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ABSTRACT

Einstein’s General Relativity comes with a disturbing yet fascinating time reversal pathology
in the form of closed timelike curves (CTCs), which create challenges for the initial value
Cauchy problem. These paths violate chronology, disrupting determinism, distinct from cur-
vature singularities which disrupt physical laws. Despite attempts to eliminate CTCs through
quantum theories and modified spacetime models, their full resolution remains elusive. While
research in this area is more than half a century old, there are still missing ingredients to
accommodate a concise description to effectively address this phenomenon, such as the prop-
erties of particles that may traverse these curves, limitations of backward time jumps, and the
effect of spacetime horizons, among others. In this thesis, a number of these properties are
addressed, particularly the formation of closed timelike curves and closed timelike geodesics
(CTGs) in terms of zero and non-zero angular momentum of particles are explored within
axisymmetric spacetime solutions. These particles are mainly considered to be neutral; how-
ever, for the Kerr-Newman spacetime with a charged source, particles with varying charge are
also taken into account. The constructive analysis of spacetime diagrams for geodesic motion
provides the geodesic confinements, which are applied to estimate the nature of particles, the
role of confinement radius and the effect of horizons in the CTCs, along with the expression
of backward time jump in CTGs.

Wormhole, on the other hand, is another phenomenological outcome of GR that offers
hypothetical shortcuts through spacetime, enabling travel between distant regions or even
different universes. It is potentially capable of violating causality by acting as a CTC when
the special relativistic Twin paradox is applied on it. To extensively connect the CTCs
with wormholes, the geodesic motion of particles and their visualization in wormhole em-
bedding are presented, which create the possibility of CTG formation in the asymptotic
geometries of either side of wormhole’s throat. Since the recent discovery of the supermas-
sive black hole shadow and the direct detection of gravitational waves, considerable attention
has been focused on detecting other exotic objects and objects that may mimic black holes,
thereby enhancing the importance of wormholes. Simultaneously, investigations conducted
by LIGO-VIRGO have placed potential limitations on the graviton mass, further increasing
the significance of the massive gravity theory. Thus, the formation of static and evolving
wormholes in dRGT massive gravity has been explored, revealing the presence of a repulsive
gravity effect potentially induced by massive gravitons. Subsequently, under these circum-
stances, hydrostatic stability analysis of wormhole formation is also conducted. Moreover,
traversable wormholes require the presence of exotic matter at the throat to keep them open
for traversability. In recent times, several studies have delved into non-exotic matter worm-
holes. Therefore, a thorough examination has been proposed to investigate traversability and
the nature of matter contents at the throat, suggesting a significant possibility of non-exotic
matter wormholes in massive gravity, with some evolving from non-exotic to exotic matter.
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CHAPTER 1

GENERAL RELATIVITY AND BEYOND

“No matter how hard you try to teach your cat general relativity, you’re
going to fail.”

— Brian Greene

Albert Einstein’s General Theory of Relativity (GR) [1] is undoubtedly one of the
most brilliant achievements of scientific minds. Since the introduction of the theory,
it has radically changed the view over natural phenomena, especially the prediction of
black holes and gravitational singularity and the way the universe is imagined. Gravity
is thought to arise from the interplay between space and time within the framework
of differential geometry. General Relativity describes this phenomenon using a four-
dimensional geometric structure called a manifold, along with a metric denoted as
‘g’ with a Lorentz signature. This metric, derived from a symmetric metric tensor
gµν of rank 2, is determined by the “first fundamental form” of differential geometry,
represented by the line element

ds2 = gµνdx
µdxν , (1.1)

where the four vector is xµ = (ct, x⃗). This equation is nothing but the generalized form
of the flat space Minkowski line element as given by

ds2 = ηµνdx
µdxν , (1.2)

in terms of Minkowski metric tensor ηµν .
Physically the metric g is significant in terms of local causality and the local con-

servation of energy-momentum. These two postulates are well established and are the
building blocks of both the Special and General Theory of Relativity. However, most
of the results of GR are solely dependent on a third postulate for the field equations
of metric g that gravity is attractive for any matter with positive density. Neverthe-
less, the matter field on a manifold M, that describes the spacetime matter content is
primarily governed by the first two postulates as follows:
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(a) Local causality: The equations that describe matter fields should ensure that
within a convex normal neighborhood U , if points p and q exist, a signal can be
transmitted between them if and only if there is a continuously differentiable curve
C1 entirely within U . This curve should have a non-zero tangent vector everywhere,
being either timelike or null, and is referred to as non-spacelike. The direction of
the signal transmission from p to q or vice versa, depends on the orientation of
time within U .
One may however formulate a much precise statement of the postulate with the
help of Cauchy problem of matter field [2].

(b) Local conservation of energy-momentum: The equations that describe mat-
ter fields introduce a symmetric tensor T ab, known as the energy-momentum tensor.
This tensor is a function of the fields, their covariant derivatives, and the metric
gab. It possesses two key properties:

(i) T ab equals zero on an open set U if and only if all matter fields vanish on U .
(ii) T ab

;b = 0, where the semicolon denotes covariant differentiation.

Note that property (i) articulates the principle that every field possesses energy.
This might trigger the possibility of negative energy, e.g. in a two non-zero fields
system, where the energy-momentum tensor of one field exactly cancels the other.

1.1 The Field Equation
In Einstein’s GR, tensor calculus formulates the mathematical foundation of the field
equation. Tensor fields constitute a collection of geometric entities on a manifold, nat-
urally derived from the manifold’s structure. A tensor field is essentially tantamount to
a tensor specified at every point on the manifold. To begin, tensors are initially defined
at individual points of the manifold, commencing with the fundamental concept of a
vector at a point. Thus, in terms of Einstein’s summation convention, the coordinate
transformation xµ → x′µ = x′µ(xν) can be represented in tensor notations as

T ′a1a2...am
b1b2...bn =

∂x′a1

∂xρ1
...
∂x′am

∂xρm
∂xσ1

∂x′b1
...
∂xσn

∂x′bn
T ρ1ρ2...ρm

σ1σ2...σn . (1.3)

In this framework, interest is now directed towards observing how the tensors transform
under partial derivatives, i.e., ∂µ = ∂

∂xµ ,

∂′µA
′ν =

∂x′ν

∂xα
∂xβ

∂x′µ
∂βA

α +
∂2x′ν

∂xα∂xβ
∂xβ

∂x′µ
Aα . (1.4)

Alongside, according to the definition, the generalized covariant derivative on a regular
vector Aµ can be written as

∇µA
ν = ∂µA

ν + Γν
µλA

λ , (1.5)
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where Γρ
µν is the metric connection, and it must be noted that this is clearly not a tensor

since the transformation rule of the connection is different from that of the tensors. In
GR, this metric connection is expressed as the Christoffel symbol given by

Γρ
µν =

1

2
gλρ (∂µgλν + ∂νgλµ − ∂λgµν) . (1.6)

As previously noted, the geometry of general relativity extends beyond the flat Minkow-
ski space to include curvatures of spacetimes. While all details regarding the curvature
and geometry of spacetime are encompassed within the metric tensor, it proves bene-
ficial to introduce a curvature tensor. This tensor, referred to as Riemann curvature
tensor, is formally defined as follows:

Rρ
σµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + Γρ

µλΓ
λ
νσ − Γρ

νλΓ
λ
µσ . (1.7)

Note that there are a number of different techniques commonly used to derive Einstein’s
field equation. Here the Bianchi identity relation is adopted for a smooth construction
of the equation. This approach primarily revolves around deriving a generalization of
Poisson’s equation, the field equation governing Newtonian gravity. Poisson’s equation
establishes a connection between the Newtonian gravitational potential (Φ) and the
mass or energy density (ρ):

∇2Φ = 4πGρ . (1.8)
On the other hand, the gravitational force in this framework is written as

F⃗g = −mg∇⃗Φ . (1.9)

In the given equation, mg is referred to as the gravitational mass and can be concep-
tualized as the gravitational charge associated with the test particle. By substituting
Eq. (1.9) into Newtonian mechanics’ second law, one obtains mI a⃗ = −mg∇⃗Φ, where
mI represents the inertial mass. In Aristotelian physics, these two masses could, in
general, differ significantly. Nevertheless, Galileo’s experiments demonstrated that,
for freely falling objects, the gravitational mass equals the inertial mass, i.e., mg = mI .
This equality, known as the equivalence principle, allows to express the gravitational
field as

a⃗ = −∇⃗Φ . (1.10)
The trajectory and movement of test particles in free fall are consistent and indepen-
dent of their masses. The Equivalence Principle’s credibility was initially examined
through experiments conducted by Eötvös [3] and confirmed by subsequent contempo-
rary experiments [4–11]. Thus, the Equivalence Principle, governing the universality
of massive particle dynamics, can be summarized as follows:

• Weak Equivalence Principle:
The Weak Equivalence Principle asserts that within sufficiently small regions of space-
time, a freely falling observer can not distinguish between the effects of a gravitational
field and those of uniform acceleration.
This principle extends to a specific category of trajectories known as inertial trajecto-
ries, where unaccelerated particles move. Unaccelerated, in this context, implies that

3



Chapter 1. General Relativity and Beyond

a particle undergoing the influence of a gravitational field (i.e., freely falling) does not
sense its acceleration. This conclusion led to the idea that gravity should not be con-
sidered a force, as a force typically induces acceleration.
However, with the advent of special relativity, a re-evaluation of the mass concept now
tied to energy and momentum. Einstein proposed a generalization of the Equivalence
Principle. This broader concept, termed the Strong Equivalence Principle, posits that:

• Strong Equivalence Principle:
This principle states that the outcome of any local experiment within a freely falling
laboratory remains independent of its velocity or location in spacetime. Local experi-
ments can not detect the presence of a gravitational field.
Laws of Physics exhibit an independence from the choice of coordinate systems and,
within sufficiently small spacetime regions, reduce to the principles of Special Relativ-
ity. Einstein, observing this peculiar universality of the gravitational field, proposed
that gravitational interaction is not a true force but is intricately connected to the
curvature of spacetime.
While not universally applicable, in many cases, the laws of physics can be extended to
a curved background using a straightforward approach. Initially, expressing equations
in a coordinate-independent manner through tensors, one can subsequently replace
partial derivatives with covariant derivatives. This method, known as the minimal
coupling principle, facilitates the derivation of equations governing the motion of a
test particle in General Relativity.

In Newtonian physics, a freely falling particle follows a straight-line path, whereas
in curved spacetime, its trajectory is described by geodesics. In GR, these geodesics
depict the motion of a particle influenced solely by gravitational interaction. In a
curved spacetime background, geodesic curves serve as the analog of straight-lines; they
represent paths of minimum length connecting two distinct points. For a parametric
equation xµ(ξ), a geodesic equation is written as follows:

d2xµ

dξ2
+ Γµ

ρσ

dxρ

dξ

dxσ

dξ
= 0 , (1.11)

where ξ is called the affine parameter which has a particular point of interest, and it
will be discussed in due course.

If the geodesic equation is intended to characterize the gravitational field, it should
replicate Newtonian gravity (1.10) in the regime of weak field limit [12–15]. To achieve
this, the weak field approximation is employed. In this approach, the metric tensor
can be decomposed as

gµν(x
µ) = ηµν + hµν(x

µ) , (1.12)
where hµν represents small perturbations over Minkowski spacetime. In the realm
of GR, these metric perturbations (hµν) arise from gravitating bodies and adhere to
the condition |hµν | ≤ 1. This permits a linear-approximation analysis, and one may
briefly outline the corresponding formalism and present the linear-order approximation
equations of General Relativity. For a comprehensive examination, see [12–18].

Finally, by utilizing Eq. (1.12) and retaining only terms linear in the perturbation
hµν , under the condition of the Newtonian limit where velocities are significantly smaller
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than the speed of light (v << c), and accounting for the static nature of the Newtonian
gravitational field, the following relation is derived from Eq. (1.10):

h00 = −2Φ

c2
. (1.13)

In terms of the metric, this equation takes the form

g00 = −
(
1 +

2Φ

c2

)
. (1.14)

Now, the generalization of Poisson’s equation (1.8) requires the introduction of
energy-momentum tensor (Tµν) in the right hand side, since it enables to represent the
interaction of energy and matter in General Relativity. Subsequently, given that the
gravitational potential is generalized as the metric tensor gµν , a second-rank symmetric
tensor, it follows that the matter distribution density ρ should similarly be extended
to a second-rank symmetric tensor Tµν . Alongside, it is recognized that the majority
of equations involve derivations up to the second order. Consequently, one may seek
an equation in the following form:

Aµν(gµν , ∂gµν , ∂
2gµν) = κTµν . (1.15)

where κ is a proportionality constant. According to the local energy-momentum con-
servation (i.e., postulate (b)), one obtains

∇µTµν = 0 . (1.16)

Thus, one may find that the covariant derivative on Aµν should also vanish, i.e.,
∇µAµν = 0. On the other hand, the left hand side of Eq. (1.8) demands some-
thing that produces the effect of the curvature of spacetime that denotes gravity. A
suitable choice for a two-index tensor, constructed from the Riemann tensor and its
contractions, would be the Ricci tensor. It is formulated as

Rµν = Rλ
µλν = gλαRαµλν . (1.17)

Considering that the Riemann tensor Rµνρσ involves first and second derivatives of the
metric tensor, it is acknowledged from differential geometry that any tensor containing
up to second-order derivatives of the metric tensor can be expressed using the Riemann
tensor and its constructions. However, the left hand side of the field equation can not
be merely the Ricci tensor, as its divergence is generally non-zero.
To address this, it is proposed that the left hand side of the field equation should
take the form of a two-index, divergence-free curvature tensor, denoted as the Einstein
tensor Gµν . This tensor is then postulated to be proportional to the energy-momentum
tensor, i.e.,

Gµν = κTµν with ∇µGµν = 0 . (1.18)
The next step requires to find the actual form of the divergence-free tensor, and this
can be formulated by adapting a very important property of the Riemann tensor, i.e.,
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Bianchi identity which is the expression of covariant derivatives of Riemann tensor with
different index combinations:

∇λRρσµν +∇ρRσλµν +∇σRλρµν = 0 . (1.19)

By performing two contractions on this identity, the following result is arrived at:

∇µ

(
Rµν −

1

2
Rgµν

)
= 0 , (1.20)

where R = gµνRµν is the Ricci scalar. Therefore, one may write, Gµν = Rµν − 1
2
Rgµν ,

and Eq. (1.18) takes the form

Rµν −
1

2
Rgµν = κTµν . (1.21)

At this point, the next step is to compute the proportionality factor κ, and for that,
the Newtonian weak field limit is adapted, as formulated during the derivation of Eq.
(1.14). Hence, using the expression in (1.14), one may show that the Ricci scalar takes
the form

R =
2

c2
∇2Φ , (1.22)

and therefore the following 00-component of Ricci tensor is obtained:

R00 =
1

c2
∇2Φ . (1.23)

Now, utilizing the expressions from equations (1.14), (1.22), and (1.23) with T00 =
ρc2, they can be substituted into the 00-component of Eq. (1.21), and after some
straightforward calculations, the following result is obtained:

∇2Φ =
1

2
κρc4 . (1.24)

Upon comparing this equation with (1.8), it is simple to derive κ = 8πG
c4

, such that the
expression of the field equation is modified to

Rµν −
1

2
Rgµν =

8πG

c4
Tµν . (1.25)

The final step is to figure out how to introduce the cosmological constant into this equa-
tion. The inclusion of the cosmological constant (Λ) term in the Einstein field equation
enables the accommodation of phenomena such as dark energy within the framework
of gravity and cosmology. Importantly, the cosmological constant term can be effort-
lessly introduced into the field equation without additional complications. This is due
to the fact that the (covariant) divergence of the metric tensor automatically equals
zero (∇µgµν = 0), complying with the metric compatibility condition. Consequently,
one may consistently introduce a term of the form of a constant multiplied by the
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metric (i.e., Λgµν), and it would still satisfy all the underlying assumptions. Therefore,
the final form of the field equation is given by

Rµν −
1

2
Rgµν + Λgµν =

8πG

c4
Tµν . (1.26)

In the Newtonian limit, the cosmological constant is assumed to have a negligible
impact on the Newtonian gravitational field, and thus, it can be disregarded (i.e., Λ ≈
0). Essentially, incorporating this term will not alter the value of the proportionality
constant κ obtained from the Newtonian limit.

1.2 The Lagrangian formulation
Like any field theory, the general theory of relativity can be described using the La-
grangian formulation. By incorporating a kinetic term and a potential with the possible
interactions, it is typically straightforward to formulate a Lagrangian for a given field.
However, in general relativity, the field is represented by the metric tensor. As men-
tioned earlier, any tensor containing up to second-order derivatives of the metric tensor
can be expressed using the Riemann tensor and its contractions. Consequently, the
only nontrivial scalar suitable for use as a Lagrangian density is the Ricci scalar, such
that

L =

∫
d4x

√
−gR , (1.27)

assuming g represents the determinant of the metric tensor. The action described above
is commonly referred to as the Einstein-Hilbert action. To derive the field equations,
one needs to perform a variation of the action with respect to the metric tensor (gµν).
By employing the relation gµαgνα = δνµ and the properties of the Kronecker delta, the
variation can be expressed as δµν = −gµρgνσδgρσ. Utilizing R = gµνR

µν , the variation
of the action can be written as:

δL = δL1 + δL2 + δL3 , (1.28)

given that

δL1 =

∫
d4x

√
−ggµνδRµν , (1.29)

δL2 =

∫
d4x

√
−gRµνδg

µν , (1.30)

δL3 =

∫
d4xRδ

√
−g . (1.31)

The second term δL2 is already in the standard form, so the focus is on evaluating
the other two terms. Referring to equations (1.7) and (1.17), it is observed that the
Riemann (and the Ricci) tensor is expressed in terms of the Christoffel symbols. To
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determine the variation of the Riemann tensor concerning the metric tensor, it is con-
venient to first find its variation with respect to the Christoffel symbols. The variation
of the Christoffel symbols (δΓρ

µν), defined as the difference between two Christoffel
symbols, can be expressed as a tensor. Consequently, one may define its covariant
derivative as:

∇λ(δΓ
ρ
µν) = ∂λ(δΓ

ρ
µν) + Γρ

λσδΓ
σ
µν − Γσ

λνδΓ
ρ
µσ − Γσ

λµδΓ
ρ
νσ . (1.32)

After algebraic manipulations, the variation of the Riemann tensor takes the form:

δRρ
µλν = ∇λ(δΓ

ρ
µν)−∇ν(δΓ

ρ
λµ) . (1.33)

Substituting this equation into the first term of the action’s variation, one gets

δL1 =

∫
d4x

√
−g ∇σ

[
gµνδΓσ

µν − gµσδΓλ
λµ

]
. (1.34)

The variation presented in the above equation takes the form of a total derivative,
specifically ∇µA

µ. Utilizing Stokes’s theorem, the contribution of such a total deriva-
tive in the field equations is equivalent to a boundary contribution at infinity. By
enforcing the variation to vanish at infinity, this boundary contribution can be elim-
inated. Therefore, a total derivative does not impact the field equations, allowing to
set δL1 = 0.

For the third term δL3, the following relation is required, which is applicable to any
square matrixM with a non-trivial determinant: ln(detM) = Tr(lnM). The variation
of the equation is then given by:

1

detMδ(detM) = Tr(M−1δM) . (1.35)

Applying this equation with detM = g, it is found that δg = −ggµνδgµν . Consequently,
the variation of the √

−g term appearing in δL3 is easily determined as:

δ
√
−g = − 1

2
√
−g

δg = −1

2

√
−ggµνδgµν . (1.36)

By substituting into equation (1.8), the expression for δL is obtained as:

δL =
δL

δgµν
δgµν =

∫
d4x

√
−g
(
Rµν −

1

2
Rgµν

)
δgµν . (1.37)

From this equation, one can deduce the vacuum field equations of General Relativ-
ity i.e., Gµν = 0. The Lagrangian formulation’s advantage becomes evident in later
sections, showcasing its flexibility for modifications to General Relativity.

To derive the complete set of field equations, an additional term related to matter
is added to the action:

L =
1

16π
(LH + LM) , (1.38)
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where LH denotes the Einstein-Hilbert action, and LM represents the matter La-
grangian. Utilizing the approximation of Newtonian limit (dτ = cdt) on the spatial part
of geodesic equation (1.11), the definition of the energy-momentum tensor is extracted
as

Tµν = − 2√
−g

δLM

δgµν
. (1.39)

Consequently, the comprehensive field equations of General Relativity take the form:

Rµν −
1

2
Rgµν = 8πTµν . (1.40)

Additionally, akin to the preceding section, one can introduce the cosmological constant
into this equation through the metric compatibility approximation.

1.3 Modified Theories of Gravity
General Relativity, formulated by Einstein in 1915, stands as an immensely successful,
extensively tested, and predictive theory. It has not only withstood all experimental
validations but has also evolved into the fundamental framework for explaining nearly
all gravitational phenomena known to date. Consequently, it has solidified its status as
a true paradigm, especially in the domain of gravitation and physics at large. Recent
strong field tests such as Binary pulsars [19–22], direct detection of gravitational waves
from the binary black hole merger in LIGO and VIRGO [23, 24], direct observation of
supermassive black hole shadow of M87 and Sagittarius A* in Event Horizon Telescope
[25, 26], and others have precisely verified the validity of GR.

Cosmology on the other hand, is currently experiencing a flourishing era, marked
by a pivotal focus on the intriguing observation that the universe is undergoing an
accelerated expansion [27–33]. This phenomenon, posing one of the most significant
and challenging problems in contemporary cosmology, introduces a new complexity to
the governing gravitational equations. Historically, physics has addressed such com-
plexities by either identifying previously unaccounted sources or by modifying the gov-
erning equations. The cause behind this acceleration remains an open and tantalizing
question, giving rise to two major theoretical challenges in modern astrophysical and
cosmological models, the dark matter and dark energy problems [34]. In the case of
dark energy, observational data have compellingly confirmed the accelerated expan-
sion of the universe. Notably, General Relativity struggles to provide a satisfactory
explanation for these phenomena. A promising approach to address these challenges
is to consider that, at large scales, GR may break down, and a more comprehensive
action describes the gravitational field. This leads to questions about the nature of
‘dark energy’ driving the universe’s acceleration— is it a vacuum energy, a dynami-
cal field i.e., “quintessence” [35–38], or a result of infrared modifications to General
Relativity [39]? Regarding dark matter, observations such as galactic rotation curves
and mass discrepancies in galactic clusters suggest the existence of a non-interacting
or weakly interacting form of dark matter at galactic and extra-galactic scales [40–43].
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Some propose that modified gravity could explain galactic dynamics without introduc-
ing dark matter. For a more detailed review and references, see [44].

When dealing with a set of ideas constituting a loose and ad hoc definition of a
theory, questions naturally arise. These questions might involve examining the fun-
damental principles underlying the theory, assessing their individual importance, and
exploring the possibility of constructing an alternative, consistent theory by excluding
some of these principles. There is also an interest in viewing the theory from a broader
standpoint to determine if it can be classified within a more general category of theo-
ries. Whether one is eliminating principles from the theory or adopting a higher-level
perspective, the overarching idea is centered around abstraction and generalization.

In the context of gravity, specifically within the field of GR, one can take its fun-
damental principles as a starting point. Analyzing simple theories that deviate from
GR in a controlled manner becomes a valuable approach. These theories, often re-
ferred to as toy or straw-man theories, should be simple and easily manageable, each
deviating from GR in only one aspect. By exploring the viability of such toy theories,
researchers can gain a deeper understanding of the challenges involved in formulating
modified theories of gravity. This approach involves a trial-and-error methodology in
the quest for modified gravity theories.

1.3.1 Gravity’s Evolution: Unraveling General Relativity and
Beyond

Following the completion of the special theory of relativity by Einstein, the natural
progression was to address the challenge of gravitation in a covariant manner, even
though there was no unanimous agreement on this matter at that time. The observed
displacement of the perihelion of Mercury had raised skepticism regarding the adequacy
of the Newtonian approach to this gravitational problem in general. In this context,
one may quote some of the finest lines about General Relativity by Paulo Crawford [45]:

“Summarizing, Einstein’s approach was embodied in heuristic principles
that guided his search from the beginning in 1907. The first and more
lasting one was the “Equivalence Principle” which states that gravitation
and inertia are essentially the same. This insight implies that the class of
global inertial frames singled out in special relativity can have no place in a
relativistic theory of gravitation. In other words, Einstein was led to gener-
alize the principle of relativity by requiring that the covariance group of his
new theory of gravitation be larger than the Lorentz group. This will lead
him through a long journey and in his first step, already in his review of
1907, Einstein formulated the assumption of complete physical equivalence
between a uniformly accelerated reference frame and a constant homoge-
neous gravitational field. That is, the principle of equivalence extends the
covariance of special relativity beyond Lorentz covariance but not as far
as general covariance. Only later Einstein formulates a Generalized Prin-
ciple of Relativity which would be satisfied if the field equation of the new
theory could be shown to possess general covariance. But Einstein’s story
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appealing to this mathematical property, general covariance, is full of ups
and downs.”

The initial efforts took the most logical path: integrating gravity into Special Rel-
ativity. However, it became evident, especially to Einstein, that gravity could not
be adequately described using a scalar field alone. Einstein’s attempt with a field ‘c’
corresponding to the speed of light proved unsuccessful, leading him to recognize the
impracticality of a “scalar gravity” [45, 46]. Subsequently, Einstein shifted to a tensor
formalism to tackle the gravitational problem. On the other hand, figures like Nord-
ström, in his first theory, insisted on a scalar field (the field being denoted as m),
while others like Abraham opposed the use of special relativity (Lorentz invariance)
and formulated non-covariant theories [46, 47]. This somewhat chaotic state of affairs
ultimately resolved in favor of Einstein’s tensor approach and the formulation of the
general theory of relativity. Nordström’s two theories (and other scalar theories of
gravity) became outdated remnants of the transition to the geometric understanding
of space-time.

Despite this resolution, questions persisted about the generality of the principles of
GR. As early as 1919, attempts were made to develop a higher-order theory of grav-
ity, where the field equations differ from GR’s with an order greater than second.
A. Eddington [48] and H. Weyl [49] initiated these attempts, primarily driven by the
pursuit of theoretical completeness. Around the same time (1920), discussions arose
regarding whether the metric or the connection should be considered the principal
field related to gravity. In 1924, Eddington introduced a purely affine version of GR in
vacuum. Later, Schrödinger extended Eddington’s theory to include a non-symmetric
metric [50]. These theories are vacuum-based, and considerable challenges arise when
attempting to incorporate matter into them.

It is noteworthy to mention another approach to this question, involving both a metric
and a connection that are, to some extent, independent. The Einstein-Cartan theory
serves as a notable example, utilizing a non-symmetric connection and Riemann-Cartan
spaces [51]. This theory accommodates the existence of torsion and links it to the pres-
ence of spin.

Now in the following section, some of the most useful and relevant theories of modified
gravity will be discussed.

1.3.2 f(R) Gravity
An area of interest in modified gravity theory has gained considerable attention re-
cently, focusing on f(R) modifications. This is merely the simplest form of modi-
fication to Einstein’s General Theory of Relativity in which the traditional Einstein-
Hilbert action is replaced by an arbitrary function of the Ricci scalar R [52,53]. Within
this framework, various studies have explored the possibility of understanding galac-
tic dynamics without invoking dark matter [54–58]. Some investigations have also
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connected f(R) gravity models with Modified Newtonian Dynamics (MOND) and the
pioneer anomaly by introducing a coupling of R with the matter Lagrangian den-
sity [59, 60]. For a comprehensive overview, see [61]. Earlier interest in f(R) theories
stemmed from inflationary scenarios, such as the Starobinsky model, where they con-
sidered f(R) = R − Λ + αR2 [62]. Moreover, it has been demonstrated that late-time
cosmic acceleration can be explained within this framework [63]. Consequently, f(R)
gravity has been explored for the criteria of viable cosmological models as referred
in [64–69]. However, in the Solar system regime, stringent weak field constraints have
narrowed down the proposed models [70–74], although some models have withstood
scrutiny [75–80].

To describe the induced gravity, the metric formalism is employed, which involves
varying the action with respect to gµν . It is important to note that alternative ap-
proaches, such as the Palatini formalism and the metric-affine formalism, have also
been explored [81–90].
The realization of f(R) theory in static, spherically symmetric compact objects have
been investigated in different scenarios. For instance, one may sum up the major
studies regarding gravitational collapse and black holes in vacuum or electromagnetic
background geometry [91–105], neutron stars [106–115], and wormholes [116–120].
The action for f(R) gravity is written in the following way:

S =
1

2κ

∫
d4x

√
−gf(R) + SM(gµν , ψ) , (1.41)

where κ = 8πG, SM(gµν , ψ) =
∫
d4x

√
−gLm(g

µν , ψ) is the matter action, and g is
the determinant of the metric gµν . The symbol Lm denotes the Lagrangian density
of matter, where matter interacts minimally with the metric gµν , and ψ denotes the
collection of matter fields.
By varying the action with respect to gµν , one finds

FRµν −
1

2
fgµν −∇µ∇νF + gµν2F = κT (m)

µν , (1.42)

with F ≡ df
dR

. When equation (1.42) is contracted, it yields the following relation:

fR− 2f + 32F = T . (1.43)

This equation demonstrates that the Ricci scalar serves as a complete dynamical de-
gree of freedom, and here, T = T µ

µ = gµνTµν represents the trace of the stress-energy-
momentum tensor.

The main results and features of the f(R) gravity model can be summarized as follows:
• Certain choices of f(R) models permit significant deviation from the ΛCDM

in the later stages of cosmological evolution, while resembling the early cosmological
dynamics of ΛCDM. This modification in gravity becomes evident in the evolution of
cosmological perturbations due to alterations in the effective gravitational coupling.
These alterations give rise to various intriguing observational implications, including
modifications to galaxy and CMB power spectra, as well as effects on weak lensing.
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• The instability proposed by Dolgov-Kawasaki [121] could be avoided in the metric
f(R) model only when f ′′(R) ≥ 0.

• Metric f(R) gravity might potentially satisfy the weak-field limit criteria and
serve as an alternative to dark energy, but it must rely on the effectiveness of the
chameleon mechanism. This imposes constraints on the permissible choices of f(R)
function, which cannot be straightforwardly delineated by simple forms.

1.3.3 f(R, T ) Gravity
In the f(R, T ) modified theory [122], gravitational Lagrangian depends on and is a
function of R and T . The field equations derived from this theory rely on a source
term determined by the variation of the Energy-Momentum Tensor (EMT). Thus, the
specific form of these equations entirely depend on the type of matter content present in
the universe. The relationship between geometry and matter are expressed through the
function f(R, T ), involving both minimal and non-minimal curvature-matter coupling.
Furthermore, in this theory, the EMT is non-conservative, leading to non-geodesic
motion of timelike test particles. This deviation from geodesic motion results in ad-
ditional acceleration experienced by particles due to the coupling of geometry-matter.
This intriguing feature has attracted significant attention, leading to considerable ad-
vancements in the literature over the years.

Various aspects of f(R, T ) gravity have been explored in different scenarios, in-
cluding thermodynamic investigations within the framework of f(R, T ) gravity [123],
the cosmic coincidence problem [124], analysis of cosmological phase space [125], for-
mulation of scalar perturbations [126], examination of Gravastars [127], f(R, T ) mod-
els as the source of dark matter effects [128], study of polar gravitational waves and
their evolution [129], cosmic chronometers and parameters of standard distance mea-
surement [130], analysis of cosmic censorship hypothesis together with gravitational
collapse in Vaidya spacetime [131] and wormholes [132–138].

The action for f(R, T ) can be realized as

S =
1

16π

∫
d4x

√
−g
[
f(R, T ) + Lm

]
, (1.44)

where f(R, T ) being any function of R and T . Here, the EM tensor of the matter field
can be represented by the matter Lagrangian density Lm as

Tµν = − 2√
−g

δ(
√
−gLm)

δgµν
. (1.45)

Since, the matter Lagrangian solely depends on the metric gµν , and not on its derivative,
it is defined as

Tµν = gµνLm − 2∂Lm

∂gµν
. (1.46)

Finally, one may vary the action with respect to gµν and obtain the field equation as

13
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given by

δS =
1

16π

∫
d4x

√
−g

[
fR(R, T )Rµνδg

µν + fR(R, T )gµν2δg
µν − fR(R, T )∇µ∇νδg

µν

+ fT (R, T )
δ(gαβTαβ)

δgµν
δgµν − 1

2
gµνf(R, T )δg

µν + 16π
1√
−g

δ(
√
−gLm)

δgµν

]
, (1.47)

where fR(R, T ) and fT (R, T ) are the differentiation of f(R, T ) with respect to R and
T respectively. On the other hand, by varying the trace of EM tensor T with respect
to gµν , the expression is obtained as

δ(gαβTαβ)

δgµν
δgµν = Tµν +Θµν . (1.48)

Note that, the covariant derivative ∇µ is associated with the Levi-Civita connection of
the metric, and the D’Alembertian operator 2 ≡ ∇µ∇µ has the form 2 ≡ ∂µ(

√
−ggµν∂ν)√
−g

.
Similarly, it is necessary to define Θµν = gαβ

δTαβ

δgµν
, where for the perfect fluid, this tensor

becomes
Θµν = −2Tµν + pgµν . (1.49)

Now, employing by parts integration mechanism in Eq. (1.47), the final field equation
in f(R, T ) gravity is arrived at:

(Rµν −∇µ∇ν)fR(R, T )gµν +2fR(R, T )gµν −
1

2
f(R, T )gµν

= 8πTµν − fT (R, T )(Tµν +Θµν) . (1.50)

The f(R, T )modification in the Einstein-Hilbert action can introduce significant devia-
tions from the standard general relativity, or f(R) gravity and impose major differences
in the cosmology, gravitational collapse and others. In the recent past, cosmological
models in f(R, T ) theory have been proposed in different functional forms of f , one of
which attracted significant attention is f(R, T ) = f1(R) + f2(T ). This model mimics
the so called f(R, T ) = R + 2λT , and f(R, T ) = R − 2χT cosmology, where spe-
cial limits on λ and χ has been applied from the observational data to model strange
stars [139], white dwarfs [140], or the atmosphere around Earth [141] in particular.

1.3.4 dRGT massive Gravity
From the early twentieth century, after the introduction of GR, it was largely expected
that it can describe the underlying force of gravity with ultimate precession agreeing
with observations. In the point of view of modern particle physics, the uniqueness
of GR has been investigated for massless spin-2 particles [142–146]. Nevertheless,
introducing mass into a spin-1 and spin-2 particle dates back to 1939 when Fierz and
Pauli came up with their mass term [147]. At the linear order, massless spin-2 particles
are under linearized diffeomorphism symmetry similar to the U(1) gauge symmetry of
photons. However, coupling of matter with this spin-2 field that describes graviton,
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ultimately pushes this symmetry to be non-linear. This makes the massive gravity
theory completely non-linear (unlike an isolated spin-2 field) due to the non-linear
configuration of the field. Thus, the GR equivalent non-linear theory approach is
highly challenging particularly due to the two major issues, first of which being the
van Dam-Veltman-Zakharov (vDVZ) discontinuity. The propagator of a massive spin-2
field realizes five degrees of freedom independent of their value of mass, whereas the
theory underlying massless spin-2 field i.e., GR, denotes propagation with two degrees
of freedom. This issue defines the origin of vDVZ discontinuity [148, 149]. Vainshtein
however resolved the subtlety couple of years later by describing the rest of the degrees
of freedom that creates the discontinuity, to be adjusted by its own interactions [150].
See [151] for a recent review.

The most concerning second puzzle is the Boulware-Deser (BD) ghost instability
[152] that comes hand in hand with the non-linearization of Fierz-Pauli massive gravity.
This marked a significant attention in the past couple of decades to avoid BD ghost
either in the Dvali-Gabadadze-Porrati (DGP) model of soft massive gravity [153–155],
or in a three-dimensional ‘new massive gravity’ (NMG) [156], or in the ghost-free de
Rham-Gabadadze-Tolley (dRGT) massive gravity [157, 158]. See [159] for a detailed
review.

A massive gravity theory demands the introduction of a reference fiducial metric fµν ,
which can be Minkowski type, in general at the linear order. Instead of the whole metric
gµν , the mass term for gravity is determined from the fluctuation hµν with respect
to fµν . This breaks the diffeomorphism invariance in the linearized level, where the
Stückelberg trick supports the gauge symmetry by changing reference metric to ηµν →(
ηµν − 2

MPl
∂(µχν)

)
, and keeping hµν−2∂(µχν) invariant under linearized diffeomorphism.

Similarly, the non-linear Stückelberg trick restores covariance by replacing fµν (which
may not be Minkowski type) with f̃µν [160, 161] as fµν → f̃µν = ∂µϕ

a∂νϕ
bfab, where

ϕa (a = 0, 1, 2, 3) be the Stückelberg field. In this way, one may introduce the tensor

Xµ
ν = gµαf̃αν = ∂µϕa∂νϕ

bfab , (1.51)

where the unitary gauge, X = g−1f .
Now, prior to defining the BD ghost, the generic Fierz-Pauli mass term in spin-2

field hµν can be written in terms of possible mass notations hµν and h2 as

LFP = −1

8
m2
(
h2µν − Ah2

)
, (1.52)

with A being a dimensionless parameter. The non-linear extension of this mass term
is non-linear coordinate transformation invariant, and is given by

L(nl)
FP = −m2M2

Pl
√
−g
(
[(I− X)2]− [I− X]2

)
. (1.53)

The BD ghost can be easily observed in the form of Ostrogradsky instability [162,
163] under the non-linear Stückelberg trick. In the helicity-0 mode π, Eq. (1.51) is
given by

Xµ
ν = ∂µν − 2

MPlm2
Πµ

ν +
1

M2
Plm

4
Πµ

αΠ
α
ν , (1.54)
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focusing on the flat reference metric fµν = ηµν . Then, the mass term in (1.53) is
expressed as

L(nl)
FP,π = − 4

m2

(
[Π2]− [Π]2

)
+

4

MPlm4

(
[Π3]− [Π][Π2]

)
+

1

M2
Plm

6

(
[Π4]− [Π2]2

)
,(1.55)

where ([Π3]− [Π][Π2]) and ([Π4]− [Π2]2) operators incorporate the propagation of an
extra degree of freedom which is a ghost by the Ostrogradsky theorem. This is solely
a non-linear level proposition, that implies an appropriate background configuration
π = π0+δπ. In terms of non-linear Fierz-Pauli mass term, this extra degree of freedom
defines the Boulware-Deser ghost having mass

m2
ghost ∼

MPlm
4

∂2π0
, (1.56)

under the background configuration π0.
In massive gravity, the consistency of Fierz-Pauli mass term (h2 − hµν) depends on

the total derivative Lagrangian

L(2)
derivative = [Π]2 − [Π2] . (1.57)

One may change [Π] and [Π2] by ⟨K⟩ and ⟨K2⟩, that sufficiently extend L(2)
derivative co-

variantly away from hµν = 0. This may ensure the ghost-free decoupling limit, and the
Lagrangian for massive gravity is modified to

L =
M2

Pl
2

√
−g
(
R− m2

4
U(g,H)

)
, (1.58)

with the potential
U(g,H) = −4

(
⟨K⟩2 − ⟨K2⟩

)
, (1.59)

which can also be derived in quintic order

U(g,H) =
(
⟨H2⟩ − ⟨H⟩2

)
− 1

2

(
⟨H⟩⟨H2⟩ − ⟨H3⟩

)
− 1

16

(
⟨H2⟩2 + 4⟨H⟩⟨H3⟩ − 5⟨H4⟩

)
(1.60)

− 1

32

(
2⟨H2⟩⟨H3⟩+ 5⟨H⟩⟨H4⟩ − 7⟨H5⟩

)
+ · · · .

These last two Lagrangians can be directly derived from

Lλ =
M2

Pl
2

√
−g
[
R−m2

(
K2

µν −K2
)]

+
√
−gλµν

(
gαβKµαKβν − 2Kµν +Hµν

)
, (1.61)

where λµν is Lagrange multiplier, and Kµ
ν = δµν −

√
∂µϕa∂νϕbηab. This theory, in the

general formalism, has a well-defined Cauchy problem in arbitrary background, and is
ghost-free in the decoupling limit.

The dRGT massive gravity theory has been widely explored since its appearance in
2010. In a static, spherically symmetric model of dRGT, two extra characteristic scales
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i.e., the effective cosmological constant and a constant potential for global monopole
term arises [164, 165]. They impose significant deviations to the known results from
Einstein’s GR. For instance, investigations regarding black holes, black strings, their
stability, greybody factor [166–196], Hawking evaporation [197], black hole with EHT
M87* observational signature [198], galaxy rotation curve from observed data [199],
inflationary scenario and cosmological aspects [200–203], wormhole solutions [204–207],
and others [208–216] are among few of them.

The phenomenology, and the theoretical to observational perspectives of the dRGT
massive gravity theory has a significant interest in research. The major progresses and
further possibilities arising from the theory can be summarized as follows:

• The model independent graviton mass in terms of the Hubble parameter is
bounded between m ≲ 10−30 − 10−33 eV. Notably, one may lose the relevant effect of
this graviton in the observable universe when m << 10−33 eV. However, it is expected
that potentially new observational signatures may appear with interesting values of
graviton mass.

• In this theory, the dynamics of the arbitrary reference metric [217] gives the
consistent bi-gravity formalism [218], in which two interacting metrics support the mass
spectrum of interactions between massless and massive spin-2 field, i.e., interaction of
general relativistic field with massive spin-2 field. This is the theory of interacting
metrics [219].

• The bi-gravity along with dRGT massive gravity is analytic and natural in the
Vielbein formalism. This may lead to the multi-gravity of an arbitrary number of
interacting spin-2 fields [220, 221].

• dRGTmassive gravity successfully avoids the long standing BD ghost with definite
proof. This may open up windows for newer theories that propagate a lesser number
of degrees of freedom.
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CHAPTER 2

THEORETICAL ASPECTS OF
BACKWARD TIME ORIENTATION:

CTC AND WORMHOLE

“Time travel used to be thought of as just science fiction, but Einstein’s
general theory of relativity allows for the possibility that we could warp
space-time so much that you could go off in a rocket and return before you
set out.”

— Stephen Hawking

The qualitative and quantitative understanding of the concepts of “time” is an ex-
tremely difficult venture, yet it appears to be closely linked to change, as highlighted
in Aristotle’s renowned metaphor: “Time is the moving image of Eternity” [222].
Much of the confusion surrounding the notion of “time,” akin to “space,” stems from
its multifaceted nature. One crucial distinction to address initially is the aspect of
time pertaining to “When?” Typically, events are located in relation to one another
temporally. In physics, events hold paramount significance. Aristotle delves into the
intricacies of the concept of time, stating that “Time is the number of changes with re-
spect to the before and the after.” [223] In essence, time serves as a means of quantifying
alterations, implying that if there is no change, there is no time.

Following this, Newton introduced his revolutionary concept of Newtonian time,
wherein he acknowledges the existence of “common time” but also introduces a new
variable, Newtonian time t, which progresses independently, regardless of whether other
changes occur. Importantly, Newton emphasized that this t variable is not directly
observable; contrary to popular belief, it does not align with our direct perception of
time. Instead, Newton clarified that this time cannot be directly computed, perceived,
or detected outside of movement. When calculating object movements relative to this
time, elegant equations of motion, particularly in the Newtonian framework, can be
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formulated. This underscores the significant point that clocks essentially represent
“processes” designed to closely adhere to Newton’s concept of time.

Einstein’s introduction of special relativity in 1905 further revolutionized our un-
derstanding by unifying Newtonian concepts of space and time within Minkowski space.
By 1915, with the advent of General Relativity, it was elucidated that space and time
manifest as a field denoted by gµν(x), and a clock assumes the role of an object whose
dynamics along the worldline γ, are intertwined with the gravitational field. A clock
in spacetime moves alongside a small pendulum, measuring intervals of its own time,
which essentially gauge aspects of the gravitational field gµν(x). Therefore, time by a
clock during its motion along γ is manifested as

tγ =

∫
γ

√
gµνdxµdxν . (2.1)

This conceptually aligns with Newton’s intuition, recognizing time as an entity inherent
within the gravitational field. However, this entity is not positioned “above” other
elements of the world; rather, it is just one component within the broader framework of
the gravitational field. Consequently, Newtonian time is reduced to merely a variable
within the universe’s constituents. According to GR, time flows at varying speeds
depending on the observer’s perspective or location. This is however the fundamental
ingredient for the direction of research in some quantum description of gravity, it is
mostly the closest picture for an accurate conceptualization of time.

In the theory of Relativity, the empirical understanding of a series of events is
replaced with a sequence of events. The concept of an event can thus be refined to
represent a precise point in space and a specific moment in time. By adopting this per-
spective, a sequence of events naturally follows a defined temporal sequence. Through
experimentation, it is confirmed that certain events precede others, establishing a clear
notion of “causality” where some events (effects) are instigated by others (causes).

Therefore, grasping the conceptual definition and comprehension of time presents a
formidable challenge yet holds immense significance. Special Relativity offers valuable
quantitative insights into fundamental processes concerning time dilation effects. In
contrast, the General Theory of Relativity delves deeply into analyzing the effects of
time flow within both strong and weak gravitational fields. As time becomes intricately
woven into the fabric of spacetime, GR introduces complex non-trivial geometries, in-
cluding closed timelike curves (CTCs) [224], which enable the possibility of time travel.
These curves permit an observer traveling along their trajectory to return to an event
coinciding with their departure, thereby challenging the traditional notion of causal-
ity and introducing the Mystery box, namely the time travel paradoxes [225]. This
phenomenon raises profound questions about the fundamental nature of time, casting
a shadow over our understanding. Given the pivotal role of causality in constructing
physical theories, the concept of time travel and its associated paradoxes necessitate
careful consideration.

A wide array of solutions to Einstein’s field equations (EFEs) exist, many of which
allow CTCs. Among these solutions, two notable characteristics emerge prominently.
First, there are solutions with “tipping over of light cones” due to rotation around
a cylindrically symmetric axis. Second, there are solutions such as wormholes, that
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violate the Energy Conditions of GR, which play a fundamental role in singularity
theorems and classical black hole thermodynamics [2]. Significant attention has also
been directed towards exploring the quantum aspects associated with closed timelike
curves [226–228].

2.1 Closed Timelike Curves
A closed timelike curve is nothing but the intersection of the worldline of a body to
its previous point. Closed timelike curves generically disrupt the chronological order
of time, known as chronology, resulting in the loss of determinism. Unlike curvature
singularities that cause the breakdown of physical laws, CTCs signify a breakdown in
predictability. However, similar to the singularity problem, the region of spacetime
that connects CTCs causally (referred to as the causality-violating region) presents
challenges to defining the initial value Cauchy problem, leading to the concept of the
“Cauchy horizon” [224, 229]. Despite efforts to mitigate the occurrence of CTCs by
introducing modified spacetime models, such as [230], a comprehensive understanding
remains elusive [231–234].

The generation of CTCs by the tipping over of light cones due to strong curvature
effect, are a common feature in many stationary cylindrically symmetric (axisymmet-
ric) rotating solutions of General Relativity. The long standing history of CTCs first
came into existence when in 1949 Gödel discovered his exact cosmological solution of
Einstein’s field equation allows for closed timelike lines [235]. In his own words, he
writes, “it is theoretically possible in these worlds to travel into the past, or otherwise
influence the past.” Since then, it has subsequently been found that other spacetime
solutions, such as the van Stockum rotating dust [236], Kerr metric [237], modified
van Stockum dust i.e., Tipler’s cylinder [238], Bonnor’s rotating dust cloud [239], and
Gott’s cosmic string [240] have been found to exhibit these curves.

The general metric describing a stationary, rotating, axisymmetric solution is ex-
pressed as [224, 238, 241]

ds2 = −F (r)dt2 + 2M(r)dϕdt+ L(r)dϕ2 +H(r)dr2 +H(r)dz2 , (2.2)

where t, r, ϕ, z are the usual cylindrical coordinates. Notably, the metric compo-
nents solely depend on the radial coordinate r, and the determinant, g, maintains a
Lorentzian signature provided that (FL+M2) > 0. Because the angular coordinate, ϕ,
is periodic, an azimuthal curve described by the worldline γ = {t = r = z = constant}
defines an invariant length ℓ2γ ≡ (2π)2L(r) for a closed curve. With L(r) negative, a
closed timelike curve can be obtained for fixed (t, r, z). Subsequently, for L(r) = 0, it
is a closed null curve (CNC).
For the tipping over of light cones, consider ds2 = 0 with ϕ̇ = dϕ

dt
, such that one gets

dϕ

dt
=

−M ±
√
M2 + FL

L
, (2.3)

where (FL+M2) > 0 holds. Therefore, when L(r) < 0, the light cones tip over signifi-
cantly away from the symmetry axis to allow for potential journeys into the past [224].
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For an extensive review, see [242].
Now, in the following subsections, various well-known exact solutions of the EFE in-
corporating CTCs will be briefly summarized.

2.1.1 Gödel’s cosmological solution
In 1949, Kurt Gödel in his new type of cosmological solution with rotation of matter,
considered the line element [235]

ds2 = a2
(
dx20 − dx21 +

1

2
e2x1dx22 − dx23 + 2ex1dx0dx2

)
, (2.4)

with a being an arbitrary positive number. The solution encompasses a uniform rotat-
ing dust universe of non-zero cosmological constant, λ. The underlying Einstein field
equation having total energy-momentum tensor Tik = ρuiuk +

λ
8π
gik, is satisfied when

1/a2 = 8πρ, λ = −1/2a2 = −4πρ , (2.5)

corresponding to a positive pressure solution. Notice that, with proper rearrangement
of energy-momentum tensor for a perfect fluid scenario with rotation, the energy density
ρ̃ and pressure p̃ can be summed as

Tik = (ρ̃+ p̃)uiuk + p̃gik , (2.6)

in a zero cosmological constant universe. Now, one may find the modified energy-
momentum components from Eq. (2.5) as:

ρ̃ = p̃ =
1

8πa2
> 0 . (2.7)

Therefore, the usual classical energy conditions are satisfied.
To discuss the causal description of the system, it is effective to introduce an alternate
set of coordinates (t, r, ϕ, y), in a cylindrical system. This has the rotational symmetry
around the symmetry axis at r = 0, and with proper coordinate transformations, the
line element reads

ds2 = 4a2
(
dt2 − dr2 − dy2 + (sinh4 r − sinh2 r)dϕ2 + 2

√
2 sinh2 rdϕdt

)
. (2.8)

This line element exhibits some special characteristics for the timelike lines. Consider
a radial location c, such that sinh (c) = 1, i.e., c = ln (1 +

√
2); then for all R > c, one

obtains (sinh4R− sinh2R) > 0. Hence, for (+,−,−,−) metric signature, any timelike
curve defined by r = R with {t = y = constant} is closed; and, this may allow for the
light cones to be tipped over after a certain radial distance from the symmetry axis.
This is merely the first example of a closed timelike curve in literature.

Few years later of the Gödel’s discovery, Chandrasekhar and Wright disarmed
Gödel’s claim for the possibility of time travel by proposing that geodesics in the
spacetime are necessarily not closed [243]; yet Stein later demonstrated that CTCs in
the metric are non-geodesic in nature [244]. One of the interesting features coming
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out of these studies is that CTCs can also be non-geodesics. However, the generalized
solution of Gödel spacetime as investigated by Novello and Reboucas, presented the
successive causal and non-causal regions of CTGs (closed timelike geodesics i.e., closed
timelike curves that are geodesics) [245].

Over the years, numerous studies have been conducted on geodesic and non-geodesic
motions in Gödel’s metric for a complete description of particle orbits within CTCs.
For instance, one may refer to the analysis of Pfarr [246] and Malament [247, 248].
Subsequently, using the effective potential approach, Novello et al. discussed the com-
plete structure of geodesic motion within the spacetime [249]. Finally, for the recent
interests on Gödel universe, the following references can be considered [250–258].

2.1.2 van Stockum rotating dust
While Gödel first discovered that his solution contains CTCs, van Stockum dust is prob-
ably the first solution of EFE that allows for the CTCs. Willem Jacob van Stockum,
while proposing his rotating dust cylinder in 1936 [236], was unaware about the pres-
ence of CTCs. It was discovered much later by Frank J. Tipler in 1974 [238]. In this
subsection, the results of van Stockum cylinder as analyzed by Tipler, will be discussed
in particular.

The stationary, axisymmetric van Stockum solution for a rapidly rotating dust
cylinder of infinite length is sustained by the balancing forces of the centrifugal re-
pulsion produced by the dust cylinder and the inward gravitational attraction. The
cylinder is covered by a vacuum on the outside. There are two separate solutions for
the interior and exterior geometry of the dust where the line element for the solutions
are written in the cylindrical system (t, r, ϕ, z). 1

• Interior solution:
The interior solution of van Stockum metric for which r < R, where R is the radius of
the dust cylinder, is given by

ds2 = −dt2 + 2ar2dϕdt+ r2(1− a2r2)dϕ2 + e−a2r2(dr2 + dz2) , (2.9)

with a being the angular velocity of the cylinder. The Lorentzian signature is fulfilled
as (FL+M2) = r2 > 0. From the Einstein field equation, one may obtain

ρ =
a2

2π
ea

2r2 , (2.10)

where the four velocity is ui = (1, 0, 0, 0). Therefore, for the positive energy density
dust source, all the classical energy conditions are satisfied.

For the closed timelike curves to appear, consider an azimuthal curve with {t = r =
z = constant}, and a negative coefficient of dϕ2. Therefore, the necessary condition
for CTCs is ar > 1, which is the radial location of the CTCs having radius r. Hence,
larger the angular velocity of the cylinder, smaller the radius of CTC.

1The cylindrical symmetric van Stockum line element is in accordance with the general metric
(2.2). Therefore, results of the interior and exterior metric are summarized in the general metric
coefficient forms F (r), M(r), L(r), H(r).
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Notice that, causality violation can be avoided by requiring radius of the cylinder
R < 1/a, for which the interior and exterior solution merges and a causally well-
behaved solution can be constructed. So, the upper bound of the angular velocity is
restricted to aR = 1, creating timelike particle trajectories for the whole r.

• Exterior solution:
According to van Stockum, the exterior solution is given by aR > 1. The possibility
for the region can be separated into three, as given by

(i) 0 < aR < 1/2.

H(r) = e−a2r2 (r/R)−2a2r2 , L(r) =
rR sinh(3β + α)

2 sinh(2β) cosh(β) ,

M(r) =
r sinh(β + α)

sinh(2β) , F (r) =
r sinh(β − α)

R sinh(β) , (2.11)

where

α = α(r) = (1− 4a2R2)1/2 ln (r/R) and β = β(r) = arctanh(1− 4a2R2)1/2 .

(ii) aR = 1/2.

H(r) = e−1/4 (r/R)−1/2 , L(r) = (rR/4) [3 + ln (r/R)] ,
M(r) = (r/2) [1 + ln (r/R)] , F (r) = (r/R) [1− ln (r/R)] . (2.12)

(iii) aR > 1/2.

H(r) = e−a2r2 (r/R)−2a2r2 , L(r) =
rR sin(3σ + γ)

2 sin(2σ) cos(σ) ,

M(r) =
r sin(σ + γ)

sin(2σ) , F (r) =
r sin(σ − γ)

R sin(σ) , (2.13)

where

γ = γ(r) = (4a2R2 − 1)1/2 ln (r/R) and σ = σ(r) = arctan(4a2R2 − 1)1/2 .

For the merged interior-exterior geometry, the spacetime is Lorentzian for R ≤ r <∞,
since the interior Lorentzian is fulfilled. The aR ≤ 1/2 solution is causally well-behaved,
but the aR > 1/2 solution contains causality violation in the whole spacetime. An
interesting feature of the van Stockum metric is the presence of closed timelike geodesics
(CTGs), as investigated by Steadman [259]. Further, the geodesic confinements in the
solution was studied by Opher et al. [260].

The complete structure of van Stockum spacetime is not asymptotically flat, and
as it defines an infinitely long dust cylinder, the solution is unphysical. However, the
phenomenology is interesting. The metric reduces to a Kerr solution when a modifi-
cation of the cylinder behaves as a “ring singularity” [237], yet the Kerr solution also
contains CTCs.
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2.1.3 Bonnor’s dust cloud
Bonnor investigated a stationary, rotating, cylindrical symmetric exact solution of EFE
that describes a rigidly rotating dust cloud about the symmetry axis [239]. The dust
cylinder is finitely extended and the line element reads

ds2 = −dt2 + 2ndϕdt+ (r2 − n2)dϕ2 + eµ(dr2 + dz2) , (2.14)

where
n =

2hr2

R3
, µ =

h2r2(r2 − 8z2)

2R8
, R2 = (r2 + z2) , (2.15)

in the comoving coordinates. The rotation parameter is given by h. At the z = 0
slice of the spacetime, the causality violating region is easily obtained using L(r, z) =
r2 − 4h2r4/(r2 + z2)3 < 0 condition, as given by

r4 < 4h2. (2.16)

It was argued that portions of the timelike geodesics in the spacetime have access to
the causality violating regions where coordinate time can possibly run backward [261].
However, as a whole, the geometry does not allow the presence of CTGs [261, 262].

2.1.4 Gott cosmic string
The pleasing model of time-machine constructed by J. Richard Gott describes an exact
solution of EFE for two non-intersecting, simultaneously moving straight cosmic strings
[240]. The spacetime that describes this geometry is static, axisymmetric, and the
strings are located along the symmetry axis. The cylindrical symmetric interior metric
of a uniform density string is flat and free of a cone singularity, and is given by

ds2 = −dt2 + dρ2 +
1

8πε
sin2

(√
8περ

)
dϕ2 + dz2 , (2.17)

where ρ is the radial coordinate, ε is the uniform density of the strings for a cylindrical
radius ρ0, and is taken positive. The energy-momentum tensor components on the
orthonormal frame for the strings is

Tt̂t̂ = −Tẑẑ = ε . (2.18)

The exterior metric must be a static and cylindrical symmetric vacuum solution of
Einstein’s equations. The interior and exterior spacetimes should then be joined at
the string surface at ρ = ρ0, using the Darmois-Israel junction conditions. The exact
exterior metric is given by

ds2 = −dt2 + dr2 + (1− 4µ)2r2dϕ2 + dz2 , (2.19)

where µ = 1
4
(1− cos (ρ0/ρ̄)) is the linear energy density, or mass per unit length,

having ρ̄ = (8πε)−1/2.
The CTCs appear in the Gott cosmic string by the effect of gravitational lensing and

relativity of simultaneity. Importantly, the CTCs do not violate the weak or null energy
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condition, whereas the solution does not contain any singularity. In view of Hawking’s
Chronology Protection Conjecture [263] (which will be briefly discussed later in this
chapter), this solution has an additional importance. The conjecture states that the
physical laws naturally disallow the creation of backward time flow, or even if objects
like wormholes are created, the throat does not sustain for traversability. Researchers
have delved into the investigation whether the CTCs pre-exist in the spacetime (i.e.,
intersect the spacelike hypersurface), or they create at some specific instant of time.
Ori showed that CTCs necessarily coincide all t = constant hypersurface which is in
accordance with the chronology protection [264]. Alongside, Cutler investigated the
global structure of the hypersurface and concluded that the CTCs are confined at some
specific locations of the spacetime where they emerge from the underlying spacelike and
achronal hypersurfaces [265]. Further, the global two string hypersurface is identical to
a generic Misner space, as discussed by Grant [266]. According to Laurence [267], the
region of CTC in Gott two string space is identical to the generalized Misner space,
and this result has been used to propose the vacuum polarization effect on the Grant
space. Moreover, the construction of Gott time-machine is physically not realistic due
to the unphysical acausal behaviour [268–272].

2.1.5 Infinite spinning cosmic string
The infinitely long cosmic string spinning about the z axis with a delta function source,
can be denoted by the following metric in cylindrical coordinate:

ds2 = −[d(t+ 4Jϕ)]2 + dr2 + (1− 4µ)2r2dϕ2 + dz2 , (2.20)

where the mass per unit length µ, is equal to the tension τ ; and J is the angular
momentum per unit length. The system is analogous to the van Stockum, except the
asymptotic structure [224, 273].
Following to a transformation t̃ = (t + 4Jϕ), ϕ̃ = (1 − 4µ)ϕ, the range of ϕ̃ is now
restricted to {0 ≤ ϕ̃ ≤ 2π(1− 4µ)}, and one may get

ds2 = −dt̃2 + dr2 + r2dϕ̃2 + dz2 , (2.21)

with (
t̃, r, ϕ̃, z

)
≡
(
t̃+ 8πJ, r, ϕ̃+ 2π(1− 4µ), z

)
. (2.22)

Outside r = 0 interior core, the spacetime is locally flat, and the geometry is signif-
icantly identical to the flat Minkowski space. Moreover, peculiar phenomena can be
observed while going once around the string. There is a deficit angle of ∆θ = 8πµ,
which may have been missed by the spatial slices from the traveler’s point of view.
Consequently, the traveler undergoes a backward time-jump while going once around,
which is given by

∆t̃ = 8πJ . (2.23)
This describes the azimuthal closed timelike curves, which may have been arranged to
cover the whole spacetime. The chronology violating region is spread across the entire
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manifold and the CTC is subject to the following condition:

r <
4J

1− 4µ
. (2.24)

Now, for a concluding remark of this section, one may summarize that a number of
other cylindrical and spherical symmetric spacetimes support the existence of CTCs,
Kerr solution [237] being one of them. Another important solution is the Kerr-Newman
spacetime [274], which is interesting in view of the gravitoelectric and gravitomagnetic
components of matter. Back in the sixties, Brandon Carter performed the complete
analytic extension of the Kerr and Kerr-family (e.g. Kerr-Newman) solutions including
the causal and acausal structures [275, 276]. It is widely known as the Carter time-
machine. Few years later Calvani and collaborators on the other hand, analyzed the
causality violation around Kerr naked singularity and concluded that geodesic lines
does not violate causality in particular [277]. This may bring forth the non-geodesic
closed timelike curves. For instance, the geodesics that violate causality are commonly
termed as closed timelike geodesics (CTGs), as discussed earlier. CTGs are a subclass
of CTCs, and most importantly, very few exact solution of EFE permits the presence
of CTGs. See for instance [278–284], for studies on CTGs. Further, for recent works
on CTCs, refer to [285–301].

2.2 Wormholes
Wormholes serve as seamless connections between either separate universes or distant
locations within the same universe. The physics of wormholes can be traced back
to 1916, when Flamm investigated the Schwarzschild metric [302] immediately after
its discovery. However, the first significant contribution in history was marked in
1935, when Einstein and Nathan Rosen analyzed the elementary particle problem in
terms of a “bridge” connecting two identical geometries [303]. This mathematical
representation, termed as the “Einstein-Rosen bridge”, serves the first fundamental
construction of wormholes. But for many years, this field was laid dormant, until in
the fifties, when John Archibald Wheeler worked on the bridge geometries in Reissner-
Nordström and Kerr, where he discussed the Planck scale quantum foam as connection
between different locations of spacetime [304, 305]. This was later derived to be the
Euclidean wormholes by Hawking [306]. The object Wheeler was working on, is not
free of singularity [307], and is the gravitational and electromagnetic coupled entity
called “Geons”. However, apart from that, the introduction of the term “Wormhole”
dates back to 1957, when Misner and Wheeler coined the name while investigating
the gravitational and electromagnetic charge (unquantized) and mass as properties of
curved empty space [308].

As referred to Geons, it possess peculiar properties like origin of gravitational
mass from electromagnetic field (“mass without mass”), and it has no inherent charge
(“charge without charge”). This created significant curiosity to the researchers, leading
to exploration of the field in different contexts [309–317]; however, due to the lack of
physical behaviour and experimental evidence, it soon faded away. Nevertheless, in
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1960, Misner considered Geon representation to investigate wormhole model in vac-
uum EFE [318]. Due to the merging of two asymptotic geometries at the wormhole
throat, the inevitable question of causality came forward, as to whether a light signal
could actually traverse through the throat and make a shortcut. Wheeler and Fuller
answered the question in terms of Schwarzschild solution, where it is observed that
the throat does not survive to let a signal pass through, thus, the causality is pre-
served [319]. But, in contrast, the study of Graves and Brill on the wormhole-like
solution in Reissner-Nordström emerged as a candidate that allowed electric flux to
pass through the throat, while the throat survived the contraction (up to a minimum
radius) and re-expansion with a finite proper time [320].

The modern renaissance of traversable wormhole dynamics was brought into light by
Kip Thorne and his student Michael Morris, in their classic 1988 Morris-Thorne paper
[321]. This wormhole, having two mouths and the throat (the minimum radius where
two asymptotic geometries are glued), laid the foundation of a possible natural object,
like stars and black holes. In this work, they considered a specific wormhole metric and
then solved the EFE to derive the energy-momentum components in a reverse method.
The most interesting feature of this model was that it is two-way traversable, subject to
the peculiarity of stress-energy components, which must violate the classical null energy
condition (NEC) for the throat to survive [321–324]. This matter having negative
energy density and that violates the energy condition is named as “exotic matter”.
Note that, NEC is the weakest of all four classical energy conditions, owing to the fact
that the violation of NEC consequently means the violation of all the energy conditions.
Classical matters are believed to satisfy these pointwise energy conditions [2], although
certain quantum fields like Casimir effect and Hawking evaporation necessarily violate
them. One may refer to [325] for a review. Further, quantum systems in classical
gravity background violate the null and weak energy conditions over a small scale.
This may lead to the introduction of average energy conditions which will be discussed
later in this section [326, 327].

The constraints on negative energy fluxes [328] comes from the new set of energy
conditions as discussed by Ford in the seventies [329]. These constraints further led to
the introduction of Quantum Inequality (QI) which was pioneered by Ford and Roman
in 1995 [330]. This inequality eventually limits the magnitude and allows times for
the negative energy density by extracting the distributional information [330–333]. In
this context, the wormhole geometries in QI have significant interest [331,334]. Having
the application of QI, these analyses showed that the exotic matter is restricted to
an extremely small scale, or there must present large redshift i.e., large tidal force
leading to the question on traversability [331]. Thus, Ford and Roman confirmed
that macroscopic traversable wormholes have a rare existence. Consider [335, 336] for
reviews.

Recent findings in cosmology indicate a compelling deviation from the strong energy
condition (SEC) within the cosmological fluid, alongside intriguing indications that the
null energy condition (NEC) could potentially be infringed upon within classical set-
tings [33,38,337]. Consequently, there is a gradual erosion of the traditional authority
of the weak and null energy conditions, along with other associated energy conditions,
as if they were immutable laws [338]. Undoubtedly, this shift bears implications for
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the theoretical frameworks surrounding the conception and construction of wormholes.
Referring to quantum effects, since it is a good candidate in energy condition viola-
tions, the wormhole solution in semiclassical regime, which is coupled to a quantum
scalar field, is found to be self-consistent under the quantum inequalities [339, 340].
Further, upon recognizing that nonminimal scalar fields contravene the weak energy
condition, a series of internally consistent classical wormholes were discovered [341].
Therefore, exotic geometries like wormholes may naturally arise in quantum fields. In
this regard, multiple wormhole solutions certainly have been explored within the realm
of semi-classical gravity in existing literature. For instance, refer to [342–348].

It is worth noting that prior to the surge in interest sparked by Morris-Thorne’s
seminal work [321], classical wormholes have already been explored by Homer Ellis in
1973 [349], followed by further investigations detailed in [350]. Additionally, related
consistent solutions were independently discovered by Kirill Bronnikov in 1973 [351],
Takeshi Kodama in 1978 [352], and Gérard Clément in 1981 [353]. These pioneering
contributions, predating the wormhole resurgence, are discussed briefly in [354]. Fur-
thermore, Harris [355] later rediscovered a self-consistent Ellis wormhole by employing
an exotic scalar field. In a parallel direction, Matt Visser aimed to reduce the en-
ergy condition violations, thus, constructed a number of wormhole solutions, including
cubic wormholes, surgically modified Schwarzschild space, Roman ring, self-dual solu-
tions and others [356–361]. Alongside these major developments in wormhole physics,
he was motivated to compile detailed findings on the topic. Thus, including a series of
new ideas, he presented the book “Lorentzian Wormholes: From Einstein to Hawking”
in 1995. Preceding Visser’s book, notable applications of wormhole dynamics were ex-
plored by Frolov and Novikov, who connected wormholes with black hole physics [362].
Hochberg and Kephart investigated an intriguing cosmological application of worm-
holes concerning the horizon problem [363]. Within the context of cosmic strings,
Clément [364], Aros and Zamorano [365] discovered wormhole solutions, while Schein
and Aichelburg [366, 367] investigated wormholes supported by strings. Teo proposed
the rotating traversable model [368], followed by a generalization in [369] by Kuhfit-
tig. Hayward and Koyama extended the concept of wormholes utilizing a crossflow
of null dust waves [370], employing a model involving pure phantom and impulsive
radiation to analyze the analytic model of traversable wormholes from Schwarzschild
black holes [371, 372]. Refer to [373–384], for related literature.

A primary focus in wormhole research involves minimizing the violation of the null
energy condition whenever feasible. In the context of dynamic wormholes, specific
regions can particularly avoid the averaged null energy condition [360,385–389]. Visser
et al. [390,391] addressed the limitation of energy conditions in quantifying the overall
extent of matter violating these conditions. They introduced a novel measure, termed
the “volume integral quantifier,” to precisely quantify this concept.

Certain studies have introduced a cosmological constant into their proposed worm-
hole construction. For instance, see [392–402]. Assessing an object’s stability against
various forms of perturbation is consistently a crucial concern. Particularly, the thin-
shell wormhole stability for equation of state [392, 393, 396, 403–405], or the linear
radial perturbation [358, 394, 406–408] have been studied. It is also found that El-
lis drainhole [349, 350] is stable under linear perturbation [409], but unstable under

28



Chapter 2. Theoretical Aspects of Backward Time Orientation

nonlinear perturbation [410]. In alternative theories beyond GR, researches have un-
covered various wormhole solutions, like in higher dimensions [402, 411, 412], in non-
symmetric theory [413], in Brans-Dicke [414–420], in Kaluza-Klein [421], in Einstein-
Gauss-Bonnet [422], in 2d dilaton theory [423], in brane world scenario [424–427],
in Randall-Sundrum model [428], in f(R) gravity [116, 429], and in f(R, T ) grav-
ity [135–138]. Alongside there are studies in higher derivative gravity that consistently
captures the analysis of wormhole throats. For example, one may refer to [430–432].

Wormholes play a crucial role in the investigation of time machines as they offer a
means for creating non-eternal time machines, using the twin paradox approach [322]
or by utilizing the GR redshift method [433]. Such an outcome becomes feasible when
CTCs emerge beyond a certain hypersurface, known as the chronology horizon, which
represents a specific instance of a Cauchy horizon [229,434]. However, it is necessary to
realize whether classical or semiclassical impacts destroy the system. Although research
indicates that the classical stabilization of the system is straightforward [224,322], but,
semiclassical calculations present conflicting results, with some favoring its destruc-
tion [226,263,435], which would enforce chronology protection [263], while others sug-
gest the persistence of the time machine [359,436,437]. The debate surrounding Misner
spacetime remains ongoing, with arguments both favoring [438] and disfavoring [439],
and subsequently swinging back in favor [440] of chronology protection. Ultimately,
it is emphasized that semiclassical calculations alone would not resolve the chronol-
ogy protection issue [441]; instead, the resolution requires the framework of quantum
gravity, as previously anticipated by Thorne [442].

In the context of cosmology, recent observations have validated the remarkable
phenomenon of accelerated expansion of the universe attributed to the presence of “dark
energy” characterized by negative pressure. The extensively examined possibilities
include the “quintessence”, where the parameter range falls within −1 < ω < −1/3, or
“phantom energy” exhibiting the property ω < −1. The potential existence of phantom
energy, which suggests a breach of the null energy condition, rekindles interest in
wormhole physics. Extensive exploration has been conducted regarding this possibility
within the realm of wormholes, as referred in [443–458].

Over the last decade, significant advancements in wormhole physics have ranged
from theoretical models for observations to newer theoretical derivations. With the
advancement of numerical programming, the geodesic trajectories on the wormhole
embedding geometry are now easy to visualize. Olmo et al. conducted an extensive
examination of the geodesic structure for three distinct types of wormholes: Reissner-
Nordström-like, Schwarzschild-like, and Minkowski-like [459]. Their findings suggest
the potential for geodesically complete trajectories within all three geometries. Chakra-
borty and Pradhan explored the geodesic structure within a non-static rotating “Teo”
wormhole [460]. Mishra and Chakraborty proposed a comprehensive examination
of null and timelike geodesics concerning rotating wormholes and the Morris-Thorne
wormhole, with a particular focus on the Ellis drainhole [461]. Taylor examined the con-
ditions for traversability of test particles and scalar fields along with the visualization
of geodesic trajectories on the wormhole embedding diagram [462]. The geodesics may
pass through the throat for escape orbits, be reflected by the potential of the wormhole,
or become trapped in an unstable bound orbit. Similarly, Cataldo et al. investigated
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the behaviour of test particles in Schwarzschild-like wormhole spacetime [463]; and
recently, Willenborg et al. [464] studied the geodesic motion around a class of worm-
hole, constructed within Einstein gravity and involves a conformally coupled scalar
field, as proposed by Barcelo and Visser [341]. They analytically solved the geodesic
equations using Weierstraß functions and explored the potential for different orbits and
parameter variations.

In the last decade, the milestone discovery of black hole photon sphere (shadow) [25,
26], and the gravitational wave from binary black hole mergers [23, 24] have increased
enormous attention on the observation of possible presence for black hole mimickers like
wormholes. In the context of shadow cast by wormhole throats, Amir et al. recently
investigated the shadows of Kerr-like wormholes [465] and charged wormholes within
the framework of Einstein-Maxwell-dilaton theory [466]. Wielgus et al. developed a
Reissner-Nordström (RN) wormhole by connecting two distinct RN spaces with varying
mass and charge, resulting in non-mirror-symmetric wormholes [467]. This alteration
affects the photon sphere, potentially leading to two photon rings observable to a
distant observer. The doubling of the photon rings was attributed to the doubling of the
effective potential maximum. Nonetheless, mirror-symmetric wormholes possibly cast
number of photon rings and intriguing strong lensing effects [468–470]. Consequently,
for the shadows of rotating wormhole, one may consider [471–473]. Alongside references
[474–480] combine similar literature on the subject.

Gravitational waves (GW) represent more than just a novel tool for exploring grav-
ity’s nature in high-speed dynamic settings [481–483]. They provide an avenue for
investigating unusual astrophysical entities, including firewalls, boson stars, gravas-
tars, and notably, wormholes. These exotic compact objects resemble black holes in
that their radii closely match the Schwarzschild radii of black holes. However, they
generate additional echoes following the ringdown phase [484]. Wormholes are dis-
tinct due to their double-peak potential, facilitating the oscillation of gravitational
waves (GW) between these peaks while gradually escaping the wormhole, resulting in
a sequence of echoes [485–488]. Alternative methods for detecting wormholes involve
identifying the anti-chirp signal generated as a black hole passes through the worm-
hole [489]. Consequently, observation of echoes from electromagnetic signals [490], use
of time-dependent scattering theory to distinguish that transmitted wave has isolated
chirp, while reflected wave has anti-chirp behaviour [491], and measurement of the un-
usual movements of objects on one side of the throat influenced by charge and mass
on the opposite side [492, 493], can also be addressed.

Modern approaches in wormhole theory using quantum fields and strings have al-
ready begun to be widely discussed in the community. In an attempt to resolve the
“firewall paradox” in quantum black holes [494, 495], Juan Maldacena and Leonard
Susskind apparently proposed a beautiful relationship between quantum entanglement
and wormhole in 2013. Referring to the work of Einstein and Rosen on the Einstein-
Rosen (ER) bridge [303], and Einstein, Podolsky and Rosen [496] (EPR) on entangle-
ment states, they proposed highly entangled states of two black holes that create a
EPR pair through ER=EPR [497]. Employing the AdS/CFT correspondence, which
establishes a connection between quantum gravity in anti–de Sitter spacetime and
conformal field theory on its boundary, they analyzed the maximally extended black
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hole in asymptotically anti–de Sitter space. In the realm of general relativity, this
creates an existing solution where two remote black holes are linked through a worm-
hole. In this line of approach, a number of other studies have came forward in the
modern quantum realm, such as wormhole through a double trace deformation [498],
wormhole in four dimensions [499], asymptotically flat wormhole with short transit
times [500], perturbative analysis on self-supporting wormholes [501], and wormholes
traversable to humans [502, 503]. This theoretical advancement led to the most in-
teresting discovery in wormhole physics till date. In 2022, Jafferis et al. claimed to
observe possible traversability of a wormhole in a quantum computation environment
through teleportation of information [504]. The teleportation system utilizes a Hamil-
tonian comprising seven Majorana fermions with five fully-commuting terms. This has
been produced through a machine-learning method aimed at mimicking the telepor-
tation characteristics of the Sachdev-Ye-Kitaev (SYK) model [505, 506]. The acquired
Hamiltonian accurately replicates the gravitational dynamics of the SYK model and
showcases gravitational teleportation via an entangled wormhole.
Now, in the following subsections, mathematical foundations for some of the major
wormhole solutions are examined in a form of review.

PRE-TRAVERSABLE ERA

2.2.1 Einstein-Rosen bridge
In [303], Einstein and Rosen explored the concept of an elementary particle theory
of matter and electricity, aiming to avoid singularities by utilizing only the variables
of general relativity gµν and Maxwell theory φµ. Their solutions entail representing
physical space mathematically as two identical sheets, with a particle symbolized by a
“bridge” joining these sheets.

Consider the static, spherically symmetric Schwarzschild metric

ds2 =

(
1− 2m

r

)
dt2 − dr2(

1− 2m
r

) − r2(dθ2 + sin2 θdϕ2) , (2.25)

in the (+,−,−,−) signature. At r = 2m, g11 component becomes infinite, indicating
singularity. In this point, Einstein and Rosen considered a new variable u2 = (r−2m),
that leads to the modification of Eq. (2.25) as

ds2 =

(
u2

u2 + 2m

)
dt2 − 4(u2 + 2m)du2 − (u2 + 2m)2(dθ2 + sin2 θdϕ2) , (2.26)

where gµν is completely regular. Hence, it becomes possible to address this solution
which remains devoid of singularities at all finite points. As the parameter u traverses
from −∞ to +∞, the radial coordinate r varies from +∞ to 2m, and then from 2m to
+∞. Consequently, the four-dimensional space is delineated mathematically into two
identical sections or “sheets,” referring to u > 0 and u < 0, connected by a hyperplane
where either r = 2m or u = 0. They colloquially referred to this connection as a
“bridge.”
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Subsequently, from the Maxwell field, the Reissner-Nordström metric is given by

ds2 =

(
1− 2m

r
− ε2

2r2

)
dt2 − dr2(

1− 2m
r
− ε2

2r2

) − r2(dθ2 + sin2 θdϕ2) , (2.27)

where ε is the electrical charge. Similar to the previous case, with m = 0, one may
consider u2 = (r2 − ε2/2), for which (2.27) takes the form

ds2 =

(
2u2

2u2 + ε2

)
dt2 − du2 − (u2 + ε2/2)(dθ2 + sin2 θdϕ2) . (2.28)

It is also singularity-free throughout the whole space of the finite points within the
region of two sheets, with the charge symbolized by a bridge. It serves as a depiction
of a fundamental massless, charged particle.

2.2.2 Ellis drainhole
In 1973, Homer Ellis constructed a particle model in terms of motion of ether through
a “drainhole”. This solution is significantly intriguing as it replicates a wormhole. The
construction starts from the spherically symmetric general line element

ds2 = dt2 − [dρ− f(ρ)dt]2 − r(ρ)2dΩ2 , (2.29)

where dΩ2 = dθ2 + sin2 θdϕ2, and f(ρ) is a non-negative function. The single cross
term in the line element of M is 2f(ρ)dρdt, thus, the vector ∂/∂t is not orthogonal
to the hypersurfaces of constant t everywhere unless f = 0. In such a scenario, M
becomes static.

Using the mathematical approaches involving solving Einstein’s field equation, Ellis
established that, r(ρ)2 = (ρ2+n2), where n represents the radius of the drainhole. Now,
the absence of ether flow indicates that f = 0, yet the drainhole persists in an open
state due to the condition r(ρ) = (ρ2+n2)1/2 ≥ n > 0. The manifold exhibits symmetry
concerning reflection across the drainhole. Therefore, the famous Ellis wormhole metric
takes the form

ds2 = dt2 − dρ2 − (ρ2 + n2)dΩ2 . (2.30)
In terms of the Morris-Thorne model, the (n2/r) term takes the form of a shape func-
tion, which has been extensively used in literature as Ellis wormhole shape function.

For a remark, one may add that, considering ether at rest, double-sided particles
lack mass in both sides, yet the drainhole can still trap particles while staying open. It
can hold the particles infinitely, or can release them without imparting any acceleration.
These particles, devoid of mass, charge, and spin, possess the ability to transform, upon
disturbance, into a scalar-field wave transmitting at the wave velocity depending upon
the manifold.

Ellis also constructed a dynamic model for the evolving, flowless drainhole manifold
[350], for which the metric is modified to

ds2 = dt2 − dρ2 − [(1 + a2)ρ2 + a2t2]dΩ2 . (2.31)
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He concluded that the evolving, flowless drainhole can be conceptualized as represent-
ing the cycle of birth and renewal of a scalar particle, which spans infinitely from
infinite size in both the past and future. This particle lacks gravitational influence, as
the “ether flow” identified as gravity in the static solution, is excluded in the evolving
solution from the outset. What remains is solely space, dynamically evolving as field
equations suggest.

TRAVERSABLE ERA

2.2.3 Traversable Morris-Thorne wormhole
An alternative approach to solving the Einstein field equation involves adopting a
reverse philosophy: starting with a compelling and unusual spacetime metric and sub-
sequently determining the corresponding matter source responsible for the geometry.
For the traversable Lorentzian Morris-Thorne wormhole, this matter source is identi-
fied as “exotic matter,” which contravenes the null energy condition. This geometry
also permits the existence of closed timelike curves, leading to violations of causality.

One may start with the static, spherically symmetric line element ansatz

ds2 = −e2Φ(r)dt2 +
dr2

(1− b(r)/r)
+ r2dΩ2 , (2.32)

where dΩ2 = (dθ2+ sin2 θdϕ2). The function Φ(r) is referred to as the redshift function
because it is associated with gravitational redshift, while b(r) is termed the shape
function as it dictates the morphology of the wormhole [321]. Note that, the metric
must follow the condition Φ(r) → 0 and b(r)/r → 0 as r → ∞, for the spacetime to be
asymptotically flat. On the other hand, the traversability of the wormhole requires a
horizon-free geometry, implying gtt = −e2Φ(r) ̸= 0, so that the redshift function must
be finite everywhere. Now, the radial coordinate r is non-monotonic, decreasing from
+∞ to r0 which is a minimum, denoting the position of the wormhole throat, where
b(r0) = r0, and then increasing from r0 to +∞. The grr coefficient becomes infinite at
the throat, indicating a coordinate singularity. Therefore, it is required to introduce
the proper radial distance

l(r) = ±
∫ r

r0

dr√
1− b(r)/r

, (2.33)

which is finite everywhere. The metric (2.32) is now expressed in the proper radial
distance as

ds2 = −e2Φ(l)dt2 + dl2 + r2(l)dΩ2 . (2.34)
Note that, l = 0 at the wormhole throat, whereas it covers +∞ to 0, and 0 to −∞
respectively in the upper and lower universe.
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2.2.3.1 The embedding surface

To illustrate a wormhole using embedding diagram and draw out pertinent details for
selecting the shape function, b(r), one can start with the respective line element for a
fixed moment of time, t = constant, represented as:

ds2 =

(
1− b(r)

r

)−1

dr2 + r2dΩ2 . (2.35)

For visualization, this metric is embedded into a metric of 3D Euclidean space of a
2-sphere, given by:

ds2 = dz2 + dr2 + r2dΩ2 . (2.36)
Now, comparing Eq. (2.35) with (2.36), the expression for the embedding surface is
obtained as:

dz

dr
= ±

(
r

b(r)
− 1

)− 1
2

. (2.37)

This equation characterizes the embedding surface’s relationship with respect to r, see
Figure 2.1. The wormhole throat r = r0 is the minimum radius of the surface, where
dz/dr → ∞. Consequently, the asymptotic flatness of the geometry requires dz/dr → 0
as r → ∞.

For a solution to qualify as a wormhole, it is necessary to enforce the condition that
the throat flares out, as depicted in the figure. This flaring-out condition dictates that
it must exhibit d2r/dz2 > 0 at or near the throat. By differentiating Eq. (2.37) with
respect to z, one may obtain

d2r

dz2
=

−rb′(r) + b(r)

2b(r)2
> 0 . (2.38)

At the throat r0, it is confirmed that the function satisfies b′(r0) < 1. Therefore, the
extremely important flaring-out condition of the wormhole reads −rb′(r) + b(r) > 0.
However, the flaring-out and embedding technique has a fundamental disadvantage of
high coordinate dependence.

2.2.3.2 The field equation

The set of orthonormal basis vectors is important for the simplification of physical and
mathematical analysis. These vectors can be understood as the proper reference frame
of an observer who remains stationary with (r, θ, ϕ) held constant. In the coordinate
system of (t, r, θ, ϕ), the orthonormal basis vectors are

et̂ = e−Φet

er̂ = (1− b/r)1/2er

eθ̂ = r−1eθ

eϕ̂ = (r sin θ)−1eϕ .

(2.39)
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Figure 2.1: (a) Two-dimensional, and (b) three-dimensional visualization of the
traversable wormhole embedding surface along t = constant hypersurface.

For the line element (2.32), the non-zero components of Einstein tensor can be calcu-
lated from Gµ̂ν̂ = Rµ̂ν̂ − 1

2
Rgµ̂ν̂ , that yields:

Gt̂t̂ =
b′

r2
, (2.40)

Gr̂r̂ = − b

r3
+ 2

(
1− b

r

)
Φ′

r
, (2.41)

Gθ̂θ̂ = Gϕ̂ϕ̂ =

(
1− b

r

)[
Φ′′ +

(
Φ′ +

1

r

)(
Φ′ − rb′ − b

2r(r − b)

)]
. (2.42)

The EFE, Gµ̂ν̂ = 8πTµ̂ν̂ , enforces that the energy-momentum tensor Tµ̂ν̂ = diag(ρ(r),
−τ(r), p(r), p(r)) is directly proportional to the Einstein tensor. Here, ρ(r) is the total
energy density of the matter. The radial tension τ(r), and the pressure p(r) are respec-
tively equivalent to the negative of radial pressure pr(r), and the tangential pressure
pt(r). Therefore, from the Einstein field equation the energy-momentum components
are obtained as

ρ(r) =
1

8π

b′

r2
, (2.43)

pr(r) = −τ(r) = 1

8π

[
− b

r3
+ 2

(
1− b

r

)
Φ′

r

]
, (2.44)

pt(r) = p(r) =
1

8π

(
1− b

r

)[
Φ′′ +

(
Φ′ +

1

r

)(
Φ′ − rb′ − b

2r(r − b)

)]
. (2.45)

At the throat, these expressions are modified to

ρ(r0) =
1

8π

b′(r0)

r20
, (2.46)
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pr(r0) = −τ(r0) = − 1

8πr20
, (2.47)

pt(r0) = p(r0) =
1

8π

(
1− b′(r0)

2r0

)(
Φ′(r0) +

1

r0

)
. (2.48)

Now, integrating (2.43), one may obtain

b(r) = b(r0) +

∫ r

r0

8πρ(r′)r′2dr′ = 2m(r) , (2.49)

which can be rewritten as

m(r) =
r0
2
+

∫ r

r0

4πρ(r′)r′2dr′ . (2.50)

This equation represents the effective mass within a sphere of radius r at the interior.
At spatial infinity, it however provides the mass distribution of the wormhole geome-
try. Upon differentiation of Eq. (2.44) with respect to r, and substituting b′ and Φ′′

respectively from (2.43) and (2.45), the following expression is obtained

τ ′ = (ρ− τ)Φ′ − 2

r
(p+ τ) , (2.51)

which denotes the hydrostatic equilibrium condition of the material balancing the
wormhole, and can also be derived from the energy-momentum conservation, T µ̂ν̂

;ν̂ = 0.
Equation (2.51) is used to analyze the stability of the static traversable wormholes.

2.2.3.3 Exotic matter

Before deducing the nature of matter content at the Morris-Thorne wormhole throat,
it is customary to introduce the brief discussions of the energy conditions.

Pointwise energy conditions

It is well-known that traversable wormholes demand “exotic matter” at the throat
that necessarily violates the energy conditions. It is believed that classical matters sat-
isfy these conditions, however, some quantum fields, such as the Casimir effect do not.
Here, the energy conditions are defined using a diagonal energy-momentum tensor [2],
T µν = diag(ρ, p1, p2, p3), where pj are the principal pressures. Note that, for perfect
fluid, p1 = p2 = p3.

• Null Energy Condition (NEC): From the definition of NEC, for a null vector nµ,
Tµνn

µnν ≥ 0, in the principal pressure form, which takes the form

ρ+ pj ≥ 0 , ∀j . (2.52)

• Weak Energy Condition (WEC): For a timelike vector uµ, WEC defines Tµνuµuν ≥
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0. Physically, Tµνuµuν represents the energy density as computed by an observer mov-
ing along a timelike trajectory with four-velocity uµ. Thus, in the principal pressure
form, WEC gives

ρ ≥ 0 and ρ+ pj ≥ 0 , ∀j . (2.53)
Therefore, WEC entails the NEC.

• Strong Energy Condition (SEC): According to SEC, for any timelike vector
uµ,

(
Tµν − T

2
gµν
)
uµuν ≥ 0, where T is the trace of Tµν . So, in the principal pressure

form
ρ+ pj ≥ 0 and ρ+

∑
j

pj ≥ 0 , ∀j . (2.54)

This means, SEC entails the NEC, but it doesn’t always imply the WEC.

• Dominant Energy Condition (DEC): The Dominant Energy Condition (DEC),
expressed as Tµνuµuν ≥ 0 for a timelike vector uµ, ensures that the energy density is
always locally positive and the flux is not spacelike but either null or timelike. In the
principal pressure form, it reads

ρ ≥ 0 and pj ∈ [−ρ,+ρ] , ∀j . (2.55)

Thus, DEC entails WEC and NEC, but it doesn’t always imply the SEC.

Averaged energy conditions

Deviation from the pointwise energy conditions prompted the adoption of averag-
ing energy conditions [326]. These averaged energy conditions are comparatively less
stringent, and allows for localized breaches as long as the energy conditions are satisfied
on average during integration over null or timelike geodesics.

• Averaged Null Energy Condition (ANEC): According to the definition, for
a generalized affine parameter λ, ANEC holds for a null curve, S, when∫

S
Tµνn

µnνdλ ≥ 0 . (2.56)

If the trajectory S represents a null geodesic, then λ simplifies to a standard affine
parameter.

• Averaged Weak Energy Condition (AWEC): According to the definition, if
s parametrizes proper time, AWEC holds for a timelike curve, S, when∫

S
Tµνu

µuνds ≥ 0 . (2.57)

For defining the matter content at the wormhole throat, Morris and Thorne defined
the following function from Eq. (2.43), (2.44):

ξ =
τ − ρ

|ρ|
=

−b′ + b/r − 2r(1− b/r)Φ′

|b′|
. (2.58)
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By using the flaring-out condition from (2.38), this equation modifies to provide the
exoticity function:

ξ =
2b2

r|b′|
d2r

dz2
− 2r

(
1− b

r

)
Φ′

|b′|
. (2.59)

Since, ρ and b′ are finite, and (1− b/r)Φ′ → 0 at or near the throat, one may have

ξ(r0) =
τ0 − ρ0
|ρ0|

> 0 . (2.60)

The requirement τ0 > ρ0 poses significant challenges, indicating that the radial tension
at the throat r0 must surpass the energy density. Hence, Morris and Thorne termed
matter constrained by this restriction as “exotic matter”. Subsequent examination
confirms that this matter violates NEC (and consequently all the energy conditions)
[224, 321, 322, 360].

For example, consider a straightforward solution where b = b(r) and Φ(r) = 0 2,
such that equations (2.43)-(2.45) simplify to:

ρ(r) =
b′(r)

8πr2
,

τ(r) =
b(r)

8πr3
,

p(r) =
−rb′(r) + b(r)

16πr3
.

(2.61)

It is noteworthy that the nature of energy density hinges on the sign of b′(r). For
instance, suppose b(r) = r20/r, corresponding to the embedding surface, z(r) = r0
cosh−1(r/r0), which exhibits the following result:

dz

dr
=

r0√
r2 − r20

. (2.62)

The wormhole matter is consistently exotic everywhere, with ξ > 0 throughout, while
ρ, τ and p diminish as r → +∞.

Utilizing the Raychaudhuri equation for null geodesic congruence, it can also be
demonstrated that this configuration contravene the ANEC at the wormhole throat
[2, 224, 241].

2.2.3.4 Conditions of traversability

Consider that an advanced human civilization creates a space station at l = −l1, at
the lower universe, and makes a trip to the upper universe at l = l2. The traveler has

2Note that when Φ(r) = 0, it represents the well-studied ultrastatic wormhole geometry. It is
most significant since it denotes zero-tidal force wormhole, where a stationary particle always remains
stationary in a gravitational acceleration-free frame.
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radial velocity v(r), with respect to an observer at r. Therefore,

v = e−Φ dl

dt
= ∓e−Φ

(
1− b

r

)−1/2
dr

dt
, (2.63)

vγ =
dl

dτ
= ∓

(
1− b

r

)−1/2
dr

dτ
, (2.64)

where, dl, dr, dt, dτ are the coordinate lapse corresponding to proper distance, radial
distance, coordinate time, and proper time respectively, with respect to the observer.
One may now impose the boundary conditions, such as, asymptotic flatness at the
station, i.e., b/r ≪ 1, small redshift of the signals at infinity, i.e.,∆λ/λ = e−Φ−1 ≈ −Φ,
or |Φ| ≪ 1, gravitational acceleration at the space station is smaller than or equal to
that of the Earth, i.e., g ≤ g⊕, so that |Φ′| ≤ g⊕ must hold.

Other desired conditions that must be met include, short journey time with respect
to both the traveler and observer at the station, the gravitational acceleration and the
tidal force must not exceed Earth’s gravitational acceleration (g⊕) and tidal force.

• Total traversal time: Morris-Thorne considered a travel time of one year, as
computed by the traveler and stationary observers at l = −l1 and l = l2, such that

∆τtraveler =

∫ l2

−l1

dl

vγ
≤ 1 year , (2.65)

∆tspace station =

∫ l2

−l1

dl

veΦ
≤ 1 year , (2.66)

respectively.

• Acceleration felt by a traveler: Implementing a Lorentz transformation on the
stationary observers’ orthonormal basis as given by (2.39), the orthonormal basis vec-
tors for traveler’s proper frame, i.e., (e0̂′ , e1̂′ , e2̂′ , e3̂′), is obtained as:

e0̂′ = γet̂ ∓ γver̂ ,

e1̂′ = ∓γer̂ + γvet̂ ,

e2̂′ = eθ̂ ,

e3̂′ = eϕ̂ ,

(2.67)

where γ = (1 − v2)−1/2. Hence, the four-acceleration, i.e., aµ̂′
= uµ̂

′
uν̂

′ , in the proper
reference frame of the traveler imposes the constraint

|⃗a| =

∣∣∣∣∣
(
1− b

r

)1/2

e−Φ
(
γeΦ
)′ ∣∣∣∣∣ ≤ g⊕ . (2.68)

For a finite constant redshift function, Φ′ = 0, this may reduces to

|⃗a| =

∣∣∣∣∣
(
1− b

r

)1/2

γ′c2

∣∣∣∣∣ ≤ g⊕ . (2.69)
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Interestingly, for the observer having a constant velocity, v = const, |⃗a| = 0, naturally.

• Tidal acceleration felt by a traveler:
It is crucial to ensure that an observer moving through the wormhole does not

experience destructive tidal forces. The tidal acceleration experienced by a traveler
is expressed as ∆aµ̂

′
= −Rµ̂′

ν̂′α̂′β̂′ u
ν̂′ηα̂

′
uβ̂

′ , where uµ̂′
= δµ̂

′

0̂′
denotes four-velocity of

the traveler and ηα̂
′ represents the difference between two points of their body, say

for instance |ηî′ | ≈ 2m. Notice that, ηα̂′ is entirely spatial in the proper frame of the
traveler, as uµ̂′

ηµ̂′ = 0, resulting in η0̂′ = 0. So, using the restriction |∆aµ̂′ | ≤ g⊕, and
imposing a Lorentz transformation of observer’s frame to traveler’s frame followed by
some rigorous calculations (follow [321] for complete calculations), one may obtain the
following tidal acceleration on a traveler during a radial motion through the wormhole:∣∣∣∣(1− b

r

)[
Φ′′ + (Φ′)2 − b′r − b

2r(r − b)
Φ′
]∣∣∣∣ ∣∣η1̂′∣∣ ≤ g⊕ , (2.70)∣∣∣∣ γ22r2

[
v2
(
b′ − b

r

)
+ 2(r − b)Φ′

]∣∣∣∣ ∣∣η2̂′∣∣ ≤ g⊕ . (2.71)

These two expressions put important restriction on the redshift function and observer’s
velocity at the throat r0, as given by

|Φ′(r0)| ≤ 2g⊕ r0

(1− b′) |η1̂′ |
, (2.72)

γ2v2 ≤ 2g⊕ r
2
0

(1− b′) |η2̂′ |
. (2.73)

For a finite and constant redshift function wormhole, i.e., Φ′ = 0, Eq. (2.71) yields

γ2v2

2r2

∣∣∣∣(b′ − b

r

)∣∣∣∣ ∣∣η2̂′∣∣ ≤ g⊕ , (2.74)

which means an observer at rest with v = 0, always measures null tidal force (zero-tidal
force).

Note that velocity independent tidal forces render a wormhole non-traversable. For
example, the velocity dependence can be avoided when Rθ̂t̂θ̂t̂ = −Rθ̂r̂θ̂r̂, i.e.,

b′ − b

r
= −2r

(
1− b

r

)
Φ′ , (2.75)

or

e2Φ(r) = e2Φ(∞)

(
1− b

r

)
. (2.76)

It provides the insight that r = r0 contains a horizon, which makes the wormhole
non-traversable.
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2.2.4 Rotating ‘Teo’ wormhole
In 1998, Edward Teo investigated the stationary, axisymmetric (3+1) dimensional ge-
ometry of a traversable wormhole [368] given by the line element

ds2 = −N2dt2 + eµ dr2 + r2K2[dθ2 + sin2 θ(dϕ− ω dt)2] , (2.77)

where the unknowns N , K, ω and µ are functions of both r and θ. Here, ω(r, θ) can
be thought of as the angular velocity of a freely falling body. There are two killing
vectors in the spacetime, one with the timelike, that produces time translation, and
the other with the spacelike, produces invariant rotation with respect to ϕ. Of course
the metric (2.77) reproduces the Morris-Thorne metric (2.32) in the rotation-less limit
along with the symmetry

N(r, θ) → eΦ(r), b(r, θ) → b(r) , K(r, θ) → 1 , ω(r, θ) → 0 , (2.78)

where
e−µ(r,θ) =

(
1− b(r, θ)

r

)
. (2.79)

In this configuration, the wormhole throat is located at b(r0) = r0, as in the Morris-
Thorne geometry. Suppose K(r, θ) is a positive function, in the non-decreasing order,
where one may comfortably denote the proper radial distance R, as R ≡ rK, with
Rr > 0, in the (2 + 1)-dimension. An event horizon emerges for N = 0, thus to
enforce non-singularity, the θ derivatives of N , b, and K are vanishing at the rotational
symmetry axis. Note that the derivatives in r and θ are written in the subscripts.

The scalar curvature (i.e., R) of the metric is highly complicated, but it becomes
simplified at the throat r = r0.

R = − 1

r2K2

(
µθθ +

1

2
µ2
θ

)
− µθ

Nr2K2

(N sin θ)θ
sin θ

− 2

Nr2K2

(Nθ sin θ)θ
sin θ − 2

r2K3

(Kθ sin θ)θ
sin θ (2.80)

+e−µ µr

[
ln(Nr2K2)

]
r
+

sin2 θ ω2
θ

2N2
+

2

r2K4
(K2 +K2

θ ) .

The complicated ones in the expression are those involving µθ and µθθ, specifically:

µθ =
bθ

(r − b)
, µθθ +

1

2
µ2
θ =

bθθ
r − b

+
3

2

bθ
2

(r − b)2
. (2.81)

Thus, to prevent curvature singularities, it is necessary to enforce bθ = 0 and bθθ = 0 at
the throat. This requirement indicates that the throat is situated at a constant radius
r.

Hence, it can be inferred that the spacetime characterizes a rotating wormhole
configuration, featuring angular velocity ω, proper radial distanceK, analogous redshift
function N and the shape function b. The shape function b remains independent of θ
at the throat (bθ = 0) and satisfies b ≤ r, and the flaring-out condition br < 1.

41



Chapter 2. Theoretical Aspects of Backward Time Orientation

In Reference [368], it was demonstrated by Teo that the NEC is breached in spe-
cific regions while upheld in others. Consequently, an observer falling into the worm-
hole could navigate around the throat, evading the need for exotic matter support.
Nonetheless, it is essential to stress that complete avoidance of exotic matter remains
unattainable.

2.2.5 Evolving wormholes
For a time-dependent wormhole solution in a cosmological background, one may start
with the following line element

ds2 = A2(t)

[
−e2Φ(r) dt2 +

dr2

1− kr2 − b(r)
r

+ r2dΩ2

]
, (2.82)

where A2(t) is a positive definite conformal factor. Another approach is to express the
metric (2.82) in terms of “physical time” rather than “conformal time” by substituting
t with τ =

∫
A(t)dt, and consequently A(t) with R(τ), where the latter is the function

of the proper time [387,388]. With the limit, b(r) → 0 and Φ(r) → 0, the line element
(2.82) reduces to FRW metric, whereas for A(t) → const. and k → 0, it reduces to the
static wormhole metric (2.32).

In the orthonormal reference frame, where the cosmological constant is absorbed in
the energy-momentum tensor, so that Gµ̂ν̂ = Rµ̂ν̂− 1

2
gµ̂ν̂R = 8πTµ̂ν̂ ,, the field equations

are obtained to be

ρ(r, t) =
1

8π

1

A2

3e−2Φ

(
Ȧ

A

)2

+

(
3k +

b′

r2

) , (2.83)

τ(r, t) = − 1

8π

1

A2

{
e−2Φ(r)

(Ȧ
A

)2

− 2
Ä

A


−
[
k +

b

r3
− 2

Φ′

r

(
1− kr2 − b

r

)]}
, (2.84)

f(r, t) = − 1

8π

[
2
Ȧ

A3
e−Φ Φ′

(
1− kr2 − b

r

)1/2
]
, (2.85)

p(r, t) =
1

8π

1

A2

{
e−2Φ(r)

(Ȧ
A

)2

− 2
Ä

A

+

(
1− kr2 − b

r

)
×

×
[
Φ′′ + (Φ′)2 − 2kr3 + b′r − b

2r(r − kr3 − b)
Φ′ − 2kr3 + b′r − b

2r2(r − kr3 − b)
+

Φ′

r

]}
, (2.86)

where f(r, t) = −Tt̂r̂ represents the radially outward energy flux. The overdot and
prime denotes differentiation with respect to t and r respectively. The presence of
an off-diagonal component in the energy-momentum tensor arises from the temporal
variation of A(t) and/or the r dependence of the redshift function Φ(r).
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The initial objective for studying evolving wormholes was to utilize inflation to
expand an initially small, potentially submicroscopic wormhole, for instance, see studies
by Thomas Roman [395]. Later, other researches have explored numerous interesting
properties [387–389].

2.3 Time-travel paradoxes
A backward time-travel inevitably invites the specter of time-travel paradoxes. From
science fiction to numerous movies, and recently the web-series have made us very
much aware about the severe complexities and mind-boggling aspects of time-travel
encounters. Say for example, encounter with one’s past self, or with someone who will
murder the traveler in the future, or with the time-machine that will be created in
the future, or with Rabindranath Tagore, or a thief who stole his Nobel award and
went back to the future, anything could happen when Chronology is violated. From
these visualizations of our imagination, these paradoxes can be broadly categorized
into two groups: consistency paradoxes and causal loops. Consistency paradoxes, ex-
emplified by the classical grandfather paradox, emerge when the possibility of altering
events in the past is contemplated. For instance, envision a time traveler journeying
to the past and encountering their grandfather. If, driven by homicidal intentions, the
time traveler eliminates their grandfather, preventing the birth of their father, their
own existence becomes untenable. This scenario illustrates just one iteration of the
grandfather paradox, which can manifest in myriad forms limited only by imagination.
In contrast, causal loops involve self-contained information or objects trapped within
spacetime. Consider a time traveler who ventures back to their past and furnishes their
younger self with a manual detailing the construction of a time machine. The younger
version then spends years constructing the time machine and eventually returns to the
past to deliver the manual to their younger self. Here, the time machine exists in the
future because it was built in the past by the younger version, and its construction was
facilitated by the manual received from the future. While each component of this loop
appears internally consistent, the paradox arises when considering the loop as a whole.
This raises the question: what is the source of the manual, appearing seemingly out
of thin air? Despite no violations of causality, the manual exists in spacetime without
ever being created. Gott and Li [9] delved into various iterations of these causal loops,
exploring the intriguing concept of whether the Universe could potentially create itself,
leading to the emergence of closed timelike curves (CTCs) when tracing back through
the original inflationary state, thereby posing a challenge to the notion of a first cause.

Recently, in a deterministic model of CTCs [507], a collection of areas devoid of
CTCs is considered, yet these areas could potentially be traversed by such curves.
Individuals within these locations receive classical states from past boundary, per-
form deterministic operations, and subsequently transmit the states through the fu-
ture boundary. The states noticed by each individual in their past are fixed by the
dynamics outside the locations, depending on the states created by other individuals.
A straightforward characterization was established for all operations concerning up to
three regions. Furthermore, it was revealed that, among three regions, processes devoid

43



Chapter 2. Theoretical Aspects of Backward Time Orientation

of causal ordering exhibit fundamental similarity.
However, Tobar and Costa [508] formulated a description of deterministic operations

amidst the existence of CTCs across numerous localized regions. Their demonstrations
have shown that non-trivial time-travel between multiple regions can coexist with the
absence of a logical paradox, provided that once the outcomes of all regions except
two are determined, only unidirectional signaling remains feasible. The identification
of unique and intricate quadripartite process functions that coexist with CTCs under-
scores the notion that when multiple localized areas interact while CTCs are present,
a diverse array of communication scenarios emerges. These scenarios maintain the
freedom of choice of observers in every location, without leading to logical contradic-
tions such as the grandfather paradox. This is the well-established description of the
potential emergence of paradox-free time-travel.

2.4 The Chronology Protection Conjecture
As discussed, the violation of causality may lead to severe disturbances in the chronol-
ogy, in terms of time-travel (paradoxes). This deeply unsettling situation has prompted
Hawking to propose his chronology protection conjecture [263]. He investigated the sce-
nario wherein causality violations occur within a finite region of spacetime devoid of
curvature singularities. Such regions typically feature a Cauchy horizon, compactly
generated, often encompassing one or more incomplete closed null geodesics. Geomet-
ric parameters can be defined to quantify the Lorentz boost and area expansion along
these closed null geodesics. If the causality violation originates from a non-compact
initial surface, the averaged weak energy condition must be breached on the Cauchy
horizon. This implies that closed timelike curves with finite lengths cannot be created
by cosmic strings. Even if quantum theory permits violations of the weak energy con-
dition, the energy-momentum tensor’s expectation value would escalate substantially if
timelike curves nearly close. It appears that the resultant back reaction would prevent
the emergence of closed timelike curves. According to Hawking, these findings strongly
endorse the chronology protection conjecture, for which “the laws of physics prohibit
the appearance of closed timelike curves.”

Note that there are still counter-arguments against the chronology protection con-
jecture. Therefore, one may finally conclude that there have been certain attempts to
disprove the possibility of time travel, but none of them are complete. However, the
justifications for time travel are not complete either. The scenario has been beautifully
explained by Michio Kaku:

“Originally, the burden of proof was on physicists to prove that time travel
was possible. Now the burden of proof is on physicists to prove there must
be a law forbidding time travel.”
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CHAPTER 3

THE ROLE OF CLOSED TIMELIKE
CURVES IN PARTICLE MOTION

WITHIN VAN STOCKUM SPACETIME:
A GENERALIZATION

3.1 Prelude
The current chapter delves into the analysis of particle dynamics within the van
Stockum spacetime framework, taking into account the presence of closed timelike
curves (CTCs). Investigation encompasses both inertial test particles with zero and
non-zero angular momentum within this particular geometric context. The examina-
tion reveals that solely test particles endowed with non-zero angular momentum are
observable in proximity to CTCs. Furthermore, study extends to determining the min-
imum energy threshold for particles and the extent of backward temporal displacement
along closed timelike geodesics (CTGs) bounded by a Cauchy horizon. Lastly, a com-
prehensive framework for the obtained results in general axially symmetric spacetimes
is delineated, supported by pertinent illustrative instances.

The chapter is arranged as follows: the study is initiated with the geodesic motion
in van Stockum interior metric in Section 3.2, where the radial null-like and timelike
motions are extensively investigated in terms of spacetime diagrams. The spacetime
diagram technique is mostly helpful for examining the geodesic structure within a ge-
ometry. Thus, the results obtained in Section 3.2 have been accommodated to describe
the regions of different angular momentum particles in Section 3.3. Section 3.4 is par-
ticularly dedicated to the investigation of closed timelike curves and closed timelike
geodesics in the interior van Stockum space. Finally, the extensive results of these sec-
tions are utilized in a general axisymmetric spacetime metric with prominent examples
in Section 3.5.
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3.2 van Stockum interior geodesics
The interior van Stockum metric is written as

ds2 = −dt2 + 2ar2dϕdt+ r2
(
1− a2r2

)
dϕ2 + e−a2r2

(
dr2 + dz2

)
, (3.1)

with ‘a’ being the angular velocity of the cylinder. The ranges of four cylindrical
coordinates are: t : {−∞,+∞}, r : {0,+∞}, ϕ : {0, 2π} and z : {−∞,+∞}. Now,
by using the Euler-Lagrange equation of motion, the first order geodesic equations are
readily obtained to be

ṫ =
(
1− a2r2

)
E + aPϕ , (3.2)

ϕ̇ =
Pϕ

r2
− aE , (3.3)

ż = Pze
a2r2 , (3.4)

ṙ2 = ea
2r2
[
−ϵ+

(
1− a2r2

)
E2 + 2aEPϕ −

P 2
ϕ

r2
− Pze

a2r2
]
, (3.5)

where E, Pϕ and Pz are the constants of motion corresponding to t, ϕ and z dynamics.
They are termed as the total energy of the test particle, total angular momentum, and
momentum along z direction respectively. ϵ = 0, 1, and −1 defines null, timelike, and
spacelike signatures. Therefore, with the required expressions in hand, one may now
delve into the investigation of radial geodesic motions.

Note that, the angular velocity in angular momentum-less test particles (both null-
like and timelike) happens to be non-zero, since Eq. (3.3) provides

ϕ̇ = −aE . (3.6)

Opher et al. described this to be the effect of spacetime dragging. The negative sign
effectively denotes that this dragging is counter-rotating with the spacetime rotation.

3.2.1 Radial null geodesics
By applying ϵ = 0, the r geodesic equation for photons (null-like) is given by

ṙ2 = ea
2r2
[(
1− a2r2

)
E2 + 2aEPϕ −

P 2
ϕ

r2
− Pze

a2r2
]
. (3.7)

One may now divide (3.2) by (3.7), to obtain the radial null geodesic equation as
follows:

dt

dr
=
dt/dλ

dr/dλ
=
ṫ

ṙ
= ± e−

a2r2

2 [(1− a2r2)E + aPϕ]√
(1− a2r2)E2 + 2aEPϕ −

P 2
ϕ

r2
− Pzea

2r2
. (3.8)

The solutions of Eq. (3.8) is introduced for zero and non-zero values of angular mo-
mentum (AM) of photons, i.e., Pϕ. Consequently, it will be convenient to define the
motion in a constant z slice by assuming Pz = 0, such that the coaxial movements of
the particles are free.
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3.2.1.1 Pϕ = 0 motion

For Pϕ = Pz = 0, the radial null geodesic equation (3.8) becomes

ṫ

ṙ
= ±e−

a2r2

2

√
1− a2r2 . (3.9)

Notice that the equation is free of the energy of particles, while only depending on the
angular velocity of the dust cylinder. However, it is not surprising, since the coaxial
motion-less, zero-angular momentum interior photons (including dust) necessarily store
their energy in the angular velocity, as verified from Eq. (3.3).

Further, with the standard numerical tool, one may integrate Eq. (3.9) for the
spacetime diagram of radial motion of photons. Thus, the expression is approximated
for figure 3.1 with different values of angular velocity, i.e., a = 1 and a = 1

2
. It

is observed that the maximum radii of photon orbits are restricted at ar = 1 line.
Physically, the inward directed acceleration vanishes at the symmetry axis (i.e., at
r = 0) and increases with the outward motion. Again, as the particles reach the ar = 1
boundary, their velocity vanishes and they are attracted inside and subsequently repeat
the motion. They perform this dynamics endlessly [260].
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Figure 3.1: Spacetime diagram of ra-
dial null geodesics with Pϕ = 0. The
ar = 1 boundary is exhibited with ver-
tical grid line.

3.2.1.2 Pϕ ̸= 0 motion

For Pϕ ̸= 0, (3.8) is modified to

ṫ

ṙ
= ± e−

a2r2

2 [(1− a2r2)E + aPϕ]√
(1− a2r2)E2 + 2aEPϕ −

P 2
ϕ

r2

. (3.10)

Note that the motion is restricted at the certain limit of radial direction where the
denominator of Eq. (3.10) vanishes for fixed a,E, Pϕ. One may estimate this limit by
considering (

1− a2r2
)
E2 + 2aEPϕ −

P 2
ϕ

r2
= 0 . (3.11)

It is however observed that this expression determines two non-zero limits in the ra-
dial direction within which the orbits are confined. These points are termed as rmax
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Figure 3.2: Spacetime diagrams of radial null geodesics with Pϕ = 1. The vertical
gridlines represent different confinement boundaries in each plot. The captions under
each figure note the corresponding minimum and maximum confinement radii.

and rmin, respectively for the maximum and minimum radius of confinement. Their
physically realizable expressions are given by

rmax =
E +

√
E2 + 4aEPϕ

2aE
, (3.12)

rmin =
−E +

√
E2 + 4aEPϕ

2aE
. (3.13)

Figure 3.2 exhibits the spacetime diagrams of non-zero AM photons corresponding
to Eq. (3.10). These orbits are plotted along with zero AM motions (keeping other
parameters i.e., a,E, fixed) for a comparable understanding.

As mentioned, the movement of non-zero AM photons is bounded inside the cylin-
drical shell of radius rmin and rmax. Notice that, with the variation of parameter
choices, location of this shell fluctuates. For instance, as the total energy of the pho-
tons (E) decreases, the shell shifts radially outward for a fixed value of a and Pϕ, as
seen from figures 3.2b, 3.2c and 3.2d. Interesting insights arising from these orbits will
be discussed in forthcoming sections.
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Further, one may observe from equations (3.7) and (3.10) that the velocity of pho-
tons vanish at rmin and rmax. At rmin, although the acceleration vanishes, the total
angular momentum leads to an outward pull to the photons, which again vanishes at
rmax and they are drawn inward.

3.2.2 Radial timelike geodesics
By choosing ϵ = 1 in Eq. (3.5), the r geodesic for timelike motion is obtained as

ṙ2 = ea
2r2
[
−1 + (1− a2r2)E2 + 2aEPϕ −

P 2
ϕ

r2
− Pze

a2r2
]
, (3.14)

which can be modified further to obtain the radial timelike geodesic equation:

ṫ

ṙ
= ± e−

a2r2

2 [(1− a2r2)E + aPϕ]√
−1 + (1− a2r2)E2 + 2aEPϕ −

P 2
ϕ

r2
− Pzea

2r2
. (3.15)

Hence, with freeing the coaxial movement of the massive (timelike) particles i.e., Pz = 0,
the zero and non-zero AM motions are discussed separately.

3.2.2.1 Pϕ = 0 motion

For zero AM particles, Eq. (3.15) yields

ṫ

ṙ
= ± Ee−

a2r2

2 (1− a2r2)√
−1 + (1− a2r2)E2

. (3.16)

Note that this equation is real-valued and physically realizable only when the following
inequality holds:

E > ± 1√
1− a2r2

. (3.17)

The corresponding spacetime diagram of particles (with relevant choices of parameters)
for Eq. (3.16) has been exhibited in Fig. 3.3.
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It is evident from both the figure 3.3, and Eq. (3.17) that these particles are always
confined within ar < 1. Nevertheless, Eq. (3.17) predicts the restriction of radial
motion for E = 2, a = 1/2 and E = 3, a = 1/2 at r = 1.732 and r = 1.886 respectively.
Interestingly, referring to Eq. (3.6), the spacetime dragging is linearly dependent on
the energy of test particles. Therefore, from Eq. (3.17), it is noted that the dragging
effect also forbids zero AM massive particles outside the ar = 1 boundary.

3.2.2.2 Pϕ ̸= 0 motion

For non-zero AM massive particles, Eq. (3.15) modified to

ṫ

ṙ
= ± e−

a2r2

2 [(1− a2r2)E + aPϕ]√
−1 + (1− a2r2)E2 + 2aEPϕ −

P 2
ϕ

r2

. (3.18)

For this solution to be physically realizable, the following restriction appears:

(
1− a2r2

)
E2 + 2aEPϕ −

(
1 +

P 2
ϕ

r2

)
> 0 . (3.19)

Notice that, similar to the non-zero AM photons, the motion of non-zero AM massive
particles are also restricted between a minimum and maximum radius, i.e., rmin−time

and rmax−time. One may compute these two radii from the roots of the denominator in
Eq. (3.18) as follows: (

arE − Pϕ

r

)
= ±

√
E2 − 1 , (3.20)

where the respective positive and negative right hand side provides rmax−time and
rmin−time as given by

rmax−time =

√
E2 − 1 +

√
E2 − 1 + 4aEPϕ

2aE
, (3.21)

rmin−time =
−
√
E2 − 1 +

√
E2 − 1 + 4aEPϕ

2aE
. (3.22)

Similar to the null-like motion, numerically integrated spacetime diagram of Eq.
(3.18) has been plotted in Fig. 3.4 along with corresponding plot of zero AM particles
for the same choices of parameters (i.e., a and E). The dashed vertical gridlines in
the figure, that provides the rmax−time and rmin−time restriction, have been predicted by
equations (3.21) and (3.22). Likewise the null geodesics, timelike motion is also confined
within the cylindrical shell of radii rmin to rmax. One may now compare Fig. 3.2a with
3.4a (since they share the same parameter choices), where it is comfortably observed
that the motion of timelike particles are always bounded within the confinement of
null-like motion. For instance, the maximum radial reach of zero AM massive particles
are ar = 1, where the cylindrical shell of non-zero AM particle motion is always
situated within the cylindrical shell of non-zero AM null-like motion. Thus, rmin−time

and rmax−time does not necessarily coincide rmin and rmax.
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Figure 3.4: Spacetime diagrams of radial timelike geodesics with Pϕ = 1. The vertical
gridlines represent different confinement boundaries in each plot.

3.3 The characteristic regions
It is interesting to note that the presence of the ar = 1 boundary, rmin and rmax,
delineates distinct regions of particle motion, where the characteristics can be zero or
non-zero AM. These boundaries are entirely contingent upon and fluctuate with the
angular momentum (Pϕ) and energy (E) of the particles. For example, readers are
referred to observe figures 3.2a and 3.2b. Hence, one may consider to distinguish the
regions as follows:

(i) Region I: From the symmetry axis to rmin, where only AM-less particles can
exist.

(ii) Region II: Region between rmin and ar = 1 boundary can be termed as the
mixed region, where both zero and non-zero AM particles can be found.

(iii) Region III: ar = 1 boundary to rmax, which is purely a non-zero AM particle
region.

Note that this observation is also valid for massive particles, as concluded from Fig. 3.4.
As already well-established, null-like photon movement corresponds to the limitation
of timelike massive particle motion. For instance, the rmin to rmax shell determines the
restriction of rmin−time to rmax−time shell, just like the light cone in worldline dynamics.

For another definition of the van Stockum interior and exterior regions, it is noted
that the primary assumption of the interior metric is r < R, where R is the radius
of the dust cylinder; and beyond this radius, there lies the exterior region. Therefore,
when rmax is larger than R, the interior solution is merged with the exterior solution,
leading to a completely different aspect of the current study, which is not considered
here momentarily. Hence, restricting the present attention to a pure interior particle
motion, it is concluded that the region outside rmax, i.e., rmax < r < R is a pure empty
space, where even the photons are forbidden to exist. So, observers residing outside
the r > rmax surface (the best place being the exterior region), can’t see the movement
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of particles inside the cylinder. The region will appear as a perfect dark cylinder to
their eyes.

The fluctuation in the locations of ar = 1, rmin and rmax surfaces with E,Pϕ and
a is another point of interest. Referring to figures 3.2a and 3.2b, although the ar = 1
boundary lie within rmin to rmax cylindrical shell, figures 3.2c and 3.2d indicate that
the shell gradually shifts away from the symmetry axis with the loss of particle energy,
E (for fixed value of Pϕ and a). Regions I, II, and III, all are present in figures 3.2a
and 3.2b. But, for Pϕ = a = 1, E = 1/2 is the critical point when the shell from
rmin to rmax has shifted so much that rmin has coincided with the ar = 1 boundary,
and therefore the mixed region (Region II) has vanished. Consequently, if the particle
energy (E) decreases further, Regions I and III have completely separated as shown
in Fig. 3.2d. This is the case where Region II is forbidden, and the region between
Regions I and III is pure empty space where the existence of particles is completely
restricted.

rmax

rmin

0 1 2 3 4 5
0

1

2

3

4

5

E

r

ar=1 boundary

(a) Null geodesics

rmax-time

rmin-time

0 1 2 3 4 5
0.0

0.5

1.0

1.5

2.0

E

r

ar=1 boundary

(b) Timelike geodesics

Figure 3.5: Variation of different confinement radii (for null and timelike geodesics) with
energy (E) of the photon (for (a)) and massive particle (for (b)), for Pϕ = 1, a = 1. The
vertical grid line in (a) shows the coincidence of rmin with ar = 1 for E = 1/2, Pϕ =
1, a = 1.

Hence, it is a matter of interest whether any relationship between E and Pϕ supports
the possibility of rmin and ar = 1 coincidence. Consider Eq. (3.13) with a = 1

r
such

that ar = 1 is consistently maintained. Therefore, it reduces to

rmin = r =
−E +

√
E2 +

4EPϕ

r

2E
r

, (3.23)

which further provides the following condition

E =
Pϕ

2r
. (3.24)

The choice of parameters in Fig. 3.2c obeys the condition (3.24), and thus rmin and
ar = 1 boundary coincide. On the other hand, when E <

Pϕ

2r
, Region I and Region
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III completely separate from each other, as given by Fig 3.2d. Fig. 3.5a offers the
variation of rmin and rmax with photon energy (E), for Pϕ = 2 and a = 1.

Another realization emerges from Eq. (3.20) where one may observe that, for
E ≤ 1, massive particle movement is completely forbidden. Note that, with the same
parameter choices, however, photons have no such limitation. In this particular region,
photons exist while the presence of massive particles is prohibited. This unique region
can be aptly termed as a “pure null region”. Interestingly, the occurrence of rmin and
ar = 1 coincidence, and the separation of Region I and Region III occurs under this
specific condition for photons.

Fig. 3.5b offers the variation of rmin−time and rmax−time with massive test particle
energy E, for Pϕ = 2 and a = 1. It clearly exhibits the restriction of massive particle
movement at E ≤ 1.

3.4 CTCs in van Stockum interior space-
time

According to the definition, the van Stockum interior solution contains closed timelike
curves corresponding to the ϕ coordinate with t, r, z being constants. From the timelike
gϕϕ component, it is found that the causality violating region appears at ar > 1 region.
Therefore, for the CTCs, the line element (3.1) takes the form

ds2 = r2(1− a2r2)dϕ2 . (3.25)
Now, using the Euler-Lagrange dynamics on this equation, the angular velocity of the
CTC is given by

ϕ̇ =
Pϕ

r2(1− a2r2)
, (3.26)

where Pϕ is the angular velocity of the particles orbiting the CTCs. This expression
does not involve any separate space-time dragging term. The only characteristic term
present here is angular momentum. Therefore, particles only traverse these curves with
non-zero AM. Notice that Eq. (3.26) disallows the motion of angular momentum-less
particles in the vicinity of CTC.

Now, if the assumption of CTC, i.e., t, r, z to be constant, which leads to ṫ = ṙ =
ż = 0, is imposed on the geodesic equations (3.2), (3.4) and (3.5), one gets

ṫ = 0 = (1− a2r2)E + aPϕ , (3.27)
ż = 0 = Pze

a2r2 , (3.28)

ṙ2 = 0 = ea
2r2
[
−1 +

(
1− a2r2

)
E2 + 2aEPϕ −

P 2
ϕ

r2
− Pze

a2r2
]
. (3.29)

Since, ea2r2 ̸= 0 and Pz = 0 (from (3.28)), the following modifications are obtained
(1− a2r2)E = −aPϕ , (3.30)

−1 + (1− a2r2)E2 =
P 2
ϕ

r2
− 2aEPϕ . (3.31)

53



Chapter 3. The role of CTCs in van Stockum spacetime: a generalization

Hence, Equations (3.30) and (3.31) approximate the energy required by the particles
to traverse the CTC as

E = ± ar√
a2r2 − 1

, (3.32)

which also re-establishes the position of CTCs to be ar > 1.
Using the same treatment, one may now show that the energy required by a particle

to traverse closed spacelike geodesics (CSG) is

E = ± ar√
1− a2r2

, (3.33)

suggesting that CSG appears in the spacetime at ar < 1 region of the cylinder. So,
ar = 1 boundary separates the CTGs and CSGs. Alongside, it is the position where
closed null geodesics (CNGs) are possible to appear. Thus, the ar = 1 boundary is
nothing but the Cauchy horizon.

3.4.1 Backward time jump in CTG
If equations (3.30) and (3.32) are substituted in Eq. (3.3), one gets

ϕ̇ = − E

ar2
= ∓ 1

r
√
a2r2 − 1

. (3.34)

Consider τ1 and τ2 to be the proper time of a particle at ϕ = 0 and ϕ = 2π respectively,
then the backward time jump ∆τ = τ2− τ1 for the particle in CTG occurs when it just
crosses ϕ = 2π position, i.e.,

2π = ∓ 1

r
√
a2r2 − 1

(τ2 − τ1) = ∓ 1

r
√
a2r2 − 1

(∆τ) . (3.35)

For a non-negative energy of the particle, this expression provides

∆τ = −2πr
√
a2r2 − 1 , (3.36)

where the negative sign denotes a backward time jump.
The expression in Eq. (3.36) represents the constant nature of backward time

jump for a CTG at fixed radius r, which offers the remarkable feature that after each
rotation, the particle always reappears at the same proper time it started. This also
means that the particle cannot escape the CTG loop (at constant radius r) for an
infinite time, according to the observer’s frame of reference. In terms of the particle’s
frame of reference, it travels the loop for a certain time and eventually gets back to the
same initial position for infinite rotations.

3.4.2 Dependence on angular momentum (Pϕ)
Until now, it is clearly observed that zero-angular momentum particles are restricted
within the ar < 1 region. But, non-zero AM particles, i.e., with Pϕ ̸= 0, can fluently
traverse ar > 1 region where CTGs are allowed to exist. Therefore, only non-zero AM
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particles can traverse the closed timelike geodesics in van Stockum interior solution.
From equation (3.30),

E = − aPϕ

1− a2r2
, (3.37)

which suggests that the particles must have a non-zero AM otherwise, they have no
energy to survive the journey.

A 3d parametric plot has been exhibited in Fig. 3.6 to represent the closed timelike
geodesic at the cylindrical shell of radius ar = 1 boundary to rmax−time, i.e., Region
III.

Figure 3.6: Three-dimensional para-
metric plot capturing a CTG orbit be-
tween ar = 1 and rmax−time, for E =
2, Pϕ = 1, a = 1/2. The rmin−time, ar =
1, rmax−time, and the CTG are respec-
tively located at r = 0.457, r = 2, r =
2.189, and r = 2.1.

3.5 A generalized formulation
Previous sections have briefly investigated that the AM-less particles are forbidden
in the vicinity of CTCs. This leads to the examination of a general axisymmetric
spacetime line element to know whether they all exhibit the same feature irrespective
of their choices of metric coefficients.

3.5.1 Closed timelike curves
To start the generalized description of CTCs, consider the general stationary, axisym-
metric, rotating line element as given by [224]

ds2 = −Fdt2 + 2Mdϕdt+ Ldϕ2 +H1dr
2 +H2dz

2 , (3.38)

where F ,M , L, H1 and H2 are the metric components gij, which can be arbitrary
functions of r, t, z together or individually. The azimuthal curve in Eq. (3.38) with
{t, r, z} = const., and L < 0 denotes the closed timelike curve, whereas corresponding
curve with L = 0 describes a closed null curve.
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The Lagrangian of the metric is readily given by

2L = −F ṫ2 + 2Mϕ̇ṫ+ Lϕ̇2 +H1ṙ
2 +H2ż

2 , (3.39)

for which the calculation of first order geodesic equations in terms of canonical mo-
mentum Pq =

∂L
∂q̇

is straightforward using the Euler-Lagrange equation, as given by

Pt = −E = −F ṫ+Mϕ̇ ,

Pϕ =Mṫ+ Lϕ̇ ,

Pz = H2ż .

(3.40)

Here, E,Pϕ, Pz are the integration constants denoted by total energy, angular mo-
mentum, and momentum along z direction respectively for a test particle. The set of
simplified geodesic equations are now given by

ṫ =
PϕM + EL

M2 + LF
, (3.41)

ϕ̇ =
PϕF − EM

M2 + LF
, (3.42)

ż =
Pz

H2

. (3.43)

Note that, ϕ̇ is the angular velocity of the particle, which is non-zero even for zero AM.
This is interpreted as the spacetime dragging term, as given by

ϕ̇ = − EM

M2 + LF
, (3.44)

where the negative sign denotes the counter-rotation with the orientation of spacetime
rotation. Thus, for the dynamics of CTC, AM-less particles cannot be avoided alone
just because of the absence of their rotation.

Now, by using geodesic equations (3.41), (3.42) and (3.43), the radial null geodesic
for the metric (3.38) is given by

ṙ2 =
E2L− P 2

ϕF + 2MEPϕ

(M2 + LF )H1

− P 2
z

H1H2

. (3.45)

Considering the coaxial movement to be free, one obtains

ṫ

ṙ
=
dt

dr
=

(PϕM + EL)
√
H1√

(M2 + LF )(E2L− P 2
ϕF + 2MEPϕ)

. (3.46)

Notice, the expression inside the square root in the denominator must be greater than
zero to maintain the equation real. Since the Lorentzian signature of the metric ((M2+
LF ) > 0) is true, it determines the following relation

(E2L− P 2
ϕF + 2MEPϕ) > 0 , (3.47)
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which provides the radial geodesic confinement condition for photons. Therefore, for
zero AM photons, one may obtain E2L > 0; and since the energy of photons is always
non-zero, it simplifies to

L > 0 . (3.48)
This condition represents the necessary requirement for achieving confinement of pho-
ton trajectories devoid of angular momentum. The emergence of CTCs, indicative of
causality violation, occurs within the region where L < 0. Given that the boundary de-
lineating photon confinement signifies the utmost limitation for timelike particles, this
condition consistently prevents angular momentum-less massive particles from ventur-
ing into the CTC region.

Further, for CTCs, the metric given by (3.38) takes the form

ds2 = Ldϕ2 , (3.49)

where the angular momentum corresponding to ϕ geodesic is given by

ϕ̇ =
Pϕ

L
. (3.50)

To maintain this expression in CTCs, one may note that the geodesic equation (3.42)
necessarily demands M to be zero, for which the spacetime dragging term (3.44) van-
ishes. Therefore, it can be concluded that the CTCs may not be the result of the
spacetime dragging effect. Moreover, Eq. (3.50) also claims that AM-less particles
cannot be present in the vicinity of CTCs.

These explanations perfectly fit with the corresponding discussions in van Stockum
interior solution.

3.5.2 Closed timelike geodesics
Considering the metric given by Eq. (3.38) allows for the CTGs, the radial timelike
geodesic is given by

ṙ2 =
−M2 − LF + E2L− P 2

ϕF + 2MEPϕ

(M2 + LF )H1

− P 2
z

H1H2

. (3.51)

Now, according to the condition of CTG, i.e., ṫ = ṙ = ż = 0, equations (3.41), (3.43)
and (3.51) become

PϕM + EL = 0 , (3.52)
Pz = 0 , (3.53)

−M2 − LF + E2L− P 2
ϕF + 2MEPϕ = 0 , (3.54)

where Eq. (3.52) further gives,
Pϕ = −EL

M
. (3.55)

From this relation, it is evident that for Pϕ = 0, E must also be zero, since L ̸= 0 for
any closed timelike orbits. This implies that for Pϕ = E = 0, M2 + LF = 0 in Eq.
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(3.54) which directly contradicts the Lorentzian signature of the metric. Therefore, it
is evident that Pϕ cannot be zero, suggesting that AM-less particles are forbidden in
CTGs.

Now, plugging the value of Pϕ from Eq. (3.55) in (3.54) by maintaining the
Lorentzian signature, one gets

E = ± M√
−L

. (3.56)

This is the expression of the total amount of energy required by a particle to traverse
a CTG.

On the other hand, imposing equations (3.55) and (3.56) in (3.42), it gives

ϕ̇ = − E

M
= ∓ 1√

−L
, (3.57)

which can be integrated to obtain the total backward time jump for a particle in a full
rotation around CTG, as

∆τ = ∓2π
√
−L , (3.58)

where ∆τ = (τ2 − τ1) is the backward time jump. Note that, τ1 and τ2 are the proper
time of the massive particle at ϕ = 0 and ϕ = 2π respectively.

The relations given by equations (3.56) and (3.58) have to be fulfilled by every
CTGs present in stationary, axisymmetric, rotating metric as in Eq. (3.38). These are
however not the sufficient conditions for the CTCs which are non-geodesics.

3.5.3 Examples on the generalized formulation
In this section, the above generalization is imposed and tested for a couple of well-
established axially symmetric solutions allowing CTCs.

3.5.3.1 Gödel’s universe

The metric that describes Gödel’s cosmological universe is given by [235]

ds2 = 4a2
[
dt2 − dr2 +

(
sinh4r − sinh2r

)
dϕ2 + 2

√
2sinh2rdϕdt− dz2

]
. (3.59)

Considering a different set of coordinates (t′, r, ϕ), and suppressing the z coordinate,
one gets

ds2 = 2ω−2
[
−dt′2 + dr2 −

(
sinh4r − sinh2r

)
dϕ2 + 2

√
2sinh2rdϕdt

]
, (3.60)

where a and ω are arbitrary positive numbers. Now, in terms of the general metric
(3.38), the metric components are: F (r) = 2ω−2, M(r) = 2ω−2

√
2sinh2r, L(r) =

−2ω−2(sinh4r − sinh2r), H1(r) = 2ω−2.
In this cosmological solution, Gödel investigated that a causality violating closed

timelike loop appears at r > ln(1 +
√
2). Alongside, the CTC present here is non-

geodesic in nature [2,243]. Note that, a simple technique to check whether a spacetime
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allows for the CTGs is investigated by Grøn and Johannesen in [262], where the geodesic
confinement in Gödel’s solution is extensively examined by Novello et al. [249].

To eliminate the potential for zero-AM particles to travel within these CTCs, the
confinement of AM-less photon trajectories are investigated. This analysis delineates
the limitation on the movement of massive particles without angular momentum be-
yond the confinement boundary.

Now to check the confinement of zero AM photons, Eq. (3.48) is used as

−2ω−2(sinh4r − sinh2r) > 0 , (3.61)

which simplifies to r < ln(1+
√
2). This finding implies that the farthest radial extent

achievable by AM-less photons is ln(1 +
√
2). Consequently, it decisively eliminates

the potential for movement of timelike particles devoid of angular momentum into the
region containing closed timelike curves (CTCs).

3.5.3.2 Bonnor’s rotating dust

Bonnor’s line element of rotating dust cloud [239] is given by

ds2 = −dt2 + 2ndϕdt+ (r2 − n2)dϕ2 + eµ(dr2 + dz2) , (3.62)

where
n =

2hr2

R3
, µ =

h2r2(r2 − 8z2)

2R8
, R2 = (r2 + z2) . (3.63)

Bonnor described ‘h’ to be the rotation parameter. Therefore, in terms of the general
metric (3.38), the metric components are: F (r, z) = 1,M(r, z) = n, L(r, z) = (r2−n2),
and H1(r, z) = H2(r, z) = eµ. Note that this spacetime allows for non-geodesic closed
timelike curves [262].

The region where causality violation occurs, resulting in the appearance of CTCs,
can be determined by the condition L < 0. At the position z = 0, this condition
transforms into

r4 < 4h2 . (3.64)
Conversely, the confinement of AM-less photons at z = 0 is characterized by L > 0,
which can be expressed as

r4 > 4h2 . (3.65)
Thus, it demonstrates the absence of movement of angular momentum-less timelike
massive particles in the vicinity of closed timelike curves.

3.6 Discussions
There are a number of different observations made in this chapter which are as follows:

1. Opher et al. noted that within the van Stockum solution, “The gravitational col-
lapse of a cylinder with rotation can never develop singularities at the axis” [260].
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The present study reveals that any particle confined within the dust cylinder can-
not escape, assuming the radius of the dust cylinderR always exceeds rmax. While
the dust cylinder may not exhibit the characteristics of a typical black hole, to
external observers, it perpetually presents itself as a perfectly black cylindrical
region.

2. In the van Stockum solution, there may exist unphysical imaginary timelike
geodesic solutions. However, by imposing the same parameter choices, physi-
cally realizable null trajectories can be identified. Interestingly, in these regions,
only photons are permitted to exist, leading to the emergence of what is termed
as a “pure null region.”

3. For photons with energies exceeding Pϕ

2r
(where r represents the radial position of

the ar = 1 boundary) in van Stockum space, the ar = 1 boundary consistently
lies between rmin and rmax. When the energy equals Pϕ

2r
, rmin aligns with the

ar = 1 boundary. However, for energies below Pϕ

2r
, the ar = 1 boundary is no

longer restricted within rmin to rmax. Instead, the cylindrical shell ranging from
rmin to rmax shifts outward to the ar = 1 boundary. These latter two scenarios
are only applicable in a pure null region.

4. In the van Stockum interior, the region of spacetime where causality is vio-
lated (i.e., ar > 1) spans from ar = 1 to rmax, which corresponds to Region
III as described. This region exclusively accommodates particles with non-zero
AM, implying that particles without AM are entirely prohibited from traversing
CTCs. Thus, angular momentum emerges as a crucial factor for determining the
eligibility of particles to move along closed timelike trajectories.

5. The absence of particles without angular momentum in closed timelike geodesics
can be demonstrated more straightforwardly. In van Stockum, this is expressed
by equation (3.37), with the general confirmation provided in equation (3.55).

6. The preceding section’s comprehensive overview affirms that axially symmetric
rotating spacetimes accommodating CTCs also exhibit spacetime dragging. This
phenomenon is contingent upon the qualitative behaviour of the metric coeffi-
cients [509]. Our investigation delves into the impact of spacetime dragging on
particle motion along closed timelike orbits. Spacetime dragging is the mech-
anism responsible for inducing rotational motion in particles devoid of angular
momentum. However, this dragging effect is prohibited within closed timelike
curves. Instead, particles traverse CTCs solely due to their angular momentum.

7. Referring to equations (3.26) and (3.50), it is evident that the angular velocity
of particles within closed timelike curves (CTCs) does not incorporate distinct
spacetime dragging terms. This suggests that the formation of CTCs may not be
contingent upon spacetime dragging. A comparable rationale can be identified
in the examination of counter-rotation within CTCs [291, 510].
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8. A concise investigation into closed timelike geodesics is conducted, wherein the
backward time jump and the energy required for traversal within a CTG are
determined. The time jump remains constant, causing the particle to return to
its original state with each rotation, akin to an endless cycle that never fascinates
a time traveler. The magnitude of the jump increases as the loop is extended
further away from the axis in the interior solution of van Stockum.

9. The outcomes of the general description are applied to several familiar spacetimes
like Gödel and Bonnor metrics. It is demonstrated that all spacetimes conform-
ing to the format described in equation (3.38) prohibit angular momentum-less
particles from traversing closed timelike orbits.
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CHAPTER 4

ON THE ROLE OF CLOSED TIMELIKE
CURVES AND CONFINEMENT

STRUCTURE AROUND
KERR-NEWMAN SINGULARITY

4.1 Prelude
In the realm of Einstein’s General Relativity (GR), the study of geodesic motion around
black holes is a captivating field, intricately linked to various astronomical phenomena
such as black hole shadows, light deflection, and planetary perihelion shifts. With
upcoming advancements in experimental capabilities, including the LIGO [511], the
Event Horizon Telescope [512], and others like ATHENA [513], SKA [514], and eLISA
[515] are poised to delve into the mysteries surrounding black hole horizon phenomena
with unprecedented precision.

The Kerr-Newman solution of the Einstein-Maxwell field equations characterizes
the gravitational field of a charged rotating black hole [274]. Notably, it can also de-
scribe a naked singularity under specific metric parameter limits. This solution can
reduced to the Kerr [237], Schwarzschild, and Reissner-Nordström [516, 517] metrics
with tailored choices of the black hole’s angular momentum (a) and electric charge
(Q). While many astrophysical black hole candidates are anticipated to exhibit rota-
tion, they are mostly expected to possess negligible or no net charge. However, certain
accretion scenarios suggest the plausibility of black holes with both net charge and
spin [518–520], thus igniting recent interest in Kerr-Newman black holes. This solu-
tion is significant both phenomenologically and conceptually as it offers an idealized
framework to explore the interplay between gravitoelectric, gravitomagnetic, and elec-
tromagnetic aspects of gravity. For an in-depth review of the Kerr-Newman metric,
readers can refer to [521].

Investigating the gravitational field and associated phenomena within a specific
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metric entails examining the geodesic motion of test particles in the spacetime. Vari-
ous facets of geodesic motion in Kerr-Newman geometry have been explored over time,
for instance, refer to [522–539]. Pugliese et al. specifically studied equatorial orbits
of neutral test particles, distinguishing between black hole and naked singularity sce-
narios using an effective potential approach [540]. In this study, of particular note is
the existence of an empty region surrounding the central singularity, preventing test
particles from interacting with the singular point, which holds relevance to the present
chapter.

In this chapter, the motion of particles surrounding the naked singularity and black
hole within Kerr-Newman spacetime is delved into, with particular focus on closed time-
like orbits. It is obtained that both the naked singularity (NS) and black hole (BH)
are shrouded by regions where causality is violated, effectively concealing the singu-
larity. Moreover, the Cauchy surface consistently resides within the inner horizon in
non-extremal black holes. For neutral particles and those possessing charge with same
polarity as the source, only particles with positive angular momentum are permitted
to traverse the closed timelike curves. Conversely, for particles with opposite polarity
charge to the source, the significant Coulomb attraction draws all particles within the
Cauchy surface, enabling their presence in closed timelike curves regardless of their
angular momentum. Nonetheless, in both the NS and BH scenarios (both extremal
and non-extremal), test particles are confined at a substantial distance from the singu-
lar point, thus ensuring the existence of an empty region surrounding the singularity
that prevents particle interaction with it. The radius of this empty region, contingent
upon source parameters and characteristics of particles, is scrutinized through a precise
expression.

The chapter commences with a concise overview of the Kerr-Newman geometry in
Section 4.2, emphasizing horizon features and the presence of closed timelike curves
(CTCs). Following this, Section 4.3 delves into the derivation of geodesic equations
for neutral particles. Sections 4.4 and 4.5 are dedicated to a detailed examination
of geodesic motion and the behaviour of neutral test particles within CTCs for both
naked singularities and black holes, including non-extremal and extremal cases. The
study of the expression for confinement radius is conducted in section 4.6. Moving on
to Section 4.7, a transition is made to the discussion of the motion of charged particles,
synthesizing the concepts introduced earlier. Finally, the chapter concludes with a
summary of findings in Section 4.8.

4.2 Kerr-Newman Geometry
The Kerr-Newman spacetime, which is asymptotically flat, axisymmetric, and station-
ary, can be determined from the solution of the Einstein-Maxwell field equation:

Gµν = −2

(
gαβFµαFνβ −

1

4
gµνFαβF

αβ

)
, (4.1)
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where Gµν and F µν represent the Einstein tensor and electromagnetic tensor respec-
tively. The metric is expressed in the Boyer-Lindquist form as

ds2 =
ρ2

∆
dr2 +

sin2θ

ρ2
[
(r2 + a2)dϕ− adt2

]2 − ∆

ρ2
[
asin2θdϕ− dt

]2
+ ρ2dθ2 , (4.2)

with

∆ = r2 − 2Mr + a2 +Q2 , (4.3)
ρ2 = r2 + a2cos2θ . (4.4)

Here, M denotes the mass (always assumed to be greater than zero), a represents
the angular momentum of the spacetime, and Q stands for the electric charge of the
gravitational source. The metric description simplifies to the Schwarzschild metric
when Q = a = 0, while the Kerr and Reissner-Nordström metrics are obtained by
setting Q = 0 and a = 0, respectively.

Horizons are formed in the spacetime when the condition ∆ = 0 is satisfied, re-
sulting in r± = M ±

√
M2 − a2 −Q2. Here, r+ and r− denote the outer horizon (the

event horizon for Kerr-Newman black hole) and inner horizon, respectively. However,
the null coordinate expression of the metric shows no singularity at ∆ = 0. Although
understanding the physical significance of the coordinate singularity is crucial in the
geometry context, the only genuine singularity of the spacetime occurs at r = 0.

At this juncture, three observations can be inferred from the expression of r± [521]:

1. When M2 > (a2 + Q2), both the inner and outer horizons coexist, with the
singularity concealed behind the event horizon. The region within the black
hole, delineated by r < r+, remains hidden from an observer situated at infinity.

2. In the scenario where M2 = (a2 +Q2), the inner and outer horizons coincide at
r =M , defining the Kerr-Newman extremal black hole.

3. When M2 < (a2 + Q2), the event horizon is absent, and the geometry features
a naked singularity. A crucial implication of this condition is the breach of
causality, where closed timelike orbits are not ensconced within an event horizon.

In a stationary, axisymmetric spacetime, describing a closed timelike curve involves
considering gϕϕ to be negative, along with constant t, r, θ [224]. In the Kerr-Newman
metric, this condition translates to the expression:

r4 + a2(r2 + 2Mr −Q2) < 0 , (4.5)

when considering a curve in the equatorial slice of the geometry. The boundaries of
these regions are determined explicitly by solving r4+a2(r2+2Mr−Q2) = 0, yielding
radii given by the roots:

r+± ≡ 1

2

√
ζ ± 1

2

√
−2a2 − ζ − 4a2M√

ζ
, (4.6)

r−± ≡ −1

2

√
ζ ± 1

2

√
−2a2 − ζ +

4a2M√
ζ

, (4.7)
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Figure 4.1: The boundary of the CTC r−+ (orange surface), along with the inner (gray
surface) and outer (black surface) horizons, is exhibited as a function of a/M ∈ (0, 1.5)
andQ/M ∈ (0, 1.5). In the Kerr-Newman black hole, r−+ always resides within the event
horizon, while in naked singularity, the CTC is open, covering the central singularity
at r = 0.

where

ζ ≡ −2a2

3
+

21/3(a4 − 12a2Q2)

3
(
2a6 + 108a4M2 + 72a4Q2 +

√
−4(a4 − 12a2Q2)3 + (2a6 + 108a4M2 + 72a4Q2)2

)1/3
+

(
2a6 + 108a4M2 + 72a4Q2 +

√
−4(a4 − 12a2Q2)3 + (2a6 + 108a4M2 + 72a4Q2)2

)1/3
3× 21/3

. (4.8)

Therefore, when considering a CTC within the Kerr geometry, only Eq. (4.8)
undergoes a change in value when Q = 0, while Eqs. (4.6) and (4.7) remain unchanged.
It is observed that for fixed source parameters (a, Q, M), both ζ and M are always
positive, resulting in complex radii for r+±. Conversely, r−+ yields real positive values,
and r−− provides real negative values. The behaviour of r−+ in relation to the inner
and outer horizons is depicted in Fig. 4.1. It is noteworthy that until the inner
and outer horizons coincide, the boundary of the CTC, represented by r−+, always
remains within the horizons. Beyond this point, the values of source parameters a/M
and Q/M determine the presence of a naked singularity, where the horizons vanish.
Additionally, as Q/M decreases, the CTC region moves closer to the central singularity,
and as Q/M → 0, it approaches the singularity at r = 0. This trend is similarly
observed for a/M → 0. Consequently, for both Kerr and Reissner-Nordström cases,
the causality-violating region is situated near the singularity. However, the Cauchy
surface, indicated by the orange surface, always remains within the inner horizon (gray
surface), representing the type of particle motion possible within the inner horizons of
a rotating black hole.

For CTC formation, the azimuthal coordinate ϕ must exhibit timelike character-
istics while keeping other coordinates (t, r, θ) constant. Therefore, according to Eq.
(4.2), the spacetime metric becomes:

ds2 =
r4 + a2(r2 + 2Mr)− a2Q2

r2
dϕ2 . (4.9)
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For ϕ to be timelike, the source charge Qmust significantly influence, satisfying relation
(4.5). The CTC region, i.e., causality violating region is defined by r < r−+. Utilizing
the Lagrangian formulation L = 1

2
gαβẋ

αẋβ, within the CTC region, one may have
2L = Āϕ̇2, where Ā = r4+a2(r2+2Mr)−a2Q2

r2
. Consequently, the angular momentum (Lc)

of a timelike particle is conserved and given by:

Lc = Āϕ̇ , (4.10)

where Ā is negative in the CTC region, ensuring the timelike nature of the angular
coordinate ϕ. Hence, the angular velocity ϕ̇ of any test particle relies on its angular
momentum as:

• Test particles with positive angular momentum (Lc > 0) exhibit counter-rotating
angular velocity, facilitating CTC formation, as the CTC counter-rotates with the
source spin, opposing the rotation direction of the singularity. Detailed discussions can
be found in [291].

• Conversely, test particles with negative angular momentum (Lc < 0) demonstrate
co-rotating angular velocity, hindering CTC formation.

Additionally, it is important to clarify that the presence of timelike geodesics or
curves within the region r < r−+ does not necessarily imply causality violation to form
closed timelike geodesics (CTGs) (for further details, see references [541–543]).

4.3 The Equatorial Geodesics
To derive the geodesic equations for the metric (4.2), one can employ the Lagrangian
approach. In this study, sole focus is placed on equatorial geodesic motion, with θ
being set to π/2. Consequently, the geodesic equation associated with θ is omitted
throughout our analysis. The first-order geodesic equations are obtained from the
canonical momentum corresponding to the Euler-Lagrange dynamics as

ṫ =
E(r4 + a2(r2 + 2Mr −Q2))− aL(2Mr −Q2)

r2(r2 + a2 − 2Mr +Q2)
, (4.11)

ϕ̇ =
aE(2Mr −Q2) + L(r2 − 2Mr +Q2)

r2(r2 + a2 − 2Mr +Q2)
, (4.12)

ṙ2 =

(E2 − µ) r4 + 2Mr3µ− (−a2E2 + L2 + a2µ+Q2µ) r2

+ (−aE + L)2 (2Mr −Q2)

r4
. (4.13)

In this context, the constants of motion, denoted as E = −∂L
∂ṫ

= −gαβξαt uβ and L =
∂L
∂ϕ̇

= gαβξ
α
ϕu

β, are associated with the total energy and angular momentum of the test
particle with mass µ. These constants are determined by the canonical momentum of
the Lagrangian with respect to the time and azimuthal coordinates, where ξt = ∂t and
ξϕ = ∂ϕ represent the timelike and spacelike killing vectors, respectively, indicating the
space’s stationarity and the source’s axial symmetry.
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Several observations can be made regarding the co-rotation effect and circular mo-
tion of test particles in spacetime. For instance, in the ϕ geodesic equation (4.12),
setting L = 0 yields a non-zero angular velocity ϕ̇, expressed as:

ϕ̇ =
aE(2Mr −Q2)

r2(r2 + a2 − 2Mr +Q2)
. (4.14)

This phenomenon can be interpreted as spacetime dragging. Consequently, even when
considering L = 0, particles lacking angular momentum still exhibit co-rotation with
spacetime. Moreover, if the spacetime’s angular momentum vanishes (a = 0), the
dragging effect disappears.

The feasibility of circular motion for test particles can be described through the
classical effective potential approach. Test particle dynamics can be likened to one-
dimensional classical particle motion within the effective potential V (r). The effective
potential for equatorial timelike geodesics is expressed as [14]:

V =
−B ±

√
B2 − 4AC

2A
, (4.15)

where A, B, and C are derived directly from the radial timelike geodesic equation (i.e.,
Eq. (4.13)), and are defined as:

A = r4 + a2(r2 + 2Mr −Q2) , (4.16)
B = −2aL(2Mr −Q2) , (4.17)
C = −µr4 + 2Mr3µ− (L2 + a2µ+Q2µ)r2 + L2(2Mr −Q2) . (4.18)

The circular orbits of test particles can be determined by solving the following equations
simultaneously:

V ′(r, L, a,Q) = 0 , and V =
E

µ
. (4.19)

Here, the prime symbol denotes differentiation with respect to r.
The primary objective of this chapter is to delineate the motion of test particles as-

sociated with both black holes and naked singularities as a function of angular momen-
tum (L). To investigate circular motion dynamics, the condition V ′ = 0 is examined
and resolved in terms of angular momentum (AM). The solution is generally expressed
as

L±

µ
≡ 1

r2

[
X ± 2M2

√
Y

Z

]1/2
, (4.20)

where L = ±L±, with
X ≡ r2

{
−
(
Q2 −Mr

)
r4
[
2Q2 + (r − 3M)r

]
+ a4

(
Q2 −Mr

) [
2Q2 − (5M + r)r

]
+

a2
[
2Q6 +Q4(r − 11M)r − 2Q2(r − 2M)r2(5M + r) + 2Mr3[r(3M + r)− 6M2]

]}
, (4.21)

Y ≡ −a2
(
Q2 − rM

)
r4
[
a2 +Q2 + (r − 2M)r

]2 [
a2
(
Q2 −Mr

)
+
(
2Q2 − 3Mr

)
r2
]2

, (4.22)

Z ≡ 4a2
(
Q2 − rM

)
+
[
2Q2 + (r − 3M)r

]2
. (4.23)
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The associated energy is derived from Equation (4.19), given by

E(±L∓) =

−(±L∓) (Q
2 − 2Mr) +

√
r2 [a2 +Q2 + (r − 2M)r]×

(r2 (L2
∓ + r2) + a2 [r(2M + r)−Q2])

r4 + a2 [r(2M + r)−Q2]
.(4.24)

In this context, L+ and L− respectively represent the positive and negative segments of
angular momentum. Pugliese et al. briefly examined the well-defined region of energy
and angular momentum in orbital coordinates and source parameters, also analyzing
regions where circular motion occurs [540]. However, delving into the region of space
occupied by circular orbits is not pertinent to the current investigation. Instead, the
focus lies on understanding the relationship between the effective potential and angular
momentum.

This chapter delves into exploring the space region where geodesic trajectories and
closed timelike curves within a Cauchy horizon are feasible. To study motion around
CTCs in Kerr-Newman geometry, various techniques are employed, including geodesics
in spacetime diagrams, velocity analysis, and effective potentials in radial timelike
geodesics. It is well-known from textbook discussions that CTCs manifest in certain
rotating spacetimes within specific spatial regions. Despite the complete geodesic struc-
ture of a metric, there are constraints for particles with diverse characteristics. In the
r−t spacetime diagram, the expression for dt/dr is derived from the geodesic equations
(4.11) and (4.13). Trajectories are examined concerning the zero, positive, and nega-
tive values of angular momentum (AM) of test particles. Particles with positive AM
co-rotate with spacetime, negative AM particles counter-rotate, while those with zero
AM only rotate due to spacetime dragging. Without loss of generality, the initial focus
is on neutral particle scenarios with positive charge and positive angular momentum
of spacetime (Q > 0 and a > 0), whereas the latter section deals with the motion
of charged particles. The discussion commences with horizon-less naked singularities
followed by non-extremal and extremal black holes.

4.4 Naked Singularity
In this section, the motion of neutral test particles around the Kerr-Newman naked
singularity will be discussed in detail. Focusing on the effective potential and zero AM
particles, the solution of the equations

V ′(r, L, a,Q) = 0 , and L = 0 , (4.25)

identifies specific circular motion in the geometry, with the real solution existing solely
in the naked singularity. Typically, the gravitational component of the effective poten-
tial dictates the motion described by Eq. (4.25), and motion with L = 0 occurs only
when forces are balanced in the configuration. This phenomenon can be interpreted as
a repulsive gravity effect, as discussed in [544].

Furthermore, characterizing particle motion with non-zero angular momentum be-
comes more intricate in Kerr-Newman (KN) naked singularities. Thus, to prepare for
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the study, the radial null geodesic equations for naked singularities are expressed in
terms of dt/dr, as

• Geodesics with zero angular momentum:

dt

dr
= ±

√
r4 + a2(r2 + 2Mr −Q2)

(r2 + a2 − 2Mr +Q2)
, (4.26)

• Geodesics with non-zero angular momentum:

dt

dr
= ± E(r4 + a2(r2 + 2Mr −Q2))− aL(2Mr −Q2)

(r2 + a2 − 2Mr +Q2)

√
E2r4 − (−a2E2 + L2)r2

+ (−aE + L)2(2Mr −Q2)

. (4.27)
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Figure 4.2: (a) Spacetime diagram illustrating radial null geodesics around naked sin-
gularity. Trajectories for photons with both zero and non-zero AM are depicted, where
E = 2 and a = Q = M = 1. The confinement of trajectories with L = 0, L = 1, and
L = −1 occurs respectively at r = 0.405, r = 0.322, and r = 0.456, indicated by ver-
tical dashed lines. (b) Spacetime diagram illustrating radial timelike geodesics around
naked singularity. Trajectories for massive particles with both zero and non-zero AM
are depicted, where E = 2, µ = 1, and a = Q = M = 1. The confinement of trajecto-
ries with L = 0, L = 1, and L = −1 occurs respectively at r = 0.424, r = 0.362, and
r = 0.468, indicated by vertical dashed lines.

The spacetime diagram illustrating the numerical integration of Eq. (4.26) and
(4.27), is depicted in Fig. 4.2a. For both positive and negative angular momentum
values, L = 1 and L = −1 are selected, along with a photon energy of E = 2, and
parameters for the naked singularity source, a = Q = M = 1. Closed timelike curves
emerge for orbital radii r < 0.405, directly obtained from r−+ in Eq. (4.7).

It is worth noting from Eq. (4.26) that trajectories of angular momentum-less
photons remain independent of associated particle energy. This behaviour resembles
that of angular momentum-less photons in the axisymmetric van Stockum spacetime
of the previous chapter. As observed in the figure, these particles are prevented from
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Figure 4.3: (a) The effective potential and (b) the velocity in terms of proper time
for both zero and non-zero AM test particles, with parameters E = 2, µ = 1, and
a = Q =M = 1. The black vertical dashed lines indicate points where the plots reach
positive infinity or zero, aligning precisely with the confinement points depicted in Fig.
4.2b.

interacting with the central singularity at r = 0, consistently maintaining trajectories
at a significant distance from the singular point.

Moreover, upon examination of Fig. 4.2a, it is apparent that zero and negative
(L = −1) angular momentum photons are respectively confined to r = 0.405 and
r = 0.456, precluding their approach to r < 0.405 where CTCs emerge. Thus, it
is evident that zero and negative angular momentum photons cannot traverse CTCs.
However, positive angular momentum (L = 1) photons can traverse up to r = 0.322,
indicating their presence within CTCs.

4.4.1 Timelike motion
For massive particles, i.e., µ ̸= 0, corresponding geodesic equations are written as

• Geodesics with Zero angular momentum:
dt

dr
= ± E(r4 + a2(r2 + 2Mr −Q2))

(r2 + a2 − 2Mr +Q2)

√
(E2 − µ)r4 + 2Mr3µ− r2µ(a2 +Q2)

+ a2E2(r2 + 2Mr −Q2)

, (4.28)

• Geodesics with Non-zero angular momentum:
dt

dr
= ± E(r4 + a2(r2 + 2Mr −Q2))− aL(2Mr −Q2)

(r2 + a2 − 2Mr +Q2)

√
(E2 − µ)r4 + 2Mr3µ− (−a2E2 + L2

+ a2µ+Q2µ)r2 + (−aE + L)2(2Mr −Q2)

.

(4.29)
The spacetime diagram depicted by equations (4.28) and (4.29) for massive par-

ticles, considering both zero and non-zero AM, is illustrated in Fig. 4.2b. Here, pa-
rameters are set to a = Q = M = 1, µ = 1 and E = 2. For nonzero AM, values of
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L are chosen as L = 1 and L = −1. These trajectories exhibit confinement points,
marked by vertical black dashed lines, following the same methodology as in the prior
scenario. However, due to their inbound masses, these particles traverse spacetime less
extensively compared to photons. Moreover, the plot reveals particle motion within a
closed timelike loop. Only test particles with positive AM are capable of crossing the
boundary at r = 0.405, allowing access to the CTC.

To depict the confinement phenomenon in a physical context, the effective potential
approach can be employed. Fig. 4.3a illustrates a plot of the effective potential derived
from Eq. (4.15), using the same parameter values as in Fig. 4.2b. The figure reveals
that the singularity is enveloped by the classical effective potential, which tends towards
positive infinity at the confinement point, thereby preventing timelike geodesics from
reaching the singularity.

In the gravitational field context, it is anticipated that a particle falling into the
naked singularity from spatial infinity would encounter regions of increasingly stronger
gravitational field as it approaches the singularity along the symmetry axis. At the
minimum of the effective potential depicted in Fig. 4.3a, the particle experiences
maximum gravitational attraction, followed by an increasingly higher order of inner
repulsion near the confinement point. Finally, as the particle hits the confinement
or inner turning point, the gravitational attraction and the repulsion balances. This
phenomenon mirrors the nature of light cones in axial geometry. Qualitatively, the inner
region up to the minima behaves as the source of gravity, with spacetime curvature
dropping to zero as r → ∞.

Further, Fig. 4.3b presents the velocity attained by the infalling particle in terms
of proper time, utilizing the radial four-velocity expression provided by Eq. (4.13). It
is evident that particles reach maximum velocity at the minima of effective potential,
experiencing the strongest gravitational field. As they approach the singularity, the
geometry’s peculiar nature causes them to decelerate until they reach zero velocity.
Additionally, it is noticeable that the lower minima of the potential attract and repel
positive AM particles less strongly than the other two, allowing them to penetrate
deeper into spacetime towards the CTC region, unlike zero and negative AM particles.

4.5 Black Hole
In this section, the existence of CTCs and the behaviour of particles traversing them
in Kerr-Newman black holes will be explored in detail. CTCs in Kerr-Newman non-
extremal black holes are situated inside the inner horizon, rendering them undetectable
to observers at infinity. However, accessing the CTC for a particle entails crossing two
horizons, where significant spaghettification effects may occur, making the journey
challenging. Nonetheless, studying geodesic behaviour and CTCs in rotating black
holes is crucial for advancing our understanding of their inner structure.

It is worth noting that while the fundamental geodesic equations for analyzing
radial geodesics in Kerr-Newman black holes are akin to those for naked singularities,
a condition of M2 > (a2 +Q2) must be met for the chosen source parameters.

Despite the presence of both inner and outer horizons in Kerr-Newman non-extremal
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black holes, the spacetime diagram illustrating radial null geodesics concerning an ob-
server at infinity is depicted in the top panel of Fig. 4.4 (computed by numerically
integrating Eq. (4.26) and (4.27)). Here, the motions of L = 0, L = 1, and L = −1
are displayed separately for E = 2, a = Q = 1, and M = 2. For these chosen
source parameter values, the CTC, inner, and outer horizons manifest at orbital radii
of rctc = 0.235, rin = 0.586, and rout = 3.414, respectively.
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Figure 4.4: TOP PANEL: Spacetime diagrams illustrating radial null geodesics in KN
black hole with rctc = 0.235, rin = 0.586, and rout = 3.414. Plots are presented for
E = 2, a = Q = 1, and M = 2, categorized by the angular momentum of photons as
(a) L = 0, (b) L = 1, and (c) L = −1. The confinement points are depicted by vertical
dashed lines, located at r = 0.235, r = 0.214, and r = 0.245 respectively.
BOTTOM PANEL: Spacetime diagrams illustrating radial timelike geodesics in KN
black hole with rctc = 0.235, rin = 0.586, and rout = 3.414. Plots are presented for
E = 2, µ = 1, a = Q = 1, M = 2, categorized by the angular momentum of particles
as (d) L = 0, (e) L = 1, and (f) L = −1. The confinement points are depicted by
vertical dashed lines, located at r = 0.238, r = 0.224, and r = 0.246 respectively. The
left and right solid vertical lines represent inner and outer horizons respectively.

The motion of particles within the KN black hole exhibits complexities unlike those
in naked singularities. Trajectories seem to linger infinitely near the horizons, as ev-
ident from the figures. It is a well-established concept in textbook literature that in
Schwarzschild black holes, infalling geodesics take infinite time to reach the event hori-
zon, yet, in terms of proper time, they reach the singularity within finite time [2,13,14].
A similar phenomenon occurs at the inner and outer horizons of Kerr-Newman black
holes, except trajectories avoid approaching the central singularity at the confinement
points. Nevertheless, it is apparent that, akin to naked singularities, all three motions
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are confined at specific points within the inner horizon, albeit significantly distant
from the singularity at r = 0. Moreover, particle characteristics within CTCs resemble
those of naked singularities. Motion with L = 0 is restricted to the CTC’s limiting
radius, where negative angular momentum photons avoid the radial boundary where
CTCs exist. Therefore, zero and negative angular momentum particles are prohibited
in closed timelike orbits.

4.5.1 Timelike motion
For the spacetime diagram illustrating radial timelike geodesics, one can adopt Eq.
(4.28) and (4.29) for the non-extremal black hole source parameters. Setting E =
2, µ = 1, M = 2, and a = Q = 1, the plots are presented in the bottom panel of Fig.
4.4, featuring distinct frames for motions with L = 0, L = 1, and L = −1.

Similar to the photon trajectories, the trajectories of massive particles exhibit an
asymptotic nature, resulting in infinite time consumption at the horizons. While the
confinement of particle trajectories confirms the presence of positive AM test particles
exclusively in the CTC, the inbound motions depicted in Fig. 4.4 (lower panel) requires
refinement in terms of proper time (τ). In this scenario, Eq. (4.13) is directly utilized
for timelike motion by rearranging the numerator and denominator as shown below:

dτ

dr
=

r2√
(E2 − µ)r4 + 2Mr3µ− (−a2E2 + L2 + a2µ+Q2µ)r2

+ (−aE + L)2(2Mr −Q2)

. (4.30)

Utilizing numerical integration of this equation, one can accurately compute the radial
geodesics without the inconsistency inherent in coordinate time. Fig. 4.5a displays
plots for zero and non-zero AM particles using the same source parameters as in Fig.
4.4. Notably, the geodesics exhibit smooth behaviour at the inner and outer horizons,
now reaching the confinement points within finite times. This outcome reaffirms that
the confinement points coincide with those depicted in Fig. 4.4 (bottom panel), un-
derscoring the inadequacy of coordinate time in describing geodesic motion in black
holes.

To delve further into the characteristics of motion within the non-extremal black
hole, the intention is to examine the velocity of radially infalling particles, focusing
on specific points of interest for particles with varying AM. Fig. 4.5b visualizes the
velocities of test particles with different AM, highlighting the turning points where
velocity drops to zero and confinement occurs.

In terms of gravitational field dynamics, particles falling from spatial infinity ap-
proach the event horizon, where gravitational attraction progressively intensifies. As
they near the event horizon, the increasingly strong gravitational field causes spacetime
curvature to bend profoundly, preventing geodesics from escaping. The presence of co-
ordinate singularities at the horizons affects coordinate time, as depicted in Fig. 4.4.
Considering the outer horizons, an infalling particle experiences negative time infinity,
but as one moves leftward, it emerges from negative infinity and approaches positive
time infinity at the inner horizon. However, the inconsistency diminishes in terms of
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Figure 4.5: (a) Spacetime diagram illustrating radially infalling particles against proper
time (τ) in KN non-extremal black hole. For E = 2, µ = 1, a = Q = 1 and M = 2,
trajectories with different AM are depicted with the confinement points. (b) Velocity of
the particles in KN non-extremal black hole for the same parameter choices. Velocities
with respect to proper time (τ) hit zero at the confinement points. In both of the plots,
vertical dashed lines at rin = 0.586, and rout = 3.414 denote inner and outer horizons,
respectively.

proper time, with particle velocity increasing between the outer and inner horizons.
Upon crossing the inner horizon, the particle encounters a significantly higher gravi-
tational field, reaching its peak near the Cauchy surface where velocity peaks. Subse-
quently, the dominance of gravity’s repulsive field causes velocity to plummet rapidly,
eventually reaching zero at the confinement radius where the gravitational attraction
and the inner repulsion balances. Notably, particles are barred from interacting with
the central singularity in both non-extremal black holes and naked singularities of KN
spacetime. A potent repulsive gravitational effect is presumed to be present, varying
in intensity based on particle characteristics, such as angular momentum.

4.5.2 Extremal Black hole
Up to this juncture, our focus has been on non-extremal black holes. However, it is per-
tinent to explore the scenario with extremal black holes. Examining the Kerr-Newman
extremal black hole, where the event horizon is defined by rH = M =

√
a2 +Q2,

sheds light on the behaviour of particles near the CTC. Fig. 4.6 illustrates the con-
finement radius for various AM timelike particles in this context. The figure show-
cases the numerical solution of Eq. (4.28) and (4.29), considering parameters such as
M =

√
2, a = Q = 1, µ = 1, and E = 2. The Cauchy surface emerges at r = 0.315,

situated within the event horizon, rhorizon = 1.414. As depicted in the figure, akin to
non-extremal black holes, infalling particles experience repulsion before reaching the
singularity and are confined to positions significantly distant from r = 0. Consequently,
only particles with positive angular momentum manage to breach the Cauchy horizon
and are capable of traversing the CTC.
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4.6 The Confinement radius
A noteworthy implication arising from this discourse concerns the restriction of geodesic
paths. The calculation of the confinement radius, typically derived from the real roots
of the expression within the square-root term of Eq. (4.13), is of particular interest.
Although obtaining an analytical solution poses a challenge, the roots are expressed as
follows:

r1± ≡ − B

4A
−

√
δ + χ

2
± 1

2

√
2δ − χ− ϵ

4
√
δ + χ

, (4.31)

r2± ≡ − B

4A
+

√
δ + χ

2
± 1

2

√
2δ − χ+

ϵ

4
√
δ + χ

; (4.32)

where 1

χ =
21/3α

3A
(
β +

√
−4α3 + β2

)1/3 +

(
β +

√
−4α3 + β2

)1/3
3× 21/3A

,

δ =
B2

4A2
+

2F

3A
,

ϵ = −B
3

A3
− 4BF

A2
− 8G

A
,

α = F 2 − 3BG− 12AH ,

β = −2F 3 + 9BFG+ 27AG2 − 27B2H − 72AFH ,

A = E2 − µ ,

B = 2Mµ ,

F = −a2E2 + L2 + (a2 +Q2)µ ,

G = 2M(−aE + L)2 ,

H = Q2(−aE + L)2 .

Depending on parameter selections, equations (4.31) and (4.32) consistently yield
two complex roots, one positively definite and one negatively definite real root. Of
these, only the positive real root is physically meaningful and is utilized exclusively
throughout the analysis to precisely determine the confinement radius of geodesics
within both black hole and naked singularity contexts. Generally, r1+ serves as the
positive definite confinement radius.

Let us delve deeper into the minimum confinement radius, which signifies the max-
imum radial extent of particles towards the singularity. It is crucial to mention the
critical point aE = L at which r1+ terminates for photons. However, one may vi-
sualize the dependence of the confinement radius on the angular momentum of test
particles while keeping other parameters constant. The results for naked singularities

1It is important to note that the A and B mentioned here are distinct from those in the effective
potential, as outlined by Eq. (4.15).
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Figure 4.6: Spacetime diagrams illustrating radial timelike geodesics in KN extremal
black hole with rctc = 0.315 and rhorizon = M = 1.414. Plots are presented for E =
2, µ = 1, a = Q = 1, M =

√
2, categorized by the angular momentum of particles as

(a) L = 0, (b) L = 1, and (c) L = −1. The confinement points are depicted by vertical
dashed lines, positioned at r = 0.324, r = 0.291, and r = 0.343 respectively. The solid
vertical line represents the event horizon.

are depicted in Fig. 4.7a. It reveals an empty region around the singularity where
the minimum confinement radius occurs at L = 1.4437. The value of r1+ is complex
for angular momenta around L = aE = 1.6, ranging from L = 1.52 to L = 1.755.
Interestingly, this range coincides with the transition of r2+ from complex to real val-
ues. This missing information is incorporated in Fig. 4.7a using r2+. Additionally, as
L > aE, the confinement radius gradually increases, surpassing the CTC radius after
a certain threshold, indicating the absence of particles in the CTC region for those
angular momentum values.

Fig. 4.7b displays the corresponding plot for black holes. Here, r1+ becomes complex
within the range L = 1.522 to L = 1.73, with the minimum confinement radius, i.e.,
0.17735 occurring at L = 1.4437. Similarly, r2+ is plotted within the complex range.
The angular momentum value L = 1.4437 is considered critical for a = 0.5 and E = 3.2
for both naked singularities and black holes. However, a crucial observation from this
investigation is that positive angular momentum alone is not always sufficient for a
particle to traverse the CTC. For significantly small positive angular momentum values
(i.e., L << aE) in timelike particles, they cannot pass through the Cauchy surface.
Similarly, the same holds true for any timelike particle with L > aE in the interior of
a black hole, albeit for only certain values in naked singularities.

4.7 Motion of charged particles
Since the dynamics of neutral test particles have been extensively studied, attention
is now directed towards examining the behaviour of charged particles in the Kerr-
Newman geometry. The Lagrangian density for a test particle with mass µ and charge
q moving within the background described by the line element in Eq. (4.2) is expressed
as

L =
1

2
gαβẋ

αẋβ + ϵAαx
α , (4.33)
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Figure 4.7: (a) Variation of the confinement radius with the angular momentum of
test particles in naked singularity for µ = 1, M = Q = 1, a = 0.5, and E = 3.2. At
L = 1.4437, the confinement radius rconfinement reaches its minimum value of 0.23809,
resulting in a void encircling the singularity. (b) A similar plot for the interior geometry
of a non-extremal black hole with µ = 1, M = 2, Q = 1, a = 0.5, and E = 3.2. The
minimum confinement radius rconfinement is 0.17735, occurring at L = 1.4437. In both
plots, the blue and orange lines represent r1+ and r2+ respectively, while the horizontal
gridline indicates the CTC radius.

where Aα represents the components of the electromagnetic 4-potential with A = Q
r
dt,

and F = dA = −Q
r2
dt ∧ dr. Here, the overdot notation signifies differentiation with

respect to proper time, and the specific charge is denoted as ϵ = q/µ. The equations
of motion can be derived using the Euler-Lagrange equation, yielding

ẋα∇αẋ
β = ϵF β

γ ẋ
γ . (4.34)

After a series of calculations, the geodesic equations are obtained in terms of con-
served quantities (L and E), expressed as follows:

ṫ = − aL(2Mr −Q2)

r2(r2 − 2Mr + a2 +Q2)
+
r4 + a2(r2 + 2Mr −Q2)

r2(r2 − 2Mr + a2 +Q2)

(
E +

ϵQ

r

)
, (4.35)

ϕ̇ =
L(r2 − 2Mr +Q2)

r2(r2 − 2Mr + a2 +Q2)
+

a(2Mr −Q2)

r2(r2 − 2Mr + a2 +Q2)

(
E +

ϵQ

r

)
, (4.36)

ṙ2 =

(Erµ+ qQ)2(r4 + a2(r2 + 2Mr −Q2)) + 2aLµr(Erµ+ qQ)(Q2 − 2Mr)

+ r3µ(rϵµ− 2qQ)(r2 − 2Mr + a2 +Q2)− L2r2µ2(r2 − 2Mr +Q2)

r6µ2
.

(4.37)

Here, the derivations of the effective potential are skipped, which can be acquired
through a straightforward method or by following the steps outlined in section 4.3.
Instead, the focus is shifted directly to the expressions necessary for constructing the

77



Chapter 4. On the role of CTCs and confinement structure around Kerr-Newman singularity

spacetime diagram. After dividing Eq. (4.35) by (4.37), the resulting expression is
formulated as:

dt

dr
= ± [(r4 + a2(r2 + 2Mr −Q2))(Er + ϵQ)− aLr(2Mr −Q2)]µ

(r2 − 2Mr + a2 +Q2)

×

√√√√√ (Erµ+ qQ)2(r4 + a2(r2 + 2Mr −Q2))

+ 2aLµr(Erµ+ qQ)(Q2 − 2Mr) + r3µ(rϵµ− 2qQ)

× (r2 − 2Mr + a2 +Q2)− L2r2µ2(r2 − 2Mr +Q2)

. (4.38)

The numerical integration of this equation yields spacetime diagrams visualized in Fig.
4.8. Utilizing the same source parameters as detailed in sections 4.4 and 4.5, the effects
of charged particles are examined. Notably, when test particles carry positive charges,
such as q = +1 (with a source charge Q = +1), their behaviour mirrors that of neutral
test particles. In both the naked singularity and black hole scenarios, the gravitational
force, originating from the inner region of the geometry, increases as the particle ap-
proaches the singularity from spatial infinity. The presence of positive AM enables par-
ticles to co-rotate with the spacetime, offering an additional impetus that allows them
to withstand gravitational repulsion better in the inner region, consequently moving
further towards the singularity. This interaction between gravitational and electro-
magnetic forces is particularly pronounced when particles carry positive charges. The
Coulomb interaction introduces additional repulsion, causing the confinement radii to
expand, except for counter-rotating (negative AM) particles. Surprisingly, for negative
AM particle motion, gravitational repulsion and electromagnetic repulsion act oppo-
sitely, leading to inward movement of the confinement radii. Despite identical charges
causing repulsion, counter-rotation generates an inward pull that counters gravitational
repulsion, resulting in inward movement of the confinements.

However, particles with positive AM still manage to cross the Cauchy radius and
traverse the CTC. In the case of the naked singularity, particles with L = +1 reach a
radial position of r = 0.4039, just inside the CTC region at r < 0.4047. Similarly, in
the black hole scenario, these particles reach up to r = 0.2351, within the CTC region
at r < 0.2354.

For negatively charged particles (q = −1) interacting with a positively charged
source (Q = +1), their behaviour contrasts significantly with neutral particles. In this
scenario, particles are strongly attracted towards the inner region, with negative AM
particles experiencing the strongest attraction. This phenomenon can be understood
through Coulomb’s law, where particles of the same charge repel each other, but at-
tract when the charges are opposite. Consequently, both the confinement radii for
naked singularities and black holes are notably pulled inward. Unlike the neutral case,
negative AM particles are confined closest to the center, followed by particles with
no AM, and then positive AM particles at the outermost position. This observation
suggests that Coulombic interaction dominates over gravitational interaction, which
was predominant in the dynamics of neutral particles. Importantly, all particles now
have the capability to traverse CTCs in both naked singularities and black holes. By
comparing the position of the CTCs (appearing inside radii of r = 0.4047 for naked
singularities and r = 0.2354 for black holes) with the confinement radii provided in
Fig. 4.8 for negatively charged particles, the presented results can be verified.
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Figure 4.8: TOP PANEL: Spacetime diagrams illustrating radial timelike geodesics of
charged particles in KN naked singularity. (a) Trajectory of positive charged particles
(q = +1) with different AM for M = a = Q = 1, µ = ϵ = 1 and E = 2. The
confinement points of L = 0, L = 1 and L = −1 motions are located at r = 0.428, r =
0.4039 and r = 0.450 respectively. (b) Corresponding plot for negative charged particles
(q = −1) with confinement points at r = 0.287, r = 0.367 and r = 233 respectively.
MIDDLE PANEL: Spacetime diagrams of positive charged particles (q = +1) in non-
extremal black hole for M = 2, a = Q = 1, µ = ϵ = 1 and E = 2. The (c) L = 0,
(d) L = 1, (e) L = −1 trajectories are confined at r = 0.239, r = 0.2351, r = 0.242
respectively, and are denoted by vertical dashed lines.
BOTTOM PANEL: Spacetime diagrams of negative charged particles (q = −1) in non-
extremal black hole for M = 2, a = Q = 1, µ = ϵ = 1 and E = 2. The (f) L = 0,
(g) L = 1, (h) L = −1 trajectories are confined at r = 0.22, r = 0.233, r = 0.201
respectively, and are denoted by vertical dashed lines. The CTC and the event horizons
(left and right solid vertical lines) are positioned at rctc = 0.235, rin = 0.586 and
rout = 3.414.
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Figure 4.9: TOP PANEL: Spacetime diagrams of positive charged particles (q = +1) in
KN extremal black hole forM =

√
2, a = Q = 1, µ = ϵ = 1 and E = 2. The (a) L = 0,

(b) L = 1, (c) L = −1 trajectories are confined at r = 0.325, r = 0.3144, r = 0.333
respectively, and are denoted by vertical dashed lines.
BOTTOM PANEL: Spacetime diagrams of negative charged particles (q = −1) in KN
extremal black hole for M =

√
2, a = Q = 1, µ = ϵ = 1 and E = 2. The (d) L = 0,

(e) L = 1, (f) L = −1 trajectories are confined at r = 0.262, r = 0.305, r = 0.222
respectively, and are denoted by vertical dashed lines. The CTC and the event horizon
(solid vertical line) are positioned at rctc = 0.315 and rhorizon = 1.414 respectively.

The confinement of geodesics within the Kerr-Newman extremal black hole has
been examined with both positive (q = +1) and negative (q = −1) charges assigned
to massive particles. Using identical source parameter values as the neutral particle
scenario (i.e., M =

√
2 and a = Q = 1), the confinement radii of charged particles

were determined, as depicted in Fig. 4.9. Notably, it is evident that the discussions
regarding the origins of confinement in non-extremal black holes remain applicable in
extremal Kerr-Newman black holes. The confinement radii for identically charged par-
ticles, except for negative AM particle geodesics, are shifted outward due to Coulomb
repulsion, permitting only positive AM particles within the CTC region. Conversely,
for oppositely charged particles, all confinement boundaries are significantly drawn
inward by Coulomb attraction, allowing each particle to reside in the vicinity of CTCs.

Additionally, it is notable that charge conservation holds true in the context of
charged particle motion. Reversing the charge sign in the source (Q = −1) leads to
a reversal in all characteristics. Specifically, the plots’ nature and the confinement
points for Q = −1, q = +1 correspond to those of Q = +1, q = −1; similarly, for
Q = −1, q = −1, they mirror those of Q = +1, q = +1.
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4.8 Discussions
This study conducts a comprehensive examination of closed timelike curves and the
behaviour of test particles along their trajectories within the equatorial slice of KN
spacetime. Initially, the investigation focuses on determining the position of CTCs
within the orbital region of the geometry, identifying two real roots, of which only one
is physically feasible. Graphical representations of the inner and outer horizons, along
with the CTC region, reveal that the Cauchy surface consistently lies within the inner
horizon, while the central singularity at r = 0 is encompassed by CTCs, irrespective of
whether the spacetime represents a black hole or a naked singularity.

Analysis of the geodesic equations reveals the presence of spacetime dragging ef-
fects on zero AM test particles. However, positive and negative AM particles, which
respectively co-rotate and counter-rotate with the spacetime spin, eventually converge
at the confinement point, prohibiting them from reaching the central singularity at
r = 0. This results in an empty region surrounding the singularity where particle mo-
tion is entirely restricted. Previous work by Pugliese et al. [540] examined the radius
of this forbidden area in terms of circular motion, denoted as r∗ = Q2/M , covering the
singularity and located inside the outer horizon. They argued that while this boundary
is independent of source parameters, it is a characteristic of the gravitational field gen-
erated by the electric charge. In the Reissner-Nordström metric, this radius represents
the limiting radius of AM-less particles [545]. In this study, the explicit expressions
for this radius are provided by Eq. (4.31) and (4.32), which in contrast represent the
limiting radius for positive AM particles in neutral and identically charged (with the
source) particle motions, while for oppositely charged particles, it represents the limit-
ing radius for negative AM particles. Despite variations in the confinement of different
AM test particles, the empty region lies significantly within the inner horizon for black
holes. Furthermore, this boundary depends not only on the source parameters but also
results from particle characteristics, such as energy and angular momentum.

As discussed, for both neutral and identically charged particle motions, an observer
residing on the singularity initially perceives the region where positive AM particles are
located. These particles can orbit within the CTCs until the zero AM confinement ra-
dius, where only zero and positive AM particles are present. Subsequently, beyond the
negative AM confinement radius, all three particle types are permitted. Conversely, for
motions involving oppositely charged particles, the observer observes the confinement
of negative AM, zero AM, and positive AM particles, respectively. However, due to
Coulomb attraction, all particles are capable of traversing the CTCs collectively.

Besides the spacetime diagram, the motion of particles within both the black hole
and the naked singularity is examined in terms of velocity and/or the effective potential
of timelike geodesics. Infalling geodesics experience increasingly stronger gravitational
fields as they approach the singularity gradually. Consequently, velocity steadily in-
creases until reaching a radius close to the singularity, where the dominant effect of
repulsive gravity causes velocity to drop to zero, preventing further approach to the
singularity. The growing repulsive gravity near the central singularity obscures it from
external view, impeding the study of the singular point through particle motions.
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The motion of test particles within a black hole always holds a particular point of
interest. Despite certain limitations in defining infalling geodesics at the coordinate
singularity, coordinate time helps identify the presence and maximum radial extent of
test particles within the outer and inner horizons. Additionally, infalling trajectories
are examined in terms of proper time within the geometry, elucidating the results
alongside particle characteristics within CTCs inside the inner horizon.

For neutral particles, the confinement radius for zero AM photons coincides with the
boundary of CTCs. As illustrated in Fig. 4.2, zero AM particle geodesics are feasible
only at r > 0.405, while CTCs exist within a radius of r < 0.405. Consequently, only
positive AM particles can access regions near CTCs in the naked singularity scenario.
This finding holds true for KN black holes as well, as discussed in section 4.5, with
relevant figures such as Fig. 4.4 and 4.5 providing examples. Hence, CTCs exclusively
accommodate particles with positive AM, excluding those with zero and negative AM.

In the KN geometry, the trajectory of an infalling charged particle does not ex-
hibit significant differences compared to neutral particles. For particles with identical
charges, CTCs still only permit positive AM particles nearby, albeit with the con-
finement radius primarily shifting outward. Conversely, for particles with opposite
charges, strong Coulomb attraction dominates over gravitational interaction, drawing
all particle types within the Cauchy surface radius, enabling them to traverse the CTC.

This study not only examines particle characteristics within CTCs but also sheds
light on particle motion in the equatorial orbit of KN black holes and naked singulari-
ties. Thus, it may offer new insights into discussions on naked singularities and black
hole interior structure, particularly regarding the formation, structure, and accretion
disk scenarios.
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CHAPTER 5

GEODESIC MOTION IN TRAVERSABLE
WORMHOLES: POSSIBILITY OF
CLOSED TIMELIKE GEODESICS

5.1 Prelude
In generic traversable wormholes, particle motion is expected to potentially violate
causality, leading to closed timelike orbits within the geometry. The investigation
focuses on whether geodesic motion itself violates causality through closed timelike
geodesics within their orbits. Motivated by this inquiry, the current chapter delves
into the examination of a general wormhole solution within the framework of Ein-
stein’s gravity, characterized by an exponential shape function, encompassing both
ultrastatic and finite redshift geometries. The investigation focuses on the geodesic
motion surrounding these wormholes, revealing a noteworthy phenomenon: the deflec-
tion angle of orbiting photons shifts to a negative value beyond a certain threshold,
indicating the emergence of a repulsive gravitational effect present in both ultrastatic
and finite redshift wormholes. The analysis showcases a variety of timelike trajectories,
both unbounded and bounded, depicted on wormhole embedding diagrams. Notably,
certain bounded orbits exhibit intersection points, potentially leading to the violation
of causality in geodesic paths. Furthermore, a distinct category of closed timelike
geodesics is identified within the unstable circular trajectory at the wormhole throat.
Ultimately, the trajectories are categorized concerning the family of closed timelike
geodesic (CTG) orbits.

In the present chapter, the focus lies on investigating the geodesic motion of test
particles around a traversable wormhole, with particular attention given to the poten-
tial existence of closed timelike geodesics within their paths. In Section 5.2, the worm-
hole model has been revisited within Einstein’s gravity framework, with additional
computations included concerning the field equations employing an exponential shape
function within a specific redshift geometry. Concurrently, the respective null and
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weak energy conditions for the geometry have been examined in Section 5.3. Section
5.4 is dedicated to discussing the characteristics of wormhole geometry and geodesic
equations, encompassing topics such as the deflection angle of photons and the exis-
tence of circular timelike geodesics. Following this, in Section 5.5, diverse geodesic
trajectories on the wormhole embedding diagram are showcased, preceding the classifi-
cation of these trajectories. Finally, the analysis concludes with summarizing remarks
presented in Section 5.6.

5.2 The Morris-Thorne model
In this section, a concise overview of the Morris-Thorne wormhole solution is provided
before delving into the examination of particle dynamics within this geometry. Specific
selections of the shape function and redshift function are opted for among the array of
possibilities, with a focus on their impact on geodesic motion.

The static spherically symmetric Morris-Thorne wormhole is described by the met-
ric

ds2 = −e2Φ(r)dt2 +

(
1− b(r)

r

)−1

dr2 + r2dΩ2 . (5.1)

Here, dΩ2 = dθ2 + sin2θdϕ2 represents the metric on the two-sphere S2, while b(r) and
Φ(r) denote the shape function and redshift function of the wormhole, respectively.
The range of angular coordinates θ and ϕ is given by: θ : {0, π}, ϕ : {0, 2π}. It is
crucial that the redshift function remains finite everywhere to ensure the absence of
singularities and horizons. Additionally, both the shape function and redshift function
must satisfy the following conditions:

(i) At the wormhole throat (b0), the shape function satisfies b(b0) = b0, indicating
the minimum radius at the throat. Thus, the radial coordinate ranges from b0 to
∞.

(ii) For r > b0, the condition b(r)
r

≤ 1 is upheld to ensure that the radial component
of the metric grr < 0 (with equality only at the throat).

(iii) As r → ∞, both b(r)
r

→ 0 and Φ(r) → 0 to maintain an asymptotically flat
geometry.

(iv) The flaring-out condition, given by (−rb′(r) + b(r)) > 0 for r > b0, must be
satisfied.

(v) At r = b0, b′(r) ≤ 1.

Furthermore, disregarding any matter coupling, the energy-momentum tensor of
an anisotropic fluid is expressed as T ν

µ = diag(−ρ, pr, pt, pt), where ρ, pr, and pt
represent the total energy density, radial pressure, and tangential pressure of the fluid,
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respectively. Upon straightforward calculations of the Einstein field equation for the
geometry given by (5.1), the following results are obtained:

ρ = − b′

8πr2
, (5.2)

pr = − b

8πr3
+

(
1− b

r

)
Φ′

4πr
, (5.3)

pt =
1

8π

(
1− b

r

)(
Φ′′ + (Φ′)2 − rb′ − b

2r(r − b)
Φ′ +

Φ′

r
− rb′ − b

2r2(r − b)

)
, (5.4)

where the prime indicates differentiation with respect to r. Natural units, where G =
c = 1, were utilized in the calculations.

Next, the analysis shifts towards examining the characteristics and potential matter
content of the wormhole model. In this regard, attention is directed to a particular
shape function for the wormhole, known as the exponential shape function, which is
defined as:

b(r) = re−(r−b0) . (5.5)

The properties and significance of this shape function have been extensively explored in
various studies [120,546], confirming its compatibility with desired attributes. In [546],
the importance of the shape function and the tidal forces experienced by travelers
through the wormhole in this particular case are thoroughly discussed. While the choice
of the exponential shape function in this chapter is arbitrary, the results, particularly
regarding the geodesic motions of test particles, are consistent with those obtained
from other typical shape functions and wormhole models, such as the Ellis wormhole
and wormholes supported by conformally coupled massless scalar fields. These will be
briefly addressed in subsequent sections.

Additionally, when discussing wormhole properties concerning the shape function, a
zero-tidal force wormhole is initially considered. This type, also termed the ultrastatic
wormhole, holds a specific point of interest where Φ(r) = 0. In this scenario, within
a frame devoid of gravitational acceleration, a particle dropped from rest remains at
rest [463]. Subsequently, a tidal force is introduced to the geometry, incorporated
through the redshift function expressed as:

Φ(r) =
γ

2r
, (5.6)

where γ represents an arbitrary constant. The value of γ, except for zero, ensures finite
redshift. Upon substituting the shape and redshift functions into the field equations
(5.2), (5.3), and (5.4), the expressions for ρ, pr, and pt are obtained as:

ρ = −
(
1− r

8πr2

)
e(b0−r) , (5.7)

pr =
1

8πr3
(
−γ + (γ − r)e(b0−r)

)
, (5.8)

pt =
γ

16πr3

(
1 +

γ

2r

) (
1− e(b0−r)

)
+
e(b0−r)

16πr

(
1− γ

2r

)
. (5.9)
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It is worth noting that when γ = 0, the zero-tidal force wormhole configuration is
obtained. Therefore, in this literature, the investigation of zero-tidal force wormholes
is conducted under the condition γ = 0. Subsequently, the choice of γ = 1 is adopted
for analyzing non-zero tidal forces in the study, which proves to be a convenient option
for further analysis.

5.3 Energy Conditions
Constructing a traversable wormhole necessitates threading its throat with matter that
violates the weak energy condition (consequently, the null energy condition), known as
exotic matter.

In the framework of GR, adherence to the inequality TµνXµXν ≥ 0, where Xµ is
any null vector, is crucial. This corresponds to the NEC, expressed as ρ + pi ≥ 0 in
terms of the pressure pi. The WEC extends NEC by requiring positive local energy
density TµνV

µV ν ≥ 0, for any timelike observer, where V µ is a timelike vector. In
principal pressure form, WEC corresponds to ρ ≥ 0 and ρ+ pi ≥ 0, ∀ i.

In the current analysis, evaluating ρ, (ρ + pr), and (ρ + pt) from equations (5.7),
(5.8) and (5.9) is straightforward. Plots of these energy condition components for zero-
tidal force (γ = 0) and non-zero tidal force (γ = 1) wormholes are displayed in Fig. 5.1,
whereas the transition points from positive to negative values are summarized in Table
5.1. It is noted that values below the throat radius are excluded from consideration.

Regardless of tidal force, ρ ≥ 0 holds in r ∈ [ b0,∞) , with equality at the throat.
Additionally, (ρ+ pt) satisfies the conditions for both cases. However, NEC and WEC
are violated due to (ρ+ pr), indicating presence of exotic matter. For γ = 0, violation
occurs in r ∈ [b0, 2], while NEC and WEC are upheld for r ∈ [ 2,∞) . In the case
of non-zero tidal force (γ = 1), (ρ + pr) is violated entirely, suggesting exotic matter
presence throughout the geometry. Thus, the results affirm the theoretical basis for
constructing a traversable wormhole.

ρ

ρ+pr

ρ+pt

1 2 3 4 5

-0.04

-0.02

0.00

0.02

0.04

r

(a)

ρ

ρ+pr

ρ+pt

1 2 3 4 5

-0.04

-0.02

0.00

0.02

0.04

r

(b)

Figure 5.1: The variation of null and weak energy condition components ρ, (ρ+pr), (ρ+
pt) against radial parameter r, for (a) zero-tidal force wormhole (i.e. γ = 0), (b) non-
zero tidal force wormhole with γ = 1. Here, the throat radius is b0 = 1.
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γ Terms Result
γ = 0 ρ ≥ 0 for r ∈ [ 1,∞)

ρ+ pr ≥ 0 for r ∈ [ 2,∞)
ρ+ pt ≥ 0 for r ∈ [ 0.67,∞)

γ = 1 ρ ≥ 0 for r ∈ [ 1,∞)
ρ+ pr Always < 0
ρ+ pt ≥ 0 for r ∈ [ 0.89,∞)

Table 5.1: Numerical results for the possible regions where respective energy condition
components are satisfied.

5.4 The Geometry and Geodesics
Before delving into discussions regarding geodesics and particle dynamics within traversable
wormholes, several pertinent concepts need to be highlighted.

The wormhole’s shape can always be envisioned by considering constant time slices
in the equatorial plane. The geometry can be embedded into a higher-dimensional
ordinary 3D Euclidean space described by the metric

ds2 = dz2 + dr2 + r2dϕ2 . (5.10)

The embedding function can then be expressed as

dz

dr
= ±

(
r

b(r)
− 1

)−1/2

. (5.11)

Here, the radial coordinate ranges from spatial infinity r = ∞ to the throat radius
rmin = b0. Notably, the embedding function z(r) flares out in the throat region, where
the flaring-out condition is obtained by

d2r

dz2
=
b(r)− rb′(r)

2b(r)2
> 0 for r ≥ b0 . (5.12)

Referring to Eq. (5.1), it is evident that the radial coordinate r is not sufficient to
describe the entire spacetime due to its coordinate singularity at the throat. Thus, it
only covers one side of the throat. To address this limitation, the proper radial distance
l(r) is introduced to characterize the entire spacetime. This reformulates Eq. (5.1) as:

ds2 = −e2Φ(r(l))dt2 + dl2 + r(l)2dΩ2 , (5.13)

where l(r) is defined as:

l(r) = ±
∫ r

b0

(
1− b(r)

r

)−1/2

dr . (5.14)

Here, the throat is situated at l = 0, with spatial infinities at l → ±∞ defining the
two asymptotic sides of the wormhole throat. The sign of the proper radius denotes
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the upper and lower universes, where the upper universe can be identified with our
own if the wormhole connects two distinct universes. Otherwise, if it connects distant
regions within our universe, the upper and lower universes represent our locality and
the distant sublocality within the same universe.

To derive the geodesic equations on the equatorial plane (θ = π
2
) for the worm-

hole metric defined in equation (5.1), the Lagrangian equation of motion given by
L = 1

2
gαβ

dxα

dτ
dxβ

dτ
is considered. The first-order geodesics are then obtained from the

canonical conserved momentum, yielding:

ṫ = Ee−2Φ(r) , (5.15)

ϕ̇ =
L

r2
, (5.16)

ṙ2 =

(
1− b(r)

r

)(
E2e−2Φ(r) − L2

r2
+ ε

)
, (5.17)

where ε = 1, 0,−1 represents spacelike, null, and timelike geodesics, respectively. The
parameters E and L denote the total energy and angular momentum of the test particle,
respectively. The overdot indicates differentiation with respect to the affine parameter
for null geodesics and proper time for timelike geodesics.

For radial null geodesics, Eq. (5.17) is modified to

ṙ2 =

(
1− b(r)

r

)(
E2e−2Φ(r) − L2

r2

)
. (5.18)

Therefore, to investigate the photon trajectories, the following equation is introduced:(
dr

dϕ

)2

=

(
1− b(r)

r

)(
E2

L2
r4e−2Φ(r) − r2

)
. (5.19)

If a photon source with a radius of rs influences the geometry, photons originating from
spatial infinity will not reach the surface if the solution satisfies the condition r0 > rs,
where r0 represents the distance of closest approach or the turning point, such that
one gets

L2

E2
= r20e

−2Φ(r0)

(
if b(r)

r
̸= 1, for any r > rs

)
. (5.20)

This condition is characterized by ṙ2 = 0, indicating that photons neither approach
nor recede from the surface, thus, the impact parameter is given by

µ =
L

E
= ± r0e

−Φ(r0) . (5.21)

When a photon originates from spatial infinity, denoted as lim
r→∞

(
r,−π

2
− α

2

)
, and passes

through the turning point located at (r0, 0), eventually reaching lim
r→∞

(
r, π

2
+ α

2

)
, the

resulting deflection angle α(r0) is determined according to [547], as

α(r0) = −π + 2

∫ ∞

r0

dr

r

[(
1− b(r)

r

)((
reΦ(r0)

r0eΦ(r)

)2
− 1

)]1/2 . (5.22)
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The existence of a photon sphere confines photons within a fixed radius r, prevent-
ing them from reaching the asymptotic limit lim

r→∞

(
r, π

2
+ α

2

)
, resulting in a divergent

integral. By incorporating the shape and redshift function from Eq. (5.5) and (5.6),
the deflection angle given by Eq. (5.22) has been numerically integrated. Figure 5.2
illustrates the variation of the deflection angle with r0 for a throat radius b0 = 1. No-
tably, the deflection angle becomes negative beyond a certain distance for both zero
and non-zero tidal force wormholes, indicating a repulsive gravitational effect on the
geometry.

This repulsive gravity phenomenon is familiar in modified gravity theories involv-
ing exotic matter and phantom energies [548–553]. Notably, the dRGT massive grav-
ity [157, 158] is recognized as a common source, where massive gravitons may play
a significant role (it will be briefly addressed in the next chapter). Panpanich et al.
investigated the repulsive gravity effect through negative deflection angles in a black
hole geometry [554]. However, this effect is not attributed to the introduction of ex-
ponential shape function. Instead, the choice of the redshift function (5.6) can readily
yield negative deflection angles with well-known shape functions like the Ellis worm-
hole shape. Comparing transition points for γ = 0 and γ = 1, it is evident that the
repulsive effect is more pronounced in wormhole geometries with finite tidal forces.

γ=0

γ=1

0 1 2 3 4 5
-0.5

0.0

0.5

1.0

1.5

2.0
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3.0

r0

α
(r
0
)

Figure 5.2: Plot demonstrating de-
flection angle for different redshift
wormhole configuration (with γ =
0, and γ = 1). The deflection angles
become negative at r0 = 4.05, and r0 =
1.65 respectively, for γ = 0, and γ = 1.
The vertical dashed line denotes throat
radius b0 = r0 = 1.

5.4.1 Timelike geodesics
In this subsection, several important motions of massive particles within wormhole
geometries will be examined. Cataldo et al. briefly addressed the initial velocity,
position, and accelerations of radial timelike geodesics around ultrastatic wormholes
[463]. Now, the comprehensive analysis of non-radial timelike geodesic accelerations can
be obtained through differentiation of the first-order radial timelike geodesic equation
presented in Eq. (5.17), as

r̈ =
(
1− e−(r−b0)

) L2

r3
+

1

2

(
E2 − L2

r2
− 1

)
e−(r−b0) . (5.23)

At this juncture, examination of circular timelike geodesics, which hold particular sig-
nificance, is imminent. Conventionally, it is established that circular timelike geodesics
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are confined to the throat, where the radial velocity vanishes, i.e., ṙ = 0. At this point,
the acceleration for ṙ = 0 is given by

r̈ =
(
1− e−(r−b0)

) L2

r3
. (5.24)

As the acceleration becomes zero at r = b0, it is evident that circular timelike geodesics
exclusively exist at the throat.

For ultrastatic wormholes, the radial geodesic equation expressed in terms of proper
distance can be formulated as (

dl

ds

)2

= E2 − V (L, l) , (5.25)

where the potential associated with conserved momentum and proper distance is rep-
resented by

V (L, l) =
L2

r(l)2
+ ε , (5.26)

which remains positive for L ̸= 0 and tends to zero as l → ±∞. The important
relations on this account is given by

dV

dl

∣∣∣∣∣
l=0

= 0 , (5.27)

d2V

dl2

∣∣∣∣∣
l=0

= −L
2

r4

(
b(r)

r
− b′(r)

) ∣∣∣∣∣
l=0

< 0 . (5.28)

Equation (5.27) indicates that the potential reaches a global maximum at the throat,
with the inequality in Eq. (5.28) arising from the flaring out condition. When r(l) is
concave up, the sole turning point occurs at l = 0, distinguishing bound orbits from
transmitting unbounded orbits. Stable circular geodesic orbits can exist even if r(l) is
not strictly concave up, with the potential well exhibiting oscillatory motion around
turning points [462, 474].

Timelike geodesic trajectories can be categorized into bounded and unbounded
orbits. Bound orbits involve geodesics originating from spatial infinity, reaching the
throat, and returning to the same spatial infinity, while unbounded trajectories entail
geodesics passing through the throat to access other universes or distant points within
the same universe. In traversable wormholes, it is critical that timelike massive particle
trajectories originating from one universe traverse the throat to reach the other universe
or a distant point within the same universe. This unbounded trajectory is also referred
to as the escape orbit.

To distinguish these particle orbits with analytic expressions, it is necessary to
recall Eq. (5.17) in terms of proper distance, as

l̇2 =

(
E2e−2Φ(r) − L2

r2
− 1

)
. (5.29)
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When a particle approaching from infinity gets deflected after reaching the throat at a
closest distance b0, the condition for a bound orbit can be expressed as follows:(

E2e−2Φ(b0) − L2

b20
− 1

)
≤ 0 , (5.30)

which can be further simplified to:

L√
E2e−2Φ(b0) − 1

≥ b0 . (5.31)

Otherwise, the trajectory constitutes an escape orbit.
With the specified parameters chosen in this chapter, the bound orbit condition

given by Eq. (5.31) is adapted as follows:

L√
E2e−γ/b0 − 1

≥ b0 . (5.32)

For a zero-tidal force wormhole, it is expressed as:

L√
E2 − 1

≥ b0 . (5.33)

Now, in the following section, different bound and escape trajectories of a timelike test
particle will be examined thoroughly for both zero and non-zero tidal force wormhole
configuration.

5.5 The Geodesic Trajectories and CTG
To derive the trajectories of massive particles, the geodesic equation can be expressed
as (

dr

dϕ

)2

=
(
1− e−(r−b0)

) [(E2e−γ/r − 1

L2

)
r4 − r2

]
, (5.34)

where the expressions for the wormhole shape function and redshift function from
Eq. (5.5) and (5.6) have been incorporated into Eq. (5.17). This equation is further
modified in terms of proper length as follows:(

dl

dϕ

)2

=

[(
E2e−γ/r(l) − 1

L2

)
r(l)4 − r(l)2

]
. (5.35)

To visualize the solution of Eq. (5.35) in the context of wormhole embedding, the
equation for the embedding function is revisited, as given by Eq. (5.11), and the
proper distance described in Eq. (5.14). Utilizing the selected shape function (i.e., Eq.
(5.5)), analytical solutions for these equations are obtained as

z(r) = ±2 arctan
√
e(r−b0) − 1 , (5.36)

l(r) = ±2 log
[
er/2(1 +

√
1− e(b0−r))

]
. (5.37)

91



Chapter 5. Geodesic motion in traversable wormholes: Possibility of CTGs

(a) E = 15.633, L = 15.6, b0 = 1 (b) E = 15.64, L = 15.6, b0 = 1 (c) E = 15.7, L = 15.6, b0 = 1

(d) E = 16.1, L = 15.6, b0 = 1 (e) E = 20.5, L = 15.6, b0 = 1 (f) E = 23.5, L = 15.6, b0 = 1

Figure 5.3: Escape orbits of dl/dϕ motion for zero-tidal force wormhole with γ = 0.
The isometric wormhole embedding is employed for a throat radius b0 = 1. Different
geodesic trajectories are visualized for gradually increasing particle energy (E), at a
fixed angular momentum L = 15.6. Orbits originating from the upper universe traverse
the throat and transition into the lower universe.

To generate trajectory plots, Eq. (5.37) is inverted for use in Eq. (5.35). Since
the final expression of Eq. (5.35) poses challenges for analytical solution, numerical
methods are employed for solving the equation, facilitating 3D parametric plotting on
wormhole embeddings to depict orbits. The isometric embedding of the traversable
wormhole is visualized by plotting Eq. (5.36). Subsequently, orbits are computed for
varying values of energy (E) with a fixed angular momentum (L = 15.6) of the test
particles.

The primary objective of this chapter is to examine both bounded and unbounded
orbits on the wormhole embedding for zero and non-zero tidal force scenarios (γ =
0 and γ = 1), thereby exploring the possibility of closed timelike geodesics within their
trajectories. Additionally, the effect of tidal force on geodesics is investigated. Various
particle motions are illustrated within the wormhole geometry in Figures 5.3, 5.4, 5.5,
and 5.6. Escape and bound orbits of a zero-tidal force wormhole are depicted in Fig.
5.3 and 5.4 for different values of energy (E), angular momentum (L) of the particle.
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(a) E = 10.5, L = 15.6, b0 = 1 (b) E = 12.5, L = 15.6, b0 = 1 (c) E = 14.5, L = 15.6, b0 = 1

(d) E = 15.5, L = 15.6, b0 = 1 (e) E = 15.6, L = 15.6, b0 = 1 (f) E = 15.63, L = 15.6, b0 = 1

Figure 5.4: Bound orbits of dl/dϕ motion for zero-tidal force wormhole with γ = 0.
The isometric wormhole embedding is employed for a throat radius b0 = 1. Different
geodesic trajectories are visualized for gradually increasing particle energy (E), at a
fixed angular momentum L = 15.6. Orbits originated from the upper (lower) universe
are deflected around the throat region and re-enter the same universe. The trajectories
depicted in black and blue in the upper and lower universes, respectively, represent the
outcomes of positive and negative segments of dl/dϕ. Trajectories in (c)-(f) exhibit
intersecting closed timelike geodesic orbits.

The trajectories’ evolution for non-zero tidal force (γ = 1) is examined in Fig. 5.5 and
5.6. In all these scenario, throat radius is fixed at b0 = 1, and the angular momentum
of the test particle is maintained at L = 15.6 to demonstrate variations with increasing
energy (E). In wormholes with tidal force, trajectories are expected to exhibit smaller
deviations due to reduced deflection angles. This expectation is confirmed in Fig. 5.5
and 5.6, where higher energy is required to replicate trajectories as in Fig. 5.3 and 5.4
for the same values of L and b0. In bound orbits, particles remain within the same
universe. Consequently, positive and negative solutions of Eq. (5.35) depict identical
trajectories in the upper and lower universes of the wormhole respectively. These
trajectories in the lower universe are represented by blue lines, as seen in the figures.

It is notable that certain bound orbits, displayed in Fig. 5.4 and 5.6 exhibit in-
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(a) E = 25.773, L = 15.6, b0 = 1 (b) E = 25.78, L = 15.6, b0 = 1 (c) E = 25.9, L = 15.6, b0 = 1

(d) E = 26.5, L = 15.6, b0 = 1 (e) E = 30.5, L = 15.6, b0 = 1 (f) E = 35.5, L = 15.6, b0 = 1

Figure 5.5: Escape orbits of dl/dϕ motion for non-zero tidal force wormhole with γ = 1.
The isometric wormhole embedding is employed for a throat radius b0 = 1. Different
geodesic trajectories are visualized for gradually increasing particle energy (E), at a
fixed angular momentum L = 15.6. Orbits originating from the upper universe traverse
the throat and transition into the lower universe.

tersection points, a phenomenon consistent with findings in prior research [462–464].
These intersections, discussed extensively in [555], occur when a light flash emitted by
an observer coincides with its trajectory at previous points while traversing the worm-
hole embedding. This raises intriguing questions about the nature of these intersection
points, suggesting they might replicate past events.

These causal points present a particle with two choices: to remain on its current
orbit to move towards future, or to follow its past trajectory, eventually returning
to the same point after a certain duration. For massive particles and photons, these
intersecting orbits may resemble closed timelike or null orbits, respectively.

In most wormhole classifications, intersecting closed timelike geodesics (CTGs) are
observed only in bound orbits. Consequently, a particle must exist in the same universe
(or sublocality) to engage in CTG motion. However, it is not entirely implausible to
encounter CTGs in escape orbits, as seen in [464].

Recalling the explanation from section 5.4.1 concerning circular timelike geodesics
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(a) E = 17.5, L = 15.6, b0 = 1 (b) E = 20.5, L = 15.6, b0 = 1 (c) E = 25.5, L = 15.6, b0 = 1

(d) E = 25.7, L = 15.6, b0 = 1 (e) E = 25.77, L = 15.6, b0 = 1 (f) E = 25.772, L = 15.6, b0 = 1

Figure 5.6: Bound orbits of dl/dϕ motion for non-zero tidal force wormhole with γ = 1.
The isometric wormhole embedding is employed for a throat radius b0 = 1. Different
geodesic trajectories are visualized for gradually increasing particle energy (E), at a
fixed angular momentum L = 15.6. Orbits originated from the upper (lower) universe
are deflected around the throat region and re-enter the same universe. The trajectories
depicted in black and blue in the upper and lower universes, respectively, represent the
outcomes of positive and negative segments of dl/dϕ. Trajectories in (c)-(f) exhibit
intersecting closed timelike geodesic orbits.

at the throat, a distinct class of orbits is presented in Fig. 5.7. However, similar or-
bits have been documented previously in studies by [462, 464]. These orbits exemplify
closed timelike geodesic trajectories at the wormhole throat, resembling closed timelike
orbits observed in cylindrical wormholes [556–558] and other cylindrically symmetric
rotating spacetimes [224]. A particle entering from the lower universe forms a closed
timelike orbit at the throat, perpetually rotating without escaping. This specific orbit
entails the particle traversing for a duration before returning to its initial entry point.
Analogous scenarios are observed in closed timelike geodesics of cylindrically symmet-
ric spacetimes, as detailed in chapter 3. However, these circular timelike geodesics at
the throat exhibit high instability upon introducing minor parameter deviations.

95



Chapter 5. Geodesic motion in traversable wormholes: Possibility of CTGs

Figure 5.7: Unstable bound orbit at the
throat, for E = 1545, L = 1566, b0 =
1, exhibiting closed timelike geodesic.
Particle originating from the lower uni-
verse is trapped at the throat creating
infinite closed loop.

Classification of dl/dϕ orbits:
In this classification, various trajectories are distinguished in terms of CTGs, as ob-
served during the investigation of motion on the isometric embedding concerning dl/dϕ.
These timelike orbits are categorized as follows:
• Unbounded escape orbit: This trajectory involves a geodesic path originating
from one asymptotic region, crossing the wormhole throat, and reaching the other
asymptotic region.
• Bound orbit: In this scenario, a geodesic remains predominantly within the same
asymptotic region. Typically, it deviates from the vicinity of the throat and returns to
the originating universe.
• Intersecting CTG orbit: This trajectory involves a geodesic intersecting its own
path once or multiple times. Such intersections may enable closed timelike geodesic or-
bits, allowing for theoretical time reversal. Fig. 5.4c-5.4f and 5.6c-5.6f depict examples
of this orbit. Furthermore, Fig. 5.4f, 5.6e, 5.6f exhibit families of interacting CTGs in
this category.
• Throat-CTG orbit: Circular timelike geodesics are exclusively found at the throat,
potentially leading to CTGs, although these trajectories are highly unstable. Figure
5.7 illustrates an example of this orbit.

5.6 Discussions
In this chapter, a Morris-Thorne type wormhole solution is investigated within Ein-
stein’s gravity, assuming an exponential shape function and a constrained redshift
function specified by Eq. (5.5) and (5.6) respectively. The ultrastatic wormhole ge-
ometry (zero-tidal force) is retrieved when γ = 0, whereas for a non-zero tidal force
wormhole, γ = 1 is considered. Visualizations of the behaviour of null and weak energy
condition components are provided. While the energy density is positive in both cases,
negativity is exhibited by (ρ+pr) at the throat region, indicating the presence of exotic
fluid necessary for traversability.
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In the subsequent section, the deflection angle of orbiting photons is analyzed,
which becomes negative beyond a certain distance, signifying a repulsive gravitational
effect on the geometry. It is observed that this effect is less pronounced in a non-zero
tidal force wormhole compared to a zero-tidal force one. Nonetheless, the nature of the
effect remains consistent regardless of the choice of shape and redshift function. The
investigation reveals that common shape functions (e.g., Ellis wormhole) also yield this
deflection angle property in the presence of a non-zero tidal force. Further exploration
is warranted regarding the role of the repulsive gravity effect, possibly due to exotic
matter at the throat, establishing an open field of discussion concerning this effect in
wormhole geometries and its relation with the type of matter fluid.

In section 5.4.1, examination is made of circular timelike geodesics, which are only
viable at the wormhole throat. Both bound and unbounded orbits are discussed in
terms of the potential function with proper radial distance. Additionally, investigation
is conducted on timelike bound orbit conditions in a finite redshift and in an ultra-
static wormhole. Various timelike geodesic escape and bound orbits, parameterized by
particle energy and angular momentum, as well as the size and shape of the wormhole
throat, are presented in a series of figures for both ultrastatic and non-zero tidal force
wormholes. By numerically solving the dr/dϕ equation for different parameter values,
geodesic orbits are constructed on the isometric wormhole embedding. The gradual
increase in particle energy (E) for a fixed angular momentum (L = 15.6) illustrates
corresponding trajectory changes for a throat radius of b0 = 1. Furthermore, the bound
orbits, corresponding to positive and negative segments of Eq. (5.35) mirror each other
in the upper and lower universes respectively.

Subsequently, the existence and characteristics of closed timelike geodesic trajec-
tories were explored, particularly prevalent within bound orbits. These trajectories
exhibit overlap with their past worldlines while traversing the wormhole embedding.
At these intersection points, particles face a choice: to continue along present orbits
or to follow past worldlines, leading them back to the same intersection points after a
certain duration. Some orbits encounter these causal points once or twice, while oth-
ers engage in a series of interacting CTGs. The question arises whether these CTGs
arise due to the choice of the shape function considered in this study (specifically, the
exponential shape function (5.5)). To address this concern, one may refer to previous
studies [462–464], where although causal points were not explicitly mentioned, inter-
secting orbits were observed, facilitating CTGs. Additionally, it is noteworthy that
these CTGs are necessarily geodesics.

Moreover, the unstable circular timelike orbit at the throat serves as another source
of CTGs, as depicted in Fig. 5.7. It was observed that test particles entering this loop
become indefinitely trapped, endlessly retracing their past selves after each rotation.

In conclusion, the bounded and unbounded orbits were categorized based on the
presence of CTGs within their trajectories.

97



CHAPTER 6

STATIC WORMHOLE FORMATION IN
dRGT MASSIVE GRAVITY: AN

ANALYTIC DESCRIPTION

6.1 Prelude
Since the introduction of the traversable wormhole model, there has been considerable
interest in exploring whether wormholes can be constructed using ordinary matter.
Recent studies have discussed wormhole solutions in both Einstein gravity and modified
gravity theories, suggesting the possibility of constructing wormholes with ordinary
matter in modified gravity that satisfy all energy conditions [559]. Although the matter
itself may be ordinary, the effective geometric matter, which serves as the matter
source in modified gravity, violates the usual null energy condition. Several studies
have explored non-exotic matter wormholes in various gravity scenarios as given in
[430, 432, 560–568].

The current chapter examines the wormhole solution within both dRGT-f(R, T )
massive gravity and Einstein massive gravity frameworks. In both scenarios, the
anisotropic pressure solution within an ultrastatic wormhole geometry yields a shape
function dependent on parameters γ and Λ associated with massive gravity. How-
ever, the influence of these parameters leads to a departure from asymptotic flatness
in spacetime. Analogous to the case of black hole solutions in massive gravity, this
discrepancy emerges due to the repulsive nature of gravity, manifested in phenomena
such as negative photon deflection angles beyond certain radial distances. It is observed
that the repulsive effect induced by massive gravitons exerts significant influence on the
spacetime geometry, compromising its asymptotic flatness. Nevertheless, within this
framework, it is feasible to construct a wormhole supported by ordinary matter at its
throat, satisfying all energy conditions, while the negative energy density is attributed
to massive gravitons. Additionally, employing the TOV equation reveals the stability
of the model under hydrostatic equilibrium conditions.
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Thus, in this chapter, the derivation of the field equations governing the wormhole
solution within the framework of f(R, T ) massive gravity is delved into, with thorough
discussion provided in Section 6.2. Section 6.3 presents the solution for anisotropic
pressure within the ultrastatic wormhole geometry, highlighting the emergence of a
repulsive gravitational effect. To broaden the understanding of the interplay between
asymptotic structure and repulsive gravity, the analysis is extended to investigate the
wormhole solution within the dRGT extension of Einstein gravity, as detailed in Section
6.4. Meanwhile, Section 6.6 is dedicated to analyzing the stability of the model, whereas
Section 6.5 delves into discussions regarding energy conditions and the underlying
matter content. Finally, concluding discussions are provided in Section 6.7. Note that
the study maintains a natural unit system throughout, for which G = c = 1.

6.2 The dRGT field equations
To explore the f(R, T ) gravity model within the framework of de Rham-Gabadadze-
Tolley (dRGT) massive gravity, the corresponding action is formulated as follows:

S =

∫
d4x

√
−g
(

1

16π

[
f(R, T ) +m2

gU(g, ϕa)
]
+ Lm

)
, (6.1)

where f(R, T ) represents a function dependent on R and T . U denotes the self-
interacting potential of the graviton, characterized by the graviton mass mg, Lm stands
for the matter Lagrangian, and g signifies the determinant of the metric tensor gµν .
The potential U is defined in 4-dimension as follows:

U = U2 + α3U3 + α4U4 , (6.2)

where α3 and α4 are two dimensionless free parameters. The parameters U2, U3 and
U4 are written as

U2 = [K]2 − [K2] ,

U3 = [K]3 − 3[K][K2] + 2[K3] ,

U4 = [K]4 − 6[K]2[K2] + 8[K][K3] + 3[K2]2 − 6[K4] ,

(6.3)

where
Kµ

ν = δµν −
√
gµλ∂λϕa∂νϕbFab . (6.4)

Here, the trace of Kµ
ν is denoted by [K], where (Ki)µν = Kµ

ρ1
Kρ1

ρ2
...Kρi

ν . The Stückelberg
field is represented by ϕa, and the explicit form of the reference fiducial metric Fab is
given by

Fab =


0 0 0 0
0 0 0 0
0 0 c2 0
0 0 0 c2sin2θ

 . (6.5)

In the unitary gauge fixed as ϕa = xµδaµ, the expression becomes√
gµλ∂λϕa∂νϕbFab =

√
gµλFλν . (6.6)
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Upon varying the action with respect to the metric gµν , one may obtain the field
equation for the modified dRGT-f(R, T ) massive gravity theory as follows:

fR(R, T )Rµν −
1

2
f(R, T )gµν + (gµν2−∇µ∇ν)fR(R, T )

= −m2
gXµν + 8πTµν − fT (R, T )(Tµν +Θµν) . (6.7)

In the equations above, fR(R, T ) and fT (R, T ) represent the derivatives of f(R, T )
with respect to R and T respectively, while 2fR = gµν∇µ∇νfR. Additionally, the
variation of the trace of the energy-momentum tensor of the matter field, T = gµνTµν ,
is expressed as

δ(gαβTαβ)

δgµν
= Tµν +Θµν , (6.8)

where Θµν and Tµν are defined as

Θµν ≡ gαβ
δTαβ
δgµν

, (6.9)

Tµν ≡ gµνLm − 2∂(Lm)

∂gµν
. (6.10)

Here, Tµν can alternatively be expressed using the principal pressure terms as follows:

Tµν = (ρ+ pt)uµuν + ptgµν + (pr − pt)χµχν , (6.11)

where uµ represents the timelike unit vector, and χµ denotes a spacelike unit vector,
satisfying uµuµ = −1 and χµχ

µ = 1. Assuming the Lagrangian matter density Lm = ρ
universally, one may obtain Θµν = −2Tµν + ρgµν .

Furthermore, Xµν stands for the massive graviton tensor, expressed as

Xµ
ν = Kµ

ν − [K]δµν − α

[
(K2)µν − [K]Kµ

ν +
1

2
δµν
(
[K]2 − [K2]

)]
+ 3β

[
(K3)µν − [K](K2)µν +

1

2
Kµ

ν

(
[K]2 − [K2]

)]
− 3β

[
1

6
δµν
(
[K]3 − 3[K][K2] + 2[K3]

)]
,

(6.12)

where α and β are two massive gravity parameters, represented by

α = 1 + 3α3 , β = α3 + 4α4 , (6.13)

whereas by definition,

m2
g

8π
Xµν = −(ρ(g) + p

(g)
t )uµuν − p

(g)
t gµν − (p(g)r − p

(g)
t )χµχν , (6.14)

which represents the energy-momentum tensor of the massive gravity sector. Utilizing
Eq. (6.12), the density and pressure components ρ(g)(r) and p

(g)
r,⊥(r) of the massive
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gravitons for static Morris-Thorne wormholes can be readily computed as [206]

ρ(g)(r) ≡
m2

g

8π
X t

t = − 1

8π

(
2γ − Λr

r

)
, (6.15)

p(g)r (r) ≡ −
m2

g

8π
Xr

r =
1

8π

(
2γ − Λr

r

)
, (6.16)

p
(g)
θ,ϕ(r) ≡ −

m2
g

8π
Xθ,ϕ

θ,ϕ =
1

8π

(
γ − Λr

r

)
. (6.17)

In the above equations, the effective cosmological constant Λ and a novel parameter γ
are introduced and expressed as linear combinations of the parameters α and β. This
formulation is given by

Λ ≡ −3m2
g(1 + α + β) , γ ≡ −m2

gc(1 + 2α + 3β) . (6.18)

Subsequently, through basic mathematical manipulations applied to Eq. (6.7), the
final field equation is obtained to be

Gµν = 8πGeffTµν + T eff
µν − 1

fR(R, T )
m2

gXµν , (6.19)

where

Geff =
1

fR(R, T )

(
1 +

fT (R, T )

8π

)
, (6.20)

T eff
µν =

1

fR(R, T )

[
1

2

(
f(R, T )−RfR(R, T )

+ 2ρfT (R, T )
)
gµν −

(
gµν2−∇µ∇ν

)
fR(R, T )

]
. (6.21)

It is worth noting that when f(R, T ) ≡ f(R), where fT (R, T ) = 0, the conventional
f(R)massive gravity solution is recovered. In the field equation, the energy-momentum
tensor component (Tµν) of f(R, T ) gravity depicts the interaction between matter and
curvature. This interaction can be understood as the coupling between curvature and
matter arising from the exchange of energy and momentum between them. Conversely,
when considering the total energy-momentum tensor, which combines the contributions
from f(R, T ) and massive gravity sectors, it incorporates the interaction of massive
gravitons with the curvature-matter coupling. This can be mathematically expressed
as:

T tot
µν = diag

(
−ρ− ρ(g), pr + p(g)r , pt + p

(g)
t , pt + p

(g)
t

)
. (6.22)

However, the energy-momentum sector of f(R, T ) gravity, as proposed by Harko et
al. [122], presents a critical issue by violating the energy conservation law and resulting
in non-geodesic motion of test particles. Conversely, an alternative approach to f(R, T )
gravity, suggested by Chakraborty [569], demonstrates that maintaining conservation
of the EM tensor results in a similar form of the field equation. Consequently, test
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particles follow geodesic orbits, and the choice of Lagrangian is not entirely arbitrary.
For the homogeneous and isotropic universe model, this approach yields field equa-
tions equivalent to Einstein gravity with a non-interacting 2-fluid system, where one
component behaves as the usual perfect fluid and the other exhibits exotic properties.

Recently, in [570,571], it was demonstrated that f(R, T ) gravity can accommodate
a wormhole with non-exotic matter, where the ordinary EM tensor satisfies the null
energy condition (NEC), while the additional curvature from modified gravity leads to
NEC violation for the total EM tensor. The existence of ordinary matter wormholes
in the context of modified gravity is briefly discussed in [559].

Mathematically, the EM tensor in massive gravity exhibits properties akin to aniso-
tropic dark energy, with p

(g)
r = −ρ(g). This behaviour can effectively model vari-

ous compact objects and astrophysical phenomena [166–173, 199]. Consequently, in
f(R, T )-massive gravity, the interplay between massive gravitons and effective geo-
metric matter (arising from curvature) can lead to exotic behaviour. Thus, if the
EM sector of usual matter satisfies energy conditions and is dominated by the sum of
gravitons and geometric matter, an ordinary matter wormhole may emerge.

To establish a traversable wormhole solution, the Morris-Thorne line element is
considered [321]:

ds2 = −e2Φ(r)dt2 +

(
1− b(r)

r

)−1

dr2 + r2dΩ2 , (6.23)

where dΩ2 = dθ2+sin2θdϕ2, and Φ(r) and b(r) represent the redshift function and shape
function respectively. Traversability of this particular wormhole geometry necessitates
the following conditions:

1. The construction of the wormhole involves gluing two asymptotic regions at the
wormhole throat, denoted by the minimum r = r0. Thus, the radial coordinate
spans the interval r ∈ [ r0,∞) .

2. To prevent the presence of horizons and singularities, the redshift function Φ(r)
must be finite everywhere, ensuring eΦ(r) > 0 for r > r0.
The ultrastatic wormhole, a specific case of interest, represents the zero-tidal
force wormhole where Φ(r) = 0, resulting in eΦ(r) = 1. In this scenario, a
particle initially at rest remains stationary in a frame devoid of gravitational
acceleration [321].

3. The flaring-out condition, −rb′(r)+ b(r) > 0, needs to be satisfied at or near the
throat r = r0.

4. These conditions imply b(r0) = r0 and b′(r0) ≤ 1, ∀r ≥ r0, with equality of b′(r0)
occurring solely at the throat. Moreover, for r > r0 ⇒ b(r) < r.

5. Asymptotic flatness dictates Φ(r) → 0 and b(r)/r → 0 as r → ∞.

The redshift and shape functions must adhere to these conditions (for further details,
refer to [321]).
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The Einstein tensor components of the metric (6.23) are given as follows:

Gtt =
b′

r2
, (6.24)

Grr = − b

r3
+ 2

(
1− b

r

)
Φ′

r
, (6.25)

Gθθ = Gϕϕ =

(
1− b

r

)[
Φ′′ + Φ′2 +

(
−rb′ + 2r − b

2r(r − b)

)
Φ′ − rb′ − b

2r2(r − b)

]
. (6.26)

Utilizing these components, the computation of the field equation for f(R, T ) massive
gravity from Eq. (6.19) can be readily performed. The components are obtained as

ρ =
f

16π
+
fR
8π

[(
1− b

r

)(
Φ′′ + Φ′2)− rb′ + 3b− 4r

2r2
Φ′
]

−
(
1− b

r

)
f ′′
R

8π
+

(
rb′ + 3b− 4r

2r2

)
f ′
R

8π
+

(
2γ − Λr

8πr

)
, (6.27)

pr =− f

16π
+

(
1− b

r

)
f ′′
RfT

8π(8π + fT )
− f ′

R

(8π + fT )

[(
rb′ + 3b− 4r

2r2

)
fT
8π

−
(
1− b

r

)(
Φ′ +

2

r

)]
− fR

(8π + fT )

[(
−rb′ − 3b+ 4r

2r2

)
Φ′ fT

8π

+

(
−rb′ + b

2r2

)(
Φ′ +

2

r

)]
−
(
1− b

r

)(
Φ′′ + Φ′2) fR

8π
−
(
2γ − Λr

8πr

)
, (6.28)

pt =− f

16π
+

(
1− b

r

)
f ′′
R

8π
− f ′

R

(8π + fT )

[(
rb′ + 3b− 4r

2r2

)
fT
8π

+

(
rb′ + b− 2r

2r2

)

−
(
1− b

r

)
Φ′

]
− fR

(8π + fT )

[(
r − b

r2
−
(
rb′ + 3b− 4r

2r2

)
fT
8π

)
Φ′

− rb′ + b

2r3

]
− fRfT

8π(8π + fT )

(
1− b

r

)(
Φ′′ + Φ′2)− (2γ − Λr

8πr

)
. (6.29)

Now, to construct a wormhole solution, various approaches can be adopted, such as
specifying choices for Φ(r), b(r), and f(R, T ), among others. Another approach in-
volves prescribing specific pressures (isotropic/anisotropic) or equations of state for
pr, pt. However, pre-determining the shape function before obtaining the solution may
neglect the influence of massive gravity on the shape. For instance, a wormhole solution
in f(R) massive gravity as proposed by Tangphati et al. [206]. Thus, in this current
investigation, the anisotropic pressure solution in f(R, T ) massive gravity is explored,
which demonstrates the impact of massive gravitons on the wormhole shape function.
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6.3 Anisotropic solution
In the context of the anisotropic pressure fluid wormhole solution in dRGT-f(R, T )
massive gravity, a straightforward selection of f(R, T ) is opted for, such as f(R, T ) ≡
(αR + βT ) 1. Here, the parameters α = 1 and β = 2λ yield the familiar linear
f(R, T ) cosmology, specifically f(R, T ) ≡ (R + 2λT ) [122]. Notably, fR = α, fT = β,
and f ′

R = f ′′
R = 0 for this particular choice. Additionally, an ultrastatic wormhole is

selected for the specific solution, resulting in Φ′(r) = Φ′′(r) = 0. Consequently, the
reduced energy-momentum components can be directly computed as follows:

ρ =
αb′

r2(8π + β)
+

2γ − Λr

2r(4π + β)
, (6.30)

pr = − αb

r3(8π + β)
− 2γ − Λr

2r(4π + β)
, (6.31)

pt =
α(−rb′ + b)

2r3(8π + β)
− 2γ − Λr

2r(4π + β)
. (6.32)

The equation for the anisotropic pressure fluid is expressed as pt = σpr, where
σ = 1 indicates isotropic pressure condition (pt = pr = p). Conversely, for anisotropic
pressure fluid, to maintain asymptotic flatness of the spacetime, σ must be negative.
Therefore, for our specific selections, equations (6.31) and (6.32) can be directly em-
ployed to derive the shape function.

b(r) =
r2(8π + β)

2α(4π + β)

[
−4γ(1− σ) + Λr(1− 2σ)

(1− 2σ)

]
+ Cr1+2σ , (6.33)

where C represents the constant of integration. It is to be noted that the shape function
depends exclusively on the γ and Λ parameters of massive gravity, and consequently,
on the mass of the graviton.
A notable observation is that when σ = −1 and γ = Λ = 0, the equation simplifies to
the shape function of the so-called Ellis wormhole [349].
However, the position of the wormhole throat can be determined by finding the root
of
(
1− b(r)

r

)
= 0, which (within our region of interest) ultimately yields

1 + Aγr − BΛr2 + Cr2σ = 0 , (6.34)

where
A =

2(8π + β)

α(4π + β)

(
1− σ

1− 2σ

)
, B =

(8π + β)

2α(4π + β)
. (6.35)

For the Ellis wormhole, Eq. (6.34) transforms to

1 + Āγr − BΛr2 +
C

r2
= 0 . (6.36)

1Please note that the α and β parameters mentioned here are distinct from those used in the field
equation of massive gravity. Henceforth, the coefficients of f(R, T ) will exclusively be denoted by α
and β, except when discussing the deflection angle.
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Equation (6.36) possesses four roots, with one real root determining the throat radius.
Imposing condition 4 of the minimum requirements for wormhole geometry in section
6.2, i.e., b(r = r0) = r0, allows determination of C from (6.34) such that the throat
radius r0 is specified. Hence, the final shape function is expressed as

b(r) = r

(
r

r0

)2σ

− r(8π + β)

2α(4π + β)(1− 2σ)

×

[
4γ (1− σ)

(
r − r0

(
r

r0

)2σ
)

− Λ (1− 2σ)

(
r2 − r20

(
r

r0

)2σ
)]

.

(6.37)

As anticipated, the outcome reveals that in the absence of massive gravity effects
(i.e., γ = Λ = 0), the expression aligns with the conventional solution of anisotropic
pressure fluid in f(R, T ) gravity. However, the inclusion of r and r2 terms respectively
with γ and Λ in the second term of the shape function alters the asymptotic flatness
of the spacetime. This effect closely resembles the behaviour observed in black hole
solutions within dRGT massive gravity, as found in [554].
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b'(r)

b(r)/r

-rb'(r)+b(r)
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Figure 6.1: Nature of f(R, T )-massive
gravity shape function according to the
Morris-Thorne wormhole properties for
α = 1, β = 2, σ = −1, γ = 0.06, and
Λ = 0.07. The vertical dashed line rep-
resent the throat radius r0 = 1.

To examine the characteristics of the shape function, b(r), b′(r), b(r)/r, and the
flaring-out component −rb′(r)+b(r) is depicted in Fig. 6.1. Although all properties are
fulfilled near the throat, conditions stipulated by b′(r) < 1, b(r)/r < 1, ∀ r > r0, and
b(r)/r → 0 for r → ∞ are notably violated beyond a certain radial distance. Thus, it
is apparent that the spacetime’s asymptotic flatness diminishes after a certain distance
due to the presence of massive gravitons. This can be interpreted as a consequence of
the repulsive gravity effect, which is another distinctive feature of the dRGT massive
gravity theory. A similar effect is observed in the black hole solution in massive gravity,
where the asymptotic structure changes due to this effect [554]. It is worth noting that
repulsive gravity behaviour is also observed in BHT massive gravity [553], as well as
in other modified gravities involving exotic matter and energy [548–552].

Upon revisiting the discussion regarding non-asymptotic geometry, as r → ∞, the
ratio b(r)/r does not approach ‘0’; instead, it tends towards ‘∞’. This behaviour arises
from the inclusion of linear r and r2 terms with γ and Λ respectively in Eq. (6.37), re-
sulting in the absence of asymptotic flatness. It is obvious and can be mathematically
proven that alternative selections of f(R, T ) in ultrastatic wormhole geometry also
involve such terms with r and r2, incorporating γ and Λ in the shape function. Com-
parable scenarios can be observed in other gravitational theories, including Einstein’s
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gravity coupled with massive gravitons (which will be discussed later in this chapter),
and in f(R) massive gravity. Therefore, it can be inferred that this characteristic is a
common aspect of wormholes in dRGT massive gravity.

To ascertain the presence of the repulsive gravity effect in the wormhole solution
and its potential impact on the asymptotic structure, it is essential to examine the
photon deflection angle within the wormhole. The deflection angle becomes negative
in a spacetime where repulsive gravity influences photons, as demonstrated in previous
studies [554].

6.3.1 Repulsive behaviour of gravity
To examine the deflection angle of photons from null geodesics, initially a general
spherically symmetric and static line element is introduced, as described by [14, 572]

ds2 = −A(r)dt2 +B(r)dr2 + C(r)dΩ2 . (6.38)

The geodesic equation, which establishes the relationship between the momenta one-
forms of a freely falling body and the background geometry, is provided by [572]

dpβ
dλ

=
1

2
gνα,βp

νpα , (6.39)

where λ denotes the affine parameter. It is evident that if the components of gαν do
not vary with xβ for a fixed index β, then pβ remains constant. Thus, when considering
solely the equatorial slice with θ = π/2, the gαβ terms in Eq. (6.39) are independent
of t, θ, ϕ, allowing determination of the corresponding killing vector fields δµα∂ν with α
as a cyclic coordinate. Consequently, the constants of motion pt and pϕ can be set as
pt = −E and pϕ = L, where E and L denote the energy and angular momentum of
the photon, respectively. Hence, the following expressions are obtained

pt = ṫ = gtνpν =
E

A(r)
,

pϕ = ϕ̇ = gϕνpν =
L

C(r)
,

(6.40)

where the overdot denotes differentiation with respect to the affine parameter λ. Sim-
ilarly, the equation for the radial null geodesic is easily derived as

ṙ2 =
1

B(r)

(
E2

A(r)
− L2

C(r)

)
. (6.41)

However, expressing the equation for the photon orbit in terms of the impact parameter
µ = L/E yields: (

dr

dϕ

)2

=
C(r)2

µ2B(r)

[
1

A(r)
− µ2

C(r)

]
. (6.42)

To calculate the deflection angle of a photon, a source can be considered with a photon
radius rs influencing the geometry. The photons can intersect the surface only if an
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existing solution r0 satisfies the condition r0 > rs and ṙ2 = 0, where r0 represents the
turning point. In this scenario, the impact parameter is given by

µ =
L

E
= ±

√
C(r0)

A(r0)
. (6.43)

Thus, it is evident that in the weak field limit, µ ≈
√
C(r0). Consequently, if a photon

originates from the polar limit defined by lim
r→∞

(
r,−π

2
− α

2

)
, passes through the turning

point at (r0, 0), and hits lim
r→∞

(
r, π

2
+ α

2

)
, then the photon deflection angle is identified

as α, as a function of r0 [547]. This angle can be calculated by Eq. (6.42) as follows:

α(r0) = −π + 2

∫ ∞

r0

√
B(r)dr√

C(r)
[(

A(r0)
A(r)

)(
C(r)
C(r0)

)
− 1
]1/2 . (6.44)

For the present choice of Morris-Thorne line element (6.23), this equation takes the
form

α(r0) = −π + 2

∫ ∞

r0

dr

r
[(

1− b(r)
r

)(
r2

r20
− 1
)]1/2 . (6.45)

The deflection angle of photons in massive gravity can now be demonstrated by numer-
ically integrating the aforementioned equation, subject to the shape function specified
in Eq. (6.37), as depicted in Fig 6.2.
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) Figure 6.2: The deflection angle of pho-

ton in f(R, T )-massive gravity for r0 =
1, σ = −1, γ = 0.06,Λ = 0.07, α = 1,
and β = 2. The angle is negative after
a certain distance, representing the re-
pulsive behaviour of gravity.

Remarkably, the deflection angle assumes a negative value beyond a certain thresh-
old of r0. This phenomenon can be attributed to the presence of repulsive gravity.
Without considering the massive gravity parameters γ and Λ (i.e., in the absence of
massive gravity), it can be verified that negative deflection angles do not occur [461].
Additionally, from Fig. 6.1, it is evident that inconsistencies in the spacetime struc-
ture, such as disturbance in asymptotic flatness, manifest beyond a radial distance
where the repulsive gravity effect comes into play. Therefore, it can be inferred that
the complexity of the asymptotic structure results from the repulsive nature of gravity.

However, the repulsive characteristic of anisotropic dark energy is inherent in mas-
sive gravitons. Consequently, their presence may physically induce the repulsive effect
observed in dRGT massive gravity.
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6.4 Wormhole in Einstein-massive gravity
To initiate the study of Einstein gravity within the framework of dRGT massive gravity,
the action is given by

S =

∫
d4x

√
−g
(

1

16π

[
R +m2

gU(g, ϕa)
]
+ Lm

)
. (6.46)

This action incorporates the effects of both Einstein gravity and dRGT massive gravity,
along with other relevant parameters outlined in section 6.2. By varying the action
with respect to gµν , the following field equation can be derived:

Gµν = 8πTµν −m2
gXµν . (6.47)

The above outcomes can be straightforwardly obtained by setting f(R, T ) = R, imply-
ing fR(R, T ) = 1, in the f(R, T ) massive gravity.

In Eq. (6.47), the EM tensor of Einstein’s gravity adheres to the principle of
energy conservation, while the collective EM tensor for the coupled perfect fluid-massive
graviton system is expressed as

T tot
µν = diag

(
−ρE − ρ(g), pEr + p(g)r , pEt + p

(g)
t , pEt + p

(g)
t

)
, (6.48)

where the superscript ‘E’ denotes the EM components for Einstein gravity. Conse-
quently, one can express the conservation laws ∇µT tot

µν = 0, ∇µTµν = 0, and ∇µT
(g)
µν = 0

directly. In Einstein-massive gravity, constructing a wormhole may be feasible with
non-exotic matter sources, leveraging the exotic nature of massive gravitons to manip-
ulate the violation of energy conditions.

To derive the field equation calculations for the wormhole geometry, Eq. (6.24),
(6.25), and (6.26) are substituted into Eq. (6.47) to get

ρ =
b′

8πr2
+

(
2γ − Λr

8πr

)
, (6.49)

pr =− b

8πr3
+

(
1− b

r

)
Φ′

4πr
−
(
2γ − Λr

8πr

)
, (6.50)

pt =

(
−rb′ + b

16πr3

)
+

(
−rb′ + 2r − b

16πr2

)
Φ′

+
1

8π

(
1− b

r

)(
Φ′′ + Φ′2)− (2γ − Λr

8πr

)
. (6.51)

In this context, it is aimed to construct an anisotropic pressure solution within an
ultrastatic wormhole geometry, for which the restriction is given by Φ = constant,
implying Φ′ = Φ′′ = 0. Consequently, the equation of state for the solution, denoted
as pt = σpr, determines the shape function of the wormhole. Utilizing the boundary
condition at the wormhole throat, i.e., b(r0) = r0, yields the final shape function as
follows:

b(r) = r

[(
r

r0

)2σ

− 4γ(1− σ)

(1− 2σ)

(
r − r0

(
r

r0

)2σ
)

+ Λ

(
r2 − r20

(
r

r0

)2σ
)]

. (6.52)
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Figure 6.3: Nature of the shape func-
tion in Einstein-massive gravity accord-
ing to the Morris-Thorne wormhole
properties for σ = −1, γ = 0.06, and
Λ = 0.07. The vertical dashed line rep-
resent the throat radius r0 = 1.

The shape function bears strong resemblance to that obtained in f(R, T ) grav-
ity. Visualizations of the shape function properties, including b(r), b′(r), b(r)/r, and
(−rb′(r) + b(r)), are depicted in Fig. 6.3. These plots reveal a departure from asymp-
totic flatness beyond a certain radial distance, attributed to the presence of linear r
and r2 terms with γ and Λ respectively. However, when the expression is devoid of
the massive gravity parameters (i.e., γ = Λ = 0), a shape function that asymptotically
conforms well is retrieved.

Discussion on the repulsive effect of gravity in this context is indeed warranted.
Thus, Eq. (6.45) is employed to plot the numerical solution of the deflection angle of
photons in the dRGT extension of Einstein gravity. The presence of a negative de-
flection angle indicates the existence of repulsive gravity, with all other comprehensive
discussions paralleling those in f(R, T )-massive gravity. This plot is illustrated in Fig.
6.4, and upon comparison with Fig. 6.3, it becomes apparent that the Morris-Thorne
wormhole shape function properties are compromised beyond the radial distance where
the deflection angle turns negative. Therefore, even in Einstein-massive gravity, the
asymptotic flatness of the traversable wormhole is disturbed due to the repulsive effect
of gravity, which can be attributed to the anisotropic dark energy behaviour of massive
gravitons.
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gle is negative after a certain distance,
representing the repulsive behaviour of
gravity.
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6.5 Energy Conditions
It is crucial to examine energy conditions in the context of traversable wormhole con-
figurations to understand the matter content within the wormhole. As previously
discussed, the throat of typical static Morris-Thorne wormholes requires exotic matter
that violates the Null Energy Condition (NEC), to keep the wormhole throat open
and traversable. Interestingly, in massive gravity theory, the massive graviton energy-
momentum tensor can naturally exhibit features of energy condition violation, as the
massive graviton density may be negative in certain regions where radial pressure is
positive [573]. Thus, the existence of wormholes in massive gravity theory could be a
natural consequence.

In this section, the energy conditions for wormhole configurations will be explored
successively in f(R, T )-massive gravity and Einstein-massive gravity.
Energy conditions can be summarized in principal pressure forms as follows:

(i) NEC: ρ+ pr ≥ 0, ρ+ pt ≥ 0;
(ii) WEC: ρ ≥ 0, ρ+ pr ≥ 0, ρ+ pt ≥ 0;
(iii) SEC: ρ+ pr ≥ 0, ρ+ pt ≥ 0, ρ+ pr + 2pt ≥ 0;
(iv) DEC: ρ ≥ 0, ρ− |pr| ≥ 0, ρ− |pt| ≥ 0.

Note that, standard mathematical techniques can be employed to compute ρ, ρ +
pr, ρ+ pt, ρ− |pr|, ρ− |pt|, and ρ+ pr +2pt from equations (6.30), (6.31), and (6.32),
while incorporating the shape function defined in Eq. (6.37). Utilizing these six terms
enables the investigation of all four energy conditions for f(R, T )-massive gravity. The
mathematical outcomes of these terms are graphically depicted in Fig. 6.5 for parame-
ter choices α = 1, β = 2, σ = −1, and r0 = 1. Furthermore, a summary of the results
obtained from the plots is provided in Table 6.1.

From the analysis presented in Fig. 6.5 and Table 6.1, it is evident that all en-
ergy conditions, including energy density, are upheld throughout the wormhole re-
gion, starting from r = 0.87 and r = 0.83, respectively, for γ = 0.01, Λ = 0.7 and
γ = −0.01, Λ = 0.7. Furthermore, the differences in energy condition components are
marginal for varying signs of γ. However, they exhibit a high sensitivity to the effective
cosmological constant (Λ). Specifically, for γ = 0.01, Λ = −0.7, all components are
entirely negative, indicating a violation of energy conditions. Moreover, for smaller
values of γ and Λ, corresponding to less significant effects of massive gravity, energy
conditions are violated at the wormhole throat but become satisfied beyond a certain
radial distance.

It is worth noting that for the first two combinations of γ and Λ, that is γ =
0.01, Λ = 0.7 and γ = −0.01, Λ = 0.7, the construction of the wormhole is feasible
with ordinary matter, meeting all energy conditions. This scenario has been extensively
investigated in [559], affirming the possibility of constructing wormholes with ordinary
matter in modified gravity theories. However, violation of the Null Energy Condition
(NEC) is common at the wormhole throat to maintain traversability. Previous studies
in f(R, T ) gravity [570,571] have also explored wormhole models with non-exotic mat-
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Figure 6.5: The variation of energy condition components, ρ, ρ+pr, ρ+pt, ρ−|pr|, ρ−
|pt|, and ρ + pr + 2pt, against radial coordinate r, for four different combinations of γ
and Λ. The fixed parameters are α = 1, β = 2, σ = −1, and the throat radius r0 = 1.
The vertical dashed line represents the throat radius.

ters, where the curvature matter source serves as the exotic matter, violating energy
conditions. In the present context, the matter source of massive gravitons, acting as
anisotropic dark energy, combined with the curvature matter source, results in the
violation of energy condition components. Therefore, conventional matter can serve as
the matter source, while the strong repulsive dark energy nature of massive gravitons
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Terms γ and Λ Result
ρ γ = 0.01, Λ = 0.7 ≥ 0 for r ∈ [ 0.73,∞)

γ = −0.01, Λ = 0.7 ≥ 0 for r ∈ [ 0.69,∞)
γ = 0.01, Λ = −0.7 Always < 0
γ = 0.001, Λ = 0.001 ≥ 0 for r ∈ [ 5.29,∞)

ρ+ pr γ = 0.01, Λ = 0.7 ≥ 0 for r ∈ [ 0.87,∞)
γ = −0.01, Λ = 0.7 ≥ 0 for r ∈ [ 0.83,∞)
γ = 0.01, Λ = −0.7 Always < 0
γ = 0.001, Λ = 0.001 ≥ 0 for r ∈ [ 6.09,∞)

ρ+ pt γ = 0.01, Λ = 0.7 ≥ 0 for r ∈ [ 0.02,∞)
γ = −0.01, Λ = 0.7 Always > 0
γ = 0.01, Λ = −0.7 Always < 0
γ = 0.001, Λ = 0.001 ≥ 0 for r ∈ [ 2,∞)

ρ− |pr| γ = 0.01, Λ = 0.7 ≥ 0 for r ∈ [ 0.87,∞)
γ = −0.01, Λ = 0.7 ≥ 0 for r ∈ [ 0.83,∞)
γ = 0.01, Λ = −0.7 Always < 0
γ = 0.001, Λ = 0.001 ≥ 0 for r ∈ [ 6.09,∞)

ρ− |pt| γ = 0.01, Λ = 0.7 ≥ 0 for r ∈ [ 0.87,∞)
γ = −0.01, Λ = 0.7 ≥ 0 for r ∈ [ 0.83,∞)
γ = 0.01, Λ = −0.7 Always < 0
γ = 0.001, Λ = 0.001 ≥ 0 for r ∈ [ 6.09,∞)

ρ+ pr + 2pt γ = 0.01, Λ = 0.7 ≥ 0 for r ∈ [ 0.02,∞)
γ = −0.01, Λ = 0.7 Always > 0
γ = 0.01, Λ = −0.7 Always < 0
γ = 0.001, Λ = 0.001 ≥ 0 for r ∈ [ 2,∞)

Table 6.1: Numerical outcomes regarding the potential zones where corresponding
energy conditions are satisfied.

induces a repulsive gravity effect in spacetime, significantly affecting the asymptotic
flatness of the geometry.

Conversely, the Einstein-massive gravity model exhibits very little deviation from
our linear f(R, T )-massive gravity formulation. By setting α = 1 and β = 0 in Eq.
(6.30), (6.31), (6.32), and (6.37), one can effortlessly recover the EM components and
the shape function for Einstein gravity. Mathematically, the EM components show
only a loose dependency on β, and visually, the energy conditions display quite similar
behaviour for α = 1 and β = 0. For scenarios where γ = 0.01, Λ = 0.7, and γ =
−0.01, Λ = 0.7, an ordinary matter wormhole is also present. However, it is solely the
massive gravity sector that introduces the violations in energy conditions. Therefore,
it is apparent that the discussions pertaining to the Einstein-massive gravity model
closely parallel those of the f(R, T ) gravity.
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6.6 Equilibrium Analysis
The equilibrium condition for the current study is described by the generalized Tolman–
Oppenheimer–Volkov (TOV) equation, expressed as

dpr
dr

+
Φ′

2
(ρ+ pr) +

2

r
(pr − pt) = 0 , (6.53)

which serves as a fundamental and elegant approach to examining the stability of static
astrophysical solutions, including wormholes and compact objects. Further insights into
this equation can be found in references such as [570, 574–577].

Alternatively, Eq. (6.53) can be formulated as

Fa + Fg + Fh = 0 , (6.54)

providing the equilibrium condition for the wormhole. Here,

Fa =
2

r
(pt − pr) ,

Fg = −Φ′

2
(ρ+ pr) ,

Fh = −dpr
dr

.

The above set of equations illustrates the balance of forces within the wormhole, where
Fa represents the force from the anisotropic matter, Fg is the gravitational force, and
Fh is the hydrostatic force. Notably, Fa generates from the modifications in the gravita-
tional Lagrangian of the Einstein-Hilbert action. However, as indicated by Eq. (6.54),
for the system to remain in equilibrium, the sum of these forces must equate to zero.

In Fig. 6.6, the behaviour of Fa, Fg, and Fh are plotted for specific parameter
values that ensure the satisfaction of energy conditions. However, Fg is zero for the
choice of ultrastatic geometry, such that Φ is constant, implying the gravitational force
has no impact on the model. From the visualization, it is apparent that the other two
forces are equal in magnitude but opposite in direction. This observation confirms the
equilibrium of forces achieved through the combined effect of the three force terms,
thereby affirming the stability of the system.

Fh

Fa

Fg

0 1 2 3 4 5
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r

Figure 6.6: Plot demonstrating the na-
ture of three forces for equilibrium anal-
ysis, including Fg = 0 for the ultra-
static wormhole. The plot is exhibited
for r0 = 1, σ = −1, γ = 0.01,Λ = 0.7
and α = 1, β = 2.
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6.7 Discussions
In this chapter, a static wormhole solution is presented within the context of dRGT
massive gravity, which extends f(R, T ) gravity and Einstein gravity. It is worth noting
that while energy conservation is violated in f(R, T ) gravity [122], one could alterna-
tively consider the conservation of energy-momentum as proposed by [569]. Interest-
ingly, the field equations remain similar, allowing for the investigation of wormhole
solutions even with non-exotic matter.

The shape function derived from the anisotropic pressure solution in the model
incorporates terms involving products of r and r2 with the massive gravity parameters
γ and Λ. This leads to severe issues in achieving asymptotically flat geometry in the
spacetime beyond a certain radial distance. While one could potentially extend the
region of asymptotically well-behaved spacetime by choosing smaller values of γ and Λ,
achieving a globally complete asymptotic flat wormhole solution may require restricted
choices of the shape function.

The examination of the repulsive effect of gravity in spacetime can be carried out
through the observation of negative deflection angles of photons. It is found that in
an extended spacetime description with massive gravity, the deflection angle becomes
negative due to terms involving γ and Λ. Hence, the non-asymptotic flatness and
the presence of repulsive gravity are generic features of dRGT massive gravity, with
massive gravitons sourcing these effects in both black holes and wormholes.

Upon investigating the barotropic equation of state (pr = ωρ) to derive the shape
function, the following expression is obtained:

b(r) = r
(r0
r

)1+1/ω

+
r(8π + β)(1 + ω)

2α(4π + β)

×
[
− 2γ

1 + 2ω

(
r − r0

(r0
r

)1+1/ω
)
+

Λ

1 + 3ω

(
r2 − r20

(r0
r

)1+1/ω
)]

.

It is evident that this expression closely resembles the solution for anisotropic pressure,
thus reproducing all the properties of the anisotropic solution. Consequently, dRGT-
Einstein gravity also replicates all the effects and analyses present in the f(R, T )model,
albeit in a special limit.

The investigation surrounding wormhole solutions in massive gravity holds a signif-
icant interest, as the energy-momentum tensor stemming from the massive gravitons
inherently violates null energy conditions. Additionally, the introduction of f(R, T )
modifications in massive gravity appears to be more suitable for constructing worm-
holes with well-behaved matter sources. In the current investigation, it is established
that for various values of γ and Λ, there exists a large number of possibilities for ordi-
nary matter wormholes that satisfy all energy conditions. In this scenario, the typical
matter source of the wormhole consists of ordinary matter, while the matter source of
massive gravitons coupled with the curvature term of f(R, T ) gravity serves as the geo-
metric matter responsible for the negative energy density required to keep the wormhole
throat open. However, in Einstein-massive gravity, it is solely the massive gravitons
that serve as the source of the exotic component in non-exotic matter wormholes. It
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is important to note here that the pronounced repulsive nature of massive gravitons
gives rise to the repulsive effect of gravity, leading to non-asymptotic flatness in both
f(R, T ) massive gravity and Einstein massive gravity scenarios.

Finally, the equilibrium analysis of the Tolman–Oppenheimer–Volkov (TOV) equa-
tion suggests that the wormhole remains stable under hydrostatic equilibrium condi-
tions.
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CHAPTER 7

EVOLVING WORMHOLE IN dRGT
MASSIVE GRAVITY

7.1 Prelude
Wormholes serve as connectors between separate universes or distant locations within
a single universe, necessitating the presence of exotic matter, a substance with negative
energy density, for their construction of traversable variants. This concept finds support
in quantum field theory, particularly evidenced by the Casimir effect [578]. Exploration
into wormholes featuring negative energy densities within the framework of quantum
gravity has been pursued through the application of the path integral formulation
[579, 580]. Hochberg and Kephart have suggested that gravitational compression of
the vacuum may lead to the formation of wormholes characterized by negative energy
[581]. Consequently, an intriguing demonstration of exotic matter is observed in the
generation of attractive forces between parallel metal plates within a vacuum [582].

From a theoretical standpoint, cosmology stands out as a particularly promising do-
main for the investigation of exotic fluids. It is widely acknowledged that the universe’s
acceleration is attributed to exotic matter satisfying the condition ω < −1/3, with a
corresponding equation of state p = ωρ. Phantom energy, characterized by ω < −1,
possesses unique attributes such as negative temperature and energy, contributing to
the concept of the Big Rip, where its energy density evolves with the universe’s expan-
sion [38]. Thus, evolving wormhole configurations in different cosmological background
have been extensively investigated in various contexts [385,387,388,395,583–592], where
some of them are found to be consistent with the classical energy conditions.

In this chapter, the dynamic wormhole configuration has been explored within
the framework of Einstein-massive gravity, incorporating considerations of traceless,
barotropic and anisotropic pressure fluids. A thorough examination has been conducted
on the limitations of throat radius imposed by the constants originating from the
wormhole configuration. It is observed that the throat of the wormhole, positioned
between two distant universes, experiences simultaneous expansion accompanied by
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acceleration. Notably, in traceless, barotropic and anisotropic pressure fluids, there is
a wide range of different parameter choices that may lead to wormhole configurations
with non-exotic matter at the throat. Similar to the static wormholes in dRGT theory,
the anisotropic dark energy nature of coupled massive gravitons serves as the exotic
energy, while the matter source in GR behaves as ordinary.

Since the emergent universe scenario is of particular interest in this study, the chap-
ter commences with a brief review in Section 7.2. Consequently, the formulation of the
field equations pertaining to dRGT massive gravity is outlined in Section 7.3. This sec-
tion also encompasses a detailed exploration of spacetime geometry and the derivation
of the metric’s field equations. The subsequent Section (7.4) entails the computation of
evolving wormhole solutions within the contexts of traceless fluid, barotropic equation
of state (EOS), and anisotropic pressure fluid. A comprehensive analysis of the energy
conditions is presented in Section 7.5. Finally, the discourse culminates in Section 7.6
with a substantial discussion on the findings.

The natural units are consistently employed throughout the study, whereG = c = 1.

7.2 Emergent universe: A review
Inflation stands as one of the most effective frameworks for elucidating the early uni-
verse’s physics, addressing key concepts within Big Bang cosmology [593–595], with
earlier contributions noted [62,596,597]. Notable among its accomplishments is the pre-
diction of a nearly scale-invariant primordial power spectrum, subsequently confirmed
with high precision through Cosmic Microwave Background (CMB) observations [598].
However, the success of inflation relies heavily on several assumptions, including a
sufficiently prolonged period of quasi-exponential expansion and the validity of per-
turbation theory within this phase. Yet, these assumptions often introduce challenges
for inflationary models, such as the fine-tuning issue associated with potential parame-
ters. Additionally, concerns have been raised regarding the initial singularity problem
inherited from Big Bang cosmology [599].

To address the primordial Big Bang singularity of standard cosmology, cosmologists
have proposed alternative scenarios, such as the emergent universes [600–602], which
emerges from the pursuit of inflationary models devoid of singularities within classical
general relativity. An emergent universe depicts a model where a time-like singularity
never occurs, exhibiting nearly static behaviour in the distant past (as t→ −∞). Over
time, the model transitions into an inflationary phase. This perspective aligns with
a contemporary reinterpretation and expansion of the original Lemaître-Eddington
universe concept.

The emergent universe hypothesis posits a scenario where a spatially closed uni-
verse, governed by General Relativity and characterized by a minimally coupled scalar
field to gravity, originates from an initially past-eternal Einstein static condition with
a finite initial dimension. This universe then transitions through a phase of super-
inflation before progressing towards slow-roll inflation, ultimately leading to the con-
ventional hot-Big Bang cosmological model. In 1967, Harrison originally explored a
closed universe with only radiation, approaching an Einstein static model asymptot-
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ically. After a significant interval, Ellis and collaborators developed closed universe
models involving a scalar field ϕ with a specific self-interacting potential and possibly
ordinary matter with p = ωρ, where (−1/3 ≤ ω ≤ 1) [601, 602]. However, they did
not provide exact analytic solutions, although the asymptotic behaviour aligns with
the emergent universe scenario. Additionally, Mukherjee et al. [603] derived solutions
for the Starobinsky model resembling emergent universe features. Subsequently, they
proposed a general prescription for an emergent model with an ad hoc equation of
state, exhibiting exotic nature in certain instances [604].

In recent years, extensive research has delved into various aspects of this model, ex-
amining its stability, fine-tuning concerns, and both theoretical and observational fea-
sibility (see [605–641]). One noteworthy alternative scenario for the early universe [642]
involves String Gas cosmology, wherein an emergent universe arises during the Hage-
dorn phase of a thermal system consisting of superstrings [600, 643–646]. Another
avenue explored is the Galilean Genesis model [647]. Researches have conducted phe-
nomenological investigations into the causal generation of primordial field fluctuations
within this framework, utilizing approaches such as Conformal Cosmology [648–653]
and Pseudo-Conformal Cosmology [654, 655]. Subsequent studies have addressed the
challenge of successfully translating scale-invariant primordial field fluctuations into
curvature perturbations [656, 657]. Recently, conjectures like the Swampland hypoth-
esis [658] and Trans-Planckian Censorship (TCC) [659] have imposed significant re-
strictions on potential inflationary models [660–663]. However, alternative cosmologies
such as bouncing and emergent models remain consistent with these conjectures and
are easily met. While a comprehensive understanding of the emergent phase is still
lacking, there are promising avenues for exploration [664]. Furthermore, a modified it-
eration of the emergent universe theory suggests that the universe underwent a period
of slow contraction [665–668] or slow expansion [626,669–673]. Recent findings indicate
that emergent-type universes, which initiate with a minimal Hubble rate, are generally
favored over inflationary models within a landscape scenario, as outlined in [674,675].

For the requirements of the emergent scenario, a spatially flat FRW metric is con-
sidered as

ds2 = dt2 − a2(t)dx⃗ · dx⃗ . (7.1)

In the absence of alterations to General Relativity, the background dynamics in the
context adhere to the following two equations of motion:

H2 =
ρ

3M2
p

, Ḣ = −ρ+ P

2M2
p

, (7.2)

where Mp ≡ 1/
√
8πG denotes the reduced Planck mass, and ρ and P respectively

signify the energy density and pressure of the matter fields present in the universe.
Consequently, in this considered framework, the Hubble parameter H is non-negative.

To avoid singularity, it is necessary for the spacetime to be geodesically complete
[676], that is the trajectory of a null geodesic, governed by the equations:

dkν

dλ
+ Γν

µρk
µkρ = 0 , and gµνk

µkν = 0 , (7.3)
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is possible for all admissible values of the affine parameter. Here, λ denotes the affine
parameter and kµ = dxµ

dλ
represents the tangent vector to the geodesic. In the spatially

flat FRW universe described by the line element (7.1), it can be demonstrated that

dk0

dt
+Hk0 = 0 . (7.4)

By making use of particular choices of Hubble rate H, it is expected to obtain the
equation of states for the matters dominating the emergent universe scenario. However,
it is interesting to note that for different thermodynamic processes, the model can
deviate from the above setup through variations in Eq. (7.2). For instance, readers
may refer to [608, 613, 640, 641, 677].

7.3 The field equations
The de Rham-Gabadadze-Tolley (dRGT) massive gravity theory can be viewed as Ein-
stein gravity coupled with a scalar field. Therefore, its action consists of the well-known
Einstein-Hilbert action along with suitable nonlinear interaction terms, described as
follows [157, 158]

S =

∫
d4x

√
−g
(

1

16π

[
R +m2

gU(g, ϕa)
]
+ Lm

)
, (7.5)

where the matter Lagrangian is denoted as Lm, and g represents the determinant of
the metric tensor gµν . The self-interaction potential for the graviton, U , introduces
modifications to the usual gravitational sector through the graviton mass mg. In four
dimensions, this potential can be written as:

U = U2 + α3U3 + α4U4 , (7.6)

where α3 and α4 are two dimensionless free parameters in the theory of massive gravity.
The functional forms of the potentials Uj can be expressed in terms of the metric gµν
and the Stückelberg scalar ϕa as:

U2 = [K]2 − [K2] ,

U3 = [K]3 − 3[K][K2] + 2[K3] ,

U4 = [K]4 − 6[K]2[K2] + 8[K][K3] + 3[K2]2 − 6[K4] ,

(7.7)

with
Kµ

ν = δµν −
√
gµλ∂λϕa∂νϕbFab . (7.8)

In Eq. (7.7), [K] denotes the trace ofKµ
ν , where (Ki)µν = Kµ

ρ1
Kρ1

ρ2
. . .Kρi

ν . The interaction
terms are identified as symmetric polynomials of K. For a given order, the coefficients
for each combination are chosen to ensure that these terms do not introduce higher
derivative terms in the equations of motion. Notably, this definition of K is not unique,
as an alternative action can be obtained with a different definition of K.
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The four scalar Stückelberg fields ϕa are introduced in the theory to restore general
covariance. This field is analogous to the reference fiducial metric

Fab = diag(0, 0, c2, c2 sin2 θ) , (7.9)

where c is a positive constant with the dimension of length. The reference metric’s
dependence solely on the spatial components ensures that general covariance is main-
tained in the t and r coordinates, but it is disrupted in the two angular dimensions.
One can also consider a more comprehensive reference metric that does not maintain
diffeomorphism invariance in the r-direction. For example, to preserve rotational sym-
metry on the sphere and general time reparametrization invariance, a natural choice
could be Fab = diag(0, 1, c2, c2 sin2 θ). Another way to break diffeomorphism invariance
in the r-direction could involve a different form of Fab, where sin2 θFθθ = Fϕϕ = F (r),
with all other components set to zero. This implies that exploring various forms for
the reference metric can lead to a range of new solutions, making massive gravity with
this reference metric a compelling subject for researchers. However, this study does
not aim to delve into such investigations.

Note that the unitary gauge is realized as, ϕa = xµδaµ [678], leading to the expression√
gµλ∂λϕa∂νϕbFab =

√
gµλFλν . (7.10)

In this gauge, the tensor gµν signifies the observable metric linked to the five degrees
of freedom of the massive graviton. It is crucial to recognize that since the Stückelberg
scalars transform under coordinate transformations, fixing these scalars—such as by
selecting the unitary gauge—means that any subsequent coordinate transformation
will violate the gauge condition and lead to further modifications to the Stückelberg
scalars.

Next, the effective energy-momentum tensor Xµν of the massive gravitons is deter-
mined as

Xµ
ν = Kµ

ν − [K]δµν − α

[
(K2)µν − [K]Kµ

ν +
1

2
δµν U2

]
+ 3β

[
(K3)µν − [K](K2)µν +

1

2
Kµ

ν U2 −
1

6
δµν U3

]
,

(7.11)

where α and β are dimensionless constants introduced here to accommodate the pa-
rameters α3 and α4, as given by

α = 1 + 3α3 , β = α3 + 4α4 . (7.12)

Eq. (7.11) satisfies the conservation relation due to the Bianchi identities as ∇µXµν =
0, where ∇µ denotes the covariant derivative compatible with the metric gµν . Con-
sequently, the principal pressure form of the energy-momentum tensor for massive
gravitons is defined as

m2
g

8π
Xµν = −(ρ(g) + p

(g)
t )uµuν − p

(g)
t gµν − (p(g)r − p

(g)
t )χµχν , (7.13)

where uµ is the timelike four-vector and χµ is the spacelike vector orthogonal to the
timelike unit vector, satisfying uµuµ = −1 and χµχ

µ = 1. The quantities ρ(g), p(g)r , and
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p
(g)
t denote the total energy density, radial pressure, and transverse pressure for the

massive gravitons, respectively.
Thus, the action is now ready to be varied with respect to the metric gµν to derive

the field equation for dRGT-Einstein massive gravity, given by

Gµν = 8πTµν −m2
gXµν . (7.14)

Now, considering the Lagrangian matter density Lm = ρ, the coupling of a usual matter
(sourced by Einstein sector, which can either be traceless, barotropic, or anisotropic)
and the massive gravitons are introduced, such that the total matter source is defined
by the exchange of energy and momentum between the two. The EM tensor for the
Einstein gravity is written as

Tµν = (ρ+ pt)uµuν + ptgµν + (pr − pt)χµχν , (7.15)

whereas the same for massive gravity is given by Eq. (7.13). Thus, the total matter
sector is given by

T tot
µν = diag

(
−ρ− ρ(g), pr + p(g)r , pt + p

(g)
t , pt + p

(g)
t

)
. (7.16)

In the realm of this particular investigation, one might explore the metric ansatz for
the evolving dynamic wormhole [395] by considering

ds2 = −e2Φ(r)dt2 + a(t)2

[
dr2

1− b(r)
r

+ r2dΩ2

]
, (7.17)

where Φ(r), b(r), and a(t) denote the redshift function, shape function, and cosmic
scale factor, respectively, and dΩ2 = dθ2 + sin2θdϕ2.

With all these components, it is straightforward to compute the density and pres-
sure components ρ(g)(r, t) and p

(g)
r,⊥(r, t) for massive gravitons. From equations (7.7),

(7.11), (7.13), and (7.17), one gets

ρ(g)(r, t) ≡
m2

g

8π
X t

t =
1

8π

(
Λ− 2γ

ar
− ϵ

a2r2

)
, (7.18)

p(g)r (r, t) ≡ −
m2

g

8π
Xr

r = − 1

8π

(
Λ− 2γ

ar
− ϵ

a2r2

)
, (7.19)

p
(g)
θ,ϕ(r, t) ≡ −

m2
g

8π
Xθ,ϕ

θ,ϕ = − 1

8π

(
Λ− γ

ar

)
. (7.20)

Here, the effective cosmological constant Λ and the parameters γ and ϵ, which are
linear combinations of the parameters α and β, are introduced. These are given by

Λ ≡ −3m2
g(1 + α + β), γ ≡ −m2

gc(1 + 2α + 3β) , ϵ ≡ m2
gc

2(α + 3β) . (7.21)

Therefore, by setting mg = 0, one retrieves the usual solutions found in Einstein’s
GR. For c = 0, where γ = ϵ = 0, the solution can be categorized based on the
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values of α and β. If 1 + α + β < 0, it leads to the de Sitter solution, whereas if
1 + α+ β > 0, it results in the Anti-de Sitter solution. As will be discussed in Section
7.4, the term γa/r is a distinguishing feature of this solution, setting it apart from other
solutions. However, this term also introduces unavoidable challenges in the evolving
wormhole solution. The constant potential ϵ corresponds to the global monopole term,
which naturally arises from the graviton mass. A global monopole solution typically
originates from a topological defect in high-energy physics during the early universe,
caused by gauge-symmetry breaking [679, 680]. Different combinations of α and β
can yield various solutions. To simplify the theory, particular parameter relations are
sometimes chosen so that γ or ϵ from Eq. (7.21) can be neglected. For example,
choosing α = −3β neglects ϵ [681]. Additionally, β = α2/3 leads to the Schwarzschild–
de Sitter solution [682].

Next, the fundamental requirements to assure the navigability of the wormhole
structure (7.17) involve the subsequent conditions:

1. Wormhole construction involves connecting two flat regions via a throat, where
the throat radius is determined by a global minimum defined by r = r0 such that
b(r0) = r0. As a result, the radial coordinate ranges from r ∈ [ r0,∞) .

2. To prevent horizons and singularities, it is crucial for the redshift function Φ(r)
to remain finite throughout, enabling eΦ(r) > 0 for r > r0. The ultrastatic
wormhole, with Φ(r) = 0, is particularly important, indicating eΦ(r) = 1.

3. The flaring-out condition −rb′(r)+b(r) > 0 needs to be met at or near the throat
at r = r0.

4. Lastly, asymptotic flatness demands Φ(r) → 0 and b(r)/r → 0 as r → ∞.

Interested readers can find more detailed discussions on the traversability conditions
in Morris-Thorne type wormholes in [321].

Utilizing the orthonormal frame, the metric signature, represented by gµ̂ν̂ = diag
(−1, 1, 1, 1), defines corresponding basis vectors as follows:

e0̂ = e−Φet ,

e1̂ =
er

√
1− b/r

a
,

e2̂ =
eθ

ar
,

e3̂ =
eϕ

arsinθ .

(7.22)

With this setup, one can now calculate the components of the Einstein tensor for the
spacetime described by (7.17):

G00 =
b′

r2a2
− 3H2e−2Φ , (7.23)
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G11 =− b

r3a2
+

2Φ′

ra2

(
1− b

r

)
− e−2Φ

(
2Ḣ + 3H2

)
, (7.24)

G22 =G33 =
1

a2

(
1− b

r

)(
Φ′′ + Φ′2)+ 1

2r3a2
(−rb′ + b)

− Φ′

2r2a2
(rb′ + b− 2r)− e−2Φ

(
2Ḣ + 3H2

)
. (7.25)

where the prime and overdot in the expressions denote derivatives with respect to r and
t, and the Hubble parameter is H(a) = ȧ(t)/a(t). It can be observed that the energy-
momentum components of Einstein gravity, as expressed by Eq. (7.15), adheres to the
principle of energy conservation, specifically satisfying ∇µTµν = 0. Consequently, the
computation of the total EM tensor, encompassing the coupled perfect fluid-massive
graviton system outlined in Eq. (7.16), also upholds ∇µT tot

µν = 0. Hence, it follows
evidently that ∇µT

(g)
µν = 0. Thus, by referring to Eq. (7.14) and the components of

the Einstein tensor, the field equations can be expressed as:

ρ =
b′

8πr2a2
+

3H2

8π
e−2Φ − 1

8π

(
Λ− 2γ

ar
− ϵ

a2r2

)
, (7.26)

pr = − b

8πr3a2
+

(
1− b

r

)
Φ′

4πra2
− e−2Φ

8π

(
2Ḣ + 3H2

)
+

1

8π

(
Λ− 2γ

ar
− ϵ

a2r2

)
,

(7.27)

pt =
1

8πa2

(
1− b

r

)(
Φ′′ + Φ′2)+ (−rb′ + b

16πr3a2

)
−
(
rb′ + b− 2r

16πr2a2

)
Φ′

− e−2Φ

8π

(
2Ḣ + 3H2

)
+

1

8π

(
Λ− γ

ar

)
. (7.28)

To develop an evolving wormhole solution, a simplified approach restricts the choices
of Φ(r), b(r), and a(t), focusing on the corresponding dynamics. Yet, this method
may overlook the influence of massive gravity parameters on the solutions. An alter-
native approach introduces specific constraints on the energy density, radial pressures
and transverse pressures, such as traceless, barotropic or anisotropic fluids’ equation
of state. This study explores various fluid solutions applicable to a specific type of
wormhole, namely the ultrastatic wormhole, wherein the field equations are modified
as follows:

ρ =
b′

8πr2a2
+

3H2

8π
− 1

8π

(
Λ− 2γ

ar
− ϵ

a2r2

)
, (7.29)

pr = − b

8πr3a2
− 2Ḣ + 3H2

8π
+

1

8π

(
Λ− 2γ

ar
− ϵ

a2r2

)
, (7.30)

pt =

(
−rb′ + b

16πr3a2

)
− 2Ḣ + 3H2

8π
+

1

8π

(
Λ− γ

ar

)
. (7.31)

Thus, everything is prepared to explore wormhole solutions and engage in the analysis
of their dynamics.

123



Chapter 7. Evolving wormhole in dRGT massive gravity

7.4 Wormhole Solution
In this segment, three specific selections of the pressure components are examined
for solution computation: (i) Fluid with tracelessness, (ii) application of a barotropic
Equation of State (EOS), and (iii) Anisotropic fluid. It is notable that, by examining
the field equations (7.30) and (7.31), one can discern that the isotropic fluid solution
(pt = pr) possesses certain inherent limitations due to its lack of incorporation of the
cosmic scale factor a(t). Consequently, this solution is set aside; however, its limitations
are succinctly deliberated in the Discussions (Sec. 7.6).

7.4.1 Traceless fluid (−ρ+ pr + 2pt = 0)
For the selection of a matter fluid with zero trace, it leads to the condition T = 0,
implying −ρ+ pr + 2pt = 0. This condition yields the following expression:

b′(r)

r2
+ 3a(t)ä(t) + 3ȧ(t)2 − 2Λa(t)2 +

ϵ

r2
+

3γa(t)

r
= 0 , (7.32)

where Λ and ϵ represent the effective cosmological constant, and the global monopole
potential term respectively. Additionally, γ and ϵ together define the deviation from
Schwarzschild de Sitter and Anti-de Sitter solution. In black hole solutions of massive
gravity, γ < 0 behaves like black holes surrounded by a quintessence field in the absence
of the Λ and ϵ terms. Subsequently, in the absence of γ, black holes are identified in
the D bound and the Bekenstein bound [190]. However, in wormhole configurations,
γ is found to have no particular physical effect. Further, it is noteworthy that the
term consisting of γ in (7.32) contains the ultimate challenge in variable separation.
Therefore, the only way out is to neglect γ using the imposed constraint on α and
β. This is, however, not utterly disturbing as explained in the previous section with
proper references.

Thus, by considering α = −(1 + 3β)/2, such that γ = 0, Eq. (7.32) takes the
following expressions with a separation constant c1:

b′(r)

r2
+

ϵ

r2
= c1 , (7.33)

3a(t)ä(t) + 3ȧ(t)2 − 2Λa(t)2 = −c1 . (7.34)

The determination of the shape function b(r) is facilitated by enforcing the throat
condition b(r = r0) = r0, yielding the expression:

b(r) = r0 +
c1
3

(
r3 − r30

)
− ϵ(r − r0) . (7.35)

The scale factor can subsequently be obtained as:

a(t)2 =
c1
2Λ

+ A1e
2
√

Λ/3t +B1e
−2
√

Λ/3t , (7.36)

where A1 and B1 represent arbitrary integration constants. Note that if B1 = 0, the
universe’s evolution originates from an emergent phase in the infinite past, denoted by
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a(t) → a0(=
√
c1/2Λ) and H → 0 as t → −∞. Hence, the wormhole configuration

described above emerges from an emergent phase. Given the dependence of Λ on the
mass of the massive gravitons, it is plausible to speculate that the current theory of
massive gravity could circumvent the big-bang singularity.

For the validation of the flaring-out condition in the current wormhole setup, it is
determined that the radial parameter ‘r’ is constrained as follows:

r < r0

[
1

2

(
3(1 + ϵ)

c1r20
− 1

)]1/3
= r1(say) . (7.37)

The given constraint on r imposes two limitations on the throat radius r0, i.e.,

(i) 3(1+ϵ)

c1r20
− 1 > 0 i.e. r20 <

3(1+ϵ)
c1

,

(ii) 1
2

(
3(1+ϵ)

c1r20
− 1
)
> 1 i.e. r20 <

(1+ϵ)
c1

,

such that
r20 <

(1 + ϵ)

c1
. (7.38)

Thus, by selecting a large positive value for the separation constant c1, it becomes
feasible to reduce the throat radius to a small value. Additionally, the current wormhole
configuration is confined within a finite region: r0 ≤ r < r1.

7.4.2 Barotropic EOS (pr = ωρ)
When considering the Equation of State (EOS) within barotropic matter, the rela-
tionship between radial pressure and energy density is expressed as pr = ωρ, where ω
represents the equation of state parameter. Substituting Eq. (7.29) and (7.30) into
this equation yields:

rωb′(r) + b(r)

r3
+ 2a(t)ä(t) + (1 + 3ω)ȧ(t)2

− (1 + ω)Λa(t)2 + (1 + ω)
ϵ

r2
+ 2(1 + ω)

γa(t)

r
= 0 . (7.39)

Similar to the traceless fluid scenario, this equation also lacks separability. Interestingly,
under the same assumption, γ = 0, it can be decomposed into functions dependent on
r and t as follows:

rωb′(r) + b(r)

r3
+ (1 + ω)

ϵ

r2
= c2 , (7.40)

2a(t)ä(t) + (1 + 3ω)ȧ(t)2 − (1 + ω)Λa(t)2 = −c2 , (7.41)

where c2 represents the separation constant. In solving the initial differential equation
(7.40), the expression for the shape function is given by

b(r) =

r0
(

r
r0

)3
− ϵ

[
r − r0

(
r
r0

)3]
− 3c2r

3 ln
(

r
r0

)
, for ω = −1

3
.

r0
(
r0
r

)1/ω − ϵ
[
r − r0

(
r0
r

)1/ω]
+ c2

1+3ω

[
r3 − r30

(
r0
r

)1/ω]
, for ω ̸= −1

3
.
(7.42)
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Furthermore, the scale factor a(t) can be derived from the second-order non-linear
differential equation (7.41) as:

a(t) =


√

3A2

Λ
− 9c22

16Λ2 Sinh
[
2
√

Λ
3
(t− t0)

]
+ 3c2

4Λ
, for ω = 1

3
.√

3c2
2(Λ+3B2)

Sinh
[√

Λ
3
+B2 (t− t0)

]
, for ω = −1.

(7.43)

where t0, A2, and B2 denote integration constants, and the integral representation of t
in terms of the scale factor a for ω = −1

3
is given as follows:

(t− t0) =

∫
da√

Λ
3
a2 − c2 ln(a) + a0

. (7.44)

The relationship between the scale factor a(t) and t as given by Eq. (7.44), is illustrated
in Fig. 7.1. To ensure compliance with the flaring-out condition, constraints on the
throat radius are summarized in Table 7.1.
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) Figure 7.1: Variation of scale factor

a(t) against the cosmic time t for the
barotropic fluid with ω = −1

3
. The

relevant parameters are considered as
Λ = 0.3, c2 = 1, and a0 = 0.5.

7.4.3 Anisotropic pressure (pt = σpr, σ ̸= 1)
When the fluid under consideration exhibits anisotropic properties, considering pr and
pt from equations (7.30) and (7.31) yields the following differential equation:

−rb′(r) + (1 + 2σ)b(r)

2r3
− (1− σ)

(
2a(t)ä(t) + ȧ(t)2 − Λa(t)2

)
+
σϵ

r2
− (1− 2σ)

γa(t)

r
= 0 . (7.49)

For the separability of the shape function b(r) and the scale factor a(t), setting γ = 0
results in the differential equations for ‘b’ and ‘a’ taking the form:

−rb′(r) + (1 + 2σ)b(r)

2r3
+
σϵ

r2
= c3 , (7.50)

2a(t)ä(t) + ȧ(t)2 − Λa(t)2 = c̄3 , (7.51)
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Case I ω = −1
3

Flaring-out condition

r > r0 exp
(
(1 + ϵ)

3c2r20
− 1

2

)
. (7.45)

Region of wormhole ex-
tension and restriction
on the throat radius

The wormhole configuration is infinitely extended as
r0 ≤ r <∞, with

r20 >
2(1 + ϵ)

3c2
. (7.46)

Case II ω = 1
3

Flaring-out condition

r < r0

[
2

(
2(1 + ϵ)

c2r20
− 1

)]1/6
. (7.47)

Region of wormhole ex-
tension and restriction
on the throat radius

The wormhole configuration is finitely extended as

r0 ≤r < r0

[
2

(
2(1 + ϵ)

c2r20
− 1

)]1/6
,

with r20 <
4(1 + ϵ)

3c2
.

(7.48)

Case III ω = −1
Flaring-out condition

and region of wormhole
extension

The flaring-out condition is satisfied for all r ≥ r0,
and the wormhole configuration is infinitely extended
as r0 ≤ r <∞.

Table 7.1: Restrictions imposed by the flaring-out condition for different state param-
eters in barotropic fluid.

having c3 the constant of separation, where the assumption c̄3 = c3
1−σ

is made simulta-
neously.

Upon imposing the throat condition b(r0) = r0, the solution to (7.50) yields the
shape function given by

b(r) = r

(
r

r0

)2σ

− ϵ

[
r − r0

(
r

r0

)1+2σ
]
− c̄3

[
r3 − r30

(
r

r0

)1+2σ
]
. (7.52)

Similarly, solving (7.51) for the cosmic scale factor leads to its representation in terms
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of elliptic integrals:
(t− t0) =

∫
da√

Λ
3
a2 + A3

a
+ c̄3

. (7.53)

Employing a numerical approach, the evolution of this scale factor can be obtained
with respect to cosmic time t, as depicted in Figure 7.2.
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In the context of verifying the flaring-out condition within the wormhole configu-
ration, it is observed that the radial parameter ‘r’ is constrained as follows:

r < r0

[
σ

(
1− (1 + ϵ)

c̄3r20

)]1/2(1−σ)

= r2 (say) . (7.54)

Consequently, for the current wormhole model, the expression enclosed in the square
bracket must remain greater than unity. This condition imposes a limitation on the
throat radius, expressed as

(i) 1− (1+ϵ)

c̄3r20
> 0 i.e. r20 > 1+ϵ

c̄3
,

(ii) σ
(
1− (1+ϵ)

c̄3r20

)
> 1 i.e. r20 > − (1+ϵ)σ

c3
.

Hence, in the current scenario, the wormhole’s geometric structure is finitely extended
as r0 ≤ r < r2, subject to the specified constraint on the throat radius corresponding
to the given limitations on the separation constant.

Lastly, a graphical depiction of
(
1− b(r)

r

)
plotted against the radial coordinate r

for the three aforementioned types of wormholes is presented, as illustrated in Fig.
7.3. One may visualize that with proper choices of parameters, the wormhole config-
urations mostly agree with the hyperbolic FRW universe at large radial parameters.
Consequently, these evolving wormhole solutions are supported by the accelerated ex-
pansion, in which both of the universes on either side of the throat are simultaneously
accelerated. This observation can be verified in traceless and barotropic fluid systems
respectively by the exponential and hyperbolic functions of Eq. (7.36) and (7.43).

However, note that in barotropic fluid with (ω = 1/3, c2 = 0.0001), the solution does
not agree with the hyperbolic FRW universe. On the other hand, a large dependence on
the sign and values of the separation constants is identified, highlighting the additional
importance of these parameters.
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Figure 7.3: Variation of (1− b(r)/r) against the radial coordinate r for three types
of solutions. The legends in (b) and (c) denote the choice of constants and EOS
parameters. The throat radius and ϵ are fixed at r0 = 1, ϵ = 0.1 in each plot.

7.5 Energy Conditions
One of the intriguing and somewhat distinctive aspects of forming traversable worm-
holes involves the necessity of exotic matter that violates classical energy principles.
This exotic matter is essential for maintaining the wormhole throat open and ensuring
its traversability. As discussed earlier, this characteristic has been extensively explored
in the evolution of traversable wormholes and Morris-Thorne type wormholes within
various versions of modified theories. Notably, some of these theories accommodate
matter that adheres to energy conditions in different ways. Even when conventional
matter meets these conditions, the presence of coupled matter is required to serve as
exotic energy, enabling traversability. In [559], this concept is thoroughly examined
concerning geometrical matter.

Furthermore, the dRGT massive gravity theory emerges as another significant con-
tender, wherein the potential existence of non-exotic matter at the wormhole throat is
intuitively investigated in the previous chapter. It is suggested that massive gravitons
might function as exotic dark energy, allowing coupled matter such as perfect fluids in
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Einstein gravity to satisfy the NEC, WEC, SEC, and DEC. According to the defini-
tions in Chapter 2, NEC, WEC, SEC and DEC are written in the principal pressure
forms as

(I) NEC : ρ+ pr ≥ 0, ρ+ pt ≥ 0;

(II) WEC : ρ ≥ 0, ρ+ pr ≥ 0, ρ+ pt ≥ 0;

(III) SEC : ρ+ pr ≥ 0, ρ+ pt ≥ 0, ρ+ pr + 2pt ≥ 0;

(IV) DEC : ρ ≥ 0, ρ− |pr| ≥ 0, ρ− |pt| ≥ 0.

Now, in this section, the energy conditions for evolving wormhole solutions are
investigated thoroughly within the framework of Einstein-massive gravity. The discus-
sion has been divided into three parts for three different fluid solutions.

• Traceless fluid:
According to the principal pressure terms in energy conditions, the expressions for

ρ(r, t), (ρ(r, t) + pr(r, t)), (ρ(r, t) + pt(r, t)), (ρ(r, t) − |pr(r, t)|), (ρ(r, t) − |pt(r, t)|),
and (ρ(r, t) + pr(r, t) + 2pt(r, t)) components are computed by substituting equations
(7.35), (7.36) into (7.29), (7.30) and (7.31) for traceless fluid configuration.

Therefore, a comprehensive analysis of the energy conditions has been conducted for
this model with fixed values of the throat radius r0 = 1, effective cosmological constant
Λ = 0.3, and c1 = 1. Calculations have been performed for various combinations of
three parameters, namely ϵ, A1, and B1, with observations summarized in Table 7.2.
It can be observed that the energy conditions are significantly influenced by A1 and
B1. For A1 = −1, B1 = 1, the components exhibit singularity at a specific point in
time. However, for ϵ = −1, A1 = 1, B1 = −1, the energy conditions are fully satisfied
across the entire range of r and t, as visualized in the 3D plot shown in Fig. 7.4.

ϵ A1 and B1 Energy condition
ϵ = +1 A1 = 1, B1 = 1 completely violated.

A1 = 1, B1 = −1 violated for a certain range in t.
A1 = −1, B1 = 1 satisfied for a certain time interval with

the presence of singularity.
A1 = −1, B1 = −1 completely violated.

ϵ = −1 A1 = 1, B1 = 1 completely violated.
A1 = 1, B1 = −1 completely satisfied for the whole range.
A1 = −1, B1 = 1 completely satisfied with the presence of

singularity.
A1 = −1, B1 = −1 completely violated.

Table 7.2: Results for the energy conditions in a traceless fluid solution with the throat
radius fixed at r0 = 1, an effective cosmological constant of Λ = 0.3, and c1 = 1.

• Barotropic fluid with ω = 1
3
:
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(a) ρ(r, t) (b) (ρ(r, t) + pr(r, t))

(c) (ρ(r, t) + pt(r, t)) (d) (ρ(r, t)− |pr(r, t)|)

(e) (ρ(r, t)− |pt(r, t)|) (f) (ρ(r, t) + pr(r, t) + 2pt(r, t))

Figure 7.4: Nature of energy condition components for traceless fluid against the radial
parameter r and cosmic time t. The parameters are fixed at r0 = 1, Λ = 0.3, c1 =
1, A1 = 1, B1 = −1 and ϵ = −1.

Now, consider the scenario where ω = 1/3 in the context of a barotropic fluid
to examine the corresponding energy conditions. As in the previous case, the shape
function (7.42) and the scale factor (7.43) are substituted into Eqs. (7.29), (7.30),
and (7.31) to derive the components of the energy conditions: ρ(r, t), (ρ(r, t)+pr(r, t)),
(ρ(r, t)+pt(r, t)), (ρ(r, t)−|pr(r, t)|), (ρ(r, t)−|pt(r, t)|), and (ρ(r, t)+pr(r, t)+2pt(r, t)).

An extensive analysis of the energy conditions is carried out by varying the param-
eters c2, A2, and ϵ while keeping a fixed set of values: r0 = 1, Λ = 0.3, t0 = 0, and
ω = 1/3. The findings are summarized in Table 7.3, where it is noted that A2 = 1
and c2 = −1 lead to singularities in the energy condition components. Conversely, for
negative values of A2, the components exhibit complex values, thereby violating the
energy conditions. However, with ϵ = −1, A2 = 1, and c2 = 1, all energy conditions
are fully satisfied. This situation is illustrated in a 3D plot shown in Fig. 7.5.
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ϵ A2 and c2 Energy condition
ϵ = +1 A2 = 1, c2 = 1 completely violated at the throat.

A2 = 1, c2 = −1 satisfied for a certain time interval with
the presence of singularity.

A2 = −1, c2 = 1 completely violated.
A2 = −1, c2 = −1 completely violated.

ϵ = −1 A2 = 1, c2 = 1 completely satisfied.
A2 = 1, c2 = −1 only DEC is violated for a small time in-

terval with the presence of singularity.
A2 = −1, c2 = 1 completely violated.
A2 = −1, c2 = −1 completely violated.

Table 7.3: Results for the energy conditions in a barotropic fluid solution with the
throat radius fixed at r0 = 1, an effective cosmological constant of Λ = 0.3, the state
parameter ω = 1/3 and t0 = 0.

• Anisotropic fluid:
Similar to the previous two solutions, energy conditions for the anisotropic fluid

are extensively analyzed for fixed values of the throat radius r0 = 1 and cosmological
constant Λ = 0.3. The variation in ϵ, σ, and c3 values shows noticeable deviations in
the energy condition components, as listed in Table 7.4. It is observed that, regardless
of the sign of ϵ, σ = 1/3 and c3 = 1 show energy condition violation at the wormhole
throat, whereas for σ = −1/3 and c3 = 1, only the DEC is slightly violated at the
throat. Apart from that, when c3 is negative (i.e., c3 = −1) with σ = ±1/3, all the
energy conditions are completely satisfied throughout the spacetime.

ϵ σ and c3 Energy condition
ϵ = +0.1 σ = 1/3, c3 = 1 only violated at the throat.

σ = 1/3, c3 = −1 completely satisfied.
σ = −1/3, c3 = 1 only DEC is violated for a small time in-

terval at the throat.
σ = −1/3, c3 = −1 completely satisfied.

ϵ = −0.1 σ = 1/3, c3 = 1 only violated at the throat.
σ = 1/3, c3 = −1 completely satisfied.
σ = −1/3, c3 = 1 only DEC is violated for a small time in-

terval at the throat.
σ = −1/3, c3 = −1 completely satisfied.

Table 7.4: Results for the energy conditions in an anisotropic fluid solution with the
throat radius fixed at r0 = 1 and an effective cosmological constant Λ = 0.3.

From the above discussions, it can be inferred that there are numerous possibilities
for evolving wormholes with non-exotic matter within the framework of dRGT massive
gravity theory. As already demonstrated in Chapter 6, the construction of traversable
wormholes in dRGT theory involves massive gravitons acting as anisotropic dark en-
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(a) ρ(r, t) (b) (ρ(r, t) + pr(r, t))

(c) (ρ(r, t) + pt(r, t)) (d) (ρ(r, t)− |pr(r, t)|)

(e) (ρ(r, t)− |pt(r, t)|) (f) (ρ(r, t) + pr(r, t) + 2pt(r, t))

Figure 7.5: Nature of energy condition components for barotropic fluid against the
radial parameter r and cosmic time t. The parameters are fixed at r0 = 1, Λ =
0.3, ω = 1/3, t0 = 0, A2 = 1, c2 = 1 and ϵ = −1.

ergy. This phenomenon results in the violation of energy conditions, permitting the
coupled matter to remain ordinary. Consequently, under certain stringent constraints
on the parameter choices, this coupled matter can adhere to all classical energy condi-
tions, enabling the construction of wormholes with ordinary matter at the throat.
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7.6 Discussions
In this investigation, the method of smoothly blending spherically inhomogeneous
wormhole metrics has been employed within the cosmological context of dRGT massive
gravity, which interacts with Einstein gravity. The model emerges from a combination
of two fluid systems: one being a perfect fluid governed by GR, while the other con-
sists of massive gravitons exhibiting spatially anisotropic characteristics akin to dark
energy. A notable characteristic of the model is the existence of non-zero effective
cosmological constant (Λ) and global monopole potential (ϵ) originating from the mass
of the massive gravitons. Of significance is the energy density accountable for the ex-
istence and sustenance of the wormhole, which is distinguished by its non-uniform and
anisotropic nature. This energy-matter content may manifest as a traceless fluid, an
ideal barotropic fluid, or any anisotropic cosmic fluid conforming to the requisites of
homogeneity and anisotropy.

Across all three scenarios: traceless, barotropic, and anisotropic pressure fluids, it
is crucial that a straightforward approximation on the parameters of massive gravity,
namely γ = 0, permits the easy separation of the wormhole shape function and scale
factor. Remarkably, this approximation does not significantly alter other parameters.
Referring to Eq. (7.21), it is obtained that α = −1+3β

2
for γ = 0, yielding Λ =

−3
2
m2

g(1 − β), and ϵ = −m2
gc

2
(
1−3β

2

)
. Hence, a restriction on the massive gravity

parameters are derived. Subsequently, it is identified that the deviation of the wormhole
shape function and scale factor from GR are imposed by additional terms consisting
of ϵ and Λ, respectively, in the extension to massive gravity.

Note that the development of wormhole models outlined in this study is under-
pinned by the accelerated expansion occurring on both sides of the wormhole throat.
However, some of these models diverge from the hyperbolic FRW universe models de-
picted in Fig. 7.3. Moreover, an intriguing observation arises concerning traceless fluid,
wherein the scale factor exhibits an emergent scenario evolution. This suggests that
the corresponding wormhole configuration has originated from an emergent universe in
the past, aligning with findings in [677].

In Section 7.4, wormhole solutions for traceless, barotropic, and anisotropic fluids
are derived and assessed the validity of these solutions with respect to their flaring-out
conditions. It was noted that while some wormhole solutions extend infinitely, others
are confined within finite regions. As discussed in Chapter 6, the static traversable
wormholes violate the asymptotic condition in dRGT massive gravity due to the re-
pulsive gravitational effect exerted by massive gravitons. This repulsion significantly
distorts curvature, disrupting flatness, and potentially inducing effects stemming from
accelerated expansion.

Except for three types of fluids’ solution, the isotropic fluid (pt = pr) solution does
not explicitly rely on the scale parameter a(t). Nonetheless, even when incorporating
the inflation mechanism within the framework by assuming a reasonable choice of a(t)
with ȧ(t)/a(t) = H(t) ̸= 0, there exists a plethora of options for a(t). However, the
potential solution for the shape function, namely in the form: b(r) = r3/r20, does not
correspond to a well-defined asymptotic structure due to the violation of the flaring-out
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condition (−rb′(r) + b(r) = −2r3/r20 < 0) throughout space. Nevertheless, there may
still be a meaningful physical interpretation. Opting for a suitable scale factor such as
a(t) = a0e

H0t yields the metric in the form:

ds2 = −dt2 + a20e
2H0t

[
dr2

1− r2

r20

+ r2dΩ2

]
.

The spatial structure of the metric signifies an exponentially expanding 3-sphere, thus
representing an empty closed universe with 1

r20
> 0.

In the domain of massive gravity theory, a notable phenomenon is the behaviour of
the energy-momentum tensor of massive gravitons. This tensor exhibits characteristics
of anisotropic dark energy, leading to violations of energy conditions. When exploring
evolving wormholes, the interplay between perfect fluid and massive gravitons, reveals
intriguing dynamics. In all three types of fluids’ solution, a wide range of parameter
choices generate wormhole configurations with non-exotic matter at the throat. It is
however, also possible that for some of the choices energy condition components at the
throat transition from positive to negative values over cosmological time, signifying the
evolution from non-exotic to exotic matter.

A crucial observation is that distant from the throat, the geometries of evolving
wormholes resemble those of a flat FRW universe. If the throat lies beyond an observer’s
cosmological horizon, causal connection to it is severed, leading the observer to perceive
the universe as isotropic and homogeneous. This scenario presents a challenge for
observers to discern whether they reside in a space with constant curvature or within
a wormhole spacetime.
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CHAPTER 8

CONCLUDING REMARK

The thesis comprises eight chapters, commencing with an introduction and brief liter-
ature review in the initial two chapters, followed by the presentation of research works
in the next five chapters. Finally, the present chapter intends to conclude the thesis
with a brief summary and future prospects arising from the overall discussions.

The first chapter delves into a concise overview of Einstein’s General Relativity
and its expansion through the emergence of modified gravity theories. It particularly
scrutinizes modifications such as f(R) and f(R, T ) gravity, as well as the recently de-
veloped dRGT massive gravity. The second chapter introduces the theoretical aspect
of time travel within general relativity, exploring closed timelike curves (CTCs) and
wormholes. Following the review of CTCs in the first part of the chapter, a summary of
spacetime geometries containing CTCs is provided. Similarly, the second part offers a
historical overview of wormhole research, followed by discussions of well-known metrics
like the Morris-Thorne wormhole, rotating Teo wormhole, and cosmological wormholes.

Chapter 3 analyzes the formation and dynamics of CTCs within the interior van
Stockum spacetime, with special attention to the characteristics of particles, primarily
in terms of their angular momentum, as they traverse these orbits. The chapter con-
cludes by generalizing the obtained results to general axisymmetric, rotating spacetime
metrics. It is found that zero angular momentum particles are completely forbidden to
exist in CTCs and CTGs of the interior van Stockum and consequently, in any general
axisymmetric spacetimes, thus, allowing only non-zero angular momentum particles
for the motion. The range of backward time-jump and the minimum amount of energy
required by a particle to traverse the CTGs are also explored in this context. Inter-
estingly, a number of observations to characterize the interior dust cylinder provide
the presence of an infinitely long black cylinder, separate from the exterior spacetime,
among others.

Chapter 4 extends the results of Chapter 3 with extended discussions and new
findings in Kerr-Newman geometry. It explores the CTCs within the naked singularity
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(NS) and black hole (BH), both extremal and non-extremal, of the metric with given
limits. It is found that for the neutral particles and particles with identical (polarity)
charge to the source, the spacetime only allows positive angular momentum particles
to traverse the CTCs, restricting zero and negative angular momentum particles in
both the NS and BH. However, for the particles with opposite charge to the source,
the spacetime is dominated by the Coulomb attraction which draws all the particles
into CTCs. Additionally, the study of geodesic confinement showed that the central
singularity is always covered by a complete empty region that restricts particles at a
considerable distance, limiting their interaction with the singularity. The radius of this
surface has been explored with an accurate expression.

In Chapter 5, closed timelike geodesic (CTG) orbits within different geodesic tra-
jectories of test particles on the wormhole surface are examined, connecting CTCs and
wormholes in terms of particle dynamics. The geodesic orbits are visualized by plotting
them on the wormhole embedding geometry, resulting in the emergence of bound and
escape orbits. Here, the bound orbits mostly represent interacting trajectories that
may cause causality to be violated.

Chapter 6 extensively investigates the static Morris-Thorne wormhole solution in
dRGT massive gravity, highlighting the intriguing outcome of the repulsive gravity
effect on the geometry. The chapter starts with the wormhole solution in coupled
dRGT-f(R, T ) massive gravity, then extends them to Einstein-massive gravity with
a special limit on f(R, T ). The analysis of the shape function properties, and conse-
quently, the negative deflection angle of photons, indicates the presence of repulsive
gravity, which may have originated from the massive gravitons. This study shows that
the effect, however, disturbs the asymptotic flatness of the overall geometry, but the
wormhole remains stable under hydrostatic equilibrium. Subsequently, in this chapter,
studying the components of the energy condition holds considerable significance, par-
ticularly because for many choices of the massive gravity parameters, the throat of the
wormhole is threaded by non-exotic matter, satisfying all classical energy conditions.

Chapter 7 delves into the evolving cosmological wormhole solution within massive
gravity, also generalizing the results from Chapter 6. In this study, wormhole solu-
tions are obtained, particularly in Einstein-massive gravity, for traceless, barotropic,
and anisotropic fluids. A detailed analysis of the flaring-out conditions and the ex-
tension of the wormholes is carried out with precise expressions, providing finitely
extended wormholes in some cases, whereas other cases give infinitely extended worm-
hole solutions. Subsequently, the investigation of the energy conditions is formulated
along with 3D plots to describe the traversability conditions. It is found that a wide
range of parameter selections produce non-exotic matter wormholes, confirming the
viability of evolving wormholes with ordinary matter at the throat in dRGT massive
gravity theory.

In conclusion, this thesis comprehensively explores the intricate interplay between
particle characteristics, closed timelike curves, and wormholes, shedding light on funda-
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mental aspects of spacetime geometries. Although, phenomenologically closed timelike
curves and wormholes are interesting in the context of quantum gravity, they have a
wide range of future prospects.

While wormholes remain purely speculative within the realm of theoretical physics,
advancements in our understanding of exotic matter, negative energy may provide
avenues for quantum theory of gravity. Research efforts could focus on developing
theoretical frameworks that incorporate quantum effects to stabilize wormholes and
prevent their collapse. This could involve investigating exotic matter that counter-
act the gravitational forces pulling the wormhole shut, as well as exploring quantum
fluctuations that might influence the wormhole’s geometry.

Furthermore, experimental studies aiming to detect signatures of wormholes or
phenomena associated with their existence could be pursued. Advanced astrophysi-
cal observations, such as accretion disk formation in wormhole shadows, gravitational
wave detectors or high-energy particle experiments, may offer insights into potential
observational manifestations of wormholes or related phenomena.

Moreover, interdisciplinary collaborations between theoretical physicists, cosmolo-
gists, and experts in quantum gravity could lead to novel insights and methodologies
for studying wormholes. By integrating concepts from various fields of physics, re-
searchers may uncover new approaches for understanding the fundamental nature of
space-time and the potential existence of traversable wormholes.

Overall, the future of wormhole research holds the promise of unraveling one of the
most intriguing mysteries of the universe, offering potential insights into the fabric of
space-time and the fundamental laws governing our cosmos.
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