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Abstract

The purpose of this thesis is to construct a number of physically plausible models

of black holes and compact stars based on Einstein’s theory of General Relativity and

then forecast the unknown interior features of these phenomena. The problems have

been analysed/solved by employing some analytical as well as numerical techniques.

We organize the whole thesis into nine chapters, described as follows:

The first chapter contains the introductory portion of the thesis in which the

contents of the certain relevant topics namely, General theory of relativity, the modi-

fied theory of gravity, black holes, compact stars and concerning the problems in the

subsequent chapters are briefly described.

In the second chapter, we analyze the null geodesics of regular black holes. As

an application of null geodesics, we calculate the radius of photon sphere, gravita-

tional bending of light, the angle of deflection for the photons and the shadow of BH.

As an application of time-like geodesics we compute the innermost stable circular

orbit (ISCO) and marginally bound circular orbit (MBCO) of the regular BHs .

In the third chapter, we derive proper-time Lyapunov exponent (λp) , coordinate-

time Lyapunov exponent (λc) and compute their ratio (λp

λc
) for a regular Hayward class

of black hole. We show that, in the eikonal limit, the real and imaginary parts of

quasi-normal modes (QNMs) is specified by the frequency and instability time scale

of the null circular geodesics. Furthermore, we discuss the unstable photon sphere

and radius of shadow for this class of black hole.

Of concern in the forth chapter, we analyze the behavior of relativistic spher-

ical objects within the context of modified f(R, T ) gravity considering Tolman VI

spacetime. For this investigation, we have chosen three compact stars namely PSR

J1614-2230, Vela X-1 and 4U 1538-52. In this theory the equation of pressure isotropy

is identical to standard Einstein’s theory. We have investigated the effort of coupling

parameter (β) on the local matter distribution.

In the fifth chapter, we have investigated the classical tests of General Relativ-

ity like precession of perihelion, deflection of light and time delay by considering a

phenomenological astrophysical object like Sun, as a neutral regular Hayward black

hole in Rastall gravity. We have tabulated all our results for some appropriate values



of the parameter σ. We have compared our values with σ = 0, which correspond to

the Schwarzschild case.

In the sixth chapter, we have searched the existence of anisotropic and non-

singular compact star in the f(R, T ) gravity by taking into account the non-exotic

equation of state (EoS). We assume the well known barotropic form of EoS that yields

the linear relation between pressures and energy density.

The aim of the seventh chapter is to develop a new model for a spherically

symmetric dark matter fluid sphere containing two regions: (i) Isotropic inner region

with constant density and (ii) Anisotropic outer region. We solve the system of field

equation by assuming a particular density profile along with a linear equation of state.

The obtained solutions are well-behaved and physically acceptable which represent

equilibrium and stable matter configuration.

In the eighth chapter, we calculate the principle Lyapunov exponent (LE) and

Kolmogorov-Senai (KS) entropy for our rotating Kerr-Kiselev (KK) black hole. We

found that the null circular geodesics has larger angular frequency than time-like cir-

cular geodesics (Qo > Qσ) and has shortest orbital period (Tphoton < TISCO) among

the all possible circular geodesics.

Finally, in the ninth chapter, we have discussed the summary and future scopes

for all above chapters.
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Chapter 1

Introduction

The thesis entitled “Some theoretical aspects of black holes and compact

stars” comprises nine chapters and deals with the study of black hole solution with

topological defects, some physically viable models for celestial compact stars in Ein-

stein’s gravity and modified gravity. We are providing a brief overview of the relevant

topics and theories in order to make the thesis self-explanatory.

1.1 Einstein’s Theory of Relativity

The theory of gravitation proposed by Newton was accepted without question and

remained so until the begining of 20th century. Famous physicist Albert Einstein pre-

sented the Special theory of Relativity in 1905 and a geometric explanation of gravi-

tation known as General Relativity (1915) that generalizes both special relativity and

Newton’s law of universal gravitation. Newton’s laws of motion and gravitation were

shown by Einstein in the General Theory of Relativity to be only approximately accu-

rate, failing to hold when velocities approached the speed of light or when extremely

strong gravitational fields existed. Gravity is geometry, which is the fundamental idea

of general relativity, the theory of space, time and gravity. When we contrast Ein-

stein’s General Theory of Relativity with Newton’s theory of gravity, we can observe

1. The applicability of Einstein’s theory is wider than that of Newton’s theory, mak-

ing it more general.

2. The predictions of Einstein’s theory and Newton’s theory are nearly equivalent at

the limit of very small fields and low velocities.
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1. Introduction

1.1.1 Postulates of General Relativity

• Principle of covariance: The coordinate system shouldn’t affect the applica-

tion of the law of gravitation. This indicates that the form of the field equation

of gravity should be invariant under any arbitrary coordinate transformation.

In other words, tensorial form is required for the field equation.

• Principle of equivalence: In all inertial systems, the laws of physics remain

unchanged. There is no ideal inertial system. The phrase “the Law of Physics”

in the aforementioned statement refers to the strong equivalency principle; on

the other hand, when the Law of Physics is substituted with the Law of Motion

of freely falling particles, the principle refers to the weak principle of equivalent.

• Principle of correspondence: According to the equivalent principle, in sit-

uations where the previous theory is known to be valid, a new scientific theory

must precisely replicate the predictions of the prior theory. This occurrence is

sometimes referred to as the “limit of correspondence”. The correspondence

principle is a fundamental concept in both relativistic and quantum mechanics.

Einstein’s Special Theory of Relativity specifically satisfies the correspondence

principle because, at moderate velocities compared to the speed of light, it re-

duces to classical physics. In order to meet the correspondence principle, the

General Theory of Relativity should approximate Newton’s Theory of Gravi-

tation in weak fields and at slow speeds, and it should reduce to the Special

Theory of Relativity for the inertial frames.

• Mach’s Principle: Large-scale structure in the universe determines local phys-

ical principles. General theory of relativity was developed by Einstein with this

idea serving as a driving force. Einstein realized that the entire distribution

of matter determined the metric tensor, which indicates which frame is rota-

tionally stationary. Therefore the Mach principle can therefore be expressed as

follows: The geometry is determined by the distribution of matter; geometry

cannot exist without matter.

• Principle of minimum gravitational coupling: The theory of minimum

gravitational coupling states that the free gravitational Lagrangian and external

source fields in curved spacetime should be the two additive components that

make up the total Lagrangian for the field equation of general relativity.
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1.1. Einstein’s Theory of Relativity

1.1.2 Einstein’s Field Equations

Einstein presented his general relativity field equations to the Prussian Academy

of Science in Berlin in November 1915. All matter and energy are equivalent according

to the weak principle of equivalence. Also, it is known that all energy acts as a source

for the gravitational field. Therefore, the Einstein field equations can be formulated

using the energy momentum tensor Tαβ as a source term.

According to the minimal gravitational coupling concept, we have

Figure 1.1: Gravity (Collected from internet).

∇bT
αβ = 0. (1.1)

The covariant derivative of the Einstein tensor vanishes, as well, according to the

contracted Bianchi’s identities.

∇bG
αβ = 0. (1.2)

These above two significant equations, together with Mach’s principle, allowed Ein-

stein to develop his gravitational field equations as

Gαβ ∝ Tαβ ⇒ Gαβ = κTαβ, (1.3)
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where, κ = 8πG
c4

is Einstein gravitational constant, c is speed of light and G is gravi-

tational constant. Therefore, the Einstein field equation is

Gαβ =
8πG

c4
Tαβ, (1.4)

Which is equivalent to

Rαβ −
1

2
Rgαβ = −κTαβ. (1.5)

where, R, Rαβ and gαβ, are represents Ricci scalar, Ricci tensor and metric tensor,

respectively. Developed from pure idea and physical intuition, these field equations

are regarded as the greatest scientific and intellectual achievement of all time. The

distribution of energy, pressure mass and momentum throughout the cosmos is repre-

sented by the R.H.S. of Eqn. (1.5), while the bending of spacetime is represented by

the L.H.S. All varieties of spacetime, including cosmic spacetimes, Minkowski space-

time, and the outside and inside spacetimes of massive objects, may be described by

these equations. Later, a variety of techniques were used to derive the Einstein field

equations, including (i) a heuristic approach and (ii) the variational principle.

1.1.3 Consequences of Einstein’s General Relativity

The gravitational force can be satisfactorily explained by Einstein’s General The-

ory of Relativity (GTR), which postulates a direct relationship between momentum

and energy and the structure of space time. The Einstein GTR has consistently re-

solved several unresolved issues after its discovery. The following are few physical

consequences of the GTR:

1. Gravitational time dilation and Frequency shift (Rindler [2012], Ohanian and

Ruffini [2013], Greenstein et al. [1971]).

2. Gravitational time dilation and Light deflections (Ohanian and Ruffini [2013],

Shapiro et al. [2004]).

3. Gravitational waves (Abbott et al. [2016a]).

4. Orbital effects and the relativity of direction (Stairs [2003], Krauss [2001]).

5. Explained the experimental results like Lense-Thirring gravito-magnetic advance-

ment (Lense and Thirring [1918], Pfister [2007]).

6. The gravitational deflection of light by sun and Precession of Mercury (Eisberg

[1990]).
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1.2. Modified Theories of Gravity

1.1.4 Limitation of Einstein’s General Relativity

The basic theory behind the gravitational interaction is Einstein’s general theory

of relativity. But within the past few decades, a number of problems have been raised

that seem to indicate its limitations. The uniqueness of the theory’s formalism was

questioned by a number of physicists (Wheeler [2014], Eddington [1923]). Though

Einstein’s general theory of relativity has so far proven to be reliable in all observa-

tional and experimental tests, there are theoretical arguments that suggest a more

consistent explanation of gravity may need to take its place. Einstein’s GTR does not

account for theoretical obstacles such as the horizon and flatness problem (Dodelson

[2003]). The cosmos’ accelerating expansion (Riess et al. [1998], Knop et al. [2003],

Riess et al. [2004]) is beyond the scope of Einstein’s General Theory of Relativity. It

should be noted that the field equations will not hold true for extremely high densities

of both matter and field. As a result, one should not presume that the equations are

valid for these extreme cases. Consequently, it is not possible to draw the conclusion

that the universe’s expansion’s beginning must represent a mathematical singularity,

and as a result, the equations might not continue over such places.

1.2 Modified Theories of Gravity

The most recent database from the Cosmic Microwave Background Radiation

(CMBR) and supernovae studies shows that dark matter (20%), dark energy (76%),

and ordinary baryonic matter (4%), make up the distribution of matter in our univers.

The combined inspiration from astrophysics, high energy physics, and cosmology has

led to a recent acknowledgement of the increased attention towards modified gravity

theories. As an extension of Einstein’s theory of gravity, modified gravity theories

have been put out to explain the most recent astrophysical and cosmological findings

on dark energy and dark matter.

The modified gravity theory is quite interesting in applications for dark energy and

the late time acceleration of the universe. The following are the methods used in

modified gravity theories:

1. The early-time inflation and late-time acceleration for the various gravitational

factors that are significant at different curvatures present a natural unification in

modified gravity.

2. Dark energy has an extremely natural gravitational substitute in modified gravity.
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3 3. Acceleration to deceleration throughout the evolution of the cosmos is entirely

composed of modified gravity.

4. Modified gravity theory might naturally compose the universe’s transition from

non-phantom phase to phantom phase without adding any exotic materials.

5. One possible Unified explanation for dark energy and dark matter is the modified

gravity theory. Different cosmic effects could explain it.

There are various modified gravity theories that could compete with General Rel-

ativity in the modern period. However, they must be supported by a number of

observational data points and relevant Solar System tests. Some well-known modi-

fied theories of gravity that can be found in the literature include the following:

1. f(R)gravity (Buchdahl [1970]).

2. f(R, T )gravity (Harko et al. [2011]).

3. Massive gravity (Fierz and Pauli [1939]).

4. Gause-Bonnet gravity (Lanczos [1938]).

5. f(T) graavity (Fiorini and Ferraro [2009], Harko et al. [2014])

6. Bigravity (Rosen [1973, 1974, 1975, 1978]).

Here, we discuss first two mentioned modified theories of gravity, respectively.

1.2.1 f(R) Theories of Gravity

Einstein’s general relativity is generalized into f(R) gravity, which is an intriguing

and comparatively straightforward substitute for GR. f(R) theory was first developed

by Buchdahl in 1970 (Buchdahl [1970]). Since Starobinsky (Starobinsky [1980]) dis-

covered cosmic inflation, the field has seen significant research. There are primarily

two types of f(R) gravity, which vary depending on whether variational principle is

selected.

(i) Metric f(R) gravity.

(ii) Palatini f(R) gravity (Buchdahl [1970]).

Another f(R) gravity was proposed in 2007 by Sotiriou and Liberti (Sotiriou and

Liberati [2007]): namely, Metric-affine f(R) gravity. They use the independence of

matter action with the connection and employ only the Palatini version. Undoubt-

edly among these theories, metric affine f(R) gravity is the most general.

1.2.1.1 Einstein’s Field Equations in metric f(R) Gravity
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The Lagrangian for the Einstein-Hilbert action in the background of metric f(R)

is as follows:

S =
1

2k

∫
d4x

√
−gf(R), (1.6)

where k = 8πGc−4(G = c = 1). Here, G, R, f(R) and g =| gµν | are represents the

gravitational constant, Ricci scalar, general function of R, and the determinant of the

metric tensor gµν , respectively. When a matter term is added to the action (1.6), the

entire action for f(R) gravity has the following form

Smet =
1

2k

∫
d4x

√
−gf(R) +

∫
d4x

√
−gLM , (1.7)

where, LM represents the matter Lagrangian density.

Varying the above action (1.7) with respect to gµν , we get the field equation as

f ′(R)Rµν
1

2
f(R)gµν + [gµν�−∇µ∇ν]f ′(R) = kTµν , (1.8)

where, Rµν and Tµν are Ricci tensor and energy momentum tensor, respectively.

∇µ is covariant derivative connected with the Levi-Civita connection of the metric,

� ≡ ∇µ∇µ and prime (′) denotes the differentiation with respect to R. Einstein

general relativity is given by the metric f(R) gravity in the case f(R)=R.

1.2.1.2 Einstein’s Field Equations in Palatini f(R) Gravity

Using the independent variation with regard to the metric and an independent

connection (Palatini formalism), one can deduce the Einstein equations. Within the

context of Palatini f(R) gravity, the action has the following form

Spal =
1

2k

∫
d4x

√
−gf(R) + LM(gµν , ψ), (1.9)

where, the matter action LM depends on the matter fields and the metric, not on the

independent connection.

After varying the action (1.10) independently with respect to the metric and the

connection we get the Einstein field equations as

f ′(R)Rµν −
1

2
f(R)gµν = κTµν , (1.10)

7



1. Introduction

where, (µν) represents symmetrization over the indices µ and ν. Einstein general

relativity is also given by the metric f(R) gravity in this case f(R)=R.

1.2.1.3 Some Consequences of f(R) Theories of Gravity

Starobinsky (Starobinsky [1980]) created cosmic inflation within the context of

f(R) gravity and since then both theoretical and observational researchers have ac-

tively pursued research in f(R) gravity. There are numerous implications of the f(R)

gravity, some of them:

1. The existence of a late-time cosmic acceleration of the cosmos (Carroll et al. [2004])

can be explained by the f(R) gravity.

2. The gravity models with f(R) satisfying the solar system test and integrating dark

energy (Nojiri and Odintsov [2007, 2008]) and inflation.

3. In the context of f(R) gravity (Capozziello et al. [2006], Martins and Salucci

[2007]), the galactic dynamic of massive test particles can be interpreted without

dark matter.

1.2.2 f(R, T ) Theories of Gravity

f(R, T ) gravity is a another type of modified theories of gravity in which the trace

T of the energy momentum tensor Tµν is considered as an arbitrary function of the

gravitational Lagrangian and the Ricci scalar R. By expanding the f(R) theories of

gravity, Harko and his associates (Harko et al. [2011]) initially developed the f(R, T )

gravity. They developed a number of theoretical models that matched particular

functions (R, T ).

Recently, there has been a great enthusiasm among researchers to study various

consignments in cosmology with late-time acceleration in f(R, T ) gravity. Different

features of f(R, T ) gravity have been studied separately and several researchers have

produced different cosmological models, such as the Bianchi type I cosmological model

(Adhav [2012]), the Bianchi type III dark energy model (Reddy et al. [2013]), and

the Bianchi type V string model (Ahmed and Pradhan [2014]).

The action for the modified theories of gravity takes the following form

8
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S =
1

2k

∫
d4x

√
−gf(R, T ) +

∫
d4x

√
−gLM , (1.11)

where k = 8πGc−4 (G=c=1). f(R, T ) and LM are arbitrary function of R and

the trace T of the energy momentum tensor Tµν and matter Lagrangian density,

respectively.

Varying the action S of the gravitational field with respect to the metric tensor gµν

and after some manipulation we get the following relationship

δS =
1

2k

∫
[fR(R, T )Rµνδg

µν + fR(R, T )gµν�δgµν

− fR(R, T )∇µ∇νδg
µν + fT (R, T )

δ(gαβTαβ)

δgµν
δgµν

− 1

2
gµνf(R, T )δg

µν + 2k
1√
−g

δ(
√
−gLm)

δgµν
]
√
−gd4x. (1.12)

Integrating second and third terms of the above equation partially, we get the field

equations of f(R, T ) gravity as following

fR(R, T )Rµν − 1

2
gµνf(R, T ) + (gµν�−∇µ∇ν)fR(R, T )

= 8πTµν − fT (R, T )Tµν − fT (R, T )g
αβ δTαβ
δgµν

. (1.13)

If one consider f(R, T ) ≡ f(R), then field equations of f(R) gravity can be derived

from the equation (1.6).

1.2.2.1 Einstein’ field equation corresponding to f(R, T )= R+ 2 f(T )

The Einstein field equation (1.13) becomes with the choice of f(R, T ) = R+2f(T )

Rµν −
1

2
Rgµν = 8πTµν − f ′(T )Tµν − 2f ′(T )Tµν − 2f ′(T )Φµν + f(T )gµν , (1.14)

where, f(T ) represents arbitrary function of the strass - energy tensor of matter. (′)

represents the derivative with respect to the argument.

1.2.2.2 Einstein’ field equation corresponding to f(R, T ) = f1(R) + f2(T )

9
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The Einstein field equation (1.13) becomes with the choice of f(R, T ) = f1(R) +

f2(T )

Rµν −
1

2
Rgµν = 8πTµν − 2f ′(T )Tµν − 2f ′(T )Φµν + f(T )gµν , (1.15)

where, f1(R) and f2(T ) represents arbitrary functions of the R and T of the stress -

energy tensor of matter, respectively.

1.2.2.3 Einstein’ field equation corresponding to f(R, T ) = f1(R)+f2(R)f3(T )

For the choice of f(R, T ) = f1(R)+ f2(R)f3(T ), the Einstein field equation (1.13)

becomes

Rµν −
1

2
Rgµν = 8πTµν − 2f ′(T )Tµν − 2f ′(T )Φµν + f(T )gµν , (1.16)

where, f1(R), f2(R) and f3(T ) represents arbitrary functions of the R and T of the

stress - energy tensor of matter, respectively. (′) represents the derivative with respect

to the argument.

1.2.2.4 Some consequence of f(R, T ) Theories of Gravity

Nowadays, many scientists are working continuously to discover several important

outcomes in cosmology with late-time acceleration in f(R, T ) gravity. Numerous

results have already been discovered in the f(R, T ) gravity, including

1. Several cosmological models were created by researchers, including the Bianchi

type I cosmological model (Adhav [2012]).

2. In f(R, T ) gravity, a Bianchi type III dark energy model is developed (Reddy et al.

[2013]).

3. A string model of Bianchi type V is obtained f(R, T ) gravity (Ahmed and Pradhan

[2014])

4. Furthermore, several facets of f(R, T ) gravity have been studied separately.

1.3 Compact stars

Star remnants generated during the course of stellar evolution are known as com-

pact stars. Since so much mass is contained in a small radius, compact stars are in
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Table 1.1: Mass, radius, mean density, surface potential and Schwarzschild radius for
some celestial objects.

Objects Mass Radius Sch radius Mean density Surface Potential
M⊙ R⊙ km gm/cm3 GM/Rc2

Earth 3× 10−6 8× 10−3 9× 10−6 5 10−16

Jupiter 10−3 10−3 3× 10−3 1 10−12

Sun 1 1 3 1 10−6

Newton star 1 ∼ 3 10−5 6 ≤ 1015 10−1

White dwarf ≤ 1 10−2 3 ≤ 107 10−4

Black hole arbitray 2GM/c2 2GM/c2 M/R3 1

fact incredibly dense things.

• Formation: When a celestial compact object reaches the end of its evolu-

tionary cycle, its thermonuclear fuel runs out and it is unable to resist the pull

of gravity. As a result, the object collapses and becomes a compact star. The

Big Bang theory has revealed that the formation of compact stars can also be

attributed to the phase separations that occurred in the early universe. Follow-

ing the collapse, the remnant matter configuration shrinks significantly from its

initial size, increasing the density in the range. Furthermore, all four of nature’s

fundamental forces interact with the compact stars.

For many years, one of the main areas of study in modern astronomy has been the

realistic model of a stellar configuration of compact object and the composition of its

internal matter. They are always working to offer compact stellar models that are

consistent with observational evidence and are physically valid.

1.3.1 White dwarfs

White dwarfs are thought to represent the last stage of star evolution for stars

whose masses are insufficient to make them neutron stars. Its mass is similar to that

of the Sun and its volume is comparable to that of the Earth. In a white dwarf, mass

is transformed into energy without any fusion occurring.

A white dwarf is a remnant of a star’s core made primarily of extremely dense electron

degenerate materials. These indicate the culmination of stars whose starting masses

varied from about 0.07 to approximately 8M⊙. The Milky Way galaxy has around 97
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stars, including the Sun, which are predicted to eventually become white dwarfs due

to their wide range. Among the hundred stars closest to the Sun, eight are thought

to be white dwarfs.

In the triple star system of 40 Eridani, the first white dwarf was found. The smaller

part of the Sirius binary star, Sirius B, is the closest known white dwarf. Sirius B is

located 8.6 light years away from Earth.

1.3.2 Neutron stars

The smallest and densest stars, known as neutron stars, are the collapsing cores

of enormous (1030 solar mass) stars during a supernova explosion, sustained by pres-

sure from neutron degeneracy. The constituents of a neutron star’s interior include

charge-neutral neutrons, protons, electrons and muons. The mass of a neutron star on

the order of 2M and its radius is about 10 km on the order. Four regions characterize

the interior structure of a neutron star.

(i) The outer crust: This portion is about 0.3-0.5 kilometers long. This section is

composed of electrons and ions.

(ii) Inner crust: This segment is 1-2 kilometers long. Atoms, neutrons and nuclei

are included in this section.

(iii) Outer core: This core is almost 9 km across. It is composed of protons, neu-

trons, Fermi liquid and a little amount of DD electron Fermi gas.

(iv) inner core: This core has a width of between 0 and 3 kilometres. The inner

core’s composition is still unknown to scientists.

The pulsar PSR B1919+21 was discovered in 1967 by A. Hewish and his associates; it

was subsequently determined to be a rotating neutron star. Neutron stars are catego-

rized as follows based on the discovery of thousands of pulsars and our understanding

of particle interactions at the extreme densities.

(i) Neutron stars are made up of leptons and neutrons.

(ii) Hybrid stars in which nuclear matter covers the quark matter core.

(iii) Quark matter composes quark/stranger stars.

1.3.3 Black Hole

A black hole is an area of space where light cannot escape due to the intense

gravitational pull of the black hole.
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The regions of a black hole is as follows: (i) Singularity, (ii) Event horizon, (iii)

Ergosphere, (iv) Photons sphere.

1.3.3.1 Black Holes in General Relativity

The existence of black holes is one of the more intriguing predictions of Einstein’s

general relativity. The regions of spacetime with extreme gravity, from which nothing

can escape, are described by black holes, which are the solutions of the gravitational

field equations. Thus, the black hole’s boundary functions like a one-way membrane.

Nothing can come out of a black hole but things can go into them.

1.3.3.2 Different Black Hole

(i) Super-massive black holes: Super-massive black hole is the largest one.

This kind of black hole has a mass that is more than 1 million times that of the

Sun and a size comparable to a solar system. Recent investigations indicate that a

super-massive black hole is present at the center of every large galaxy. In the center

of the Milky Way galaxy is a super-massive black hole called Sagittarius. Its size is

the same as the sun’s and its mass is almost 4 million times that of the solar. The

super-massive black hole of mass 2.9×109nM⊙ at the center of our Milky Way galaxy

is powered by jet emissions from the galaxy M87.

(ii) Intermediate black holes: The globular cluster’s center contained intermedi-

ate black holes. These black holes are the end result of a series of stellar collisions.

One of the intermediate black holes identified in the spiral galaxy’s arm. A similar-

sized intermediate black hole, weighing 50,000 times the mass of the sun, was recently

reported by NASA.

(iii) Stellar black holes: The medium-sized black hole is called the stellar. A stellar

black hole can have a mass up to 20 times that of the sun, which is equivalent to a

ball with a radius of 5 miles. Numerous stellar mass black holes can be found in the

Milky Way galaxy.

(iv) Primordial black holes: The smallest of the several kinds of black holes are

called primordial black holes. This kind of black hole has a mass comparable to a big

mountain yet a size comparable to a single atom.
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1.3.3.3 Black Hole solutions

In the context of General Relativity, we briefly explore well-known four-dimensional

black hole solutions. A four-dimensional black hole solution of general relativity is

either a vacuum or connected with an electromagnetic field, based on the black hole

uniqueness theorem and No-hair theorem (Hawking and Ellis [2023]). Specifically,

these black holes are either rotating and axisymmetric or non-rotating and spheri-

cally symmetric. We classify black holes according to these features in the following

manner.

• Non-rotating black holes:

(i)Schwarzschild Black Hole (M)

(ii) Reissner- Nordstrom Black Hole (M, Q)

• Rotating black holes:

(i) Kerr Black Hole (M,a)

(ii) Kerr-Newman Black Hole (M, a, Q)

1.3.3.4 Non-rotating black holes:

The two main characteristics of non-rotating black holes are their mass and charge.

Astrophysical black holes rotate, but they are classified as static, or non-spinning,

black holes when their spin stops. Now, we discussed about a few non-rotating black

hole.

• Schwarzschild Black Hole:

The solutions of Einstein field equations that arise in regions of spacetime devoid

of any matter or radiation are called vacuum solutions. Hence in the absence of

any source these solutions must have Tµν = 0. The Schwarzschild metric is the

first and most important non-trivial solution of Einstein field equations. The

Schwarzschild coordinates are a system of spherical coordinates originating at

the centre of a massive body having massM and are defined as : x0 = ct, x1 =

r, x2 = θ, x3 = ϕ.
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The Schwarzschild metric is as follows:

ds2 =

(
1− 2GM

c2r

)
c2dt2 −

(
1− 2GM

c2r

)−1

dr2 − r2(dθ2 + sin2 θdϕ2). (1.17)

The Schwarzschild metric has the following characteristics:

1. Spherical Symmetry: On the surface of a sphere of radius R, the

Schwarzschild metric reduces to the two-dimensional geometry for every

given fixed value of the coordinates r = R and t = T ,

ds2 = −R2(dθ2 + sin2 θdϕ2). (1.18)

2. Asymptotic Flatness: The Minkowski metric is approached by the

Schwarzschild metric as the coordinate r → ∞

ds2 = c2dt2 − dr2 − r2(dθ2 + sin2 θdϕ2). (1.19)

3. Stationary and Static : To be stationary means that all of the met-

ric coefficients gµν are independent of t and Static spacetime refers to a

metric that remains invariant by time-reversing transformations, t → −t.
Additionally, there are no form terms in the line element drdt, dθdt, dϕdt.

4. Singularity : The metric coefficients g00 → 0 and g11 → ∞ increase as

the coordinate r approaches to the Schwarzschild radius, RS = 2GM/c2.

Due to the coordinate system being employed, this singularity is known as

the coordinate singularity. A physical or gravitational singularity, however,

exists at r = 0. The Schwarzschild radius of our Sun is only 3 km, meaning

it is located inside the body. However, as is the case with black holes, RS

could possibly be greater than the body’s radius.

• Reissner- Nordstrom Black Hole

The Reissner-Nordstrom(R-N) black hole is another well-known non-rotating

black hole solution. The Einstein-Maxwell field equations that represent the

gravitational field of a static, spherically symmetric body with mass M and

electric charge Q are the source of this equation. The following metric (G = c
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= 1) provides the solution

ds2 = −
(
1− 2M

r
+
Q2

r2

)
dt2 +

(
1− 2M

r
+
Q2

r2

)−1

dr2 + r2
(
dθ2 + sin2 θdϕ2

)
,

(1.20)

The R-N black hole solution’s event horizons are derived from (1− 2M
r
+ Q2

r2
) = 0

as

r± =M

[
1±

√
1− Q2

M2

]
. (1.21)

Here, r+ and r− denote the R-N black hole’s outer and inner horizons, respec-

tively. We may observe from Eq. (1.21) that the relationship between mass M

and charge Q determines the characteristics of the Reissner-Nordstrom black

hole.

1.3.3.5 Rotating Black Hole:

Since most stars have some angular momentum, rotating black holes are the as-

trophysical black hole candidates, according to various astrophysical observations.

Characteristics of the rotating black holes includes mass, charge and angular momen-

tum. Since the angular momentum of an ancestor massive star is often non-vanishing,

the newly formed black hole would remain rotating. A black hole will always gain an-

gular momentum as a result of its interactions with the surrounding material, whether

it is generated with small value or no angular momentum. Now, we will discuss two

well-known rotating black hole.

• Kerr Black Hole:

The complete solution to the Einstein field equations describing an axially

symmetric, revolving, stationary and chargeless black hole was given by New

Zealand mathematician Roy Kerr in 1963 (Kerr [1963]). In Boyer-Lindquist

coordinates, the Kerr black hole metric is as follows (Chandrasekhar [1998])

ds2 = −
(
1− 2Mr

ρ2

)
dt2 − 4Mra sin2 θ

ρ2
dϕdt+

ρ2

∆
dr + ρ2dθ2

+

(
r2 + a2 +

2Mra2 sin2 θ

ρ2

)
sin2 θdϕ2, (1.22)
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Figure 1.2: Rotating Black hole (Collected from internet).

where, ρ2 = r2 + a2 cosθ,∆ ≡ r2 − 2Mr+ a2 and the spin parameter, a = J/M ,

denotes the direction of rotation (M is mass and J is angular momentum). The

rotation will be clockwise or anticlockwise according to a > 0 or a < 0, respec-

tively. In the case of a rotating Kerr black hole, the event horizon must exist if

|a| ≤M ; otherwise, spacetime will create a naked singularity.

We can see some properties of Kerr black hole solution as:

(i) If a→ 0, the spinning Kerr black hole solution transforms into the Schwarzschild

black hole solution.

(ii) For r >> M and r >> a, the Kerr solution will be asymptotically flat.

(iii) The location of the event horizon is r± =M ±
√
M2 − a2.

(iv) The rotation of the Kerr black hole appears to be independent of time,

meaning that it is not static but rather stationary.

(v) Under the transformations t → −t and ϕ → −ϕ, the Kerr black hole re-

mains invariant.

• Kerr-Newman Black Hole:
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A stationary spinning black hole solution with charge Q and angular momentum

J ≡ Ma is found in the Kerr-Newman solution of the Einstein-Maxwell field

equations in GTR.

In Boyer-Lindquist coordinates, the Kerr-Newman black hole metric is given as

ds2 = −
(
∆− a2 sin2 θ

ρ2

)
dt2 − a sin2 θ

ρ2
(r2 + a2 −∆)dϕdt+

ρ2

∆
dr

+ ρ2dθ2 +

(
(r2 + a2)2 −∆a2 sin2 θ

ρ2

)
sin2 θdϕ2, (1.23)

where, ρ2 = r2 + a2 cosθ,∆ ≡ r2 + a2 +Q2 − 2Mr.

Additionally, the Kerr-Newman black hole solution has a few intriguing char-

acteristics, such as:

(i) When a = Q = 0, the Kerr-Newman metric reduces to the Schwarzschild

black hole solution.

(ii) For a = 0, the Kerr-Newman solution with a charged electric field becomes

the Reissner-Nordstrom solution.

1.3.3.6 Black Hole in modified gravity

The study of black holes is a popular topic for both theoretical and observational

researchers. Researchers have been examining black hole solutions in various modi-

fied theories of gravity over the past few decades. The importance of studying black

hole solutions in modified theories of gravity is highlighted beacause the results can

be compared to general relativity. Two methods exist for studying black holes in

modified gravity:

(i) approximation method: In dynamical Chern-Simons (CS) gravity, the slowly

rotating black hole solution has been studied using the approximation approach (Yunes

and Pretorius [2009], Alexander and Yunes [2009]).

(ii) numerical approach: Numerical methods have been used to solve the black

hole solutions in Einstein-Dilaton-Gauss-Bonnet (EDGB) gravity (Kanti et al. [1996],

Torii et al. [1997], Kanti et al. [1998], Pani and Cardoso [2009]).
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Nowadays, the various black hole solutions can be found in various modified the-

ories of gravity, including:

1. Black hole in dilaton gravity (Gibbons and Maeda [1988]).

2. Black hole in extended Chern-Simons modified gravity (Konno et al. [2009]).

3. Black hole in dRGT massive gravity (Cai et al. [2013], Hendi et al. [2018]).

4. Black holes in Rastall gravity (Kumar and Ghosh [2018]).

5. Black holes in a type-II minimally modified gravity (De Felice et al. [2021]).

Many other black hole solutions can be found in various modified theories of gravity.

1.3.3.7 Regular Black Hole

Regular black holes have invariant scalars throughout spacetime and are black hole

solutions without curvature singularity. A number of scholars have published many

regular black hole models in the literature during the past few decades. Bardeen (Bardeen

[1968a]) initially proposed a nonsingular, spherically symmetric, static black hole so-

lution. He solved the Einstein field equation coupled with nonlinear electrodynamics

and eliminated the central singularity by substituting a de-Sitter core.

The Bardeen black hole metric can be expressed as

ds2 = −f(r)dt2 + dr2

f(r)
+ r2(dθ2 + sin2 θdϕ2), (1.24)

where

f(r) =

(
1− 2Mr2

(r2 + q2)3/2

)
. (1.25)

Here M and q are the black hole mass and the monopole charge, respectively. When

r = 0, Bardeen black hole reduces to Schwarzschild black hole. It’s interesting to

note that in the limit of r → 0, the Bardeen metric function behaves like de-Sitter

spacetime as

f(r) =

(
1− 2Mr2

q3

)
. (1.26)

Eventually, the physical source of the nonsingularity of the Bardeen black hole (Bardeen

[1968a]) solution is discovered. Numerous scientists were inspired to investigate self-
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consistent nonsingular black hole (Toshmatov et al. [2014], Ghosh and Maharaj [2015])

solutions by this intriguing work. Bambi et al. (Bambi and Modesto [2013]) also in-

vestigated the rotating counter portion of the Bradeen spacetime metric using the

Newman-Janis algorithm and the result was a spinning Bradeen black hole solution

that was Kerr-like.

1.4 Lyapunov Exponent

The rate at which two infinitesimally close trajectories separate is defined by the

Lyapunov exponent (λ), also known as the Lyapunov characteristic exponent, of a

dynamic system. Two trajectories with initial separation vectors of δZ0 in phase

space quantitatively diverge at a rate defined by

|δZ(t)| ≈ eλt|δZ0|

For various initial separation vector orientations, the separation rate can vary. As

a result, there is a spectrum of λ that has dimensions equal to the phase space’s

dimensions. The greatest one, which establishes a concept of predictability for a dy-

namical system, is frequently referred to as the maximal Lyapunov exponent (MLE).

A positive MLE is generally seen as evidence of chaos in the system.

1.4.1 The maximal Lyapunov exponent(MLE)

The maximal Lyapunov exponent (λ) can be defined as

λ = lim
t→∞

lim
|δZ0|→0

1

t
log

(
|δZ(t)|
|δZ0|

)
.

The linear approximation is always valid by the limit lim|δZ0|→0 at all times.

For a discrete time system where xn+1 = f(xn) is used, the following is the equivalent

for an orbit with the number x0

λ(x0) = lim
n→∞

1

n

n−1∑
i=0

ln |f ′xi|.

1.4.2 Lyapunov spectrumt
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The spectrum of Lyapunov exponents {λ1, λ2, ....λn} depends generally on the

initial point x0 for a dynamical system with evolution equation ẋi = fi(x) in an n-

dimensional phase space. If there are multiple attractors, the system’s end point may

depend on the choice of starting point. The Jacobian matrix is used to define the

Lyapunov exponents, which describes how vectors behave in the phase space.

Jij(t) =
dfi(x)

dxj

∣∣∣∣
x(t)

This Jacobian determines the expansion of the tangent vectors, which are provided

by the matrix Y through the equation

Ẏ = JY

using Jij(0) = δij as the initial condition. The limit

Λ = lim
t→∞

1

2t
log(Y (t)Y T (t))

determines a matrix Λ. The eigenvalues of Λ are used to define the Lyapunov expo-

nents λi.

1.5 Shadow of the black hole

The shadow of the black hole is directly related to the impact parameter of the

photon circular orbit.

Figure 1.3: Shadow of the Black hole (Collected from internet).
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The unstable photon region of a black hole is projected as a shadow into the sky

by an observer. A step-like decrease in brightness will be seen that coincides with the

shadow if the black hole is surrounded by an geometrically thick emission, optically

thin area. The two major changes that GR suggests namely, (i) Gravitational lensing

causes the shadow to grow in size. (ii) The path-lengthening effect causes the cloud

outside the shadow to get brighter. Even if the size of the shadow and the brightness

of the source close to the black hole’s boundary are both greatly altered by these two

processes, still the blocking effect is still the main cause of the shadow.

1.5.1 Radius of shadow

The black hole’s mass determines the shadow’s radius, and given the favorable

circumstances, the black hole’s spin can be inferred from the shadow’s shape. Due to

these factors, the Event Horizon Telescope’s key driver and one of its most accurate

predictions was to observe the black hole shadow.

1.6 Photon sphere

A photon circle or photon sphere is a region of space in which gravity is so much

strong that photons are compelled to move in orbits, also known as the last photon

orbit. Also, The photon sphere is a spherical border with zero thickness where photons

traveling on its tangents would be caught, creating a ring-shaped orbit around the

black hole. For a Schwarzschild black hole, the radius of the photon sphere, which

also serves as the lower constraint for any stable orbit, is

r =
3GM

c2
=

3rs
2
, (1.27)

where, G, M, c and rs represents Gravitational constant, mass of the black hole, speed

of light (in vacuum) and the Schwarzschild radius, respectively.

The photon sphere is further away from a black hole’s center than the event horizon.

Imagine a photon being emitted from one’s back of the head, orbiting the black hole,

and then being caught by one’s eyes and allow to see the back of the head within a

photon sphere.

1.6.1 Photon sphere for non-rotating black hole:
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The photon sphere for non-rotating black holes is a sphere with a radius of 3rs
2
.

The photon sphere does not include any stable free-fall orbits, nor does it intersect.

Any free-fall orbit that enters the black hole from outside spirals into it. Any orbit

that enters from the inside crosses it, either falls back in and spirals towards the black

hole or escapes to infinity.

1.6.2 Photon sphere for rotating black hole:

There are two photon spheres for rotating black hole. The closer photon sphere of

the black hole rotates in the same direction as it does, whereas the photon sphere that

is farther away rotates in the opposite direction. The distance between two photon

spheres increases with a black hole’s rotational angular velocity. There is one photon

sphere in a polar orbit.

1.7 Equating of ISCO

Test particles can maintain a stable orbit around a central object at any distance

with Newtonian gravity. However, according to general relativity, there is an inner-

most stable circular orbit (ISCO) for which any small deviations from a circular orbit

will cause them to spiral towards the black hole and any large deviations will cause

them to either escape to infinity or spiral inward to the black hole, depending on the

amount of energy involved. The ISCO’s location depends on the black hole’s spin

and for a Schwarzschild black hole (zero spin ), it is as follows:

r =
6GM

c2
= 3rs (1.28)

and increasing for particles orbiting a black hole with decreasing spin when they are

traveling in the equal direction as the spin.
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Chapter 2

Null geodesics and QNMs in the

field of regular black holes 1

2.1 Introduction

Geodesics motion describes the key features of black hole (BH) space-time. In the

background spacetime, the geodesics shows a very rich structure and convey some

important information related to the BH space-time. There are various kinds of

geodesics motions but among these, the circular geodesics motions are more interest-

ing due to its connection to the gravitational binding energy. In Ref. (Zhang et al.

[1997]), it was shown that the binding energy of the stable circular time-like geodesics

could be used to estimate the spin of astrophysical BHs through the observations of

accretion disks. In Refs. (Kokkotas and Schmidt [1999], Nollert [1999], Mondal et al.

[2021a]), the effectiveness of null geodesics to explaining the characteristic modes of

a BH quasinormal modes are described. It is important to note that general relativ-

ity (GR) predicts precessing elliptical orbits around a central star. In the extreme case

of a Schwarzschild black hole, there are also a simple set of unstable circular orbits

which are referred as the outcome of the non-linearity of general relativity. Cornish

and Levin have investigated that all unstable orbits, whether regular or chaotic, can

be quantified by their Lyapunov exponents (Cornish and Levin [2003]).

1A considerable part of this chapter has been published in International Journal of Modern
Physics D, Vol. 30, No. 12, 2150095 (2021).
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2. Null geodesics and QNMs in the field of regular black holes

Some important reviews on QNMs of astrophysical BHs and stars are given in

Refs. (Nollert [1999], Kokkotas and Schmidt [1999], Berti et al. [2009], Konoplya

and Zhidenko [2011]). In particular, it has been explained in Refs. (Nollert [1999],

Kokkotas and Schmidt [1999]) that null geodesics play an important role in describ-

ing the characteristic modes of a BH while in Refs. Berti et al. [2009], the authors

have described the various aspects of QNMs of BHs and branes. Konoplya (Kono-

plya and Zhidenko [2011]) has considered the possible perturbations of BHs in the

context of astrophysical observations. In 1985, Mashhoon (Mashhoon [1985]) has

interpreted the free modes of vibrations as null particles which are trapped at the

unstable circular orbits. Later on, Berti et al. (Berti and Kokkotas [2005]) have in-

vestigated that the null particles trapped at the unstable circular orbits are leaking

out slowly. Pretorius and Khurana (Pretorius and Khurana [2007]) have investigated

that unstable circular orbits might be useful to obtaining information on phenomena

occurring at the threshold of BH formation in the high-energy scattering of BHs.

Later on Steklain and Letelier (Steklain and Letelier [2009]) have studied Lyapunov

exponents in the context of the stability of circular orbits for different spins of the cen-

tral body. It is well known that the unstable orbits come out with positive Lyapunov

exponents (Schnittman and Rasio [2001]). Some useful applications of Lyapunov ex-

ponents have been described in Refs. (Barrow [1981], Hobill et al. [2013], Manna et al.

[2020], Semerák and Karas [1999], Das et al. [2020b]). It is important to note that the

Lyapunov exponent has been known to erroneously lead to zero Lyapunov exponents

for chaotic systems therefore topological measures of chaos are not provoked by the

relativism of space and time (Dettmann et al. [1994], Cornish and Levin [1997]).

Very recent past, Prasobha and Kuriakose (Prasobh and Kuriakose [2014]) have

studied QNMs frequency of Lovelock BHs and investigated that the real part of the

modes decreases as with increase of space-time dimension. This predicts the the

presence of lower frequency modes in higher dimensions. In Ref. (Motl and Neitzke

[2003]), the authors have investigated QNMs of Schwarzschild BHs in four and higher

dimension in the boundary of infinite damping. Note that the asymptotic real part of

the BH QNMs holds the same frequency as emitted by a BH whose area falls by an

amount which is natural from the point of view of distinct preludes to quantization of

gravity such as loop quantum gravity (Dreyer [2003]). Fernando and Clark (Fernando

and Clark [2014]) have studied QNMs of scalar perturbations in four dimensional
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2.1. Introduction

space-time and compare their result with Schwarzschild BH. Recently Hendi and Ne-

mati (Hendi and Nemati [2019]) have investigated QNMs of scalar perturbations in

five dimensional massive gravity by using WKB method.

It is argued that the spacetime singularities are made due to gravitational collapse

that are always buried inside black holes. Till now, this signature is a major open ques-

tion in general relativity. Still we are yet to have any healthy and consistent quantum

theory of gravity that resolves the singularities in the interior of black holes. There-

fore, there is remarkable consideration towards the models of regular black hole i.e.

black hole solutions without the central singularity. S G Ghosh and his collaborators

(Ghosh et al. [2014]) established that the regular black holes could be contemplated

as the particle accelerator. Toshmatov et al (Toshmatov et al. [2015]) have discussed

explicitly the quasinormal modes of test fields around the regular black holes. The

above investigations motivate us to study the regular black holes. The main focus

of the work is to investigate the geodesics structure of regular black holes. We have

studied both null geodesics as well as time-like geodesics. Aa an application of null

geodesics, we have derived the radius of photon sphere and study the shadow of the

BH visually. Also we find the relation between radius of photon sphere (rps) and the

shadow as observed by a distance observer. Furthermore, we discus the implication of

various parameters on the radius of shadow Rs. Also we derive the angle of deflection

for the photons. By computing the Lyapunov exponent we find the relation between

null geodesics and QNMs frequency in the eikonal approximation. Also we study the

massless scalar perturbations and analyze the effective potential graphically. More-

over we compute the ISCO and MBCO of the said which are closely related to the

BH accretion disk theory.

The chapter is organized as follows. In the next section 2.2, we briefly discuss the

regular BHs. In Section 2.3, we investigate thoroughly the null geodesics of the said

BH in AdS space. In Section 2.4, we study the Klien-Gordon equations for mass-

less perturbations and derived the effective potential. We plotted it graphically and

compared the result with Hayward class and Bardeen class of BHs. Section 2.5, is

described to study the massive scalar perturbations and computed the effective poten-

tial. In Section 2.6, we study the relation between QNMs frequency and null circular

geodesics through massless scalar perturbations in the eikonal limit. In Section 2.7,

we investigated the time-like geodesics in the said BH. We also compute the ISCO
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2. Null geodesics and QNMs in the field of regular black holes

and MBCO. In Section 2.8, we have given the conclusions and future outlook.

2.2 Introduction of Regular BHs

In this section, we will consider a static, spherically symmetric and asymptotically

flat solutions of regular BH (Fan and Wang [2016]) as follows:

ds2 = −f(r)dt2 + dr2

f(r)
+ r2(dθ2 + sin2 θdϕ2), (2.1)

where

f(r) =

(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

)
(2.2)

Here, µ > 0 is a dimensionless constant, α > 0 has the dimension of length squared

and q is a free integrating constant.

Special case:

(A) Bardeen class:

If ν = 2, then the function (2.2) is reduced to

f =

(
1− 2M

r
− 2α−1q3rµ−1

(r2 + q2)
µ
2

)
. (2.3)

For M = 0, µ = 3, the solution is the Bardeen BH (Bardeen [1968b]).

(B) Hayward class:

If ν = µ, then the function (2.2) is reduced to

f =

(
1− 2M

r
− 2α−1q3rµ−1

(rµ + qµ)

)
. (2.4)

For M = 0, µ = 3, the solution is the Hayward BH (Hayward [2006]).

(C) A new class:

If ν = 1, then the function (2.2) is reduced to

f =

(
1− 2M

r
− 2α−1q3rµ−1

(r + q)µ

)
. (2.5)
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2.2. Introduction of Regular BHs

Figure 2.1: f(r) versus r with ν = 1 for New class BH (upper panel), ν = 2 for
Bardeen BH (middle panel)and ν = 3 for Hayward BH (lower panel). Here, we set
M = 0, q = 1, µ = 3 and α = 0.5. The right panels are plotted for values of ν in the
range 0 ≤ ν ≤ 40.

For M = 0, the solution can be treated as a new class solution. Also, regular BH has

a solution for µ ≥ 3 .

The variation of f(r) versus r could be seen from Fig. 2.1 and Fig. 2.2. From the

figures we can see that, when ν = 1 the solution New class BH has no zero, when

ν = 2, 3 the solution BBH and HBH both has two horizon, respectively.

29



2. Null geodesics and QNMs in the field of regular black holes

Figure 2.2: f(r) versus r for various values of ν; the other parameters fixed to M = 0,
q = 1, µ = 3 and α = 0.5.

2.3 Action and field equations

The action for Einstein gravity coupled to a non-linear electromagnetic field is

read as

I =
1

16π

∫ √
−g (R− L(F)) d4x (2.6)

where, F ≡ FijF
ij with F = dA as field strength of the vector field and Lagrangian

density L is a function of F.

Also, the co-variant equation of motions are given by

Gij = Tij, ▽i

(
LFF

ij
)
= 0 (2.7)

where, LF = ∂L
∂F

and Gij = Rij − 1
2
Rgij. R and g have their usual meaning as in

Einstein tensor.

The energy momentum tensor Tij in this case is defined as

Tij = 2

(
LFF

2
ij −

1

4
gijL

)
(2.8)

In this paper, we have considered a static, spherically symmetric and asymptotically
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2.3. Action and field equations

flat solutions of regular BH.

ds2 = −f(r)dt2 + dr2

f(r)
+ r2(dθ2 + sin2 θdϕ2), (2.9)

Thus, the independent field equations are read as

0 =
f ′

r
+
f − 1

r2
+

1

2
L (2.10)

0 = f ′′ +
2f ′

r
+ L− q8

α2r4
LF (2.11)

A detail description of action and field equations of regular BH are found in Ref.

(Fan and Wang [2016]).

Here, we have assumed three special class

(A) Bardeen class with Lagrangian density L = 4µ
α

(αF)
5
4

(1+
√
αF)

1+
µ
2

(B) Hayward class with Lagrangian density L = 4µ
α

(αF)
µ+3
4(

1+(αF)
µ
4

)2

(C) New class with Lagrangian density L = 4µ
α

αF(
1+(αF)

1
4

)µ+1

2.3.1 Circular orbits in the Equatorial Plane

In an equatorial plane, we compute the geodesic for the space-time (2.1) by using

the method of Chandrasekhar et al. (Chandrasekhar [1998]). In order to do that,

we consider θ̇ = 0 and θ = constant = π
2
. Now, the Lagrangian equation of motion

becomes

2L =

[
−
(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

)
ṫ2 +

ṙ2(
1− 2M

r
− 2α−1q3rµ−1

(rν+qν)
µ
ν

) + r2ϕ̇2

]
, (2.12)

where ϕ denotes the angular momentum. Now the canonical momentum is defined as

Pq =
∂L

∂q̇
. (2.13)

By using the Eqn. (2.13), the generalized momenta can be derived from the lagrangian
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2. Null geodesics and QNMs in the field of regular black holes

are as follows

pt = −
(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

)
ṫ = −E = const. (2.14)

pϕ = r2ϕ̇ = L = const. (2.15)

pr =
ṙ(

1− 2M
r

− 2α−1q3rµ−1

(rν+qν)
µ
ν

) . (2.16)

Here, the Lagrangian equation of motion is not depends on ‘t′ and ‘ϕ′ both, thus pt

and pϕ are conserved quantities. After solving Eqns. (2.14) and (2.15) for ṫ and ϕ̇,

we get

ṫ =
E(

1− 2M
r

− 2α−1q3rµ−1

(rν+qν)
µ
ν

) and ϕ̇ =
L

r2
. (2.17)

Integral equation of the geodesic motion is obtained by normalizing the four velocity

(ua) as follows

gabu
aub = δ, (2.18)

which is similar to

−Eṫ+ Lϕ̇+
ṙ2(

1− 2M
r

− 2α−1q3rµ−1

(rν+qν)
µ
ν

) = δ. (2.19)

Here, δ = −1 determines the time-like geodesic, δ = 0 determines the null geodesic

and δ = 1 determines the space-like geodesic. Putting the value of ṫ and ϕ̇ from (2.17)

into (2.19), we find the radial equation for space-time as

ṙ2 = E2 −
(
L2

r2
− δ

)(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

)
. (2.20)

2.4 Null Geodesics of Regular BHs

The radial equation of the test particle for null circular geodesic as using the
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2.4. Null Geodesics of Regular BHs

equation (2.20) by setting δ = 0 is given by

ṙ2 = E2 − Vnull = E2 − L2

r2

(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

)
. (2.21)

where Vnull is the effective potential of null-circular geodesics is given by

Vnull =
L2

r2

(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

. (2.22)

2.4.1 Radial null geodesics:

The radial geodesics is corresponding to zero angular momentum (L=0). Hence

the effective potential for radial null geodesics is

Vnull = 0 (2.23)

The equation for ṫ and ṙ are simplified to

ṙ = ±E and ṫ =
E

f(r)
. (2.24)

The above equation gives

dt

dr
= ± 1

f(r)
= ± 1(

1− 2M
r

− 2α−1q3rµ−1

(rν+qν)
µ
ν

) . (2.25)

The above equation can be integrated to find the coordinate time t as

t = ±
∫

1(
1− 2M

r
− 2α−1q3rµ−1

(rν+qν)
µ
ν

) + constant. (2.26)

When r → 2M and q → 0, t → ∞. Hence we can obtain the proper time by

integrating

dτ

dr
= ± 1

E
, (2.27)
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2. Null geodesics and QNMs in the field of regular black holes

which gives

τ = ± r

E
+ constant. (2.28)

When r → 2M and q → 0, τ → ±2M
E

is finite. Hence the coordinate time is infinite

while the proper time is finite. This is the same with the result for the Schwarzschild

BH.

2.4.2 Geodesics with angular momentum(L ̸= 0):

In this case, the effective potential is

Vnull =
L2

r2

(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

)
. (2.29)

We have plotted the graph Vnull against r (first panel) in the Fig. 2.3. Initially, Vnull

reaches a peak value then it decreases for larger value of r as evident from Fig. 2.3.

In the same figure one can see that Vnull is linearly decreasing withM (second panel),

then it decreases with decreasing value of q (third panel) while Vnull increases with

increasing value of α (fourth panel) and L(fifth panel) respectively.

In case of circular geodesics (Chandrasekhar [1998])

ṙ2 = (ṙ2)′ = 0, (2.30)

Now, the angular momentum and energy at r = ro for the null geodesics are as follows:(
rµo q

3((µ− 3)qν − 3rνo ) + (ro − 3M)(rνo + qν)
µ+ν
ν α

)
= 0 and

Eo

Lo

= ±

√√√√√
(
(r − 2M)(rνo + qν)

µ
ν − 2α−1q3rµo

)
r2o(r

ν
o + qν)

µ
ν

. (2.31)

Let us consider Do =
Lo

Eo
be the impact parameter, then the equation (2.31)

reduces to

1

Do

=
Eo

Lo

=

√
M + q3rµo q3α−1(rνo + (1− µ)qν)(rνo + qν)(−

µ+ν
ν

)

r3o
. (2.32)
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2.4. Null Geodesics of Regular BHs

Figure 2.3: The figure describes the variation of Vnull with r (first panel), M (second
panel), q (third panel), α (fourth panel) and L (fifth panel). We have set µ = 3.
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2. Null geodesics and QNMs in the field of regular black holes

2.4.3 Radius of photon sphere :

A photon sphere is a area where the gravitational field of BH is so strong that

light can travel in circles. At the photon sphere, no light released outside can reach

observer from below- the observer watch into the vast wide emptiness of the BH. For

spherical geodesics of a circular light orbits, we use two conditions

Vnull(r)|ro=rps = 0 and ∂Vnull(r)
∂r

|ro=rps = 0,

where, rps is the radius of the photon orbit. The first condition gives

L2

E2
=

r2ps
f(rps)

, (2.33)

and the second condition implies

rpsf
′(rps)− 2f(rps) = 0. (2.34)

Substituting the equation (2.2) into the above equation, we have

rµpsq
3((µ− 3)qν − 3rνps) + (rps − 3M)(rνps + qν)

µ+ν
ν α = 0. (2.35)

The analytical solution rps of the above equation is not a trivial task. But for some

special cases, we can find a relation for the radius of the photon sphere, as

• when α = 0, the radius of photon sphere is follows

rph = 3−
1
ν q−

3
ν

(
q3+ν(−3− µ)

) 1
ν

. (2.36)

•• when q = 0, the radius of the photon sphere is

rps = 3M. (2.37)

• • • when µ = 0, the radius of the photon sphere is as follows

rps = 3(−qν)
1
ν (M +

q3

α
). (2.38)
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2.4. Null Geodesics of Regular BHs

Figure 2.4: Black hole shadow in the Celestial plane β − γ for varying α with µ =
1, ν = 1 and q = 1 (up- left panel), varying µ with α = 1, ν = 1 and q = 1 (up-
right panel), varying q with α = 1, µ = 1 and ν = 1 (down left panel), varying ν with
α = 1, µ = 1 and q = 1 (down- left panel). We set M = 1.
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Table 2.1: Photon sphere radius for variation of massive parameters with M = 1.

α 0.2 0.5 1.0 1.5 2.0
rps(µ = ν = q = 1) 16.99 8.15 5.4 4.54 4.12

µ 0.0 0.5 1.0 1.5 2.0
rps(α = ν = q = 1) 6.0 5.7 5.4 5.11 4.82

ν 0.2 0.5 1.0 1.5 2.0
rps(µ = α = q = 1) 3.14 4.21 5.4 5.8 5.93

q 0.0 0.5 1.0 1.5 2.0
rps(µ = ν = α = 1) 3.0 3.31 5.4 11.63 24.64

•••• when ν = 1(ν ̸= 0), the relation for the radius of the photon sphere is as follows

rµpsq
3((µ− 3)q − 3rps) + (rps − 3M)(rps + q)µα = 0. (2.39)

In general, it is possible to numerical that there are many roots (real, complex

according to the value of the parameter α, µ, ν and q) of the Eqn. (2.35), which are

bigger than the event horizon radius and then we have many small and larger spherical

light orbits. To understand which one is stable with respect to radial perturbation,

we should examine the sign of V ′′
null, when V ′′

null < 0 it indicates unstable orbit and

V ′′
null > 0 indicates the stable one. In the following Table 2.1, the radius of the unstable

photon sphere (the larger photon sphere) is listed for some parameters, thereby we

conclude the nature of rps under variation of the massive parameters.

We plot the BH shadow in Fig. 2.4 for different values of parameters. We observe

that in both cases α and µ when the values increase the radius decrease while keeping

other parameter fixed. We observe that the shadow size shrinks with increasing “α”

and “µ” , respectively. Further, we notice that with increase in “q”, the shadow size

increase with fixed other parameters. The shadow size also increase with increase in

“ν”. One can observed from Fig. 2.4 that µ has weaker effect whereas q has stronger

effect on the BH shadow.

2.4.4 Shadow of the BH:

Now, we study the shadow Ref. Jusufi [2020] of the BH. We assume that a bright

object released photons and after releasing from the bright object, photons comes

towards the BH which is situated between a bright object and an observer. Around
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2.4. Null Geodesics of Regular BHs

the BH there are three possible trajectories of the photon geodesics: (i) falling into

the BH, (ii) scattered away from BH to infinity, (iii) first two sets are separated by

critical geodesics. The observer can see only the scattered photons which fall from a

dark region into the BH. This dark region is called BH shadow.

Now, to study the shadow of the BH we are going to introduce a new celestial

coordinate (β, γ), where β is the perpendicular distance of the shadow from symmetry

axis and γ is the apparent perpendicular distance of the shadow from its projection

on the equatorial plane. Following the calculation of Ref. Das et al. [2020a] we can

obtain an equation representing a circle of radius in celestial plane β − γ, as follows

β2 + γ2 = R2
s =

r2ps
f(rps)

1− rps
f(rps)

.f(rob)
r2ob

, (2.40)

where subscripts “ps” and “ob” represents the photon sphere and observer, respec-

tively. Considering the equation (2.2), for distant observer when r → ∞, we can find

that f(rob)

r2ob
→ 0. So the radius of the shadow(Rs) reduces to

Rs =
rps√
f(rps)

(2.41)

2.4.5 Dependence of shadow radius Rs on various parame-

ters:

From Eqn. (2.41) we can write the expression of the shadow radius Rs as follows

Rs =
rps√(

1− 2M
rps

− 2α−1q3rµ−1
ps

(rνps+qν)
µ
ν

) (2.42)

The above expression of Rs shows the effects of the parameter α, µ, ν and q on the

silhouette of the shadow. The variation in the silhouette of the BH shadow are shown

graphically in Fig. 2.5 and Fig. 2.6 for different values of parameters.

In Table 2.2, we represent the computed the values of radius of photon sphere (rps)

and the BH shadow radius (Rs) for different values of the parameters.

In Fig. 2.5, Rs is plotted against r upper and lower left panel for varying α and
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2. Null geodesics and QNMs in the field of regular black holes

Figure 2.5: The figure shows Rs versus r (up-left panel) for varying α and varying µ
(down-left panel). BH shadow in the Celestial plane β−γ for varying α with µ = 1, ν = 1
and q = 1(up- left panel), varying µ with α = 1, ν = 1 and q = 1(down- right panel).
We set M = 1.
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Figure 2.6: The figure shows Rs versus r (up-left Panel) for varying q and varying ν
(down-left Panel). Black hole shadow in the Celestial plane β − γ for varying q with
α = 1, µ = 1 and ν(up- right panel), varying ν with α = 1, µ = 1 and q = 1(down- right
panel). We set the parameter M = 1.

41



2. Null geodesics and QNMs in the field of regular black holes

µ, respectively and the BH shadow against Rs is plotted upper and lower right panel

for varying α and ν, respectively. From Fig. (2.5) we observe that the shadow size

shrinks with increasing “α” and “µ” when the value of the other parameters is fixed.

In Fig. 2.6, Rs is plotted against r upper and lower left panel for varying q and

ν, respectively. The BH shadow against Rs is plotted upper and lower right panel

for varying q and µ, respectively. One can see from Fig. (2.6) that the shadow size

increase with increasing “q” and “ν”, the shadow radius Rs increase, while other

parameters is fixed.

Also one can find that variation of µ has weaker effect on the shadow size than the

other parameter and q has more significant effect on the BH shadow.

2.4.6 Gravitional Bending of light

A non-stable circular photon orbit is called “Photon Sphere”. This non-stable

photon sphere represents the shadow of the BH. From Eqn. (2.15) and Eqn. (2.16)

we have

dr

dϕ
=
ṙ

ϕ̇
=

pr

(
1− 2M

r
− 2α−1q3rµ−1

(rν+qν)
µ
ν

)
r2

L
. (2.43)

Again the Eqn. (2.21) can be rewritten as

p2r

(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

)
=

E2(
1− 2M

r
− 2α−1q3rµ−1

(rν+qν)
µ
ν

) − L2

r2
. (2.44)

We can get pr from the Eqn. (2.44) as

pr = ±
√√√√√ 1(

1− 2M
r

− 2α−1q3rµ−1

(rν+qν)
µ
ν

)√√√√√ E2(
1− 2M

r
− 2α−1q3rµ−1

(rν+qν)
µ
ν

) − L2

r2
. (2.45)

Using pr from the above equation, we can write the Eqn. (2.43) as follows

dr

dϕ
= ±

√(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

)√
E2

L2
χ2(r)− 1, (2.46)
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2.5. Basic equation for the perturbation of the
regular BH :

where,

χ2(r) =
r2(

1− 2M
r

− 2α−1q3rµ−1

(rν+qν)
µ
ν

) . (2.47)

Now, a light ray coming from infinity, reaches at minimum radius (R) and again

returns back to infinity, the bending angle (βbending) is read by the formula

βbending = −π + 2

∫ ∞

R

dr√
r2
(
1− 2M

r
− 2α−1q3rµ−1

(rν+qν)
µ
ν

)(
E2

L2χ2(r)− 1

) . (2.48)

As R is the turning point of the trajectory, the necessary condition dr
dϕ
|R=0 must be

satisfied.

This leads to the equation

χ2(R) =
L2

E2
. (2.49)

Then the deflection angle as a function of R can be written as

βbending = −π + 2

∫ ∞

R

dr√
r2
(
1− 2M

r
− 2α−1q3rµ−1

(rν+qν)
µ
ν

)(
χ2(r)
χ2(R)

− 1

) . (2.50)

Substituting the value of χ2(r) and χ2(R), the equation of bending angle of regular

BH is

βbending = −π + 2

∫ ∞

R

dr√
r2
(
1− 2M

r
− 2α−1q3rµ−1

(rν+qν)
µ
ν

)(
r2

D2
(
1− 2mr2

r3+2l2m

) − 1

) , (2.51)

where, D = L
E

is the impact parameter of the regular BH. The formula of bending

angle is derived in Chiba and Kimura [2017].

2.5 Basic equation for the perturbation of the

regular BH :
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2. Null geodesics and QNMs in the field of regular black holes

Table 2.2: Radius of photon sphere rps of the BH, shadow radius Rs for variation of
massive parameters with M = 1.

S. N. α rps(µ = ν = q = 1) Rs(µ = ν = q = 1)

1. 0.5 8.15 14.47
2. 1.0 5.4 9.59
3. 1.5 4.54 8.04
4. 2.0 4.12 7.29

S. N. µ rps(α = ν = q = 1) Rs(µ = ν = q = 1)

1. 0.5 5.7 9.99
2. 1.0 5.4 9.59
3. 1.5 5.11 9.19
4. 2.0 4.82 8.79

S. N. ν rps(α = µ = q = 1) Rs(µ = ν = q = 1)

1. 0.5 4.21 7.56
2. 1.0 5.4 9.59
3. 1.5 5.8 10.16
4. 2.0 5.93 10.32

S. N. q rps(α = µ = ν = 1) Rs(µ = ν = q = 1)

1. 0.5 3.31 5.76
2. 1.0 5.4 9.59
3. 1.5 11.63 20.76
4. 2.0 24.64 43.68
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2.5. Basic equation for the perturbation of the
regular BH :

Figure 2.7: The figure shows the V m
null versus r for varying values of the mass m.

Here, M = 1, q = 0.5, µ = 3, ν = 1, l = 1 and α = 0.5.

Figure 2.8: The figure shows the Veff versus r for varying ν (left Panel) and M (right
panel); the other parameters fixed to l = 1, µ = 3 and α = 0.5.

The Klein-Gordon equation around the regular BH of the massless scalar field is

given by

∇2ξ = 0. (2.52)

By separation of the variable we have

ξ = e−iwtXl,m(θ, ϕ)
η(r)

r
. (2.53)

After simplifying equation (2.52) we obtain a Schrödinger-type equation which is
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2. Null geodesics and QNMs in the field of regular black holes

Figure 2.9: The figure shows the Veff versus r for varying l (left Panel) and q (right
panel); the other parameters fixed to M = 1, µ = 3 and α = 0.5.

given by

d2η(r∗)

dr2∗
+

(
w2 − Veff (r∗)

)
η(r∗) = 0, (2.54)

where, Veff (r∗) is given by

Veff (r∗) =

[
l(l + 1)

r2
+

2

r3

(
M +

q3rµq3(rν + (1− µ)qν)

α(rν + qν)(
µ+ν
ν

)

)][
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

]
.

Here, w,Xl,m(θ, ϕ) and r∗ represents the frequency of the wave mode, the spherical

harmonic and the tortoise coordinate, respectively. The effective potential Veff (r)

depends on the parameters l,M, α, q, µ and ν.

The comparison of effective potentials among the Hayward BH (HBH), Bardeen

BH (BBH) and new class BH are shown in Fig. 2.7. One can see from Fig. 2.7

that the effective potential of new class BH is greatest compared to Bardeen BH and

Hayward BH.

In Fig. 2.8, Veff is plotted against r (left panel) by varying ν and Veff is plotted

against r (right panel) by varying M . One can see that for both cases height of Veff

is decreasing for increasing of ν and M , respectively.

Fig. 2.9 represents the plot of Veff versus r (left panel) by varying l and Veff

versus r (right panel) by varying q. The height of Veff increases as l increases and

when q increases the height of the Veff decreases.

46



2.6. Massive scalar perturbations:

2.6 Massive scalar perturbations:

In this section, we will see how the massive scalar field decay. It has been ob-

served for Schwarzschild BH that the massless modes decays faster than massive

scalar field (Konoplya and Zhidenko [2005]). Hence it is quite interesting to see that

if such characteristics is possible for the above metric (2.1).

Let us take the equation of motion for massive scalar field as

Figure 2.10: The figure shows the V m
null versus r for varying values of the mass m.

Here, M = 1, q = 0.5, µ = 3, ν = 1, l = 1 and α = 0.5.

∇2ξ −m2ξ = 0. (2.55)

After using the separation of variable similar to the Eqn. (2.53), we obtain the fol-

lowing equation for radial component as

d2η(r∗)

dr2∗
+

(
w2 − V m

eff (r∗)

)
η(r∗) = 0, (2.56)

and the modified potential V m
eff (r∗) is given by

V m
eff (r∗) =

[
l(l + 1)

r2
+

2

r3

(
M +

q3rµq3(rν + (1− µ)qν)

α(rν + qν)(
µ+ν
ν

)

)
+m2

][
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

]
.

The effective potential V m
eff (r∗) is plotted in the Fig. 2.10 for different values of the
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2. Null geodesics and QNMs in the field of regular black holes

mass parameter m. The Fig. 2.10 shows that when mass increases the height of the

effective potential also increases. Also the potential terminates to have maximum at

the critical values of m.

2.7 Unstable null geodesics and quasinormal modes

of massless scalar field in the eikonal limit

A quasinormal mode is a solution to the differential equation which has a complex

frequency. It satisfies the boundary condition of purely “Outgoing” waves, which

propagating away from the boundary, from −∞ to +∞. WKB method gives the

correct approximation of QNMs at an eikonal limit.

Here, the central equation (wave Eqn.) can be taken in the following form

d2ψ

dx2
+Q(x)ψ = 0, (2.57)

where,

Q = w2 − Veff (r)

and

Veff (r) =

[
l(l + 1)

r2
+

2

r3

(
M +

q3rµq3(rν + (1− µ)qν)

α(rν + qν)(
µ+ν
ν

)

)][
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

]
.

In case of BH, ψ represents the radial part of perturbation variable, which assumed to

be time dependent. The coordinate x is linearly connected to the “tortoise” coordinate

r∗, which ranges from −∞ ( at the horizon) to +∞ (at the spatial infinity). The

tortoise coordinate r∗ and the radial coordinate r are related by the following relation

dr

dr∗
=

(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

)
. (2.58)

The function Q(x), which depends on the angular momentum and the mass of the

BH, is constant at x = ±∞. At l → ∞ (i.e., in case of eikonal limit), we get

Q0 ≃ ω2 − l2

r2

(
1− 2M

r
− 2α−1q3rν−1

(rν + qν)
µ
ν

)
, (2.59)
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2.7. Unstable null geodesics and quasinormal modes of massless scalar
field in the eikonal limit

Figure 2.11: The figure shows QNMs frequency Re(w) versus r (left Panel) and Im(w)
versus r (right panel). Here q = 0.5, µ = 3, α = 0.5 and ν = 2.

Figure 2.12: The figure shows QNMs frequency Re(w) versus q (left Panel) and Im(w)
versus r (right panel); the other parameter fixed to M = 1, µ = 3, α = 0.5 and ν = 2.

where l represents the angular harmonic index.

From the eqn. (2.59), the maximum value of Q0 at r = rσ, is given by(
rµσq

3((µ− 3)qν − 3rνσ) + (rσ − 3M)(rνσ + qν)
µ+ν
ν α

)
= 0. (2.60)

At r = ro, the unstable null circular geodesic can be calculated by using ṙ2 = (ṙ2)′ = 0,

we have (
rµo q

3((µ− 3)qν − 3rνo ) + (ro − 3M)(rνo + qν)
µ+ν
ν α

)
= 0. (2.61)

At the point rσ = ro, the maximum value of Q0 and the null circular geodesics are
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2. Null geodesics and QNMs in the field of regular black holes

Figure 2.13: The figure shows QNMs frequency Re(w) versus M (left Panel) and
Im(w) versus M (right panel). Here q = 0.5, µ = 3, α = 0.5 and ν = 2.

coincident, then the QNM leads to the following form

Q0(rσ)√
2Q

′′
0(rσ)

= i(n+ 1/2), (2.62)

where Q
′′
0 ≡ d2Q0

dr2∗
and the Eqn. (2.62) is calculated at an extremum of Q0 (that is,

dQ0

dr∗
= 0 at r0).

Following the formula that has been derived by Cardoso et al. (Cardoso et al.

[2009]) as

ωQNM = lΩo − i(n+ 1/2)λo, (2.63)

where n represents the overtone number, Ωo is the angular frequency measured by

the asymptotic observers and λ0 is the coordinate Lyapunov exponent of null-circular

geodesics. Angular frequency (Ωo) and Lyapunov exponent (λ0) for null-circular

geodesics are studied in Appendix. In case of eikonal approximation (i.e., in the

large-l limit) the QNM frequency for BH (Mondal et al. [2020]) can be represented

by the following two parameters:

ωQNM = l

√
M + q3rµo q3α−1(rµo + (1− µ)qν)(rνo + qν)−(µ+ν

ν
)

r3o
− i(n+ 1/2)×√

((ro − 2M)(rνo + qν)
µ
ν α− 2q3rµo )(roα(rνo + qν)2+

µ
ν + µq(3+ν)rµo (3qν(ν − 3)− rνo (ν + 3))

r2oα(r
ν
o + qν)

µ+ν
ν

.(2.64)
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Which is the key results of our manuscript and the importance of the equation (2.64)

is that in case of eikonal limit, the real and complex parts of the QNMs for the

spherically symmetric, asymptotically flat space-time are stated by the frequency

and instability time scale for the case of unstable null circular geodesics.

Fig. 2.11 represents the plot of Re(w) versus q (left panel) and Im(w) versus q

(right panel) by varying M . Re(w) decreases as r increases and when M increases,

the height of the Im(w) decreases.

In Fig. 2.12, Re(w) is graphed versus q (left panel) and Im(w) is graphed versus q

(right panel). One can see that Re(w) is increased for the initial value of q. However,

it seems Re(w) decrease for large value of q as evident from Fig. 2.12. But the Im(w)

is always increasing with increasing the value of q.

In Fig. 2.13, Re(w) is graphed versus M (left panel) for both l = 1 and l = 2 .

Im(w) is graphed versus M (right panel) for both n = 1 and n = 2. Re(w) increases

with M and Im(w) is decreased when M increased. Interestingly, when M increases,

there is a critical point where Im(w) approaches to zero leading to purely real modes.

2.8 Time-like Geodesics of Regular BHs

2.8.1 The Effective Potential

For time-like circular geodesics (δ = −1) the radial Eqn.(2.20) reduces to

ṙ2 = E2 − Vtime = E2 −
(
1 +

L2

r2

)(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

)
, (2.65)

Vtime denoted the effective potential for time-like geodesics which is given by

Vtime =

(
1 +

L2

r2

)(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

)
. (2.66)

The geodesic motion of neutral test particles can be analyzed by using the effective

potential diagram which is graphically shown in Fig. 2.14.

Analogously, the effective potential with zero angular momentum geodesics is

Vtime =

(
1− 2M

r
− 2α−1q3rµ−1

(rν + qν)
µ
ν

)
, (2.67)
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2. Null geodesics and QNMs in the field of regular black holes

Figure 2.14: Plot of Vtime versus r (first panel), M (second panel), L (third panel)
and q (fourth panel) respectively. We have set µ = 3.
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2.8. Time-like Geodesics of Regular BHs

Figure 2.15: Plot of E2
c versus rc for M = 2, q = 0.05, µ = 3 and α = 0.5. The

left panel is plotted for ν = 1 and right panel is plotted for values of ν in the range
0 ≤ ν ≤ 4.

To calculate the circular geodesics motion of the test particle, we will use the condition

ṙ = 0 and ṙ′ = 0 at r = rc. From the Eqn. (2.65) we get

Vtime = 0, (2.68)

and

dVtime

dr
= 0. (2.69)

Hence the energy and angular momenta per unit mass of the test particle are as

follows:

E2
c =

(rνc + qν)1−
µ
ν

(
(r − 2M)(rνc + qν)

µ
ν α− 2q3rµc

)2

rcα

(
rµc q3((µ− 3)qν − 3rνc ) + (rc − 3M)(rνc + qν)

µ+ν
ν α

) , (2.70)

and

L2
c =

r2c

(
q3rµc (r

ν
c − (µ− 1)qν) +M(rνc + qν)

µ+ν
ν α

)
(
rµc q3((µ− 3)qν − 3rνc ) + (rc − 3M)(rνc + qν)

µ+ν
ν α

) . (2.71)

The 2D and 3D diagram of variation of energy (Ec) and angular momentum (Lc) along

time-like circular geodesics could be seen from Fig. 2.15 and Fig. 2.16, respectively.
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Figure 2.16: Plot of L2
c versus rc for M = 2, q = 0.05, µ = 3 and α = 0.5. The

left panel is graphed for ν = 1 and right panel is graphed for values of ν in the range
0 ≤ ν ≤ 100.

To exist the circular motion of test particle, the energy and angular momentum must

be real and finite.

Therefore we require,(
rµq3((µ− 3)qν − 3rν) + (r − 3M)(rν + qν)

µ+ν
ν α

)
> 0,

and(
q3rµ(rν − (µ− 1)qν) +M(rν + qν)

µ+ν
ν α

)
> 0.

The equality with limit indicates a circular orbit with diverging energy per unit

rest mass, that is, a photon orbit. This photon orbit is the inner most boundary of

the time-like circular orbits for particles.

The orbital velocity is given by

Ωc =
ϕ̇

ṫ
=

√
M + q3rµc q3α−1(rνc + (1− µ)qν)(rνc + qν)(−

µ+ν
ν

)

r3c
. (2.72)

2.8.2 Marginally bound circular orbit (MBCO):
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The equation of MBCO looks like

4Mα2 rc (rc −M)(rνc + qν)(
µ+ν
ν

) + 4α(rc − 2M)rµc q
3(rνc + qν)

µ
ν

− 4q6r2µc (rνc + qν)(
ν−µ
ν

) + rµ+1
c q3α((µ− 3)qν − 3rνc ) = 0 (2.73)

Let rc = rmb be the solution of the above equation which gives the radius of MBCO

close to the Regular BH.

2.8.3 Equation of ISCO:

The equation of innermost stable circular orbit (ISCO) can be obtained from the

second derivative of the effective potential (Vtime) of the time like geodesics, that is,

d2Vtime

dr2
= 0. (2.74)

Thus the equation of ISCO is

2r2µc q
6s+ rµc q

3α(rνc + qν)
µ
ν (t+ w)−M(rc − 6M)(rνc + qν)2(

µ+ν
ν

)α2 = 0, (2.75)

where

s = (µ− 3)(µ− 1)q2ν + (µ(ν − 4) + 6)rνc q
ν + 3r2νc ,

t = r2νc (12M − rc)− q2ν((µ2 + 4µ− 6)2M + (1− µ2)rc),

w = rνc q
ν((µν − 4µ+ 12)2M − (2 + µν)rc). (2.76)

Let rc = rISCO be the smallest real root of the Eq. (2.75) which gives the radius of the

ISCO of the regular BH. When q → 0, we obtain the radius of ISCO for Schwarzschild

BH which occurs at rISCO = 6M . The 2D and 3D diagrams of variation of ISCO

could be seen from Fig. 2.17.

2.9 Conclusion and future work:

We investigated the null geodesics of regular BHs. A complete geodesic study has

been made both for time-like geodesics and null geodesics. Studies of test particle

both for photon and massive particles as an interesting approach to understand the

strong gravity around the BH spacetime. As an application of null geodesics, we de-

rived the radius of photon sphere and gravitational bending of light. We also studied
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2. Null geodesics and QNMs in the field of regular black holes

the shadow of the BH spacetime. Moreover, we showed the relation between radius

of photon sphere (rps) and the shadow observed by a distance observer.

Using null-circular geodesics, we evaluated the celestial coordinates (β, γ) and

the radius Rs of the regular BH shadow and presented it graphically. The effect of

dimensionless constant µ of the BH, the free integration constant q and the other

parameter (like α and ν) on the radius of shadow are studied in detail. In particular,

the radius of BH shadow is increased with increasing value of ν and q while the radius

is decreased with increasing value of the parameters α and µ respectively.

Moreover, we discussed the effect of various parameters on the radius of shadow

Rs. Also we computed the angle of deflection for the photons as a physical appli-

cation of null-circular geodesics. We determined the relation between null geodesics

and quasinormal modes frequency in the eikonal approximation by computing the

Lyapunov exponent. It was also shown that (in the eikonal limit) the quasinormal

modes (QNMs) of BHs are governed by the parameter of null-circular geodesics. The

real part of QNMs frequency determined the angular frequency whereas the imagi-

nary part determined the instability time scale of the circular orbit.

Quite apart from the circular geodesics analogy, we determined the relation be-

tween unstable null-circular geodesics and QNMs, which is quite general and being

valid for large limit for any spherically symmetric, static and asymptotically flat

space-time. We showed that the QNMs in the eikonal limit of the BH are defined

by the parameter of the null-circular geodesics. The real part of the complex QNMs

frequencies is related to the angular velocity in the unstable null-circular geodesics

and the imaginary part is determined by the instability timescale of the orbit. More

specifically, we showed that the Lyapunov exponent and the angular velocity (Ωo) at

the unstable null circular geodesics, governing the instability timescale for the orbit

admit with an analytic WKB approximation of QNMs.

Furthermore, we examined the massless scalar perturbations and analyzed the ef-

fective potential graphically. We also studied the massive scalar perturbations around

the BH spacetime. As an application of time-like geodesics we computed the ISCO

and MBCO of the regular BHs which was closely related to the BH accretion disk

theory. In the appendix, we showed the relation between angular frequency and

56



2.9. Conclusion and future work:

Lyapunov exponent for null-circular geodesics.

Appendix : Angular frequency and Lyapunov expo-

nent for null-circular geodesics

Angular frequency of regular BH is given by

Ωo =
ϕ̇

ṫ
=

√
f ′
o

2ro
=
f

1
2
o

ro
. (2.77)

Using the equation (2.2), we obtain the angular frequency as follows

Ωo =

√
M + q3rµo q3α−1(rνo + (1− µ)qν)(rνo + qν)(−

µ+ν
ν

)

r3o
. (2.78)

The Lyapunov exponent can be defined in terms of the second derivative of the

effective potential for radial motion Vnull of null-circular geodesics as

λo =

√
(Vnull)′′

2ṫ2
. (2.79)

Using the equation (2.79) the Lyapunov exponent for null circular geodesics is given

by

λo =

√(
(ro − 2M)(rνo + qν)

µ
ν α− 2q3rµo

)(
roα(rνo + qν)2+

µ
ν + µq(3+ν)rµo (3qν(ν − 3)− rνo (ν + 3))

)
r2oα(r

ν
o + qν)

µ+ν
ν

.

We have plotted the graph λo against ro in the Fig. 2.18. From the Fig. 2.18 it is

clear that λo increases for the initial.
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Figure 2.17: The figure depicts the variation of Y = 2r2µc q6s + rµc q3α(rνc + qν)
µ
ν (t +

w) −M(rc − 6M)(rνc + qν)2(
µ+ν
ν

)α2 versus rc (first panel), M (second panel), q (third
panel) and α (fourth panel) respectively. We have set µ = 3.

58



2.9. Conclusion and future work:

Figure 2.18: Plot of λ0 versus r0 for M = 2, q = 0.05, µ = 3 and α = 0.5. The
left panel is graphed for ν = 1 and right panel is graphed for values of ν in the range
0 ≤ ν ≤ 100.
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Chapter 3

Geodesic stability and quasi

normal modes via Lyapunov

exponent for Hayward black hole 1

3.1 Introduction

An elementary set of unstable circular orbits about a Schwarzschild black hole (BH)

are consequences of the non-linearity of general theory of relativity. Their instability

could be measured by a positive Lyapunov exponent (Cornish [2001]). Albeit the

Lyapunov exponent are often related with chaotic dynamics (Motter [2003], Dorf-

man [1999]), the geodesics about a Schwarzschild BH are not chaotic; the orbits are

completely solvable and hence integrable. The unstable geodesic orbits should have

positive Lyapunov exponent (Lyapunov [1992]), which has the invariant properties

first established in (Karas and Vokrouhlickỳ [1992]). Lyapunov exponent has a great

impact on general relativity for its numerous applications: they are relative and de-

pend on the coordinate system used, they vary from orbit to orbit. In this work, we

are interested to focus on analytical formulation of Lyapunov exponent and QNMs

in terms of the expressions of the radial equation of circular geodesics about a BH

space-time. In this regard an equatorial circular geodesics about a BH may play

1A considerable part of this chapter has been published in Modern Physics Letters A
2050249 (2020).
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crucial role in general theory of relativity for classification of the orbits.

Black holes and singularities are approached to be unavoidable predictions of the

theory of general relativity (GR). In order to solve the black hole singularity, several

phenomenological propositions have been studied in the existing literatures. Bardeen

Black hole was the first model that has proposed as a spherically symmetric compact

object with an event horizon and satisfying the weak energy condition. In the year

2006, Hayward (Hayward [2006]) proposed the formation and evaporation of a new

kind of regular solution in space-time. The static region of a Hayward space-time is

similar to Bardeen black hole. In the article (Lin et al. [2013]), the authors discussed

the massive scalar quasinormal modes of the Hayward black hole. In this study, varia-

tions of the Hayward solutions have also been studied as Hayward with charge (Frolov

[2016]) and Rotating Hayward (Amir and Ghosh [2015]).

The authors in (Cardoso et al. [2009], Cardoso and Lemos [2003], Sperhake et al.

[2008]) derived the Lyapunov exponent to study the instability for the circular null

geodesics in terms of the expressions for QNM of spherically symmetric space-time.

Here, the main focus is on the null circular geodesics, which play an important role

for the Lyapunov exponent. The null circular geodesics is described by the shortest

possible orbital period as estimated by the asymptotic observers (Hod [2011]). The

time circular geodesics provide the slowest way to circle the BH, among all the possible

circular geodesics.

The QNMs spectrum for stable BH represents an infinite set of complex frequen-

cies, which designates damped oscillations for the amplitude. It is clear that the

oscillations with lower level of damping rate is controlled with slow time, whereas

oscillations with higher level of damping rate are exponentially terminated (Kono-

plya and Zhidenko [2011]). In 1971, Press (Press [1971]), first introduced the term

‘quasi-normal frequency’. He showed that when a Schwarzschild BH is perturbed

it vibrates with an angular frequency ω = ℓ√
27M

. Where M is BH mass and ℓ is

sphericall symmetric index. He then interpreted it as vibration frequency of BHs. In

the same year the lowest QNMs were computed by investigating test particle falling

about Schwarzschild BH. So far the QNMs has been explored substantially in diverse

field. The WKB method gives an exact estimation of QNM frequency in the eikonal

limit. Also WKB method was first introduced by Schutz and Will (Schutz and Will

[1985]) to analyze the problem of scattering about BH.

The plan of the chapter is as follows: in section 3.2, we derive a formula for the proper
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time Lyapunov 1 exponent λp and coordinate time Lyapunov exponent λc in terms

of second order derivative of the effective potential for the radial motion ṙ2:

λp = ±
√

(ṙ2)′′

2
, (3.1)

λc = ±
√

(ṙ2)′′

2ṫ2
. (3.2)

In section 3.3, we describe the equatorial circular geodesics of spherically symmet-

ric regular Hayward BH. Then we calculate the Lyapunov exponent in terms of the

timelike circular geodesics and null circular geodesics. We also discuss the gravita-

tional bending of light and photon sphere for this BH.

In section 3.4, we derive the relation between QNMs in the eikonal limit and

Lyapunov exponent of a static, spherically symmetric regular Hayward BH. In the

limit l = 0, one obtains the QNMs frequency of spherically-symmetric Schwarzschild

BH which was first calculated in Pradhan and Majumdar [2011].

Moreover we compute the angular velocity Ωc of the unstable null geodesics.

Also, we compute the Lyapunov exponent, which investigates the instability of the

time-scale of circular orbit (Cornish and Levin [2003], Bombelli and Calzetta [1992],

Manna et al. [2020]) also which is in agreement with analytic WKB approximations

of QNMs of the Hayward BH in the eikonal limit. Thus the QNMs frequency in the

eikonal limit is found to be

ωQNM = j

(√
m (r3c − 4ml2)

(r3c + 2ml2)

)
− i

(
n+

1

2

)√
3m2[r5c − 6l2(r3c − 2ml2)]

(r3c + 2ml2)3
,(3.3)

where, n represents the overtone number and j represents the angular momentum of

the perturbation.

For schwarzschild BH, the QNMs frequency becomes

ωQNM = j

√
m

r3c
− i

(
n+

1

2

) √
3m

r2c
. (3.4)

The real part of the complex QNM frequency can be determined by the angular veloc-

1Since the Lyapunov exponent is explicitly coordinate dependent and therefore have a degree
of un-physicality. That’s why we define two types of Lyapunov exponent. One is coordinate type
Lyapunov exponent and the other one is proper time Lyapunov exponent. This is strictly for timelike
geodesics.
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ity of the unstable null geodesics and the imaginary part is related to the instability

time scale of the orbit. Finally, we briefly discuss about the outcome of this chapter

in section 3.5.

3.2 Proper time Lyapunov exponent, Coordinate

time Lyapunov exponent and Geodesic stabil-

ity

The Lyapunov exponent or Lyapunov characteristic exponent of a dynamical sys-

tem is a measure of the average rate of expansion and contraction of adjacent trajec-

tories in the phase space. A negative Lyapunov exponent designates the convergence

between nearby trajectories. A positive Lyapunov exponent determines the diver-

gence between nearby geodesics in which the path of such a system are the most active

to change the starting circumstances. The vanishing Lyapunov exponent designates

the existence of marginal stability. The equation of motion in terms of Lyapunov

exponents for geodesic stability analysis should be written as

dZi

dt
= Fi(Zj), (3.5)

and its linearized form around a certain orbit is

dδZi(t)

dt
= Aij(t)δZj(t). (3.6)

Here,

Aij(t) =
∂Fi

∂Zj

∣∣∣∣∣
Zi(t)

, (3.7)

represents the linear stability matrix (Cornish and Levin [2003]). Now, the solution

of the Eqn. (2) can be written as

δZi(t) = Xij(t)δZj(0), (3.8)
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where, Xij(t) represents the evolution matrix, which leads to

Ẋij(t) = AimXmj(t), (3.9)

with Xij(0) = δij. The principal Lyapunov exponent λ can be expressed in terms of

the eigenvalues Xij as follows:

λ = lim
t→∞

1

t
log

(
Xij(t)

Xmj(0)

)
. (3.10)

If there exists a set of n Lyapunov exponents connected with an n-dimensional inde-

pendent system, then they can be arranged by the size as

λ1 ≥ λ2 ≥ λ3 ≥, .....,≥ λn. (3.11)

The set of n numbers of λi are known as Lyapunov spectrum.

In an equatorial plane, for any static spherically symmetric space-time, the La-

grangian of a test particle can be written as

L =
1

2

[
gtt ṫ

2 + grr ṙ
2 + gϕϕ ϕ̇

2

]
. (3.12)

From the above expression, the canonical momenta can be derived as

pq =
∂L

∂q̇
. (3.13)

The generalized momenta derived from the above Lagrangian are

pt = gttṫ = −E = Const, (3.14)

pϕ = gϕϕϕ̇ = L = Const, (3.15)

pr = grrṙ. (3.16)

Here, ‘dot’ represents the differentiation with respect to proper time (τ). E and L are

the energy and angular momentum per unit rest mass of the test particle, respectively.
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Now, from Euler-Lagrange’s equation of motion, we can write

dpq
dτ

=
δL

δq
. (3.17)

Linearizing the above equation of motion in two-dimensional phase space with respect

to Zi(t) = (pr, r), around the circular orbit (taking r as a constant), we get

dpr
dτ

=
∂L

∂q
and

dr

dτ
=

pr
grr

, (3.18)

and an infinitesimal evolutionary matrix can be expressed as

Aij =

(
0 A1

A2 0

)
, (3.19)

where

A1 =
d

dr

(
ṫ−1 δL

δr

)
, (3.20)

A2 = −(ṫgrr)
−1. (3.21)

For the case of circular orbit, the eigenvalues of the matrix are called principal Lya-

punov exponent which can be written as

λ2 = A1A2. (3.22)

Then the Lagrange’s equation of motion leads to

d

dτ

(
∂L

∂ṙ

)
− ∂L

∂r
= 0, (3.23)

and

d

dτ

(
∂L

∂ṙ

)
=

d

dτ
(−grrṙ) = −ṙ d

dr
(−grrṙ). (3.24)

Thus, the Lyapunov exponent in terms of square of radial velocity ṙ2, can be expressed
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as

∂L

∂r
=

d

dr
(−ṙgrr)2

= − 1

2grr

d

dr
(ṙ2g2rr). (3.25)

Finally, from (3.22) and (3.25), the principal Lyapunov exponent can be written as

λ2 =
1

2

1

grr

d

dr

[
1

grr

d

dr
(ṙgrr)

2

]
. (3.26)

For the case of circular geodesics (Chandrasekhar [1998]), we have

ṙ2 = (ṙ2)′ = 0, (3.27)

where, ṙ2 is the square of radial potential or effective radial potential. From (3.26),

we can obtain the proper time Lyapunov exponent as

λp = ±
√

(ṙ2)′′

2
, (3.28)

and the coordinate time Lyapunov (Cardoso et al. [2009]) can be derived from (3.26)

as follows

λc = ±
√

(ṙ2)′′

2ṫ2
. (3.29)

The above Eqns. (3.28) and (3.29) for λp and λc are respectively satisfied for any

spherically symmetric BH space-times (Pradhan and Majumdar [2011], Pugliese et al.

[2011], Setare and Momeni [2011]). Now, we shall drop the ± sign and consider only

positive Lyapunov exponent. The circular orbit is stable when λ is imaginary, the

circular orbit is unstable when λ is real and for λ = 0, the circular orbit becomes

marginally stable or saddle point.

Due to Pretorius and Khurana (Pretorius and Khurana [2007]), we can define the

critical exponent as

γ =
Ω

2πλ
=
Tλ
TΩ
, (3.30)
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where Tλ represents the Lyapunov time scale, TΩ represents the orbital time scale

and Ω represent the angular velocity, where Tλ = 1
λ
and TΩ = 2π

Ω
. Now, the critical

exponent can be written in terms of second order derivative of the square of radial

velocity (ṙ2), as

γp =
1

2π

√
2Ω2

(ṙ2)′′
, (3.31)

γc =
1

2π

√
2ϕ̇2

(ṙ2)′′
. (3.32)

Here, ϕ is an angular coordinate. For circular geodesics (ṙ2)′′ > 0, which implies

instability. Now, we shall determine the equatorial circular geodesics of Hayward

space-time.

3.3 Equatorial Circular Geodesics in Spherically

Symmetric metric Hayward Space-time

In this paper, the metric (Hayward [2006]) for a static, spherically symmetric

space-time can be taken as follows

ds2 = −f(r)dt2 + dr2

f(r)
+ r2(dθ2 + sin2 θdϕ2), (3.33)

where

f(r) =

(
1− 2mr2

r3 + 2l2m

)
. (3.34)

Here, the parameters l andm are positive constants. This is similar to the Bardeen

BH, which can be reduced to the Schwarzschild solution for l = 0, and become flat

space-time for m = 0.

The function f(r) is plotted in Fig. 3.1. One can observe that the geometry is similar

to the Schwarzschild BH with a single horizon. Also there could be a single, double

or no horizon which depends on the relation between the parameters.
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Figure 3.1: The figure shows the f(r) versus r. Here, l = 0.5 for Hayward BH

3.3.1 Circular orbits

To calculate the geodesics in an equatorial plane for space-time of (3.33), we follow

the work of Chandrasekhar (Chandrasekhar [1998]). In an equatorial plane, we set

θ̇ = 0 and θ = π
2
= constant. Here, we restrict our attention to the equatorial orbits,

for which the Lagrangian is given by

2L =

[
−
(
1− 2mr2

r3 + 2l2m

)
ṫ2 +

ṙ2(
1− 2mr2

r3+2l2m

) + r2ϕ̇2

]
, (3.35)

where, ϕ represents an angular coordinate. By using (3.13), the generalized momenta

can be represented as

pt = −
(
1− 2mr2

r3 + 2l2m

)
ṫ = −E = const, (3.36)

pϕ = r2ϕ̇ = L = const, (3.37)

pr =
ṙ(

1− 2mr2

r3+2l2m

) . (3.38)

The Lagrangian is independent on both t and ϕ, so pt and pϕ are the conserved
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quantities. Solving Eqns. (3.36) and (3.37) for ṫ and ϕ̇, we get

ṫ =
E(

1− 2mr2

r3+2l2m

) and ϕ̇ =
L

r2
. (3.39)

The normalization of the four velocity vector (uα) can be represented as an integral

equation for the geodesic motion

gαβu
αuβ = ξ, (3.40)

which is equivalent to

−Eṫ+ Lϕ̇+
ṙ2(

1− 2mr2

r3+2l2m

) = ξ. (3.41)

Here, ξ = −1, 0, 1, represents the time-like geodesics, null geodesics and space-like

geodesics, respectively. Replacing the values of ṫ and ϕ̇ from (3.39) in (3.41), we

obtain the radial equation for spherically symmetric space-time:

ṙ2 = E2 −
(
L2

r2
− ξ

)(
1− 2mr2

r3 + 2l2m

)
. (3.42)

3.3.1.1 Time-like geodesics

The radial equation of test particle for time-like circular geodesics (Pradhan [2016],

Pretorius and Khurana [2007]) is given by

ṙ2 = E2 −
(
1 +

L2

r2

)(
1− 2mr2

r3 + 2l2m

)
. (3.43)

For circular orbit with constant r = rσ and using the condition (3.27), we get the

energy and angular momentum per unit mass of the test particle are

E2
σ =

(r3σ + 2l2m− 2mr2σ)
2

(r3σ + 2l2m)2 − 3mr5σ
, (3.44)

L2
σ =

mr4σ(r
3
σ − 4l2m)

(r3σ + 2l2m)2 − 3mr5σ
. (3.45)
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In order to obtain the energy and angular momentum real and finite, the conditions

(r3σ + 2l2m)2 > 3mr5σ and mr4σ(r
3
σ − 4l2m) > 0 must be satisfied. Thus the orbital

velocity becomes

Ωσ =
ϕ̇

ṫ
=

√
m(r3σ − 4l2m)

r3σ + 2l2m
. (3.46)

3.3.1.2 Null geodesics

In case of null geodesics, there is no proper time for photons. Thus, we have to

calculate only the coordinate time Lyapunov exponent. The radial equation of the

test particle for null circular geodesics is

ṙ2 = Vef = E2 − L2

r2

(
1− 2mr2

r3 + 2l2m

)
. (3.47)

The comparison between the Hayward BH and Schwarzschild BH effective potentials

are shown in Fig. 3.2 for null-circular geodesics. Fig. 3.2 shows that the effective

potential of Hayward BH is smallest compared to Schwarzschild BH.

Figure 3.2: The effective potential Vef , for null-circular geodesics in Hayward BH and
in Schwarzschild BH is compared. The constants are with m = 1, L = 1, E = 1 and for
HBH l = 0.5.
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Now, the energy and angular momentum at r = rc, for the null geodesics is

Ec

Lc

= ±

√
(r3c + 2l2m− 2mr2c )

r2c (r
3 + 2l2m)

and (r3c + 2l2m)2 − 3mr5c = 0. (3.48)

Let Dc =
Lc

Ec
be the impact parameter, then the equation (3.48) reduces to

1

Dc

=
Ec

Lc

=

√
m(r3c − 4l2m)

(r3c + 2l2m)
= Ωc =

ϕ̇

ṫ
. (3.49)

3.3.2 Bending of light

A unstable circular photon orbit is called “Photon Sphere”. The unstable photon

sphere constitutes the shadow of the BH. From Eqn. (3.37) and Eqn. (3.38) we find

dr

dϕ
=
ṙ

ϕ̇
=

pr

(
1− 2mr2

r3+2l2m

)
r2

L
. (3.50)

Again the Eqn. (3.47) can be written as

p2r

(
1− 2mr2

r3 + 2l2m

)
=

E2

(1− 2mr2

r3+2l2m
)
− L2

r2
. (3.51)

We can obtain pr from above equation as

pr = ±
√

1

(1− 2mr2

r3+2l2m
)

√
E2

(1− 2mr2

r3+2l2m
)
− L2

r2
. (3.52)

Using pr from Eqn. (3.52), we can write the Eqn. (3.50) as follows

dr

dϕ
= ±

√
r2
(
1− 2mr2

r3 + 2l2m

)√
E2

L2
χ2(r)− 1, (3.53)

where,

χ2(r) =
r2(

1− 2mr2

r3+2l2m

) . (3.54)
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A light ray which comes in from infinity, reaches at minimum radius R and again

goes back to infinity, the bending angle (βbending) is given by the formula

βbending = −π + 2

∫ ∞

R

dr√
r2
(
1− 2mr2

r3+2l2m

)(
E2

L2χ2(r)− 1

) . (3.55)

Since R is the turning point of the trajectory, the condition dr
dϕ
|R=0 must be hold.

Which implies the following equation

χ2(R) =
L2

E2
. (3.56)

Then the deflection angle can be written in terms of R as

βbending = −π + 2

∫ ∞

R

dr√
r2
(
1− 2mr2

r3+2l2m

)(
χ2(r)
χ2(R)

− 1

) . (3.57)

After putting the value of χ2(r) and χ2(R), the equation of bending angle of Hayward

BH is

βbending = −π + 2

∫ ∞

R

dr√
r2
(
1− 2mr2

r3+2l2m

)(
r2

D2
(
1− 2mr2

r3+2l2m

) − 1

) , (3.58)

where, D = L
E

is the impact parameter of the Hayward BH. The exact formula of

bending angle is derived in Chiba and Kimura [2017].

3.3.2.1 Radius of the Shadow

A circular light orbits corresponds to zero velocity and acceleration, so that ṙ = 0

and r̈ = 0 , implies that pr = 0 and ṗr = 0. From Eqn. (3.51) we obtain

E2

(1− 2mr2

r3+2l2m
)
− L2

r2
= 0. (3.59)

Now differentiating Eqn. (3.51) with respect to affine parameter and putting the
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value of pr = 0 and ṗr = 0 we have

E2(8m2l2r − 2mr4)

(r3 + 2l2m− 2mr2)2
+

2L2

r3
= 0. (3.60)

From equations (3.59) and (3.60) we have

L2 =
r2E2(r3 + 2l2m)

(r3 + 2l2m− 2mr2)
=
r3E2(2mr4 − 8m2l2r)

2(r3 + 2l2m− 2mr2)2
. (3.61)

Subtracting these two equations and after some simplification we can obtain an equa-

tion for radius of the circular light orbit in the following form

d

dr
χ2(r) = 0 (3.62)

Hence, from Eqn. (3.62), the equation of photon sphere is at r = rc

r6c − 3mr5c + 4ml2 r3c + 4m2 l4 = 0. (3.63)

Let rps = rc be the real root of the equation then rps is the radius of circular photon

sphere. Let R be the critical value of the minimum radius. Then we can write R in

terms of rps as follows

R =
r2ps(r

3
ps + 2l2m)

(r3ps + 2l2m− 2mr2ps)
. (3.64)

Here, we consider a light ray which is send from the observer’s position at rc into the

past under an angle β with respect to the radial direction. Therefore, we have

cot β =
1√

r2
(
1− 2mr2

r3+2l2m

) drdϕ |R=0. (3.65)

Again from Eqn. (3.53) we have

dr

dϕ
= ±

√
r2
(
1− 2mr2

r3 + 2l2m

)√
χ2(r)

χ2(R)
− 1. (3.66)
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For the angle β we have

cot2 β =
χ2(rc)

χ2(R)
− 1, (3.67)

and

sin2 β =
χ2(R)

χ2(rc)
=
D2

c (r
3
c + 2l2m− 2mr2c )

r2c (r
3
c + 2l2m)

. (3.68)

The boundary of Shadow βshadow is described by light rays which spiral asymptotically

towards a circular light orbit at radius rps. Then the angular radius of the shadow is

given by

sin2 βshadow =
χ2(rps)

χ2(rc)
=
r2ps(r

3
ps + 2l2m− 2mr2ps)(r

3
c + 2l2m)

r2c (r
3
c + 2l2m− 2mr2c )(r

3
ps + 2l2m)

, (3.69)

where, rps has to be determined from the equation (3.63).

3.3.3 Lyapunov exponent

3.3.3.1 Time-like case

Using Eqns. (3.28) and (3.29), the proper time Lyapunov exponent and coordinate

time Lyapunov exponent becomes

λp =

√
−m [r5σ(rσ − 6m) + 22ml2 r3σ − 32l4m2]

(r3σ + 2l2m) [(r3σ + 2ml2)2 − 3mr5σ]
, (3.70)

λc =

√
−m (r5σ(rσ − 6m) + 22ml2 r3σ − 32 l4m2)

(r3σ + 2ml2)3
. (3.71)

The time-like circular geodesics is stable when r5σ(rσ − 6m) + 22l2mr3σ − 32l4m2 > 0,

that is, λp and λc become imaginary. The time-like circular geodesics is unstable when

r5σ(rσ − 6m)+22l2mr3σ − 32l4m2 < 0, that is, λp and λc become real and the time-like

circular geodesics is marginally stable when r5σ (rσ − 6m) + 22ml2 r3σ − 32l4m2 = 0,

that is, λp and λc becomes zero.

Now one can analyze the equation r6σ−6mr5σ+22ml2 r3σ−32l4m2 = 0 which gives

us the radii of innermost stable circular orbit. Since it is a non-trivial equation. One

can determine its root numerically for various values of l. For example if we choose
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the value of l = 1 then one obtains the ISCO radius at risco = 5.19m. For l = 2, we

find ISCO radius is at risco = 1.91m.

The ratio of proper time and coordinate time Lyapunov exponent is

λp
λc

=
(r3σ + 2l2m)√

(r3σ + 2l2m)2 − 3mr5σ
. (3.72)

One could see the variation of λp

λc
in graphically (See Fig. 3.3) for Hayward BH.

Figure 3.3: The variation of
λp

λc
with rσ

m for Hayward BH.

It can be easily seen from above Fig. 3.3 that, the ratio of λp and λc varies from

orbit to orbit for various values of l
m
. Also, Fig. 3.3 shows that the ratio λp

λc
of Hay-

ward BH is smallest compared to Schwarzschild ( l
m

= 0) BH.

Therefore, the reciprocal of critical exponent is given by

1

γp
=
TΩ
Tλ

= 2π

√
− [r5σ (rσ − 6m) + 22ml2 r3σ − 32l4m2] (r3σ + 2l2m)

(r3σ − 4l2m) [(r3σ + 2l2m)2 − 3mr5σ]
. (3.73)

Special case:

For Schwarzschild BH l = 0, the proper time Lyapunov exponent and coordinate time

76



3.3. Equatorial Circular Geodesics in Spherically Symmetric metric
Hayward Space-time

Lyapunov exponent are given by

λSchp =

√
−m(rσ − 6m)

r3σ(rσ − 3m)
, (3.74)

λSchc =

√
−m(rσ − 6m)

r4σ
. (3.75)

The ratio of λp

λc
reduces to

λp
λc

=

√
rσ

(rσ − 3m)
. (3.76)

The reciprocal of critical exponent for schwarzschild BH is given by

1

γp
=
TΩ
Tλ

= 2π

√
−(rσ − 6m)

(rσ − 3m)
. (3.77)

When rσ = 4m, the circular orbit become unstable and critical exponent (γp) become
1

2
√
2π
. In this case, Lyapunov time scale Tλ = 1

λ
will be less than the orbital time

scale TΩ = 2π
Ω
, that is, Tλ < TΩ in the approximation of a test particle around a

Schwarzschild BH.

3.3.3.2 Null geodesics

By using Eqn. (3.29) the Lyapunov exponent for null geodesics is given by

λc =

√
3m2 [r5c − 6l2(r3c − 2l2m)]

(r3c + 2l2m)3
. (3.78)

Here we can see that the circular geodesics is unstable as λc is real.

Special case:

For Schwarzschild BH l = 0, the Lyapunov exponent becomes

λSchc =

√
3m

r2c
. (3.79)
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It can be easily seen that for rc = 3m; λSchc is real which implies that Schwarzschild

photon sphere is unstable.

3.4 Null Circular Geodesic and QNMs for Hay-

ward BH in the Eikonal limit

We consider the usual wave like equation, with an effective potential which was

first derived by Iyer and Will (Iyer and Will [1987]),

d2Y

dr2∗
+Ψ0Y = 0, (3.80)

where,

Ψ0 = w2 − Vs(r), (3.81)

and

Vs(r) =

[
j(j + 1)

r2
+

2m(r3 − 4l2m)

(r3 + 2l2m)2

](
1− 2mr2

r3 + 2l2m

)
. (3.82)

Here, where j being the angular harmonic index, Y represents the radial part of the

perturbation variable and r∗ is a convenient “tortoise” coordinate, ranging from −∞
to +∞.

The radial coordinate r and the tortoise coordinate r∗ are related by the equation

dr

dr∗
= 1− 2mr2

r3 + 2l2m
. (3.83)

In case of the eikonal limit (j → ∞), we get

Ψ0 ≃ ω2 − j2

r2

(
1− 2mr2

r3 + 2l2m

)
. (3.84)

With the help of Eqn. (3.84), we can find the maximum value of Ψ0 which occurs at

r = ro

(r3o + 2l2m)2 − 3mr5o = 0. (3.85)

78



3.4. Null Circular Geodesic and QNMs for Hayward BH in the Eikonal
limit

Also from the null circular geodesic at r = rc , we obtain

(r3c + 2l2m)2 − 3mr5c = 0. (3.86)

Since the location of the null circular geodesics and the maximum value

of Ψ0 are coincident at rc = ro, then we get the following

QNM condition (Iyer and Will [1987], Berti et al. [2007])

Ψ0(ro)√
−2Ψ

′′
0(ro)

= i(n+ 1/2), (3.87)

where, Ψ
′′
0 ≡ d2Ψ0

dr2∗
and Eqn. (3.87) is evaluated at an extremum of Ψ0 (the point r0

at which dΨ0

dr∗
= 0).

Now, the formula (3.87) allows us to conclude that, in case of the large-j limit

ωQNM = j

(√
m(r3c − 4l2m)

(r3c + 2l2m)

)
− i

(
n+

1

2

)√
3m2 [r5c − 6l2(r3c − 2l2m)]

(r3c + 2l2m)3
. (3.88)

Cardoso et al. (Cardoso et al. [2009]) showed in general sense that this is one

Figure 3.4: The figure shows QNMs frequency Re(w) versus r (left Panel) and Im(w)
versus r (right panel) of HBH and Sch BH ; the other parameters fixed to m = 1 and
l = 0.7(solid), l = 1(dashed) and l = 1.2(dotted) for HBH.

of the most important results of QNMs and the significance of the Eqn. (3.88) is

that in case of eikonal limit (Baker et al. [2008]), the real and imaginary parts of

the QNMs (Nollert [1999], Kokkotas and Schmidt [1999], Yadav et al. [2020]) of the

spherically symmetric, asymptotically flat Hayward regular BH space-time are given

by the frequency and instability time scale of the unstable null circular geodesics.
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Hayward black hole

Figure 3.5: The figure shows QNMs frequency Re(w) versus m (left Panel) and Im(w)
versus m (right panel) of HBH and Sch BH ; the other parameter fixed to l = 0.5 for
HBH.

Figure 3.6: The figure shows QNMs frequency Re(w) versus l (left Panel) and Im(w)
versus l (right panel) of Hayward BH; the other parameter fixed to m = 1 .

Special case:

For Schwarzschild BH l = 0, in case of eikonal limit the frequency of QNM is

ωQNM = j

√
m

r3c
− i

(
n+

1

2

) √
3m

r2c
. (3.89)

Hence, by determining the Lyapunov exponent, we established that in case of eikonal

limit, the frequency of quasi-normal modes of Schwarzschild BH might be determined

by the parameters of the null circular geodesics.

In Fig. 3.4, Re(w) is plotted as a function of r (left panel) by varying l. When l

increase, the height of the Re(w) decrease. Also Im(w) is plotted as a function of r

(right panel) by varying l. One can observe that Im(w) decreases when r increases
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and Im(w) of Hayward BH is the smallest compared to Schwarzschild BH.

The Fig. 3.5, shows that the behavior is similar for Hayward BH and Schwarzschild

BH in both cases Re(w) and Im(w) increase when m is increase, respectively. In fact

Im(w) is linearly dependent onm. Also, the angular velocity and instability time scale

of null-circular geodesics of Hayward BH is the smallest compared to Schwarzschild

BH regardless of the value of mass, respectively.

In Fig. 3.6, Re(w) is plotted against l (left panel) and Im(w) is plotted against l

(right panel). Both of Re(w) and Im(w) are decrease when l increases, that is, the

modes decays faster for large l. Compared to the Schwarzschild BH (l = 0) the modes

decays faster.

3.5 Conclusions

We investigated the geodesic stability via Lyapunov exponent for a static, spher-

ically symmetric regular Hayward BH. We have considered both time-like case and

null case. Using Lyapunov exponent one can easily determined whether the geodesics

is stable or unstable or marginally stable. Also, we computed the QNMs frequency

in the geometric-optics approximation (eikonal) limit. We have showed that the real

part of QNMs frequency are evaluated by the angular velocity in terms of the unsta-

ble circular photon orbit. While the imaginary part is related to the instability time

scale of photon orbit.

Moreover, we examined the Lyapunov exponent that could be used to established

the instability of equatorial circular geodesics both for time-like and null cases. When

the parameter l = 0, one gets the result of Schwarzschild BH. We derived both the

proper time Lyapunov exponent and coordinate time Lyapunov exponent. We have

calculated their ratio. We have also calculated the reciprocal of critical exponent.

Moreover, we have showed that for any unstable circular orbit, TΩ > Tλ, that is,

orbital time scale is greater than the Lyapunov time scale.

The most important result that we derived is the relation between unstable null

circular geodesics and QNMs frequency in the eikonal limit. Moreover we discussed

the gravitational bending of light and radius of shadow for this regular BH.
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Chapter 4

Tolman VI Fluid Sphere in f (R, T )

Gravity 1

4.1 Introduction

The analysis of the interior of the stars is fascinating to astrophysicists, mainly to the

General theory of relativity (GR). For the fact that, about the late phase of stellar

evolution, general relativistic effects much more important. In this direction, one of

the incredible works was that of the Tolman solution (1939) (Tolman [1939]). Tol-

man extensively deliberated the stellar interior and gave us a explicit solutions for

the static, spherically symmetric equilibrium fluid distribution (Gupta and Maurya

[2011]). In different dimension, it has been tested in which include cosmology, grav-

itational waves, astrophysics and thermodynamics (Alves et al. [2016]) of the stellar

system and it has present important contributions to the different astrophysics and

cosmological issues. Many of them present collapsing of wormhole solution with static

spherically symmetric geometry (Moraes and Sahoo [2018]) and non static spherically

symmetric object with anisotropic fluid profile. Moraes and his co-authors studied

modified Tolman-Oppenheimer-Volkoff (TOV) equation in which they illustrates the

equilibrium conditions of the compact structures.

In the modifying form of gravitational action asks for lots of fundamental chal-

lenges. These models can show ghost-like behavior, instabilities, while on the other

1A considerable part of this chapter has been published in Universe 2023, 9, 122.
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side, it has to match with experiments and observations in the low energy limit. Also

in the framework of f(R, T ) gravity some interesting results have been found at solar

system (Manna et al. [2020]), galactic and cosmological scales.

Several models exist which attempt to explain the early acceleration of the uni-

verse. The most accepted models contain a slowly varying potential and a scalar field.

There are another class of models where the gravity is modified under the general rel-

ativity. One of the procedure of the modifications depended upon phenomenological

considerations is provided by f(R, T ) theory of gravity. Indeed, f(R, T ) theories are

conformally identical to Einstein’s theory plus a scalar degree of freedom classified the

scalar in which potential is uniquely established from Ricci scalar. There are various

model, in the literature, where the authors (Rej and Bhar [2021]) considered Einstein

equation with corrections. The consistent theory of gravity, modified or classified,

should be equally suitable to the strong gravity regime.

Here f(R, T ) is an analytic (general) function of R (Ricci scalar). As an example,

cosmological solutions gives the accelerated expansion of the universe at late times.

Also it have been found that many stability conditions may lead to avoid tachyon

and ghost solution. In addition, there exist viable f(R, T ) models satisfying both

stability conditions (Li and Barrow [2007]) and background cosmological constraints

and results have been obtained to place constants on f(R, T ) cosmological model

by cosmic microwave background radiation (CMBR) galaxy and anisotropic power

spectrum (Bean et al. [2007], Mondal et al. [2021a]). To consider f(R, T ) gravity

in low energy limit, it is viable to obtain accurate gravitational potentials capable

of describing the flat rotational curves of the dynamics of galaxy or spiral galaxies

clusters without considering large amount of dark matter (Das et al. [2020b]).

Numerous investigations (De la Cruz-Dombriz and Dobado [2006], Bergliaffa [2006],

Mondal et al. [2020], Rahaman et al. [2021], Mondal et al. [2021b]) have used differ-

ent method to examined the stability as well as consistency of f(R) gravity theory.

There are definite form of f(R) algebraic function which eliminated the existence of

stable astrophysical form and reported unrealistic. In recent years, more research

has been performed on the steadiness, dynamical unsteadiness, existence of celestial

stellar system of this theory (Ganguly et al. [2014], Goswami et al. [2014], Yadav

et al. [2020]). Harko et.all (Harko et al. [2011]) proposed the concept of matter and

curvature couplings to represent a new version of altered theory of gravity, namely

f(R, T ) gravity. They also represented the relating field equation with the help of

gravitational potential mechanism and showed the important of alternative gravity
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theory. Also the same authors have initiated various model for f(R, T ) algebraic func-

tional for detachable compose viz.f(R, T )= f1(R)+f2(T ). Houndjo (Houndjo [2012])

investigated matter instructed age of accelerating cosmic by f(R, T ) gravity. Also,

Baffou and his teammates (Baffou et al. [2015]) examined spatially uniform cosmic

in the field of f(R, T ) gravity.

Modified and extended models are always popular due to the potential of repre-

sentation of gravitational field nature near curvature singularities accurately and as

well to overcome the cosmological constant problems. Convincing confirmation for

the extension of the universe has been provided by the many independent observa-

tions, some of these are supernovas Ia data (Riess et al. [1998], Tonry et al. [2003],

Knop et al. [2003], Riess et al. [2004], Hinshaw et al. [2003]), cosmic microwave back-

ground radiation and baryon acoustic oscillation (Percival et al. [2010]) according to

the study by the WMAP. For addressing this phenomenon, several assumption have

been suggested from dark energy model to modified theories of gravity. Nowadays,

dark energy model have no sufficient observational support. In particular, the dark

energy idea requires an eqn. of state (EoS) ω = p
ρ
, where p, q represents spatially

homogeneous pressure, energy density, respectively and the value of the parameter

ω is −1. Several results have initiated for interior exact solutions of the Einstein

field equation and Schwarzschild found the first interior solution. Tolman proposed

an inventive method for treatment of the Einstein field equation which are known as

Tolman I, II, III, IV, V, VI, VII and VIII (Hansraj and Banerjee [2018]).

In this chapter, we consider Tolman VI model (Ray and Das [2004]) in the class of

modified gravity in which the gravitational action carries a general function f(R, T ).

For this model, the study of the background cosmological evolution can be simplified

by performing transformation on metric. Such type of transformation maps from a

frame where the resulting field equations and gravitational action are modified from

general relativity (GR), called the Jordan frame, to a frame where the gravitational

action for the new obtain metric is the Einstein-Hilbert one, called the Einstein frame.

The f(R, T ) gravity theory has been related to stellar astrophysics (Deb et al. [2018])

and cosmology (Singha et al. [2020]), among other areas, giving testable and inter-

esting results.

The present chapter deals with isotropic Tolman VI in modified f(R, T ) gravity.

The physical characteristics of our obtained model are studied for three compact stars

PSR J1614-2230, Vela X-1 and 4U 1538-52. The chapter is organized in following
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order of sections. section 4.2, we explain about the general formalism of f(R, T )

gravity and in section 4.3, the proposed model is obtained for different values of

coupling parameter β. At the boundary, we matched our interior space-time to the

exterior space-time in section 4.4. Section 4.5 explains the physical properties between

Einstein theory and f(R, T ) gravity. Finally in section 4.6, we discuss and concludes

the whole work by pointing on major findings.

4.2 Mathematics behind f (R, T ) gravity

In this section we devote how the f(R, T ) was introduced. The Ricci scalar is

integrated over a four dimensional volume element d4x when Einstein’s field equation

is derived from Einstein-Hilbert action as

SEH =
1

16π

∫
R
√
−gd4x (4.1)

If we replace the Ricci scalar R by f(R, T ), we can get the f(R, T ) field equations.

Therefore, the complete action in f(R, T ) formalism is

S =

∫
£m

√
−gd4x+ 1

16π

∫
f(R, T )

√
−gd4x (4.2)

where, T is the trace of the energy momentum tensor Tµν . Also, £m represents the

Lagrangian matter dencity and g = det(gµν).

The energy momentum tensor is defined as

Tµν = − 2√
−g

∂(
√
−g£m)

∂gµν
(4.3)

along with the trace T = gµνTµν . Also the Lagrangian density £m depends only the

metric tensor component gµν , not its derivatives. Here, we have

Tµν = gµν£m − 2
∂£m

∂gµν
(4.4)
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By variation principle w.r.t gµν , eqn. (4.2) gives the field equation

(Rµν −∇µ∇ν)fR(R, T ) + gµν�fR(R, T )−
1

2
f(R, T )gµν

= 8πTµν − TµνfT (R, T )−ΘµνfT (R, T ) (4.5)

where, fR(R, T ) = ∂f(R,T )
∂R

and fT (R, T ) = ∂f(R,T )
∂T

. Here, covariant derivative ∇µ is

associated with Levi-Civita connection of the metric tensor gµν and the box operation

� is defined as � ≡ 1√
−g

∂
∂xµ (

√
−ggµν ∂

∂xν ) with Θµν = gαβ
δTαβ

δgµν
.

The covariant derivative of the equation (4.5) gives

∇µTµν =
fT (R, T )

8π − fT (R, T )

[
(Tµν +Θµν)∇µ ln fT (R, T ) +∇µTµν −

1

2
gµν∇µT

]
, (4.6)

In f(R, T ) gravity, the stress-energy tensor of the matter field do not obey the conser-

vation low due to interaction between the curvature and matter as in general relativity.

With the help of the equation (4.3), we get the tensor Θµν as follows

Θµν = gµν∇µ − 2Tµν − 2gαβ
∂2£m

∂gµν∂gαβ
, (4.7)

for the field equation, we assume the energy-momentum tensor as

Tµν = (ρ+ p)uµuν − pgµν , (4.8)

provided, the µµ four velocity, such that µµµ
µ = 1 and µµ∇µµµ = 0 with ρ, pr and pt

are matter density, radial pressure and transverse pressure, respectively. If we specify

pressure as −P = £m, the equation (4.7) reduces to

Θµν = −Pgµν − 2Tµν (4.9)

4.3 Interior space-time and the realistic viable f (R, T )

gravity models:

We will represent the model with the help of realistic f(R, T ) gravity model. Here,
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we consider a separable functional form of f(R, T ) given by,

f(R, T ) = f1(R) + f2(T ) (4.10)

in the relativistic structures to study the coupling effects of matter and curvature com-

ponents in f(R, T ) gravity, where f1(R) and f2(T ) representing arbitrary functions

of R and T , respectively. Several viable model in f(R, T ) gravity can be generated

in linear combining of different forms of f1(R) and f2(T ). In the present model, we

assume f1(R) = R and f2(T ) = 2βT . Then the expression for f(R, T ) becomes

f(R, T ) = R + 2βT (4.11)

where, β is arbitrary constant to be evaluated depending on many physical require-

ments.

In curvature coordinate, we consider the static and spherically symmetric line element

describing a wormhole region by the following metric:

ds2 = −eνdt2 + eλdr2 + r2dΩ2, (4.12)

where, both ν, λ depends on r, i.e both are purely radial and dΩ2 = sin2 θdϕ2 + dθ2.

In modified gravity, the field equation along the line element (4.12) can be written as

8πρ+ β(3ρ− p) =
1− e−λ

r2
+
e−λλ′

r
, (4.13)

8πp− β(ρ− 3p) =
e−λ − 1

r2
+
e−λν ′

r
, (4.14)

8πp− β(ρ− 3p) = e−λ

[
ν ′′

2
+
ν ′2

4
− ν ′λ′

4
+
ν ′ − λ′

2r

]
. (4.15)

where, prime (′) denotes differentiation with respect to the radial coordinates ‘r’.

We denote ρE and pE by,

ρE = ρ+
β

8π
(3ρ− p), (4.16)

pE = p− β

8π
(ρ− 3p). (4.17)

where, ρE represents the density and pE represents the pressure in Einstein gravity.

To solve the equations (4.13)−(4.15), we use the metric potential by Tolman (Tolman
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[1939]) in which the expression

eλ = 2− n2, (4.18)

eν = (Ar1−n −Br1+n)2. (4.19)

where, A, B are arbitrary constant. The restriction of λ is 0 < λ <
√
2, but this is

not most general choice. Using the expression of the equation (4.18) and the equation

(4.13), we obtain the Einstein density as

ρE =
1− n2

8πr2(2− n2)
(4.20)

Similarly, using the expression of the equations (4.18),(4.19) and the equation (4.14),

we obtain the Einstein pressure as follows

pE =
A(n− 1)2 −B(n+ 1)2r2n

8πr2(2− n2)(A−Br2n)
. (4.21)

If we eliminate radius r from equations (4.20) and (4.21), we obtain the relation

between Einstein density and pressure. Also, the positivity of density profile demands

the range for n are n < −
√
2 or n >

√
2 or −1 < n < 1. So the interval of validity is

0 < n < 1. Now, using the expression ρE and pE from equations (4.16) and (4.21), we

get the expression for matter density(ρ) and pressure(p) in modified f(R, T ) gravity

as follows

ρ =
A(n− 1)χ1 −B(n+ 1)χ2r

2n

4r2(n2 − 2)(2π + β)(4π + β)(A−Br2n)
, (4.22)

p =
−A(n− 1)χ2 +B(n+ 1)χ1r

2n

4r2(n2 − 2)(2π + β)(4π + β)(A−Br2n)
, (4.23)

where,

χ1 = 4(n+ 1)π + (n+ 2)β,

χ2 = 4(n− 1)π + (n− 2)β. (4.24)

The square of the sound velocity for Einstein and our present model are obtained as
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follows

V 2
E =

(
dp

dρ

)
E

= −(A(n− 1) +B(n+ 1)r2n)2

(n2 − 1)(A−Br2n)2
, (4.25)

V 2 =
dp

dρ

= −A
2(n− 1)χ2 + 4AB(n2 − 1)(2π + β)r2n +B2(n+ 1)χ1r

4n

A2(n− 1)χ1 − 4AB(n2 − 1)(2π + β)r2n +B2(n+ 1)χ2r4n
. (4.26)

Negative sign in the sound speed index can be removed in the interval 0 < n < 1.

Figure 4.1: Behavior of the “energy density” with respect to the radial coordinate
“r” for the compact star PSR J1614-2230 (left panel), Vela X-1 (middle panel) and 4U
1538-52 (right panel) corresponding to the numerical value of constants A and B from
the table 4.2 and for different values of β.

Figure 4.2: Behavior of the “pressure” with respect to the radial coordinate “r” for
the compact star PSR J1614-2230 (left panel), Vela X-1 (middle panel) and 4U 1538-52
(right panel) corresponding to the numerical value of constants A and B from the table
4.2 and for different values of β.

The profile of density and pressure are shown in Fig. 4.1 and Fig. 4.2, respectively.

One can see that the density and pressure are both positive definite but at the stellar

center both are infinite. Also, from Fig. 4.2 we can see that Einstein pressure are

gradually decreasing with increasing value of ‘n’ i.e Einstein pressure at the point
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n = 0.56 > Einstein pressure at the point n = 0.64 > Einstein pressure at the point

n = 0.85.

In the literature, it is well-known that the mass distributions must obey all the

energy conditions in its interiors. These energy conditions are named as null, strong,

week and dominant energy conditions and symbolized by NEC, SEC, WEC and DEC.

All the energy conditions are satisfied for our present model if the following inequality

are hold.

NEC: ρ+p ≥ 0, SEC: ρ+p ≥ 0, ρ+3p ≥ 0, WEC: ρ+p ≥ 0, p ≥ 0, DEC:ρ−p ≥ 0,

p ≥ 0.

(ρ+ p)E =
A(n− 1) +B(n+ 1)r2n

4πr2(n2 − 2)(A−Br2n)
, (4.27)

ρ+ p =
A(n− 1) +B(n+ 1)r2n

r2(n2 − 2)(4π + β)(A−Br2n)
, (4.28)

(ρ+ 3p)E =
−A(n− 1)(n− 2) +B(n+ 1)(n+ 2)r2n

4r2β(n2 − 2))(A−Br2n)
, (4.29)

ρ+ 3p =
A(n− 1)(t− 2(2π + β))B(n+ 1)r2n(S + 2(2π + β))

2r2(n2 − 2)(2π + β)(4π + β)(A−Br2n)
, (4.30)

(ρ− p)E =
n(A(n− 1) +B(n+ 1)r2n)

4πr2(n2 − 2)(A−Br2n)
, (4.31)

ρ− p =
n(A(n− 1)−B(n+ 1)r2n)

4r2β(n2 − 2))(A−Br2n)
. (4.32)

(4.33)

It is clear from Fig. 4.3 that ρ+ p ≥ 0, in the Fig. 4.4, ρ+3p ≥ 0 and ρ− p ≥ 0 is

non negative shown in the Fig. 4.5. So all the necessary energy conditions have been

fulfilled for our f(R, T ) gravity model.

4.4 Exterior space-time and boundary condition:

Now, we have matched our interior space-time to exterior Schwarzschild line ele-
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Figure 4.3: Behavior of the “Speed sound” with respect to the radial coordinate “
r” for the compact star PSR J1614-2230 (left panel), Vela X-1 (middle panel) and 4U
1538-52 (right panel)corresponding to the numerical value of constants A and B from
the table 4.2 and for different values of β.

Figure 4.4: Variation of “ adiabatic index” with respect to the radial coordinate “ r
” for the compact star PSR J1614-2230 (left panel), Vela X-1 (middle panel) and 4U
1538-52 (right panel)corresponding to the numerical value of constants A and B from
the table 4.2 and for different values of β.

Figure 4.5: Behavior of the “week energy condition” with respect to the radial coor-
dinate “ r ” for the compact star PSR J1614-2230 (left panel), Vela X-1 (middle panel)
and 4U 1538-52 (right panel) corresponding to the numerical value of constants A and
B from the table 4.2 and for different values of β.

ment at the r = R. The Exterior line element is

ds2+ = −
(
1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2(sin2 θdϕ2 + dθ2). (4.34)
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Figure 4.6: Behavior of the “Strong energy condition” with respect to the radial
coordinate “ r ” for the compact star PSR J1614-2230 (left panel), Vela X-1 (middle
panel) and 4U 1538-52 (right panel) corresponding to the numerical value of constants
A and B from the table 4.2 and for different values of β.

Figure 4.7: Behavior of the “Dominant energy condition” with respect to the radial
coordinate “ r ” for the compact star PSR J1614-2230 (left panel), Vela X-1 (middle
panel) and 4U 1538-52 (right panel) corresponding to the numerical value of constants
A and B from the table 4.2 and for different values of β..

and the interior line element is

ds2− = −(Ar1−n −Br1+n)2dt2 + (2− n2)dr2 + r2(sin2 θdϕ2 + dθ2). (4.35)

The continuity of the metric(
1− 2M

R

)−1

= (2− n2), (4.36)(
1− 2M

R

)
= (AR1−n −BR1+n)2. (4.37)

The pressure vanishes at the boundary r = R i.e p(r = R) = 0 which gives the
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following equation in modified gravity as follows

−A(n− 1)χ2 −B(n+ 1)χ2R
2n

4R2(n2 − 2)(2π + β)(4π + β)(A−BR2n)
= 0 (4.38)

• Determination of n and the constants A and B: Solving the equations

(4.36)-(4.38), we get the expression for n and the constants A and B as follows:

n = ±
√
R− 4M

R− 2M
,

A = −
(n+ 1)χ2R

n−2
√
R(R− 2M)

2nβ
,

B =
(1− n)χ1R

n−2
√
R(R− 2M)

2nβ
.

For numeric values of the constants A and B, we chosen Mass M, radius R accordingly

different compact stars. Also, for well-behaved solution, we use different values of the

parameter β

4.5 Physical properties of the present model:

• Nature of equation of state: It is very important to describe a relationship

between energy density and the pressure which is called the equation of state

(EoS). The relation between the pressure and matter density can be find out

by dimensionless quantity which is known as the equation of state parameter.

p = ω × ρ. (4.39)

Hence, the equation of state parameter (w) for Einstein and our model are

obtained as follows

ωE =
pE
ρE

=
A(n− 1)2 −B(n+ 1)2r2n

(1− n2)(A−Br2n)
, (4.40)

ω =
p

ρ
=

−A(n− 1)χ2 +B(n+ 1)χ1r
2n

A(n− 1)χ1 −B(n+ 1)χ2r2n
(4.41)

The behavior of equation of state parameter is shown in the Fig. 4.8. We can

see that equation of state parameter is monotonic decreasing function of radius
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r.

Figure 4.8: Behavior of the “EoS parameter” with respect to the radial coordinate “
r ” for the compact star PSR J1614-2230 (left panel), Vela X-1 (middle panel) and 4U
1538-52 (right panel) corresponding to the numerical value of constants A and B from
the table 4.2 and for different values of β.

• Relativistic adiabatic index: For a compact star, stability is one of the most

crucial requirement. For this reason we have discussed stability along with the

variation of adiabatic index (Γ) inside the compact star. The adiabatic index

can be displays the stability for both non-relativistic and relativistic compact

stars. The stability condition for a Newtonian sphere is Γ > 4
3
and Γ = 4

3
is the

condition for a neutral equilibrium according to (Bondi [1964]). The expression

relativistic adiabatic index for Einstein and our present model are

ΓE =

(
ρ+ p

p

dp

dρ

)
E

=
2(A(n− 1) +B(n+ 1)r2n)

B(n+ 1)2r2n − A(n− 1)2
V 2, (4.42)

Γ =
4(A(n− 1) +B(n+ 1)r2n)(2π + β)

A(n− 1)χ2 −B(n+ 1)2χ2r2n
V 2. (4.43)

• TOV Equation: The hydrostatic equilibrium (Fh) equation is an important

feature of the physical realistic compact objects. The fluid sphere remains at

equilibrium under three forces namely, gravitational force (Fg), hydrostatic force

(Fh) and the additional force due to modified gravity (Fm) and this situation rep-

resents by an equation, which is known as Tolman-Oppenheimer-Volkov (TOV)

equation. With the help of generalized TOV equation, we can analyze the equi-

librium equation for our three compact stars. The generalized TOV Eqn. for

the isotropic fluid (Bhar et al. [2022]) distribution in f(R, T ) modified gravity
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4. Tolman VI Fluid Sphere in f(R, T ) Gravity

can be written as

−ν
′

2
(ρ+ p)− dp

dρ
− β

2(4π + β)
(p′ − ρ′) = 0 (4.44)

The equation (4.44) can be written as follows,

Fg + Fh + Fm = 0, (4.45)

where,

Fg =
(A(n− 1) +B(n+ 1)r2n)2

r3(n2 − 2)(4π + β)(A−Br2n)2
, (4.46)

Fh =
A2(n− 1)χ2 + 4AB(n2 − 1)(2π + β)r2n +B2(n+ 1)χ1r

4n

2r3(2− n2)(2π + β)(4π + β)(A−Br2n)2
,(4.47)

Fm =
nβ(A2(n− 1) +B2(n+ 1)r4n)

2r3(2− n2)(2π + β)(4π + β)(A−Br2n)2
. (4.48)

Since, β = 0 corresponds to GR. Hence Fm = 0, the TOV Eqn. for Einstein

reduces to

−ν
′

2
(ρ+ p)E −

(
dp

dρ

)
E

= 0 (4.49)

The equation (4.49) can be written as follows,

(Fg)E + (Fh)E = 0, (4.50)

where,

(Fg)E =
(A(n− 1) +B(n+ 1)r2n)2

4πr3(n2 − 2)(A−Br2n)2
, (4.51)

(Fh)E =
(A(n− 1) +B(n+ 1)r2n)2

4πr3(2− n2)(A−Br2n)2
. (4.52)

• Mass radius relationship and compactness parameter : let U be the

compactification factor andM be the mass function. Then we can get following
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relation between them,

UE =
ME

R
=

(1− n2)

2(2− n2)
, (4.53)

U =
M

R
=
π((n+ 1)χ2) + 2nβ2F1(1,

1
2n
, 1 + 1

2n
, BR2n

A
)

(2π + β)(4π + β)(A−BR2n)
. (4.54)

where, M = m(r)|r=R and 2F1 represents the hypergeometric function. The

expression for mass function for Einstein and our present model are

mE = 4π
∫ r

0
ρEr

2dr =
(1− n2)r

2(2− n2)
, (4.55)

m = 4π
∫ r

0
ρr2dr =

πr((n+ 1)χ2) + 2nβ2F1(1,
1
2n
, 1 + 1

2n
, Br2n

A
)

(2π + β)(4π + β)(A−Br2n)
(4.56)

• Gravitational red-shift(z(r)) function and surface red-shift(zs) : The

gravitational redshift can be determined by the formula

z(r) = e−ν/2 − 1 =
1

(Ar1−n −Br1+n)
− 1, (4.57)

Furthermore, the following formula can be used to calculate surface redshift (zs)

for Einstein and our present model are

(zs)E =
1√

1− 2UE

− 1 =
√
2− n2 − 1, (4.58)

zs =
1√

1− 2U
− 1 (4.59)

=
1√

1− 2π((n+1)χ2)+2nβ2F1(1,
1
2n

,1+ 1
2n

,BR2n

A
)

(2π+β)(4π+β)(A−BR2n)

− 1. (4.60)

Fig. 4.10 shows the nature of redshift function with respect to the radial coordi-

nate function r. For our model, z(r) is monotonically decreasing function. The

value of surface redshift (zs) for three compact stars are shown in Table 4.2.

One can see from the table that the value of redshift (zs) lies within the range

zs < 1.
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Table 4.1: Numerical values of three well-known celestial compact stars.

Compact Star Mobs/M⊙ Robs (km) M (M⊙) R (km) n =
√

R−4M
R−2M

PSR J1614-2230 1.97± 0.4 9.69± 0.02 1.97 9.69 0.56
Vela X-1 1.77± 0.08 9.56± 0.08 1.77 9.56 0.64
4U 1538-52 9.69 1.97 9.69 1.97 0.85

Table 4.2: The numerical values of A, B, surface density, surface redshift, central
values of adiabatic index and surface compactness factor for three well-known celestial
compact stars for different values of coupling constant β

n = 0.56
Compact Star β A B ρs(gm/cm

3) zs Γ(r=0) Us

PSR J1614-2230 2 0.31368 0.00236 1.88338×1014 0.22404 1.80526 0.33257
4 0.31746 0.00266 1.57940×1014 0.18006 3.42727 0.28188
6 0.32019 0.00288 1.35301×1014 0.15082 5.59965 0.24493
8 0.32225 0.00304 1.19365×1014 0.12990 8.32942 0.21671
10 0.32386 0.00316 1.06375×1014 0.11415 11.6206 0.19441

n = 0.64
Compact Star β A B ρs(gm/cm

3) zs Γ(r=0) Us

Vela X-1 2 0.37509 0.00128 1.76517×1014 0.19764 1.22451 0.30282
4 0.37862 0.00148 1.47994×1014 0.15965 2.43408 0.25640
6 0.38117 0.00162 1.27408×1014 0.13419 4.08345 0.22263
8 0.38309 0.00173 1.11849×1014 0.11585 6.17906 0.19687
10 0.38460 0.00181 0.99677×1014 0.10200 8.72458 0.17655

n = 0.85
Compact Star β A B ρs(gm/cm

3) zs Γ(r=0) Us

4U 1538-52 2 0.65534 0.00230 1.52410×1014 0.10190 0.19370 0.17640
4 0.65764 0.00299 1.27783×1014 0.83973 0.48583 0.14893
6 0.65930 0.00349 1.10008×1014 0.07154 0.91913 0.12907
8 0.66055 0.00387 0.96574×1014 0.06237 1.49672 0.11398
10 0.66153 0.00416 0.860641×1014 0.05532 2.22038 0.10211
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Figure 4.9: Behavior of the “mass profile” with respect to the radial coordinate “ r
” for the compact star PSR J1614-2230 (left panel), Vela X-1 (middle panel) and 4U
1538-52 (right panel) corresponding to the numerical value of constants A and B from
the table 4.2 and for different values of β.

Figure 4.10: Behavior of the “EoS parameter” with respect to the radial coordinate “
r ” for the compact star PSR J1614-2230 (left panel), Vela X-1 (middle panel) and 4U
1538-52 (right panel) corresponding to the numerical value of constants A and B from
the table 4.2 and for different values of β.

4.6 Discussion and concluding remarks

In this present work, we have investigated the behavior of Tolman VI spacetime

in modified gravity. We endeavored to solve the modified field equations and inves-

tigated the physical viability according to the standard theory. We contrasted the

behavior of the matter energy density, isotropic pressure, the sound speed energy, the

all energy conditions (namely, weak, strong and dominated energy condition), EoS

parameter, mass profile as well as gravitational redshift between the modified f(R, T )

theory and standard Einstein theory.

For the arbitrary constant β = 2, 4, 6, 8 and 10 the graphical picture have been pre-

sented in the Fig. 4.1 - 4.10 for the compact stars PSRJ1614− 2230, V elaX − 1 and

4U1538− 52 while, β = 0 gives the General relativity case.
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• A clear picture of energy progression has been obtained in Fig. 4.1. The figure

shows declining nature about the surface and promises the real origination of

stellar body with positive behavior at the stellar interior.

• We have plotted pressure p versus radius r in Fig. 4.2 for the three compact

stars PSR J1614-2230(left panel), Vela X-1(middle panel) and 4U 1538-52(right

panel) for various values of β. One can see that p > 0 i.e positive, continuous

and monotonically decreasing. Also, at some radial value, the pressure does

vanish for both the cases.

• Square of the sound speed and relativistic adiabatic index have been plotted

in Fig. 4.3 and Fig. 4.4, respectively. From the Fig. 4.3, one can see that the

square of the sound speed lies in the predicted range i.e. 0 < V 2 < 1 throughout

the fluid sphere. The Fig. 4.4 confirms the stability of under the adiabatic index

Γ > 4
3
for our present model.

• In our f(R, T ) gravity model, the weak energy condition (WEC) in Fig. 4.5, the

strong energy condition (SEC) in Fig. 4.6 and dominant energy condition (DEC)

in Fig. 4.7 are also met . For the complication in the expressions of density and

pressure we have shown graphical presentation which certifies about the well

behaved nature of the energy conditions.

• We have plotted equation of state parameter profile ω in Fig. 4.8 for different

values of β. It is clear from the figure that at the center of the star these param-

eter take maximum values while it decreases towards the boundary. Moreover,

ω lies between 0 to 1 i.e 0 < ω < 1 which indicates the non-exotic behavior

of matter distribution. Also, we can see that there are linear relation between

isotropic pressure (p) and matter density (ρ).

• The mass function is plotted against radius in Fig. 4.9. This figure shows that

mass function is monotonic increasing function of radius and having no central

singularity. The mass functional values are in agreement with required physical

conditions as one can investigate from the figure.

• We have plotted the Gravitational redshift in Fig. 4.10 for different values of

β. One can see that Gravitational redshift is monotonic decreasing function

of radius. Also, gravitational redshift is lower with higher values of coupling

parameter β
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From all graphical illustrations and obtained results, we can conclude that our present

model is regular and potentially stable. Also, detailed numerical features can be found

from Table 4.1 and Table 4.2. The numerical values of A and B increases with in-

creasing values of β. The surface density ρs, and surface red-shift zs all takes lower

values when coupling parameter β increases. Moreover, the central values of adia-

batic index( Γ at r = 0) increase with increasing values of β, which concludes that for

higher values of β our model becomes more stable. Through analytical, numerical and

graphical analysis, all the features of our present model are well described. Finally,

we summarize our discussion that we are convinced by the calculated outcomes which

shows that the system is physically reasonable and viably stable. Also, our outcomes

could be useable in modeling relativistic compact objects as a real astrophysical phe-

nomena. In the future, we will study a perceptible magnetic pressure influence to the

equilibrium of forces for the core of the highly compact stars as the magnetic effects

calculation can give some idea of the dynamical distortion in nuclear impacts.
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Chapter 5

Solar system Tests in Rastall

gravity 1

5.1 Introduction

The sole reason behind the universal acceptance and creditibility of the theory of gen-

eral relativity has been the absolute perfection with which this theory has succesfully

explained all astronomical observations, for over a hundred years. The classical tests

have been heralded as a proof of the experimental verification of general relativity. It

has solved the mystery behind the long standing discrepancy between Newtonian cal-

culation and observation of the precession of perihelia of Mercury, which had intrigued

the scientific community throughout the nineteenth century. Inspite of the various

hypothesis placed by many able scientists, including the famous one by Le Verries

(Le Verrier [1859]), claiming the presence of an undiscovered planet called “Vulcan”

in 1860, none could give a proper mathematical derivation of the unexplained 43

arcsecs per century. In 1913, Besso and Einstein (Klein et al. [1995]), worked out

a Mercury perihelion advance formula in the “Einstein-Grossmann Entwert” theory

but there was an error. In 1915, Einstein corrected their error and derived the correct

value of precession of the perihelion of Mercury as 43.03 arcsecs per century which

is in close agreement with the observation and this played a significant role in popu-

1A considerable part of this chapter has been published in Modern Physics Letters A,
2050034 (2019).
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larising general relativity. The fact that other solar system planets have a significant

gravitational effect on Mercury, albeit tiny, meant Mercury did not move in precisely a

1/r orbit, being the Newtonian potential (Hartle, 2003). In the solar system, Mercury

has the largest solar system gravitational potential among all planets and satellites

and hence the largest general relativistic solar system gravitational correction.

In the year of 1907, Einstein predicted the angle of light deflection in the solar

gravitational field (Einstein [1911]). This is the most popular test of general rela-

tivity. The observation of gravitational deflection of light was performed by noting

the change in position of stars as they passed near the Sun during a solar eclipse in

1919. This observation was the result of a painstaking expedition proposed by Lord

Eddington, whose report, when submitted to the Royal Society and Royal Astro-

nomical Society, made general relativity worldwide famous. With the improvement

of modern technology and advent of space era, Shapiro (Shapiro [1964]) proposed

another test; the time delay of light in a gravitational field. We have derived all these

three tests with respect to a neutral regular black hole under the effect of the mod-

ified Rastall gravity. Here we would like to mention that there are a good number

of papers based on the classical tests in general relativity like a very recent one by

Farook et. al. (Rahaman et al. [2014c], Bhar et al. [2016]) and many others (Manna

et al. [2018], Rahaman et al. [2018]) using strong field limit. Other notable works in

modified gravity include Horava-Lipshitz gravity (Zhou and Liu [2012]), Kaluza-Klein

gravity (Kalligas et al. [1995]), Weyl gravity Edery and Paranjape [1998], to name a

few. Braneworld models also form the subject in many papers on the classical tests,

as by Böhmer et.al. (Böhmer et al. [2010]), among many others like in references

(Jalalzadeh et al. [2009], Cuzinatto et al. [2014], Dahia and de Albuquerque Silva

[2015], Casadio et al. [2015]). It is almost impossible to present an exhaustive list

in this area since there are numerous papers like those in multidimensional gravity

(Eingorn and Zhuk [2010]) and (Frye and Efthimiou [2013]) also. Further, the effect of

cosmological constant has been investigated in many works like (Islam [1983], Freire

et al. [2001]) and in (Miraghaei and Nouri-Zonoz [2010]).

A possible modification of general theory of relativity was introduced by Peter

Rastall in 1972 (Rastall [1972]). Here, the conservation of energy momentum tensor

is invalid in general, i.e., we assume T ν
µ;ν ̸= 0, in curved spacetime. However, the

Bianchi’s identities on Einstein tensor are unaltered. Also, an important requirement

is that, in flat spacetime, we get the trivial geometry of T ν
µ = 0. In his original

work, Rastall simply assumed that the energy momentum tensor is proportional to
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the gradient of Ricci scalar, i.e.,

T ν
µ;ν = λR;µ (5.1)

where λ is a constant, called the Rastall parameter and R the usual Ricci scalar.

Thus the field equations in original Rastall gravity is written as,

Rµν −
1

2
Rgµν = κ (Tµν − λgµνR) ,

where κ = 8πG/c4. Note that though the relation given in Eqn. (5.1) was originally

proposed by Rastall, yet this is not the only form. Any alternative form may be

adopted, as long as T ν
µ vanishes in flat spacetime (Rastall [1976]). Thus one can

propose any general form like:

T ν
µ;ν = Aν

µ;ν , (5.2)

where Aµν = Aνµ and Aµν and its derivatives are sufficiently small in flat spacetimes,

and hence may be neglected. Apart from major work done on Rastall gravity by

Rastall himself, many other pioneering papers have been developed over the years. In

a recent interesting paper by Visser (Visser [2018]), Rastall gravity has been shown

to be equivalent to Einstein gravity. Motivated by this in our work we have tried to

further investigate this claim by working out the classical test of general relativity.

Since these test form an integral part of comparing any modified theory of gravity

with Einstein gravity, we wish to see how the observational data of Einstein gravity

agrees or disagrees with Rastall gravity. We believe this work might further encourage

researchers to understand the link between the two theories. In this paper, motivated

by Lin et.al. (Lin and Qian [2019]), we have proposed the following form :

Aµν = gµν H(R), (5.3)

where, H = H(R) is any function of Ricci scalar R, satisfying the condition that,

H(R) = 0 when R = 0, leading to the conservation of energy momentum in flat

spacetime. A lot of motivating work has been done using Rastall gravity in recent

years like in the following references: (Heydarzade and Darabi [2017], Graca and Lobo

[2018], Bronnikov et al. [2016], Heydarzade and Darabi [2017], Spallucci and Smailagic

[2018], Moradpour et al. [2017b], Kumar and Ghosh [2018], Ma and Zhao [2017]) and

(Oliveira et al. [2015]). Also worth mentioning are the following works: (Santos and
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Ulhoa [2015], de Mello et al. [2015], Lobo et al. [2018], Licata et al. [2017], Darabi

et al. [2018], Caramês et al. [2014]) to name a few. Note that, Batista et. al. claimed,

Rastall gravity can be interpreted as a implementation of specific quantum effects in

a curved background (Salako et al. [2016]). In the field of cosmology, Rastall gravity

has gained a lot of attention owing to various papers like in references: (Al-Rawaf

and Taha [1996a], Fabris et al. [2012b], Bronnikov et al. [2017], Darabi et al. [2018],

Yuan and Huang [2017], Fabris et al. [2012a], Batista et al. [2013]) and (Moradpour

et al. [2017a]).

The outline of the present chapter is as follows: In Section 5.2, we give a brief

outline of the a neutral regular black hole geometry in Rastall gravity, while in Section

5.3, we present the Classical Tests of General Relativity of the a neutral regular black

hole solution using the method of null geodesics. This section is further subdivided

into three parts : subsection (A) comprises of the test of precession of perihelion,

in subsection (B) deflection of light has been extensively studied and subsection (C)

deals with the phenomenon of time delay. Next in Section 5.4, we have compared our

results with some previous known results of classical tests under different modified

theories of gravity. Finally, in Section 5.5 we discuss some concluding comments

regarding the results obtained in the study.

5.2 Neutral regular black hole solution in Rastall

gravity

In this section, we start by considering the following static, spherically symmetric

metric in four-dimensional spacetime (Lin and Qian [2019]),

ds2 = −f(r)dt2 + dr2

f(r)
+ r2(dθ2 + sin2θdϕ2), (5.4)

where

f(r) = 1− 2M(r)

r
= 1− 2M0

r
CM(r) (5.5)

Here, M0 is the mass of the black hole which can be measured by an inertial observer

at infinity and CM is incorporated as a parameter which satisfies CM → 1 as r → ∞.

The radial distance of the event horizon is denoted by rp. Then from metric (5.4)
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we must have, f(rp) = 0. This leads us to 2M0 = rp/CM(rp). Thus we may write

from Eqn.(5.5),

f(r) = 1− rpCM(r)

rCM(rp)
. (5.6)

Note that, the condition rp > 0 implies CM(rp) > 0. Now, avoiding the details of

the various requirements of obtaining a regular black hole solution, which have been

discussed in (Lin and Qian [2019]), we assume a simple form of CM(r), as given below,

CM(r) =
r3

r3 + 2σ2
, (5.7)

where σ is a constant. Note that, the value σ = 0 is of special interest, since then, we

get CM(r) = 1 and hence Eqn.(5.5) reduces to the Schwarzschild solution. Further an

interesting consequence of taking the form (5.7) of CM(r) is that it actually coincides

with the Hayward regular black hole solution, which was proposed by Hayward in

2006 to describe a Planck star (Hayward [2006]). It has been studied in further

details in references (Abbas and Sabiullah [2014], Halilsoy et al. [2014], Lin et al.

[2013]). Recently Zhao et. al. (Zhao and Xie [2017]) have studied the gravitational

lensing of a modified Hayward black hole in strong field regime.

In the next section, using Eqn. (5.6) and (5.7) we thus proceed with the following

black hole solution,

f(r) = 1−
r2
(
r3p + 2σ2

)
r2p (r

3 + 2σ2)
. (5.8)

5.3 Classical Tests of General Relativity

In this section, following (Böhmer et al. [2010]), we have investigated the three

classical tests of general relativity with respect to our neutral black hole solution

(5.8). In particular, we have derived all results for σ = 0 and we have found that

this correspond to CM(r) = 1 by Eqn. (5.7), which in turn gives f(r) = 1 − 2M0

r

from Eqn. (5.5). This is the well known Schwarzschild black hole solution. We have

tabulated our results for some appropriate values of σ and compared them with the

Schwarzschild case of σ = 0.

5.3.1 Precession of Perihelion
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In the current chapter, we have investigated the behavior of a test particle in the

vicinity of the neutral regular black hole under Rastall gravity through this classical

test and tabulated our results at the end.

Considering a static spherically symmetric metric of the form

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2θdϕ2), (5.9)

where the functions ν and λ are functions of radial coordinate r only, the coordinate θ

is taken as θ = π/2, since we consider a planar orbit and ϕ is the angular coordinate.

For a test particle in the spacetime metric specified by (5.9), the variation principle

states,

δ

∫ √
eνc2ṫ2 − eλṙ2 − r2

(
θ̇2 + sin2 θϕ̇2

)
ds = 0. (5.10)

Now, since neither t nor ϕ are explicitly present in the variation principle, their

conjugate momenta yield the following constants of motion :

eνc2ṫ = E = constant,

r2ϕ̇ = L = constant, (5.11)

where E and L are related with the conservation of energy and angular momentum,

respectively.

Now, Eqn. (5.9) gives the following equation of motion

ṙ2 + e−λr2ϕ̇2 = e−λ
(
eνc2ṫ2 − 1

)
, (5.12)

which using (5.11) transforms to

ṙ2 + e−λL
2

r2
= e−λ

(
e−νE

2

c2
− 1

)
. (5.13)

Let u = 1/r and since d/ds = Lu2d/dϕ, the equation (5.13) gives us(
du

dϕ

)2

+ e−λu2 =
e−λ

L2

(
e−νE

2

c2
− 1

)
. (5.14)
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Now comparing our metric Eqn. (5.4) with the metric (5.9) we have ,

e−λ = f(r)

eν = f(r) (5.15)

where f(r) is the function of radial coordinate r as given in Eqn. (5.8).

Writing,

f(r) = 1− g(r), (5.16)

where we define using Eqn.(5.8),

g(r) =
rpCM(r)

rCM(rp)
, (5.17)

we can then obtain from Eqn.(5.14),(
du

dϕ

)2

+ u2 =

(
u2 +

1

L2

)
g(u) +

E2

c2L2
− 1

L2
≡ G(u). (5.18)

Differentiating the above equation w.r.t ϕ we get,

d2u

dϕ2
+ u = F (u), (5.19)

where,

F (u) =

(
2σ2u3p + 1

)
(−4σ2u3 + 3u2L2 + 1)

2upL2 (2σ2u3 + 1)2
. (5.20)

Now in the trivial case, when the test particle follows a circular orbit, let the solution

of Eqn. (5.19) be u = u∗. Then this solution actually corresponds to a root of the

equation u∗ = F (u∗). We have calculated the root u∗ analytically and tabulated in

Table 5.1. Now in the actual scenario, the test particle follows a trajectory which is

slightly deviated from the circular orbit, because of the curvature of spacetime under

Rastall gravity of the black hole. Let, δ = u − u∗ denote this slight deviation from

circular orbit, which can then be obtained by solving the differential equation (5.19)

in terms of δ by substituting u = δ + u∗, as given below:

d2δ

dϕ2
+

[
1−

(
dF

du

)
u=u∗

]
δ = O(δ2). (5.21)
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Thus the trajectory of the deviated test particle to first order in δ is given by:

δ = δ1 cos

[(
1−

(
dF

du

)
u=u∗

)1/2

ϕ+ δ2

]
, (5.22)

or,

δ = δ1 cos

[(
1− 3u(2σ2u3

p+1)
upL2(2σ2u3+1)3

(4σ4u4

−4σ2L2u3 − 4σ2u+ L2) )
1/2
ϕ+ δ2

]
, (5.23)

where δ1 and δ2 are constants of integration.

At the position of perihelia, the angles which the radial distance r of the test particle

makes with the black hole is minimum, or in other words, u and δ is maximum. As

the orbit of the test particle advances through successive precession of perihelion the

corresponding variation of angle of the orbit is given by

ϕ =
2π√

1−
(
dF
du

)
u=u∗

=
2π

1− σ
, (5.24)

where σ denotes the rate of advance of perihelion and is defined as,

σ = 1−

√
1−

(
dF

du

)
u=u∗

. (5.25)

Approximating for small values of
(
dF
du

)
u=u∗

we get,

σ =
1

2

(
dF

du

)
u=u∗

. (5.26)

Now, if a test particle advances through ϕ radians then its perihelion will advance

through σϕ radians. For a complete rotation ϕ ≈ 2π(1 + σ) and the advance of peri-

helion is given as δϕ = ϕ− 2π ≈ 2πσ.

We have tabulated the different values of root u∗ and advance of perihelion δϕ

corresponding to different values of σ. We have taken the constants of motion as

L = 2.23 × 1014 and E = 1, to get promising values of precision of perihelia. Note

that, for σ = 0 we have the advance of perihelion δϕ = 43.13876287 arcsecs/century,
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Table 5.1: Measurement of Advance of Perihelion ( δϕ in arcsecs. per century.) for
different values of σ, taking L = 2.23× 1014 and E = 1.

Advance of Perihelia
σ u∗ Advance of

Perihelion(δϕ) (in
arcsecs/century)

0 1.493736921×10−17 43.13876287
10−6 1.480420864×10−17 42.75482095
10−5 1.534745603×10−17 44.32388966
0.7187× 10−4 1.523644028×10−17 44.00247291
10−4 1.548794029×10−17 44.729538046
10−3 1.563036235×10−17 45.14088882
10−2 1.622015714×10−17 46.84435283
0.1 1.857055518×10−17 53.63241839
0.2 2.292683390×10−17 66.21386860

which is quite close to the value calculated for Schwarzschild black hole in Einstein

gravity.

5.3.2 Gravitational Lensing

Here we have calculated the angle of deflection of light, by considering the static

spherically symmetric metric of the Eqn.(5.9), we know that a photon follows a null

geodesic ds2 = 0, when external forces are absent. Then the equation of motion of a

photon can be written as :

ṙ2 + e−λr2ϕ̇2 = eν−λc2ṫ2, (5.27)

where the ‘dot’ represents derivative with respect to the arbitrary affine parameter.

Using the two constants of motion from Eqn. (5.11) in Eqn. (5.27), we get

ṙ2 + e−λL
2

r2
=
E2

c2
e−ν−λ. (5.28)

Now, using r = 1
u
and eliminating the derivatives with respect to the affine parameter

by the help of the conservation equations, we obtain using (5.15),(
du

dϕ

)2

+ u2f(u) =
1

c2
E2

L2
. (5.29)
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Now from Eqn. (5.16) and (5.8), the above equation gets transformed to the following

, (
du

dϕ

)2

+ u2 = P (u), (5.30)

where we define

P (u) = u2g(u) + 1
c2

E2

L2

=
u3(1+2σ2u3

p)
up(1+2σ2u3)

+ 1
c2

E2

L2 . (5.31)

Differentiating Eqn. (5.30) with respect to ϕ, we get

d2u

dϕ2
+ u = Q(u), (5.32)

where we define

Q(u) =
1

2

dP (u)

du
,

Hence from equations (5.31) we have

Q(u) =
3u2

(
1 + 2σ2u3p

)
2up (1 + 2σ2u3)2

. (5.33)

Thus Eqn.(5.32) leads to the following second order non-linear differential equation,

d2u

dϕ2
+ u =

3u2
(
1 + 2σ2u3p

)
2up (1 + 2σ2u3)2

. (5.34)

In order to solve the above differential equation we use a perturbative method as in

(Böhmer et al. [2010]). First as a zeroth approximation, when the terms in the right

hand side of differential equation (5.34) is neglected, the solution is given as

u =
cosϕ

R
, (5.35)

where R is the distance of closest approach to the black hole. This solution corre-

sponds to the case, when the photon travel in a straight line path, without being

deflected, in the absence of the gravitating black hole. Then in the next approxima-

tion, we replace u in the right hand side of Eqn. (5.34), with the zeroth solution in

Eqn. (5.35), hence, the right hand function Q(u) converts to a function Q( cosϕ
R

) in
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the independent variable ϕ. Thus Eqn. (5.34) gives,

d2u

dϕ2
+ u =

3R4
(
1 + 2σ2u3p

)
cos2 ϕ

2up (R3 + 2σ2 cos3 ϕ)2
. (5.36)

Expanding the denominator of Eqn. (5.36) in the right hand side of the above equation

and neglecting higher order terms, we get,

d2u

dϕ2
+ u =

3
(
1 + 2σ2u3p

)
2up

[(
cosϕ

R

)2

− 4σ2

(
cosϕ

R

)5
]
. (5.37)

The general solution of the differential equation (5.37) can then be obtained as a

combination of the solutions of the two approximations, as,

u =
(
cosϕ
R

)
+

(1+2σ2u3
p)

8upR5 (2σ2 cos5 ϕ+ 5σ2 cos3 ϕ (5.38)

−4R3 cos2 ϕ− 15σ2 cosϕ− 15σ2ϕ sinϕ+ 8R3) .

Now, light approaches the black hole from a distant source, which can be assumed to

be located at infinity, at an asymptotic angle ϕ = −
(
π
2
+ ϵ
)
, gets deflected near the

black hole at a closest distance of approach R, and then reaches a distant observer

on Earth, which can also be assumed to be located at infinity, at an asymptotic angle

ϕ =
(
π
2
+ ϵ
)
. Thus, the solution of the equation u

(
π
2
+ ϵ
)
= 0 yields the angle

ϵ. The total deflection angle of the light ray can be obtained as δ = 2ϵ. Hence

putting ϕ = π/2 + ϵ and u = 0 in (5.38) and noting that cos
(
π
2
+ ϵ
)
≈ − sin ϵ and

sin
(
π
2
+ ϵ
)
≈ cos ϵ we get,

−
(
sin ϵ
R

)
+

(1+2σ2u3
p)

8upR5

(
−2σ2 sin5 ϵ− 5σ2 sin3 ϵ (5.39)

−4R3 sin2 ϵ+ 15σ2 sin ϵ− 15σ2 (π/2 + ϵ) cos ϵ+ 8R3
)
= 0.

Writing sin ϵ ≈ ϵ and cos ϵ ≈ 1 since ϵ is small, Eqn.(5.39) becomes,

− ϵ
R
+

(1+2σ2u3
p)

8upR5 (−2σ2ϵ5 − 5σ2ϵ3 (5.40)

−4R3ϵ2 + 15σ2ϵ− 15σ2 (π/2 + ϵ) + 8R3) = 0.
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This reduces to the following fifth degree equation in ϵ,

(8u3pσ
4 + 4σ2)ϵ5 + (20u3pσ

4 + 10σ2)ϵ3 (5.41)

+(16R3u3pσ
2 + 8R3)ϵ2 + 16R4upϵ+ 30πu3pσ

4

−32R3u3pσ
2 + 15πσ2 − 16R3 = 0

Solving for ϵ we can obtain the total deflection angle as δ = 2ϵ.

For σ = 0, if we consider Eqn. (5.41) we get,

ϵ2 + 2Rupϵ− 2 = 0 (5.42)

which yield the solution,

δ = −2Rup + 2
√
R2u2p + 2. (5.43)

When σ = 0, we have obtained the deflection angle as 1.750992937 arcsecs, taking

distance of closest approach R = 3.5×1017m, but taking distance of closest approach

R = 1Mo, we get the deflection angle as 583405.5203 arcsecs.

We have calculated the deflection angles for some other non zero values of σ and

tabulated in Table 5.2, taking the distance of closest approach again as 1Mo.

5.3.3 Time Delay

This phenomenon, by which the apparent travel time of light is altered by the

gravity of a body, was originally discussed by L.I. Schiff and also by Shapiro, with

reference to our Sun. The basic idea involves emission of a radar signal from earth

and observing the time taken by the round trip after reflecting back from a distant

planet or satellite. This observation is made under the following two conditions, one,

when the signal passes close to the body under the influence of its gravity, and second

when the signal does not travel close to it, i.e., in the absence of the gravitational

field. Now,the time of travel of light when the black hole is not in the vicinity can be

given as:

T0 =

∫ l2

−l1

dx

c
, (5.44)

where l1 and l2 are the distances of the Earth and the reflecting planet or satellite from
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Table 5.2: Measurement of Angle of Deflection (in arcsecs.) for different values of
σ, taking distance of closest approach as 1Mo. Only for the first row, we have taken
R=3.5× 1017m.

Angle of Deflection
σ Angle of Deflection

(δ)(in arcsecs)
0 (when R = 3.5× 1017m) 1.750992937

0 583405.5203
10−6 125.8243863
10−5 12.58243892
0.7187× 10−4 1.750721987
10−4 1.258243892
10−3 0.1258243892
10−2 0.01258243892
0.1 0.001258243892
0.2 0.0006291219460
0.5 0.0002516487784
1 0.0001258243892

the black hole respectively; and dx is the differential distance in the radial direction.

For the case when the light travels close to the black hole we have the time of travel

as,

Tw =

∫ l2

−l1

dx

v
=

1

c

∫ l2

−l1

e(λ(r)−ν(r))/2dx, (5.45)

where v = ce(ν−λ)/2 is the speed of light in the presence of gravitational field.

The time difference of the above two cases can then be calculated as,

δT = Tw − T0 =
1

c

∫ l2

−l1

[
e(λ(r)−ν(r))/2 − 1

]
dx. (5.46)

Taking r =
√
x2 +R2 we can write in Eqn. (5.46) the functions λ and ν in terms of

x as,

δT =
1

c

∫ l2

−l1

[
e(λ(

√
x2+R2)−ν(

√
x2+R2))/2 − 1

]
dx. (5.47)
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Table 5.3: Measurement of Time Delay (in secs.) for different values of σ. The
distance of closest approach have been taken as 1Mo for all values of σ. We have taken
l1 = 149.6 × 109 m and l2 = 227.9 × 109 m which are the distances of our Sun from
Earth and Mars respectively.

Time Delay
σ Time Delay(δT )(in secs)

0 5.615431364× 10−8

10−6 5.615431364× 10−8

10−5 5.615431364× 10−8

0.7187× 10−4 5.615431380× 10−8

10−4 5.615431400× 10−8

10−3 5.615434790× 10−8

10−2 5.615773915× 10−8

0.1 5.649686240× 10−8

0.5 6.471803289× 10−8

Finally using Eqn. (5.15), Eqn. (5.17) and Eqn. (5.16); Eqn. (5.47) becomes,

δT =
1

c

∫ l2

−l1

(
r3p + 2σ2

)
(x2 +R2) dx

r2p

[
(x2 +R2)3/2 + 2σ2

]
−
(
r3p + 2σ2

)
(x2 +R2)

. (5.48)

We have calculated the different values of time delay (δT ) numerically corre-

sponding to the different values of parameter σ and tabulated them in Table 5.3. The

distance of closest approach have been taken as 1Mo for all values of σ. We have

taken l1 = 149.6 x 109 m and l2 = 227.9 x 109 m which are the distances of our Sun

from Earth and Mars respectively..

5.4 A comparative study

In this section we have briefly compared our results with some previously known

results on the classical tests in modified gravity. Rahaman et. al. in ref. Rahaman

et al. [2018] had studied the classical tests of general relativity with respect to static

and spherically symmetric dyon black hole which carries both the electric and mag-

netic charge simultaneously, which are encoded in the parameters λ0 and β0. The

values of the two parameters have been constrained using the Solar system tests and

the permissible ranges have been obtained from analysing the model with the avail-

able observational data. The values of classical tests for dyon black holes are close
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to observational results when λ0 and β0 are closer to zero and they increases with

increase in values of the parameters. In our current paper, though the parameter σ

is in no way comparable to the parameters in ref. Rahaman et al. [2018], yet our

model’s precession of perihelia values are also closer to observational data when the

the value of our parameter is close to zero. For deflection of light however our model

shows more fluctuations.

In ref. Manna et al. [2018], Manna et. al. had found the deflection angle of a regu-

lar black hole with electrodynamics source in the strong field regime and compared

the angle of deflection as a function of distance of closest approach, graphically with

Schwarzschild and Reissner-Norstrom case . The angle of deflection is infinitely large

at the photon sphere since the light loops around the black hole, but as the distance of

closest approach increases, its initially slightly higher than that of the Schwarzschild

case but gradually decreases and becomes lesser than Schwarzschild angle. This phe-

nomenon can also be observed in our model to the extent that initially the angle

of deflection is enormously high but gradually decreases to negligible values. Refs.

Bhar et al. [2016] and Rahaman et al. [2014c] investigates a wormhole models. These

papers provides an excellent background study for our paper but the results of these

wormhole models with our black hole model is not directly comparable.

Zhou et. al. (Zhou and Liu [2012]) had investigated the three classical tests of general

relativity, in the spherically asymptotically flat black hole solution of infrared mod-

ified Horava-Lifshitz gravity. The first order corrections from the standard general

relativity have been used to limit the parameters in Horava-Lifshitz gravity. This

leads to the conclusion that in Horava-Lipshitz gravity, the precession of perihelia is

less while the angle of deflection is more, than that of traditional general theory of rel-

ativity. Note that it is possible to draw this conclusion from the concerned analytic

expressions itself, but for our model no such conclusion could be drawn by study-

ing the analytical expression and hence, we have obtained a plura of diverse results,

corresponding to a variety of values of our parameter. Then we have identified the

value of our parameter which is matching with the observational data of traditional

general relativity. Edery et. al. (Edery and Paranjape [1998]) had studied the deflec-

tion of light and time delay in the exterior of a static spherically symmetric source.

Their expression of angle of deflection contains an extra term dependent on the Weyl

parameter. Although the observational results have been used to constraint the mag-

nitude of this parameter to the order of the inverse Hubble length, yet the signature

cannot be ascertained. However, when this parameter is negative, it causes the angle
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of deflection to increase and therefore imitate the effect of dark matter. Kalligas et.

al. (Kalligas et al. [1995]) had investigated the classical tests in Kaluza-Klein gravity

and found a variety of interesting results. Similar to our model, they too have found

that for certain values of their parameters, they have the standard general relativ-

ity results, for other values they have obtained both positive and negative values of

the classical tests. More elaborately for deflection of light they have shown certain

values of parameters correspond to null deflection, and also some correspond to light

repulsion , i.e., negative angle of deflection. Similarly there exists some values of the

parameters for which radar ranging they have obtained negative results and geodetic

regression instead of geodetic advance in case of precession of perihelia.

In the braneworld model of ref. (Jalalzadeh et al. [2009]) the observational results

have been used to constraint the braneworld parameter but overall for positive value of

the parameter the angle of deflection, precession of perihelia and time delay increases

as compared to the Schwarzschild case. References (Cuzinatto et al. [2014], Dahia

and de Albuquerque Silva [2015], Casadio et al. [2015]) have studied braneworld mod-

els and mainly constrained their parameters using the fact that the fifth dimensional

causes a correction of 0.1 percent to the observational data obtained from the four

dimensional case. All the papers on modified gravity discussed above have their in-

dividual parameters and these parameters are themselves neither comparable to each

other nor to the parameter σ in our model, but the effect of these parameters in the

results of the classical tests have been discussed above. In interesting common fact

is that if we let these parameters vary by themselves we will get a variety of results,

which may or may not be physically valid, but if we use the standard results of gen-

eral relativity to constraint these parameters then we get more physically agreeable

results. Also almost all the results of the modified theories can be reduced to the

standard general relativity results for appropriate values of the parameters.

5.5 Conclusion

In this paper we have succesfully conducted the tests of precession of perihelia,

deflection of light and time delay with reference to a neutral regular black hole under

Rastall gravity for various values of the parameter σ, and then compared them with

σ = 0. The value σ = 0 is of special importance, since σ = 0 correspond to CM(r) = 1

by Eqn. (5.7), which in turn gives f(r) = 1− 2M0

r
from Eqn.(5.5). For this expression
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of f(r) the metric Eqn.(5.4) reduces to the Schwarzschild solution. Thus σ = 0 forms

a basis to compare our results in modified Rastall gravity with the Einstein gravity.

From table 5.1, the value of precession of perihelia, for σ = 0, which correspond to

the Schwarszchild solution, is given as 43.13876287 arcsecs per century, which is quite

close to the actual value, with respect to solar system, in Einstein gravity. We have

found the value of precession of perihelia for some other small values of σ, and found

that the values of precession of perihelia oscillates when σ < 10−3. But increases

monotonically with increase in magnitude of σ ≥ 10−3. We have taken the constants

of motion as L = 2.23 × 1014 and E = 1, to get promising values of precission of

perihelia. Another interesting observation is that at the value of σ = 0.7187 x 10−4

we are arriving at the value of precession of perihelia as 44.00247291 arcsecs per

century. The significance of taking this particular value will be more clear in the next

paragraph.

We have tabulated the angle of deflection values in table 5.2. When σ = 0, we

have obtained the deflection angle as δ = 583405.5203, for R = 1Mo. The deflection

angles for different non zero values of σ, taking the distance of closest approach as 1Mo

are also tabulated. We have come to the conclusion that, for R = 1Mo, the angle of

deflection decreases monotonically with increase in the magnitude of σ and becomes

negligible for σ > 1. Note that as previously mentioned, very interesting feature of

the tabulated values is that, corresponding to σ = 0.7187 × 10−4 and R = 1Mo, we

get δ = 1.750721987 arcsecs, which is close to the observed value of deflection of light

with respect to our Sun. Also for σ = 0, the numerical value R = 3.5× 1017 m, of the

distance of closest approach, also yields the angle of δ = 1.749952260 arcsecs. Thus,

this value of σ = 0.7187 × 10−4 with R = 1Mo in Rastall gravity corresponds to the

observed value in Schwarzschild case.

We have calculated numerically the different values of time delay (δT ) corre-

sponding to the different values of parameter σ and tabulated them in table 5.3. The

distance of closest approach have been taken as 1Mo for all values of σ. We have

taken l1 = 149.6 × 109 m and l2 = 227.9 × 109 m which are the distances of our

Sun from Earth and Mars respectively. we have found that the magnitude of time

delay is of the order 10−8 and increases slightly with increase in value of σ. Thus we

conclude that solar tests support Rastall gravity. However, to accept this theory, one

will have to study the present state of the universe within the framework of Rastall

gravity.
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Chapter 6

Singularity-free non-exotic

compact star in f (R, T ) gravity 1

6.1 Introduction

Harko et al. (Harko et al. [2011]) have proposed the extended theory of gravity so

called f(R, T ) by changing the geometrical part of the Einstein field equations instead

of changing the source side by taking a generalized functional form of the argument

to address galactic, extra-galactic, and cosmic dynamics. In this theory, the grav-

itational terms of total action is defined by the functional form of f(R) and f(T ).

The main aim of this theory is to address some observational phenomenons such as

dark energy (Riess et al. [2004]), dark matter (Akerib et al. [2017]), massive pul-

sars (Antoniadis et al. [2013]) that were hardly explain by General Relativity (GR).

Among the all extended/modified theories of gravity, the f(R, T ) theory attract more

due to it’s unique feature that is non-minimal coupling of matter and geometry (Ya-

dav [2019]). In the recent past, several applications of f(R, T ) (Moraes and Sahoo

[2017], Kumar Yadav [2014], Yadav and Ali [2018], Moraes [2015], Singh and Kumar

[2014], Shabani and Farhoudi [2013, 2014], Reddy and Santhi Kumar [2013], Sharif

and Zubair [2014]) have been reported in the literature.

In this paper, we focus ourselves to investigate a non-exotic compact star with

1A considerable part of this chapter has been published in Pramana J. Phys. 94:90, (2020).
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in f(R, T ) = R + 2ζT formalism where ζ being the arbitrary constant. The com-

pact star is a hypothetical dense body that may be black hole or degenerate star and

the pressure inside it is not isotropic. In Astrophysics, the structure and properties

of compact star had been studies by numerous authors in different physical context

(Bowers and Liang [1974], Herrera et al. [2004], Sharma et al. [2001]). In 2006, the

most significant compact star has been observed by Rosat Surveys due to their X-rays

emission (Agüeros et al. [2006]). This means that the gravitational energy of compact

star is radiated through X-rays. A long ago, Hewish et al (Hewish et al. [1979]) had

investigated the some rapidly pulsating radio source which is in general the beam of

electromagnetic radiation. This discovery inspire physicists to think about modeling

of compact star like neutron star and quark star in framework of general relativity

and its extended form (Maurya et al. [2015, 2016b, 2017], Das et al. [2016]). It is com-

mon understanding that one can not analyze the structure and properties of compact

star by taking into account of equation of state which relate the pressure and energy

density in proportion. In Refs. (Maurya et al. [2016a], Aziz et al. [2016], Rahaman

et al. [2014b]), it has been found that the pressure of compact star is anisotropic in

nature. In the recent past, Momeni et al (Momeni et al. [2017]) have constructed

a model of compact star in Horndeski theory of gravity and analyzed it in modified

theory of gravity. However, our model deals with the singularity-free compact star

composed by non-exotic matter in f(R, T ) theory of gravity and its functional form

f(R, T ) = R + 2ζT . In Refs. Moraes and Sahoo [2017, 2018], some applications

of f(R, T ) theory with respect to steller objects are reported. Some other relevant

investigations on different functional forms of extended f(R, T ) theory of gravitation

can be observed in following studies (Zubair et al. [2016a]) under different physical

context. In 2014, Rahaman et al (Rahaman et al. [2014a]) have studied the static

Wormhole in f(R) Gravity with Lorentzian distribution which generates two models -

one is derived from power law form and second model is based on assumption of par-

ticular shape function which allows the reconstruction of the f(R) theory. Zubair et

al (Zubair et al. [2016b]) have investigated numerical solutions for different wormhole

matter content in the realm of f(R, T ) gravity. Moraes et al (Moraes [2015]) have

constructed the model of static Wornhole by applying f(R, T ) formalism.

In the present chapter, we are concerned with the singularity-free nonexotic model

of compact star with the realm of functional form of f(R, T ) = R+ 2ζT . It is worth

to mention that our model is derived from the well known barotropic equation of state
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(EoS) in Krori and Barua (KB) space-time (Krori and Barua [1975]) that yield the

singularity-free solution. In Ref. Das et al. [2016], the authors have investigated a

model of stellar object in the static spherically symmetric space-time which is proba-

bly singular and generate a set of solutions describing the interior of a compact star

under f(R, T ) theory of gravity which admits conformal motion whereas the present

investigation is one with singularity-free solution. However a common feature of both

the investigations is the non-exotic matter configuration in f(R, T ) gravity.

The chapter is structured as follows: The basics of f(R, T ) = f(R)+2ζT formalism

are presented in Section 6.2. Section 6.3 deals with the the KB metric, solution of field

equations and physical behavior of the model. In section 6.4, we provide the boundary

conditions, which are essential for finding the values of constants. In section 6.5, we

demonstrate the validity of energy conditions, stability and mass -radius relation to

show the physical acceptance of model. In Section 6.6, we match the model parameters

with observation data sets. In section 6.7, we point out our results and discuss the

future perspectives of the study.

6.2 The f (R, T ) = f (R) + 2ζT Formalism

The total action for the f(R, T ) theory of gravitation (Harko et al. [2011]) reads

S =
1

4π

∫
d4xf(R, T )

√
−g +

∫
d4xLm

√
−g, (6.1)

where R is the Ricci scalar, T is the trace of energy-momentum tensor T i
j , g is the

metric determinant and Lm is the matter Lagrangian density.

By varying the total action S with respect to metric gij, we obtain

Rijf
′(R, T )− 1

2
f(R, T )gij + (gij ▽i ▽i −▽i▽j) f

′(R, T )

= 8πTij − ḟ(R, T )θij − ḟ(R, T )Tij.

(6.2)

Here, f ′(R, T ) = ∂f
∂R

and ḟ(R, T ) = ∂f
∂T

and θij is read as

θij = gij
∂Tij
∂gij

. (6.3)

123



6. Singularity-free non-exotic compact star in f(R, T ) gravity

In this chapter, we take the more generic form matter Lagrangian as Lm = −ρ
(Moraes and Sahoo [2017]). Hence equation (6.3) leads to

θij = −2Tij − ρgij (6.4)

Following the proposition of Refs. Harko et al. [2011], we assume the functional form

of f(R, T ) = f(R) + 2ζT with ζ is constant. In the literature, this functional form

is commonly used to obtain cosmological solution in f(R, T ) theory of gravitation

(Kumar Yadav [2014], Yadav and Ali [2018], Moraes [2015]).

The equations (6.2) and (6.4) lead to

Gij = (8π + 2ζ)Tij + ζ(2ρ+ T )gij (6.5)

where Gij is Einstein’s tensor.

6.3 The KB Metric and Field Equations

The Krori and Barua space-time (Krori and Barua [1975], Rahaman et al. [2012])

is read as

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2θdϕ2), (6.6)

with λ(r) = Ar2 and ν(r) = Br2 + C having A, B and C are constants.

In this chapter, we take an anisotropic fluid satisfying the matter content of stellar

object as

Tij = diag(−ρ, pr, pt, pt), (6.7)

where ρ, pr and pt are the energy density, radial pressure and tangential pressure

respectively. Thus the trace of energy momentum tensor may be expressed as T =

−ρ+ pr + 2pt.

The metric (6.6) and field equation (6.5) along with equation (6.7) lead the fol-

lowing equations:

e−λ

(
λ′

r
− 1

r2

)
+

1

r2
= (8π + ζ)ρ− ζ(pr + 2pt), (6.8)
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e−λ

(
ν ′

r
+

1

r2

)
− 1

r2
= ζρ+ (8π + 3ζ)pr + 2ζpt, (6.9)

e−λ

2

(
ν ′2 − λ′ν ′

2
+
ν ′ − λ′

r
+ ν ′′

)
= ζρ+ ζpr + (8π + 4ζ)pt. (6.10)

6.3.1 Solution of Field Equations & Physical Parameters

To solve the above set of equations for the matter content of compact star, it

is useful to invoke the equation of state (EoS) which gives the relation between en-

ergy density and pressure. The most common barotropic forms of EoS (Azreg-Aı̈nou

[2015]) are

pr = αρ, (6.11)

pt = βρ, (6.12)

where α and β are constants having values in the range (0,1).

Now, from metric (6.6), one may obtain λ′ = 2Ar, ν ′ = 2Br and e−λ = e−Ar2 .

Putting these values in equations (6.8)−(6.10) along with the barotropic EoS (6.11)

and (6.12), we obtain

ρ =
1

[8π + ζ − ζ(α+ 2β)]

[
exp(−Ar2)

(
2A− 1

r2

)
+

1

r2

]
, (6.13)

pr =
α

[8π + ζ − ζ(α + 2β)]

[
exp(−Ar2)

(
2A− 1

r2

)
+

1

r2

]
, (6.14)

pt =
β

[8π + ζ − ζ(α + 2β)]

[
exp(−Ar2)

(
2A− 1

r2

)
+

1

r2

]
. (6.15)

We observe that the barotropic EoS (6.11) and (6.12) are identically satisfied with

solutions (6.13)−(6.15). Also we note that the energy density (ρ), radial pressure (pr)

and tangential pressure (pt) decrease with r and finally approaches to a small positive

values. The behavior of ρ, pr and pt is graphed in Fig. 6.2 for physically acceptable

values of problem parameters. Fig. 6.1 depicts the variation of λ against r.

It is worth to note that dρ
dt

and dpr
dt

are negative which lead the following require-

ments for our model to be physically acceptable:

(i) The energy density is positive and its first derivative is negative.
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Figure 6.1: Plot of λ versus r.
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Figure 6.2: Plots of ρ(r) vs r (upper panel), pr(r) vs r (middle panel) and pt(r) vs r
(lower panel).

(ii) The radial pressure is positive and radial pressure gradient is negative.

We also note that at r = 0, the second derivative of energy density as well as
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radial pressure are negative which shows that the energy density and radial pressure

are maximum at the center of wormhole.

The anisotropic parameter (△) is computed as

△ =
2(β − α)

r[8π + ζ − ζ(α + 2β)]

[
exp(−Ar2)

(
2A− 1

r2

)
+

1

r2

]
. (6.16)

The anisotropic parameters is equivalent to a force due to the local anisotropy which is

directed inward if radial pressure is greater than the tangential pressure and outward

when radial pressure is less than tangential pressure. From equation (6.16), we observe

that the nature of △ depends on the free parameters α and β. These parameters are

positive constant having values in between 0 and 1 but (β − α) may be positive or

negative depending upon the choice of values of these parameters. Thus the repulsive

anisotropic force (△ > 0) will appear when β > α. Under this specification, the

compact star allows the construction of more massive distribution (Rahaman et al.

[2012]) that is why we have taken β > α throughout the all graphical analysis of the

model. Fig. 6.3 shows the variation of △ with respect to r for different choice of α

and β.
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Figure 6.3: The variation of the force △ due to the local anisotropy against r.

6.4 Boundary Conditions
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6. Singularity-free non-exotic compact star in f(R, T ) gravity

The central density is obtained by putting r = 0 in equation (6.13) i.e.

ρc = ρ(r = 0) =
3A

8π + ζ(1− α− 2β)
. (6.17)

The radial pressure and tangential pressure at center are given by

prc = pr(r = 0) =
3Aα

8π + ζ(1− α− 2β)
, (6.18)

ptc = pt(r = 0) =
3Aβ

8π + ζ(1− α− 2β)
. (6.19)

At center anisotropy is zero which leads α = β. It is also required that the physical

fluids must obey the Zeldovich’s criterion i.e. prc
ρc

≤ 1. This implies that α = β ≤ 1.

This shows the physical constraints on α and β.

The surface density is obtained by putting r = R in Eqn. (6.13) i.e.

ρ(r = R) =

(
1− 2M

R

) (
2A− 1

R2

)
+ 1

R2

8π + ζ(1− α− 2β)
(6.20)

To obtain the boundary condition, we will compare the interior metric to the Schwarzschild

exterior at the boundary r = R which leads the following equations:

1− 2M

R
= eBR2+C , (6.21)

eAR2

(
1− 2M

R

)
= 1, (6.22)

M

R3
= BeBR2+C . (6.23)

The values of constants A and B are evaluated by choosing the boundary conditions

such that pr = 0 at r = R and ρ = a = constant at r = 0. Thus, solving equations

(6.13), (6.14) and (6.21)−(6.23) along with boundary conditions, we obtain

A =
[8π + ζ(1− α− 2β)]a

3
=

1

R2
ln

[
1− 2M

R

]−1

, (6.24)

B =
1

2R2

[
e

[8π+ζ(1−α−2β)]aR2

3 − 1

]
=
M

R3

(
1− 2M

R

)−1

. (6.25)

From Equation (6.24), it is evident that A is a positive constant and its numerical
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Table 6.1: Determination of model parameters A & B for different star candidates.

S.N. Stars A B ρ(r = 0)(gm/cm3) p(r = 0)(dyne/cm2)
1. PSRJ 1614-2230 0.00213 0.00128 0.361232× 1015 2.682920× 1035

2. PSRJ 1903+327 0.00489 0.00306 0.815675× 1015 6.058156× 1035

3. 4U 1820-30 0.00515 0.00321 0.859045× 1015 6.380260× 1035

4. VelaX-1 0.00506 0.00322 0.841611× 1015 6.250785× 1035

5. 4U 1608-51 0.00541 0.00345 0.899825× 1015 6.683146× 1035

value can be constraint by the specific choice of other free parameters namely ζ, α and

β. In Refs. Buchdahl [1959], Buchdahl has obtained that the maximum allowable

compactness for a fluid sphere is 2M
R

< 8/9. In table 6.1, we have presented the

numerical values of model parameters A, B, central density and radial pressure for

different strange star candidates. In this chapter, we have chosen A = 0.00541 for

graphical analysis. Applying Buchdahl criteria for compactness in equation (6.24),

the chosen value of A gives R = 9.3749 (see Table 6.2) which is very close to observed

value of R (Güver et al. [2010a]).

6.5 Physical Consequences of Model Under f (R, T )

Gravity

6.5.1 Validity of energy conditions

In this section, we check the validity of energy conditions namely, null energy

condition (NEC), weak energy condition (WEC), dominant energy condition (DEC)

and strong energy condition (SEC) for the proposed compact star. The violation of

energy conditions lead the possible cause of existence of exotic matter in compact

star. In Refs. Hochberg and Visser [1998], the EMT violates the NEC at the center

(r = 0).

(i)NEC: ρ ≥ 0,

(ii)WEC: ρ+ pr ≥ 0 and ρ+ pt ≥ 0,

(iii)DEC: ρ− pr ≥ 0 and ρ− pt ≥ 0,

(iv) SEC: ρ+ pr ≥ 0 and ρ+ pr + 2pt ≥ 0.

From Fig. 6.4 below, we observe that the all energy conditions valid for radial pressure

as well as tangential pressure with certain range of D. So the compact star presented
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Figure 6.4: Validation of energy conditions of singularity-free compact star.

in this chapter is composed of non-exotic matter. Moraes and Sahoo (Moraes and

Sahoo [2017]) have also constructed the model of wormholes composed by non-exotic

matter in the trace of energy momentum-tensor squared gravity. Further it is inter-

esting to note that we may avoid the presence of exotic matter in the framework of

f(R, T ) gravity and hence no candidate of dark energy/matter is required to explain

the accelerating feature of universe as reported in Refs. (Yadav [2019], Moraes and

Sahoo [2017]).
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The value of A is constraint by employing the energy condition at the center. i.e.

(i)NEC: (ρ)0 ≥ 0 ⇒ A ≥ 0,

(ii)WEC: (ρ)0 + (pr)0 ≥ 0 and (ρ)0 + (pt)0 ≥ 0 ⇒ A+ αA ≥ 0 &A+ βA ≥ 0,

(iii)DEC: (ρ)0 − (pr)0 ≥ 0 and (ρ)0 − (pt)0 ≥ 0 ⇒ A− αA ≥ 0 &A− βA ≥ 0,

(iv) SEC: (ρ)0+(pr)0 ≥ 0 and (ρ)0+(pr)0+2(pt)0 ≥ 0⇒ A+αA ≥ 0 &A+(α+2βA) ≥
0.

In general theory of relativity, the stellar objects with violations of energy condi-

tions are common. So, there are variety of toy models of stellar objects in which the

matter source is in the form of Chaplygin gas (Rahaman et al. [2008]). But in this

chapter, we have constructed the model of compact star with in the f(R, T ) formal-

ism that validate all energy conditions and thus represents a viable model of compact

star. The value of A is restricted by equation (6.24).

6.5.2 Stability

For Physically acceptable model, the velocity of sound should be less than the

velocity of light i.e. 0 ≤ vs ≤ 1.

v2sr =
dpr
dρ

= α, (6.26)

v2st =
dpt
dρ

= β. (6.27)

Since both α and β lie in between 0 and 1 (0 ≤ α ≤ 1; 0 ≤ β ≤ 1) which implies that

velocity of sound is less than 1. Thus our solution validate the existence of physically

viable compact star with in the specification of alternative theory of gravity.

Equations (6.26) and (6.27) lead to

| v2st − v2sr |=| β − α |≤ 1. (6.28)

From Eqn. (6.28), the stability of compact star depends upon the free parameter α

and β. According to Herrera (Herrera [1992]), the region of stellar object in which

the radial speed of sound is greater than the transverse speed of sound, is a potentially

stable region. Thus, by imposing restriction on the values of α and β, one may check

the stability of derived model.
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Table 6.2: Comparison of estimated value of model parameters with observed data
sets.

S.N. Compact star MObs (M⊙) Radii (r⊙) ζ MEsti ZObs ZEsti

1. PSRJ 1614-2230 1.97± 0.04 13± 2 6 1.973 0.344793 0.345475
2. PSRJ 1903+327 1.667± 0.02 9.438± 0.03 4 1.686 0.444945 0.407709
3. 4U 1820-30 1.58± 0.06 9.1± 0.4 4 1.592 0.431786 0.393753
4. VelaX-1 1.77± 0.08 9.56± 0.08 3.65 1.814 0.484428 0.441777
5. 4U 1608-51 1.74± 0.14 9.3± 1.0 3.65 1.739 0.493929 0.489662

Figure 6.5: Profile of Mass versus Radius.

6.5.3 Adiabatic index

The adiabatic index is read as

Γ =

(
ρ+ pr
pr

)
dpr
dρ

= 1 + α. (6.29)

For stable configuration Γ should be greater than 1.33 with in the isotropic stellar

system. Note that Γ = 1.33 is the critical value as reported in Refs. (Chandrasekhar

[1965], Bondi [1964]). Equation (6.29) gives clue to choose the value of free parameter

α. For stable configuration, we have to choose α ≥ 0.33 that is why in this paper, we

have chosen α = 0.4 for graphical ( see Fig. 6.6) and numerical analysis of the model.
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Figure 6.6: Profile of Γ versus r.

6.5.4 Mass-radius relation

In our model, the gravitational mass m(r) in terms of radius r is expressed as

m(r) =

∫ r

0

4πr2ρdr =
4πr[exp(−Ar2)(2Ar2 − 1) + 1]

8π + ζ − ζ(α + 2β)
. (6.30)

The profile of mass function m(r) with respect to radius r for different values of ζ is

shown in Fig. 6.5.

At r = R, the gravitational mass is read as

m(r)r=R =
4πr[(2AR2 − 1)

(
1− 2M

R

)
+ 1]

8π + ζ − ζ(α + 2β)
. (6.31)

6.5.5 Compactness and red-shift

The compactness of star (u(r)) is read as

u(r) =
m(r)

r

=
4π[exp(−Ar2)(2Ar2 − 1) + 1]

8π + ζ − ζ(α + 2β)
. (6.32)

The profile of compactness of star with respect to r is graphed in Fig. 6.7
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Figure 6.7: Profile of u(r) versus r.

Therefore, the red-shift function Z(r) is computed as

Z(r) = (1− 2u)−
1
2 − 1 =

[
1− 8π[exp(−Ar2)(2Ar2 − 1) + 1]

8π + ζ − ζ(α + 2β)

]− 1
2

− 1. (6.33)

The profile of red-shift function with respect to r is depicted in Figure 8.

Figure 6.8: Profile of Z(r) versus r.

6.6 Physical Validity of Model
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6.7. Result and Discussion

In this subsection, we match the similarity of physical parameters of derived model

with their observational values for certain choice of ζ. By using the observational data

sets for mass (M⊙) and radii (r⊙), we carry out a comparative study of estimated

mass (MEsti), observed red-shift (ZObs) of derived model with observed mass and red-

shift of different stars namely, PSRJ1614-2230, PSRJ1903+327, 4U1820-30, VelaX-1

and 4U1608-52 and the results are listed in Table 6.2. From Table 6.2, we observe

that the derived model is very close to 4U 1608051 and PSRJ 1614-2230 for ζ = 3.65

and ζ = 6 respectively. Note that all the figures have been graphed for ζ = 3.65.

6.7 Result and Discussion

We have constructed, in the present paper, a singularity-free anisotropic compact

star in the framework of f(R, T ) gravity. The exact and singularity-free solution of

gravitationally collapsing system is obtained by taking into account the well known

equations of state which give the relation between energy density and pressure. The

energy density, radial pressure and tangential pressure are decreasing function of r.

At the center of compact star, ρ, pr and pt have certain fixed values which satisfy the

relations ∼ (pr)0 = α(ρ)0 and (pt)0 = β(ρ)0. The behavior of anisotropic parameter

has been graphed in Fig. 6.3 for the two different choice of α and β. Indeed, the

anisotropy in stellar object representing a force which will directed outward when

pt > pr and inward if pt > pr which allow the construction of more or less massive

distribution respectively (Rahaman et al. [2012]). From Table 6.1, we observe that the

estimated mass of derived compact star is good agreement with observed mass data

sets (Demorest et al. [2010], Güver et al. [2010b], Gangopadhyay et al. [2013], Güver

et al. [2010a]). In general, our solution validate all the energy conditions throughout

the stellar region of compact star. The validation of energy conditions can be check

by the Fig. 6.4 above, which is graphed by taking A = 0.025. Eqn. (6.28) exhibits

the stability criteria of compact star which shows that the particular choice of α and

β will generates the stable compact star. Let us now concentrate on the some other

models of stellar objects with in f(R, T ) formalism, especially the work by Moraes

and Sahoo (Moraes and Sahoo [2017]) and Das et al (Das et al. [2017]). In Refs. Das

et al. [2017], authors have proposed unique model of stellar object in f(R, T ) theory

of gravity and show that the gravastar is a viable alternative of black hole. It is worth

to note that mechanism of obtaining solution is entirely different from the mechanism
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6. Singularity-free non-exotic compact star in f(R, T ) gravity

adopted in Refs. Das et al. [2016].

As a final comment, we note that the present study represents the model of non-

exotic compact star which validate the SEC as well as other energy conditions in the

stellar region of compact star as a significance of extra-term of the f(R, T ) theory

namely ζT . The T-dependence of the f(R, T ) theory may characterize in describing

the physical facts, which is missing in general theory of relativity. In our previous

work (Rahaman et al. [2012]), we have investigated a singularity free dark energy

star which contains an anisotropic matter that is confined within the certain radius

from from center while in the present work, we propose a model of singularity free

non exotic compact star with aid of f(R, T ) theory of gravitation. In future, one can

check the viability of such solution under the specification of other valuable functional

forms of f(R, T ) such as f(R, T ) = R + ζRT and f(R, T ) = R + ζR2 + λT where ζ

and λ are arbitrary constants.

136



Chapter 7

A new model for dark matter fluid

sphere 1

7.1 Introduction

One of the most interesting facts is that the ordinary baryonic matter is not the

dominant form of material in the universe as is against our common perception. It is

accounted that the visible component of the total mass of the universe represents only

a small fraction. On the large scale structure of the cosmos, the universe is composed

of matter that is fundamentally different from our familiar matter composition. Based

on the astronomical observations over the years, it is accepted that most of the mass

appears to be in some as-yet-undiscovered strange new form which is non-luminous

known as Dark Matter (DM). The most long-lasting challenges of modern astrophysics

are understanding and unveiling the nature of dark matter. It is believed that the

dark matter is the main component, responsible for the large-scale structure formation

in the universe. Though the dark matter is not detected in the laboratory yet still

a series of observations, find the existence of dark matter in strong footing. The

nature of dark matter and the standard LCDM models can be tested on many scales,

from the shape of the cosmic web to the properties of galaxies and galaxy clusters,

down to particle physics experiments aiming at detecting the dark matter particles.

1A considerable part of this chapter has been published in Modern Physics Letters A,
2050280 (2020).
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A complete understanding of the nature of dark matter component of the universe

remains a mystery.

An undetected form of missing mass that emits no light, register its presence

because we observe the effects of its gravity. It is found that more than 90 percent

of the mass in the whole universe is dark. One can raise the question about the

understanding of the gravity which gave birth of the mysterious dark matter, but it

is needless to say that the gravity is so well tested that scientist prefers the existence

of dark matter.

Dark matter at the core region of the galaxies is believed to exist since long ago

from the observational pieces of evidence on the stellar motion. The first observational

evidence indicating the existence of the dark matter came from the work of Oort (Oort

[1970]) in 1932. He calculated the velocity scattered of stars in the galactic plane and

found that it is greater than expected from gravitational potential from the stars. He

naturally predicted more mass is needed to match the discrepancy in velocity which

is apparently missing. Fritz Zwicky (Zwicky [1933]) in 1933 estimated the velocity

dispersion of galaxies in the Coma cluster and inferred its total mass from the Virial

theorem. He found that their velocities are much beyond the velocities that could

be attributed to the luminous parts of galaxies. The dynamical mass inferred from

relative motions of the galaxies which found much less of the accounted mass led

Zwicky to concluded the galaxies were embedded in dark halos which do not radiate.

In 1970 Vera Rubin (Rubin and Ford Jr [1970]) discovered that the rotational

curves of galaxies are almost flat at large distances, which should drop as r−
1
2 from

the galactic centre if we consider only the star density in the galaxy. The constant

rotational velocity can be accounted only if one considers each galaxy must be sur-

rounded by a super-massive halo of matter and the growth of mass with distance as

one move away from the central region. This large portion of the non-luminous form

of the matter is due to dark matter. Milgrom (Milgrom [1983]) proposed Modified

Newtonian dynamics (MOND) by modifying Newton’s gravity that explained the flat

nature of the observed velocity rotation curve of galaxies, thus eliminating the need

for hidden mass hypothesis. Later on, several observational pieces of evidence suggest

that MOND cannot eliminate the need for dark matter in all astrophysical systems

thus dark matter to be ubiquitous in the universe.

The presence of an extensive dark matter halo turns out to be true for all types

of galaxies in general: as for an example dwarf galaxies (Bell and de Jong [2001]),

Stierwalt et al. (Stierwalt et al. [2017]), many other elliptical galaxies (Fabian et al.
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[1986]) is a kind of common feature of the existence of DM within galaxies. Later on,

the observations Roberts and Whitehurst (Roberts and Whitehurst [1975]), Einasto

et al. (Einasto et al. [1974]), Ostriker et al. (Ostriker et al. [1974]) on different

galaxies gave similar results.

Gravitational lensing is an alternate method of measuring the mass of the clus-

ter without considering the motion of the cluster has an important contribution to

establishing the existence of unseen matter. It was Zwicky (Zwicky [1979]) who sug-

gested that gravitational lens effects could also, be used to measure the total masses

of extragalactic objects. It was confirmed that the dark matter component should be

there to explain the gravitational lens effects (Fort and Mellier [1994]).

The best evidence to date in support of the existence of dark the matter is Bullet

cluster (1E0657−558 ) (Markevitch et al. [2004]) that shows a separation of ordinary

matter (gas) from dark matter. Cosmic microwave background radiation properties

can be used to infer the total amount of matter created by dark-matter clustering.

As a cosmological evidence, Big Bang Nucleosynthesis (BBN) or as Recent evidence

hailed as the smoking-gun for dark matter.

Recent studies on the properties of a dark matter component declare that the

dark matter particle could be Hot Dark Matter (HDM) as well as Cold Dark Mat-

ter (CDM) depending on whether the particle interaction at the initial stages of the

Galaxy formation was relativistic or non-relativistic. Many exotic particles that are

being proposed as a suitable candidate for dark matter including massive neutrinos,

massive compact halo objects (MACHOs) which include brown dwarfs, old white

dwarfs that have ceased glowing, neutron stars, black holes, weakly interacting mas-

sive particles (WIMPs)(Overduin and Wesson [2004]). MACHOs do not cause enough

lensing events to explain all the dark matter. Matter consisting of undiscovered par-

ticles WIMPs are excellent dark matter candidates, consistent with astronomical ob-

servations. A massless invisible and intangible neutrino can be the candidate for dark

matter, but if most of the dark matter were neutrinos, they would not stay put long

enough to let those structures form. Even ordinary celestial bodies such as Jupiter

like objects can be supposed as a dark matter candidate. Massless scalar field that

may be Brans-Dicke type (Fay [2004]) or coupled to a potential (Matos et al. [2000])

have been proposed for the dark matter component. Several attempts have been

made for primordial black holes to provide an explanation for the non-baryonic dark

matter.

The dark matter candidate should obey at least the law of gravity and whose mass
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7. A new model for dark matter fluid sphere

maybe 1011 eV (weak force scale) if thermally produced in the Big Bang. Maybe as low

as 10−5 eV (axion) or as high as 1019 eV (WIMPZILLA) if not thermally produced.

Other plausible candidates are axions, sterile neutrinos, Supersymmetric particles,

high-resolution numerical simulation favored the standard cold dark matter (SCDM)

as the candidate (Efstathiou et al. [1990], Pope et al. [2004]), Mirror matter, Λ-CDM

(Tegmark et al. [2004b,a]) etc.

Dark matter is a property of gravitational effect in the aspect of the spatially

geometrical structure. Earlier, it was found in the literature (Bharadwaj and Kar

[2003], Su and Chen [2009]) that dark matter could be described by a fluid with non-

zero effective pressure. Rahaman et al. (Rahaman et al. [2010a]) considered dark

matter as perfect fluid in their work. Dark matter may be modeled as a mixture of

two non-interacting perfect fluids as was shown by Harko and Lobo (Harko and Lobo

[2011]). Interestingly they have shown that the two-fluid model can be described as

an effective single anisotropic fluid having with non-vanishing radial and transverse

components of pressures (Letelier [1980], Letelier and Alencar [1986]). The differences

of pressures along radial and transverse directions are the anisotropy of a system. A

review of the origins and effects of local anisotropy in astrophysical objects may also

be found in Ref. (Herrera and Santos [1997], Chan [2003]).

In general, it is assumed that the galactic halo is mostly to be spherical in shape.

Though the exact geometry of the galactic dark matter halo is not clear, but recent

higher resolution simulations based on observational data predict the halos to be non-

spherical. We shall examine the problem of modeling of dark matter in the spherically

symmetric stellar configuration.

Very recent, R. P. Pant et al (Pant et al. [2019]) have studied a core-envelope

model of compact star in which core is equipped with linear equation of state while the

envelope is considered to be of quadratic equation of state and this work motivated

us to generate a new model for stellar objects. In this work, we have proposed a

new model by considering the stellar object consists of core and envelope regions.

We also assume a particular EoS to describe isotropic fluid dark matter in the core

region which provides constant density throughout the interior. The outer envelope

region is considered as anisotropic in nature and satisfying a linear pressure-density

relation. In the core boundary, we have assume de-sitter metric as the exterior while

Schwarzschild solution is assumed to describe the exterior boundary of the stellar

object. Accordingly, the matching conditions are used in addition to setting radial

pressure zero at the exterior boundary. Energy conditions and stability has also been
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discussed for the developed model.

Our chapter has been organized as follows: In Section 7.2, we have presented the

basic equations governing the anisotropic system. In Section 7.3, we have presented

the generalized Tolman-Oppenheimer-Volkoff (TOV) equation for anisotropic fluid

distribution. By assuming a particular density profile, we have solved the relevant

field equations to develop a model in Section 7.4. In Section 7.5 the exterior metric

and the corresponding boundary conditions have been displayed. We have analyzed

some physical features of our model in Section 7.6. Finally, we have discussed and

concluded our results in Section 7.7.

7.2 Einstein field equations

We consider the line element in Schwarzschild co-ordinate system to describe the

interior of a static and spherically symmetric stellar configuration as :

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2
(
dθ2 + sin2 θdϕ2

)
, (7.1)

where eν(r) and eλ(r) are known as the metric potential functions, where ν(r) and λ(r)

are functions of the radial coordinate ‘r’ only.

The Einstein field equations can be written as:

Tµν =
1

8π

{
Rµν −

1

2
R gµν

}
. (7.2)

where, Tµν , Rµν , gµν and R are the stress energy tensor, Ricci tensor, metric tensor

and Ricci scalar, respectively.

For an anisotropic matter distribution, the energy momentum tensor can be written

as:

Tµν = {ρ(r) + pt(r)}UµUν − pt(r)gµν + {pr(r)− pt(r)}χµχν , (7.3)

where ρ(r) is the energy density, pr(r) is the radial pressure and pt(r) is the tangential

pressure of the fluid configuration. χµ is an unit 4-vector along the radial direction

and Uµ is the 4-velocity. The quantities obey the following relation: χµχ
µ = 1,

χµU
µ = 0. Note that we have used system of units where G = 1 = c.
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7. A new model for dark matter fluid sphere

The Einstein field equations (7.2) read as the following form for the metric (7.1)

along with the energy tensor (7.3):

ρ(r) =
1

8π

{
1− e−λ

r2
+
e−λλ′

r

}
, (7.4)

pr(r) =
1

8π

{
e−λ − 1

r2
+
e−λν ′

r

}
, (7.5)

pt(r) =
e−λ

8π

{
ν ′′

2
+
ν ′2

4
− ν ′λ′

4
+
ν ′ − λ′

2r

}
, (7.6)

where, a prime (′) denotes differentiation with respect to ‘r’.

Also, the anisotropic factor is defined as ∆(r) = {pt(r)− pr(r)}.
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Figure 7.1: Behavior of the density with respect to the radial coordinate r for the
compact star EXO 1785-248 corresponding to the numerical value of constants given in
Table-7.1

7.3 Generalized Tolman-Oppenheimer-Volkoff equa-

tion

From Eqns. (7.4) and (7.5), we obtain

ρ(r) + pr(r) =
λ′ + ν ′

8πr
e−λ. (7.7)
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Also, from Eqn. (7.5), we get

dpr(r)

dr
=

1

8π

[
e−λ

{
ν ′′

r
− ν ′λ′

r
− ν ′ + λ′

r2

}
+

2(1− e−λ)

r3

]
. (7.8)

Then, by using Eqns. (7.4)-(7.8), we can write

− ν ′{ρ(r) + pr(r)}
2

− dpr(r)

dr
− 2{pt(r)− pr(r)}

r
= 0. (7.9)

The above Eqn. (7.9) represents generalized Tolman-Oppenheimer-Volkoff (TOV)

equation for anisotropic fluid distribution.
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Figure 7.2: Behaviors of the radial and transverse pressures with respect to the radial
coordinate r for the compact star EXO 1785-248 corresponding to the numerical value
of constants given in Table-7.1

7.4 The interior Solutions

To solve the system of equations, we assume a density profile of the dark mat-

ter(DM) as:

ρ(r) =
k

r(1 + r
b
)
, (7.10)

where, b is the scale radius and k is of dimension km−1. We assume that the interior

region of star is divided into two regions (i) The core, 0 ≤ r ≤ b and (ii) The outer

region, b < r ≤ R to avoid the singularity at the center of stellar configuration.
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7. A new model for dark matter fluid sphere

Any spherically symmetric anisotropic celestial compact star is a highly dense

fluid configuration with comparatively very small radius. For that reason, researchers

have the curiosity to find the exact details of the internal very dense matter com-

positions including its density profile. Consequently, we have motivated to find the

new results which represent the highly dense fluid configuration with the above DM

density profile (7.10) by dividing the interior of the star in two regions as follows from

the core envelope compact star model of R.P.Pant et al (Pant et al. [2019]). Since the

negative pressure is the cause of gravitational repulsion in a region which counters

the inward gravitational pull and retains the region stable against the inward gravita-

tional attraction. For this reason, we shall assume the negative pressure and positive

energy density in the core region of the compact object which remains the core stable

against the inward forces acted on the core boundary. This assumption makes sure

to match our interior solution with the De Sitter space as the De Sitter space corre-

sponds to vacuum solution of Einstein field equations with a positive energy density

and negative pressure and hence with a non zero cosmological constant.
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Figure 7.3: Behaviors of the mass and compactness parameter with respect to the
radial coordinate r for the compact star EXO 1785-248 corresponding to the numerical
value of constants given in Table-7.1

7.4.1 Solution in the core region, 0 ≤ r ≤ b

We assume that the core of stellar object is isotropic in nature and satisfy the
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7.4. The interior Solutions

following equation of state (EoS):

p(r) = pr(r) = pt(r) = −ρ(r). (7.11)

Negative pressure in a fluid occurs when it pushes on its surroundings. The negative

pressure is the cause of gravitational repulsion around the space. This gravitational

repulsion created from pressure counters the inward gravitational pull and retain the

smearing effect near the origin.

Therefore, from Eqns. (7.9) and (7.10), we obtain

ρ(r) = constant = ρc =
k

2b
. (7.12)

Finally, the density profile (7.10) takes the following form

ρ(r) =
k

2b
, 0 ≤ r ≤ b,

ρ(r) =
k

r(1 + r
b
)
, b ≤ r ≤ R. (7.13)

The mass function is defined as

e−λ = 1− 2m(r)

r
. (7.14)

Now, the mass of the core can obtain as:

m(r) = 4π

∫ r

0

r′2ρcdr
′ =

2r2kπ

3
. (7.15)

Therefore, the expressions of compactness parameter and surface redshift are obtained

as

u(r) =
2m(r)

r
=

4rkπ

3
, (7.16)

z(r) = {1− u(r)}−
1
2 − 1 =

(
1− 4rkπ

3

)− 1
2

− 1. (7.17)

In Schwarzschild coordinate, we can write

e−λ = 1− 2m(r)

r
= 1− 4rkπ

3
. (7.18)
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7. A new model for dark matter fluid sphere

7.4.2 Solution in the outer region, b ≤ r ≤ R

For the outer region, we assure the density profile (7.10) and an EoS in the fol-

lowing linear form:

pr(r) = αρ− β, (7.19)

where α (km−2), β (km−2) are constants.

Now, the mass of the stellar object can be obtained as:

m(r) = 4π

{∫ b

0

ξ2ρcdξ +

∫ r

b

ξ2ρ(ξ)dξ

}
(7.20)

=
2bkπ

3
{6r − 5b− 6bf1} , (7.21)

where f1 = log
(
r+b
2b

)
.

Therefore, the compactness parameter and surface redshift are obtained as:

u(r) =
2m(r)

r
=

4bkπ

3r
[6r − 5b− 6bf1] , (7.22)

z(r) = {1− u(r)}−
1
2 − 1

=

(
1− 4bkπ

3r
[6r − 5b− 6bf1]

)− 1
2

− 1. (7.23)

In Schwarzschild coordinate, we can write

e−λ = 1− 2m(r)

r
,

= 1− 4bkπ

3r
[6r − 5b− 6bf1] . (7.24)

On using Eqs. (7.10) and (7.19), we get the expression of radial pressure

pr(r) =
αk

r(1 + r
b
)
− β. (7.25)
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On imposing Eqns. (7.24)-(7.25) in Eqn. (7.5) we get

ν ′(r) =
4π

r(r + b)f2

[
bk{5b2 − br − br2(α + 1)}

+6r3β(r + b) + 6b2k(r + b)f1

]
, (7.26)

whereas

f2 =
[
4bkπ(6r − 5b)− 24b2kπf1 − 3r

]
. (7.27)

Therefore, the transverse pressure and anisotropic factor are obtained in the following
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Figure 7.4: Behavior of the anisotropic factor with respect to the radial coordinate r
for the compact star EXO 1785-248 corresponding to the numerical value of constants
given in Table-7.1

exact forms:

pt(r) =
[
6rβ(r + b)f3 − 12πr4β2(r + b)2

+12πkb2f1f4 − b2kf5

][
2r(r + b)2f2

]−1

, (7.28)

∆(r) = β − αk

r(1 + r
b
)
+
[
2r(r + b)2f2

]−1

×[
6rβ(r + b)f3 − 24πr4β2(r + b)2 − b2kf5

+12πkb2f1f4

]
, (7.29)
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whereas

f3 = 5πkb3 − b2kπr + r2 + br{1 + 4kπr(α− 1)},

f4 = bk{b(α− 1)− r(α + 1)} − 3rβ(r + b)2,

f5 = 2bkπr(1− 11π) + 10b2kπ(α− 1) + 3r{α + 4kπr(α + 1)2}. (7.30)

For observing the actual behavior of our obtained solutions, we have displayed

the graphical representations of solutions in Fig. 7.1- Fig. 7.5 for the well-known

compact star EXO 1785-248 corresponding to α = 0.3, 0.4, 0.5 and 0.6. The exact

behavior of the energy density is shown in Fig. 7.1. Fig. 7.2 and Fig. 7.3 show

the variations of radial, transverse pressures and mass with compactness parameter,

respectably. Further, Fig. 7.4 and Fig. 7.5 display the characteristics of anisotropic

factor and equation of state (EoS) parameters, respectively, where the EoS parameters

are defined as ωr(r) = pr(r)/ρ(r), ωt(r) = pt(r)/ρ(r) .

7.5 Boundary conditions

To determine the values of involved constants within solutions, we have matched

our solutions with the de-sitter metric at the core boundary r = b and the exterior

Schwarzschild solution at the surface boundary r = R (> 2M). De Sitter space

corresponds to vacuum solution of Einstein field equations with a positive energy

density and negative pressure and hence with a non zero cosmological constant. In our

model, the core region of the compact object we assume the pressure to be negative

and energy density is positive. So it is justified to assume de Sitter metric at the

core boundary. On the otherhand Schwarzschild metric is the solution Einstein field

equations exterior of a spherical matter distribution with cosmological constant and

charge to be zero. The compact object in our model is assumed to acquire no net

charge and outer region is vacuum and hence described by Schwarzschild solution.

The de-sitter and exterior Schwarzschild metric are given by

ds2d =

(
1− r2

d2

)
dt2 −

(
1− r2

d2

)−1

dr2

−r2(dθ2 + sin2 θdϕ2), (7.31)
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ds2s =

(
1− 2M

r

)
dt2 −

(
1− 2M

r

)−1

dr2

−r2(dθ2 + sin2 θdϕ2). (7.32)

After matching, we have the following results:

e−λ|r=b = eν |r=b =

(
1− b2

d2

)
= 1− 4πkb

3
, (7.33)

e−λ|r=R = eν |r=R =

(
1− 2M

R

)
= 1− 4bkπ

3R
[6R− 5b− 6bf1(R)] . (7.34)

Again, since the radial pressure pr(r) vanishes at the boundary r = R, which implies

pr(R) = 0. (7.35)

Using these boundary conditions (7.33)-(7.35), we arrived at

k =
3M

2πb(6R− 5b− 6bf1(R))
,

d =

√
3b

4πk
,

β =
αbk

R(R + b)
. (7.36)

where b is a free parameter, which will be the measurement of the core radius of the

staler fluid configuration. For our model, we consider b = 2 km.

7.6 Physical features of the model

Here, we are going to verify some well-established physical conditions regarding

the compact star for our present solutions.

7.6.1 Energy condition

The energy conditions, which need to satisfy by the matter composition of stellar
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Figure 7.5: Behaviors of the equation of state parameters with respect to the radial
coordinate r for the compact star EXO 1785-248 corresponding to the numerical value
of constants given in Table-7.1

fluid for being physical matter (Hawking and Ellis [2023], Wald [1986], Maurya et al.

[2016b]). The energy conditions are: Null energy condition (NEC), Weak energy

condition (WEC) and Strong energy condition (SEC). All these energy conditions are

defined in the following manner:

NECr : ρ(r) + pr(r) ≥ 0, NECt : ρ(r) + pt(r) ≥ 0.

WECr : ρ(r) ≥ 0, ρ(r) + pr(r) ≥ 0.

WECt : ρ(r) ≥ 0, ρ(r) + pt(r) ≥ 0.

SEC : ρ(r) + pr(r) + 2pt(r) ≥ 0. (7.37)

Our presented solutions have satisfied all these energy conditions within outer envelop

of the compact star, shown in Figs. 7.1 and Fig. 7.6 by plotting the LHSs of all

inequalities (7.37). Moreover, the energy density is positive and ρ(r) + p(r) = 0

within the core region i.e. NEC and WEC are satisfied there. Consequently, the

solutions represent a physical matter distribution.

7.6.2 Equilibrium condition

The equilibrium position is a prime property of non-collapsing compact star. For

this purpose, we are willing to verify the equilibrium condition for our solutions.

Any anisotropic fluid sphere remains at equilibrium position under the action of
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Figure 7.6: Behaviors of the energy conditions with respect to the radial coordinate r
for the compact star EXO 1785-248 corresponding to the numerical value of constants
given in Table-7.1

three different forces namely, gravitational, hydrostatic and anisotropic forces, re-

spectively. The equilibrium situation represents by an equation, which is known as

the Tolman-Oppenheimer-Volkoff (TOV) equation. The generalized TOV equation

for the anisotropic fluid distribution (7.9) can be written as

Fg(r) + Fh(r) + Fa(r) = 0, (7.38)

whereas

Gravitational force, Fg(r) = −ν
′{ρ(r) + pr(r)}

2
,

Hydrostatic force, Fh(r) = −dpr(r)
dr

,

Anisotropic force, Fa(r) =
2{pt(r)− pr(r)}

r
. (7.39)

The graphical demonstrations of these three forces for our solutions are shown in

Fig. 7.7 and from there one can easily conclude that our model is in equilibrium

state.

7.6.3 stability analysis
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Figure 7.7: Behaviors of the forces with respect to the radial coordinate r for the
compact star EXO 1785-248 corresponding to the numerical value of constants given in
Table-7.1

7.6.3.1 Causality condition

I. Causality condition : Since the speed of light c is the cosmic speed limit, the

speed of sound within a compact star must be less than c otherwise stellar fluid is

non-physical. The sound velocity inside the compact star can be determined by using

vr(r) =

√
dpr(r)

dρ(r)
, vt(r) =

√
dpt(r)

dρ(r)
. (7.40)

In gravitational unit, velocity of light c = 1. Thus 0 ≤ vr(r), vt(r) < 1, this condition

is know as the causality condition. Fig. 7.8 shows that our model satisfies the causality

condition in outer region of the stellar object i.e. the model is of the physical stellar

fluid.

II. Stability : To study the stability of an anisotropic fluid stellar, L. Herrera

(Herrera [1992]) proposed the cracking method under the radial perturbations in the

year 1992. Now using the concept of cracking, Abreu et al. (Abreu et al. [2007])

provided the stability conditions with respect to the stability factor (= {vt(r)}2 −
{vr(r)}2) for anisotropic fluid model. The conditions of Abreu et al. (Abreu et al.

[2007]) state that : (i) The region is potentially stable if −1 < {vt(r)}2−{vr(r)}2 ≤ 0

and (ii) The region is potentially unstable if 0 < {vt(r)}2 − {vr(r)}2 < 1.
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Figure 7.8: Behaviors of the radial and transverse velocities of sound with respect
to the radial coordinate r for the compact star EXO 1785-248 corresponding to the
numerical value of constants given in Table-7.1

Our solutions satisfy the condition −1 < {vt(r)}2 − {vr(r)}2 < 0 (see Fig. 7.9)

within the outer region of fluid (anisotropic) configuration and therefore our model

is potentially stable.

Α = 0.3 (Red) Α = 0.4 (Green)

Α = 0.5 (Blue) Α = 0.6 (Black)

2 3 4 5 6 7 8
-0.40

-0.35

-0.30

-0.25

-0.20

-0.15

-0.10

r HkmL

S
ta

bi
li

ty
F

ac
to

r

Figure 7.9: Behavior of the stability factor with respect to the radial coordinate r
for the compact star EXO 1785-248 corresponding to the numerical value of constants
given in Table-7.1
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7.6.3.2 Adiabatic index

The relativistic adiabatic index is also a considerable parameter that affect the

stability of any stellar matter distribution. The relativistic adiabatic index is defined

as:

Γr(r) =
ρ(r) + pr(r)

pr(r)

dpr(r)

dρ(r)
. (7.41)

For the Newtonian limit, any stable configuration will alter its stability by initiating

an adiabatic gravitational collapse if Γr(r) ≤ 4/3 and catastrophic if < 4/3 (Bondi

[1964]). This condition changes for relativistic and/or anisotropic fluid which depends

on the nature of anisotropy, provided by Chan et al. (Chan et al. [1993]).

For our solutions, the value of adiabatic index Γr(r) is more than 4/3 throughout the

outer region of compact star, clear from Fig. 7.10.
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Figure 7.10: Behavior of the adiabatic index with respect to the radial coordinate r
for the compact star EXO 1785-248 corresponding to the numerical value of constants
given in Table-7.1

7.6.3.3 Harrison-Zeldovich-Novikov criterion

Harrison et al. (Harrison et al. [1965]) and Zeldovich & Novikov (Zeldovich and

Novikov [1971]) proposed another important criterion for the stability of compact

star. Their criterion states that the mass should increase with the increase in the
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central density , i.e. dM(ρc)/dρc > 0. For our solutions the mass as a function of the

central density can be express as

M(ρc) =
4πb2ρc

3
[6R− 5b− 6bf1(R)] , (7.42)

∂M(ρc)

∂ρc
=

4πb2

3
[6R− 5b− 6bf1(R)] > 0. (7.43)

In our model, the solutions hold static stability criterion and hence stable, obvious
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Figure 7.11: Behavior of the mass with respect to the core density ρc for the compact
star EXO 1785-248 corresponding to the numerical value of constants given in Table-7.1

from Fig. 7.11. Also, the “dot” sing in Fig. 7.11 represents the corresponding mass

of the compact star in solar mass unit.

7.7 Discussions and conclusion

In this paper, we have presented a model for spherically symmetric dark matter

(DM) fluid (isotropic as well as anisotropic) sphere, where the DM is characterized by

a density profile ρ(r) = k/r(1+ r
b
). For having the singularity of the density profile a

the centre of celestial compact star, we have assumed that the star is divided into two

regions: A. The isotropic core region with equation of state(EoS) pr(r) = −ρ(r) and
B. The anisotropic outer region along with EoS pr(r) = αρ(r)−β. In the core region,
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Table 7.1: Numerical values of constants for three well-known celestial compact stars.

Compact Star M(M⊙) R(km) α(km−2) β(km−2) b (km) k(km−1) d (km)
EXO 1785-248 1.3± 0.2 8.8± 0.4 0.3 0.00006 2 0.01005 6.8927

0.4 0.00008 2 0.01005 6.892
0.5 0.00011 2 0.01005 6.892
0.6 0.00012 2 0.01005 6.892

Vela X-1 1.77±0.08 9.56± 0.08 0.3 0.00007 2 0.01220 6.2549
0.4 0.00009 2 0.01220 6.254
0.5 0.00011 2 0.01220 6.254
0.6 0.00013 2 0.01220 6.254

4U 1538-52 0.87 7.87 0.3 0.000061 2 0.00787 7.7876
0.4 0.00008 2 0.00787 7.787
0.5 0.00010 2 0.00787 7.787
0.6 0.00012 2 0.00787 7.787

Table 7.2: Numerical values of the physical parameters for three well-known celestial
compact stars corresponding to the values of constant given in Table-7.1.

Compact Star ρc (1015) ρs (1014) pnc (1035) zs us Buchdahl
(gm/cm3) (gm/cm3) (dyne/cm2) Limit

EXO 1785-248 3.384 2.849 8.357 0.1914 0.2955 < 8
9

3.384 2.849 11.142 0.1914 0.2955 < 8
9

3.384 2.849 13.928 0.1914 0.2955 < 8
9

3.384 2.849 16.714 0.1914 0.2955 < 8
9

Vela X-1 4.110 2.975 10.279 0.2602 0.3703 < 8
9

4.109 2.975 13.705 0.2602 0.3703 < 8
9

4.109 2.975 17.131 0.2602 0.3703 < 8
9

4.109 2.975 20.557 0.2602 0.3703 < 8
9

4U 1538-52 2.651 2.731 6.412 0.1331 0.2211 < 8
9

2.651 2.731 8.549 0.1331 0.2211 < 8
9

2.651 2.731 10.687 0.1331 0.2211 < 8
9

2.651 2.731 12.824 0.1331 0.2211 < 8
9
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the density becomes constant depending upon the EoS, which we have assumed to

avoid the singularity at the centre. To analyze our obtained solutions with the help

of graphical representations, we have considered the well-known compact star EXO

1785-248. Moreover, we have calculated the numerical values of all physical parame-

ters for the compact stars EXO 1785-248 along with more well-known compact stars

Vela X-1 and 4U 1538-52 in tabular form to make our solutions more feasible.

The salient key features of our solutions are:

(i) Energy density and pressures: The energy density of a compact star

should be positive inside the star. In our solutions, the energy density is positive

with constant and monotonically decreasing in nature towards the surface within the

inner region and outer region, respectively. Moreover, inner and outer values of the

energy densities are coincided at the inner surface boundary b = 2 km, clear from

Fig. 7.1. The pressures (radial and transverse) are monotonically decreasing towards

the surface in outer envelope. In the inner region, the pressure (radial = transverse)

becomes negative depending on EoS and due to negative pressure, the inner part

pushes back the surrounding matter to remain at the same size. However, the radial

pressure is positive within the outer part of the compact star and vanishes at the outer

surface but the transverse pressure has changed its phase from positive to negative

around r = 6 km (see Fig. 7.2). Also, we have computed the numerical values of core

energy density ρc and surface (outer region) energy density ρs for three well-known

compact stars and all are of orders 1015 and 1014, respectively. The numerical values

of pressures pnc very near to the core boundary from the side of outer region are of

orders 1035. Therefore, all these values are physically well-valued.

(ii) Anisotropy: For the isotropy, the anisotropic factor ∆(r) = 0 in inner part.

However, in the outer region, the radial pressure is always greater than the transverse

pressure (see Fig. 7.2) in our solutions. Therefore, the anisotropy becomes negative

in nature, also obvious from Fig. 7.4. This nature of anisotropy indicates that the

force due to anisotropy is inward-directed i.e. compact star becomes less stable, that

can be also seen from Fig. 7.7.

(iii) Equation of state parameters: The EoS pr(r) = −ρ(r) shows that the

EoS parmeter ω(r) = −1. For the real feasible matter distribution, the radial EoS pa-
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rameter ωr(r) should be lie in 0 < ωr(r) < 1 (Rahaman et al. [2010b]). The obtained

solution has satisfied the condition 0 < ωr(r) < 1, provided in Fig. 7.5 in outer part

of the fluid configuration and hence the DM becomes as real feasible matter within

outer region. Thus, it is the beauty of our solutions regarding the celestial compact

stars, which are formed by DM distributed in two parts: (i) Inner part, formed by

unfeasible DM, (ii) Outer part, formed by real feasible DM.

(iv) Energy conditions: The satisfaction all energy conditions are necessary

for physical matter distribution and evidently, we can see from Fig. 7.6 along with

Fig. 7.1 that our solutions satisfied all the energy conditions within outer envelope of

star. Moreover, inner part has maintained the NEC and WEC. Therefor, the matter

distribution is physical one.

(v) Equilibrium: Under the action of gravitational, hydrostatic and anisotropic

forces any celestial anisotropic fluid configuration remains at the equilibrium position.

The matter distribution represented by our solutions is in the equilibrium position,

clear from Fig. 7.7. In equilibrium position, hydrostatic is repulsive and gravitational,

anisotropic forces are attractive in nature.

(vi) Mass function and compactness parameter: The exact behaviors of

mass function m(r) and compactness parameter u(r) are demonstrated in Fig.7.3.

From that figure, we can see that m(r) and u(r) are finite, zero at the centre and

then monotonically increasing toward the outer layer surface of the fluid configura-

tion. Moreover, the value of compactness parameter is more that the mass in the

region 0 < r < b and coincide at the core boundary r = b = 2 km (see Fig.7.3).

According to Buchdahl (Buchdahl [1959]), the value of the compactness parameter

at the outer layer surface of compact star, us = u(R) = 2M
R
< 8

9
. We have calculated

the numerical values us, provided in Table-7.2 and all these values ensure that our

solutions satisfied the Buchdahl limit.

(vii) Stability: The stable situation is one of the essential characteristics of

compact star. We have analyzed the stability situation with the help of causality

condition, adiabatic index and Harrison-Zeldovich-Novikov criterion. The radial and

transverse velocities of sound are positive and less than 1 (see Fig. 7.8) and hence

our solutions satisfied the causality condition within the outer region of compact fluid
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configuration. The stability factor {vr(r)}2 − {vr(t)}2 is negative, shown in Fig. 7.9,

i.e. DM within outer region is physical matter, which are potentially stable. The

profiles of adiabatic index and mass in terms of central density also indicate that our

solutions represent stable matter configuration, clear from Fig. 7.10 and Fig. 7.10,

respectively.

(viii) Surface redshift: The variation of obtained surface redshift z(r) is shown

in Fig. 7.11. From that figure, we can see that the z(r) → 0 as r → 0 and thereafter

monotonically increasing unto the surface. Moreover, the inner and outer values of

z(r) have coincided at the inner boundary. Further, we have computed the maximum

numerical values of surface redshift zs = z(R) at the outer boundary of the celestial

fluid configuration, provided in Table-7.2 and all these values of zs are within the

range provided by the author of (Ivanov [2002]).

Finally, all the salient key features of our solutions ensure that our solutions are

well-behaved and physically acceptable to represent the physical DM fluid configura-

tion containing two parts: the isotropic inner part of unfeasible DM with constant

density and anisotropic outer part filled with feasible DM.
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Chapter 8

Lyapunov exponent, ISCO and

Kolmogorov-Senai entropy for

Kerr-Kiselev black hole 1

8.1 Introduction

The first detection of black hole (BH) merger GW150914 strongly supports the ex-

istence of black holes (Abbott et al. [2016a,b]) by observing the gravitational waves

generated during the process of coalescence. Further, the first observation of the

shadow of a super massive black hole in the giant elliptical galaxy M87 strengthen

this claim for the existence of BHs. BHs are usually surrounded by diffused matter

in orbital motion named as “accretion disk”. An accretion disk can be influenced by

cosmic repulsion and magnetic field. A detail analysis was presented by Stuchlk et

al. (Stuchĺık [2005]) by considering thin and thick disks. Stuchlk (Stuchĺık [1983])

have also discussed the motion of test particle with non-zero cosmological constant,

further he also presented equation of motions for electrically charge and magnetic

monopoles. There exist many stable and unstable circular orbits. Another type of

orbit also exist which lie between dynamically unstable and stable orbits known as

“homoclinic orbits” (Bombelli and Calzetta [1992], Levin et al. [2000], Manna et al.

[2020]). These orbits started asymptotically closed to unstable circular orbits and

1A considerable part of this chapter has been published in Eur. Phys. J. C, 81:84 (2021).
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ends with spiraling in and out about the central BH. During the in-spiraling phase

a significant amount of angular momentum is lost into gravitational waves thereby

circularizing the orbit. In addition to these orbits, “chaotic orbits” have been discov-

ered recently for fast spinning BHs (Suzuki and Maeda [1997], Levin et al. [2000], Das

et al. [2020b]). The intermost stable circular orbits (ISCO) (Mondal et al. [2021b]) is

of more interest as it will identify the onset of dynamical instability.

The instability of an orbit can be identified by a positive value of Lyapunov ex-

ponent (Mondal et al. [2020]). It is also well-known that maximal Lyapunov ex-

ponents (MLE) can distinguish a chaotic dynamics from others, which may initiate

unstable/homoclinic orbits by a perturbation. For a spinning black hole the number

of unstable orbits increase very rapidly and crowded into the corresponding phase

(Levin [2003], Dettmann et al. [1994], Yadav et al. [2020]). However, determining LE

in general relativistic regime is very difficult as each orbits has different LE and it is

impractical to scan the overall nature of the orbits. Also, since LE determines the

separation to neighboring orbits in time and time itself is relative which will eventu-

ally lead to relative LE (Cornish and Levin [2003]). Lyapunov coefficient delineates

the measure of instability of the circular orbits and not a measure of chaos. On the

other hand, if we consider magnetized black holes i.e. a black holes immersed in an

external magnetic field, the equations of motion become chaotic (Kološ et al. [2015],

Stuchĺık and Kološ [2016], Tursunov et al. [2016]). Pánis et al. (Pánis et al. [2019])

discussed about Keplerian disk orbiting a Schwarzschild black hole embedded in an

asymptotically uniform magnetic field where they have found three possible scenarios

i.e. (i) regular oscillatory motion, (ii) destruction due to capture by the magnetized

black hole and (iii) chaotic motion. They have used a time series of the solution of

equations of motion for different conditions to analyzed the transition from regular

to chaotic motion. Further, the authors Tursunov et al. (Tursunov et al. [2020])

describes the possible fate of magnetized Keplerian disk in case of particles escaping

along the magnetic field lines that is another special case of regular motion. Extend-

ing this work, Kološ et al. (Kološ et al. [2017]) explained observational data for few

microquasars using magnetized standard geodesic models of QPOs. Wu et al. (Wu

et al. [2006]) developed a method of determining fast Lyapunov indicator (FLI) using

two-nearby-orbits method without projection operations and with proper time as the

independent variable, which can quickly identify chaos. Since LE is not invariant

under coordinates transformations in GR, Wu and Huang (Wu and Huang [2003])
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proposed a new relativistic LE which is invariant in a curve manifold. In general

relativity, chaos takes an important role in describing more realistic physical systems.

The amplification of chaos restricted relativistic three-body systems (Kiselev [2003]).

It has also been reported that chaos also exists in two relativistic systems like two

fixed black holes (Contopoulos et al. [1999], Iyer and Will [1987]), Schwarzschild’s

black hole and a dipolar shell (Vieira and Letelier [1997], Konoplya and Zhidenko

[2011]) etc. Chaotic behavior must be well understood in binary gravitational waves

sources or otherwise its detection will highly uncertain. Levin et al. (Levin et al.

[2000]) shown that in the absence of radiative back reaction a chaotic motion is de-

veloped in rapidly rotating compact stars where the relativistic precession of apastron

is supplemented by chaotic precession of the orbital plane. Burd and Tavakol (Burd

and Tavakol [1993]) used Bianchi type-IX cosmology to describe chaos as guage in-

variant model by calculation spectrum of LEs. The invariant formulation of LE was

developed by Motter (Motter [2003]) showing that chaos is represented by positive

LE and coordinate invariant.

The organization of the chapter is as follows: In section 8.2, we begin with a basic

definition of Lyapunov exponent and provide a simple formula for finding Lyapunov

exponent (λ) in terms of the second derivative of the of effective potential in radial

motion ṙ2. In section 8.3, we encapsulate the relation between Lyapunov exponent

and KS-entropy. In section 8.4, we analyze the rotating black hole and described

completely the equatorial circular geodesics. We showed that Lyapunov exponent

can be demonstrated in terms of ISCO equation and deliberated stability of time-like

geodesics. We derived angular velocity and reciprocal of Critical exponent for both

the cases of time-like and null-circular geodesics of the space-time. In section 8.5, we

constructed the equation of marginally bound circular orbit for finding the radius of

marginally bound circular orbit to the black holes. We calculated the ratio of angular

velocity of null-circular geodesics to time-like geodesics in section 8.6. In section 8.7,

we determined the ratio of time period of null-circular geodesics to time-like geodesics.

In section 8.8, we summarize our work.
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8.2 Proper time Lyapunov exponents and Radial

potential

In a dynamical system the LE is a quantity that classified the rate of separation of

extremely close trajectories. This rate of separation depends on orientations of initial

separation vector. Among all LE, a positive Maximal Lyapunov exponent (MLE)

is taken to indicate that the system is chaotic. If the system is conservative then

the sum of all Lyapunov exponents must be zero and if negative then the system is

dissipative. The Lyapunov spectrum can be utilized to give an evaluate of the rate

of entropy production. According to Pesin’s theorem (Pesin [1977]), the sum of all

positive LEs provide an estimate of the KS entropy. Also, a positive LE and a neg-

ative LE designates a divergence and a convergence between to nearby trajectories,

respectively.

In classical physics, the study of autonomous smooth dynamical system analyzes

differential equations of the form

dx

dt
= F (x), (8.1)

where t represents the time parameter. If the following four conditions satisfied by

chaos, we may quantify chaos in terms of LEs. The condition are as follows:

i) the system is autonomous;

ii) the relevant part of the phase space is bounded;

iii) the invariant measure is normalizable;

iv) the domain of the time parameter is infinite.

This types of characterization is advantageous for space-time because LE does not

change under space diffeomorphisms of the form z = ψ(x). That’s why we may say

that chaos is a property of the physical system and independent on the coordinate

which is used to describe the system.

There is no absolute time in general relativity. Therefore, the time parameter

in-force us to consider the equation (8.1) under the diffeomorphism: z = ψ(x), dτ =

η(x, t) dt in the space-time. Since the classical indicator of chaos i.e. LE and KS
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entropy depends on the choice of the time parameter, there is a conceptual problem.

This problem was first arise in the mix-master cosmological model (Misner [1969]),

where the largest LE was positive or zero depends on different choice of the coordi-

nate. In general relativity (GR), this non-invariance features implies that chaos is

not a property of physical system, it is a property of the coordinate system.

Following the work by Motter (Motter [2003]), we find that the chaos can be char-

acterized by positive LE and KS entropy. The Lyapunov exponent and KS entropy

transform under the space-time according to

λτj =
λtj
⟨ξ⟩t

(j = 1, 2....., N), (8.2)

and

hτks =
htks
⟨ξ⟩t

(8.3)

respectively. Where N is phase-space dimension and 0 < ⟨ξ⟩t < ∞ is time average

of ξ = dτ/dt over typical trajectory. For natural measure of the equations (8.2) and

(8.3) to be well defined, 0 < ⟨ξ⟩t < ∞ is the basic requirement condition. Finally

we can say that, the coordinate transformation is always transformed into the time

independent transformation which is given by

z = ψ(x), dτ = ξ(x, t)dt (8.4)

where ξ is a strictly positive, continuously differentiable function and ψ is a diffeo-

morphism. Then it is clear that the LE and KS entropy are invariant under space

diffeomorphism.

Now we will calculate the LE using proper time from

λ = ±
√

(ṙ2)′′

2
. (8.5)

where ṙ2 represents the radial potential. Here we will ignore the ± sign and we shall

take only positive Lyapunov exponent. The circular orbit is stable when λ is imagi-

nary and circular orbit is unstable when λ is real and when λ = 0, the circular orbit
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is marginally stable or saddle point.

Following Pretorius and Khurana (Pretorius and Khurana [2007]), we can define

critical exponent

γ =
Ω

2πλ
=
Tλ
TΩ

(8.6)

where, Tλ represents the Lyapunov time scale, TΩ represents the orbital time scale

and Ω represent the angular velocity. Also here Tλ = 1
λ
and TΩ = 2π

Ω
. Now the critical

exponent can be written, in terms of second order derivative of the square of radial

velocity (ṙ2), as

γ =
1

2π

√
2Ω2

(ṙ2)′′
. (8.7)

Also the reciprocal of critical exponent is given by

1

γ
=
TΩ
Tλ

= 2π

√
(ṙ2)′′

2Ω2
. (8.8)

8.3 Lyapunov exponent and Kolmogorov-Senai en-

tropy:

Kolmogorov-Senai (hks) entropy (Chierchia [2009]) is an important quantity which

is connected to the Lyapunov exponents. When the chaotic orbit evolves, this en-

tropy gives a measurement about information lost or gained. Another way it can be

explored that when hks > 0 then the system is chaotic or disorder and when hks = 0

then the system non-chaotic.

Following Pesin (Pesin [2020]) the Kolmogorov-Senai (hks) entropy is the sum of

all positive Lyapunov exponent, that is,

hks =
∑
λj>0

λj. (8.9)

166



8.4. Rotating Black hole:

There are two Lyapunov exponent in 2-dimensional phase-space, so in terms of effec-

tive radial potential the Kolmogorov -senai entropy can be written as

hks =

√
(ṙ2)′′

2
. (8.10)

When this entropy evolves with time it play an important role in dynamical system to

examine whether a trajectory is in disorder or not. It is different from the statistical

entropy or physical entropy. In fact, it assumes a partition of phase space.

8.4 Rotating Black hole:

There are many choices of rotation axis and a multitude of angular momentum

parameter in higher dimension whereas, only possible rotation axis with only one

angular momentum for an axisymmetric in four dimension. Here we consider the

metric of a Rotating black hole surrounding with quintessence (Toshmatov et al.

[2017]) is,

ds2 = −
[
1− (2Mr + cr1−3w)

Σ

]
dt2 +

Σ dr2

∆
− 2a sin2 θ

[
2Mr + cr1−3w

Σ

]
dt dϕ

+ Σ dθ2 + sin2 θ

[
r2 + a2 + a2 sin2 θ

(
2Mr + cr1−3w

Σ

)]
dϕ2 . (8.11)

where c is a new parameter, which describes the hair of the black hole and w

represents a quintessential equation of state parameter. Also these rotating black

hole is always bounded from above by w = 1
3
, which was first considered by Schee &

Stuchlik (Schee and Stuchĺık [2016]) and also by Slany & Stuchlik (Slanỳ and Stuchĺık

[2020]), with

∆ = r2 + a2 − 2Mr − c ≡ (r − r+)(r − r−),

Σ = r2 + a2 cos2 θ. (8.12)

The metric is similar to Kerr-Newman black hole when w = 1
3
, c = −Q2, Reissener-

Nordström black hole when w = 1
3
, c = −Q2, a = 0, Kerr black hole w = 1

3
, c = 0

and Schwarzschild black hole when w = 1
3
, c = 0, a = 0. The horizon take place at
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grr = ∞ or ∆ = 0 i.e.

r± =M ±
√
M2 − a2 + c, (8.13)

here r+ is called event horizon and r− is called Cauchy horizon.

The BH solution considered in this work is the rotational version of the Kiselev

static quintessence BH. Originally, Kiselev used quintessence surrounding the BH

characterized by the EMT of the quintessence. Here, the scalar field couples to

gravity through a Lagrangian of the form

L = −1

2
gµν∂µϕ ∂νϕ− V (ϕ), (8.14)

and the stress-energy tensor Tµν for the matter field took as perfect fluid. The com-

plete action and the field equations can be given as

S =

∫
d2x

√
−g
[
R− 1

2
gµν ∂µϕ ∂νϕ− V (ϕ)

]
, (8.15)

Rµν −
1

2
gµνR = −8πTµν − 8π

[
∂µϕ ∂νϕ− gµν

{
1

2
gµν ∂µϕ ∂νϕ+ V (ϕ)

}]
,(8.16)

1√
−g

∂µ

[√
−g gµν ∂νϕ

]
− ∂V (ϕ)

∂ϕ
= 0. (8.17)

The pressure and energy density of the scalar field are given by

pϕ =
1

2
ϕ̇2 − V (ϕ) , ρϕ =

1

2
ϕ̇2 + V (ϕ). (8.18)

The equation of state parameter ωϕ = pϕ/ρϕ is found to be

ωϕ =
ϕ̇2 − 2V (ϕ)

ϕ̇2 + 2V (ϕ)
(8.19)

which lies between −1 < ωϕ < 1 and if ϕ̇2 < V (ϕ) then ωϕ < −1/3. The rotat-

ing Kiselev BH was obtained by using Newman-Janis algorithm from Kiselev static

quintessence BH, for details see (Toshmatov et al. [2017]).

8.4.1 Circular geodesics in the equatorial plane:

To calculate the geodesic equation in the equatorial plane for this space-time we

168



8.4. Rotating Black hole:

follow Chandrasekhar (Chandrasekhar [1998]). To compute the geodesics motions of

the orbit in the equatorial plane we set θ̇ = 0 and θ = constant = π/2.

The appropriate Lagrangian for this motion is

2L =

[
−
(
1− 2M

r
− cr−(1+3w)

)
ṫ2 −

[
4Ma

r
+ 2acr−(1+3w)

]
ṫϕ̇

+

[
r2 +

(
1 +

2M

r
+ cr−(1+3w)

)
a2
]
ϕ̇2 +

r2

∆
ṙ2, (8.20)

where ϕ is an angular coordinate. Then the generalized momenta can be derived from

it as follows

pt = −
[
1− 2M

r
− cr−(1+3w)

]
ṫ−
[
2Ma

r
+ acr−(1+3w)

]
ϕ̇

= −E = const. (8.21)

pϕ = −
[
2Ma

r
+ acr−(1+3w)

]
ṫ+

[
r2 +

(
1 +

2M

r
+ cr−(1+3w)

)
a2
]
ϕ̇

= L = const. (8.22)

pr =
r2

∆
ṙ. (8.23)

Since Lagrangian is unhampered by both of t and ϕ, so pt and pϕ preserve quantities.

Solving the eqnations (8.21) and (8.22) for ϕ̇ and ṫ we get

ϕ̇ =
1

∆

[(
1− 2M

r
− cr−(1+3w)

)
L+

(
2Ma

r
+ acr−(1+3w)

)
E

]
, (8.24)

ṫ =
1

∆

[(
r2 +

(
1 +

2M

r
+ cr−(1+3w)

)
a2
)
E

−
(
2Ma

r
+ acr−(1+3w)

)
L

]
. (8.25)

The Hamiltonian in terms of the metric is given by

2H = 2ptṫ+ 2pϕϕ̇+ 2prṙ − 2L

= −
(
1− 2M

r
− cr−(1+3w)

)
ṫ2 −

(
4Ma

r
+ 2acr−(1+3w)

)
ṫϕ̇

+

[
r2 +

(
1 +

2M

r
+ cr−(1+3w)

)
a2
]
ϕ̇2 +

r2

∆
ṙ2. (8.26)
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Since the Hamiltonian does not depends on ‘t’, then we can write it as follows:

2H = −
[(

1− 2M

r
− cr−(1+3w)

)
ṫ+

(
2Ma

r
+ acr−(1+3w)

)
ϕ̇

]
ṫ

+
r2

∆
ṙ2 +

[
−
(
2Ma

r
+ acr−(1+3w)

)
ṫ

+

(
r2 +

(
1 +

2M

r
+ cr−(1+3w)

)
a2
)
ϕ̇

]
. (8.27)

Which is equivalent to

−Eṫ+ Lϕ̇+
r2

∆
ṙ2 = ξ = constant (8.28)

Here ξ = −1, 0, 1 for time-like geodesic, null geodesic and space-like geodesic, respec-

tively. Putting eqs.(8.24)-(8.25) in eqn.(8.28) we get

r2ṙ2 = r2E2 +

(
2M

r
+ cr−(1+3w)

)
(aE − L)2 + (a2E2 − L2) + ξ∆ (8.29)

8.4.1.1 Circular null geodesic:

For circular null geodesics (ξ = 0), the radial equation (8.29) gives

r2ṙ2 = r2E2 +

(
2M

r
+ cr−(1+3w)

)
(aE − L)2 + (a2E2 − L2), (8.30)

where, E is the energy per unit mass and L is the angular momentum per unit mass

of the particle express the trajectory.

At the points r = ro, E = Eo and L = Lo the circular geodesics condition

ṙ2 = (ṙ2)′ = 0 gives the following radius finding equations,

r2oE
2
o +

(
2M

ro
+ cr−(1+3w)

o

)
(aEo − Lo)

2 + (a2E2
o − L2

o) = 0, (8.31)

2roE
2
o −

(
2M

r2o
+ c(1 + 3w)r−(2+3w)

o

)
(aEo − Lo)

2 = 0. (8.32)

We can write the above equations (8.31) and (8.32) in simplified form by introducing
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the impact parameter Do =
Lo

Eo
as

r2o +

(
2M

ro
+ cr−(1+3w)

o

)
(a−Do)

2 + (a2 −D2
o) = 0, (8.33)

ro −
(
2M

r2o
+
c

2
(1 + 3w)r−(2+3w)

o

)
(a−Do)

2 = 0. (8.34)

From the equation (8.34) we get

Do = a∓ r2o√
Mro +

c
2
(1 + 3w)r

(1−3w)
o

. (8.35)

Notice that the equation (8.33) is valid if and only if |Do| > a. In the case of counter

rotating orbits, |Do − a| = −(Do − a), which correlates to upper sign in the above

equation (8.35) while in the case of co-rotating orbits, |Do − a| = (Do − a) which

correlates to the lower sign in the above equation (8.35).

Putting the equation (8.35) into (8.33), we obtain an equation for the radius of

null circular geodesics

r2o − 3Mro ± 2a

√
Mro +

c

2
(1 + 3w)r

(1−3w)
o − c

2
(1 + 3w)r(1−3w)

o = 0. (8.36)

When c = 0, we find the well known result (Chandrasekhar [1998]). By using equa-

tions (8.33) and (8.35), we can find an another important relation for null circular

orbits as follows

D2
o = a2 + r2o

(
3Mro +

3c
2
(1 + w)r

(1−3w)
o

Mro +
c
2
(1 + 3w)r

(1−3w)
o

)
. (8.37)

To analyze the null circular geodesics we will derived an important quantity is the

angular frequency (Ωσ) which is given by

Ωo =

(
1− 2M

r
− cr

−(1+3w)
o Do

)
+ a

(
2M
r

+ cr
−(1+3w)
o

)
(
r2 + a2 + 2Ma2

r
+ a2cr

−(1+3w)
o Do

)
− a

(
2M
r

+ cr
−(1+3w)
o Do

) =
1

Do

. (8.38)
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With the help of the equations (8.35) and (8.33) we show that the angular frequency

(Ωo) of the equatorial null circular geodesics is inverse of the impact parameter Do,

which generalize the four dimensional result (Chandrasekhar [1998]). Also it is a

general property of any stationary space-time.

8.4.1.2 Circular time-like geodesics

For time-like circular geodesics (ξ = −1), the radial equation (8.29) gives

r2ṙ2 = r2E2 +

(
2M

r
+ cr−(1+3w)

)
(aE − L)2 + (a2E2 − L2)−∆. (8.39)

Now we shall focus on radial equation of ISCO which governing the circular time like

geodesics in terms of reciprocal radius u = 1
r
, can be written as

V = u−4u̇2 = E2 + 2Mu3(aE − L)2 + cu3(1+w)(aE − L)2

+ (a2E2 − L2)u2 − u2(a2 − cu3w−1) + 2Mu− 1, (8.40)

where V is the effective potential.

The condition for the existence of the circular orbits are at r = rσ or u = uσ is given

by

V = 0, (8.41)

and

dV

du
= 0. (8.42)

V = 0 gives,

E2 + 2Mu3σ(aE − L)2 + cu3(1+w)
σ (aE − L)2 + (a2E2 − L2)u2σ

− u2σ(a
2 − cu3w−1

σ ) + 2Muσ − 1 = 0, (8.43)
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and dV
du

= 0 gives,

3Mu2σ(aE − L)2 +
3c(1 + w)

2
u2+3w
σ (aE − L)2 + (a2E2 − L2)uσ

−uσ(a2 − cu3w−1
σ ) +

c(3w − 1)

2
u3wσ +M = 0. (8.44)

For circular orbits, let Lσ and Eσ be the value of energy and angular momentum at

the radius rσ = 1
uσ
, respectively. Now putting z = Lσ − aEσ, in the equations (8.43)

and (8.44) we obtain the followings equations

cu3(1+w)
σ z2 + 2Mu3σz

2 − (z2 + 2azEσ)u
2
σ − u2σ(a

2 − cu3w−1
σ ) + 2Muσ − 1 + E2

σ = 0(8.45)

and

3c(1 + w)

2
u(2+3w)
σ z2 + 3Mu2σz

2 − (z2 + 2azEσ)uσ − uσ(a
2 − cu3w−1

σ )

+
c(3w − 1)

2
u3wσ +M = 0. (8.46)

With the help of the equation (8.46), we get an equation for E2
σ from equation (8.45)

as

E2
σ = 1− uσM +Mz2u3σ +

c(3w − 1)

2
u3w+1
σ +

c(3w + 1)

2
u3(1+w)
σ z2. (8.47)

Again from the equation (8.46), we get

2azEσuσ = z2
(
3Mu2σ +

3c(1 + w)

2
u2+3w
σ − uσ

)
−

(
(a2 − cu3w−1

σ )uσ −
c(3w − 1)

2
u3wσ −M

)
. (8.48)

After eliminating Eσ from the equations (8.47) and (8.48), we can get an quadratic

equation for z2 as

Pz4 + Qz2 + S = 0. (8.49)
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where,

P = u2σ

[(
3Muσ − 1 +

3c(1 + w)

2
u3w+1
σ

)2

− 4a2
(
Mu3σ +

c(1 + 3w)

2
u3(1+w)
σ

)]
,

Q = −2uσ

[(
3Muσ − 1 +

3c(1 + w)

2
u3w+1
σ

)[(
(a2 − cu3w−1

σ )uσ

− c(3w − 1)

2
u3wσ −M

)
+ 2a2uσ

(
1−Muσ +

c(3w − 1)

2
u3w+1
σ

)]
,

S =

[(
(a2 − cu3w−1

σ )uσ −
c(3w − 1)

2
u3wσ −M

)]2
.

Now, the solution of the quadratic equation (8.49) is

z2 =
−Q±D

2P
, (8.50)

where, D denotes the discriminant of the equation (8.49) which can be found as

D = 4auσ∆uσ

√
Muσ +

c(3w + 1)

2
u3w+1
σ , (8.51)

and

∆uσ = (a2 − cu3w−1
σ )u2σ − 2Muσ + 1. (8.52)

In order to write the solution of the equation (8.49) in simple form, we consider the

following expression

X+X− =

(
3Muσ − 1 +

3c(1 + w)

2
u3w+1
σ

)2

− 4a2
(
Mu3σ +

c(1 + 3w)

2
u3(1+w)
σ

)
,(8.53)

where,

X± =

(
1− 3Muσ −

3c(1 + w)

2
u3w+1
σ ± 2a

√
Mu3σ +

c(3w + 1)

2
u
3(w+1)
σ

)
. (8.54)

Thus the solution reduces to

z2u2σ =
∆uσ −X∓

X∓
. (8.55)
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Again we can utilize the identity

∆uσ −X∓ = uσ

[
a
√
uσ ±

√
M +

c(3w + 1)

2
u3wσ

]2
. (8.56)

Hence the solution for z can be written in the following simple form as

z = −

[
a
√
uσ ±

√
M + c(3w+1)

2
u3wσ

]
√
uσx±

. (8.57)

Here the lower sign in the foregoing equations indicates to the co-rotating orbit

whereas the upper sign indicates to the counter-rotating orbit. Inserting expression

of (8.57) in the equation (8.47), we obtain following expression for Eσ as energy

Eσ =
1

√
z±

[
1− 2Muσ ∓ a

√
Muσ +

c(3w + 1)

2
u3w+1
σ

]
. (8.58)

Again with the help of eqns.(8.57), (8.58) and the relation Lσ = aEσ + z, we obtain

the angular momentum for the time circular geodesics as

Lσ = ∓ 1
√
uσz±

[√
M +

c(3w + 1)

2
u3wσ

(
1 + a2u2σ ± 2auσ

√
Muσ +

c(3w + 1)

2
u3w+1
σ

)
∓ ac

√
u5σ

]
. (8.59)

In order to find the minimum radius for a stable circular orbit, we will obtained the

second derivative of V with respect to r for the value of Eσ and Lσ specific to circular

orbit. Here we use the equations (8.41, 8.42) with further equation

d2V

du2

∣∣∣∣
u=uσ

= 0, (8.60)

and we found that

d2V

du2
=

1

uσ

[
6Mz2u2σ + 3c(w + 1)(3w + 1)u3w+2

σ z2 + 2c(3w − 1)u3wσ − 2M

]
. (8.61)
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By the equation (8.55) we get

d2V

du2
|u = uσ =

2

uσX±

[(
3M +

3c(w + 1)(3w + 1)

2
u3wσ

)
∆uσ

−
(
3c(w + 1)(3w + 1)

2
u3wσ + c(3w − 1)u3wσ + 4M

)
X±

]
. (8.62)

Therefore the equation of ISCO at the reciprocal radius is

2

uσX±

[(
3M +

3c(w + 1)(3w + 1)

2
u3wσ

)
∆uσ

−
(
3c(w + 1)(3w + 1)

2
u3wσ + c(3w − 1)u3wσ + 4M

)
X±

]
= 0. (8.63)

or this is similar to(
3Mu2σ +

3c(w + 1)(3w + 1)

2
u3w+2
σ

)(
a2 − cu3w−1

σ

)
+

3

4
c2(9w2

+ 18w + 1)(w + 1)u6w+1
σ +

3cM

2
(3w2 + 14w + 3)u3w+1

σ ± 8a

(
M +

c

8
(9w2

+ 18w + 1)u6wσ

)√
Mu3σ +

c(3w + 1)

2
u
3(w+1)
σ + 6M2uσ −M = 0. (8.64)

Returning to the variable rσ, we get the equation of innermost stable circular orbit

(ISCO) for non extremal BH is identified by

M r6w+1
σ − 6M2r6wσ − 3Ma2r6w−1

σ − 3cM

2
(3w2 + 14w + 3)r3wσ ± 8a

(
Mr3wσ

+
c

8
(9w2 + 18w + 1)

)√
Mr6w−1

σ +
c(3w + 1)

2
r3w−1
σ

− 3c(w + 1)

[
a2(3w + 1)

2
r3w−1
σ +

c(9w2 + 12w − 1)

4

]
= 0. (8.65)

Let the smallest root of the above equation be rσ = rISCO which will be innermost

stable circular orbit (ISCO) of the black hole. Here (-) sign determines for direct orbit

and (+) sign determines for retrograde orbit. We consider the following special cases

of the quintessence parameter w, namely cosmological constant (Slanỳ and Stuchĺık

[2020]).
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Special cases:

i. When w = 1
3
and c = −Q2, we can get the equation of ISCO for non-extremal

Kerr-Newman black hole which is given by

Mr3σ − 6M2r2σ − 3Ma2rσ + 9MQ2rσ ∓ 8a(Mrσ −Q2)
3
2 + 4Q2(a2 −Q2) = 0.(8.66)

The smallest root ( real ) of the equation (8.66) is the radius of ISCO.

ii. When w = 1
3
and c = 0, the equation (8.65) is similar to the equation of ISCO for

Kerr black hole which is as follows:

r2σ − 6Mrσ ∓ 8a
√
Mrσ − 3a2 = 0. (8.67)

The radius of the ISCO is equal to the real root of the above equation.

iii. When w = 1
3
and a = 0, we obtained the equation of ISCO for Reissner Nordström

black hole as follows

Mr3σ − 6M2r2σ + 9MQ2rσ − 4Q4 = 0. (8.68)

The radius of the ISCO for the Reissner Nordström black hole can be found by

obtaining the smallest real root of the previous equation.

iv. When w = 1
3
and c = a = 0, we obtain the radius of ISCO for Schwarzschild

black hole is given by

rσ − 6M = 0. (8.69)

8.4.2 Lyapunov Exponent:

8.4.2.1 Time-like circular geodesics (Equation of ISCO):

Now we will calculate the Lyapunov exponent and KS entry for time-circular orbit.

Using the equation (8.5), we get the Lyapunov exponent and KS entry in terms of
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the radial equation of ISCO as follows

λtime = hks =

√√√√√√√
−
(
Mr6w+1

σ − 6M2r6wσ − 3Ma2r6w−1
σ − cMGr3wσ ± 8aH − cT

)
r4σ

(
r3w+1
σ − 3Mr3wσ − 3c(1+w)

2
± 2a

√
Mr3wσ + c(3w+1)

2

) (8.70)

where,

G =
3

2
(3w2 + 14w + 3),

H =

(
Mr3wσ +

c

8
(9w2 + 18w + 1)

)√
Mr6w−1

σ +
c(3w + 1)

2
r3w−1
σ ,

T = 3(w + 1)

[
a2(3w + 1)

2
r3w−1
σ +

c(9w2 + 12w − 1)

4

]
. (8.71)

The condition for existing the time-circular geodesics motion of the test particle are

energy (Eσ) and angular momentum (Lσ) must be real and finite. For these we must

have r3w+1
σ − 3Mr3wσ − 3c(1+w)

2
± 2a

√
Mr3wσ + c(3w+1)

2
> 0 and r3wσ > − c(3w+1)

2M
.

From the above equation (8.70), we can conclude that the time-circular geodesics

of non extremal black hole is stable when

Mr6w+1
σ − 6M2r6wσ − 3Ma2r6w−1

σ − cMGr3wσ ± 8aH − cT > 0, (8.72)

that is, λtime or hks is imaginary, the time-circular geodesics is unstable when

Mr6w+1
σ − 6M2r6wσ − 3Ma2r6w−1

σ − cMGr3wσ ± 8aH − cT < 0, (8.73)

such that λtime or hks is real and circular geodesics is marginally stable when

Mr6w+1
σ − 6M2r6wσ − 3Ma2r6w−1

σ − cMGr3wσ ± 8aH − cT = 0. (8.74)

that is, λtime or hks is zero.
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Figure 8.1: Dimensionless instability exponent λσ
Ωσ

as a function of rotation a for real
value of Lyapunov eponent. We use units such that M = 1, c = 2. Solid lines refer to
corotating orbits and dashed lines refer to counterrotating orbits.

Special cases:

i. When w = 1
3
, c = −Q2, we can get the Lyapunov exponent and KS entry for

Kerr-Newman black hole in terms of ISCO equation are given by

λKN = hks

=

√√√√√√√
−
(
Mr3σ − 6M2r2σ − 3Ma2rσ + 9MQ2rσ ∓ 8a(η1)

3
2 + 4Q2η2

)
r4σ

(
r2σ − 3Mrσ ∓ 2a

√
η1 + 2Q2

) (8.75)

where, η1 =Mrσ −Q2 and η2 = a2 −Q2.

ii. For Kerr black hole w = 1
3
, c = 0, the Lyapunov exponent and KS entry for circular

time-like geodesics are

λKerr = hks =

√√√√√√√
−M

(
r2σ − 6M2rσ ∓ 8a

√
Mrσ − 3a2

)
r3σ

(
r2σ − 3Mrσ ∓ 2a

√
Mrσ

) . (8.76)

iii. For the Reissner Nordström black hole w = 1
3
, c = −Q2, a = 0, the Lyapunov
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exponent and KS entry for time-like geodesics are

λRN = hks =

√√√√√−(Mr3σ − 6M2r2σ + 9MQ2rσ − 4Q4)

r4σ

(
r2σ − 3Mrσ + 2Q2

) . (8.77)

iv. For Schwarzschild black hole w = 1
3
, c = −Q2 = 0, a = 0,the Lyapunov exponent

and KS entry for circular time-like geodesics in terms of ISCO equation are

given by

λSch = hks =

√
−M(rσ − 6M)

r3σ(rσ − 3M)
. (8.78)

8.4.2.2 Null circular geodesics:

Lyapunov exponent and KS entry for circular null geodesics are

λNull = hks =

√√√√√(Lo − aEo)2
(
3Mro + 3c(1 + w)r

(1−3w)
o

)
r6o

. (8.79)

Since (Lo − aEo)
2 ≥ 0 and r3wo > −c(w+1)

M
then λNull is real, so the circular null

geodesics are unstable.

Special cases:

i. When w = 1
3
, c = −Q2, we can get the Lyapunov exponent and KS entry for

Kerr-Newman black hole which is given by

λKN = hks =

√
(Lo − aEo)2(3Mro − 4Q2)

r6o
. (8.80)

ii. When w = 1
3
, c = 0, the equation (8.79) is similar to the equation Kerr black hole

which is as follows :

λKerr = hks =

√
3M(Lo − aEo)2

r5o
. (8.81)
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iii. For the Reissner Nordström black hole w = 1
3
, c = −Q2, a = 0, the Lyapunov

exponent and KS entry for circular null geodesics are

λRN = hks =

√
L2
o(3Mro − 4Q2)

r6o
. (8.82)

When ro >
4
3
Q2

M
, λRN is real which implies that null-circular geodesics for Reiss-

ner Nordstrȯm black hole is unstable.

iv. For Schwarzschild black hole w = 1
3
, c = 0, a = 0, the Lyapunov exponent and KS

entry for circular null geodesics are given by

λSch = hks =

√
3ML2

o

r5σ
. (8.83)

It can be verify that when ro = 3M , λSch is real. Hence null-circular geodesics

for Schwarzschild photon sphere are unstable.

8.4.3 Angular velocity of time-like circular geodesic:

For time-like circular geodesic, the angular velocity at r = rσ is given by

Ωσ =
ϕ̇

ṫ
=

(
1− 2M

rσ
− cr

−(1+3w)
σ

)
Lσ + a

(
2M
rσ

+ cr
−(1+3w)
σ

)
aEσ(

r2σ + a2 + 2Ma2

rσ
+ a2cr

−(1+3w)
σ

)
Eσ − a

(
2M
rσ

+ cr
−(1+3w)
σ

)
aLσ

. (8.84)

The equation (8.84) can be written as

Ωσ =
[Lσ − 2Muσz − cu

(1+3w)
σ z]u2σ

(1 + a2u2σ)Eσ − 2Mau3σz − acu
3(1+3)
σ z

. (8.85)

The numerator of the equation (8.85) can be written in the simplified form as

Lσ − 2Muσz − cu(1+3w)
σ z = ∓

√
M + c(3w+1)

2
u3wσ

√
uσz±

∆uσ . (8.86)
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Figure 8.2: The plots shows the time-like orbital frequency Ωσ to the radial coordinate
rσ of corotating orbits (left panel) and counterrotating orbits (right panel) for different
values of w. We use units M = 1, a = 0.9 and c = 2.

Figure 8.3: The plot shows the orbital time period of time-like circular geodesic Tσ

to the radius rσ. We use units such that M = 1, a = 0.9 and c = 2. Solid lines refer to
corotating orbits and dashed lines refer to counterrotating orbits.

Similarly, the denominator can be written as

(1 + a2u2σ)Eσ − 2Mau3σz − acu3(1+3)
σ z =

∆uσ√
z±

(
1∓ a

√
Mu3σ +

c(3w + 1)

2
u
3(w+1)
σ

)
.(8.87)

Putting eqn.(8.86) and eqn.(8.87) into eqn.(8.85), we obtain the angular velocity for
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time circular orbit as

Ωσ = ∓

√
Mu3σ +

c(3w+1)
2

u
3(w+1)
σ

1∓ a
√
Mu3σ +

c(3w+1)
2

u
3(w+1)
σ

. (8.88)

Now the angular velocity in terms of rσ for time circular geodesics is

Ωσ = ∓

√
Mr3wσ + c(3w+1)

2

r
3(w+1)

2
σ ∓ a

√
Mr3wσ + c(3w+1)

2

. (8.89)

Now the time period for circular time-like orbit is given by

Tσ =
2π

Ωσ

= ∓2π

(
r

3(w+1)
2

σ ∓ a
√
Mr3wσ + c(3w+1)

2

)
√
Mr3wσ + c(3w+1)

2

(8.90)

At the limit w = 1
3
, c = 0, a = 0, the above equation can be written in the form

T 2
σ ∝ r3σ. This shows that the equation (8.90) satisfies relativistic Kepler’s law for

Schwarzschild black hole.

8.4.4 Critical Exponent:

8.4.4.1 Time-like circular geodesics:

Now we will calculate the critical exponent for equatorial time-like circular geodesics.

Thus the reciprocal of critical exponent is followed by the equation (8.8)

1

γ
= 2π

√√√√√√√√
−
(
Mr6w+1

σ − 6M2r6wσ − 3Ma2r6w−1
σ − cMGr3wσ ± 8aH − cT

)(
r

3(w+1)
2

σ ∓ aη3

)2

r4ση3

(
r3w+1
σ − 3Mr3wσ − 3c(1+w)

2
± 2aη3

) (8.91)

where, η3 =
√
Mr3wσ + c(3w+1)

2
.

Since

(
r

3(w+1)
2

σ ∓ a
√
Mr3wσ + c(3w+1)

2

)2

≥ 0, r3wσ > − c(3w+1)
2M
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(
r3w+1
σ − 3Mr3wσ − 3c(1+w)

2
± 2a

√
Mr3wσ + c(3w+1)

2

)
≥ 0,

and Mr6w+1
σ − 6M2r6wσ − 3Ma2r6w−1

σ − cMGr3wσ ± 8aH − cT < 0. So 1
γ
is real which

shows that equatorial time-like circular geodesics is unstable.

Special cases:

i. When w = 1
3
, c = −Q2, we can get the equation of critical exponent for Kerr-

Newman black hole in terms of ISCO which is given by

1

γ
= 2π

√
−(Mr3σ − 6M2r2σ − 3Ma2rσ + 9MQ2rσ ∓ 8a(η1)

3
2 + 4Q2η2(r2σ ∓ a

√
η1)2

r4σ(η1)(r
2
σ − 3Mrσ ∓ 2a

√
η1 + 2Q2)

(8.92)

ii. When w = 1
3
and c = 0, the equation (8.91) is similar to the equation of critical

exponent for Kerr black hole in terms of ISCO which is as follows :

1

γ
= 2π

√√√√√√√
−
(
r2σ − 6M2rσ ∓ 8a

√
Mrσ − 3a2

)
(rσ

√
rσ ∓ a

√
M)2

r3σ

(
r2σ − 3Mrσ ∓ 2a

√
Mrσ

) . (8.93)

iii. For the Reissner Nordström black hole w = 1
3
, c = −Q2 and a = 0, the reciprocal

of critical exponent for time-like geodesic is

1

γ
= 2π

√
−(Mr3σ − 6M2r2σ + 9MQ2rσ − 4Q4)

(Mrσ −Q2)(r2σ − 3Mrσ + 2Q2)
. (8.94)

iv. When w = 1
3
and c = a = 0, we obtained the reciprocal of critical exponent for

Schwarzschild black hole in terms of ISCO equation

1

γ
= 2π

√
−(rσ − 6M)

rσ − 3M
. (8.95)

8.4.4.2 Null circular geodesics:
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The reciprocal of critical exponent associated to null circular geodesics is given by(
1

γ

)
Null

= 2π

(
r

3(w+1)
2

o ∓ a

√
Mr3wo +

c(3w + 1)

2

)

×

√√√√√√√
(Lo − aEo)2

(
3Mro + 3c(1 + w)r

(1−3w)
o

)
r6o

(
Mr3wo + c(3w+1)

2

) . (8.96)

Special cases:

We take following limits in the above equation (8.96):

i. When w = 1
3
and c = −Q2, we can get reciprocal of critical exponent for Kerr-

Newman black hole which is given by

(
1

γ

)
Null

= 2π

√
(Lo − aEo)2(3Mro − 4Q2)(r2o ∓ a

√
Mro −Q2)2

r6o(Mro −Q2)
. (8.97)

ii. When w = 1
3
and c = 0, the equation (8.96) is similar to the reciprocal of critical

exponent of null-circular geodesics for Kerr black hole which is as follows :

(
1

γ

)
null

= 2π

√
3(Lo − aEo)2(ro

√
ro ∓ a

√
M)2

r50
. (8.98)

iii. For the Reissner Nordström black hole w = 1
3
, c = −Q2 and a = 0, the reciprocal

of critical exponent for null-circular geodesic is

(
1

γ

)
null

= 2π

√
L2
o(3Mro − 4Q2)

r2σ(Mro −Q2)
. (8.99)

iv. When w = 1
3
and c = a = 0, we obtained the reciprocal of critical exponent for

Schwarzschild black hole in terms of null-circular geodesics is

(
1

γ

)
null

= 2π

√
3L2

o

r2o
. (8.100)
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8.5 Marginally bound circular orbit:

It is known that for stable circular orbits the effective potential has a the lo-

cal minima. Thus the condition for the existence of stable circular orbit exists

is d2Veff/dr
2 > 0. However, for marginally stable circular orbits the condition

d2Veff/dr
2 = 0 should be satisfied. For marginally bound circular orbit we have

Eσ = 1 or E2
σ = 1 however, this is not true for asymptotically non-flat spacetimes

(Stuchĺık [2005]).

Now from equation (8.47), we get

z2u2σ =
Muσ − c(3w+1)

2
u3w+1
σ

Muσ +
c(3w+1)

2
u3w+1
σ

. (8.101)

Again from equation (8.57), we have

z2u2σ =

[
auσ ±

√
Muσ +

c(3w+1)
2

u3w+1
σ

]2
x∓

. (8.102)

Hence from (8.101) and (8.102), we get

x∓ =

[
Muσ +

c(3w+1)
2

u3w+1
σ

Muσ − c(3w−1)
2

u3w+1
σ

][
auσ ±

√
Muσ +

c(3w + 1)

2
u3w+1
σ

]2
, (8.103)

or the above equation can be written as(
Muσ − c(3w − 1)

2
u3w+1
σ

)(
1− 3Muσ −

3c(1 + w)

2
u3w+1
σ ± 2a

√
Mu3σ +

c(3w + 1)

2
u
3(w+1)
σ

)
=

(
Muσ +

c(3w + 1)

2
u3w+1
σ

)[
auσ ±

√
Muσ +

c(3w + 1)

2
u3w+1
σ

]2
. (8.104)

After simplification, we get the equation of marginally bound circular orbit in terms

186



8.5. Marginally bound circular orbit:

of uσ as follows:

M +

(
a2 +

c

2
(3w + 1)u3w−1

σ +
3(3w − 1)(w + 1)

2(3w + 1)
u3w−1
σ

)
−
(
4M2uσ +

c

2
(3w − 1)u3wσ

)
− M

(
c

2
(9w + 5)u3w−1

σ + a2 − 3c

2
(3w − 1)u3w−1

σ

)
u2σ −

3c

2
(3w − 1)u3w−1

σ

)
u2σ

∓
(
4aMuσ + ac(3w + 1)u3w−1

σ

)√
Muσ +

c(3w + 1)

2
u
(3w+1)
σ − c

2
(3w + 1)u3w+2

σ = 0.

(8.105)

Now reverting to rσ, we can get the above equation as

Mr6w+1
σ −

(
4M2r6wσ +

c

2
(3w − 1)r3w+1

σ

)
−M

(
c

2
(9w + 5)r3wσ + a2r6w−1

σ − 3c

2
(3w

− 1)r3wσ

)
∓
(
4aMr3wσ + ac(3w + 1)

)√
Mr6w−1

σ +
c(3w + 1)

2
r
(3w−1)
σ

−
(
a2r3w−1

σ +
c

2
(3w + 1) +

3(3w − 1)(w + 1)

2(3w + 1)

)
= 0. (8.106)

Let rσ = rmb be the smallest(real) root of the equation (8.106). The root will be

the closest bound circular orbit to the black hole.

Special cases:

i. When w = 1
3
and c = −Q2, we can get the equation of marginally bound circular

orbit for Kerr-Newman black hole which is given by

Mr3σ − 4M2r2σ −Ma2rσ + 4MQ2rσ ∓ (4aMrσ − 2aQ2)
√
Mrσ −Q2

+ Q2(a2 −Q2) = 0. (8.107)

The smallest root (real) of the equation (8.107) is the radius of marginally bound

circular orbit of the black hole.

ii. When w = 1
3
and c = 0, the equation (8.106) is similar to the equation of

Marginally bound circular orbit for Kerr black hole which is as follows :

r2σ − 4Mrσ ∓ 4a
√
Mrσ − a2 = 0. (8.108)

The radius say rσ = rmb can be obtained by finding real smallest root of the
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above equation for the marginally bound circular orbit of the black hole.

iii. For the Reissner Nordström black hole w = 1
3
, c = −Q2 and a = 0, we can get

the equation of marginally bound circular orbit which is as follows

Mr3σ − 4M2r2σ + 4MQ2rσ −Q4 = 0. (8.109)

The radius of marginally bound circular orbit of the black hole can be found by

obtaining the smallest real root of the above equation.

iv. When w = 1
3
and c = a = 0, we can obtained the radius of marginally bound

circular orbit for Schwarzschild back hole as follows

rσ − 4M = 0. (8.110)

More specifically, we can say that rσ = 4M is the radius of marginally bound

circular orbit for Schwarzschild back hole.

The static radius for the circular orbits of test particles is given by the condition
d2Veff

dr2
= 0 i.e. correspond to local extrema of the effective potential (Stuchĺık and

Hled́ık [1999]). Actually, the radii of circular orbits are restricted by the static radius.

The important notion of the static radius will be discussed in details in a future

project.

8.6 Ratio of Angular velocity between null-circular

geodesics and time-circular geodesics:

We have already computed the angular velocity for time circular geodesics (Prad-

han [2016]) in the equation (8.89) which is given by

Ωσ = ∓

√
Mr3wσ + c(3w+1)

2

r
3(w+1)

2
σ ∓ a

√
Mr3wσ + c(3w+1)

2

. (8.111)

Again, the similar expression of angular velocity Ωo = 1
Do

for null circular geodesics
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can be obtain from the above equation as

Ωo = ∓

√
Mr3wo + c(3w+1)

2

r
3(w+1)

2
o ∓ a

√
Mr3wo + c(3w+1)

2

. (8.112)

Now the ratio of Angular velocity between null-circular geodesics and time-circular

geodesics is

Ωo

Ωσ

=

(√Mr3wo + c(3w+1)
2√

Mr3wσ + c(3w+1)
2

)(r 3(w+1)
2

σ ∓ a
√
Mr3wσ + c(3w+1)

2

r
3(w+1)

2
o ∓ a

√
Mr3wo + c(3w+1)

2

)
. (8.113)

i. When the radius of time-circular geodesics is equal to the radius of null circu-

lar geodesic, the corresponding angular velocities are also equal, that is, when

rσ = ro, Qσ = Qo which shows that the intriguing physical phenomena could

occurs in the curve space-time. For instance, it would increase the interesting

possibility of exciting quasinormal frequencies of the black hole by orbiting par-

ticle, possibly leading to instabilities of the space-time (Cardoso et al. [2009],

Cardoso and Lemos [2003]).

ii. When the radius of time-circular geodesics is greater than the radius of null-

circular geodesics,that is, rσ > ro thenQo > Qσ which implies that null-circular

geodesics is characterized by the largest angular frequency than the angular fre-

quency of time-circular geodesics as measured by asymptotic observer. There-

fore, such type of space-time are characterized by

Ωnull > Ωtimelike. (8.114)

This type of characteristic of null-circular geodesic has been graphed in the

Fig. 8.4 for different values of radius r.

Thus from the above equation we may conclude that the null-circular geodesic

provide the fastest way to circle of black hole (Hod [2011], Cornish and Levin

[2003]). This is satisfied for the case of Spherically symmetry Schwarzschild

black hole, Kerr black hole and is still much general and can be applied for the

case of Stationary, Kerr-Newman, axisymmetry space-time.
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Figure 8.4: The plot shows the orbital angular frequency Ω Versus a for different
values of radius r in the range ro ≤ r ≤ rσ, where rσ and ro are the radius of time-like
geodesic and null-circular geodesic, respectively. Green (solid) color indicates for the
value where the radius of time-like and null-circular geodesics are coincide, Red(Dashed)
color indicates for the value of radius of null-circular geodesic and blue (Dot-Dashed)
color indicates the value of radius of time-like geodesic. We use units such that M =
1, c = 2.

8.7 Ratio of Time period between null-circular geodesics

and time-circular geodesics :

From the equation (8.90), the time period for time-like geodesics is given by

Tσ = ∓2π

(
r

3(w+1)
2

σ ∓ a
√
Mr3wσ + c(3w+1)

2

)
√
Mu3wσ + c(3w+1)

2

. (8.115)

Substituting rσ = ro in the above equation, we can deduce the time period for null-

circular geodesics as

To = ∓2π

(
r

3(w+1)
2

o ∓ a
√
Mr3wo + c(3w+1)

2

)
√
Mu3wo + c(3w+1)

2

. (8.116)

Now the ratio of Time period between null-circular geodesics and time-circular geodesics
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is given by

To
Tσ

=

(√Mr3wσ + c(3w+1)
2√

Mr3wo + c(3w+1)
2

)(r 3(w+1)
2

o ∓ a
√
Mr3wo + c(3w+1)

2

r
3(w+1)

2
σ ∓ a

√
Mr3wσ + c(3w+1)

2

)
. (8.117)

Figure 8.5: The plot shows the orbital time period T versus a for different values of
radius r in the range ro ≤ r ≤ rσ, where rσ and ro are the radius of time-like geodesic
and null-circular geodesic, respectively. Blue color indicates for the value where the
radius of time-like and null-circular geodesics are coincide, green color indicates for
the value of radius of time-like geodesic and red color indicates the value of radius of
null-circular geodesic. We use units such that M = 1, c = 2.

i. . When rσ = ro, the Eqn. (8.115) and the Eqn. (8.116) became identical, that

is, the time period for time-like geodesics is similar to the time period of null-

circular geodesics which leading to excitations of quasinormal modes.

ii. When the radius of null- circular geodesics is smaller than the radius of time-

like geodesics, orbital time period of null-circular geodesics is smaller than the

orbital time period of time-circular geodesics, that is, for ro < rσ, To < Tσ. Let

ro = rphoton, rσ = rISCO, the ratio between the orbital time period for photon
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sphere and the orbital time period for ISCO be

Tphoton
TISCO

=

(√Mr3wσ + c(3w+1)
2√

Mr3wo + c(3w+1)
2

)(r 3(w+1)
2

o ∓ a
√
Mr3wo + c(3w+1)

2

r
3(w+1)

2
σ ∓ a

√
Mr3wσ + c(3w+1)

2

)
. (8.118)

which leads to

Tphoton < TISCO, (8.119)

this implies that the time-like circular geodesics provides the slowest possible

orbital time period. This type of characteristic of time-like circular geodesic can

be easily seen from Fig. 8.5. Therefore we conclude that among all the circular

geodesics, the null-circular geodesics is characterized by the fastest way to circle

of black hole.

8.8 Conclusions

In this chapter, we have clarified some aspects about principle Lyapunov exponent,

KS entropy and unstable null-circular geodesics. We have shown that principle Lya-

punov exponent and KS entropy can be expessed in terms of the equation of ISCO (

innermost stable circular orbit). Also we have shown that Lyapunov exponent can be

utilized to determine the instability of equatorial circular geodesics for both time-like

and null-circular geodesics. We fine the relation for null-circular geodesics that the

angular frequency(Qo) is equal to inverse of impact parameter (Do), which is general

characteristic of any stationary space-time. Also we computed the equation of ISCO

in which the smallest real root give the radius of ISCO for rotating black hole and

for each of the special cases black holes like Kerr-Newman, Kerr black hole, Reissner

Nordström black hole and Schwarzschild black hole. We obtained that rσ = 6M is

the radius of ISCO for Schwarzschild black hole.

We have computed the equations of Lyapunov exponent and reciprocal of critical

exponent for both the cases of time-like and null-circular geodesics for rotating black

hole and for special cases. We constructed the equation of marginally bound circular
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orbit (MBCO) and obtained that rσ = 4M is the radius of MBCO for Schwarzschild

black hole. We found out the ratio of angular frequency of null-circular geodesics

to time-circular geodesics. In this ratio we have clarified that null circular geodesics

have largest angular frequency than the time circular geodesics, that is, Qo > Qσ.

This characteristic of null-circular geodesic can be checked by the Fig. 8.4, which is

graphed by taking M = 1 and c = 2. But in the ratio of time period of null-circular

geodesics to time-circular geodesics we can see that time-like circular geodesics had

taken more time than null-circular geodesics, that is, Ttimelike > Tphoton. This scenario

has been plotted in the Fig. 8.5, which is graphed by taking different values of radius

r. In fact, we may conclude that any stable time-circular geodesics other than the

ISCO traverses slowly than the null-circular geodesics.
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Chapter 9

Cocluding Remarks and Future

Prospectus

In the last chapter, we will conduct a comprehensive review of the research contribu-

tions made by this thesis. Additionally, we will explore potential avenues for future

research in this field.

9.1 Conclusion

This thesis examines a few particular uses of modified gravity in astrophysical phe-

nomena as well as some specific applications of general relativity. Here, we have

presented a number of relativistic models of compact stars and black holes within

the context of modified gravity and Einstein’s gravity. To demonstrate a physically

viable relativistic model, we have employed various analytical methods and graphical

representations.

The following provides the respective detailed summaries of our studies:

• In the second chapter, a detailed analysis of geodesic structure both null

geodesics and time-like geodesics have been investigated for regular black holes.

As an application of null geodesics, we calculate the radius of photon sphere,

gravitational bending of light, the angle of deflection for the photons and the

shadow of BH. We find the relation between null geodesics and quasinormal

modes frequency in the eikonal approximation by computing the Lyapunov ex-

ponent. As an application of time-like geodesics we compute the innermost

stable circular orbit (ISCO) and marginally bound circular orbit (MBCO) of
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the regular BHs.

• In the third chapter, we derive proper-time Lyapunov exponent (λp) and

coordinate-time Lyapunov exponent (λc) for a regular Hayward class of black

hole. The proper-time corresponds to τ and the coordinate time corresponds

to t. Where t is measured by the asymptoticobservers both for Hayward black

hole and for special case of Schwarzschild black hole. We compute their ratio

as λp

λc
= (r3σ+2l2m)√

(r2σ+2l2m)3−3mr5σ
for time-like geodesics. In the limit of l = 0 that

means for Schwarzschild black hole this ratio reduces to λp

λc
=
√

rσ
(rσ−3m)

. Using

Lyponuov exponent, we investigate the stability and instability of equatorial

circular geodesics. By evaluating the Lyapunov exponent, which is the inverse

of the instability time-scale, we show that, in the eikonal limit, the real and

imaginary parts of quasi-normal modes (QNMs) is specified by the frequency

and instability time scale of the null circular geodesics. Furthermore, we dis-

cuss the unstable photon sphere and radius of shadow for this class of black hole.

• In the fourth chapter, we analyze the behavior of relativistic spherical objects

within the context of modified f(R, T ) gravity considering Tolman VI space-

time, where gravitational lagrangian is a function of Ricci scalar(R) and trace

of energy momentum tensor(T) i.e, f(R, T ) = R + 2βT , for some arbitrary

constant β. For developing our model, we have chosen £m = −p, where £m

represents matter lagrangian. For this investigation, we have chosen three com-

pact stars namely PSR J1614-2230 [Mass=(1.97± 0.4)M⊙; Radius= 9.69+0.02
−0.02

km], Vela X-1 [Mass=(1.77± 0.08)M⊙; Radius= 9.560+0.08
−0.08 km] and 4U 1538-52

[Mass=(9.69)M⊙; Radius= 1.97 km]. In this theory the equation of pressure

isotropy is identical to standard Einstein’s theory. So, all known metric poten-

tial solving Einsteins equations are also valid. We have investigated the effort

of coupling parameter (β) on the local matter distribution. Sound of speed

and adiabatic index are higher with grater values of β while on contrary mass

function and gravitational redshift are lower with higher values of β. For sup-

porting the theoretical results, graphical representation are also employed to

analyze the physical viability of the compact stars.
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• In the fifth chapter, we have investigated the classical tests of General Relativ-

ity like precession of perihelion, deflection of light and time delay by considering

a phenomenological astrophysical object like Sun, as a neutral regular Hayward

black hole in Rastall gravity. We have tabulated all our results for some appro-

priate values of the parameter σ. We have compared our values with σ = 0,

which correspond to the Schwarzschild case. Also the value of σ = 0.7187×10−4,

is of particular interest as it gives some promising results.

• In the sixth chapter, we have searched the existence of anisotropic and non-

singular compact star in the f(R, T ) gravity by taking into account the non-

exotic equation of state (EoS). In order to obtain the solutions of the matter

content of compact object, we assume the well known barotropic form of EoS

that yields the linear relation between pressures and energy density. We propose

the existence of non-exotic compact star which shows the validation of energy

conditions and stability with in the f(R, T ) extended theory of gravity perspec-

tive. The linear material correction in the extended theory the matter content

of compact star remarkably able to satisfies energy condition. We discuss vari-

ous physical features of compact star and show that proposed model of stellar

object satisfies all regularity conditions and is stable as well as singularity-free.

• In the seventh chapter, we develop a new model for a spherically symmetric

dark matter fluid sphere containing two regions: (i) Isotropic inner region with

constant density and (ii) Anisotropic outer region. We solve the system of field

equation by assuming a particular density profile along with a linear equation

of state. The obtained solutions are well-behaved and physically acceptable

which represent equilibrium and stable matter configuration by satisfying the

TOV equation and causality condition, condition on adiabatic index, Harrison-

Zeldovich-Novikov criterion, respectively. We consider the compact star EXO

1785-248 (Mass M = 1.3 M⊙ and radius R = 8.8 km.) to analyze our solutions

by graphical demonstrations.

• In the eighth chapter, we calculate the principle Lyapunov exponent (LE),

which is the inverse of the instability timescale associated with this geodesics

and Kolmogorov-Senai (KS) entropy for our rotating Kerr-Kiselev (KK) black

hole. We have investigate the existence of stable/unstable equatorial circular
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orbits via LE and KS entropy for time-like and null circular geodesics. We

have shown that both LE and KS entropy can be written in terms of the radial

equation of innermost stable circular orbit (ISCO) for time-like circular orbit.

Also, we computed the equation marginally bound circular orbit, which gives

the radius (smallest real root) of marginally bound circular orbit (MBCO). We

found that the null circular geodesics has larger angular frequency than time-

like circular geodesics (Qo > Qσ). Thus, null-circular geodesics provides the

fastest way to circulate KK black holes. Further, it is also to be noted that null

circular geodesics has shortest orbital period (Tphoton < TISCO) among the all

possible circular geodesics. Even null circular geodesics traverses fastest than

any stable time-like circular geodesics other than the ISCO.

9.2 Future research

The scope of our future study will encompass, but is not limited to, the following

topics:

• In the second chapter, we analyze the null geodesics and quasinormal mode

frequency in the eikonal approximation by computing the Lyapunov expo-

nent for regular black holes. In the future, using the geodesic properties, re-

searcher can study pseudo-Newtonian potential so called Paczyński-Witta Po-

tential for Ayón-Beato-Garćia BH which are very important tools for analyzing

the accretion-disk properties.

• In the third chapter, we study the Hayward black hole as a most popular

model of regular BHs has been chosen for investigating the geodesic stability

and quasi normal modes via Lyapunov exponent. In the future work, using our

result, one can extend our analysis to the thermodynamic properties of non-

commutative rotating Hayward solution, providing Hawking temperature.

• In the fourth chapter, we have discussed the Tolman VI fuild spheres model

within the context of modified f(R, T ) gravity. In the future, using our result

we will study a perceptible magnetic pressure influence to the equilibrium of
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forces for the core of the highly compact stars as the magnetic effects calcula-

tion can give some idea of the dynamical distortion in nuclear impacts.

• In the fifth chapter, we have derived three classical tests namely, the preces-

sion of perihelion, defection of light and time delay with respect to a neutral

regular black hole under the effect of the modified Rastall gravity. In future,

these results can be used to study the viable cosmological dynamics of charged

Einstein Æther Gravity.

• In the sixth chapter, we have searched the existence of anisotropic and non-

singular compact star in the f(R, T ) gravity by taking barotropic form of EoS.

In future, one can check the viability of such solution under the specification

of other valuable functional forms of f(R, T ) such as f(R, T ) = R + ζRT and

f(R, T ) = R + ζR2 + λT where ζ and λ are arbitrary constants.

• In the seventh chapter, we have introduced a new model for a spherically

symmetric dark matter (DM) fluid sphere. This concept, in which stars’ matter

compositions are physical dark matter, is highly intriguing. Our findings will

encourage future theoretical researchers to conduct fruitful, in-depth research

on this subject.

• In the eighth chapter, we have investigate the existence of stable/unstable

equatorial circular orbits via Lyapunov exponent and KolmogorovSenai entropy

for KerrKiselev black hole for both time-like and null circular geodesics. For

these rotating BHs, we focused on their ISCO and MBCO. In the future, these

orbits might encourage scientists to look for observational data, deriving in-

formation about background geometry and pertinent to several astrophysical

processes. In order to explore the phenomenological consequences on the gen-

eration of BHs, one can extend our investigation into extra dimensions.
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Einstein, A. (1911). Üon the influenceß of gravity on the propagation of light. Annals

of Physics, 340(10), 898–908. 5

Eisberg, J. (1990). Eddington’s stellar models. Publications of the Astronomical

Society of the Pacific, Vol. 102, No. 657, p. 1336, 102, 1336. 1

Fabian, A., Thomas, P., Fall, S., and White III, R. (1986). A lower limit to the

binding mass of early-type galaxies. Monthly Notices of the Royal Astronomical

Society, 221(4), 1049–1056. 7

Fabris, J., Daouda, M.H., and Piattella, O. (2012a). Note on the evolution of the

gravitational potential in rastall scalar field theories. Physics Letters B, 711(3-4),

232–237. 5

Fabris, J.C., Piattella, O.F., Rodrigues, D.C., Batista, C.E., and Daouda, M.H.

(2012b). Rastall cosmology. In International Journal of Modern Physics: Con-

ference Series, volume 18, 67–76. World Scientific. 5

Fan, Z.Y. and Wang, X. (2016). Construction of regular black holes in general rela-

tivity. Physical Review D, 94(12), 124027. 2, 2

Fay, S. (2004). Scalar fields properties for flat galactic rotation curves. Astronomy &

Astrophysics, 413(3), 799–805. 7

Fernando, S. and Clark, T. (2014). Black holes in massive gravity: quasi-normal

modes of scalar perturbations. General Relativity and Gravitation, 46, 1–22. 2

Fierz, M. and Pauli, W.E. (1939). On relativistic wave equations for particles of

arbitrary spin in an electromagnetic field. Proceedings of the Royal Society of

London. Series A. Mathematical and Physical Sciences, 173(953), 211–232. 1

Fiorini, F. and Ferraro, R. (2009). A type of born-infeld regular gravity and its

cosmological consequences. International Journal of Modern Physics A, 24(08n09),

1686–1689. 1

208



References

Fort, B. and Mellier, Y. (1994). Arc (let) s in clusters of galaxies. The Astronomy

and Astrophysics Review, 5, 239–292. 7

Freire, W.H., Bezerra, V., and Lima, J. (2001). Cosmological constant, conical defect

and classical tests of general relativity. General Relativity and Gravitation, 33,

1407–1414. 5

Frolov, V.P. (2016). Notes on nonsingular models of black holes. Physical Review D,

94(10), 104056. 3

Frye, C. and Efthimiou, C.J. (2013). Stringy corrections to the classical tests of

general relativity. arXiv preprint arXiv:1306.4869. 5

Gangopadhyay, T., Ray, S., Li, X.D., Dey, J., and Dey, M. (2013). Strange star

equation of state fits the refined mass measurement of 12 pulsars and predicts their

radii. Monthly Notices of the Royal Astronomical Society, 431(4), 3216–3221. 6

Ganguly, A., Gannouji, R., Goswami, R., and Ray, S. (2014). Neutron stars in the

starobinsky model. Physical Review D, 89(6), 064019. 4

Ghosh, S.G. and Maharaj, S.D. (2015). Radiating kerr-like regular black hole. The

European Physical Journal C, 75, 1–9. 1

Ghosh, S.G., Sheoran, P., and Amir, M. (2014). Rotating ayón-beato-garćıa black
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