In Table 2.7, it is observed
that for lower values of 8, the weights are more sparse compared to those
for higher B. So, a higher « and a lower  are suggested. Here, a = 25000

and B = 100 are chosen based on the results in Table 2.6 and Table 2.7.

2.4.3 Studies on Real datasets

In this section, seven real datasets (Table 2.1) [132] are used to evaluate
the performance of the proposed model. Before running the algorithm
all the real datasets are z-score normalized. As stated earlier, the FCM-
generated partition matrix is taken as the target, referred to as M in the
algorithm. The model assigns weights to each feature. First, the top two
features with the highest weights are selected, and the remaining fea-
tures are subsequently added in order of their weights to evaluate NMI,
ARI, and misalignment in terms of the KM index. For a large number of
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features, the process begins with 10% of the features and subsequently
increases the percentage.

The Iris dataset contains four features. The proposed model selects feature-
4 and feature-3 as top two features. The NMI and ARI are 0.71 and 0.69
respectively. The mis-alignment is 12.67. It is evident that the model se-
lected the best two features and the mis-alignment is reasonably good. It
is well known that in Iris data classes two and three have some overlap
and class one is well separated. As the number of features increases, bet-
ter results are observed in terms of NMI and ARI. It is worth mentioning
here that the focus is not on classifying the Iris data; rather, the aim is to
identify the natural groups as predicted by FCM. The results with the Iris
dataset are shown in Table 2.8.

Table 2.8: Mean of NMI, ARI and KM-index (Standard Deviation of NMI, ARI
& KM-index) for Iris dataset. The reported values are for 5 runs.

Table 2.9: Mean of NMI, ARI and KM-index (Standard Deviation of NMI, ARI

Features | NMI(SD) | ARI(SD) | KM-index(SD)
4,3 0.71 (0.0) | 0.69 (0.0) 12.67 (0.0)
14,3 0.80 (0.0) | 0.82 (0.0) 6.67 (0.0)
2,143 1.0 (0.0) | 1.0(0.0) 0.0 (0.0)

& KM-index) for Ecoli dataset. The reported values are for 5 runs.

Features NMI(SD) | ARI(SD) | KM-index(SD)
7,6 0.40(0.0) | 0.23(0.01) 61.67(1.75)
1,7,6 0.56(0.01) | 0.38(0.04) 46.43(2.38)
2,1,7,6 0.67(0.01) | 0.53(0.05) 32.92(2.33)
4,2,1,7,6 0.67(0.01) | 0.52(0.05) 32.56(2.8)
342,1,76 | 0.66(0.01) | 0.51(0.04) 33.69(2.26)
534,2,1,7,6 | 0.83(0.09) | 0.77(0.11) | 16.19(8.10)

Next, the Ecoli dataset is considered and the results are shown in Ta-
ble 2.9. The data are represented by seven features and there are eight
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classes. The analysis started with the top two features. As the dataset
is not well separable, the NMI and ARI are low. Approximately 62% of
data are mis-aligned when the top two features are selected. As the num-
ber of selected features increases, over all indexes improve. In Vertebral
data (Table 2.10), the mis-alignment for the top two features is 14.52%
and subsequently reduced except for top four features. In case of Wine
data (Table 2.11), we observe that the mis-alignmet for top two features
is 16.29% and the NMI and ARI for are 0.6 and 0.58, respectively.

Similar experiments are conducted on the WBC(D) (Table 2.12), Sonar
(Table 2.13), and Musk (Table 2.14) datasets. Note that, taking % of fea-
tures, the rounded value is considered. The mis-alignment for top 10%
features for WBC(D), Sonar and Musk are 3.51%, 25.48% and 5.04% re-
spectively. For WBC(D) the NMI and ARI for top 10% features are 0.78
and 0.86 respectively. For Musk, it is 0.75 and 0.81 respectively which is
reasonably good. In case of Sonar, for top 10% features, the NMI and ARI
are 0.19 and 0.24 respectively which improves further with the features.

Table 2.10: Mean of NMI, ARI and KM-index (Standard Deviation of NMI, ARI
& KM-index) for Vertebral dataset. The reported values are for 5 runs.

Features | NMI(SD) | ARI(SD) | KM-index(SD)
3,1 0.60(0.0) | 0.63(0.0) 14.52(0.0)
6,3,1 0.70(0.0) | 0.76(0.0) 9.03(0.0)
4,6,3,1 0.67(0.0) | 0.72(0.0) 10.32(0.0)
24,631 0.81(0.0) | 0.85(0.0) 4.84(0.0)
524,631 | 1.0(0.0) | 1.0(0.0) 0.0(0.0)

It is re-emphasized that FCM identifies the natural groupings in the data.
One can use any such partition matrix to find the corresponding selected
features. We have shown the same idea using seven real and three syn-
thetic datasets. It is shown that if the data contain clusters in a subspace
and that is captured by FCM then our model can find that with less (the
appropriate) number of features.
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Table 2.11: Mean of NMI, ARI and KM-index (Standard Deviation of NMI, ARI
& KM-index) for Wine dataset. The reported values are for 5 runs.

Features NMI(SD) | ARI(SD) | KM-index(SD)
12,7 0.6(0.0) | 0.58(0.0) 16.29(0.0)
6,12,7 0.5(0.0) | 0.48(0.0) 21.91(0.0)
13,6,12,7 0.71(0.0) | 0.71(0.0) 11.24(0.0)
11,13,6,12,7 0.82(0.0) | 0.85(0.0) 5.06(0.0)
1,11,13,6,12,7 0.79(0.0) | 0.82(0.0) 6.18(0.0)
9,1,11,13,6,12,7 0.78(0.0) | 0.81(0.0) |  6.74(0.0)
109,1,11,13,6,12,7 0.82(0.0) | 0.85(0.0) 5.06(0.0)
2,10,9,1,11,13,6,12,7 0.94(0.0) | 0.95(0.0) 1.69(0.0)
8,2,109,1,11,13,6,12,7 0.89(0.0) | 0.91(0.0) 2.81(0.0)
4,8,2,10,9,1,11,13,6,12,7 0.89(0.0) | 0.91(0.0) 2.81(0.0)
54,8,2,109,1,11,13,6,12,7 0.88(0.0) | 0.90(0.0) 3.37(0.0)
3,54,8,2,10,9,1,11,13,6,12,7 | 1.0(0.0) | 1.0(0.0) 0.00(0.0)

2.5 Conclusion

As per our knowledge, all the unsupervised feature selection models,
specially, using extended version of the FCM framework looks for a fea-
ture subset based on some penalty/regularizer [124,128]. We could not
tind any study where FCM provided partition matrix or any other target
partition matrix is used to select the features. Our idea is to select features
based on some targeted structure generated by any clustering algorithm.
As anatural choice, we have formulated a model to select feature that can
maintain the cluster structure found by FCM in the original data space to
the cluster structure in the lower dimensional feature space. In place of
FCM partition, any other partition matrix generated by any other clus-
tering algorithm also can be used for feature selection. In our study, we
have seen that if the data has good separability between clusters/groups,

and the actual clusters lie in a lower dimensional subspace our model can
find this.

In support of our claim, we have studied the performance on three syn-
thetic datasets and seven real datasets. In the synthetic datasets, we have
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Table 2.12: Mean of NMI, ARI and KM-index (Standard Deviation of NMI, ARI
& KM-index) for WBC(D) dataset. The reported values are for 5 runs.

Features | NMI(SD) | ARI(SD
Top 10% | 0.78(0.0) | 0.86(0.0
Top 20% | 0.78(0.0) | 0.87(0.0
Top 30% | 0.76(0.0) | 0.85(0.0 3.87(0.0)
Top 40% | 0.69(0.0) | 0.78(0.0 5.62(0.0)

) | KM-index(SD)
)
( )
( )
( )
Top 50% | 0.66(0.0) | 0.75(0.0) 6.5(0.0)
( )
( )
( )
)

3.51(0.0)
3.34(0.0)

Top 60% | 0.75(0.0) | 0.83(0.0 4.39(0.0)
Top 70% | 0.84(0.0) | 0.90(0.0 2.46(0.0)
Top 80% | 0.91(0.0) | 0.95(0.0 1.23(0.0)
Top 90% | 0.96(0.0) | 0.98(0.0 0.53(0.0)

100% | 1.0(0.0) | 1.0(0.0) 0.00(0.0)

used well separated clusters in a subspace and augmented the datasets
with several random features, and as expected, our model selects the
right features and discarded the random ones. For further study, we have
taken seven real datasets where the number of features ranging from 4 to
166. We have demonstrated the model performance in terms of NMI,
ARI and KM-index. We emphasize that our focus on mis-alignment was
more than that on NMI and ARI. Except for the Ecoli and Sonar data,
the mis-alignments are reasonably good. In our study, we put emphasis
on the data structure while finding the features and the partition matrix
plays a pivotal role to do that.

As discussed earlier, there are many choices for the regularizer for feature
selection under a unsupervised framework. However, none of those pays
any attention to the partition present in the original high-dimensional
data. In absence of any additional information (such as availability of
cluster labels of some data points) about the clusters to be extracted, the
most natural goal of feature selection would be to find a subset of fea-
tures that can find the same (or almost the same) partition matrix that
are present in the original high-dimensional data (we call this partition
as the target partition matrix). We also want the regularizer to be flex-
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Table 2.13: Mean of NMI, ARI and KM-index (Standard Deviation of NMI, ARI
& KM-index) for SONAR dataset. The reported values are for 5 runs.

Features | NMI(SD) | ARI(SD) | KM-index(SD)
Top 10% | 0.19(0.0) | 0.24(0.0) 25.48(0.0)
Top 20% | 0.31(0.0) | 0.39(0.0) 18.75(0.0)
Top 30% | 0.35(0.0) | 0.44(0.0) 16.83(0.0)
Top 40% | 0.43(0.0) | 0.53(0.0) 13.46(0.0)
Top 50% | 0.51(0.0) | 0.62(0.0) 10.58(0.0)
Top 60% | 0.57(0.0) | 0.68(0.0) 8.65(0.0)
Top 70% | 0.63(0.0) | 0.73(0.0) 7.21(0.0)
Top 80% | 0.73(0.0) | 0.82(0.0) 4.81(0.0)
Top 90% | 0.8(0.0) | 0.87(0.0) 3.37(0.0)
100% 1.0(0.0) | 1.0(0.0) 0.00(0.0)

ible enough to accommodate the situation when cluster labels of a few
points are available (semi-supervised clustering) or even when the entire
target partition matrix is generated by a different clustering algorithm,
or the target partition is obtained from a classification dataset (class label
information). In the last case the problem of interest is to find a subset
of features that can maintain the original class structure, i.e., effectively
it becomes a supervised feature selection problem. In summary, we want
a regularizing framework that can deal with unsupervised feature selec-
tion to preserve the same cluster structure as that of the original high-
dimensional data, can handle cluster labels of a few data points when
available (semi-supervised feature selection) as well as supervised fea-
ture selection. To the best of our knowledge, none of the methods in the
literature is general enough to deal with such a variety of situations, but
the proposed method can.

The unique characteristic of the proposed method is that it tries to select
features that can maintain the cluster structure present in the original
high dimensional data. This is significantly different from other unsu-
pervised feature selection using the FCM framework. In this study, we
have selected only one set of features for all clusters. However, there may
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Table 2.14: Mean of NMI, ARI and KM-index (Standard Deviation of NMI, ARI

& KM-index) for MUSK dataset. The reported values are for 5 runs.

Features | NMI(SD) | ARI(SD) | KM-index(SD)
Top 10% | 0.75(0.0) | 0.81(0.0) 5.04(0.0)
Top 20% | 0.76(0.0) | 0.81(0.0) 4.83(0.0)
Top 30% | 0.76(0.0) | 0.81(0.0) 4.83(0.0)
Top 40% | 0.78(0.0) | 0.84(0.0) 4.2(0.0)
Top 50% | 0.86(0.0) | 0.91(0.0) 2.31(0.0)
Top 60% | 0.88(0.0) | 0.93(0.0) 1.89(0.0)
Top 70% | 0.9(0.0) | 0.94(0.0) 1.47(0.0)
Top 80% | 0.91(0.0) | 0.95(0.0) 1.26(0.0)
Top 90% | 0.94(0.0) | 0.97(0.0) 0.84(0.0)
100% 1(0.0) 1(0.0) 0.00(0.0)

be applications where different clusters may lie in different subspaces. In

our future study, we would extend our model to deal with such cases.

we also plan to study the effectiveness of the proposed framework using

the class labels, i.e., using the supervised mode.






Chapter 3

Is it Rational to Partition a Data

Set using Kernel-Clustering?

3.1 Introduction

In Chapter 2, a feature selection technique has been explored, aiming for
a regularizing framework that can handle unsupervised feature selection
while preserving the cluster structure of the original high-dimensional
data. The regularizer is designed to be flexible enough to accommo-
date scenarios where cluster labels for a few points are available (semi-
supervised clustering), the entire target partition matrix is generated by
a different clustering algorithm, or the target partition is derived from a
classification dataset (class label information). After feature selection, in
unsupervised domain, next task is to find the natural groups in the data,
i.e to find the clusters. In this chapter and in the next chapter (Chapter 4),
the issue of kernel clustering has been addressed. The rationality behind
such clustering approaches is questioned. Using simple datasets, it is ar-
gued and demonstrated that finding clusters in the kernel space is not a
good idea when the objective is to identify clusters in the original data. A
cluster seeking algorithm partitions a given dataset X = {x1,X2, ..., Xn },
x; € R? into ¢ number of clusters so that members of the same cluster are
similar to one another and members of different cluster are dissimilar.
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Clustering has many applications covering almost all areas of science and
technology [136,137] and hence there are many algorithms [31,138-140]
and the research efforts are still going on to develop more effective al-
gorithms. Some algorithms use probabilistic concepts, while others use
tuzzy and/or possibilistic modeling [31,139,141].

Crisp clustering methods assume that each data point belongs to one and
only one cluster, which may not be true in some real life applications
such as land-cover classification. In such cases, fuzzy clustering is con-
sidered a better alternative for extracting sub-structures in the data. In a
fuzzy cluster, a data point may partially belong to more than one cluster
and the membership degrees/grades lie in [0,1]. The most popular fuzzy
clustering algorithm is the Fuzzy C-Means (FCM) [31] which works fine
when the dataset has hyperspherical clusters. However, if a pair of clus-
ters is not linearly separable (eg., two nested spherical-shells), such al-
gorithms usually fail. To identify such clusters there have been many
extentions/variants of the FCM algorithm [129, 142-144]. In the recent
past there have been many attempts to kernelize clustering algorithms.
These algorithms are demonstrated to be useful in clustering data such
as a disk surrounded by a shell, which are otherwise difficult to clus-
ter [67,72,73,140,145-147]. These algorithms project the data implicitly
into a high dimensional space with a hope that the “clusters” in the orig-
inal space (we shall call it feature space) will be well separated in the
kernel space. These algorithms then find the clusters in the kernel space.

There are different types of kernelized version of FCM. We shall consider
a version which assumes that the cluster centers/prototypes are in the
Kernel space [148-151]. This family of algorithms requires an inverse
mapping of prototypes from the kernel space to feature space. This type
of algorithms will be called as KFCM-K (Kernel FCM with prototypes in
the kernel space).

The objective of any clustering algorithm is to find the clusters (i.e., natu-
ral groups) in the original data space. Does a kernel clustering algorithm
do so? Sometimes 2-Dimensional datasets are used to demonstrate the
success of a kernel clustering algorithm. Usually some ”suitable” kernel
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parameter values are chosen and results are demonstrated. Do we know
if the algorithm will work for a wide range of choices of parameters? It
will be shown that, even for some simple datasets, the answer to the pre-
vious question is “"No”. When the datasets are in 2-D we can visualize
easily the performance. But when the data are in high dimension visual
assessment is difficult. For such cases, usually the cluster centroids or
the partition are used in conjunction with a labeled dataset (the dataset
is for a classification problem) to assess the resubstitution or classifica-
tion error. This approach makes an assumption that number of natural
clusters is equal to the number of classes. But this may not necessarily
be true as clustering and classification are philosophically two different
problems. For example, a two class problem may have four distinct clus-
ters and we may not know it (A high dimensional generalization of the
Ex-OR problem). If the resubstitution or classification error is low, we
should be happy, but if not, we cannot make any inference because the
number of clusters may be equal to the number of classes but the clus-
tering could be poor or the number of clusters could be more than the
number of classes and that may lead to poor classification performance.
So assuming number of classes equal to the number of clusters and then
checking the resubstitution error or classification error is not a good way
of justifying kernel clustering.

Here, the investigation focuses on whether clustering in the kernel space
isjustified. The findings suggest that kernel clustering can lead to strange
(counterintuitive) results if the number of clusters and/or the kernel pa-
rameters are not appropriately chosen. This issue is discussed and demon-
strated using some simple datasets.

3.2 Kernelized Version of FCM

A dataset may have clusters in it, but it may be difficult for an algorithm
like FCM to extract those clusters. One reasons for this may be that a
pair of clusters is not linearly separable. In such a case, the original data
can be mapped to a higher dimensional space (kernel space) with a hope
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that clusters will be easily identifiable [149-151]. For this a non linear
mapping function f is used such that ¢ : RF — H, where H is the kernel
space. Typically kernel-clustering algorithms use the kernel trick that
takes the advantage of the fact that the dot products in the kernel space
can be represented by a Mercer kernel K where K(x,y) = ¢(x)T¢(y),
where, x, y € R”. Thus the distance/similarity in the kernel space can be
replaced by the Mercer kernel. Some of the popular kernel functions are:

(a) RBF kernel : e~/Ix=¥IP/e* 52 5

(b) Polynomial kernel : (xTy + a)b,a >0,be N

(c) Hyper-tangent : tanh(x.y +a),a > 0
In this study, only one kernel-based FCM algorithm, KFCM-K, is consid-
ered, using the Polynomial kernel (PK). Other versions, such as KFCM-

F [140,148,152], where cluster centers are considered in the feature space
itself, are not included.

3.2.1 Kernel Fuzzy C-means with prototypes in kernel space
(KFCM-K)

Here the prototypes are located in the kernel space, so the pre-images
of prototypes in the feature space have to be computed by taking the
inverse mapping from kernel space to feature space [67,72,73,147,148].
KFCM-K algorithm minimizes the following objective function at (3.1).

Q=Y ¥ wlighu) —will (31)
i=1k=1
subject to the constraints
(@) ujy € [0,1]Vi, k
(b) 0 < Y ) quy <nVi
(©) iy ue =1k
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In (3.1) v; is i*" prototype in the kernel space. Using the Lagrange Multi-
plier technique, optimization of Q with respect to v; , results in

v — Y—1 Ui (Xk)

= (3.2)
' Yk—1 Uiy

Similarly, the expression for the membership values are derived as

1 .
Hik = S (lebu) v, )rfl’l_l""'c'k—lf“'r” (3.3)
=111 (%) —v;j

where

P (xx) — vil > = (p(xic) — vi) T (p(xx) — Vi)
= p(xa) "p(xi) — 2¢(x1) Tvi + vy vy (3.4)

Using the expression for the prototypes (3.2) into the expression (3.4) ,
one gets

n

=1 ”?]?K(Xk/ Xj)

le(a) = vil? = K(xioxi) —2=—=i—
1=1%ij

=1 L= Ui i K (i )

( ?:1 ”?;)2

(3.5)

Following, [147, 148], the expression for the prototypes in the feature
space V = {V;;i = 1,2, ...,c} with Polynomial kernel is given in (3.6).

DY ull (xhv; + )" Ixy
e -
(VZ'TVZ' + ll)b 1 27:1 Ll?;

(3.6)

The corresponding algorithm of KFCM-K is shown in Algorithm 3.1.

Note that, there are many other equivalent termination criteria that can
be used in place of (3.7) and (3.8).
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Algorithm 3.1 KFCM-K

(a) Fix ¢, tyay,m > 1and € > 0, the tolerance level for termination.

(b) Initialize membership matrix U.

(c) Repeat
Update U = [u;;] according to equation (3.3) via (3.5).
C
until )Y |u§£+1> - uf,?| < € is satisfied. (3.7)
i=1k=1

(d) Return U.
(e) Initialize prototypes V

(f) Repeat
Update ¥;s according to equation (4.6) for Polynomial kernel

C n
until Y ) |z7](<tl.+1) — 17,((t3| < € issatisfied. (3.8)
i=1k=1

(g) Return V.

3.3 Results

Three synthetic datasets are used in this study, all in RZ:Ring, Five-Cluster,
and Uniform-Disc.

* Ring : The Ring Dataset is depicted in Figure 3.1a, where the inner
disk contains 100 points and the outer ring contains 200 points.

¢ Five-Cluster : Figure 3.1b shows the Five-Cluster dataset where the
inner disk, like Ring contains 100 data points forming a cluster. Sur-
rounding this cluster, there are four smaller clusters, each with 50
points.

* Uniformdisk : Figure 3.1c depicts the Uniform dataset with 441
points that are uniformly distributed. This dataset does not have
any cluster in it.



3. Is it Rational to Partition a dataset using Kernel-Clustering? 67

For each dataset, X, every feature x is normalized by (x(_r” ) where p and

o are the mean and standard deviation of x as estimated from the given

dataset. This protocol is followed in [148].

o e . e

%ﬁ?‘@gg W%W# 1
§ g % %

* e ’

%*% L Fx e %
%%@W%mﬁf* 15 %
(a) Ring dataset (b) FiveCluster dataset
&

(c) Uniform dataset

Figure 3.1: The three Synthetic datasets used in this study

3.3.1 Kernel Clustering with Polynomial Kernel

The behavior of FCM and KFCM-K with the Polynomial kernel is studied
on three datasets: Ring, Five-Cluster, and Uniform. The parameters used
arem =12, = 1078, and tmax = 100. For the Polynomial kernel, exper-
iments are conducted with different values for a € {1,2,3,4,5,7,10,15}
and b € {2,4,6,8,10,12,14,16}, resulting in a total of 64 combinations.
The initial prototypes are taken randomly from the input dataset.

First, the Ring dataset is considered, Figure 3.1a. Clearly there is a disk-
shaped cluster at the center. Many authors share the view that the shell
around the disk is also a cluster. The same view is shared here as well.
For this dataset with ¢ = 2, FCM, as expected, divides the dataset as
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b
e, %
(a) FCM (b) KECM-K (a=1,b=2)

(c) KFCMK (a=15,b=2)

Figure 3.2: Clustering of Ring data with FCM and KFCM-K for c=2

shown in Figure 3.2a. For some choices of 2 and b, the KFCM-K behaves
similar to FCM, but for none of the 64 choices of parameters, KFCM-K
could extract the shell as a separate cluster. Sometimes, part of the shell
is extracted as a cluster and the remaining data points as another cluster.
One such partition is exhibited in Figure 3.2b. It is also noticed that when
a is high and b is low, KFCM-K behaves similarly to FCM for this dataset.
Figure 3.2c shows one such partition with 2 = 15 and b = 2. For this
dataset we find that the choice of a2 and b has a significant influence on
the clustering output. Moreover, in this case, KFCM-K failed to produce
the desired partition. Therefore, no further analysis is conducted on this
dataset.

Next, the focus shifts to the Five-Cluster dataset (Figure 3.1b), which con-
tains five distinct clusters. As expected, FCM finds all the five clusters
correctly when ¢ = 5 (Figure 3.3g), so does KFCM-K witha = 1,b = 2
(Figure 3.3h). Figure 3.3, also compares the results with ¢ = 2,3, and 4.
For example, when ¢ = 4 (witha = 1,b = 2), the FCM result is quite
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(c) FCM (d) KECM-K

(g) FCM (h) KFCM-K

Figure 3.3: (a) FCM Clusters with ¢ = 2;

(b)KFCM-K Clusters with ¢ = 2;

(c) FCM Clusters with ¢ = 3; (d)KFCM-K Clusters with ¢ = 3;
(e) FCM Clusters with ¢ = 4; (f)KFCM-K Clusters with ¢ = 4;
(g) FCM Clusters with ¢ = 5; (h)KFCM-K Clusters with ¢ = 5;
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(b)a=2b=16

Figure 3.4: Few bad clusters on the Five-Cluster dataset using KFCM-K.

intuitive (Figure3.3e), while KFCM-K merges two clusters, which are on
the opposite sides of the central disk, into one clusters (Figure 3.3f). Thus
KFCM-K merges two small clusters when they are quite far from each
other. It is noted that while running clustering algorithms with differ-
ent initializations similar results are obtained across several runs. How-
ever, for c = 2 and ¢ = 3, FCM produces intuitively acceptable results
(Figure 3.3a and Figure 3.3c), while KFCM-K does not (Figure 3.3b and
Figure 3.3d) as it merges two clusters which are not nearby. In this case,
since the data are in 2-D, the results can be assessed visually. However,
for high-dimensional data, the desired number of clusters may not be
known, which can lead to undesirable results, such as the merging of
two distant clusters, without even realizing it. This is one facet of the
problems associated with kernel clustering.

The other problems is associated with the choice of kernel parameters.
To demonstrate this issue, consider ¢ = 5, the best choice for number of
clusters for this dataset. Next, KFCM-K is run for all 64 combinations of
a and b as mentioned earlier. Table 3.1, summarizes the results. Table
3.1 reveals that when a = 1, and b is high (12 or higher), KFCM-K fails to
extract the correct partition. Figure 3.4 (a) reveals that witha = 1and b =
12, a few points of the cyan (plus) and blue (circle) clusters get merged
with the central disk. Similarly, with 2 = 2 and b = 14 or higher, the
partition starts departing from the desirable one (Figure 3.4 (b)). Thus, it
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Table 3.1: Value of Correlations for different kernel parameters [a,b-Kernel pa-
rameters, Q-Quality].

DATA ab Q ab Q a,b Q
FiveCluster | 1,2 | Good |5,2| Good |10,2| Good
14| Good |54 | Good |104| Good
1,6 | Good |56 | Good |10,6 | Good
1,8 Good |58 | Good |10,8| Good
1,10/ Good |5,10] Good (10,10 Good
1,12 Bad |5,12| Good [10,12| Good
Uniform Disk| 1,2 | Good |52 | Good |10,2| Good
1,4 [Medium| 5,4 | Good |104| Good
16| Bad |56 | Good |10,6 | Good
1,8| Bad |5,8 Medium| 10,8 | Good
1,10f Bad |5,10| Bad |10,10] Good
1,12 Bad |5,12| Bad [10,12|Medium

is found that the choice of kernel parameters is crucial to the success of
the algorithm, even for very simple datasets. Since the sub-structures in
high-dimensional data are unknown, it would be difficult to determine
whether KFCM-K has found a good solution or not. One can make the
same arguments with FCM, but the differences are : (a) with improper
choices of ¢, the number of clusters, FCM splits or merges clusters in such
a manner that they agree with our intuition and FCM does not impose
strange geometric structures on the data and (b) FCM does not have these
two extra parameters, which may change the geometry of the data.

Now the Uniform (Figure 3.1c) dataset is considered. Clearly Uniform
does not have any sub-structure or cluster. Hence any clustering algo-
rithm, with ¢ = 2, should partition the data into approximately two
halves, where the approximate line partitioning the data may have one of
many possible orientations. Figure 3.5a shows that FCM does the same.
Similarly, KFCM-K also does the same with a = 1,b = 2 (Figure 3.5b);
as b increases, one of the clusters starts becoming bigger (Figure 3.5¢).
Witha = 1, b = 12 or above, KFCM-K extracts a nice shell (Figure 3.5d)
as one of the clusters. This behavior is also repeated with other choices
of a. In fact, when a is increased, KFCM-K starts extracting a shell for



72 3.3. Results

further high values of b. This is a very serious limitation of the KFCM-K
algorithm. As an illustration, Figure 3.6 shows the membership values
of different points to the cluster they belong to. Figure 3.6 corresponds
to Figure 3.5d. In Figure 3.6, for each point, the maximum membership
value is determined. Based on its cluster label, the point is plotted either
as a green(square) or a red (circle). Figure 3.6 shows that for most of the
points in the central big cluster the membership values to the cluster are
very high, while for most points belonging to the imposed outer-shell
cluster, the membership values are above 0.6. There are some points in
the bigger cluster with memberships varying from values slightly higher
than 0.5 to further high values suggesting a kind of gradual transition
from one cluster to the other. In this dataset, there is no reason to assume
such a strange cluster structure.

L L L L L L s 25 L L L L L ‘
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(a) FCM (b) KFCMK (a = 1,b = 2)
¢ ¢ *i%**iﬁe**i*
05 05 §¥¥ !
. TR :
S
(c) KFCM-K (a = 1,b = 6) (d) KFECMK (2 = 1,b = 12)

Figure 3.5: Results on the Uniform dataset by FCM and KFCM-K for different
parameters

Table 3.1 summarizes the visual assessment of quality of the partitions
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generated by kernel clustering for some illustrative sets of 2 and b. In
Table 4.3, Medium indicates minor departure from ideal partition while
Bad indicates significant departure from the ideal partition.

: 5 %‘1_’.:%»«?‘05&)"‘ SR
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Figure 3.6: Pictorial representation of the maximum membership values to the
clusters.

So what do we learn from these experiments?

* Knowledge of the number of clusters present in the data is essen-
tial for the success of KFCM-K; otherwise, some cluster may include
data points which are far from each other. In particular when cis less
than the actual number clusters, KFCM-K may merge two subclus-
ters which are far from each other in the actual data (feature) space
ignoring nearby clusters. Thus producing counterintuitive clusters.

* When a dataset does not have any cluster structure, depending on
the choice of kernel-parameters, it can impose very artificial sub-
structures (e.g., the KFCM-K extracts a shell from the uniform data).
To summarize, KFCM-K may impose arbitrary structures on the
data.

e Even when the number of clusters is known, appropriate choice of
the kernel parameters is essential to get the desirable results.

These problems are quite serious because for any real life application,
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data are usually in a high dimensional space. But why do all these hap-
pen? This may happen because we are trying to extract clusters in a space
which may alter the geometry of the original data. This does not mean
that for some dataset KFCM-K type clustering cannot help. For exam-
ple, if we have two touching clusters and in the projected space the two
clusters become separated, then it would be easy to find the clusters in
the kernel space. There could be other interesting cases where kernelized
version could be useful. For example, using RBF kernel with an appro-
priate choice of the kernel width, it is possible to extract the shell and the
central disk as two different clusters [148], but we need to use the right
kernel with the right choice of parameters.

3.4 Conclusion

The performance of the kernel clustering algorithm, KFCM-K raises a
very fundamental question : Should we really cluster a given data set in
the kernel space? Although the data points may be more sparsely dis-
tributed in the kernel space, it cannot be assumed that the clusters iden-
tified in this space will correspond to the same groups as those in the
original feature space. This has been illustrated using several synthetic
datasets. In some of the studies involving kernel clustering the results are
justified by matching the clusters with the classes [148]. In other words,
one starts with a dataset on k classes where every point has an associated
class label indicating the class that the data point comes from. Such a
dataset is then clustered into ¢ = k clusters ignoring the class labels. Fi-
nally, one assesses how good the partition matches with class structure.
If there is a good match we should be happy. But we need to remember
that cluster structure in a dataset may be quite different from the struc-
ture imposed by class labels. The situation is actually more complicated
because most kernel needs specification of some parameters. It has been
demonstrated that the choice of kernel parameters significantly impacts
the performance of the clustering algorithm. When the problem is of clas-
sification, we can use different ways, such as cross-validation, to choose
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a desirable value for the kernel parameters. But for cluster seeking prob-
lems, it is difficult to choose the optimal parameters because the problem
is unsupervised.

It has been demonstrated that kernel clustering may lead to highly unex-
pected results. When the goal of clustering a dataset is to find the clusters
/ substructures in the original data (feature) space, unless one is careful,
kernelization may impose undesirable structures on the data and hence
the clusters obtained in the kernel space may not exhibit the structure of
the original data. But, this does not mean that kernel clustering cannot
be useful at all. If one wants to cluster in the kernel space, then proper
choice of the parameters of the kernel function has to be used. There is
no established mechanism for selecting the desirable parameters.

In the next chapter (Chapter 4), the merits and limitations of kernel-based
clustering will be explained in detail.






Chapter 4

What and When can We Gain
from the Kernel Versions of
C-Means Algorithm?

4.1 Introduction

In Chapter 3, a fundamental question has been addressed regarding the
efficacy of clustering within kernel spaces, with a particular focus on
polynomial kernels. The study examined whether the clusters identi-
fied in the kernel space accurately corresponded to those in the origi-
nal feature space. The chapter illuminated the intricate nature of kernel
clustering, highlighting how the process of kernelization can introduce
unintended structures onto the data, thereby yielding unexpected out-
comes. In this chapter, the exploration of clustering within kernel space
is extended, delving into philosophical inquiries regarding its usefulness
and the circumstances under which it proves advantageous. This chapter
emphasized the distinction between poor clustering outcomes resulting
from issues such as local minimum problems or incorrect algorithmic pa-
rameters.

Cluster analysis has found many applications in different fields of science



78

4.1. Introduction

and engineering such as pattern recognition, image analysis, communi-
cation, and data mining [31, 136, 137, 139, 153, 154]. Clustering divides
data into “homogeneous” groups (clusters) in order to improve our un-
derstanding about the data or to find sub-structures in the data. A clus-
tering algorithm partitions a set of n input vectors X = {x1,X2,...,Xn},
x; C IR? into ¢ clusters so that members of the same cluster are “similar”
to each other and members of different clusters are dissimilar. Depend-
ing on the clustering algorithm, in addition to the partition, the c clusters
may be represented by a set of ¢ prototypes, V = {vq, vy, ..., vc}, v; C R”.

Crisp clustering methods assume that each data vector belongs to one
and only one cluster. This assumption is valid when data have well sep-
arated sub-groups. In real life applications, often it is difficult to find
distinct boundary between clusters. Thus, fuzzy clustering is often con-
sidered a better alternative for extracting structures in data. In a fuzzy
cluster, a data point may partially belong to more than one cluster and
the membership degrees/grades lie in [0,1]. The most popular fuzzy
clustering algorithm is the Fuzzy C-Means (FCM) [31, 155, 156]. How-
ever, sometimes data may have “not-nice” clusters where a pair of clus-
ters is not linearly separable. For example, if data contain a sphere sur-
rounded by a shell, or contain two nested shells, often researchers want
to call / identify the sphere and shell, or the two nested shells as two
clusters. Such clusters usually cannot be found unless we specifically
design algorithms to look for such structures [129, 142-144]. In the re-
cent past there have been many attempts to kernelize clustering algo-
rithms [67,72,73, 140, 145-147,157]. These algorithms project the data
into a high dimensional space with a hope that the clusters in the orig-
inal space (we shall call it feature space) become well separated. These
algorithms then find the clusters in the kernel space.

Two major categories of kernel based fuzzy clustering algorithms are
available in the literature. The first category considers the prototypes
in the feature space [140, 148, 152] and the other category assumes the
prototypes in the kernel space [148-151]. Thus the later family of algo-
rithms requires an inverse mapping of prototypes from the kernel space
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to feature space. These two types of algorithms will be called as KFCM-F
(Kernel FCM with prototypes in the feature space) and KFCM-K (Kernel
FCM with prototypes in the kernel space), respectively.

The kernel clustering algorithms raise a very fundamental question: should
we really cluster a given dataset in the kernel space? The objective of
any object-data clustering algorithm is to find the clusters (i.e., natural
groups) in the original data space. Although in the kernel space the data
points might be more sparsely distributed, we cannot say that the clus-
ters that we can find in the kernel space will necessarily represent the
same subgroups as those in the original feature space. In some studies in-
volving kernel clustering the results are justified by matching the clusters
with the classes [148]. In other words, we start with a dataset on k classes
where every point has an associated class label indicating the class that
the data point belongs to. Such a dataset is clustered into ¢ = k clusters,
ignoring the class labels, and the quality of the partition is then assessed
based on how well it aligns with the underlying class structure. Well, if
there is a good match then we should be happy. It is important to remem-
ber that the cluster structure in a dataset may differ significantly from the
structure imposed by class labels. A simple example is the exclusive-OR
type two-class datasets. The situation is actually more complicated be-
cause most kernel needs specification of some parameters. For example,
Gaussian/Radial Basis Function kernel needs the user to specify ¢ - the
width of the kernel. It is well known from the literature on support vector
machines that the choice of ¢ has a significant impact on the performance
of classifiers. When the problem is of classification, we can use different
ways, such as cross-validation, to choose a desirable value for ¢. But for
cluster seeking problems, it is difficult to choose the optimal parameters
because the problem is unsupervised. It is emphasized that the param-
eter ¢ should not be viewed as a parameter of the clustering algorithm,
like c and the initial cluster centers.

There are many cluster validity indices such as NMI (Normalized Mu-
tual Information) [134], ARI (Adjusted Rand Index) [135, 158], cluster in-
stability [159], [160], NID (Normalized Information Distance) [161]. Use
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of cluster validity indices may not be useful to choose the optimal kernel
parameters because if the transformation imposes well separated sub-
structures (that were not present in the original data), a validity index
may vote for such a partition. It will be demonstrated that indices such
as NMI, ARI, and cluster instability are not particularly effective. In
this context, Kleinberg’s impossibility result is worth mentioning [162].
Kleinberg proposed a set of three axioms on scale invariance, consis-
tency and richness for a clustering function and proved that there is no
clustering algorithm that satisfies those three axioms. Ackerman [163]
questioned Kleinberg’s axioms and reformulated those axioms for clus-
ter quality measures (CQM), which are consistent. Ackerman also added
one more axiom (axiom of CQM).

The investigation focuses on the justification for using kernel clustering,
demonstrating that it can lead to unusual results and may impose arti-
ficial cluster structures on the data, depending on the choice of kernel
parameters. Sammon’s nonlinear projection is then used to make a vi-
sual assessment of the data structure in the kernel space. This further
demonstrates that kernelization may impose strange structure. The ef-
fect of kernel parameters on clustering a dataset in the kernel space has
been discussed. Here the prime focus is on the RBF kernel. Some illustra-
tive results on Hyper-tangent and polynomial kernels are also included.
Detailed results of some early investigation using the polynomial kernel
are reported in [86]. Our findings with polynomial and Hyper-tangent
kernels are consistent with those of RBF kernel.

To reduce the effect of the choice of kernels, some authors have used mul-
tiple kernels [164,165]. For example, in [164], authors use a non-negative
weighted combination of multiple kernels. Since different kernels use
different nonlinear transformations, the resultant structure imposed by
multiple kernels could still be strange and in fact, sometimes, it may even
worsen the situation. However, for supervised learning, use of multiple
kernels could be useful because one can choose the weights of different
kernels as well as their parameters using the target values (or class label
information) that are available.
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4.2 Kernel based Fuzzy c-means

It is emphasized that the focus will be on clustering of object data, where
each object is represented by a set of numerical features. If the clusters
are not easily identifiable, (for example, if a pair of clusters is not linearly
separable in the original p-dimensional feature space), then the data from
the feature space may be mapped to a higher dimensional kernel space
with a hope that it would be an easy job to find the clusters [149-151]. A
non linear mapping function ¢ is used such that ¢ : R? — H, where
H is the kernel space. Typically for finding clusters, the kernel trick is
employed by taking advantage of the fact that the dot product in the
kernel space can be represented by a Mercer kernel K where K(x,y) =
¢ (x)T¢(y), where, x,y € RP. Hence the distance/similarity in the kernel
space can be replaced by the Mercer kernel. The Kernel matrix K x, can
be viewed as a relation and relational clustering algorithms can also be
developed on this [120].

Some of the popular kernel functions are :

(a) Gaussian (RBF) kernel : e~ Ix=yll?/ ‘72,02 >0
(b) Polynomial kernel : (xTy + a)b,a >0,be N
(c) Hyper-tangent : tanh(x*.y +a),a > 0

In this study, primarily we shall consider the RBF (Gaussian) kernel. As
mentioned earlier, kernel based FCM algorithms are classified in two cat-
egories, Kernel Fuzzy C-means with prototype in feature space (KFCM-
F) and Kernel Fuzzy C-means with prototype in kernel space (KFCM-K),
depending on the position of the prototypes. Next, two such algorithms
are described, one from each category.

4.2.1 Kernel FCM with prototype in the Feature Space

In this method [140, 148, 152] the following objective function is mini-
mized :
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Q=YY ufllp(xi) — p(vi)l% (4.1)

i=1k=1
subject to the constraints
(@) uy € [0,1]Vi, k,
(b) 0 < Y ) quy <nVi,
(©) X&_y uy = 1Vk.

Here the prototypes are placed in the original feature space and are im-
plicitly mapped in the kernel space through a kernel function.

Thus the square distance in the kernel space can be computed as

p(xic) — p(vi)|I* = P (xi) TP (xic) + p(vi) ' Pp(vi)

—2¢(xi) ¢ (vi)
= K(Xk, Xk) + K(Vi,Vi)
— 2K(xy, V). 4.2)
For the Gaussian kernel
p(xic) — p(vi)| > = 2(1 — K(xi, vi))- (4.3)

Using the Lagrange multiplier technique, the membership value, u;;, of
the k-th data point to the i-th cluster can be obtained as:

LD 1
ik o c (1_K(xklvi(t)))ﬁ-

(4.4)

where c is the number of clusters, m > 1 is the fuzzifier that controls the
fuzziness in the partition, and t is the iteration number.
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The expression of the prototypes for Gaussian kernel can be shown as

D k-1 UK (X, Vi(t))xk

Z%ﬂ ”;'?(K(Xkr Vi(t))

(4.5)

Algorithm 4.1 KFCM-F

(a) Fix ¢, tyax,m > 1and € > 0, a tolerance level for termination.
(b) Initialize the set of prototypes, V
(C) FOI‘ t — 1, 2, ceey tmgx dO

Update U = [u;x)cxn according to equation (4)
Update v;;i =1, - -, c according to equation (5)

until .
Y ) ] (1) _ u§£)| <e€ (4.6)
i=1k=1

is satisfied.
(d) Return U and V.

4.2.2 Kernel FCM with prototypes in the Kernel space

As discussed in chapte 3, in KFCM-K the prototypes are located in the
kernel space.

KFCM-K algorithm [67,72,73,147,148] minimizes the following objective

function:

- Z Z 1k||4) Xk _V1H (4.7)

i=1k=1
subject to the same set of constraints on the membership matrix as with
the KFCM-F. Again using the Lagrange Multiplier technique, optimiza-
tion of Q with respect to v; , results in

_ Y k=1 u?,ﬁqﬁ(xk).

n
Y1 Ui

(4.8)
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Similarly, the expression for the membership values are derived as

1
Wik = C‘il(H(P(Xk)_VIH)% (4.9)
J=1M ¢ () — ;|
i=1, ,c;k=1,--- ,n where
o) — vil|* = (p(xac) —vi) T (¢(xa) — vi)
= ¢ (x1) Tp(xic) — 2 (x1c) v
+v;Tv;. (4.10)

By putting the expression for the prototypes (4.8) into the expression
(4.10) ,one gets

Y ulf K(xi,x5)
lp(xa0) —vill* = K(xi %) — 27— —
Lj=1 4

oy uM K (X,
R R ), (4.11)
j=1"ij

Since the prototypes are in the kernel space, if we want to get their pre-
images in the original feature space, then those have to be computed by
taking an inverse mapping from kernel space to feature space. The ex-
pression for the prototypes, V.= {¥;;i = 1,2,...,c} (in the input space),
with Gaussian kernel is given as [147,148]

cttl _ Y1 UK (X, ¥7)xi

= X (4.12)
1 Y1 ufeK (x, ¥;)

Using the final membership matrix, these prototypes in the input (fea-
ture) space are computed using an iterative algorithm as explained be-
low. Note that, to generate the partition matrix, we do not need to com-
pute these prototypes. The algorithm of KFCM-K is discussed in Chapter
3.



4. What and When can We Gain from the K-Versions of C-Means Algo.? 85

Before presenting the results, some philosophical differences between
kernel c-means (fuzzy/hard) clustering and other prototype-based clus-
tering algorithms are highlighted. Typically, for a conventional (not a
kernel version) clustering algorithm, the procedure is as follows:

(a) We are given a dataset (a set of objects, each of which is represented
by a set of numerical features).

(b) The goal is to find clusters in the given data, i.e., to find sub-groups
of “similar” objects in the given data.

(c) We have a conceptual understanding (model) of what we want to
find as clusters. For example, hyper-spheres, shells, and lines, to
name a few.

(d) The conceptual model of clusters usually dictates the similarity mea-
sure between objects as well as mathematical model(s) via optimiza-
tion of some objective function(s). Some examples are : objective
functions of FCM, Fuzzy c-Shell, Fuzzy c-varities [120]. The objec-
tive function typically involves a measure of (dis)similarity between
objects or between prototypes and objects.

(e) The next step is to define an algorithm to optimize the objective func-
tion to extract the clusters.

[Notes:] The algorithm as well as the objective function may have
some parameters whose choice may influence the clustering results.

However in a kernel-c means type clustering, we project the data into
a different space and the dot product of two projected data vectors de-
fines the similarity between the two data points involved. The commonly
used kernel functions have some parameters, whose choice may influ-
ence the similarity between points in the kernel space and hence may
impose “artificial” cluster structure on the data. Thus, parameters of ker-
nel functions and parameters of algorithms are of completely different
nature. Improper choice of kernel parameter may impose structures that
are non-existent in the original data, while improper choice of algorithm
parameters may make the algorithm fail to find the desired clusters. But
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if the data structure is changed by some improper choice of kernel pa-
rameters, no choice of algorithmic parameters will be able to extract the
clusters present in the original data.

4.3 Results

To elaborate on the issues raised, four synthetic datasets are first used:
Five-Cluster, Ring, Bar and Disc, all in R? because for such datasets ground
truths are known and we can visually asses the results. Later, some real
datasets will also be used.

* Ring dataset: Figure 4.1a represents the Ring dataset, where the in-
ner circle of radius 3 contains 100 data points and the outer ring
contains 200 data points between radii 6 and 8.

¢ Five-Cluster dataset : Figure 4.1b displays the Five-Cluster dataset
in which the inner disk contains 100 data points representing a clus-
ter. These dataset also has four smaller clusters, each with 50 points,
on four sides of the central cluster.

¢ Bar dataset: Figure 4.1c shows Bar dataset containing 300 data points.
This dataset also does not have any cluster in it.

* Disc dataset: Figure 4.1d depicts the Disc dataset. It has 500 ran-
domly generated data points on a disc of radius 5. This dataset does
not have any cluster.

For each dataset, X, every feature x is normalized by @, where y and
s are the mean and standard deviation of x as estimated from the given
dataset. This protocol is followed in [148]. These normalized data are
used to generate Figure 4.1. In addition to these four datasets, a dataset
called Uniform will also be used and discussed in the appropriate sec-

tions.

In all our clustering results, different clusters will be depicted using dif-
ferent colors as well as by different symbols.
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Figure 4.1: The Four Synthetic datasets used in this study.
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4.3.1 Strange Behavior of Kernel Clustering with Gaus-

sian Kernel

The behavior of FCM, KFCM-F, and KFCM-K with the Gaussian kernel
is studied on the Five-Cluster, Ring, Disc, and Bar datasets. For all exam-
ples, the parameters used are m = 1.2, € = 1078, and fmax = 100. The
kernel width, ¢ is varied from 0.1 to 3 with a step size of 0.1. For KFCM-F
the initial prototypes are taken randomly from the input dataset, while
for KFCM-K the membership matrix is initialized with random values.

First we consider the Five-Cluster dataset (Figure 4.1b). How many clus-
ters are there in this dataset? Undoubtedly, everybody would agree that
there are five clusters. We examine the behavior of the three algorithms
on Five-Cluster dataset with ¢ = 5,4,3, and 2 clusters. The results are
shown in Figure 4.2.

In case of FCM (Figures 4.2a, 4.2d, 4.2g, and 4.2j) we find that for c = 5, 4,
and 3, the clustering results are quite intuitive; the clusters are as per
our expectation. Similarly, for KFCM-F and KFCM-K (with ¢ = 2.5) all
results are quite intuitive for ¢ = 3,4 and 5; all three algorithms can be
said to produce good clustering of the dataset. But for ¢ = 2, we would
be in favor of the partition produced by FCM although it splits the central
cluster, while the partition produced by KFCM-F is the worst one.

In case of KFCM-F (Figure 4.3a), there is nothing new compared to the
results with higher kernel width, but in KFCM-K (Figure 4.3b) we get
a shell type cluster, where all four outer clusters are combined to form
single cluster! Then the question is: out of the Figures 4.2j, 4.3a and 4.3b
which one represents a more logical clustering of the data for ¢ = 2?
We think, Figure 4.3b is the least intuitive partition for ¢ = 2. But since
the number of actual clusters does not match with c, one can argue that
Figure 4.3b is also equally good. Subsequently, we use only KFCM-K
algorithm except for the Ring data as it also has a shell.

To further illustrate the underlying issue, the Bar dataset (Figure 4.1c) is
used. The KFCM-K algorithm is applied with ¢ = 0.2 and ¢ = 2. The
results are shown in Figures 4.4a and 4.4b.
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Figure 4.2: (a)—(c) show the five clusters found by FCM, KFCM-F, and KFCM-
K, respectively. (d)-(f) show the four clusters found by FCM, KFCM-F, and
KFCM-K, respectively. (g)—(i) show the three clusters found by FCM, KFCM-F,
and KFCM-K, respectively. (j)—(1) show the two clusters found by FCM, KFCM-
E and KFCM-K, respectively [for KFCM-F and KFCM-K, ¢ = 2.5].
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Figure 4.3: (a) & (b) show 2 clusters for o = 1.1.

The same question is posed again: which partition is more acceptable?
In this view, the answer should be Figure 4.4b, as there is no justification
for accepting a partition like the one shown in Figure 4.4a. This might
be an indicator to suggest that moderately large ¢ is better. One can also
argue that the dataset has no cluster. Yes, that is true. But for any high-
dimensional data we would not know if the dataset has clusters and if
yes, how many? Yet, if we want to find c clusters, the algorithm should
produce a partition that reflects the actual structure of the data.

The KFCM-K and KFCM-F algorithms are now applied to the Ring dataset
(Figure 4.1a). Both algorithms were run for different values of ¢, ranging

from 0.1 to 3 with an increment of 0.1. The observations are summa-

rized here. The KFCM-F for most of the runs (with different os) could

not extract the shell and disk as separate clusters. However, for o = 0.2

for some runs, KFCM-F could find the shell and disk as separate clus-

ters (see Figure 4.5). On the other hand, KFCM-K for ¢ from about 0.4

to about 1.5 could extract the shell and disk as separate clusters (Figure

4.6a). The KFCM-K produces a very good partition (a partition that we

want to have).

So both KFCM-F and KFCM-K can find the shell structure when it is
present and the choice of ¢ that produces the desirable partition for the
two algorithms are different.
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Figure 4.4: KFCM-K using Bar dataset.

Now let us see what happens with the Disc data (Figure 4.1), which do
not have any cluster structure. With ¢ = 2 we expect any clustering al-
gorithm to divide the data roughly into two half-disks, where the line
dividing the disk may have different orientation depending on the ini-
tialization. But it is strange to note that for ¢ = 1, KFCM-K imposes a
nice shell structure on the Disc data (Figure 4.6b), but such a shell is not
present in the data. This experiment is repeated with ¢ = 1 ten times, and
in all cases, a shell-like structure is obtained. However, for the KFCM-F
algorithm, the results are similar to those of the standard FCM.

Thus, it is observed that, depending on the choice of o, KFCM-K identi-
fies a shell structure if such a structure is present in the data.It can also
find a shell structure even if it is not present in the data. In the former
case, KFCM-K does a good job, while in the later case, it imposes a struc-
ture which is NOT there in the data. Hence, such clusters cannot serve
any purpose. The success of KFCM-K to identify the Shell as a sepa-
rate cluster is consistent with results in Figure 4.3b for Five-Clusters with
¢ = 2 because the Five-Clusters dataset is generated by deleting some
points from a Shell as in the Ring data!

Taking a closure look into the results shown in Figures 4.3b, 4.4a, 4.6a
and 4.6b, we may say that the Gaussian kernel tries to find/impose a
shell type structure at low o, irrespective of whether the dataset has such
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Figure 4.5: The KFCM-F partition of the Ring dataset with o = 0.2.

a structure or not; but this is not a proof. One can argue that the dataset
Disc has no cluster and hence the problem. But for any real data in more
than 3-D, as already mentioned, we shall neither know if there any clus-
ter, nor the number of clusters, if any. When attempting to find ¢ clusters,
the goal is to obtain a partition that closely aligns with the actual struc-
ture of the data.

As indicated in the introduction, we have experimented with both poly-
nomial and Hyper-tangent kernels. In [86], results using polynomial ker-
nels were reported. Here, a few illustrative results are included in Figure
4.7. For each dataset in Figure 4.7, two results are presented: the best one
(based on visual assessment) and a poor one derived from the set of ker-
nel parameters tried. For the Ring dataset, none of the parameters tested
were able to separate the ring from the central cluster. On the other hand,
for the Uniform Disk, it imposed a very nice shell. Only for Five cluster
data, Polynomial kernel separates the clusters [86].

Figure 4.8 displays some results on the four datasets using the Hyper-
tangent kernel. For the Uniform Disk and Bar datasets, Hyper-tangent
kernel produces the desirable partition for a wide range of 4. For the
Bar dataset, all values of a between 0.1 and 5.0 that were tested resulted
in the desirable partition shown in Figure 4.8a. For the Uniform Disk
data also for a wide range of a the results are good. For the Ring and
Five cluster datasets, we could not extract the desirable partitions using
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Figure 4.6: (a-b) using KFCM-K and (c-d) using KFCM-FE.

the Hyper-tangent kernel; in fact for the Five Cluster, all partitions are

equally bad and hence we include one result for this dataset in Figure

4.8b. The results displayed in Figures 4.7 and 4.8, along with those pre-
sented in Chapter 3, indicate that the issues identified for the RBF kernel
are equally applicable to the other two kernels.

4.3.2 Are these reported results typical?

The results reported above for different choices of the kernel parameters

are very typical. Since the results of kernel clustering also depends on

the initialization, for each choice of the kernel parameter, it is necessary
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to check the robustness of the results with respect to initialization. To do
this, we have repeated the experiments 30 times and the quality of the
clusters is assessed visually. Since these datasets are in 2-D and the de-
sired partition is known, visual assessment was easy (for the Disk Data
any 2-partition along any diagonal is a desirable partition). Moreover,
visual assessment was more appropriate because we are more concerned
with the identity of the points which are mis-clustered than the number
of points which are wrongly clustered. The visual assessments are sum-
marized in Table 4.1. For each of Five-Cluster and Ring, there is a unique
desirable partition. For Bar data also the FCM partition which divides it
into two almost equal halves can be taken as the most desired partition.
As already explained, for Disk data there is no unique desirable parti-
tion. To provide a quantitative assessment of the clustering results in
Table 4.1, the average and standard deviation of the Normalized Mutual
Information (NMI) [134] and Adjusted Rand Index (ARI) [135] are also
included. The extremely low values (practically zero) of the standard de-
viation suggest that partitions produced practically did not depend on
the initialization, but on the value of ¢. So the strange results produced
by the clustering algorithm are the effect of the imposition of improper
structure on the data.

4.4 Cluster (in)Stability

Some researchers have proposed measures of cluster instability [159] as
cluster quality index. To assess the instability of clustering results, the
clustering algorithm is repeatedly run on a perturbed version of the orig-
inal dataset. Then the consistency of the partitions over different per-
turbed datasets is assessed based on a measure of instability [159]. The
algorithm below is used to compute the cluster instability index.

(a) Given: a set, S, of N data points.
(b) For b =1to 20



4. What and When can We Gain from the K-Versions of C-Means Algo.? 95

Table 4.1: Visual assessment and mean of NMI & ARI (SD of NMI & ARI) of
the clustering results produced by KFCM-K for different choices of the kernel
parameter ¢ for all datasets used. Number of clusters = 2 for all datasets.The
reported values are for 30 runs.

DATA o Visual assessment | NMI(SD) | ARI(SD)
Ring 0.1 Worst 0.27(0.0) | 0.24(0.0)
0.2 Bad 0.40(0.0) | 0.40(0.0)

0.3 Medium 0.69(0.0) | 0.76(0.0)

0.4 Good 0.97(0.0) | 0.99(0.0)

0.5 Good 1.0(0.0) 1.0(0.0)

0.6 Good 1.0(0.0) 1.0(0.0)

up to 14 Good 1.0(0.0) 1.0(0.0)

1.5 Bad 0.28(0.0) | 0.11(0.0)

Beyond 1.5 Bad

Five Cluster 0.1 Bad 0.42(0.0) | 0.42(0.0)
0.2 Bad 0.69(0.0) | 0.76(0.0)

0.3 Good 0.89(0.0) | 0.92(0.0)

04t009 Good 1.0(0.0) 1.0(0.0)
1.0 Good 0.98(0.13) | 0.97(0.16)
1.3 Bad 0.71(0.31) | 0.67(0.36)
1.5 Bad 0.44(0.21) | 0.35(0.28)
Bar 0.1 Bad 0.07(0.06) | 0.01(0.02)
0.2 Bad 0.30(0.09) | 0.20(0.07)

0.3 Medium 0.61(0.0) | 0.62(0.0)

0.4 Good 0.70(0.0) | 0.74(0.0)

0.5 Good 0.72(0.0) | 0.77(0.0)

0.6 and above Good 0.75(0.0) | 0.82(0.0)
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i. Generate a perturbed versions Sj, of the original dataset (by sub-
sampling with repeatation).
ii. Apply the clustering algorithm on S,. Let C;, be the correspond-
ing cluster output.
iii. Apply the clustering algorithm again on S, with a different ini-
tialization. Let C, be the corresponding cluster output.

iv. Compute the instability between C, and C; using the equation
(4.13).

(c) Compute the mean and standard deviation of instability.

N
d(Cy, Cp) = minn% Y Cp(x;) # mCy(xi). (4.13)
i=1
In equation (4.13), r denotes a permutation of the class labels and the
minimum is taken over all permutations. Instability is a good cluster va-
lidity criterion and if the dataset has well separated cluster structure, it
will perform good. But as mentioned earlier, if the kernel projection im-
poses non-existent but well differentiated sub-structures, like any cluster
validity indices, instability also may select inappropriate partition. The
usefulness of the instability measure in selecting the appropriate val-
ues of the kernel parameters is now examined. For this purpose, three
datasets—Bar, Ring, and Uniform—are considered, along with three types
of kernels: Gaussian, Polynomial, and Hyper-tangent. For each dataset
and each kernel, wherever possible we consider two choices of kernel pa-
rameters: one that generates the most desirable partition and one which
produces an undesirable partition. Table 4.2 summarizes the instabil-
ity values for these three datasets. Table 4.2 reveals that in majority of
the cases, instability can pick the desirable partition. However, in sev-
eral cases it fails too. For example, in case of Ring with Gaussian kernel
(o = 0.2), like the case with desirable partition, instability exhibits prac-
tically a zero value. On the other hand, for Uniform data with Gaussian
kernel an improper partition yields a very low (lower than that of a good
partition) value of the index. For the same dataset with polynomial ker-
nel, the complement behavior is exhibited. Here for a very poor partition
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(Figure 4.7f), the instability index is zero. For the Bar using the Hyper-
tangent kernel we get good clusters for a wide range of 4 = 0.1 — 5.0
(Figure 4.8a) and that is why in the Table just one value is shown. Thus
even for very simple datasets, the stability index cannot address the issue
of choosing the kernel parameters. The reason behind is the same as that
for any other cluster validity index.

Table 4.2: Instability measure for different kernels.

Instability Visual
Data Kernel type Mean | SD assessment
set
Bar Gaussian (0=0.2), Figure 4.4a 0.08 | 0.14 Bad
Gaussian (0=2), Figure 4.4b 0 0 Good
Ring Gaussian (0=0.2), Figure 4.12g 0.0 0.0 Bad
Gaussian (c=1), Figure 4.12a 0 0 Good
Uniform | Gaussian (¢=0.1), Figure 4.11a 0.09 | 0.05 Bad
Gaussian (0=0.4), Figure 4.11g 0.13 | 0.15 Good
Bar Polynomial (a=1, b= 4), Figure 4.7a 0.06 |0.12 Bad
Polynomial (a=3, b=2 ), Figure 4.7b 0 0 Good
Ring Polynomial (a=1, b=2), Figure 4.7¢c 0.21 |0.20 Bad
Polynomial (a=15, b=2), Figure 4.7d | 0.11 | 0.17 Bad
Uniform | Polynomial (a=1, b=2), Figure 4.7e 0.13 | 0.18 Good
Polynomial (a=1, b=12), Figure 4.7f 0 0 Bad
Bar Hyper-tangent (a=1), Figure 4.8a 0 0 Good
Ring Hyper-tangent (a=0.3 ), Figure 4.8¢c 0.08 |0.15 Bad
Hyper-tangent (a=3.5 ), Figure 4.8d | 0.18 | 0.17 Bad
Uniform | Hyper-tangent (a=0.3), Figure 4.8e 0.05 |0.13 Good
Hyper-tangent (a=5), Figure 4.8f 0.24 | 0.17 | Marginally Bad

Since the utility of clusters produced by kernel clustering depends on the
structure imposed by the kernel function on the dataset, next an attempt
is made next to visualize the data structure in the kernel space.
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4.5 How do the datalook like in the kernel Space?

The strange behavior of kernel clustering results above raises the follow-
ing questions :

* How do the data look like in the kernel space?

* Does it maintain the structure of the original data?

* Does kernelization impose strange structures on the data?
Sammon’s nonlinear projection [6] is used to address these issues. Let d;;

be the distance between x; and x; in the original p-dimensional feature
space and and kd;; be the “distance” between the same pair points in the

kernel space. Thus, kd;; = \/ 2(1 — K(xj,xj)). So to get a visual repre-
sentation of data in the kernel space, we find a set of 2-D points in the
Euclidean space such that distance structure in the kernel space is pre-
served by the set of 2-D points. In other words, we find a set of points
Y = {y;i=1,---,n};y; € R? such that kd;; = ||y; — yj||. Sammon’s
stress function gives a good measure of how the inter-point distances in
two different spaces are preserved. The matrix Y is obtained by minimiz-
ing Sammon’s stress function, defined as:

1 (kdi; — |lyi — yjl|)?
SE(KY) = ——— :

Details of Sammon’s algorithm can be found in [6]. In order to empha-

(4.14)

size our points, we consider the Disc data shown in Figure 4.10 where
the data points are uniformly placed (equispaced) on the disc. Such a
uniform data is used to minimize the effect the distribution of the data
on the clustering results. Several runs of the KFCM-K are conducted for
different choices of the kernel width ¢. Figure 4.11 displays the results
for four different choices of o. The left panel shows the kernel cluster-
ing results labeled on the original data, while the right panels exhibits
the same cluster structure on the projected data (data projected on 2-
D by Sammon’s algorithm). In other words, a set of 2-D points is first
determined to preserve the kernel distance matrix. Then if a point in
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original data appears in cluster 1 (labeled as red, represented by o) then
the corresponding point generated by the Sammon’s projection is also
labeled as belonging to cluster 1 (i.e., labeled as red, represented by o).
The remaining points (cluster 2) are labeled as green, represented by +.
From these figures we see that for lower value of ¢, kernelization imposes
strange structure on the data points. As the value of ¢ increases, the re-
sults start to become more meaningful; the KFCM-K partition becomes
almost identical to the FCM partition.

Figures 4.12 and 4.13 present the 2-D representation of the kernel data
for the other datasets, along with the corresponding cluster labeling. The
Sammon-projected data in Figure 4.12a (for ¢ = 1) reveal how nicely ker-
nalization makes the outer ring almost linearly separable from the inner
disk. Figure 4.12b suggests that in the kernel space the shell is folded
along a diameter and hence it was easy for the clustering algorithm to
obtain the desired partition. Similarly, Figure 4.9 also explains why with
¢ = 2, KFCM-K merges all four small clusters into a single cluster (the
partition in Figs. 4.13e and 4.13f is, of course, for ¢ = 5). It is inter-
esting to observe the significant difference in the projected data for Bar
with ¢ = 0.1 and 1.0 (Figs. 4.12d and 4.12f). Hence for these two val-
ues of o, significantly different clustering results are produced. We note
that Sammon’s algorithm terminates at a local minimum of the stress
function and hence different runs (different initial conditions) of the al-
gorithm may yield different projections. The algorithm is quite robust
and on termination if the stress function is small for two different runs,
the projections are usually similar in structure although one may be an
approximately rotated version of the other. To demonstrate the effect
of initialization on the projection generated by Sammon’s algorithm, the
experiments were repeated 30 times for each choice of ¢, each with a dif-
ferent initialization. Table 4.3 reports the mean and standard deviation of
the stress function. The very low values of the standard deviation indi-
cate that the projections are practically independent of the initialization
in terms of preservation of inter-point distances. Table 4.3 reveals that at
lower values of o, the terminal value of Sammon’s stress is higher. This
indicates that the structure/topology of the data is changed so much that
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it cannot be preserved in 2-D, although the actual data were in 2-D. Note
that this cannot be attributed to initialization because standard deviation
of the stress value is practically zero. Since the original data are in 2-D,
the projections have been restricted to 2-D as well.
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Figure 4.9: Clustering and Sammon projection of Five-Cluster data for o = 1.
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Figure 4.10: Disk with uniform data points

4.6 Kernel clustering on some real datasets

Up to this point, only 2-D synthetic data have been considered, as the
known cluster structures in synthetic data allow for easier validation,
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Table 4.3: The values of the Mean (Standard deviation) of the stress function
on termination of Sammon’s projection algorithm for different choices of 7, i.e.,
for different kernel data. The reported values are computed based on 30 runs.

Ring Disk Bar Uniform Disk | FiveCluster
o | Stress(SD) | Stress(SD) | Stress(SD) Stress(SD) Stress(SD)
0.1 | 0.17(0.0) 0.18(0.0) 0.17(0.0) 0.18(0.0) 0.16(0.0)

02| 0.16(0.0) | 0.17(0.0) | 0.16(0.0
0.3 | 0.150.0) | 0.16(0.0) | 0.150.0
04| 0.14(0.0) | 0.16(0.0) | 0.13(0.0 0.16(0.0
0.5 | 0.13(0.0) | 0.15(0.0) | 0.12(0.0 0.15(0.0

) 0.17(0.0) )
) ) )
3 3 3
0.6 | 0.12(0.0) | 0.14(0.0) | 0.10(0.0) 0.14(0.0) 0.09(0.0)
) ) )
) ) )
) ) )
) ) )

0.17(0.0

07 | 0.12(0.0) | 0.13(0.0) | 0.08(0.0 0.13(0.0
0.8 | 0.11(0.0) | 0.12(0.0) | 0.07(0.0 0.12(0.0
0.9 | 0.10(0.0) | 0.11(0.0) | 0.06(0.0 0.11(0.0
1.0 | 0.09(0.0) | 0.10(0.0) | 0.05(0.0 0.10(0.0

0.07(0.0
0.06(0.0

and 2-D data can be readily visualized. The focus now shifts to inves-
tigating the effect of kernel clustering on real datasets. Specifically, four
datasets from the UCI Machine Learning Repository [132] are consid-
ered: Wine, Ionosphere, Iris, and Wisconsin Breast Cancer Diagnostic
(WBCD). The datasets are summarized in Table 4.4. Since the dimen-
sionality of these datasets vary between 4 to 34, we cannot visualize the
datasets and do not have any idea about the number of clusters present.
However, for each dataset, the number of classes it represents is known.
Many authors used such datasets to evaluate performance of kernel clus-
tering [148, 164] assuming the number of clusters equal to the number
classes. Not only that, these methods implicitly assume that each class
corresponds to a single cluster because they find the agreement (or mis-
classification) between the partition produced by a clustering algorithm
with the partition imposed by the classes. It is important to caution read-
ers that such assumptions may not be valid, and in most cases, they are
not. When comparing multiple clustering algorithms, the use of Nor-
malized Mutual Information (NMI) and Adjusted Rand Index (ARI) can
be meaningful for ranking the performance of the algorithms. Neverthe-
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(a) Cluster result (c = 1) (b) Projected result (o = 1)

i
08 © 00 hy
o o o o+ o+
o .
06 Po & 4 R
@ +
o® %, P%°@o Far
++ +
h
o ® %8 %g T i
© Fypt T
Wl | o

o
S0 c00fB 00, o, E + 4
of © %0 OOO@O()@O@% Fo ot s s
o 3o N
+ S
-0.2 000900 oo ié\% f;# T ;

° %58

0.4 80 o +
Poo o & Q0 T 4
) o g ot et

— o ¢

06 B o, od' g +

@® °o® v

-0.8 % o +tT+ 4

o 4 +

°
~
0

=y = Y 2 "1 08 06 04 02 0 02 04 06 08 1

(c) Cluster result (o = 3) (d) Projected result (o = 3)

+
o+
+
ey ?I#;H”*
+
#tm%ﬂ L
1 05 R

¥ o
tHh W F
+F

g*
"
*

(e) Cluster result (c = 1) (f) Projected result (o = 1)

Figure 4.13: Clustering of the synthetic datasets by KFCM-K along with the
Sammon’s projection of the kernelized data.

less, since such protocols have been followed in other studies, the same
approach is adopted here. 13 different choices of ¢ is used over a wide
range, and for each choice, the clustering algorithm is repeated 30 times.
Table 4.5 reports the mean and standard deviation of NMI and ARI. Note
here that for the Iris data, with number of clusters = 3, the algorithm
failed to find 3 clusters in 8 and 14 cases out of 30 runs with ¢ = 0.2 and
o = 0.4 respectively. Note that this failure of the algorithm is dependent
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on the initial condition. Table 4.5 shows the statistics over the cases in
which the algorithm was successful.

It is well known that for Iris data, class one is well separated from the
other two classes, while class two and three have some overlap. A typical
clustering algorithm makes a mislabeling of 12 — 16 points from classes
two and three. To have a deeper look, in Figure 4.14 the clustering re-
sults of the Iris dataset are plotted. We have used features three and four
to generate these plots. The three classes are represented by three sym-
bols ‘star’,’plus” and ‘square’ while the clusters are represented by three
colours. An interesting result occurs for ¢ = 0.6 (Figure 4.14a), where one
of the clusters (shown in colour) merges points from class one and class
three, which is again a very strange results caused by improper structure
imposed by the nonlinear transformation. For Iris data the average ARI
and NMI varies between 0.07 — 0.62 and 0.23 — 0.66 respectively. This
clearly suggests that kernelization imposes widely varying non-existent
structure on the data. The last row of Table 4.5 reports the NMI and ARI
values for 30 runs of FCM. This row reveals that for many choices of o,
the kernel clustering produces much worse results compared to FCM and
for high o kernel clusters is similar to those obtained by FCM.

From Table 4.5 we find similar situations with the other three datasets.
For example, in case of Wine data, the ARI varies between 0 to 0.90. Thus
depending on the choice of ¢ the agreement between the class structure
and cluster structure extracted by kernel clustering could be worse than
the agreement due to chance and it could be even almost perfect. But
the user has no way to know, which kernel transformation would yield
the desired partition. More importantly, the user has no way to know
which kernel transformation will impose non-existent structure leading
to useless clustering. The situation is worst for the Ionosphere data as for
a wide range of ¢, the ARI is even worse than the agreement by chance
and obviously for those cases the NMIs are also very poor. The best val-
ues of ARI and NMI achieved for this dataset are 0.18 at ¢ = 15 and 0.24
at o = 4, respectively.

Comparing Table 4.5 with Table II and Table III of [164] which uses mul-
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Table 4.4: Summary of the real datasets.

Name Instances | Features | Classes
Wine 178 13 3
Ionosphere 351 34 2
Iris 150 4 3
Wisconsin Breast Cancer (D) 569 30 2

tiple kernels, we find that the KFCM-K with just a single kernel can pro-
duce ARI and NMI comparable to those by the use of multiple kernels for
the three UCI datasets. In fact, for the Ionosphere data the single kernel
KFCM-K can yield better ARI and NMI than those by multiple kernels.
This again reemphasizes the fact that the use of multiple kernel does not
address the problem that we are referring to.

It is also interesting to note that for Wine data, with ¢ in the neighbor-
hood of 2.2(1.9 — 2.3), the clustering algorithm failed to find 3 clusters.

Since we are hardening the fuzzy partition into a hard partition and com-
puting NMI and ARI, one can question that the results might be different
if we use a hard clustering algorithm. In order to check this, we have run
the KFCM-K algorithm with m = 1.02 which produces practically a hard
partition. Table 4.6 summarizes the NMI and ARI values of over 30 runs
of KFCM-K with m = 1.02. The last row of the table reports the NMI and
ARI for FCM with m = 1.02 (i.e these are really the results of the hard c-
means algorithm). A comparison of Table 4.6 with Table 4.5 reveals that
the observations made in Table 4.5 are also applicable to Table 4.6.

Thus, the conclusions drawn based on the synthetic datasets are equally
valid even for the real datasets.

4.7 Comments on choice of kernel parameters

To use any of the above kernelized clustering algorithms on a data set,
we need to choose appropriate values for the kernel parameters. In par-
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Table 4.5: The values of Mean (Standard deviation(SD)) of Normalized Mutual
Information(NMI) and Adjusted Rand Index (ARI) for different choices of ¢
taking m = 1.2. The reported values are for 30 runs.

Wine Iris
NMI ARI NMI ARI
o4 Mean(SD) | Mean(SD) | Mean(SD) | Mean(SD)
0.2 0.01(0.01) | -0.002(0.01) | 0.23(0.05) | 0.07(0.03)
0.4 0.01(0.01) | -0.00(0.01) | 0.35(0.10) | 0.17(0.09)
0.6 0.01(0.01) | -0.00(0.01) | 0.48(0.0) | 0.41(0.0)
0.8 0.02(0.01) | 0.01(0.01) 0.56(0.0) | 0.53(0.0)
1.0 0.16(0.09) | 0.14(0.08) 0.60(0.0) | 0.57(0.0)
1.2 0.44(0.12) | 0.33(0.09) 0.61(0.0) | 0.59(0.0)
22 0 (0.0) 0(0.0) 0.66(0.01) | 0.61(0.03)
4.0 0.89(0.0) | 0.91(0.0) 0.66(0.01) | 0.61(0.03)
10.0 | 0.89(0.0) | 0.91(0.0) 0.66(0.0) | 0.62(0.0)
15.0 | 0.88(0.0) | 0.90(0.0) 0.66(0.0) | 0.62(0.0)
20.0 | 0.88(0.0) | 0.90(0.0) 0.66(0.0) | 0.62(0.0)
30.0 | 0.88(0.0) | 0.90(0.0) 0.66(0.0) | 0.62(0.0)
50.0 | 0.88(0.0) | 0.90(0.0) 0.66(0.0) | 0.62(0.0)
FCM | 0.88(0.0) | 0.90(0.0) 0.66(0.0) | 0.62(0.0)
Ionosphere Wisconsin Breast Cancer(D)
NMI ARI NMI ARI
o Mean(SD) | Mean(SD) | Mean(SD) | Mean(SD)
0.2 0.01(0.01) | 0.003(0.01) | 0.00(0.002) | 0.00(0.002)
0.4 0.08(0.001) | -0.04(0.0) | 0.001(0.001) | -0.00(0.002)
0.6 0.11(0.0) -0.05(0.0) | 0.002(0.003) | 0.002(0.004)
0.8 0.14(0.0) -0.04(0.0) | 0.002(0.002) | 0.001(0.002)
1 0.15(0.0) -0.04(0.0) | 0.11(0.06) -0.02(0.01)
1.2 0.17(0.0) -0.03(0.0) | 0.16(0.01) -0.01(0.0)
2.2 0.21(0.0) 0.06(0.0) 0.26(0.0) 0.16(0.0)
4 0.24(0.0) 0.18(0.0) 0.40(0.0) 0.46(0.0)
10 0.14(0.0) 0.18(0.0) 0.54(0.0) 0.67(0.0)
15 0.14(0.0) 0.18(0.0) 0.55(0.0) 0.67(0.0)
20 0.13(0.0) 0.17(0.0) 0.54(0.0) 0.66(0.0)
30 0.12(0.0) 0.16(0.0) 0.56(0.0) 0.68(0.0)
50 0.12(0.0) 0.16(0.0) 0.55(0.0) 0.67(0.0)
FCM | 0.12(0.0) 0.16(0.0) 0.56(0.0) 0.66(0.0)
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Table 4.6: The values of Mean (Standard deviation(SD)) of Normalized Mutual
Information (NMI) and Adjusted Rand Index (ARI) for different choices of o,
taking m = 1.02. The reported values are for 30 runs.

Wine Iris
NMI ARI NMI ARI
o4 Mean(SD) | Mean(SD) | Mean(SD) | Mean(SD)
0.2 0.01(0.01) | 0.001(0.01) | 0.21(0.09) | 0.12(0.07)
0.4 0.01(0.01) | 0.004(0.01) | 0.37(0.05) | 0.21(0.04)
0.6 0.01(0.01) | 0.002(0.01) | 0.41(0.07) | 0.30(0.07)
0.8 0.17(0.07) | 0.10(0.05) | 0.51(0.08) | 0.43(0.09)
1.0 0.39(0.08) | 0.23(0.08) | 0.59(0.04) | 0.54(0.08)
1.2 0.48(0.09) | 0.39(0.13) | 0.64(0.01) | 0.61(0.01)
2.2 0.77(0.02) | 0.78(0.05) | 0.66(0.01) | 0.62(0.05)
4.0 0.93(0.0) | 0.95(0.0) 0.65(0.01) | 0.59(0.05)
10.0 | 0.89(0.0) | 0.91(0.0) 0.66(0.01) | 0.60(0.06)
15.0 | 0.88(0.0) | 0.90(0.0) 0.65(0.03) | 0.59(0.07)
20.0 | 0.88(0.0) | 0.90(0.0) 0.66(0.02) | 0.60(0.05)
30.0 | 0.88(0.0) | 0.90(0.0) 0.65(0.03) | 0.58(0.07)
50.0 | 0.88(0.0) | 0.90(0.0) 0.65(0.02) | 0.60(0.06)
FCM | 0.88(0.0) | 0.90(0.0) 0.65(0.03) | 0.58(0.07)
Ionosphere Wisconsin Breast Cancer(D)
NMI ARI NMI ARI
o Mean(SD) | Mean(SD) | Mean(SD) | Mean(SD)
0.2 0.04(0.0) | 0.01(0.0) | 0.001(0.001) | 0.00(0.00)
0.4 0.08(0.0) | -0.04(0.0) | 0.001(0.001) | -0.00(0.00)
0.6 0.13(0.0) | -0.05(0.0) | 0.001(0.001) | -0.00(0.00)
0.8 0.08(0.0) | -0.04(0.0) | 0.02(0.03) -0.01(0.01)
1 0.12(0.0) | -0.05(0.0) | 0.12(0.07) -0.03(0.0)
1.2 0.13(0.0) | -0.04(0.0) | 0.17(0.0) -0.003(0.0)
2.2 0.21(0.0) | 0.02(0.0) | 0.19(0.0) 0.02(0.0)
4 0.27(0.0) | 0.18(0.0) | 0.41(0.0) 0.47(0.0)
10 0.15(0.0) | 0.19(0.0) | 0.54(0.0) 0.66(0.0)
15 0.13(0.0) | 0.18(0.0) | 0.55(0.0) 0.67(0.0)
20 0.13(0.0) | 0.18(0.0) | 0.54(0.0) 0.66(0.0)
30 0.13(0.0) | 0.17(0.0) | 0.54(0.0) 0.66(0.0)
50 0.13(0.0) | 0.17(0.0) | 0.54(0.0) 0.66(0.0)
FCM | 0.13(0.0) | 0.17(0.0) | 0.55(0.0) 0.67(0.0)
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Figure 4.14: Clustering of the Iris datasets by KFCM-K for different o, m=1.2
(Symbols represent the class label and the colours represent the cluster label;
x-axis represents feature-3 and y-axis represents feature-4).

ticular, for the RBF kernel, it is necessary to choose o, the spread of the
kernel. It has also been observed that the choice of the kernel parameter
significantly affects the partition produced by the clustering algorithm.
In particular, for the RBF kernel, we have seen that except for Ring and
Five-Cluster (with ¢ = 2), a higher value of ¢ produces more acceptable
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results - results that agree with our expectation. Such observations can be
made only for data in 2-D or 3-D. Based on the Sammon’s projection, it
appears that the topology of the projected data changes with the choice of
the kernel parameter. This change of topology could sometimes be very
useful to obtain the desirable partition (as in case of Ring with ¢ = 0.6,
say) and sometimes it may impose structures definitely not existing in
the actual data (for example, see Figure 4.4a and Figure 4.12c). But we do
not know how the topology of the data is related to the choice of the Ker-
nel parameter and what choice of parameter will produce the desirable
partition of the data. Note that, choice of algorithmic parameters such
as initialization, the value of m, may also produce an undesirable parti-
tion. The reference here is not to these cases, but rather to the unwanted
partitions that arise due to the imposition of an unnatural structure on
the data through kernelization. For example, it is difficult to imagine any
choice of initialization or parameter for the FCM algorithm that could
produce partitions like those shown in Figure 4.4a and Figure 4.12c.

Then how can we choose the most desirable values of the kernel param-
eter? An answer to this question has not yet been found. However, a few
points relevant specifically to the RBF kernel are discussed below. Based
on the results from this limited dataset, the following remarks are offered:
(a) Use of higher values of ¢ (say more than 1) may help to preserve the
original structure of the data (to be further elaborate later). (b) Higher
values of ¢ are likely to produce partitions similar to that by FCM; hence,
there may not be any gain from Kernel clustering. (c) Lower values of
o may change the structure of the data and that may help to obtain the
desired partition of the data. (d) But the desired partition may be known
only for 2D data or synthetic data!

The following section attempts to justify these remarks. Based on the
KFCM-K clustering results in Figure 4.12a, for the Ring dataset with o =
1, we expect the ring and the disk to form two separate clusters in the
kernel space. The Sammon’s projection (Figure 4.12b) suggests that it is
indeed the case although the original structure of the shell is changed.
This is a case where original structure is not preserved completely but it
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has helped to generate the most desirable partition. On the other hand,
although the KFCM-F algorithm can find the shell as a separate cluster
(Figure 4.5 for ¢ = 0.2), the Sammon projection is not as good as that
for o = 1. However, in this case the points corresponding to the shell
do appear in a compact area. This shows occasional success of KFCM-F
to produce the desirable results. On the other hand, in Figure 4.12g and
Figure 4.12h, It is observed that a low ¢ value (e.g., o = 0.2) imposes an
undesirable structure on the data, resulting in an undesirable partition.

Table 4.1 summarizes the visual assessment of the clusters generated by
KFCM-K across different datasets with varying choices of ¢. From this
table, it is observed that, except for the Ring and Five Cluster datasets,
higher values of ¢ yield desirable partitions. Although, for Ring and
Five Cluster KFCM-K does not produce the desirable partition, it does
produce FCM type partition ( see Figure 4.15). So this observation is also
consistent with remarks (a) and (b).
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Figure 4.15: FCM type result using KFCM-K at higher c.

To get a better understanding of the dependency on the kernel, we ana-
lyze the relation between d2 = ||x — y|[2 and kd = /1 — e~ [x-¥IP/0* =
V1 —e~4/7 (the constant /2 is dropped without any loss). Differen-
= /" 0. Thus if the

T p /1—87‘12/‘72

distance between a pair points in the original feature space increases then

tiating kd with respect to d we get kd’

the corresponding distance between the same pair of points will also in-
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crease. This may give an impression that the structure of the data will
be preserved in the kernel space irrespective of the choice of ¢ . It has
been demonstrated that this is not true! The reason becomes clear upon
examining Figure 4.16a. In Figure 4.16a we plot the variation of kd’ with
d for different values of ¢. In Figure 4.16a, d is varied between 0 to 1.4142
as our data are normalized between —1 and +1 and the datasets are in
2-D. Figure 4.16a shows that when ¢ is low (for example, = 0.2, if 4
goes beyond 0.6, practically there is no change in kd and hence geometry
of the points which are far apart would be difficult to preserve at least
numerically. When o becomes 1, the picture changes drastically because
over the entire domain of d, a change in d is noticeably reflected in kd;
while for ¢ = 2.5 kd varies almost linearly with d. Thus when ¢ = 2.5,
the “structure” of the original data and that projected data are likely to
be similar in terms of inter-point distances. For ¢ = 10 the derivative
of kernel distance is practically constant, thus for higher o, kd practically
changes linearly with d.

If the domain of the features are bigger, then this will demand higher
values of ¢ for better representation. For example, let us assume that
the data points lies within a square of size 7 x 7. Then the inter-point
distance varies between 0 to 1/(98) = 9.9. In this case, even with ¢ = 2.0
kd is not sensitive for d > 5. However, ¢ = 10, for example, would be a
good choice (see Figure 4.16b).

A very high ¢ is also expected to have an adverse effect because higher
o will shrink the smallest hyper-box containing the projected data be-
cause inter-point distance in the projected space decreases as ¢ increase
(derivative of kd with respect to ¢ is negative and kd goes to zero as o
goes to c0). It must be noted that, for all these datasets, no adverse effects
are detected on the crisp partitions obtained after hardening. However,
as will be shown later, there is a significant effect on the fuzzy partitions
obtained with higher ¢ values. Here also the practical (numerical) tol-
erance to ¢ depends on the domain of the input data. This fact is also
revealed by Sammon’s projection.

For the normalized Ring data, we generate the kernel matrix for different
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Figure 4.16: (a) Variation of the derivative of kd as a function of d for ¢ =
0.2,1.0,2.5 when d varies in [0, 1.414], i.e., data are within a unit square; (b)
variation of the derivative of kd as a function of d for ¢ = 0.2,2.0,10.0 when
d varies in [0, 9.9], i.e., when data are within a square of side 7 units (x-axis
represents d and y-axis represents kd').

values of ¢ varying from 0.1 to 5.0. In each case, the height and width
of the smallest rectangle containing the projected data, as computed by
Sammon’s algorithm, were determined. The area of this smallest rectan-
gle is included in Table 4.7. Table 4.7 shows that the area shrinks with ¢.
In Figure 4.17a we show the scatterplot of the projected data by Sam-
mon’s algorithm for ¢ = 1.7 while Figure 4.17b depicts the same for
o = 3.7. If the data are not normalized, even then the same thing hap-
pens, but to see noticeable changes in the area of the smallest rectangle,
we need to use higher values of ¢ as shown in columns 3 and 4 of Ta-
ble 4.7. For the ring data Table 4.1 shows that one can achieve desired
results for o roughly between 0.4 and 1.4. Similarly, for the Five-cluster
data usually up to about ¢ = 1.0 we get good clusters, but beyond that,
the desirable partition is usually not found. In fact, from the NMI and
ARI values in Table 4.1 we find that for some of the runs, KFCM-K could
not extract the desired partition. For Bar, Disk and Uniform Disk an in-
crease in ¢ does not cause any problem. This is possibly due to the fact
that ever after shrinking the shape of the data remains the same, hence
does not cause any problem. Note that, all these limit on the values of
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o that we mention in Table 4.1 are approximate values and usually for o
around those values the algorithm yields the type of partitions that are
qualitatively of the type indicated in the column-3 of the Table 4.1.

0.5

1+

15 . . . . . ,
-1.5 -1 -0.5 0 0.5 1 1.5

0.5

15 1 1 1 1 1 ]
-1.5 -1 -0.5 0 0.5 1 1.5

(b) & = 3.7

Figure 4.17: Shrinkage of areas of the smallest rectangles that contain the pro-
jected data computed by Sammon’s algorithm for different o.
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Table 4.7: Area of the smallest rectangle containing the projected data as com-
puted by Sammon’s projection for different choices for ¢ for the Ring dataset.

o | Areaassociated | o Area associated
with normalized with unnormalized

data data
0.1 4.80 1.0 4.73
0.5 4.79 2.0 4.71
0.9 4.589 5 4.27
1.3 4.049 6 4.25
1.7 3.82 7 3.95
2.1 3.22 8 3.61
2.5 2.67 9 3.27
2.9 2.20 10 2.94
3.3 1.83 11 2.63
3.7 1.53 12 2.36
4.1 1.30 13 2.11
4.5 1.11 14 1.90
49 0.95 15 1.71

4.8 Effect of the fuzzifier (m)

In our investigation, we have used m = 1.2. One would expect that with
such a choice of m the partition would be almost crisp for all choices of
o. But this is not exactly true. For example, in case of Ring data with
o = 1.5 and m = 1.2, although for most of the points the highest mem-
bership value is close to one (1.0), there are several points whose mem-
bership values are close to 0.5. This picture changes drastically, when we
consider ¢ = 0.4. In this case for most of the points the maximum mem-
bership values are quite far from the crisp value of unity. Moreover as
the value of m increases the partition becomes more and more fuzzy (see
Figures 4.19 and 4.18). In Figures 4.19 and 4.18 we plot the maximum
membership values. If a point belongs to the outer shell it is denoted
by a circle (o) and colored green while points belonging to the disk are
represented by a plus (+) and colored red. Comparing the partitions ob-
tained with different m for ¢ = 0.4 and ¢ = 1.5 (Figure 4.19 and Figure
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Figure 4.18: Effect of the fuzzifier (m) on membership values with ¢ = 0.4 for
Ring data (x-axis represents the data points and y-axis represents membership
values).

4.18) we find that corresponding partitions with lower ¢ are more fuzzy.
There is one more surprising point that is revealed by Figure 4.19 and
Figure 4.18: In these set of results the maximum membership values for
the points in the disk are usually higher than the maximum membership
values for the points in the outer shell. In other words, it suggests that
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in the Kernel space, the central disk is consistently represented better
by its associated prototype compared to the representation of the outer
shell by its prototype. It appears that the interaction between m, 0 and
uj is highly nonlinear and is difficult to visualize. However, one point
is clear that for a given m, the choice of ¢ can also significantly influence
the fuzziness in the partition and only with a lower value of m it may be
possible to have crisper partitions for different choices of o. Hence we
have used m = 1.2 in all our experiments to avoid undesirable effect of
improper choice of ¢.

To further understand the interaction between fuzziness in the partition,
and m and ¢, we compute the partition entropy. The entropy of a fuzzy
partition matrix U = [uj;]cxy is defined as [31]

1
nlog,c

C n
E Z ujlog, ujy.

i=1k=1

PE(U) =

(4.15)

The PE attains the maximum value of 1 when the partition is most fuzzy,
i.e., u; = 1/c Vi, k. On the other hand, PE takes the minimum value of
zero, when the partition is crisp; i.e., uj = 0 of 1 Vi, k. In Table 4.8 we
summarize the entropy values for the Ring data for different combina-
tions ¢ and m over 30 runs. Table 4.8 suggests that when ¢ is changed
from 2.5 to 0.1, the fuzziness rapidly increases with m. With ¢ = 0.1,
practically the maximum fuzziness is attained with m = 1.2, while with
o = 2.5 such a situation does not happen even for m = 2.3.

Table 4.8: Mean (Standard Deviation) of Partition Entropy for different values
of fuzzifier m with four different values of ¢ for Ring data. The reported values
are for 30 runs.

m=1.2 m=1.5 m=1.8 m=2.0 m=2.2 m=2.3
c=20.1|1.0(0.0) 1.0(0.0) |1.0(0.0) |1.0(0.0) | 1.0(0.0) | 1.0(0.0)
c=041]0.75(0.0) [1.0(0.0) |1.0(0.0) | 1.0(0.0) | 1.0(0.0) |1.0(0.0)
c=1510.23(0.03) | 0.71 (0.0) | 0.87 (0.0) | 0.93 (0.0) | 0.97 (0.0) | 0.99 (0.0)
c=2510.22(0.0) |0.59(0.0)| 0.81(0.0) | 0.89 (0.0) | 0.94 (0.0) | 0.96 (0.0)
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Figure 4.19: Effect of fuzzifier (m) on membership values with ¢ = 1.5 for
Ring data (x-axis represents the data points and y-axis represents membership
values).

4,9 Conclusion

A fundamental question has been raised and analyzed: Should we clus-
ter in the kernel space? Can it help? If yes, when? These are philo-
sophical issues and are not tied to any particular clustering algorithm
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or kernel. It has been demonstrated and justified that kernel clustering
may lead to unexpected results. When the goal of clustering a dataset is
to find the clusters / substructures in the original data (feature ) space,
unless one is careful, kernelization may impose undesirable structures
on the data and hence the clusters obtained in the kernel space may not
exhibit the structure of the original data. Note that, this is different from
poor clustering results obtained due to local minimum problem or wrong
choice of algorithmic parameters. In particular, for the Gaussian ker-
nel, it has been justified that higher values of ¢ are likely to result in
FCM-type partitions when using KFCM-K. Lower values of ¢ may pro-
duce partitions different from the FCM generated partition, but for high-
dimensional data there is no easy way to assess whether the produced
partition is the desirable one or not. One can argue that cluster validation
indexes or measures of instability can be used to choose appropriate val-
ues of kernel parameters. We differ in this perspective because, in cluster
validity, a model of the cluster exists in the original data space, and the
assessment focuses on how well the obtained clusters fit this model. But
here clustering is done on a transformed data, where the transformation
could change the structure of the original data. Stability of partitions is
also not necessarily useful because kernel transformation may impose a
new but stable structure, which could be different from the substructures
present in the original data. Thus, although for some choice of kernel
and kernel parameters, kernel clustering may produce partitions that a
user wants to have, there is no easy way to assess whether kernel clus-
tering indeed has yielded such a partition. In our view there may be two
ways to make kernel clustering useful: (i) incorporating domain knowl-
edge (knowledge of what we want to find) into the kernel function and
(ii) developing appropriate cluster-validation techniques. In this context,
graph based cluster validity could be useful. For example, if a partition
obtained by kernel clustering indeed extracts the “desired” cluster struc-
ture present in the original data, then two things are expected to happen.
First, a minimal spanning tree (MST) obtained using the kernel trans-
formed data should have a structure similar to that of an MST obtained
using the original data. Second, in both MSTs there will be more edges
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within each cluster and few edges (ideally one edge) between every pair
of clusters. However, a detailed investigation is needed to demonstrate
the utility of such concepts.

In the next chapter (Chapter 5), an attempt is made to explore the appli-
cation and potential use of FCM with spatial information for non-image
data.



Chapter 5

Fuzzy Clustering Exploiting
Neighbourhood Information for

Non-image Data

5.1 Introduction

In the expansive landscape of clustering methodologies, Fuzzy C Means
(FCM) has garnered widespread acceptance, offering a versatile approach
to data partitioning [31]. Researchers have routinely leveraged FCM for
clustering tasks, showcasing its effectiveness in various applications. No-
tably, in the domain of image segmentation, the literature abounds with
studies employing FCM, with a particular emphasis on exploiting neigh-
borhood pixel information to enhance segmentation accuracy [74, 75].
However, a conspicuous research gap becomes evident — while FCM with
spatial information has been adeptly applied in image-based studies, its
application to non-image datasets remains largely unexplored. In this
chapter, local and contextual information is strategically incorporated,
demonstrating enhanced clustering performance compared to conven-
tional FCM.

The K-means clustering method is known for its simplicity, but it im-
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poses a strict assignment of each image pixel to only one group. In con-
trast, Fuzzy C-Means (FCM) introduces membership degrees, allowing
pixels to belong to multiple clusters simultaneously, determined by their
membership degrees [76]. While FCM has proven significant in various
applications, it has shortcomings, such as the lack of consideration for
spatial context in images, making it susceptible to noise and imaging ar-
tifacts like intensity inhomogeneity. Additionally, FCM may converge to
local optima due to poor initialization [77]. Consequently, modifications
have been proposed to enhance its robustness for image segmentation.

In [78], they introduced Robust FCM (RFCM), incorporating a spatial
penalty term into the objective function. However, RFCM’s objective
function exhibits complex variations in the membership function. An-
other approach, spatial FCM (SFCM) [79], adjusts the membership func-
tion by integrating spatial information, showing improved performance
but remaining sensitive to serious noise. Fast Generalized Fuzzy C-Means
(FGFCM) was proposed in [80], where they used spatial information
for brain MRI segmentation, yet its performance degrades with signif-
icant noise. In [81], they maximized fuzzy partition entropy with 2D
histogram for MRI segmentation but suffered from high time complex-
ity. Modified versions of FCM have been proposed, including non-local
FCM (NL/FCM) [82] and FCM with non-local spatial information [83],
both addressing robustness against noise and inhomogeneity but show-
ing limitations under high noise levels.

In [84], they developed an updated FCM approach by modifying the
objective function to include a gray-difference coefficient, aiming to en-
hance performance against noise. These adaptations demonstrate ongo-
ing efforts to address the limitations of FCM in image segmentation, with
each method presenting its advantages and trade-offs.

The prevailing trend in the literature underscores a concentration of ef-
forts towards leveraging FCM for image segmentation, where the incor-
poration of spatial information is pivotal for capturing contextual rela-
tionships among neighboring pixels. Yet, the omission of FCM with spa-
tial information from non-image data analysis raises questions about the
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algorithm’s untapped potential beyond the visual domain.

This study attempts to address this noteworthy gap in the literature. In
this work, the aim is to bridge the divide by introducing FCM with spa-
tial information to the realm of non-image data, thereby propelling the
algorithm into uncharted territories. By extending FCM’s application be-
yond the confines of image analysis, our research endeavors to shed light
on its adaptability and efficacy in discerning cluster structures within di-
verse datasets.

The novelty of our work lies in the exploration of spatial information
as a guiding principle for cluster formation in non-image datasets. Re-
cent studies [166,167] have suggested that spatial relationships, albeit ab-
stracted from pixel neighborhoods, play a crucial role in understanding
the inherent structure of diverse data types. This departure from conven-
tional FCM applications opens avenues for uncovering hidden patterns
and relationships that may have been overlooked in conventional clus-
tering approaches.

As we embark on this exploration, the potential impact of our work ex-
tends beyond a mere methodological innovation. The introduction of
FCM with spatial information to non-image data analysis not only broad-
ens the algorithm’s applicability but also holds promise for unveiling nu-
anced cluster structures in datasets.

5.2 FCM with spatial information

The standard FCM objective function [31] to cluster a dataset {x;}}_; C
IR is represented as

C n
T =Y Y uffIxe — vil |? (5.1)
is1k—1

where ¢ is the number of clusters and n is the number of data points.
|| - || stands for the Euclidean norm. The function is minimized under
the following constraints:
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e Cl1:uyel0,1] Vi k
e C2: Zle up=1 Vk
°C3:O<Z}§:1uik<n Vi

In Equation 5.1, J;; provides a good result when the clusters are well
grouped and separated from one another. Consider a dataset where the
clusters are not well separated , rather one cluster is gradually approach-
ing to other (Figure 5.1). Figure 5.2 displays the results for two clusters
with m = 1.5. It is noted that FCM could not find the natural cluster
structure. So the proximity of the data is not preserved in FCM. So, why
FCM fails here? The reason is, FCM works on the principle of sum of
squared error where the distance of each sample is measured from the
center of each clusters. The points that are closer to a cluster center, their
membership value for that cluster is higher. So, from the Figure 5.2, it
is clear that the misclassified data points (marked in red in the green
cluster) are much closer to the cluster center marked in red compared to
the green cluster. Therefore, the FCM algorithm could not preserve the
proximity of the data points in a cluster. This situation frequently arises
because of the presence of outliers and brings up the problem of inter-
preting and evaluating the results of clustering.

84
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Figure 5.1: Synthetic dataset

In [168], a technique is proposed to enhance the robustness of the stan-
dard Fuzzy C-Means (FCM) algorithm by adding a penalty term with the
objective function of FCM as below:
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Figure 5.2: Clustering the synthetic dataset using FCM (c=2, m=1.5)

C n C n
=Y Y whlxe—vilP+ 3= X Yuh ¥l vl 62)
i=1k=1 Ri=1k=1  reN;

where N is the set of neighbours of x; and Ny is its cardinality. The
effect of the penalty term is controlled by the parameter a. The penalty
term is added to exploit the spatial constraint so that the continuity on
neighbouring pixels around xj is maintained. The objective function can
be minimized under the same constraints as standard Fuzzy C-Means.
Note that, in [168], they have used it to segment image data, as in image
we have the advantage to get the neighbouring information in terms of
pixels. In [168,169], they have used ||x, — v;||* to measure the spatial
distance in an image. In this study, the Euclidean distance is used to
capture the spatial information. In Figure 5.1, although pixel information
is not available, the model proposed in [168] is still used to exploit the
spatial information.

Using the Lagrange multiplier technique, the membership value, u;, of
the k-th data point to the i-th cluster can be obtained as:

1
(i = vilI* + 5 Ereny [xe — vl [7) 07D

1
Vi1 (% = vjl12 + i Ereny |1xe = i) 0D

Uik = (5.3)

Equation 5.3 is derived using the first order necessary condition of op-
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timality with respect to U, i.e., by setting the first order derivative of
Equation 5.2 with respect to zero.

The expression of the prototype can be shown as

o T Ot s D )
N () ST

(54)
Equation 5.4 is obtained from the first order necessary condition of opti-
mality of ], with respect to v.

We call this algorithm as FCMS (FCM-Spatial) and the corresponding al-
gorithm is shown in Algorithm 5.1.

Algorithm 5.1 Algorithm of FCMS

(a) Fix c (no. of clusters), t;;,x (no. of iteration), m > 1 and € > 0, a tolerance

level for termination.

(b) Initialize the membership value, u
(c) Fort=1,2,..., tya do

Update v+ = [vf,:’ !¢« 4 according to equation (5.4)
Update U = [u;x)cxn according to equation (5.3)
until .
1
Y ) |uf,:+ ) — ul.(,:)| <e (5.5)
i=1k=1
is satisfied.

(d) Return U and V.

In the next section, both synthetic and real datasets are used to study
the performance of the model. It is again emphasized that the model is
applied to non-image data, utilizing the proximity of samples to assign
cluster labels. As per our knowledge, the model is only used so far on
image data to use the neighbourhood pixels information.



5. Fuzzy Clustering Exploiting Neighbourhood Info. for Non-image Data. 129
5.3 Results

Experiments are conducted on two synthetic datasets and four real datasets.
First, two synthetic datasets are considered: Dataset-I (Figure 5.3a) and
Dataset-II (Figure 5.3b), both in IR?, as the ground truths for these datasets
are known, allowing for visual assessment of the results. Finally, the per-
formance is studied on four real datasets, as summarized in Table 5.5.

5.3.1 Studies on the synthetic datasets

To analyze the performance of the model (Equation 5.2), two synthetic
datasets are first considered, as described below:

* dataset-I : Figure 5.3a represents the dataset-1, which contains two
clusters out of which one is gradually approaching to the other. The
bigger cluster contains 547 points and the smaller one contains 201
points.

 dataset-II : Figure 5.3b displays the dataset-1I. The data points of
each cluster is 200 and 20.

t* ;" * * *
0 -11 > r’: * o *Iﬂ
* Bl
=2 -2 1 * *
-2 0 2 4 6 8 0 12 ) 1 0 1 B 3 4
(a) dataset-1 (b) dataset-II

Figure 5.3: Synthetic datasets used in this study.

In all our clustering results, different clusters will be shown by different
colours. The effects of FCM and FCMS are examined on Dataset-I and
Dataset-II. For all examples we use m = 1.5and 2, € = 1072, tyax = 100.
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First we consider the dataset-I (Figure 5.3a). In the dataset two clusters
are there and one cluster is gradually approaching to the other. The be-
havior of the FCM algorithm is first examined. The result is shown in
Figure 5.2 for m=1.5. Note that FCM fails to find the natural partition.
As discussed already, it is due to the fact that the proximity of a sample
is not preserved in FCM. It is evident that points from the green cluster,
which are close to the red cluster, are misclustered. This result has been
tested across multiple runs and for different values of the fuzzifier (m).

The FCMS algorithm is now applied to the same dataset. The behavior
of FCMS is studied using the following parameters:

e m=15,2
e =23
e N, = 10,15,30,50, 80,

In Figure 5.4, we have shown the result of different clusters for m = 1.5,
« = 2 and N; = 10,15,30,50, 80. It is seen that, with the increase of the
neighbours there is an improvement in the clustering result. If we com-
pare Figure 5.4a with Figure 5.4e, it is easily shown that in Figure 5.4e the
proximity of the data points is well preserved. The number of misclassi-
fication is reduced when N; = 80. To quantitatively assess the clustering
results, Normalized Mutual Information (NMI) [134] and Adjusted Rand
Index (ARI) [135,158] are used as cluster validity indices. Higher value
of the index indicates good clustering result. Maximum value of both the
index is 1. The results are summarized in Table 5.1. It is noted that both
the index increases with the number of neighbours (Nj). It is observed
that in spite of increasing the neighbour, we could not get the proper clus-
ter as one point is still miss-clustered. To overcome that, we go for the
hard clustering by setting m = 1.01. The corresponding result is shown
in Figure 5.5 and the NMI and ARI in Table 5.1.

To check the sensitivity of the hyper-parameters, we have studied the
effect of the neighbours on the Data Set-1 (Figure 5.3a) for (m = 15 &
x=23),(m=2&a =2)and (m = 2 & « = 3). The corresponding results
are shown in Figure 5.6, Figure 5.7 and Figure 5.8 respectively. The NMI
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(e) N = 80

Figure 5.4: Clustering using FCMS withc =2, m =15and a = 2
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Table 5.1: NMI & ARI of the clustering results produced by FCMS for different
choices of the N;. c =2 and a = 2.

m | Ny | NMI | ARI
15 | 5 | 0.85 | 091
15 | 10 | 0.87 | 0.92
15 | 15| 0.87 | 0.92
1.5 | 30 | 0.88 | 0.93
1.5 | 50 | 097 | 0.98
1.5 | 80 | 0.98 | 0.99
1.01 | 50 | 1.00 | 1.00

and ARI of the above combinations are noted in Table 5.2, Table 5.3 and
Table 5.4 respectively. In all the cases it is obvious that the proximity of
the data is preserved while clustering.

In equation 5.1, J; is an appropriate criterion when the clusters form
compact clouds that are rather well separated from one another. A less
obvious problem arises when there are great differences in the number
of samples in different clusters. In that case it can happen that a partition
that splits a large cluster is favoured over one that maintains the integrity
of the natural clusters. To illustrate this issue, Data Set-2 (Figure 5.3b) is
used. First, FCM is implemented with m = 1.5 and 2. The corresponding
results are shown in Figure 5.9. It is clear that the result is not intuitive.
In both the cases FCM fails to find the proper cluster.

The FCMS algorithm has now been implemented on Data Set-II. The re-
sult is shown in Figure 5.10a. It is noticed that for m = 1.5, « = 2, and
Ny = 5 (Figure 5.10a) and m = 2, &« = 2, and Ny = 20 (Figure 5.10b),
FCMS produces intuitive result. It is seen that, for higher value of 'm’,
the number of neighbours is more to get the proper cluster.

5.3.2 Studies on Real datasets

Real datasets from the UCI Machine Learning Repository [132] are used
in this study. Four datasets, listed in Table 5.5, are considered. The pa-
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Table 5.2: NMI & ARI of the clustering results produced by FCMS for different
choices of the Ny. c =2, m =1.5and a = 3.

N; | NMI | ARI
5 | 0.85 | 091
10 | 0.86 | 0.92
15 | 0.85 | 0.92
30 | 0.87 | 0.92
50 | 0.95 | 0.98
80 | 0.97 | 0.99

Table 5.3: NMI & ARI of the clustering results produced by FCMS for different
choices of the Ni. c =2, m =2 and a = 2.

Ni | NMI | ARI

5 1] 085 | 091
10 | 0.86 | 0.92
15 | 0.85 | 0.91

30 | 0.87 | 0.92
50 | 095 | 0.98
80 | 0.97 | 0.99

Table 5.4: NMI & ARI of the clustering results produced by FCMS for different
choices of the N;. ¢ =2, m =2 and a = 3.

Ny | NMI | ART
5 | 0.85 | 0.90
10 | 0.86 | 0.92
15 | 0.86 | 0.92
30 | 0.87 | 0.92
50 | 0.97 | 0.99
80 | 0.98 | 0.99
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Figure 5.5: Clustering using FCMS with ¢ = 2, m = 1.01, « = 2 and Ny = 50.

rameters used in the FCMS algorithm for each dataset are provided in
Table 5.6. All the combinations of each parameter (1, « and N) as noted
in Table 5.6 for each dataset is evaluated. To compare the result of FCM
with FCMS, we cluster the data using FCM with m = 1.5 and m = 2. For
better visualization, NMI values are reported for all combinations of the
hyper-parameters, as shown in Table 5.6.

The corresponding value of NMI is shown in Figure 5.11. In each figure,
last two bars indicate the NMI for FCM (one for m = 1.5 and other for
m = 2) and the rest are for FCMS. The black horizontal line denotes the
highest NMI among the two result of FCM, i.e, for m = 1.5 and m =
2. It is seen that in all the dataset, there are many cases, where FCMS
outperforms over FCM.

Table 5.5: Real dataset used in this study.

Dataset | Instances | Features | Class
IRIS 150 4 3
WINE 178 13 3
MUSK 476 166 2
SONAR 208 60 2
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(e) Ny = 80

Figure 5.6: Clustering using FCMS with ¢ =2, m = 1.5and a = 3.
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Figure 5.7: Clustering using FCMS withc¢ =2, m = 2 and a = 2.
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(e) Ny = 80

Figure 5.8: Clustering using FCMS with ¢ =2, m = 2 and a = 3.
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Figure 5.10: Applying FCMS on Data Set-II with ¢ = 2.

5.4 Conclusion

FCMS, an extended version of the Fuzzy C-Means (FCM) algorithm, emerges
as a solution to the limitations encountered by conventional clustering
methods in complex scenarios. While FCM excels in scenarios with well-
defined, separated clusters, its performance falters when confronted with
datasets exhibiting unclear cluster boundaries or spatial continuity. FCMS

is specifically crafted to address this challenge by integrating spatial in-
formation, setting it apart from conventional FCM algorithms primarily
applied to image data.

Typically, spatially constrained FCM algorithms find their application in
image processing, considering spatial information in the proximity of
pixels. However, FCMS extends this paradigm beyond the image data,
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Figure 5.11: Values of NMI for all combination as shown in Table 5.6. Black
horizontal line indicates the NMI for FCM.
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Table 5.6: Study on real datasets for m = 1.5,2 and a = 2,3, 5,7, 10 with differ-
ent Nj.

Dataset Nk
IRIS 5,10, 15, 20,
25, 30, 35, 40
WINE 5,10, 15, 20, 25,
30, 35, 40, 50, 60
MUSK 5,10, 15, 20, 30,
40, 50,70, 90, 120,
150, 180, 200
SONAR 5,10, 15, 20, 25,
30, 35, 40, 50, 70, 90

showcasing its adaptability on non image datasets. The essence of spatial
information proves pivotal, especially when dealing with datasets where
natural clusters lack compactness and distinct separation.

The conventional FCM objective function relies on minimizing squared
errors based on Euclidean distances between data points and cluster cen-
ters. However, FCMS introduces a novel dimension to the objective func-
tion—a penalty term. This addition facilitates the preservation of prox-
imity among neighboring pixels or data points, particularly beneficial
when handling datasets with less-defined cluster boundaries.

Our experiments, both on synthetic datasets and real-world scenarios, re-
vealed FCMS’s efficacy in diverse situations. Notably, in synthetic datasets
featuring gradually converging clusters, FCMS outshines FCM by adeptly
preserving proximity within clusters.

Parameter sensitivity emerges as a noteworthy aspect, with the fuzzifier
(m), penalty parameter («), and the number of neighbours (Nj) playing
crucial roles in fine-tuning FCMS’s performance. This adaptability en-
sures the algorithm’s applicability across various dataset characteristics.

In summary, FCMS demonstrates a significant potential in elevating clus-
tering performance, particularly in non-image datasets where conven-
tional FCM methods may struggle. The incorporation of spatial infor-
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mation makes FCMS as a valuable asset in the realm of clustering analy-
sis, with promising applications across diverse real-world scenarios. No-
tably, our future work aims to extend the concept of exploiting neighbor-
hood information to manifold learning, potentially using geodesic dis-
tance—a testament to FCMS’s evolving versatility.

In the final technical chapter (Chapter 6), a fuzzy rule-based method
has been developed to identify synergistic pairs of genes associated with
prostate cancer.






Chapter 6

Finding Synergy Networks from
Gene Expression Data: A Fuzzy
Rule Based Approach

6.1 Introduction

Dimensionality reduction can be done through feature selection using a
fuzzy rule-based framework as well as by feature extraction. If the prob-
lem is regression or classification, we can find the antecedent clauses of
the initial rules by partitioning/clustering of the input data without us-
ing class-labels or the target output of the regression data. The initial
rule antecedents can also be extracted separately clustering data for ev-
ery class. However, rule labeling and refinement will need the super-
visory information [170-172]. On the other hand, when dimensionality
reduction is used for data visualization, it can be done in a completely
unsupervised manner. As an example, for manifold learning there is no
such supervisory information and it has to be and can be done in a com-
pletely unsupervised way [173].

Usually, an objective function is used along with some penalty/regularizing
terms to select features via fuzzy rules. When the target task is of classi-
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tication, for feature selection using a fuzzy rule-based framework, typi-
cally, we take all the data points of each class, and as indicated earlier, we
process it in an unsupervised way, i.e., use a clustering algorithm. Each
cluster is then translated as the antecedent of a rule. It is needless to men-
tion that generally clustering is an iterative process and computationally
expensive. In this chapter, our objective is to find/select special type of
teatures, specifically, pairs of features, where the features in a pair have
a synergistic relation with respect to the classes. Thus, we shall see later,
that finding rules to check synergistic association will involve clustering
of training instances for each pair of features. In this chapter, we shall
deal with a dataset having 12558 features (genes) and thus this translates
to clustering of about 80 million pairs of genes to extract rules. This is
computationally prohibitive. A novel, yet simple, scheme is proposed to
overcome this issue. Our objective is to identify a special type of network
called “synergy network” using the synergistic pairs of genes/features.

Genetic interactions are very important as they help to discover func-
tional relationships among genes and hence have been studied exten-
sively. Here we address the problem of identifying gene-gene interac-
tions that are associated with a disease from a set of gene expression
profiles on some diseased and normal subjects. Such interactions can
be viewed as of collaborative nature where two genes cooperate with re-
spect to a disease or phenotype. This kind of disease-related interactions
can provide us with a better understanding of the biological processes
and associated pathways responsible for the disease.

For analysis of microarray data, many methods [174-178] have been pro-
posed. Out of which, Bayesian networks [175,176], pairwise mutual in-
formation [177,178] and Graphical Gaussian models [179, 180] are com-
monly used. An interesting application of Bayesian networks is pro-
posed by Gevaert et al. [181] where both clinical data and microarray data
are integrated via a Bayesian network. Authors then use their model to
identify poor and good prognosis groups in publicly available breast can-
cer datasets. In this context, three different methods of information inte-
gration are proposed of which the partial integration method is found to
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Figure 6.1: The scatter plots of one of the biomarker genes for prostate cancer
and one synergistic pair identified using our Fuzzy Rule Based measure are
shown in panel (a) and (b) respectively.

be the most promising one. This approach also finds the genes related to
cancer but the resulting network may not reveal the synergistic relation-
ship between those genes with respect to a disease. In our investigation,
we try to discover an interaction network in which a pair of genes is con-
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Figure 6.2: A hypothetical example of a synergistic gene pair that demonstrate
a simple and interpretable logical relationship.

nected only when they interact synergistically with respect to cancer.

Now, the question is what is synergy and how do we quantify it? Con-
sider, the scatterplot of the expression levels of HPN given in Figure
6.1a. As we can see, by taking a threshold on the expression levels of
HPN (represented by the vertical line on the X-axis), we can separate
the two classes of samples (tumorous and non-tumorous). From Figure
6.1a, we can say that when HPN is underexpressed the samples are non-
tumorous, and tumorous otherwise. In other words, the expression levels
of HPN demonstrate a causal linear relation with class. Therefore, HPN
can be termed as a strong biomarker for cancer.

Now, let us consider another scenario. Looking at Figure 6.1b, we can see
that, while the two genes, PTGDS and SLC25A6, are able to differentiate
between the two classes jointly, none of them can do so separately. So,
PTGDS and SLC25A6 are not biomarkers of cancer by themselves and
yet they are able to act as a strong biomarker of prostate cancer jointly
due to some form of collaborative interaction between them. Synergy
is defined as a phenomenon where the combined effects of the compo-
nents of a system are greater than the sum of their individual effects.
Can we then describe the interaction between PTGDS and SLC25A6 in
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Figure 6.3: (a) Hypothetical example that is nonlinearly separable, (b) Another

example that is linearly separable.

Figure 6.1b as synergistic? If we do so, then synergy, in context of gene
interaction with respect to a disease, may be defined as the gain in dis-
criminating power of a set of genes over that of the individual genes.
To measure this discriminating power of a gene or a set of genes, with
respect to a disease, we have a number of tools at our disposal such as
information theoretic measures or various sophisticated classifiers. In-
terestingly, however, simply quantifying synergy as the gain in discrim-
inating power may not be useful in the context of disease related gene
interaction. This claim is illustrated with the help of Figures 6.2 and 6.3.

Consider, the interaction of two genes given in Figure 6.2. None of these
two genes can differentiate between the two classes individually whereas
they are able to do so jointly, i.e., the gain in discriminating power for the
pair of genes over the individual genes is high. Moreover, as we can
observe, the gene pair exhibits a “simple and interpretable” logical re-
lationship between their expression levels and the classes. When, the
expression levels of both genes are either low or high, the samples are
non-tumorous, and tumorous otherwise. Compared to this, consider two
hypothetical scenarios shown in Figure 6.3. It is evident that there exist
no simple and interpretable logical relationship between the features in
any of the cases. Nevertheless, using a sophisticated classifier, such as a
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Support Vector Machine, we can show that, in Figure 6.3a, the two classes
of samples are non-linearly separable and in Figure 6.3b, the two classes
of samples are linearly separable when we take both features jointly into
account. However, in both cases, none of the individual features would
be able to discriminate between the two classes, i.e., the gain in discrimi-
nating power for the pair of features over the individual is high for both
of the scenarios. Can we term these two cases as examples of synergis-
tic interaction? The answer is definitely "NO” for Figure 6.3a as there is
no simple and interpretable logical relationship between the two features
and the class. These interactions do not make any sense from a biological
perspective. For Figure 6.3b, one can debate whether it should be called
synergistic or not - we prefer not to call it synergistic because practically
there is no difference between the expression patterns of samples from
the two classes. The relation between the features and class-1 is the same
as that between the features and class-2. Thus, in our opinion, for quan-
tifying synergy, the existence of a simple and interpretable logical rela-
tionship takes precedence over identifying just a gain in discriminating
power. However, before proposing a definition for quantifying synergy,
existing approaches are first reviewed at a glance.

As stated by Griffith and Koch [182], in the context of information the-
ory, synergy is a property of a set of random variables, {Xj, - - - X, } that
collaborate/cooperate together to predict another random variable Y. A
measure of synergy assesses the extent to which the collaborating effort
is better than the individual effort. We shall focus only on synergy be-
tween two random variables or genes. Let G; and G, be two continuous
random variables representing expression levels of two genes and C be
a binary random variable representing the presence or absence of cancer,
i.e., the phenotype. A well known measure of synergy is [182-184] :

§ =1(G1,G2;C) = [I(G1;C) + I(G2; C)] (6.1)

Here, I denotes the mutual information [185] and Equation (6.1) defines
synergy as the whole minus sum. Here I(Gy, Gp; C) denotes the mutual
information of the gene pair (G;, Gy) with the class C.
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For a detailed discussion on this measure of synergy as well as on other
measures, readers are referred to [182] and the references therein. Watkin-
son et al. [186] developed an information theoretic method for finding
pairs of synergistic genes based on the measure of synergy defined in
Equation (6.1). From Equation (6.1) we find that synergy is positive when
the amount of information about cancer provided by a pair of genes
together is more than the sum of information about cancer that are in-
dividually provided by the two genes forming the pair. Thus S is the
amount of information about cancer that is gained because of the coop-
eration between G1 and G2 [187], [188]. Hence, it may be reasonable to
call a pair of genes “synergistic” with respect to a phenotype when its
synergy is positive. If S takes a negative value, it may be interpreted
as redundancy. Authors in [186] have used Equation (6.1) to analyse a
prostate cancer microarray dataset [189]. One of their important findings
is that the gene RBP1 (cellular retinol-binding protein-1, also known as
CRBP-1) exhibits synergistic relation with respect to prostate cancer with
many other genes. Several of these genes linked with RBP1 are ribosomal
genes.

The mutual information needed to find the synergy can be computed
using conditional entropy. The computation of the conditional entropy
would be very simple if we quantize the gene expression levels [190].
For example, if we binarize the expression levels into two states (0: “oft”
and 1:”on”), then each pair of genes can only be in one of the four possi-
ble states (00,01,10,11), and we have to count the number of times each
of these four states appears in healthy and in diseased samples to com-
pute synergy. But with such a quantization, we may lose information. To
avoid this quantization problem, authors in [186] have used a hierarchi-
cal clustering of the gene expression levels. In the resulting dendrogram,
expression levels of each gene as well as those of every pair of genes are
clustered at all possible cut-off points up to a certain height and for every
such partition the conditional entropy is computed and then aggregated
using an weighted averaging. In other words, for every pair (G1, G2),
we need to compute H(C|G1), H(C|G2), and H(C|G1,G2) many times
where H denotes the conditional entropy of class C given gene expres-
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sion levels. This procedure not only involves an enormous amount of
computation, but also there is not much justification for using so many
partitions to compute the conditional entropy. Furthermore, the estima-
tion of conditional entropy using this approach may use different num-
ber of partitions for each pair of genes which, in turn, would make a

comparison between the conditional entropies inconsistent.

Before discussing the proposed method, some issues related to the method
in [186] are pointed out. The top most gene pair reported in [186] is
(RBP1, EEF1B2) having synergy value 0.4025. Out of top 20 pairs re-
ported in [186], 18 pairs involve RBP1 as one of the genes. But, looking at
the scatterplot of the expression values of RBP1 against the correspond-
ing sample numbers in Figure 6.4, we can see that RBP1 alone can cor-
rectly classify 81.37% of the samples in their respective classes. This is
shown by the vertical line on the X-axis in the plot of RBP1. In Figure 6.4,
only 19 samples are misclassified amidst the total number of 102 sam-
ples. It raises a question, should we consider the pair (RBP1, EEF1B2)
as synergistic where a single gene has such a strong association with
the disease (discriminating ability)? In our view the answer should be
“No”! But why does it happen? There are two possible factors. The first
factor appears to be the additive use of mutual information in defining
synergy. To understand such an undesirable behavior, consider two hy-
pothetical pairs of genes: A, B and X, Y where I(A;C) is 0.75, I(B; C) is
0.1, I(A,B;C) is 0.95, I(X;C) is 0.55, I(Y;C) is 0.5 and I(X,Y;C) is 0.95.
Here the mutual information that these pairs provide about cancer are
the same but clearly, the gain of information is higher for the pair (X;Y).
However, the value of synergy between (A;B), using eqn. 6.1, is 0.1,
while that between (X;Y) is —0.1 (a negative value of synergy is consid-
ered redundancy thereby suggesting that the two genes together cannot
provide any new information about cancer which is clearly not the case
here). The second factor might be related to the way several partitions of
the dendrogram are used to compute the conditional entropy of classes
and hence the mutual information.
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Figure 6.4: Gene expression values of RBP1.

6.2 Materials and Methods

6.2.1 Data

The prostate cancer microarray dataset is obtained from the Broad Insti-
tute’s website [189]. It consists of expression values of 12,558 genes for
102 samples of which 52 are prostate tumor samples and the remaining 50
are non-tumor prostate samples. The dataset is normalized using the Ro-
bust Multi-array Average (RMA) method. This is referred to as dataset-1.
For validation purposes, the CPDR prostate cancer dataset from the Wal-
ter Reed National Military Medical Center is used [191]. The dataset con-
sists of expression levels of 54675 genes from 40 non-tumorous prostate
tissue samples and 20 prostate tumor samples. This is referred to as the
validation dataset. For experimental purposes, the expression values of
each gene was normalized between 0 to 1 in both datasets.

6.2.2 Fuzzy Rule Based Method

Two genes G; and G; are in synergistic relation (collaborating with respect
to a disease) if the following holds:
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(a) neither G; nor G; can differentiate cancerous samples from normal
ones satisfactorily but G; and G; can do so jointly,

(b) G; and G; together exhibit simple and interpretable logical relations
to explain the phenotype.

We want to identify such pairs of synergistic genes. Any method for
this, either implicitly or explicitly, will involve two steps: measuring the
discriminating power of a pair of genes and its component genes with
respect to classes and then assessing whether a pair enjoys a synergistic
coupling or not. As we have discussed previously, for the first step, many
information theoretic approaches have been proposed which rely on esti-
mating either mutual information or conditional entropy of classes. The
method proposed in [187] binarizes the gene expression levels for es-
timating conditional entropy of classes and thereby loses information.
However, despite the loss of information, this method has one clear ad-
vantage over others, i.e., it is able to identify simple and interpretable
logical relationships that exist between sets of genes due to binarization
of the expression levels as demonstrated in Figure 6.2. So, quantizing
expression levels provides us with simple logical relationships but it is
also guilty of information loss. The loss of information is the highest for
binarization but the logical relationships identified are also the simplest.
Clearly, this is a matter of trade-off. In this context, for a natural extension
of binarization and also for the sake of identifying interpretable logical
relationships, an obvious choice is to use a fuzzy rule based system. That
is what we try to do. Based on previous discussion we note that there are
two requirements for finding synergistic pairs:

(a) explicit/implicit assessment of sufficient increase in discriminating
power with respect to class for the gene pair over the individual
genes of that pair,

(b) explicit/implicit identification of simple logical relations between

gene expression values to explain the phenotype.

It is also worth noting here that, for the first task, any classification method
can be used as we have labelled data. But unfortunately, such a method
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must be computationally very efficient because even for a dataset with
12558 genes, we need to design/train (128558), i.e., about 80 million clas-
sifiers! Also we have previously mentioned that use of a sophisticated
classifier may not be the best choice in this case as even though it may be
able to provide a good estimation of the discriminating power, there may
not be any easily interpretable relationship between the pairs of genes
(eg. Figure 6.3a) which could provide useful biological insight [190]. For
the second step, there is NO ground truth and either some expert pro-
vided rules or some other method not requiring ground truth has to be
used. Fuzzy rule based systems appear to be a feasible and useful choice
here. Possibly, fuzzy rule based system is the most appropriate choice of
tool as it naturally finds simple and logical relations, can be designed at

a low cost, and can be provided by expert in absence of ground truth.

To obtain the fuzzy rules, we define three linguistic values (membership
functions), LOW, MEDIUM and HIGH, on each of the two linguistic vari-
ables (the two variables are g; and g;, which represent gene expression
values of two genes G; and G;, respectively). Note that, one can define
more than three membership functions, but for this problem three mem-
bership functions are found to be adequate. These membership functions
can be Gaussian, triangular or trapezoidal in shape. Here we have used
the Gaussian membership function defined by ‘u(x):e_(x_c)z/ 20% where
c is the center and ¢ is the spread of the membership function. Suppose
we extract three rule bases, R;, Rj and R; j, using the expression profiles of
Gi, Gj, and (G;, G;), respectively. Suppose we also find that R; and R; are
poor performers to discriminate cancer samples from the normal ones,
while R; ; is a good performer. In this case, G; and G; collaborate with
respect to the disease. Furthermore, since we have opted to use three
membership functions, i.e., LOW, MEDIUM and HIGH, the relationship
between G; and G; describing the phenotype should also be easily inter-
pretable. Hence, G; and G; are in synergistic relation.

One of the many methods available in the literature can be used to extract
the rule bases [192-195]. An algorithm similar in spirit to the method by
Ishibuchi et al. [193] is used, but it has been significantly simplified to
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reduce computational overhead. The domain of G; is first divided into
three equal parts/sections. These three parts correspond to our definition
of LOW, MEDIUM and HIGH. The middle point of each of these parts is
taken as the center of the corresponding membership function. In Figure
6.5 the thinner lines indicate the centers of each Gaussian membership
function and the solid lines represent the boundaries of different sections.
These choices are the most unbiased choices of centroids. We can use the
sum of firing strengths like Ishibuchi et al. [193] to extract the rules.

Now, for a pair of genes, there are nine possible antecedents and two pos-
sible consequents : diseased and normal. So there are 18 possible rules of
which nine could be consistent. For every pair of genes, we need to find
three sets of fuzzy rules, one defined using G;, one using the expression
values of G; and the rest using both genes G; and G;. One possible rule
base is shown in Table 6.1 where N and D represents Normal and Dis-
eased samples respectively. The entry in the cell (2,3) of Table 6.1 is D.
This means that when G; is medium and G; is high, then the sample is
diseased. In other words, the cell (2,3) represents a fuzzy rule : If G; is
MEDIUM and G; is HIGH, then the sample is Diseased. In a similar man-
ner, we can also define rules using expression values of just one gene, say,
G;. For example, a rule can be: If G; is HIGH, then the sample is Normal.

Given a pair of genes (G;, Gj), the set of rule antecedents are well defined
and can be computed. What is left is the assignment of the consequent
with each antecedent. For this purpose, like Ishibuchi et al. [193], we
can use the sum of firing strengths (computed using a T-norm) for each
antecedent provided by the normal and cancer samples and decide on
the rule consequent. This will require computation of exponentiation to
tind membership values and use of a T-norm. To reduce computation, a
tixed value of ¢ (o = 0.2) is used for the membership functions, and the
minimum is applied as the T-norm for computing firing strengths. Now
the rules can be extracted without computing the membership values
(avoiding exponentiation) and firing strengths as explained next.

For every data point, first we find the antecedent which best explains
that data point (we find the antecedent which results in the highest fir-



6. Finding SN from gene expression data: a FR based approach. 155

ing strength for that data point which is equivalent to finding the cell in
which the data point falls). For every antecedent (cell) we keep a count
of such data points divided into two groups, points from diseased class
and points from the normal class. Suppose for the antecedent A;; the
total number of points for which it enjoyed the maximum firing strength
is njj = njj, + njj, . Note that, these n;; points would be decided by the
(i, j)™"
is set to “Diseased” then this rule will make nij,, mistakes, while it will

rule irrespective of the consequent of the rule. If the rule consequent

make 7;;, mistakes, if the consequent of the rule is set as “Normal”. Thus,
the best consequent for this rule would be “Diseased” if Nij > MNij oth-
erwise, it would be “Normal”. In this way we not only extract the rules
for a particular pair of genes, but also simultaneously find how good
these rules can model the behaviour of the data using each of the two
genes as well as using both genes. We call such fuzzy rules as Dynamic
Fuzzy Rules (DFR) as the antecedents are fixed but the consequents are
not, they may change with each gene. We have three rule bases defined
using G;, Gj and the pair (G, Gj), which we denote by R;, Rj, and R; j, re-
spectively. Let the classification accuracy yielded by the three rule bases
be P;, b, Py, respectively.

A detailed procedure for DFR generation for two genes, G; and G;, is
provided in Algorithm 6.1. It is emphasized that the objective is not to
find precise rules or any other classifier to achieve the best accuracy, as
this may even have a derogatory effect (see Figure 6.3(a)).

Next, we need a mechanism to determine if a pair (G;, Gj) is synergis-
tic or not. Note that, we do not have any ground truth available on this
and therefore NO supervised method can be used. Due to huge com-
putational overhead (calculation of synergy for approximately a billion
of gene pairs), NO computationally expensive procedure can be used ei-
ther. Another set of fuzzy rules is used to identify whether a pair of
genes forms a synergistic pair or not. This is referred to as Synergistic
Rules (SR). For example, if P; is LOW, P; is LOW but P;; is HIGH, then
definitely the pair (G;, G;) forms a synergistic pair. This can be expressed
using a fuzzy rule as follows:
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Algorithm 6.1 Dynamic Fuzzy Rules (DFR)

(@) setCp, =C\, =0;1,m=1,2,3.

,m
(b) Let the expressions levels for the two genes be g; and g; respectively
where g = (gi,l/gi,ZI e /gi,N)/ and g] = (gj,llgj,Zr e /gj,N)l
(c) Define three membership functions/fuzzy sets , LOW (L), MEDIUM (M)
and HIGH (H) on each of the two genes G; and G; as explained earlier.

(d) Repeatfork=1,---,N

i Take the k" sample from each gene, g;x and gjk and compute the firing
strength, f;,, for each of the nine antecedent clauses, i.e., for each of
I,m=1,2,3.

ii Let (L,M) = n;}ix = {fim}. If sample k is from the diseased class
then CLD,M = CBM +1else Ci\fM = CZL\{M +1
(e) End Repeat
(f) forl,m=1,---,3Cp, = max{C[,,CN}

I,m’
Note that the above step is equivalent to dynamically assigning con-
sequent of the (I,m)" antecedent as the class (Diseased or Normal)for
which this antecedent best explains the training data.

(g) Compute TC;; = 213:1 anzl Cim- TCjj is the total number of samples
correctly explained (classified) by the gene pair G; and G;. Let us define

P = TC,-]-1\>]<100, the normalized (percentage) of data explained by the gene

pair.

(h) Repeat steps similar to Step 3 through Step 5 with gene G; only and com-
pute P;, the fraction of data that is explained by the DFR defined on gene
G; only.

(i) Repeat steps similar to Step 3 through Step 5 with gene G; only and com-
pute P;, the fraction of data that is explained by the DFR defined on gene
G; only.
]

Ry: If P; is LOW and P; is LOW and P; ; is HIGH Then the pair (G;, G;) is
synergistic.

The extent to which a rule is satisfied by a pair (G;, G;) is defined by
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the firing strength of the rule which can be computed using a T-Norm
[120]. In this investigation, the T-norm min is used to compute the firing
strength. For example, if G;, G; and (G;, G;) explain respectively p;, p;,
and p;; percent of data points correctly, then we find the membership val-
ues urow(pi), prow(p;j), and pyicu(pij) and compute the firing strength

of the above rule as fi = min|{prow(pi), hrow(p;), #aicu(pi;) }|. In our
system, the firing strength plays a very important role as we use it to

compute the p-values.

Table 6.2 depicts such a rule base which is defined using just three lin-
guistic values LOW, MEDIUM and HIGH as shown in Figure 6.6 for the
three linguistic variables P;, P;, P; ;. The equations defining these mem-
bership functions are shown in Equations 6.2, 6.3 & 6.4. The same defini-
tions have been used for all three linguistic variables. Note that, although
the Synergistic Rule base remains the same for all pairs of genes, the dy-
namic fuzzy rule base for different pairs could be different.

,uLOW(x;a/ b) - 1,.7( S a
_b—x .
b—a’

=0,b>x (6.2)

x<b

IA

where a = 50,b = 65.

umeprum(x;a,b,¢) =0,x <a

:z_z,a x<b
:E:;b<x<c
=0,c<x (6.3)

where a = 55,b = 70,c = 85.



158

6.2. Materials and Methods

nyicH(xa,b) =0,x <a

where a = 75,b = 90.
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LOW

X —a
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b—a
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Figure 6.5: The fuzzy membership functions LOW, MEDIUM, HIGH are de-
tined with centers at the thinner lines.

Table 6.1: A rule base that best explains the data on a pair of genes.

|

[ LOW | MEDIUM | HIGH |

HIGH D N D
MEDIUM || N N D
LOW D D N

There are 27 intuitive rules in Table 6.2. The first rule in Table 6.2 says the
following : If P; is LOW AND P; is LOW AND P;; is HIGH then the pair
(Gi, Gj) is Synergistic.

This rule says that neither gene G; nor gene G; is able to explain the data,

but the pair (G;, G;) can. This is an obvious rule for determining syn-
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Table 6.2: Rule base to find synergistic pairs

Rule | P; P P;; Status

1 LOW LOW HIGH Synergistic

2 MEDIUM | LOW HIGH Synergistic

3 LOW MEDIUM | HIGH Synergistic

4 MEDIUM | MEDIUM | HIGH Synergistic

5-27 | For all other 23 possible antecedents | Non-Synergistic

ergism. Similarly, Rules 2-4 are also very intuitive. Clearly for each of
the remaining 23 possible rules, the consequent is non-synergistic. Note
that one can use other choices of membership function and may refine
the membership functions based on training data, provided we know
whether a pair is synergistic or not for every pair in the training data.

6.3 Choice of parameters

As already mentioned, the parameters for the three membership func-
tions, piow, Hmedium and Hpjgn Were set as ajoy, = 50, bjoyy = 65; dedium =
55, Uyedium = 70, Crnedium = 85 and Ahigh = 75, bhigh = 90.

Intuitively, they appear good choices for the fuzzy membership functions
which define the classification accuracies/discriminating power of the
individual genes and the gene pairs with respect to cancer. Experimen-
tally we have found that these choices are quite useful as in all the syn-
ergistic gene pairs found by the proposed method, the individual genes
had low or medium discriminating power while the pairs are able to clas-
sify the cancer and normal tissue samples sufficiently well. From this, we
find that our objective of generating a fuzzy system to identify a syner-
gistic network has been accomplished. This is further validated by utiliz-
ing the same model on another prostate cancer dataset (CPDR prostate
cancer dataset) and demonstrating that the gene pairs identified by the
proposed method are indeed synergistic.
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6.3. Choice of parameters

To establish that the system is robust to the choice of parameters, the
following experiments have been performed: First, we have computed
the synergy between all possible gene pairs from the original dataset and
by taking a threshold of 1075 on the estimated p-values, we have selected
the top 10167 gene pairs. Let us call this set of gene pairs S. Next, we have
randomly selected any four out of the seven parameters and randomly
shifted the value of each one of this four parameters by +2% or —2% with
equal probability. The value of synergy between all possible gene pairs
has been recomputed using the new set of parameters, and the top 10,167
pairs have been selected. The above step has been repeated 100 times. Let
us call the set of gene pairs generated in each iterationas S; ;i = 1, ..., 100.
Now, to prove the robustness of our system, we intend to show that the
similarity between our original set S and each of S; is sufficiently high. To
demonstrate this, we have computed the similarity between S and S; as:
Similarity; = |SB|51". The average of Similarity;(i = 1, ...,100) is 0.86 and
standard deviation is 0.11 which suggests that our model is quite robust.
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Figure 6.6: Fuzzy membership functions to find synergistic pairs.

In order to find synergistic pairs, we need to compute the firing strength
of all 27 rules for every pair of genes, and then find the maximum firing
strength. If the maximum firing strength corresponds to any of the first
four rules in Table 6.2 then the pair is synergistic, otherwise, the pair is



6. Finding SN from gene expression data: a FR based approach. 161

non-synergistic. Since we have to go through these process for all pairs
of genes, to reduce the computation we apply the following schemes.

For any pair of genes, we first compute the firing strength of only the first
four rules. If the maximum firing strength is zero, i.e., if a pair does not
fire any of the four rules, then that pair is clearly a non-synergistic pair
and we do not need to worry about that. In this way, we first find the set
of potential synergistic pairs. Let there be N; such potential synergistic
pairs of genes. Of these N; pairs, there could be some pairs for which the
maximum firing strength of a non-synergistic rule may be higher than
the maximum firing strength of a synergistic rule. If that happens, then
those pairs are non-synergistic pairs. So we apply the i*" pair of the Nj
pairs of genes on the 23 rules for the non-synergistic class and find the
maximum of the 23 firing strengths, fN. For the same pair, let the max-
imum of the four firing strengths of the synergistic rules be fl.S. Then if
fN > f5, then we remove the i*" pair from the set of N; pairs of potential
synergistic genes. In this way, we generate Ng(N; < Nj) pairs of poten-
tial synergistic genes. A schematic algorithm for finding synergistic pairs
is shown in Algorithm 6.2.

The proposed method for finding synergy between a pair of genes can
be directly extended to identify synergy among triplets or even larger
groups of genes. Suppose we want to evaluate synergy for a set S of n
genes with respect to a phenotype C. For the set S to be synergistic, the
discriminating power of the whole set S should be high and the discrim-
inating power of each of the possible subsets of S (S; C S|0 < |S;| < n)
should be low or medium. The number of such S; will be 2" — 2. How-
ever, the discriminating capability of a set with respect to C should be
higher than any of it’s subsets. Therefore, we only need to consider the
subsets of S having cardinality n — 1. There can be n such subsets S;
such that S; C S and |S;| = n — 1. So, for each such S; we need to
evaluate 3" ! antecedents and 3" antecedents for S. The number of syn-
ergistic rules will be 2" and the number of non-synergistic rules will be
(3"t — 2™). We can follow the same procedure as used for bivariate syn-
ergy to evaluate these rules and compute synergy for S with respect to
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Algorithm 6.2 Synergistic Rules (SR)

(a) Let N be the total number of gene pairs
(b) set Ny =0;51 = ¢
(c) Repeati=1,2,..,.N
i. Compute the firing strength of the i pair only on the first four rules.
ii. Let f;;, be the maximum of the four firing strengths.
iii. if f;;, # 0, then the i*" pair is a potential synergistic pair; include i*"
pair in 51 and increment Nj by 1.
(d) End repeat.
(e) Sj is the set of potential synergistic pairs, |S1| = Nj.
(f) Repeati=1,2,...,.N;

i. Compute the firing strength of the ith pair from S; on the 23 non-
synergistic rules.

ii. Let fN be the maximum of the 23 firing strengths. and f7 be the
maximum firing strength of the four synergistic rules for the i*" pair.
iii. if fN >f7 then i'" pair is a non-synergistic pair, so remove it from S;.
(g) End repeat.
(h) Ns(= |S1]) is the number of potential synergistic pairs where Ns; < Nj.

C. However, to assess synergistic relation between more than two genes,
we need more samples, irrespective of the method that we use. Since, the
number of available samples is usually very limited, most of the studies
that we could find are restricted to bivariate synergy.

Finally, p-values computed using permutations, as described in [186], are
used to determine the final list of synergistic pairs. For p-value compu-
tation, the firing strengths play a very important role.

6.4 Statistical validation

To assess the statistical significance of the identified synergistic pairs, p-
values computed using permutations, as applied in many other stud-
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ies, are used. In particular, we follow the same permutation scheme as
used in [186]. Let us assume that the expression data are stored in a
2-dimensional matrix, where each column represents expression values
for a particular sample unit or person and each row corresponds to ex-
pression values of a particular gene over all samples. Each column is
labeled as normal or cancerous. The expressions of each gene are inde-
pendently shuffled once within the normal samples and once within the
tumor samples. In this way the individual genes” association with the
class is retained. But the genes’ integrity in individual samples is de-
stroyed. A total of 100 permutation experiments are performed, and 10°
pairs are randomly selected from each set of permuted data, resulting in
N = 108 pairs. The proposed method is then applied to compute the fir-
ing strength of each pair. To validate the results, it is examined whether
the identified synergistic pairs occur by mere chance or genuinely exhibit
synergistic relationships. Given a synergistic pair of genes found by our
method from the given dataset, we count the total number of pairs of
genes among these N = 10° pairs from the permuted datasets, which are
at least as synergistic as the given pair in terms of the maximum firing
strength over the four synergistic rules. Let, F; be the maximum firing
strength of the i*" synergistic pair of genes found by our method. Let f;
be the maximum firing strength of the synergistic rules for the k' pair of
genes selected from the permuted data, k = 1,--- , N = 10%. The p-value
for it synergistic pair is computed as in equation (6.5).

1
Pi:N#(kaFi);k:L”'/N (65)
Note that we can compute the p-value for every pair of 78845403 genes,
but that is not needed. It is enough to compute the P values for the Ng =
59911 synergistic pairs of genes only, as identified by our method.

At this point two natural questions arise: why are we not using a non-
fuzzy method and why are we not using a rigorous rule extraction method.
These are explained in the following section.
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6.5. Why not use any non-fuzzy method?

6.5

Why not use any non-fuzzy method?

It is evident from the discussion and the figures that the relation between

synergistic gene pairs is non-linear in nature. Therefore, to capture this

non-linear relationship, a non-linear model is necessary. The non-linear

model could be a Fuzzy System, an Artificial Neural Network, Support

Vector Machine or any other appropriate learning system. One may ar-

gue that it is NOT necessary to use a fuzzy system, but there are some

other considerations:

(a)

(b)

(©)

(d)

If neural networks are used, a total of 78,845,403 + 12,558 neural
networks need to be trained for the prostate cancer dataset, cor-
responding to 12,558 individual genes and 78,845,403 gene pairs.
Similarly, if we have 30000 genes, then we need (449985000 + 30000)
neural networks to be trained! This immediately suggests the ne-
cessity of using a tool capable of generating models at a very low
computational cost.

The second issue is that since we cannot use mechanisms like cross
validation to find a good system (again because of the fact that we
have to generate too many models), we need to make sure, to the
extent possible, that none of the systems learned memorizes the data
to yield a very high (false) accuracy.

Moreover, use of machine learning tools like Support Vector Ma-
chines or Artificial Neural Networks, exhibit very high enhance-
ment of discriminating power for data like Figure 6.3a, where the
relation absolutely is not synergistic in nature.

Finally, For such tools, finding simple and logical relations become
an almost impossible task. These attributes suggest us to use the
fuzzy rule based system.
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6.6 Why not use a rigorous rule extraction pro-

cedure?

The proposed system incorporates two types of fuzzy rule bases: DFR
and SR. The first type of rules, DFR, compute discriminating power of
single and pair of genes and the second type of rules, SR, determine
whether a pair is synergistic or not. For the synergistic rules, we can-
not use any rigorous method of rule extraction as there is NO labeled
training data; i.e., NO ground truth is available on synergistic relations.
For the DFR, theoretically speaking, we can use any supervised rule ex-
traction scheme, we can even refine the rules, but this is neither desirable
nor practically feasible. A refined rulebase which is able to separate the
classes with high precision may not be a desirable choice here as it would
possibly generate very specialized rules to accomplish this task, thereby
destroying the ”“simple and logically interpretable” nature of the rules
(see Figure 6.3a). It is also not feasible because of the massive computa-
tional overhead. For example, we have already mentioned that even for
a dataset with 12558 genes, we need to extract (78845403 + 12558) rule
bases. Moreover, rules extracted by any exploratory data analysis based
method, may be optimal, but will not be as interpretable as the rules de-
fined using human provided linguistic values.

6.7 Computational complexity

Let k be the computational cost of evaluating a rule involving two an-
tecedent clauses. Then for a pair of genes, total cost of evaluating the
classification accuracy would be 91k, where n is the number of samples.
The total cost of evaluating the synergy rule base is 27k as there are 27
rules in the rule base. Thus the total worst case cost of evaluating synergy
for a pair of genes is O(n); while the best case computational complexity
of the method by Watkinson et al. is O(n?).

Further because of the simplification of implementation in Algorithm
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Table 6.3: Top ten pairs based on the firing strength along with the p-value
from dataset-1

Rank | Gene Probe ID | Gene Probe ID Firing | p-value
Symbol Symbol strength
1 | PTGDS 38406_f_at | SLC25A6 | 40436_g_at | 0.91 <1078
2 | PTGDS 216.at SLC25A6 | 40436_g.at | 0.88 <1078
3 | PTGDS 216_at HSPD1 37720_at 0.81 |4x10°8
4 | NME2 1980_s_at | EIFAEBP2 | 35263_at 081 |4x10°8
5 | ACSL3 33880_at | EFS 33883_at 0.81 |4x10°8
6 | PTGDS 38406_f_at | XBP1 39756.gat | 076 |4x10°8
7 | EIFAEBP2 | 35263_at | XBP1 39756 gat | 076 |4x1078
8 | CLU 36780_at | XBP1 39756.gat | 076 |4x1078
9 | PLP2 37326.at | XBP1 39756.gat | 076 |4x10°8
10 | PTGDS 216_at XBP1 39756.gat | 076 |4x1078

Synergy, the total cost of evaluation is further reduced. Let there be N
pairs of genes. If we follow the normal way a fuzzy rule based system
works, the computational complexity would be (91k 4 27k)N + 3n. To
reduce the computational complexity we follow the trick as explained in
the Algorithm SR. First, we apply only the four rules for the synergis-
tic class and this will involve a cost of 4Nk. Let N; be the number of
gene pairs for which at least one of the four synergistic rules fire with
a non-zero firing strength. The remaining 23 rules are applied to these
N potential synergistic gene pairs. The corresponding cost is 23Nk.
So the total complexity is 9nkN + 3n + 4Nk + 23N1k and our savings is
23(N — Ny )k. Although the order of complexity remains the same, it can
lead to a substantial saving in computation. For dataset-1, N = 78845403
and N; = 833144 which results in a huge saving in computation.

6.8 Results

Dataset-1, as mentioned earlier, has 12,558 genes and hence there are
78845403 pairs which have to be checked for possible synergistic behav-
ior. Out of this, based on only the four rules for synergistic pairs, we have
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found 833144 pairs of suspected synergistic candidates.

These pairs are then further filtered using the 23 rules describing the non-
synergistic relation and that resulted in 59911 pairs of genes. We then
computed p-values for each of these 59911 pairs to generate the final list
of synergistic pairs, which resulted in 1501 pairs of genes with a thresh-
old of 107 on the p-value. Table 6.3 shows the top ten synergistic pairs
found by our method along with their p-values. The maximum firing
strength we have found is 0.91 for the rule : If P; is MEDIUM and P; is
MEDIUM and P;; is HIGH then Synergistic.

It is worth noting here that the fuzzy rule bases are not optimized or
tuned, yet these are able to find useful synergistic pairs. In Figure 6.8
we display the scatterplots of the top two pairs of genes given in Table
6.3, which clearly reveal the synergistic behavior of the gene pairs found
by the fuzzy rule based system. Scatterplots of the top 3 — 10 gene pairs
given in Table 6.3, are shown in Figure 6.7.

A natural question comes: Is the fuzzy method better than the state of the
art method such as [186]? There is no ground truth for such a problem.
So, like classification problems, we cannot compare metrics like misclas-

sification rates. Yet, we can say a few things :

(a) our method is computationally much more efficient than existing
method. This is important because we need to compute synergy for
nearly a billion pairs of genes;

(b) our method naturally reveals simple and logical relations for every
synergistic pair; (3) We have already explained the problem associ-
ated with synergy expression in eqn. (6.1).

To demonstrate the superiority of the proposed fuzzy method, let us
now further consider the top ten synergistic pairs that are found by the
method in [186]. These 10 pairs are depicted in Table 6.4. Comparing
Table 6.4 with Table 6.3, we find that there is only one common pair of
genes, which is (PTGDS, SLC25A6). Table 6.4 also depicts that among the
top 10 pairs, RBP1 appears 8 times and PTGDS appears two times sug-
gesting that RBP1 is a very important member of the synergistic pairs.
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Figure 6.7: Scatterplots of top 3-10 gene pairs.
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However, RBP1 does not even appear once in the top 10 synergistic pairs
found by the fuzzy system. In fact, in [186] RBP1 is found to be the largest
hub gene. However, in our method, with a threshold of 107° on the p-
Value, there was no pair involving RBP1 in the top 1501 synergistic pairs.
Why isitso? As mentioned earlier that RBP1 can correctly classify 81.37%
samples by just based on a threshold and hence RBP1 alone is a strong
biomarker/discriminator of prostate cancer and hence it should not be in
a synergistic relation with any other genes. This fact demonstrates that
the behavior and performance of the fuzzy rule based system is signifi-
cantly better that the state of the art method.

Table 6.4: Top 10 gene pairs based on synergy [186]

Gene symbol | Gene symbol | Synergy
RBP1 EEF1B2 0.4025
RBP1 FTL 0.3653
RBP1 HLA-DPB1 0.3493
PTGDS YWHAQ 0.3408
RBP1 UQCRH 0.3348
RBP1 UBC 0.3331
RBP1 SNRPB 0.3287
RBP1 ZNF146 0.3271
RBP1 EEF1D 0.3239
PTGDS SLC25A6 0.3202

An analysis of the synergistic pairs reveals a number of hub genes. The
details of the top 10 hub genes (top in terms of number of genes con-
nected to it) are shown in Table 6.5. The topmost hub gene that we have
found is TRGC2 which is connected with 388 genes in its network with
a threshold on p-value at 107°. Figure 6.9 depicts part of the synergy
network considering the top four hub genes (Table 6.5). In particular, to
keep the figure size manageable we have used 100, 50,25 and 10 genes
associated with the top four hub genes respectively. As we can see from
Figure 6.9, the synergy network exhibits a small world structure.
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Table 6.5: Top 10 hub genes

Rank | Symbol Size of hub
1 | TRGC2 388
2 | CFD 221
3 | TACSTD1 | 199
4 | S100A4 98
5 | GSTM1 54
6 |CCND2 |48
7 | PTGDS 43
8 | PTGDS 41
9 | GOS2 35

10 | TSPAN1 | 34

Probe ID of PTGDS in rank-7 is 38406_f_at
Probe ID of PTGDS in rank-8 is 216_at

Table 6.6: Firing strength along with p-value of the top 10 synergistic gene
pairs found using the fuzzy rule based method from the CPDR dataset.

Rank | Probe ID Probe ID Firing | p-value
Strength

1 200949 x_at | 38892_at 0.78 <1078
2 1555942 _a_at | 213377 x_at 0.67 1.1x 1077
3 1555942 a_at | 218474 s_at 0.67 1.1x 1077
4 1555942 _a_at | 224598 _at 0.67 1.1x 1077
5 1557055 s_at | 241523_at 0.67 1.1x 1077
6 | 15593925 at | 201820.at 067 | 11x1077
7 1563073_at | 216920_s_at 0.67 1.1x 1077
8 200877 _at 229309_at 0.67 1.1x 1077
9 201064_s_at | 201820_at 0.67 1.1x 1077
10 | 201064s_at | 205141_at 0.67 1.1 x 1077
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Figure 6.8: Scatterplots of top two gene pairs in Table 6.3.

Table 6.7: Synergy values of the top 10 synergistic gene pairs found by Watkin-
son et al’s method from the CPDR dataset.

Rank | Probe ID Probe ID Synergy
1 224573_at | 220401 _at 0.10
2 1569086_at | 224573 _at 0.09
3 | 224573_at | 219512._at 0.09
4 1553020_at | 206452 x_at 0.09
5 224573_at | 206773 at 0.09
6 | 214351 x_at | 1569459 _a_at 0.09
7 | 220337_at | 224573_at 0.09
8 | 212734 x_at | 232043_at 0.09
9 219178_at | 204294 at 0.09

10 | 204376_at | 218205_s_at 0.09

6.8.1 Validation on independent Data

The validation dataset contained the expression levels of 54675 genes. To

reduce the number of computations, we have sorted the genes by the

standard deviation of their expression levels. As we have seen in previ-

ous examples, the genes participating in a synergistic interaction usually

have high standard deviations. Therefore, we have selected the top 8000

genes with the highest standard deviation from the total number of 54675

genes. This is done just to reduce the computational overhead. Thus, the
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Figure 6.9: Synergy network.

total number of synergistic pairs to be evaluated has been reduced to
(®%°) from (54275). We have computed the firing strength for these (°}°)
gene pairs and reported the top 10 gene pairs along with their p-values in
Table 6.6. The scatterplots of the top two synergistic gene pairs are shown
in Figure 6.10. These gene pairs indeed display some kind of synergistic
behaviour with respect to prostate cancer. For the sake of comparison
with the method proposed by Watkinson et al., we have also computed
the synergy scores of the same set of (5°) gene pairs using their method
and depicted the top 10 gene pairs in Table 6.7. The scatterplots of the
top two gene pairs are shown in Figure 6.11. As evident from Figure 6.10
and Figure 6.11, the fuzzy rule based method is able to find compara-

tively better synergistic gene pairs from the validation dataset than those
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by the method of Watkinson et. al. [186].
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Figure 6.10: Scatter plots of top two synergistic gene pairs found using the
fuzzy rule based method from the CPDR dataset.
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Figure 6.11: Scatter plots of top two synergistic gene pairs found by Watkinson

et al’s method from the CPDR dataset.

6.9 Biological significance

Here we discuss the biological relevance of some of the genes that we
have found.The biological importance of the top four hub genes, pre-
sented in Table 6.5, is elaborated in the context of cancer pathways.
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In this study the topmost hub gene that we have found, is T cell receptor
gamma constant 2 (TRGC2) which is a biomarker for Stage-I Lung Ade-
nocarcinoma [196].This gene is found to be significantly down-regulated
in stage I lung cancer compared to the control groups [197].

CFD (Complement Factor D), the second hub gene, is found to be over
expressed in gastric cancers relative to paired-normal and apparently-
normal as reported in [198].

Our third dense hub gene is TACSTD1. The gene TACSTD1 or tumor-
associated calcium signal transducer 1 is also know as EpCAM (Epithe-
lial cell adhesion molecule). This gene encodes a carcinoma-associated
antigen [199]. Initially EpCAM was considered a dominant antigen in
human colon cancer. Authors in [199] have reported that EPCAM is prac-
tically found to be expressed in all human adenocarcinoma. This gene is
also found to be expressed in retinoblastoma and in hepatocellular carci-
noma [199]. EpCAM is frequently upregulated in carcinomas but is not
expressed in cancers of non-epithelial origin. All these suggest the utility
of EpCAM as a diagnostic biomarker for various cancers.

According to [200], during the progression of prostrate cancer, the gene
S100A4 (the fourth hub gene in our list) is over expressed. The gene
S100A4, a calcium binding protein, plays a key role in accelerating inva-
sion of human prostate cancer and it may also be linked with its metastatic
spread. This gene also plays an important role in the progression of
breast cancer and could be an independent marker of breast cancer [201].
Gupta et al. [202] stated that S1I00A4 is frequently over expressed both
in metastatic tumors and normal cells with uninhibited movement. The
gene S100A4 has been found to be expressed in different cancers such as
breast, ovary, thyroid, gastric and colon. Higher expression of S100A4 for
prostate cancer is correlated with higher tumor grade. For breast cancer,
an over expression of SI00A4 is closely correlated with a fatal outcome.
Thus we see that SI00A4 plays very important roles in biology of differ-
ent types of cancers.

Table 6.3 shows that PTGDS appears five times in the top ten pairs of
genes. Existing literature reveals that over expression PTGDS or L-PGDS
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along with downregulation of P13-K contributes to PMA induced apop-
tosis [203]. PTGDS translates into a protein called glutathione-independent
prostaglandin D synthase. This protein acts as a catalyst in the the con-
version of prostaglandin H2 (PGH2) to prostaglandin D2 (PGD2). PGD2
has been shown to be a inhibitor of cell migration and invasion of PC-3
prostate cancer cells [204].

The partner genes of PTGDS are SLC25A6, HSPD1 and XBP1 in the list
of top 10 synergistic pairs (Table 6.3). SLC25A6 (solute carrier family 25
member 6) is a member of the mitochondrial carrier subfamily of solute
carrier protein genes. Several studies have shown that this gene is an
important marker gene for prostate cancer, see [205] and references there
in.

XBP1, on the other hand, appears five times and it has been shown to
exhibit overexpression in breast cancer cells and colorectal tumors and
is also a critical transcriptional regulator of ER stress which is respon-
sible for tumor malignancy [206]. XBP1 also plays an important role in
preventing oxidative stress as XBP1 deficient cells were found to have
lost mitochondrial membrane potential which resulted in subsequent cell
death [207]. Recently it has been reported that in Triple-Negative Breast
Cancer, a highly aggressive malignancy, XBP1 plays a crucial role in the
tumorigenicity and progression of this cancer [208]. Apart from that, the
reduction of human X-box binding protein 1 (hXBP-1) expression may
be a useful marker for prostate adenocarcinoma differentiation and pro-
gression as reported in [206].

Thus, it is found that the identified synergistic network has strong rele-
vance in cancer biology.

6.9.1 Pathway analysis

Analysis of gene expression data to find the interaction of individual
genes with phenotype is useful, but it cannot give the bigger picture of
how a set of genes together interact. Pathway analysis is one of the meth-
ods to look for changes in many genes with a common function. There-



176

6.9. Biological significance

fore, to interpret the role of a gene, we go for Gene Ontology or curated
databases of pathways.

In this study we explore the KEGG (Kyoto Encyclopedia of Genes and
Genomes) database using Gene Trail [209]. Table 6.8 shows the pathways
involving five of more genes with a p-value of less than 0.05. This table
also reports the number of genes associated with different subcategories
along with their p-values.

The largest hub gene, TRGC2, along with its directly connected genes, is
selected for pathway analysis. It is found that eight of these genes are
associated with the Endocytosis pathway. The Endocytosis can make an
important contributions to the hallmark of cancer [210]. It also increases
the invasiveness and avoidance of apoptosis. The effect of reactive oxy-
gen species (ROS) on endocytosis may translate to survival advantages
during the chemotherapy or radiotherapy as reported in [211]. It is also
mentioned that very few studies have been done on these issues. Re-
searchers suspect that Endocytosis is one of the physiological processes
that turns into cancer [211].

Gonadotropin-releasing hormone (GnRH) is expressed in the castration-
resistant prostate cancer even when the tumor has escaped steroid de-
pendence [212]. Further GnRH-R is expressed in prostate, breast, en-
dometrial, and ovarian cancer. We have found seven genes in this path-
way.

Six genes have been identified as involved in the prostate cancer path-
way. Apart from these, six other genes are found to be associated with
Chronic myeloid leukemia and ErbB signaling pathway. The ErbB re-
ceptor tyrosine kinases play important roles in human cancers including
breast cancer. The role of Epidermal growth factor receptor (EGFR) and
ErbB2 in cancer development and progression has been observed by dif-
ferent researchers [213,214].

Five genes have been identified as associated with the Janus kinase (JAK)
signal transducer and activator of transcription (STAT) signaling path-
way. JAK-STAT signaling pathway is critical to many cytokine recep-
tors. It is also important in blood formation and pathogen resistance.
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Table 6.8: Summary of significant subcategories of KEGG database

Subcategory Observed | p-value
Glioma 6 12251073
ErbB signaling pathway 6 1.49 %1073
Jak-STAT signaling pathway 5 259 %103
Neurotrophin signaling 5 2.92%1073
pathway

GnRH signaling pathway 7 6.18 %102
Chronic myeloid leukemia 6 6.19 %103
Prostate cancer 6 6.73 %1072
Endocytosis 8 1.61 %1072
Fc gamma R-mediated 5 1.8%1072
phagocytosis

Long-term depression 7 2251072
Colorectal cancer 5 321072
Phosphatidylinositol 5 413%1072
signaling system

The JAK-STAT pathway plays an important role in cancer and the dys-
regulation of this pathway has been observed in different cancers [215].
Authors in [216] have suggested that successive activation of members
of the STAT family is related to different types cancers, including blood
malignancies. Five genes have been identified in the Colorectal cancer
(commonly known as colon cancer) pathway.

6.10 Conclusion

In this chapter, a new philosophy has been proposed to identify pairs of
genes that interact synergistically with respect to prostate cancer. A novel
fuzzy rule-based framework has been used to develop an algorithm for
this purpose. The proposed system uses two kinds of rule bases, Dy-
namic Fuzzy Rules (DFR) and Synergistic Rules (SR). The DFR is able to
identify simple and interpretable logical relationships between pairs of
genes and it is the natural extension of a previous approach which used
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binarization of gene expression levels. The proposed method has at least
four advantages over the existing approaches:

(a) for the first rule base (DFR), use of any non-fuzzy model will require
training of billions of systems and that makes it computationally

impractical,

(b) maximizing the training accuracy may produce misleading results
(non-synergistic relations can be labelled as synergistic as explained
using the two spiral dataset in Figure 6.3a), and hence, there is no
need for an expensive training method,

(c) non-fuzzy techniques will not help biologists to understand the syn-
ergistic relations as the relations may not be interpretable, and

(d) for the second rule-base (SR) we cannot use other machine learning
techniques as there is NO ground truth.

For each of these four issues, fuzzy rule based systems give a natural and
effective solution.

However, the proposed method is also limited in a few ways. While it can
be extended straightway to find synergy between triplets or higher num-
ber of genes, doing so will exponentially increase the number of rules as
we have shown before. Therefore, the proposed method may be compu-
tationally prohibitive for identifying synergy between a large number of
genes. Since, the number of samples are usually small, evaluating a large
rule base may not be sensible as well. Furthermore, the parameters of the
DEFR fuzzy rules has to be provided by expert.

To demonstrate the efficacy of the proposed method, it has been applied
to two prostate cancer datasets. The synergistic pairs identified by our al-
gorithm play significant roles in cancer biology and may have potential
therapeutic use. This is the first attempt to exploit fuzzy systems in iden-
tification of synergistic gene pairs. The advantage of this method is that it
can be easily extended to find synergy involving more than two genes. It
is computationally much more efficient than the existing information the-
oretic methods. More importantly, a human expert can provide/interpret
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the rules defining synergy. In this study, to reduce the computation and
to demonstrate its effectiveness, we have not tuned any parameter of the
dynamic fuzzy rule bases. Thus, further improvement in results might be
possible with tuning of the rule bases, but it can become computationally
prohibitive.

As a final note, it is emphasized that synergistic relationships are not
exclusive to gene interactions; therefore, the proposed method can also
be useful for identifying meaningful, readable non-linear relationships
between features in other contexts. One example of this would be to
discover meaningful patterns in online shopping behavior.






Chapter 7

Conclusions and Future Scopes

7.1 Conclusions

In this thesis, five research problems related to pattern recognition have
been addressed using a Fuzzy set theoretic framework. In Chapter 2, a
method is proposed for feature selection during clustering to achieve a
target partition. For clustering sometimes we use Kernel space (a high di-
mensional space) with a hope to get better results specially for a complex
datasets. In Chapter 3, a critical question is raised regarding the use of
the Kernel trick for clustering datasets in high-dimensional spaces, high-
lighting how it may potentially mislead researchers. Chapter 4 builds
on this discussion by further analyzing the problem presented in Chap-
ter 3, demonstrating the sensitivity of Kernel parameters, and provid-
ing guidelines for their appropriate use. A method to visualize the data
structure in high-dimensional space has also been discussed. We all know
that FCM is a good clustering method and it is frequently used on image
data with a spatial constraint. Note that, spatial information is only rel-
evant for image where we have the neighbouring pixel information. In
Chapter 5, a method is presented for utilizing Fuzzy C-Means (FCM) by
exploiting neighboring information for non-image datasets. Finally, in
Chapter 6, the focus returns to feature selection, specifically targeting a
special type of features known as synergistic pairs of features. The util-
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ity and effectiveness of this approach are demonstrated in addressing a
specific, yet important, problem related to prostate cancer.

In Chapter 2, a novel feature selection technique tailored for clustering
was introduced. While most unsupervised feature selection models rely
on penalty or regularizer-based approaches within the FCM framework,
the proposed innovative approach seeks to select features that can main-
tain the cluster structure found by FCM in the original data space within
a lower-dimensional feature space. The uniqueness lies in using the FCM
partition matrix, or any other partition matrix from a different cluster-
ing algorithm, to guide feature selection. The experiments, conducted
on synthetic data and real datasets, demonstrated the model’s ability to
identify relevant features, particularly in scenarios with well-separated
clusters in a lower-dimensional subspace. Emphasizing the importance
of data structure during feature selection, the proposed method distin-
guishes itself by aiming to preserve the original high-dimensional clus-
ter structure, setting it apart from other unsupervised feature selection
approaches using the FCM framework.

In Chapter 3, a fundamental question was explored regarding the util-
ity of clustering in kernel spaces, particularly with polynomial kernels.
The investigation focused on whether the clusters identified in the kernel
space genuinely correspond to the same groups present in the original
teature space. The chapter highlighted the complexities involved in ker-
nel clustering, emphasizing that kernelization may impose undesirable
structures on the data, leading to unexpected results. The exploration
demonstrated the significant impact of kernel parameters, particularly
with the Gaussian kernel. It was argued that selecting appropriate pa-
rameters for kernel clustering in unsupervised scenarios presents notable
challenges, as traditional cluster validation methods may not be directly
applicable.

In Chapter 4, the exploration of clustering in kernel space was continued,
addressing philosophical questions regarding its utility and the condi-
tions under which it can be beneficial. It was emphasized that poor clus-
tering results arising from local minimum issues or incorrect algorithmic
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parameters are distinct from the philosophical questions under consid-
eration. Notably, for the Gaussian kernel, it was discussed how higher
values of the parameter ¢ tend to produce FCM-like partitions in kernel
clustering, whereas lower values may result in partitions that differ from
those generated by FCM. It was argued that assessing the desirability of
such partitions in high-dimensional data remains a challenging task. The
perspective emphasized the importance of incorporating domain knowl-
edge into kernel functions and developing specialized cluster-validation
techniques to enhance the meaningfulness of kernel clustering.

In Chapter 5, FCMS was introduced as an extension of the Fuzzy C-
Means (FCM) algorithm, specifically designed to address the limitations
of conventional clustering methods in scenarios characterized by com-
plex spatial relationships. While traditional FCM excels in well-defined
clusters, FCMS incorporates spatial /neighbourhood information to han-
dle datasets with unclear cluster boundaries or spatial continuity. This
chapter highlighted FCMS’s adaptability beyond image data, showcas-
ing its effectiveness in non-image datasets. The inclusion of a penalty
term in the objective function facilitates the preservation of proximity
among neighboring data points, proving beneficial in datasets where nat-
ural clusters lack compactness. Experiments on synthetic and real-world
datasets demonstrated FCMS’s efficacy in diverse scenarios. The chapter
emphasized parameter sensitivity, highlighting the roles of the fuzzifier,
penalty parameter, and the number of neighbors in fine-tuning FCMS’s
performance.

In Chapter 6, the focus shifted to identifying synergistic gene pairs re-
lated to prostate cancer using a fuzzy rule-based framework. A novel
philosophy was proposed for discovering gene pairs that interact syner-
gistically, with an emphasis on the interpretability of the generated rules.
The proposed method differentiated itself by addressing computational
challenges and providing interpretable rules, particularly in the context
of identifying synergistic gene pairs. The method’s efficiency, potential
therapeutic implications, and the ease with which it can be extended to
capture synergy involving more than two genes have been highlighted.
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The application of fuzzy systems in the identification of synergistic gene
pairs marks a significant contribution, demonstrating its computational
efficiency and interpretability compared to existing methods.

7.2 Limitations and Future Scopes

Like most investigations, the works presented in this thesis also have
some limitations. These points are discussed below, along with potential
directions for future research.

In Chapter 2, the focus was on selecting a single set of features applica-
ble to all clusters. However, it's worth considering applications where
distinct clusters may exist in different subspaces. Expanding the concept
to accommodate such cases could enhance its applicability. Additionally,
instead of relying solely on the cluster partition matrix, exploring the ef-
fectiveness of the proposed framework in a supervised mode, utilizing
class labels, could offer valuable insights.

In Chapters 3 and 4, the application of the kernel trick and the manipula-
tion of kernel parameters were thoroughly explored. In essence, leverag-
ing the kernel space effectively requires domain knowledge and the ap-
plication of suitable cluster validation techniques. In this context, the in-
corporation of graph-based cluster validity could be a valuable approach.
Consider, for instance, the scenario where a partition achieved through
kernel clustering accurately captures the “desired” cluster structure in-
herent in the original data. In such cases, two expectations arise: Firstly, a
minimal spanning tree (MST) derived from the kernel-transformed data
should mirror (at least to agreat extent) the structure of an MST derived
from the original data. Secondly, both MSTs should exhibit a higher den-
sity of edges within each cluster and fewer edges (ideally just one) con-
necting every pair of clusters. Nonetheless, a comprehensive investiga-
tion is necessary to substantiate the practical utility of such frameworks.

In Chapter 5, the exploration demonstrated a significant enhancement
in clustering performance through the application of FCMS, particularly
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in non-image datasets where traditional FCM methods encounter chal-
lenges. By integrating spatial information, FCMS emerges as a valuable
tool in the domain of cluster analysis, holding great promise for diverse
real-world applications. Future endeavors aim to broaden the scope by
extending the utilization of neighborhood information to manifold learn-
ing. The exploration of geodesic distance in this context serves as a tes-
tament to the evolving versatility of FCMS.

In Chapter 6, the approach prioritized efficiency by eliminating the need
for parameter tuning in generating dynamic fuzzy rule bases, aiming to
demonstrate its effectiveness while minimizing computational load. Fur-
ther enhancements in results could potentially be achieved through pa-
rameter tuning. However, it is important to note that this may become
computationally prohibitive. As a concluding remark, we emphasize
that synergistic relations, as demonstrated in our method, extend beyond
gene interactions. Therefore, the proposed approach holds utility in un-
covering insightful and interpretable non-linear relationships between
features in diverse scenarios. An illustrative example includes its appli-
cation in discovering meaningful patterns in online shopping behaviour.
Moreover, the study was restricted to identifying only synergistic pairs.
Extending the method to identify synergistic triplets presents a valuable
direction for future research.
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