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ABSTRACT

Sundarban mangrove forest is one of the largest mangrove forests, and it is very rich in
dynamics due to its diversity. The forest and its adjacent estuary support detritus-based
food chain, which is the most common and significant food chain to shape the dynamics of
that ecosystem.

In this thesis, some non-spatial detritus-based prey-predator models in the Sundarban man-
grove forest and the nearby estuary have been examined to study the dynamics of interaction
between the micro-organism pool feeds on detritus and its invertebrate predators. This detri-
tus is mainly produced from the plant litter of several mangrove trees by the decomposition
process with the help of micro-organism pool. This detritus is the primary energy source of
this ecosystem, and the energy is transferred from the detritus to the higher tropic levels.
The rate of uptake of invertebrate predators is taken as Ivlev-type response function. We
have also considered some models where the loss of detritus due to micro-organism pool is
assumed to follow Holling type-II functional response. The mathematical analysis includes
the existence of different feasible equilibria and their stability behaviour, including the exis-
tence of Hopf-bifurcation and limit cycle.

Next, we consider a model where it is assumed that besides the plant litter, a small amount
of detritus is also formed from the dead bodies of invertebrate predators by the recycling
process and the effect of single discrete-time delay is studied. Next, a model with multiple
time delays is considered. These time delays play a pivotal role in building the dynamics as
these delays can destabilize a stable ecosystem.

We have also formulated some models with Caputo fractional order derivatives. Due to
its memory effect; these fractional order systems are more realistic and complicated than the
integer order systems. Using the Homotopy perturbation method, the approximate solution
of a fractional order model has been derived. Next, the effect of prey refuge is considered in
a model in presence of toxicity. In mangrove estuary, tidal waves come twice a day, and due
to tidal influence, some amount of micro-organisms of the adjacent estuary always washed
out. As a result of this type of prey refuge, an amount of micro-organism is protected from
predation. This prey refuge enhances the prey-predator coexistence and prevents the micro-
organism from extinction. It is known that industries always release a huge amount of toxic
substances into marine water. Due to the tidal influence of the adjacent Bay of Bengal, a
huge amount of marine water enters in the estuary. The growth of micro-organism pool and
invertebrate predators are affected because of this toxicity.

All the theoretical outcomes are verified by numerical simulations.

keywords: Detrtitus, Micro-organism pool, Ivlev-type functional response, Invertebrate
predator, Time delay, Fractional order, Prey refuge, Toxicity.
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Chapter 1

Introduction

Mathematical modeling is a powerful area of mathematics that deals with various real-world
issues using mathematical expressions, equations, and terminology derived from mathemat-
ical ideas. Malthus (1798) applied mathematical modeling to population dynamics in the
early 1800s. Malthus believed that population growth and decay are always exponential
in nature. Later, Verhulst refined the Malthus model. Rather than focusing just on expo-
nential growth, he included the horizontal asymptote of population increase or decay in his
model. In his model, Verhulst used the phrase ”carrying capacity of the environment.” Subse-
quently, Volterra (1926) expanded mathematical modeling to include a prey-predator model.
In this model, he primarily examined interspecies competition and the neutral stability of
the interior equilibrium point, or center. Subsequently, a number of mathematicians created
quadratic models, which included certain non-linear elements resulting from the feeding ef-
fect and more intricate interactions between the prey and predator species. These models
included logistic-type growth equations. The field of mathematical ecology has grown signif-
icantly in the modern century, and numerous techniques and instruments have been created

to thoroughly examine any prey-predator relationship.

1.1 Ecology

Ecology is the branch of science that focuses on the interactions that living things have

with one another and their environment. A population is a group of individuals living in



a certain area who are members of the same class of species; a community is made up of
individuals from different populations that share a particular area. Two key phrases that
naturally accompany ecology are population and community. Certain characteristics are
specific to a population, such as its growth, death, and reproduction rates. In 1866, the
eminent biologist Ernst Haeckel created the term ecology. The construction of mathematical
models for various ecological systems is of great interest due to the nonlinear interplay
between living and non-living components and the consequent dynamical behaviour. In
any ecological system, mathematical modeling is an organized approach that is essential to
comprehending ecology through the use of certain state variables. This is the primary goal

of mathematical modeling of an ecological system.

1.2 Food chain model

Certain creatures always prey on other organisms in any habitat. Predators are species that
use prey as their food source, whereas prey are organisms that are consumed. Food energy
is thus transferred from the lower member to the higher member. A food chain is a group
of organisms that exchange energy with each other. The flow of food energy from lower to
higher tropical levels and the interactions between predator and prey are portrayed by the
food chain model, which is just a system of differential equations. There are two main types
of food chain models:

1. Deterministic food chain model where time t is continuous.

2. The stochastic food chain model in the discrete-time domain.



1.3 Population dynamics

A subfield of theoretical biology known as population dynamics examines both short-term
and long-term variations in a species’ population size. It focuses mostly on population
size and how it varies throughout time and space. In terms of evolutionary biology and
biomathematics, this is the most important aspect. The Malthusian growth model was
modeled in 1798 based on the first principle of population dynamics. Benjamin Gompertz
(1825) later improved and changed this model. The prey-predator equations developed
by Lotka and Volterra in 1925 and 1926 have the biggest impacts on the advancement
of population biology. Immigration, emigration, and per capita birth and death rates all
control the dynamics of any population. By creating a deterministic mathematical model,

the dynamics of a population can be ascertained using this idea.

1.4 Mathematical ecology

A subfield of applied mathematics called mathematical ecology serves as a bridge between
ecology and mathematics. It smoothly transforms the ecological condition in real life into
a mathematical expression and then discusses the characteristics of the ecosystem’s living
and non-living components and how they relate to one another. An ecological problem can
be converted into a mathematical problem and theoretically solved utilizing a variety of
strategies, tools, and algorithms. Mathematical models of the food chain, prey-predator,
fisheries, and epidemiological kinds have all been extensively investigated and analyzed in

order to investigate various ecological facts.



1.5 Functional responses

The functional response is the rate at which a predator devours its prey. In each model system
of prey and predator, this functional response is a necessary word. It significantly controls
the dynamic stability of any predator-prey system. Prey-predator data are explained and

interpreted using three distinct classes of functional responses in any predator-prey model.

1.5.1 Prey-dependent:

In prey-dependent models, the predation rate is thought to be exclusively reliant on prey
density. This section discusses a few common prey-dependent functional responses that are
frequently employed.

(1) Holling type I

The Holling type I functional response is thought to be represented by a bounded, one-
dimensional linear curve. Predators either consume food at a constant rate or at a rate that
grows linearly with increasing food density. In this instance, the predator’s processing time
for food is very short.

The Mathematical expression for the Holling type I function is

f(p(t)) = np(t),

where the prey density is represented by p(t), whereas the per capita rate of prey consumption
by predators is denoted by 7.

(77) Holling type 11

A bounded hyperbolic curve that is non-linear in nature is the characteristic of the Holling
type II functional response. As the consumer’s ability to process food is limited, the intake

rate falls for this response function. Insects and micro-organisms are the primary examples



of this kind of functional response.

The mathematical expression for this type of functional response is

Fo(t)) = Jf—%

Here, the half-capturing saturation constant is denoted as (3, and 7, p(t) are the same as
described above.

(77i) Holling type III

When there is a large density of prey, the Holling type III functional response is almost
the same as the Holling type II response. In low densities of prey populations, this kind of
functional response is characterized by a sigmoid curve. This response function serves as a
base for the model of vertebrate predators.

The following is an expression for this type of functional response.

2
np*(t)
f(t) = 7=—=
B+ ()

where the meaning of n, 3, p(t) have previously been explained.
(iv) Holling type IV
A non-monotonic function is the Holling type IV functional response, sometimes referred to
as the Monod-Haldane type functional response.

In mathematics, this functional response is expressed as follows:

B np(t)
ﬂmm_ﬁ+®@+ﬁ@’

where 7, 3, p(t) are the previously indicated variables and b is the predator interference.
(v) Ivlev-type

The exponential character of the Ivlev-type functional response makes it appropriate for



modeling invertebrate predators.
Ivlev-type functional response, which is exponential, is what I have employed in my work.

Its mathematical expression is

Fpt) =1— e P®

In this case, ¢ represents the hunting success, and p(t) represents the prey species density at

time ¢.

1.5.2 Predator-dependent:

The predator-dependent functional response has a predation rate, which is assumed to be
influenced by the quantities of predators and prey. The following list includes a few highly
utilized predator-dependent functional responses.

(1) Beddington-DeAngelis

The Beddington-DeAngelis response function and the Holling type II functional response
are nearly similar; the Beddington-DeAngelis response function is dependent on mutual
interference of predators, while the Holling type II functional response is not.

This response function’s mathematical expression is as follows:

_ np(t)
B+ ap(t) + b(t)’

fp(t), (1))

where n, 5, p(t), b are already described, and the terms a, ¢(t) means prey saturation constant
and predator density respectively.

(17) Crowley-Martin

The Crowley-Martin functional response is dependent on predators, just like the Beddington-

DeAngelis functional response.



The expression for this response function is

_ np(t)
P40 = 5 ap@) + abp(Ba(t)

where all the variables and parameters have already been explained.
(17i) Hassell-Varley:

The Hassell-Varley functional response has the following mathematical expression:

Fo(t), a(t) = #@p@m € (0.1).

Every parameter and variable is the same as what was previously stated.

1.5.3 Ratio-dependent:

This is a unique example of a predator-dependent functional response where the ratio of
prey to predator, rather than the total number of prey or predator, determines the rate
of predation. Compared to prey-dependent response functions, these kinds of functional
responses are more appropriate when predators are obligated to look for food. It is possible
to alter the stability of a dynamic system by altering its functional responses. Therefore,
finding a suitable functional response term to represent the stability of a prey-predator model

is crucial.

1.6 Detritus

Detritus is dead organic stuff produced by the decomposition process of organisms. It is typ-
ically found in three distinct terrestrial ecosystems: chaparral, grassland, and forest. It can
occasionally be found in aquatic environments as well. In forests, twigs and plant litter are

the primary sources of detritus. These fall on the ground and are decomposed by a variety
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of soil-dwelling micro-organisms, including bacteria, fungi, and protozoa. These microscopic
organisms, known as decomposers, obtain their nourishment from the detritus. Fungi typi-
cally have a larger biomass in aquatic environments than that of bacteria. Fungi account for
over 90% of the total biomass of micro-organisms (Findlay et al., 2002; Kominkova et al.,
2000; Newell et al., 2002). Furthermore, fungi are primarily responsible for the breakdown
process since their rate of production is higher than that of bacteria (Gulis and Suberkropp,
2003; Kuehn et al., 2000). Once more, bacteria have a turnover period that is shorter than
fungi, which means that they are essential to decomposition (Baldy and Gessner, 1997; Find-
lay and Arsuffi, 1989; Hieber and Gessner, 2002). The recycling process also creates a tiny
quantity of detritus from the animal corpses. In any detritus-based food chain, this detritus
serves as the main and most important source of energy, moving energy from the lower to
the upper tropical levels. The energy flow within a detritus food chain is constant, and it is

substantially greater than that of other types of food chains seen in terrestrial environments.

1.7 Refuge

Predation constantly affects prey species in any ecosystem. The population growth of the
prey species is negatively impacted by this predation. Prey species always have a tendency
to hide and seek refuge in order to promote the growth of prey species. The refuge patch
provides a safe place for prey species, shielding them from predators who are looking for
food. The predator-prey model’s dynamics in every ecosystem are greatly influenced by
this prey refuge. Because of the less predation, this prey refuge has a favorable impact
on prey growth and a negative impact on predator growth. Any ecosystem will primarily
have two types of refuges: temporal refuge and spatial refuge. One of the most important
and frequently utilized prey refuges is spatial refuge. Because of the fluctuating nature

of the surrounding environment, spatial refuges exist in places that are more challenging



for predators to access. Thus, a portion of the prey species is shielded from predators to
some extent (Gonzlez-Olivares and Ramos-Jiliberto, 2004). Temporal refuges result from the
collective defense of prey species or from the simple reduction of predator species’ mobility,
which lowers the risk of predation. According to Maynard-Smith (1978), a prey refuge with
a constant proportion has no effect on the impartially stable Lotka-Volterra model’s stability
behavior, but a constant number of prey refuges has. According to Hassell and May (1973),
a model’s oscillatory behavior can be changed into stable behavior by including a sizable
refuge. It has been demonstrated that adding a prey refuge to any model of predator-prey
can increase the stabilizing impact (Gonzlez-Olivares and Ramos-Jiliberto, 2004). In certain
cases, this refuge can prevent the extinction of the prey species. Prey refuge regulates the

prey-predator paradigm’s dynamics to a significant extent.

1.8 Time delay

Time delays can cause oscillations in a variety of species and, generally, have an unstable
impact on the dynamics of the species populations. In population dynamics, a species’
growth does not happen instantly. It takes time for a predator to give birth to new offspring
when it takes nourishment from its prey. It is known as the gestation delay. Each and every
species of an ecosystem generally experiences different life stages in their whole life cycle, and
the activities differ from one stage to another. Any population model can contain a variety
of delays, such as those related to incubation, gestation, and maturation. Maturation delay
and gestation delay are the most commonly used delays among them. The period of time a
newly born species spends in its juvenile class before beginning to reproduce after it enters
the adult class is known as the maturity delay. This indicates that the maturation delay is

the amount of time needed for a species to reach maturity.



The differential equation with time delay 7 can be expressed as follows for any population:

p(t) = fp(t), p(t = 7).

1.9 Fractional derivative

The study of integrals and derivatives of arbitrary orders, particularly fractional orders, is
known as fractional calculus (Ishteva, 2005). For more than three centuries, it has been
widely applied in several scientific domains. Fractional differential equations are more suit-
able than integer-order differential equations in real-world scenarios for any dynamical sys-
tem. Since integer-order derivative models do not take memory effects into account, in
general, the only time integer-order derivatives are utilized is when calculating the depen-
dent variable’s current rate of change with respect to the independent variable (Forde, 2005;
Kuang, 1993; Milton, 2015). Certain models in ecological systems rely more on past data
than on current data. Fractional derivatives and integrals make greater sense in this situ-
ation. The best method for including memory in a species where memory exists is to take
into account the fractional derivative, which has a non-local feature. There are two ba-
sic components of the memory effect. One is memory rate, which can be derived via the
derivative’s order, and the other is memory function, which is connected to the fractional
derivative’s kernel. Leibniz originally presented the concept of fractional derivative in the
17th century in 1695 (Kilbas, 2006). In the 18th and 19th centuries, famous mathemati-

cians Euler, Lagrange, Lacroix, and Fourier defined some fractional derivatives. When «

is not an integer, Euler discovered a new interpretation for the derivative d;xﬁﬁ (Samko et

al., 1993). In 1772, Lagrange observed that the law of exponents for differential operators
of integer order can be changed into any arbitrary order (Miller and Ross , 1993). Laplace

later provided a thorough explanation of the fractional derivative of the function f(z) = a™,
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which Lacroix had computed (Miller and Ross , 1993). He also covered the situation where
n = % (Miller and Ross , 1993). Fourier provided a thorough and useful formulation of the
fractional order derivative in 1822, which was applicable to any function (Miller and Ross ,
1993). Fractional derivatives have been applied in recent years by Letnikov, Abel, Liouville,
Riemann, Grunwald, and Riemann to address many real-world issues. Abel used fractional
order integration and differentiation to solve the tautochrone problem in 1823 (Caputo and
Mainardi, 1971). Liouville used the infinite series with fractional derivatives in 1832 to find
the solutions to various linear differential equations (Samko et al., 1993). A new definition
of fractional integration in the Taylor series was presented by Riemann in 1876 (Samko et
al., 1993). The definitions of Riemann and Liouville were joined later in the 19th century to
form the Riemann-Liouville fractional derivative (Miller and Ross , 1993). The most famous
and noteworthy Caputo derivative was then published in the literature in 1967 (Caputo,
1967).

We have applied the Caputo fractional derivative in our work. Since the derivative of any
constant is zero, it is easy to derive the initial and boundary conditions to frame issues
(Atangana and Secer, 2013). This makes the Caputo derivative convenient for fractional
derivative. The equilibria of an integer order system and a Caputo fractional derivative

system are exactly the same.

1.10 Objective of the thesis

Our primary goal in this thesis is to investigate the detritus-based prey-predator models in
the Sundarban mangrove forest and the nearby estuary. The principal and crucial energy
source in our study is detritus, from which energy is transferred to higher tropic levels of
the food chain models. In this mathematical analysis, we have regarded the micro-organism

pool as prey and the invertebrate as predator. The effect of the uptake function of inver-
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tebrate predators is the main concern here. Here, the impact of discrete time delays on
the stability behavior of models has also received attention. In addition, we have looked
at fractional-order predator-prey models with different fractional orders. In order to obtain
the model’s approximate analytical solution, we have additionally utilized the Homotopy
perturbation method. Understanding the stability behavior of equilibria, Hopf bifurcation,
stability switching, and limit cycle for delayed as well as non-delayed systems would un-
doubtedly be aided by this research. Ultimately, numerical simulations have been run to
verify the theoretical results and obtain a deeper comprehension of the stability behavior

across a range of model system parameter values.

1.11 Highlights of the thesis

The present thesis covers seven chapters for a clear understanding of some mathematical
models of ecological systems. A brief description of each chapter has been introduced here
to give a rough view of the topics discussed in the thesis.

Chapter 1: Chapter 1 discusses some basic preliminaries and definitions of terms used in
the whole thesis. It provides some fundamental ideas about the topics relevant to the thesis.
Chapter 2: In this chapter, we examine a prey-predator model in the Indian Sundarban
mangrove forest based on detritus. In this case, detritus is essential because it provides the
nutrients to the micro-organism pool. We have employed the Ivlev-type response function
to describe the rate of invertebrate predator’s intake and the Holling Type-II functional
response to explain the detritus loss rate brought on by the micro-organism pool. The
mathematical analysis consists of the existence of multiple equilibria, their local and global
stability, and the existence of a stable periodic orbit around the interior equilibrium point.
With respect to the growth rate parameter of the micro-organism pool, the system undergoes

Hopf-bifurcation about the interior equilibrium point. To comprehend the qualitative study,

12



numerical simulations are performed with respect to various values of the system parameters.
Chapter 3: Similar to Chapter 2, this chapter describes a deterministic mathematical model
of an invertebrate predator and non-spatial detritus-based micro-organism in the Sundarban
estuarine habitat. In this case, we assume that the predation follows an Ivlev-type response
function. Our research primarily aims to comprehend the dynamics of the micro-organism
pool since it is essential in determining the dynamics of food chains by transferring energy to
higher tropical levels. We have also attempted to comprehend how the invertebrate preda-
tor’s loss rate affects the model. The presence of many feasible equilibria and their local and
global stability are included in the mathematical study. It is demonstrated that the interior
equilibrium point is surrounded by a stable limit cycle. Additionally, a critical value for
the micro-organism pool’s loss rate has been identified, and for this value, Hopf-bifurcation
behaviour is observed near the equilibrium point. Afterward, we add a discrete time delay
to the invertebrate predator’s functional response term. Additionally, we have obtained pe-
riodic oscillations with tiny amplitudes, where the bifurcation parameter is the time delay.
Numerical simulations are used to validate all analytical conclusions for some system param-
eter values.

Chapter 4: This chapter explains another predator-prey mathematical model based on the
mangrove ecosystem with the Ivlev-type response function as the invertebrate predator’s
functional response. Here, we have incorporated two different-valued gestation delays in the
equation of the prey (micro-organism pool) and predator (invertebrate predator) population.
This study thoroughly explains the immense impact of time delays throughout the chapter.
These delays play a pivotal role in building the dynamics of our model. These delays can
destabilize the model system and generate Hopf-bifurcating periodic oscillations. The ana-
lytical results have been verified through the execution of numerical simulations.

Chapter 5: This chapter describes the same model of chapter 2 but fractional order system

is considered in place of integer order system. Since, integer-order derivatives are only used
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to calculate the dependent variable’s present rate of change with regard to the indepen-
dent variable because they do not account for memory effects in their models. In ecological
systems, certain models not only depend upon recent data but also on historical data. In
this case, fractional derivatives make more sense. That’s why we consider our model with
fractional order derivatives.

Here, we have derived the approximate solution of the fractional order system using Ho-
motopy Perturbation method (HPM) with high accuracy. As HPM is a rapid convergence
method, we have done only a few iterations to get the system’s approximate analytical series
solutions. Numerical simulations have been experimented with different valued fractional
orders to better understand our analytical findings.

Chapter 6: In the Sundarban mangrove forest and the adjacent estuary, another detritus-
based predator-prey paradigm is the subject of this chapter’s discussion. The model of this
food chain is formulated with the help of fractional order derivatives. The effects of prey
refuge and toxicity are also discussed in this paper. At the end, numerical simulations are
run in order to confirm the analytical findings.

Chapter 7: Chapter 7 contains the conclusion, which includes a summary of the theoretical
and numerical findings of all the chapters discussed in the thesis. The future scope of the

research is also mentioned in this chapter.
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Chapter 2

Qualitative Behaviour of a
Detritus-Based Prey-Predator Model
of Sundarban Mangrove Forest,
India *

2.1 Introduction

Sundarban is one of the most extensive mangrove forests in the world and lies in the Ganga-
Brahmaputra-Meghna delta, particularly at the border of the northern margin of the Bay of
Bengal. Mangroves are one particular type of tree that grows in brackish wetlands where the
land meets with the sea. In the Sundarban estuary, mangrove forests are vital as they support
the detritus-based food chain and play a crucial role in shaping the dynamics of the adjacent
estuary. A lot of detritus is formed from the litter of several mangrove forest species, such as
B. gymnorhiza, Avicennia Sp., Heritiera Sp., Ezocaria Sp., Sonneratia Sp.. Among these
species, Avicannia alba, Avicannia marina, and then Awvicennia officinalis are the leading
sources of detritus. The plant litter is decomposed by several micro-organisms, namely
fungi, bacteria, and certain protozoa, and detritus is formed. The detritus is washed out by
tidal flow into the adjacent estuary. This detritus plays a significant role in regulating the

productivity of the forest and the estuary. Several invertebrate predators, such as nematodes

*Chapter based on the paper published in Global Journal of Pure and Applied Mathematics, ISSN 0973-
1768, Volume 16, Number 1 (2020), pp. 9-25.

15



and certain insect larvae are in the ecosystem and feed on the micro-organisms. Invertebrate
predators are one of the most important members of the ecosystem in regulating the level of
nutrients in the food chain/web. In this way, a detritus-based prey-predator system works
in the Sundarban estuary. A lot of theoretical work has been done on detritus-based prey-
predator system in the Sundarban estuarine ecosystem (Bandyopadhyay et al., 2003; Das
and Ray, 2008; Gazi and Bandyopadhyay, 2006; Sarkar et al., 1991).

The present study considers a non-spatial detritus-based prey-predator model, where detritus
is the primary energy /food source for micro-organisms and invertebrate predators. Here, it
is proposed that the loss rate of detritus due to the micro-organism pool follows the Holling
Type-1I functional response (Braza, 2003; Du and Hsu, 2004; Hsu and Huang, 1995; Ko and
Ryu, 2007; Peng and Wang, 2005, 2007; Saez and Gonzalez-Olivares, 1999; Tanner, 1975),
the functional response of invertebrate predators is taken as the Ivlev-type response function
(Kooij and Zegeling, 1996; Wang et al., 2010). It is observed that the growth rate of micro-
organisms plays a significant role in shaping the dynamics of the mangrove ecosystem.

The present study has been carried out sequentially as follows: At first, the basic assumption
and formulation of the mathematical model have been described, and we derive the equilibria
and their feasibility conditions. Then, we showed the boundedness of the solutions (Ghosh
and Sarkar, 1997; Sarkar et al., 1991) and the dynamic behavior of the system. We have
also shown the local as well as global stability of the interior equilibrium point, the existence
criteria of Hopf-bifurcation (Roy et al., 2016; Sarwardi et al., 2012), criteria for non-constant
large-amplitude periodic solutions, and the direction of flow of trajectory of the periodic
orbit. Finally, numerical simulation is carried out with respect to different values of system

parameters, and we discuss and interpret the results of the system.

16



2.2 Model formulation

We consider a deterministic mathematical model of a non-spatial detritus-based micro-

organism pool and its invertebrate predators as:

dr hxy

il x(al—bx)—k+x.

d

d—?i =y (aQ —~ %) — g92{1 — exp(—ey) }.

fl—j = z[—m+g{1 —exp(—ey)}], (2.1)

with the initial conditions:

x(0) =x¢ >0, y(0) = yo > 0 and 2(0) = z, > 0,

where x, y, z are the biomass of detritus produced from plant litter of mangrove, population
density of micro-organism pool and population density of invertebrate predators respectively
at time t. Here, a1, b, h, k, as, ¢, g, e, m are positive constants. In system (2.1), it is
assumed that the loss rate of detritus due to the micro-organism pool follows the Holling
type-II functional response. The functional response of the predator is taken as the Ivlev-type
response function where e is the hunting success, g is the maximum no of micro-organisms
that can be eaten by an invertebrate predator, and m is the mortality rate of the invertebrate
predators.

We consider the following substitution to make the system (2.1) into a non-dimensional form:

— _ mk —km?*z , _ T
'CE_kX?Z/_TY’Z_h_g’t_%
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Then the model system (2.1) reduces to

dX Y

dar X[(Q_UX)_MLX}

dy VY

ar Y( —7)—Z{1—exp(—qu)}.

dz

7 = Zl-1+o{l—eap(=oV)}], (2.2)
Wherea:%,n:%, =2 y=£ g=4 ¢= emk

It is known that the qualitative behaviour of the system (2.1) and the non-dimensional

system (2.2) are the same.

2.3 Equilibria

The system (2.2) has the following equilibria.
(¢) The boundary equilibrium point E; (3, 0,0).

(43) The invertebrate predator free equilibrium point Ey(X,Y,0),

where
X — —(y+B—0)++/ (1y+B—ay)+4any?
20y )
v — ,8{ (my+B8—ar) +\/ (ny+B—ary)2+4omy? }
2172

(737) The interior equilibrium E5(X*, Y*, Z*), where

(a—n)+/(a+n)2—Lin(2;)
2n ’

V' = 1ln(a 1)

X" =

,_.

(L

o
2

=0 ln(a 1) 8 — an)ﬂ/ In

@\\i?

n(5%) ]

We see that the interior equilibrium E5(X™,Y™*, Z*) is feasible under the given conditions:
(i) o > 1,
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(17) Y* > a

. . 2ynY* yaty
(i) 5 > (a=n)++/(a+n)2—dny p(say).

2.4 Qualitative analysis of the model

2.4.1 Boundedness of the solutions

The boundedness of solutions of the system (2.2) is shown in the following lemma.

Lemma 2.1

The system (2.2) possesses uniformly bounded solutions.

Proof

Suppose S(T) = X + oY + Z.

Now

ds _dx 4y dZ
ar — ar " %ar T ar

Y2
gaX—nXMﬁaY—mX 7
Y B 2 op?
<aX-nX*’-Z-0 (———x/f) + =X — BoY
< n Y X 7 B
2 ‘752
<2aX —nX° 4+ —X—-aX —-fcY - Z
Y
2 052
< —myS(T) 4+ 20X —nX*+ —X
v

Let F(X) =2aX —nX? + ‘TTBQX, then F' has maximum value

_1 aB? _ 1 ap? ap? _ 1 aB?
Fruw = <2a—|—7){a 477(20(—1-7)—1- }atX—2n<2a+7).

n 2y

Hence, it follows that g—; +m1S(T) < Fraz,
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where m; = min{a, B, 1},
which implies

S(T) < Frae +e™TS(X(0),Y(0), Z(0)).

Hence, limsup S(7) < fmas,

mi
T—o00

Hence, the lemma is proved.

2.4.2 Dynamic behaviour of the system

In this subsection, we will discuss the stability of the equilibria E;, E,, and Ej3, respectively.
Let Ji be the Jacobian of the system (2.2) at the equilibrium points Ej, where k = 1,2, 3.

At FEy, the Jacobian matrix is

So, the eigenvalues of the matrix J; are —a, 8, —1. So, F} is stable in the X and Z directions
and unstable in the Y direction.

At Es, the Jacobian matrix is

v X
a—2nX — X7 I 0
Jy = % ﬁ—% —1—|-€_¢37
0 0 —1+0(1—e W)
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At Es, the characteristic equation of J5 is

[—1+U(1—e¢Y>—A][A2—)\{a—2n)_(—ﬁ+ﬁ—¥}

20 Y N e
*(5_%) {“_Q"X_ <1+7(>2}+)—((Z+)?)} -
= [—1+0(1-e) =2 [N+ Pr+Q] =0,

where

P=—a+2X + (1+X)

Q= (ﬁ - %) {O‘ — X — (1+§)2} + )?(ﬁi?)‘

If P> 0and Q > 0, the equilibrium E,(X,Y,0) is stable in the XY plane; otherwise, it is

unstable.

In the Z direction, F5(X,Y,0) is unstable or stable according to the condition ¥ > Y* or
Y <Y*

Through numerical simulation, we have shown for some parametric values where P > 0 and
Q@ > 0, E5 is stable in the XY plane.

At FEj3, the Jacobian matrix is

* X*
a—20X" — e T 0
J = T -8B -2 L
0 poZ*e= V" 0
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At FEjs, the characteristic equation of J3 is

A | o A (i |

Y* 27Y* * *
A —{a—-2pX* — ———— — — Zrpe” Y L — pZ% e
R R e ol L o B
X* qYy*? . y*
— ¢z {a—2mX — ———— 1+ =0
1+X*X*2} ¢z {a 7 (1+X*)2}
= XN+ AN + B\ +C =0, (2.4)

where

A:—{OC—QT]X* (1+X )2}_{B 2’YY Z*¢e ¢Y*}
B = {a —2nX* — m}{ﬁ - X* — Z e } + ¢Z e + 14{{)2*1}(/_*;»
* —oY* * Y*

The system (2.2) is locally asymptotically stable if A >0, C >0, AB—C > 0.

Here, A > 0 if

1
1—9¢Y*(c—1)

Y* N 7" V(o - 1)
(1+X*2 X+ X+

B < {—a+277X*—|— }zﬁ**(say).

Here, C' > 0 (always). Now AB — C = 0,% + 023 + 03,

where

T (R . a )
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X*Yy* X*Yy=
e o (e X))

{ (14 X*) (14 X*)?
¢y (0 —1)Y*? i X*y* 27Y* i i Xy
{_ ( X*) +T}X—<1+X*>2+ X +¢Y (O’—l) —77X +m
m(a—ny*?( X*Y* ) 207Y*
Y (6 —1) =19 — 1+nX* — — + Ay Y
{cb (0 —1) }{ e U] 11X = m
27}/*2 ,_YY>'<2 }
X*(14+X%)* X~ (1+X%))’
— —1)Y*? X*Y* 29Y*Y ( — —1)Y*?
S { cbv(GX* ) +?7X*_(1+X*)2+ z{ }{ m(o—X* )
X*Y* 207Y* 2vY *? 7Y *2 }
1+nX*— — +4yY " + +
( ! (1+X*)2) X n X (14X X*(1+X)
_9v(0—1) (_nX*Jr 2)'
X~ (14 X*)

Due to the complex form of A, B, and C| it is pretty unlikely to find an explicit parametric
condition for which all those conditions are satisfied. However, through simulations, the
result is obtained that there exists some threshold value of 5, say f = S; such that for
0< B < py,all A, C and AB — C' are positive, and as [ passes through [y, then AB — C'
becomes negative. Hence, it is concluded that for f* < § < min{ﬁ**, ﬁl}, Ej5 is locally
stable. At § > min{ﬁ**, ,81}, Ej5 is unstable and at § = [, AB — C vanishes.

Now in the following theorem, we derive the condition for existence of small amplitude

periodic oscillations for variation of parameters of the system (2.2).

Theorem 2.1

The necessary and sufficient condition for existence of Hopf-bifurcation is that there exists
a B = 51 such that A(ﬁl) > 0, B(Bl) > 0,0(61) > 0, ,QZ)(BO =AB-C = 0, and

d
d5la=m # 0.
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Proof

To prove the existence of Hopf-bifurcation, at first we show that the characteristic polynomial
has one real and two purely imaginary roots at § = ; (Rai et al., 1983).

Here, AB — C' = 0,3 + 093 + 03.

Now

013% + 028 + 03 = 0 has one positive root 3; such that A(S8;)B(51) — C(B1) = 0. Let us
consider the real root is p(f1) = u(By) + iv(5y).

We know that u(5;) = 0. We have to show Z—ZLBZBI # 0.

Now since p(/1) is a root of equation (2.4), So, it satisfies (2.4).

So, we get

(u+w)® + A(u+1)? + B(u +iv) + C = 0.

Now separating the real and imaginary parts, we get

u? —3uv? + Au? — Av  + Bu+C = 0,

3u®v —v® + 2Auv + Bv = 0. (2.5)

Let us consider /3 is in the neighbourhood of 3;. Then (2.5) has a solution such that v(8;) # 0

iff v2 = 3u? + 2Au + B, which gives
8u® + 8Au* +2(A* + B)u+ AB — C = 0. (2.6)

Equation (2.5) has a root u(f) such that u(3) = 0 iff A(1)B(51)—C(p1) = 0, which implies
0182 + 0981 + 03 = 0.

Now at 3 = 31, u(31) = 0 is the only root, since 12u? + 8 Au+ (A% + B) = 0 has no real root.
Again, it is seen that v(3) = y/B(B:) holds.

Our aim is to show Z—g|5:51 # 0.
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Now from (2.6), we get
240”98 + 16 Augl + 895u* + 2(A* + B) %8 + 2u(2A%5 + 92 )u + 2015 + 03 = 0.

At § = By, using u(f1) = 0, we get

—(201B1+02)

Z—Z| B=H1 = (G 1BE) # 0. This completes the proof of the lemma.

2.4.3 Ciriteria for non-constant large amplitude periodic solutions

When AB — C' is negative, then the characteristic equation (2.4) has one real negative
root and two complex roots with a positive real part. Then, Ej is locally unstable. Now
using the stable manifold theorem (Hale, 1969), we can say that a one-dimensional stable
manifold and a two- dimensional unstable manifold exist at E'5. We have already shown that
there exists a bounded invariant domain R C Ri. Now, to know the exact location of the
stable manifold, and to describe the flow of trajectories of the system through octant in the
positively invariant bounded set & C ]Ri, we use the method of sub-boxes. To do that, we

divide R into eight octants as follows(see Figure 2.1)

I = {(X,)Y,2):ee < X <X 0<Y<Y"0<Z< 2,
I = {(X,Y,2): X"<X<20<Y<Y 0<Z<2Z),
"
o= {(xv,7):x<x<®y<y<® o<z
n m
IV = {(X,Y,Z):enggX*,Y*nga—ﬁ,OngZ*},
m
L
V = {(X,Y,2): < X<X0<Y <Y Z"<Z<——¢},
m
L
VI = {(X,Y,2): X" <X<20<Y <Y Z2°<Z<=—q}
n m
L
VII = {(X,Y,Z):X*SXSQ,Y*gYSa—ﬁ,Z*ng——el},
n m m
L
VIII = {(X,Y,Z):61§X§X*,Y*§Y§a—ﬁ,Z*§Z§——el},
my m



V Vil

/ J
Y v v

Il I

X

Figure 2.1: Rectangular region R is divided into eight sub-boxes as defined in the
text.

(a—m)—/(a—n)2+4an(1- 2 |

where ¢; < o

Lemma 2.2

The eigenvector associated with the negative real eigenvalue of the Jacobian matrix at Ej,

points into the boxes IV and VI.
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Proof

Let \; denote the unique real negative eigenvalue. Then, the vector (x,y, 2)T must satisfy

Y X+
D T G — .
[O‘ g 1+ X*)? 11 1+ x+7
y*? 2vY* . 1
VX*Q {5 - V — Z*pe " — )\1}9 =z
poZ ey =\ 2. (2.7)

From the last equation of (2.7), we get that y and z are opposite signs.

Now @ = 20X* — e = X* | i — .

Now let

Y* > (1 + X*)?

= 0> +/(a+n)2—4nY*

= 0> (a+n)?—4nY™,

which can not be possible.

So, a — 2nX* — (1+X ez <0

So from (6.3), it can be seen that x and y are opposite signs when [ — M — Z* g™ >0

for > p; and Ay > o — 2nX* — . S0, assuming these conditions we can say that the

(1+X*
eigenvector associated with A; < 0 points into the boxes IV and V'I.

Lemma 2.3

Any positive solution of the system (2.2) except those on the stable manifold must eventually
start oscillations according to the following sequence:

I =11 =11 = VII=VII] =V —.
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Proof

Let Fj; denote the face between the boxes 7 and j. For the reason of the symmetry properties
of boxes, we consider the trajectory that starts on face Fy3, and we will show that the
trajectory intersects the face Fig, excluding point F5. We have seen that on Fbs, Y >0, and
on Fy7, Z > 0. So, it can be concluded that the trajectory does not return to I or I11.

Since the trajectory can not tend to E3 from V' II, it must intersect Frgs. On the face Frg,
we get X < 0. So, we can say that the trajectory enters into box VIII. On the face Fis,
Y < 0. So, the trajectory enters into the box V. On the face Fi5, Z < 0. So, the trajectory

enters the box I. Hence, the lemma is proved.

2.5 Numerical simulation and discussions

In this section, we perform some simulations to validate our analytical findings. We have
done it using MATLAB-R2017a and the standard MATLAB differential equations integrator
for Runge-Kutta method, i.e., MATLAB routine ODE 45. We have done it for a set of pa-
rameter values. For this purpose, we take a« =5, n=10.2, ¢ =1, 0 = 1.005, v = 0.92. Using
this set of parameter values, we get the value of 5* = 0.2038, f** = 5.1212, and £, = 0.4229.
So, min{ﬁ**,,@l} = (1 = 0.4229. Thus, for f* < f < (1, the system is locally asymptoti-

cally stable around the interior equilibrium E3 and when S > (1, then the system is unstable.

Figure 2.2 shows the solution curve of the system (2.2) around the interior equilibrium
Es when 8* < 8 < 1, and the phase portrait of the system (2.2) is shown in Figure 2.3.
Figure 2.4 shows the oscillatory behaviour for detritus, micro-organism pool, and inverte-
brate predator population around E3 for § = 0.5 > ;. In Figure 2.5, we plot the phase

portrait of the system for g = 0.5 > (31, which shows the periodic orbit around FEj3.
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Figure 2.2: Globally asymptotically stable steady-state around Es3 for same initial
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values for a =5, =04, v=0.92, ¢ =1, n = 0.2, and o = 1.005.

Figure 2.3: Globally asymptotically stable steady-state around Es3 for same initial
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values for a =5, =04, v=0.92, ¢ =1, n = 0.2, and o = 1.005.

In Figure 2.6, we set the value of § = (7 = 0.4229, and there exists a small amplitude
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Figure 2.4: Oscillatory behaviour of the system (2.2) for same initial values for
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Figure 2.5: existence of periodic orbit for same initial values for a« = 5, § = 0.5,
v=0.92, ¢=11n=0.2, and o = 1.005.

Population density
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Figure 2.6: Hopf-bifurcating small-amplitude periodic solution for same initial
values for « =5, f =0.4229, v=0.92, ¢ =1, n = 0.2, and ¢ = 1.005.

Figure 2.7: Hopf-bifurcating small-amplitude periodic solution for same initial
values for « =5, f =0.4229, v=0.92, ¢ =1, n = 0.2, and ¢ = 1.005.

periodic oscillation which leads to Hopf-bifurcation whereas Figure 2.7 shows the phase por-
trait of Hopf-bifurcation with small amplitude periodic oscillation around FE3 for the same

parameter values. Through the numerical simulation, it is shown that the parameter 5 plays

an important role in shaping the dynamic behaviour of the model system (2.2).
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2.6 Conclusions

We know that mangrove forests are very rich ecosystems due to the formation of detritus
in the Sundarban estuary. Therefore, the formation of detritus from the litter of mangrove
forests is significant since it plays a crucial role in maintaining the nutrient level of the
estuary. In this study, we consider the mathematical model, which is completely based on
some realistic situations from the viewpoint of biology. The general dynamical behavior of
a homogeneous model of a detritus-based ecosystem comprised of a micro-organism pool
and invertebrate predators with a deterministic environment is discussed. Here, The loss
of detritus is assumed to follow the Holling type-II functional response, and the uptake
function considered for the invertebrate predator is the Ivlev-type function. This uptake
function has a dense ecological interpretation. It shows the complex nature of the model
system, which leads us to some complicated mathematical results that are realistic from the
ecological point of view. In the study, we derive the conditions of global attractor, periodic
orbit, and Hopf-bifurcation under certain conditions. Here, we can see that the growth rate
of the micro-organism pool acts as a bifurcation parameter, and it is an important factor
that can affect the stability of the mangrove ecosystem. This study provides an overall view

of the detritus-based food chain in the Sundarban estuary.
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Chapter 3

Qualitative Analysis of
Micro-Organism Pool and its
Invertebrate Predator with Discrete

Time-Delay in Sundarban Estuary,
India *

3.1 Introduction

One of the greatest natural wonders of the global estuarine ecology is the Sundarban.
It is a large mangrove forest located at the seaside of the Bay of Bengal. The main part of
Sundarban is situated in Bangladesh, and the remaining part is located in India (about 4000
km?). Sundarban estuarine complex is an important ecosystem, especially for its unique
estuarine feature of the World’s largest coastal mangrove forest. In this estuary, mangrove
forest plays a very significant role in keeping the ecological balance of this estuary. The
main sources of nutrients in this estuary are the litter from several mangroves, including B.
gymnorhiza, Avicennia Sp., Heritiera Sp., Ezocaria Sp., Sonneratia Sp.. Mangrove leaves
fall to the ground, where they are decomposed by a variety of micro-organisms, including
bacteria, fungus, and specific protozoa. In this region, tidal flow happens twice daily. The

leaf detritus is transported to the nearby estuary by the tidal wave, which also regulates

*Chapter based on the paper published in Bull. Cal. Math. Soc., Volume 114, Number 6 (2022), pp.
919-942
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the ecosystem’s total production. These micro-organisms offer a source of food for a variety
of invertebrates found in the Sundarban ecosystem, including nematodes and some insect
larvae, particularly chironomide. The detritus food chain is maintained by a very large quan-
tity of nutrients and decomposition of organic matter. A lot of analytical studies have been
done on detritus-based ecosystems in the estuarine system (Bandyopadhyay et al., 2003; Das
and Ray, 2008; Gazi and Bandyopadhyay, 2006; Sarkar et al., 1991). The current study is
based on the construction of a deterministic mathematical model of an invertebrate predator,
micro-organism pool and its non-spatial detritus source.

The Ivlev-type response function is used in this model to represent the functional response
of the invertebrate predators (Kooij and Zegeling, 1996; Wang et al., 2010). The relationship
between predation rate (i.e., no of micro-organisms eaten per invertebrate predator per unit
of time) and micro-organism density is termed as the functional response. Here, the Ivlev-
type response function has a major influence on the dynamics of Sundarban estuary. This
function has negative curvature over the whole prey range. With the use of a basic nonlin-
ear mathematical model consisting of invertebrate predators and micro-organisms based on
detritus, we can describe the dynamics of the ecosystem.

In reality, it is observed that when a predator feeds on any prey, some time is needed for the
digestion of food. There are two main types of delays in reality: gestation delay and matura-
tion delay. Our addition of a gestation delay to the invertebrate predator’s growth equation
makes the model more realistic. There are many authors who have included time delays in
prey-predator models in biological systems (Das and Ray, 2008; Gazi and Bandyopadhyay,
2006; Jana et al., 2012; Liu et al., 2016; Thingstad and Langeland, 1974). Hutchinson (1984)
first used delay in a logistic differential equation.

The current investigation has been conducted in a sequential manner as outlined below:
Section 3.2 focuses on the fundamental assumptions and construction of the model. The

existence of equilibrium point is covered in Section 3.3. Section 3.4 encompasses the con-
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dition of the solutions being bounded, as discussed by Sarkar et al. (1991) and Ghosh and
Sarkar (1997). Section 3.5 provides an explanation of the local behaviour shown by the
various equilibria of the system at a local level. This section also includes the concept of
system permanence, as discussed by Hofbauer (1981) and Hutson and Vickers (1983). The
system’s global behaviour and the existence of periodic solutions resulting from Hopf bi-
furcation around the interior equilibrium are the main topics of Section 3.6. Roy et al.
(2016) and Sarwardi et al. (2012) have both investigated this subject. In the absence of a
time delay, this section also addresses the existence of a limit cycle for different values of
the system parameters. We looked at the delay model in section 3.7 and showed how the
dynamics of the population are affected by gestation delay. We have also calculated the
length of time delay required to preserve stability in section 3.8. In section 3.9, the effects of
different system parameters on the delayed and non-delayed systems are analyzed through
numerical simulations. In section 3.10, we have finally clarified and examined the results of

our research.

3.2 Formulation of model

Here, we examine a mathematical model of a non-spatial detritus based micro-organism and

its invertebrate predator as follows:

dx
il z(a; — bx).
% = z[—m+g{1 - exp(—ey)}], (3.1)

considering the following initial conditions:
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2(0) = z9 > 0,y(0) = yo > 0 and 2(0) = 2 > 0, where x, y, and z represent the biomass
of the detritus, the biomass of the micro-organisms, and the biomass of the invertebrate
predators at time t respectively. e represents the hunting success. All of the system’s
parameters are thought to be positive. Here, as represents the prey species’ growth rate, ‘%b
their carrying capacity and ¢ is the invertebrate predator’s food conversion efficiency rate.
It is considered that the growth of micro-organisms follows donor-controlled type function,
while the growth of detritus follows logistic growth. In this instance, the predator’s functional
response is interpreted as an Ivlev-type response function. For mathematical simplicity, we

consider the following non-dimensional system with the help of the following transformations:

mz ¢ T

_ mX _Y _
x_b’y_e7z_eg’ m’

Subsequently, the model system (3.1) becomes

dX

— = X(a-—X).

a7 (a —X)

day Y

dz

— = Z[-1+0c{l—exp(-Y)}], (3.2)
dT

where a = % =2 =5 o= 1,

3.3 Equilibria and their feasibility

There exists only one axial equilibrium F4 (v, 0,0) and one planar equilibrium point Fs(c, O‘Tﬁ, 0).
The interior equilibrium of the system (3.2) is given by E3(X*, Y*, Z*), where X* = q,
V*=In(-%), Z* =oln(z%) [ — Lin(=%)].

We may observe that, under the following criteria, the interior equilibrium E5(X*,Y™*, Z*)

is feasible:

(i) 0 > 1, (ii) v < $8 = 7" (say).
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3.4 Boundedness

The following lemma proves that the system’s solutions are bounded.

Lemma 3.1

There are uniformly bounded solutions for system (3.2).

Proof

Suppose S(T) = X + oY + Z. Now

a5 _aX dY  dZ
ar ~ ar " %ar T ar

Y2
gaX—X2+a,6Y—‘”X y
Y 8 2 op2
<04X—X2—Z—a”y(———\/}> + —X — pBoY
VX v
o3?
<2aX - X’4+ 22X —aX - BoY - Z
gt
oB3?
< -—myS(T) +2aX — X* + —X
gl

Let F(X) =2aX —nX? + ”TBQX, then F' has maximum value

Fma$:<204+0752>{a_%1<204+0752>+02—i2 atX:%<2Oé+UT'82>

Hence, it follows that % +m1S(T) < Frau,
where m; = min{a, B, 1}.
which implies

S(T) < Faz + ¢7™TS(X(0),Y(0), Z(0)).

Hence, limsup S(7T') < Lmes,

= T
T—o00

Hence, the lemma is proved.
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Theorem 3.1

If 5> max{ﬂ, %}, then the system (3.2) is permanent.

Proof

Y

We will prove the permanence of the system (3.2) by forming the "average Lyapunov function
as elaborated by Hofbauer (1981) and Hutson and Vickers (1983).

In our model, we consider the average Lyapunov function of the form

O(FE) = XY Z"s,

where ¢(E) is a non-negative C' function in ]Ri and each r; is positive. Then

vY

A (I

> a é{l —exp(=Y)} +rs[ =1+ o{l —exp(=Y)}].

From local behaviour, it is clear that there is no periodic trajectory in the boundary planes.
Therefore, we can say that the system (3.2) is permanent if there exists r; > 0 (i = 1,2, 3)

such that n(E;) > 0, j =1,2. Now

U(El) = TQ/B — T3,

N(Es) =1 (ﬁ - g) 1y {—1 + 0{1 — exp (#) H

Therefore, we can find at least one positive r = (ry, 75, r3) such that n(E;) > 0 and n(E,) > 0,

«

if 3 > max{ﬁ, Wl(—"l)} Hence, the theorem is proved.
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3.5 Stability analysis of the system

Let J, be the Jacobian matrices at the equilibrium points FEj, where £ = 1,2,3. The
eigenvalues of the Jacobian matrix J; are —a, 3,—1. So, E; is stable in the X and Z
directions and unstable in the Y direction.

The eigenvalues of the Jacobian matrix J, are —q,

1 —{ﬂ+1—o—(1_e-“f)}+\/{5+1—o—(1—e—°‘f) }2—4B{1—0<1—6_af>} )

Hovr et et ]

So, F, is stable in the X direction and stable or unstable in the Y Z plane according to the

conditions: o > % or o < %.

l—e 7 l—e 7

The characteristic equation corresponding to Fj is

(—a =[N+ -8+ ZVTY* + 2% }+oZ%¢ Y (1—e)] =0

= (—a—A) [N+ AX+ B] =0,

where

*

29Y
A=-p+2
0%

+ Z*efY*’
B=ocZ%¢Y (1—e ).

If A>0and B > 0, we can conclude that the interior equilibrium F3(X* Y* Z*) is locally
asymptotically stable.
Here, B > 0 is always true.
Now A > 0 if the condition
af[l—(oc—1)Y7]

7> o1y 7" (say) (3.4)
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holds, i.e., under condition (3.4), the populations do not go to extinction.

3.6 Global stability analysis

It is observed that when T — oo, the biomass of the detritus will reach its maximum value
a, i.e.,

lim sup X(T) = a.

T—o00

This case is not only true analytically but also in real situations in the Sundarban estuary.
The biomass of detritus tends to a particular value, regardless of the species’ original popu-
lation. Therefore, studying the global behavior of the system’s two-dimensional subsystem

suffices. The subsystem in two dimensions is provided by

v Y( _ﬁ)_z{l—exp(—Y)}

dT X
j—i = Z[-14+o{l—exp(-Y)}]. (3.5)

Now we will show that under the condition (3.4), the equilibrium point Ej is a global attractor

in the positive octant.

Theorem 3.2

Ifv>

M = ~**, then the subsystem (3.5) is globally asymptotically stable.

y*[2-(o-1)y*
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Proof

Assume that I" can represent any periodic orbit in the positive Y Z plane around (Y*, Z*).

A= /div(Y,Z)dT
r

9y
:/( —L—Zey—1+a—aey)dT
r e}

- / (1—e) FydT, (3.6)

Y(8-%)

1—=v is the prey isocline Y =0.

where F' =
Assuming that Ej3 is locally stable when v > +**, and applying the Rozenzueig and MacArthur
conditions (Freedman, 1980), Fy < 0. Hence, A < 0. This creates a contradiction because,
according to the Poincare criteria (Conway and Smoller, 1986), any periodic orbit I" in the
positive Y Z plane is stable. Consequently, there isn’t a periodic orbit on the positive Y 7
plane around (Y*, Z*). For this reason, the system (3.2) is globally asymptotically stable at

point E3(X*, Y* Z%).

Theorem 3.3

Around the equilibrium point E3(X*, Y™, Z*) in the positive octant, there exists at least one

. . of[1--vy*]
stable limit cycle if v < m =7".

Proof

The equilibrium point F3(X*, Y*, Z*) is unstable if v < 4**. Since Fy > 0, we can determine
that A > 0 using theorem 3.1. It is now possible to declare any periodic orbit to be stable
by applying the Poincare criteria (Conway and Smoller, 1986). Thus, in the positive octant,

there is at least one stable limit cycle around the equilibrium point E5(X*,Y™*, Z*).
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Theorem 3.4

A Hopf-bifurcating small amplitude periodic solution occurs at E3(X*, Y™, Z*) if

« —(c—1)Y™*
—YB F E I;Y % = v**. We therefore draw the conclusion that, upon reaching a critical
*12—(c—1)Y'™*

value for the micro-organism pool’s loss rate, the biomass of the micro-organism pool, and
the number of invertebrate predators fluctuate with little amplitudes around the steady state

E5(X*,Y*, Z%).

Proof

To prove this theorem, we have to show that the conditions of Hopf-bifurcation are satisfied.

If v =~ then A =0, where

2 Y* *
A=-p+ L 77
(0]

Then the roots of the equation A2 4+ A\ + B = 0 are purely imaginary, namely ++v/Bi, where

B = *_Y*(l—e_y*):Z*(a_1>.
g

d(Real)) )

2 led

Thus, every requirement for a Hopf-bifurcation is met. Consequently, periodic solutions with

Also, we have [

little amplitudes exist close to F3(X*, Y™ Z*). Thus, the theorem is established.

3.7 Qualitative analysis of the delay Model

In this part, we include a discrete time delay 7, assuming that it takes some time 7 for
the food conversion. Thus, we take into account a gestation delay 7 in the invertebrate

predator’s uptake function term. Consequently, we have a modified version of the system
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(3.1) in the form of a delay differential equation model.

d_x
dt
dy
dt
dz

dt

The non-dimensional model of the above system becomes as follows:

dX
dar
dy
dT
dz
dT

where «, (3, v, o are the same as described in section 3.2, and 7 > 0.

z(a; — bx).

o

z[—=m+g{l—exp(—e(y—7))}].

ay — %) — gz{l — emp(—ey)}.

X(a—X).

y (5 - %) _ Z{1 - eap(=Y)).

Z[ =1+ 0{1—exp(-Y(T —7))}],

(3.8)

Let us assume that P = P(T), Q = Q(T), and R = R(T) are small deviations from the

equilibrium values X*, Y* and Z*, respectively, in order to linearize the above system (3.8)

about the equilibrium point Fjs.

Now we substitute X = X*+ P, Y =Y*"+ Q, and Z = Z* + R, and we get the linearized

system as follows :

dpP

&~ a.P

dT ai

d

% = an P + anQ + ayzRk.

dR

ar azQ(T — 1),
where aii, 21, 22, (23, Q32 are as follows: ap = —X*, o1 = ’g—:j,
Q99 = B — Q,YXZ* — Z*e‘y*, ag3 = —(1 — €_Y*), 32 — UZ*e_Y*.
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The characteristic equation of the system (3.9) is given by

AN T) = PRE )\2(—CL11 — ag) + Aajiag — G23a32€_/\7) + a11a23a32€_/\T =0

— ANT) =X+ 2+ g\ +7(0 — Ne™™ =0, (3.10)

where p = —ai; — ag2, ¢ = a11092, T = G23a32, 6 = ay;.

Assuming that the interior equilibrium point’s existence criteria are met, we now examine
two scenarios.

Case 1. When 7 = 0.

This case is already discussed earlier.

Case 2. When 7 # 0.

Let us put A = p +iw in the characteristic equation (3.10), where p and w are the functions
of 7.

Thus, the characteristic equation becomes

AN T) = (p4iw)? + plp + iw)? 4+ q(u + iw) 4+ 7[0 — (1 + iw)]e” W)™ = 0. (3.11)

Now separating real and imaginary parts, we get

1 = 3uw® + p(p? — w?®) + qu +re *T[(0 — p)coswt — wsinwt] = 0,

and

—w? + 3pPw + 2ppw + qw + re *T[—weoswt — (0 — p)sinwt] = 0. (3.12)

Now to satisfy the necessary and sufficient condition of Hopf-bifurcation of the interior

equilibrium point, the characteristic equation should possess purely imaginary roots. To get
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that, we put u(7) =0, and w(7) # 0 in the system of equations (3.12), and we obtain

—pw? + rfcoswt — rwsinwt = 0,

—w® + qu — rOsinwt — rwcoswt = 0. (3.13)

Eliminating sinw7 and coswt from the above equation (3.13), we get

Wl 4+ (p* = 2q)w* + (¢* — r?)w?® — r?0* = 0. (3.14)

Putting w? = Q, we get

O 4 (p? = 29)0% + (¢ — 1) — 126> = 0. (3.15)

Now regardless of the sign of the coefficients of Q% and €, the equation (3.15) always has at
least one positive root.

Let the root be w*.

So, from the system of equations (3.13), we get the critical value of the delay parameter T,

ie.,

1 g — *2 — 0 *2
7 = — arctan I w2 —|—E,n:0,1,2,3,....
w* w*(q + ph — w*?) w*

If we choose n = 0, we get smallest value of 7 denoted by 7°, where

o 1 [Gq — pw*? — Qw*Z}

75 = — arctan
w* w*(q + ph — w*?)

We must differentiate equation (3.10), in order to validate the transversality criterion of

Hopf-bifurcation (Hassard et al., 1981).

44



Thus, we get

Thus,

Now

(

AN+ pAZ N A0 - ))

dAAN\T' 3N+ 2pA4g 1 T
dr A

—3w*? + 2pw*i + q 1 T
i (—w*Bi — pwt 4 qwi) w0 —iwt)  iw*
B 2w*6 + w*4(392 _ 2(] +p2) + w*2(2p292 _ 4(]02) + q202

w*2 [(—w*2 +q)? —i—p%}*ﬂ (w2 + 67]
H(w*,0,p,q)(say)
w2 [(_w*Q +q) +p2w*2] w2 + 92].

- e

d(ReA)] _ Sign {d(Re/\)} -

dr T

Sign {

T=70

= SignH (w*,0,p, q).

Now 30% — 2q + p? = 4a?, + a2, > O(always),

and 2p*0? — 4¢6% = 2a%,(a?, + a3,) > O(always).

Thus, we get Sign [

Lemma 3.2

T

d(Re)
d :|T=7°0 7£ 0

For all non-negative values of 7, the interior equilibrium point E3(X*, Y* Z*) is locally

asymptotically stable provided the following necessary and sufficient conditions are met.

a) Assuming 7 = 0, the interior equilibrium point F3(X*, Y™*, Z*) remains stable.
g

(b) There are no purely imaginary roots in characteristic equation (3.10).

We derive the following theorem 3.5 from the above discussions.
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Theorem 3.5

The interior equilibrium point E3(X*, Y*, Z*) is unstable for 7 > 7° and stable for 7 < 7°.

As 7 approaches 70, it experiences a Hopf-bifurcation.

3.8 Estimation for the length of delay to preserve the
stability

In this part, we calculate the approximate value of the length of delay 7 to maintain stability
of the system. First, we make the assumption that the equilibrium E3(X*,Y™*, Z*) is locally
asymptotically stable in the absence of delay, and all of the eigenvalues of the characteristic
equation (3.10) have negative real parts for sufficiently small values of 7 > 0. Therefore,
without losing generality, we can state that no eigenvalue with a positive real component
bifurcates from infinity (sometimes it might be seen in retarded system (Sarkar et al., 1990)).
By using Nyquist criteria (Thingstad and Langeland, 1974), we derive the length of time
delay. For this, we assume that all the variables used in our model are continuous in (7, c0).

Our linearized model:

dP

d_T = CLHP.

d

g = ap P+ axQ@ + axR.

dR

ﬁ = CL3QQ(T — T), (316)

where a1, as1, a2, a3, azs are already described.

Let P(s), Q(s), R(s) are the Laplace transformations of P, @, and R.
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So, from the above-linearized system, we get

(S — CLH)P = P(O),

(s — a22)Q = an P + a3 R+ Q(0),

sR(s) = as|Q(s) + K(s)le " + R(0), (3.17)

where K (s) = fi Q(T)e=TdT.

Solving (3.17), we get

_ _F(s7,a11,021,a22,a32)
R(S) T s34ps?4gst+r(0—s)e=sT)

where F' = agjasee *"P(0) + (s — a11)azge " Q(0) + (s — a11)(s — agn)agae T K (s)

+ (s — a11)(s — agn)R(0).
Let E(s) = s* +ps® + qs + (0 — s)e™*7,
which is the same as the characteristic equation (3.10).
Using Nyquist Criteria (Thingstad and Langeland, 1974), we say that in the presence of
delay, the equilibrium F3(X*, Y*, Z*) is locally asymptotically stable, provided the following
criteria are met.

ImE(ivg) > 0, ReE(ivg) = 0, (3.18)

where vy is the smallest positive root of the equation ReE(iv) = 0.
Now E(iv) = —iv® — pv* + qui + rlcosvt — irfsinut — irvcosvr — vrsinur.
Using (3.18), we get

—U03 + qug > rlsinvyT + rvgcosvyT,

and

puo? = rlcosvyT — rUySinueT.
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Also,

—v® 4+ qu > rfsinvT + rvcosvr, (3.19)

and

pv? = rfcosvr — rvsinuT. (3.20)

To find the maximum value of v say vy, we use the conditions that |cosvT| < 1 and
|sinvT| < 1. Using (3.20), we get
pv® < (0 +v). (3.21)

Taking the equal sign, we get

pv® — 70 —rv = 0. (3.22)

the eqaution (3.22) has a unique positive root say vy > vg.
Thus, we get v, = %p [T +/r2+ 4pr6’]

Again from (3.19), we get
r6

v? < q — rcosvT — —sinuT. (3.23)
v

Using (3.20) and (3.23), we get

L[0cosvt — vsinvT| < q — reosvT — ™ sinvT

- (7“+%9)’ (1 — cosvr) +

rd _ rv
v p

Using trigonometric inequalities 1 — cosvr < %1)27'2 and stnvt < uT, we get
_ ro 9 _ rv
(%) (#-%)

M(v,7) = ’— (T‘f'ﬁ)‘(l—cosm')—f—‘(ﬁ_ﬁ)

D v D

=

sinuT < q + ‘— (7“ + ’;79)’ = 1 (say).

M (v, T)(say) <

ly2r2 4

v = N (v, 7)(say), where

SINUT.
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SO: M(UaT) < N<Ua7-) < N(U77—+)‘

Now if N(v,7) < ny, then N(v,7) — ey = 0, where 0 < ¢ < 1. Then we get
AT 4+ BT —cm =0, (3.24)

where A = v, ? ‘— (r + %)

— 2 rd T
B=v2|(2-5)|
Let 74 be the positive root of (3.24).

So, T, = ﬁ[—B + +/B? 4+ 4Acm], which is the required maximum length of time delay 7 to

maintain the stability of the system.

3.9 Numerical simulation and discussions

Numerical simulations have been performed using MATLAB-R 2016a to comprehend the
dynamics of the qualitative study, and all analytical results have been confirmed as indicated
in the figures. We used the default MATLAB differential equations integrator for Runge-
Kutta technique for the simulations. We employ a set of acceptable system parameter values
in this numerical representation of the system (3.2) to validate our theoretical findings.
In consideration of the equilibrium points’ feasibility criteria, we have selected a range of
parameter values, including o = 3.5, § = 1.5, 0 = 1.05. Also we have chosen the values of ~

by using the following conditions:

, af[l —(c—-1Y*] |
> o=y
(#d)y <™,

(édt)y = 7.

The system (3.2) has equilibrium point F3(3.5,3.04,2.29), for the set of parameter values.

In Figure 3.1, we set the value of v = 0.9, and we have shown the steady state of the detritus
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Figure 3.1: Stable state of the system (3.8) around E3 for « = 3.5, 8 = 1.5,
o =1.05, v = 0.9 when 7 = 0: (a) Time series plot, (b) Phase diagram plot.
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Figure 3.2: Chaotic solution of the system (3.8) around E3 for @ = 3.5, = 1.5,
o =1.05, v = 0.7 when 7 = 0: (a) Time series plot, (b) Phase diagram plot.
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Figure 3.3: Hopf-bifurcation diagram of the model system (3.8) around FEj for

a=35,8=150=105 +v=0.79 when 7 = 0: (a) Time series plot, (b) Phase
diagram plot.
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Figure 3.4: Stable state of the system (3.8) around E3 for « = 3.5, 8 = 1.5,
o =1.05, v = 0.9 when 7 = 1.5: (a) Time series plot, (b) Phase diagram plot.
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Figure 3.5: Chaotic solution of the system (3.8) around E3 for @ = 3.5, 8 = 1.5,
o =1.05, v = 0.9 when 7 = 1.9: (a) Time series plot, (b) Phase diagram plot.
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Figure 3.6: Hopf-bifurcation diagram of the model system (3.8) around FEj for

a =35 0=15 0=105 v =0.9 when 7 = 1.6804: (a) Time series plot, (b)
Phase diagram plot.
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biomass. We also observed that at first the population of micro-organism pool oscillates with
small amplitude and the oscillation gradually decreases as the time increases and the prey
population attains its steady state value. The same picture is seen for predator population.
Thus, through these figures, it is seen that the system (3.2) is globally asymptotically stable
which proved the theoretical finding of global stability analysis.

We now select the value of v = 0.7 in Figure 3.2. The system’s instability is depicted in
this figure. In this figure, the detritus maintains its steady state, but the prey and predator
populations exhibit a huge amplitude oscillation with increasing time, which results a limit
cycle.

We have now fixed the value of v to 0.79. Figure 3.3 illustrates Hopf-bifurcation with small
amplitude periodic oscillation around the interior equilibrium point.

We obtain the values of w* = 0.3081 and the critical value of 7, that is, 7° = 1.6804, for the
same set of parameter values. Using 7 = 1.5 in Figure 3.4, we have demonstrated that the
system is stable when 7 < 70 = 1.6804.

In Figure 3.5, we take the value of 7 = 1.9, and it is seen that the system is unstable for
7 > 7% = 1.6804 and thus, a limit cycle is formed. We use 7 = 7° = 1.6804 in Figure 3.6
to demonstrate the existence of small-amplitude Hopf-bifurcating periodic oscillations. The
numerical simulation reveals that, out of all the parameters, the system parameter v and
the time-delay 7 are the most crucial in illustrating the system dynamics in the Sundarban

estuarine ecosystem.

3.10 Conclusions

The main findings of this research align with the widely accepted ecological concepts. It is
clear that the mangrove forest’s litter biomass is essential to preserving the detritus food

chain. This study will contribute an overall idea to understand the dynamics of mangrove
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ecosystem in general. We have demonstrated in this study that the functional response is a
key factor in determining how the model behaves. In real situation, same sort of functional
response can be seen in Sundarban estuary. The Sundarban Estuary’s ecology is known to
exhibit a variety of stable behaviours throughout time, some of which are constant, oscilla-
tory, reach a fixed point, or exhibit other types of behaviour. The criteria for the presence of
the global attractor, the limit cycle, and the Hopf-bifurcation under specific circumstances
are derived in this chapter. One may argue that the Sundarban Estuary exhibits the same
dynamic activity in real life as well. Thus, the analysis deepens our knowledge of how the
functional response of an invertebrate predator shapes the dynamics of this detritus based
prey-predator ecosystem. It is also demonstrated here that the ecosystem’s dynamics are
significantly impacted by the discrete time-delay. When the delay parameter passes its crit-
ical value 7°, it even destabilises the stable equilibrium point E3(X*, Y*, Z*), resulting in
Hopf-bifurcating periodic oscillations with little amplitude. A limit cycle forms as a result

of the instability.
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Chapter 4

Dynamical Complexity of a
Detritus-Based Predator-Prey Model
with Multiple Time Delays in
Sundarban Mangrove Ecosystem,
India *

4.1 Introduction

Sundarban mangrove forest has an incredible ecosystem that allows us to study its rich
dynamics. Several authors have done their works based on the diverse characteristics of
this forest and the adjacent estuary (Das et al., 2015; Mukhopadhyay et al., 2010; Murmu
and Sarkar, 2020; Sarkar and Ghosh, 1997; Thakur et al., 2017). Our study proposes a
detritus-based predator-prey mathematical model, where mangrove leaves of different species
like Heritiera, Avicennia, Sonneratia, and Frxocaria are the prime fount of detritus. The
decomposition process forms this detritus with the help of several micro-organisms present
in the soil (Bandyopadhyay et al., 2003; Dash, 2001; Sarkar and Ghosh, 1997). The detritus
is also created by recycling the dead bodies of various invertebrate predators in the ground.
Several insect larvae, especially chironomidae and nematodes, are seen in the ecosystem as

invertebrate predators. The micro-organism pool acts as the prey in this food chain and

*Chapter based on the paper presented at International Conference on Mathematical Modelling and
Emerging Trends in Computing (ICMMETC-2023), School of Technology, Woxsen University, Hyderabad,
India. This paper is accepted for publication in conference Proceedings
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consumes its nutrients from the detritus. Here, invertebrate predators live on the food taken
from the micro-organism pool (Joint, 1978; Sarkar and Ghosh, 1997). Several authors have
already worked on detritus-based models on different conditions and prospects. Vetter (1998)
studied the detritus-based model in the Southern California Submarine canyon ecosystem.
Charles (1993) studied a model in which detritus was formed by two macrophytes such as
Cytoseira mediteranca and Posidonia oceanica. Faust and Gulledge (1996) assumed a model
where detritus was formed from microalgae. Linley and Adams (1997), Linley (1968), and
Ray and Choudhury (1998) examined some models where detritus was mainly formed from
the dead bodies of certain insect larvae by the recycling process. Sarkar et al. (1991) studied
a model where the primary source of detritus was the plant litter of several mangrove trees
in the Sundarban mangrove forest.

In any prey-predator system, the uptake function plays an essential part in building the
system dynamics. For an extended period, many researchers have shown their interest in
various kinds of response functions like Holling type-I (Li et al., 2021; Seo and DeAngelis,
2003; Seo and Kot, 2008), Holling type-1T (Alsakaji et al., 2021; Das and Gazi, 2011; Huang
et al., 2018; Molla et al., 2019; Zhou et al., 2019), Holling type-III (Agarwal and Pathak,
2012; Ghosh and Sarkar, 1997; Gonzlez-Olivares, 2011; Huang et al., 2006; Majumdar, 2022),
Holling type-1V (Agarwal and Pathak, 2017; Datta et al., 2019; Liu and Huang, 2020), Ivlev
type (Kooij and Zegeling, 1996; Liu et al., 2016; Murmu and Sarkar, 2020; Wang et al.,
2010), Crowley Martin (Gazi and Das, 2010; Maiti et al., 2019; Panja, 2021; Santra et al.,
2020; Thakur et al., 2020), Beddington-Deangelis (Haque, 2012; Pal and Mandal, 2014; Pal
et al., 2019; Cantrell and Cosner, 2001; Hwang, 2003), Hassell-Varley (Hsu et al., 2008;
Xu and Li, 2015), suitable for their field of research. In our work to sustain invertebrate
predators, the Ivlev type response function which is a prey-dependent functional response,
is incorporated into the growth equation of invertebrate predators. Another critical factor

in any prey-predator dynamical system is the time delay. Some delays usually exist in any
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system. Ignoring time delay means ignoring reality. A few time delays, especially maturation,
gestation, and hunting, can be seen in any natural ecosystem (Banerjee and Takeuchi, 2017;
Dubey et al., 2020; Gazi and Das, 2010; Haque et al., 2011; Hu and Huang, 2010; Kundu and
Maitra, 2018; Maiti et al., 2019; Thakur et al., 2020). These delays affect the stability of the
system. It transforms any steady ecosystem into an unstable ecosystem by creating a limit
cycle, Hopf-bifurcating periodic oscillations. For an ordinary differential equation system, the
characteristic equation is linear, whereas, for a delay-induced system of differential equations,
the characteristic equation is exponential or quasi-exponential, leading to more complicated
dynamics. Hutchinson first applied delay in the logistic differential equation (Hutchinson et
al., 1948). Many prosperous works on time lag have been noticed in recent years in many
research papers and articles (Banerjee and Takeuchi, 2017; Dubey et al., 2020; Gazi and Das,
2010; Hu and Huang, 2010; Kundu and Maitra, 2018; Maiti et al., 2019; Thakur et al., 2020).
In many articles, the delays used in the prey and predator growth equation are supposed
to be equal (Xie et al., 2015; Xu and Li, 2015; Yan and Li, 2006; Yan and Zhang, 2008).
However, the fact is that these delays may not always be the same. Two different valued
discrete time delays have been taken for our model’s prey and predator growth equation.

This paper contains the following works sequentially: In section 4.2, model formulation is
carried out, assuming some basic assumptions. Section 4.3 consists of the equilibrium points
and their feasibility. Section 4.4 describes the system’s non-negativity and boundedness.
Section 4.5 includes the system’s dynamic behavior without time delay. Section 4.6 outlines
the delay model, and the consequence of delay on the system has been discussed here. In
section 4.7, numerical simulations are accomplished based on some parameter values. Finally,

in section 4.8, the outcomes of our study have been explained.
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4.2 Model formulation

Here, we construct a deterministic model as follows:

dx hx

d_tl — Il(a_bxl)_kﬁ:ill—'—klmzl

dy dy: —fun

o yl("‘%)‘qzl{l‘e” J

d

_dztl — a[-mtq{1—eIn}], (4.1)

where

21(0) = z19 > 0,91(0) = y20 > 0 and 21 (0) = 239 > 0, and

r1 = biomass of detritus,

y; = biomass of micro-organism,

z1 = biomass of invertebrate predator,

a = detritus’s growth rate,

¢ = micro-organism pool’s growth rate,

%C = carrying capacity of micro-organism pool,

g = rate of conversion of food of invertebrate predator,

m = invertebrate predator’s normal death rate,

kim = detritus recycle rate after the death of invertebrate predator,
f = hunting success.

Here, the growth of detritus is assumed to follow a logistic type growth equation, and a micro-

organism dependent uptake function i.e., Ivlev-type is considered for predator. For simplicity,

we convert our system into a non-dimensional system using the following transformations:

kY km2Z T
ZL’lzkfX,ylzmT721: qh’t:_'

3
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Then (4.1) converted into

dX Y
— = X —BX)— —— Z.
a7 {<O‘ pX) 1+X}+7
ay &Y oy
— =Y (n—>|—-Z{1l—e7"}.
dT (77 X ) 1=}
dz Y
v Zl =1+ ¢{1—e"}]. (4.2)
Here,a— 7B m?V_klmanziafzﬁa(ﬁ:%aU:f_?zk'
4.3 Equilibria and their stability
There exists three equilibria as follows:
(1)E1(5,0,0),
( )EQ(X17)/170) in which
T _ (@=B+V/E (=B’ ~48—af) 77 _ n(a=B)+\/€*(a—B)*~4¢B(n—af)
X1 = 2ﬁ = 25 —

(ZZZ)Eg(Xl*, Yi ,Zl ), in which
1/1* = 1ln(¢¢1)
It is pretty challenging to find the exact value of X;* and Z;*, but we find a polynomial of

X, which is as follows:

B(1—exp(—aY)) X'+ (1 — exp(—aY)) (B — )X’ — {a (1l — exp(—0Y)) + €Y } X°

+(EY? = ngY) X + (1 — exp(—0aY)) Y + &4Y? = 0.

Here, o > f and (1 — exp(—0cY)) > 0.
So, the coefficient of X* is positive and the coefficient of X3 is negative. So, there exists

minimum one positive real root, say X;*. So,

* 1 * £y ™
4= <1ewp(oY1*>>{Y1 (77 B Xf*> }
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F5(X1,Y1,0) is feasible when ¢ > 1. and E3(X1%,Y1", Z1") exists when
(a) 9> 1, (b) V1" < %Xl*-

4.4 Non-negativity and boundedness

Let R, = positive real numbers’ set. From the model system (4.2), the functions of right
hand side can be written as f = (f1, f2, f3), where

fi=x{la-5x)- e} 02

fo=Y (n— %) — Z{1 —exp(—0oY)},

fz = Z[ -1+ ¢{1 — exp(—aY)}].

Here, it is clear that f € C*(R%), where R} = {(X,Y,Z) € R* . X € R,,Y € Ry, Z € R, }.
So, the function f : R% — R satisfies the Lipschitz condition on R3. So, the fundamental
theorem of existence and uniqueness states that there is a unique solution for the system
(4.2).

Now, X|X:0 =~Z >0. So, X(T) >0V T > 0. Also, Y|y:0 > (0 and Z’Z:O > 0. So,
Y(T)>0VT>0and Z(T) >0V T > 0.

The following lemma gives the proof of boundedness.

Lemma 4.1

The system (4.2) possesses uniformly bounded solutions.

29



Proof

Suppose W(T) = X + ¢Y + Z.

dw dX dz
Tt Tt
2
gaX—ﬁX2+7Z+¢77Y—¢£Y -7
<aX —pX*—(1-9)Z - ¢£<¢_ §¢_> ¢§X ény
2
§2aX—ﬁX2+¢TnX—aX—¢nY—(1—7)Z
< —mW(T) +2aX — X + %7)( (4.3)

Let F(X) =2aX — BX?% + %772)(, then F has maximum value F},,, = % <2a + %)
-5 (2a+¢" ) —I—ggﬁ <2a—|—¢T’72> at X = ﬁ <2oz+¢§i2>.
Hence, it follows that dW +maW(T) < Fraz,

where m; = min{n, a, (1 — ’y)},

which implies

W(T) < Fina + ™1 W (X(0),Y(0), Z(0)).

Hence, limsup W (T) < fmasz,

= T
T—o00

Hence, the lemma is proved.

4.5 System’s dynamical behaviour without time delay

At Ei, the variational matrix has three eigenvalues which are —a, n, —1. So in the X and
Z directions, F is stable and in the Y direction, it is unstable.

At E5, the characteristic equation of the variational matrix is

[—140 (1= ™) =2 [P+ PA+ Q] =0,
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where

_ Y, Y,
1 X1 1+ %) n X,

R AV e
9 = (" Y){a 20% <1+z>2}+x<1+z>‘

So, in the XY plane, the equilibrium Fy (X, Y7,0) is stable when P, and @, are both positive

and stable in the the Z-direction when Y; < Y;*.

At Ej3, the variational matrix has the characteristic equation as follows:

N+ AN +BA+C =0,

where

Yi® 281" _ YH
A = —|qa—-26X" - ——"— +{— — — Z1 e 7 ,
[{ BX1 (1+X1*)2} n X, 1
Yi* 281" _ Y*}
B = a—-2B8X" — ——— % + — = —Zy"oe 7!
H o <1+X1*>2} {" PO
o . X0 55/1*2}
+UZ *6 oYy + ,
! 1+ X" Xx,*2
. Yy Y, *? .
C = —aZl*e_"Yl {a—QﬂXl* S — 2} — _’V§ 12 U¢Zl*€_ayl .
(1+Xy7) X"

Using Routh-Hurwitz Criterion, we can say that if A > 0, C > 0, and AB — C > 0,

E5(X1",Y1", Z17) is locally stable.

4.6 Analysis of the model with time delay

Here, two non-negative gestation time delays 71, and 75 have been introduced into the system

(4.1).
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Then the system (4.1) turns into a system which is as follows:

dx hx

d_tl = z1(a—bxy) — ? ;ill + kymz;.

dyl dyl(t — 7'1) _

A e S VN R 1—e 1\

dt h (C bl‘1<t — T1) 4= ¢

d

% - zl{—m—l—q{l — efyl(tT?)H. (4.4)

The non-dimensional model of the system (4.4) becomes as follows:

dX Y

e Y(n——gy(T_Tl))—Z{l—e"Y}.

T X(T —1)
4z _ Z[ -1+ ¢{1 —e VT m™)}] (4.5)
dT ’

where a, 3, v, 1, &, 0, ¢ are same as described in section (4.2), and 7 > 0, 75 > 0.

To linearize the above system (4.5), let us consider the small perturbations P = P(T),
Q=Q(T), and R = R(T) about X", Y1*, and Z;" respectively.

Substituting X = X;"+ P, Y =YY"+ Q and Z = Z;" + R in (4.5), we get

dpP

T an P + a12Q + a3 R.

dQ

ﬁ = CL21P(T — Tl) + CLQQQ(T — 7'1) + CL22/Q + CL23R.

dR

ﬁ = CL32Q(T-T2), (46)
where

* * *2 *

ann =a —2BX;" — (1:;(%*)2, 12 = —h{(—)lﬁ*, a13 =7, 21 = €XY11*2, A2 = _§XY11*7
Qgy = —0Z"e "M 4 <77 - %), ag = —(1—e M) agy = 0pZ, e 71",
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The variational matrix of the system (4.6) has the characteristic equation as follows:
NN (0+ pe ™) + X (e +re M+ 0y) + 02e 2 + gze M e A = 0, (4.7)

where 0 = —a1; — ayy, p = —Q22, Y = —a23a32, T = A11Q22 — 12021, 01 = Q1109 ,

02 = 011023032, 03 = —@A130210A32.

Now we consider six cases, assuming that the existence conditions of F3(X,*,Y1", Z,*) are
satisfied.

Case l. =7 =0.

Then the system (4.5) reduces to the system (4.2). In section (4.5), we have already discussed
about the system’s stability.

Case 2. When 7 exists positively and 7, = 0.

If 7 > 0 and 75 = 0, then (4.7) turns into
(W 4+0X+ (W +01) A+ 02) + (PN + 1A+ 03) e = 0. (4.8)
Let the equation (4.8) has a root iwy, where w; > 0. Thus,
—wi%0 — (pwi® — 03) coswi Ty + wirsinwi T + 02 = 0,

and

—wP 4 (w12p — 03) sinw T 4 wy (¢ + 01) + wircoswymy = 0. (4.9)

This leads to

w8+ w? [92 —2(p+o01)— pz} +w;? [ (v + 01)2 — 2009 — 1% + 2p03} + 092 — 032 = 0. (4.10)
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Let the equation (4.10) has one positive root, say w;*. Now substituting w;* into the equation

(4.9), we get
. 1 Orw*> — oowi™r + (pw1*2 — 03) w3 — (pw1*2 - 03) w* (Y + o1) nmw
1= Tk arctan *4 *2 *2 *2 *2 T
w1 wi*tr —w*?r (Y 4 o1) — (pw1*? — 03) w1*20 4 09 (pw1*? — 03) w1

n=0,1,23 ..
If we choose n = 0, we get the smallest value of 7; denoted by 71°, where

o 1 Orwi*® — oawi*r + (pwi*® — 03) wi*® — (pw1*® — o3) wi* (Y + o1)

= - arctan *4 *2 *2 *2 *2
w1 w1 — Wy T(¢+01)—(pw1 —03)w1 ‘9"‘0'2 (pw1 —0'3)
Now the equation (4.8) is differentiated with respect to 71, and we obtain
AT BN 200+ (Y + o) 2pA+7) 7
drm AN (o)A o) A(pA2HTA+os) A

Thus, we get

[d(Re)\)] !

d7—1 7_1:7:10
dA\
()
dTl 7_1:7:10
R +3w*2 — 20w, *i — (Y + o1) 2pw1*i + 1 ol
= e —_

iwr*{—w1*¥ — Qw*2 + (Y + o) witi +oa ) dwr* (—pwi*? +rwiti 4+ o3)  dw*
Wi (w1*7 ¢7 07 pP,7T,01,02, 03)
[{w?’ — (Y + 01) w}2 + (o9 — 9w2)2]
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where

Wl (wl*a @/), 97 pP,T,01,02, 03)
={+ 3w*? — (Y + oy }{w1 (Y + o1) }{r2w1*2 + (03 — pw1*2)2 }
= —26 (02 - 9w1*2) {T2w1*2 + (03 — pw1*2)2 } + { — 724+ 2p (03 — pw1*2) }

[{wl (Y + 01) wy } + (02 «9w1*2)2].

Since,

= Sign{W1 (W™, 0,0, p,1,01,09,03) },

so, Sign [d(:;fl)‘)] 70, as Wi (w40, 0,p,r,01,02,03) # 0.
T1=T1
So, the transversality condition of (4.8) is satisfied. Thus, the following theorem can be

obtained.

Theorem 4.1

Let E5 (X", Y1", Z1") be feasible and locally asymptotically stable without time delay. In
the system (4.5), when among two delay parameters 7, and 72, only 7 exists positively and
5 does not exist, then 3 71 = 7%, such that Es (X1*, Y1, Z,*) is locally asymptotically stable
or unstable for i, < 7% or 74 > 7,° respectively. At = 73107 There exists a Hopf-bifurcation,
provided Wy (w1*,v,0, p,r, 01,09, 03) # 0.

Case 3. =0, 7 >0.
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In this case, from (4.7) we get
M @+p) N2+ (r+o) A+ WA\ +02+03)e ™ =0. (4.11)
Let us consider the equation (4.11) has a root iw,, where wy is positive. Then we have
woP? sinwyty + (09 + 03)2 c05*wyTy + 2wyt (09 + 03) COSWaTaSINWITy = Wy (0 + p)2 , (4.12)
and

woth?cos’wyty + (09 + 03)2 5inwWyTy — 2wyt (05 + 03) SINWYToCOSW T

= w4 (r+ 01)2 wo? — 2wt (r + 01) . (4.13)
From (4.12) and (4.13), eliminating sin (we72) and cos (waTs), we have
w2’ +wo [(0+p))* —2(r+01)] +w [(r+ o)’ — V] — (o2 + 03)” = 0. (4.14)
Let wy? = Q5. Then we have
QP+ D [(0+p)* —2(r+01)] + Q[ (r+ o) — V] — (o2 + 03)” = 0. (4.15)

From the Routh-Hurtz criterion, we can conclude that the Equation (4.15) has always at

least one positive root, say ws*.

Thus, we get
1 *2 9 _ *2
— L rctan Wo 1/13( +p) —wo** (09 + 03) + (r 4+ 1) (02 + 03) +n_7r7n:071’2’3"m
wo* Wo*3th — (1 + 01) woth 4+ wo* (0 + p) (02 + 03) wo*
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Choosing n = 0, we get the smallest value of 7, denoted by 75, where

N |:CU2*2'¢ (9+P)—OJ2*2 (0’2+03)+(T+01) (02+03)
To = —— arctan 3 "
W wo*31) — (1 4 1) wo*h + wo* (0 + p) (09 + 03)
Now
(@)‘1_ 3N2L20+p) A+ (r+0v) Y T
dry MMB+(O+p) X2+ (r+o)A}  AWQPA+or+03) A

Thus, finally we get

{d(ReA)] -

dTQ =750
—1
— Re (@)
d’/‘g To=70
— Re —3CU2*2+2(9+p)CU2*i+(T+01) ’QZ) - T9

_iwg*{ —wo*3i — (04 p)wa*2 + (r 4 1) wo z} iwe* (Ywa*i + g9 + 03)  dwr*
o W2 (UJQ >¢7971077”701702703)

oy [{%*2 —(r+o) } +(0+ P)QW*Q] {0202 + (02 + 03)" }

where
Wa (wa*, 00, p,7, 01,09, 03) = 20%wy*® + wo** [3 (02 + o3)’ —=2(r+ o)+ (0 +p)° V?]
+ wy*? [—4 (r+o1) (02 + 03)2 +2(0 + p)2 (09 + 03)2} + (r+ 01)2 (o9 + 03)2.

Since

= Slgn{WQ (w2*7 7% 97 p,T,01,02, 03) }7

so, if {W2 wo* 10,0, p,1, 01,09, 03 } # 0, then Sign [d(ReA)} B # 0,

which satisfies the transversality condition of (4.11).

The above discussions generate the following theorem.
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Theorem 4.2

Let B3 (X1, Y1", Z1") be locally asymptotically stable when the feasibility conditions of the
existence of F3 (X", Y1",Z;") are satisfied and the delay parameters 73 = 0 and 75 = 0.
In the system (4.5), when among two delay parameters 7, and 7o, only 7o exists positively
and 7, does not exist, then 3 7 = 7%, such that Fs (X,*,Y1*, Z,*) is locally asymptotically
stable (or unstable) for 7 < %" (or 75 > %"), and there exists a Hopf-bifurcation at 7, = 7",
provided Wy (w1*, 4,0, p,r,01,09,03) # 0.

Case 4. =1, =7 #0.

In this situation, the equation (4.7) becomes
A+ (9 + pe_’\T) A2+ (we_’\T +re M+ 01) A+ 09 + o3¢ = 0. (4.16)
Multiplying by e*", (4.16) becomes
N+ PN+ W+ 1) A+ 02 + e Mog+ A (N + 01) = 0. (4.17)
Putting A = iws (w3 > 0), we get
sinwsT (w3® — w301) + coswsT (03 — w3°0) = pws® — 09,

and

—SiNwWsT (03 + w329) — COSW3T (w33 — W301) =—(¢p+7)ws, (4.18)

which leads to

W312 + Alwglo + 31W38 + C1w36 + D1w34 + E1W32 + F1 = 0, (419)
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where

Ay = (—doy +20% = p?),

By = 6012 4 0* — 4020, + 2p%01 4 2p0s — p20% — (Y + 1),

Cy = —203% + 012 (20% — p? — 401) — 09% — 4poioy + (Y + r)2 (201 — 6?)
+ 2p0(020 — pos) + 6pos (Y + 1),

Dy = 0% (012 + 2p0oy) + 03% (401 — 20% — p?) + 092 (201 — 62) — 403 (Y + 1) (poy + 03)
+ 4poaosh + (¥ + 1) (2030 — 02),

E = —201%03% — 01%09% — (¢ + r)2 032 + 4010903 (Y + 1) + 2p0e03% — 2092030,

F = —05%03% + 03*.

Let w3® = Q3. Then (4.19) becomes

Q36 -+ A1S235 -+ 81934 + 01933 =+ D1W32 —+ ElQ3 =+ F1 = O (420)

The equation (4.20) possesses minimum one positive root if F; < 0. Let the root be ws*.

Substituting ws* into (4.18), we get

R 1 (pws™® — 03) (05 + w3™?0) — (¥ + r)ws*® (w3 — 01) 2N,
T3 = —— arccos 5 + o
w3 (03 - (JJ3*29) (03 + OJ3*29) - (w3*3 - W3*0'1) w3
ny = 0, 1, 2, 3,
If n; = 0, we get the smallest value of 73 denoted by 730, where
0 1 (pW3*2 — 0'2) (03 + W3*29) — (w + 7") W3*2 (Cdg*z — 01)
T3 = — arccos 5 )
w3 (0'3 - W3*29> (0’3 + W3*20) — (CLJ3*3 — u}3*0'1)
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Putting A = py +ivy in (4.16), we get

e cosvy T (,u13 - S,ulvl?) — eMTsinuy T (3M12711 - 013) +p (,u12 - v12) + (W +7r)m
+oo + e M7 azcosn T + (u1e 7 cosviT — viet 7 sinvyT) (u10 + o1)

— (e sinvy T + v1eM7 cosvT) v10 = 0, (4.21)

and

eMTcosvyT (3p12vl — U13) + eM T sinv T (M13 — 3u1012) + 2ppgvy + (Y + 1) vy
—e MTagsinuy T + (u1e7 sinvy T + vief T cosviT) (16 + o1)

+ (1€ cosviT — v1eM 7 sinv ) v10 = 0. (4.22)

When 7 = 7°, p1(A") = 0 and v, # 0, from (4.21) and (4.22), we get

d dv
Py {%] + Qo {—1] = Ry,
T T="73° dr T=T3
diy dvy
— —_— Py |— = S 4.23
“ [ dr L—fgo T [dT =" v ( )
where
Py = —3v12cosvy 7Y + v13Tsinu 730 + (Y+71)— 03708V 73" — v10sinv 73"

+ o1c0s01 73" — oy Tsinu 7Y — v10sinu 7Y — v1207Tcosv, 750,
Qo = 3vi%sinu 73" + v1373 cosv 730 — 2pvy — 373" sinv 730 — o173  cosvy 73°
— o1sinu 73’ + 012073  sinv 70 — 2@100031}17},0,
Ry = —v1tcosvi 730 + ogvy sinug 13° + oqv12cosvy 7Y — v120sinu 7Y,
Sy = 030100801730 + 101251001730 + v130cosv1 7Y — vitsinu 7L,

From (4.23), we get

[M} — PoRo—Go5
dr Jr=730 Po*4+Qo”

70



Now if PyRy — QoSy # 0, [dLL:r},O # 0, which is the required transversality condition of

dTl
(4.16).

Thus, we can obtain the following theorem.

Theorem 4.3

Let E5(X1",Y1", Z1") be locally asymptotically stable when the feasibility conditions of the
existence of F5 (X", 1", Z1") are satisfied and the delay parameters 73 = 0 and 75 = 0. Then
in the system (4.5), when both the delay parameters 71 and 7, exist positively and are equal
such that 7, = 7 = 7, then 3 7 = 73°, such that Fs (X,*,Y1*, Z,") is locally asymptotically
stable (or unstable) for 7 € (0,73°) (or 7 > 73°). Also, there exists a Hopf-bifurcation at
7 =73, provided PyRy — QoSy # 0.

Case 5. 1, >0, € [O,fgo), and 71 # 7.

In this case, the characteristic equation (4.7) becomes
A ON + (Ve 4 o) At o2e 2 4 (pA% + 1A + o3¢ V) e = 0. (4.24)
Putting A\ = iwy (wy > 0) into (4.24), we get

StnwyTy (War — 038iNWTy) + COSWy Ty (—pcu42 + 03008w472)

= w420 — 05C0SWTy — YWy SINWATS, (4.25)
and

— SINW4T] (—pw42 + agcosw47'2) + coswyTy (wyr — 038INW4Ts)

= wy® — Wi01 — WAYCOSWATy + T2SINWATS, (4.26)
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which leads to

wib + w,t (02 — 201 — 21pcosw,Ty — ,02) + wy® (—2000sinwsTy + 2095iNW4Ts)
+w,? (¢2 — 2090c05waTy 4+ 012 4 2011 coSwaTs + 2p03c0SWyTy — r2)

+wy (—2010981NwaTe + 203TsiNWTY) + (022 — 032) = 0. (4.27)

Without loss of generality, let the equation (4.27) has a positive solution for wy, say ws*.
Thus, we get
U nmw

1
ﬁ:—arctan |:_:| —|——,TLZO,1,2,3,----,
Wy ‘/1 wy*

where
Uy = (war — o3sinws™ o) (w4*29 — 09C0SW, Ty — ww4*smw4*72) — (—pw4*2 + chosw4*72)

3 wtog — w4 Pcosw Ty + Jgsmw4*7'2),

(ws”
Vi = (wsr — ogsinwy™ 1) (w4*3 — wyto — wahcoswyF Ty + UQSinw4*7'2)
+ (—pwix? + 0908w T2) (Wak20 — T9c05W4* Ty — Ywy*sinws* ).

Putting n = 0, we get the smallest value of 77, denoted by 7°.

So,

Now putting A = u + v into (4.24), we get

= 3uv* + 6 (/f — 112) + e M cosury + vipe M sinuty + o
+09e F2cosvTy + e H M cosvTy [,0 (u2 — v2) +ru+ oze M COSUTQ}

+e M sinuty [2ppv + rv — o3¢ F P sinv] =0, (4.28)
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and

—03 4 3% 4 200 + vipe 2 cosuTy — ppe P sinuTy 4 oqv
—UT2 o —UT1 of 2 2 —uT2
—09€ SINVTy — € S1NUTY [,0 (u —v ) +ru+ oze COSUTQ]

+e FcosuT [2ppv + Tv — o3e * P sinuTs] = 0. (4.29)

Now differentiating (4.28) and (4.29) with respect to i, and then putting 7, = 71°,

(1) =0, and v # 0, we get

d dv
0 [_ﬂ] LB, [_] _ 5, (4.30)
dTl T1=710 dTl T1="71°
where
Py = —30% + 9cosvTy — To0YSinuTy + 01 — 0aTaCoSUTy + 1cosvT] — 03Toc0sv(T1° + 7o)

+ 7% pv?cosvT® — 0371 cosv(T° + ) + 2pvsinvT® — T OrvsinvT®,

Q2 = —20v + YuToc08VTy + PSISINUTy — TaTaSINUTy — 2pvc0svT 0 — 03TosinV(T1° + T2)

0 0

+ 7% pv?sinvT® + rsinvT® + 7 %rvcosvT® — o3 sinu (T + 7o),

Ry = vsinvm? (—pv? + 03c08vT) — veosvT? (rv — 038iNVTy),
Sy = veosvT? (—pv? + a3c05vT) + vsinvT° (rv — o3siNUTY).

From (4.30), we get

d_/j, _ P2R2—Q252
7'1_7—10 P22+Q22 '

Now [d—“] » # 0, assuming P, Ry — Q2.5 # 0.

T1=T1

Therefore, we can obtain the following theorem.
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Theorem 4.4

Let B3 (X1, Y1", Z1") be locally asymptotically stable when the feasibility conditions of the
existence of F3(X1",Y1", Z1") are satisfied and the delay parameters 77 = 0 and 75 = 0. In
the system (4.5), when the delay parameter 7 exists positively and if we take 75 from the
range in which 7, is stable i.e., 7 € [O,fgo), then 3 7, = 7%, such that F3 (X", Y1*, Z,") is
locally asymptotically stable (or unstable) when 7y < 71° (or 71 > 7°). Also, there exists
Hopf-bifurcation at 7 = 7,° around FEj3, provided PoRy — Q255 # 0.

Case 6. 7, > 0,71 € [0,7"), and 71 # To.

In this situation, the characteristic equation (4.7) becomes
AN (04 pe ™) N+ (re ™+ o) A+ (YA + 09 + o3¢ ) e = 0. (4.31)
Putting A = iws (w5 > 0), we get

Sinws Ty (Wsth — 038inwsTy) + cosws Ty (09 + 03c0SW5TY )

= —WsTSINWs T, + Pws2coswsT + ws20), (4.32)
and

—SinwsTy (09 4+ 03c08WsT1) + coswsTy (W5 — T38iNWsTY )

= —W5TCOSWETI — PWs>SINWsT] + Ws> — Ws01, (4.33)
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which leads to

ws® 4 ws® (—2psinwsTy) + ws* (,02 + 6% + 2pfcoswsT, — 207 — 2Tcosw571)
3 . , 2(..2 2 2
+ws” (2poy sinwsT — 2rfsinwsT ) + ws (r + 017 4 201rcoswsT — Y )

Hws (2031 sinws T ) — 03 — 092 — 20903c05wsT] = 0. (4.34)

Without loss of generality, let the equation (4.34) has a positive solution for ws, say ws*.
Thus, we get
U, 2nmw

1
ﬁ:—arccos |:_:| +_,n207172737“"?
ws* Va Wy

where
Uy = (—wsrsinws + pws>coswsTy + ws?0) (o9 + 03c08W5T)
+ (—wsrcoswsT — pws?sinwsTy + ws® — wso1) (wWs) — o38TNWsTL ),
Vo = (02 + 03608w57'1)2 + (w5 — agsinw571)2.
Putting n = 0, we get the smallest value of 75, say 7°.

S O Y
2 ‘ r

Ws 2

Now putting A = us + ivy into (4.31), and after some calculations, we can prove that

A — P3R3—Q353
dr2 | 70 P3?4+Q3°
d .
Now d_u #OlfpgRg—Qgsg?éO,
2 | ry=730
where
P3 = =302 +1cosvaT2° — 0T sinve 0 + 01 — 0975 cosv9 70 + reosva Ty — 037 cosvy (11 + )

+ pUo?T1C08VaT) — 03T1COSVo(T) + T2°) + 2pUaSINUaT] — TVaT] SINVLTY

05invyT2? — 2pvac0sv9T — 03T sinvy (11 + 72°)

Q35 = —200V5 + Y0973 cosv2T0 + 18IV T — 09T
+ p2)227'13im)27'1 — 037181V (T + 7720) + rSinveTy + TV TICOSVTY,

R3 = —1092c0s0573° + 09098100970 + 030981005 (11 + °),
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S5 = 0228V TR° + 090908V T° + T3vsc0sVs (T + T2°).

Therefore, we can have the theorem stated below.

Theorem 4.5

Let E5(X1",Y1", Z1") be locally asymptotically stable when the feasibility conditions of the
existence of F3 (X", Y1", Z,") are satisfied and the delay parameters 77 = 0 and 7 = 0. In
the system (4.5), when the delay parameter 7, exists positively, and if we take 7 from the
range in which 7 is stable i.e., 7 € [0, flo), then 3 7 = 7Y, such that F3 (X,*,Y1*, Z,") is
locally asymptotically stable (or unstable) when 7 < 7° (or 75 > 7). Also, there exists a

Hopf-bifurcation at 7 = 7°, provided P3Rs — Q355 # 0.

4.7 Simulation results

This section carries some numerical simulations using MATLAB-R 2016a to establish our
theoretical findings. Here, we take the parameters values as follows: a = 5,71 = 0.4, £ = 0.92,
B8 =02, ¢ =1.005 v =0.3, c = 1. Then we get a locally asymptotically stable system
around E3(24.0051,5.3033, 1.0486) without time lag, as all the conditions of the Routh Hurtz
Criterion are satisfied. Figures 4.1 and 4.2 show the same.

For case 2, we have got the values of w;* = 0.1318 and 7Y = 3.4082, when 7 > 0 and
7o = 0. It is seen that, F3(24.0051, 5.3033, 1.0486) is locally stable or unstable according to
the conditions 71 < 7% or 71 > 7%, Also, at 71 = 71°, a Hopf-bifurcation is noticed around
F5(24.0051,5.3033,1.0486). Figures 4.3 and 4.4 show that, the system (4.5) is stable for
1 = 3.2(< 7% = 3.4082) and 7, = 0. Figures 4.5 and 4.6 portray that, the system (4.5) is
unstable when 77 = 3.6(> 70 = 3.4082) and 7 = 0, whereas, Figures 4.7 and 4.8 show a

clear picture of the existence of Hopf-bifurcation at 7 = 7,° = 3.4082 and 7 = 0.
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Figure 4.1: Time evolution of the system (4.5), when o = 5, n = 0.4, £ = 0.92,
8=026=10050=1,v=03, 7 =0, and m = 0.
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Figure 4.2: Trajectory of the system (4.5) in the phase plane for « = 5, n = 0.4,
€=092, =02 ¢=1.005~=030=1,7 =0, and 75 = 0.
For case 3, we calculate wy* = 0.0707 and 7Y = 4.1152 when 71 = 0 and 75 > 0. From
Figures 4.9, 4.10, 4.11, and 4.12, it is seen that, F3(24.0051, 5.3033, 1.0486) is asymptotically
stable when 7, = 3.8(< A" = 4.1152), and unstable when 7, = 4.4(> 7% = 4.1152). Figures

4.13 and 4.14 illustrate about the Hopf-bifurcation at 7 = 7" = 4.1152.
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Figure 4.3: Time evolution of the system (4.5) for « = 5, n = 0.4, £ = 0.92,
B=0.2,¢=1.005~=03,0=1 1 =32(< 7" =23.4082), and 7, = 0.
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Figure 4.4: Trajectory of the system (4.5) in the phase plane for « = 5, n = 0.4,
£€=092, =02 ¢=1.005 =03 0=1,7 =32< A’ =3.4082), and = 0.

For case 4, when 7 #£ 0, 75 # 0, and 71 = 75 = 7, we find the value of ws* = 0.1049 and
73 = 2.5880. From Figures 4.15, 4.16, 4.17, 4.18, 4.19, and 4.20, it has been depicted that,
the system (4.5) is stable if 7 = 2.3(< 7% = 2.5880), unstable if 7 = 2.9(> 7% = 2.5880),

and undergoes a Hopf-bifurcation when 7 = 73° = 2.5880 respectively.
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Figure 4.5: Time evolution of the system (4.5) for « = 5, n = 0.4, £ = 0.92,
B=02¢=1005~=03 0=1 1 =3.6(>7"=3.4082), and 1 = 0.
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Figure 4.6: Trajectory of the system (4.5) in the phase plane for « = 5, n = 0.4,
£=092,3=02,¢=1.005~y=030=1,71 =3.6(> 7" =3.4082), and 7 = 0.
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Figure 4.7: Time evolution of the system (4.5) for « = 5, n = 0.4, £ = 0.92,
B=02 6=1005~=03 0=1, 7 =7:"=3.4082, and 7 = 0.
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Figure 4.8: Trajectory of the system (4.5) in the phase plane for « = 5, n = 0.4,
£=092,8=02,¢=1.005v=03,0=1, 74 = 7Y = 3.4082, and 5 = 0.
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Figure 4.9: Time evolution of the system (4.5) for « = 5, n = 0.4, £ = 0.92,
B=02¢=1.005~=03 0=1,1=38(< R’ =4.1152), and 7, = 0.
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Figure 4.10: Trajectory of the system (4.5) in the phase plane @ = 5, n = 0.4,
£=1092, =02 ¢=1.005~v=03,0=1,17n=238(< R’ =4.1152), and 7, = 0.
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Figure 4.11: Time evolution of the system (4.5) for « = 5, n = 0.4, £ = 0.92,
B=0.2,¢=1.005~v=03,0=11m=44>7"=41152), and 7, = 0.

25

Y(M) 0 o X(T)

Figure 4.12: Trajectory of the system (4.5) in the phase plane for a =5, n = 0.4,
£=1092, =02 ¢=1.005~v=03,0=1, 17 =44(> 7" =4.1152), and 7, = 0.
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Figure 4.13: Time evolution of the system (4.5) for « =5, n = 0.4, £ =0.92,8 =
0.2, ¢ =1.005,7=03,0=1, 7 =70"=41152, and 7, = 0.
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Figure 4.14: Trajectory of the system (4.5) in the phase plane for a =5, n = 0.4,
£€=092, =02 6=1.005~v=03,0=1,17="7"=41152, and 7, = 0.
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Figure 4.15: Time evolution of the system (4.5) for « = 5, n = 0.4, £ = 0.92,
=02 ¢=1.005~v=030=1and 1 = =7 = 2.3(< 7" = 2.5880).
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Figure 4.16: Trajectory of the system (4.5) in the phase plane for a = 5, n = 0.4,
£=092,8=0.2¢=1.005,7=03,0=1,and 1 =7 =7 = 2.3(< " = 2.5880).
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Figure 4.17: Time evolution of the system (4.5) for « = 5, n = 0.4, £ = 0.92,
=02 ¢=1.005,7=030=1and 1 = =7 = 2.9(> 7" = 2.5880).
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Figure 4.18: Trajectory of the system (4.5) in the phase plane for a = 5, n = 0.4,
£=092,8=0.2¢=1.005,7=03,0=1,and 1 =7 =7 = 2.9(> 7" = 2.5880).
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Figure 4.19: Time evolution of the system (4.5) for « = 5, n = 04, £ = 0.92,
8=02,¢0=1005~v=03,c=1,and =1, =7 = 30 = 2.5880.
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Figure 4.20: Trajectory of the system (4.5) in the phase plane for « = 5, n = 0.4,
£€=092, =02 6=1.005~v=03,0=1,and 71 = 7o = 7 = 73" = 2.5880.

For case 5, when 7 # 1 # 0, we vary 77 and keep the value of 7, in its stable range
(0,4.1152). We take 75 = 1.5 and get the value of w,* = 0.1177 and 7° = 3.3087. From
Figures 4.21, 4.22, 4.23, 4.24, 4.25, and 4.26, it has been verified that the system (4.5)
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is stable when 73 = 2.9(< 7Y = 3.3087), unstable when 7, = 3.6(> 7 = 3.3087), and
experience a Hopf-bifurcation at 7, = 77° = 3.3087.

Similarly, for case 6, we vary 7o, and take the value of 7; in its stable range (0, 3.4082). We
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Figure 4.21: Time evolution of the system (4.5) for « = 5, n = 04, £ = 0.92,
B=02 ¢=1005~=030=1,m =29(< 7 = 3.3087), and 7 = L.5.
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Figure 4.22: Trajectory of the system (4.5) in the phase plane for a =5, n = 0.4,
€=092, =02 ¢=1.005~=03,0=17 =29(< 7 = 3.3087), and 7 = L.5.
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Figure 4.23: Time evolution of the system (4.5) for « = 5, n = 0.4, £ = 0.92,
B=02,¢=1005~v=03,0=1,7 =3.6(>7"=3.3087), and 7, = 1.5.
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Figure 4.24: Trajectory of the system (4.5) in the phase plane for a =5, n = 0.4,
£€=092,8=02,6¢=1.005+v=03,0=1,71 =3.6(>7"=3.3087), and 7 = 1.5.

assume 7 = 1, and get ws* = 0.0794 and 7" = 3.9264. Figures 4.27, 4.28, 4.29, 4.30, 4.31,
and 4.32 show that the system (4.5) is stable if 75 = 3.6(< % = 3.9264), possesses oscillatory

behavior if 7, = 4.3(> % = 3.9264), and have Hopf-bifurcation at 7 = 7" = 3.9264.
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Figure 4.25: Time evolution of the system (4.5) for « = 5, n = 04, £ = 0.92,
B=02 6=1005~7=03,0=1,7 =" = 3.3087, and 75 = 1.5.
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Figure 4.26: Trajectory of the system (4.5) in the phase plane for a = 5, n = 0.4,
£€=092,8=0.2,¢0=1.005~v=03,0=1 7 =7°=3.3087, and » = 1.5.
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Figure 4.27: Time evolution of the system (4.5) for « = 5, n = 0.4, £ = 0.92,
B=02 ¢=1.005~=030=1,7 =3.6(< ° = 3.9264), and 71 = 1.
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Figure 4.28: Trajectory of the system (4.5) in the phase plane for a =5, n = 0.4,
£€=092,8=0.2,¢=1.005~v=03,0=1,7=36(< 7’ =23.9264), and 7 = 1.
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Figure 4.29: Time evolution of the system (4.5) for « = 5, n = 04, £ = 0.92,
=02, ¢=1005~v=030=1,7m=43>%"=39264), and 1, = 1.
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Figure 4.30: Trajectory of the system (4.5) in the phase plane for a =5, n = 0.4,
£€=092,8=0.2,¢=1.005~v=03,0=1,17=43(>7" =3.9264), and 7, = 1.
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Figure 4.31: Time evolution of the system (4.5) for « =5, n = 0.4, £ =0.92,8 =
0.2, 6 =1.005,v=03,0=1, 71 =7"=23.9264, and 7, = 1.
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Figure 4.32: Trajectory of the system (4.5) in the phase plane for a =5, n = 0.4,
£€=092,8=02,¢=1.005~v=03,0=1,7m=m"=239264, and 7y = 1.
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4.8 Conclusions

The relationship between prey and predator plays a crucial role in structuring the ecological
community. Realizing the tropic connections is vital for preserving functional ecological rela-
tionships. Thus, this chapter, which proposes a detritus-based predator-prey model, is very
significant in understanding the dynamics of the Sundarban mangrove ecosystem. To main-
tain the stability of the ecosystem, neither prey nor predator should be extinct. Throughout
the chapter, we have derived the stability criterion, which makes the system stable for both
the delayed and non-delayed systems.

The present work is an extension of the earlier work of Sarkar et al. (1991), where a simple
detritus-based predator-prey model was studied without time delay. In their paper, they
considered the Holling type-II functional response as the uptake function of invertebrate
predators. In our work, the Ivlev-type response function has been taken in place of the
Holling type-II functional response as the uptake function of invertebrate predators. Also,
we have assumed that, though the leading source of detritus is the plant litter of mangrove
forest, a small amount of detritus is also formed from the dead bodies of invertebrate preda-
tors by the recycling process. The beauty of this study is that we have incorporated two
different valued discrete time delays for the gestation of prey (micro-organism pool) and
predator (invertebrate predator). Due to the time lag, our proposed model possesses more
complicated dynamics than the ordinary differential equations system. Indeed, no particular
model can fully describe the dynamic behavior of any natural ecosystem like the detritus-
based predator-prey model. So, modification and extension of existing models are always
encouraged to better understand any ecosystem’s dynamics. That is the beauty of the math-
ematical modeling of natural ecosystems.

This detritus-based prey-predator model has huge applications in ecology. As our model

describes the conditions which ensure the stability of the ecosystem of Sundarban mangrove
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forest, this helps to maintain the balance between different animal species. Also, this prey-
predator interaction is essential to maintain the diversity of organisms. This interaction can
change the stability of the food chain, and elimination of any part of the chain can have a
extreme effect on the ecological community.

We have made a thorough theoretical and numerical investigation without time delay and
with time delay throughout the chapter. From the analysis of our model, some engrossing
and functional outcomes have been obtained. From the biological aspect, the most salient
fact we got from our study is that, the time lag plays a leading role in shaping the dynamics
of our proposed model. Without delays, the system is locally asymptotically stable under
some circumstances. These delays demolish the dynamical ecosystem’s stability and give rise
to periodic oscillations. It has been observed that for both delays, under the critical values
of the delay parameters, the dynamical system is stable. The dynamical system becomes
unstable when the delay parameter crosses its critical magnitude. A periodic oscillation is
found with increasing delay, which leads to a complex dynamical system. A Hopf-bifurcation
with small amplitude occurs at the critical values for both the delay parameters. Numerical
illustrations also ensure our theoretical observations that the dynamics of our model are

widely influenced by taking distinct values of delay parameters.
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Chapter 5

Approximate Analytical Solution of a
Fractional Order Detritus-Based
Predator-Prey Model Using
Homotopy Perturbation Method *

5.1 Introduction

In recent times, fractional calculus has received much recognition and popularity. It
provides some particular descriptions of various linear and non-linear systems. In the past
few years, it has been extensively used in various fields of science like mathematics, physics,
biology, engineering, etc. (Das, 2007; Hifer, 2000; Kilbas, 2006; Kumar, 2006; Magin, 2004;
Podlubny, 1999; Rivero et al., 2011; Ross, 1993; Sabatier et al., 2007; Wang, 2009). In 1695,
Leibniz first introduced fractional order derivatives in calculus for differentiation and inte-
gration. In most of the cases of real physical problems, the behavior of a non-linear system
depends on the instant time as well as the previous time of interval, which may be acquired
by a fractional derivative. A differential equation with fractional order is a special case of a
differential equation with integer order. Fractional order differential equation can be derived
by changing the order of the differential equation from integer to fraction. The key advantage

of the system with fractional order is that it permits higher degrees of freedom compared to

*Chapter based on the paper published in Journal of Research in Applied Mathematics Volume 10,
Number 3 (2024), pp. 01-12
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the differential equations with integer order. In population dynamics, generally, differential
equations with integer order are applied to formulate a model, but many authors have already
worked on fractional order differential equations in population dynamics and ecology in the
past few years (Dubey et al., 2020; Khan et al., 2019; Sunil Kumar et al., 2003; Ogunmiloro
et al., 2021). In maximum cases, finding the accurate analytical solution of fractional order
differential equations is quite challenging (Golmankhaneh et al., 2011; Jiang, 2006; Rida et
al., 2008; Wang and Xu, 2009). As a result, some analytical approximation methods are de-
veloped to find the approximate analytical solutions close to the exact analytical solutions.
Numerous methods are present for solving fractional differential equations. Among them,
some convenient methods are the Adomian Decomposition Method (ADM) (Biazar, 2006;
Shawagfeh, 1996), Variational Iteration Method (VIM) (Batiha et al., 2007; Rafei et al.,
2007), Homotopy Perturbation Method (HPM) (Das and Gupta, 2011; Rafei et al., 2007),
Homotopy Analysis Method (HAM) (Arqub and El-Ajou, 2013; Awawdeh et al., 2009), etc.
All these methods are based on some numerical and analytical aspects. The HPM is a very
efficacious and appropriate approximation method. This method is not only applicable to
linear equations but also suitable for non-linear equations. The HPM was first introduced by
HE in 1999 (He, 1999, 2005) for solving both non-linear and linear differential and integral
equations. Later, the applications of HPM were widely spread. Several authors have applied
this method in different areas of mathematics like Volterra’s integrow-differential equation
(Jayaprakasha, 2020; Sayevand K et al., 2013), delay-differential equations (Mishra et al.,
2020; Yzbasi et al., 2017), boundary value problems (Noor et al., 2008; Saadatmandi et al.,
2009), non-linear wave equations (Chun et al., 2009; He and Ji-Huan, 2005), fractional order
quadratic Riccati differential equation (Odibat and Shawagfeh, 2007) and so many others.
This is a perturbation method by which any differential and integral equations with frac-
tional order can be solved analytically easily by constructing a homotopy. The main benefit

of this method is that it has no limitation of having any small parameter for getting an
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approximate solution, while the other perturbation methods generally require small param-
eters. This small parameter has a profound impact on the solution of the system. This is a
very rapid convergence method requiring few iterations to get an accurate solution.

The main focus of our study is to enhance the implementation of the HPM to our proposed
detritus-based prey-predator model to get an approximate analytical solution. In this work,
a deterministic model is formulated, where detritus is the primary source of energy level, the
micro-organism pool acts as the prey, and the predator is the invertebrate predator in the
Sundarban mangrove forest in India. The orders of the derivatives used in the model are
considered fractions of different values. Here, the uptake rate of the micro-organism pool due
to the predation of the invertebrate predator is taken as the Ivlev-type response function.
In this paper, all the sections are arranged in the following manner. Section 5.2 contains
model formulation. In section 5.3, some preliminaries are discussed, which are used through-
out the paper to find the solution to our model. In section 5.4, different steps of HPM are
discussed. In section 5.4, we have found the approximate solution of our model using the

HPM. Numerical simulations are done in 5.5 to illustrate our analytical solutions.

5.2 Model formulation

In this Section, a deterministic detritus-based predator-prey mathematical model is consid-

ered as follows:

dv fry

il x(by — ax) o

dy dy

il Yy <b2 — a) — hz{l — exp(—gy)}.

dz

il z[—m+h{1 —exp(—gy)}], (5.1)
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where

x, y, and z are biomass of detritus, micro-organism pool, and invertebrate predator, respec-
tively at time t, and all are positive at ¢ = 0. Here, by is detritus’s growth rate, by is the
micro-organism pool’s growth rate, h is the food conversion efficiency rate of the inverte-
brate predator, m is the normal rate of mortality of invertebrate predator, and g represents
the hunting success. Here, the uptake function of invertebrate predator is considered as the
Ivlev-type response function. For mathematical simplicity, we convert our system into a

non-dimensional system using the following transformations:

r=kP y= —m’j}Q, z= —kl}”;R, t=1

Then, the model system (5.1) is reduced to

dpP Q
i P{(a—nP)——1+P}.

Q- _ Q( _ﬁ)—R{l—ew(—qﬁQ)}‘

dTh P

dR

g = Bl-1+o{l —eap(—0Q)}], (5.2)
Wherea:%7n:%’“, :%77:%’02%7 :%'

Now we consider the fractional derivatives and considering 0 < m; < 1, 0 < ny; < 1,

0 < ny <1, we get the following model:

D P = P{(a—nP)—H;ip}.
Do = @(5-73) - R - eon-00)}.
DR = R[—1+0{1—exp(—¢Q)}], (5.3)

where the initial conditions of P, (), and R are assumed as Py = d; > 0, Qg = 6o > 0, and

Ro = 93 > 0. Also, all the parameters «, 1, 3, 7, o, and ¢ are positive.
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5.3 Some Preliminaries

In this section, for finding the approximate solution of our system using HPM, some prelim-

inaries of fractional calculus have been provided.

5.3.1 Definition 5.1:

A function f; : (0,00) — R belongs to the space C,,a € R if 3 a number §; > a(a € R)
such that f,(t) = t%1 f5(t), where f5 : (0,00) — R and the function f, belongs to the space

C.2 iff f3(B2) € Cy, B2 €N, where f5: (0,00) — R is a function.

5.3.2 Definition 5.2:

Let fi(t) : R"™ — R be a function. Then the fractional integral of order w of the function
fi1(t) is given by
w 1 ' w—1
1R = o [ =0 e

where s [ (=€)~ f1(€)d¢ is point wise continuous on R* and w > 0. Also, I'(w) denotes

the gamma function.

5.3.3 Definition 5.3:

Let g(t) : RT — R is a continuous function. Then the Caputo derivative of order s > 0 of

g(t) is defined as follows:

| "9
Do) = 55— |, T

where z; € Z(Z = set of integers), s € R(R = set of real numbers) and z; — 1 < s < 2.

Here, we mention some basic properties of the integral operator J;* and the differential
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operator D;*, which are as follows:

() JuJf(t) = Jrnf(t) = J1JRf (L),
. D+l

(i1) JHtY = ﬁt“*w,

(iid) DJf(t) = JTHf (1),

where f(t) € Cp,a0 > =1, 4, > 0, and ¢ > —1.

5.4 Analysis of HPM

To understand the method easily, first we will discuss a review of HPM. Then we will come
to our problem.

For this, a non-linear differential equation is considered as follows:
Ll(U) + Nl(’U) = fl(u), u e Ql, (54)

satisfying the following boundary conditions

B1< W) —0uel, (5.5)

U —
’ Vng

where L;, Ny, and B; represent the linear, non-linear and boundary operator respectively.
Also, T' represents the boundary of the region @, and f;(u) is an analytic function that is

known.

According to He’s HPM (He, 1999, 2005), at first a homotopy is formed as follows:

w(u,p1) : 1 x [0,1] — R,
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satisfying
Hy(w,p1) = (1 = p1) [L1(w) = Li(vo)] + p1 [La(w) + Ni(w) — fi(u)] =0, (5.6)

or

Hy(w,p1) = [L1(w) — Lyi(vo)] + p1Li(vo) + p1 [N1(w) — fi(u)] = 0, (5.7)

where p; represents the embedding parameter and p; € [0,1], u € ; and v is assumed as
the approximation of initial value satisfying the boundary conditions.

Using (5.6) and (5.7), we obtain
Hi(w,0) = Ly(w) — Li(vg) =0, (5.8)

Hy(w,1) = Ly(w) + Ny (w) — fi(u) = 0. (5.9)

Here, the values of p; changes from 0 to 1, which means w(u, p;) changes from vy to v(u).
In topological terms, this is called deformation.

Here, Li(w) — Li(v) and Ly(w) + Ni(w) — fi(u) are named homotopic.

Here, p; acts as a "small embedding parameter.” Thus the equations (5.6) and (5.7) have

the solution which is as follows:

w = Z P18 Wy (1) = wo(t) + prwi () + pr*wa(t) + pi*ws(t) + ......, (5.10)

n3=0

which is a power series of p; of the equation (5.4).

Setting p; — 1, we get

v = plligllw = p11i£1[>11 2:0])1"311)”3@) = wo(t) +wi(t) + walt) + ws(t) + ......, (5.11)
ng=
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which is the approximate solution of the equation (5.4).

In most of the cases, the series in (5.11) is convergent, which has been proved in He’s works

(He, 1999, 2005).

5.5 Solution of our problem by using HPM

In this section, for system (5.3), we will find the approximate solution using HPM.

We have already considered the initial conditions as follows:
PO(TI) = 517 QU(Tl) = 527 RO(Tl) = 63-

Here, for the system (5.2), we set up the homotopy, which is as follows:

D' P = plp{(a—nP)—l_i;LP}.
Do = m@ (5 ) - {1~ conl-0Q)}.
D%ZR = le[ -1+ 0{1 — exp(—¢@)}}, (5.12)

where the orders of the derivatives i.e., my,ny,ny € [0,1], and the homotopy parameter
p € [0,1].

If p1 = 0, then the system (5.12) will be transformed into a system of homogeneous frac-
tional differential equations. Using fractional approach (Podlubny, 1999; Ross, 1993), this
transformed system can be solved.

The solutions of (5.12) can be written as:
o0

P(Ty) =Y pi"Pu(Ty) = Po(Th) + p1 Pi(Th) + pi* Po(Th) + pr* Po(Th) + oo, (5.13)

n=0
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1)) = Zpann<T1) = Qo(Th) + p1Q1(Th) + p*Q2(Th) + p°Qs(Th) + ... , (5.14)
n=0

Zpl = Ro(T}) + pr Ri(T)) + p12Ro(Ty) + pi3Ry(Th) + ... (5.15)

Setting p; — 1, we get the solution of the equation (5.12), which is close to the accurate

solution. The estimated solution is as follows:

P(T}) = lim Zpl (T1) = Po(Ty) + Py(Ty) + Po(Ty) + Py(Ty) + oo (5.16)
Q) = plligll Zpann(Tl) = Qo(T1) + Qu(Th) + Q2(Th) + Qs(T1) + ... , (5.17)
R(T}) = lim Zm W(T1) = Ro(Th) + Ri(T)) + Ro(T1) + Ry(T)) + ..... (5.18)

Now we have substituted the equations (5.13), (5.14), (5.15) in (5.12) and then equating the

powers of p; from both sides, we get

' D™P(Ty) = Py (a = nPy — Qo + PoQo — Po*Qo + P’ Qo) ,
DU Qi(T1) = Qo (8- 28) — Ro (900 — 257 + 3.
DRy (Ty) = Ry (—1+ 09Qo — “52° +”¢3‘?° ).
p?: D™ Py(Ty) = Py(—nPL— Q1+ PiQo + PoQ1 — 2P PiQo — Py*Q1 + 3P’ PLQo + P’ Q1)
+ P (1—77P0—Q0+P0Q0—P0Q0+P0Q0)
DMQuy(T,) = { ( 'YQo) 19 } Q. (5 - %) ~ Ry (¢Q1 — PQu

2 3.3
+¢QSQ1 — Ry ¢Q0 ¢Q0 _i_d)?c;?!o

)
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D™ Ry(Th) = Ry (a¢@1 — $*0QoQ1 + %) + R (—1 +opQy — LR 4 Qe )

1% D™ Py(Ty) =Py (—nPy — Q2 + P2Qo + P1Q1 + PyQ2 — P*Qo — 2Py P2Qo
— 2P PiQ1 — Ry’Q2 + 3R Pi*Qo + 3Py" PyQo + 3Py’ PLQ1 + Po’Qs)
+ Pi(—nP1 — Q1+ PiQo + PoQ1 — 2P PiQo — Py’ Q1 + 3R> PiQy

+P03Q1)+P2(04—77P0—Q0+P0Q0—P02Q0+P03Q0),

DleS(TI) _QO{< _L%) (_&+P_1>+7P1Q1 7Q2}+Q1{ Pl

o P By By I Po
2
(6 — 7;%0) ’yfc)il} -+ Q2< ,Yg)o> RO{¢Q2 — ¢_(Q1 + 2@0@2)
’ 3
¢ (3@0@1 + 3Q02Q2) } - R (¢Q1 — $2Q00) + ¢ Q; Q1>

20 2 3 3
#9700

2 3
D" (i) =Rod 700 — %7 (@ + 20002) + G (5Qu1* +3047Qu) | + i (700

3 202 3.3
—¢20Q0Q1+%>+R2(—1—|—0‘¢Q0—¢(;?0 +¢C;f20 ),

(5.19)

and so on.

Now we have applied J*, Jp!, J72 on the set of equations (5.19), and we get

Py(Th) = 64,
Qo(T1) = 0o,
RO(Tl) = 637

Pi(Th) = {a(51 — 061 — 610y (1 — 01+ 0,7 — 513) }F(Q:il)a

104



25 2 35.3 n
—3) b (66 ¢;2+¢§2)}F511;U,

2 3 n
Ri(Th) :{_53+053 ¢52—¢§,2 +“2)}F(T,;2jl),

T1 = 04—27](51 —(5152( 1+251—3(512)—(52(1—(51+512—513)}

T 2my
04(51 7]51 — (5152(1 - 51 + 51 (513) } F( ! 1-— 51 + (512 - (513)

2m1 + 1) _61(

’752 ¢2522 $365° Tyt

/_/H/_/Hf_/;\

0 702 9 2 3 nm
Qa(Th) =~ 5_1(5_ 5_1){0451 i _5152(1 Chrere >}F(m1 T+ 1)
2 2
; { _ b +ﬁ—53(¢—¢25g+ 070 )}{52(5—7—52) —63(¢62— ¢
9 5 2!

¢365° T*™ ¢252 $35,° ¢?6,°
T ) Tem s \9% T T A B R G T

N ¢3(523 T1n1+n2
3' F(nl + ) + 1)’

2 3
a(1:) =ty (0 5+ S0 ) i (9 - 22) - (00— S0+ 222

2 01
T1n1+n2 ¢2522 ¢3(523
_1 _
T(ny +na+ 1) +{ +‘7<¢52 o 3l

RN Ty
{ 53+053(¢52 2 T3 ) T 1)
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Pg(Tl) :{O[ - 277(51 - (5152(—1 + 2(51 - 3512) - (52(1 - (51 + 512 - (513)} |:{ (Oé - 27751)
— 6152 (—1 + 251 — 3512) — 52(1 - 51 + 512 — 513)}{0451 — 7’]512 — (5152

3m1
<1_51+512_513)}%_51(1_51+512—513){5Q( L(SQ)

3m1 + 1 - 51
¢2522 ¢3523 T12m1+n1
_ _ o 1_
(53 (¢52 2‘ + 3' F(2m1 n T T 1) + n 5152( 3(51)

“T(2my +1)

—Gy(—1 428 - 3512)}{6“51 — i = 818(1 = 01 + 6% — 513)} T+ 1)
1

T3m1
F(3nlz—1 T 1) + { - (51(—1 + 26, — 3512) — (1 — 0 +512 _ 513)}{&/51 _ 77512

) 25.2 35.3
_6162(1—(51+(512—613) 62 _B _63 ¢52_¢ 2 +¢ 2
01 21 3!

1 1 D(mi+n+1)
T(my +1)T(ny + 1) T(2my +ny + 1)

52 752 9 9 3 T12m1+n1
[ ( o1 ){a61 ndy” = 0185(1 = b1 + 61" — 617) L'(2m; +ny +1)

2702 ¢’8,” Y02
oo B

¢*0" | ¢*0° Ty ¢*6° | 96y

¢2522 ¢3523 T1m1+n1+n2
{ 53+053(¢(5z o + al T + 1 +ma+1)]

T12m1+n1 _ 51 (1 o 51 _'_512 . 513)
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Qs(Th) =— = <5 - 7_52) H(a —2061) — 010a(—1 + 20, — 36,%) — 82 (1 — &1 + 6:* — 6,°) }

Tl 2mi+ny

- 2 . 2 _ ¢33 . _
04(51 7’]61 5152(1 61 + 51 61 )}F(2m1 o+ 1) (51(1 (51 + 51 (51 )

752 ¢2522 ¢3623 T1m1+2n1 (52 ’)/(52
{52<ﬁ_ _> _53(¢52 BT )}F(ml + 20 + 1)} +E(5 5 )

2
01— 02 = 6,05(1 =0 +52_53}
R ) Bt ey

+ {'5%2 B 11 (ﬁ— 7—52)}{&51 —77512_5152(1_51+512_513)}{52<ﬁ_ry_(?)
1

¢252 ¢3623 1 1 F(m1 + s + ]_) 2
-0 09 — T mi+2n1
3(‘“ o TS ) T £ ) T+ ) Ty + 2 £ 1)

oo S8 )

T mi1+2ny 27(52 ¢3522
1— o 2
(L=b+0%=47) }Fm1—|—2n1+1 { - 53<¢ 002t >}

702 ¢252 ¢352 T?ml ¢252 ¢3523
52<5__>_53(¢52 2! 3| )}F(3n1+1) <¢52 ST )

920 %0, Tyt Y o 90
(ool 22 2 I (2o

702 $*0,° ¢35 1 T@2ni+1), 4,
<6__> 0 <¢52_ 20 3l >} T+ 120G + 1)

3¢ 2 2¢ 2 3¢ 3
(oo ) (o0 3)-o(-2- %)

¢252 ¢3(5 ) } 1 1 F(m + N9 + 1) 2
— by + oy ( 06 T2
{ 3+03<¢2 * D(ni+ D T(no + D20+ g+ 1)

2m1+n1

2! 3!

(o A o ) )
1
¢2 52 ¢3(52 T1 2n1+ng ¢2 522 ¢3523
_53<¢52 3l )} 2n1—|—n2+1)+{_1+0(¢52_ ST )}
+

¢2 52 ¢3 5 Tlm +2n2
{ 53+"53<¢52 2! 31 ) fT(ny+2ny+ 1))
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25 2 35 3 362 )
Rg(Tl) :{—1+0(¢52—¢2'Q +¢3|2 )}|:U(53<¢—¢252+¢22>{(52( —%)
. . 1
¢2522 ¢3523 T1n1+2n2 ¢2522
% <¢52 SRR T Vi neeri s Sk IR L R
¢>05° P?6° 36,7 T,
+ 3' — 53 + 053 gbég — 2! + 3' F(3n2 T 1) + 053

3¢ 2
(¢—¢252+¢52 ){—g—i( 7(5?){0451—7;51 — 6165 (1 — 61 + 6, —51)}

2

T1m1+n1+n2 2,},52 ) ¢3522 ,}/52
P?0>  $36,° Ty2mtn ¢25 2 %6,°
% <¢52 0 T3 ) Temamrn 92T T T
920> $°0y° Tyt ¢° %0
{ 03+ 003 (¢52 TR T(ny + 2ns + 1) oo —or+
25 2 353 2
{52( 752)_53(¢52 ¢*d2 +¢52)} 1 2 ['(2ny +1)
352 2¢ 2 3¢ 3
Ty*MH2 o ¢ — ¢?6, + i O2 _ ) 03| POy — ¢ + @02
2 (51 2! 3!

2 3
{—53+o—53(¢52—¢252 +¢352 >} L L

2! 3! I(ny+1)T(ne + 1)
F(nl + na + 1) T ni1+2n9
T(ny+2ny+1) " '

Therefore, we have got the approximate solution of order 3, which is as follows:

P(Ty) =Y Po(Ty) = Ro(Ty) + Pi(Th) + Po(Th) + P5(Th), (5.20)
Q(Ty) = Z Qn(Th) = Qo(Th) + Q1(Th) + Qa(T1) + Q3(Th), (5.21)
R(Ty) =Y Ru(Th) = Ro(Th) + Ri(Th) + Ro(T) + Ry(Th). (5.22)

One may also take more terms in the same manner to get a more suitable solution close to

the exact solution.
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5.6 Numerical simulation results

In this section, we have executed a numerical simulation to find the graphs of the approximate
solution of the system (5.3). In this simulation process, we used the series’ first four terms
to get the approximate solution. Throughout the numerical illustration, we have used a set
of parameter values as follows: a = 0.8, n =03, 8 =12, v =094, ¢ = 1.1, 0 = 2.006,
and the initial values of three populations are assumed as Py = 0.3, Qg = 0.3, Ry = 0.3. We
have carried out the simulation for different valued fractional orders as well as for standard
order 1.

Figure 5.1a shows the graph of solution of P(77) with respect to time 7} for different values
of my i.e., formy; =1/3,1/2,2/3,1, ny =1 and ny = 1. In this figure, it has been shown that
initially, the population density of detritus increases more rapidly with decreasing fractional
order my but after a certain period of time, the population density increases more rapidly
with increasing fractional order my. But for the standard order 1, the population density of
detritus initially increases with increasing time, reaches its highest value, and then decreases.
Figure 5.1b describe the solution graph of P(7}) with respect to time 77 for m; = ny = ny =
1/3,1/2,2/3,1. Figures 5.1a and 5.1b show the same kind of solution graphs.

Figure 5.2a represents the solution graph of the population Q(7}) with respect to time T}
for ny =1/3,1/2,2/3,1, and keeping the values of m; and n, fixed to 1. In Figure 5.2a, it has
been shown that when the value of order n; decreases, initially, the population density of the
micro-organism pool increases more rapidly with increasing time, but after a certain period
of time, the population density decreases more rapidly with increasing time. A similar type
of picture is observed in Figure 5.2b, when we plot the solution graph of the population Q(7})
with respect to time T3 for m; = ny = ny = 1/3,1/2,2/3,1. Figure 5.3a presents the solution
graph of R(T}) with respect to time T for m; = ny = 1 and ny = 1/3,1/2,2/3,1. This

graph shows the rapid decrement of population density with decreasing order n, initially but
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Figure 5.2: Approximate solutions of Q(T1), of the system (5.3) for fractional

orders: (a) my = 1, n; = 1/3,1/2,2/3,1 and ny = 1, (b) my ny = ng =
1/3,1/2,2/3,1.
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Figure 5.1: Approximate solutions of P(T31) of the system (5.3) for fractional
orders: (a) my = 1/3,1/2,2/3,1, ny = 1 and ng = 1, (b) m1 = ny = ng =
1/3,1/2,2/3,1.
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Figure 5.3: Approximate solutions of R(T}), of the system (5.3) for fractional

orders: (a) my = 1, ny = 1 and ny = 1/3,1/2,2/3,1, (b) my = ny = ng =

1/3,1/2,2/3,1.
after a certain period of time, a rapid increment of population density of R(T}) is observed
with decreasing order ny. Figures 5.3b describe the solution graph of R(7}) with respect
to time 77 for my = ny = ny = 1/3,1/2,2/3,1. Figures 5.3a and 5.3b show the same type

of solution graph. Lastly, Figure 5.4 shows the 3-dimensional phase portrait of solutions of

P(Ty), Q(T1), and R(Ty) for my =ny =ny =1/3,1/2,2/3, 1.

o —for m=n,=n,= 113

t” —form,=n=n,= 112

oo —for m=n,=n,= 23
01 —form1= n= n2=1

Figure 5.4: 3-dimensional phase portrait of solutions of P(Ty), Q(T1) and R(T})
for mj =ny =ng =1/3,1/2,2/3, 1.
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5.7 Conclusions

Integer-order differential equations are commonly used to describe the prey-predator model.
Nowadays, fractional order differential equations attract researchers a lot, so they have ap-
plied it in different fields of science, including biology, ecology, etc. Many authors have used
the HPM to get an approximate solution of the fractional order prey-predator model. But
in most of the cases, the models they considered in the papers are two-dimensional. In our
study, we have extended the HPM to a three-dimensional prey-predator model, where the
three components are detritus, micro-organism pool, and invertebrate predator. Here, we
have derived the approximate analytical solution of our model applying the HPM, which is
better than other perturbation methods generally used in fractional calculus. In our model,
the detritus grows logistically, and loss of detritus due to the micro-organism pool follows
Holling type-II response function. Here, we have considered the Ivlev-type response function
as the uptake function of the invertebrate predator. This Ivlev-type response function is
rarely used in the fractional-order prey-predator models by other researchers. This can be
a motivation for solving a much more complicated form of the prey-predator model in the

future.
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Chapter 6

Effect of Prey Refuge on a Fractional
Order Detritus-Based Predator-Prey
Model in Presence of Toxicity *

6.1 Introduction

The process of extending differentiation and integration to any non-integer order is referred
to as fractional calculus. These days, researchers are very interested in fractional calculus.
Over the years, fractional calculus has been widely employed in numerous domains, includ-
ing fluid dynamics, medicine, biology, ecology, and more (Cole, 1993; El-Sayed et al. , 2007;
Fedri, 2012; Machado , 2010; Machado and Galhano, 2012). The application of fractional
calculus has been spread massively, and it is very realistic compared to the integer-order
calculus for any living system for its memory property. Due to the memory effect, for any
prey-predator model, the preceding state has an influence on the present dynamics. There
are different types of fractional derivatives. One of the commonly used fractional derivatives
in any prey-predator model is the Caputo derivative, which was first introduced by Caputo
(Caputo, 1967) and later used by several authors (Balci, 2023; Choi et al., 2014; Isik and
Kangalgil, 2024; Owolabi, 2017).

The functional response significantly impacts the behavioral patterns of any prey-predator

model. A predator’s functional response refers to the quantity of prey it consumes within

*Chapter based on the paper submitted in Journal of Mathematical Biology for publication
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a specific time frame. Several kinds of functional responses exist, such as Holling type-I (Li
et al., 2021; Seo and DeAngelis, 2003; Seo and Kot, 2008), Holling type-1I (Alsakaji et al.,
2021; Molla et al., 2019; Zhou et al., 2019), Holling type-III (Agarwal and Pathak, 2012;
Huang et al., 2006; Majumdar, 2022), Holling type-IV (Agarwal and Pathak, 2017; Datta et
al., 2019; Liu and Huang, 2020), Crowley Martin (Gazi and Das, 2010; Panja, 2021; Santra
et al., 2020), Beddington-Deangelis (Hwang, 2003; Pal and Mandal, 2014; Pal et al., 2019),
Hassell-Varley (Hsu et al., 2008; Xu and Li, 2015), and so on. Nevertheless, Holling type-
IT is more suitable for the invertebrate predator than other functional responses. A novel
functional response was created by Ivlev (1961) that can be used against both vertebrate
and invertebrate predators. Ivlev-type functional response has been employed by numerous
authors in their prey-predator models (Kooij and Zegeling, 1996; Liu et al., 2016; Wang et
al., 2010).

Prey refuge is an additional factor in a prey-predator model that might influence its dy-
namic behaviour. Several authors have established the influence of prey refuge in the
prey-predator paradigm (Balci, 2023; Collings, 1995; Freedman, 1980; Gonzalez-Olivares and
Ramos-Jiliberto, 2003; Kar, 2005; Yan and Zhang, 2008; Zhao and Shao, 2008). Li et al.
(2017), Chauhan et al. (2024) examined the impact of prey refuge in a fractional-order
prey-predator system.

Nowadays, environmental pollution is increasing day by day in such a way that any prey-
predator model in an ecosystem is affected if toxicant is present in that ecosystem. The toxic
materials that are present in the environment cause damage to the stability of an ecosystem.
Numerous researchers have already studied the impact of toxicity on a prey-predator model
(Assila et al., 2024; Das et al., 2023, 2009; Freedman and Shukla, 1990; Jana et al., 2016;
Moussaoui A. et al., 2010; Samanta, 2010).

A fractional-order mathematical model of prey and predator based on detritus in the Sun-

darban mangrove forest and the nearby estuary has been reported in our work. In our model,
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the micro-organism pool is considered as prey, and the invertebrate is taken as predator. In
mangrove estuary, tidal waves come twice a day, and due to tidal influence, some amount
of micro-organisms of the adjacent estuary always washed out, and as a result of this type
of prey refuge, an amount of micro-organism is protected from predation. This prey refuge
enhances the prey-predator coexistence and prevents the micro-organism from extinction. It
is known that the industries always release a huge amount of toxic substances into marine
water. Due to the tidal influence of the adjacent Bay of Bengal, a huge amount of marine
water enters the estuary. The growth of micro-organism pools and invertebrate predators are
affected because of this toxicity. Throughout the work, we have discussed how the dynamic
is affected by the toxicity and prey-refuge.

The current investigation has been carried out in the following order: Section 6.2 describes
the model using certain fundamental presumptions. Section 6.3 comprises preliminary infor-
mation, such as pre-existing definitions, theorems, and lemmas that are utilized throughout
the study. The system’s non-negativity is explained in section 6.4. Section 6.5 explains the
model system’s boundedness, while Section 6.6 demonstrates that the system has a unique
solution. The various equilibria and their corresponding feasibility criteria are given in Sec-
tion 6.7. The system’s dynamic behavior is discussed in section 6.8, where the local stability
analysis is mainly explained. Numerical simulations for various parameter values are shown
in section 6.9. The report culminates in a conclusion included in section 6.10, which provides

an explanation of the summary of our study’s findings.
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6.2 Model formulation

Here, we have constructed a deterministic model as follows:

wDixi(t) = w1(r1 — axy) + kmas.
b
thfatg(t) = Iy (rg — ﬂ) - fmg{l - 6_9(1_5)x2} — axs’.
axy
tSDfl'g(t) = xg[ —m+ f{l - 6_9(1_6)@}} — Bxs, (6.1)

where

21(0) > 0,29(0) > 0, 23(0) > 0, and

r1 = biomass of detritus,

o = biomass of micro-organism,

xr3 = biomass of invertebrate predator,

r1 = detritus’s growth rate,

r9 = micro-organism pool’s growth rate,

42 = carrying capacity of micro-organism pool,

f = rate of conversion of food of invertebrate predator,

m = invertebrate predator’s normal death rate,

km = detritus recycle rate after the death of invertebrate predator,
g = hunting success,

0 = prey refuge rate,

a = coefficient of toxicity to the prey species,

[ = coefficient of toxicity to the predator species.

We also assume that the growth of detritus is assumed to follow a logistic type of growth

equation and the Ivlev-type uptake function is considered for predator’s functional response.

d(ax22> dz(a:czz) .
Here, —g, . = 2012 >0, and G = 2a > 0, which shows the accelerated growth of
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toxicant, and as a result, the species consume the toxic-effected food more.

For simplicity, we convert our system into a non-dimensional system using the following

transformations:
_ mX _ Y —_mz 4 _ T
xl_a7x2_g7x3_fg7t_m'

Then the system (6.1) converted into

nDrX(T) = X(n—X)+72.

nDYY(T) = Y <a — %Y) —Z{1—e VY — Y2
2 DYZ(T) = Z[—14+¢{1—e "} — 7, (6.2)

6.3 Preliminaries

In this section, definition and some fundamental properties of Caputo derivative are discussed

briefly.

Definition 6.1

Let’s examine a continuous function H(X) € C™([Ty + 00),R) with fractional order p > 0
(Petras, 2011).

Then the Caputo derivative of H(X) is defined as

1 T His)
‘DY H(T) = d
RO = 5 | G
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where I'(¢ — p) is the gamma function, ¢ € Z*, p € (¢ — 1,q) and T > Ty,

When g = 1, then the mathematical form of the Caputo derivative is as follows:

¢ 1 T H'(s)
TODTH<T)_ F(l—p) /TO (T—S)pdSJ

where p € (0,1).

Lemma 6.1

Suppose . D7.H(T) € Cla,b] ¥ T € (a,b), where 0 < p < 1 and H(T) € Cla,b] (Odibat and
Shawagfeh, 2007). Then

(1) It ;y DR H(T) > 0, then H(T) is increasing function V T' € [a, b].

(#1) If 7 DRH(T) < 0, then H(T) is decreasing function V 7' € [a, b].

Theorem 6.1

Let us consider that H(T) € Cy[a,b], and , D7.H(T) is piecewise continuous in [T, 00),

where p is positive and n — 1 <p < n V n € N (Liang et al., 2015). Then
n—1
L{ DLH(T)} = s"F(s) = > s 'H (Ty),
§=0

where £ stands for Laplace transform and F(s) = L{H(T)}.

Here, R(s) > 0, where R(s) stands for the real part of s.

Theorem 6.2

For each M € C™", we can write (Kexue and Jigen, 2011)

L{T" By (MT") } = — Vu>0,0>0,



where s is a complex number. The real part of s, i.e., R(s) > || M ||%, and E,, is the

Mittag-Leffler function (Podlubny, 1999).

Definition 6.2

Let us assume a system of equations
7 DpH(T) = (T, H),

which represents a dynamical system with Caputo fractional order p and H (Tp) > 0.

By solving U(T', H) = 0, we get the system’s equilibria H* (Li et al., 2009).

Theorem 6.3

dP ()

Assume a fractional-order system =7

=g(x), x(0) = 2o with 0 < p < 1 and € R™ (Petras,
2011). An equilibrium point is called locally asymptotically stable if the Jacobian matrix

J = % possesses the eigenvalues A; for all the equilibrium points satisfying [arg(X;)| > &

6.4 Positivity of solutions

Theorem 6.4

All the solutions of the system (6.2) starting in R are always positive.

Proof

Let P(Ty) = (Xn,,Yr,, Zr,) € Q7 = {(X,Y,Z) € QT : XY, Z € RT} is the initial value of
X(T), Y(T), and Z(T), where RT = {X € R: X > 0}. To show X(T),Y(T),Z(T) > 0

VT >0, let’s assume that Z(T) > 0V T > 0 is not true. Then 3 a constant 7 satisfying

119



To < T < Tj such that
Z(T) >0, when Ty, < T < Tj,

Z(T1> :0, WhenT:Tl,

Z(I'") <0, when T > Tj.

\

For the system (6.2), it is clear that ; D7.Z(T) | z(r,)=0= 0.

Thus, using Lemma 6.1, we have Z (T 1+) = 0, which creates a contradiction in the fact
Z (Ty") < 0. Thus, we can claim that Z(T') > 0V T € [Tp, 00).

In a similar way, we can prove that Y(T) >0V T € [Ty, 00), and X(T) >0V T € [T, 00).

Hence, the theorem is proved.

6.5 Boundedness of the solutions

Theorem 6.5

The system (6.2) possesses uniformly bounded solutions.

Proof

Suppose Q(T) = X + Y + Z. Then

nDrQ(T) =  DEX(T) +  DRY(T) +  D3Z(T)

Y
=X(n—-X)+vZ+Y (0—%) — Y Y? — 7 — uaZ
2
< —miQ(T) + 29X — X + %X,

where m; = min{n, o, (1 + p2 — 7)}.

Here, (1+pus —v) >0asy < 1.
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Let G(X) = 2nX — X2 + Y2 X.

2
Then G has maximum value G0 = (77 + %ﬁ) (277 + %ﬁ) — % (277 + %2) ,
at X =1 (277—{—%).
Hence, it follows that TgD%Q(T) +m1Q(T) < Gras-
Now applying the Laplace transformation, we get

sPE(s) — s271Q(0) + miF(s) < Gmax%,where F(s)=L{Q(T)}

sP~1 1

= F(s) <Q(0 Gmaz————. 6.3
() < QO) -+ Py P (6.3)
Now applying the inverse Laplace transformation, we get
- oot gP—1 o g gp—(p+1)
< N N .
o) < Qe { b Gt {5
Now using Theorem 6.2, we obtain
Q(T) < Q(O)Ep,l{ - mlTp} + GmamTpEp,p+1{ - mlTp}- (64)
Again, using Mittag-Leffer functions properly, we obtain
1
EPJ{ — mlTp} = (—mlTp) Ep,p+1{ — mlTp} + m
Thus, we have
1
TpEp,p+1{ — mlTp} = _m_ [EPJ{ — mlTp} — 1} . (65)
1

From (6.4) and (6.5), we achieve
Q(T) < {Q(O) - leGmax}Ep,l{ - mlTp} + mileax-
Since E,; — 0 as T — o0, so, Q(T') < milem.

So, the system (6.2) possesses uniformly bounded solutions in the region
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B={(X,Y,2) e WX + Y + Z < LGruaw + 6,6 >0}

6.6 Uniqueness of the solutions

Theorem 6.6

Let us consider the system (6.2) has the solution P(T) = (X(7T'),Y(T), Z(T)) € QF, and the
initial condition is P(Tp) = (Xg,, Y, Z1,) € QF = {(X,Y,Z) € R+3|max{]X|, Y|,1Z]} <
U}, where T > 0 and U is sufficiently large. Then the solution P(T") = (X(T),Y(T), Z(T)) €

Q" is unique.

Proof

Let P=(X,Y,Z) € Q" P = ()_(,Y, Z) € O, and consider a map W(P) = (W1 (P), Wy(P), W5(P))

such that

Wi(pP) = X(n-X)+1Z

Wy(P) = Y (0 — %) —Z{1—e ML — Y2,
Wi(P) = Z[—1+9p{1—e VY] — 27, (6.6)
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Now we have

W(P) -

+ ‘Y (a ¢—) — Z{l — 6_(1_5)Y} — 1 Y?
(a > +Z{1 (175)}7} +M1Y2
[

+ ‘Z — 1+ {1l —e Y] — 2z

—Z[ -1+ ¢{1— e 17}] +u22’

<UX = X|+ WY =Y |+ Us|Z — Z|

where L = max{Ul, U,, Ug}, where

Uy
Us

Us

(n+2U + ¢U?),
(o +20U% + 2111U) ,

{247+v+ @+ 1)U + iy},

Therefore, the Lipschitz condition is satisfied for W (P) with respect to P.

Thus, the system (6.2) has a unique solution.

6.7 Equilibria and their feasibility

There exist three equilibria as follows:

(Z) El(na 0, 0)7
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(i1) Ey(X,Y,0), where X =7, Y = ¢—i,u .
n 1

(if) Es(X*,Y*, Z*), where Y* = hsin{ =1,

It is pretty challenging to find the exact value of X* and Z*, but we find a polynomial of Z,
which is as follows:
D1Z3 -+ D222 + DgZ + D4 == 0,

where

4y(u2+1)?
D, = v(ujz ) ,

D, = 4y {2aliztlly=2 _ gpy=itl}

Dy = 49{0?V*2 4 2y * = 2070, Y} — Aty 2,
Dy = 4¢Y*3 (on — ¢Y* — nu Y).

Here, Dy > 0.

If any one of Dy, D3, and D, are negative, then we can conclude that there exists at least

one positive real root, say Z*. So,

X+ = VA

2

Here, E5(X*, Y™, Z*) is feasible when py < (¢ — 1).

6.8 System’s dynamical behaviour

This section covers the study of the local stability behaviour of our model system (6.2)
around the equilibria.

The system (6.2) possesses the variational matrix

n—2X 0 y
J = gb}/(—z o —20% — Z(1—6)e” 17 — 21V —{1—eU=¥}
0 V(1 —8)Ze (1Y —1+ {1l —e 0=} —
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Theorem 6.8

The system (6.2) shows a local asymptotic unstable behaviour around FEj.

Proof

At FEy (n,0,0), the variational matrix J has the characteristic equation

A+n)A=0) A+1+py) =0.

Thus, the three eigenvalues are \y = —n, Ay = 0, A3 = —(1 + po). Thus,
larg(M)| =7 > V0<p<l,

larg(A2)| =0 < BV 0 <p <1,

larg(As)| =7 > V0O<p<L

Therefore, according to theorem 6.3, it follows that the equilibrium point F; shows an

unstable behaviour.

Theorem 6.9

The system (6.2) shows a local asymptotic stable behaviour around E, for M; < 6 < M,

_ 1 _ 1 0
where My =1 — Zin , and Mz—l—#n{m}-

4
w—{1+u2—(0—¥—2u1?) }

Proof

At Es, the variational matrix J has the characteristic equation

A+n) [N+ A\ +Bi] =0.
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Here,
—(1-0)Y 20 o
Alzl—lp{l—@ }+/,L2— O'—?Y—2IM1Y N

B, = (O’ — %X_/ - 2u1)_/) {— 1 +1/1{1 - e_(l_‘s)?} — ,ug].

Let the characteristic equation possesses three roots A1, Ay, and A3, where one root
A =-1n<0.

So, if A; > 0 and By > 0, then

larg(M)| =7 > V0<p<l,

larg(Me)| =7 > B V0 <p<1,

larg(As)| =7 > B VO0<p<L

Now A; > 0if 6 > My, and B; > 0 if § < M,, where

and

T )

Therefore, according to theorem 6.3, it follows that the equilibrium point Fy shows a local

asymptotic stable behaviour for M; < < Ms.

Theorem 6.10

The system (6.2) shows a conditional local asymptotic stable behaviour around E3(X*, Y*, Z*).
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Proof

The characteristic equation at Fj is

{(A=(n—2X")} (A + A\ + By) = 0,

where

20Y* .
Ay = { f( + 77 (1 = 8)e O oy — 0},

*2

X2

By = (1+p12) Z°(1 = 8)e N — gy g0 27 (1 = §)e

Let the characteristic equation possesses three roots \i, Ao, and A3, where one root

A= —\/n2+4vZF <0.

So, if Ay > 0 and By > 0, then

larg(M)| =7 > V0<p<l,

larg(A2)| =7 > B V0 <p<l,

larg(Xs)| =7 > V0<p<L

Therefore, according to theorem 6.3, it follows that the equilibrium point F3 shows a local

asymptotic stable behaviour if Ay > 0 and By > 0.

Hopf-bifurcation

The system (6.2) can be rewritten as

wDRP(T) = f(6, P(T)), (6.7)

where T'> 0, P(T) = (X(T),Y(T),Z(T)), and 0 < § < 1.

The system (6.2) experiences a Hopf-bifurcation around F3(X*,Y* Z*), when § meets the
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critical value 0*, and the subsequent conditions are satisfied concurrently.

(1) Equation (6.7) comprises one eigenvalue \; which is real, and two eigenvalues that are
complex conjugate to one another, i.e., Ay 3(0) = p(9) £ iv(d),

, ] =1,2,3,

(”) H1,2,3 (]% 5*) = 0, where p1; 23 = % - ’6””9 ()\j(5))

(idd) 2|55+ # 0.

6.9 Numerical simulations

To validate the theoretical findings, this section includes numerical simulations that have
been done using the Predictor-Corrector method applicable to differential equations with
fractional order. For this purpose, a set of parameter values have been considered, which is
n=235¢=0.68 0d=22 v=0.5 pu =0.05 v =1.1, and py = 0.005.

Then we have calculated the critical value of ¢, i.e., 6* = 0.457. The only two parameters
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Figure 6.1: Stable state of the system (6.2) around Fs5 for p =1, n = 3.5, ¢ = 0.68,

0 =22, v=05 =11, gg = 0.05, s = 0.005, and § = 0.5 > §* = 0.457 with the

initial values (0.3,0.3,0.3): (a) Time series plot, (b) Phase diagram plot.
that change during the whole numerical simulations are p and d, while the other parameters
remains constant.
For Figure 6.1, we take § = 0.5 > 0* = 0.457, p = 1. Figure 6.1 shows the system (6.2) is
stable when § > 0* and p = 1.

Next we set the value 6 = 0.4 < §*, and p = 1. Now from the Figure 6.2, we have seen that
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T

Figure 6.2: Chaotic solution of the system (6.2) around FE3 for p = 1, n = 3.5,
=068, 0=22~=05 =11, u = 0.05, 12 = 0.005, and § = 0.4 < §* = 0.457
with the initial values (0.3,0.3,0.3): (a) Time series plot, (b) Phase diagram plot.
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Figure 6.3: Hopf-bifurcation diagram of the model system (6.2) at § = 0.457 and
other parameters are fixed as p =1, 7 = 3.5, ¢ =0.68, 0 = 2.2, vy = 0.5, v = 1.1,
p1 = 0.05, 2 = 0.005 with the initial values (0.3,0.3,0.3): (a) Time series plot, (b)
Phase diagram plot.

: A

T

Figure 6.4: Chaotic solution of the system (6.2) around E3 for n = 3.5, ¢ = 0.68,
oc=22,~v=0.5 9% =1.1, ugg =0.05, and po = 0.005, § = 0.4, and p = 0.99, with
the initial values (0.3,0.3,0.3): (a) Time series plot, (b) Phase diagram plot.
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Figure 6.5: Chaotic solution of the system (6.2) around Ej3 for n = 3.5, ¢ = 0.68,
o =22 =051 =1.1, g1 = 0.05, and ps = 0.005, § = 0.4, and p = 0.95 with
the initial values (0.3,0.3,0.3): (a) Time series plot, (b) Phase diagram plot.
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Figure 6.6: Stable state of the system (6.2) around Ej3 for n = 3.5, ¢ = 0.68,
c=22,v=0.5,v% =11, uy = 0.05, and pe = 0.005, 6 = 0.4, and p = 0.88 with
the initial values (0.3,0.3,0.3): (a) Time series plot, (b) Phase diagram plot.
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Figure 6.7: Stable state of the system (6.2) around Ej3 for n = 3.5, ¢ = 0.68,
0c=22v=0.5,¢v=1.1, uy =0.05, and ps = 0.005, § = 0.4 and p = 0.84 with the
initial values (0.3,0.3,0.3): (a) Time series plot, (b) Phase diagram plot.
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Figure 6.8: Hopf-bifurcation diagram of model system (6.2) at p = 0.91, and other

parameters are fixed as 1 = 3.5, ¢ = 0.68, 0 = 2.2, v = 0.5, ¢ = 1.1, 1 = 0.05,

fiz = 0.005, § = 0.4 with the initial values (0.3,0.3,0.3): (a) Time series plot, (b)

Phase diagram plot.
the system (6.2) is unstable for § < §*.
Figure 6.3 demonstrates the existence of Hopf-bifurcation at § = 0* = 0.457, treating the
parameter 0 as the bifurcation parameter.
We have now changed the system (6.2)’s order p to show the effect of it. Figure 6.4 illustrates
the instability of the system (6.2) at 6 = 0.4 and p = 0.99. For § = 0.4, and p = 0.95, Figure
6.5 illustrates the system (6.2)’s instability, while Figure 6.6 shows the system (6.2) is stable
at 0 = 0.4, and p = 0.88. Additionally, the system is stable for 6 = 0.4, and p = 0.84 (Figure
6.7).
Therefore, we may state that the fractional order p highly influences the system (6.2)’s
dynamic characteristics. We can change an unstable system into a stable system by lowering

the fractional order. Figure 6.8 demonstrates the existence of Hopf-bifurcation at p = 0.91,

treating the parameter p as the bifurcation parameter.

6.10 Conclusion

This work introduces a model that examines the relationship between predator and prey in

the Sundarban mangrove forest and the nearby estuary, taking into account the existence of
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toxicity. The phrase ”"prey refuge,” which arises as a result of the tidal wave, is also included
in our model. The analysis focuses on the existence of positive, unique, and bounded solution.
We have determined the various equilibria and their corresponding feasibility conditions.
This chapter demonstrates the dynamics of our suggested model for various equilibrium
points and conditions. This research primarily examines how the prey-refuge term can affect
the dynamics. Distinct dynamics can be observed with varying prey-refuge rates. The
stability behaviour undergoes a significant change when the prey-refuge rate is altered. An
integer order system exhibits stability above a certain critical value of prey-refuge rate, while
instability occurs below that critical value. At the critical value, a Hopf-bifurcation with a
little amplitude occurs.

The fractional order is another crucial characteristic of our system. This fractional order can
alter a system’s steady-state behaviour. While the system may be unstable for integer order
derivatives, even a little change in the fractional order can cause the instability to become
stable. In our study, we have shown the impact of fractional order on stability. Thus, this
study concludes with a remark that the memory property of fractional order regulates the

dynamics of our proposed model with high efficiency.
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Chapter 7

Discussion

In this thesis, we have mainly formulated some detritus-based prey-predator models which
are deterministic in nature in Sundarban mangrove forest and the nearby estuary. In every
model, the primary energy source is detritus, whereas the micro-organism pool and inver-
tebrates, in turn, represent the roles of prey and predator, respectively. These models are
based on different conditions and parameters. Here, we have discussed the summary of key
findings that we have got throughout the six chapters.

Chapter 1 discusses some general and fundamental topics including definitions which have
been used throughout the thesis. A brief idea and scope of the chapters are also discussed.
In Chapter 2, a predator-prey model based on detritus is discussed. It is assumed that the
loss of detritus follows a Holling type-II functional response, and the invertebrate predator’s
uptake function is an Ivlev-type function. This uptake function has a complex ecological
interpretation and demonstrates the complexity of the model system, leading to some in-
tricate mathematical results that are, from an ecological perspective, extremely plausible.
We obtain the conditions of the global attractor, periodic orbit, and Hopf-bifurcation under
specific circumstances in the study. Here, we can observe that the micro-organism pool’s
growth rate serves as a bifurcation parameter and is a significant variable that may impact
the stability of the mangrove ecosystem. To interpret our analytical results’ qualitative be-
haviour, numerical simulations are run with various system parameter values.

In Chapter 3, a model is presented wherein the growth of micro-organisms is expected to
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follow donor-controlled type function, whereas the detritus is considered to follow logistic
type growth. A gestation time delay that is incorporated into the invertebrate predator’s
functional response term is used to analyse the model. Both the local and global stability
of several feasible equilibria are included in the mathematical study. It is shown that a
stable limit cycle surrounds the interior equilibrium point. Additionally, a critical value for
the micro-organism pool’s food conversion efficiency rate has been identified, and for this
value, Hopf-bifurcation behaviour is observed near the equilibrium point. It can be claimed
that in the real situation, we can also observe the same dynamical behaviour in the Sun-
darban estuary. We have shown that the dynamics of time-delay differential equation model
is more complicated and rich compare to the ordinary-differential equation model. Here, it
is shown that the discrete time-delay has a deep impact on the dynamics of ecosystem. It
even destabilizes the stable equilibrium point E3(X*, Y* Z*). When the delay parameter
passes its critical value 7°, small-amplitude periodic oscillations known as Hopf-bifurcating
oscillations occur. Due to presence of instability, a limit cycle is formed. All the analytical
results are verified through numerical simulations for various system parameter values.

Chapter 4 discusses a model, where it is assumed that though the leading source of detri-
tus is the plant litter of mangrove forest, a small amount of detritus is also formed from the
dead bodies of invertebrate predators by the recycling process. The beauty of this chapter
is that we have incorporated two different valued discrete time delays for the gestation of
prey (micro-organism pool) and predator (invertebrate predator). Due to the time lag, our
proposed model possesses more complicated dynamics than the ordinary differential equa-
tions system. We have made a thorough theoretical and numerical investigation without
time delay and with time delay throughout the chapter. From the analysis of our model,
some engrossing and functional outcomes have been obtained. From the biological aspect,
the most salient fact from our study is that the time lag plays a leading role in shaping the

dynamics of our proposed model. Without delays, the system is locally asymptotically stable
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under some circumstances. These delays demolish the dynamical ecosystem’s stability and
give rise to periodic oscillations. It has been noted that the dynamical system is stable for
both delays, under the critical values of the delay parameters. When the delay parameter
passes its critical value, the dynamical system becomes unstable. A periodic oscillation is
found with increasing delay, which leads to a complex dynamical system. A Hopf-bifurcation
with small amplitude occurs at the critical values for both the delay parameters. Numerical
illustrations also ensure our theoretical observations that the dynamics of our model are
widely influenced by taking distinct values of delay parameters.

In Chapter 5, a model with fractional order is formulated. We have derived the approxi-
mate solution of the fractional order system using Homotopy Perturbation method (HPM)
with high accuracy. This HPM is better than any other perturbation methods generally
used in fractional calculus. As HPM is a rapid convergence method, we have done only a
few iterations to get approximate analytical series solutions of the system. Numerical simu-
lations have been experimented with different valued fractional orders to better understand
our analytical findings.

Chapter 6 presents a model influenced by prey-refuge and toxicity. Throughout the chapter,
the dynamics of our proposed model has been illustrated for different equilibrium points and
conditions. The primary topic of this research is how prey-refuge affects the dynamics. For
different values of prey-refuge rate, different types of dynamics can be seen. Changes in the
prey-refuge rate cause a significant change in the stability behaviour. For an integer order
system, a critical prey-refuge rate value is determined. Below that critical value, the system
is stable; beyond it, the system is unstable; and at that critical value, a small-amplitude
Hopf-bifurcation occurs.

Fractional order is the another important parameter for our system. This fractional order
is capable to change the stability of a system. Even if the system is stable for integer order

derivative, the stability may convert into instability with the slight change of fractional or-
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der. In this chapter, the influence of fractional order in the matter of stability is observed.
Thus, this chapter concludes with a remark that the memory effect of fractional order plays a
significant role in terms of dynamical stability of our proposed model. Ultimately, numerical

simulations are run in order to confirm the analytical findings.

Future scope of research work

Using an enhanced model, new tools, and techniques, the research conducted for this thesis
can be developed into a more thorough study. These are a few possible areas of future re-
search that may be covered.

e This research can be extended to formulate models under the effect of diffusion in Sundar-
ban mangrove estuary. Diffusion theory is predicated on the idea that individuals within a
population move randomly and isotropicallythat is, without favouring any particular direc-
tion.

e The effect of Seasonality can also be examined for a detritus-based model in future. As
the amount of plant litter which falls on the ground can be different for different seasons,

the amount of detritus can be changed with the change of season.
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