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PREFACE

A very new and developing area of control theory that has attracted a lot of attention recently is
fractional order control. Compared to standard integer-order (IO) controllers, fractional order
(FO) control can employ more degrees of freedom to achieve better performance and resilience.
Despite a number of difficulties, fractional order control has the capability to reshape control
theory and improve efficiency and reliability across a wide range of applications. In this thesis,
two distinct benchmark unstable processes as single input-multi output (SIMO) inverted
pendulum and continuous stirred tank reactor are taken into considerations to test the
efficiencies of various control strategies. One of the most difficult systems to control in the
field of control engineering is the linear inverted pendulum (IP), which is based on the use of
segway transportation as a real-time application. It is challenging to control the system
towards its desired upright position. Apart from application on mechanical nonlinear under
actuated system, nonlinear Continuous stirred tank reactor (CSTR) is adopted to be another
challenging application in chemical engineering and controlling concentration and
temperature smoothly in presence of disturbance is a difficult task. Despite efforts to provide
a necessary speed of action, current standalone and augmented traditional control schemes are
unable to achieve a smooth performance on set-point tracking and noise rejection, which are
crucial factors for investigating control actions on unstable processes. These schemes reported
higher integral errors with a significant degree of overshoot. Due to its limitation to real
numbers, the traditional scheme basically fails to accurately depict the behavior of the system.
So, to address this major issue a beneficial control feature with fractional order is proposed to
deliver more detailed information about the functioning of the system using extra degree of
freedom. It might be possible to attain a better balance between stability and robustness by
allowing the order to be a fraction between zero and one for fractional derivative or integral
function. This trait emphasizes the positive aspects of using fractional order calculus in
control engineering. Thus, this thesis proposes various novel standalone, and augmented
fractional order control strategies, taking into account MRAC, IMC, smith predictor,
proportional-integral-derivative (PID), and backstepping schemes. This thesis aims to
investigate the significant impact of fractional order control schemes over traditional schemes
using nominal condition, model uncertainties, dead time, noise, load disturbances, and
nonlinear effects. It also aims to investigate the most effective and trustworthy fractional order
control strategy among various proposed topologies for controlling the nonlinear systems.
Lower integral errors, total variation (TV) of control efforts, overshoot, and settling time are
preferable. To retain a fair level of accuracy, the major critical task is to convert the FO model

into an appropriate estimated 10 model in the designed rules. The indirect fractional order



approximation technique is preferred over direct method as it offers approximation of fractional
order Laplace operator solely unlike direct method. A novel improved biquadratic exact phase
approximation method is explored as the most efficient alternative method over the popular
Oustaloup and continued fraction expansion (CFE) methods offering more steady, flat, and
ripple-free approximated result. In order to attain global stability, proposed fractional order
Lyapunov (FOLY) rule of MRAC is found to be more effective than proposed fractional order
Massachusetts institute of technology (FOMIT) rule by choosing an appropriate Lyapunov
function and controls inverted pendulum more swiftly and gracefully compared to integer order
(I0) MIT, and other traditional schemes. Additionally, a variety of novel fractional order
augmented schemes are proposed for the inverted pendulum in order to investigate their
significant impact over the standalone traditional scheme. The speed of action is comparatively
improved with lower error metrics and TV by the augmented FOLY -FO-proportional-integral
(PI) and 2 degree of freedom (DOF) FOPI rules. Furthermore, 2 DOF FOPI augmented FOLY
and FOMIT techniques produce robust noise rejection. Disturbance rejection is the most
critical task for industrial unstable process as well. Consequently, various novel FOIMC-series
cascaded control structure (SCCS) with dead-time compensator, dual-loop FOLY-FOPID,
FOLY-IMC FOPID, and FOIMC-FOPD predictor strategies are proposed for CSTR in order to
explore each of their noteworthy impacts individually. The robust servo-regulatory action and
noise rejection are attained by FOIMC-SCCS dead time compensator over reported traditional
cascaded schemes and the substantial benefit of proposed dual-loop strategies is also addressed
over proposed standalone FOLY scheme to better handle set-point and noise rejection. While
all of the aforementioned dual-loop techniques produce promising outcomes, the
FOIMC-FOPD predictor produces a fairly decent outcome in terms of stability under noise and
disturbance. To fine-tune the control parameters, a combination of in-depth simulation studies
and optimization techniques are used. Despite offering lower error metrics, overshoot, and TV
by the different proposed standalone and augmented fractional order control strategies, still
there is a major scope of improvement on producing a more trustworthy control action by
offering fastest speed of action, zero overshoot, lowest integral errors, and smoothest control
efforts amid noise and disturbance. Finally, standalone fractional order backstepping (FOB)
strategy is proposed as a productive alternate to reported augmented conventional backstepping
schemes and the aforementioned proposed fractional order strategies to control the nonlinear
systems using strict-feedback recursive technique. The global stability of the unstable systems
is attained by FOB using proper Lyapunov function. The proposed simple and straightforward
FOB rule is explored as the most trustworthy strategy by offering lowest error metrics without

needless overshoot, and fastest speed of action on inverted pendulum and CSTR systems.
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CHAPTER 1

Introduction

1.1 Introduction

Conventional control techniques can successfully and frequently tackle a wide range of
nonlinear or unstable control issues in industry. The conventional controller's basic form,
which has proven to be suitable for many often encountered control issues, such as
disturbances and nonlinearities, is the reason for its wide spread acceptance. The process of
controller tuning can be time-consuming even though tuning instructions are available,
which leads to many mechanical or chemical plants control loops being poorly tuned and
the control system's full potential not being realized. Auto-tuning on conventional
techniques is preferred also not only to make the operator's job easier but also for reasons of
robustness. For more than 15 years, industry has used conventional control relay auto-tuners

with great success.

On the other hand, a remarkable quantity of investigation on the use of fractional calculus (FC)
in various scientific and technical fields has been conducted recently. In terms of automatic
control, fractional Order Control (FOC) requires the development of techniques for
controller development, parameter tuning, and effective controller implementation in order
to be applied in practical applications. By using the IO control technique, the system could
oscillate or lead to low saturation robustness. It might aid to attain a greater harmony
between stability and resiliency by allowing order to be a fraction between zero and one for
fractional derivative or integral function. This trait emphasizes the positive aspects of using
fractional order calculus in control engineering. The performance of nonlinear processes in
various challenging areas can be studied more effectively using fractional order system
(FOS). In recent decades, FC has become extensively employed in various fields of control

theory, including operator layout, stability, flexibility, and error estimations.



The stabilization of an unstable system can be viewed as a task-based problem. Another
way to look at it is as a regulation issue. Although task-based control is frequently more
sophisticated than regulation and servoing, the latter two may be categorised as sub-tasks.
The Segway transporter serves as an example of how stability is a crucial responsibility. In
the realm of control engineering, the linear inverted pendulum (IP) which is among the most
challenging systems to operate [1], based on the use of Segway transportation as a real-time
application. It is challenging to contrast the control efficiencies among various control
theories on the inverted pendulum. Better control topologies' efficacy levels attain the

stabilization of the intended position and angle of inverted pendulum.

Apart from application on mechanical nonlinear under actuated system, unstable
Continuous stirred tank reactor (CSTR) [2] is adopted to be another challenging application
in chemical engineering, and they are mostly used in homogeneous liquid-phase flow
processes in industrial processing, where continuous agitation is required. The primary goal
of areactor's design is to maximize the estimated current worth of a chemical reaction. Reactors
are needed in industry to transform natural resources into consumer commodities. With a
constant mass flow rate, reactants are continually added and products continuously removed.
Controlling the concentration level and temperature in a tank reactor process is a difficult
task, and stabilization of the process variables towards desired position is attained by using

robust control topologies.

1.2 Overview of Unstable Process

Unstable processes are those that reveal behavior leading to unbounded growth or oscillations.
It is challenging to regulate these systems since they are inherently unpredictable. The
following sections provide the fundamental model representation and methodology of the

chosen unstable processes.

1.2.1 Required Model of Inverted Pendulum

One of the standard control system issues is the handling of an inverted pendulum. It uses
the analogy of a hand acting as a cart and a stick acting as a pendulum as the hand tries to
balance the stick. The hand that is attempting to balance the stick has an advantage since it
can move up and down, but the inverted pendulum has limited motion and can only move
right and left. Inverted pendulum is intrinsically unstable and for the system to remain intact,
force must be properly delivered. Here are two different varieties of inverted pendulum,
including SISO (Single input single output) and SIMO (Single input multi output). SIMO is

a control system that is more effective than SISO.



Only one input or manipulated variable can govern two or more controlled or output
variables in a SIMO system which is known as the “X” plane inverted pendulum. The
following part illustrates the system's mechanistic modelling. The basic required model

representation of linear inverted pendulum [3] is depicted in Fig.1.1 below.

| |
| |
| I

X

Fig. 1.1. Basic model of linear inverted pendulum.

The angular position must be kept close to zero as the main objective. The angle of the beam
with the vertical is shown by the symbol 6. A second goal is to determine the track position
because the pendulum can be stabilized at any point along the track. Standard techniques
can be used to derive an inverted pendulum basic model as shown in Fig.1. The feedback
linearization technique [3-4] is mostly leveraged to improve the tractability and efficiency of

control design.

(1+ mL?)8 + mLcos(8)% = mgLsin® (1.1D)

: . 2 : : : :
m is beam’s mass, 2L is beam’s length, | = mL /3 is moment of inertia, g is the

acceleration, in case of small angles O the following trasnfer function is obtained by

feedback linearization as

216 -go=—% (1.2)
Now, the overall transfer function is defined as

o _ _ -s?
x(s)  (4g)Ls?-g

(1.3)

The system’s poles are at s = + /3g/ 41, The instability of the positive root increases as the

beam is short (as one might expect). Another challenging issue is that the system contains two
zeros at the value of s = 0. This is because the cart needs to accelerate in order to affect the

beam angle. However, this characteristic enables stabilization for any position of the cart.



Another mathematical expression illustrates how a first-order system's response causes the

cart's velocity to be delayed.

X() = S Xcom(S) (1.4)

Xcom 18 order for cart position, X is cart position and p > 0.The system's overall transfer

function is then determined as

0(s) _ —ps?
Xcom(S) ((4/3)L52—g)(8+p)

(1.5)

By raising the value of p, the cart might react quickly. In order to stabilize, an

uncompensated pendulum must be compensated, as will be featured in the following section.

1.2.2 Required Model of Continuous Stirred Tank Reactor (CSTR)

Reactors come in two varieties: batch and continuous stirred-tank (CSTR) (sometimes called
stirred tank reactor, or STR) [5]. The primary distinction is the requirement for continuous
component flow into the reactor by gravity or pump-assisted forced circulation in the case of
the stirred tank reactor. Thoroughly stirring the resulting reaction mixture is necessary.
Important process variables of CSTR include: Residence time (t), Temperature (T),
Pressure (P), Volume (V), temperature transfer rates (h,U), Chemical species
concentration (C).The cross-section of a required CSTR [5-6] and its inside are shown in the

Fig.1.2 below.
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Fig. 1.2. Continuous stirred-tank reactor cross-section.



A hypothetical CSTR that takes perfect mixing into account typically approximates or
models the performance of a CSTR. In a perfect reactor [5], when reagents are added, they
instantly and uniformly mix across the entire reactor. As a result, the output combination
matches the material composition within the reactor exactly, which is one of the goals of
reaction rate and residence time. CSTR incorporates nonlinear, interdependent functions of
temperature and concentration. Therefore, the model for the CSTR is linearized using a state
space model based Jacobian matrix. In order to identify certain linear operating points around
steady state, concentration (C,), temperature (T), and inlet coolant flow rate (q.) should be
taken into account. Eigen vectors on the Jacobian matrix are found, and various stable and
unstable states are adopted. As per the design equation of CSTR (Mass balance around the

reactor)

dN
d_tA = FAI + FAO + VUATA (16)

Where,

® F, isthe rate of molar flow of species A at the exit

o
Fy, is the rate of species A's molar flow in the intake
1, is the reaction rate

v, isstoichiometric coefficient

Ny is is the species A's mole count
The equations above are made simpler by using steady-state and v, = —1 to create:

FAI+FAO —VTA =0 (17)

Considering the species A concentration and the rate of flow (Q), the molar flow rates for those

species can be rewritten as follows:

QCa, — QCay —Vry =0 (1.8)

TA = %(CAI - CAO) (1'9)
1

74 =~ (Ca; = Cap) (1.10)

Where,

® (y, is the feed concentration at exit
® (, is the feed concentration in inlet

® 7isresidence time



1.3 Role of Controller

For any form of closed loop operation, accuracy, stability, and speed of action play a crucial
role. A controller is used to increase steady state accuracy by reducing the steady state error
between desired and measured variables toward the null position. In addition to this, a
controller is utilized to limit the system's maximum amplitude and the amount of noise it
produces. Using a controller, a slow response can be made faster. The open loop approach
typically detects the process' starting behavior, but the closed loop method plays a
significant task in moving the process in the direction of any desirable position to satisfy the
desired criteria. Fig.1.3. (a) and (b) depict the fundamental schematic [7] of closed loop
representation. Following these fundamental conditions, the control actions of certain
widely used control schemes are investigated for mainly response time, overshoot and error

using a nominal model as well as perturbations on selected unstable processes.
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Fig. 1.3.a. Blockdiagram of a closed loop control system. b. Blockdiagram of a closed loop control
system with noise and disturbance.

1.3.1 Design Objectives and Specifications of Basic Control Schemes

The controller in any feedback control system is made to meet the requirements [7] listed

below:

® Closed loop stability: Algebraic techniques, like Routh's array, may be used to
examine robustness; Bode graphs of models may be employed to determine stability as

well.

® Dynamic stability: A satisfactory transient reaction indicates good dynamic stability.

To achieve improvements in transient response, a suitable controller can be used.

® Tracking error: According to the position and velocity error constants of the loop

transfer function, the steady-state error for prototype step input is calculated.



By adding the right controller to the feedback loop, the error may be avoided.

® Sensitivity and Robustness: It is impossible to prevent disturbance inputs when
operating physical systems. High loop gain in the disturbance frequency spectrum is
necessary for effective disturbance rejection. It is desirable for a well-designed control
system to have minimal sensitivity to parameter changes and robustness to uncertainty in

dynamics.

Inherent trade-offs are present in the system layout goals. A static controller, for instance, is
unable to boost transient response while also bringing steady-state error down to a constant
input. The design goals for disturbance rejection and reference tracking are also incompatible.
Finding the ideal balance between meeting and prioritizing design objectives in such
circumstances is not always simple. As a result, rather than being an exact science, ‘control
system design’ is more of an art. The required characteristics for the transient and steady-state
components of the system performance with regard to a prototype input are specified in the
system layout specifications. To specify the desired transient response properties, a step input

is needed. Table 1.1 provides a summary of the quality metrics for a prototype second order

system.
Table 1.1
Quality metrics with desired condition
Quality Indicator Expression Boundary Condition
Rise Time (t,.) tr=n_(p T StrSl
[OF] Z(J)d (OF]
Peak Overshoot (M) M, = 100e~*“n'p (%) M, < 10%
Peak Time (tp) t = = E
P~ wg
Settling Time (t) _ ﬁ ts <2
* T ewy
TIAE (Integral Absolute ts I
Error) f le(®)|dt
0
ISE (Integral Square ts i
Error) le(t)|?dt
0
ITAE (Integral Time ts i
Absolute Error) fo tle(t)ldt
TV (Total variation) hd 0

D lut + 1) - )]

i=1

Where, wy is damped natural frequency, w, is natural frequency, € is damping ratio,

e(t)is error, t is time, and u is control input.



1.4 Salient Features and Flaws of Traditional Schemes

Two key factors for investigating the control actions of various control topologies on unstable
processes are noise rejection and set-point tracking. Some popular traditional methods
struggle more to control the process amid disturbances because of the nonlinear impact of the
plant, despite providing a reasonable solution on stable processes, according to documented
research. The following Table 1.2 provides some of the pros and cons of the popular standalone

and augmented traditional methods on inverted pendulum and CSTR systems.

Table 1.2
Investigation on performance of selected traditional schemes on Inverted pendulum and CSTR

Drawbacks
More struggle with higher
integral errors and overshoot

Salient features
Capable of controlling process
using widely used GA and PSO
optimization methods

Traditional schemes
PID [8-9]

2 DOF PID [10-11] Slightly improved speed of | No significant improvement on
action with additional tuning | smoothness of control action
parameters

PI-PD [12] Faster servo action Still  substantial degree of
overshoot

IMC -PID [13-14] Excelled over PID in presence | Still lack of steady state control
of noise and disturbance using | action
filter

PI-PD based smith Popular for disturbance | No significant improvement on

predictor [15] rejection in industrial process overshoot and slow servo
response

IOMIT rule of MRAC | Effective technique in presence | No guarantee of stability for

[16-18] of model wuncertainties and | unstable process
noise
IOLY stability rule of | Popular for attaining global | Still higher integral errors,
MRAC [19-20] stability overshoot, and  prolonged
settling time
IOLY-PID [21] Slight improvement of speed of | Still no significant

action with lower overshoot
using greater number of control
settings

improvement on smoothness of
control action

Adaptive backstepping
[22-23]

Well established technique for
nonlinear system with strict
feedback recursive method and
robust technique

Complex tuning due to more
control settings

Adaptive fuzzy
backstepping [24]

Promising feature with robust
solution

Complex tuning due to more
control settings

Higher integral errors with a substantial degree of overshoot were reported by the
aforementioned conventional standalone techniques. A smooth performance was nevertheless
unattainable despite the augmented traditional rules' relative improvement in action speed with

the aid of a greater number of control settings, according to certain published works.



In contrast to the few documented experiments, the backstepping control approach is later
discovered to be a more successful method of controlling nonlinear processes. Its relatively
limited application is found on inverted pendulums and CSTRs. However, existing
conventional augmented backstepping scheme relatively outperformed the other schemes with
promising control action. However, there is still a lack of research on simple and
straightforward backstepping scheme that needs to be explored. Using current techniques, it is
discovered that some reported works lack case studies on model uncertainties and other crucial
factors like the effect of a certain disturbance that needs to be taken into consideration. It is also
imperative to explore on more insightful information on the behavior of the unstable systems
because traditional schemes do not offer exact information due to its limitation to real numbers.

This is accomplished by using the fractional order (FO) approach.

1.5 Issues on Implementing of Fractional Order Model

Compared to developing an IO model, implementing a fractional order transfer function [25] is
a crucial undertaking. Unlike 1O calculus, the FO derivative is essentially a nonlocal operator
and retains historical data. The implementation of the FO model is computationally burdened as
it necessitates more memory elements and results in a long memory effect. Therefore, one of
the difficult roles in designing the FO control scheme is to approximate the behavior of
fractional order by converting into an estimated integer order rational model. Research is
currently underway to discover a suitable approximation method that could reveal a feasible

approximation.

1.5.1 Existing Solution Technique

Contrary to some reported works, the popular optimal fractional order PID (FOPID) controller
[26-30] outperformed PID controller in handling noise employing two extra degrees of
freedom and was frequently employed on unstable processes to enhance the performance amid
disturbance. By altering the derivative order between 0 and 1, these extra degrees of freedom
aid to offer flexible results in contrast to standard rules and achieve better system performance
balance. However, there was still no significant improvement in the overshoot, and the control
action was sluggish even after adding a specific disturbance. Many experts recommended using
the most popular indirect Oustaloup recursive filter [26-28] to realize additional degrees of
freedom under the fractional order modeling and control (FOMCON) [27] toolset;
nevertheless, this approach does not always result in a promising approximation. There is

currently no study on alternate approximation techniques in any reported literature.



In order to deliver a more acceptable estimated outcome in the designed rule, further research
into alternative approximation approaches is urgently needed. There is also a major scope of
improvement on producing a more trustworthy control action by offering fastest speed of
action, zero overshoot, lowest integral errors, and smoothest control efforts in presence of noise

and disturbances on inverted pendulum and CSTR systems.

1.6 Motivation

As was covered in the previous sections, it is evident that an intriguing control method is
needed to investigate more insight features about the performance of both CSTR and a linear
inverted pendulum (IP). Finding more detailed, flexible information about the behavior of the
systems is crucial for choosing the best course of control. The fractional order (FO) approach,
which, in contrast to traditional methods, has infinite memory that preserves past information.
Hence, this motivates us to modify the traditional control rules using fractional order.
Achieving a viable solution for a nonlinear system also necessitates the use of appropriate
approximation methods for transforming fractional order model into an appropriate estimated

integer order model.

1.7 Objective

This thesis aims to develop various fractional order control architectures for nonlinear inverted

pendulum and continuous stirred tank reactor systems.

1.8 Scope of Work

With the following scopes, the key technical contributions are summarized below:

e Investigation on different direct and indirect fractional order approximation methods to

select the most trustworthy fractional order approximation technique.

o Development of fractional order control (FOC) based on standalone MIT rule,

Lyapunov stability rule, and internal model control (IMC) strategy.

e Development of different FOC based on augmented FOMIT-1 DOF FOPI, FOMIT-2
DOF FOPI, FOLY-1 DOF FOPIL, FOLY- 2 DOF FOPI, FOLY-FOPID, FOLY-IMC
FOPID, FOPD-FOIMC predictor control strategies.

e Development of fractional order standalone backstepping control strategy using strict

feedback recursive method.
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e To investigate the significant impact of fractional order control schemes compared to
traditional control schemes through various novel simulation case studies in presence
of noise, load disturbance, delay time, model uncertainties, and nonlinear effect.
Different quantitative performance analyses are subjected to all proposed standalone
and augmented control strategies to compute the accuracy and total variation (TV) of

the control signal is used to assess how smooth the control attempts are.

e To investigate for the most trustworthy and reliable fractional order control strategy

also among various proposed fractional order control strategies.

The objective framework is depicted encompassing the aforementioned contributions in Fig.

1.4 below.

Inverted Pendulum

[N

Investigation

Fractional Order Realization Technique Optimization Techniques

Fig. 1.4. Objective framework.

1.9 Thesis Outline

The current work is organized serially to comply with the objective through different chapters.

Chapter-1: This chapter discusses the purpose and relevance of the present work. Inverted
pendulum and continuous stirred tank reactor models that must meet certain requirements have
been emphasized. A controller's function with designed specifications is also discussed. In this
chapter, existing control topology issues are discussed together with the necessary solutions for
their application to continuous stirred tank reactors and inverted pendulums. The present

study's purpose and motivation are unambiguously stated.
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Chapter-2: This chapter performs a thorough mathematical analysis of inverted pendulum and
continuous stirred tank reactor systems. To demonstrate the need for X plane SIMO based
inverted pendulum and ideal continuous stirred tank reactor unstable systems, a brief review on
different types of inverted pendulum models and continuous stirred tank reactors with pros and
cons is discussed. In order to fulfil desired criteria, such as qualitative or time-domain metrics
on unstable processes, pros and flaws of various popular control strategies are examined. This
chapter discusses some of the most pressing issues related to tracking the angle, position,
concentration level, or temperature of an inverted pendulum as well as a continuous stirred tank
reactor. This discussion serves as a background for establishing research issues which need to
be addressed along with the need for an improved technique that can be leveraged to overcome

the issue for both of these systems.

Chapter-3: An in-depth mathematical postulations on fractional calculus is provided in this
chapter, including discussions of G-L fractional differentiation or integration, R-L fractional
differentiation or integration, and Caputo fractional differentiation or integration. In this
chapter, the significance of FO is illustrated eloquently compared to integer order calculus. A
brief overview of the FOMCON toolkit with pros and cons is discussed on benchmark process
with dead time. In order to construct the necessary approximation approach for the solution of
fractional orders on MATLAB platform, different direct and indirect fractional order
approximation methods are discussed. The significant application of indirect fractional order
approximation compared to direct approximation is illustrated through extensive simulation
studies. The most acceptable indirect fractional order approximation method is explored with

promising outcome.

Chapter-4: For use in two instances of the benchmark single input multi output (SIMO) linear
inverted pendulum (IP), the fractional order based 1 degree of freedom (DOF) PI, 2 DOF PI,
and direct modified MRAC are adopted in this chapter to investigate the level of efficacy
compared to existing methods. Feedback linearization on different reported benchmark plants
is suggested to improve tractability and efficiency of control design. The nonlinear impact is
also investigated using proposed topologies. Different novel simulation endeavours are carried
out to explore the impacts of proposed FOMRAC schemes amid disturbances. The global
stability of the system is also investigated by fractional order Lyapunov (FOLY) stability rule.
The significant impact of 2 DOF FOPI compared to 1 DOF FOPI is also explored augmenting
these rules with FOMRAC rules in nominal, perturbed, and nonlinear simulations. Quantitative

analysis is applied to all proposed methods and smoothness of control efforts is also explored.

Chapter-5: In this chapter, FOPID, MRAC, and IMC with fractional filters are adopted to

investigate the level of efficacy compared to existing methods on continuous stirred tank
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reactor (CSTR). Different reported benchmark CSTR plants with different linearized operating
points around a stable zone are taken into account. Different stable and unstable states of
nonlinear CSTR are explored for investigating closed-loop performances. In order to reject
disturbances, the significant impact of proposed FOIMC based series cascaded control scheme
(SCCS) with dead time compensator compared to traditional schemes is discussed in details.
The significant impact of different FO dual-loop strategies of FOLY-FOPID,
FOLY-IMC-FOPID, and FOIMC-FOPD smith predictor schemes compared to standalone
FOLY rule is carried out on nominal and perturbed models amid disturbance. A combination of
extensive simulation technique and optimization approaches, including modified PSO and
ABC are conducted to obtain the control settings. Quantitative analysis is applied to all

proposed methods and smoothness of control efforts is also explored.

Chapter-6: In this chapter, fractional order based linear standalone backstepping topology is
proposed as a feasible alternative compared to augmented traditional backstepping schemes on
nonlinear inverted pendulum and CSTR systems. The global stability is explored by strict
feedback recursive methodology on nonlinear systems. The significant impact of fractional
order backstepping (FOB) is explored on producing needless overshoot and fasted tracking
compared to conventional backstepping and other proposed FO control schemes through a
variety of novel simulation studies on closed-loop performances and control efforts amid

disturbances.

Chapter-7: This chapter summarizes the research findings and proposes the scope of future

study in the relevant area.

The work flow of the current thesis, including the outcomes as journal, patent, conference paper,

and book chapter is presented in Fig. 1.5.
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Fig. 1.5. Work Flow of Current Thesis.
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CHAPTER 2

A Brief Review on Various Control Methodologies and Its
Applications on Unstable Systems

2.1 Introduction

The long-range missile and spacecraft developments are the inverted pendulum's major
historical context. The establishment of long-range and subsequent intercontinental ballistic
missiles made it crucial that the missile had suitable tracking capabilities, especially the
ability to keep the proper angle and elevation through self-orientation. It was vital to build a
feedback loop system that would enable control of the fins and rutters to help balance the
rocket at lower speeds, which required the usage of an inverted pendulum [1], due to the
problem that at lower speeds, aerodynamic stability would not be present. For a
fundamental control-engineering problem in a real-world setting, either the classical or
rotary inverted pendulum approaches is used. Using the dynamic behaviour of physical
models as presented in Fig. 2.1.(a) and (b) below, the results of both approaches [2] are

found to be very satisfying.

m /
/
Pendulum/'

s mg

T
Y|

Fig. 2.1. a. Classical inverted pendulum. b. Rotary inverted pendulum.

The primary distinction between a classical and rotary inverted pendulum is that, in contrast

to a classical inverted pendulum, a rotary inverted pendulum has more degrees of freedom
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than control input. As a result, controlling the rotary inverted pendulum multi-variable system
is a difficult work. Yet, sometimes it is particularly difficult to control the arm angle and
pendulum angle simultaneously, as well as the arm angular position and pendulum angular
position. In this case, a single control topology might not be appropriate for fixing the issue,
necessitating the need for additional control efforts to satisfy the condition. Disturbances,
however, which may originate internally or externally, may also exist in practical systems. As
a result, control engineering finds a variety of control systems applications in linear or

classical inverted pendulum systems.

Similar to this, in the chemical and food areas, continuous stirred-tank reactors (CSTRs) are
frequently employed [3]. Because of the unpredictable behavior, numerous stationary states,
thermal effect on chemical changes, time lag, and impact of various time-sensitive
uncertainties, controlling CSTRs is a challenging task. The continuous-stirred tank reactor
receives and expels material constantly. When there are no dead zones or bypasses and the
CSTR is equally mixed, it performs at its best. It might or might not be perplexing. The
composition and temperature of the tank are assumed to be consistent throughout [3], along
with its operation at a steady state as seen in Fig. 2.2. The effluent composition is also

assumed to be identical to that of the tank.

01.C.T

Fig. 2.2. An ideal CSTR.

CSTR is typically regarded as a mixing tank. The continuous stirred tank reactor receives and
expels material constantly. When there are no dead zones or bypasses and the CSTR is
equally mixed, it performs at its best. It might or might not be perplexing. The temperature
and concentration level inside the reactor serve as the state variables, and the flow rate of
coolant into the reactor jacket serves as the manipulated input, making the CSTR a tough

plant for testing novel control algorithms.
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2.2 Inverted Pendulum

The inverted pendulum may be controlled in three distinct ways, depending on its intended
use. The swing-up control of an inverted pendulum is the first area that has received a lot of
investigation [4]. The second factor is the inverted pendulum's stabilization [4]. The third
factor is the inverted pendulum's tracking control [4]. In practical application, stabilization and

tracking control are more beneficial.

2.2.1 Classification and Structures

There are three distinct kinds of inverted pendulums that can all rotate in different directions.
The first type, which is the most prevalent, inverted pendulum, can only travel horizontally
[5]. These reversed pendulums fall under the X category. The horizontal X-Y plane is a
possible path for the second kind of inverted pendulum [5]. This type of reversed pendulum
includes X-Y inversions. In the x-z plane, the third type of reversed pendulum can rotate in
either direction [5]. This type of pendulum is known as a "X-Z inverted pendulum." The
horizontal control force that controls the x-inverted pendulum is influenced by its horizontal
displacements, which in turn define the control action. Two horizontal control forces acting on
a pivot influence the x-y inverted pendulum, and the control action is reliant on the x-y

horizontal displacements of the pivot.

One horizontal control force and one vertical control force influence the X-Z inverted
pendulum, and the control action is dependent upon both the fulcrum's vertical and horizontal
movements. The physical model based on structural representation [5] is shown in turn in Figs.

2.3 (a), (b), and (c).

Fig. 2.3. a. Vector schematic of X-inverted pendulum. b. X-Y inverted pendulum. c. X-Z inverted
pendulum.
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2.2.2 Comparisons and Limitations between Three Types of Structures

The relationships between the three different types of structures [5] serve to emphasize the

following points.

® The x-shaped solitary inverted pendulum is the most basic type. It is a unique instance of

an X-Y and X-Z inverted pendulum.

® [t is possible to separate the X-Y inverted pendulum into two separate inverted
pendulums. It represents a broadening of the X model. The double inverted pendulum,
also known as the X-Y, can be viewed as a pair of inverted pendulums with x axes
combined. Hence, the cart, lower, and upper pendulum subsystems make up the double

inverted pendulum in general.

® The X-Z inverted pendulum can be divided into two distinct inverted pendulums. While
the z system cannot be stabilized using simply vertical control force, the X model may be

regulated to be steady.

® (Creating a controller that can implement stabilization and tracking control with regard to

state equations is a challenging task.

Formulation of nonlinear dynamic equations is very important for describing dynamic
behavior. Nonlinear dynamic equations are approached in two ways, such as the Lagrange
model and Newton-Euler methods. Although the Lagrange model is more elegant [5] but the
Newton-Euler approach [6] is also a well-established model for testing various control
strategies and this method is significantly more straightforward, making it easy to understand
and express with sophomore-level engineering dynamics. Both of the Newton-Euler and the

Lagrangian-Euler mathematical methods are discussed in the following section.

2.2.3 Mathematical Modeling
2.2.3.1 Laglarange Method

The Lagrange-Euler method is used to represent those structures mathematically [5], and it is

addressed as

< X-Inverted Pendulum
(M +m)% +mlcos6 6 —mlsin@ 62 = F, 2.1)

cos@ ¥ +16 — gsinf =0 (2.2)
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< X-Y Inverted Pendulum

(M +m)% +mlcos 6 —mlsind 62 = F, (2.3)

(M + m)¥ + ml cos 6 cos ¢ ¢ —mlsin@ sing § — 2mlsin @ cos ¢ 6¢ — ml cos sin g (92 + <p2) =F (24
16 + cos 0% — sin@sin @ + 1cos B cos O 2 — gsinB cos @ = 0 (2.5)

lcos®@ +1cos@iy —gsingp =0 (2.6)

< X-Z Inverted Pendulum

(M +m)% +mlcos 6 —mlsind 62 = F, .7)
(M +m)z—mlsinff —mlcos6 62 =F,—(M+m)g (2.8)
cosei—sin62+lé—gsin9=0 (2.9)

The energy principle is used to create the aforementioned Lagrange equations for specific
structures.

< X-Inverted Pendulum

The entire kinetic energy and potential energy are followed as

{k = —Mx +- m(xp + zp) (2.10)
p= ngp
< X-Y Inverted Pendulum
{k = ~MQ2 +37) +sm(x2 + 22+ 32) (2.11)
p= ngp
< X-Z Inverted Pendulum
1. . 1.
{k =;M(x2 + 2%) +;m(xp +22) (2.12)
p =mgz,

Along with Egs.(2.10), (2.11) and (2.12) the source of creating Lagrange models for all

structures is shown below.

d <dL) aL E
dt\dx) dx %
X Inverted Pendulum — d (dL) dL . (2.13)
dt\dg/ do
d (dL\ dL
(&) -5 =~
d (dL\ dL _
wls) 5=k
X — Y Inverted Pendulum - ¢~ /-~ L (2.14)
| E(E) Tae
d (dL dL
HE R
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t \dx dx
X — Z Inverted Pendulum — i(d—L,) —dk o E, (2.15)
dt \dz dz
d (dL dL
U (@) — 5 =0
L=k-p (2.16)

Now, following (2.1) and (2.2) state expression can be formed as

X1=x2

-mgco zsinxz+mlsinxzxs+Fy

Xy = +d;

M+msi 2x3
X3 = X4

P'C __ —mgco 3sinx3xf—cosx3Fx+(M+m)gsinx3
4 =

(2.17)

+d,

M+msi 2x3

For the other two structures, the disturbances are connected to each state equation as well.

2.2.3.2 Newton-Eular Method

The nonlinear dynamics with possible state equations [6] are formulated on only X inverted
pendulum [5] in detail as it is a unique instance of other structures as discussed. Following
vector representation of X model as presented in Fig.2.3.The physical representation of the
inverted pendulum is demonstrated in this section. The aim of formulating the model
differential equations is to balance the rod of length towards the vertical line and move the cart
forward or reversing direction by applying input force F, on the cart. The system's stability

depends on the smaller value of the angle of the pendulum ©.

The dimensions of the centre of gravity with respect to the Cartesian axis on the X-Z plane of
the X model are computed as
Xp = x + Ising (2.18)

z, = lcosO (2.19)

D

The balance of forces acting on the rod in the vertical direction at the centre of gravity is given
as

2
V—mp=YF=ma= m%lcose (2.20)
By taking the double-time derivative of cos#, it is as follows
V —mp = —mlsind — mlO2cos6 (2.21)

Now, balance the forces (H) exerting on the rod in horizontal movement with respect to the

centre of gravity is given as

" daz .
H=mi+ml ﬁsma (2.22)
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By taking the double derivative of sinf, the expression is followed as

H = m# + mlfcosd — ml62sinf (2.23)

Now, balance of force in horizontal direction on a cart is given as

YF =Ma (2.24)
F,— H = M% (2.25)
Now, substituting (2.23) into (2.25) the expression of balance of force on cart is given as

F, = M¥% + m#% + mlécos6 — mlO2sind (2.26)
F, = (M + m)i + mlécos® — mlO2sind (2.27)

To compute the component of forces with regard to vertical and horizontal directions, as
illustrated in Fig.2.4, it is imperative to illustrate how the forces at the center of gravity are in

equilibrium.

H
. A%
90" -8 <]
H
Fig. 2.4. Force equilibrium at the center of gravity.
The torque which is known as angular rotation, acting on this rod is defined as
=160 (2.28)

When the rod is moving towards a downward direction, then the torque should be applied in the

opposite direction. Hence, vertical component of force in the required direction is given as

Fy, = Vcos(90" — 6) (2.29)
Now, the torque in the required direction is given as
T, = B, l =Vlising (2.30)

Now, the horizontal component of force in the required direction is given as
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F,, = Hcos(180" — 6) (2.31)
Now, the torque in the required direction is given as

T, = F,l = —Hlcos0 (2.32)
So, total torque acting on the centre of rod is given as

16 = VIsin® — Hlcos6 (2.33)

Now, putting the value of V and H the following expressions are given as

16 = [mp — mlfsing — mlO2cosO]lsin — [m¥ + mlécosd — mlO2sinb]lcosd (2.34)
160 = mplsing — mi?0sin?6 — milcos® — ml?bcos?8 (2.35)
16 = mplsing — mi*6 — mxlcoso (2.36)
16 + ml?6 + milcos® — mplsind = 0 (2.37)
(I + ml?»8 + milcosd — mplsing = 0 (2.38)

So, (2.38) is a nonlinear expression related to all variables of the entire model and balancing the
torque at the centre of gravity with balancing horizontal and vertical forces. This expression
defines the inverted pendulum system along with the applied force on cart as shown in (2.27).

This applied force is related to the displacement of the cart as X and the movement of the rod

as 6

< Linearization Approach on Nonlinear Model

Every physical system is usually encountered with some popular nonlinear influences such as
saturation, dead zone and backlash, which have a major role in introducing disturbances and
noise in performance. Due to these effects, sometimes the system either may respond slow or
may not respond in the desired manner in spite of applying input variables. Linear
approximation, which is known as an effective technique, approaches a major solution to
approximate any nonlinear functions linearly and this technique will be applicable on nonlinear
system only when it will be considered on nearly operating point. So, Taylor series
approximation [7] is the popular method of approximating nonlinear functions in a systematic

manner.

Taylor series:

of
ax

(X—Xg)?

_ 2
(x—Xg) o“f
2!

1! ox2

f(x) = f(x,) +

+.. (2.39)

From the above expression it clearly states that nonlinear function is expanded by taylor series

approximation with operating point at x.
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So, if it is very close to operating point then x — x, will be small and (x — x)? will be small.
Other higher order terms also be further smaller. Now, neglecting the higher order terms taylor

series can be expressed with the final version:

(x) — £(x0) = = (x — X,) (2.40)

Based on the above background linearized approximation method is applied on inverted
pendulum. Since it must keep the inverted pendulum vertical, that means 8(t) and 6(t) are

very small quantities, therefore as 8 - 0 so, sinf = 6,cos 8 = 1,0.62 = 0. Now, (2.27)
and (2.38) can be written as

F,= (M +m)i +mlf (2.41)
(I + ml?)d + mil = mpl (2.42)

The above expressions are known as linearized model of inverted pendulum. Now, to find the

transfer function it must take the Laplace transform of the above linearized differential

equations.
E.(s) = (M + m)X(s)s? + mlO(s)s? (2.43)
(I +ml*)0(s)s* — mplh(s) = mlX(s)s? (2.44)

Initial circumstances are meant to be zero to compute the overall transfer function of the system.

The first expression of X(s) from (2.44) is given as

X(s) = [“m2 — 2lo(s) (2.45)

Now, substituting the value of X(s) in (2.43) it is shown with the following expression

a+mi?)

F(s) = (M +m)| 2]6¢s). 5% + mio(s)s (2.46)

ml
Now, the entire transfer function is formulated as

6(s) _ ml
Fx(s)  {{(M+m)ml(I+mI2)]+(ml)2}s2—(M+m)mpl

(2.47)

2.2.3.3 State Space Model Representation

Following vector representation [6] as depicted in Fig.2.4 the mass (m) is considered at the top
of the road and the centre of gravity is the centre of the pendulum as shown in Fig.2.5.

Therefore, moment of inertia (I) will be zero.
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Fig. 2.5. Interchanging the position of mass at the top of the rod.

Following the above condition in (2.39) and (2.40), it can be defined as

(M +m)¥ +mlf =F, (2.48)
mi%0 + mil = mpl@ (2.49)
_mplG_m_J'c'l_E 1.
o= 0% (2.50)
.._mple_m_lzu_ T
==——-—G=po-10 (2.51)

Now, using (2.50) in (2.48) it is given as

M +m)x +miEo—1%) = F, (2.52)
(M +m)x + mpl —mx = F, (2.53)
Mi = F, — mp6 (2.54)

Now, using (2.51) in (2.48) it is given as

M#+m#+mld =F, (2.55)
M(p6 — 16) + m(p6 — 16) + mif = F, (2.56)
M1f = (M + m)pé — F, (2.57)

To convert state space, models x;, X5, X3, X, are considered as state variables with the
following expressions

( 1= 6

Ix:1 = é = xz

% =0 =4 (2.58)
i X3 =X

X3 =X =x4

b, =i =2,
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Using state space variables (2.54) can be updated as

Mx, = F, — mpx; (2.59)
. mp Fy
Xy = —?xl + E (260)

Now, using state space variables (2.57) can be updated as

Mix, = (M + m)px; — F, (2.61)
Xy = -y L (2.62)
Now, following the above (2.60) and (2.62) state space model [6] is represented as
: 0 1 0 O 0
*1 r(M+m)p e 1
X 0 0 oflx ——
2 =| Ml | 2 + Ml [F]
X3 [ 0 0 0 1J X3 0 j x
. mp 1
X4 -2 0 0 oflx - (2.63)
X1
Yi1 _1 0 0 0]|*2
v =lo 0 1 ol|x]* O]
X4

2.3 Continuous Stirred Tank Reactor (CSTR)

A precise model is required in order to effectively regulate the product concentration in the

CSTR, a prototype chemical reactor system with complicated unstable features.

2.3.1 Classification and Characteristic of Chemical Reactors

A chemical reactor [8] is where reactants are transformed into products in a chemical plant.
Chemical reactors come in a wide range of shapes and modes of operation. As a result, there
are many different ways to categorize them. The primary categorization is based on several

reaction systems and real-time assumptions.

<> Batch Reactor

Typically, reactants are added to the reactor and given time to react [8]. As a result, products are
created inside the reactor. The process is then repeated after the products and unreacted
reactants have been eliminated. There is an unsteady mode of operation in batch reactors and
the concentration of reactants is uniform throughout in batch reactor. This type of reactor is

used for the preparation of specialty chemicals.

< Plug Flow Reactor

Plug flow reactors [8], often referred to as tubular reactors, are composed of a cylindrical plug

like flow structure with apertures on each end through which reactants and products can pass.
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Plug flow reactors typically operate only at steady state e and there will be no back mixing.
When reactants move down the reactor's length, they are continuously consumed. The

percentage conversion achieved in CSTR is highest among CSTR, batch and PFR.

<> Continuous Stirred Tank Reactor

The fact that CSTR [8] has a big heat capacity and an accessible interior makes it preferable to
other reactors. Another significant advantage is that it is simple to maintain adequate
temperature control. There is only one restriction: Compared to other flow reactors, the
reactor's volume rate of reactant to product conversion is relatively low. In Fig.2.6, the

fundamental characteristic is displayed.

Heat exchanger

Cooling W ater

Fig. 2.6. Isothermal and non-isothermal CSTR icon.

The term "mixed flow reactor" (MFR) is another name for CSTR. Similar to batch and other
reactors, the reaction in this reactor likewise takes place in a sealed tank. Moreover, the tank
features an agitator to completely mix the reactants. It differs from a batch reactor in that its
continuous equipment nature is implied by the name alone. The reactants enter the reactor at a
specific mass flow rate, react for a period of time determined by the reactor's space time, and
then produce the products. At the same mass flow rate, the products exit the reactor. The
concentration of a reactant inside the reactor and at exit remains the same since the reactor is
fully mixed one. The amount of time required to process single reactor volume is one

space-time.

2.3.2 Characteristics and Limitation of Continuous Stirred Tank Reactor

A continuous flow into and out of the system distinguishes the CSTR [9-10] from a boiler
reactor. Compared to batch rectors, CSTR is significantly more efficient. Both liquid phase

processes and suspensions of liquids and solids can be handled by them. It is useful to
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include a set of assumptions when modelling any piece of equipment because they will
simplify the design calculations. The following two categories are employed to demonstrate

the function of the CSTR process.

2.3.2.1 Ideal Version

The behaviour of an optimally CSTR is always leveraged to demonstrate the behaviour of
CSTR (CISTR). Each reactor model must start with a general mole balance as a guide. The
equation can then be modified to fit a set of presumptions. Every calculation is done using
CISTR, which presupposes uniform mixing [10]. In a reactor with perfect mixing, the
composition of the product is similar to the materials' composition inside the reactor, which is
dependent on residence time and reaction rate. This estimate is appropriate for technical use if
the residence time is 5-10 times the mixing time. The CISTR model is commonly used to
simplify engineering calculations and can be used to characterise research reactors. In reality, it
can only be approached, particularly in reactors of industrial capacity. Concentration and
temperature are two crucial elements that must be balanced inside the reactor and depend on
both isothermal and non-isothermal properties. Both isothermal and non-isothermal properties
contribute to the knowledge on mole balance and energy balance, respectively. A general
mathematical representation for molar concentration under isothermal property [10] is

simplified as

In — Out + Generation — Consumption = Accumulation (2.64)

Assumption 1: Well mixed

FiCy = FyCy+ [ 1pdV =2 (2.65)
Assumption II: Steady state
FC — FyCy + [1,dV =0 (2.66)
As, 1, # fct(V) so, [1,dV =1,V
FiC — FyCy + [,V =0 (2.67)

Now, following the steady state condition in (2.67) final concentration can be expressed

with the following equation

TaV

C=C +5- (2.68)

Now, the above isothermal derivation of mass balance can be expanded to convert into

non-isothermal condition also with the function of conversion.
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Currently, non-isothermal property is used to guide adiabatic and non-adiabatic circumstances
[11-12] for illuminating the energy balance inside the reactor. Below is a discussion of how

these key conditions compare and their limits.

< Adiabatic situation [12] is the procedure that prevents mass or heat from entering or
leaving the reactor since the reactor is entirely encircled by a jacket as shown in Fig. 2.7,

and the temperature inside the reactor will also fluctuate.

_~Cooling jacket
-
_—Batle

__— Agitator

Mixed product

Fig. 2.7. CSTR Industrial Schematic.

In — Out + Heat of reaction = 0 (2.69)
Hiy — Hoye & (—AH)(1,V) = 0 (2.70)
Input and output heating energy can be shown as

FipoCi(To — T;) — FopCo(T — T,) £ (—AH)(1,V) =0 (2.71)
Now, under a steady state condition, if the reference temperature is considered as zero, then the

final expression of temperature is shown as

T = poC1To + (=AHy)(rgV) (2.72)
pCy FpCy

If density is considered as constant then (2.72) can be followed as

T = CiTo + (=AHy)(rqV) (273)
C, FpC,

< Non-adiabatic condition [12] is the process which allows surrounding temperature
outside the reactor and transfer of energy is considered with the final expression of energy

balance as follows
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— C1To (=AHp)(raV) _ T-Ts
G FpCy Fp 2

T (2.74)

2.3.2.2 Non-Ideal Version

It is necessary to take into account non-ideal conditions because in practice, ideal conditions
occasionally vary from ideality [12]. In the case of industry, there are reactors that deal with
various types of fluids to produce the desired product. Ideal flow can therefore vary in this
particular circumstance and change into different flow patterns. Real reactors never operate
under ideal conditions, and the degree of mixing determines how ideal or non-ideal a flow
pattern will behave throughout. The following factors are mainly responsible for non-ideal flow

as

I. There is a probability of getting a flow that is less than optimum if the reactor contains any

kind of recycled stream.

I1. Short-circuiting is a phenomenon that occurs when the reactant does not participate in the
reaction and exits the reactor in its original state without undergoing any form of conversion or

reaction.

1. Vortices may occur either at the reactor's entry point or its exit point. So, in this instance, as

a result of the creation of vortices, both the velocity and the flow pattern will alter.

IV. How the reactants or fluid are mixed is the main controlling factor that controls the flow

patterns.

V. There are a few places inside a reactor where reactants can simply be emptied without

participating in the reaction.

Hence, it frequently occurs that reactants become stuck in the bottom-most portion of the
reactor and are unable to participate in reactions there. Hence, a dead zone forms in some areas,
which may cause the flow pattern to deviate from optimal. Since the outlet section of the reactor
may not fit properly, producing a non-ideal flow pattern, and because reactant can easily bypass
the entrance section, CSTR rarely behaves optimally in practice. The ideal uniform flow pattern
may be disturbed by this. Yet, an optimal CSTR model is absolutely necessary to forecast the

composition of any biological or chemical process.
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2.3.3 Physical Modeling of Ideal CSTR

A typical nonlinear model of CSTR [13] with related variables is depicted as in Fig. 2.8.

fﬁ,‘ T,. !'j

Reactant

oI F

F{ ' Tl." a—

—_—
Coolt “N\______/  Podut

Fig. 2.8. Schematic feature of single perfectly mixed CSTR.
2.3.3.1 Mathematical approach for mass balance

As stated in the preceding section, isothermal properties are used to determine molar

concentration. The basic qualities are as follows:

Perfect mixing, i,e; temperature and concentration are identical everywhere in tank.
Liquid density and heat output is fixed.
There is no heat leakage from the reactor to the surroundings.

No energy balance exists for the coolant, and the coolant is properly mixed.

SRR R

The CSTR's momentum is ignored because it remains constant under all working

circumstances.

Now, based on conservation principles it is followed as

Accumulation of Input of Output of Total mass generated
total mass — totalmass __ total mass + or consumed (2 75)
time time time T time ’
dev) _
— = PiFi—p,F £0 (2.76)

dt
Since p is constant and the above expression can be re written as

w=F-F 2.77)

Mass balance [14] on component A is represented as

Accumulation of moles of Input of moles of Output of moles of Disappearance of moles of A
A — A A due to reaction (2 78)

time time time time
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d d
E(n"‘) = E(CAV) = Fy—cpF =1V (2.79)

r= koe_E/RTcA (2.80)

Substituting, (2.80) into (2.79) it is expressed as

%(CAV) = ca;Fi — caF — (koe™ /RTC )V (2.81)
Ca Z—‘: + V%A =cpFi —caF — (koe_E/RTCA)V (2.82)
V%A = caF; — c4F — (koe™ /RTC, )V — CA% (2.83)
Now, substituting (2.77) into (2.83) and it is expressed as

S8 = ea, — ca) — (koe™ RTEy) (2.84)

2.3.3.2 Mathematical modelling for Temperatures

An internal coil-based jacket that surrounds a non-isothermal CSTR [13] plays a crucial role in
the reactor's temperature change. Reactor products typically release or absorb heat while being
processed. Heat must be added to or withdrawn from the reactor contents by a cooling jacket in
order to regulate the proper temperature. The reactor is heated and cooled using an external
jacket. To add or remove heat, heat transfer fluid goes through the jacket. The performance of a

jacket can be defined by three parameters:

< Response time to modify the jacket temperature
< Uniformity of jacket temperature

< Stability of jacket temperature

From above Fig. 2.8 it is shown that the agitation nozzle helps to pump heat transfer fluid that
jacket circulates the fluid at a high velocity. The coolant moves at the flow rate of F. and at
feed temperature of T,. The exit temperature of the coolant fluid is T; . An irreversible,
exothermic reaction (A — B) is conducted in a single perfectly mixed CSTR under combined
adibatic and non-adiabatic conditions. As stated in the preceding section, isothermal properties

[11-12] are used to determine molar concentration. The basic qualities are as follows:

The temperature changes with time.
Metal barriers are thought to have a negligible mass.
The metal's thermal resistance must be considered.

The amount of water in the jacket is maintained at a consistent level.

S S

Heat loss with constant densities is assumed to negligible.
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The overall heat transfer is given as

Q=UAx(T-T,) (2.85)
Reactor energy balance [13] is represented as

Enthalpy In — Enthalpy Out — Enthalpy Generated — Energy removed by cooling coil =

Energy Accumulated (2.86)
pFih; — pFh — Vkc, — UAy(T = T,,) = X222 (2.87)
Under a steady state F; = F

PF(h; — h) = Vkey — UA(T — T,,) = p=&2 (2.88)
Using h = TC and h; = T;C (2.88) can be updated as

PFC(T; = T) = Vkey — UAy(T — T,,) = pC <0 (2.89)
%zg(Ti—T)—p%cA—%;Tc”) (2.90)
k = koexp(— o) (2.91)
= (T=T) — L kexp(— 1) —% (2.92)

(2.84) and (2.92) are coupled non-linear equations in T and ¢4 , they need to solve after

linearization using state space representation.

2.3.3.3 State variable form

The following non-linear equations need to be expressed in state space model.

dCA

L = fi(ea T) = Zca, — ca) — (koe™ TRTCy) (2.93)

UAR(T—Tc,)

aTr F E
@ = f(eaT) = (T =T) = Zkoexp(— ) —— (2.94)

2.3.3.4 Linearization

The nonlinear expressions are converted into linearized [13] version with state variable

forms as follows.

x = Ax + Bu
{ y = Cx (2.95)
C CAS
T— TS
— |cA—C s
{ = %T‘: (2.96)
F ~Fjs
\u= ch]
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A jacobian matrix [14] plays very important role to identify the system whether it is stable or
not determining the Eigen values of Jacobian matrix. It is also followed on near operating

points to represent linearized version of nonlinear CSTR system.

A A gﬁ ZL
a=[miel =l o 297
dxq Oxp
Fi
Ay == — K
Az = —cp6Ks 99
_ _ca .
Ay =—20Ks
_ _Fi (Casygr _ Un
A2z = s+ (pc K o
E
Ks= kOeXp(_R_TS)
: E., E (2.99)
K¢ = koexp(— R—Ts)(R—Tg)
B=[gn bu|=on 3 (2.100)
Juq Oup
B11 — CAl-I_/CAs
> 2.101
J T—T, .
By = ( )
(Ts—T¢,)
= O
=118
0 (2.102)
D=y

Now, the overall transfer function of the system can also be computed by using the above A B,

C, and D matrices.

2.4 A Brief Survey on Different Control Algorithms for Unstable Processes

This section discusses current control actions of various emerging control schemes on two

distinct systems, such as inverted pendulum and continuously stirred tank reactors.

2.4.1 PID (Proportional-Integral-Derivative) Controller

The PID controller mainly comprises of three tuning variables which individually play a
very significant role in designing the process with satisfactory control action. The most
crucial step in developing any control action is choosing the gain parameters, such as

proportional, integral, and derivative gains.
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To this end, there are numerous techniques available, including time domain method [15],
frequency domain method [15], trial and error method, Ziegler-Nichols method [15] and
optimization algorithm. The basic scheme of the conventional PID controller [16] is

depicted as in Fig. 2.9.

setPoint [*| Froportional

¥ Integral —>  Process

Control
signal

—>  Dervative

Fig. 2.9. Schematic feature of a conventional PID controller.

On inverted pendulum or continuous stirred tank reactor processes, experts have proposed PID
control algorithms in a variety of ways, including single topology, dual topology, and combined
topology. PID control ensured satisfactory performance in terms of desired time or frequency

region metrics and error metrics.

< Study on Inverted Pendulum

For testing PID control actions, inverted pendulum models based on Newton-Euler are
frequently found in literature, while studies based on Lagrange models are quite uncommon. In
comparison, it is demonstrated that it is an inappropriate platform for verifying the control
actions as mentioned above. Various architectures [5] of the Lagrange-based inverted
pendulum are employed as testing platforms, including X, X-Y, and X-Z coordinate-based
models separately using single and dual topologies with the trial-and-error approach and
increased control efforts to tackle the systems. Dual topologies as two PID controllers [5] are
used to test for fruitful action, however despite the use of more controllers, it is discovered that
all of the models do not produce a smooth results. The X-inverted pendulum architecture [5] is
still the best model among the three for testing any required control schemes, but other designs
necessitate the use of additional controllers, which increases the amount of control work
required. Later, a variety of control strategies, including LQR (Linear Quadratic Regulator)
[17], fuzzy logic control (FLC) [18], and model predictive control (MPC) [19], are proposed for
controlling the Newton-Eular X' coordinate based pendulum with fewer time domain metrics,

such as rise time, settling time, and overshoot.
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However, other than the MPC control scheme, LQR and FLC control methods outperformed
PID controller in terms of control action. Experts recommended combination schemes [20-22]
combining LQR, FLC, and PID control methods to speed up the tracking of the system's angle
and position, but generally speaking, none of the strategies used have guaranteed the robustness
of the plant. The amplitude level of tracking was reduced by a proposed PI-PD control method
[23] in contrast to a PID scheme in a literary work, however the scheme eventually was not
found to be very effective because it continued the tracking with some erratic behaviours
towards the desired position. Trial and error on time and frequency domain platforms can be
applied to tune a PID controller, however many experts advised using optimization algorithms
[24-27] to achieve more manageable tuning results. A few optimization strategies have been
shown to be effective in producing positive results. All of these traditional methods did,
however, produce the system's current steady state or transient behaviors, and one of the
drawbacks is the challenge of recovering continuous tracking performance in the face of
disturbance. As a result of its constrained gain parameters, PID controller does not offer a very
versatile solution. The specialists later discovered a potential solution by including two
additional degrees of freedom with the integral (I) and derivative (D) actions [28], respectively.
It was agreed that the values of these additional parameters should range between 0 and 1,
establishing the term fractional order. In order to provide a promising solution than the
conventional approach, it is now essential to choose additional degrees of freedom, and these
parameters play a significant role in enhancing the system's performance. Fig. 2.10 depicts the
fundamental design [28] along with numerical comparisons between fractional and traditional

PID.

Jl

" =l A=1(PD)

v=1 A=0(D)

V=0, A=) ¢—= v
v=0, 2=I(P)

Fig. 2.10. Fractional order PID controller.

Mathematically [28] it is expressed as

{Pm@=@+%wﬁ (2103,

FOPID(s) = kp + 5 + kps"
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Now, as s* and sV are not directly compatible with the MATLAB platform, approximation
approaches are needed to make them compatible. The FOMCON toolbox [29-30] was
frequently used in literature to realize fractional orders using only Outsalaup rational
approximation techniques of irrational orders. Researchers used a variety of optimization
techniques to create FOPID controllers for Newton-Euler and Lagrange based models, and in
general, these controllers outperformed traditional ones with regard to settling time, overshoot,
and integral errors. By employing a FOPID controller, sluggish servo and regulatory outcomes
can occasionally be observed in the face of noise and disturbances. The FOMCON toolbox's
shortcoming is that there are no alternative approximate methods available to study the
behaviour of fractional order functions, leaving a gap in existing theories. Finding other
suitable approximation methods that could generate approximations that are comparable to or

better than those produced by the Oustaloup technique is therefore necessary.

< Study on Continuous Stirred Tank Reactor

PID controllers [31] are widely used in chemical reactor processes in addition to mechanical
under-actuated systems to regulate molar concentration and reactor temperature. Several
academic publications discuss the use of PID controllers [31], 2DOF PID controllers [32], and
numerous mixed topologies using the PI-PD scheme [33] or fuzzy logic [34] to monitor the
concentration level or temperature of an ideal CSTR process. It has been demonstrated that the
goal of using several controllers for a given process is to improve performance with regard to
desired settling time, rise time, overshoot, and other integral errors, such as IAE, ISE, or ITAE,
respectively. Although fuzzy logic [34] controller applications are shown to be more effective,
in a real-world setting fuzzy logic is unable to receive input for the temporary implementation
of learning strategy. In contrast to boolean logic, there is no systematic way to solve any kind of
problem using fuzzy logic, and none of its notions can be mathematically proven. 2 DOF
scheme and PI-PD smith predictor [33] systems performed well with less time domain metrics
to find higher performance and stability. Several specialists in the literature approached the
tuning method [31-34] of the PID controller using either the time domain and frequency
domain or the Ziegler-Nichols method. In CSTR, optimization techniques [35-37] that also
worked very well, including mechanically under-actuated processes, assisted in lowering the
level of amplitude over the course of the settling process. However, given that noise and
disturbances have an impact on the aforementioned control schemes, it is necessary to further
study how chemical reactants behave under these circumstances. Using conventional schemes,

it was sometimes discovered that performance was disrupted by noise and other disturbances.
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As a result, experts later switched to the most recent PID controller, which has two additional
degrees of freedom [28] and is shown in 2.103 with Fig. 2.10, and which has proven to be much
more effective at detecting performance disruption than traditional PID as documented in
numerous academic publications. Several specialists contacted the FOMCON toolkit [29] to
realize s* and sV the same mechanical under-actuated technique for CSTR with the support
of the platform's exclusive Outstalaoup technology. In various books, experts explored various
strategies such as trial-and-error or optimization algorithms [38-40], however, it was
discovered that the obvious optimization method was more approachable to testing the
performance. In CSTR as well, investigation into alternative suitable approximation techniques
is required for better examination in order to find more adaptable solutions in challenging
situations. This is because occasionally it was discovered that, despite offering better outcome
than conventional PID controller, there were still some issues with measuring the performance

indicators under the influence of disturbances.

2.4.2 MRAC (Model Reference Adaptive Control)

PID or FOPID controllers are not very good at handling noise, as was stated in earlier Section
2.4.1, and they exhibited several slow tendencies. Although the FOPID controller made several
attempts to resolve the issue, the existing solution has not produced the needed accuracy. So, in
contrast to PID controllers or FOPID controllers, the MRAC (Model reference adaptive control)
control technique [41] is afterwards recommended by several specialists. The primary way that
an adaptive controller adjusts is to changes in the dynamics of the process, which can occur for
a variety of reasons. For instance, the environment may change and cause disruption, or in
certain circumstances, variation may simply result from system uncertainty or dynamics that
are not considered by the specific model. So, the controller should be configured in such a way
to handle these variances. A robust controller is one approach to doing this, as it is designed
with enough stability and performance margin to function effectively across the entire range of

anticipated fluctuations.

In MRAC [41], the total control action is based on a reference model that determines the
future behaviour of the current system and uses an adaptive gain mechanism to reduce the
error signal between the ideal model and the current plant. For stable systems, MRAC
controllers were very successful; however it is difficult to successfully tackle an unstable
system when there are disturbances. In their literature, professionals demonstrated proper
reference model selection and adaptive gain for reaching that goal. The choice of the

reference model and the adaptive gain are crucial in MRAC.
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Though the MPC (Model Predictive Control) scheme [42] is widely used in numerous
research fields, it is primarily used in chemical reactors where the dynamics of the system
are slow. Using the MPC controller has many drawbacks, including the fact that it uses a lot
more computational resources and a relatively perfect model than MRAC. MPC [42] is
merely an optimization-based control that relies on the right solver. Fig.2.11 shows the

fundamental block diagram of the MPC approach.
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Fig. 2.11. MPC schematic representation.

The primary advantage of MRAC over MPC [43] is that it guarantees stability with less
processing power while deviating from the nominal system. It can be categorized into direct
and indirect forms [43], although direct MRAC only requires the estimation of controller
parameters and does not require the calculation of plant parameters, whereas the computed
parameters' convergence to the actual unknown values is necessary for indirect MRAC. For the
most part, direct MRAC controllers are used in unstable process applications. In Fig. 2.12, the

fundamental schematic diagram of indirect MRAC [43] is displayed.
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Fig. 2.12. Indirect MRAC scheme.
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According to Fig. 2.12, the indirect MRAC adaptive control strategy results from using 6,
the certainty equivalence technique [43], where the estimated values of the unknown
parameters are used in their place. Parameterizing the plant transfer function's parameters
according to the intended controller parameter vector 6. is another method [43] of designing

MRAC schemes. The framework of the law is described in [43] as

{ 6 = F~1(62)

2.104
Gy(5,0;) = G,(s,F71(82)) = G, (s,67) ( )

The system is known as direct MRAC in this instance, since the controller variable 6.(t) is

modified directly without the need for any intermediary estimation, as seen in Fig. 2.13.
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Fig. 2.13. Direct MRAC scheme.
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While adaptation is employed to modify the variables in the control design, the controller is
parameterized and offers tracking. There are two methods [43] for adjusting the system
parameters: the gradient approach, sometimes known as the MIT (Massachusetts Institute of
Technology) rule, and the Lyapunov stability theory. Since the MIT rule does not always
guarantee stability [44], the Lyapunov direct rule is typically preferred. However, the
Lyapunov rule can only produce a steady result if the proper Lyapunov function is chosen;
otherwise, the tracking may be off. To approach Lyapunov stability rule some important rules

[45] are followed as

Theorem 1.

a. Derivative along the dynamical system trajectories is examined by generating a scaler

energy like function.

b. It is possible to draw conclusions regarding the stability of the system if the derivative of

the Lyapunov function is not positive.
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Theorem 2.

A constant scalar field Positive definite functions P(x) are said to as locally or globally if

{P(O) =0 "Vx#0"|[x|l<R) = P(x) >0 & Local

P(0)=0"(Vx+#0) = P(x) >0 < Global (2.105)

Theorem 3.

P(x) is considered the Lyapunov function for the system if it is a positive definite function with
continuous partial derivatives and a negative semi-definite time derivative along any state
trajectory of the system % = f(x), meaning that P(x) < 0. The following is the Lyapunov

function's time derivative.

dP(x) dP(x) n

2P0 e R

dxy " dxp

P(x) =VPX)f(x) <0,VPx) = (2.106)

< Study on Inverted Pendulum

When choosing a reference model, experts approach adaptive gain at random after finding a
suitable solution [46] that meets the requirements of the current process, such as rise time,
settling time, and overshoot, in the literature. In the literature, the MIT and Lyapunov rules are
both tested on linearized versions of nonlinear systems considering different parameters in
(2.47). In addition to single topologies, mixed topologies utilizing PID or FOPID controllers
[53] are also used to test the performance of both of the rules. It is determined that the
MRAC-MIT single rule [46] method is ineffective for balancing the pendulum with a single
adaptive gain and is unable to tackle the system. The basic scheme of direct MRAC controller

[46] is proposed as illustrated in Fig. 2.14.

— reference model

r va I ‘1' A [
— controller — plant ‘

i

Fig. 2.14. Direct MRAC based on MIT & Lyapunov schemes.

adaptation law

Mathematically, the general MIT rule of MRAC controller [46] from Fig. 2.14 is represented as

do
{z = TVm, (2.107)
e=y=¥m
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By selecting the proper Lyapunov function [46], the Lyapunov rule was able to resolve the
problem of identifying some potential outcomes, but finding the right adaptive gain in the
literature proved to be extremely challenging. Hence, experts tested the various control actions
with various adaptive gains and found that performance could occasionally be either slow or
fast with high or low peak overshoot. Lyapunov rule outperformed the PID system with a single
adaptive gain while requiring less control effort, however adaptive gain adjustment plays a
significant part in achieving desired performance. Therefore, it was suggested in Fig. 2.14 that
the MRAC's modified structure [47] be used with both PID and FOPID controllers to increase
tracking. The modified structure [47] is represented in Fig. 2.15.
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Fig. 2.15. Modified MRAC scheme.

The benefit of the combination approach is that performance may be better shaped by using
more gain factors, although design complexity may rise. It also poses the significant issue of
equally calculating all gain parameters within acceptable ranges. Whilst adopting the
aforementioned structure with the aid of PID parameters [47] did not increase transient
performance, FOPID controllers with two more gain parameters [48] were added to the same
structure. There is also the option to choose a fractional order reference model [48]. Specialists
have mostly concentrated [48] on the fractional order parameter adjustment rule for integer
order plants. If so, it would also be necessary to apply fractional orders to current plants, which
is not typically advised to avoid complexity and longer design computation times. Therefore, in
the modified structure, even though the MRAC-FOPID scheme [48] tracked the pendulum's
movement considerably better than the MRAC-PID scheme with a high adaptive gain value,
there was still some tracking uncertainty, and as the adaptive gains were increased, the results
became noisier as well. As a result, another modified MRAC structure with a PID controller [49]
only was recommended in Fig. 2.16 as the single adaptive gain of MRAC in Fig. 2.15 is not

found to be as much as capable of handling disturbances.
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Fig. 2.16. Modified MRAC scheme with two adaptive gains.

According to MIT and Lyapunov rules, the aforementioned structure was shown to be more
effective [49] in a stability setting. Both the single MIT rule and the MIT-PID rule [49]
demonstrated smooth operation with two adaptive gains using this arrangement. Comparatively
to single topology, combination rule showed faster control action. In addition, a single
Lyapunuv rule followed by combination logic enhances control action. Yet, there are situations
where MIT-PID combination logic is discovered to be a faster control action than
Lyapunov-PID logic, though Lyapunov PID successfully tracks disturbances with little peak
overshoot [49]. Hence, total MRAC rules demonstrate robustness, but a single PID or FOPID
scheme failed to provide the necessary goals for balancing the pendulum towards an upright
position. As an alternative to certain works' use of random picks, a few optimization algorithms
were also proposed to fine-tune PID settings, and it is clear that tracking has improved. The
conventional MIT or Lyapunov rule itself, however, may be further modified by fractional
order calculus to investigate improved tracking with less time domain metrics or error metrics
than existing techniques, which is not found in any literature. These approaches should be
counted as an absolute necessity for testing robust and flexible control actions on both nominal
and perturbed models of the inverted pendulum with noise and disturbance. Another strategy
might be to combine optimization techniques with random selection to determine the most
acceptable adaptive gains for both MRAC scheme rules that can speed up computation. An
innovative research for the smooth tracking of the angle and position of the system towards the
target position can also be led by the approach of various augmented control methods based on

fractional calculus.

< Study on Continuous Stirred Tank Reactor

Similar to the mechanical under-actuated process, after finding a solution that satisfies the
criteria of the current process, such as rise time, settling time, and overshoot, in the literature,

experts [50] approach adaptive gain at random when selecting a reference model.
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The MIT and Lyapunov rules [51] are both investigated in the literature on linearized versions
of nonlinear systems taking into account various specifications depending on chosen ranges of
operating points in (2.84), (2.85) and (2.94). In a few selected publications [50-51], various
stable transfer functions of the nonlinear CSTR model are used primarily dependent on chosen
operating points. Model predictive controllers (MPCs) [52] were widely employed with single
topology, fuzzy logic [53], and some analytical based methods to control process variables in
chemical reactors, as was mentioned in the previous part. The MPC schemes [52] performed
well when used with PID controllers, but occasionally showed inconsistent performance
metrics when used with various CSTR models. So, these problems may be the result of this
technique's limits, which were already addressed in the previous section. In order to
demonstrate some acceptable control attempts with MIT as well as Lyapunov stability rules,
MRAC (model reference adaptive control) technique became more popular than MPC scheme
in the use of CSTR. It has been discovered through a small number of studies [50-51] that lower
adaptive gain ranges that approximate the modified structure [54] depicted in Fig. 2.17

effectively handle temperature or concentration.

Gel5)

Reference Model l
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Fig. 2.17. Modified Lyapunov based MRAC scheme on CSTR.

The accuracy of ISE, IAE, or ITAE was occasionally found to be enhanced by gradually
increasing adaptive gain beyond 20, but consistency on peak overshoot was not always found.
Both MIT and PID controller were outperformed by the Lyapunov rule [54]. Unlike PID
controllers, which are absolutely necessary for this purpose, Lyapunov rule demonstrated
effective action on controlling temperature or concentration with a larger consistency level
under the influence of disturbance and noise outside. Determining the proper Lyapunov
function [54] for the specific process that plays a significant influence in performance is the

most crucial task.
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Yet, even changing feed concentration or temperature, which can also result in a robust analysis,
there is no explanation found for the nominal CSTR process's disrupted model. The
effectiveness of the rules must be supported by evidence regarding the impact of various
parametric conditions present in the system but not considered by experts. The investigation
should adopt non-integer order values at random between 0 and 1 in addition to the
conventional or integer order based MRAC adjustment mechanism as shown in (2.104) so that,
while keeping adaptive gain fixed, some better variations based solely on non-integer order
values may be observed. Non-integer orders can only produce a result that is clear when
analyzing system performance. This is how process variable behavior can be more adaptable
and satisfyingly represented based on time domain or error metrics without needlessly
increasing or decreasing adaptive gains. This technique can also assist in determining the
efficacy level between integer order and non-integer order rule. Testing the stability of
adjustment mechanisms with a lowering order of less than 1 while tracking the intended
position while subject to noise and disturbance is another important challenge. The
investigation of more rapid control action requires more than just the single non-integer order
based MRAC rules approach. Another difficult task is choosing the best adaptive gain and
non-integer order to prevent random selections and find a lower control effort to deal with

unknown parameters during the process.

2.4.3 IMC (Internal Model Control)

Due to their sluggish performances, PID controllers were determined to be an inappropriate
solution [55] for integrating processes and processes with significant dead time. Additionally, it
cannot include a gradual disruption or a ramp-type set point change. As a result, in addition to
PID and MRAC controllers, the additional control efficacy of IMC controllers is also examined
in certain publications. IMC controllers [56] are sometimes referred to as model-based
controllers since they can be approached directly or indirectly and do not require constant
sample instants like PID methods. The control action is generated based on the actual
quantitative relationship between the variables and is one sort of proactive controller. Currently,
a small number of specialists use internal model control (IMC) tuning relationships to modify
the PID controller's parameters. This technique assisted in designing the responses for input
tracking and noise elimination. An IMC-based PID controller [56] might quickly correct some
model imperfections, whereas a traditional PID technique could not. Fig. 2.18 shows the block

diagrams for IMC [56], respectively.
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Fig. 2.18. IMC scheme.

The typical feedback structure permits the process model implicitly, allowing for the
adjustment of PID tuning parameters on a model, but it does not explicitly state how the
model influences the tuning choice. Now to construct the internal model control [56] as
shown in the above Fig.2.18 (b), it may be assumed that the system can be demonstrated by

the following dynamical model:

Gy(s) = Go(S)MV = K, Gy MV (2.108)
Now, associated static model can be proposed as follows
Gy(s) =K, MV (2.109)

A few stages are used in certain literary works to illustrate the core concept of building an IMC
controller for processes including an inverted pendulum and continuous stirred tank reactors.

The steps [56] are discussed as follows

< Static Optimization

Set point (SP)

If input is considered as MV = then process output (PV) will eventually reach

p

PV = SP, after all dynamical effects are disappeared. It is assumed as the model gain is exact,

i.€. K, =K, .

A shortcoming is found, as if the model gain is not exact, PV # SP and there is no way to

influence the response, i.e, there is no feedback.
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<> Model Error Update
If the static model of the process is extended, then it is expressed as follows
Gy(s) =K, MV + ¢ (2.110)

Set point (SP)—¢

It needs to be be implemented for steady state response MV = =
p

€ is obtained from a dynamical model of the process with the following expression:

e= PV—K, Ggn MV (2.111)
< Boosting

In the ideal case, i.e. model is exact, the manipulated value MV changes as a step. To
accelerate the response, it suffices to introduce a well chosen boosting lead-lag filter in the

control loop and it is known as dynamic optimization.

<> Final version of the law

Dynamic optimization can be performed by imposing that G, (s) = SP, i.e.
MV = G;2(SP —¢) (2.112)

Using G;:l is not always possible as the process might have a delay or might lead to unstable

pole zero cancellations. G;z:l can be replaced by an approximate inverse Gj,_ip,. The filter
(F) in design is approached for robustness. From the above Fig. 3.8 (b) the process transfer
function's positive portion serves as the direct basis for the controller G.(s). Based on the
above steps with different assumptions, the closed loop time constant, also known as the filter
time constant, is the single tuning parameter that is often obtained from the IMC formulation.

Now, from IMC topology, the process model can be divided into two components, as follows

Gy = GprGy_ (2.113)

Now, the overall transfer function using feedback control and internal model control is

formulated [56] as follows:

Y(s) _ GG
Ysp(s)  1+GcG (2.114)

Y(s) GcGp
= — 2.115
Ysp(s)  1+Gc(Gp—Gp) ( )

Under a best case scenario, the actual process and model are set to equal to find out how to
make a standard controller act like an IMC controller. Now, filter is incorporated with the

following expression as
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1 1 1
Ge = GTF T Gpo (es+DT (2.116)
Now, the final expression is approached as
Yis) _ &~ 1
Yop(s)  P¥ (zes+1)7 (2.117)

According to the internal model concept, if the feedback path is modified to appropriately
resemble the disturbance signal, a feedback regulator may be able to restore stability and
regulation in the face of external disruptions, which is evident from the discussion above. This
principle is the foundation of the IMC philosophy. Due to its ease of use, IMC has been widely
used by the industry for PID tuning. Robustness [56] is crucial in PID design for any
model-based PID tuning technique, such as IMC, due to model mismatch. Based on the
IMC-PID technique, some useful case studies for the stability context on the inverted pendulum

and continuously stirred tank reactor have been found.

< Study on Inverted Pendulum

IMC based PID controllers outperformed conventional PID or fractional order PID controllers
by rejecting disturbances more quickly and tracking the set point more accurately under
no-mismatch conditions between plant and model, according to a few previous studies [57-59]
that reported on filtering technique using both integer and fractional orders in IMC controllers.
Although theoretically, this technique can be demonstrated to be effective in a context of
stability, in a practical setting it is very challenging to identify an internal model that is
perfectly matched with the main process due to a variety of external uncertainties. In this
situation, it is also challenging to reject disturbances smoothly, unlike in a no-mismatch
condition. No successful control strategy for this situation has been documented in the literature,
and despite utilizing first, second, or fractional filters in the controller, servo-regulatory
behaviour occasionally turns slow with excessive overshoot. Still, no research on an
IMC-based FOPID controller using a fractional filter approach has been disclosed. The IMC
controller, in contrast to the MRAC rule, displayed sluggish control action in a practical
mismatch situation, and it was determined that this made it unsuitable for further testing on an

inverted pendulum.

< Study on Continuous Stirred Tank Reactor

The IMC controller is discovered as an approachable solution for dealing with concentration or
temperature under the influence of noise or disturbance in chemical reactor. With the aid of
IMC method, tuned parameters of PID controller also led to robust action with respect to lesser
error metrics such as IAE, ISE or ITAE over conventional PID controller under linear or

nonlinear version of CSTR model.
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Experts [60-62] recommended integer or fractional filters in this application as well in order to
eliminate the disturbance, although fractional filters [62] mainly aided in accelerating the
smooth control action. To achieve smooth action, choosing the time constant and filter order is
crucial, however, most of the time, random selection is found in the literature. For further
investigating the performance, an approach of optimal algorithm to tune the best values of those
parameters is necessary. IMC-PID performed well on platforms in both the time and frequency
domains [59]. IMC-PID demonstrated an exceptional solution with larger gain or phase
margins than Z-N or MIGO frequency-based design tuning in the frequency domain as well as
lower error metrics like IAE, ISE, or ITAE than direct synthesis based PID or conventional PID
controllers [63]. However, sometimes the best traditional PID controller [64] outperforms the
IMC-PID technique with faster control action and reduced overshoot. Consequently, selecting
the right filter settings is a crucial effort. The IMC-FOPID controller, which can also play a
significant role with more parameter settings, has not yet been studied. Furthermore, to improve
stability action compared to conventional methods, further research is required into an

augmented strategy utilizing fractional order-based MRAC and IMC procedures.

In a few studies, the efficacy of control action is also examined without resorting to the
linearized version. However, some controllers, in those circumstances, took occasionally tardy
action to deal with the uncertainties. Backstepping controllers are a new type of emerging
control system that is suggested in order to address uncertainties caused by the existence of

nonlinear variables in the process.

2.4.4 Backstepping Controller

Backstepping [65] is useful for lower triangular strict-feedback systems. Backstepping is a
recursive design technique that can be used to methodically address Lyapunov-based controller

design. In general, the strict-feedback system is implemented as

. 9, = fi(®1) + 01(91)9,
Yy = f2(01,92) + 0,(91,9,)95
. (2.118)

WS, = £.(0y, ..., 0,) + 0, (O3, gy ., )V

In the majority of situations, a conventional feedback linearization strategy results in the
cancellation [65] of helpful nonlinearities. Since the resulting input-output dynamics are not
required to be linear, the backstepping architecture [65] demonstrates greater flexibility than
feedback linearization. It is possible to prevent the cancellation of potentially valuable

nonlinearities, leading to fewer complex controllers.
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The primary idea is to create intermediate control rules based on the dynamics of each state by
using few state factors from (2.118) as "virtual controls" or "pseudo controls." In the
backstepping design [65], the system as a whole is given a Lyapunov function through a
recursive process. A state feedback control rule can be designed employing two different types
of backstepping procedures, such as integrating and recursive methods. The backstepping
design's salient characteristics and potentials, however, are better understood through the
recursive method. Several control methods have been suggested in recent years to stabilize,
regulate, and control both linear and nonlinear dynamical systems. It is simple to locate a
control function in Lyapunov sense for stability and optimization issues in linear autonomous
systems. For nonlinear control systems, however, determining a good Lyapunov function is a
difficult task. The backstepping control approach is a recursive design process that ensures
global asymptotic stability of stringent feedback systems by connecting the selection of a
feedback device that uses a control Lyapunov function. A useful tool to get around the
drawbacks of the method to feedback linearization in the control field is the active or linear
backstepping control method [66]. One generic backstepping control technique that has been
found to be more applicable in the control literature is the block backstepping control method
[66]. An alternative backstepping control technique, the adaptive backstepping control
method [66] employs estimations for the systems' unidentified parameters. An efficient
backstepping method for control systems with uncertainty is the robust backstepping control

method [66].

< Study on Inverted Pendulum

Backstepping controllers are currently recognized as a new tool for the use of underactuated
processes, and research into various backstepping techniques is still ongoing. A few experts
recommended using the inverted pendulum's adaptive backstepping law [67-69] to address the
system's angle and position given a variety of initial positions. According to some
comparative studies, backstepping outperformed the combined backstepping-sliding mode
technique [67], model free backstepping rule [68], conventional sliding mode technique [69],
and LQR method [67]. These studies were conducted to explore the efficacy of backstepping
control. The model free backstepping method [68] estimates the unknown dynamics by using

a normal form of the system model.

However, using fractional order calculus on a backstepping controller would give the new
controller design concept a boost in popularity. There is no reported work so far on

combining the fractional order with backstepping approach.
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To demonstrate more robust control efficacy, investigation with fractional order on various
backstepping methods, such as linear backstepping followed by adaptive or block
backstepping methods, is worth-challenging task.

< Study on Continuous Stirred Tank Reactor

However, more recently, the backstepping method has been found to be a more fruitful
solution for developing more practicable and approachable results with nonlinear effects.
Previous literature demonstrated many successful results with various effective control
actions for controlling temperature or concentration under many -circumstances. The
backstepping strategy was used in some contributions [70-73] on a CSTR process, and the
outcomes were satisfactory despite the nonlinear effects. With adaptive backstepping method,
applications of sliding mode controller [71] and fuzzy logic controller [73] are also reported.
In literature adaptive backstepping method [72] was chosen over linear approach envisaging
robust action in handling uncertainties. As a result, Figs. (2.19-2.22) depict some of the
augmented backstepping systems reported [69, 71-73] in the aforementioned surveys. To
demonstrate more robust control efficacy, it is also a worthwhile challenge to investigate
fractional order on alternative backstepping methods, such as linear backstepping approache.
No applications with fractional orders are still reported on backstepping control of CSTR. The
fractional order backstepping approach might be considered a more demanding method in

nonlinear processes due to its significant impact over other laws.
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Fig. 2.20. Augmented fuzzy-backstepping scheme.
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Fig. 2.22. Adaptive fuzzy based backstepping scheme on CSTR.

Although the augmented backstepping schemes outlined above provided a robust solution of
managing nonlinear systems, they require a fairly sophisticated control algorithm to

accomplish.

Therefore, it is vital to investigate the performance of nonlinear systems utilizing
straightforward control backstepping techniques, which may be more effective than enhanced
approaches. So that the important effects of a specific backstepping controller might be
investigated. In this thesis, an effort has been made to design a straightforward standalone
conventional backstepping rule. A brand-new fractional order backstepping rule is then

reported to provide more detailed information than the traditional method, as there hasn't been
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any work done on such a rule before. From the above discussions, a review of different

controllers is summarized in Table 2.1.

Table 2.1
Review on different control strategies for CSTR and Inverted pendulum processes

Controller Merits Drawbacks
Conventional PID Provides the option to adjust the | It can be challenging to tune for
gains for optimal transient | unstable systems and is frequently
behaviour, particularly for | not resilient in terms of parameter
well-behaving plants and suited | uncertainties. = Cannot manage

for tracking issues. several inputs and outputs at once;
cannot handle restrictions, noise, or
disturbance.

LQR Sensitive to plant models; better | Occasionally fails to eliminate
follows a reference trajectory. steady-state error.

Fuzzy Offers a practical solution to a | Tuning parameters takes longer;
difficult, ill-defined, and | There is an approximation error;
uncertain model; no accurate | There is a nonlinear function that is
model is necessary. uncertain.

PID-LQR Analytically effective and quick. | Occasionally fails to offer the ideal
solution for a specific output's
transient.

Fuzzy-PID The capacity for self-tuning and | Control rule and system analysis

live adaptation to uncertain, | are challenging to create; They are
nonlinear, and time-varying | not founded on a mathematical
systems. With a lot of appealing | model and are frequently used to
features, it offers a promising | handle problems in ambiguous and

alternative for industrial uses. uncertain environments with high
nonlinearities.
PI-PD Servo and regulatory | Offers  occasionally  sluggish

measurements are better able to | movement amid disturbances.
manage transient and steady state
behaviours.

MPC It can manage numerous inputs | Extremely sluggish tracking.
and outputs at once, handle
constraints at the input and
output, and overcome noise and
disturbances. It also predicts how
the states will behave in the

future.
Optimal PID Calculating tuning parameters is | A challenge to select suitable
easy and quick; reliable solution; | methods; Different methods can
Improved set-point tracking speed up convergence at various
rates; Boost precision depending on
convergence rate.
FOPID More degrees of freedom; | Using the FOMCON toolkit does
improved speed of action. not guarantee the proper
implementation  of  additional
degrees of freedom; less efficient in
handling noise.
Optimal FOPID Offers a reliable and adaptable | A limited number of fractional
option. order approximation techniques in

the FOMCON toolkit; still lack of
improvement on overshoot and
integral errors.

Smith-predictor Well-known and most commonly | Still lack of robust disturbance
used dead-time compensation | rejection.

method; Better control over
transient and steady-state
conditions.

MRAC-MIT Mechanism for managing | No assurance of consistency.
adjustments  automatically in
uncertain situations.
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MIT-PID Improvement in stability with less | No assurance of consistency in

control exertion. success metrics in a chaotic
environment.
MRAC-Lyapunov Greater regularity; global | No established procedure for
stability. selecting the Lyapunov function;
still higher overshoot.
Lyapunov-PID Reduced control effort with | Offers occasionally sluggish action

regard to error metrics and | and still higher overshoot.
temporal domain metrics; More
stable and reliable action.

10-filter based IMC-PID Excellent set point monitoring. Sometimes a lengthy settling
period; Poor  response to

disturbances.
FO-filter based IMC-PID Better noise rejection and good | Random filter parameter selection;
set point detection. Occasionally sluggish set point

monitoring; still no improvement
on overshoot.

DS-PID Intuitive strategy; Quick method | Time-consuming and sluggish
to get a good outcome compared | action with long-term response.
to PID.
Conventional Increased capacity to handle | Complex tuning scheme; Lack of
Backstepping nonlinear effects with linear, | detailed case studies in presence of

adaptive, or block methods; | noise, disturbance, and model
Simple Lyapunov function | uncertainities.
choosing for global stability;
robust results.

2.5 Summary

The mathematical modeling of two benchmark unstable processes—the continuous stirred tank
reactor systems (temperature and molar concentration) and the inverted pendulum (position and
angle)—is covered in detail in this chapter. In order to clearly illustrate the influence of all
initial conditions on the system's dynamic behavior, the transfer functions of the systems are
also made simpler using the state space idea. Also covered in detail along with the necessary
requirements is linearization of the models for both of the systems. Comparing the need for a
certain 'X' type inverted pendulum system to others, is also reported. Comparing continuous
stirred tank reactors to other reactors, a substantial use of this technology is also reported.
Based on a comparison of control attempts made by several existing control schemes for the
application of both of the aforementioned systems, a thorough analysis is given. The need for a
fractional order controller is examined while examining the effectiveness of the currently used

conventional control techniques, providing a sound justification for updating the laws.

References

[1] C. Chandrasekara and A. Davari, "Inverted pendulum: an experiment for control
laboratory," Thirty-Sixth Southeastern Symposium on System Theory, 2004. Proceedings of the,
Atlanta, GA, USA, 2004, pp. 570-573.

56



[2] K. Furuta and M. Iwase, "Swing-up time analysis of pendulum", Bull. Polish Acad. Sci.
Tech.vol. 52, no. 3, pp. 153-163, 2004.

[3] S. Engell and K.-U. Klatt, Benchmark Problem. Continuous Stirred Tank Reactor with

Consecutive and Parallel Reaction, 1992.

[4] B. Srinivasan, P. Huguenin, D. Bonvin, “Global stabilization of an inverted
pendulum—Control strategy and experimental verification”, Automatica, vol. 45, no.1, 2009, pp.

265-269.

[5] Jia-Jun Wang, “Simulation studies of inverted pendulum based on PID controllers”,

Simulation Modelling Practice and Theory, vol. 19, no. 1, 2011, pp. 440-449.

[6] E. Aranda-Escolastico, M. Guinaldo, F. Gordillo and S. Dormido, "A novel approach to
periodic event-triggered control: design and application to the inverted pendulum", IS4 Trans.,

vol. 65, pp. 327-338, 2016.

[7] M. Olivares and P. Albertos, "On the linear control of underactuated systems: The
flywheel inverted pendulum," 2013 10th IEEE International Conference on Control and
Automation (ICCA), Hangzhou, China, 2013, pp. 27-32.

[8] Z. Prokopova and R. Prokop, "Modelling and simulation of chemical industrial

reactors", ECMS, pp. 378-383, 2009.

[9] H. Mihai, G. Bill and K. Sava, "Advanced control of batch reactor temperature", American

Control Conference 2002. Proceedings of the 2002, pp. 1156-1161, 2002

[10] S. Ben Mohamed, T. Bakir, B. Boussaid and M. N. Abdelkrim, "Dynamic modeling and
simulation of an industrial chemical reactor," 2017 25th Mediterranean Conference on

Control and Automation (MED), Valletta, Malta, 2017, pp. 755-760.

[11] H. Wafik, "Batch processes monitoring based on statistical and engineering process
control integration: case of alkyd polymerisation reactor", International Journal of

Automation and Control, vol. 6, no. 3—4, pp. 291-309, 2012.

[12] G. Botla, V. Kumar and R. K. Yamuna, "Modeling of batch processes using explicitly
time-dependent artificial neural networks", Neural Networks and Learning Systems IEEE

Transactions on, vol. 25, no. 5, pp. 970-979, 2014.

57



[13] Luyben, W.L. (2007). Steady-State Design of CSTR Systems. In Chemical Reactor
Design and Control, W.L. Luyben (Ed.).

[14] P. Sanposh, W. Leenanithikul, S. Phoojaruenchanachai, P. Srinophakun, T. Srinophakun
and C. Panjapornpon, "Feedback linearization controller design for continuous stirred-tank
reactor (CSTR) in biodiesel production process," 2008 5th International Conference on
Electrical  Engineering/Electronics, Computer, Telecommunications and Information

Technology, Krabi, Thailand, 2008, pp. 613-616.

[15] Kiam Heong Ang, G. Chong and Yun Li, "PID control system analysis, design, and
technology," in I[EEE Transactions on Control Systems Technology, vol. 13, no. 4, pp.559-576,
July 2005.

[16] K. J. Astrom (Astrom) and T. Higglund (Hagglund), "The future of PID
control", Control Eng. Pract., vol. 9, no. 11, pp. 1163-1175, 2001.

[17] Jinghu Xing, Workers Chen and Ming Jiang, "linear The study of inverted pendulum
optimal control system based on LQR", Industrial Instrumentation and Automation, vol. 6,

2007.

[18] J Yi and N Yubazaki, "Stabilization Fuzzy Control of Inverted Pendulum
Systems", Artificial Intelligence in Engineering, vol. 14, pp. 153-163, 2000.

[19] P. Bakara¢, M. Klau¢o and M. Fikar, "Comparison of inverted pendulum stabilization
with PID, LQR, and MPC control," 2018 Cybernetics & Informatics (K&I), Lazy pod
Makytou, Slovakia, 2018, pp. 1-6.

[20] L. Ming, "Self-adaptive fuzzy PID digital control method for linear inverted
pendulum," Proceedings of the 31st Chinese Control Conference, Hefei, China, 2012, pp.
3563-3567.

[21] S. A. Campbell, S. Crauford, K. Morris. "Friction and the Inverted Pendulum
Stabilization Problem," Journal of Dynamic system, Measurement, and Control, 2008, vol.

130, pp. 054502 (1-7).

[22] W. Li, H. Ding and K. Cheng, "An investigation on the design and performance
assessment of double-PID and LQR controllers for the inverted pendulum," Proceedings of

2012 UKACC International Conference on Control, Cardiff, UK, 2012, pp. 190-196.

58



[23] F. Peker and 1. Kaya, "Identification and real time control of an inverted pendulum using
PI-PD controller," 2017 21st International Conference on System Theory, Control and
Computing (ICSTCC), Sinaia, Romania, 2017, pp. 771-776.

[24] Prasad, L.B., Tyagi, B. & Gupta, H.O., “Optimal Control of Nonlinear Inverted Pendulum
System Using PID Controller and LQR: Performance Analysis Without and With Disturbance
Input”, Int. J. Autom. Comput. 11, 661-670, 2014.

[25] M. R. Dastranj, M. Moghaddas, S. S. Afghu and M. Rouhani, "PID control of inverted
pendulum using particle swarm optimization (PSO) algorithm," 2011 IEEE 3rd International
Conference on Communication Software and Networks, Xi'an, China, 2011, pp. 575-578.

[26] T. O. S. Hanafy, "Stabilization of inverted pendulum system using particle swarm
optimization," 2012 8th International Conference on Informatics and Systems (INFOS), Giza,
Egypt, 2012, pp. BIO-207-BIO-210.

[27] Sudarshan K. Valluru & Madhusudan Singh, “Stabilization of nonlinear inverted
pendulum system using MOGA and APSO tuned nonlinear PID controller”, Cogent

Engineering, 4:1.

[28] K K Bhisikar, V' A Vyawahare and M M. Joshi, "Design of fractional order PD
Controller for Unstable and Integrating Systems[C]", Intelligent Control and Automation.
IEEE, pp. 4698-4703, 2015.

[29] S. Jiang, M. Li and C. Wang, "Design and simulation of fractional order PID controller
for an inverted pendulum system," 2017 IEEE International Conference on Manipulation,
Manufacturing and Measurement on the Nanoscale (3M-NANO), Shanghai, China, 2017, pp.
349-352.

[30] Chunyang Wang, Design of Fractional order Control System [M], Beijing: Defense
Industry Press, 2014.

[31] P. Cominos and N. Munro, "PID controllers: recent tuning methods and design to

specification," IEE Proc.-Control Theory Appl., vol. 149, no. 1, pp. 46-53, 2002.

[32] W. Hu, G. Xiao and W. -J. Cai, "PID controller design based on two-degrees-of-freedom
direct synthesis," 2011 Chinese Control and Decision Conference (CCDC), Mianyang, China,
2011, pp. 629-634.

59



[33] Banu, U.S., and Uma, G, “Fuzzy gain scheduled CSTR with a GA based PID”, Chemcial
Engineering Communications, 195 (10), pp. 1213-1226, 2008.

[34] Kaya, 1., “PI-PD controllers for controlling stable processes with inverse response and

dead time”, Electr Eng, 98, 55—65 (2016).

[35] S. Baruah and L. Dewan, "A comparative study of PID based temperature control of
CSTR using Genetic Algorithm and Particle Swarm Optimization," 2017 International
Conference on Emerging Trends in Computing and Communication Technologies (ICETCCT),
Dehradun, India, 2017, pp. 1-6.

[36] Goud, H., Swarnkar, P. Investigations on Metaheuristic Algorithm for Designing
Adaptive PID Controller for Continuous Stirred Tank Reactor. MAPAN 34, 113—-119 (2019).

[37] Wei-Der Chang, “Nonlinear CSTR control system design using an artificial bee colony
algorithm”, Simulation Modelling Practice and Theory, vol. 31, 2013, pp. 1-9.

[38] Khanduja, N., Bhushan, B., “Optimal design of FOPID Controller for the control of CSTR
by using a novel hybrid metaheuristic algorithm”, Sadhanda 46, 104, 2021.

[39] A. Singh and V. Sharma, "Concentration control of CSTR through fractional order PID
controller by using soft techniques," 2013 Fourth International Conference on Computing,
Communications and Networking Technologies (ICCCNT), Tiruchengode, India, 2013, pp.
1-6.

[40] M. Chakraborty, D. Maiti and A. Konar, "The application of stochastic optimization
algorithms to the design of a fractional-order PID controller," IEEE, 3rd ICIIS, pp. 1-6, 2008.

[41] Raghupathy Prakash and Rajapalan Anita, "Robust Model Reference Adaptive
Intelligent Control", International Journal of Control Automation and Systems (springer), vol.

10, no. 2, pp. 396-406, 2012.

[42] M. Morari and J. H. Lee, "Model predictive control: Past present and future", Comput.
Chemical Eng., vol. 23, no. 4-5, pp. 667-682, May 1999.

[43] W.S. Black, P. Haghi and K.B. Ariyur, "Adaptive Systems: History Techniques
Problems and Perspectives", Systems, vol. 2, no. 4, pp. 606-660, 2014.

[44] D. Zang and B. Wei, "A Review on Model Reference Adaptive Control of Robotic
Manipulators", Annual Reviews in Control Elsevier, pp. 1-11, February 2017.

60



[45] D. Shevitz and B. Paden, "Lyapunov stability theory of nonsmooth systems," in /EEE
Transactions on Automatic Control, vol. 39, no. 9, pp. 1910-1914, Sept. 1994.

[46] C. A. Ibafiez, O. G. Frias and M. S. Castanon, "Lyapunov-based controller for the
inverted pendulum cart system", Nonlinear Dynamics, vol. 40, no. 4, pp. 367-374, 2005.

[47] Daniel E. Miller and Naghmeh Mansouri, "Model reference adaptive control using
simultaneous probing estimation and control", IEEE Transactions on Automatic Control, vol.

55,n0. 9, pp. 2014-2029, 2010.

[48] S. B. Pingale, S. P. Jadhav and V. P. Khalane, "Design of fuzzy model reference adaptive
controller for inverted pendulum," 2015 International Conference on Information Processing

(ICIP), Pune, India, 2015, pp. 790-794.

[49] Bejarbaneh, E.Y., Bagheri, A., Bejarbaneh, B.Y. et al, “Optimization of Model
Reference Adaptive Controller for the Inverted Pendulum System Using CCPSO and DE
Algorithms”, Aut. Control Comp. Sci. 52, 256267, 2018.

[50] Manna, S., Akella, A.K. (2021). Design and Performance Analysis of Second-Order
Process Using Various MRAC Technique. In: Singh, A.K., Tripathy, M. (eds) Control
Applications in Modern Power System. Lecture Notes in Electrical Engineering, vol 710.

Springer, Singapore.

[51] Goud, Harsh and Swarnkar, Pankaj. "Signal Synthesis Model Reference Adaptive
Controller with Artificial Intelligent Technique for a Control of Continuous Stirred Tank
Reactor" International Journal of Chemical Reactor Engineering, vol. 17, no. 2, 2019, pp.

20180145.

[52] Smt. U.V. Ratnakumari and M. Babu Triven, "Implementation of Adaptive Model
Predictive Controller and Model Predictive Control for Temperature Regulation and
Concentration Tracking of CSTR", 2016 International Conference on Communication and

Electronics Systems (ICCES).

[53] J. Mendes, F. Souza and R. Aratjo, "Online evolving fuzzy control design: An
application to a CSTR vplant," 2017 IEEE 15th International Conference on Industrial
Informatics (INDIN), Emden, Germany, 2017, pp. 218-225.

61



[54] M. Naeijian and A. Khosravi, "Stability Analysis of Model Reference Adaptive Control
with the New Theorem of Stability," 2020 28th Iranian Conference on Electrical Engineering
(ICEE), Tabriz, Iran, 2020, pp. 1-6.

[55] K. H. Ang, G. Chong and Y. Li, "PID control system analysis design and
technology", IEEE Transactions on Control Systems Technology, vol. 13, no. 4, pp. 559-576,
July 2005.

[56] T. Liu and F. Gao, "New insight into internal model control filter design for load
disturbance rejection”, IET Control Theory Appl., vol. 4, no. 3, pp. 448-460, 2010.

[57] X. Li, Y. Gao, Y. You and B. Gu, "IMC-PID controller design for power control loop
based on closed-loop identification in the frequency domain," 2018 Chinese Control And

Decision Conference (CCDC), Shenyang, China, 2018, pp. 6355-6360.

[58] M. Shamsuzzoha and M. Lee, "IMC-PID controller design for improved disturbance
rejection of time-delayed processes," Industrial Engineering Chemistry Research, vol. 46, no.
7, pp. 2077-2091, 2007.

[59] M. Hou, Z. Zhao, J. Zhang, and J. Tian, "An IMC-PID control method with set-point
weight," Proc. IEEE Int. Conf on Computational Intelligence and Security, 2009, pp. 45-49.

[60] Kumar, M., Prasad, D. & Singh, R.S., “Performance enhancement of IMC-PID controller
design for stable and unstable second-order time delay processes”, J. Cent. South Univ. 27,

88-100, 2020.

[61] S. Sen, C. Dey and U. Mondal, "IMC based Fractional-order Controller for a Level
Process," 2019 International Conference on Opto-Electronics and Applied Optics (Optronix),
Kolkata, India, 2019, pp. 1-5.

[62] R. Ranganayakulu, G. Uday Bhaskar Babu and A. Seshagiri Rao, "Fractional filter
IMC-PID controller design for second order plus time delay processes", Cogent Eng, vol. 4,
pp. 1366888, 2017.

[63] H. Ikeda, "PID controller design methods for multi-mass resonance system", PID

Control for Industrial Processes, Sep 2018.

62



[64] N. Khanduja and B. Bhushan, "Intelligent Control of CSTR using IMC-PID and
PSO-PID controller," 2016 [EEE Ist International Conference on Power Electronics,
Intelligent Control and Energy Systems (ICPEICES), Delhi, India, 2016, pp. 1-6.

[65] Sundarapandian Vaidyanathan, Ahmad Taher Azar,Chapter 1 - An introduction to
backstepping control,In Advances in Nonlinear Dynamics and Chaos (ANDC), Backstepping
Control of Nonlinear Dynamical Systems, Academic Press, 2021, Pages 1-32.

[66] W. Wang, J. Zhou, C. Wen and J. Long, "Adaptive Backstepping Control of Uncertain
Nonlinear Systems With Input and State Quantization," in /EEE Transactions on Automatic

Control, vol. 67,n0. 12, pp. 6754-6761, Dec. 2022.

[67] C. Ghorbel, A. Tiga, S. Rannen and N. Benhadj Braiek, "Combined backstepping-PID
control of inverted pendulum," 2017 14th International Multi-Conference on Systems, Signals

& Devices (SSD), Marrakech, Morocco, 2017, pp. 779-784.

[68] Y. Maruki, K. Kawano, H. Suemitsu and T. Matsuo, "Adaptive backstepping control of
wheeled inverted pendulum with velocity estimator", International Journal of Control

Automation and Systems, vol. 12, no. 5, pp. 1040-1048, 2014.

[69] S. Rudra, R. Kumar Barai and M. Maitra, "Nonlinear state feedback controller design for
underactuated mechanical system: A modified block backstepping approach", IS4
Transactions, vol. 53, no. 2, pp. 317-326, 2014.

[70] R.Gopaluni, I. Mizumoto and S.Shah, “A robust nonlinear adaptive backstepping
controller for a CSTR”, Ind. Eng. Chem. Res, Vol. 42, 4628-4644, 2003.

[71] Li-Ping Xin, Bo Yu, Lin Zhao, Jinpeng Yu, “Adaptive fuzzy backstepping control for a
two continuous stirred tank reactors process based on dynamic surface control approach”,

Applied Mathematics and Computation,Volume 377, 2020.

[72] C. Hua, P. X. Liu and X. Guan, "Backstepping Control for Nonlinear Systems With
Time Delays and Applications to Chemical Reactor Systems," in [EEE Transactions on

Industrial Electronics, vol. 56, no. 9, pp. 3723-3732, Sept. 2009.

[73] C. Hua, X. Guan and P. Shi, "Robust backstepping control for a class of time delayed
systems", IEEE Trans. Autom. Control, vol. 50, no. 6, pp. 894-899, Jun. 2005.

63



CHAPTER 3

Brief Overview on Fractional Order Mathematics and Its
Implementation in Controlling Processes

3.1 Introduction

Integrals and derivatives of functions are investigated in fractional calculus. However, in this
area of mathematics, non-integer order integrals and derivatives are examined rather than the
customary integer order. These are known as fractional derivatives and fractional integrals,
which also include integer orders and can have real or complex orders. Fractional calculus, or
fractional derivatives and integrals, is not a brand-new concept. Nevertheless, FO integration
and differentiation do not follow this pattern, which represent a rapidly expanding subject in
terms of both theory and applicability to real-world issues. There hasn't been a suitable
geometric or physical interpretation of these operations for more than 300 years, ever since
the concept of differentiation as well as integration of random order first emerged. The fractal
characterization [1] of FO integration as "gloom on the fortifications" and its physical
explanation as "gloom of the precedent”" were made public. Function has been used in many
scientific and technical fields recently, including the study of visco-elastic materials, fluid
flow, elasticity, electrical systems, electromagnetism, and randomness.Visco-elasticity,
fractional-order multiples in electromagnetism, electrical chemistry, tracer in hydraulic flows,
dynamical structures in the theory of control, electrical networks with fractance, generalized
voltage dividers, dynamical systems in nature, and physical networks with fractance all use
fractional calculus. Applications of fractional calculus in both scientific and technological
fields are emphasized, with a focus on numerical computation of FO derivatives and integrals.
But this observation has changed recently. It has been suggested that fractional calculus [2]

may be useful and even powerful.

Fractional calculus and its applications are currently experiencing rapid development with
ever-more attractive real-world applications. A fast-connectivity strategy [3] for the

computational solution of fractional differentiation and fractional integration is presented.
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Matrix methodology [4] was further developed to incorporate non-equidistant grids, varied
step dimensions, and distributed ordering in the differentiation of non-integer derivatives and
integrals. The fractional calculus has its roots in the quest of academics for extension of
significance, just like many other mathematical disciplines and ideas. It broadens an integer
order's derivative to any order. This freedom of order offers up a brand-new perspective, and
fractional calculus can be used to approach many applied scientific problems more succinctly.
Numerous definitions of FO derivatives as well as integrals are going to be looked at in this
chapter. For a number of simple functions, the explicit formula of the fractional calculus is
available. This chapter uses a universal technique on any functions to achieve the goal of
using FO derivatives or integrals. For the purpose of implementing the fractional order
operator on the MATLAB platform, a few well-liked rational approximation techniques are
explored. Their benefits over the alternatives are also highlighted. An overview of some
research studies on fractional calculus is summarized in Table 3.1.

Table 3.1
Review of fractional calculus

Method Year Development
Rossikhin|[5] 2001 Formulation and analysis of the viscoelastic rod using a
mathematical model that incorporates fractional derivatives.
Yuan [6] 2002 A mathematical approach similar to fractional derivatives of
displacements for the dynamic analysis of mechanical systems.
Bahuguna et.al.[7] 2003 A set of integro differential equations in any arbitrary Banach

space, Mittag-leftlar distribution and discretization technique on
fractional order differentiator and integrator.

Agrawal et al[8] 2004 Fractional semi integral and derivative approach, Issue with
semilinear nonlocal functional differentials,
R-L(Riemann-Liouville) fractional integration and
differentiation.

Saxena [9] 2005 Cauchy-type issue with caputo fractional derivatives.

Kilbas et al [10] 2006 Nonsequential linear fractional differential equations pertaining
to the Caputo fractional derivatives with constant coefficients.

Yaday [11] 2008 Fractional g-integral operator.

Srivastav [12] 2009 Fractional calculus through integral operator pertaining to Mittag
lefflar functions.

Herrmann [13] 2011 Optimisation criteria for various variational functions that have
left- and right-handed Caputo fractional derivatives.

Changpin [14] 2011 Main characteristics of R-L(Riemann-Liouville) fractional
derivative and partial fractional derivatives.

Haubold et al [15] 2011 Brief description on Mittag lefflar functions.

Purohit [16] 2011 solutions of generalised fractional partial differential equations

involving the Caputo time-fractional derivative and the Liouville
space-fractional derivative with laplace and fourier transforms.

Ansari [17] 2012 Flexible operational technique on fractional derivative.

Prajapati [18] 2012 Function in the farm truncated series of powers and its numerous
features, such as the integral representation and the derivative.

Kalla et al. [19] 2012 Mittag lefflar type based new generalized function.

Odzijewicz et al. : 2012 Proper fractional extension of classicial calculus.

[20]

Faraj et al. [21] 2013 More properties for generalized Mittag lefflar function.

Srivastava et al. . 2014 New extended theory incorporating a generalized Hurwitz-Lerch

[22] zeta function.

Kumari [23] 2014 Some differentiation formulas for I function of two variables.
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3.2 Preliminaries of Fractional Calculus

By allowing differentiation and integration orders that are not required to be positive
integers, fractional calculus expands the traditional definitions of derivatives and indefinite
integrals [5]. Fractional transfer functions are typically replaced in practical applications by
approximations, either continuous or discrete, that only use integer differentiation and
integration orders. These estimations rely on the assumption that the approximated
fractional orders of differentiation and integration don't change over time.This section

discusses some fundamental methods and formulas for various functions.

3.2.1 Gamma Function

In fractional calculus, the gamma function is crucial.

Definition 3.2.1. One of the fundamental features of gamma function [24] is as follows
I'(p+1) =pl(p) (3.1)
Gamma function is followed as

I(p) = J, exp(—0)tP~1dt (3.2)

The above integral intersects for Re(p) > 0 (right side of the intricate plane). Now, the
above (3.2) can be integrated with the help of (3.1) as follows

Fp+1) = fom exp(—)tP = [—exp(—DtP]F +p fooo exp(D)tP~1dt (3.3)

If the first part is eliminated and the second part is equal to pI'(p).

Another property is as follows

ra=1 (34)
Now, applying (3.4) in (3.1) is as follows

re)=1ra)=1=1!
r@3) =2.T2)=21=2!
r(4) =3.T'(3) =3.2! = 3!
_ (3.5)

l[‘(n+ 1= n.F(n).= n.(n—1)! =n!

Therefore, it is quite evident from the aforesaid expressions that the gamma function is

simply an expansion of the factorial function.
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3.2.2 Beta Function
For better use in fractional derivatives, beta function may occasionally be favored over gamma

function.

Definition 3.2.2. Let, p,w € C then beta function can be followed as [25]
B(p,w) = fol ™11 - p)¥lde (3.6)
The above expression is considered for Re(p) > 0 and Re(w) > 0. The gamma function can

be used to express the beta function using the Laplace transform for convolution by

_ I(rw)
B(p, w) = T 37)

And it follows from (3.7) that
B(p,w) = B(w,p) (3.8)
3.2.3 Mittag-Leffler Function

In differential equations of 10, the exponential function e? is extremely crucial. This can be

expressed [15] in series form by

pk

e” = ¥k=0tgaDn (3.9)
The following general representation of the aforementioned (3.9) can be used as

oo pk
Eap(P) = Zk=0tiwarp (3.10)

Where, o, € C and Re(a) > 0. In special case of a =1 and B =1 E;;(p) = eP. The
term "mittag-leffler function" refers to this generalisation. In fractional calculus, particularly in
fractional differential equations, the two parameter functions play a significant role. Given that
(3.10)'s series is uniformly convergent on all compact subsets, it can be differentiated term by

term to produce the following expression with a n times differentiated function as shown by

(k+n)! pk

k! T(ak+oan+pB)

ESPp) = T2, (3.11)

3.3 Overview of Fractional Derivatives and Integrals

In actuality, the phrase "Fractional Calculus" is inappropriate because it does not refer to
either the calculus of fractions or the fraction of any calculus. Actually, it is the area of
mathematics [6] that extends the concepts of differentiation as well as integration of 10
functions to encompass derivatives and integrals of arbitrary orders. If the sequence of

integers order integral and derivatives is as follows
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daf(t) d?
dt ' dt?

I} f(e)dry, £(©), FE)yonnn.

Then the derivative of arbitrary order is then described in the above sequence as an insertion
between two operators. This method is known as fractional derivative. The following

statement denotes fractional derivative:

ali f(t),a> 0.

But, with reference to the above expression, if o < 0 then it will be defined as fractional

integral with the expression as follows

a? i f ().

The next section goes into the value of fractional calculus.

3.3.1 Application of Fractional Order Derivative

In contrast to integer order derivative, fractional order derivative provides more insight into
the behavior of all functions, giving the user more freedom to select the desired behavior
based on the function. A function like y = x? and its behavior together with first and second
order derivatives are depicted in Fig. 3.1, which provides a clear explanation of the need for

fractional order calculus in this research work.

Output
-~
-~
\

~
0 S ”
”~

== +Function
” == st order derivative
” 2nd order derivative

0 5
Time (sec)

2

Fig. 3.1. Performance of function y = x“ using classical calculus.

The behaviour of the aforementioned function is depicted using classical calculus in Fig. 3.1,
but one drawback of this calculus is that it does not adequately explain how parabolic to linear
polynomials are transformed because it does not explain clearly what the derivative lying
between zero and first order derivative means. Therefore, it is easy to comprehend the internal
feature of how the parabolic curve is progressively converted to a straight line curve, exactly
the same as shown in the above Fig. 3.1 using fractional calculus if it is addressed with

derivative order as between 0 and 1 such as 0.2, 0.5, and 0.75 accordingly as shown in Fig. 3.2.
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Likewise, if it is addressed with a derivative order between 1 and 2, such as 1.2, 1.5, and 1.75,
respectively, it will likewise reveal more about the gradual transformation towards the

graphical behaviour of the second order derivative also, as depicted in Fig. 3.3.
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Fig. 3.2. Insight behavior of function using fractional orders between 0 and 1.
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Fig. 3.3. Insight behaviour of functions using fractional orders between 1 and 2.

The above fractional derivative and integral for the aforementioned function with various
fractional orders are illustrated using the features of the gamma function presented by Euler as
detailed in section 3.2.1. The MATLAB codes are displayed in Appendix A. The
aforementioned claim opens up the possibility of broad application to all different kinds of
functions, and along with idea of fractional calculus, other well-known approaches like G-L,
R-L, and Caputo procedures are also well-established for a variety of uses. In the following

sections, the mathematical reinforcements of such techniques are covered.
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3.3.2 Grunwald-Letnikov (G-L) Construction

Grunwald-Letnikov construction [26] is based on the forward difference derivative shown
by

£ = limy (KO (312)

Now, second order derivative is constructed by using the above (3.12) as shown by

£1(®) = limy o {HO (313)
(L=fe=hy)_fe-fe-2n)

F(8) = limy, { O } (3.14)

f'@® = 1imhqoh—12{f(f) —2f(t—h)+f(t—-2h)} (3.15)

Applying the above (3.15) third order derivative is also constructed, as shown by

'@ = limh—»oh_lg{f(t) —3f(t—h)+3f(t—2h) - f(t - 2h)} (3.16)

Now, the above (3.16) can be generalized with the following binomial term as shown by

£ (@) = limyg = 33 o(=1)7 (3) £t = jh) (3.17)
Now, nt" derivative of function is shown by

1) = limpe (2) Sho=1)7 (%) £~ ) (3.18)

The above (3.18) with integer number can be replaced with at” order to obtain the following

definition.

Definition 3.3.2. Assume that n is the smallest real number such that |a¢| < n then G-L

differ-integral is followed as

DF(®) = limyo (1) Ljno(=1)7 (§) & = jh) (3.19)

Now, the above binomial coefficient (7) can be extended by property of gamma function as

shown by
a) _ al _ T(a+1)
(j) T jia-j)!  jIT(a—j+1) (3:20)

Now, applying (3.20) into (3.19) it is found as

I(a+1)

DF(e) =limy o () Epo(-1)) 7rE (e — jh) (3.21)

0/D0n O t— 0 om0
Now, if it is assumed as n = Ta following the condition as h - 0,n = o and a < t, then

the final expression is constructed by
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DF(E) = i () Bo(—=1) LD £ — j (£2)) (322)

JIT(a—j+1)
However, it may be inferred that the above definition, which incorporates a limit (lim), is
highly complex and that the definition will only make sense if limits exist. As a result, the
Riemann-Liouville (R-L) technique, which is covered in the following section, modifies the

definition above.

3.3.3 Riemann-Liouville (R-L) Construction

As opposed to the G-L approach, which starts with the derivative, the R-L method [27]
starts with the integral by changing the sign of a in (3.19) to negative to reflect fractional

integral as shown by

D f(6) = limyog (2) T~ () £(& - jh) (3.23)

Now, the above binomial coefficient (]“) can be extended by property of the gamma

function as shown by

(a)(—a-1)..(-a—j+1)
j!

D/ a(a+1)..(a+j-1)
j!

—a\ _ ) CDI(@+j-1).(a+Da(a-1)!
( j ) - j!(a@—1)! (3.24)
D/ (a+j-1)!
jl(a—-1)!
(GEOUNCED))
JIF (@
Now, applying (3.24) into (3.22) it is obtained as
_ . 1\7¢ i (=1)Jr(a+ . (t=
D) = limpo (7)) Zmo(-DI EERF (e - (52 (3.25)
— q T'(a+j) o (&=
D7F(£) = limyo b S e £ (0 = () (3.26)

Now, (3.26) is replaced with an integral term to define R-L integral.

Definition 3.3.3. Integrals and integer order derivatives are combined to produce the R-L

differ-integral.

a — 13 a on F(O(+j) o
IEFE) = limyy o h® 500 Sl (¢ — jh) (3.27)

Now, if a = 1then it is obtained as

I'f(t) = limy, e R X7 f (£ — jh) (3.28)
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Suppose, considering a function y = f(t) whose area may lie within boundary 0 — t — a. So,

the total area under the complete region of function is derived from (3.28) as shown by

ILf() = [; f(t = x)dx (3.29)
Where, x = jh

Assume, t —x = u,so —dx = du

I'fe) == [ fwdu (330)

If f(u) is integrable in every finite interval (a,t) then it is obtained as

I'f(H) = J; fWdu (331)

Now, if a = 2 then it is also constructed by the gamma function’s characteristic as

. 2 r'(2+4j) .
lim,,_,, h* X7 0O f(t—jh)

limy, e, K2 X741 jf (8 — (j — Dh)
lim,, o, h* X721 jf (t + h — jh)

I?f(t) = 3.32
i limy, o, h2 X741 jf (y — jh),wheret + h =y S,
limy, o X721 GRRS (v — jh)
fot_a tf (t — x)dx
Under the same assumption, the above expression is obtained as
Pf(6) = [;(t —wfwdu (3.33)
Similarly, for o = 3 it is followed as
Bf(E) = 2 [1(t —w)?f (u)du (334)
Now, finally, for arbitrary order, R-L fractional integral is followed as
1F(6) = 5 Ja €~ W fWdw,a < ¢ (3.35)
Now, R-L fractional derivative may be defined using (3.35) as shown by
Df(t) = S I f(t) (3.36)
@ _am 1 t _Na-
D) = smtos J.t =W f(wdu (3.37)
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3.3.3.1 Application of R-L Fractional Integral

In contrast to classical integral, fractional order integral also provides more insight into the
behavior of all functions, giving the user more freedom to select the desired behavior based
on the function. As illustrated in Fig. 3.4, the fractional integral also tells more about the
gradual conversion of the same function y = t? to traditional calculus-based performance.
The aforementioned function is computed using the final R-L fractional integral expression

presented in (3.35), as demonstrated by

1%(t™) = mf (t—w* M uMdu, f(t) = t™, f(w) = u™ (3.38)
) ‘ﬁf [t(1 — H]* umdu (3.39)
[%@tm) = W [ ( )a_lumdu (3.40)

Now, it is assumed as % = v then u = vt,du = tdv

Now, changing upper and lower limits with respect to v the above (3.40) is modified as

shown by
%™ = r( )fa/ 1 - v)* H(tv)™tdv (3.41)
EERDE r( S fa/ v™(1 —v)* dv (3.42)

Now, assuming lower limit as a = 0 to correlate with beta function as discussed in section

3.2.2 and applying the property of beta function the above (3.42) is illustrated by

1%(t™) = ﬁfl v™(1 — 1) ldy (3.43)
eem) = ﬁB(m +1,a) (3.44)
aremy _ tET(m+ 1) (@)

)= ()l (a+m+1) (3.45)
aromy _ t¥TMr(m+1)

I*e™) = T(a+m+1) (3.46)

The aforementioned fractional integral expression is utilized to create a graphical

representation as depicted in Fig. 3.4.

73



o 108 ) ) ) R-L Fractional Integral for y=:(_2

3 Ve
= Alpha=-0.75 4
25/ = Alpha=-0.5 /
== + Alpha=-0.2 /7
- 2} == Alpha=-1 V4
2 ’
= 7/
QO 5l ’,
’
1| Lo
”
-~ -
- "
0.5 - = -
- - -
- o |
= [ T —

— - — -

-  mm
— - - = — -
[ ea—— T M M- P P Tt Rl L L
0 10 20 ki 40 50 80

Time(Sec)

-
—--—— =
70 80 90 100

Fig. 3.4. Insight behavior of function using fractional orders between 0 and 1.

3.3.4 Caputo Construction
Definition 3.3.4. Caputo fractional derivative [28] is proposed as

pef () = " {22 F ()} (3.47)

1
r(m-o)

DEf(t) = [l —wmet L fydu,m—1<a<m (3.48)

In order to present more analytical features based on progressive transformation that may be
observed with different fractional orders applying on the function y = t?, another investigation
is now carried out in this study with Caputo fractional derivative on the same previously

described function.

So, (3.47) is replaced with f(t) = tP as shown by

De[tF] = 1m-a (L7 18} (3.49)
—g—1 d™
De[tf] = F(ml_a) [yt —wymm i ubdu , f(u) = uf (3.50)
Bl — 1 to, —a-1 B! B—
De[tF] = = [t — W™ {—( L ™ du (3.51)

Now, applying the gamma function’s characteristic into (3.51) as

a4l — — TA+B)  cto ym-a-1, B-m
D[tF] = c— i Ja (E — W) uf~mdu (3.52)

Bl _ T(1+B) tomea—1(q _w\" 5
De[tF] = s [remet (1) uP~mdy (3.53)

Now, it is assumed as % =y then u = yt,du = tdy
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Now, changing the higher and lower bounds with respect to y the above (3.53) is modified as
shown by

r'(1+p) 1 —G= —a— a
D[tF] =t riagmm Jay, 7 (L= ) ()P ey (3.54)

r(1+B)tm—a+1+B—m+1
F(m-a)F(1+B—-m)

De[ef] = Ja) @ = yym=e=tyf-mdy (3.55)

Now, assuming lower limit as a = 0 to correlate with beta function as discussed in section

3.2.2 and applying the property of beta function the above (3.55) is illustrated by

a[pBf] = _TABF  po o p

D*[tP] o Bm — @ f—m+1) (3.56)
af,8] _ _ Ta+ptF~*  I(m-«)r(p-m+1)
D [t ] T I(m-o)F(1+B-m) F(m—oa+B-m+1) (3.57)
al+f] — r(1+p) B—a
D[t ]_—F(1+B_a)t (3.58)

The fractional derivative approach for the function y = t? presented in section 3.2.1
computes using the same expression as the caputo method, however the caputo method
defines it more analytically than the Eular method does. Similar to the aforementioned
function, any other type of function's graphical characteristic may likewise be determined

more analytically using R-L or Caputo fractional differ-integral calculus.

3.4 Theoretical Background of Implementation of Fractional Calculus

Fractional order system models [2] allow for a more precise description of actual systems and
have been employed to find more trustworthy responses to a variety of scientific and
technical difficulties. For instance, the field of control engineering has profited considerably
over the past 20 years from the positive effects of non-integer order modelling to enhance
control behavior and generate more trustworthy plant modelling. Since there are infinite
number of tuning possibilities for non-integer order integral and derivative parts, FOPID
scheme [29] have generally been regarded as a feasible and logical replacement for traditional
scheme. However, optimal implementation of fractional order systems introduces
substantially more computing difficulty than ideal implementation of conventional systems,
despite the fact that fractional calculus assures notable improvements in modelling and
control system efficiency. The primary explanation is as the FO derivative function, which is
anot a local operator [30] that necessitates all previous values of the function, is required. As
a result, computing fractional parameters requires additional memory components to retain

all historical signal or function values across time.
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This phenomenon is known as the long memory effect. Because the long memory effect uses
up increasing amounts of computational resources over time, it causes the computational load
of fractional order items to increase significantly over time. This basic difficulty prohibits
engineering issues from fully utilizing the benefits of optimal fractional order behavior.
Approximate integer order models were developed to address these issues and implement
fractional order elements with a manageable processing overhead. These models may
approximately predict the performances of FO elements within certain operating regions. In
real-world control applications, these approximations were frequently used to implement
FOPID controllers in less-than-ideal ways. Because analytical tuning approaches primarily
presume a hypothetical implementation of FOPID controller functions, the performance of
approximate models inherently degrades the practical performance of optimal tuning
methods. As a result, estimated computations of fractional parameters result in real-world
control performance that is significantly lower than the best possible control performance that
may be attained theoretically. Due to these factors, choosing a suitable estimated model to
establish fractional order systems should be a top priority for applications that require
fractional order control systems to function in the real world. The most important
characteristics of approximation models are important from the perspective of control

practice:

< Approximated Performance on Time and Frequency region platform

In order to prevent a significant decline in control nature due to differences between the
performances of the original system and the estimated systems, it is crucial that the time and
frequency outcomes of the main FO systems and its estimated forms match characteristically.
The effects of incorrectly realizing FOPID controllers have previously been examined in a
number of researches. For minimal difficulty and realistic realization of fractional derivative
operators, a variety of approximation techniques are offered in the literatures [31-35]. In
terms of broad definition, these techniques are continuous systems in the frequency region
platform and discrete models in the time region platform. Following is a list of some
frequency domain approximation techniques that have been proposed and are
methodologically important: The serial filter banks used by Oustaloup's [31] Method have
zeros and poles that are set up to roughly approximate the amplitude behavior of fractional
order operators. A rational integer-order function that roughly corresponds to elements of
fractional order is produced by the CFE Method [31]. The manipulation of frequency points
can be approximated using Matsuda's Method, which is based on continuing fraction

expansion utilizing in logarithmic manner separated set points.
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Stability with the use of the boundary locus (SBL) fitting method, a rational model is fitted to
SBL curves with a FO model in the necessary frequency range. In order to create a continuous
approximate model, improved iterations of these techniques as well as various
methodologically modern approaches were provided, such as Carlson’s Method and its
enhanced types [31], Charef’s Method [31], phase shaping approaches by ideal pole-zero
placing [33], Mittag—Leffler function based solutions [32]. Two distinct ways to obtaining
discrete models in the time domain using discrete approximation methods are discussed.
Firstly, the discretization of continuous processes generated by frequency domain [34-35]
aspects is enabled by indirect discretization. The second is direct discretization [36-37], which
applies direct PSE for the Euler operator or CFE for the Tustin operator to discretize model in
the z-domain. For fractional-order linear differential problems, there are also a number of
approximate or numerical solution techniques, such as homotopy variation [36], variational
iteration [37], and Griinwald-Letnikov definition-based methods; however, these

mathematical solutions have not been applied extensively in the field of control.

Therefore, the primary goal of this work is to evaluate effective approximation techniques for
any fractional differentiation equations or transfer functions in comparison to some direct or

indirect approximation methods.

3.4.1 FOMCON Toolkit

For the modelling, investigation, and development of linear fractional or conventional
processes, it is widely known that the FOMCON (Fractional order modeling and
control)Toolkit [38] of MATLAB offers a very easy and straightforward approach. A
Simulink block set, graphical user interfaces (GUIs), convenience functions, ways to
identify models in the time and frequency regions, and fractional PID controller formulation
and efficiency are all included in the FOMCON toolkit for MATLAB, which is an addition
to the small toolkit [38] previously addressed. The toolbox aims to offer a user-friendly,

practical, and useful toolset to a variety of users.

3.4.1.1 Toolkit Features

Following G-L fractional derivative and R-L fractional derivative or integral in (3.22), (3.35)
and (3.37) under section 3.3.2 and 3.3.3 the Laplace transform [38] of at" derivative with

a € R, of asignal x(t) assuming zero initial condition is shown by

L(Dx(t)) = s®X(s) (3.59)

So, fractional order linear differential equation can be approached as
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PuD Y (t) + Ppo1 D=1y (t)+..poDXY(t) = qmDPmu(t) + gm-1 DPm-1u(t)+.. qoDPou(t) (3.60)

Now, by following Laplace transform in above (3.60) the following FOTF is shown as

B Bm— B
G(S) — 9mS$ M+qm-1S 14..4+qosP0 (3.61)

PnS%n+pn_1Sn-1+._+pos¥0

This type of system is described as a commensurate order system. Usually, for commensurate
order system denoting A = s* or sP the transfer function can be presented as a rational
order as shown by

AmA™ +am-1 A" o tgod _ ThL) qiAK
PnAt+pn-1A" T+ 4ped TR, PRAK

G(s) =

(3.62)

The FOTF presented in (3.61) serves as the primary focus of analysis in FOMCON. The SISO
and LTI (linear time-invariant) systems are the main emphasis of the toolkit.
The modules that comprise the toolkit are as follows: the primary module, which does
fractional system investigation, the identification module, which identifies systems in the
time and frequency domain platforms, and the Control module, which includes tools for
designing, fine-tuning, and optimizing fractional PID controllers as well as some extra
features. The main module GUI, shown in Fig. 3.5, can be used to access all of the modules,
which are all connected. The toolkit also includes a Simulink block set that enables the
execution of sophisticated modelling tasks. The following MATLAB software is necessary

for the FOMCON toolbox [38]:
* Control System Toolbox, which is necessary for the majority of features;

* Optimization Toolbox, which is necessary for time-zone understanding and standard PID

tuning for approximating typical system.

Main module {(FOTF analysis)
(fotf_gui)

Time domain
(fotfid)

Frequency domain
(fotfrid)

e S e S ! Integer-order
! (iopid_tune)

Fractional-order
fpid_optim

Fig. 3.5. FOMCON platform.
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3.4.1.2 Computation of Fractional Order Model

This causes the FOTF Viewer [38], the primary toolbox GUI, to be shown in Fig. 3.6. Two

panels make up its layout:

® The Fractional Order Transfer Functions panel on the left is where FOTF objects are

entered, edited, deleted, and converted.

® The right panel, System study, has tools for FO system investigation in the time and
frequency domain platforms. The tool works directly with MATLAB base workspace

variables.
(A Pote viewer I el |
Tacls -
E order
Fatresh st | Visw in conscie | Stabiiity test |
g“ ;I [
o2 Step | Impuize. |
St |
™ Show progres= ber
t wector — Helpers:
o= Rl
k) veckor (for Simuiote) e
=l Use oy walid MATLAR spression
Cireclly wosking with warkspacs objects =
Export system as...
e e EEams

™ Automaticaly launch LTI Viewer

Fig. 3.6. GUI (Graphical user interface) window.

< Time domain platform
A modified Griinwald-Letnikov formulation [38] is used to simulate the system performance to
a random input signal during time-domain analysis of the fractional systems as shown in

Fig.3.7.

U FOTE Terme—doamain Tdentification Tool = o= e |
Irreort -
P
[T [Srunamsia-Letrico. =1
WMRhin e reeger || [o.000%; 10000) Storder: [ a0

- N -
Source deta strecture (in base 3

FﬂDATAubiwts: =

Identified nodel

Bes) 1
= o

P Ses0 51

T fic I =1

Fqlnm;2_1| os rder [ = [Fo pormomial =] Gencets |

™ Lime costricients | ~20 max [ =0
™ Limi ecqoonents wan | oot sex [ 0

[Fres mermiication =1 tacnen, | e

Fig. 3.7. FOTF Time domain platform.
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Now, denoting left hand side of (3.60) by

v(t) = qmDPmu(t) + gm_1DPm-1u(t)+.. qoDPou(t) (3.63)
The FO linear differential form can be represented in form as

PaDmy(t) + pp_1 D=2y () +.. peD*y () = v(t) (3-64)
Substituting (3.22) in the above expression as shown by

pn A} a .
s Dj=0 w; "y (t — jh) = v(t) (3.65)

Binomial coefficients Wja” can be obtained iteratively with

. +1 P
Wt = Lw = (1- 5w j=12.. (3.66)

The closed loop version of a FO process can be expressed as follows with a modest term

rearrangement:
1 Di {(t—a)/h} a; .
y(®) = M[V(t) - in=0h_0;i =1 w; y(t —jh)|, (3.67)

Where, h is step length of estimation. The correctness of the simulation may be affected by
the step length h due to the fixed-step computation. As a result, it is advised to gradually
reduce h until there is no longer any fluctuation in the simulation findings before using them.

It could take a long time to simulate a lot of points.
< Frequency domain platform
The frequency zone investigation [38] is explored by replacing s = jw. The primary GUI's

export feature enables the conversion of FOTF systems into the following types of objects:

® OQustaloup filter zpk;
® OQustaloup refined filter zpk;

The fractional operators [38] are extremely accurately solely approximated by the Oustaloup
filters in the given frequency range (w;, wy) and order N. Fractional operator s% is

approximated by

G(s) = 2 [Ty 5oz (3.68)

z2=-Ngtw,

Where,
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z+N+0 5(1+a)

2N+1
wZ

zZ = a)h,
z+N+o z+N+0.5(1-a)
T 2N+1 '

A refined Oustaloup filter [64] is given by

= () (st ) oo

d(1-a)s?+lwps+da

Where,

Q(s) = Ty 2oz

St+wy
=2z

; _ (dwp\2N+1’
0z =T

a+2z

lop\2N+1
o= ()

3.4.1.3 Application of FOMCON Toolkit

(3.69)

(3.70)

(3.71)

The design of a FOPID scheme [29] for an integer order interacting cylindrical tank level

process with a dead-time is the main topic of the current study. Fig. 3.8 depicts the

fundamental concept of the interaction tank level process.

Inflow

Ci

Tank-1

©

o

Qutflow

—

Fig. 3.8. Schematic of interacting tank level process.

Process specification [39] is given as in Table 3.2.



Table 3.2
Tank specification

Parameter Specification
D (Diameter) 92 cm
H (Height) 300 mm
g (Maximum flow in to | 20 cm’/sec
tank 1)

C,(Volume of tank 1) 0.00948 cm®

C,(Volume of tank 2) 0.00475 cm’

of storage chamber 1)

R, (Restriction parameter | 10800 min/cm”

of storage chamber 2)

R,(Restriction parameter | 10800 min/cm”

< Modeling of System

For tank 1:
dh (h1—h3)
G =0 —0q="p

dh h.
Czd_:= q— 4242 =é
The overall 10 model with dead-time is computed as

10800 e 5

G(s) =
) 5252.2524+256.285+10801

(3.72)

(3.73)

(3.74)

Again, the overall transfer function is computed with 1* order pade approximation on delay

time is shown as

22500 s2-27000s+1080
109042.08 s*+1366 .41s3+2839 .952+27258.28 +108

G(s) =

(3.75)

Now, in the ADD...dialog, as shown in Fig. 3.9, the system should enter the following

information to supply it as "G".

4 Create.. — O X

System name:
G

Zero polynomial (e.g. s+1):
22500s"2-27000s+10800

Pole polynomial (e.g. -s"1.5-1):
64.41s"3+28304 95"2+27258 285+10801

Delay [sec]:

0

Fig. 3.9. FOTF/IOTF entry dialog.
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< Investigation, Tuning and design of Fractional Order PID (FOPID) Controller

The fundamental contrast between FOPID and IOPID schemes is already covered in the
previous chapter's section 2.4.1, and the closed loop diagram employing FOMCON is
displayed as illustrated in Fig. 3.10.

*‘%D- PID* [ Plant

Fig. 3.10. Closed loop system using FOPID controller.

Obviously, when consideringA = 1and p =1, the result is IOPID controller. There are
various fractional PID design strategies that vary depending on the plant that needs to be
managed. So, in this study, first classical tuning technique is used to acquire integer-order PID
parameters as the plant is described by a conventional system. The function of the FOPID

controller is modified.

® JOPID Controller

In Fig. 3.11, a comparison of the two methods' FOMCON performances reveals that AMIGO
tuning is favored over the Ziegler-Nichols (Z-N) approach for designing IOPID controllers.

Amplitude

Time [sec]

Fig. 3.11. Nominal outputs of AMIGO and Z-N methods.

The parameters of the system are determined using the two point curve fitting method.
Astrom and Hagglund (AMIGO) [40] utilized this technique to obtain the FOPDT model as
shown in Figs. 3.12 and 3.13. A static gain K (K= 1.009) is obtained by dividing the uniform
output variation ratio by the step alteration. The step response's intercept of tangent is used to
calculate the lag time (L=4.314), and the difference between the lag time and the step

response's time to reach a gain value of 0.63 is used to compute the time constant (T = 0.06958).
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4 Integer-order PID Tuning Tool >

Fractional plant model

G

Approximale as | Oustaloup filter ~

Within w range- [0.0001, 10000] Of arder 10

Identification by integer order model

Modeltype: |[FOPDT ~ | [ Piot results Identify
Modecl parameters
K 50 L 50 T 50
Integer-order PID tuning
Method: | Astrom-Hagglun... Compute Take values
Kp 0.013 Ki | 0000238333 | Kd 025

Fig. 3.12. IOPID design tool.

Amplitude
o
5]
T

! ! |
o 10 20 30 40 50 60 70 80 90 100
Time

Fig. 3.13. Identified FOPDT model.
IOPID controllers are designed using the procedures listed below:

-L
Step I: The transfer function is defined by Ke /Ts + 1 where K is the process gain, L is the

delay time, and T is the time constant.

Step II: Identified by an integer order model that approximates the FOPDT model.

Step III: Tuning rules
1 T
K.=+(02+0457
— 0.4L+0.8T

T;
L+0.1T
t _ 05LT

T, =
d ™ 03L+4T

(3.76)

® FOPID Controller

As illustrated in Fig. 3.14, the FOPID design tool is opened by using the fpid command or by
selecting Tools—Fractional PID design from the main GUI For the traditional negative

feedback unity system, it makes it possible to create a FOPID controller.
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& Fractional PID Design Toal - .
N

Import Tuting
PI'D* | Plant T

LI s G

K 1 Setvile

[ Tme 001100

[} 1 Viewinoonsok

L 05 Simulae Oper-oop Bode
Export cortioer

Fig. 3.14. FOPID design tool.

The differential equation for FOPID controller follows (2.103) in the previous chapter is

shown as

U(t) = Kpe(t) + K;D™e(t) + KpD*e(t) (3.77)

Applying the Laplace transform method on the above expression is shown by

U(s) = KpE(s) + K;s™E(s) + Kps*E(s) (3.78)

As shown in Fig. 3.15, the continuous Oustaloup filter approach is used in this work to
approximate s~* and s and this method is commonly chosen over the G-L time domain
method due to processing speed. Frequency ranges (w;, wp,) are selected as w; = 10~ and

wp, = 103 and order (N) is selected as 5.

4\ Fractional PID Implementation helper

Controller parameters
Continuous-time approximation
Kp 1
Ki 1 lam 05

Kd 1 mu 05

Approximate as  Zero-pole gain B

wb 0.001 wh 1000
N 5 Oustaloup filter ~ ~
Name c1 Plot Save

Fig. 3.15. Fractional order realization tool.

Due to its flexibility, an optimization tool is then utilized to determine the best parameters for
both a FOPID and an IOPID controller. As seen in Fig. 3.16, the tool is accessible through the

PID design tool menu Tuning — Optimize.
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& FPID Optimization Tool = X

File View Tools

Plant model Optimization and performance settings
LT system: G Type: fotf Optimization algorithm | optimize(): Nelder-Mead 2
Approximate as | Oustaloup fifter v Fenorrance e el ISE ~
Within w range: [0.0001;10000] | Of order: 5 Gain and phase margins

[v] Enable gain and phase margin specifications
[C]Enable zero cancelation for non-proper LT systems

‘Gain margin [dB] Phase margin [deg]
Fractional PID controller parameters 10 [JExact 60 [JExact
Constraints
Tune all parameters
Mo L3 Noise and disturbance rejection
Kp; 4 0 100 [CJEnable sensitiity function specifications
Ki 1 o 100 TGw)l (0B8] <= 20 for w>= wt [radis]: 10
lam 05 001 1 IS(w) [dB] <= 20 forw <= ws [rad/s] 001
Kd 1 0 100 Critical frequency and gain variation robustness
- 05 001 09 [JEnabie critical frequency specification
w_clrads] 01 w_high 1
Set Gains v ot 1
Control law constraints.
Simulation parameters Enable control signal imits Metric wgt 05
Max.simulation time [s] 100 (BT g Moy 00
Time step (min/max) [s] 001 05 ‘Optimization setpoint 1 [ Force strict constraints
["use Simuink for system simuiation [ Disable warnings [JGenerate report [ ] Max number of iter's 100
Model: |default Edit New Optimize [ simulate only Take values

Fig. 3.16. Fractional order PID optimization tool.
® Optimization Method

Only Nelder-Mead and FMINCON are available as numerical optimization methods in the
FOMCON toolkit, but Nelder-Mead is preferred in this study because it is a more
computationally efficient method [41] compared to FMINCON (interior point or active set). It
can lead to unpredictable regions using a single objective function with performance metrics
like IAE, ISE, and it essentially employs the idea of simplex [41] to find the optimal value of
a target function f(x) with multiple variables, where simplex is a triangle with n+1 vertices.
The three triangle vertices, designated as as f(xg), f(xg) and f(xyw), are contrasted using this
procedure. . Here, the triangle's good to worst points are Xg, Xg and xy. After the iteration
phase, the simplex approach minimizes the function by reflecting (R), expanding (E),
contracting (C), and reducing (S). The base of a triangle (M) is determined for every vertex

other than x,,.

a. Reflection (xg) = M + a(M — xw), where a=1
b. Expansion(xg) = M+ y(M = xy), v = 2
c. Contraction(xc) = xw + B(M —xyw), B=0.50r-0.5

d. Reduction(xs) = (Xs+ Xg)/2

Fig. 3.17 illustrates the entire iteration procedure for determining the smallest function using a

geometrical approach and designing an algorithm.
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Fig. 3.17. Nelder-Mead local optimization algorithm step.

Steps

—_

. Order the vertices xp<xc<xw . Compute centroid.

. If f(xg)<f(xp) then carry out either (R) reflect and (E) extend or (C) contract.
. If f(xg)<f(xr) then adopt xr and evaluate.

. If f(xg) < f(xg) then R—E and evaluate xg.

. If f(xg) < f(xg) then adopt xg and select 1 else adopt xg.

. If f(xg)<f(xw) then xy — R and evaluate C with B = 0.5

If f(xr) > f(xw) then C with p =-0.5

. If f(xc)<f(xw) then xyw— C else reduce.

O 0 9 N W B W N

. Proceed to step 1 if the stopping criterion is not met, then continue.

< Result

Tables 3.3, 3.4, and 3.5, which includes all of the ideal settings for both controllers, respectively,
shows the comparative performance of IOPID and FOPID controllers. This is shown in Figs.
3.18 and 3.19. For the IOPID controller, the minimal objective function F(x) is 5.26, 5.57, and
14.06 under IAE, ISE, and ITSE. The best value objective function is F(x) of 4.85 for the ISE
metric, 5.22, and 13.34 under IAE, and ITSE error metrics are found for the FOPID controller
are found for the FOPID controller.

1.51

ITSEcriterion
criterion
ISE

Amplitude

criterion

-0.5 7 .
o 20 40 60 80 100

Time [sec]

Fig. 3.18. Step response with IOPID controller.

&7



1
s -e_\§ ISE
criterion
%_ 0.5 IAE
E \ ITg erion
criterion
Bl
-0.5
20 40 60 80 100
Time [sec]

Fig. 3.19. Step response with FOPID controller.

Table 3.3
Optimal parameters and time domain metrics for IOPID controller
Performance | Ko Ki Ko | Rise %Overshoot | Settling
metric Time(s) time(s)
ISE 3866 | .1823 | .2964 6.79 4.8 15.55
IAE 4286 | .1849 | 2841 6.10 0.5 17.16
ITSE 4151 | .1852 | .3083 6.33 2.4 17.85
Table 3.4
Optimal parameters for FOPID controller
Performance Ke K Ko lam mu
metric
ISE .3296 .2001 3149 96003 0.89803
1IAE .3974 .1868 2726 9955 0.9
ITSE 3517 .1960 3161 97948 8375
Table 3.5

Time domain metrics for FOPID controller

Performance Rise time(s) Settling % overshoot
metric time(s)
ISE 7.02 36.98 4.5%
IAE 6.33 9.56 0.1%
ITSE 6.33 16.01 2.4%

Under the TAE performance metric, FOPID outperforms IOPID with a minimum overshoot
of 0.1% and tracks the desired level at 9.56 seconds, but under ISE, IOPID outperforms
FOPID with a rise time of 6.79 seconds and an extremely quick reach of the desired level,
whereas FOPID requires quite more time to settle. Under the ITSE performance metric,

both controllers exhibit nearly identical performance.

3.4.1.4 Stability Solution of FOTF

In comparison to 10 systems, FO systems have a distinct stability assessment. The only
approach for determining stability [42] for commensurate-order systems is currently
available.

Although the Toolkit directly aids in stability determination, in this study the following

analytical procedures are used to measure stability.
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Condition I. If all the poles’ absolute angles of A in a commensurate order system with no

time delay are larger than “”/2, where A = s% then the system is stable [42]. Fig. 3.20

depicts the stable zone of the commensurate order system.

Fig. 3.20. Stable region for FOTF.

Condition II. For evaluating the stability [42] of FOTFs, the MATLAB function isstable()
is used. The orders' greatest common factor is identified and indicated by o for a given
FOTF. The minimum value of a is set to 0.01, making it possible to automatically create
an approximation commensurate-order model without obtaining an excessively high-order

system.

Condition III. The argument values of roots of polynomial of A are computed and verified.
The stability is made based on the position of the roots of A. Using the command isstable() if
return value is 1, then the system is said to be stable. To determine potential roots for a closed
loop system's characteristic equation as 1+ G(s)C(s) = 0 is evaluated under Riemann’s

principle [42] —nt < arg(jw) < m.

Now, the fractional order PID (FOPID) controller under ISE performance metric as stated in

section 3.4.1.3 is established as follows:

32695900034 2001+.3149 s1:858

C(S) = 596003 (379)

The overall fractional order transfer function (FOTF) is developed using (3.75) and (3.79).
The FOTF is investigated by the FOMCON toolkit as well, but in a more comprehensible

manner.

The Overall transfer function is defined as

3530.5 59600313400.92 518584216 .08
5252.2 §2:96003 4 256,28 51960034108  $96003.43530.55-96003.+3400.9251-858+216 .08

H(s) = (3.80)
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Now, the aforementioned expression is transformed into the polynomial of A with greatest

common factor 0.01 as illustrated by

3530.5 A96+3400.92 A18542161.08

NS 5252.222964256.28A196+10  A%6+353 .5196+3400.92A185+2161.08 (3:81)
The characteristic equation using (3.80) is computed as
5252.2 A2%¢ + 256.28 A% + 10801 A°® + 3530.5 1°° + 3400.92 A*5 + 2161.08 = 0 (3.82)

A method for establishing FOTF stability as described in (3.80) is also developed using the
MATLAB code presented in Appendix A. After implementing the MATLAB statement, the
value of K is obtained as 1 and the common factor is obtained as 0.01. So, the FOTF system is
said to be stable. Now, following (3.82) one of the roots is also found as |arg(jw)| = 1.052
which satisfies condition III with 1.052 < 7. The stable zone of the current system is shown

as in Fig. 3.21.

1+ m"*“‘“""‘“’""”‘*’“"‘*wxm,w
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Fig. 3.21. Stability analysis for FOTF.

No poles are seen in the shaded area of Fig. 3.21, demonstrating the stability of the system.
The FOMCON toolset discovers also the same stability performance. Similar to the above, it
is possible to undertake a stability study of additional overall fractional order transfer

functions under IAE and ITSE performance error metrics.

3.4.1.5 Limitation of FOMCON Toolkit

For the realization of a fractional operator, the FOMCON tool-set is only limited to time
domain-based G-L fractional derivatives and frequency domain-based Oustaloup filter

approximation methods.
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The FOMCON toolkit only permits local optimization approaches, not global ones. Thus,
achieving the best values for the controller is not always guaranteed by the local optimization

strategy.

3.4.2 Investigation on Direct Continuous Laplace Analytical Solution

This section presents R-L fractional differ-integral and Caputo technique based time domain
mathematical solutions to common fractional calculus problems. With the aid of the
Laplace transformation and MLF function approaches, a closed-form analytical direct
solution for linear FO processes with homogeneous and non-homogeneous forms is
investigated. Linear FODE are the main governing equations for linear fractional-order
systems, just like they are for conventional linear systems. First, Laplace transforms for
specific functions are presented. Some important properties [43-45] of Laplace transform of
R-L fractional differ-integral, Caputo fractional derivatives and MLF function are

summarized as
® Property I
L(%(t)) = s~F(s) (3.83)
®  Property 11
L(REDE()) = sOF(s) — XRzd sk Rbpe-k=1(0) (3.84)

®  Property 111

L(§D¥(D) = s*F(s) — ZRzg s* X1 £®(0) (3.85)
®  Property IV
L (tPEqp(at9)) = % (3.86)

3.4.2.1 R-L Based Linear Homogeneous Fractional Model Solution

First, a straightforward linear homogeneous R-L fractional differential equation is explored

for the aim of solving the FODE. The Fractional differential equations are described as

RLDOSy() +y(t) =0,t>0,0<a <1 (3.87)

With initial condition as [D~%%y(t)];=¢ = z, The above expression is transformed using the

Laplace method, as demonstrated by

L{®6D2 Sy (0} + Liy(©} = 0 (3.88)

The above expression is transformed to FOTF using property 11, as demonstrated by

sO5Y(s) — ZRzg s* REDLSTKT1(0) + Y(s) = 0 (3.89)
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s%3Y(s) — s® REDY5"1(0) + Y(s) = 0 (3.90)

s%Y(s) —z+Y(s) =0 (3.91)
Y(s) = 25— (3.92)

Now, applying inverse Laplace transform into property IV it is shown by

a-p
1 {fm) =t Eap () (3.93)

SA—A.

The above (3.92) is demonstrated by inverse Laplace transform as shown by

y® =z {2} (3.94)

s0-5+1
Now, comparing (3.93) and (3.94) it is computed as
a—f=0
a=p=1/2 (3.95)
A=-1

So, the final approximated version of FODE with MLF function is realized by

y(t) = t™%%Eq5,05(—1.t%°) (3.96)

3.4.2.2 Caputo Based Linear Homogeneous Fractional Model Solution
Caputo linear homogeneous fractional differential equation is explored now for the aim of
solving the FODE. The Fractional differential equations are described as

DSy +y()=0,t>00<a<1 (3.97)
With the initial condition as y(0) = z, the above expression is transformed using the
Laplace method, as demonstrated by

L{ED (1)} + Liy(©D} = 0 (3.98)

The above expression is transformed to FOTF using property III, as demonstrated by

s*5Y(s) — XRZg 5 y(0) +Y(s) =0 (3.99)
sO5Y(s) — Y0 _;s%57K1 yK(0) +Y(s)=0,n=1 (3.100)
$°5Y(s) — 2= 557! y(0) +Y(s) = 0 (3.101)
s*5Y(s) —zs®5"1 + Y(s) = 0 (3.102)
Y(s) = 250 (3.103)

Applying inverse Laplace transform into (3.103) it is shown by
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y® =21 {5 (3.104)

s0-5+1

Now, using property [V and (3.104), it is computed as

{ f:_ll (3.105)

So, the final approximated version of FODE using the MLF function is realized by
y(®) = z.Egs51 (—t*%) (3.106)

Along with using fractional order 0.5, the effectiveness of the Caputo operator-based direct
approximation method is examined using (3.106) with various orders, such as 0.6, 0.8, 0.9,
and 1 as shown in Fig. 3.22. It is found that the approximated results attempt to lead to follow

first order differential equation.

£ T T

550 [—alpha=05 beta=1
—alpha=0.6,beta=1

alpha=0.8 befa=1
—alpha=0.9,beta=1 i
—alpha=1 befa=1

251 T y

1storderform

Fig. 3.22. Approximated outputs with different orders.

3.4.2.3 Caputo Based Non-Homogeneous Fractional Model Solution

Two terms non-homogenous fractional differential equation with Caputo operator is

described as

EDSy () + §DY8y(t) = u(®),t>0,0<y<pu<1 (3.107)

Where, a = 0.5 and 8 = 0.8 with initial condition as y(0) = K.

Applying Laplace method into (3.107) it is demonstrated as

L{SD®y ()} + L{GDY Py ()} = L{u(®)} (3.108)

The above expression is transformed to FOTF using property III, as demonstrated by

s05Y(s) — Fh-ls05-k=1 yk((Q) + s08Y(s) — YR-1s08-k=1 yk(0) = U(s) (3.109)
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SOSY(s) — S0g 5”51 y(0) + 5PBY(S) — £heg 521 y(0) = U(s),n = 1 (3.110)

Y(s)[s%° + s%8] — y(0)[s®>71 + s%871] = U(s) (3.111)

Y(s)[s%5 + s%8] = U(s) + Z[s*>1 + s0871] (3.112)
1 §0-5 1+So.8 1

Y(s) = UGS). s + —ois -2 (3.113)

1

1
Y(s) = U(8)- o508 + 5 Z (3.114)

Now, applying inverse Laplace transform into (3.114) it is demonstrated by

y(t) = L"HU(s). G(s)} + Z. (1) (3.115)

1
50.5450.8

Where, G(s) =

The above FOTF is rewritten as

1
G(s) = ——m (3.116)
s°-5(1+50—5)
o
S—0.5
G(S) = omo5 oy (3.117)

Applying again, inverse Laplace transforms into (3.117) it is demonstrated by

—0.5
g = L {m (3.118)
Now, comparing (3.118) with MLF function property IV it is computed as
a=0.3
a—pB=-05p=08 (3.119)
A=-1
So, modified approximation of (3.118) with MLF function is evaluated as

g(t) = 7% Eg505(=1.t%) (3.120)

In light of the convolution property [46] demonstrated by the foregoing (3.115),

convolution function of fand g as

®  Property V

( t
jf*g=f0f(t—f)g(r)dr

L(f *g) = F(s) G(s)
l fxg=L"HF(s) G(s)}

(3.121)

So, (3.115) is rewritten as
y(® = [g®) * u(®)] +Z (3.122)

Using the definition of a static function above (3.122) is rearranged as

y(®) = J, gt — Du(@)dr +Z (3.123)
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So, following (3.115), Eq.(3.123) is rewritten with modified approximation as

y(®) = J,(t—= ™2 g0 (-1.(t = 1°%) u(m)dt +Z (3.124)

3.4.2.4 Limitation of Direct Laplace Method

Due to the lack of acceptable algebraic equation, the Laplace transform method is typically
not very useful for nonlinear problems. It is discovered also from the above investigations
that the issue of inverting the transform to resolve it arises when employing the Laplace
transform for the FO derivative, but it is found also that the Laplace transform of a
convolution is simply a product, which is useful. Although the Laplace transform approach
is appropriate for solving constant coefficient fractional differential equations but also
found that not all constant coefficient FODE can be solved by the Laplace method, since it
requires forcing terms. In addition to requiring infinite approximation [46] at various time
intervals, it also incurs higher computing costs. For some classes of unstable processes, this

approach might not be appropriate.

3.4.3 Investigation on Indirect Continuous Analytical Solution

By replacing FO derivatives with their estimated models, approximation of fractional-order
function is produced and employed exclusively for approximation modelling of original
fractional-order models. This method leads to an approximate model whose response
converges to a fractional order derivative element's response. Investigation on indirect
approximation modelling is the subject of the current study. In control applications, the
indirect approaches [33-35] are frequently used. Despite the fact that the Laplacian operator
s is often raised to an integer order, i.e.,s2,..s", it is technically valid to raise to a non-integer
order s% where 0 < @ < 1 as well; this represents a fractional order process. A fractional
derivative according to R-L fractional derivatives as shown in (3.37) is represented as

m

DYf(t) = )f (t — w1 f(w)du (3.125)

dt_ml"(m -
Where I'(.) is the gamma function, and (3.125) is transformed using a Laplace transform
with a zero initial condition to produce

L{D*F(t)} = s F(s) (3.126)

There are various engineering fields where this fractional Laplacian operator is useful.
Therefore, approximations of integer order are utilized to realize the fractional Laplace sole
operators®. Continued Fraction Expansions (CFEs) and various other rational techniques can

be used to approximate s® solely in a variety of ways. These approaches offer a wide range
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of approximations with different orders and precision, with the accuracy and approximated
frequency band growing with the order of the approximation. Research into indirect
approximation methods is ongoing and some of the important indirect approximation

techniques are investigated analytically in this research.

3.4.3.1 Oustaloup Rational Approximation Method

A technique called the Oustaloup approximation [34] uses an 10, correct model to explain
FO systems. Digital filters are designed using this recursive approximation process.

Oustaloup approximation [34] is demonstrated with the given form

G(s) = z [T, S5 (3.127)

S+wy
Where, z is the gain, w, and w, are periodic zero and pole frequencies.

The approximation model G(s) contains 2N + 1 zeros and poles, and frequencies are
dispersed in geometric manner, hence the order of Oustaloup's model is odd number n = 2N
+ 1. This characteristic enables approximate Oustaloup models of odd order. The
computation of the aforementioned parameters are already discussed in Eq.(9.9) under
section 3.4.1.2. A crucial factor in achieving a better approximation of the Laplace
fractional sole operator is frequency band selection. Usually, higher (wy) and lower (w;)
frequencies are set as w € (100,0.01) rad /sec. Table 3.6 shows the computation of different
parameters with the third and fifth orders only of the model s%* utilizing the aforementioned

frequency ranges.

Table 3.6
Computation of parameters for third and fifth order approximation of Oustaloup model s%*
N wy wy z
1 15848 .63095 7
2 39810715.3 251886412.9 7

The approximate rational transfer functions of the aforementioned FO model is shown in
Table 3.7.

Table 3.7
Approximated rational transfer function of Oustaloup model s%*

N Approximated transfer functions G(s)
1 6.31s3 + 77.14s? + 41.74s + 1
s34+ 41.74s2 + 77.14s + 6.31
2 6.31s° + 206.55* + 9245 + 639.3s2 + 68.37s + 1
s3> + 68.37s* + 639.3s3 + 92452 + 206.5s + 6.31

96



Based on the aforementioned transfer function computations, the magnitude and phase

effects are examined in Fig. 3.23.
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Fig. 3.23. Magnitude and phase effects of fractional order 0.4.

It is discovered that, within the aforementioned frequency band, higher order approximation
has provided sharp gain and appropriate magnitude with less ripple. As shown in Fig. 3.24,
changing the higher frequency range to 1000 rad/sec for 5™ order approximation has a
notable impact on magnitude and phase effects. This widens the frequency gap, but it also

causes more ripples to appear, which has an impact on both amplitude and phase.
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Fig. 3.24. Effect of magnitude and phase responses with higher frequency of 1000 rad/sec.

In Fig. 3.25, the phase and magnitude responses based on 3™ and 5™ order approximations for

the fractional integral model s~%* are also examined.
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Fig. 3.25. Amplitude and phase outputs of model s~%4.

So even though the Oustaloup approximation method is a well-liked and low-complexity
calculation approach, a significant downside is the restriction of model orders to odd

numbers.

3.4.3.2 Continued Fraction Expansions (CFE) Approximation Method

In addition to the Oustaloup method of approximation, the CFE method [35] stretches the FO
derivative s* to an estimated IO by employing continuing fractions. The CFE strategy,
which is essentially a series expansion technique, demonstrates traits like series expansion
technique properties including truncation and recursive computation of series elements. To

find the CFE of FO model, CFE of the term (1 + z)% is used [35] as

d
A+2)*=1+—(mr—=Co+ ———— (3.128)
M raz R R
(2-a)z 3t dy
d
+% C4+Ti..
A+2)%=co+-2 2 9 (3.129)

c1+ Cot 3t
Where,co = 1,¢; =2,¢j4y =j+1forj=2k,k=21and d, = az,d; = (k—a)z,dj; = (k+ a)z

Now, (14 z)% is truncated for computing first order approximation of fractional order

derivative model as follows

(1+2)% =142 20ras (3.130)

1+(1‘2_‘7‘)Z 24+(1-a)z

Now, substituting, z = s — 1 first order and second approximation [35] are as follows

a ~ A+o)s+(1-a) (3'131)

55 = (1-a)s+(1+a)
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a ~ (a?+3a+2)s?+(-2a%+8)s+(a’-3a+2)

5% = (3.132)

(@?2-3a+2)s2+(—2a2+8)s+(a2+3a+2)

Following the above truncation, the 2" 3" and 4™ order approximation models can also be
found and to compared with Oustaloup’s fifth order approximation fourth, order CFE

approximation [35] of fractional derivative s%* is only demonstrated as

(a*+10a3+35a%+50a+ )s*+(—4a*-20a3+40a2+320a+384)s3
+(6a*—150a?+864)s%+
a ~ (—4a*+20a3+40a?-320a+384)s+(a*-10a3+35a2-50a+ )
s = (@*-10a3+35a2-50a+ )s?+(—4a*+20a3+40a2—320a+384)s3 (3'133)
+(6a*—150a2+86 )sZ+
(—4a*-20a3+40a2+320a+384)s+(a*+10a3+35a2+50a+24)

04 ~ 2626 *+517.01 3+840.15 2+263.585+8.98
8.98s*+26 .58 3+840.1552+517.015+2 .26

IR

N

(3.134)

Now, a significant comparison between the fifth order Oustaloup approximation and the fourth
order CFE approximation [35] is made using the phase, magnitude and step responses in Fig.

3.26 and Fig. 3.27 respectively.

y Bode Diagram
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0
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£ 10

10
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Fig. 3.26. Frequency domain outputs of outsaloup 5™ order approximation, CFE 4™ order
approximation and model s°%*.
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Fig. 3.27. Time domain outputs of model s%%.

It is found that, compared to time domain platforms, frequency domain platforms clearly
study the behavior of approximated rational functions for irrational functions. While a
higher order model requires more computing time, Fig. 3.26 illustrates that a 5™ order
approximation outperforms a CFE fourth order approximation in terms of the magnitude at
10.2 dB and phase of the original FO model. Though it is also observed that the CFE 4™
order approximation is closer to the original model, it does not produce the desired sharp
gain and flat magnitude output with a broad band gap. Another flaw in CFE is that it is not
able to customize the frequency range of approximation. Therefore, it cannot be concluded

that CFE approximation is a better method for computing fractional order processes.

Further research into improved alternative versions of rational approximation that can replace
Oustaloup and CFE techniques is also required, as lower order approximation can perform with

more accurate approximation than higher order model with less computing time.

3.4.3.3 Proposed Biquadratic Equiripple Approximation Method

According to [47], the biquadratic equiripple approximation method is a more advanced and
efficient technique for realizing FO models. Based on 2™ order CFE approximation, it is
modified by including tuning parameters [47] to minimize error ripples around an

operational frequency.

gta x CstHaste o o g (3.135)

Cp52+cys+cy’ -

Where, ¢y = (a?+3a+2),c;,=(a?—-3a+2),andc; ={B(1—a?) +6} are real

constants. The ripple error can be changed by introducing f both the magnitude and phase
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outputs. The addition of B places restrictions on the set of values that can produce more
stable approximation. Fractional differentiator and integrator approximation are decided by
the following conditions as demonstrated by (3.135).

{s“—>0<cz<co
STE-50<cy <y

In order to obtain more stable approximation it must choose [47] as
B>6/._4 (3.136)

Though the value of  as 3.83 is decided to produce a stable approximation, some other

values are also investigated as illustrated in Fig. 3.28.

For approximating the same aforementioned fractional derivative model s%#, the value of
alpha 0.4 is used to compute the required parameters to develop rational form. The
parameters are obtained as ¢y = 3.36 and ¢, = .96 and c;is computed with different values
of B as 3, 3.83 and 4 respectively as 8.52, 9.21 and 9.36. So, replacing the values of all
parameters with different values of B (3.135) is rewritten as
0.4 _ 33657+852 +.96

T 9652+8.525+3.36

(
|
4 3.3652+9.21 +.96
l .965249.21 +3.36

S

(3.137)

3.365%2+9.36 +.96
.965249.365+3.36
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Fig. 3.28. Significant study on biquadratic equiripple method on FO model s%*

Fig. 3.29 depicts that biquadratic equiripple technique gradually minimizes the maximum

inner ripple error caused by CFE 2™ order approximation by selecting the values of B as 3.83,
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which results in a more stable approximation of the original model with broad band gap

frequency.
Bode Diagram
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Fig. 3.29. Comparative study between CFE approximation and proposed biquadratic equiripple
approximation methods.

Despite having a stable approximation, biquadratic equiripple approximation has a large
outer ripple error in phase and also causes a very minor gain variation. Again, employing a
lower order approximated transfer function to reduce outer ripple error with less phase
variation and gain is a difficult operation. In order to improve the efficiency of the biquadratic
equiripple strategy, another alternative exact phase approximation method is proposed to

attain smooth approximation.
3.4.3.4 Proposed Biquadratic Exact Phase Approximation

Biquadratic approximation in (3.135) is further improved by ensuring

® Flat phase response at corner frequency (w.) is 1,i,e., arg {G (wi)} = %, 0<a<l.

Cc

® Exact amplitude response at w = 10w,. This can be obtained by forcing|G (wi) = 10%.
So, (3.135) is rewritten with corner frequency as
s a cos?+ciswetcyw?
( /wc) T 252+ c1Swetcow? (3.138)
For the aforementioned expression, the parameters [47] are computed as
co=(+D(a+1)
Cy = (a - 1)(05 - l) (3139)

c; = (cy — cz) tan )
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The aforementioned conditions for phase and amplitude can be satisfied by the parameters ¢,

and [. [ is a real constant and it can be computed by [47] the following formula

I = —h— h2—4-ga

= 7
Where,
2-a)r

2
g = [200 (o tan Z=2%)" + (10000)% + 997](1 — 107%) + 19998a(1 + 10°)

B 2
h = [600 (a tan ©=27)" + (100a)? + 997](1 — 102%) + 19998a(1 + 10%)

_ 2
a=200[(a tan E2%)" + 980a* + 12000a](1 — 102%) + 19998a3(1 + 102*
4

(3.140)

(3.141)

(3.142)

(3.143)

Now, the value of [ 4.3852 is obtained by replacing the aforementioned values in (3.140) by

0.4. Consequently, cq, c, and c; are calculated as 9.025, 3.545, and 16.88 respectively using

the value of [. The influence of the modified biquadratic approximation technique—the precise

phase approximation method—is now contrasted with the biquadratic equiripple

approximation approach, as shown in Fig. 3.30. It displays a precise, steady phase

approximation of /¢ at w,.

40 _ Bode Diagram
@2
[
30 S i
E: FITF TN ERR AN N IO ® X # B biquadratic equiripple approximation
g 20 \ = modified biquadratic equiripple approximation
constant gain |~ ~original fractional order (0.4) model

Phase (deg)

Frequency (radis)

Fig. 3.30. Impact of modified biquadratic equiripple approximation method.

> no ripple and exact phase match

Consequently, it is shown in Fig. 3.31 that the modified biquadratic exact phase

approximation approach entirely eliminates ripple on phase response and establishes no

fluctuation, in contrast to the Oustaloup and CFE approximation methods. This establishes
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that modified biquadratic exact phase lower order approximation is superior to higher order

oustaloup approximation methods for approximating fractional order model.

40, ! Bode Diagram ; : e
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Fig. 3.31. Comprehensive analysis of the modified biquadratic equiripple precise phase method's
performance.

However, it produces a tiny frequency band gap and Research is still in progress to find ways

to make the performance even better with a larger frequency gap.

3.5 Summary

This chapter explores a significant application of fractional calculus with various fractional
orders for a specific function in order to demonstrate its benefits over integer order calculus.
With the use of FO differentiation and integration techniques, the deeper properties of a
given function are investigated. With analytical and graphical representations, various
fractional calculus techniques are proposed along with their applications to various
functions. Using the FOMCON toolbox, a simple application of the Outsaloup recursive
filter approximation, an indirect approximation technique, is explained for a typical second
order plus delay time based model. Later, analytical solutions for several direct and indirect
fractional order approximation strategies are put forth, and their significance in comparison
to a toolkit is also explained unambiguously. A comparative analysis with some existing
indirect approximations with lower and higher orders is investigated on a specific fractional
order model under frequency domains in detail, along with an explanation of the advantages
of the indirect method over the direct method. Using those techniques, ripples or
oscillations are found. In order to investigate the performance in phase and magnitude in
comparison with other methods such as Oustaloup or CFE techniques, a novel indirect
approximation method known as modified biquadratic equiripple approximation method is

recommended. This method appears at the smooth and flat response of gain or phase.
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Therefore, this suggested method outperforms the alternatives and more gracefully
approximates the model with a waveform that has sharp gain and a flat phase. Consequently,
in our current research, the entire set of proposed fractional order control techniques makes use

of this recommended technique to approximate various fractional orders.
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CHAPTER 4

Fractional Order Standalone and Augmented Control Strategies for
Inverted Pendulum

4.1 Introduction

Since nonlinear systems make up the majority of real-world practical models, adaptive
identification and control for these models are active study fields. Feedback linearization
techniques [1] are among the innovative adaptive control of nonlinear models’ methods that
are made possible. MRAC technique delivers a different solution for the nonlinear controller
layout, which is an effective way for regulating the models with unpredictable variable and
unmodeled errors by means of adaptive learning to account for the models' characteristic
variations. A MRAC typically consists of three components: a reference model to generate
the ideal signals, an identifier to figure out the system, and a controller to build the control
rule using the identifier's data. However, the system's nonlinearity does not greatly profit from
it, which has motivated of this chapter to find effective technique for unstable systems. The
controller in the traditional MRAC rule is created to achieve the system response convergence
to the ideal model output under the presumption that the system can be linearized. The
technique is therefore successful in regulating a linear system with unpredictable variables,
but it may not always be successful in controlling an unstable model with uncertain behaviors.
It is clear from the literature review in chapter 2 that direct combination techniques, like
MRAC-PID/FOPID [2-5], were reported by many experts who used the trial-and-error
method or other optimization techniques to stabilize the under-actuated unstable model as an
inverted pendulum towards its upright position. However, rather than relying on the
Lyapunov stability rule of MRAC for the use of CSTR or inverted pendulum, the
Massachusetts Institute of Technology (MIT) rule and its combination with fuzzy logic
controller or sliding mode controller were primarily used. However, there is still no
information available on the stability recovery method using a single MRAC based on MIT

rule that is proposed in this chapter.

A linear proportional-derivative (PD)-like controller is employed with the MRAC-MIT tuning

rule as a reliable solution for both of the nonlinear systems to assure the robustness of the
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closed loop system. Moreover, the importance of MRAC-based Lyapunov stability rule over
modified MIT rule is emphasized in this chapter, and the performance of stability is also
tested by using linear PD controller with MRAC-Lyapunov rule. In addition to the
conventional methods, the use of fractional order -based control techniques to stabilize these
unstable systems and achieve acceptable closed-loop performances is growing in popularity.
This is because it is very difficult to control an inverted pendulum system because of its
upright posture, which is an unstable equilibrium. The key contribution of this research is the
conversion of the traditional MRAC’s MIT and Lyapunov stability rules into fractional order
rules after developing the aforementioned technique with the use of PD controller. This
chapter includes a brief discussion of mathematical modelling of traditional and fractional
order control rules. Compared to PID controller design for unity feedback systems, there are
comparatively fewer studies on multi-loop control structures. Multi-loop control techniques
perform [6-7] somehow better than traditional single-loop control for processes that are

unstable.

On fractional order dual-loop control techniques, there is a dearth of literature. Therefore, by
adopting FO controllers, the closed-loop behaviors of the prevalent dual-loop control
techniques on particular aforementioned unstable systems are yet to be explored. The
effectiveness of fractional order based MRAC control rules compared to standard MRAC
rules is examined in this chapter for the application of the inverted pendulum process. In
addition to unity feedback schemes, a novel augmented version of MRAC rules with various
controllers is also proposed. Even though the MRAC method is popular for handling noise, the
unity feedback scheme may not always produce the desired results when there is noise and
disturbance. On unstable processes, it can occasionally become involved in significant
problems handling set-point and noise simultaneously. In order to fix this issue, an enhanced
technique is proposed. 1 DOF FOPI, and 2 DOF FOPI control schemes are proposed to be
augmented with FOMRAC rules. These are all intended to investigate the robust closed loop
performance over unity feedback schemes. The main focus of the inquiry is on extensive
simulation techniques to explore the efficacy of proposed control schemes. Quantitative
analysis of all proposed approaches is conducted. Lower value of integral errors and total

variation in control efforts is preferable.

4.2 Model Reference Adaptive Control (MRAC)

There are two different types of control systems utilized in engineering: conventional
feedback control and adaptive control. Traditional feedback control systems are developed
to reject the impact of disturbances on the controlled variables and return them to the target

levels in accordance with a specific performance index. Contrarily, adaptive control systems
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offer a systematic method [8] for automatic controller modification in real time to preserve
a desired degree of efficacy when the parameter values of the plant dynamic model are

unknown or change over time. The effectiveness is determined by the following factors:
< The required control loop performances should be specified.
< The controllable plant's dynamic architecture should be identified.

<> A reliable controller design approach should be possessed that enables relevant plant

model to behave as planned.

< Modelling of real-world systems is never without its uncertainties. Therefore, using the

appropriate knowledge of the system, adaptation can lessen the uncertainties.

4.2.1 Description

When there are disruptions in the parameters, the system’s performance is tracked by an
adaptive control system [9] that includes a supplemental loop acting on the controller's
adjustable parameters along with a feedback control with adjustable parameters. There are
two loops in it. While the process must adhere to the ideal reference model in the external
loop, the standard feedback process is found in the inner loop. To obtain the re-tuned
control settings, the outputs of the process or plant (y) and the model (y,,) are contrasted,
and the error function (e) is minimized using an appropriate optimization method [9] as

illustrated in Fig. 4.1.

v

Coatrollcr Plam
design model

Reference +

—- = ¥
|_> Comtroller —.@ »
+

Reference
Model ¥ s

Fig. 4.1. Basic MRAC architecture.

The ideal model, which comprises of a realistic closed-loop description of how the process
should react to a set-point alteration, is a critical part of the MRAC scheme. The reference
model output is contrasted to the real process outcome, and the measured error is utilized to
guide some adaptation strategy that triggers the controller settings to be manipulated in order
to diminish error to zero. The adoption technique could be a control variable optimization

method that diminishes the error metrics such as ISE, IAE etc. This is an adaptive control
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strategy in which the performance specifications are expressed as a model. The model depicts

the process's optimum reaction to a command input (u) as again illustrated in Fig. 4.2.

#

Adjustalsle

Adjustable System

Desired
Performance
: Comparison Adaptation | - Performance
E Decision Mechanism Measurement
i L

Adaptation Scheme
Fig. 4.2. Overview of adaptation strategy.
In an MRAC, there are two approaches for altering system parameters. In the next sections,

each method's traditional and its transition into fractional technique formulation is addressed

briefly.

4.2.2 Massachusetts Institute of Technology (MIT) Rule

Let e be the error between the ideal model and actual process outputs. Cost function [10] is

set as

J(8) = ¢? (4.1)

Where, 0 is vector of the controller, which must be influenced. To reduce ], it is fair to

modify the parameters in the direction of ]'s negative gradient as

@ _ _ 4 _ _ 4
a -~ Vao Yeae (4.2)

This is known as gradient method of MIT rule.

de . e S .
The term d—z is known as sensitivity derivative. It is thought to be a slower response to

parameter changes than the other elements in the system. Then the sensitivity derivative can
be computed by considering 6 as a constant. However, if the controller's vector is
undiscovered, the control scheme cannot be formulated; therefore, direct or indirect adaptive
schemes, as discussed in chapter 2, aid in establishing an absolute identical strategy to replace
the undiscovered element in the control rule with its estimated outcome. The MIT rule of the
MRAC controller serves as the basic framework for direct adaptive control. In this scenario,

the tracking target is stated with regard to rise time and peak overshoot; for a step input, it can
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also be defined as the input-output characteristics of a transfer function. The controller is
developed in such a way that the closed loop system has the required dynamic system
behaviors for a real plant. As a result, the direct adaptive scheme is based on the fact that the
disparity between the outcomes of the plant and the ideal model (referred to as plant-model
error) is a function of the difference between the actual and desired performances. As shown
in Fig. 4.1.a, the adaptation mechanism (later referred to as the parameter adaptation method)
uses this data, together with additional data, to directly alter the controller's settings in real
time in order to compel the process-model error to zero asymptotically. Now, using
Figs.4.1.(a) and (b), feedforward adaptive gain (also known as an open loop scheme), and
feedback-feedforward scheme with transformation into fractional order schemes are covered

in the next sections.

4.2.2.1 Traditional Adaptation Scheme of Feedforward Gain

Let the actual plant or process be defined [9] as

Y(s) =cG(s) (4.3)
Where, G(s) is known but c is an unknown parameter. Now a feedforward control
scheme is designed to yield a desired outcome as

Yu(s) = c'G(s)U.(s) (4.4)
The controller is defined as

u(t) = fu, (4.5)
Applying Laplace transforms into (4.5) it is rewritten as

U(s) = 0 U,(s) (4.6)
So, using (4.6) the actual process is defined as

¥(s) = cG(5)0U(s) “.7)
(4.6) provides the accurate y(s) if 8 = C’/C.
Now, the error function is defined as

e(t) = y(t) —ym(t) (4.8)
(4.8) is rewritten with Laplace transform as

E(s) = cG(s)BU.(s) — c'G(s)U.(s) (4.9

Therefore, sensitivity derivative is computed as

d dE
2 =29 = (G (s)U,(5) (4.10)
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Now, (4.10) is modified as

de _ dE(s) _ ¢

e de ! Yu (4.11)

Now, assuming ¢ and ¢’ as constants and applying MIT rule in (4.2) it is formulated as

e
= —yeYy (4.12)

6= —EeYM (4.13)
The aforementioned process is referred to as the classic MIT rule of the MRAC scheme. First
order, conventional MIT rule is defined clearly, and turning this rule into a fractional order
scheme is given utmost priority in this chapter because it is crucial to investigate the behavior

of an actual plant or process in greater depth in order to match the behaviour of the ideal

model with more dependable and adaptable operation.

4.2.2.2 Proposed Fractional Adaptation Scheme of Feedforward Gain

The traditional MIT rules of the MRAC scheme are simply modified as

— = —yeYy (4.14)
0= —SleYM (4.15)

The FOMIT rule of the MRAC scheme refers to the aforementioned differ-integral equation.

The rational indirect solo approximation is used to solve the fractional integral operator Sia in
(4.15) by using a biquadratic exact phase approximation methodology. The details of the
analytical method are already provided in chapter 3. So, following (3.138) and (3.139) the

adaptive gain method is modified as

C25%+ciswetcow?

o = CoS2+C15Wct w2 e¥y (4.16)
(a—1)(a—Ds?+(co—c2) tanws+(a+1)(a+l)

6 =— 4 eY, - 4.17
(a+1)(a+1)s2+(co—c3) tanws+(a—1)(a—l) M we=1 ( )

4

The aforementioned modified representation is referred to as the MRAC scheme's FOMIT
rule. The open loop adaptive control strategies are shown in Fig. 4.3 and Fig. 4.4 by the

obtained rules.
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Fig. 4.3. Traditional adaptive feedforward scheme.

Ideal Model
Yy

Adaptive Adjustment =

e
E

Actual Process or Plant

Fig. 4.4. Proposed fractional adaptive feedforward scheme.

Despite the fact that the aforementioned feedforward adaptive methods make it simple to
control the process' transient behavior and steady state error, there are a few drawbacks [8-9]

to employing the feedforward scheme that are stated as

<> The system may not be stable (it may fluctuate or deviate substantially from the

anticipated output), despite the same open-loop system being stable.
< To compare two states, an error detector is required.
< A change in an output will impact a system input.

In order to examine a robust solution for the process or plant, feedback strategy is therefore

required in addition to the feedforward scheme as illustrated in Fig. 4.5.

116



Disturbance
Feedforward |,
controller
i
I
I
1
1 ‘_] Controlled Output
A 4 7 Y ,I Process g >
Manipulatedinput — -
8
i i
: i
[
~N——— Feedback e J
controller

Fig. 4.5. Overview of feedback-feedforward control strategy.

Although there are closed loop schemes for only first order processes accessible in the
literature [11], using closed loop MIT rule schemes to second order processes opens up new
opportunities to examine control action. In order to create the closed loop conventional and
fractional order MIT rules of the MRAC control scheme, second order model and plant are

identified directly in accordance with the aforementioned real-time applications.
4.2.2.3 Closed Loop Traditional MIT Rule Formulation

Let the second order, actual plant or process is defined as

G,=—"2— (4.18)

P q152+q25+q3

A new version of the controller in (4.5) is constructed based on closed loop feedback

technology as

u= Hluc - 92Y (4’19)

An error function between actual process and reference model is modified using (4.4) and (4.6)

as

e=Y-Yy (4.20)
e = Gpu — Gpu, (4.21)
Y =Gyu (4.22)

Using (4.18) and (4.19) in (4.22) it is shown as

_ p _
Y = raera, (it — 021) (4.23)
Y=—"—09u ——2—0,y 4.24
q1s2+q25+q3 1% q152+q2s+q3 2 ( )
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P 6,y =—L—— gu (4.25)

q152+q25+q3 T a152+425+43 ¢
Y(q:5* + @25+ q3) +p 6,Y = p 6yu, (4.26)
p 61 u, (4.27)

- 4152+q25+q3+p 62
Now, substituting (4.27) in (4.21) it is rewritten as

e=—P% oy — Gou, (4.28)

q152+qs+qz+p O, ©

Now, the modified sensitivity derivatives are computed as

de P

— = 4.29
a6y q15%+@zs+qz+p Oy © ( )
de p? 0,

—_— =, (4.30)
doy (q15%+qzs+q3+p 6)?

Substituting (4.27) in (4.30) it is rewritten as

de _ ____ Py (4.31)

df; - q152+q25+q3+p 62

If the reference model is reasonably close to the real process or facility, it can be roughly

approximated as

G1S° + @5+ @3+ P 0y = G, S* + Gy S + Qg (4.32)

The sensitivity derivatives are now reorganized in relation to the ideal model as

de

£ - + U, (4.33)
agy Am,S“+qmyS+tqmgy

de

== - + Y (4.34)
ae, Am, S+ qmyStadmgy

Now, the modified traditional adaptive gain mechanism in (4.2) using the gradient approach is

achieved as

do; _ , de
el 4 a0, e (4.35)
ao, , de
2 -y 2, 4.36
a =V w, (4.36)
do Am,S+q
@1 _ _ (%uc) e (437)
dt Am,S“+qm,S+qm,
ao dm,Stq
22 },(%y) e (4.38)
dt Am;S“+dm,S+dms
!

Where, y = Y P

dm,S+dm3

dm,S+q
0, = —Z(%uc) e (4.39)

S les +Qm25+Qm3
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9, =" <M y) e (4.40)

s Qm152+Qm25+Qm3
The traditional modified MIT rule is now proposed into a closed loop FO scheme, as detailed in
the section below.
4.2.2.4 Closed Loop Proposed Fractional Order MIT Rule Formulation

By utilizing (4.37) and (4.38) as the starting point, the traditional modified MIT rule is

converted into a fractional order rule as

a%e qm,Stq
Lo =y (i) e (441)
dt Am,S“+Am,S+adm3
a%e dm,S+q

2 = y(%y e (4.42)
dt dm;5“+9dm,S+dms

So, from (4.41) and (4.42) 6, and 6, are obtained as

o, = _1(—‘*'“25“*‘“3 uc) e (4.43)

s@ Qm152+Qm25+Qm3

e dm,Stdm3

2= s* <Qm152+Qm25+Qm3 ) € (444)

With the assistance of (3.138) and (3.139), the aforementioned fractional order adaptive

mechanisms are now updated as follows:

0. = (a—l)(a—l)sz+(c0—cz)tan(2_4a)ns+(a+1)(a+l) < Am,S+dms u ) e (4.45)
re (a+1)(a+l)sz+(co—cz)tan(2_4a)ns+(a—1)(a—l) dmy5%+dm,S+dm; '

0. = (a—l)(a—l)52+(c0—cz)tan%s+(a+l)(a+1) ( Am,S+dms Y) e (4.46)
2 (a+1)(a+l)sz+(co—cz)tan@sﬂa—l)(a—l) Qm152+Qm25+Qm3 '

The closed loop traditional and fractional order MIT rules are illustrated in Fig. 4.6 and

Fig.4.7.

119



Ideal Model

Pm
qm;_sz + Qm, S+ Qm,

Closed loop:

Byu. —06,Y

P

——
qis° +qzs+ qs

Actual Process or Plant

]

-~

%
A"
! A ]
(] 1 1
: : |:
' 1 !
: b ] :
2 ! | i
1 1
1 1 | 1
] 1 1
: : Model Approximation 2 | :
] 1 1
: 1 quS"' Qmgs | 1
1
I i anlsz + Qm,S+ Qm, :
] 1 | N
; - <5
' . N am— i i il
v\ Model Approximation 1 ’ “ ’
- . L o b - - "
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The control rule is now modified to further strengthen the aforementioned traditional and
fractional order feedback MIT rules because MIT rules do not always guarantee stability in
unstable systems. The following section discusses the updated version of the MIT rules.
4.2.2.5 Modified proposed Fractional Order MIT Rule Formulation

The controller in (4.5) is proposed by integrating with the Proportional-derivative (PD)
control scheme as

u(t) = Huc(Kp + de) (4.47)

For the purpose of modifying the control law, the PD controller [12] is preferred over the PID
controller because it has the potential to improve damping and overshoot, and diminish
high-frequency noise. As a follow-up to the closed loop MIT rule, the control law in [4.19] is

once more proposed as

u(t) = 6yuc(Kp + Kgs) — 6,Y (4.48)

The traditional law is revised as a result of the aforementioned method,

_ Y Am,Stdmg3

6, =7 (—qm152+qmzs+qm3 u[Kp + Kas]) (4.49)
_Y dm,Stdm3

92 - S <Qm152+Qm25+Qm3 Y) € (450)

Similar to this, the fractional order law is modified as

__r qmyStdm3

6, =L (—qm152+qmzs+qm3 u [K, + de]) e (451)
_ Y Am,Stqdms

92 T s <Qm152+Qm25+Qm3 Y) ¢ (452)

The closed loop fractional order MIT rule structure is updated as per the determined rules.
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Fig. 4.8. Closed loop updated Fractional order MIT rule architecture.

If a is taken to be 1 in the structure above, it will be converted to the standard MIT rule. The
aforementioned scheme is employed to investigate the performance of the inverted pendulum
and CSTR. The significant application of the FOMIT rules is discussed in section 4.5. To attain
a more stable result of the system, investigation is further carried out with the Lyapunov
stability rule which modifies the MIT rule architecture with a simpler structure and aids to

enhance stability by choosing appropriate Lyapunov function.

4.2.3 Lyapunov Stability Rule

Lyapunov stability theory [13-15] was approached as a robust method of revamping the
adaptive scheme to ensure system stability. The modified laws are identical to the MIT rule,
except instead of sensitivity functions, they use additional functions that are covered in the

following sections.

Definition I: The result p(t) =0 is stable if given p > 0 there remains a number

8(p) > 0 such that all solutions with initial circumstances

llp(0)]| < & have the property [[p(t)|| < p for 0 <t < oo.
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Definition II: An ever-differentiable function V:Z™ — Z is defined as positive definite in a
region U c Z" including the origin if

® V(0)=0

® V(p)>0pelUx+0

If V(p) = 0 then it is known as positive semidefinite.
Theorem I If there exists a function V:Z"™ — Z that is positive definite such that

av _avl dp _ avT

T dp g dax f(p) = —K(p), represents negative semidefinite, then result p(t) =

0 is stable.

Furthermore, the finding is asymptotically stable if % is negative definite.

4.2.3.1 Proposed Fractional Adaptation Feedforward Gain

The actual process, reference model, and controller are identified as follows, adopting the

aforementioned Lyapunov stability scheme:

Y (t)=—bY +lu (4.53)
Yoo (£) = —bYy + l'u, (4.54)
Y@ () = —bY + lu (4.55)
Vi (t) = —bYy + l'u, (4.56)
u(t) = 6 u, (4.57)

Same error function between actual process and ideal model is introduced as

et) =Y () —Yu(®) (4.58)
First order of derivatives is applied as follows: (4.58) as

@)=Y (t) =Yy (1) (4.59)
Fractional order derivative is proposed as follows: (4.59) as

e@(t) =Y @(t) -0 () (4.60)
Using (4.55-4.57) in (4.60) it is determined that

e@(t) = —be +u. (160 - 1") (4.61)
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Now, to reduce the output error to zero, a common Lyapunov function V(p) is suggested

with the error function and controller vector using the following expression:

N2
V(e,0) =ye? +;1 (9 - 17) (4.62)

The Lyapunov function's fractional order derivative is now defined as

V() = yel-be +uc(t6 — 1] + 1 (6 = £) &2 (4.63)
Ve () = —ybe? +yeucl (6 - 1) +1(6 -5) &2 (4.64)
Ve (6) = —ybe? +1(6 - 1) (veu +2) (4.65)

V(t) <0, satisfies Theorem I which shows stability of the system. Now, from (4.62),
fractional feedforward adaptive gain scheme is established following the aforementioned

definitions in 4.2.3 as

a%e
veue +—— = 0 (4.66)
a%e
e = TYeuc (4.67)
6= —Slaeuc (4.68)

As previously discussed in earlier sections, rational approximation is now used to present the

feedforward gain as

(a—1)(a=1)s?+(co—c3) tan¢s+((x+1)(a+1)

eu
(a+1)(a+)sZ+(co—ca) tan@sﬂa—l)(a—l) ¢

0=— (4.69)

So, the fractional order feedforward adaptive gain structure is modified as per determined
rule.

Ideal Model

Adaptive Adjustment

G

Actual Process or Plant

Fig. 4.9. Proposed fractional adaptive feedforward scheme using Lyapunov stability rule.
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4.2.3.2 Closed Loop Modified Fractional Order Lyapunov Stability Rule

To design FOLY rule, the second order plant and ideal model are adopted as follows:

d?v(t)  dyY(D)

ez - —-a i bY (t) + bu(t) (4.70)
d?Yy, (t dYy(t

d“;z( ) _ —ay, Zt( )_ By Yy (8) + byyu(t) (4.71)

The first-order plant and model are adopted as given below:

d}:i(tt) = —aY(t) + bu(t) (4.72)
% = —an, Yy @) + bu(t) (4.73)

The second order derivative is applied as follows: (4.58) as
ER) =Y — Yy (4.74)
Following (4.70 - 4.74) second order derivative of error function is formulated as

2
% = a®Y — abu — bY + bu + a?Y — ake — ambpu. — by Y + bye + bpu, (4.75)

é(t) = —e(apm — by) +Y,(abl, — b — b6, + aj, — byy) — uc(abb, — b6, + apby, — by)  (4.76)

Now, an appropriate Lyapunov quadratic function is selected as

1
A(ab-b)

V(t) = %(e3 + [(ab — b)8, + a?, — b — b,,]? + m [(ab — b)8; + ayb,, — by, ]2 ) 4.77)

Now, closed loop conventional Lyapunov rule is expressed using (4.77) as follows

V(t) = ~15¢*(a}, = by) + = [(ab = b)6; +a%, — b — by,] (24 ev,y) + —[(ab = b)6; + apby = byl (224

3 dt 3 dt

eu.y) (4.78)

Following (4.78) closed loop fractional Lyapunov rule is established as

Va(t) = —15¢%(a% — by) + = [(ab — b6, + a% — b — b, (222

2y 3 are

+eyp1) + (@b = b6, + apby — bl (552

3 dt®

+ eucy) (4.79)
Ve(t) < 0, Satisfies Theorem I which shows stability of the system.

Now, the fractional adaptation law is established as

Y
92 = —1.5€S—aYp (480)
6, =15 4 4.81
1= 15e qu (4.81)

Now, applying biquadratic equiripple approximation the aforementioned laws are obtained as

follows
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(2— a)n

(a—1)(a—=1)s?+(co—cz) tan———s+(a+1) (a+1)

6, =-15e¢ 4.82
2 14 (a+1)(a+D)sZ+(co— cz)tan(2 a)ns+(0z 1) (a-1) P ( )
(2—- a)n'
(a-1)(a=1)s?+(co—cz) tan———s+(a+1)(a+1)
6, =15ey = a)n U (4.83)

(a+1)(a+)s2+(co—cy) tan-———s+(a—1)(a-1)

So, closed loop fractional order Lyapunov rule scheme is designed as per determined rule.

Tracking error(e)

Step Input Reference Model

Plant Output

FO Lyapunov
Rule

Fig. 4.10. Closed loop proposed fractional Lyapunov stability architecture.

In section 4.4, the significant application of this design is discussed in relation to error
measurements that can ensure the system's consistent performance. PD feedback laws, like the
FOMIT rule that was previously discussed in section 4.2.2.5, have since further modified the
aforementioned rule, and the resulting architecture is depicted in Fig. 4.11. FOLY itself has the
capability of controlling the system more steadily as discussed in section 4.4, but still, the
aforementioned rule has been further modified by PD feedback laws. The effectiveness of the
redesigned topology's control must also be examined, and section 4.4 explores the use of the

updated architecture on another benchmark model.
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Tracking error(e)

N T =
Step Input || P| Reference Model [— j—"
Plant
B +Ouipul
=Y
ST
FO Lyapunov rule s«
T
Fig. 4.11. Closed loop proposed a fractional modified FOLY scheme.
The aforementioned law in (4.83) is further modified as
~1)(@-Ds?+(co- QoD (a+1)(a+l
9, = —1.5¢ (a=1)(a-Ds*+(co cz)tan(2_4a)ns+(a+ )(a+ )uc[Kp + de] (4.84)

(a+1)(a+D)sZ+(co—cz) tan~—=—s+(a—1)(a-1)

The effectiveness of augmented approaches on unstable processes must be thoroughly
investigated in addition to stand-alone strategies, and no widespread use of fractional
augmented schemes has been investigated. Though some 1 DOF based controllers such as PID
or FOPID were frequently employed with traditional MRAC schemes and produced desirable
results, enhancing the control action with lower error metrics is the primary goal of employing
a fractional augmented scheme. In this chapter, 2 DOF method is also adopted along with 1

DoF method and detailed proposals are presented in the following sections.

4.3 Fractional Order Augmented Strategies

Due to high stability region and suitability for nonlinear systems, FOPI controller has been
chosen over FOPID controller [16] for augmenting with proposed FO schemes. So, the
significant application of 1 DOF and 2 DOF FOPI schemes with the FOMRAC rules are yet

to be explored.

4.3.1 Proposed FOMIT-FOPI augmented control scheme

The FOPI controller is defined as follows:

K;
C(s) = Kp + 3 (4.85)
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By subtracting the output of the FOPI control method from the output of the FOMIT, an
additional modification to the FOMIT rule of the MRAC controller is established as shown

below:
K,
U(t) = 61uc — 0,Yp — <Kp + s_’ll) (4.86)

() = _sla( m,S+dms uc[K, + de]> e _1<Myp) e— (Kp +g) (4.87)

Qm152+Qm25+Qm3 s® Qm152+Qm25+Qm3

4.3.2 2 DOF FOPI Control Strategy

The quantity of independently controllable closed-loop transfer functions is referred to as
the degree of freedom of any control method. Servo controllers may not always produce
satisfactory regulatory action, and vice versa, for servo controllers. Due to the fact that 1
DOF control method cannot satisfactorily satisfy these two needs at the same time.
According to reports, a 2-DOF control strategy produces more effective servo and
regulatory actions than a 1-DOF scheme [17-19]. In other words, the 2-DOF approach
results in improved disturbance rejection without appreciable increases in peak overshoot

during set point shift. The control action of a normal FOPI controller is as shown below:

U(S) = KeEn(s) + 1By (5) (489)
For 2 DOF FOPI controller, error terms of proportional and integral action are as follows:

Ep(s) = bR(s) — Y(s) (4.89)
E(s) =R(s) —Y(s) (4.90)

where, R(s) is the reference signal, Yp(s) is the output signal and b is the proportional set
point weighting parameter. Since the integral term's error term is not weighted, steady state
error is eliminated, unlike the proportional term. Therefore, the expression for 2DOF FOPI

control action becomes as follows:

K K
U(s) = (Kpy b + ﬁ)R(s) - (KPZ + S—’j) Y(s) (4.91)

4.3.3 Proposed FOMIT-2 DOF FOPI augmented control scheme

A novel combination of control algorithms is proposed by subtracting the output of 2-DOF

FOPI from (4.87) from that of FOMIT modified control law in (4.48) as follows:
u(t) = [01u (Kp + Kas) = 0,5] = [(Kex + b+ “2) R(s) = (Kpy + ) ¥ ()] (4.92)
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Using (4.51) and (4.52) it is obtained as

_ AmyS+Adm; dm,S+ams 3
u(t) - <qm s +quS+qm3 UC[K + de]) <‘lm1S +szS+Qm3 YP) ¢ [(Kpl *b+
K K
TORE) = (Kpy + DY (5)] (4.93)

The control architecture of the proposed FOMIT-FOPI/2DOF FOPI is illustrated in Fig. 4.12.

Tracking
error(e)

IE_I—' Reference Model % ol
I s Plant Qutput

Plant

) " i 2DOF FOPI
Combi
1 3 Rule
‘ Product 1 ‘ _.‘ Product 2 |
T— t
¥ ¥

FMIT Rule

| Model Approximation | | Model App

Fig. 4.12. Proposed FOMIT-FOPI/2 DOF FOPI augmented scheme.

™

4.3.4 Proposed FOLY-FOPI/2 DOF FOPI augmented control schemes

A novel combination of stability rules is developed by augmenting the FOPI controller's rule

with the FOLY rule as follows:

V() = —15e?(a}, = bp) + - [(ab = )0, + aZ — b = by (L2 4 evoy) + Z[(ab = b)6; + by = byl (G4

eucy) + (ab —b) (Kp + sl) (4.94)

Using (4.82) and (4.83) control law is found as

(2— vt)n (2— a)n

s+(a+1)(a+l) (a—1)(a—1)s2+(co—cy) tan——"s+(a+1) (a+1)

&= "‘)"s+(a-1)(a-z) U — L5ey (a+1)(@+1)s2+(co—cp) tanZ=2% "‘)"s+(a-1)(a-z) 4

(a 1)(@—1)s2+(co—cz) tan"——=.

u(t) =—

- (K, +4) (4.95)

(a+1)(a+l)52+(co—cz) tan-————;

Similarly, augmenting 2DOF-FOPI with FO-Lyapunov rule, the following equation is
computed:

2d%6, 2d%6,

Ve(t) = —1.5e2(aZ — b,,) +—[(ab bY0, +a% — b — byl (C52 + ¥y ) + —[(ab D)0 + Gby = b] (222
eucy) + (@b —b) [(p +b + "“)R(s) (Ko + ) Y] (4.96)

+
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Similarly, using (4.82) and (4.83) control law is obtained as

(2-a)m (2-a)m

(a—1)(a-1)s?+(co—c,) tan s+(a+1)(a+l) (a—1)(a-1)s?+(co—cy) tan s+(a+1)(a+l)
u(t) = _1‘56y (a+1)(a+D)s2+(co—c: )tan(2_4“)ns+(a—1)(a—l) Ue — 1'56y (a+1)(a+1)s2+(co—c: )tan(2_4“)ns+(a—1)(a—l) Yp N [(Kpl *b+
0—C2 7 0—C2 7
K K
“1R(s) ~ (Kpe + )Y ()] (497)

The control architecture of the proposed FOLY-FOPI/2DOF FOPI is illustrated in Fig. 4.13.
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Fig. 4.13. Proposed FOLY-FOPI/2 DOF FOPI augmented scheme.

FOMRAC control parameters are selected by extensive simulation technique where as
parameters of FOPI/2 DOF FOPI schemes are investigated by global optimization technique
known as Luus-Jaakola optimization. A nonlinear programming-based [20-21] approach to
global optimization is the Luus-Jaakola algorithm. This nonlinear programming method is used
since the additivity assumption of linear programming problems for the choice variables may
not hold true for the objective function or the constraints, and the linear programming issues'
linear assumptions may not hold true for real-world problems. Constraints are handled easily
with this method. Additionally, the iteration process is quicker than other global optimization
algorithms such as the GA and PSO. Because of superior performance, it serves as an efficient
optimization tool in variety of problems. Dimensional vector (q) and interval of random vector
(-d,d) are assumed prior to the optimization process. The interval is initially chosen as [-0.5,0.5]
and can be constructed in search space as d(a; + a,), where a; and a, are lower and upper
limits of decision variables. To explore the entire region, the size of region vector is chosen as

0.5(a; + a,). During the optimization process, the following constraints must be met:
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LESKpSu, L <K <Suy,l;<A<u; (4.98)

The multi-objective function using IAE, ISE and ITAE error metrics is formulated as follows:

[oe]

J=|le@®|dt + | |e(t)?|dt + | tle(t)dt (4.99)
Jecra e

0

The pseudo code for obtaining global optimum of Kp K; A is discussed in Appendix B.

4.4 Investigation on Proposed Fractional Order Standalone and Augmented

Control Schemes on Inverted Pendulum

This simulation-based study compares conventional and fractional MRAC-based schemes
employing (2.47) for benchmark X-inverted pendulum subjected to quantitative performance
analysis. Figs. 4.6, 4.7, 4.8, s4.10, and 4.11 are employed to implement FO/IO-MIT and
FO/I0-Lyapunov rules independently with modified versions in a Simulink environment. The
significant application of FOLY and its modified version is discussed in the following case

study L.

Case study I: Investigation into The Performance on Fractional Order Standalone

MRAC Rules

Following the specifications [22] of the reported benchmark inverted pendulum in Table 4.1

the overall transfer function is used as

Example 1 [22]:
_8(s) _ 102
Y(s) = Fe(s)  .044652—1 (4.100)
Table 4.1
Parameter specifications

Symbol Quantity Value
M mass of cart 900 gm
m mass of pendulum | 1000 gm
/ length of rod 1.09 m
g Gravity 9.81 my/s’
1 Moment of inertia | 5.3 gm/m’

The ideal model is adopted in accordance with the intended performance of the closed loop
system. The settling time (Tg) of 3.73 seconds and overshoot (Mp) of 1.25% are selected to

predict the performance of the stable reference model. Using these values, damping ratio (&)
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and natural frequency (w,) are obtained as 1.93 and 4.977 respectively and the reference

model is shown as

372
Yu(s) = $24+4.9775+3.72 (4.101)

As shown in Fig. 4.14, the feed-forward based MIT rule of the MRAC scheme does not ensure
the stability of the system using Fig. 4.6. Even with an extensive range of adaptive gain

(y) between 0.1 and 500, the inverted pendulum oscillates continuously and cannot be
stabilized.

= reference model
- lant

Nominal output

20

Time‘.‘(sec) i
Fig. 4.14. System output using traditional MIT rules.

Although multiple FOs between 0 and 1 are attempted, no discernible improvement in stability
is discovered when feed-forward based proposed FOMIT is also applied to the same plant and
another reported plant. In order to overcome the aforementioned issue, feedback topology with
PD control law is used with the MRAC architecture's reference input, as shown in Fig. 4.8. To
tackle the system depicted in Fig. 4.15, the servo-regulatory performance of the modified
classic MIT rule using Figs. 4.7 and 4.8 is investigated with different adaptive gains applying

load disturbance at t =25 sec from a real-time perspective.
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Fig. 4.15. Servo-regulatory response using modified traditional MIT rules.
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The system is successfully tracked by the modified classic MIT rule in its upright position, and
peak overshoot is reduced by employing a higher adaptive gain value, such as 500, as shown in
Fig. 4.15. Choosing the appropriate adaptive gain is essential to achieving the required stable
performance. This high adaptive gain value enables the system to stabilize more quickly even
under load. Now, the significant application of the modified FOMIT rule is illustrated in Fig.
4.16, while adaptive gain is kept fixed at 500.

05
-5 L P \
1 0 \
g AN
z s’ﬂmmﬂ’
g 4 [ 5 255 2% 26.5 n 5 28
‘@
o
o
== aipha=0.5
= alpha=1
== alpha=0.75
o 5 10 15 20 25 30 k-] 40 45 50
Time (sec)

Fig. 4.16. Comparative study between FOMIT and IOMIT rules.

Figure 4.16 illustrates the significant application of the FOMIT rule, which, in contrast to
standard rules, exhibits more adaptable and trustworthy behaviors by altering the additional
degree of freedom between 0 and 1. The rational approximation of different fractional orders
are presented in Table 4.5. It is obvious that the system can be handled more efficiently by
utilizing a lower range of fractional order, such as 0.5, but if the fractional order is increased
towards 1, the system responds more slowly and with more overshoot. This trait explores
FOMIT's benefit over IOMIT for this particular system. Later, the research is carried out
utilizing the FOLY stability law (4.79—4.83) in comparison to FOMIT to help the system stand
upright more swiftly and gracefully with step input (t) =1 sec as depicted in Fig. 4.17.

2r === reference model
% =ss FOMIT
g —FOLY
Q.15
0
g
g 1 J"-h‘.u ™
b— .
5
pd . A
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Fig. 4.17. Comparative study between proposed FOMIT and FOLY rules.
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Fig. 4.17 illustrates how FOLY, which follows the reference model with a shorter rise time of
3.13 sec, tracks the system better than FOMIT. However, overshoot of 35.2% is discovered
when tracking the system with FOLY, but FOMIT produces a smaller overshoot of 30.2%.
Now, following Figs. 4.8 and 4.10, servo-regulatory performances are therefore carried out
using impulse and step inputs at t = 1 sec with the same adaptive gain and fractional order as
500 and 0.5 in the presence of positive and negative unit step disturbances at t = 25 and 35
seconds and white noise source (seed = 81, noise strength = 0.01 and sample time = 1) as
depicted in Figs. 4.18 and 4.19. (4.80—4.81) is used to compute the adaptive gain for FOLY as
750.
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Fig. 4.18. Upright position tracking using FOMIT and FOLY rules.
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Fig. 4.19. Upright position tracking in presence of noise.
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The upright posture of the system is found to be efficiently tracked by both the FOLY and
FOMIT rules despite the presence of noise and load disturbances (25-35 seconds). The system
is more swiftly and elegantly tackled by FOLY's effective control action despite the fact that it
produces a slightly higher overshoot. The lower readings of IAE, ISE, and ITAE measurement

in Table 4.2 and 4.3 show the effectiveness of the proposed FOLY strategy over proposed
modified FOMIT and modified IOMIT laws.

Table 4.2
Quantitative comparison under load disturbance

Control Scheme Servo response Regulatory response

IAE | ISE | ITAE | Ts(sec) | IAE ISE | ITAE | Tg(sec)

MIT

Modified MIT 573 | 3.83 82.2 17.573 | 593 | 3.86 83.4 39.425

Proposed modified | 4.48 | 3.25 69.7 15483 | 4.53 | 3.18 71.2 36.382
FOMIT

Proposed FOLY | 4.05 | 2.25 45.5 12.755 | 4.08 | 2.19 45.7 35.362

¢----’: unstable

Table 4.3
Quantitative comparison under noise
Control Scheme IAE ISE ITAE
Proposed modified FOMIT 7.21 4.08 138.2
Proposed FOLY 5.83 2.89 94.2

Now, in order to take better control actions, Fig. 4.11 is employed to examine the effectiveness

of the FOLY rule's updated control law with noise and load disturbance (25-35 seconds) as
illustrated in Fig. 4.20.

=== proposed modified FOLY
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Fig. 4.20. Comparative study between proposed FOLY and modified FOLY rules.
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According to Fig. 4.20, the suggested improved FOLY rule controls the system more

effectively and elegantly with a rise time of 2.56 sec, an overshoot of 28.5%, and error metrics

listed in Table 4.4.
Table 4.4
Quantitative comparison under noise
Method IAE ISE ITAE
Proposed FOLY 5.83 2.89 94.2
Proposed modified FOLY 3.82 1.49 88.3

The effectiveness of proposed modified FOLY is now validated in the presence of load

disturbance

at t =25 seconds by comparison to the existing IOPID, FOPID, GA-FOPID,

MIT-PID, IOLY, and IOLY-PID topologies [23-25] using step input t =0 sec as illustrated in

Fig. 4.21. The input control actions under noise are also presented within saturation limit -1 and

1 in Fig. 4.22.

Output response
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Fig. 4.21. Significant impact of proposed modified FOLY over existing rules under load disturbance.
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Fig. 4.22. Control actions in presence of noise and disturbance.
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Table 4.5
Approximations of fractional order

Fractional order Approximated transfer functions G(s)

505 5.025s% + 36.88s + 6.525
6.525s52 + 36.88s + 5.025

5075 8.026s% + 24.73s + 4.536
4.53652 + 24.73s + 8.026

Table 4.8 discusses the controller settings of various topologies. On the basis of in-depth
simulation, Fig. 4.21 shows a thorough comparison of standard MIT and Lyapunov rules with
single and dual topologies utilizing different adaptive gains. Only servo action was used to
study the effectiveness of the aforementioned rules in the literatures. In this study, the
servo-regulatory performance is introduced using the recommended controller settings.
Although the IOMIT-PID enhanced technique effectively handles the system, it performs
somewhat slowly. At 14.856 seconds, the system is controlled, and at 35.645 seconds, after
applying a load disturbance, it is stabilized. Tracking the system also reveals a higher amplitude
level of 38.45%. The IOLY rule with the correct Lyapunov function marginally improves the
problem's solution while slightly reducing overshoot. However, the settling time independently
is not significantly improved by IOLY. Further research is therefore conducted on the
IOLY-PID enhanced strategy, which tracks the desired position significantly faster than other
schemes with lower rise times. To further study the stability of the system using servo action
alone, standard and fractional PID controllers are suggested. This study compares
servo-regulatory action to conventional MIT and Lyapunov rules from a real-time perspective.
When compared to conventional MRAC systems, its performances are not found to be
satisfactory. FOPID controllers control the system more quickly than IOPID controllers, and
both IOPID and FOPID rules produce larger overshoot than MRAC rules. However, as
demonstrated in Table 4.6, both of these rules result in high values for error metrics like IAE,
ISE, and ITAE. FOPID control settings were recently optimized by genetic algorithm to
examine robust servo action; however, despite producing less rise time and settling time than
IOPID and FOPID schemes, it is unable to reduce peak overshoot. So, the aforementioned PID
controller schemes do not work well and provide larger values of error metrics when compared
to typical MRAC systems. IOPID or FOPID controllers cannot be suggested as a way to deal
with such a nonlinear system more effectively. Therefore, MRAC system exhibits satisfactory
servo-regulatory behaviors with low error metric values. Now, among existing MRAC rules,

proposed FOLY rule outperforms with lower reading of TAE, ISE and ITAE as shown in Table
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4.6 and a lower amplitude level of 28.5%. In FOLY laws, the fractional order of 0.5 is favored
for comparative research.

Lower fractional orders are also appropriate for investigation, but larger fractional orders cause
the system to perform slowly. When there is noise present, the after load disturbance system is

controlled more effectively utilizing the FOLY rule, as shown in Fig. 4.21.

Table 4.6
Quantitative comparison of closed-loop performances

Methods Set response Load response

IAE ISE ITAE TV IAE ISE | ITAE TV

Proposed modified | 2.85 1.15 43.8 131.5 2.87 1.08 44.2 134.2
FOLY

MIT-PID (pawar | 455 | 3.79 | 573 2283 | 458 | 382 | 579 | 2289
2015)

IOLY (pawar 2015) | 4.26 3.27 52.5 285.2 429 | 3.12 53.9 285.7

IOLY-PID (pawar | 4.12 | 2.86 | 473 1682 | 418 | 2.83 | 478 | 1693
2015)

IOPID (jiang 2017) 8.23 502 | 1234 362.5 8.49 | 5.04 124.2 360.2

FOPID (jiang 2017) | 6.03 3.85 81.2 310.8 6.08 | 3.89 83.4 304.2

GA-FOPID (patra | 4.79 | 342 | 643 | 2342 | 482 | 3.46 | 683 | 2294
2020)

TV =%+ 1) —u®]

All proposed FO-MRAC topologies maintain consistency in following the intended upright
posture despite noise, however the proposed modified FOLY rule reveals more robust control
action. As described in Case Study II, the FOLY and FOMIT rules have now been further
expanded with novel augmented procedures to evaluate potential control action for stabilizing

the inverted pendulum.

Case study II: Investigation into The Performance on Fractional Order Augmented

MRAC Rules

FOMRAC rules are augmented to the controllers of both the 1 DOF and 2 DOF FOPI, and
another reported benchmark system [26] is employed in this case study for performance
assessment. A common trade-off in 1 DOF rules is between noise elimination and set-point
tracking. However, by providing independent tuning for set-point tracking and noise
elimination, the 2 DOF rule may be able to attain a better balance in process control. In addition

to exploring the substantial application of augmented methods compared to standalone
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approach, a thorough simulation study is conducted to investigate the significant impact of 2

DOF FOPI rule compared to 1 DOF FOPI rule in the presence of noise.

Example 2 [26]:
Y(s) = 6(s) = ! 4102
(S)_Fx(s)_sz—‘) (4102)

In this study, the second order stable ideal model with settling time of 2.73s and overshoot of

4.19% is chosen.

476
$2+3.15+4.76

Yu(s) = (4.103)

The parameter specifications for the model [26] are presented in Table 4.7.

Table 4.7
Plant specifications

Symbol Quantity Value
m mass of pendulum | 0.8417 Kg
I} length of rod 1.09 m
g Gravity 9.81 m/s”
1 Moment of inertia | 2.3 gm/m”

Due to the fact that the 2 DOF rule has never been used in augmented methods before, this
study conducts an inquiry. This section discusses the major benefits of the 2 DOF method over
the 1 DOF method. A set point weighting parameter [27] is taken into account for the
proportional term in the case of a 2 DOF-FOPI controller to mitigate overshoot during set-point
change. A multi-objective function is used in the LJ optimization technique to determine the
variables of the FOPI and 2 DOF FOPI strategies. The IAE, ISE, and ITAE reduction are all
part of the multi-objective function. In this case study, standalone direct synthesis-based PID
control scheme [28] simulation tests were conducted because they produced more reliable
results than the conventional IOPID scheme. It has been determined through thorough
simulation tests that selecting y = 100 results in reduced peak overshoot and settling time. In
order for the system output to match that of the ideal model, the aforementioned value of y is
fixed and the parameter () of the fractional derivative can be changed between 0 and 1. In
order to successfully track the reference model, the fractional order is gradually reduced from 1
to 0.1, stabilizing the tilt of the inverted pendulum. It is found that using a fractional order of 0.5
results in better tracking performance than other fractional order values. The controller settings
for FOMIT and FOLY rules are discussed in Table 4.8. Using the LJ optimization algorithm,
optimal values of FOPI and 2 DOF FOPI controller settings are obtained as Kp = 18.54,
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K, = 2.67,Kp, = 11.24, K;; = 2.67, Kp, = 18.54, K;, = 2.67, A = 0.45 for the linearized

model of inverted pendulum obtained in (4.102).

The set point weighting parameter of 2 DOF FOPI controller is selected as b = 0.65 by
thorough simulation studies for attaining improved performance. Direct synthesis [28-29]
based on PID controller design technique [30] yields Kp = 12.01, T; = 12.01 and T; =
0.250. In this section, the following combinations of control schemes are contrasted using the
aforementioned controller settings: Direct synthesis-based PID controller, FOLY
FOPI/2DOF-FOPI, and FOMIT FOPI/2DOF are all proposed. An overview of the controller
settings obtained using each of the aforementioned approaches is provided in Table 4.8. While
regulatory action is examined by providing a unit step load disturbance at t = 15s, servo action
is studied by taking into account a unit step change in set-point. The closed-loop results and
control actions of the five combinational control schemes are depicted using step input (t) = 0
sec in Figs. 4.23 and 4.24, respectively, for the linearized plant model given in (4.104). The
control signals of the FOLY and FOMIT schemes are restricted by adding a saturation block so
that the control signal does not go above the following range to ensure a fair comparison:
-20<u<20. This is due to the fact that in real-world applications, sudden changes in the control
signal might cause actuator saturation. The performance metrics in Table 4.9 and Fig. 4.23
makes it clear that the FOLY-2 DOF-FOPI combination produces enhanced closed-loop result
in presence of noise. With the aid of the following perturbed plant model with delay time, the
stability of the proposed and reported works to parametric uncertainties is investigated:

6(s) _ 1.2¢%01
Fe(s)  s2-10.8

Y(s) =

(4.104)

The suggested approaches produce superior closed-loop performance even when the plant
model is perturbed, as indicated by the system outputs of the perturbed plant in Fig. 4.25 and
the quantitative performance measurements provided in Table 4.9. Despite having somewhat
higher integral errors, the FOLY-2 DOF FOPI rule achieves smooth long-term stability by
providing reduced TV readings. The impact of nonlinearities on the system response is
worthwhile researching. The closed-loop results for the subsequent nonlinear plant model are

thus depicted in Fig. 4.26.

T(t) = 6(t) — 9sind(t) (4.105)

Since the PID controller based on direct synthesis produces unbounded output, it is not depicted
in Fig. 4.25. Table 4.9 clearly shows that the suggested strategy can enhance the performance
even when there are nonlinearities in the process dynamics. FOLY augmented schemes
relatively outperforms FOMIT augmented schemes in presence of nonlinear effect in the

system. The speed of control action is improved by FOLY augmented schemes compared to
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FOMIT augmented schemes and despite getting deviation from set-point FOLY augmented
schemes control the system more swiftly and gracefully after applying disturbance. The system
output is augmented with a Rayleigh noise source (sigma=0.1, initial seed=1, sampling time=1
second) to evaluate the impact of measurement noise on system response. Fig. 4.28 displays
servo-regulatory responses amid noise. From Fig. 4.27 and Table 4.9, it is discovered that the

proposed approach can follow the set-point and reject the noise efficiently.

Controlled Variable

0 5 10 15 20 25 30
Time

Fig. 4.23. Nominal outputs for linearized model (a: FOLyapunov-2DOF FOPI, b: FOLyapunov-FOPI,
¢: FOMIT-2DOF FOPI, d:FOMIT-FOPI and e:Direct synthesis based PID).
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Fig. 4.24. Control efforts (a: FOLyapunov-2DOF FOPI, b: FOLyapunov-FOPI, ¢: FOMIT-2DOF FOPI,
d:FOMIT-FOPI and e:Direct synthesis based PID).
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Controlled variable

0 5 10 15 20 25 30
Time

Fig. 4.25. Perturbed outputs for linearized model (a: FOLyapunov-2DOF FOPI, b: FOLyapunov-FOPI,
¢: FOMIT-2DOF FOPI, d:FOMIT-FOPI and e:Direct synthesis based PID).

TET e

Controlled varable

0 5 10 15 20 25 30
me

Fig. 4.26. System outputs for nonlinear model (a: FOLypapunov-2DOF FOPI, b: FOLypapunov-FOPI,
c: FOMIT-2DOF FOPI and d:FOMIT-FOPI).

Controlled variable

0 5 10 15 20 25 30
Time

Fig. 4.27. System outputs with noise (a: FOLyapunov-2DOF FOPI, b: FOLyapunov-FOPI, c:
FOMIT-2DOF FOPI, d:FOMIT-FOPI and e:Direct synthesis based PID).
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Table 4.8
Summary of tuning parameters

Case study

Methods

Controller settings

Proposed modified MIT rule

y =10,50,100,500

__Y 2.1s+8.45
01 = s (sZ+2.1s+8.45 uclt + 1'55]) €
_ v (_21s+845 102
b, = s (sz+2.1s+8.45 * .044652—1)
MIT-PID (pawar 2015) 6, = — 0 ((ZIEE L
2000 [ 2.15+8.45 102
b, = s (sz+2.1s+8.4-5 .044652—1)
Coip = —343.8 + =22+ (~20.32)s
IOLY (pawar 2015) 6, =—e fss(:)io%
8000
6,=e o7 Uc
IOLY-PID (pawar 2015) 6, = —e o __107_
S Se—=

8000
s07 Ye

91=€

Coip = —343.8 + == + (~20.32)s

Proposed modified FOMIT _ _ 500/ 21s+845
0, = 505 (sZ+2.1s+8.45 ucl1+ 1'55]) €
500 [ 2.15+8.45 102
0, = s"7(52+2.1s+8.45 0446 2—1)
Proposed modified FOLY 9, = —e /20 102
2 505 0446521
6, = ez%uc[l + 1.55]
IOPID (jiang 2017) Coip = 2438 + 222 + 30455
FOPID (jiang 2017) Cropip = 632 + S-’;i-; + 16.2550-382
GA-FOPID (patra 2020) Cropip = 1.04 + 0(-)56331 + 0.22650532
-0
1] Proposed modified FOMIT 9. = _ﬂ( 31s+476 | 141 55]) e
1 505 \s243.15+4.76 € )
lOO( 3.1s+ 4.76 1 )
= — *
27 505\s2+3.1s+4.76 s2—9
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It is evident that fractional augmented MRAC schemes tackle the system more swiftly and
gracefully with lesser error metrics. Both FOMIT and FOLY augmented 2 DOF FOPI rules
outperform augmented 1 DOF FOPI rule in presence of noise. In particular, FOLY augmented

strategies outperform the other schemes.

4.5 Summary

For two distinct reported benchmark models of the inverted pendulum, different fractional
order standalone and augmented novel control topologies are proposed in this chapter. All
proposed control methods' underlying mathematical presuppositions are thoroughly
explained. Fractional orders are approximated by rational modified biquadratic exact phase
approximation method. A combination of sophisticated simulation and optimization
techniques are used to set the controller's parameters. The significant impacts of proposed
fractional order Lyapunov stability rule and its modified version in comparison to proposed
fractional order modified MIT rule and other existing different conventional standalone and
augmented control topologies are explored from real time perspective. Both standalone
modified FOMIT and FOLY schemes yield satisfactory control actions with lower error
metrics in presence of load disturbances and noise but standalone FOLY comparatively
outperforms by tackling the system more swiftly and gracefully. By examining the superior
action of the standalone FOLY rule, fractional order MIT and Lyapunov rules are extended
by a novel augmented scheme with 1 DOF FOPI and 2 DOF FOPI rules to investigate the
control effectiveness of the augmented version. Compared to FOMIT enhanced variants,
FOLY augmented versions likewise exhibit more robust control action. Although, FOLY-2
DOF FOPI relatively outperforms with lesser error metrics, under perturbed situation it is
discovered to have slightly higher error metrics. However, in terms of noise rejection,
FOLY-2 DOF FOPI is superior to FOLY-FOPI. Although standalone modified FOLY and its
augmented versions offer lower level of overshoot but still there is a scope of improvement

on closed-loop servo-regulatory performance with zero overshoot.
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CHAPTER 5

Fractional Order Standalone and Augmented Control Strategies for
Continuous Stirred Tank Reactor

5.1 Introduction

Noise rejection is a more difficult problem than set point tracking in industrial unstable
processes. Some direct combination techniques, like MRAC-PID and MRAC-FOPID [1-5],
were already reported by many experts who used the trial-and-error method or other
optimization techniques to stabilize the concentration or temperature of a stable approximation
model based on different operating points of the CSTR nonlinear process. Those techniques
quite canceled out noise. So, later on to reject disturbances during tracking the temperature at
its desired level, the series cascade control structures [6-12] were frequently utilized in
chemical processes. However, they did not yield desired servo response for plants with large
delay time. In the primary loop, a PI-PD structure [ 13] was used, whereas the IMC method was
used to create the secondary controller. To control the integration process, three different
methods were suggested: an IMC-based secondary controller [14], a PID for set-point tracking
in series with a lead-lag compensator, and a PD for disturbance rejection in series with a
lead-lag filter. The direct synthesis (DS) approach was used in the construction of the
aforementioned PID and PD schemes that were connected in series with lead-lag compensators.
A generalized predictor cascade control (GPCC) technique based on output prediction was
reported by GarciLa et al. [15] in the discrete platform. To increase robustness and noise
attenuation, the previously mentioned GPCC structure includes three filters beyond the primary
and secondary control strategies. Process control is one area where fractional calculus has seen
significant use recently [16-17]. The benefits of fractional calculus, parallel cascade control,
and the Smith predictor have only been coupled in Pashaei and Bagheri's [17] work to date to
produce satisfactory closed-loop performance. As a result, the series cascade control approach
introduced by Pashaei and Bagheri [17] is expanded upon in this work. Therefore, a unique
series cascade control structure (SCCS) with a dead time compensator is recommended for this

application as shown in Fig. 5.1.
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Three controllers, referred to as the primary, secondary, and stabilizing controllers, are
included in the proposed SCCS. FOIMC is proposed to construct both main and secondary
controllers. The stabilizing PD controller is constructed using maximal sensitivity assumptions
and Routh-Hurwitz (RH) stability requirements. The FO and temporal constants of IMC filters
are optimized by the utilization of the constrained artificial bee colony (ABC) technique. IAE,

ITAE, and ISE are all multi-objective functions that must be minimized in this ABC algorithm.

In addition to the SCCS investigation, an MRAC scheme with modified FOMIT and FOLY
rules are recommended to test the effectiveness of the control on handling disturbance.
Moreover, the importance of FOLY stability rule over modified FOMIT rule is emphasized in
this application. Compared to PID controller design for unity feedback systems, there are
comparatively fewer studies on multi-loop control structures. Dual-loop control techniques
perform [18] somehow better than traditional single-loop control [19-23] for processes that are
unstable. On fractional order multi-loop control techniques, there is a dearth of literature.
Therefore, by adopting FO controllers, the behaviors of the prevalent dual-loop control
techniques on particular aforementioned unstable systems are yet to be explored. In addition to
unity feedback schemes, a novel augmented version of MRAC rules with different controllers
is also proposed. These controllers include FOPID and internal model based FOPID
(IMC-FOPID) control schemes. These are all intended to investigate the robust closed loop
performance over unity feedback schemes. Later on, the control effort of the augmented FOLY
control rules is contrasted with that of an another novel multi-loop predictor that uses fractional
order internal model control (FOIMC) and FOPD topologies. The main focus of the inquiry is
on extensive simulation techniques to demonstrate the effectiveness of suggested control
schemes, and afterwards, some global optimization algorithms are offered to determine the

most workable tuning parameters for a more thorough investigation.

This chapter includes a brief discussion of mathematical modelling of proposed different

fractional order control topologies.

5.2 SCCS with dead time compensator

Fig. 5.1 shows the recommended control scheme: is equipped with a primary controller (G,),
secondary IMC filter (C,), and a stabilizing controller (Cs). Both C;and C, are designed by
FOIMC whereas Cg is corresponds to PD type as presented below:

Cs(s) = Kp(1 4+ Tys) (5.1)

The secondary process (G43) is computed as follows:
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y2(s) _ Py(s)
7(5) 1+ Cy(5)(Py(s) — Pra(s))

Gpp(s) = (5:2)

) G
7, (s) T14 G(s)Cs(s)

P.(s) = (5.3)

where G(s) = P;(5)G4,(s). In case of ideal matching, P,(s) = P,,2(s). Hence, G4,(s) =
P,(s) and hence G(s) = P;(s)P,(s). The process's total dead time is compensated for by the

Smith dead-time compensator. For servo response, the fundamental model is represented as

nes) _ Ge(9)PL(s) 54

11(s) 1+ Ge()(Pn(S) + Pe(s) — Pp(s)e~0ms) '
Fig. 5.1. Proposed FOIMC-SCCS architecture with dead time compensator.

Considering perfect-matching conditions (P, (s) =P, (s)e~%m%), (5.4) results

Y1(5) _ G(5)Pn(s)e” " (5.5)

1(s) 1+ Ge(s)Pa(s)

where G¢(s) = C1(s)/(1 — B, (s)C,(s)) is the primary controller. It is clear the auxiliary
equation’s independence on 8,,, from the aforementioned formula. Thus, the model B, is the
only one that influences the design of C;.This is a merit of augmenting SCCS to boost the
dead-time compensator. P,’s dynamics is typically consistent in nature while that of P;’s
dynamics may be stable, unsteady or integrated [24]. In this investigation, the models of P,

and P; are adopted as,

Py(s) = —2_g-tas 5.6

5 (S) T25+1e (5.6)
K

P (s) = = L 1e—915 (5.7)
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Plants with unsteady first order plus dead time (UFOPDT) and steady first order plus dead time
(FOPDT) are shown in (5.6) and (5.7), accordingly. Process gain, dead time and time constant

are represented by K, 8 and 7, accordingly.

5.2.1 Design of Controllers

Three control parameters (G-, C, and Cs) need to be designed for the suggested dead-time
compensator based SCCS. The model of G- can be evaluated by developing the FOIMC. The

step for computing the distinct control functions is outlined below

s Design of C,
The model of P, is adopted as

—Om2s
sz e Ymz

Ppa(s) = TSt 1 (5.8)
m

By 1* order Pade’s approximation of e~%m25 in (5.8) results

sz (1 - 0.59m2$)

Pra(8) = o ) + 056,59) -9
(5.9) is factorized as
Ppa(8) = Prp(s) Pz (s) (5.10)

where the non-minimum phase zeros and delay time are indicated by P}, (s). Following IMC

rule [25], C,(s) is developed as

1
Co(s) = mf(s) (5.11)

where Pp,(s) = K, /((Tmzs + 1)(1 + 0.50,,,5)). For designing a FOIMC rule, the filter

f(s) in (5.11) is proposed as

f(s) = m (5.12)
where [ is the FO and replacing (5.12) in (5.11), we get

C,(s) = (rmzls{; gilj +O f)(isz) , B>1 (5.13)
where 4, is the additional time constant. If 6,,, = 0, C, is developed as

Cy(s) = ~Tm2 D (5.14)

Kz (A58 + 1)
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< Design of Cg

Designing the stabilizing PD controller in such a way that the control loop comprises
G(s) = P;(s)P,(s) and Cs attains an accepted value of maximum sensitivity [26]. Also, the
characteristic polynomial 1+ P;(s)P,(s)Cs(s) =0 meets the RH stability condition.
Replacing Cs(s) = K,(1+ Tys) and G(s) = (K;K,e™(01402)5) /((1ys — 1) (1,5 + 1)) in
(5.3) and estimating the denominator’s dead time term by (1 — 0.5(8, + 6,)s)/(1 + 0.5(6, +
0,)s), we get

Ke Oms

P.(s) = (1-0.560.,,5) 19
(T1s = D(T2s + 1D + KK (1 + Tys) (140.56,)

In the above equation, 6, = 6, + 6, and K = K;K,. Selecting T; = 0.56,,, we get

P, Ke™on? 5.16
s)=——— .
() a,s? +a;s+ ag (5.16)

where a, = 1,7,, a; = 71 — T, — 0.5K,K0,, and a, = KK, — 1. According to RH criteria,
P; is stable within the desired range of K, in 1/K < K,, < (t; — 72)/(0.5K0,,). RH stability
criteria are only applied to the above range of Kj,. The graph of K,, vs maximum sensitivity as

discussed in section 5.4 decides the appropriate value of K.

% Design of Cq

The controller G is developed without taking into account the delay term 6, because the
external loop of the suggested SCCS contains the dead-time compensator. C; is found
utilizing B,,. It is already formulated that G;(s) = C;(s)/(1 — B,,(5)C,(s)). By, is evaluated
from (5.16) as

K

P =— 5.17
m(s) a,s?+a;s +aq (517

where a, = 747,, a; = 71 — 7, — 0.5K,K60,, and ay = KK,, — 1.Therefore,

a,s® + a;s + aq

K(1 + ,5%)2 (518)

Ci(s) =

Where 4, and a are time constant and FO. As detailed in the following section, the application
of the FOIMC strategy is now expanded to encompass the innovative strategies FOLY and

FO-smith predictor schemes.
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5.3 Fractional Order Dual-loop Strategy

This section proposes a series of FO based dual-loop control strategies: (1) A FOLY scheme of
MRAC in the external loop and an optimal FOPID scheme in the internal loop (2) A FOLY
scheme in the external loop and IMC based FOPID scheme in the internal loop, and (3) A
FOIMC scheme in the external loop coupled with a Smith predictor, and a FOPD scheme in the
inner loop. By looking into the superior performance of FOLY law on inverted pendulum in
chapter-4, the significant application of dual-loop FOLY over stand-alone FOLY is explored in
this chapter.

5.3.1 Dual-loop FOLY-FOPID strategy

In this control structure, FOLY strategy is used in the external-loop whereas an optimal FOPID
scheme is employed in the internal-loop to attain enhanced control action than unity feedback

method. The FOPID scheme is followed as
Ge(s) = Ky +24 + Kps* (5.19)

FOLY control law is already discussed in 4.2.3.2. The layout of the dual-loop FOLY-FOPID

scheme is established in Fig 5.2. The closed-loop transfer model of the internal-loop is

presented by
L Ge()Ye(s)
Gi(s) = [ERSIAD) (5.20)
The closed-loop model of dual-loop configuration as depicted in Fig 5.2 is
G,(s) = U(s)Gc(s)Yp(s) (5.21)

1+G(8)Yp($)+U(S)Ge(s)Y p(s)
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Fig. 5.2. Dual-loop FOLY-optimal FOPID scheme.

5.3.2 Dual-loop FOLY-FOIMC-FOPID strategy

In this strategy, the FO filter in IMC-FOPID scheme is employed in the internal-loop to
enhance the closed-loop performance. To design IMC-FOPID scheme, the FO process is taken

into consideration. Hence, the 10 model is transformed to a FO model given by (5.23).

K

G3(s) = ST 2w T ol (5.22)
G, = K 5.23
+(8) = 520 4+ 28w, s* + w} (5.23)
Therefore, the following (5.24) is the usual configuration of a fractional-order plant:
K
Gs(s) = (5.24)

S% + 28w, sP + w?

Here, perfect match is taken into consideration between the model and plant. So, an internal

model is proposed as

K

Gs(s) = S% + 28w, sP + w? (5.25)
IMC controller (Qpc(s)) is represented with a fractional filter as

S% + 28w, sP + w?
Qimc(s) = *f(s) (5.26)

K
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where f(s) = 1/(1 + ysP). Hence, the overall expression of the IMC scheme with FO filter is
shown by

Qimc(s) 5%+ 28w, 5P + wf
1 - G5()Quuc(s) Kys?

Cimc-rorin(s) = (5.27)

To find the IMC-FOPID control settings, (5.27) is expressed in the usual form of FOPID

scheme as follows:

K, " 1 28w, s¢ 5, @n
CIMC—FOPID(S) = KP (1 + 57 + KDS ) = WT [m + sP + ?:I (5.28)

where Kp = 26w, /K, K; = w?/K, K, =1/K, 2= and u= a — B . The layout of the
dual-loop FOLY-FOIMC-FOPID technique is depicted in Fig. 5.3. So, the model of the

internal-loop is obtained as

Cimc—rorip(S)f (s)Yp

G = 5.29
6() 1+ Cimc—-rorin (8)f(S)Yp ( )

The entire model is obtained as

Gy (s) = U(S)Cruc—-ropin(S)f (s)Yp(s) (5.30)

1+ Ciyc—ropin () (8)Yp(S) + U(S)Cimc—ropin (S) f($)Yp(s)
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Fig. 5.3. Dual-loop FOLY-IMC FOPID scheme.
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5.3.3 Dual-loop FOIMC-FOPD predictor

The proposed Dual-loop predictor is illustrated in Fig 5.4 has a FOIMC scheme (G.) and a
stabilizing FOPD controller Gpp(s) = Kp + K;s*. B, represents the model of the following

(without dead-time):

Pi(s) = % = #()S;},D(s) (5.31)
From Fig 5.4, the external model is provided by

O Ge(s)Pe(s) _ (5.32)
7(s) 1+ Ge(s)(Ba(s) + Pi(s) — Bu(s)e™?)

Taking into account ideal-model circumstances (P, (s) =P,,(s)e %), (5.32) reduces to

Y(s) _ Ge(s)Pn(s)e™® (5.33)

7(s) 1+ Go(s)Pn(s)

where G¢(S) = Croime(s)/(1 — Pr(8)Croimc(s)) is the external-loop scheme. Since the
denominator of (5.33) is independent on 6, the design Cryim relies only on By. It is the

benefit of this control strategy.

¢
P!

Fig. 5.4. Dual-loop FOPD-FOIMC smith predictor.

G and Gpp need to be designed for the suggested dual-loop FOIMC-FOPD predictor. G is
computed by developing the FOIMC filter. The method for finding the control functions is

demonstrated below:
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< Design of Gpp

The FOPD scheme is developed for stabilizing the inner-loop involving Gp(s) and Gpp(s) .
Ideal values of Kp, K; and u are found applying the PSO demonstrated in Appendix C.
Replacing Gpp(s) = Kp + Kys* and Gp(s) = (Ke™% )/(aps? + a;s + ag) in (4.110) and

neglecting e =% the denominator, we get

Ke—@s

P.(s) =
() a;s? + a;s + K Kys#* + KK + aq

(5.34)

7

** Design of CFOIMC

Croimc 1s designed using B,,. Therefore, G¢(s) = Croimc(5)/(1 — Bn(S)Croimc(S)). By is
obtained from (5.34) as

K

B = 5.35
m(s) a,s? + a;5 + K Kgs* + K,K + aqg (5.35)
Therefore,
2
a,s® +a;s+ KKygs*+ K, K+ a,
Cromc(s) = L (5.36)

K(1 + 15%)2

where 7 and a are the variable tuning parameter and FO, accordingly. In this study, Gpp is
obtained as a FOPD scheme rather than FOPID to ignore the integral term (1/s) in (5.36). The
aforementioned stand-alone and augmented fractional order topologies are employed to
investigate the performance of inverted pendulum and CSTR in different scenarios from a real
time perspective in the following case studies. Different optimization strategies are
recommended in some case studies in order to attain the best outcomes for various fractional
order control topologies. Different optimization methods such as ABC [27] and MPSO [28]
methods are employed in this work. In order to create some meta heuristics, nature-inspired
optimization method typically concentrates on insect behavior and imitate their
problem-solving techniques. PSO and ABC are two often employed methods that imitate insect
behavior. The ABC optimization makes an effort to imitate honey bee behavior when seeking
out food. In order to select the best time constants (4; and 14,) FOs (a and 8) of IMC filters for
various processes in section 5.2, the ABC method is used. The flowchart of the ABC
optimization is discussed in Appendix C. Closed-loop time constant ranges are set to 0 to 100
and fractional orders to 0 to 2, accordingly. In section 5.3, it is recommended to use PSO,
another population-based evolutionary technique, to determine the best values for various

controllers. The standard PSO is more popular because it is very simple to implement and does
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not require the gradient of the problem being optimized. The PSO is an extremely resilient and
versatile solution to optimization issues. Due to the fact that it essentially determines the PSO's
convergence nature, inertia weight is crucial to obtaining the best settings when utilizing the
PSO method. The particle swarm will not converge to produce an optimal solution if a big
inertia weight value is applied. The inertia weight in this study has been constrained to fall
inside a predetermined range known as random inertia weight. The pseudo code of this method
is discussed in Appendix C. For both optimization techniques, the following multi-objective

function encompassing IAE, ISE, and ITAE determines the required optimal parameters

J =W, [, tle@®dt + W, [le(Dldt + W; [ |e(t)?|dt (5.37)
where, W, W, and W3 are the weights whose values are considered 0.5.

5.4 Investigation on Proposed Fractional Order Standalone and Augmented

Control Schemes on Continuous Stirred Tank Reactor

To demonstrate the benefits of the proposed techniques in comparison to the state of the art,
simulation tests are carried out using some reported benchmark models that have been adopted
in the literature. Additionally, the proposed design's robust stability is examined, and different

performance metrics are computed.

Case study I: Comprehensive study of Optimal FOIMC rule based SCCS with
advanced dead time compensator

The following steps for applying the suggested method are proposed as
I. In light of the parameters of P,(s), C,(s) is developed using (5.13) or (5.14).
II. The entire model G(s) = P;(s)P,(s) is obtained.

III. C5(s) is developed assuming Tq = 0.58,, and selecting K;, in the range 1/K <
K, < (t1 — 72)/(0.5K0;,), a graph of K, vs Mg (Mg = [|1/1 + Cs(s)G(s)|l0) is

evaluated.

IV. The actual value of M is acquired from the graph generated in step-III. The most
common recommendation for Mg is 1.6. However, for the majority of unstable
processes, Mg =1.6 is challenging to attain. In that situation, choosing the option
that corresponds to the lowest value of Mg is advised to establish an acceptable

trade-off between performance and stability.

V. From (5.34), B, is computed. Using B, C;(s) is obtained as shown in (5.36).
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The actual plant model G(s)is only approximated by the nominal plant (G,,(s) =
Pp1(s) P2 (s)), which is utilized to calculate the controller functions. Therefore, it is crucial
to build the closed-loop process in a way that makes it resistant to changes in the parameters

of the plant model.

Robust Stability Analysis:

The following need [29], must be met in order to provide robust stability:

A Ta(lles <1, Ve € (—00,0) (5.38)

where, T;(s) is denoted as complementary sensitivity function and A(s) is denoted as the

multiplicative uncertainty in the plant model which is obtained as

G(S) — Gop(s)

Gor () (539

A(s) = ‘

The system should be designed so that the following condition is met in the event that the
process gain, delay time, and time constant of the primary and secondary models are

disturbed:

[(z1 + Aty)s — 1][(z2 + ATy)s + 1] |
(T15 — 1)(125 + 1)e=29ms — [(z, + Ary)s — 1][(z, + ATy)s + 1]

ITalleo < (5.40)

where, AK;, A8, and At/ AK,, AB, and At, represent uncertainties in process gain, delay
time, and time constant of primary/secondary models, respectively. To investigate the
robustness, the magnitude graphs of T;(s) and A(s) are obtained as depicted in Fig. 5.5. Tt is

noticeable that in all frequencies, the decibel magnitude of T, (s) is less than that of A(s).

Two benchmark instances examined by [7-8] are used in simulation research. A step input 77 is
considered at t = 0 that is detailed in this section in order to contrast the servo behavior. The
controlled variable should oscillate and overshoot as less as possible to attain the set-point as
rapidly as possible. By applying negative step load disruptions (d; and d,) at different times,
regulatory responses are contrasted. The controlled variable should begin following the desired
set-point as soon as it deviates from it due to disturbances, with the least amount of overshoot or
undershoot possible. To investigate the system stability, disturbances of +10% are applied in
the gain and dead time of P; and P,. Additionally, 7, and 7, are altered by -10%.

Computation of instantaneous error e(t) involves by subtracting y; from 7r; at time ‘t’.
Using e(t), integral errors are obtained as IAE = fooole(t)ldt) and ISE = foooe(t)zdt. By

incorporating the settling time of servo and regulatory performances, the entire settling time
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(ts,, ) is evaluated as tg

= sy r) T syan T tsoy/ay) - Reliability of control
output u, (t) is computed by its overall variation (TV = %72, |uy (i + 1) — u,(i)]). Lower

readings of IAE, ISE, t;  and TV measurements are preferable. In the simulation studies, the

ov

Cs is designed with a derivative filter as shown below:

TdS
CS(S) = Kp <1 + m) (541)

Example-1

The following primary and secondary models are used:

—0.339s —0.6s

P(s) =57 () = 3575571 (542)

The secondary and primary controllers [7] are developed as:

Geo(s) = (207s + 1)/(03s+ 1), Gei(s) =0.478(1+ 1/(0.995) + 0.2135)(6.821s +
1)/(0.567s + 1) whereas the transfer function of set point filter is Fr(s) = 1/(6.821s + 1).
The controller settings [8] are used as:

Gep(s) = (2.07s + 1)/(03s+ 1), Ges(s) = 4.646(1 + 1/(4.255s) + 0.285)(0.47s +
1)/(0.23s + 1), Gcq(s) = 4.646(1 + 1/(4.255s) + 0.285)(0.47s + 1)/(0.023s + 1) and
F(s) = 1/(1.19s% 4+ 4.255s + 1). Using the ABC optimization, 1,;=0.439, 1, = 0.1 and a
=1.05 and B = 1.15 are found for the proposed method. From Fig. 5.6, appropriate reading of
K, can be chosen to attain a Mg of 1.6. The fractional order sole approximations using phase

modulated biquadratic equiripple approximation is presented in Table 5.1.

The proposed strategy yields C,(s) = (2.07s +1) (s + 1)/(0.1s*1 +1)?,Cs(s) =
1.54(1 + 0.47s) and C;(s) = (10.35s% + 2.207s + 0.54)/(0.193s%1 + 0.878s205 + 1) .
The proposed method's performances are contrasted to those of the reported ones using the
aforementioned controller settings. Unit negative step disturbances are applied at the 30s and
60s, respectively, to evaluate the regulatory responses. Figs. 5.7 to 5.10 show the system
behaviors and control efforts for the nominal and disturbed plants. A band-limited white noise
block (noise strength 0.0001, sampling time 0.5, and seed 0) is introduced to the measured
output to evaluate the impact of measurement noise. In Figs. 5.11 and 5.12, respectively, the
closed-loop control efforts amid noise are illustrated. The IAE and ISE for the proposed
technique are much lower in both the normal and perturbed circumstances, as can be found
from the quantitative analysis presented in Table 5.2. The proposed method's entire settling
time (for the nominal situation) is somewhat higher than that of existed ones. However, in

practice, it cannot anticipate the hypothetical model to function smoothly. It is important to note
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that if the plant model is disrupted, the technique [8] produces an unstable closed-loop response.
Additionally, the TV readings of the suggested approach are higher than those that were
published. Nevertheless, as shown in Fig. 10, the control signal of the suggested method is
significantly smoother than the reported works amid measurement noise. Thus, it can be
encapsulated that the following benefits of the proposed strategy have been reported: (1) a
quicker servo response, as shown in Figures 5.9 and 5.11; (2) steady control action (amid
measurement noise); and (3) a somewhat less oscillating outcome if the plant is upset. As per

the proposed scheme, G, = C,/(1 — B,C;) and for this case, B,, = 1/(10.35s2 + 2.207s + 0.54)

and P, = P,e”093%,
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Example-2

In this case, the following primary and secondary models are adopted:
I S

10s -1 s+1

The following control settings [7] are employed as: Goo(s) = (s + 1)/(6s +2), Ge1(s) =

0.122(1 4+ 1/(5.55) + 1.728s)(72.255 + 1) /(0.8865 + 1) and Fgr(s) = 1/(72.25s + 1).

The controller settings [8] are used as: Ggp(s) = (s + 1)/(3s+2),Ges(s) = 1.823(1 +

1/(46.522s) + 1.4655)(2.55 + 1)/(1.2855 + 1), G4 (s) = 1.643(1 + 1/(63.873s) +

1.5025)(2.55 + 1)/(0.172s + 1) and F(s) = 1/(68.152s2 + 46.522s + 1) . The time

Py (s) =

(5.43)

constants and FO parameters computed using ABC technique are as follows: A1; = 9.85, 1, =
1.004, a.= 1.04 and  =1.16. Acceptable reading of K,, can be selected from Fig. 5.13. Taking
into account the models in (5.43), Ms = 1.6 is not attainable. Therefore, the least value of Mg
is determined to be K;, = 0.75. Accordingly, the proposed controller functions are computed
as  Cy(s) = (s + 1)2/2(1.004s*16 +1)2,  C¢(s) =0.75(1+2.55) and C,(s) =
(10s% + 5.25s + 0.5)/(194.055%98 4 39.4519% + 2) | The regulatory performance is
investigated by combining negative disturbances (d; and d,) at 150s and 300s, accordingly.
Figs. 5.14-5.17 show closed-loop findings and control actions that match the nominal and
perturbed models. The impact of measurement noise is investigated by combining a white noise
source (noise strength = 0.0001, sampling time = 0.5 and seed = 0). Figs. 5.18-5.19,

accordingly, show the system responses and control attempts amid noise.
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Table 1 shows that, in comparison to the reported methods (for both nominal and perturbed
models), the closed-loop response of the suggested method has reduced IAE, ISE, and ts
measures. Fig. 5.18 illustrates how the steady control action amid noise justifies the high TV
measurements for the suggested approach. As opposed to the previous statement, the described
works' control signal exhibits significant amplitude surges when noise is present. Actuator
saturation could result from this, which is undesirable in real-world situations. Therefore, the

proposed approach leads to a notable enhancement in closed-loop performance.
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Fig. 5.15. Nominal control actions.

In this case study, B, = 2/(10s% + 5.255 + 0.5) and P, = B,e>S. The T,(s) can be found
as G.P,/(1 + G.P,), where G. = C;/(1— B, Cy). In this case study, A(s) is calculated with
(5.41) for the perturbation values taken into consideration. Stability analysis is explored by
showcasing the magnitude plots of T;(s) and A(s). At all frequencies, it is found that the
complementary sensitivity function's decibel magnitude is smaller than the uncertainty norm

bound. According to (5.40), it is the essential criteria for robustness.
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Fig. 5.20. Magnitude graphs of stability for the proposed method.
Example-3

The various steady state solutions that resulting from an isothermal chemical reactor are studied

in terms of its dynamics [7] in order to investigate the effects of potential nonlinearities.

dc_ Q Ky

TV (¢;-c¢)- TCT D2 (5.44)

Where, Q is the inlet flow rate and Cy is the inlet concentration. The parameter settings are
Q =0.0333 L/s, V=1L, k;=10L/s and k, =10 L/mol. It is proposed that there is an unstable
steady condition at C =1.316 which is the nominal value of C; = 3.288 mol/L. By linearizing

around € = 1.316 and considering a delay time of 20 seconds, the following model is

computed:
P, (s) = 3.433e¢720s <45
1 =103 15— 1 (5:45)

The disruptive element in this case is the inlet flow rate. As a result, the cascade control

technique is put into practice. The secondary process model's dynamics are taken to be

—0.5s

P,(s) = (5.46)

3s+1

Choosing T; = 10.25 and for several values of K, in the range 0.291<K,<2.845, we
compute K, =0.891 corresponding to Mg = 1.6. Using ABC optimization, 1= 4.86, 4, =
0.25 and a = 1.08 and = 1.12 are computed. The fractional order sole approximations using
phase modulated biquadratic equiripple approximation is presented in Table 5.1. Consequently,

the estimated proposed control settings are
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C,(s) = (3s +1)(0.25s + 1)/(0.25s%12 + 1)%, Cs(s) = 0.891(1 + 10.25s)and C;(s) =
(309.3s2 + 68.736s + 2.06)/(3.433(255%1¢ + 105198 + 1)). Only (5.45) is utilized to get
the aforementioned controller settings. In simulation, however, (5.44)'s nonlinear differential
equation is applied rather than (5.44)'s. To analyze the servo operation, a set-point step change
from 0 to 5 is used. Disturbances d; = —10 and d, = —10 are presented at 500s and 700s,
respectively, to evaluate regulatory action. A +20% perturbation is taken into consideration in
order to attain the suggested dead time compensator's resilience. Figs. 5.21- 5.22, which
correspond to the nominal and disturbed plant models, respectively, exhibit plots of closed-loop
outputs and control efforts. It is clear from Figs. 5.21 and 5.22 that the suggested system

produces reliable closed-loop reactor control.
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Fig. 5.21. Robustness of proposed method.
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Fig. 5.22. Nominal and perturbed control actions.
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Table 5.1
Approximated model of fractional order

Fractional order

Approximated transfer functions G(s)

51.05

0.85s% + 16.02s + 2.03

2.03s% +16.02s + 0.85

1.15

2.24s% + 8.53s + 6.29
6.29s2 + 8.53s + 2.24

5108 2.255%2 +9.37s + 4.23
4.235% + 9.37s + 2.25
s112 5.84s2 + 12.43s + 3.62
3.6252 + 12.43s + 5.84
Table 5.2
Performance measures
° Tuning Nominal system
S| smteges [TAE [SE [ TV ¢, (se0)
Nominal case
1 Proposed 3.99 | 1.69 | 361.57 113.5
Yin et al. [8] 4.89 | 291 126.15 111
Dasarietal. [7] | 7.32 | 3.93 43.47 118
2 Proposed 45.61 | 23.91 44.74 601
Yin et al. [8] 47.27 | 25.88 6.60 624
Dasari etal. [7] | 72.62 | 45.63 6.72 641
Perturbed case
1 Proposed 439 | 1.70 | 2.69x10° 109.2
Yin et al. [8] -- - -- --
Dasarietal. [7] | 7.71 | 3.96 59.45 119.45
2 Proposed 53.12 | 30.81 50.44 627
Yin et al. [8] 52.16 | 30.45 11.56 650
Dasari etal. [7] | 78.45 | 55.30 9.71 659

According to the aforementioned studies, the

proposed optimal

ease compared to existing conventional schemes.
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FOIMC-SCCS technique
significantly outperforms certain recent research in terms of closed-loop servo and regulatory
responses. Even if the overshoot during servo action is reduced, overshoots in regulatory action

still occur and need to be addressed. But this proposed approach attains long-term stability with

After the significant application of an optimal FOIMC-SCCS scheme, the second novel
investigation is carried out with FOMRAC augmented control schemes on another reported
benchmark model. Only FOLY based standalone and augmented techniques are examined in
this application for regulating process variables because FOLY is proven to be more efficient
than FOMIT as discussed in chapter-4. Dual-loop techniques are implemented in a Simulink

environment using Figs. 4.11, 4.14, and 4.15. The significant applications of the FOLY -based




dual-loop approach are explored in the subsequent research, and to assess the effectiveness of
control. The performance of this proposed dual-loop strategies is further compared to another
alternative proposed dual-loop scheme based on FOIMC-FOPD predictor for better

improvement of control action.

Case study II: Comprehensive study of different FO-augmented strategies

Simulations are conducted using the different operating points of a benchmark plant models

that are used in (5.47) and (5.52).

Example-4

Five linear operational regions comprise the linearized CSTR utilizing data shown in Table5.3.
In this work, the following linear operating points [30] are used: C4(t) = 0.1425mol/l, Tg =
460.12 K and q.(t) =113.25 I/min. The Eigen values of selected linear operating region are
found as 3.478 and 1.356. This means that the resulting system is unstable with the following

model:

0.1915
5?2 —5.948s + 22.69

Ye(s) = (5.47)

The parameters [30] of this CSTR are presented in Table 5.3.

Table 5.3
Parameters of CSTR
Parameters Specifications
Concentration (C, (t)) 0.0885 mol/l
Reactor temperature (T (t)) 441.14 K
Coolant flow rate (g.(t)) 100 1/min
Feed flow rate (qf(t)) 100 1/min
Feed concentration (Cr) 1 mol/l
Feed temperature (Tf) 350K
Inlet coolant temperature (T¢r) 350K
CSTR volume (V) 1001
Reaction rate constant (kq) 7.2x 10" min™!
Activation Energy (E/R) 1x10°K
Heat of reaction (-AH) -2 x 10° cal/mol
Liquid density (p) 1x10° g/l

Heat transfer term (hA)

7 x 10° cal/(min K)

Now, choosing an ideal model (y,) is crucial in MRAC based schemes. For the current
procedure, the ideal parameters are peak overshoot (M) = 3% and settling time (Tg) = 3
seconds. For these specifications the damping ratio (§) = 0.59 and natural frequency (w,,)

= 2.259 are obtained using the following expressions:
M, = e~ME/N1-¢ (5.48)
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4

= o, (5.49)
So, the reference model is obtained as
5.103
Yy (s) = (5.50)

s? + 2.665s + 5.103

In MRAC, the FOLY rule is always preferred over the MIT rule based on fractional orders. This
is due to the fact that, as described in chapter 4, the adaptive gain of the Lyapunov stability rule
is 1.5 times higher than the MIT rule. The FOLY rule includes y and a as control law
parameters which are frequently tuned to attain promising servo-regulatory behaviors. In
general, system tracking performance enhances with increase in y and reduction of a. It is
discovered that increasing the value of adaptive gain and reducing extra degree of freedom
makes the system responds quicker and minimizes the value of integral errors. All systems
work satisfactorily within a certain range of adaptive gain and an additional degree of freedom.
The closed-loop findings are examined for various y values (between 0 to 50) and a values

(between 0 to 1) for unstable plants.

Extensive research indicates that when y = 45 and a = 0.75 are used, the system provides
adequate tracking performance (in terms of error values and response time). For the previously
described gain levels, the FOLY rule yields more stable and enhanced closed-loop behavior
when compared to the other gain values. The FOLY rule is added to the FOPID and
FOIMC-FOPID controllers to further enhance performance. The modified PSO method is used
to derive the parameters of the FOPID controller in (5.19). The suggested values for FOs in
(5.25) are @ =0.492 and £ =0.246 for unstable processes, respectively, based on extensive
simulation research. Now, modified PSO is used to determine the best values of the filter time
constant and fractional filter in (5.26). The MPSO method is also used to estimate the three
tuning parameters (Kp, Kp and p) of the FOPD scheme for the dual-loop FOIMC-FOPD
predictor. Kp, K;, Kp have ideal values between 0 and 100. In a manner similar to this, the
ideal FO values (A and p) in the FOPID scheme are examined between 0 and 1. Likewise, a
range of 0 to 100 is searched for the ideal filter time constant. The fractional filter is tuned for
an order between 0 and 1. Next, the fractional-order tuning parameters of the FOPD prediction
method are examined between 0 and 2, while the ideal values of the proportional and derivative
tuning parameters are examined between 0 and 500. The optimization algorithm is discussed in
Appendix-C. Table 5.4 depicts the proposed controller settings and Table 5.5 shows rational
approximations of different computed fractional orders using exact phase modulated
biquadratic approximation. To examine the servo response, a unit step change in set-point is

taken into account at t = 1 second.Application of a unit-step disturbance at t = 25 seconds
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allows for the study of regulatory responses. System outputs from all three of the multi-loop
systems that have been suggested are compared to those of the FO-Lyapunov method. The
system output is subtracted from the set-point at time 't' to produce the instantaneous error. ISE
and ITAE are calculated using IAE. TV is determined by Y.;2,|u(i + 1) — u(i)|. To discover a
workable balance between performance and robustness, the suggested predictor assumes that ©
of the FOIMC controller is 0.5. Beyond 0.5 may result in a decline in closed-loop performance
but enhance system robustness. On the other hand, performance is improved but robustness is
sacrificed when the value is decreased below 0.5. The control actions and closed-loop
outcomes for the three suggested control methods and the FOLY approach are plotted for the
CSTR unstable process model in Figs. 5.23 and 5.24, respectively. At the plant's output, a 0.01
second delay is also taken into account. Gain of the process model is studied with a +10%
perturbation to study the stability of the design. In Figs. 5.25 and 5.26, respectively, the system
and controller outputs for the perturbed example are displayed. There is no doubt that the
suggested methods produce more reliable closed-loop performance than the FO-Lyapunov

stand-alone method.

The FOIMC-FOPD predictor, out of the three suggested control structures, produces a quicker
servo action and noise rejection in both nominal and perturbed scenarios. Additionally, as
shown in Table 5.6, the proposed FOIMC-FOPD predictor's IAE, ISE, ITAE, and TV measures

are lower than those of the other three techniques.

— Propesed FOIMC-FOPD predictor
== Proposed FO-Lynpunov-FOIMC-FOPID
o= Proposed FO-Lyapunoy-FOPID

=t

=+=F() Lyapames

e ————— T

et L LV v
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20 23 0 15 a0 15 31
Time

Fig. 5.23. Nominal outputs with stand-alone and augmented control topologies.
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Fig. 5.26. Perturbed control actions.

A Gaussian noise source is introduced to the control actions for each of the four methods under

consideration for comparison to evaluate the impact of measurement noise on system response
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(mean = 0, variance = 0.001, seed = 41, and time = 1 second). In Fig. 5.27, the closed-loop
servo and regulatory responses to noise are depicted. It is found that even amid the
measurement noise, the proposed approaches follow the set-point and reject the disturbances.

But, proposed FOMIC-FOPD predictor tackles the system more swiftly and gracefully.

I I I
—Proposed FOIMC-FOPD predictor
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=-FO Lyapunov

e atat

)
T
p———
et

0.5 B
0 ! ! ! ! ! ! .
0 5 10 15 20 25 30 35 40 45 50
Time
Fig. 5.27. Nominal outputs under noise.
Example-5

In this study, the following linear operating points [30] are used: C4(t) = 0.0885 mol/l,
Ts =441.14 K, q.(t) =100 I/min. These settings are applied in (2.98) to define the matrix A as
illustrated below:

_ [—11.435 —0.1436

3144.6  2.583 5D

Since, the Eigen values of (5.51) are obtained as -2.3899, -1.0, it results stable state. The

following stable state based model is found for the above operating zones as found below:

0.04327

Y, =
P() = 739315 ¥ 13.22

(5.52)

In this instance, multiple adaptive gains (ranging from 0 to 200) and additional degrees of
freedom (between 0 and 1) are examined for the closed-loop servo-regulatory responses.
Extensive simulations reveal that, with y = 150 and a = 0.5, the system offers reasonable
tracking performance in terms of error levels and speed. The fractional-orders are suggested
as @ =0.304 and B =0.152 in (5.25). Table 5.4 depicts the proposed controller settings and
Table 5.5 shows rational approximations of different computed fractional orders using exact

phase modulated biquadratic approximation.
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The system outputs and control efforts are shown as illustrated in Figs. 5.28 and 5.29,
accordingly, taking into account the CSTR process model established. A dead time of 0.0001
second is taken into consideration along with the process model described in (5.51) in order to
examine the system's robustness. Figs. 5.30 and 5.31, respectively, depict closed-loop outputs
and control attempts of the perturbed model using the aforementioned delay. Table 5.6's IAE,
ISE, ISTE, and TV metrics demonstrate that the suggested solutions produce improved
closed-loop performance and significantly smoother control actions. Notably, Compared to
other suggested control structures, the FOIMC-FOPD predictor performs better. The suggested
FOIMC-FOPD control strategy's control signal is significantly smoother and smaller in
amplitude than those of the other methods. It is hence ecologically friendly. It's also important
to note that the FOIMC-FOPD control approach is simpler and takes less time 5 sec than the
other three techniques. Similar to Example 3, same noise source is added to the system outputs
for each of the strategies under consideration for comparison to evaluate the impact of
measurement noise on system response. Fig. 5.32 illustrates servo-regulatory outputs with
noise. It has been found that the suggested methods work well even when there is measurement

noise since they can follow the set-point and reject disruptions.

(5]
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Fig. 5.28. Nominal outputs with stand-alone and augmented control topologies.
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Fig. 5.30. Perturbed outputs with stand-alone and augmented control topologies.
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Fig. 5.32. Nominal outputs in the presence of noise.
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Table 5.4
Controller settings

Method

Controller functions

Proposed FO-Lyapunov 0, = 45e 5z u., 0, = —4Se 1 01915
1 e Y2 = 5075 §2-5.9485+22.69
Example-4
B = 45 rgo L .1915
s) = 45e s ite — [745¢ 578 7 "5 045 + 22.69
Proposed Multi-loop FOLY-FOPID 0.113 2
CFDPID =0.984 + —— 032 + 0.376s"
1 0.1915
U(s) = 45e e = [=45¢ G5 7 5 0ags + 22.69
P Iti-1 118 1
roposed multi-loop Crome—ropin = ( 30 + 28 550.246)
FOLY-FOIMC-FOPID 50246 6.2250-24
U(s) = 45 45 1 0.1915
$) = 45e zguc ~ [745¢ 575 T 5 gass + 22.69
Proposed Multi-loop FOIMC-FOPD Gpp(s) = 0.01 + 248.455105
predictor
C(s)y = S+ 47875510 — 5.948s +22.69
$)= T0.04852T + 0.1925105 + 0.192
Example-5 Proposed FO-Lyapunov 9, = 1SOe _u,, 6, = = —150e L 004327
1 cr 72 505 §243.9315+13.22
1 0.04327
UGs) = 150e Fzuc — [-150e s°_5 Tr39315+1322)
P Multi-1 FOLY-FOPID 0.0634
roposed Multi-loop FO 0) Cropip = 0.957 4+ —oook s 408355328
0.04327
Us) = 15065 — [—150e 55 s°5 Z+3.9315+13.22]
Proposed multi-loop ( 305 42 152)
FOLY-FOIMC-FOPID Cromc-ropip = |90 + gy + 23115 )97 0 5
0.04327
UGs) = 15065 —[-150e 55 50552+3 9315+13. 22]

Proposed Multi-loop FOIMC-FOPD
predictor

Gpp(s) = 0.92 + 1.155102

s2+0.05s192 + 3.931s + 13.263

C(s) = 0.015204 + 0.0433s192 4+ 0.0433
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Approximations of fractional order

Table 5.5

Fractional order

Approximated transfer functions G(s)

SO.75

8.026s2 + 24.73s + 4.536

4.536s2 + 24.73s + 8.026

246

3.365% + 12.53s + 4.03

4.03s% + 12.53s + 3.36

0.32

6.825% + 3.47s + 2.36

2.36s% +3.47s + 6.82

1.05

2.54s% + 6.38s + 4.82

4.8252 4 6.38s + 2.54

2.1

4.29s2 + 11.23s + 2.57

2.57s% +11.23s + 4.29

0.5

5.025s% + 36.88s + 6.525

6.525s52 + 36.88s + 5.025

0.435

3.135s2 + 10.43s + 0.652

0.652s52 + 10.43s + 3.135

50.152

8.255s2 + 2.62s + 3.623

3.623s2 + 2.62s + 8.255

1.02

2.475s% + 5.63s + 1.525

01.525 + 5.63s + 2.475

2.04

3.525s2 + 9.473s + 0.884

0.844s2 4+ 9.473s + 3.525

Quantitative performance measures

Table 5.6

Nominal plant Perturbed plant

Control Structure | JAg | ISE | ITAE TV IAE | ISE [ ITAE TV
Example | Proposed  dual-loop | 4.89 | 2.44 | 50.68 | 1.58x10" | 4.51 | 2.31 | 44.79 | 1.45x10"
-4 FOLY-FOPID

Proposed dual-loop | 3.63 | 1.63 | 49.97 | 8.37x10° | 3.62 | 1.62 | 49.97 | 8.08x10°

FOLY-FOIMC-FOP

1D

Proposed dual-loop | 2.10 | 0.86 | 31.36 | 2.99x10° | 2.05 | 0.83 | 29.20 | 2.99x10°

FOIMC-FOPD

predictor

FO-Lyapunov 6.88 | 3.02 | 9035 | 6.75x10" | 6.88 | 3.02 | 1162 | 7.34x10"
Example | Proposed  dual-loop | 4.34 | 231 | 4637 | 427x10" | 4.15 | 2.23 | 45.16 | 4.27x107
-5 FOLY-FOPID

Proposed dual-loop | 3.61 | 1.54 | 52,58 | 1.78x10° | 3.61 | 1.54 | 52.64 | 1.78x10°

FOLY-FOIMC-FOP

ID

Proposed dual-loop | 2.119 | 1.27 | 30.38 | 1.68x10° | 1.96 | 1.18 | 28.07 | 1.68x10°

FOIMC-FOPD

predictor

FO-Lyapunov 5338 | 2.79 | 5821 | 5.77x10" | 6.57 | 3.26 | 79.88 | 2.95x10™
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According to the aforementioned findings, a dual-loop control scheme may be suggested as a
more effective method than unity feedback for regulating unstable systems. Simulation tests
reveal that the suggested dual-loop FOLY-FOIMC-FOPID technique improves servo and
regulatory performance, but the proposed FOIMC-FOPD predictor performs particularly well
when compared to other methods. Ongoing study is currently underway to investigate the
FOLY rule's optimum gains. The use of two alternative optimization algorithms, such as ABC
and MPSO, to the FOLY and FOMIT rules for searching for optimal gains is presented in the
following case study III.

Case study III: Comprehensive study of optimal FOMRAC rules

Simulations are conducted using the different operating points of another benchmark plant

models that are used in (5.53) and (5.54).

Example-6

Without jacket dynamics, the model equations for jacketed CSTR [31] are appeared as

c F E,

=7 (Cay — C) — Koexp (— ﬁ) C, (5.53)
ar _F AHK,  (~Eq vA

E—V(Tf—T)—pCpep(RT)CA—VpCp(T—Tj) (5.54)

Around unstable operating locations, the nonlinear model mentioned above is linearized [32]:
C4=0.0644 Ib.mol/ft’, T = 560.77 R, T; =523.0122 "R. The values of process parameters are
shown in Table 5.7. The transfer function with a delay time of 0.0317 sec is computed with the

following expression as

.82055s + 6.5565
G — —-0.0317s 555
) = Silesz 1269775 - 1° (5:55)

The optimal values of y and a are found as 0.08 and 0.24653 using MPSO. Using the ABC
optimization, y = 0.20034 and a = 0.30456 are obtained. Figs. 5.33 and 5.34 display the
closed-loop actions and control initiatives corresponding to the nominal plant. The control
settings for the proposed technique and the approaches under consideration for comparison are
summarized in Table 5.8. The approximate results of various ideal fractional orders are shown
using exact phase modulated biquadratic equiripple approximation in Table 5.9. Figs. 5.35 and
5.36 show the perturbed model's plant output and control signal graphs. It is clear that the
recommended optimal FOLY strategy exceeds the competition in terms of rejecting

disturbances and following set points.
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A noise generator (sigma=0.01, seed = 0.1, and time = 1 sec) is incorporated into the output to
evaluate the impact of measurement noise on system response. Figs. 5.37 and 5.38, respectively,

depict closed-loop results and control actions amid noise. It has been found that even with noise,

the suggested methods track the set point and reject the disturbances.

Table 5.7
Specifications of Jacketed CSTR
Parameters value
Feed concentration (Cr) 0.132 Ib.mol/ £’
Feed Temperature (Tf) 519.67°R
Nominal reactor volume 668 ft°
Heat transfer area 309 ft°
Diameter 7.5 ft
Operating volume 500 ft’
Operating flow rate 2000 ft’/hr
Overall heat transfer coefficient (U) 75 Btu/hr ft* °F
Activation energy (E,) 32400 Btu/lb.mol
Frequency factor (K,) 16.96x10"hr”!
Heat of reaction (-AH) 39000 Btu/lb.mol
Product of density and specific heat (pCp) 53.25 Btu/ft’ °F
Ideal gas constant (R) 1.987 Btu/lb.mol °R

Table 5.8
Parameters of controller tuning

Control scheme Adaptive gain(y) | Extra degree of freedom(a)
PSO FOLY 0.12 0.24653
ABC FOLY 0.30051 0.30456
PSO FOMIT 0.08 0.24653
ABC FOMIT 0.20034 0.30456
Table 5.9

Approximations of fractional order

Fractional order Approximated transfer functions G(s)

5030456 8.026s% + 24.73s + 4.536

4.53652 + 24.73s + 8.026

524653 3.3652% + 12.53s + 4.03

4.03s% + 12.53s + 3.36

Further evidence of the excellence of the proposed plan is explored by the lower values of the

quantitative performance metrics provided in Table 5.10.
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Fig. 5.33. System outputs using different optimal FOMRAC rules.
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Nominal process Perturbed process
Control Structure IAE | ISE | ITAE TV IAE | ISE | ITAE TV
Proposed PSO-FOLY | 9.029 | 4.102 | 1263 | 167.8 | 9.963 | 4.462 | 147.8 | 168.2
Proposed ABC-FOLY | 12.12 [ 6.394 | 173.8 | 2373 | 12.77 | 6.859 | 1893 | 2343
Proposed PSO-FOMIT | 10.55 | 5.59 | 138.9 1327 [ 1195 ] 6.162 | 1743 142.4
Proposed ABC-FOMIT | 15.13 | 7.413 | 246.8 | 3024 | 1599 | 9.464 | 2702 | 2982

Based on a comparison of two optimization methods, MPSO-based FOMRAC schemes
produce promising results than the ABC method, but MPSO-based FOLY outperforms the
other optimal rules. As shown in Case Study II, a stand-alone FOLY produces a
servo-regulatory response with minute oscillations. This issue might be resolved by adjusting

the gain parameters to their ideal values using the MPSO optimization approach which is

under investigation.
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5.5 Summary

For different benchmark models of the continuous stirred tank reactor, fractional order
standalone and augmented novel control topologies are proposed in this chapter. All
proposed control methods' underlying mathematical presuppositions are thoroughly
explained. Fractional orders are approximated by rational modified biquadratic exact phase
approximation method. A combination of sophisticated simulation and optimization
techniques are used to set the controller's parameters. In comparison to existing schemes,
the significant effects of the proposed SCCS scheme with the optimal FOIMC controller are
investigated in order to tackle the process variable with robust control effort. Additionally,
the FOIMC rule's application is expanded to include the FOPD-Smith prediction method
and the fractional order modified Lyapunov stability rule. To demonstrate the advantages of
enhanced approaches over standalone method with regard to various error metrics and TV
measurement from a real-time perspective, a thorough simulation analysis is presented.
Instead of employing FOLY-FOPID or standalone FOLY rules, the FOIMC based FOPID
controller aids in demonstrating more stable control action when augmented with FOLY
rules. In the second investigation, the FOPD-FOIMC smith predictor outperforms due to its
smoother control action. Even if the augmented FOLY-FOIMC-FOPID is well competent of
handling noise, the FOPD-FOIMC predictor approach exhibits superior noise rejection
action with significantly reduced overshoot for specific linearized operating points based on
the current benchmark model employed in this chapter. Later, it is suggested to use both
ABC and PSO optimization techniques to look for the FOLY rules' ideal gain values.
Therefore, in a multi-loop method, ideal values might help to strengthen the control action.
It is established that PSO looks for better gain parameter values than the ABC approach,
and while this method significantly reduces the oscillation of the FOLY rule, PSO still
results in higher overshoot. Research is still underway to offer zero overshoot at the

intended level and enhance control action more swiftly in servo-regulatory performance.
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CHAPTER 6

Fractional Order Standalone Backstepping Control Strategy for
Unstable Processes

6.1 Introduction

A nonlinear control technique called backstepping control [1] is used to design stabilizing
controllers for intricate systems. The process is decomposing the control problem into a number
of more straightforward subsystems with a single input and single output, and designing a
controller for each subsystem that guarantees the stability of the system as a whole. This
method [2] is particularly useful for systems that are difficult to model or have complex
dynamics. For a specific type of nonlinear dynamical systems, the method is especially helpful
in building stabilizing controls. The subsystems that make up these systems [2] branch out from
an irreducible subsystem that can be stabilized in another way. The backstepping technique [2]
offers a recursive way to stabilize a system's origin in strict-feedback form. The design process
begins with the system that is known to be stable, then new controllers are gradually "back out"
[2] to stabilize each outer subsystem. The phrase "backstepping”" refers to the process's
termination when the final external control is reached. The augmented conventional adaptive
and block backstepping methods received much of the attention in the literature [3—4], where it
was found that they performed satisfactorily without overshoots. Nevertheless, no reports of
noise and disturbance were found while using the previously indicated backstepping
techniques. It is apparent that there is a dearth of information regarding the independent
traditional backstepping approach that might be used for unstable systems. Based on previous
discussions, in contrary to the current reported works on significant impact of various
proposed fractional order based standalone and augmented topologies on inverted pendulum
and continuous stirred tank reactor systems, It is worthwhile to investigate a fractional
standalone backstepping rule since it is anticipated to provide promising result than the
traditional backstepping method. Furthermore, there aren't enough research in the literature to

support the backstepping method's advantages over other contemporary control techniques.
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Even backstepping methods that are already in place are frequently enhanced with additional
control rules, making their implementation more difficult [5—6]. For practical applications,

simple control systems may be more advantageous in practice [16].

So, the significant impact of proposed standalone fractional order backstepping (FOB) rule is
discussed as an efficient alternative to standalone CB scheme and its augmented version for
reported benchmark inverted pendulum and continuous stirred tank reactor in this chapter.
There is still a significant opportunity to enhance performance by offering the lowest integral
errors, zero overshoot, and fastest rate of action, even though the currently reported proposed
fractional order control schemes provide the expected performance robustness trade-off with
lower integral errors and overshoot. Various novel case studies are conducted to investigate the
performance of FOB. Like other schemes as discussed in the previous chapters, the same
proposed modified biquadratic equiripple approximation method is employed to approximate

FO in the fractional order backstepping law.

There are mainly two approaches [3] for designing Backstepping controller, which are

stabilizing design and tracking design, are discussed in the next section.

6.2 Rule of Backstepping Scheme

The step by step procedure for designing backstepping controller using stabilizing and

tracking methods [3] is discussed in this section.

6.2.1 Implementation of Stabilizing Design

The steps [3] to implement the backstepping controller is followed as
I. Transfer function of the system is simplified as state equations with state variables.

II. The appropriate Lyapunov function is selected and necessary substitutions are made

followed by simplifications on each subsystem of the model.

III. Finally, controller transfer function is evaluated and it is connected with the model using

closed-loop feedback rule.

6.2.2 Implementation of Tracking Design

The steps [3] to implement the backstepping controller is followed as

I. The transfer function of the system is simplified as state equations with state variables.
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II. Virtual control input is selected to choose the first backstepping variable for the second

subsystem.

III. The appropriate Lyapunov function is selected and necessary substitutions are made

followed by simplifications on each subsystem of the model.

IV. Finally, controller transfer function is evaluated and it is connected with the model using

closed-loop feedback rule.

In this chapter, the aforementioned methods are used to implement the fractional order rule to
ensure global stability. Finally, using direct Lyapunov theory (with the proper Lyapunov
functions) three distinct strategies are proposed with global stability considerations to stable the
continuous stirred tank reactor and inverted pendulum. The steps below are involved in

controller design:

® The required output variable for the state equation of the system is developed.

® Each subsystem is globally stabilized by applying the Lyapunov approach with the

appropriate Lyapunov functions.

® The factors pertaining to global stability are considered. After that, the required

simplifications and replacements are made in order to synthesize the controller.

A continuous scalar function locally or globally, P(x) is referred to as positive definite [21-25]
if
{P(O) =0"(Vx+#0"]|x|]| <R)= P(x) > 0: Local stability

P(0)=0~(Vx=+#0)= P(x)> 0: Global stability

A function P(x) is considered the Lyapunov function for a system if it is positive definite, has
continuous partial derivatives and has a negative semi-definite time derivative (P(x) < 0)

along the trajectory of the system x = f(x). Finding the Lyapunov function’s time derivative

dP(x) dP(x)
dx; 7 dxp

yields P(x) = V P(x)f(x) <0,V P(x) = ( ) € R™.

6.3 Design of Standalone Fractional Order Backstepping Strategy on Inverted

Pendulum

The inverted pendulum [7] is an under-actuated SIMO process that uses force, position, and
angle as inputs and outputs. A system's schematic with both vertical and horizontal directions

are shown in Fig. 6.1.
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Fig. 6.1. Physical model representation of inverted pendulum.
Newton's law of motion estimates the cart's actual force in the horizontal direction.
MX=F-V
The following phrase can be used to assess force in a horizontal direction:
V = m# + ml{ cos o — mlp? sin@
The following expression is used to represent the equation of motion:
(M +m)x + mlp cos ¢ —mlg? sing = F

The following expression can be used to examine the force in the vertical direction:

dZ
U—mg = mw(lcoup)

where the expression below illustrates the second equation of motion, F = U — mg:

(I +ml?)$ + mglsin g = —ml¥ cos ¢

The following results are shown for the mathematical representation of the system:

. M+m)gsine — (F+ml(;52 sin<p) cos ¢
(p =
g(M + m)l — mlcos?¢

. F+ml(gé2 sing —(,bcosqo)
= M +m)

6.3.1 Proposed Fractional Order Backstepping (FOB) Rule

6.1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

6.7)

More flexibility in choosing controller parameters according to system requirements is

provided by fractional calculus [8].

Definition 1. Cauchy's theorem [11-12] can be expressed as follows:

1
(n—-1)!

I"f() = ft(t — " 1f(h)dh,t >0
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The gamma function can be used to expand the above equation to any positive real value. As

(n — 1)! = t(n), a random positive real number () is defined as follows:

1

1% (t) =@

f (6= e f(Rydh 69)

For the Laplace transform of a fractional integral, the following rule is defined:
1%£(t) + f(s)s™® (6.10)

(6.6) and (6.8) are now suggested with the help of the following expressions:

(M +m)gsing — (F + mlg? sin<p) cos @

.. (a)
¢ (6.11)
%(M + m)l — mlcos?¢p
- (@)
y Y2 0
.l(a) = [294.2 siny, -1.5 y2sin(2y,) | — [ 3cosy, ] u (6.12)
Y2 20-3cos?y; 20-3c 2y

where, y; = @, v, = ¢(® and the control input, denoted as u, is intended to be integrated into
the fractional order backstepping architecture. The following are the steps involved in

stabilizing the first fractional order subsystem:

Step 1:

7 =y4" =y, (6.13)
In order to construct the rule, each subsystem is now globally stabilized using the Lyapunov
function. The following is an enhanced application of the Lyapunov function using the Caputo
fractional derivative calculus [17-20]:

1w
DO = o f W (6.14)

The recently expanded Lyapunov function is given in Lemma 1.
Lemma 1. Let q(t) € R is a derivable function and for any time instant
1, 08>0 < a@®DFa() (6.15)

Global Stability Analysis:

Step 2:

Firstly, Lyapunov function (v,) is proposed to explore the global stability:

v, =-2z¢ 6.16
1 1
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EDEvy (8) = 2,2 6.17)
Step 3:

To develop the updated control law, it is approached as

aDizi () = p(y1) + €, (6.18)
where, error function (e,) =y, — p(y1).

aDizi(t) = p(y1) + 2, (6.19)
Now, p(y,) = —p;12z; is selected to stabilize the aforementioned FO subsystem. As p; is
constant, so we find

aDiz1(t) = —p1z1 + 2, (6.20)
So, replacing (6.20) into (6.17) the updated equation is established as follows:

DV, (t) = zy(—p121 + 23) = —p122 + 2,2, <0 (6.21)
Thus, the FO subsystem z,is stabilized globally.

Step 4:

Currently, the second order system's related mathematical equation is displayed by

aDi'z,(t) = —p121 + 2, (6.22)
294.2 siny, — 1.5 yZsin(2y,) 3cosy,

DEz,(t) = - 6.23
O 20 — 3cos2y, 20 — 3cos?y, Ut Py, (6.23)
Step 5:

Now, second Lyapunov function (v,) is defined as

1 1
vy, = 5212 +EZZZ (6.24)

294.2 siny, — 1.5 y2sin(2y,) 3cosy,

eDEv,(t) = =127 + 2, (2, + U+ p1y,) (6.25)

20 — 3cos?y, 20 — 3cos?y,
Step 6:
Now, control input u is proposed as

20 — 3cos?y, 294.2 siny, — 1.5 y2sin(2y;)
=—F—— (P22 + 2z + 2
3cosy, 20 — 3cos%y,

+ p1y2) (6.26)

Now, replacing u into the (6.25), the expression of the Lyapunov function is found as

iDEv,(t) = —p12f — P23 <0 (6.27)
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Hence, the FO subsystem z, is also stabilized. The closed-loop basic standalone backstepping
strategy is designed in Fig. 6.2 by linking the Simulink model of the inverted pendulum to the

controller subsystem.

z1 Control
Backstepping control (u) P T(s¥heta > output

z2 Input
CB/FOB

Pendulum angle

Inverted Pendulum system

Fig. 6.2. Proposed standalone fractional order backstepping scheme.

6.4 Design of Standalone Fractional Order Backstepping Strategy on CSTR

The tri-state nonlinear CSTR process is adopted in this work where the level (h) of the tank,
molar concentration (C), and reactor temperature (T) are adopted as state variables. The
major goal is to smoothly regulate the molar concentration at the desired position while dealing
with nonlinear factors. The mathematical expressions of the three state variables [9] are

proposed with the following equations:

hey = E=F 6.28
®=— (628)
(=T =0 g 6.29
= T
®=— e (629)
iy =TT =D A 2 ey 6.30
= T [ —
( ) 7-[TZh pCH e rpCH( ) ( . )
In this work, output variable is chosen as
y(&) =[cOI (6.31)

The state equations of required molar concentration in (6.29) is adopted by following the

discussions in Chapter-2 under section 2.3.3.1.

For backstepping scheme, the state vector of the system is represented as follows:

x(®) =[O COTOI

where

x,(£) = h(t) (632)
x,(t) = C(t) (6.33)
X5(t) = zge” o (6.34)

From (6.34), the first derivative of the third state variable is shown as
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nz(xs/ 24)

%3 (t) = ”Z—ST‘(t) (6.35)

Now, nonlinear dynamics of (6.28) to (6.34) are transformed into a suitable for designing the

backstepping rule as

% () = 2o + 2,04 () (6.36)
% (1) = Zz/x1 + z3 xz/x1 — x5 (6.37)
X5(t) = 7(x) + w% ) (6.38)
y(®) = [x,(OI" (6.39)
where 7(x) = %:3/24) (i—i’ - W — Z7XyX3 — ﬁ) and the parameters zj ... Zg

are defined in Table 6.1. From the above nonlinear dynamics, (6.36) is treated as the first
subsystem. (6.37) and (6.38) are treated as the second subsystem. In this work, the stabilization

technique is applied to the second subsystem only for designing a backstepping controller.

Table 6.1
Parameters for newly transformed CSTR subsystems

Parameters | Actual definition
Zy F'
r?
z -t
r?
ZZ FICI
r?
Z3 F'
r?
Z4, _k,
Zs E/R
Z FrTr
Tr?
Z; AH
pCH
Zg =2U
rpCII
Zq 2U
rpCII

6.4.1 Proposed Fractional Order Backstepping (FOB) Rule

Using (6.37) and (6.38), the following steps are proposed for designing a fractional order
backstepping rule.
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Step 1:

The following control variable v, (t) is selected to develop the back-stepping controller:

V() = (t(x) = Upo-packste (1)) (6.40)

zgx3 In2 (x3/Z )

Uro—_packste (t) 1s the FOB to be developed. Finally, the dynamics of the subsystem are

shown with the following expressions:

. X
x () = Zz/x1 + 23 2/x1 — X2X3 (6.41)
X3(t) = Uro-packstep(t) (6.42)
Step 2:

Fractional order backstepping law is established by modifying (6.41) and (6.42) with an extra
DOF (a) as follows:

D%, (8) = 22/x, + 2372 /5 — x5x3 (6.43)
D%x3 (t) = Uro-packste (£) (6.44)
where x5 is considered as a virtual input in (6.43).

Step 3:

The first error variable is defined as

e1(t) = yr () — x2(t) (6.45)
€(t) = yr(t) — %,(0) (6.46)
D% (t) = D%y, (t) — D%x,(¢) (6.47)

Global Stability Analysis:

Step 4:

To design the rule, each subsystem is stabilized globally using the Lyapunov function. We
examine the need for the Lyapunov function using the Caputo fractional derivative calculus in

the following ways:

DO = s f = W) (6.48)

W)a n+1
Lemma 1 defines the new expanded Lyapunov function.

Lemma 1. Let q(t) € R is a derivable function and for any time instant

1/, EDEq2() < q(©)EDEq(D) (6.49)
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To stabilize globally the first subsystem, the first Lyapunov function is proposed as follows:

AGERTTHO

DV, (t) = e;D%e (1)

DV (t) = es(Dyy (t) — D x,(1) )

DV, () = ey ( D%y, (8) — 2/x, — 2372 /x, + x,x3)

To make D*V; (t) <0, x3 is chosen as

x5 = Yy, fx, + 25" /x, — 11e1 = D;)

V& (t) = —u e? < 0 shows global stability as e; — 0.

Step 5:

(6.50)

(6.51)

(6.52)

(6.53)

(6.54)

Now, the second error function is defined to design fractional order backstepping law as stated

in (6.55).

ex(t) = x3(t) — @ (x2)(V)

Now, using (6.55) the modified expression is proposed by
a ) X2

Dxy(t) ="2/x, + 23 /x1 = X2 (%) — X6,

D%, (t) = Dxs5(t) — D0 (x,)(0)

D%ey(t) = Upo—packste (£) — D% p(x3)(t)

D%e,(t) =w

Where, w = UFD—backstep(t) —D%p(x;)

Step 6:

The second Lyapunov function is proposed to show local stability with e, — 0.

V,(t) = %ezz(t) +V

DV, (t) = DV, (t) + e, D%, (t)

DV, (t) = e; D% (t) + e,w

DV, (¢) = e; (D%y,(t) — Zz/x1 —Z3 xz/x1 +x20(x2)) + e1x2e; + e;w
D%V,(t) = —p,e? + eyjxze, + e;w

Step 7:

The appropriate value w is chosen to satisfy the following stability criteria:

DV, (t) = _#1312 + exze; + e (—ex; — eyy)

199

(6.55)

(6.56)

(6.57)
(6.58)

(6.59)

(6.60)

(6.61)
(6.62)
(6.63)

(6.64)

(6.65)



DV,(t) = —u e? —uze? <0 (6.66)
Finally, the fractional order backstepping rule is established as

Uro—backstep(t) = D @(x3)(t) — e1x, — exutp (6.67)
As, x3 = @(x3) = 1/x2 (Zz/x1 + 23 xz/xl — i€, —D%y;) , then

DUp(x)(t) = e(x2)(P?/x, + 257 %/x, — X2%3) — X301 — (X3 — 9 () (6.68)

Z Hieg Da}’r@)) (6.69)

e(xz) = D*@(x)(t) = D* <— -

Now, substituting (6.69) into (6.67) the fractional order backstepping law is established as

z e; D%y.(t
—Z—E—L())—elxz — eylly (6.70)

Uro— s) = D“(
FO backstep( ) X1, X, X,

a is taken into account as 1 in (6.70) for conventional backstepping rule. In Fig.6.3, the simple

standalone backstepping control architecture is proposed after the aforementioned

formulations.
i Control o
—®x2  Backstepping contral (u) P x2 C * ¥ Output
Input T
x3 0 ,
CBIFOB CSTR Molar concentration

Fig. 6.3. Proposed standalone fractional order backstepping scheme.

6.5 Investigation into The Performance of FOB Rule on Inverted Pendulum

The investigation of various novel closed-loop servo and regulatory actions, as well as
control actions, is conducted in the following simulation investigations. The parameters of

inverted pendulum [7] is presented in Table 6.2.

Table 6.2
Parameter specifications of inverted pendulum

Symbol Quantity Value

M mass of cart 6.0Kg
m mass of pendulum | 10.0 Kg

) length of rod 0.5m
g gravity 9.8 m/s’

1 Moment of inertia 0.833
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Case I: Comparative study between CB and FOB rules

Fig. 6.4 illustrates how the system is controlled with varying initial angular positions at random,
such as 0.4 and 0.167 radians, using CB and FOB to bring it upright. The FO () is found by
extensive simulation techniques on frequency and time domain platforms. Fig. 6.6 depicts how
the servo actions are also explored by varying FOs, such as 0.6 and 0.8, with a fixed initial

location of 0.4 radians.

wm CB with initial position 0.4
OB with initial position 0.4
===+ CB with initial position 0.167
== FOB with initial position 0.167

slow tracking

Pendulum position(rad)

0 05 1 15 2 25 3 35 4 45 5
Time(sec)

Fig. 6.4. Upright trajectory from different locations.

Fig. 6.4 illustrates how the system responds very slowly when utilizing CB, despite the fact that
both backstepping topologies with different initial locations track the target position effectively.
For FOB with selected FO 0.4, this issue is overcome swiftly in 1 to 2 seconds at the target
position. Fig. 6.5 reveals that the FO 0.4 approximation shows a better stable gain and flatter

response with a larger band gap than the 0.6 and 0.8 approximations.

Bode Diagram
10

g

= = *FO of 0.6 approximation
Y 5 === F0 of 0.8 approximation
£ = () of 0.4 approximation
-]

. I
=

@

5, 60

)

® 2

2 a0

o

Frequency (radls)

Fig. 6.5. Performance study between different fractional orders on Bode plots.

201



The importance of fractional order 0.4 is further explored on time domain platform, as shown in

Fig. 6.6, compared to other fractional orders.

== osition lrajectory with fractional order 0.4
= position rajectory with fractional order 0.6
= position irajectory with fractional order 0.8

03 04
b

0.3

=
P2
&

-

w- selfling time increases slowly

0.2
-

015 01 \\1%‘
l'i 0NN e

0 02 0.4 08 08

Pendulum position(rad)

=
= =
= &
Froe
1 &

]
=
&

05 1 15 2 25 3 35 4 45 5
Time(sec)

o

Fig. 6.6. Time responses of fractional orders.

The settling time towards the zero posture is depicted as progressively increasing by orders of
0.6 and 0.8. Therefore, the following case studies are conducted with fractional order 0.4 of
FOB. As seen in (6.105), a load (d;) is now induced on both the CB and the FOB in order to

examine the resilience of the system.

294.2 siny, — 1.5 y3sin(2y,) 3cosy,
20 — 3cos?y, 20 — 3cos?y,

aD{z,(t) = u+py, +d; (6.71)
As demonstrated in Fig. 6.7, the trajectory unquestionably shows the durability of both of the
backstepping systems with a load at t=4 seconds.

Both of methods correctly follow the target even after providing disturbance, and they keep
doing so for 4 seconds. On the other hand, the regulatory performance makes it clear that the
FOB is substantially quicker than the CB. With the FOB, the system effortlessly settles into
zero level in 5.5 sec; however, the CB performs extremely slowly, with continuous, minute
oscillations. Another important parameter to consider while analyzing the system's stability

pragmatically is noise generation, as shown in Fig. 6.8.
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0.4

- CEH

0.35 OB |

03

n
o

02

load disturbance effect

Pendulum position{rad)

1 2 3 4 5 6 T 8
Time (sec)

Fig. 6.7. Nominal system output in presence of load disturbance.

Pendulum paosition(rad)

Time (sec)

Fig. 6.8. Nominal responses under noise.

Furthermore, as previously noted Fig. 6.8 shows, despite applying noise using mean = 0,
variance = 0.01, seed = 35, and time = 1 sec, FOB assists the plant smoothly towards zero
position, in contrast to CB. Thus, even with the noise and disturbance shown in Fig. 6.9, FOB's

control effort is far smoother than CB's, with a lower amplitude within the saturation bounds.
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== proposed FOB
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40

Control efforts
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Fig. 6.9. Nominal control actions.

Case II: Stability of FOB strategy

By changing the plant parameter by m=15 kg, as depicted in Fig. 6.10 and 6.12, the stability of
FOB is explored, and it is investigated that even when the parameter is changed, despite the
noise, the proposed strategy consistently guides the plant to the intended level. However, the
system acts a slightly slow because of the greater weight of the pendulum. As shown in Fig.
6.11, despite giving an active impulse of 0.3 rad, the system smoothly follows to the desired
upright position in addition to parametric uncertainty and noise. Fig. 6.12 illustrates the control
inputs of FOB with nominal and model uncertainties amid noise, within the saturation limits.
The smoothness of the control signal with perturbed parameters is too investigated. So, it is

vindicated that, FOB delivers robust solution on set-point tracking and noise rejection.

04

w nominal: 10 kg (mass of pendulum)

0.35 m periurbed: 15 kg (mass of pendulum)
03 i

1=
025 1

02

; .-,' - __I
015 ’ o

Pendulum position{rad)
o
-

0.05

-0.05

Time (sec)

Fig. 6.10. Perturbed system outputs in presence of noise.
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04
= nominal: 10 kg (mass of pendulum)
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Fig. 6.11. Global stability analysis of FOB with impulse 0.3 rad under disturbance.
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Fig. 6.12. Robustness of FOB in presence of noise.

Case III: Comparative analysis between FOB, FOLY and FOLY-2 DOF FOPI schemes

As illustrated in Figs. 6.13 and 6.14, the performance of a system with m = 10 kg is explored in
the context of a practical scenario using FOB, FOLY, and FOLY- 2DOF FOPI controllers with
load at t = 15 seconds and noise. Gain (y) of FOLY is selected after extensive simulation
techniques and it follows the intended position swiftly with minimum oscillations compared to
FOLY-2 DOF FOPI [15]. Notably, FOB rule more swiftly and elegantly follows the intended
location in an upright state. In the presence of noise, Fig. 6.15 compares the control efforts as
well within the saturation limits. It is investigated that the proposed standalone FOB performs

far superior to all control strategies without needless overshoot.
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Fig. 6.13. Nominal outputs under load.

== proposed FOB
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Fig. 6.14. Nominal performances under noise.
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Fig. 6.15. Different control actions under noise.
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Table 6.3 shows a controller functions. Employing Instantaneous error e(t), IAE, ISE and
ITAE are computed. As shown in Table 6.5, the proposed FOB offers lower error metrics and

TV compared to other rules.The TV is determined as follows:

TV = Zlu(i +1) —u(D)| (6.72)
i=1
From Table 6.5, it is evident that the proposed FOB rule has lower TV values, which suggests

that the control operation is more smoothly executed.

Table 6.3
Controller Settings

Case study Techniques Controller functions
I CB py +p, = 100,p,p, + 1 = 150
FOB p. +p, =100,p,p, + 1 =150 a = 0.4,0.6,0.8
I FOB p1 +p, =100,p;p, +1 =150 a = 0.4
I FOB p1 +p, =100,p;p, +1 =150 a =04
FOLY ¥ = 25,a = 0.4,K,=1K,=0.5
FOLY-2 DOF FOPI [15] Kp, = 11.24, K;y = 2.67, Kp, = 18.54, K;;, = 2.67, 1 = 0.45,
b=0.65, y =100, a=0.5

Table 6.4
Approximations of fractional order

Fractional order | Approximated transfer functions G(s)

504 9.025s% + 16.88s + 3.545
3.545s2 4 16.88s + 3.545
506 9.873s% + 14.93s + 2.776
2.776s% + 14.93s + 9.873
508 10.883s% + 17.53s + 1.176

1.176s% + 17.53s + 10.883

Table 6.5
Quantitative measurement analysis
Control Techniques IAE ITAE ISE TV

CB 0.252 1.342 0.0062 | 8.73x10°
Proposed FOB 0.103 1.259 | 0.0024 | 2.47x10°
Proposed FOB (Perturbed system) 0.109 1.273 0.0047 | 2.68x10°
FOLY 0.416 1.426 0.018 | 1.84x10°

FOLY-2 DOF FOPI [15] 0.602 1.837 0.082 | 4.42x10
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6.6 Investigation into The Performance of FOB Rule on CSTR

The investigation of various novel closed-loop servo and regulatory actions, as well as
control actions, is conducted in the following simulation case studies. The values of all the

parameters are presented by [9] as shown in Table 6.6.

Table 6.6
Actual parameters for CSTR

Parameters Actual value
F' 0.1 m’/sec
T' 350K
c' 1 Kmol/m’
k' 7.2x10™ min™
E /R 8750 K
U 54.92 W/m” K
p 1000 kg/m’
c" 0.239 kl/kg.K
AH -5x10* kJ/kmol

Case I: Comparative analysis between CB and FOB

In this section, simulation studies are carried out for nominal and perturbed system scenarios
with a desired concentration level of 0.877 kmol/m® and 1 kmol/m’ respectively. The efficiency
of the proposed FOB rule is investigated employing the selected fractional order (o) 0.4 by
extensive simulation studies on frequency domain platform as discussed in section 6.5 and also
on time domain platform as depicted in Fig. 6.16. As the fractional order expands, the system
gets sluggish. The tuning parameters of all control schemes are summarized in Table 6.7. The
plant's state variables in Equations (6.43-6.45) are used in simulation. Positive scalars [14]
(44,45) of both FOB and CB are considered as 1 and 5 respectively. A comparative study is
also carried out between CB and FOB with different positive scalars 5 and 15, towards a desired
concentration level of 0.877 kmol/m’ and FOB outperforms CB as depicted in Fig 6.17. As
shown in (6.106), the servo and regulatory performances are carried out with a disturbance at t
= 4 seconds.

Z3

Upo_ s) = D% (—
FO-backste ( ) X1 X,

e; D% (t
_E_L())_elxz_ez‘uz +d

6.73
xz x (6.73)

Despite applying disturbance, both of the schemes efficiently track the desired level, and keep
tracking after 4 seconds, as depicted in Fig. 6.18. However, FOB keeps tracking the target more

efficiently and reduces the error signal as presented in Table 6.8 respectively.
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Molar concentration is controlled smoothly by FOB even under Gaussian noise with mean = 0,
variance = 0.01, seed = 21, and time = 1 as depicted in Fig. 6.19. FOB also outperforms CB
with different molar concentration 1 kmol/m’. Since it is impractical to obtain perfect models of
reactors, the robustness of the process is studied by perturbing feed concentration by +20% to
the desired positions 0.877 kmol/m’ and also 1 kmol/m’ as illustrated in Figs 6.21 and 6.23.
FOB continues to follow the target consistently rejecting noise more smoothly than CB. Fig.

6.22 again shows the smooth control action.

—Fractional order of 0.4
-+ Iractional order of 0.8
—= I'ractional order of 0.6

Molar concentration (Kmol/ni)

0 0.5 1 1.5 2 25 3
Time (sec)
Fig. 6.16. System outputs using different fractional orders.
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Fig. 6.18. Servo-regulatory outputs with load disturbance.
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Fig. 6.21. Nominal and perturbed servo-regulatory outputs with FOB rule.
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Fig. 6.23. Perturbed outputs with noise.
Case II: Comparative analysis between FOB, FOPID and FOLY-FOPID rules

The control efficiency of the proposed technique is investigated using the same control settings
(uy =1, puy =5,a=0.4) compared to existing fractional modern control rules in both
nominal and perturbed circumstances as illustrated in Figs. 6.24-6.28. In nominal settings,
servo response is studied by applying step input at t = 0 second and regulatory performance is
explored by applying disturbance at 10 seconds. The closed-loop performances and control
efforts are contrasted by the following rules: optimal FOLY-FOPID [13], optimal FOPID [10],
and the proposed structure, as illustrated in Figs. 6.24-6.26. As depicted in Fig. 6.24, optimal
FOPID results in more computation time to attain the desired level 0.877 kmol/m’ under load

disturbance.
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The performance is enhanced by the optimal FOLY-FOPID scheme with its improved control
settings as presented in Table 6.7. However, prior to applying load, the proposed method more
swiftly tracks the desired level within 6 seconds and, even after applying load, molar
concentration is tackled more gracefully, as illustrated in Fig. 6.24. Proposed FOB yields also

robust noise rejection as depicted in Fig. 6.25. As depicted in Fig. 6.26, the flow rate exhibits

relatively steady control action using the proposed FOB amid noise.

S 2
__E_ = desired position T .
— smooth tracking under disturbance
=} == FOLY-FOPID by Mukherjee et al. [13] 4 "
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Fig. 6.24. Servo-regulatory nominal outputs with load disturbance.
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Fig. 6.26. Input control actions with disturbance.
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Simulation studies are further carried out to compare the robustness of the existing and
proposed control methods by perturbing feed concentration by +30%. As depicted in Figs. 6.27
and 6.28, the closed-loop performances are analyzed by applying two unit step disturbances at
t = 10 seconds, 15 seconds, and noise. It is shown that optimal FOPID does not exhibit
satisfactory result when subjected to noise. In contrast to FOPID, the disturbance is controlled
by optimal FOLY-FOPID resulting in smooth tracking of the concentration and more efficient

noise rejection. Enhanced performance is further evident from lesser error metrics of Table 6.8.
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Fig. 6.27. Servo-regulatory perturbed outputs in presence of load disturbance.

' == proposed
—FOPID by Khanduja [10]
{ = FOLY-FOPID by Mukherjee et al. [13] |

-
(%]

—_

“
e

Molar concentration (kmolfms)
- ¢
=
[
o
©
@
o
=

0 2 4 6 8 10 12 14 16 18 20
Time (sec)

Fig. 6.28. Servo-regulatory perturbed outputs in presence of noise.

TV is also computed by Y2 |u(i+1) —u(i)|. Table 6.8 vindicates the smoothest
performance of control action resulting from the proposed scheme and proves it to be suitable

for practical application.
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Table 6.7
Summary of control functions

Methods Controller Settings
CB[14] wm=1 uw=5a=1
Proposed FOB wm=1 p=5 a=04

FOLY-FOPID [13]

y = 45,0 = 0.75,Kp = 0.984, K, = 0.113,

Kp =0.376,4=0.32,u = 0.26

0.113 ’
Cropip = 0.984 + —— + 0.376s"

50.32
0o — 450 sso L 0.1915
s) = 45e Gz e = =45 5 T 5 oags + 22.69°

FOPID [10] Kp = 1.57,K, = 0.83,K, = 1.04, 2 = 0.54,u = 0.72
0.83 2
CFDPID =157+ m + 1.04s
Table 6.8

Quantitative measurement with load disturbance

Methods Nominal Condition
IAE ISE ITAE TV
FOPID [10] 2.614 1.243 | 25.64 | 6.62x10°
FOLY-FOPID [13] | 2.463 1.054 18.07 | 1.86x10°
CB[14] 1.309 0.583 2.804 53
Proposed 0.163 0.021 1.204 3.8
Methods Perturbed Condition
IAE ISE ITAE TV
FOPID [10] 4284 | 2759 | 4535 | 6.85x10°
FOLY-FOPID [13] | 2.832 1.308 27.74 | 2.46x10°
CB[14] 1.402 0.748 3.046 5.8
Proposed 0.189 0.088 1.783 4.7

6.7 Summary

In this chapter, a novel FOB controller is developed independently of the nonlinear inverted
pendulum and CSTR systems. By proposing an improved indirect biquadratic rational
approximation technique, FOB delivers robust servo performance and disturbance rejection
with the highest speed of action compared to CB, FOLY, and FOLY-2 DOF FOPI control
strategies for inverted pendulum. In addition to this superior performance, the noteworthy
results exhibit the benefits of the proposed rule in both nominal and perturbed circumstances of
nonlinear CSTR system. In comparison to CB, FOPID, and FOLY-FOPID rules, proposed
FOB delivers robust servo-regulatory performances and noise rejections. In the final analysis,
the proposed FOB rule is investigated as the most trustworthy and feasible strategy since it
provides the fastest speed of robust control action in comparison to other proposed fractional
order schemes, as well as the lowest integral errors without needless overshoots in set-point

tracking and noise rejection.
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CHAPTER 7

Conclusion & Future Work

7.1 Conclusion

This thesis considers two distinct benchmark nonlinear systems: the SIMO inverted pendulum

(IP) and the continuous stirred tank reactor (CSTR) for an extensive analysis of their

performances under different external conditions, including noise, perturbations, dead time,

and load disturbance from a real-time viewpoint using different fractional order standalone and

dual-loop control strategies. The main contributions of this dissertation are,

(2)

(b)

This work proposes a novel biquadratic equiripple approximation technique that
outperforms the popular indirect Oustaloup and CFE approximation techniques by
rejecting ripples. In order to attain smoothest and ripple-free approximation, the
recommended method is further modified with exact phase approximation technique.
In order to attain a fair level of accuracy, the fractional orders in the entire proposed
control rules are solely approximated by the biquadratic exact phase approximation

method to transform an estimated integer order model.

Standalone fractional order MIT (FOMIT) and fractional order Lyapunov (FOLY)
stability rules of model reference adaptive control (MRAC) are proposed on linear
inverted pendulum. Both techniques attempt to tackle the system with their efficient
control actions in presence of noise and load disturbance. However, in terms of global
stability, FOLY scheme is explored as a robust technique by tackling the system more
swiftly and gracefully. FOLY rules also outperform other existing standalone and
augmented traditional schemes with lower integral errors and overshoot. Following a
fair investigation on standalone FOLY rule, the noteworthy benefits of the proposed
augmented optimal FOLY-FOPI and FOLY-2 DOF FOPI rules are also explored. A
combination of extensive simulation technique and optimization methods is addressed
to tune FOMRAC rules. In comparison to the augmented FOMIT rules, both methods

produce lower quantitative performance measurements (IAE, ISE, ITAE, and TV)

218



(c)

(d)

under unperturbed, perturbed, and nonlinear circumstances. In handling the noise, the

noteworthy influence of FOLY-2 DOF FOPI is also addressed.

In addition to investigation on the inverted pendulum, the significant impact of the
fractional order controller is also explored on industrial unstable processes. A novel
FOIMC based series cascaded control structure (SCCS) with dead time compensator is
proposed to reject disturbance in benchmark unstable processes and the proposed
optimal fractional order based IMC filter assists in successfully rejecting the noise in
controlling the industrial unstable plants. The stability of the proposed rule is also
confirmed. The significant impact of this proposed scheme is also explored on
benchmark CSTR. Following a robust servo action and noise rejection using the
standalone FOIMC scheme, the rule is expanded by proposing an enhanced version
with the optimal FOLY-FOPID and alternatively, the optimal FOPD-smith predictor
techniques to investigate control efficiencies on controlling the process variables of
various benchmark CSTR systems. In comparison to standalone FOLY topology, the
proposed optimal dual-loop schemes show more satisfactory results. A combination of
extensive simulation technique and optimization methods is addressed to tune
FOMRAC rules. The robustness of all the proposed augmented schemes is also
confirmed in presence of model uncertainties. However, the proposed FOIMC-FOPD
smith predictor, which is a more straightforward and simpler representation,
outperforms FOLY-IMC FOPID and FOLY-FOPID rules with smoother control

actions and efficiently rejects noise, resulting in fewer integral errors and TV.

In last chapter to handle nonlinear systems (inverted pendulum and continuous stirred
tank reactor) in the presence of nonlinear effects amid noise, a standalone linear
fractional order backstepping (FOB) rule is proposed and found to be a more effective
control strategy by stabilizing each subsystems of the nonlinear process recursively.
This proposed rule improves the control action without needless overshoot and offers
robust noise rejection with the fastest set-point tracking. FOB controls the inverted
pendulum towards its desired upright position more swiftly and gracefully from any
random locations. Similar to that, the proposed FOB tracks any desired level of process
variable of the CSTR process without unnecessary overshoots or undershoots and
offers steady control action amid noise and disturbances. The robustness and stability
of the proposed FOB are explored for both of unstable systems. Compared to various
fractional order control rules, this novel approach provides a robust closed loop
servo-regulation performance and noise rejection with a notably reduced error

measurement signal and TV of control efforts.
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Thus, it is anticipated that the proposed standalone FOB rule will produce satisfactory

closed-loop performance and control action even in practical scenarios since that our current

research finally establishes it as the most effective control strategy when compared to the

conventional method and other proposed fractional order schemes on nonlinear systems

producing lowest integral errors and total control signal variance in presence of model

uncertainties, noise within saturation limit, load disturbance, and nonlinear effect.

7.2 Future Works

In order to continue this current work, the following future works must be investigated as

follows:

(a)

(b)

(©)

(d)

Higher order biquadratic exact phase approximation compared to the currently
proposed lower order method in fractional order control rules must be explored using

different corner frequencies to investigate for wider frequency band gap.

To discover optimum control settings of FOB rule, any appropriate optimization
algorithm might also be attempted. Instead of using in-depth simulation methods, the

performance of the system must be investigated using optimization strategies.

The proposed standalone FOB rule might also be augmented with other control
topologies to study the effectiveness of the augmented FOB schemes compared to
standalone FOB scheme on different benchmark models of inverted pendulum and

CSTR processes.

Proposed various novel standalone, and augmented fractional order control strategies
including FOMIT, FOLY, FOMIT-FOPI and 2 DOF FOPI, FOLY-FOPI and 2 DOF
FOPI, FOIMC-SCCS with dead-time compensator, dual-loop FOLY-FOPID,
FOLY-IMC FOPID, FOIMC-FOPD predictor strategies and fractional order
backstepping (FOB) strategies have been successfully simulated on MATLAB and
SIMULINK platform. The real time simulation and experimental validation of the
results obtained in the present work could not be accommodated in the scope of the
present thesis. Fractional order description and design of the aforesaid control
algorithms needed meticulous combination of existing few fractional order systems
engineering utility with indigenously constituted s-functions before closed loop
simulation. A classic problem in control engineering and dynamics as well as some

industrial problem performances are tested using those proposed control algorithms
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and the results are validated with existing ones. This very parlance remains an open

domain for future experimental endeavors.
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Appendix -A
Chapter-3

MATLAB Codes:

3.3.1

cle

close all

alphal=0.75; alpha2=0.5; alpha3=0.2; alpha4=1;

%alpha=input('Enter the value of alpha:")

m = 2; y=[];

funname="myfunc'

%x=1:1:100;

t=1:0.1:100 ; n=size(t);

for i=1:n(1,2)

y=[y;find_fraction derivative(m,i,alphal, funname) find fraction derivative(m,i,alpha2,
funname) find_ fraction_derivative(m,i,alpha3, funname) find_fraction_derivative(m,i,alpha4,
funname)];

end
plot(t,y(:,1),T,t,y(:,2),0',t,y(:,3),'2 L.y (:,4),'y");
title('fractional order derivative for y=x"2');
xlabel('t") ; ylabel('y")

%User must declare the function

function z= myfunc(m,x, ALPHA)

z= (gamma(m+1)/gamma(m-ALPHA+1))*x"(m-ALPHA)
end

function t = find_fraction_derivative(m,x,alpha,funname)
func = str2func(funname);

t = func(m,x,alpha);

end

3.3.3.1

clc
close all

alphal=-0.75; alpha2=-0.5; alpha3=-0.2; alpha4=-1;
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%alpha=input('Enter the value of alpha:")

m=2;

y=LI;

funname="myfunc1’

%x=1:1:100;

t=1:0.1:100 ; n=size(t);

for i=1:n(1,2)

y=[y;find_fraction_integral(m,i,alphal, funname) find fraction_integral(m,i,alpha2,
funname) find fraction_integral(m,i,alpha3, funname) find fraction integral(m,i,alpha4,
funname)];

end

plot(t,y(:,1),',t,y(:,2),'b"ty(:.3),' gLty (4),'y");
title('fractional order derivative for y=x"2");

xlabel('t") ; ylabel('y")

%User must declare the function

function z=myfuncl(m,x,ALPHA)

z= (gamma(m+1)/gamma(m+ALPHA+1))*x"(m+ALPHA);
End

function t = find_fraction_integral(m,x,alpha,funname)

func = str2func(funname);

t = func(m,x,alpha);

end

3.4.1.3

clc
clear all

G = tf([22500 -27000 10800],[109042.0813664.41 28394.9 27258.2810801])
kp=input('enter kp")
kd=input('enter kd")

ki=input('enter ki')
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lam=input('enter lam')
mu=input('enter mu')
fpid G=fotf([1],[lam],[kd kp ki],[lam+mu lam 0])

sys1=fpid_G*G; sys2=feedback(sysl,1);

34.1.4

b =[3530.5,3400.92,2161.08]; nb = [0.96003,1.858,0];
a=[5252.2,256.28,10801,3530.5,3400.92,2161.08];
na = [2.96003,1.96003,.96003,.96003,1.858,0];
G=fotf(a,na,b,nb); [K,alpha]=isstable(G)

3.4.2

alpha=0.5;a=1;y0=1; h=0.01; n=1000;

t = linspace(0,20,n+1);

y = FODE(alpha,0,1,y0,h,n);

plot(t,y)

xlabel('t")

ylabel('y(t)")

title("Solution of Fractional Order Differential Equation’)
%User must declare the function

function [y] = FODE(alpha,a,b,y0,h,n)

% alpha is the order of the derivative

% a,b are the interval endpoints

% y0 is the initial condition

% h is the step size

% n is the number of steps

t = linspace(a,b,n+1); y = zeros(1,n+1); y(1) = y0;

fori=l:n

y(+l) =y() +
h”(alpha)/gamma(alpha+1)*(sum((t(i+1)-t(1:1))."(alpha-1/2).*y(1:1).*h.”(alpha)));

end
end
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3.4.2.2

alpha = 0.5; beta=1;

a=1;

f = @(t,y) mlf(alpha,beta,-a*t.~(0.5));
% Define the initial condition

yo=1;

% Define the time interval

tspan = [0 20];

% Solve the fractional differential equation
[t,y] = ode45(f tspan,y0);

% Plot the solution

plot(t,y)

xlabel('t"), ylabel('y(t)")

function E = mlf(alpha,beta,z)
k=0:100;

E = sum((z."k)./gamma(alpha*k-+beta));
End

3.4.3.1

function G=ousta_fod(alpha,N,wb,wh)

z=1:N; wu=sqrt(wh/wb); wkp=wb*wu.”((2*z-1-alpha)/N); wk=wb*wu."((2*z-1+alpha)/N);
G=zpk(-wkp,-wk,wh”"alpha);

G=tf(G);

Gl=ousta fod(0.4,5,1e-2,1e2); bode(G1)
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Appendix —-B
Chapter-4

Pseudo code of Luus-Jaakola (LJ) optimization:

Input:  Objective  Function, Ib—Lower bounds, ub—Upper bounds, Ny —Number of
iteration, Np —Number of counts, r1 —Size vector, R >Random points, §— Tolerance

% Begins %
M® =05(a; + a,).

M =MO.
Jota = 10°°.
for g =1:1:Np
for j = 1:1: Ny
for x =1:1:R

Where M* is best value and D* is a diagonal matrix in the range [-0.5, 0.5]. Computation of the value
of fitness function J using M/.

if ] <Joua
Joia =]_
M; =M
end if
end for
i+ = pip
M* = M
end for
for k=1:1:n

Evaluation of size vector
+1
It = M- M

where M*9 and M*! are the best values of x" parameter obtained at the end and beginning of g‘*
pass
it < ¢
rkq+1 — (1)
end if
end for

ifq>5
if ] <o

end if

end if

if $ <107°
Algorithm stopped
end if

end for

% stops %

The parameters of LJ are Np = 50, Ny = 100, R =30, ¢ = 1073, n=0.95, q; = [0 0 0.001],

a, = [10%,10%, 1]. For the sake of more clarity, the overall procedure is presented in the form of a
flowchart in Fig. B.1.
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!
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1
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!

Apply augmented rule using
(4.86-4.87)

\

LI
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Optimal

!

Performance measure evaluation

!

Stop

\
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nitial settings provided to the algorithm subroutine
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|

Performance evaluation
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1
|
Find optimal rang=
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Np. Nr. R. ¢ 1. . a,

!

Evaluate cost function and fitness

|

Calculate local minimum random
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!

Test constraints satisfied?

I v

Max iteration reached?

e

Calculate search range

Fig. B.1 Steps of Luus-Jaakola optimization algorithm.
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Code for TV (Total variation) Computation:

N=size(u);
M=size(u2);
P=size(u3);
Q=size(ud);
R=size(ud);
u=u';
u2=u2';
u3=u3";
u4=u4';
usS=us";
sum=0;
sum1=0;
sum2=0;
sum4=0;
sum5=0;
for i=1:N-1
TV(i)=abs(u(i+1)-u(i));
sum=sum+TV(i);
end

for i=1:M-1
TV1(i)=abs(u2(i+1)-u2(i));
suml=suml1+TV1(i);

end

for i=1:P-1
TV2(i)=abs(u3(i+1)-u3(i));
sum2=sum2+TV2(i);

end

for i=1:Q-1
TV4(i)=abs(ud(i+1)-ud(i));
sum4=sum4+TV4(i);

end

for i=1:R-1
TV5(i)=abs(u5(i+1)-u5());
sumS=sum5+TV5(i);

end

sum
suml
sum2
sum4
sum5S
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Appendix C

Chapter-5

Steps of Artificial Bee Colony (ABC) optimization algorithm:

Start P Obtain primary and secondary
_-'. closed loop transfer function with
l -_o" dead time using smith dead time
B compensator
Process: Optimal FOIMC-SCCS il

Design of Controller: Initital settings for 12 ,.ll,ﬁ,tx
C2(8) = (Fuzs+1) Cils) = @5t E 0,
o R AT T Tt 0 A Oy R g (SRS
L 4

Define multi-objective functon in (3.37)

]

N

ABC:

-
JMW Initialize all parameters:
1 (f.1b.ub,N,. P. fit, trial)
Optimal 12,1116,11 1

l Evaluate cost function and fitness

Performance measure evaluation 1

l Update current solutions of
emploved bees
Stop

|

3

1
|
1
1
Y

All onlockers distributed?

Initial settings provided to the algorithm subroutine

=N

Generate new positions

!

Optimal settings returned by
algorithm to the model

T e e

Max iteration reached?

e e e e e e T B |

1 =0

Final positions

Fig. C.1 Optimization stpes of Artificial Bee Colony (ABC) optimization method.
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It is evident from the optimization methodology shown in Fig.C.1 that the method described
below is mostly employed for the selection of new solutions:

i.  Assess the objectivity, suitability, and utility of newly developed solutions

ii.  To update the present solution, perform greedy selection.
iii. A trial counter is used to keep track of how many times each solution has failed.
iv.  If the new solution is inferior, extend the trial of the existing one more time.

v.  Ifabetter answer is produced, the trial should be reset to 0.

The parameters settings are followed as

N, (Population size) = 10, MCN = 50, limit (Permissible number of failures) =5, lb = [ 0
0], ub =[100 2].

Pseudo code of Modified Particle Swarm Optimization (MPSQO) optimization:

The pseudo code of MPSO is shown below:

Initialize population
for t = 1: maximum generation
for j = 1:population size
if £ (37a(6)) < F(p;()) then p;(£) = x;q(t)

f (pg(®) = min(f (p;(©)
end if
for d = 1: dimension
Vja(t+1) =wv; () + iy (Pj ~ Xja (t)) + Cr (Pg ~ Xja (t))
xj,d(t + 1) = xj,d(t) + Vj,d(t + 1)
if vj4(t+1) > vpgethen vj4(E+ 1) = Uy
elseif vj4(t + 1) <V then vj4(E+ 1) = Vi
end if
if x]"d (t + 1) > Xmax then xj,d (t + 1) = Xmax
else if x4 (t + 1) < Xy then x; (¢t + 1) = X
end if
end for
end for
end for

In this method, modified inertia weight is proposed below:
r
w=05+ 3 (.1

The limit of r lies between 0 and 1 while the limit of w lies between 0.5 and 1. The
optimization step is presented for different control schemes as shown in Fig. C.2.
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Fig. C.2 Optimization steps of modified particle swarm optimization (MPSO) method.
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