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Chapter 1

Introduction

Throughout history, humans have been curious about the fundamental building blocks of matter. This

relentless quest of mankind has led to the development of high-energy physics, a field of physics dedicated

to probing the fundamental building blocks of matter. At the heart of this exploration lie matter particles,

which are classified into two categories: leptons and quarks. These particles are fermions and they constitute

the basic constituents of all matter. In addition to matter particles, there exists exchange particles which

are bosons. These exchange particles mediate the four fundamental forces of nature: gravitational force,

electromagnetic force, weak nuclear force, and strong nuclear force. Together, these forces govern the

behaviour of matter at both the microscopic (nuclear and subnuclear) and macroscopic (cosmic) scales.

The Standard Model provides a comprehensive framework for understanding the interactions between these

fundamental particles and forces except the gravitational force. In the Standard model, the strong interaction

between the quarks and gluons is described by Quantum Chromodynamics.

1.1 Quantum Chromodynamics

Quantum Chromodynamics (QCD) is a non-abelian gauge field theory based on SU(3) colour symmetry.

In QCD, quarks and gluons have colour degrees of freedom. Since gluons are coloured they can self interact

unlike the photons in Quantum Electrodynamics (QED). Due to the gluon-gluon self interactions, the QCD

coupling which controls the strength of the strong interaction depends on the momentum transfer. When

the momentum transfer is small, the coupling constant is large and thus the quarks and gluons are strongly

coupled and the quarks are trapped within the hadrons. This is known as colour confinement. As a

consequence of colour-confinement, free quarks are not directly observed in nature. However, colour singlet

states of quarks and antiquarks known as hadrons are observed in nature. Based on the quark composition

hadrons are of two types – mesons and baryons. Mesons are the bound states of a quark and an antiquark

pair (qq̄) whereas baryons are the bound states of three quarks (qqq) or three antiquarks (q̄q̄q̄). When the

momentum transfer is large, the QCD coupling is small as a result of which quarks and gluons are weakly

coupled. This phenomenon is known as asymptotic freedom. This weakly coupled system of quarks and

1



2 Chapter 1. Introduction

gluons occupying a finite volume (⇧10 fm/c) at high temperature and/or density is known as Quark Gluon

Plasma (QGP). Light quarks being (almost) massless, chiral symmetry or handedness is preserved in this

high temperature phase of QCD. At low temperature, the QCD vacuum breaks this symmetry spontaneously

leading to the build-up of the chiral condensate which is manifested as the constituent mass of quarks in

the hadrons.

In the high energy regime, QCD allows the use of perturbative techniques to estimate various observ-

ables. However, perturbative techniques fail at low energy energies due to the fact that the QCD coupling

constant becomes large. One of the most successful non-perturbative frameworks is Lattice Quantum Chro-

modyanmics (LQCD) [14] wherein the field theory of strong interaction is defined in a gauge-invariant way

on a discrete space-time domain. However, LQCD at finite baryon density usually su⌅ers from uncontrolled

systematic uncertainities in addition to the infamous sign problem [15]. Some of the techniques used to over-

come this problem are Taylor expansion around zero chemical potential, analytic continuation from purely

imaginary chemical potentials or the complex Langevin approach. On the other hand, e⌅ective theories

provide an alternative method to study the strongly interacting matter in the low energy non-perturbative

region. E⌅ective models are used in situations where there is a natural separation of energy scales. These

models are constructed using the basic symmetries of the underlying QCD lagrangian. Some of the well

known models like Hadron Resonance Gas (HRG) model [16, 17, 18, 19, 20], Nambu–Jona–Lasinio (NJL)

model [21, 22, 23], Polyakov loop extended Quark-Meson (PQM) model [24, 25, 26] have successfully ex-

plained the lattice data and also provided insights on the strongly interacting matter at non-zero baryon

density.

1.2 Formation of Quark Gluon Plasma

When the density of nuclear matter is increased by compressing it, the distance between the constituents of

the nucleons namely the quarks and gluons start to decrease. When the density of the system is greater than

a certain critical value of density, the quarks and gluons between di⌅erent nucleons/hadrons start to overlap

and finally move freely in a volume much larger than the hadronic/nucleonic volume. This deconfined

phase of matter is QGP. QGP can also be created by heating the nuclear matter above a certain critical

temperature wherein the hadronic/nucleonic matter “melt” into quarks and gluons. A schematic diagram

for the formation of QGP at high temperature and/or density is shown in Fig. 1.1.

As per our current knowledge, there are three scenarios where this deconfined state of matter might

exist:

• During the early universe evolution, a few microseconds after the Big Bang, temperature of the universe

was around 1012K or 200 MeV which is greater than the critical temperature. Thus, a transient QGP

was likely to have been created.

• In the core of the neutron stars where the density is believed to exceed 1015 gm/cm3 (few times of
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Figure 1.1: Nuclear matter at high temperature and/or density

nuclear density) providing a favourable condition for the formation of QGP.

• In ultra relativistic heavy ion collisions high temperature and/or density is created. This condition is

likely to favour the formation of QGP.

Figure 1.2: QCD Phase diagram in the temperature-baryochemical potential plane.

The above scenarios depict situations when either temperature or baryon density governs the occurence

of the phase transition. A graphical representation such as the one shown in Fig. 1.2 is known as the

QCD phase diagram. It e⌅ectively illustrates the equilibrium phases of QCD matter in the temperature-

baryochemical potential plane. Though the exact positions of the phase transitions to deconfined quark
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matter are not known, a significant region of the phase space is occupied by hot/dense hadronic matter

composed of interacting mesons and baryons at finite temperature and baryon chemical potential.

1.3 Heavy Ion Collisions

The Big Bang occurred a long time ago, and astrophysical objects are far away in space, making the study

of QGP through these means quite di⇥cult. Therefore, we focus on studying QGP in the laboratory using

relativistic heavy ion collisions.

QGP can be formed at high temperature and/or density. In order to create such an exotic matter in

the laboratory, nuclear matter at high temperature and density needs to be produced. This can be achieved

in ultra relativistic heavy ion collision experiments. In heavy ion collision (HIC) experiments two highly

energetic beams of heavy ions like Au-Au, Pb-Pb are collided to produce a system of strongly interacting

matter at high density and/or temperature. Some of the experimental facilities dedicated to HIC experiments

are – Large Hadron Collider (LHC), Relativistic Heavy Ion Colllider (RHIC), Nuclotron-based Ion Collider

facility (NICA) and Facility for Antiproton and Ion Research (FAIR). The first evidence of QGP formation

in HIC experiment came from the Au-Au collisions at RHIC energy of
⌃
sNN = 200 GeV [27, 28, 29, 30],

the same was also confirmed in the Pb-Pb collisions at LHC energy of
⌃
sNN = 2.76 TeV [31, 32, 33, 34].

1.3.1 Stages of Heavy Ion Collisions

The evolution of heavy ion collision starting from the collision of two Lorentz contracted discs to finally

the hadrons hitting the detector goes through a pre-equilibrium stage, expansion stage and then finally

the freeze-out of the hadrons. A sketch potraying the time evolution of matter created in ultra relativistic

heavy ion collision is shown in Fig. 1.3. In the pre-equilibrium stage, the constituents of highly excited

fireball collide frequently to reach local thermal equilibrium within a time known as thermalisation time.

After the pre-equilibrium stage, the thermalised system consisting of deconfined QGP matter expands in

all directions against the surrounding vacuum due to its thermal pressure. As the system expands its

temperature decreases thereby decreasing the energy density of the system. When the temperature drops

close to crtitical temperature (Tc ⇧ 155 MeV [35]) the system undergoes a phase transition from the QGP

phase to the hadronic phase. The system now comprises of hadrons which collide with each other to maintain

local equilibrium. The expanding hadronic system further cools and runs out of inelastic collisions. This

causes the quark composition of the hadrons to be fixed in the system. This is known as chemical freezeout.

The system with fixed hadron abundances undergo elastic collision. Since the system is still expanding and

cooling, the mean free path of the elastic collision becomes larger than the range of strong interaction. As

elastic collision ceases to occur, local equilibrium cannot be maintained in the system as a result of which

hadrons freezeout (kinetic freezeout) and move to the detector.
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Figure 1.3: Sketch showing time evolution of ultra relativsitic heavy ion collisions. Image
source:https://u.osu.edu/vishnu/

1.3.2 Probes of Heavy Ion Collisions

The matter created in a HIC has a very short lifetime and hence cannot be observed directly. Some of

the indirect methods to probe the thermodynamic medium produced in heavy ion collisions is through

quarkonia dissociation, electromagnetic probes, jet quenching, strangeness enhancement and collective flow.

An extensive review on di⌅erent probes of HIC can be found in Refs. [36, 37, 38, 39]. We will now provide

a brief discussion on each of these probes.

• Quarkonia dissociation: Bound states of heavy quark and antiquark pair also known as quarko-

nia are produced in the early stages of heavy ion collisions even before the formation of the QGP.

These quarkonia states carry valuable information about their interactions throughout the medium’s

evolution. Within a deconfined medium, the quark-antiquark (qq̄) pairs experience color-screening

e⌅ects from surrounding quarks and gluons. The screening radius, which decreases as the temperature

increases, plays a crucial role in this process. When the screening radius becomes su⇥ciently smaller

than the radius of the quarkonia bound states, these states dissociate. This dissociation leads to a

suppression of their yield, a phenomenon that serves as a significant indicator of QGP formation.

• Electromagnetic Probes: One of the most important probe in HIC is electromagnetic probes such

as photons and dileptons. Photons and dileptons are produced in all stages of nuclear collisions, includ-

ing the initial hard scattering before the formation of the medium and during hadronic decays. The

mean free path of electromagnetic interactions is larger than the size of the deconfined QGP medium.

Consequently, these photons and dileptons escape the medium without significant scattering or ab-

sorption, retaining the characteristics of their region of origin. When photons and lepton-antilepton

pairs or dileptons (like e
+-e⇥ and µ

+ -µ⇥), hit the detector, their spectrum can be analyzed to ex-



6 Chapter 1. Introduction

tract valuable information about the medium in which they were produced. However, the spectrum

of photons and dileptons coming from the hadronic decays must be subtracted to obtain information

about the hot deconfined medium under investigation

• Jet Quenching: In a p-p collision, the partons produced from hard processes hadronizes into a

collimated beam of hadrons produced back-to-back. These stream of particles which are produced

back to back are known as jets. However, in heavy ion collisions the initial hard parton-parton

collisions travel through the hot and dense QGP medium. This causes the scattered partons to lose

their energy because of their interaction with the QGP medium. Having lost their energy, the partons

fragment into lesser number of final state hadrons in the jet beam resulting in what is known as jet

quenching.

• Strangeness Enhancement: An equilibrated QGP with its temperature higher than the mass of

the strange quark favors the formation of strange quark and anti-quark pair via qq̄ � ss̄, gg � ss̄,

g � ss̄, gs � gs and qs � qs processes, thereby leading to the increased production of final state

strange hadrons. Thus, strangeness enhancement in a heavy ion collision compared to nucleon-nucleon

collision becomes an essential signature of QGP formation.

• Collective Flow: The azimuthal distribution of produced particles is an important observable in

HIC [40, 41, 42]. In non-central heavy ion collisions ( i.e. collisions with non-zero impact parameter ),

the participants in the overlapped region of the collision are spatially anisotropic. The initial spatial

anisotropy in the overlap zone creates an anisotropic pressure gradient in a plane transverse to the

beam pipe which, in turn, causes momentum anisotropy of the produced particles. This observed

momentum anisotropy is known as collective flow and it is an essential signature of HIC. It can be

best described using hydrodynamic models [43]. This collective flow can be quantified by decomposing

the azimuthal dependence of invariant particle spectra in a Fourier series [44]. Each fourier coe⇥cient

corresponds to di⌅erent flow coe⇥cient such as directed flow (v1), elliptic flow (v2), triangular flow

(v3) and so on. The directed flow v1 describes the collective sideward motion of the particles and is

believed to have developed in the early stage of the collisions and thus provides information on the

equation of state at those early times [45, 46, 47]. The elliptic flow v2 was proposed as a signature of

hydrodynamic behavior of nucelar matter produced in high energy nuclear collisions [41]. It reflects the

interactions between the constituents during the early stage of evolution of the produced particles [47]

and is therefore sensitive to the equation of state when this system might be in the QGP phase. The

triangular flow v3 corresponds to the the triangular anisotropy of the initial nuclear overlap region

and it arises from event- by-event fluctuations in the participant-nucleon collision points [48]. Among

these flow coe⇥cients, v2 has been extensively studied at RHIC [49] and LHC [50] collision energies.
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1.4 Theoretical Models to treat Heavy Ion Collisions

The hot and dense matter created in HIC can be treated mathematically through - (i) Covariant transport

theory and (ii) Relativistic Hydrodynamics. The transport theory deals with the microscopic description

of the system and is used to study the early pre-equilibirum and later hadronic rescattering and freeze-out

stage. Some of the transport based models are - A Multi-Phase Transport (AMPT) model [51], Ultra-

relativistic Quantum Molecular Dynamics (UrQMD) model [52], Parton-Hadron String Dynamics (PHSD)

model [53] and Simulating Many Accelerated Strongly-Interacting Hadrons (SMASH) [54]. The evolution of

the system from the early pre-equilibrium phase to the hadronic phase can be studied using hydrodynamics.

Hydrodynamics deals with the macroscopic description of the system. The macroscopic quantities are an

average of some microscopic quantity (energy, momentum, baryon number etc.), over all the constituent

particles.

Figure 1.4: Comparison of hydrodynamic models to experimental data on charged hadron integrated (left)
and minimum bias (right) elliptic flow by PHOBOS and STAR, respectively. STAR event plane data has
been reduced by 20 per cent to estimate the removal of non-flow contributions. [1]

Hydrodynamic simulations of relativistic heavy ion collisions are performed using computational meth-

ods. The hydrodynamic equations are solved numerically and matched with the observed momentum distri-

bution of the particles obtained in the experiments. It has been observed that ideal hydrodynamics explains
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the experimental data for multiplicity, radial and elliptic flow of low of pT particles for heavy-ion collisions at

RHIC. In ideal hydrodynamics, input parameters like initial energy density, time where the hydrodynamic

model is initialized as well as the temperature at which the hydrodynamic evolution is stopped are chosen

so as to match with the experimental data obtained for multiplicity and radial flow. The Glauber Model

and the Color Glass Condensate (CGC) model are primarily used to describe the initial energy density.

In the Glauber model, the energy density profile follows the nucleon distribution, whereas the Color Glass

Condensate model uses the gluon number density in binary collisions.

Ideal hydrodynamics does not include any dissipative e⌅ects in its formalism. However, due to quantum

mechanical uncertainity [55], the system created in a heavy ion collision undergoes irreversible processes

as a result of which dissipation is always present in the system. This necessitates the use of relativistic

dissipative fluid dynamics in HIC. In Fig. 1.4 we have shown the comparison of hydrodynamic models (CGC

and Glauber model) to experimental data on charged hadron integrated (left) and minimum bias (right)

elliptic flow by PHOBOS and STAR, respectively [1]. From the figure we can see that ideal hydrodynamics

(⌃/s = 10⇥4) overpredicts the data in the high pT regions, both for STAR and PHOBOS data. From the

figure we observe that in hydrodynamic models, elliptic flow v2 is sensitive to the shear viscosity to entropy

density ratio (⌃/s) of the medium and this fact has been used to extract the ⌃/s of the hot and dense

medium from the elliptic flow data [56, 57, 58]. Thus, studying transport properties like viscosity helps us in

refining hydrodynamic models, thereby improving our understanding of the evolution of the fireball created

in these collisions. In this thesis, we have estimated the values of ⌃/s in both thermal and thermo-magnetic

medium.

1.5 Magnetic Field in Heavy Ion Collisions

Apart from high temperature and/or density, in non-central HICs, at RHIC and LHC, strong magnetic fields

of the order of ⇧ 1018 Gauss [59, 60] or larger may be generated due to the collision geometry. Fig. 1.5 shows

the schematic representation of non-central HICs. At relativistic energies the Lorentz contracted thin discs

which travel towards each other in the oppositie direction along the beam pipe (z direction) collide with

each other. In HIC the participants carry charges and charges in motion produce electric currents which

thereby produces magnetic field. In Ref. [61] it is shown that two ions of radius R with electric charge Ze

and colliding impact parameter b, the produced magnetic field, in the centre of mass frame according to the

Biot Savart’s law, has a magnitude of

B ⇧ ⌅Ze
b

R3
(1.1)

The magnetic field points in a direction perpendicular to the reaction plane (x ⌅ z plane). At RHIC, for

Au+Au collisions at
⌃
sNN = 200 GeV, Lorentz factor ⌅ = 100 (⌅ =

⌃
sNN ), z = 79, b ⇧ RA ⇧ 7 fm, the

estimated value of magnetic field using Eq. (1.1) is eB ⌥ m
2
� ⇧ 1018 Gauss. A similar calculation performed
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at LHC energies estimates magnetic field to be eB ⌥ 10m2
�.

Figure 1.5: The schematic representation of non-central heavy ion collision. The magnetic field is generated
in the collision region along the y-axis perpendicular to the reaction plane. This figure has been modified
from [2]

The fields produced in HICs are comparable to the QCD scale i.e. eB ⌥ m
2
� ⌥ ⌃2

QCD and hence it

can cause noticeable influence on the behaviour of strongly interacting matter. This has motivated a large

number of investigations on the properties of hot and dense QCD matter in the presence of background

magnetic field in recent times involving several novel and interesting phenomena, such as, Chiral Magnetic

E⌅ect (CME) [59, 62, 63, 64], Magnetic Catalysis (MC) [65, 66, 67, 68, 69] and Inverse Magnetic Catalysis

(IMC) [70, 71] of dynamical chiral symmetry breaking which may cause significant change in the nature of

electro-weak [72, 73, 74, 75], chiral and superconducting phase transitions [76, 77, 78, 79], electromagnetically

induced superconductivity and superfluidity [80, 81] and many more. Though, the magnetic field is very

transient (few fm/c), the finite electrical conductivity of the medium sustains the magnetic field for a longer

time [82, 83, 84, 85]. This magnetic field a⌅ects the evolution of the strongly interacting matter which

has a noticeable e⌅ect on its dynamics and is reflected in the observables like charged hadron spectra and

flow harmonics. Thus, a deeper understanding of the various aspects of strongly interacting matter in the

presence of magnetic field is important to achieve the consistent dynamical modelling of the matter created

in HICs.

Besides heavy ion collisions, such magnetic fields of the order of ⇧ 1015 Gauss can also be realized on the

surface of certain compact stars called magnetars, while in the interior it is estimated to reach magnitudes of

the order of ⇧ 1018 Gauss [86, 87]. Cosmological model calculations, in fact, predict that during electroweak

phase transition in the early universe extremely strong magnetic field as high as ⇧ 1023 Gauss might have

been produced [88, 89].

The dynamical evolution of such a relativistic matter in the presence of background magnetic field is

studied using magnetohydrodynamics (MHD). Transport coe⇥cients are essential for describing the time
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evolution of strongly interacting matter and they are the key dynamical inputs to MHD. The transport

coe⇥cients are the measure of dissipative processes occurring in the strongly interacting matter. The

dissipative processes are brought in by the collisions among the constituents. Thus, the scattering cross-

section is an important dynamical input to the transport coe⇥cients. In HICs, the hadronic phase attains a

temperature in the range 100 MeV � T � 150 MeV. Hence, it becomes important to consider the thermal

e⌅ects in the presence of background magnetic field in the cross section calculations to provide a more

realistic picture of HICs. Thus, in Chapters 5 and 6 we have considered the background magnetic field and

thermal medium to calculate the transport coe⇥cients in which thermo-magnetic e⌅ects are incorporated

in the scattering cross-section. Substantial amount of works which involve the estimation of transport

coe⇥cients of quark gluon plasma (QGP) and hadrons in a background magnetic field are available in the

literature where these quantities have been evaluated using either a constant cross-section or the relaxation

time has been taken as a parameter to evaluate the necessary transport coe⇥cients. Incorporation of the

e⌅ect of magnetic field along with thermal e⌅ects on the relaxation time is the novelty of this thesis.

1.6 Scope and Organization of the thesis

The hot and dense nuclear matter produced in heavy-ion collisions may be near local thermodynamic

equilibrium, exhibiting specific thermodynamic and transport properties. If the interaction between quarks

and gluons is su⇥ciently strong to maintain local thermodynamic equilibrium in the subsequent phases, these

phases will also exhibit distinct transport properties. Experimentally one can only measure the energy and

momentum of the particles that hit the detector after kinetic freeze-out. Therefore, to study the transport

in QGP, it is necessary to investigate and model the properties of all stages in heavy-ion collisions. This

includes the initial state of two Lorentz-contracted heavy ion nuclei, the formation and thermalization of

the QGP, its evolution, the phase transition to the hadronic phase, and the evolution of the hadronic phase.

To accurately study the transport properties of the QGP, the transport properties of the latter phase of

HIC which is the hadronic phase must also be examined to validate findings through experiments. In this

thesis, we have focussed on the transport properties of the hadronic state.

In this thesis, the transport coe⇥cients have been evaluated in the kinetic theory approach in the

ambit of relaxation time approximation. The relativistic Boltzmann transport equation in the presence of

electromagnetic field is given by [90]

p
µ µf + qF

µ⇤
p⇤

 f

 pµ
= C[f ] (1.2)

where, f(x, p) is the single particle distribution function, q is the electric charge of the particle and g
µ⇤ =

diag(1,⌅1,⌅1,⌅1) is the metric tensor and the field information is contained in the field strength tensor

F
µ⇤ . The collision integral C[f ] appearing on the right-hand side of the above equation carries information

of all the microscopic interactions occuring in the system. These microscopic interactions are responsible
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for removing the dissipation and bringing the system into equilibrium. In order to evaluate the transport

coe⇥cients one has to solve the relativistic Boltzmann transport equation. The in-medium e⌅ects on the

transport coe⇥cients is studied by solving the collsion integral using the relaxation time approximation. In

this approximation only one of the incoming particle’s distribution function in a binary interaction is taken

to be slightly away from equilibrium whereby we consider C[f ] = ⌅ ⌅f
⇧ , in which ⌦f is the deviation function

and � is the relaxation time. The deviation function, ⌦f which encapsulates the dissipative processes can

be written in terms of the thermodynamic forces. Making use of conservation equation and Gibb’s Duhem

relation, the left-hand side of Eq.(1.2) can be written in terms of the thermodynamic forces. The irreversible

flows such as heat flow, energy momentum flow and charge flow can be expressed in terms of thermodynamic

forces and the corresponding transport coe⇥cients and simultaneously these flows can also be written in

terms of the deviation function, thus connecting the macroscopic gradients with the microscopic theory.

Comparing the two sides of the Boltzmann transport equation one can obtain the expression of the transport

coe⇥cients. It is to be noted here that in the presence of magnetic field these coe⇥cients become anisotropic

leading to three components of electrical conductivity, five components of shear viscosity, two components

of bulk viscosity and three components of thermal conductivity unlike the non-magnetic field case where

each of these coe⇥cients have only single isotropic component.

The dynamical input to these coe⇥cients i.e. the relaxation time is evaluated using real time formalism

of thermal field theory. In the low temperature regime (⇧100-150 MeV) the perturbative QCD breaks

down due to larger values of the coupling constant. One then resorts to e⌅ective theories constructed using

the basic symmetries of the underlying QCD Lagrangian. Using the e⌅ective interaction Lagrangian, the

matrix elements for the scattering process mediated via various resonance channels are evaluated. The

vacuum propagators corresponding to the intermediate resonances appearing in the s-channel diagrams, are

replaced with e⌅ective ones obtained from a Dyson-Schwinger sum containing one-loop self-energy diagrams

in vacuum. This introduces an imaginary part in the matrix elements rendering a Breit-Wigner like structure

to the cross- section. The scattering cross-section is normalized to the experimental data fixing a few

unknown model parameters in the process. The corresponding in-medium cross-section is then obtained by

evaluating the self-energy diagrams in the medium.

In Chapter 2 we have discussed the basics of kinetic theory which will be used to derive the transport

coe⇥cients in the later chapters.

Chapter 3 deals with the expressions of shear viscosity, bulk viscosity and thermal conductivity for a

multi-component system using relaxation time approximation. We have in brief discussed the real time

formalism of finite temperature field theory and have also given a general picture of thermal propagators for

di⌅erent fields. The formalism stated in this chapter is discussed by presenting the results of shear viscosity

of a pion gas in a thermal medium.

In Chapter 4 we have studied the relaxation times, thermal conductivity, bulk viscosity and shear

viscosity of a hot and dense gas consisting of pions, kaons and nucelons (�KN system). The thermal medium

dependent cross-sections for ��, �K and �N scatterings is obtained using the complete propagators for the
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exchanged ⇥, ⇤, K� and ⇧ resonances. We have obtained appreciable change in the temperature dependence

of these transport coe⇥cients upon use of in-medium cross-section.

In Chapter 5 magnetic field has been switched on and its e⌅ect on the electrical and hall conductivity of a

system of pion gas been studied. Here we have explored the magnetic field influence only through cyclotron

frequency and the scattering cross-section is evaluated only in a thermal medium. We have studied the

variation of electrical and hall conductivities with the temperature for di⌅erent values of the magnetic field.

It has been observed that electrical conductivity and Hall conductivity are very sensitive to the magnetic

field strength and the use of in-medium cross sections.

Chapter 6 concerns the study of e⌅ects of thermo-magnetic medium on two important transport coe⇥-

cients - electrical conductivity and shear viscosity of a pion gas. The magnetic field influences the electrical

conductivity and shear viscosity through cyclotron frequency as well as the magnetic field dependent relax-

ation time. Upon the introduction of magnetic field, the self-energies of ⇥± and ⇥0 becomes unequal unlike

the pure thermal medium case.

Finally, in Chapter 7 we present a summary and some outlook for future work.



Chapter 2

Kinetic Theory

The QGP fluid or a hot hadron gas can be considered as a macroscopic system which is characterised

by the thermodynamic state variables like number density, temperature, pressure, energy density etc. The

dynamics of the evolution of such a fluid can be obtained using the thermodynamic state variables. This

is achieved by solving the Boltzmann transport equation, the solution of which is given by the one-particle

distribution function. The one particle distribution function f(x, p) gives the statistical description of the

gases in kinetic theory. This distribution function gives the average number of particles with a certain

momentum at each space-time point. To find its explicit form one derives kinetic equation or the transport

equation which gives the rate of change of distribution function in time and space due to particle interactions.

Before deriving the transport equation we will describe some of the macroscopic quantities in terms of the

one-particle distribution function.

2.1 Macroscopic Quantities

On the macroscopic level the state of a many-particle system is described by the particle density, energy

density and hydrodynamic velocity. In non-uniform system these quantities become function of space and

time. We will now discuss each of these quantities.

2.1.1 Particle four-flow

To describe a non-uniform system one introduces a local density n(↵x, t). The quantity n(↵x, t)⇧3
x gives the

average number of particles in the spatial volume element ⇧3
x at point ↵x and at time t. The particle flow

is denoted by j(↵x, t). Thus the particle four flow N
µ(x) is given by-

N
µ(x) = (n(↵x, t),↵j(↵x, t)) (2.1)

Let us consider a distribution function f(x, p), then f(x, p)⇧3
x⇧3

p gives the average number of particles

present in the volume element ⇧3
x at point x with momentum in the range (p, p +⇧p) at time t. It is to

be noted here that though the volume element ⇧3
x is very small from a macroscopic point of view but the

13
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number of particles contained in it is quite large. In terms of the distribution function, the temporal and

spatial components of particle four flow is given as-

n(↵x, t) =

Z
d
3
p f(x, p) (2.2)

↵j(↵x, t) =

Z
d
3
p

p0
↵pf(x, p) (2.3)

where ↵u = ⌃p
p0 . Thus,

N
µ(x) =

Z
d
3
p

p0
p
µ
f(x, p) (2.4)

2.1.2 Energy-Momentum tensor

Let us now consider the energy density. The energy per particle is p0, hence the average can be written as,

T
00(x) =

Z
d
3
p p

0
f(x, p) (2.5)

the quantity T
00 is the macroscopic energy density. The energy flow T

0i is given by,

T
0i(x) =

Z
d
3
p p

0
u
i
f(x, p). (2.6)

The momentum density is given by,

T
i0(x) =

Z
d
3
p p

i
f(x, p). (2.7)

Similarly, the momentum flow (or the pressure tensor) which is the flow of the i
th component of the

momentum in the j
th direction is given by,

T
ij(x) =

Z
d
3
p p

i
u
j
f(x, p). (2.8)

Combining the above equations, the energy momentum tensor can be written as,

T
µ⇤(x) =

Z
d
3
p

p0
p
µ
p
⇤
f(x, p). (2.9)

Hence, in relativistic kinetic theory, the energy-momentum tensor is defined as the second moment of the

distribution function, and is thus a symmetric quantity.
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2.1.3 Entropy four flow

The H-function as introduced by Boltzmann, implies that the local entropy density for a system outside

equilibrium may be defined as,

S
0(x) = ⌅kB

Z
d
3
pf(x, p)

⇤
log h3f(x, p)⌅ 1

⌅
(2.10)

where kB is the Boltzmann constant. The entropy flow, corresponding to the entropy density has the form-

↵S = ⌅kB

Z
d
3
p↵uf(x, p)

⇤
log h3f(x, p)⌅ 1

⌅
. (2.11)

The above two equations may be combined to get the entropy four flow

S
µ(x) = ⌅kB

Z
d
3
p

p0
p
µ
f(x, p)

⇤
log h3f(x, p)⌅ 1

⌅
(2.12)

2.1.4 Hydrodynamic four velocity

An important quantity in the description of a continuous media is the hydrodynamic four-velocity U
µ(x),

which is a vector field. Hydrodynamic four velocity is a time like vector with length equal to unity in each

space time point Uµ(x)Uµ(x) = 1. On di⌅erentiation of Uµ(x)Uµ(x) = 1 we get

U
µ(x) ⇤Uµ(x) = 0. (2.13)

We now define a projector, ⇧µ⇤(x) with the help of hydrodynamic velocity,

⇧µ⇤(x) = g
µ⇤ ⌅ U

µ
U
⇤ (2.14)

g
µ⇤ = (1,⌅1,⌅1,⌅1) is a metric tensor. If ⇧µ⇤(x) is contracted with an arbitrary four vector, it acts as a

projector since it annihilates the part of the four vector which is parallel to U
µ,

⇧µ⇤(x)U⇤(x) = 0. (2.15)

Some properties of the projector ⇧µ⇤(x) are as follows -

⇧µ⇤ = ⇧⇤µ (2.16)

⇧µ⇤⇧⇤⇥ = ⇧µ
⇥ (2.17)

⇧µ
µ = 3. (2.18)

In the local rest frame U
µ
LR = (1, 0, 0, 0). The two mainly used definitions of hydrodynamic velocity in the

literature are the Eckart’s definition of hydrodynamic velocity and the Landau and Lifshitz’s definition of
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hydrodynamic velocity.

Eckart relates the hydrodynamic velocity directly to the particle four flow N
µ by relation U

µ = Nµ
⇤
N�N�

.

Using this definition of Uµ we get ⇧µ⇤
N⇤ = 0, which thus implies that in the local rest frame the spatial

components of the particle four flow N
µ vanishes N i

LR = 0. The hydrodynamic velocity as defined by Eckart

is the mean particle velocity.

Landau and Lifshitz’s definition of hydrodynamic velocity U
µ = Tµ�U�⌃

U⇥T ⇥⇤T⇤⌅U⌅
is related to the flow

of energy. Using this definition of Uµ we find ⇧µ⇤
T⇤⇥U

⇥ = 0 , which shows that in the local rest frame

associated with the Landau and Lifshitz’s velocity the momentum density and the energy flow vanish T
i0
LR =

T
0i
LR = 0.

2.1.5 Thermodynamic quantities

With the help of hydrodynamic four velocity U
µ(x) one may define the relevant macroscopic quantities,

namely the particle density, the energy density, the heat flow, the pressure tensor and the entropy density,

in a covariant manner.

The scalar quantity particle density is defined as

n = N
µ
Uµ (2.19)

where N
µ is the particle four-flow. In the local rest frame n = N

0
LR, which implies that n is the density of

the particles with respect to this frame.

The scalar energy density is defined as

en = UµT
µ⇤
U⇤ (2.20)

where e is the energy per particle. In the local rest frame en = TLR, implies that en is the energy density

of the particles with respect to this frame.

The heat flow is defined as the di⌅erence of the energy flow and the flow of enthalpy h carried by the

particles

I
µ
q = (U⇤T

⇤µ ⌅ hN
⇥)⇧µ

⇥. (2.21)

The enthalpy or heat function per particle is h = e+ pn
⇥1, where p is the local hydrostatic pressure. In the

local rest frame the heat flow has spatial components only i.e. I0qLR = 0 and I
i
qLR = T

0i
LR ⌅ hN

i
LR.

The pressure tensor is defined as

P
µ⇤ = ⇧µ

⇥T
⇥⇧⇧⇤

⇧ . (2.22)
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The pressure tensor contains a reversible part and an irreversible part according to the splitting

P
µ⇤ = ⌅p⇧µ⇤ +⌥µ⇤ (2.23)

where ⌥µ⇤ is the viscous pressure tensor.

The scalar entropy density is defined as

sn = S
µ
Uµ (2.24)

where S
µ is the entropy four-flow and s is the entropy per particle. In the local rest frame sn = S

0
LR, which

implies that sn is the local entropy density in the local rest frame.

2.2 Relativistic Boltzmann Transport Equation

The distribution function which is used to define the macroscopic quantities satisfies an integro-di⌅erential

equation widely known as Boltzmann transport equation(BTE). This equation is used to study the statistical

behaviour of a system consisting of a large number of particles. It deals with the study of microscopic

description of the gas given by one particle distribution function. It gives the rate of change of distribution

function in space and time brought in by the collisions or interaction among the particles. The distribution

function is the solution of the BTE and it can be used to obtain the macroscopic quantities governing the

fluid behaviour. In order to derive the relativistic BTE following assumptions are considered-

1. Only binary collisions among the constituents are taken, implying that the fluid under consideration

is dilute.

2. We take into account the hypothesis of molecular chaos. As a consequence, particle correlation before

each individual collision is neglected. The number of binary collisions is proportional to the product

of the distribution function of the colliding particles.

3. The distribution function varies slowly in space and time. The time variation of the distribution

function is only allowed over time scales larger than the collision time and the spatial variation over

distances larger than the mean free path of the collision.

2.2.1 BTE for systems without collision

In the particle four flow, Nµ(x) =
R d3p

p0 p
µ
f(x, p) we introduce a scalar quantity ⇧N(x), which is given by

⇧N(x) =

Z

�3⇥
d
3⇤µN

µ(x) (2.25)
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where d
3⇤µ = (dxdydz, dtdydz, dtdxdz, dtdxdy) is a hyper surface. Using N

µ(x) in Eq. (2.25) we get,

⇧N(x) =

Z

�3⇥

Z
d
3⇤µ

d
3
p

p0
p
µ
f(x, p). (2.26)

In the lorentz frame, d3⇤µ is a purely time like quantity i.e. d3⇤µ =
�
d
3
x, 0, 0, 0

⇥
. Thus we get,

⇧N(x) =

Z

�3x

Z
d
3
xd

3
pf(x, p) (2.27)

⇧N(x) is the number of particles present in the element ⇧3(x). It can also be considered as the number of

world lines crossing the segment ⇧3⇤ with momenta in the range ⇧3
p around p and is given as-

Z

�3⇥�

Z

�3p
d
3⇤µ

d
3
p

p0
p
µ
f(x, p)⌅

Z

�3⇥

Z

�3p
d
3⇤µ

d
3
p

p0
p
µ
f(x, p) = 0. (2.28)

Let us consider a closed region enclosed by the surface elements ⇧3⇤, ⇧3⇤⌅ and the surface of the tube

formed by the world lines considered. For a system without collision no world lines crosses the tube like

surface. Thus, the net flow through the surface ⇧3⇤ of the Minkowski-space element ⇧4
x vanishes. Hence,

Z

�3⇥

Z

�3p
d
3⇤µ

d
3
p

p0
p
µ
f(x, p) = 0. (2.29)

Using Gauss’ theorem we obtain

Z

�4x

Z

�3p
d
4
x
d
3
p

p0
p
µ µf(x, p) = 0. (2.30)

Since the intervals ⇧4
x and ⇧3

p are arbitrary, it follows that

p
µ µf(x, p) = 0. (2.31)

This is the relativistic transport equation for the case without collisions which can also be written as,

⇧
 t + ↵u · ↵�

⌃
f(x, p) = 0 (2.32)

where ↵u = ⌃p
p0 .

2.2.2 BTE for systems with collisions

In order to obtain the full transport equation collisions among the constituents should be taken into account.

Due to the collision, the momenta of the particle changes, as a result of which the number of particles crossing

the segment ⇧3⇤ and ⇧3⇤⌅ will be di⌅erent unlike the case without collisions. The amount by which the
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number of particles in the ranges ⇧4
x and ⇧3

p changes is given by

⇧4
x
⇧3

p

p0
C(x, p) (2.33)

where C(x, p) is an invariant function which is to be determined. To determine the form of C(x, p), let us

consider a collision between two particles with initial four momentum p
µ and k

µ which after collision attains

the four momentum p
⌅µ and k

⌅µ. The average number of such collision in a Minkowski-space element ⇧4
x

around x, i.e. in a time interval ⇧t around t and a volume element ⇧3
x around x, is proportional to:

1. The average number of particles per unit volume with three momentum in the range (↵p, ↵p +⇧↵p) i.e.

⇧3
p f(x, p).

2. The average number of particles per unit volume with three momentum in the range
⇧
↵k,↵k +⇧↵k

⌃
i.e.

⇧3
k f (x, k).

3. The intervals ⇧3
p
⌅ and ⇧3

k
⌅ and ⇧4

x.

The proportionality term is given by W (p,k|p�,k�)
p0k0p�k� . The quanity W (p, k | p

⌅
, k
⌅) is called the transition rate.

The average number of particles in the range ⇧4
x with momentum in the range ⇧3

p which are lost through

collisions is given by-

1

2
⇧4

x⇧3
p

Z
d
3
k

k0

d
3
p
⌅

p⌅0
d
3
k
⌅

k⌅0
f(x, p)f (x, k)W

�
p, k | p

⌅
, k
⌅⇥
. (2.34)

A factor of 1
2 is added because of the fact that a final state with momenta (p⌅, k⌅) can not be distinguished

from (k⌅, p⌅). Similarly, the gain in average number of particles in the range ⇧4
x with momenta in the range

⇧3
p through collisions is-

1

2
⇧4

x⇧3
p

Z
d
3
k

k0

d
3
p
⌅

p⌅0
d
3
k
⌅

k⌅0
f
�
x, p

⌅⇥
f
�
x, k

⌅⇥
W
�
p
⌅
, k
⌅
| p, k

⇥
. (2.35)

Thus, the net change in the number of particles in range ⇧4
x and ⇧3

p is given by

1

2
⇧4

x⇧3
p

Z
d
3
k

k0

d
3
p
⌅

p⌅0
d
3
k
⌅

k⌅0
⇤
f
�
x, p

⌅⇥
f
�
x, k

⌅⇥
W
�
p
⌅
, k
⌅
| p, k

⇥

⌅f(x, p)f (x, k)W
�
p, k | p

⌅
, k
⌅⇥⌅

. (2.36)

Comparing Eqs. (2.33) and (2.36) and using the principle of detailed balancingW (p⌅, k⌅ | p, k) = W (p, k | p
⌅
, k
⌅)

we obtain

C(x, p) =
1

2

Z
d
3
k

k0

d
3
p
⌅

p⌅0
d
3
k
⌅

k⌅0
⇤
f
�
x, p

⌅⇥
f
�
x, k

⌅⇥⌅ f(x, p)f (x, k)
⌅
W
�
p, k | p

⌅
, k
⌅⇥
. (2.37)
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Since we are taking collisions into account, Eq. (2.30) can be written for the case with collisions as

Z

�4x

Z

�3p
d
4
x
d
3
p

p0
p
µ µf(x, p) = ⇧4

x
⇧3

p

p0
C(x, p). (2.38)

Since the intervals ⇧4
x and ⇧3

p are arbitrary we obtain,

p
µ µf(x, p) = C(x, p) (2.39)

or using the expression for C(x, p) we can write the above expression as follows

p
µ µf(x, p) =

1

2

Z
d
3
k

k0

d
3
p
⌅

p⌅0
d
3
k
⌅

k⌅0
⇤
f
�
x, p

⌅⇥
f
�
x, k

⌅⇥⌅ f(x, p)f (x, k)
⌅
W
�
p, k | p

⌅
, k
⌅⇥ (2.40)

which is the required single particle relativistic transport equation when collisions are taken into considera-

tion.

For a multicomponent system, each component k = 1, 2, 3, ...N is described by separate distribution

function fk(x, p). We now aim to write the relativisitic Boltzmann transport equation for a multiparticle

system. A binary collision of the form pk + pl ⌅� p
⌅
k + p

⌅
l will satifsy the following transport equation-

p
µ
k µfk(x, p) =

NX

l=1

gl

1 + ⌦kl
Ckl[fk] (2.41)

where gl is the degeneracy of the l
th particle. The collision term on the right hand side is given as-

Ckl[fk] =

Z
d
3
pl

(2�)3p0l

d
3
p
⌅
k

(2�)3p⌅0k

d
3
p
⌅
l

(2�)3p⌅0l
[fk(x, p

⌅
k)fl(x, p

⌅
l) ⌅ fk(x, pk)fl(x, pl)] W

�
pk, pl | p

⌅
k, p

⌅
l

⇥
. (2.42)

for collisions considering Maxwell-Boltzmann statistics and for collisions involving Fermi-Dirac and Bose-

Einstein statistics Ckl is given as

Ckl[fk] =

Z
d
3
pl

(2�)3p0l

d
3
p
⌅
k

(2�)3p⌅0k

d
3
p
⌅
l

(2�)3p⌅0l
[fk(x, p

⌅
k)fl(x, p

⌅
l){1± fk(x, pk)}{1± fl(x, pl)}

⌅fk(x, pk)fl(x, pl){1± fk(x, p
⌅
k)}{1± fl(x, p

⌅
l)}] W

�
pk, pl | p

⌅
k, p

⌅
l

⇥
. (2.43)

where the ± sign in the above equation denotes Bose enhancement and Pauli blocking.

2.2.3 BTE in presence of background magnetic field

The BTE in presence of external force field is valid if the deviations caused by this external force in the

particle trajectories during the collision is small. First, we shall derive the transport equation subject to

external force field for the collisionless case. In presence of external force field F
µ(x, p) the particle momenta

p
µ will be modified to p

µ +F
µ⇧� while travelling from the surface element ⇧3⇤ to ⇧3⇤⌅ in the proper time
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interval ⇧� . Thus, Eq. (2.28) will be modified to

Z

�3⇥�

Z

�3p
d
3⇤µ

d
3
p

p0
p
µ
f(x, p+ F⇧�)⌅

Z

�3⇥

Z

�3p
d
3⇤µ

d
3
p

p0
p
µ
f(x, p) = 0. (2.44)

The four volume ⇧4
x enclosed by the surface element ⇧3⇤, ⇧3⇤⌅ and the surface of the tube formed by

these surface elements is given by -

⇧4
x = ⇧�

p
µ

m

Z

�3⇥
d
3⇤µ (2.45)

Making use of Taylor series expansion of f(x, p + F⇧�), Eq. (2.45), and Gauss’s theorem Eq. (2.44) we

obtain-

Z

�4x

Z

�3p
d
4
x
d
3
p

p0

⌥
p
µ µ +mF

µ(x, p)
 

 pµ

�
f(x, p) = 0. (2.46)

Since the intervals ⇧4
x and ⇧3

p are arbitrary we obtain

p
µ µf(x, p) +mF

µ(x, p)
 

 pµ
f(x, p) = 0. (2.47)

For the BTE in presence of external force field with collisions we have

p
µ µf(x, p) +mF

µ(x, p)
 

 pµ
f(x, p) = C(x, p) (2.48)

with collision term as given in Eqs. (2.42) and (2.43).

In the derivation of transport equation in presence of external field we have assumed that the external

force is mechanical and hence it does not change the rest mass of the particle i.e. we have

p
µ
Fµ(x, p) = 0. (2.49)

Also, we consider that upto first order in ⇧� , the momentum range is invariant as a result of which force

F
µ(x, p) satisfies

 Fµ(x, p)

 pµ
= 0 (2.50)

Eqs. (2.49) and (2.50) are satisfied by the Lorentz force

F
µ(x, p) =

q

m
p⇤F

µ⇤(x) (2.51)

where q is the charge of the positive particle and F
µ⇤ is the antisymmetric electromagnetic tensor. The

components F 0i = E
i and F

ij = B
k (i, j, k = x, y, z : cyclic) where ↵E and ↵B are respectively the electric



22 Chapter 2. Kinetic Theory

and magnetic field vectors. Using Eq. (2.51) in Eq. (2.48) we obtain

p
µ µf(x, p) + q p⇤F

µ⇤(x)
 

 pµ
f(x, p) = C(x, p) (2.52)

2.3 Conservation laws

The macroscopic quantities that describe a relativistic system outside equilibrium obey equations which

follow from the conservation laws of particle number and energy-momentum. In the framework of a kinetic

theory the conservation laws can be derived from the corresponding laws valid at the microscopic level. It

can be proved that the production of entropy is always greater than or equal to zero. In kinetic theory this

is known as the H-theorem, originally due to Boltzmann. Equilibrium is then defined as the state in which

there is no entropy production.

2.3.1 Conservation Equations

Let us consider a dilute mixture of N -components interacting via elastic and inelastic collisions. The total

number of particles are assumed to be conserved during the collision. The distribution function of each

component given by fk(x, pk) (k = 1, 2, ...N) satisfies the following set of BTE -

p
µ
k µfk (x, pk) =

NX

l=1

Ckl (x, pk) (2.53)

where the collsion term for the reaction of type k and l species colliding and forming i and j species,

k + l ⌅� i+ j is given as

Ckl =
1

2

NX

i,j=1

Z
d
3
pl

p
0
l

d
3
pi

p
0
i

d
3
pj

p
0
j

�
fifjWij|kl ⌅ fkflWkl|ij

⇥
(2.54)

As a consequence of the microscopic conservation laws obeyed by various reactions, the collision term in Eq.

(2.54) possess the following property-

NX

k,l=1

Z
d
3
pk

p
0
k

�k (x, pk)Ckl (x, pk) = 0 (2.55)

where,

�k (x, pk) = ak(x) + bµ(x)p
µ
k . (2.56)

The space-time dependent function ak(x) and bµ(x) satisfies

ak(x) + al(x) = ai(x) + aj(x). (2.57)
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In order to prove Eq. (2.55), we substitute Eqs. (2.56) and (2.57) on the L.H.S. of Eq. (2.55)

1

2

X

i,j,k,l

Z
d
3
pi

p
0
i

d
3
pl

p
0
l

d
3
pi

p
0
i

d
3
pj

p
0
j

�k

�
fifjWij|kl ⌅ fkflWkl|ij

⇥
(2.58)

Now interchanging the variables, i � k and j  � l we obtain

1

2

X

i,j,k,l

Z
d
3
pi

p
0
i

d
3
pl

p
0
l

d
3
pi

p
0
i

d
3
pj

p
0
j

[�k ⌅ �i] fifjWij|kl (2.59)

Similarly on interchanging the variables, i � j and k  � l we obtain

1

2

X

i,j,k,l

Z
d
3
pi

p
0
i

d
3
pl

p
0
l

d
3
pi

p
0
i

d
3
pj

p
0
j

[�l ⌅ �j ] fifjWij|kl. (2.60)

On adding Eqs. (2.59) and (2.60) we obtain

1

4

X

i,j,k,l

Z
d
3
pi

p
0
i

d
3
pl

p
0
l

d
3
pi

p
0
i

d
3
pj

p
0
j

[�k + �l ⌅ �i ⌅ �j ] fifjWij|kl. (2.61)

Using Eq. (2.56) and the conservation of energy and momentum (pµk + p
µ
l = p

µ
i + p

µ
j ) in the above equation

we get

�k + �l ⌅ �i ⌅ �j = 0. (2.62)

Substituting Eq. (2.62) in Eq. (2.61) we obtain,

NX

k,l=1

Z
d
3
pk

p
0
k

�k (x, pk)Ckl (x, pk) = 0 (2.63)

2.3.2 Conservation of particle number

Substituting b
µ(x) = 0 and ak(x) = a(x)

NX

k,l=1

Z
d
3
pk

p
0
k

a(x)Ckl (x, pk) = 0 (2.64)

Since a(x) is arbitrary, above equation can be written as,

NX

k,l=1

Z
d
3
pk

p
0
k

Ckl (x, pk) = 0. (2.65)

Making use of Eq. (2.53) in the above equation we get

NX

k=1

Z
d
3
pk

p
0
k

p
µ
k  µfk (x, pk) = 0. (2.66)
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Thus we have,

 µ

NX

k=1

Z
d
3
pk

p
0
k

p
µ
kfk (x, pk) = 0. (2.67)

Making use of particle four flow for each component we get

 µ

NX

k=1

N
µ
k =  µN

µ = 0. (2.68)

Eq. (2.68) represents the particle number conservation in the system. Apart from the particle number, the

system may possess some other conserved intrinsic quantum numbers like lepton number or baryon number.

The form for such a conservation law is given as

qk + ql = qi + qj . (2.69)

Substituting ak(x) = qka(x) and b
µ(x) = 0 in Eq. (2.56)and then making use of Eq. (2.53)we get

 µ

NX

k=1

⌥
qk

Z
d
3
pk

p
0
k

p
µ
kfk (x, pk)

�
= 0. (2.70)

Again, making use of particle four flow we get

 µ

NX

k

qkN
µ
k =  µJ

µ = 0 (2.71)

where the current Jµ =
PN

k qkN
µ
k . This shows that any conserved quantum number implies the existence

of a conserved macroscopic current.

2.3.3 Conservation of Energy and Momentum

Substituting ak(x) = 0 in Eq. (2.56) we get

NX

k,l=1

Z
d
3
p

p
0
k

p
µ
kCkl (x, pk) = 0 (2.72)

Using Eq. (2.53) in the above equation we get

 µ

NX

k=1

Z
d
3
pk

p
0
k

p
µ
kp

⇤
kfk (x, pk) = 0 (2.73)

Applying Eq. (2.9) in the above equation we get

 µ

NX

k=1

T
µ⇤
k =  µT

µ⇤ = 0. (2.74)
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Eq. (2.74) expresses the conservation of energy for µ = 0 and for µ = 1, 2, 3 it expresses the conservation of

momentum.

2.4 Equations of motion of fluids and H-theorem

The equation of motion of fluids can be derived from the conservation of particle number and conservation

of energy and momentum. These equations give the rate of change of particle densities, hydrodynamic four

velocity and the energy density.

2.4.1 Time derivative and gradient

The time-space derivative  µ is decomposed into time derivative and space derivative in the rest frame using

the hydrodynamic velocity. The four derivative is hence given as -

 µ = U
µ
U
⇤ ⇤ + (gµ⇤ ⌅ U

µ
U
⇤)  ⇤

= U
µ
D +�µ (2.75)

where

D = U
⇤ ⇤ , �µ = ⇧µ⇤ ⇤ (2.76)

In addition to the convective time derivative D, let us introduce the concept of substantial time derivative

D as

D = nD +N
µ⇧µ. (2.77)

In Eckart’s frame N
µ�µ = 0, thus in this frame Eq. (2.77) reduces to

D = nD (2.78)

while in Landau’s frame I
µ
q = ⌅h⇧µ⇤

N⇤ , as a consequence of which in this frame Eq. (2.77) reduces to

D = nD ⌅ h
⇥1

I
⇤
q  ⇤ (2.79)

2.4.2 Equations of Continuity

The particle four flow N
µ can be decomposed into a component parallel to and perpendicular to the hydro-

dynamic velocity. Thus

N
µ = U

µ
U
⇤
N⇤ + (gµ⇤ ⌅ U

µ
U
⇤)N⇤ = nU

µ + V
µ (2.80)
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where

V
µ = ⇧µ⇤

N⇤ . (2.81)

Using Eq. (2.80) in the particle number conservation equation  µNµ = 0 we get

UµU
⌥ ⌥(nUµ) + UµU

⌥ ⌥V
µ +⇧µ⌥ 

⌥ (nUµ) +�µV
µ = 0. (2.82)

Substituting UµV
µ = 0, Uµ⇧µ� = 0 and Uµ ⌥Uµ = 0 in the above equation we obtain

Dn = ⌅n�µU
µ ⌅�µV

µ + VµDU
µ (2.83)

This is the required equation of continuity.

2.4.3 Equation of Motion

Equation of motion can be derived from the conservation of energy momentum tensor. Since it should only

involve the space part of the energy momentum tensor we contract  µTµ⇤ = 0 with the projector operator.

We thus get

⇧µ
⇤ ⇥T

⇤⇥ = 0 (2.84)

The heat flow I
µ
q is given by

I
µ
q = U⇤T

⇤⇥⇧µ
⇥ ⌅ hV

µ (2.85)

U⇤T
⇤⇥⇧µ

⇥ = I
µ
q + hV

µ = W
µ (2.86)

where the quantity W
µ introduced above is orthogonal to Uµ. The energy momentum tensor in terms of

W
µ can be written as

T
µ⇤ = enU

µ
U
⇤ ⌅ p⇧µ⇤ +W

µ
U
⇤ +W

⇤
U

µ +⌥µ⇤
. (2.87)

Using Eq. (2.87) and equations U⇥⌥µ⇥ = 0, U⇤ ⇥U⇤ = 0, Wµ
Uµ = 0 and h = e + pn

⇥1 in Eq. (2.84) we

obtain

hnDU
µ = �µ

p⌅⇧µ
⇤�⇥⌥

⇤⇥ +⌥µ⇤
DU⇤ ⌅⇧µ

⇤DW
⇤ ⌅W

µ�⇤U
⇤ ⌅W

⇤�⇤U
µ (2.88)

This is the required equation of motion.



2.4. Equations of motion of fluids and H-theorem 27

If the quantities ⌥µ⇤ and W
µ are ignored, the equation of motion reduces to the zeroth order form

DU
µ =

1

nh
�µ

p. (2.89)

valid for perfect fluids.

In Eckart’s frame, V µ = 0, and hence W
µ = I

µ
q . So using these in Eq. (2.88) we get

hnDU
µ = �µ

p⌅⇧µ
⇤�⇥⌥

⇤⇥ +
1

nh
⌥µ⇤�⇤p⌅

⇤
⇧µ

⇤DI
⇤
q + T

µ
q �⇤U

⇤ + T
⇤
q �⇤U

µ
⌅

(2.90)

However, in Landau’s frame, Wµ = U
⇤
T⇤⇥⇧µ⇥ = 0. So using W

µ = 0 in Eq. (2.88), equation of motion in

Landau’s frame is given by

hnDU
µ = �µ

p⌅⇧µ
⇤�⇥⌥

⇤⇥ +⌥µ⇤
DU⇤ . (2.91)

Again, if the quantities ⌥µ⇤ and W
µ are ignored in Eqs. (2.90) and (2.91), the equation of motion reduces

to the zeroth order form as obtained in Eq. (2.89).

2.4.4 Equation of energy

Equation of energy can be derived from the conservation of energy momentum tensor. Since the equation

of energy should only involve the time part of the energy momentum tensor we contract  ⇤Tµ⇤ = 0 with

the hydrodynamic velocity Uµ

Uµ ⇤T
µ⇤ = 0. (2.92)

Using Eq. (2.87) and equations Wµ
Uµ = 0, ⌥µ⇤

U⇤ = 0, D = U
µ µ, �µ = ⇧µ⇤ ⇤ in the above equation we

get

D(en) = ⌅nh�µU
µ +⌥µ⇤�⇤Uµ ⌅�µW

µ + 2Wµ
DUµ (2.93)

Using the equation of continuity given in Eq. (2.83) in the above equation we obtain

nDe = ⌅p�µU
µ +⌥µ⇤�⇤Uµ ⌅�µW

µ + e�µV
µ + (2W µ ⌅ eV

µ)DUµ. (2.94)

This equation gives the rate of change of energy per particle.

If we omit the quantities ⌥µ⇤ and W
µ we get

nDe = ⌅p µUµ (2.95)

which is the relativistic Euler or zeroth order equation of energy valid for perfect fluids.
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If we choose the Eckart’s frame then, V µ = 0, hence W
µ = I

µ
q . Equation of energy in Eckart’s frame

can thus be written as

nDe = ⌅p�µU
µ +⌥µ⇤�⇤Uµ ⌅�µI

µ
q + 2Iµq DUµ. (2.96)

In landau’s frame W
µ = 0, hence I

µ
q = ⌅hV µ, thus the equation of energy can be written as

nDe = ⌅p�µU
µ +⌥µ⇤�⇤Uµ ⌅ e�µ

�
h
⇥1

I
µ
q

⇥
+ eh

⇥1
I
µ
q DUµ. (2.97)

2.4.5 First law of thermodynamics

The first law of thermodynamics is an energy law which relates the change of energy to the work term and a

heat term. Thus, the first law of thermodynamics is the equation which relates the quantity De+ pDn
⇥1 to

the other relevant local quantities. We already have an expression for De from Eq. (2.94) and the quantity

nDn
⇥1 can be calculated from equation of continuity i.e. Eq. (2.83). Thus, nDn

⇥1 is obtained to be

nDn
⇥1 = ⌅ 1

n
[⌅n�µU

µ ⌅�µV
µ + VµDU

µ] (2.98)

Thus using Eqs. (2.94) and (2.98) we obtain

n
�
De+ pdn

⇥1⇥ = ⌥µ⇤�⇤Uµ ⌅�µI
µ
q ⌅ v

µ�µh+
�
2Iµq + hV

µ
⇥
DUµ. (2.99)

which is the relativistic first law of thermodynamics. In the absence of transport quantities Eq. (2.99)

reduces to

De+ pDn
⇥1 = 0 (2.100)

which has the usual appearance of the first law of thermodynamics for systems which are adiabaticaly insu-

lated from their surroundings. In Eckart’s frame, V µ = 0, Wµ = I
µ
q hence the first law of thermodynamics

reduces to

n
�
De+ pDn

⇥1⇥ = ⌥µ⇤�⇤Uµ ⌅�µI
µ
q + 2Iµq DUµ. (2.101)

In Landau’s frame, Wµ = 0, V µ = ⌅h⇥1Iµq , thus the first law of thermodynamics in this frame reduces to

n
�
De+ pDn

⇥1⇥ = ⌥µ⇤�⇤Uµ ⌅�µI
µ
q + h

⇥1
I
µ
q�µh+ I

µ
q DUµ. (2.102)

Substituting Eqs. (2.77) and (2.89) in Eq. (2.99) we obtain

De+ pDn
⇥1 = ⌥µµ�⇤Uµ ⌅�µI

µ
q + 2(nh)⇥1Iµq�µp. (2.103)
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The term De is the change of energy, pDn
⇥1 is the work done due to local pressure, ⌥µ⇤�⇤Uµ is the

work done due to viscous pressure, ⌅�µI
µ
q is the heat term with divergence of heat flow and the term

2(nh)⇥1Iµq�µp is the purely relativistic term involving the pressure gradient.

2.4.6 H-theorem

The local entropy production is given by-

⇤s(x) =  µS
µ(x). (2.104)

Substituting Eq. (2.12) in the above equation we obtain

⇤s = ⌅kB

Z
d
3
p

p0

⇤
log h3f(x, p)

⌅
p
µ µf(x, p) (2.105)

For the reactive mixture we have

⇤s = ⌅kB

NX

k=1

Z
d
3
pk

p0

⇤
log h3fk(x, p)

⌅
p
µ
k µfk(x, p). (2.106)

Using Eq. (2.53) in the above equation we obtain

⇤s = ⌅kB

X

k,l

Z
d
3
pk

p0

⇤
logh3 fk(x, p)

⌅
Ckl (2.107)

= ⌅kBF
⇤
logh3 fk

⌅
. (2.108)

Using the form for F from Eq. (2.61) in the above equation we obtain

⇤s = ⌅
1

4

X

ijkl

Z
d
3
pi

p
0
i

d
3
pj

p
0
j

d
3
pk

p
0
k

d
3
pl

p
0
l

⌥
log

fkfl

fifj

�
fifjWij|kl. (2.109)

We now assume that the transition rate satisfies

X

ij

Z
d
3
pi

p
0
i

d
3
pj

p
0
j

Wkl|ij =
X

ij

Z
d
3
pi

p
0
i

d
3
pj

p
0
j

Wij|kl (2.110)

Multiplying both sides by fkfl
p0kp

0
l
and integrating over pk and pl we obtain

X

ijkl

Z
d
3
pi

p
0
i

d
3
pj

p
0
j

d
3
pk

p
0
k

d
3
pl

p
0
l

⇤
fkflWij|kl ⌅ fkflWkl|ij

⌅
= 0. (2.111)

Interchanging k  � l and i � j we get

X

ijkl

Z
d
3
pi

p
0
i

d
3
pj

p
0
j

d
3
pk

p
0
k

d
3
pl

p
0
l

[fkfl ⌅ fifj ]Wij|kl = 0 (2.112)
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As the left hand side of the above equation equates to zero we can add it to Eq. (2.109). We thus obtain

⇤s = ⌅
1

4

X

ijkl

Z
d
3
pi

p
0
i

d
3
pj

p
0
j

d
3
pk

p
0
k

d
3
pl

p
0
l

⌥
fkfl

fifj
⌅ log

fkfl

fifj
⌅ 1

�
fifjWij|kl. (2.113)

Let fkfl
fifj

= x, we know that x⌅ log x⌅ 1 > 0 for x > 0 and x⌅ log x⌅ 1 = 0 for x = 1, hence

⇤s ⌦ 0. (2.114)

This is the H theorem which states that the entropy production can never be negative.

2.5 First Chapman-Enskog Approximation

Experimental observation shows that many-particle systems usually approaches equilibrium in two di⌅erent

stages. First, the system reaches a state of equilibrium which means that its state may be specified in terms

of the local density, local hydrodynamic velocity and local temperature. During the second stage the spatial

non-uniformities slowly disappear and the system relaxes to complete equilibrium.

2.5.1 Chapman-Enskog Method

The Chapman-Enskog approximation aims at obtaining a solution of the transport equation valid in the last

hydrodynamic stage. In this method we assume that in the hydrodynamic regime the distribution function

can be expressed as a function of the hydrodynamic variables and their gradients. As in the non-relativistic

theory the main interest of the Chapman-Enskog method lies in the first approximation. It yields the second

law of thermodynamics outside equilibrium and explicit expressions for the transport co-e⇥cient in terms

of the particle interaction. We know that the transport equation is given by

p
µ
UµDf = ⌅pµ�µf + C[f, f ] (2.115)

where C[f, f ] is given by equation

C[f, f ] =
1

2

Z
d
3
p1

p
0
1

d
3
p
⌅
1

p
0�
1

d
3
p
⌅

p⌅0
�
f
⌅
f
⌅
1 ⌅ ff1

⇥
W
�
p
⌅
p
⌅
1 | pp1

⇥
(2.116)

On dividing Eq. (2.115) bymcf , both the terms on the right hand side of the equation acquires inverse length

dimension. The length associated with the first term is the characteristic for the spatial non-uniformities

in the system, while the second length associated with the collision term characterizes the mean free path.

In the hydrodynamic regime the latter length is much smaller than the former and one may try to find a

solution of the transport equation with the ratio of these lengths as an expansion parameter. This is the

chapman-Enskog procedure.
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Let us intoduce a parameter � in the transport equation

p
µ
UµDf = ⌅�pµ�µf + C[f, f ]. (2.117)

The parameter � measures the relative strength of the gradient and is called the non-uniformity parameter.

To find the solution of Eq. (2.117) we adopt the expansions

f = f
(0) + �f (1) + �2f (2) + . . . (2.118)

Df = �(Df)(1) + �2(Df)(2) + . . . (2.119)

Substituing Eqs. (2.118) and (2.119) in Eq. (2.117) we get

p
µ
Uµ

h
�(Df)(1) + �2(Df)(2) + . . .

i
= ⌅�pµ�µ

h
f
(0) + �f (1) + �2f (2) + . . .

i
+ C[f, f ]. (2.120)

On equating the coe⇥cients of equal powers in � in the above equation, we obtain

C

h
f
(0)

, f
(0)
i

= 0 (2.121)

p
µ
Uµ(Df)(1) = ⌅pµ�µf

(0) + C

h
f
(0)

, f
(1)
i
+ C

h
f
(1)

, f
(0)
i
. (2.122)

Thus, in general we can write

p
µ
Uµ(Df)(r) = ⌅pµ�µf

(r⇥1) +
rX

s=0

C

h
f
(s)

, f
(r⇥s)

i
r ⌦ 1 (2.123)

where f
(0) is the equilibrium distribution function and is given by

f
(0)(x, p) =

1

2��3 exp
 
µ⌅ p

µ
Uµ

kBT

⌦
. (2.124)

Let us now introduce a linearized collision operator L[✏] which is given as

L[✏] =
1

2

Z
d
3
p1

p
0
1

d
3
p
⌅

p⌅0
d
3
p
⌅
1

p
⌅0
1

f
(0)
1

�
✏+ ✏1 ⌅ ✏⌅ ⌅ ✏⌅1

⇥
W
�
p
⌅
, p
⌅
1 | p, p1

⇥
. (2.125)

Using Eq. (2.125) we obtain

C

h
f
(0)

, f
(r)
i
+ C

h
f
(r)

, f
(0)
i
= ⌅f (0)

L

h
✏(r)

i
(2.126)

Making use of the above equation in Eq. (2.123) the Chapman-Enskog hierarchy becomes

p
µ
Uµ(Df)(r) + p

µ�µf
(r⇥1) ⌅

r⇥1X

s=1

C

h
f
(s)

, f
(r⇥s)

i
= ⌅f (0)

L

h
✏(r)

i
(2.127)
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We now make an assumption that

n =

Z
d
3
p

p0
p
µ
Uµf =

Z
d
3
p

p0
p
µ
Uµf(0) (2.128)

ne =

Z
d
3
p

p0
(pµUµ)

2
f =

Z
d
3
p

p0
(pµUµ)

2
f
(0) (2.129)

i.e. we have assumed particle density and energy density to be determined by local distribution function

alone. Similarly, we make an assumption for the hydrodynmaic velocity.

In Eckart’s frame

⇧µ⇤
N⇤ =

Z
d
3
p

p0
⇧µ⇤

p⇤f
(0) (2.130)

and in Landau’s frame

⇧µ⇤
T⇤⇥U

⇥ =

Z
d
3
p

p0
⇧µ⇤

p⇤p⇥U
⇥
f
(0) = 0. (2.131)

Eqs. (2.128), (2.129), (2.130) and (2.131) are satisfied if we impose on the functions f
(r) for all values of

r > 0 the following conditions

Z
d
3
p

p0
p
µ
Uµf(r) = 0 (2.132)

Z
d
3
p

p0
(pµUµ)

2
f
(r) = 0 (2.133)

Z
d
3
p

p0
⇧µ⇤

p⇤f
(r) = 0 (2.134)

Z
d
3
p

p0
⇧µ⇤

p⇤p⇥U
⇥
f
(r) = 0 (2.135)

2.5.2 Solubility Conditions

We will now try to find the explicit expression for (Df)(r). Integrating Eq. (2.117) over d3p
p0 and using the

condition
R d3p

p0 C[f, f ] = 0 we get

Z
d
3
p

p0
p
µ
UµDf = ⌅�

Z
d
3
p

p0
p
µ�µf. (2.136)

Using the expansions of f and Df from Eqs. (2.118) and (2.119) in Eq. (2.136) we get

Z
d
3
p

p0
p
µ
Uµ(Df)(r) = ⌅

Z
d
3
p

p0
p
µ�µf

(r⇥1)
. (2.137)

On multiplying Eq. (2.117) with p
⇤ and integrating over d3p

p0 we obtain

Z
d
3
p

p0
p
µ
p
⇤
U⇤Df = ⌅�

Z
d
3
p

p0
p
µ
p
⇤�⇤f. (2.138)
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Using the expansions of f and Df from Eqs. (2.118) and (2.119) in Eq. (2.138) we get

Z
d
3
p

p0
p
µ
p
⇤
U⇤(Df)(r) = ⌅

Z
d
3
p

p0
p
µ
p
⇤�⇤f

(r⇥1)
. (2.139)

The integral Eq. (2.123) are solvable only if equations Eqs. (2.137) and (2.139) are satisfied. Eqs. (2.137)

and (2.139) are called the solubility conditions. The solubility conditions can be satisfied by assuming

that the time and space dependence of the distribution function is given solely by its dependence upon the

independent variables n(x), T (x), Uµ(x) and their gradients, so that

(Df)(r) =
rX

s=1

"
 f (r⇥s)

 n
(Dn)(s)

 f (r⇥s)

 T
(DT )(s) +

 f (r⇥s)

 Uµ
(DU

µ)(s)
#

+
rX

s=2

"
 f (r⇥s)

 (�µn)
(D�µ

n)(s) + . . .+ . . .

#
+ . . . (2.140)

Substituting Eq. (2.140) on the left handside of solubility condition Eq. (2.137)

Z
d
3
p

p0
p
µ
Uµ(Df)(r) =

Z
d
3
p

p0
p
µ
Uµ

rX

s=1

"
 f (r⇥s)

 n
(Dn)(s)

 f (r⇥s)

 T
(DT )(s) +

 f (r⇥s)

 Uµ
(DU

µ)(s)
#

+

Z
d
3
p

p0
p
µ
Uµ

rX

s=2

"
 f (r⇥s)

 (�µn)
(D�µ

n)(s) + . . .+ . . .

#
+ . . . (2.141)

We will now calculate each term in the above equation. Considering the first term on R.H.S of Eq. (2.141)

we get

rX

s=1

Z
d
3
p

p0
p
µ
Uµ

 f (r⇥s)

 n
(Dn)(s) =

rX

s=1

(Dn)(s)
 

 n

Z
d
3
p

p0
p
µ
Uµf

(r⇥s) (2.142)

We know from Eq. (2.132), the quantity s ↵= r does not contribute in the above expression, thus for s = r

we have

rX

s=1

Z
d
3
p

p0
p
µ
Uµ

 f (r⇥s)

 n
(Dn)(s) =

rX

s=1

(Dn)(s)
 

 n

Z
d
3
p

p0
p
µ
Uµf

(0) = (Dn)(r) (2.143)

Considering the second term on R.H.S of Eq. (2.141) we get

rX

s=1

Z
d
3
p

p0
p
µ
Uµ

 f (r⇥s)

 T
(DT )(s) =

rX

s=1

(DT )(s)
 

 T

Z
d
3
p

p0
p
µ
Uµf

(r⇥s)
. (2.144)

From Eq. (2.133) we know that the quantity s ↵= r does not contribute in the above expression, hence we

have for s = r

rX

s=1

Z
d
3
p

p0
p
µ
Uµ

 f (r⇥s)

 T
(DT )(s) =

rX

s=1

(DT )(s)
 

 T

Z
d
3
p

p0
p
µ
Uµf

(0) = (DT )(r)
 n

 T
(2.145)
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Since particle density n is independent of temperature T we have from the above equation

rX

s=1

Z
d
3
p

p0
p
µ
Uµ

 f (r⇥s)

 T
(DT )(s) = 0 (2.146)

Considering the third term on R.H.S of Eq. (2.141)

rX

s=1

Z
d
3
p

p0
p
µ
Uµ

 f (r⇥s)

 Uµ
(DU

µ)(s) =
rX

s=1

(DU
µ)(s)

 

 Uµ

Z
d
3
p

p0
p
µ
Uµf

(r⇥s) +
rX

s=1

(DU
µ)(s)

Z
d
3
p

p0
p
µ
f
(r⇥s)

= (DU
µ)(r)

 n

 Uµ
+

rX

s=1

N
(r⇥s)
µ (DU

µ)(s)

=
rX

s=1

N
(r⇥s)
µ (DU

µ)(s) . (2.147)

Similarly other terms on R.H.S of Eq. (2.141) can be calculated to be zero identically. Thus substituting

Eqs. (2.143), (2.146) and (2.147) in Eq. (2.140) we get

Z
d
3
p

p0
p
µ
Uµ(Df)(r) = (Dn)(r) ⌅

rX

s=1

N
(r⇥s)
µ (DU

µ)(s) (2.148)

Using Eq. (2.148), equations U
µ (DUµ)

(s) = 0 and N
0
µ (DU

µ)(r) = nU
0
µ (DU

µ)(r) = 0 in Eq. (2.137) we

obtain

(Dn)(r) ⌅
r⇥1X

s=1

N
(r⇥s)
µ (DU

µ)(s) = ⌅
Z

d
3
p

p0
pµ�µ

f
(r⇥1) (2.149)

(Dn)(r) =
r⇥1X

s=1

N
r⇥s
µ (DU

µ)(s) ⌅�µ
N

(r⇥1)
µ . (2.150)

Eq. (2.150) for r = 1 can be written as

(Dn)(1) = ⌅�µ
U

µ (2.151)

where we have made use of N0
µ = nUµ. Similarly from Eq. (2.136) we get

Dn = N
µ
DUµ ⌅ ��µ

Nµ (2.152)

2.5.3 First Chapman-Enskog Approximation

The first Chapman-Enskog approximation is determined by Eq. (2.136) for r = 1. Thus, we have

p
µ
Uµ(Df)(1) + p

µ�µf
(0) = ⌅f (0)

L

h
✏(1)

i
. (2.153)
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We know Df
(1) is given by

(Df)(1) =
 f (0)

 n
(Dn)(1) +

 f (0)

 T
(DT )(1) +

 f (0)

 Uµ
(DU

µ)(1) (2.154)

where f
(0) is given by Eq. (2.124). Substituting for (Df)(1) from Eq. (2.154) in Eq. (2.153) we get

p
µ
Uµ

 
 f (0)

 n
(Dn)(1) +

 f (0)

 T
(DT )(1) +

 f (0)

 Uµ
(DU

µ)(1)
!
p
µ�µf

(0) = ⌅f (0)
L

h
✏(1)

i
. (2.155)

On calculating each term in the above equation we obtain

 f (0)

 n
=

1

kBT
f
(0) µ

 n
(2.156)

 f (0)

 U⇤
= ⌅ p

⇤

kBT
f
(0) (2.157)

 f (0)

 T
=

1

kB

⌥
 

 T

⇧
µ

T

⌃
+

p
⇤
U⇤

T 2

�
. (2.158)

�µf
(0) =

1

kB

f
(0)

⌥
�µ

⇧
µ

T

⌃
⌅ p

⇤

T
�µU⇤ +

p
⇤
U⇤

T 2
�µT

�
. (2.159)

Using Eqs. (2.156), (2.157), (2.158) and (2.159) in Eq. (2.155) we get

p
µ
Uµ

"
 µ

 n
(Dn)(1) +

⌥
T
2  

 T

⇧
µ

T

⌃
+ p

⇤
U⇤

�
(DT )(1)

T
⌅ p

⇤ (DU⇤)
(1)

#
+ p

µ
T�µ

⇧
µ

T

⌃

⌅pµp⇤�µU⇤ +
p
µ
p
⇤
U⇤

T
�µT = ⌅kBTL

h
✏(1)

i
. (2.160)

For r = 1, Eq. (2.139) becomes

Z
d
3
p

p0
p
µ
p
⇤
U⇤(Df)(1) = ⌅

Z
d
3
p

p0
p
µ
p
⇤�⇤f

(0)
. (2.161)

Using Eq. (2.154) and
R d3p

p(0)p
µ
P
⇤
f
(0) = enU

µ
U
⇤ ⌅ p⇧µ⇤ in the above equation we get

U
µ

⌥
e(Dn)(1) + n

 e

 T
(DT )(1)

�
+ nh (DU

µ)(1) = ⌅nhUµ�⇤U
⇤ +�µ

p. (2.162)

Contracting Eq. (2.162) with ⇧µ⇤ we get

(DU
µ)(1) =

1

nh
�µ

p (2.163)

which is the lowest order approximation to the equation of motion.

Again, contracting Eq. (2.162) with U
µ and using Eq. (2.151), h = e+ pn

⇥1 and cv = �e
�T we obtain

cv(DT )(1) = ⌅kBT�µU
µ (2.164)
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which is the lowest order approximation to the equation of energy. Using Eqs. (2.151), (2.163) and (2.164)

in Eq. (2.160) we get

p
µ
Uµp

⇤

 
�⇤T

T
⌅ �⇤p

nh

⌦
+ p

⇤
T�⇤

µ

T
⌅ p

µ
p
⇤

 
�µU⇤ ⌅

1

3
⇧µ⇤�⇥U

⇥

⌦
+Q�µ

Uµ = ⌅kBTL[✏
(1)] (2.165)

where

Q = ⌅1

3
⇧µ⇤

pµp⇤ + (1⌅ ⌅) (pµUµ)
2 +

⌥
T
2(1⌅ ⌅)

 

 T

⇧
µ

T

⌃
⌅ n

 µ

 n

�
p
µ
Uµ. (2.166)

Using ⌅ =
kB
cv

+ 1, �µ�n =
kBT
n and �

�T

� µ
T

⇥
= ⌅ e

T 2 in Eq. (2.166) we get

Q =

 
4

3
⌅ ⌅

⌦
(pµUµ)

2 + [(⌅ ⌅ 1)h⌅ ⌅kBT ] p
µ
Uµ ⌅

1

3
m

2
. (2.167)

The first order perturbation function ✏(1) is uniquely determined by the Eq. (2.165) and the conditions of

fit Eqs. (2.132)-(2.135)

Z
d
3
p

p0
p
µ
Uµf(0)✏

(1) = 0 (2.168)

Z
d
3
p

p0
(pµUµ)

2
f
(0)✏(1) = 0 (2.169)

and

Z
d
3
p

p0
⇧µ⇤

p⇤f
(0)✏(1) = 0 (2.170)

Z
d
3
p

p0
⇧µ⇤

p⇤p⇥U
⇥
f
(0)✏(1) = 0. (2.171)

2.5.4 Second law of thermodynamics

The second law of thermodynamics expresses the fact that the entropy production is zero for a reversible

process, and positive for an irreversible transformation of the system. Within the framework of kinetic

theory this statement is called the H-theorem. In a wider sense it may mean either the Gibbs relation or

the entropy balance law. Sometimes it comprises both of them. We shall consider the later point of view.

2.5.5 Gibbs relation

Gibbs relation relates the entropy change to the changes of the other thermodynamic variables which de-

termines the state of the system. In the Chapman-Enskog hierarchy the conditions of fit are such that the

macroscopic variables are always determined by the distribution function alone. In particular, we have for

an N-component mixture-

nk = n
(0)
k k = 1, 2, . . . , Ne = e

(0) (2.172)
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If reactive collisions are allowed,

na =
X

k

qakn
(a)
k a = 1, 2, . . . , N ⌅ (2.173)

where qak are the conserved quantum numbers associated with the system. The entropy four flow for a

mixture is given by equation

S
µ = ⌅kB

NX

k=1

Z
d
3
pk

p
0
k

p
µ
kfk

⇤
log(2��)3fk ⌅ 1

⌅
. (2.174)

Let us consider the distribution function slightly deviated from equilibrium position

fk (x, pk) = f
(0)
k (x, pk) [1 + ✏k (x, pk)] . (2.175)

Substituting Eq. (2.175) in Eq. (2.174) and ignoring all the higher powers of the perturbation function ✏k

we get

S
µ =

1

T

"
T
µ⇤
U⇤ ⌅

X

k

µkN
µ
k

#
+ kBN

(0)µ
. (2.176)

Contracting Eq. (2.176)with U
µ we obtain

Ts = e+ pn
⇥1 ⌅

X

k

xkµk (2.177)

where we have made use of UµS
µ = sn and xk = nk

n . Thus, contraction with U
µ yields for the entropy

density the same expression as in equilibrium.

The corresponding expression for a reactive mixture is

Ts = e+ pn
⇥1 ⌅

N �X

a=1

xaµa. (2.178)

Taking the derivative of above equation we get

T ⇤s+ s ⇤T =  ⇤e+ p ⇤n
⇥1 + n

⇥1 ⇤p⌅
X

a

µa ⇤xa ⌅
X

a

xa ⇤µa. (2.179)

Let us consider T and µ to be independent variables. We know

p = nkBT. (2.180)
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Di⌅erentiating the above equation we get

 ⇤p = kBT

X

ak

 n(0)
k

 µa
 ⇤µa + kB

X

k

n
(0)
k + kBT

X
k
 n(0)

k

 T
 ⇤T. (2.181)

The quantity n
(0)
k in terms of the Bessel’s function is given by

n
(0)
k =

4�m2
kkBT

(2��3) K2

 
mk

kBT

⌦
exp

 
µk

kBT

⌦
. (2.182)

Di⌅erentiating Eq. (2.182) with temperature T we get

 n(0)
k

 T
=

n
(0)
k

kBT
2

⇧
e
(0)
k ⌅ µk

⌃
(2.183)

where we have made use of �
�z [Kn(z)] = ⌅1

2 [Kn⇥1(z) +Kn+1] and Kn+1(z) = 2nKn
z +Kn⇥1. Di⌅erentiating

Eq. (2.182) with chemical potential µa we get

 n(0)
k

 µa
= qak

n
(0)
k

kBT
. (2.184)

Using Eqs. (2.183) and (2.184) in Eq. (2.181) we get

n
⇥1 ⇤p⌅

X

a

xa ⇤µa = s nuT (2.185)

which is the relativistic version of Gibbs-Duhem relation. Using Eq. (2.185) in Eq. (2.179) we obtain

T ⇤s =  ⇤e+ p ⇤n
⇥1 ⌅

X

a

µa ⇤xa (2.186)

which is the required Gibbs relation which proves to be valid in the linear theory and, hence, in the first

order chapman-Enskog approximation. This relation is not valid beyond first approximation as we have

ignored the higher order terms while obtaining Eq. (2.176).

2.5.6 Irreversible flows

In the linear theory, the thermodynamic variables are independent of the perturbation functions. The

perturbation functions manifest themselves primarily in the expression for the flows. Let us first consider

the di⌅usion flow

I
µ
k = N

µ
k ⌅ xkN

µ
. (2.187)
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If reactive processes are taking place in the system then

I
µ
a =

X

k

qak

�
N

µ
k ⌅ xkN

µ
⇥
. (2.188)

In zeroth order the particle flow is given by-

N
(0)µ
k =

Z
d
3
pk

p
0
k

p
µ
kf

(0)
k = n

(0)
k U

µ
. (2.189)

Using Eq. (2.189) in Eq. (2.188) we obtain

I
(0)µ
a = 0. (2.190)

Thus, in terms of the perturbation function the di⌅usion flow is given as

I
µ
a =

X

k

(qak ⌅ xa)

Z
d
3
pk

p
0
k

p
µ
kf

(0)
k ✏k (2.191)

The heat flow is given by

I
µ
q = (U⇤T

⇤⇥ ⌅ hN
⇥)⇧µ

⇥. (2.192)

The zeroth order approximation to the heat flow vanishes

I
(0)µ
q = 0. (2.193)

In terms of the perturbation function the heat flow is given by

I
µ
q =

X

k

Z
d
3
pk

p
0
k

p
µ
k (p

⇤
kU⇤ ⌅ h) f (0)

k ✏k (2.194)

The viscous pressure tensor is defined as

⌥µ⇤ = ⇧µ
⇥T

⇥⇧⇧⇤
⇧ + p⇧µ⇤ (2.195)

The zeroth order approximation vanishes i.e.

o
⌥µ⇤ = 0 (2.196)

and the viscous pressure tensor in terms of the perturbation function is given by,

⌥µ⇤ =
X

k

Z
d
3
pk

p
0
k

⇧µ
⇥⇧

⇤
⇧p

⇥
kp

⇧
kf

(0)
k ✏k. (2.197)
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The viscous pressure tensor can be split into a traceless part
o
⌥µ⇤ and the remainder:

⌥µ⇤ =
o
⌥µ⇤ ⌅⌥⇧µ⇤

. (2.198)

The viscous pressure ⌥ is defined as negative one third of the trace of the viscous pressure tensor and in

terms of the perturabation function it is given as

⌥ = ⌅1

3
⌥µ

µ = ⌅1

3

X

k

d
3
pk

p
0
k

⇧µ⇤p
µ
kp

⇤
kf

(0)
k ✏k. (2.199)

Thus, the traceless part in terms of the perturbation function is given by

o
⌥µ⇤ =

X

k

Z
d
3
pk

p
0
k

 
⇧µ

⇥⇧
⇤
⇧ ⌅

1

3
⇧⇥⇧⇧

µ⇤

⌦
p
⇥
kp

⇧
kf

(0)
k ✏k. (2.200)

The entropy four flow is given by

I
µ
s = S

µ ⌅ sN
µ
. (2.201)

The zeroth order approxiamtion to the entropy flow S
µ is

S
(0)µ = snU

µ
. (2.202)

Using Eq. (2.176) and µk =
PN �

a=1 qakµa in Eq. (2.201) we get

I
µ
s =

1

T

 
⇧µ⇤

T⇤⇥U
⇥ ⌅

X

a

µa

X

k

qakN
µ
k + nhU

µ

!
⌅ sN

µ
. (2.203)

Using Eqs. (2.178),(2.188) and (2.192) in the above equation.we get

I
µ
s =

1

T

 
I
µ
q ⌅

X

a

µaI
µ
a

!
. (2.204)

Thus, in the linear approximation, the entropy flow is not an independent quantity, but a particular linear

combination of the heat flow and the di⌅usion flows.

2.6 Transport coe⇤cients

The irreversible phenomenon taking place in non-equilibrium systems is dominated by thermodynamic

forces and flows. The flows tend to smooth out or remove the non-uniformities caused by the forces. The

proportionality constants are known as the transport coe⇥cients. The transport coe⇥cients are dependant

on the kind of system and on the local thermodynamic variables, but independent of the local variations

of these quantities. We will try to find the transport coe⇥cients in terms of the interactions between the
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constituent particles using Chapman-Enskog approximation.

2.6.1 First order distribution function

In the Chapman-Enskog approximation the one-particle distribution function f(x, p), describing the state

of a simple system, is written as

f(x, p) = f
(0)(x, p)[1 + ✏(x, p)] (2.205)

where f
(0) is the local equilibrium distribution function

f
(0)(x, p) =

1

(2��)3 exp
 
µ(x)⌅ p

µ
Uµ(x)

kBT

⌦
. (2.206)

The first order perturbation function ✏(x, p) is determined from the integral Eq. (2.165). Using Gibbs-

Duhem relation in the integral equation we obtain

⌥ 
4

3
⌅ ⌅

⌦
(pµUµ)

2 + ((⌅ ⌅ 1)h⌅ ⌅kBT ) p
µ
Uµ ⌅

1

3
m

2

�
X ⌅ (pµUµ ⌅ h) p⇤X

⇤
q

+ p
µ
p
⇤ o
Xµ⇤= kBTL[✏] (2.207)

where X,X
µ
q and

0
Xµ⇤ indicate the thermodynamic forces and is given by

X = ⌅�µ
Uµ (2.208)

X
µ
q = �µ log T ⌅ kBT

h
�µ log p (2.209)

0
X

µ⇤

=

 
⇧µ

⇥⇧
⇤
⇧ ⌅

1

3
⇧µ⇤⇧⇥⇧

⌦
�⇥

U
⇧ (2.210)

and L is the linearized collision operator given by equation

L[✏] =
1

2

Z
d
3
p1

p
0
1

d
3
p
⌅

p⌅0
d
3
p
⌅
1

p
⌅0
1

f
(0)
1

�
✏+ ✏1 ⌅ ✏⌅ ⌅ ✏⌅1

⇥
W
�
p
⌅
, p
⌅
1 | p, p1

⇥
. (2.211)

Let us consider ✏ to be

✏ =
1

n⇤

⇧
AX ⌅BµX

µ
q + C

µ⇤ o
Xµ⇤

⌃
(2.212)

where ⇤ is the scattering cross-section and the factors at the right-hand side is chosen in such a way that

the coefiicients A,Bµ and C
µ⇤ becomes dimensionless.

The coe⇥cient A, being dimensionless, can only be a function of a scalar and dimensionless combinations

that can be constructed from the momentum vector p
µ, the metric tensor g

µ⇤ and the thermodynamic
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variables n, T and U
µ. These are

� =
p
µ
Uµ

kBT
, z =

m

kBT
(2.213)

and the dimensionless quantity containing the density. It will be shown that the coe⇥cient A is independent

of the density, so that we have

A = A(�, z). (2.214)

The vector term B
µ constructed from the same variables is given as

B
µ =

1

kBT
B(�, z)⇧µ⇤

p⇤ (2.215)

where the scalar function B turns out to be dimensionless and also independent of density. It contains

contribution from U
µ which however can be omitted since upon contraction with the thermodynamic force

X
µ
q in Eq. (2.212) it vanishes. Finally, we take

C
µ⇤ =

 
1

kBT

⌦2

C(�, z)

 
⇧µ

⇥⇧
⇤
 ⌅

1

3
⇧µ⇤⇧ ⇥

⌦
p
 
p
⇥ (2.216)

where C is dimensionless and independent of the density. The tensor C
µ⇤ must have the particular form

Eq. (2.216) since contributions proportional to ⇧µ⇤ as well as to U
µ vanish upon contraction with the

thermodynamic force
o
X

µ⇤ .

The thermodynamic forces appearing in the integral Eq. (2.207) as well as in trial solution (2.212) are

independent quantities. We now substitute Eq. (2.212) into Eq. (2.207) and equate the coe⇥cients of each

of the thermodynamic forces separately. In terms of a dimensionless linearized collision operator defined as

L[✏] =
1

nkBT⇤(T )
L[✏] (2.217)

we obtain the following set of integral equations for the functions (2.214), (2.215) and (2.216)

 
4

3
⌅ ⌅

⌦
�2 + [(⌅ ⌅ 1)ĥ⌅ ⌅]� ⌅ 1

3
z
2 = L[A(�, z)] (2.218)

(� ⌅ ĥ)⇧µ⇤
p⇤ = L [B(�, z)⇧µ⇤

p⇤ ] (2.219)
 
⇧µ

⇥⇧
⇤
 ⌅

1

3
⇧µ⇤⇧ ⇥

⌦
p
⇥
p
 = L

⌥
C(�, z)

 
⇧µ

⇥⇧
⇤
 ⌅

1

3
⇧µ⇤⇧⇥ p

⇥
p
 

⌦�
(2.220)

where ĥ = h
kBT .
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2.6.2 Heat conduction and viscous flow

We will now determine the relationship between gradients in the system and the irreversible flows. In

order to write the irreversible flows in concise form, we introduce few notations to indicate the symmetrized

space-like part of a vector aµ, a tensor bµ⇤

a
µ̄ = ⇧µ

⇤a
⇤ (2.221)

b
µ⇤ =

1

2
(⇧µ

⇥⇧
⇤
⇧ +⇧

⇤
⇥⇧

µ
⇧ ) b

⇥⇧ (2.222)

and a traceless part of the tensor as

b
o
µ� = b

µ⇤ ⌅ 1

3
⇧µ⇤⇧⇥⇧ b

⇥⇧
. (2.223)

We also introduce a dimensionless inner product of two functions F (p) and G(p) as the momentum integral

(F,G) =
kBT

n

Z
d
3
p

p0
F (p)G(p). (2.224)

Let us introduce a dimensionless momentum vector �µ = pµ

kBT . With the help of these notation we can write

equations for (2.191),(2.194) and (2.200) in the following manner: the viscous pressure as

⌥ = ⌅1

3
nkBT (�µ�µ,✏) (2.225)

the heat flow as

I
µ
q = nkBT

⇧
�µ̄(� ⌅ ĥ),✏

⌃
(2.226)

and the traceless viscous pressure tensor as

o
µ⇣

µ⇤
= nkBT

⇧
o

�µ�⇤
,✏
⌃
. (2.227)

We now consider the viscous pressure as given in Eq. (2.225) and substitute the expression for ✏ in the

equation to get

⌥ = ⌅1

3

1

nkB⇤T

Z
d
3
p

p0
⇧µ⇤

pµp⇤f
(0)
⇧
AX ⌅B⌥X

⌥
q + C

⌥⌦ o
X⌥⌦

⌃
. (2.228)

Let us consider the first term as ⌥1. Calculating the first term in Eq. (2.228) we obtain

⌥1 = ⌅
1

3

1

nkB⇤T

Z
d
3
p

p0
⇧µ⇤

pµp⇤f
(0)

AX. (2.229)
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Substituing the expression for A from Eq. (2.214) and X from Eq. (2.208) in the above equation we get

⌥1 = ⌅
1

3

1

nkB⇤T

Z
d
3
p

p0
⇧µ⇤

pµp⇤f
(0)

A(�, z) (⌅�⌥
U⌥) . (2.230)

This equation can be written as

⌥1 = ⌅⌥ �⌥
U⌥ (2.231)

where ⌥ is the bulk viscosity coe⇥cient and is given as

⌥ = ⌅1

3

kBT

⇤
(�µ�µ, A) . (2.232)

Now considering the second term say ⌥2 in Eq. (2.228)

⌥2 =
1

3

1

nkB⇤T

Z
d
3
p

p0
⇧µ⇤

pµp⇤f
(0)

B⌥X
⌥
q . (2.233)

Substituing the expression for B⌥ from Eq. (2.215) and the expression for X⌥
q from Eq. (2.209) we get

⌥2 =
1

3

1

nkB⇤T

Z
d
3
p

p0
⇧µ⇤

pµp⇤B(�, z)⇧⌥⌦p
⌦

⌥
�⌥

T

T
⌅ kBT

h

�⌥
p

p

�
f
(0) (2.234)

=
1

3

1

nkB⇤T

⌥
�⌥

T

T
⌅ kBT

h

�⌥
p

p

�
⇧⌥⌦

Z
d
3
p

p0
⇧µ⇤

pµp⇤B(�, z)p⌦f (0) (2.235)

=
1

3

1

nkB⇤T

⌥
�⌥

T

T
⌅ kBT

h

�⌥
p

p

�
⇧⌥⌦

h
constant ◊ U

⌦
i

(2.236)

where the last equation is obtained using equation

Z
d
3
p

p0
F (p⇥U

⇥) pµ = constant ◊ Uµ. (2.237)

Thus, we get

⌥2 = 0 (2.238)

since ⇧⌥⌦U
⌦ = 0. Considering the third term say ⌥3

⌥3 = ⌅
1

3

1

nkB⇤T

Z
d
3
p

p0
⇧µ⇤

pµp⇤f
(0)

C
⌥⌦ o

X⌥⌦ . (2.239)
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Substituing the expression for C⌥⌦ from Eq. (2.216) and the expression for
o
X⌥⌦ from Eq. (2.210) we get

⌥3 = ⌅1

3

1

kBTn⇤(T )

Z
d
3
p

p0
⇧µ⇤

pµp⇤f
(0)

C(�, z)

 
⇧⌥

⇥⇧
⌦
 ⌅

1

3
⇧⌥⌦⇧⇥ 

⌦
p
⇥
p
 

 
⇧↵

⌥⇧
⌅
⌦ ⌅

1

3
⇧⌥⌦⇧

↵⌅

⌦
�↵U⌅

= ⌅1

3

1

kBTn⇤(T )

 
⇧⌥

⇥⇧
⌦
 ⌅

1

3
⇧⌥⌦⇧⇥ 

⌦ 
⇧↵

⌥⇧
⌅
⌦ ⌅

1

3
⇧⌥⌦⇧

↵⌅

⌦
�↵U⌅

Z
d
3
p

p0
⇧µ⇤

pµp⇤C(�, z)p⇥p f (0)

= ⌅1

3

1

kB Tn⇤(T )

 
⇧⌥

⇥⇧
⌦
 ⌅

1

3
⇧⌥⌦⇧⇥ 

⌦ 
⇧↵

⌥⇧
⌅
⌦ ⌅

1

3
⇧⌥⌦⇧

↵⌅

⌦
�↵

◊ U⌅[constant1 ◊ U
⇥
U
 + constant2 ◊⇧

⇥ ] (2.240)

where the last equation has been derived using equation

Z
d
3
p

p0
F (p⇥U

⇥) pµp⇤ = [constant1 ◊ UµU⇤ + constant2 ◊⇧µ⇤ ] . (2.241)

Thus, we get

⌥3 = 0 (2.242)

since ⇧⌥⌦U
⌦ = 0. Combining Eqs. (2.231), (2.238) and (2.242) we get

⌥ = ⌅⌥�µ
Uµ. (2.243)

Considering the heat flow as given in Eq. (2.226) and substituting the expression for ✏ in the equation we

get

I
µ
q =

kBT

n⇤(T )

Z
d
3
p

p0
⇧µ

⇤p
⇤(� ⌅ ĥ)f (0)

⇧
AX ⌅B⌥X

⌥
q + C

⌥⌦ o
X⌥⌦

⌃
. (2.244)

A similar treatment to the heat flow as done in the calculation of viscous pressure yields

I
µ
q = ⇧µ⇤

 
�⇤T ⌅

T

nh
�⇤p

⌦
(2.245)

where

⇧µ⇤ = ⌅ kB

⇤(T )

⇧
�µ̄(� ⌅ ĥ), B�⇤̄

⌃
. (2.246)

The quantity ⇧µ⇤ = c⇧µ⇤ since ⇧µ⇤ contains only the space part. Hence, we can write

⇧µ⇤⇧
µ⇤ = ⇧⇧µ⇤⇧µ⇤ (2.247)

⇧ =
1

3
⇧µ⇤⇧

µ⇤ (2.248)

where ⇧ is the scalar heat conductivity coe⇥cient.
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With the same arguments as followed above we get for the traceless pressure tensor

o
⌥

µ⇤
= 2⌃

o

�µU⇤ (2.249)

where the shear viscosity is found as

⌃ =
1

10

kBT

⇤(T )

 
o

�µ�⇤ , C
o

�µ�⇤

⌦
. (2.250)

In deriving the above equation we have made use of

⇧µ
⇥⇧

⇤
⇧

o

⇧⇥
µ⇧

⇧
⇤ = 5 (2.251)

Thus, we have derived all the three kinetic coe⇥cients.

We now introduce the collision bracket notation

[F,G] = (L[F ], G). (2.252)

In terms of the collision bracket the three kinetic coe⇥cients are given as

⌥ =
kBT

⇤(T )
[A,A] (2.253)

⇧ = ⌅1

3

kB

⇤(T )
[B�µ, B�µ] (2.254)

⌃ =
1

10

kBT

⇤(T )

⌥
C

o

�µ�⇤ , C
o

�µ�⇤

�
(2.255)

2.7 Calculating the transport coe⇤cients using relaxation time approx-

imation

We will now calculate kinetic equations using the relaxation time approximation on the right hand side of the

transport equation. Using the relaxation time approximation we will calculate the quantities A,B⇤ and C
µ⇤

snd substitute them in the equation for kinetic coe⇥cients obtained using Chapman-Enskog approximation

in Eqs. (2.232), (2.248) and (2.250) .

Let us consider a binary collision of form p+k ⌅� p
⌅+k

⌅. In this collision, if only particles with incoming

momentum ↵p is out of equilibrium and the remaining particles are in equilibrium then the transport equation

takes the following form,

p
µ µf

p0
� ⌅⌦f

�
. (2.256)

This approximation is called the Relaxation time approximation.

Eq. (2.256) can be solved using Chapman-Enskog approximation in the left hand side of the equation
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and taking ⌦f = f
(0)✏. To solve Eq. (2.256) we use similar treatment as was used to obtain Eq. (2.165),

we thus get for Eq. (2.256)

QX ⌅ (pµUµ ⌅ h) p⇤X
⇤
q + p

µ
p
⇤ o
Xµ⇤=

kBTp
0✏

�
(2.257)

where Q,X,X
⇤
q and

o
X µ⇣ are given by Eqs. (2.167), (2.208), (2.209) and (2.210). Substituting for ✏ from

Eq. (2.212)in the above equation we obtain

QX ⌅ (pµUµ ⌅ h) p⇤X
⇤
q + p

µ
p
⇤ o
Xµ⇤=

kBTp
0

n⇤(T )�

h
AX ⌅BµX

µ
q + C

µ⇤Xµ�

X

i
. (2.258)

Now comparing the coe⇥cients we obatin

A =
n⇤�

kBTp
0
Q (2.259)

B
⇤ =

n⇤�

kBTp
0
(pµpµ ⌅ h) p⇤ (2.260)

C
µ⇤ =

n⇤�

kBTp
0
p
µ
p
⇤
. (2.261)

Using Eq. (2.259) and d
3
p = 4�|↵p|2d|p| in Eq. (2.232) we obtain

⌥ = ⌅ 4�

3kBT

Z
↵p2

p0
2⇧

µ⇤
pµp⇤Q�f (0)

dp (2.262)

which is the required coe⇥cient of Bulk viscosity.

Again using Eq. (2.260) and d
3
p = 4�|↵p|2d|p| in Eq. (2.248) we get

⇧ = ⌅ 4�

3kBT
2

Z
p
2

p0
� (pµUµ ⌅ h)2 f (0)

dp (2.263)

where ⇧ is the coe⇥cient of scalar thermal conductivity. Similarly, using Eq. (2.261) and d
3
p = 4�|↵p|2d|p|

in Eq. (2.250) we get

⌃ =
4�n

10
(kBT )

2
⌥
⇧⇥

� ⌅
1

3
⇧��⇧

⇥⇧

� Z
↵p2

p0
2 �p⇥p⇧p

�
p
�
f
(0)

dp (2.264)

where ⌃ is the coe⇥cient of shear viscosity.



Chapter 3

Formalism for evaluation of transport

coe⇤cients in thermal medium

In this chapter we will evaluate the expressions of shear viscosity, bulk viscosity and thermal conductivity

in the ambit of relaxation time approximation. First, we will derive the expressions of the transport coe⇥-

cients and then discuss the recipe for evaluating the in-medium cross-section which is an important dynamical

input to these coe⇥cients. The in-medium cross-sections are obtained in the following manner. In the ma-

trix elements for 2 � 2 scattering processes, evaluated from well-known e⌅ective interaction Lagrangians,

the vacuum propagators corresponding to the intermediate resonances appearing in the s-channel diagrams,

are replaced with e⌅ective ones obtained from a Dyson-Schwinger sum containing one-loop self-energy di-

agrams in vacuum. This introduces an imaginary part in the matrix elements rendering a Breit-Wigner

like structure to the cross-section. The scattering cross-section thus obtained is normalized to experimental

data fixing a few unknown model parameters in the process. The corresponding in-medium cross-sections

are then obtained by evaluating the self-energy diagrams in the medium using standard techniques of finite

temperature field theory. We will in brief discuss the real time formalism of finite temperature field theory

and give a general picture of thermal propagators for di⌅erent fields. To illustrate this methodology a system

of pion gas is considered and the formalism stated in this chapter is discussed by presenting the results of

shear viscosity of a pion gas in a thermal medium.

In Sec. 3.1 we have discussed the formalism of obtaining the transport coe⇥cients using the Boltzmann

transport equation. In Sec. 3.2 the invariant amplitudes for scattering cross-section of a pion gas has been

discussed. A brief discussion on the techniques of thermal field theory and therefore the thermal propagators

is discussed in Sec. 3.3 and in Sec. 3.4 we have evaluated the one-loop self-energies of the ⇥ and ⇤ resonances.

This is then followed by numerical results of the in-medium cross-section, average relaxation time and shear

viscosity of a pion gas in Sec. 3.5

48
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3.1 Viscosities and thermal conductivity from the transport equation

The relationship between thermodynamic forces and the corresponding fluxes for a dissipative system is

given by [91, 92]

T
µ⇤ = en u

µ
u
⇤ ⌅ P⇧µ⇤ + ⌥µ⇤ + [(Iµq + h⇧µ⇥

N⇥)u
⇤ + (I⇤q + h⇧⇤⇥

N⇥)u
µ] , (3.1)

⌥µ⇤ = 2⌃ ⇥ µu⇤⇤ + ⌥ ( · u) ⇧µ⇤ (3.2)

where the heat flow I
µ
q and the viscous part ⌥µ⇤ arises due to dissipation in the system and is quantified by

shear viscosity ⌃ and bulk visocosity ⌥. In the above equation P is the pressure, e is the energy per particle,

n is the particle density and u
⇤ is the particle four flow.

In terms of hk, enthalpy per particle of type k and heat flow I
µ
q we can define a quantity known as

reduced heat flow Ī
µ
q [93]

Ī
µ
q = I

µ
q ⌅

X

k

hkI
µ
k , I

µ
k = N

µ
k ⌅ xkN

µ
, (3.3)

Ī
µ
q = Lqq

 
�µ

T

T
⌅ �

µ
P

nh

⌦
+

N⇥1X

j=1

Lqj

 
(�µ

µj)P,T ⌅ (�µ
µN )P,T ⌅

hj ⌅ hN

nh
�µ

P

⌦
. (3.4)

where k and j denotes the particle type and xk denotes the particle fraction of type k. Considering mechanical

equilibrium i.e. the state with vanishing pressure gradients�µ
P = 0 and also considering vanishing gradients

of particle fraction i.e. �µ
x = 0 we have (�µ

µj)P,T = 0, thus Eq. (3.4) can be written as

Ī
µ
q = Lqq

�µ
T

T
(3.5)

where Lqq = ⇧T , ⇧ being the thermal conductivity.

The flow and collisions of the constituent particles causes transfer of energy and momentum in the

system. For the systems which are out of equilibrium dissipative processes work to bring the system to

equilibrium and hence the correlation between transport theory and viscous hydrodynamics is established

by considering the distribution function fk for the k⌅th species to be slightly away from the equilibrium

distribution function f
(0)
k . The measure of the deviation which quantifies the dissipative processes is given

by the quantity ⌦fk. Thus we have,

fk(x, p) = f
(0)
k (x, p) + ⌦fk(x, p) (3.6)

where,

⌦fk(x, p) = f
(0)
k (x, p)

h
1± f

(0)
k (x, p)

i
✏k(x, p). (3.7)

The ± sign in the above expression denotes the Bose enhancement and Pauli blocking. The equilibrium
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distribution function f
(0)
k is given by

f
(0)
k =

⌥
exp

↵
p · u(x)⌅ µk(x)

T (x)

�
± 1

�⇥1
(3.8)

where p is the four momentum of the particle, uµ(x), µk(x) and T (x) are the local flow velocity, chemical

potential and temperature respectively. The ± sign in the distribution function denotes fermions (+) and

bosons (⌅). We will now express the dissipative terms like viscous part of energy momentum tensor ⌥µ⇤

and reduced heat flow Ī
µ
q in terms of the distribution function. Thus, in terms of the distribution function

⌥µ⇤ is given as

⌥µ⇤ =
NX

k=1

Z
d
3
pk

(2�)3Epk
⇧µ

⇥⇧
⇤
⇧p

⇥
kp

⇧
k⌦fk (3.9)

where N is the number of di⌅erent species of particles present in the system and Epk =
q
↵p2k +m

2
k is the

energy corresponding to particle of k. The reduced heat flow in terms of the distribution function is given

by

Ī
µ
q =

NX

k=1

⇧µ
⇥ gk

Z
d
3
pk

(2�)3Epk
[(p⇤ku⇤)⌅ hk] p

⇥
k ⌦fk. (3.10)

In order to realize the form of ⌥µ⇤ as expressed in Eq. (3.2) and Ī
µ
q as expressed in Eq. (3.4), the expression

for ✏k which is related to ⌦fk by Eq. (3.7) is written as a linear combination of thermodynamic forces of

di⌅erent tensorial ranks multiplied by suitable coe⇥cients [92]. Thermal conductivity, shear viscosity and

bulk viscosity correspond to temperature gradients and velocity gradients and thus ✏k can be written as

✏k = Ak( · u)⌅B
⇤
kq⇧µ⇤

 
�µ

T

T

⌦
⌅ C

µ⇤
k ⇥ µu⇤⇤ (3.11)

where Ak, B⇤
kq and C

µ⇤
k are the unknown coe⇥cients to be determined. The viscous part of the energy

momentum tensor can be separated into a traceless part and the remainder as

⌥µ⇤ =
o

⌥µ⇤ +⌥⇧µ⇤ (3.12)

where ⌥ is the viscous pressure

⌥ =
NX

k=1

1

3

Z
d
3
pk

(2�)3Epk
⇧⇥⇧p

⇥
kp

⇧
k⌦fk , (3.13)

so that

o

⌥µ⇤ = ⌥µ⇤ ⌅⌥⇧µ⇤ =
NX

k=1

Z
d
3
pk

(2�)3Epk

↵
⇧µ

⇥⇧
⇤
⇧ ⌅

1

3
⇧⇥⇧⇧

µ⇤

�
p
⇥
kp

⇧
k⌦fk. (3.14)

Substituting Eqs. (3.7) and (3.11) in Eqs. (3.4), (3.13) and (3.14) and hence making the comparison of
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the coe⇥cients with Eq. (3.2) the expressions for thermal condcutivity ⇧, shear viscosity ⌃ and bulk viscosity

⌥ is obtained as:

⇧ = ⌅
NX

k=1

1

3T
gk

Z
d
3
pk

(2�)3Ek
(p⇤ku⇤ ⌅ hk) f

(0)
k (1± f

(0)
k ) ⇧⌥

⇥ p
⇥
k B

kq
⌥ , (3.15)

⌃ = ⌅
NX

k=1

1

10

Z
d
3
pk

(2�)3Epk
⇥pkµpk⇤⇤f

(0)
k (1± f

(0)
k )Cµ⇤

k , (3.16)

⌥ =
NX

k=1

1

3

Z
d
3
pk

(2�)3Epk
⇧µ⇤p

µ
kp

⇤
kf

(0)
k (1± f

(0)
k )Ak. (3.17)

To obtain the explicit form of thermal conductivity, shear and bulk viscosity we need to find the unknown

coe⇥cients Ak, B
kq
⌥ and C

µ⇤
k and for that we will make use of the Boltzmann transport equation

p
µ
k µfk(x, p) =

NX

l=1

 
gl

1 + ⌦kl

⌦
Ckl[fk] (3.18)

where we have considered the binary collision pk + pl � p
⌅
k + p

⌅
l and gl is the degeneracy of the l

th particle.

The collision term on the right hand side is

Ckl[fk] =

Z Z Z
d
3
pl

(2�)3Epl

d
3
p
⌅
k

(2�)3Ep�k

d
3
p
⌅
l

(2�)3Ep�l

h
fk(x, p

⌅
k)fl(x, p

⌅
l)
n
1± fk(x, pk)

on
1± fl(x, pl)

o

⌅fk(x, pk)fl(x, pl)
n
1± fk(x, p

⌅
k)
on

1± fl(x, p
⌅
l)
oi

Wkl (3.19)

where Wkl is the interaction rate. The derivative  µ can be separated in terms of a temporal and a spatial

part in the local rest frame by writing  µ = uµD+�µ where D = uµ µ and �µ = ⇧µ⇤ ⇤ . Then Eq. (3.18)

can be written as

p
µ
uµDfk + p

µ�µfk =
NX

l=1

 
gl

1 + ⌦kl

⌦
Ckl[fk]. (3.20)

In the Chapman-Enskog approach, the distribution function and its derivative is expanded in terms of

� which is called the non-uniformity parameter or Knudsen number as

f = f
(0) + �f (1) + �2f (2) + ... ,

Df = �Df
(1) + �2Df

(2) + ... . (3.21)

Considering only the first order in the above expansion and substituting in Eq. (3.18), the transport equation

reduces to

p
µ
uµDf

(0)
k + p

µ�µf
(0)
k =

NX

l=1

gl

1 + ⌦kl
Ckl[f

(1)
k ]. (3.22)

Using conservation equations, the left hand side of the above equation can be simplified to obtain (see
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Appendices A and B).

1

T
f
(0)
k (1± f

(0)
k )

⌥
Qk · u⌅ ⇥pµk p

⇤
k⇤⇥ µu⇤⇤ + (p⇥ku⇥ ⌅ hk) p

µ
k

 
�µT

T

⌦�
=

NX

l=1

gl

1 + ⌦kl
Ckl[f

(1)
k ]. (3.23)

where

Qk = T
2

⌥
⌅1

3
z
2
k + �2k

 
4

3
⌅ ⌅⌅

⌦
+ �k{(⌅

⌅⌅
k ⌅ 1)ĥk ⌅ ⌅⌅⌅⌅k }

�
(3.24)

with zk = mk/T , �k = (pk · u)/T and ĥk = hk/T . Here hk is the enthalpy per particle of type k. The steps

connecting Eq. (3.22) to Eq. (3.23) and the expressions for ⌅’s are provided in Appendix B.

In order to proceed further and solve Eq. (3.22) we assume that in the interaction pk+pl � p
⌅
k+p

⌅
l, only

particles with momentum pk are out of equilibrium and the remaining ones i.e. particles with momentum

pl, p⌅k and p
⌅
l are in equilibrium. This assumption is the well known Relaxation Time Approximation (RTA).

Thus substituting f
(1)
k , f (1)

l , f (1�)
k and f

(1�)
l in Eq. (3.19) with f

(0)
k + ⌦fk, f

(0)
l , f (0�)

k and f
(0�)
l respectively,

the rhs of Eq. (3.22) reduces to
NX

l=1

 
gl

1 + ⌦kl

⌦
Ckl[fk] = ⌅

⌦fk
�k

Ek (3.25)

where,

�k =
NX

l=1

 
1

�⇥1kl

!
(3.26)

with

[�kl]
⇥1 =

 
gl

1 + ⌦kl

⌦
1

2Epk

Z Z Z
d
3
pl

(2�)32Epl

d
3
pk�

(2�)32Epk�

d
3
pl�

(2�)32Epl�
(2�)4⌦4 (pk + pl ⌅ pk� ⌅ pl�) |Mkl|

2

◊

h
f
(0)
l (1± f

(0)
k� )(1± f

(0)
l� )� (1± f

(0)
l )f (0)

k� f
(0)
l�

i

=

 
gl

1 + ⌦kl

⌦
csh(�k/2)

Ek

Z Z Z
d�pld�pk�d�pl� (2�)

4⌦4 (pk + pl ⌅ pk� ⌅ pl�) |Mkl|
2 (3.27)

in which, for four-momenta q, d�q =
1

2csh(�k/2)

d
3
q

(2�)22Eq
, �q =

Eq ⌅ µq

T
and csh(�q) = cosh(�q)

⇧
sinh(�q)

⌃

if q represents a Fermion(Boson). In the above equations, Mkl is the invariant amplitude for elastic kl� kl

scattering. Following Ref. [3], we will assume f (0)
p� ⇧ f

(0)
p and f

(0)
k� ⇧ f

(0)
k so that we can analytically integrate

over the momenta of final particles k
⌅ and p

⌅ respectively. This results in the expression for the relaxation

time as

[�k]
⇥1 =

NX

l=1

 
gl

1 + ⌦kl

⌦ Z
d
3
pk

(2�)3

⇧
⇤kl

v
kl
rel

⌃
fl (1± fl) . (3.28)

Thus, using the RTA and Eq. (3.7), the transport equation can be reduced to

1

TEk

⌥
Qk  · u ⌅ ⇥pµk p

⇤
k⇤⇥ µ u⇤⇤ + (p⇥ku⇥ ⌅ hk) p

µ
k

 
�µT

T

⌦�
= ⌅✏k

�k
. (3.29)

Substituting the expression for ✏k from Eq. (3.11) in Eq. (3.29) and comparing the coe⇥cients of ( · u),
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⇥ µu⇤⇤ and ⇧µT
T on both sides the unknown quantities Ak, B⇤

kq and C
µ⇤
k is found to be:

Ak = ⌅ �k
TEk

Qk , (3.30)

B
kq
⇤ ⇧µ⇤ =

�k
EkT

(p⇥ku⇥ ⌅ hk) ⇧
µ⇤

pk⇤ , (3.31)

C
µ⇤
k = ⌅ �k

TEk
⇥pµkp

⇤
k⇤. (3.32)

Finally, substituting the values of Ak, B⇤
kq and C

µ⇤
k in Eq. (3.17), (3.15) and (3.16) respectively we obtain

the final expressions for thermal conductivity, shear and bulk viscosities as

⇧ =
1

3T 2

NX

k=1

Z
d
3
pk

(2�)3
gk�k
E2

pk

p
2
k (p⇤ku⇤ ⌅ hk)

2
f
(0)
k (1± f

(0)
k ), (3.33)

⌃ =
1

15T

NX

k=1

Z
d
3
pk

(2�)3
gk�k
E2

pk

|↵pk|
4
f
(0)
k (1± f

(0)
k ), (3.34)

⌥ =
1

T

NX

k=1

Z
d
3
pk

(2�)3
gk�k
E2

pk

Q
2
kf

(0)
k (1± f

(0)
k ). (3.35)

It is clear from the above expressions that the relaxation times are the essential dynamical components

responsible for dissipative processes occurring in the system evolving towards equilibrium. It is to be noted

here that the simplistic approach of treating the collision integral is limited by the fact that it is not possible

to have control over the degree of accuracy of the method and neither can one go to higher orders to increase

the accuracy as is possible in the Chapman-Enskog (CE) approach. In addition, the latter method involves

the transport cross-section with an angular weight of (1⌅ cos2 ⌘) in first-order calculations which accounts

for the momentum transfer in collisions desirable for the evaluation of viscosities which is lacking in the RTA

featuring the total cross-section. These aspects have been discussed in [94] and [95] along with a comparison

of the two methods for various cases. The study by Wiranata et al [94] reveal that the extent of agreement

between the CE and the RTA approaches depend sensitively on the energy dependence of the di⌅erential

cross sections employed. It was shown that for an interacting pion gas where the cross-section involves the

⇥ resonance, the ratio of shear viscosities calculated in the CE and RTA methods varies between 1.18 at a

temperature of 100 MeV to about 1.1 at 160 MeV.

Since the cross-sections used here have a similar nature as far as the energy dependence is concerned,

this not so large disagreement could justify use of the simplistic approach of RTA keeping in mind that

the present study is basically aimed at bringing out the relative e⌅ect brought about by the in-medium

cross-sections on the temperature dependence of the transport coe⇥cients compared to the vacuum ones.

In the next section we consider a system of pion gas and will evaluate the scattering cross-section, ⇤ for

a system of pion gas in a thermal medium as ⇤ carries information about all the microscopic dynamics of

the system as evident from Eqs. (3.27) and (3.28).
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3.2 Scattering cross-section of a pion gas

In order to calculate the scattering cross-section for a system of pion gas we evaluate the matrix elements of

�(k)�(p)� �(k⌅)�(p⌅). The �(k)�(p)� �(k⌅)�(p⌅) is considered to be mediated via the ⇥ and ⇤ resonances.

This is done by taking an e⌅ective Lagrangian for ⇥�� and ⇤�� interactions [96]

Lint = g ��↵⇥µ · ↵� ◊  µ↵� +
1

2
g⇥��m⇥↵� · ↵�⇤ . (3.36)

The values of the coupling constants in Eq. (3.36) follow from the experimental decay widths of ⇥ and ⇤

mesons and we get g �� = 6.05 and g⇥�� = 2.5. We have made use of isospin basis for expressing the

invariant amplitudes in di⌅erent isospin channels. Denoting the invariant amplitude in a channel with total

isospin I by M ��
I , we get [97]

M ��
2 = g

2
 ��

⌥
⌅
 

s⌅ u

t⌅m2
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⌅
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⇥
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⇥

�
(3.37)
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(3.38)
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s⌅m2
⇥ ⌅⌥⇥

+
1

t⌅m2
⇥
+

1

u⌅m2
⇥

�
(3.39)

where s = (k + p)2, t = (k ⌅ k
⌅)2 and u = (k ⌅ p

⌅)2 are the Mandelstam variables. The vacuum ⇥ and ⇤

propagator in the s-channel diagrams is replaced by the complete ones obtained from a Dyson-Schwinger

sum involving the one-loop self energies of ⇥ and ⇤ mesons denoted by ⌥ and ⌥⇥ respectively. Since we

will be calculating isospin averaged cross sections, we define the corresponding isospin averaged invariant

amplitude by

|M |
2 =

X

I

(2I + 1) |MI |
2
.X

I

(2I + 1) , (3.40)

which is used to obtain the cross-section from

⇤(s) =
1

64�2s

Z
d |M |

2
. (3.41)

In order to evaluate the in-medium scattering cross-section we need to calculate the one-loop self-energies

of di⌅erent hadrons at finite temperature and/or density. In this chapter, we will show the calculation of

the one-loop self energy of ⇥ and ⇤ resonance ⌥ and ⌥⇥ appearing respectively in Eqs.(3.38) and (3.39).

This can be achieved by using quantum field theory in a thermal medium i.e. the thermal field theory.

There are two methods available in the literature which is used for studying thermal field theory (TFT)-

(i) Imaginary time formalism (ITF) and (ii) Real time formalism (RTF). The di⌅erence between the two

formalisms involves in the form of the propagators. In the ITF, the propagators are written as a sum over

frequencies known as Matsubara frequency, a consequence of the finite interval of imaginary time resulting
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in the discrete Matsubara frequencies. However, in the RTF the propagator is a 2◊ 2 matrix owing to the

two infinite intervals of time. In this thesis, RTF of TFT has been used to evaluate the one-loop self energies

of the hadrons. In the next section we briefly describe the thermal propagators for di⌅erent fields.

3.3 Thermal Propagators

For a general field ✏l (x), the free thermal propagator is defined as

Dll�
�
x, x

⌅⇥ = i

D
TC

n
✏l (x)✏

†
l�
�
x
⌅⇥
oE

(3.42)

where ⇥⇤ denotes ensemble average. The temporal component � and � ⌅ respectively take complex values

on the contour C in complex time plane. The ensemble average of products of various fields converges in

the domain ⌅✓ � Im (� ⌅ � ⌅) � 0 where ✓ is the inverse temperature. This condition defines the region

of analyticity and puts restriction on the time contour C. The contour chosen is shown in Fig. 3.1. This

Figure 3.1: The contour C in the complex time plane for RTF with T �✏

particular choice of the time contour breaks up the propagator into pieces with points on di⌅erent segment

of the contour. If �h and �v are points respectively on the horizontal and vertical segments, the pieces,

Dll�

⇧
↵x, ↵x⌅; �h, �v

⌃
� 0 by Riemann-Lebesgue lemma. The contour essentially reduces to two parallel lines,

one being the real axis and the other shifted from it by ⌅i✓/2. The points on this two lines are denoted by

subscripts 1 and 2 respectively so that �1 = t and �2 = t⌅ i✓/2. The propagator then consists of four pieces

and may be put into the form of 2◊ 2. The Fourier transform of each component can be written as

�

�
Dll�

⇧
↵x, ↵x⌅; t, t⌅

⌃
Dll�

⇧
↵x, ↵x⌅; t, t⌅ ⌅ i✓/2

⌃
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↵x, ↵x⌅; t⌅ i✓/2, t⌅

⌃
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↵x, ↵x⌅; t⌅, t

⌃

✏

⇣

=

Z
d
3
q

(2�)3
e
⇥iq.(t⇥t�)

e
i⌃q.

�
⌃x⇥⌃x�

⇥

Dll� (q) (3.43)

where Dll� (q) is the momentum space thermal propagator matrix. We will briefly dicuss the forms of
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momentum space thermal propagator matrices for di⌅erent spin fields.

For a real scalar field, the momentum space thermal propagator matrix is given by D (k) is given by

D (k) =

�

�
�
1 + n

k
⇥
⇧F ⌅ n

k⇧�F
p
nk (1 + nk) (⇧F ⌅⇧�F )

p
nk (1 + nk) (⇧F ⌅⇧�F ) n

k⇧F ⌅
�
1 + n

k
⇥
⇧�F

✏

⇣ (3.44)

where, ⇧F = ⇥1
k2⇥m2+i� and nk is the single particle Bose-Einstein thermal distribution function

n
k (◆, T ) =

h
e
⌦✏ ⌅ 1

i⇥1
(3.45)

with ◆ =
p
↵k2 +m2. Eq. (3.44) can be diagonalized as follows

D (k) = U0

�

� ⇧F 0

0 ⌅⇧�F

✏

⇣U0 (3.46)

where,

U0 (◆, T ) =

�

�
⌃
1 + nk

⌃
nk

⌃
nk

⌃
1 + nk

✏

⇣ . (3.47)

Although the free thermal propagators are 2 ◊ 2 matrices, only the 11-component will be needed for our

calculations. The 11-component of the thermal propagator matrix for a scalar field D11 (k)

D11 (k) = ⇧F (k,m) + 2�iN2
1 (k,m) ⌦

�
k
2 ⌅m

2
⇥

= ⇧F (k,m) + 2iN2
1 (k,m) Im ⇧F (k,m)

⌘
✓

◆ (3.48)

The momentum space propagator matrix for a complex field is

D (k) = U

�

� ⇧F 0

0 ⌅⇧�F

✏

⇣U , (3.49)

where the diagonalizing matrix U containing chemical potential to account for conserved charges is given

by

U (◆, T, µ) =

�

� N2 N1e
⌦µ/2

N1e
⇥⌦µ/2

N2

✏

⇣ . (3.50)

where,

N1 (k,m) = ⌦ (k0)
q

n
k
+ +⌦ (⌅k0)

q
n
k
⇥

N2 (k,m) = ⌦ (k0)
q

1 + n
k
+ +⌦ (⌅k0)

q
1 + n

k
⇥

⌘
✓

◆ (3.51)

with n
k
± being the Bose-Einstein distribution functions for particles and antiparticles,

n
k
± (◆, T, µ) =

h
e
⌦(✏⌃µ) ⌅ 1

i⇥1
. (3.52)
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The 11-component of the thermal propagator matrix for a complex scalar field D̃11 (p) is

D̃11 (p) = ⇧F (p,m)⌅ 2�iÑ2
1 (p,m) ⌦

�
p
2 ⌅m

2
⇥

= ⇧F (p,m)⌅ 2iÑ2
1 (p,m) Im ⇧F (p,m)

⌘
✓

◆ . (3.53)

Similarly, the Dirac thermal propagator matrix can be written as,

S (p) = (�p+m)V

�

� ⇧F 0

0 ⌅⇧�F

✏

⇣V (3.54)

where,

V (◆, T, µ) =

�

� Ñ2 Ñ1e
⌦µ/2

Ñ1e
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Ñ2

✏

⇣ (3.55)

with,

Ñ1 (p,m) = ⌦ (p0)
q
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ñ
p
± are the Fermi-Dirac distribution functions for particles and antiparticles

ñ
p
± (◆, T, µ) =

h
e
⌦(✏⌃µ) + 1

i⇥1
. (3.57)

Thus, the 11-component of the thermal propagator matrix for a Dirac field S11(p) is

S11(p) = (/p+m)D̃11 (p) (3.58)

For a real vector field the thermal propagator matrix is

D⌥⌦ (k) = V
⌥⌦U0

�

� ⇧F 0

0 ⌅⇧�F

✏

⇣U0 (3.59)

whereas for a complex vector field it is

D⌥⌦ (k) = V
⌥⌦U

�

� ⇧F 0

0 ⌅⇧�F

✏

⇣U (3.60)

with V
⌥⌦(k) =

⇧
⌅g⌥⌦ + k⇧k⌃

m2

⌃
. The 11-component of the thermal propagator matrix for a vector field

D
⌥⌦
11 (k) is

D
⌥⌦
11 (k) = V

⌥⌦(k)D11 (k) . (3.61)
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For the spin-32 particle which is described by the Rarita-Schwinger field, the thermal propagator matrix is

given by

S⌥⌦ (p) = R
⌥⌦V

�

� ⇧F 0

0 ⌅⇧�F

✏

⇣V (3.62)

where,

R
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3m2
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3
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⇧
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⌃�
. (3.63)

The 11-component of the thermal propagator matrix for a vector field S
⌥⌦
11 (p) is

S
⌥⌦
11 (p) = R

⌥⌦ (p) D̃11 (p) (3.64)

Let us consider the two-point correlation functions of general currents Jl (x) and J
†
l� (x

⌅) defined through

Gll�
�
x, x

⌅⇥ = i

D
TC

n
Jl (x) J

†
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�
x
⌅⇥
oE

. (3.65)

The currents may be composed of free fields or interacting ones and also may be Bosonic or Fermionic (the

time-ordering is taken accordingly). Due to the choice of the time contour C as of Fig. 3.1, the correlation

function becomes a 2◊ 2 matrix and can be Fourier transformed as,

�

�
Gll�
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⇥

Gll� (q) (3.66)

where, Gll� (q) is the momentum space correlator matrix. We now introduce the spectral functions �⌃ll� (q)

(- for Bosonic, + for Fermionic) as the Fourier transform of the commutator/anti-commutator as

�⌃ll� (q) =
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�
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The momentum space correlator matrix Gll� (q) can be written in a diagonal form in terms of the spectral

function as

Gll� (q) =

Z +⌥

⇥⌥

dq
⌅
0

2�
�⌃ll�

�
q
⌅
0, ↵q
⇥
◊

W (|q0|)
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�
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q�0⇥q0⇥i� sign(q0)
0
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⇣W (|q0|)

= W (|q0|)

�

� Gll� (q) 0

0 ⌅G�ll� (q)

✏

⇣W (|q0|) (3.68)

= W (|q0|)Gll�W (|q0|) (3.69)



3.3. Thermal Propagators 59

where, the diagonalizing matrixW = U for Bosonic currents andW = V for Fermionic currents respectively

and the diagonal matrix correlator is given by

Gll� =

�

� Gll� (q) 0

0 ⌅G�ll� (q)

✏

⇣ (3.70)

with the diagonal element

Gll�
�
q
0
, ↵q
⇥
=

Z +⌥

⇥⌥

dq
⌅
0

2�

�⌃ll� (q
⌅
0, ↵q)

q
⌅
0 ⌅ q0 ⌅ i� sign (q0)

. (3.71)

It is to be noted that, the general (interacting) two-point matrix correlator is diagonalized by the same matrix

U or V which diagonalize the free thermal propagator. To obtain the diagonal element it is su⇥cient to

know any one, say the 11-component of the matrix Gll� since they are related by

Re Gll� (q) = Re G
11
ll� (3.72)

Im Gll� (q) =

�
⌫

⇠
sign (q0) tanh

n
⌦
2 (q0 ⌅ µ)

o
Im G

11
ll� (Bosonic)

sign (q0) coth
n
⌦
2 (q0 ⌅ µ)

o
Im G

11
ll� (Fermionic) .

(3.73)

Let us first consider the complete (interacting) scalar matrix propagator. It can be generalized for higher

spins also. The complete propagator D� (k) is obtained by summing up loop diagrams perturbatively leading

to the Dyson-Schwinger equation

D� (k) = D (k)⌅D (k)⇤ (k)D� (k) (3.74)

where, D (k) is the free scalar matrix propagator and ⇤ (k) is the 1-loop thermal self energy matrix. As

discussed in the previous section, being a two-point correlator matrix, D� (k) and D (k) are diagonalized by

the same matrix U
�⇡⇡k0

⇡⇡⇥ i.e.

D� (k) = U
�⇡⇡k0

⇡⇡⇥D� (k)U
�⇡⇡k0

⇡⇡⇥ (3.75)

D (k) = U
�⇡⇡k0

⇡⇡⇥D (k)U
�⇡⇡k0

⇡⇡⇥ (3.76)

where

D (k) =

�

� ⇧F (k) 0

0 ⌅⇧�F (k)

✏

⇣ . (3.77)

Using the above equations, we get

D� (k) = D (k)⌅D (k)⇤ (k)D� (k) (3.78)

where we have used

⇤ (k) = U⇥1 �⇡⇡k0
⇡⇡⇥⇤ (k)U⇥1 �⇡⇡k0

⇡⇡⇥ . (3.79)
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Hence the diagonal element of the complete propagator satisfies

D⌅ (k) = D (k)⌅D (k)⌥ (k)D⌅ (k) (3.80)

which is an ordinary algebraic equation and has the solution

D⌅ (k) =

 
⌅1

k2 ⌅m2 ⌅⌥ (k)

⌦
. (3.81)

The diagonalized Dyson-Schwinger equation for field containing spin/polaization/Lorentz indices becomes

G⌅ll� (k) = Gll� (k)⌅Glj (k)⌥
jj�

(k)G⌅j�l� (k) . (3.82)

The above equation is quite non-trivial to solve for fields which contain arbitrary number of indices in the

set l. However, we can take spin/polarization averages to obtain the scalar form of the self energy and

propagators and hence use Eq. (3.81) to calculate the complete propagator.

3.4 One-loop self energy of � and ⇥

In this section we will evaluate the one-loop self energy of ⇥ and ⇤ resonances, ⌥ and ⌥⇥ appearing

respectively in Eqs.(3.38) and (3.39). Contributions to ⌥h (h ⇣ {⇥,⇤}) come from di⌅erent loop graphs

containing other hadrons (i, j). In a most general notation, the real part of the self energy reads
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(3.83)

whereas the imaginary part is

Im ⌥h(q) = ⌅��(q0)
X

{i,j}�{loops}

Z
d
3
ki

(2�)3
1

4◆ki◆pj

◊

h
N

h
ij(k

0
i = ◆ki)

n
(1 + n

ki
+ ⌅ ajn

pj
+ )⌦(q0 ⌅ ◆ki ⌅ ◆pj ) + (⌅nki

+ ⌅ ajn
pj
⇥ )⌦(q0 ⌅ ◆ki + ◆pj )

o

+N
h
ij(k

0
i = ⌅◆ki)

n
(⌅1⌅ n

ki
⇥ + ajn

pj
⇥ )⌦(q0 + ◆ki + ◆pj ) + (nki

⇥ + ajn
pj
+ )⌦(q0 + ◆ki ⌅ ◆pj )

o i
(3.84)

where, the distribution functions for loop particles are given by n
ki
± =

h
e
⌦(✏ki

⌃µi) � 1
i⇥1

(according to

boson/fermion) with ◆ki =
q
↵k2i +m

2
i . In the above equations, i-type particles are always bosons and

aj = �1 depending upon whether the j-type particle is a boson/fermion. The self energy may contain

additional Lorentz/Dirac indices, however in this work we have used the spin/polarization averaged self

energies for the calculation of the S-matrix elements. The ⇥ self energy consists of {i, j} = {�,�}, {�,◆},

{�, h1} and {�, a1} loops whereas the ⇤ self energy has contribution from only {i, j} = {�,�} loop. The



3.5. Numerical Results 61

detailed expressions of N  
ij and N

⇥
ij can be read from Ref. [97]. The four di⌅erent terms containing the Dirac

delta functions in imaginary part of the self energy correspond to di⌅erent physical processes like decay and

scattering owing to the annihilation of hadron h in the thermal medium.

3.5 Numerical Results

In this section we have discussed the numerical results for shear viscosity of a pion gas in a thermal medium

evaluated using the formalism discussed so far.
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Figure 3.2: (a) The �� � �� elastic scattering cross section as a function of centre of mass energy compared
among experiment, vacuum and medium corresponding to T = 160 MeV. Experimental data have been taken
from Ref. [3] (b) The average relaxation time of �� � �� compared among vacuum and medium. (c) Shear
viscosity of a pion system compared among vacuum and medium.

In Fig.3.2(a) we observe that the in-medium elastic cross-section of the pion system is less compared to

its vacuum counterpart. This is due to the spectral broadening of the ⇥ and ⇤ resonances in the thermal

medium which is reflected in the suppression of the in-medium cross-section. From Fig.3.2(b) it can be

seen that the in-medium relaxation times are significantly larger compared to the vacuum values. This is

due to the additional decay and scattering experienced by the ⇥ and ⇤ in the thermal medium. As seen in
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Eq.(3.34), shear viscosity is directly proportional to the relaxation time. Hence, it is natural that the use of

in-medium relaxation time will show an increase in its magnitude as observed in Fig.3.2(c).

This di⌅erence in magnitude of the quantities evaluated in vacuum and thermal-medium has provided

motivation to make a detailed study of the transport coe⇥cients in a medium using the medium dependent

cross-section. In the next chapter we will make a detail study of thermal conductivity, shear viscosity and

bulk viscosity of a pion-nucleon-kaon (�KN) mixture.



Chapter 4

Viscous coe⇤cients and thermal

conductivity of a ⇤KN gas mixture in the

medium

The STAR data on elliptic flow of charged hadrons in Au+Au collisions at
⌃
s = 200 GeV per nucleon

pair could be described (see e.g. [1]) using very small but finite values of shear viscosity over entropy

density ratio ⌃/s in viscous hydrodynamic simulations, thus clearly indicating that the matter produced in

relativistic heavy ion collision behaves more like a strongly interacting liquid than a weakly interacting gas.

The viscous coe⇥cients namely shear viscosity and bulk viscosity are useful signatures of phase transition

or cross-over between quark and hadronic matter. The kinematic viscosity (⌃/s) shows a minimum near

QGP to hadronic phase transition temperature Tc [98, 99, 100, 101], close to the lower bound [102], whereas

⌥/s shows large or diverging [103, 104, 105, 99] values around Tc. Thus the e⌅ects of dissipative processes

have a significant influence on the hydrodynamical evolution of the matter produced in relativistic heavy

ion collisions [106]. The hadrons which are produced during the later stages of the heavy ion collisions will

be at a high temperature and presumably also at finite baryon density (CBM experiment at FAIR), thus

making it important to consider medium e⌅ects in the scattering cross-section which is responsible for the

dissipative phenomena.

In this chapter, we have considered a gas mixture consisting of the pions, kaons and nucleons. For this

three component mixture we have considered the e⌅ect of the thermal medium on the relaxation times and

consequently the thermal conductivity and viscous coe⇥cients of the pion system, pion-kaon system and the

pion-kaon-nucleon system in the ambit of kinetic theory approach. The expressions for these coe⇥cients have

been taken from chapter 3. We have estimated the in-medium scattering cross-sections for ��, �K and �N

scattering. The ��, �K and �N interactions are dominated by the ⇥, K� and ⇧ resonances respectively. The

propagation of these resonances gets modified in the thermal medium. The e⌅ective propagator in thermal

medium is evaluated using the techniques discussed in chapter 3. The e⌅ective propagator is then used in

the matrix elements to obtain the in-medium cross-sections of scattering which turn out to be significantly

63
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di⌅erent compared to their vacuum versions usually used in the literature. The in-medium cross-section is

then used to obtain the transport coe⇥cients.

Viscous coe⇥cients have been studied both for quark and hadronic matter [107, 3, 108, 109, 110, 111,

112, 103, 113, 98, 104, 114, 4, 101, 115, 105, 116, 99, 117, 118, 119, 120, 121, 122, 123, 124, 125, 126, 127, 128].

In general, there are two di⌅erent formalisms for evaluating the transport coe⇥cients of a medium-one is the

kinetic theory approach [129, 130, 90] where one solves the Boltzmann transport equation, the other being

the Kubo formalism [131, 132] where one calculates the in-medium spectral functions in the long wavelength

limit. In Kubo formalism a resummation of all the complicated higher-loop diagrams needs to be performed

as a naive skeleton expansion in terms of thermal width may have convergence issues as was demonstrated

in Refs. [133, 134]. However, the kinetic theory approach is computationally more e⇥cient in evaluating Tc.

In one of the earlier works [107] the viscosities and thermal conductivities of both deconfined as well

as hadronic matter have been estimated using relaxation time approximation (RTA) in which a variational

approach is used to determine the relaxation times. Transport coe⇥cients of a single component bosonic

system were calculated in [108] employing Chapman-Enskog method to first order where the Bose-Einstein

distribution function was used instead of the classical one. Pions being the most abundant species of

the hadron gas produced in heavy ion collisions at RHIC and LHC [38], a large number of works can be

found in the literature considering a system of only pions in the study of transport coe⇥cients [105, 135,

136, 137]. Multicomponent hadronic systems, have been reported in Refs. [3, 110, 112, 138]. In one of

the earlier works Ref. [109], Uehling-Uhlenbeck equation is solved to obtain the shear viscosity of a pion

gas and the �� scattering cross section has obtained from chiral perturbation theory. Similar calculations

for a multicomponent hadronic mixture (composed of �, K and ⌃ mesons) were performed in Ref. [110].

The occurence of minima of ⌃/s evaluated using linear sigma model has been reported in Ref. [112] and

Refs. [104, 116] has shown the occurence of maxima of the bulk viscosity to entropy density ratio (⌥/s) near

the phase transition.

Such behaviour of both shear and bulk viscosities near the phase transition is also reported in Ref. [99] us-

ing parton-hadron-string dynamics (PHSD) o⌅-shell transport approach. In Ref. [114] viscosities of a Hadron

resonance gas (HRG) has been evaluated and an upper bound of the ⌃/s near the transition temperature

has been obtained. Transport coe⇥cients of hot quark matter and their behaviour near the chiral phase

transition has been evaluated using the Nambu Jona-Lasinio (NJL) model in Ref [101]. In Refs. [105, 139],

Kubo formalism has been used to study the viscosity of a pion gas and that of a QCD matter in Ref. [103].

In [126, 127, 128] this formalism has been used to estimate the shear viscous coe⇥cient in a hadronic gas

mixture of pions and nucleons. The thermal widths used in these calculations arise from the Landau damp-

ing of the hadrons in the thermal medium resulting from 2 � 1 scattering. Wiranata et al [140] have

evaluated ⌃/s in a hadronic resonance gas with resonances up to a mass 2 GeV formed by interactions

among the components of a �KN⌃ mixture and have also shown that the inclusion of more resonances in

a multicomponent mixture decreases the value of shear viscosity along with an increase in entropy density

which combinedly decreases ⌃/s with an increasing temperature.
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In Sec.4.1 the invariant amplitudes for scattering cross-section has been discussed which is followed the

discussion on numerical results of the transport coe⇥cients in Sec.4.2

4.1 Invariant Amplitudes

The calculation of the invariant amplitudes for �(k)N(p) � �(k⌅)N(p⌅), �(k)K(p) � �(k⌅)K(p⌅) and

K(k)K(p)� K(k⌅)K(p⌅) is done by taking an e⌅ective Lagrangian like in the case of pions in Sec. 3.2. In

this case the interaction Lagrangians read [141, 142]

L�N� =
f�N�

m�
⇧̄⌥O

⌥µ↵T †
·  µ↵�↵+Hermitian Conjugate (4.1)

L�KK⇥ = ig�KK⇥K
�
µ↵� ·

h
K ( µ↵�)⌅ ( µK)↵�

i
+Hermitian Conjugate (4.2)

LKK⇣ = igKK⇣

⇤
K( µK)⌅ ( µK)K

⌅
✏µ

. (4.3)

where, ⇧µ =

�

⇢⇢⇢⇢⇢⇢�

⇧++

⇧+

⇧0

⇧⇥

✏

������⇣

µ

is the ⇧ isospin quadruplet, ↵ =

�

� p

n

✏

⇣, K =

�

� K
+

K
0

✏

⇣ and K
�
µ =

�

� K
�+

K
�0

✏

⇣

µ

are

respectively the isospin doublets for the nucleon, Kaon and K
�. The coupling constants are analogously

fixed from the experimental decay widths of ⇧ and K
� and we get f�N� = 2.8, g�KK⇥ = 10.80. The

invariant amplitudes in di⌅erent isospin channels are given by

⇡⇡⇡M �N
3/2

⇡⇡⇡
2

=
1

2

 
f�N�

m�

⌦4
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2
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2Tm(s⌅m

2
� ⌅ Re⌥�)

3(u⌅m
2
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2
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#
, (4.4)

⇡⇡⇡M �N
1/2

⇡⇡⇡
2

=
1

2

 
f�N�
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⌦4 16
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, (4.5)

M �K
3/2 = 2g2�KK⇥

⌥
(t⌅ s) + (m2

k ⌅m
2
�)/m

2
K⇥

u⌅m
2
K⇥

�
, (4.6)

M �K
1/2 = g

2
�KK⇥

⌥
3
(t⌅ u) + (m2

k ⌅m
2
�)/m

2
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s⌅m
2
K⇥ ⌅⌥K⇥
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(t⌅ s) + (m2

k ⌅m
2
�)/m

2
K⇥

u⌅m
2
K⇥

�
, (4.7)

MKK
1 = g

2
KK⇣

"
u⌅ s

t⌅m
2
⇣

+
t⌅ s

u⌅m
2
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#
, (4.8)

MKK
0 = g

2
KK⇣

"
u⌅ s

t⌅m
2
⇣

⌅ t⌅ s

u⌅m
2
⇣

#
(4.9)

where, Ts, Tu and Tm contain traces over Dirac matrices and details can be found in Ref. [143]. In the above

equations, ⌥� and ⌥K⇥ are the one-loop self energies of ⇧ and K
� which will be obtained in the next section.

It is worth mentioning that, to take into account the finite size e⌅ect of the hadrons we have considered

hadronic form factors F (p, k) = ⌃2
h
⌃2 + (p·k)2

m2
p
⌅ k

2
i⇥1

in each of the �N⇧ and �KK
� vertices where p is

the momentum of nucleon/kaon and k is the momentum of pion. In this work we have taken ⌃�N = 600

MeV and ⌃�K = 350 MeV. In Eqs. (4.4) and (4.5), we have made an average over initial spin states and
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a sum over final spin states of the nucleon. The invariant amplitude of �(k)�(p) � �(k⌅)�(p⌅) has been

discussed in chapter 3. Using the isospin averaged invariant amplitude |M |
2 the scattering cross-section for

each of the processes is evaluated.

The real and imaginary part of one-loop self energies ⌥� and ⌥K⇥ appearing in Eqs. (4.4) and (4.7) can

be read o⌅ from Eqs. (3.83) and (3.84) in Sec. 3.4. For ⇧ self energy, we consider loop graphs containing

{i, j} = {�, N}, {⇥, N}, {�,⇧} and {⇥,⇧} and detailed expressions of N�
ij may be found in Ref. [143]. For

the K
�, the contribution to the self energy comes from {i, j} = {�,K} and N

K⇥
�K is given by

N
K⇥
�K = g

2
�KK⇥

⌥
⌅(q ⌅ 2k)2 +

1

m
2
K⇥

(q2 ⌅ 2q · k)2
�
. (4.10)

4.2 Numerical Results
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Figure 4.1: The (a)�� � ��, (b)�N � �N and (c) �K � �K elastic scattering cross section as a function
of centre of mass energy compared among experiment, vacuum and medium corresponds to T = 160 MeV,
µ� = µK = 0 and µN = 200 MeV. Experimental data have been taken from Ref. [3]

We begin this section by discussing the elastic scattering cross sections for �� � ��, �N � �N and

�K � �K. In Fig. 4.1 both vacuum and in-medium cross-sections are plotted along with the experimental

data [3]. Since the matrix elements obtained in Sec. 4.1 contain the one-loop in-medium self energies of ⇥, ⇤,

⇧ and K
�, the scattering cross sections also depend on the temperature and density of the thermal medium.
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Using the approach described above we have been able to obtain a very good fit of the vacuum cross-section

with the experimental data for the given set of model parameters for the tree types of scattering mentioned

above. Having thus fixed our model in vacuum we replace the propagators with their thermal versions as

described above to obtain the in-medium cross-section. The broadening of the widths of the resonances in

the medium are reflected in the suppression of the cross section at the resonance energy and this is seen to

be about 50 ⌅ 70% at T = 160 MeV. The small shift lateral of the peak of the cross section is due to the

small contribution from the real part of the thermal self energy function.

Chemical potential µ� µK µN

Set-1 0 0 0
Set-2 0 0 200
Set-3 50 100 200

Table 4.1: Di⌅erent set of values of �, K and N chemical potentials used in this work.
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Figure 4.2: Mean relaxation time of pions for three di⌅erent systems under consideration where V and M

indicate the use of vacuum and in-medium cross-sections for (a) Set-1, (b) Set-2 and (c) Set-3.

Here in the upcoming part of this section, we have calculated all the results for three di⌅erent set of

values of pion, nucleon and kaon chemical potential, the choice of these sets have been tabulated in Table 4.1.

In our system the only baryon present is the nucleon and hence baryonic chemical potential is essentially
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nucleon chemical potential. It is to be noted that non-zero values of µ� and µK are a consequence of pion

and kaon number conservation after chemical freezeout [144] and the values taken here are demonstrative

(see e.g. [110]).

Now we turn our attention to the numerical results for the temperature dependence of the momentum

averaged relaxation time or collision time of �, K and N . The momentum averaged relaxation time is given

by the expression,

⇥�l⇤ =
Z

d
3
p�lfl

,Z
d
3
pfl (4.11)

where l ⇣ {�,K,N} and fl is the equilibrium thermal distribution function of the l
th species. In all the

figures of this chapter, V and M respectively indicates the use of vacuum and in-medium cross-sections in

the calculation of relaxation times.

In Fig. 4.2, we have shown the average relaxation time of pions as a function of temperature in pion, pion-

kaon and pion-kaon-nucleon system with and without medium e⌅ects taken into consideration. Essentially

there are three noticeable features in the figure. First the decreasing trend of the relaxation time with

increasing temperature which can be understood in the following manner. The relaxation time goes like

⇧ 1/n⇤ where n is the number density and ⇤ is the cross section. With the increase in temperature, n

increases resulting in a reduction of the relaxation time. Secondly, for a given temperature the system

relaxes faster when the number of components rises, as the addition of species increases the net density of

particles e⌅ectively reducing the mean free path. And since the mean free path is directly proportional to

the relaxation time, the relaxation time goes down. Finally, we note that the in-medium relaxation times

are considerably larger (⇧ 10 ⌅ 15%) compared to their vacuum counterparts. This is due to the decrease

in cross-section because of the additional scattering and decay processes at finite temperature. The vacuum

results are in good agreement with Ref. [3]. From the di⌅erent sets we see that with the increase in chemical

potential the magnitude of average relaxation time of pions have decreased.

In Figs. 4.3(a)-(c) we have presented the dependence of mean relaxation time of individual species of the

hadron gas mixture, i.e. pion, kaons and nucleons, on temperature with and without medium e⌅ects. It is

noted that the mean relaxation time of kaon remains larger compared to the other constituents of the system

in all cases over the temperature range considered because of their smaller cross-section. From Eq. (3.26),

it is evident that mean relaxation time of the components are interdependent. With increasing baryonic

density, the relaxation mechanism in the system gets enhanced as the number of particles with which collision

is possible increases, and hence a relative decrease in the relaxation time as seen in Figs. 4.3(a)-(c). The

in-medium behaviour of the relaxation time can also be explained along similar lines as done before.

Having studied the behaviour of the relaxation times of di⌅erent species, we now turn our attention to the

transport coe⇥cients. The temperature dependence of scaled thermal conductivity ⇧/T 2 for di⌅erent sets of

chemical potential of the constituents is shown in Figs. 4.4(a)-(c). The quantity ⇧/T 2 decreases with increase

in temperature and also decreases with the increase in chemical potential of the constituents. The fall of
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Figure 4.3: Momentum averaged relaxation time of pions, nucleons and kaons in a pion-nucleon-kaon
hadronic gas as function of temperature for (a) Set-1, (b) Set-2 and (c) Set-3 of chemical potentials of
individual components.

⇧/T 2 is similar to that of relaxation time, steeper at lower temperature and gradual as temperature increases.

Medium e⌅ects are reflected by the increase in magnitude of ⇧/T 2. With the increase in chemical potential

the density of the heavier particles like nucleons and kaons increases which brings down the relaxation time,

thus reducing the thermal conductivity.

We now proceed to present the numerical evaluation of shear and bulk viscosity using Eqs. (3.34) and

(3.35). The results are shown for the temperature range starting from 100 to 160 MeV which is typical

of a hadron gas produced in the later stages of heavy ion collisions. In Figs. 4.5(a)-(c) and Figs. 4.5(d)-

(f), the vacuum and in-medium evolution of shear viscosity (⌃) and bulk viscosity (⌥) as a function of

temperature are shown. Classically, for a single component gas, one can write ⌃ ⌘ p̄/⇤, where p̄ and ⇤ are

the average momentum and binary cross section respectively. Fig. 4.1 shows that the cross-section reduces

with increasing temperature (T ) and since p̄ goes as
⌃
T , the rise in magnitude of ⌃ due to inclusion of

medium e⌅ects is understandable from the expression of ⌃. The medium e⌅ects are reflected in the increase

in magnitude of ⌥ as compared to that of ⌥ calculated using vacuum cross-sections.

Let us now proceed to study the behaviour of the ratios of viscosities to the entropy density ⌃/s and

⌥/s which are also termed as the specific shear and bulk viscosity. For this, we need the expression of the
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entropy density. First we note that, the entropy density of a non-interacting hadronic gas mixture is given

by [17]

sfree = T
3

X

h�{hadrons}

gh

2�2

⇧
mh

T

⌃2 h⇧mh

T

⌃
S
1
h3
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mh

T
,
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T

⌃
⌅
⇧
µh

T

⌃
S
1
h2

⇧
mh

T
,
µh

T

⌃i
(4.12)

where, the sum runs over all the hadronic species taken into consideration, mh is the mass, gh is the

spin-isospin degeneracy, µh is the chemical potential of the hadron h and

S
⌥
hn(x, y) =

⌥X

j=1

(ah)
j+1

e
jy
j
⇥⌥

Kn(jx) (4.13)

in which ah = 1 if h is a Boson and ah = ⌅1 if h is a Fermion.

In order to take into account the e⌅ect of interactions among the di⌅erent hadrons, we use the relativistic

virial expansion as discussed in Refs. [17, 140]. The total entropy then comes out to be the sum of the free

and interacting parts s = sfree+sint. The leading contribution to sint comes from the second virial coe⇥cient
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Figure 4.5: Shear viscosity(⌃) and bulk viscosity (⌥) as a function of temperature (T ) for a pion-kaon-nucleon
hadronic gas mixture for (a) Set-1, (b) Set-2 and (c) Set-3 of chemical potentials of individual components
with and without including medium e⌅ects.

which can be calculated from two body phase shifts as

sint =
X

i,j i
e
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µj/T 1
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⇧
µi

T
+

µj
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⌃
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 ⌃
s
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⌦� X

c�channels
gc⌦

ij
c (4.14)

where the indices i, j run over all the hadronic species taken into consideration,
⌃
s is the center of mass

energy for the hadronic pair {i, j}, gc is the spin-isospin degeneracy of the resonance being exchanged in

the channel c and ⌦ijc is the corresponding phase shift. The dominant contribution to sint come from those
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Figure 4.6: Phase shifts in di⌅erent resonance channels as a function of center of mass energy.
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Figure 4.7: Entropy density scaled by the cube of temperature (s/T 3) as a function of temperature for
di⌅erent sets of chemical potentials. The triangles correspond to the result for a free gas mixture of
�,K,N,⇤, ⇥,K� and ⇧.

channels where explicit resonance exchanges occur [17]. For consistency with the calculations of in-medium

cross-sections here we only take into account ⇥, ⇤, ⇧ and K
� resonances which appear in the s-channel

scattering matrix elements. The phase shift (⌦R) for the resonance (R) exchange can be obtained from

⌦R(s) =
�

2
+ tan⇥1

 ⌃
s⌅mR

�R(s)/2

⌦
(4.15)

where, �R(s) is the decay width of the resonance R with four-momentum (
⌃
s,↵0).

For ��, we consider the ⇤ and ⇥ exchange, whereas for �K and �N we consider K
� and ⇧ exchange.

The decay width of ⇤ and ⇥ are taken from Refs. [140] and they are given by

�⇥(s) = 2.06q , (4.16)

� (s) = 0.095q

 
q/m�

1 + q2/m2
 

⌦2

(4.17)
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Figure 4.8: Specific shear viscosity (⌃/s) and specific bulk viscosity (⌥/s) as a function of temperature (T )
for a pion-kaon-nucleon hadronic gas mixture for (a) Set-1, (b) Set-2 and (c) Set-3 of chemical potentials of
individual components with and without including medium e⌅ects.

where, q = 1
2

p
s⌅ 4m2

�. The decay widths of K� and ⇧ are calculated from the e⌅ective Lagrangians of

Eqs. (4.2) and (4.1) and are given by
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�KK⇥
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where, the form factor F (s) = ⌃2
K,N

⌥
⌃2
K,N + 1

4m2
K,N

⇧(s,m2
�,m

2
K,N )

�⇥1
with ⇧(x, y, z) = x

2+y
2+z

2⌅2xy⌅

2yz ⌅ 2zx being the Källén function.

In Fig. 4.6, the phase shifts in the di⌅erent resonance channels (⇤, ⇥,K� and ⇧) are shown as a function

of the center of mass energy. The slope of ⌦⇥ is least among the other three due to the largest decay width

of ⇤. All the ⌦ , ⌦K⇥ and ⌦� show rapid changes around the respective pole mass values (m ,mK⇥ and m�)

of the center of mass energies. The ⌦K⇥ is the steepest among all due to the smallest vacuum decay width

of K� which is ⇧ 50 MeV.

Next in Figs. 4.7, the entropy density with interactions scaled by the cube of inverse temperature (s/T 3)

has been depicted as a function of temperature for the three sets of chemical potentials. Shown with triangles

is the result for a free gas of �,K,N,⇤, ⇥,K� and ⇧ for Set-1. They appear to be in good agreement [140, 17].

Figure 4.9: Shear viscosity to entropy density ratio (⌃/s) as a function of temperature and nucleon chemical
potential at µ� = µK = 0 with (a) vacuum and (b) in-medium cross sections.

We are now in a position to plot the specific viscosities. In Figs. 4.8(d)-(f) ⌃/s is plotted with temperature

for three sets of chemical potentials. We see a monotonic decrease of the specific shear viscosity with increase

of temperature. This is because of the fact that the entropy density rises with increase of temperature with

a rate faster than ⌃. The increase in magnitude of ⌃ for di⌅erent sets of increasing chemical potential,

even though there is a decrease in relaxation time with the increase in chemical potential, is mainly due to

the increase in density which turns out to be the governing factor here. ⌃/s on the other hand decreases

with the increase in chemical potential because with the increase in chemical potential the entropy increases

faster due to the rapid increase in the degrees of freedom, and the value of ⌃/s is within the KSS-bound.

Here, we note that with the inclusion of more resonances the shear viscosity decreases as one approaches

temperatures close to the critical temperature. Owing to the corresponding increase in the entropy density

there is a further decrease in the value of ⌃/s [140].
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Figure 4.10: Bulk viscosity to entropy density ratio (⌥/s) as a function of temperature and nucleon chemical
potential at µ� = µK = 0 with (a) vacuum and (b) in-medium cross sections.

Figure 4.11: Thermal conductivity scaled with inverse of temperature squared (⇧/T 2) as a function of
temperature and nucleon chemical potential at µ� = µK = 0 with (a) vacuum and (b) in-medium cross
sections.

We now show the results of specific bulk viscosity. In Figs. 4.8(d)-(f) one can also observe the sizeable

di⌅erence in magnitude of ⌥/s calculated for vacuum and medium. The figures show increase in magnitude

of ⌥ for increasing value of chemical potential just like in the case for ⌃, which is again attributed to the

dominance of increase in density over the decrease in magnitude of relaxation time. And like ⌃/s we find

that ⌥/s increases with increase in chemical potential.

In Figs. 4.9 and 4.10, we have studied the e⌅ect of temperature and baryonic chemical potential on ⌃/s

and ⌥/s with and without medium e⌅ects taken into consideration, for µ� = µK = 0. We find that on

introducing the medium e⌅ects, there is an increase in the magnitude but very little change in its behaviour.
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Figure 4.12: The result obtained in this work compared to various data of the specific shear viscosity ⌃/s
as a function of temperature available in the literature [4, 5, 6]. A line of KSS bound has been drawn as a
reference.

Also, with increase in baryonic chemical potential the value of ⌃/s decreases while the value increases for

⌥/s. The drop in the value of ⌃/s with increase in temperature is found to be sharper at lower baryonic

chemical potential while we observe the opposite trend in the case of ⌥/s where the drop is sharper at higher

chemical potential. At lower temperature the e⌅ect of the baryonic chemical potential on ⌥/s is found to be

more pronounced than at higher temperature, this pattern is also ovserved in the case of ⌃/s. The analogous

plots for the variation of ⇧/T 2 as a function of T and µN shown in Fig. 4.11(a) and (b) show features similar

to that of ⌃/s.

Finally, to check consistency we have plotted in Fig. 4.12, ⌃/s calculated using di⌅erent techniques such

as hadronic cascades URQMD [4], B3D [5] and SMASH [6] along with our result using medium dependent

cross-sections for the three sets of chemical potentials. In particular, the in-medium ⌃/s calculated with

Set-1 i.e. for µ� = 0, µK = 0 and µN = 0 are in reasonable agreement with that of [5].

In the next two chapters we will switch on the magnetic field and study the e⌅ect of the thermal medium

in the presence of background magnetic field on the transport coe⇥cients.



Chapter 5

Electrical and Hall Conductivity of a hot

pion gas in a magnetic medium

The estimation of transport coe⇥cients of relativistic systems in the presence of a magnetic field is

important in the context of magnetized neutron stars, cosmology and relativistic HICs. In case of HICs,

transport coe⇥cients such as the shear and the bulk viscosities and the di⌅usion coe⇥cients are essential to

describe the hydrodynamical evolution of the matter transiently produced in such collisions. In the presence

of a magnetic field this evolution is described by magnetohydrodynamics (MHD) which takes into account

the coupling of the magnetic field to the relativistically evolving fluid in a self-consistent way.

From a phenomenological point of view, electrical conductivity is important in the sense that if it is

large, the created magnetic field in non-central HICs persists for a longer time [83]. However, as of now it is

a general belief that the value of the magnetic field is quite small in the hadronic matter (HM) due to the

smaller value of the conductivity. As a result, relevant physical quantities calculated in HM will have minor

modifications as compared to that in quark matter. In order to substantiate this conjecture, it is necessary

to calculate the magnetic field dependent electrical conductivity of HM as accurately as possible taking into

account finite temperature and/or density and magnetic field e⌅ects.

In this chapter, we have evaluated the electrical as well as Hall conductivites of a relativistic pion gas

using kinetic theory approach within the RTA by incorporating the finite temperature e⌅ects in the cross-

section vis a vis the relaxation time. We have chosen to calculate the electrical conductivity of pions as they

are the most abundant species among the other hadrons produced in the HICs at RHIC and LHC [38]. This

type of study is also important as the magnetic field produced in heavy ion collisions is of hadronic scale and

hence the evaluation of transport coe⇥cients of the QGP and the hadronic medium will provide a better

insight into the time evolution of strongly interacting matter in the presence of a background magnetic field.

A good deal of progress has been made in recent times in the evaluation of magnetic field dependent

transport coe⇥cients such as electrical conductivity [145, 146, 147, 148, 149, 150, 151, 152], shear viscos-

ity [151, 153, 61, 154] heavy quark di⌅usion constant [154, 155], and the jet quenching parameter [156]. One

of the most important transport coe⇥cients required in the formulation of MHD is the electrical conduc-

77



78 Chapter 5. Electrical and Hall Conductivity of a hot pion gas in a magnetic medium

tivity. Electrical conductivity of a QGP in strong magnetic field has been evaluated in Ref. [157] where it

was shown that it diverges in the massless limit and is very sensitive to the value of the current quark mass.

In Ref. [10], the electrical as well as the Hall conductivities of the QGP have been estimated in a strong

magnetic field using a kinetic theory approach as well as the Kubo formalism. It is found that, the electrical

conductivity decreases in the presence of a magnetic field, specially at low temperature. Also in Ref. [158],

the electrical conductivity of a hot and dense quark matter has been computed in the presence of a mag-

netic field using kinetic theory beyond the lowest Landau level (LLL) approximation. It is observed that

the transverse electrical conductivity is dominated by the Hall conductivity and the parallel conductivity

has a nominal dependence on both T and µ.

An attempt has been made in Refs. [13, 11] to calculate the electrical conductivity of Hadron Resonance

Gas (HRG) which has been studied using the Relaxation Time Approximation (RTA) with a constant cross

section whereas in Ref. [159], electrical conductivity along with other transport coe⇥cients of HRG have

been computed treating the relaxation time as a free parameter. However, the hadronic phase in HICs

attains su⇥ciently high temperature (100 MeV � T � 155 MeV) and/or high (baryon) density (note that

the QGP–hadron phase transition occurs nearly at temperature Tc � 155 MeV, which is the (pseudo) critical

temperature for the chiral phase transition as obtained in the Lattice QCD calculations [35]). Hence in order

to obtain a more realistic picture, one should incorporate the thermal e⌅ects in the cross-sections required

to evaluate the transport coe⇥cients which have been ignored in Ref. [11].

The chapter is organized in the following manner. In the Sec. 5.1 we have evaluated the conductivity

tensor using the dissipative term obtained from the BTE in the presence of external magnetic field employing

RTA and in Sec. 5.2, numerical results are shown.

5.1 Electrical and Hall conductivities from kinetic theory

The BTE in presence of external electromagnetic field [90] which is satisfied by the on-shell single particle

phase space distribution function f± = f±(t,↵r, ↵p) of the charged pions (�±) is given by -

 f±
 t

+ ↵v ·
 f±
 ↵r

± q

h
↵E + (↵v ◊ ↵H)

i
·
 f±
 ↵p

= C[f±] (5.1)

where, q is the charge of a proton, ↵v = ↵p/◆p is the velocity, ◆p =
p
↵p2 +m2 is the energy, ↵E is the

electric field, ↵H is the magnetic field and C[f±] denotes the collision kernel. We note that, the equilibrium

Bose-Einstein distribution function f0 = f0(◆p) for which C[f0] = 0 is given by

f0(◆p) =
1

e✏p/T ⌅ 1
(5.2)

where T is temperature.

Few comments on the use of the classical dispersion relation ◆p =
p
↵p2 +m2 for the pions are in order

here. It is well known that in the presence of an external magnetic field the momentum states of the charged
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pions will be Landau quantized and their classical dispersion relation ◆p =
p
↵p2 +m2 with continuous

transverse momentum modifies to

◆pl =
p
p2z + (2l + 1)qH +m2 (5.3)

where l is the Landau level. However, in this work we have ignored the Landau quantization (LQ) in the

calculation of conductivity assuming the magnetic field to be weak. For low values of the external magnetic

field, the Landau levels become closely spaced such that the continuum approximation of the transverse

momentum of pions hold good. Moreover, we have used the RTA, where the pion distribution function is

assumed to be slightly away from equilibrium which allows linearization of the BTE. The use of RTA implies

that the external magnetic field cannot be too high. Finally, the magnitude of external magnetic field in

hadronic phase of HIC is usually small which in turn justifies the use of weak field approximation in our

calculation. A more quantitative analysis on the validity of the continuum approximation will be performed

later in Sec. 5.2.

When the system is out of equilibrium, the dissipative processes within the system try to bring it back

to equilibrium. Let us consider the system to be slightly away from equilibrium which is characterized by

the non-equilibrium distribution function f± = f0 + ⌦f± with ⌦f± = ⌅✏±
 f0
 ◆p

✓ f0. As ⌦f± is small, the

BTE can be linearized.

In order to solve Eq. (5.1) we treat the right hand side of Eq. (5.1) using the RTA and consider only the

2� 2 scattering process k + p� k
⌅ + p

⌅. In the RTA the collision integral in Eq. (5.1) reduces

C[f±] =
⌦f±
�

= ⌅✏±
�

 f0
 ◆p

(5.4)

where � is the relaxation time. Substituting Eq. (5.4) into Eq. (5.1) yields

 f±
 t

+ ↵v ·
 f±
 ↵r

± q

h
↵E + (↵v ◊ ↵H)

i
·
 f±
 ↵p

= ⌅✏±
�

 f0
 ◆p

(5.5)

Since we are dealing with a uniform and static medium, both f± and f0 are independent of time and space.

Also the electric field under consideration is very small. Thus Eq. (5.5) reduces to

±q ↵E · ↵v
 f0
 ◆p

± q(↵v ◊ ↵H) ·
 ✏±
 ↵p

 
 f0
 ◆p

⌦
= ⌅✏±

�

 f0
 ◆p

(5.6)

In order to solve for the electrical and Hall conductivities, we take the following ansatz for the functional

form of ✏± [149] as

✏± = ↵p · ↵�±(◆p) (5.7)

where the vector ↵�± contains information of the dissipation produced due to electric and magnetic fields
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and can be expressed most generally as

↵�± = �±ê+ ✓±ĥ+ ⌅±
⇧
ê◊ ĥ

⌃
(5.8)

where, ê = ↵E/| ↵E| and ĥ = ↵H/| ↵H| are the unit vectors along the directions of electric and magnetic fields

respectively. Substituting Eq. (5.7) and Eq. (5.8) into Eq. (5.6), we get after some simplification

±
q| ↵E|

◆p
(ê · ↵p)± �±

q| ↵H|

◆p
(ê◊ ĥ) · ↵p± ⌅±

q| ↵H|

◆p
(ê · ↵p)± ⌅±

q| ↵H|

◆p
(ĥ · ↵p)(ĥ · ê)

= ⌅�±(ê · ↵p)�
⇥1 ⌅ ✓±(ĥ · ↵p)�⇥1 ⌅ ⌅±(ê◊ ĥ) · ↵p�⇥1. (5.9)

Comparing the coe⇥cients of ê · ↵p, ê◊ ĥ and ĥ · ↵p on both sides of Eq. (5.9), we obtain

�± = ±
q| ↵E|

◆p

�

1 + ◆2
c �

2
, (5.10)

✓±
�±

= ⌅(◆c�)
2(ĥ · ê), (5.11)

⌅±
�±

= ⌅◆c� (5.12)

where ◆c = |q ↵H|/◆p is the cyclotron frequency. Using Eqs. (5.10)-(5.12) in Eq. (5.8), we can now obtain the

vector ↵�± which in turn is used to get ✏± from Eq. (5.7) as

✏± = �±◆p↵v ·
h
1 + (◆c�)

2(ê · ĥ)ĥ⌅ (◆c�)(ê◊ ĥ)
i
= ±

q�

1 + (◆c�)2
v
i
h
⌦ij ⌅ ◆c��

ijk
h
k + (◆c�)

2
h
i
h
j
i
E

j(5.13)

where the Einstein summation convention has been used.

In order to extract the electrical and Hall conductivities from ✏±, we first note that the macroscopic

electrical current density j
i is given by

j
i = ⇤ij

E
j =

Z
d
3
p

(2�)3
v
i
q(✏+ ⌅ ✏⇥)

 
 f0
 ◆p

⌦
. (5.14)

In Eq. (5.14), ⇤ij is the conductivity tensor. Now substitution of Eq. (5.13) into Eq. (5.14) yields

⇤ij = ⌦ij⇤0 ⌅ �ijkhk⇤1 + h
i
h
j⇤2 (5.15)

where

⇤0 =
gq

2

3T

Z
d
3
p

(2�)3
↵p2

◆2
p

�

1 + (◆c�)2
f0(◆p) {1 + f0(◆p)} , (5.16)

⇤1 =
gq

2

3T

Z
d
3
p

(2�)3
↵p2

◆2
p

�(◆c�)

1 + (◆c�)2
f0(◆p) {1 + f0(◆p)} , (5.17)

⇤2 =
gq

2

3T

Z
d
3
p

(2�)3
↵p2

◆2
p

�(◆c�)2

1 + (◆c�)2
f0(◆p) {1 + f0(◆p)} (5.18)
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in which g = 2 is the degeneracy of charged pions in the gas since only the charged pions �+ and �⇥

participate in the charge conduction. ⇤0 is the electrical conductivity in presence of the magnetic field, ⇤1

is the Hall conductivity and ⇤0 + ⇤2 is the electrical conductivity in absence of external magnetic field. In

compact notation, Eqs. (5.16)-(5.18) can be written as

⇤n =
gq

2

3T

Z
d
3
p

(2�)3
↵p2

◆2
p

�(◆c�)n

1 + (◆c�)2
f0(◆p) {1 + f0(◆p)} ; n = 0, 1, 2. (5.19)

The steps involving the calculation of relaxation time of pions � appearing in Eq. (5.19) has been discussed

in detail in chapter 3.

5.2 Results and Discussions

We begin this section by showing the in-medium �� � �� total cross section as a function of center of mass

energy in Fig. 5.1(a) for di⌅erent temperatures. At T = 0, the cross section obtained using the vacuum self

energies of ⇥ and ⇤ mesons is seen to agree with the experimental data [3] shown with red triangles. With the

increase in temperature, the imaginary part of the self energy increases owing to the in-medium broadening

of the resonance spectral functions. Physically, it corresponds to the increase in annihilation probabilities

(due to decay and scattering) of ⇥ and ⇤ in the thermal bath. This in-medium spectral-broadening of ⇥ and

⇤ in turn makes substantial suppression in the cross section at high temperature as can be noticed from the

figure.

Next, in Fig. 5.1(b) we have shown the variation of the average relaxation time ⇥�⇤ of pions with

temperature evaluated using vacuum and in-medium cross sections. Note that, the momentum averaged

relaxation time ⇥�⇤ is obtained from the relation

⇥�⇤ =
Z
d
3
p�(p)f(◆p)

.Z
d
3
pf(◆p). (5.20)

It is seen that the relaxation time obtained using the in-medium cross section is always greater than the

same calculated using the vacuum cross section which is also obvious from Eq. (6.27). Since, the in-medium

cross section is suppressed with respect to the vacuum cross section, ⇥�⇤Vacuum comes out to be less than

⇥�⇤Medium. In order to extract the leading behaviour of ⇥�⇤ as a function of temperature, we fit the in-medium

relaxation time ⇥�⇤Medium with a polynomial function of the form
3P

i=0
ai
�
m
T

⇥i 1
T 3 . This is shown in Fig. 5.1(c)

where we have plotted the fitted function along with
⇧
a0

T 3

⌃
and

3P
i=1

ai
�
m
T

⇥i 1
T 3 separately to understand the

leading behaviour. It is easy to check from Eqs. (6.27) and (5.20) that ai’s are dimensionfull quantities and

have the dimensions of the inverse of the cross section, [⇤⇥1]. It is clearly seen that the leading behaviour is

well represented by the first term in the fitting function. This can be explained by considering ⇥�⇤ ⇧ 1/(n⇤)

where n is the pion density which goes as n ⇧ T
3 in the massless limit and ⇤ is the (T -independent) cross

section. The observed deviation from the 1/T 3 behaviour of ⇥�⇤ at lower and higher temperatures is quite
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Figure 5.1: (a) The variation of isospin averaged total �� � �� cross section as a function of centre of mass
energy for di⌅erent temperatures. The experimental data is taken from Ref. [3]. (b) The variation of average
relaxation time ⇥�⇤ of pions as a function of temperature calculated using the vacuum and in-medium cross

sections. (c) The in-medium ⇥�⇤ as a function of T fitted with a polynomial funtion of the form
3P

i=0
ai
�
m
T

⇥i 1
T 3

with a0 = 0.0145 fm-GeV3, a1 = ⌅0.0109 fm-GeV3, a2 = 0.0058 fm-GeV3 and a3 = 0.0026 fm-GeV3.

understandable and may be attributed to several factors. Most important among these is the contribution

coming from the phase space integrals due to the non-zero pion mass which contain higher inverse powers of

T . The T -dependence of the cross-section can also make a contribution. However, for purposes of discussion

⇥�⇤ may well be taken to go as 1/T 3 in the relevant temperature range and the deviations therefrom will

not a⌅ect the conclusions significantly.

The variation of ⇤0/T as a function of temperature is shown in Figs. 5.2(a) and 5.2(b) for di⌅erent values

of magnetic field using both the vacuum and in-medium cross sections. To understand the behaviour of ⇤0/T

with temperature, we first note, from Eq. (5.16), that the temperature dependence of ⇤0/T roughly comes

from ⇤0/T ⇧ ⇧T
1+(✏c⇧)2

. At lower values of the magnetic field, ◆c� ✓ 1 so that the temperature dependence of

�T would dictate the temperature dependence of ⇤0/T . We have discussed the T -dependence of the average

relaxation time earlier by fitting a simple function and argued that ⇥�⇤ ⌘ 1/T 3 is a good approximation

in the relevant temperature range. Thus, at lower values of magnetic field, we expect ⇤0/T ⇧ 1/T 2 which

is quite compatible with Fig. 5.2(a). The situation is reversed at higher values of the external magnetic

field for which ◆c� ◆ 1 and consequently the temperature dependence of ⇤0/T approximately comes from
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Figure 5.2: The variation of ⇤0/T (a)-(b) as a function of temperature for di⌅erent values of magnetic field
strength and (c) as a function of magnetic field for di⌅erent values of temperature. The solid and dashed
curves correspond to the estimations of ⇤0/T using vacuum and in-medium cross sections respectively.

⇤0/T ⇧ T
⇧ ⇧ T

4. We thus expect a monotonically increasing trend of ⇤0/T with temperature at higher

values of magnetic field as can be noticed in Fig. 5.2(b). At intermediate values of the magnetic field we

observe a non-monotonic behaviour of ⇤0/T with temperature. In Fig. 5.2(c), ⇤0/T has been plotted as a

function of external magnetic field for di⌅erent temperatures. Unlike the temperature dependence, ⇤0/T

has a trivial magnetic field dependence as ⇤0/T ⇧ 1
1+(✏c⇧)2

. With the increase in magnetic field values, the

cyclotron frequency ◆c increases linearly so that a monotonically decreasing trend of ⇤0/T with external

magnetic field is visible in Fig. 5.2(c). The e⌅ect of in-medium cross section on ⇤0/T can be understood

similarly from the � dependence of ⇤0/T . As already argued, at a given temperature, for lower values of

magnetic field, ⇤0/T ⇧ � whereas for higher values of magnetic field ⇤0/T ⇧ 1/� . Since, the relaxation time

is larger for the in-medium cross section, it is obvious that the use of in-medium cross section instead of the

vacuum cross section will increase (decrease) ⇤0/T for lower (higher) values of the external magnetic field.

This is clearly observed in Figs. 5.2(a) and 5.2(b). This argument also explains the crossing of the dashed

curves with the respective solid curves in Fig. 5.2(c).

Next in Figs. 5.3(a) and 5.3(b), the Hall conductivity scaled with inverse temperature (⇤1/T ) has been

depicted as a function of temperature for di⌅erent values of the external magnetic field using both the

vacuum and in-medium cross sections. The behaviour of ⇤1/T with temperature can be understood by a

similar analysis as done in the last paragraph. We notice from Eq. (5.17), the temperature dependence of
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Figure 5.3: The variation of ⇤1/T (a)-(b) as a function of temperature for di⌅erent values of magnetic field
strength and (c) as a function of magnetic field for di⌅erent values of temperature. The solid and dashed
curves correspond to the estimations of ⇤1/T using vacuum and in-medium cross sections respectively.

⇤1/T approximately comes from ⇤1/T ⇧ ⇧2T
1+(✏c⇧)2

. Therefore, at lower values of the magnetic field, ◆c� ✓ 1

so that ⇤1/T ⇧ �2T ⇧ 1/T 5. On the other hand, at higher values of the external magnetic field (◆c� ◆ 1),

the leading temperature dependence of ⇤1/T goes as ⇤1/T ⇧ T . Thus, at lower values of magnetic field,

⇤1/T decreases with temperature more rapidly than ⇤0/T whereas at higher values of magnetic field, we

notice a linear increase of ⇤1/T with temperature. This also makes ⇤1/T to vary non-monotonically at

intermediate values of the external magnetic field as can be noticed in Figs. 5.3(a) and 5.3(b). In Fig. 5.3(c),

we have shown ⇤1/T as a function of external magnetic field for di⌅erent temperatures. The dependence

of ⇤1/T on the magnetic field goes as ⇤1/T ⇧ ✏c
1+(✏c⇧)2

which is basically a Breit-Wigner function of the

magnetic field with peak position ⇧ 1/� ⇧ T
3 and width ⇧ � ⇧ 1/T 3. The Breit-Wigner like behaviour of

⇤1/T can be observed in Figs. 5.3(c) in which the peak position of ⇤1/T moves towards higher magnetic

field values and the width increases with temperature. As before, the e⌅ect of in-medium cross section on

⇤1/T can be understood from the � dependence of ⇤1/T , i.e. from ⇤1/T ⇧ ⇧2✏c
1+(✏c⇧)2

which is a monotonically

increasing and saturating function of � . The saturation occurs in the low temperature (where � is large) and

low magnetic field region in which the overall � dependence of ⇤1/T becomes weaker. Since the in-medium

cross section yields a larger relaxation time, the use of in-medium cross section over the vacuum cross section

always increases ⇤1/T for any value of the external magnetic field as can be noticed in Figs. 5.3(a)-5.3(c).

However, in the high magnetic field and low temperature region, due to the weakening of the � dependence in



5.2. Results and Discussions 85

⇤1/T , the medium e⌅ect in cross section becomes negligible as one can notice by comparing the separations

between the dashed and solid curves of Fig. 5.3(b) (low temperature region) and Fig. 5.3(c) (high magnetic

field region).
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Figure 5.4: The variation of ⇤2/T (a)-(b) as a function of temperature for di⌅erent values of magnetic field
strength and (c) as a function of magnetic field for di⌅erent values of temperature. The solid and dashed
curves correspond to the estimations of ⇤2/T using vacuum and in-medium cross sections respectively.

We now proceed to show the behaviour of the quantity ⇤2/T as a function of temperature for di⌅erent

values of external magnetic field with both the vacuum and in-medium cross sections in Figs. 5.4(a) and

5.4(b). The behaviour of ⇤2/T with temperature can be analogously understood from Eq. (5.18) in which the

temperature dependence of ⇤2/T approximately goes as ⇤2/T ⇧ ⇧3T
1+(✏c⇧)2

. Therefore, at lower values of the

magnetic field (◆c� ✓ 1), ⇤2/T ⇧ �3T ⇧ 1/T 8. On the other hand, at higher values of the external magnetic

field (◆c� ◆ 1), the leading temperature dependence of ⇤2/T is approximately given by ⇤2/T ⇧ � ⇧ 1/T 3.

Thus, ⇤2/T always decreases monotonically with the increase in temperature even more rapidly than ⇤1/T

in all the values of the magnetic field considered here (see Figs. 5.4(a) and 5.4(b)). Next, in Fig. 5.4(c),

the magnetic field dependence of ⇤2/T has been depicted for di⌅erent temperatures. ⇤2/T depends on the

magnetic field as ⇤2/T ⇧ (✏c⇧)2

1+(✏c⇧)2
which is a monotonically increasing and saturating function of magnetic

field thus explaining the analogous behaviour of the curves in the figure. To understand the e⌅ect of in-

medium cross section on ⇤2/T , we first note that the � dependence of ⇤2/T is given by ⇤2/T ⇧ ⇧3✏2
c

1+(✏c⇧)2

which is a monotonically increasing function of � for a particular value of magnetic field. The rate of

increase is more for higher magnetic field values. Thus, we notice, from Figs. 5.4(a)-5.4(c), that the use of
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in-medium cross section over the vacuum cross section always increases ⇤2/T for the values of the magnetic

field considered here. Moreover, at higher values of the external magnetic field, due to the increase of �

dependence in ⇤2/T , the medium e⌅ects become more significant as can be observed by comparing the

separations between the dashed and solid curves of Fig. 5.4(a)-5.4(c).
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Figure 5.5: The variation of the anisotropy measure ⇥0
⇥0+⇥2

(a)-(b) as a function of temperature for di⌅erent
values of magnetic field strength and (c) as a function of magnetic field for di⌅erent values of temperature.
The solid and dashed curves correspond to the estimations of ⇥0

⇥0+⇥2
using vacuum and in-medium cross

sections respectively.

Finally, we note that, the normalized ratio ⇥0
⇥0+⇥2

could be a measure of anisotropy brought in by the

external magnetic field since the quantity ⇤0 + ⇤2 is the electrical conductivity in absence of magnetic field.

We therefore plot ⇥0
⇥0+⇥2

as a function of temperature and magnetic field in Figs. 5.5(a)-5.5(c). With the

increase in temperature, the ratio increases towards its asymptotic value 1 whereas with the increase in

magnetic field, the ratio rapidly decreases from 1. Physically it corresponds to the fact that, the magnetic

field tries to bring anisotropy in the medium whereas the thermal fluctuation tries to diminish it. Moreover,

comparing the solid and dashed curves in Figs. 5.5(a)-5.5(c), we find that the use of medium e⌅ects in the

cross section makes the system more anisotropic in presence of external magnetic field.

We have already mentioned in Sec. 5.1 that we are neglecting the LQ of the charged pion dispersion

relation (see Eq. (5.3)) while calculating the conductivities. However, to check the validity of this continuum

approximation, let us now calculate the conductivities incorporating the LQ of pion transverse momentum.

To a first approximation, the LQ can be incorporated in the final expression of the conductivities in Eq. (5.19)
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Figure 5.6: The ratio ⇤LQ
n /⇤n as a function of external magnetic field at T = 130 MeV. The solid-black

vertical line corresponds to qH = m
2. Upto 300 Landau levels are taken into consideration.

by the following replacements:

◆p � ◆pl =
p
p2z + (2l + 1)qH +m2, (5.21)

|↵p| �
p

p2z + (2l + 1)qH, (5.22)
Z

d
3
p

(2�)3
� qH

2�

⌥X

l=0

Z ⌥

⇥⌥

dpz

2�
, (5.23)

so that the conductivities with LQ becomes

⇤LQ
n =

gq
2

3T

qH

2�

⌥X

l=0

Z ⌥

⇥⌥

dpz

2�

p
2
z + (2l + 1)qH

◆2
pl

�(◆c,l�)n

1 + (◆c,l�)2
f0(◆pl) {1 + f0(◆pl)} ; n = 0, 1, 2, (5.24)

where ◆c,l = qH/◆pl. In Fig. 5.6, we have shown the ratio ⇤LQ
n /⇤n as a function of external magnetic field

at T = 130 MeV. From the figure, we can see that in the low magnetic field region (qH � m
2), the ratios

are almost unity which imply that the use of continuum approximation is well justified in the weak field

region. However, for higher magnetic field values, the continuum approximation breaks down and the LQ

becomes important. For example, at qH = 0.10 GeV2, LQ modifies the values of ⇤0 and ⇤1 by less than

5% whereas the change in ⇤2 is about 30%. Therefore, even if we have shown numerical results for a wider

range of magnetic field values (0 � qH � 0.1 GeV2) neglecting the LQ, our results are strictly valid for the

weak magnetic field (0 � qH < m
2) likely to be realised in the hadronic phase of HIC.

In Fig. 5.7(a), we have made a comparison of the electrical conductivity obtained in this work with

the other available estimations in the literature. We see that, our estimation of electrical conductivity at

zero-magnetic field agrees well with the earlier estimations by Grief et al [7] and Fraile et al [8] whereas

it does not agree well with the Lattice QCD estimation [9]. Also, our result at qH = 0.02 GeV2 is lower

than the values obtained by Feng. [10] for a system of relativistic quark-gluon gas. This is expected as the
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conductivity of QGP is much larger than of hadron gas. Finally, our result at qH = 0.05 GeV2 is in good

qualitative and quantitative agreement with the result of Das et al [11] calculated for hadron resonance gas.
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Figure 5.7: (a) The comparison of ⇤0/T at zero magnetic field with Grief et al [7], Fraile et al [8] and
Lattice QCD calculation [9] and at non-zero magnetic field with Feng [10] and Das et al [11]. (b) The decay
of maximum magnetic field value in peripheral Au+Au collision at RHIC for di⌅erent values of electrical
conductivities.

As mentioned earlier, a su⇥ciently high value of electrical conductivity of the medium can sustain the

rapidly decaying magnetic field in a HIC [83, 60, 160, 61]. To see how our estimated electrical conductivity

(for a system of pion gas) modifies the decay of the magnetic field in HIC, we have calculated the time

(t) dependence of the maximum value of magnetic field for peripheral Au+Au collision at RHIC energy

(
⌃
s=200 GeV) using the simplified expression used by Tuchin [61] for a static medium. In Fig. 5.7(b), we

have plotted the decay of the maximum magnetic field value in peripheral Au+Au collision at RHIC for

di⌅erent values of electrical conductivities. In our calculation, we have obtained maximum value of ⇤0 as

3 MeV whereas in a QGP medium it has typical value of � 15 MeV [161, 162, 83, 160]. From the figure,

it can be noticed that, for a constant ⇤0 = 15 MeV throughout the evolution, a magnetic field value of

the order of 10⇥4 GeV2 is sustained even at t = 10 fm. But if we consider constant ⇤0 = 1 ⌅ 3 MeV (as

obtained in the current work for a pion gas) throughout the evolution, the sustained value of magnetic field

at t = 10 fm is of the order of 10⇥5 GeV2. In reality, electrical conductivity is not expected to be constant

throughout the evolution. In the early stage (QGP phase), ⇤0 will be large (⇧ 15 MeV) and in the later

stages (hadronic phase) ⇤0 will be small (⇧ 5 MeV). Therefore the time evolution of the actual magnetic

field value is expected to lie in between the violet and green curves in the figure. Moreover, in Fig. 5.7(b),

we have considered a medium with no hydrodynamic expansion for the estimation of the decay of magnetic

field. For an expanding medium (which is the more realistic scenario for HIC), the magnetic field will sustain

for a longer period as shown in Ref. [61]. Thus, we can conclude that a weak magnetic field can be present

in the later stages of HIC and could be phenomenologically relevant.



Chapter 6

Electrical conductivity and shear

viscosity of a pion gas in a

thermo-magnetic medium

In this chapter, we have evaluated the electrical conductivity and shear viscosity of a hot and magnetized

pion gas. In the previous chapter we have studied the magnetic field influence on the transport coe⇥cient

using only cyclotron frequency. However, it must be noted that the magnetic field also influences the

collisions occuring in the system. This has motivated us to calculate the magnetic field dependent cross-

section and relaxation time. Incorporation of the e⌅ect of magnetic field along with thermal e⌅ects on the

relaxation time is the novelty of this chapter.

This chapter is organized as follows. Sec. 6.1 deals with the evaluation of shear viscosity using the BTE

in the presence of background magnetic field RTA framework. In Sec. 6.2, we discuss the evaluation of the

relaxation time of pions in a thermo-magnetic medium which is followed with a discussion on numerical

results in Sec. 6.3.

6.1 Shear Viscosity in magnetic field

In order to derive the expression for shear viscosity in a magnetized medium, we start with the standard

expression of relativistic BTE in background electromagnetic field (characterized by the field strength tensor

F
µ⇤), which is given by

p
µ µf + qF

µ⇤
p⇤

 f

 pµ
= C[f ] (6.1)

where, f is the single particle phase space distribution function, q is the electric charge of the particle and

the metric tensor with signature gµ⇤ = diag(1,⌅1,⌅1,⌅1) has been used throughout the work. The collision

term on the right hand side of Eq. (6.1) will be solved using the relaxation time approximation whereby

89
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we consider C[f ] = ⌅ ⌅f
⇧ , in which ⌦f is the deviation function and � is the relaxation time. The deviation

function ⌦f encapsulates the dissipative processes occurring in the system brought in by the collisions among

the constituents.

The velocity gradients in the strongly interacting matter give rise to the shear viscosity in the medium.

In order to extract the shear viscosity coe⇥cients in presence of external magnetic field, Eq. (6.1) can be

reduced to (taking E = 0)

⌅ 1

T
pipjVijf0(1 + f0) + q(v ◊B) ·

 (⌦f)

 p
= ⌅⌦f

�
(6.2)

where v = p/◆p, and the tensor Vij = 1
2 ( ivj +  jvi) contains the velocity gradients. Eq. (6.2) can be

further reduced to

⌅ 1

T
pipjVijf0(1 + f0) +

q|B|

◆p
�ijkvjbk

 (⌦f)

 vi
= ⌅⌦f

�
. (6.3)

In order to solve Eq. (6.3) for shear viscosities, the deviation function ⌦f containing the velocity gradients

is taken to be of the form

⌦f =
n=4X

n=0

gnV
n
ij vivj (6.4)

where gn’s are the coe⇥cients to be determined, and the velocity gradients V
n
ij ’s in presence of magnetic

field are constructed using the available vector bi, the unit tensor ⌦ij and the Levi-Civita symbol �ijk as

follows [129]

V
0
ij = (3bibj ⌅ ⌦ij)

 
bkblVkl ⌅

1

3
� · V

⌦
, (6.5)

V
1
ij = 2Vij + ⌦ijVklbkbl ⌅ 2Vikbkbj ⌅ 2Vjkbkbi + (bij ⌅ ⌦ij)� · V + bibjVklbkbl, (6.6)

V
2
ij = 2 (Vikbjbk + Vjkbibk ⌅ 2bibjVklbkbl) , (6.7)

V
3
ij = Vikbjk + Vjkbik ⌅ Vklbikbjbl ⌅ Vklbjkbibl, (6.8)

V
4
ij = 2 (Vklbikbjbl + Vklbjkbibl) , (6.9)

in which bij = �ijkbk. In order to calculate the transverse shear viscosity, we use � ·V = 0 and Vklbkbl = 0,

as a result of which V
0
ij = 0. We now proceed to solve Eq. (6.3) for the deviation function ⌦f for which we

substitute Eq. (6.4) into Eq. (6.3) and make use of Eqs. (6.5)-(6.9), to obtain (after some algebra):

◆p

T
vivjVijf0(1 + f0) = 2◆cg1 [2Vikbijvjvk ⌅ 2Vikbijbkvj(b · v)] + 2◆cg2 [2Vikbijbkvj(b · v)]

+ 2◆cg3 [2Vijvivj ⌅ 4Vijbjvi(b · v)] + 2◆cg4 [2Vijbjvi(b · v)]

+
g1

�
[2Vijvivj ⌅ 4Vijbjvi(b · v)] +

g2

�
[4Vijbjvi(b · v)]

+
g3

�
[2Vikbjkvivj ⌅ 2Vkjbikbjvi(b · v)] +

g4

�
[4Vkjbikbjvi(b · v)] . (6.10)
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Comparing the coe⇥cients of tensor structures in Eq. (6.10) on both sides, we arrive at the following set of

linear equations in g’s

2◆cg3 +
g1

�
=

◆p

2T
f0(1 + f0), (6.11)

g3 ⌅ 2◆c�g1 = 0, (6.12)

2◆cg1 ⌅ 2◆cg2 ⌅
g3

�
+

2g4
�

= 0, (6.13)

2◆cg3 ⌅ ◆cg4 +
g1

�
⌅ g2

�
= 0. (6.14)

By solving Eqs. (6.11)-(6.14), the unknown quantities gn with n = 1, 2, 3, 4 is obtained as

g1 =
◆p

2T

�

[1 + 4(◆c�)2]
f0(1 + f0), (6.15)

g2 =
◆p

2T

�

[1 + (◆c�)2]
f0(1 + f0), (6.16)

g3 =
◆p

2T

2◆c�2

[1 + 4(◆c�)2]
f0(1 + f0), (6.17)

g4 =
◆p

2T

◆c�2

[1 + (◆c�)2]
f0(1 + f0). (6.18)

Viscosity is characterized by the non-uniformity in the fluid flow and this information is carried by the

deviation function. Therefore, having calculated the deviation function ⌦f (or equivalently the g’s), the

transverse shear viscous coe⇥cients can be extracted from the definition of the macroscopic momentum flux

density tensor or the momentum flow tensor �ij , which reads

�ij =

Z
d
3
p

(2�)3
vivj◆p⌦f =

n=4X

n=0

Z
d
3
p

(2�)3
◆pgnvivjvkvlV

n
kl (6.19)

where in the last step, ⌦f has been substituted from Eq. (6.4). Alternatively, the general tensorial decom-

position of �ij in terms of the velocity gradients can be written as

�ij =
n=4X

n=0

⌃nV
n
ij (6.20)

where ⌃n’s are the shear viscosity coe⇥cients in presence of external magnetic field. Making use of V 0
ij = 0

for transverse shear viscous coe⇥cients and comparing Eq. (6.19) and Eq. (6.20), we get after some algebra

⌃n =
2

15

Z
d
3
p

(2�)3
◆pgnv

4
, n = 1, 2, 3, 4. (6.21)

Finally, substituting Eqs. (6.15)-(6.18) into Eq. (6.21), we obtain the following final expressions for the shear



92 Chapter 6. Electrical conductivity and shear viscosity of a pion gas in a thermo-magnetic medium

viscosity coe⇥cients

⌃1 =
g�

15T

Z
d
3
p

(2�)3
p4

◆2
p

�

1 + (2�◆c)2
f0(◆p){1 + f0(◆p)}, (6.22)

⌃2 =
g�

15T

Z
d
3
p

(2�)3
p4

◆2
p

�

1 + (�◆c)2
f0(◆p){1 + f0(◆p)}, (6.23)

⌃3 =
g�

15T

Z
d
3
p

(2�)3
p4

◆2
p

�2◆c
1
2 + 2(�◆c)2

f0(◆p){1 + f0(◆p)}, (6.24)

⌃4 =
g�

15T

Z
d
3
p

(2�)3
p4

◆2
p

�2◆c

1 + (�◆c)2
f0(◆p){1 + f0(◆p)}, (6.25)

where, ⌃1 and ⌃2 are the shear viscosity coe⇥cients in presence of magnetic field and ⌃3 and ⌃4 are Hall type

shear viscosities as they vanish for vanishing magnetic field whereas ⌃1 = ⌃2 = ⌃ for vanishing magnetic

field.

6.2 Relaxation time in thermo-magnetic medium

Let us now calculate the relaxation time � appearing in the electrical conductivity and shear viscosity

expression. For the 2 � 2 scattering process �(p) + �(k) � �(p⌅) + �(k⌅), the inverse of the relaxation time

� is given by

1

�(p)
=

g

4◆p

ZZZ
d
3
k

(2�)32Ek

d
3
p
⌅

(2�)32Ep�

d
3
k
⌅

(2�)32Ek�
(2�)4⌦4

�
p+ k ⌅ p

⌅ ⌅ k
⌅⇥
|M |

2 f
p
0 (1 + f

k�
0 )(1 + f

p�

0 )

(1 + f
k
0 )

(6.26)

where, M is the scattering amplitude, fp
0 = f0(◆p), fk�

0 = f0(◆k�) etc., and g = 3 is the degeneracy of the

pions (�±
,�0). Integrating over the momenta d

3
k
⌅ and d

3
p
⌅, we get

1

�(p)
=

g

2

Z
d
3
k

(2�)3
(⇤ vrel) f0(◆k) {1 + f0(◆k)} (6.27)

where, ⇤ is the total �� � �� scattering cross section, and vrel is the relative velocity between the initial

state particles. We will now calculate the �� � �� cross section in a thermo-magnetic medium mediated

by the vector meson ⇥. The interaction Lagrangian (density) used is [141]

Lint = ⌅g �� µ�⇤ · ( 
µ⇥ ◊  ⇤⇥) (6.28)

where, �⇤ and ⇥ are the iso-vector fields corresponding to ⇥ and � mesons respectively, and the coupling

constant g �� = 20.72 GeV⇥2 is estimated from the experimental vacuum decay width of ⇥ � �� which is

about � ⌦�� � 150 MeV. It is useful to consider the isospin basis, so that the isospin averaged total cross

section can be written as

⇤ =
1

64�2s

Z
d 

 
5

9
|M2|

2 +
1

3
|M1|

2 +
1

9
|M0|

2
⌦

(6.29)
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where, MI is the invariant amplitude in isospin channel(s) corresponding to the composite pionic isospin

state(s) |I, Iz⇤ having total isospin I (we note that, amplitudes are independent of the third component Iz

of the isospin vector I). Using Eq. (6.28), the explicit expressions of MI ’s come out to be [163]

M0 = g
2
 ��

⌥
2

 
s⌅ u

t⌅m2
 

⌦
+ 2

 
s⌅ t

u⌅m2
 

⌦�
, (6.30)

M1 = g
2
 ��

"
2

 
t⌅ u

s⌅m2
 ⌅ 1

3gµ⇤⌥
µ⇤(

⌃
s,0;T,B)

!
+

 
s⌅ u

t⌅m2
 

⌦
⌅
 

s⌅ t

u⌅m2
 

⌦#
, (6.31)

M2 = g
2
 ��

⌥
⌅
 

s⌅ u

t⌅m2
 

⌦
⌅
 

s⌅ t

u⌅m2
 

⌦�
, (6.32)

(6.33)

where, s, t, u are the Mandelstam variables, m is the mass of the ⇥ meson, and ⌥µ⇤(q0, q;T,B) is the

thermo-magnetic self energy function of ⇥-meson with momentum q.

Figure 6.1: Feynman diagrams for the one-loop self energy of neutral and charged ⇥ meson.

We will now evaluate the one-loop self-energies of the ⇥ meson in a thermo-magnetic medium. Fig. 6.1

shows the Feynman diagrams for the one-loop self-energies of neutral and charged rho-mesons originating

from the Lagrangian in Eq. (6.28). Unlike the zero magnetic field case, the self-energies of ⇥0 and ⇥± become

unequal in the presence of an external magnetic field. For calculating the thermo-magnetic self-energy of

⇥-meson, we will use the real time formulation of thermal field theory in a magnetic background, in which

the self-energy becomes 2◊ 2 matrix [164, 165]. Applying the finite temperature Feynman rules to Fig. 6.1,

the 11-components of the one-loop real time ⇥0 and ⇥± meson self-energy matrices come out to be [166]

⌥µ⇤
11,0(q;T, eB) = i

Z
d
4
k

(2�)4
N

µ⇤(q, k)Dmag
11 (k)Dmag

11 (p = q + k), (6.34)

⌥µ⇤
11,±(q;T, eB) = i

Z
d
4
k

(2�)4
N

µ⇤(q, k)D11(k)D
mag
11 (p = q + k) (6.35)

where N
µ⇤(q, k) = g

2
 ��

⇤
q
4
k
µ
k
⇤ + (q · k)2qµq⇤ ⌅ q

2(q · k)(qµk⇤ + k
µ
q
⇤)
⌅
, D11(k) and D

mag
11 (k) are the 11-

component of the real time neutral and charged pion propagators respectively in a magnetic background

(the �0 propagator is not a⌅ected by the magnetic field). The explicit expressions of the �0 and �±
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propagators read [166, 167]

D11(k) =

⌥
⌅1

k2 ⌅m2
� + i�

+ 2�i⌃(k0)⌦(k2 ⌅m
2
�)

�
, (6.36)

D
mag
11 (k) =

⌥X

n=0

2(⌅1)ne⇥⌥kLn(2�k)

"
⌅1

k
2
↵ ⌅m2

n + i�
+ 2�i⌃(k0)⌦(k2↵ ⌅m

2
n)

#
(6.37)

where, we have considered external magnetic fieldB = Bẑ along the positive-ẑ direction, ⌃(x) = ⌦(x)f0(x)+

⌦(⌅x)f0(⌅x), n is the Landau level index, �k = ⌅k
2
�/eB > 0, e is the electric charge of a proton, Ll(z) is

Laguerre polynomial of order l, mn =
p
m2

� + (2n+ 1)eB, p⌥↵,� = g
⌥⌦
↵,�p⌦ with g

µ⇤
↵ = diag(1, 0, 0,⌅1) and

g
µ⇤
� = diag(0,⌅1,⌅1, 0).

Having obtained the 11-components of the self-energies, the analytic thermo-magnetic self-energy func-

tion ⌥µ⇤(q;T,B) appearing in the expression of scattering amplitude in Eq. (6.31) can be obtained via

relations [165, 164] Im⌥µ⇤(q) = tanh
⇧
|q0|
2T

⌃
Im⌥µ⇤

11 (q) and Re⌥µ⇤(q) = Re⌥µ⇤
11 (q). The imaginary parts of

the self-energies can be simplified to obtain

Im⌥µ⇤
0 (q0, q = 0) =

⌅1

4q0

⌥X

l=0

⌥X

n=0

1

k⌅z

h
U

µ⇤
1,nl(q

0
, k

⌅
z)⌦(q

0 ⌅mn ⌅ml) + U
µ⇤
2,nl(q

0
, k

⌅
z)⌦(⌅q

0 ⌅mn ⌅ml)

+ L
µ⇤
1,nl(q

0
, k

⌅
z)⌦

⌧
⌅q

0 ⌅min(mn ⌅ml, 0)
�
⌦
⌧
max(mn ⌅ml, 0) + q

0
�

+ L
µ⇤
2,nl(q

0
, k

⌅
z)⌦

⌧
q
0 ⌅min(mn ⌅ml, 0)

�
⌦
⌧
max(mn ⌅ml, 0)⌅ q

0
�i

, (6.38)

Im⌥µ⇤
± (q0, q = 0) =

⌅sign(q0)

16�
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l=0

X

s�{±}
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✏0
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(6.39)

where k
⌅
z = 1

2q0⇧
1/2(q20,m

2
l ,m

2
n), ⇧(x, y, z) = x

2 + y
2 + z

2 ⌅ 2xy ⌅ 2yz ⌅ 2zx is the Källén function, ◆0 =

1
2q0 (q

2
0+m

2
�⌅m

2
l ), ◆± = q

0
±ml, and cos ⌘±0 = 1

|k|

q
(q0 � ◆k)2 ⌅m

2
l . The explicit expressions of the tensors

U
µ⇤
1,nl, U

µ⇤
2,nl, L

µ⇤
1,nl, and L

µ⇤
2,nl appearing in Eq. (6.38) for the neutral rho-meson and U

µ⇤
1,l , U

µ⇤
2,l , L

µ⇤
1,l , and L

µ⇤
2,l

appearing in Eq. (6.39) for the charged rho-meson are provided in Appendix C. The imaginary parts of

the ⇥0 as well as ⇥± self energies have contributions from four terms (symbolically the U1, U2, L1 and L2)

containing a number of step functions. These step functions represent the branch cuts of the self-energy

function in the complex q
0 plane. They are termed as Unitary-I, Unitary-II, Landau-I and Landau-II cuts

respectively as they appear in Eqs. (6.38) and (6.39). These cuts physically correspond to the kinematically
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allowed scattering and decay processes in the thermomagnetic medium. The details of the calculation and

an analysis of the analytic structure of the self-energy function can be found in Ref. [166]. Having obtained

the thermo-magnetic self-energy functions ⌥µ⇤
0,± of ⇥0 and ⇥±, we substitute them into the expression of

scattering amplitude in Eq. (6.31) to obtain the isospin averaged �� � �� cross-section from Eq. (6.29) for

a ⇥0 or ⇥± exchange.

6.3 Numerical Results & Discussions

We begin this section by evaluating the numerical results for a generic isospin averaged �� cross-section

mediated by neutral and charged ⇥ mesons. The neutral and charged ⇥ mesons are a⌅ected di⌅erently in

the presence of magnetic field as evident from the analytical calculation in the previous section.
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Figure 6.2: The e⌅ective masses of (a) ⇥0 and (b) ⇥± vs T for eB = 0.05 GeV2.

In Figs. 6.2 (a) and (b) we have shown the variation of e⌅ective masses of neutral and charged ⇥ meson as

a function of temperature for eB = 0.05 GeV2. The masses have been calculated from the poles of the exact

⇥-meson propagator in a thermo-magnetic medium [166]. It is well known that in thermo-magnetic medium

there are three distinct propagating modes of vector meson. However at vanishing transverse momentum

of the vector meson, two modes are identical and hence we are left with two distinct modes denoted by

Mode-I and Mode-II respectively [166]. From both the figures it is clear that the change in e⌅ective masses

of both neutral and charged meson with temperature is marginal. It should be noted that, the variation

of mass with temperature/magnetic field calculated using the Lagrangian (Eq. (6.28)) in which ⇥ and �

mesons are basic degrees of freedom is expected to di⌅er from that of other models such as Nambu–Jona-

Lasinio (NJL) like models which are based on quark degrees of freedom and the mesons are generated by

bosonization [168, 169, 170, 171].

We have plotted the �� � �� cross-section as a function of centre of mass energy for three di⌅erent

values of magnetic field- 0.005 GeV2, 0.01 GeV2 and 0.05 GeV2 shown respectively in Fig.6.3(a), Fig.6.3(b)

and Fig.6.3(c). In each of these plots temperature is taken to be 130 MeV. The numerical results of the

cross-section has been computed in various media such as vacuum (V), thermal medium (T), magnetic
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medium (M), and thermo-magnetic medium (TM).
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Figure 6.3: The variation of the isospin-averaged total �� � �� cross section at T = 130 MeV as a function
of the center-of-mass energy for di⌅erent media at (a) eB = 0.005 GeV2, (b) eB = 0.01 GeV2 and (c)
eB = 0.05 GeV2. The symbols ⇤V, ⇤M, ⇤T and ⇤TM denotes the �� cross-section in vacuum, magnetic
medium, thermal medium and thermo-magnetic medium respectively.

In Figs. 6.3(a) and (b) we observe the following trend for �� cross-section: ⇤M > ⇤V > ⇤TM > ⇤T. We

now attempt to explain this trend in the cross-section variation over di⌅erent media. As the temperature

is increased, the resonance spectral function experience in-medium broadening, owing to an increase in the

imaginary part of the self-energy. This increase in the imaginary part of the self-energy in the thermal

medium causes a decrease in the magnitude of thermal cross-section ⇤T compared to the vacuum cross-

section ⇤V. Physically, ⇤V > ⇤T can be explained using the fact that in a thermal medium, ⇥ meson su⌅er

additional decay and scattering thus lowering the �� cross-section in thermal medium. In all the figures

we observe the presence of spikes for finite values of the background magnetic field. The spikes are purely

due to the presence of magnetic field. Particularly, it is due to the combined e⌅ects of threshold singularity

appearing in the imaginary part of ⇥0 self energy for each Landau level and the Laguerre polynomials

(which produces oscillations) appearing in the imaginary part of ⇥± self energy. Physically, it corresponds

to highly unstable ⇥0 meson at threshold values of q0 decaying to �+ and �⇥ in a purely magnetic medium.

This explains the cross-section in magnetic medium being higher in magnitude compared to its vacuum

counterpart (⇤M > ⇤V). It is observed from the figure that the magnetic field causes nearly 10% increase in

magnitude of cross-section compared to the vacuum cross-section and the thermal bath causes approximately

25-30% decrease in thermal medium dependent cross-section compared to the vacuum cross-section. This

combined e⌅ect of temperature and magnetic-field causes the thermo-magnetic cross-section to be lower in

magnitude than its vacuum counterpart as shown in Figs. 6.3(a) and (b). However, in Fig. 6.3(c) we observe

the following trend - ⇤M > ⇤V > ⇤TM > ⇤T for almost all values of centre of mass energy except for the

region 0.75 ⇥ ⌃
s ⇥ 0.82 GeV where ⇤TM > ⇤V. This suggests that the e⌅ect of magnetic field dominates

over thermal contribution near resonance energies at higher eB values.

Next, we have studied the variation of average relaxation time ⇥�⇤ of pions as a function of temperature
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Figure 6.4: Variation of average relaxation time of pions as a function of (a) temperature at eB = 0.01
GeV2, and (b) magnetic field at di⌅erent temperatures.

at a magnetic field value of eB = 0.01 GeV2 in Fig. 6.4 (a) and as a function of magnetic field at two

di⌅erent temperatures (T = 130 MeV and T = 160 MeV) in Fig. 6.4(b) respectively. In Fig. 6.3, it is

seen that both the thermal and thermo-magnetic cross-section is suppressed with respect to the vacuum

cross-section hence, the average relaxation time which is inversely related to the cross-section is enhanced

in magnitude compared to its vacuum counterpart. As the relaxation time is a key dynamical input to the

transport coe⇥cients we will try to extract the leading behaviour of ⇥�⇤ as a function of temperature. For

this we have fitted the variation of average relaxation time with a0
T 4 (here a0 is a constant) for qualitative

understanding of the results of electrical conductivity and shear viscosity. Thus the leading order behaviour

of the average relaxation will be approximated to ⇥�⇤ ⇧ 1
T 4 . In Fig. 6.4(b), we observe a mild oscillatory

variation of average relaxation time with respect to the magnetic field. As discussed earlier, this mild

oscillatory behaviour is due to the combined e⌅ects of the threshold singularity appearing in the imaginary

part of ⇥0 self-energy and Laguerre polynomial appearing in the ⇥± self-energy.
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Figure 6.5: Variation of ⇤0/T as a function of (a) temperature for di⌅erent values of the magnetic field
strength, and (b) magnetic field for di⌅erent values of the temperature. Solid, dashed and dash-dotted
lines of di⌅erent colours respectively represent the consideration of vacuum, thermal and thermo-magnetic
cross-sections while calculating the transport coe⇥cients.
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The numerical evaluation of electrical conductivity has been done using the electrical and hall conduc-

tivity expressions derived in Sec. 5.1. In Fig. 6.5(a) we have shown the variation of ⇥0
T with temperature

for di⌅erent values of magnetic field strength, and in Fig. 6.5(b) we have shown the variation of ⇥0
T as a

function of magnetic field for di⌅erent values of temperature. It must be noted that the transport coe⇥cients

calculated using thermal medium dependent cross-section experiences magnetic field influence only through

cyclotron frequency ◆c, whereas in a thermo-magnetic medium magnetic field influence comes from ◆c and

eB dependent ⇥�⇤ calculated using medium dependent cross-section. The variation of ⇥0
T with temperature

can be explained with ⇥0
T ⇧ ⇧T

1+(✏c⇧)2
. We will make use of ⇥�⇤ ⇧ 1

T 4 to explain the temperature variation of

electrical conductivity. We now explain the variation of electrical and Hall conductivities with temperature

and magnetic field. For lower eB values ◆c� ✓ 1, thus ⇥0
T ⇧ �T ⇧ 1

T 3 whereas for higher eB values ◆c� ◆ 1,

hence ⇥0
T ⇧ T

⇧ ⇧ T
5. This 1

T 3 and T
5 variation respectively at lower and higher eB values can be seen

in Fig. 6.5(a). The magnetic field dependence of ⇥0
T can be explained with ⇥0

T ⇧ ⇧T
1+(✏c⇧)2

. The two mag-

netic field dependent terms are ◆c and � . As eB value increases, ◆c increases which results in the decrease

of ⇥0
T for higher eB values as seen in Fig. 6.5(b). For lower eB values ⇥0

T ⇧ � , thus we observe the trend

(⇥0
T )T > (⇥0

T )TM > (⇥0
T )V which is in agreement to the trend in average relaxation time ⇥�⇤T > ⇥�⇤TM > ⇥�⇤V.

However, this trend in ⇥0
T variation with magnetic field is not respected for higher eB values as ⇥0

T ⇧ 1
⇧ for

higher eB values.
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Figure 6.6: Variation of ⇤1/T as a function of (a) temperature for di⌅erent values of the magnetic field
strength, and (b) magnetic field for di⌅erent values of the temperature. Solid, dashed and dash-dotted
lines of di⌅erent colours respectively represent the consideration of vacuum, thermal and thermo-magnetic
cross-sections while calculating the transport coe⇥cients.

In Fig. 6.6(a) we have shown the plot for the variation of temperature scaled Hall conductivity ⇥1
T as

a function of temperature for di⌅erent values of magnetic field strength and in Fig. 6.6(b), we have shown

the variation of ⇥1
T as a function of magnetic field for di⌅erent values of temperature. The temperature

variation of ⇥1
T can be understood with ⇥1

T ⇧ ⇧2✏cT
1+(✏c⇧)2

. For lower eB values ◆c� ✓ 1, which results in

⇥1
T ⇧ �2◆cT ⇧ ✏c

T 7 whereas for higher eB values ◆c� ◆ 1, resulting in ⇥1
T ⇧ T

✏c
. This variation can be

observed in Fig. 6.6(a). The variation of ⇥1
T with magnetic field as seen in Fig. 6.6(b) can be understood

using ⇥1
T ⇧ ⇧2✏c

1+(✏c⇧)2
. The cyclotron frequency, ◆c renders a Breit-Wigner like function and �2 causes mild
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oscillations in ⇥1
T for a thermo-magnetic medium due to the eB dependent �� scattering cross-section. As

the medium e⌅ect information is contained in the relaxation time � and as ⇥1
T ⇧ �2, we observe in Figs. 6.6(a)

and (b) that for any value of temperature and magnetic field, ⇥1
T evaluated for the medium (thermal and

thermo-magnetic both) is higher than its vacuum counterpart.
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Figure 6.7: Variation of ⌃1/T as a function of (a) temperature for di⌅erent values of the magnetic field
strength, and (b) magnetic field for di⌅erent values of the temperature. Solid, dashed and dash-dotted
lines of di⌅erent colours respectively represent the consideration of vacuum, thermal and thermo-magnetic
cross-sections while calculating the transport coe⇥cients.
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Figure 6.8: Variation of ⌃3/T as a function of (a) temperature for di⌅erent values of the magnetic field
strength, and (b) magnetic field for di⌅erent values of the temperature. Solid, dashed and dash-dotted
lines of di⌅erent colours respectively represent the consideration of vacuum, thermal and thermo-magnetic
cross-sections while calculating the transport coe⇥cients.

The variation of temperature scaled normal shear viscosity ⌘1
T 3 with temperature for di⌅erent values of

magnetic field is shown in Fig. 6.7(a) and the variation of ⌘1
T 3 with magnetic field for di⌅erent values of

temperature is shown in Fig. 6.7(b). Using ⌘1
T 3 ⇧ ⇧T

1+(2✏c⇧)2
, we can explain the temperature dependence of

⌘1
T 3 . For ◆c� ✓ 1 corresponding to lower eB values, ⌘1

T 3 ⇧ �T ⇧ 1
T 3 whereas for ◆c� ◆ 1 corresponding to

higher eB values, ⌘1
T 3 ⇧ T

⇧ ⇧ T
5. At intermediate magnetic field values the variation of ⌘1

T 3 is non-monotonic

which is due to the interplay of both temperature and eB. The variation of ⌘1
T 3 with magnetic field can be

understood using ⌘1
T 3 ⇧ ⇧

1+(2✏c⇧)2
. As ⇥�⇤ is approximately constant (mild oscillations) with changing eB
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as seen in Fig. 6.4(b), the ⌘1
T 3 variation with magnetic field can be explained using the values of ◆c. Thus,

with the increase in ◆c corresponding to higher eB values, ⌘1
T 3 decreases monotonically. As observed earlier

⇥�⇤T > ⇥�⇤TM > ⇥�⇤V and for lower eB values ⌘1
T 3 ⇧ � , we observe the trend ( ⌘1T 3 )T > ( ⌘1T 3 )TM > ( ⌘1T 3 )V

for lower eB values in Fig. 6.7(a) and (b). The variation of ⌘2
T 3 with eB and temperature can be explained

similar to that of ⌘1
T 3 as they di⌅er only by a factor in the denominator.
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Figure 6.9: Variation of (a) entropy density (s), and (b) Specific shear viscosity (⌃/s) as a function of
temperature for di⌅erent values of the magnetic field strength.

In Fig. 6.8(a) we have shown the plot for the variation of temperature scaled Hall type shear viscosity

⌃3/T 3 as a function of temperature for di⌅erent values of magnetic field whereas in Fig. 6.8(b) we have shown

the variation of ⌃3/T 3 as a function of magnetic field for di⌅erent values of temperature. ⌃3 is a purely Hall

type quantity. It vanishes at zero magnetic field as can be seen from Fig. 6.8(b). The variation of ⌘3
T 3 with

temperature can be understood with ⌘3
T 3 ⇧ ⇧2✏cT

1+(2✏c⇧)2
. At low eB values ◆c� ✓ 1, thus ⌘3

T 3 ⇧ �2◆cT ⇧ ✏c
T 7

whereas for higher eB values ◆c� ◆ 1, thus ⌘3
T 3 ⇧ T ⇧2

⇧2✏cT
⇧ T

✏c
. This causes ⌘3

T 3 to monotonically decrease

with increasing temperature at lower eB values and to monotonically increase with increasing temperature

at higher eB values. The variation of ⌘3
T 3 with eB can be explained using ⌘3

T 3 ⇧ ⇧2✏c
1+(2✏c⇧)2

. The quantity �2

appearing in the numerator has an e⌅ect of causing mild oscillations in ⌘3
T 3 calculated for the thermomagnetic

medium. A Breit-Wigner like structure seen in Fig. 6.8(b) is due to the term ✏c
1+(2✏c⇧)2

occurring in ⌘3
T 3 .

Both Breit-Wigner form and mild oscillations in thermo-magnetic medium can be observed in Fig. 6.8(b).

It can been observed from Figs. 6.8(a) and (b) that ⌘3
T 3 calculated in thermal and thermo-magnetic medium

has higher magnitude for all values of eB compared to that of ⌘3
T 3 evaluated in the vacuum with finite B.

This is in agreement with the fact that ⌃3 is a Hall type quantity and increasing magnetic field necessarily

increases its value. The variation of ⌘4
T 3 as a function of temperature and magnetic field can be explained

similar to that of ⌘3
T 3 since their expressions di⌅er only by a factor in the denominator as can be noticed by

comparing Eqs. (6.24) and (6.25).

In Fig. 6.9(a), we have shown the variation of scaled entropy density with temperature. The entropy

density s has been calculated using the thermodynamic potential as shown in Appendix D. It is seen from

the figure that for lower values of magnetic field s/T
3 increases with increasing temperature whereas for
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Figure 6.10: Comparison of (a) ⇤0/T obtained in this work at zero magnetic field with Refs. [9] and [7] and
at non-zero magnetic field with Refs. [10] and [12], and (b) ⌃1/T 3 obtained in this work with at zero and
non-zero magnetic field with Ref. [13]

higher values of magnetic field strength s/T
3 decreases with increasing temperature. This shows that the

increasing magnetic field reduces the randomness in pionic system under consideration. In Fig. 6.9(b), we

have shown the variation of the specific shear viscosity (⌃/s) as a function of temperature for di⌅erent values

of magnetic field in a thermo-magnetic medium. As the magnitude of entropy density increases with the

increase in magnetic field for a given temperature, it causes an increase in the magnitude of ⌃/s compared

to the magnitude of ⌃1/T 3. The obtained values of ⌃/s are well within the KSS bound.

In Fig. 6.10(a), we have made a comparison of electrical conductivity obtained in our work with the

other available results in literature. For zero magnetic field our results show a good match with the works

of Greif et al. in Ref. [7]. Electrical conductivity results for eB = 0.05GeV
2 agrees well with the electrical

conductivity calculated by Das et al. at the same eB value for a hadron resonance gas in Ref. [12]. Similarly

in Fig. 6.10(b), we have shown a comparison of shear viscosity for both zero and non-zero magnetic field with

that obtained by Das et al. in Ref. [13]. The di⌅erence in magnitude of shear viscosity can be attributed

to the increased number density in a hadron resonance gas (used by Das et al.) which causes an increase in

the magnitude of shear viscosity in Ref. [13].



Chapter 7

Summary and Outlook

The main aim of this thesis is to study the transport properties of the strongly interacting matter produced

in the later stages of heavy ion collisions, from a kinetic theory approach. This study is motivated by

the results of heavy ion collision experiments at RHIC which has shown clear indication that the matter

produced in these experiments behave like strongly interacting fluid having small but finite value of shear

viscosity to entropy density ratio. This has led to the study of di⌅erent transport coe⇥cients with an aim to

obtain a realistic temperature dependence of these transport quantities in hot hadronic medium. Also, the

generation of huge background magnetic field in heavy ion collision experiments at RHIC and LHC serves as

a motivation to calculate magnetic field dependent transport coe⇥cients. Thus, a detailed study of the e⌅ect

of medium (both thermal and magnetic) dependent scattering cross section on the transport coe⇥cients like

thermal conductivity, shear viscosity, bulk viscosity and electrical conductivity has been made. As electrical

conductivity is responsible for sustaining the magnetic field for a longer time in the medium, in this thesis

we have focused on the calculation of electrical conductivity of a hadronic medium. We have made use of

relaxation time approximation to calculate these transport coe⇥cients of first-order hydrodynamics.

The earlier studies of transport coe⇥cients of hot and hadronic medium using kinetic theory approach

have considered either a constant cross-section or have treated cross-section as a free parameter to evaluate

these transport coe⇥cients. The scattering cross-section which is a key dynamical input to the calculation

of these transport coe⇥cient gets modified in the presence of hot and/or dense medium and also in the

background magnetic field. This incorporation of the thermo-magnetic medium e⌅ects is the novelty of this

thesis, as it provides a more realistic estimate of the transport coe⌅cieints. We will now summarize the

essential results and discussions from each chapter below.

As the transport coe⇥cients have been evaluated using the kinetic theory approach, in Chapter 2 we

discuss in detail the basics of kinetic theory. In this chapter, various macroscopic quantities are discussed

in detail in terms of the one-particle distribution function, and various conservation laws are also studied.

The relativistic BTE has been derived both in the presence and absence of a background magnetic field.

In Chapter 3 the derivation of transport coe⇥cients from BTE is discussed in detail. As the thermal

medium e⌅ects on the bulk properties are being investigated, the RTF of the TFT is briefly studied, and

102
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the thermal propagator of di⌅erent fields is derived. For the sake of completeness and to illustrate the

methodology of incorporating medium e⌅ects in transport coe⇥cients, the shear viscosity of a pion gas in

a thermal medium is evaluated. The results obtained in this chapter have provided strong motivation for a

detailed study of transport coe⇥cients in a medium using the medium-dependent cross section.

Having observed significant influence of the medium e⌅ects on the shear viscosity in Chapter 3, we now

shift our focus to a multi-component hadronic mixture. Thus, in Chapter 4 a hot and dense hadronic gas

mixture consisting of pions, kaons, and nucleons, which are the most important components of the system

produced during the later stages of heavy ion collisions, has been considered. A systematic study of the

relaxation times, viscous coe⇥cients, and thermal conductivity for a system consisting only of pions, a

system of pions and kaons, and finally for a pion-kaon-nucleon system has been presented using the BTE,

which has been linearized using the Enskog expansion. The key ingredient is the use of in-medium cross-

sections obtained using one-loop corrected thermal propagators in the matrix elements for ��, �K and �N

scattering. The suppression of the in-medium cross-sections at finite temperature and density is reflected in

the enhancement of relaxation times. This, in turn, results in observable modification of the temperature

dependence of ⌃, ⌥ and ⇧/T 2. However, the temperature dependence of ⌃/s and ⌥/s, where the entropy

density s also contains the e⌅ect of interactions, is much less a⌅ected by the medium. On comparison,

the value of ⌃/s in the medium for vanishing chemical potentials is found to be in agreement with existing

estimates in the literature.

After the study of thermal medium e⌅ects on the transport properties of hadronic system, we have

swithced on the magnetic field in Chapter 5. As mentioned earlier, it is the electrical conductivity of the

medium which sustains the otherwise transient magnetic field for a longer time. Thus, in this chapter the

electrical conductivity tensor has been evaluated using the Boltzmann transport equation in a magnetic field,

and hence, the electrical conductivity, Hall conductivity, and ⇤2 for a system consisting of a pion gas have

been assessed. The information pertaining to the dynamics of pion gas enters through the relaxation time

into the expression of the three conductivities. The �� cross section has been calculated in a thermal medium

using the real time formalism of finite temperature field theory. The variation of these three conductivities

with temperature for di⌅erent values of the magnetic field has been shown. It is observed that electrical

conductivity and Hall conductivity are very sensitive to the magnetic field strength and the in-medium cross

sections. Moreover, as the LQ has not been considered in the dispersion relation of charged pions, the results

are more accurate at low magnetic field values (qH ⇥ m
2), which is the realistic scenario for the later stages

of HICs. Both the electrical and Hall conductivities have been found to increase with temperature for a given

value of the magnetic field when the in-medium cross-section is used. For a given temperature there is no

appreciable change (except at lower magnetic field values) in the electrical conductivity with the magnetic

field when medium dependent cross section is used. A more detailed observation shows a monotonically

increasing trend of electrical conductivity with the increase in temperature at higher values of the magnetic

field. However, for a given temperature the conductivity is found to decrease monotonically as a function of

the magnetic field. In the case of Hall conductivity, it is found that at lower values of the magnetic field, it
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decreases with the increase in temperature more rapidly than the electrical conductivity, whereas at higher

values of the magnetic field, a linear increase of the Hall conductivity with the temperature is observed.

For a given temperature as long as it is low, a Breit-Wigner type structure in the Hall conductivity as a

function of the magnetic field is seen. This structure disappears and tends to saturate at higher temperature.

This behaviour can be attributed to the substantial spectral broadening of the exchanged particle at high

temperature. The electrical conductivity obtained in this work has been shown to have both qualitative and

quantitative agreement with earlier estimates available in the literature. Moreover, the calculated electrical

conductivity is shown to be su⇥cient for causing a significant delay in the decay of external magnetic field

in HIC. This leads to the conclusion that, weak magnetic field can be present in the later stage of HIC (in

hadronic phase) and could be phenomenologically relevant.

In Chapter 6, we have considered the magnetic field influence on the transport coe⇥cients through

cyclotron frequency and magnetic field dependent cross-section. Here, we have studied the medium e⌅ects

on two important transport coe⇥cients- electrical conductivity and shear viscosity of a pion gas. These

coe⇥cients have been estimated using kinetic theory and relaxation time approximation. The dynamics of

the pion gas in a thermo-magnetic medium have been taken into consideration by evaluating the �� � ��

scattering cross-section using thermal field theory techniques in presence of background magnetic field. A

medium dependent relaxation time obtained from the medium dependent cross-section has been used to

calculate the electrical conductivity and shear viscosity of the pion gas. The electrical conductivity and

shear viscosity are influenced by the magnetic field through the cyclotron frequency and the magnetic field-

dependent relaxation time. It is observed that the relaxation time shows a mild oscillatory behaviour with

the magnetic field, which is reflected in the electrical conductivity and shear viscosity evaluated in a thermo-

magnetic medium. However, it must be noted that the magnetic field influence coming from the cyclotron

frequency is higher in magnitude than the magnetic field influence from the relaxation time. Electrical

conductivity and shear viscosity show an increase in magnitude with respect to temperature for a thermo-

magnetic medium compared to its vacuum counterpart. Electrical conductivity ⇤0/T and shear viscosity

⌃1/T 3 for a particular value of temperature show increased magnitude for lower magnetic field values and the

magnitude gradually decreases for higher magnetic field values when thermo-magnetic e⌅ects are considered.

However, the Hall type electrical conductivity ⇤1/T and Hall type shear viscosity ⌃3/T 3 for a particular

value of temperature are found to increase for all values of the magnetic field. The electrical conductivity

and shear viscosity obtained in this work show a good agreement with the works available in the literature.

Additionally, it has been observed that the estimated value of electrical conductivity in the range of 0.5-2

MeV causes a maximum magnetic field of strength 10⇥6-10⇥5 GeV2 to survive for a time t ⇧ 10 fm, which

is su⇥cient to a⌅ect the dynamics and hence the evolution of hadronic matter produced in the later stage

of HICs. It is to be noted that the interesting phenomenon of ⇥+ ⌅ �+ mixing [168] as observed in NJL

type models, has not been included. However such mixing cannot be achieved in the simplistic model that

has been used in our work. Also the neutral pion remains una⌅ected by the magnetic field in this case.

Moreover, for eB = 0.05 GeV2 the Landau magnetic length is of the order of the radius of ⇥ and hence an
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appropriate form factor is necessary to suppress the manifestation of quark structure of the mesons while

calculating the cross-section. A few representative form factors, including that of [168], have been used to

check this, but no appreciable change in the results has been observed.

In order to solve the BTE with collision term, we have made use of relaxation time approximation. In

this approximation, only the distribution function of one of the incoming particles in a binary interaction

is taken to be slightly away from equilibrium. Thus, this method simplifies the complex nature of particle

collisions. In order to incorporate complex nature of particle interaction one can make use of Chapman

Enskog approximation. In this method one systematically expands the distribution function in terms of

a small parameter (the Knudsen number), leading to a series of approximations that can be improved

iteratively.

It must be noted that we have only considered the magnetic field e⌅ects on the propagators and not

on the external legs. For charged particles the magnetic field will modify the external legs which will

a⌅ect the scattering cross-section. Though the influence of the magnetic field coming from the magnetic

field dependent relaxation time is comparatively lower in magnitude than the magnetic field e⌅ect due to

cyclotron frequency, a notable improvement to this work would be to include the magnetic field in the

external legs to calculate the scattering cross-section.
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Appendix A

Thermodynamic quantities

The thermodynamic quantities like energy density, number density, pressure and enthalpy of the three

component system consisting of pions, kaons and nucleons can be expressed in terms of the sum of series of

Bessels function as S⌥
n (z�), R

⌥
n(zK) and T

⌥
n (zN ), where z� = m�/T , zK = mK/T and zN = mN/T . These

quantities are given as:

n� = g�

Z
d
3
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(2�)3
f
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where Ep⌥ =
p
↵p2� +m2

� and f
(0)
� (p�) = [e⌦(Ep⌥⇥µ⌥) ⌅ 1]⇥1. Making use of the formula

[a⌅ 1]⇥1 =
⌥X

n=1

(a⇥1)n for |a| < 1 , (A.5)

the distribution function can be expanded, so that the three momentum integrals in the above equations

could be analytically performed and expressed in terms of the following infinite series

S
⌥
n (z�) =

⌥X

k=1

e
kµ⌥/T k

⇥⌥
Kn(kz�) (A.6)

where Kn(x) is the modified Bessel function of order n whose integral representation is

Kn(x) =
2nn!

(2n)! xn
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The expression for thermodynamic quantities mentioned above will be similar for kaons and nucleons except

the term S
⌥
n (z�) will be replaced by R

⌥
n(zK) for kaons and T

⌥
n (zN ) for nucleons where

R
⌥
n(zK) =

⌥X

k=1

e
kµK/T

k
⇥⌥

Kn(kzK) (A.9)

and

T
⌥
n (zN ) =

⌥X

k=1

(⌅1)k⇥1
e
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k
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Kn(kzN ) . (A.10)



Appendix B

Expressions for �’s

The transport equation for each species is given by

p
µ µf

(0)
k (x, p) = ⌅⌦f(x, p)

�k
Ek (B.1)

where on the right hand side of the equation, we have made use of relaxation time approximation. The time

and space derivatives (in the local rest frame) present in the left hand side of the above equation will be

replaced by the derivatives of the thermodynamics parameters. The equation then reduces to
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The conservation equations
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with N
µ = nU

µ and total P = p� + pK + pN can be expanded in terms of the derivative with respect to

temperature and chemical potential over temperature as
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Making use of the expressions obtained in Appendix A in the above equations and then solving for DT ,

D
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T

⇥
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and the term X appearing in the above expressions of ⌅’s is given by
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Appendix C

Tensors Appearing in the Imaginary

Parts of Self-Energies

In this appendix, we provide the explicit expressions of the tensors U
µ⇤
1,nl, U

µ⇤
2,nl, L

µ⇤
1,nl, and L

µ⇤
2,nl appearing

in Eq. (6.38) and U
µ⇤
1,l , U

µ⇤
2,l , L

µ⇤
1,l , and L

µ⇤
2,l appearing in Eq. (6.39). These are given by

U
µ⇤
1,nl(q

0
, kz) =

n
1 + f0(◆

n
k ) + f0(◆

l
k)
o
N

µ⇤
nl (k0 = ◆n

k ), (C.1)

U
µ⇤
2,nl(q

0
, kz) =

n
⌅1⌅ f0(◆

n
k )⌅ f0(◆

l
k)
o
N

µ⇤
nl (k0 = ⌅◆n

k ), (C.2)

L
µ⇤
1,nl(q

0
, kz) =

n
f0(◆

n
k )⌅ f0(◆

l
k)
o
N

µ⇤
nl (k0 = ⌅◆n

k ), (C.3)

L
µ⇤
2,nl(q

0
, kz) =

n
⌅f0(◆

n
k ) + f0(◆

l
k)
o
N

µ⇤
nl (k0 = ◆n

k ), (C.4)

U
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1,l

�
q
0
, |k|, cos ⌘
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= 2(⌅1)le⇥⌥kLl(2�k)
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l
k) + f0(◆k)

o
N
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�
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where,

N
µ⇤
nl (q
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◆n
k =

p
k2z +m2

n and N
µ⇤ is defined below Eq. (6.35).
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Appendix D

Calculation of Entropy Density

In order to derive the expression for entropy density for a system of pion gas, we make use of the thermo-

dynamic potential following [172, 173, 174, 175, 176, 177, 178]. The normalized thermodynamic potential  

in the absence of magnetic field is given as

 norm(T ) = gT

Z
d
3
k

(2�)3
ln(1⌅ e

⇥✏k/T ) (D.1)

where ◆k =
p
k2 +m2

� and g = 3 is the pion degeneracy. Here the normalization is done in the usual

manner by subtracting the divergent vacuum contribution. The other relevant thermodynamic quantities

can be calculated using the normalized thermodynamic potential as

P = ⌅ norm(T ), (D.2)

� = ⌅T
2  

 T

 
 norm

T

⌦
(D.3)

where P is the pressure and � is the energy density. The entropy density is then obtained from s =

 
�+ P

T

⌦
.

The presence of background magnetic field can be incorporated by modifying the momentum integral

for charged pions in the following manner [173]

Z
d
3
k

(2�)3
f(◆k) ⌅�

⌥X

l=0

|eB|

2�

Z ⌥

⇥⌥

dkz

2�
f(◆l

k). (D.4)

Here ◆l
k(kz) =

p
k2z + (2l + 1)eB +m2

� is the Landau quantized energy eigen value of the charged pions.

Thus the normalized thermodynamic potential for a pion gas in presence of external magnetic field is then

given by

 norm
B (T, eB) = T

Z
d
3
k

(2�)3
ln(1⌅ e

⇥✏k/T ) + 2T
⌥X

l=0
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2�
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dkz

2�
ln(1⌅ e

⇥✏l
k/T ) (D.5)

where, the first term on the rhs is the contribution from the neutral pions which are not a⌅ected by the
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114 Appendix D. Calculation of Entropy Density

magnetic field. The entropy density in presence of magnetic field is given by [172, 173]

sB =
�B + P↵

T
(D.6)

where, P↵ = ⌅ norm
B is the longitudinal pressure and

�B =
1

3
�+ 2
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