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Abstract

In this thesis, we have considered the following problems on dust ion acous-
tic (DIA) waves in a collisionless magnetized / unmagnetized five components
electron-positron-ion-dust (e-p-i-d) plasma consisting of warm adiabatic ions,
static negatively charged dust particulates, nonthermal hot electrons, isothermal

cold electrons and nonthermal positrons.

Problem-1: Here, we have derived a Korteweg-de Vries-Zakharov-Kuznetsov
(KdV-ZK) equation to study the nonlinear behaviour of DIA waves in a collision-
less magnetized five components plasma. It is found that the coefficient of the
nonlinear term of the KdV-ZK equation vanishes along different family of curves
in different compositional parameter planes. In this situation, to describe the
nonlinear behaviour of DIA waves, we have derived a modified KdV-ZK (MKdV-
ZK) equation. When the coefficients of the nonlinear terms of both KdV-ZK and
MKdV-ZK equations are simultaneously equal to zero, then we have derived a
further modified KdV-ZK (FMKdV-ZK) equation which effectively describes the
nonlinear behaviour of DIA waves. Analytically and numerically, we have inves-
tigated the solitary wave solutions of different evolution equations propagating
obliquely to the direction of the external static uniform magnetic field. We have
also discussed the effect of different parameters of the system on solitary waves

obtained from the different evolution equations.

Problem-2: Here, we have discussed the stability of DIA solitary waves ob-
tained from the KdV-ZK and different modified KdV-ZK equations which have
been derived in Problem-1. We have used the small-k perturbation expansion
method of Rowlands and Infeld [J. Plasma Phys. 3, 567 (1969); 8, 105 (1972);
10, 293 (1973); 33, 171 (1985)] to analyze the stability of the steady state solitary
wave solutions of the KdV-ZK equation and different modified KdV-ZK equa-
tions. In this method, we want to find a nonlinear dispersion relation of the
nonlinear evolution equation connecting the lowest order of the wave frequency
and the wave number. This nonlinear dispersion relation helps to analyze the

viii
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stability of solitary structures of the KdV-ZK equation and different modified
KdV-ZK equations. We have found the instability condition and the growth
rate of instability up to the lowest order of wave number. We have analyzed
graphically the growth rate of instability of solitary waves of different evolution

equations with respect to different parameters of the plasma system.

Problem-3: In this problem, we have considered the quasi-neutrality condi-
tion instead of the Poisson equation along with other hydrodynamic conservation
equations as described in Problem-1 to investigate the nonlinear behaviour of
arbitrary amplitude DIA waves. We have applied the Sagdeev pseudo-potential
approach and phase portrait analysis to confirm the existence of different DIA
nonlinear wave structures. The plasma system contains eleven parameters and the
nonlinear wave structures have been studied through the compositional parame-
ter space consisting of these eleven parameters. The effects of these parameters
on the amplitude of the nonlinear wave structures have also been investigated.
We have extensively discussed the existence of negative potential solitary waves
(NPSWs), positive potential solitary waves (PPSWs), positive potential super-
solitons (PPSSs), negative potential double layers (NPDLs) and supernonlinear
periodic waves. We have also analyzed the coexistence of PPSWs and NPSWs,
coexistence of NPSWs and PPSSs, coexistence of NPDL and PPSSs. For increas-
ing values of some parameters, there exists a sequence of NPSWs converging to
the double layer solution of the same polarity, whereas it is also observed that a
sequence of NPSWs converging to the double layer solution for decreasing values
of some other set of parameters involved in the system. Therefore, the amplitude
of the NPDL solution can be regarded as an upper bound of the amplitude of
the sequence of the NPSWs. The dependence of the amplitudes of the PPSWs
and PPSSs on the different parameters of the system has also been critically

investigated.

Problem-4: Here, we have derived a nonlinear Schrodinger equation to study
the modulation instability of DIA waves propagating obliquely to the direction of
the uniform static magnetic field in the plasma system as defined in Problem-1.

The nonlinear dispersion relation of the modulated DIA waves has been analyzed



to study the instability regions in the parameter planes. This nonlinear dispersion
relation has also been used to investigate the maximum modulational growth
rate of instability of the modulated DIA waves. We have discussed the effect of
different parameters of the system on the existence of the instability regions and
the maximum growth rate of instability.

Problem-5: In this problem, the energy integral derived by using Sagdeev
pseudo-potential technique has been analyzed to investigate the existence of ar-
bitrary amplitude DIA solitons including double layers and supersolitons in a
collisionless unmagnetized plasma system whose constituents are same as given
in Problem-1. The graphical analysis of Sagdeev pseudo-potential shows the
existence of PPSSs along with positive potential double layers (PPDLs) and PP-
SWs whereas in the negative potential side, the system does not support negative
potential supersolitons (NPSSs) but the existence of NPDLs, NPSWs; the coexis-
tence of both PPSWs and NPSWs, and supernonlinear periodic waves have been
established. To explain the existence of different DIA solitary structures, phase
portraits of the dynamical system corresponding to the different DIA solitary
structures have been drawn. With the help of phase portraits, the transition of
PPSWs just before and just after the formation of PPDL has been discussed. We
have discussed the effect of different parameters of the system on the amplitude
of the different DIA solitary structures including supersolitons.

Problem-6: Here, we have investigated the arbitrary amplitude DIA non-
linear wave structures at the acoustic (sonic) speed M = M, in a collisionless
unmagnetized plasma system as defined in Problem-5. The present plasma sys-
tem confirms the existence of NPSWs, PPSWs and NPDLs at the acoustic speed
M = M,.. We have studied the effect of different parameters of the system on
the amplitude of PPSWs, NPSWs and NPDLs at M = M,.. We have also ana-
lyzed the difference between various DIA nonlinear wave structures at supersonic
speed, subsonic speed and sonic speed through phase portraits of the dynamical

system corresponding to nonlinear DIA wave structures.
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Introduction

This thesis presents some nonlinear problems on dust ion acoustic (DIA) waves
in a collisionless five components magnetized or unmagnetized plasma system
consisting of adiabatic warm ions, negatively charged static dust grains, nonther-
mal electrons defined by Cairns et al. [1], isothermal electrons and nonthermal
positrons. We have investigated the existence of different DIA solitary wave
solutions of different nonlinear evolution equations, which are valid in different
compositioal parameter spaces, i.e., we have derived different nonlinear evolution
equations by considering different conditions on the parameters of the system.
One of the important parts of this thesis is to investigate the stability of these
solitary wave solutions obtained from different evolution equations. We have also
investigated the arbitrary amplitude DIA nonlinear waves including solitons of
both polarities, double layers, supersolitons and supernonlinear periodic waves in
the same five components collisionless magnetized or unmagnetized plasma sys-
tem. In an another problem, we have investigated the modulation instability of
obliquely propagating DIA waves in a collisionless magnetized five components
plasma system. In this section, our aim is to present the overall scenario of this

thesis by considering the following points:

e A brief review of the development of small amplitude solitary waves and

their stability analysis

A brief review of the development of arbitrary amplitude solitary waves

A brief review of the development of modulational instability

Different nonthermal distributions

Satellite observations

Different methods used in the present thesis

e Overview of each chapter



A brief review of the development of small amplitude solitary waves

and their stability analysis

Solitary wave is a nonlinear wave whose shape and size remains unchanged during
its propagation. There are many applications of these nonlinear waves in different
areas of physics such as fluid dynamics, condensed matter physics, nonlinear
optics and plasma dynamics. In 1895, Korteweg & De Vries [2| developed a
theory of solitary waves by considering a nonlinear partial differential equation.
In 1949, Walter H. Munk [3] summarized different properties of solitary waves. In
1958, Adlam & Allen [4] investigated solitary waves in a collisionless magnetized
plasma. In 1965, Zabusky & Kruskal [5] discovered that the solitary waves retain
their identity after the collision and they have used the term soliton instead of
solitary wave. In 1966, Washimi & Tanuiti [6] investigated the one-dimensional
long-time asymptotic behavior of small but finite amplitude ion acoustic (IA)
waves. They have demonstrated the presence of solitons by deriving the Kortweg-
de Vries (KdV) equation. In 1974, Tran [7] investigated the IA solitary waves
in a two-ion species plasma with a finite ion temperature by deriving a KdV
equation. He found that a finite ion temperature produces fast as well as slow
TA solitary waves. In 1975, Das and Tagare [8] studied the same problem with
oppositely charged ions by deriving a KdV equation. They clearly mentioned
that rarefactive solitary waves can propagate only if the initial concentration of
negative ions is greater than a critical value. In 1977, Goswami and Buti [9]
used the reductive perturbation method to derive a multi-dimensional modified
KdV equation which describes the propagation of a finite amplitude drift wave
in a collisional plasma. In 1984, Watanabe [10] considered a plasma system
consisting of positive ion, negative ion and electrons to study the nonlinear TA
waves. He had clearly mentioned that when the density of negative ion reaches
a critical value, the nonlinear coefficient of the KdV equation vanishes. In this
situation, he established that the IA wave can be described by a modified KdV
equation. The evolution equation with quadratic and cubic nonlinearities had
been used to study the nonlinear behaviour of IA waves in this situation. Tagare

and Reddy [11, 12] examined the effect of ion temperature on TA solitons in a
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warm, two-ion plasma consisting of positive ions, negative ions and hot electrons.
In 1988, Verheest [13] investigated IA solitons in a plasma consisting of isothermal
electrons and a number of adiabatic ion species by considering the reductive
perturbation method. He clearly mentioned that nonlinear behaviour of IA waves
can be described by a modified KdV equations with cubic nonlinearities when the
coefficient of the nonlinear term of the KdV equation vanishes. In 1989, Das and
Verheest [14] studied on IA solitons in a low-8 magnetized plasma consisting
of adiabatic positive and negative ion species along with isothermal electrons.
They derived a three dimensions KdV equation, also known as the Korteweg-
de Vries-Zakharov-Kuznetsov (KdV-ZK) equation. They have used the small-
k perturbation expansion method of Rowlands and Infeld [15-18] to study the
stability of solitary wave solutions at the lowest order of wave number, i.e., for
long-wavelength plane-wave perturbation. Several authors [14, 19-49] have used
this method [15-18] to investigate the stability of different types of solitary waves
and double layers. Several authors [24, 26, 50-55] investigated different nonlinear
properties of TA solitons by considering nonthermal electrons as prescribed by
Cairns et al. [1]. By considering the effect of different parameters of different
plasma systems, several authors [56-62] studied the nonlinear behaviour of IA

waves.

A brief review of the development of arbitrary amplitude solitary

waves

Sagdeev [63] established a very important mechanical analogy to describe the
nonlinear dynamics of IA waves through a single equation known as energy in-
tegral, which can be regarded as the motion of a particle in one dimension. In
fact, shifting all the equations describing the nonlinear behaviour of IA waves in

a wave frame, he is able to form the following equation:

e+ V'(0) = 0 & (60 + V() =0, (1)

where he has used a suitable transformation of the coordinate axis without mak-
ing any perturbation of the dependent variables. This equation can be regarded

as the equation of motion of a pseudo-particle of unit mass under the action of



the force field —V'(¢), where ¢ is the position of the pseudo-particle at time &
with velocity T The magnitude of the velocity of the particle is /—2V(¢).
If V(0) = V'(0) = 0, then the particle is in equilibrium at the point ¢ = 0. If
V”(0) < 0, then using the Energy Test of Stability, one can conclude that the
particle is in unstable equilibrium at ¢ = 0. Therefore, if the particle is slightly
displaced from its unstable position of equilibrium then it moves away from ¢ = 0
and it continues its motion until there exists a ¢,, # 0 such that V(¢,,) = 0. If
V' (¢m) > 0 (for ¢, > 0) or V'(¢y,) < 0 (for ¢,,, < 0) then the pseudo-particle at
¢ = ¢,, is under the action of an attracting force towards ¢ = 0. Consequently,
the particle oscillates between 0 < ¢ < ¢,, for (¢,, > 0) or ¢,, < ¢ < 0 for
(¢ < 0). This oscillation propagates in a wave frame moving with a dimen-
sionless velocity M, known as Mach number. If the oscillation propagates along
the positive direction of ¢ axis, then we have positive potential solitary waves
and if the oscillation propagates along the negative direction of ¢ axis, then we
have negative potential solitary structures. This is the mechanical analogy of
solitary waves as given by Sagdeev [63]. Using this mechanical analogy, Shukla
& Yu [64] investigated nonlinear IA waves in a magnetized plasma. In small
amplitude limit, they have derived an energy integral which describes nonlinear
IA waves propagating obliquely making an angle to the direction of the external
magnetic field. Shukla & Yu [64] established a relationship between the angle of
propagation, the soliton’s speed, and its amplitude. Additionally, they derived
an exact analytical formula for the electric field in the small amplitude limit.
In 1980, Buti [65] studied a plasma composed of cold ions together with both
hot and cold electrons. They derived an energy integral for a pseudo-particle.
In 1986, Bharuthram and Shukla [66] presented a theory for a double layer in a
plasma consisting of cold ions and two distinct groups of hot electrons obeying
Boltzmann-Maxwellian distribution. The double layer solutions can also be de-
scribed from the mechanical analogy of Sagdeev [63]. Here, if V(¢,,) = 0 and
V'(¢m) = 0, then the velocity as well as the force acting on the pseudo-particle
both are simultaneously equal to zero and consequently, the particle can not be
reflected at ¢ = 0 because for this case there is no oscillation of the particle. In

this situation, the solution obtained from energy integral is known as double layer
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solution. This theory describes conditions under which large amplitude stationary
double layers can exist. The IA solitons and double layers for arbitrary ampli-
tude were investigated by Baboolal et al. [67, 68] in a plasma system consisting of
two different species of ions and two distinct populations of isothermal electrons
of different temperatures. Using the Sagdeev pseudo-potential formalism, large
dust-acoustic (DA) waves have been studied by Verheest [69] in a multispecies
plasma model with cold negative dust in the presence of hot nonthermal Cairns
distributed positive ions and cold Boltzmann positive ions. Verheest and others
[70-74] have studied different types of large amplitude solitary waves including
supersolitons by considering different plasma systems. Dubinov et al. [75] applied
Sagdeev pseudo-potential method to study the nonlinear wave structures. They
have investigated the nonlinear and supernonlinear wave structures in five com-
ponents collisionless unmagnetized electron-positron-ion-dusty (e-p-i-d) plasma
consisting of positive ions and negative ions species. Several authors [75-84]
have considered collisionless four components e-p-i-d plasma systems to discuss
different arbitrary amplitude nonlinear wave structures in unmagnetized e-p-i-d
plasma. Choi et al. [85] studied arbitrary amplitude TA solitary structures in a
magnetized collisionless dusty plasma. They solved this problem using Sagdeev’s
pseudo-potential method. In another study, Choi et al. [86] explored the impact
of ion pressure on IA solitary structures. Dubinov et al. [87] showed that large
amplitude stationary electrostatic waves are possible in symmetric unmagnetized
pair plasmas. Later, Dubinov and others [88-90] have defined the large ampli-
tudes solitons including supersoliton and supernonlinear periodic structures. Das
et al. [91] investigated DIA solitary waves and double layers in a dusty plasma
system. The system contains adiabatic warm ions, nonthermal electrons, and
negatively charged static dust grains. They have analyzed different types of soli-
tary structures by considering the entire compositional parameters space. Several
authors [92-101] have studied various arbitrary amplitude nonlinear wave struc-
tures by considering different magnetized plasma systems. Verheest and Hellberg
[102] observed a positive potential DA solitary structure at the sonic speed in a
collisionless, unmagnetized plasma system. This was the first observation of a DA

solitary structure at the sonic speed. Later, Das et al. [103] analytically proved



ten important theorems for the existence of solitary structures at the sonic speed
for any unmagnetized plasma system. With the help of these theorems of Das
et al. [103], Paul et al. [83] studied DIA solitary structures at the sonic speed
in a collisionless unmagnetized e-p-i-d plasma system with warm ions, Cairns-
distributed electrons, Maxwellian-distributed positrons, and negatively charged
static dust grains. For the first time, Debnath and Bandyopadhyay [101] studied

IA solitary waves at acoustic speed in a collisionless magnetized plasma.
A brief review of the development of modulational instability

In 1968, Taniuti & Washimi [104] derived a nonlinear Schrédinger equation
to investigate modulational instability (MI) of finite amplitude hydromagnetic
waves in a magnetized cold plasma. Later, Taniuti and Yajima [105] studied the
nonlinear Schrédinger equation (NLSE) from a set of complex nonlinear partial
differential equations, where they used the perturbation method to derive the
NLSE. Using this perturbation method, Asano et al. [106] derived a NLSE for
electron plasma system which describes the nonlinear wave modulation. In 1972,
Kako [107] made a thorough investigation on the nonlinear modulation of waves
in a cold magnetized plasma. In an another paper, Kako et al. [108] explored the
nonlinear modulation of electromagnetic waves that propagate parallel to external
magnetic field giving special emphasis to the contribution of resonant particles
at the group velocity. After that Kako [109] considered MI of TA waves in both
magnetized and unmagnetized plasma. The plasma system was composed of cold
ions and isothermal electrons. Ichikawa & Kako [110] focused on the nonlinear
wave modulation of quasi-monochromatic electromagnetic waves in a magnetized
plasma. In this investigation, they have also considered the effect of resonant
particles at the group velocity. Kakutani and Sugimoto [111] used the Krylov-
Bogoliubov-Mitropolsky (KBM) perturbation method to derive a NLSE for the
nonlinear modulation of TA and magneto-acoustic waves in a collisionless plasma
consisting of cold ions and isothermal electrons. Murtaza and Salahuddin [112]
studied the modulation of TA waves in a magnetized plasma consisting of cold ions
and isothermal electrons. Several authors [113-130] investigated the modulation

instability of IA waves in different plasma systems in a collisionless unmagnetized /
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magnetized plasma systems consisting of different types of particles. In the papers
[131, 132], authors have considered an unmagnetized five components plasma
system with positive ions, nonextensive positrons and two electron species at
different temperatures having nonextensive distribution and dust grains. Guo et
al. [131] have studied MI of the planar and nonplanar TA waves by considering
negative and positive dust grains. By considering the same plasma model, and
using the reductive perturbation method [105, 106] El-Kalaawy [132] has derived
a modified NLSE which describes the low-frequency modulation of TA waves.
Watanabe [133] and Ikezi et al. [134] conducted experiments to investigate the

MI of a nonlinear ion wave packet.
Different nonthermal distributions

A. Kappa distribution: This is a long high-energy-tailed non-Maxwellian
distribution, which has the property that the number of particles in phase space
far away from the point v = 0 is much greater than the number of particles in the
same region for the Maxwellian-Boltzmann distribution, where v is the velocity of
the particles in phase space. The Kappa distribution was used by Binsack [135]
and Vasyliunas [136]. Since then, several authors [70, 137-153] have used this
distribution in various studies of plasma physics.

B. Cairns distribution: This is a modified Maxwellian-Boltzmann distri-
bution, which has the property that the number of particles in phase space in
the neighbourhood of the point v = 0 is much smaller than the number of par-
ticles in the same region for the Maxwellian-Boltzmann distribution [154]. In
fact, the number of electrons in the neighbourhood of v = 0 decreases for in-
creasing values of the nonthermal parameter associated with the distribution.
Consequetly, the distribution function develops wings for increasing values of the
nonthermal parameter and at the same time, the center density in phase space
drops [155]. Tt is also simple to check that these two wings are symmetrical about
the point v = 0. So, the Cairns distribution describes the flattening of the distri-
bution in phase space in the neighbourhood of the point v = 0. Several authors
[1, 21, 50, 79, 81, 91, 94, 103, 154, 156-167] have used this distribution to study

various nonlinear properties of plasma dynamics.



C. Combined Kappa-Cairns distribution: As reported by Debnath and
Bandyopadhyay [100], the combined Kappa-Cairns distribution describes the pos-
sible deviation of Kappa distribution in the neighbourhood of the point v = 0
with the help of Cairns distribution. This distribution follows the properties of
Kappa distribution as well as the properties of Cairns distribution. Specifically,
(1) this distribution follows the properties of Kappa distribution, i.e., the number
of particles in phase space far away from the point v = 0 is much greater than
the number of particles in the same region for the Boltzmann-Maxwellian distri-
bution and (2) this distribution follows the properties of Cairns distribution, i.e.,
the number of particles in phase space in the neighbourhood of the point v = 0
is much smaller than the number of particles in the same region for the Kappa
distribution. The number of electrons in the neighbourhood of v = 0 decreases
for increasing values of the nonthermal parameter associated with the distribu-
tion. Consequently, the distribution function develops wings for increasing values
of the nonthermal parameter and at the same time, the center density in phase
space drops. Debnath and Bandyopadhyay [100] have clearly explained these two
properties with the figure 1 in their paper. It is also simple to check that these
two wings are symmetrical about the point v = 0. Therefore, this distribution
describes the flattening of the Kappa distribution in the neighbourhood of the
point v = 0. So, this distribution is nothing but the Cairns distribution when the
Kappa distribution is taken as the background distribution.

D. Nonextensive nonthermal velocity distribution: Instead of Kappa
distribution if we take ¢- nonextensive distribution as the background distribu-
tion, then considering the deviation in the neighbourhood of the point v = 0 by
using the Cairns distribution, we get nonthermal ¢- nonextensive velocity distri-
bution. This was first used by Tribeche et al. [168] to study IA solitary waves in

a plasma consisting of cold ions and nonthermal nonextensive electrons.
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Satellite Observations

The presence of e-p-i-d plasma has been detected in interstellar medium [169—
171], in the remnants of supernova explosions [172], in the galactic centre [169],
around pulsars [173], in the Milky Way [171]. Also this e-p-i-d plasma may exist
in the Earth’s magnetosphere and in the Earth’s ionosphere. These regions con-
tain positrons [174, 175] and highly charged dust grains [172]. The observation
of various spacecraft missions [176-180, 180-186] indicates the existence of two
electron species of different temperatures (cold and hot) at the auroral region.
More specifically Viking satellite [176, 177] and Freja satellite [187] indicate coex-
istence of energetic electrons and isothermal electrons in the auroral region of the
Earth’s upper ionosphere. But there is no proper technique for the construction
of the velocity distribution function of the energetic particles in the space plasma
and consequently, we have used different non-Maxwellian velocity distributions
to express the behaviour of the energetic particles. Cairns [1] distributed non-
thermal model for the lighter species is one of the widely used non-Maxwellian
model and this distribution can describe a population of fast energetic particle.

In this present thesis, we have considered an e-p-i-d plasma system, where
electron species is divided into two distinct populations of electrons at different
temperatures. From this point of view, i.e., as the two distinct populations of
electrons follow two different distributions, we can consider the present plasma
system as five components plasma. In fact, based on the assumption that the
above mentioned species of electrons are physically separate in the phase space
by external or self-consistent fields [188], then these two species of electrons can
be taken as two distinct species of electrons. So, we can conclude that there
may exist five components e-p-i-d plasmas in the auroral region of the upper
Earth’s ionosphere, which contains nonthermal hot electrons and isothermal cold
electrons. In future, next generation satellites may be able to distinguish astro-
physical plasmas having five components as considered in this thesis.

Moslem et al. [189] have considered a five components dusty plasma system
consisting of positively charged dust grains, Maxwellian electrons, and ions in-

cluding solar wind streaming electrons and protons. They have used this plasma
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model in Jupiters magnetosphere to investigate the dynamics of the dust grains
and solar wind streaming electrons and protons. Afterward, Al-Yousef et al. [190]
have considered the same plasma model of Moslem et al. [189] to investigate the
arbitrary amplitude dust-acoustic waves in the Jupiter atmosphere for a distance
greater than 15R;, where R; (= 71398 km) is the distance from the center of
the Jupiter. Considering the reports as mentioned in the papers [189] and [190],
and considering the mechanism for the formation of positrons from protons as
mentioned by Gusev et al. [174, 175], we can conclude that there may exist five
components e-p-i-d plasmas in the Jupiter atmosphere for a distance greater than
15R;.

Again, several authors [189-192] have considered dusty plasmas of five com-
ponents consisting of positive dust grains, ions and isothermal or superthermal
electrons including solar wind streaming protons and electrons. Finally, they
[189-192] concluded that the results are applicable in Jupiter’s atmosphere by
considering the five components positively charged dusty plasma model. Al-
though, several authors have used their model in Jupiter’s atmosphere by consid-
ering positively charged dust grains, there are many research papers in the existing
literature, where authors [193-197] have described their results in Jupiter’s at-
mosphere for both polarities dusty plasma model. So, the plasma systems of this
thesis may be applicable to study the nonlinear waves in the upper ionosphere of

Earth and in Jupiter’s atmosphere.
Different Methods Used in the Present Thesis

In this thesis, we have used the following methods:

Sagdeev Pseudo Potential Technique [63]

Reductive Perturbation Method [198]

Generation of Different Harmonics Through Perturbation Method

[106]

Tanh Method of Malfliet and Hereman [199]
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e Small-k Perturbation Expansion Method of Rowlands & Infeld
[15-18]

e Numerical Method for Phase Portrait

e Different Methods of Applied Mathematics

Overview of Each Chapter

Chapter-1

In this chapter, we have studied the nonlinear behaviour of small amplitude
DIA waves in a collisionless magnetized five components dusty plasma consist-
ing of warm adiabatic ions, nonthermal hot electrons, isothermal cold electrons,

nonthermal positrons and static negatively charged dust particulates.

e To discuss the nonlinear behaviour of the small amplitude DIA waves, we
have derived the following KdV - ZK equation:

1 1 1 1 1
O + AB1W o + JAG + SAD(@Y) + dk)c = 0. 2)

where A, By and D are functions of the parameters of the plasma system.

e The nonlinear behaviour of DIA waves can be described by the KdV-ZK
equation (2) only when the coefficient of the nonlinear term of the KdV-ZK
equation does not vanish, i.e., By # 0. But when B; = 0, the coefficient
of the nonlinear term of the KdV-ZK equation (2) vanishes along different
families of curves in the compositional parameter planes and for this case,
we have derived the following modified KdV-ZK (MKdV-ZK) equation to

describe the nonlinear behaviour of the DIA waves:
1 1 1 1 1
O+ ABy(0M) 0 + S Adg + 5 AD(SY) + o) =0, (3)

where By is a function of the parameters of the plasma system. The non-
linear behaviour of DIA waves can be described by the MKdV-ZK equation
only when B; = 0 but By # 0. But we see that the coefficient of the non-
linear term of the MKdV-ZK equation (3) vanishes along different family
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of curves in the compositional parameter plane. In this situation, i.e., when
B; = 0 and By = 0, neither KdV-ZK equation nor MKdV-ZK equation can
describe the nonlinear behaviour of the DIA waves and for this case, we have

derived the following further modified KdV-ZK (FMKdV-ZK) equation:
n, 1, w1 1
o + ABy(6V)'0 + S A + S AD(S) + d)c =0, (4)
where Bj is a function of the parameters of the plasma system.

e We have investigated the validity of the different evolution equations by

considering different compositional parameter planes.

e We have studied the solitary wave solutions of different evolution equa-
tions propagating obliquely to the direction of the external static uniform

magnetic field.

e We have investigated the effect of different parameters on the solitary wave

solutions of different evolution equations.

Chapter-2

This chapter can be regarded as an extension of Chapter-1 in the following
direction:

In this chapter, we have discussed the stability of DIA solitary waves obtained
from the KdV-ZK equation and different modified KdV-ZK equations derived in
Chapter-1.

We have used the small-£ perturbation expansion method of Rowlands and
Infeld [15-18] to analyze the stability of the steady state solitary wave solutions of
the KdV-ZK equation and different modified KdV-ZK equations. In this method,
we want to find a nonlinear dispersion relation of the nonlinear evolution equa-
tions connecting the lowest order of w and k, where w is the wave frequency and
k is the wave number. This nonlinear dispersion relation helps to analyze the
stability of solitary structures of the KdV-ZK equation and different modified
KdV-ZK equations.
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e For the first time, we have studied the instability of DIA solitary waves in
a five components e-p-i-d plasma with the help of the small-£ perturbation

expansion method of Rowlands and Infeld.

e We have found the instability condition and the growth rate of instability
up to the lowest order of wave number (k). We have graphically analyzed
the growth rate of instability of different evolution equations with respect

to different parameters of the present plasma system.

e In this chapter, our aim is to study the stability of the steady state solitary
wave solutions of the different nonlinear evolution equations by considering
the perturbation in the form ®4(2)+q1(&,n, 7, Z), where ®¢(Z) is the steady
state solitary wave solution of the evolution equation and ¢;(§,n,7,7) is
the perturbed quantity with respect to ®y(Z) as steady state solitary wave

solution.

e In this chapter, we have considered the long-wavelength plane-wave per-
turbation and consequently, the wave number is the small parameter of the
system and so, the general prescription is to express the perturbed quantity

in a power series of the wave number k.

e Considering ®¢(Z) as a steady state, our aim is to express the wave fre-
quency w as a function of the wave number k. For linearized case, it is
possible to express w as a function of k, but for nonlinear evolution equa-
tion with ®4(Z) as a steady state, it is not possible to express w as a function
of k. For this reason, we also expand w in a power series of k by considering

k is small enough.

e For the first time, we have derived the consistency condition for the exis-
tence of solutions of a sequence of differential equations connected with the
perturbed field variable with respect to the steady state solitary wave solu-
tions of the different evolution equations by considering Lagrange’s identity
and this consistency condition helps to study the instability of the DIA

solitary waves up to the lowest order of the wave number.
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In this chapter, we are not only interested to analyze the stability of soli-
ton as given by several authors [200-206] by considering several methods,
but also interested to find the growth rate of instability. The consistency

condition helps to find the growth rate of instability.

We have discussed the effects of parameters involved in the plasma system
on the instability condition and the growth rate of instabilities for the KdV
solitons and different modified KdV solitons.

Finally, we have compared the result of the stability analysis of DIA solitons
described in this chapter for magnetized e-p-i-d plasma with the stability
analysis of DIA solitons for unmagnetized e-p-i-d plasma as presented by

Sardar et al. [45].

It is found that DIA solitary waves in a collisionless magnetized e-p-i-d
plasma obtained from the KdV-ZK equation and different modified KdV-
ZK equations having the nonlinear term of the form (gb(l))rgbg) are unstable
for r < 4 at the lowest order of the wave number. Although Sardar et al.
[45] have shown that DIA solitary waves described by the three-dimensional
KP and different modified KP equations having the nonlinear term of the
form g ((gzﬁ(l))%g)) in a collisionless unmagnetized e-p-i-d plasma are
stable for » < 4, where ¢ is the stretched space coordinate in the paper
of Sardar et al. [45]. They have also used the same small-k perturbation

expansion method of Rowlands and Infeld [15-18].

Analytically the instability conditions and the growth rate of instability
at the lowest order of the wave number have been derived for the KdV-
ZK soliton and different modified KdV-ZK solitons using the consistency

condition.

We have also numerically studied the growth rate of instabilities of the

KdV-ZK soliton and different modified KdV-ZK solitons.
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Chapter-3

In this chapter, we have considered the same plasma system as mentioned in
Chapter-1 but we have considered the quasi-neutrality condition instead of the
Poisson equation along with the other hydrodynamic conservation equations as
described in Chapter-1 to investigate the nonlinear behaviour of arbitrary ampli-
tude dust ion acoustic waves in a collisionless five components magnetized e-p-i-d

plasma giving special emphases on the following points:

e To discuss the nonlinear behaviour of the arbitrary amplitude dust ion
acoustic waves in a collisionless magnetized plasma with warm adiabatic
ions, nonthermally distributed positrons, negative immobile dust particles,
and two distinct species of electrons with isothermally and nonthermally

distributed, we have derived the following energy integral:

%(%)2 + V() =0, (5)

where V(¢) is a function of ¢, M and other parameters of the plasma
system. Here M is the normalized (dimensionless) velocity of the wave

frame. In fact, we have used the following steps to get the energy integral

(5)

[1 ]| To derive the energy integral (5), all hydrodynamic conservation equa-
tions consisting of continuity equation for ions, the equation of conser-
vation of momentum for ion fluids and the equation of conservation of
pressure equation for ions are shifted in a wave frame moving with a

normalized velocity M.
[2 | To consider a wave frame moving with a velocity M, the general pre-
scription is to consider the following transformation:

§ =mgx +nyy + Lz — Mt,

where mg, n,, [, are the direction cosines of the direction of the moving
wave frame and we have also normalized the space coordinates x, vy, z

and time ¢ by appropriate length and appropriate time.
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[3 | Finally, using the quasi-neutrality condition and the appropriate bound-

ary conditions for solitary structures, we get the energy integral (5).

e We have seen that the system supports the existence of PPSWs, PPSSs,
NPSWs and NPDLs along with the coexistence of different solitary struc-
tures and supernonlinear periodic waves. The curve V(¢) with respect to
¢ and the phase portraits of the dynamical system defined by

o d9
d_g_e’ € V(o) (6)

confirm the existence of different solitary wave structures including dou-
ble layers, supersolitons and super-nonlinear periodic waves. The coupled
system of equations (6) can easily be obtained by differentiating (5) with
respect to ¢ and then putting d_§ =40.

e It is observed that NPSW and PPSS exist simultaneously and also it is
found NPDL and PPSS exist simultaneously.

e Two distinct types of supernonlinear periodic waves as mentioned by Du-
binov and others [89, 90] have been observed in this magnetized plasma

system.

e We have investigated the effect of different parameters of te system on the

amplitude of different solitary structures.

Chapter-4

In this chapter, we have considered the same plasma system as mentioned in
Chapter-1. Considering the generation of different Harmonics through the per-
turbation method, we have derived the following nonlinear Schrodinger equation
to study the modulational instability of DIA waves propagating obliquely to the
direction of the uniform static magnetic field.

00" Lo

12 (1) _
or gz T Qo Tor =0, (7)

where P and () are the functions of parameters of the system.
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The nonlinear dispersion relation of the modulated DIA wave has been an-
alyzed to study the instability regions in the parameter plane. The nonlinear
dispersion relation of the modulated DIA waves obtained from the NLSE (7) is
given by the following equation:

02 - [P (1 - 2?3'?2'2), ®)

where €2 and K are, respectively, the wave frequency and wave number of mod-
ulated DIA waves.
From the equation (8), it is simple to check that

e modulated DIA wave is always modulationally stable for PQ < 0.

e modulated DIA wave is stable or unstable according to whether K > K or

2
K < K. if PQ >0, WhereKc:\/%.

Using only these two conditions, we have investigated the effect of parameters
on the stable and unstable regions of the modulated DIA waves and when modu-
lated DIA wave is unstable then we have also investigated the maximum growth
rate of instability of the modulated DIA wave.

In this chapter, we have considered a collisionless unmagnetized five compo-
nents plasma system whose constituents are same as given in Chapter-1, i.e.,
the system contains two distinct species of electrons at different temperatures
- one is nonthermally distributed hot electrons and another one is Boltzmann-
Maxwellian distributed cold electrons, warm adiabatic ions, nonthermally dis-
tributed positrons and negatively charged immobile dust grains. Using the Sagdeev
pseudo-potential technique, we have derived an energy integral. To derive the en-
ergy integral, we follow similar steps as given in problem Chapter-3. But here
instead of quasi-neutrality condition, we have used the Poisson equation. The
structure of the energy integral is same as given in equation (5). The coupled
equations obtained by differentiating the energy integral (5) are also same as
the coupled equations given in (6). Here also M (Mach number) is the dimen-

sionless velocity of the wave frame normalized by the linearized DIA speed (c;).
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We have observed the existence of positive potential solitary waves (PPSWs),
negative potential solitary waves (NPSWs), the coexistence of both PPSWs and
NPSWs, negative potential double layers (NPDLs), positive potential double lay-

ers (PPDLs), supersolitons, and super-nonlinear periodic waves.

e We have seen that for the supersonic speed of the waves (M > M,), the
origin (0, 0) is an unstable equilibrium point, whereas for the subsonic speed
of the waves (M < M.), the origin (0, 0) is a stable equilibrium point, where
M, is a lower bound M for the existence of supersonic solitary structures,
i.e., supersonic solitary structure exists only when M > M,.. Therefore,

there does not exist any solitary structure if M < M..

e In this chapter, we have investigated the solitary structures for supersonic
speed only and we have also considered super-nonlinear periodic waves for
subsonic speed only. We have not considered any wave structure for sonic

speed.

e We have seen that every minimum value of the potential function V(¢)
corresponds to a stable equilibrium point, whereas the maximum value of

potential function V' (¢) corresponds to an unstable equilibrium point.

e We have seen that every closed curve about any stable equilibrium point
corresponds to a periodic wave solution, whereas a separatrix that appears
to pass through the unstable equilibrium point at the origin (0, 0) enclosing

a stable equilibrium point corresponds to a solitary wave.

e The separatrix through (0, 0) which encloses more than one separatrices

and more than one stable equilibrium points corresponds to supersolitons.

e For the subsonic speed (M < M.), the super-nonlinear periodic wave exists
only when there exists a separatrix passes through a non-zero unstable equi-
librium point enveloping another separatrix that appears to pass through
another non-zero unstable equilibrium point. The inner separatrix encloses

at least two stable equilibrium points, one of which is (0, 0). Any closed
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curves within inner and outer separatrices are due to super-nonlinear peri-

odic waves.

e We have found that there exists a smooth transition from one solitary struc-
ture to another solitary structure as PPSW (before the formation of PPDL)
— PPDL — PPSS — PPSW (after the formation of PPDL). This smooth
transition has been observed for the present five components plasma model,

which confirms the existence of a sequence of supersolitons.

e We have also investigated the effect of different parameters of the system

on the amplitude of different solitary waves.

Chapter-6

In this chapter, we have investigated arbitrary amplitude dust ion acoustic non-
linear wave structures at M = M, in a collisionless unmagnetized five components
electron-positron-ion-dusty (e-p-i-d) plasma system as considered in Chapter -5.
The present plasma system confirms the existence of negative potential and posi-
tive potential solitary structures. We have also observed the existence of negative
potential double layers (NPDLs) at the acoustic speed M = M.. In this chapter,
we have studied the effects of different parameters of the system on the ampli-
tude of the positive potential solitary waves (PPSWs), negative potential solitary
waves (NPSWs) and negative potential double layers. We have also analyzed
the difference between the various DIA nonlinear wave structures at supersonic
speed, subsonic speed and sonic speed by considerig the phase portraits of the

dynamical system corresponding to nonlinear DIA wave structures.

e We have seen that for subsonic speed (supersonic speed) of the waves M <
M.(M > M,) the origin (0, 0) is a stable (unstable) equilibrium point,
whereas, for sonic speed (M = M.), the origin (0, 0) is the point of inflexion.

e From the phase portrait of DIA double layers at sonic speed, we have seen
the separatrix of the phase portrait tends to pass through an unstable equi-

librium point which starts and ends at the point of inflexion. This separatrix

encloses at least one stable equilibrium point.

The schematic diagram of this thesis can be represented as follows.
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Chapter 1

Dust-ion acoustic solitary waves in a collisionless
magnetized five components plasma *

In this chapter, we have derived a Korteweg-de Vries-Zakharov-Kuznetsov (KdV-
ZK) equation to study the nonlinear behaviour of dust-ion acoustic waves in a col-
lisionless magnetized five components dusty plasma consisting of warm adiabatic
ions, nonthermal hot electrons, isothermal cold electrons, nonthermal positrons
and static negatively charged dust particulates. It is found that the coefficient
of the nonlinear term of the KdV-ZK equation vanishes along different family of
curves in different compositional parameter planes. In this situation, to describe
the nonlinear behaviour of dust-ion acoustic waves, we have derived a modified
KdV-ZK (MKdV-ZK) equation. When the coefficients of the nonlinear terms of
both KdV-ZK and MKdV-ZK equations are simultaneously equal to zero, then
we have derived a further modified KdV-ZK (FMKdV-ZK) equation which effec-
tively describes the nonlinear behaviour of dust-ion acoustic waves. Analytically
and numerically, we have investigated the solitary wave solutions of different
evolution equations propagating obliquely to the direction of the external static
uniform magnetic field. We have seen that the amplitude of the KdV soliton
strictly increases with increasing (., whereas the amplitude of the MKdV soliton
strictly decreases with increasing (3., where 3. is the nonthermal parameter asso-
ciated with the hot electron species. Also, there exists a critical value 550) of Se
such that the FMKdV soliton exists within the interval ﬁﬁc) < Be < ‘—;, whereas
the FMKdAV soliton does not exist within the interval 0 < (., < B,Ec). We have
also discussed the effect of different parameters of the system on solitary waves

obtained from the different evolution equations.

*This chapter has been published in Zeitschriftfr Naturforschung A 77, 659 (2022);
https://doi.org/10.1515/zna-2021-0287

21



22

1.1 Introduction

The presence of dust particles in the electron-ion plasma modifies the propagation
properties of nonlinear ion acoustic waves. These plasma systems are observed
in various astrophysical environments such as asteroid zones, the planetary rings,
the interstellar medium, comets, Earth’s ionosphere and Earth’s magnetosphere
[207-212]. Several authors [100, 213-217] studied the nonlinear behaviour of ion
acoustic (TA) / dust acoustic (DA) / dust-ion acoustic (DIA) waves in different
plasma systems by considering one electron species or two electron species of
different temperatures (cold and hot). Again, along with these dusty plasma
systems, there are various astrophysical sites, viz., interstellar medium [169-171],
in the remnants of supernova explosions [172], in the galactic centre [169], around
pulsars [173], in the Milky Way [171] and interior regions of accretion disks near
neutron stars and magnetars [77| in which existence of significant amount of
positrons is observed. Thus, four components electron-positron-ion-dust (e-p-i-
d) plasma is formed in these astrophysical sites. Also this e-p-i-d plasma may
exist in the Earth’s magnetosphere and in the Earth’s ionosphere these regions
contain positrons [174, 175] and highly charged dust grains [172]. Beside these
astrophysical sites, e-p-i-d plasma can also be found in laboratory experiments
[77,173]. Several authors [45, 56, 75-82, 131, 148, 218-222] investigated dynamics
of TA or DIA waves in e-p-i-d plasmas. Some authors [80, 81, 221, 223] studied
different e-p-i-d plasma systems by considering the nonthermal electrons and

positrons.

On the other hand, two electron species of different temperatures (cold and
hot) exist in various space plasmas [178, 224] and also in laboratories [225-228|.
Several authors [66-68, 229-235] investigated different nonlinear structures of IA
waves in different plasmas. Most of the authors have considered two electron
species, where both the electron species are Boltzmann-Maxwellian distributed

isothermal electrons but their temperatures are different. The observation of
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various spacecraft missions [176-180, 180-186] indicate the existence of two elec-
tron species of different temperatures (cold and hot) at the auroral region. More
specifically Viking satellite [176, 177] and Freja satellite [187] indicate coexistence
of energetic electrons and isothermal electrons in the auroral region of the Earth’s
upper ionosphere. But there is no proper technique for the construction of the
velocity distribution function of the energetic particles in the space plasma and
consequently we have used different non-Maxwellian velocity distributions to ex-
press the behaviour of the energetic particles. Cairns [1] distributed nonthermal
model for the lighter species is one of the widely used non-Maxwellian model and
this distribution can describe a population of fast energetic particle. Considering
an isothermal species of electrons and another species of nonthermal Cairns dis-
tributed electrons, several authors [94, 97, 98, 124-126, 163] theoretically studied
dynamical properties of IA waves in a collisionless unmagnetized / magnetized

plasma.

Again, analyzing the electric field measurements collected by S3-3 satellite,
Temerin et al. [178] reported the existence of small amplitude IA solitary waves
and double layers in collisionless magnetized auroral plasma. They concluded
that these small amplitude double layers are responsible for the fine structures
of auroral kilometric radiation. Viking satellite [176] measurements also confirm
the presence of small amplitude solitary waves and weak double layers in the
auroral region of the ionosphere. Dovner et al.[187] reported the occurrence of
solitary waves in the auroral zone of the upper ionosphere. The Polar satellite
[236] observation also indicates the presence of small and large amplitude solitary
waves and double layers in the auroral acceleration region. Ergun et al. [183, 184]
reported that FAST satellite observation indicates large group of solitary waves
of same polarity in the auroral zone may responsible for generating diverging
electrostatic shocks associated with the electron acceleration in those regions of
our atmosphere. Mcfadden et al. [180] observed IA solitary waves in the auroral

region from the FAST measurement data and reported that these waves may have



24

effect on the particle acceleration mechanism.

Recently, Moslem et al. [189] have considered a five components dusty plasma
system consisting of positively charged dust grains, Maxwellian electrons and
ions including solar wind streaming electrons and protons. They have used this
plasma model in the Jupiters magnetosphere to investigate the dynamics of the
dust grains and solar wind streaming electrons and protons. Afterward Al-Yousef
et al. [190] have considered the same plasma model of Moslem et al. [189] to
investigate the arbitrary amplitude dust-acoustic waves in the Jupiter atmosphere
for a distance greater than 15R;, where R; (= 71398 km) is the distance from the
center of the Jupiter. Guo et al. [131] have investigated modulational instability
of ion acoustic waves in a collisionless unmagnetized five components plasma
consisting of cold ions, g-nonextensive positrons, negatively or positively fixed
charged immobile dust grains and two groups of g-nonextensive electrons having
different temperatures. EL-Kalaawy [132] has investigated conservation laws and
bright soliton solution of ion-acoustic waves in the same five components plasma
system considered by Guo et al. [131]. Considering the reports as mentioned in
the papers [189] and [190], and considering the mechanism for the formation of
positrons from protons as mentioned by Gusev et al. [174, 175], we can conclude
that there may exist five components e-p-i-d plasmas in the Jupiter atmosphere

for a distance greater than 15R;.

Again, there are number of papers in four components e-p-i-d plasmas [45—
47, 56, 75-83, 127-129, 148, 169-172, 218-223, 237-249]. In the above mentioned
papers [45-47, 56, 75-83, 127-129, 148, 169-172, 218-223, 237-249], the existence
of different four components e-p-i-d plasmas has been confirmed in different as-
trophysical regions but the authors have considered one species of electrons only.
But we have already mentioned that two different species of electrons at different
temperatures are common in space plasmas [176-187]. In the present chapter, we
have considered an e-p-i-d plasma system, where electron species is divided into

two distinct populations of electrons at different temperatures. From this point of
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view, i.e., as the two distinct populations of electrons follow two different distri-
butions, we can consider the present plasma system as five components plasma.
So, we can conclude that there may exist five components e-p-i-d plasmas in the
auroral region of the upper Earth’s ionosphere, which contains nonthermal hot
electrons and isothermal cold electrons. In future, next generation satellites may
be able to distinguish astrophysical plasmas having five components as considered
in this chapter.

In this present chapter, we have considered a fully ionized collisionless mag-
netized five components e-p-i-d plasma system consisting of warm adiabatic ions,
nonthermally distributed positrons and negatively charged immobile dust grains
and two electron species of different temperatures, a cooler one with a popu-
lation of Boltzmann-Maxwellian distributed and hotter one with a nonthermal
distribution of Cairns et al. [1]. So, the plasma system as considered in the
present chapter is different from the plasma systems as mentioned in the papers
of Paul et al.[81], Guo et al. [131], Paul and Bandyopadhyay [79] and Banerjee

and Maitra [80] in the following directions:

e Paul et al. [81] considered a collisionless unmagnetized four components
e-p-i-d plasma system consisting of warm adiabatic ions, nonthermally dis-
tributed electrons, nonthermally distributed positrons and negatively charged
immobile dust grains. In the present chapter, we have considered an extra
cold electron species and the plasma system is under the action of static

uniform magnetic field.

e The plasma systems as mentioned in the papers of Paul and Bandyopadhyay
[79], Banerjee and Maitra [80] and Paul et al. [81] are unmagnetized but in

the present chapter, we have considered magnetized plasma.

e In the papers of Paul and Bandyopadhyay [79], Banerjee and Maitra [80]
and Paul et al. [81], the authors have considered only one nonthermal

population of electrons but in this present chapter, we have considered two
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electron species of different temperatures - one electron species is isothermal

and other is nonthermal.

In the papers of Paul and Bandyopadhyay [79], Banerjee and Maitra [80]
and Paul et al. [81], the authors have investigated arbitrary amplitude
DIA solitary structures by using the Sagdeev Pseudo Potential method
whereas in this present chapter we have investigated the small amplitude

DIA solitary structures by considering the reductive perturbation method.

On the other hand, Guo et al. [131] considered a five components plasma
system, where both the electron species and positron species follow the ¢-
nonextensive velocity distributions and this plasma system is free from any
external uniform static magnetic field. They have investigated the modula-
tional instability (MI) of the TA waves in a collisionless unmagnetized five

components e-p-i-d plasma.

In the present plasma system, we have investigated the nonlinear behaviour of

DIA waves by considering the following points:

e Starting from the equation of continuity of ions, equation of motion of

ion fluid, equation of pressure of ion fluid and the Poisson equation, we
have derived a Korteweg-de Vries-Zakharov-Kuznetsov (KdV-ZK) equation
by considering appropriate stretchings of space coordinates and time, and

appropriate perturbation expansions of the dependent variables.

When the coefficient of the nonlinear term of the KdV-ZK equation is zero,
then to describe the nonlinear behaviour of DIA waves, we have derived a

modified KdV-ZK (MKdV-ZK) equation.

When the coefficients of the nonlinear terms of both KdV-ZK and MKdV-
ZK equations are simultaneously equal to zero, then we have derived a
further modified KdV-ZK (FMKdV-ZK) equation to describe the nonlinear

behaviour of DIA waves.
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Figure 1.1: Bj is plotted against o, for v = 5/3, ¢ = 0.001, ny. = 0.09, ng. = 0.1,
Be = 0.2, B = 0.25 and for (a) ng = 0.075, (b) ng = 0.25, (¢) nge = 0.4 and (d)
ng. = 0.5. Here Blue, magenta and black curves of each figure correspond to o, = 0.1,

ope = 0.25 and o, = 0.5, respectively. Figures 1.1(a), 1.1(b) and 1.1(c) show the

existence of points agﬁ) such that By = 0 for some values of o,. whereas figure 1.1(d)

shows that By > 0 for all values of o). and for all o, lying within the interval (0, 0.5).
In particular, for ns. = 0.075 and oy = 0.5, the value of ag? is 0.1037 (approx.).

e We have investigated the validity of the different evolution equations by

considering different compositional parameter planes.

e We have studied the solitary wave solutions of different evolution equa-
tions propagating obliquely to the direction of the external static uniform

magnetic field.

e We have investigated the effect of different parameters on the solitary wave

solutions of different evolution equations.

So, this problem can be considered as new problem in the present five com-

ponents plasma system.
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Figure 1.2: When By = 0, 0 is plotted against n,. for y = 5/3, o = 0.0001, ns. = 0.15,
nge = 0.1, Bc = 0.5 and B, = 0.15, and for different values of 0},.. Here magenta, black,
red and green curves correspond to op,. = 0.05, opc = 0.15, op. = 0.35 and oy = 0.55,
respectively.

1.2 Basic Equations

We consider a fully ionized collisionless magnetized five components plasma sys-
tem consisting of warm adiabatic ions, two different species of electrons at dif-
ferent temperatures, a cooler one with a population of Boltzmann-Maxwellian
distributed and hotter one with a nonthermal distribution of Cairns et al. [1],
nonthermally distributed positrons and negatively charged immobile dust grains.

The basic equations of the present plasma system are given by

O (i) = 0, (1.2.1)
ot

(%vtm.?)er%?Pﬁ?gb—wc(ﬂi x ) =0, (1.2.2)
o @ 3P+ AT a0 =0, (1.2.3)

V20 = Nee + Nge — Ny — M + ZgNgo- (1.2.4)
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Figure 1.3: When B; = 0, By is plotted against f. for v = 5/3, 0 = 0.0001, np. = 0.002,
nge = 0.1, opc = 0.15 and B, = 0.25, and for different values of o,.. Here green,
magenta, black and blue curves correspond to o = 0.3, g5 = 0.35, 05 = 0.4 and
osec = 0.5, respectively.

Here, we have considered the warm plasma model to study the effect (analyti-
cally and numerically) of ion temperature and the pressure of ion fluid. In fact,
neglecting the effects of viscosity, thermal conductivity and energy transfer due
to collisions, one can express the pressure law through the equation (1.2.3). This

warm plasma model can be reduced to a cold plasma model by considering the

T;
Tpey

approximation o = << 1 (= o ~0). Again, using the equation (1.2.1), the

pressure equation for ion fluid (1.2.3) can be written in the following form:

Pi :717, (1.2.5)

(2

where 7 is the ratio of the specific heat at constant pressure to the specific heat
at constant volume.

Equations (1.2.1), (1.2.2), (1.2.3) and (1.2.4) are, respectively, the equation of
continuity of ions, the equation of motion of ion fluid, the equation of pressure of
ion fluid and the Poisson equation. Here, we have assumed that the uniform static
magnetic field is directed along the z-axis. To get a consistent system of nonlinear
equations, we have added the following equations along with the equations (1.2.1)

- (1.2.4) to describe the nonlinear behaviour of the DIA waves:

Nee = ﬁ(:O(l - ﬁeac¢ + ﬁe03¢2) eXp<0-c¢)7 (126)
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Figure 1.4: When B; = 0 = By, 04 is plotted against 5, for v = 5/3, o = 0.0001,
npe = 0.001, ng. = 0.1, op. = 0.1 and for different values of 3,. Here blue, magenta,
black and red curves correspond to 8, = 0.3, 8, = 0.4, B, = 0.5 and 3, = 0.57,
respectively.

Nse = Ns0eXp(0s50), (1.2.7)
= To(1 + By + By0%6) exp(=0,0). (1.2.8)
g = Tlao, (1.2.9)
Nio — Neo — Nso + Npo — ZaNao = 0. (1.2.10)

The equations (1.2.6), (1.2.7), (1.2.8) are, respectively, the equations for the
number densities of hot electron species, cold electron species and hot positron
species. Equation (1.2.9) indicates that the number density of dust grain is con-
stant and equation (1.2.10) is the charge neutrality condition at the equilibrium
state. In equations (1.2.1) - (1.2.10), we have used the following terminologies:
N, Nees Mses T, Ny u = (u,v,w), ¢, P;, (z,y,z) and ¢ are the ion number density,
the nonthermal electron number density, the isothermal electron number den-
sity, the nonthermal positron number density, the number density of dust grains,
the ion fluid velocity, the electrostatic potential, the ion pressure, the spatial
variables, and time, respectively. These are normalized by n;g, 10, 0, Nio, Mio,

KpTpey

1 .
s, ==L nyKpT;, (Ap, Ap, Ap) and w, ", respectively. n4, 0, ns0 and ny are
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Figure 1.5: The amplitude (a) of the KdV soliton is plotted against (. for v = 5/3,
o = 0.0001, ny. = 0.09, ng. = 0.1, 05c = 0.25, 0p. = 0.2, B, = 0.25, § = 45° and
for different values of ngs.. Here red, blue, black and magenta curves correspond to
Nge = 0.1, nge = 0.2, nge = 0.3 and ng. = 0.4, respectively.

the equilibrium number densities of ions, nonthermal electrons, isothermal elec-
trons, and nonthermal positrons, respectively. (. and 3, are the nonthermal
parameters associated with the nonthermal velocity distributions of hot electrons

and positrons, respectively. Z; is the number of electrons residing on the dust

grain surface, —e is the charge of an electron and 7( = g) is the ratio of two

specific heats and Kpg is the Boltzmann constant. Here ? = ia% + gja% + 2%,

_ Ty — Pef

’I’L'o’nso_nw’ d0 — ni0 "’ _Tpef 10c = Tce70-3_ Tse 70—p— Ty 7

= . _Pp0 &= Mo 75 Ns0 . Ndo _ _T; _ Tper
npo_?ﬂ?'cﬂ_ . L .

w, (the ion cyclotron frequncy) = @ , Wy = \/4“62”20 Ap (Debye length of the

K5T, KpT,
present plasma system) = y/ fo(f and ¢, = \/ =2 where m; is the mass of an

ion. Tj, Tee, Tse and T, are the average temperature of ion, nonthermal electrons,

isothermal electrons and nonthermal positrons, respectively. 7)., is given by the

following expression:

Meo | Ms0 | Mpo _ Mo + N0 — Npo + ZaNdo (1.2.11)
T. T, T, T ' o

pef

Therefore, the charge neutrality condition (1.2.10) and the equation (1.2.11) can

be written as

Tleo + Ts0 + Tpo + Nao = 1, (1.2.12)
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Figure 1.6: The amplitude of the MKdV soliton is plotted against §. for v = 5/3,
o = 0.0001, ny. = 0.002, ng. = 0.1, op. = 0.15, B, = 0.25, § = 15° and for different
values of og.. Here blue, magenta, black and red curves correspond to o, = 0.01,
0sc = 0.02, 05c = 0.03 and o4 = 0.04, respectively.

ﬁcOO.c -+ ﬁsoo's —|—ﬁp00'p = 1, (1213)
where Zgng = Ng <= Zgng = Ng. Introducing the new parameters :
— nso — npo — Nao — Tse — I ;

Nse = 328, Npe = JLNde = 78,05 = F5,0pc = 75, and the expressions of

M0, Ts05 Tp0, N do, Oc, 05, and, o, can be simplified as follows:

1

M = T m———— (1.2.14)
0= T fS;pc+ndc, (1.2.15)
0 = T f”;pﬁndc, (1.2.16)
Nao fde (1.2.17)

= )
1+ Nse — Npe + N

1 sc c c)YscV pc
o — (1 + nge — Npe + Nae) T5c0p | (1.2.18)
Osc¢Opc + nscapc + npcasc

1 sc c c c
g, = L s = Mpe F Nae)Ope (1.2.19)
OscOpe + nscapc + npcasc
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Figure 1.7: The amplitude of the FMKdV soliton is plotted against S, for v = 5/3,
o = 0.0001, ng. = 0.1, opc = 0.25, B, = 0.2, 6 = 15° and for different values of ng..
Here red, green, magenta and blue curves correspond to ng. = 0.2, nge = 0.3, ngse = 0.4
and ng. = 0.5, respectively.

o (1 + Nge — npc + ndc)o.sc

o, =
P
OscOpe T NscOpe + NpeTse

(1.2.20)

Expanding n.., ns. and n, as given in (1.2.6), (1.2.7) and (1.2.8), respectively, and,

keeping terms up to ¢?, the Poisson equation (1.2.4) can be written as follows:
V2¢ = 1- n;

[(1 - ﬁe)ﬁCOUc + Ngp0s + (1 - Bp)ﬁpoap]d)

_'_
= 2, = 2 = 2
n ncoac+nsoas—np00p 9

2
(14 3e)ie00? + Ts00s + (14 38,)p00y o
+ 5 o)
N (1 + 8B:)Mepo + Moot — (1 + SBp)ﬁpoaf; o
24 ‘

(1.2.21)

The linear dispersion relation of the dust-ion acoustic wave for the present five

components plasma system can be written as
k2 +k_ﬁ: 1| 142382
w?—w? W MR |1+ fEARE? |
where k* = (k1 + ki), Mp = MZc; and
1

1 - /Beﬁcoo'c - 5pﬁp00-p '

(1.2.22)

M?=V?=0vy+
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Here, w and k are, respectively, the wave frequency and wave number of the plane
wave perturbation. For low frequency domain (w << w,), the dispersion relation

(1.2.22) can be written in the following form:

[ I S AN o=
| T | (1.2.23)

Using the equation (1.2.5), the equation of motion ion fluid (1.2.2) can be written

in the following form:

(% + 7?) Bi+ oyl 2V + Vo — wo(Wi x 2) = 0. (1.2.24)

1.3 Derivation of different evolution equations

To derive the different evolution equations, we make the following stretchings of

space coordinates and time:
(€,1,0) = €2 (z,y, 2 — Vt), 7 = ezt (1.3.1)

where € is a small parameter measuring the weakness of the dispersion and V is

a constant.

1.3.1 KdV-ZK equation

We have applied the following perturbation expansions of the dependent variables

to derive the KdV-ZK equation :
F=FO 4 #p® q=g0 4 atgh), (1.3.2)

where repeated index implies summation over that index, F' = n;, ¢, w with
ngo) =1, 00 =0, w® =0 and G = u,v with v© = 0, v(® = 0. Substituing
stretchings and perturbation expansions given in the equations (1.3.1) and (1.3.2)

in the equations (1.2.1), (1.2.4), and (1.2.24) and equating the coefficients of the
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different power of €, we get a set of equations. From this set of equations, we

have derived the following KdV-ZK equation:

1 1
o) + AB; ¢ + §A¢£‘1<)c + 514[)@%) + W) =0, (13.3)
where
1, 5 )
A=y =or), (1.3.4)
L[3V2+ovy(v—2) . o _ o
Bl - 5 (V2 — 0-'7>3 o (ncoO'C + Ns00s — npoap) ’ (135)
V4
b= {1 * m} (1.3.6)

The nonlinear behaviour of DIA waves can be described by the KdV-ZK equation
(1.3.3) only when the coefficient of the nonlinear term of the KdV-ZK equation
does not vanish, i.e., By # 0. But when B; = 0, the coefficient of the nonlinear
term of the KdV-ZK equation (1.3.3) vanishes along different family of curves in
the compositional parameter planes.

From the expression of By as given in (1.3.5), it is clear that B; is a function
of Nge, Mpes Ndey Oses Ope, PBe and B, for any prescribed value of v, o, ie.,, By =
By (nse, Npes Ndes Tses Tpes Bes Bp). Therefore, in figure 1.1, By is plotted against
ose for v =15/3, 0 = 0.001, n,. = 0.09, nge = 0.1, 5. = 0.2, 5, = 0.25 and for (a)
ns. = 0.075, (b) ng. = 0.25, (¢) ng. = 0.4 and (d) ns. = 0.5. Here, blue, magenta
and black curves of each figure correspond to o,. = 0.1, 0, = 0.25 and o, = 0.5,

respectively. From figure 1.1(a)-(c), we see that there exists a value ol of oy

such that B; = 0 at o,=02, and more specifically, B; < 0 for o, < o'9 and

(c)

By > 0 for 0, > 0s¢. Again, from figure 1.1(d), we see that B; > 0 for all

values of o,.. Now, from figure 1.1, it is obvious that there exists a region R;
= {(Nse, Npe, Ndey Tses Tpes Bes Bp) + Bi(Nses Mpes Ndes Tsey Ope, Bes Bp) 7# 0} such
that each point of R; satisfies the condition Bi(nsc, Mpe, Ndes Tses Tpes Bes Bp)
# 0. On the other hand there must exist a collection of points from the entire

parameter plane such that every point of the collection must satisfy the equation
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By (nse, Npe, Ndey Osey Tpes Be, Bp) = 0 and consequently for these values of the
parameters N, Npe, Nde; Tses Opes Pe and By, we cannot use the KdV-ZK evolution
equation to investigate the nonlinear dynamics of DIA solitary waves. To confirm
the existence of a region Rr = {(nse, Mpes Ndes Tses Opes Bes Bp) = Bi(Nses Mpe, Ndes
Tses Opes Bes Bp) = 0} in the entire parameter plane, we consider the following
figure in different parameter planes.

Now, the coefficient By can be considered as functions of n,. and o, for any
suitable values of other parameters and consequently, By = 0 gives a functional
relationship between n,. and o,.. Now, for B; = 0, this functional relationship
between n,. and oy is plotted in figure 1.2, for different values of o,.. Here,
magenta, black, red and green curves correspond to o,. = 0.05, op. = 0.15,
ope = 0.35 and o, = 0.55, respectively.

So, figure 1.2, confirms the existence of the region R;; in the parameter space
such that each point of R satisfies the equation By (nsc, Tpe, Ndes Tses Tpes Bes Bp)
= 0. Therefore, for By (nse, Npes Ndes Tses Opes Bes Bp) = 0 or for (nse, Npe, Nde, Tses
Tpes Bey Bp) € Ryp, it is necessary to modify the KdV-ZK equation to investigate
the nonlinear behaviour of DIA waves. In this situation, the nonlinear behaviour

of DIA waves cannot be described by the KdV-ZK equation.

1.3.2 MKdV-ZK equation

We have applied the following perturbation expansions of the dependent variables

to derive the MKdV-ZK equation when By =0 :

F=FO4e&p® q=G0 4 E%IG(;D), (1.3.7)
where repeated index implies summation over that index, F' = n;, ¢, w with
ngo) =1, 00 =0, w® =0 and G = u,v with v = 0, v(® = 0. Substituing
stretchings and perturbation expansions given in the equations (1.3.1) and (1.3.7)
in the equations (1.2.1), (1.2.4), and (1.2.24) and equating the coefficients of the

different power of €, we get a set of equations. From this set of equations, we
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have derived the following MKdV-ZK equation:

o) + ABy(¢W)2gt) + %Agb&)g + %Ap(cpg}) + ) =0, (1.3.8)
where
By, = %1 {15V* + V20 (7% 4+ 139% — 187)
£ PR =T 6} X s

— {1+ 3B) w0y + Nsoos + (14 38,) 005},
(1.3.9)

and the expressions of A and D are same as given in equations (1.3.4) and (1.3.6),

respectively.

The nonlinear behaviour of DIA waves can be described by the MKdV-ZK
equation only when By = 0 but By # 0. In figure 1.3, for v = 5/3, o = 0.0001,
nype = 0.002, ng. = 0.1, 0y = 0.15 and B, = 0.25, we have plotted By against
B for different values of o,. when B; = 0. Here green, magenta, black and blue
curves of figure 1.3 correspond to o, = 0.3, 0, = 0.35, 05 = 0.4 and o5, = 0.5,
respectively. From figure 1.3, we have seen that the existence of By decreases
with increasing o, provided B; = 0.

In figure 1.4, o4 is plotted against S, when By = 0 = B, for v = 5/3,
o = 0.0001, n,. = 0.001, ng. = 0.1, 0, = 0.1 and for different values of 3,. Here
blue, magenta, black and red curves correspond to 8, = 0.3, 5, = 0.4, 3, = 0.5
and 3, = 0.57 respectively. Again, we see that the coefficient of the nonlinear
term of the MKdV-ZK equation (1.3.8) vanishes along different family of curves
in the compositional parameter plane. In this situation i.e. when B; = 0 and
By = 0, neither KdV-ZK equation nor MKdV-ZK equation can describe the
nonlinear behaviour of the DIA waves. In the next subsection, we have derived a

FMKdV-ZK equation when By = 0 and By = 0.



38

1.3.3 FMKdV-ZK equation

We have applied the following perturbation expansions of the dependent variables

to derive the FMKdV-ZK equation when B; =0 and By =0 :

F=FO 4 &pP) q=ag0 4% G0, (1.3.10)

where repeated index implies summation over that index, F' = n;, ¢, w with ngo) =

1, ¢© =0, w® =0 and G = u,v with v =0, v© = 0. Substituing stretchings
and perturbation expansions given in the equations (1.3.1) and (1.3.10) in the
equations (1.2.1), (1.2.4), and (1.2.24) and equating the coefficients of the different
power of €, we get a set of equations. From this set of equations, we have derived

the following FMKdV-ZK equation:

1 1
o + AB(6) 6 + 3 Ad + FAD(E) + g =0 (1:3.11)

where

1

By = o waﬁ + Vio(v* 4 219° + 1619% — 1747)
+ VZ20?(87° + 53" — 1627 + 108+?)

1

3 6 5 4 3
67° — 299° 4 467" — 24 —_
+ o°(6y v’ + 46y 7)}X(2—0’y)7
— {(1 + 8B )Mo + Mooy — (1 + Sﬁ,,)ﬁpoa;*H ,

(1.3.12)

and the expressions of A and D are same as given in equations (1.3.4) and (1.3.6),
respectively. The nonlinear behaviour of DIA waves can be described effectively

by the FMKdV-ZK equation (1.3.11) only when B; = By = 0 but B3 # 0.
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1.4 Obliquely propagating solitary wave solu-

tions of the evolution equations

The evolution equations (1.3.3), (1.3.8) and (1.3.11) can be written in more com-

pact form as follows:
Lo 1 1
o + AB(6V) 6! + S Ad{ + SAD(S) + 6 ) = 0, (1.4.1)

where r = 1,2, 3. For a solitary wave solution of the equation (1.4.1) propagating
at an angle § with the external uniform static magnetic field directed along the

z-axis, we make the following change of variable:
Z =¢&sind+ (cosd —UT, (1.4.2)

and for travelling wave solutions of (1.4.1), we set ¢) = ®(Z) in equation (1.4.1).
Under the above mentioned change of coordinates and using equation (1.4.2),

equation (1.4.1) transforms to the following equation:
—Ud + q, 8" + CD" =0, (1.4.3)

and we have used the notation ®’ for %. The expressions of a, and C' are given

by the following equations:
1
a, = AB, cos§,C = EACOS §(cos® d 4+ Dsin?§). (1.4.4)

Using the boundary conditions: ®,®’, ®"” — 0 as |Z| — oo, the solitary wave
solution of (1.4.3) can be written as follows:
Z
® = asech” (—), (1.4.5)
X

where a and x are given by the following equations:

(D +2)U , 40
a” = T X = iR (1.4.6)

for r=1,2,3.
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1.5 Conclusions

In this present chapter, we have investigated small amplitude DIA solitary waves
in a collisionless magnetized five components plasma consisting of warm adiabatic
ions, nonthermal hot electrons, isothermal cold electrons, nonthermal positrons
and static negatively charged dust particulates. The external magnetic field is
static (time independent) and uniform (space independent).

Using reductive perturbation method, we have derived a KdV-ZK equation.
This KdV-ZK equation is valid only when By # 0, where B; is a factor of the
coefficient of the nonlinear term of the KdV-ZK equation. We have seen that the
coefficient of the nonlinear term of the KdV-ZK equation vanishes along different
family of curves in different compositional parameter planes, viz., n,. — o, plane.
In this situation, we have derived a MKdV-ZK equation which describes the
nonlinear behaviour of DIA waves along the family of curves where By = 0. This
MKdV-ZK equation is valid only when By = 0 but By # 0, where B is a factor
of the coefficient of the nonlinear term of the MKdV-ZK equation. Again, we
have seen that the coefficients of the nonlinear terms of the KdV-ZK and MKdV-
ZK equations are simultaneously equal to zero along different family of curves in
different compositional parameter planes, viz., 8. — 04 plane. In this context,
we have derived a FMKdV-ZK equation which effectively describes the nonlinear
behaviour of DIA waves. This FMKdV-ZK equation is valid only when B; = 0,
By = 0 and B3 # 0, where Bj is a factor of the coefficient of the nonlinear term
of the FMKdV-ZK equation.

Numerically we have found the following results:

e For r = 1, in figure 1.5, the amplitude (a) of the KdV soliton is plotted
against (. for v = 5/3, ¢ = 0.0001, n,. = 0.09, ng. = 0.1, o5c = 0.25,
ope = 0.2, B, = 0.25, 0 = 45° and for different values of n,.. Here red, blue,
black and magenta curves correspond to ng. = 0.1, ng. = 0.2, n,. = 0.3 and
ns. = 0.4, respectively. From this figure, we see that the amplitude of the

KdV soliton increases with increasing n,. and the amplitude of the KdV
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soliton strictly increases with increasing f..

e For r = 2, in figure 1.6, the amplitude of the MKdV soliton is plotted
against . for v = 5/3, ¢ = 0.0001, n,. = 0.002, n4. = 0.1, o, = 0.15,
Bp = 0.25, 6 = 15° and for different values of o,. Here blue, magenta,
black and red curves correspond to o,. = 0.01, o,. = 0.02, o, = 0.03 and
0sc = 0.04 respectively. From figure 1.6, we see that the amplitude of the
MEKdV soliton increases with increasing o,. but the amplitude of the MKdV

soliton strictly decreases with increasing (..

e For r = 3, in figure 1.7, the amplitude of the FMKdV soliton is plotted
against J,. for v =5/3, 0 = 0.0001, ng4. = 0.1, 0. = 0.25, 8, = 0.2, § = 15°
and for different values of ny. when By = 0 = B,. Here red, green, magenta
and blue curves correspond to ng. = 0.2, ng. = 0.3, ng. = 0.4 and ng,. = 0.5,
respectively. From figure 1.7, we conclude that there exists a critical value
Bﬁc) of B, such that FMKdV soliton exists for ﬂq(nc) < B, < % whereas the
FMKAV soliton does not exist for 0 < £, < 550). Finally, we have seen that
the amplitude of the FMKdV soliton increases with increasing n,. and also,
the interval of existence of amplitude of the FMKdV soliton increases with

increasing nge.

e In figure 1.8, the profile of the KdV soliton is plotted against Z in (a)
for different values of n,., (b) for different values of ng., (c) for different
values of (3, (d) for different values of 6, (e) for different values of o, and
(f) for different values of o,.. In figure 1.8(a), red, blue and black curves
correspond to ny,. = 0.1, n,. = 0.3 and n,. = 0.5, respectively. From figure
1.8(a), we have seen that there exist a critical value ni? (= 0.35) of Npe Such
that for 0 < np. < n}(,? = (.35 the amplitude of KdV soliton decreases
with increasing n,. and for nl(,cc) < npe < 0.9 the amplitude of KdV soliton
increases with increasing n,.. In figure 1.8(b), red, blue and black curves

correspond to ng. = 0.1, ng,. = 0.3 and ng. = 0.5, respectively. From
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figure 1.8(b), we have seen that the amplitude of KdV soliton increases
with increasing ng.. In figure 1.8(c), red, blue and black curves correspond
to B, = 0.05, B, = 0.25 and (, = 0.55, respectively. From figure 1.8(c), we
have seen that the amplitude of KdV soliton increases with increasing 3,. In
figure 1.8(d), red, blue and black curves correspond to 8 = 15°, § = 45° and
0 = 75°, respectively. From figure 1.8(d), we have seen that the amplitude
of KdV soliton increases with increasing . In figure 1.8(e), red, blue and
black curves correspond to o, = 0.1, 0, = 0.2 and o, = 0.4, respectively.
From figure 1.8(e), we have seen that the amplitude of KdV soliton decreases
with increasing og.. In figure 1.8(f), red, blue and black curves correspond
to opc = 0.1, 0y = 0.2 and 0, = 0.4, respectively. From figure 1.8(f),
we have seen that the amplitude of KdV soliton increases with increasing
ope. From this figure, we can conclude that the amplitude of KdV soliton
decreases with increasing o, and n,. for 0 < n,. < ng. = 0.35 whereas the
amplitude of KdV soliton increases with increasing B, nge, B, 0, ope and

Ny for ng. = 0.35 < nye <0.9.

In figure 1.9, the profile of the MKdV soliton is plotted against Z in (a) for
different values of n,., (b) for different values of 6, (c) for different values
of oy, (d) for different values of o, (e) for different values of 3. and (f)
for different values of 3,. Other values of the parameters are v = 5/3, 0 =
0.0001, nge = 0.1 and w. = 0.2. In figure 1.9(a), black, red and blue curves
correspond to n,. = 0.001, n,. = 0.01 and n,. = 0.0295, respectively. From
figure 1.9(a), we have seen that the amplitude of MKdV soliton increases
with increasing n,. within 0 < n,. < 0.03. In figure 1.9(b), black, red and
blue curves correspond to 8 = 15°, 6 = 25° and 0 = 45°, respectively. From
figure 1.9(b), we have seen that the amplitude of MKdV soliton increases
with increasing 6. In figure 1.9(c), black, red and blue curves correspond
to 05 = 0.01, 05 = 0.03 and o4 = 0.05, respectively. From figure 1.9(c),

we have seen that the amplitude of MKdV soliton increases with increasing
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0. In figure 1.9(d), black, red and blue curves correspond to o,. = 0.04,
opc = 0.1 and o, = 0.2, respectively. From figure 1.9(d), we have seen
that the amplitude of MKdV soliton decreases with increasing o, within
0 < 0pe < 0.25. In figure 1.9(e), black, red and blue curves correspond to
Be = 0.05, B, = 0.15 and . = 0.45, respectively. From figure 1.9(e), we
have seen that the amplitude of MKdV soliton decreases with increasing
Be. In figure 1.9(f), black, red and blue curves correspond to 3, = 0.05,
By, = 0.25 and (B, = 0.45, respectively. From figure 1.9(f), we have seen
that the amplitude of MKdV soliton decreases with increasing 3,. From
this figure, we can conclude that the amplitude of MKdV soliton decreases
with increasing 3., 8, and o for 0 < 0,. < 0.25 whereas the amplitude of

MKdAV soliton increases with increasing 0, o, and n,. for 0 < n,. < 0.03.

e In figure 1.10, the profile of the FMKdV soliton is plotted against Z in (a)
for different values of o,., (b) for different values of 6, (c) for different values
of . and (d) for different values of §,. Other values of the parameters
are v = 5/3, 0 = 0.0001, ng = 0.1 and w. = 0.2. In figure 1.10(a),
black, red and blue curves correspond to o,. = 0.36, 0, = 0.45 and 0, =
0.53, respectively. From figure 1.10(a), we have seen that the amplitude of
FMKdAV soliton increases with increasing o, within 0.36 < o, < 0.53. In
figure 1.10(b), black, red and blue curves correspond to 6 = 15°, 6 = 45°
and 0 = 60°, respectively. From figure 1.10(b), we have seen that the
amplitude of FMKdV soliton increases with increasing . In figure 1.10(c),
black, red and blue curves correspond to . = 0.47, 8. = 0.5 and (., =
0.57, respectively. From figure 1.10(c), we have seen that the amplitude
of FMKdAV soliton increases with increasing . within 0.47 < £, < 0.57.
In figure 1.10(d), black, red and blue curves correspond to 5, = 0.1, 3, =
0.3 and B, = 0.55, respectively. From figure 1.10(d), we have seen that
the amplitude of FMKdAV soliton decreases with increasing ,. From this

figure, we can conclude that the amplitude of FMKdV soliton decreases
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with increasing /3, whereas the amplitude of FMKdV soliton increases with

increasing ¢, 3. where 0.47 < 3. < 0.57 and o, for 0.36 < 0, < 0.53.

Although we have applied standard reductive perturbation method to derive
KdV-ZK equation but we have considered the five components plasma system and
one can investigate the effect of different parameters of the system on the stability
of the solitary wave solutions of the different evolution equations. In this present
chapter, we have not considered the stability analysis of the solitary structures
obtained from the different evolution equations. This can be considered as a
separate problem.

Again at critical compositions of the plasma model, the coefficient of the
nonlinear term of the KdV-ZK equation is zero and for this case, the first equation
of (1.4.6) shows that the amplitude of the solitary wave solution (1.4.5) for r =1
is undefined because amplitude of the solitary wave solution (1.4.5) for r =1
approaches to a large numerical value which is not possible for small amplitude
limit. In this situation, i.e., when B; = 0, one can use MKdV-ZK equation to
study the nonlinear behaviour of the DIA waves at critical composition of the
plasma model for which B; = 0. On the other hand, when B; = By = 0, the
first equation of (1.4.6) shows that the amplitude of the solitary wave solution
(1.4.5) for r = 2 is undefined because amplitude of the solitary wave solution
(1.4.5) for r = 2 approaches to a large numerical value which is also untrue
for small amplitude limit. In this situation, i.e., when By = By = 0, one can
use FMKdV-ZK equation to study the nonlinear behaviour of the DIA waves at
critical compositions for which By = By = 0. Alam et al. [215] reported that the
amplitude of the KdV solitons goes to the infinite value, which then breaks down
the validity of the reductive perturbation method. Therefore, more higher order
nonlinear equation should be taken into account to get the formation of solitons
around critical value.

Energy of solitary structure increases with increasing values of the amplitude

of the solitary structures. A sequence of solitary waves of same polarity having
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monotonically increasing amplitude converges to a double layer solution of same
polarity provided that the later exists, i.e., the existence of a double layer solution
implies that there must exist a sequence of solitary waves of same polarity con-
verging to that double layer solution. On the other hand, Alfvén [172] reported
that the formation of double layers in a plasma system releases an amount of
energy which accelerates the charged particles of the system. In the present
problem, we have considered the solitary structures only. To get the double layer
solution for the same plasma system, it is necessary to consider the higher order
nonlinearities to derive the more complicated evolution equation. This problem
is beyond the scope of this present chapter.

In the present chapter, we have investigated the propagation properties of
DIA waves in a collisionless five components e-p-i-d plasma system that can be
found in the auroral zone of our atmosphere. So the results of our chapter
regarding the existence of solitary waves can be applied to demonstrate the un-
derlying mechanism of several physical phenomenon in the auroral region of the

Earth such as auroral kilometric radiation, acceleration of energetic particles etc.
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Figure 1.8: The profile of the KAV soliton is plotted against Z in (a) for different values
of nye (red, blue and black curves correspond to ny. = 0.1, ny. = 0.3 and ny. = 0.5,
respectively), (b) for different values of ng. (red, blue and black curves correspond to
nse = 0.1, nge = 0.3 and ny. = 0.5, respectively), (c) for different values of £, (red,
blue and black curves correspond to 3, = 0.05, 8, = 0.25 and 3, = 0.55, respectively),
(d) for different values of 6 (red, blue and black curves correspond to § = 15°, § = 45°
and 0 = 75°, respectively), (e) for different values of og. (red, blue and black curves
correspond to o5 = 0.1, 05 = 0.2 and o5, = 0.4, respectively) and (f) for different
values of o, (red, blue and black curves correspond to o, = 0.1, op. = 0.2 and
ope = 0.4, respectively). Other values of the parameters are v = 5/3, ¢ = 0.0001,

nge = 0.1 and w. = 0.2.
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Figure 1.9: The profile of the MKdV soliton is plotted against Z in (a) for different
values of n,. (black, red and blue curves correspond to n,. = 0.001, n,. = 0.01 and
npe = 0.0295 respectively), (b) for different values of 6 (black, red and blue curves
correspond to 6 = 15°, 6§ = 25° and 6 = 45°, respectively), (c) for different values of
osc (black, red and blue curves correspond to o4 = 0.01, o5 = 0.03 and o4, = 0.05,
respectively), (d) for different values of o). (black, red and blue curves correspond to
ope = 0.04, ope = 0.1 and oy = 0.2, respectively), (e) for different values of 3. (black,
red and blue curves correspond to . = 0.05, 5. = 0.15 and 3. = 0.45, respectively)
and (f) for different values of (3, (black, red and blue curves correspond to 3, = 0.05,
Bp = 0.25 and 3, = 0.45, respectively).
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Figure 1.10: The profile of the FMKdV soliton is plotted against Z in (a) for different
values of o, (black, red and blue curves correspond to o,. = 0.36, op. = 0.45 and
ope = 0.53, respectively), (b) for different values of # (black, red and blue curves
correspond to § = 15°, § = 45° and 6 = 60°, respectively), (c) for different values
of B¢ (black, red and blue curves correspond to . = 0.47, S, = 0.5 and S, = 0.57,
respectively) and (d) for different values of (3, (black, red and blue curves correspond
to B, = 0.1, B, = 0.3 and 3, = 0.55, respectively).



Chapter 2

Instability of dust-ion acoustic solitary waves in
a collisionless magnetized five components
plasma |

In this chapter, we have discussed the stability of dust-ion acoustic (DIA) soli-
tary waves obtained from the Korteweg-de Vries-Zakharov-Kuznetsov (KdV-ZK)
equation and different modified KdV-ZK equations derived in Chapter-1, in
a collisionless magnetized five components electron-positron-ion-dust (e-p-i-d)
plasma system consisting of warm adiabatic ions, Cairns distributed nonthermal
positrons, Maxwellian distributed cold isothermal electrons, Cairns distributed
nonthermal electrons and negatively charged static dust grains. We have used
the small-k£ perturbation expansion method of Rowlands and Infeld [J. Plasma
Phys. 3, 567 (1969); 8, 105 (1972); 10, 293 (1973); 33, 171 (1985)] to analyze
the stability of the steady state solitary wave solution of the KdV-ZK equation
and different modified KdV-ZK equations. In this method, we want to find a
nonlinear dispersion relation of the nonlinear evolution equation connecting the
lowest order of w and k, where w is the wave frequency and k is the wave number.
This nonlinear dispersion relation helps to analyze the stability of solitary struc-
tures of the KdV-ZK equation and different modified KdV-ZK equations. We
have found the instability condition and the growth rate of instability up to the
lowest order of wave number (k). We have graphically analyzed the growth rate
of instability of different evolution equations with respect to different parameters

of the present plasma system.

tThis chapter has been published in Indian J. Phys. 98, 771 (2024);
https://doi.org/10.1007/s12648-023-02839-0
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2.1 Introduction

In Chapter-1, we have studied small amplitude dust-ion acoustic (DIA) solitary
structures in a magnetized five components collisionless electron-positron-ion-
dust (e-p-i-d) plasma system consisting of warm adiabatic ions, Cairns distributed
nonthermal positrons, Maxwellian distributed cold isothermal electrons, Cairns
distributed nonthermal electrons and negatively charged static dust grains. They
have derived a Korteweg-de Vries-Zakharov-Kuznetsov (KdV-ZK) equation and
different modified KdV-ZK equations to investigate the solitary wave structures in
different regions of compositional parameter spaces. Using the proper stretchings
of space coordinates and time and appropriate perturbation expansions of the
dependent field variables as given in Chapter-1, we have derived the following

KdV-ZK equation:
1 1 1 1 1
o) + AB16Vo + 5 A0, + 5AD(GG) + dge)c = O, (2.1.1)

where 7 is the stretched time coordinate and (, 7, & are the stretched spatial
coordinates, ¢! is the first order perturbed part of electrostatic potential. Here
A, By and D are functions of the parameters of the present plasma system and
the functional dependence of A, By and D in terms of the parameters of the
system are given in Appendix 1. The nonlinear behaviour of DIA waves can be
described by the KdV-ZK equation (2.1.1) only when B; # 0. But when B; = 0,
in Chapter-1, we have derived the following MKdV-ZK equation to study the

nonlinearity of DIA waves:
n, 1, 1 1
o) + ABy (920l + 5A¢gg< + §AD(¢§;} +o8)c =0, (2.1.2)

where the functional dependence of B, in terms of the parameters of the system
is given in Appendix 2. The nonlinear behaviour of DIA waves can be described
by the MKdV-ZK equation (2.1.2) only when B; = 0 but By # 0. But when
By = 0 and By = 0, in Chapter-1, we have derived the following FMKdV-ZK

equation to study the nonlinearity of DIA waves:

1 1
O + ABy(00)° 0 + S A + S AD(6) + 0 ) = 0, (2.1.3)
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where the functional dependence of B3 in terms of the parameters of the system is
given in Appendix 3. The nonlinear behaviour of DIA waves can be described ef-
fectively by the FMKdV-ZK equation (2.1.3) only when B; = By = 0 but B # 0.
In Chapter-1, we have also studied the obliquely propagating solitary wave solu-
tions of the KdV-ZK equation, MKdV-ZK equation and FMKdV-ZK equation to
describe the small amplitude nonlinear DIA wave structures in a magnetized five
components collisionless e-p-i-d plasma system. On the other hand, a few years
ago, Sardar et al. [45-47] studied the stabilities of DIA solitary wave solutions of
three-dimensional Kadomtsev Petviashvilli (KP) equation and different modified
KP equations in a collisionless unmagnetized e-p-i-d plasma system. So, in the
present chapter, we have studied the instability analysis of solitary waves de-
scribed by equations (2.1.1), (2.1.2) and (2.1.3). Here the instability analysis of
different solitary structures described by different evolution equations have been
considered by using the small-k perturbation expansion method of Rowlands and

Infeld [15-18].

The nonlinear behaviours of the various wave structures and their stabilities
are interesting topics for researchers. Several authors [14, 19-26, 28-49, 52, 200
206, 250-274] have derived different evolution equations to describe the nonlinear
behaviours of the various wave structures and applying these stability methods,
they have investigated the stabilities of different solitary wave solutions of differ-

ent evolution equations in various plasma systems.

The small-k perturbation expansion method of Rowlands and Infeld [15-18] is
used to investigate the stability of solitary waves at the lowest order of wave num-
ber, i.e., for long-wavelength plane-wave perturbation. Several authors [14, 19—
26, 28-49] have used this method to investigate the stability of different types of
solitary waves. In magnetized plasma, Laedke and Spatschek [251] have shown a
transverse instability of ion acoustic (IA) soliton described by a two-dimensional
KdV-ZK equation. Considering a magnetized electron-ion plasma model consist-

ing of a isothermal electron species and a number of warm adiabatic ion species at
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different temperatures, Das and Verheest [14] have derived a KdV-ZK equation
and an MKdV-ZK equation in three dimensions to discuss the existence of solitary
wave solutions of the KdV-ZK equation and the MKdV-ZK equation. Employing
the small-k perturbation expansion method of Rowlands and Infeld [15-18], they
have also analyzed the stability of the KdV solitons and MKdV solitons. Intro-
ducing nonthermal electrons in a magnetized electron-ion plasma with cold ions,
Mamun and Cairns [21] have investigated the stability of the electrostatic solitary
waves using the same small-k£ perturbation expansion method of Rowlands and
Infeld. Bandyopadhyay and Das [24] have derived a KdV-ZK equation and an
MKdV-ZK equation in three dimensions to study the stability of TA solitary waves
by considering the same Rowlands and Infeld method. Later, Bandyopadhyay and
Das [26] have also investigated the stability of coupled kinetic Alfvén waves and TA
waves by considering the same Rowlands and Infeld method. Taking two different
temperatures of electrons, one of them is nonthermally distributed hot electrons
and another one is Boltzmann-Maxwellian distributed cold electrons, Islam et al.
[34] have studied the stability of IA solitary wave solutions of a KdV-ZK equa-
tion and different modified KdV-ZK equations in a magnetized plasma. Applying
the method of Rowlands and Infeld, Shahmohammadi and Dorranian [44] have
studied the multi-dimensional instability of dust-acoustic solitary wave described
by Zakharov-Kuznetsov (ZK) equation in a three-component magnetized dusty
plasma model with hot dust grains, superthermal ions and electrons. Sardar et
al. [45-47] have derived a three-dimensional KP equation and the different mod-
ified KP equations in a collisionless unmagnetized e-p-i-d plasma consisting of
nonthermal electrons, isothermal positrons, warm adiabatic ions and static nega-
tively charged dust grains. And they have studied the stabilities of DIA solitary
wave solutions of the KP equation and different modified KP equations. Recently,
considering a plasma model consisting of superthermal electrons, negatively and

positively charged ions and immobile dust grains with negatively (or positively)
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charged, Gao et al. [48] have studied the multi-dimensional instability of soli-
tary waves of a three-dimensional ZK equation using the small-k perturbation
expansion method of Rowlands and Infeld [15-18].

Several authors [25, 29, 52, 252, 255, 256, 258, 259, 261, 264, 269, 273] have
studied the higher order growth rates of instability of solitary wave solutions
by considering the multiple-scale perturbation expansion method of Allen and
Rowlands [275, 276]. On the other hand, using the exponential rational function
method, the extended direct algebraic method, the fractional direct algebraic

Gl
e

methods, the modified extended mapping method, the extended (Zz) expansion
method and the modified extended direct algebraic method, several authors [200-
206] have discussed the existence and stability of distinct types of wave solutions
of different nonlinear evolution equations.

In this chapter, we have considered a five components e-p-i-d plasma system,
which can be found in the Jupiter atmosphere or the auroral region of the upper
Earth’s ionosphere. In Chapter-1, we extensively discussed the existence of this
plasma system in different astrophysical environments. In this chapter, we have

considered the following schemes to discuss the stability of the small amplitude

solitary wave solutions studied in Chapter-1:

e For the first time, we have studied the instability of DIA solitary waves in
a five components e-p-i-d plasma with the help of the small-k perturbation

expansion method of Rowlands and Infeld.

e In the present chapter, our aim is to study the stability of the steady
state solitary wave solutions of the different nonlinear evolution equations
by considering the perturbation in the form ®4(2) + ¢1(§,n, 7, Z), where
®y(Z) is the steady state solitary wave solution of the evolution equation
and ¢1(¢,n,7,7Z) is the perturbed quantity with respect to ®¢(Z) as the

steady state solitary wave solution.

e In the present chapter, we are considering the long-wavelength plane-wave
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solutions of of the evolution equations and consequently, the wave number
is the small parameter of the system. So, one can express each perturbed

quantity in a power series of the wave number k.

Considering ®¢(Z) as a steady state solution, our aim is to express the wave
frequency w as a function of the wave number k. For linearized case, it is
possible to express w as a function of k, but for nonlinear evolution equation
with ®y(Z) as steady state, it is not possible to express w as a function of

k. For this reason, we expand w in powers of k by considering k is small.

For the first time, we have derived the consistency condition for the ex-
istence of the solutions of a sequence of differential equations connected
with the perturbed field variable with respect to the steady state solitary
wave solutions of the different evolution equations by considering Lagrange’s
identity and this consistency condition helps to study the instability of the

DIA solitary waves up to the lowest order of the wave number.

In this chapter, we are not only interested to analyze the stability of soli-
ton solution as given by several authors [200-206] by considering several
methods, but also interested to find the growth rate of instability. The

consistency condition helps to find the growth rate of instability.

We have discussed the effects of parameters involved in the present plasma

system on the instability condition and the growth rate of instabilities for

the KAV solitons and different modified KdV solitons.

Finally, we have compared the results obtained from the stability analysis
of DIA solitons described in this chapter for magnetized e-p-i-d plasma
with the stability analysis of DIA solitons for unmagnetized e-p-i-d plasma

as presented by Sardar et al. [45].

Here we have considered the lowest order stability analysis with respect to

the wave number. In the future, we shall consider the same problem by
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considering Allen and Rowlands method [275, 276] to find the higher order
growth rate of the instability and the effects of different parameters of the
system on the higher order growth rate of instability.

Therefore, the stability of the solitary waves solutions of DIA waves of the
five components e-p-i-d plasma as obtained from equations (2.1.1), (2.1.2), (2.1.3)

can be cosidered as a new problem.

2.2 Solitary wave solutions

Equations (2.1.1), (2.1.2) and (2.1.3) can be written in more compact form as

IV ) rad)(l) 1 00 1 P PP B
?‘f‘ABT(gb ) ac +§A ac? +§AD<8526C+67726<)—07(2.2.1)

where 7 = 1,2 and 3. Following Chapter-1, we substitute ¢ = ®,(Z) in

equation (2.2.1) to get the traveling wave solution of equation (2.2.1) propagating
at an angle 6 with the external uniform static magnetic field directed along the

z-axis, where
Z =¢&sind+ (cosd — UT. (2.2.2)

Finally, we have obtained the following equation from the equation (2.2.1):

—Udy + a, PP, + CPy =0, (2.2.3)
where
dd, Ab,
= — =AB = — 2.24
0= gy O »coso, C 5 cos d ( )
with
by = (cos® § + Dsin? §). (2.2.5)

To obtain the soliton solution of (2.2.3), we have used the following boundary
conditions [277]

d" Py
dzn

—0 as |Z|—>o00o forall n=1,23,.. (2.2.6)
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As electrostatic potential tends to 0 for | Z |— oo, we have
Q) —0 as | Z|— o0. (2.2.7)

Using the boundary conditions (2.2.6) and (2.2.7), the solitary wave solution of

(2.2.3) can be written in the following form:

A
Oy = asech- (—), (2.2.8)
X

where the amplitude (a) and the width (x) of the soliton (2.2.8) are given by the

following equations:

4C
r2U"

1 2
aT:(T_'_ )2(r+ U ond \? =
Qy

(2.2.9)

For r = 1, r = 2 and r = 3, we get KdV solitons having profile sech?, MKdV
solitons having profile sech and FMKdV solitons having profile sech?? respec-

tively. In the next section, we have considered the stability analysis of the soliton

solution (2.2.8).

2.3 Stability Analysis

To analyze the stability of solitary wave solution (2.2.8) of (2.2.1), we consider

the following change of variables:

€ =¢cosd—(sind, n =n, =€sind+Ccosd, 7 =7, Z=( —UT .

(2.3.1)

Using the equation (2.3.1), the equation (2.2.1) can be written in the following

form, where we have removed primes on the variables &, n and (:

9o 9o

(Wyr
07 " or T

P D3
eozz T b

o)

07
P

o207 Mooz

Taqb(l) D3

o o
a3¢(1)
Eon?

U +a,(pM)

P
g3

+by + by + bg =0, (23.2)
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where

A
a, = —AB,sind, by = 3 sin 6{D(2 cos® § — sin® §) — 3 cos® §},

A AD
by = 5 €08 §{D(cos*§ — 2sin*6) + 3sin®}, by = 7005(5
A AD
bs = —3 sin §(sin® § + D cos?§), bg = 5 sin 0.

Now, following the method of Rowlands and Infeld [15-18], we write ¢(!)
¢V = @(Z) + i€, 7, 2). (2.3.3)

Using (2.3.3), the linearized equation with respect to ¢; obtained from the equa-

tion (2.3.2) can be written in the following form:

0 1 APy 0 0? 0?
(E—l—m?@ 17 +a (I)08§+b5 aes bﬁ—(%a 2)q1
; 0 9\ 0q O\ Pq , P
( U+ a,® —|—l)38§ +b48 2)3_Z+(b )W—i_bl@ZS

(2.3.4)

= 0.

2@§

For a long-wavelength plane-wave perturbation along a direction having di-

rection cosines I, m,,n,, we can write
@ (&n, 7, 2) = qu(Z) explif{ k(g +myn +n.Z) —wr}]. (2.3.5)

Again, according to the small-£ perturbation expansion method of Rowlands

and Infeld [15-18], §;(Z) and w can be expanded as follows:
L(2) =Y Ke(2), w=) Fuw (2.3.6)
=0 =0

with w©® = 0.
Substituting (2.3.5) and (2.3.6) into the equation (2.3.4) and equating different

powers of k, we get the following sequence of equations:

d » ,
UdZ (N ql ) - ng)7 J = 07 17 27 XS] (237>

where

C &

R, = 14 g
TN T A

U
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and the expressions of ng), le) and Q?) are given in Appendix 4.

The general solution of (2.3.7) can be written as

, , . . 1 .
¢! = BY fi + BY g1 + By + Em> (2.3.8)
where B%j ), Béj ) and B?Ej ) are the integrating constants and f1, g1, hi and &’ are
given by
ddg
fi= » g1 = fl/ —=dZ, i = fi
dz f? f1

< £ fo)dZ> A

dz. (2.3.9)

K = f/

From the first, second and third equations as given in (2.3.9), one can obtain the

following results:

00 r2x?
li h 0, — — . 2.3.10
|Z|1m (fhglv 1) ( ) Sign[a]’ 4 ) ( )

To solve (2.3.7), we have assumed that each q%j ) is bounded and each q%j ) vanishes

as | Z |— oo. Under these assumptions, the solutions of the equation (2.3.7) for

7 =0and j =1 can be written as
q§0) _ B§0)f1, (2.3.11)

and

W _ g0y g0 f (B s g o (2l 2l g 2.3.12

where t; = n,U +wW, ty =3n,C + I,by and t5 = n.a, + l,a,.
Now, for the operat L——U—dN—Uld<—1—|——<I>r—|——C—d2) fi
r th rator n T
ow, fo operato A 7 U 7 a7z and fo

any function v = v(Z) differentiable up to order three, the Lagrange’s identity

can be written as

/ vLg¥dz — / ¢ L*vdZ = R, (2.3.13)
where the adjoint operator L* and R are given by
. d
L' = —UR,— (2.3.14)

dz’
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and

2 (4)
_ o @v L dg” dv (N <j>> 2.3.1
R=Cq 772 17 dZ—i—U 1477 v (2.3.15)

If qgj ) is a solution of (2.3.7), then Lagrange’s identity (2.3.13) assumes the fol-

lowing form:

/ QY dz — / ¢V L*vdZ = R. (2.3.16)

Now, it is simple to check that L*®, = 0. Therefore, if we take v = &, the

equation (2.3.16) reduces to the following equation:

/@0Q§j>dz = R. (2.3.17)

As @ is a soliton solution, using (2.2.6) and (2.2.7), it is simple to check that R —
0 as | Z |— oo and consequently, (2.3.17) reduces to the following consistency
condition for the existence of the solution of equation (2.3.7)

/Oo 3,QYVdZ =0 for j=0,1,2,.... (2.3.18)
This consistency condition can also be stated as follows [34]: For the existence
of the solution of equation (2.3.7), the right hand side of the equation (2.3.7)
must be perpendicular to the kernel of the operator adjoint to the operator L;
this kernel, which must tend to 0 as | Z |— oo, is ®¢ and hence one can obtain
equation (2.3.18). One can easily check that the consistency condition (2.3.18)
is satisfied for j = 0 and j = 1, whereas for j = 2, equation (2.3.18) gives the

following quadratic equation of w("
(n.U + w2 + S(nU 4+ wV)+T =0, (2.3.19)

where S and T are given in Appendix 5.
At the lowest order of the wave number k, the equation (2.3.5) can be written

as

a1 (&,n,7,2) = q,(Z) expli{k(l.& + myn +n.Z) — wDkr}]. (2.3.20)
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Now, if w is complex, i.e., if imaginary part of w™® (Im w®) is not equal to
zero (Im w(® £ 0), then the two roots of w) of the quadratic equation (2.3.19)

can be taken as
w® =l +iw® with Wi > 0. (2.3.21)
Using (2.3.21), the equation (2.3.20) can be written as

0 (6,7, 2) = §1(Z) explik{(L.€ +myn +n.Z) — wiy 7} explwV k7).

(2.3.22)
From the equation (2.3.22), it is simple to check that
| 41(6n.7.2) | =1 @,(2) | explw k7). (2:3.23)

From this equation, we can conclude that the perturbation at the order of the
wave number grows exponentially for positive sign, whereas it decays exponen-
tially for negative sign and totality of which shows that the perturbation grows
exponentially and consequently, the steady state soliton solutions are not stable.
Therefore, we see that the perturbation at the lowest order of the wave number
grows exponentially with time if w® is complex, i.e., if the imaginary part of
w® (Im wM) is not equal to zero, i.e., if Im w™® # 0 (< Im (WM +n,U) # 0) and
the condition Im (w® + n,U) # 0 implies that the discriminant of the quadratic
equation (2.3.19) for the unknown (w™ + n,U) is less than zero and therefore,
we have the following instability condition for the perturbation which grows ex-

ponentially with time at the lowest order of the wave number:
S? —4T < 0. (2.3.24)

If the above inequality holds good, then the growth rate of instability is given by

= i(4T — 5. (2.3.25)

Simplifying (2.3.24) and (2.3.25), we get the following inequality and the equa-
tion for the growth rate of instability:

12 (1 — AD tan? 5) + bym? > 0, (2.3.26)
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C
y
S

Figure 2.1:  This figure shows that the perturbation given in a plane through
¢ axis makes an angle # with £ — ( plane along the direction of the unit vector
— - R

OP= 1,{ + my#) + n,(. Here OAPM represents the plane of perturbation, OABC
represents the & — ¢ plane and 6 is the angle between these two planes. Now, it
is simple to check that the following equations hold good: I, = 4/1 —n2cosf and

my = /1 —n2sinb.

4v DU?
= \/ ® {lg (1 — AD tan? 5) + blmz}, (2.3.27)

where

r? 4+
_ Aol 2.3.2
16,2 nd - (23.28)

Y

The results obtained in (2.3.26) and (2.3.27) are similar to the results of Islam et
al. [34].
Considering the perturbation as discussed in figure 2.1, the instability condi-

tion (2.3.26) and the growth rate of instability (2.3.27) can be written as

Io >0, (2.3.29)

A(1 = n2)UDU?
= \/ 7 Ic, (2.3.30)
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Figure 2.2: Each figure shows the variation of I'%;;,/U? versus 6. In (a), blue, red,
black, magenta, green and purple curves correspond to d = 0°, § = 2°, § = 4°, § = 6°,
d = 8% and § = 10° respectively for w. = 0.2, whereas in (b), blue, red, black, magenta,
green and purple curves correspond to § = 0°, § = 4°, § = 8%, § = 122, § = 16° and
d = 20° respectively for w. = 0.4. In both the figures, we take v = 5/3, ¢ = 0.0001,
Npe = 0.05, ng. = 0.09, ng. = 0.005, o5c = 0.09, 0pc = 0.5, Be = 0.4 and 3, = 0.1.

where
I = cos? 0(1 — AD tan® 5) + by sin® 6. (2.3.31)

From the instability condition (2.3.26) or (2.3.29), we see that there is always

instability if

[ 1
|0 |< 6 =tan™! { E}' (2.3.32)

The maximum growth rate of instability can be obtained from equation (2.3.30)

by taking n, = 0.



Chapter 2: Instability of DIA solitary waves 63

® =0.2, 8=5°  (a)

7.5
T
(aV]
=2
g
R
3 ! ! !
-180 -90 0 90 180
6=0.0001, 8=5° (b)
9.5 : :
T
[aV]
2
>
o 2
—
/\/\
2 L N L
-180 -90 0 90 180
06—

Figure 2.3: Each figure shows the variation of I'%;,/U? versus 6. In (a), blue, red
and black curves correspond to ¢ = 0.0001, ¢ = 0.01 and ¢ = 0.1 respectively for
we = 0.2 and § = 5°, whereas in (b), blue, red, black and magenta curves correspond
to we = 0.15, w, = 0.2, w, = 0.25 and w, = 0.3 respectively for ¢ = 0.0001 and § = 5°.
In both the figures, we take v = 5/3, nye = 0.05, ng = 0.09, ng. = 0.005, o5 = 0.09,
ope = 0.5, Be = 0.4 and 3, = 0.1.

2.3.1 Stability of the KdV Soliton

For KdV soliton (r = 1), the instability condition and the maximum growth rate

of instability assume the following forms:

)
cos® (1 - §D tan? 5) + by sin®6 > 0, (2.3.33)
4DU? 5 .
| Tb?{ cos® 0(1 — §D tan? 5) + by sin? 9}. (2.3.34)

We have analyzed graphically the inequality (2.3.33) and the equation (2.3.34)
by considering By # 0.

e Figure 2.2 (a) shows the variation of I'%,,/U? versus 6 for w, = 0.2, whereas

figure 2.2 (b) shows the variation of I'%;,,/U? versus 6 for w. = 0.4. In (a),
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Figure 2.4: Each figure shows the variation of I'%, ;i /U? versus 6. In (a), blue, red,
black, magenta and green curves correspond to § = 0%, § = 2°, § = 4°, § = 6° and
d = 8° respectively for w. = 0.2, whereas in (b), blue, red, black, magenta and green
curves correspond to § = 0%, § = 4°, § = 8%, § = 12° and § = 16° respectively for
we = 0.4. In both the figures, we take v = 5/3, ¢ = 0.0001, n,. = 0.05, ng. = 0.09,
nge = 0.005, o5 = 0.09, 0p. = 0.5, B = 0.4 and S, = 0.1.

blue, red, black, magenta, green and purple curves correspond to § = 0°,
§=2°6=4°0=06° 9 =8 and § = 10° respectively, whereas in (b), blue,
red, black, magenta, green and purple curves correspond to 6 = 0°, § = 4°,
0 =28 6 =12° 6 = 16° and § = 20° respectively. In both the figures, we
take v = 5/3, o = 0.0001, Npe = 0.05, ng = 0.09, ng. = 0.005, o, = 0.09,
ope = 0.5, B = 0.4 and 3, = 0.1. From this figure, we have the following
observations: (i) I'%,, is maximum when § = 0° and this value of T'%,,,
does not depend on 6, (ii) for any fixed value of §, I'%,;, is maximum when
0 = 90° or § = any integral multiple of 90°, (iii) there is always instability
if & = 90° or 6 = any integral multiple of 90°, (iv) there is always instability

if | 0 | is less than 0¢, and for w. = 0.2 and w. = 0.4, the values 0 are,
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Figure 2.5: Each figure shows the variation of I'4, ;- /U? versus 6. In (a), blue, red
and black curves correspond to ¢ = 0.0001, ¢ = 0.01 and ¢ = 0.1 respectively for
we = 0.2, whereas in (b), blue, red, black and magenta curves correspond to w. = 0.2,
we = 0.25, we, = 0.3 and w, = 0.35 respectively for ¢ = 0.0001. In both the figures,
we take v = 5/3, nye = 0.05, nge = 0.09, ng. = 0.005, o5 = 0.09, ope = 0.5, e = 0.4,
Bp=0.1and § = 5°.

respectively, 8.6367° and 16.0476°, which shows that 0¢ increases with the

increasing values of w,.

e Figure 2.3(a) shows the variation of I'%;;,/U? against 6 for different values of
0. Here blue, red and black curves correspond to o = 0.0001, ¢ = 0.01 and
o = 0.1 respectively. Figure 2.3(a) shows that the growth rate of instability

increases with increasing values of o.

e Figure 2.3(b) shows the variation of I'%,,,/U? against 6 for different values
of w.. Here blue, red, black and magenta curves correspond to w. = 0.15,
we = 0.2, we. = 0.25 and w, = 0.3 respectively. Figure 2.3(b) shows that the

maximum value of I'% ;;, decreases with increasing values of w...
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Figure 2.6: Each figure shows the variation of I'%, ;-,1-/U? versus 6. In (a), blue, red,
black and magenta curves correspond to 6 = 0°, § = 2°, § = 4° and J = 6° respectively
for we. = 0.2, whereas in (b), blue, red, black and magenta curves correspond to § = 0°,
0 = 4° 6 = 8% and § = 12° respectively for w, = 0.4. In both the figures, we take
v = 5/3, 0 = 0.0001, ny. = 0.05, nge = 0.09, ng. = 0.005, o5c = 0.09, op. = 0.5,
Be = 0.4 and B, = 0.1.

e We have found that the variation of the maximum growth rate of instability
is negligibly small with respect to the parameters n,., nsc, Mdc, Tsc, Opes Be

and f3,.

2.3.2 Stability of the MKdV Soliton

For MKdV soliton (r = 2), the instability condition and the maximum growth

rate of instability assume the following forms:

cos? (1 — 3D tan® 5) + by sin®6 > 0, (2.3.35)

4DU*? :
| P 3—13%{ cos” 9(1 — 3D tan® 5) + by sin? 0}. (2.3.36)
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Figure 2.7: Each figure shows the variation of I'%,, ;- p1//U? versus 6. In (a), blue,
red and black curves correspond to ¢ = 0.0001, ¢ = 0.01 and ¢ = 0.1 respectively for
we = 0.2, whereas in (b), blue, red, black and magenta curves correspond to w. = 0.25,
we = 0.3, we = 0.35 and w, = 0.4 respectively for ¢ = 0.0001. In both the figures, we
take v = 5/3, nye = 0.05, nge = 0.09, ng. = 0.005, g5 = 0.09, 0pc = 0.5, B = 0.4,
Bp=0.1 and § = 5°.

We have analyzed graphically the inequality (2.3.35) and the equation (2.3.36)
by considering the conditions B; = 0 but By # 0.

e Figure 2.4(a) shows the variation of '3, ,,/U? versus 6 for w, = 0.2,
whereas figure 2.4(b) shows the variation of '3, .- /U? versus 6 for w. = 0.4.
In (a), blue, red, black, magenta and green curves correspond to § = 0°,
§d=2°0=4°6=06°and J = 8 respectively and in (b), blue, red, black,
magenta and green curves correspond to 6 = 0%, 6 = 4°, § = 8%, § = 12°
and & = 16° respectively. In both the figures, we take v = 5/3, ¢ = 0.0001,
Npe = 0.05, nye = 0.09, nge = 0.005, oy = 0.09, 0,c = 0.5, B = 0.4 and
B, = 0.1. From this figure, we have the following observations: (i) '3,/

is maximum when § = 0° and this value of '3, does not depend on 6,
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(ii) for any fixed value of §, I'3, x5 is maximum when 6 = 90° or § = any
integral multiple of 90°, (iii) there is always instability if # = 90° or § = any
integral multiple of 90°, (iv) there is always instability if | 4 | is less than ¢,
and for w, = 0.2 and w. = 0.4, the values ¢ are, respectively, 6.4591° and

12.1008°, which shows that §¢ increases with the increasing values of w..

e Figure 2.5(a) shows the variation of '3, ;- /U? against 6 for different values
of 0. Here blue, red and black curves correspond to ¢ = 0.0001, ¢ = 0.01
and o = 0.1 respectively. From figure 2.5(a), we see that the growth rate

of instability increases with increasing values of o.

e Figure 2.5(b) shows the variation of I'3,,.;,,/U? against 6 for different values
of w.. Here blue, red, black and magenta curves correspond to w. = 0.2,
we = 0.25, w. = 0.3 and w, = 0.35 respectively. From figure 2.5(b), we see

that the maximum value of I'3,,.,,, decreases with increasing values of w...

e We have found that the variation of the maximum growth rate of instability
is negligibly small with respect to the parameters n,., nsc, Ndc, Osc, Ope, Be

and f,.

2.3.3 Stability of the FMKdV Soliton

For FMKdAV soliton (r = 3), the instability condition and the maximum growth

rate of instability assume the following forms:

cos” 0(1 — 7D tan® 5) + by sin®6 > 0, (2.3.37)
D 2
| %{ cos? 0 (1 — 7D tan? 5) + by sin? 9}. (2.3.38)

We have analyzed graphically the inequality (2.3.37) and the equation (2.3.38)
by considering the conditions By = 0, By = 0 but B3 # 0.

e Figure 2.6(a) shows the variation of T'%,, . p/U? versus 0 for w. = 0.2,

whereas figure 2.6(b) shows the variation of %, 4 /U? versus 6 for w, =
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0.4. In (a), blue, red, black and magenta curves correspond to § = 07,
d =220 =4° and 0 = 6° respectively. In (b), blue, red, black and magenta
curves correspond to 6 = 0%, 6 = 4°, § = 8° and & = 12° respectively. In
both the figures, we take v = 5/3, ¢ = 0.0001, n,. = 0.05, ns, = 0.09,
nge = 0.005, 05 = 0.09, 0 = 0.5, B = 0.4 and 3, = 0.1. From this figure,
we have the following observations: (i) I'%,,j g 18 maximum when § = (0°
and this value of %, .- does not depend on 6, (ii) for any fixed value of
8, T'% s kay 18 maximum when 6 = 90° or § = any integral multiple of 90°,
(iii) there is always instability if = 90° or # = any integral multiple of 90°,
(iv) there is always instability if | 0 | is less than 6¢, and for w, = 0.2 and
w. = 0.4, the values 6¢ are, respectively, 4.2387° and 7.9896°, which shows

that 0¢ increases with the increasing values of w..

e Figure 2.7(a) shows the variation of I'%y . /U? against 6 for different
values of o. Here blue, red and black curves correspond to ¢ = 0.0001,
o = 0.01 and o = 0.1 respectively. Figure 2.7(a) shows that the growth

rate of instability increases with increasing values of o.

e Figure 2.7(b) shows the variation of T'%,, .5 /U? against 6 for different
values of w.. Here blue, red, black and magenta curves correspond to w, =
0.25, w. = 0.3, w. = 0.35 and w,. = 0.4 respectively. Figure 2.7(b) shows

that the maximum value of T'%, ;-1 decreases with increasing values of w.

e We have found that the variation of the maximum growth rate of instability
is negligibly small with respect to the parameters n,., nsc, Mdc, Tsc, Opes Be

and f3,.

It is important to note that we have drawn the growth rate of instability
against the angle 6 in figures 2.2-2.7 for different values of the parameters in-
volved in the present system. From these figures, we see that the growth rate of
instability either increases or decreases. If the growth rate of instability increases,

the solitary wave solution becomes more unstable as ¢ increases. On the other
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hand, if the growth rate of instability decreases, then the solitary wave solution

tends to be a stable one as ¢t assumes a very large numerical value.

2.4 Conclusions

In this chapter, applying the small-k perturbation expansion method of Row-
lands and Infeld [15-18], we have investigated the instability of DIA solitary wave
in a collisionless magnetized five components e-p-i-d plasma system consisting of
warm adiabatic ions, Cairns distributed nonthermal positrons, Maxwellian dis-
tributed cold isothermal electrons, Cairns distributed nonthermal electrons and
negatively charged static dust grains. From this present chapter, we have found

the following interesting facts:

e It is found that DIA solitary waves obtained from the KdV-ZK equation and
different modified KdV-ZK equations having the nonlinear term of the form
(gb(l))rqbgl) are unstable for » < 4 at the lowest order of the wave number.
Although Sardar et al. [45] have shown that DIA solitary waves described by
the three-dimensional KP and different modified KP equations having the
nonlinear term of the form gf (((b(l))rgbél)) in a collisionless unmagnetized
e-p-i-d plasma are stable for r < 4, where £ is the stretched space coordinate
in the paper of Sardar et al. [45]. They have also used the same small-k
perturbation expansion method of Rowlands and Infeld [15-18].

e Analytically the instability conditions and the growth rate of instability
at the lowest order of the wave number have been derived for the KdV-
ZK soliton and different modified KdV-ZK solitons using the consistency

condition.

e We have also numerically studied the growth rate of instabilities of the
KdV-ZK soliton and different modified KdV-ZK solitons. We see that the

growth rate of instability increases with increasing values of o, whereas the
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maximum growth rate of instability decreases with increasing values of w,

for all solitons.

e We see that I' attains its maximum values at ¢ = £(2n+1)7 for any values

of o, § and w,, where n =0,1,2, ....

e [t is also found that the variation of the maximum growth rate of instability

is negligibly small with respect to the parameters ngc, Tpe, Ndc, Tsc, Ope, Be

and f3,.

Using the reductive perturbation method [198], in Chapter-1, we have de-
rived different evolution equations. We have used the tanh method of Malfliet
and Hereman [199] to find solitary wave solutions of different evolution equations.
Finally, they analyzed the solitary wave solutions in different compositional pa-
rameter spaces. In future, one can also apply the Hirota bilinear method (HBM),
the Laplace transform with the Adomian decomposition method (LADM), the
auxiliary equation mapping method, the Unified Method (UM) and the Laplace
homotopy transform method to study different types of solutions of evolution
equations in the present plasma system. These methods have already been ap-
plied by several authors [278-289] to obtain different types of solutions of different
equations. In future, one can also use the fractional calculus to derive the differ-
ent nonlinear evolution equations and finally analyze the existence and stability
of solitary wave solution of different nonlinear evolution equations. In future,
the higher order growth rate of instability of DIA solitary waves in the present
plasma system can be investigated by considering the multiple-scale perturbation
expansion method of Allen and Rowlands [275, 276] and this can be treated as
a separate problem. One can also consider the stability analysis of the above
mentioned solutions.

The lowest order instability analysis of DIA solitary waves is helpful to char-
acterize the stability character of the steady state solitary wave solutions of

the KdV-ZK equation and different modified KdV-ZK equations as obtained
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in Chapter-1. Finally, we want to mention that this type of five components
plasma can be found in Jupiter’s atmosphere and in the auroral region of the
upper Earth’s ionosphere.

Appendix 1

The expressions of A, By and D are

1

A= (V2 =07, (24.1)
B _1 3V2+a”y(’y—2)_(ﬁ 02 4+ g0 — Tp0?) (2.4.2)

1= 5 (V2 —o7)3 0% 50%s PO%p /1 o

V4
Dl V" 2.4.
where
1

Vi=ovy+

1 - Beﬁcoac - Bpﬁpoap ‘

Here ~v(= g) is the ratio of two specific heats, w,. is the ion cyclotron frequency
normalized by ion plasma frequency (w,), . and (3, are the nonthermal param-
eters associated with the nonthermal velocity distributions of hot electrons and
positrons, respectively, and the expressions of 7., 20, Tpo, Nao, 0c, 05, and op are

given as follows:

— 1
(nc(b 150, Mo, NdO) = (17 Tscs Thpes ndc)a (244)
1+ Nge — Npe + Nge
1+nsc_n ¢+ Nace
(Uc> Os, Jp) = ( L ) (Uscapca Ope Osc)a (245)
OscOpec + NscOpe + NpcOse
— nso — w0 — Nao — T — Tee Y ;
where ng. = o Mpe = B Nae = T2, 0= Tp;f, Osc = 7% Ope = 75 and Tper is

given by the following expression:

Meo | Ms0 | Mpo _ Meo + Ngo — Npo + ZaNdo (2.4.6)
Tce Tse Tp Tpe f ‘ o

Here njo (j = ¢ for nonthermal electron, j = s for itsohermal electron, j =

p for nonthermal positron and j = d for dust particulates) is the equilibrium
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number density of j-th species, T, (7)) and T, are the average temperatures of
nonthermal electron (positron) and isothermal electron, respectively. The charge
neutrality condition (no + ny0 = neo + nso + Zanao) and the effective temperature

equation (4.2.9) can be written as

Tleo + Te0 — Mo + N = 1, (2.4.7)

Nep0c + Nsp0s + ﬁpoO'p = 1, (248)

where

Zango = Nao <= Zqngo = N qo.

Appendix 2

The expression of By is

1

_ 1 4 2 (.3 2 2(9~4 3 2 —F
By = {15V +V20(y" + 1397 — 187) + 0% (2" = 77" + 69%)} x (V2 — o)

— {1+ 3B)Nwo. 4+ Mooz + (1 + 38,) 005} - (2.4.9)

Appendix 3

The expression of Bj is

1
By = Hmwﬁ + Vio(v* 4 219° + 1619% — 1747)
+ V20%(8y° + 53y — 1629° + 108+?)
1
3675 — 294° + 4671 — 243 —_
+ o%(6y 7 + 46y 7’) X VT )

_ {(1 + 8B )00t + Moot — (1 + SBp)ﬁpoo—;*H : (2.4.10)
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Appendix 4

The expressions of ng) of the equation (2.3.7) for j = 0,1, and 2 are

Q" = o, (2.4.11)
) R
Q7 = g — ity 7 its®oq, 7, (2.4.12)
‘ . ‘ d2q(1) o dq(o)
QY = w1tV — ity ng — ity gt + 1, dlZ : (2.4.13)
where
ts = 3n2C + 2nlyby + [2bs + m2by. (2.4.14)
Appendix 5
The coefficients of the equation (2.3.19) are
o L M) - (MY (1
o4 —r) r X2
2r{d4+ (r+1)(r +4)M,} }
a'ts) ], 2.4.15
(ST R (2:4.15)

ol (03) 50 )

ST—M’ar,2_8{4+(r2+’”_4)MT} ZAW
e r(r+ 1) (r +2) (X2)( ti”)}’ (24.16)

where

Z
M, = with N = sech (—) (2.4.17)



Chapter 3

Arbitrary amplitude dust-ion acoustic nonlinear
and supernonlinear wave structures in a
magnetized five components plasma *

In this Chapter, we have considered the quasi-neutrality condition instead of
the Poisson equation along with other hydrodynamic conservation equations as
described in Chapter-1 to investigate the nonlinear behaviour of arbitrary am-
plitude DIA waves. We have applied the Sagdeev pseudo-potential approach
and phase portrait analysis to confirm the existence of different DIA nonlin-
ear wave structures in a collisionless magnetized plasma. The constituents of
the present magnetized plasma are negative immobile dust particulates, non-
isothermal positrons, nonthermal electrons, isothermal electrons and adiabatic
warm ions. The plasma system contains eleven parameters and the nonlinear
waves have been studied through the compositional parameter spaces consisting
of these eleven parameters. The effects of these parameters on the amplitude of
the nonlinear wave structures have also been investigated. We have extensively
discussed the existence of negative potential solitary waves (NPSWs), positive
potential solitary waves (PPSWs), positive potential supersolitons (PPSSs), neg-
ative potential double layers (NPDL) and supernonlinear periodic waves. We have
also analyzed the coexistence of PPSWs and NPSWs, coexistence of NPSWs and
PPSSs, coexistence of NPDL and PPSSs. For the increasing value of any one of
the parameters n,., n,. and o, there exists a sequence of NPSWs converging to
the double layer solution of the same polarity, whereas it is observed that a se-
quence of NPSWs converging to the double layer solution for decreasing value of
any one of the parameters ., o, and [,. Therefore, the amplitude of the NPDL
solution can be regarded as an upper bound of the amplitude of the sequence of
the NPSWs. The dependence of the amplitudes of the PPSWs and PPSSs on the

different parameters of the system has also been critically investigated.

$This chapter has been published in Eur. Phys. J. Plus, 138:734 (2023);
https://doi.org/10.1140/epjp/s13360-023-04359-6
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3.1 Introduction

The different nonlinear properties of waves in electron-ion (e-i) plasmas are well-
established in the literature. These nonlinear properties of waves in different
unmagnetized e-i plasma systems have been studied by several authors [66, 67,
74, 163, 290-301]. Many of them have considered two electrons (two ions) species
instead of one electron (ion) species. The presence of positron species (dust
grains) along with the unmagnetized e-i plasma modifies the plasma model as
electron-positron-ion (e-p-i) plasmas (electron-ion-dust (e-i-d) plasmas), whereas
the presence of both positron species and a species of dust particulates along
with the unmagnetized e-i plasma modify the plasma model as electron-positron-
ion-dust (e-p-i-d) plasmas. Several authors [166, 302-314] have studied different
nonlinear properties of waves by considering these e-p-i plasmas. Nonlinear wave
structues in different e-i-d plasmas have been investigated by many authors [89,
91, 315-323]. Also considering the different unmagnetized e-p-i-d plasma systems
of four or five components, several authors [45-47, 56, 75-84, 127, 131, 132,
148, 171, 218-220, 222, 223, 237, 238, 240242, 245-247, 249, 324] have studied

different characteristics of waves.

In magnetized plasma, small amplitude and arbitrary amplitude nonlinear
wave structures have been investigated by many authors [14, 57, 62, 85, 86, 92—
101, 128, 129, 164, 221, 222, 243, 244, 248, 325-354]. In a magnetized collisionless
dusty plasma, arbitrary amplitude ion acoustic (IA) solitary structures have been
considered by Choi et al. [85]. This problem was solved by considering Sagdeev
pseudo-potential method. In another work, Choi et al. [86] investigated the effect
ion pressure on IA solitary structures. To consider this effect, they have included
the ion pressure term in the momentum equation of ion fluids. The obliquely
propagating TA solitary waves in a collisionless magnetized dusty plasma have

been studied by Maitra and Roychoudhury [92]. Shahmansouri and Alinejad [93]
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have studied arbitrary amplitude DIA solitary waves in a collisionless magne-
tized dusty plasma by considering cold ion fluids, electrons of suprathermally
distributed and stationary dust grains. Rufai et al. [94-97] have studied IA soli-
tary waves by considering different e-i plasma systems. Considering two distinct
species of electrons, Dalui et al. [98] have shown the existence of various solitary
waves including double layers and supersolitons in a magnetized e-i plasma. Deb-
nath and others [99, 100] have studied various IA solitary waves in a magnetized
collisionless nonthermal dusty plasma. For the first time, they have studied the
solitary waves in magnetized plasma by considering the compositional parameter
spaces and they reported the transition of various solitary waves by considering
the dynamical system corresponding to IA solitary waves. Again, for the first
time in a collisionless magnetized plasma, Debnath and Bandyopadhyay [101]
have studied TA solitary waves at the acoustic speed. Considering magnetized
e-p-i-d plasmas, several authors [62, 129, 222, 248] have also studied small am-

plitude nonlinear waves properties.

In Chapter-1, we have considered a five components e-p-i-d plasmas. The
components of this plasma system are negatively charged immobile dust partic-
ulates, non-isothermal positrons obeying Cairns distribution [1], isothermal elec-
trons obeying Maxwellian distribution, non-isothermal electrons obeying Cairns
distribution [1] and warm adiabatic ions and the plasma system is immersed in
a uniform static magnetic field directed along z-axis. In Chapter-1, we have
derived Kortewegde-Vries Zakharov-Kuznetsov (KdV-ZK) equation and different
modified KdV-ZK equations to discuss the nonlinearity of the DIA waves in dif-
ferent parts of the compositional parameters space. The existence and validity of
these evolution equations have been discussed by taking the effects of various pa-
rameters of the system. In this chapter, the same plasma system of Chapter-1
has been taken to study the nonlinear wave structures including soliton of both

polarities, double layers, supersolitons and supernonlinear periodic waves. In
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Chapter-1, we have used the continuity equation of ions, the momentum equa-
tion of ions and the pressure equation of ions together with the Poisson equation
to derive various evolution equations but in this chapter, the quasi-neutrality
condition has been used rather than the Poisson equation. So, assuming the
length scale of the solitary waves is greater than the Debye length or the gyrora-
dius [85, 86], the quasi-neutrality condition has been taken instead to close the
system of equations. We have applied the Sagdeev pseudo-potential technique
to find the energy integral and this energy integral has guided us to investigate
the existence of various types of nonlinear wave structures. We have found the
coexistence of negative potential soliton with positive potential supersoliton and
the coexistence of positive potential supersoliton with negative potential double

layer. We have also found supernonlinear periodic wave solutions of DIA waves.

There are several articles [45-47, 56, 62, 76-84, 127, 129, 148, 171, 218~
220, 222, 223, 237, 238, 240-242, 245-249] in four components magnetized and
unmagnetized e-p-i-d plasma system and these e-p-i-d plasma systems have been
observed in many astrophysical enviorements. But, Dalui et al. [126] have ex-
tensively studied the existence of plasma system with two different species of
electrons, where the hotter species obeys the nonthermal Cairns distribution [1]
and cooler one follows the Maxwell Boltzman distribution. In fact, if we as-
sume that the above mentioned species of electrons are physically separate in the
phase space by external or self-consistent fields [188], then these two species of
electrons can be taken as two distint species of electron. On the basis of this
assumption, two species of electrons have been considered by several authors
(163, 290, 294, 311, 315, 355, 356] in different plasmas. This is the reason to take
two different species of electrons in the existing e-p-i-d plasmas as discussed by
many authors. This type of five components e-p-i-d plasma system has already
been described In Chapter-1. Again, several authors [189-192] have consid-

ered dusty plasmas of five components consisting of positive dust grains, ions
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and isothermal or superthermal electrons including solar wind streaming protons
and electrons. Finally, they [189-192] concluded that the results are applicable in
Jupiter’s atmosphere by considering the five components positively charged dusty
plasma model. Although, several authors have used their model in Jupiter’s at-
mosphere by considering positively charged dust grains, there are many research
papers in the existing literature, where authors [193-197] have described their
results in Jupiter’s atmosphere for both polarities dusty plasma model. So, the
present model may be applicable to study the nonlinear waves in the upper iono-
sphere of Earth and in Jupiter’s atmosphere.

To describe the difference between this chapter in comparison with the ex-

isting literature, we want to mention the following points:

e For the first time, we have investigated nonlinear and supernonlinear wave
structures in a magnetized collisionless five components e-p-i-d plasma con-
sisting of negatively charged static dust grains, nonthermal positrons, non-
thermal electrons, isothermal electrons and warm adiabatic ions, whereas
Dubinov et al. [75] have investigated the nonlinear and supernonlinear wave
structures in five components collisionless unmagnetized e-p-i-d plasma con-
sisting of two ion species (positive ions and negative ions). Dubinov et al.
[75] applied Sagdeev pseudo-potential method to study the nonlinear wave

structures.

e Again several authors [75-84] have considered collisionless four components
e-p-i-d plasma system to discuss different arbitrary amplitude nonlinear
wave structures in unmagnetized e-p-i-d plasma. But in this study, we have
taken into consideration two species of electron at distinct temperatures
along with positrons of nonthermally distributed, warm adiabatic ions and

negatively charged immobile dust particulates in magnetized e-p-i-d plasma.

e In Chapter-1, we have taken into consideration the same plasma system

to study the small amplitude solitary waves. But in this chapter, we have
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considered arbitrary amplitude nonlinear wave structures in the same five
components e-p-i-d plasma system by considering Sagdeev pseudo-potential
approach. In this study, we have used quasi-neutrality condition in place
of the Poisson equation based on the supposition that length scale of the
solitary wave is larger than the Debye length or the gyroradius [85, 86],
whereas in Chapter-1, we have applied the Poisson equation in place of
quasi-neutrality condition to investigate the small amplitude solitary struc-

tures.

The existence of e-p-i-d plasmas with five components has already been
confirmed by numerous authors [75, 131, 132, 324] and in these papers,

authors have investigated the existence of various solitary waves.

This plasmas contains a large set of parameters and it is very difficult to
handle the compositional parameter spaces containing a large set of param-
eters. So, in this respect, this problem is a challenging one. We have also
considered the parameter’s effect on the amplitudes of the various solitary

waves.

3.2 Basic Equations

We consider a five components collisionless magnetised plasma system with warm

adiabatic ions, nonthermally distributed positrons, negative immobile dust par-

ticles, and two distinct species of electrons with isothermally and nonthermally

distributed. Here, we have considered weakly magnetized plasma and we have

assumed that the magnetic pressure is much greater than the particle pressure

and the ion cyclotron frequency is much greater than characteristic frequency.

The continuity equation, the momentum equation and the pressure equation for

ion fluid are given by

887? V(@) =0, (3.2.1)
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m;n; (% + Uf?) u + ?Pi — nie(—€¢ + éUZ X Byz) =0, (3.2.2)
%]f (@ NP+ BV =0, (3.2.3)

To close the above three equations, we have added the following equations:

N 4+ Ny — Nee — Nge — ZgNgo = 0. (3.2.4)
Nee = N (1 — Be KZ?ce + Be [?;%) exp (KQB?CE), (3.2.5)
Nge = NgnCXP (qu;se), (3.2.6)
Ny = Nyo (1 + 5y KeB(pr + By ;2]23;]32) exp ( — Kejpr), (3.2.7)
Ng = Ngo- (3.2.8)

The equations (3.2.4) - (3.2.8) are, respectively, the quasi-neutrality condition, the
expression of number density of nonthermal electrons, the expression of number
density of isothermal electrons, the expression of number density of nonthermal
positrons and the expression of number density of dust grains. Here, the uniform
static magnetic field By is directed along the z-axis, C' is the speed of light in
vacuum, w, is the ion fluid velocity, the electrostatic potential is ¢, P; represents
the ion pressure, —e represents the charge of an electron, m; represents the ion
mass, Kp is the Boltzmann constant, the ratio of two specific heats is v(= 5/3),
ne is the number density of a-th species of particle, where o = ¢ for ion, o = p
for nonthermal positron, @ = ce for nonthermal electron, @ = se for isothermal
electron and o = d for dust particles. The equilibrium number density of the
J-th species is njo, where j = ¢ for ion, j = p for nonthermal positron, j = ¢ for

nonthermal electron, j = s for isothermal electron and j = d for dust particles.

The average temperatures of the k-th species is T}, where k = p for nonthermal



82

positron, k = ce for nonthermal electron, k = se for isothermal electron, S, (5,)
is connected with the Cairns distributed electrons (positrons).

Based on the supposition that mg >> Zym; (mg represents the mass of a dust
grain), following the prescription of Popel & Yu [357], it is simple to prove that
the average velocity of the dust particulates is zero and dust density is a constant
of motion. Although these facts has already been reported by Popel & Yu [357].
So, the present plasma model is essentially a dusty plasma, where we have not
taken into consideration the variable-charge dust particulates effect, ionization
effect, interaction of ions-dust effect, interaction of ion-neutral effect and effects
originating from ion absorption by dust particulates. Numerous authors[358-373|
have researched these effects. Several authors [72, 82, 91, 142, 331, 344, 374, 375]
have considered this type of plasma system as dusty plasma system.

To get the bounded parameters of the system, we have considered the follow-

ing normalization of the independent and dependent field variables: the spatial

KgT,

variables z,y, z are normalized by Ap ( = 32” of ), time ¢ is normalized by
4me LZ10)

m.
w}:l ( =4 /4—;), ion fluid velocities u,, u, and u, along x, y and z axis are
Te“ 150
KgT,
normalized by c, ( = B—pef>, o= TTif, where the effective temperature
m; pe

They is:

Ny Mso . Mpo Mo + Ms0 — Npo + ZaNdo
Tce Tse Tp Tpef

(3.2.9)

eBog
m;C

Again n,, is normalized by n;g, ¢ is normalized by %, we = (£2%) is normalized
by wy, P; is normalized by n;0KpT;. Assuming that Z,; is the amount of negative
unit charges present on the dust grain surface, the normalized dimensionless

equations may be expressed as follows:

anq_g(nu)%_g(n, )+2
ot | og ) T g, M) T g0

(niu.) =0, (3.2.10)

Oy, Oy, ou,, Ou, o 0P 09
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8;; +u, E;;z + uy%l; +u, a(;;z + n%%]j + % —0, (3.2.13)
(o) (B2 )
R+ 1y — Tiew — Nige — Zaniag = 0. (3.2.15)
Nee = Teo(1 = Beoed + Beor¢?) exp(oc0), (3.2.16)
Moo = TapeXp(040), (3.2.17)
= o1+ 55036+ 067 exp( ), (3:2.18)
N4 = Tiap. (3.2.19)

Again, using the equation (3.2.10), the pressure equation for ion fluid (3.2.14)

can be written as:

P—n (3.2.20)

(2

where 7 is the ratio of two specific heat. Using equation (3.2.14), the equations
(3.2.11), (3.2.12), (3.2.13) can be expressed as:
ou, Ju ou Ouy =2 % 0¢

BT + Uy pe + 1y 3y + u, op + oyn] 5 +8_x = Wlly, (3.2.21)
Ou,, Ou, Ou,, Ou, yo2On; 00
5 + Uy pe + u, By + u, P + oyn; oy oy Welly, (3.2.22)
ou, ou, ou, ou, yo2On; 00
5 + Uy 5 + u, By + u, o + oyn; E—l—g = 0. (3.2.23)

The charge neutrality condition at the unperturbed state (equilibrium state)

can be written as

nio + Npo = Neo + M50 + Zaldo.- (3.2.24)
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From equations (3.2.24) and (3.2.9), we get following two equations:

Tleo + Tso — Mpo + Nag = 1, (3.2.25)

Nep0c + Nsp0s + ﬁpogp = 1; (3226)

where Zango = Ngo <= Zgngy = Ndo.

. . T,
Introducing the new parameters: n,. = Z—“g with a = s,p,d and o = F*
Cl ce

with A = s,p and g = se,p, we can express Nco, Nso, Nao, Tpo, Op, s and o, like

this:
(Te0, Ts0, Tp0s Nao) = A1, Tes Tpes M), (3.2.27)
(0¢, 05, 0p) = D(0scOpe, Opes Tse) (3.2.28)
where A = 1 and T = (1 4 nse — Npe + Nae)

1+ Nse — Npe + Ngc OscOpc + NscOpe + NpcOse

3.3 Energy Integral

In order to investigate the arbitrary amplitude DIA solitary structures travel-
ling along a path with direction cosines (m,,n,,[,), we consider the following

transformation:
£ =myx+nyy+ Lz — Mt, with m?+ nz +12=1, (3.3.1)

where M is the velocity of the wave frame normalized by c,.
Using the same procedure of Debnath et al. [99], we have derived the equation

known as energy integral with V(¢) as the Sagdeev pseudo-potential:

% (%) +V(¢) =0, (3.32)
where
¢ dsS
——F(¢)de
V(g) = V(M,g) = / dg (33.3)
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M2

_ avy v—1
e i L (3.3.4)
2 l2
¢
(@) = o(n) — 1)+ / nido. (3.3.6)
0

Equation (3.3.2) is known as energy integral. According to the terminology used
by Sagdeev [63], equation (3.3.2) can be considered as the conservation of energy
of a particle of mass unity, where the position of the particle at an instant of
time £ is ¢ and its velocity at that instant of time is Z—? So, the first term of
(3.3.2) represents the kinetic energy, whereas the second term of the (3.3.2) can
be considered as the potential energy. Now, differentation of (3.3.2) w.r.t. ¢,

2
gives 4o — —V'(¢). Therefore, the velocity of the particle is y/—2V (¢) and

2

the forcii acting on the particle is —V'(¢). The direction of this force is towards
¢ = 0 (origin) if V'(¢) >0 for ¢ >0 (V'(¢) <0 for ¢ < 0). Now, this particle
is in equilibrium at the position ¢ if the velocity and the force acting on it are
simultaneously equal to zero, i.e., if V(¢) = 0 and V'(¢) = 0. If ¢ = 0 is the
position of the equilibrium, then we have V(0) = 0 and V'(0) = 0. Now the
stable and the unstable equlibrium of the particle at the origin depends on the
sign of V" (0), and we have the following two cases.

Case-1 [V(0) =0, V'(0) = 0 and V"(0) > 0]: In this case, potential energy is
minimum at ¢ = 0. So, from the energy test of stability, we can conclude that
¢ = 0 is a stable equilibrium position and consequently, if a particle with ¢ = 0 is
gently moved from its equilibrium position and then set free, it goes towards its
equilibrium position. For this case, it is not possible to get any particle oscillation
within ¢ € (min{0, ¢,, },max{0, ¢,,, }) for some ¢,,, > 0 (¢, < 0) when the particle
be slightly displaced in the positive (negative) direction of ¢-axis and in this case,
we get periodic solution only about the stable equilibrium point. As V(¢) can be

considered as a function of ¢ and all the parameters of the system, we can write
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V() = V(M, ¢), then for the existence of a periodic wave solution of (3.3.2)
about ¢ = 0, we have V(M,¢) =0, V' (M, $) =0 and V" (M, ¢) > 0 at ¢ = 0.

Case-I1 [V (0) = 0, V'(0) = 0 and V" (0) < 0]: In this case, potential energy is
maximum at ¢ = 0 and then, from the energy test of stability, we can conclude
that ¢ = 0 is a unstable equilibrium position. Thus, if a particle is slightly
moved towards the positive (negative) ¢-axis then set free, it moves away from
the point ¢ = 0 and it keeps continues to move untill its velocity is exactly zero
at ¢ = ¢y > 0 (¢ = ¢ < 0). So, we have V(¢,,) = 0, if in this position
V' (¢pm) > 0 (V' () < 0), the force acting on the particle is directed towards
the origin and consequently, we have an oscillation of the particle within 0 <
¢ < Om (dm < ¢ < 0). Therefore, for the oscillation of the particle, we have
V(om) =0, V(dwm) >0 (V(dm) < 0) for ¢p, > 0 (¢ < 0). When such an
oscillation is placed in a wave frame moving with a velocity M, then we get a
nonlinear wave known as a positive potential soliton or negative potential soliton
according to whether ¢,, > 0 or ¢,, < 0. Therefore, for the existence, of a positive
(negative) potential soliton solution of (3.3.2), the following circumstances allow
for the holding of conditions:

(i) V(M,¢)=V'(M,$)=0and V'(M,$) <0 at ¢ =0.

(i) V(M,¢m) =0, V(M,bn) >0 (V(M,¢y) < 0) for some M with ¢,, >0
for the existence of a positive potential solitary wave (¢, < 0 for the existence
of a negative potential solitary wave),

(i) V(M,¢) <0 for all 0 < ¢ < ¢pn(dm < ¢ < 0). This condition is required to
define (3.3.2) for ¢ € (min{0, ¢,, },max{0, ¢, }).

For ¢, > 0 (¢, < 0), the soliton is known as a positive (negative) potential
solitary wave. Therefore, we see that for the existence of the solitary waves it is
essential to exist a point ¢,,(# 0) such that the the particle velocity at ¢ = ¢,,
is equal to zero, but the force acting on the particle is not equal to zero. Now,

if the force is also equal to zero, i.e., the particle at ¢ = ¢,, is in equilibrium,
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then the particle will not come back again at the origin ¢ = 0. In this case, it
is impossible to get any soliton solution, but one can get a shock type solution
known as a double layer (DL) solution. Therefore, for DL solution, the condition
(i4) is replaced by V/(M,¢y) =0, V' (M, ¢y) =0, V' (M, ¢,,) < 0. For ¢, > 0
(¢m < 0) DL is known as a positive (negative) potential DL. If there exists any
soliton of the same polarity after the formation of DL, then the soliton is known
as supersoliton. But, it is also possible to define supersoliton structures without
the formation of DL of the same polarity. In fact, characteristics of supersoliton
can be well defined through the separatrix of the phase portrait of the dynamical
system corresponding to the system of coupled equations

o, do
=0 F-V@ (3:3.7)

The system of equations (3.3.7) can be obtained by differentiating (3.3.2) with
respect to ¢. Differentiation of (3.3.2) with respect to ¢ gives a differential equa-
tion of second order and this second order differential equation can be split into
(3.3.7). Following Dubinov and others [88-90] we have defined the supersoliton
and supernonlinear periodic structures in the section 3.4.

Therefore, for the existence of any kind of solitary waves including DLs, ¢ = 0
is the unstable equilibrium point of the pseudo particle associated with (3.3.2),
ie., V(M,0)=V'(M,0)=0and V"'(M,0) < 0. Using the equation (3.3.3), one
can easily check that V(M,0) = 0 and V'(M,0) = 0 are identically satisfied for
any value of M but V" (M,0) < 0 imposes the following bounds of M:

M. < M < M, (3.3.8)
where
M, = M, (3.3.9)

and

1
M, = lov+ — — . 3.3.10
\/ K 1-— ﬁencoac - ﬁpnpoo'p ( )
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Figure 3.1: Drawings of V(¢) and the phase portrait of (3.3.7) are shown w.r.t. ¢ for
M =052, 0 =0.001, v = 5/3, nsc = 0.5, nge = 0.01, npe = 0.09, ope = 0.9, 750 = 0.07,
B, =0.1, Be = 0.25, we = 0.01 and I, = 0.5.

Debnath et al. [99] have extensively studied theoretically and also numerically

the bounds of different solitary structures.

3.4 Phase Portraits

In this section, we have plotted V(¢) vs. ¢ curve (subplot (a)) and phase por-
trait (subplot (b)) of (3.3.7) by taking the same ¢ axis. Such figures establish a
correspondence between V(¢) vs. ¢ and the separatrix of phase portrait. This
one-one correspondence is necessary to establish the existence of the various non-
linear waves. To characterize the supernonlinear solitary structures, we follow
the definition given by Dubinov and others [88-90]. In the phase portrait of the
dynamical system (3.3.7), we have used bold black star to denote a stable fixed
point, whereas we have used bold red circle to denote an unstable equilibrium

point.
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<10 ©,=0.01,1=05, M=0.523562 (a)

-3.35 o —15 0

Figure 3.2: Drawings of V(¢) and the phase portrait of (3.3.7) are shown w.r.t. ¢
for M = 0.523562, ¢ = 0.001, v = 5/3, ng. = 0.5, nge = 0.01, ny. = 0.09, ope = 0.9,
ose = 0.07, B, = 0.1, Bc = 0.25, w, = 0.01 and [, = 0.5.

Figure 3.1(b) represents the phase portrait of (3.3.7) corresponding to an
NPSW. We have seen that there is a single separatrix, which seems to begin and
end at (0, 0) and one stable fixed point (-1.3598, 0) is enclosed by the separatrix.
Figure 3.1(a) establishes that V(¢) vs. ¢ corresponds to the separatrix of figure
3.1(b).

Figure 3.2(b) represents the phase portrait of (3.3.7) corresponding to an
NPDL. We have seen that there is a single separatrix, which seems to go through
the points (0,0) and (—3.3506,0), whereas one stable fixed point (-1.5022, 0) is
enclosed by the separatrix. Figure 3.2(a) establishes that V(¢) vs. ¢ corresponds
to the separatrix of the figure 3.2(b).

Figure 3.3(b) represents the phase portrait of (3.3.7) corresponding to a
PPSW. We have seen that there is only one separatrix, which seems to begin
and end at (0,0) and one stable fixed point (0.476,0) is enclosed by the separa-

trix. Figure 3.3(a) establishes that V(¢) vs. ¢ corresponds to the separatrix of
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Figure 3.3: Drawings of V(¢) and the phase portrait of (3.3.7) are shown w.r.t. ¢ for
M = 0.6, 0 = 0.001, v = 5/3, nge = 0.5, nge = 0.01, nye = 0.09, ope = 0.9, 05 = 0.07,
B, =0.1, Be = 0.25, w, = 0.01 and I, = 0.5.

the figure 3.3(b).

In figure 3.4, profile of different solitary structures have been drawn. Figure
3.4(a) represents ¢ vs. & for negative potential solitary wave for M = 0.52, figure
3.4(b) represents ¢ vs. £ for negative potential double layer for M = 0.523562 and
figure 3.4(c) represents ¢ vs. £ for positive potential solitary wave for M = 0.6.
To draw these subplots, we have used o = 0.001, v = 5/3, ng. = 0.5, ng. = 0.01,
Npe = 0.09, 0 = 0.9, 04 = 0.07, B, = 0.1, B = 0.25, w, = 0.01 and I, = 0.5.
Figure 3.4(b) represents both “Z” type and “S” type double layers.

Figure 3.5(b) represents the phase portrait of (3.3.7) corresponding to simul-
taneous existence of NPDL and PPSW. We have seen that there is only one
separatrix seems to go through the points (0,0) and (—1.45,0). The separatrix
in the positive direction of ¢-axis encloses stable fixed point (0.42,0) and the sep-
aratrix in the negative direction of ¢-axis encloses stable fixed point (—0.66,0).

Figures 3.5(a) and 3.5(b) simultaneously establish a corresponds between V(¢)
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Figure 3.4: ¢ vs. { for 0 = 0.001, v = 5/3, ng. = 0.5, ng. = 0.01, ny. = 0.09, o). = 0.9,
osc = 0.07, B, = 0.1, B = 0.25, w, = 0.01 and [, = 0.5. The blue curve correlates to
M = 0.52, the black curve correlates to M = 0.523562 and the red curve correlates to
M = 0.6.

vs. ¢ and the separatrix of phase portrait.

Figure 3.6(b) represents the phase portrait of (3.3.7) corresponding to the
simultaneous existence of NPSW and a positive potential supersoliton (PPSS).
The blue curve and sky blue curve demonstrate that there are two separatrices.
The blue separatrix seems to begin and end at (0,0). The sky blue separatrix
is enclosed by the blue separatrix. The sky blue separatrix seems to go through
(0.24835,0) and it encloses two stable fixed points (0.1911,0) and (0.4103,0),
whereas blue separatrix encloses a stable fixed point (—0.19847,0) in the negative
direction. Figure 3.6(a) establishes that V' (¢) vs. ¢ corresponds to the separatrix
of the figure 3.6(b).

Figure 3.7(b) represents the phase portrait of (3.3.7) corresponding to the

simultaneous existence of NPDL and positive potential supersoliton (PPSS). The

blue curve and sky blue curve demonstrate that there are two separatrices. The
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Figure 3.5: Drawings of V(¢) and the phase portrait of (3.3.7) are shown w.r.t. ¢
for M = 0.55, 0 = 0.001, v = 5/3, ng = 0.05, ng. = 0.1, ny. = 0.91808, oy = 0.09,
ose = 0.001, B, = 0.1, B = 0.25, w. = 0.01 and I, = 0.5.

blue separatrix seems to go through the points (0,0) and (—0.45444,0). The sky
blue separatrix is enclosed by the blue separatrix. The sky blue separatrix seems
to go through (0.249,0) and two stable fixed points (0.19063,0) and (0.41058,0)
are enclosed by this separatrix, whereas blue separatrix encloses a stable fixed
point (—0.2025,0) in the negative direction. Figure 3.7(a) establishes that V(¢)
vs. ¢ corresponds to the separatrix of the figure 3.7(b).

Figure 3.8(b) represents the phase portrait of(3.3.7) corresponding to a PPSS.
The blue curve and sky blue curve establish that there are two separatrices. The
blue separatrix seems to go through the point (0,0). The sky blue separatrix is
enclosed by the blue separatrix. The sky blue separatrix seems to go through
the point (0.25328,0) and it contains two stable fixed points (0.18431,0) and
(0.41471,0). Figure 3.8(a) establishes that V(¢) vs. ¢ corresponds to the sepa-
ratrix of the figure 3.8(b).

In figure 3.9, profile of supersoliton has been shown for M = 0.63, ¢ = 0.001,
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Figure 3.6: Drawings of V(¢) and the phase portrait of (3.3.7) are shown w.r.t. ¢
for M = 0.617, ¢ = 0.001, v = 5/3, ng. = 0.04, nge = 0.001, nye = 0.2, ope = 0.15,
ose = 0.01, B, = 0.1, Bc = 0.25, w, = 0.01 and [, = 0.5.

v = 5/3, ng. = 0.04, nge = 0.001, n,. = 0.2, 0. = 0.15, 05 = 0.01, 5, = 0.1,
Be = 0.25, w. = 0.01 and [, = 0.5. This figure shows a dais-type soliton and this
type of soliton has been reported by Das et al. [91].

Figure 3.10(b) represents the phase portrait of (3.3.7) corresponding to a
PPSS. The blue curve and sky blue curve establish that there are two separatrices.
The blue separatrix seems to go through (0, 0). The sky blue separatrix is enclosed
by the blue separatrix. The sky blue separatrix seems to go through the point
(0.201,0), and it contains two stable fixed points (0.158,0) and (0.332,0). Figure
3.10(a) establishes that V(¢) vs. ¢ corresponds to the separatrix of the figure
3.10(Db).

Figure 3.11(b) represents the phase portrait of (3.3.7) corresponding to the
simultaneous existence of NPSW and PPSS. The blue curve and sky blue curve
demonstrate that there are two separatrices. The blue separatrix seems to begin

and end at (0,0). The sky blue separatrix is enclosed by the blue separatrix. The
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Figure 3.7: Drawings of V(¢) and the phase portrait of (3.3.7) are shown w.r.t. ¢
for M = 0.6178, ¢ = 0.001, v = 5/3, ng = 0.04, nge = 0.001, ny. = 0.2, o = 0.15,
ose = 0.01, B, = 0.1, Bc = 0.25, w, = 0.01 and [, = 0.5.

sky blue separatrix seems to go through (0.213,0), and two stable fixed points
(0.14,0) and (0.35,0) are enclosed by this separatrix, whereas blue separatrix
encloses a stable fixed point (—0.07,0) in the negative direction. Figure 3.11(a)
establishes that V(¢) vs. ¢ corresponds to the separatrix of the figure 3.11(b).

Figure 3.12(b) represents the phase portrait of (3.3.7) corresponding to the
supernonlinear periodic wave. We have seen there is a single separatrix which
seems to begin and end at (0.128,0) and two stable equilibrium points (0,0)
and (0.26,0) are enclosed by the separatrix. Every closed curve (red curve) cor-
responds to the nonlinear periodic wave. A sequence of sky-blue closed curves
surround the blue separatrix, and these closed curves are due to super-nonlinear
periodic waves. Figure 3.12(a) establishes that V(¢) vs. ¢ corresponds to the
separatrix of the figure 3.12(b).

Figure 3.13(b) represents the phase portrait of (3.3.7) corresponding to the

supernonlinear periodic wave. We have seen that one separatrix (blue colour)
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Figure 3.8: Drawings of V(¢) and the phase portrait of (3.3.7) are shown w.r.t. ¢
for M = 0.63, 0 = 0.001, v = 5/3, nge = 0.04, ng. = 0.001, nye = 0.2, ope = 0.15,
ose = 0.01, B, = 0.1, Bc = 0.25, w, = 0.01 and [, = 0.5.

seems to begin and end at (0.11908,0) and another separatrix (magenta colour)
seems to begin and end at (0.062829, 0). Blue separatrix encloses two stable fixed
points (0.10192,0) and (0.1723,0). The magenta colour separatrix encloses one
stable fixed point (0,0) and envelopes the separatrix of blue colour. A sequence
of closed sky-blue closed curves surrounding the blue separatrix that are due
to super-nonlinear periodic waves. Figure 3.13(a) establishes that V(¢) vs. ¢

corresponds to the separatrix of the figure 3.13(b).

3.5 Results and Discussions

The amplitude variation of NPSWs has been displayed in figure 3.14 by taking
the variation of (a) nye, (b) nge, (¢) By, (d) Be, (€) ose, () ope, (8) we and (h) 1,
and fixed values of o(= 0.001), v(= 5/3), ng.(= 0.01) and M (= 0.52). Figure

3.14(a) represents the variation of the amplitude of NPSW for various n,. (for
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Figure 3.9: ¢ vs. & for 0 = 0.001, v = 5/3, nge = 0.04, ng. = 0.001, npe = 0.2,
ope = 0.15, 05c = 0.01, B, = 0.1, Bc = 0.25, w. = 0.01 and [, = 0.5. The purple curve
corresponds to M = 0.63.

black curve n,. = 0.04, for red curve n,. = 0.08 and blue curve n,. = 0.09535).
Figure 3.14(a) states that the amplitude of NPSW grows with growing n,. for
0 < nye < 0.09535 for (nge, Ope, Tses Bpy Les we, 1:)=(0.5, 0.9, 0.07, 0.1, 0.25, 0.01,
0.5) and the system supports NPDL at n,. = 0.09535 when (ng., 0pc, se; Bp, Pe,
we, 1,)=(0.5, 0.9, 0.07, 0.1, 0.25, 0.01, 0.5).

Figure 3.14(b) represent the variation of the amplitude of NPSW for various
ng (for black curve ng, = 0.45, for red curve ny,, = 0.5 and for blue curve
ns. = 0.5188). Figure 3.14(b) states that the amplitude of NPSW grows with
growing n. for 0.25 < ns. < 0.5188 for (Npe, Opes Tses Lps Les Wes 12)=(0.09, 0.9,
0.07, 0.1, 0.25, 0.01, 0.5) and the system supports NPDL at n,. = 0.5188 when
(Myes Tpes Tser Bys Bes we, 1:)=(0.09, 0.9, 0.07, 0.1, 0.25, 0.01, 0.5).

Figure 3.14(c) represents the variation of the amplitude of NPSW for various
By (for black curve 3, = 0, for red curve 5, = 0.1 and for blue curve 5, = 0.5).
Figure 3.14(c) states that the amplitude of NPSW diminishes with growing 3,
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Figure 3.10: Drawings of V(¢) and the phase portrait of (3.3.7) are shown w.r.t. ¢
for M = 0.55, ¢ = 0.001, v = 5/3, ng. = 0.05, ng. = 0.005, nye = 0.05, ope = 0.2,
g = 0.01, B, = 0.1, B = 0.25, w = 0.01 and I, = 0.5.

for 0 < B, < 0.57 for (nse, Npe, Tpe, Tses Bey we, 1:)=(0.5, 0.09, 0.9, 0.07, 0.25,
0.01, 0.5), but the NPDL does not exist for any value of 8, when (ns, npe, Ope,
Tse, Pe, We, 1,)=(0.5, 0.09, 0.9, 0.07, 0.25, 0.01, 0.5).

Figure 3.14(d) represents the variation of the amplitude of NPSW for various
Be (for black curve g, = 0.23764, for red curve S, = 0.3 and for blue curve
Be = 0.5). Figure 3.14(d) states that the amplitude of NPSW diminishes with
growing S, for 0.23764 < [, < 0.57 for (nse, Npe, Tpes Tses Bps We, 1)=(0.5, 0.09,
0.9, 0.07, 0.1, 0.01, 0.5) and the system supports NPDL at 5. = 0.23764 when
(Msey Mopes Tpey Tses Bpy We, 1:)=(0.5, 0.09, 0.9, 0.07, 0.1, 0.01, 0.5).

Figure 3.14(e) represents the variation of the amplitude of NPSW for various
o (for black curve o, = 0.04, for red curve o, = 0.06 and for blue curve
0sc = 0.07158). Figure 3.14(e) states that the amplitude of NPSW grows with
growing o for 0 < oy < 0.07158 for (Nse, Npes Opes Bps Pe, we, 1:)=(0.5, 0.09, 0.9,
0.1, 0.25, 0.01, 0.5) and the system supports NPDL at o, = 0.07158 when (ng.,
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Figure 3.11: Drawings of V(¢) and the phase portrait of (3.3.7) are shown w.r.t. ¢
for M = 0.61, ¢ = 0.001, v = 5/3, ng = 0.05, ng. = 0.005, nye = 0.05, ope = 0.2,
e = 0.01, B, = 0.1, B = 0.25, w, = 0.01 and I, = 0.5.

Npes Opes Bps Be, We, 1:)=(0.5, 0.09, 0.9, 0.1, 0.25, 0.01, 0.5).

Figure 3.14(f) represents the variation of the amplitude of NPSW for various
ope (for black curve o, = 0.8305, for red curve o,. = 0.85 and for blue curve
ope = 0.95). Figure 3.14(f) states that the amplitude of NPSW diminishes with
growing o, for 0.8305 < g,. < 0.99 for (nse, Npes Tses Lps Bes Wes 12)=(0.5, 0.09,
0.07, 0.1, 0.25, 0.01, 0.5) and the system supports NPDL at 0,. = 0.8305 when
(Mse, Mpey Tses Bps Bes we, 1:)=(0.5, 0.09, 0.07, 0.1, 0.25, 0.01, 0.5).

Figure 3.14(g) represents the variation of the amplitude of NPSW for various
w, (for black curve w. = 0.01, for red curve w, = 0.011 and for blue curve
we = 0.012). Figure 3.14(g) states that w. has no influence on the amplitude of
NPSW for (nsc, e, Ope, Tses Bps Bes 1:)=(0.5, 0.09, 0.9, 0.07, 0.1, 0.25, 0.5).

Figure 3.14(h) represents the variation of the amplitude of NPSW for various
[, (for black curve [, = 0.4966, for red curve [, = 0.5 and for blue curve [, = 0.51).
Figure 3.14(h) states that the amplitude of NPSW diminishes with growing [, for
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Figure 3.12: Drawings of V(¢) and the phase portrait of (3.3.7) are shown w.r.t. ¢ for
M =0.39, o = 0.001, y = 5/3, nge = 0.05, nge = 0.01, npe = 0.1, 0pe = 0.2, 7750 = 0.01,
By =0.1, Be = 0.25, we = 0.01 and I, = 0.5.

0.4966 < I, < 0.511 for (nse, Npe, Tpes Tses Bps Bes we)=(0.5, 0.09, 0.9, 0.07, 0.1,
0.25, 0.01) and the system supports NPDL at [, = 0.4966 when (ngc, Npe, Ope,
Gses By B, we)=(0.5, 0.09, 0.9, 0.07, 0.1, 0.25, 0.01).

The amplitude variation of the coexistence of NPSWs and PPSWs has been
displayed in figure 3.15 by taking the variation of (a) n,., (b) ng, (c) B, (d)
Be, () 0se, (f) 0pe, (g) we and (h) [, and o(= 0.001), v(= 5/3), ng(= 0.1)
and M (= 0.55). Figure 3.15(a) represents the variation of the amplitude of the
coexistence of NPSW and PPSW for various n,,. (for black curve n,. = 0.88, for
red curve n,. = 0.9 and for blue curve n,. = 0.91808). Figure 3.15(a) states
that the amplitude of NPSW grows with growing n,., whereas the amplitude of
PPSW diminishes with growing n,. for 0.7 < n,. < 0.91808 for (nsc, Ope, Tse, Ops
Be, we, 1,)=(0.05, 0.09, 0.001, 0.1, 0.25, 0.01, 0.5) and the system supports NPDL
at 1,0 = 0.91808 when (e, Tpe, Tses By Boy wes 1,)=(0.05, 0.09, 0.001, 0.1, 0.25,
0.01, 0.5).
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Figure 3.13: Drawings of V(¢) and the phase portrait of (3.3.7) are shown w.r.t. ¢
for M = 0.39, 0 = 0.001, v = 5/3, ng. = 0.01, ng. = 0.01, ny. = 0.2, op = 0.35,
se = 0.007, By = 0.1, Be = 0.25, w, = 0.01 and I, = 0.5.

Figure 3.15(b) represents the variation of the amplitude of the coexistence
of NPSW and PPSW for various ng. (for black curve n,. = 0.04, for red curve
nse = 0.07 and for blue curve ng, = 0.08299). Figure 3.15(b) states that the
amplitude of NPSW grows with growing ng., whereas the amplitude of PPSW
diminishes with growing n,. for 0.0251 < n,. < 0.08299 for (npye, Ope, Tse, Bp, Le,
we, 1,)=(0.9, 0.09, 0.001, 0.1, 0.25, 0.01, 0.5) and the system supports NPDL at
nse = 0.08299 when (1, Tpe, Tse, Bps Bes we, 1:)=(0.9, 0.09, 0.001, 0.1, 0.25, 0.01,
0.5).

Figure 3.15(c) represents the variation of the amplitude of the coexistence of
NPSW and PPSW for various 3, (for black curve 8, = 0, for red curve g, = 0.1
and for blue curve §, = 0.4). Figure 3.15(c) states that both the amplitude of
NPSW and PPSW diminishes with growing 3, for 0 < 8, < 0.57 for (nsc, Mpe, Ope,
Oses Bey we, 1:)=(0.05, 0.9, 0.09, 0.001, 0.25, 0.01, 0.5) and the system supports
NPDL at 8, = 0 when (ns., Tpe, Ope, Tses Be, we, 1.)=(0.05, 0.9, 0.09, 0.001, 0.25,
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Figure 3.14: V(¢) vs. ¢ in (a) for various ny., (b) for various ns., (c) for various fp,
(d) for various S, (e) for various oy, (f) for various oy, (g) for various w. and (h) for
various [, with fixed values of o, 7, ng. and M.
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Figure 3.15: V(¢) vs. ¢ in (a) for various n,., (b) for various ns., (c) for various 3,,
(d) for various f, (e) for various o, (f) for various oy, (g) for various w. and (h) for
various [, with fixed values of v, o, ng. and M.
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Figure 3.16: V(¢) vs. ¢ in (a) for various ny., (b) for various ns., (c) for various fp,
(d) for various S, (e) for various oy, (f) for various oy, (g) for various w. and (h) for
various [, with fixed values of v, o, ng. and M.
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Figure 3.17: V(¢) vs. ¢ in (a) for various n,., (b) for various ns., (c) for various o,
(d) for various oy, (e) for various w. and (f) for various [, with fixed values of v, o,

nge and M.
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Figure 3.18: V(¢) vs. ¢ curve for different values of M with fixed values of v, o, B,
Bp, we and 1., when other values of parameters (nsc, Npe, Nde, Ope and o) are varied.

0.01, 0.5).

Figure 3.15(d) represents the variation of the amplitude of the coexistence of
NPSW and PPSW for various 3. (for black curve g, = 0, for red curve 8, = 0.25
and for blue curve . = 0.55). Figure 3.15(d) states that the amplitude of both
NPSW and PPSW diminishes with growing f, for 0 < . < 0.57 for (nse, npe,
Tpes Oses Bpy We, 1:)=(0.05, 0.9, 0.09, 0.001, 0.1, 0.01, 0.5). Although the rate of
diminishing of the amplitude of the PPSW is not clearly visible from this figure
3.15(d) and the NPDL does not exist for any values of 8. when (ns., npe, Ope, Tses
Bp, we, 1.)=(0.05, 0.9, 0.09, 0.001, 0.1, 0.01, 0.5).

Figure 3.15(e) represents the variation of the amplitude of the coexistence of
NPSW and PPSW for various oy (for black curve oy = 0.0005, for red curve
0sc = 0.001 and for blue curve oy, = 0.001132). Figure 3.15(e) states that the
amplitude of NPSW grows with growing o,., whereas the amplitude of PPSW

diminishes with growing oy for 0.00001 < o5 < 0.001132 for (ns, Npe;s Tpe, Py,
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Figure 3.19: M — M, vs. [, for 0 = 0.001, v = 5/3, ns. = 0.05, ng. = 0.1, ny. = 0.09,
ope = 0.09, o5. = 0.001, 8, = 0.1, B = 0.25, and M = 0.79.

Be, we, 1,)=(0.05, 0.9, 0.09, 0.1, 0.25, 0.01, 0.5) and the system supports NPDL
at o5 = 0.001132 when (nse, Npes Tpes Bps Bes we, 1:)=(0.05, 0.9, 0.09, 0.1, 0.25,
0.01, 0.5).

Figure 3.15(f) represents the variation of the amplitude of the coexistence of
NPSW and PPSW for various o, (for black curve o,. = 0.07885, for red curve
opc = 0.1 and for blue curve o, = 0.5). Figure 3.15(f) states that the amplitude
of NPSW diminishes with growing o,., whereas the amplitude of PPSW grows
with growing o, for 0.07885 < 0,. < 0.99 for (nse, Npe; Tse, Bps Be, We, 1)=(0.05,
0.9, 0.001, 0.1, 0.25, 0.01, 0.5) and the system supports NPDL at o,. = 0.07885
when (nse, Npe, Ose, Bps Bes we, 1:)=(0.05, 0.9, 0.001, 0.1, 0.25, 0.01, 0.5).

Figure 3.15(g) represents the variation of the amplitude of the coexistence
of NPSW and PPSW for various w, (for black curve w, = 0.008, for red curve

w. = 0.01 and for blue curve w. = 0.012). Figure 3.15(g) states that w. has no

influence on the amplitude of the coexistence of NPSWs and PPSWs for (ng,
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Tpes Opes Tses By Ber 1:)=(0.05, 0.9, 0.09, 0.001, 0.1, 0.25, 0.5).

Figure 3.15(h) represents the variation of the amplitude of the coexistence of
NPSW and PPSW for various [, (for black curve [, = 0.48185, for red curve [, =
0.5 and for blue curve [, = 0.52). Figure 3.15(h) states that both the amplitude
of NPSW and PPSW diminishes with growing [, for 0.48185 < [, < 0.543 for (ng,
Npes Opes Oses Bpy Bey we)=(0.05, 0.9, 0.09, 0.001, 0.1, 0.25, 0.01) and the system
supports NPDL at [, = 0.48185 when (nse, Mpe, Opes Tses Bpy Bey we)=(0.05, 0.9,
0.09, 0.001, 0.1, 0.25, 0.01).

The amplitude variation of PPSWs has been displayed in figure 3.16 by taking
the variation of (a) nyc, (b) nge, (¢) By, (d) Be, (€) ose, () Ope, (8) we and (h) 1,
and fixed values of o(= 0.001), v(= 5/3), ng.(= 0.005) and M (= 0.6). Figure
3.16(a) represents the variation of the amplitude of PPSW for various n,. (for
black curve n,. = 0.05, for red curve n,. = 0.1 and for blue curve n,. = 0.5).
Figure 3.16(a) states that the amplitude of PPSW diminishes with growing n,.
for 0.0001 < nye < 0.99 for (nse, Ope, Tses Pps Bes we, 1:)=(0.5, 0.9, 0.09, 0.1, 0.25,
0.01, 0.5).

Figure 3.16(b) represents the variation of the amplitude of PPSW for various
nse (for black curve ng. = 0.1, for red curve ng, = 0.2 and for blue curve n,. = 0.5).
Figure 3.16(b) states that the amplitude of PPSW diminishes with growing ng.
for 0.01 < ng < 0.99 for (nye, Ope, Toes Bps Be, we, 1.)=(0.09, 0.9, 0.09, 0.1, 0.25,
0.01, 0.5).

Figure 3.16(c) represents the variation of the amplitude of PPSW for various
B, (for black curve g, = 0, for red curve 8, = 0.25 and for blue curve g, =
0.55). Figure 3.16(c) states that the amplitude of PPSW slightly diminishes with
growing f3, for 0 < B, < 0.57 for (e, Npes Opes Tses By we, 12)=(0.5, 0.09, 0.9,
0.09, 0.25, 0.01, 0.5).

Figure 3.16(d) represents the variation of the amplitude of PPSW for various
Be (for black curve g, = 0, for red curve . = 0.25 and for blue curve 5, = 0.55).
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Figure 3.16(d) states that the amplitude of PPSW diminishes with growing (.
for 0 < B, < 0.57 for (e, Mpes Tpes Toes By wes 1)=(0.5, 0.09, 0.9, 0.09, 0.1, 0.01,
0.5).

Figure 3.16(e) represents the variation of the amplitude of PPSW for various
0se (for black curve o, = 0.01, for red curve o, = 0.1 and for blue curve oy, =
0.3). Figure 3.16(e) states that the amplitude of PPSW diminishes with growing
0sc for 0.0001 < oy < 0.99 for (nge, Npe, Ope, Bps Be, we, 1:)=(0.5, 0.09, 0.9, 0.1,
0.25, 0.01, 0.5).

Figure 3.16(f) represents the variation of the amplitude of PPSW for various
ope (for black curve o,. = 0.05, for red curve o,. = 0.1 and for blue curve
opc = 0.5). Figure 3.16(f) states that the amplitude of PPSW grows with growing
0pe for 0.001 < 0, < 0.99 for (Nse, Npey Tses Bps Bey wey 1)=(0.5, 0.09, 0.09, 0.1,
0.25, 0.01, 0.5).

Figure 3.16(g) represents the variation of the amplitude of PPSW for various
we (for black curve w. = 0.008, for red curve w., = 0.01 and for blue curve
w. = 0.012). Figure3.16 (g) states that w. has no influence on the amplitude of
PPSW for (nse, Mpe, Opes Tses Bpy Be, 1:)=(0.5, 0.09, 0.9, 0.09, 0.1, 0.25, 0.5).

Figure 3.16(h) represents the variation of the amplitude of PPSW for various
[, (for black curve [, = 0.48, for red curve [, = 0.51 and for blue curve [, = 0.54).
Figure 3.16(h) states that the amplitude of PPSW diminishes with growing [, for
0.4195 < 1, < 0.585 for (nse, Npe, Tpes Tsey Bpy Pe, we)=(0.5, 0.09, 0.9, 0.09, 0.1,
0.25, 0.01).

The amplitude variation of PPSSs has been displayed in figure 3.17 by taking
the variation of (a) nye, (b) nge, (¢) Tse, (d) Ope, (€) we and (f) 1, and fixed values
of a(=0.001), v(= 5/3), ng.(= 0.005) and M (= 0.55). Figure 3.17(a) represents
the variation of the amplitude of PPSS for various n,. (for black curve n,. = 0.03,
for red curve n,. = 0.06 and for blue curve n,. = 0.09). Figure 3.17(a) states

that the amplitude of PPSS grows with growing n,,. in the region of formation of
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PPSS for (nse, 0pes Ose, Bps Be, we, 1:)=(0.05, 0.2, 0.01, 0.1, 0.25, 0.01, 0.5).

Figure 3.17(b) represents the variation of the amplitude of PPSS for various
nge (for black curve ng, = 0.046, for red curve ng, = 0.052 and for blue curve
nse = 0.058). Figure 3.17(b) states that the amplitude of PPSS grows with
growing n,. in the region of formation of PPSS for (n,., 0pe, 0se, Bpy Bey We,

1.)=(0.05, 0.2, 0.01, 0.1, 0.25, 0.01, 0.5).

Figure 3.17(c) represents the variation of the amplitude of PPSS for various
0se (for black curve oy, = 0.007, for red curve o4, = 0.01 and for blue curve
osc = 0.013). Figure 3.17(c) states that the amplitude of PPSS grows with
growing oy, in the region of formation of PPSS for (np., nse, pes Bp, Bes Wes

1.)=(0.05, 0.05, 0.2, 0.1, 0.25, 0.01, 0.5).

Figure 3.17(d) represents the variation of the amplitude of PPSS for various
ope (for black curve g,. = 0.06, for red curve o, = 0.1 and for blue curve
opc = 0.5). Figure 3.17(d) states that the amplitude of PPSS diminishes with
growing o,. in the region of formation of PPSS for (n, Nse, Oses Bpy Bey Wes

1,)=(0.05, 0.05, 0.01, 0.1, 0.25, 0.01, 0.5).

Figure 3.17(e) represents the variation of the amplitude of PPSS for various
w, (for black curve w, = 0.008, for red curve w, = 0.01 and for blue curve
we = 0.012). Figure 3.17(e) states that w. has no influence on the amplitude of
PPSS for (npe, Nses Tpe, Tsey Bps Bes 1:)=(0.05, 0.05, 0.2, 0.01, 0.1, 0.25, 0.5).

Figure 3.17(f) represents the variation of the amplitude of PPSS for various
[, (for black curve [, = 0.5, for red curve [, = 0.55 and for blue curve [, = 0.6).
Figure 3.17(f) states that the amplitude of PPSS diminishes with growing [, in
the region of formation of PPSS for (npe, nse, Ope, ses Bpy Pes we)=(0.05, 0.05,
0.2, 0.01, 0.1, 0.25, 0.01).

The amplitude variation of different types of soliton has been displayed in 3.18
by taking the variation of M when some parameters (ns., Ndc, Mpe, Ope and 05.) are

varied, and other parameters (¢ = 0.001, v = 5/3, 5, = 0.1, B, = 0.25, w. = 0.01,
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[, = 0.5) are fixed. Figure 3.18(a) represents PPSWs for various M (for black
curve M = 0.53, for red curve M = 0.54 and for blue curve M = 0.55) and
(Mese, Mdes Mpes Tpey Tsc)=(0.5, 0.01, 0.1, 0.5, 0.07). Figure 3.18(a) states that the
amplitude of PPSWs grows with growing M. Figure 3.18(b) represents NPSWs
for various M (for black curve M = 0.55, for red curve M = 0.57 and for blue
curve M = 0.59) and (Nsc, Nde, Npes Tpes sc)=(0.5, 0.01, 0.05, 0.9, 0.05). Figure
3.18(b) states that the amplitude of NPSWs grows with growing M. Figure
3.18(c) represents the coexistence of PPSW and NPSW for various M (for black
curve M = 0.53, for red curve M = 0.55 and for blue curve M = 0.57) and
(Mese, Mdes Mpey Tpey 0sc)=(0.5, 0.01, 0.1, 0.5, 0.01). Figure 3.18(c) states that the
amplitude of the coexistence of PPSW and NPSW grows with growing M. Figure
3.18(d) represents PPSSs for various M (for black curve M = 0.54, for red curve
M = 0.57 and for blue curve M = 0.6) and (nsc, Nc, Mpes Tpe, Tsc)=(0.05, 0.005,
0.05, 0.2, 0.01). Figure 3.18(d) states that the amplitude of PPSSs grows with

growing M.

3.6 Conclusions

In this present chapter various types of DIA solitary waves have been discussed in
a magnetized collisionless plasma consisting of negatively charged immobile dust
particulates, non-isothermal positrons obeying Cairns distribution [1], isother-
mal electrons obeying Maxwellian distribution, non-isothermal electrons obeying
Cairns distribution [1] and warm adiabatic ions. Based on the Sagdeev pseudo-
potential approach, we have studied arbitrary amplitude nonlinear structures.
In this five components magnetized plasma, we have seen the existence of PP-
SWs, PPSSs, NPSWs and NPDLs along with the coexistence of different solitary
structures and supernonlinear periodic waves. The curve V(¢) w.r.t. ¢ along
with their phase portraits have been displayed to ensure the existence of solitary

waves.
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We have seen the following effects of parameters on the amplitude of different
solitary waves:

(1) Positive Potential Solitary Waves:

e The amplitude of PPSW grows with growing o, and M in the region of
formation of PPSWs.

e The amplitude of PPSW diminishes with growing n,c, ns, Bp, Be, 0sc and
[, in the region of formation of PPSWs, although the amplitude variation

of PPSW is negligibly small for growing £,.

e The intensity of the magnetic field (w.) has no influence on the amplitude

of PPSWs.
(2) Negative Potential Solitary Waves:

e The amplitude of NPSW grows with growing n,., ns., 0s. and M in the
region of formation of NPSWs.

e The amplitude of NPSW diminishes with growing 3,, 8., 0. and [, in the

region of formation of NPSWs.

e The intensity of the magnetic field (w.) has no influence on the amplitude

of NPSWs.
(3) The coexistence of Positive and Negative Potential Solitary Waves:

e Both the amplitude of NPSW and PPSW grows with growing M in the

region of formation of the coexistence of NPSWs and PPSWs.

e Both the amplitude of NPSW and PPSW diminishes with growing 3,, S.

and [, in the region of formation of the coexistence of NPSWs and PPSWs.

e The amplitude of NPSW grows, whereas the amplitude of PPSW diminishes
with growing n,., ns. and o, in the region of formation of the coexistence

of NPSWs and PPSWs.
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e The amplitude of NPSW diminishes, whereas the amplitude of PPSW grows
with growing o,. in the region of formation of the coexistence of NPSWs

and PPSWs.

e The intensity of the magnetic field (w.) has no influence on the the ampli-

tude of the coexistence of NPSWs and PPSWs.

(4) Positive Potential Supersolitons:

The amplitude of PPSS grows with growing np., nse, 0s. and M in the

region of formation of PPSSs.

e The amplitude of PPSS diminishes with growing o,. and [, in the region of
formation of PPSSs.

e The amplitude variation of PPSS is negligibly small with respect to the

parameters 3. and 3, in the region of formation of PPSSs.

e The intensity of the magnetic field (w.) has no influence on the amplitude

of PPSSs.

(5) Double layers: As a sequence of solitons of growing amplitude (or a sequence
of supersolitons of diminishing amplitude) tends to a DL solution of same polarity
provided the DL solution exists. So, it is impossible to consider the impacts of
distinct parameters DL.

(6) For M > M., (0,0) corresponds to a saddle fixed point of (3.3.7), whereas
M < M., (0,0) corresponds to a nonsaddle fixed point of (3.3.7). Every maxi-
mum (minimum) value of potential function V(¢) that corresponds to a saddle
(nonsaddle) fixed point.

(7) It is observed that NPSW and PPSS exist simultaneously and also it is found
the NPDL and PPSS exist simultaneously.
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(8) Two distinct types of supernonlinear periodic waves as mentioned by Dubinov
and others in the papers [89, 90] have been observed in this magnetized plasma

system.

In an unmagnetized four components e-p-i-d plasma, Paul et al. [81] have
found PPSS structures after the formation of PPDL, but in this five compo-
nents magnetized e-p-i-d plasma, we have seen PPSS structures without PPDL

formation.

In this chapter, we have not considered any specific values of the parameters,
but the parameters have been normalized. As the parameters are normalized, the
parameters are bounded and dimensionless. We have qualitatively analyzed the
formation of various nonlinear structrues. So, anyone can use this model to

analyze the system by taking the entire domain of the parameters.

Here, we have plotted the coexistence of positive and negative potential soli-
tary waves w.r.t. distinct parameters of the system. Again we see that a pseudo
particle can not move both sides of ¢-axis at a given time and consequently, in a
given interval of time it can not complete oscillations in both positive and neg-
ative sides of the ¢-axis. Therefore, in a given time a pseudo particle will move
along positive sidedirection of ¢-axis or it will move along the negative direction

of ¢-axis. So, with respect to time, the coexistence is not possible.

From the figures 3.14(h), 3.15(h), 3.16(h) and 3.17(f), we see that the am-
plitude of any type of solitary structures of any polarity including supersoliton
structures diminishes (grows) with growing (diminishing) /.. In fact, from the dfi-
nition of the Mach number M, it is clear that as M tends to M., the amplitude of
the soliton tends to 0 and this holds good for any type of plasma system because
any type of solitatary waves begin to exist for M > M,.. In another words, any
solitary structure colapses when M tends to M.. In figure 3.19, M — M, vs. [,
is drawn by taking fixed values of the other parameters. Figure 3.19 shows that

M — M, diminishes with growing [, and M — M, — 0 as [, — 0.78 consequently,
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amplitude of the solitary structure diminishes for growing [, starting from its
lowest value 0. In figure 3.19, we see that M > M., M = M, and M < M.
according to whether 0 < [, < 0.78(approximately), [, = 0.78(approximately)
and 0.78 < [, < 1 respectively. On the other hand, from the concluding remark
of Abdikian et al. [376], we can say that the decrease of amplitude of the solitary
wave may be due to the reflection of ions from the electrostatic field generated
inside the plasma.

The results of our present investigation on arbitrary amplitude DIA nonlinear
wave structures including solitons with both polarities, double layers, supersoli-
tons and supernonlinear periodic waves may be helpful to distinguish the signals
obtained from different astrophysical environments including the Jupiter’s atmo-
sphere and the auroral region of the upper Earth’s ionosphere. In Chapter-1, we
have extensively discussed the source of various five components e-p-i-d plasma
system. Although there is no direct evidence for the existence of the positive
potential supersoliton structures and supernonlinear periodic wave structures in
laboratory plasmas and space, but we are able to identify the signature for the

formation of nonlinear wave structures with the help of next-generation satellites.



Chapter 4

Modulation instability of obliquely propagating
dust-ion acoustic waves in five components
magnetized plasma |

In this Chapter, using the reductive perturbation method, we have derived a
nonlinear Schrodinger equation to study the modulational instability of DIA
waves propagating obliquely to the direction of the uniform static magnetic field
in a magnetized five components plasma system as defined in Chapter-1. The
nonlinear dispersion relation of the modulated DIA wave has been analyzed to
study the instability regions in the parameter plane. The instability region grows
with the increasing values of the ratio of the isothermal to nonthermal electron
number density. For a certain range of increasing values of the ion cyclotron
frequency, the stable region increases. The instability region also grows with the
increasing values of the nonthermal parameter of the hot energetic electrons. The
maximum modulational growth rate of instability decreases with increasing val-
ues of the ratio of isothermal to nonthermal electron number density. The region
of existence of maximum modulational growth rate of instability increases with
the increasing values of the nonthermal parameter of positrons. The maximum
modulational growth rate of insatiability increases with the increasing values of

the ratio of positron temperature to nonthermal electron temperature.

I Communicated
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4.1 Introduction

Modulational instability of different wave modes in plasma dynamics becomes
one of the most interesting topics. Many authors [127-130, 245, 377-379] have
used the nonlinear Schrédinger equation (NLSE) to describe different Modula-
tional instability (MI). Using the reductive perturbation technique, Asanol et
al. [106] have derived a NLSE, which admits the solitary wave solution. FAST
satellite observations [180, 185-187, 380, 381] indicate the presence of dominant
hot electrons together with a minority of cold electrons in the auroral region.
Many authors [121-123] have considered isothermal hot electrons and isothermal
cold electrons to study the MI of ion acoustic (IA) waves. Two temperature
electrons having the same non-Maxwellian distribution of cold and hot electron
species have been considered by the authors [214, 382, 383] to study the MI of TA
waves. Two different electron species at different temperatures, where one elec-
tron species follows the Maxwell-Boltzmann distribution and another electron
species is nonthermally distributed [1] have been considered by several authors
[55, 94, 124, 125, 163] in different multi-species plasmas. Recently, a three di-
mensional nonlinear Schrodinger equation (NLSE) have been derived by Dalui
et al. [125] to describe the MI of IA waves propagating along the direction of
the magnetic field in a magnetized warm plasma consisting of nonthermal and
isothermal electrons. In another work, Dalui and Bandyopadhyay [126] have es-
tablished a correspondence between two NLSEs - one describes the amplitude
modulation of IA waves propagating obliquely to the direction of the magnetic
field and another describes the amplitude modulation of IA waves propagating
along the magnetic field. Along with these two species of electrons as considered
by Dalui et al. [125] and ions, positrons, and highly charged dust grains form a
five components electron-positron-ion-dust (e-p-i-d) plasmas system which is one
of the most attractive research areas in space plasma. We have already described
the existence of five components e-p-i-d plasma in Chapter-1. Although many
authors [46, 75, 77, 79, 127-130, 221, 237-239, 242, 245, 247, 249] considered four
components of the e-p-i-d plasma system to study different nonlinear properties

of the plasma system. Out of them, several authors [127-130, 245] have studied



Chapter 4: Modulation instability 115

modulational instability in different wave modes. All of them considered only one
electron species of distinct distributions or temperatures in their e-p-i-d plasma

system.

In the papers [131, 132], authors have considered an unmagnetized five com-
ponents plasma system with positive ions, nonextensive positrons and electrons
with two different temperatures having nonextensive distribution along with dust
grains. Guo et al. [131] have studied MI of the planar and nonplanar IA waves
by considering both negative and positive dust grains. By considering the same
plasma model, and using the reductive perturbation method (RPM) [105, 106],
El-Kalaawy [132] has derived a Modified NLSE which describes the low-frequency
modulation of [A waves. We want to investigate the MI of DIA waves of five com-

ponents e-p-i-d plasma system as considered in Chapter-1.

In this chapter, we have considered same plasma system as considered in the
Chapter-1 to study the MI of DIA waves propagating obliquely to the direction
of the uniform static magnetic field in a magnetized five components plasma sys-
tem composed of warm adiabatic ions, nonthermal positrons, negatively charged
static dust grains, nonthermal [1] hot electrons and isothermal cold electrons. Our
aim is to make a systematic development to derive an appropriate NLSE that can
effectively describes the MI of DIA waves propagating along any arbitrary direc-
tion with respect to the direction of the external uniform static magnetic field.
Using the NLSE, we have found the maximum modulational growth rate of in-

stability of the modulated DIA waves propagating along any arbitrary direction.

For easy readability of this Chapter, we have used the same set of basic equa-
tions (1.2.1)-(1.2.4) of Chapter- 1. The basic equations are given in the next
section along with the expression of the number density of nonthermal elec-
trons, the number density of isothemal electrons, the number density nonthermal

positrons and the number density of dust grains.

4.2 Basic Equations

The basic equations of ions fluid are as follows:
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682" + V(i) = 0, (4.2.1)

(675 + . ?) u; + ?P —i—?gb we(ul x 3) =0, (4.2.2)

oP,
-+ (@ V)P, + PV T =0, (4.2.3)
V2¢ = Nee + Nge — Ny — 1y + Zdndo. (424)

Here, n;, nee, Nge, N, N, U= (Ug, Uy, uz), @, Pi, (2,y,2) and ¢t are the ion number
density, the nonthermal electron number density, the isothermal electron num-
ber density, the nonthermal positron number density, the number density of dust
grains, the ion fluid velocity, the electrostatic potential, the ion pressure, the spa-
tial variables and time, respectively. These are normalized by n;q, 10, 10, Mo, o,
Cos KB =£2el KTy, (Ap, Ap, Ap) and Wy L respectively. Z; is the number of elec-

trons resadmg on the dust grain surface, —e is the charge of an electron, 7( = g)

is the ratio of two specific heats and Kp is the Boltzmann constant, o = TLif,
pe
we (the ion cyclotron frequncy) = %v Wy = w/%, Ap (Debye length of the

K5, K5, : .
present plasma system) = /37520 2”“”’ and ¢, = /==, m; is the mass of an ion
T

and ?::za%wa%mg
Under the above-mentioned normalization of the dependent and independent
variables, the number density of nonthermally distributed electrons, isothemally

distributed electrons, nonthermally distributed positrons and dust grains are as

follow:
nce == ﬁCO(l - /860C¢ + /860-3¢2) eXp(O—C¢)7 (4'2'5)
Nse = Ns0€Xp(0s50), (4.2.6)
1y = Tpo(1 + Bpoped + /@p0§¢2) exp(—0o,0), (4.2.7)

Ng = ﬁdg. (428)
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Here, 8. and 3, are the nonthermal parameters associated with the nonthermal
velocity distributions of hot electrons and positrons, respectively. 7,0 = Z—?s, Mg =
7
_ _ T, T, T,
0 — Ms0 — Ndo — ZIpef — ZIpef — ZIpef
g s0 = 200 = 90 Oc = o3 0s = 7y Op = 50, where T;, T.., Ts. and

T, are the average temperature of ion, nonthermal electrons, isothermal electrons

and nonthermal positrons, respectively. T).¢ is given by the following expression:

3 Njo _ Meo + Nso — Npo + ZaNdo (4.2.9)
2T, Toes
N0 — Neg — Nisp + Npo — Zd’ndg =0. (4210)

Equation (4.2.10) represents the charge neutrality condition at the equilibrium
state and n,, ne, nso and nyo are the equilibrium number densities of ions, non-
thermal electrons, isothermal electrons, and nonthermal positrons, respectively.
From the charge neutrality condition (4.2.10) and the equation of Tpes (4.2.9), we

have these two equations given below

> Moy =1, (4.2.11)

j=¢,s,p

Z Tjo — Tipo + Nao = 1, (4.2.12)
j=c,s
where Zango = Ngo <= Zgngy = Ndo.

Nao
Nneo

Tp0

ns0
neo’

neo’

Introducing the new parameters, we get ng, = Npe = Nge =

pa— TSG —_— T

Osc = 7%, Ope = T_i’ we have written n.o, Ts0, Tpo, Nao, 0¢, 05 and o, as follows:

1
1+ Nge — Npe + Nge

(ﬁcOaﬁsﬂaﬁpOaﬁdO) = (Lnscanpcyndc)a (4213)

(1 + Nge — npc + ndc)

OscOpc + NscOpc + NpcOsc

(USCUpC7 Up07 O'SC). (4214)

(067 087 Jp) -

Expanding the number density of nonthermal electrons (4.2.5), the number den-
sity of isothermal electrons and the number density of positrons, and, finally

keeping the terms up to ¢, one can write the Poisson equation (4.2.4) as follows:

V2¢ = ho + h1¢ + h2¢2 + h3¢3 — Ny, (4215)
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where hg = 0, hy = 1 — Beneoe — Bplipo0p, 2he = ﬁcogg + ﬁsoo-g _ ﬁpogg, and
6hs = (1 4 38c)Tic00? + 005 + (1 + 38,)Tp00;.
The equations (4.2.1) and (4.2.3) can be written as follows:
By =mnj. (4.2.16)

Using the above equation (4.2.16), the equation of motion of ion fluid (4.2.2) can

be written in the following form:
0
(& + 7?) Do+ oyl > Vni + Vo — we(Ti x 2) = 0. (4.2.17)

In the next section, we will use the equations (4.2.1), (4.2.15) and (4.2.17) as

a new set of basic equations to derive a NLSE.

4.3 Derivation of the NLSE:

Here, we consider the following stretchings of the spatial coordinates and time:
E=e(lix +myy +nz —Vpt), T=¢t, (4.3.1)

where, I3+ m? +ni = 1, € is a small parameter, V, is a constant and the pertur-

bation expansion of the dependent field quantities are

f= f“Mid i FO(E, T)ei, (4.3.2)
=1

where ¢ = (kX —wt) and X = Lz +myy +mz. [ = n;, Uy, uy, u, and ¢

l(o) =1, u§9) = ug(,o) = ugo) = gb(o) = 0. We have also used the terminology

with n
fﬁlzl = F, where ‘bar’ indicates the conjugate of a complex number. As described
by Dalui et al. [124], we have used the following consistency conditions: (i)
fél) =0, (i) f& =0 for I < |al, (iii) W = 0 for any values of [.

Substituting the perturbation expansions for n;, u,, u,, u., ¢ into the equa-
tions (4.2.1), (4.2.15), and (4.2.17) and collecting the terms of different power
of €, we get a sequence of equations of different orders. From each equation of

a particular order, one can generate another sequence of equations for different

harmonics by changing the values of a.



Chapter 4: Modulation instability 119

4.3.1 First order o(¢) = 1:

The zeroth harmonic (a = 0) equations for the continuity equation of ions (4.2.1),
the equation describing the motion of ions (4.2.17) and the Poisson equation
(4.2.15) are identically satisfied due to the consistency condition ().

Solving the first harmonic (¢ = 1) equations of continuity equation of ions
(4.2.1), the equation describing the motion of ions (4.2.17) and the Poisson equa-
tion (4.2.15), we get the following linear dispersion relation of DIA waves

k? 4+ hy
1+ vo (k2 + Iy)

2
k2 ki

w? —w?  w?

. (4.3.3)

4.3.2 Second order o(e) = 2:

First harmonic (a = 1):

Solving the first harmonic (a = 1) equations of continuity equation of ions (4.2.1),
the equation describing the motion of ions (4.2.17) and the Poisson equation
(4.2.15), we obtain the following compatibility condition which determines the
group velocity V;, as
0w [w —wi)w? —wini)  w(w? —wi)*¢?
I 0k [k{wt —wn?(2w? —w?)}  E{wt — w2n3(2w? — w?)} ]’
P = wnd)

A7 —uR)

(4.3.4)
where ( = (1 —oyA) and A =

Second harmonic (a = 2):

Solving the first harmonic (a = 1) equations of continuity equation of ions (4.2.1),
the equation describing the motion of ions (4.2.17) and the Poisson equation

(4.2.15), we get

(05, 0 0% ulD u3)) = (By, By, Eua, Eya, Eoo)[81V]%, (4.3.5)

» W2 Py2 s P22

where g, = v — 2 and

B 2hyC%(1 — o) — E1A?
B 25,

E, , (4.3.6)
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E, = (4k*> + h1)E4 + hy, (4.3.7)
Exg = LdllEc + iwcmlES, (438)
Eyg = wmlEc - iwcllES, (439)
knl A+ oyg A?
E B, + -2 4.3.1
E., = | e +ovE, + 202 , (4.3.10)
202 (2w? + w?) — N3w? (Tw? — w?)

E =2 ) 4311
V=2 It T e ) 43.10)
= 2n — (hy + 4% (1 — o)}, (4.3.12)
B — " iB, +oyp,) + MR AW | 20990 (4.3.13)

TR ) e N v TR C I >

k [ 3Aw? oyg1A?
E,=—"__|2E E, : 4.3.14
@ = |2 et B T et e (4:3.14)
24002 — 202

_ R — njw) (4.3.15)

w2(4w? — w?) -
Zeroth Harmonic (a = 0):

Solving the zeroth harmonic (¢ = 0) equations of continuity equation of ions
(4.2.1), the equation describing the motion of ions (4.2.17) and the Poisson equa-
tion (4.2.15), we obtain

(0 0 ul ule ud)) = (Fy, Fo, Fro, Fyo, Fao)| 682, (4.3.16)
where
F
F, = 4.3.17
d) FQ’ ( )
F, = hiFy + 2hy, (4.3.18)
—2Awkl
Foo = ke (4.3.19)
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—2Awkm,
F,o= 4.3.2
P (W - W) (1 - oA (4:3.20)

A+ 3—2kp
- [F¢ oy E, — 2k 4 L9091 i ] , (4.3.21)
vy ¢
{ovg1 A + 3}An?
F = { ! o L — 2k*n} — 2hy(V) — oynd) |, (4.3.22)
Fy=h (V] —oyni) —nj. (4.3.23)

4.3.3 Third order o(¢) = 3, First Harmonic (a = 1):

Solving the first harmonic (a = 1) equations of continuity equation of ions (4.2.1),
the equation describing the motion of ions (4.2.17) and the Poisson equation

(4.2.15), we obtain the NLSE as

.a¢(1) 82¢(1)
i a; + P agé +Qlof PPl =0, (4.3.24)
where
I PP+ P+ Pt P
p———|1-20F 3; 1T (4.3.25)
1
Q= _E[Ql — 2hy(Ey + Fy) — 3hs], (4.3.26)
2k wt — w?n?(2w? — w?)}
B = el ¢ 4.3.27
3 (w? — w?)2C? ’ ( )
V, kw Vok —w oY Vk3w{w? — n?(2w? — w?)}
P, = g g - A g [ 1 c
R T R P R
(4.3.28)
P 2Vok{w! —wini(2w® — W)} 2(w® - njw?) (4.3.29)

(o — w2 (2 W)
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_ V2w { 2w — nf(3w* — 2w w? + wy)} B Vokwi{w? — n?(2w? — w?)}

Py

w(w? — w2)*¢ w3 (w? — w?)?C ’
(4.3.30)
(Voh — w)(w? — wini)

Py = ‘ 4.3.31

B R T (4331
Vok(Vyk — w)(w? — w?n?)

Py = - — 4.3.32
5 w2 (w? — w2)2( ) ( )

A [oygah® 2%h(WE, + w2E,) (12 + m?

Q= g C; + (1 + oy (En + Fo) + o _wzg 1+ mi)

2k{w! — wini(2w® — w?)} 2kn,
B CEE | P ) (hFoo +maFyo + i Fo) + —=Ee)|.

(4.3.33)

The expressions of the coefficient of dispersive term P and the coefficient
of the nonlinear term ) of NLSE (4.3.24), we see that both P and @ are the
functions of 7, o, By, Be; Mses Mpe, Nde, Tse, Ope, We and nq only.

To comparison with the existing literature, if we ignore the dust particles and
the effect of the positron of our present system, the present system reduces to
the system considered by Dalui and Bandyopadhyay [126]. We have seen the
dispersive coefficient P (4.3.25) and nonlinear coefficient @) (4.3.26) of the NLSE
(4.3.24) reduces to the dispersive coefficient P (40) and nonlinear coefficient @
(41) of the NLSE (39) of Dalui and Bandyopadhyay [126].

4.4 Modulational Instability

In this section, we have derived the nonlinear dispersion relation of the modulated

DIA waves [124, 384], from the NLSE (4.3.24) as follows:

_ 2Q|¢o?
0 = [PK?)? (1 - W)’ (4.4.1)
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where ) and K are, respectively, the modulated wave frequency and modulated
wave number of DIA waves. From the above nonlinear dispersion relation (4.4.1),
we have the following conditions to identify the instability of the system. (i) If
PQ < 0, then 92 > 0, the DIA wave is always modulationally stable for PQ < 0.
(i) If PQ > 0, then Q% > 0 or Q? < 0 according to whether K > K, or K < K,

%. The modulated DIA wave is stable or unstable according

where K, =
to whether K > K, or K < K..

Now PQ > 0 and K < K, implies 22 < 0 and therefore the modulated DIA
wave is unstable for PQQ > 0 and K < K,.. The growth rate of instability I'
(= Im(Q)) is given by

2Q|¢ol* 1>.

2 = [PK*2(
PR

(4.4.2)

For fixed values of the coefficients of the dispersive and nonlinear terms of the

NLSE (4.3.24), the growth rate of instability I' attains its maximum value T4,

at K = 55 = Q‘%ﬁjp and the maximum growth rate of instability I',,,, is given
by
Cinae = | Q|| 0. (4.4.3)

4.5 Results and Discussions

In this chapter, we have considered a fully ionized magnetized e-p-i-d plasma
system consisting of warm adiabatic ions, nonthermally distributed positrons,
negatively charged immobile dust grains, and two distinct species of electrons at
distinct temperatures, one of them is nonthermally [1] distributed hot electrons
and another one is Boltzmann-Maxwellian distributed cold electrons. We have
considered obliquely propagating dust ion acoustic (DIA) waves with respect to
the direction of the uniform static magnetic field.

To study the effect of different parameters associated with the five components
system, one can consider a functional relationship between n; and k for the

equation PQ) = 0 and for a fixed value of other parameters. We have plotted this
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Figure 4.1: When PQ = 0, n is plotted against k for different values of n,.. Figure
4.1(a) is plotted for n,. = 0.1, figure 4.1(b) is plotted for n,. = 0.2, figure 4.1(c) is
plotted for n,. = 0.6 and figure 4.1(d) is plotted for n,. = 0.8.

functional relationship of n; with wave number k for equation PQ = 0 in the
figures 4.1 - 4.5.

To show the effect of n,. on modulational instability (stable or unstable) we
draw figure 4.1 when PQ) = 0. In this figure, n; vs. k is plotted for different values
of n,. and for v = 5/3, o = 0.0001, ns = 0.1, ng. = 0.05, o5c = 0.1, 0, = 0.2,
Be = 0.5, B, = 0.2, w, = 0.2. Figure 4.1(a) is plotted for n,. = 0.1, figure
4.1(b) is plotted for n,. = 0.2, figure 4.1(c) is plotted for n,. = 0.6 and figure
4.1(d) is plotted for n,. = 0.8. In each subfigure of figure 4.1, the curve PQ =0
divides the entire region into two parts, viz., PQ < 0 and PQ > 0 in the k — ny
plane. The cyan color and pink color represent the regions PQ) < 0 and PQ > 0,
respectively. In the region PQ < 0 (cyan color) the DIA is modulationally stable
and in the region PQ > 0 (pink color) the DIA is modulationally stable and
unstable depending on the conditions K > K, and K < K., respectively.

In figure 4.2, the effect of w. on modulational instability (stable or unstable)
is studied. So, in figure 4.2, n; vs. k is plotted when PQ = 0 for different values
of w, and for v = 5/3, ¢ = 0.0001, ns = 0.8, ny. = 0.1, ng. = 0.05, o5 = 0.1,
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w, =0.24 (b)

0
0.65 1.61 0.65 1.6

0
0.65 k— 157 0.65 k— 1.55

Figure 4.2: When PQ = 0, ny is plotted against k for different values of w..

ope = 0.2, B = 0.5, B, = 0.2. Figure 4.2(a) is plotted for w. = 0.2, figure
4.2(b) is plotted for w, = 0.24, figure 4.2(c) is plotted for w, = 0.28 and figure
4.2(d) is plotted for w, = 0.32. In each subfigure of figure 4.2, the curve PQ =0
divides the entire region into two parts, viz., PQ < 0 and PQ > 0 in the k — ny
plane. The cyan and pink color represents the regions PQ) < 0 and PQ > 0,
respectively. In the region PQ < 0 (cyan color) the DIA is modulationally stable
and in the region PQ > 0 (pink color) the DIA is modulationally stable and
unstable depending on the conditions K > K. and K < K., respectively. From
the figure, we can see that the stable region increases with increasing w..

In figure 4.3, the effect of ng. is studied on modulational instability. In figure
4.3, ny vs. k is plotted when PQ = 0 for different values of ny. and for v = 5/3,
o = 0.0001, nye = 0.1, ng. = 0.05, 05 = 0.1, 0, = 0.2, 5. = 0.5, B, = 0.2,
we = 0.2. Figure 4.3(a) is plotted for ns, = 0.1, figure 4.3(b) is plotted for
ns. = 0.3, figure 4.3(c) is plotted for ny. = 0.5 and figure 4.3(d) is plotted for
ns. = 0.8. In figure 4.3, the curve PQ) = 0 divides the entire region into two parts,

viz., PQ)Q < 0 and PQ > 0 in the k — n; plane. The cyan color and pink color



126

ng, =0.1 (a) n, =03 (b)
1 1
T
-
0 0
1.3 1.65 0.36 1.02
n,=05 (c) n, =08 (d)
1 1
1
-
0 0
0.45 PR 13 064 ks 1.6

Figure 4.3: When PQ = 0, n; is plotted against k for different values of ng..

represent the regions PQ) < 0 and PQ > 0, respectively. In the region PQ) < 0
(cyan color) the DIA waves are modulationally stable and in the region PQ > 0
(pink color) the DIA waves are modulationally stable and unstable depending
on the conditions K > K. and K < K, respectively. From figure 4.3, we have
seen that for increasing values of ng. the instability region of the modulated DIA
waves increases.

In figure 4.4, the effect of o, is studied on instability regions of the modulated
DIA waves. In figure 4.4, ny vs. k is plotted when PQ = 0 for v = 5/3,
o = 0.0001, ns = 0.8, ny. = 0.1, ng. = 0.05, 5. = 0.1, 8. = 0.5, B, = 0.2 and
w, = 0.2, and for different values of o,.. Figures 4.4(a), 4.4(b) 4.4(c) and 4.4(d)
are plotted for o,. = 0.15, op. = 0.2, 0p. = 0.25, and o,, = 0.3, respectively.
The DIA waves are modulationally stable for any point (k,n;) lying within cyan
colour regions of figure 4.4. Again, for any point (k,n;) lying within the regions
PQ > 0, DIA waves are modulationally stable or unstable according to whether
K>K,or K < K..

In figure 4.5, the effect of the nonthermal parameter of energetic electrons
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Figure 4.4: When PQ = 0, n; is plotted against k for different values of oy..

(Be) is studied on instability regions of the modulated DIA waves. In figure
4.5, ny vs. k is plotted when PQ = 0 for v = 5/3, ¢ = 0.0001, n,. = 0.8,
Npe = 0.1, ng. = 0.05, 05c = 0.1, 0 = 0.2, B, = 0.2 and w. = 0.2, and for
different values of f,.. Figures 4.5(a), 4.5(b), 4.5(c), and 4.5(d) are plotted for
Be =0, B. = 0.2, B. = 0.4, and B, = 0.57, respectively. In figure 4.5, the curve
P@Q = 0 divides the entire region into two parts, viz., PQ) < 0 and PQ > 0 in
the £ — ny plane. The cyan color and white color represent the regions P() < 0
and PQ > 0 respectively. In the region PQ < 0 (cyan color) the DIA waves are
modulationally stable and in the region PQ) > 0 (white color) the DIA waves
are modulationally stable and unstable depending on the conditions K > K. and
K < K, respectively. From figure 4.5, we see the length of the interval of £k for

which modulated DIA waves are unstable increases with increasing nonthermal



128

=0 a B =0.2 (b)
0.6 Be @) 0.6 &
/]\
c * W
0 PQ<0 0 PQ<0
0.904 1.83 0.802 1.75
B.=0.4 (c) B =0.57 (d)
0.6 0.6 =
/]\
PQ<0 PQ<0
0 0
0.696 K s 1.662 K 1.574

Figure 4.5: When PQ = 0, n; is plotted against k for different values of ..

parameter of the energetic electrons (5.).

In the region PQ) > 0, the modulated DIA waves are unstable if K < K..
Within the region for which PQ) > 0 and K < K., we want to study the effect of
different parameters on the maximum modulation growth rate of instability. For

this reason, Figs. 4.6 - 4.10 have been drawn.

In figure 4.6, the coefficient of dispersive term (P), the coefficient of nonlinear
term (@) and maximum modulational growth rate of instability (T'q../|¢0|?) are
plotted against k for v = 5/3, ¢ = 0.001, n,. = 0.01, ng. = 0.9, o, = 0.1,
ope = 0.2, we = 0.2, ny = 0.5, B = 0.3, B, = 0.2, and for different values of
nge. In this figure, we have seen that the maximum modulational growth rate of

instability, i.e., ['az/|d0|* decreases with increasing ng..

In figure 4.7, Tpae/|d0|? are plotted against k for v = 5/3, ¢ = 0.0001,
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Figure 4.6: P, Q and T'42/|¢0|? are plotted against k for different values of ng.

Nse = 0.8, nye = 0.1, ng. = 0.05, 05, = 0.1, 0pe = 0.2, w. = 0.2, B = 0.5, 5, = 0.2
and for different values of n;. Here red, black and blue curves correspond to
ny = 0.3, n; = 0.325 and ny; = 0.35, respectively. In figure 4.7, we see that there
is no instability for 0 < n; < ngc) = 0.1974. The maximum modulational growth

rate of instability grows with n;.

In figure 4.8, we have investigated the effect of n,, on the maximum modu-
lational growth rate of instability. In figure 4.8, T',.q2/|®0|* is plotted against k
for v = 5/3, 0 = 0.001, ng = 0.8, nge = 0.05, ny = 0.21, 05 = 0.1, 0, = 0.2,
Be = 0.5, B, = 0.2, w, = 0.2 and for different values of n,.. We see that the

growth rate of instability reduces with 7.

In figure 4.9, we have investigated the effect of nonthermal parameter of the
positrons on the maximum modulational growth rate of instability. In figure 4.9,
Linaz/|¢0|? is plotted against k for v = 5/3, ¢ = 0.001, ng. = 0.8, nye = 0.8,
nge = 0.05, n; = 0.5, 05 = 0.1, 0pc = 0.2, B = 0.1, w. = 0.2 and for different

values of 3,. The maximum modulational growth rate of instability increases
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Figure 4.7: Tynaz/|d0|? is plotted against k for different values of n;.

with the nonthermal parameter 3, of the positrons. The region of existence of
maximum modulational growth rate of instability increases with the nonthermal
parameter. Also, the maximum modulational growth rate of instability increases

with the nonthermal parameter.

In figure 4.10, we have plotted the maximum modulational growth rate of
insatiability for different values of o4 and for other fixed values of v = 5/3,
o = 0.001, nge = 0.8, nye = 0.8, ng. = 0.05, ny = 0.5, opc = 0.2, B = 0.3,
Bp = 0.3, w. = 0.2. From figure 4.10, we can conclude that the maximum

modulational growth rate of insatiability increases with increasing ..

4.6 Conclusions

In this chapter, we have considered exactly the same five components e-p-i-d
plasma system of Chapter-1. We have considered the obliquely propagating

DIA waves with respect to the direction of the uniform static magnetic field.
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Figure 4.9: Tpaq/|d0|? is plotted against k for different values of j3,.

We derived the nonlinear Schrodinger equation (NLSE) using the reductive per-
turbation method [105, 106]. From this NLSE, we have obtained the nonlinear
dispersion relation of the modulated DIA waves.

We have derived a more general NLSE (4.3.24) and we have shown that our
results also preserve the investigation of Dalui and Bandyopadhyay [126]. We
have seen that the dispersive coefficient P (4.3.25) and nonlinear coefficient Q)
(4.3.26) of the NLSE (4.3.24) reduce to those of Dalui and Bandyopadhyay [126]:
P (40) and @ (41) for NLSE (39).

We have investigated the effect of different parameters on the existence of

stable and unstable regions with respect to modulated DIA waves.

e We have seen that for a certain range of increasing values of w,, the stable

region increases for the present e-p-i-d plasma system.

e We have seen that for increasing values of n., the instability region of the
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Figure 4.10: Tyu42/]¢0]? is plotted against k for different values of og.

modulated DIA waves increases.

e The interval of k for which modulated DIA waves are stable increases with
increasing oy, < az(,i), after that the interval of k for which modulated DIA

waves are stable decreases.

e We see the interval of k& for which modulated DIA waves are unstable in-

creases with increasing nonthermal parameter of the energetic electrons.

For PQ) > 0 and K < K., the modulated DIA waves are unstable. Within
this region, we have studied the effect of different parameters on the maximum

modulation growth rate of instability.

e We have observed that the maximum modulational growth rate of instabil-

ity decreases with increasing ng..
e The maximum modulational growth rate of instability grows with n;.

e The maximum modulational growth rate of instability decreases with in-

creasing (3.

e The region of existence of maximum modulational growth rate of instability

increases with the nonthermal parameter of the positrons.

e The maximum modulational growth rate of insatiability increases with in-

creasing oge.



Chapter 5

Arbitrary amplitude dust-ion acoustic solitary
structures in five components unmagnetized
plasma *

In this Chapter, the energy integral derived by using Sagdeev pseudo-potential
technique has been analyzed to investigate the existence of arbitrary amplitude
dust-ion acoustic solitons including double layers and supersolitons in a collision-
less five components unmagnetized plasma system whose constituents are same as
given in Chapter-1. The plasma system contains warm adiabatic ions, two dis-
tinct populations of electrons at different temperatures, nonthermal hot positron
species, and negatively charged static dust grains. The graphical analysis of
Sagdeev pseudo-potential shows the existence of positive potential supersolitons
(PPSS) along with positive potential double layers (PPDLs) and positive poten-
tial solitary waves (PPSWs) whereas in the negative potential side, the system
does not support negative potential supersolitons but the existence of negative
potential double layers (NPDLs), negative potential solitary waves (NPSWs), the
coexistence of both PPSWs and NPSWs, and super-nonlinear periodic waves have
been established. To explain the existence of different DIA solitary structures,
phase portraits of the dynamical system corresponding to the different DIA soli-
tary structures have been drawn. With the help of phase portraits, the transition
of PPSWs just before and just after the formation of PPDL has been discussed.
We have seen that the amplitude of PPSW decreases with increasing f., 3,, and
osc and it increases with increasing o,. whereas there exists a critical value ng,
of n,. such that the amplitude of PPSW decreases (increases) with increasing
Nype for ny. < N (nf7C < ny) for a fixed value of the Mach number M in the
region of existence of PPSWs. Effects of parameters have been considered on the
amplitude of NPSWs and PPSS also.

!This chapter has been published in Plasma Phys. Rep. 49, 467 (2023);
https://doi.org/ 10.1134/S1063780X22601225
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5.1 Introduction

Several authors [45-47, 56, 62, 75-84, 127, 128, 148, 169-172, 218-223, 237, 238,
240-249] have considered the different electron-positron-ion-dust (e-p-i-d) plasma
systems to investigate different plasma properties, that can be found in different
space plasma observations [169, 170, 385-388]. In these e-p-i-d plasma systems,
dust-ion acoustic (DIA) or ion-acoustic (IA) solitary structures have been studied
by several authors [45-47, 56, 62, 75-84, 148, 249] considering different velocity
distribution of electrons and positrons. Out of them, several authors [75-84] have
investigated the arbitrary amplitude DIA solitary structures, viz., positive poten-
tial solitary waves (PPSWs), negative potential solitary waves (NPSWs), nega-
tive potential double layers (NPDLs), positive potential double layers (PPDLs),
super-nonlinear periodic waves and supersolitons. In the above mentioned pa-
pers [75-84], authors have considered only one population electrons. Two differ-
ent species of electrons are observed in space plasma. So, a general prescription
is to consider two different species of electrons instead of one species of elec-
trons along with the species of positrons, ions, and dust grains. In fact, different
satellite observations [180, 183, 185-187, 381] ensure the existence of two dif-
ferent populations electrons at the auroral region. In this chapter, we have
considered two distinct populations of electrons, the cooler electron species is
Maxwellian distributed isothermal electrons whereas the hotter electron species
is Cairns [1] distributed nonthermal electrons. However, Yu and Luo [188] clearly
pointed out that the multispecies model for identical particles is not in general
suitable for considering quasistationary nonlinear plasma structures. In fact, ac-
cording to them, for phenomena on long time scales, a prior partitioning of elec-
trons into two different species at different temperatures is possible only when
these species are physically separated in the phase space or time domain of inter-

est. So, one can consider Maxwell-Boltzmann distributed electrons and Cairns
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[1] distributed electrons as two different species of electrons only when those
electron species are physically separated in the phase space by external or self-
consistent fields. Assuming that the condition prescribed by Yu and Luo [188]
for the existence of a multispecies model for identical particles holds good, two
distinct species of electrons at different temperatures have been considered by
several authors [126, 163, 290, 294, 311, 315, 355, 356]. Several authors [55, 66—
68, 94, 95, 98, 163, 232, 291, 295-297, 389] have investigated different TA solitary
structures in a collisionless unmagnetized or magnetized plasma by considering

of two different electrons species at different temperatures.

Different five components e-p-i-d plasma systems have been considered by sev-
eral authors [75, 131, 132, 324]. Guo et al. [131] have considered a collisionless
unmagnetized five components e-p-i-d plasma system consisting of two distinct
populations of ¢- nonextensive electrons at different temperatures, ¢- nonexten-
sive positrons, positive ions, positively or negatively charged static dust grains
to investigate the modulational instability of ion-acoustic waves and the exis-
tence of ion-acoustic rogue waves. El-Kalaawy [132] considered the same five
components e-p-i-d plasma system of Guo et al. [131] to study the ion-acoustic
envelope solitons. The dynamics of the dust-ion acoustic anti-kink waves have
been studied by Tamang [324] in a five components e-p-i-d unmagnetized colli-
sionless plasma system consisting of two distinct populations of ¢g- nonextensive
electrons at different temperatures, Maxwellian distributed isothermal positrons,
inertial ions, and negatively charged static dust grains. Before these works of the
above-mentioned authors [131, 132, 324], Dubinov and Kolotkov [75] considered
a collisionless unmagnetized five components e-p-i-d plasma system consisting of
one species of Maxwellian distributed isothermal electrons instead of two species
of electrons, two ion species - positive ions and negative ions, Maxwellian dis-
tributed isothermal positrons and negatively charged static dust grains to inves-

tigate the existence of ion-acoustic supersolitons.
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Recently, a five components dusty plasma model has been considered by
Moslem et al. [189] and Al-Yousef [190] by considering the Maxwellian electrons
and ions, positive dust grains particles including protons and solar wind streaming
electrons. They have applied that model in Jupiter’s atmosphere to investigate
the dynamics of dust grains and solar wind streaming electrons and protons. So,
it can be concluded that a five components e-p-i-d plasma may be found in the
Jupiter atmosphere by considering the report of Gusev et al. [174, 175] regarding
the production of positrons from protons. Also, several authors have considered
five components cometary plasma [390-393] and electronegative plasma [394].

In Chapter-1, we have studied small amplitude DIA solitary structures in
a magnetized five components collisionless e-p-i-d plasma system consisting of
warm adiabatic ions, Cairns distributed nonthermal positrons, Maxwellian dis-
tributed isothermal electrons, Cairns distributed nonthermal electrons, and nega-
tively charged static dust grains. They have derived different evolution equations
to study the solitary wave solution and also studied the existence of those evolu-
tion equations by considering different compositional parameter planes.

In this chapter, we have considered a collisionless unmagnetized five com-
ponents e-p-i-d plasma system, which contains two distinct populations of elec-
trons at different temperatures, one of which is Maxwellian distributed isothermal
electrons and the other one is Cairns distributed nonthermal electrons, Cairns
distributed nonthermal positrons, warm adiabatic ions, and negatively charged
static dust grains. Our aim is to investigate the existence of arbitrary ampli-
tude different DIA solitary structures, viz., PPSWs, NPSWs, the coexistence of
both positive and negative potential solitons, PPDLs, NPDLs, supersolitons, and
super-nonlinear periodic waves with respect to different parameters associated
with the present plasma system. And the plasma system as considered in the
present chapter is an extension of Paul et al. [81] in the following direction:

Paul et al. [81] have considered a collisionless unmagnetized four components
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e-p-i-d plasma system consisting of only one nonthermal electrons species but in
this present chapter, we have considered a five components e-p-i-d plasma sys-
tem consisting of two electrons species, one is nonthermal electrons species, and

another one is isothermal electrons species.

5.2 Basic Equations

In this chapter, we have considered a collisionless unmagnetized five compo-
nents plasma system consisting of two distinct species of electrons at distinct
temperatures, one is nonthermally distributed hot electrons and another one is
Boltzmann-Maxwellian distributed cold electrons, warm adiabatic ions, nonther-
mally distributed positrons and negatively charged immobile dust grains. We
have considered the following set of basic equations of ions fluid, viz., equation
of continuity of ions fluid, equation of motion of ions fluid, equation of pressure
of ions fluid and Poisson equation to investigate the nonlinear behaviour of DIA
waves propagating along the x-axis:

T %(nlul) =0, (5.2.1)
(% + ui%>ui + n%%];" + % =0, (5.2.2)
881? + uz% + VPZ-% =0, (5.2.3)
% = Nge + Nae — Ny — N3 + ZaNgo. (5.2.4)

Here n, (a =1,ce, se,p, and d stand for ion, nonthermal electron, isothermal
electron, nonthermal positron, and dust particulates), u;, ¢, P;, z, and t are the
number density of a-th species, the ion fluid velocity, the electrostatic potential,

the ion pressure, the spatial variables, and time respectively. These are normal-

) KT, N ) )
ized by n, cs, ==L, niKpTi, Ap, and w, ! respectively. Z; is the number of
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negative unit charges residing on the dust grain surface, —e is the charge of an
electron, (= 3) is the ratio of two specific heats and Kp is the Boltzmann con-
stant, o = %, wp = w/%, )\D( = %) (Debye length of the present
plasma system), cs = 4/ KBm—Tfef, T; is the average temperature of an ion, n;g is the
equilibrium number density of an ion and m; is the mass of an ion.

Because of the large masses of the dust particulates in comparison with the
mass of the ions (i.e., mq >> Zym;), the dust particulates can be considered as
immobile and consequently the dust density is constant. In fact, under the above
mentioned normalization of the dependent and independent variables, following
Popel and Yu [357], the continuity equation of the dust grains and equation of

motion of dust particulates can be written as

dng % dvg  Zgmy % B

— = d — — 2.

dt t ox 0 an dt mg Ox 0 (5.2.5)
where

d 0 0

The second term of the left hand side of the second equation of (5.2.5) can be
neglected as my >> Zym; and consequently the second equation of (5.2.5) gives
vy = equlibrium value of vy, = 0. If v; = 0, then from the first equation of
(5.2.5), we get ng = equlibrium value of ny = a constant. Therefore, on the
basis of the assumption my >> Z;m;, the dust particulates can be taken as
static and the dust density can be taken as a constant. These have been reported
by many authors [82, 91, 357, 359, 360, 363, 395, 396]. It is also important to note
that here we are considering the DIA time scale. Again in the present problem,
we have not considered the effects of variable-charge dust particulates, effects of
ionization, effects of ions - dust interaction, effects of ion - neutral interaction,
and effects originating from ion absorption by dust grains. These effects have

been investigated by many authors [357-373, 397].
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Under the above-mentioned normalization of the dependent and independent
variables, the number densities of nonthermally distributed electrons, isothe-
mally distributed electrons, nonthermally distributed positrons and dust grains

are given by the following equations:

Nee = Too(1 = Beoet + Be02¢”) exp(o.0), (5.2.7)
Nge = Ta0eXP(04), (5.2.8)
1y = Tpo(1 + 8000 + Bpoad”) exp(—0,0), (5.2.9)
Ny = Tigo- (5.2.10)

Here, 3. and 3, are the nonthermal parameters associated with the nonthermal

velocity distributions of hot electrons and positrons respectively. Also 7jo = %
10

(j = ¢, s,p, and d stand for nonthermal electron, isothermal electron, nonthermal
positron and dust particulates), where njq is the equilibrium number density of
j-th species and (o, 0,,0,) = (TTP—;’, %,T;—:f), where Ti. (T,) and T, are the

average temperatures of nonthermal electron (positron) and isothermal electron

respectively and T,y is given by the following expression:

Neo  Mso . Mpo Mo + Ms0 — Npo + ZaNdo

= 5.2.11
Tce Tse Tp Tpef ( )

The equation of the charge neutrality condition is
N0 — Neo — Nso + Npo — Zdndg = 0. (5212)

From the charge neutrality condition (5.2.12) and the equation of Tpes (5.2.11),

we get following two equations:

Nep0c + Nsp0s + ﬁpOO—p = 17 (5213)

Tleo + Te0 — Mo + Nao = 1, (5.2.14)
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where Zango = Ngg <= Zngy = NdO'

After that introducing the new parameters: ng,. = Zg Mpe = Z_ZO)’ Nge =
Mo 5o =T . =12 weh itten e, Tso, o, IV d fol
o yOsc — Tceaapc T T We Nlave WITLLen 7ico, 10, po, 4V do, Oc¢, Os, alld Op aS 10I-
lows:

S — 1
(n607n807np07 NdO) - (17n807np07ndc)7 (5215)
1+ Nge — Npe + Nge
(14 nge — npe + Nac)
o pc dc
(0c, 05,0,) = (CscOpes Tpes Tse)- (5.2.16)

OscOpc + NscOpe + NpeOse

In the present plasma system, the linear dispersion relation of DIA wave is

2 14+ gy )\2 k’2
R VY L (5.2.17)
k2 14+ A2k2

1

where M2 = M?c2, and Mfza'y+ — — .
1— Bencogc - Bpnp()o-p

cs)

Here, the wave frequency and wave number of the plane wave perturbation are

denoted by w and k, respectively.

5.3 Energy Integral

To investigate the steady state DIA arbitrary amplitude, we consider the trans-
formation £ = x — Mt to make all the dependent variables depend only on a single
variable, where M (Mach number) is the dimensionless velocity of the wave frame

normalized by the linearized DIA speed (c;). And using the boundary conditions

dg

(ni,Pi,ui,gb, d_§> — (1,1,0,0,0) as [&] — oo,

we get the following energy integral with V' (¢) as the Sagdeev potential or pseudo-

potential:

%(%)2+V(¢) =0, (5.3.1)
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where
V(p)=V;+ Z—’:Vp - ?V - ?V — NV, (5.3.2)
Vi=(M?+0) — ni(M?+ 30 — 2¢ — 20n3), (5.3.3)
" o340
VS m (5.3.5)
Yy = w (5.3.6)
Vo = (1438,) = (1+ 38, + 38,00 + 3,0,0%) exp(—0,0), (5.3.7)
Vee = (1430, — 38006 + Be029%) exp(oc¢) — (1 + 30e), (5.3.8)
Vie = exp(os9) — 1, (5.3.9)
V= 6. (5.3.10)

Equation (5.3.1) is known as energy integral. For the existence of a positive (neg-
ative) potential solitary wave solution of (5.3.1), the following conditions hold
good:

(a) V(¢)=V'(¢)=0and V'(¢) <0 at ¢ = 0.

1) V(dm) = 0, Vigw) > 0 (V(dn) < 0) for some ¢, > 0 (¢ < 0).
This condition is responsible for the oscillation of the particle within the interval
min{0, ¢, } < ¢ <max{0, ¢y, }.

(c) V(o) <Oforall0 < ¢ < ¢ < ¢ <0). This condition is necessary to de-
fine the equation (5.3.1) within the interval min{0, ¢,,} < ¢ <max{0, ¢,,,}. Also

for the existence of a positive (negative) potential double layer solution of (5.3.1),
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we must replace the second condition by V(¢,,) = 0, V'(¢m) =0, V' (¢m) < 0
for some ¢, > 0 (¢, < 0).

Here, M > M, (M < M,) is the necessary conditions for the existence of
different solitary wave solutions at the supersonic speed (subsonic speed) of the

waves of the energy integral (5.3.1), where

1
M, = /30 + — S 5.3.11
\/ 1-— ﬁencoac - ﬁpnpoo-p ( )

From the expression of n; as given by equation (5.3.4), we see that n; is well-

defined if and only if ¢ < y,.

In figure 5.1, n; is plotted against ¢ for different values M with M > M, and
¢ < . This figure shows that n; > 1 for ¢ > 0 whereas n; < 1 for ¢ > 0 and
n; = 1 for ¢ = 0. Here it is important to note that ion density is normalized by n;o
(unperturbed ion number density) and ¢ = 0 is the equilibrium electrostatic po-
tential. Therefore n; > 1 implies the positive ion density perturbation and n; < 1
implies the negative ion density perturbation. So in our present chapter, there is
a possibility to get solitary structures of both positive and negative polarities in-
cluding double layers and supersoliton structures of both polarities. But we have
seen that although the present system supports the negative potential double lay-
ers but it is not possible to get negative potential supersolitons. Considering the
isothermal distribution of electrons, [357] reported that the dual existence of two
types of wave structures is not possible in the case of impurity-free plasma. The
only bright ion-acoustic soliton can exist in this case. Authors have shown that
the structure with positive electrostatic potential corresponds to a positive ion
density perturbation which gives a bright soliton for ion density when the plasma
is free from the impurity. But Cairns et al. [1, 50, 398] have shown in a series of
papers that both positive and negative ion density perturbation can exist if one
can take nonthermal velocity distribution of electrons as prescribed by Cairns et

al [1]. In fact, Verheest and others [69, 72, 102, 155, 168, 292, 351, 399-402] have
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Figure 5.1: n; is drawn against ¢ for o = 0.0001 (the violet, blue, sky-blue, green,
magenta, and red curves correspond to M = 1.05,M =1.1,M =12,M = 1.3,M =
1.4, and M = 1.5, respectively).

investigated a series of problems to study the coexistence of solitary structures
including double layers and supersolitons by considering the nonthermal distri-
bution of electrons as prescribed by Cairns et al [1]. In this present chapter, we
have considered two populations of electrons at different temperatures, the hotter

one is cairns distributed and the cooler one is isothermally distributed.

In figure 5.2(a), we have drawn V' (¢) against ¢ for v = 3, o = 0.0001, ng. =
0.0515, nyp. = 0.055, nge = 0.005, o5 = 0.095, 0, = 0.19, B. = 04, B8, =
0.1, and for different values of M. Here, the magenta, blue, red, sky-blue, and
black curves correspond to M = 1.143, M = 1.15,M = 1.16,M = 1.17, and
M = 1.173875, respectively. From this figure 5.2(a), we see that there exists
an interval M, < M < M, such that within this interval, positive potential

solitary waves (PPSWs) exist, where M(® = 1.173875, and we also see that the
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Be=0.4, Bp=0.1 , MC=1 .142854 (a)
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Figure 5.2: V(¢) is drawn against ¢ for v = 3, ¢ = 0.0001, n,. = 0.0515, np. = 0.055,
nge = 0.005, o5 = 0.095, B, = 0.4, and 5, = 0.1, and (a) for o, = 0.19 (the magenta,
blue, red, sky-blue, and black curves correspond to M = 1.143, M = 1.15,M =
1.16, M = 1.17, and M = 1.173875, respectively) and (b) for o, = 0.129 (the magenta,
blue, red, and sky-blue curves correspond to M = 1.1605, M = 1.1613, M = 1.1617,
and M = 1.162, respectively).

amplitude of PPSWs increases with increasing the values of M. For the greater
value of M(© the system does not support any PPSW in case of the same value

of other parameters.

In figure 5.2(b), we have drawn V' (¢) against ¢ for v = 3, o = 0.0001, ny. =
0.0515, ny. = 0.055, ng. = 0.005, o5 = 0.095, 0, = 0.129, B. = 0.4, 3, = 0.1
and for different values of M. Here, the magenta, blue, red and sky-blue curves
correspond to M = 1.1605,1.1613,1.1617 and 1.162, respectively and from this
figure 5.2(b), we have seen that there exist a positive potential double layer
(PPDL). Here, the red curve (M = 1.1613 = Mpppy) indicates the existence of

PPDL. From figure 5.2(b), we can conclude that after the formation of a double
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Figure 5.3: V/(¢) is drawn against ¢ for v = 3, ¢ = 0.0001, n,. = 0.0515, ny. = 0.055,
nge = 0.005, o5 = 0.095, B = 0.4, and (a) for o). = 0.45, 5, = 0.1 (the magenta, blue,
red, sky-blue, and black curves correspond to M = 1.1615, M = 1.17, M = 1.175, M =
1.18, and M = 1.18224, respectively) and (b) for o, = 0.39 and different values of
Bp and M (the magenta, blue, red, and sky-blue curves correspond to 8, = 0.1, 5, =
0.2,8, = 0.3, 3, = 0.4 and the corresponding value of M. and Mxyppr, are respectively
M, = 1.1517 and Myppr, = 1.171514, M, = 1.1582 and Myppr, = 1.180635, M. =
1.1648 and Myppr, = 1.189972, and M, = 1.1714765 and Myppr, = 1.199526).

layer confirms the existence of a sequences of supersolitons.

In figure 5.3(a), we have drawn V(¢) against ¢ for v = 3, ¢ = 0.0001,
nse = 0.0515, n,e = 0.055, ng. = 0.005, o5 = 0.095, 0, = 0.45, B = 0.4
and 3, = 0.1. Here, the magenta, blue, red, sky-blue, and black curves cor-
respond to M = 1.165,1.17,1.175,1.18, and 1.18224, respectively. From this
figure, we see that the black curve (M = 1.18224) indicates the NPDL struc-
ture and the negative potential solitary waves (NPSWs) exist within the interval

1.1637 < M < Myppr, and we see that the amplitude of NPSWSs increases with
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« 107 Be=o.4, Bp=0,1, MC=1.02824

Figure 5.4: V(¢) is drawn against ¢ for v = 3, 0 = 0.0001, ns. = 0.615, ny. = 0.00055,
nge = 0.6, ope = 0.39, 04 = 0.095, B = 0.4, and 3, = 0.1. Here, the magenta, blue,
and red curves correspond to M = 1.06, M = 1.07, and M = 1.0806, respectively.

increasing values of M.

In figure 5.3(b), we have drawn V' (¢) against ¢ for v = 3, o = 0.0001, ng. =
0.0515, n,. = 0.055, ng. = 0.005, o, = 0.095, 0, = 0.39, B = 0.4, and for
different values of 8, and M. Here, the magenta, blue, red, and sky-blue curves
correspond to 5, = 0.1,8, = 0.2,5, = 0.3,8, = 0.4, and the corresponding
values of M, and Mypp; are respectively, M. = 1.1517 and Myppr, = 1.171514,
M, = 1.1582 and Myppr, = 1.180635, M, = 1.1648 and Myppr, = 1.189972, and

M. = 1.1714765 and Myppr, = 1.199526. From figure 5.3(b), we get different
NPDL structures for different values of /3,,.

In figure 5.4, we have drawn V' (¢) against ¢ for v = 3, 0 = 0.0001, ns. = 0.615,
Npe = 0.00055, nge = 0.6, o4 = 0.095, 0pe = 0.39, B = 0.4, B, = 0.1, and for

different values of M. Here, the magenta, blue, and red curves correspond to
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Figure 5.5: The amplitude of PPSW is drawn against ¢ for v = 3, ¢ = 0.0001,
nge = 0.005, and M = 1.16 in (a) for different values of ny. (the sky-blue, red, and
black curves correspond to np. = 0.1, nye = 0.2, and ny. = 0.4, respectively), (b) for
different values of ng. (the sky-blue, red, and black curves correspond to ng. = 0.05,
nse = 0.08, and ng = 0.2, respectively), (c) for different values of /3, (the sky-blue,
red, and black curves correspond to 8, = 0.1, 8, = 0.3, and 3, = 0.5, respectively), (d)
for different values of . (the sky-blue, red, and black curves correspond to S. = 0.2,
Be = 0.3, and . = 0.5, respectively), (e) for different values of o, (the sky-blue, red,
and black curves correspond to og. = 0.095, 05 = 0.1, and o4 = 0.105, respectively)
and (f) for different values of o). (the sky-blue, red, and black curves correspond to
ope = 0.15, ope = 0.18, and o, = 0.22, respectively).

M =1.06, M = 1.07, and M = 1.0806, respectively. From figure 5.4, we see the
coexistence of PPSWs and NPSWs structures. From this figure 5.4, we see that
the solitary waves of both polarities exist within the interval M, < M < M(©) =
1.0806, where M, = 1.02824. For M > M) only the positive potential solitary
waves are formulated.

In figure 5.5, the amplitude of PPSW is drawn against ¢ for (a) for different
values of n,., (b) for different values of ng., (c) for different values of /3, (d) for

different values of f3., (e) for different values of oy, and (f) for different values of
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Figure 5.6: The amplitude of NPSW is drawn against ¢ for v = 3, ¢ = 0.0001,
nge = 0.005, and M = 1.16 in (a) for different values of ny. (the sky-blue, red, and
black curves correspond to ny. = 0.05, np. = 0.06, and n,. = 0.07, respectively), (b) for
different values of ng. (the sky-blue, red, and black curves correspond to ng. = 0.055,
nse = 0.06, and ns. = 0.07, respectively), (c) for different values of 3, (the sky-blue, red,
and black curves correspond to 5, = 0.01, 8, = 0.05, and 3, = 0.1, respectively), (d)
for different values of . (the sky-blue, red, and black curves correspond to 5. = 0.385,
Be = 0.39, and . = 0.4, respectively), (e) for different values of o, (the sky-blue, red,
and black curves correspond to oz = 0.01, osc = 0.05, and o4 = 0.09, respectively)
,and (f) for different values of o, (the sky-blue, red, and black curves correspond to
ope = 0.4, opc = 0.5, and op. = 0.6, respectively).

ope. Other values of the parameters are v = 3, o = 0.0001, ng4. = 0.005, and M =
1.16. In figure 5.5(a), the sky-blue, red, and black curves correspond to n,. =
0.1,0.2, and 0.4, respectively. From figure 5.5(a), we have seen that the amplitude
of PPSW decreases with increasing n,. within 0.0479 < n,. < 0.2 = nz(fc) and for
nz(,? < npe < 0.99 the amplitude of PPSW increases with increasing n,.. In
figure 5.5(b), the sky-blue, red, and black curves correspond to ng = 0.05,0.08,
and 0.2, respectively. From figure 5.5(b), we have seen that the amplitude of

PPSW increases with increasing ng. within 0.0274 < n,. < 0.08 = ngi) and for
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Figure 5.7: The amplitude of PPSS is drawn against ¢ for v = 3, ¢ = 0.0001, ng4. =
0.005, and M = 1.1615 in (a) for different values of np. (the red and blue curves
correspond to np. = 0.0545 and n,. = 0.055, respectively), (b) for different values of
nsc (the red and blue curves correspond to ng. = 0.0518 and ng. = 0.052, respectively),
(c) for different values of (3, (the red and blue curves correspond to £, = 0.08 and
Bp = 0.1, respectively), (d) for different values of . (the red and blue curves correspond
to fe = 0.398 and B, = 0.4, respectively), (e) for different values of 0. (the red and blue
curves correspond to og. = 0.0947 and o5, = 0.0949, respectively), and (f) for different
values of op (the red and blue curves correspond to op. = 0.13 and o, = 0.131,
respectively).

ngi) < nge < 0.99 the amplitude of PPSW decreases with increasing ng.. In

figure 5.5(c), the sky-blue, red, and black curves correspond to 5, = 0.1, 0.3, and
0.5, respectively. From figure 5.5(c), we have seen that the amplitude of PPSW
decreases with increasing f,. In figure 5.5(d), the sky-blue, red, and black curves
correspond to B, = 0.2,0.3, and 0.5, respectively. From figure 5.5(d), we have
seen that the amplitude of PPSW decreases with increasing .. In figure 5.5(e),
the sky-blue, red, and black curves correspond to o,. = 0.095,0.1, and 0.105,

respectively. From figure 5.5(e), we have seen that the amplitude of PPSW
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decreases with increasing o, within the interval 0.09142 < o,. < 0.13. In figure
5.5(f), the sky-blue, red, and black curves correspond to o,. = 0.15,0.18, and
0.22, respectively. From figure 5.5(f), we have seen that the amplitude of PPSW
increases with increasing o, within the interval 0.13 < 0, < 0.2245.

In figure 5.6, the amplitude of NPSW is drawn against ¢ for (a) for different
values of n,., (b) for different values of ny., (c) for different values of /3, (d) for
different values of f., (e) for different values of oy, and (f) for different values
of ope. Other values of the parameters are v = 3, o = 0.0001, ng. = 0.005, and
M = 1.16. In figure 5.6(a), the sky-blue, red, and black curves correspond to
npe = 0.05,0.06, and 0.07, respectively. From figure 5.6(a), we have seen that the
amplitude of NPSW increases with increasing n,.. In figure 5.6(b), the sky-blue,
red, and black curves correspond to ng = 0.055,0.06, and 0.07, respectively.
From figure 5.6(b), we have seen that the amplitude of NPSW increases with
increasing ng.. In figure 5.6(c), the sky-blue, red, and black curves correspond
to 3, = 0.01,0.05, and 0.1, respectively. From figure 5.6(c), we have seen that
the amplitude of NPSW decreases with increasing f,. In figure 5.6(d), the sky-
blue, red, and black curves correspond to . = 0.385,0.39, and 0.4, respectively.
From figure 5.6(d), we have seen that the amplitude of NPSW decreases with
increasing .. In figure 5.6(e), the sky-blue, red, and black curves correspond
to 0z = 0.01,0.05, and 0.09, respectively. From figure 5.6(e), we have seen
that the amplitude of NPSW increases with increasing o, within o, < agi)
and for o, > aéi), the amplitude of NPSW decreases with increasing o,.. In
figure 5.6(f), the sky-blue, red, and black curves correspond to o,. = 0.4,0.5, and
0.6, respectively. From figure 5.6(f), we have seen that the amplitude of NPSW
decreases with increasing op.

In figure 5.7, the amplitude of PPSS is drawn against ¢ (a) for different
values of n,., (b) for different values of ng., (c) for different values of /3, (d) for

different values of 3., (e) for different values of oy, and (f) for different values
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of ope. Other values of the parameters are v = 3, 0 = 0.0001, ng4. = 0.005, and
M = 1.1615. In figure 5.7(a), the red and blue curves correspond to n,. = 0.0545
and 0.055, respectively. From figure 5.7(a), we have seen that the amplitude of
PPSS decreases with increasing n,.. In figure 5.7(b), the red and blue curves
correspond to ng = 0.0518 and 0.052, respectively. From figure 5.7(b), we have
seen that the amplitude of PPSS increases with increasing ng.. In figure 5.7(c),
the red and blue curves correspond to 5, = 0.08 and 0.1, respectively. From
figure 5.7(c), we have seen that the amplitude of PPSS decreases with increasing
Bp. In figure 5.7(d), the red and blue curves correspond to . = 0.398 and
0.4, respectively. From figure 5.7(d), we have seen that the amplitude of PPSS
decreases with increasing .. In figure 5.7(e), the red and blue curves correspond
to 05 = 0.0947 and 0.0949, respectively. From figure 5.7(e), we have seen that
the amplitude of PPSS decreases with increasing o4.. In figure 5.7(f), the red and
blue curves correspond to o,. = 0.13 and 0.131, respectively. From figure 5.7(f),

we have seen that the amplitude of PPSS increases with increasing o..

5.4 Solitary Structures and Phase Portraits

Differentiating (5.3.1) with respect to ¢, we get a second-order differential equa-
tion of ¢, and this second-order differential equation can be decomposed into the

following two coupled equation

do dy
-V Ve (5.4.1)

In figures 5.8(a)-5.11(a) and 5.14(a)-5.18(a), V(¢) is drawn with respect to ¢
whereas in figures 5.8(b)-5.11(b) and 5.14(b)-5.18(b), phase portraits of (5.4.1)
have been drawn. One can draw the phase portraits of (5.4.1) to confirm the
different DIA solitary structures. One can find that there is a one-one corre-

spondence between the separatrix of the phase portrait of figures 5.8(b)-5.11(b)
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Figure 5.8: V(¢) (on top) and the phase portrait of the system (5.4.1) (on bottom)
are drawn against ¢ for M = 1.154, v = 3, o = 0.0001, ng. = 0.0515, n,. = 0.055,
Nae = 0.005, oge = 0.095, 0pe = 0.129, B, = 0.4, and B, = 0.1.

and 5.14(b)-5.18(b), with the curve V(¢) against ¢ of figures 5.8(a)-5.11(a) and
5.14(a)-5.18(a).

Here the origin (0,0) is an unstable (stable) equilibrium point of the phase
portrait of (5.4.1) for the supersonic (subsonic) speed of the waves, i.e., for M >
M. (M < M,) described by the figures (5.8)-(5.11), and figures (5.14)-(5.16) (the
figure (5.17), and the figure (5.18)).

Figure 5.8(a) depicts the formation of PPSW before the formation of PPDL,
whereas figure 5.8(b) depicts the corresponding phase portrait which contains only
one unstable equilibrium point at the origin and a stable equilibrium point. From
the ¢ axis of 5.8(b), it is clear that there is only one separatrix that appears to pass
through the origin (0, 0), and enclose the stable equilibrium point, viz.,(0.071693,
0).
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Figure 5.9: V(¢) (on top) and the phase portrait of the system (5.4.1) (on bottom)
are drawn against ¢ for M = 1.1613, v = 3, 0 = 0.0001, n,s. = 0.0515, n,. = 0.055,
Nde = 0.005, 0se = 0.095, oy = 0.129, Be = 0.4, and B, = 0.1.

Figure 5.9(a) depicts the PPDL, whereas figure 5.9(b) depicts that the corre-
sponding phase portrait that indicates that the separatrix corresponding to the
double layer solution appears to pass through two unstable equilibrium points
(0, 0) and (0.27478, 0), and it encloses another two stable equilibrium points
(0.13435, 0) and (0.43099, 0). Here the blue curve in both the upper panel and
lower panel depicts that there is a one-one correspondence between the separatrix

of figure 5.9(b), with the curve V(¢) against ¢ of figure 5.9(a).

Figure 5.10(a) depicts the PPSS, whereas figure 5.10(b) shows the correspond-
ing phase portrait of PPSS [88, 90]. Following the definition of PPSS as given
by Dubinov and Kolotkov, we can analyze the phase portrait of PPSS. From
figure 5.10(b), we see that there are two separatrices as shown in the blue curve
and magenta curve. The blue separatrix appears to pass through the origin (0,

0), and the magenta separatrix appears to pass through the non-zero unstable
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Figure 5.10: V(¢) (on top) and the phase portrait of the system (5.4.1) (on bottom)
are drawn against ¢ for M = 1.162, v = 3, o0 = 0.0001, ng. = 0.0515, n,. = 0.055,
Nae = 0.005, oo = 0.095, 0pe = 0.129, B, = 0.4, and B, = 0.1.

equilibrium point (0.25382, 0). The blue separatrix envelopes the magenta sepa-
ratrix and two stable equilibrium points, viz., (0.14635, 0) and (0.44034, 0). The

magenta separatrix encloses two stable equilibrium points.

Figure 5.11(a) depicts the PPSW after the formation of PPDL and sequences
of PPSS structures, whereas figure 5.11(b) depicts that the corresponding phase
portrait which contains only one unstable equilibrium point at the origin and
a stable equilibrium point. From the ¢ axis of 5.11(b), it is clear that there is
only one separatrix that appears to pass through the origin (0, 0), and encloses

a stable equilibrium point, viz.,(0.46131, 0).

We have also drawn the unstable equilibrium points and stable equilibrium
points of (5.4.1) on the ¢-axis in figure (5.12), for the increasing values of M

where M = Mpppr, + €. Here ¢ = 0 represents the equilibrium point for a
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Figure 5.11: V(¢) (on top) and the phase portrait of the system (5.4.1) (on bottom)
are drawn against ¢ for M = 1.164, v = 3, o0 = 0.0001, ng. = 0.0515, n,. = 0.055,
Nae = 0.005, oge = 0.095, 0pe = 0.129, B = 0.4, and B, = 0.1.

double layer solution at M = Mpppyr, of (5.4.1). For increasing values of M,
the distance between the stable equilibrium point (close to the non-zero unstable
equilibrium point) and the non-zero unstable equilibrium point decreases, and
ultimately both of them vanish from the system. Finally, the system contains
only one unstable equilibrium point at the origin and a stable equilibrium point.
This figure also depicts the transition from supersolitions to solitary structures
after the formation of a double layer and confirms the existence of a sequence of

supersolitons.

In figure (5.13), ¢ is drawn against £ for v = 3, ¢ = 0.0001, ny. = 0.0515,
Npe = 0.055, ng. = 0.005, o5 = 0.095, 0, = 0.129, B, = 0.4, and B, = 0.1 and two
values of M before and after the formation of PPDL. The red curve represents the

solitons before the formation of PPDL for M = 1.1614, whereas the blue curve
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Figure 5.12: Saddle points (solid red circles) and stable equilibrium points (solid black
stars) for the dynamical system have been drawn on the ¢ axis for different values of
M = 1.1613 + € when v = 3, 0 = 0.0001, ns. = 0.0515, np. = 0.055, n4. = 0.005,
0se = 0.095, ope = 0.129, B, = 0.4, and S, = 0.1.

represents the solitons after the formation of PPDL for M = 1.1612. From that
figure, we see that the amplitudes of solitary waves before and after the formation
of PPDL have a finite jump.

Figure 5.14(a) depicts NPSW before the formation of NPDL, and 5.14(b)
depicts that the corresponding phase portrait that contains only one stable equi-
librium point. From the ¢ axis of 5.14(b), it is clear that one separatrix that
appears to pass through the origin (0, 0), and encloses a stable equilibrium point,
viz.,(-0.12821, 0) on the negative side on the ¢ axis and there is another separa-
trix that appears to pass through the unstable equilibrium point (-0.28756, 0),
and encloses the separatrix that appears to pass through the origin.

Figure 5.15(a) depicts the NPDL, whereas figure 5.15(b) depicts the corre-
sponding phase portrait which shows that the separatrix corresponding to the

double layer solution appears to pass through two unstable equilibrium points
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Figure 5.13: ¢ is drawn against £ for v = 3, 0 = 0.0001, ns. = 0.0515, n,. = 0.055,
nge = 0.005, o5 = 0.095, op. = 0.129, B, = 0.4, and B, = 0.1. The red curve
corresponds to M = 1.1614, and the blue curve corresponds to M = 1.1612.

(0, 0) and (-0.2818, 0), and it encloses the stable equilibrium point (-0.13412, 0).
Here the blue curve in both the upper panel and lower panel depicts that there is

a one-one correspondence between the separatrix of figure 5.15(b) with the curve

V(¢) against ¢ of figure 5.15(a).

Figure 5.16(a) depicts the coexistence of solitary waves of both polarities,
whereas figure 5.16(b) depicts the corresponding phase portrait to the coexistence
of solitary waves of both polarities. From the phase portrait, we see there is only
one blue separatrix. The blue separatrix appears to start and end at the unstable
equilibrium point (0, 0). The blue separatrix encloses two stable equilibrium
points, one stable equilibrium point (0.23587, 0) lies on the positive side of ¢-
axis, and the other stable equilibrium point(-0.21559, 0) lies on the negative side

of ¢-axis.
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Figure 5.14: V(¢)(on top) and the phase portrait of the system (5.4.1) (on bottom)
are drawn against ¢ for M = 1.171, v = 3, o0 = 0.0001, ng. = 0.0515, n,. = 0.055,
Nae = 0.005, oge = 0.095, 0pe = 0.39, Be = 0.4, and B, = 0.1.

We have drawn the figure (5.17) and figure (5.18) for the subsonic speed of

the waves, i.e., for M < M, for different values of parameters.

Figure 5.17(a) depicts the V(¢) vs ¢ curve for M = 1.11708, v = 3, 0 =
0.0001, ng. = 0.0515, nye = 0.15, ng. = 0.005, oy = 0.095, ope = 0.9, B = 0.4,
By = 0.1 and for the value of M, = 1.1501, whereas the figure 5.17(b) depicts
the corresponding phase portrait. Figure 5.17(b) depicts the phase portrait of
super-nonlinear periodic waves [89, 90]. From figure 5.17(b), we have seen that
there are two separatrices, as shown in the blue curve and magenta curve. The
blue separatrix appears to pass through a non-zero unstable equilibrium point
(—0.6049,0), and the magenta separatrix appears to pass through another non-
zero unstable equilibrium point (0.25703, 0). The blue separatrix envelopes the

magenta separatrix. And there are two stable equilibrium points, viz., origin (0,
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Figure 5.15: V(¢) (on top) and the phase portrait of the system (5.4.1) (on bottom)
are drawn against ¢ for M = 1.17151, v = 3, 0 = 0.0001, ns. = 0.0515, ny,. = 0.055,
nge = 0.005, 5. = 0.095, ope = 0.39, B = 0.4, and 3, = 0.1.

0) and (0.41416, 0), which are enclosed by the magenta separatrix. The magenta
separatrix is surrounded by sequences of sky-blue closed curves that are due to

super-nonlinear periodic waves.

Figure 5.18(a) also depicts V(¢) vs ¢ curve for M = 1.13, v = 3, o = 0.0001,
nse = 0.075, n,e = 0.162, ng. = 0.005, o5 = 0.093, o, = 0.6, B = 0.38,
Bp = 0.4, and for the value of M. = 1.1434672, whereas figure 5.18(b) depicts
the corresponding phase portrait. Figure 5.18(b) depicts the phase portrait of
super-nonlinear periodic waves [89, 90]. From figure 5.18(b), we have seen that
there are two separatrices as shown in the blue curve and magenta curve. The
blue separatrix appears to pass through a non-zero unstable equilibrium point
(-0.42851, 0), and the magenta separatrix appears to pass through another non-

zero unstable equilibrium point (0.1654, 0). The blue separatrix envelopes the
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Figure 5.16: V(¢) (on top) and the phase portrait of the system (5.4.1) (on bottom)
are drawn against ¢ for M = 1.05, v = 3, ¢ = 0.0001, ns = 0.61, n,. = 0.00055,
Nde = 0.6, 05 = 0.095, 7pe = 0.39, Be = 0.4, and B, = 0.1.

magenta separatrix. And there are two stable equilibrium points, viz., (0, 0)
and (0.3713, 0), which are enclosed by the magenta separatrix. The magenta
separatrix is surrounded by sequences of sky-blue closed curves that are due to

super-nonlinear periodic waves.

5.5 Conclusions

In this chapter, we have studied the existence of different solitary structures in
a collisionless unmagnetized five components e-p-i-d plasma consisting of warm
adiabatic ions, nonthermal positrons, negatively charged static dust grains, and
two distinct populations of electrons at different temperatures. Using the Sagdeev
pseudo-potential technique, the energy integral equation has been derived. We

have observed the existence of PPSWs, NPSWs, the coexistence of both PPSWs
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Figure 5.17: V(¢) (on top) and the phase portrait of the system (5.4.1) (on bottom)
are drawn against ¢ for M = 1.11708, v = 3, ¢ = 0.0001, ns = 0.0515, ny,. = 0.15,
Nde = 0.005, oge = 0.095, 0pe = 0.9, Be = 0.4, and B, = 0.1.

and NPSWs, NPDLs, PPDLs, supersolitons, and super-nonlinear periodic waves.
However, considering the dust dynamics, paper [367] reported the existence of

large amplitude hybrid DIA solitary structures.
We have the following observations on the amplitude of solitary structures:
(1) Effects of fe:

(A) ON PPSW: The amplitude of PPSW decreases with increasing . within the
domain of existence PPSW. For v = 3, n,. = 0.0515, n,. = 0.055, ng. = 0.005,
o = 0.0001, o, = 0.095, op. = 0.19, B, = 0.1, and M = 1.16, the interval of
existence of [, is (0.1407,0.57), i.e., 0.1407 < . < 0.57. Therefore, for the fixed
values of the above parameters, the amplitude of PPSW decreases with increasing

B. when [, is restricted by the inequality 0.1407 < £, < 0.57.

(B) ON NPSW: The amplitude of NPSW decreases with increasing . within the
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Figure 5.18: V(¢) (on top) and the phase portrait of the system (5.4.1) (on bottom)
are drawn against ¢ for M = 1.13, v = 3, ¢ = 0.0001, ng. = 0.075, ny. = 0.162,
Nge = 0.005, gge = 0.093, 0pe = 0.6, Be = 0.38, and B, = 0.4.

domain of existence NPSW. For v = 3, n,. = 0.0515, n,. = 0.055, ng. = 0.005,
o = 0.0001, o5 = 0.095, op. = 0.39, B, = 0.1, and M = 1.16, the amplitude of
NPSW decreases with increasing 3, when 0.385 < (5, < 0.42.

(C) ON PPSS: The amplitude of PPSS decreases with increasing . within the
domain of existence PPSS. For v = 3, n,. = 0.0515, n,. = 0.055, ng. = 0.005,
o = 0.0001, o5 = 0.095, 0, = 0.129, 5, = 0.1, and M = 1.1615, the amplitude
of PPSS decreases with increasing 3, when 0.395 < 3, < 0.4005.

(2) Effects of 3,:

(A) ON PPSW: The amplitude of PPSW decreases with increasing /3, within the
domain of existence PPSW. For v = 3, ng,. = 0.0515, n,. = 0.055, ng. = 0.005,
o = 0.0001, o, = 0.095, 0. = 0.19, 5. = 0.4, and M = 1.16, the amplitude of
PPSW decreases with increasing 3, when 0 < g, < 0.57.

(B) ON NPSW: The amplitude of NPSW decreases with increasing /3, within the
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domain of existence NPSW. For v = 3, ns = 0.0515, n,. = 0.055, ng. = 0.005,
o = 0.0001, o, = 0.095, 0. = 0.39, B = 0.4, and M = 1.16, the amplitude of
NPSW decreases with increasing 3, when 0 < 3, < 0.2.

(C) ON PPSS: The amplitude of PPSS decreases with increasing (3, within the
domain of existence PPSS. For v = 3, ng. = 0.0515, n,. = 0.055, ng. = 0.005,
o = 0.0001, o5 = 0.095, o, = 0.129, B, = 0.4, and M = 1.1615, the amplitude
of PPSS decreases with increasing 5, when 0.07 < 3, < 0.101.

(3) Effects of og.:

(A) ON PPSW: The amplitude of PPSW decreases with increasing o, within the
domain of existence PPSW. For v = 3, n,. = 0.0515, n,. = 0.055, ng. = 0.005,
o = 0.0001, op. = 0.19, B = 0.4, B, = 0.1, and M = 1.16, the amplitude of
PPSW decreases with increasing o,. when 0.0914 < o, < 0.13.

(B) ON NPSW: The amplitude of NPSW increases with increasing oy, for the
interval agi) < Oy < agi) whereas the amplitude of NPSW decreases with increas-
ing o, within the interval o§? < O < Ugi). For v = 3, ng = 0.0515, n,. = 0.055,
nge = 0.005, o = 0.0001, 0, = 0.39, 5. = 0.4, B, = 0.1, and M = 1.16, the values
of ¥, ol9. oY) are, respectively, 0.0001, 0.078 and 0.105.

(C) ON PPSS: The amplitude of PPSS decreases with increasing o, within the
domain of existence PPSS. For v = 3, ng = 0.0515, n,. = 0.055, ng. = 0.005,
o = 0.0001, o, = 0.129, 8. = 0.4, B, = 0.1, and M = 1.1615, the amplitude of
PPSS decreases with increasing oy, when 0.0945 < o,. < 0.0951.

(4) Effects of op.:

(A) ON PPSW: The amplitude of PPSW increases with increasing o, within the
domain of existence PPSW. For v = 3, n,. = 0.0515, n,. = 0.055, ng. = 0.005,
o = 0.0001, o5 = 0.095, B, = 0.4, B, = 0.1, and M = 1.16, the amplitude of
PPSW increases with increasing o,, when 0.13 < 0, < 0.2245.

(B) ON NPSW: The amplitude of NPSW decreases with increasing o, within the
domain of existence NPSW. For v = 3, n,. = 0.0515, n,. = 0.055, ng. = 0.005,
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o = 0.0001, o5 = 0.095, B, = 0.4, 3, = 0.1, and M = 1.16, the amplitude of
NPSW decreases with increasing o,. when 0.327 < g, < 0.65.

(C) ON PPSS: The amplitude of PPSS increases with increasing o, within the
domain of existence PPSS. For v = 3, ng. = 0.0515, n,. = 0.055, ng. = 0.005,
o = 0.0001, og = 0.095, B. = 0.4, B, = 0.1, and M = 1.1615, the amplitude of
PPSS increases with increasing o, when 0.129 < o, < 0.132.

(5) Effects of np.:

(A) ON PPSW: The amplitude of PPSW decreases with increasing n,, for néfc) <

C
Npe < nz(m)

whereas the amplitude of PPSW increases with increasing n,. for
n$ < nye < n. For v =3, ng = 0.0515, ng. = 0.005, ¢ = 0.0001, 7y, = 0.095,
ope = 0.19, 8. = 0.4, B, = 0.1, and M = 1.16, the values of nésc), n](fc), n§f3 are,
respectively, 0.0479, 0.2 and 0.99.

(B) ON NPSW: The amplitude of NPSW increases with increasing n,. within the
domain of existence NPSW. For v = 3, n,. = 0.0515, ng. = 0.005, ¢ = 0.0001,
0se = 0.095, 0, = 0.39, B = 04, B, = 0.1, and M = 1.16, the amplitude of
NPSW increases with increasing n,. when 0.035 < n,. < 0.0675.

(C) ON PPSS: The amplitude of PPSS decreases with increasing n,. within the
domain of existence PPSS. For v = 3, ns,. = 0.0515, ng. = 0.005, ¢ = 0.0001,
0sc = 0.095, 0, = 0.129, 8. = 0.4, 5, = 0.1, and M = 1.1615, the amplitude of
PPSS decreases with increasing n,. when 0.053 < n,. < 0.055.

(6) Effects of ng:

(A) ON PPSW: The amplitude of PPSW increases with increasing n,. for n$) <
Nge < ngf;) whereas the amplitude of PPSW decreases with increasing n,. for
n' < nge < nY. For v = 3, nye = 0.055, nge = 0.005, 0 = 0.0001, oy = 0.095,
ope = 0.19, B, = 04, 8, = 0.1 and M = 1.16, the values of n 09 n® are,
respectively, 0.0274, 0.08 and 0.99.

(B) ON NPSW: The amplitude of NPSW increases with increasing ny. within

the domain of existence NPSW. For v = 3, n,. = 0.055, ng. = 0.005, o = 0.0001,
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0se = 0.095, 0, = 0.39, B = 04, B, = 0.1, and M = 1.16, the amplitude of
NPSW increases with increasing n,. when 0.05 < n,. < 0.079.

(C) ON PPSS: The amplitude of PPSS increases with increasing ny. within the
domain of existence PPSS. For v = 3, n,. = 0.055, ng. = 0.005, ¢ = 0.0001,
0sc = 0.095, 0, = 0.129, 5. = 0.4, 5, = 0.1, and M = 1.1615, the amplitude of

PPSS increases with increasing n,. when 0.0514 < ngz. < 0.0525.
(7) Effects of M:

The amplitude of any solitary structures increases with increasing M within

the domain of existence of solitary structures.
(8) Effects of different parameters on double layers

It is not possible to consider the effects of different parameters of the sys-
tem on the double layer solution. Because a double layer soliton exists for fixed
values of the parameters of the system or in other words a sequence of solitary
structures of increasing amplitude (NPSW or PPSW) or decreasing amplitude
(PPSS) converges to the double layer soliton if it exists. Solitary structures (be-
fore the formation of the double layer) of increasing amplitude end with a double
layer. Soliton structures (after the formation of the double layer) of decreasing

amplitude end with a double layer soliton.

(9) We have also studied the coexistence of opposite polarities.

(10) Phase portrait analysis of DIA waves through the coupled equa-
tion (5.4.1) shows the following facts:

(A) For supersonic speed of the waves (M > M.), the origin (0, 0) is an unstable
equilibrium point, whereas, for the subsonic speed of the waves (M < M.), the
origin (0, 0) is a stable equilibrium point.

(B) Every minimum value of the potential function V(¢) corresponds to a stable
equilibrium point, whereas, maximum value of potential function V(¢) corre-

sponds to an unstable equilibrium point.
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(C) Every closed curve about any stable equilibrium point corresponds to a pe-
riodic wave solution, whereas, a separatrix that appears to pass through the un-
stable equilibrium point at the origin (0, 0) enclosing a stable equilibrium point
corresponds to a solitary waves.

(D) The separatrix through (0, 0) which encloses another separatrix and more
than one stable equilibrium points corresponds to a supersolitons.

(E) For the subsonic speed (M < M.), we have observed existence of a separatrix
passes through a non-zero unstable equilibrium point enveloping the another sep-
aratrix that appears to pass through the another non-zero unstable equilibrium
point. The inner separatrix encloses at least two stable equilibrium points, one
of which is (0, 0). Any closed curve within inner and outer separatrix as shown
by sky-blue colour in the figures 5.17(b) and 5.18(b) are due to super-nonlinear
periodic waves.

(F)From the phase portraits of the figures 5.8(b) and 5.11(b), i.e, before and
after the formation of PPDL, it is clear that there is no characteristic difference
between these two figures. In both figures, there is only one separatrix passing
through the origin enclosing a stable equilibrium point.

(11) There is a jump-type discontinuity between the amplitudes of positive po-
tential solitary structures just before and just after the formation of PPDL; i.e,
the amplitude of soliton after the formation of PPDL is much greater than that
of the soliton before the formation of PPDL.

(12) Smooth transition: PPSW (before the formation of PPDL) — PPDL —
PPSS — PPSW (after the formation of PPDL) has been confirmed for the present
five components plasma model using the stable and unstable equilibrium points
lie on the ¢ axis and that confirms the existence of a sequence of supersolitons.
For negative potential solitary structures, we also have smooth transitions from

NPSWs to NPDLs only if NPDLs exists.



Chapter 6

Arbitrary amplitude DIA nonlinear wave
structures at M = M, in an unmagnetized five
components plasma ¥

In this Chapter, we have investigated the arbitrary amplitude dust-ion acous-
tic (DIA) nonlinear wave structures at the acoustic (sonic) speed M = M, in a
collisionless unmagnetized five components electron-positron-ion-dusty (e-p-i-d)
plasma system as consider in Chapter -5. The present plasma system confirms
the existence of NPSWs, PPSWs and NPDLs at the acoustic speed M = M..
We have studied the effect of different parameters of the system on the ampli-
tude of PPSWs, NPSWs and NPDLs at M = M.. We have also analyzed the
difference between various DIA nonlinear wave structures at supersonic speed,
subsonic speed and sonic speed through phase portraits of the dynamical system

corresponding to nonlinear DIA wave structures.
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6.1 Introduction

In unmagnetized plasma, arbitrary amplitude ion acoustic (IA) or dust-ion acous-
tic (DIA) solitary structures at the supersonic (M > M,) speed and supernonlin-
ear periodic waves at the subsonic (M < M,) speed have been studied by several
authors [56, 75, 77, 79, 81, 82, 89, 91, 166, 297, 298, 322|. They have studied
different kinds of nonlinear wave structures including supersolitons, double layers
and supernonlinear periodic waves. At the sonic speed (M = M.) of the wave,
some authors [83, 102, 103, 146, 298, 403-406] have observed dust acoustic (DA),
IA and DIA solitary structures by considering various unmagnetized plasmas.
By considering a collisionless unmagnetized plasma system, positive potential DA
solitary structure was observed by Verheest and Hellberg [102] at the sonic speed.
This was the first observation of DA solitary structure at the sonic speed. Later
Das et al. [103] established analytically the conditions for the existence of solitary
structures at the sonic speed for any unmagnetized collisionless plasma system.
In the same paper, they have considered DA solitary structures at the acoustic
speed by using the conditions proved in this paper. Using the results of Das et
al. [103], Paul et al. [83] studied DIA solitary structures at the sonic speed in
a collisionless unmagnetized four components plasma system. For the first time,
Debnath and Bandyopadhyay [101] studied TA solitary waves at acoustic speed
in a collisionless magnetized plasma. In the present chapter, we have studied
DIA nonlinear wave structures at sonic speed for the plasma system considered

in Chapter -5.

For easy readability of this Chapter, we have used the same set of basic equa-
tions (5.2.1)-(5.2.4) of Chapter- 5. The basic equations are given in the next
section along with the expression of the number density of nonthermal elec-
trons, the number density of isothemal electrons, the number density nonthermal

positrons and the number density of dust grains.
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6.2 Basic Equations

In this chapter, we have considered an unmagnetized collisionless five compo-
nents plasma system consisting of adiabatic warm ions, nonthermal positrons
nonthermal electrons, isothermal electrons and negatively charged immobile dust
grains. Basically, we have considered the same plasma system of Chapter-5.

We have considered the following equations for ion fluid:

agf + %(niui) —0, (6.2.1)
(% + uia%)ui + n%%? + % =0, (6.2.2)
881? + ui% + 71%% =0, (6.2.3)
% = Nee + Noe — Ny — N + ZgNgo. (6.2.4)

where the equation (6.2.1) represents the continuity equation for ions, the equa-
tion (6.2.2) represents the equation of motion for ions, the equation (6.2.3) rep-
resents the pressure equation of ions fluid and the equation (6.2.4) represents the
Poisson equation.

The equations (6.2.1)-(6.2.4) are supplemented by the following equations of
number density of nonthermal positrons, number density of nonthermal electrons,

number density of isothemal electrons and number density of the dust grains,

respectively:
ny = Mpo(1 + By0p0 + Bpond”) exp(—0,0), (6.2.5)
Nee = ﬁcO(l - ﬁeac¢ + ﬁ603¢2) eXp<O-C¢)7 (626)

Nge = Ms0exp(0s0), (6.2.7)
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Ng = ﬁd()- (628)

Here, ny (0 = i,se,ce,p and d for ions, isothermal electrons, nonthermal
electrons, nonthermal positrons and dust particulates) is the number density of
f-th species of particles, u; is the ion fluid velocity along x - axis, the electrostatic

potential is ¢, the ion pressure is P;, the spatial variable is x, and time is {,

KpTyey
e )

respectively. Here, ng, u;, ¢, P;, x and t are normalized by n;g, cs,
nioKpT;, Ap and w,, 1 respectively. The number of negative unit charges residing
on the dust grain surface is denoted by Z4, the charge of an electron is —e, the

ratio of two specific heats is (= 3), the Boltzmann constant is K, 0 = TLif, AD (
pe

jﬁf‘e—fg’;gj) (Debye length of the plasma system), w, = @/%, Co = KBTTZW,
the average temperature of an ion is 7;, the equilibrium number density of an ion
is n;0, the mass of an ion is m; and the nonthermal parameter /3, (5.) is associated

with the nonthermal velocity distributions of hot positrons (electrons). Also 7o =

Z—?S (j = ¢, s,p and d for nonthermal electrons, isothermal electrons, nonthermal
positrons and dust particulates), where njq is the equilibrium number density of

J-th species and o, = T;—Zf (k = se, ce and p for isothermal electrons, nonthermal

electrons and nonthermal positrons), where T}, is the average temperature of k-th

species. Ty is given by the following equation:

Neo  Mso  Mpo Mo + Mso — Npo + Lo

= . 6.2.9
Tce Tse Tp Tpef ( )

The charge neutrality condition is given by
Neo + Mso + Zanao — Nio — Nypo = 0. (6.2.10)

Introducing the new variables 7, and oy, condition of charge neutrality

(6.2.10) and equation (6.2.9), can be written in the following form:

NepOc + Nsp0s + ﬁpOO_p = 17 (6211)

Tleo + Tso — Tpo + Nao = 1, (6.2.12)

where Zdndo = NdO <~ Zdﬁdg = Ndo-
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. . n.
We have introduced the following new parameters ny = %2 n, = 2 ng. =
Nco Nco
M o f— & — &
neo ? - S¢ Tee? 7 PC Tee®

Solving (6.2.11) and (6.2.12), we get

(ﬁc()a ﬁs()a ﬁpOa Nd07 O¢,0s, Up) = (A7 Ansca A?’ch, Andca F0-500-]207 Fa-pca ngc) )

(6.2.13)

where

1 I — <1+nsc_npc+ndc)

pum— 5 .
1+ Nge — Npe + Ngc OscOpc + NscOpe + NpeOse

A

6.3 Energy Integral

To study the arbitrary amplitude DIA waves at sonic speed, we consider the same

transformation of Paul et al. [83] and we apply the following boundary conditions

d
(ni,ui,gb, d_?Pi) — (1,0,0,0,1) as & — —oo or oo.
Shifting the basic equation in the wave frame, we get the following energy integral:
1/do\?
—| == V =0. 6.3.1
(%) +ve (63.1)

Where V(¢) is known as the Sagdeev pseudo-potential and the expression of V'(¢)

18

V(M ¢) =V(p) =V, + 2y oy 0y NV (6.3.2)
Op Oc Os
where
Vi = (M?+ o) — ni(M? + 30 — 2¢ — 20n?), (6.3.3)
oM
n; V2 (6.3.4)

T Vo -0+ VO -0

dar = w (6.3.5)
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(M — V/30)"

by =g, (6.3.6)
Vo = (1+38,) — (1 + 38, + 38,000 + B,0,0%) exp(—0,0), (6.3.7)
Vee = (1430, — 30006 + Be02%) exp(oc¢) — (1 +30), (6.3.8)
Vie = exp(050) — 1, (6.3.9)
Vi= 0. (6.3.10)

Equation (6.3.1) is known as energy integral. According to the prescription of
the authors [91, 101], it is important to note that V(M, ¢) satisfies the following

conditions:
V(M. 0)=0,V'(M,.0)=0,V"(M,.0) =0, (6.3.11)

where

1
M, = \/30 + (6.3.12)

1 — Belenoe — Bplipooy

In figure 6.1, the variation of the amplitude of PPSW is drawn against ¢ at
M = M, for fixed values of v = 3, 0 = 0.1, ng. = 0.1 and non-identical values
of (a) Be, (b) By, (¢) Nse, (d) Npe, (€) 0se and (f) ope. In figure 6.1(a), the change
of the amplitude of PPSW is plotted against ¢ at M = M, for non-identical
values of .. For . = 0.35, . = 0.4 and B, = 0.45, we, respectively, get the
black curve, magenta curve and blue curve. From figure 6.1(a), we have seen
that for increasing values of . the amplitude of PPSW grows. In figure 6.1(b),
the change of the amplitude of PPSW is plotted against ¢ at M = M, for non-
identical values of 3,. For 8, = 0, 5, = 0.1 and 3, = 0.3, we, respectively, get
the black curve, magenta curve and blue curve. From figure 6.1(b), we have seen
that for increasing values of (3, the amplitude of PPSW grows. In figure 6.1(c),
the change of the amplitude of PPSW is plotted against ¢ at M = M, for non-

identical values of n,.. For ny,. = 0.11, n,. = 0.13 and n,. = 0.15, we, respectively,
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Figure 6.1: V(¢) vs. ¢ curves for v = 3, 0 = 0.1, nge = 0.1 in (a) for non-identical
values of ¢, (b) for non-identical values of 5, (c¢) for non-identical values of ng., (d) for
non-identical values of ny., (e) for non-identical values of o, and (f) for non-identical
values of 0.

get the black curve, magenta curve and blue curve. From figure 6.1(c), we have
seen that the increasing values of ng. the amplitude of PPSW diminishes. In figure
6.1(d), the change of the amplitude of PPSW is plotted against ¢ at M = M,
for non-identical values of n,.. For n,. = 0.01, n,. = 0.015 and n,. = 0.02, we,
respectively, get the black curve, magenta curve and blue curve. From figure
6.1(d), we have seen that for increasing values of n,. the amplitude of PPSW
diminishes. In figure 6.1(e), the change of the amplitude of PPSW is plotted
against ¢ at M = M, for non-identical values of o,.. For o, = 0.085, o,. = 0.09
and o, = 0.095, we, respectively, get the black curve, magenta curve and blue
curve. From figure 6.1(e), we have seen that for increasing values of oy the
amplitude of PPSW diminishes. In figure 6.1(f), the change of the amplitude
of PPSW is plotted against ¢ at M = M, for non-identical values of o,.. For

ope = 0.2, 0pc = 0.4 and 0, = 0.6, we, respectively, get the black curve, magenta
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Figure 6.2: V(o) vs. ¢ curves for v = 3, 0 = 0.1, ng. = 0.09 in (a) for non-identical
values of ¢, (b) for non-identical values of 5, (c¢) for non-identical values of ng., (d) for
non-identical values of ny., (e) for non-identical values of o, and (f) for non-identical
values of 0.

curve and blue curve. From figure 6.1(f), we have seen that for increasing values
of o,., the amplitude of PPSW grows.

In figure 6.2, the variation of the amplitude of NPSW is drawn against ¢ at
M = M, for constant values of v = 3, 0 = 0.1, ng. = 0.09 and non-identical values
of (a) Be, (b) By, (¢) Nse, (d) Npe, (€) 05 and (f) ope. In figure 6.2(a), the change of
the amplitude of NPSW is plotted against ¢ at M = M, for non-identical values
of .. For B, = 0.149355, B. = 0.15 and [, = 0.1515, we, respectively, get the
black curve, magenta curve and blue curve. From figure 6.2(a), it is found that for
increasing values of . the amplitude of NPSW diminishes, and at g, = 0.149355
the NPDL exists. In figure 6.2(b), the change of the amplitude of NPSW is
plotted against ¢ at M = M, for non-identical values of 3,. For 8, = 0.06708,
B, = 0.1 and B, = 0.15, we, respectively, get the black curve, magenta curve

and blue curve. From figure 6.2(b), we have seen that for increasing values of
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Figure 6.3: V(¢) vs. ¢ curves at M = M, for fixed value of v, o, o4, B, and non-
identical values of other parameters. The blue curves correlate to ng, = 0.0652858,
npe = 0.02, nge = 0.001, 0, = 0.9, B = 0.2, the magenta curves correlate to n,. =
0.136797, np. = 0.01, ng. = 0.1, op. = 0.1, B = 0.32, the sky blue curves correlate to
nge = 0.05554978, nye = 0.02, nge = 0.02, op. = 0.9, B = 0.2 and red curves correlate
t0 150 = 0.113916, npe = 0.01, nge = 0.1, ope = 0.1, B = 0.3.

Bp the amplitude of NPSW diminishes, and at 3, = 0.06708 the NPDL exists.
In figure 6.2(c), the change of the amplitude of NPSW is plotted against ¢ at
M = M, for non-identical values of n,.. For ny,. = 0.059515, n,. = 0.061 and
ns. = 0.105, we, respectively, get the black curve, magenta curve and blue curve.
From figure 6.2(c), we have seen that for increasing values of n,. the amplitude
of NPSW diminishes within a certain interval after that the amplitude of NPSW
grows within the domain of existence, and at n,. = 0.059515 the NPDL exists.
In figure 6.2(d), the change of the amplitude of NPSW is plotted against ¢ at
M = M, for non-identical values of n,. For n,. = 0.01, n,. = 0.0102 and
nye = 0.01024505, we, respectively, get the black curve, magenta curve and blue

curve. From figure 6.2(d), we have seen that for increasing values of n,. the
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amplitude of NPSW grows, and at n,. = 0.01024505 the NPDL exists. In figure
6.2(e), the change of the amplitude of NPSW is plotted against ¢ at M = M, for
non-identical values of o,.. For o,. = 0.09, o,. = 0.09005 and o, = 0.09009963,
we, respectively, get the black curve, magenta curve and blue curve. From figure
6.2(e), we have seen that for increasing values of o,. the amplitude of NPSW
grows, and at o, = 0.09009963 the NPDL exists. In figure 6.2(f), the change
of the amplitude of NPSW is plotted against ¢ at M = M, for non-identical
values of o,.. For o,. = 0.487704, o, = 0.5 and o0, = 0.55, we, respectively,
get the black curve, magenta curve and blue curve. From figure 6.2(f), we have
seen that for increasing values of 0,., the amplitude of NPSW diminishes, and at
ope = 0.487704 the NPDL exists.

In figure 6.3, V(¢) is drawn against ¢ at M = M, for fixed values of v, o,
Osc, Bp and different values of other parameters, where v = 3, 0 = 0.1, 0,. = 0.09
and 3, = 0.1. The blue curve correlates to ns. = 0.0652858, n,. = 0.02, ng. =
0.001, 0pe = 0.9 and . = 0.2, the magenta curve correlates to ng = 0.136797,
Npe = 0.01, nge = 0.1, 0, = 0.1 and B, = 0.32, the sky blue curve correlates to
nse = 0.05554978, n,. = 0.02, ng. = 0.02, 0, = 0.9 and 3. = 0.2, and red curves
correlate to ng. = 0.113916, ny. = 0.01, ng. = 0.1, 0. = 0.1 and S, = 0.3. From

figure 6.3, we see that for different sets of parameters, different NPDLs exist.

6.4 Solitary Structures and Phase Portraits

To confirm the existence of different solitary structures, we draw the phase por-
trait of the dynamical system described by the energy integral (6.3.1). Differ-
entiating equation (6.3.1) with respect to ¢, we get a second order differential

equation which is equivalent to the following system of equations:

do ay
T i V(). (6.4.1)

At the sonic speed, we have plotted the phase portrait of dynamical system
described by (6.4.1).

v,
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Figure 6.4: Pseudopotential V(¢) and the phase portrait of (6.4.1) are plotted against
¢ for M =M., v=3,0=01,ns,=0.09, ny = 0.01, nge = 0.1, 050 = 0.09, 0o = 0.1,
Be = 0.3 and 3, = 0.1.

For v = 3, 0 = 0.1, ny. = 0.01, ng. = 0.1, 05 = 0.09, 0, = 0.1, B, = 0.3,
Bp = 0.1 and increasing values of n,., we have plotted solitary structures and the

associated phase portrait of system (6.4.1) as shown in figures (6.4)-(6.6).

In figure 6.4(a), V(¢) vs. ¢ curve at M = M, shows the presence of a PPSW
and the associated phase portrait given in figure 6.4(b), ensures its existence.
From the phase portrait, we see that the origin represents the point of inflexion
(marked as black square) and there are another two equilibrium points. One of
them is the saddle point (marked as a black circle) and another one is a stable
equilibrium point (marked as a red star). Two separatrices are seen from figure
6.4(b). The magenta separatrix tends to pass through the point of inflexion (0,
0) and it encloses the stable equilibrium point (0.058829, 0). At M = M., this

magenta separatrix correlates to positive potential solitary structure as obtained
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Figure 6.5: Pseudopotential V' (¢) and the phase portrait of (6.4.1) are plotted against
¢for M = M, v =3, 0 = 0.1, nge = 0.1135, nye = 0.01, nge = 0.1, o4 = 0.09,
ope = 0.1, B = 0.3 and B, = 0.1.

in figure 6.4(a). In fact, the minimum point of V'(¢) corresponds to a stable equi-
librium point( marked by a red star), whereas maximum point V' (¢) corresponds
to an unstable (saddle) point (marked by a black circle). The sky blue separatrix
tends to pass through the saddle point (-0.07573, 0) and it encloses the magenta
separatrix that starts and ends at (0, 0). From figure 6.4(b), we see that there
are infinitely many green curves between these two separatrices, and each green

curve correlates to a supernonlinear periodic wave at the sonic speed.

In figure 6.5(a), V(¢) vs. ¢ curve at M = M, shows the presence of an NPSW
and figure 6.5(b) shows the associated phase portrait of this V(¢) vs. ¢ curve.
From the phase portrait, we see that the origin represents the point of inflexion
(marked as a black square) and there are another two equilibrium points. One of
them is the saddle point (marked as a black circle) and another one is a stable

equilibrium point (marked as a red star). We have observed two separatrices in
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Figure 6.6: Pseudopotential V' (¢) and the phase portrait of (6.4.1) are plotted against
¢ for M = M., v = 3, 0 = 0.1, nge = 0.113916, ny. = 0.01, nge = 0.1, op. = 0.1,
ose = 0.09, B = 0.3 and 5, = 0.1.

figure 6.5(b). The magenta separatrix tends to pass through the point of inflexion
(0, 0) and it encloses the stable equilibrium point (-0.037, 0). At M = M., this
magenta separatrix correlates to the negative potential solitary structure. The
sky blue separatrix tends to pass through the saddle equilibrium point (-0.073,
0) and it encloses the magenta separatrix which starts and ends at (0, 0). From
figure 6.5(b), we see that there are infinitely many green curves between these two

separatrices that correlate to a supernonlinear periodic wave at the sonic speed.

In figure 6.6(a), V' (¢) vs. ¢ curve at M = M, shows the presence of an NPDL
and figure 6.6(b) the associated phase portrait of the V(¢) vs. ¢ curve. From the
phase portrait, we see that the origin represents the point of inflexion (marked as
a black square) and there are another two equilibrium points. One of them is the
saddle point (marked as a black circle) and another one is a stable equilibrium

point (marked as a red star). Here, we have observed only one separatrix. The
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Figure 6.7: Pseudopotential V' (¢) and the phase portrait of (6.4.1) are plotted against
¢ for M = M.,y =3, 0 = 0.1, nge = 0.06, mpe = 0.02, nge = 0.02, 7pe = 0.9, 750 = 0.09,
Be = 0.2 and 3, = 0.1.

separatrix tends to pass through the point of inflexion (0, 0) and the saddle point
(-0.070099, 0) and it encloses the stable equilibrium point (-0.041337, 0). At
M = M., this sky blue separatrix correlates to a negative potential double layer
solution.

Figures (6.7) -(6.12) confirm similar types of solitary structures as described
in figures (6.4) -(6.6) for different values of the parameters as given in each figure

caption.

6.5 Conclusions

Considering a collisionless unmagnetized five components plasma system, DIA
solitary structures have been studied at the sonic speed. We have found the exis-

tence of PPSWs, NPSWs along with supernonlinear periodic waves and NPDL.
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Figure 6.8: Pseudopotential V' (¢) and the phase portrait of (6.4.1) are plotted against
¢ for M = M., v =3, 0 = 0.1, nge = 0.056, npe = 0.02, nge = 0.02, ope = 0.9,
ose = 0.09, B = 0.2 and 5, = 0.1.

(1) We have seen the following effects of parameters on the amplitude

of PPSW at the sonic speed:

(I) Effect of f.: At M = M., the amplitude of PPSW grows with increasing
B within the domain of existence PPSW. For v = 3, ¢ = 0.1, ng. = 0.13,
Npe = 0.01, ng. = 0.1, o5 = 0.09, 0, = 0.2, 8, = 0.1, the interval of existence
of 5. is (0.255,0.566). Therefore, for the fixed values of above parameters, the
amplitude of PPSW grows with increasing . for 0.255 < 5. < 0.566.

(IT) Effect of ,: At M = M., the amplitude of PPSW grows with increasing
Bp within the domain of existence PPSW. For v = 3, ¢ = 0.1, ny,. = 0.13,
Npe = 0.01, ng. = 0.1, 05 = 0.09, 0, = 0.2, B. = 0.4, the interval of existence of
Bp is (0,0.57). Therefore, for the fixed values of above parameters, the amplitude
of PPSW grows with increasing /3, for 0 < 3, < 0.57.
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Figure 6.9: Pseudopotential V' (¢) and the phase portrait of (6.4.1) are plotted against
¢ for M = M., v =3, 0 = 0.1, ng. = 0.05554978, np. = 0.02, ng. = 0.02, op. = 0.9,
ose = 0.09, B = 0.2 and 5, = 0.1.

(ITI) Effect of ng.: At M = M., the amplitude of PPSW decreases with increas-
ing ngs. within the domain of existence PPSW. For v = 3, 0 = 0.1 n,. = 0.01,
ng. = 0.1, o5c = 0.09, 0, = 0.2, B, = 0.4, B, = 0.1, the interval of existence
of ng. is (0.0836,0.85). Therefore, for the fixed values of above parameters, the
amplitude of PPSW diminishes with increasing ng. for 0.0836 < ng. < 0.85.

(IV) Effect of np.: At M = M., the amplitude of PPSW diminishes with
increasing n,. within the domain of existence PPSW. For v = 3, 0 = 0.1, ny. =
0.13, nge = 0.1, 05c = 0.09, o). = 0.2, B = 0.4, B, = 0.1, the interval of existence
of ny. is (0,0.033). Therefore, for the above mentioned fixed values of parameters,

the amplitude of PPSW diminishes with increasing n,. for 0 < n,. < 0.033.

(V) Effect of os.: At M = M., the amplitude of PPSW diminishes with increas-
ing o4 within the domain of existence PPSW. For v = 3, 0 = 0.1, ny,. = 0.13,
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Figure 6.10: Pseudopotential V' (¢) and the phase portrait of (6.4.1) are plotted against
¢ for M = M., v =3, 0 = 0.1, ng. = 0.0465, ny. = 0.001, n4. = 0.001, op. = 0.9,
ose = 0.09, B = 0.2 and 5, = 0.1.

nye = 0.01, ng. = 0.1, ope = 0.2, B = 0.4, B, = 0.1, the interval of exis-
tence of oy is (0.0589,0.1126). Therefore, for the above mentioned fixed val-
ues the parameters, the amplitude of PPSW diminishes with increasing o for

0.0589 < g4 < 0.1126.

(VI) Effect of opc: At M = M., the amplitude of PPSW grows with increasing
ope within the domain of existence PPSW. For v = 3, ¢ = 0.1, n, = 0.13,
Nype = 0.01, ng. = 0.1, o5c = 0.09, 8. = 0.4, B, = 0.1, the interval of existence
of oy is (0.079,0.99). Therefore, for the fixed values of above parameters, the
amplitude of PPSW grows with increasing o,. for 0.079 < o, < 0.99.

(2) We have seen the following effects of parameters on the amplitude
of NPSW at the sonic speed:

(I) Effect of f.: At M = M., the amplitude of NPSW diminishes with increasing
B within the domain of existence NPSW. For v = 3, ¢ = 0.1, ng. = 0.06,
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Figure 6.11: Pseudopotential V' (¢) and the phase portrait of (6.4.1) are plotted against
¢ for M = M., v = 3, 0 = 0.1, nge = 0.066, n,. = 0.001, ng. = 0.001, op. = 0.9,
osc = 0.09, B = 0.2 and 5, = 0.1.

Npe = 0.01, nge = 0.09, o5c = 0.09, 0, = 0.5, B, = 0.1, the interval of existence of
Be is (0.149356,0.1556). Therefore, for the above mentioned fixed values of the
parameters, the amplitude of NPSW diminishes with increasing 3, for 0.149356 <
B. < 0.1556 and at 8. = 0.149355, there exists a NPDL.

(IT) Effect of (,: At M = M., the amplitude of NPSW diminishes with increas-
ing (3, within the domain of existence NPSW. For v = 3, 0 = 0.1, ny,. = 0.06,
nye = 0.01, ng. = 0.09, o5 = 0.09, 0, = 0.5, B = 0.15, the interval of ex-
istence of 3, is (0.06709,0.4). Therefore, for the above mentioned fixed values
of the parameters, the amplitude of NPSW diminishes with increasing 3, for
0.06709 < B, < 0.4 and at 8, = 0.06708, there exists a NPDL.

(IIT) Effect of ng.: At M = M., the amplitude of NPSW diminishes with

increasing ng. for (ng‘z) < Nge < nt

with increasing n,. for (ng? < Nge < ngt)). For v = 3, 0 = 0.1, n,. = 0.01,

) whereas the amplitude of NPSW grows
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Figure 6.12: Pseudopotential V' (¢) and the phase portrait of (6.4.1) are plotted against
¢ for M = M., v =3, 0 = 0.1, nge = 0.14, ny. = 0.001, ng. = 0.001, op. = 0.9,
ose = 0.09, B = 0.2 and 5, = 0.1.

ng. = 0.09, o5 = 0.09, 0, = 0.5, B = 0.15, B, = 0.1 the values of ngi), ngi), nY)
are, respectively, 0.059516, 0.08 and 0.1391 and at ns = 0.059515, there exists a
NPDL.

(IV) Effect of ny.: At M = M., the amplitude of NPSW grows with increasing
nye Within the domain of existence NPSW. For v = 3, 0 = 0.1, ny,. = 0.06,
nge = 0.09, o4 = 0.09, 0, = 0.5, B = 0.15, 5, = 0.1, the interval of existence of
Npe 1s (0.00735,0.01024504). Therefore, for the above mentioned fixed values of
the parameters, the amplitude of NPSW grows with increasing n,,. for 0.00735 <
npe < 0.01024504 and at n,. = 0.01024505, there exists a NPDL.

(V) Effect of os.: At M = M., the amplitude of NPSW grows with increasing
0. within the domain of existence NPSW. For v = 3, ¢ = 0.1, n,. = 0.06,
Npe = 0.01, ng. = 0.09, 0, = 0.5, B = 0.15, B, = 0.1, the interval of existence of
0sc 1 (0.089,0.09009962). Therefore, for the above mentioned fixed values of the
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parameters, the amplitude of NPSW grows with increasing o,. for 0.089 < o, <
0.09009962 and at o,. = 0.09009963, there exists a NPDL.

(VI) Effect of op,c: At M = M., the amplitude of NPSW diminishes with
increasing o, within the domain of existence NPSW. For v = 3, 0 = 0.1, ny =
0.06, nye = 0.01, ng. = 0.09, o5 = 0.09, 8. = 0.15, B, = 0.1, the interval
of existence of o, is (0.487705,0.68). Therefore, for the above mentioned fixed
values of the parameters, the amplitude of NPSW diminishes with increasing o,
for 0.487705 < 0, < 0.68 and at oy, = 0.487704, there exists a NPDL. .

In the all above six cases : (I) - (VI), sequence of NPSWs converges to a
NPDL solution.

(3) At the sonic speed of the wave, we have also studied the phase portrait
of different DIA solitons through the coupled equations (6.4.1). We have seen
in Chapter-5, that for subsonic speed (supersonic speed) of the waves M <
M.(M > M,) the origin (0, 0) is a stable (unstable) equilibrium point, whereas,
for sonic speed (M = M,) of the wave, the origin (0, 0) is the point of inflexion.
(4) From the phase portrait of DIA double layers at sonic speed, we have seen the
separatrix of the phase portrait tends to pass through an unstable equilibrium
point which starts and ends at the point of inflexion. This separatrix encloses at
least one stable equilibrium point.

(5) We have studied the phase portrait of corresponding DIA solitary structures
for different sets of values of parameters.

The findings of our current study on arbitrary amplitude DIA nonlinear wave
structures at sonic speed including double layers and supernonlinear periodic
waves will be helpful to distinguish the signals coming from the Jupiter atmo-
sphere and the auroral region of the upper Earth’s ionosphere. We anticipate that
the next generation satellite will be able to identify the signature of the above

nonlinear wave forms discussed in this chapter.
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