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PREFACE 
 

A very new and developing area of control theory that has attracted a lot of attention recently is 

fractional order control. Compared to standard integer-order (IO) controllers, fractional order 

(FO) control can employ more degrees of freedom to achieve better performance and resilience. 

Despite a number of difficulties, fractional order control has the capability to reshape control 

theory and improve efficiency and reliability across a wide range of applications. In this thesis, 

two distinct benchmark unstable processes as single input-multi output (SIMO) inverted 

pendulum and continuous stirred tank reactor are taken into considerations to test the 

efficiencies of various control strategies. One of the most difficult systems to control in the 

field of control engineering is the linear inverted pendulum (IP), which is based on the use of 

segway transportation as a real-time application. It is challenging to control the system 

towards its desired upright position. Apart from application on mechanical nonlinear under 

actuated system, nonlinear Continuous stirred tank reactor (CSTR) is adopted to be another 

challenging application in chemical engineering and controlling concentration and 

temperature smoothly in presence of disturbance is a difficult task. Despite efforts to provide 

a necessary speed of action, current standalone and augmented traditional control schemes are 

unable to achieve a smooth performance on set-point tracking and noise rejection, which are 

crucial factors for investigating control actions on unstable processes. These schemes reported 

higher integral errors with a significant degree of overshoot. Due to its limitation to real 

numbers, the traditional scheme basically fails to accurately depict the behavior of the system. 

So, to address this major issue a beneficial control feature with fractional order is proposed to 

deliver more detailed information about the functioning of the system using extra degree of 

freedom. It might be possible to attain a better balance between stability and robustness by 

allowing the order to be a fraction between zero and one for fractional derivative or integral 

function. This trait emphasizes the positive aspects of using fractional order calculus in 

control engineering. Thus, this thesis proposes various novel standalone, and augmented 

fractional order control strategies, taking into account MRAC, IMC, smith predictor, 

proportional-integral-derivative (PID), and backstepping schemes. This thesis aims to 

investigate the significant impact of fractional order control schemes over traditional schemes 

using nominal condition, model uncertainties, dead time, noise, load disturbances, and 

nonlinear effects. It also aims to investigate the most effective and trustworthy fractional order 

control strategy among various proposed topologies for controlling the nonlinear systems. 

Lower integral errors, total variation (TV) of control efforts, overshoot, and settling time are 

preferable. To retain a fair level of accuracy, the major critical task is to convert the FO model 

into an appropriate estimated IO model in the designed rules. The indirect fractional order 
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approximation technique is preferred over direct method as it offers approximation of fractional 

order Laplace operator solely unlike direct method. A novel improved biquadratic exact phase 

approximation method is explored as the most efficient alternative method over the popular 

Oustaloup and continued fraction expansion (CFE) methods offering more steady, flat, and 

ripple-free approximated result. In order to attain global stability, proposed fractional order 

Lyapunov (FOLY) rule of MRAC is found to be more effective than proposed fractional order 

Massachusetts institute of technology (FOMIT) rule by choosing an appropriate Lyapunov 

function and controls inverted pendulum more swiftly and gracefully compared to integer order 

(IO) MIT, and other traditional schemes. Additionally, a variety of novel fractional order 

augmented schemes are proposed for the inverted pendulum in order to investigate their 

significant impact over the standalone traditional scheme. The speed of action is comparatively 

improved with lower error metrics and TV by the augmented FOLY-FO-proportional-integral 

(PI) and 2 degree of freedom (DOF) FOPI rules. Furthermore, 2 DOF FOPI augmented FOLY 

and FOMIT techniques produce robust noise rejection. Disturbance rejection is the most 

critical task for industrial unstable process as well. Consequently, various novel FOIMC-series 

cascaded control structure (SCCS) with dead-time compensator, dual-loop FOLY-FOPID, 

FOLY-IMC FOPID, and FOIMC-FOPD predictor strategies are proposed for CSTR in order to 

explore each of their noteworthy impacts individually. The robust servo-regulatory action and 

noise rejection are attained by FOIMC-SCCS dead time compensator over reported traditional 

cascaded schemes and the substantial benefit of proposed dual-loop strategies is also addressed 

over proposed standalone FOLY scheme to better handle set-point and noise rejection. While 

all of the aforementioned dual-loop techniques produce promising outcomes, the 

FOIMC-FOPD predictor produces a fairly decent outcome in terms of stability under noise and 

disturbance. To fine-tune the control parameters, a combination of in-depth simulation studies 

and optimization techniques are used. Despite offering lower error metrics, overshoot, and TV 

by the different proposed standalone and augmented fractional order control strategies, still 

there is a major scope of improvement on producing a more trustworthy control action by 

offering fastest speed of action, zero overshoot, lowest integral errors, and smoothest control 

efforts amid noise and disturbance. Finally, standalone fractional order backstepping (FOB) 

strategy is proposed as a productive alternate to reported augmented conventional backstepping 

schemes and the aforementioned proposed fractional order strategies to control the nonlinear 

systems using strict-feedback recursive technique. The global stability of the unstable systems 

is attained by FOB using proper Lyapunov function. The proposed simple and straightforward 

FOB rule is explored as the most trustworthy strategy by offering lowest error metrics without 

needless overshoot, and fastest speed of action on inverted pendulum and CSTR systems. 
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CHAPTER  1 

 
 

 
Introduction 

 
 
1.1 Introduction 
 
Conventional control techniques can successfully and frequently tackle a wide range of 

nonlinear or unstable control issues in industry. The conventional controller's basic form, 

which has proven to be suitable for many often encountered control issues, such as 

disturbances and nonlinearities, is the reason for its wide spread acceptance. The process of 

controller tuning can be time-consuming even though tuning instructions are available, 

which leads to many mechanical or chemical plants control loops being poorly tuned and 

the control system's full potential not being realized. Auto-tuning on conventional 

techniques is preferred also not only to make the operator's job easier but also for reasons of 

robustness. For more than 15 years, industry has used conventional control relay auto-tuners 

with great success.  

 
On the other hand, a remarkable quantity of investigation on the use of fractional calculus (FC) 

in various scientific and technical fields has been conducted recently. In terms of automatic 

control, fractional Order Control (FOC) requires the development of techniques for 

controller development, parameter tuning, and effective controller implementation in order 

to be applied in practical applications. By using the IO control technique, the system could 

oscillate or lead to low saturation robustness. It might aid to attain a greater harmony 

between stability and resiliency by allowing order to be a fraction between zero and one for 

fractional derivative or integral function. This trait emphasizes the positive aspects of using 

fractional order calculus in control engineering. The performance of nonlinear processes in 

various challenging areas can be studied more effectively using fractional order system 

(FOS). In recent decades, FC has become extensively employed in various fields of control 

theory, including operator layout, stability, flexibility, and error estimations. 
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The stabilization of an unstable system can be viewed as a task-based problem. Another 

way to look at it is as a regulation issue. Although task-based control is frequently more 

sophisticated than regulation and servoing, the latter two may be categorised as sub-tasks. 

The Segway transporter serves as an example of how stability is a crucial responsibility. In 

the realm of control engineering, the linear inverted pendulum (IP) which is among the most 

challenging systems to operate [1], based on the use of Segway transportation as a real-time 

application. It is challenging to contrast the control efficiencies among various control 

theories on the inverted pendulum. Better control topologies' efficacy levels attain the 

stabilization of the intended position and angle of inverted pendulum. 

 
Apart from application on mechanical nonlinear under actuated system, unstable 

Continuous stirred tank reactor (CSTR) [2] is adopted to be another challenging application 

in chemical engineering, and they are mostly used in homogeneous liquid-phase flow 

processes in industrial processing, where continuous agitation is required. The primary goal 

of a reactor's design is to maximize the estimated current worth of a chemical reaction. Reactors 

are needed in industry to transform natural resources into consumer commodities. With a 

constant mass flow rate, reactants are continually added and products continuously removed. 

Controlling the concentration level and temperature in a tank reactor process is a difficult 

task, and stabilization of the process variables towards desired position is attained by using 

robust control topologies. 

 
1.2  Overview of Unstable Process 
 
Unstable processes are those that reveal behavior leading to unbounded growth or oscillations. 

It is challenging to regulate these systems since they are inherently unpredictable. The 

following sections provide the fundamental model representation and methodology of the 

chosen unstable processes. 

 
1.2.1 Required Model of Inverted Pendulum 
 
One of the standard control system issues is the handling of an inverted pendulum. It uses 

the analogy of a hand acting as a cart and a stick acting as a pendulum as the hand tries to 

balance the stick. The hand that is attempting to balance the stick has an advantage since it 

can move up and down, but the inverted pendulum has limited motion and can only move 

right and left. Inverted pendulum is intrinsically unstable and for the system to remain intact, 

force must be properly delivered. Here are two different varieties of inverted pendulum, 

including SISO (Single input single output) and SIMO (Single input multi output). SIMO is 

a control system that is more effective than SISO.  
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Only one input or manipulated variable can govern two or more controlled or output 

variables in a SIMO system which is known as the “X” plane inverted pendulum. The 

following part illustrates the system's mechanistic modelling. The basic required model 

representation of linear inverted pendulum [3] is depicted in Fig.1.1 below. 

 

 
Fig. 1.1. Basic model of linear inverted pendulum. 

 
The angular position must be kept close to zero as the main objective. The angle of the beam 

with the vertical is shown by the symbol θ. A second goal is to determine the track position 

because the pendulum can be stabilized at any point along the track. Standard techniques 

can be used to derive an inverted pendulum basic model as shown in Fig.1. The feedback 

linearization technique [3-4] is mostly leveraged to improve the tractability and efficiency of 

control design. 

 
(I + mLଶ)θ̈  + mL cos(θ)ẍ = mgL sin θ                                                                                                        (1.1) 
 

m is beam’s mass, 2L is beam’s length, I = mLଶ

3ൗ  is moment of inertia, g is the 

acceleration, in case of small angles θ the following trasnfer function is obtained by 

feedback linearization as 

 
ସ

ଷ
𝐿θ̈ − gθ = −ẍ                                               (1.2) 

 
Now, the overall transfer function is defined as 

 
ఏ(௦)

௫(௦)
=

ି௦మ

(ସ
ଷൗ )௅௦మି௚

                           (1.3) 

 

The system’s poles are at s = ±ට3g
4Lൗ . The instability of the positive root increases as the 

beam is short (as one might expect). Another challenging issue is that the system contains two 

zeros at the value of s = 0. This is because the cart needs to accelerate in order to affect the 

beam angle. However, this characteristic enables stabilization for any position of the cart.  
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Another mathematical expression illustrates how a first-order system's response causes the 

cart's velocity to be delayed. 

 
x(s) =

୮

ୱା୮
xୡ୭୫(s)                               (1.4) 

 
xୡ୭୫ is order for cart position, x is cart position and p > 0.The system's overall transfer 

function is then determined as 

 
ఏ(௦)

୶ౙ౥ౣ(௦)
=

ି௣௦మ

൫(ସ
ଷൗ )௅௦మି௚൯(ୱା୮)

                           (1.5) 

 
By raising the value of p , the cart might react quickly. In order to stabilize, an 

uncompensated pendulum must be compensated, as will be featured in the following section. 

 
1.2.2 Required Model of Continuous Stirred Tank Reactor (CSTR) 
 
Reactors come in two varieties: batch and continuous stirred-tank (CSTR) (sometimes called 

stirred tank reactor, or STR) [5]. The primary distinction is the requirement for continuous 

component flow into the reactor by gravity or pump-assisted forced circulation in the case of 

the stirred tank reactor. Thoroughly stirring the resulting reaction mixture is necessary.  

Important process variables of CSTR include: Residence time (𝜏), Temperature (𝑇), 

Pressure (𝑃) , Volume (𝑉) , temperature transfer rates (ℎ, 𝑈) , Chemical species 

concentration (𝐶).The cross-section of a required CSTR [5-6] and its inside are shown in the 

Fig.1.2 below. 

 

 
 

Fig. 1.2. Continuous stirred-tank reactor cross-section. 
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A hypothetical CSTR that takes perfect mixing into account typically approximates or 

models the performance of a CSTR. In a perfect reactor [5], when reagents are added, they 

instantly and uniformly mix across the entire reactor. As a result, the output combination 

matches the material composition within the reactor exactly, which is one of the goals of 

reaction rate and residence time. CSTR incorporates nonlinear, interdependent functions of 

temperature and concentration. Therefore, the model for the CSTR is linearized using a state 

space model based Jacobian matrix. In order to identify certain linear operating points around 

steady state, concentration (𝐶஺), temperature (𝑇), and inlet coolant flow rate (𝑞௖) should be 

taken into account. Eigen vectors on the Jacobian matrix are found, and various stable and 

unstable states are adopted. As per the design equation of CSTR (Mass balance around the 

reactor) 

 
ௗேಲ

ௗ௧
= 𝐹஺಺

+ 𝐹஺ೀ
+ 𝑉𝑣஺𝑟஺                                  (1.6) 

 
Where, 

 𝐹஺ೀ
 is the rate of molar flow of species A at the exit 

 𝐹஺಺
 is the rate of species A's molar flow in the intake 

 𝑟஺ is the reaction rate 

 𝑣஺ isstoichiometric coefficient 

 𝑁஺ is is the species A's mole count 

 
The equations above are made simpler by using steady-state and 𝑣஺ = −1 to create: 

 
F஺಺

+ 𝐹஺ೀ
− 𝑉𝑟஺ = 0                        (1.7) 

 
Considering the species A concentration and the rate of flow (Q), the molar flow rates for those 

species can be rewritten as follows: 

 
𝑄𝐶஺಺

− 𝑄𝐶஺ೀ
− 𝑉𝑟஺ = 0                               (1.8) 

 

𝑟஺ =
ொ

௏
൫𝐶஺಺

− 𝐶஺ೀ
൯                                                (1.9) 

𝑟஺ =
ଵ

ఛ
൫𝐶஺಺

− 𝐶஺ೀ
൯                          (1.10) 

 
Where,  

 𝐶஺ೀ
 is the feed concentration at exit 

 𝐶஺಺
 is the feed concentration in inlet 

 𝜏 is residence time 

 
 
 
 



1.3 Role of Controller 
 
For any form of closed loop operation

role. A controller is used to increase steady state accuracy by reducing the steady state error 

between desired and measured variables toward 

controller is utilized to limit the system's maximum amplitude and the amount of noise it 

produces. Using a controller, a slow response can be made faster. The open loop approach 

typically detects the process' star

significant task in moving the process in the direction of any desirable position to satisfy the 

desired criteria. Fig.1.3. (a) and (b)

representation. Following these fundamental conditions, the control actions of certain 

widely used control schemes are investigated for mainly response time, overshoot and error 

using a nominal model as well as per

 

Fig. 1.3.a. Blockdiagram of a closed loop
system with noise and disturbance.

 
1.3.1 Design Objectives and Specifications of 
 
The controller in any feedback control system is made to meet the 

below: 

 
 Closed loop stability: Algebraic tec

examine robustness; Bode graphs of models may be employed

well. 

 
 Dynamic stability: A satisfactory transient reaction 

To achieve improvements in transient response, a suitable controller can be used.

 
 Tracking error: According to the position and velocity error constants of the loop 

transfer function, the steady
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For any form of closed loop operation, accuracy, stability, and speed of action play a crucial 

role. A controller is used to increase steady state accuracy by reducing the steady state error 

between desired and measured variables toward the null position. In addition to this, a 

controller is utilized to limit the system's maximum amplitude and the amount of noise it 

produces. Using a controller, a slow response can be made faster. The open loop approach 

typically detects the process' starting behavior, but the closed loop method plays a 

in moving the process in the direction of any desirable position to satisfy the 

. (a) and (b) depict the fundamental schematic [7] of closed loop 

llowing these fundamental conditions, the control actions of certain 

widely used control schemes are investigated for mainly response time, overshoot and error 

using a nominal model as well as perturbations on selected unstable processes. 

a closed loop control system. b. Blockdiagram of a closed loop
system with noise and disturbance. 

and Specifications of Basic Control Schemes 

The controller in any feedback control system is made to meet the requirements

Algebraic techniques, like Routh's array, may be used to 

examine robustness; Bode graphs of models may be employed to determine stability as 

A satisfactory transient reaction indicates good dynamic stability. 

To achieve improvements in transient response, a suitable controller can be used.

According to the position and velocity error constants of the loop 

transfer function, the steady-state error for prototype step input is calculated.  

accuracy, stability, and speed of action play a crucial 

role. A controller is used to increase steady state accuracy by reducing the steady state error 

the null position. In addition to this, a 

controller is utilized to limit the system's maximum amplitude and the amount of noise it 

produces. Using a controller, a slow response can be made faster. The open loop approach 

e closed loop method plays a 

in moving the process in the direction of any desirable position to satisfy the 

of closed loop 

llowing these fundamental conditions, the control actions of certain 

widely used control schemes are investigated for mainly response time, overshoot and error 

 
a closed loop control 

requirements [7] listed 

hniques, like Routh's array, may be used to 

to determine stability as 

dicates good dynamic stability. 

To achieve improvements in transient response, a suitable controller can be used. 

According to the position and velocity error constants of the loop 
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By adding the right controller to the feedback loop, the error may be avoided. 

 
 Sensitivity and Robustness: It is impossible to prevent disturbance inputs when 

operating physical systems. High loop gain in the disturbance frequency spectrum is 

necessary for effective disturbance rejection. It is desirable for a well-designed control 

system to have minimal sensitivity to parameter changes and robustness to uncertainty in 

dynamics. 

 
Inherent trade-offs are present in the system layout goals. A static controller, for instance, is 

unable to boost transient response while also bringing steady-state error down to a constant 

input. The design goals for disturbance rejection and reference tracking are also incompatible. 

Finding the ideal balance between meeting and prioritizing design objectives in such 

circumstances is not always simple. As a result, rather than being an exact science, ‘control 

system design’ is more of an art. The required characteristics for the transient and steady-state 

components of the system performance with regard to a prototype input are specified in the 

system layout specifications. To specify the desired transient response properties, a step input 

is needed. Table 1.1 provides a summary of the quality metrics for a prototype second order 

system. 

 
Table 1.1 

 Quality metrics with desired condition 
 

Quality Indicator Expression Boundary Condition 
Rise Time (𝒕𝒓) 𝑡௥ =

𝜋 − 𝜑

𝜔ௗ

 
𝜋

2𝜔ௗ

≤ 𝑡௥ ≤
𝜋

𝜔ௗ

 

Peak Overshoot ൫𝑴𝒑൯ 𝑀௣ = 100𝑒ିఌఠ೙௧೛(%) 𝑀௣ ≤ 10% 

Peak Time ൫𝒕𝒑൯ 𝑡௣ =
𝜋

𝜔ௗ

 - 

Settling Time (𝒕𝒔) 
𝑡௦ =

4.5

𝜀𝜔௡

 
𝑡௦ ≤ 2 

IAE (Integral Absolute 
Error) න |𝑒(𝑡)|𝑑𝑡

௧ೞ

଴

 
- 

ISE (Integral Square 
Error) න |𝑒(𝑡)|ଶ𝑑𝑡

௧ೞ

଴

 
- 

ITAE (Integral Time 
Absolute Error) න 𝑡|𝑒(𝑡)|𝑑𝑡

௧ೞ

଴

 
- 

TV (Total variation) 
෍|𝑢(𝑖 + 1) − 𝑢(𝑖)|

ஶ

௜ୀଵ

 
- 

 
Where, 𝜔ௗ  is damped natural frequency, 𝜔௡  is natural frequency, 𝜀  is damping ratio, 

𝑒(𝑡)is error, 𝑡 is time, and 𝑢 is control input.  
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1.4 Salient Features and Flaws of Traditional Schemes 
 
Two key factors for investigating the control actions of various control topologies on unstable 

processes are noise rejection and set-point tracking. Some popular traditional methods 

struggle more to control the process amid disturbances because of the nonlinear impact of the 

plant, despite providing a reasonable solution on stable processes, according to documented 

research. The following Table 1.2 provides some of the pros and cons of the popular standalone 

and augmented traditional methods on inverted pendulum and CSTR systems. 

 
Table 1.2 

 Investigation on performance of selected traditional schemes on Inverted pendulum and CSTR 
 

Traditional schemes Salient features Drawbacks 
PID [8-9] Capable of controlling process 

using widely used GA and PSO 
optimization methods 

More struggle with higher 
integral errors and overshoot 

 2 DOF PID [10-11] Slightly improved speed of 
action with additional tuning 
parameters 

No significant improvement on 
smoothness of control action 

PI-PD [12] Faster servo action Still substantial degree of 
overshoot 

IMC –PID [13-14]  Excelled over PID in presence 
of noise and disturbance using 
filter 

Still lack of steady state control 
action 

PI-PD based smith 
predictor [15] 

Popular for disturbance 
rejection in industrial process 

No significant improvement on 
overshoot and slow servo 
response 

IOMIT rule of MRAC 
[16-18] 

Effective technique in presence 
of model uncertainties and 
noise 

No guarantee of stability for 
unstable process 

IOLY stability rule of 
MRAC [19-20] 

Popular for attaining global 
stability 

Still higher integral errors, 
overshoot, and prolonged 
settling time 

IOLY-PID [21] Slight improvement of speed of 
action with lower overshoot 
using greater number of control 
settings 

Still no significant 
improvement on smoothness of 
control action 

Adaptive backstepping 
[22-23] 

Well established technique for 
nonlinear system with strict 
feedback recursive method and 
robust technique 

Complex tuning due to more 
control settings 

Adaptive fuzzy 
backstepping [24] 

Promising feature with robust 
solution  

Complex tuning due to more 
control settings 

 

Higher integral errors with a substantial degree of overshoot were reported by the 

aforementioned conventional standalone techniques. A smooth performance was nevertheless 

unattainable despite the augmented traditional rules' relative improvement in action speed with 

the aid of a greater number of control settings, according to certain published works.  
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In contrast to the few documented experiments, the backstepping control approach is later 

discovered to be a more successful method of controlling nonlinear processes. Its relatively 

limited application is found on inverted pendulums and CSTRs. However, existing 

conventional augmented backstepping scheme relatively outperformed the other schemes with 

promising control action. However, there is still a lack of research on simple and 

straightforward backstepping scheme that needs to be explored. Using current techniques, it is 

discovered that some reported works lack case studies on model uncertainties and other crucial 

factors like the effect of a certain disturbance that needs to be taken into consideration. It is also 

imperative to explore on more insightful information on the behavior of the unstable systems 

because traditional schemes do not offer exact information due to its limitation to real numbers. 

This is accomplished by using the fractional order (FO) approach.  

 
1.5 Issues on Implementing of Fractional Order Model  
 
Compared to developing an IO model, implementing a fractional order transfer function [25] is 

a crucial undertaking. Unlike IO calculus, the FO derivative is essentially a nonlocal operator 

and retains historical data. The implementation of the FO model is computationally burdened as 

it necessitates more memory elements and results in a long memory effect. Therefore, one of 

the difficult roles in designing the FO control scheme is to approximate the behavior of 

fractional order by converting into an estimated integer order rational model. Research is 

currently underway to discover a suitable approximation method that could reveal a feasible 

approximation. 

    
1.5.1 Existing Solution Technique 
 
Contrary to some reported works, the popular optimal fractional order PID (FOPID) controller 

[26–30] outperformed PID controller in handling noise employing two extra degrees of 

freedom and was frequently employed on unstable processes to enhance the performance amid 

disturbance. By altering the derivative order between 0 and 1, these extra degrees of freedom 

aid to offer flexible results in contrast to standard rules and achieve better system performance 

balance. However, there was still no significant improvement in the overshoot, and the control 

action was sluggish even after adding a specific disturbance. Many experts recommended using 

the most popular indirect Oustaloup recursive filter [26–28] to realize additional degrees of 

freedom under the fractional order modeling and control (FOMCON) [27] toolset; 

nevertheless, this approach does not always result in a promising approximation. There is 

currently no study on alternate approximation techniques in any reported literature.  
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In order to deliver a more acceptable estimated outcome in the designed rule, further research 

into alternative approximation approaches is urgently needed. There is also a major scope of 

improvement on producing a more trustworthy control action by offering fastest speed of 

action, zero overshoot, lowest integral errors, and smoothest control efforts in presence of noise 

and disturbances on inverted pendulum and CSTR systems. 

 
1.6 Motivation 
 
As was covered in the previous sections, it is evident that an intriguing control method is 

needed to investigate more insight features about the performance of both CSTR and a linear 

inverted pendulum (IP). Finding more detailed, flexible information about the behavior of the 

systems is crucial for choosing the best course of control. The fractional order (FO) approach, 

which, in contrast to traditional methods, has infinite memory that preserves past information. 

Hence, this motivates us to modify the traditional control rules using fractional order. 

Achieving a viable solution for a nonlinear system also necessitates the use of appropriate 

approximation methods for transforming fractional order model into an appropriate estimated 

integer order model.  

 

1.7 Objective 
 
This thesis aims to develop various fractional order control architectures for nonlinear inverted 

pendulum and continuous stirred tank reactor systems. 

 
1.8 Scope of Work 
 
With the following scopes, the key technical contributions are summarized below: 

 
 Investigation on different direct and indirect fractional order approximation methods to 

select the most trustworthy fractional order approximation technique. 

 
 Development of fractional order control (FOC) based on standalone MIT rule, 

Lyapunov stability rule, and internal model control (IMC) strategy. 

 
 Development of different FOC based on augmented FOMIT-1 DOF FOPI, FOMIT-2 

DOF FOPI, FOLY-1 DOF FOPI, FOLY- 2 DOF FOPI, FOLY-FOPID, FOLY-IMC 

FOPID, FOPD-FOIMC predictor control strategies. 

 
 Development of fractional order standalone backstepping control strategy using strict 

feedback recursive method. 
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 To investigate the significant impact of fractional order control schemes compared to 

traditional control schemes through various novel simulation case studies in presence 

of noise, load disturbance, delay time, model uncertainties, and nonlinear effect. 

Different quantitative performance analyses are subjected to all proposed standalone 

and augmented control strategies to compute the accuracy and total variation (TV) of 

the control signal is used to assess how smooth the control attempts are. 

 
 To investigate for the most trustworthy and reliable fractional order control strategy 

also among various proposed fractional order control strategies. 

 
The objective framework is depicted encompassing the aforementioned contributions in Fig. 

1.4 below. 

 

 
Fig. 1.4. Objective framework. 

 
1.9 Thesis Outline 
 
The current work is organized serially to comply with the objective through different chapters. 

 
Chapter-1: This chapter discusses the purpose and relevance of the present work. Inverted 

pendulum and continuous stirred tank reactor models that must meet certain requirements have 

been emphasized. A controller's function with designed specifications is also discussed. In this 

chapter, existing control topology issues are discussed together with the necessary solutions for 

their application to continuous stirred tank reactors and inverted pendulums. The present 

study's purpose and motivation are unambiguously stated. 
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Chapter-2: This chapter performs a thorough mathematical analysis of inverted pendulum and 

continuous stirred tank reactor systems. To demonstrate the need for X plane SIMO based 

inverted pendulum and ideal continuous stirred tank reactor unstable systems, a brief review on 

different types of inverted pendulum models and continuous stirred tank reactors with pros and 

cons is discussed. In order to fulfil desired criteria, such as qualitative or time-domain metrics 

on unstable processes, pros and flaws of various popular control strategies are examined. This 

chapter discusses some of the most pressing issues related to tracking the angle, position, 

concentration level, or temperature of an inverted pendulum as well as a continuous stirred tank 

reactor. This discussion serves as a background for establishing research issues which need to 

be addressed along with the need for an improved technique that can be leveraged to overcome 

the issue for both of these systems. 

 
Chapter-3: An in-depth mathematical postulations on fractional calculus is provided in this 

chapter, including discussions of G-L fractional differentiation or integration, R-L fractional 

differentiation or integration, and Caputo fractional differentiation or integration. In this 

chapter, the significance of FO is illustrated eloquently compared to integer order calculus. A 

brief overview of the FOMCON toolkit with pros and cons is discussed on benchmark process 

with dead time. In order to construct the necessary approximation approach for the solution of 

fractional orders on MATLAB platform, different direct and indirect fractional order 

approximation methods are discussed. The significant application of indirect fractional order 

approximation compared to direct approximation is illustrated through extensive simulation 

studies. The most acceptable indirect fractional order approximation method is explored with 

promising outcome. 

 
Chapter-4: For use in two instances of the benchmark single input multi output (SIMO) linear 

inverted pendulum (IP), the fractional order based 1 degree of freedom (DOF) PI, 2 DOF PI, 

and direct modified MRAC are adopted in this chapter to investigate the level of efficacy 

compared to existing methods. Feedback linearization on different reported benchmark plants 

is suggested to improve tractability and efficiency of control design. The nonlinear impact is 

also investigated using proposed topologies. Different novel simulation endeavours are carried 

out to explore the impacts of proposed FOMRAC schemes amid disturbances. The global 

stability of the system is also investigated by fractional order Lyapunov (FOLY) stability rule. 

The significant impact of 2 DOF FOPI compared to 1 DOF FOPI is also explored augmenting 

these rules with FOMRAC rules in nominal, perturbed, and nonlinear simulations. Quantitative 

analysis is applied to all proposed methods and smoothness of control efforts is also explored. 

 
Chapter-5: In this chapter, FOPID, MRAC, and IMC with fractional filters are adopted to 

investigate the level of efficacy compared to existing methods on continuous stirred tank 
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reactor (CSTR). Different reported benchmark CSTR plants with different linearized operating 

points around a stable zone are taken into account. Different stable and unstable states of 

nonlinear CSTR are explored for investigating closed-loop performances. In order to reject 

disturbances, the significant impact of proposed FOIMC based series cascaded control scheme 

(SCCS) with dead time compensator compared to traditional schemes is discussed in details. 

The significant impact of different FO dual-loop strategies of FOLY-FOPID, 

FOLY-IMC-FOPID, and FOIMC-FOPD smith predictor schemes compared to standalone 

FOLY rule is carried out on nominal and perturbed models amid disturbance. A combination of 

extensive simulation technique and optimization approaches, including modified PSO and 

ABC are conducted to obtain the control settings. Quantitative analysis is applied to all 

proposed methods and smoothness of control efforts is also explored.  

 
Chapter-6: In this chapter, fractional order based linear standalone backstepping topology is 

proposed as a feasible alternative compared to augmented traditional backstepping schemes on 

nonlinear inverted pendulum and CSTR systems. The global stability is explored by strict 

feedback recursive methodology on nonlinear systems. The significant impact of fractional 

order backstepping (FOB) is explored on producing needless overshoot and fasted tracking 

compared to conventional backstepping and other proposed FO control schemes through a 

variety of novel simulation studies on closed-loop performances and control efforts amid 

disturbances. 

  
Chapter-7: This chapter summarizes the research findings and proposes the scope of future 

study in the relevant area. 

 
The work flow of the current thesis, including the outcomes as journal, patent, conference paper, 

and book chapter is presented in Fig. 1.5. 
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Fig. 1.5. Work Flow of Current Thesis. 
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CHAPTER  2 

 
 

  
A Brief Review on Various Control Methodologies and Its 

Applications on Unstable Systems 
 
 
 
2.1 Introduction 
 
The long-range missile and spacecraft developments are the inverted pendulum's major 

historical context. The establishment of long-range and subsequent intercontinental ballistic 

missiles made it crucial that the missile had suitable tracking capabilities, especially the 

ability to keep the proper angle and elevation through self-orientation. It was vital to build a 

feedback loop system that would enable control of the fins and rutters to help balance the 

rocket at lower speeds, which required the usage of an inverted pendulum [1], due to the 

problem that at lower speeds, aerodynamic stability would not be present. For a 

fundamental control-engineering problem in a real-world setting, either the classical or 

rotary inverted pendulum approaches is used. Using the dynamic behaviour of physical 

models as presented in Fig. 2.1.(a) and (b) below, the results of both approaches [2] are 

found to be very satisfying. 

 

 
 

Fig. 2.1. a. Classical inverted pendulum. b. Rotary inverted pendulum. 
 
The primary distinction between a classical and rotary inverted pendulum is that, in contrast 

to a classical inverted pendulum, a rotary inverted pendulum has more degrees of freedom 
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than control input. As a result, controlling the rotary inverted pendulum multi-variable system 

is a difficult work. Yet, sometimes it is particularly difficult to control the arm angle and 

pendulum angle simultaneously, as well as the arm angular position and pendulum angular 

position. In this case, a single control topology might not be appropriate for fixing the issue, 

necessitating the need for additional control efforts to satisfy the condition. Disturbances, 

however, which may originate internally or externally, may also exist in practical systems. As 

a result, control engineering finds a variety of control systems applications in linear or 

classical inverted pendulum systems.  

 
Similar to this, in the chemical and food areas, continuous stirred-tank reactors (CSTRs) are 

frequently employed [3]. Because of the unpredictable behavior, numerous stationary states, 

thermal effect on chemical changes, time lag, and impact of various time-sensitive 

uncertainties, controlling CSTRs is a challenging task. The continuous-stirred tank reactor 

receives and expels material constantly. When there are no dead zones or bypasses and the 

CSTR is equally mixed, it performs at its best. It might or might not be perplexing. The 

composition and temperature of the tank are assumed to be consistent throughout [3], along 

with its operation at a steady state as seen in Fig. 2.2. The effluent composition is also 

assumed to be identical to that of the tank. 

 

 
 

Fig. 2.2. An ideal CSTR. 
 

CSTR is typically regarded as a mixing tank. The continuous stirred tank reactor receives and 

expels material constantly. When there are no dead zones or bypasses and the CSTR is 

equally mixed, it performs at its best. It might or might not be perplexing. The temperature 

and concentration level inside the reactor serve as the state variables, and the flow rate of 

coolant into the reactor jacket serves as the manipulated input, making the CSTR a tough 

plant for testing novel control algorithms.  
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2.2 Inverted Pendulum 
 
The inverted pendulum may be controlled in three distinct ways, depending on its intended 

use. The swing-up control of an inverted pendulum is the first area that has received a lot of 

investigation [4]. The second factor is the inverted pendulum's stabilization [4]. The third 

factor is the inverted pendulum's tracking control [4]. In practical application, stabilization and 

tracking control are more beneficial. 

 
2.2.1 Classification and Structures 
 
There are three distinct kinds of inverted pendulums that can all rotate in different directions. 

The first type, which is the most prevalent, inverted pendulum, can only travel horizontally 

[5]. These reversed pendulums fall under the X category. The horizontal X-Y plane is a 

possible path for the second kind of inverted pendulum [5]. This type of reversed pendulum 

includes X-Y inversions. In the x-z plane, the third type of reversed pendulum can rotate in 

either direction [5]. This type of pendulum is known as a "X-Z inverted pendulum." The 

horizontal control force that controls the x-inverted pendulum is influenced by its horizontal 

displacements, which in turn define the control action. Two horizontal control forces acting on 

a pivot influence the x-y inverted pendulum, and the control action is reliant on the x-y 

horizontal displacements of the pivot.  

 
One horizontal control force and one vertical control force influence the X-Z inverted 

pendulum, and the control action is dependent upon both the fulcrum's vertical and horizontal 

movements. The physical model based on structural representation [5] is shown in turn in Figs. 

2.3 (a), (b), and (c). 

 
Fig. 2.3. a. Vector schematic of X-inverted pendulum. b. X-Y inverted pendulum. c. X-Z inverted  

pendulum.  
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2.2.2 Comparisons and Limitations between Three Types of Structures 
 
The relationships between the three different types of structures [5] serve to emphasize the 

following points. 

 

 The x-shaped solitary inverted pendulum is the most basic type. It is a unique instance of 

an X-Y and X-Z inverted pendulum. 

 

 It is possible to separate the X-Y inverted pendulum into two separate inverted 

pendulums. It represents a broadening of the X model. The double inverted pendulum, 

also known as the X-Y, can be viewed as a pair of inverted pendulums with x axes 

combined. Hence, the cart, lower, and upper pendulum subsystems make up the double 

inverted pendulum in general. 

 

 The X-Z inverted pendulum can be divided into two distinct inverted pendulums. While 

the z system cannot be stabilized using simply vertical control force, the X model may be 

regulated to be steady. 

 

 Creating a controller that can implement stabilization and tracking control with regard to 

state equations is a challenging task.  

 
Formulation of nonlinear dynamic equations is very important for describing dynamic 

behavior. Nonlinear dynamic equations are approached in two ways, such as the Lagrange 

model and Newton-Euler methods. Although the Lagrange model is more elegant [5] but the 

Newton-Euler approach [6] is also a well-established model for testing various control 

strategies and this method is significantly more straightforward, making it easy to understand 

and express with sophomore-level engineering dynamics. Both of the Newton-Euler and the 

Lagrangian-Euler mathematical methods are discussed in the following section.  

 
2.2.3 Mathematical Modeling 
 
2.2.3.1 Laglarange Method 
 
The Lagrange-Euler method is used to represent those structures mathematically [5], and it is 

addressed as 

 
 X-Inverted Pendulum 
 

(𝑀 + 𝑚)𝑥̈ + 𝑚𝑙 cos 𝜃 𝜃̈ − 𝑚𝑙 sin 𝜃 𝜃ଶ̇ = 𝐹௫                                                                                               (2.1)  
 

 cos 𝜃 𝑥̈ + 𝑙𝜃̈ − 𝑔 sin 𝜃 = 0                                                                                                                                (2.2)  
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 X-Y Inverted Pendulum 
 
(𝑀 + 𝑚)𝑥̈ + 𝑚𝑙 cos 𝜃 𝜃̈ − 𝑚𝑙 sin 𝜃 𝜃ଶ̇ = 𝐹௫                                                                                                   (2.3)   

 
(𝑀 + 𝑚)𝑦̈ + 𝑚𝑙 cos 𝜃 cos 𝜑 𝜑̈ − 𝑚𝑙 sin 𝜃 sin 𝜑 𝜃̈ − 2𝑚𝑙 sin 𝜃 cos 𝜑 𝜃̇𝜑̇ − 𝑚𝑙 cos 𝜃 sin 𝜑 ൫𝜃̇ଶ + 𝜑̇ଶ൯ = 𝐹௬      (2.4)  

 
 lθ̈ + cos θ ẍ − sin θ sin φ ÿ + l cos θ cos θ φ̇ଶ − g sin θ cos φ = 0                                                         (2.5)   

 
 l cos θ φ̈ + l cos φ ÿ − g sin φ = 0                                                                                                                  (2.6)    

 
 
 X-Z Inverted Pendulum 
 
(𝑀 + 𝑚)𝑥̈ + 𝑚𝑙 cos 𝜃 𝜃̈ − 𝑚𝑙 sin 𝜃 𝜃ଶ̇ = 𝐹௫                                                                                                   (2.7)  

 
(𝑀 + 𝑚)𝑧̈ − 𝑚𝑙 sin 𝜃 𝜃̈ − 𝑚𝑙 cos 𝜃 𝜃ଶ̇ = 𝐹௭ − (𝑀 + 𝑚)𝑔                                                                         (2.8)  

 
cos θ ẍ − sin θ z̈ + lθ̈ − g sin θ = 0                                                                                                                  (2.9)  
 
The energy principle is used to create the aforementioned Lagrange equations for specific 
structures.   
 
 X-Inverted Pendulum 
 
The entire kinetic energy and potential energy are followed as 
 

ቊ
𝑘 =

ଵ

ଶ
𝑀𝑥̇ଶ +

ଵ

ଶ
𝑚൫𝑥̇௣

ଶ + 𝑧̇௣
ଶ൯

𝑝 = 𝑚𝑔𝑧௣

                                                                                                                              (2.10)  

 
 X-Y Inverted Pendulum 
                                                                               

ቊ
𝑘 =

ଵ

ଶ
𝑀(𝑥̇ଶ + 𝑦̇ଶ) +

ଵ

ଶ
𝑚൫𝑥̇௣

ଶ + 𝑧̇௣
ଶ + 𝑦̇௣

ଶ൯

𝑝 = 𝑚𝑔𝑧௣

                                                                                                      (2.11) 

 
 X-Z Inverted Pendulum 

 

ቊ
𝑘 =

ଵ

ଶ
𝑀(𝑥̇ଶ + 𝑧̇ଶ) +

ଵ

ଶ
𝑚൫𝑥̇௣

ଶ + 𝑧̇௣
ଶ൯

𝑝 = 𝑚𝑔𝑧௣

                                                                                                                (2.12)  

 
Along with Eqs.(2.10), (2.11) and (2.12) the source of creating Lagrange models for all 

structures is shown below. 

 

X Inverted Pendulum → ൞

𝑑

𝑑𝑡
൬

𝑑𝐿

𝑑𝑥̇
൰ −

𝑑𝐿

𝑑𝑥
= 𝐹௫

𝑑

𝑑𝑡
൬

𝑑𝐿

𝑑𝜃̇
൰ −

𝑑𝐿

𝑑𝜃
= 0

                                                                                          (2.13) 

 

X − Y Inverted Pendulum →

⎩
⎪⎪
⎨

⎪⎪
⎧

ௗ

ௗ௧
ቀ

ௗ௅

ௗ௫̇
ቁ −

ௗ௅

ௗ௫
= 𝐹௫

ௗ

ௗ௧
ቀ

ௗ௅

ௗ௬̇
ቁ −

ௗ௅

ௗ௬
= 𝐹௬

ௗ

ௗ௧
ቀ

ௗ௅

ௗఏ̇
ቁ −

ௗ௅

ௗఏ
= 0

ௗ

ௗ௧
ቀ

ௗ௅

ௗఝ̇
ቁ −

ௗ௅

ௗఝ
= 0

                                                                                      (2.14)     
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X − Z Inverted Pendulum →

⎩
⎪
⎨

⎪
⎧

ௗ

ௗ௧
ቀ

ௗ௅

ௗ௫̇
ቁ −

ௗ௅

ௗ௫
= 𝐹௫

ௗ

ௗ௧
ቀ

ௗ௅

ௗ௭̇
ቁ −

ௗ௅

ௗ௭
= 𝐹௭

ௗ

ௗ௧
ቀ

ௗ௅

ௗఏ̇
ቁ −

ௗ௅

ௗఏ
= 0

                                                                                      (2.15)    

 
𝐿 = 𝑘 − 𝑝                                                                                                                                                             (2.16)  
 
Now, following (2.1) and (2.2) state expression can be formed as 

 

⎩
⎪
⎨

⎪
⎧

𝑥̇ଵ = 𝑥ଶ

𝑥̇ଶ =
ି௠௚ ୡ୭ య ୱ୧୬ ௫యା௠௟ ୱ୧୬ ௫య௫ర

మାிೣ

ெା௠௦௜ మ௫య
+ 𝑑ଵ

𝑥̇ଷ = 𝑥ସ

𝑥̇ସ =
ି௠௚ ୡ୭ య ୱ୧୬ ௫య௫ర

మିୡ୭ୱ ௫యிೣ ା(ெା௠)௚ ୱ୧୬ ௫య

ெା௠௦௜ మ௫య
+ 𝑑ଶ

                                                                                    (2.17)   

 
For the other two structures, the disturbances are connected to each state equation as well. 
 
 
2.2.3.2 Newton-Eular Method 
  
The nonlinear dynamics with possible state equations [6] are formulated on only X inverted 

pendulum [5] in detail as it is a unique instance of other structures as discussed. Following 

vector representation of X model as presented in Fig.2.3.The physical representation of the 

inverted pendulum is demonstrated in this section. The aim of formulating the model 

differential equations is to balance the rod of length towards the vertical line and move the cart 

forward or reversing direction by applying input force 𝐹௫ on the cart. The system's stability 

depends on the smaller value of the angle of the pendulum θ. 

 
The dimensions of the centre of gravity with respect to the Cartesian axis on the X-Z plane of 

the X model are computed as 

 
𝑥௣ = 𝑥 + 𝑙𝑠𝑖𝑛𝜃                                                                                                                                                   (2.18)    

 
𝑧௣ = 𝑙𝑐𝑜𝑠𝜃                                                                                                                                                           (2.19)   
 
The balance of forces acting on the rod in the vertical direction at the centre of gravity is given 
as 
 

𝑉 − 𝑚𝑝 = ∑ 𝐹 = 𝑚𝑎 = 𝑚
ௗమ

ௗ௧మ 𝑙𝑐𝑜𝑠𝜃                                                                                                            (2.20)  
 
By taking the double-time derivative of 𝑐𝑜𝑠𝜃, it is as follows 
 
𝑉 − 𝑚𝑝 = −𝑚𝑙𝜃̈𝑠𝑖𝑛𝜃 − 𝑚𝑙𝜃ଶ̇𝑐𝑜𝑠𝜃                                                                                                              (2.21)  

 
Now, balance the forces (H) exerting on the rod in horizontal movement with respect to the 

centre of gravity is given as 

 

𝐻 = 𝑚𝑥̈ + 𝑚𝑙
ௗమ

ௗ௧మ 𝑠𝑖𝑛𝜃                                                                                                                                      (2.22)  
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By taking the double derivative of 𝑠𝑖𝑛𝜃, the expression is followed as 

 
𝐻 = 𝑚𝑥̈ + 𝑚𝑙𝜃̈𝑐𝑜𝑠𝜃 − 𝑚𝑙𝜃ଶ̇𝑠𝑖𝑛𝜃                                                                                                                 (2.23)  
 
Now, balance of force in horizontal direction on a cart is given as 

 
∑ 𝐹 = 𝑀𝑎                                                                                                                                                            (2.24)  

 
𝐹௫ − 𝐻 = 𝑀𝑥̈                                                                                                                                                      (2.25)  

 
Now, substituting (2.23) into (2.25) the expression of balance of force on cart is given as 
 
𝐹௫ = 𝑀𝑥̈ + 𝑚𝑥̈ + 𝑚𝑙𝜃̈𝑐𝑜𝑠𝜃 − 𝑚𝑙𝜃ଶ̇𝑠𝑖𝑛𝜃                                                                                                    (2.26)  

 
𝐹௫ = (𝑀 + 𝑚)𝑥̈ + 𝑚𝑙𝜃̈𝑐𝑜𝑠𝜃 − 𝑚𝑙𝜃ଶ̇𝑠𝑖𝑛𝜃                                                                                                   (2.27)   
 
To compute the component of forces with regard to vertical and horizontal directions, as 

illustrated in Fig.2.4, it is imperative to illustrate how the forces at the center of gravity are in 

equilibrium. 

 

Fig. 2.4. Force equilibrium at the center of gravity. 
. 

The torque which is known as angular rotation, acting on this rod is defined as 
 
𝜏 = 𝐼𝜃̈                                                                                                                                                                   (2.28)  
 
When the rod is moving towards a downward direction, then the torque should be applied in the 

opposite direction. Hence, vertical component of force in the required direction is given as 

 
𝐹௫భ

= 𝑉𝑐𝑜𝑠(90° − 𝜃)                                                                                                                                        (2.29)  
 
Now, the torque in the required direction is given as 
 
τଵ = 𝐹௫భ

𝑙 = 𝑉𝑙𝑠𝑖𝑛𝜃                                                                                                                                           (2.30)  
 
Now, the horizontal component of force in the required direction is given as 
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𝐹௫మ
= 𝐻𝑐𝑜𝑠(180° − 𝜃)                                                                                                                                     (2.31)   

 
Now, the torque in the required direction is given as 
 
τଶ = 𝐹௫మ

𝑙 = −𝐻𝑙𝑐𝑜𝑠𝜃                                                                                                                                       (2.32)  
 
So, total torque acting on the centre of rod is given as 
 
Iθ̈ = 𝑉𝑙𝑠𝑖𝑛𝜃 − 𝐻𝑙𝑐𝑜𝑠𝜃                                                                                                                                     (2.33)  
 
Now, putting the value of 𝑉 and 𝐻 the following expressions are given as 
 
𝐼𝜃̈ = [𝑚𝑝 − 𝑚𝑙𝜃̈𝑠𝑖𝑛𝜃 − 𝑚𝑙𝜃ଶ̇𝑐𝑜𝑠𝜃]𝑙𝑠𝑖𝑛𝜃 − [𝑚𝑥̈ + 𝑚𝑙𝜃̈𝑐𝑜𝑠𝜃 − 𝑚𝑙𝜃ଶ̇𝑠𝑖𝑛𝜃]𝑙𝑐𝑜𝑠𝜃                         (2.34)  
 

𝐼𝜃̈ = 𝑚𝑝𝑙𝑠𝑖𝑛𝜃 − 𝑚𝑙ଶ𝜃̈𝑠𝑖𝑛ଶ𝜃 − 𝑚𝑥̈𝑙𝑐𝑜𝑠𝜃 − 𝑚𝑙ଶ𝜃̈𝑐𝑜𝑠ଶ𝜃                                                                       (2.35)  
 

𝐼𝜃̈ = 𝑚𝑝𝑙𝑠𝑖𝑛𝜃 − 𝑚𝑙ଶ𝜃̈ − 𝑚𝑥̈𝑙𝑐𝑜𝑠𝜃                                                                                                               (2.36)  
 

𝐼𝜃̈ + 𝑚𝑙ଶ𝜃̈ + 𝑚𝑥̈𝑙𝑐𝑜𝑠𝜃 − 𝑚𝑝𝑙𝑠𝑖𝑛𝜃 = 0                                                                                                       (2.37)  
 

(𝐼 + 𝑚𝑙ଶ)𝜃̈ + 𝑚𝑥̈𝑙𝑐𝑜𝑠𝜃 − 𝑚𝑝𝑙𝑠𝑖𝑛𝜃 = 0                                                                                                      (2.38)  
 

So, (2.38) is a nonlinear expression related to all variables of the entire model and balancing the 

torque at the centre of gravity with balancing horizontal and vertical forces. This expression 

defines the inverted pendulum system along with the applied force on cart as shown in (2.27). 

This applied force is related to the displacement of the cart as ẍ and the movement of the rod 

as θ̈. 

 
 Linearization Approach on Nonlinear Model 
 
Every physical system is usually encountered with some popular nonlinear influences such as 

saturation, dead zone and backlash, which have a major role in introducing disturbances and 

noise in performance. Due to these effects, sometimes the system either may respond slow or 

may not respond in the desired manner in spite of applying input variables. Linear 

approximation, which is known as an effective technique, approaches a major solution to 

approximate any nonlinear functions linearly and this technique will be applicable on nonlinear 

system only when it will be considered on nearly operating point. So, Taylor series 

approximation [7] is the popular method of approximating nonlinear functions in a systematic 

manner. 

 
Taylor series: 
 

f(x) = f(x଴) +
ப୤

ப୶
ቚ

(୶ି୶బ)

ଵ!
+

பమ୤

ப୶మ
ቚ

(୶ି୶బ)మ

ଶ!
+..                                                                                                    (2.39)  

 
From the above expression it clearly states that nonlinear function is expanded by taylor series 

approximation with operating point at x଴.  
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So, if it is very close to operating point then x − x଴ will be small and (x − x଴)ଶ will be small. 

Other higher order terms also be further smaller. Now, neglecting the higher order terms taylor 

series can be expressed with the final version: 

 

f(x) − f(x଴) ≈
ப୤

ப୶
(x − x଴)                                                                                                                                (2.40)  

 
Based on the above background linearized approximation method is applied on inverted 

pendulum. Since it must keep the inverted pendulum vertical, that means θ(t) and 𝜃̇(𝑡) are 

very small quantities, therefore as θ → 0 so, sin 𝜃 ≈ 𝜃, cos 𝜃 ≈ 1, 𝜃. 𝜃ଶ̇ = 0. Now, (2.27) 

and (2.38) can be written as 

 
𝐹௫ = (𝑀 + 𝑚)𝑥̈ + 𝑚𝑙𝜃̈                                                                                                                                     (2.41)  

 
(𝐼 + 𝑚𝑙ଶ)𝜃̈ + 𝑚𝑥̈𝑙 = 𝑚𝑝𝑙𝜃                                                                                                                             (2.42)   
  
The above expressions are known as linearized model of inverted pendulum. Now, to find the 

transfer function it must take the Laplace transform of the above linearized differential 

equations. 

 
𝐹௫(𝑠) = (𝑀 + 𝑚)𝑋(𝑠)𝑠ଶ + 𝑚𝑙𝜃(𝑠)𝑠ଶ                                                                                                          (2.43)  

 
(𝐼 + 𝑚𝑙ଶ)𝜃(𝑠)𝑠ଶ − 𝑚𝑝𝑙𝜃(𝑠) = 𝑚𝑙𝑋(𝑠)𝑠ଶ                                                                                                  (2.44)  
 
Initial circumstances are meant to be zero to compute the overall transfer function of the system. 

The first expression of X(s) from (2.44) is given as 

 

𝑋(𝑠) = ቂ
(ூା௠௟మ)

௠௟
−

௣

௦మ
ቃ 𝜃(𝑠)                                                                                                                              (2.45)  

 
Now, substituting the value of X(s) in (2.43) it is shown with the following expression 
 

𝐹௫(𝑠) = (𝑀 + 𝑚) ቂ
(ூା௠௟మ)

௠௟
−

௣

௦మቃ 𝜃(𝑠). 𝑠ଶ + 𝑚𝑙𝜃(𝑠)𝑠ଶ                                                                              (2.46)  
 
Now, the entire transfer function is formulated as 
 

஘(ୱ)

୊౮(ୱ)
=

୫୪

{[(୑ା୫)୫୪(୍ା୫୪మ)]ା(୫୪)మ}ୱమି(୑ା୫)୫୮୪
                                                                                                (2.47)  

 
 
2.2.3.3 State Space Model Representation 
 
Following vector representation [6] as depicted in Fig.2.4 the mass (m) is considered at the top 

of the road and the centre of gravity is the centre of the pendulum as shown in Fig.2.5. 

Therefore, moment of inertia (I) will be zero. 
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Fig. 2.5. Interchanging the position of mass at the top of the rod. 
 

Following the above condition in (2.39) and (2.40), it can be defined as 
 
(𝑀 + 𝑚)𝑥̈ + 𝑚𝑙𝜃̈  = 𝐹௫                                                                                                                                    (2.48)   

 
𝑚𝑙ଶ𝜃̈ + 𝑚𝑥̈𝑙 = 𝑚𝑝𝑙𝜃                                                                                                                                        (2.49)  
 
𝜃̈ =

௠௣௟ఏ

௠௟మ −
௠௫̈௟

௠௟మ =
௣

௟
𝜃 −

ଵ

௟
𝑥̈                                                                                                                             (2.50)  

 

𝑥̈ =
௠௣௟ఏ

௠௟
−

௠௟మ

௠௟
𝜃̈ = 𝑝𝜃 − 𝑙𝜃̈                                                                                                                            (2.51)  

 
Now, using (2.50) in (2.48) it is given as 

 

(𝑀 + 𝑚)𝑥̈ + 𝑚𝑙(
௣

௟
𝜃 −

ଵ

௟
𝑥̈) = 𝐹௫                                                                                                                   (2.52)  

 
(𝑀 + 𝑚)𝑥̈ + 𝑚𝑝𝜃 − 𝑚𝑥̈ = 𝐹௫                                                                                                                        (2.53)  

 
𝑀𝑥̈ = 𝐹௫ − 𝑚𝑝𝜃                                                                                                                                                 (2.54)  

 
Now, using (2.51) in (2.48) it is given as 

 
𝑀𝑥̈ + 𝑚𝑥̈ + 𝑚𝑙𝜃̈  = 𝐹௫                                                                                                                                     (2.55)  

 
𝑀(𝑝𝜃 − 𝑙𝜃̈) + 𝑚(𝑝𝜃 − 𝑙𝜃̈) + 𝑚𝑙𝜃̈ = 𝐹௫                                                                                                      (2.56)  

 
𝑀𝑙𝜃̈ = (𝑀 + 𝑚)𝑝𝜃 − 𝐹௫                                                                                                                                  (2.57)  
 
To convert state space, models 𝑥ଵ, 𝑥ଶ, 𝑥ଷ, 𝑥ସ are considered as state variables with the 

following expressions 

⎩
⎪⎪
⎨

⎪⎪
⎧

𝑥ଵ = 𝜃

𝑥ଵ̇ = 𝜃̇ = 𝑥ଶ

𝑥ଵ̈ = 𝜃̈ = 𝑥ଶ̇

𝑥ଷ = 𝑥
𝑥ଷ̇ = 𝑥̇ = 𝑥ସ

𝑥ଷ̈ = 𝑥̈ = 𝑥ସ̇

                                                                                                                                                        (2.58)  
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Using state space variables (2.54) can be updated as  
 
𝑀𝑥ସ̇ = 𝐹௫ − 𝑚𝑝𝑥ଵ                                                                                                                                             (2.59)  

 
𝑥ସ̇ = −

௠௣

ெ
𝑥ଵ +

ிೣ

ெ
                                                                                                                                              (2.60)  

 
Now, using state space variables (2.57) can be updated as 
 
𝑀𝑙𝑥ଶ̇ = (𝑀 + 𝑚)𝑝𝑥ଵ − 𝐹௫                                                                                                                               (2.61)  

 
𝑥ଶ̇ = −

(ெା௠)௣

ெ௟
𝑥ଵ −

ிೣ

ெ௟
                                                                                                                                     (2.62)  

 
Now, following the above (2.60) and (2.62) state space model [6] is represented as 
 
 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

൦

𝑥ଵ̇

𝑥ଶ̇

𝑥ଷ̇

𝑥ସ̇

൪ =

⎣
⎢
⎢
⎢
⎡

0 1 0 0
(ெା௠)௣

ெ௟
0 0 0

0 0 0 1

−
௠௣

ெ
0 0 0⎦

⎥
⎥
⎥
⎤

൦

𝑥ଵ

𝑥ଶ

𝑥ଷ

𝑥ସ

൪ +

⎣
⎢
⎢
⎢
⎡

0

−
ଵ

ெ௟

0
ଵ

ெ ⎦
⎥
⎥
⎥
⎤

[𝐹௫ ]

ቂ
𝑦ଵ

𝑦ଶ
ቃ = ቂ

1 0 0 0
0 0 1 0

ቃ ൦

𝑥ଵ

𝑥ଶ

𝑥ଷ

𝑥ସ

൪ + [0][𝐹௫ ]    

                                                                                         (2.63)  

 
2.3 Continuous Stirred Tank Reactor (CSTR) 
 
A precise model is required in order to effectively regulate the product concentration in the 

CSTR, a prototype chemical reactor system with complicated unstable features.  

 
2.3.1 Classification and Characteristic of Chemical Reactors 
 
A chemical reactor [8] is where reactants are transformed into products in a chemical plant. 

Chemical reactors come in a wide range of shapes and modes of operation. As a result, there 

are many different ways to categorize them. The primary categorization is based on several 

reaction systems and real-time assumptions. 

 
 Batch Reactor 
 
Typically, reactants are added to the reactor and given time to react [8]. As a result, products are 

created inside the reactor. The process is then repeated after the products and unreacted 

reactants have been eliminated. There is an unsteady mode of operation in batch reactors and 

the concentration of reactants is uniform throughout in batch reactor. This type of reactor is 

used for the preparation of specialty chemicals. 

 
 Plug Flow Reactor 
 
Plug flow reactors [8], often referred to as tubular reactors, are composed of a cylindrical plug 

like flow structure with apertures on each end through which reactants and products can pass.  
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Plug flow reactors typically operate only at steady state e and there will be no back mixing. 

When reactants move down the reactor's length, they are continuously consumed. The 

percentage conversion achieved in CSTR is highest among CSTR, batch and PFR. 

 
 Continuous Stirred Tank Reactor 
 
The fact that CSTR [8] has a big heat capacity and an accessible interior makes it preferable to 

other reactors. Another significant advantage is that it is simple to maintain adequate 

temperature control. There is only one restriction: Compared to other flow reactors, the 

reactor's volume rate of reactant to product conversion is relatively low. In Fig.2.6, the 

fundamental characteristic is displayed. 

 

 
 

Fig. 2.6. Isothermal and non-isothermal CSTR icon. 
 
The term "mixed flow reactor" (MFR) is another name for CSTR. Similar to batch and other 

reactors, the reaction in this reactor likewise takes place in a sealed tank. Moreover, the tank 

features an agitator to completely mix the reactants. It differs from a batch reactor in that its 

continuous equipment nature is implied by the name alone. The reactants enter the reactor at a 

specific mass flow rate, react for a period of time determined by the reactor's space time, and 

then produce the products. At the same mass flow rate, the products exit the reactor. The 

concentration of a reactant inside the reactor and at exit remains the same since the reactor is 

fully mixed one. The amount of time required to process single reactor volume is one 

space-time.  

 
2.3.2 Characteristics and Limitation of Continuous Stirred Tank Reactor 
 
A continuous flow into and out of the system distinguishes the CSTR [9–10] from a boiler 

reactor. Compared to batch rectors, CSTR is significantly more efficient. Both liquid phase 

processes and suspensions of liquids and solids can be handled by them. It is useful to 



30 
 

include a set of assumptions when modelling any piece of equipment because they will 

simplify the design calculations. The following two categories are employed to demonstrate 

the function of the CSTR process. 

 
2.3.2.1 Ideal Version 
 
The behaviour of an optimally CSTR is always leveraged to demonstrate the behaviour of 

CSTR (CISTR). Each reactor model must start with a general mole balance as a guide. The 

equation can then be modified to fit a set of presumptions. Every calculation is done using 

CISTR, which presupposes uniform mixing [10]. In a reactor with perfect mixing, the 

composition of the product is similar to the materials' composition inside the reactor, which is 

dependent on residence time and reaction rate. This estimate is appropriate for technical use if 

the residence time is 5–10 times the mixing time. The CISTR model is commonly used to 

simplify engineering calculations and can be used to characterise research reactors. In reality, it 

can only be approached, particularly in reactors of industrial capacity. Concentration and 

temperature are two crucial elements that must be balanced inside the reactor and depend on 

both isothermal and non-isothermal properties. Both isothermal and non-isothermal properties 

contribute to the knowledge on mole balance and energy balance, respectively. A general 

mathematical representation for molar concentration under isothermal property [10] is 

simplified as 

 
In − Out + Generation − Consumption = Accumulation                                                                 (2.64)  

 
Assumption 1: Well mixed 
 

𝐹ଵ𝐶ଵ − 𝐹ଶ𝐶ଶ + ∫ 𝑟௔𝑑𝑉 =
ௗேೌ

ௗ௧
                                                                                                                      (2.65)  

  
Assumption II: Steady state 
 

𝐹ଵ𝐶ଵ − 𝐹ଶ𝐶ଶ + ∫ 𝑟௔𝑑𝑉 = 0                                                                                                                             (2.66)  
 
As, 𝑟௔ ≠ 𝑓𝑐𝑡(𝑉) so, ∫ 𝑟௔𝑑𝑉 = 𝑟௔𝑉 
 
𝐹ଵ𝐶ଵ − 𝐹ଶ𝐶ଶ + ∫ 𝑟௔𝑉 = 0                                                                                                                                (2.67)  

 
Now, following the steady state condition in (2.67) final concentration can be expressed 

with the following equation 

 

𝐶ଶ = 𝐶ଵ +
௥ೌ ௏

ி
                                                                                                                                                     (2.68)  

 
Now, the above isothermal derivation of mass balance can be expanded to convert into 

non-isothermal condition also with the function of conversion.  

 



Currently, non-isothermal property is used to guide adiabati

[11–12] for illuminating the energy balance inside the reactor. Below is a discussion of how 

these key conditions compare and their limits.

 
 Adiabatic situation [12] is the procedure that prevents mass or heat from enterin

leaving the reactor since the reactor is entirely encircled by a jacket as shown in Fig. 2.7, 

and the temperature inside the reactor will also fluctuate.

 

Fig.

 
In − Out ± Heat of reaction = 0  

𝐻௜௡ − 𝐻௢௨௧ ± (−∆𝐻௥)(𝑟௔𝑉) = 0   

Input and output heating energy can be shown
 
𝐹ଵ𝜌଴𝐶ଵ(𝑇଴ − 𝑇௥) − 𝐹ଶ𝜌𝐶ଶ(𝑇 − 𝑇௥)
  
Now, under a steady state condition, if the reference temperature is considered as zero, then the 

final expression of temperature is shown as

 

𝑇 =
ఘబ஼భ బ்

ఘ஼మ
±

(ି∆ுೝ)(௥ೌ ௏)

ிఘ஼మ
                   

 
If density is considered as constant then (2.72) can be followed as
 

𝑇 =
஼భ బ்

஼మ
±

(ି∆ுೝ)(௥ೌ ௏)

ிఘ஼మ
                       

 
 Non-adiabatic condition 

outside the reactor and transfer of energy is considered with the final expression of en

balance as follows  
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isothermal property is used to guide adiabatic and non-adiabatic circumstances 

12] for illuminating the energy balance inside the reactor. Below is a discussion of how 

these key conditions compare and their limits. 

[12] is the procedure that prevents mass or heat from enterin

leaving the reactor since the reactor is entirely encircled by a jacket as shown in Fig. 2.7, 

and the temperature inside the reactor will also fluctuate. 

 
 

Fig. 2.7. CSTR Industrial Schematic. 
 

                                                                                                         

                                                                                                         

eating energy can be shown as 

) ± (−∆𝐻௥)(𝑟௔𝑉) = 0                                                                

ondition, if the reference temperature is considered as zero, then the 

final expression of temperature is shown as 

                                                                                                        

If density is considered as constant then (2.72) can be followed as 

                                                                                                        

 [12] is the process which allows surrounding temperature 

outside the reactor and transfer of energy is considered with the final expression of en

adiabatic circumstances 

12] for illuminating the energy balance inside the reactor. Below is a discussion of how 

[12] is the procedure that prevents mass or heat from entering or 

leaving the reactor since the reactor is entirely encircled by a jacket as shown in Fig. 2.7, 

          (2.69)  
 

          (2.70)   
 

          (2.71)  

ondition, if the reference temperature is considered as zero, then the 

          (2.72)   

          (2.73)   

[12] is the process which allows surrounding temperature 

outside the reactor and transfer of energy is considered with the final expression of energy 
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𝑇 =
஼భ బ்

஼మ
±

(ି∆ுೝ)(௥ೌ ௏)

ிఘ஼మ
−

்ି ೞ்

ிఘ మ
                                                                                                                          (2.74)  

 
2.3.2.2 Non-Ideal Version 
 
It is necessary to take into account non-ideal conditions because in practice, ideal conditions 

occasionally vary from ideality [12]. In the case of industry, there are reactors that deal with 

various types of fluids to produce the desired product. Ideal flow can therefore vary in this 

particular circumstance and change into different flow patterns. Real reactors never operate 

under ideal conditions, and the degree of mixing determines how ideal or non-ideal a flow 

pattern will behave throughout. The following factors are mainly responsible for non-ideal flow 

as 

 
I.  There is a probability of getting a flow that is less than optimum if the reactor contains any 

kind of recycled stream. 

 
II. Short-circuiting is a phenomenon that occurs when the reactant does not participate in the 

reaction and exits the reactor in its original state without undergoing any form of conversion or 

reaction.  

 
III. Vortices may occur either at the reactor's entry point or its exit point. So, in this instance, as 

a result of the creation of vortices, both the velocity and the flow pattern will alter.  

 
IV. How the reactants or fluid are mixed is the main controlling factor that controls the flow 

patterns. 

 
V.  There are a few places inside a reactor where reactants can simply be emptied without 

participating in the reaction. 

 
Hence, it frequently occurs that reactants become stuck in the bottom-most portion of the 

reactor and are unable to participate in reactions there. Hence, a dead zone forms in some areas, 

which may cause the flow pattern to deviate from optimal. Since the outlet section of the reactor 

may not fit properly, producing a non-ideal flow pattern, and because reactant can easily bypass 

the entrance section, CSTR rarely behaves optimally in practice. The ideal uniform flow pattern 

may be disturbed by this. Yet, an optimal CSTR model is absolutely necessary to forecast the 

composition of any biological or chemical process. 
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2.3.3 Physical Modeling of Ideal CSTR 
 
A typical nonlinear model of CSTR [13] with related variables is depicted as in Fig. 2.8.  
 
 

 
 

Fig. 2.8. Schematic feature of single perfectly mixed CSTR. 
 
2.3.3.1 Mathematical approach for mass balance 
 
As stated in the preceding section, isothermal properties are used to determine molar 

concentration. The basic qualities are as follows: 

 

 Perfect mixing, i,e; temperature and concentration are identical everywhere in tank. 

 Liquid density and heat output is fixed. 

 There is no heat leakage from the reactor to the surroundings. 

 No energy balance exists for the coolant, and the coolant is properly mixed. 

 The CSTR's momentum is ignored because it remains constant under all working 

circumstances. 

 
Now, based on conservation principles it is followed as 
 
஺௖௖௨௠௨௟௔௧௜௢௡ ௢௙

௧௢௧௔௟ ௠௔௦௦

௧௜௠௘
=

ூ௡௣௨௧ ௢௙
௧௢௧௔௟ ௠௔௦௦

௧௜௠௘
−

ை௨௧௣௨௧ ௢௙
௧௢௧௔௟ ௠௔௦௦

௧௜௠௘
±

்௢௧௔௟ ௠௔௦௦ ௚௘௡௘௥௔௧௘ௗ
௢௥ ௖௢௡௦௨௠௘ௗ

௧௜௠௘
                                                                (2.75)  

 
ௗ(ఘ௏)

ௗ௧
= 𝜌௜𝐹௜ − 𝜌௢𝐹 ± 0                                                                                                                                     (2.76)  

 
Since 𝜌 is constant and the above expression can be re written as 
  
ௗ௏

ௗ௧
= 𝐹௜ − 𝐹                                                                                                                                                          (2.77)  

 
Mass balance [14] on component A is represented as  

 
஺௖௖௨௠௨௟௔௧௜௢௡ ௢௙ ௠௢௟௘௦ ௢௙

஺

௧௜௠௘
=

ூ௡௣௨௧ ௢௙ ௠௢௟௘௦ ௢௙
஺

௧௜௠௘
−

ை௨௧௣௨௧ ௢௙ ௠௢௟௘௦ ௢௙
஺

௧௜௠௘
−

஽௜௦௔௣௣௘௔௥௔௡௖௘ ௢௙ ௠௢௟௘௦ ௢௙ ஺
ௗ௨௘ ௧௢ ௥௘௔௖௧௜௢௡

௧௜௠௘
            (2.78)  
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ௗ

ௗ௧
(𝑛஺) =

ௗ

ௗ௧
(𝑐஺𝑉) = 𝑐஺೔

𝐹௜ − 𝑐஺𝐹 − 𝑟𝑉                                                                                                       (2.79)  
 

r = k଴eି୉
ୖ୘ൗ 𝑐஺                                                                                                                                                   (2.80)  

 
Substituting, (2.80) into (2.79) it is expressed as 
 

ௗ

ௗ௧
(𝑐஺𝑉) = 𝑐஺೔

𝐹௜ − 𝑐஺𝐹 − (k଴eି୉
ୖ୘ൗ 𝑐஺)𝑉                                                                                                    (2.81)  

 
𝑐஺

ௗ௏

ௗ௧
+ 𝑉

ௗ௖ಲ

ௗ௧
= 𝑐஺೔

𝐹௜ − 𝑐஺𝐹 − (k଴eି୉
ୖ୘ൗ 𝑐஺)𝑉                                                                                           (2.82)  

 
𝑉

ௗ௖ಲ

ௗ௧
= 𝑐஺೔

𝐹௜ − 𝑐஺𝐹 − (k଴eି୉
ୖ୘ൗ 𝑐஺)𝑉 − 𝑐஺

ௗ௏

ௗ௧
                                                                                           (2.83)  

 
Now, substituting (2.77) into (2.83) and it is expressed as 
 
ௗ௖ಲ

ௗ௧
=

ி೔

௏
(𝑐஺೔

− 𝑐஺) − (k଴eି୉
ୖ୘ൗ 𝑐஺)                                                                                                                (2.84)  

 
 
2.3.3.2 Mathematical modelling for Temperatures 
 
An internal coil-based jacket that surrounds a non-isothermal CSTR [13] plays a crucial role in 

the reactor's temperature change. Reactor products typically release or absorb heat while being 

processed. Heat must be added to or withdrawn from the reactor contents by a cooling jacket in 

order to regulate the proper temperature. The reactor is heated and cooled using an external 

jacket. To add or remove heat, heat transfer fluid goes through the jacket. The performance of a 

jacket can be defined by three parameters: 

 
 Response time to modify the jacket temperature 

 Uniformity of jacket temperature  

 Stability of jacket temperature 

 
From above Fig. 2.8 it is shown that the agitation nozzle helps to pump heat transfer fluid that 

jacket circulates the fluid at a high velocity. The coolant moves at the flow rate of 𝐹௖ and at 

feed temperature of 𝑇௖೔
. The exit temperature of the coolant fluid is 𝑇௖೚

. An irreversible, 

exothermic reaction (𝐴 → 𝐵) is conducted in a single perfectly mixed CSTR under combined 

adibatic and non-adiabatic conditions. As stated in the preceding section, isothermal properties 

[11-12] are used to determine molar concentration. The basic qualities are as follows: 

 
 The temperature changes with time. 

 Metal barriers are thought to have a negligible mass. 

 The metal's thermal resistance must be considered. 

 The amount of water in the jacket is maintained at a consistent level. 

 Heat loss with constant densities is assumed to negligible.  
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The overall heat transfer is given as 

 
Q = UAୌ(T − 𝑇௖೚

)                                                                                                                                             (2.85)   
 
Reactor energy balance [13] is represented as 
 
Enthalpy In − Enthalpy Out − Enthalpy Generated − Energy removed by cooling coil =
Energy Accumulated                                                                                                                                        (2.86)   
 
𝜌𝐹௜ℎ௜ − 𝜌𝐹ℎ − 𝑉𝑘𝑐஺ − UAୌ(T − 𝑇௖೚

) =
ௗ(ఘ௏௛)

ௗ௧
                                                                                        (2.87)   

 
Under a steady state 𝐹௜ = 𝐹 
 
𝜌𝐹(ℎ௜ − ℎ) − 𝑉𝑘𝑐஺ − UAୌ(T − 𝑇௖೚

) = 𝜌
ௗ(௏௛)

ௗ௧
                                                                                         (2.88)       

                                    
Using ℎ = 𝑇𝐶 and ℎ௜ = 𝑇௜𝐶 (2.88) can be updated as 
 

𝜌𝐹𝐶(𝑇௜ − 𝑇) − 𝑉𝑘𝑐஺ − UAୌ(T − 𝑇௖೚
) = 𝜌𝐶

ௗ(௏்)

ௗ௧
                                                                                    (2.89)        

                       
ௗ்

ௗ௧
=

ி

௏
(𝑇௜ − 𝑇) −

௞

ఘ஼
𝑐஺ −

௎஺ಹ(்ି ೎்೚)

ఘ஼௏
                                                                                                            (2.90)     

                                         

k = k଴exp(−
୉

ୖ୘
)                                                                                                                                               (2.91)  

 
ௗ்

ௗ௧
=

ி

௏
(𝑇௜ − 𝑇) −

௖ಲ

ఘ஼
𝑘଴𝑒𝑥𝑝(−

ா

ோ்
) −

௎஺ಹ(்ି ೎்೚)

ఘ஼௏
                                                                                        (2.92)   

 
(2.84) and (2.92) are coupled non-linear equations in T and 𝑐஺ , they need to solve after 

linearization using state space representation. 

 
2.3.3.3 State variable form  
 
The following non-linear equations need to be expressed in state space model. 
 
ௗ௖ಲ

ௗ௧
= 𝑓ଵ(𝑐஺, 𝑇) =

ி೔

௏
(𝑐஺೔

− 𝑐஺) − (k଴eି୉
ୖ୘ൗ 𝑐஺)                                                                                          (2.93)   

 
ௗ்

ௗ௧
= 𝑓ଶ(𝑐஺, 𝑇) =

ி

௏
(𝑇௜ − 𝑇) −

௖ಲ

ఘ
𝑘଴𝑒𝑥𝑝(−

ா

ோ்
) −

௎஺ಹ(்ି ೎்೚)

ఘ஼௏
                                                                  (2.94)   

 
2.3.3.4 Linearization 
  
The nonlinear expressions are converted into linearized [13] version with state variable 

forms as follows. 

 

൜
𝑥̇ = 𝐴𝑥 + 𝐵𝑢

y = Cx 
                                                                                                                                                      (2.95)  

 

⎩
⎪
⎨

⎪
⎧ x = ቂୡఽିୡఽ౩

୘ି୘౩
ቃ  

y = ቂୡఽିୡఽ౩
୘ି୘౩

ቃ 

u = ቂ୳భ
୳మ

ቃ ቂ ୊౟ି୊౟౩
୊ౙି୊ౙ౩

ቃ

                                                                                                                                                (2.96)  
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𝐴 jacobian matrix [14] plays very important role to identify the system whether it is stable or 

not determining the Eigen values of Jacobian matrix. It is also followed on near operating 

points to represent linearized version of nonlinear CSTR system. 

 

𝐴 = ቂ஺భభ
஺మభ

 ஺భమ
஺మమ

ቃ = ൥
ങ೑భ
ങೣభ
ങ೑మ
ങೣభ

   
ങ೑భ
ങೣమ
ങ೑మ
ങೣమ

൩                                                                                                                              (2.97)  

 

⎩
⎪
⎨

⎪
⎧ 𝐴11 = −

୊౟

𝑉
− 𝐾𝑠

𝐴12 = −c୅ୱKୱ
ᇱ

𝐴21 = −
௖ಲ

ఘ஼
𝐾𝑠

𝐴22 = −
୊౟

𝑉
+ (

௖ಲೞ

ఘ஼
)Kୱ

ᇱ −
୙୅ౄ

ఘ஼௏
 

                                                                                                                          (2.98)   

 
 

ቐ
𝐾𝑠 = k଴exp(−

୉

ୖ୘౩
) 

Kୱ
ᇱ = k଴exp(−

୉

ୖ୘౩
)(

୉

ୖ୘౩
మ) 

                                                                                                                                 (2.99)  

 

𝐵 = ቂ஻భభ
஻మభ

 ஻భమ
஻మమ

ቃ = ൥
ങ೑భ
ങೠభ
ങ೑మ
ങೠభ

   
ങ೑భ
ങೠమ
ങ೑మ
ങೠమ

൩                                                                                                                            (2.100)  

 

⎩
⎪
⎨

⎪
⎧ 𝐵11 =

௖ಲ೔
ିୡఽ౩

𝑉

𝐵12 = 0 

𝐵21 =
𝑇𝑖−𝑇𝑠

𝑉

𝐵22 =
(୘౩ି ೎்೚)

ఘ஼௏
 

                                                                                                                                                (2.101)  

 

ቊ
C = ൣଵ

଴
 ଴

ଵ
൧   

D = ൣ଴
଴
൧

                                                                                                                                                        (2.102)  

 
Now, the overall transfer function of the system can also be computed by using the above A B, 

C, and D matrices. 

 
 

2.4 A Brief Survey on Different Control Algorithms for Unstable Processes 
 
This section discusses current control actions of various emerging control schemes on two 

distinct systems, such as inverted pendulum and continuously stirred tank reactors. 

 
2.4.1 PID (Proportional-Integral-Derivative) Controller 
 
The PID controller mainly comprises of three tuning variables which individually play a 

very significant role in designing the process with satisfactory control action. The most 

crucial step in developing any control action is choosing the gain parameters, such as 

proportional, integral, and derivative gains.  
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To this end, there are numerous techniques available, including time domain method [15], 

frequency domain method [15], trial and error method, Ziegler-Nichols method [15] and 

optimization algorithm. The basic scheme of the conventional PID controller [16] is 

depicted as in Fig. 2.9. 

 

 
 

Fig. 2.9. Schematic feature of a conventional PID controller. 
 
On inverted pendulum or continuous stirred tank reactor processes, experts have proposed PID 

control algorithms in a variety of ways, including single topology, dual topology, and combined 

topology. PID control ensured satisfactory performance in terms of desired time or frequency 

region metrics and error metrics. 

 
 Study on Inverted Pendulum 
 
For testing PID control actions, inverted pendulum models based on Newton-Euler are 

frequently found in literature, while studies based on Lagrange models are quite uncommon. In 

comparison, it is demonstrated that it is an inappropriate platform for verifying the control 

actions as mentioned above. Various architectures [5] of the Lagrange-based inverted 

pendulum are employed as testing platforms, including X, X-Y, and X-Z coordinate-based 

models separately using single and dual topologies with the trial-and-error approach and 

increased control efforts to tackle the systems. Dual topologies as two PID controllers [5] are 

used to test for fruitful action, however despite the use of more controllers, it is discovered that 

all of the models do not produce a smooth results. The X-inverted pendulum architecture [5] is 

still the best model among the three for testing any required control schemes, but other designs 

necessitate the use of additional controllers, which increases the amount of control work 

required. Later, a variety of control strategies, including LQR (Linear Quadratic Regulator) 

[17], fuzzy logic control (FLC) [18], and model predictive control (MPC) [19], are proposed for 

controlling the Newton-Eular 'X' coordinate based pendulum with fewer time domain metrics, 

such as rise time, settling time, and overshoot.  
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However, other than the MPC control scheme, LQR and FLC control methods outperformed 

PID controller in terms of control action. Experts recommended combination schemes [20-22] 

combining LQR, FLC, and PID control methods to speed up the tracking of the system's angle 

and position, but generally speaking, none of the strategies used have guaranteed the robustness 

of the plant. The amplitude level of tracking was reduced by a proposed PI-PD control method 

[23] in contrast to a PID scheme in a literary work, however the scheme eventually was not 

found to be very effective because it continued the tracking with some erratic behaviours 

towards the desired position. Trial and error on time and frequency domain platforms can be 

applied to tune a PID controller, however many experts advised using optimization algorithms 

[24-27] to achieve more manageable tuning results. A few optimization strategies have been 

shown to be effective in producing positive results. All of these traditional methods did, 

however, produce the system's current steady state or transient behaviors, and one of the 

drawbacks is the challenge of recovering continuous tracking performance in the face of 

disturbance. As a result of its constrained gain parameters, PID controller does not offer a very 

versatile solution. The specialists later discovered a potential solution by including two 

additional degrees of freedom with the integral (I) and derivative (D) actions [28], respectively. 

It was agreed that the values of these additional parameters should range between 0 and 1, 

establishing the term fractional order. In order to provide a promising solution than the 

conventional approach, it is now essential to choose additional degrees of freedom, and these 

parameters play a significant role in enhancing the system's performance. Fig. 2.10 depicts the 

fundamental design [28] along with numerical comparisons between fractional and traditional 

PID. 

 

 
 

Fig. 2.10. Fractional order PID controller. 
 
Mathematically [28] it is expressed as 
 

ቐ
𝑃𝐼𝐷(𝑠) = 𝑘௉ +

௞಺

௦
+ 𝑘஽𝑠

𝐹𝑂𝑃𝐼𝐷(𝑠) = 𝑘௉ +
௞಺

௦ഊ + 𝑘஽𝑠ఔ
                                                                                                                     (2.103)  
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Now, as 𝑠ఒ and 𝑠ఔ are not directly compatible with the MATLAB platform, approximation 

approaches are needed to make them compatible. The FOMCON toolbox [29-30] was 

frequently used in literature to realize fractional orders using only Outsalaup rational 

approximation techniques of irrational orders. Researchers used a variety of optimization 

techniques to create FOPID controllers for Newton-Euler and Lagrange based models, and in 

general, these controllers outperformed traditional ones with regard to settling time, overshoot, 

and integral errors. By employing a FOPID controller, sluggish servo and regulatory outcomes 

can occasionally be observed in the face of noise and disturbances. The FOMCON toolbox's 

shortcoming is that there are no alternative approximate methods available to study the 

behaviour of fractional order functions, leaving a gap in existing theories. Finding other 

suitable approximation methods that could generate approximations that are comparable to or 

better than those produced by the Oustaloup technique is therefore necessary. 

 
 Study on Continuous Stirred Tank Reactor 
 
PID controllers [31] are widely used in chemical reactor processes in addition to mechanical 

under-actuated systems to regulate molar concentration and reactor temperature. Several 

academic publications discuss the use of PID controllers [31], 2DOF PID controllers [32], and 

numerous mixed topologies using the PI-PD scheme [33] or fuzzy logic [34] to monitor the 

concentration level or temperature of an ideal CSTR process. It has been demonstrated that the 

goal of using several controllers for a given process is to improve performance with regard to 

desired settling time, rise time, overshoot, and other integral errors, such as IAE, ISE, or ITAE, 

respectively. Although fuzzy logic [34] controller applications are shown to be more effective, 

in a real-world setting fuzzy logic is unable to receive input for the temporary implementation 

of learning strategy. In contrast to boolean logic, there is no systematic way to solve any kind of 

problem using fuzzy logic, and none of its notions can be mathematically proven. 2 DOF 

scheme and PI-PD smith predictor [33] systems performed well with less time domain metrics 

to find higher performance and stability. Several specialists in the literature approached the 

tuning method [31-34] of the PID controller using either the time domain and frequency 

domain or the Ziegler-Nichols method. In CSTR, optimization techniques [35-37] that also 

worked very well, including mechanically under-actuated processes, assisted in lowering the 

level of amplitude over the course of the settling process. However, given that noise and 

disturbances have an impact on the aforementioned control schemes, it is necessary to further 

study how chemical reactants behave under these circumstances. Using conventional schemes, 

it was sometimes discovered that performance was disrupted by noise and other disturbances.  

 

 



40 
 

As a result, experts later switched to the most recent PID controller, which has two additional 

degrees of freedom [28] and is shown in 2.103 with Fig. 2.10, and which has proven to be much 

more effective at detecting performance disruption than traditional PID as documented in 

numerous academic publications. Several specialists contacted the FOMCON toolkit [29] to 

realize 𝑠ఒ and 𝑠ఔ the same mechanical under-actuated technique for CSTR with the support 

of the platform's exclusive Outstalaoup technology. In various books, experts explored various 

strategies such as trial-and-error or optimization algorithms [38-40], however, it was 

discovered that the obvious optimization method was more approachable to testing the 

performance. In CSTR as well, investigation into alternative suitable approximation techniques 

is required for better examination in order to find more adaptable solutions in challenging 

situations. This is because occasionally it was discovered that, despite offering better outcome 

than conventional PID controller, there were still some issues with measuring the performance 

indicators under the influence of disturbances.     

 
2.4.2 MRAC (Model Reference Adaptive Control) 
 
PID or FOPID controllers are not very good at handling noise, as was stated in earlier Section 

2.4.1, and they exhibited several slow tendencies. Although the FOPID controller made several 

attempts to resolve the issue, the existing solution has not produced the needed accuracy. So, in 

contrast to PID controllers or FOPID controllers, the MRAC (Model reference adaptive control) 

control technique [41] is afterwards recommended by several specialists. The primary way that 

an adaptive controller adjusts is to changes in the dynamics of the process, which can occur for 

a variety of reasons. For instance, the environment may change and cause disruption, or in 

certain circumstances, variation may simply result from system uncertainty or dynamics that 

are not considered by the specific model. So, the controller should be configured in such a way 

to handle these variances. A robust controller is one approach to doing this, as it is designed 

with enough stability and performance margin to function effectively across the entire range of 

anticipated fluctuations.  

 
In MRAC [41], the total control action is based on a reference model that determines the 

future behaviour of the current system and uses an adaptive gain mechanism to reduce the 

error signal between the ideal model and the current plant. For stable systems, MRAC 

controllers were very successful; however it is difficult to successfully tackle an unstable 

system when there are disturbances. In their literature, professionals demonstrated proper 

reference model selection and adaptive gain for reaching that goal. The choice of the 

reference model and the adaptive gain are crucial in MRAC.  
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Though the MPC (Model Predictive Control) scheme [42] is widely used in numerous 

research fields, it is primarily used in chemical reactors where the dynamics of the system 

are slow. Using the MPC controller has many drawbacks, including the fact that it uses a lot 

more computational resources and a relatively perfect model than MRAC. MPC [42] is 

merely an optimization-based control that relies on the right solver. Fig.2.11 shows the 

fundamental block diagram of the MPC approach. 

 
 

 
 

Fig. 2.11. MPC schematic representation. 
 

The primary advantage of MRAC over MPC [43] is that it guarantees stability with less 

processing power while deviating from the nominal system. It can be categorized into direct 

and indirect forms [43], although direct MRAC only requires the estimation of controller 

parameters and does not require the calculation of plant parameters, whereas the computed 

parameters' convergence to the actual unknown values is necessary for indirect MRAC. For the 

most part, direct MRAC controllers are used in unstable process applications. In Fig. 2.12, the 

fundamental schematic diagram of indirect MRAC [43] is displayed.  

 

 
 

Fig. 2.12. Indirect MRAC scheme. 
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According to Fig. 2.12, the indirect MRAC adaptive control strategy results from using 𝜃௣
∗ 

the certainty equivalence technique [43], where the estimated values of the unknown 

parameters are used in their place. Parameterizing the plant transfer function's parameters 

according to the intended controller parameter vector 𝜃௖
∗ is another method [43] of designing 

MRAC schemes. The framework of the law is described in [43] as 

 

ቊ
𝜃௣

∗ = 𝐹ିଵ(𝜃௖
∗)

𝐺௣൫𝑠, 𝜃௣
∗൯ = 𝐺௣൫𝑠, 𝐹ିଵ(𝜃௖

∗)൯ = 𝐺௣(𝑠, 𝜃௖
∗)

                                                                                                  (2.104)  

 
The system is known as direct MRAC in this instance, since the controller variable 𝜃௖(𝑡) is 

modified directly without the need for any intermediary estimation, as seen in Fig. 2.13. 

 

 
 

Fig. 2.13. Direct MRAC scheme. 
 

While adaptation is employed to modify the variables in the control design, the controller is 

parameterized and offers tracking. There are two methods [43] for adjusting the system 

parameters: the gradient approach, sometimes known as the MIT (Massachusetts Institute of 

Technology) rule, and the Lyapunov stability theory. Since the MIT rule does not always 

guarantee stability [44], the Lyapunov direct rule is typically preferred. However, the 

Lyapunov rule can only produce a steady result if the proper Lyapunov function is chosen; 

otherwise, the tracking may be off. To approach Lyapunov stability rule some important rules 

[45] are followed as 

 
Theorem 1. 
 

a. Derivative along the dynamical system trajectories is examined by generating a scaler 

energy like function.  

 
b. It is possible to draw conclusions regarding the stability of the system if the derivative of 

the Lyapunov function is not positive. 
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Theorem 2. 

A constant scalar field Positive definite functions P(x) are said to as locally or globally if  

  

൜
𝑃(0) = 0 ^(Ɐ 𝑥 ≠ 0 ^ ‖𝑥‖ < 𝑅)  ⇒  𝑃(𝑥) > 0 ↔  𝐿𝑜𝑐𝑎𝑙

𝑃(0) = 0 ^(Ɐ 𝑥 ≠ 0 )  ⇒  𝑃(𝑥) > 0 ↔  𝐺𝑙𝑜𝑏𝑎𝑙
                                                                   (2.105)  

 
 
Theorem 3. 
 
P(x) is considered the Lyapunov function for the system if it is a positive definite function with 

continuous partial derivatives and a negative semi-definite time derivative along any state 

trajectory of the system 𝑥̇ = 𝑓(𝑥), meaning that 𝑃̇(𝑥) ≤ 0. The following is the Lyapunov 

function's time derivative. 

  

𝑃̇(𝑥) = 𝛻 𝑃(𝑥)𝑓(𝑥) ≤ 0, 𝛻 𝑃(𝑥) = (
ௗ௉(௫)

ௗ௫భ
. . .

ௗ௉(௫)

ௗ௫೙
) ∈ 𝑅௡                                                                      (2.106)  

 
 Study on Inverted Pendulum 
 
When choosing a reference model, experts approach adaptive gain at random after finding a 

suitable solution [46] that meets the requirements of the current process, such as rise time, 

settling time, and overshoot, in the literature. In the literature, the MIT and Lyapunov rules are 

both tested on linearized versions of nonlinear systems considering different parameters in 

(2.47). In addition to single topologies, mixed topologies utilizing PID or FOPID controllers 

[53] are also used to test the performance of both of the rules. It is determined that the 

MRAC-MIT single rule [46] method is ineffective for balancing the pendulum with a single 

adaptive gain and is unable to tackle the system. The basic scheme of direct MRAC controller 

[46] is proposed as illustrated in Fig. 2.14. 

 
 

 
 

Fig. 2.14. Direct MRAC based on MIT & Lyapunov schemes. 
 
Mathematically, the general MIT rule of MRAC controller [46] from Fig. 2.14 is represented as 
 

ቊ
ௗఏ෡

ௗ௧
= −𝛾𝑒𝑦௠

𝑒 = 𝑦 − 𝑦௠

  ,                                                                                                                                                 (2.107)  
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By selecting the proper Lyapunov function [46], the Lyapunov rule was able to resolve the 

problem of identifying some potential outcomes, but finding the right adaptive gain in the 

literature proved to be extremely challenging. Hence, experts tested the various control actions 

with various adaptive gains and found that performance could occasionally be either slow or 

fast with high or low peak overshoot. Lyapunov rule outperformed the PID system with a single 

adaptive gain while requiring less control effort, however adaptive gain adjustment plays a 

significant part in achieving desired performance. Therefore, it was suggested in Fig. 2.14 that 

the MRAC's modified structure [47] be used with both PID and FOPID controllers to increase 

tracking. The modified structure [47] is represented in Fig. 2.15. 

 

 
 

Fig. 2.15. Modified MRAC scheme. 
 

The benefit of the combination approach is that performance may be better shaped by using 

more gain factors, although design complexity may rise. It also poses the significant issue of 

equally calculating all gain parameters within acceptable ranges. Whilst adopting the 

aforementioned structure with the aid of PID parameters [47] did not increase transient 

performance, FOPID controllers with two more gain parameters [48] were added to the same 

structure. There is also the option to choose a fractional order reference model [48]. Specialists 

have mostly concentrated [48] on the fractional order parameter adjustment rule for integer 

order plants. If so, it would also be necessary to apply fractional orders to current plants, which 

is not typically advised to avoid complexity and longer design computation times. Therefore, in 

the modified structure, even though the MRAC-FOPID scheme [48] tracked the pendulum's 

movement considerably better than the MRAC-PID scheme with a high adaptive gain value, 

there was still some tracking uncertainty, and as the adaptive gains were increased, the results 

became noisier as well. As a result, another modified MRAC structure with a PID controller [49] 

only was recommended in Fig. 2.16 as the single adaptive gain of MRAC in Fig. 2.15 is not 

found to be as much as capable of handling disturbances. 
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Fig. 2.16. Modified MRAC scheme with two adaptive gains. 
 
According to MIT and Lyapunov rules, the aforementioned structure was shown to be more 

effective [49] in a stability setting. Both the single MIT rule and the MIT-PID rule [49] 

demonstrated smooth operation with two adaptive gains using this arrangement. Comparatively 

to single topology, combination rule showed faster control action. In addition, a single 

Lyapunuv rule followed by combination logic enhances control action. Yet, there are situations 

where MIT-PID combination logic is discovered to be a faster control action than 

Lyapunov-PID logic, though Lyapunov PID successfully tracks disturbances with little peak 

overshoot [49]. Hence, total MRAC rules demonstrate robustness, but a single PID or FOPID 

scheme failed to provide the necessary goals for balancing the pendulum towards an upright 

position. As an alternative to certain works' use of random picks, a few optimization algorithms 

were also proposed to fine-tune PID settings, and it is clear that tracking has improved. The 

conventional MIT or Lyapunov rule itself, however, may be further modified by fractional 

order calculus to investigate improved tracking with less time domain metrics or error metrics 

than existing techniques, which is not found in any literature. These approaches should be 

counted as an absolute necessity for testing robust and flexible control actions on both nominal 

and perturbed models of the inverted pendulum with noise and disturbance. Another strategy 

might be to combine optimization techniques with random selection to determine the most 

acceptable adaptive gains for both MRAC scheme rules that can speed up computation. An 

innovative research for the smooth tracking of the angle and position of the system towards the 

target position can also be led by the approach of various augmented control methods based on 

fractional calculus.  

 
 Study on Continuous Stirred Tank Reactor 
 
Similar to the mechanical under-actuated process, after finding a solution that satisfies the 

criteria of the current process, such as rise time, settling time, and overshoot, in the literature, 

experts [50] approach adaptive gain at random when selecting a reference model.  
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The MIT and Lyapunov rules [51] are both investigated in the literature on linearized versions 

of nonlinear systems taking into account various specifications depending on chosen ranges of 

operating points in (2.84), (2.85) and (2.94). In a few selected publications [50-51], various 

stable transfer functions of the nonlinear CSTR model are used primarily dependent on chosen 

operating points. Model predictive controllers (MPCs) [52] were widely employed with single 

topology, fuzzy logic [53], and some analytical based methods to control process variables in 

chemical reactors, as was mentioned in the previous part. The MPC schemes [52] performed 

well when used with PID controllers, but occasionally showed inconsistent performance 

metrics when used with various CSTR models. So, these problems may be the result of this 

technique's limits, which were already addressed in the previous section. In order to 

demonstrate some acceptable control attempts with MIT as well as Lyapunov stability rules, 

MRAC (model reference adaptive control) technique became more popular than MPC scheme 

in the use of CSTR. It has been discovered through a small number of studies [50-51] that lower 

adaptive gain ranges that approximate the modified structure [54] depicted in Fig. 2.17 

effectively handle temperature or concentration. 

 

 
 

Fig. 2.17. Modified Lyapunov based MRAC scheme on CSTR. 
 
The accuracy of ISE, IAE, or ITAE was occasionally found to be enhanced by gradually 

increasing adaptive gain beyond 20, but consistency on peak overshoot was not always found. 

Both MIT and PID controller were outperformed by the Lyapunov rule [54]. Unlike PID 

controllers, which are absolutely necessary for this purpose, Lyapunov rule demonstrated 

effective action on controlling temperature or concentration with a larger consistency level 

under the influence of disturbance and noise outside.  Determining the proper Lyapunov 

function [54] for the specific process that plays a significant influence in performance is the 

most crucial task.  
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Yet, even changing feed concentration or temperature, which can also result in a robust analysis, 

there is no explanation found for the nominal CSTR process's disrupted model. The 

effectiveness of the rules must be supported by evidence regarding the impact of various 

parametric conditions present in the system but not considered by experts. The investigation 

should adopt non-integer order values at random between 0 and 1 in addition to the 

conventional or integer order based MRAC adjustment mechanism as shown in (2.104) so that, 

while keeping adaptive gain fixed, some better variations based solely on non-integer order 

values may be observed. Non-integer orders can only produce a result that is clear when 

analyzing system performance. This is how process variable behavior can be more adaptable 

and satisfyingly represented based on time domain or error metrics without needlessly 

increasing or decreasing adaptive gains. This technique can also assist in determining the 

efficacy level between integer order and non-integer order rule. Testing the stability of 

adjustment mechanisms with a lowering order of less than 1 while tracking the intended 

position while subject to noise and disturbance is another important challenge. The 

investigation of more rapid control action requires more than just the single non-integer order 

based MRAC rules approach. Another difficult task is choosing the best adaptive gain and 

non-integer order to prevent random selections and find a lower control effort to deal with 

unknown parameters during the process. 

 
2.4.3 IMC (Internal Model Control) 
 
Due to their sluggish performances, PID controllers were determined to be an inappropriate 

solution [55] for integrating processes and processes with significant dead time. Additionally, it 

cannot include a gradual disruption or a ramp-type set point change. As a result, in addition to 

PID and MRAC controllers, the additional control efficacy of IMC controllers is also examined 

in certain publications. IMC controllers [56] are sometimes referred to as model-based 

controllers since they can be approached directly or indirectly and do not require constant 

sample instants like PID methods. The control action is generated based on the actual 

quantitative relationship between the variables and is one sort of proactive controller. Currently, 

a small number of specialists use internal model control (IMC) tuning relationships to modify 

the PID controller's parameters. This technique assisted in designing the responses for input 

tracking and noise elimination. An IMC-based PID controller [56] might quickly correct some 

model imperfections, whereas a traditional PID technique could not. Fig. 2.18 shows the block 

diagrams for IMC [56], respectively. 
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Fig. 2.18. IMC scheme.  
 
The typical feedback structure permits the process model implicitly, allowing for the 

adjustment of PID tuning parameters on a model, but it does not explicitly state how the 

model influences the tuning choice. Now to construct the internal model control [56] as 

shown in the above Fig.2.18 (b), it may be assumed that the system can be demonstrated by 

the following dynamical model: 

 
𝐺௣(𝑠) =  𝐺௣

෪(𝑠)𝑀𝑉 =  𝐾௣  ෪  𝐺ௗ௬௡
෫  𝑀𝑉                                                                                                         (2.108)  

 
Now, associated static model can be proposed as follows 
 
𝐺௣(𝑠) = 𝐾௣  ෪ 𝑀𝑉                                                                                                                                               (2.109)  
 
A few stages are used in certain literary works to illustrate the core concept of building an IMC 

controller for processes including an inverted pendulum and continuous stirred tank reactors. 

The steps [56] are discussed as follows 

 
 Static Optimization 

If input is considered as 𝑀𝑉 =
ௌ௘௧ ௣௢௜௡௧ (ௌ௉)

௄೛  ෪
 then process output (PV) will eventually reach 

PV = SP, after all dynamical effects are disappeared. It is assumed as the model gain is exact, 

i.e. 𝐾௣ =  𝐾௣  ෪ .  

 
A shortcoming is found, as if the model gain is not exact, PV ≠ SP and there is no way to 

influence the response, i.e, there is no feedback. 
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 Model Error Update 
 
If the static model of the process is extended, then it is expressed as follows 
 
𝐺௣(𝑠) = 𝐾௣  ෪ 𝑀𝑉 + 𝜀                                                                                                                                       (2.110)  
 

It needs to be be implemented for steady state response 𝑀𝑉 =
ௌ௘௧ ௣௢௜௡௧ (ௌ௉)ିఌ

௄೛  ෪
 

𝜀 is obtained from a dynamical model of the process with the following expression: 

 
𝜀 =  𝑃𝑉 − 𝐾௣  ෪  𝐺ௗ௬௡

෫  𝑀𝑉                                                                                                                               (2.111)  
 
 Boosting 
 
In the ideal case, i.e. model is exact, the manipulated value 𝑀𝑉  changes as a step. To 

accelerate the response, it suffices to introduce a well chosen boosting lead-lag filter in the 

control loop and it is known as dynamic optimization. 

 
 Final version of the law 
 
Dynamic optimization can be performed by imposing that 𝐺௣(𝑠) = 𝑆𝑃, i.e. 
 
𝑀𝑉 = 𝐺௣

ିଵ෪ (𝑆𝑃 − 𝜀)                                                                                                                                        (2.112)  
 

Using 𝐺௣
ିଵ෪  is not always possible as the process might have a delay or might lead to unstable 

pole zero cancellations. 𝐺௣
ିଵ෪  can be replaced by an approximate inverse 𝐺௣ି௜௡௩. The filter 

(𝐹) in design is approached for robustness. From the above Fig. 3.8 (b) the process transfer 

function's positive portion serves as the direct basis for the controller 𝐺௖(𝑠). Based on the 

above steps with different assumptions, the closed loop time constant, also known as the filter 

time constant, is the single tuning parameter that is often obtained from the IMC formulation. 

Now, from IMC topology, the process model can be divided into two components, as follows 

 
𝐺௣
෪ = 𝐺௣ା

෪ 𝐺௣
෪ି                                                                                                                                                     (2.113)  

 
Now, the overall transfer function using feedback control and internal model control is 

formulated [56] as follows: 

 
௒(௦)

௒ೞ೛(௦)
=

ீ೎ீ

ଵାீ೎ீ
                                                                                                                                                    (2.114)  

 
௒(௦)

௒ೞ೛(௦)
=

ீ೎ீ೛

ଵାீ೎(ீ೛ିீ೛෪ )
                                                                                                                                         (2.115)  

 
Under a best case scenario, the actual process and model are set to equal to find out how to 

make a standard controller act like an IMC controller. Now, filter is incorporated with the 

following expression as 
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𝐺௖ =
ଵ

ீ೛ష෫
𝐹 =

ଵ

ீ೛ష෫

ଵ

(ఛ೎௦ାଵ)ೝ                                                                                                                                (2.116)  

 
Now, the final expression is approached as 
 

 
௒(௦)

௒ೞ೛(௦)
= 𝐺௣ା

෪ ଵ

(ఛ೎௦ାଵ)ೝ                                                                                                                                        (2.117) 

 
According to the internal model concept, if the feedback path is modified to appropriately 

resemble the disturbance signal, a feedback regulator may be able to restore stability and 

regulation in the face of external disruptions, which is evident from the discussion above. This 

principle is the foundation of the IMC philosophy. Due to its ease of use, IMC has been widely 

used by the industry for PID tuning. Robustness [56] is crucial in PID design for any 

model-based PID tuning technique, such as IMC, due to model mismatch. Based on the 

IMC-PID technique, some useful case studies for the stability context on the inverted pendulum 

and continuously stirred tank reactor have been found. 

 
 Study on Inverted Pendulum 
 
IMC based PID controllers outperformed conventional PID or fractional order PID controllers 

by rejecting disturbances more quickly and tracking the set point more accurately under 

no-mismatch conditions between plant and model, according to a few previous studies [57-59] 

that reported on filtering technique using both integer and fractional orders in IMC controllers. 

Although theoretically, this technique can be demonstrated to be effective in a context of 

stability, in a practical setting it is very challenging to identify an internal model that is 

perfectly matched with the main process due to a variety of external uncertainties. In this 

situation, it is also challenging to reject disturbances smoothly, unlike in a no-mismatch 

condition. No successful control strategy for this situation has been documented in the literature, 

and despite utilizing first, second, or fractional filters in the controller, servo-regulatory 

behaviour occasionally turns slow with excessive overshoot. Still, no research on an 

IMC-based FOPID controller using a fractional filter approach has been disclosed. The IMC 

controller, in contrast to the MRAC rule, displayed sluggish control action in a practical 

mismatch situation, and it was determined that this made it unsuitable for further testing on an 

inverted pendulum.  

 
 Study on Continuous Stirred Tank Reactor 
 
The IMC controller is discovered as an approachable solution for dealing with concentration or 

temperature under the influence of noise or disturbance in chemical reactor. With the aid of 

IMC method, tuned parameters of PID controller also led to robust action with respect to lesser 

error metrics such as IAE, ISE or ITAE over conventional PID controller under linear or 

nonlinear version of CSTR model.  
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Experts [60-62] recommended integer or fractional filters in this application as well in order to 

eliminate the disturbance, although fractional filters [62] mainly aided in accelerating the 

smooth control action. To achieve smooth action, choosing the time constant and filter order is 

crucial, however, most of the time, random selection is found in the literature. For further 

investigating the performance, an approach of optimal algorithm to tune the best values of those 

parameters is necessary. IMC-PID performed well on platforms in both the time and frequency 

domains [59]. IMC-PID demonstrated an exceptional solution with larger gain or phase 

margins than Z-N or MIGO frequency-based design tuning in the frequency domain as well as 

lower error metrics like IAE, ISE, or ITAE than direct synthesis based PID or conventional PID 

controllers [63]. However, sometimes the best traditional PID controller [64] outperforms the 

IMC-PID technique with faster control action and reduced overshoot. Consequently, selecting 

the right filter settings is a crucial effort. The IMC-FOPID controller, which can also play a 

significant role with more parameter settings, has not yet been studied. Furthermore, to improve 

stability action compared to conventional methods, further research is required into an 

augmented strategy utilizing fractional order-based MRAC and IMC procedures.  

 
In a few studies, the efficacy of control action is also examined without resorting to the 

linearized version. However, some controllers, in those circumstances, took occasionally tardy 

action to deal with the uncertainties. Backstepping controllers are a new type of emerging 

control system that is suggested in order to address uncertainties caused by the existence of 

nonlinear variables in the process.   

 
2.4.4 Backstepping Controller 
 
Backstepping [65] is useful for lower triangular strict-feedback systems. Backstepping is a 

recursive design technique that can be used to methodically address Lyapunov-based controller 

design. In general, the strict-feedback system is implemented as 

 

⎩
⎪
⎨

⎪
⎧

𝜗ଵ̇ = 𝑓ଵ(𝜗ଵ) + 𝜎ଵ(𝜗ଵ)𝜗ଶ

𝜗ଶ̇ = 𝑓ଶ(𝜗ଵ, 𝜗ଶ) + 𝜎ଶ(𝜗ଵ, 𝜗ଶ)𝜗ଷ

.

.
𝜗௥̇ = 𝑓௥(𝜗ଵ, 𝜗ଶ, . . . , 𝜗௥) + 𝜎௥(𝜗ଵ, 𝜗ଶ, . . , 𝜗௥)𝑣

                                                                                           (2.118)  

 
In the majority of situations, a conventional feedback linearization strategy results in the 

cancellation [65] of helpful nonlinearities. Since the resulting input-output dynamics are not 

required to be linear, the backstepping architecture [65] demonstrates greater flexibility than 

feedback linearization. It is possible to prevent the cancellation of potentially valuable 

nonlinearities, leading to fewer complex controllers.  
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The primary idea is to create intermediate control rules based on the dynamics of each state by 

using few state factors from (2.118) as "virtual controls" or "pseudo controls." In the 

backstepping design [65], the system as a whole is given a Lyapunov function through a 

recursive process. A state feedback control rule can be designed employing two different types 

of backstepping procedures, such as integrating and recursive methods. The backstepping 

design's salient characteristics and potentials, however, are better understood through the 

recursive method. Several control methods have been suggested in recent years to stabilize, 

regulate, and control both linear and nonlinear dynamical systems. It is simple to locate a 

control function in Lyapunov sense for stability and optimization issues in linear autonomous 

systems. For nonlinear control systems, however, determining a good Lyapunov function is a 

difficult task. The backstepping control approach is a recursive design process that ensures 

global asymptotic stability of stringent feedback systems by connecting the selection of a 

feedback device that uses a control Lyapunov function. A useful tool to get around the 

drawbacks of the method to feedback linearization in the control field is the active or linear 

backstepping control method [66]. One generic backstepping control technique that has been 

found to be more applicable in the control literature is the block backstepping control method 

[66]. An alternative backstepping control technique, the adaptive backstepping control 

method [66] employs estimations for the systems' unidentified parameters. An efficient 

backstepping method for control systems with uncertainty is the robust backstepping control 

method [66].  

 
 Study on Inverted Pendulum 
 
Backstepping controllers are currently recognized as a new tool for the use of underactuated 

processes, and research into various backstepping techniques is still ongoing. A few experts 

recommended using the inverted pendulum's adaptive backstepping law [67-69] to address the 

system's angle and position given a variety of initial positions. According to some 

comparative studies, backstepping outperformed the combined backstepping-sliding mode 

technique [67], model free backstepping rule [68], conventional sliding mode technique [69], 

and LQR method [67]. These studies were conducted to explore the efficacy of backstepping 

control. The model free backstepping method [68] estimates the unknown dynamics by using 

a normal form of the system model.  

 
However, using fractional order calculus on a backstepping controller would give the new 

controller design concept a boost in popularity. There is no reported work so far on 

combining the fractional order with backstepping approach.  
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To demonstrate more robust control efficacy, investigation with fractional order on various 

backstepping methods, such as linear backstepping followed by adaptive or block 

backstepping methods, is worth-challenging task. 

 
 Study on Continuous Stirred Tank Reactor 
 
However, more recently, the backstepping method has been found to be a more fruitful 

solution for developing more practicable and approachable results with nonlinear effects. 

Previous literature demonstrated many successful results with various effective control 

actions for controlling temperature or concentration under many circumstances. The 

backstepping strategy was used in some contributions [70-73] on a CSTR process, and the 

outcomes were satisfactory despite the nonlinear effects. With adaptive backstepping method, 

applications of sliding mode controller [71] and fuzzy logic controller [73] are also reported. 

In literature adaptive backstepping method [72] was chosen over linear approach envisaging 

robust action in handling uncertainties. As a result, Figs. (2.19-2.22) depict some of the 

augmented backstepping systems reported [69, 71-73] in the aforementioned surveys. To 

demonstrate more robust control efficacy, it is also a worthwhile challenge to investigate 

fractional order on alternative backstepping methods, such as linear backstepping approache. 

No applications with fractional orders are still reported on backstepping control of CSTR. The 

fractional order backstepping approach might be considered a more demanding method in 

nonlinear processes due to its significant impact over other laws. 

 
 
 

       
 

 
 

 
 
 

Fig. 2.19. Backstepping-sliding mode scheme. 
 

 
 
 
 
 
 

 
 
       
 
 
 

 
 

Fig. 2.20.  Augmented fuzzy-backstepping scheme. 
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Fig. 2.21.  Adaptive fuzzy based backstepping scheme. 
 

 

 
 

Fig. 2.22.  Adaptive fuzzy based backstepping scheme on CSTR. 
 

Although the augmented backstepping schemes outlined above provided a robust solution of 

managing nonlinear systems, they require a fairly sophisticated control algorithm to 

accomplish.  

 
Therefore, it is vital to investigate the performance of nonlinear systems utilizing 

straightforward control backstepping techniques, which may be more effective than enhanced 

approaches. So that the important effects of a specific backstepping controller might be 

investigated. In this thesis, an effort has been made to design a straightforward standalone 

conventional backstepping rule. A brand-new fractional order backstepping rule is then 

reported to provide more detailed information than the traditional method, as there hasn't been 
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any work done on such a rule before. From the above discussions, a review of different 

controllers is summarized in Table 2.1. 

 
Table 2.1 

 Review on different control strategies for CSTR and Inverted pendulum processes 

Controller Merits Drawbacks 
Conventional PID Provides the option to adjust the 

gains for optimal transient 
behaviour, particularly for 
well-behaving plants and suited 
for tracking issues. 

It can be challenging to tune for 
unstable systems and is frequently 
not resilient in terms of parameter 
uncertainties. Cannot manage 
several inputs and outputs at once; 
cannot handle restrictions, noise, or 
disturbance. 

LQR Sensitive to plant models; better 
follows a reference trajectory. 

Occasionally fails to eliminate 
steady-state error. 

Fuzzy Offers a practical solution to a 
difficult, ill-defined, and 
uncertain model; no accurate 
model is necessary. 

Tuning parameters takes longer; 
There is an approximation error; 
There is a nonlinear function that is 
uncertain. 

PID-LQR Analytically effective and quick. Occasionally fails to offer the ideal 
solution for a specific output's 
transient.   

Fuzzy-PID The capacity for self-tuning and 
live adaptation to uncertain, 
nonlinear, and time-varying 
systems. With a lot of appealing 
features, it offers a promising 
alternative for industrial uses. 

Control rule and system analysis 
are challenging to create; They are 
not founded on a mathematical 
model and are frequently used to 
handle problems in ambiguous and 
uncertain environments with high 
nonlinearities. 

PI-PD Servo and regulatory 
measurements are better able to 
manage transient and steady state 
behaviours. 

Offers occasionally sluggish 
movement amid disturbances. 

MPC It can manage numerous inputs 
and outputs at once, handle 
constraints at the input and 
output, and overcome noise and 
disturbances. It also predicts how 
the states will behave in the 
future. 

Extremely sluggish tracking. 

Optimal PID Calculating tuning parameters is 
easy and quick; reliable solution; 
Improved set-point tracking 

A challenge to select suitable 
methods; Different methods can 
speed up convergence at various 
rates; Boost precision depending on 
convergence rate. 

FOPID More degrees of freedom; 
improved speed of action. 

Using the FOMCON toolkit does 
not guarantee the proper 
implementation of additional 
degrees of freedom; less efficient in 
handling noise.  

Optimal FOPID Offers a reliable and adaptable 
option. 

A limited number of fractional 
order approximation techniques in 
the FOMCON toolkit; still lack of 
improvement on overshoot and 
integral errors. 

Smith-predictor Well-known and most commonly 
used dead-time compensation 
method; Better control over 
transient and steady-state 
conditions.  

Still lack of robust disturbance 
rejection. 

MRAC-MIT Mechanism for managing 
adjustments automatically in 
uncertain situations. 

No assurance of consistency. 
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2.5 Summary 
 
The mathematical modeling of two benchmark unstable processes—the continuous stirred tank 

reactor systems (temperature and molar concentration) and the inverted pendulum (position and 

angle)—is covered in detail in this chapter. In order to clearly illustrate the influence of all 

initial conditions on the system's dynamic behavior, the transfer functions of the systems are 

also made simpler using the state space idea. Also covered in detail along with the necessary 

requirements is linearization of the models for both of the systems. Comparing the need for a 

certain 'X' type inverted pendulum system to others, is also reported. Comparing continuous 

stirred tank reactors to other reactors, a substantial use of this technology is also reported. 

Based on a comparison of control attempts made by several existing control schemes for the 

application of both of the aforementioned systems, a thorough analysis is given. The need for a 

fractional order controller is examined while examining the effectiveness of the currently used 

conventional control techniques, providing a sound justification for updating the laws.  
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CHAPTER  3 

 
 

  
Brief Overview on Fractional Order Mathematics and Its 

Implementation in Controlling Processes 
 
 
 
3.1 Introduction 
 
Integrals and derivatives of functions are investigated in fractional calculus. However, in this 

area of mathematics, non-integer order integrals and derivatives are examined rather than the 

customary integer order. These are known as fractional derivatives and fractional integrals, 

which also include integer orders and can have real or complex orders. Fractional calculus, or 

fractional derivatives and integrals, is not a brand-new concept. Nevertheless, FO integration 

and differentiation do not follow this pattern, which represent a rapidly expanding subject in 

terms of both theory and applicability to real-world issues. There hasn't been a suitable 

geometric or physical interpretation of these operations for more than 300 years, ever since 

the concept of differentiation as well as integration of random order first emerged. The fractal 

characterization [1] of FO integration as "gloom on the fortifications" and its physical 

explanation as "gloom of the precedent" were made public. Function has been used in many 

scientific and technical fields recently, including the study of visco-elastic materials, fluid 

flow, elasticity, electrical systems, electromagnetism, and randomness.Visco-elasticity, 

fractional-order multiples in electromagnetism, electrical chemistry, tracer in hydraulic flows, 

dynamical structures in the theory of control, electrical networks with fractance, generalized 

voltage dividers, dynamical systems in nature, and physical networks with fractance all use 

fractional calculus. Applications of fractional calculus in both scientific and technological 

fields are emphasized, with a focus on numerical computation of FO derivatives and integrals. 

But this observation has changed recently. It has been suggested that fractional calculus [2] 

may be useful and even powerful. 

 
Fractional calculus and its applications are currently experiencing rapid development with 

ever-more attractive real-world applications. A fast-connectivity strategy [3] for the 

computational solution of fractional differentiation and fractional integration is presented.  
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Matrix methodology [4] was further developed to incorporate non-equidistant grids, varied 

step dimensions, and distributed ordering in the differentiation of non-integer derivatives and 

integrals. The fractional calculus has its roots in the quest of academics for extension of 

significance, just like many other mathematical disciplines and ideas. It broadens an integer 

order's derivative to any order. This freedom of order offers up a brand-new perspective, and 

fractional calculus can be used to approach many applied scientific problems more succinctly. 

Numerous definitions of FO derivatives as well as integrals are going to be looked at in this 

chapter. For a number of simple functions, the explicit formula of the fractional calculus is 

available. This chapter uses a universal technique on any functions to achieve the goal of 

using FO derivatives or integrals. For the purpose of implementing the fractional order 

operator on the MATLAB platform, a few well-liked rational approximation techniques are 

explored. Their benefits over the alternatives are also highlighted. An overview of some 

research studies on fractional calculus is summarized in Table 3.1. 

Table 3.1 
 Review of fractional calculus 

 
Method Year Development 

Rossikhin[5] 2001 Formulation and analysis of the viscoelastic rod using a 
mathematical model that incorporates fractional derivatives. 

Yuan [6] 2002 A mathematical approach similar to fractional derivatives of 
displacements for the dynamic analysis of mechanical systems. 

Bahuguna et.al.[7] 2003 A set of integro differential equations in any arbitrary Banach 
space, Mittag-lefflar distribution and discretization technique on 
fractional order differentiator and integrator. 

Agrawal et al[8] 2004 Fractional semi integral and derivative approach, Issue with 
semilinear nonlocal functional differentials, 
R-L(Riemann-Liouville) fractional integration and 
differentiation.  

Saxena [9] 2005 Cauchy-type issue with caputo fractional derivatives. 
Kilbas et al [10] 2006 Nonsequential linear fractional differential equations pertaining 

to the Caputo fractional derivatives with constant coefficients. 
Yadav [11] 2008 Fractional q-integral operator. 
Srivastav [12] 2009 Fractional calculus through integral operator pertaining to Mittag 

lefflar functions. 
Herrmann [13] 2011 Optimisation criteria for various variational functions that have 

left- and right-handed Caputo fractional derivatives. 
Changpin [14] 2011 Main characteristics of R-L(Riemann-Liouville) fractional 

derivative and partial fractional derivatives. 
Haubold et al [15] 2011  Brief description on Mittag lefflar functions. 
Purohit [16] 2011 solutions of generalised fractional partial differential equations 

involving the Caputo time-fractional derivative and the Liouville 
space-fractional derivative with laplace and fourier transforms. 

Ansari [17] 2012 Flexible operational technique on fractional derivative. 
Prajapati [18] 2012 Function in the farm truncated series of powers and its numerous 

features, such as the integral representation and the derivative. 
Kalla et al. [19] 2012 Mittag lefflar type based new generalized function. 
Odzijewicz et al. 
[20] 

2012 Proper fractional extension of classicial calculus. 

Faraj et al. [21] 2013 More properties for generalized Mittag lefflar function. 
Srivastava et al. 
[22] 

2014 New extended theory incorporating a generalized Hurwitz-Lerch 
zeta function. 

Kumari [23] 2014 Some differentiation formulas for I function of two variables. 
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3.2 Preliminaries of Fractional Calculus 
 
By allowing differentiation and integration orders that are not required to be positive 

integers, fractional calculus expands the traditional definitions of derivatives and indefinite 

integrals [5]. Fractional transfer functions are typically replaced in practical applications by 

approximations, either continuous or discrete, that only use integer differentiation and 

integration orders. These estimations rely on the assumption that the approximated 

fractional orders of differentiation and integration don't change over time.This section 

discusses some fundamental methods and formulas for various functions. 

 
3.2.1 Gamma Function 
 
In fractional calculus, the gamma function is crucial. 
 
Definition 3.2.1. One of the fundamental features of gamma function [24] is as follows 
 
Γ(p + 1) = pΓ(p)                                                                                                                                                 (3.1) 
 
Gamma function is followed as 
 
Γ(p) = ∫ exp(−t)t୮ିଵdt

ஶ

଴
                                                                                                                                 (3.2)  

 
The above integral intersects for ℜe(p) > 0 (right side of the intricate plane). Now, the 

above (3.2) can be integrated with the help of (3.1) as follows 

 
Γ(p + 1) = ∫ exp(−t)t୮ = [−exp(−t)t୮]଴

ஶ + p ∫ exp(t)t୮ିଵdt
ஶ

଴

ஶ

଴
                                                       (3.3)  

 
If the first part is eliminated and the second part is equal to pΓ(p). 

Another property is as follows 

 
Γ(1) = 1                                                                                                                                                                 (3.4) 
 
Now, applying (3.4) in (3.1) is as follows 
 

⎩
⎪⎪
⎨

⎪⎪
⎧

Γ(2) = 1. Γ(1) = 1 = 1!

Γ(3) = 2. Γ(2) = 2.1! = 2!

Γ(4) = 3. Γ(3) = 3.2! = 3!
.
.
.

Γ(n + 1) = n. Γ(n) = n. (n − 1)! = n!

                                                                                                          (3.5)  

 
Therefore, it is quite evident from the aforesaid expressions that the gamma function is 

simply an expansion of the factorial function.  
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3.2.2 Beta Function 
 
For better use in fractional derivatives, beta function may occasionally be favored over gamma 

function. 

 
Definition 3.2.2. Let, p, w ∈ ℂ then beta function can be followed as [25] 
 

B(p, w) = ∫ τ୮ିଵ(1 − p)୵ିଵdτ
ଵ

଴
                                                                                                                      (3.6)  

 
The above expression is considered for ℜe(p) > 0 and ℜe(w) > 0. The gamma function can 

be used to express the beta function using the Laplace transform for convolution by 

 
B(p, w) =

୻(୮)୻(୵)

୻(୮ା୵)
                                                                                                                                                (3.7)  

 
And it follows from (3.7) that 
 
B(p, w) = B(w, p)                                                                                                                                                (3.8)  
 
3.2.3 Mittag-Leffler Function 
 
In differential equations of IO, the exponential function 𝑒௣ is extremely crucial. This can be 

expressed [15] in series form by  

 

𝑒௣ = ∑
௣ೖ

୻(୩ାଵ)
ஶ
௞ୀ଴                                                                                                                                                   (3.9)  

 
The following general representation of the aforementioned (3.9) can be used as 
 

𝐸ఈ,ఉ(𝑝) = ∑
௣ೖ

୻(஑୩ାஒ)
ஶ
௞ୀ଴                                                                                                                                     (3.10)  

 
Where, α, β ∈ ℂ and ℜe(α) > 0. In special case of α = 1 and β = 1 𝐸ଵ,ଵ(𝑝) = 𝑒௣ . The 

term "mittag-leffler function" refers to this generalisation. In fractional calculus, particularly in 

fractional differential equations, the two parameter functions play a significant role. Given that 

(3.10)'s series is uniformly convergent on all compact subsets, it can be differentiated term by 

term to produce the following expression with a n times differentiated function as shown by 

 

𝐸ఈ,ఉ
(௡)

(𝑝) = ∑
(௞ା௡)!

௞!

௣ೖ

୻(஑୩ା஑୬ାஒ)
ஶ
௞ୀ଴                                                                                                                    (3.11)  

 
3.3 Overview of Fractional Derivatives and Integrals 
 
In actuality, the phrase "Fractional Calculus" is inappropriate because it does not refer to 

either the calculus of fractions or the fraction of any calculus. Actually, it is the area of 

mathematics [6] that extends the concepts of differentiation as well as integration of IO 

functions to encompass derivatives and integrals of arbitrary orders. If the sequence of 

integers order integral and derivatives is as follows 
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∫ 𝑓(𝜏ଵ)𝑑𝜏ଵ, 𝑓(𝑡),
ௗ௙(௧)

ௗ௧
,

ௗమ

ௗ௧మ 𝑓(𝑡), . . . . . . .
௧

௔
                                                                                           

 
Then the derivative of arbitrary order is then described in the above sequence as an insertion 

between two operators. This method is known as fractional derivative. The following 

statement denotes fractional derivative: 

 
𝑎஽

௧
ఈ

𝑓(𝑡) , α > 0.  
 
But, with reference to the above expression, if α < 0 then it will be defined as fractional 

integral with the expression as follows 

 
𝑎஽

௧
ିఈ

𝑓(𝑡).  
 
The next section goes into the value of fractional calculus.  

 
3.3.1 Application of Fractional Order Derivative 
 
In contrast to integer order derivative, fractional order derivative provides more insight into 

the behavior of all functions, giving the user more freedom to select the desired behavior 

based on the function. A function like y = xଶ and its behavior together with first and second 

order derivatives are depicted in Fig. 3.1, which provides a clear explanation of the need for 

fractional order calculus in this research work. 

 

 
 

Fig. 3.1. Performance of function y = xଶ using classical calculus. 
 

The behaviour of the aforementioned function is depicted using classical calculus in Fig. 3.1, 

but one drawback of this calculus is that it does not adequately explain how parabolic to linear 

polynomials are transformed because it does not explain clearly what the derivative lying 

between zero and first order derivative means. Therefore, it is easy to comprehend the internal 

feature of how the parabolic curve is progressively converted to a straight line curve, exactly 

the same as shown in the above Fig. 3.1 using fractional calculus if it is addressed with 

derivative order as between 0 and 1 such as 0.2, 0.5, and 0.75 accordingly as shown in Fig. 3.2. 
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Likewise, if it is addressed with a derivative order between 1 and 2, such as 1.2, 1.5, and 1.75, 

respectively, it will likewise reveal more about the gradual transformation towards the 

graphical behaviour of the second order derivative also, as depicted in Fig. 3.3.  

 

 
 

Fig. 3.2. Insight behavior of function using fractional orders between 0 and 1. 

 

 
 

Fig. 3.3. Insight behaviour of functions using fractional orders between 1 and 2. 
 
The above fractional derivative and integral for the aforementioned function with various 

fractional orders are illustrated using the features of the gamma function presented by Euler as 

detailed in section 3.2.1. The MATLAB codes are displayed in Appendix A. The 

aforementioned claim opens up the possibility of broad application to all different kinds of 

functions, and along with idea of fractional calculus, other well-known approaches like G-L, 

R-L, and Caputo procedures are also well-established for a variety of uses. In the following 

sections, the mathematical reinforcements of such techniques are covered. 
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3.3.2 Grunwald-Letnikov (G-L) Construction 
 
Grunwald-Letnikov construction [26] is based on the forward difference derivative shown 
by 
 

𝑓ᇱ(𝑡) = lim௛→଴ ቄ
௙(௧)ି௙(௧ି௛)

௛
ቅ                                                                                                                           (3.12)  

 
Now, second order derivative is constructed by using the above (3.12) as shown by 
 

𝑓ᇱᇱ(𝑡) = lim௛→଴ ቄ
௙ᇲ(௧)ି௙ᇲ(௧ି௛)

௛
ቅ                                                                                                                       (3.13)  

 

𝑓ᇱᇱ(𝑡) = lim௛→଴ ቊ
ቀ

೑(೟)ష೑(೟ష೓)

೓
ቁି

೑(೟ష೓)ష೑(೟షమ೓)

೓

௛
ቋ                                                                                                (3.14)  

 
𝑓ᇱᇱ(𝑡) = lim௛→଴

ଵ

௛మ
{𝑓(𝑡) − 2𝑓(𝑡 − ℎ) + 𝑓(𝑡 − 2ℎ)}                                                                                (3.15)  

 
Applying the above (3.15) third order derivative is also constructed, as shown by 
 

𝑓ᇱᇱᇱ(𝑡) = lim௛→଴
ଵ

௛య
{𝑓(𝑡) − 3𝑓(𝑡 − ℎ) + 3𝑓(𝑡 − 2ℎ) − 𝑓(𝑡 − 2ℎ)}                                                    (3.16)  

 
Now, the above (3.16) can be generalized with the following binomial term as shown by 
 

𝑓ᇱᇱᇱ(𝑡) = lim௛→଴
ଵ

௛య
∑ (−1)௝ ቀଷ

௝
ቁ 𝑓(𝑡 − 𝑗ℎ)ଷ

௝ୀ଴                                                                                             (3.17)      
 
Now, 𝑛௧௛ derivative of function is shown by 
 

𝑓௡(𝑡) = lim௛→଴ ቀ
ଵ

௛
ቁ

௡
∑ (−1)௝௡

௝ୀ଴ ቀ௡
௝
ቁ 𝑓(𝑡 − 𝑗ℎ)                                                                                         (3.18)  

 
The above (3.18) with integer number can be replaced with 𝛼௧௛ order to obtain the following 

definition. 

 
Definition 3.3.2. Assume that n is the smallest real number such that |𝛼| ≤ 𝑛 then G-L 

differ-integral is followed as 

 

𝐷ఈ𝑓(𝑡) = lim௛→଴ ቀ
ଵ

௛
ቁ

ఈ
∑ (−1)௝௡

௝ୀ଴ ቀఈ
௝
ቁ 𝑓(𝑡 − 𝑗ℎ)                                                                                     (3.19)  

 

Now, the above binomial coefficient ቀఈ
௝

ቁ can be extended by property of gamma function as 

shown by 

 

ቀఈ
௝
ቁ =

ఈ!

௝!(ఈି௝)!
=

୻(஑ାଵ)

௝!୻(஑ି୨ାଵ)
                                                                                                                                (3.20)  

 
Now, applying (3.20) into (3.19) it is found as 
 

𝐷ఈ𝑓(𝑡) = lim௛→଴ ቀ
ଵ

௛
ቁ

ఈ
∑ (−1)௝௡

௝ୀ଴
୻(஑ାଵ)

௝!୻(஑ି୨ାଵ)
𝑓(𝑡 − 𝑗ℎ)                                                                            (3.21)  

 

Now, if it is assumed as n =
୲ିୟ

୦
 following the condition as ℎ → 0, 𝑛 → ∞ and a < 𝑡, then 

the final expression is constructed by 
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𝐷ఈ𝑓(𝑡) = lim௡→ஶ ቀ
௡

௧ି௔
ቁ

ఈ
∑ (−1)௝௡

௝ୀ଴
୻(஑ାଵ)

௝!୻(஑ି୨ାଵ)
𝑓(𝑡 − 𝑗 ቀ

୲ିୟ

୬
ቁ)                                                              (3.22)   

 
However, it may be inferred that the above definition, which incorporates a limit (lim), is 

highly complex and that the definition will only make sense if limits exist. As a result, the 

Riemann-Liouville (R-L) technique, which is covered in the following section, modifies the 

definition above.  

 
3.3.3 Riemann-Liouville (R-L) Construction 
 
As opposed to the G-L approach, which starts with the derivative, the R-L method [27] 

starts with the integral by changing the sign of α in (3.19) to negative to reflect fractional 

integral as shown by 

 

𝐷ିఈ𝑓(𝑡) = lim௛→଴ ቀ
ଵ

௛
ቁ

ିఈ
∑ (−1)௝௡

௝ୀ଴ ቀିఈ
௝

ቁ 𝑓(𝑡 − 𝑗ℎ)                                                                               (3.23)  

 

Now, the above binomial coefficient ቀିఈ
௝

ቁ can be extended by property of the gamma 

function as shown by 

 

ቀିఈ
௝

ቁ =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧

(ିఈ)(ିఈିଵ)...(ିఈି௝ାଵ)

௝!

(ିଵ)ೕఈ(ఈାଵ)....(ఈା௝ିଵ)

௝!

(ିଵ)ೕ(ఈା௝ିଵ)...(ఈାଵ)ఈ(ఈିଵ)!

௝!(ఈିଵ)!

(ିଵ)ೕ(ఈା௝ିଵ)!

௝!(ఈିଵ)!

(ିଵ)ೕ୻(஑ା୨)

௝!୻(஑)

                                                                                                                   (3.24)  

 
Now, applying (3.24) into (3.22) it is obtained as 
 

𝐷ିఈ𝑓(𝑡) = lim௡→ஶ ቀ
ଵ

௛
ቁ

ିఈ
∑ (−1)௝௡

௝ୀ଴
(ିଵ)ೕ୻(஑ା୨)

௝!୻(஑)
𝑓(𝑡 − 𝑗 ቀ

୲ିୟ

୬
ቁ)                                                            (3.25)  

 

𝐷ିఈ𝑓(𝑡) = lim௡→ஶ ℎఈ ∑
୻(஑ା୨)

௝!୻(஑)

௡
௝ୀ଴ 𝑓(𝑡 − 𝑗 ቀ

୲ିୟ

୬
ቁ)                                                                                      (3.26)  

 
Now, (3.26) is replaced with an integral term to define R-L integral. 

 
Definition 3.3.3. Integrals and integer order derivatives are combined to produce the R-L 

differ-integral. 

 

𝐼ఈ𝑓(𝑡) = lim௡→ஶ ℎఈ ∑
୻(஑ା୨)

௝!୻(஑)

௡
௝ୀ଴ 𝑓(𝑡 − 𝑗ℎ)                                                                                                  (3.27)  

 
Now, if α = 1then it is obtained as 

 
𝐼ଵ𝑓(𝑡) = lim௡→ஶ ℎ ∑ 𝑓(𝑡 − 𝑗ℎ)௡

௝ୀ଴                                                                                                                (3.28)  
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Suppose, considering a function y = f(t) whose area may lie within boundary 0 → t − a. So, 

the total area under the complete region of function is derived from (3.28) as shown by 

 

𝐼ଵ𝑓(𝑡) = ∫ 𝑓(𝑡 − 𝑥)𝑑𝑥
௧ି௔

଴
                                                                                                                              (3.29)  

 
Where, 𝑥 = 𝑗ℎ 
 
Assume, 𝑡 − 𝑥 = 𝑢, so −dx = du 
 

𝐼ଵ𝑓(𝑡) = − ∫ 𝑓(𝑢)𝑑𝑢
௔

௧
                                                                                                                                     (3.30)  

 
If 𝑓(𝑢) is integrable in every finite interval (𝑎, 𝑡) then it is obtained as 

 

𝐼ଵ𝑓(𝑡) = ∫ 𝑓(𝑢)𝑑𝑢
௧

௔
                                                                                                                                          (3.31)  

 
Now, if α = 2 then it is also constructed by the gamma function’s characteristic as 
 
 

𝐼ଶ𝑓(𝑡) =

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧ lim௡→ஶ ℎଶ ∑

୻(ଶା୨)

௝!୻(ଶ)

௡
௝ୀ଴ 𝑓(𝑡 − 𝑗ℎ)

lim௡→ஶ ℎଶ ∑ 𝑗𝑓(𝑡 − (𝑗 − 1)ℎ)௡ାଵ
௝ୀଵ

lim௡→ஶ ℎଶ ∑ 𝑗𝑓(𝑡 + ℎ − 𝑗ℎ)௡ାଵ
௝ୀଵ

lim௡→ஶ ℎଶ ∑ 𝑗𝑓(𝑦 − 𝑗ℎ), 𝑤ℎ𝑒𝑟𝑒 𝑡 + ℎ = 𝑦௡ାଵ
௝ୀଵ

lim௡→ஶ ∑ (𝑗ℎ)ℎ𝑓(𝑦 − 𝑗ℎ)௡ାଵ
௝ୀଵ

∫ 𝑡𝑓(𝑡 − 𝑥)𝑑𝑥
௧ି௔

଴

                                                                       (3.32)  

 
Under the same assumption, the above expression is obtained as 

 

𝐼ଶ𝑓(𝑡) = ∫ (𝑡 − 𝑢)𝑓(𝑢)𝑑𝑢
௧

௔
                                                                                                                            (3.33)  

 
Similarly, for  α = 3 it is followed as 

 

𝐼ଷ𝑓(𝑡) =
ଵ

ଶ!
∫ (𝑡 − 𝑢)ଶ𝑓(𝑢)𝑑𝑢

௧

௔
                                                                                                                       (3.34)  

 
Now, finally, for arbitrary order, R-L fractional integral is followed as 

 

𝐼ఈ𝑓(𝑡) =
ଵ

୻(஑)
∫ (𝑡 − 𝑢)ఈିଵ𝑓(𝑢)𝑑𝑢, 𝑎 < 𝑡

௧

௔
                                                                                                  (3.35)  

 
Now, R-L fractional derivative may be defined using (3.35) as shown by 

 

𝐷ఈ𝑓(𝑡) =
ௗ೘

ௗ௧೘ 𝐼௠ିఈ𝑓(𝑡)                                                                                                                                   (3.36)  

 

𝐷ఈ𝑓(𝑡) =
ௗ೘

ௗ௧೘

ଵ

୻(୫ି஑)
∫ (𝑡 − 𝑢)ఈିଵ𝑓(𝑢)𝑑𝑢                                                                                                 (3.37)

௧

௔
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3.3.3.1 Application of R-L Fractional Integral 
 
In contrast to classical integral, fractional order integral also provides more insight into the 

behavior of all functions, giving the user more freedom to select the desired behavior based 

on the function. As illustrated in Fig. 3.4, the fractional integral also tells more about the 

gradual conversion of the same function y = tଶ to traditional calculus-based performance. 

The aforementioned function is computed using the final R-L fractional integral expression 

presented in (3.35), as demonstrated by 

 

𝐼ఈ(𝑡௠) =
ଵ

୻(஑)
∫ (𝑡 − 𝑢)ఈିଵ𝑢௠𝑑𝑢, 𝑓(𝑡) = 𝑡௠ , 𝑓(𝑢) = 𝑢௠ 

௧

௔
                                                                  (3.38)  

 

𝐼ఈ(𝑡௠) =
ଵ

୻(஑)
∫ [𝑡(1 −

௨

௧
)]ఈିଵ𝑢௠𝑑𝑢

௧

௔
                                                                                                            (3.39)  

 

𝐼ఈ(𝑡௠) =
௧ഀషభ

୻(஑)
∫ ቀ1 −

௨

௧
ቁ

ఈିଵ

𝑢௠𝑑𝑢
௧

௔
                                                                                                              (3.40)  

 

Now, it is assumed as 
௨

௧
= 𝑣 then u = vt, du = tdv 

 

Now, changing upper and lower limits with respect to v the above (3.40) is modified as 

shown by 

 

𝐼ఈ(𝑡௠) =
௧ഀషభ

୻(஑)
∫ (1 − 𝑣)ఈିଵ(𝑡𝑣)௠𝑡𝑑𝑣

ଵ
௔

௧ൗ
                                                                                                     (3.41)  

 

𝐼ఈ(𝑡௠) =
௧ഀశ೘

୻(஑)
∫ 𝑣௠(1 − 𝑣)ఈିଵ𝑑𝑣

ଵ
௔

௧ൗ
                                                                                                           (3.42)  

 
Now, assuming lower limit as a = 0 to correlate with beta function as discussed in section 

3.2.2 and applying the property of beta function the above (3.42) is illustrated by 

 

𝐼ఈ(𝑡௠) =
௧ഀశ೘

୻(஑)
∫ 𝑣௠(1 − 𝑣)ఈିଵ𝑑𝑣

ଵ

଴
                                                                                                             (3.43)  

 

𝐼ఈ(𝑡௠) =
௧ഀశ೘

୻(஑)
𝐵(𝑚 + 1, 𝛼)                                                                                                                            (3.44)  

 

𝐼ఈ(𝑡௠) =
௧ഀశ೘୻(୫ାଵ)୻(஑)

୻(஑)୻(஑ା୫ାଵ)
                                                                                                                                 (3.45)  

 
 

𝐼ఈ(𝑡௠) =
௧ഀశ೘୻(୫ାଵ)

୻(஑ା୫ାଵ)
                                                                                                                                        (3.46)  

The aforementioned fractional integral expression is utilized to create a graphical 

representation as depicted in Fig. 3.4. 
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Fig. 3.4. Insight behavior of function using fractional orders between 0 and 1. 

 
3.3.4 Caputo Construction 
 
Definition 3.3.4. Caputo fractional derivative [28] is proposed as 
 

𝐷ఈ𝑓(𝑡) = 𝐼௠ିఈ ቄ
ௗ೘

ௗ௧೘ 𝑓(𝑡)ቅ                                                                                                                             (3.47)  

 

𝐷ఈ𝑓(𝑡) =
ଵ

୻(୫ି஑)
∫ (𝑡 − 𝑢)௠ିఈିଵ ௗ೘

ௗ௨೘ 𝑓(𝑢)𝑑𝑢 ,
௧

௔
𝑚 − 1 < 𝛼 < 𝑚                                                         (3.48)   

 

In order to present more analytical features based on progressive transformation that may be 

observed with different fractional orders applying on the function y = tଶ, another investigation 

is now carried out in this study with Caputo fractional derivative on the same previously 

described function. 

 

So, (3.47) is replaced with f(t) = tஒ as shown by 
 

𝐷ఈൣ𝑡ఉ൧ = 𝐼௠ିఈ ቄ
ௗ೘

ௗ௧೘ 𝑡ఉቅ                                                                                                                                  (3.49)  

 

𝐷ఈൣ𝑡ఉ൧ =
ଵ

୻(୫ି஑)
∫ (𝑡 − 𝑢)௠ିఈିଵ ௗ೘

ௗ௨೘ uஒ𝑑𝑢 
௧

௔
, 𝑓(𝑢) = uஒ                                                                        (3.50)  

 

𝐷ఈൣ𝑡ఉ൧ =
ଵ

୻(୫ି஑)
∫ (𝑡 − 𝑢)௠ିఈିଵ ቄ

ఉ!

(ఉି௠)!
𝑢ఉି௠ቅ 𝑑𝑢 

௧

௔
                                                                               (3.51)  

 

Now, applying the gamma function’s characteristic into (3.51) as 
 

𝐷ఈൣ𝑡ఉ൧ =
୻(ଵାஒ)

୻(୫ି஑)୻(ଵାஒି୫)
∫ (𝑡 − 𝑢)௠ିఈିଵ𝑢ఉି௠𝑑𝑢 

௧

௔
                                                                                 (3.52)  

 

𝐷ఈൣ𝑡ఉ൧ =
୻(ଵାஒ)

୻(୫ି஑)୻(ଵାஒି୫)
∫ 𝑡௠ିఈିଵ ቀ1 −

௨

௧
ቁ

௠ିఈିଵ௧

௔
𝑢ఉି௠𝑑𝑢                                                                 (3.53)  

 

Now, it is assumed as 
௨

௧
= 𝑦 then u = yt, du = tdy 
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Now, changing the higher and lower bounds with respect to y the above (3.53) is modified as 

shown by 

 

𝐷ఈൣ𝑡ఉ൧ =
୻(ଵାஒ)

୻(୫ି஑)୻(ଵାஒି୫)
∫ 𝑡௠ିఈିଵଵ

௔
௧ൗ

(1 − 𝑦)௠ିఈିଵ(𝑡𝑦)ఉି௠𝑡𝑑𝑦                                                         (3.54)  

 

𝐷ఈൣ𝑡ఉ൧ =
୻(ଵାஒ)୲ౣషಉశభశಊషౣశభ

୻(୫ି஑)୻(ଵାஒି୫)
∫ (1 − 𝑦)௠ିఈିଵଵ

௔
௧ൗ

𝑦ఉି௠𝑑𝑦                                                                        (3.55)  

 

Now, assuming lower limit as a = 0 to correlate with beta function as discussed in section 

3.2.2 and applying the property of beta function the above (3.55) is illustrated by 

 

𝐷ఈൣ𝑡ఉ൧ =
୻(ଵାஒ)୲ಊషಉ

୻(୫ି஑)୻(ଵାஒି୫)
𝐵(𝑚 − 𝛼, 𝛽 − 𝑚 + 1)                                                                                       (3.56)  

 

𝐷ఈൣ𝑡ఉ൧ =
୻(ଵାஒ)୲ಊషಉ

୻(୫ି஑)୻(ଵାஒି୫)

୻(୫ି஑)୻(ஒି୫ାଵ)

୻(୫ି஑ାஒି୫ାଵ)
                                                                                                    (3.57)  

 

𝐷ఈൣ𝑡ఉ൧ =
୻(ଵାஒ)

୻(ଵାஒି஑)
tஒି஑                                                                                                                                     (3.58)  

 

The fractional derivative approach for the function y = tଶ  presented in section 3.2.1 

computes using the same expression as the caputo method, however the caputo method 

defines it more analytically than the Eular method does. Similar to the aforementioned 

function, any other type of function's graphical characteristic may likewise be determined 

more analytically using R-L or Caputo fractional differ-integral calculus. 

 

3.4 Theoretical Background of Implementation of Fractional Calculus 
 
Fractional order system models [2] allow for a more precise description of actual systems and 

have been employed to find more trustworthy responses to a variety of scientific and 

technical difficulties. For instance, the field of control engineering has profited considerably 

over the past 20 years from the positive effects of non-integer order modelling to enhance 

control behavior and generate more trustworthy plant modelling. Since there are infinite 

number of tuning possibilities for non-integer order integral and derivative parts, FOPID 

scheme [29] have generally been regarded as a feasible and logical replacement for traditional 

scheme. However, optimal implementation of fractional order systems introduces 

substantially more computing difficulty than ideal implementation of conventional systems, 

despite the fact that fractional calculus assures notable improvements in modelling and 

control system efficiency. The primary explanation is as the FO derivative function, which is 

a not a local operator [30] that necessitates all previous values of the function, is required. As 

a result, computing fractional parameters requires additional memory components to retain 

all historical signal or function values across time.  
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This phenomenon is known as the long memory effect. Because the long memory effect uses 

up increasing amounts of computational resources over time, it causes the computational load 

of fractional order items to increase significantly over time. This basic difficulty prohibits 

engineering issues from fully utilizing the benefits of optimal fractional order behavior. 

Approximate integer order models were developed to address these issues and implement 

fractional order elements with a manageable processing overhead. These models may 

approximately predict the performances of FO elements within certain operating regions. In 

real-world control applications, these approximations were frequently used to implement 

FOPID controllers in less-than-ideal ways. Because analytical tuning approaches primarily 

presume a hypothetical implementation of FOPID controller functions, the performance of 

approximate models inherently degrades the practical performance of optimal tuning 

methods. As a result, estimated computations of fractional parameters result in real-world 

control performance that is significantly lower than the best possible control performance that 

may be attained theoretically. Due to these factors, choosing a suitable estimated model to 

establish fractional order systems should be a top priority for applications that require 

fractional order control systems to function in the real world. The most important 

characteristics of approximation models are important from the perspective of control 

practice: 

 
 Approximated Performance on Time and Frequency region platform 
 
In order to prevent a significant decline in control nature due to differences between the 

performances of the original system and the estimated systems, it is crucial that the time and 

frequency outcomes of the main FO systems and its estimated forms match characteristically. 

The effects of incorrectly realizing FOPID controllers have previously been examined in a 

number of researches. For minimal difficulty and realistic realization of fractional derivative 

operators, a variety of approximation techniques are offered in the literatures [31-35]. In 

terms of broad definition, these techniques are continuous systems in the frequency region 

platform and discrete models in the time region platform. Following is a list of some 

frequency domain approximation techniques that have been proposed and are 

methodologically important: The serial filter banks used by Oustaloup's [31] Method have 

zeros and poles that are set up to roughly approximate the amplitude behavior of fractional 

order operators. A rational integer-order function that roughly corresponds to elements of 

fractional order is produced by the CFE Method [31]. The manipulation of frequency points 

can be approximated using Matsuda's Method, which is based on continuing fraction 

expansion utilizing in logarithmic manner separated set points.  
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Stability with the use of the boundary locus (SBL) fitting method, a rational model is fitted to 

SBL curves with a FO model in the necessary frequency range. In order to create a continuous 

approximate model, improved iterations of these techniques as well as various 

methodologically modern approaches were provided, such as Carlson’s Method and its 

enhanced types [31], Charef’s Method [31], phase shaping approaches by ideal pole-zero 

placing [33], Mittag–Leffler function based solutions [32]. Two distinct ways to obtaining 

discrete models in the time domain using discrete approximation methods are discussed. 

Firstly, the discretization of continuous processes generated by frequency domain [34-35] 

aspects is enabled by indirect discretization. The second is direct discretization [36-37], which 

applies direct PSE for the Euler operator or CFE for the Tustin operator to discretize model in 

the z-domain. For fractional-order linear differential problems, there are also a number of 

approximate or numerical solution techniques, such as homotopy variation [36], variational 

iteration [37], and Grünwald-Letnikov definition-based methods; however, these 

mathematical solutions have not been applied extensively in the field of control. 

 
Therefore, the primary goal of this work is to evaluate effective approximation techniques for 

any fractional differentiation equations or transfer functions in comparison to some direct or 

indirect approximation methods. 

 
3.4.1 FOMCON Toolkit 
 
For the modelling, investigation, and development of linear fractional or conventional 

processes, it is widely known that the FOMCON (Fractional order modeling and 

control)Toolkit [38] of MATLAB offers a very easy and straightforward approach. A 

Simulink block set, graphical user interfaces (GUIs), convenience functions, ways to 

identify models in the time and frequency regions, and fractional PID controller formulation 

and efficiency are all included in the FOMCON toolkit for MATLAB, which is an addition 

to the small toolkit [38] previously addressed. The toolbox aims to offer a user-friendly, 

practical, and useful toolset to a variety of users.  

 
3.4.1.1 Toolkit Features 
 
Following G-L fractional derivative and R-L fractional derivative or integral in (3.22), (3.35) 

and (3.37) under section 3.3.2 and 3.3.3 the Laplace transform [38] of 𝛼௧௛ derivative with 

α ∈ ℝା of a signal x(t) assuming zero initial condition is shown by 

 
ℒ(D஑x(t)) = s஑X(s)                                                                                                                                          (3.59)  
  
 
So, fractional order linear differential equation can be approached as 
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p୬𝐷ఈ೙𝑦(𝑡) + 𝑝௡ିଵ𝐷ఈ೙షభ𝑦(𝑡)+. . 𝑝଴𝐷ఈబ𝑦(𝑡) = q୫𝐷ఉ೘𝑢(𝑡) + 𝑞௠ିଵ𝐷ఉ೘షభ𝑢(𝑡)+. . 𝑞଴𝐷ఉబ𝑢(𝑡)  (3.60)   
 
Now, by following Laplace transform in above (3.60) the following FOTF is shown as 

G(s) =
୯ౣ௦ഁ೘ା୯ౣషభ௦ഁ೘షభା...ା୯బ௦ഁబ

୮౤௦ഀ೙ା୮౤షభ௦ഀ೙షభା...ା୮బ௦ഀబ
                                                                                                                (3.61)  

 
This type of system is described as a commensurate order system. Usually, for commensurate 

order system denoting λ = s஑ or sஒ the transfer function can be presented as a rational 

order as shown by 

 

G(s) =
୯ౣఒ೘ା୯ౣషభఒ೘షభା...ା୯బ஛

୮౤ఒ೙ା୮౤షభఒ೙షభା...ା୮బ஛
=

∑ ୯ౡ஛ౡౣ
ౡసబ

∑ ୮ౡ஛ౡ౤
ౡసబ

                                                                                                  (3.62)  

 
The FOTF presented in (3.61) serves as the primary focus of analysis in FOMCON. The SISO 

and LTI (linear time-invariant) systems are the main emphasis of the toolkit. 

The modules that comprise the toolkit are as follows: the primary module, which does 

fractional system investigation, the identification module, which identifies systems in the 

time and frequency domain platforms, and the Control module, which includes tools for 

designing, fine-tuning, and optimizing fractional PID controllers as well as some extra 

features. The main module GUI, shown in Fig. 3.5, can be used to access all of the modules, 

which are all connected. The toolkit also includes a Simulink block set that enables the 

execution of sophisticated modelling tasks. The following MATLAB software is necessary 

for the FOMCON toolbox [38]: 

 
• Control System Toolbox, which is necessary for the majority of features;  

 
• Optimization Toolbox, which is necessary for time-zone understanding and standard PID 

tuning for approximating typical system. 

 

 
 
Fig. 3.5. FOMCON platform. 
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3.4.1.2 Computation of Fractional Order Model 
 
This causes the FOTF Viewer [38], the primary toolbox GUI, to be shown in Fig. 3.6. Two 

panels make up its layout: 

 The Fractional Order Transfer Functions panel on the left is where FOTF objects are 

entered, edited, deleted, and converted.  

 
 The right panel, System study, has tools for FO system investigation in the time and 

frequency domain platforms. The tool works directly with MATLAB base workspace 

variables. 

 

 
 

Fig. 3.6. GUI (Graphical user interface) window. 
 
 
 Time domain platform 
 
A modified Grünwald-Letnikov formulation [38] is used to simulate the system performance to 

a random input signal during time-domain analysis of the fractional systems as shown in 

Fig.3.7. 

 

 
 

Fig. 3.7. FOTF Time domain platform. 
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Now, denoting left hand side of (3.60) by 
 
v(t) = q୫𝐷ఉ೘𝑢(𝑡) + 𝑞௠ିଵ𝐷ఉ೘షభ𝑢(𝑡)+. . 𝑞଴𝐷ఉబ𝑢(𝑡)                                                                             (3.63)  

 
The FO linear differential form can be represented in form as 
 
p୬𝐷ఈ೙𝑦(𝑡) + 𝑝௡ିଵ𝐷ఈ೙షభ𝑦(𝑡)+. . 𝑝଴𝐷ఈబ𝑦(𝑡) = 𝑣(𝑡)                                                                                (3.64)  
 
Substituting (3.22) in the above expression as shown by 
 

௣೙

௛ഀ೙
∑ 𝑤௝

ఈ೙𝑦(𝑡 − 𝑗ℎ) = 𝑣(𝑡)
ቄ
(௧ି௔)

௛ൗ ቅ

௝ୀ଴
                                                                                                             (3.65)  

 

Binomial coefficients 𝑤௝
ఈ೙ can be obtained iteratively with 

 

𝑤଴
ఈబ = 1, 𝑤௝

ఈ೔ = ቀ1 −
ఈାଵ

௝
ቁ 𝑤௝ିଵ

ఈ೔ , 𝑗 = 1,2. . . .                                                                                                (3.66)  

 
The closed loop version of a FO process can be expressed as follows with a modest term 

rearrangement: 

 

y(t) =
ଵ

∑
೛೔

೓ഀ೔
౤
౟సబ

ቈv(t) − ∑
௣೔

௛ഀ೔
 ∑ 𝑤௝

ఈ೔𝑦(𝑡 − 𝑗ℎ)
ቄ

(௧ି௔)
௛ൗ ቅ

௝ୀଵ
୬
୧ୀ଴ ቉,                                                                       (3.67)  

 
Where, h is step length of estimation. The correctness of the simulation may be affected by 

the step length h due to the fixed-step computation. As a result, it is advised to gradually 

reduce h until there is no longer any fluctuation in the simulation findings before using them. 

It could take a long time to simulate a lot of points.  

 
 Frequency domain platform 
 
The frequency zone investigation [38] is explored by replacing s = jω. The primary GUI's 

export feature enables the conversion of FOTF systems into the following types of objects: 

 
 Oustaloup filter zpk; 

 Oustaloup refined filter zpk; 

 
The fractional operators [38] are extremely accurately solely approximated by the Oustaloup 

filters in the given frequency range ( 𝜔௟ , 𝜔௛ ) and order N. Fractional operator 𝑠ఈ  is 

approximated by 

 

G(s) = z ∏
ୱାன౰

ᇲ

ୱାன౰

୒
୸ୀି୒                                                                                                                                          (3.68)  

 
Where,  
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⎩
⎪
⎨

⎪
⎧

𝑧 = 𝜔௛
ఈ ,

ω୸
ᇱ = ω୪ ቀ

ன౞

னౢ
ቁ

౰శొశబ.ఱ(భషಉ)

మొశభ
 ,

𝜔௭ = ω୪ ቀ
ன౞

னౢ
ቁ

౰శొశబ.ఱ(భశಉ)

మొశభ
 

                                                                                                                                (3.69)  

 
A refined Oustaloup filter [64] is given by 
 

𝑠ఈ = ቀ
ௗఠ೓

௟
ቁ

ఈ

ቀ
ௗ௦మା௟ఠ೓௦

ௗ(ଵିఈ)௦మା௟ఠ೓௦ାௗఈ
ቁ 𝑄(𝑠)                                                                                                          (3.70)  

 
Where, 
 

⎩
⎪
⎨

⎪
⎧𝑄(𝑠) = ∏

ୱାன౰
ᇲ

ୱାன౰

୒
୸ୀି୒  ,

ω୸
ᇱ = ቀ

ୢனౢ

୪
ቁ

ಉషమ౰

మొశభ
 ,

𝜔௭ = ቀ
୪ன౞

ୢ
ቁ

ಉశమ౰

మొశభ
 

                                                                                                                                       (3.71)  

 
 
3.4.1.3 Application of FOMCON Toolkit 
 
The design of a FOPID scheme [29] for an integer order interacting cylindrical tank level 

process with a dead-time is the main topic of the current study. Fig. 3.8 depicts the 

fundamental concept of the interaction tank level process. 

 

Fig. 3.8. Schematic of interacting tank level process. 
 

 
Process specification [39] is given as in Table 3.2. 
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Table 3.2 

 Tank specification 
 

Parameter Specification 
D (Diameter) 92 cm 

H (Height) 300 mm 

q (Maximum flow in to 
tank 1) 

20 cm3/sec 

𝐶ଵ(Volume of tank 1) 0.00948 cm3 

𝐶ଶ(Volume of tank 2) 0.00475 cm3 

𝑅ଵ(Restriction parameter 
of storage chamber 1) 

10800 min/cm2 

𝑅ଶ(Restriction parameter 
of storage chamber 2) 

10800 min/cm2 

 
 
 Modeling of System 
 
For tank 1: 
 

𝐶ଵ
ௗ௛భ

ௗ௧
= 𝑞ଵ − 𝑞, 𝑞 =

(௛భି௛మ)

ோభ
                                                                                                                           (3.72)  

 
𝐶ଶ

ௗ௛మ

ௗ௧
= 𝑞 − 𝑞ଶ, 𝑞ଶ =

௛మ

ோమ
                                                                                                                                  (3.73)  

 
The overall IO model with dead-time is computed as 
 

G(s) =
ଵ଴଼଴଴ ୣషఱ౩

ହଶହଶ.ଶୱమାଶହ଺.ଶ଼ୱାଵ଴଼଴ଵ
                                                                                                                          (3.74)  

 
Again, the overall transfer function is computed with 1st order pade approximation on delay 

time is shown as 

 

G(s) =
ଶଶହ଴଴ ୱమିଶ଻଴଴଴ୱାଵ଴଼଴

ଵ଴ଽ଴ସଶ.଴଼ ୱరାଵଷ଺଺ .ସଵ ୱయାଶ଼ଷଽ .ଽ ୱమାଶ଻ଶହ଼.ଶ଼ ାଵ଴଼
                                                                           (3.75)  

 
Now, in the ADD...dialog, as shown in Fig. 3.9, the system should enter the following 

information to supply it as "G".  

 

 
 

Fig. 3.9. FOTF/IOTF entry dialog. 
 

 



83 
 

 Investigation, Tuning and design of Fractional Order PID (FOPID) Controller 
 
The fundamental contrast between FOPID and IOPID schemes is already covered in the 

previous chapter's section 2.4.1, and the closed loop diagram employing FOMCON is 

displayed as illustrated in Fig. 3.10. 

 
 

 
 

Fig. 3.10. Closed loop system using FOPID controller. 
 
Obviously, when consideringλ = 1 and  μ = 1, the result is IOPID controller. There are 

various fractional PID design strategies that vary depending on the plant that needs to be 

managed. So, in this study, first classical tuning technique is used to acquire integer-order PID 

parameters as the plant is described by a conventional system. The function of the FOPID 

controller is modified.  

 
 IOPID Controller 
 
In Fig. 3.11, a comparison of the two methods' FOMCON performances reveals that AMIGO 

tuning is favored over the Ziegler-Nichols (Z-N) approach for designing IOPID controllers. 

 

 
 

Fig. 3.11. Nominal outputs of AMIGO and Z-N methods. 
 
The parameters of the system are determined using the two point curve fitting method. 

Astrom and Hagglund (AMIGO) [40] utilized this technique to obtain the FOPDT model as 

shown in Figs. 3.12 and 3.13. A static gain K (K= 1.009) is obtained by dividing the uniform 

output variation ratio by the step alteration. The step response's intercept of tangent is used to 

calculate the lag time (L=4.314), and the difference between the lag time and the step 

response's time to reach a gain value of 0.63 is used to compute the time constant (T = 0.06958).  
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Fig. 3.12. IOPID design tool. 
 

 
 

Fig. 3.13. Identified FOPDT model. 
 

IOPID controllers are designed using the procedures listed below: 

Step I: The transfer function is defined by 𝐾𝑒ି௅

𝑇𝑠 + 1ൗ , where K is the process gain, L is the 

delay time, and T is the time constant.  

 

Step II: Identified by an integer order model that approximates the FOPDT model. 

 
Step III: Tuning rules 
 

⎩
⎪
⎨

⎪
⎧𝐾௖ =

ଵ

௄
(0.2 + 0.45

்

௅

𝑇௜ =
଴.ସ௅ା଴.଼்

௅ା଴.ଵ்
𝐿

𝑇ௗ =
଴.ହ௅்

଴.ଷ௅ା்

                                                                                                                                         (3.76)  

 
 FOPID Controller 
 
As illustrated in Fig. 3.14, the FOPID design tool is opened by using the fpid command or by 

selecting Tools→Fractional PID design from the main GUI. For the traditional negative 

feedback unity system, it makes it possible to create a FOPID controller. 
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Fig. 3.14. FOPID design tool. 
 

The differential equation for FOPID controller follows (2.103) in the previous chapter is 

shown as 

 
U(t) = K୔e(t) + K୍D

ି஛e(t) + KୈDஜe(t)                                                                                                     (3.77)  
 
Applying the Laplace transform method on the above expression is shown by 

 
U(s) = K୔E(s) + K୍s

ି஛E(s) + KୈsஜE(s)                                                                                                    (3.78)  
 
As shown in Fig. 3.15, the continuous Oustaloup filter approach is used in this work to 

approximate  sି஛ and sஜ and this method is commonly chosen over the G-L time domain 

method due to processing speed. Frequency ranges (𝜔௟ , 𝜔௛) are selected as 𝜔௟ = 10ିଷ and 

𝜔௛ = 10ଷ  and order (N) is selected as 5. 

 

 
 

Fig. 3.15. Fractional order realization tool. 
 

Due to its flexibility, an optimization tool is then utilized to determine the best parameters for 

both a FOPID and an IOPID controller. As seen in Fig. 3.16, the tool is accessible through the 

PID design tool menu 𝑇𝑢𝑛𝑖𝑛𝑔 → 𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑒. 
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Fig. 3.16. Fractional order PID optimization tool. 
 

 Optimization Method 
 
Only Nelder-Mead and FMINCON are available as numerical optimization methods in the 

FOMCON toolkit, but Nelder-Mead is preferred in this study because it is a more 

computationally efficient method [41] compared to FMINCON (interior point or active set). It 

can lead to unpredictable regions using a single objective function with performance metrics 

like IAE, ISE, and it essentially employs the idea of simplex [41] to find the optimal value of 

a target function f(x) with multiple variables, where simplex is a triangle with n+1 vertices. 

The three triangle vertices, designated as as f(xG), f(xB) and f(xW), are contrasted using this 

procedure. . Here, the triangle's good to worst points are xG, xB and xW. After the iteration 

phase, the simplex approach minimizes the function by reflecting (R), expanding (E), 

contracting (C), and reducing (S). The base of a triangle (M) is determined for every vertex 

other than xw.  

 
a. Reflection (xR) = M + α(M – xW), where α= 1 

b. Expansion(xE) = M + γ(M – xW), γ = 2 

c. Contraction(xC) = xW + β(M – xW), β = 0.5 or -0.5 

d. Reduction(xS) = (xS+ xB)/2 

 
Fig. 3.17 illustrates the entire iteration procedure for determining the smallest function using a 

geometrical approach and designing an algorithm. 
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Fig. 3.17. Nelder-Mead local optimization algorithm step. 
 
Steps 

 
1. Order the vertices xB<xG<xW . Compute centroid. 

2. If f(xR)<f(xB) then carry out either (R) reflect and (E) extend or (C) contract. 

3. If f(xG)<f(xR) then adopt xR and evaluate. 

4. If f(xR) < f(xG) then R→E and evaluate xE. 

5. If f(xE) ≤ f(xR) then adopt xE and select 1 else adopt xR. 

6. If f(xR)<f(xW) then xW → R and evaluate C with β = 0.5 

7. If f(xR) ≥ f(xW) then C with β = -0.5 

8. If f(xC)<f(xW) then xW→ C else reduce. 

9. Proceed to step 1 if the stopping criterion is not met, then continue. 

  
 Result 
 
Tables 3.3, 3.4, and 3.5, which includes all of the ideal settings for both controllers, respectively, 

shows the comparative performance of IOPID and FOPID controllers. This is shown in Figs. 

3.18 and 3.19. For the IOPID controller, the minimal objective function F(x) is 5.26, 5.57, and 

14.06 under IAE, ISE, and ITSE. The best value objective function is F(x) of 4.85 for the ISE 

metric, 5.22, and 13.34 under IAE, and ITSE error metrics are found for the FOPID controller 

are found for the FOPID controller. 

 

 
 

       Fig. 3.18. Step response with IOPID controller. 
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        Fig. 3.19. Step response with FOPID controller. 
 

Table 3.3 
 Optimal parameters and time domain metrics for IOPID controller 

 
Performance 

metric 
KP KI KD Rise 

Time(s) 
%Overshoot Settling 

time(s) 
ISE .3866 .1823 .2964 6.79 4.8 15.55 
IAE .4286 .1849 .2841 6.10 0.5 17.16 
ITSE .4151 .1852 .3083 6.33 2.4 17.85 

 
 

Table 3.4 
 Optimal parameters for FOPID controller 

 
Performance 

metric 
KP KI KD lam mu 

ISE .3296 .2001 .3149 .96003 0.89803 
IAE .3974 .1868 .2726 .9955 0.9 
ITSE .3517 .1960 .3161 .97948 .8375 

 
Table 3.5 

Time domain metrics for FOPID controller 
 

Performance 
metric 

Rise time(s) Settling 
time(s) 

% overshoot 

ISE 7.02 36.98 4.5% 
IAE 6.33 9.56 0.1% 
ITSE 6.33 16.01 2.4% 

 
 

Under the IAE performance metric, FOPID outperforms IOPID with a minimum overshoot 

of 0.1% and tracks the desired level at 9.56 seconds, but under ISE, IOPID outperforms 

FOPID with a rise time of 6.79 seconds and an extremely quick reach of the desired level, 

whereas FOPID requires quite more time to settle. Under the ITSE performance metric, 

both controllers exhibit nearly identical performance. 

 
3.4.1.4 Stability Solution of FOTF 
 
In comparison to IO systems, FO systems have a distinct stability assessment. The only 

approach for determining stability [42] for commensurate-order systems is currently 

available.  

Although the Toolkit directly aids in stability determination, in this study the following 

analytical procedures are used to measure stability. 
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Condition I. If all the poles’ absolute angles of λ in a commensurate order system with no 

time delay are larger than 𝛼𝜋
2ൗ , where λ = s஑ then the system is stable [42]. Fig. 3.20 

depicts the stable zone of the commensurate order system.  

 

 
 

Fig. 3.20. Stable region for FOTF. 
 

Condition II. For evaluating the stability [42] of FOTFs, the MATLAB function isstable() 

is used. The orders' greatest common factor is identified and indicated by α for a given 

FOTF. The minimum value of α is set to 0.01, making it possible to automatically create 

an approximation commensurate-order model without obtaining an excessively high-order 

system. 

 
Condition III. The argument values of roots of polynomial of λ are computed and verified. 

The stability is made based on the position of the roots of λ. Using the command isstable() if 

return value is 1, then the system is said to be stable. To determine potential roots for a closed 

loop system's characteristic equation as 1 + G(s)C(s) = 0 is evaluated under Riemann’s 

principle [42] −π < arg(jw) < 𝜋. 

 
Now, the fractional order PID (FOPID) controller under ISE performance metric as stated in 

section 3.4.1.3 is established as follows: 

 

C(s) =
.ଷଶ଺ଽ ୱ.వలబబయା.ଶ଴଴ଵା.ଷଵସଽ ୱభ.ఴఱఴ

ୱ.వలబబయ                                                                                                                 (3.79)  
 
The overall fractional order transfer function (FOTF) is developed using (3.75) and (3.79). 

The FOTF is investigated by the FOMCON toolkit as well, but in a more comprehensible 

manner.   

 
The Overall transfer function is defined as 
 
 

H(s) =
ଷହଷ଴.ହ ୱ.వలబబయାଷସ଴଴.ଽଶ ୱభ.ఴఱఴାଶଵ଺ .଴଼

ହଶହଶ.ଶ ୱమ.వలబబయାଶହ଺.ଶ଼ ୱభ.వలబబయାଵ଴଼  ୱ.వలబబయାଷହଷ଴.ହୱ.వలబబయାଷସ଴଴.ଽଶୱభ.ఴఱఴାଶଵ଺ .଴଼
                               (3.80)  
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Now, the aforementioned expression is transformed into the polynomial of λ with greatest 

common factor 0.01 as illustrated by 

 

H(λ) =
ଷହଷ଴.ହ ஛వలାଷସ଴଴.ଽଶ ஛భఴఱାଶଵ଺ଵ.଴଼

ହଶହଶ.ଶ ஛మవలାଶହ଺.ଶ଼ ஛భవలାଵ଴  ஛వలାଷହଷ .ହ஛వలାଷସ଴଴.ଽଶ஛భఴఱାଶଵ଺ଵ.଴଼
                                                      (3.81)   

 
The characteristic equation using (3.80) is computed as 
 
5252.2 λଶଽ଺ + 256.28 λଵଽ଺ + 10801 λଽ଺ + 3530.5 λଽ଺ + 3400.92 λଵ଼ହ + 2161.08 = 0               (3.82)  
 
A method for establishing FOTF stability as described in (3.80) is also developed using the 

MATLAB code presented in Appendix A. After implementing the MATLAB statement, the 

value of K is obtained as 1 and the common factor is obtained as 0.01. So, the FOTF system is 

said to be stable. Now, following (3.82) one of the roots is also found as |𝑎𝑟𝑔(𝑗𝑤)| = 1.052 

which satisfies condition III with 1.052 < 𝜋. The stable zone of the current system is shown 

as in Fig. 3.21. 

 

 
 

Fig. 3.21. Stability analysis for FOTF. 
 
No poles are seen in the shaded area of Fig. 3.21, demonstrating the stability of the system. 

The FOMCON toolset discovers also the same stability performance. Similar to the above, it 

is possible to undertake a stability study of additional overall fractional order transfer 

functions under IAE and ITSE performance error metrics. 

 
3.4.1.5 Limitation of FOMCON Toolkit 
 
For the realization of a fractional operator, the FOMCON tool-set is only limited to time 

domain-based G-L fractional derivatives and frequency domain-based Oustaloup filter 

approximation methods.  
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The FOMCON toolkit only permits local optimization approaches, not global ones. Thus, 

achieving the best values for the controller is not always guaranteed by the local optimization 

strategy.  

 
3.4.2 Investigation on Direct Continuous Laplace Analytical Solution 
 
This section presents R-L fractional differ-integral and Caputo technique based time domain 

mathematical solutions to common fractional calculus problems. With the aid of the 

Laplace transformation and MLF function approaches, a closed-form analytical direct 

solution for linear FO processes with homogeneous and non-homogeneous forms is 

investigated. Linear FODE are the main governing equations for linear fractional-order 

systems, just like they are for conventional linear systems. First, Laplace transforms for 

specific functions are presented. Some important properties [43-45] of Laplace transform of 

R-L fractional differ-integral, Caputo fractional derivatives and MLF function are 

summarized as 

 
 Property I 

 
L(I஑f(t)) = sି஑F(s)                                                                                                                               (3.83)  

 
 Property II 

 
L( D୲

஑f(t)଴
ୖ୐ ) = s஑F(s) − ∑ s୩ D୲

஑ି୩ିଵ(0)଴
ୖ୐୬ିଵ

୩ୀ଴                                                                                   (3.84)  
 
 Property III 

L൫ D୲
஑f(t)଴

େ ൯ = s஑F(s) − ∑ s஑ି୩ିଵ୬ିଵ
୩ୀ଴ f (୩)(0)                                                                                        (3.85)  

 
 Property IV 

L ቀtஒିଵE஑,ஒ(λt஑)ቁ =
ୱಉషಊ

ୱಉି஛
                                                                                                                       (3.86)  

 
3.4.2.1 R-L Based Linear Homogeneous Fractional Model Solution 
 
First, a straightforward linear homogeneous R-L fractional differential equation is explored 

for the aim of solving the FODE. The Fractional differential equations are described as 

 
𝐷௧

଴.ହ𝑦(𝑡) + 𝑦(𝑡) = 0, 𝑡 > 0଴
ோ௅ , 0 < 𝛼 < 1                                                                                                    (3.87)  
 
With initial condition as [𝐷ି଴.ହ𝑦(𝑡)]௧ୀ଴ = 𝑧, The above expression is transformed using the 

Laplace method, as demonstrated by 

 
L{ 𝐷௧

଴.ହ𝑦(𝑡)଴
ோ௅ } + L{y(t)} = 0                                                                                                                          (3.88)  

 
The above expression is transformed to FOTF using property II, as demonstrated by 

 

s଴.ହY(s) − ∑ s୩ D୲
଴.ହି୩ିଵ(0) + Y(s) = 0଴

ୖ୐୬ିଵ
୩ୀ଴                                                                                            (3.89)  



92 
 

s଴.ହY(s) − s଴ D୲
଴.ହିଵ(0) + Y(s) = 0                                                                                                          (3.90)଴

ୖ୐   
 

s଴.ହY(s) − z + Y(s) = 0                                                                                                                                   (3.91)  
 

Y(s) = z
ଵ

ୱబ.ఱାଵ
                                                                                                                                                    (3.92)  

 
Now, applying inverse Laplace transform into property IV it is shown by 

 

𝐿ିଵ ቄ
ୱಉషಊ

ୱಉି஛
ቅ = tஒିଵE஑,ஒ(λt஑)                                                                                                                             (3.93)  

 
The above (3.92) is demonstrated by inverse Laplace transform as shown by 

 

y(t) = z. Lିଵ ቄ
ଵ

ୱబ.ఱାଵ
ቅ                                                                                                                                         (3.94)  

 
Now, comparing (3.93) and (3.94) it is computed as 
 

൝
𝛼 − 𝛽 = 0

𝛼 = 𝛽 = 1/2
𝜆 = −1

                                                                                                                                                     (3.95)  

 
So, the final approximated version of FODE with MLF function is realized by 
 
y(t) = tି଴.ହE଴.ହ,଴.ହ(−1. t଴.ହ)                                                                                                                            (3.96)  

 
3.4.2.2 Caputo Based Linear Homogeneous Fractional Model Solution 
 
Caputo linear homogeneous fractional differential equation is explored now for the aim of 

solving the FODE. The Fractional differential equations are described as 

 
𝐷௧

଴.ହ𝑦(𝑡) + 𝑦(𝑡) = 0, 𝑡 > 0଴
஼ , 0 < 𝛼 < 1                                                                                                      (3.97)  
 
With the initial condition as 𝑦(0) = 𝑧 , the above expression is transformed using the 

Laplace method, as demonstrated by  

 
L{ 𝐷௧

଴.ହ𝑦(𝑡)଴
஼ } + L{y(t)} = 0                                                                                                                           (3.98) 

 
The above expression is transformed to FOTF using property III, as demonstrated by 

 
s଴.ହY(s) − ∑ s଴.ହି୩ିଵ  y୩(0)୬ିଵ

୩ୀ଴  + Y(s) = 0                                                                                              (3.99)  
 

s଴.ହY(s) − ∑ s଴.ହି୩ିଵ  y୩(0)଴
୩ୀ଴  + Y(s) = 0, n = 1                                                                               (3.100)  

 
s଴.ହY(s) − ∑ s଴.ହିଵ  y(0)଴

୩ୀ଴  + Y(s) = 0                                                                                                  (3.101)  
 

s଴.ହY(s) − z s଴.ହିଵ + Y(s) = 0                                                                                                                     (3.102)  
 

Y(s) = z
ୱబ.ఱషభ

ୱబ.ఱାଵ
                                                                                                                                                  (3.103)  

 
Applying inverse Laplace transform into (3.103) it is shown by 
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y(t) = z Lିଵ ቄ
ୱబ.ఱషభ

ୱబ.ఱାଵ
ቅ                                                                                                                                       (3.104)  

 
Now, using property IV and (3.104), it is computed as 
  

ቄ
𝛽 = 1

𝜆 = −1
                                                                                                                                                               (3.105)  

 
So, the final approximated version of FODE using the MLF function is realized by 
 
y(t) = z. E଴.ହ,ଵ (−t଴.ହ)                                                                                                                                    (3.106)  
 
Along with using fractional order 0.5, the effectiveness of the Caputo operator-based direct 

approximation method is examined using (3.106) with various orders, such as 0.6, 0.8, 0.9, 

and 1 as shown in Fig. 3.22. It is found that the approximated results attempt to lead to follow 

first order differential equation.  

 

 
 

Fig. 3.22. Approximated outputs with different orders. 
 

 
3.4.2.3 Caputo Based Non-Homogeneous Fractional Model Solution 
 
Two terms non-homogenous fractional differential equation with Caputo operator is 

described as 

 
𝐷௧

଴.ହ𝑦(𝑡) + 𝐷௧
଴.଼𝑦(𝑡) =଴

஼  𝑢(𝑡), 𝑡 > 0଴
஼ , 0 < 𝛾 < 𝜇 < 1                                                                          (3.107)  
 
Where, 𝛼 = 0.5 𝑎𝑛𝑑 𝛽 = 0.8 with initial condition as y(0) = K. 

 
Applying Laplace method into (3.107) it is demonstrated as 

 
L{ 𝐷௧

଴.ହ𝑦(𝑡)଴
஼ } + L{ 𝐷௧

଴.଼𝑦(𝑡)଴
஼ } = L{u(t)}                                                                                                    (3.108)  

 
The above expression is transformed to FOTF using property III, as demonstrated by 

 
s଴.ହY(s) − ∑ s଴.ହି୩ିଵ  y୩(0)୬ିଵ

୩ୀ଴ + s଴.଼Y(s) − ∑ s଴.଼ି୩ିଵ  y୩(0) = U(s)୬ିଵ
୩ୀ଴                                     (3.109)  
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s଴.ହY(s) − ∑ s଴.ହିଵ  y(0)଴
୩ୀ଴  + s଴.଼Y(s) − ∑ s଴.଼ିଵ  y(0)଴

୩ୀ଴ = U(s), n = 1                                    (3.110)  
 

Y(s)[s଴.ହ + s଴.଼] − y(0)[s଴.ହିଵ + s଴.଼ିଵ] = U(s)                                                                                     (3.111)  
 

Y(s)[s଴.ହ + s଴.଼] = U(s) + Z[s଴.ହିଵ + s଴.଼ିଵ]                                                                                           (3.112)  
 

Y(s) = U(s).
ଵ

ୱబ.ఱାୱబ.ఴ +
ୱబ.ఱ 

భ

౩
ାୱబ.ఴ 

భ

౩

ୱబ.ఱାୱబ.ఴ  . Z                                                                                                          (3.113)  
 

Y(s) = U(s).
ଵ

ୱబ.ఱାୱబ.ఴ +
ଵ

ୱ
 Z                                                                                                                            (3.114)  

 
Now, applying inverse Laplace transform into (3.114) it is demonstrated by 
 
y(t) = Lିଵ{U(s). G(s)} + Z. (1)                                                                                                                  (3.115)  

 
Where, G(s) =

ଵ

ୱబ.ఱାୱబ.ఴ  

The above FOTF is rewritten as 
 

G(s) =
ଵ

ୱబ.ఱ൬ଵା
౩బ.ఴ

౩బ.ఱ൰
                                                                                                                                            (3.116)  

 

G(s) =
ୱషబ.ఱ

ୱబ.ఴషబ.ఱ ାଵ
                                                                                                                                              (3.117)  

 
Applying again, inverse Laplace transforms into (3.117) it is demonstrated by 
 

g(t) = Lିଵ ቄ
ୱషబ.ఱ

ୱబ.ఴషబ.ఱ ାଵ
ቅ                                                                                                                                   (3.118)  

 
Now, comparing (3.118) with MLF function property IV it is computed as 
 

൝
𝛼 = 0.3

𝛼 − 𝛽 = −0.5, 𝛽 = 0.8
𝜆 = −1

                                                                                                                                  (3.119)  

 
So, modified approximation of (3.118) with MLF function is evaluated as  
 
g(t) = tି଴.ଶ E଴.ହ,଴.଼(−1. t଴.ହ)                                                                                                                         (3.120)  
 
In light of the convolution property [46] demonstrated by the foregoing (3.115), 

convolution function of f and g as 

 
 Property V 
 

⎩
⎪
⎨

⎪
⎧𝑓 ∗ 𝑔 = න 𝑓(𝑡 − 𝜏) 𝑔(𝜏) 𝑑𝜏

௧

଴

𝐿(𝑓 ∗ 𝑔) = 𝐹(𝑠) 𝐺(𝑠)

𝑓 ∗ 𝑔 = 𝐿ିଵ{𝐹(𝑠) 𝐺(𝑠)}

                                                                                                                        (3.121) 

 
So, (3.115) is rewritten as 

y(t) = [g(t)  ∗  u(t)] + Z                                                                                                                              (3.122)  
 
Using the definition of a static function above (3.122) is rearranged as 
 

y(t) = ∫ g(t − τ)u(τ)dτ + Z
୲

୭
                                                                                                                    (3.123)  
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So, following (3.115), Eq.(3.123) is rewritten with modified approximation as 
 
y(t) = ∫ (t − τ)ି଴.ଶ E଴.ହ,଴.଼ (−1. (t − τ)଴.ହ) u(τ)dτ + Z 

୲

଴
                                                                    (3.124)  

 
 
3.4.2.4 Limitation of Direct Laplace Method 
 
Due to the lack of acceptable algebraic equation, the Laplace transform method is typically 

not very useful for nonlinear problems. It is discovered also from the above investigations 

that the issue of inverting the transform to resolve it arises when employing the Laplace 

transform for the FO derivative, but it is found also that the Laplace transform of a 

convolution is simply a product, which is useful. Although the Laplace transform approach 

is appropriate for solving constant coefficient fractional differential equations but also 

found that not all constant coefficient FODE can be solved by the Laplace method, since it 

requires forcing terms. In addition to requiring infinite approximation [46] at various time 

intervals, it also incurs higher computing costs. For some classes of unstable processes, this 

approach might not be appropriate. 

 
3.4.3 Investigation on Indirect Continuous Analytical Solution 
 
By replacing FO derivatives with their estimated models, approximation of fractional-order 

function is produced and employed exclusively for approximation modelling of original 

fractional-order models. This method leads to an approximate model whose response 

converges to a fractional order derivative element's response. Investigation on indirect 

approximation modelling is the subject of the current study. In control applications, the 

indirect approaches [33–35] are frequently used. Despite the fact that the Laplacian operator 

s is often raised to an integer order, i.e.,𝑠ଶ, . . 𝑠௡, it is technically valid to raise to a non-integer 

order 𝑠ఈ, 𝑤ℎ𝑒𝑟𝑒 0 < 𝛼 < 1 as well; this represents a fractional order process. A fractional 

derivative according to R-L fractional derivatives as shown in (3.37) is represented as 

 

𝐷ఈ𝑓(𝑡) =
𝑑௠

𝑑𝑡௠

1

Γ(m − α)
න (𝑡 − 𝑢)ఈିଵ𝑓(𝑢)𝑑𝑢                                                                                    (3.125)

௧

௔

 

 
Where Γ(. ) is the gamma function, and (3.125) is transformed using a Laplace transform 

with a zero initial condition to produce 

 
L{𝐷ఈ𝑓(𝑡)} = s஑ F(s)                                                                                                                                     (3.126)    

 
There are various engineering fields where this fractional Laplacian operator is useful. 

Therefore, approximations of integer order are utilized to realize the fractional Laplace sole 

operators஑. Continued Fraction Expansions (CFEs) and various other rational techniques can 

be used to approximate s஑ solely in a variety of ways. These approaches offer a wide range 
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of approximations with different orders and precision, with the accuracy and approximated 

frequency band growing with the order of the approximation. Research into indirect 

approximation methods is ongoing and some of the important indirect approximation 

techniques are investigated analytically in this research. 

 
3.4.3.1 Oustaloup Rational Approximation Method 
 
A technique called the Oustaloup approximation [34] uses an IO, correct model to explain 

FO systems. Digital filters are designed using this recursive approximation process. 

Oustaloup approximation [34] is demonstrated with the given form 

 

G(s) = z ∏
ୱାன౰

ᇲ

ୱାன౰

୒
୸ୀଵ                                                                                                                                         (3.127)  

 
Where, z is the gain, ω୸

ᇱ  and ω୸ are periodic zero and pole frequencies. 
 
The approximation model G(s) contains 2N + 1 zeros and poles, and frequencies are 

dispersed in geometric manner, hence the order of Oustaloup's model is odd number n = 2N 

+ 1. This characteristic enables approximate Oustaloup models of odd order. The 

computation of the aforementioned parameters are already discussed in Eq.(9.9) under 

section 3.4.1.2. A crucial factor in achieving a better approximation of the Laplace 

fractional sole operator is frequency band selection. Usually, higher (𝜔௛) and lower (𝜔௟) 

frequencies are set as ω ∈ (100,0.01) rad /sec. Table 3.6 shows the computation of different 

parameters with the third and fifth orders only of the model 𝑠଴.ସ utilizing the aforementioned 

frequency ranges.  

 
Table 3.6 

Computation of parameters for third and fifth order approximation of Oustaloup model 𝑠଴.ସ  
 

N 𝝎𝒁 𝝎𝒁
ᇱ  z 

1 .15848 .63095 7 

2 39810715.3 251886412.9 7 

 
 
The approximate rational transfer functions of the aforementioned FO model is shown in 

Table 3.7. 

Table 3.7 
Approximated rational transfer function of Oustaloup model 𝑠଴.ସ 

 
 

 
 
 
 
 
 

N Approximated transfer functions G(s) 

1 6.31sଷ + 77.14sଶ + 41.74s + 1

sଷ + 41.74sଶ + 77.14s + 6.31
 

2 6.31sହ + 206.5sସ + 924sଷ + 639.3sଶ + 68.37s + 1

sହ + 68.37sସ + 639.3sଷ + 924sଶ + 206.5s + 6.31
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Based on the aforementioned transfer function computations, the magnitude and phase 

effects are examined in Fig. 3.23. 

 

 
 

Fig. 3.23. Magnitude and phase effects of fractional order 0.4. 
 

It is discovered that, within the aforementioned frequency band, higher order approximation 

has provided sharp gain and appropriate magnitude with less ripple. As shown in Fig. 3.24, 

changing the higher frequency range to 1000 rad/sec for 5th order approximation has a 

notable impact on magnitude and phase effects. This widens the frequency gap, but it also 

causes more ripples to appear, which has an impact on both amplitude and phase. 

 
 

Fig. 3.24. Effect of magnitude and phase responses with higher frequency of 1000 rad/sec. 
 
In Fig. 3.25, the phase and magnitude responses based on 3rd and 5th order approximations for 

the fractional integral model 𝑠ି଴.ସ are also examined. 
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Fig. 3.25. Amplitude and phase outputs of model 𝑠ି଴.ସ. 
 
So even though the Oustaloup approximation method is a well-liked and low-complexity 

calculation approach, a significant downside is the restriction of model orders to odd 

numbers. 

 
3.4.3.2 Continued Fraction Expansions (CFE) Approximation Method 
 
In addition to the Oustaloup method of approximation, the CFE method [35] stretches the FO 

derivative s஑ to an estimated IO by employing continuing fractions. The CFE strategy, 

which is essentially a series expansion technique, demonstrates traits like series expansion 

technique properties including truncation and recursive computation of series elements. To 

find the CFE of FO model, CFE of the term (1 + 𝑧)ఈ is used [35] as 

 
 
(1 + 𝑧)ఈ = 1 +

ఈ௭

ଵା
(భషഀ)೥

మశ
(భశഀ)೥

యశ
(మషഀ)೥

మశ
(మశഀ)೥

ఱశ..

= 𝑐଴ +
ௗభ

௖భା
೏మ

೎మశ
೏య

೎యశ
೏ర

೎రశ
೏ఱ

೎ఱశ..

                                                                           (3.128)     

 
 

(1 + 𝑧)ఈ = 𝑐଴ +
ௗభ

௖భା
 

ௗమ

௖మା
 

ௗయ

௖యା.......
                                                                                                                    (3.129)  

 
Where,𝑐଴ = 1, 𝑐௝ = 2, 𝑐௝ାଵ = 𝑗 + 1 𝑓𝑜𝑟 𝑗 = 2𝑘, 𝑘 ≥ 1 𝑎𝑛𝑑 𝑑ଵ =  𝛼𝑧, 𝑑௝ = (𝑘 − 𝛼)𝑧, 𝑑௝ାଵ = (𝑘 + 𝛼)𝑧 
 
Now, (1 + 𝑧)ఈ  is truncated for computing first order approximation of fractional order 

derivative model as follows 

 

(1 + 𝑧)ఈ ≅ 1 +
ఈ௭

ଵା
(భషഀ)೥

మ

≅
ଶା(ଵାఈ)௭

ଶା(ଵିఈ)௭
                                                                                                            (3.130)  

Now, substituting, z = s − 1 first order and second approximation [35] are as follows 

 

𝑠ఈ ≅
(ଵାఈ)௦ା(ଵିఈ)

(ଵିఈ)௦ା(ଵାఈ)
                                                                                                                                            (3.131)  
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𝑠ఈ ≅
൫ఈమାଷఈାଶ൯௦మା൫ିଶఈమା଼൯௦ା൫ఈమିଷఈାଶ൯

(ఈమିଷఈାଶ)௦మା(ିଶఈమା଼)௦ା(ఈమାଷఈାଶ)
                                                                                                       (3.132)  

 
Following the above truncation, the 2nd , 3rd and 4th order approximation models can also be 

found and to compared with Oustaloup’s fifth order approximation fourth, order CFE 

approximation [35] of fractional derivative 𝑠଴.ସ is only demonstrated as 

 

𝑠ఈ ≅

൫ఈరାଵ଴ఈయାଷହఈమାହ଴ఈା ൯௦రା൫ିସఈరିଶ଴ఈయାସ଴ఈమାଷଶ଴ఈାଷ଼ସ൯௦య

ା(଺ఈరିଵହ଴ఈమା଼଺ସ)௦మା

൫ିସఈరାଶ଴ఈయାସ଴ఈమିଷଶ଴ఈାଷ଼ସ൯௦ା൫ఈరିଵ଴ఈయାଷହఈమିହ଴ఈା ൯

(ఈరିଵ଴ఈయାଷହఈమିହ଴ఈା )௦రା(ିସఈరାଶ଴ఈయାସ଴ఈమିଷଶ଴ఈାଷ଼ସ)௦య

ା(଺ఈరିଵହ଴ఈమା଼଺ )௦మା

(ିସఈరିଶ଴ఈయାସ଴ఈమାଷଶ଴ఈାଷ଼ସ)௦ା(ఈరାଵ଴ఈయାଷହఈమାହ଴ఈାଶସ)

                                                               (3.133)  

 

𝑠଴.ସ ≅
ଶ଺.ଶ଺ రାହଵ଻.଴ଵ యା଼ସ଴.ଵହ మାଶ଺ଷ.ହ଼௦ା଼.ଽ଼

଼.ଽ଼௦రାଶ଺ .ହ଼ యା଼ସ଴.ଵହ௦మାହଵ଻.଴ଵ௦ାଶ .ଶ଺
                                                                                               (3.134)  

 

Now, a significant comparison between the fifth order Oustaloup approximation and the fourth 

order CFE approximation [35] is made using the phase, magnitude and step responses in Fig. 

3.26 and Fig. 3.27 respectively.  

 

 
 

Fig. 3.26. Frequency domain outputs of outsaloup 5th order approximation, CFE 4th order 
approximation and model 𝑠଴.ସ. 
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Fig. 3.27. Time domain outputs of model 𝑠଴.ସ. 
 
It is found that, compared to time domain platforms, frequency domain platforms clearly 

study the behavior of approximated rational functions for irrational functions. While a 

higher order model requires more computing time, Fig. 3.26 illustrates that a 5th order 

approximation outperforms a CFE fourth order approximation in terms of the magnitude at 

10.2 dB and phase of the original FO model. Though it is also observed that the CFE 4th 

order approximation is closer to the original model, it does not produce the desired sharp 

gain and flat magnitude output with a broad band gap. Another flaw in CFE is that it is not 

able to customize the frequency range of approximation. Therefore, it cannot be concluded 

that CFE approximation is a better method for computing fractional order processes.  

 
Further research into improved alternative versions of rational approximation that can replace 

Oustaloup and CFE techniques is also required, as lower order approximation can perform with 

more accurate approximation than higher order model with less computing time. 

 

3.4.3.3 Proposed Biquadratic Equiripple Approximation Method 
 
According to [47], the biquadratic equiripple approximation method is a more advanced and 

efficient technique for realizing FO models. Based on 2nd order CFE approximation, it is 

modified by including tuning parameters [47] to minimize error ripples around an 

operational frequency. 

 

𝑠±ఈ ≅
௖బ௦మା௖భ௦ା௖మ

௖మ௦మା௖భ௦ା௖బ
, 0 < 𝛼 ≤ 1                                                                                                                       (3.135)  

 
Where, 𝑐଴ = (𝛼ଶ + 3𝛼 + 2), 𝑐ଶ = (𝛼ଶ − 3𝛼 + 2), 𝑎𝑛𝑑 𝑐ଵ = {𝛽(1 − 𝛼ଶ) + 6}  are real 

constants. The ripple error can be changed by introducing 𝛽 both the magnitude and phase 
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outputs. The addition of 𝛽 places restrictions on the set of values that can produce more 

stable approximation. Fractional differentiator and integrator approximation are decided by 

the following conditions as demonstrated by (3.135). 

 

൜
𝑠ఈ → 0 < 𝑐ଶ < 𝑐଴

𝑠ିఈ → 0 < 𝑐଴ < 𝑐ଶ

   

 
In order to obtain more stable approximation it must choose [47] as  
 

β > 6
αଶ − 1ൗ                                                                                                                                                    (3.136)   

 
Though the value of β as 3.83 is decided to produce a stable approximation, some other 

values are also investigated as illustrated in Fig. 3.28. 

 
For approximating the same aforementioned fractional derivative model 𝑠଴.ସ, the value of 

alpha 0.4 is used to compute the required parameters to develop rational form. The 

parameters are obtained as 𝑐଴ = 3.36 𝑎𝑛𝑑 𝑐ଶ = .96 and 𝑐ଵis computed with different values 

of β as 3, 3.83 and 4 respectively as 8.52, 9.21 and 9.36. So, replacing the values of all 

parameters with different values of β (3.135) is rewritten as 

 

⎩
⎪
⎨

⎪
⎧𝑠଴.ସ =

ଷ.ଷ଺௦మା଼.ହଶ ା.ଽ଺

.ଽ଺௦మା଼.ହଶ௦ାଷ.ଷ଺

ଷ.ଷ଺௦మାଽ.ଶଵ ା.ଽ଺

.ଽ଺௦మାଽ.ଶଵ ାଷ.ଷ଺

ଷ.ଷ଺௦మାଽ.ଷ଺ ା.ଽ଺

.ଽ଺௦మାଽ.ଷ଺௦ାଷ.ଷ଺

                                                                                                                                     (3.137)  

 

 
 

Fig. 3.28. Significant study on biquadratic equiripple method on FO model 𝑠଴.ସ. 
   
Fig. 3.29 depicts that biquadratic equiripple technique gradually minimizes the maximum 

inner ripple error caused by CFE 2nd order approximation by selecting the values of β as 3.83, 
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which results in a more stable approximation of the original model with broad band gap 

frequency.  

 

 
 

Fig. 3.29. Comparative study between CFE approximation and proposed biquadratic equiripple 
approximation methods. 

 
Despite having a stable approximation, biquadratic equiripple approximation has a large 

outer ripple error in phase and also causes a very minor gain variation. Again, employing a 

lower order approximated transfer function to reduce outer ripple error with less phase 

variation and gain is a difficult operation. In order to improve the efficiency of the biquadratic 

equiripple strategy, another alternative exact phase approximation method is proposed to 

attain smooth approximation. 

 
3.4.3.4 Proposed Biquadratic Exact Phase Approximation 
 
Biquadratic approximation in (3.135) is further improved by ensuring 

 

 Flat phase response at corner frequency (𝜔௖) is 1,i,e., arg ቄ𝐺 ቀ
௦

ఠ೎
ቁቅ  =

ఈగ

ଶ
, 0 < 𝛼 < 1. 

 Exact amplitude response at ω = 10ωୡ. This can be obtained by forcingቚ𝐺 ቀ
௦

ఠ೎
ቁቚ = 10ఈ. 

So, (3.135) is rewritten with corner frequency as 
 

൫𝑠
𝜔௖ൗ ൯

ఈ
≅

௖బ௦మା௖భ௦ఠ೎ା௖మఠ೎
మ

௖మ௦మା௖భ௦ఠ೎ା௖బఠ೎
మ                                                                                                                           (3.138)  

 
For the aforementioned expression, the parameters [47] are computed as 
 

൞

𝑐଴ = (𝛼 + 1)(𝛼 + 𝑙)

𝑐ଶ = (𝛼 − 1)(𝛼 − 𝑙)

𝑐ଵ = (𝑐଴ − 𝑐ଶ) tan
(ଶିఈ)గ

ସ

                                                                                                                             (3.139)  
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The aforementioned conditions for phase and amplitude can be satisfied by the parameters 𝑐ଵ 

and 𝑙. 𝑙 is a real constant and it can be computed by [47] the following formula 

 

𝑙 = ቮ
−h−ටh

2
−4ga

2g
ቮ                                                                                                                    (3.140)  

 
Where,  
 

g = [200 ቀα tan
(ଶିఈ)గ

ସ
ቁ

ଶ

+ (100α)ଶ + 99ଶ](1 − 10ଶ஑) + 19998α(1 + 10ଶ஑)                             (3.141)  
 

h = [600 ቀα tan
(ଶିఈ)గ

ସ
ቁ

ଶ

+ (100α)ଶ + 99ଶ](1 − 10ଶ஑) + 19998α(1 + 10ଶ஑)                            (3.142)  
 

a = 200[ቀα tan
(ଶିఈ)గ

ସ
ቁ

ଶ

+ 980αସ + 12000α](1 − 10ଶ஑) + 19998αଷ(1 + 10ଶ஑)                       (3.143)  
  

Now, the value of 𝑙 4.3852 is obtained by replacing the aforementioned values in (3.140) by 

0.4. Consequently, 𝑐଴, 𝑐ଶ 𝑎𝑛𝑑 𝑐ଵ are calculated as 9.025, 3.545, and 16.88 respectively using 

the value of 𝑙. The influence of the modified biquadratic approximation technique—the precise 

phase approximation method—is now contrasted with the biquadratic equiripple 

approximation approach, as shown in Fig. 3.30. It displays a precise, steady phase 

approximation of 𝜋
5ൗ  at 𝜔௖ . 

 
 

Fig. 3.30. Impact of modified biquadratic equiripple approximation method. 
 
 

Consequently, it is shown in Fig. 3.31 that the modified biquadratic exact phase 

approximation approach entirely eliminates ripple on phase response and establishes no 

fluctuation, in contrast to the Oustaloup and CFE approximation methods. This establishes 
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that modified biquadratic exact phase lower order approximation is superior to higher order 

oustaloup approximation methods for approximating fractional order model.   

 
 

Fig. 3.31. Comprehensive analysis of the modified biquadratic equiripple precise phase method's 
performance. 

.   
However, it produces a tiny frequency band gap and Research is still in progress to find ways 

to make the performance even better with a larger frequency gap.    

 
3.5 Summary 
 
This chapter explores a significant application of fractional calculus with various fractional 

orders for a specific function in order to demonstrate its benefits over integer order calculus. 

With the use of FO differentiation and integration techniques, the deeper properties of a 

given function are investigated. With analytical and graphical representations, various 

fractional calculus techniques are proposed along with their applications to various 

functions. Using the FOMCON toolbox, a simple application of the Outsaloup recursive 

filter approximation, an indirect approximation technique, is explained for a typical second 

order plus delay time based model. Later, analytical solutions for several direct and indirect 

fractional order approximation strategies are put forth, and their significance in comparison 

to a toolkit is also explained unambiguously. A comparative analysis with some existing 

indirect approximations with lower and higher orders is investigated on a specific fractional 

order model under frequency domains in detail, along with an explanation of the advantages 

of the indirect method over the direct method. Using those techniques, ripples or 

oscillations are found. In order to investigate the performance in phase and magnitude in 

comparison with other methods such as Oustaloup or CFE techniques, a novel indirect 

approximation method known as modified biquadratic equiripple approximation method is 

recommended. This method appears at the smooth and flat response of gain or phase. 
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Therefore, this suggested method outperforms the alternatives and more gracefully 

approximates the model with a waveform that has sharp gain and a flat phase. Consequently, 

in our current research, the entire set of proposed fractional order control techniques makes use 

of this recommended technique to approximate various fractional orders.  
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CHAPTER  4 

 
 

  
Fractional Order Standalone and Augmented Control Strategies for 

Inverted Pendulum 
 
 
 
4.1 Introduction 
 
Since nonlinear systems make up the majority of real-world practical models, adaptive 

identification and control for these models are active study fields. Feedback linearization 

techniques [1] are among the innovative adaptive control of nonlinear models’ methods that 

are made possible. MRAC technique delivers a different solution for the nonlinear controller 

layout, which is an effective way for regulating the models with unpredictable variable and 

unmodeled errors by means of adaptive learning to account for the models' characteristic 

variations. A MRAC typically consists of three components: a reference model to generate 

the ideal signals, an identifier to figure out the system, and a controller to build the control 

rule using the identifier's data. However, the system's nonlinearity does not greatly profit from 

it, which has motivated of this chapter to find effective technique for unstable systems. The 

controller in the traditional MRAC rule is created to achieve the system response convergence 

to the ideal model output under the presumption that the system can be linearized. The 

technique is therefore successful in regulating a linear system with unpredictable variables, 

but it may not always be successful in controlling an unstable model with uncertain behaviors. 

It is clear from the literature review in chapter 2 that direct combination techniques, like 

MRAC-PID/FOPID [2–5], were reported by many experts who used the trial-and-error 

method or other optimization techniques to stabilize the under-actuated unstable model as an 

inverted pendulum towards its upright position. However, rather than relying on the 

Lyapunov stability rule of MRAC for the use of CSTR or inverted pendulum, the 

Massachusetts Institute of Technology (MIT) rule and its combination with fuzzy logic 

controller or sliding mode controller were primarily used. However, there is still no 

information available on the stability recovery method using a single MRAC based on MIT 

rule that is proposed in this chapter.  

 
A linear proportional-derivative (PD)-like controller is employed with the MRAC-MIT tuning 

rule as a reliable solution for both of the nonlinear systems to assure the robustness of the 
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closed loop system. Moreover, the importance of MRAC-based Lyapunov stability rule over 

modified MIT rule is emphasized in this chapter, and the performance of stability is also 

tested by using linear PD controller with MRAC-Lyapunov rule. In addition to the 

conventional methods, the use of fractional order -based control techniques to stabilize these 

unstable systems and achieve acceptable closed-loop performances is growing in popularity. 

This is because it is very difficult to control an inverted pendulum system because of its 

upright posture, which is an unstable equilibrium. The key contribution of this research is the 

conversion of the traditional MRAC’s MIT and Lyapunov stability rules into fractional order 

rules after developing the aforementioned technique with the use of PD controller. This 

chapter includes a brief discussion of mathematical modelling of traditional and fractional 

order control rules. Compared to PID controller design for unity feedback systems, there are 

comparatively fewer studies on multi-loop control structures. Multi-loop control techniques 

perform [6-7] somehow better than traditional single-loop control for processes that are 

unstable.  

 
On fractional order dual-loop control techniques, there is a dearth of literature. Therefore, by 

adopting FO controllers, the closed-loop behaviors of the prevalent dual-loop control 

techniques on particular aforementioned unstable systems are yet to be explored. The 

effectiveness of fractional order based MRAC control rules compared to standard MRAC 

rules is examined in this chapter for the application of the inverted pendulum process. In 

addition to unity feedback schemes, a novel augmented version of MRAC rules with various 

controllers is also proposed. Even though the MRAC method is popular for handling noise, the 

unity feedback scheme may not always produce the desired results when there is noise and 

disturbance. On unstable processes, it can occasionally become involved in significant 

problems handling set-point and noise simultaneously. In order to fix this issue, an enhanced 

technique is proposed. 1 DOF FOPI, and 2 DOF FOPI control schemes are proposed to be 

augmented with FOMRAC rules. These are all intended to investigate the robust closed loop 

performance over unity feedback schemes. The main focus of the inquiry is on extensive 

simulation techniques to explore the efficacy of proposed control schemes. Quantitative 

analysis of all proposed approaches is conducted. Lower value of integral errors and total 

variation in control efforts is preferable. 

 
4.2 Model Reference Adaptive Control (MRAC) 
 
There are two different types of control systems utilized in engineering: conventional 

feedback control and adaptive control. Traditional feedback control systems are developed 

to reject the impact of disturbances on the controlled variables and return them to the target 

levels in accordance with a specific performance index. Contrarily, adaptive control systems 
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offer a systematic method [8] for automatic controller modification in real time to preserve 

a desired degree of efficacy when the parameter values of the plant dynamic model are 

unknown or change over time. The effectiveness is determined by the following factors: 

 
 The required control loop performances should be specified. 

 
 The controllable plant's dynamic architecture should be identified. 

 
 A reliable controller design approach should be possessed that enables relevant plant 

model to behave as planned. 

 
 Modelling of real-world systems is never without its uncertainties. Therefore, using the 

appropriate knowledge of the system, adaptation can lessen the uncertainties. 

 
4.2.1 Description 
 
When there are disruptions in the parameters, the system’s performance is tracked by an 

adaptive control system [9] that includes a supplemental loop acting on the controller's 

adjustable parameters along with a feedback control with adjustable parameters. There are 

two loops in it. While the process must adhere to the ideal reference model in the external 

loop, the standard feedback process is found in the inner loop. To obtain the re-tuned 

control settings, the outputs of the process or plant (𝑦) and the model (𝑦ெ) are contrasted, 

and the error function (𝑒) is minimized using an appropriate optimization method [9] as 

illustrated in Fig. 4.1. 

  
 

Fig. 4.1. Basic MRAC architecture. 
 
The ideal model, which comprises of a realistic closed-loop description of how the process 

should react to a set-point alteration, is a critical part of the MRAC scheme. The reference 

model output is contrasted to the real process outcome, and the measured error is utilized to 

guide some adaptation strategy that triggers the controller settings to be manipulated in order 

to diminish error to zero. The adoption technique could be a control variable optimization 

method that diminishes the error metrics such as ISE, IAE etc. This is an adaptive control 
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strategy in which the performance specifications are expressed as a model. The model depicts 

the process's optimum reaction to a command input (𝑢) as again illustrated in Fig. 4.2. 

 

 
 

Fig. 4.2. Overview of adaptation strategy. 
 
In an MRAC, there are two approaches for altering system parameters. In the next sections, 

each method's traditional and its transition into fractional technique formulation is addressed 

briefly. 

 
4.2.2 Massachusetts Institute of Technology (MIT) Rule  
 
Let e be the error between the ideal model and actual process outputs. Cost function [10] is 

set as 

 

𝐽(𝜃) =
ଵ

ଶ
 𝑒ଶ                                                                                                                                                           (4.1)  

 
Where, θ is vector of the controller, which must be influenced. To reduce J, it is fair to 

modify the parameters in the direction of J′s negative gradient as 

 
ௗఏ

ௗ௧
= −𝛾

ௗ௃

ௗఏ
= −𝛾𝑒

ௗ௘

ௗఏ
                                                                                                                                         (4.2)  

 
This is known as gradient method of MIT rule.  

The term 
ௗ௘

ௗఏ
 is known as sensitivity derivative. It is thought to be a slower response to 

parameter changes than the other elements in the system. Then the sensitivity derivative can 

be computed by considering θ  as a constant. However, if the controller's vector is 

undiscovered, the control scheme cannot be formulated; therefore, direct or indirect adaptive 

schemes, as discussed in chapter 2, aid in establishing an absolute identical strategy to replace 

the undiscovered element in the control rule with its estimated outcome. The MIT rule of the 

MRAC controller serves as the basic framework for direct adaptive control. In this scenario, 

the tracking target is stated with regard to rise time and peak overshoot; for a step input, it can 
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also be defined as the input-output characteristics of a transfer function. The controller is 

developed in such a way that the closed loop system has the required dynamic system 

behaviors for a real plant. As a result, the direct adaptive scheme is based on the fact that the 

disparity between the outcomes of the plant and the ideal model (referred to as plant-model 

error) is a function of the difference between the actual and desired performances. As shown 

in Fig. 4.1.a, the adaptation mechanism (later referred to as the parameter adaptation method) 

uses this data, together with additional data, to directly alter the controller's settings in real 

time in order to compel the process-model error to zero asymptotically. Now, using 

Figs.4.1.(a) and (b), feedforward adaptive gain (also known as an open loop scheme), and 

feedback-feedforward scheme with transformation into fractional order schemes are covered 

in the next sections.  

 
4.2.2.1 Traditional Adaptation Scheme of Feedforward Gain  
 
Let the actual plant or process be defined [9] as  

 
𝑌(𝑠) = 𝑐𝐺(𝑠)                                                                                                                                                         (4.3)   
 
Where, G(s)  is known but c  is an unknown parameter. Now a feedforward control 

scheme is designed to yield a desired outcome as 

 
𝑌ெ(𝑠) = 𝑐ᇱ𝐺(𝑠)𝑈௖(𝑠)                                                                                                                                         (4.4)  

 
The controller is defined as  
 
𝑢(𝑡) = 𝜃𝑢௖                                                                                                                                                             (4.5)  

 
Applying Laplace transforms into (4.5) it is rewritten as 
 
𝑈(𝑠) = 𝜃 𝑈௖(𝑠)                                                                                                                                                     (4.6)  
 
So, using (4.6) the actual process is defined as 
 
𝑦(𝑠) = 𝑐𝐺(𝑠)𝜃𝑈௖(𝑠)                                                                                                                                           (4.7)  
 

(4.6) provides the accurate 𝑦ெ(𝑠) if 𝜃 = 𝑐ᇱ

𝑐ൗ . 
 
Now, the error function is defined as 
 
𝑒(𝑡) = 𝑦(𝑡) − 𝑦ெ(𝑡)                                                                                                                                            (4.8)  
 
(4.8) is rewritten with Laplace transform as 
 
𝐸(𝑠) = 𝑐𝐺(𝑠)𝜃𝑈௖(𝑠) − 𝑐ᇱ𝐺(𝑠)𝑈௖(𝑠)                                                                                                              (4.9)  
 
Therefore, sensitivity derivative is computed as  
 
ௗ௘

ௗఏ
=

ௗா(௦)

ௗఏ
= 𝑐𝐺(𝑠)𝑈௖(𝑠)                                                                                                                                  (4.10)  
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Now, (4.10) is modified as 
 
ௗ௘

ௗఏ
=

ௗா(௦)

ௗఏ
=

௖

௖ᇲ  𝑌ெ                                                                                                                                               (4.11)  
 
Now, assuming c and 𝑐ᇱ as constants and applying MIT rule in (4.2) it is formulated as 
 
ௗఏ

ௗ௧
= −𝛾𝑒𝑌ெ                                                                                                                                                        (4.12)  

 
𝜃 = −

ఊ

௦
𝑒𝑌ெ                                                                                                                                                         (4.13)  

 
The aforementioned process is referred to as the classic MIT rule of the MRAC scheme. First 

order, conventional MIT rule is defined clearly, and turning this rule into a fractional order 

scheme is given utmost priority in this chapter because it is crucial to investigate the behavior 

of an actual plant or process in greater depth in order to match the behaviour of the ideal 

model with more dependable and adaptable operation. 

 
4.2.2.2 Proposed Fractional Adaptation Scheme of Feedforward Gain 
 
The traditional MIT rules of the MRAC scheme are simply modified as 
 
ௗഀఏ

ௗ௧ഀ = −𝛾𝑒𝑌ெ                                                                                                                                                       (4.14)  
 
𝜃 = −

ఊ

௦ഀ 𝑒𝑌ெ                                                                                                                                                        (4.15)  
 
The FOMIT rule of the MRAC scheme refers to the aforementioned differ-integral equation. 

The rational indirect solo approximation is used to solve the fractional integral operator 
ଵ

௦ഀ in 

(4.15) by using a biquadratic exact phase approximation methodology. The details of the 

analytical method are already provided in chapter 3. So, following (3.138) and (3.139) the 

adaptive gain method is modified as  

 

𝜃 = −𝛾
௖మ௦మା௖భ௦ఠ೎ା௖బఠ೎

మ

௖బ௦మା௖భ௦ఠ೎ା௖మఠ೎
మ 𝑒𝑌ெ                                                                                                                            (4.16)  

 

𝜃 = −𝛾 
(ఈିଵ)(ఈି௟)௦మା(௖బି௖మ) ௧௔௡

(మషഀ)ഏ

ర
௦ା(ఈାଵ)(ఈା௟)

(ఈାଵ)(ఈା௟)௦మା(௖బି௖మ) ௧௔௡
(మషഀ)ഏ

ర
௦ା(ఈିଵ)(ఈି௟)

 𝑒 𝑌ெ ,ఠ೎ୀଵ                                                                    (4.17)  

 
The aforementioned modified representation is referred to as the MRAC scheme's FOMIT 

rule. The open loop adaptive control strategies are shown in Fig. 4.3 and Fig. 4.4 by the 

obtained rules. 
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Fig. 4.3. Traditional adaptive feedforward scheme. 
 

 
 

Fig. 4.4. Proposed fractional adaptive feedforward scheme. 
 
Despite the fact that the aforementioned feedforward adaptive methods make it simple to 

control the process' transient behavior and steady state error, there are a few drawbacks [8-9] 

to employing the feedforward scheme that are stated as 

 
 The system may not be stable (it may fluctuate or deviate substantially from the 

anticipated output), despite the same open-loop system being stable. 

 
 To compare two states, an error detector is required. 

 
 A change in an output will impact a system input. 

 
In order to examine a robust solution for the process or plant, feedback strategy is therefore 

required in addition to the feedforward scheme as illustrated in Fig. 4.5. 
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Fig. 4.5. Overview of feedback-feedforward control strategy. 
 

Although there are closed loop schemes for only first order processes accessible in the 

literature [11], using closed loop MIT rule schemes to second order processes opens up new 

opportunities to examine control action. In order to create the closed loop conventional and 

fractional order MIT rules of the MRAC control scheme, second order model and plant are 

identified directly in accordance with the aforementioned real-time applications. 

 
4.2.2.3 Closed Loop Traditional MIT Rule Formulation 
 
Let the second order, actual plant or process is defined as  
 
𝐺௣ =

௣

௤భ௦మା௤మ௦ା௤య
                                                                                                                                                (4.18)  

 
A new version of the controller in (4.5) is constructed based on closed loop feedback 

technology as 

 
𝑢 = 𝜃ଵ𝑢௖ − 𝜃ଶ𝑌                                                                                                                                                  (4.19)  
 
An error function between actual process and reference model is modified using (4.4) and (4.6) 

as 

 
𝑒 = 𝑌 − 𝑌ெ                                                                                                                                                           (4.20)  
 
𝑒 = 𝐺௣𝑢 − 𝐺௠𝑢௖                                                                                                                                                 (4.21)  
 
𝑌 = 𝐺௣𝑢                                                                                                                                                                (4.22)  
 
Using (4.18) and (4.19) in (4.22) it is shown as 
 
𝑌 =

௣

௤భ௦మା௤మ௦ା௤య
  (𝜃ଵ𝑢௖ − 𝜃ଶ𝑌)                                                                                                                       (4.23)  

 
𝑌 =

𝑝

𝑞1𝑠2+𝑞2𝑠+𝑞3

 𝜃1𝑢𝑐  −
𝑝

𝑞1𝑠2+𝑞2𝑠+𝑞3

 𝜃2𝑌                                                                                                    (4.24)  
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𝑌 +
௣

௤భ௦మା௤మ௦ା௤య
 𝜃ଶ𝑌 =

௣

௤భ௦మା௤మ௦ା௤య
 𝜃ଵ𝑢௖                                                                                                      (4.25)  

 
𝑌(𝑞ଵ𝑠ଶ + 𝑞ଶ𝑠 + 𝑞ଷ) + 𝑝 𝜃ଶ𝑌 =  𝑝 𝜃ଵ𝑢௖                                                                                                       (4.26)  
 

𝑌 =
௣ ఏభ

௤భ௦మା௤మ௦ା௤యା௣ ఏమ
 𝑢௖                                                                                                                                   (4.27)  

 
Now, substituting (4.27) in (4.21) it is rewritten as 
 

𝑒 =  
௣ ఏభ

௤భ௦మା௤మ௦ା௤యା௣ ఏమ
 𝑢௖  − 𝐺௠𝑢௖                                                                                                                  (4.28)  

 
Now, the modified sensitivity derivatives are computed as 
 
ௗ௘

ௗఏభ
 =

௣ 

௤భ௦మା௤మ௦ା௤యା௣ ఏమ
 𝑢௖                                                                                                                                 (4.29)  

 
ௗ௘

ௗఏమ
 =  −

௣మ  ஘భ 

(௤భ௦మା௤మ௦ା௤యା௣ ஘మ)మ  𝑢௖                                                                                                                       (4.30)  

 
Substituting (4.27) in (4.30) it is rewritten as 
 

ௗ௘

ௗఏమ
 =  − 

௣ 

௤భ௦మା௤మ௦ା௤యା௣ ఏమ
 𝑌                                                                                                                           (4.31)  

 
If the reference model is reasonably close to the real process or facility, it can be roughly 

approximated as   

 
𝑞ଵ𝑠ଶ + 𝑞ଶ𝑠 + 𝑞ଷ + 𝑝 𝜃ଶ  ≅  𝑞௠భ

𝑠ଶ + 𝑞௠మ
𝑠 + 𝑞௠య

                                                                                     (4.32)  
 
The sensitivity derivatives are now reorganized in relation to the ideal model as 
 

ௗ௘

ௗఏభ
 =

௣೘ 

௤೘భ௦మା௤೘మ௦ା௤೘య

 𝑢௖                                                                                                                                 (4.33)  

 
ௗ௘

ௗఏమ
 =  − 

௣೘ 

௤೘భ௦మା௤೘మ௦ା௤೘య

 𝑌                                                                                                                            (4.34)  

 
Now, the modified traditional adaptive gain mechanism in (4.2) using the gradient approach is 

achieved as  

 
ௗఏభ

ௗ௧
 = −𝛾 ᇱ  

ௗ௘

ௗఏభ
 𝑒                                                                                                                                                (4.35)  

 
ௗఏమ

ௗ௧
 = −𝛾 ᇱ  

ௗ௘

ௗఏమ
 𝑒                                                                                                                                                (4.36)  

 
ௗఏభ

ௗ௧
 =  −𝛾 ൬

௤೘మ௦ା௤೘య

௤೘భ௦మା௤೘మ௦ା௤೘య

𝑢௖൰  𝑒                                                                                                                 (4.37)  

 
ௗఏమ

ௗ௧
 =  𝛾 ൬

୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

𝑌൰  𝑒                                                                                                                      (4.38)  

 

Where, 𝛾 =
ఊᇲ ௣

୯ౣమୱା୯ౣయ

 

 

𝜃ଵ = −
ఊ

௦
൬

୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

uୡ൰  𝑒                                                                                                                    (4.39)  
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𝜃ଶ =
ఊ

௦
൬

୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

𝑌൰  𝑒                                                                                                                         (4.40)  

 
The traditional modified MIT rule is now proposed into a closed loop FO scheme, as detailed in 

the section below. 

 
4.2.2.4 Closed Loop Proposed Fractional Order MIT Rule Formulation 
 
By utilizing (4.37) and (4.38) as the starting point, the traditional modified MIT rule is 

converted into a fractional order rule as 

 
ௗഀఏభ

ௗ௧ഀ  =  −𝛾 ൬
௤೘మ௦ା௤೘య

௤೘భ௦మା௤೘మ௦ା௤೘య

𝑢௖൰  𝑒                                                                                                               (4.41)  

 
ௗഀఏమ

ௗ௧ഀ  =  𝛾 ൬
୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

𝑌൰  𝑒                                                                                                                    (4.42)  

 
So, from (4.41) and (4.42) 𝜃ଵ and 𝜃ଶ are obtained as 
 

𝜃ଵ = −
ఊ

௦ഀ
൬

୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

uୡ൰  𝑒                                                                                                                  (4.43)  

 

𝜃ଶ =
ఊ

௦ഀ
൬

୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

𝑌൰  𝑒                                                                                                                       (4.44)  

 
With the assistance of (3.138) and (3.139), the aforementioned fractional order adaptive 

mechanisms are now updated as follows: 

 

𝜃ଵ =  −𝛾 ቈ
(ఈିଵ)(ఈି௟)௦మା(௖బି௖మ) ୲ୟ୬

(మషഀ)ഏ

ర
௦ା(ఈାଵ)(ఈା௟)

(ఈାଵ)(ఈା௟)௦మା(௖బି௖మ) ୲ୟ୬
(మషഀ)ഏ

ర
௦ା(ఈିଵ)(ఈି௟)

቉ ൬
୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

uୡ൰  𝑒                                      (4.45)  

 

𝜃ଶ =  𝛾 ቈ
(ఈିଵ)(ఈି௟)௦మା(௖బି௖మ) ୲ୟ୬

(మషഀ)ഏ

ర
௦ା(ఈାଵ)(ఈା௟)

(ఈାଵ)(ఈା௟)௦మା(௖బି௖మ) ୲ୟ୬
(మషഀ)ഏ

ర
௦ା(ఈିଵ)(ఈି௟)

቉ ൬
୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

𝑌൰  𝑒                                          (4.46)   

 
The closed loop traditional and fractional order MIT rules are illustrated in Fig. 4.6 and 

Fig.4.7. 
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Fig. 4.6. Closed loop traditional MIT rule architecture. 
 

 
 

Fig. 4.7. Closed loop proposed fractional order MIT rule architecture. 
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The control rule is now modified to further strengthen the aforementioned traditional and 

fractional order feedback MIT rules because MIT rules do not always guarantee stability in 

unstable systems. The following section discusses the updated version of the MIT rules. 

 
4.2.2.5 Modified proposed Fractional Order MIT Rule Formulation 
 
The controller in (4.5) is proposed by integrating with the Proportional-derivative (PD) 

control scheme as 

 
𝑢(𝑡) = 𝜃𝑢௖൫𝐾௣ + 𝐾ௗ𝑠൯                                                                                                                                     (4.47)  
 
For the purpose of modifying the control law, the PD controller [12] is preferred over the PID 

controller because it has the potential to improve damping and overshoot, and diminish 

high-frequency noise. As a follow-up to the closed loop MIT rule, the control law in [4.19] is 

once more proposed as  

 
𝑢(𝑡) = 𝜃ଵ𝑢௖൫𝐾𝑝 + 𝐾𝑑𝑠൯ − 𝜃ଶ𝑌                                                                                                                   (4.48)  
 
The traditional law is revised as a result of the aforementioned method, 
 

𝜃ଵ = −
ఊ

௦
൬

௤೘మ௦ା௤೘య

௤೘భ௦మା௤೘మ௦ା௤೘య

𝑢௖ൣ𝐾𝑝 + 𝐾𝑑𝑠൧൰                                                                                               (4.49)  

 

𝜃ଶ =
ఊ

௦
൬

୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

𝑌൰  𝑒                                                                                                                         (4.50)  

 
Similar to this, the fractional order law is modified as 
 

𝜃ଵ = −
ఊ

௦ഀ ൬
௤೘మ௦ା௤೘య

௤೘భ௦మା௤೘మ௦ା௤೘య

𝑢௖ൣ𝐾𝑝 + 𝐾𝑑𝑠൧൰  𝑒                                                                                          (4.51)  

 

𝜃ଶ =
ఊ

௦ഀ ൬
௤೘మ௦ା௤೘య

௤೘భ௦మା௤೘మ௦ା௤೘య

𝑌൰  𝑒                                                                                                                        (4.52)  

 
 
The closed loop fractional order MIT rule structure is updated as per the determined rules. 
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Fig. 4.8. Closed loop updated Fractional order MIT rule architecture. 
 
If 𝛼 is taken to be 1 in the structure above, it will be converted to the standard MIT rule. The 

aforementioned scheme is employed to investigate the performance of the inverted pendulum 

and CSTR. The significant application of the FOMIT rules is discussed in section 4.5. To attain 

a more stable result of the system, investigation is further carried out with the Lyapunov 

stability rule which modifies the MIT rule architecture with a simpler structure and aids to 

enhance stability by choosing appropriate Lyapunov function. 

 
4.2.3 Lyapunov Stability Rule 
 
Lyapunov stability theory [13–15] was approached as a robust method of revamping the 

adaptive scheme to ensure system stability. The modified laws are identical to the MIT rule, 

except instead of sensitivity functions, they use additional functions that are covered in the 

following sections.  

 
Definition I: The result p(t) = 0  is stable if given ρ > 0  there remains a number 

δ(ρ) > 0 such that all solutions with initial circumstances  

 
‖𝑝(0)‖ < 𝛿 have the property ‖𝑝(𝑡)‖ < 𝜌 for 0 ≤ 𝑡 < ∞. 
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Definition II: An ever-differentiable function V: Z୬  → Z is defined as positive definite in a 

region U ⊂  Z୬ including the origin if  

 
 𝑉(0) = 0 
 
 𝑉(𝑝) > 0, 𝑝 ∈ 𝑈, 𝑥 ≠ 0 
 

If V(p) ≥ 0 then it is known as positive semidefinite. 

 
Theorem I If there exists a function V: Z୬ →  Z that is positive definite such that 

 
ௗ௏

ௗ௧
=

ௗ௏೅

ௗ௣
 
ௗ௣

ௗ௧
 =

ௗ௏೅

ௗ௫
 𝑓(𝑝) = −𝐾(𝑝), represents negative semidefinite, then result p(t) =

0 is stable.  

 

Furthermore, the finding is asymptotically stable if 
ௗ௏

ௗ௧
 is negative definite.  

  
4.2.3.1 Proposed Fractional Adaptation Feedforward Gain  
 
The actual process, reference model, and controller are identified as follows, adopting the 

aforementioned Lyapunov stability scheme: 

  
𝑌̇ (𝑡) = −𝑏𝑌 + 𝑙𝑢                                                                                                                                              (4.53)  
 

𝑌௠̇ (𝑡) = −𝑏𝑌ெ + 𝑙ᇱ𝑢௖                                                                                                                                       (4.54)  

 

𝑌̇(ఈ)(𝑡) = −𝑏𝑌 + 𝑙𝑢                                                                                                                                          (4.55)  

 

𝑌̇ெ
(ఈ)

(𝑡) = −𝑏𝑌ெ + 𝑙ᇱ𝑢௖                                                                                                                                    (4.56)  
 
𝑢(𝑡) = 𝜃 𝑢௖                                                                                                                                                          (4.57)  
 
Same error function between actual process and ideal model is introduced as 
 
𝑒(𝑡) = 𝑌(𝑡) − 𝑌ெ(𝑡)                                                                                                                                         (4.58)  
 

First order of derivatives is applied as follows: (4.58) as 
 
𝑒̇ (𝑡) = 𝑌̇ (𝑡) − 𝑌௠̇  (𝑡)                                                                                                                                      (4.59)  
 
Fractional order derivative is proposed as follows: (4.59) as 
 

𝑒̇(ఈ)(𝑡) = 𝑌̇(ఈ)(𝑡) − 𝑌̇ெ
(ఈ)

(𝑡)                                                                                                                            (4.60)   

 

Using (4.55-4.57) in (4.60) it is determined that 
 

𝑒̇(ఈ)(𝑡) = −𝑏𝑒 + 𝑢௖(𝑙𝜃 − 𝑙ᇱ)                                                                                                                          (4.61)  
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Now, to reduce the output error to zero, a common Lyapunov function 𝑉(𝑝) is suggested 

with the error function and controller vector using the following expression: 

𝑉(𝑒, 𝜃) =
ଵ

ଶ
𝛾𝑒ଶ +

௟

ଶ
𝑙 ቀ𝜃 −

௟ᇲ

௟
ቁ

ଶ

                                                                                                                       (4.62)  

 

The Lyapunov function's fractional order derivative is now defined as 
 

𝑉̇(ఈ)(𝑡) = 𝛾𝑒[−𝑏𝑒 + 𝑢௖(𝑙𝜃 − 𝑙ᇱ)] + 𝑙 ቀ𝜃 −
௟ᇲ

௟
ቁ

ௗഀఏ

ௗ௧ഀ                                                                                    (4.63)  

 

𝑉̇ఈ (𝑡) = −𝛾𝑏𝑒ଶ + 𝛾𝑒𝑢௖𝑙 ቀ𝜃 −
௟ᇲ

௟
ቁ + 𝑙 ቀ𝜃 −

௟ᇲ

௟
ቁ

ௗഀఏ

ௗ௧ഀ                                                                                   (4.64)  

 

𝑉̇ఈ (𝑡) = −𝛾𝑏𝑒ଶ + 𝑙 ቀ𝜃 −
௟ᇲ

௟
ቁ ቀ𝛾𝑒𝑢௖ +

ௗഀఏ

ௗ௧ഀ ቁ                                                                                               (4.65)  

 

𝑉̇ఈ(𝑡) < 0,  satisfies Theorem I which shows stability of the system. Now, from (4.62), 

fractional feedforward adaptive gain scheme is established following the aforementioned 

definitions in 4.2.3 as 

 

𝛾𝑒𝑢௖ +
ௗഀఏ

ௗ௧ഀ = 0                                                                                                                                                  (4.66)  

 
ௗഀఏ

ௗ௧ഀ = −𝛾𝑒𝑢௖                                                                                                                                                        (4.67)  

 

𝜃 = −
ఊ

௦ഀ 𝑒𝑢௖                                                                                                                                                                                                         (4.68)  

 
As previously discussed in earlier sections, rational approximation is now used to present the 

feedforward gain as  

 

𝜃 = −𝛾 
(ఈିଵ)(ఈି௟)௦మା(௖బି௖మ) ௧௔௡

(మషഀ)ഏ

ర
௦ା(ఈାଵ)(ఈା௟)

(ఈାଵ)(ఈା௟)௦మା(௖బି௖మ) ௧௔௡
(మషഀ)ഏ

ర
௦ା(ఈିଵ)(ఈି௟)

 𝑒 𝑢௖                                                                               (4.69)  

 

So, the fractional order feedforward adaptive gain structure is modified as per determined 
rule. 
 

 
 

Fig. 4.9. Proposed fractional adaptive feedforward scheme using Lyapunov stability rule. 
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4.2.3.2 Closed Loop Modified Fractional Order Lyapunov Stability Rule 
 

To design FOLY rule, the second order plant and ideal model are adopted as follows: 

 
𝑑ଶ𝑌(𝑡)

𝑑𝑡ଶ
= −𝑎

𝑑𝑌(𝑡)

𝑑𝑡
− 𝑏𝑌(𝑡) + 𝑏𝑢(𝑡)                                                                                                          (4.70) 

 
𝑑ଶ𝑌ெ(𝑡)

𝑑𝑡ଶ
= −𝑎௠

𝑑𝑌ெ(𝑡)

𝑑𝑡
− 𝑏௠𝑌ெ(𝑡) + 𝑏௠𝑢(𝑡)                                                                                          (4.71) 

 
The first-order plant and model are adopted as given below: 

 
𝑑𝑌(𝑡)

𝑑𝑡
= −𝑎𝑌(𝑡) + 𝑏𝑢(𝑡)                                                                                                                                (4.72) 

 
𝑑𝑌ெ(𝑡)

𝑑𝑡
= −𝑎௠𝑌ெ(𝑡) + 𝑏௠𝑢(𝑡)                                                                                                                     (4.73) 

 
The second order derivative is applied as follows: (4.58) as 
 
𝑒̈(𝑡) = 𝑌̈(𝑡) −    𝑌ெ

̈ (𝑡)                                                                                                                                      (4.74)          
 
Following (4.70 - 4.74) second order derivative of error function is formulated as 
 

 
ௗమ௘

ௗ௧మ = 𝑎ଶ𝑌 − 𝑎𝑏𝑢 − 𝑏𝑌 + 𝑏𝑢 + 𝑎௠
ଶ 𝑌 − 𝑎௠

ଶ 𝑒 − 𝑎௠𝑏௠𝑢௖ − 𝑏௠𝑌 + 𝑏௠𝑒 + 𝑏௠𝑢௖                                 (4.75)  

 
𝑒̈(𝑡) = −𝑒(𝑎௠

ଶ − 𝑏௠) + 𝑌௣(𝑎𝑏𝜃ଶ − 𝑏 − 𝑏𝜃ଶ + 𝑎௠
ଶ − 𝑏௠) − 𝑢௖(𝑎𝑏𝜃ଵ − 𝑏𝜃ଵ + 𝑎௠𝑏௠ − 𝑏௠)       (4.76)  

 
Now, an appropriate Lyapunov quadratic function is selected as 
 

𝑉(𝑡) =
ଵ

ଶ
ቀ𝑒ଷ +

ଵ

ఒ(௔௕ି௕)
[(𝑎𝑏 − 𝑏)𝜃ଶ + 𝑎௠

ଶ − 𝑏 − 𝑏௠]ଶ +
ଵ

ఒ(௔௕ି௕)
[(𝑎𝑏 − 𝑏)𝜃ଵ + 𝑎௠𝑏௠ − 𝑏௠]ଶ ቁ  (4.77) 

 
Now, closed loop conventional Lyapunov rule is expressed using (4.77) as follows 
 
𝑉(𝑡)̇ = −1.5𝑒ଶ(𝑎௠

ଶ − 𝑏௠) +
ଷ

ଶఊ
[(𝑎𝑏 − 𝑏)𝜃ଶ + 𝑎௠

ଶ − 𝑏 − 𝑏௠] ቀ
ଶ

ଷ

ௗఏమ

ௗ௧
+ 𝑒𝑌௣𝛾ቁ +

ଷ

ଶఊ
[(𝑎𝑏 − 𝑏)𝜃ଵ + 𝑎௠𝑏௠ − 𝑏௠] ቀ

ଶ

ଷ

ௗఏభ

ௗ௧
+

𝑒𝑢௖𝛾ቁ                                                                                                                                                                                                                  (4.78)                                                                                      

 
Following (4.78) closed loop fractional Lyapunov rule is established as 
 
 𝑉ఈ̇(𝑡) = −1.5𝑒ଶ(𝑎௠

ଶ − 𝑏௠) +
ଷ

ଶఊ
[(𝑎𝑏 − 𝑏)𝜃ଶ + 𝑎௠

ଶ − 𝑏 − 𝑏௠] ቀ
ଶ

ଷ

ௗഀఏమ

ௗ௧ഀ
+ 𝑒𝑦௣𝛾ቁ +

ଷ

ଶఊ
[(𝑎𝑏 − 𝑏)𝜃ଵ + 𝑎௠𝑏௠ − 𝑏௠] ቀ

ଶ

ଷ

ௗഀఏభ

ௗ௧ഀ
+ 𝑒𝑢௖𝛾ቁ (4.79)  

 

𝑉̇ఈ(𝑡) < 0,  Satisfies Theorem I which shows stability of the system. 
 
Now, the fractional adaptation law is established as 
 

𝜃ଶ = −1.5𝑒
𝛾

𝑠ఈ
𝑌௣                                                                                                                                               (4.80) 

 

𝜃ଵ = 1.5𝑒
𝛾

𝑠ఈ
𝑢௖                                                                                                                                                    (4.81) 

 

Now, applying biquadratic equiripple approximation the aforementioned laws are obtained as 

follows 
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𝜃ଶ = −1.5 𝑒 𝛾 
(ఈିଵ)(ఈି௟)௦మା(௖బି௖మ) ୲ୟ୬

(మషഀ)ഏ

ర
௦ା(ఈାଵ)(ఈା௟)

(ఈାଵ)(ఈା௟)௦మା(௖బି௖మ) ୲ୟ୬
(మషഀ)ഏ

ర
௦ା(ఈିଵ)(ఈି௟)

 𝑌௣                                                                       (4.82)  

 

𝜃ଵ = 1.5 𝑒 𝛾 
(ఈିଵ)(ఈି௟)௦మା(௖బି௖మ) ୲ୟ୬

(మషഀ)ഏ

ర
௦ା(ఈାଵ)(ఈା௟)

(ఈାଵ)(ఈା௟)௦మା(௖బି௖మ) ୲ୟ୬
(మషഀ)ഏ

ర
௦ା(ఈିଵ)(ఈି௟)

 𝑢௖                                                                           (4.83)  

 
So, closed loop fractional order Lyapunov rule scheme is designed as per determined rule. 
 

 

Fig. 4.10. Closed loop proposed fractional Lyapunov stability architecture. 
 
 

In section 4.4, the significant application of this design is discussed in relation to error 

measurements that can ensure the system's consistent performance. PD feedback laws, like the 

FOMIT rule that was previously discussed in section 4.2.2.5, have since further modified the 

aforementioned rule, and the resulting architecture is depicted in Fig. 4.11. FOLY itself has the 

capability of controlling the system more steadily as discussed in section 4.4, but still, the 

aforementioned rule has been further modified by PD feedback laws. The effectiveness of the 

redesigned topology's control must also be examined, and section 4.4 explores the use of the 

updated architecture on another benchmark model. 



127 
 

 

  Fig. 4.11. Closed loop proposed a fractional modified FOLY scheme. 
 
The aforementioned law in (4.83) is further modified as 
 

𝜃ଵ = −1.5𝑒𝛾 
(ఈିଵ)(ఈି௟)௦మା(௖బି௖మ) ୲ୟ୬

(మషഀ)ഏ

ర
௦ା(ఈାଵ)(ఈା௟)

(ఈାଵ)(ఈା௟)௦మା(௖బି௖మ) ୲ୟ୬
(మషഀ)ഏ

ర
௦ା(ఈିଵ)(ఈି௟)

𝑢௖ൣ𝐾𝑝 + 𝐾𝑑𝑠൧                                                 (4.84)  

 

The effectiveness of augmented approaches on unstable processes must be thoroughly 

investigated in addition to stand-alone strategies, and no widespread use of fractional 

augmented schemes has been investigated. Though some 1 DOF based controllers such as PID 

or FOPID were frequently employed with traditional MRAC schemes and produced desirable 

results, enhancing the control action with lower error metrics is the primary goal of employing 

a fractional augmented scheme. In this chapter, 2 DOF method is also adopted along with 1 

DoF method and detailed proposals are presented in the following sections. 

 
4.3 Fractional Order Augmented Strategies 
 
Due to high stability region and suitability for nonlinear systems, FOPI controller has been 

chosen over FOPID controller [16] for augmenting with proposed FO schemes. So, the 

significant application of 1 DOF and 2 DOF FOPI schemes with the FOMRAC rules are yet 

to be explored. 

 
4.3.1 Proposed FOMIT-FOPI augmented control scheme 
 
The FOPI controller is defined as follows: 
 

𝐶(𝑠) = 𝐾௉ +
𝐾ூ

𝑠ఒ
                                                                                                                                                 (4.85) 
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By subtracting the output of the FOPI control method from the output of the FOMIT, an 

additional modification to the FOMIT rule of the MRAC controller is established as shown 

below: 

 

𝑈(𝑡) = 𝜃ଵ𝑢௖ − 𝜃ଶ𝑌௉ − ൬𝐾௣ +
𝐾ூ

𝑠ఒ
൰                                                                                                                (4.86) 

 

𝑈(𝑡) = −
ఊ

௦ഀ
൬

୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

uୡൣ𝐾𝑝 + 𝐾𝑑𝑠൧൰  𝑒 −
ఊ

௦ഀ
൬

୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

𝑌௉൰  𝑒 − ቀ𝐾௣ +
௄಺

௦ഊቁ       (4.87)  

 
 
4.3.2 2 DOF FOPI Control Strategy 
 
The quantity of independently controllable closed-loop transfer functions is referred to as 

the degree of freedom of any control method. Servo controllers may not always produce 

satisfactory regulatory action, and vice versa, for servo controllers. Due to the fact that 1 

DOF control method cannot satisfactorily satisfy these two needs at the same time. 

According to reports, a 2-DOF control strategy produces more effective servo and 

regulatory actions than a 1-DOF scheme [17-19]. In other words, the 2-DOF approach 

results in improved disturbance rejection without appreciable increases in peak overshoot 

during set point shift. The control action of a normal FOPI controller is as shown below:  

 

𝑈(𝑠) = 𝐾௉𝐸௉(𝑠) +
𝐾ூ

𝑠ఒ
𝐸ூ(𝑠)                                                                                                                            (4.88) 

 
For 2 DOF FOPI controller, error terms of proportional and integral action are as follows: 
 
𝐸௉(𝑠) = 𝑏𝑅(𝑠) − 𝑌(𝑠)                                                                                                                                     (4.89) 
 
𝐸ூ(𝑠) = 𝑅(𝑠) − 𝑌(𝑠)                                                                                                                                         (4.90) 

 
where, 𝑅(𝑠) is the reference signal, 𝑌௉(𝑠) is the output signal and 𝑏 is the proportional set 

point weighting parameter. Since the integral term's error term is not weighted, steady state 

error is eliminated, unlike the proportional term. Therefore, the expression for 2DOF FOPI 

control action becomes as follows: 

 

𝑈(𝑠) = (𝐾௉ଵ ∗ 𝑏 +
𝐾ூଵ

𝑠ఒ
)𝑅(𝑠) − ൬𝐾௉ଶ +

𝐾ூଶ

𝑠ఒ
൰ 𝑌(𝑠)                                                                                     (4.91) 

 
 
4.3.3 Proposed FOMIT-2 DOF FOPI augmented control scheme 
 
A novel combination of control algorithms is proposed by subtracting the output of 2-DOF 

FOPI from (4.87) from that of FOMIT modified control law in (4.48) as follows: 

 

𝑢(𝑡) = ൣ𝜃ଵ𝑢௖൫𝐾𝑝 + 𝐾𝑑𝑠൯ − 𝜃ଶ𝑌௉൧ − ቂቀ𝐾௉ଵ ∗ 𝑏 +
௄಺భ

௦ഊ ቁ 𝑅(𝑠) − ቀ𝐾௉ଶ +
௄಺మ

௦ഊ ቁ 𝑌(𝑠)ቃ                         (4.92)  
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Using (4.51) and (4.52) it is obtained as 
 

u(t) = −
ఊ

௦ഀ ൬
୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

uୡൣ𝐾𝑝 + 𝐾𝑑𝑠൧൰  𝑒 −
ఊ

௦ഀ ൬
୯ౣమୱା୯ౣయ

୯ౣభୱమା୯ౣమୱା୯ౣయ

𝑌௉൰  𝑒 − [(𝐾௉ଵ ∗ 𝑏 +

௄಺భ

௦ഊ )𝑅(𝑠) − (𝐾௉ଶ +
௄಺మ

௦ഊ )𝑌(𝑠)]                                                                                                                            (4.93)    
 
The control architecture of the proposed FOMIT-FOPI/2DOF FOPI is illustrated in Fig. 4.12. 

 

Fig. 4.12. Proposed FOMIT-FOPI/2 DOF FOPI augmented scheme. 
 
 

4.3.4 Proposed FOLY-FOPI/2 DOF FOPI augmented control schemes 
 
A novel combination of stability rules is developed by augmenting the FOPI controller's rule 

with the FOLY rule as follows: 

 
𝑉ఈ̇(𝑡) = −1.5𝑒ଶ(𝑎௠

ଶ − 𝑏௠) +
ଷ

ଶఊ
[(𝑎𝑏 − 𝑏)𝜃ଶ + 𝑎௠

ଶ − 𝑏 − 𝑏௠] ቀ
ଶ

ଷ

ௗഀఏమ

ௗ௧ഀ
+ 𝑒𝑌௉𝛾ቁ +

ଷ

ଶఊ
[(𝑎𝑏 − 𝑏)𝜃ଵ + 𝑎௠𝑏௠ − 𝑏௠] ቀ

ଶ

ଷ

ௗഀఏభ

ௗ௧ഀ
+

𝑒𝑢௖𝛾ቁ + (𝑎𝑏 − 𝑏) ቀ𝐾௣ +
௄಺

௦ഊ
ቁ                                                                                                                                                                         (4.94)  

 
Using (4.82) and (4.83) control law is found as 
 

u(t) = −1.5𝑒𝛾 
(ఈିଵ)(ఈି௟)௦మା(௖బି௖మ) ୲ୟ୬

(మషഀ)ഏ

ర
௦ା(ఈାଵ)(ఈା௟)

(ఈାଵ)(ఈା௟)௦మା(௖బି௖మ) ୲ୟ୬
(మషഀ)ഏ

ర
௦ା(ఈିଵ)(ఈି௟)

𝑢௖ − 1.5𝑒𝛾 
(ఈିଵ)(ఈି௟)௦మା(௖బି௖మ) ୲ୟ୬

(మషഀ)ഏ

ర
௦ା(ఈାଵ)(ఈା௟)

(ఈାଵ)(ఈା௟)௦మା(௖బି௖మ) ୲ୟ୬
(మషഀ)ഏ

ర
௦ା(ఈିଵ)(ఈି௟)

𝑌௣ − ቀ𝐾௣ +
௄಺

௦ഊ
ቁ  (4.95)   

 
Similarly, augmenting 2DOF-FOPI with FO-Lyapunov rule, the following equation is 
computed: 
 
 
𝑉ఈ̇(𝑡) = −1.5𝑒ଶ(𝑎௠

ଶ − 𝑏௠) +
ଷ

ଶఊ
[(𝑎𝑏 − 𝑏)𝜃ଶ + 𝑎௠

ଶ − 𝑏 − 𝑏௠] ቀ
ଶ

ଷ

ௗഀఏమ

ௗ௧ഀ
+ 𝑒𝑌௉𝛾ቁ +

ଷ

ଶఊ
[(𝑎𝑏 − 𝑏)𝜃ଵ + 𝑎௠𝑏௠ − 𝑏௠] ቀ

ଶ

ଷ

ௗഀఏభ

ௗ௧ഀ
+

𝑒𝑢௖𝛾ቁ + (𝑎𝑏 − 𝑏) ቂ(𝐾௉ଵ ∗ 𝑏 +
௄಺భ

௦ഊ
ቁ 𝑅(𝑠) − ቀ𝐾௉ଶ +

௄಺మ

௦ഊ
ቁ 𝑌(𝑠)]                                                                                                               (4.96)  
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Similarly, using (4.82) and (4.83) control law is obtained as 
 

u(t) = −1.5𝑒𝛾 
(ఈିଵ)(ఈି௟)௦మା(௖బି௖మ) ୲ୟ୬

(మషഀ)ഏ

ర
௦ା(ఈାଵ)(ఈା௟)

(ఈାଵ)(ఈା௟)௦మା(௖బି௖మ) ୲ୟ୬
(మషഀ)ഏ

ర
௦ା(ఈିଵ)(ఈି௟)

𝑢௖ − 1.5𝑒𝛾 
(ఈିଵ)(ఈି௟)௦మା(௖బି௖మ) ୲ୟ୬

(మషഀ)ഏ

ర
௦ା(ఈାଵ)(ఈା௟)

(ఈାଵ)(ఈା௟)௦మା(௖బି௖మ) ୲ୟ୬
(మషഀ)ഏ

ర
௦ା(ఈିଵ)(ఈି௟)

𝑌௣ − [(𝐾௉ଵ ∗ 𝑏 +

௄಺భ

௦ഊ
)𝑅(𝑠) − (𝐾௉ଶ +

௄಺మ

௦ഊ
)𝑌(𝑠)]                                                                                                                                                                          (4.97)  

 
The control architecture of the proposed FOLY-FOPI/2DOF FOPI is illustrated in Fig. 4.13. 

 

Fig. 4.13. Proposed FOLY-FOPI/2 DOF FOPI augmented scheme. 
 

FOMRAC control parameters are selected by extensive simulation technique where as 

parameters of FOPI/2 DOF FOPI schemes are investigated by global optimization technique 

known as Luus-Jaakola optimization. A nonlinear programming-based [20-21] approach to 

global optimization is the Luus-Jaakola algorithm. This nonlinear programming method is used 

since the additivity assumption of linear programming problems for the choice variables may 

not hold true for the objective function or the constraints, and the linear programming issues' 

linear assumptions may not hold true for real-world problems. Constraints are handled easily 

with this method. Additionally, the iteration process is quicker than other global optimization 

algorithms such as the GA and PSO. Because of superior performance, it serves as an efficient 

optimization tool in variety of problems. Dimensional vector (q) and interval of random vector 

(-d,d) are assumed prior to the optimization process. The interval is initially chosen as [-0.5,0.5] 

and can be constructed in search space as 𝑑(𝑎௟ + 𝑎௨), where 𝑎௟ and 𝑎௨ are lower and upper 

limits of decision variables. To explore the entire region, the size of region vector is chosen as 

0.5(𝑎௟ + 𝑎௨). During the optimization process, the following constraints must be met: 
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𝑙ଵ ≤ 𝐾௉ ≤ 𝑢ଵ, 𝑙ଶ ≤ 𝐾ூ ≤ 𝑢ଶ, 𝑙ଷ ≤ 𝜆 ≤ 𝑢ଷ                                                                                                    (4.98)                             

 
The multi-objective function using IAE, ISE and ITAE error metrics is formulated as follows: 
 

𝐽 = න |𝑒(𝑡)|𝑑𝑡 + න |𝑒(𝑡)ଶ|𝑑𝑡

ஶ

଴

ஶ

଴

+ න 𝑡|𝑒(𝑡)𝑑𝑡

ஶ

଴

                                                                                             (4.99) 

 
The pseudo code for obtaining global optimum of 𝐾௉,𝐾ூ, 𝜆 is discussed in Appendix B. 
 
4.4 Investigation on Proposed Fractional Order Standalone and Augmented  

Control Schemes on Inverted Pendulum 

 
This simulation-based study compares conventional and fractional MRAC-based schemes 

employing (2.47) for benchmark X-inverted pendulum subjected to quantitative performance 

analysis. Figs. 4.6, 4.7, 4.8, s4.10, and 4.11 are employed to implement FO/IO-MIT and 

FO/IO-Lyapunov rules independently with modified versions in a Simulink environment. The 

significant application of FOLY and its modified version is discussed in the following case 

study I. 

 
Case study I: Investigation into The Performance on Fractional Order Standalone 

MRAC Rules 

 
Following the specifications [22] of the reported benchmark inverted pendulum in Table 4.1 

the overall transfer function is used as 

 
Example 1 [22]: 
 

𝑌(𝑠) =
ఏ(௦)

ிೣ (௦)
=

.ଵ଴ଶ

.଴ସସ଺௦మିଵ
                                                                                                                                (4.100)    

 
Table 4.1 

Parameter specifications 
 

 
 
 
 
 
 
 

 

The ideal model is adopted in accordance with the intended performance of the closed loop 

system. The settling time (𝑇௦) of 3.73 seconds and overshoot (𝑀௉) of 1.25% are selected to 

predict the performance of the stable reference model. Using these values, damping ratio (𝜀) 

Symbol Quantity Value 

M mass of cart 900 gm 

m mass of pendulum 1000 gm 

l length of rod 1.09 m 
g Gravity 9.81 m/s2 

I Moment of inertia 5.3 gm/m2 
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and natural frequency (𝜔௡) are obtained as 1.93 and 4.977 respectively and the reference 

model is shown as 

𝑌ெ(𝑠) =
ଷ.଻ଶ

௦మାସ.ଽ଻଻௦ାଷ.଻ଶ
                                                                                                                                    (4.101)  

 
As shown in Fig. 4.14, the feed-forward based MIT rule of the MRAC scheme does not ensure 

the stability of the system using Fig. 4.6. Even with an extensive range of adaptive gain 

(𝛾) between 0.1 and 500, the inverted pendulum oscillates continuously and cannot be 

stabilized. 

 

 
 

Fig. 4.14. System output using traditional MIT rules. 
 
Although multiple FOs between 0 and 1 are attempted, no discernible improvement in stability 

is discovered when feed-forward based proposed FOMIT is also applied to the same plant and 

another reported plant. In order to overcome the aforementioned issue, feedback topology with 

PD control law is used with the MRAC architecture's reference input, as shown in Fig. 4.8. To 

tackle the system depicted in Fig. 4.15, the servo-regulatory performance of the modified 

classic MIT rule using Figs. 4.7 and 4.8 is investigated with different adaptive gains applying 

load disturbance at t = 25 sec from a real-time perspective. 

 
 

Fig. 4.15. Servo-regulatory response using modified traditional MIT rules. 
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The system is successfully tracked by the modified classic MIT rule in its upright position, and 

peak overshoot is reduced by employing a higher adaptive gain value, such as 500, as shown in 

Fig. 4.15. Choosing the appropriate adaptive gain is essential to achieving the required stable 

performance. This high adaptive gain value enables the system to stabilize more quickly even 

under load. Now, the significant application of the modified FOMIT rule is illustrated in Fig. 

4.16, while adaptive gain is kept fixed at 500. 

 
 

Fig. 4.16. Comparative study between FOMIT and IOMIT rules. 
 
Figure 4.16 illustrates the significant application of the FOMIT rule, which, in contrast to 

standard rules, exhibits more adaptable and trustworthy behaviors by altering the additional 

degree of freedom between 0 and 1. The rational approximation of different fractional orders 

are presented in Table 4.5. It is obvious that the system can be handled more efficiently by 

utilizing a lower range of fractional order, such as 0.5, but if the fractional order is increased 

towards 1, the system responds more slowly and with more overshoot. This trait explores 

FOMIT's benefit over IOMIT for this particular system. Later, the research is carried out 

utilizing the FOLY stability law (4.79–4.83) in comparison to FOMIT to help the system stand 

upright more swiftly and gracefully with step input (t) =1 sec as depicted in Fig. 4.17. 

 
Fig. 4.17. Comparative study between proposed FOMIT and FOLY rules. 
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Fig. 4.17 illustrates how FOLY, which follows the reference model with a shorter rise time of 

3.13 sec, tracks the system better than FOMIT. However, overshoot of 35.2% is discovered 

when tracking the system with FOLY, but FOMIT produces a smaller overshoot of 30.2%. 

Now, following Figs. 4.8 and 4.10, servo-regulatory performances are therefore carried out 

using impulse and step inputs at t = 1 sec with the same adaptive gain and fractional order as 

500 and 0.5 in the presence of positive and negative unit step disturbances at t = 25 and 35 

seconds and white noise source (seed = 81, noise strength = 0.01 and sample time = 1) as 

depicted in Figs. 4.18 and 4.19. (4.80–4.81) is used to compute the adaptive gain for FOLY as 

750. 

 
 

Fig. 4.18. Upright position tracking using FOMIT and FOLY rules. 
 

 
 
Fig. 4.19. Upright position tracking in presence of noise. 
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The upright posture of the system is found to be efficiently tracked by both the FOLY and 

FOMIT rules despite the presence of noise and load disturbances (25-35 seconds). The system 

is more swiftly and elegantly tackled by FOLY's effective control action despite the fact that it 

produces a slightly higher overshoot. The lower readings of IAE, ISE, and ITAE measurement 

in Table 4.2 and 4.3 show the effectiveness of the proposed FOLY strategy over proposed 

modified FOMIT and modified IOMIT laws. 

 
Table 4.2  

Quantitative comparison under load disturbance 

Control Scheme Servo response Regulatory response 

IAE ISE ITAE TS (sec) IAE ISE ITAE TS (sec) 

MIT ---- ---- ---- ---- ---- ---- ---- ---- 

Modified MIT 5.73 3.83 82.2 17.573 5.93 3.86 83.4 39.425 

Proposed modified  
FOMIT 

4.48 3.25 69.7 15.483 4.53 3.18 71.2 36.382 

Proposed FOLY 4.05 2.25 45.5 12.755 4.08 2.19 45.7 35.362 

‘----’: unstable 
 

Table 4.3   
Quantitative comparison under noise 

 
Control Scheme IAE ISE ITAE 

Proposed modified FOMIT 7.21 4.08 138.2 

Proposed FOLY 5.83 2.89 94.2 

 
Now, in order to take better control actions, Fig. 4.11 is employed to examine the effectiveness 

of the FOLY rule's updated control law with noise and load disturbance (25-35 seconds) as 

illustrated in Fig. 4.20.  

 
 

Fig. 4.20. Comparative study between proposed FOLY and modified FOLY rules. 
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According to Fig. 4.20, the suggested improved FOLY rule controls the system more 

effectively and elegantly with a rise time of 2.56 sec, an overshoot of 28.5%, and error metrics 

listed in Table 4.4. 

 
Table 4.4   

Quantitative comparison under noise 
 

Method IAE ISE ITAE 

Proposed FOLY 5.83 2.89 94.2 

Proposed modified FOLY 3.82 1.49 88.3 

 
 

The effectiveness of proposed modified FOLY is now validated in the presence of load 

disturbance at t =25 seconds by comparison to the existing IOPID, FOPID, GA-FOPID, 

MIT-PID, IOLY, and IOLY-PID topologies [23-25] using step input t =0 sec as illustrated in 

Fig. 4.21. The input control actions under noise are also presented within saturation limit -1 and 

1 in Fig. 4.22.  

 
 

Fig. 4.21. Significant impact of proposed modified FOLY over existing rules under load disturbance. 
 

 
 

Fig. 4.22. Control actions in presence of noise and disturbance. 
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Table 4.5   

Approximations of fractional order 
 

 
 
 
 
 
 
 
 

 

Table 4.8 discusses the controller settings of various topologies. On the basis of in-depth 

simulation, Fig. 4.21 shows a thorough comparison of standard MIT and Lyapunov rules with 

single and dual topologies utilizing different adaptive gains. Only servo action was used to 

study the effectiveness of the aforementioned rules in the literatures. In this study, the 

servo-regulatory performance is introduced using the recommended controller settings. 

Although the IOMIT-PID enhanced technique effectively handles the system, it performs 

somewhat slowly. At 14.856 seconds, the system is controlled, and at 35.645 seconds, after 

applying a load disturbance, it is stabilized. Tracking the system also reveals a higher amplitude 

level of 38.45%. The IOLY rule with the correct Lyapunov function marginally improves the 

problem's solution while slightly reducing overshoot. However, the settling time independently 

is not significantly improved by IOLY. Further research is therefore conducted on the 

IOLY-PID enhanced strategy, which tracks the desired position significantly faster than other 

schemes with lower rise times. To further study the stability of the system using servo action 

alone, standard and fractional PID controllers are suggested. This study compares 

servo-regulatory action to conventional MIT and Lyapunov rules from a real-time perspective. 

When compared to conventional MRAC systems, its performances are not found to be 

satisfactory. FOPID controllers control the system more quickly than IOPID controllers, and 

both IOPID and FOPID rules produce larger overshoot than MRAC rules. However, as 

demonstrated in Table 4.6, both of these rules result in high values for error metrics like IAE, 

ISE, and ITAE. FOPID control settings were recently optimized by genetic algorithm to 

examine robust servo action; however, despite producing less rise time and settling time than 

IOPID and FOPID schemes, it is unable to reduce peak overshoot. So, the aforementioned PID 

controller schemes do not work well and provide larger values of error metrics when compared 

to typical MRAC systems. IOPID or FOPID controllers cannot be suggested as a way to deal 

with such a nonlinear system more effectively. Therefore, MRAC system exhibits satisfactory 

servo-regulatory behaviors with low error metric values. Now, among existing MRAC rules, 

proposed FOLY rule outperforms with lower reading of IAE, ISE and ITAE as shown in Table 

Fractional order Approximated transfer functions 𝐆(𝐬) 

𝑠଴.ହ 5.025𝑠ଶ + 36.88𝑠 + 6.525

6.525𝑠ଶ + 36.88𝑠 + 5.025
 

𝑠଴.଻ହ 8.026𝑠ଶ + 24.73𝑠 + 4.536

4.536𝑠ଶ + 24.73𝑠 + 8.026
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4.6 and a lower amplitude level of 28.5%. In FOLY laws, the fractional order of 0.5 is favored 

for comparative research.  

Lower fractional orders are also appropriate for investigation, but larger fractional orders cause 

the system to perform slowly. When there is noise present, the after load disturbance system is 

controlled more effectively utilizing the FOLY rule, as shown in Fig. 4.21.  

 
Table 4.6   

Quantitative comparison of closed-loop performances 
 

Methods Set response Load response 

IAE ISE ITAE TV IAE ISE ITAE TV 

Proposed modified 
FOLY 

2.85 1.15 43.8 131.5 2.87 1.08 44.2 134.2 

MIT-PID (pawar 
2015) 

4.55 3.79 57.3 228.3 4.58 3.82 57.9 228.9 

IOLY (pawar 2015) 4.26 3.27 52.5 285.2 4.29 3.12 53.9 285.7 

IOLY-PID (pawar 
2015) 

4.12 2.86 47.3 168.2 4.18 2.83 47.8 169.3 

IOPID (jiang 2017) 8.23 5.02 123.4 362.5 8.49 5.04 124.2 360.2 

FOPID (jiang 2017) 6.03 3.85 81.2 310.8 6.08 3.89 83.4 304.2 

GA-FOPID (patra 
2020) 

4.79 3.42 64.3 234.2 4.82 3.46 68.3 229.4 

𝐓𝐕 = ∑ |𝑢(𝑖 + 1) − 𝑢(𝑖)|ஶ
௜ୀଵ   

 
All proposed FO-MRAC topologies maintain consistency in following the intended upright 

posture despite noise, however the proposed modified FOLY rule reveals more robust control 

action. As described in Case Study II, the FOLY and FOMIT rules have now been further 

expanded with novel augmented procedures to evaluate potential control action for stabilizing 

the inverted pendulum. 

 
Case study II: Investigation into The Performance on Fractional Order Augmented 

MRAC Rules 

 
FOMRAC rules are augmented to the controllers of both the 1 DOF and 2 DOF FOPI, and 

another reported benchmark system [26] is employed in this case study for performance 

assessment. A common trade-off in 1 DOF rules is between noise elimination and set-point 

tracking. However, by providing independent tuning for set-point tracking and noise 

elimination, the 2 DOF rule may be able to attain a better balance in process control. In addition 

to exploring the substantial application of augmented methods compared to standalone 
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approach, a thorough simulation study is conducted to investigate the significant impact of 2 

DOF FOPI rule compared to 1 DOF FOPI rule in the presence of noise. 

 
Example 2 [26]: 
 

𝑌(𝑠) =
𝜃(𝑠)

𝐹௫(𝑠)
=

1

𝑠ଶ − 9
                                                                                                                                  (4.102) 

 

In this study, the second order stable ideal model with settling time of 2.73s and overshoot of 

4.19% is chosen. 

 

𝑌ெ(𝑠) =
ସ.଻଺

௦మାଷ.ଵ௦ାସ.଻଺
                                                                                                                                       (4.103)   

 

The parameter specifications for the model [26] are presented in Table 4.7. 
  

Table 4.7  
Plant specifications 

 
 

 
 
 
 
 
 
 

Due to the fact that the 2 DOF rule has never been used in augmented methods before, this 

study conducts an inquiry. This section discusses the major benefits of the 2 DOF method over 

the 1 DOF method. A set point weighting parameter [27] is taken into account for the 

proportional term in the case of a 2 DOF-FOPI controller to mitigate overshoot during set-point 

change. A multi-objective function is used in the LJ optimization technique to determine the 

variables of the FOPI and 2 DOF FOPI strategies. The IAE, ISE, and ITAE reduction are all 

part of the multi-objective function. In this case study, standalone direct synthesis-based PID 

control scheme [28] simulation tests were conducted because they produced more reliable 

results than the conventional IOPID scheme. It has been determined through thorough 

simulation tests that selecting 𝛾 = 100 results in reduced peak overshoot and settling time. In 

order for the system output to match that of the ideal model, the aforementioned value of 𝛾 is 

fixed and the parameter (α) of the fractional derivative can be changed between 0 and 1. In 

order to successfully track the reference model, the fractional order is gradually reduced from 1 

to 0.1, stabilizing the tilt of the inverted pendulum. It is found that using a fractional order of 0.5 

results in better tracking performance than other fractional order values. The controller settings 

for FOMIT and FOLY rules are discussed in Table 4.8. Using the LJ optimization algorithm, 

optimal values of FOPI and 2 DOF FOPI controller settings are obtained as 𝐾௉ = 18.54, 

Symbol Quantity Value 

m mass of pendulum 0.8417 Kg 
l length of rod 1.09 m 
g Gravity 9.81 m/s2 
I Moment of inertia 2.3 gm/m2 
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𝐾ூ = 2.67, 𝐾௉ଵ = 11.24, 𝐾ூଵ = 2.67, 𝐾௉ଶ = 18.54, 𝐾ூଶ = 2.67, 𝜆 = 0.45 for the linearized 

model of inverted pendulum obtained in (4.102).  

 
The set point weighting parameter of 2 DOF FOPI controller is selected as 𝑏 = 0.65 by 

thorough simulation studies for attaining improved performance. Direct synthesis [28-29] 

based on PID controller design technique [30] yields 𝐾௉ = 12.01 , 𝑇௜ = 12.01 and 𝑇ௗ =

0.250. In this section, the following combinations of control schemes are contrasted using the 

aforementioned controller settings: Direct synthesis-based PID controller, FOLY 

FOPI/2DOF-FOPI, and FOMIT FOPI/2DOF are all proposed. An overview of the controller 

settings obtained using each of the aforementioned approaches is provided in Table 4.8. While 

regulatory action is examined by providing a unit step load disturbance at t = 15s, servo action 

is studied by taking into account a unit step change in set-point. The closed-loop results and 

control actions of the five combinational control schemes are depicted using step input (t) = 0 

sec in Figs. 4.23 and 4.24, respectively, for the linearized plant model given in (4.104). The 

control signals of the FOLY and FOMIT schemes are restricted by adding a saturation block so 

that the control signal does not go above the following range to ensure a fair comparison: 

-20<u<20. This is due to the fact that in real-world applications, sudden changes in the control 

signal might cause actuator saturation. The performance metrics in Table 4.9 and Fig. 4.23 

makes it clear that the FOLY-2 DOF-FOPI combination produces enhanced closed-loop result 

in presence of noise. With the aid of the following perturbed plant model with delay time, the 

stability of the proposed and reported works to parametric uncertainties is investigated: 

 

𝑌(𝑠) =
ఏ(௦)

ிೣ (௦)
=

ଵ.ଶ௘బ.బభ

௦మିଵ଴.଼
                                                                                                                                   (4.104)  

 
The suggested approaches produce superior closed-loop performance even when the plant 

model is perturbed, as indicated by the system outputs of the perturbed plant in Fig. 4.25 and 

the quantitative performance measurements provided in Table 4.9. Despite having somewhat 

higher integral errors, the FOLY-2 DOF FOPI rule achieves smooth long-term stability by 

providing reduced TV readings. The impact of nonlinearities on the system response is 

worthwhile researching. The closed-loop results for the subsequent nonlinear plant model are 

thus depicted in Fig. 4.26. 

 
𝑇(𝑡) = 𝜃̈(𝑡) − 9𝑠𝑖𝑛𝜃(𝑡)                                                                                                                                (4.105)  
 
Since the PID controller based on direct synthesis produces unbounded output, it is not depicted 

in Fig. 4.25. Table 4.9 clearly shows that the suggested strategy can enhance the performance 

even when there are nonlinearities in the process dynamics. FOLY augmented schemes 

relatively outperforms FOMIT augmented schemes in presence of nonlinear effect in the 

system. The speed of control action is improved by FOLY augmented schemes compared to 



FOMIT augmented schemes and despite getting deviation from set

schemes control the system more swiftly and gracefully after applying d

output is augmented with a Rayleigh no

second) to evaluate the impact of measurement noise on system response. 

servo-regulatory responses amid

proposed approach can follow the set

 

Fig. 4.23. Nominal outputs for linearized model (a: FOLyapunov
c: FOMIT-2DOF FOPI, d:FOMIT

 
Fig. 4.24. Control efforts (a: FOLyapunov

d:FOMIT
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FOMIT augmented schemes and despite getting deviation from set-point FOLY augmented 

schemes control the system more swiftly and gracefully after applying disturbance. T

with a Rayleigh noise source (sigma=0.1, initial seed=1, sampling time=1 

to evaluate the impact of measurement noise on system response. Fig. 4.28 displays 

ory responses amid noise. From Fig. 4.27 and Table 4.9, it is discovered that the 

approach can follow the set-point and reject the noise efficiently. 

 

earized model (a: FOLyapunov-2DOF FOPI, b: FOLyapunov
F FOPI, d:FOMIT-FOPI and e:Direct synthesis based PID). 

ntrol efforts (a: FOLyapunov-2DOF FOPI, b: FOLyapunov-FOPI, c: FOMIT-2DO
d:FOMIT-FOPI and e:Direct synthesis based PID). 

point FOLY augmented 

The system 

seed=1, sampling time=1 

Fig. 4.28 displays 

is discovered that the 

 

b: FOLyapunov-FOPI, 

 

2DOF FOPI, 



Fig. 4.25. Perturbed outputs for linearized model (a: FOLya
c: FOMIT-2DOF FOPI, d:FOMIT

Fig. 4.26. System outputs for nonlinear model (a: FOLypapunov
c: FOMIT

Fig. 4.27. System outputs with n
FOMIT-2DOF FOPI, d:FOMIT
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outputs for linearized model (a: FOLyapunov-2DOF FOPI, b: FOLyapunov
F FOPI, d:FOMIT-FOPI and e:Direct synthesis based PID). 

linear model (a: FOLypapunov-2DOF FOPI, b: FOLypapunov
c: FOMIT-2DOF FOPI and d:FOMIT-FOPI). 

ts with noise (a: FOLyapunov-2DOF FOPI, b: FOLyapunov-FOPI, c: 
F FOPI, d:FOMIT-FOPI and e:Direct synthesis based PID). 

 
 
 
 

 

b: FOLyapunov-FOPI, 

 

: FOLypapunov-FOPI, 

 

FOPI, c: 
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Table 4.8   
Summary of tuning parameters 

 
Case study Methods Controller settings 

I 

 

Proposed modified MIT rule γ = 10,50,100,500 
 

𝜃ଵ = −
ఊ

௦
ቀ

ଶ.ଵୱା଼.ସହ

ୱమାଶ.ଵୱା଼.ସହ
uୡ[1 + 1.5𝑠]ቁ  𝑒  

 

𝜃ଶ =
ఊ

௦
ቀ

ଶ.ଵୱା଼.ସହ

ୱమାଶ.ଵୱା଼.ସହ
∗

.ଵ଴ଶ

.଴ସସ଺௦మିଵ
ቁ  𝑒  

MIT-PID (pawar 2015) 𝜃ଵ = −
ଶ଴଴଴

௦
ቀ

ଶ.ଵୱା଼.ସହ

ୱమାଶ.ଵୱା଼.ସହ
uୡቁ  𝑒  

 

𝜃ଶ =
ଶ଴଴଴

௦
ቀ

ଶ.ଵୱା଼.ସହ

ୱమାଶ.ଵୱା଼.ସହ
∗

.ଵ଴ଶ

.଴ସସ଺௦మିଵ
ቁ  𝑒   

 
𝐶௉ூ஽ = −343.8 +

ିଵ଻ହ.ଷ

௦
+ (−20.32)𝑠  

IOLY (pawar 2015) 𝜃ଶ = −𝑒
଼଴଴଴

௦బ.ళ

.ଵ଴ଶ

.଴ସସ଺௦మିଵ
  

 
𝜃ଵ = 𝑒

଼଴଴଴

௦బ.ళ 𝑢௖  

IOLY-PID (pawar 2015) 𝜃ଶ = −𝑒
଼଴଴଴

௦బ.ళ

.ଵ଴ଶ

.଴ସସ଺௦మିଵ
  

 
𝜃ଵ = 𝑒

଼଴଴଴

௦బ.ళ 𝑢௖  
 
𝐶௉ூ஽ = −343.8 +

ିଵ଻ହ.ଷ

௦
+ (−20.32)𝑠  

Proposed modified FOMIT 𝜃ଵ = −
ହ଴଴

௦బ.ఱ ቀ
ଶ.ଵୱା଼.ସହ

ୱమାଶ.ଵୱା଼.ସହ
uୡ[1 + 1.5𝑠]ቁ  𝑒   

 

𝜃ଶ =
ହ଴଴

௦బ.ఱ ቀ
ଶ.ଵୱା଼.ସହ

ୱమାଶ.ଵୱା଼.ସହ
∗

.ଵ଴ଶ

.଴ସସ଺ మିଵ
ቁ  𝑒  

Proposed modified FOLY 𝜃ଶ = −𝑒
଻ହ଴

௦బ.ఱ

.ଵ଴ଶ

.଴ସସ଺௦మିଵ
  

 
𝜃ଵ = 𝑒

଻ହ଴

௦బ.ఱ 𝑢௖[1 + 1.5𝑠]  

 IOPID (jiang 2017) 𝐶௉ூ஽ = 243.8 +
ହଷ.ସ

௦
+ 30.45𝑠    

 FOPID (jiang 2017) 𝐶ிை௉ூ஽ = 63.2 +
ଷଶ.଻

௦బ.రఴర + 16.25𝑠଴.ଷ଼ଶ  

 GA-FOPID (patra 2020) 𝐶ிை௉ூ஽ = 1.04 +
଴.ହଷ଻

௦బ.లయర + 0.226𝑠଴.ହଷଶ  

II Proposed modified FOMIT 𝜃ଵ = −
ଵ଴଴

௦బ.ఱ ቀ
ଷ.ଵୱାସ.଻଺

ୱమାଷ.ଵୱାସ.଻଺
uୡ[1 + 1.5𝑠]ቁ  𝑒   

 

𝜃ଶ =
100

𝑠଴.ହ
൬

3.1s + 4.76

sଶ + 3.1s + 4.76
∗

1

𝑠ଶ − 9
൰  𝑒 
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Proposed modified FOLY  𝜃ଶ = −𝑒
ଵହ଴

௦బ.ఱ  
ଵ

௦మିଽ
   

 
𝜃ଵ = 𝑒

ଵହ଴

௦బ.ఱ 𝑢௖[1 + 1.5𝑠]  

Proposed optimal FOPI 𝐾௉ = 11.24, 𝐾ூ = 2.67, 𝜆 = 0.45, 

Proposed optimal 2 DOF-FOPI 𝐾௉ଵ = 11.24, 𝐾ூଵ = 2.67, 𝐾௉ଶ = 18.54, 
𝐾ூଶ = 2.67, 𝜆 = 0.45,𝑏= 0.65 

 Direct synthesis based PID 
(vanavil et al. 2015) 

𝐾஼ = 12.01, 𝑇ூ = 12.01, 𝑇ௗ = 0.250 

 

Table 4.9   
Quantitative comparison of closed-loop performances 
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It is evident that fractional augmented MRAC schemes tackle the system more swiftly and 

gracefully with lesser error metrics. Both FOMIT and FOLY augmented 2 DOF FOPI rules 

outperform augmented 1 DOF FOPI rule in presence of noise. In particular, FOLY augmented 

strategies outperform the other schemes.  

 
4.5 Summary 
 
For two distinct reported benchmark models of the inverted pendulum, different fractional 

order standalone and augmented novel control topologies are proposed in this chapter. All 

proposed control methods' underlying mathematical presuppositions are thoroughly 

explained. Fractional orders are approximated by rational modified biquadratic exact phase 

approximation method. A combination of sophisticated simulation and optimization 

techniques are used to set the controller's parameters. The significant impacts of proposed 

fractional order Lyapunov stability rule and its modified version in comparison to proposed 

fractional order modified MIT rule and other existing different conventional standalone and 

augmented control topologies are explored from real time perspective. Both standalone 

modified FOMIT and FOLY schemes yield satisfactory control actions with lower error 

metrics in presence of load disturbances and noise but standalone FOLY comparatively 

outperforms by tackling the system more swiftly and gracefully. By examining the superior 

action of the standalone FOLY rule, fractional order MIT and Lyapunov rules are extended 

by a novel augmented scheme with 1 DOF FOPI and 2 DOF FOPI rules to investigate the 

control effectiveness of the augmented version. Compared to FOMIT enhanced variants, 

FOLY augmented versions likewise exhibit more robust control action. Although, FOLY-2 

DOF FOPI relatively outperforms with lesser error metrics, under perturbed situation it is 

discovered to have slightly higher error metrics. However, in terms of noise rejection, 

FOLY-2 DOF FOPI is superior to FOLY-FOPI. Although standalone modified FOLY and its 

augmented versions offer lower level of overshoot but still there is a scope of improvement 

on closed-loop servo-regulatory performance with zero overshoot. 
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CHAPTER  5 

 
 

  
Fractional Order Standalone and Augmented Control Strategies for 

Continuous Stirred Tank Reactor 
 
 
 
5.1 Introduction 
 
Noise rejection is a more difficult problem than set point tracking in industrial unstable 

processes. Some direct combination techniques, like MRAC-PID and MRAC-FOPID [1–5], 

were already reported by many experts who used the trial-and-error method or other 

optimization techniques to stabilize the concentration or temperature of a stable approximation 

model based on different operating points of the CSTR nonlinear process. Those techniques 

quite canceled out noise. So, later on to reject disturbances during tracking the temperature at 

its desired level, the series cascade control structures [6-12] were frequently utilized in 

chemical processes. However, they did not yield desired servo response for plants with large 

delay time. In the primary loop, a PI-PD structure [13] was used, whereas the IMC method was 

used to create the secondary controller. To control the integration process, three different 

methods were suggested: an IMC-based secondary controller [14], a PID for set-point tracking 

in series with a lead-lag compensator, and a PD for disturbance rejection in series with a 

lead-lag filter. The direct synthesis (DS) approach was used in the construction of the 

aforementioned PID and PD schemes that were connected in series with lead-lag compensators. 

A generalized predictor cascade control (GPCC) technique based on output prediction was 

reported by GarciŁa et al. [15] in the discrete platform. To increase robustness and noise 

attenuation, the previously mentioned GPCC structure includes three filters beyond the primary 

and secondary control strategies. Process control is one area where fractional calculus has seen 

significant use recently [16-17]. The benefits of fractional calculus, parallel cascade control, 

and the Smith predictor have only been coupled in Pashaei and Bagheri's [17] work to date to 

produce satisfactory closed-loop performance. As a result, the series cascade control approach 

introduced by Pashaei and Bagheri [17] is expanded upon in this work. Therefore, a unique 

series cascade control structure (SCCS) with a dead time compensator is recommended for this 

application as shown in Fig. 5.1.  
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Three controllers, referred to as the primary, secondary, and stabilizing controllers, are 

included in the proposed SCCS. FOIMC is proposed to construct both main and secondary 

controllers. The stabilizing PD controller is constructed using maximal sensitivity assumptions 

and Routh-Hurwitz (RH) stability requirements. The FO and temporal constants of IMC filters 

are optimized by the utilization of the constrained artificial bee colony (ABC) technique. IAE, 

ITAE, and ISE are all multi-objective functions that must be minimized in this ABC algorithm.  

 
In addition to the SCCS investigation, an MRAC scheme with modified FOMIT and FOLY 

rules are recommended to test the effectiveness of the control on handling disturbance. 

Moreover, the importance of FOLY stability rule over modified FOMIT rule is emphasized in 

this application. Compared to PID controller design for unity feedback systems, there are 

comparatively fewer studies on multi-loop control structures. Dual-loop control techniques 

perform [18] somehow better than traditional single-loop control [19-23] for processes that are 

unstable. On fractional order multi-loop control techniques, there is a dearth of literature. 

Therefore, by adopting FO controllers, the behaviors of the prevalent dual-loop control 

techniques on particular aforementioned unstable systems are yet to be explored. In addition to 

unity feedback schemes, a novel augmented version of MRAC rules with different controllers 

is also proposed. These controllers include FOPID and internal model based FOPID 

(IMC-FOPID) control schemes. These are all intended to investigate the robust closed loop 

performance over unity feedback schemes. Later on, the control effort of the augmented FOLY 

control rules is contrasted with that of an another novel multi-loop predictor that uses fractional 

order internal model control (FOIMC) and FOPD topologies. The main focus of the inquiry is 

on extensive simulation techniques to demonstrate the effectiveness of suggested control 

schemes, and afterwards, some global optimization algorithms are offered to determine the 

most workable tuning parameters for a more thorough investigation. 

 
This chapter includes a brief discussion of mathematical modelling of proposed different 

fractional order control topologies.  

 
5.2 SCCS with dead time compensator 
 
Fig. 5.1 shows the recommended control scheme: is equipped with a primary controller (𝐺௖), 

secondary IMC filter (𝐶ଶ), and a stabilizing controller (𝐶ௌ). Both 𝐶ଵand  𝐶ଶ are designed by 

FOIMC whereas 𝐶ௌ is corresponds to PD type as presented below:  

  
𝐶ௌ(𝑠) =  𝐾௉(1 + 𝑇ௗ𝑠)                                                                                                                                         (5.1) 
 

The secondary process (𝐺஺ଶ) is computed as follows: 
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 𝐺஺ଶ(𝑠) =
𝑦ଶ(𝑠)

𝑟ଶ(𝑠)
=

𝑃ଶ(𝑠)

1 + 𝐶ଶ(𝑠)(𝑃ଶ(𝑠) − 𝑃௠ଶ(𝑠))
                                                                                           (5.2) 

 

𝑃௧(𝑠) =
𝑦ଵ(𝑠)

𝑟ଶ
ᇱ(𝑠)

=
𝐺(𝑠)

1 + 𝐺(𝑠)𝐶ௌ(𝑠)
                                                                                                                      (5.3) 

 
where 𝐺(𝑠) = 𝑃ଵ(𝑠)𝐺஺ଶ(𝑠). In case of ideal matching, 𝑃ଶ(𝑠) = 𝑃௠ଶ(𝑠). Hence,  𝐺஺ଶ(𝑠) =

𝑃ଶ(𝑠) and hence 𝐺(𝑠) = 𝑃ଵ(𝑠)𝑃ଶ(𝑠). The process's total dead time is compensated for by the 

Smith dead-time compensator. For servo response, the fundamental model is represented as  

 
𝑦ଵ(𝑠)

𝑟ଵ(𝑠)
=

𝐺஼(𝑠)𝑃௧(𝑠)

1 + 𝐺஼(𝑠)(𝑃௠(𝑠) + 𝑃௧(𝑠) − 𝑃௠(𝑠)𝑒ିఏ೘௦)
                                                                                    (5.4) 

 

 
 

Fig. 5.1. Proposed FOIMC-SCCS architecture with dead time compensator.  

 

Considering perfect-matching conditions (𝑃௧(𝑠) =𝑃௠(𝑠)𝑒ିఏ೘௦), (5.4) results 
 
𝑦ଵ(𝑠)

𝑟ଵ(𝑠)
=

𝐺஼(𝑠)𝑃௠(𝑠)𝑒ିఏ೘௦

1 + 𝐺஼(𝑠)𝑃௠(𝑠)
                                                                                                                                (5.5) 

 
where 𝐺஼(𝑠) = 𝐶ଵ(𝑠)/(1 − 𝑃௠(𝑠)𝐶ଵ(𝑠)) is the primary controller. It is clear the auxiliary 

equation’s independence on 𝜃௠ from the aforementioned formula. Thus, the model  𝑃௠ is the 

only one that influences the design of 𝐶ଵ.This is a merit of augmenting SCCS to boost the 

dead-time compensator. 𝑃ଶ’s dynamics is typically consistent in nature while that of 𝑃ଵ’s 

dynamics may be stable, unsteady or integrated [24]. In this investigation, the models of 𝑃ଶ 

and 𝑃ଵ are adopted as, 

 

𝑃ଶ(𝑠) =
𝐾ଶ

𝜏ଶ𝑠 + 1
𝑒ିఏమ௦                                                                                                                                         (5.6) 

 

𝑃ଵ(𝑠) =
𝐾ଵ

𝜏ଵ𝑠 − 1
𝑒ିఏభ௦                                                                                                                                         (5.7) 
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Plants with unsteady first order plus dead time (UFOPDT) and steady first order plus dead time 

(FOPDT) are shown in (5.6) and (5.7), accordingly. Process gain, dead time and time constant 

are represented by 𝐾, 𝜃 and 𝜏, accordingly. 

 
5.2.1 Design of Controllers 
 
Three control parameters (𝐺஼ , 𝐶ଶ and  𝐶ௌ) need to be designed for the suggested dead-time 

compensator based SCCS. The model of 𝐺஼  can be evaluated by developing the FOIMC. The 

step for computing the distinct control functions is outlined below 

 
 Design of  𝑪𝟐 
 
The model of 𝑃ଶ is adopted as  
 

𝑃௠ଶ(𝑠) =
𝐾௠ଶ 𝑒

ିఏ೘మ௦

𝜏௠ଶ𝑠 + 1
                                                                                                                                         (5.8) 

 
By 1st order Pade’s approximation of 𝑒ିఏ೘మ௦ in (5.8) results 
 

𝑃௠ଶ(𝑠) =
𝐾௠ଶ (1 − 0.5𝜃௠ଶ𝑠)

(𝜏௠ଶ𝑠 + 1)(1 + 0.5𝜃௠ଶ𝑠)
                                                                                                              (5.9) 

 
(5.9) is factorized as  
 
𝑃௠ଶ(𝑠) = 𝑃௠ଶ

ି (𝑠)𝑃௠ଶ
ା (𝑠)                                                                                                                                  (5.10) 

 
where the non-minimum phase zeros and delay time are indicated by 𝑃௠ଶ

ା (s). Following IMC 

rule [25],  𝐶ଶ(𝑠) is developed as 

 

𝐶ଶ(𝑠) =
1

𝑃௠ଶ
ି (𝑠)

𝑓(𝑠)                                                                                                                                         (5.11) 

 
where 𝑃௠ଶ

ି (𝑠) = 𝐾௠ଶ /((𝜏௠ଶ𝑠 + 1)(1 + 0.5𝜃௠ଶ𝑠)). For designing a FOIMC rule, the filter 

𝑓(𝑠) in (5.11) is proposed as  

 

𝑓(𝑠) =
1

(𝜆ଶ𝑠ఉ + 1)ଶ
                                                                                                                                          (5.12) 

 
where 𝛽 is the FO and replacing (5.12) in (5.11), we get 
 

𝐶ଶ(𝑠) =
(𝜏௠ଶ𝑠 + 1)(1 + 0.5𝜃௠ଶ𝑠)

𝐾௠ଶ (𝜆ଶ𝑠ఉ + 1)ଶ
   ,    𝛽 > 1                                                                                           (5.13) 

 

where 𝜆ଶ is the additional time constant. If 𝜃௠ଶ = 0, 𝐶ଶ is developed as  
 

𝐶ଶ(𝑠) =
(𝜏௠ଶ𝑠 + 1)

𝐾௠ଶ (𝜆ଶ𝑠ఉ + 1)
                                                                                                                                  (5.14) 
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 Design of 𝑪𝑺 
 
Designing the stabilizing PD controller in such a way that the control loop comprises 

𝐺(𝑠) = 𝑃ଵ(𝑠)𝑃ଶ(𝑠) and 𝐶ௌ attains an accepted value of maximum sensitivity [26]. Also, the 

characteristic polynomial 1 + 𝑃ଵ(𝑠)𝑃ଶ(𝑠)𝐶ௌ(𝑠) = 0  meets the RH stability condition. 

Replacing 𝐶ௌ(𝑠) = 𝐾௣(1 + 𝑇ௗ𝑠)  and 𝐺(𝑠) = (𝐾ଵ𝐾ଶ𝑒ି(ఏభାఏమ)௦) ((𝜏ଵ𝑠 − 1)(𝜏ଶ𝑠 + 1))⁄  in 

(5.3) and estimating the denominator’s dead time term by (1 − 0.5(𝜃ଵ + 𝜃ଶ)𝑠)/(1 + 0.5(𝜃ଵ +

𝜃ଶ)𝑠), we get 

 

𝑃௧(𝑠) =
𝐾𝑒ିఏ೘௦

(𝜏ଵ𝑠 − 1)(𝜏ଶ𝑠 + 1) + 𝐾௣𝐾(1 +  𝑇ௗ𝑠)
(ଵି଴.ହఏ೘௦)

(ଵା଴.ହఏ೘)

                                                                (5.15) 

 
In the above equation, 𝜃௠ = 𝜃ଵ + 𝜃ଶ and 𝐾 = 𝐾ଵ𝐾ଶ. Selecting  𝑇ௗ = 0.5𝜃௠, we get 
 

𝑃௧(𝑠) =
𝐾𝑒ିఏ೘௦

𝑎ଶ𝑠ଶ + 𝑎ଵ𝑠 + 𝑎଴

                                                                                                                                (5.16) 

 
where  𝑎ଶ = 𝜏ଵ𝜏ଶ, 𝑎ଵ =  𝜏ଵ − 𝜏ଶ − 0.5𝐾௣𝐾𝜃௠  and  𝑎଴ = 𝐾𝐾௣ − 1. According to RH criteria, 

𝑃௧ is stable within the desired range of 𝐾௣ in 1 𝐾⁄ < 𝐾௣ < (𝜏ଵ − 𝜏ଶ) (0.5𝐾𝜃௠⁄ ). RH stability 

criteria are only applied to the above range of 𝐾௣. The graph of 𝐾௣ vs maximum sensitivity as 

discussed in section 5.4 decides the appropriate value of 𝐾௣. 

 

 Design of  𝑪𝟏 
 
The controller 𝐺஼  is developed without taking into account the delay term 𝜃௠ because the 

external loop of the suggested SCCS contains the dead-time compensator. 𝐶ଵ  is found 

utilizing 𝑃௠. It is already formulated that 𝐺஼(𝑠) = 𝐶ଵ(𝑠)/(1 − 𝑃௠(𝑠)𝐶ଵ(𝑠)). 𝑃௠ is evaluated 

from (5.16) as 

 

𝑃௠(𝑠) =
𝐾

𝑎ଶ𝑠ଶ + 𝑎ଵ𝑠 + 𝑎଴

                                                                                                                               (5.17) 

 
where 𝑎ଶ = 𝜏ଵ𝜏ଶ, 𝑎ଵ =  𝜏ଵ − 𝜏ଶ − 0.5𝐾௣𝐾𝜃௠ and 𝑎଴ = 𝐾𝐾௣ − 1.Therefore, 
 

𝐶ଵ(𝑠) =
𝑎ଶ𝑠ଶ + 𝑎ଵ𝑠 + 𝑎଴

𝐾(1 + 𝜆ଵ𝑠ఈ)ଶ
                                                                                                                                (5.18) 

 
Where 𝜆ଵ and 𝛼 are time constant and FO. As detailed in the following section, the application 

of the FOIMC strategy is now expanded to encompass the innovative strategies FOLY and 

FO-smith predictor schemes. 
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5.3 Fractional Order Dual-loop Strategy 
 
This section proposes a series of FO based dual-loop control strategies: (1) A FOLY scheme of 

MRAC in the external loop and an optimal FOPID scheme in the internal loop (2) A FOLY 

scheme in the external loop and IMC based FOPID scheme in the internal loop, and (3) A 

FOIMC scheme in the external loop coupled with a Smith predictor, and a FOPD scheme in the 

inner loop. By looking into the superior performance of FOLY law on inverted pendulum in 

chapter-4, the significant application of dual-loop FOLY over stand-alone FOLY is explored in 

this chapter. 

 
5.3.1 Dual-loop FOLY-FOPID strategy  
 
In this control structure, FOLY strategy is used in the external-loop whereas an optimal FOPID 

scheme is employed in the internal-loop to attain enhanced control action than unity feedback 

method. The FOPID scheme is followed as  

 
𝐺஼(𝑠) = 𝐾௣ +

௄಺

௦ഊ + 𝐾஽𝑠µ                                                                                                                             (5.19)  

 
FOLY control law is already discussed in 4.2.3.2. The layout of the dual-loop FOLY-FOPID 

scheme is established in Fig 5.2. The closed-loop transfer model of the internal-loop is 

presented by  

 

𝐺ଵ(𝑠) =
𝐺஼(𝑠)𝑌௉(𝑠)

1 + 𝐺஼(𝑠)𝑌௉(𝑠)
                                                                                                                                 (5.20) 

 
The closed-loop model of dual-loop configuration as depicted in Fig 5.2 is 

 

𝐺ଶ(𝑠) =
௎(௦)ீ಴(௦)௒ು(௦)

ଵାீ಴(௦)௒ು(௦)ା௎(ௌ)ீ಴(௦)௒ು(௦)
                                                                                                                (5.21)  
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Fig. 5.2. Dual-loop FOLY-optimal FOPID scheme. 

  
5.3.2 Dual-loop FOLY-FOIMC-FOPID strategy 
 
In this strategy, the FO filter in IMC-FOPID scheme is employed in the internal-loop to 

enhance the closed-loop performance. To design IMC-FOPID scheme, the FO process is taken 

into consideration. Hence, the IO model is transformed to a FO model given by (5.23).  

 

𝐺ଷ(𝑠) =
𝐾

𝑠ଶ + 2𝜉𝜔௡𝑠 + 𝜔௡
ଶ

                                                                                                                             (5.22) 

 

 𝐺ସ(𝑠) =
𝐾

𝑠ଶఈ + 2𝜉𝜔௡𝑠ఈ + 𝜔௡
ଶ

                                                                                                                        (5.23) 

 
Therefore, the following (5.24) is the usual configuration of a fractional-order plant: 
 

𝐺ହ(𝑠) =
𝐾

𝑠ఈ + 2𝜉𝜔௡𝑠ఉ + 𝜔௡
ଶ

                                                                                                                          (5.24) 

 
Here, perfect match is taken into consideration between the model and plant. So, an internal 

model is proposed as 

 

𝐺ହ
෪(𝑠) =

𝐾

𝑠ఈ + 2𝜉𝜔௡𝑠ఉ + 𝜔௡
ଶ

                                                                                                                          (5.25) 

 
IMC controller (𝑄ூெ஼(𝑠)) is represented with a fractional filter as 
 
 

𝑄ூெ஼(𝑠) =
𝑠ఈ + 2𝜉𝜔௡𝑠ఉ + 𝜔௡

ଶ

𝐾
∗ 𝑓(𝑠)                                                                                                          (5.26) 
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where 𝑓(𝑠) = 1/(1 + 𝛾𝑠ఘ). Hence, the overall expression of the IMC scheme with FO filter is 

shown by 

 

𝐶ூெ஼ିிை௉ூ஽(𝑠) =
𝑄ூெ஼(𝑠)

1 − 𝐺ହ
෪(𝑠)𝑄ூெ஼(𝑠)

=
𝑠ఈ + 2𝜉𝜔௡𝑠ఉ + 𝜔௡

ଶ

𝐾𝛾𝑠ఘ
                                                                   (5.27) 

 
To find the IMC-FOPID control settings, (5.27) is expressed in the usual form of FOPID 

scheme as follows: 

 

𝐶ூெ஼ିிை௉ூ஽(𝑠) = 𝐾௉ ൬1 +
𝐾ூ

𝑠ఒ
+ 𝐾஽𝑠µ൰ =

1

𝛾𝑠ఘ

2𝜉𝜔௡

𝐾
൤

𝑠ఈ

2𝜉𝜔௡

+ 𝑠ఉ +
𝜔௡

2𝜉
൨                                             (5.28) 

 
where 𝐾௉ = 2𝜉𝜔௡/𝐾 , 𝐾ூ = 𝜔௡

ଶ/𝐾 , 𝐾஽ = 1/𝐾 , 𝜆 = 𝛽  and µ = 𝛼 − 𝛽 . The layout of the 

dual-loop FOLY-FOIMC-FOPID technique is depicted in Fig. 5.3. So, the model of the 

internal-loop is obtained as 

 

𝐺଺(𝑠) =
𝐶ூெ஼ିிை௉ூ஽(𝑠)𝑓(𝑠)𝑌௉

1 + 𝐶ூெ஼ିிை௉ூ஽(𝑠)𝑓(𝑠)𝑌௉

                                                                                                               (5.29) 

 
The entire model is obtained as  
 
 

𝐺଻(𝑠) =
𝑈(𝑠)𝐶ூெ஼ିிை௉ூ஽(𝑠)𝑓(𝑠)𝑌௉(𝑠)

1 + 𝐶ூெ஼ିிை௉ூ஽(𝑠)𝑓(𝑠)𝑌௉(𝑠) + 𝑈(𝑠)𝐶ூெ஼ିிை௉ூ஽(𝑠)𝑓(𝑠)𝑌௉(𝑠)
                                            (5.30) 

 

 

Fig. 5.3.  Dual-loop FOLY-IMC FOPID scheme. 
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5.3.3 Dual-loop FOIMC-FOPD predictor 
 

The proposed Dual-loop predictor is illustrated in Fig 5.4 has a FOIMC scheme (𝐺௖) and a 

stabilizing FOPD controller 𝐺௉஽(𝑠) =  𝐾௉ + 𝐾ௗ𝑠ఓ.  𝑃௠ represents the model of the following 

(without dead-time): 

 

𝑃௧(𝑠) =
𝑦(𝑠)

𝑟ᇱ(௦)
=

𝐺௉(𝑠)

1 + 𝐺௉(𝑠)𝐺௉஽(𝑠)
                                                                                                                 (5.31) 

 
From Fig 5.4, the external model is provided by  
 
𝑦(𝑠)

𝑟(𝑠)
=

𝐺஼(𝑠)𝑃௧(𝑠)

1 + 𝐺஼(𝑠)(𝑃௠(𝑠) + 𝑃௧(𝑠) − 𝑃௠(𝑠)𝑒ିఏ௦)
                                                                                      (5.32) 

 

Taking into account ideal-model circumstances (𝑃௧(𝑠) =𝑃௠(𝑠)𝑒ିఏ௦), (5.32) reduces to 
 
𝑦(𝑠)

𝑟(𝑠)
=

𝐺஼(𝑠)𝑃௠(𝑠)𝑒ିఏ௦

1 + 𝐺஼(𝑠)𝑃௠(𝑠)
                                                                                                                                  (5.33) 

 

where 𝐺஼(𝑠) = 𝐶௙௢௜௠௖(𝑠)/(1 − 𝑃௠(𝑠)𝐶௙௢௜௠௖(𝑠)) is the external-loop scheme. Since the 

denominator of (5.33) is independent on 𝜃, the design 𝐶௙௢௜௠௖ relies only on  𝑃௠. It is the 

benefit of this control strategy.  

 

 
 

Fig. 5.4. Dual-loop FOPD-FOIMC smith predictor. 
 

 𝐺஼  and  𝐺௉஽ need to be designed for the suggested dual-loop FOIMC-FOPD predictor. 𝐺஼  is 

computed by developing the FOIMC filter. The method for finding the control functions is 

demonstrated below: 
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 Design of 𝑮𝑷𝑫 
 
The FOPD scheme is developed for stabilizing the inner-loop involving 𝐺௉(𝑠) and 𝐺௉஽(𝑠) . 

Ideal values of 𝐾௉ , 𝐾ௗ  and 𝜇 are found applying the PSO demonstrated in Appendix C. 

Replacing 𝐺௉஽(𝑠) = 𝐾௉ + 𝐾ௗ𝑠ఓ and 𝐺௉(𝑠) = (𝐾𝑒ିఏ ) (𝑎ଶ𝑠ଶ + 𝑎ଵ𝑠 + 𝑎଴)⁄  in (4.110) and 

neglecting 𝑒ିఏ௦ the denominator, we get 

 

𝑃௧(𝑠) =
𝐾𝑒ିఏ௦

𝑎ଶ𝑠ଶ + 𝑎ଵ𝑠 + 𝐾 𝐾ௗ𝑠ఓ + 𝐾௣𝐾 + 𝑎଴

                                                                                               (5.34) 

 
 

 Design of  𝑪𝑭𝑶𝑰𝑴𝑪 
 
𝐶ிைூெ஼ is designed using 𝑃௠. Therefore, 𝐺஼(𝑠) = 𝐶ிைூெ஼(𝑠)/(1 − 𝑃௠(𝑠)𝐶ிைூெ஼(𝑠)).  𝑃௠ is 

obtained from (5.34) as 

 

𝑃௠(𝑠) =
𝐾

𝑎ଶ𝑠ଶ + 𝑎ଵ𝑠 + 𝐾 𝐾ௗ𝑠ఓ + 𝐾௣𝐾 + 𝑎଴

                                                                                              (5.35) 

 
Therefore, 
 

𝐶ிைூெ஼(𝑠) =
𝑎ଶ𝑠ଶ + 𝑎ଵ𝑠 + 𝐾 𝐾ௗ𝑠ఓ + 𝐾௣𝐾 + 𝑎଴

𝐾(1 + 𝜏𝑠ఈ)ଶ
                                                                                     (5.36) 

 
where 𝜏 and 𝛼 are the variable tuning parameter and FO, accordingly. In this study,  𝐺௉஽ is 

obtained as a FOPD scheme rather than FOPID to ignore the integral term (1/𝑠) in (5.36). The 

aforementioned stand-alone and augmented fractional order topologies are employed to 

investigate the performance of inverted pendulum and CSTR in different scenarios from a real 

time perspective in the following case studies. Different optimization strategies are 

recommended in some case studies in order to attain the best outcomes for various fractional 

order control topologies. Different optimization methods such as ABC [27] and MPSO [28] 

methods are employed in this work. In order to create some meta heuristics, nature-inspired 

optimization method typically concentrates on insect behavior and imitate their 

problem-solving techniques. PSO and ABC are two often employed methods that imitate insect 

behavior. The ABC optimization makes an effort to imitate honey bee behavior when seeking 

out food. In order to select the best time constants (𝜆ଵ and 𝜆ଶ) FOs (𝛼 and 𝛽) of IMC filters for 

various processes in section 5.2, the ABC method is used. The flowchart of the ABC 

optimization is discussed in Appendix C. Closed-loop time constant ranges are set to 0 to 100 

and fractional orders to 0 to 2, accordingly. In section 5.3, it is recommended to use PSO, 

another population-based evolutionary technique, to determine the best values for various 

controllers. The standard PSO is more popular because it is very simple to implement and does 
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not require the gradient of the problem being optimized. The PSO is an extremely resilient and 

versatile solution to optimization issues. Due to the fact that it essentially determines the PSO's 

convergence nature, inertia weight is crucial to obtaining the best settings when utilizing the 

PSO method. The particle swarm will not converge to produce an optimal solution if a big 

inertia weight value is applied. The inertia weight in this study has been constrained to fall 

inside a predetermined range known as random inertia weight. The pseudo code of this method 

is discussed in Appendix C. For both optimization techniques, the following multi-objective 

function encompassing IAE, ISE, and ITAE determines the required optimal parameters 

 

𝐽 = 𝑊ଵ ∫ 𝑡|𝑒(𝑡)|𝑑𝑡 + 𝑊ଶ ∫ |𝑒(𝑡)|𝑑𝑡 + 𝑊ଷ ∫ |𝑒(𝑡)ଶ|𝑑𝑡
ஶ

଴

ஶ

଴

ஶ

଴
                                                                    (5.37)  

 
where, W1, W2 and W3 are the weights whose values are considered 0.5.  
 
 
5.4 Investigation on Proposed Fractional Order Standalone and Augmented  

Control Schemes on Continuous Stirred Tank Reactor 
 
To demonstrate the benefits of the proposed techniques in comparison to the state of the art, 

simulation tests are carried out using some reported benchmark models that have been adopted 

in the literature. Additionally, the proposed design's robust stability is examined, and different 

performance metrics are computed. 

 
Case study I: Comprehensive study of Optimal FOIMC rule based SCCS with 
advanced dead time compensator 
 
The following steps for applying the suggested method are proposed as 

 
I. In light of the parameters of 𝑃ଶ(𝑠), 𝐶ଶ(𝑠) is developed using (5.13) or (5.14). 

 
II. The entire model 𝐺(𝑠) = 𝑃ଵ(𝑠)𝑃ଶ(𝑠) is obtained. 

 
III. 𝐶ௌ(𝑠) is developed assuming 𝑇ௗ = 0.5𝜃௠ and selecting 𝐾௣ in the range  1 𝐾⁄ <

𝐾௣ < (𝜏ଵ − 𝜏ଶ) (0.5𝐾𝜃௠⁄ ), a graph of 𝐾௣ vs 𝑀ௌ (𝑀ௌ = ‖1/1 + 𝐶௦(𝑠)𝐺(𝑠)‖∞) is 

evaluated.  

 
IV. The actual value of 𝑀ௌ is acquired from the graph generated in step-III. The most 

common recommendation for 𝑀ௌ  is 1.6. However, for the majority of unstable 

processes, 𝑀ௌ =1.6 is challenging to attain. In that situation, choosing the option 

that corresponds to the lowest value of 𝑀ௌ is advised to establish an acceptable 

trade-off between performance and stability. 

 
V. From (5.34), 𝑃௠ is computed. Using 𝑃௠, 𝐶ଵ(𝑠) is obtained as shown in (5.36). 
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The actual plant model 𝐺(𝑠) is only approximated by the nominal plant (𝐺௢௩(𝑠) =

 𝑃௠ଵ(𝑠)𝑃௠ଶ(𝑠)), which is utilized to calculate the controller functions. Therefore, it is crucial 

to build the closed-loop process in a way that makes it resistant to changes in the parameters 

of the plant model.  

 
Robust Stability Analysis: 

 
The following need [29], must be met in order to provide robust stability: 

 
‖∆(𝑠)𝑇ௗ(𝑠)‖ஶ < 1 ,    ∀𝜔 ∈ (−∞, ∞)                                                                                                          (5.38) 
 
where, 𝑇ௗ(𝑠) is denoted as complementary sensitivity function and ∆(𝑠) is denoted as the 

multiplicative uncertainty in the plant model which is obtained as 

 

∆(𝑠) = ቤ
𝐺(𝑠) − 𝐺௢௩(𝑠)

𝐺௢௩(𝑠)
ቤ                                                                                                                                   (5.39) 

 
The system should be designed so that the following condition is met in the event that the 

process gain, delay time, and time constant of the primary and secondary models are 

disturbed: 

 

‖𝑇ௗ‖ஶ < ቤ
[(𝜏ଵ + ∆𝜏ଵ)𝑠 − 1][(𝜏ଶ + ∆𝜏ଶ)𝑠 + 1]

(𝜏ଵ𝑠 − 1)(𝜏ଶ𝑠 + 1)𝑒ି∆ఏ೘௦ − [(𝜏ଵ + ∆𝜏ଵ)𝑠 − 1][(𝜏ଶ + ∆𝜏ଶ)𝑠 + 1]
ቤ                                                    (5.40) 

 
where, ∆𝐾ଵ, ∆𝜃ଵ and ∆𝜏ଵ/ ∆𝐾ଶ, ∆𝜃ଶ and ∆𝜏ଶ represent uncertainties in process gain, delay 

time, and time constant of primary/secondary models, respectively. To investigate the 

robustness, the magnitude graphs of 𝑇ௗ(𝑠) and ∆(𝑠) are obtained as depicted in Fig. 5.5. It is 

noticeable that in all frequencies, the decibel magnitude of 𝑇ௗ(𝑠) is less than that of ∆(𝑠). 

 
Two benchmark instances examined by [7-8] are used in simulation research. A step input 𝑟ଵ is 

considered at t = 0 that is detailed in this section in order to contrast the servo behavior. The 

controlled variable should oscillate and overshoot as less as possible to attain the set-point as 

rapidly as possible. By applying negative step load disruptions (𝑑ଵ and 𝑑ଶ) at different times, 

regulatory responses are contrasted. The controlled variable should begin following the desired 

set-point as soon as it deviates from it due to disturbances, with the least amount of overshoot or 

undershoot possible. To investigate the system stability, disturbances of +10% are applied in 

the gain and dead time of 𝑃ଵ and 𝑃ଶ . Additionally, 𝜏ଵ  and 𝜏ଶ  are altered by -10%. 

Computation of instantaneous error 𝑒(𝑡) involves by subtracting 𝑦ଵ from  𝑟ଵ  at time ‘t’. 

Using 𝑒(𝑡), integral errors are obtained as 𝐼𝐴𝐸 = ∫ |𝑒(𝑡)|𝑑𝑡
ஶ

଴
) and 𝐼𝑆𝐸 = ∫ 𝑒(𝑡)ଶ𝑑𝑡

ஶ

଴
. By 

incorporating the settling time of servo and regulatory performances, the entire settling time 
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( 𝑡௦௢௩
) is evaluated as   𝑡௦௢௩

= 𝑡௦(௬భ/௥భ) + 𝑡௦(௬భ/ௗభ) + 𝑡௦(௬భ/ௗమ) . Reliability of control 

output  𝑢ଶ(𝑡) is computed by its overall variation (𝑇𝑉 = ∑ |𝑢ଶ(𝑖 + 1) − 𝑢ଶ(𝑖)|ஶ
௜ୀଵ ). Lower 

readings of IAE, ISE, 𝑡௦௢௩
 and TV measurements are preferable. In the simulation studies, the 

𝐶ௌ is designed with a derivative filter as shown below:  

 

𝐶ௌ(𝑠) = 𝐾௣ ൬1 +
𝑇ௗ𝑠

0.1𝑇ௗ𝑠 + 1
൰                                                                                                                         (5.41) 

  
 
Example-1 
 
The following primary and secondary models are used: 
 

𝑃ଵ(𝑠) =
eି଴.ଷଷଽୱ

5s − 1
 , 𝑃ଶ(𝑠)  =

eି଴.଺ୱ

2.07s + 1
                                                                                                         (5.42) 

 
The secondary and primary controllers [7] are developed as: 

𝐺஼ଶ(𝑠) =  (2.07 s +  1) (0.3𝑠 + 1)⁄ , 𝐺஼ଵ(𝑠) = 0.478(1 + 1/(0.99𝑠) + 0.213𝑠)(6.821𝑠 +

1)/(0.567𝑠 + 1) whereas the transfer function of set point filter is 𝐹ோ(𝑠) = 1/(6.821𝑠 +  1). 

The controller settings [8] are used as: 

𝐺஼ଶ(𝑠) =  (2.07s +  1) (0.3𝑠 + 1)⁄ , 𝐺஼ௌ(𝑠) = 4.646(1 + 1/(4.255𝑠) + 0.28𝑠)(0.47𝑠 +

1)/(0.23𝑠 + 1), 𝐺஼ௗ(𝑠) = 4.646(1 + 1/(4.255𝑠) + 0.28𝑠)(0.47𝑠 + 1)/(0.023𝑠 + 1)  and  

𝐹(𝑠) = 1/(1.19𝑠ଶ + 4.255𝑠 +  1). Using the ABC optimization, 𝜆ଵ= 0.439, 𝜆ଶ = 0.1 and α 

= 1.05 and β = 1.15 are found for the proposed method. From Fig. 5.6, appropriate reading of 

𝐾௣ can be chosen to attain a 𝑀ௌ of 1.6. The fractional order sole approximations using phase 

modulated biquadratic equiripple approximation is presented in Table 5.1.  

 
The proposed strategy yields  𝐶ଶ(𝑠) = (2.07𝑠 + 1) (s +  1) (0.1𝑠ଵ.ଵହ + 1)ଶ⁄ , 𝐶ௌ(𝑠) =

1.54(1 + 0.47𝑠) and 𝐶ଵ(𝑠) = (10.35𝑠ଶ + 2.207s + 0.54) (0.193𝑠ଶ.ଵ + 0.878𝑠ଵ.଴ହ + 1)⁄ . 

The proposed method's performances are contrasted to those of the reported ones using the 

aforementioned controller settings. Unit negative step disturbances are applied at the 30s and 

60s, respectively, to evaluate the regulatory responses. Figs. 5.7 to 5.10 show the system 

behaviors and control efforts for the nominal and disturbed plants. A band-limited white noise 

block (noise strength 0.0001, sampling time 0.5, and seed 0) is introduced to the measured 

output to evaluate the impact of measurement noise. In Figs. 5.11 and 5.12, respectively, the 

closed-loop control efforts amid noise are illustrated. The IAE and ISE for the proposed 

technique are much lower in both the normal and perturbed circumstances, as can be found 

from the quantitative analysis presented in Table 5.2. The proposed method's entire settling 

time (for the nominal situation) is somewhat higher than that of existed ones. However, in 

practice, it cannot anticipate the hypothetical model to function smoothly. It is important to note 



that if the plant model is disrupted, the techniq

Additionally, the TV readings 

published. Nevertheless, as shown in Fig. 10, the control signal of the suggested method is 

significantly smoother than the re

encapsulated that the following ben

quicker servo response, as shown in Fi

measurement noise); and (3) a somewhat less oscillating outcome

the proposed scheme, 𝐺௖ = 𝐶ଵ (⁄

and 𝑃௧ = 𝑃௠eି଴.ଽଷଽୱ. 

 

Fig. 5.5. Magnitude plots o
 
 

Fig. 5.6. 
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that if the plant model is disrupted, the technique [8] produces an unstable closed-loop response.

 of the suggested approach are higher than those that were 

shown in Fig. 10, the control signal of the suggested method is 

significantly smoother than the reported works amid measurement noise. Thus, it can be 

the following benefits of the proposed strategy have been reported: (1) a 

o response, as shown in Figures 5.9 and 5.11; (2) steady control action (amid 

easurement noise); and (3) a somewhat less oscillating outcome if the plant is upset.

(1 − 𝑃௠𝐶ଵ) and for this case, 𝑃௠ = 1 (10.35𝑠ଶ + 2.207⁄

 
Magnitude plots of stability for the proposed method. 

 

 
Fig. 5.6. Finding appropriate value of 𝐾௣. 

 
 

loop response. 

of the suggested approach are higher than those that were 

shown in Fig. 10, the control signal of the suggested method is 

ment noise. Thus, it can be 

have been reported: (1) a 

trol action (amid 

is upset. As per 

207s + 0.54) 

 

 



164 
 

 
 

Fig. 5.7. Nominal outputs in presence of load disturbance. 
 
 

 
 

Fig. 5.8. Nominal control efforts. 
 

 

 
 

Fig. 5.9. Perturbed outputs. 
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Fig. 5.10. Perturbed control actions. 
 

 

 
 

Fig. 5.11. Nominal outputs in presence of noise. 
 

 

 
 

Fig. 5.12. Control efforts in presence of noise. 
 
 
 



Example-2 
 
In this case, the following primary and secondary

𝑃ଵ (𝑠) =
eିଷୱ

10s − 1
, 𝑃ଶ(𝑠) =

2eି

s +

The following control settings [7] are employed as

0.122(1 + 1/(5.5𝑠) + 1.728𝑠)

The controller settings [8] are 

1/(46.522𝑠) + 1.465𝑠)(2.5𝑠 +

1.502𝑠)(2.5𝑠 + 1)/(0.172𝑠 +

constants and FO parameters computed using ABC technique

1.004, α = 1.04 and β =1.16. Acceptable reading

into account the models in (5.43), 

is determined to be 𝐾௣ = 0.75. Accordingly, 

as  𝐶ଶ(𝑠) = (s +  1)ଶ 2(1.004⁄

 (10𝑠ଶ + 5.25s + 0.5) (194.05⁄

investigated by combining negative

Figs. 5.14–5.17 show closed-loop findings and control actions that match

perturbed models. The impact of measurement

source (noise strength = 0.0001, sa

accordingly, show the system responses and control attempts amid

 

Fig. 5.13.
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ng primary and secondary models are adopted: 

ିଶୱ

+ 1
                                                                                          

[7] are employed as: 𝐺஼ଶ(𝑠) =  (s +  1) (6𝑠 + 2)⁄ ,  

)(72.25𝑠 + 1)/(0.886𝑠 + 1) and 𝐹ோ(𝑠)  = 1/(72.25

 used as: 𝐺஼ଶ(𝑠) =  (s +  1) (3𝑠 + 2)⁄ , 𝐺஼ௌ(𝑠) =

+ 1)/(1.285𝑠 + 1), 𝐺஼ௗ(𝑠) = 1.643(1 + 1/(63.873

1)  and 𝐹(𝑠) = 1/(68.152𝑠ଶ + 46.522𝑠 +  1) . 

ers computed using ABC technique are as follows:  𝜆ଵ =

4 and β =1.16. Acceptable reading of 𝐾௣ can be selected from Fig. 5.13. Taking 

in (5.43), 𝑀ௌ = 1.6 is not attainable. Therefore, the least value of 

. Accordingly, the proposed controller functions are

004𝑠ଵ.ଵ଺ + 1)ଶ,         𝐶ௌ(𝑠) = 0.75(1 + 2.5𝑠) and

05𝑠ଶ.଴଼ + 39.4𝑠ଵ.଴ସ + 2) . The regulatory performance 

negative disturbances (𝑑ଵ and 𝑑ଶ) at 150s and 300s, accordingly

loop findings and control actions that match the nominal and 

of measurement noise is investigated by combining a white noise 

= 0.0001, sampling time = 0.5 and seed = 0). Figs. 5.18

accordingly, show the system responses and control attempts amid noise. 

 
Fig. 5.13. Finding appropriate value of 𝐾௣. 

       (5.43) 

  𝐺஼ଵ(𝑠) =

25𝑠 +  1). 

) 1.823(1 +

873𝑠) +

. The time 

9.85, 𝜆ଶ =

Fig. 5.13. Taking 

value of 𝑀ௌ 

are computed 

and 𝐶ଵ(𝑠) =

The regulatory performance is 

) at 150s and 300s, accordingly. 

the nominal and 

white noise 

Figs. 5.18-5.19, 
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Fig. 5.14. Nominal outputs. 

 

Table 1 shows that, in comparison to the reported methods (for both nominal and perturbed 

models), the closed-loop response of the suggested method has reduced IAE, ISE, and 𝑡௦௢௩
 

measures. Fig. 5.18 illustrates how the steady control action amid noise justifies the high TV 

measurements for the suggested approach. As opposed to the previous statement, the described 

works' control signal exhibits significant amplitude surges when noise is present. Actuator 

saturation could result from this, which is undesirable in real-world situations. Therefore, the 

proposed approach leads to a notable enhancement in closed-loop performance. 

 

 
 

Fig. 5.15. Nominal control actions. 
 

In this case study, 𝑃௠ = 2 (10𝑠ଶ + 5.25s + 0.5)⁄  and 𝑃௧ = 𝑃௠eିହୱ. The 𝑇ௗ(𝑠) can be found 

as 𝐺௖𝑃௧/(1 + 𝐺௖𝑃௠),  where 𝐺௖ = 𝐶ଵ (1 − 𝑃௠𝐶ଵ)⁄ . In this case study, ∆(s) is calculated with 

(5.41) for the perturbation values taken into consideration. Stability analysis is explored by 

showcasing the magnitude plots of 𝑇ௗ(𝑠) and ∆(𝑠). At all frequencies, it is found that the 

complementary sensitivity function's decibel magnitude is smaller than the uncertainty norm 

bound. According to (5.40), it is the essential criteria for robustness.  

  



168 
 

 
 

Fig. 5.16. Perturbed outputs. 
 

 
 

Fig. 5.17. Perturbed control actions. 
 

 
 

Fig. 5.18. System outputs amid noise. 
 

 
 

Fig. 5.19. Control efforts amid noise.  



Fig. 5.20. Magnitude graphs
 
Example-3 
 
The various steady state solutions that resulting

in terms of its dynamics [7] in order to investigate

  
𝑑𝐶

𝑑𝑡
=

𝑄

𝑉
൫𝐶௙ − 𝐶൯ −

𝑘ଵ

(𝑘ଶ𝐶 + 1)ଶ
   

 
Where, 𝑄 is the inlet flow rate and

𝑄 = 0.0333 L/s, 𝑉= 1L, 𝑘ଵ= 10 L/s and 

steady condition at 𝐶 =1.316 which is 

around 𝐶 = 1.316 and considering

computed: 

 

𝑃ଵ (𝑠) =
3.433𝑒ିଶ଴௦

103.1𝑠 − 1
                        

 
The disruptive element in this case is the inlet

technique is put into practice. The secondary process model's dynamics are taken to be

 

𝑃ଶ (𝑠) =
𝑒ି଴.ହ௦

3𝑠 + 1
                                

 
Choosing 𝑇ௗ = 10.25  and for several

compute 𝐾௣ = 0.891 corresponding to 

0.25 and α = 1.08 and β = 1.12 are computed

phase modulated biquadratic equiripple approximation is presented in Table 5.1.

the estimated proposed control s
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Magnitude graphs of stability for the proposed method.  

steady state solutions that resulting from an isothermal chemical reactor are studied 

f its dynamics [7] in order to investigate the effects of potential nonlinearities. 

)
                                                                                                        

is the inlet flow rate and 𝐶௙ is the inlet concentration. The parameter settings

= 10 L/s and 𝑘ଶ = 10 L/mol. It is proposed that there is an unstable 

which is the nominal value of 𝐶௙ = 3.288 mol/L. By linearizing

1.316 and considering a delay time of 20 seconds, the following

                                                                                                        

tive element in this case is the inlet flow rate. As a result, the cascade control 

technique is put into practice. The secondary process model's dynamics are taken to be

                                                                                                        

for several values of 𝐾௣  in the range 0.291< 𝐾௣ <2.845, we 

0.891 corresponding to 𝑀ௌ = 1.6. Using ABC optimization, 𝜆ଵ= 4.86, 

= 1.12 are computed. The fractional order sole approximations using 

phase modulated biquadratic equiripple approximation is presented in Table 5.1. Consequently, 

control settings are 

 

from an isothermal chemical reactor are studied 

the effects of potential nonlinearities.  

          (5.44) 

parameter settings are 

that there is an unstable 

3.288 mol/L. By linearizing 

0 seconds, the following model is 

          (5.45) 

As a result, the cascade control 

technique is put into practice. The secondary process model's dynamics are taken to be 

          (5.46) 

<2.845, we 

= 4.86, 𝜆ଶ = 

. The fractional order sole approximations using 

Consequently, 
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 𝐶ଶ(𝑠) = (3𝑠 + 1) (0.25s +  1) (0.25𝑠ଵ.ଵଶ + 1)ଶ⁄ , 𝐶ௌ(𝑠) = 0.891(1 + 10.25𝑠) and 𝐶ଵ(𝑠) =

(309.3𝑠ଶ + 68.736s + 2.06) (3.433(25𝑠ଶ.ଵ଺ + 10𝑠ଵ.଴଼ + 1)).⁄  Only (5.45) is utilized to get 

the aforementioned controller settings. In simulation, however, (5.44)'s nonlinear differential 

equation is applied rather than (5.44)'s. To analyze the servo operation, a set-point step change 

from 0 to 5 is used. Disturbances 𝑑ଵ = −10 and 𝑑ଶ = −10 are presented at 500s and 700s, 

respectively, to evaluate regulatory action. A +20% perturbation is taken into consideration in 

order to attain the suggested dead time compensator's resilience. Figs. 5.21- 5.22, which 

correspond to the nominal and disturbed plant models, respectively, exhibit plots of closed-loop 

outputs and control efforts. It is clear from Figs. 5.21 and 5.22 that the suggested system 

produces reliable closed-loop reactor control. 

 

 
 

Fig. 5.21. Robustness of proposed method. 
 

 
 

Fig. 5.22. Nominal and perturbed control actions. 
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Table 5.1   
Approximated model of fractional order 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

Table 5.2  
Performance measures 

C
as

e Tuning 
strategies 

Nominal system 

IAE ISE TV 𝒕𝒔𝒐𝒗
(sec) 

Nominal case 
1 Proposed 3.99 1.69 361.57 113.5 

Yin et al. [8] 4.89 2.91 126.15 111 

Dasari et al. [7] 7.32 3.93 43.47 118 

2 Proposed 45.61 23.91 44.74 601 
Yin et al. [8] 47.27 25.88 6.60 624 

Dasari et al. [7] 72.62 45.63 6.72 641 

Perturbed case 
1 Proposed 4.39 1.70 2.69x103 109.2 

Yin et al. [8] -- -- -- -- 

Dasari et al. [7] 7.71 3.96 59.45 119.45 

2 Proposed 53.12 30.81 50.44 627 
Yin et al. [8] 52.16 30.45 11.56 650 

Dasari et al. [7] 78.45 55.30 9.71 659 

 
According to the aforementioned studies, the proposed optimal FOIMC-SCCS technique 

significantly outperforms certain recent research in terms of closed-loop servo and regulatory 

responses. Even if the overshoot during servo action is reduced, overshoots in regulatory action 

still occur and need to be addressed. But this proposed approach attains long-term stability with 

ease compared to existing conventional schemes. 

 
After the significant application of an optimal FOIMC-SCCS scheme, the second novel 

investigation is carried out with FOMRAC augmented control schemes on another reported 

benchmark model. Only FOLY based standalone and augmented techniques are examined in 

this application for regulating process variables because FOLY is proven to be more efficient 

than FOMIT as discussed in chapter-4. Dual-loop techniques are implemented in a Simulink 

environment using Figs. 4.11, 4.14, and 4.15. The significant applications of the FOLY-based 

Fractional order Approximated transfer functions 𝐆(𝐬) 

𝑠ଵ.଴ହ 0.85𝑠ଶ + 16.02𝑠 + 2.03

2.03𝑠ଶ + 16.02𝑠 + 0.85
 

𝑠ଵ.ଵହ 2.24𝑠ଶ + 8.53𝑠 + 6.29

6.29𝑠ଶ + 8.53𝑠 + 2.24
 

𝑠ଵ.଴଼ 2.25𝑠ଶ + 9.37𝑠 + 4.23

4.23𝑠ଶ + 9.37𝑠 + 2.25
 

𝑠ଵ.ଵଶ 5.84𝑠ଶ + 12.43𝑠 + 3.62

3.62𝑠ଶ + 12.43𝑠 + 5.84
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dual-loop approach are explored in the subsequent research, and to assess the effectiveness of 

control. The performance of this proposed dual-loop strategies is further compared to another 

alternative proposed dual-loop scheme based on FOIMC-FOPD predictor for better 

improvement of control action. 

 
Case study II: Comprehensive study of different FO-augmented strategies 
 
Simulations are conducted using the different operating points of a benchmark plant models 

that are used in (5.47) and (5.52). 

 
Example-4 
 
Five linear operational regions comprise the linearized CSTR utilizing data shown in Table5.3. 

In this work, the following linear operating points [30] are used: 𝐶஺(𝑡) = 0.1425mol/l, 𝑇ௌ =

 460.12 K and 𝑞௖(𝑡) =113.25 l/min. The Eigen values of selected linear operating region are 

found as 3.478 and 1.356. This means that the resulting system is unstable with the following 

model: 

 

𝑌௉(𝑠) =
0.1915

𝑠ଶ − 5.948𝑠 + 22.69
                                                                                                                        (5.47) 

 
The parameters [30] of this CSTR are presented in Table 5.3.  
 
 

Table 5.3   
Parameters of CSTR 

 
Parameters Specifications 

Concentration (𝐶௢(𝑡)) 0.0885 mol/l 
Reactor temperature (𝑇(𝑡)) 441.14 K 
Coolant flow rate (𝑞௖(𝑡)) 100 l/min 
Feed flow rate (𝑞௙(𝑡)) 100 l/min 

Feed concentration (𝐶௙) 1 mol/l 

Feed temperature (𝑇௙) 350 K 

Inlet coolant temperature (𝑇௖௙) 350 K 
CSTR volume (V) 100 l 
Reaction rate constant (𝑘଴) 7.2 x 1010 min-1 
Activation Energy (E/R) 1 x 104 K 
Heat of reaction (-∆H) -2 x 105 cal/mol 
Liquid density (ρ) 1 x 103 g/l 
Heat transfer term (hA) 7 x 105 cal/(min K) 

 
 
Now, choosing an ideal model (𝑦௣ ) is crucial in MRAC based schemes. For the current 

procedure, the ideal parameters are peak overshoot (𝑀௣) =  3% and settling time (𝑇௦) = 3 

seconds. For these specifications the damping ratio (ξ) = 0.59 and natural frequency (𝜔௡) 

= 2.259 are obtained using the following expressions: 

 

𝑀௣ = 𝑒ି௽క ඥଵିకమ⁄                                                                                                                                                (5.48) 
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𝑇௦ =
4

𝜉𝜔௡

                                                                                                                                                             (5.49) 

 
So, the reference model is obtained as 
 

𝑌ெ(𝑠) =
5.103

𝑠ଶ + 2.665𝑠 + 5.103
                                                                                                                       (5.50) 

 

In MRAC, the FOLY rule is always preferred over the MIT rule based on fractional orders. This 

is due to the fact that, as described in chapter 4, the adaptive gain of the Lyapunov stability rule 

is 1.5 times higher than the MIT rule. The FOLY rule includes γ and 𝛼  as control law 

parameters which are frequently tuned to attain promising servo-regulatory behaviors. In 

general, system tracking performance enhances with increase in γ and reduction of 𝛼. It is 

discovered that increasing the value of adaptive gain and reducing extra degree of freedom 

makes the system responds quicker and minimizes the value of integral errors. All systems 

work satisfactorily within a certain range of adaptive gain and an additional degree of freedom. 

The closed-loop findings are examined for various γ values (between 0 to 50) and 𝛼 values 

(between 0 to 1) for unstable plants. 

Extensive research indicates that when 𝛾 = 45 and 𝛼 =  0.75  are used, the system provides 

adequate tracking performance (in terms of error values and response time). For the previously 

described gain levels, the FOLY rule yields more stable and enhanced closed-loop behavior 

when compared to the other gain values. The FOLY rule is added to the FOPID and 

FOIMC-FOPID controllers to further enhance performance. The modified PSO method is used 

to derive the parameters of the FOPID controller in (5.19). The suggested values for FOs in 

(5.25) are 𝛼 =0.492 and 𝛽 =0.246 for unstable processes, respectively, based on extensive 

simulation research. Now, modified PSO is used to determine the best values of the filter time 

constant and fractional filter in (5.26). The MPSO method is also used to estimate the three 

tuning parameters (𝐾௉, 𝐾஽  and µ) of the FOPD scheme for the dual-loop FOIMC-FOPD 

predictor. 𝐾௉, 𝐾ூ, 𝐾஽  have ideal values between 0 and 100. In a manner similar to this, the 

ideal FO values (λ and µ)  in the FOPID scheme are examined between 0 and 1. Likewise, a 

range of 0 to 100 is searched for the ideal filter time constant. The fractional filter is tuned for 

an order between 0 and 1. Next, the fractional-order tuning parameters of the FOPD prediction 

method are examined between 0 and 2, while the ideal values of the proportional and derivative 

tuning parameters are examined between 0 and 500. The optimization algorithm is discussed in 

Appendix-C. Table 5.4 depicts the proposed controller settings and Table 5.5 shows rational 

approximations of different computed fractional orders using exact phase modulated 

biquadratic approximation. To examine the servo response, a unit step change in set-point is 

taken into account at 𝑡 = 1 second.Application of a unit-step disturbance at 𝑡 = 25 seconds 



allows for the study of regulatory responses.

systems that have been suggested are compared to those of the FO

system output is subtracted from the set

and ITAE are calculated using IA

workable balance between performance and robustness, the suggested predictor assumes t

of the FOIMC controller is 0.5. Beyond 0.5 may result in a decline in closed

but enhance system robustness. On the other hand, performance is improved but robustness is 

sacrificed when the value is decreased below 0.5. 

outcomes for the three suggested control methods

CSTR unstable process model in Figs. 5.23 and 5.24, respectively. At the plant's output, a 0.01 

second delay is also taken into account. Gain of the process model is studied wi

perturbation to study the stability

and controller outputs for the perturbed example are displayed. There is no doubt that the 

suggested methods produce more reliable closed

stand-alone method. 

The FOIMC-FOPD predictor, out of the three suggested control structures, p

servo action and noise rejection in both nominal and perturbed scenarios. Additionally, as 

shown in Table 5.6, the proposed FOIMC

are lower than those of the other three techniques. 

  

Fig. 5.23. Nominal outputs with stand
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allows for the study of regulatory responses. System outputs from all three of the multi

systems that have been suggested are compared to those of the FO-Lyapunov method. The 

system output is subtracted from the set-point at time 't' to produce the instantaneous error. ISE 

and ITAE are calculated using IAE. TV is determined by ∑ |𝑢(𝑖 + 1) − 𝑢(𝑖)|ஶ
௜ୀଵ . To discover a 

between performance and robustness, the suggested predictor assumes t

0.5. Beyond 0.5 may result in a decline in closed-loop performance 

but enhance system robustness. On the other hand, performance is improved but robustness is 

sacrificed when the value is decreased below 0.5. The control actions and closed

r the three suggested control methods and the FOLY approach are plotted for the 

CSTR unstable process model in Figs. 5.23 and 5.24, respectively. At the plant's output, a 0.01 

second delay is also taken into account. Gain of the process model is studied wi

urbation to study the stability of the design. In Figs. 5.25 and 5.26, respectively, the sy

and controller outputs for the perturbed example are displayed. There is no doubt that the 

suggested methods produce more reliable closed-loop performance than the FO-

FOPD predictor, out of the three suggested control structures, produces a quicker 

rejection in both nominal and perturbed scenarios. Additionally, as 

proposed FOIMC-FOPD predictor's IAE, ISE, ITAE, and TV measures 

are lower than those of the other three techniques.  

 

Nominal outputs with stand-alone and augmented control topologies. 

 

System outputs from all three of the multi-loop 

Lyapunov method. The 

o produce the instantaneous error. ISE 

To discover a 

between performance and robustness, the suggested predictor assumes that 𝜏 

loop performance 

but enhance system robustness. On the other hand, performance is improved but robustness is 

and closed-loop 

approach are plotted for the 

CSTR unstable process model in Figs. 5.23 and 5.24, respectively. At the plant's output, a 0.01 

second delay is also taken into account. Gain of the process model is studied with a +10% 

of the design. In Figs. 5.25 and 5.26, respectively, the system 

and controller outputs for the perturbed example are displayed. There is no doubt that the 

-Lyapunov 

roduces a quicker 

rejection in both nominal and perturbed scenarios. Additionally, as 

FOPD predictor's IAE, ISE, ITAE, and TV measures 

 

 



Fig. 5.24. 

 

Fig. 5.25. Perturbed outputs with stand

 

Fig. 5.26. 

A Gaussian noise source is introduced to the control actions

consideration for comparison to evaluate the imp
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Fig. 5.24. Nominal control actions. 

Perturbed outputs with stand-alone and augmented control topologies. 

Fig. 5.26. Perturbed control actions. 

troduced to the control actions for each of the four methods under 

to evaluate the impact of measurement noise on system response 

 

 

 

 

for each of the four methods under 

act of measurement noise on system response 



(mean = 0, variance = 0.001, seed = 41, and 

servo and regulatory responses to noise are depicted. It is fo

measurement noise, the proposed approac

But, proposed FOMIC-FOPD predictor tackles the system more swiftly and gracefully.

 

Fig. 5.27. Nom
 
Example-5 
 
In this study, the following linear operating points [30

𝑇ௌ =441.14 K, 𝑞௖(𝑡) =100 l/min. These settings

illustrated below: 

 

𝐴 = ቂ
−11.435  − 0.1436

3144.6       2.583
ቃ            

Since, the Eigen values of (5.51) are obtai

following stable state based model is found

 

𝑌௉(𝑠) =
0.04327

𝑠ଶ + 3.931𝑠 + 13.22
       

 
In this instance, multiple adaptive gain

freedom (between 0 and 1) are examined for the closed

Extensive simulations reveal that, 

tracking performance in terms of error levels and speed. 

as 𝛼 =0.304 and 𝛽 =0.152 in (5.25). 

Table 5.5 shows rational approximations of different computed fractional orders using exact 

phase modulated biquadratic approximation. 
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= 0, variance = 0.001, seed = 41, and time = 1 second). In Fig. 5.27, the closed

servo and regulatory responses to noise are depicted. It is found that even amid the

measurement noise, the proposed approaches follow the set-point and reject the disturbances. 

FOPD predictor tackles the system more swiftly and gracefully.

Fig. 5.27. Nominal outputs under noise. 

wing linear operating points [30] are used: 𝐶஺(𝑡)  = 0.0885 mol/l, 

l/min. These settings are applied in (2.98) to define the matrix A as 

                                                                                                        

Since, the Eigen values of (5.51) are obtained as -2.3899, -1.0, it results stable state

le state based model is found for the above operating zones as found below

                                                                                                        

ce, multiple adaptive gains (ranging from 0 to 200) and additional degree

freedom (between 0 and 1) are examined for the closed-loop servo-regulatory responses. 

Extensive simulations reveal that, with 𝛾 = 150 and 𝛼 =  0.5, the system offers reasonable 

tracking performance in terms of error levels and speed. The fractional-orders are 

0.152 in (5.25). Table 5.4 depicts the proposed controller settings and 

Table 5.5 shows rational approximations of different computed fractional orders using exact 

phase modulated biquadratic approximation.  

time = 1 second). In Fig. 5.27, the closed-loop 

und that even amid the 

point and reject the disturbances. 

FOPD predictor tackles the system more swiftly and gracefully. 

 

0.0885 mol/l, 

in (2.98) to define the matrix A as 

          (5.51) 

stable state. The 

below: 

          (5.52) 

s (ranging from 0 to 200) and additional degrees of 

regulatory responses. 

, the system offers reasonable 

rders are suggested 

settings and 

Table 5.5 shows rational approximations of different computed fractional orders using exact 



The system outputs and control efforts are shown as illustrated in F

accordingly, taking into account the CSTR process model established. 

second is taken into consideration along with the process model described in (5.51) i

examine the system's robustness. Figs. 5.30 and 5.31, respective

and control attempts of the perturbed model using 

ISE, ISTE, and TV metrics demonstrate that the suggested 

closed-loop performance and signif

other suggested control structures, the FOIMC

FOIMC-FOPD control strategy's control signal is 

amplitude than those of the other metho

to note that the FOIMC-FOPD control approach is simpler and takes less time 5 sec than the 

other three techniques. Similar to Example 3, same

for each of the strategies under consider

measurement noise on system response.

noise. It has been found that the suggested methods work well even when there is measurement 

noise since they can follow the set

  

Fig. 5.28. Nominal outputs 

 

 
Fig. 5.29. Nominal 
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and control efforts are shown as illustrated in Figs. 5.28 and 5.29, 

, taking into account the CSTR process model established. A dead time

second is taken into consideration along with the process model described in (5.51) i

examine the system's robustness. Figs. 5.30 and 5.31, respectively, depict closed-loop outputs

turbed model using the aforementioned delay. Table 5.6's IAE, 

ISE, ISTE, and TV metrics demonstrate that the suggested solutions produce improved 

loop performance and significantly smoother control actions. Notably, Compared to 

other suggested control structures, the FOIMC-FOPD predictor performs better. The suggested 

FOPD control strategy's control signal is significantly smoother and smaller in 

amplitude than those of the other methods. It is hence ecologically friendly. It's also important 

FOPD control approach is simpler and takes less time 5 sec than the 

ar to Example 3, same noise source is added to the system outp

under consideration for comparison to evaluate the impact

measurement noise on system response. Fig. 5.32 illustrates servo-regulatory outputs with 

s been found that the suggested methods work well even when there is measurement 

noise since they can follow the set-point and reject disruptions.   

 
Fig. 5.28. Nominal outputs with stand-alone and augmented control topologies. 

 

Fig. 5.29. Nominal control actions. 
 

igs. 5.28 and 5.29, 

A dead time of 0.0001 

second is taken into consideration along with the process model described in (5.51) in order to 

loop outputs 

the aforementioned delay. Table 5.6's IAE, 

solutions produce improved 

Compared to 

The suggested 

significantly smoother and smaller in 

. It's also important 

FOPD control approach is simpler and takes less time 5 sec than the 

noise source is added to the system outputs 

ation for comparison to evaluate the impact of 

regulatory outputs with 

s been found that the suggested methods work well even when there is measurement 

 

 

 



Fig. 5.30. Perturbed outputs 

Fig. 5.31. Perturbed control actions.
 

Fig. 5.32. Nominal outputs in the presence of noise.
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Fig. 5.30. Perturbed outputs with stand-alone and augmented control topologies.

 
 

 
Fig. 5.31. Perturbed control actions. 

 
Fig. 5.32. Nominal outputs in the presence of noise. 

 
 
 
 
 
 

 

alone and augmented control topologies. 
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Table 5.4  

Controller settings 
 

 Method Controller functions 
  

Example-4 
 

Proposed FO-Lyapunov 𝜃ଵ = 45𝑒
ଵ

௦బ.ళఱ
𝑢௖, 𝜃ଶ = −45𝑒

ଵ

௦బ.ళఱ

଴.ଵଽଵହ

௦మିହ.ଽସ଼௦ାଶଶ.଺ଽ
 

 

𝑈(𝑠) = 45𝑒
1

𝑠଴.଻ହ 𝑢௖ − [−45𝑒
1

𝑠଴.଻ହ

. 1915

𝑠ଶ − 5.948𝑠 + 22.69
] 

 Proposed Multi-loop FOLY-FOPID 
𝐶ிை௉ூ஽ = 0.984 +

0.113

𝑠଴.ଷଶ + 0.376𝑠 .ଶ଺ 

 

𝑈(𝑠) = 45𝑒
1

𝑠଴.଻ହ 𝑢௖ − [−45𝑒
1

𝑠଴.଻ହ

0.1915

𝑠ଶ − 5.948𝑠 + 22.69
] 

Proposed multi-loop 
FOLY-FOIMC-FOPID 

𝐶ிைூெ஼ିிை௉ூ஽ = ൬−30 +
118

𝑠଴.ଶସ଺
+ 5𝑠଴.ଶସ଺൰

1

6.22𝑠଴.ଶସ
 

 

𝑈(𝑠) = 45𝑒
1

𝑠଴.଻ହ 𝑢௖ − [−45𝑒
1

𝑠଴.଻ହ

0.1915

𝑠ଶ − 5.948𝑠 + 22.69
] 

Proposed Multi-loop FOIMC-FOPD 
predictor 

𝐺௉஽(𝑠) =  0.01 + 248.45𝑠ଵ.଴ହ 
 

𝐶(𝑠) =  
𝑠ଶ + 47.875𝑠ଵ.଴ହ − 5.948s + 22.69

0.048𝑠ଶ.ଵ + 0.192𝑠ଵ.଴ହ + 0.192
 

Example-5 Proposed FO-Lyapunov 𝜃ଵ = 150𝑒
ଵ

௦బ.ఱ
𝑢௖, 𝜃ଶ = −150𝑒

ଵ

௦బ.ఱ

଴.଴ସଷଶ଻

௦మାଷ.ଽଷଵ௦ାଵଷ.ଶଶ
 

 

𝑈(𝑠) = 150𝑒
ଵ

௦బ.ఱ 𝑢௖ − [−150𝑒
ଵ

௦బ.ఱ

଴.଴ସଷଶ଻

௦మାଷ.ଽଷଵ௦ାଵଷ.ଶଶ
]  

Proposed Multi-loop FOLY-FOPID 
𝐶ிை௉ூ஽ = 0.957 +

0.0634

𝑠଴.ସଷହ
+ 0.835𝑠 .ଷଶ଼ 

 

𝑈(𝑠) = 150𝑒
ଵ

௦బ.ఱ
𝑢௖ − [−150𝑒

ଵ

௦బ.ఱ

଴.଴ସଷଶ଻

௦మାଷ.ଽଷଵ௦ାଵଷ.ଶଶ
]  

Proposed multi-loop 
FOLY-FOIMC-FOPID 

𝐶ிைூெ஼ିிை௉ூ஽ = ൬90 +
305.42

𝑠଴.ଵହଶ
+ 23.11𝑠 .ଵହଶ൰

1

1.025𝑠 .ଷସ
 

 

𝑈(𝑠) = 150𝑒
ଵ

௦బ.ఱ
𝑢௖ − [−150𝑒

ଵ

௦బ.ఱ

଴.଴ସଷଶ଻

௦మାଷ.ଽଷଵ௦ାଵଷ.ଶଶ
]  

Proposed Multi-loop FOIMC-FOPD 
predictor 

𝐺௉஽(𝑠) =  0.92 + 1.15𝑠ଵ.଴ଶ 
 

𝐶(𝑠) =  
𝑠ଶ + 0.05𝑠ଵ.଴ଶ + 3.931s + 13.263

0.01𝑠ଶ.଴ସ + 0.0433𝑠ଵ.଴ଶ + 0.0433
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Table 5.5 

 Approximations of fractional order 
 

 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Table 5.6   

Quantitative performance measures 
 

  
Control Structure 

Nominal plant  Perturbed plant 

IAE ISE ITAE TV IAE ISE ITAE TV 

Example
-4 

Proposed dual-loop 
FOLY-FOPID 

4.89 2.44 50.68 1.58x1015 4.51 2.31 44.79 1.45x1015 

Proposed dual-loop 
FOLY-FOIMC-FOP
ID 

3.63 1.63 49.97 8.37x103 3.62 1.62 49.97 8.08x103 

Proposed dual-loop 
FOIMC-FOPD 
predictor 

2.10 0.86 31.36 2.99x105 2.05 0.83 29.20 2.99x105 

FO-Lyapunov 6.88 3.02 90.35 6.75x1015 6.88 3.02 116.2 7.34x1015 

Example
-5 

Proposed dual-loop 
FOLY-FOPID 

4.34 2.31 46.37 4.27x1015 4.15 2.23 45.16 4.27x1015 

Proposed dual-loop 
FOLY-FOIMC-FOP
ID 

3.61 1.54 52.58 1.78x105 3.61 1.54 52.64 1.78x105 

Proposed dual-loop 
FOIMC-FOPD 
predictor 

2.119 1.27 30.38 1.68x103 1.96 1.18 28.07 1.68x103 

FO-Lyapunov 5.338 2.79 58.21 5.77x1015 6.57 3.26 79.88 2.95x1016 

Fractional order Approximated transfer functions 𝐆(𝐬) 

𝑠଴.଻ହ 8.026𝑠ଶ + 24.73𝑠 + 4.536

4.536𝑠ଶ + 24.73𝑠 + 8.026
 

𝑠 .ଶସ଺ 3.36𝑠ଶ + 12.53𝑠 + 4.03

4.03𝑠ଶ + 12.53𝑠 + 3.36
 

𝑠଴.ଷଶ 6.82𝑠ଶ + 3.47𝑠 + 2.36

2.36𝑠ଶ + 3.47𝑠 + 6.82
 

𝑠ଵ.଴ହ 2.54𝑠ଶ + 6.38𝑠 + 4.82

4.82𝑠ଶ + 6.38𝑠 + 2.54
 

𝑠ଶ.ଵ 4.29𝑠ଶ + 11.23𝑠 + 2.57

2.57𝑠ଶ + 11.23𝑠 + 4.29
 

𝑠଴.ହ 5.025𝑠ଶ + 36.88𝑠 + 6.525

6.525𝑠ଶ + 36.88𝑠 + 5.025
 

𝑠଴.ସଷହ 3.135𝑠ଶ + 10.43𝑠 + 0.652

0.652𝑠ଶ + 10.43𝑠 + 3.135
 

𝑠଴.ଵହଶ 8.255𝑠ଶ + 2.62𝑠 + 3.623

3.623𝑠ଶ + 2.62𝑠 + 8.255
 

𝑠ଵ.଴ଶ 2.475𝑠ଶ + 5.63𝑠 + 1.525

01.525 + 5.63𝑠 + 2.475
 

𝑠ଶ.଴ସ 3.525𝑠ଶ + 9.473𝑠 + 0.884

0.844𝑠ଶ + 9.473𝑠 + 3.525
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According to the aforementioned findings, a dual-loop control scheme may be suggested as a 

more effective method than unity feedback for regulating unstable systems. Simulation tests 

reveal that the suggested dual-loop FOLY-FOIMC-FOPID technique improves servo and 

regulatory performance, but the proposed FOIMC-FOPD predictor performs particularly well 

when compared to other methods. Ongoing study is currently underway to investigate the 

FOLY rule's optimum gains. The use of two alternative optimization algorithms, such as ABC 

and MPSO, to the FOLY and FOMIT rules for searching for optimal gains is presented in the 

following case study III. 

 
Case study III: Comprehensive study of optimal FOMRAC rules 
 
Simulations are conducted using the different operating points of another benchmark plant 

models that are used in (5.53) and (5.54). 

 
Example-6 
 
Without jacket dynamics, the model equations for jacketed CSTR [31] are appeared as 
 
𝑑𝐶

𝑑𝑡
=

𝐹

𝑉
൫𝐶஺௙ − 𝐶஺൯ − 𝐾଴𝑒𝑥𝑝 ൬−

𝐸௔

𝑅𝑇
൰ 𝐶஺                                                                                                     (5.53) 

                         
𝑑𝑇

𝑑𝑡
=

𝐹

𝑉
൫𝑇௙ − 𝑇൯ −

∆𝐻𝐾଴

𝜌𝐶௣
𝑒𝑥𝑝 ൬

−𝐸௔

𝑅𝑇
൰ 𝐶஺ −

𝑈𝐴

𝑉𝜌𝐶௣
൫𝑇 − 𝑇௝൯                                                                                        (5.54) 

 
Around unstable operating locations, the nonlinear model mentioned above is linearized [32]:  

𝐶஺=0.0644 lb.mol/ft3, T = 560.77 0R, 𝑇௝  =523.0122 0R. The values of process parameters are 

shown in Table 5.7. The transfer function with a delay time of 0.0317 sec is computed with the 

following expression as 

 

G(s) =
. 82055s + 6.5565

. 9416sଶ + 2.6977s − 1
𝑒ି଴.଴ଷଵ଻௦                                                                                                    (5.55) 

 
The optimal values of 𝛾 and 𝛼 are found as 0.08 and 0.24653 using MPSO. Using the ABC 

optimization, 𝛾 = 0.20034 and 𝛼 = 0.30456 are obtained. Figs. 5.33 and 5.34 display the 

closed-loop actions and control initiatives corresponding to the nominal plant. The control 

settings for the proposed technique and the approaches under consideration for comparison are 

summarized in Table 5.8. The approximate results of various ideal fractional orders are shown 

using exact phase modulated biquadratic equiripple approximation in Table 5.9. Figs. 5.35 and 

5.36 show the perturbed model's plant output and control signal graphs. It is clear that the 

recommended optimal FOLY strategy exceeds the competition in terms of rejecting 

disturbances and following set points. 
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A noise generator (sigma=0.01, seed = 0.1, and time = 1 sec) is incorporated into the output to 

evaluate the impact of measurement noise on system response. Figs. 5.37 and 5.38, respectively, 

depict closed-loop results and control actions amid noise. It has been found that even with noise, 

the suggested methods track the set point and reject the disturbances. 

 
Table 5.7 

 Specifications of Jacketed CSTR 
 

Parameters value 
Feed concentration (𝐶஺௙) 0.132 lb.mol/ ft3 

Feed Temperature (𝑇௙) 519.67oR 
Nominal reactor volume  668 ft3 

Heat transfer area 309 ft2 
Diameter 7.5 ft 

Operating volume 500 ft3 
Operating flow rate 2000 ft3/hr 

Overall heat transfer coefficient (U) 75 Btu/hr ft2 oF 
Activation energy (𝐸௔) 32400 Btu/lb.mol 
Frequency factor  (𝐾௢) 16.96x1012hr-1 
Heat of reaction  (-∆𝐻) 39000 Btu/lb.mol 

Product of density and specific heat (𝜌𝐶௉) 53.25 Btu/ft3 oF 
Ideal gas constant (R) 1.987 Btu/lb.mol oR 

 
 

Table 5.8 
 Parameters of controller tuning 

 
Control scheme 𝐀𝐝𝐚𝐩𝐭𝐢𝐯𝐞 𝐠𝐚𝐢𝐧(𝛄) Extra degree of freedom(𝛂) 

PSO FOLY 0.12 0.24653 

ABC FOLY 0.30051 0.30456 

PSO FOMIT 0.08 0.24653 

ABC FOMIT 0.20034 0.30456 

 
Table 5.9  

Approximations of fractional order 
 

 
 
 
 
 
 
 
 

 
 

Further evidence of the excellence of the proposed plan is explored by the lower values of the 

quantitative performance metrics provided in Table 5.10. 

 

Fractional order Approximated transfer functions 𝐆(𝐬) 

𝑠଴.ଷ଴ସହ଺ 8.026𝑠ଶ + 24.73𝑠 + 4.536

4.536𝑠ଶ + 24.73𝑠 + 8.026
 

𝑠 .ଶସ଺ହଷ 3.36𝑠ଶ + 12.53𝑠 + 4.03

4.03𝑠ଶ + 12.53𝑠 + 3.36
 



Fig. 5.33. System outputs using different optimal FOMRAC rules.

Fig. 5.34. Nominal 
 

Fig. 5.35. Perturbed
 

Fig. 5.36. Perturbed 
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Fig. 5.33. System outputs using different optimal FOMRAC rules. 

  

 
Fig. 5.34. Nominal Control actions.  

 
Fig. 5.35. Perturbed outputs using different optimal FOMRAC rules. 

 
Fig. 5.36. Perturbed Control efforts.  

 

 

 

 

 



Fig. 5

 

Fig. 5.38. Noise impact on control efforts.

 
 

Control Structure IAE
Proposed PSO-FOLY 9.029

Proposed ABC-FOLY 12.12

Proposed PSO-FOMIT 10.55

Proposed ABC-FOMIT 15.13

 

Based on a comparison of two optimization methods, MPSO

produce promising results than the ABC method, but MPSO

other optimal rules. As shown in Case Study II, a st

servo-regulatory response with minute oscillations. This issue might be resolved by adjusting 

the gain parameters to their ideal values using the MPSO optimization approach which is 

under investigation.  
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Fig. 5.37. Noise measurement of outputs. 

 

 
Fig. 5.38. Noise impact on control efforts. 

 
Table 5.10   

Quantitative analysis 

Nominal process Perturbed process
IAE ISE ITAE TV IAE ISE ITAE 
9.029 4.102 126.3 167.8 9.963 4.462 147.8 

12.12 6.394 173.8 237.3 12.77 6.859 189.3 

10.55 5.59 138.9 132.7 11.95 6.162 174.3 

15.13 7.413 246.8 302.4 15.99 9.464 270.2 

 

Based on a comparison of two optimization methods, MPSO-based FOMRAC schemes 

produce promising results than the ABC method, but MPSO-based FOLY outperforms the 

other optimal rules. As shown in Case Study II, a stand-alone FOLY produces a 

regulatory response with minute oscillations. This issue might be resolved by adjusting 

the gain parameters to their ideal values using the MPSO optimization approach which is 

 

 

rocess 
TV 

168.2 

234.3 

142.4 

298.2 

based FOMRAC schemes 

based FOLY outperforms the 

alone FOLY produces a 

regulatory response with minute oscillations. This issue might be resolved by adjusting 

the gain parameters to their ideal values using the MPSO optimization approach which is 
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5.5 Summary 
 
For different benchmark models of the continuous stirred tank reactor, fractional order 

standalone and augmented novel control topologies are proposed in this chapter. All 

proposed control methods' underlying mathematical presuppositions are thoroughly 

explained. Fractional orders are approximated by rational modified biquadratic exact phase 

approximation method. A combination of sophisticated simulation and optimization 

techniques are used to set the controller's parameters. In comparison to existing schemes, 

the significant effects of the proposed SCCS scheme with the optimal FOIMC controller are 

investigated in order to tackle the process variable with robust control effort. Additionally, 

the FOIMC rule's application is expanded to include the FOPD-Smith prediction method 

and the fractional order modified Lyapunov stability rule. To demonstrate the advantages of 

enhanced approaches over standalone method with regard to various error metrics and TV 

measurement from a real-time perspective, a thorough simulation analysis is presented. 

Instead of employing FOLY-FOPID or standalone FOLY rules, the FOIMC based FOPID 

controller aids in demonstrating more stable control action when augmented with FOLY 

rules. In the second investigation, the FOPD-FOIMC smith predictor outperforms due to its 

smoother control action. Even if the augmented FOLY-FOIMC-FOPID is well competent of 

handling noise, the FOPD-FOIMC predictor approach exhibits superior noise rejection 

action with significantly reduced overshoot for specific linearized operating points based on 

the current benchmark model employed in this chapter. Later, it is suggested to use both 

ABC and PSO optimization techniques to look for the FOLY rules' ideal gain values. 

Therefore, in a multi-loop method, ideal values might help to strengthen the control action. 

It is established that PSO looks for better gain parameter values than the ABC approach, 

and while this method significantly reduces the oscillation of the FOLY rule, PSO still 

results in higher overshoot. Research is still underway to offer zero overshoot at the 

intended level and enhance control action more swiftly in servo-regulatory performance. 
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CHAPTER  6 

 
 

  
Fractional Order Standalone Backstepping Control Strategy for 

Unstable Processes 
 

 
 
6.1 Introduction 

 
A nonlinear control technique called backstepping control [1] is used to design stabilizing 

controllers for intricate systems. The process is decomposing the control problem into a number 

of more straightforward subsystems with a single input and single output, and designing a 

controller for each subsystem that guarantees the stability of the system as a whole. This 

method [2] is particularly useful for systems that are difficult to model or have complex 

dynamics. For a specific type of nonlinear dynamical systems, the method is especially helpful 

in building stabilizing controls. The subsystems that make up these systems [2] branch out from 

an irreducible subsystem that can be stabilized in another way. The backstepping technique [2] 

offers a recursive way to stabilize a system's origin in strict-feedback form. The design process 

begins with the system that is known to be stable, then new controllers are gradually "back out" 

[2] to stabilize each outer subsystem. The phrase "backstepping" refers to the process's 

termination when the final external control is reached. The augmented conventional adaptive 

and block backstepping methods received much of the attention in the literature [3–4], where it 

was found that they performed satisfactorily without overshoots. Nevertheless, no reports of 

noise and disturbance were found while using the previously indicated backstepping 

techniques. It is apparent that there is a dearth of information regarding the independent 

traditional backstepping approach that might be used for unstable systems. Based on previous 

discussions, in contrary to the current reported works on significant impact of various 

proposed fractional order based standalone and augmented topologies on inverted pendulum 

and continuous stirred tank reactor systems, It is worthwhile to investigate a fractional 

standalone backstepping rule since it is anticipated to provide promising result than the 

traditional backstepping method. Furthermore, there aren't enough research in the literature to 

support the backstepping method's advantages over other contemporary control techniques.  
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Even backstepping methods that are already in place are frequently enhanced with additional 

control rules, making their implementation more difficult [5–6]. For practical applications, 

simple control systems may be more advantageous in practice [16]. 

 
So, the significant impact of proposed standalone fractional order backstepping (FOB) rule is 

discussed as an efficient alternative to standalone CB scheme and its augmented version for 

reported benchmark inverted pendulum and continuous stirred tank reactor in this chapter. 

There is still a significant opportunity to enhance performance by offering the lowest integral 

errors, zero overshoot, and fastest rate of action, even though the currently reported proposed 

fractional order control schemes provide the expected performance robustness trade-off with 

lower integral errors and overshoot. Various novel case studies are conducted to investigate the 

performance of FOB. Like other schemes as discussed in the previous chapters, the same 

proposed modified biquadratic equiripple approximation method is employed to approximate 

FO in the fractional order backstepping law.  

 
There are mainly two approaches [3] for designing Backstepping controller, which are 

stabilizing design and tracking design, are discussed in the next section. 

 
6.2 Rule of Backstepping Scheme 
 
The step by step procedure for designing backstepping controller using stabilizing and 

tracking methods [3] is discussed in this section. 

 
6.2.1 Implementation of Stabilizing Design 
 
The steps [3] to implement the backstepping controller is followed as 

 
I. Transfer function of the system is simplified as state equations with state variables. 

 
II. The appropriate Lyapunov function is selected and necessary substitutions are made 

followed by simplifications on each subsystem of the model. 

 
III. Finally, controller transfer function is evaluated and it is connected with the model using 

closed-loop feedback rule. 

 
6.2.2 Implementation of Tracking Design 
 
The steps [3] to implement the backstepping controller is followed as 

 
I. The transfer function of the system is simplified as state equations with state variables. 
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II. Virtual control input is selected to choose the first backstepping variable for the second 

subsystem. 

 
III. The appropriate Lyapunov function is selected and necessary substitutions are made 

followed by simplifications on each subsystem of the model. 

 
IV. Finally, controller transfer function is evaluated and it is connected with the model using 

closed-loop feedback rule. 

 
In this chapter, the aforementioned methods are used to implement the fractional order rule to 

ensure global stability. Finally, using direct Lyapunov theory (with the proper Lyapunov 

functions) three distinct strategies are proposed with global stability considerations to stable the 

continuous stirred tank reactor and inverted pendulum. The steps below are involved in 

controller design: 

 
 The required output variable for the state equation of the system is developed. 

 

 Each subsystem is globally stabilized by applying the Lyapunov approach with the 

appropriate Lyapunov functions. 

 
 The factors pertaining to global stability are considered. After that, the required 

simplifications and replacements are made in order to synthesize the controller.  

  
A continuous scalar function locally or globally, 𝑃(𝑥) is referred to as positive definite [21–25] 

if  

൜
𝑃(0) = 0 ^(Ɐ 𝑥 ≠ 0 ^ ‖𝑥‖ < 𝑅) ⇒  𝑃(𝑥) > 0: Local stability

𝑃(0) = 0 ^(Ɐ 𝑥 ≠ 0 ) ⇒  𝑃(𝑥) > 0: Global stability
  

 
A function 𝑃(𝑥) is considered the Lyapunov function for a system if it is positive definite, has 

continuous partial derivatives and has a negative semi-definite time derivative (𝑃̇(𝑥) ≤ 0) 

along the trajectory of the system 𝑥̇ = 𝑓(𝑥). Finding the Lyapunov function’s time derivative 

yields 𝑃̇(𝑥) = 𝛻 𝑃(𝑥)𝑓(𝑥) ≤ 0, 𝛻 𝑃(𝑥) = (
ௗ௉(௫)

ௗ௫భ
. . .

ௗ௉(௫)

ௗ௫೙
) ∈ 𝑅௡. 

 

6.3 Design of Standalone Fractional Order Backstepping Strategy on Inverted 

Pendulum 

 
The inverted pendulum [7] is an under-actuated SIMO process that uses force, position, and 

angle as inputs and outputs. A system's schematic with both vertical and horizontal directions 

are shown in Fig. 6.1. 
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Fig. 6.1. Physical model representation of inverted pendulum. 

Newton's law of motion estimates the cart's actual force in the horizontal direction. 
 
𝑀𝑥̈ = 𝐹 − 𝑉                                                                                                                                                          (6.1)  
 
The following phrase can be used to assess force in a horizontal direction: 
 

𝑉 = 𝑚𝑥̈ + 𝑚𝑙𝜑̈ 𝑐𝑜𝑠 𝜑 − 𝑚𝑙𝜑ଶ̇ 𝑠𝑖𝑛 𝜑                                                                                                           (6.2)  
 
The following expression is used to represent the equation of motion: 
 
(𝑀 + 𝑚)𝑥̈ + 𝑚𝑙𝜑̈ 𝑐𝑜𝑠 𝜑 − 𝑚𝑙𝜑ଶ̇ 𝑠𝑖𝑛 𝜑 = 𝐹                                                                                                  (6.3) 

 
The following expression can be used to examine the force in the vertical direction: 
 

𝑈 − 𝑚𝑔 = 𝑚
𝑑ଶ

𝑑𝑡ଶ
(𝑙 𝑐𝑜𝑠 𝜑)                                                                                                                                (6.4) 

 
where the expression below illustrates the second equation of motion, 𝐹 = 𝑈 − 𝑚𝑔: 

  
(𝐼 + 𝑚𝑙ଶ)𝜑̈ + 𝑚𝑔𝑙 𝑠𝑖𝑛 𝜑 = −𝑚𝑙𝑥̈ 𝑐𝑜𝑠 𝜑                                                                                                       (6.5) 
 
The following results are shown for the mathematical representation of the system: 
 

𝜑̈ =
(𝑀 + 𝑚)𝑔 𝑠𝑖𝑛 𝜑 − ൫𝐹 + 𝑚𝑙𝜑ଶ̇ 𝑠𝑖𝑛 𝜑൯ 𝑐𝑜𝑠 𝜑

ସ

ଷ
(𝑀 + 𝑚)𝑙 − 𝑚𝑙𝑐𝑜𝑠ଶ𝜑

                                                                                       (6.6) 

 

𝑥̈ =
𝐹 + 𝑚𝑙൫𝜑ଶ̇ 𝑠𝑖𝑛 𝜑 − 𝜑̈ 𝑐𝑜𝑠 𝜑൯

(𝑀 + 𝑚)
                                                                                                                  (6.7)  

 
 
6.3.1 Proposed Fractional Order Backstepping (FOB) Rule 
 
More flexibility in choosing controller parameters according to system requirements is 

provided by fractional calculus [8]. 

               
Definition 1. Cauchy's theorem [11–12] can be expressed as follows: 
 

𝐼௡𝑓(𝑡) =
1

(𝑛 − 1)!
න (𝑡 − ℎ)௡ିଵ𝑓(ℎ)𝑑ℎ

௧

଴

, 𝑡 > 0                                                                                           (6.8) 
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The gamma function can be used to expand the above equation to any positive real value. As 

(n − 1)! = τ(n), a random positive real number (α) is defined as follows: 

 

𝐼ఈ𝑓(𝑡) =
1

ℎ(𝛼)
න (𝑡 − ℎ)ఈିଵ𝑓(ℎ)𝑑ℎ

௧

଴

                                                                                                             (6.9) 

 
For the Laplace transform of a fractional integral, the following rule is defined:     
 
𝐼ఈ𝑓(𝑡) ⇿ f(s)sି஑                                                                                                                                              (6.10) 
 
(6.6) and (6.8) are now suggested with the help of the following expressions: 
 
 

𝜑̈(ఈ) =
(𝑀 + 𝑚)𝑔 𝑠𝑖𝑛 𝜑 − ൫𝐹 + 𝑚𝑙𝜑ଶ̇ 𝑠𝑖𝑛 𝜑൯ 𝑐𝑜𝑠 𝜑

ସ

ଷ
(𝑀 + 𝑚)𝑙 − 𝑚𝑙𝑐𝑜𝑠ଶ𝜑

                                                                               (6.11) 

 

൥
𝑦̇ଵ

(ఈ)

𝑦̇ଶ
(ఈ)

൩ = ቎
𝑦ଶ

ଶଽସ.ଶ ௦௜௡௬భିଵ.ହ ௬మ
మ௦௜௡(ଶ௬భ)

ଶ଴ିଷ௖௢௦మ௬భ

቏ − ൥
0

ଷ௖௢௦௬భ

ଶ଴ିଷ௖ మ௬భ

൩ 𝑢                                                                                   (6.12) 

 
 
where, 𝑦ଵ = 𝜑, 𝑦ଶ = 𝜑̇(ఈ) and the control input, denoted as u, is intended to be integrated into 

the fractional order backstepping architecture. The following are the steps involved in 

stabilizing the first fractional order subsystem: 

 
Step 1: 
 

𝑧ଵ = 𝑦ଵ, 𝑧̇ଵ
(ఈ)

= 𝑦ଶ                                                                                                                                              (6.13) 
 
In order to construct the rule, each subsystem is now globally stabilized using the Lyapunov 

function. The following is an enhanced application of the Lyapunov function using the Caputo 

fractional derivative calculus [17-20]: 

  

𝐷௧
ఈ𝑓(𝑡)௔

௖ =
1

𝜏(𝑛 − 𝛼)
න

𝑓௡(𝑤)

(𝑡 − 𝑤)ఈି௡ାଵ
𝑑𝑤

௧

௔

                                                                                                 (6.14) 

 
The recently expanded Lyapunov function is given in Lemma 1. 
 
Lemma 1. Let q(t) ∈ R is a derivable function and for any time instant  
 
1

2ൗ 𝐷௧
ఈ

௔
௖ 𝑞ଶ(𝑡) ≤ 𝑞(𝑡) 𝐷௧

ఈ
௔
௖ 𝑞(𝑡)                                                                                                                        (6.15) 

 
Global Stability Analysis: 
 
Step 2: 
 
Firstly, Lyapunov function (𝑣ଵ) is proposed to explore the global stability: 

 

𝑣ଵ =
1

2
𝑧ଵ

ଶ                                                                                                                                                              (6.16) 
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𝐷௧
ఈ

௔
௖ 𝑣ଵ(𝑡) = 𝑧ଵ𝑧ଵ

(ఈ)̇
                                                                                                                                             (6.17) 

 
Step 3: 
 
To develop the updated control law, it is approached as 
 

𝐷௧
ఈ

௔
௖ 𝑧ଵ(𝑡) = 𝜌(𝑦ଵ) + 𝑒ଶ                                                                                                                                    (6.18) 

 
where, error function (𝑒ଶ) = 𝑦ଶ − 𝜌(𝑦ଵ). 
 

𝐷௧
ఈ

௔
௖ 𝑧ଵ(𝑡) = 𝜌(𝑦ଵ) + 𝑧ଶ                                                                                                                                    (6.19) 

 
Now, 𝜌(𝑦ଵ)  = −𝑝ଵ𝑧ଵ is selected to stabilize the aforementioned FO subsystem. As 𝑝ଵ is 

constant, so we find  

 
𝐷௧

ఈ
௔
௖ 𝑧ଵ(𝑡) = −𝑝ଵ𝑧ଵ + 𝑧ଶ                                                                                                                                   (6.20) 

 
So, replacing (6.20) into (6.17) the updated equation is established as follows: 
 

𝐷௧
ఈ

௔
௖ 𝑣ଵ(𝑡) = 𝑧ଵ(−𝑝ଵ𝑧ଵ + 𝑧ଶ) = −𝑝ଵ𝑧ଵ

ଶ + 𝑧ଵ𝑧ଶ ≤ 0                                                                                  (6.21) 
 
Thus, the FO subsystem 𝑧ଵis stabilized globally.  
 
Step 4: 
 
Currently, the second order system's related mathematical equation is displayed by 
 

𝐷௧
ఈ

௔
௖ 𝑧ଵ(𝑡) = −𝑝ଵ𝑧ଵ + 𝑧ଶ                                                                                                                                   (6.22) 

 

𝐷௧
ఈ

௔
௖ 𝑧ଶ(𝑡) =

294.2 𝑠𝑖𝑛𝑦ଵ − 1.5 𝑦ଶ
ଶ𝑠𝑖𝑛(2𝑦ଵ)

20 − 3𝑐𝑜𝑠ଶ𝑦ଵ

−
3𝑐𝑜𝑠𝑦ଵ

20 − 3𝑐𝑜𝑠ଶ𝑦ଵ

𝑢 + 𝑝ଵ𝑦ଶ                                              (6.23) 

 
Step 5: 
 
Now, second Lyapunov function (𝑣ଶ) is defined as 
 

𝑣ଶ =
1

2
𝑧ଵ

ଶ +
1

2
𝑧ଶ

ଶ                                                                                                                                                 (6.24) 

 

𝐷௧
ఈ

௔
௖ 𝑣ଶ(𝑡) = −𝑝ଵ𝑧ଵ

ଶ + 𝑧ଶ(𝑧ଵ +
294.2 𝑠𝑖𝑛𝑦ଵ − 1.5 𝑦ଶ

ଶ𝑠𝑖𝑛(2𝑦ଵ)

20 − 3𝑐𝑜𝑠ଶ𝑦ଵ

−
3𝑐𝑜𝑠𝑦ଵ

20 − 3𝑐𝑜𝑠ଶ𝑦ଵ

𝑢 + 𝑝ଵ𝑦ଶ)           (6.25) 

 
Step 6: 
 
Now, control input 𝑢 is proposed as 
 

𝑢 =
20 − 3𝑐𝑜𝑠ଶ𝑦ଵ

3𝑐𝑜𝑠𝑦ଵ

(𝑝ଶ𝑧ଶ + 𝑧ଵ +
294.2 𝑠𝑖𝑛𝑦ଵ − 1.5 𝑦ଶ

ଶ𝑠𝑖𝑛(2𝑦ଵ)

20 − 3𝑐𝑜𝑠ଶ𝑦ଵ

+ 𝑝ଵ𝑦ଶ)                                           (6.26) 

 
Now, replacing 𝑢 into the (6.25), the expression of the Lyapunov function is found as 

 
𝐷௧

ఈ
௔
௖ 𝑣ଶ(𝑡) = −𝑝ଵ𝑧ଵ

ଶ − 𝑝ଶ𝑧ଶ
ଶ ≤ 0                                                                                                                     (6.27) 
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Hence, the FO subsystem 𝑧ଶ is also stabilized. The closed-loop basic standalone backstepping 

strategy is designed in Fig. 6.2 by linking the Simulink model of the inverted pendulum to the 

controller subsystem. 

 

 
 

Fig. 6.2. Proposed standalone fractional order backstepping scheme. 

 
6.4 Design of Standalone Fractional Order Backstepping Strategy on CSTR 
 
The tri-state nonlinear CSTR process is adopted in this work where the level (ℎ) of the tank, 

molar concentration (𝐶), and reactor temperature (𝑇) are adopted as state variables. The 

major goal is to smoothly regulate the molar concentration at the desired position while dealing 

with nonlinear factors. The mathematical expressions of the three state variables [9] are 

proposed with the following equations: 

 

ℎ̇(𝑡) =
𝐹ᇱ − 𝐹

𝜋𝑟ଶ
                                                                                                                                                    (6.28) 

 

𝐶̇(𝑡) =
𝐹ᇱ(𝐶ᇱ − 𝐶)

𝜋𝑟ଶℎ
− 𝑘ᇱ𝐶𝑒ି

ಶ
ೃൗ

೅
                                                                                                                      (6.29) 

 

𝑇̇(𝑡) =
𝐹ᇱ(𝑇ᇱ − 𝑇)

𝜋𝑟ଶℎ
+

−∆𝐻

𝜌𝐶ᇱᇱ
𝑘ᇱ𝐶𝑒ି

ಶ
ೃൗ

೅
 +

2𝑈

𝑟𝜌𝐶ᇱᇱ
(𝑇ᇱᇱ − 𝑇)                                                                         (6.30) 

 
In this work, output variable is chosen as  
 
𝑦(𝑡) = [𝐶(𝑡)]்                                                                                                                                                     (6.31) 
 
 
The state equations of required molar concentration in (6.29) is adopted by following the 

discussions in Chapter-2 under section 2.3.3.1.  

 
For backstepping scheme, the state vector of the system is represented as follows: 

𝑥(𝑡) = [ℎ(𝑡) 𝐶(𝑡) 𝑇(𝑡)]் 

where 

𝑥ଵ(𝑡) = ℎ(𝑡)                                                                                                                                                        (6.32)  
 

𝑥ଶ(𝑡) = 𝐶(𝑡)                                                                                                                                                       (6.33)  
 

𝑥ଷ(𝑡) = 𝑧ସ𝑒
ି

௭ఱ
்(௧)ൗ

                                                                                                                                            (6.34) 
 
From (6.34), the first derivative of the third state variable is shown as 
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𝑥ଷ̇(𝑡) =
𝑥ଷlnଶቀ

௫య
௭రൗ ቁ

𝑧ହ

𝑇̇(𝑡)                                                                                                                                 (6.35) 

 
Now, nonlinear dynamics of (6.28) to (6.34) are transformed into a suitable for designing the 

backstepping rule as 

 
𝑥ଵ̇(𝑡) = 𝑧଴ + 𝑧ଵ𝑣ଵ(𝑡)                                                                                                                                        (6.36) 
 
𝑥ଶ ̇ (𝑡) =

𝑧ଶ
𝑥ଵ

ൗ + 𝑧ଷ
𝑥ଶ

𝑥ଵ
ൗ − 𝑥ଶ𝑥ଷ                                                                                                                  (6.37) 

 

𝑥ଷ̇(𝑡) = 𝜏(𝑥) +
𝑧ଽ𝑥ଷ𝑙𝑛ଶ൫

𝑥ଷ
𝑧ସ

ൗ ൯

𝑧ହ

𝑣ଶ(𝑡)                                                                                                          (6.38) 

 
𝑦(𝑡) = [𝑥ଶ(𝑡)]்                                                                                                                                                   (6.39) 
 

where 𝜏(𝑥) =
௫య௟௡

మቀ
ೣయ

೥రൗ ቁ

௭ఱ
(

௭ల

௫భ
−

௭య௭ఱ

௫భ௟௡ቀ
௫య

௭ర
ൗ ቁ

− 𝑧଻𝑥ଶ𝑥ଷ −
௭ఱ௭ఴ

௟௡ቀ
௫య

௭ర
ൗ ቁ

)  and the parameters 𝑧଴ … 𝑧ଽ 

are defined in Table 6.1. From the above nonlinear dynamics, (6.36) is treated as the first 

subsystem. (6.37) and (6.38) are treated as the second subsystem. In this work, the stabilization 

technique is applied to the second subsystem only for designing a backstepping controller.  

 
Table 6.1  

Parameters for newly transformed CSTR subsystems 
 

Parameters Actual definition 
𝑧଴ 𝐹ᇱ

𝜋𝑟ଶ
 

𝑧ଵ −1

𝜋𝑟ଶ
 

𝑧ଶ 𝐹ᇱ𝐶ᇱ

𝜋𝑟ଶ
 

𝑧ଷ 
−

𝐹ᇱ

𝜋𝑟ଶ
 

𝑧ସ −𝑘ᇱ 
𝑧ହ 𝐸

𝑅ൗ  

𝑧଺ 𝐹ᇱ𝑇ᇱ

𝜋𝑟ଶ
 

𝑧଻ ∆𝐻

𝜌𝐶ᇱᇱ
 

𝑧଼ −2𝑈

𝑟𝜌𝐶ᇱᇱ
 

𝑧ଽ 2𝑈

𝑟𝜌𝐶ᇱᇱ
 

 
 
6.4.1 Proposed Fractional Order Backstepping (FOB) Rule 
 
Using (6.37) and (6.38), the following steps are proposed for designing a fractional order 

backstepping rule.  
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Step 1: 
 
The following control variable 𝑣ଶ(𝑡) is selected to develop the back-stepping controller: 
 

𝑣ଶ(𝑡) = −
𝑧ହ

𝑧ଽ𝑥ଷ𝑙𝑛ଶ൫
𝑥ଷ

𝑧ସ
ൗ ൯

(𝜏(𝑥) − 𝑈ிைି௕௔௖௞௦௧௘ (𝑡))                                                                               (6.40) 

 
𝑈ிைି௕௔௖௞௦௧௘ (𝑡) is the FOB to be developed. Finally, the dynamics of the subsystem are 

shown with the following expressions: 

 

𝑥ଶ ̇ (𝑡) =
𝑧ଶ

𝑥ଵ
ൗ + 𝑧ଷ

𝑥ଶ
𝑥ଵ

ൗ − 𝑥ଶ𝑥ଷ                                                                                                                  (6.41) 
 
𝑥ଷ̇(𝑡) = 𝑈ூைି௕௔௖௞௦௧௘௣(𝑡)                                                                                                                                   (6.42) 
 
Step 2: 
 
Fractional order backstepping law is established by modifying (6.41) and (6.42) with an extra 

DOF (α) as follows: 

 

𝐷ఈ𝑥ଶ (𝑡) =
𝑧ଶ

𝑥ଵ
ൗ + 𝑧ଷ

𝑥ଶ
𝑥ଵ

ൗ − 𝑥ଶ𝑥ଷ                                                                                                            (6.43)  
 

𝐷ఈ𝑥ଷ (𝑡) = 𝑈ிைି௕௔௖௞௦௧௘ (𝑡)                                                                                                                            (6.44) 
 
where 𝑥ଷ is considered as a virtual input in (6.43).  
 
Step 3: 
 
The first error variable is defined as 
 
𝑒ଵ(𝑡) = 𝑦௥(𝑡) − 𝑥ଶ(𝑡)                                                                                                                                       (6.45) 
 
𝑒ଵ̇(𝑡) = 𝑦௥(𝑡)̇ − 𝑥ଶ̇(𝑡)                                                                                                                                       (6.46) 
 
𝐷ఈ𝑒ଵ(𝑡) = 𝐷ఈ𝑦௥  (𝑡) − 𝐷ఈ𝑥ଶ(𝑡)                                                                                                                     (6.47) 
 
Global Stability Analysis: 
 
Step 4: 
 
To design the rule, each subsystem is stabilized globally using the Lyapunov function. We 

examine the need for the Lyapunov function using the Caputo fractional derivative calculus in 

the following ways: 

  

𝐷௧
ఈ𝑓(𝑡)௔

௖ =
1

𝜏(𝑛 − 𝛼)
න

𝑓௡(𝑤)

(𝑡 − 𝑤)ఈି௡ାଵ
𝑑𝑤

௧

௔

                                                                                                 (6.48) 

 
Lemma 1 defines the new expanded Lyapunov function. 
 
Lemma 1. Let q(t) ∈ R is a derivable function and for any time instant  
 

1
2ൗ 𝐷௧

ఈ
௔
௖ 𝑞ଶ(𝑡) ≤ 𝑞(𝑡) 𝐷௧

ఈ
௔
௖ 𝑞(𝑡)                                                                                                                      (6.49) 
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To stabilize globally the first subsystem, the first Lyapunov function is proposed as follows: 
 

𝑉ଵ(𝑡) = 1
2ൗ 𝑒ଵ

ଶ(𝑡)                                                                                                                                              (6.50) 
  
𝐷ఈ𝑉ଵ(𝑡) = 𝑒ଵ𝐷ఈ𝑒ଵ(𝑡)                                                                                                                                       (6.51) 
 
𝐷ఈ𝑉ଵ(𝑡) = 𝑒ଵ(𝐷ఈ𝑦௥  (𝑡) − 𝐷ఈ𝑥ଶ(𝑡) )                                                                                                            (6.52) 
 
𝐷ఈ𝑉ଵ (𝑡) = 𝑒ଵ( 𝐷ఈ𝑦௥  (𝑡) −

𝑧ଶ
𝑥ଵ

ൗ − 𝑧ଷ
𝑥ଶ

𝑥ଵ
ൗ + 𝑥ଶ𝑥ଷ)                                                                              (6.53) 

 
To make 𝐷ఈ𝑉ଵ (𝑡) ≤ 0, 𝑥ଷ is chosen as 
 

𝑥ଷ = 1
𝑥ଶ

ൗ (
𝑧ଶ

𝑥ଵ
ൗ + 𝑧ଷ

𝑥ଶ
𝑥ଵ

ൗ − 𝜇ଵ𝑒ଵ − 𝐷ఈ𝑦௥)                                                                                            (6.54) 
 
𝑉ଵ

ఈ̇  (𝑡) = −𝜇ଵ𝑒ଵ
ଶ ≤ 0 shows global stability as 𝑒ଵ → 0.  

 
Step 5: 
 
Now, the second error function is defined to design fractional order backstepping law as stated 

in (6.55).  

 
𝑒ଶ(𝑡) = 𝑥ଷ(𝑡) − 𝜑(𝑥ଶ)(𝑡)                                                                                                                               (6.55) 

 
Now, using (6.55) the modified expression is proposed by 
 

𝐷ఈ𝑥ଶ(𝑡) =
𝑧ଶ

𝑥ଵ
ൗ + 𝑧ଷ

𝑥ଶ
𝑥ଵ

ൗ − 𝑥ଶ𝜑(𝑥ଶ) − xଶeଶ                                                                                        (6.56) 
 
𝐷ఈ𝑒ଶ(𝑡) = 𝐷ఈ𝑥ଷ(𝑡) − 𝐷ఈ𝜑(𝑥ଶ)(𝑡)                                                                                                               (6.57) 
 
𝐷ఈ𝑒ଶ(𝑡) = 𝑈ிைି௕௔௖௞௦௧௘ (𝑡) − 𝐷ఈ𝜑(𝑥ଶ)(𝑡)                                                                                                ( 6.58) 
 
 𝐷ఈ 𝑒ଶ(𝑡) = 𝑤                                                                                                                                                      (6.59)   
 
Where, 𝑤 = 𝑈ிைି௕௔௖௞௦௧௘௣(𝑡) − 𝐷ఈ𝜑(𝑥ଶ) 
 
Step 6: 
 
The second Lyapunov function is proposed to show local stability with 𝑒ଶ → 0. 
 

𝑉ଶ(𝑡) =
1

2
𝑒ଶ

ଶ(𝑡) + 𝑉ଵ                                                                                                                                         (6.60) 

 
𝐷ఈ𝑉ଶ(𝑡) = 𝐷ఈ𝑉ଵ (𝑡)  + 𝑒ଶ𝐷ఈ𝑒ଶ(𝑡)                                                                                                                (6.61) 
 
𝐷ఈ𝑉ଶ (𝑡) = 𝑒ଵ𝐷ఈ𝑒ଵ(𝑡) + 𝑒ଶ𝑤                                                                                                                         (6.62) 
 
𝐷ఈ𝑉ଶ (𝑡) = 𝑒ଵ(𝐷ఈ𝑦௥(𝑡) −

𝑧ଶ
𝑥ଵ

ൗ − 𝑧ଷ
𝑥ଶ

𝑥ଵ
ൗ + 𝑥ଶ𝜑(𝑥ଶ)) + 𝑒ଵ𝑥ଶ𝑒ଶ + 𝑒ଶ𝑤                                         (6.63) 

 
𝐷ఈ𝑉ଶ(𝑡) = −𝜇ଵ𝑒ଵ

ଶ + 𝑒ଵ𝑥ଶ𝑒ଶ + 𝑒ଶ𝑤                                                                                                              (6.64) 
 
Step 7: 
 
The appropriate value 𝑤 is chosen to satisfy the following stability criteria:  
 
𝐷ఈ𝑉ଶ(𝑡) = −𝜇ଵ𝑒ଵ

ଶ + 𝑒ଵ𝑥ଶ𝑒ଶ + 𝑒ଶ(−𝑒ଵ𝑥ଶ − 𝑒ଶ𝜇ଶ)                                                                                     (6.65) 
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𝐷ఈ𝑉ଶ(𝑡) = −𝜇ଵ𝑒ଵ

ଶ − 𝜇ଶ𝑒ଶ
ଶ  ≤ 0                                                                                                                      (6.66) 

 
Finally, the fractional order backstepping rule is established as 
 
𝑈ிைି௕௔௖௞௦௧௘௣(𝑡) = 𝐷ఈ𝜑(𝑥ଶ)(𝑡)  − 𝑒ଵ𝑥ଶ − 𝑒ଶ𝜇ଶ                                                                                         (6.67) 
 
As, 𝑥ଷ = 𝜑(𝑥ଶ) = 1

𝑥ଶ
ൗ (

𝑧ଶ
𝑥ଵ

ൗ + 𝑧ଷ
𝑥ଶ

𝑥ଵ
ൗ − 𝜇ଵ𝑒ଵ − 𝐷ఈ𝑦௥) , then 

 

𝐷ఈ𝜑(𝑥ଶ)(𝑡)   = 𝜀(𝑥ଶ)(
𝑧ଶ

𝑥ଵ
ൗ + 𝑧ଷ

𝑥ଶ
𝑥ଵ

ൗ − 𝑥ଶ𝑥ଷ) − 𝑥ଶeଵ − 𝜇ଶ(𝑥ଷ − 𝜑(𝑥ଶ))                                     (6.68) 
 

ε(𝑥ଶ) = 𝐷ఈ𝜑(𝑥ଶ)(𝑡)  = 𝐷ఈ ቆ
𝑧ଶ

𝑥ଵ𝑥ଶ

−
𝜇ଵ𝑒ଵ

𝑥ଶ

−
𝐷ఈ𝑦௥(𝑡)

𝑥ଶ

ቇ                                                                          (6.69) 

 
Now, substituting (6.69) into (6.67) the fractional order backstepping law is established as 
 

𝑈ிைି௕௔௖௞௦௧௘௣(𝑠) =  𝐷ఈ ൬
𝑧ଶ

𝑥ଵ𝑥ଶ

−
𝜇ଵ𝑒ଵ

𝑥ଶ

−
𝐷ఈ𝑦௥(𝑡)

𝑥ଶ

൰ − 𝑒ଵ𝑥ଶ − 𝑒ଶ𝜇ଶ                                                         (6.70) 

 
𝛼 is taken into account as 1 in (6.70) for conventional backstepping rule. In Fig.6.3, the simple 

standalone backstepping control architecture is proposed after the aforementioned 

formulations. 

 

 
Fig. 6.3. Proposed standalone fractional order backstepping scheme. 

 

6.5 Investigation into The Performance of FOB Rule on Inverted Pendulum 
 
The investigation of various novel closed-loop servo and regulatory actions, as well as 

control actions, is conducted in the following simulation investigations. The parameters of 

inverted pendulum [7] is presented in Table 6.2. 

 
Table 6.2 

 Parameter specifications of inverted pendulum 
 

 

 
 
 
 
 
 
 

Symbol Quantity Value 

M mass of cart 6.0 Kg 
m mass of pendulum 10.0 Kg 

l length of rod 0.5 m 
g gravity 9.8 m/s2 
I Moment of inertia 0.833 
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Case I: Comparative study between CB and FOB rules  
 
Fig. 6.4 illustrates how the system is controlled with varying initial angular positions at random, 

such as 0.4 and 0.167 radians, using CB and FOB to bring it upright. The FO (𝛼) is found by 

extensive simulation techniques on frequency and time domain platforms. Fig. 6.6 depicts how 

the servo actions are also explored by varying FOs, such as 0.6 and 0.8, with a fixed initial 

location of 0.4 radians.  

 

 
 

Fig. 6.4. Upright trajectory from different locations. 

Fig. 6.4 illustrates how the system responds very slowly when utilizing CB, despite the fact that 

both backstepping topologies with different initial locations track the target position effectively. 

For FOB with selected FO 0.4, this issue is overcome swiftly in 1 to 2 seconds at the target 

position. Fig. 6.5 reveals that the FO 0.4 approximation shows a better stable gain and flatter 

response with a larger band gap than the 0.6 and 0.8 approximations. 

 

 
 

Fig. 6.5. Performance study between different fractional orders on Bode plots.   
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The importance of fractional order 0.4 is further explored on time domain platform, as shown in 

Fig. 6.6, compared to other fractional orders. 

 

 
 

Fig. 6.6. Time responses of fractional orders. 
 

The settling time towards the zero posture is depicted as progressively increasing by orders of 

0.6 and 0.8. Therefore, the following case studies are conducted with fractional order 0.4 of 

FOB. As seen in (6.105), a load (𝑑ଵ) is now induced on both the CB and the FOB in order to 

examine the resilience of the system.  

 

𝐷௧
ఈ

௔
௖ 𝑧ଶ(𝑡) =

294.2 𝑠𝑖𝑛𝑦ଵ − 1.5 𝑦ଶ
ଶ𝑠𝑖𝑛(2𝑦ଵ)

20 − 3𝑐𝑜𝑠ଶ𝑦ଵ
−

3𝑐𝑜𝑠𝑦ଵ

20 − 3𝑐𝑜𝑠ଶ𝑦ଵ
𝑢 + 𝑝ଵ𝑦ଶ + 𝑑ଵ                (6.71) 

 
As demonstrated in Fig. 6.7, the trajectory unquestionably shows the durability of both of the 

backstepping systems with a load at t=4 seconds. 

 

Both of methods correctly follow the target even after providing disturbance, and they keep 

doing so for 4 seconds. On the other hand, the regulatory performance makes it clear that the 

FOB is substantially quicker than the CB. With the FOB, the system effortlessly settles into 

zero level in 5.5 sec; however, the CB performs extremely slowly, with continuous, minute 

oscillations. Another important parameter to consider while analyzing the system's stability 

pragmatically is noise generation, as shown in Fig. 6.8. 
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Fig. 6.7.  Nominal system output in presence of load disturbance. 

 
 

Fig. 6.8.  Nominal responses under noise. 
 

Furthermore, as previously noted Fig. 6.8 shows, despite applying noise using mean = 0, 

variance = 0.01, seed = 35, and time = 1 sec, FOB assists the plant smoothly towards zero 

position, in contrast to CB. Thus, even with the noise and disturbance shown in Fig. 6.9, FOB's 

control effort is far smoother than CB's, with a lower amplitude within the saturation bounds. 

 



204 
 

 
 

Fig. 6.9. Nominal control actions. 

Case II: Stability of FOB strategy 

By changing the plant parameter by m=15 kg, as depicted in Fig. 6.10 and 6.12, the stability of 

FOB is explored, and it is investigated that even when the parameter is changed, despite the 

noise, the proposed strategy consistently guides the plant to the intended level. However, the 

system acts a slightly slow because of the greater weight of the pendulum. As shown in Fig. 

6.11, despite giving an active impulse of 0.3 rad, the system smoothly follows to the desired 

upright position in addition to parametric uncertainty and noise. Fig. 6.12 illustrates the control 

inputs of FOB with nominal and model uncertainties amid noise, within the saturation limits. 

The smoothness of the control signal with perturbed parameters is too investigated. So, it is 

vindicated that, FOB delivers robust solution on set-point tracking and noise rejection. 

 

 
 

Fig. 6.10.  Perturbed system outputs in presence of noise. 
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Fig. 6.11. Global stability analysis of FOB with impulse 0.3 rad under disturbance. 

 

Fig. 6.12. Robustness of FOB in presence of noise. 

 
Case III: Comparative analysis between FOB, FOLY and FOLY-2 DOF FOPI schemes 

As illustrated in Figs. 6.13 and 6.14, the performance of a system with m = 10 kg is explored in 

the context of a practical scenario using FOB, FOLY, and FOLY- 2DOF FOPI controllers with 

load at t = 15 seconds and noise. Gain (γ) of FOLY is selected after extensive simulation 

techniques and it follows the intended position swiftly with minimum oscillations compared to 

FOLY-2 DOF FOPI [15]. Notably, FOB rule more swiftly and elegantly follows the intended 

location in an upright state. In the presence of noise, Fig. 6.15 compares the control efforts as 

well within the saturation limits. It is investigated that the proposed standalone FOB performs 

far superior to all control strategies without needless overshoot. 

 



206 
 

 
Fig. 6.13. Nominal outputs under load. 

 

Fig. 6.14. Nominal performances under noise. 

 

 Fig. 6.15. Different control actions under noise. 
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Table 6.3 shows a controller functions. Employing Instantaneous error 𝑒(𝑡), IAE, ISE and 

ITAE are computed. As shown in Table 6.5, the proposed FOB offers lower error metrics and 

TV compared to other rules.The TV is determined as follows:  

 

𝐓𝐕 = ෍|𝑢(𝑖 + 1) − 𝑢(𝑖)|                                                                                                          (6.72)

ஶ

௜ୀଵ

 

 
From Table 6.5, it is evident that the proposed FOB rule has lower TV values, which suggests 

that the control operation is more smoothly executed.  

 
Table 6.3   

Controller Settings 
 

Case study Techniques Controller functions 
I CB 𝑝ଵ + 𝑝ଶ = 100, 𝑝ଵ𝑝ଶ + 1 = 150 

 FOB 𝑝ଵ + 𝑝ଶ = 100, 𝑝ଵ𝑝ଶ + 1 = 150 α = 0.4,0.6,0.8 
II  FOB 𝑝ଵ + 𝑝ଶ = 100, 𝑝ଵ𝑝ଶ + 1 = 150 𝛼 = 0.4 

III  FOB 𝑝ଵ + 𝑝ଶ = 100, 𝑝ଵ𝑝ଶ + 1 = 150 𝛼 = 0.4 
  FOLY  𝛾 = 25, 𝛼 = 0.4,𝐾௣=1,𝐾஽=0.5 

 
   FOLY-2 DOF FOPI [15] 𝐾௉ଵ = 11.24, 𝐾ூଵ = 2.67, 𝐾௉ଶ = 18.54, 𝐾ூଶ = 2.67, 𝜆 = 0.45, 

𝑏= 0.65, γ = 100, α = 0.5 
 

Table 6.4  
Approximations of fractional order 

 

 

 

 

 

Table 6.5  
Quantitative measurement analysis 

 
 
 
 
 

 
 

Fractional order Approximated transfer functions 𝐆(𝐬) 
𝑠଴.ସ 9.025sଶ + 16.88s + 3.545

3.545sଶ + 16.88s + 3.545
 

𝑠଴.଺ 9.873sଶ + 14.93s + 2.776

2.776sଶ + 14.93s + 9.873
 

𝑠଴.଼ 10.883sଶ + 17.53s + 1.176

1.176sଶ + 17.53s + 10.883
 

Control Techniques IAE ITAE ISE TV 

CB  0.252 1.342 0.0062 8.73x102 

Proposed FOB  0.103 1.259 0.0024 2.47x102 

   Proposed FOB (Perturbed system) 0.109 1.273 0.0047 2.68x102 

 FOLY  0.416   1.426  0.018 1.84x103 

FOLY-2 DOF FOPI [15]  0.602 1.837 0.082 4.42x105 
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6.6 Investigation into The Performance of FOB Rule on CSTR 
 
The investigation of various novel closed-loop servo and regulatory actions, as well as 

control actions, is conducted in the following simulation case studies. The values of all the 

parameters are presented by [9] as shown in Table 6.6. 

 
Table 6.6  

Actual parameters for CSTR 
 

Parameters Actual value 
𝐹ᇱ  0.1 m3/sec 
𝑇ᇱ  350 K 
𝐶ᇱ  1 Kmol/m3 
𝑘ᇱ  7.2x1010 min-1 
𝐸

𝑅ൗ   8750 K 

𝑈  54.92 W/m2.K 
𝜌  1000 kg/m3 
𝐶ᇱᇱ  0.239 kJ/kg.K 
∆𝐻  -5x104 kJ/kmol 

 

 
Case I: Comparative analysis between CB and FOB  
 
In this section, simulation studies are carried out for nominal and perturbed system scenarios 

with a desired concentration level of 0.877 kmol/m3 and 1 kmol/m3 respectively. The efficiency 

of the proposed FOB rule is investigated employing the selected fractional order (α) 0.4 by 

extensive simulation studies on frequency domain platform as discussed in section 6.5 and also 

on time domain platform as depicted in Fig. 6.16. As the fractional order expands, the system 

gets sluggish. The tuning parameters of all control schemes are summarized in Table 6.7. The 

plant's state variables in Equations (6.43-6.45) are used in simulation. Positive scalars [14] 

(𝜇ଵ,𝜇ଶ) of both FOB and CB are considered as 1 and 5 respectively. A comparative study is 

also carried out between CB and FOB with different positive scalars 5 and 15, towards a desired 

concentration level of 0.877 kmol/m3 and FOB outperforms CB as depicted in Fig 6.17. As 

shown in (6.106), the servo and regulatory performances are carried out with a disturbance at t 

= 4 seconds.  

 

𝑈ிைି௕௔௖௞௦௧௘ (𝑠) =  𝐷ఈ ൬
𝑧ଶ

𝑥ଵ𝑥ଶ

−
𝜇ଵ𝑒ଵ

𝑥ଶ

−
𝐷ఈ𝑦௥(𝑡)

𝑥ଶ

൰ − 𝑒ଵ𝑥ଶ − 𝑒ଶ𝜇ଶ  + 𝑑                                            (6.73)  

 
Despite applying disturbance, both of the schemes efficiently track the desired level, and keep 

tracking after 4 seconds, as depicted in Fig. 6.18. However, FOB keeps tracking the target more 

efficiently and reduces the error signal as presented in Table 6.8 respectively.  

 

 



Molar concentration is controlled smoothly by FOB eve

variance = 0.01, seed = 21, and 

with different molar concentration 1 kmol/m

reactors, the robustness of the process

the desired positions 0.877 kmol/m

FOB continues to follow the target consistently rejecting noise more smoothly than CB. Fig. 

6.22 again shows the smooth control action.

 

Fig. 6.16.  System outputs using different fractional orders.
 

Fig. 6.17.  Nominal outputs using positive scalars = 5 and 15. 

Fig. 6.18.  Servo
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Molar concentration is controlled smoothly by FOB even under Gaussian noise with 

01, seed = 21, and time = 1 as depicted in Fig. 6.19. FOB also outperforms CB 

with different molar concentration 1 kmol/m3. Since it is impractical to obtain perfect models of 

robustness of the process is studied by perturbing feed concentration by

the desired positions 0.877 kmol/m3 and also 1 kmol/m3 as illustrated in Figs 6.21 and 6.23. 

FOB continues to follow the target consistently rejecting noise more smoothly than CB. Fig. 

6.22 again shows the smooth control action.  

 
16.  System outputs using different fractional orders. 

 
Fig. 6.17.  Nominal outputs using positive scalars = 5 and 15.  

 

 
Fig. 6.18.  Servo-regulatory outputs with load disturbance. 

Gaussian noise with mean = 0, 

as depicted in Fig. 6.19. FOB also outperforms CB 

Since it is impractical to obtain perfect models of 

ion by +20% to 

as illustrated in Figs 6.21 and 6.23. 

FOB continues to follow the target consistently rejecting noise more smoothly than CB. Fig. 

 

 

 



Fig. 6.19.  Nominal outputs with noise.

Fig. 6.20.  Nominal outp

 

Fig. 6.21.  Nominal and perturbed servo
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Fig. 6.19.  Nominal outputs with noise. 

 

Fig. 6.20.  Nominal outputs with different molar concentration 1 Kmol/m3. 

 
Fig. 6.21.  Nominal and perturbed servo-regulatory outputs with FOB rule. 
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Fig. 6.22. Control efforts between CB and FOB. 

 

 
 

Fig. 6.23. Perturbed outputs with noise. 
 

Case II: Comparative analysis between FOB, FOPID and FOLY-FOPID rules 
 

The control efficiency of the proposed technique is investigated using the same control settings 

(𝜇ଵ = 1 ,  𝜇ଶ = 5, α = 0.4) compared to existing fractional modern control rules in both 

nominal and perturbed circumstances as illustrated in Figs. 6.24-6.28. In nominal settings, 

servo response is studied by applying step input at t = 0 second and regulatory performance is 

explored by applying disturbance at 10 seconds. The closed-loop performances and control 

efforts are contrasted by the following rules: optimal FOLY-FOPID [13], optimal FOPID [10], 

and the proposed structure, as illustrated in Figs. 6.24–6.26. As depicted in Fig. 6.24, optimal 

FOPID results in more computation time to attain the desired level 0.877 kmol/m3 under load 

disturbance.  
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The performance is enhanced by the optimal FOLY-FOPID scheme with its improved control 

settings as presented in Table 6.7. However, prior to applying load, the proposed method more 

swiftly tracks the desired level within 6 seconds and, even after applying load, molar 

concentration is tackled more gracefully, as illustrated in Fig. 6.24. Proposed FOB yields also 

robust noise rejection as depicted in Fig. 6.25. As depicted in Fig. 6.26, the flow rate exhibits 

relatively steady control action using the proposed FOB amid noise. 

 

 
 

Fig. 6.24. Servo-regulatory nominal outputs with load disturbance. 
 

 
Fig. 6.25. Nominal outputs with noise. 

 

 
 

Fig. 6.26. Input control actions with disturbance. 
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Simulation studies are further carried out to compare the robustness of the existing and 

proposed control methods by perturbing feed concentration by +30%. As depicted in Figs. 6.27 

and 6.28, the closed-loop performances are analyzed by applying two unit step disturbances at 

t = 10 seconds, 15 seconds, and noise. It is shown that optimal FOPID does not exhibit 

satisfactory result when subjected to noise. In contrast to FOPID, the disturbance is controlled 

by optimal FOLY-FOPID resulting in smooth tracking of the concentration and more efficient 

noise rejection. Enhanced performance is further evident from lesser error metrics of Table 6.8. 

 

Fig. 6.27. Servo-regulatory perturbed outputs in presence of load disturbance. 

 
 

Fig. 6.28. Servo-regulatory perturbed outputs in presence of noise. 

 
TV  is also computed by ∑ |𝑢(𝑖 + 1) − 𝑢(𝑖)|ஶ

௜ୀଵ . Table 6.8 vindicates the smoothest 

performance of control action resulting from the proposed scheme and proves it to be suitable 

for practical application. 
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Table 6.7 
 Summary of control functions 

 

Methods Controller Settings 

CB [14] 𝜇ଵ = 1, 𝜇ଶ = 5, α = 1 
Proposed FOB 𝜇ଵ = 1, 𝜇ଶ = 5, α = 0.4 
FOLY-FOPID [13] γ = 45, α = 0.75, 𝐾௉ = 0.984, 𝐾ூ = 0.113, 

𝐾஽ = 0.376, 𝜆 = 0.32, 𝜇 = 0.26 

𝐶ிை௉ூ஽ = 0.984 +
0.113

𝑠଴.ଷଶ + 0.376𝑠 .ଶ଺ 

𝑈(𝑠) = 45𝑒
1

𝑠଴.଻ହ 𝑢௖ − [−45𝑒
1

𝑠଴.଻ହ

0.1915

𝑠ଶ − 5.948𝑠 + 22.69
]                             

FOPID [10] 𝐾௉ = 1.57, 𝐾ூ = 0.83, 𝐾஽ = 1.04, 𝜆 = 0.54, 𝜇 = 0.72 

𝐶ிை௉ூ஽ = 1.57 +
0.83

𝑠଴.ହସ + 1.04𝑠 .଻ଶ 

 

Table 6.8  

Quantitative measurement with load disturbance 

Methods 
Nominal Condition 

IAE ISE ITAE TV 
FOPID [10] 2.614    1.243 25.64  6.62x105  
FOLY-FOPID [13] 2.463    1.054 18.07  1.86x103  
CB [14] 1.309 0.583 2.804 5.3 
Proposed  0.163 0.021 1.204 3.8 

Methods 
Perturbed Condition 

IAE ISE ITAE TV 
FOPID [10]  4.284    2.759 45.35  6.85x105  
FOLY-FOPID [13] 2.832 1.308 27.74 2.46x103 
CB [14] 1.402 0.748 3.046 5.8 
Proposed  0.189 0.088 1.783 4.7 

 

 

6.7 Summary 
 
In this chapter, a novel FOB controller is developed independently of the nonlinear inverted 

pendulum and CSTR systems. By proposing an improved indirect biquadratic rational 

approximation technique, FOB delivers robust servo performance and disturbance rejection 

with the highest speed of action compared to CB, FOLY, and FOLY-2 DOF FOPI control 

strategies for inverted pendulum. In addition to this superior performance, the noteworthy 

results exhibit the benefits of the proposed rule in both nominal and perturbed circumstances of 

nonlinear CSTR system. In comparison to CB, FOPID, and FOLY-FOPID rules, proposed 

FOB delivers robust servo-regulatory performances and noise rejections. In the final analysis, 

the proposed FOB rule is investigated as the most trustworthy and feasible strategy since it 

provides the fastest speed of robust control action in comparison to other proposed fractional 

order schemes, as well as the lowest integral errors without needless overshoots in set-point 

tracking and noise rejection. 
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CHAPTER  7 

 
 

 
Conclusion & Future Work 

 
 
 
7.1 Conclusion 
 
This thesis considers two distinct benchmark nonlinear systems: the SIMO inverted pendulum 

(IP) and the continuous stirred tank reactor (CSTR) for an extensive analysis of their 

performances under different external conditions, including noise, perturbations, dead time, 

and load disturbance from a real-time viewpoint using different fractional order standalone and 

dual-loop control strategies. The main contributions of this dissertation are, 

 
(a) This work proposes a novel biquadratic equiripple approximation technique that 

outperforms the popular indirect Oustaloup and CFE approximation techniques by 

rejecting ripples. In order to attain smoothest and ripple-free approximation, the 

recommended method is further modified with exact phase approximation technique. 

In order to attain a fair level of accuracy, the fractional orders in the entire proposed 

control rules are solely approximated by the biquadratic exact phase approximation 

method to transform an estimated integer order model. 

 
(b) Standalone fractional order MIT (FOMIT) and fractional order Lyapunov (FOLY) 

stability rules of model reference adaptive control (MRAC) are proposed on linear 

inverted pendulum. Both techniques attempt to tackle the system with their efficient 

control actions in presence of noise and load disturbance. However, in terms of global 

stability, FOLY scheme is explored as a robust technique by tackling the system more 

swiftly and gracefully. FOLY rules also outperform other existing standalone and 

augmented traditional schemes with lower integral errors and overshoot. Following a 

fair investigation on standalone FOLY rule, the noteworthy benefits of the proposed 

augmented optimal FOLY-FOPI and FOLY-2 DOF FOPI rules are also explored. A 

combination of extensive simulation technique and optimization methods is addressed 

to tune FOMRAC rules. In comparison to the augmented FOMIT rules, both methods 

produce lower quantitative performance measurements (IAE, ISE, ITAE, and TV) 
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under unperturbed, perturbed, and nonlinear circumstances. In handling the noise, the 

noteworthy influence of FOLY-2 DOF FOPI is also addressed.  

 
(c) In addition to investigation on the inverted pendulum, the significant impact of the 

fractional order controller is also explored on industrial unstable processes. A novel 

FOIMC based series cascaded control structure (SCCS) with dead time compensator is 

proposed to reject disturbance in benchmark unstable processes and the proposed 

optimal fractional order based IMC filter assists in successfully rejecting the noise in 

controlling the industrial unstable plants. The stability of the proposed rule is also 

confirmed. The significant impact of this proposed scheme is also explored on 

benchmark CSTR. Following a robust servo action and noise rejection using the 

standalone FOIMC scheme, the rule is expanded by proposing an enhanced version 

with the optimal FOLY-FOPID and alternatively, the optimal FOPD-smith predictor 

techniques to investigate control efficiencies on controlling the process variables of 

various benchmark CSTR systems. In comparison to standalone FOLY topology, the 

proposed optimal dual-loop schemes show more satisfactory results. A combination of 

extensive simulation technique and optimization methods is addressed to tune 

FOMRAC rules. The robustness of all the proposed augmented schemes is also 

confirmed in presence of model uncertainties. However, the proposed FOIMC-FOPD 

smith predictor, which is a more straightforward and simpler representation, 

outperforms FOLY-IMC FOPID and FOLY-FOPID rules with smoother control 

actions and efficiently rejects noise, resulting in fewer integral errors and TV.  

 
(d) In last chapter to handle nonlinear systems (inverted pendulum and continuous stirred 

tank reactor) in the presence of nonlinear effects amid noise, a standalone linear 

fractional order backstepping (FOB) rule is proposed and found to be a more effective 

control strategy by stabilizing each subsystems of the nonlinear process recursively. 

This proposed rule improves the control action without needless overshoot and offers 

robust noise rejection with the fastest set-point tracking. FOB controls the inverted 

pendulum towards its desired upright position more swiftly and gracefully from any 

random locations. Similar to that, the proposed FOB tracks any desired level of process 

variable of the CSTR process without unnecessary overshoots or undershoots and 

offers steady control action amid noise and disturbances. The robustness and stability 

of the proposed FOB are explored for both of unstable systems. Compared to various 

fractional order control rules, this novel approach provides a robust closed loop 

servo-regulation performance and noise rejection with a notably reduced error 

measurement signal and TV of control efforts. 
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Thus, it is anticipated that the proposed standalone FOB rule will produce satisfactory 

closed-loop performance and control action even in practical scenarios since that our current 

research finally establishes it as the most effective control strategy when compared to the 

conventional method and other proposed fractional order schemes on nonlinear systems 

producing lowest integral errors and total control signal variance in presence of model 

uncertainties, noise within saturation limit, load disturbance, and nonlinear effect. 

 
 
7.2 Future Works 
 
In order to continue this current work, the following future works must be investigated as 

follows: 

 
(a) Higher order biquadratic exact phase approximation compared to the currently 

proposed lower order method in fractional order control rules must be explored using 

different corner frequencies to investigate for wider frequency band gap.   

 
(b) To discover optimum control settings of FOB rule, any appropriate optimization 

algorithm might also be attempted. Instead of using in-depth simulation methods, the 

performance of the system must be investigated using optimization strategies.  

 
(c) The proposed standalone FOB rule might also be augmented with other control 

topologies to study the effectiveness of the augmented FOB schemes compared to 

standalone FOB scheme on different benchmark models of inverted pendulum and 

CSTR processes. 

 
(d) Proposed various novel standalone, and augmented fractional order control strategies 

including FOMIT, FOLY, FOMIT-FOPI and 2 DOF FOPI, FOLY-FOPI and 2 DOF 

FOPI, FOIMC-SCCS with dead-time compensator, dual-loop FOLY-FOPID, 

FOLY-IMC FOPID, FOIMC-FOPD predictor strategies and fractional order 

backstepping (FOB) strategies have been successfully simulated on MATLAB and 

SIMULINK platform. The real time simulation and experimental validation of the 

results obtained in the present work could not be accommodated in the scope of the 

present thesis. Fractional order description and design of the aforesaid control 

algorithms needed meticulous combination of existing few fractional order systems 

engineering utility with indigenously constituted s-functions before closed loop 

simulation. A classic problem in control engineering and dynamics as well as some 

industrial problem performances are tested using those proposed control algorithms 
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and the results are validated with existing ones. This very parlance remains an open 

domain for future experimental endeavors. 
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Appendix -A 
 
 

Chapter-3 

 
MATLAB Codes: 
 

3.3.1 

clc 
close all 
alpha1=0.75; alpha2=0.5; alpha3=0.2; alpha4=1; 
%alpha=input('Enter the value of alpha:') 
m = 2; y=[]; 
funname='myfunc' 
%x=1:1:100; 
t=1:0.1:100 ; n=size(t); 
for i=1:n(1,2) 
 
y= [y;find_fraction_derivative(m,i,alpha1, funname)  find_fraction_derivative(m,i,alpha2, 
funname)  find_fraction_derivative(m,i,alpha3, funname) find_fraction_derivative(m,i,alpha4, 
funname)]; 

 
end 
 
plot(t,y(:,1),'r',t,y(:,2),'b',t,y(:,3),'g',t,y(:,4),'y'); 
 
title('fractional order derivative for y=x^2'); 
 
xlabel('t') ; ylabel('y') 
 
%User must declare the function 
 
function  z= myfunc(m,x,ALPHA) 
 
z= (gamma(m+1)/gamma(m-ALPHA+1))*x^(m-ALPHA) 
end 
 
function t = find_fraction_derivative(m,x,alpha,funname) 
 
func = str2func(funname); 
 
t = func(m,x,alpha); 
 
end 
 
3.3.3.1 
 
clc 
close all 
 
alpha1=-0.75; alpha2=-0.5; alpha3=-0.2; alpha4=-1; 
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%alpha=input('Enter the value of alpha:') 
 
m = 2; 
 
y=[]; 
 
funname='myfunc1' 
 
%x=1:1:100; 
 
t=1:0.1:100 ; n=size(t); 
 
for i=1:n(1,2) 
 
y= [y;find_fraction_integral(m,i,alpha1, funname)  find_fraction_integral(m,i,alpha2, 
funname)  find_fraction_integral(m,i,alpha3, funname) find_fraction_integral(m,i,alpha4, 
funname)]; 

 
end 
 
plot(t,y(:,1),'r',t,y(:,2),'b',t,y(:,3),'g',t,y(:,4),'y'); 
 
title('fractional order derivative for y=x^2'); 
 
xlabel('t') ; ylabel('y') 
 
%User must declare the function 
 
function  z= myfunc1(m,x,ALPHA) 
 
z= (gamma(m+1)/gamma(m+ALPHA+1))*x^(m+ALPHA); 
 
End 
 
function t = find_fraction_integral(m,x,alpha,funname) 
 
func = str2func(funname); 
 
t = func(m,x,alpha); 
 
end 
 
3.4.1.3 
 
clc 
clear all 
 
G = tf([22500 -27000 10800],[109042.0813664.41 28394.9 27258.2810801]) 
 
kp=input('enter kp') 
 
kd=input('enter kd') 
 
ki=input('enter ki') 
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lam=input('enter lam') 
 
mu=input('enter mu') 
 
fpid_G=fotf([1],[lam],[kd kp ki],[lam+mu lam 0]) 
 
sys1=fpid_G*G; sys2=feedback(sys1,1);  
 
 
3.4.1.4 
  
b = [3530.5,3400.92,2161.08]; nb = [0.96003,1.858,0]; 
 
a = [5252.2,256.28,10801,3530.5,3400.92,2161.08]; 
 
na = [2.96003,1.96003,.96003,.96003,1.858,0]; 
 
G=fotf(a,na,b,nb); [K,alpha]=isstable(G) 
 
3.4.2 
 
alpha = 0.5; a = 1; y0 = 1; h = 0.01; n = 1000; 
 
t = linspace(0,20,n+1); 
 
y = FODE(alpha,0,1,y0,h,n); 
 
plot(t,y) 
 
xlabel('t') 
 
ylabel('y(t)') 
 
title('Solution of Fractional Order Differential Equation') 
 
%User must declare the function 
 
function [y] = FODE(alpha,a,b,y0,h,n) 
 
% alpha is the order of the derivative 
% a,b are the interval endpoints 
% y0 is the initial condition 
% h is the step size 
% n is the number of steps 
 
t = linspace(a,b,n+1); y = zeros(1,n+1); y(1) = y0; 
 
for i=1:n 
 
y(i+1) = y(i) + 
h^(alpha)/gamma(alpha+1)*(sum((t(i+1)-t(1:i)).^(alpha-1/2).*y(1:i).*h.^(alpha))); 

 
end 
end 
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3.4.2.2 
 
alpha = 0.5; beta=1; 
 
a = 1; 
 
f = @(t,y) mlf(alpha,beta,-a*t.^(0.5)); 
 
% Define the initial condition 
 
y0 = 1; 
 
% Define the time interval 
 
tspan = [0 20]; 
 
% Solve the fractional differential equation 
 
[t,y] = ode45(f,tspan,y0); 
 
% Plot the solution 
 
plot(t,y) 
 
xlabel('t'), ylabel('y(t)') 
 
function E = mlf(alpha,beta,z) 
 
k = 0:100; 
 
E = sum((z.^k)./gamma(alpha*k+beta)); 
End 
 

3.4.3.1 
 
function G=ousta_fod(alpha,N,wb,wh) 
 
z=1:N;  wu=sqrt(wh/wb); wkp=wb*wu.^((2*z-1-alpha)/N); wk=wb*wu.^((2*z-1+alpha)/N); 
 
G=zpk(-wkp,-wk,wh^alpha);  
 
G=tf(G); 
 
G1=ousta_fod(0.4,5,1e-2,1e2); bode(G1) 
 

 
 
 
 
 
 



226 
 

Appendix –B 
 
Chapter-4 
 
Pseudo code of Luus-Jaakola (LJ) optimization: 
 
Input: Objective Function, lb→Lower bounds, ub→Upper bounds,  𝑁் →Number of 
iteration, 𝑁௉ →Number of counts, 𝑟ଵ →Size vector, 𝑅 →Random points, ɸ→Tolerance 
 
% Begins % 

𝑀(଴) = 0.5(𝑎௟ + 𝑎௨). 
𝑀∗ = 𝑀(଴). 
𝐽௢௟ௗ = 10ହ଴. 

for 𝑞 = 1: 1: 𝑁௉ 
for 𝑗 = 1: 1: 𝑁் 
for 𝑥 = 1: 1: 𝑅 
 
𝑀௝ = 𝑀∗ + 𝐷∗𝑟௝, 
 
Where 𝑀∗ is best value and 𝐷∗ is a diagonal matrix in the range [-0.5, 0.5].  Computation of the value 
of fitness function J using 𝑀௝. 
 
if 𝐽 < 𝐽௢௟ௗ  

𝐽௢௟ௗ = 𝐽 
𝑀ௌ

∗ = 𝑀௝  
end if 
end for 

𝑟௝ାଵ = 𝑟௝𝜂 
𝑀∗ = 𝑀ௌ

∗ 
end for 
for 𝑘 = 1: 1: 𝑛 
Evaluation of size vector 

𝑟௞
௤ାଵ

= |𝑀∗௤ − 𝑀∗ଵ| 
 
where 𝑀∗௤ and 𝑀∗ଵ are the best values of 𝑥௧௛ parameter obtained at the end and beginning of 𝑞௧௛ 
pass  
if 𝑟௞

௤ାଵ
< ɸ 

𝑟௞
௤ାଵ

= ɸ 
end if 
end for 

𝑟ଵ = [𝑟ଵ
௤ାଵ

, … … . , 𝑟௣
௤ାଵ

]் 
if 𝑞 > 5 
if 𝐽 < ɸ 

ɸ = 0.5 ∗ ɸ 
end if 
end if 
if ɸ < 10ିହ 
Algorithm stopped 
end if 
end for  
% stops % 
 
The parameters of LJ are 𝑁௉ = 50, 𝑁் = 100, 𝑅 = 30, ɸ = 10ିଷ , 𝜂 = 0.95 , 𝑎௟ = [0  0  0.001], 
𝑎௨ = [10ସ, 10ସ, 1]. For the sake of more clarity, the overall procedure is presented in the form of a 
flowchart in Fig. B.1. 
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Fig. B.1 Steps of Luus-Jaakola optimization algorithm. 
 
 
 
 
 

Optimal settings returned by 
algorithm to the model 
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Code for TV (Total variation) Computation: 
 
N=size(u); 
M=size(u2); 
P=size(u3);  
Q=size(u4); 
R=size(u5); 
u=u'; 
u2=u2'; 
u3=u3'; 
u4=u4'; 
u5=u5'; 
 sum=0; 
 sum1=0; 
 sum2=0; 
 sum4=0; 
 sum5=0; 
for i=1:N-1 
    TV(i)=abs(u(i+1)-u(i)); 
    sum=sum+TV(i); 
end 
    
for i=1:M-1 
    TV1(i)=abs(u2(i+1)-u2(i)); 
    sum1=sum1+TV1(i); 
end 
for i=1:P-1 
    TV2(i)=abs(u3(i+1)-u3(i)); 
    sum2=sum2+TV2(i); 
end 
for i=1:Q-1 
    TV4(i)=abs(u4(i+1)-u4(i)); 
    sum4=sum4+TV4(i); 
end 
for i=1:R-1 
    TV5(i)=abs(u5(i+1)-u5(i)); 
    sum5=sum5+TV5(i); 
end 
  
sum 
sum1 
sum2 
sum4 
sum5 
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Appendix C 

 

Chapter-5 

  
Steps of Artificial Bee Colony (ABC) optimization algorithm: 
 
 

 
 

Fig. C.1 Optimization stpes of Artificial Bee Colony (ABC) optimization method. 
 

Optimal settings returned by 
algorithm to the model 
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It is evident from the optimization methodology shown in Fig.C.1 that the method described 
below is mostly employed for the selection of new solutions: 
 

i. Assess the objectivity, suitability, and utility of newly developed solutions 
 

ii. To update the present solution, perform greedy selection. 
 

iii. A trial counter is used to keep track of how many times each solution has failed. 
 

iv. If the new solution is inferior, extend the trial of the existing one more time. 
 

v. If a better answer is produced, the trial should be reset to 0. 
 
The parameters settings are followed as 
 
𝑁௣ (Population size) = 10, 𝑀𝐶𝑁 = 50, 𝑙𝑖𝑚𝑖𝑡 (Permissible number of failures) =5, 𝑙𝑏 = [ 0  
0], 𝑢𝑏 = [100 2]. 
 
Pseudo code of Modified Particle Swarm Optimization (MPSO) optimization: 
 
 
The pseudo code of MPSO is shown below: 
 

Initialize population 
for 𝑡 = 1: maximum generation 

for 𝑗 = 1:population size 

if 𝑓 ቀ𝑥௝,ௗ(𝑡)ቁ < 𝑓(𝑝௝(𝑡)) then 𝑝௝(𝑡) = 𝑥௝,ௗ(𝑡) 

𝑓 ቀ𝑝௚(𝑡)ቁ = min
௧

(𝑓( 𝑝௝(𝑡))) 
end if 
for 𝑑 = 1: dimension  

𝑣௝,ௗ(𝑡 + 1) = 𝑤𝑣௝,ௗ(𝑡) + 𝑐ଵ𝑟ଵ ቀ𝑝௝ − 𝑥௝,ௗ(𝑡)ቁ + 𝑐ଶ𝑟ଶ ቀ𝑝௚ − 𝑥௝,ௗ(𝑡)ቁ 
𝑥௝,ௗ(𝑡 + 1) = 𝑥௝,ௗ(𝑡) + 𝑣௝,ௗ(𝑡 + 1) 

if  𝑣௝,ௗ(𝑡 + 1) > 𝑣௠௔௫then  𝑣௝,ௗ(𝑡 + 1) = 𝑣௠௔௫ 
else if  𝑣௝,ௗ(𝑡 + 1) < 𝑣௠௜௡ then 𝑣௝,ௗ(𝑡 + 1) = 𝑣௠௜௡ 
end if 
if 𝑥௝,ௗ(𝑡 + 1) > 𝑥௠௔௫ then 𝑥௝,ௗ(𝑡 + 1) = 𝑥௠௔௫ 
else if 𝑥௝,ௗ(𝑡 + 1) < 𝑥௠௜௡ then 𝑥௝,ௗ(𝑡 + 1) = 𝑥௠௜௡ 
end if 

end for 
end for 

end for 
 
In this method, modified inertia weight is proposed below: 
 

𝑤 = 0.5 +
𝑟

2
                                                                                                                           (𝐶. 1) 

 
The limit of 𝑟  lies between 0 and 1 while the limit of 𝑤  lies between 0.5 and 1. The  
optimization step is presented for different control schemes as shown in Fig. C.2. 
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