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Chapter 1

Introduction

Mathematical modeling is a powerful area of mathematics that deals with various real-world

issues using mathematical expressions, equations, and terminology derived from mathemat-

ical ideas. Malthus (1798) applied mathematical modeling to population dynamics in the

early 1800s. Malthus believed that population growth and decay are always exponential

in nature. Later, Verhulst refined the Malthus model. Rather than focusing just on expo-

nential growth, he included the horizontal asymptote of population increase or decay in his

model. In his model, Verhulst used the phrase ”carrying capacity of the environment.” Subse-

quently, Volterra (1926) expanded mathematical modeling to include a prey-predator model.

In this model, he primarily examined interspecies competition and the neutral stability of

the interior equilibrium point, or center. Subsequently, a number of mathematicians created

quadratic models, which included certain non-linear elements resulting from the feeding ef-

fect and more intricate interactions between the prey and predator species. These models

included logistic-type growth equations. The field of mathematical ecology has grown signif-

icantly in the modern century, and numerous techniques and instruments have been created

to thoroughly examine any prey-predator relationship.

1.1 Ecology

Ecology is the branch of science that focuses on the interactions that living things have

with one another and their environment. A population is a group of individuals living in
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a certain area who are members of the same class of species; a community is made up of

individuals from different populations that share a particular area. Two key phrases that

naturally accompany ecology are population and community. Certain characteristics are

specific to a population, such as its growth, death, and reproduction rates. In 1866, the

eminent biologist Ernst Haeckel created the term ecology. The construction of mathematical

models for various ecological systems is of great interest due to the nonlinear interplay

between living and non-living components and the consequent dynamical behaviour. In

any ecological system, mathematical modeling is an organized approach that is essential to

comprehending ecology through the use of certain state variables. This is the primary goal

of mathematical modeling of an ecological system.

1.2 Food chain model

Certain creatures always prey on other organisms in any habitat. Predators are species that

use prey as their food source, whereas prey are organisms that are consumed. Food energy

is thus transferred from the lower member to the higher member. A food chain is a group

of organisms that exchange energy with each other. The flow of food energy from lower to

higher tropical levels and the interactions between predator and prey are portrayed by the

food chain model, which is just a system of differential equations. There are two main types

of food chain models:

1. Deterministic food chain model where time t is continuous.

2. The stochastic food chain model in the discrete-time domain.
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1.3 Population dynamics

A subfield of theoretical biology known as population dynamics examines both short-term

and long-term variations in a species’ population size. It focuses mostly on population

size and how it varies throughout time and space. In terms of evolutionary biology and

biomathematics, this is the most important aspect. The Malthusian growth model was

modeled in 1798 based on the first principle of population dynamics. Benjamin Gompertz

(1825) later improved and changed this model. The prey-predator equations developed

by Lotka and Volterra in 1925 and 1926 have the biggest impacts on the advancement

of population biology. Immigration, emigration, and per capita birth and death rates all

control the dynamics of any population. By creating a deterministic mathematical model,

the dynamics of a population can be ascertained using this idea.

1.4 Mathematical ecology

A subfield of applied mathematics called mathematical ecology serves as a bridge between

ecology and mathematics. It smoothly transforms the ecological condition in real life into

a mathematical expression and then discusses the characteristics of the ecosystem’s living

and non-living components and how they relate to one another. An ecological problem can

be converted into a mathematical problem and theoretically solved utilizing a variety of

strategies, tools, and algorithms. Mathematical models of the food chain, prey-predator,

fisheries, and epidemiological kinds have all been extensively investigated and analyzed in

order to investigate various ecological facts.
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1.5 Functional responses

The functional response is the rate at which a predator devours its prey. In each model system

of prey and predator, this functional response is a necessary word. It significantly controls

the dynamic stability of any predator-prey system. Prey-predator data are explained and

interpreted using three distinct classes of functional responses in any predator-prey model.

1.5.1 Prey-dependent:

In prey-dependent models, the predation rate is thought to be exclusively reliant on prey

density. This section discusses a few common prey-dependent functional responses that are

frequently employed.

(i) Holling type I

The Holling type I functional response is thought to be represented by a bounded, one-

dimensional linear curve. Predators either consume food at a constant rate or at a rate that

grows linearly with increasing food density. In this instance, the predator’s processing time

for food is very short.

The Mathematical expression for the Holling type I function is

f(p(t)) = ηp(t),

where the prey density is represented by p(t), whereas the per capita rate of prey consumption

by predators is denoted by η.

(ii) Holling type II

A bounded hyperbolic curve that is non-linear in nature is the characteristic of the Holling

type II functional response. As the consumer’s ability to process food is limited, the intake

rate falls for this response function. Insects and micro-organisms are the primary examples

4



of this kind of functional response.

The mathematical expression for this type of functional response is

f(p(t)) =
ηp(t)

β + p(t)
.

Here, the half-capturing saturation constant is denoted as β, and η, p(t) are the same as

described above.

(iii) Holling type III

When there is a large density of prey, the Holling type III functional response is almost

the same as the Holling type II response. In low densities of prey populations, this kind of

functional response is characterized by a sigmoid curve. This response function serves as a

base for the model of vertebrate predators.

The following is an expression for this type of functional response.

f(p(t)) =
ηp2(t)

β + p2(t)
,

where the meaning of η, β, p(t) have previously been explained.

(iv) Holling type IV

A non-monotonic function is the Holling type IV functional response, sometimes referred to

as the Monod-Haldane type functional response.

In mathematics, this functional response is expressed as follows:

f(p(t)) =
ηp(t)

β + bp(t) + p2(t)
,

where η, β, p(t) are the previously indicated variables and b is the predator interference.

(v) Ivlev-type

The exponential character of the Ivlev-type functional response makes it appropriate for
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modeling invertebrate predators.

Ivlev-type functional response, which is exponential, is what I have employed in my work.

Its mathematical expression is

f(p(t)) = 1− e−δp(t).

In this case, δ represents the hunting success, and p(t) represents the prey species density at

time t.

1.5.2 Predator-dependent:

The predator-dependent functional response has a predation rate, which is assumed to be

influenced by the quantities of predators and prey. The following list includes a few highly

utilized predator-dependent functional responses.

(i) Beddington-DeAngelis

The Beddington-DeAngelis response function and the Holling type II functional response

are nearly similar; the Beddington-DeAngelis response function is dependent on mutual

interference of predators, while the Holling type II functional response is not.

This response function’s mathematical expression is as follows:

f(p(t), q(t)) =
ηp(t)

β + ap(t) + bq(t)
,

where η, β, p(t), b are already described, and the terms a, q(t) means prey saturation constant

and predator density respectively.

(ii) Crowley-Martin

The Crowley-Martin functional response is dependent on predators, just like the Beddington-

DeAngelis functional response.
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The expression for this response function is

f(p(t), q(t)) =
ηp(t)

β + ap(t) + abp(t)q(t)
,

where all the variables and parameters have already been explained.

(iii) Hassell-Varley:

The Hassell-Varley functional response has the following mathematical expression:

f(p(t), q(t)) =
ηp(t)

βqγ(t) + p(t)
, γ ∈ (0, 1).

Every parameter and variable is the same as what was previously stated.

1.5.3 Ratio-dependent:

This is a unique example of a predator-dependent functional response where the ratio of

prey to predator, rather than the total number of prey or predator, determines the rate

of predation. Compared to prey-dependent response functions, these kinds of functional

responses are more appropriate when predators are obligated to look for food. It is possible

to alter the stability of a dynamic system by altering its functional responses. Therefore,

finding a suitable functional response term to represent the stability of a prey-predator model

is crucial.

1.6 Detritus

Detritus is dead organic stuff produced by the decomposition process of organisms. It is typ-

ically found in three distinct terrestrial ecosystems: chaparral, grassland, and forest. It can

occasionally be found in aquatic environments as well. In forests, twigs and plant litter are

the primary sources of detritus. These fall on the ground and are decomposed by a variety
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of soil-dwelling micro-organisms, including bacteria, fungi, and protozoa. These microscopic

organisms, known as decomposers, obtain their nourishment from the detritus. Fungi typi-

cally have a larger biomass in aquatic environments than that of bacteria. Fungi account for

over 90% of the total biomass of micro-organisms (Findlay et al., 2002; Kominkova et al.,

2000; Newell et al., 2002). Furthermore, fungi are primarily responsible for the breakdown

process since their rate of production is higher than that of bacteria (Gulis and Suberkropp,

2003; Kuehn et al., 2000). Once more, bacteria have a turnover period that is shorter than

fungi, which means that they are essential to decomposition (Baldy and Gessner, 1997; Find-

lay and Arsuffi, 1989; Hieber and Gessner, 2002). The recycling process also creates a tiny

quantity of detritus from the animal corpses. In any detritus-based food chain, this detritus

serves as the main and most important source of energy, moving energy from the lower to

the upper tropical levels. The energy flow within a detritus food chain is constant, and it is

substantially greater than that of other types of food chains seen in terrestrial environments.

1.7 Refuge

Predation constantly affects prey species in any ecosystem. The population growth of the

prey species is negatively impacted by this predation. Prey species always have a tendency

to hide and seek refuge in order to promote the growth of prey species. The refuge patch

provides a safe place for prey species, shielding them from predators who are looking for

food. The predator-prey model’s dynamics in every ecosystem are greatly influenced by

this prey refuge. Because of the less predation, this prey refuge has a favorable impact

on prey growth and a negative impact on predator growth. Any ecosystem will primarily

have two types of refuges: temporal refuge and spatial refuge. One of the most important

and frequently utilized prey refuges is spatial refuge. Because of the fluctuating nature

of the surrounding environment, spatial refuges exist in places that are more challenging
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for predators to access. Thus, a portion of the prey species is shielded from predators to

some extent (Gonzlez-Olivares and Ramos-Jiliberto, 2004). Temporal refuges result from the

collective defense of prey species or from the simple reduction of predator species’ mobility,

which lowers the risk of predation. According to Maynard-Smith (1978), a prey refuge with

a constant proportion has no effect on the impartially stable Lotka-Volterra model’s stability

behavior, but a constant number of prey refuges has. According to Hassell and May (1973),

a model’s oscillatory behavior can be changed into stable behavior by including a sizable

refuge. It has been demonstrated that adding a prey refuge to any model of predator-prey

can increase the stabilizing impact (Gonzlez-Olivares and Ramos-Jiliberto, 2004). In certain

cases, this refuge can prevent the extinction of the prey species. Prey refuge regulates the

prey-predator paradigm’s dynamics to a significant extent.

1.8 Time delay

Time delays can cause oscillations in a variety of species and, generally, have an unstable

impact on the dynamics of the species populations. In population dynamics, a species’

growth does not happen instantly. It takes time for a predator to give birth to new offspring

when it takes nourishment from its prey. It is known as the gestation delay. Each and every

species of an ecosystem generally experiences different life stages in their whole life cycle, and

the activities differ from one stage to another. Any population model can contain a variety

of delays, such as those related to incubation, gestation, and maturation. Maturation delay

and gestation delay are the most commonly used delays among them. The period of time a

newly born species spends in its juvenile class before beginning to reproduce after it enters

the adult class is known as the maturity delay. This indicates that the maturation delay is

the amount of time needed for a species to reach maturity.
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The differential equation with time delay τ can be expressed as follows for any population:

ṗ(t) = f(p(t), p(t− τ)).

1.9 Fractional derivative

The study of integrals and derivatives of arbitrary orders, particularly fractional orders, is

known as fractional calculus (Ishteva, 2005). For more than three centuries, it has been

widely applied in several scientific domains. Fractional differential equations are more suit-

able than integer-order differential equations in real-world scenarios for any dynamical sys-

tem. Since integer-order derivative models do not take memory effects into account, in

general, the only time integer-order derivatives are utilized is when calculating the depen-

dent variable’s current rate of change with respect to the independent variable (Forde, 2005;

Kuang, 1993; Milton, 2015). Certain models in ecological systems rely more on past data

than on current data. Fractional derivatives and integrals make greater sense in this situ-

ation. The best method for including memory in a species where memory exists is to take

into account the fractional derivative, which has a non-local feature. There are two ba-

sic components of the memory effect. One is memory rate, which can be derived via the

derivative’s order, and the other is memory function, which is connected to the fractional

derivative’s kernel. Leibniz originally presented the concept of fractional derivative in the

17th century in 1695 (Kilbas, 2006). In the 18th and 19th centuries, famous mathemati-

cians Euler, Lagrange, Lacroix, and Fourier defined some fractional derivatives. When α

is not an integer, Euler discovered a new interpretation for the derivative dαxβ

dxα
(Samko et

al., 1993). In 1772, Lagrange observed that the law of exponents for differential operators

of integer order can be changed into any arbitrary order (Miller and Ross , 1993). Laplace

later provided a thorough explanation of the fractional derivative of the function f(x) = xn,
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which Lacroix had computed (Miller and Ross , 1993). He also covered the situation where

n = 1
2

(Miller and Ross , 1993). Fourier provided a thorough and useful formulation of the

fractional order derivative in 1822, which was applicable to any function (Miller and Ross ,

1993). Fractional derivatives have been applied in recent years by Letnikov, Abel, Liouville,

Riemann, Grunwald, and Riemann to address many real-world issues. Abel used fractional

order integration and differentiation to solve the tautochrone problem in 1823 (Caputo and

Mainardi, 1971). Liouville used the infinite series with fractional derivatives in 1832 to find

the solutions to various linear differential equations (Samko et al., 1993). A new definition

of fractional integration in the Taylor series was presented by Riemann in 1876 (Samko et

al., 1993). The definitions of Riemann and Liouville were joined later in the 19th century to

form the Riemann-Liouville fractional derivative (Miller and Ross , 1993). The most famous

and noteworthy Caputo derivative was then published in the literature in 1967 (Caputo,

1967).

We have applied the Caputo fractional derivative in our work. Since the derivative of any

constant is zero, it is easy to derive the initial and boundary conditions to frame issues

(Atangana and Secer, 2013). This makes the Caputo derivative convenient for fractional

derivative. The equilibria of an integer order system and a Caputo fractional derivative

system are exactly the same.

1.10 Objective of the thesis

Our primary goal in this thesis is to investigate the detritus-based prey-predator models in

the Sundarban mangrove forest and the nearby estuary. The principal and crucial energy

source in our study is detritus, from which energy is transferred to higher tropic levels of

the food chain models. In this mathematical analysis, we have regarded the micro-organism

pool as prey and the invertebrate as predator. The effect of the uptake function of inver-
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tebrate predators is the main concern here. Here, the impact of discrete time delays on

the stability behavior of models has also received attention. In addition, we have looked

at fractional-order predator-prey models with different fractional orders. In order to obtain

the model’s approximate analytical solution, we have additionally utilized the Homotopy

perturbation method. Understanding the stability behavior of equilibria, Hopf bifurcation,

stability switching, and limit cycle for delayed as well as non-delayed systems would un-

doubtedly be aided by this research. Ultimately, numerical simulations have been run to

verify the theoretical results and obtain a deeper comprehension of the stability behavior

across a range of model system parameter values.

1.11 Highlights of the thesis

The present thesis covers seven chapters for a clear understanding of some mathematical

models of ecological systems. A brief description of each chapter has been introduced here

to give a rough view of the topics discussed in the thesis.

Chapter 1: Chapter 1 discusses some basic preliminaries and definitions of terms used in

the whole thesis. It provides some fundamental ideas about the topics relevant to the thesis.

Chapter 2: In this chapter, we examine a prey-predator model in the Indian Sundarban

mangrove forest based on detritus. In this case, detritus is essential because it provides the

nutrients to the micro-organism pool. We have employed the Ivlev-type response function

to describe the rate of invertebrate predator’s intake and the Holling Type-II functional

response to explain the detritus loss rate brought on by the micro-organism pool. The

mathematical analysis consists of the existence of multiple equilibria, their local and global

stability, and the existence of a stable periodic orbit around the interior equilibrium point.

With respect to the growth rate parameter of the micro-organism pool, the system undergoes

Hopf-bifurcation about the interior equilibrium point. To comprehend the qualitative study,
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numerical simulations are performed with respect to various values of the system parameters.

Chapter 3: Similar to Chapter 2, this chapter describes a deterministic mathematical model

of an invertebrate predator and non-spatial detritus-based micro-organism in the Sundarban

estuarine habitat. In this case, we assume that the predation follows an Ivlev-type response

function. Our research primarily aims to comprehend the dynamics of the micro-organism

pool since it is essential in determining the dynamics of food chains by transferring energy to

higher tropical levels. We have also attempted to comprehend how the invertebrate preda-

tor’s loss rate affects the model. The presence of many feasible equilibria and their local and

global stability are included in the mathematical study. It is demonstrated that the interior

equilibrium point is surrounded by a stable limit cycle. Additionally, a critical value for

the micro-organism pool’s loss rate has been identified, and for this value, Hopf-bifurcation

behaviour is observed near the equilibrium point. Afterward, we add a discrete time delay

to the invertebrate predator’s functional response term. Additionally, we have obtained pe-

riodic oscillations with tiny amplitudes, where the bifurcation parameter is the time delay.

Numerical simulations are used to validate all analytical conclusions for some system param-

eter values.

Chapter 4: This chapter explains another predator-prey mathematical model based on the

mangrove ecosystem with the Ivlev-type response function as the invertebrate predator’s

functional response. Here, we have incorporated two different-valued gestation delays in the

equation of the prey (micro-organism pool) and predator (invertebrate predator) population.

This study thoroughly explains the immense impact of time delays throughout the chapter.

These delays play a pivotal role in building the dynamics of our model. These delays can

destabilize the model system and generate Hopf-bifurcating periodic oscillations. The ana-

lytical results have been verified through the execution of numerical simulations.

Chapter 5: This chapter describes the same model of chapter 2 but fractional order system

is considered in place of integer order system. Since, integer-order derivatives are only used

13



to calculate the dependent variable’s present rate of change with regard to the indepen-

dent variable because they do not account for memory effects in their models. In ecological

systems, certain models not only depend upon recent data but also on historical data. In

this case, fractional derivatives make more sense. That’s why we consider our model with

fractional order derivatives.

Here, we have derived the approximate solution of the fractional order system using Ho-

motopy Perturbation method (HPM) with high accuracy. As HPM is a rapid convergence

method, we have done only a few iterations to get the system’s approximate analytical series

solutions. Numerical simulations have been experimented with different valued fractional

orders to better understand our analytical findings.

Chapter 6: In the Sundarban mangrove forest and the adjacent estuary, another detritus-

based predator-prey paradigm is the subject of this chapter’s discussion. The model of this

food chain is formulated with the help of fractional order derivatives. The effects of prey

refuge and toxicity are also discussed in this paper. At the end, numerical simulations are

run in order to confirm the analytical findings.

Chapter 7: Chapter 7 contains the conclusion, which includes a summary of the theoretical

and numerical findings of all the chapters discussed in the thesis. The future scope of the

research is also mentioned in this chapter.
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Chapter 2

Qualitative Behaviour of a
Detritus-Based Prey-Predator Model
of Sundarban Mangrove Forest,
India ∗

2.1 Introduction

Sundarban is one of the most extensive mangrove forests in the world and lies in the Ganga-

Brahmaputra-Meghna delta, particularly at the border of the northern margin of the Bay of

Bengal. Mangroves are one particular type of tree that grows in brackish wetlands where the

land meets with the sea. In the Sundarban estuary, mangrove forests are vital as they support

the detritus-based food chain and play a crucial role in shaping the dynamics of the adjacent

estuary. A lot of detritus is formed from the litter of several mangrove forest species, such as

B. gymnorhiza, Avicennia Sp., Heritiera Sp., Exocaria Sp., Sonneratia Sp.. Among these

species, Avicannia alba, Avicannia marina, and then Avicennia officinalis are the leading

sources of detritus. The plant litter is decomposed by several micro-organisms, namely

fungi, bacteria, and certain protozoa, and detritus is formed. The detritus is washed out by

tidal flow into the adjacent estuary. This detritus plays a significant role in regulating the

productivity of the forest and the estuary. Several invertebrate predators, such as nematodes

∗Chapter based on the paper published in Global Journal of Pure and Applied Mathematics, ISSN 0973-
1768, Volume 16, Number 1 (2020), pp. 9-25.
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and certain insect larvae are in the ecosystem and feed on the micro-organisms. Invertebrate

predators are one of the most important members of the ecosystem in regulating the level of

nutrients in the food chain/web. In this way, a detritus-based prey-predator system works

in the Sundarban estuary. A lot of theoretical work has been done on detritus-based prey-

predator system in the Sundarban estuarine ecosystem (Bandyopadhyay et al., 2003; Das

and Ray, 2008; Gazi and Bandyopadhyay, 2006; Sarkar et al., 1991).

The present study considers a non-spatial detritus-based prey-predator model, where detritus

is the primary energy/food source for micro-organisms and invertebrate predators. Here, it

is proposed that the loss rate of detritus due to the micro-organism pool follows the Holling

Type-II functional response (Braza, 2003; Du and Hsu, 2004; Hsu and Huang, 1995; Ko and

Ryu, 2007; Peng and Wang, 2005, 2007; Saez and Gonzalez-Olivares, 1999; Tanner, 1975),

the functional response of invertebrate predators is taken as the Ivlev-type response function

(Kooij and Zegeling, 1996; Wang et al., 2010). It is observed that the growth rate of micro-

organisms plays a significant role in shaping the dynamics of the mangrove ecosystem.

The present study has been carried out sequentially as follows: At first, the basic assumption

and formulation of the mathematical model have been described, and we derive the equilibria

and their feasibility conditions. Then, we showed the boundedness of the solutions (Ghosh

and Sarkar, 1997; Sarkar et al., 1991) and the dynamic behavior of the system. We have

also shown the local as well as global stability of the interior equilibrium point, the existence

criteria of Hopf-bifurcation (Roy et al., 2016; Sarwardi et al., 2012), criteria for non-constant

large-amplitude periodic solutions, and the direction of flow of trajectory of the periodic

orbit. Finally, numerical simulation is carried out with respect to different values of system

parameters, and we discuss and interpret the results of the system.
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2.2 Model formulation

We consider a deterministic mathematical model of a non-spatial detritus-based micro-

organism pool and its invertebrate predators as:

dx

dt
= x(a1 − bx)− hxy

k + x
.

dy

dt
= y

(
a2 −

cy

bx

)
− gz

{
1− exp(−ey)

}
.

dz

dt
= z

[
−m+ g

{
1− exp(−ey)

}]
, (2.1)

with the initial conditions:

x(0) = x0 > 0, y(0) = y0 > 0 and z(0) = z0 > 0,

where x, y, z are the biomass of detritus produced from plant litter of mangrove, population

density of micro-organism pool and population density of invertebrate predators respectively

at time t. Here, a1, b, h, k, a2, c, g, e, m are positive constants. In system (2.1), it is

assumed that the loss rate of detritus due to the micro-organism pool follows the Holling

type-II functional response. The functional response of the predator is taken as the Ivlev-type

response function where e is the hunting success, g is the maximum no of micro-organisms

that can be eaten by an invertebrate predator, and m is the mortality rate of the invertebrate

predators.

We consider the following substitution to make the system (2.1) into a non-dimensional form:

x = kX, y = mk
h
Y , z = km2Z

hg
, t = T

m
.
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Then the model system (2.1) reduces to

dX

dT
= X

[
(α− ηX)− Y

1 +X

]
.

dY

dT
= Y

(
β − γY

X

)
− Z

{
1− exp(−φY )

}
.

dZ

dT
= Z

[
− 1 + σ

{
1− exp(−φY )

}]
, (2.2)

where α = a1
m

, η = bk
m

, β = a2
m

, γ = c
bh

, σ = g
m

, φ = emk
h

.

It is known that the qualitative behaviour of the system (2.1) and the non-dimensional

system (2.2) are the same.

2.3 Equilibria

The system (2.2) has the following equilibria.

(i) The boundary equilibrium point E1(α
η
, 0, 0).

(ii) The invertebrate predator free equilibrium point E2(X,Y , 0),

where

X =
−(ηγ+β−αγ)+

√
(ηγ+β−αγ)2+4αηγ2

2ηγ
,

Y =
β
{
−(ηγ+β−αγ)+

√
(ηγ+β−αγ)2+4αηγ2

}
2ηγ2

.

(iii) The interior equilibrium E3(X∗, Y ∗, Z∗), where

X∗ =
(α−η)+

√
(α+η)2− 4η

φ
ln( σ

σ−1)
2η

,

Y ∗ = 1
φ
ln
(

σ
σ−1

)
,

Z∗ = σ 1
φ
ln
(

σ
σ−1

) [
β −

2γη
φ
ln( σ

σ−1)
(α−η)+

√
(α+η)2− 4η

φ
ln( σ

σ−1)

]
.

We see that the interior equilibrium E3(X∗, Y ∗, Z∗) is feasible under the given conditions:

(i) σ > 1,
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(ii) Y ∗ > α,

(ii) β > 2γηY ∗

(α−η)+
√

(α+η)2−4ηY ∗
= β∗(say).

2.4 Qualitative analysis of the model

2.4.1 Boundedness of the solutions

The boundedness of solutions of the system (2.2) is shown in the following lemma.

Lemma 2.1

The system (2.2) possesses uniformly bounded solutions.

Proof

Suppose S(T ) = X + σY + Z.

Now

dS

dT
=
dX

dT
+ σ

dY

dT
+
dZ

dT

≤ αX − ηX2 + βσY − σγY 2

X
− Z

≤ αX − ηX2 − Z − σγ
(

Y√
X
− β

γ

√
X

)2

+
σβ2

γ
X − βσY

≤ 2αX − ηX2 +
σβ2

γ
X − αX − βσY − Z

≤ −m1S(T ) + 2αX − ηX2 +
σβ2

γ
X. (2.3)

Let F (X) = 2αX − ηX2 + σβ2

γ
X, then F has maximum value

Fmax = 1
η

(
2α + σβ2

γ

){
α− 1

4η

(
2α + σβ2

γ

)
+ σβ2

2γ

}
at X = 1

2η

(
2α + σβ2

γ

)
.

Hence, it follows that dS
dT

+m1S(T ) ≤ Fmax,
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where m1 = min
{
α, β, 1

}
,

which implies

S(T ) ≤ Fmax + e−m1TS(X(0), Y (0), Z(0)).

Hence, lim sup
T→∞

S(T ) ≤ Fmax
m1

.

Hence, the lemma is proved.

2.4.2 Dynamic behaviour of the system

In this subsection, we will discuss the stability of the equilibria E1, E2, and E3, respectively.

Let Jk be the Jacobian of the system (2.2) at the equilibrium points Ek, where k = 1, 2, 3.

At E1, the Jacobian matrix is

J1 =


−α − α

α+η
0

0 β 0

0 0 −1

 .

So, the eigenvalues of the matrix J1 are −α, β, −1. So, E1 is stable in the X and Z directions

and unstable in the Y direction.

At E2, the Jacobian matrix is

J2 =


α− 2ηX − Y

(1+X)2
− X

1+X
0

γY 2

X2 β − 2γY

X
−1 + e−φY

0 0 −1 + σ
(

1− e−φY
)
 .
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At E2, the characteristic equation of J2 is

[
− 1 + σ

(
1− e−φY

)
− λ
][
λ2 − λ

{
α− 2ηX − Y

(1 +X)2
+ β − 2γY

X

}
+

(
β − 2γY

X

){
α− 2ηX − Y

(1 +X)2

}
+

γY 2

X
(
1 +X

)] = 0.

⇒
[
− 1 + σ

(
1− e−φY

)
− λ
][
λ2 + Pλ+Q

]
= 0,

where

P = −α + 2ηX + Y
(1+X)2

− β + 2γY

X
,

Q =
(
β − 2γY

X

){
α− 2ηX − Y

(1+X)2

}
+ γY 2

X(1+X)
.

If P > 0 and Q > 0, the equilibrium E2(X,Y , 0) is stable in the XY plane; otherwise, it is

unstable.

In the Z direction, E2(X,Y , 0) is unstable or stable according to the condition Y > Y ∗ or

Y < Y ∗.

Through numerical simulation, we have shown for some parametric values where P > 0 and

Q > 0, E2 is stable in the XY plane.

At E3, the Jacobian matrix is

J3 =


α− 2ηX∗ − Y ∗

(1+X∗)2
− X∗

1+X∗
0

γY ∗2

X∗2
β − 2γY ∗

X∗
− Z∗φe−φY ∗ − 1

σ

0 φσZ∗e−φY
∗

0

 .
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At E3, the characteristic equation of J3 is

λ3 − λ2

[{
α− 2ηX∗ − Y ∗

(1 +X∗)2

}
+

{
β − 2γY ∗

X∗
− Z∗φe−φY ∗

}]
−λ
[
−
{
α− 2ηX∗ − Y ∗

(1 +X∗)2

}{
β − 2γY ∗

X∗
− Z∗φe−φY ∗

}
− φZ∗e−φY ∗

− X∗

1 +X∗
γY ∗2

X∗2

]
− φZ∗e−φY ∗

{
α− 2ηX∗ − Y ∗

(1 +X∗)2

}
= 0.

⇒ λ3 + Aλ2 +Bλ+ C = 0, (2.4)

where

A = −
{
α− 2ηX∗ − Y ∗

(1+X∗)2

}
−
{
β − 2γY ∗

X∗
− Z∗φe−φY ∗

}
,

B =

{
α− 2ηX∗ − Y ∗

(1+X∗)2

}{
β − 2γY ∗

X∗
− Z∗φe−φY ∗

}
+ φZ∗e−φY

∗
+ X∗

1+X∗
γY ∗2

X∗2
,

C = −φZ∗e−φY ∗
{
α− 2ηX∗ − Y ∗

(1+X∗)2

}
.

The system (2.2) is locally asymptotically stable if A > 0, C > 0, AB − C > 0.

Here, A > 0 if

β <
1

1− φY ∗ (σ − 1)

{
− α + 2ηX∗ +

Y ∗

(1 +X∗)2
+

2γY ∗

X∗
− φγY ∗2 (σ − 1)

X∗

}
= β∗∗(say).

Here, C > 0 (always). Now AB − C = σ1β
2 + σ2β + σ3,

where

σ1 =

{
φY ∗ (σ − 1)− 1

}{
− ηX∗ +

X∗Y ∗

(1 +X∗)2 + φY ∗ (σ − 1)

(
1 + ηX∗ − X∗Y ∗

(1 +X∗)2

)}
,
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σ2 =

{
− ηX∗ +

X∗Y ∗

(1 +X∗)2 + φY ∗ (σ − 1)

(
1 + ηX∗ − X∗Y ∗

(1 +X∗)2

)}
{
− φγ (σ − 1)Y ∗2

X∗
+ ηX∗ − X∗Y ∗

(1 +X∗)2 +
2γY ∗

X∗

}
+ φY ∗ (σ − 1)

(
−ηX∗ +

X∗Y ∗

(1 +X∗)2

)
+

{
φY ∗ (σ − 1)− 1

}{
− φγ (σ − 1)Y ∗2

X∗

(
1 + ηX∗ − X∗Y ∗

(1 +X∗)2

)
− 2αγY ∗

X∗
+ 4ηγY ∗

+
2γY ∗2

X∗ (1 +X∗)2 +
γY ∗2

X∗ (1 +X∗)

}
,

σ3 =

{
−φγ (σ − 1)Y ∗2

X∗
+ ηX∗ − X∗Y ∗

(1 +X∗)2 +
2γY ∗

X∗

}{
−φγ (σ − 1)Y ∗2

X∗(
1 + ηX∗ − X∗Y ∗

(1 +X∗)2

)
− 2αγY ∗

X∗
+ 4ηγY ∗ +

2γY ∗2

X∗ (1 +X∗)2 +
γY ∗2

X∗ (1 +X∗)

}
−φγ (σ − 1)Y ∗2

X∗

(
−ηX∗ +

X∗Y ∗

(1 +X∗)2

)
.

Due to the complex form of A, B, and C, it is pretty unlikely to find an explicit parametric

condition for which all those conditions are satisfied. However, through simulations, the

result is obtained that there exists some threshold value of β, say β = β1 such that for

0 < β < β1, all A, C and AB − C are positive, and as β passes through β1, then AB − C

becomes negative. Hence, it is concluded that for β∗ < β < min
{
β∗∗, β1

}
, E3 is locally

stable. At β > min
{
β∗∗, β1

}
, E3 is unstable and at β = β1, AB − C vanishes.

Now in the following theorem, we derive the condition for existence of small amplitude

periodic oscillations for variation of parameters of the system (2.2).

Theorem 2.1

The necessary and sufficient condition for existence of Hopf-bifurcation is that there exists

a β = β1 such that A(β1) > 0, B(β1) > 0, C(β1) > 0, ψ(β1) = AB − C = 0, and

df
dβ
|β=β1 6= 0.
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Proof

To prove the existence of Hopf-bifurcation, at first we show that the characteristic polynomial

has one real and two purely imaginary roots at β = β1 (Rai et al., 1983).

Here, AB − C = σ1β
2 + σ2β + σ3.

Now

σ1β
2 + σ2β + σ3 = 0 has one positive root β1 such that A(β1)B(β1) − C(β1) = 0. Let us

consider the real root is ρ(β1) = u(β1) + iv(β1).

We know that u(β1) = 0. We have to show du
dβ
|β=β1 6= 0.

Now since ρ(β1) is a root of equation (2.4), So, it satisfies (2.4).

So, we get

(u+ iv)3 + A(u+ iv)2 +B(u+ iv) + C = 0.

Now separating the real and imaginary parts, we get

u3 − 3uv2 + Au2 − Av2 +Bu+ C = 0,

3u2v − v3 + 2Auv +Bv = 0. (2.5)

Let us consider β is in the neighbourhood of β1. Then (2.5) has a solution such that v(β1) 6= 0

iff v2 = 3u2 + 2Au+B, which gives

8u3 + 8Au2 + 2(A2 +B)u+ AB − C = 0. (2.6)

Equation (2.5) has a root u(β) such that u(β) = 0 iff A(β1)B(β1)−C(β1) = 0, which implies

σ1β
2
1 + σ2β1 + σ3 = 0.

Now at β = β1, u(β1) = 0 is the only root, since 12u2 + 8Au+ (A2 +B) = 0 has no real root.

Again, it is seen that v(β1) =
√
B(β1) holds.

Our aim is to show du
dβ
|β=β1 6= 0.
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Now from (2.6), we get

24u2 du
dβ

+ 16Au du
dβ

+ 8dA
dβ
u2 + 2(A2 +B) du

dβ
+ 2u(2AdA

dβ
+ dB

dβ
)u+ 2σ1β + σ2 = 0.

At β = β1, using u(β1) = 0, we get

du
dβ
|β=β1 = −(2σ1β1+σ2)

2(A2(β1)+B(β1))
6= 0. This completes the proof of the lemma.

2.4.3 Criteria for non-constant large amplitude periodic solutions

When AB − C is negative, then the characteristic equation (2.4) has one real negative

root and two complex roots with a positive real part. Then, E3 is locally unstable. Now

using the stable manifold theorem (Hale, 1969), we can say that a one-dimensional stable

manifold and a two- dimensional unstable manifold exist at E3. We have already shown that

there exists a bounded invariant domain < ⊂ R3
+. Now, to know the exact location of the

stable manifold, and to describe the flow of trajectories of the system through octant in the

positively invariant bounded set < ⊂ R3
+, we use the method of sub-boxes. To do that, we

divide < into eight octants as follows(see Figure 2.1)

I =
{

(X, Y, Z) : ε1 ≤ X ≤ X∗, 0 ≤ Y ≤ Y ∗, 0 ≤ Z ≤ Z∗
}
,

II =
{

(X, Y, Z) : X∗ ≤ X ≤ α

η
, 0 ≤ Y ≤ Y ∗, 0 ≤ Z ≤ Z∗

}
,

III =
{

(X, Y, Z) : X∗ ≤ X ≤ α

η
, Y ∗ ≤ Y ≤ αβ

ηγ
, 0 ≤ Z ≤ Z∗

}
,

IV =
{

(X, Y, Z) : ε1 ≤ X ≤ X∗, Y ∗ ≤ Y ≤ αβ

ηγ
, 0 ≤ Z ≤ Z∗

}
,

V =
{

(X, Y, Z) : ε1 ≤ X ≤ X∗, 0 ≤ Y ≤ Y ∗, Z∗ ≤ Z ≤ L

m
− ε1

}
,

V I =
{

(X, Y, Z) : X∗ ≤ X ≤ α

η
, 0 ≤ Y ≤ Y ∗, Z∗ ≤ Z ≤ L

m
− ε1

}
,

V II =
{

(X, Y, Z) : X∗ ≤ X ≤ α

η
, Y ∗ ≤ Y ≤ αβ

ηγ
, Z∗ ≤ Z ≤ L

m
− ε1

}
,

V III =
{

(X, Y, Z) : ε1 ≤ X ≤ X∗, Y ∗ ≤ Y ≤ αβ

ηγ
, Z∗ ≤ Z ≤ L

m
− ε1

}
,
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Figure 2.1: Rectangular region < is divided into eight sub-boxes as defined in the
text.

where ε1 <
(α−η)−

√
(α−η)2+4αη(1− β

ηγ )
2η

.

Lemma 2.2

The eigenvector associated with the negative real eigenvalue of the Jacobian matrix at E3,

points into the boxes IV and V I.
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Proof

Let λ1 denote the unique real negative eigenvalue. Then, the vector (x, y, z)T must satisfy

[
α− 2ηX∗ − Y ∗

(1 +X∗)2
− λ1

]
x =

X∗

1 +X∗
y.

γY ∗2

X∗2
x+

{
β − 2γY ∗

X∗
− Z∗φe−φY ∗ − λ1

}
y =

1

σ
z.

φσZ∗e−φY
∗
y = λ1z. (2.7)

From the last equation of (2.7), we get that y and z are opposite signs.

Now α− 2ηX∗ − Y ∗

(1+X∗)2
= X∗

[
Y ∗

(1+X∗)2
− η
]
.

Now let

Y ∗ > η(1 +X∗)2

⇒ 0 >
√

(α + η)2 − 4ηY ∗

⇒ 0 > (α + η)2 − 4ηY ∗,

which can not be possible.

So, α− 2ηX∗ − Y ∗

(1+X∗)2
< 0.

So from (6.3), it can be seen that x and y are opposite signs when β − 2γY ∗

X∗
−Z∗φe−φY ∗ > 0

for β > β1 and λ1 > α− 2ηX∗− Y ∗

(1+X∗)2
. So, assuming these conditions we can say that the

eigenvector associated with λ1 < 0 points into the boxes IV and V I.

Lemma 2.3

Any positive solution of the system (2.2) except those on the stable manifold must eventually

start oscillations according to the following sequence:

I → II → III → V II → V III → V →.
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Proof

Let Fij denote the face between the boxes i and j. For the reason of the symmetry properties

of boxes, we consider the trajectory that starts on face F23, and we will show that the

trajectory intersects the face F58, excluding point E3. We have seen that on F23, Ẏ > 0, and

on F37, Ż > 0. So, it can be concluded that the trajectory does not return to II or III.

Since the trajectory can not tend to E3 from V II, it must intersect F78. On the face F78,

we get Ẋ < 0. So, we can say that the trajectory enters into box V III. On the face F58,

Ẏ < 0 . So, the trajectory enters into the box V . On the face F15, Ż < 0. So, the trajectory

enters the box I. Hence, the lemma is proved.

2.5 Numerical simulation and discussions

In this section, we perform some simulations to validate our analytical findings. We have

done it using MATLAB-R2017a and the standard MATLAB differential equations integrator

for Runge-Kutta method, i.e., MATLAB routine ODE 45. We have done it for a set of pa-

rameter values. For this purpose, we take α = 5, η = 0.2, φ = 1, σ = 1.005, γ = 0.92. Using

this set of parameter values, we get the value of β∗ = 0.2038, β∗∗ = 5.1212, and β1 = 0.4229.

So, min
{
β∗∗, β1

}
= β1 = 0.4229. Thus, for β∗ < β < β1, the system is locally asymptoti-

cally stable around the interior equilibrium E3 and when β > β1, then the system is unstable.

Figure 2.2 shows the solution curve of the system (2.2) around the interior equilibrium

E3 when β∗ < β < β1, and the phase portrait of the system (2.2) is shown in Figure 2.3.

Figure 2.4 shows the oscillatory behaviour for detritus, micro-organism pool, and inverte-

brate predator population around E3 for β = 0.5 > β1. In Figure 2.5, we plot the phase

portrait of the system for β = 0.5 > β1, which shows the periodic orbit around E3.
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Figure 2.2: Globally asymptotically stable steady-state around E3 for same initial
values for α = 5, β = 0.4, γ = 0.92, φ = 1, η = 0.2, and σ = 1.005.
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Figure 2.3: Globally asymptotically stable steady-state around E3 for same initial
values for α = 5, β = 0.4, γ = 0.92, φ = 1, η = 0.2, and σ = 1.005.

In Figure 2.6, we set the value of β = β1 = 0.4229, and there exists a small amplitude
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Figure 2.4: Oscillatory behaviour of the system (2.2) for same initial values for
α = 5, β = 0.5, γ = 0.92, φ = 1, η = 0.2, and σ = 1.005.
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Figure 2.5: existence of periodic orbit for same initial values for α = 5, β = 0.5,
γ = 0.92, φ = 1, η = 0.2, and σ = 1.005.
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Figure 2.6: Hopf-bifurcating small-amplitude periodic solution for same initial
values for α = 5, β = 0.4229, γ = 0.92, φ = 1, η = 0.2, and σ = 1.005.
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Figure 2.7: Hopf-bifurcating small-amplitude periodic solution for same initial
values for α = 5, β = 0.4229, γ = 0.92, φ = 1, η = 0.2, and σ = 1.005.

trait of Hopf-bifurcation with small amplitude periodic oscillation around E3 for the same

parameter values. Through the numerical simulation, it is shown that the parameter β plays

30

periodic oscillation which leads to Hopf-bifurcation whereas Figure 2.7 shows the phase por-

an important role in shaping the dynamic behaviour of the model system (2.2).



2.6 Conclusions

We know that mangrove forests are very rich ecosystems due to the formation of detritus

in the Sundarban estuary. Therefore, the formation of detritus from the litter of mangrove

forests is significant since it plays a crucial role in maintaining the nutrient level of the

estuary. In this study, we consider the mathematical model, which is completely based on

some realistic situations from the viewpoint of biology. The general dynamical behavior of

a homogeneous model of a detritus-based ecosystem comprised of a micro-organism pool

and invertebrate predators with a deterministic environment is discussed. Here, The loss

of detritus is assumed to follow the Holling type-II functional response, and the uptake

function considered for the invertebrate predator is the Ivlev-type function. This uptake

function has a dense ecological interpretation. It shows the complex nature of the model

system, which leads us to some complicated mathematical results that are realistic from the

ecological point of view. In the study, we derive the conditions of global attractor, periodic

orbit, and Hopf-bifurcation under certain conditions. Here, we can see that the growth rate

of the micro-organism pool acts as a bifurcation parameter, and it is an important factor

that can affect the stability of the mangrove ecosystem. This study provides an overall view

of the detritus-based food chain in the Sundarban estuary.
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Chapter 3

Qualitative Analysis of
Micro-Organism Pool and its
Invertebrate Predator with Discrete
Time-Delay in Sundarban Estuary,
India ∗

3.1 Introduction

One of the greatest natural wonders of the global estuarine ecology is the Sundarban.

It is a large mangrove forest located at the seaside of the Bay of Bengal. The main part of

Sundarban is situated in Bangladesh, and the remaining part is located in India (about 4000

km2). Sundarban estuarine complex is an important ecosystem, especially for its unique

estuarine feature of the World’s largest coastal mangrove forest. In this estuary, mangrove

forest plays a very significant role in keeping the ecological balance of this estuary. The

main sources of nutrients in this estuary are the litter from several mangroves, including B.

gymnorhiza, Avicennia Sp., Heritiera Sp., Exocaria Sp., Sonneratia Sp.. Mangrove leaves

fall to the ground, where they are decomposed by a variety of micro-organisms, including

bacteria, fungus, and specific protozoa. In this region, tidal flow happens twice daily. The

leaf detritus is transported to the nearby estuary by the tidal wave, which also regulates

∗Chapter based on the paper published in Bull. Cal. Math. Soc., Volume 114, Number 6 (2022), pp.
919-942
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the ecosystem’s total production. These micro-organisms offer a source of food for a variety

of invertebrates found in the Sundarban ecosystem, including nematodes and some insect

larvae, particularly chironomide. The detritus food chain is maintained by a very large quan-

tity of nutrients and decomposition of organic matter. A lot of analytical studies have been

done on detritus-based ecosystems in the estuarine system (Bandyopadhyay et al., 2003; Das

and Ray, 2008; Gazi and Bandyopadhyay, 2006; Sarkar et al., 1991). The current study is

based on the construction of a deterministic mathematical model of an invertebrate predator,

micro-organism pool and its non-spatial detritus source.

The Ivlev-type response function is used in this model to represent the functional response

of the invertebrate predators (Kooij and Zegeling, 1996; Wang et al., 2010). The relationship

between predation rate (i.e., no of micro-organisms eaten per invertebrate predator per unit

of time) and micro-organism density is termed as the functional response. Here, the Ivlev-

type response function has a major influence on the dynamics of Sundarban estuary. This

function has negative curvature over the whole prey range. With the use of a basic nonlin-

ear mathematical model consisting of invertebrate predators and micro-organisms based on

detritus, we can describe the dynamics of the ecosystem.

In reality, it is observed that when a predator feeds on any prey, some time is needed for the

digestion of food. There are two main types of delays in reality: gestation delay and matura-

tion delay. Our addition of a gestation delay to the invertebrate predator’s growth equation

makes the model more realistic. There are many authors who have included time delays in

prey-predator models in biological systems (Das and Ray, 2008; Gazi and Bandyopadhyay,

2006; Jana et al., 2012; Liu et al., 2016; Thingstad and Langeland, 1974). Hutchinson (1984)

first used delay in a logistic differential equation.

The current investigation has been conducted in a sequential manner as outlined below:

Section 3.2 focuses on the fundamental assumptions and construction of the model. The

existence of equilibrium point is covered in Section 3.3. Section 3.4 encompasses the con-
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dition of the solutions being bounded, as discussed by Sarkar et al. (1991) and Ghosh and

Sarkar (1997). Section 3.5 provides an explanation of the local behaviour shown by the

various equilibria of the system at a local level. This section also includes the concept of

system permanence, as discussed by Hofbauer (1981) and Hutson and Vickers (1983). The

system’s global behaviour and the existence of periodic solutions resulting from Hopf bi-

furcation around the interior equilibrium are the main topics of Section 3.6. Roy et al.

(2016) and Sarwardi et al. (2012) have both investigated this subject. In the absence of a

time delay, this section also addresses the existence of a limit cycle for different values of

the system parameters. We looked at the delay model in section 3.7 and showed how the

dynamics of the population are affected by gestation delay. We have also calculated the

length of time delay required to preserve stability in section 3.8. In section 3.9, the effects of

different system parameters on the delayed and non-delayed systems are analyzed through

numerical simulations. In section 3.10, we have finally clarified and examined the results of

our research.

3.2 Formulation of model

Here, we examine a mathematical model of a non-spatial detritus based micro-organism and

its invertebrate predator as follows:

dx

dt
= x(a1 − bx).

dy

dt
= y

(
a2 −

cy

bx

)
− gz

{
1− exp(−ey)

}
.

dz

dt
= z

[
−m+ g

{
1− exp(−ey)

}]
, (3.1)

considering the following initial conditions:
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x(0) = x0 > 0, y(0) = y0 > 0 and z(0) = z0 > 0, where x, y, and z represent the biomass

of the detritus, the biomass of the micro-organisms, and the biomass of the invertebrate

predators at time t respectively. e represents the hunting success. All of the system’s

parameters are thought to be positive. Here, a2 represents the prey species’ growth rate, a2b
c

their carrying capacity and g is the invertebrate predator’s food conversion efficiency rate.

It is considered that the growth of micro-organisms follows donor-controlled type function,

while the growth of detritus follows logistic growth. In this instance, the predator’s functional

response is interpreted as an Ivlev-type response function. For mathematical simplicity, we

consider the following non-dimensional system with the help of the following transformations:

x = mX
b

, y = Y
e

, z = mZ
eg

, t = T
m

.

Subsequently, the model system (3.1) becomes

dX

dT
= X(α−X).

dY

dT
= Y

(
β − γY

X

)
− Z

{
1− exp(−Y )

}
.

dZ

dT
= Z

[
− 1 + σ

{
1− exp(−Y )

}]
, (3.2)

where α = a1
m

, β = a2
m

, γ = c
em2 , σ = g

m
.

3.3 Equilibria and their feasibility

There exists only one axial equilibrium E1(α, 0, 0) and one planar equilibrium point E2(α, αβ
γ
, 0).

The interior equilibrium of the system (3.2) is given by E3(X∗, Y ∗, Z∗), where X∗ = α,

Y ∗ = ln( σ
σ−1

), Z∗ = σ ln( σ
σ−1

)
[
β − γ

α
ln( σ

σ−1
)
]
.

We may observe that, under the following criteria, the interior equilibrium E3(X∗, Y ∗, Z∗)

is feasible:

(i) σ > 1, (ii) γ < αβ
Y ∗

= γ∗(say).
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3.4 Boundedness

The following lemma proves that the system’s solutions are bounded.

Lemma 3.1

There are uniformly bounded solutions for system (3.2).

Proof

Suppose S(T ) = X + σY + Z. Now

dS

dT
=
dX

dT
+ σ

dY

dT
+
dZ

dT

≤ αX −X2 + σβY − σγY 2

X
− Z

≤ αX −X2 − Z − σγ
(

Y√
X
− β

γ

√
X

)2

+
σβ2

γ
X − βσY

≤ 2αX −X2 +
σβ2

γ
X − αX − βσY − Z

≤ −m1S(T ) + 2αX −X2 +
σβ2

γ
X. (3.3)

Let F (X) = 2αX − ηX2 + σβ2

γ
X, then F has maximum value

Fmax =
(

2α + σβ2

γ

){
α− 1

4

(
2α + σβ2

γ

)
+ σβ2

2γ

}
at X = 1

2

(
2α + σβ2

γ

)
.

Hence, it follows that dS
dT

+m1S(T ) ≤ Fmax,

where m1 = min
{
α, β, 1

}
.

which implies

S(T ) ≤ Fmax + e−m1TS(X(0), Y (0), Z(0)).

Hence, lim sup
T→∞

S(T ) ≤ Fmax
m1

.

Hence, the lemma is proved.
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Theorem 3.1

If β > max

{
√
γ,

γ ln( σ
σ−1)
α

}
, then the system (3.2) is permanent.

Proof

We will prove the permanence of the system (3.2) by forming the ’average Lyapunov function’

as elaborated by Hofbauer (1981) and Hutson and Vickers (1983).

In our model, we consider the average Lyapunov function of the form

φ(E) = Xr1Y r2Zr3 ,

where φ(E) is a non-negative C1 function in R3
+ and each ri is positive. Then

η(E) =
φ̇(E)

φ(E)

= r1
Ẋ

X
+ r2

Ẏ

Y
+ r3

Ż

Z

= r1(α−X) + r2

(
β − γY

X

)
− Z

Y

{
1− exp(−Y )

}
+ r3

[
− 1 + σ

{
1− exp(−Y )

}]
.

From local behaviour, it is clear that there is no periodic trajectory in the boundary planes.

Therefore, we can say that the system (3.2) is permanent if there exists ri > 0 (i = 1, 2, 3)

such that η(Ej) > 0, j = 1, 2. Now

η(E1) = r2β − r3,

η(E2) = r2

(
β − γ

β

)
− r3

[
−1 + σ

{
1− exp

(
−αβ
γ

)}]
.

Therefore, we can find at least one positive r = (r1, r2, r3) such that η(E1) > 0 and η(E2) > 0,

if β > max

{
√
γ,

γ ln( σ
σ−1)
α

}
. Hence, the theorem is proved.
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3.5 Stability analysis of the system

Let Jk be the Jacobian matrices at the equilibrium points Ek, where k = 1, 2, 3. The

eigenvalues of the Jacobian matrix J1 are −α, β,−1. So, E1 is stable in the X and Z

directions and unstable in the Y direction.

The eigenvalues of the Jacobian matrix J2 are −α,

1
2

−{β + 1− σ
(

1− e−
αβ
γ

)}
+

√{
β + 1− σ

(
1− e−

αβ
γ

)}2

− 4β

{
1− σ

(
1− e−

αβ
γ

)},

1
2

−{β + 1− σ
(

1− e−
αβ
γ

)}
−

√{
β + 1− σ

(
1− e−

αβ
γ

)}2

− 4β

{
1− σ

(
1− e−

αβ
γ

)}.

So, E2 is stable in the X direction and stable or unstable in the Y Z plane according to the

conditions: σ > 1−β(
1−e−

αβ
γ

) or σ < 1−β(
1−e−

αβ
γ

) .

The characteristic equation corresponding to E3 is

(−α− λ)
[
λ2 + λ

{
− β +

2γY ∗

α
+ Z∗e−Y

∗}
+ σZ∗e−Y

∗
(1− e−Y ∗)

]
= 0

⇒ (−α− λ)
[
λ2 + Aλ+B

]
= 0,

where

A = −β +
2γY ∗

α
+ Z∗e−Y

∗
,

B = σZ∗e−Y
∗
(1− e−Y ∗).

If A > 0 and B > 0, we can conclude that the interior equilibrium E3(X∗, Y ∗, Z∗) is locally

asymptotically stable.

Here, B > 0 is always true.

Now A > 0 if the condition

γ >
αβ
[
1− (σ − 1)Y ∗

]
Y ∗
[
2− (σ − 1)Y ∗

] = γ∗∗(say) (3.4)
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holds, i.e., under condition (3.4), the populations do not go to extinction.

3.6 Global stability analysis

It is observed that when T →∞, the biomass of the detritus will reach its maximum value

α, i.e.,

lim
T→∞

sup X(T ) = α.

This case is not only true analytically but also in real situations in the Sundarban estuary.

The biomass of detritus tends to a particular value, regardless of the species’ original popu-

lation. Therefore, studying the global behavior of the system’s two-dimensional subsystem

suffices. The subsystem in two dimensions is provided by

dY

dT
= Y

(
β − γY

X

)
− Z

{
1− exp(−Y )

}
.

dZ

dT
= Z

[
− 1 + σ

{
1− exp(−Y )

}]
. (3.5)

Now we will show that under the condition (3.4), the equilibrium point E3 is a global attractor

in the positive octant.

Theorem 3.2

If γ >
αβ
[

1−(σ−1)Y ∗
]

Y ∗
[

2−(σ−1)Y ∗
] = γ∗∗, then the subsystem (3.5) is globally asymptotically stable.

39



Proof

Assume that Γ can represent any periodic orbit in the positive Y Z plane around (Y ∗, Z∗).

∆ =

∫
Γ

div(Ẏ , Ż)dT

=

∫
Γ

(
β − 2γY

α
− Ze−Y − 1 + σ − σe−Y

)
dT

=

∫
Γ

(
1− e−Y

)
FY dT, (3.6)

where F =
Y (β− γYα )

1−e−Y is the prey isocline Ẏ = 0.

Assuming that E3 is locally stable when γ > γ∗∗, and applying the Rozenzueig and MacArthur

conditions (Freedman, 1980), FY < 0. Hence, ∆ < 0. This creates a contradiction because,

according to the Poincare criteria (Conway and Smoller, 1986), any periodic orbit Γ in the

positive Y Z plane is stable. Consequently, there isn’t a periodic orbit on the positive Y Z

plane around (Y ∗, Z∗). For this reason, the system (3.2) is globally asymptotically stable at

point E3(X∗, Y ∗, Z∗).

Theorem 3.3

Around the equilibrium point E3(X∗, Y ∗, Z∗) in the positive octant, there exists at least one

stable limit cycle if γ <
αβ
[

1−(σ−1)Y ∗
]

Y ∗
[

2−(σ−1)Y ∗
] = γ∗∗.

Proof

The equilibrium point E3(X∗, Y ∗, Z∗) is unstable if γ < γ∗∗. Since FY > 0, we can determine

that ∆ > 0 using theorem 3.1. It is now possible to declare any periodic orbit to be stable

by applying the Poincare criteria (Conway and Smoller, 1986). Thus, in the positive octant,

there is at least one stable limit cycle around the equilibrium point E3(X∗, Y ∗, Z∗).
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Theorem 3.4

A Hopf-bifurcating small amplitude periodic solution occurs at E3(X∗, Y ∗, Z∗) if

γ =
αβ
[

1−(σ−1)Y ∗
]

Y ∗
[

2−(σ−1)Y ∗
] = γ∗∗. We therefore draw the conclusion that, upon reaching a critical

value for the micro-organism pool’s loss rate, the biomass of the micro-organism pool, and

the number of invertebrate predators fluctuate with little amplitudes around the steady state

E3(X∗, Y ∗, Z∗).

Proof

To prove this theorem, we have to show that the conditions of Hopf-bifurcation are satisfied.

If γ = γ∗∗, then A = 0, where

A = −β +
2γY ∗

α
+ Z∗e−Y

∗
.

Then the roots of the equation λ2 +Aλ+B = 0 are purely imaginary, namely ±
√
Bi, where

B = σz∗e−Y
∗
(1− e−Y ∗) = Z∗

(σ − 1)

σ
.

Also, we have
[
d(Realλ)

dγ

]
γ=γ∗∗

= 2Y ∗

α
|γ=γ∗∗ = 2

α
ln σ

(σ−1)
6= 0.

Thus, every requirement for a Hopf-bifurcation is met. Consequently, periodic solutions with

little amplitudes exist close to E3(X∗, Y ∗, Z∗). Thus, the theorem is established.

3.7 Qualitative analysis of the delay Model

In this part, we include a discrete time delay τ , assuming that it takes some time τ for

the food conversion. Thus, we take into account a gestation delay τ in the invertebrate

predator’s uptake function term. Consequently, we have a modified version of the system
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(3.1) in the form of a delay differential equation model.

dx

dt
= x(a1 − bx).

dy

dt
= y

(
a2 −

cy

bx

)
− gz

{
1− exp(−ey)

}
.

dz

dt
= z

[
−m+ g

{
1− exp(−e(y − τ))

}]
. (3.7)

The non-dimensional model of the above system becomes as follows:

dX

dT
= X(α−X).

dY

dT
= Y

(
β − γY

X

)
− Z

{
1− exp(−Y )

}
.

dZ

dT
= Z

[
− 1 + σ

{
1− exp(−Y (T − τ))

}]
, (3.8)

where α, β, γ, σ are the same as described in section 3.2, and τ ≥ 0.

Let us assume that P ≡ P (T ), Q ≡ Q(T ), and R ≡ R(T ) are small deviations from the

equilibrium values X∗, Y ∗, and Z∗, respectively, in order to linearize the above system (3.8)

about the equilibrium point E3.

Now we substitute X = X∗ + P , Y = Y ∗ + Q, and Z = Z∗ + R, and we get the linearized

system as follows :

dP

dT
= a11P.

dQ

dT
= a21P + a22Q+ a23R.

dR

dT
= a32Q(T − τ), (3.9)

where a11, a21, a22, a23, a32 are as follows: a11 = −X∗, a21 = γY ∗2

X∗2
,

a22 = β − 2γY ∗

X∗
− Z∗e−Y ∗ , a23 = −(1− e−Y ∗), a32 = σZ∗e−Y

∗
.
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The characteristic equation of the system (3.9) is given by

∆(λ, τ) = λ3 + λ2(−a11 − a22) + λ(a11a22 − a23a32e
−λτ ) + a11a23a32e

−λτ = 0

=⇒ ∆(λ, τ) = λ3 + pλ2 + qλ+ r(θ − λ)e−λτ = 0, (3.10)

where p = −a11 − a22, q = a11a22, r = a23a32, θ = a11.

Assuming that the interior equilibrium point’s existence criteria are met, we now examine

two scenarios.

Case 1. When τ = 0.

This case is already discussed earlier.

Case 2. When τ 6= 0.

Let us put λ = µ+ iω in the characteristic equation (3.10), where µ and ω are the functions

of τ .

Thus, the characteristic equation becomes

∆(λ, τ) = (µ+ iω)3 + p(µ+ iω)2 + q(µ+ iω) + r[θ − (µ+ iω)]e−(µ+iω)τ = 0. (3.11)

Now separating real and imaginary parts, we get

µ3 − 3µω2 + p(µ2 − ω2) + qµ+ re−µτ [(θ − µ)cosωτ − ωsinωτ ] = 0,

and

−ω3 + 3µ2ω + 2pµω + qω + re−µτ [−ωcosωτ − (θ − µ)sinωτ ] = 0. (3.12)

Now to satisfy the necessary and sufficient condition of Hopf-bifurcation of the interior

equilibrium point, the characteristic equation should possess purely imaginary roots. To get
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that, we put µ(τ) = 0, and ω(τ) 6= 0 in the system of equations (3.12), and we obtain

−pω2 + rθcosωτ − rωsinωτ = 0,

−ω3 + qω − rθsinωτ − rωcosωτ = 0. (3.13)

Eliminating sinωτ and cosωτ from the above equation (3.13), we get

ω6 + (p2 − 2q)ω4 + (q2 − r2)ω2 − r2θ2 = 0. (3.14)

Putting ω2 = Ω, we get

Ω3 + (p2 − 2q)Ω2 + (q2 − r2)Ω− r2θ2 = 0. (3.15)

Now regardless of the sign of the coefficients of Ω2 and Ω, the equation (3.15) always has at

least one positive root.

Let the root be ω∗.

So, from the system of equations (3.13), we get the critical value of the delay parameter τ ,

i.e.,

τ̂ =
1

ω∗
arctan

[
θq − pω∗2 − θω∗2

ω∗(q + pθ − ω∗2)

]
+
nπ

ω∗
, n = 0, 1, 2, 3, ....

If we choose n = 0, we get smallest value of τ̂ denoted by τ̂ 0, where

τ̂ 0 =
1

ω∗
arctan

[
θq − pω∗2 − θω∗2

ω∗(q + pθ − ω∗2)

]
.

We must differentiate equation (3.10), in order to validate the transversality criterion of

Hopf-bifurcation (Hassard et al., 1981).
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Thus, we get (
dλ

dτ

)−1

=
3λ2 + 2pλ+ q

−λ(λ3 + pλ2 + qλ)
− 1

λ(θ − λ)
− τ

λ
.

Thus,

[
d(Reλ)

dτ

]−1

τ=τ̂0
= Re

(
dλ

dτ

)−1

τ=τ̂0

= Re

[
−3ω∗2 + 2pω∗i+ q

−iω∗(−ω∗3i− pω∗2 + qω∗i)
− 1

iω∗(θ − iω∗)
− τ

iω∗

]
=

2ω∗6 + ω∗4(3θ2 − 2q + p2) + ω∗2(2p2θ2 − 4qθ2) + q2θ2

ω∗2
[
(−ω∗2 + q)

2
+ p2ω∗2

]
[ω∗2 + θ2]

=
H(ω∗, θ, p, q)(say)

ω∗2
[
(−ω∗2 + q)

2
+ p2ω∗2

]
[ω∗2 + θ2]

.

Now

Sign

[
d(Reλ)

dτ

]
τ=τ̂0

= Sign

[
d(Reλ)

dτ

]−1

τ=τ̂0

= SignH(ω∗, θ, p, q).

Now 3θ2 − 2q + p2 = 4a2
11 + a2

22 > 0(always),

and 2p2θ2 − 4qθ2 = 2a2
11(a2

11 + a2
22) > 0(always).

Thus, we get Sign
[
d(Reλ)
dτ

]
τ=τ̂0

6= 0.

Lemma 3.2

For all non-negative values of τ , the interior equilibrium point E3(X∗, Y ∗, Z∗) is locally

asymptotically stable provided the following necessary and sufficient conditions are met.

(a) Assuming τ = 0, the interior equilibrium point E3(X∗, Y ∗, Z∗) remains stable.

(b) There are no purely imaginary roots in characteristic equation (3.10).

We derive the following theorem 3.5 from the above discussions.
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Theorem 3.5

The interior equilibrium point E3(X∗, Y ∗, Z∗) is unstable for τ > τ̂ 0 and stable for τ < τ̂ 0.

As τ approaches τ̂ 0, it experiences a Hopf-bifurcation.

3.8 Estimation for the length of delay to preserve the

stability

In this part, we calculate the approximate value of the length of delay τ to maintain stability

of the system. First, we make the assumption that the equilibrium E3(X∗, Y ∗, Z∗) is locally

asymptotically stable in the absence of delay, and all of the eigenvalues of the characteristic

equation (3.10) have negative real parts for sufficiently small values of τ > 0. Therefore,

without losing generality, we can state that no eigenvalue with a positive real component

bifurcates from infinity (sometimes it might be seen in retarded system (Sarkar et al., 1990)).

By using Nyquist criteria (Thingstad and Langeland, 1974), we derive the length of time

delay. For this, we assume that all the variables used in our model are continuous in (τ,∞).

Our linearized model:

dP

dT
= a11P.

dQ

dT
= a21P + a22Q+ a23R.

dR

dT
= a32Q(T − τ), (3.16)

where a11, a21, a22, a23, a32 are already described.

Let P̄ (s), Q̄(s), R̄(s) are the Laplace transformations of P , Q, and R.
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So, from the above-linearized system, we get

(s− a11)P̄ = P (0),

(s− a22)Q̄ = a21P̄ + a23R̄ +Q(0),

sR̄(s) = a32[Q̄(s) +K(s)]e−sτ +R(0), (3.17)

where K(s) =
∫ 0

−τ Q(T )e−sTdT .

Solving (3.17), we get

R̄(s) = F (s,τ,a11,a21,a22,a32)
s3+ps2+qs+r(θ−s)e−sτ ,

where F = a21a32e
−sτP (0) + (s− a11)a32e

−sτQ(0) + (s− a11)(s− a22)a32e
−sτK(s)

+ (s− a11)(s− a22)R(0).

Let E(s) = s3 + ps2 + qs+ r(θ − s)e−sτ ,

which is the same as the characteristic equation (3.10).

Using Nyquist Criteria (Thingstad and Langeland, 1974), we say that in the presence of

delay, the equilibrium E3(X∗, Y ∗, Z∗) is locally asymptotically stable, provided the following

criteria are met.

ImE(iv0) > 0, ReE(iv0) = 0, (3.18)

where v0 is the smallest positive root of the equation ReE(iv) = 0.

Now E(iv) = −iv3 − pv2 + qvi+ rθcosvτ − irθsinvτ − irvcosvτ − vrsinvτ .

Using (3.18), we get

−v0
3 + qv0 > rθsinv0τ + rv0cosv0τ ,

and

pv0
2 = rθcosv0τ − rv0sinv0τ .

47



Also,

−v3 + qv > rθsinvτ + rvcosvτ , (3.19)

and

pv2 = rθcosvτ − rvsinvτ . (3.20)

To find the maximum value of v say v+, we use the conditions that |cosvτ | ≤ 1 and

|sinvτ | ≤ 1. Using (3.20), we get

pv2 ≤ r(θ + v). (3.21)

Taking the equal sign, we get

pv2 − rθ − rv = 0. (3.22)

the eqaution (3.22) has a unique positive root say v+ ≥ v0.

Thus, we get v+ = 1
2p

[
r +

√
r2 + 4prθ

]
.

Again from (3.19), we get

v2 < q − rcosvτ − rθ

v
sinvτ . (3.23)

Using (3.20) and (3.23), we get

r
p
[θcosvτ − vsinvτ ] < q − rcosvτ − rθ

v
sinvτ

⇒
∣∣∣−(r + rθ

p

)∣∣∣ (1− cosvτ) +
∣∣∣( rθv − rv

p

)∣∣∣ sinvτ < q +
∣∣∣−(r + rθ

p

)∣∣∣ = η1(say).

Using trigonometric inequalities 1− cosvτ ≤ 1
2
v2τ 2 and sinvτ ≤ vτ , we get

M(v, τ)(say) ≤
∣∣∣−(r + rθ

p

)∣∣∣ 1
2
v2τ 2 +

∣∣∣( rθv − rv
p

)∣∣∣ vτ ≡ N(v, τ)(say), where

M(v, τ) =

∣∣∣∣−(r +
rθ

p

)∣∣∣∣ (1− cosvτ) +

∣∣∣∣(rθv − rv

p

)∣∣∣∣ sinvτ .
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So, M(v, τ) ≤ N(v, τ) ≤ N(v, τ+).

Now if N(v, τ) < η1, then N(v, τ)− cη1 = 0, where 0 < c < 1. Then we get

Aτ 2 +Bτ − cη1 = 0, (3.24)

where A = 1
2
v+

2
∣∣∣−(r + rθ

p

)∣∣∣, B = v+
2
∣∣∣( rθ

v+2 − r
p

)∣∣∣.
Let τ+ be the positive root of (3.24).

So, τ+ = 1
2A

[−B +
√
B2 + 4Acη1], which is the required maximum length of time delay τ to

maintain the stability of the system.

3.9 Numerical simulation and discussions

Numerical simulations have been performed using MATLAB-R 2016a to comprehend the

dynamics of the qualitative study, and all analytical results have been confirmed as indicated

in the figures. We used the default MATLAB differential equations integrator for Runge-

Kutta technique for the simulations. We employ a set of acceptable system parameter values

in this numerical representation of the system (3.2) to validate our theoretical findings.

In consideration of the equilibrium points’ feasibility criteria, we have selected a range of

parameter values, including α = 3.5, β = 1.5, σ = 1.05. Also we have chosen the values of γ

by using the following conditions:

(i)γ >
αβ
[
1− (σ − 1)Y ∗

]
Y ∗
[
2− (σ − 1)Y ∗

] = γ∗∗,

(ii)γ < γ∗∗,

(iii)γ = γ∗∗.

The system (3.2) has equilibrium point E3(3.5, 3.04, 2.29), for the set of parameter values.

In Figure 3.1, we set the value of γ = 0.9, and we have shown the steady state of the detritus
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Figure 3.1: Stable state of the system (3.8) around E3 for α = 3.5, β = 1.5,
σ = 1.05, γ = 0.9 when τ = 0: (a) Time series plot, (b) Phase diagram plot.
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Figure 3.2: Chaotic solution of the system (3.8) around E3 for α = 3.5, β = 1.5,
σ = 1.05, γ = 0.7 when τ = 0: (a) Time series plot, (b) Phase diagram plot.
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Figure 3.3: Hopf-bifurcation diagram of the model system (3.8) around E3 for
α = 3.5, β = 1.5, σ = 1.05, γ = 0.79 when τ = 0: (a) Time series plot, (b) Phase
diagram plot.
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Figure 3.4: Stable state of the system (3.8) around E3 for α = 3.5, β = 1.5,
σ = 1.05, γ = 0.9 when τ = 1.5: (a) Time series plot, (b) Phase diagram plot.
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Figure 3.5: Chaotic solution of the system (3.8) around E3 for α = 3.5, β = 1.5,
σ = 1.05, γ = 0.9 when τ = 1.9: (a) Time series plot, (b) Phase diagram plot.
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Figure 3.6: Hopf-bifurcation diagram of the model system (3.8) around E3 for
α = 3.5, β = 1.5, σ = 1.05, γ = 0.9 when τ = 1.6804: (a) Time series plot, (b)
Phase diagram plot.
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biomass. We also observed that at first the population of micro-organism pool oscillates with

small amplitude and the oscillation gradually decreases as the time increases and the prey

population attains its steady state value. The same picture is seen for predator population.

Thus, through these figures, it is seen that the system (3.2) is globally asymptotically stable

which proved the theoretical finding of global stability analysis.

We now select the value of γ = 0.7 in Figure 3.2. The system’s instability is depicted in

this figure. In this figure, the detritus maintains its steady state, but the prey and predator

populations exhibit a huge amplitude oscillation with increasing time, which results a limit

cycle.

We have now fixed the value of γ to 0.79. Figure 3.3 illustrates Hopf-bifurcation with small

amplitude periodic oscillation around the interior equilibrium point.

We obtain the values of ω∗ = 0.3081 and the critical value of τ , that is, τ̂ 0 = 1.6804, for the

same set of parameter values. Using τ = 1.5 in Figure 3.4, we have demonstrated that the

system is stable when τ < τ̂ 0 = 1.6804.

In Figure 3.5, we take the value of τ = 1.9, and it is seen that the system is unstable for

τ > τ̂ 0 = 1.6804 and thus, a limit cycle is formed. We use τ = τ̂ 0 = 1.6804 in Figure 3.6

to demonstrate the existence of small-amplitude Hopf-bifurcating periodic oscillations. The

numerical simulation reveals that, out of all the parameters, the system parameter γ and

the time-delay τ are the most crucial in illustrating the system dynamics in the Sundarban

estuarine ecosystem.

3.10 Conclusions

The main findings of this research align with the widely accepted ecological concepts. It is

clear that the mangrove forest’s litter biomass is essential to preserving the detritus food

chain. This study will contribute an overall idea to understand the dynamics of mangrove
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ecosystem in general. We have demonstrated in this study that the functional response is a

key factor in determining how the model behaves. In real situation, same sort of functional

response can be seen in Sundarban estuary. The Sundarban Estuary’s ecology is known to

exhibit a variety of stable behaviours throughout time, some of which are constant, oscilla-

tory, reach a fixed point, or exhibit other types of behaviour. The criteria for the presence of

the global attractor, the limit cycle, and the Hopf-bifurcation under specific circumstances

are derived in this chapter. One may argue that the Sundarban Estuary exhibits the same

dynamic activity in real life as well. Thus, the analysis deepens our knowledge of how the

functional response of an invertebrate predator shapes the dynamics of this detritus based

prey-predator ecosystem. It is also demonstrated here that the ecosystem’s dynamics are

significantly impacted by the discrete time-delay. When the delay parameter passes its crit-

ical value τ̂ 0, it even destabilises the stable equilibrium point E3(X∗, Y ∗, Z∗), resulting in

Hopf-bifurcating periodic oscillations with little amplitude. A limit cycle forms as a result

of the instability.
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Chapter 4

Dynamical Complexity of a
Detritus-Based Predator-Prey Model
with Multiple Time Delays in
Sundarban Mangrove Ecosystem,
India ∗

4.1 Introduction

Sundarban mangrove forest has an incredible ecosystem that allows us to study its rich

dynamics. Several authors have done their works based on the diverse characteristics of

this forest and the adjacent estuary (Das et al., 2015; Mukhopadhyay et al., 2010; Murmu

and Sarkar, 2020; Sarkar and Ghosh, 1997; Thakur et al., 2017). Our study proposes a

detritus-based predator-prey mathematical model, where mangrove leaves of different species

like Heritiera, Avicennia, Sonneratia, and Exocaria are the prime fount of detritus. The

decomposition process forms this detritus with the help of several micro-organisms present

in the soil (Bandyopadhyay et al., 2003; Dash, 2001; Sarkar and Ghosh, 1997). The detritus

is also created by recycling the dead bodies of various invertebrate predators in the ground.

Several insect larvae, especially chironomidae and nematodes, are seen in the ecosystem as

invertebrate predators. The micro-organism pool acts as the prey in this food chain and

∗Chapter based on the paper presented at International Conference on Mathematical Modelling and
Emerging Trends in Computing (ICMMETC-2023), School of Technology, Woxsen University, Hyderabad,
India. This paper is accepted for publication in conference Proceedings
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consumes its nutrients from the detritus. Here, invertebrate predators live on the food taken

from the micro-organism pool (Joint, 1978; Sarkar and Ghosh, 1997). Several authors have

already worked on detritus-based models on different conditions and prospects. Vetter (1998)

studied the detritus-based model in the Southern California Submarine canyon ecosystem.

Charles (1993) studied a model in which detritus was formed by two macrophytes such as

Cytoseira mediteranca and Posidonia oceanica. Faust and Gulledge (1996) assumed a model

where detritus was formed from microalgae. Linley and Adams (1997), Linley (1968), and

Ray and Choudhury (1998) examined some models where detritus was mainly formed from

the dead bodies of certain insect larvae by the recycling process. Sarkar et al. (1991) studied

a model where the primary source of detritus was the plant litter of several mangrove trees

in the Sundarban mangrove forest.

In any prey-predator system, the uptake function plays an essential part in building the

system dynamics. For an extended period, many researchers have shown their interest in

various kinds of response functions like Holling type-I (Li et al., 2021; Seo and DeAngelis,

2003; Seo and Kot, 2008), Holling type-II (Alsakaji et al., 2021; Das and Gazi, 2011; Huang

et al., 2018; Molla et al., 2019; Zhou et al., 2019), Holling type-III (Agarwal and Pathak,

2012; Ghosh and Sarkar, 1997; Gonzlez-Olivares, 2011; Huang et al., 2006; Majumdar, 2022),

Holling type-IV (Agarwal and Pathak, 2017; Datta et al., 2019; Liu and Huang, 2020), Ivlev

type (Kooij and Zegeling, 1996; Liu et al., 2016; Murmu and Sarkar, 2020; Wang et al.,

2010), Crowley Martin (Gazi and Das, 2010; Maiti et al., 2019; Panja, 2021; Santra et al.,

2020; Thakur et al., 2020), Beddington-Deangelis (Haque, 2012; Pal and Mandal, 2014; Pal

et al., 2019; Cantrell and Cosner, 2001; Hwang, 2003), Hassell-Varley (Hsu et al., 2008;

Xu and Li, 2015), suitable for their field of research. In our work to sustain invertebrate

predators, the Ivlev type response function which is a prey-dependent functional response,

is incorporated into the growth equation of invertebrate predators. Another critical factor

in any prey-predator dynamical system is the time delay. Some delays usually exist in any
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system. Ignoring time delay means ignoring reality. A few time delays, especially maturation,

gestation, and hunting, can be seen in any natural ecosystem (Banerjee and Takeuchi, 2017;

Dubey et al., 2020; Gazi and Das, 2010; Haque et al., 2011; Hu and Huang, 2010; Kundu and

Maitra, 2018; Maiti et al., 2019; Thakur et al., 2020). These delays affect the stability of the

system. It transforms any steady ecosystem into an unstable ecosystem by creating a limit

cycle, Hopf-bifurcating periodic oscillations. For an ordinary differential equation system, the

characteristic equation is linear, whereas, for a delay-induced system of differential equations,

the characteristic equation is exponential or quasi-exponential, leading to more complicated

dynamics. Hutchinson first applied delay in the logistic differential equation (Hutchinson et

al., 1948). Many prosperous works on time lag have been noticed in recent years in many

research papers and articles (Banerjee and Takeuchi, 2017; Dubey et al., 2020; Gazi and Das,

2010; Hu and Huang, 2010; Kundu and Maitra, 2018; Maiti et al., 2019; Thakur et al., 2020).

In many articles, the delays used in the prey and predator growth equation are supposed

to be equal (Xie et al., 2015; Xu and Li, 2015; Yan and Li, 2006; Yan and Zhang, 2008).

However, the fact is that these delays may not always be the same. Two different valued

discrete time delays have been taken for our model’s prey and predator growth equation.

This paper contains the following works sequentially: In section 4.2, model formulation is

carried out, assuming some basic assumptions. Section 4.3 consists of the equilibrium points

and their feasibility. Section 4.4 describes the system’s non-negativity and boundedness.

Section 4.5 includes the system’s dynamic behavior without time delay. Section 4.6 outlines

the delay model, and the consequence of delay on the system has been discussed here. In

section 4.7, numerical simulations are accomplished based on some parameter values. Finally,

in section 4.8, the outcomes of our study have been explained.
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4.2 Model formulation

Here, we construct a deterministic model as follows:

dx1

dt
= x1(a− bx1)− hx1y1

k + x1

+ k1mz1.

dy1

dt
= y1

(
c− dy1

bx1

)
− qz1

{
1− e−fy1

}
.

dz1

dt
= z1

[
−m+ q

{
1− e−fy1

}]
, (4.1)

where

x1(0) = x10 > 0, y1(0) = y20 > 0 and z1(0) = z30 > 0, and

x1 = biomass of detritus,

y1 = biomass of micro-organism,

z1 = biomass of invertebrate predator,

a = detritus’s growth rate,

c = micro-organism pool’s growth rate,

bc
d

= carrying capacity of micro-organism pool,

q = rate of conversion of food of invertebrate predator,

m = invertebrate predator’s normal death rate,

k1m = detritus recycle rate after the death of invertebrate predator,

f = hunting success.

Here, the growth of detritus is assumed to follow a logistic type growth equation, and a micro-

organism dependent uptake function i.e., Ivlev-type is considered for predator. For simplicity,

we convert our system into a non-dimensional system using the following transformations:

x1 = kX, y1 = mkY
h

, z1 = km2Z
qh

, t = T
m

.
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Then (4.1) converted into

dX

dT
= X

{
(α− βX)− Y

1 +X

}
+ γZ.

dY

dT
= Y

(
η − ξY

X

)
− Z

{
1− e−σY

}
.

dZ

dT
= Z

[
− 1 + φ

{
1− e−σY

}]
. (4.2)

Here, α = a
m

, β = bk
m

, γ = k1m, η = c
m

, ξ = d
bh

, φ = q
m

, σ = fmk
h

.

4.3 Equilibria and their stability

There exists three equilibria as follows:

(i)E1(α
β
, 0, 0),

(ii)E2(X1, Y1, 0), in which

X1 =
(α−β)+

√
ξ2(α−β)2−4ξβ(η−αξ)

2β
, Y1 = η

ξ

(α−β)+
√
ξ2(α−β)2−4ξβ(η−αξ)

2β
.

(iii)E3(X1
∗, Y1

∗, Z1
∗), in which

Y1
∗ = 1

σ
ln( φ

φ−1
).

It is pretty challenging to find the exact value of X1
∗ and Z1

∗, but we find a polynomial of

X, which is as follows:

β (1− exp(−σY ))X4 + (1− exp(−σY )) (β − α)X3 −
{
α (1− exp(−σY )) + ηξY

}
X2

+
(
ξγY 2 − ηξY

)
X + (1− exp(−σY ))Y + ξγY 2 = 0.

Here, α > β and (1− exp(−σY )) > 0.

So, the coefficient of X4 is positive and the coefficient of X3 is negative. So, there exists

minimum one positive real root, say X1
∗. So,

Z1
∗ = 1

(1−exp(−σY1∗))

{
Y1
∗
(
η − ξY1

∗

X1
∗

)}
.
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E2(X1, Y1, 0) is feasible when ξ > η
α

, and E3(X1
∗, Y1

∗, Z1
∗) exists when

(a) φ > 1, (b) Y1
∗ < η

ξ
X1
∗.

4.4 Non-negativity and boundedness

Let R+ = positive real numbers’ set. From the model system (4.2), the functions of right

hand side can be written as f = (f1, f2, f3), where

f1 = X

{
(α− βX)− Y

1+X

}
+ γZ,

f2 = Y
(
η − ξY

X

)
− Z

{
1− exp(−σY )

}
,

f3 = Z
[
− 1 + φ

{
1− exp(−σY )

}]
.

Here, it is clear that f ∈ C1(R3
+), where R3

+ =
{

(X, Y, Z) ∈ R3 : X ∈ R+, Y ∈ R+, Z ∈ R+

}
.

So, the function f : R3
+ → R3 satisfies the Lipschitz condition on R3

+. So, the fundamental

theorem of existence and uniqueness states that there is a unique solution for the system

(4.2).

Now, Ẋ|X=0 = γZ ≥ 0. So, X(T ) ≥ 0 ∀ T ≥ 0. Also, Ẏ |Y=0 ≥ 0 and Ż|Z=0 ≥ 0. So,

Y (T ) ≥ 0 ∀ T ≥ 0 and Z(T ) ≥ 0 ∀ T ≥ 0.

The following lemma gives the proof of boundedness.

Lemma 4.1

The system (4.2) possesses uniformly bounded solutions.
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Proof

Suppose W (T ) = X + φY + Z.

dW

dT
=
dX

dT
+ φ

dY

dT
+
dZ

dT

≤ αX − βX2 + γZ + φηY − φξY 2

X
− Z

≤ αX − βX2 − (1− γ)Z − φξ
(

Y√
X
− η

ξ

√
X

)2

+
φη2

ξ
X − φηY

≤ 2αX − βX2 +
φη2

ξ
X − αX − φηY − (1− γ)Z

≤ −m1W (T ) + 2αX − βX2 +
φη2

ξ
X. (4.3)

Let F (X) = 2αX − βX2 + φη2

ξ
X, then F has maximum value Fmax = α

β

(
2α + φη2

ξ

)
− 1

4β

(
2α + φη2

ξ

)2

+ φη2

2ξβ

(
2α + φη2

ξ

)
at X = 1

2β

(
2α + φη2

ξ

)
.

Hence, it follows that dW
dT

+m1W (T ) ≤ Fmax,

where m1 = min
{
η, α, (1− γ)

}
,

which implies

W (T ) ≤ Fmax + e−m1TW (X(0), Y (0), Z(0)).

Hence, lim sup
T→∞

W (T ) ≤ Fmax
m1

.

Hence, the lemma is proved.

4.5 System’s dynamical behaviour without time delay

At E1, the variational matrix has three eigenvalues which are −α, η, −1. So in the X and

Z directions, E1 is stable and in the Y direction, it is unstable.

At E2, the characteristic equation of the variational matrix is

[
− 1 + φ

(
1− e−σY1

)
− λ
] [
λ2 + P1λ+Q1

]
= 0,
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where

P1 = −α + 2βX1 +
Y1

(1 +X1)2
− η +

2ξY1

X1

,

Q1 =

(
η − 2ξY1

X1

){
α− 2βX1 −

Y1

(1 +X1)2

}
+

ξX1
2

X1(1 +X1)
.

So, in the XY plane, the equilibrium E2(X1, Y1, 0) is stable when P1 and Q1 are both positive

and stable in the the Z-direction when Y1 < Y1
∗.

At E3, the variational matrix has the characteristic equation as follows:

λ3 + Aλ2 +Bλ+ C = 0,

where

A = −
[{

α− 2βX1
∗ − Y1

∗

(1 +X1
∗)2

}
+

{
η − 2ξY1

∗

X1
∗ − Z1

∗σe−σY1
∗
}]

,

B =

[{
α− 2βX1

∗ − Y1
∗

(1 +X1
∗)2

}
+

{
η − 2ξY1

∗

X1
∗ − Z1

∗σe−σY1
∗
}

+σZ1
∗e−σY1

∗
+

X1
∗

1 +X1
∗
ξY1

∗2

X1
∗2

]
,

C = −σZ1
∗e−σY1

∗
{
α− 2βX1

∗ − Y1
∗

(1 +X1
∗)2

}
− γξY1

∗2

X1
∗2 σφZ1

∗e−σY1
∗
.

Using Routh-Hurwitz Criterion, we can say that if A > 0, C > 0, and AB − C > 0,

E3(X1
∗, Y1

∗, Z1
∗) is locally stable.

4.6 Analysis of the model with time delay

Here, two non-negative gestation time delays τ1, and τ2 have been introduced into the system

(4.1).
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Then the system (4.1) turns into a system which is as follows:

dx1

dt
= x1(a− bx1)− hx1y1

k + x1

+ k1mz1.

dy1

dt
= y1

(
c− dy1(t− τ1)

bx1(t− τ1)

)
− qz1

{
1− e−fy1

}
.

dz1

dt
= z1

[
−m+ q

{
1− e−fy1(t−τ2)

}]
. (4.4)

The non-dimensional model of the system (4.4) becomes as follows:

dX

dT
= X

{
(α− βX)− Y

1 +X

}
+ γZ.

dY

dT
= Y

(
η − ξY (T − τ1)

X(T − τ1)

)
− Z

{
1− e−σY

}
.

dZ

dT
= Z

[
− 1 + φ

{
1− e−σY (T−τ2)

}]
, (4.5)

where α, β, γ, η, ξ, σ, φ are same as described in section (4.2), and τ1 ≥ 0, τ2 ≥ 0.

To linearize the above system (4.5), let us consider the small perturbations P ≡ P (T ),

Q ≡ Q(T ), and R ≡ R(T ) about X1
∗, Y1

∗, and Z1
∗ respectively.

Substituting X = X1
∗ + P , Y = Y1

∗ +Q and Z = Z1
∗ +R in (4.5), we get

dP

dT
= a11P + a12Q+ a13R.

dQ

dT
= a21P (T − τ1) + a22Q(T − τ1) + a22′Q+ a23R.

dR

dT
= a32Q(T − τ2), (4.6)

where

a11 = α− 2βX1
∗ − Y1

∗

(1+X1
∗)2

, a12 = − X1
∗

1+X1
∗ , a13 = γ, a21 = ξY1

∗2

X1
∗2 , a22 = − ξY1

∗

X1
∗ ,

a22′ = −σZ1
∗e−σY1

∗
+
(
η − ξY1

∗

X1
∗

)
, a23 = −(1− e−σY1∗), a32 = σφZ1

∗e−σY1
∗
.
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The variational matrix of the system (4.6) has the characteristic equation as follows:

λ3 + λ2
(
θ + ρe−λτ1

)
+ λ

(
ψe−λτ2 + re−λτ1 + σ1

)
+ σ2e

−λτ2 + σ3e
−λτ1e−λτ2 = 0, (4.7)

where θ = −a11 − a22′ , ρ = −a22, ψ = −a23a32, r = a11a22 − a12a21, σ1 = a11a22′ ,

σ2 = a11a23a32, σ3 = −a13a21a32.

Now we consider six cases, assuming that the existence conditions of E3(X1
∗, Y1

∗, Z1
∗) are

satisfied.

Case 1. τ1 = τ2 = 0.

Then the system (4.5) reduces to the system (4.2). In section (4.5), we have already discussed

about the system’s stability.

Case 2. When τ1 exists positively and τ2 = 0.

If τ1 > 0 and τ2 = 0, then (4.7) turns into

(
λ3 + θλ2 + (ψ + σ1)λ+ σ2

)
+
(
ρλ2 + rλ+ σ3

)
e−λτ1 = 0. (4.8)

Let the equation (4.8) has a root iω1, where ω1 > 0. Thus,

−ω1
2θ −

(
ρω1

2 − σ3

)
cosω1τ1 + ω1rsinω1τ1 + σ2 = 0,

and

−ω1
3 +

(
ω1

2ρ− σ3

)
sinω1τ1 + ω1 (φ+ σ1) + ω1rcosω1τ1 = 0. (4.9)

This leads to

ω1
6 +ω1

4
[
θ2− 2 (ψ + σ1)− ρ2

]
+ω1

2
[

(ψ + σ1)2− 2θσ2− r2 + 2ρσ3

]
+ σ2

2− σ3
2 = 0. (4.10)
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Let the equation (4.10) has one positive root, say ω1
∗. Now substituting ω1

∗ into the equation

(4.9), we get

τ̂1 =
1

ω1
∗ arctan

[
θrω1

∗3 − σ2ω1
∗r +

(
ρω1

∗2 − σ3

)
ω1
∗3 −

(
ρω1

∗2 − σ3

)
ω1
∗ (ψ + σ1)

ω1
∗4r − ω1

∗2r (ψ + σ1)− (ρω1
∗2 − σ3)ω1

∗2θ + σ2 (ρω1
∗2 − σ3)

]
+
nπ

ω1
∗ ,

n = 0, 1, 2, 3, ....

If we choose n = 0, we get the smallest value of τ̂1 denoted by τ̂1
0, where

τ̂1
0 =

1

ω1
∗ arctan

[
θrω1

∗3 − σ2ω1
∗r +

(
ρω1

∗2 − σ3

)
ω1
∗3 −

(
ρω1

∗2 − σ3

)
ω1
∗ (ψ + σ1)

ω1
∗4r − ω1

∗2r (ψ + σ1)− (ρω1
∗2 − σ3)ω1

∗2θ + σ2 (ρω1
∗2 − σ3)

]
.

Now the equation (4.8) is differentiated with respect to τ1, and we obtain

(
dλ

dτ1

)−1

= − 3λ2 + 2θλ+ (ψ + σ1)

λ (λ3 + θλ2 + (ψ + σ1)λ+ σ2)
+

(2ρλ+ r)

λ (ρλ2 + rλ+ σ3)
− τ1

λ
.

Thus, we get

[
d(Reλ)

dτ1

]−1

τ1=τ̂1
0

= Re

(
dλ

dτ1

)−1

τ1=τ̂1
0

= Re

[
+3ω1

∗2 − 2θω1
∗i− (ψ + σ1)

iω1
∗
{
−ω1

∗3i− θω1
∗2 + (ψ + σ1)ω1

∗i+ σ2

} +
2ρω1

∗i+ r

iω1
∗ (−ρω1

∗2 + rω1
∗i+ σ3)

− τ1

iω1
∗

]

=
W1 (ω1

∗, ψ, θ, ρ, r, σ1, σ2, σ3)[{
ω3 − (ψ + σ1)ω

}2
+ (σ2 − θω2)2

] ,
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where

W1 (ω1
∗, ψ, θ, ρ, r, σ1, σ2, σ3)

=
{

+ 3ω1
∗2 − (ψ + σ1)

}{
ω1
∗2 − (ψ + σ1)

}{
r2ω1

∗2 +
(
σ3 − ρω1

∗2)2 }
= −2θ

(
σ2 − θω1

∗2) {r2ω1
∗2 +

(
σ3 − ρω1

∗2)2 }
+
{
− r2 + 2ρ

(
σ3 − ρω1

∗2) }
=
[{
ω1
∗3 − (ψ + σ1)ω1

∗}2
+
(
σ2 − θω1

∗2)2
]
.

Since,

Sign

[
d(Reλ)

dτ1

]
τ1=τ̂1

0

= Sign

[
d(Reλ)

dτ1

]−1

τ1=τ̂1
0

= Sign
{
W1 (ω1

∗, ψ, θ, ρ, r, σ1, σ2, σ3)
}
,

so, Sign
[
d(Reλ)
dτ1

]
τ1=τ̂1

0
6= 0, as W1 (ω1

∗, ψ, θ, ρ, r, σ1, σ2, σ3) 6= 0.

So, the transversality condition of (4.8) is satisfied. Thus, the following theorem can be

obtained.

Theorem 4.1

Let E3 (X1
∗, Y1

∗, Z1
∗) be feasible and locally asymptotically stable without time delay. In

the system (4.5), when among two delay parameters τ1 and τ2, only τ1 exists positively and

τ2 does not exist, then ∃ τ1 = τ̂1
0, such that E3 (X1

∗, Y1
∗, Z1

∗) is locally asymptotically stable

or unstable for τ1 < τ̂1
0 or τ1 > τ̂1

0 respectively. At τ1 = τ̂1
0, There exists a Hopf-bifurcation,

provided W1 (ω1
∗, ψ, θ, ρ, r, σ1, σ2, σ3) 6= 0.

Case 3. τ1 = 0, τ2 > 0.
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In this case, from (4.7) we get

λ3 + (θ + ρ)λ2 + (r + σ1)λ+ (ψλ+ σ2 + σ3) e−λτ2 = 0. (4.11)

Let us consider the equation (4.11) has a root iω2, where ω2 is positive. Then we have

ω2
2ψ2sin2ω2τ2 + (σ2 + σ3)2 cos2ω2τ2 + 2ω2ψ (σ2 + σ3) cosω2τ2sinω2τ2 = ω2

4 (θ + ρ)2 , (4.12)

and

ω2
2ψ2cos2ω2τ2 + (σ2 + σ3)2 sin2ω2τ2 − 2ω2ψ (σ2 + σ3) sinω2τ2cosω2τ2

= ω2
6 + (r + σ1)2 ω2

2 − 2ω2
4 (r + σ1) . (4.13)

From (4.12) and (4.13), eliminating sin (ω2τ2) and cos (ω2τ2), we have

ω2
6 + ω2

4
[
(θ + ρ))2 − 2 (r + σ1)

]
+ ω2

2
[
(r + σ1)2 − ψ2

]
− (σ2 + σ3)2 = 0. (4.14)

Let ω2
2 = Ω2. Then we have

Ω2
3 + Ω2

2
[
(θ + ρ)2 − 2 (r + σ1)

]
+ Ω2

[
(r + σ1)2 − ψ2

]
− (σ2 + σ3)2 = 0. (4.15)

From the Routh-Hurtz criterion, we can conclude that the Equation (4.15) has always at

least one positive root, say ω2
∗.

Thus, we get

τ̂2 =
1

ω2
∗ arctan

[
ω2
∗2ψ (θ + ρ)− ω2

∗2 (σ2 + σ3) + (r + σ1) (σ2 + σ3)

ω2
∗3ψ − (r + σ1)ω2

∗ψ + ω2
∗ (θ + ρ) (σ2 + σ3)

]
+
nπ

ω2
∗ , n = 0, 1, 2, 3, ....
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Choosing n = 0, we get the smallest value of τ̂2 denoted by τ̂2
0, where

τ̂2
0 =

1

ω2
∗ arctan

[
ω2
∗2ψ (θ + ρ)− ω2

∗2 (σ2 + σ3) + (r + σ1) (σ2 + σ3)

ω2
∗3ψ − (r + σ1)ω2

∗ψ + ω2
∗ (θ + ρ) (σ2 + σ3)

]
.

Now (
dλ

dτ2

)−1

= − 3λ2 + 2 (θ + ρ)λ+ (r + σ1)

λ
{
λ3 + (θ + ρ)λ2 + (r + σ1)λ

} +
ψ

λ (ψλ+ σ2 + σ3)
− τ2

λ
.

Thus, finally we get

[
d(Reλ)

dτ2

]−1

τ2=τ̂2
0

= Re

(
dλ

dτ2

)−1

τ2=τ̂2
0

= Re

[
− −3ω2

∗2 + 2 (θ + ρ)ω2
∗i+ (r + σ1)

iω2
∗
{
− ω2

∗3i− (θ + ρ)ω2
∗2 + (r + σ1)ω2

∗i
} +

ψ

iω2
∗ (ψω2

∗i+ σ2 + σ3)
− τ2

iω2
∗

]

=
W2 (ω2

∗, ψ, θ, ρ, r, σ1, σ2, σ3)

ω2
∗2
[{
ω2
∗2 − (r + σ1)

}2
+ (θ + ρ)2 ω2

∗2
] {
ψ2ω2

∗2 + (σ2 + σ3)2 } ,
where

W2 (ω2
∗, ψθ, ρ, r, σ1, σ2, σ3) = 2ψ2ω2

∗6 + ω2
∗4 [3 (σ2 + σ3)2 − 2 (r + σ1)ψ2 + (θ + ρ)2 ψ2

]
+ ω2

∗2 [−4 (r + σ1) (σ2 + σ3)2 + 2 (θ + ρ)2 (σ2 + σ3)2]+ (r + σ1)2 (σ2 + σ3)2.

Since

Sign

[
d(Reλ)

dτ2

]
τ2=τ̂2

0

= Sign

[
d(Reλ)

dτ2

]−1

τ2=τ̂2
0

= Sign
{
W2 (ω2

∗, ψ, θ, ρ, r, σ1, σ2, σ3)
}
,

so, if
{
W2 (ω2

∗, ψ, θ, ρ, r, σ1, σ2, σ3)
}
6= 0, then Sign

[
d(Reλ)
dτ2

]
τ2=τ̂2

0
6= 0,

which satisfies the transversality condition of (4.11).

The above discussions generate the following theorem.
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Theorem 4.2

Let E3 (X1
∗, Y1

∗, Z1
∗) be locally asymptotically stable when the feasibility conditions of the

existence of E3 (X1
∗, Y1

∗, Z1
∗) are satisfied and the delay parameters τ1 = 0 and τ2 = 0.

In the system (4.5), when among two delay parameters τ1 and τ2, only τ2 exists positively

and τ1 does not exist, then ∃ τ2 = τ̂2
0, such that E3 (X1

∗, Y1
∗, Z1

∗) is locally asymptotically

stable (or unstable) for τ2 < τ̂2
0 (or τ2 > τ̂2

0), and there exists a Hopf-bifurcation at τ2 = τ̂2
0,

provided W2 (ω1
∗, ψ, θ, ρ, r, σ1, σ2, σ3) 6= 0.

Case 4. τ1 = τ2 = τ 6= 0.

In this situation, the equation (4.7) becomes

λ3 +
(
θ + ρe−λτ

)
λ2 +

(
ψe−λτ + re−λτ + σ1

)
λ+ σ2e

−λτ + σ3e
−2λτ = 0. (4.16)

Multiplying by eλτ , (4.16) becomes

eλτλ3 +
[
ρλ2 + (ψ + r)λ+ σ2

]
+ e−λτσ3 + eλτλ (λθ + σ1) = 0. (4.17)

Putting λ = iω3 (ω3 > 0), we get

sinω3τ
(
ω3

3 − ω3σ1

)
+ cosω3τ

(
σ3 − ω3

2θ
)

= ρω3
2 − σ2,

and

−sinω3τ
(
σ3 + ω3

2θ
)
− cosω3τ

(
ω3

3 − ω3σ1

)
= − (φ+ r)ω3, (4.18)

which leads to

ω3
12 + A1ω3

10 +B1ω3
8 + C1ω3

6 +D1ω3
4 + E1ω3

2 + F1 = 0, (4.19)
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where

A1 = (−4σ1 + 2θ2 − ρ2),

B1 = 6σ1
2 + θ4 − 4θ2σ1 + 2ρ2σ1 + 2ρσ2 − ρ2θ2 − (ψ + r)2,

C1 = −2σ3
2 + σ1

2 (2θ2 − ρ2 − 4σ1)− σ2
2 − 4ρσ1σ2 + (ψ + r)2 (2σ1 − θ2)

+ 2ρθ(σ2θ − ρσ3) + 6ρσ3 (ψ + r),

D1 = σ1
2 (σ1

2 + 2ρσ2) + σ3
2 (4σ1 − 2θ2 − ρ2) + σ2

2 (2σ1 − θ2)− 4σ3 (ψ + r) (ρσ1 + σ2)

+ 4ρσ2σ3θ + (ψ + r)2 (2σ3θ − σ1
2),

E1 = −2σ1
2σ3

2 − σ1
2σ2

2 − (ψ + r)2 σ3
2 + 4σ1σ2σ3 (ψ + r) + 2ρσ2σ3

2 − 2σ2
2σ3θ,

F1 = −σ2
2σ3

2 + σ3
4.

Let ω3
2 = Ω3. Then (4.19) becomes

Ω3
6 + A1Ω3

5 +B1Ω3
4 + C1Ω3

3 +D1ω3
2 + E1Ω3 + F1 = 0. (4.20)

The equation (4.20) possesses minimum one positive root if F1 < 0. Let the root be ω3
∗.

Substituting ω3
∗ into (4.18), we get

τ̂3 =
1

ω3
∗ arccos

[(
ρω3

∗2 − σ2

) (
σ3 + ω3

∗2θ
)
− (ψ + r)ω3

∗2 (ω3
∗2 − σ1

)
(σ3 − ω3

∗2θ) (σ3 + ω3
∗2θ)− (ω3

∗3 − ω3
∗σ1)

2

]
+

2n1π

ω3
∗ ,

n1 = 0, 1, 2, 3, ....

If n1 = 0, we get the smallest value of τ̂3 denoted by τ̂3
0, where

τ̂3
0 =

1

ω3
∗ arccos

[(
ρω3

∗2 − σ2

) (
σ3 + ω3

∗2θ
)
− (ψ + r)ω3

∗2 (ω3
∗2 − σ1

)
(σ3 − ω3

∗2θ) (σ3 + ω3
∗2θ)− (ω3

∗3 − ω3
∗σ1)

2

]
.
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Putting λ = µ1 + iv1 in (4.16), we get

eµ1τcosv1τ
(
µ1

3 − 3µ1v1
2
)
− eµ1τsinv1τ

(
3µ1

2v1 − v1
3
)

+ ρ
(
µ1

2 − v1
2
)

+ (ψ + r)µ1

+σ2 + e−µ1τσ3cosv1τ + (µ1e
µ1τcosv1τ − v1e

µ1τsinv1τ) (µ1θ + σ1)

− (µ1e
µ1τsinv1τ + v1e

µ1τcosv1τ) v1θ = 0, (4.21)

and

eµ1τcosv1τ
(
3µ1

2v1 − v1
3
)

+ eµ1τsinv1τ
(
µ1

3 − 3µ1v1
2
)

+ 2ρµ1v1 + (ψ + r) v1

−e−µ1τσ3sinv1τ + (µ1e
µ1τsinv1τ + v1e

µ1τcosv1τ) (µ1θ + σ1)

+ (µ1e
µ1τcosv1τ − v1e

µ1τsinv1τ) v1θ = 0. (4.22)

When τ = τ̂3
0, µ1(τ̂3

0) = 0 and v1 6= 0, from (4.21) and (4.22), we get

P0

[
dµ1

dτ

]
τ=τ̂3

0

+Q0

[
dv1

dτ

]
τ=τ̂3

= R0,

−Q0

[
dµ1

dτ

]
τ=τ̂3

0

+ P0

[
dv1

dτ

]
τ=τ̂3

= S0, (4.23)

where

P0 = −3v1
2cosv1τ̂3

0 + v1
3τsinv1τ̂3

0 + (ψ + r)− σ3τcosv1τ̂3
0 − v1θsinv1τ̂3

0

+ σ1cosv1τ̂3
0 − σ1v1τsinv1τ̂3

0 − v1θsinv1τ̂3
0 − v1

2θτcosv1τ̂3
0,

Q0 = 3v1
2sinv1τ̂3

0 + v1
3τ̂3

0cosv1τ̂3
0 − 2ρv1 − σ3τ̂3

0sinv1τ̂3
0 − σ1v1τ̂3

0cosv1τ̂3
0

− σ1sinv1τ̂3
0 + v1

2θτ̂3
0sinv1τ̂3

0 − 2v1θcosv1τ̂3
0,

R0 = −v1
4cosv1τ̂3

0 + σ3v1sinv1τ̂3
0 + σ1v1

2cosv1τ̂3
0 − v1

3θsinv1τ̂3
0,

S0 = σ3v1cosv1τ̂3
0 + σ1v1

2sinv1τ̂3
0 + v1

3θcosv1τ̂3
0 − v1

4sinv1τ̂3
0.

From (4.23), we get[
dµ1
dτ

]
τ=τ̂3

0 = P0R0−Q0S0

P0
2+Q0

2 .
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Now if P0R0 − Q0S0 6= 0,
[
dµ1
dτ

]
τ=τ̂3

0 6= 0, which is the required transversality condition of

(4.16).

Thus, we can obtain the following theorem.

Theorem 4.3

Let E3 (X1
∗, Y1

∗, Z1
∗) be locally asymptotically stable when the feasibility conditions of the

existence of E3 (X1
∗, Y1

∗, Z1
∗) are satisfied and the delay parameters τ1 = 0 and τ2 = 0. Then

in the system (4.5), when both the delay parameters τ1 and τ2 exist positively and are equal

such that τ1 = τ2 = τ , then ∃ τ = τ̂3
0, such that E3 (X1

∗, Y1
∗, Z1

∗) is locally asymptotically

stable (or unstable) for τ ∈
(
0, τ̂3

0
)

(or τ > τ̂3
0). Also, there exists a Hopf-bifurcation at

τ = τ̂3
0, provided P0R0 −Q0S0 6= 0.

Case 5. τ1 > 0, τ2 ∈
[
0, τ̂2

0
)
, and τ1 6= τ2.

In this case, the characteristic equation (4.7) becomes

λ3 + θλ2 +
(
ψe−λτ2 + σ1

)
λ+ σ2e

−λτ2 +
(
ρλ2 + rλ+ σ3e

−λτ2
)
e−λτ1 = 0. (4.24)

Putting λ = iω4 (ω4 > 0) into (4.24), we get

sinω4τ1 (ω4r − σ3sinω4τ2) + cosω4τ1

(
−ρω4

2 + σ3cosω4τ2

)
= ω4

2θ − σ2cosω4τ2 − ψω4sinω4τ2, (4.25)

and

−sinω4τ1

(
−ρω4

2 + σ3cosω4τ2

)
+ cosω4τ1 (ω4r − σ3sinω4τ2)

= ω4
3 − ω4σ1 − ω4ψcosω4τ2 + σ2sinω4τ2, (4.26)
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which leads to

ω4
6 + ω4

4
(
θ2 − 2σ1 − 2ψcosω4τ2 − ρ2

)
+ ω4

3 (−2ψθsinω4τ2 + 2σ2sinω4τ2)

+ω4
2
(
ψ2 − 2σ2θcosω4τ2 + σ1

2 + 2σ1ψcosω4τ2 + 2ρσ3cosω4τ2 − r2
)

+ω4 (−2σ1σ2sinω4τ2 + 2σ3rsinω4τ2) +
(
σ2

2 − σ3
2
)

= 0. (4.27)

Without loss of generality, let the equation (4.27) has a positive solution for ω4, say ω4
∗.

Thus, we get

τ1 =
1

ω4
∗ arctan

[
U1

V1

]
+
nπ

ω4
∗ , n = 0, 1, 2, 3, ....,

where

U1 = (ω4
∗r − σ3sinω4

∗τ2)
(
ω4
∗2θ − σ2cosω4

∗τ2 − ψω4
∗sinω4

∗τ2

)
−
(
−ρω4

∗2 + σ3cosω4
∗τ2

)
(
ω4
∗3 − ω4

∗σ1 − ω4
∗ψcosω4

∗τ2 + σ2sinω4
∗τ2

)
,

V1 = (ω4
∗r − σ3sinω4

∗τ2)
(
ω4
∗3 − ω4

∗σ1 − ω4
∗ψcosω4

∗τ2 + σ2sinω4
∗τ2

)
+ (−ρω4∗2 + σ2cosω4

∗τ2) (ω4∗2θ − σ2cosω4
∗τ2 − ψω4

∗sinω4
∗τ2).

Putting n = 0, we get the smallest value of τ1, denoted by τ1
0.

So,

τ1
0 =

1

ω4
∗ arctan

[
U1

V1

]
.

Now putting λ = µ+ iv into (4.24), we get

µ3 − 3µv2 + θ
(
µ2 − v2

)
+ µψe−µτ2cosvτ2 + vψe−µτ2sinvτ2 + σ1µ

+σ2e
−µτ2cosvτ2 + e−µτ1cosvτ1

[
ρ
(
µ2 − v2

)
+ rµ+ σ3e

−µτ2cosvτ2

]
+e−µτ1sinvτ1

[
2ρµv + rv − σ3e

−µτ2sinvτ2

]
= 0, (4.28)
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and

−v3 + 3µ2v + 2θµv + vψe−µτ2cosvτ2 − µψe−µτ2sinvτ2 + σ1v

−σ2e
−µτ2sinvτ2 − e−µτ1sinvτ1

[
ρ
(
µ2 − v2

)
+ rµ+ σ3e

−µτ2cosvτ2

]
+e−µτ1cosvτ1

[
2ρµv + rv − σ3e

−µτ2sinvτ2

]
= 0. (4.29)

Now differentiating (4.28) and (4.29) with respect to τ1, and then putting τ1 = τ1
0,

µ(τ1
0) = 0, and v 6= 0, we get

P2

[
dµ

dτ1

]
τ1=τ10

+Q2

[
dv

dτ1

]
τ1=τ10

= R2,

−Q2

[
dµ

dτ1

]
τ1=τ10

+ P2

[
dv

dτ1

]
τ1=τ10

= S2, (4.30)

where

P2 = −3v2 + ψcosvτ2 − τ2vψsinvτ2 + σ1 − σ2τ2cosvτ2 + rcosvτ1
0 − σ3τ2cosv(τ1

0 + τ2)

+ τ1
0ρv2cosvτ1

0 − σ3τ1
0cosv(τ1

0 + τ2) + 2ρvsinvτ1
0 − τ1

0rvsinvτ1
0,

Q2 = −2θv + ψvτ2cosvτ2 + psisinvτ2 − σ2τ2sinvτ2 − 2ρvcosvτ1
0 − σ3τ2sinv(τ1

0 + τ2)

+ τ1
0ρv2sinvτ1

0 + rsinvτ1
0 + τ1

0rvcosvτ1
0 − σ3τ1

0sinv(τ1
0 + τ2),

R2 = vsinvτ1
0 (−ρv2 + σ3cosvτ2)− vcosvτ1

0 (rv − σ3sinvτ2),

S2 = vcosvτ1
0 (−ρv2 + σ3cosvτ2) + vsinvτ1

0 (rv − σ3sinvτ2).

From (4.30), we get[
dµ
dτ1

]
τ1=τ10

= P2R2−Q2S2

P2
2+Q2

2 .

Now
[
dµ
dτ1

]
τ1=τ10

6= 0, assuming P2R2 −Q2S2 6= 0.

Therefore, we can obtain the following theorem.
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Theorem 4.4

Let E3 (X1
∗, Y1

∗, Z1
∗) be locally asymptotically stable when the feasibility conditions of the

existence of E3 (X1
∗, Y1

∗, Z1
∗) are satisfied and the delay parameters τ1 = 0 and τ2 = 0. In

the system (4.5), when the delay parameter τ1 exists positively and if we take τ2 from the

range in which τ2 is stable i.e., τ2 ∈
[
0, τ̂2

0
)
, then ∃ τ1 = τ1

0, such that E3 (X1
∗, Y1

∗, Z1
∗) is

locally asymptotically stable (or unstable) when τ1 < τ1
0 (or τ1 > τ1

0). Also, there exists

Hopf-bifurcation at τ1 = τ1
0 around E3, provided P2R2 −Q2S2 6= 0.

Case 6. τ2 > 0, τ1 ∈
[
0, τ̂1

0
)
, and τ1 6= τ2.

In this situation, the characteristic equation (4.7) becomes

λ3 +
(
θ + ρe−λτ1

)
λ2 +

(
re−λτ1 + σ1

)
λ+

(
ψλ+ σ2 + σ3e

−λτ1
)
e−λτ2 = 0. (4.31)

Putting λ = iω5 (ω5 > 0), we get

sinω5τ2 (ω5ψ − σ3sinω5τ1) + cosω5τ2 (σ2 + σ3cosω5τ1)

= −ω5rsinω5τ1 + ρω5
2cosω5τ1 + ω5

2θ, (4.32)

and

−sinω5τ2 (σ2 + σ3cosω5τ1) + cosω5τ2 (ω5ψ − σ3sinω5τ1)

= −ω5rcosω5τ1 − ρω5
2sinω5τ1 + ω5

3 − ω5σ1, (4.33)
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which leads to

ω5
6 + ω5

5 (−2ρsinω5τ1) + ω5
4
(
ρ2 + θ2 + 2ρθcosω5τ1 − 2σ1 − 2rcosω5τ1

)
+ω5

3 (2ρσ1sinω5τ1 − 2rθsinω5τ1) + ω5
2
(
r2 + σ1

2 + 2σ1rcosω5τ1 − ψ2
)

+ω5 (2σ3ψsinω5τ1)− σ3
2 − σ2

2 − 2σ2σ3cosω5τ1 = 0. (4.34)

Without loss of generality, let the equation (4.34) has a positive solution for ω5, say ω5
∗.

Thus, we get

τ2 =
1

ω5
∗ arccos

[
U2

V2

]
+

2nπ

ω4
∗ , n = 0, 1, 2, 3, ....,

where

U2 = (−ω5rsinω5τ1 + ρω5
2cosω5τ1 + ω5

2θ) (σ2 + σ3cosω5τ1)

+ (−ω5rcosω5τ1 − ρω5
2sinω5τ1 + ω5

3 − ω5σ1) (ω5ψ − σ3sinω5τ1),

V2 = (σ2 + σ3cosω5τ1)2 + (ω5ψ − σ3sinω5τ1)2.

Putting n = 0, we get the smallest value of τ2, say τ2
0.

So,

τ2
0 =

1

ω5
∗ arccos

[
U2

V2

]
.

Now putting λ = µ2 + iv2 into (4.31), and after some calculations, we can prove that[
dµ
dτ2

]
τ2=τ20

= P3R3−Q3S3

P3
2+Q3

2 .

Now
[
dµ
dτ2

]
τ2=τ20

6= 0 if P3R3 −Q3S3 6= 0,

where

P3 = −3v2
2 +ψcosv2τ2

0−v2ψτ2
0sinv2τ2

0 +σ1−σ2τ2
0cosv2τ2

0 +rcosv2τ1−σ3τ2
0cosv2(τ1 + τ2

0)

+ ρv2
2τ1cosv2τ1 − σ3τ1cosv2(τ1 + τ2

0) + 2ρv2sinv2τ1 − rv2τ1sinv2τ1,

Q3 = −2θv2 +ψv2τ2
0cosv2τ2

0 +ψsinv2τ2
0−σ2τ2

0sinv2τ2
0−2ρv2cosv2τ1−σ3τ2

0sinv2(τ1 + τ2
0)

+ ρv2
2τ1sinv2τ1 − σ3τ1sinv2(τ1 + τ2

0) + rsinv2τ1 + rv2τ1cosv2τ1,

R3 = −ψv2
2cosv2τ2

0 + σ2v2sinv2τ2
0 + σ3v2sinv2(τ1 + τ2

0),
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S3 = v2
2ψsinv2τ2

0 + σ2v2cosv2τ2
0 + σ3v2cosv2(τ1 + τ2

0).

Therefore, we can have the theorem stated below.

Theorem 4.5

Let E3 (X1
∗, Y1

∗, Z1
∗) be locally asymptotically stable when the feasibility conditions of the

existence of E3 (X1
∗, Y1

∗, Z1
∗) are satisfied and the delay parameters τ1 = 0 and τ2 = 0. In

the system (4.5), when the delay parameter τ2 exists positively, and if we take τ1 from the

range in which τ1 is stable i.e., τ1 ∈
[
0, τ̂1

0
)
, then ∃ τ2 = τ2

0, such that E3 (X1
∗, Y1

∗, Z1
∗) is

locally asymptotically stable (or unstable) when τ2 < τ2
0 (or τ2 > τ2

0). Also, there exists a

Hopf-bifurcation at τ2 = τ2
0, provided P3R3 −Q3S3 6= 0.

4.7 Simulation results

This section carries some numerical simulations using MATLAB-R 2016a to establish our

theoretical findings. Here, we take the parameters values as follows: α = 5, η = 0.4, ξ = 0.92,

β = 0.2, φ = 1.005, γ = 0.3, σ = 1. Then we get a locally asymptotically stable system

around E3(24.0051, 5.3033, 1.0486) without time lag, as all the conditions of the Routh Hurtz

Criterion are satisfied. Figures 4.1 and 4.2 show the same.

For case 2, we have got the values of ω1
∗ = 0.1318 and τ̂1

0 = 3.4082, when τ1 > 0 and

τ2 = 0. It is seen that, E3(24.0051, 5.3033, 1.0486) is locally stable or unstable according to

the conditions τ1 < τ̂1
0 or τ1 > τ̂1

0. Also, at τ1 = τ̂1
0, a Hopf-bifurcation is noticed around

E3(24.0051, 5.3033, 1.0486). Figures 4.3 and 4.4 show that, the system (4.5) is stable for

τ1 = 3.2(< τ̂1
0 = 3.4082) and τ2 = 0. Figures 4.5 and 4.6 portray that, the system (4.5) is

unstable when τ1 = 3.6(> τ̂1
0 = 3.4082) and τ2 = 0, whereas, Figures 4.7 and 4.8 show a

clear picture of the existence of Hopf-bifurcation at τ1 = τ̂1
0 = 3.4082 and τ2 = 0.
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Figure 4.1: Time evolution of the system (4.5), when α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, σ = 1, γ = 0.3, τ1 = 0, and τ2 = 0.
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Figure 4.2: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = 0, and τ2 = 0.

For case 3, we calculate ω2
∗ = 0.0707 and τ̂2

0 = 4.1152 when τ1 = 0 and τ2 > 0. From

Figures 4.9, 4.10, 4.11, and 4.12, it is seen that, E3(24.0051, 5.3033, 1.0486) is asymptotically

stable when τ2 = 3.8(< τ̂2
0 = 4.1152), and unstable when τ2 = 4.4(> τ̂2

0 = 4.1152). Figures

4.13 and 4.14 illustrate about the Hopf-bifurcation at τ2 = τ̂2
0 = 4.1152.
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Figure 4.3: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = 3.2(< τ̂1

0 = 3.4082), and τ2 = 0.
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Figure 4.4: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = 3.2(< τ̂1

0 = 3.4082), and τ2 = 0.

For case 4, when τ1 6= 0, τ2 6= 0, and τ1 = τ2 = τ , we find the value of ω3
∗ = 0.1049 and

τ̂3
0 = 2.5880. From Figures 4.15, 4.16, 4.17, 4.18, 4.19, and 4.20, it has been depicted that,

the system (4.5) is stable if τ = 2.3(< τ̂3
0 = 2.5880), unstable if τ = 2.9(> τ̂3

0 = 2.5880),

and undergoes a Hopf-bifurcation when τ = τ̂3
0 = 2.5880 respectively.
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Figure 4.5: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = 3.6(> τ̂1

0 = 3.4082), and τ2 = 0.

0
20

0.2

0.4

15 25

0.6

Z
(T

)

0.8

20

Y(T)

10

1

15

X(T)

1.2

105
5

0 0

Figure 4.6: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = 3.6(> τ̂1

0 = 3.4082), and τ2 = 0.
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Figure 4.7: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = τ̂1

0 = 3.4082, and τ2 = 0.
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Figure 4.8: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = τ̂1

0 = 3.4082, and τ2 = 0.
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Figure 4.9: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ2 = 3.8(< τ̂2

0 = 4.1152), and τ1 = 0.
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Figure 4.10: Trajectory of the system (4.5) in the phase plane α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ2 = 3.8(< τ̂2

0 = 4.1152), and τ1 = 0.
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Figure 4.11: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ2 = 4.4(> τ̂2

0 = 4.1152), and τ1 = 0.
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Figure 4.12: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ2 = 4.4(> τ̂2

0 = 4.1152), and τ1 = 0.
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Figure 4.13: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,β =
0.2, φ = 1.005, γ = 0.3, σ = 1, τ2 = τ̂2

0 = 4.1152, and τ1 = 0.
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Figure 4.14: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ2 = τ̂2

0 = 4.1152, and τ1 = 0.

83



0 500 1000 1500 2000 2500 3000 3500 4000

Time

0

5

10

15

20

25

30

P
op

ul
at

io
n

X(T)
Y(T)
Z(T)

Figure 4.15: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, and τ1 = τ2 = τ = 2.3(< τ̂3

0 = 2.5880).
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Figure 4.16: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, and τ1 = τ2 = τ = 2.3(< τ̂3

0 = 2.5880).
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Figure 4.17: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, and τ1 = τ2 = τ = 2.9(> τ̂3

0 = 2.5880).
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Figure 4.18: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, and τ1 = τ2 = τ = 2.9(> τ̂3

0 = 2.5880).
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Figure 4.19: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, and τ1 = τ2 = τ = τ̂3

0 = 2.5880.
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Figure 4.20: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, and τ1 = τ2 = τ = τ̂3

0 = 2.5880.

For case 5, when τ1 6= τ2 6= 0, we vary τ1 and keep the value of τ2 in its stable range

(0, 4.1152). We take τ2 = 1.5 and get the value of ω4
∗ = 0.1177 and τ1

0 = 3.3087. From

Figures 4.21, 4.22, 4.23, 4.24, 4.25, and 4.26, it has been verified that the system (4.5)
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is stable when τ1 = 2.9(< τ1
0 = 3.3087), unstable when τ1 = 3.6(> τ1

0 = 3.3087), and

experience a Hopf-bifurcation at τ1 = τ1
0 = 3.3087.

Similarly, for case 6, we vary τ2, and take the value of τ1 in its stable range (0, 3.4082). We
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Figure 4.21: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = 2.9(< τ1

0 = 3.3087), and τ2 = 1.5.
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Figure 4.22: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = 2.9(< τ1

0 = 3.3087), and τ2 = 1.5.
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Figure 4.23: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = 3.6(> τ1

0 = 3.3087), and τ2 = 1.5.
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Figure 4.24: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = 3.6(> τ1

0 = 3.3087), and τ2 = 1.5.

assume τ1 = 1, and get ω5
∗ = 0.0794 and τ2

0 = 3.9264. Figures 4.27, 4.28, 4.29, 4.30, 4.31,

and 4.32 show that the system (4.5) is stable if τ2 = 3.6(< τ2
0 = 3.9264), possesses oscillatory

behavior if τ2 = 4.3(> τ2
0 = 3.9264), and have Hopf-bifurcation at τ2 = τ2

0 = 3.9264.
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Figure 4.25: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = τ1

0 = 3.3087, and τ2 = 1.5.
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Figure 4.26: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ1 = τ1

0 = 3.3087, and τ2 = 1.5.
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Figure 4.27: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ2 = 3.6(< τ2

0 = 3.9264), and τ1 = 1.
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Figure 4.28: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ2 = 3.6(< τ2

0 = 3.9264), and τ1 = 1.
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Figure 4.29: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,
β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ2 = 4.3(> τ2

0 = 3.9264), and τ1 = 1.
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Figure 4.30: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ2 = 4.3(> τ2

0 = 3.9264), and τ1 = 1.
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Figure 4.31: Time evolution of the system (4.5) for α = 5, η = 0.4, ξ = 0.92,β =
0.2, φ = 1.005, γ = 0.3, σ = 1, τ2 = τ2

0 = 3.9264, and τ1 = 1.
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Figure 4.32: Trajectory of the system (4.5) in the phase plane for α = 5, η = 0.4,
ξ = 0.92, β = 0.2, φ = 1.005, γ = 0.3, σ = 1, τ2 = τ2

0 = 3.9264, and τ1 = 1.
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4.8 Conclusions

The relationship between prey and predator plays a crucial role in structuring the ecological

community. Realizing the tropic connections is vital for preserving functional ecological rela-

tionships. Thus, this chapter, which proposes a detritus-based predator-prey model, is very

significant in understanding the dynamics of the Sundarban mangrove ecosystem. To main-

tain the stability of the ecosystem, neither prey nor predator should be extinct. Throughout

the chapter, we have derived the stability criterion, which makes the system stable for both

the delayed and non-delayed systems.

The present work is an extension of the earlier work of Sarkar et al. (1991), where a simple

detritus-based predator-prey model was studied without time delay. In their paper, they

considered the Holling type-II functional response as the uptake function of invertebrate

predators. In our work, the Ivlev-type response function has been taken in place of the

Holling type-II functional response as the uptake function of invertebrate predators. Also,

we have assumed that, though the leading source of detritus is the plant litter of mangrove

forest, a small amount of detritus is also formed from the dead bodies of invertebrate preda-

tors by the recycling process. The beauty of this study is that we have incorporated two

different valued discrete time delays for the gestation of prey (micro-organism pool) and

predator (invertebrate predator). Due to the time lag, our proposed model possesses more

complicated dynamics than the ordinary differential equations system. Indeed, no particular

model can fully describe the dynamic behavior of any natural ecosystem like the detritus-

based predator-prey model. So, modification and extension of existing models are always

encouraged to better understand any ecosystem’s dynamics. That is the beauty of the math-

ematical modeling of natural ecosystems.

This detritus-based prey-predator model has huge applications in ecology. As our model

describes the conditions which ensure the stability of the ecosystem of Sundarban mangrove
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forest, this helps to maintain the balance between different animal species. Also, this prey-

predator interaction is essential to maintain the diversity of organisms. This interaction can

change the stability of the food chain, and elimination of any part of the chain can have a

extreme effect on the ecological community.

We have made a thorough theoretical and numerical investigation without time delay and

with time delay throughout the chapter. From the analysis of our model, some engrossing

and functional outcomes have been obtained. From the biological aspect, the most salient

fact we got from our study is that, the time lag plays a leading role in shaping the dynamics

of our proposed model. Without delays, the system is locally asymptotically stable under

some circumstances. These delays demolish the dynamical ecosystem’s stability and give rise

to periodic oscillations. It has been observed that for both delays, under the critical values

of the delay parameters, the dynamical system is stable. The dynamical system becomes

unstable when the delay parameter crosses its critical magnitude. A periodic oscillation is

found with increasing delay, which leads to a complex dynamical system. A Hopf-bifurcation

with small amplitude occurs at the critical values for both the delay parameters. Numerical

illustrations also ensure our theoretical observations that the dynamics of our model are

widely influenced by taking distinct values of delay parameters.
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Chapter 5

Approximate Analytical Solution of a
Fractional Order Detritus-Based
Predator-Prey Model Using
Homotopy Perturbation Method ∗

5.1 Introduction

In recent times, fractional calculus has received much recognition and popularity. It

provides some particular descriptions of various linear and non-linear systems. In the past

few years, it has been extensively used in various fields of science like mathematics, physics,

biology, engineering, etc. (Das, 2007; Hifer, 2000; Kilbas, 2006; Kumar, 2006; Magin, 2004;

Podlubny, 1999; Rivero et al., 2011; Ross, 1993; Sabatier et al., 2007; Wang, 2009). In 1695,

Leibniz first introduced fractional order derivatives in calculus for differentiation and inte-

gration. In most of the cases of real physical problems, the behavior of a non-linear system

depends on the instant time as well as the previous time of interval, which may be acquired

by a fractional derivative. A differential equation with fractional order is a special case of a

differential equation with integer order. Fractional order differential equation can be derived

by changing the order of the differential equation from integer to fraction. The key advantage

of the system with fractional order is that it permits higher degrees of freedom compared to

∗Chapter based on the paper published in Journal of Research in Applied Mathematics Volume 10,
Number 3 (2024), pp. 01-12
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the differential equations with integer order. In population dynamics, generally, differential

equations with integer order are applied to formulate a model, but many authors have already

worked on fractional order differential equations in population dynamics and ecology in the

past few years (Dubey et al., 2020; Khan et al., 2019; Sunil Kumar et al., 2003; Ogunmiloro

et al., 2021). In maximum cases, finding the accurate analytical solution of fractional order

differential equations is quite challenging (Golmankhaneh et al., 2011; Jiang, 2006; Rida et

al., 2008; Wang and Xu, 2009). As a result, some analytical approximation methods are de-

veloped to find the approximate analytical solutions close to the exact analytical solutions.

Numerous methods are present for solving fractional differential equations. Among them,

some convenient methods are the Adomian Decomposition Method (ADM) (Biazar, 2006;

Shawagfeh, 1996), Variational Iteration Method (VIM) (Batiha et al., 2007; Rafei et al.,

2007), Homotopy Perturbation Method (HPM) (Das and Gupta, 2011; Rafei et al., 2007),

Homotopy Analysis Method (HAM) (Arqub and El-Ajou, 2013; Awawdeh et al., 2009), etc.

All these methods are based on some numerical and analytical aspects. The HPM is a very

efficacious and appropriate approximation method. This method is not only applicable to

linear equations but also suitable for non-linear equations. The HPM was first introduced by

HE in 1999 (He, 1999, 2005) for solving both non-linear and linear differential and integral

equations. Later, the applications of HPM were widely spread. Several authors have applied

this method in different areas of mathematics like Volterra’s integrow-differential equation

(Jayaprakasha, 2020; Sayevand K et al., 2013), delay-differential equations (Mishra et al.,

2020; Yzbasi et al., 2017), boundary value problems (Noor et al., 2008; Saadatmandi et al.,

2009), non-linear wave equations (Chun et al., 2009; He and Ji-Huan, 2005), fractional order

quadratic Riccati differential equation (Odibat and Shawagfeh, 2007) and so many others.

This is a perturbation method by which any differential and integral equations with frac-

tional order can be solved analytically easily by constructing a homotopy. The main benefit

of this method is that it has no limitation of having any small parameter for getting an

96



approximate solution, while the other perturbation methods generally require small param-

eters. This small parameter has a profound impact on the solution of the system. This is a

very rapid convergence method requiring few iterations to get an accurate solution.

The main focus of our study is to enhance the implementation of the HPM to our proposed

detritus-based prey-predator model to get an approximate analytical solution. In this work,

a deterministic model is formulated, where detritus is the primary source of energy level, the

micro-organism pool acts as the prey, and the predator is the invertebrate predator in the

Sundarban mangrove forest in India. The orders of the derivatives used in the model are

considered fractions of different values. Here, the uptake rate of the micro-organism pool due

to the predation of the invertebrate predator is taken as the Ivlev-type response function.

In this paper, all the sections are arranged in the following manner. Section 5.2 contains

model formulation. In section 5.3, some preliminaries are discussed, which are used through-

out the paper to find the solution to our model. In section 5.4, different steps of HPM are

discussed. In section 5.4, we have found the approximate solution of our model using the

HPM. Numerical simulations are done in 5.5 to illustrate our analytical solutions.

5.2 Model formulation

In this Section, a deterministic detritus-based predator-prey mathematical model is consid-

ered as follows:

dx

dt
= x(b1 − ax)− fxy

k1 + x

dy

dt
= y

(
b2 −

dy

ax

)
− hz

{
1− exp(−gy)

}
.

dz

dt
= z

[
−m+ h

{
1− exp(−gy)

}]
, (5.1)
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where

x, y, and z are biomass of detritus, micro-organism pool, and invertebrate predator, respec-

tively at time t, and all are positive at t = 0. Here, b1 is detritus’s growth rate, b2 is the

micro-organism pool’s growth rate, h is the food conversion efficiency rate of the inverte-

brate predator, m is the normal rate of mortality of invertebrate predator, and g represents

the hunting success. Here, the uptake function of invertebrate predator is considered as the

Ivlev-type response function. For mathematical simplicity, we convert our system into a

non-dimensional system using the following transformations:

x = k1P , y = mk1Q
f

, z = k1m2R
fh

, t = T1
m

.

Then, the model system (5.1) is reduced to

dP

dT1

= P

{
(α− ηP )− Q

1 + P

}
.

dQ

dT1

= Q

(
β − γQ

P

)
−R

{
1− exp(−φQ)

}
.

dR

dT1

= R
[
− 1 + σ

{
1− exp(−φQ)

}]
, (5.2)

where α = b1
m

, η = ak1
m

, β = b2
m

, γ = d
af

, σ = h
m

, φ = gmk1
f

.

Now we consider the fractional derivatives and considering 0 < m1 ≤ 1, 0 < n1 ≤ 1,

0 < n2 ≤ 1, we get the following model:

Dm1
T1
P = P

{
(α− ηP )− Q

1 + P

}
.

Dn1
T1
Q = Q

(
β − γQ

P

)
−R

{
1− exp(−φQ)

}
.

Dn2
T1
R = R

[
− 1 + σ

{
1− exp(−φQ)

}]
, (5.3)

where the initial conditions of P , Q, and R are assumed as P0 = δ1 > 0, Q0 = δ2 > 0, and

R0 = δ3 > 0. Also, all the parameters α, η, β, γ, σ, and φ are positive.
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5.3 Some Preliminaries

In this section, for finding the approximate solution of our system using HPM, some prelim-

inaries of fractional calculus have been provided.

5.3.1 Definition 5.1:

A function f1 : (0,∞) → R belongs to the space Cα, α ∈ R if ∃ a number β1 > α(α ∈ R)

such that f1(t) = tβ1f2(t), where f2 : (0,∞) → R and the function f2 belongs to the space

Cα
β2 iff f3(β2) ∈ Cα, β2 ∈ N, where f3 : (0,∞)→ R is a function.

5.3.2 Definition 5.2:

Let f1(t) : R+ −→ R be a function. Then the fractional integral of order w of the function

f1(t) is given by

Jt
wf1(t) =

1

Γ(w)

∫ t

0

(t− ξ)w−1f1(ξ)dξ,

where 1
Γ(w)

∫ t
0
(t−ξ)w−1f1(ξ)dξ is point wise continuous on R+ and w ≥ 0. Also, Γ(w) denotes

the gamma function.

5.3.3 Definition 5.3:

Let g(t) : R+ −→ R is a continuous function. Then the Caputo derivative of order s > 0 of

g(t) is defined as follows:

Dt
sg(t) =

1

Γ(z1 − s)

∫ t

0

g(z1)(φ)

(t− φ)s−z1+1
dφ,

where z1 ∈ Z(Z = set of integers), s ∈ R(R = set of real numbers) and z1 − 1 ≤ s < z1.

Here, we mention some basic properties of the integral operator Jt
w and the differential
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operator Dt
s, which are as follows:

(i) JµJηf(t) = Jµ+ηf(t) = JηJµf(t),

(ii) Jµtψ = Γ(ψ+1)
Γ(µ+ψ+1)

tµ+ψ,

(iii) DµJηf(t) = Jη−µf(t),

where f(t) ∈ Cα, α ≥ −1, µ, η ≥ 0, and ψ > −1.

5.4 Analysis of HPM

To understand the method easily, first we will discuss a review of HPM. Then we will come

to our problem.

For this, a non-linear differential equation is considered as follows:

L1(v) +N1(v) = f1(u), u ∈ Ω1, (5.4)

satisfying the following boundary conditions

B1

(
v,
∇v
∇n3

)
= 0, u ∈ Γ, (5.5)

where L1, N1, and B1 represent the linear, non-linear and boundary operator respectively.

Also, Γ represents the boundary of the region Ω1, and f1(u) is an analytic function that is

known.

According to He’s HPM (He, 1999, 2005), at first a homotopy is formed as follows:

w(u, p1) : Ω1 × [0, 1] −→ R,
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satisfying

H1(w, p1) = (1− p1) [L1(w)− L1(v0)] + p1 [L1(w) +N1(w)− f1(u)] = 0, (5.6)

or

H1(w, p1) = [L1(w)− L1(v0)] + p1L1(v0) + p1 [N1(w)− f1(u)] = 0, (5.7)

where p1 represents the embedding parameter and p1 ∈ [0, 1], u ∈ Ω1 and v0 is assumed as

the approximation of initial value satisfying the boundary conditions.

Using (5.6) and (5.7), we obtain

H1(w, 0) = L1(w)− L1(v0) = 0, (5.8)

H1(w, 1) = L1(w) +N1(w)− f1(u) = 0. (5.9)

Here, the values of p1 changes from 0 to 1, which means w(u, p1) changes from v0 to v(u).

In topological terms, this is called deformation.

Here, L1(w)− L1(v0) and L1(w) +N1(w)− f1(u) are named homotopic.

Here, p1 acts as a ”small embedding parameter.” Thus the equations (5.6) and (5.7) have

the solution which is as follows:

w =
∞∑

n3=0

p1
n3wn3(t) = w0(t) + p1w1(t) + p1

2w2(t) + p1
3w3(t) + ......, (5.10)

which is a power series of p1 of the equation (5.4).

Setting p1 → 1, we get

v = lim
p1→1

w = lim
p1→1

∞∑
n3=0

p1
n3wn3(t) = w0(t) + w1(t) + w2(t) + w3(t) + ......, (5.11)
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which is the approximate solution of the equation (5.4).

In most of the cases, the series in (5.11) is convergent, which has been proved in He’s works

(He, 1999, 2005).

5.5 Solution of our problem by using HPM

In this section, for system (5.3), we will find the approximate solution using HPM.

We have already considered the initial conditions as follows:

P0(T1) = δ1, Q0(T1) = δ2, R0(T1) = δ3.

Here, for the system (5.2), we set up the homotopy, which is as follows:

Dm1
T1
P = p1P

{
(α− ηP )− Q

1 + P

}
.

Dn1
T1
Q = p1Q

(
β − γQ

P

)
−R

{
1− exp(−φQ)

}
.

Dn2
T1
R = p1R

[
− 1 + σ

{
1− exp(−φQ)

}]
, (5.12)

where the orders of the derivatives i.e., m1, n1, n2 ∈ [0, 1], and the homotopy parameter

p1 ∈ [0, 1].

If p1 = 0, then the system (5.12) will be transformed into a system of homogeneous frac-

tional differential equations. Using fractional approach (Podlubny, 1999; Ross, 1993), this

transformed system can be solved.

The solutions of (5.12) can be written as:

P (T1) =
∞∑
n=0

p1
nPn(T1) = P0(T1) + p1P1(T1) + p1

2P2(T1) + p1
3P3(T1) + ......, (5.13)
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Q(T1) =
∞∑
n=0

p1
nQn(T1) = Q0(T1) + p1Q1(T1) + p1

2Q2(T1) + p1
3Q3(T1) + ......, (5.14)

R(T1) =
∞∑
n=0

p1
nRn(T1) = R0(T1) + p1R1(T1) + p1

2R2(T1) + p1
3R3(T1) + ....... (5.15)

Setting p1 → 1, we get the solution of the equation (5.12), which is close to the accurate

solution. The estimated solution is as follows:

P (T1) = lim
p1→1

∞∑
n=0

p1
nPn(T1) = P0(T1) + P1(T1) + P2(T1) + P3(T1) + ......, (5.16)

Q(T1) = lim
p1→1

∞∑
n=0

p1
nQn(T1) = Q0(T1) +Q1(T1) +Q2(T1) +Q3(T1) + ......, (5.17)

R(T1) = lim
p1→1

∞∑
n=0

p1
nRn(T1) = R0(T1) +R1(T1) +R2(T1) +R3(T1) + ...... (5.18)

Now we have substituted the equations (5.13), (5.14), (5.15) in (5.12) and then equating the

powers of p1 from both sides, we get

p1
0 : Dm1P0(T1) = 0,

Dn1Q0(T1) = 0,

Dn2R0(T1) = 0,

p1
1 : Dm1P1(T1) = P0

(
α− ηP0 −Q0 + P0Q0 − P0

2Q0 + P0
3Q0

)
,

Dn1Q1(T1) = Q0

(
β − γQ0

P0

)
−R0

(
φQ0 − φ2Q0

2

2!
+ φ3Q0

3

3!

)
,

Dn2R1(T1) = R0

(
−1 + σφQ0 − σφ2Q0

2

2!
+ σφ3Q0

3

3!

)
,

p1
2 : Dm1P2(T1) = P0

(
−ηP1 −Q1 + P1Q0 + P0Q1 − 2P0P1Q0 − P0

2Q1 + 3P0
2P1Q0 + P0

3Q1

)
+ P1

(
α− ηP0 −Q0 + P0Q0 − P0

2Q0 + P0
3Q0

)
,

Dn1Q2(T1) = Q0

{
− P1

P0

(
β − γQ0

P0

)
− γQ1

P0

}
+Q1

(
β − γQ0

P0

)
−R0

(
φQ1 − φ2Q0Q1

+ φ3Q0
2Q1

2

)
−R1

(
φQ0 − φ2Q0

2

2!
+ φ3Q0

3

3!

)
,

103



Dn2R2(T1) = R0

(
σφQ1 − φ2σQ0Q1 + φ3σQ0

2Q1

2

)
+R1

(
−1 + σφQ0 − φ2σQ0

2

2!
+ φ3σQ0

3

3!

)
,

p1
3 : Dm1P3(T1) =P0

(
−ηP2 −Q2 + P2Q0 + P1Q1 + P0Q2 − P1

2Q0 − 2P0P2Q0

− 2P0P1Q1 − P0
2Q2 + 3P0P1

2Q0 + 3P0
2P2Q0 + 3P0

2P1Q1 + P0
3Q2

)
+ P1

(
−ηP1 −Q1 + P1Q0 + P0Q1 − 2P0P1Q0 − P0

2Q1 + 3P0
2P1Q0

+ P0
3Q1

)
+ P2

(
α− ηP0 −Q0 + P0Q0 − P0

2Q0 + P0
3Q0

)
,

Dn1Q3(T1) =Q0

{(
β − γQ0

P0

)(
−P2

P0

+
P1

2

P0
2

)
+
γP1Q1

P0
2 − γQ2

P0

}
+Q1

{
− P1

P0(
β − γQ0

P0

)
−γQ1

P0

}
+Q2

(
β − γQ0

P0

)
−R0

{
φQ2 −

φ2

2!

(
Q1

2 + 2Q0Q2

)
+
φ3

3!

(
3Q0Q1

2 + 3Q0
2Q2

)}
−R1

(
φQ1 − φ2Q0Q1 +

φ3Q0
2Q1

2

)
−R2

(
φQ0 −

φ2Q0
2

2!
+
φ3Q0

3

3!

)
,

Dn2R3(T1) =R0

{
σφQ2 −

φ2σ

2!

(
Q1

2 + 2Q0Q2

)
+
φ3σ

3!

(
3Q0Q1

2 + 3Q0
2Q2

)}
+R1

(
σφQ1

− φ2σQ0Q1 +
φ3σQ0

2Q1

2

)
+R2

(
−1 + σφQ0 −

φ2σQ0
2

2!
+
φ3σQ0

3

3!

)
,

(5.19)

and so on.

Now we have applied Jm1
T1

, Jn1
T1

, Jn2
T1

on the set of equations (5.19), and we get

P0(T1) = δ1,

Q0(T1) = δ2,

R0(T1) = δ3,

P1(T1) =

{
αδ1 − ηδ1

2 − δ1δ2

(
1− δ1 + δ1

2 − δ1
3
)}

T1
m1

Γ(m1+1)
,
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Q1(T1) =

{
δ2

(
β − γδ2

δ1

)
− δ3

(
φδ2 − φ2δ2

2

2!
+ φ3δ2

3

3!

)}
T1
n1

Γ(n1+1)
,

R1(T1) =

{
− δ3 + σδ3

(
φδ2 − φ2δ2

2

2!
+ φ3δ2

3

3!

)}
T1
n2

Γ(n2+1)
,

P2(T1) =

{(
α− 2ηδ1

)
− δ1δ2

(
−1 + 2δ1 − 3δ1

2
)
− δ2

(
1− δ1 + δ1

2 − δ1
3
)}

{
αδ1 − ηδ1

2 − δ1δ2

(
1− δ1 + δ1

2 − δ1
3
)} T1

2m1

Γ(2m1 + 1)
− δ1

(
1− δ1 + δ1

2 − δ1
3
)

{
δ2

(
β − γδ2

δ1

)
− δ3

(
φδ2 −

φ2δ2
2

2!
+
φ3δ2

3

3!

)} T1
m1+n1

Γ(m1 + n1 + 1)
,

Q2(T1) =− δ2

δ1

(
β − γδ2

δ1

){
αδ1 − ηδ1

2 − δ1δ2

(
1− δ1 + δ1

2 − δ1
3

)}
T1

m1+n1

Γ(m1 + n1 + 1)

+

{
− 2γδ2

δ1

+ β − δ3

(
φ− φ2δ2 +

φ3δ2
2

2

)}{
δ2

(
β − γδ2

δ1

)
− δ3

(
φδ2 −

φ2δ2
2

2!

+
φ3δ2

3

3!

)}
T1

2n1

Γ(2n1 + 1)
−
(
φδ2 −

φ2δ2
2

2!
+
φ3δ2

3

3!

){
− δ3 + σδ3

(
φδ2 −

φ2δ2
2

2!

+
φ3δ2

3

3!

)}
T1

n1+n2

Γ(n1 + n2 + 1)
,

R2(T1) =σδ3

(
φ− φ2δ2 +

φ3δ2
2

2

){
δ2

(
β − γδ2

δ1

)
− δ3

(
φδ2 −

φ2δ2
2

2!
+
φ3δ2

3

3!

)}
T1

n1+n2

Γ(n1 + n2 + 1)
+

{
− 1 + σ

(
φδ2 −

φ2δ2
2

2!
+
φ3δ2

3

3!

)}
{
− δ3 + σδ3

(
φδ2 −

φ2δ2
2

2!
+
φ3δ2

3

3!

)}
T1

2n2

Γ(2n2 + 1)
,
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P3(T1) =

{
α− 2ηδ1 − δ1δ2

(
−1 + 2δ1 − 3δ1

2
)
− δ2

(
1− δ1 + δ1

2 − δ1
3
)}[{(

α− 2ηδ1

)
− δ1δ2

(
−1 + 2δ1 − 3δ1

2
)
− δ2

(
1− δ1 + δ1

2 − δ1
3
)}{

αδ1 − ηδ1
2 − δ1δ2(

1− δ1 + δ1
2 − δ1

3
)} T1

3m1

Γ(3m1 + 1)
− δ1

(
1− δ1 + δ1

2 − δ1
3
){
δ2

(
β − γδ2

δ1

)
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(
φδ2 −

φ2δ2
2
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+
φ3δ2

3
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2m1+n1

Γ(2m1 + n1 + 1)

]
+

{
− η − δ1δ2

(
1− 3δ1

)
− δ2

(
−1 + 2δ1 − 3δ1

2
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αδ1 − ηδ1
2 − δ1δ2

(
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3
)}2
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Γ(m1 + 1)2

T1
3m1
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+
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− δ1

(
−1 + 2δ1 − 3δ1

2
)
−
(
1− δ1 + δ1

2 − δ1
3
)}{

αδ1 − ηδ1
2

− δ1δ2

(
1− δ1 + δ1

2 − δ1
3
)}{

δ2

(
β − γδ2

δ1

)
− δ3

(
φδ2 −

φ2δ2
2

2!
+
φ3δ2

3

3!

)}
1
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1

Γ(n1 + 1)
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(
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+
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φ3δ2

3

3!

)}
T1

m1+n1+n2
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]
,
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Q3(T1) =− δ2

δ1

(
β − γδ2

δ1

)[{(
α− 2ηδ1

)
− δ1δ2

(
−1 + 2δ1 − 3δ1

2
)
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(
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(
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(
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+
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+
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+
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R3(T1) =

{
− 1 + σ
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φ2δ2
2
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2
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(
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− 2γδ2

δ1
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φ3δ2
2

2
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(
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2
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2
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2
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δ1

)
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(
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+
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3!
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β − γδ2

δ1
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(
φδ2 −

φ2δ2
2
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+
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− δ3 + σδ3
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T1

n1+2n2 .

Therefore, we have got the approximate solution of order 3, which is as follows:

P (T1) =
3∑

n=0

Pn(T1) = P0(T1) + P1(T1) + P2(T1) + P3(T1), (5.20)

Q(T1) =
3∑

n=0

Qn(T1) = Q0(T1) +Q1(T1) +Q2(T1) +Q3(T1), (5.21)

R(T1) =
3∑

n=0

Rn(T1) = R0(T1) +R1(T1) +R2(T1) +R3(T1). (5.22)

One may also take more terms in the same manner to get a more suitable solution close to

the exact solution.
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5.6 Numerical simulation results

In this section, we have executed a numerical simulation to find the graphs of the approximate

solution of the system (5.3). In this simulation process, we used the series’ first four terms

to get the approximate solution. Throughout the numerical illustration, we have used a set

of parameter values as follows: α = 0.8, η = 0.3, β = 1.2, γ = 0.94, φ = 1.1, σ = 2.006,

and the initial values of three populations are assumed as P0 = 0.3, Q0 = 0.3, R0 = 0.3. We

have carried out the simulation for different valued fractional orders as well as for standard

order 1.

Figure 5.1a shows the graph of solution of P (T1) with respect to time T1 for different values

of m1 i.e., for m1 = 1/3, 1/2, 2/3, 1, n1 = 1 and n2 = 1. In this figure, it has been shown that

initially, the population density of detritus increases more rapidly with decreasing fractional

order m1 but after a certain period of time, the population density increases more rapidly

with increasing fractional order m1. But for the standard order 1, the population density of

detritus initially increases with increasing time, reaches its highest value, and then decreases.

Figure 5.1b describe the solution graph of P (T1) with respect to time T1 for m1 = n1 = n2 =

1/3, 1/2, 2/3, 1. Figures 5.1a and 5.1b show the same kind of solution graphs.

Figure 5.2a represents the solution graph of the population Q(T1) with respect to time T1

for n1 = 1/3, 1/2, 2/3, 1, and keeping the values of m1 and n2 fixed to 1. In Figure 5.2a, it has

been shown that when the value of order n1 decreases, initially, the population density of the

micro-organism pool increases more rapidly with increasing time, but after a certain period

of time, the population density decreases more rapidly with increasing time. A similar type

of picture is observed in Figure 5.2b, when we plot the solution graph of the population Q(T1)

with respect to time T1 for m1 = n1 = n2 = 1/3, 1/2, 2/3, 1. Figure 5.3a presents the solution

graph of R(T1) with respect to time T1 for m1 = n1 = 1 and n2 = 1/3, 1/2, 2/3, 1. This

graph shows the rapid decrement of population density with decreasing order n2 initially but
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Figure 5.1: Approximate solutions of P (T1) of the system (5.3) for fractional
orders: (a) m1 = 1/3, 1/2, 2/3, 1, n1 = 1 and n2 = 1, (b) m1 = n1 = n2 =
1/3, 1/2, 2/3, 1.
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Figure 5.2: Approximate solutions of Q(T1), of the system (5.3) for fractional
orders: (a) m1 = 1, n1 = 1/3, 1/2, 2/3, 1 and n2 = 1, (b) m1 = n1 = n2 =
1/3, 1/2, 2/3, 1.
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Figure 5.3: Approximate solutions of R(T1), of the system (5.3) for fractional
orders: (a) m1 = 1, n1 = 1 and n2 = 1/3, 1/2, 2/3, 1, (b) m1 = n1 = n2 =
1/3, 1/2, 2/3, 1.

after a certain period of time, a rapid increment of population density of R(T1) is observed

with decreasing order n2. Figures 5.3b describe the solution graph of R(T1) with respect

to time T1 for m1 = n1 = n2 = 1/3, 1/2, 2/3, 1. Figures 5.3a and 5.3b show the same type

of solution graph. Lastly, Figure 5.4 shows the 3-dimensional phase portrait of solutions of

P (T1), Q(T1), and R(T1) for m1 = n1 = n2 = 1/3, 1/2, 2/3, 1.
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Figure 5.4: 3-dimensional phase portrait of solutions of P (T1), Q(T1) and R(T1)
for m1 = n1 = n2 = 1/3, 1/2, 2/3, 1.
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5.7 Conclusions

Integer-order differential equations are commonly used to describe the prey-predator model.

Nowadays, fractional order differential equations attract researchers a lot, so they have ap-

plied it in different fields of science, including biology, ecology, etc. Many authors have used

the HPM to get an approximate solution of the fractional order prey-predator model. But

in most of the cases, the models they considered in the papers are two-dimensional. In our

study, we have extended the HPM to a three-dimensional prey-predator model, where the

three components are detritus, micro-organism pool, and invertebrate predator. Here, we

have derived the approximate analytical solution of our model applying the HPM, which is

better than other perturbation methods generally used in fractional calculus. In our model,

the detritus grows logistically, and loss of detritus due to the micro-organism pool follows

Holling type-II response function. Here, we have considered the Ivlev-type response function

as the uptake function of the invertebrate predator. This Ivlev-type response function is

rarely used in the fractional-order prey-predator models by other researchers. This can be

a motivation for solving a much more complicated form of the prey-predator model in the

future.
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Chapter 6

Effect of Prey Refuge on a Fractional
Order Detritus-Based Predator-Prey
Model in Presence of Toxicity ∗

6.1 Introduction

The process of extending differentiation and integration to any non-integer order is referred

to as fractional calculus. These days, researchers are very interested in fractional calculus.

Over the years, fractional calculus has been widely employed in numerous domains, includ-

ing fluid dynamics, medicine, biology, ecology, and more (Cole, 1993; El-Sayed et al. , 2007;

Fedri, 2012; Machado , 2010; Machado and Galhano, 2012). The application of fractional

calculus has been spread massively, and it is very realistic compared to the integer-order

calculus for any living system for its memory property. Due to the memory effect, for any

prey-predator model, the preceding state has an influence on the present dynamics. There

are different types of fractional derivatives. One of the commonly used fractional derivatives

in any prey-predator model is the Caputo derivative, which was first introduced by Caputo

(Caputo, 1967) and later used by several authors (Balci, 2023; Choi et al., 2014; Isik and

Kangalgil, 2024; Owolabi, 2017).

The functional response significantly impacts the behavioral patterns of any prey-predator

model. A predator’s functional response refers to the quantity of prey it consumes within

∗Chapter based on the paper submitted in Journal of Mathematical Biology for publication
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a specific time frame. Several kinds of functional responses exist, such as Holling type-I (Li

et al., 2021; Seo and DeAngelis, 2003; Seo and Kot, 2008), Holling type-II (Alsakaji et al.,

2021; Molla et al., 2019; Zhou et al., 2019), Holling type-III (Agarwal and Pathak, 2012;

Huang et al., 2006; Majumdar, 2022), Holling type-IV (Agarwal and Pathak, 2017; Datta et

al., 2019; Liu and Huang, 2020), Crowley Martin (Gazi and Das, 2010; Panja, 2021; Santra

et al., 2020), Beddington-Deangelis (Hwang, 2003; Pal and Mandal, 2014; Pal et al., 2019),

Hassell-Varley (Hsu et al., 2008; Xu and Li, 2015), and so on. Nevertheless, Holling type-

II is more suitable for the invertebrate predator than other functional responses. A novel

functional response was created by Ivlev (1961) that can be used against both vertebrate

and invertebrate predators. Ivlev-type functional response has been employed by numerous

authors in their prey-predator models (Kooij and Zegeling, 1996; Liu et al., 2016; Wang et

al., 2010).

Prey refuge is an additional factor in a prey-predator model that might influence its dy-

namic behaviour. Several authors have established the influence of prey refuge in the

prey-predator paradigm (Balci, 2023; Collings, 1995; Freedman, 1980; Gonzalez-Olivares and

Ramos-Jiliberto, 2003; Kar, 2005; Yan and Zhang, 2008; Zhao and Shao, 2008). Li et al.

(2017), Chauhan et al. (2024) examined the impact of prey refuge in a fractional-order

prey-predator system.

Nowadays, environmental pollution is increasing day by day in such a way that any prey-

predator model in an ecosystem is affected if toxicant is present in that ecosystem. The toxic

materials that are present in the environment cause damage to the stability of an ecosystem.

Numerous researchers have already studied the impact of toxicity on a prey-predator model

(Assila et al., 2024; Das et al., 2023, 2009; Freedman and Shukla, 1990; Jana et al., 2016;

Moussaoui A. et al., 2010; Samanta, 2010).

A fractional-order mathematical model of prey and predator based on detritus in the Sun-

darban mangrove forest and the nearby estuary has been reported in our work. In our model,
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the micro-organism pool is considered as prey, and the invertebrate is taken as predator. In

mangrove estuary, tidal waves come twice a day, and due to tidal influence, some amount

of micro-organisms of the adjacent estuary always washed out, and as a result of this type

of prey refuge, an amount of micro-organism is protected from predation. This prey refuge

enhances the prey-predator coexistence and prevents the micro-organism from extinction. It

is known that the industries always release a huge amount of toxic substances into marine

water. Due to the tidal influence of the adjacent Bay of Bengal, a huge amount of marine

water enters the estuary. The growth of micro-organism pools and invertebrate predators are

affected because of this toxicity. Throughout the work, we have discussed how the dynamic

is affected by the toxicity and prey-refuge.

The current investigation has been carried out in the following order: Section 6.2 describes

the model using certain fundamental presumptions. Section 6.3 comprises preliminary infor-

mation, such as pre-existing definitions, theorems, and lemmas that are utilized throughout

the study. The system’s non-negativity is explained in section 6.4. Section 6.5 explains the

model system’s boundedness, while Section 6.6 demonstrates that the system has a unique

solution. The various equilibria and their corresponding feasibility criteria are given in Sec-

tion 6.7. The system’s dynamic behavior is discussed in section 6.8, where the local stability

analysis is mainly explained. Numerical simulations for various parameter values are shown

in section 6.9. The report culminates in a conclusion included in section 6.10, which provides

an explanation of the summary of our study’s findings.
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6.2 Model formulation

Here, we have constructed a deterministic model as follows:

c
t0
Dp
t x1(t) = x1(r1 − ax1) + kmx3.

c
t0
Dp
t x2(t) = x2

(
r2 −

bx2

ax1

)
− fx3

{
1− e−g(1−δ)x2

}
− αx2

2.

c
t0
Dp
t x3(t) = x3

[
−m+ f

{
1− e−g(1−δ)x2

}]
− βx3, (6.1)

where

x1(0) > 0, x2(0) > 0, x3(0) > 0, and

x1 = biomass of detritus,

x2 = biomass of micro-organism,

x3 = biomass of invertebrate predator,

r1 = detritus’s growth rate,

r2 = micro-organism pool’s growth rate,

ar2
b

= carrying capacity of micro-organism pool,

f = rate of conversion of food of invertebrate predator,

m = invertebrate predator’s normal death rate,

km = detritus recycle rate after the death of invertebrate predator,

g = hunting success,

δ = prey refuge rate,

α = coefficient of toxicity to the prey species,

β = coefficient of toxicity to the predator species.

We also assume that the growth of detritus is assumed to follow a logistic type of growth

equation and the Ivlev-type uptake function is considered for predator’s functional response.

Here,
d(αx22)
dx2

= 2αx2 > 0, and
d2(αx22)
dx2

2 = 2α > 0, which shows the accelerated growth of
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toxicant, and as a result, the species consume the toxic-effected food more.

For simplicity, we convert our system into a non-dimensional system using the following

transformations:

x1 = mX
a

, x2 = Y
g

, x3 = mZ
fg

, t = T
m

.

Then the system (6.1) converted into

c
T0
Dp
TX(T ) = X(η −X) + γZ.

c
T0
Dp
TY (T ) = Y

(
σ − φY

X

)
− Z

{
1− e−(1−δ)Y }− µ1Y

2.

c
T0
Dp
TZ(T ) = Z

[
− 1 + ψ

{
1− e−(1−δ)Y }]− µ2Z, (6.2)

where X(0) > 0, Y (0) ≥ 0, Z(0) ≥ 0.

Here, η = r1
m

, γ = ka
mfg

, σ = r2
m

, φ = b
gm2 , µ1 = α

mg2
, ψ = f

m
, µ2 = β

fg
.

6.3 Preliminaries

In this section, definition and some fundamental properties of Caputo derivative are discussed

briefly.

Definition 6.1

Let’s examine a continuous function H(X) ∈ Cn([T0 +∞),R) with fractional order p > 0

(Petras, 2011).

Then the Caputo derivative of H(X) is defined as

c
T0
Dp
TH(T ) =

1

Γ(q − p)

∫ T

T0

Hq(s)

(T − s)p−q+1
ds,

117



where Γ(q − p) is the gamma function, q ∈ Z+, p ∈ (q − 1, q) and T ≥ T0.

When q = 1, then the mathematical form of the Caputo derivative is as follows:

c
T0
Dp
TH(T ) =

1

Γ(1− p)

∫ T

T0

H
′
(s)

(T − s)p
ds,

where p ∈ (0, 1).

Lemma 6.1

Suppose c
T0
Dp
TH(T ) ∈ C[a, b] ∀ T ∈ (a, b), where 0 < p ≤ 1 and H(T ) ∈ C[a, b] (Odibat and

Shawagfeh, 2007). Then

(i) If c
T0
Dp
TH(T ) ≥ 0, then H(T ) is increasing function ∀ T ∈ [a, b].

(ii) If c
T0
Dp
TH(T ) ≤ 0, then H(T ) is decreasing function ∀ T ∈ [a, b].

Theorem 6.1

Let us consider that H(T ) ∈ Cn[a, b], and c
T0
Dp
TH(T ) is piecewise continuous in [T0,∞),

where p is positive and n− 1 < p < n ∀ n ∈ N (Liang et al., 2015). Then

L
{ c
T0
Dp
TH(T )

}
= spF (s)−

n−1∑
j=0

sp−j−1Hj (T0) ,

where L stands for Laplace transform and F (s) = L
{
H(T )

}
.

Here, <(s) ≥ 0, where <(s) stands for the real part of s.

Theorem 6.2

For each M ∈ Cn×n, we can write (Kexue and Jigen, 2011)

L
{
T v−1Eu,v (MT u)

}
=

su−v

su −M
∀ u > 0, v > 0,
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where s is a complex number. The real part of s, i.e., <(s) > ‖M ‖
1
u , and Eu,v is the

Mittag-Leffler function (Podlubny, 1999).

Definition 6.2

Let us assume a system of equations

c
T0
Dp
TH(T ) = Ψ(T,H),

which represents a dynamical system with Caputo fractional order p and H (T0) > 0.

By solving Ψ(T,H) = 0, we get the system’s equilibria H∗ (Li et al., 2009).

Theorem 6.3

Assume a fractional-order system dp(x)
dtp

= g(x), x(0) = x0 with 0 < p < 1 and x ∈ Rn (Petras,

2011). An equilibrium point is called locally asymptotically stable if the Jacobian matrix

J = ∂g
∂x

possesses the eigenvalues λi for all the equilibrium points satisfying |arg(λi)| > pπ
2

.

6.4 Positivity of solutions

Theorem 6.4

All the solutions of the system (6.2) starting in R+3
are always positive.

Proof

Let P (T0) = (XT0 , YT0 , ZT0) ∈ Ω+ =
{

(X, Y, Z) ∈ Ω+ : X, Y, Z ∈ R+
}

is the initial value of

X(T ), Y (T ), and Z(T ), where R+ =
{
X ∈ R : X ≥ 0

}
. To show X(T ), Y (T ), Z(T ) ≥ 0

∀ T ≥ 0, let’s assume that Z(T ) ≥ 0 ∀ T ≥ 0 is not true. Then ∃ a constant T1 satisfying
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T0 ≤ T < T1 such that 
Z(T ) > 0, when T0 ≤ T < T1,

Z(T1) = 0, when T = T1,

Z(T1
+) < 0, when T ≥ T1.

For the system (6.2), it is clear that c
T0
Dp
TZ(T ) |Z(T1)=0= 0.

Thus, using Lemma 6.1, we have Z
(
T1

+
)

= 0, which creates a contradiction in the fact

Z
(
T1

+
)
< 0. Thus, we can claim that Z(T ) ≥ 0 ∀ T ∈ [T0,∞).

In a similar way, we can prove that Y (T ) ≥ 0 ∀ T ∈ [T0,∞), and X(T ) ≥ 0 ∀ T ∈ [T0,∞).

Hence, the theorem is proved.

6.5 Boundedness of the solutions

Theorem 6.5

The system (6.2) possesses uniformly bounded solutions.

Proof

Suppose Q(T ) = X + ψY + Z. Then

c
T0
Dp
TQ(T ) = c

T0
Dp
TX(T ) + c

T0
Dp
TY (T ) + c

T0
Dp
TZ(T )

= X(η −X) + γZ + Y

(
σ − φY

X

)
− ψµ1Y

2 − Z − µ2Z

≤ −m1Q(T ) + 2ηX −X2 +
ψσ2

φ
X,

where m1 = min
{
η, σ, (1 + µ2 − γ)

}
.

Here, (1 + µ2 − γ) > 0 as γ < 1.
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Let G(X) = 2ηX −X2 + ψσ2

φ
X.

Then G has maximum value Gmax =
(
η + ψσ2

2φ

)(
2η + ψσ2

φ

)
− 1

4

(
2η + ψσ2

φ

)2

,

at X = 1
2

(
2η + ψσ2

φ

)
.

Hence, it follows that c
T0
Dp
TQ(T ) +m1Q(T ) ≤ Gmax.

Now applying the Laplace transformation, we get

spF (s)− sp−1Q(0) +m1F (s) ≤ Gmax
1

s
,where F (s) = L

{
Q(T )

}
⇒ F (s) ≤ Q(0)

sp−1

sp +m1

+Gmax
1

s (sp +m1)
. (6.3)

Now applying the inverse Laplace transformation, we get

Q(T ) ≤ Q(0)L−1

{
sp−1

sp +m1

}
+GmaxL−1

{
sp−(p+1)

sp +m1

}
.

Now using Theorem 6.2, we obtain

Q(T ) ≤ Q(0)Ep,1
{
−m1T

p
}

+GmaxT
pEp,p+1

{
−m1T

p
}
. (6.4)

Again, using Mittag-Leffer functions properly, we obtain

Ep,1
{
−m1T

p
}

= (−m1T
p)Ep,p+1

{
−m1T

p
}

+
1

Γ(1)
.

Thus, we have

T pEp,p+1

{
−m1T

p
}

= − 1

m1

[
Ep,1

{
−m1T

p
}
− 1
]
. (6.5)

From (6.4) and (6.5), we achieve

Q(T ) ≤
{
Q(0)− 1

m1
Gmax

}
Ep,1

{
−m1T

p
}

+ 1
m1
Gmax.

Since Ep,1 → 0 as T →∞, so, Q(T ) ≤ 1
m1
Gmax.

So, the system (6.2) possesses uniformly bounded solutions in the region
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B =
{

(X, Y, Z) ∈ Ω+|X + ψY + Z ≤ 1
m1
Gmax + ε, ε ≥ 0

}
.

6.6 Uniqueness of the solutions

Theorem 6.6

Let us consider the system (6.2) has the solution P (T ) = (X(T ), Y (T ), Z(T )) ∈ Ω+, and the

initial condition is P (T0) = (XT0 , YT0 , ZT0) ∈ Ω+ =
{

(X, Y, Z) ∈ R+3|max
{
|X|, |Y |, |Z|

}
≤

U
}

, where T ≥ 0 and U is sufficiently large. Then the solution P (T ) = (X(T ), Y (T ), Z(T )) ∈

Ω+ is unique.

Proof

Let P = (X, Y, Z) ∈ Ω+, P̄ =
(
X̄, Ȳ , Z̄

)
∈ Ω+, and consider a mapW (P ) = (W1(P ),W2(P ),W3(P ))

such that

W1(P ) = X(η −X) + γZ.

W2(P ) = Y

(
σ − φY

X

)
− Z

{
1− e−(1−δ)Y }− µ1Y

2.

W3(P ) = Z
[
− 1 + ψ

{
1− e−(1−δ)Y }]− µ2Z, (6.6)
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Now we have

‖W (P )−W (P̄ )‖ = |W1(P )−W1(P̄ )|+ |W2(P )−W2(P̄ )|

+ |W3(P )−W3(P̄ )|

= |X(η −X)− X̄(η − X̄) + γ(Z − Z̄)|

+

∣∣∣∣Y (σ − φY

X

)
− Z

{
1− e−(1−δ)Y }− µ1Y

2

− Ȳ
(
σ − φȲ

X̄

)
+ Z̄

{
1− e−(1−δ)Ȳ }+ µ1Ȳ

2

∣∣∣∣
+

∣∣∣∣Z[− 1 + ψ
{

1− e−(1−δ)Y }]− µ2Z

− Z̄
[
− 1 + ψ

{
1− e−(1−δ)Ȳ }]+ µ2Z̄

∣∣∣∣
≤ U1|X − X̄|+ U2|Y − Ȳ |+ U3|Z − Z̄|

≤ L‖P − P̄‖,

where L = max
{
U1, U2, U3

}
, where

U1 =
(
η + 2U + φU2

)
,

U2 =
(
σ + 2φU2 + 2µ1U

)
,

U3 =
{

2 + γ + ψ + (ψ + 1)Ue(1−δ)U + µ2

}
.

Therefore, the Lipschitz condition is satisfied for W (P ) with respect to P .

Thus, the system (6.2) has a unique solution.

6.7 Equilibria and their feasibility

There exist three equilibria as follows:

(i) E1(η, 0, 0),
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(ii) E2(X,Y , 0), where X = η, Y = σ
φ
η

+µ1
.

(iii) E3(X∗, Y ∗, Z∗), where Y ∗ = 1
(1−δ) ln

{
ψ

ψ−(µ2+1)

}
.

It is pretty challenging to find the exact value of X∗ and Z∗, but we find a polynomial of Z,

which is as follows:

D1Z
3 +D2Z

2 +D3Z +D4 = 0,

where

D1 = 4γ(µ2+1)2

ψ2 ,

D2 = 4γ
{2µ1(µ2+1)

ψ
Y ∗2 − 2σY ∗ µ2+1

ψ

}
,

D3 = 4γ
{
σ2Y ∗2 + µ1

2Y ∗4 − 2σµ1Y
∗3}− 4φη(µ2+1)

ψ
Y ∗2,

D4 = 4φY ∗3 (ση − φY ∗ − ηµ1Y
∗).

Here, D1 > 0.

If any one of D2, D3, and D4 are negative, then we can conclude that there exists at least

one positive real root, say Z∗. So,

X∗ =
η+
√
η2+4γZ∗

2
.

Here, E3(X∗, Y ∗, Z∗) is feasible when µ2 < (ψ − 1).

6.8 System’s dynamical behaviour

This section covers the study of the local stability behaviour of our model system (6.2)

around the equilibria.

The system (6.2) possesses the variational matrix

J =


η − 2X 0 γ

φ Y
2

X2 σ − 2φ Y
X
− Z(1− δ)e−(1−δ)Y − 2µ1Y −

{
1− e−(1−δ)Y }

0 ψ(1− δ)Ze−(1−δ)Y −1 + ψ
{

1− e−(1−δ)Y }− µ2

 .
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Theorem 6.8

The system (6.2) shows a local asymptotic unstable behaviour around E1.

Proof

At E1 (η, 0, 0), the variational matrix J has the characteristic equation

(λ+ η)(λ− σ) (λ+ 1 + µ2) = 0.

Thus, the three eigenvalues are λ1 = −η, λ2 = σ, λ3 = −(1 + µ2). Thus,

|arg(λ1)| = π > pπ
2
∀ 0 < p < 1,

|arg(λ2)| = 0 < pπ
2
∀ 0 < p < 1,

|arg(λ3)| = π > pπ
2
∀ 0 < p < 1.

Therefore, according to theorem 6.3, it follows that the equilibrium point E1 shows an

unstable behaviour.

Theorem 6.9

The system (6.2) shows a local asymptotic stable behaviour around E2 for M1 < δ < M2,

where M1 = 1− 1
Y
ln

[
ψ

ψ−
{

1+µ2−
(
σ− 2φY

η
−2µ1Y

)}], and M2 = 1− 1
Y
ln
{

ψ
ψ−(µ2+1)

}
.

Proof

At E2, the variational matrix J has the characteristic equation

(λ+ η)
[
λ2 + A1λ+B1

]
= 0.
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Here,

A1 = 1− ψ
{

1− e−(1−δ)Y }+ µ2 −
(
σ − 2φ

η
Y − 2µ1Y

)
,

B1 =

(
σ − 2φ

η
Y − 2µ1Y

)[
− 1 + ψ

{
1− e−(1−δ)Y }− µ2

]
.

Let the characteristic equation possesses three roots λ1, λ2, and λ3, where one root

λ1 = −η < 0.

So, if A1 > 0 and B1 > 0, then

|arg(λ1)| = π > pπ
2
∀ 0 < p < 1,

|arg(λ2)| = π > pπ
2
∀ 0 < p < 1,

|arg(λ3)| = π > pπ
2
∀ 0 < p < 1.

Now A1 > 0 if δ > M1, and B1 > 0 if δ < M2, where

M1 = 1− 1

Y
ln

 ψ

ψ −
{

1 + µ2 −
(
σ − 2φY

η
− 2µ1Y

)}
 ,

and

M2 = 1− 1

Y
ln

{
ψ

ψ − (µ2 + 1)

}
.

Therefore, according to theorem 6.3, it follows that the equilibrium point E2 shows a local

asymptotic stable behaviour for M1 < δ < M2.

Theorem 6.10

The system (6.2) shows a conditional local asymptotic stable behaviour aroundE3(X∗, Y ∗, Z∗).
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Proof

The characteristic equation at E3 is

{
λ− (η − 2X∗)

} (
λ2 + A2λ+B2

)
= 0,

where

A2 =

{
2φY ∗

X∗
+ Z∗(1− δ)e−(1−δ)Y ∗ + 2µ1Y

∗ − σ
}
,

B2 = (1 + µ2)Z∗(1− δ)e−(1−δ)Y ∗ − φγ Y
∗2

X∗2
ψZ∗(1− δ)e−(1−δ)Y ∗ .

Let the characteristic equation possesses three roots λ1, λ2, and λ3, where one root

λ1 = −
√
η2 + 4γZ∗ < 0.

So, if A2 > 0 and B2 > 0, then

|arg(λ1)| = π > pπ
2
∀ 0 < p < 1,

|arg(λ2)| = π > pπ
2
∀ 0 < p < 1,

|arg(λ3)| = π > pπ
2
∀ 0 < p < 1.

Therefore, according to theorem 6.3, it follows that the equilibrium point E3 shows a local

asymptotic stable behaviour if A2 > 0 and B2 > 0.

Hopf-bifurcation

The system (6.2) can be rewritten as

c
T0
Dp
TP (T ) = f(δ, P (T )), (6.7)

where T > 0, P (T ) = (X(T ), Y (T ), Z(T )), and 0 < δ ≤ 1.

The system (6.2) experiences a Hopf-bifurcation around E3(X∗, Y ∗, Z∗), when δ meets the
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critical value δ∗, and the subsequent conditions are satisfied concurrently.

(i) Equation (6.7) comprises one eigenvalue λ1 which is real, and two eigenvalues that are

complex conjugate to one another, i.e., λ2,3(δ) = µ(δ)± iv(δ),

(ii) µ1,2,3 (p, δ∗) = 0, where µ1,2,3 = pπ
2
−
∣∣arg (λj(δ))

∣∣, j = 1, 2, 3,

(iii) ∂µ
∂δ
|δ=δ∗ 6= 0.

6.9 Numerical simulations

To validate the theoretical findings, this section includes numerical simulations that have

been done using the Predictor-Corrector method applicable to differential equations with

fractional order. For this purpose, a set of parameter values have been considered, which is

η = 3.5, φ = 0.68, σ = 2.2, γ = 0.5, µ1 = 0.05, ψ = 1.1, and µ2 = 0.005.

Then we have calculated the critical value of δ, i.e., δ∗ = 0.457. The only two parameters
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Figure 6.1: Stable state of the system (6.2) around E3 for p = 1, η = 3.5, φ = 0.68,
σ = 2.2, γ = 0.5, ψ = 1.1, µ1 = 0.05, µ2 = 0.005, and δ = 0.5 > δ∗ = 0.457 with the
initial values (0.3, 0.3, 0.3): (a) Time series plot, (b) Phase diagram plot.

that change during the whole numerical simulations are p and δ, while the other parameters

remains constant.

For Figure 6.1, we take δ = 0.5 > δ∗ = 0.457, p = 1. Figure 6.1 shows the system (6.2) is

stable when δ > δ∗ and p = 1.

Next we set the value δ = 0.4 < δ∗, and p = 1. Now from the Figure 6.2, we have seen that
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Figure 6.2: Chaotic solution of the system (6.2) around E3 for p = 1, η = 3.5,
φ = 0.68, σ = 2.2, γ = 0.5, ψ = 1.1, µ1 = 0.05, µ2 = 0.005, and δ = 0.4 < δ∗ = 0.457
with the initial values (0.3, 0.3, 0.3): (a) Time series plot, (b) Phase diagram plot.
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Figure 6.3: Hopf-bifurcation diagram of the model system (6.2) at δ = 0.457 and
other parameters are fixed as p = 1, η = 3.5, φ = 0.68, σ = 2.2, γ = 0.5, ψ = 1.1,
µ1 = 0.05, µ2 = 0.005 with the initial values (0.3, 0.3, 0.3): (a) Time series plot, (b)
Phase diagram plot.
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Figure 6.4: Chaotic solution of the system (6.2) around E3 for η = 3.5, φ = 0.68,
σ = 2.2, γ = 0.5, ψ = 1.1, µ1 = 0.05, and µ2 = 0.005, δ = 0.4, and p = 0.99, with
the initial values (0.3, 0.3, 0.3): (a) Time series plot, (b) Phase diagram plot.

129



0 100 200 300 400 500 600 700 800 900 1000

T

0

1

2

3

4

5

6

7

8

9

P
o

p
u

la
ti

o
n

s

(a)

X(T)
Y(T)
Z(T)

0
10

2

5

4

Z
(T

)

4

(b)

6

Y(T)

5 3

X(T)

8

2
1

0 0

Figure 6.5: Chaotic solution of the system (6.2) around E3 for η = 3.5, φ = 0.68,
σ = 2.2, γ = 0.5, ψ = 1.1, µ1 = 0.05, and µ2 = 0.005, δ = 0.4, and p = 0.95 with
the initial values (0.3, 0.3, 0.3): (a) Time series plot, (b) Phase diagram plot.
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Figure 6.6: Stable state of the system (6.2) around E3 for η = 3.5, φ = 0.68,
σ = 2.2, γ = 0.5, ψ = 1.1, µ1 = 0.05, and µ2 = 0.005, δ = 0.4, and p = 0.88 with
the initial values (0.3, 0.3, 0.3): (a) Time series plot, (b) Phase diagram plot.
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Figure 6.7: Stable state of the system (6.2) around E3 for η = 3.5, φ = 0.68,
σ = 2.2, γ = 0.5, ψ = 1.1, µ1 = 0.05, and µ2 = 0.005, δ = 0.4 and p = 0.84 with the
initial values (0.3, 0.3, 0.3): (a) Time series plot, (b) Phase diagram plot.
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Figure 6.8: Hopf-bifurcation diagram of model system (6.2) at p = 0.91, and other
parameters are fixed as η = 3.5, φ = 0.68, σ = 2.2, γ = 0.5, ψ = 1.1, µ1 = 0.05,
µ2 = 0.005, δ = 0.4 with the initial values (0.3, 0.3, 0.3): (a) Time series plot, (b)
Phase diagram plot.

the system (6.2) is unstable for δ < δ∗.

Figure 6.3 demonstrates the existence of Hopf-bifurcation at δ = δ∗ = 0.457, treating the

parameter δ as the bifurcation parameter.

We have now changed the system (6.2)’s order p to show the effect of it. Figure 6.4 illustrates

the instability of the system (6.2) at δ = 0.4 and p = 0.99. For δ = 0.4, and p = 0.95, Figure

6.5 illustrates the system (6.2)’s instability, while Figure 6.6 shows the system (6.2) is stable

at δ = 0.4, and p = 0.88. Additionally, the system is stable for δ = 0.4, and p = 0.84 (Figure

6.7).

Therefore, we may state that the fractional order p highly influences the system (6.2)’s

dynamic characteristics. We can change an unstable system into a stable system by lowering

the fractional order. Figure 6.8 demonstrates the existence of Hopf-bifurcation at p = 0.91,

treating the parameter p as the bifurcation parameter.

6.10 Conclusion

This work introduces a model that examines the relationship between predator and prey in

the Sundarban mangrove forest and the nearby estuary, taking into account the existence of
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toxicity. The phrase ”prey refuge,” which arises as a result of the tidal wave, is also included

in our model. The analysis focuses on the existence of positive, unique, and bounded solution.

We have determined the various equilibria and their corresponding feasibility conditions.

This chapter demonstrates the dynamics of our suggested model for various equilibrium

points and conditions. This research primarily examines how the prey-refuge term can affect

the dynamics. Distinct dynamics can be observed with varying prey-refuge rates. The

stability behaviour undergoes a significant change when the prey-refuge rate is altered. An

integer order system exhibits stability above a certain critical value of prey-refuge rate, while

instability occurs below that critical value. At the critical value, a Hopf-bifurcation with a

little amplitude occurs.

The fractional order is another crucial characteristic of our system. This fractional order can

alter a system’s steady-state behaviour. While the system may be unstable for integer order

derivatives, even a little change in the fractional order can cause the instability to become

stable. In our study, we have shown the impact of fractional order on stability. Thus, this

study concludes with a remark that the memory property of fractional order regulates the

dynamics of our proposed model with high efficiency.
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Chapter 7

Discussion

In this thesis, we have mainly formulated some detritus-based prey-predator models which

are deterministic in nature in Sundarban mangrove forest and the nearby estuary. In every

model, the primary energy source is detritus, whereas the micro-organism pool and inver-

tebrates, in turn, represent the roles of prey and predator, respectively. These models are

based on different conditions and parameters. Here, we have discussed the summary of key

findings that we have got throughout the six chapters.

Chapter 1 discusses some general and fundamental topics including definitions which have

been used throughout the thesis. A brief idea and scope of the chapters are also discussed.

In Chapter 2, a predator-prey model based on detritus is discussed. It is assumed that the

loss of detritus follows a Holling type-II functional response, and the invertebrate predator’s

uptake function is an Ivlev-type function. This uptake function has a complex ecological

interpretation and demonstrates the complexity of the model system, leading to some in-

tricate mathematical results that are, from an ecological perspective, extremely plausible.

We obtain the conditions of the global attractor, periodic orbit, and Hopf-bifurcation under

specific circumstances in the study. Here, we can observe that the micro-organism pool’s

growth rate serves as a bifurcation parameter and is a significant variable that may impact

the stability of the mangrove ecosystem. To interpret our analytical results’ qualitative be-

haviour, numerical simulations are run with various system parameter values.

In Chapter 3, a model is presented wherein the growth of micro-organisms is expected to
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follow donor-controlled type function, whereas the detritus is considered to follow logistic

type growth. A gestation time delay that is incorporated into the invertebrate predator’s

functional response term is used to analyse the model. Both the local and global stability

of several feasible equilibria are included in the mathematical study. It is shown that a

stable limit cycle surrounds the interior equilibrium point. Additionally, a critical value for

the micro-organism pool’s food conversion efficiency rate has been identified, and for this

value, Hopf-bifurcation behaviour is observed near the equilibrium point. It can be claimed

that in the real situation, we can also observe the same dynamical behaviour in the Sun-

darban estuary. We have shown that the dynamics of time-delay differential equation model

is more complicated and rich compare to the ordinary-differential equation model. Here, it

is shown that the discrete time-delay has a deep impact on the dynamics of ecosystem. It

even destabilizes the stable equilibrium point E3(X∗, Y ∗, Z∗). When the delay parameter

passes its critical value τ̂ 0, small-amplitude periodic oscillations known as Hopf-bifurcating

oscillations occur. Due to presence of instability, a limit cycle is formed. All the analytical

results are verified through numerical simulations for various system parameter values.

Chapter 4 discusses a model, where it is assumed that though the leading source of detri-

tus is the plant litter of mangrove forest, a small amount of detritus is also formed from the

dead bodies of invertebrate predators by the recycling process. The beauty of this chapter

is that we have incorporated two different valued discrete time delays for the gestation of

prey (micro-organism pool) and predator (invertebrate predator). Due to the time lag, our

proposed model possesses more complicated dynamics than the ordinary differential equa-

tions system. We have made a thorough theoretical and numerical investigation without

time delay and with time delay throughout the chapter. From the analysis of our model,

some engrossing and functional outcomes have been obtained. From the biological aspect,

the most salient fact from our study is that the time lag plays a leading role in shaping the

dynamics of our proposed model. Without delays, the system is locally asymptotically stable
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under some circumstances. These delays demolish the dynamical ecosystem’s stability and

give rise to periodic oscillations. It has been noted that the dynamical system is stable for

both delays, under the critical values of the delay parameters. When the delay parameter

passes its critical value, the dynamical system becomes unstable. A periodic oscillation is

found with increasing delay, which leads to a complex dynamical system. A Hopf-bifurcation

with small amplitude occurs at the critical values for both the delay parameters. Numerical

illustrations also ensure our theoretical observations that the dynamics of our model are

widely influenced by taking distinct values of delay parameters.

In Chapter 5, a model with fractional order is formulated. We have derived the approxi-

mate solution of the fractional order system using Homotopy Perturbation method (HPM)

with high accuracy. This HPM is better than any other perturbation methods generally

used in fractional calculus. As HPM is a rapid convergence method, we have done only a

few iterations to get approximate analytical series solutions of the system. Numerical simu-

lations have been experimented with different valued fractional orders to better understand

our analytical findings.

Chapter 6 presents a model influenced by prey-refuge and toxicity. Throughout the chapter,

the dynamics of our proposed model has been illustrated for different equilibrium points and

conditions. The primary topic of this research is how prey-refuge affects the dynamics. For

different values of prey-refuge rate, different types of dynamics can be seen. Changes in the

prey-refuge rate cause a significant change in the stability behaviour. For an integer order

system, a critical prey-refuge rate value is determined. Below that critical value, the system

is stable; beyond it, the system is unstable; and at that critical value, a small-amplitude

Hopf-bifurcation occurs.

Fractional order is the another important parameter for our system. This fractional order

is capable to change the stability of a system. Even if the system is stable for integer order

derivative, the stability may convert into instability with the slight change of fractional or-

135



der. In this chapter, the influence of fractional order in the matter of stability is observed.

Thus, this chapter concludes with a remark that the memory effect of fractional order plays a

significant role in terms of dynamical stability of our proposed model. Ultimately, numerical

simulations are run in order to confirm the analytical findings.

Future scope of research work

Using an enhanced model, new tools, and techniques, the research conducted for this thesis

can be developed into a more thorough study. These are a few possible areas of future re-

search that may be covered.

• This research can be extended to formulate models under the effect of diffusion in Sundar-

ban mangrove estuary. Diffusion theory is predicated on the idea that individuals within a

population move randomly and isotropicallythat is, without favouring any particular direc-

tion.

• The effect of Seasonality can also be examined for a detritus-based model in future. As

the amount of plant litter which falls on the ground can be different for different seasons,

the amount of detritus can be changed with the change of season.
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