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Chapter 1

Introduction

Throughout history, humans have been curious about the fundamental building blocks of matter. This
relentless quest of mankind has led to the development of high-energy physics, a field of physics dedicated
to probing the fundamental building blocks of matter. At the heart of this exploration lie matter particles,
which are classified into two categories: leptons and quarks. These particles are fermions and they constitute
the basic constituents of all matter. In addition to matter particles, there exists exchange particles which
are bosons. These exchange particles mediate the four fundamental forces of nature: gravitational force,
electromagnetic force, weak nuclear force, and strong nuclear force. Together, these forces govern the
behaviour of matter at both the microscopic (nuclear and subnuclear) and macroscopic (cosmic) scales.
The Standard Model provides a comprehensive framework for understanding the interactions between these
fundamental particles and forces except the gravitational force. In the Standard model, the strong interaction

between the quarks and gluons is described by Quantum Chromodynamics.

1.1 Quantum Chromodynamics

Quantum Chromodynamics (QCD) is a non-abelian gauge field theory based on SU(3) colour symmetry.
In QCD, quarks and gluons have colour degrees of freedom. Since gluons are coloured they can self interact
unlike the photons in Quantum Electrodynamics (QED). Due to the gluon-gluon self interactions, the QCD
coupling which controls the strength of the strong interaction depends on the momentum transfer. When
the momentum transfer is small, the coupling constant is large and thus the quarks and gluons are strongly
coupled and the quarks are trapped within the hadrons. This is known as colour confinement. As a
consequence of colour-confinement, free quarks are not directly observed in nature. However, colour singlet
states of quarks and antiquarks known as hadrons are observed in nature. Based on the quark composition
hadrons are of two types — mesons and baryons. Mesons are the bound states of a quark and an antiquark
pair (qq) whereas baryons are the bound states of three quarks (qqq) or three antiquarks (ggg). When the
momentum transfer is large, the QCD coupling is small as a result of which quarks and gluons are weakly

coupled. This phenomenon is known as asymptotic freedom. This weakly coupled system of quarks and
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gluons occupying a finite volume (~10 fm/c) at high temperature and/or density is known as Quark Gluon
Plasma (QGP). Light quarks being (almost) massless, chiral symmetry or handedness is preserved in this
high temperature phase of QCD. At low temperature, the QCD vacuum breaks this symmetry spontaneously
leading to the build-up of the chiral condensate which is manifested as the constituent mass of quarks in
the hadrons.

In the high energy regime, QCD allows the use of perturbative techniques to estimate various observ-
ables. However, perturbative techniques fail at low energy energies due to the fact that the QCD coupling
constant becomes large. One of the most successful non-perturbative frameworks is Lattice Quantum Chro-
modyanmics (LQCD) [14] wherein the field theory of strong interaction is defined in a gauge-invariant way
on a discrete space-time domain. However, LQCD at finite baryon density usually suffers from uncontrolled
systematic uncertainities in addition to the infamous sign problem [15]. Some of the techniques used to over-
come this problem are Taylor expansion around zero chemical potential, analytic continuation from purely
imaginary chemical potentials or the complex Langevin approach. On the other hand, effective theories
provide an alternative method to study the strongly interacting matter in the low energy non-perturbative
region. Effective models are used in situations where there is a natural separation of energy scales. These
models are constructed using the basic symmetries of the underlying QCD lagrangian. Some of the well
known models like Hadron Resonance Gas (HRG) model [16, 17, 18, 19, 20], Nambu-Jona-Lasinio (NJL)
model [21, 22, 23|, Polyakov loop extended Quark-Meson (PQM) model [24, 25, 26] have successfully ex-
plained the lattice data and also provided insights on the strongly interacting matter at non-zero baryon

density.

1.2 Formation of Quark Gluon Plasma

When the density of nuclear matter is increased by compressing it, the distance between the constituents of
the nucleons namely the quarks and gluons start to decrease. When the density of the system is greater than
a certain critical value of density, the quarks and gluons between different nucleons/hadrons start to overlap
and finally move freely in a volume much larger than the hadronic/nucleonic volume. This deconfined
phase of matter is QGP. QGP can also be created by heating the nuclear matter above a certain critical
temperature wherein the hadronic/nucleonic matter “melt” into quarks and gluons. A schematic diagram
for the formation of QGP at high temperature and/or density is shown in Fig. 1.1.

As per our current knowledge, there are three scenarios where this deconfined state of matter might

exist:

e During the early universe evolution, a few microseconds after the Big Bang, temperature of the universe
was around 10'2K or 200 MeV which is greater than the critical temperature. Thus, a transient QGP

was likely to have been created.

e In the core of the neutron stars where the density is believed to exceed 10 gm/ cm® (few times of
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Figure 1.1: Nuclear matter at high temperature and/or density

nuclear density) providing a favourable condition for the formation of QGP.

e In ultra relativistic heavy ion collisions high temperature and/or density is created. This condition is

likely to favour the formation of QGP.

@ LHC?
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Normal nuclear m.
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Figure 1.2: QCD Phase diagram in the temperature-baryochemical potential plane.

The above scenarios depict situations when either temperature or baryon density governs the occurence
of the phase transition. A graphical representation such as the one shown in Fig. 1.2 is known as the
QCD phase diagram. It effectively illustrates the equilibrium phases of QCD matter in the temperature-

baryochemical potential plane. Though the exact positions of the phase transitions to deconfined quark
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matter are not known, a significant region of the phase space is occupied by hot/dense hadronic matter

composed of interacting mesons and baryons at finite temperature and baryon chemical potential.

1.3 Heavy Ion Collisions

The Big Bang occurred a long time ago, and astrophysical objects are far away in space, making the study
of QGP through these means quite difficult. Therefore, we focus on studying QGP in the laboratory using

relativistic heavy ion collisions.

QGP can be formed at high temperature and/or density. In order to create such an exotic matter in
the laboratory, nuclear matter at high temperature and density needs to be produced. This can be achieved
in ultra relativistic heavy ion collision experiments. In heavy ion collision (HIC) experiments two highly
energetic beams of heavy ions like Au-Au, Pb-Pb are collided to produce a system of strongly interacting
matter at high density and/or temperature. Some of the experimental facilities dedicated to HIC experiments
are — Large Hadron Collider (LHC), Relativistic Heavy Ion Colllider (RHIC), Nuclotron-based Ion Collider
facility (NICA) and Facility for Antiproton and Ion Research (FAIR). The first evidence of QGP formation
in HIC experiment came from the Au-Au collisions at RHIC energy of /s = 200 GeV [27, 28, 29, 30],
the same was also confirmed in the Pb-Pb collisions at LHC energy of /s = 2.76 TeV [31, 32, 33, 34].

1.3.1 Stages of Heavy Ion Collisions

The evolution of heavy ion collision starting from the collision of two Lorentz contracted discs to finally
the hadrons hitting the detector goes through a pre-equilibrium stage, expansion stage and then finally
the freeze-out of the hadrons. A sketch potraying the time evolution of matter created in ultra relativistic
heavy ion collision is shown in Fig. 1.3. In the pre-equilibrium stage, the constituents of highly excited
fireball collide frequently to reach local thermal equilibrium within a time known as thermalisation time.
After the pre-equilibrium stage, the thermalised system consisting of deconfined QGP matter expands in
all directions against the surrounding vacuum due to its thermal pressure. As the system expands its
temperature decreases thereby decreasing the energy density of the system. When the temperature drops
close to crtitical temperature (7. ~ 155 MeV [35]) the system undergoes a phase transition from the QGP
phase to the hadronic phase. The system now comprises of hadrons which collide with each other to maintain
local equilibrium. The expanding hadronic system further cools and runs out of inelastic collisions. This
causes the quark composition of the hadrons to be fixed in the system. This is known as chemical freezeout.
The system with fixed hadron abundances undergo elastic collision. Since the system is still expanding and
cooling, the mean free path of the elastic collision becomes larger than the range of strong interaction. As
elastic collision ceases to occur, local equilibrium cannot be maintained in the system as a result of which

hadrons freezeout (kinetic freezeout) and move to the detector.
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Figure 1.3: Sketch showing time evolution of ultra relativsitic heavy ion collisions. Image
source:https://u.osu.edu/vishnu/

1.3.2 Probes of Heavy Ion Collisions

The matter created in a HIC has a very short lifetime and hence cannot be observed directly. Some of
the indirect methods to probe the thermodynamic medium produced in heavy ion collisions is through
quarkonia dissociation, electromagnetic probes, jet quenching, strangeness enhancement and collective flow.
An extensive review on different probes of HIC can be found in Refs. [36, 37, 38, 39]. We will now provide

a brief discussion on each of these probes.

e Quarkonia dissociation: Bound states of heavy quark and antiquark pair also known as quarko-
nia are produced in the early stages of heavy ion collisions even before the formation of the QGP.
These quarkonia states carry valuable information about their interactions throughout the medium’s
evolution. Within a deconfined medium, the quark-antiquark (gq) pairs experience color-screening
effects from surrounding quarks and gluons. The screening radius, which decreases as the temperature
increases, plays a crucial role in this process. When the screening radius becomes sufficiently smaller
than the radius of the quarkonia bound states, these states dissociate. This dissociation leads to a

suppression of their yield, a phenomenon that serves as a significant indicator of QGP formation.

e Electromagnetic Probes: One of the most important probe in HIC is electromagnetic probes such
as photons and dileptons. Photons and dileptons are produced in all stages of nuclear collisions, includ-
ing the initial hard scattering before the formation of the medium and during hadronic decays. The
mean free path of electromagnetic interactions is larger than the size of the deconfined QGP medium.
Consequently, these photons and dileptons escape the medium without significant scattering or ab-
sorption, retaining the characteristics of their region of origin. When photons and lepton-antilepton

pairs or dileptons (like eT-e~ and ut -p7), hit the detector, their spectrum can be analyzed to ex-
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tract valuable information about the medium in which they were produced. However, the spectrum
of photons and dileptons coming from the hadronic decays must be subtracted to obtain information

about the hot deconfined medium under investigation

Jet Quenching: In a p-p collision, the partons produced from hard processes hadronizes into a
collimated beam of hadrons produced back-to-back. These stream of particles which are produced
back to back are known as jets. However, in heavy ion collisions the initial hard parton-parton
collisions travel through the hot and dense QGP medium. This causes the scattered partons to lose
their energy because of their interaction with the QGP medium. Having lost their energy, the partons
fragment into lesser number of final state hadrons in the jet beam resulting in what is known as jet

quenching.

Strangeness Enhancement: An equilibrated QGP with its temperature higher than the mass of
the strange quark favors the formation of strange quark and anti-quark pair via qG§ — sS, gg — s8§,
g — 8§, gs — gs and gs — ¢s processes, thereby leading to the increased production of final state
strange hadrons. Thus, strangeness enhancement in a heavy ion collision compared to nucleon-nucleon

collision becomes an essential signature of QGP formation.

Collective Flow: The azimuthal distribution of produced particles is an important observable in
HIC [40, 41, 42]. In non-central heavy ion collisions ( i.e. collisions with non-zero impact parameter ),
the participants in the overlapped region of the collision are spatially anisotropic. The initial spatial
anisotropy in the overlap zone creates an anisotropic pressure gradient in a plane transverse to the
beam pipe which, in turn, causes momentum anisotropy of the produced particles. This observed
momentum anisotropy is known as collective flow and it is an essential signature of HIC. It can be
best described using hydrodynamic models [43]. This collective flow can be quantified by decomposing
the azimuthal dependence of invariant particle spectra in a Fourier series [44]. Each fourier coefficient
corresponds to different flow coefficient such as directed flow (v;), elliptic flow (vy), triangular flow
(v3) and so on. The directed flow v; describes the collective sideward motion of the particles and is
believed to have developed in the early stage of the collisions and thus provides information on the
equation of state at those early times [45, 46, 47]. The elliptic flow vy was proposed as a signature of
hydrodynamic behavior of nucelar matter produced in high energy nuclear collisions [41]. It reflects the
interactions between the constituents during the early stage of evolution of the produced particles [47]
and is therefore sensitive to the equation of state when this system might be in the QGP phase. The
triangular flow v3 corresponds to the the triangular anisotropy of the initial nuclear overlap region
and it arises from event- by-event fluctuations in the participant-nucleon collision points [48]. Among

these flow coefficients, va has been extensively studied at RHIC [49] and LHC [50] collision energies.
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1.4 Theoretical Models to treat Heavy Ion Collisions

The hot and dense matter created in HIC can be treated mathematically through - (i) Covariant transport
theory and (ii) Relativistic Hydrodynamics. The transport theory deals with the microscopic description
of the system and is used to study the early pre-equilibirum and later hadronic rescattering and freeze-out
stage. Some of the transport based models are - A Multi-Phase Transport (AMPT) model [51], Ultra-
relativistic Quantum Molecular Dynamics (UrQMD) model [52], Parton-Hadron String Dynamics (PHSD)
model [53] and Simulating Many Accelerated Strongly-Interacting Hadrons (SMASH) [54]. The evolution of
the system from the early pre-equilibrium phase to the hadronic phase can be studied using hydrodynamics.
Hydrodynamics deals with the macroscopic description of the system. The macroscopic quantities are an

average of some microscopic quantity (energy, momentum, baryon number etc.), over all the constituent

particles.
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Figure 1.4: Comparison of hydrodynamic models to experimental data on charged hadron integrated (left)
and minimum bias (right) elliptic flow by PHOBOS and STAR, respectively. STAR event plane data has
been reduced by 20 per cent to estimate the removal of non-flow contributions. [1]

Hydrodynamic simulations of relativistic heavy ion collisions are performed using computational meth-
ods. The hydrodynamic equations are solved numerically and matched with the observed momentum distri-

bution of the particles obtained in the experiments. It has been observed that ideal hydrodynamics explains
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the experimental data for multiplicity, radial and elliptic flow of low of p,. particles for heavy-ion collisions at
RHIC. In ideal hydrodynamics, input parameters like initial energy density, time where the hydrodynamic
model is initialized as well as the temperature at which the hydrodynamic evolution is stopped are chosen
so as to match with the experimental data obtained for multiplicity and radial low. The Glauber Model
and the Color Glass Condensate (CGC) model are primarily used to describe the initial energy density.
In the Glauber model, the energy density profile follows the nucleon distribution, whereas the Color Glass

Condensate model uses the gluon number density in binary collisions.

Ideal hydrodynamics does not include any dissipative effects in its formalism. However, due to quantum
mechanical uncertainity [55], the system created in a heavy ion collision undergoes irreversible processes
as a result of which dissipation is always present in the system. This necessitates the use of relativistic
dissipative fluid dynamics in HIC. In Fig. 1.4 we have shown the comparison of hydrodynamic models (CGC
and Glauber model) to experimental data on charged hadron integrated (left) and minimum bias (right)
elliptic flow by PHOBOS and STAR, respectively [1]. From the figure we can see that ideal hydrodynamics
(n/s = 10~%) overpredicts the data in the high p, regions, both for STAR and PHOBOS data. From the
figure we observe that in hydrodynamic models, elliptic flow v is sensitive to the shear viscosity to entropy
density ratio (n/s) of the medium and this fact has been used to extract the n/s of the hot and dense
medium from the elliptic flow data [56, 57, 58]. Thus, studying transport properties like viscosity helps us in
refining hydrodynamic models, thereby improving our understanding of the evolution of the fireball created
in these collisions. In this thesis, we have estimated the values of /s in both thermal and thermo-magnetic

medium.

1.5 Magnetic Field in Heavy Ion Collisions

Apart from high temperature and/or density, in non-central HICs, at RHIC and LHC, strong magnetic fields
of the order of ~ 10'® Gauss [59, 60] or larger may be generated due to the collision geometry. Fig. 1.5 shows
the schematic representation of non-central HICs. At relativistic energies the Lorentz contracted thin discs
which travel towards each other in the oppositie direction along the beam pipe (z direction) collide with
each other. In HIC the participants carry charges and charges in motion produce electric currents which
thereby produces magnetic field. In Ref. [61] it is shown that two ions of radius R with electric charge Ze
and colliding impact parameter b, the produced magnetic field, in the centre of mass frame according to the
Biot Savart’s law, has a magnitude of

b
B NvZeﬁ (1.1)

The magnetic field points in a direction perpendicular to the reaction plane (x — z plane). At RHIC, for
Au+Au collisions at /s,y = 200 GeV, Lorentz factor v = 100 (y = /Syy)s 2 = 79, b ~ R4 ~ 7 fm, the

estimated value of magnetic field using Eq. (1.1) is eB ~ m2 ~ 10'® Gauss. A similar calculation performed
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at LHC energies estimates magnetic field to be eB = 10m2.

B

Figure 1.5: The schematic representation of non-central heavy ion collision. The magnetic field is generated
in the collision region along the y-axis perpendicular to the reaction plane. This figure has been modified
from [2]

The fields produced in HICs are comparable to the QCD scale i.e. eB ~ m2 =~ AéCD and hence it
can cause noticeable influence on the behaviour of strongly interacting matter. This has motivated a large
number of investigations on the properties of hot and dense QCD matter in the presence of background
magnetic field in recent times involving several novel and interesting phenomena, such as, Chiral Magnetic
Effect (CME) [59, 62, 63, 64], Magnetic Catalysis (MC) [65, 66, 67, 68, 69] and Inverse Magnetic Catalysis
(IMC) [70, 71] of dynamical chiral symmetry breaking which may cause significant change in the nature of
electro-weak [72, 73, 74, 75], chiral and superconducting phase transitions [76, 77, 78, 79], electromagnetically
induced superconductivity and superfluidity [80, 81] and many more. Though, the magnetic field is very
transient (few fm/c), the finite electrical conductivity of the medium sustains the magnetic field for a longer
time [82, 83, 84, 85]. This magnetic field affects the evolution of the strongly interacting matter which
has a noticeable effect on its dynamics and is reflected in the observables like charged hadron spectra and
flow harmonics. Thus, a deeper understanding of the various aspects of strongly interacting matter in the
presence of magnetic field is important to achieve the consistent dynamical modelling of the matter created
in HICs.

Besides heavy ion collisions, such magnetic fields of the order of ~ 10'® Gauss can also be realized on the
surface of certain compact stars called magnetars, while in the interior it is estimated to reach magnitudes of
the order of ~ 10'® Gauss [86, 87]. Cosmological model calculations, in fact, predict that during electroweak
phase transition in the early universe extremely strong magnetic field as high as ~ 1023 Gauss might have
been produced [88, 89].

The dynamical evolution of such a relativistic matter in the presence of background magnetic field is

studied using magnetohydrodynamics (MHD). Transport coefficients are essential for describing the time
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evolution of strongly interacting matter and they are the key dynamical inputs to MHD. The transport
coefficients are the measure of dissipative processes occurring in the strongly interacting matter. The
dissipative processes are brought in by the collisions among the constituents. Thus, the scattering cross-
section is an important dynamical input to the transport coefficients. In HICs, the hadronic phase attains a
temperature in the range 100 MeV < T < 150 MeV. Hence, it becomes important to consider the thermal
effects in the presence of background magnetic field in the cross section calculations to provide a more
realistic picture of HICs. Thus, in Chapters 5 and 6 we have considered the background magnetic field and
thermal medium to calculate the transport coefficients in which thermo-magnetic effects are incorporated
in the scattering cross-section. Substantial amount of works which involve the estimation of transport
coefficients of quark gluon plasma (QGP) and hadrons in a background magnetic field are available in the
literature where these quantities have been evaluated using either a constant cross-section or the relaxation
time has been taken as a parameter to evaluate the necessary transport coefficients. Incorporation of the

effect of magnetic field along with thermal effects on the relaxation time is the novelty of this thesis.

1.6 Scope and Organization of the thesis

The hot and dense nuclear matter produced in heavy-ion collisions may be near local thermodynamic
equilibrium, exhibiting specific thermodynamic and transport properties. If the interaction between quarks
and gluons is sufficiently strong to maintain local thermodynamic equilibrium in the subsequent phases, these
phases will also exhibit distinct transport properties. Experimentally one can only measure the energy and
momentum of the particles that hit the detector after kinetic freeze-out. Therefore, to study the transport
in QGP, it is necessary to investigate and model the properties of all stages in heavy-ion collisions. This
includes the initial state of two Lorentz-contracted heavy ion nuclei, the formation and thermalization of
the QGP, its evolution, the phase transition to the hadronic phase, and the evolution of the hadronic phase.
To accurately study the transport properties of the QGP, the transport properties of the latter phase of
HIC which is the hadronic phase must also be examined to validate findings through experiments. In this
thesis, we have focussed on the transport properties of the hadronic state.

In this thesis, the transport coefficients have been evaluated in the kinetic theory approach in the
ambit of relaxation time approximation. The relativistic Boltzmann transport equation in the presence of

electromagnetic field is given by [90]

Prouf + qF“”pug]i = C[f] (1.2)

where, f(x,p) is the single particle distribution function, ¢ is the electric charge of the particle and g =
diag(1, —1,—1,—1) is the metric tensor and the field information is contained in the field strength tensor
FH . The collision integral C[f] appearing on the right-hand side of the above equation carries information

of all the microscopic interactions occuring in the system. These microscopic interactions are responsible
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for removing the dissipation and bringing the system into equilibrium. In order to evaluate the transport
coefficients one has to solve the relativistic Boltzmann transport equation. The in-medium effects on the
transport coefficients is studied by solving the collsion integral using the relaxation time approximation. In

this approximation only one of the incoming particle’s distribution function in a binary interaction is taken
of

—<, in which ¢ f is the deviation function

to be slightly away from equilibrium whereby we consider C[f] =
and 7 is the relaxation time. The deviation function, d f which encapsulates the dissipative processes can
be written in terms of the thermodynamic forces. Making use of conservation equation and Gibb’s Duhem
relation, the left-hand side of Eq.(1.2) can be written in terms of the thermodynamic forces. The irreversible
flows such as heat flow, energy momentum flow and charge flow can be expressed in terms of thermodynamic
forces and the corresponding transport coefficients and simultaneously these flows can also be written in
terms of the deviation function, thus connecting the macroscopic gradients with the microscopic theory.
Comparing the two sides of the Boltzmann transport equation one can obtain the expression of the transport
coefficients. It is to be noted here that in the presence of magnetic field these coefficients become anisotropic
leading to three components of electrical conductivity, five components of shear viscosity, two components
of bulk viscosity and three components of thermal conductivity unlike the non-magnetic field case where
each of these coefficients have only single isotropic component.

The dynamical input to these coefficients i.e. the relaxation time is evaluated using real time formalism
of thermal field theory. In the low temperature regime (~100-150 MeV) the perturbative QCD breaks
down due to larger values of the coupling constant. One then resorts to effective theories constructed using
the basic symmetries of the underlying QCD Lagrangian. Using the effective interaction Lagrangian, the
matrix elements for the scattering process mediated via various resonance channels are evaluated. The
vacuum propagators corresponding to the intermediate resonances appearing in the s-channel diagrams, are
replaced with effective ones obtained from a Dyson-Schwinger sum containing one-loop self-energy diagrams
in vacuum. This introduces an imaginary part in the matrix elements rendering a Breit-Wigner like structure
to the cross- section. The scattering cross-section is normalized to the experimental data fixing a few
unknown model parameters in the process. The corresponding in-medium cross-section is then obtained by
evaluating the self-energy diagrams in the medium.

In Chapter 2 we have discussed the basics of kinetic theory which will be used to derive the transport
coefficients in the later chapters.

Chapter 3 deals with the expressions of shear viscosity, bulk viscosity and thermal conductivity for a
multi-component system using relaxation time approximation. We have in brief discussed the real time
formalism of finite temperature field theory and have also given a general picture of thermal propagators for
different fields. The formalism stated in this chapter is discussed by presenting the results of shear viscosity
of a pion gas in a thermal medium.

In Chapter 4 we have studied the relaxation times, thermal conductivity, bulk viscosity and shear
viscosity of a hot and dense gas consisting of pions, kaons and nucelons (7 KN system). The thermal medium

dependent cross-sections for w7, 7K and wN scatterings is obtained using the complete propagators for the
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exchanged p, o, K* and A resonances. We have obtained appreciable change in the temperature dependence
of these transport coefficients upon use of in-medium cross-section.

In Chapter 5 magnetic field has been switched on and its effect on the electrical and hall conductivity of a
system of pion gas been studied. Here we have explored the magnetic field influence only through cyclotron
frequency and the scattering cross-section is evaluated only in a thermal medium. We have studied the
variation of electrical and hall conductivities with the temperature for different values of the magnetic field.
It has been observed that electrical conductivity and Hall conductivity are very sensitive to the magnetic
field strength and the use of in-medium cross sections.

Chapter 6 concerns the study of effects of thermo-magnetic medium on two important transport coeffi-
cients - electrical conductivity and shear viscosity of a pion gas. The magnetic field influences the electrical
conductivity and shear viscosity through cyclotron frequency as well as the magnetic field dependent relax-
ation time. Upon the introduction of magnetic field, the self-energies of p= and p° becomes unequal unlike
the pure thermal medium case.

Finally, in Chapter 7 we present a summary and some outlook for future work.



Chapter 2

Kinetic Theory

The QGP fluid or a hot hadron gas can be considered as a macroscopic system which is characterised
by the thermodynamic state variables like number density, temperature, pressure, energy density etc. The
dynamics of the evolution of such a fluid can be obtained using the thermodynamic state variables. This
is achieved by solving the Boltzmann transport equation, the solution of which is given by the one-particle
distribution function. The one particle distribution function f(x,p) gives the statistical description of the
gases in kinetic theory. This distribution function gives the average number of particles with a certain
momentum at each space-time point. To find its explicit form one derives kinetic equation or the transport
equation which gives the rate of change of distribution function in time and space due to particle interactions.
Before deriving the transport equation we will describe some of the macroscopic quantities in terms of the

one-particle distribution function.

2.1 Macroscopic Quantities

On the macroscopic level the state of a many-particle system is described by the particle density, energy
density and hydrodynamic velocity. In non-uniform system these quantities become function of space and

time. We will now discuss each of these quantities.

2.1.1 Particle four-flow

To describe a non-uniform system one introduces a local density n(#,t). The quantity n(Z,t)A3x gives the
average number of particles in the spatial volume element A3z at point # and at time ¢. The particle flow

is denoted by j(Z,t). Thus the particle four flow N#(z) is given by-
N (x) = (n(Z,1),5(Z,1)) (2.1)

Let us consider a distribution function f(z,p), then f(x,p)A3xA3p gives the average number of particles
present in the volume element A3z at point z with momentum in the range (p,p + Ap) at time ¢. It is to

be noted here that though the volume element A3z is very small from a macroscopic point of view but the

13
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number of particles contained in it is quite large. In terms of the distribution function, the temporal and

spatial components of particle four flow is given as-
n(Z,t) = /d3p f(z,p)

dp
(z,p)

jan=[Fs
where u = p—; Thus,
d3p
N (@) = [T fan)

2.1.2 Energy-Momentum tensor

Let us now consider the energy density. The energy per particle is p°, hence the average can be written as,

T%(x) = /d3p P’ f(z,p)
the quantity 7% is the macroscopic energy density. The energy flow T is given by,

T%(z) = /d?’p pPu' f(z, p).

The momentum density is given by,
T%(x) = /dgp p'f(z,p).

(2.4)

(2.5)

(2.6)

(2.7)

Similarly, the momentum flow (or the pressure tensor) which is the flow of the i*" component of the
(2.8)

momentum in the j* direction is given by,
7o) = [ &% p'ad f(a,p).

dp
/ o PP ()

Combining the above equations, the energy momentum tensor can be written as,

™ ()

(2.9)

Hence, in relativistic kinetic theory, the energy-momentum tensor is defined as the second moment of the

distribution function, and is thus a symmetric quantity.
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2.1.3 Entropy four flow

The H-function as introduced by Boltzmann, implies that the local entropy density for a system outside

equilibrium may be defined as,
S0(z) = —k, /d3pf(x,p) [log R3f(z,p) — 1] (2.10)
where k, is the Boltzmann constant. The entropy flow, corresponding to the entropy density has the form-
S =ty [ dpis(o.p) foghf(ap) - 1] (2.11)

The above two equations may be combined to get the entropy four flow
i d’p n 3
§'(x) = —ky [ 5P f(@:p) [log h* f(x,p) — 1] (2.12)

2.1.4 Hydrodynamic four velocity

An important quantity in the description of a continuous media is the hydrodynamic four-velocity U*(z),
which is a vector field. Hydrodynamic four velocity is a time like vector with length equal to unity in each

space time point U#(x)U,(x) = 1. On differentiation of U*(x)U,(z) = 1 we get
U'(x)0,U,(x) = 0. (2.13)
We now define a projector, A*(x) with the help of hydrodynamic velocity,
APV (z) = g — U*U" (2.14)

g" = (1,—1,—1,—1) is a metric tensor. If A" (x) is contracted with an arbitrary four vector, it acts as a

projector since it annihilates the part of the four vector which is parallel to U*,
AP (z)U,(x) = 0. (2.15)

Some properties of the projector A" (z) are as follows -

ARV = AP (2.16)
AN, = AP (2.17)
Al =3, (2.18)

In the local rest frame U r = (1,0,0,0). The two mainly used definitions of hydrodynamic velocity in the

literature are the Eckart’s definition of hydrodynamic velocity and the Landau and Lifshitz’s definition of
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hydrodynamic velocity.

NH
NVN, '

Eckart relates the hydrodynamic velocity directly to the particle four flow N* by relation U* =
Using this definition of U* we get A*” N, = 0, which thus implies that in the local rest frame the spatial
components of the particle four flow N# vanishes N,"é r = 0. The hydrodynamic velocity as defined by Eckart
is the mean particle velocity.

Landau and Lifshitz’s definition of hydrodynamic velocity U* = \/% is related to the flow
P oT

of energy. Using this definition of U* we find A*T,,U° = 0 , which shows that in the local rest frame
associated with the Landau and Lifshitz’s velocity the momentum density and the energy flow vanish Ti(}% =

Ty =0.

2.1.5 Thermodynamic quantities

With the help of hydrodynamic four velocity U*(z) one may define the relevant macroscopic quantities,
namely the particle density, the energy density, the heat flow, the pressure tensor and the entropy density,

in a covariant manner.

The scalar quantity particle density is defined as
n= N!'U, (2.19)

where N* is the particle four-flow. In the local rest frame n = Ng p» which implies that n is the density of

the particles with respect to this frame.

The scalar energy density is defined as
en =U,T"U, (2.20)

where e is the energy per particle. In the local rest frame en = T} p, implies that en is the energy density

of the particles with respect to this frame.

The heat flow is defined as the difference of the energy flow and the flow of enthalpy h carried by the

particles
It = (U,T"" — hN?) AL. (2.21)

The enthalpy or heat function per particle is h = e + pn~!, where p is the local hydrostatic pressure. In the

local rest frame the heat flow has spatial components only i.e. ISLR =0 and I;LR = TLO% - hNiR.

The pressure tensor is defined as

P = APTOTAY. (2.22)
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The pressure tensor contains a reversible part and an irreversible part according to the splitting
P = —pAH 4+ TIH (2.23)

where II*" is the viscous pressure tensor.

The scalar entropy density is defined as
sn = S"U, (2.24)

where S* is the entropy four-flow and s is the entropy per particle. In the local rest frame sn = 5’2 r» Which

implies that sn is the local entropy density in the local rest frame.

2.2 Relativistic Boltzmann Transport Equation

The distribution function which is used to define the macroscopic quantities satisfies an integro-differential
equation widely known as Boltzmann transport equation(BTE). This equation is used to study the statistical
behaviour of a system consisting of a large number of particles. It deals with the study of microscopic
description of the gas given by one particle distribution function. It gives the rate of change of distribution
function in space and time brought in by the collisions or interaction among the particles. The distribution
function is the solution of the BTE and it can be used to obtain the macroscopic quantities governing the

fluid behaviour. In order to derive the relativistic BTE following assumptions are considered-

1. Only binary collisions among the constituents are taken, implying that the fluid under consideration

is dilute.

2. We take into account the hypothesis of molecular chaos. As a consequence, particle correlation before
each individual collision is neglected. The number of binary collisions is proportional to the product

of the distribution function of the colliding particles.

3. The distribution function varies slowly in space and time. The time variation of the distribution
function is only allowed over time scales larger than the collision time and the spatial variation over

distances larger than the mean free path of the collision.

2.2.1 BTE for systems without collision

In the particle four flow, N#(z) = [ f—opp“ f(z,p) we introduce a scalar quantity AN (x), which is given by

AN(x>=/A3 d3o, N¥(x) (2.25)
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where d30,, = (dzdydz, dtdydz, dtdzdz, dtdzdy) is a hyper surface. Using N*(z) in Eq. (2.25) we get,

3
AN (z) = /A3 /d%mifp“f(m,p). (2.26)

In the lorentz frame, dgalL is a purely time like quantity i.e. d3au = (d33:, 0,0, 0). Thus we get,

AN (z) = /As /d?’xd?’pf(x,p) (2.27)

AN (z) is the number of particles present in the element A3(z). It can also be considered as the number of

world lines crossing the segment A3c with momenta in the range A3p around p and is given as-

d3 d3
/ / o, L p" f (. p) —/ / o, 3 f(x,p) = 0. (2.28)
A3g’ JA3p p A3g JA3p p

Let us consider a closed region enclosed by the surface elements A3o, A3¢’ and the surface of the tube
formed by the world lines considered. For a system without collision no world lines crosses the tube like

surface. Thus, the net flow through the surface A%c of the Minkowski-space element A%z vanishes. Hence,

3 d3p 1
d’opy—5p" f(z,p) = 0. (2.29)
A3g JA3p p

Using Gauss’ theorem we obtain
d3
/‘L/ d'x =L po, f(w,p) = 0. (2.30)
Atz JA3p p

Since the intervals Az and A%p are arbitrary, it follows that

p"Ouf(z,p) = 0. (2.31)

This is the relativistic transport equation for the case without collisions which can also be written as,

(0 +1@- V) f(@,p) =0 (2.32)

2.2.2 BTE for systems with collisions

In order to obtain the full transport equation collisions among the constituents should be taken into account.
Due to the collision, the momenta of the particle changes, as a result of which the number of particles crossing

the segment A30 and A3¢’ will be different unlike the case without collisions. The amount by which the
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number of particles in the ranges A%z and A3p changes is given by

AS
A%p—(f’C(x, p) (2.33)

where C(z,p) is an invariant function which is to be determined. To determine the form of C(x,p), let us
consider a collision between two particles with initial four momentum p* and k* which after collision attains
the four momentum p'* and k’*. The average number of such collision in a Minkowski-space element A%z

around z, i.e. in a time interval At around ¢t and a volume element A3z around z, is proportional to:

1. The average number of particles per unit volume with three momentum in the range (p,p + Ap) i.e.

Ap f(z,p).

2. The average number of particles per unit volume with three momentum in the range (E, k+ AE) ie.

N3k f (z,k).

3. The intervals A3p’ and A3k’ and A’x.

W (p,k|p" k")

Jopoyfr - Lhe quanity W (p,k | P/, k') is called the transition rate.

The proportionality term is given by
The average number of particles in the range Az with momentum in the range A3p which are lost through

collisions is given by-

1 A3k d3p’ 3K
§A4:pA3p prowf(wap)f (xa k) w (p, k ‘ plv k/) . (2-34)

A factor of § is added because of the fact that a final state with momenta (p, k') can not be distinguished
from (k’,p’). Similarly, the gain in average number of particles in the range A%z with momenta in the range

A3p through collisions is-

1 A3k d3p’ P>k
§A4$A3p Wp%wf (Jr,p’) f (:L’, k") w (p',k' | p, k) . (2.35)

Thus, the net change in the number of particles in range A%z and A3p is given by

d3]{3 d3 /dSk/
0 plﬁ o L (@ 0) f (e ) W (0 K | p, )

—f(@,p)f (&, k)W (p,k | P/ k)] . (2.36)

1 .
§A4IA31?

Comparing Egs. (2.33) and (2.36) and using the principle of detailed balancing W (p', k' | p, k) = W (p, k | p', k)

we obtain

A3k B3y’ B3k
C(z,p) = ;/kzop’gk’o [f (x,p’) f (:v, k’) — f(z,p)f (:z:,k)] %% (p,k: |p’,k’) . (2.37)
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Since we are taking collisions into account, Eq. (2.30) can be written for the case with collisions as
4 . A%
[ [ aet ot = attPow), (238)
Aty JA3p p
Since the intervals Az and A3p are arbitrary we obtain,

p“&,tf(a:,p) = C(l‘,p) (2‘39)

or using the expression for C'(z,p) we can write the above expression as follows

&3k 3y BK

T o o U @P) [ (@ k) = J@p)f @] W(p.k|p,K) (2.40)

“c?uf(x p)

which is the required single particle relativistic transport equation when collisions are taken into considera-

tion.

For a multicomponent system, each component £k = 1,2,3,...N is described by separate distribution
function fi(z,p). We now aim to write the relativisitic Boltzmann transport equation for a multiparticle

system. A binary collision of the form py, + p; — p). + p; will satifsy the following transport equation-

N

PO fr(z, p) 1[fx] (2.41)

=1

where ¢; is the degeneracy of the I*" particle. The collision term on the right hand side is given as-

3 3,/ 3
Culfi] = /(;fr;;lp? (;jr)pk (Qi)pl o k(@ o) file,p) — frle, o) filz,p)] W (pe, o1 | Do p)) - (2.42)

for collisions considering Maxwell-Boltzmann statistics and for collisions involving Fermi-Dirac and Bose-

Einstein statistics C}; is given as

3 3,/ 3
Culh) = [ G e G Us(o s (e ){1 % fule.p)H1 £ o)

—fk(x,pk)fl(x,pz){l + fr(z, ) H1 £ file,p) Y W (pr, 1 | 03 21) - (2.43)

where the &+ sign in the above equation denotes Bose enhancement and Pauli blocking.

2.2.3 BTE in presence of background magnetic field

The BTE in presence of external force field is valid if the deviations caused by this external force in the
particle trajectories during the collision is small. First, we shall derive the transport equation subject to
external force field for the collisionless case. In presence of external force field F*(x, p) the particle momenta

pH will be modified to p* + F*Ar while travelling from the surface element A3o to A3¢’ in the proper time
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interval A7. Thus, Eq. (2.28) will be modified to

s d%p 5 d°p
/ d’oy—5 0" f(z,p+ FAT) — / d’oy—5p" f(x,p) = 0. (2.44)
A3g’ JA3p p A3c JA3p D

The four volume A%z enclosed by the surface element Ao, A3¢’ and the surface of the tube formed by
these surface elements is given by -
ph

Aty = ATE o o, (2.45)

Making use of Taylor series expansion of f(z,p + FAT), Eq. (2.45), and Gauss’s theorem Eq. (2.44) we

obtain-

/ /d4d3p 1O, 4+ mFH( )a f(z,p) =0 (2.46)
Atz JAsp Tpo PO T P g | S RS '

Since the intervals Az and A3p are arbitrary we obtain

W%ﬂ%m+mwwwé$ﬂ%m=0 (2.47)

For the BTE in presence of external force field with collisions we have

wmﬂam+mwu@5;ﬂam=cwm (2.48)

with collision term as given in Eqs. (2.42) and (2.43).

In the derivation of transport equation in presence of external field we have assumed that the external

force is mechanical and hence it does not change the rest mass of the particle i.e. we have
ptE,(x,p) = 0. (2.49)

Also, we consider that upto first order in A7, the momentum range is invariant as a result of which force

F#(z,p) satisfies

OF*(z,p)
—==0 2.50
- (250)
Egs. (2.49) and (2.50) are satisfied by the Lorentz force
Fix,p) = %pyF‘”(m) (2.51)

where ¢ is the charge of the positive particle and F* is the antisymmetric electromagnetic tensor. The

components F% = E? and F¥ = B* (i,j,k = z,y,z : cyclic) where E and B are respectively the electric
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and magnetic field vectors. Using Eq. (2.51) in Eq. (2.48) we obtain

P8, f(2,p) + 4 pyF"”(w);pﬂf(w,p) ~ C(a,p) (2.52)

2.3 Conservation laws

The macroscopic quantities that describe a relativistic system outside equilibrium obey equations which
follow from the conservation laws of particle number and energy-momentum. In the framework of a kinetic
theory the conservation laws can be derived from the corresponding laws valid at the microscopic level. It
can be proved that the production of entropy is always greater than or equal to zero. In kinetic theory this
is known as the H-theorem, originally due to Boltzmann. Equilibrium is then defined as the state in which

there is no entropy production.

2.3.1 Conservation Equations

Let us consider a dilute mixture of N-components interacting via elastic and inelastic collisions. The total
number of particles are assumed to be conserved during the collision. The distribution function of each

component given by fi(z,pxr) (k= 1,2,...N) satisfies the following set of BTE -

PO fr. (x, pr) chl T, pk) (2.53)

where the collsion term for the reaction of type k£ and [ species colliding and forming ¢ and j species,

k+1— i+ jis given as

d3 d3p; d3
Cu = Z/ b p p] (fifiWijit — e fiWiaij) (2.54)
p

zgl 7' ]

As a consequence of the microscopic conservation laws obeyed by various reactions, the collision term in Eq.

(2.54) possess the following property-

3
Z /d D U (z,px) Cra (2, pr) = 0 (2.55)

k=1

where,

VY (z,pr) = ak(z) + bu(z)p),. (2.56)

The space-time dependent function ay(x) and b,(x) satisfies

ag(z) + ai(v) = ai(x) + a;(z). (2.57)
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In order to prove Eq. (2.55), we substitute Eqgs. (2.56) and (2.57) on the L.H.S. of Eq. (2.55)

d>p; d3p d3pz d*p;
= Z / l o 5= Uk (fifiWisi — fefiWiais) (2.58)

ik GO

Now interchanging the variables, i «<— k and j «— [ we obtain

3 3 3
1 Z /d i d pl d pzd p_] [w wz] fzfy ikl (2.59)
Py z pj

i,k i

Similarly on interchanging the variables, i <— j and k <— [ we obtain

d*pi d3pz d3pz d? s
2 Z / ’ [w wj]flfj ij|kl- (2.60)
ikl pi pl pi pj

On adding Egs. (2.59) and (2.60) we obtain

d3pz d3p d3pz d? P
2 Z l L [hr + 1 — i — 3] Fif i Wigina- (2.61)
ZJ ol P,‘ pl pi p]

Using Eq. (2.56) and the conservation of energy and momentum (pk + pl =pi'+ p;t ) in the above equation

we get

Y+t — i —¥; = 0. (2.62)

Substituting Eq. (2.62) in Eq. (2.61) we obtain,

Z / 1‘ pk) Ckl (.’L’ pk) =0 (2.63)

k=1
2.3.2 Conservation of particle number

Substituting b*(x) = 0 and ax(x) = a(z)

N
d3
Z/ Ea(@)Ch (2, pr) = 0 (2.64)

k=1

Since a(x) is arbitrary, above equation can be written as,

Z /d3 Chi (%, pr) = 0. (2.65)

k=1

Making use of Eq. (2.53) in the above equation we get

Z % pk Oufi (z,pr) = 0. (2.66)
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Thus we have,

HZ/dp’“ Pty (2, ) = 0. (2.67)

Making use of particle four flow for each component we get
N
0y NI =0,N"=0. (2.68)

k=1

Eq. (2.68) represents the particle number conservation in the system. Apart from the particle number, the
system may possess some other conserved intrinsic quantum numbers like lepton number or baryon number.

The form for such a conservation law is given as

4k +q = q; +q;. (2.69)

Substituting ax(x) = qra(z) and b*(z) = 0 in Eq. (2.56)and then making use of Eq. (2.53)we get

N
6p Z |: / pkfk (z,pr)| = 0. (2.70)

k=1

Again, making use of particle four flow we get
N
0> aeNf =0, J" =0 (2.71)
k

where the current J* = Z e QN ¥, This shows that any conserved quantum number implies the existence

of a conserved macroscopic current.

2.3.3 Conservation of Energy and Momentum

Substituting ai(z) = 0 in Eq. (2.56) we get

Z / 0 i Cra (w,pr) = 0 (2.72)

k=1

Using Eq. (2.53) in the above equation we get

MZ / i e vlpih (o) =0 (2.73)

Applying Eq. (2.9) in the above equation we get

N
0y TL =0, =0. (2.74)
k=1
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Eq. (2.74) expresses the conservation of energy for ;= 0 and for u = 1,2, 3 it expresses the conservation of

momentum.

2.4 Equations of motion of fluids and H-theorem

The equation of motion of fluids can be derived from the conservation of particle number and conservation
of energy and momentum. These equations give the rate of change of particle densities, hydrodynamic four

velocity and the energy density.

2.4.1 Time derivative and gradient

The time-space derivative 9" is decomposed into time derivative and space derivative in the rest frame using

the hydrodynamic velocity. The four derivative is hence given as -

o = UFUYO, + (g™ — UPUY) 0,

= UMD+ VH (2.75)
where
D=U%9,, VE = A*9, (2.76)

In addition to the convective time derivative D, let us introduce the concept of substantial time derivative

9 as
9 =nD + NFA,. (2.77)

In Eckart’s frame N#V, = 0, thus in this frame Eq. (2.77) reduces to

2 =nD (2.78)
while in Landau’s frame I = —hAF” N, as a consequence of which in this frame Eq. (2.77) reduces to
9 =nD - h"'I}0, (2.79)

2.4.2 Equations of Continuity

The particle four flow N* can be decomposed into a component parallel to and perpendicular to the hydro-

dynamic velocity. Thus

N* = UFUYN,, + (g" — UPU) N, = nU* + V* (2.80)
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where

VH = AMN,,. (2.81)

Using Eq. (2.80) in the particle number conservation equation 0, N* = 0 we get

U U0 (nUp) + U,U0VH + Auad® (nUM) + V,VH = 0. (2.82)

Substituting U,V#* = 0,U*Apca = 0 and U,0,U* = 0 in the above equation we obtain

Dn = —nV,U" -V, V" + V,DU" (2.83)

This is the required equation of continuity.

2.4.3 Equation of Motion

Equation of motion can be derived from the conservation of energy momentum tensor. Since it should only

involve the space part of the energy momentum tensor we contract 9,7*” = 0 with the projector operator.

We thus get
AP, T =0 (2.84)
The heat flow I} is given by
Iy = UT"AL —hVFE (2.85)
UT AL = I +hVE =Wk (2.86)

where the quantity W*# introduced above is orthogonal to U,. The energy momentum tensor in terms of

WH can be written as
T = enUPUY — pA* + WHUY + WYUH + TIH. (2.87)

Using Eq. (2.87) and equations U,II"* = 0,U,0,U" = 0, WU, = 0 and h = e+ pn~! in Eq. (2.84) we

obtain
hnDU# = Vtp — ALV, I17? + 11" DU, — AbDWY — WHEV,UY — WYV, UH (2.88)

This is the required equation of motion.
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If the quantities II*” and W* are ignored, the equation of motion reduces to the zeroth order form

1
DU* = —Vhp. 2.89
VD (2.89)

valid for perfect fluids.
In Eckart’s frame, V# = 0, and hence W* = I/'. So using these in Eq. (2.88) we get

1
hnDU" = Vip — AV, + —T"V,p — [A;DI + TYV,U" + Ty V,U"] (2.90)

However, in Landau’s frame, WH* = U"T,,A*? = 0. So using W#* = 0 in Eq. (2.88), equation of motion in

Landau’s frame is given by
hnDU" = V¥p — ALV, 11V + TI* DU,,. (2.91)

Again, if the quantities II*” and W* are ignored in Egs. (2.90) and (2.91), the equation of motion reduces

to the zeroth order form as obtained in Eq. (2.89).

2.4.4 Equation of energy

Equation of energy can be derived from the conservation of energy momentum tensor. Since the equation
of energy should only involve the time part of the energy momentum tensor we contract 9,7"" = 0 with

the hydrodynamic velocity U,
U,0,T" = 0. (2.92)

Using Eq. (2.87) and equations W*U,, = 0, II"*U, = 0,D = U*0,, V* = A", in the above equation we

get
D(en) = —nhV,U* + 11"V, U, — V,WH +2W+DU,, (2.93)
Using the equation of continuity given in Eq. (2.83) in the above equation we obtain
nDe = —pV,U* + 11"V, U, — V,WH 4 eV, VI + 2WH —eV#) DU,. (2.94)

This equation gives the rate of change of energy per particle.

If we omit the quantities II*” and WH we get
nDe = —pd,U" (2.95)

which is the relativistic Euler or zeroth order equation of energy valid for perfect fluids.
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If we choose the Eckart’s frame then, V# = 0, hence W# = I}/. Equation of energy in Eckart’s frame

can thus be written as

nDe = —pV,U" + 11"V, U, — V I} + 211 DU,,. (2.96)
In landau’s frame W* = 0, hence I} = —hV*, thus the equation of energy can be written as
nDe = —pV,U* + 1"V, U, — eV, (h"'1) + eh™ ' 1/ DU,,. (2.97)

2.4.5 First law of thermodynamics

The first law of thermodynamics is an energy law which relates the change of energy to the work term and a
heat term. Thus, the first law of thermodynamics is the equation which relates the quantity De +pDn~! to
the other relevant local quantities. We already have an expression for De from Eq. (2.94) and the quantity

nDn~! can be calculated from equation of continuity i.e. Eq. (2.83). Thus, nDn~! is obtained to be
1
nDn~ ! = —= [-nV,U" - V,V* +V,DU"| (2.98)
n
Thus using Eqgs. (2.94) and (2.98) we obtain

n(De+pdn~") ="'V, U, — VIl — "V b+ (2IF + hV*) DU,,. (2.99)

which is the relativistic first law of thermodynamics. In the absence of transport quantities Eq. (2.99)

reduces to
De+pDn~t =0 (2.100)

which has the usual appearance of the first law of thermodynamics for systems which are adiabaticaly insu-

lated from their surroundings. In Eckart’s frame, V# = 0, W = I} hence the first law of thermodynamics

reduces to
n(De+pDn™") =1I"V,U, — V, I} + 2IF'DU,,. (2.101)
In Landauw’s frame, W# =0, V# = —h I/, thus the first law of thermodynamics in this frame reduces to
n(De+pDn™') =11"'V,U, — V, IV + h ' IV ,h + IFDU,,. (2.102)

Substituting Eqgs. (2.77) and (2.89) in Eq. (2.99) we obtain

De+pIn~! =TV, U, — VIl + 2(nh) " IEV p. (2.103)
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The term Ze is the change of energy, pZn~" is the work done due to local pressure, m»v,U, is the

work done due to viscous pressure, —V,Jg is the heat term with divergence of heat flow and the term

2(nh) " IV ,p is the purely relativistic term involving the pressure gradient.

2.4.6 H-theorem

The local entropy production is given by-
os(x) = 0,5"(x).
Substituting Eq. (2.12) in the above equation we obtain
®p 3 "
Os = _kB pio [lOgh’ f(l’,p)] p 8,uf(x7p)
For the reactive mixture we have
al dgpk 3
so=k, Y | 2 [log 1 ula.p)] PO Sela.p).
k=1
Using Eq. (2.53) in the above equation we obtain

d3
k,l

= —k,F [logh® fi] .

Using the form for F from Eq. (2.61) in the above equation we obtain

B d*pi d’p; Ppy Epy [ fkfl
__72 0 fzf] ij|kl-

0 0 0
iU A S T

We now assume that the transition rate satisfies

d3p; d®p; d3p; d®p;
Z/ — Wkllw Z/ —5= Wil
i j

P p

fkfl

Multiplying both sides by and integrating over p; and p; we obtain

d3p; & D, d3p d? p
Z/ 12k 0 l e fiWijie — frfiWiajij] =0

ikl pi j pk !

Interchanging k +— [ and i <— j we get

d3p; & p d3p d*p
§ / ! i p l[fkfl flfj] ij|lkl — 0
n P

ijkl k l

(2.104)

(2.105)

(2.106)

(2.107)

(2.108)

(2.109)

(2.110)

(2.111)

(2.112)
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As the left hand side of the above equation equates to zero we can add it to Eq. (2.109). We thus obtain

3, g3 A3y g3
:_Z/dpzdp]dpkdpl Jili og fefe F W (2.113)

ikl p; pk pl flfj fzfj

Let }c’“}cl =z, we know that z —logx —1 > 0 for x > 0 and z — logx — 1 = 0 for x = 1, hence
os > 0. (2.114)

This is the H theorem which states that the entropy production can never be negative.

2.5 First Chapman-Enskog Approximation

Experimental observation shows that many-particle systems usually approaches equilibrium in two different
stages. First, the system reaches a state of equilibrium which means that its state may be specified in terms
of the local density, local hydrodynamic velocity and local temperature. During the second stage the spatial

non-uniformities slowly disappear and the system relaxes to complete equilibrium.

2.5.1 Chapman-Enskog Method

The Chapman-Enskog approximation aims at obtaining a solution of the transport equation valid in the last
hydrodynamic stage. In this method we assume that in the hydrodynamic regime the distribution function
can be expressed as a function of the hydrodynamic variables and their gradients. As in the non-relativistic
theory the main interest of the Chapman-Enskog method lies in the first approximation. It yields the second
law of thermodynamics outside equilibrium and explicit expressions for the transport co-efficient in terms

of the particle interaction. We know that the transport equation is given by

PUDS =—p'Vuf +CIf, ] (2.115)
where C|[f, f] is given by equation
d3 d3 d3 !
Clfl=5 | S-S S (FH = FR) W (054 | pp) (2.116)
Py Py

On dividing Eq. (2.115) by mef, both the terms on the right hand side of the equation acquires inverse length
dimension. The length associated with the first term is the characteristic for the spatial non-uniformities
in the system, while the second length associated with the collision term characterizes the mean free path.
In the hydrodynamic regime the latter length is much smaller than the former and one may try to find a
solution of the transport equation with the ratio of these lengths as an expansion parameter. This is the

chapman-Enskog procedure.
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Let us intoduce a parameter € in the transport equation
P'ULDf = —p"V,uf +CIf, f]. (2.117)

The parameter € measures the relative strength of the gradient and is called the non-uniformity parameter.

To find the solution of Eq. (2.117) we adopt the expansions

f o= fO 4@y 2@y

Df = D)W +EDfHP ...

Substituing Eqgs. (2.118) and (2.119) in Eq. (2.117) we get

PU, [G(Df)<1>+62(Df)<2>+..} = —ep"V, [fO +efD 4 2@ 4 | 4 C[f, £).

On equating the coefficients of equal powers in € in the above equation, we obtain

C [f(o),f(o)} = 0
PUDHYD = —prv, O 4 ¢ [f(0)7f(1)} +C [f(l)’ f(O)] .

Thus, in general we can write

p“UH(Df)(T) — _puvuf(r—l) 4 ZC [f(s)7f(r—s)} r>1
s=0

where f(©) is the equilibrium distribution function and is given by

1 — ptU,
(0) _ H—=p Uy
fowp) = oo exp ( kT > '

Let us now introduce a linearized collision operator £[¢] which is given as

1 d3pl d3p/ d3p/1

0
3 | r g e (@ o= =)W (Wph ).

Ll¢] =

Using Eq. (2.125) we obtain
C [f(o)’ f(?")} +C [f(?‘)’ f(O)] =—fOpr [d,(?“)}

Making use of the above equation in Eq. (2.123) the Chapman-Enskog hierarchy becomes

r—1

PULDS + v, [ =3¢ [ £ ﬂr—s)} — _fog {(ﬁm}

s=1

(2.118)

(2.119)

(2.120)

(2.121)

(2.122)

(2.123)

(2.124)

(2.125)

(2.126)

(2.127)
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We now make an assumption that

n = TP HULS = /Op U, f(0) (2.128)

3 3
ne = /i}o (p“UM)Qf :/io (p”UN)2 £ (2.129)

i.e. we have assumed particle density and energy density to be determined by local distribution function

alone. Similarly, we make an assumption for the hydrodynmaic velocity.

In Eckart’s frame
d3p
AMN,, = / —- A, fO) (2.130)
p
and in Landau’s frame
d3p
AMT, U = / — A p,pa U fO) = 0. (2.131)
p

Eqs. (2.128), (2.129), (2.130) and (2.131) are satisfied if we impose on the functions f() for all values of

r > 0 the following conditions

d3
pruqu() - 0 (2.132)
/ C]lof(p"Uu)Qf(’”) ~ 0 (2.133)

3
/ d—OpAWpyf(r) = 0 (2.134)

p

3

SR A U7 = o (2.135)

2.5.2 Solubility Conditions

We will now try to find the explicit expression for (Df)("). Integrating Eq. (2.117) over %p and using the
condition [ f—opC[f, f] =0 we get

d? d?
/ Porv,Df = —€ / LS. (2.136)
PP p
Using the expansions of f and Df from Eqgs. (2.118) and (2.119) in Eq. (2.136) we get
d®p d®p _
0 P *U, (Df) /p()P“Vuf( b, (2.137)

On multiplying Eq. (2.117) with p” and integrating over d;—op we obtain

a3 d3



2.5. First Chapman-Enskog Approximation 33

Using the expansions of f and Df from Eqgs. (2.118) and (2.119) in Eq. (2.138) we get

d3 v a? p v (r—1)

Tp p'U(DHT) =— | =Fpp Vo foh, (2.139)

p pY
The integral Eq. (2.123) are solvable only if equations Eqgs. (2.137) and (2.139) are satisfied. Eqgs. (2.137)
and (2.139) are called the solubility conditions. The solubility conditions can be satisfied by assuming
that the time and space dependence of the distribution function is given solely by its dependence upon the

independent variables n(x),T(z), U¥#(z) and their gradients, so that

L afr—s) fr=s) fr=s)
(r) — (s) (s) ()
(Df) g[ (D)) = (DT)) 4 = (DUY)

fr=s)

B\ (8)
a(wn)(Dv )™ (2.140)

Y

Substituting Eq. (2.140) on the left handside of solubility condition Eq. (2.137)

& D afr=o) g Of a5
d*p o _ [dp (s) L 91 7 (s)
[ Sruaon® = [y MZ[ o PTTH gg (PUY)
(r—s)
/dp “y laf (DVFR)® .+ .. (2.141)

We will now calculate each term in the above equation. Considering the first term on R.H.S of Eq. (2.141)

we get

r

Z/d Port, afT ! (Dn)® :Z(Dn)@;/d Porr, pir=s) (2.142)

s=1 p

We know from Eq. (2.132), the quantity s # r does not contribute in the above expression, thus for s = r

we have
Z/Op af?" °) A e — Dn ) 9 /puU £ — (D)™ (2.143)

Considering the second term on R.H.S of Eq. (2.141) we get

T § =) o [d _
Z/ T P"U faT (DT)(S):Z(DT)(S)(‘)T U, (2.144)
— s=1

From Eq. (2.133) we know that the quantity s # r does not contribute in the above expression, hence we

have for s =r

a3 Hfr=s) : 0 a3 on
Z / &by, f (01 =S 0n)2 [, 0 — (07 (2.145)
s=1
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Since particle density n is independent of temperature 7' we have from the above equation

Z / L af "2 1y =0 (2.146)

Considering the third term on R.H.S of Eq. (2.141)

d3 af(r—s) i - o [ d3 _ . o [ d _
Z/ P U f (DU”)() _ Z(DUM)()(?U# Tpp Ufr S)+Z(DUM)()/p§)p#f(r s)
s=1 s=1
= (DUMC aUu ZN ) (DU

= Z N(=2) (DU, (2.147)

Similarly other terms on R.H.S of Eq. (2.141) can be calculated to be zero identically. Thus substituting
Egs. (2.143), (2.146) and (2.147) in Eq. (2.140) we get

/ PPUL(DF)T) = )= NI (DU (2.148)

Using Eq. (2.148), equations U* (DU,)"®) = 0 and N (DU*)™) = nU? (DU*)") = 0 in Eq. (2.137) we

obtain
r—1 d3
(Dn)™ =S N (DU = — / 5 EP, wmpir= (2.149)
s=1
r—1
(Dn)™) =3~ N7= (DUM)®) — N, (2.150)
s=1
Eq. (2.150) for r = 1 can be written as
(Dn)V = —yryH (2.151)

where we have made use of NV, 2 = nU,. Similarly from Eq. (2.136) we get

Dn = N*DU,, — eV*N, (2.152)

2.5.3 First Chapman-Enskog Approximation

The first Chapman-Enskog approximation is determined by Eq. (2.136) for » = 1. Thus, we have

PULDHY + 99,10 = —fOL [6)]. (2.153)
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We know D f() is given by

(DY = ag?(z) R N 8f (D T)<1>+8f (puM (2.154)

where () is given by Eq. (2.124). Substituting for (D)) from Eq. (2.154) in Eq. (2.153) we get

o100 o0 o100
p“U“( gn (Dn)™M + afT (o) + % (DU”)(D) PO = —fO [(;5(1)]. (2.155)

On calculating each term in the above equation we obtain

of0 1 0)0u
= — 2.1
on k:BTf on (2.156)
af© P’ L0
= — 2.1
ouv k:BTf (2.157)
o Lo (py, PU
e [a:r (%) +55 ] . (2.158)
1 YU,
0 — 2 f0 Il p
V,.f ! [vu (T) PG U, + = VMT] . (2.159)
Using Eqs. (2.156), (2.157), (2.158) and (2.159) in Eq. (2.155) we get
A d (p (DT p
f hand (1) 2 - (E v Y (1) I Ll
PUL e (Dn) + {T o <T>+p Uy} = (O0) | +p T, (T)
LoV
v, + PPy o1y [qb(l)} . (2.160)
For r =1, Eq. (2.139) becomes
/p p"U, (DA /Op PV (2.161)
Using Eq. (2.154) and f p ppY O = enUFUY — pAM in the above equation we get
U+ { (Dn)M —i—ng (DT)( ﬂ +nh (DUMYV = —phUPV,U” + Vp. (2.162)
Contracting Eq. (2.162) with A, we get
m® = L gw
(DUM)Y = —VHp (2.163)

nh

which is the lowest order approximation to the equation of motion.

Again, contracting Eq. (2.162) with U* and using Eq. (2.151), h=e+pn~! and ¢, = 3T we obtain

co(DT)Y = —k, TV, U" (2.164)
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which is the lowest order approximation to the equation of energy. Using Eqgs. (2.151), (2.163) and (2.164)
in Eq. (2.160) we get

v, T _ Vup
T nh

1
PULp" < > + p”Tvy% — ptp¥ <VMU,, — 3AWVUU"> +QV*U, = -k, TL[pM]  (2.165)

where
| 0 0
Q = =5 Apup, + (1= 7) (U + | TH1 =77 (5) = noh | T (2.166)
3 T n
i — kg o _ kpT O (B) = _e ;
Using v = 2 + 1,5, = 2= and 57 (T) = —77 in Eq. (2.166) we get
4 " 9 u 1 5
Q={3-7) WU+l = Dh =7k T]p"Up — gm”. (2.167)

The first order perturbation function ¢() is uniquely determined by the Eq. (2.165) and the conditions of
fit Egs. (2.132)-(2.135)

d’p (1)
3
[ o0 = o (2.169)
and
A\ (0) (1)
/po A, FO$D — ¢ (2.170)
3
/ngopA'qul/anUf(o)qb(l) = 0. (2.171)

2.5.4 Second law of thermodynamics

The second law of thermodynamics expresses the fact that the entropy production is zero for a reversible
process, and positive for an irreversible transformation of the system. Within the framework of kinetic
theory this statement is called the H-theorem. In a wider sense it may mean either the Gibbs relation or

the entropy balance law. Sometimes it comprises both of them. We shall consider the later point of view.

2.5.5 Gibbs relation

Gibbs relation relates the entropy change to the changes of the other thermodynamic variables which de-
termines the state of the system. In the Chapman-Enskog hierarchy the conditions of fit are such that the
macroscopic variables are always determined by the distribution function alone. In particular, we have for

an N-component mixture-

ne=n) k=12, Ne=e® (2.172)
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If reactive collisions are allowed,
Ng = ankn,(f) a=1,2..., N (2.173)
k

where ¢, are the conserved quantum numbers associated with the system. The entropy four flow for a

mixture is given by equation

_ d’ pk o

= —k, Z ! fi [log(2mh)® fr, — 1] . (2.174)
Let us consider the distribution function slightly deviated from equilibrium position

i (@ok) = 1O (@, pr) [+ ¢ (1) - (2.175)

Substituting Eq. (2.175) in Eq. (2.174) and ignoring all the higher powers of the perturbation function ¢

we get
v 0
St = |T"U, - %:MN,Q‘ + k,NO~, (2.176)
Contracting Eq. (2.176)with U* we obtain
Ts=e+pn'— Zxkﬂk (2.177)

where we have made use of U,S* = sn and z = “%. Thus, contraction with U# yields for the entropy

density the same expression as in equilibrium.

The corresponding expression for a reactive mixture is

Ts=e+pn ' — Zxa,ua. (2.178)
Taking the derivative of above equation we get
Td,s + s0,T = d,e + pdyn~ ' +n"1d,p — Z a0y — Z a0y fha- (2.179)
a a
Let us consider T' and u to be independent variables. We know

p=nk,T. (2.180)
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Differentiating the above equation we get

(0) (0)

ony, 0) on,,
dup = kBT%; Sy Okt by Zk: )+ kT kb0, T. (2.181)
The quantity néo) in terms of the Bessel’s function is given by
2
©)  A4mmik,T ( mg > ( Lk >
n; = K exp . (2.182)
b (2mh3) k,T k,T
Differentiating Eq. (2.182) with temperature 7' we get
o (o
= — 2.1
or kT2 <ek “’“) (2.183)
where we have made use of % [Kn(2)] = —% [Kp—1(2) + Kpy1) and Ky y1(2) = Qn% + K,,_1. Differentiating
Eq. (2.182) with chemical potential p, we get
3n5€0) n}(€0)
= 2.184
Olig dak k,T ( )
Using Eqgs. (2.183) and (2.184) in Eq. (2.181) we get
nto,p — Zmaay,ua = sO,uT (2.185)
a

which is the relativistic version of Gibbs-Duhem relation. Using Eq. (2.185) in Eq. (2.179) we obtain
Tys = Oye +poyn™" =Y faOya (2.186)
a

which is the required Gibbs relation which proves to be valid in the linear theory and, hence, in the first
order chapman-Enskog approximation. This relation is not valid beyond first approximation as we have

ignored the higher order terms while obtaining Eq. (2.176).

2.5.6 Irreversible flows

In the linear theory, the thermodynamic variables are independent of the perturbation functions. The
perturbation functions manifest themselves primarily in the expression for the flows. Let us first consider

the diffusion flow

I = N} — a,N*. (2.187)
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If reactive processes are taking place in the system then
= Z Gak (N — 2, N™) . (2.188)
k
In zeroth order the particle flow is given by-
On _ [ PPy 0) _ 0 n
N = oSy =ny U (2.189)
Py
Using Eq. (2.189) in Eq. (2.188) we obtain
1O — (2.190)
Thus, in terms of the perturbation function the diffusion flow is given as
v pe_u (0)
M= (qak — 7a) | —5-Pht bn (2.191)
k Py
The heat flow is given by
It = (U,T" — hN?) AL (2.192)
The zeroth order approximation to the heat flow vanishes
O)p _
19" =0. (2.193)
In terms of the perturbation function the heat flow is given by
d*py, (0
I = Z/ Pl (iU, — h) 10 (2.194)
The viscous pressure tensor is defined as
I = AFTOTAY + pAP” (2.195)
The zeroth order approximation vanishes i.e.
=0 (2.196)
and the viscous pressure tensor in terms of the perturbation function is given by,
d?
Z/ Ph AnAvpzp7 10 6. (2.197)
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o
The viscous pressure tensor can be split into a traceless part II*¥ and the remainder:
o
II# = II* — TIAM. (2.198)

The viscous pressure II is defined as negative one third of the trace of the viscous pressure tensor and in

terms of the perturabation function it is given as
1 " = 1 p p v ¢(0)
= _g T T3 Z 0 AupiPrfy k- (2.199)
k Dy
Thus, the traceless part in terms of the perturbation function is given by
d’ o (A 1 w ) oo p(0)
Z AUAT - gAUTA pkpkfk Pk (2200)

The entropy four flow is given by

IM = St — sNH. (2.201)
The zeroth order approxiamtion to the entropy flow S* is

SO — spUk, (2.202)

Using Eq. (2.176) and py = Zflvzll Jakla in Eq. (2.201) we get

1
It = (AWTWU“ = Ha > qaNf + nhU“) — sNH, (2.203)
k

a

Using Eqs. (2.178),(2.188) and (2.192) in the above equation.we get

1
It = <I}; -3 Ma[;;) : (2.204)
a

Thus, in the linear approximation, the entropy flow is not an independent quantity, but a particular linear

combination of the heat flow and the diffusion flows.

2.6 Transport coefficients

The irreversible phenomenon taking place in non-equilibrium systems is dominated by thermodynamic
forces and flows. The flows tend to smooth out or remove the non-uniformities caused by the forces. The
proportionality constants are known as the transport coefficients. The transport coefficients are dependant
on the kind of system and on the local thermodynamic variables, but independent of the local variations

of these quantities. We will try to find the transport coefficients in terms of the interactions between the



2.6. Transport coefficients 41

constituent particles using Chapman-Enskog approximation.

2.6.1 First order distribution function

In the Chapman-Enskog approximation the one-particle distribution function f(x,p), describing the state

of a simple system, is written as

f(@,p) = fOz,p)[1 + ¢(z,p)] (2.205)

where f(©) is the local equilibrium distribution function

The first order perturbation function ¢(x,p) is determined from the integral Eq. (2.165). Using Gibbs-

Duhem relation in the integral equation we obtain

(5-7) 002 + (6= DR =2k, T 20, = o] X = (0~ Xy

+ 9" X o=k, TL[] (2.207)

0
where X, X} and X, indicate the thermodynamic forces and is given by

X = -ViU, (2.208)
Xt = VhlogT — Felgn 2.209
Bo= ogT — = =V"logp (2.209)
0 1
X = <AgAZ - 3AWAM> \vidig (2.210)

and L is the linearized collision operator given by equation

1 d3p dspl d3p/
Llp] = 3 piol /0 p,ol f1(0) (¢ +¢1— ¢ — <Z5/1) W (P/,P’l \ Pvpl) . (2.211)
1 1

Let us consider ¢ to be

1 0
¢=— (AX - B, X} +C" X,W) (2.212)

no

where o is the scattering cross-section and the factors at the right-hand side is chosen in such a way that

the coefiicients A, B* and C*" becomes dimensionless.

The coeflicient A, being dimensionless, can only be a function of a scalar and dimensionless combinations

that can be constructed from the momentum vector p*, the metric tensor ¢g"”¥ and the thermodynamic
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variables n,T and U*. These are

_ U _m
. (2.213)

B B

and the dimensionless quantity containing the density. It will be shown that the coefficient A is independent

of the density, so that we have
A= A(r,2). (2.214)
The vector term B* constructed from the same variables is given as

Bt =

ny 21
: TB(T,Z)A Dy (2.215)

B

where the scalar function B turns out to be dimensionless and also independent of density. It contains
contribution from U* which however can be omitted since upon contraction with the thermodynamic force

X/ in Eq. (2.212) it vanishes. Finally, we take

1 \? 1
om = ( : T) C(r, 2) <Agag - 3A“”Apg> pp° (2.216)
B

where C' is dimensionless and independent of the density. The tensor C** must have the particular form
Eq. (2.216) since contributions proportional to A*” as well as to U vanish upon contraction with the

o
thermodynamic force X #¥.

The thermodynamic forces appearing in the integral Eq. (2.207) as well as in trial solution (2.212) are
independent quantities. We now substitute Eq. (2.212) into Eq. (2.207) and equate the coefficients of each

of the thermodynamic forces separately. In terms of a dimensionless linearized collision operator defined as

1

Liol = nk,To(T)

L[¢] (2.217)

we obtain the following set of integral equations for the functions (2.214), (2.215) and (2.216)

(5-7) 7+ 0= Dh—alr - 32 = lAGr2) (2218)
(r —h)A"™p, = LI[B(r,2)A"p,) (2.219)
(AgAg - ;A“”Apa> O = L [C(T, 2) (AgA; - ;A“VAgppgpp>] (2.220)



2.6. Transport coefficients 43

2.6.2 Heat conduction and viscous flow

We will now determine the relationship between gradients in the system and the irreversible flows. In
order to write the irreversible flows in concise form, we introduce few notations to indicate the symmetrized

space-like part of a vector a*, a tensor b*”

a* = Alad” (2.221)
— 1
[ 3 (AEAY + ALAR) DT (2.222)
and a traceless part of the tensor as
o — 1
brr = b — gA’“’AUTb"T. (2.223)

We also introduce a dimensionless inner product of two functions F(p) and G(p) as the momentum integral

kT [ dp
F,G)=-L —F(p)G(p). 2.224
(R.G) = "= [ “RP)G() (2221)
Let us introduce a dimensionless momentum vector 7# = %. With the help of these notation we can write
B

equations for (2.191),(2.194) and (2.200) in the following manner: the viscous pressure as
1 -
1= fgnk‘BT (T, @) (2.225)
the heat flow as
I = nk, T (7‘(’2(7' —h), ¢) (2.226)

and the traceless viscous pressure tensor as

o MKV

i = nk, T (# ¢>) . (2.227)

We now consider the viscous pressure as given in Eq. (2.225) and substitute the expression for ¢ in the

equation to get

11 d®p o
M= - ANy o, fO (AX — B, X B x.5). 2.22
3nkBUT/ 0 Pubvf ( S+CPX 5) (2.228)

Let us consider the first term as II;. Calculating the first term in Eq. (2.228) we obtain

1 1 d3p
1 P —“ZAMp o, fOAX. 2.229
1 3nkBUT/ o A pup f (2.229)
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Substituing the expression for A from Eq. (2.214) and X from Eq. (2.208) in the above equation we get

1 1
3nk: oT

I = — /dgpA “pupn O A(T,2) (=VUa) . (2.230)

This equation can be written as
IT; = —¢ V2, (2.231)

where ( is the bulk viscosity coefficient and is given as
1k,T

C=-3, (mhmy, A). (2.232)

Now considering the second term say Il in Eq. (2.228)

1 1

II
27 3nk,oT

&
/ P AR Dy 1O BL X (2.233)

Substituing the expression for B, from Eq. (2.215) and the expression for Xg from Eq. (2.209) we get

1 1 d3p VeT  k TV
My = - —= AP p,p, B(T, 2) Anpp” © 2.234
2 ko | o & Per (7. 2)Aapp [ 7 ; f (2.234)
11 ver  k,TVo /d3p
= = —~ A A" p,p,B Ao 2.235
e R Cae sl P e O (2.235)
1 1 ver  k,TV®
= 35 T [ T l;z p} Aup [constant X UB} (2.236)
nk,o P
where the last equation is obtained using equation
d3
/ F (psU?)p, = constant x U,. (2.237)
PP
Thus, we get
I, = 0 (2.238)
since AagUfB = 0. Considering the third term say Il3
11 d*p cof $
I3 = P A FOC X s (2.239)

3nk oT
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Substituing the expression for C*? from Eq. (2.216) and the expression for )% op from Eq. (2.210) we get

1 1 d3p 1 1
My = ————-—— [ —=AMp p, fO ASAB — ZABAL ) p7pP [ ALAY — AL 5AY°
; 3kBTnU(T)/p0 pupe fUC(T,2) ( Al — 5 o ) 09 ( ALAY = 580507 ) VU
1 1 1 1 d3p
= [ A2AS — CAYPA, ) [ ALAY — S ALBAY /AW y 7pP §O)
SkBTno(T)< A ”>< aTp T 3Tk VUs o o PP C(r,2)p"p" f
1 1 1 1
= ———— [ A2AP _CAYA,, ) [ ALAY — AL AT
SkBTnU(T)< L P)( amp T gk Va

x Us[constant; x U°U” + constante x A%”] (2.240)
where the last equation has been derived using equation
d®p -
pTF (psU?) pupy = [constant x U,U, + constanty x A,,]. (2.241)
Thus, we get
5 =0 (2.242)
since A,3U? = 0. Combining Egs. (2.231), (2.238) and (2.242) we get

Il = —(V U, (2.243)

Considering the heat flow as given in Eq. (2.226) and substituting the expression for ¢ in the equation we

get

kT [d° i o
I = s / P AL (=i (AX — BaXg + 0 Xop). (2.244)

A similar treatment to the heat flow as done in the calculation of viscous pressure yields

T
B KV _ =
Il = A <VVT nhvyp) (2.245)
where
AW = — 2 (ﬂ’](T —h) Bﬂﬁ) . (2.246)
o(T) ’

The quantity M = cA\*” since \*¥ contains only the space part. Hence, we can write

AN = AN N, (2.247)
1 v
N\ = EAW”\M (2.248)

where )\ is the scalar heat conductivity coefficient.
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With the same arguments as followed above we get for the traceless pressure tensor

o

Hv
I = 2pVeo? (2.249)
where the shear viscosity is found as
1 kT (2 o
- il Oy ) 2.250
T=100(T) (W TR > (2.250)

In deriving the above equation we have made use of
__9
AZATATAT =5 (2.251)

Thus, we have derived all the three kinetic coeflicients.

We now introduce the collision bracket notation
[F,G] = (L[F], Q). (2.252)

In terms of the collision bracket the three kinetic coefficients are given as

¢ = Selad (2.253)
A= —;U’z% B, Bl (2.254)
N = 1105231?) [CW“OW”CW:WV] (2.255)

2.7 Calculating the transport coefficients using relaxation time approx-
imation

We will now calculate kinetic equations using the relaxation time approximation on the right hand side of the
transport equation. Using the relaxation time approximation we will calculate the quantities A, BY and C*”
snd substitute them in the equation for kinetic coefficients obtained using Chapman-Enskog approximation
in Egs. (2.232), (2.248) and (2.250) .

Let us consider a binary collision of form p+k — p/+&’. In this collision, if only particles with incoming
momentum p'is out of equilibrium and the remaining particles are in equilibrium then the transport equation

takes the following form,

POt _of

2.256
k- (2256)

This approximation is called the Relaxation time approximation.

Eq. (2.256) can be solved using Chapman-Enskog approximation in the left hand side of the equation
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and taking 0f = f(0¢. To solve Eq. (2.256) we use similar treatment as was used to obtain Eq. (2.165),
we thus get for Eq. (2.256)

k‘lBTpO(l5

o
QX — (P"Up — 1) puXg + 1" Xpw= ——

(2.257)

where @, X, X and )O( uv are given by Egs. (2.167), (2.208), (2.209) and (2.210). Substituting for ¢ from

Eq. (2.212)in the above equation we obtain

k,Tp°
QX — (p"Uy — h)p, X[ + pH'p” Xp= 2L ax - B, Xl + CW?‘"} : (2.258)
no(T)T
Now comparing the coefficients we obatin
noT
A= — 2.259
12 (2.259)
y noT y
BY = FBTPO (P'py—h)p (2.260)
noT
o = Y. 2.261
k:BTpUp p ( )

Using Eq. (2.259) and d®p = 4r|p)2d|p| in Eq. (2.232) we obtain

47 P2

_ RN~ (0) 2.962
3 T pOQA pupyQT [ dp (2.262)

(=

which is the required coefficient of Bulk viscosity.

Again using Eq. (2.260) and d3p = 47|p|d|p| in Eq. (2.248) we get

L 2 £(0)
— U — 2.2

where ) is the coefficient of scalar thermal conductivity. Similarly, using Eq. (2.261) and d®p = 4r|p|2d|p|
in Eq. (2.250) we get

4mn 1 p?
n=—g (k:T)’ [AK - 3A>\9AUT] / ]%Tpapprpef ©dp (2.264)

where 7 is the coefficient of shear viscosity.



Chapter 3

Formalism for evaluation of transport

coefficients in thermal medium

In this chapter we will evaluate the expressions of shear viscosity, bulk viscosity and thermal conductivity
in the ambit of relaxation time approximation. First, we will derive the expressions of the transport coeffi-
cients and then discuss the recipe for evaluating the in-medium cross-section which is an important dynamical
input to these coefficients. The in-medium cross-sections are obtained in the following manner. In the ma-
trix elements for 2 — 2 scattering processes, evaluated from well-known effective interaction Lagrangians,
the vacuum propagators corresponding to the intermediate resonances appearing in the s-channel diagrams,
are replaced with effective ones obtained from a Dyson-Schwinger sum containing one-loop self-energy di-
agrams in vacuum. This introduces an imaginary part in the matrix elements rendering a Breit-Wigner
like structure to the cross-section. The scattering cross-section thus obtained is normalized to experimental
data fixing a few unknown model parameters in the process. The corresponding in-medium cross-sections
are then obtained by evaluating the self-energy diagrams in the medium using standard techniques of finite
temperature field theory. We will in brief discuss the real time formalism of finite temperature field theory
and give a general picture of thermal propagators for different fields. To illustrate this methodology a system
of pion gas is considered and the formalism stated in this chapter is discussed by presenting the results of

shear viscosity of a pion gas in a thermal medium.

In Sec. 3.1 we have discussed the formalism of obtaining the transport coefficients using the Boltzmann
transport equation. In Sec. 3.2 the invariant amplitudes for scattering cross-section of a pion gas has been
discussed. A brief discussion on the techniques of thermal field theory and therefore the thermal propagators
is discussed in Sec. 3.3 and in Sec. 3.4 we have evaluated the one-loop self-energies of the p and ¢ resonances.
This is then followed by numerical results of the in-medium cross-section, average relaxation time and shear

viscosity of a pion gas in Sec. 3.5

48
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3.1 Viscosities and thermal conductivity from the transport equation

The relationship between thermodynamic forces and the corresponding fluxes for a dissipative system is

given by [91, 92]

™ =en ulu” — PAM + 1" + [(IF + hRA" No)u” + (I + hAY" Ny )u] , (3.1)

I = 2 (9"u”) + ¢ (9-u) A (3.2)

where the heat flow I and the viscous part II*” arises due to dissipation in the system and is quantified by
shear viscosity 1 and bulk visocosity (. In the above equation P is the pressure, e is the energy per particle,

n is the particle density and u” is the particle four flow.

In terms of hy, enthalpy per particle of type k and heat flow I} we can define a quantity known as

reduced heat flow I} [93]

o= I =) hdf TN =N - apNt (3.3)
k

- VAT VP | = . . hy —hy

Iq = qu T — o + 2 qu (V ,uj)pj — (V HN)P,T — TV P. (3.4)

where k and j denotes the particle type and xj denotes the particle fraction of type k. Considering mechanical

equilibrium i.e. the state with vanishing pressure gradients V¥ P = 0 and also considering vanishing gradients

of particle fraction i.e. V#2 =0 we have (V*u;)pr = 0, thus Eq. (3.4) can be written as
f5 = qug

where Ly = AT, A being the thermal conductivity.

The flow and collisions of the constituent particles causes transfer of energy and momentum in the
system. For the systems which are out of equilibrium dissipative processes work to bring the system to
equilibrium and hence the correlation between transport theory and viscous hydrodynamics is established
by considering the distribution function f; for the k—th species to be slightly away from the equilibrium
distribution function f,go). The measure of the deviation which quantifies the dissipative processes is given

by the quantity J fr. Thus we have,

fo(x,p) = £ (@, p) + 6 filw,p) (3.6)

where,

6 p) = £ @,p) [1 % 11 (@,p) | on (. D). (3.7)

The =+ sign in the above expression denotes the Bose enhancement and Pauli blocking. The equilibrium
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distribution function f,go) is given by

O — [exp{p'u(?(;)ﬂk@) } n 1]1 (3.8)

where p is the four momentum of the particle, u,(x), ur(x) and T'(x) are the local flow velocity, chemical
potential and temperature respectively. The =+ sign in the distribution function denotes fermions (+) and
bosons (—). We will now express the dissipative terms like viscous part of energy momentum tensor ITH”
and reduced heat flow I} in terms of the distribution function. Thus, in terms of the distribution function

I1*¥ is given as

d°py v
Z/ 21)3E,, s Do ATPEDES fi (3.9)

where N is the number of different species of particles present in the system and E,, = 4/ 15% + m% is the
energy corresponding to particle of k. The reduced heat flow in terms of the distribution function is given

by
_ N d3
p=2.00 gk/(pk[(pzuy) — h] P} 6 f- (3.10)

In order to realize the form of I[T* as expressed in Eq. (3.2) and I} as expressed in Eq. (3.4), the expression
for ¢y, which is related to 0f; by Eq. (3.7) is written as a linear combination of thermodynamic forces of
different tensorial ranks multiplied by suitable coefficients [92]. Thermal conductivity, shear viscosity and
bulk viscosity correspond to temperature gradients and velocity gradients and thus ¢, can be written as

VT

b = A0 ) — BY, A, (T) 1 (O (3.11)

where Ay, By, and C}" are the unknown coefficients to be determined. The viscous part of the energy

momentum tensor can be separated into a traceless part and the remainder as

I = ™ 4 TIA™ (3.12)
where II is the viscous pressure
Y1 @y
=3 / G oo (3.13)
k=1 P
so that
d3 1
I = 1" — TIAM = Z / ) fg {AgA: - SAMMV} PIpLo fi. (3.14)
Pk

Substituting Eqgs. (3.7) and (3.11) in Egs. (3.4), (3.13) and (3.14) and hence making the comparison of
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the coefficients with Eq. (3.2) the expressions for thermal condcutivity A, shear viscosity n and bulk viscosity

¢ is obtained as:

N
1 Iy, (0) oo pk
A= _ZST‘%/%?’Ek (Phuw — i) fr (1ifk )) A pg BE, (3.15)
N = Z / Lo pe) 1O £ 10O (3.16)
10 ) (2m)3Ey, TR bR
_ Nl d3pkA iy O L 0 4 517
¢ = Zg 3Epk ;wpkpkfk ( fk ) A (3.17)
k=1

To obtain the explicit form of thermal conductivity, shear and bulk viscosity we need to find the unknown

coeflicients Ay, BX and C}” and for that we will make use of the Boltzmann transport equation

N
o) =3 (125 ) Culf (3.9

=1

where we have considered the binary collision py + p; — pj, + p) and g; is the degeneracy of the I*" particle.

The collision term on the right hand side is

Ep dpf  dp : /
1+ 1+
Crilfe] = /// 3, @r)PE, (2m)E,, [fk(%pk)fz(%pl){ fi(@, pr) }{ filz,p1) }
— fi(x, pi) i@, 1) {1 + fi(x,p}) } {1 + filz,m) HWM (3.19)
where Wy, is the interaction rate. The derivative 0, can be separated in terms of a temporal and a spatial

part in the local rest frame by writing 0, = w, D + V,, where D = v,0" and V,, = A,,0". Then Eq. (3.18)

can be written as

N
P'upDfi + 'Vl = (

=1

2 culh) (320)

In the Chapman-Enskog approach, the distribution function and its derivative is expanded in terms of

€ which is called the non-uniformity parameter or Knudsen number as

fo= fO4er® 2@y

Df eDfV +e2Df@ 4 (3.21)

Considering only the first order in the above expansion and substituting in Eq. (3.18), the transport equation

reduces to

N
Pu DY + VY =Y : fl 5Ol £, (3.22)
=1

Using conservation equations, the left hand side of the above equation can be simplified to obtain (see
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Appendices A and B).

N
P00 1) (@0 ) + e —he) o (V57)] = ). 3.23)
=1
where
=12 |3t 472 (3 -7) + mllof = D =) (329

with z, = my /T, 7 = (pg - v)/T and hy = hi/T. Here hy is the enthalpy per particle of type k. The steps
connecting Eq. (3.22) to Eq. (3.23) and the expressions for 7’s are provided in Appendix B.

In order to proceed further and solve Eq. (3.22) we assume that in the interaction py +p; — pj, +pj, only
particles with momentum pg are out of equilibrium and the remaining ones i.e. particles with momentum
pi, Pj, and pj are in equilibrium. This assumption is the well known Relaxation Time Approximation (RTA).
Thus substituting f,gl), fl(l)7 f,gll) and fl(ll) in Eq. (3.19) with f,go) + 0 fx, fl(o), Igo’) and fl(ol) respectively,
the rhs of Eq. (3.22) reduces to

9 0k
C =—-——F 3.25
;<1+5m> ki [f%] o (3.25)
where,
Y1
Tk = Z <1> (3.26)
=1 \ Tkl
with
— dgp/ d3 ’
1 k yy! 444 2
— 2 5 - /= !
[Thi] (1+5k1> 2B, /// o) 32Epz 271—)32Epk/ (Qﬁ)32Epl/( m)°6" (pr + o1 — i — pv) | A
<[ A0 f x5 F (O 1]
g csh(e/2) /// 454 2
dry,dry ,dry,, (2 — PR — pr 2
<1+5kz> o o AU, (27)20% (pr + 1 — 1 — 1) | A (3.27)
1 a3 E, -
in which, for four-momenta ¢, dI'y 208h<6k/2> (277)2(;Eq’ €= qT 4 and csh(eq) = cosh(eg) ( sinh(eq)>

if ¢ represents a Fermion(Boson). In the above equations, .#}; is the invariant amplitude for elastic kIl — kl
scattering. Following Ref. [3], we will assume f}g,o) ~ fISO) and f,SJ) ~ f,go) so that we can analytically integrate
over the momenta of final particles k' and p’ respectively. This results in the expression for the relaxation

time as

w7 =3 () [ o () 00 o2

=1
Thus, using the RTA and Eq. (3.7), the transport equation can be reduced to

1
TE,

Quomu = GO, ) + G o (TED)] = -2 (329)

Substituting the expression for ¢y from Eq. (3.11) in Eq. (3.29) and comparing the coefficients of (9 - u),
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(Opuw) By, and C}" is found to be:
A, = —k ‘
k T Ek Qk (3.30)
kq Apv Tk . v
By A EyT (pk:ua hk) AM pry, (331)
y Th
Cl ~ T, PPk (3.32)

Finally, substituting the values of Ay, By, and C}"” in Eq. (3.17), (3.15) and (3.16) respectively we obtain

the final expressions for thermal conductivity, shear and bulk viscosities as

1 Pk gt (0) (0)
A= — / ZEE 2 (pYuy, — hy)? 1+ ), 3.33
3T2]; (27r)3 Egk k( k ) k ( k ) ( )
1 O 3pr grT
k 9kTk | - 0 0
1= g [ o A0 A, (3:34)
k=1
1 & d3pr grT
¢ = TZ/( )k3 £2kafk "1+ 1), (3.35)

It is clear from the above expressions that the relaxation times are the essential dynamical components
responsible for dissipative processes occurring in the system evolving towards equilibrium. It is to be noted
here that the simplistic approach of treating the collision integral is limited by the fact that it is not possible
to have control over the degree of accuracy of the method and neither can one go to higher orders to increase
the accuracy as is possible in the Chapman-Enskog (CE) approach. In addition, the latter method involves
the transport cross-section with an angular weight of (1 — cos? #) in first-order calculations which accounts
for the momentum transfer in collisions desirable for the evaluation of viscosities which is lacking in the RTA
featuring the total cross-section. These aspects have been discussed in [94] and [95] along with a comparison
of the two methods for various cases. The study by Wiranata et al [94] reveal that the extent of agreement
between the CE and the RTA approaches depend sensitively on the energy dependence of the differential
cross sections employed. It was shown that for an interacting pion gas where the cross-section involves the
p resonance, the ratio of shear viscosities calculated in the CE and RTA methods varies between 1.18 at a

temperature of 100 MeV to about 1.1 at 160 MeV.

Since the cross-sections used here have a similar nature as far as the energy dependence is concerned,
this not so large disagreement could justify use of the simplistic approach of RTA keeping in mind that
the present study is basically aimed at bringing out the relative effect brought about by the in-medium

cross-sections on the temperature dependence of the transport coefficients compared to the vacuum ones.

In the next section we consider a system of pion gas and will evaluate the scattering cross-section, o for
a system of pion gas in a thermal medium as ¢ carries information about all the microscopic dynamics of

the system as evident from Egs. (3.27) and (3.28).
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3.2 Scattering cross-section of a pion gas

In order to calculate the scattering cross-section for a system of pion gas we evaluate the matrix elements of
w(k)m(p) — w(K")7(p’). The 7(k)m(p) — w(k")mw(p') is considered to be mediated via the p and o resonances.

This is done by taking an effective Lagrangian for prm and o7 interactions [96]
2 o au=, L S o
Lint = Gprrppu - T X O'T + S JorrMa™ - T . (3.36)

The values of the coupling constants in Eq. (3.36) follow from the experimental decay widths of p and o
mesons and we get gprr = 6.05 and g, = 2.5. We have made use of isospin basis for expressing the
invariant amplitudes in different isospin channels. Denoting the invariant amplitude in a channel with total

isospin I by .Z[™, we get [97]

[ s—u s—t 1 1
My = gﬁm _(t—m2> ( 2):|+4gg'777r [t—m2+u—m2} (3.37)
[ t—u s s—t 1 1
M = g2 |2 — 4¢2 — 3.38
! Jonm | <8—m2 ) (t—m2> <u—mﬁ>}+ Jomn [t—m?f u—m?f] (3.38)

[ 5—u s—1 3 1 1
M = g2 |2 2 4> 3.39
0 g’””r_ (t—m%>+ <u—mf)>]+ Jonn s—mg—Hg+t—m§+u—mg (3.39)

where s = (k+p)?, t = (k — k')? and u = (k — p’)? are the Mandelstam variables. The vacuum p and o
propagator in the s-channel diagrams is replaced by the complete ones obtained from a Dyson-Schwinger
sum involving the one-loop self energies of p and o mesons denoted by II, and 1I, respectively. Since we
will be calculating isospin averaged cross sections, we define the corresponding isospin averaged invariant

amplitude by

22 = Z(z[+1)|///,|2/2(21+1), (3.40)
I

1

which is used to obtain the cross-section from

o(s) = 6471723/ a0 . (3.41)

In order to evaluate the in-medium scattering cross-section we need to calculate the one-loop self-energies
of different hadrons at finite temperature and/or density. In this chapter, we will show the calculation of
the one-loop self energy of p and o resonance II, and II, appearing respectively in Eqs.(3.38) and (3.39).
This can be achieved by using quantum field theory in a thermal medium i.e. the thermal field theory.
There are two methods available in the literature which is used for studying thermal field theory (TFT)-
(i) Imaginary time formalism (ITF) and (ii) Real time formalism (RTF). The difference between the two
formalisms involves in the form of the propagators. In the ITF, the propagators are written as a sum over

frequencies known as Matsubara frequency, a consequence of the finite interval of imaginary time resulting



3.3. Thermal Propagators 55

in the discrete Matsubara frequencies. However, in the RTF the propagator is a 2 X 2 matrix owing to the
two infinite intervals of time. In this thesis, RTF of TF'T has been used to evaluate the one-loop self energies

of the hadrons. In the next section we briefly describe the thermal propagators for different fields.

3.3 Thermal Propagators

For a general field ¢; (z), the free thermal propagator is defined as

Dy (w,a') =i (To { o (@) ], () }) (3.42)

where () denotes ensemble average. The temporal component 7 and 7’ respectively take complex values
on the contour C' in complex time plane. The ensemble average of products of various fields converges in
the domain —f8 < Im (7 — 7/) < 0 where 8 is the inverse temperature. This condition defines the region

of analyticity and puts restriction on the time contour C. The contour chosen is shown in Fig. 3.1. This

I
mA(t)

-T T
D L — Re (1)
Y
T-iB/2 | EUETEIEERREPERERE
Y T-if/2
“T-if

\/

Figure 3.1: The contour C' in the complex time plane for RTF with T" — oo

particular choice of the time contour breaks up the propagator into pieces with points on different segment
of the contour. If 75, and 7, are points respectively on the horizontal and vertical segments, the pieces,
Dy (f, a S Thy Tv) — 0 by Riemann-Lebesgue lemma. The contour essentially reduces to two parallel lines,
one being the real axis and the other shifted from it by —i3/2. The points on this two lines are denoted by
subscripts 1 and 2 respectively so that 71 = ¢ and 79 = t —i/3/2. The propagator then consists of four pieces

and may be put into the form of 2 x 2. The Fourier transform of each component can be written as

Dy (a‘:’,a?;t,t’) Dy (:E,E’;t,t’ _ zﬂ/2)
Dy (f,a?’;t _ z‘ﬁ/Q,t’) Dy (az ;t’,t)

3 ; N ig(3—a
:/(;lwlii‘e_zq'(t_t)e ( >Dw (q) (3.43)

where Dy (g) is the momentum space thermal propagator matrix. We will briefly dicuss the forms of
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momentum space thermal propagator matrices for different spin fields.

For a real scalar field, the momentum space thermal propagator matrix is given by D (k) is given by

1+n*) Ap —nFA% nk (1 +nk) (Ap — A%
nk (1+nk) (Ap—A}) nPAp— (1+0F) Ay
where, Ap = m and ny is the single particle Bose-Einstein thermal distribution function
~1
nk (w,T) = {eﬁw - 1} (3.45)
with w = V' k2 +m2. Eq. (3.44) can be diagonalized as follows
Arp 0
D (k) = Uy Uo (3.46)
0 —-A%

where,

Upwr)— | V" Vet (3.47)

vnk V1 4+ nk

Although the free thermal propagators are 2 x 2 matrices, only the 11-component will be needed for our

calculations. The 11-component of the thermal propagator matrix for a scalar field Dy; (k)

D1 (k) = Ap (k,m) + 2miN? (k,m) § (k* — m?)

(3.48)
= Ap (k,m) + 2iN? (k,m)Im Ap (k,m)
The momentum space propagator matrix for a complex field is
Ap 0
D(k)=U U, (3.49)
0 A%

where the diagonalizing matrix U containing chemical potential to account for conserved charges is given

by

Ny NyePu/2
U(w,T,p)= . (3.50)
Nye Pu/2 N,

where,

Ny (k,m) = © (ko) \/nk +© (—ko) \/n*

3.51
N (k,m) =0 (ko) \/1+nk +© (ko) /1 +nF 20

with n’i being the Bose-Einstein distribution functions for particles and antiparticles,

nk (w, T, ) = [eﬂ(w“) - 1} . (3.52)
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The 11-component of the thermal propagator matrix for a complex scalar field Dy (p) is

Dii1 (p) = Ap (p,m) — 2miNT (p,m) 6 (p* —m?)

~ (3.53)
= Ap (p,m) — 2iN? (p,m) Im Ap (p,m)
Similarly, the Dirac thermal propagator matrix can be written as,
Ap 0
Sp)=pE+m)V Vv (3.54)
0 A%
where,
A
VwTp)=| _ _ (3.55)
NyeBr/2 Ny
with,

Ni (pm) = © (p0) /7 +© (=po) /i

. (3.56)
No (p,m) = @(po)\/1+ﬁﬁ+@(—po) 14+aPf .
i’ are the Fermi-Dirac distribution functions for particles and antiparticles
-1
i (w, T, p) = [eﬁ(wﬂ‘) + 1} . (3.57)
Thus, the 11-component of the thermal propagator matrix for a Dirac field S11(p) is
S11(p) = (p +m)Du1 (p) (3.58)
For a real vector field the thermal propagator matrix is
A 0
D (k) =VePU, | T Uy (3.59)
0 —-A%
whereas for a complex vector field it is
A 0
D8 (k) =vefy | T U (3.60)
0 —-A%

with VeP(k) = (—go‘ﬁ + %) The 11-component of the thermal propagator matrix for a vector field
DS (k) is

DY (k) = V* (k) D1y (k). (3.61)
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For the spin-3 particle which is described by the Rarita-Schwinger field, the thermal propagator matrix is

2
given by
Ar 0
58 (p) = R*SY | =7 1% (3.62)
0 —A%
where,
R (p) = (p+m){ —g*’ + I LIV L (v p’ —+p® ) (3.63)
3m2 3 3m

The 11-component of the thermal propagator matrix for a vector field Sf‘lﬁ (p) is

St (p) = R* (p) Du1 (p) (3.64)

Let us consider the two-point correlation functions of general currents J; (x) and Jl]t (2') defined through

G (ac, ac') =3 <7'C {Jl (z) JlT, (x') }> . (3.65)

The currents may be composed of free fields or interacting ones and also may be Bosonic or Fermionic (the
time-ordering is taken accordingly). Due to the choice of the time contour C' as of Fig. 3.1, the correlation

function becomes a 2 x 2 matrix and can be Fourier transformed as,

e (f,a?;t,t’) Gy (;f,a?;t,t’ -~ z‘ﬂ/z)
G (f,:?;t —iB/2, t’> Gy (f,:?;t',t)

_ [ i 1) g,
/ o G () (3.66)

where, Gy (¢) is the momentum space correlator matrix. We now introduce the spectral functions I';; (¢)

(- for Bosonic, + for Fermionic) as the Fourier transform of the commutator /anti-commutator as

400 3 (s 5
AC / dt / Ao tt/){”'(‘”“’”)<[Jl(t,a:~’),JlT, (t’,x’)LF>. (3.67)

The momentum space correlator matrix Gy (¢) can be written in a diagonal form in terms of the spectral

function as

+oo d
Gu(q = / 2(53 I (90, 9) %

[ 1
I —qgo—ie sign 0
W (|qol) | oot sienta) » W (Jqol)
I 0 T—doTic Sign(a0)
G () 0
= W (|qol) . W (lqol) (3.68)
0 —Gw (Q)

— W (o) GurW (Jaol) (3.69)
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where, the diagonalizing matrix W = U for Bosonic currents and W = V for Fermionic currents respectively

and the diagonal matrix correlator is given by

_ Gu 0
Gy = | " () B (3.70)
0 —Gulq)
with the diagonal element
= T dgy 'l (90, )
G (0. 7) = 240 1 \403 ) 3.71
w(d4) /_oo 21 qf) — qo — i€ sign (qo) (3.71)

It is to be noted that, the general (interacting) two-point matrix correlator is diagonalized by the same matrix
U or V which diagonalize the free thermal propagator. To obtain the diagonal element it is sufficient to

know any one, say the 11-component of the matrix Gy since they are related by

Re Gyv () = Re G} (3.72)

sign (qo) tanh g (g0 — ,u)} Im G}}  (Bosonic)
(

Im G (q) =
sign (qo) coth {

(3.73)

O~

q0 — M)} Im G}}  (Fermionic) .

Let us first consider the complete (interacting) scalar matrix propagator. It can be generalized for higher
spins also. The complete propagator D’ (k) is obtained by summing up loop diagrams perturbatively leading

to the Dyson-Schwinger equation
D' (k)= D (k) — D (k)II (k) D’ (k) (3.74)

where, D (k) is the free scalar matrix propagator and II (k) is the 1-loop thermal self energy matrix. As
discussed in the previous section, being a two-point correlator matrix, D’ (k) and D (k) are diagonalized by

the same matrix U (‘/@0‘) i.e.

D' (k) = U (|k])D’(k)U (|k°) (3.75)
D (k) = U (|K°|)D(k)U (]K°]) (3.76)
where
D= | °F k) 0 . (3.77)
0 —ARK)

D’ (k) =D (k) — D (k)T (k) D’ (k) (3.78)

where we have used

-
=
|
N
=
o

(k) U(|K]) - (3.79)
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Hence the diagonal element of the complete propagator satisfies
D’ (k) =D (k) — D (k)II (k) D’ (k) (3.80)
which is an ordinary algebraic equation and has the solution

(k) = (k2 - mgl_ H(k)> . (3.81)

The diagonalized Dyson-Schwinger equation for field containing spin/polaization/Lorentz indices becomes

Y

G (k) = G (k) — Gy (k) TT7 (k) G (K) (3.82)

The above equation is quite non-trivial to solve for fields which contain arbitrary number of indices in the
set [. However, we can take spin/polarization averages to obtain the scalar form of the self energy and

propagators and hence use Eq. (3.81) to calculate the complete propagator.

3.4 One-loop self energy of p and o

In this section we will evaluate the one-loop self energy of p and o resonances, II, and II, appearing
respectively in Egs.(3.38) and (3.39). Contributions to II;, (h € {p,0}) come from different loop graphs

containing other hadrons (i, 7). In a most general notation, the real part of the self energy reads

B Pl 1 niwp N(K) = wy,) nFiwp NI(K) = —wy,)
Re In(q) = > / 32%%]7’[( (0o + R

{i,7}€{loops} Dj
B a]nerk/\fh(kO—qo—ij) B a;n wk/\/h(ko—qo+ij) (3.83)
(g0 — ij)z - Wz%i (qo + ij) - W;%i '

whereas the imaginary part is

Im II;,(q) = —me(qo) Z / o 34wkw
pj

{i,7}€{loops}
x| MR = ) {1+l = an)6(a0 — wn, = wp,) + (=1t = a;n)0(g0 — wn, +wp)) |

-}-/\/'ifjl.(k;?:—wki){( 1 —n® + a;n)5(go + wi, + wyp,) + (0 + ant?)o(qo + wi; — )H (3.84)

-1
where, the distribution functions for loop particles are given by nlj; = [eﬁ (wr; Fhi) F 1] (according to

boson/fermion) with wy, = \/EZ-Q +m?. In the above equations, i-type particles are always bosons and
a; = F1 depending upon whether the j-type particle is a boson/fermion. The self energy may contain
additional Lorentz/Dirac indices, however in this work we have used the spin/polarization averaged self
energies for the calculation of the S-matrix elements. The p self energy consists of {i,j} = {m, 7}, {7, w},

{m,h1} and {7, a1} loops whereas the o self energy has contribution from only {i,j} = {7, 7} loop. The
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detailed expressions of /\/’Z’; and ./\/'Z‘; can be read from Ref. [97]. The four different terms containing the Dirac
delta functions in imaginary part of the self energy correspond to different physical processes like decay and

scattering owing to the annihilation of hadron h in the thermal medium.

3.5 Numerical Results

In this section we have discussed the numerical results for shear viscosity of a pion gas in a thermal medium

evaluated using the formalism discussed so far.
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Figure 3.2: (a) The mm — 7w elastic scattering cross section as a function of centre of mass energy compared
among experiment, vacuum and medium corresponding to 7' = 160 MeV. Experimental data have been taken
from Ref. [3] (b) The average relaxation time of 7w — 77 compared among vacuum and medium. (c) Shear
viscosity of a pion system compared among vacuum and medium.

In Fig.3.2(a) we observe that the in-medium elastic cross-section of the pion system is less compared to
its vacuum counterpart. This is due to the spectral broadening of the p and ¢ resonances in the thermal
medium which is reflected in the suppression of the in-medium cross-section. From Fig.3.2(b) it can be
seen that the in-medium relaxation times are significantly larger compared to the vacuum values. This is

due to the additional decay and scattering experienced by the p and ¢ in the thermal medium. As seen in
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Eq.(3.34), shear viscosity is directly proportional to the relaxation time. Hence, it is natural that the use of
in-medium relaxation time will show an increase in its magnitude as observed in Fig.3.2(c).

This difference in magnitude of the quantities evaluated in vacuum and thermal-medium has provided
motivation to make a detailed study of the transport coefficients in a medium using the medium dependent
cross-section. In the next chapter we will make a detail study of thermal conductivity, shear viscosity and

bulk viscosity of a pion-nucleon-kaon (7K N) mixture.



Chapter 4

Viscous coefficients and thermal
conductivity of a 7K' N gas mixture in the

medium

The STAR data on elliptic flow of charged hadrons in Au+Au collisions at /s = 200 GeV per nucleon
pair could be described (see e.g. [1]) using very small but finite values of shear viscosity over entropy
density ratio /s in viscous hydrodynamic simulations, thus clearly indicating that the matter produced in
relativistic heavy ion collision behaves more like a strongly interacting liquid than a weakly interacting gas.
The viscous coeflicients namely shear viscosity and bulk viscosity are useful signatures of phase transition
or cross-over between quark and hadronic matter. The kinematic viscosity (1/s) shows a minimum near
QGP to hadronic phase transition temperature Tr. [98, 99, 100, 101], close to the lower bound [102], whereas
(/s shows large or diverging [103, 104, 105, 99] values around 7T,. Thus the effects of dissipative processes
have a significant influence on the hydrodynamical evolution of the matter produced in relativistic heavy
ion collisions [106]. The hadrons which are produced during the later stages of the heavy ion collisions will
be at a high temperature and presumably also at finite baryon density (CBM experiment at FAIR), thus
making it important to consider medium effects in the scattering cross-section which is responsible for the
dissipative phenomena.

In this chapter, we have considered a gas mixture consisting of the pions, kaons and nucleons. For this
three component mixture we have considered the effect of the thermal medium on the relaxation times and
consequently the thermal conductivity and viscous coefficients of the pion system, pion-kaon system and the
pion-kaon-nucleon system in the ambit of kinetic theory approach. The expressions for these coefficients have
been taken from chapter 3. We have estimated the in-medium scattering cross-sections for 7w, 7K and 7N
scattering. The wm, wK and wN interactions are dominated by the p, K* and A resonances respectively. The
propagation of these resonances gets modified in the thermal medium. The effective propagator in thermal
medium is evaluated using the techniques discussed in chapter 3. The effective propagator is then used in

the matrix elements to obtain the in-medium cross-sections of scattering which turn out to be significantly
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different compared to their vacuum versions usually used in the literature. The in-medium cross-section is
then used to obtain the transport coefficients.

Viscous coefficients have been studied both for quark and hadronic matter [107, 3, 108, 109, 110, 111,
112,103, 113, 98, 104, 114, 4, 101, 115, 105, 116, 99, 117, 118, 119, 120, 121, 122, 123, 124, 125, 126, 127, 128|.
In general, there are two different formalisms for evaluating the transport coefficients of a medium-one is the
kinetic theory approach [129, 130, 90] where one solves the Boltzmann transport equation, the other being
the Kubo formalism [131, 132] where one calculates the in-medium spectral functions in the long wavelength
limit. In Kubo formalism a resummation of all the complicated higher-loop diagrams needs to be performed
as a naive skeleton expansion in terms of thermal width may have convergence issues as was demonstrated
in Refs. [133, 134]. However, the kinetic theory approach is computationally more efficient in evaluating 7.

In one of the earlier works [107] the viscosities and thermal conductivities of both deconfined as well
as hadronic matter have been estimated using relaxation time approximation (RTA) in which a variational
approach is used to determine the relaxation times. Transport coefficients of a single component bosonic
system were calculated in [108] employing Chapman-Enskog method to first order where the Bose-Einstein
distribution function was used instead of the classical one. Pions being the most abundant species of
the hadron gas produced in heavy ion collisions at RHIC and LHC [38], a large number of works can be
found in the literature considering a system of only pions in the study of transport coefficients [105, 135,
136, 137]. Multicomponent hadronic systems, have been reported in Refs. [3, 110, 112, 138]. In one of
the earlier works Ref. [109], Uehling-Uhlenbeck equation is solved to obtain the shear viscosity of a pion
gas and the 7m scattering cross section has obtained from chiral perturbation theory. Similar calculations
for a multicomponent hadronic mixture (composed of m, K and 1 mesons) were performed in Ref. [110].
The occurence of minima of 1/s evaluated using linear sigma model has been reported in Ref. [112] and
Refs. [104, 116] has shown the occurence of maxima of the bulk viscosity to entropy density ratio ({/s) near
the phase transition.

Such behaviour of both shear and bulk viscosities near the phase transition is also reported in Ref. [99] us-
ing parton-hadron-string dynamics (PHSD) off-shell transport approach. In Ref. [114] viscosities of a Hadron
resonance gas (HRG) has been evaluated and an upper bound of the 7/s near the transition temperature
has been obtained. Transport coefficients of hot quark matter and their behaviour near the chiral phase
transition has been evaluated using the Nambu Jona-Lasinio (NJL) model in Ref [101]. In Refs. [105, 139],
Kubo formalism has been used to study the viscosity of a pion gas and that of a QCD matter in Ref. [103].
In [126, 127, 128] this formalism has been used to estimate the shear viscous coefficient in a hadronic gas
mixture of pions and nucleons. The thermal widths used in these calculations arise from the Landau damp-
ing of the hadrons in the thermal medium resulting from 2 — 1 scattering. Wiranata et al [140] have
evaluated 7/s in a hadronic resonance gas with resonances up to a mass 2 GeV formed by interactions
among the components of a 7K N7 mixture and have also shown that the inclusion of more resonances in
a multicomponent mixture decreases the value of shear viscosity along with an increase in entropy density

which combinedly decreases 1/s with an increasing temperature.
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In Sec.4.1 the invariant amplitudes for scattering cross-section has been discussed which is followed the

discussion on numerical results of the transport coefficients in Sec.4.2

4.1 Invariant Amplitudes

The calculation of the invariant amplitudes for w(k)N(p) — w(K')N(p'), ©(k)K(p) — =(K')K(p') and
K(k)K(p) — K(K')K(p') is done by taking an effective Lagrangian like in the case of pions in Sec. 3.2. In

this case the interaction Lagrangians read [141, 142]

LNA = @AQOO‘“TT - 0,V + Hermitian Conjugate (4.1)
mx
LKk = igWKK*X:’? . [K (o'7) — (0"K) 7?} + Hermitian Conjugate (4.2)
Lrry = igxie [K(O.K) — (0,K)K] ¢" . (4.3)
- q K
A++
A+ D K+ K*+
where, A* = is the A isospin quadruplet, ¥ = , K = and K, = are
AV n K° K*0
m
A-

respectively the isospi_n doublets for the nucleon, Kaon and K*. The coupling constants are analogously
fixed from the experimental decay widths of A and K* and we get fina = 2.8, grxx+ = 10.80. The

invariant amplitudes in different isospin channels are given by

V/m‘z 1 fava ' T, LT 2T, (s — m34 — Rellp) (4.4)
3/2 N 2 m ‘ 2 I 2 22 3 2 2 1I 2| )
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- (t— )+ (m2 —m2)/m3.
My = 2972rKK*[ uikm2 il (4.6)
K*
t—u)+ (mi —m2)/m3.  (t—s)+ (mi—m2)/m3.
%TI'K — 2 . 3( k s K* k s K , 4.7
1/2 IrKK [ s—m%*—HK* u_m%{* ( )
u—S t—s
MR = Q%(qu [t—m2+u—m2]’ (48)
® ®
KK 9 u—S t—s
A = JKkK¢ [t—mé_u—mé] (4.9)

where, Ty, T, and T},, contain traces over Dirac matrices and details can be found in Ref. [143]. In the above
equations, IIa and IIg+ are the one-loop self energies of A and K™ which will be obtained in the next section.
It is worth mentioning that, to take into account the finite size effect of the hadrons we have considered

-1
hadronic form factors F(p, k) = A2 [Az + (’;I—@Q — k?|  in each of the TNA and mKK* vertices where p is
P
the momentum of nucleon/kaon and k is the momentum of pion. In this work we have taken A,n = 600

MeV and Arx = 350 MeV. In Egs. (4.4) and (4.5), we have made an average over initial spin states and
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a sum over final spin states of the nucleon. The invariant amplitude of 7(k)7(p) — m(k")m(p’) has been
discussed in chapter 3. Using the isospin averaged invariant amplitude W the scattering cross-section for
each of the processes is evaluated.

The real and imaginary part of one-loop self energies ITn and IIx+ appearing in Eqs. (4.4) and (4.7) can
be read off from Eqgs. (3.83) and (3.84) in Sec. 3.4. For A self energy, we consider loop graphs containing
{i,j} = {n,N}, {p, N}, {m,A} and {p, A} and detailed expressions of /\/Zf may be found in Ref. [143]. For
the K*, the contribution to the self energy comes from {i,j} = {7, K} and /\/’ﬁ; is given by

. 1
NE = i |—(q—2k)* + — (¢* —2q-k)*]. (4.10)
K*

4.2 Numerical Results
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Figure 4.1: The (a)mm — 7w, (b)7N — 7N and (¢) 7K — 7K elastic scattering cross section as a function
of centre of mass energy compared among experiment, vacuum and medium corresponds to T' = 160 MeV,
tr = px =0 and pxy = 200 MeV. Experimental data have been taken from Ref. [3]

We begin this section by discussing the elastic scattering cross sections for 77 — 7w, TN — ©N and
K — 7K. In Fig. 4.1 both vacuum and in-medium cross-sections are plotted along with the experimental
data [3]. Since the matrix elements obtained in Sec. 4.1 contain the one-loop in-medium self energies of p, o,

A and K™, the scattering cross sections also depend on the temperature and density of the thermal medium.
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Using the approach described above we have been able to obtain a very good fit of the vacuum cross-section
with the experimental data for the given set of model parameters for the tree types of scattering mentioned
above. Having thus fixed our model in vacuum we replace the propagators with their thermal versions as
described above to obtain the in-medium cross-section. The broadening of the widths of the resonances in
the medium are reflected in the suppression of the cross section at the resonance energy and this is seen to
be about 50 — 70% at T = 160 MeV. The small shift lateral of the peak of the cross section is due to the

small contribution from the real part of the thermal self energy function.

Chemical potential - WK LN
Set-1 0 0 0
Set-2 0 0 200
Set-3 50 100 200

Table 4.1: Different set of values of w, K and N chemical potentials used in this work.
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Figure 4.2: Mean relaxation time of pions for three different systems under consideration where V and M
indicate the use of vacuum and in-medium cross-sections for (a) Set-1, (b) Set-2 and (c) Set-3.

Here in the upcoming part of this section, we have calculated all the results for three different set of
values of pion, nucleon and kaon chemical potential, the choice of these sets have been tabulated in Table 4.1.

In our system the only baryon present is the nucleon and hence baryonic chemical potential is essentially
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nucleon chemical potential. It is to be noted that non-zero values of p, and px are a consequence of pion
and kaon number conservation after chemical freezeout [144] and the values taken here are demonstrative
(see e.g. [110]).

Now we turn our attention to the numerical results for the temperature dependence of the momentum
averaged relaxation time or collision time of 7, K and N. The momentum averaged relaxation time is given

by the expression,

(m) = / d*pr fy / / d*pf (4.11)

I*h species. In all the

where [ € {m, K, N} and f; is the equilibrium thermal distribution function of the
figures of this chapter, V and M respectively indicates the use of vacuum and in-medium cross-sections in
the calculation of relaxation times.

In Fig. 4.2, we have shown the average relaxation time of pions as a function of temperature in pion, pion-
kaon and pion-kaon-nucleon system with and without medium effects taken into consideration. Essentially
there are three noticeable features in the figure. First the decreasing trend of the relaxation time with
increasing temperature which can be understood in the following manner. The relaxation time goes like
~ 1/no where n is the number density and o is the cross section. With the increase in temperature, n
increases resulting in a reduction of the relaxation time. Secondly, for a given temperature the system
relaxes faster when the number of components rises, as the addition of species increases the net density of
particles effectively reducing the mean free path. And since the mean free path is directly proportional to
the relaxation time, the relaxation time goes down. Finally, we note that the in-medium relaxation times
are considerably larger (~ 10 — 15%) compared to their vacuum counterparts. This is due to the decrease
in cross-section because of the additional scattering and decay processes at finite temperature. The vacuum
results are in good agreement with Ref. [3]. From the different sets we see that with the increase in chemical
potential the magnitude of average relaxation time of pions have decreased.

In Figs. 4.3(a)-(c) we have presented the dependence of mean relaxation time of individual species of the
hadron gas mixture, i.e. pion, kaons and nucleons, on temperature with and without medium effects. It is
noted that the mean relaxation time of kaon remains larger compared to the other constituents of the system
in all cases over the temperature range considered because of their smaller cross-section. From Eq. (3.26),
it is evident that mean relaxation time of the components are interdependent. With increasing baryonic
density, the relaxation mechanism in the system gets enhanced as the number of particles with which collision
is possible increases, and hence a relative decrease in the relaxation time as seen in Figs. 4.3(a)-(c). The
in-medium behaviour of the relaxation time can also be explained along similar lines as done before.

Having studied the behaviour of the relaxation times of different species, we now turn our attention to the
transport coefficients. The temperature dependence of scaled thermal conductivity \/T? for different sets of
chemical potential of the constituents is shown in Figs. 4.4(a)-(c). The quantity A/7T? decreases with increase

in temperature and also decreases with the increase in chemical potential of the constituents. The fall of
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Figure 4.3: Momentum averaged relaxation time of pions, nucleons and kaons in a pion-nucleon-kaon
hadronic gas as function of temperature for (a) Set-1, (b) Set-2 and (c) Set-3 of chemical potentials of
individual components.

A\/T? is similar to that of relaxation time, steeper at lower temperature and gradual as temperature increases.
Medium effects are reflected by the increase in magnitude of A\/72. With the increase in chemical potential
the density of the heavier particles like nucleons and kaons increases which brings down the relaxation time,

thus reducing the thermal conductivity.

We now proceed to present the numerical evaluation of shear and bulk viscosity using Egs. (3.34) and
(3.35). The results are shown for the temperature range starting from 100 to 160 MeV which is typical
of a hadron gas produced in the later stages of heavy ion collisions. In Figs. 4.5(a)-(c) and Figs. 4.5(d)-
(f), the vacuum and in-medium evolution of shear viscosity () and bulk viscosity (¢) as a function of
temperature are shown. Classically, for a single component gas, one can write n & p/o, where p and o are
the average momentum and binary cross section respectively. Fig. 4.1 shows that the cross-section reduces
with increasing temperature (7") and since p goes as VT, the rise in magnitude of 1 due to inclusion of
medium effects is understandable from the expression of 7. The medium effects are reflected in the increase

in magnitude of ¢ as compared to that of ¢ calculated using vacuum cross-sections.

Let us now proceed to study the behaviour of the ratios of viscosities to the entropy density n/s and

(/s which are also termed as the specific shear and bulk viscosity. For this, we need the expression of the
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Figure 4.4: \/T? as a function of temperature for (a) Set-1, (b) Set-2 and (c) Set-3 of chemical potentials
of individual components.

entropy density. First we note that, the entropy density of a non-interacting hadronic gas mixture is given

by [17]
P 1N (COENCSRCO ENCT) B

where, the sum runs over all the hadronic species taken into consideration, my is the mass, g is the

spin-isospin degeneracy, uy is the chemical potential of the hadron h and

o
S (z,y) Z ap) eV iTOK, (jx) (4.13)
7=1
in which ap, = 1 if h is a Boson and a;, = —1 if h is a Fermion.

In order to take into account the effect of interactions among the different hadrons, we use the relativistic
virial expansion as discussed in Refs. [17, 140]. The total entropy then comes out to be the sum of the free

and interacting parts s = Sgee + Sint- 1he leading contribution to sjy; comes from the second virial coefficient
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Figure 4.5: Shear viscosity(n) and bulk viscosity () as a function of temperature (") for a pion-kaon-nucleon
hadronic gas mixture for (a) Set-1, (b) Set-2 and (c) Set-3 of chemical potentials of individual components
with and without including medium effects.

which can be calculated from two body phase shifts as

1
wif/T ppi /T =
e & 27‘(‘3

Sint = 5

1,521

| imj s |

Na

T

SCRCR)

cEchannels

> e @

where the indices i, j run over all the hadronic species taken into consideration, /s is the center of mass
energy for the hadronic pair {7, j}, g. is the spin-isospin degeneracy of the resonance being exchanged in

the channel ¢ and 67 is the corresponding phase shift. The dominant contribution to sjy; come from those
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Figure 4.6: Phase shifts in different resonance channels as a function of center of mass energy.
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Figure 4.7: Entropy density scaled by the cube of temperature (s/T3) as a function of temperature for
different sets of chemical potentials. The triangles correspond to the result for a free gas mixture of
w, K,N,o,p, K* and A.

channels where explicit resonance exchanges occur [17]. For consistency with the calculations of in-medium
cross-sections here we only take into account p, o, A and K* resonances which appear in the s-channel

scattering matrix elements. The phase shift (0r) for the resonance (R) exchange can be obtained from

Or(s) = g + tan~! <%> (4.15)

—,

where, I'g(s) is the decay width of the resonance R with four-momentum (4/s,0)

For 7m, we consider the o and p exchange, whereas for 7K and 7N we consider K* and A exchange.

The decay width of o and p are taken from Refs. [140] and they are given by

T,(s) = 2.06q, (4.16)

2
T,(s) = 0.095¢ <1f/q%> (4.17)
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Figure 4.8: Specific shear viscosity (n/s) and specific bulk viscosity (¢/s) as a function of temperature (7')
for a pion-kaon-nucleon hadronic gas mixture for (a) Set-1, (b) Set-2 and (c) Set-3 of chemical potentials of
individual components with and without including medium effects.

where, ¢ = %\/s —4m2. The decay widths of K* and A are calculated from the effective Lagrangians of
Egs. (4.2) and (4.1) and are given by

2
In KK+ 1 1
T«(s) = 11(;[: F2(3)33/2 AV2(s,m2, m%) |s — 2m2 — 2m?2 + g(m%{ —m?2)?|, (4.18)
2
1
La(s) = MF2(S)7)\3/2(8,W72T, m%) (Vs — my)? — mfr] (4.19)

1927m2 §5/2
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where, the form factor F(s) = A%{,N A%{,N + m)\(s, m2, m%(N) 1 with Az, y, 2) = 2? +y? + 22 — 22y —
2yz — 2zx being the Kallén function.

In Fig. 4.6, the phase shifts in the different resonance channels (o, p, K* and A) are shown as a function
of the center of mass energy. The slope of d, is least among the other three due to the largest decay width
of o. All the d,, 6~ and da show rapid changes around the respective pole mass values (m,, mg- and ma)
of the center of mass energies. The dx+ is the steepest among all due to the smallest vacuum decay width
of K* which is ~ 50 MeV.

Next in Figs. 4.7, the entropy density with interactions scaled by the cube of inverse temperature (s/7°3)

has been depicted as a function of temperature for the three sets of chemical potentials. Shown with triangles

is the result for a free gas of m, K, N, o, p, K* and A for Set-1. They appear to be in good agreement [140, 17].

Figure 4.9: Shear viscosity to entropy density ratio (n/s) as a function of temperature and nucleon chemical
potential at pur = px = 0 with (a) vacuum and (b) in-medium cross sections.

We are now in a position to plot the specific viscosities. In Figs. 4.8(d)-(f) n/s is plotted with temperature
for three sets of chemical potentials. We see a monotonic decrease of the specific shear viscosity with increase
of temperature. This is because of the fact that the entropy density rises with increase of temperature with
a rate faster than 7. The increase in magnitude of i for different sets of increasing chemical potential,
even though there is a decrease in relaxation time with the increase in chemical potential, is mainly due to
the increase in density which turns out to be the governing factor here. 7/s on the other hand decreases
with the increase in chemical potential because with the increase in chemical potential the entropy increases
faster due to the rapid increase in the degrees of freedom, and the value of 1/s is within the KSS-bound.
Here, we note that with the inclusion of more resonances the shear viscosity decreases as one approaches
temperatures close to the critical temperature. Owing to the corresponding increase in the entropy density

there is a further decrease in the value of n/s [140].
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Figure 4.11: Thermal conductivity scaled with inverse of temperature squared (\/7?) as a function of
temperature and nucleon chemical potential at p. = ux = 0 with (a) vacuum and (b) in-medium cross
sections.

We now show the results of specific bulk viscosity. In Figs. 4.8(d)-(f) one can also observe the sizeable
difference in magnitude of (/s calculated for vacuum and medium. The figures show increase in magnitude
of ¢ for increasing value of chemical potential just like in the case for 7, which is again attributed to the
dominance of increase in density over the decrease in magnitude of relaxation time. And like 7/s we find
that (/s increases with increase in chemical potential.

In Figs. 4.9 and 4.10, we have studied the effect of temperature and baryonic chemical potential on 71/s
and (/s with and without medium effects taken into consideration, for u, = pux = 0. We find that on

introducing the medium effects, there is an increase in the magnitude but very little change in its behaviour.
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Figure 4.12: The result obtained in this work compared to various data of the specific shear viscosity 7/s
as a function of temperature available in the literature [4, 5, 6]. A line of KSS bound has been drawn as a
reference.

Also, with increase in baryonic chemical potential the value of 7/s decreases while the value increases for
¢/s. The drop in the value of n/s with increase in temperature is found to be sharper at lower baryonic
chemical potential while we observe the opposite trend in the case of (/s where the drop is sharper at higher
chemical potential. At lower temperature the effect of the baryonic chemical potential on (/s is found to be
more pronounced than at higher temperature, this pattern is also ovserved in the case of 17/s. The analogous
plots for the variation of A\/7T? as a function of T"and uy shown in Fig. 4.11(a) and (b) show features similar
to that of n/s.

Finally, to check consistency we have plotted in Fig. 4.12, n/s calculated using different techniques such
as hadronic cascades URQMD [4], B3D [5] and SMASH [6] along with our result using medium dependent
cross-sections for the three sets of chemical potentials. In particular, the in-medium 7/s calculated with
Set-1 i.e. for pr =0, px = 0 and py = 0 are in reasonable agreement with that of [5].

In the next two chapters we will switch on the magnetic field and study the effect of the thermal medium

in the presence of background magnetic field on the transport coefficients.



Chapter 5

Electrical and Hall Conductivity of a hot

pion gas in a magnetic medium

The estimation of transport coefficients of relativistic systems in the presence of a magnetic field is
important in the context of magnetized neutron stars, cosmology and relativistic HICs. In case of HICs,
transport coefficients such as the shear and the bulk viscosities and the diffusion coefficients are essential to
describe the hydrodynamical evolution of the matter transiently produced in such collisions. In the presence
of a magnetic field this evolution is described by magnetohydrodynamics (MHD) which takes into account
the coupling of the magnetic field to the relativistically evolving fluid in a self-consistent way.

From a phenomenological point of view, electrical conductivity is important in the sense that if it is
large, the created magnetic field in non-central HICs persists for a longer time [83]. However, as of now it is
a general belief that the value of the magnetic field is quite small in the hadronic matter (HM) due to the
smaller value of the conductivity. As a result, relevant physical quantities calculated in HM will have minor
modifications as compared to that in quark matter. In order to substantiate this conjecture, it is necessary
to calculate the magnetic field dependent electrical conductivity of HM as accurately as possible taking into
account finite temperature and/or density and magnetic field effects.

In this chapter, we have evaluated the electrical as well as Hall conductivites of a relativistic pion gas
using kinetic theory approach within the RTA by incorporating the finite temperature effects in the cross-
section vis a vis the relaxation time. We have chosen to calculate the electrical conductivity of pions as they
are the most abundant species among the other hadrons produced in the HICs at RHIC and LHC [38]. This
type of study is also important as the magnetic field produced in heavy ion collisions is of hadronic scale and
hence the evaluation of transport coefficients of the QGP and the hadronic medium will provide a better
insight into the time evolution of strongly interacting matter in the presence of a background magnetic field.

A good deal of progress has been made in recent times in the evaluation of magnetic field dependent
transport coefficients such as electrical conductivity [145, 146, 147, 148, 149, 150, 151, 152], shear viscos-
ity [151, 153, 61, 154] heavy quark diffusion constant [154, 155], and the jet quenching parameter [156]. One

of the most important transport coefficients required in the formulation of MHD is the electrical conduc-

7
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tivity. Electrical conductivity of a QGP in strong magnetic field has been evaluated in Ref. [157] where it
was shown that it diverges in the massless limit and is very sensitive to the value of the current quark mass.
In Ref. [10], the electrical as well as the Hall conductivities of the QGP have been estimated in a strong
magnetic field using a kinetic theory approach as well as the Kubo formalism. It is found that, the electrical
conductivity decreases in the presence of a magnetic field, specially at low temperature. Also in Ref. [158],
the electrical conductivity of a hot and dense quark matter has been computed in the presence of a mag-
netic field using kinetic theory beyond the lowest Landau level (LLL) approximation. It is observed that
the transverse electrical conductivity is dominated by the Hall conductivity and the parallel conductivity
has a nominal dependence on both 7" and pu.

An attempt has been made in Refs. [13, 11] to calculate the electrical conductivity of Hadron Resonance
Gas (HRG) which has been studied using the Relaxation Time Approximation (RTA) with a constant cross
section whereas in Ref. [159], electrical conductivity along with other transport coefficients of HRG have
been computed treating the relaxation time as a free parameter. However, the hadronic phase in HICs
attains sufficiently high temperature (100 MeV < T' < 155 MeV) and/or high (baryon) density (note that
the QGP-hadron phase transition occurs nearly at temperature T, ~ 155 MeV, which is the (pseudo) critical
temperature for the chiral phase transition as obtained in the Lattice QCD calculations [35]). Hence in order
to obtain a more realistic picture, one should incorporate the thermal effects in the cross-sections required
to evaluate the transport coefficients which have been ignored in Ref. [11].

The chapter is organized in the following manner. In the Sec. 5.1 we have evaluated the conductivity
tensor using the dissipative term obtained from the BTE in the presence of external magnetic field employing

RTA and in Sec. 5.2, numerical results are shown.

5.1 Electrical and Hall conductivities from kinetic theory

The BTE in presence of external electromagnetic field [90] which is satisfied by the on-shell single particle

phase space distribution function fi = fi(t,7,p) of the charged pions (%) is given by -
Ofr . Of+ = = Of+
— - —==4q|E H)| —== = 1
ot TV or T4 [ + (U )} op COlf] (5.1)

where, ¢ is the charge of a proton, ¥ = p/w, is the velocity, w, = /p? +m? is the energy, E is the
electric field, H is the magnetic field and C[fy] denotes the collision kernel. We note that, the equilibrium

Bose-Einstein distribution function fy = fo(wp) for which C[fy] = 0 is given by

1

Jolwp) =

: (5.2)

where T is temperature.
Few comments on the use of the classical dispersion relation w, = /p? + m? for the pions are in order

here. It is well known that in the presence of an external magnetic field the momentum states of the charged
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pions will be Landau quantized and their classical dispersion relation w, = +/p?+ m? with continuous

transverse momentum modifies to

wpi = /P2 + (21 + 1)gH + m? (5.3)

where [ is the Landau level. However, in this work we have ignored the Landau quantization (LQ) in the
calculation of conductivity assuming the magnetic field to be weak. For low values of the external magnetic
field, the Landau levels become closely spaced such that the continuum approximation of the transverse
momentum of pions hold good. Moreover, we have used the RTA, where the pion distribution function is
assumed to be slightly away from equilibrium which allows linearization of the BTE. The use of RTA implies
that the external magnetic field cannot be too high. Finally, the magnitude of external magnetic field in
hadronic phase of HIC is usually small which in turn justifies the use of weak field approximation in our
calculation. A more quantitative analysis on the validity of the continuum approximation will be performed

later in Sec. 5.2.

When the system is out of equilibrium, the dissipative processes within the system try to bring it back
to equilibrium. Let us consider the system to be slightly away from equilibrium which is characterized by

the non-equilibrium distribution function fy = fo + 6 f+ with § f4 = —(biﬁ < fo. As df4 is small, the

Wp
BTE can be linearized.

In order to solve Eq. (5.1) we treat the right hand side of Eq. (5.1) using the RTA and consider only the

2 — 2 scattering process k +p — k' + p’. In the RTA the collision integral in Eq. (5.1) reduces

Clfe] = 6fi _ =00 (5.4)

T Owp

where 7 is the relaxation time. Substituting Eq. (5.4) into Eq. (5.1) yields

Of+ Of+ 5 ] O 0+0f0
ST e a[Er@x )] o5 7 Ow, (5:5)

Since we are dealing with a uniform and static medium, both fi and fy are independent of time and space.

Also the electric field under consideration is very small. Thus Eq. (5.5) reduces to

qfo

8wp

+q E .
Oowy,

L o(5 x ) - ¢+ <(9f0> 9+ 0fo

e =-=-3 (5.6)

T Owp

In order to solve for the electrical and Hall conductivities, we take the following ansatz for the functional

form of ¢4 [149] as

di =P Ei(wp) (5.7)

[1]y

where the vector =1 contains information of the dissipation produced due to electric and magnetic fields
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and can be expressed most generally as
éi =a4é+ ﬁiiL + v+ (é X il) (5.8)

where, ¢ = E/|E| and h = H/|H| are the unit vectors along the directions of electric and magnetic fields

respectively. Substituting Eq. (5.7) and Eq. (5.8) into Eq. (5.6), we get after some simplification

iﬂ(e.ﬁ)iaiw(fzxh).pi%M(e.ﬁ)iviM(h.m(h.e)
Wp Wp Wp Wp
= —as(é-P)r = Be(h-P)rt —ya(éx h) - prl. (5.9)

Comparing the coefficients of é - P, é x h and h - on both sides of Eq. (5.9), we obtain

glE| T

il D 5.10
ax wp 14+ w2r?’ (5.10)
Br  _ —(wer)2(h - &), (5.11)
a4
TE o e (5.12)
ay

where w, = \qﬁ|/wp is the cyclotron frequency. Using Eqs. (5.10)-(5.12) in Eq. (5.8), we can now obtain the

vector =4 which in turn is used to get ¢4 from Eq. (5.7) as

br = azwy- |14 (wer)?(é-h)h — (wer)(é x il)] = i%vi [5” — wereFpk 4 (wcT)thh]} EY(5.13)

where the Einstein summation convention has been used.

In order to extract the electrical and Hall conductivities from ¢+, we first note that the macroscopic

electrical current density j* is given by

i =ovmi = [ 4o, -6 (52). (5.14)

By

In Eq. (5.14), 0% is the conductivity tensor. Now substitution of Eq. (5.13) into Eq. (5.14) yields

o = §9q — T hFoy + hhioy (5.15)
where
2 3 —2
gq” [d°p p T
3T o2 1 1
% = 37 Grp a1 e o) U folen)} (5.16)
2 3 —
_ 97 d’p r- 7(weT)
MYy (%)%g1+(W)2f0(wp){1+fo(wp)}, (5.17)
20 dBp P2 T(wer)?

37) 2r)3 w2 1+ (wer)
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in which ¢ = 2 is the degeneracy of charged pions in the gas since only the charged pions 7 and 7~
participate in the charge conduction. og is the electrical conductivity in presence of the magnetic field, oy
is the Hall conductivity and o + o9 is the electrical conductivity in absence of external magnetic field. In
compact notation, Egs. (5.16)-(5.18) can be written as

_ 9 [ &p PP T(wer)"
3T) (2m)3 w2 1+ (wer)

on 5 folwp) {1+ folwp)} 5 n=0,1,2. (5.19)

The steps involving the calculation of relaxation time of pions 7 appearing in Eq. (5.19) has been discussed

in detail in chapter 3.

5.2 Results and Discussions

We begin this section by showing the in-medium 7m — 77 total cross section as a function of center of mass
energy in Fig. 5.1(a) for different temperatures. At T'= 0, the cross section obtained using the vacuum self
energies of p and o mesons is seen to agree with the experimental data [3] shown with red triangles. With the
increase in temperature, the imaginary part of the self energy increases owing to the in-medium broadening
of the resonance spectral functions. Physically, it corresponds to the increase in annihilation probabilities
(due to decay and scattering) of p and o in the thermal bath. This in-medium spectral-broadening of p and
o in turn makes substantial suppression in the cross section at high temperature as can be noticed from the
figure.

Next, in Fig. 5.1(b) we have shown the variation of the average relaxation time (7) of pions with
temperature evaluated using vacuum and in-medium cross sections. Note that, the momentum averaged

relaxation time (7) is obtained from the relation

(7) = [@r)f )] [Epi(e). (5:20)

It is seen that the relaxation time obtained using the in-medium cross section is always greater than the
same calculated using the vacuum cross section which is also obvious from Eq. (6.27). Since, the in-medium

cross section is suppressed with respect to the vacuum cross section, (7) comes out to be less than

Vacuum
(T)Medium- 11 order to extract the leading behaviour of (7) as a function of temperature, we fit the in-medium

3 ,
relaxation time (7)y;oqium With a polynomial function of the form - a; (%)° % This is shown in Fig. 5.1(c)
1=

where we have plotted the fitted function along with (%) and 23: a; (%)Z % separately to understand the
leading behaviour. It is easy to check from Egs. (6.27) and (5.203:‘51hat a;’s are dimensionfull quantities and
have the dimensions of the inverse of the cross section, [c~!]. It is clearly seen that the leading behaviour is
well represented by the first term in the fitting function. This can be explained by considering (1) ~ 1/(no)
where n is the pion density which goes as n ~ T2 in the massless limit and ¢ is the (T-independent) cross

section. The observed deviation from the 1/73 behaviour of (7) at lower and higher temperatures is quite
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Figure 5.1: (a) The variation of isospin averaged total 7w — 77 cross section as a function of centre of mass
energy for different temperatures. The experimental data is taken from Ref. [3]. (b) The variation of average

relaxation time (7) of pions as a function of temperature calculated using the vacuum and in- medium Cross
sections. (c¢) The in-medium (7) as a function of T fitted with a polynomial funtion of the form Z a; (%)l 2

with ag = 0.0145 fm-GeV?3, a; = —0.0109 fm-GeV?, as = 0.0058 fm-GeV? and az = 0.0026 fm-GeV3

understandable and may be attributed to several factors. Most important among these is the contribution
coming from the phase space integrals due to the non-zero pion mass which contain higher inverse powers of
T. The T-dependence of the cross-section can also make a contribution. However, for purposes of discussion
(7) may well be taken to go as 1/T in the relevant temperature range and the deviations therefrom will
not affect the conclusions significantly.

The variation of o¢/T as a function of temperature is shown in Figs. 5.2(a) and 5.2(b) for different values
of magnetic field using both the vacuum and in-medium cross sections. To understand the behaviour of o¢ /T

with temperature, we first note, from Eq. (5.16), that the temperature dependence of (/T roughly comes

T

T At lower values of the magnetic field, w.7 < 1 so that the temperature dependence of

from og /T ~
7T would dictate the temperature dependence of 0g/T". We have discussed the T-dependence of the average
relaxation time earlier by fitting a simple function and argued that () oc 1/7% is a good approximation
in the relevant temperature range. Thus, at lower values of magnetic field, we expect oq/T ~ 1/T? which

is quite compatible with Fig. 5.2(a). The situation is reversed at higher values of the external magnetic

field for which w.7 > 1 and consequently the temperature dependence of (/T approximately comes from
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Figure 5.2: The variation of 0g/7T (a)-(b) as a function of temperature for different values of magnetic field
strength and (c) as a function of magnetic field for different values of temperature. The solid and dashed
curves correspond to the estimations of 0(/7 using vacuum and in-medium cross sections respectively.

oo/T ~ % ~ T*. We thus expect a monotonically increasing trend of oq/T with temperature at higher
values of magnetic field as can be noticed in Fig. 5.2(b). At intermediate values of the magnetic field we
observe a non-monotonic behaviour of 0g/7T with temperature. In Fig. 5.2(c), 0o/T has been plotted as a
function of external magnetic field for different temperatures. Unlike the temperature dependence, oo /T

has a trivial magnetic field dependence as oo/T ~ With the increase in magnetic field values, the

1
1+ (wer)2”
cyclotron frequency w,. increases linearly so that a monotonically decreasing trend of o(¢/T with external
magnetic field is visible in Fig. 5.2(c). The effect of in-medium cross section on oy/7T" can be understood
similarly from the 7 dependence of o¢/T. As already argued, at a given temperature, for lower values of
magnetic field, og/T ~ 7 whereas for higher values of magnetic field oo/T ~ 1/7. Since, the relaxation time
is larger for the in-medium cross section, it is obvious that the use of in-medium cross section instead of the
vacuum cross section will increase (decrease) oo/T for lower (higher) values of the external magnetic field.

This is clearly observed in Figs. 5.2(a) and 5.2(b). This argument also explains the crossing of the dashed

curves with the respective solid curves in Fig. 5.2(c).

Next in Figs. 5.3(a) and 5.3(b), the Hall conductivity scaled with inverse temperature (c1/7") has been
depicted as a function of temperature for different values of the external magnetic field using both the
vacuum and in-medium cross sections. The behaviour of o1/7T with temperature can be understood by a

similar analysis as done in the last paragraph. We notice from Eq. (5.17), the temperature dependence of
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Figure 5.3: The variation of o1/7T (a)-(b) as a function of temperature for different values of magnetic field
strength and (c) as a function of magnetic field for different values of temperature. The solid and dashed
curves correspond to the estimations of o1 /7 using vacuum and in-medium cross sections respectively.

Hiiz;)z. Therefore, at lower values of the magnetic field, w.7 < 1

so that o1 /T ~ 72T ~ 1/T®. On the other hand, at higher values of the external magnetic field (w. > 1),

o1/T approximately comes from oy /T ~

the leading temperature dependence of o1/T" goes as 01/T ~ T. Thus, at lower values of magnetic field,
01/T decreases with temperature more rapidly than oy/7T whereas at higher values of magnetic field, we
notice a linear increase of o1/T with temperature. This also makes o1/T to vary non-monotonically at
intermediate values of the external magnetic field as can be noticed in Figs. 5.3(a) and 5.3(b). In Fig. 5.3(c),
we have shown o1 /T as a function of external magnetic field for different temperatures. The dependence
of 01/T on the magnetic field goes as o1/T ~ H&ﬁ which is basically a Breit-Wigner function of the
magnetic field with peak position ~ 1/7 ~ T% and width ~ 7 ~ 1/T3. The Breit-Wigner like behaviour of
01/T can be observed in Figs. 5.3(c) in which the peak position of ¢1/T moves towards higher magnetic
field values and the width increases with temperature. As before, the effect of in-medium cross section on
-2

——“2— which is a monotonically
wWeT)

01/T can be understood from the 7 dependence of o1 /T, i.e. from o1/T ~ iy

increasing and saturating function of 7. The saturation occurs in the low temperature (where 7 is large) and
low magnetic field region in which the overall 7 dependence of o1 /7" becomes weaker. Since the in-medium
cross section yields a larger relaxation time, the use of in-medium cross section over the vacuum cross section
always increases o1 /T for any value of the external magnetic field as can be noticed in Figs. 5.3(a)-5.3(c).

However, in the high magnetic field and low temperature region, due to the weakening of the 7 dependence in
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01/T, the medium effect in cross section becomes negligible as one can notice by comparing the separations
between the dashed and solid curves of Fig. 5.3(b) (low temperature region) and Fig. 5.3(c) (high magnetic

field region).
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Figure 5.4: The variation of 09/T (a)-(b) as a function of temperature for different values of magnetic field
strength and (c) as a function of magnetic field for different values of temperature. The solid and dashed
curves correspond to the estimations of o5/7 using vacuum and in-medium cross sections respectively.

We now proceed to show the behaviour of the quantity o9/T as a function of temperature for different
values of external magnetic field with both the vacuum and in-medium cross sections in Figs. 5.4(a) and
5.4(b). The behaviour of o2/T with temperature can be analogously understood from Eq. (5.18) in which the

temperature dependence of o9 /T approximately goes as oo /T ~ T LR Therefore, at lower values of the

T+ (wer)?
magnetic field (w.r < 1), 02/T ~ 73T ~ 1/T8. On the other hand, at higher values of the external magnetic
field (w.T > 1), the leading temperature dependence of o9 /T is approximately given by ao/T ~ 7 ~ 1/T3.
Thus, o9/T always decreases monotonically with the increase in temperature even more rapidly than oy /T
in all the values of the magnetic field considered here (see Figs. 5.4(a) and 5.4(b)). Next, in Fig. 5.4(c),

the magnetic field dependence of o9/T has been depicted for different temperatures. o2/T depends on the

2
(wer) > which is a monotonically increasing and saturating function of magnetic

magnetic field as o9 /T ~ TH(oer)?

field thus explaining the analogous behaviour of the curves in the figure. To understand the effect of in-

3,2
T We

medium cross section on o9/T, we first note that the 7 dependence of o9/T is given by o9/T ~ T2

which is a monotonically increasing function of 7 for a particular value of magnetic field. The rate of

increase is more for higher magnetic field values. Thus, we notice, from Figs. 5.4(a)-5.4(c), that the use of
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in-medium cross section over the vacuum cross section always increases o9 /T for the values of the magnetic
field considered here. Moreover, at higher values of the external magnetic field, due to the increase of 7
dependence in o9/T, the medium effects become more significant as can be observed by comparing the

separations between the dashed and solid curves of Fig. 5.4(a)-5.4(c).
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Figure 5.5:  The variation of the anisotropy measure 22— (a)-(b) as a function of temperature for different
values of magnetic field strength and (c) as a function of magnetic field for different values of temperature.
The solid and dashed curves correspond to the estimations of — "0 ~ using vacuum and in-medium cross
sections respectively.

o0
o0+02

Finally, we note that, the normalized ratio could be a measure of anisotropy brought in by the

external magnetic field since the quantity og + o9 is the electrical conductivity in absence of magnetic field.

We therefore plot 22— as a function of temperature and magnetic field in Figs. 5.5(a)-5.5(c). With the
increase in temperature, the ratio increases towards its asymptotic value 1 whereas with the increase in
magnetic field, the ratio rapidly decreases from 1. Physically it corresponds to the fact that, the magnetic
field tries to bring anisotropy in the medium whereas the thermal fluctuation tries to diminish it. Moreover,
comparing the solid and dashed curves in Figs. 5.5(a)-5.5(c), we find that the use of medium effects in the

cross section makes the system more anisotropic in presence of external magnetic field.

We have already mentioned in Sec. 5.1 that we are neglecting the L(Q of the charged pion dispersion
relation (see Eq. (5.3)) while calculating the conductivities. However, to check the validity of this continuum
approximation, let us now calculate the conductivities incorporating the L(Q of pion transverse momentum.

To a first approximation, the LQ can be incorporated in the final expression of the conductivities in Eq. (5.19)
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Figure 5.6: The ratio oQ /oy as a function of external magnetic field at 7 = 130 MeV. The solid-black
vertical line corresponds to ¢H = m?. Upto 300 Landau levels are taken into consideration.

by the following replacements:

wy — wy = /P24 (2l +1)gH +m2, (5.21)

Il — P2+ 21+ 1)qH, (5.22)

d3p qH dp.
— .2
/(27r)3 ~ o ;/_m 27’ (5.23)

so that the conductivities with LQ becomes

H dp, p; 2l+1 H 1(wegt
o _ 92 aH Z/ dp- 12 Ja 1( ’)Qfo(wpl){urfo(wpl)} L on=0,1,2, (5.24)

" 3T 2w pl + (we )

where w.; = ¢H /wy. In Fig. 5.6, we have shown the ratio U%Q /oy as a function of external magnetic field
at T = 130 MeV. From the figure, we can see that in the low magnetic field region (¢H = m?), the ratios
are almost unity which imply that the use of continuum approximation is well justified in the weak field
region. However, for higher magnetic field values, the continuum approximation breaks down and the LQ
becomes important. For example, at ¢H = 0.10 GeV?, LQ modifies the values of oy and ¢ by less than
5% whereas the change in oy is about 30%. Therefore, even if we have shown numerical results for a wider
range of magnetic field values (0 < ¢H < 0.1 GeV?) neglecting the LQ, our results are strictly valid for the
weak magnetic field (0 < ¢H < m?) likely to be realised in the hadronic phase of HIC.

In Fig. 5.7(a), we have made a comparison of the electrical conductivity obtained in this work with
the other available estimations in the literature. We see that, our estimation of electrical conductivity at
zero-magnetic field agrees well with the earlier estimations by Grief et al [7] and Fraile et al [8] whereas
it does not agree well with the Lattice QCD estimation [9]. Also, our result at ¢H = 0.02 GeV? is lower

than the values obtained by Feng. [10] for a system of relativistic quark-gluon gas. This is expected as the
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conductivity of QGP is much larger than of hadron gas. Finally, our result at ¢ = 0.05 GeV? is in good

qualitative and quantitative agreement with the result of Das et al [11] calculated for hadron resonance gas.
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Figure 5.7: (a) The comparison of o¢/T at zero magnetic field with Grief et al [7], Fraile et al [8] and
Lattice QCD calculation [9] and at non-zero magnetic field with Feng [10] and Das et al [11]. (b) The decay
of maximum magnetic field value in peripheral Au+Au collision at RHIC for different values of electrical
conductivities.

As mentioned earlier, a sufficiently high value of electrical conductivity of the medium can sustain the
rapidly decaying magnetic field in a HIC [83, 60, 160, 61]. To see how our estimated electrical conductivity
(for a system of pion gas) modifies the decay of the magnetic field in HIC, we have calculated the time
(t) dependence of the maximum value of magnetic field for peripheral Au+Au collision at RHIC energy
(v/s=200 GeV) using the simplified expression used by Tuchin [61] for a static medium. In Fig. 5.7(b), we
have plotted the decay of the maximum magnetic field value in peripheral Au+Au collision at RHIC for
different values of electrical conductivities. In our calculation, we have obtained maximum value of oy as
3 MeV whereas in a QGP medium it has typical value of ~ 15 MeV [161, 162, 83, 160]. From the figure,
it can be noticed that, for a constant oy = 15 MeV throughout the evolution, a magnetic field value of
the order of 107* GeV? is sustained even at t = 10 fm. But if we consider constant og = 1 — 3 MeV (as
obtained in the current work for a pion gas) throughout the evolution, the sustained value of magnetic field
at t = 10 fm is of the order of 107° GeV?. In reality, electrical conductivity is not expected to be constant
throughout the evolution. In the early stage (QGP phase), o9 will be large (~ 15 MeV) and in the later
stages (hadronic phase) oy will be small (~ 5 MeV). Therefore the time evolution of the actual magnetic
field value is expected to lie in between the violet and green curves in the figure. Moreover, in Fig. 5.7(b),
we have considered a medium with no hydrodynamic expansion for the estimation of the decay of magnetic
field. For an expanding medium (which is the more realistic scenario for HIC), the magnetic field will sustain
for a longer period as shown in Ref. [61]. Thus, we can conclude that a weak magnetic field can be present

in the later stages of HIC and could be phenomenologically relevant.



Chapter 6

Electrical conductivity and shear
viscosity of a pion gas in a

thermo-magnetic medium

In this chapter, we have evaluated the electrical conductivity and shear viscosity of a hot and magnetized
pion gas. In the previous chapter we have studied the magnetic field influence on the transport coefficient
using only cyclotron frequency. However, it must be noted that the magnetic field also influences the
collisions occuring in the system. This has motivated us to calculate the magnetic field dependent cross-
section and relaxation time. Incorporation of the effect of magnetic field along with thermal effects on the
relaxation time is the novelty of this chapter.

This chapter is organized as follows. Sec. 6.1 deals with the evaluation of shear viscosity using the BTE
in the presence of background magnetic field RTA framework. In Sec. 6.2, we discuss the evaluation of the
relaxation time of pions in a thermo-magnetic medium which is followed with a discussion on numerical

results in Sec. 6.3.

6.1 Shear Viscosity in magnetic field

In order to derive the expression for shear viscosity in a magnetized medium, we start with the standard
expression of relativistic BTE in background electromagnetic field (characterized by the field strength tensor

FH) ) which is given by

0
PO, f + qFWpyapJ; e (6.1)

where, f is the single particle phase space distribution function, ¢ is the electric charge of the particle and
the metric tensor with signature g"” = diag(1, —1, —1, —1) has been used throughout the work. The collision

term on the right hand side of Eq. (6.1) will be solved using the relaxation time approximation whereby

89
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_of

=, in which 4 f is the deviation function and 7 is the relaxation time. The deviation

we consider C[f] =
function 0 f encapsulates the dissipative processes occurring in the system brought in by the collisions among

the constituents.

The velocity gradients in the strongly interacting matter give rise to the shear viscosity in the medium.
In order to extract the shear viscosity coefficients in presence of external magnetic field, Eq. (6.1) can be
reduced to (taking E = 0)
o6f)  of

_%pipjvz’ijO + fo) +q(v x B) - o 7 (6.2)

where v = p/wp, and the tensor Vi; = 1 (d;v; + 0;v;) contains the velocity gradients. Eq. (6.2) can be

further reduced to

1 B a(o 0
—=pipjVij fo(1 + fo) + Mfijkvjbk Of) _ o

T wp Ov; T (6.3)

In order to solve Eq. (6.3) for shear viscosities, the deviation function §f containing the velocity gradients

is taken to be of the form
n=4
5f = gaVijviv, (6.4)
n=0

where g,’s are the coefficients to be determined, and the velocity gradients Vij’s in presence of magnetic
field are constructed using the available vector b;, the unit tensor §;; and the Levi-Civita symbol €;;;, as

follows [129]

VZ-(J]- = (3bibj — &i;) (bkblel — %V : V) , (6.5)
Vii = 2Vij+ 0iViabrbi — 2Vigbrbj — 2Virbibi + (bij — 6i5)V - V 4 bib; Viabibi, (6.6)
Vi = 2(Virbjby + Vjbiby, — 2bib;Viubybr) (6.7)
V;? = Vikbjk + Vikbik — Viabirbjby — Vigbjxbiby, (6:8)
Vi = 2(Viubirbibi + Viabjrbibi) , (69)

in which b;; = €;;xbg. In order to calculate the transverse shear viscosity, we use V-V = 0 and Vjbxb; = 0,
as a result of which V;? = 0. We now proceed to solve Eq. (6.3) for the deviation function ¢ f for which we
substitute Eq. (6.4) into Eq. (6.3) and make use of Egs. (6.5)-(6.9), to obtain (after some algebra):

“p

T viv;Vijfo(lL+ fo) = 2wegr [2Vigbijvjvg — 2Vigbijbrv;(b - v)] + 2wega [2Vikbijbrvj(b - v)]

=+ 2wcgg [2Vijvivj — 41/}jijl-(b . ’U)] + 2wcg4 [21/;jij,-(b . ’U)]
+ 2 2Vijuiv; — 4Vighsui(b - v)] + 2 [4Vijbjvi(b - v)]
T T

+ 973 [QVikbijivj — 2ijbikiji(b . v)} + % [4ijbikiji(b . 'U)] . (6.10)
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Comparing the coefficients of tensor structures in Eq. (6.10) on both sides, we arrive at the following set of

linear equations in ¢’s

g1 Wp
2 — = —=fo(1 11
wegs + o1+ fo), (6.11)
93— 2weTtgr = 0, (6.12)
2
2eg1 — 2ego — 973 + % = 0, (6.13)
Suregs —wegn+ L= g, (6.14)
T T
By solving Egs. (6.11)-(6.14), the unknown quantities g, with n = 1,2, 3,4 is obtained as
wp T
- *p 1 6.15
9N = 57 Aot o) (6.15)
wp T
_ *p 1 6.16
Wp Qw72
_ *p 1 6.17
2
w WeT
g = 2 ————f(1+ fo). (6.18)

2T [1 + (wer)?]

Viscosity is characterized by the non-uniformity in the fluid flow and this information is carried by the
deviation function. Therefore, having calculated the deviation function f (or equivalently the ¢’s), the
transverse shear viscous coefficients can be extracted from the definition of the macroscopic momentum flux

density tensor or the momentum flow tensor 7%, which reads

d*p = [ dip n
Tij = /invjwpéf = %/Wwpgnijvkvlvkl (6.19)

where in the last step, d f has been substituted from Eq. (6.4). Alternatively, the general tensorial decom-

position of 7 in terms of the velocity gradients can be written as
n=4
Tii =Y Vi) (6.20)
n=0
where 7,,’s are the shear viscosity coefficients in presence of external magnetic field. Making use of VZ(J) =0

for transverse shear viscous coefficients and comparing Eq. (6.19) and Eq. (6.20), we get after some algebra

2 [d3
—’;z,)wpgnv‘* . n=1,234 (6.21)

T (2w

Finally, substituting Eqgs. (6.15)-(6.18) into Eq. (6.21), we obtain the following final expressions for the shear
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viscosity coefficients

= [ e e L+ o) (6.22)
n = 5 [ e L ) (6.23
w = 5 [ e e {1+ ) (6:21
= [ T e e (1 o)) (6.25)

where, 11 and 7y are the shear viscosity coefficients in presence of magnetic field and n3 and 74 are Hall type
shear viscosities as they vanish for vanishing magnetic field whereas 1, = 1o = n for vanishing magnetic

field.

6.2 Relaxation time in thermo-magnetic medium

Let us now calculate the relaxation time 7 appearing in the electrical conductivity and shear viscosity
expression. For the 2 — 2 scattering process 7(p) + w(k) — 7(p’) + 7(k’), the inverse of the relaxation time

T is given by

3pl d3K' p s , / ) fé)(l—l—fol)(l—i—fé)/)
 dw, /// 2m)3E, (2r2E, (myiaEy 2T O Pk —p = K) 4| G (6.26)

where, ./ is the scattering amplitude, f& = fo(wp), fE = fo(wwr) ete., and g = 3 is the degeneracy of the

pions (7%, 7%). Integrating over the momenta d>k’ and dp’, we get

3
o= 8 [ (0 ) o) {1+ o)} (6.27)

where, o is the total 7w — 77 scattering cross section, and v, is the relative velocity between the initial
state particles. We will now calculate the mm — 77 cross section in a thermo-magnetic medium mediated

by the vector meson p. The interaction Lagrangian (density) used is [141]
Lt = _gpﬂﬂaypu : (6M7r X ayﬂ') (628)

where, p, and 7 are the iso-vector fields corresponding to p and 7 mesons respectively, and the coupling
constant gy . = 20.72 GeV~2 is estimated from the experimental vacuum decay width of p — w7 which is
about I'y)_rr ~ 150 MeV. It is useful to consider the isospin basis, so that the isospin averaged total cross
section can be written as

1 5 5 1 5 1 9
- (O - = 2
s /d (91//12\ +3y///1\ +9\.//101> (6.29)



6.2. Relaxation time in thermo-magnetic medium 93

where, .47 is the invariant amplitude in isospin channel(s) corresponding to the composite pionic isospin
state(s) |1, I,) having total isospin I (we note that, amplitudes are independent of the third component I,

of the isospin vector I). Using Eq. (6.28), the explicit expressions of .#;’s come out to be [163]

o [ s—u s—1
My = G _Q(t_m2>+2(u_m2)}, (6.30)
[ t—u s—u s—1
o N _ , 6.31
1 prn _ <s—m%— §guyﬂuu(¢g,0;T,B)> (t—m%) <U—m%>] ( )

My = G :— ( :__n% ) —~ <u5__rz% )] : §6.32§
6.33

where, s,t,u are the Mandelstam variables, m, is the mass of the p meson, and *(¢", q; T, B) is the

thermo-magnetic self energy function of p-meson with momentum gq.

Figure 6.1: Feynman diagrams for the one-loop self energy of neutral and charged p meson.

We will now evaluate the one-loop self-energies of the p meson in a thermo-magnetic medium. Fig. 6.1
shows the Feynman diagrams for the one-loop self-energies of neutral and charged rho-mesons originating
from the Lagrangian in Eq. (6.28). Unlike the zero magnetic field case, the self-energies of p° and p* become
unequal in the presence of an external magnetic field. For calculating the thermo-magnetic self-energy of
p-meson, we will use the real time formulation of thermal field theory in a magnetic background, in which
the self-energy becomes 2 x 2 matrix [164, 165]. Applying the finite temperature Feynman rules to Fig. 6.1,

the 11-components of the one-loop real time p° and p* meson self-energy matrices come out to be [166]

v . d'k v m m
Hﬁo(q; T.eB) = i / (27r)4NH (q, k)Dllag<k)D11ag<P =q+k), (6.34)

v [ dE mag
Hll,:ﬁ:(q; T, eB) = 1 (271_)4N (q’ k)Dll(k)Dll (p =q+ k) (635)

where N*(q,k) = g2 [¢*F*K” + (q- k)*q"q¢” — ¢*(q - k)(¢"k” + k#q")], D11(k) and D}}*®(k) are the 11-
component of the real time neutral and charged pion propagators respectively in a magnetic background

(the ¥ propagator is not affected by the magnetic field). The explicit expressions of the 7% and 7+
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propagators read [166, 167]

1 .
Dlﬂag(k) = Z 2(—=1)"e" % Ly (20) m + 27Ti77(k0)(5(/€” ) (6.37)
n=0 n

where, we have considered external magnetic field B = Bz along the positive-2 direction, n(x) = O(z) fo(z)+

O(—x) fo(—x), n is the Landau level index, a, = —k? /eB > 0, e is the electric charge of a proton, L;(z) is

Laguerre polynomial of order I, m, = /m2 + (2n + 1)eB, P, = gﬁ‘ipg with gﬂ“’ = diag(1,0,0,—1) and
g'" = diag(0,—1,-1,0).

Having obtained the 11-components of the self-energies, the analytic thermo-magnetic self-energy func-
tion I1"”(q; T, B) appearing in the expression of scattering amplitude in Eq. (6.31) can be obtained via
relations [165, 164] ImIT*(q) = tanh ('q |) ImIT}] (q) and Rell*”(q) = Rell{] (q). The imaginary parts of

the self-energies can be simplified to obtain

ImHSW(qO, q=0) = 4_(]0 Z Z {U{%l q klz)@(qo —mp —my) + U;Zl(qoa klz)@(_qo — My, —my)
=0 n= 0

+ LY nl(q k)0 {—¢° — min(my, —my,0)} © {max(m, —my,0) +¢"}

b L% (0" KO (g — min(m, — 00} © {max(m, — mi.0) — )] . 6.39)
il (¢ g =0) = L) / U (¢, K. s cos 6 )O(a” — s — )
167 l 3oy L) Ikl cos 9
s
/ !k\co 0y U3 (¢, 1kl s cos 65 ) O(—q° — mx — my)
o
T ¥(¢0, k], 5 cos 83 )O(—q° — my +m))O(¢°)
|k|cosﬂa 1, a7 ], s COS Uy 4 = Mx T 1)
/|k| 0+ 21( 0 .| k|, SCOSQ+)@(q0—mﬂ+ml)®(_qO) (6.39)

where k, = ﬁ)\l/Q(q(Q),mZQ,m%), Nz, y, 2) = 22 + 3% + 22 — 22y — 2yz — 222 is the Kéllén function, wy =

%(qg +m2 —ml2), wt+ = ¢"+my, and cos 03: = ﬁ\/(qo Fwg)? — ml2 The explicit expressions of the tensors

U.lW UW’ L.UV

tnts Usps LYy and LYY appearing in Eq. (6.38) for the neutral rho-meson and U}/, U7, L}"/, and LY

appearing in Eq. (6.39) for the charged rho-meson are provided in Appendix C. The imaginary parts of
the p¥ as well as pT self energies have contributions from four terms (symbolically the Uy, Us, L1 and L)
containing a number of step functions. These step functions represent the branch cuts of the self-energy
function in the complex ¢° plane. They are termed as Unitary-I, Unitary-1I, Landau-I and Landau-II cuts

respectively as they appear in Eqgs. (6.38) and (6.39). These cuts physically correspond to the kinematically
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allowed scattering and decay processes in the thermomagnetic medium. The details of the calculation and
an analysis of the analytic structure of the self-energy function can be found in Ref. [166]. Having obtained
the thermo-magnetic self-energy functions H&i of p° and p*, we substitute them into the expression of
scattering amplitude in Eq. (6.31) to obtain the isospin averaged mm — 77 cross-section from Eq. (6.29) for

a p? or p* exchange.

6.3 Numerical Results & Discussions

We begin this section by evaluating the numerical results for a generic isospin averaged mm cross-section
mediated by neutral and charged p mesons. The neutral and charged p mesons are affected differently in

the presence of magnetic field as evident from the analytical calculation in the previous section.
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Figure 6.2: The effective masses of (a) p° and (b) p* vs T for eB = 0.05 GeV2.

In Figs. 6.2 (a) and (b) we have shown the variation of effective masses of neutral and charged p meson as
a function of temperature for eB = 0.05 GeVZ2. The masses have been calculated from the poles of the exact
p-meson propagator in a thermo-magnetic medium [166]. It is well known that in thermo-magnetic medium
there are three distinct propagating modes of vector meson. However at vanishing transverse momentum
of the vector meson, two modes are identical and hence we are left with two distinct modes denoted by
Mode-I and Mode-II respectively [166]. From both the figures it is clear that the change in effective masses
of both neutral and charged meson with temperature is marginal. It should be noted that, the variation
of mass with temperature/magnetic field calculated using the Lagrangian (Eq. (6.28)) in which p and =
mesons are basic degrees of freedom is expected to differ from that of other models such as Nambu—Jona-
Lasinio (NJL) like models which are based on quark degrees of freedom and the mesons are generated by
bosonization [168, 169, 170, 171].

We have plotted the mm — 7w cross-section as a function of centre of mass energy for three different
values of magnetic field- 0.005 GeV2, 0.01 GeV? and 0.05 GeV? shown respectively in Fig.6.3(a), Fig.6.3(b)
and Fig.6.3(c). In each of these plots temperature is taken to be 130 MeV. The numerical results of the

cross-section has been computed in various media such as vacuum (V), thermal medium (T), magnetic
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medium (M), and thermo-magnetic medium (TM).

Oy

100 3
eB =0.05 GeV

| T=130MeV

6B =0.01GeV? /'
| T=130MeV  J/i\

]
(e}

Cross Section (milibarn)
A o
S S

[\
(e}

05 06 07 08 09 105 06 07 08 09 105 06 07 08 09 1
Centre of mass energy (GeV) Centre of mass energy (GeV) Centre of mass energy (GeV)

Figure 6.3: The variation of the isospin-averaged total mm — 7m cross section at 7' = 130 MeV as a function
of the center-of-mass energy for different media at (a) eB = 0.005 GeV?, (b) eB = 0.01 GeV? and (c)
eB = 0.05 GeV2. The symbols oy, om, ot and oy denotes the 7 cross-section in vacuum, magnetic
medium, thermal medium and thermo-magnetic medium respectively.

In Figs. 6.3(a) and (b) we observe the following trend for 77 cross-section: oy > oy > opm > op. We
now attempt to explain this trend in the cross-section variation over different media. As the temperature
is increased, the resonance spectral function experience in-medium broadening, owing to an increase in the
imaginary part of the self-energy. This increase in the imaginary part of the self-energy in the thermal
medium causes a decrease in the magnitude of thermal cross-section op compared to the vacuum cross-
section oy. Physically, oy > o1 can be explained using the fact that in a thermal medium, p meson suffer
additional decay and scattering thus lowering the 7w cross-section in thermal medium. In all the figures
we observe the presence of spikes for finite values of the background magnetic field. The spikes are purely
due to the presence of magnetic field. Particularly, it is due to the combined effects of threshold singularity
appearing in the imaginary part of p° self energy for each Landau level and the Laguerre polynomials
(which produces oscillations) appearing in the imaginary part of p* self energy. Physically, it corresponds
to highly unstable p" meson at threshold values of gy decaying to 77 and 7~ in a purely magnetic medium.
This explains the cross-section in magnetic medium being higher in magnitude compared to its vacuum
counterpart (oy > oy). It is observed from the figure that the magnetic field causes nearly 10% increase in
magnitude of cross-section compared to the vacuum cross-section and the thermal bath causes approximately
25-30% decrease in thermal medium dependent cross-section compared to the vacuum cross-section. This
combined effect of temperature and magnetic-field causes the thermo-magnetic cross-section to be lower in
magnitude than its vacuum counterpart as shown in Figs. 6.3(a) and (b). However, in Fig. 6.3(c) we observe
the following trend - oy > oy > opv > o7 for almost all values of centre of mass energy except for the
region 0.75 < /s < 0.82 GeV where o1y > oy. This suggests that the effect of magnetic field dominates

over thermal contribution near resonance energies at higher eB values.

Next, we have studied the variation of average relaxation time (7) of pions as a function of temperature
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Figure 6.4: Variation of average relaxation time of pions as a function of (a) temperature at eB = 0.01
GeV?, and (b) magnetic field at different temperatures.

at a magnetic field value of eB = 0.01 GeV? in Fig. 6.4 (a) and as a function of magnetic field at two
different temperatures (7" = 130 MeV and T = 160 MeV) in Fig. 6.4(b) respectively. In Fig. 6.3, it is
seen that both the thermal and thermo-magnetic cross-section is suppressed with respect to the vacuum
cross-section hence, the average relaxation time which is inversely related to the cross-section is enhanced
in magnitude compared to its vacuum counterpart. As the relaxation time is a key dynamical input to the
transport coefficients we will try to extract the leading behaviour of (7) as a function of temperature. For
this we have fitted the variation of average relaxation time with 2% (here ag is a constant) for qualitative
understanding of the results of electrical conductivity and shear viscosity. Thus the leading order behaviour

of the average relaxation will be approximated to (r) ~ ;. In Fig. 6.4(b), we observe a mild oscillatory

T4
variation of average relaxation time with respect to the magnetic field. As discussed earlier, this mild
oscillatory behaviour is due to the combined effects of the threshold singularity appearing in the imaginary

part of p° self-energy and Laguerre polynomial appearing in the p* self-energy.
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Figure 6.5: Variation of 0(/T as a function of (a) temperature for different values of the magnetic field
strength, and (b) magnetic field for different values of the temperature. Solid, dashed and dash-dotted
lines of different colours respectively represent the consideration of vacuum, thermal and thermo-magnetic
cross-sections while calculating the transport coefficients.
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The numerical evaluation of electrical conductivity has been done using the electrical and hall conduc-

tivity expressions derived in Sec. 5.1. In Fig. 6.5(a) we have shown the variation of 7% with temperature

for different values of magnetic field strength, and in Fig. 6.5(b) we have shown the variation of %% as a
function of magnetic field for different values of temperature. It must be noted that the transport coefficients
calculated using thermal medium dependent cross-section experiences magnetic field influence only through
cyclotron frequency w., whereas in a thermo-magnetic medium magnetic field influence comes from w. and
eB dependent () calculated using medium dependent cross-section. The variation of 7% with temperature
can be explained with 78 ~ % We will make use of (1) ~ % to explain the temperature variation of
electrical conductivity. We now explain the variation of electrical and Hall conductivities with temperature
and magnetic field. For lower eB values w.r < 1, thus % ~ 77T ~ % whereas for higher eB values w.7 > 1,
hence %% ~ % ~ T®. This % and T° variation respectively at lower and higher eB values can be seen

in Fig. 6.5(a). The magnetic field dependence of % can be explained with % ~ The two mag-

T
1+ (wer)2”
netic field dependent terms are w. and 7. As eB value increases, w. increases which results in the decrease
of % for higher eB values as seen in Fig. 6.5(b). For lower eB values 7% ~ 7, thus we observe the trend
()1 > (%)1™m > (%2)v which is in agreement to the trend in average relaxation time (7)1 > (7)Tm > (7)v.
a0 go

However, this trend in 7% variation with magnetic field is not respected for higher eB values as 7% ~ % for

higher eB values.
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Figure 6.6: Variation of 01/7 as a function of (a) temperature for different values of the magnetic field
strength, and (b) magnetic field for different values of the temperature. Solid, dashed and dash-dotted
lines of different colours respectively represent the consideration of vacuum, thermal and thermo-magnetic
cross-sections while calculating the transport coefficients.

In Fig. 6.6(a) we have shown the plot for the variation of temperature scaled Hall conductivity % as

a function of temperature for different values of magnetic field strength and in Fig. 6.6(b), we have shown

the variation of 7+ as a function of magnetic field for different values of temperature. The temperature

. . 2 . .
variation of % can be understood with 7 ~ % For lower eB values w.7 < 1, which results in
(&

T~ 2w T ~ 7% whereas for higher eB values w.r > 1, resulting in 7 ~ wl This variation can be

c

observed in Fig. 6.6(a). The variation of 7+ with magnetic field as seen in Fig. 6.6(b) can be understood

72 . The cyclotron frequency, w,. renders a Breit-Wigner like function and 72 causes mild

i 91 , _T"We _
usmeg 14+ (weT)
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oscillations in Z+ for a thermo-magnetic medium due to the eB dependent 77 scattering cross-section. As

the medium effect information is contained in the relaxation time 7 and as % ~ 72, we observe in Figs. 6.6(a)

and (b) that for any value of temperature and magnetic field, % evaluated for the medium (thermal and

thermo-magnetic both) is higher than its vacuum counterpart.
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Figure 6.7: Variation of 71 /T as a function of (a) temperature for different values of the magnetic field
strength, and (b) magnetic field for different values of the temperature. Solid, dashed and dash-dotted
lines of different colours respectively represent the consideration of vacuum, thermal and thermo-magnetic
cross-sections while calculating the transport coefficients.

03 — | ‘ 0.18
o Y T eB=0002Gev) —— ST
AN T - eB =0.005 GeV> —— 015 | /==
Sy ™ == eB=001Gev; —— '
N eB =005 GeV> ——

T=130MeV —
T=160 MeV ——

(@)

0.1 0.11 0.12 0.13 0.14 0.15 0.16 0 0.02 0.04 0.06 0.08 0.1
Temperature (GeV) eB (GeV2)

Figure 6.8: Variation of n3/T as a function of (a) temperature for different values of the magnetic field
strength, and (b) magnetic field for different values of the temperature. Solid, dashed and dash-dotted
lines of different colours respectively represent the consideration of vacuum, thermal and thermo-magnetic
cross-sections while calculating the transport coefficients.

The variation of temperature scaled normal shear viscosity % with temperature for different values of

magnetic field is shown in Fig. 6.7(a) and the variation of % with magnetic field for different values of
T

temperature is shown in Fig. 6.7(b). Using % ~ we can explain the temperature dependence of

1+(2weT)2?
%. For w.t <« 1 corresponding to lower eB values, % ~ Tl ~ % whereas for w.7 > 1 corresponding to

higher eB values, % ~ % ~ T5. At intermediate magnetic field values the variation of % is non-monotonic

which is due to the interplay of both temperature and eB. The variation of 2 with magnetic field can be

understood using % ~ As (7) is approximately constant (mild oscillations) with changing eB
g7 y

T
1+(2weT)2 "
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as seen in Fig. 6.4(b), the ”—3 variation with magnetic field can be explained using the values of w.. Thus,

with the increase in w. corresponding to higher eB values, 2 75 decreases monotonically. As observed earlier

()t > (T)t™m > (7)v and for lower eB values 7 ~ 7, we observe the trend (%)t > (F5)rm > (F5)v

for lower eB values in Fig. 6.7(a) and (b). The variation of 7% with eB and temperature can be explained

similar to that of 773 as they differ only by a factor in the denominator.
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Figure 6.9: Variation of (a) entropy density (s), and (b) Specific shear viscosity (n/s) as a function of
temperature for different values of the magnetic field strength.

In Fig. 6.8(a) we have shown the plot for the variation of temperature scaled Hall type shear viscosity
n3/T? as a function of temperature for different values of magnetic field whereas in Fig. 6.8(b) we have shown
the variation of 13/T? as a function of magnetic field for different values of temperature. 73 is a purely Hall
type quantity. It vanishes at zero magnetic field as can be seen from Fig. 6.8(b). The variation of 72 75 with

temperature can be understood with % ~ Tl At low eB values weT K 1, thus % ~ 72w, T ~ i

1+(2weT)?
. § 2 . .
whereas for higher eB values w.7 > 1, thus % ~ T;F; 7~ wl This causes % to monotonically decrease
c (&

with increasing temperature at lower eB values and to monotonically increase with increasing temperature

at higher eB values. The variation of & 7% With eB can be explained using % ~ . The quantity 72

72w,
1+(2weT)?
appearing in the numerator has an effect of causing mild oscillations in 74 75 calculated for the thermomagnetic
n3

2 occurring in .

medium. A Breit-Wigner like structure seen in Fig. 6.8(b) is due to the term Hé"iﬁﬂ 15

Both Breit-Wigner form and mild oscillations in thermo-magnetic medium can be observed in Fig. 6.8(b).
It can been observed from Figs. 6.8(a) and (b) that 7% calculated in thermal and thermo-magnetic medium

I3 evaluated in the vacuum with finite B.

has higher magnitude for all values of eB compared to that of 7%

This is in agreement with the fact that n3 is a Hall type quantity and increasing magnetic field necessarily
increases its value. The variation of 7% as a function of temperature and magnetic field can be explained
similar to that of 773 since their expressions differ only by a factor in the denominator as can be noticed by
comparing Eqs. (6.24) and (6.25).

In Fig. 6.9(a), we have shown the variation of scaled entropy density with temperature. The entropy
density s has been calculated using the thermodynamic potential as shown in Appendix D. It is seen from

the figure that for lower values of magnetic field s/T increases with increasing temperature whereas for
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Figure 6.10: Comparison of (a) oo/T obtained in this work at zero magnetic field with Refs. [9] and [7] and
at non-zero magnetic field with Refs. [10] and [12], and (b) 71 /T obtained in this work with at zero and
non-zero magnetic field with Ref. [13]

higher values of magnetic field strength s/73 decreases with increasing temperature. This shows that the
increasing magnetic field reduces the randomness in pionic system under consideration. In Fig. 6.9(b), we
have shown the variation of the specific shear viscosity (1/s) as a function of temperature for different values
of magnetic field in a thermo-magnetic medium. As the magnitude of entropy density increases with the
increase in magnetic field for a given temperature, it causes an increase in the magnitude of /s compared
to the magnitude of 771 /T3. The obtained values of 1/s are well within the KSS bound.

In Fig. 6.10(a), we have made a comparison of electrical conductivity obtained in our work with the
other available results in literature. For zero magnetic field our results show a good match with the works
of Greif et al. in Ref. [7]. Electrical conductivity results for eB = 0.05GeV? agrees well with the electrical
conductivity calculated by Das et al. at the same eB value for a hadron resonance gas in Ref. [12]. Similarly
in Fig. 6.10(b), we have shown a comparison of shear viscosity for both zero and non-zero magnetic field with
that obtained by Das et al. in Ref. [13]. The difference in magnitude of shear viscosity can be attributed
to the increased number density in a hadron resonance gas (used by Das et al.) which causes an increase in

the magnitude of shear viscosity in Ref. [13].



Chapter 7

Summary and Outlook

The main aim of this thesis is to study the transport properties of the strongly interacting matter produced
in the later stages of heavy ion collisions, from a kinetic theory approach. This study is motivated by
the results of heavy ion collision experiments at RHIC which has shown clear indication that the matter
produced in these experiments behave like strongly interacting fluid having small but finite value of shear
viscosity to entropy density ratio. This has led to the study of different transport coefficients with an aim to
obtain a realistic temperature dependence of these transport quantities in hot hadronic medium. Also, the
generation of huge background magnetic field in heavy ion collision experiments at RHIC and LHC serves as
a motivation to calculate magnetic field dependent transport coefficients. Thus, a detailed study of the effect
of medium (both thermal and magnetic) dependent scattering cross section on the transport coefficients like
thermal conductivity, shear viscosity, bulk viscosity and electrical conductivity has been made. As electrical
conductivity is responsible for sustaining the magnetic field for a longer time in the medium, in this thesis
we have focused on the calculation of electrical conductivity of a hadronic medium. We have made use of

relaxation time approximation to calculate these transport coefficients of first-order hydrodynamics.

The earlier studies of transport coefficients of hot and hadronic medium using kinetic theory approach
have considered either a constant cross-section or have treated cross-section as a free parameter to evaluate
these transport coefficients. The scattering cross-section which is a key dynamical input to the calculation
of these transport coefficient gets modified in the presence of hot and/or dense medium and also in the
background magnetic field. This incorporation of the thermo-magnetic medium effects is the novelty of this
thesis, as it provides a more realistic estimate of the transport coeffcieints. We will now summarize the
essential results and discussions from each chapter below.

As the transport coefficients have been evaluated using the kinetic theory approach, in Chapter 2 we
discuss in detail the basics of kinetic theory. In this chapter, various macroscopic quantities are discussed
in detail in terms of the one-particle distribution function, and various conservation laws are also studied.
The relativistic BTE has been derived both in the presence and absence of a background magnetic field.

In Chapter 3 the derivation of transport coefficients from BTE is discussed in detail. As the thermal
medium effects on the bulk properties are being investigated, the RTF of the TFT is briefly studied, and
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the thermal propagator of different fields is derived. For the sake of completeness and to illustrate the
methodology of incorporating medium effects in transport coefficients, the shear viscosity of a pion gas in
a thermal medium is evaluated. The results obtained in this chapter have provided strong motivation for a
detailed study of transport coeflicients in a medium using the medium-dependent cross section.

Having observed significant influence of the medium effects on the shear viscosity in Chapter 3, we now
shift our focus to a multi-component hadronic mixture. Thus, in Chapter 4 a hot and dense hadronic gas
mixture consisting of pions, kaons, and nucleons, which are the most important components of the system
produced during the later stages of heavy ion collisions, has been considered. A systematic study of the
relaxation times, viscous coefficients, and thermal conductivity for a system consisting only of pions, a
system of pions and kaons, and finally for a pion-kaon-nucleon system has been presented using the BTE,
which has been linearized using the Enskog expansion. The key ingredient is the use of in-medium cross-
sections obtained using one-loop corrected thermal propagators in the matrix elements for 7w, 7K and 7NV
scattering. The suppression of the in-medium cross-sections at finite temperature and density is reflected in
the enhancement of relaxation times. This, in turn, results in observable modification of the temperature
dependence of 7, ¢ and A\/T?. However, the temperature dependence of 1/s and (/s, where the entropy
density s also contains the effect of interactions, is much less affected by the medium. On comparison,
the value of 1/s in the medium for vanishing chemical potentials is found to be in agreement with existing
estimates in the literature.

After the study of thermal medium effects on the transport properties of hadronic system, we have
swithced on the magnetic field in Chapter 5. As mentioned earlier, it is the electrical conductivity of the
medium which sustains the otherwise transient magnetic field for a longer time. Thus, in this chapter the
electrical conductivity tensor has been evaluated using the Boltzmann transport equation in a magnetic field,
and hence, the electrical conductivity, Hall conductivity, and o9 for a system consisting of a pion gas have
been assessed. The information pertaining to the dynamics of pion gas enters through the relaxation time
into the expression of the three conductivities. The 77 cross section has been calculated in a thermal medium
using the real time formalism of finite temperature field theory. The variation of these three conductivities
with temperature for different values of the magnetic field has been shown. It is observed that electrical
conductivity and Hall conductivity are very sensitive to the magnetic field strength and the in-medium cross
sections. Moreover, as the LQ has not been considered in the dispersion relation of charged pions, the results
are more accurate at low magnetic field values (¢H < m?), which is the realistic scenario for the later stages
of HICs. Both the electrical and Hall conductivities have been found to increase with temperature for a given
value of the magnetic field when the in-medium cross-section is used. For a given temperature there is no
appreciable change (except at lower magnetic field values) in the electrical conductivity with the magnetic
field when medium dependent cross section is used. A more detailed observation shows a monotonically
increasing trend of electrical conductivity with the increase in temperature at higher values of the magnetic
field. However, for a given temperature the conductivity is found to decrease monotonically as a function of

the magnetic field. In the case of Hall conductivity, it is found that at lower values of the magnetic field, it
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decreases with the increase in temperature more rapidly than the electrical conductivity, whereas at higher
values of the magnetic field, a linear increase of the Hall conductivity with the temperature is observed.
For a given temperature as long as it is low, a Breit-Wigner type structure in the Hall conductivity as a
function of the magnetic field is seen. This structure disappears and tends to saturate at higher temperature.
This behaviour can be attributed to the substantial spectral broadening of the exchanged particle at high
temperature. The electrical conductivity obtained in this work has been shown to have both qualitative and
quantitative agreement with earlier estimates available in the literature. Moreover, the calculated electrical
conductivity is shown to be sufficient for causing a significant delay in the decay of external magnetic field
in HIC. This leads to the conclusion that, weak magnetic field can be present in the later stage of HIC (in
hadronic phase) and could be phenomenologically relevant.

In Chapter 6, we have considered the magnetic field influence on the transport coefficients through
cyclotron frequency and magnetic field dependent cross-section. Here, we have studied the medium effects
on two important transport coefficients- electrical conductivity and shear viscosity of a pion gas. These
coefficients have been estimated using kinetic theory and relaxation time approximation. The dynamics of
the pion gas in a thermo-magnetic medium have been taken into consideration by evaluating the 7w — 7w
scattering cross-section using thermal field theory techniques in presence of background magnetic field. A
medium dependent relaxation time obtained from the medium dependent cross-section has been used to
calculate the electrical conductivity and shear viscosity of the pion gas. The electrical conductivity and
shear viscosity are influenced by the magnetic field through the cyclotron frequency and the magnetic field-
dependent relaxation time. It is observed that the relaxation time shows a mild oscillatory behaviour with
the magnetic field, which is reflected in the electrical conductivity and shear viscosity evaluated in a thermo-
magnetic medium. However, it must be noted that the magnetic field influence coming from the cyclotron
frequency is higher in magnitude than the magnetic field influence from the relaxation time. Electrical
conductivity and shear viscosity show an increase in magnitude with respect to temperature for a thermo-
magnetic medium compared to its vacuum counterpart. Electrical conductivity oo/T and shear viscosity
n1 /T2 for a particular value of temperature show increased magnitude for lower magnetic field values and the
magnitude gradually decreases for higher magnetic field values when thermo-magnetic effects are considered.
However, the Hall type electrical conductivity o1/7 and Hall type shear viscosity n3/T° for a particular
value of temperature are found to increase for all values of the magnetic field. The electrical conductivity
and shear viscosity obtained in this work show a good agreement with the works available in the literature.
Additionally, it has been observed that the estimated value of electrical conductivity in the range of 0.5-2
MeV causes a maximum magnetic field of strength 1076-107° GeV? to survive for a time ¢ ~ 10 fm, which
is sufficient to affect the dynamics and hence the evolution of hadronic matter produced in the later stage
of HICs. It is to be noted that the interesting phenomenon of p™ — 7 mixing [168] as observed in NJL
type models, has not been included. However such mixing cannot be achieved in the simplistic model that
has been used in our work. Also the neutral pion remains unaffected by the magnetic field in this case.

Moreover, for eB = 0.05 GeV? the Landau magnetic length is of the order of the radius of p and hence an
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appropriate form factor is necessary to suppress the manifestation of quark structure of the mesons while
calculating the cross-section. A few representative form factors, including that of [168], have been used to
check this, but no appreciable change in the results has been observed.

In order to solve the BTE with collision term, we have made use of relaxation time approximation. In
this approximation, only the distribution function of one of the incoming particles in a binary interaction
is taken to be slightly away from equilibrium. Thus, this method simplifies the complex nature of particle
collisions. In order to incorporate complex nature of particle interaction one can make use of Chapman
Enskog approximation. In this method one systematically expands the distribution function in terms of
a small parameter (the Knudsen number), leading to a series of approximations that can be improved
iteratively.

It must be noted that we have only considered the magnetic field effects on the propagators and not
on the external legs. For charged particles the magnetic field will modify the external legs which will
affect the scattering cross-section. Though the influence of the magnetic field coming from the magnetic
field dependent relaxation time is comparatively lower in magnitude than the magnetic field effect due to
cyclotron frequency, a notable improvement to this work would be to include the magnetic field in the

external legs to calculate the scattering cross-section.
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Appendix A

Thermodynamic quantities

The thermodynamic quantities like energy density, number density, pressure and enthalpy of the three
component system consisting of pions, kaons and nucleons can be expressed in terms of the sum of series of
Bessels function as S%(zx), RS (zk) and T%(2n), where zp = my /T, zx = mi /T and zy = my/T. These

quantities are given as:

= e [ ST 00 = () 21083 (A1)

(2m)37™ o2
Po= ar [ G 00 = (L) 2153 (A2)
e = g0 [ GESE 10 0n) = (L55) 7 [n8)e) - S3a0). (A3)
Nehy = nﬂzﬂgzig'::; (A4)
where E,_ = /p2 +m2 and f7(r0) (py) = [ePFpx—rx) — 1]~1. Making use of the formula
[a—1]" i )+ for |al <1, (A.5)

n=1

the distribution function can be expanded, so that the three momentum integrals in the above equations

could be analytically performed and expressed in terms of the following infinite series
S (zx) Z /T = K (kzr) (A.6)

where K, (x) is the modified Bessel function of order n whose integral representation is

Kolo) = oo || dr(s? o )
Kolo) = 2B % et -yt e s
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The expression for thermodynamic quantities mentioned above will be similar for kaons and nucleons except

the term S5 (z,) will be replaced by R (zk) for kaons and T} (zn) for nucleons where

Ry(2k) =Y /T = K, (kak) (A.9)
k=1
and
To(zn) = > (1)F /T | K, (kzy) - (A.10)

k=1



Appendix B

Expressions for +’s

The transport equation for each species is given by

6f(z,p)

Tk

M%ﬁ%%MZ— E}, (B.1)

where on the right hand side of the equation, we have made use of relaxation time approximation. The time
and space derivatives (in the local rest frame) present in the left hand side of the above equation will be

replaced by the derivatives of the thermodynamics parameters. The equation then reduces to

br 4 P\ _ Pk 3f(z,p)
| “pr (%) - Fou] 4 T4+, (%) - v, | = - g (B2
(K Uﬂ T2 + T T uy]—l— [ vV,.T+V, T Tvyu - . . (B.2)
The conservation equations
8uN£f =0, Dny=—-np0,u" and E npDej = — Z Py ut (B.3)

k

with N#* = nU* and total P = p, + px + pny can be expanded in terms of the derivative with respect to

temperature and chemical potential over temperature as

0T+ gy (8) + s® () aaimyP (3) = nedas ®

Tt g (8) + s () + i (5) = o, 03

Tor+ e (5) + s () + e P () = -owoar . ®9
[ . +”Naﬂ+” <ffT/FT>D(?>
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Making use of the expressions obtained in Appendix A in the above equations and then solving for DT,

D (42), D (&%) and D (B¥) we get

DT = T (1—+) duut, (B.8)
TD (ﬁ) = (4 —1) — T dut (B.9)
T - V= v H ’ :
7
D (55) = [0k = 1) = T O (B.10)
D (EX) = (0% = 1) = TR O (B.11)
where
Y = % [gw {23 (4RYSITY S} + ROTYSSY ) + =4 (ROTS(S9)? — RETS(59) ) |
i { i (ARISSTIRY + SYTRERS ) + =i (SSTS(RY)? — SITS(RY)? ) }
+on {2 (ARSSITITY + RISYTITY ) + =4 (RES9(TS)? - RISY(TH)? ) } ] . (B12)
1
o= % [gﬂ {~5:2RITY(51)? + =2 (BRESITYS) + BRITESYSY ) + =4 (RITI(S9)? — RITI(S5)? ) }
i { 2 SITS(RY)? + 25 (3RYSITIRY + 2RYSITIRY ) + =4 (SSTS(RS) — SYTS(RY? ) }

o {—ARESHTI)? + 23 (BRISITIT + 2RISITHTS ) + = (RESH(T9)2 — RISH(TS)? ) } |, (B.13)
/I/_]' 4 P00 g0 ¢l 3 070 gl pl 00 pl ¢l 4 (0 gl p0y\2 0 gl p0y2
T Y [gw {ZTFRQTQ S35 } + 9K {ZK (4R2T2 SyR3 + T3 Rz R3S, ) + 2K (Tz Sy(Ry)” = Ty'55(R3) )

—2n 2k TYSY(RY)? + 2x2k (RYSYTIRY — RYSYTORY ) } + g {2 (ARSTSITY + RITYSITY )
24 (RISH(TE)? — RYSH(TE)? ) — 2 RYSH(TH)? + 22y (RYSSTITY — RISSTITS )} |, (B.14)
1

% = ¥ [gn {~22ROT9(53)? + 22 (BRESITSH + 2RETSS9SS ) + =4 (RITY(S9) — RITS(59)? ) }

i { 5% SITY(RY)? + 2fc (3RISITORY + BRYSSTIRY ) + =i (SITS(RY)? — SYTS(RY)? ) }

on { ~RRESY(TY)? + 23 (BRISITITS + 2RISITHTS ) + = ((RESH(T9)? — RYSH(TY)? )}] . (B.15)
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1
v = X[gﬂ{zi (11 s9Rys} + 9IRS} ) + =t (TIRM(SY? — TERYSY? ) — awc=2T Y3

2l (TORYSYSE — TORSSISE ) b+ i {ASITORSRS } + g {2 (4T3 SSRATY + SYTYRAT )
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1
o= = [gw [S2RYTY(S))? + 22 (SRYSITES) + 2RTOSSY ) + =4 (AT (D) — BT (59)* )}

g { ~hSITY(RY)? + =i (SRYSSTI RS + 2RSYTIRS ) + = (SSTS(RY)? — SITS(RS)? ) |

g { -5 RISY(T)? + 2% (3RSSITITS + BRISSTYITS ) + =4 (RS9(TS)? — RISY(T9)? )} |, (BAT)

1
Wo- X[gﬂ{zs; (4S8RI} 58 + ROSYTSY ) + =t (RYTL(S9)? — ROTH(S)? ) — an =2 RATI(1)?
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2k ((R9)?SITS — (RS)2S9TS ) — an 2k SOTR (RY)? + anz (SYRATORY — RISYTIRY )} |, (B.18)

and the term X appearing in the above expressions of 7’s is given by
X = g [~ ROTO(SY + =2 (BRYSITOS) + 2RYTYSYS ) + =8 (RATS(S9)? — RYTI(9)? )]

b [~ SSTO (R + i (SRYSYTR) + 2RYSITIRY ) + = (SST2(RY)? — SSTO(Y)? )|

on [~ R RESHTI)? + 2 (BRISOTITY + 2RSSITITY ) + 24 (RYSH(TY)? — RESH(TY)? )| . (B.19)



Appendix C

Tensors Appearing in the Imaginary

Parts of Self-Energies

In this appendix, we provide the explicit expressions of the tensors U!"/

v %%
1,nl’ U2 nl’ Ll nl?

in Eq. (6.38) and Uy, Uy}, LY}, and L}, appearing in Eq. (6.39). These are given by

where,

n —

Wi

g 0
Ul nl q 7kz

U%z q°, k.

(
(

Llfl:u (4, ks
(

LY

2,nl q ’kz

qo, |k|, cos 0
qo, |k|, cos 0

)
)
)
)
¢, k|, cos )
)
)
)

'(¢°, |k, cos 0

N»,};ly(qov kov kz) =

ggm(_l)nﬂ <

1 — fo(w

Jo(wy) + fo(w

eB

634#,/

— 991

{1 + fo(wi) + fo wk)} Ny (ko = wy),

{- B = folwh) } N (ko = —wp),
= {folw) = foleh) }N“l”(ko = —w),

{ N*‘”(ko = wp),

—1— fo(w

27T> [ {quH ki + (ay-ky)?affaf — aif (a)-F) (gl k]| + qﬁkl’r)} &7

{(2n + 1)o7 — nd ! — (n+ 1)o7t H

VEk2+m2 and N* is defined below Eq. (6.35).
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Appendix D

Calculation of Entropy Density

In order to derive the expression for entropy density for a system of pion gas, we make use of the thermo-
dynamic potential following [172, 173, 174, 175, 176, 177, 178]. The normalized thermodynamic potential

in the absence of magnetic field is given as

Qo (T) = ¢T / S In(1 — emn/T) (D.1)

where wg, = \/k? +m2 and g = 3 is the pion degeneracy. Here the normalization is done in the usual
manner by subtracting the divergent vacuum contribution. The other relevant thermodynamic quantities

can be calculated using the normalized thermodynamic potential as

P = —QUm(T), (D.2)
a QHOI'H]
= -T2 D.
‘ oT ( T ) (D-3)
. . . o . e+ P
where P is the pressure and € is the energy density. The entropy density is then obtained from s = )

The presence of background magnetic field can be incorporated by modifying the momentum integral

for charged pions in the following manner [173]

/(;lsk Z ]eB\/ dk W) (D.4)

Here wl(k,) = /k2 + (21 + 1)eB + m2 is the Landau quantized energy eigen value of the charged pions.

Thus the normalized thermodynamic potential for a pion gas in presence of external magnetic field is then

given by

norm dgk e v T |6B‘ > dkz —wt /T
QW™ eB) :T/(%)3 In(1 — e @x/ +2TZ e In(1 — e«*/T) (D.5)

where, the first term on the rhs is the contribution from the neutral pions which are not affected by the
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magnetic field. The entropy density in presence of magnetic field is given by [172, 173]

e+ P
SB:TH (DG)

where, P = —QF™ is the longitudinal pressure and

1 = leB| [* dk, w}
== 2 —_— —r D.7
€B 3e+ ; o ) o 2w T ] (D.7)
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