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Preface

Motivated by ordinary derivative in several branches of mathematics the notion
of derivation of ring was introduced long back. But the study of derivation got its
momentum after the work of Posner [86]. For as long as rings and algebras have
been studied for their own sakes, it has been a problem of interest to determine the
consequences of various special identities and conversely, to find sufficient conditions
on a given ring which ensure that a specified identity holds. It is well known that
there is a strong relationship between the functional identities (FI) involving deriva-
tions, generalized derivations and the structure of the rings. Ring derivation is a
branch of algebra in which we study about the structure of additive maps as well as
structure of rings by analyzing some functional identities involving additive maps.
These additive maps are derivation, skew derivation, generalized derivation, gener-
alized skew derivation, X-generalized derivation, X-generalized skew derivation, X-
generalized (a, §)-derivation, etc. The main objective of the thesis is to study some
functional identities and generalized functional identities in prime and semiprime
rings. Let R be an associative ring. Then a simple example of functional identity is
the identity [f(z),x] = 0 for all z € R, where [z,y] =2y —yr and f: R — Ris a
mapping. In 1957, Posner [86] studied a special kind of functional identities in rings
by taking the above function as a derivation. Much more recently, in [17], Bresar
proved that if f is any additive mapping satisfying the identity studied by Posner
[86] in prime ring R, then f must be in the form f(x) = Az + £(z), where A € C
and £ : R — (' is an additive mapping, C' is the extended centroid of R.

This thesis contains eight chapters and in each chapter we study different type of
identities under certain conditions. Chapter-wise brief information is given bellow:

Chapter 1 is basically an introduction to some basic definitions, preliminaries
and prerequisites which are collected from other references and those are needed for
the development of the subsequent chapters of this thesis.

Two additive maps F,G : R — R are said to be co-commuting (co-centralizing)

vii
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on R if F(z)r — 2G(x) = 0 for all z € R (resp. F(z)x — 2G(z) € Z(R) for all
r € R).

In Chapter 2, we study an identity involving three generalized derivations in
prime rings for the generalization of the concept of co-commuting maps.

There are many papers in literature which have studied mapping behave like
a derivation as well as a homomorphism. EI Sofy [88] introduced the concept of
homoderivation maps on a ring R. An additive mapping H from R into itself is called
homoderivation if H(xy) = H(x)H(y) + H(x)y + xH (y) for all x,y € R. Now, we
can define Jordan homoderivation maps in a ring R. An additive mapping H from
R into itself is called Jordan homoderivation if H(z?) = H(z)H(z)+ H(z)x+xH ()
for all z € R.

In Chapter 3, we study the Jordan homoderivation behavior of three generalized
derivations in prime rings. More precisely, we study the identity F(z?) = G(z)* +
H(z)x + zH(x) for all x € f(R), where R is a prime ring and F, G, H are three
generalized derivations.

Chapter 4 is devoted to the study of generalized derivations with annihilator
conditions in prime rings.

In Chapter 5, we study an identity involving two generalized skew derivations
in prime rings for generalization of commuting maps on prime rings.

In this line of investigation, De Filippis [32] introduced the new map b-generalized
skew derivation. We note that b-generalized skew derivation generalizes the concept
of generalized skew derivation as well as b-generalized derivation.

In Chapter 6, we study an identity involving two b-generalized skew derivations
in prime rings.

Over the last few decades, several authors have investigated the relationship
between the commutativity of the ring R and some specific types of maps of R. The
first result in this context is due to Posner [86], who proved that if a prime ring R
admits a nonzero centralizing derivation d, then R must be commutative.

In Chapter 7, we study some commutativity theorems involving multiplicative
(generalized)-derivations in prime and semiprime rings. Some examples are given at
the end of this chapter concluding that semiprimeness hypothesis in the theorems
are not superfluous.

Lastly, in Chapter 8, we study some functional identities involving b-generalized

(o, B)-derivations in prime rings to extend many known results in literature.
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Chapter 1

Introduction, Preliminaries and
Prerequisites

Through out this thesis, by R we mean an associative ring and ideal of a ring means
two sided ideal. T have worked on the functional identities involving some specific
type of additive maps which are satisfied on prime rings or semiprime rings. This
introductory Chapter includes some basic notions, preliminaries and some prerequi-
sites that will be most frequently used in the subsequent Chapters. Mainly in this
Chapter we discuss about some special classes of rings, some ring of quotients, some
special type of additive maps and about generalized polynomial identities. Since all
basic notations are not possible to mention here, we refer the books by Herstein [68]
and Jacobson [71, 72] for more details about basic symbois, notions and results.
First we provide some basic well known ideas about several special classes of

rings.

1.1 Some Special Classes of Rings

In trying to understand the theory of prime and semiprime rings, one quickly sees
that it is very important to first understand the notions of prime and semiprime
ideals.

Now we recall the definions of prime and semiprime ideals in rings.

Definition 1.1.1. Let R be a ring. An ideal P of R is said to be a prime ideal if
for any two ideals A, B of R, AB C P implies either A C P or B C P.

1



Definition 1.1.2. Let R be a ring. An ideal P' of R is said to be a semiprime ideal
of R if for any ideal A of R, A*> C P’ implies A C P'.

The following well known results provide characterizations of prime ideal and

semiprime ideal in a ring :

Theorem 1.1.1. Let P be an ideal of a ring R. Then the following are equivalent :

(1) P is a prime ideal of R;

(13) If a,b € R such that aRb C P, then either a € P or b € P;

(7i1) If < a >, < b > are principal ideals of R such that < a >< b >C P then
either a € P orb € P;

(i) If U and V' are right ideals of R, then U'V' C P implies either U' C P or
Ve P;

(v) If U" and V' are left ideals of R, then U'V' C P implies either U' C P or
V' CP.

Theorem 1.1.2. Let P’ be an ideal of a ring R. Then the following are equivalent :
(i) P’ is a semiprime ideal of R;
(7i) If a € R be such that aRa C P’, then a € P';
(i13) If < a > is a principal ideal of R such that < a >*C P’ then a € P';
(iv) If U' is a right ideal of R, then U? C P’ implies U’ C P';
(

v) If U’ is a left ideal of R, then U C P implies U' C P'.

Definition 1.1.3. A ring R is said to be a prime ring if the zero ideal is a prime

ideal in R.

Example 1.1.1.
1. Every domain s a prime ring.
2. Every simple ring is a prime ring.

3. Matrixz ring over prime ring is a prime ring.

Now we mention a well known results of equivalent conditions of prime rings.
Theorem 1.1.3. The following conditions are equivalent in a Ting :

1. R 1s a prime ring;

2. If A, B are two ideals of R such that AB = (0), then either A = (0) or B = (0);
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3. If a,b € R such that aRb = 0, then either a =0 or b= 0.

Similarly, semiprime ring is defined as follows :

Definition 1.1.4. A ring R is said to be a semiprime ring if the zero ideal is a

semaprime ideal 1 R.

Example 1.1.2.
1. Every prime ring is a semiprime ring.
2. If Ry and Ry are nonzero prime rings, then Ry @ Ry is a semiprime ring.
Now we mention a well known result of equivalent conditions of semiprime rings.

Theorem 1.1.4. The following conditions are equivalent in a ring :
(1) R is a semiprime ring;

(i) If A is an ideal of R such that A?> = (0), then A = (0);

(73i) If a € R such that aRa = 0, then a = 0.

Some Properties of Prime and Semiprime Rings:

In this section, we provide some well known properties of prime and semiprime
rings. The more information about prime and semiprime rings can be found in the
book of Herstein [69].

e Every prime ring is a semiprime ring but the converse is not true. For example,
7 ® 7, where Z is the ring of integers, is a semiprime ring but not a prime ring.

e Semiprime ring has no nonzero nilpotent ideal.

e For any subset S of R, we denote by rr(S) the right annihilator of S in R, that
is, rr(S) ={x € R : Sz =0} and by [g(S) the left annihilator of S in R, that is,
Ir(S)={x € R : x5 =0}. If rg(S) = [r(S5), then rr(S) is called an annihilator
ideal of R and is written as anng(S). We know that if R is a semiprime ring and [
is an ideal of R, then rg(l) = Igr(I). Moreover, if R is semiprime and [ is an ideal
of R, then I N anng(l) = 0.

e Let R be a semiprime ring and p be a right ideal of R. Then Z(p) C Z(R),
where Z(R) is the center of the ring R.



e Let R be a prime ring which contains a commutative one sided ideal. Then R
must be commutative.

e If a prime ring R contains a nonzero one sided central ideal, then R must be
a commutative ring.

e Center of a prime ring contains no divisor of zero.

e Let R be a prime ring with center Z(R). If zr € Z(R) for some 0 # z € Z(R)
and r € R, then r € Z(R).

It is well known that a ring may have a left identity which is not a right identity.
But in case of semiprime rings, we have the following result :

e Let R be a semiprime ring and e be a left identity of R. Then e is a right
identity of R and hence e is the identity of R.

Definition 1.1.5. Let n be a positive integer. A ring R is said to be n—torsion free,

if whenever nx =0, with x € R, then x = 0.

We note that whenever a ring R is n—torsion free, char(R) # n. But converse of
the above result is not true for all rings. The primeness is required for the converse
statement to be true. Thus for a prime ring R, char(R) # n if and only if R is

n—torsion free.

1.2 Commutator Identities in Rings

For any x,y € R, the symbol [z,y] stands for the commutator xy — yz and the
symbol x o y stands for the anti-commutator xy + yx.
We recall some basic commutator identities in a ring R as follows :

For all z,y, 2z € R,
[y, 2] =y, 2] + [z, 2]y [2,y2] = ylo, 2] + [z, ]2

(zyoz) =x(yoz)— [z, 2]y = zly, 2] + (z 0 2)y;
(zoyz) = (voy)z —ylr,2] = [z,y]z + y(v 0 2).

Moreover,

[z, 9], 2] + [[y, 2], 2] + [[2,2], 4] = 0.
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The last identity is called as Jacobi Identity.
For z,y € R, set [x,y]o = x, [x,y]s = [z,y] = 2y — yz, and then an Engel type
polynomial [z, ylr = [[z,y]p—1,y], k =1,2,...

Definition 1.2.1. An additive subgroup L of R is said to be a Lie ideal of R, if
(u,7] € L for allu € L andr € R.

Clearly, every ideal of a ring R is a Lie ideal of R. It is to be noted that a Lie

ideal of a ring R may not be an ideal of R.

e A Lie ideal L of R is said to be square closed if u? € L for all v € L.

1.3 Ring of Quotients

In the study of functional identities involving derivations in prime and semiprime
rings we observe that rings of quotients play a crucial role. For us the most important
ring of quotients is the mazimal right ring of quotients or Utumi ring of quotients.
It was first constructed by Y. Utumi [95]. Another important ring of quotients we
use here, two-sided ring of quotients or Martindale ring of quotients. This
ring of quotients was introduced in [89] as a tool to study prime rings satisfying a

generalized polynomial identity.

1.3.1 Utumi Ring of Quotients

Suppose that R be a prime ring and D = {J : J is a dense right ideals of R} and
consider T' to be the set of all R-homomorphisms f : Jg — R where J ranges over
D and J and R are regarded as right R-modules. So T = {(f;J)| J €D, f:Jr—
Rg}, where (f;J) denotes f acting on J.

We define (f; J) ~ (g; K) if there exists L C JNK such that L € D and f = g on
L. One readily check that ¢ ~ ‘ is indeed an equivalence relation, let [f; J] denote the

equivalence class determined by (f; J) € D and we let U denote the collection of all



equivalence classes of T" with respect to * ~ . We define addition and multiplication
of equivalence classes as follows :

[f; J)+ [g: K] = [f +g;J N K] and [f; J][g; K] = [fg; 97" (J)]. One can easily
check that the addition and multiplication is well-defined [14, pp. 55]. It is readily
seen that U forms a ring with respect to above defined addition and multiplication.

This ring U is called Utumi ring of quotients.

Some important properties are given in the following result:

Proposition 1.3.1. [14, Proposition 2.1.7] For a semiprime ring R, the Utumi ring
of quotients U satisfies the following properties :

1. R is a subring of U,
2. For all q € U there exists J € D such that qJ C R;
3. Forallq e U and J € D, qJ =0 if and only if ¢ = 0;

4. For all J € D and f : Jg — RRg, there exists ¢ € U such that f(x) = qx for
allz € J.

Furthermore, the above properties (1) — (4) characterize the Utumi ring of quotients

U up to isomorphism.

1.3.2 Martindale Ring of Quotients

For a prime ring R, a nonzero two-sided ideal is obviously a dense right ideal of R.
In the construction of Utumi ring of quotients if we consider only nonzero two-sided
ideals instead of dense right ideals, then we obtain the Martindale ring of quotients
(see [89]). Here we shall denote this ring by Q.

Now we have the following result:

Proposition 1.3.2. [14, Proposition 2.2.1] Let R be a semiprime ring. Then the
Martindale ring of quotients Q) satisfies the following properties:

1. R is a subring of Q;
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2. For all g € Q) there exists J € D such that qJ C R;
3. Forallq e @ and J € D, qJ =0 if and only if ¢ = 0;

4. For all J € D and f : Jg — Rg, there exists ¢ € Q such that f(x) = qx for
all z € J.

Furthermore, properties (1) — (4) characterize the Martindale ring of quotients ¢ up

to isomorphism.

Some important facts for Utumi ring of quotients and Martindale ring
of quotients are as follows:
e () can be naturally regarded as a subring of U [14, Proposition 2.2.2] and can be
characterized as follows: For a € U, a € @ if and only if al C R for some nonzero
two-sided ideal I of R.
e Let R be a semiprime ring. Then the corresponding rings of quotients ) and U
both are semiprime rings. Moreover, if R is prime, then the corresponding rings of
quotients @ and U both are prime rings [55, p. 74].
e Z(Q) = Z(U), where Z(Q) and Z(U) are centers of @) and U respectively [14,
Remark 2.3.1].

Definition 1.3.1. The center of the Martindale ring of quotients as well as the
Utumi ring of quotients is called the extended centroid of R, it is denoted by C' and
S = RC 1s called the central closure of R.

It is very well known that the extended centroid C' of R forms a field, when R
is prime ring [14, p. 70]. In fact, S is a prime ring containing R. Further S is
contained in @ C U. If R has a unit element then C' = Z(S). If R is a simple ring
with unit element then () = .S = R i.e., in this case R is its own central closure. We

refer to [69, 89] for more details.

1.4 Some Special Type of Additive Maps in Rings

Let R be aring. A mapping f : R — R is said to be additive if f(x+y) = f(z)+ f(y)
holds for all z,y € R. Let S C R. A mapping f : R — R is called commuting



(resp. centralizing) on S, if [f(x),z] = 0 for all x € S (resp. [f(z),z] € Z(R) for all
z e S).

Definition 1.4.1. Let R be a ring. An additive mapping d : R — R s called a
derivation of R if
d(zy) = d(x)y + zd(y)

holds for all x,y € R.

Example 1.4.1.

1. An example of derivation is the usual derivation d on the polynomial ring
R = F[z] given by
d(zt%“z‘xi) = Zt:liaifﬂi_l = zt%iaia:i_l, where F is a field.

2. Let us consider the ring,

R = Y Cx,y, 2 €4 ),
0 =z

where Z 1is the set of all integers. Let us consider a mapping d : R — R by

x 0 n
il “ 7= ) eyzez
0 2 0 0

where n 1s any fixed integer. Then it is obvious that d is a derivation on R.
3. There is another fundamental class of derivations. For a fized a € R the
mapping d, : R — R defined by d,(z) = [a,z] for all x € R, is a derivation of R.

This kind of derivations are called as inner derivations of R.

Definition 1.4.2. Let R be a ring. A Jordan derivation of R is an additive mapping
d: R — R such that d(z*) = d(x)x + zd(z) for every x € R.

Every derivation of a ring R is a Jordan derivation but the converse is not true,
in general.

A classical result of Herstein [67] asserts that any Jordan derivation on a 2-
torsion free prime ring is a derivation. Also if R is a 2-torsion free semiprime ring,
then it is proved by M. Bresar [15] that every Jordan derivation of R is a derivation

of R.
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The notion of derivation was extended by Bresar [16] in 1991. He first introduced
the concept of generalized derivation which was further studied algebraically by

Hvala [70] in 1998.

Definition 1.4.3. Let R be a ring. An additive mapping F : R — R is called a

generalized derivation, if there exists a derivation d : R — R such that
Fay) = F(z)y + xd(y)
holds for all x,y € R.

Thus it is evident from the above definitions that every derivation is a general-
ized derivation of R. If d = 0, then generalized derivation becomes F(zy) = F(x)y
for all x,y € R, which is called a left multiplier mapping of R. Some authors used
the notion of left centralizer instead of left multiplier in a ring. Thus generalized
derivation of a ring covers the concept of derivation as well as the concept of left

multiplier mapping in a ring.

Example 1.4.2.

1. Let R be a ring. For a,b € R, the map * — ax + xb of R is a generalized
derivation. This map is called inner generalized derivation of R.

2. Identity map on R is a generalized derivation associated with zero derivation.
But it is not a derivation of R.

3. Let us consider the ring R ,
R = Y T,y €Ly,
0 0

where 7 is the set of all integers. Let us consider a mapping d : R — R and

0 x T r T+
4 and F Y = Y . Then

0 0 0 0 00 0 0
F is a generalized derivation of R with the derivation d of R.

F:R—Rbyd

4. Addition of two generalized derivations of a ring R is again a generalized deriva-
tion of R.
In [37], Dhara and Ali introduced the notion of multiplicative (generalized)-

derivation.
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Definition 1.4.4. A mapping F : R — R (not necessarily additive) is said to
be multiplicative (generalized)-derivation, if F(vy) = F(x)y + xg(y) holds for all

x,y € R, where g is any mapping (not necessarily a derivation nor an additive
map).

Hence, the concept of multiplicative (generalized)-derivation covers the concept

of generalized derivation.

Definition 1.4.5. Let R be a ring and b € R. An additive mapping F' : R — R is
called b-generalized derivation of R, if there exists a derivation d : R — R such that
F(zy) = F(x)y + brd(y)

holds for all x,y € R.

From the above definition we can easily see that generalized derivation is a 1-
generalized derivation and we can define a map F: R — R by F(x) = ax + bxc for
all v € R, where a,b,c € R which is called inner b-generalized derivation of R.

We now recall the following definitions:

Definition 1.4.6. Let R be a ring and o be an automorphism of R. An additive
mapping d : R — R is called a skew derivation of R if

d(xy) = d(z)y + a(z)d(y)
holds for all x,y € R.

Definition 1.4.7. Let R be a ring and a be an automorphism of R. An additive
mapping F : R — R is called a generalized skew derivation of R if there exist a skew

derivation d of R with associated automorphism o such that

F(ry) = F(x)y + a(r)d(y)

holds for all x,y € R. Here d is called an associated skew derivation of F' and « is

called an associated automorphism of F.

Definition 1.4.8. Let R be a prime ring, b € R and « be an automorphism of R.
An additive mapping F' : R — R is called a b-generalized skew derivation of R, if

there exists a skew derivation d of R such that
F(zy) = F(x)y + bo(z)d(y)

holds for all x,y € R.



INTRODUCTION, PRELIMINARIES AND PREREQUISITES 11

We note that b-generalized skew derivation generalizes the concept of generalized
skew derivation as well as b-generalized derivation. The mapping x — ax+ba(z)c is
an example of b-generalized skew derivation of R which is called inner b-generalized
skew derivation of R.

Let o, B be two automorphisms of R. An additive mapping d : R — R is said to
be a (o, B)-derivation if

d(ry) = d(x)a(y) + B(x)d(y)

holds for all z,y € R. Obuviously (1,1)-derivation is simply a derivation, where 1
denotes the identity map. For some fized a € R, the mapping x — aa(x) — f(x)a is
an example of (a, B)-derivation which is called inner («, 5)-derivation.

Being inspired by the definition of («, B)-derivation, the notion of generalized

derivation is also extended to generalized («, 5)-derivation as follows :

Definition 1.4.9. Let R be a ring and o, 8 be any two automorphisms of R. An
additive mapping F' : R — R is said to be a generalized (cv, 5)-derivation, if there
ezists a (a, B)-derivation d of R such that

F(ry) = F(x)a(y) + 5(z)d(y)
holds for all x,y € R.

Of course every generalized (1,1)-derivation of a ring R is a generalized deriva-
tion of R, where 1 means the identity mapping of R. If d = 0, we have F(xy) =
F(z)a(y) for all z,y € R, which is called a left a-multiplier mapping of R. Thus
generalized (o, B)-derivation generalizes both the concepts, («, 5)-derivation as well
as left a-multiplier mapping of R.

More recently, Filippis and Wei [66] introduced a new mapping b-generalized

(o, B )-derivation as follows:

Definition 1.4.10. Letb € R, d an additive mapping of R and «, 3 be two automor-
phisms of R. A linear mapping F': R — R is called a b-generalized (c, 5)-derivation
of R with an associated word (b, o, 3,d) if

F(xy) = F(x)a(y) + 08(x)d(y)

holds for all x,y € R.
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This mapping is a common generalization of generalized skew derivation and
generalized («, §)-derivation. The mapping of the form x — aa(x)+bB(x)c for some
a,b,c € R is an example of b-generalized («, B)-derivation of R with associated word
(b, ar, B,d), where d(x) = f(x)c — ca(x) for all x € R. Such b-generalized (o, f)-
derivation is called inner b-generalized (c, 8)-derivation.

Let R be a prime ring, «, 3 € Aut(R), 0 # b € R, d : R — R be an additive
mapping of R and F be the b-generalized (o, B)-derivations of R associated to the
mapping d. Then d is an (o, B)-derivation of R.

We now recall the definition of an another type of mapping:

An additive mapping F : R — R is called a homomorphism or anti-homomorphism
on R if F(zy) = F(x)F(y) or F(zy) = F(y)F(x) holds for all x,y € R respectively.
The additive mapping F is called a Jordan homomorphism, if F(x?) = F(x)* holds
forall x € R.

It is natural to consider a map which behave like a derivation as well as a ho-
momorphism. In this point of view, EI Sofy [88] introduced the concept of homod-

eriwation maps on a ring R.

Definition 1.4.11. An additive mapping H from R into itself is called homoderiva-
tion if
H(zy) = H(x)H(y) + H(x)y + xH(y)

for all z,y € R.

An example of such mapping is H(x) = f(x) —x for all x € R, where f is an

endomorphism on R.

1.5 Generalized Polynomial Identity (GPI) in Rings

Suppose that R be an associative ring and let X = {xq,xs,...} be an infinite set of
non-commutative indeterminates. The classical approach to the theory of polynomial
identities of a ring R was to consider identical relations in R of the form plx] = 0,
where plx] = Y o) Ti, iy - - - T4, 35 @ polynomial in the x; with coefficients o) which
are integers or belong to a commutative field F' over which R is an algebra. The

main result in the theory of these identities is due to Kaplansky [71, p. 226] which
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states that a primitive ring satisfying a polynomial identity of degree d is a finite-
dimensional algebra over its center, and its dimension is < [d/2]%.

The generalized polynomial identities to be dealt with are of the form:

P[ZE] = E Oy Ty Qg Ty + ot Qg T Oy g = 07

where m; are monomials in the indeterminates x; and the elements a;, appear both
as coefficients and between the monomials m;. More precisely, one consider a prime
ring R and S = RC, its central closure. Consider S < x >= S x¢ {X}, the free
product of S and {X} over C. The elements of S < x > are called the generalized
polynomazals. By a nontrivial generalized polynomaial, we mean a nonzero element
of S < x>. An element m € S < x > of the form m = qQu11Y2q> - - - Ynqn, where
{90, q1, -, qn} €S and {y1,9s,...,yn} C X, is called a monomial ( some of the g;
can be 1 also ); qo,qu, - - ., qn are called the coefficients of m. Fach f € S < x> can
be represented as a finite sum of monomials. Such a representation is certainly not
unique.

Let B be a set of C-independent vectors of S. By a B-monomial, we mean a
monomial of the form uoyiuiysts . . . Yoy, where {ug, ..., u,} C B and
{y1,92,---,yn} € X. Let V = BC, the C-subspace spanned by B. Then any V -
generalized polynomial f can be written in the form > aym;, where a; € C' and m;
are B-monomials, in the following manner: First fiv a representation of f with all
of its coefficients in V' and express each coefficient of the given representation as a
linear combination of elements of B. Then substitute these linear combinations into
the representation of f and expand the resulting expression using the distributive
law. Finally, we collect similar terms to get our desired form.

It is also obvious that such representation of a given f in terms of B-monomials
1s unique. If B is chosen to be a basis of S over C, the B-monomials span the whole
S<x>.

The uniqueness of representation in terms of B-monomials gives a practical cri-
terion to decide whether a given generalized polynomial f is trivial or not: Pick a
basis B for the C-subspace spanned by the coefficients of a given representation of
f. Express f as a linear combination of B-monomials in the way explained above.
Let us say f =Y aym;, where o; € C and m; are B-monomials. Then f is trivial if

and only if a; = 0 for each ©. This simple criterion will be used frequently in several
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chapters.

Remark 1.5.1. As a consequence, if we consider T = UxcC{X}, the free product
of U and the free algebra C{X} over C. If a1,as € U are linearly independent over
C and a1g1(x1, ..., x,) + asge(x1,...,x,) =0 € T, where

91(1'1, e ,Q]n) = Zl’ihi(l’l, e ,l’n)
i=1

and

g2(x1,. .., x,) = inki(ml, ey D)
i=1

for hi(zq, ..., x,), ki(x1,...,x,) €T, then both ¢y (x1,...,x,) and ga(x1, ..., x,) are

zero element of T.

Definition 1.5.1. S is said to satisfy generalized polynomial identity if there exists
an 0 # f €S <z > such that f(s1,52,...,8,) =0 forall s; € S.

Definition 1.5.2. The polynomial with n variables

Sp(T1y. ., Tp) = Z (—l)ama(l)ajg(g) e To(n)

gESy

where (—1)7 is +1 or —1 according as o being an even or odd permutation in sym-

metric group Sy, s called the standard polynomial of degree n.

Theorem 1.5.1. (Amitsur-Levitzki Theorem): Let R be a commutative ring.

Then M, (R) satisfies Sa,.

Theorem 1.5.2. [2/, Theorem 2] Let R be a prime ring with its Utumi ring of
quotients U. For any dense submodule M of U, the GPls satisfied by M are the
same as the GPIs satisfied by U.

Theorem 1.5.3. [2/, Theorem 3] Let R be a prime ring with its Utumi ring of
quotients U. Let M and N be two dense submodules of U. If M satisfies a GPI,
then M satisfies a GPI of N.

Let R be a prime ring with its Utumi ring of quotients U. Let Der(U) be the set
of all derivations of U. By a derivation word we mean an additive map A of the

form A =d; ...d, with each d; € Der(U).
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A differential polynomial is a generalized polynomial of the form ®(A;(z;)) in-
volving non-commutative indeterminates x; which are acted by derwation words A;
as uniary operation and with coefficients from U. Then ®(A;(x;)) is said to be
differential identity on S C U, if ®(A;(z;)) assumes the constant value 0 for any

assignment of values from S to its indeterminates x;.

Theorem 1.5.4. [78, Theorem 3] Let R be a semiprime ring, U its Utumi ring
of quotients and I a dense R-submodule of Ugr. Then I and U satisfy the same

differential identities.

1.6 Some Important Theorems

Theorem 1.6.1. [14, Proposition 2.5.1] Every derivation of a prime ring R can be

uniquely extended to a derivation of the Utumi ring of quotients U.

Theorem 1.6.2. [79, Theorem 3] Every generalized derivation g on a dense right
ideal of R can be uniquely extended to U and assumes the form g(x) = ax+ d(x) for

some a € U and a derivation 6 on U.

Theorem 1.6.3. [62, Lemma 1.5] Suppose that Ay, ..., Ay are non scalar matrices
in M, (C), where n > 2 and C'is infinite field. Then there exists an invertible matriz

P € M,(C) such that any matrices PA{ P~ ...  PA P~ have all nonzero entries.

Theorem 1.6.4. [75, Theorem 2] (Kharchenko’s Theorem):
Let R be a prime ring, U be its Utumi ring of quotients and I a ideal of R. Let
P(Aj(x;)) = 0 be a reduced differential identity for I. Then ®(z;;) = 0 is GPI for

U, where z;; are distinct indeterminates.

In particular, we have the following result:
If d is a nonzero outer derivation of R and ®(x1,...,x,, d(z1),...,d(x,)) =0 is a
differential identity on R, then U satisfies GPI ®(x1,..., 2y, 21, ..., 2,) = 0, where

T1yevoy Ty, 21, ..., 2p are distinct indeterminates.

Theorem 1.6.5. [71] (Jacobson Density Theorem):
Let R be a (left) primitive ring with RV a faithful irreducible R-module and D =

End(RY). Then for any natural number n, if vy, ..., v, are D-independent in V and
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Wi, ..., w, are arbitrary in V', then there exists r € R such that rv; = w;, fori =

1,...,n.

Theorem 1.6.6. [89, Theorem 3] (Martindale Theorem):
Let R be a prime ring with its extended centroid C'. Then S = RC' satisfies a GPI
over C if and only if S contains a minimal right ideal €S (hence S is primitive) and

eSe is a finite dimensional division algebra over C', where e is idempotent.

Theorem 1.6.7. [14, 71] (Litoff’s Theorem):

Let R be a primitive ring with nonzero socle H = Soc(R) and by, ..., b, € H. Then
there exists an idempotent e € H such that by, ..., b, € eRe and the ring eRe 1is
isomorphic to M, (C).



Chapter 2

Generalized Derivations and
Generalization of Co-commuting
Maps in Prime Rings

2.1 Introduction

Throughout this Chapter R denotes a prime ring with center Z(R), extended centroid
C and U its Utumi quotient ring. This Chapter is devoted to study of generalized
derivations in prime rings. More specifically in this Chapter, we investigate an
identity containing three gemeralized derivations which generalize some of existing
results in this literature. Let S C R. An additive map F : R — R is said to be
commuting (centralizing) on S if [F(x),x] =0 for allz € S (resp. [F(x),z] € Z(R)
for allz € S ). Two additive maps F,G : R — R are said to be co-commuting (co-
centralizing) on S if F(x)x —xG(x) =0 for allx € S (resp. F(z)x —2G(z) € Z(R)
for allx € S).

In [62], De Filippis and De Vincenzo described the structure of additive mappings
d and G satisfying d(G(f(X))f(X)— f(X)G(f(X))) =0 for all X = (z1,...,x,) €
R"™, where f is a multilinear polynomial over extended centroid C and d is a nonzero
derivation and G is a nonzero generalized derivation on prime ring R of char (R) #
2.

In [39], Dhara, Argac and Albas extended the above result by considering two
generalized derivations. More precisely, they studied the situation

A(F(f(X)f(X) = f(X)G(f(X))) =0 for all X = (z1,...,x,) € R™, where f is a

OThis work is published in Taiwanese J. Math. 25(1) (2021), 65-88, DOI:
10.11650/tjm/200801.
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multilinear polynomial over extended centroid C' and d is a nonzero derivation and
F, G are two generalized derivations on prime ring R of char (R) # 2. In this paper
authors determined all possible forms of the additive maps d, F' and G.

On the other hand, Carini and De Filippis [18] proved that if R is a prime
ring of characteristic different from 2, 6 a nonzero deriwation of R, G a nonzero
generalized derivation of R, and f(xy,...,x,) a non-central multilinear polynomial
over C' such that §(G(f(X))f(X)) =0 for all X = (xy,...,2,) € R™, then there
exist a,b € U such that G(x) = ax and 6(x) = [b,z]| for all x € R, with [b,a] =0
and f(xq,...,1,)% is central-valued on R.

Further, Dhara and Argac [38] extended the above result replacing derivation &
with another generalized derivation F, that is, F(G(f(X))f(X)) =0 for all X =
(x1,...,2,) € I™, and then gave the complete description of the additive maps F
and G, where I is a non-zero two-sided ideal of R.

In another paper [10], Arga¢ and De Filippis studied the generalized derivations G
and H co-commuting on f(I) ={f(x1,...,z,)|x; € I}, that is, G(u)u —uH(u) =0
for alluw € f(I) and then obtained all possible forms of the maps F and G, where I

1 a non-zero two-sided ideal of R.

Motivated by the above results, in this Chapter we prove the following theorem.

Main Theorem. Let R be a noncommutative prime ring of characteristic dif-
ferent from 2 with Utumi quotient ring U and extended centroid C, and f(z1,...,z,)
be a multilinear polynomial over C', which is not central valued on R. Suppose that

F, G and H are three nonzero generalized derivations of R such that

for all X = (x1,...,2,) € R". Then one of the following holds:

1. there exist A € C' and a,b € U such that F(z) = Az, G(z) = za and H(x) =
Aax for all x € R,

2. there exist A € C' and p,q € U such that F(z) = Az, G(x) = pr + xq and
H(z) = Mgz + zp) for all z € R with f(xy,...,1,)?* is central valued on R;
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3. there exist A € C'and a,p € U such that F(z) = ax, G(x) = pr and H(z) = A\x
for all z € R with ap = \;

4. there exist A € C'and a € U such that F(z) = za, G(z) = Az and H(x) = \za
for all z € R,

5. there exist a, b, p,v € U such that F(z) = ax + 2b, G(z) = px and H(z) = av
for all x € R with f(xy,...,x,)? is central valued on R and ap + pb = v.

In particular, when G = H, we have the following:

Corollary 1. Let R be a noncommutative prime ring of characteristic different
from 2 with Utumi quotient ring U and extended centroid C, and f(z1,...,x,) be
a multilinear polynomial over C, which is not central valued on R. Suppose that F

and G are two nonzero generalized derivations of R such that

F(GUr00)7(0) ) = G ))
for all X = (xy,...,2,) € R™. Then one of the following holds:
1. there exists u € C' such that F(z) = z and G(z) = px for all x € R;

2. there exist « € C' and p € U such that F(z) = x and G(x) = px + zp + ax for

all v € R with f(zy,...,z,)? is central valued on R;

3. there exists p € U such that F(z) = —z and G(x) = [p,z] for all z € R with

f(x1,...,2,)% is central valued in R;

4. there exist a,b,p € U such that F(z) = axr + xb and G(x) = px for all z € R
with f(z1,...,7,)?* is central valued on R and F(p) = p.

Proof. By Main Theorem, we have the following conclusions:

1. there exists u € C' such that F(z) = x and G(z) = ux for all x € R. This is

our conclusion (1).

2. there exist \,a € C and p,q € U such that F(z) = Az, G(x) = px + xq for all
r € R with f(x1,...,2,)? is central valued in R and q—A\p=N\g—p=a € C.
The last relation yields (A — 1)(p + q) = 0. This yields either A\ = 1 or
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p+q=0. (i) When A = 1, we have ¢ — p = a € C and hence F(x) = x
and G(z) = px + xp + ax for all x € R. This gives conclusion (2). (i) When
p+q =0, we have F(z) = Az, G(z) = [p, x| for allz € R withp+Ap = «a € C,
i.e., (1+XN)p € C. This implies 1 + A = 0, since p € C implies G = 0, a

contradiction. Thus A = —1. This gives conclusion (3).

3. there exist A € C and a € U such that F(x) = azx, G(z) = Az for allz € R
with a\ = \. Since G # 0, A # 0 and hence last relation gives a = 1. This is

conclusion (1).

4. there exist A € C and a € U such that F(z) = za, G(x) = Az for allz € R

with aX = A. By the same argument as above, a = 1, as desired in (1).

5. there exist a,b,p € U such that F(z) = ax + zb, G(x) = px for all x € R with
f(xy,...,2,)?% is central valued on R and ap + pb = p. This is conclusion (4).

From conclusion (2) of Main Theorem, we conclude that when G is derivation

then H also be a derivation. Thus following corollary is straightforward.

Corollary 2. Let R be a noncommutative prime ring of characteristic different
from 2 with Utumi quotient ring U and extended centroid C, and f(z1,...,x,) be
a multilinear polynomial over C', which is not central valued on R. Suppose that F'
and H are two nonzero generalized derivations of R and d is a derivation of R such

that

for all X = (x1,...,z,) € R". Then there exist A € C' and p,u € U such that
F(x) = Az, d(z) = [p,z] and H(x) = —\[p, z] for all x € R with f(z1,...,2,)? is

central valued in R.

Corollary 3. Let R be a noncommutative prime ring of characteristic different
from 2 with Utumi quotient ring U and extended centroid C, and f(zy,...,x,) be
a multilinear polynomial over C, which is not central valued on R. Suppose that F
and G are two nonzero generalized derivations of R and d is a derivation of R such

that
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for all X = (z1,...,2,) € R". Then there exist A € C' and p € U such that
F(x) = Az, G(z) = [p,z] and d(z) = —A[p, x] for all z € R with f(z1,...,2,)? is

central valued in R.

In particular, when F s derivation, then we have last conclusion of Main theo-

rem.

Corollary 4. Let R be a noncommutative prime ring of characteristic different
from 2 with Utumi quotient ring U and extended centroid C, and f(z1,...,x,) be
a multilinear polynomial over C', which is not central valued on R. Suppose that G
and H are two nonzero generalized derivations of R and d is a nonzero derivation

of R such that
(G0N0 = FOHG )
for all X = (zy,...,z,) € R™. Then there exist a,p,v € U such that d(z) = [a, z],

G(x) = pr and H(z) = zv for all z € R with f(zy,...,z,)? is central valued on R
and d(p) = v.

Corollary 5. Let R be a noncommutative prime ring of characteristic different
from 2 with Utumi quotient ring U and extended centroid C, and f(z1,...,x,)
be a multilinear polynomial over C. Suppose that d, 6 and h are three nonzero

derivations of R such that

for all X = (zy,...,2,) € R". Then f(z1,...,z,) must be central valued.

Corollary 6. Let R be a prime ring of characteristic different from 2. Suppose

that d, 0 and h are three nonzero derivations of R such that

d(é(m) = zh(z)

for all z € R. Then R must be commutative.

2.2 Main Results

Let F(# 0), G(# 0) and H(# 0) be all inner generalized derivations of R. There
exists some fized a,b,p,q,u,v € U such that F(z) = ax + zb, G(x) = px + xq and
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H(z) = ux + zv for all x € R. Then by our hypothesis F(G(x)x) = xH (x)) for all
z € f(R), we have

apx® + axqr + prb + xqrb — zur — 2*v =0 (2.2.1)

for all x € f(R).
To investigate this generalized polynomial identity (GPI) in prime ring R, we

recall the following:

Lemma 2.2.1. [10, Lemma 3] Let R be a noncommutative prime ring with Utumi
quotient ring U and extended centroid C, and f(xq,...,x,) be a multilinear polyno-
maal over C', which is not central valued on R. Suppose that there exist a,b,c,q € U
such that (af(x)+f(x)b) f(z)—f(z)(cf(z)+f(x)q) =0 forallz = (z1,...,2,) € R".
Then one of the following holds:

(1)a,qe C andg—a=b—c=a € C;

(2) f(x1,...,2,)? is central valued on R and there exists « € C such that q—a =
b—c=a;

(3) char (R) =2 and R satisfies sy.

Now to investigate our generalized polynomial identity (GPI) (2.2.1), in all that
follows, we assume R a noncommutative prime ring with extended centroid C, char
(R) # 2. Moreover, we assume that f(xi,...,x,) is a multilinear polynomial over

C which is not central valued on R.

Lemma 2.2.2. Ifa,b € C and R satisfies (2.2.1), then one of the following holds:
(1) p,v € C with (a+b)(p+q) =u+ v;
(2) f(x1,...,2,)? is central valued in R with v—(a+b)p = (a+b)g—u=a € C.

Proof. 1f a,b € C, then by hypothesis
(a+0b)(pr + zq)r = z(ux + zv)

for all x € f(R). In this case by Lemma 2.2.1, one of the following holds:

(i) (a+0b)p,v e Cand v—(a+b)p = (a+b)g—u = € C; Since F' # 0, a+b # 0
and so (a+ b)p € C implies p € C;

(ii) f(z1,...,7,)* is central valued on R and there exists « € C such that

v—(a+bp=(a+b)g—u=acC. O
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Lemma 2.2.3. If ¢ € C and R satisfies (2.2.1), then one of the following holds:
(1) b,u,v € C with (a+b)(p+q) = v+ u;
(2) a,p,u € C with (a+b)(p+q) =v + u;
(3)u € C with f(xq,...,x,)?* is central valued on R and a(p+q)+(p+q)b = u+v.

Proof. 1f ¢ € C, then our hypothesis becomes
a(p + q)a* + pa®b + 2*(bg — v) — vuz =0

for all x € f(R). Then by Proposition 2.7 in [42], we conclude that u € C. Then

our hypothesis reduces to
a(p+ q)x® + px*b+ 2*(bg — v —u) = 0

for all x € f(R). Then by applying Lemma 2.9 in [36], we conclude one of the
following;:

(i) b,u,bg—v—u € C with a(p+q)+pb+(bg—v—u) = 0 i.e., (a+b)(p+q) = v+u.
Since b, q,u € C, we have v € C.

(ii) a(p+q), u,p € C with a(p+q)+pb+(bg—v—u) = 01i.e., (a+b)(p+q) = v+u;
In this case G(x) = (p+ ¢)x for all z € R. As G # 0, thus 0 # p + g € C. Hence
a(p+q) € C implies a € C.

(iii) u € C and f(xy,...,2,)? is central valued on R with a(p + ¢) + pb + (bg —
v—u)=01ie,alp+q)+(P+qb=u+w.

Thus the Lemma is proved. O

Lemma 2.2.4. Let R be a prime ring with extended centroid C and a, b, p, q,u,v € R.
If

apx® + axqr + pr*b + xqrb — rur — r?v =0

for all x € f(R) is a trivial generalized polynomial identity, then either a,b € C' or
qeC.

Proof. Let a ¢ C and q ¢ C. By hypothesis, we have
C(xy, ... m) =apf(zy, ..., 20)* +af(xy, ..., 2.)qf(z1,...,2,)

dpf(zy, ..,z + f(2, .., 20)qf (1, ..., 2,)b
—f(z1, . )uf (. wn) — f(2, . 2)? 0 =0 (2.2.2)
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for all z1,...,2, € R. Since R and U satisfy the same generalized polynomial
identity (see [24]), U satisfies ((x1,...,2,) = 0. By our assumption ((z1,...,z,)
is a trivial GPI for U. Let T = U x¢ C{xy, s, ...,2,}, the free product of U and
C{zy,...,x,}, the free C-algebra in noncommuting indeterminates xq,xo, ..., zp.
Then, ((x1,...,x,) is zero element in T' = U *¢ C{z1,...,x,}. This implies that
{ap, a,p, 1} is linearly C-dependent. Then there exist oy, as, a3, ay € C such that
arap + aga + asp+ay.l =0. If oy = a3 =0, then ay # 0 and so a = —ay'ay € C,
a contradiction. Therefore, either a; # 0 or ag # 0. Without loss of generality, we
assume that a; # 0. Then ap = aa + Bp + 7, where a = —a; 'as, 8 = —aj 'asz, v =

—a; oy, Then
(a+ Bp+ ) flar, ..., x)* +af(zy, ..., z0)af(x1,. .., 20)
dpf(zy, .. x0)?0+ fla, .., 20)qf (21, ..., 2,)b
—f(zy,.. ) uf(zy, .. 2n) — f(zy, ..., 20)%0 =0 (2.2.3)

in 7. This implies that {a, p, 1} is linearly C-dependent. Then there exist 8y, 52, f5 €
C' such that Bia + fop + B3 = 0. By same argument as before, since a ¢ C, we have
B2 # 0 and hence p = o’a + ' for some o/, ' € C'. Thus our identity becomes
(aa+ Bla+ BB +)f(z1,...,z0)* +af(xy,...,2.)qf(x1,...,2,)
+Ha+ B)f(zy, .., 2,)°0+ f(21, .. x0)af (21, ..o 20)b
—f(z1, . w)uf (. wn) — f(2n, . 20)?0 = 0. (2.2.4)

Since {a, 1} is linearly C-independent, we have satisfies

(a+ Ba)af(zi,...,x0)* +af(zy, ..., 20)qf(21,...,2,)

+daf(xy,...,1,)%h =0, (2.2.5)
that is
af(:r:l,...,xn)<(a+ﬁa’ +q)f(z1,...,xp) —i—a’f(xl,...,a:n)b)
=0 (2.2.6)
in T. Moreover, since ¢ ¢ C, the term af(z1,...,2,)qf(x1,...,z,) can not be
canceled and hence af(z1,...,2,)qf(21,...,2,) = 0 in T" which implies ¢ = 0, a

contradiction. Thus either a € C' or ¢q € C.
Similarly, we can prove that either b € C or g € C. n
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Proposition 2.2.5. Let R = M,,(C) be the ring of all m x m matrices over the
infinite field C and f(x1,...,2,) a non-central multilinear polynomial over C. If

there exist a,b,p,q,u,v € R such that
apx® + axqx + pr’b + xqrb — zux — 2%v =0
for all x € f(R), then either a,b € C.I,, or q € C.1,,.

Proof. By our hypothesis, R satisfies the generalized polynomial identity

apf(xy, ..., x> +af(xy, .. xn)qf(xe, ... 2,)
+pf(x1, .y xn)?b+ f(x1, - xn)qf (1, ... 1)
—f(xy, . x)uf (e, .o my) — floy, .. xn)%0 = 0. (2.2.7)

We assume first that a ¢ Z(R) and q ¢ Z(R). Now we shall show that this case
leads to a contradiction.

Since a ¢ Z(R) and ¢ ¢ Z(R), by Theorem 1.6.3 there exists a C-automorphism
¢ of M,,,(C) such that ¢(a), ¢(q) have all non-zero entries. Clearly, R satisfies the

generalized polynomial identity

dlap) f(xy, ..., x0)* + ¢la) f(xr, ... 20)0(q) f(T1, ... 2)
+o()f (21, 20)°B(b) + fl21, -, 20)O() f 1, T0)D
—fxy, .. ) o) f(oy, .. xn) — flo, ..., 20)%0(v) = 0. (2.2.8)

By e;;, we mean the usual matrix unit with 1 in (¢, j)-entry and zero elsewhere.
Since f(z1,...,x,) is not central valued, by [78] (see also [82]), there exist a sequence
of matrices vy, ..., v, in M,,(C) and v € C' — {0} such that f(vy,...,v,) = Yepq
with p # ¢q. Moreover, since the set {f(r1,...,r,) :r1,...,r € M, (C)} is invariant
under the action of all C-automorphisms of M,,(C), then for any i # j there exist
T1,. .., in My, (C) such that f(rq,...,r,) = e;;. Hence by (2.2.8), we have

P(a)e;p(q)ei; + €ijd(q)esb — ejp(u)e;; =0 (2.2.9)

and then left multiplying by e;;, it follows e;;p(a)e;;d(q)e;; = 0, which is a contra-
diction, since ¢(a) and ¢(q) have all non-zero entries. Thus we conclude that either

a € Z(R)orqe Z(R).
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If we consider b ¢ Z(R) and ¢ ¢ Z(R), then by same argument as above we have

a contradiction with the fact e;;¢(q)e;;é(b)e;; = 0 obtained from (2.2.9). Thus we
conclude either b € Z(R) or ¢ € Z(R).

Thus, ¢ ¢ Z(R) implies a € Z(R) and b € Z(R). Thus the conclusion follows.

[

Proposition 2.2.6. Let R = M,,(C) be the ring of all matrices over the field C
with char (R) # 2 and f(xy,...,x,) a non-central multilinear polynomial over C'.

If there exist a,b,p,q,u,v € R such that
apz® + axqzr + pr*b + xqrb — zur — 2*v =0
for all x € f(R), then either a,b € C.I,, or q € C.I,,.

Proof. In case C' is infinite, the conclusions follow by Proposition 2.2.5.

So we assume that C is finite. Let K be an infinite field which is an extension of
the field C. Let R = M,,(K) = R ®c K. Notice that the multilinear polynomial
f(z1,...,1,) is central-valued on R if and only if it is central-valued on R. Consider

the generalized polynomial

U(ry, ... o) =
apf (1, ... @)+ af(@r,. .., 20)qf (@1, ..., 1)
+pf (e, x0)2b+ flay, . xn)qf (21, ..., 20)b

(@ m U (@1 Tn) — f(@1, 1) (2.2.10)

which is a generalized polynomial identity for R.

Moreover, it is a multi-homogeneous of multi-degree (2,...,2) in the indeterminates
Tiye ey T

Hence the complete linearization of W(zy,...,x,) yields a multilinear generalized

polynomial O(xy,..., 2., y1,...,Yn) in 2n indeterminates, moreover
n
O(T1, ..o Ty T,y Ty) = 2"W (2, . 2y).

Clearly the multilinear polynomial O(z1,...,Z,, y1,...,Ys) is a generalized polyno-
mial identity for R and R too. Since char(C) # 2 we obtain ¥(ry,...,7,) = 0 for

all 1,...,7, € R and then conclusion follows from Proposition 2.2.5. O]
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In particular, we have the following:

Corollary 2.2.7. Let R = M,,(C) be the ring of all matrices over the field C' with
char (R) # 2. If there exist a,b,p,q,u,v € R such that

apz® + axqr + pr*b + xqrb — zur — x*v = 0, (2.2.11)
for all x € R, then either a,b € C.1,, or q € C.1,,.

Similarly, we have the following:

Corollary 2.2.8. Let R = M,,(C) be the ring of all matrices over the field C' with
char (R) # 2. If there exist a’,a,b,p,q,u,v € R such that

a'z? + axqr + pr’b + xqxb — zuxr — x?v =0, (2.2.12)

for all x € R, then either a,b € C.1,, or q € C.1,,.

Lemma 2.2.9. Let R be a primitive ring of char (R) # 2 with nonzero socle Soc(R),
which is isomorphic to a dense ring of linear transformations of a vector space V

over C, such that dimcV = oo. Let a',a,b,p,q,u,v € R. If
a'x? + axqr + px’b + xqrb — zuxr — 2 =0
for all x € R, then either a,b € C or g € C.

Proof. Recall that if any element r € R commutes the nonzero ideal Soc(RC), i.e.,
[r, Soc(RC)] = (0), then r € C. Hence on contrary, we assume that there exist
ho, hi, ha € Soc(R) such that

(i) either [a, ho] # 0 or [b, hy] # O;

(ii) [g, ha] # 0

and prove that a number of contradiction arises. Since V' is infinite dimensional
over C, for any e = €? € Soc(R), we have eRe = M;(C) with k = dimcVe. By
Litoff’s theorem (see Theorem 1.6.7), there exists an idempotent e € Soc(R) such
that

® hy, hi, hs € eRe;
e hoa, ahg, hia,ahy, hea,ahy € eRe;
L hob, bho, hlb, bhl, hgb, bhg € GRG;
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® hoq, qho, h1q, qhi, haq, qhs € eRe.

where eRe = My (C), k = dimcVe. Since R satisfies e{a’(exe)? + aexeqexe +
p(exe)?b + exegexeb — exeuere — (exe)*v}ie = 0, the subring eRe satisfies ea’ex?® +
eaexeqex+epex’ebe+regexebe — xeuex —x?eve = 0. By Corollary 2.2.8, we conclude
that one of the following holds:

(i) eae, ebe € eC' which contradicts with the choice of hy and hy;

(ii) ege € eC which contradicts with the choices of hs. O

Lemma 2.2.10. Let R be a noncommutative prime ring of characteristic differ-
ent from 2 with Utumi quotient ring U and extended centroid C, and f(x1,...,x,)
be a multilinear polynomial over C, which is not central valued on R. Suppose
that F', G and H are three nonzero inner generalized derivations of R such that
F(G(f(r)f(r) = f(r)H(f(r)) for allT = (r1,...,r,) € R", then one of the follow-
ing holds:

1. there exist A € C and a,b € U such that F(x) = Az, G(x) = xa and H(x) = bx
for all x € R with Aa = b;

2. there exist A\, € C and p,q,u,v € U such that F(z) = Az, G(x) = pxr + zq
and H(x) = ux + zv for all x € R with f(zy,...,7,)? is central valued in R

andv—Ap=XAqg—u=a¢€C;

3. there exist A € C and a,p € U such that F(z) = ax, G(x) = pxr and H(z) = \x
for all x € R with ap = \;

4. there exist A € C' and a,u € U such that F(z) = xza, G(x) = Az and H(z) =
xu for all x € R with a\ = u;

5. there exist a,b,p,v € U such that F(x) = ax + xb, G(x) = px and H(z) = xv
for all x € R with f(xy,...,2,)* is central valued on R and ap + pb = v.

Proof. Suppose that for some a,b,p,q,u,v € U, F(x) = ax + xb, G(z) = px + zq
and H(z) = uzx + xv for all x € R. By hypothesis, we have

a((pf(xl,...,xn) +f(:v1,...,mn)q)f(asl,...,xn))

+((pf(x1,...,xn)—|—f(;1:1,...,xn)q)f(xl,...,xn))b
= f(xy,...,zp)(uf(z,. .., 20) + flx1, ..., 20)V), (2.2.13)
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that is
apf(x1, ..., x)2 +af(xy, ..., x0)qf(x1,. .., 1)
+pf(xe, .. x0)*0+ f(o, .. xn)qf (21, ..., 20)b
—f(x1, . m)uf(xr, . m,) — flo, . m,) 0 =0 (2.2.14)
for all x1,...,2, € R. Since R and U satisfy the same generalized polynomial

identities (see [24]), therefore, U satisfies

apf(xy, ..., x> +af(xy, ..., xn)qf (21, ... 2,)
+pf(xe, .. x)?b+ f(x1, . xn)qf (1, ..., 2,)b
—f(xy, . x)uf(xy, .. m) — floy, .., 20)%0 = 0. (2.2.15)

If this is a trivial generalized polynomial identity for U, then by Lemma 2.2.4, either
a,be Corqe(C.

Next we assume that (2.2.15) is a non-trivial GPI for U.

Since both U and U ®¢ C are prime and centrally closed [54, Theorems 2.5 and
3.5], we may replace R by U or U ®¢ C according as C finite or infinite. Then R
is centrally closed over C' and R satisfies (2.2.15). By Martindale’s theorem (see
Theorem 1.6.6), R is then a primitive ring with nonzero socle soc(R) and with C
as its associated division ring. Then, by Jacobson’s theorem (see Theorem 1.6.5), R
is isomorphic to a dense ring of linear transformations of a vector space V over C.
Assume first that V' is finite dimensional over C, that is, dimgV = m. By density
of R, we have R = M,,(C). Since f(ry,...,r,) is not central valued on R, R must
be noncommutative and so m > 2. In this case, by Proposition 2.2.6, we get that
a,b € C or g € C. If V is infinite dimensional over C, then by Lemma 2.2.9, we
conclude that either a,b € C or g € C.

Thus up to now, we have proved that in any cases either a,b € C or g € C.

Case 1: When a,b e C.

In this case by Lemma 2.2.2, we have the following cases:

(i) p,v € C with (a +b)(p + ¢q) = u+ v; Thus F(x) = ar + 2b = (a + b)x,
G(z) =pr+xq=2x(p+q) and H(z) = ur + 2v = (u+ v)z for all x € R. This is
our conclusion (1).

(ii) f(z1,...,2,)? is central valued in R with v—(a+b)p = (a+b)g—u =« € C.
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Thus F(z) = ax +xb = (a+b)x, G(x) = pr+ zq and H(z) = ux + zv for all z € R.
This is our conclusion (2).

Case 2: When q € C.

In this case by Lemma 2.2.3, we have the following cases:

(i) b,q,u,v € C with (a+b)(p+q) =v+u=XA € C. Thus F(z) = (a + b)x,
G(z) = (p+ q)x and H(z) = (u+ v)zx for all z € R. This is our conclusion (3).

(ii) a,u, p,q € C with (a+b)(p+¢q) = v+u. Thus F(z) = z(a+d), G(z) = (p+q)z
and H(x) = xz(u + v) for all x € R. This is our conclusion (4).

(iii) ¢,u € C with f(zy,...,x,)? is central valued on R and a(p+q)+ (p+q)b =
u+v. Thus F(z) = ax + zb, G(z) = (p+ ¢)x and H(z) = z(u + v) for all =z € R.

This is our conclusion (5). O

In particular we have

Corollary 2.2.11. Let R be a noncommutative prime ring of characteristic different
from 2 with Utumi quotient ring U and extended centroid C', and f(z1,...,2,) be a
multilinear polynomial over C, which is not central valued on R. Suppose that F is a
nonzero inner generalized derivation of R such that F([p, f(r)|f(r)) = f(r)lg, f(r)]
for all r = (r1,...,1,) € R", then there exists A € C' such that F(x) = \x for all
r € R with f(zy,...,2,)% is central valued in R and \p + q € C.

Corollary 2.2.12. Let R be a noncommutative prime ring of characteristic different
from 2 with Utumi quotient ring U and extended centroid C, and f(xy,...,x,) be a
multilinear polynomial over C, which is not central valued on R. Suppose that F is a
nonzero inner generalized derivation of R such that F([p, f(r)|f(r)) = f(r)[p, f(r)]
for allr = (r1,...,7r,) € R", then there exists A € C' such that F(x) = Az for all
r € R with f(zy,...,3,)* is central valued in R and (A + 1)p € C.

Lemma 2.2.13. Let R be a noncommutative prime ring of characteristic different
from 2 with Utumi quotient ring U and extended centroid C, and f(xy,...,x,) be a
multilinear polynomaial over C', which is not central valued on R. Suppose that G and
H are two generalized derivations of R and F(z) = cx + xc for all x € R, for some
¢, d € U is a nonzero inner generalized derivation of R, such that F(G(f(x))f(x)) =
flx)H(f(x)) for all x = (x1,...,x,) € R™, then one of the following holds:
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1. there exist \ € C and a,b € U such that F(z) = Az, G(z) = xza and H(z) = bx
for all x € R with Aa = b;

2. there exist \,a € C and p,q,u,v € U such that F(z) = \x, G(z) = pr + zq
and H(z) = ux + zv for all x € R with f(xy,...,x,)? is central valued in R

andv—Ap=XA¢—u=a€(C;

3. there exist A € C and a,p € U such that F(z) = ax, G(z) = pr and H(x) = \x
for all x € R with ap = X;

4. there exist A € C' and a,u € U such that F(z) = xza, G(xz) = Av and H(z) =

xu for all x € R with a\ = u;

5. there exist a,b,p,v € U such that F(x) = ax + zb, G(x) = px and H(z) = xv
for all x € R with f(xy,...,2,)* is central valued on R and ap + pb = v.

Proof. In view of [79, Theorem 3], we may assume that there exist a,b € U and
derivations d',0 of U such that G(z) = ax + d'(z) and H(z) = bx + §(x). Since
R and U satisfy the same generalized polynomial identities (see [24]) as well as the

same differential identities (see [78]), we may assume that

c{af<:c>2 n d'<f<x>>f<x>} n {af(fc)2 n d’(f(x))f(:v)}d
— F(@)bf(2) + f(2)S(f(2)) (2.2.16)

for all x = (z1,...,2,) € U", where d', § are two derivations on U.

If G and H both are inner generalized derivations of R, then by Lemma 2.2.10
we obtain our conclusions (1) - (5). Thus we assume that not both of F' and G are
inner. Then d’ and § can not be both inner derivations of U. Now we consider the

following two cases:

Case-I: Assume that d’ and ¢ are C-dependent modulo inner derivations of U,

say ad + 36 = ad,, where o, 8 € C, ¢ € U and ad,(x) = [¢, z] for all = € R.

Subcase-i: Let o # 0.
Then d'(x) = Xo(x) + [p, z] for all x € U, for some A € C and p € U.

Then § can not be inner derivation of U. From (2.2.16), we obtain
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e af @)+ X)) + I FOIF @)+ {af @0 + X Sl ) |
= f(@)bf(z) + f(x)0(f(z)) (2.2.17)
for all x = (z1,...,2,) € U™
As f(xq,...,x,) is a multilinear polynomial over C, we have 6(f(z1,...,2,))

= fo(zy,...,20) + > flar,...,6(zs),...,2,), where f°(zy,...,7,) be the polyno-
mials obtained from f(z1,...,x,) replacing each coefficients «, with §(ca,). Thus
by Kharchenko’s theorem (see Theorem 1.6.4), we can replace 6(f(z1,...,2,)) by
(1, )+ flan, .o ¥y - -, @) in (2.2.17) and then U satisfies blended com-

ponents

c{AZf(xl,...,yi,...,a:n)f(xl,...,xn)} + {)\Zf(ajl,...,yi,...,a:n)f(:z:h.._,xn)}c/
= f(xl,...,xn)Zf(xl,...,yi,...,xn). (2.2.18)

Replacing y; with [g,y;] for some ¢ ¢ C in (2.2.18), we obtain

cAlg, f(@)]f(z) + [q, f(2)]f(2) A = [f(2)lg, f(2)].

By Corollary 2.2.12, f(zy,...,z,)* is central valued in R with c\,d\ € C and
(Mc+)+1)ge C. Since g ¢ C, (AMc+ ')+ 1)g € C implies (A(c+ ) +1) =0
ie., AMc+ )= —1. Then by (2.2.18)

(c+ DAY for, s Yis ey xn) f(T1, 0y 2)
:f(xl,...,xn)Zf(xl,...,yi,...,xn)

which implies

f(:cl,...,acn)Zf(xl,...,yi,...,xn)+Zf(x1,...,yi,...,xn)f(xl,...,xn):O.

In particular, for y; = x1 and yo = -+ = y,, = 0, we have 2f(zy,...,2,)> =0 for
all xy,..., 2z, € U, implying f(xy,...,2,) =0forall zy,...,z, € U, a contradiction.

Subcase-ii: Let a = 0.

Then 6(z) = [¢/,z] for all x € U, where ¢ = 37'¢. Since ¢ is inner, d’ can not

be inner derivation. From (2.2.16), we obtain

c{af<x>2 " d’(f(:v))f(:v)} " {af(w)2 " d'<f<x>>f<x>}c'
— F@)bf(@) + F@)lds )] (2.2.19)
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for all z = (21,...,2,) € U™

Since d'(f(x1,...,7,)) = f¥ (21, ..., 2,) + > (@, d (@), ... zn), by
Kharchenko’s theorem (see Theorem 1.6.4),Zwe can replace d'(f(xy,...,x,)) by

[ (g, ... xy) + > f(@i,.. . Y, @) in (2.2.19) and then U satisfies blended

component

ch(xl,...,yi,...,xn)f(xl,...,xn)
2 f@ Y m) (2, mn)d =0 (2.2.20)

Replacing y; with [@/, z;] for some o’ ¢ C, U satisfies

cld, f(xy, ...,z f (@1, ..o xn) + [d, f(xy, .o xn)] (2, .. 20
= 0. (2.2.21)

Then by Corollary 2.2.11, f(zy,...,z,)? is central valued in R with ¢, € C and
(c+c)a" € C. Since o’ ¢ C, ¢+ ¢ =0 implying F' = 0, a contradiction.

Case-11: Assume next that d’ and § are C-independent modulo inner derivations
of U. Then applying Kharchenko’s theorem (see Theorem 1.6.4), we have from
(2.2.16) that U satisfies blended components

ch(a:l,...,yi,...,xn)f(:vl,...,a:n)—|—Zf(:r;l,...,yi,...,xn)f(xl,...,xn)c’
= f(xl,...,xn)Zf(wl,...,zi,...,xn). (2.2.22)

In particular, for y; = --- =y, = 0, U satisfies f(z1,...,2,) > f(x1,..., 25, ..., Tp)
= 0. In particular, f(zy,...,2,)> =0 for all zy,...,z, € U, implying f(z1,...,z,)

= 0, a contradiction. O

Lemma 2.2.14. Let R be a noncommutative prime ring of characteristic different
from 2 with Utumi quotient ring U and extended centroid C, and f(x1,...,x,) be a
multilinear polynomial over C', which is not central valued on R. Suppose that F' and
H are two generalized derivations of R and G(x) = cx + xc for all x € R, for some
¢, d € U is a nonzero inner generalized derivation of R, such that F(G(f(x))f(x)) =
f@)H(f(z)) for all x = (z1,...,2,) € R™, then one of the following holds:

1. there exist A\ € C and a,b € U such that F(z) = Az, G(z) = xza and H(z) = bx
for all x € R with Aa = b;
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2. there exist A\, € C and p,q,u,v € U such that F(z) = Az, G(x) = pr + zq
and H(z) = ux + zv for all x € R with f(x1,...,7,)* is central valued in R

andv —Ap=Ng—u=a€c(C;

3. there exist A € C and a,p € U such that F(z) = ax, G(x) = pxr and H(z) = A\x
for all x € R with ap = \;

4. there exist A € C' and a,u € U such that F(z) = za, G(x) = Az and H(z) =
xu for all x € R with a\ = u;

5. there exist a,b,p,v € U such that F(x) = ax + xb, G(x) = px and H(z) = xv
for all z € R with f(x1,...,2,)? is central valued on R and ap + pb = v.

Proof. In view of [79, Theorem 3], we may assume that there exist a,b € U and
derivations d, § of U such that F(z) = ax+d(z) and H(z) = br+4d(x). Since R and
U satisfy the same generalized polynomial identities (see [24]) as well as the same

differential identities (see [78]), we may assume that

afcf(x)* + f(2)d f(2)} + d{cf(2)* + f(x)d f(2)}
= J(@)bf (x) + f(x)o(f(x)) (2.2.23)

for all x = (z1,...,x,) € U", where d, are two derivations on U.

If F and H both are inner generalized derivations of R, then by Lemma 2.2.10
we obtain our conclusions (1) - (5). Thus we assume that not both of F' and H are
inner. Then d and ¢ can not be both inner derivations of U. Now we consider the

following two cases:

Case-I: Assume that d and ¢ are C-dependent modulo inner derivations of U,
say ad + 6 = ad,, where o, € C, ¢ € U and ad,(x) = [g,z] for all x € R. If
B = 0, then a # 0 and thus d is inner. In this case conclusion follows by Lemma
2.2.13. Next we assume that § # 0. Then there exist some A € C and p € U such
that 0(z) = Ad(z) + [p, x] for all x € U. Then by (2.2.23), U satisfies

afcf(x)? + f(z) f(2)} + d(c) f(2)* + cd(f(2)) f (2) + cf (x)d(f (x))
+d(f(2))d f(z) + [(2)d(d) [ (z) + [(z)dd(f(x))
= [(2)bf (x) + [(2)Ad(f(2)) + f()[p, f(2)]. (2.2.24)
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Since f(x1,...,x,) is a multilinear polynomial over C', we have d(f(x1,...,z,))
= fHay, ... 2n) + > fzy,. .., d(x;), ..., z,), where f%(z1,...,2,) be the polyno-
mials obtained from f(z1,...,x,) replacing each coefficients a, with d(a,). Thus

by Kharchenko’s theorem (see Theorem 1.6.4), we can replace d(f(x1,...,x,)) by
fHU ey, )+ f(me, .o Yiy oo 2y) in (2.2.24) and then U satisfies blended com-

ponents

ch(xl,...,yi,...,xn)f(xl,...,xn)+cf(x1,...,mn)Zf(xl,...,yi,...,xn)
—I—Zf(xl,...,yi,...,mn)c’f(xl,...,:vn)+f(xl,...,xn)c’Zf(xl,...,yi,...,mn)
= f(a:l,...,xn))\Zf(xl,...,yi,...,xn) (2.2.25)

In particular, for y; = zy and yo = --- =y, = 0, U satisfies
(2c =N f(z1, . 20)? + fre, .o 20)(20) f(21, .., 20) =0, (2.2.26)
which implies
<(20 — N f(x1,.. . xn) + fxq, ... ,xn)(QC’))f(xl, o Ty) =00 (2.2.27)

By Lemma 2.2.1, we conclude that 2¢/ = A\ — 2¢ € C'. Since char (R) # 2, ¢, € C.
Then by (2.2.25), U satisfies

(c+c’)Zf(x1,...,yi,...,xn)f(ml,...,xn)
+(c+c’—)\)f(xl,...,xn)Zf(azl,...,yi,...,:cn) =0. (2.2.28)

Replacing y; with [¢, ;] for some ¢ ¢ C, we have

(c+ ), f(xr, ... x)|f(z1, .., 20)
+e+d =N f(xr, ... zn)|d, f(xe,. .., 2,)] =0, (2.2.29)

that is

e+ ), flay,...,z)|f (21, ... 2)
+f(z1,...,x)[(c+ =N, f(xq,...,2,)] = 0. (2.2.30)

By Lemma 2.2.1, one of the following holds: (i) (¢+ )¢, (c+ ¢ — X)¢' € C; in this
case as ¢ ¢ C, c+ ¢ = 0, implying G = 0, a contradiction. (i) f(zy,...,z,)? is
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central valued and (c+ ¢ —\)¢' — (¢c+ )¢ € Cie., A\¢ € C. In this case as ¢ ¢ C,

A=0. Thus A = 2(c+ ) = 0 implying ¢+ ¢ = 0. Hence G = 0, a contradiction.
Case-1I: Assume that d and ¢ are C-independent modulo inner derivations of U.
Then applying Kharchenko’s theorem (see Theorem 1.6.4) to (2.2.23), we can

replace

d(f(xy, ..., 2,)) :fd(ml,...,xn)—i—%)f(xl,...,yi,...,xn)

and
0(f(z1,. . xn)) :f5(x1,...,xn)—|—§i]f(x1,...,ti,...,xn).

Then U satisfies blended component f(x1,...,z,)Xf (21, ..., t;,...,2z,) = 0. In

particular, f(xy,...,2,)> = 0 implying f(z1,...,2,) = 0, a contradiction. ]

Lemma 2.2.15. Let R be a noncommutative prime ring of characteristic different
from 2 with Utumi quotient ring U and extended centroid C, and f(xy,...,z,) be a
multilinear polynomaial over C, which is not central valued on R. Suppose that F and
G are two generalized derivations of R and H(x) = bx + b’ for all z € R, for some
b,b' € U is a nonzero inner generalized derivation of R, such that F(G(f(z))f(x)) =
f(x)H(f(x)) for all x = (z1,...,x,) € R", then one of the following holds:

1. there exist A\ € C and a,b € U such that F(z) = Az, G(z) = za and H(z) = bx
for all x € R with Aa = b;

2. there exist \,o« € C and p,q,u,v € U such that F(z) = Az, G(x) = pr + zq
and H(x) = ux + xv for all x € R with f(x1,...,1,)% is central valued in R

andv—Ap=Ag—u=«a¢€C;

3. there exist A € C and a,p € U such that F(z) = ax, G(x) = pxr and H(z) = \x
for all x € R with ap = \;

4. there exist A € C' and a,u € U such that F(z) = xza, G(x) = Az and H(z) =
xu for all x € R with a\ = u;

5. there exist a,b,p,v € U such that F(x) = ax + xb, G(x) = pr and H(z) = xv
for all x € R with f(xy,...,1,)* is central valued on R and ap + pb = v.
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Proof. In view of [79, Theorem 3], we may assume that there exist a,b € U and
derivations d,d of U such that F(z) = cx + d(z) and G(z) = ax + d'(x). Since R
and U satisfy the same generalized polynomial identities (see [24]) as well as the

same differential identities (see [78]), we may assume that

laf(@)® +d(f(x)f(x)} + d{af(z)® + d'(f(x))f(x)}
= f(x)bf(z) + f(z)*V (2.2.31)
for all x = (z1,...,2,) € U", where d,d" are two derivations on U.
If d or d’ is inner, then F' or G is inner and then by Lemma 2.2.13 and 2.2.14, we

obtain our conclusions (1) - (5). Thus we assume that both of d and d' are outer.

Now we consider the following two cases:

Case-I: Assume that d and d' are C-dependent modulo inner derivations of U,

then d = ad’' + ad,y. Then (2.2.31) becomes

Jas@? + atronso)}

+ad’{af (@) +d'(f(2))f (:)s)} +[paf () + d(f(2))f(2)]
= f(2)bf(z) + f(x)?V. (2.2.32)

We know that d'(f(z1,...,2,)) = f¢(z1,...,2,) + > f(ans . d (7)), @), and

d?(f(xy,...,2,)) = fde(:vl, cey ) F QZ]fd/(xl, o d (), 1)
+3f (2, .., d*(xg), ... 1) + gé]}f(:pl,...,d’(xi),...,d’(xj),...,a:n).
7 7]

By applying Kharchenko’s theorem (see Theorem 1.6.4), we can replace

d(f(z1,...,2,)) with fd(xl,...,xn)—i-Zf(xl,...,yi,...,xn) and d?(f(xy,...,1,))
with

f% (2, ) +2§fd'(x1,...,yi,...,:cn)

+§f(w17"'7ti7"'7xn)+i§jf($l>"'7yi7"'7yj7"'>$n)

in (2.2.32) and then U satisfies blended component

osz(xl, ot xy) f(x, . m,) = 0. (2.2.33)
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This implies af (xy,...,2,)? = 0, implying o = 0. Then d is inner, a contradiction.
Case-1I: Assume that d and d’ are C-independent modulo inner derivations of U.
Then applying Kharchenko’s theorem (see Theorem 1.6.4) to (2.2.31), we can

replace

d(f(x1,...,2,)) :fd/(xl,...,xn)+Zi]f(x1,...,yi,...,xn),

d(f(z1,...,x,)) :fd(xb...,:vn)+§f(a:1,...,ti,...,a:n),

and

dd/<f($1,...,f,(]n)> = fddl(fL’l,...,fL'n> +zi]f6(l’1,...,yi,...,l’n)
+Zfd/(x1,...,ti,...,l‘n>+ '?'f(xh'”’yi"”’tj”'7rn)
i i#]
+Xf (2, .., Wl xy).

Then U satisfies blended component X f (z1,...,w}, ..., xz,) f(z1,...,2,) = 0. In

particular, f(xy,...,2,)* = 0 implying f(z1,...,x,) = 0, a contradiction. O

Proof of Main Theorem. If F or G or H any one of them be inner, then
conclusion follows by Lemma 2.2.13, Lemma 2.2.14, Lemma 2.2.15.

Thus we assume that F', G and H all are outer generalized derivations of R.
Then by [79], we have F(z) = cx + d(x), G(x) = ax + d'(x) and H(z) = bx + §(x)
for some a,b,c € U and d,d',d are three derivations of U. By hypothesis, we have

caf(z)® +d'(f(x))f(x)}
td{af(x)? +d'(f(2)}f(2)) = f@)bf(2) + f(2)6(f(2)) (2.2.34)
for all x = (xy,...,x,) € U". Now we consider the following two cases:

Case-1: Let d' and ¢ be C-dependent modulo inner derivations of U, i.e., ad +
B6 = ady.

Now o = 0 implies that 0 is inner, a contradiction as H can not be inner. Thus

a # 0.
Then d' = N\ + ad,, where A\ = —fa~! € C and p = pa™t € U. Therefore,
(2.2.84) gives

{af (@) + 2(F(@) () + Ip, (@) f(a)}
+d(af(rc)2 M) () + [, f(x)]f(a:))
_ J(@)bf(2) + F@)3(f(x)) (2.2.35)
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for all x = (xy,...,x,) € U™, that is

(@) +25(f@) (@) + b F@)f ()
+d(af () + [, F@)) () + AN () () + Adb) (F(2)) £ (2)
(S ()A(f () = [ (@) + F@)3(F(2) (22:36)

for all x = (xy,...,2,) € U". We know that
d(f(z1,... 20) = fYa,... 2 +fo1,..., D)

and

Sd(f(xy,...,z0)) = foUzy, ..., 2p)
-I—Zfd(ml,..., 3(z;), - xn)+2f5(x1,..., d(x;), ..., T,)
+2 fla,.. dd(xy), ..., )—I—Zf(xl,... 0xi)y .oy d(xg), ... xy).

Let 0 and d be C-independent modulo inner derivations of U. By applying
Kharchenko’s theorem (see Theorem 1.6.4) to (2.2.36), we can replace
d(f(xy,...,x,)) with

fU ) + 2 f@n e Yi e an) and 8d(f (2, ... @) with

féd(xl,...,xn)
+Zfd(a:1,...,si,...,a:n)+Zf5(x1,...,yi,...,xn)
—i—Zf(a:l,...,ti,...,a:n)+Zf(a:1,...,si,...,yj,...,a:n)

in (2.2.36) and then U satisfies blended component
)\Zf(xl, coytiyeoo ) f(x, . ) = 0. (2.2.37)

In particular, fort; = x1 andty = --- = t, = 01n (2.2.37), we have A\ f(xq, ..., x,)* =
0. If X\ # 0, then f(xy,...,2,)> = 0 which implies f(x1,...,2,) = 0 for all
T1,...,x, € U (see [26]), a contradiction. Thus A\ = 0. In this case G becomes
mner, a contradiction.

Now let 6 and d be C-dependent, i.e., a10 + pid = ady. Now, oy = 0, implies d
is inner, a contradiction. Thus ca; # 0 and so 6 = pud + [q,x] for some p € C and
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qe U. Then by (2.2.36) U satisfies

(of (@) + Md(F(@) £ (@) + Ala, F (@)} (2) + [p, @) ()
+d(af (0 + [p, F@)F () +dOpd(F(@) £ @) + dV)a, (@)} (2)

ad (ud(f(fv)) o, f(:vﬂ)f(x) " A(ud<f<x>> o, f(fv)])d(f(w))
— (@S () + [(2) <ud(f(93)) ‘o, f(:c)]) (2.2.38)

forall x = (x1,...,x,) € U™
Since d(f(z1,..., 7)) = fHx1,...,2,) + 2 flz,. o d(@), .. @) and
C(f(r,. . m) = (@, w) 2 e, d(), . )
> f P, )+ @ d (), d(xg), ),
i i#]
by applying Kharchenko’s theorem (see Theorem 1.6.4), we can replace

d(f(xy,...,z,)) with fd(xl,...,xn)+Zf(x1,...,yi,...,:cn) and d*(f(x1,...,2,))
with

dQ(f([L’l,...,an)):fdQ(l‘l,...,{L’n)—I—QZfd(xl,...,yi,...,{lfn)
+Zf(flf1,...,ti,...,$n)+Zf(xl,...,yi,...,yj,...,ZL’n),

@ i#]

and then U satisfies blended component
Ao fl@r, oty a) flan, o) = 0. (2.2.39)

In particular, M\uf(z1,...,2,)> = 0. This implies \p = 0 and so either X = 0 or
i=0. Now A =0 gives G is inner, a contradiction. Again p =20, gives H is inner,
a contradiction.

Case-2: Let d' and § be C-independent modulo inner derivations of U. We divide
the proof into two subcases.

Subcase-i. Let d, d' and & be C-independent modulo inner derivations of U. In

this case we rewrite (2.2.34) as

claf(x)? +d'(f(x))f(x))
+d(a) f(2)* + ad(f () [ () + af (x)d(f (z)) + dd'(f(x)) f(x) + d'(f())d(f (z))
= f@)bf (x) + f(x)o(f(x)) (2.2.40)
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for all x = (xy,...,2,) € U™,
By applying Kharchenko’s theorem (see Theorem 1.6.4), we can replace
dd'(f(z1,...,x,)) by
F @y, an) S () F S Nt )

+'E'f(xl,...,ti,...,rj...,xn)—|—Zf(:c1,...,wi,...,:cn)
i#£j i

in above equality and then U satisfies the blended component

Sy, ... wiy. o xn) f(T1,. ., 20) = 0. (2.2.41)
In particular for wi = z; and wy = -+- = w, = 0, U satisfies f(zy1,...,2,)> =0
implying f(x1,...,x,) = 0, a contradiction.

Subcase-ii. Let d, d'" and § be C-dependent modulo inner derivations of U i.e.,
ard + asd + azd = ady for some ay, a9, a3 € C. Then oy # 0, otherwise d' and §
be C'-dependent modulo inner derivation of U, a contradiction. Then we can write

d = f1d + 526 + adyr for some (1, By € C and a” € U. Then by (2.2.34), we have

claf(@)? +d'(f(2))f(2)} + frd{af (@) + d(f(2))f(x)}
+hs0{af(2)* + d'(f(2))f(x)} + [a",af(x)? + d'(f(2)) f(2)]
= f(2)bf(z) + f(@)0(f(2)) (2.2.42)
for all x = (xq,...,2,) € U™,

Using Kharchenko’s theorem (see Theorem 1.6.4), we substitute the following
values in (2.2.42)

d(f(xy,..., 1)) :fd,(xl,...,xn)—I—%)f(xl,...,yi,...,xn),
O(f(xy,...,2)) :f‘s(xl,...,ajn)—i—Xi)f(xl,...,ti,...,xn),
od (f(x1,. .. 2)) :f‘;d/(xl,...,a:n)—{—Xi]f‘s(xl,...,yi,...,xn)
+Zi]fd,(x1,...,ti,...,xn)+i§jf(x1,...,yi,...,tj..‘,xn)
—i—%Jf(a:l,...,w;,...,xn),
d*(f(erwn) = [ (e w) 225 ()

/

—l—%]f(:cl,...,zi,...,xn)+igjf(:cl,...,yi,...,yj,...,:cn).
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Therefore, U satisfies the blended components

Bl§f(x1,...,zg,...,xn)f(xl,...

and

Bg%]f(xl,...,w;,...,xn)f(xl,...

If By # 0, then from above, U satisfies

Zi)f(xl,...,zz{,...,xn)f(:cl,...

7xn) =0
wrn) =0
7~Tn) =0

This is same as (2.2.41) and hence by same argument as above, it leads to a contra-

diction. Thus we conclude that $; = 0. Similarly, from above relation, we conclude

that By = 0. Then d is inner, contradicting with the fact that F' is outer. This com-

pletes the proof of the theorem.

O



Chapter 3

Jordan Homoderivation Behaviour
of Generalized Derivations in
Prime Rings

3.1 Introduction

In this Chapter we consider that R is a prime ring of characteristic different from
2. Also U 1is the Utumi quotient ring of R, C = Z(U) is the extended centroid of R
and f(x1,...,x,) is a noncentral multilinear polynomial over C.

It 1s very clear that every homoderivation is Jordan homoderivation, but in gen-
eral the converse need not be true. There are few papers in literature which studied
the homoderivation maps in prime rings and obtained commutativity of ring under
certain conditions (see [1], [3], [4], [85]).

In the spirit of consideration of above maps, in the present Chapter we consider

three generalized derivations F,G, H which satisfy the situation
F(X*)=GX)*+ H(X)X + XH(X)

for all X € f(R).

There are many papers in literature which studied the homomorphism or
anti-homomorphism behaviour of generalized derivations in prime rings (see [2], [7],
[34], [36], [53], [58], [97]).

In the present Chapter, we study the Jordan homoderivation behaviour of three

generalized derivations in prime rings.

OThis work is published in Ukr. Math. J. 75 (2024), 1340-1360, DOI:10.1007/511253-024-
02265-3
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More precisely, we prove the following:

Theorem 3.1.1. Let R be a prime ring with char (R) # 2 and f(z1,...,%,) be a
noncentral multilinear polynomial over C(= Z(U)) where U be the Utumi quotient
ring of R. If F, G and H are three generalized derivations with associated derivations

d,g and h respectively on R satisfying
F(X*)=GX)*+ HX)X + XH(X)

for all X € f(R), then d,g and h are three inner derivations or g is inner, d, h are
outer, d, h are linearly C-dependent modulo inner derivations of U. Moreover, the

forms of the maps are as follows:

1. there exist a derivation d’ on R and A\, A2, A3 € C such that F(x) = \z+d (x),
G(x) = Mgz and H(z) = A3z + d'(x) for all x € R with \; = N3 + 2)\3;

2. there exist a derivation d on R, ay € U and A\, g, A3 € C' such that F(x) =
Mz +d(x), G(x) = Xw and H(z) = A3z + [a1, x| + d'(x) for all x € R with
f(R)2 - C cmd )\1 = /\% =+ 2)\3

If we consider H = 0 in our main theorem, then we get the following Corollary.

Corollary 3.1.2. Let R be a prime ring of char (R) # 2 with Utumi quotient ring
U and extended centroid C, and f(z1,...,2,) be a multilinear polynomial over C,
which is a non-central valued on R. If ' and G are two nonzero generalized deriva-
tions of R such that

forall x = (x1,...,x,) € R™, then one of the following holds:
1. there exists A € C' such that F(x) = Nz, G(z) = Az for all x € R;

2. there exist A\ € C' and a € U such that F(x) = Nz + [a, 2], G(z) = Az for all

r € R with f(x1,...,7,)* is central valued on R.

Example: Let R = { la,b € Z}, where 7 be the set of all integers.

0

01 0 1
Then it is clear that R is not prime ring, because R = (0). Define
0 0 0 0
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a b a 0 a b 0 —b
the maps F,G,d,g : R — R by F = ,d =
0 0 0 0 0 0 0 0
a b —a 0 a b 0 b
and G = , g = on R. Then F and G are
0 0 0 0 0 0 0 0

generalized derivations of R associated derivations d and g respectively. Now we
consider a multilinear polynomial f(X,Y) = XY, which is not central valued on R.
We see that F(f(X,Y)?) = G(f(X, Y))2 for all XY € R but G(X) # A\X where
A € C. This example show that the primeness hypothesis is not superfluous in our

above Corollary.

3.2 The matrix ring case and results for inner

generalized derivations

Lemma 3.2.1. Suppose R = M,,(C), m > 2 be the ring of all m x m matrices over
the field C and f(R) be the set of all evaluations of the polynomial f(xy,...,x,) in
R. If Ay, Ay, Az, a3,a4 € R such that

Aqu® + u? Ay + azuasu + uAsu + vaguag + azu’ag = 0
for allw € f(R), then az and a4 are scalar matrices.

Proof. When (' is infinite field.

To prove this case of the Lemma, we assume on contrary that az ¢ Z(R) and
ay ¢ Z(R). We prove that this case leads to a contradiction. Since a3 ¢ Z(R) and
as ¢ Z(R), by Theorem 1.6.3 there exists a C-automorphism 6 of M,,(C) for which
ay = 6(as3) and ay = 0(ay) have all nonzero entries. Clearly A} = 6(A;), A, = 0(A,),

Al = 0(A3), afy and a) must satisfying the condition

AL f()® + f(2)2 Ay + as f(w)ay f () + fx) Asf ()
+f(x)a, f(x)a), + ayf(z)?a), = 0.

By e;;, we consider a matrix unit with 1 in (z, j)-entry and zero elsewhere. Then it

(3.2.1)

is obvious that e?; = 0. Since f(z1,...,x,) is not central valued, by [78] there exist
some matrices r1,...,r, € M,,(C) and 0 # v € C such that f(ry,...,7,) = veij,
with i # 7.

Therefore substituting f(z) = ve;; in (3.2.1), we get

/ / / / r
asejase;; + e Ase;; + ealealy = 0. (3.2.2)
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Multiplying by e;; in left side of the above relation, we have
!/ /
€ijA3€;;A3C;; = 0

which gives a contradiction, since aj = 6(a3) have all nonzero entries. Thus we
conclude that as is scalar matrix. Again we multiplying by e;; in right side of the
above relation, we have
eijayejaye;; =0
which gives a contradiction, since aj = 6(ay) have all nonzero entries. Thus we
conclude that a4 is scalar matrix. Therefore when C' is infinite field then as and aq4
are scalar matrices.
When C is a finite field.

Suppose K be an infinite field which is an extension of C. Let R = M,,(K) =
R ®c K. Notice that the multilinear polynomial f(x1,...,z,) is central-valued on
R if and only if it is central-valued on R. Now the generalized polynomial identity

18

U(xy,...,2,) =
Aif(xa, ooy xn)? + [z, @n)? As + asf(ar, ..o zn)asf(xe, ..oy )
+f(xr, .. xn)Asf(z1, ..., )
+f(zy, . xn)aaf(Ty, . xn)as + azf(xy, ..., xn)%ay = 0. (3.2.3)

This is not only a generalized polynomial identity for R, but also a multi-homogeneous

of multi-degree (2,...,2) in the indeterminates x1, ..., z,.
Hence the complete linearization of W(xy, ..., z,) yields a multilinear generalized
polynomial O(xy,...,x,,t1,...,t,) in 2n indeterminates, moreover

O(T1, ...y, by, ty) = 2" (2, ..., 2y).

Clearly the multilinear polynomial ©(x1, ..., z,, t1,...,t,) = 0is a generalized poly-
nomial identity for R and R too. Since char (C) # 2 we obtain ¥(z,...,2,) = 0

for all 1, ..., %, € R and then conclusion follows as above when C was infinite. [

Lemma 3.2.2. Suppose that R is a prime ring of char (R) # 2 and f(xy,...,z,) is
a non-central multilinear polynomial over C. If Ay, As, As,as,a4s € R such that R

satisfies W(xy,...,2,) then ag € C and a4 € C.
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Proof. We will show this case by contradiction. Suppose both az and a4 are not

central. By hypothesis, we have

U(zy,...,T) =
Aif(zy, .. xn)? + foe, o x0)?As +asf(xy, ..o zn)asf(x, .., 2)
+f(z1,. . ) Asf(x, ..., 2y)
+f(z1, . xn)aaf (T, . xn)ag + azf(zy, .. x0)?as =0 (3.2.4)

for all z1,...,x, € R.

Since R and U satisfy the same generalized polynomial identities (see [24]) so,
U satisfies W(xy,...,2,) = 0. Suppose that R does not satisfy any nontrivial GPI.
Let T = U ¢ C{x1,23,...,x,}, the free product of U and C{xy,...,z,}, the free
C-algebra in noncommuting indeterminates xi,z,...,x,. Then W¥(xq,...,x,) is
zero element in 7. This gives that {A, ag, 1} is linearly C-dependent, hence there
exist aq, g, ag € C such that a1 Ay + asas +asz.1 = 0. If a3 = 0, then oy # 0 and so
a3 = —a, 'ag € C, a contradiction. Therefore, either a; # 0. Then A; = aas + f3,

where o = —a; 'y, 8 = —aj'as. Then

(Oéa3 + 5)](.(1'1, oo 73;71)2 + f(xla oo 73;71)2"42 + a3f(x1? s 7xn)a3f(x17 s 7'7711)
+f($17 s 7xn)A3f($la s 7'1771)
+f(z1, . xn)aaf (21, .. Tn)as + azf(zy, ..., Tn)ay = 0. (3.2.5)

Since {as, 1} is linearly C-independent, we have

aazf(xy, ..., x0)% +asf(xy, ..., xn)asf(xy, ..., x,)
+a3f($17 e ,xn)2a4 = 0, (326)
that is
asf(xy, ..., eo){af(x1,. .., x0) +asf(z1, ..., 2,)
+f(x1,...,xn)as} = 0. (3.2.7)
Since ag ¢ C, the term agf(z1,...,x,)asf(x1,...,2,) can not be canceled and hence
asf(xy,...,xp)asf(z1,...,2,) = 0in T which implies a3 = 0, a contradiction.

Next suppose that U satisfies the non-trivial GPI ¥(xq,...,x,) = 0. Then by
the well known theorem of Martindale (see Theorem 1.6.6), U is a primitive ring with
nonzero socle S and with C' as its associated division ring. By Jacobson’s theorem
(see Theorem 1.6.5), U is isomorphic to a dense ring of linear transformations of a

vector space V over C.
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If V is finite dimensional over C', that is, dimcV = m, then by density of U, we
have U = M,,(C). As U is noncommutative, m > 2. By Lemma 3.2.1, ag € C' and
ay € C, a contradiction.

If V' is infinite dimensional over C, then by [98, Lemma 2|, the set f(U) is dense
on U. Thus U satisfies

Ax? + 22 Ay + aszast + vAsT + ragras + asx’ay, = 0.

Since ag ¢ C and a4 ¢ C, they can not commute any nonzero ideal of U, i.e.,
las, S] # (0) and [a4,S] # (0). Therefore, there exists hy,hy € S such that
las, h1] # 0 and [ag, he] # 0. By [56], there exists idempotent e € S such that

aghi, hias, ashs, hoay, hq, ho € eUe. Since U satisfies generalized identity

e{Ai(exe)? + (ewe)? Ay + as(exe)az(exe) + (ewe) As(exe) + (exe)ay(exe)ay

+az(exe)®aste = 0,
the subring eUe satisfies
(eAre)z?+x?(eAge)+(ease)x(ease) r+x(eAse)x+x(case)r(case)+(ease)x? (ease) = 0.

Since eUe = M;(C) with ¢t =dimsVe, by above argument az or ay are central
elements of eUe. But then we have contradiction as ash; = (eage)hy = hjeaze =
hiasz and aghs = (ease)hs = ho(ease) = hoay. Therefore we get that ag and a4 are

central. m

Lemma 3.2.3. Let R be a prime ring of char (R) # 2, C the extended centroid of
R and f(xy,...,x,) a non-central multilinear polynomial over C. If ay,aq,a3 € R
such that

arf(z)’ + f()asf(z) + f(2)*a3 =0

for all x = (xy,...,x,) € R™, then as is central.

Proof. By using the similar argument above as in Lemma 3.2.2, we get that ay is

central. O

Lemma 3.2.4. [36, Lemma 2.9] Let R be a noncommutative prime ring of charac-
teristic different from 2 and p(xy, ..., x,) be any polynomial over C which is not an

wdentity for R. If there exist ay,as,as3,aqs € U such that
arp(z) + p(z)az + azp(z)as = 0

for all x = (xy,...,2,) € R", then one of the following holds:
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(1) a2,04 € C and ay + as + azay = 0,
(2) ay,a3 € C and ay + ay + azay = 0;
(3) a1 + az + azas = 0 and p(x) is central valued on R.

Proposition 3.2.5. Suppose that R is a prime ring of char(R) # 2 and F,G, H are

three inner generalized derivations on R. If
F(2*) = G(2)* + H(z)zx + zH ()
for all x € f(R), then one of the following holds:

1. there exist a derivation d on R and A1, A2, A3 € C such that F(z) = Mx+d(x),
G(z) = Mo and H(x) = M3z + d(z) for all x € R, with Ay = \3 + 2)\3;

2. there exist ay,as € U and A, Ay, A3 € C such that F(x) = Mz + [aq, ],
G(z) = Xow and H(x) = A3z + [az, x| for all x € R, with f(R)> € C and
/\1 = )\% —I— 2)\3

Proof. By our hypothesis, generalized derivations F,G and H all are inner. Then
there exist ay, aq, ag, as,as,a¢ € U such that F(z) = a1z + xas, G(z) = azx + zay
and H(r) = asz + wag for all z € R. Now F(z?) = G(x)* + H(z)x + xH(z) for all
z € f(R) gives

(a5 — ar) f(@)* + f(x)*(a6 — a2) + asf(x)asf(x) + f(x)(as + asas + ag) f(2)
+f(@)asf(x)as + az f(x)*as = 0 (3.2.8)

for all z = (xy,...,2,) € R". By Lemma 3.2.2, we get a3 and a4 are central. Then

(3.2.8) reduces to

(a3 + a3 + azas + a5 — a1) f(x)* + f(x)*(ag — az)
+f(x)(as + azaqs + ag) f(x) =0 (3.2.9)

forall x = (z1,...,z,) € R™. Now applying the Lemma 3.2.4 we get a5+ azas+ag €
C, that is a5 + ag € C and (3.2.9) reduces to

(a2 + a3 + azas + a5 — a1) f(x)? + f(2)*(2a6 — az + a5 + azas) = 0 (3.2.10)

for all z = (z1,...,x,) € R". By application of Lemma 3.2.4, we get
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(i) a3 + a3 + azas + a5 — a; € C that is a5 —a; € C , 2a6 — ag + a5 + azay € C
that is ag — ay € C and a3 + a? + azas + a5 — a; + 2a6 — as + as + azay = 0 that is,
(az+ a4)*+2(as + ag) = a; + ay. Since a5 —a; € C and ag —ay € C, 50 a1 +ay € C.

Therefore in this case we get F(z) = a1z + xas = a1z + x(a; + a2) — za; =
[a1, z] + (a1 + az)x, where a; + ax € C and G(x) = asx + xay = (a3 + aq4)x, where
as+ay € C. Also H(z) = asz+xas = (a5 —ay)r+a1x+x(ag —az) +xas = (a5 +ag—
a1 —ag)x+ (@ x+ras) = (as+ag—a; —ag)x+|ar, x|+ (a1 +az)r = (as+ag)x+|aq, x],

where a5 + ag € C, and (a3 + a4)? + 2(as + ag) = a1 + as, this is our conclusion (1).

(ii) f(x1,...,x,)? is central valued and a3 + a3 + azas + a5 — a1 + 2a6 — az + a5 +
azay = 0 that is (a3 + a4)* + 2(as + ag) = a1 + ap implying a; + as € C.

Therefore in this case we get F(r) = a1z + xas = a1z + z(ag + az) — ra; =
la1, z] + (a1 + ag)z, where a; + ay € C and G(z) = asx + vay = (a3 + a4)z, where
az+ a4 € C. Also H(x) = asz + xag = asx + x(as + ag) — xas = [as, x| + (a5 + ag)x
where as+ag € C, also (a3 +a4)*+2(as+ag) = a1 +ag with f(zq,...,x,)? is central

valued on R. This is our conclusion (2). O

3.3 Proof of Main Theorem

Here R is a prime ring and U the Utumi quotient ring of R and C = Z(U) (see [14]
for more details). It is well known that any derivation of R can be uniquely extended
to a derivation of U. Now we consider f(xi,...,x,) be a noncentral multilinear
polynomial over the field C and d be a derivation on R.

We shall use the notation
fl@n,. o a) =22 Tnt Y Qele()To(@) Lol
ocE€Sh,07#id

for some a, € C, and S,, denotes the symmetric group of degree n.

Then we have
d(f(l'l,,fﬂn)) = fd(l‘l,...,fﬂn) +Zf($1a-"ad($i)a"'>$n)>

where f(x1,...,x,) be the polynomials obtained from f(x1,...,x,) replacing each
coefficients o, with d(a,).

By [79, Theorem 3], every generalized derivation g of R can be uniquely extended
to a generalized derivation of U and its form will be g(x) = ax +d(x) for all x € U,
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where a € U and d is a deriwation of U. Thus we can assume that F'(z) = ax+d(x),
G(z) = bx + g(z) and H(x) = cx + h(zx) for all x € R with some fized a,b,c € U
and d, g, h are derivations on U. Thus by [24] and [78], our hypothesis yields

af(x)? +d(f () f(z) + f(z)d(f(z))
= bf(@)bf () + cf (x)? + f(x)ef (v) + bf (2)g(f(x)) + 9(f (2))b] (z)
+9(f(@))" + h(f (@) f(2) + f@)h(f(2)) (3.3.1)

for all x = (xy,...,x,) € U™. Ifd, g and h are three inner derivations, then F, G
and H are three inner generalized derivations and in this case conclusions follow by
Proposition 3.2.5. Therefore, to prove our Theorem 3.1.1, we need to consider the
following cases:

1. d, g are inner and h s outer;
g, h are inner and d is outer;
d,h are inner and g is outer;
h is inner and d, g are outer;
d 1s inner and g, h are outer;

g 1s inner and d, h are outer;

NS mh e

d,q,h all are outer.
We divide these 7 cases into the following cases:
Case-1. d, g are inner and h is outer.
Let d(x) = [p,z] and g(x) = [q,x] for all x € R and for some p,q € U. By (3.3.1),

we get

af @ + o, F@)F () + F@)lp, f@)
= bf ()b (@) + cf (2 + f@)ef (2) + b @)la. F@)] + o, S (@) (@)
(g F@)]) +h(7@) £) + F@h(F()) (33.2)

for all x = (x1,...,2,) € U™ Since h is outer derivation, by Kharchenko’s
theorem (see Theorem 1.6.4) we may replace h(f(x1,...,x,)) by fM(xy, ... z,) +
Sof(xy, .oz ) in (3.8.2). Then U satisfies blended component

Zf(a:l,...,zi,...,xn)f(xl, o)+ fx,. .. 2y fol,...7 iy ey Tp) = 0.
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In particular, for zy = x1 and 29 = -+ = 2z, = 0 we get that 2f(x1,...,2,)* = 0.
Since char (R) # 2 so f(x1,...,2,)? = 0 which implies f(x1,...,x,) =0, a contra-

diction.

Case-2. g, h are inner and d is outer.

Let g(x) = [p,x] and h(z) = [q,z] for all x € R and for some p,q € U. By (3.3.1),

we get
af @) +d(f(@) £() + F2)d(F(z))
= B ()bf(2) + ef () + f(@)ef (@) + b @), S@)] + . F(@)]bf(2)
(I @)+ la F@)F () + F@)lg. T(@) (333)
for allz = (x1,...,2,) € U. Since d is outer derivation, by Kharchenko’s theorem

(see Theorem 1.6.4) we may replace d(f(z1,...,z,)) by f(z1,. .., x,)
+ > f(x1,.. &, ... ) in (3.8.8). Then U satisfies blended component

Zf(xl,...,fi,...,mn)f(xl,...,a:n)—|—f(xl,...,xn)Zf(xl,...,fi,...,xn) = 0.
In particular, for & = xy and & = -+ = &, = 0 we get that 2f(zy,...,2,)> = 0

which implies f(x1,...,x,) =0, a contradiction.

Case-3. d, h are inner and g is outer.

Let d(z) = [p,x] and h(zx) = [q,x] for all x € R and for some p,q € U. By (3.3.1),

we get
af(x)® + [p, f(2)]f(x) + f(2)[p, f(2)]
= bf(2)bf (x) + cf(2)* + f(x)cf(x) + 0f (2)g(f(2)) + g(f(2))bf (x)
+9(f(2))* + g, f(2)) f(2) + f(2)[a, f(2)] (3.3.4)
for allz = (z1,...,2,) € U". Since g is outer derivation, by Kharchenko’s theorem

(see Theorem 1.6.4) we may replace g(f(x1,...,x,)) by f9(z1,...,2,)
+ > f(x1, Yy oy xn) in (3.3.4). Then U satisfies blended component

bf(a:l,...,:zrn)Zf(:Ul,...,yi,...,xn)—|—Zf(:z:l,...,yi,...,xn)bf(:zrl,...,xn)
+fg($17"'7xn)2f<xla"'7yi7"'>xn)+Zf(x17"'7yi>-"axn)fg(ajla"'axn)

+<;f(:1:1,...,yi,...,xn)>2:O. (3.3.5)
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Putting y; = —y; we get

—bf(:cl,...,xn)Zf(xl,...,yi,...,xn)—Zf(q:l,...,yi,...,q:n)bf(xl,...,xn)

i

—fg(xl,...,:Un)Zf(ajl,...,yi,...,xn)—Zf(xl,...,yi,...,mn)fg(xl,...,xn)

i

+<;f($1,...,yi,...,a:n)>2:O. (3.3.6)

Now adding (3.3.5) and (3.5.6) we get 2(2:]”(961,...,yi,...,:lcn))2 = 0. In par-
ticular, for yy = x1 and yo = -+ = y, = 0 we have 2f(zy,...,2,)* = 0. Since
char(R) # 2 so f(x1,...,1,)% = 0 which implies f(z1,...,2,) =0, a contradiction.

Case-4. h is inner and d, g are outer.

Let h(x) = [p,x] for all x € R and for some p € U. By (3.3.1), we get

af(2)? + d(f(2)) f(z) + fx)d(f(z))
= bf (2)bf (x) + cf ()2 + f(2)ef () + bf (2)g(f(x)) + g(f(2))bf (x)
+g(f(@)" + [p, f(@)]f (@) + f(@)p, f(2)] (3.3.7)

for all x = (xq,...,2,) € U™,
Sub-case-i: d, g are linearly C—independent modulo inner derivations of U.
Since d and g are outer derivations, by Kharchenko’s theorem (see Theorem 1.6.4)

we may replace d(f(z1,...,2,)) by

(. +Zf:v1,...,fi,...,:1:n),
and g(f(xq,...,2,)) by

foxy, ..., x +wa1,...,yi,...,xn).
Then U satisfies blended component

Zf(ml,...,&,...,xn)f(xl,...? n)+ flxg, ..,z fol,...7 iy Ty) = 0.

In particular, for & = x1 and & = --- = &, = 0 we get that

2f(x1,...,1,)% = 0 which implies f(x1,...,z,) =0, a contradiction.
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Sub-case-1i: d, g are linearly C'—dependent modulo inner derivations of U.
In this subcase we have d(x) = ag(x) + [q,z| for all x € U, for some q € U and
0# ae€C. Then from (3.5.7) we get

af @) + (ag(f(@)) + [a. S @)]) S (@) + J (@) (ag(f(@)) + [a. /()]
= bf(@)bf (1) + f (2)* + f(@)ef (2) + bf ()g(f()) + 9(F(2))bf (2)
+9(f(@)" + [p. S @))f (@) + f@)p. £(2) (3:38)

forallz = (xy1,...,x,) € U™. Since g is outer derivations, by Kharchenko’s theorem

(see Theorem 1.6.4) we may replace g(f(x1,...,x,)) by
foxq, ... x —l—fol,...,yi,...,xn).
Then U satisfies blended component

osz(xl,...,yi,...,xn)f(xl,...,xn)—|—ozf(x1,...,mn)Zf(ml,...,yi,...,xn)
:bf(xl,...,xn)Zf(xl,...,yi,...,xn)+Zf(xl,...,yi,...,xn)bf(arl,...mn)
+f9(:r1,...,a:n)2f(x1,...,yi,...,xn)+Zf(xl,...,yi,...,xn)fg(:rl,...,a:n)

+<zi:f(x1,...,yi,...,azn)>2. (3.3.9)

Putting y; = —y; we get

—aZf(xl,...,y,-,...,:vn)f(azl,...,xn)—af(:vl,...,$H)Zf(x1,...,y,-,...,xn)
:—bf(:vl,...,xn)Zf(xl,...,yi,...,xn)—Zf(xl,...,yi,...,xn)bf(xl,...,:cn)
—fg(:pl,...,a:n)Zf(xl,...,yi,...,xn)—Zf(xl,...,yi,...,xn)fg(xl,...,xn)

+<;f(x1,...,yi,...,xn)>2. (3.3.10)

Now adding (3.3.9) and (3.3.10) we get 2(Zf(x1,...,yi,...,xn))2 = 0. In par-
ticular, for y; = x1 and yp = -+ = y, = 0 we have 2f(x1,...,1,)> = 0. Since

char(R) # 2 so f(x1,...,2,)? = 0 which implies f(zy,...,z,) =0, a contradiction.

Case-5. d is inner and g, h are outer.

Let d(z) = [p, x| for all x € R and for some p € U. By (3.3.1), we get

af(@)* +[p, f(@)]f (@) + f(2)[p, f(2)]
=bf(2)bf(x) + cf (2)* + f(2)cf (x) + bf ()g(f(2)) + g(f (x))bf ()
+g(f(2))* + h(f(2)) f(2) + f(2)h(f(2)) (3.3.11)
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for all x = (xy,...,2,) € U™,
Sub-case-i: g, h are linearly C—independent modulo inner derivations of U.
Since g and h are outer derivations, by Kharchenko’s theorem

(see Theorem 1.6.4) we may replace g(f(xq,...,x,)) by

fg(atl,...,xn)—I—Zf(xl,...,yi,...,:pn)

%

and h(f(xy,...,x,)) by

fh<x1’...,$n)+Zf($1,...,zi,...,xn).

%

Then U satisfies a blended component
Zf(xl,...,z,;,...,xn)f(xl,...,xn)+f(xl,...,xn)Zf(xl,...,zi,...7xn) =0.

In particular, for z; = xy and 2z = -+ = z, = 0 we get 2f(x1,...,x,)* = 0 which

implies f(xq,...,2,) =0, a contradiction.

Sub-case-ii: g, h are linearly C'—dependent modulo inner derivations of U.
Here we have h(xz) = ag(z) + [q,z] for all z € U for some g € U and 0 # a € C.
Then from (3.53.11) we get
af(x)*+ [p, f(2)]f(z) + f(2)[p, f(2)]
= bf()bf (x) + cf(2)* + f(x)cf(x) + 0f (x)g(f(2)) + g(f(2))bf (x) + g(f(=))?
+(ag(F@) + la. @) £(2) + F(@) (ag(F@) + la. f(@) (3.3.12)

forallx = (xq,...,2,) € U". Since g is outer derivations, by Kharchenko’s theorem

(see Theorem 1.6.4) we may replace g(f(x1,...,2,)) by
[z, .. xn) + Zf(xl, s Uiy ey Tp).
Then U satisfies blended component

bf(:vl,...,mn)Zf(xl,...,yi,...,xn)—|—Zf(xl,...,yi,...,xn)bf(ml,...,mn)
—l—fg(xl,...,xn)Zf(xl,...,yi,...,xn)—|—Zf(xl,...,yi,...,xn)fg(xl,...,xn)

—l—(Zf(xl,...,yi,...,xn))?—i—osz(xl,...7yi,...,xn)f(x1,...,xn)
—i—ozf(xl,...,xn)Zf(xl,...,yi,...,xn) =0. (3.3.13)
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Putting y; = —y; we get

—bf(a:l,...,:zfn)Zf(:cl,...,yi,...,xn)—Zf(xl,...,yi,...,xn)bf(xl,...,xn)

%

—fg(ml,...,xn)Zf(xl,...,yi,...,xn)—Zf(xl,...,yi,...,xn)fg(xl,...,xn)

)

+<Zf(x1,...,y,~,...,xn)>2—aZf(xl,...,yi,...,xn)f(xl,...,xn)
—af(xy,. . wn) 3o f(, Y @) = 0. (3.3.14)

Now adding (3.5.13) and (3.5.14) we get Q(Zf(xl,...,yi,...,a:n))Q = 0. In par-
ticular, for yy = x1 and yo = -+ = y, = 0 we have 2f(x1,...,1,)*> = 0. Since

char(R) # 2 so f(x1,...,2,)? = 0 which implies f(zy,...,z,) =0, a contradiction.

Case-6. g is inner and d,h are outer.

Let g(x) = [p, | for all x € R and for some p € U. By (3.5.1), U satisfies

af (2 +d(f(@)) f(x) + F(@)d(f ()
= bf(@)bf(2) + ¢f (@) + f@)ef (@) +bf@)p. ()] + . f(@)bS (2)
(. £@N) + h(F@) F (@) + [ @R (), (3.3.15)

Sub-case-i: d,h are linearly C'—independent modulo inner derivations of U.
Since d and h are outer derivations, by Kharchenko’s theorem (see Theorem 1.6.4)

we may replace d(f(xy,...,2,)) by
fd(xl,...,xn)+Zf(:v1,...,§i,...,xn)
and h(f(x1,...,x,)) by
fh(ml,...,xn)—I—Zf(xl,...,zi,...,xn).
Then U satisfies a blended component

Zf(ml,...,@,...,xn)f(a:l,...,xn)—I—f(xl,...,xn)Zf(azl,...,fi,...,xn) =0.

In particular, for & = x; and & = -+ = &, = 0 we get that 2f(x1,...,2,)?> =0

which implies f(xy,...,2,) =0, a contradiction.
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Sub-case-ii: d, h are linearly C'—dependent modulo inner derivations of U.
Here we have h(z) = ad(z) + [q,z] for all z € U for some g € U and 0 # a € C.
Then from (3.53.15) we get

af (2)? + d(f(2)) f(2) + (2)d(f ()
— bf(@)bf (@) + cf (2) + [(2)ef (2) + b (@)[p, F(@)] + [p, S (@)]bf ()
(1.7 @)+ (ad(F@) + la. f2)]) 7 )
+f (@) (ad(f(2)) + la, f () (3.3.16)

forallx = (xq,...,2,) € U". Since d is outer derivations, by Kharchenko’s theorem

(see Theorem 1.6.4) we may replace d(f(xy,...,x,)) by
f T1,..,T _’_fola"wgia”'a'rn)-
Then U satisfies blended component

Zf(xl,...,fi,...,xn)f(xl,...,xn)—{—f(xl,...,xn)Zf(xl,...,fi,...,xn)
:a(Zf(xl,...,fi,...,xn)>f(x1,...,xn)

+f (@, m)a ] flan &mn) = 0. (3.3.17)
In particular, for & = x1 and & = --- =&, = 0 we get that
(20 — 2) f(z1,...,2,)% =0, (3.3.18)

implying o = 1. Then (3.8.16), reduces to

af (e = (64 pf @)~ F@w) + (cf ()
+la. f@)) (@) + f(@) (ef (2) + g, f(@)]). (3.3.19)

Then by Lemma 3.2.2 we get b+ p,p € C, that is, b,p € C. Then the equation
(3.8.19) becomes

(=0 —c—q)f(2)* = f(z)ef(z) - f()’q. (3.3.20)
By Lemma 3.2.3 we get ¢ € C, so (3.3.20) reduces to

(a—0*—c—q)f(x)*+ f(x)*(qg —c) = 0. (3.3.21)
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By applying Lemma 3.2.4, we obtain

(1) a—b?*—c—q,q—ce C anda—b*—c—q+q—c =0, that isa = b*>+2c. Now
b,p,c€ C anda—b*>—c—q,q—c € C implies that a,b,c,p,q € C with a = b* + 2c.

Therefore in this section we get F(x) = ax + d(z), where a € C' and G(z) =
bx + [p,x] = bx, where b € C. Also H(x) = cx + ad(z) + [q, z] = cx + d(x), where
c € C with a =V*+ 2c. This is our conclusion (1) of Theorem 3.1.1.

(2) f(x)? € C anda—b*—c—q+q—c=0, that is a = b*> +2c. Now b,p,c € C
and a = b* + 2c¢ implies that a,b,p,c € C with a = b* + 2c.

Therefore in this section we get F(x) = ax + d(x), where a € C and G(z) =
bx + [p,x] = bx, where b € C. Also H(x) = cx + ad(x) + [¢,z] = cx + d(z) + [q, 7],
where ¢ € C with a = b* + 2¢. This is our conclusion (2) of Theorem 3.1.1.

Case-7. d,g,h all are outer.
Sub-case-i: d, g, h are linearly C'—independent modulo inner derivations of U.
Since d, g and h are all outer derivations, by Kharchenko’s theorem (see Theorem

1.6.4) we may replace d(f(xy,...,x,)) by
fd(zvl,...,a:n)—l—Zf(a:l,...,&,...,xn),
9(f (@1, ... zn)) by
fg(xl,...,xn)—f-Zf(xl,...,yi,...,xn)
and h(f(xy,...,x,)) by
fh(xl,...,xn)—i—Zf(xl,...,zi,...,a:n).
Then U satisfies a blended component

Zf(xl,...,fi,...,xn)f(xl,...,xn)—|—f(x1,...,xn)Zf(x1,...,&,...,xn) =0.

In particular, for & = xy and & = -+ = &, = 0 we get that 2f(xy,...,2,)*> =0

which implies f(x1,...,x,) =0, a contradiction.

Sub-case-ii: d, g, h are linearly C'—dependent modulo inner derivations of U.

This implies there exist a, B,y € C and q € U such that

ad(z) + Bg(x) + vh(z) = ¢, z] (3.3.22)
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for all x € R. If we consider =~ = 0, then inevitably o # 0, which implies the
contradiction that d is inner. So to move forward we have to consider (§,v) # (0,0).

Without loss of generality we assume that v # 0. By (3.53.22) we obtain
h(x) = dd(z) + B'g(z) + [¢', 2] (3.3.23)

for all x € R, where o/ = —y'a, /= —y718, ¢ =77 ¢.
By (3.3.1), we get

af(x)2+d(f(:v))f(fc>+f(x)d(f( ) = bf(@)bf(2) + cf(2)* + f(z)cf(x)
+bf (2)g(f () + g(f (x +9(f(2))" + (d(f(2)) + B'g(f (@) + [¢', f(@)]) £ ()
( )( d(f(2)) + B'g(f(2)) +[d, f(2)]) (3.3.24)
for all x = (xq,...,2,) € U™,

Now we have to consider the following two cases:
(I) We consider that d, g are linearly C'—independent modulo inner derivations
of U. Since d and g are outer derivations, by Kharchenko’s theorem (see Theorem

1.6.4) we may replace d(f(z1,...,2,)) by
Fla, .. @, +fo1,...,§i,...,a:n)
and g(f(z1, ..., 2,)) by
JECTR . +fo1,...,y@-,...,xn)
in (3.5.24). Then U satisfies blended component
OF (1, @n) @1 @) £ @i @) (@)
@1 ) S @) @i @) [ )
—l—(zi:f(:cl,...,yi,...,xn))2—i—ﬁ’zi:f(xl,...,yi,...,xn)f(xl,...,xn)
FB (@1, xn) X f (@1, Yy @) =0, (3.3.25)
taking v; = —y; we get z
~bf @1, t) S F (@ i Tn) = S (@i )b (21, )
—fg(arl,...,xn)if(xl,...,yi,...,xn)—if(xl,...,yi,...,xn)fg(xl,...,xn)
+(Zi:f(x1,...,yi,...,xn))2—B’Zi:f(xl,...,yi,...,xn)f(xl,...,xn)
B w) DS @ g ) =0 (3.3.26)
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Adding (3.5.25) and (3.3.26) we get 2( Y f(@1,. .., Yi, - - - ,9[:n))2 = 0. In particular,
foryi =x1 and yp = -+ =y, = 0 we have 2f(xy,...,2,)* = 0. Since char(R) # 2

so f(xy,...,x,)% = 0 which implies f(xq,...,x,) =0, a contradiction.

(II) We consider that d, g are linearly C'—dependent modulo inner derivations
of U and d(x) = ang(z) + [qu, 2] for all x € U and some oy € C. Then (3.3.24)

reduces to

af(2)? + (arg(f(2) + g, f(2)]) f () + f(2) (ag(f(2)) + a, f(2)])
= bf(2)bf (x) +cf (x)* + f(z)cf(x) +bf (2)g(f(x)) + g(f(2))bf (z)
+9(f(2))" + (aarg(f(2)) + o', f(2)] + Bg(f(2) + [¢, f(2)]) f(x)
+f(z)(arg(f(x) + g, f(2)] + B'g(f(2) + ¢, f(2)]) (3.3.27)

for all v = (xy1,...,x,) € U". Since g is a outer derivations, by Kharchenko’s

theorem (see Theorem 1.6.4) we may replace g(f(z1,...,x,)) by
[z, ..., 2) —{—Zf(:vl, s Uiy Ty
Then U satisfies blended component

alzf(xl,...,yi,...,xn)f(ail,...,xn)—|—a1f(a:1,...,xn)Zf(xl,...,yi,...,:vn)
:bf(xl,...,xn)Zf(xl,...,yi,...,xn)—i—Zf(acl,...,yi,...,xn)bf(xl,...,xn)
—I—fg(xl,...,xn)Zf(xl,...,yi,...,xn)—l—Zf(acl,...,yi,...,xn)fg(xl,...,xn)

—I—(Zf(:r;l,...,yi,...,xn))2+(o/ozl—i—ﬁ')Zf(xl,...,yi,...,xn)f(xl,...,xn)

]

+(@ar+ B f (@1, own) 3o f (@1, i @) = 0. (3.3.28)

taking y; = —y; we get

_@1Zf(xl>"'7yi7"'7xn)f<x17"'7xn>_alf(xla"'7xn)Zf(x17"'7yi7'"7xn)
= —bf(xl,...,xn)Zf(ajl,...,yi,...,a:n)—Zf(xl,...,yi,...,$n)bf(x1,...,a:n)

—fg(asl,...,xn)Zf(:Bl,...,yi,...,a:n)—Zf(:vl,...,yi,...,xn)fg(xl,...,xn)
—l—(Zf(:vl,...,yi,...,a:n))Z— (a’a1+6’)Zf($1,...,yi,...,xn)f(arl,...,xn)

1

—(ar+ ) (@1, 20) 2o (@1, Yis o w0) = 0. (3.3.29)

Adding (3.3.28) and (3.3.29) we get 2( > f(z1, ..., Yi - ,xn))Q = 0. In particular,
foryi =z and yo = -+ = y,, = 0 we have 2f(x1,...,2,)*> = 0. Since char(R) #
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2 so f(x1,...,2,)% = 0 which implies f(x1,...,z,) = 0, a contradiction. This

completes the proof of the theorem. O
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Chapter 4

Annihilators on Generalized
Derivations in Prime Rings

4.1 Introduction

In this Chapter, we consider an annihilated identity involving two generalized deriva-
tions of prime ring and determine the structure of generalized derivations involved
in the identity. Let R be always a prime ring with center Z(R). Let U be the Utumi
quotient ring of R and C' be the extended centroid of R that is, C = Z(U).

In [19], Carini et al. proved for a prime ring R of char (R) # 2 that if H and

G are two nonzero generalized derivations of R such that
a(H(u)u —uG(u)) =0

for all w € L and for some 0 # a € R, where L is a noncentral Lie ideal of R, then
one of the following holds:

(1) there exist b,c € U such that G(x) = cx and H(z) = bx + xc with ab = 0;

(2) R satisfies sy and there exist b,c,q € U such that G(z) = cx + xq and
H(z) = bx + xc with a(b— q) = 0.

Argag and De Filippis [10] proved the following:

Let K be a commutative ring with unity, R be a noncommutative prime K -algebra
with center Z(R) and I a nonzero ideal of R. Let f(x1,...,x,) be a noncentral

multilinear polynomial over K. If G and H are two nonzero generalized derivations

of R such that
G(f(X)Nf(X) = F(X)H(f(X)) =0

O This work is accepted for publication in Southeast Asian Bull. Math.
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for all X = (x1,...,x,) € I"™, then one of the following holds:

1. f(xy,...,2,)?% is central valued on R and there exist a,b € U such that G(z) =
ax + xb for all v € R, H(x) = bx + xa for all x € R;

2. there ezists a € U such that G(z) = za for all x € R, H(x) = ax for all
x € R;

3. char(R) = 2 and R satisfies sy.

In [60], De Filippis et al. studied a situation with left annihilator condition.
They proved the following:

Let K be a commutative ring with unity, R be a noncommutative prime K -algebra
of char (R) # 2. Let f(x1,...,x,) be a noncentral multilinear polynomial over K.
If G and H are two nonzero generalized derivations of R and there exists 0 # a € R

such that
a(G(f(X)f(X) = fF(X)H(f(X))) =0

for all X = (xq,...,x,) € R", then one of the following holds:

1. f(x1,...,m,)% is central valued on R and there exist V., ¢ € U such that

G(z) = ba+ad forallx € R, H(x) = dx+xq for allz € R with a(b/—¢') = 0;

2. there exist V', € U such that G(z) = bx + xc for allx € R, H(z) = dx for
all x € R with ab’ = 0.

More recently, in [91], Tiwari considers the situation, when

F*(f(X)f(X) = G(f(X)*) =0

for all X = (z1,...,x,) € R" and then all possible forms of the maps are obtained.
Carini and Scudo in [22] already proved the following:
Let R be a non-commutative prime ring of characteristic different from 2, U its
Utumi quotient ring, C' its extended centroid, F' a generalized derivation on R, and
f(ri,...,mn) a noncentral multilinear polynomial over C. If there exists a € R such

that, for all X = (x1,...,2,) € R",
a(F(f(X)) f(X) = f(X)F?(f(X))) =0

then one of the following statements hold:
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1. a=0;
2. there ezists A € C' such that F(x) = \(z), for all x € R;
3. there exists ¢ € U such that F(x) = cx, for all x € R, with ¢ € C;
4. there exists ¢ € U such that F(x) = xc, for all x € R, with ¢® € C.
In [41], Dhara and De Filippis considered

FA (X)) F(X) — F(X)GP(F(X)) = 0

for all X = (x1,...,2,) € R™ and then authors obtained all possible forms of the
maps.
In this line of study, in the present Chapter, we study the following situation

with left annihilator condition. More precisely we prove the following Theorem:

Main Theorem. Let R be a prime ring of char (R)# 2 with Utumi quotient ring
U and extended centroid C. Suppose that 0 # p € R, f(x1,...,x,) be a noncentral

multilinear polynomial over C and F, G are two nonzero generalized derivations of

R. If
p(F(FX0))F(X) = F()G(F(X))) =0
for all X = (z1,...,x,) € R", then one of the following holds:

1. there exist A € C and a € U such that F(z) = A\x and G(z) = za for all
xr € R, with A = a?;

2. there exists b € U such that F(z) = xb* and G(z) = bz for all z € R;

3. there exist a,b € U such that F(z) = ax and G(x) = xb for all x € R, with
b> € C and pla —b*) =0;

4. there exist a,b € U such that F(x) = ax and G(z) = zb for all x € R, with
f(R)* € C and p(a —b*) =0;

5. there ezist a,b,c € U such that F(x) = ax + xb and G(x) = cx for all x € R,
with b — ¢ € C and p(a + b — ¢*) = 0.

The following corollary is immediate consequence of our main result:
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Corollary 4.1.1. Let R be a prime ring of char (R)# 2 with Utumi quotient ring
U and extended centroid C. Suppose that f(xi,...,x,) be a noncentral multilinear

polynomial over C' and F, G are two nonzero generalized derivations of R. If

F(f(X)) F(X) = f(X)G*(f(X)) =0
for all X = (z1,...,2,) € R", then one of the following holds:

1. there exist A € C' and a € U such that F(x) = Az and G(z) = za for all
r € R, with A = a?;

2. there exists b € U such that F(z) = xb® and G(x) = bx for all x € R;

3. there exists b € U such that F(x) = b*x and G(x) = xb for all x € R, with
f(R?*eC.

4.2 Main Results

Proposition 4.2.1. Let R be a prime ring of char (R) # 2, U be its Utumi quo-
tient ring and C(= Z(U)) be its extended centroid. Suppose that 0 # p € R and
f(z1,...,x,) be a noncentral multilinear polynomial over C, F(x) = a1z + xay and

G(z) = asx + xay for some a1, as,as,ay € U such that

p(F(FOO)F(X) = FXOG(F(X))) =0
for all X = (z1,...,2,) € R", then one of the following holds:

1. there exist A € C and a € U such that F(z) = Az and G(z) = za for all
v € R, with A = a2;

2. there exists b € U such that F(z) = xb* and G(x) = bx for all x € R;

3. there exist a,b € U such that F(z) = ax and G(x) = xb for all v € R, with
b> € C and p(a —b*) = 0;

4. there exist a,b € U such that F(x) = ax and G(x) = xb for all z € R, with
f(R)? € C and p(a —b*) = 0;

5. there exist a,b,c € U such that F(x) = ax + b and G(z) = cx for all x € R,
with b — c¢* € C' and p(a+b— ) = 0.
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By our hypothesis

p(F(F@) f(@) = F@)G*(f(x))) =0
forallx = (z1,...,2,) € R" and F(x) = a1x + xay, G(x) = asx + xay for allz € R

we have

pai f(2)? + pf(x)(az — a3) f(x) — 2pf(z)asf(x)as — pf(x)?ai =0  (4.2.1)

for all x = (x1,...,2,) € R". To investigate the above generalized polynomial
identity (GPI) in prime ring R, we need the following Lemmas. Throughout we
assume that R be a prime ring of char (R) # 2, U be its Utumi quotient ring and

C be its extended centroid.

Lemma 4.2.2. [59, Lemma 2.4] Let R be a prime ring of char (R) # 2, C the
extended centroid of R and f(x1,...,x,) a non-central multilinear polynomial over

C. If ay,a9,a3,a4,a5 € R such that
a1u? + uasu + uazuUay + u2a5 =0
for all w € f(R), then either as or a4 is central.

Lemma 4.2.3. [59, Lemma 2.5] Let R be a prime ring of char (R) # 2, C the
extended centroid of R and f(x1,...,x,) a non-central multilinear polynomial over

C. If ay,a9,a3,a5 € R such that
a1u? + asuasu + uasu = 0
for all w € f(R), then either as or ag is central.

Lemma 4.2.4. [}2, Proposition 2.7] Let R be a prime ring of char (R) # 2, C the
extended centroid of R and f(x1,...,x,) a non-central multilinear polynomial over

C. If ay,as,a3,a4,a5 € R such that
2 2 2 _
aiu” + uasu + asuas + u“as =0
for all w € f(R), then ag is central.

Lemma 4.2.5. [36, Lemma 2.9] Let R be a noncommutative prime ring of char
(R) # 2 and p(r1,...,mn) be any polynomial over C which is not an identity for
R. If there exist a,b,c,v € U such that ap(r) + p(r)b + cp(r)v = 0 for all r =
(r1,...,7rn) € R"™, then one of the following holds:
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(1) bbve C anda+b+cv=0;
(2) a,ce C and a+ b+ cv=0;
(3) a4+ b+ cv=0 and p(r) is central valued on R.

Lemma 4.2.6. Let R be a prime ring of char(R) # 2, f(z1,...,7,) be a noncentral

multilinear polynomial over C' and there exist 0 # p,ay, as, a3, ay € R such that

parf(x)? + pf(x)(az — a3) f(x) — 2pf(x)asf(z)as — pf(x)*ai =0

for all x = (x1,...,x,) € R".
If p € C, then one of the following holds:

1. there exist A € C' and a € U such that F(z) = Az and G(z) = za for all
r € R, with \ = a?;

2. there exists b € U such that F(x) = zb* and G(z) = bx for all x € R;

3. there exists b € U such that F(x) = b*x and G(z) = xb for all x € R, with
f(R?*eC.

Proof. As p € C, the given identity becomes
plauf(2)? + f () (a2 — a3)f(2) — 2f ()asf (x)as — f(x)2a3} =0, (4.2.2)

that is
arf(@) + f(@)(az — a3)f(x) - 2 (@)asf ()as — f(x)aZ =0 (4.2.3)

for all x = (21,...,2,) € R™
Then by Lemma 4.2.2, either a3 € C' or a4 € C.
Case-1: When a5 € C.

Then from above equation we get
arf(x)? + f(z)(ag — a3) f(z) — f(x)?(2aza4 + a2) =0 (4.2.4)

for all z = (x1,...,%,) € R". Then by applying Lemma 4.2.4 we get ay — a3 € C,

that is as € C'. Hence the above equation becomes

(a1 +ay —a2) f(z)* — f(x)?(2aza4 +a2) =0 (4.2.5)
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for all z = (z1,...,2,) € R". Then by using Lemma 4.2.5, we have the following
results:

e a;+ay—a3 € C,2azas+ai € C and a1 + az — a3 — 2azay — a3 = 0. Now
a1 +ay —a3 € C and ay — a3 € C implies a; € C. Also a; + ag — a3 — 2azay — a3 =0
implies a; + as = (a3 + a4)?. Therefore in this case F(z) = ajz + xas = (a1 + az)x
where a; + ay € C and G(z) = azx + was = x(asz + a4) with a; + ay = (az + a4)>
This is our conclusion (1).

e f(R)? € C and ay + ay — a3 — 2azay — a3 = 0, that is a1 + ay = (az + a4)*.
Therefore in this case F(x) = a1z +xas = (a1 +az)z, G(x) = azx +xay = x(az+ayq)
with a; + as = (a3 + a4)? and f(R)? € C. This is our conclusion (2).

Case-2: When a4 € C.

In this case (4.2.3) yields

arf(z)? + f(x)(a2 — 2a3as — a3) f(z) — f(2)%a? = 0 (4.2.6)

forallz = (z1,...,2,) € R". Then by applying Lemma 4.2.4, we get ay—2aza,—a3 €

C. Hence the equation becomes
(a1 + ay — 2azaq — a3) f(2)? — f(z)%a3 =0 (4.2.7)

for all z = (z1,...,2,) € R". Then by using Lemma 4.2.5, we have the following
results:

® a; +ay — 2azaq —ai € C, a? € C and a; + ay — a3 — 2azay — a3 = 0. Now
ay + as — 2azay — ai € C and ay — 2azaq — a3 € C implies a; € C. Also aj + ay —
a3 — 2azay — a3 = 0 implies a; + ag = (az + a4)?. Therefore in this case F(z) =
a1r +xas = x(a; +as) and G() = azx + xay = (a3 + a4)x with a; +as = (az +ay)?.
This is our conclusion (3).

e f(R)? € C and a; + ay — a2 — 2azaq — a? = 0, that is a; + as = (a3 +a4)?. Now
ag — 2azay — a3 € C and ay + ag — a% — 2azaq — a3 = 0 implies a; € C. Therefore
in this case F(z) = a1z + zaz = x(a; + a2), G(x) = asx + vas = (a3 + a4)r with

ai + ay = (a3 + a4)?. This is our conclusion (3). O

Lemma 4.2.7. Let R be a prime ring of char(R) # 2, f(x1,...,1,) be a noncentral

multilinear polynomial over C and there exist 0 # p, ay, as,as,as € R such that
par f(x)? + pf(x)(az — a3) f(x) = 2pf (x)as f(x)as — pf(x)’af =0

for all x = (xy,...,2,) € R™.
If ag € C, then one of the following holds:
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1. there exist A € C' and a € U such that F(z) = Az and G(z) = za for all
r € R, with A = a?;

2. there exists b € U such that F(x) = xb* and G(z) = bx for all v € R;

3. there exist a,b € U such that F(z) = ax and G(x) = b for all x € R, with
v* € C and p(a — b*) = 0;

4. there exist a,b € U such that F(x) = ax and G(x) = b for all x € R, with
f(R)* € C and p(a —b*) = 0.

Proof. As a3z € C, the given identity becomes
pay f(2)* + pf(x)(as — a2) f(x) — pf(x)?(2aza4 + a2) =0 (4.2.8)

for all z = (x1,...,2,) € R". Then by Lemma 4.2.3, we get either p € C or

as —a3 € C.

If we take p € C, then the conclusions (1)-(3) hold from Lemma 4.2.6. On the

other hand if we consider ay — a3 € C, then the equation becomes
plar + az — a3) f(2)? — pf(2)*(2a3a4 +a3) =0 (4.2.9)

for all x = (xy,...,2,) € R". Then by using Lemma 4.2.5, we have the following
results:

e 2azas+a? € C and p(a;+as—a3) —p(2azas+a3) = 0, that is p{(a; +az) — (az+
as)?} = 0. Now a3 € C and ay — a3 € C implies ay € C. Also 2azayq + a3 € C and
az € C implies (az+ay)? € C. Therefore in this case F(z) = ayz +xay = (a; +as)z,
G(z) = azr+ras = x(az+ay) where (a3+aq)* € C with p{(a;+az)—(az+a4)*} = 0.
This is our conclusion (3).

ep e C, pla; +ay—a3) € C and pla; + ay — a3) — p(2azas + a3) = 0. Since
p € C so conclusion follows from Lemma 4.2.6.

e f(R)? € C and p(ay + ay — a2) — p(2azas + a?) = 0, that is p{(a; + as) —
(a3 + a4)?} = 0. Now a3 € C and ay — a3 € C implies ay € C. Therefore in
this case F(x) = a1z + zas = (a1 + a)zr, G(r) = azx + ras = z(az + a4) with

p{(a1 + a2) — (a3 + a4)*} = 0 and f(R)? € C. This is our conclusion (4). O
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Lemma 4.2.8. Let R be a prime ring of char(R) # 2, f(z1,...,x,) be a noncentral

multilinear polynomial over C and there exist 0 # p, aq,as,as,as € R such that
pai f(x)? + pf(x)(az — a3) f(x) — 2pf(2)az f(z)as — pf(z)?al = 0

for all x = (xy,...,2,) € R™.
If ay € C, then one of the following holds:

1. there exist A € C and a € U such that F(z) = Az and G(z) = za for all
xr € R, with A = a?;

2. there exists b € U such that F(z) = xb* and G(z) = bz for all z € R;

3. there exists b € U such that F(z) = b*x and G(z) = xb for all x € R, with
f(R)? € C;

4. there exist a,b,c € U such that F(x) = ax + xb and G(z) = cx for all x € R,
with b — ¢* € C and p(a+ b — ¢*) = 0.

Proof. As a4 € C, the given identity becomes
parf(0)? + pf(x)(az — a3 — 2asa.) f(x) — pf()2a2 =0 (4.2.10)

for all z = (z1,...,2,) € R". By Lemma 4.2.3, we get either p € C' or ay — a3 —
2&3&4 e C.

If we take p € C, then the conclusions (1)-(3) hold from Lemma 4.2.6. On the

other hand if we consider as — ag — 2azay € C, then the equation becomes
play + az — a3 — 2azay) f(2)? — pf(x)?a3 =0 (4.2.11)

for all z = (x1,...,2,) € R". Then by using Lemma 4.2.5, we have the following
results:

e a? € C and p(a; +as—a3—2azay) —pa3 = 0, that is p{(a; +az) — (az+aq)*} = 0.
Now a4 € C and ay — a3 — 2aza, € C implies as — (a3 + a4)?> € C. Therefore in this
case F(x) = ayx + way, G(x) = azz + ras = (a3 + ayg)z where ay — (a3 + a4)? € C
with p{(a; + a2) — (a3 + a4)*} = 0. This is our conclusion (4).

e pcC, pla;+ay—a2—2azay) € C and p(a; + ag — a3 — 2azay) — pas = 0, that
is p{(a; + az) — (az + a4)*} = 0. Since p € C so conclusions follows from Lemma

4.2.6.



72

e f(R)? € C and p(ay + as — a3 — 2azay) — pai = 0, that is p{(a; + az) — (a3 +
as)?’} = 0. Now a4 € C and ay — a2 — 2azay € C implies ay — (a3 + a4)* € C.
Therefore in this case F(x) = ajx + zag, G(x) = azx + xay = (asz + a4)r with

p{(a; + as) — (az + a4)?} = 0. This is our conclusion (4). O

Lemma 4.2.9. Let R = M,,(C), m > 2 be the ring of all m x m matrices over the

field C and f(xy,...,x,) a non-central multilinear polynomial over C. If there exist
A, B,C,p,as,as € R such that

Af(2)* + pf(x)Bf(x) = 2pf(x)as f(z)as — pf(2)?C =0
for all x = (xy,...,x,) € R", then either p or as or a4 are scalar matrices.

Proof. First we consider C' is infinite field.

To prove our conclusion, we assume on contrary that p ¢ Z(R), as ¢ Z(R) and
as ¢ Z(R). We prove that this case leads to a contradiction. Since p ¢ Z(R), a3 ¢
Z(R) and a4 ¢ Z(R), by [62, Lemma 1], there exists an invertible matrix @) for which
QpQ~', QasQ~ ' and QasQ "' have all nonzero entries. Now we consider the auto-
morphism ¢(z) = QzQ~" for all x € R. Since {f(z1,...,2,) : x1,..., 2, € M,,(C)}

is invariant under the action of all C-automorphisms of M,,(C'), by hypothesis
P(A) f(2)? + ¢(p) f(2)d(B) f(x) = 26(p) f(x)¢(as) f (x)p(as)
—¢(p)f()*¢(C) =0 (4.2.12)
for all x = (x1,...,2,) € R. By e;;, we consider the usual matrix unit with 1 in
(1, 7)-entry and zero elsewhere. Then it is obvious that efj = 0. Since f(z1,...,z,)
is not central valued, by [78] there exist some matrices r,...,r, € My, (C) and

0 # v € C such that f(ry,...,r,) = ve;;, with i # j. Therefore substituting
f(z1, ..., xn) = 7e;; in (4.2.12), we get

d(p)eijo(B)ei; — 2¢(p)eijpas)eplas) = 0

Multiplying by e;; in right side and left side of the above relation, we have

2¢;;0(p)eijo(as)eijd(as)e;; =0

which gives a contradiction, since ¢(p), ¢(a3) and ¢(asq) have all nonzero entries.

Thus we conclude that either p or as or a4 are scalar matrices, when C' is infinite

field.



Generalized Derivations on prime ring 73

Now we consider C'is finite field. Let K be an infinite field which is an extension
of the field C. Let R = M,,(K) = R®¢ K. Notice that the multilinear polynomial
f(zy1,...,x,) is central-valued on R if and only if it is central-valued on R. Now the
GPI is

C(xy, ... x,) =
Af(zy,.. ., xn)? +pf(xe, ..., 20)Bf(xe, ..., 2,)
—2pf (21, ... wp)asf(xy, ..., xp)ay — pf(xy,. .., 2,)°C =0. (4.2.13)

which is a GPI for R.
Also, it is a multi-homogeneous of multi-degree (2,...,2) in the indeterminates

T1yeooyTp.

Hence the complete linearization of I'(z1, .. ., z,) yields a multilinear generalized

polynomial O(xq,..., 2., S1,...,8,) in 2n indeterminates, moreover
n
Oy, Ty 1,y Ty) = 20T (21, .o, ).

Clearly the multilinear polynomial O(zy,...,%,,S1,...,8,) = 0 is a generalized
polynomial identity for R and R too. Since char (C) # 2 we obtain I'(zy, ..., 2,) =0

for all z1,...,z, € R and then conclusion follows as above when C' was infinite. [

Lemma 4.2.10. Let R be a prime ring of char (R) # 2 and f(xy,...,7,) be a
non-central multilinear polynomial over C. If there exist A, B,C,p,as3,a4s € R such

that
Af(2)? +pf(x)Bf(x) = 2pf(x)as f(x)as — pf(x)*C =0
for all x = (xq,...,2,) € R", then either p € C or ag € C oray € C.

Proof. Let p ¢ C, a3 ¢ C and a4 ¢ C. Now we show that this assumption leads to

a contradiction. By hypothesis, we have

C(x,...,2,) =
Af(zy, .. xn)? +pf(1, ..o 20)Bf (2, .. 1)
—2pf (@1, ..., wp)azf(x, ... xp)agy — pf(xy, ..., 2,)°C =0 (4.2.14)
for all z4,...,x, € R.

Since R and U satisfy the same GPIs (see [24]) so, U satisfies I'(z1,...,x,) = 0.
Suppose that R does not satisfy any nontrivial GPL. Let T = U xc C{x1, xo, ..., T, },
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the free product of U and C{x1,...,z,}, the free C-algebra in noncommuting inde-
terminates x1, To,...,x,. Then I'(x,...,x,) is zero element in 7. This gives that

{A, p} is linearly C-dependent, hence there exist v € C' such that A = ap. Then

apf(xi, ..., xn)2 +pf(xe, ..., 2)Bf(x1, ..., 2,)
_2pf(xl7 .. 7xn)a’3f(x17 s 7$n)a4 _pf(xlv s 7'7:71)20 = 07

that is

pf(z1, .. xp){a(xy, ... xn) + Bf(xq,. .., 2)
—2a3f(x1,...,xn)aq — f(z1,...,2,)C} = 0. (4.2.15)

forall xy,..., 2, € R. Since p,as, a4 ¢ C, the term —2pf(z1,...,x,)asf(x1,. .., T,)aq
can not be canceled and hence we arrive at a contradiction.

Next suppose that U satisfies the non-trivial GPI I'(xy,...,z,) = 0. Then by
the well known theorem of Martindale (see Theorem 1.6.6), U is a primitive ring with
nonzero socle H and with C' as its associated division ring. By Jacobson’s theorem
(see Theorem 1.6.5), U is isomorphic to a dense ring of linear transformations of a
vector space V over C.

If V is finite dimensional over C, that is, dimcV = m, then by density of U, we
have U = M,,(C). As U is noncommutative, m > 2. By Lemma 4.2.9, P € C or
az € C or ay € C, a contradiction.

If V is infinite dimensional over C', then by [98, Lemma 2], the set f(U) is dense
on U. Thus U satisfies

Ax? + pxBx — 2prasva, — pr’C = 0. (4.2.16)

Since p ¢ C, a3 ¢ C and a4 ¢ C, they can not commute any nonzero ideal of U, i.e.,
[p, H] # (0), [as, H] # (0) and [a4, H] # (0). Therefore, there exists hy, ho, hs € H
such that [p, hi] # 0, [as, ha] # 0 and [ay, k3] # 0. By [56], there exists idempotent
e € H such that phq, hip, ashs, hoas, ashs, hgay, hy, he, hs € eUe. Since U satisfies

generalized identity
e{A(exe)? + pereBexe — 2pexeaszexeay — plexe)*Cle = 0,
the subring eUe satisfies

(eAe)z® + (epe)x(eBe)x — 2(epe)z(ease)r(ease) — (epe)z*(eCe) = 0.
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Since eUe = M;(C') with t =dimcVe, by above argument p or az or a4 are central
elements of eUe. But then we have contradiction as ph; = (epe)h; = hiepe = hip

or aghy = (eaze)hy = hy(eaze) = hgas or ashs = (eage)hs = hz(ease) = hay. O

Proof of the Proposition 4.2.1. By hypothesis, we have

paf(z)* + pf(2)(az — a3) f(x) — 2pf (x)as f(z)as — pf(2)*ai =0

for all x = (x1,...,x,) € R". Then by Lemma 4.2.10, we get either p or az or a4
are central. Therefore from Lemma 4.2.6, Lemma 4.2.7 and Lemma 4.2.8 we get

the conclusions (1)-(5).

4.3 Proof of Main Theorem

In light of the notion in [79, Theorem 3], we may assume that there ezist a,b € U
and derivations d,0 of U such that F(z) = ax + d(z) and G(z) = bx + §(x).

We shall use the notation
flan, ) =mZa - Ta Y QoTa()Te(@)** Taln)
0ESy,0#id

for some a, € C', and S,, denotes the symmetric group of degree n.

Then we have
d(f(zr,.an) = for, . wn) + > o, d(w), . x),

where f%(zy,...,1,) be the polynomials obtained from f(z1,...,z,) replacing each

coefficients a, with d(a,). Similarly, by calculation, we have

P(flxy,. . x0) = [Car,.. . x) +2Zfd(x1,...,d(xi),...,xn)

By hypothesis

for all x = (xy,...,z,) € R™.
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Since R and U satisfy the same generalized polynomial identities as well as the
same differential identities(see [24] and [82]), without loss of generality, we may

p(F(F@) (@) = f(@)G(F(@))) =0
for all x = (x1,...,x,) € U". Hence U satisfies
p{(af (@) +d(f(@))) f@) = f@)b(bf (@) +3(f(x)))
—F@)5(bf (@) +(f(@))) } =0 (43.1)

for all x = (xy,...,x,) € U™, where d,§ are two derivations on U not both inner.

Case-1:When d and ¢ are linearly C-independent modulo inner derivations of
U.
Now from (4.5.1), U satisfies

p{af(xl,...,xn)Q ~ fa, a2, )
(fd Ti,..., Ty +Zf 1, d(Ty),. .,xn))f(:vl,...,acn)

—2f(x1,...,x )<f5;p1,..., +fo1,... xn)>

—f(:vl,...,:cn)d(b)f(xl,... 2n) — f(z1,. .., x )<f52(x1,...,xn)
—1—22]05(1;1,..., T —l—fol,..., Ti),. .oy Ty)

3 Flon e 8, 8(). xn)>} ~0 (4.3.2)

for all x1,...,x, € U. Since d and § are not inner, by Kharchenko’s theorem (see

Theorem 1.6.4), U satisfies

p{af(xl,...,xn)Q—f(xl,..., DO f(xe, ... 1)
+<f X1y, Tp +Zf Tiyeoy Ty x))f($1,...,xn)

—2f(x1,...,2,)b <f5 T1,. ., & —i—Zf xl,...,yi,...,xn))

a0 F () —f(;cl,...,xn)(f52(x1,...,xn)
+22f5(x1,...,yi,...,xn) +Zf(x1,...,ti,...,xn)

—i—Zf(ml,...,yi,...,yj,...,xn)>}:0. (4.3.3)

i#]
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In particular U satisfies the blended component

flzy,...,x fo1,---,z,---,$n):0-

Forti =z, andty, =--- =1, =0 we get

pf('xl? s o ,.CCn)Q = Oa (434)

implying either p = 0 or f(x1,...,2,)%> = 0 for all zy,...,x, € U, that is either
p=0or f(xy,...,2,) =0 for all z1,...,x, € U (see [26]), a contradiction.

Case-2:When d and § are linearly C-dependent modulo inner derivations of U.
In this case we get o, 8 € C and q € U such that ad + 36 = ad,. It is clear from
the context that (o, B) # (0,0). So without loss of generality we arrive the following
two subcases:
Subcase-1:When o = 0.
Then we get 6(x) = [p1,x], where p; = B~ 'q. Obviously d will not be an inner
derivation of U. Now from (4.3.1) U satisfies

p{af(xl,...,xn)2 — flay, ..., o) f(21,. .., 2p)

(o +Zf 2y d(@), ) ) [ )
—2f(3:1,...,xn)b[pl,f(xl,...,xn)} — f(z1,. .., xp) [pl,b}f(xl,...,:cn)
—f(x1,...,zp) [pl, [pl,f(arl,...,xn)]}} =0 (4.3.5)

forall xy,...,x, € U. Since d is not inner, by Kharchenko’s theorem (see Theorem

1.6.4), U satisfies

p{af(xl,...,:cn)Q—f(:cl,..., DO f (21, 1)

—i—(f Ti,. .., Tn —i—Zf Tiyeeey iy Ty ))f(xl,,xn)
—2f(x1,...,xn)b[pl,f(arl,...,xn)} — f(z1,.. . @) [pl,b}f(xl,...,xn)
—fx1,. .. xy) [pl, [p1, f(x1, ... ,xn)]}} =0. (4.3.6)

In particular U satisfies the blended component

pi(xb...,ri,...,xn)f(xl,...,xn) =0.
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Forry =xy and ry = -+ =1, = 0 we get pf(xy,...,x,)*> = 0 which is same as
(4.3.4), so we get a contradiction.

Subcase-2:When a # 0.

Then we have d = pd + ad,, for some p € C' and c € U. Here § never be an inner
derivation, otherwise both d and & will be inner, a contradiction. Then from (4.5.1)

we have

p{af(xl,...,xn)Q—f(xl,..., WO f(xe, ... 1)
+M<f5 T1,...,T +Zf l‘l,..., ,...,l’n)>f<l'1,...,l’n)

—i—[c,f(:r:l, o ,xn)}f(xl,...,xn)
—2f(x1, ... ,xn)b(f‘s(xl, ce ) Zf(xl, o 0(xy), . ,xn))

a0 f . wn) —f(a:l,...,xn)<f‘52(3:1,...,xn)
+2Zf5 Ty, ..., 0(x;), ,xn) +Zf(x1,...,(52(%),...,%)

+Zf Tiy...,0 xi,...,é(xj),...,xn»}: . (4.3.7)

i#]
The above differential identity is involved with the derivation words appear of the
type & and §*. Now by Kharchenko’s theorem (see Theorem 1.6.4) we may replace
§(x;) = y;i and 6*(x;) = t;, then U satisfies

p{af(xl,...,a;n)Q (s x)Of(@,a)
—i—u(f Tiye.o\ T +Zf xl,...,yi,...,xn)>f(x1,...,xn)

+[c,f(x1,...,a:n)}f(azl,...,xn)
_Qf(xl,...,xn)b(f Tl Ty —|—Zf xl,...,yi,...,xn))

(@ 2)5(0) fn, ) —f(xl,...,:pn)<f52(x1,...,xn)
—I—QZf‘S(xl,...,yi,...,mn)

+Zf(.flf1,...,ti,...,$n) +Zf(l’1,7y“,y]7,xn)>} = 0(438)
In particular U satisfies the blended component

flay, ..., fol,...,l,...,xn)zo.
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Fort, = xy and ty = -+ = t, = 0 we get pf(xy,...,2,)> = 0 which is same as

(4.3.4), so we get a contradiction. Thus the proof of the theorem is completed. O
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Chapter 5

Generalized Skew Derivations and
Generalization of Commuting
Maps in Prime Rings

5.1 Introduction

Let R be a prime ring of characteristic different from 2. Also Q, is the right Martin-
dale quotient ring of R, C' = Z(Q,.) is the extended centroid of R and f(xq,...,x,)
be a noncentral multilinear polynomial over C'. Let a be an automorphism of R.

Let S be a nonzero subset of R and F': R - R, G : R — R are two additive
mappings of R. The map F is said to be commuting on S (centralizing on S), if
F(z)r —xF(x) =0 for allz € S (resp. F(x)r —xF(x) € Z(R) for allxz € S). We
generalize the concept of commuting maps by considering another map G such that
F(z)r — G(z)F(z) =0 for allx € S.

In [20], Carini, De Filippis and Scudo studied the case when F(z)G(x) =0 for
allz € f(R), where F and G are generalized skew derivations of R associated to the
same automorphism and then describe all possible forms of F' and G.

In [21], Carini, De Filippis and Wei investigated the situation when generalized
skew derivations F' and G of R are co-commuting on f(R), that is, F(x)r—zG(z) =
0 for all x € f(R) and then obtain all possible forms of the maps F and G.

In a recent paper, Tiwari [92] studied the situation F(x)G(x) — xH(x) = 0 for
all x € f(R) and obtain all possible forms of the maps F and G, where F' and G

are generalized derivations of R.

O This work is published in Beitr. Algebra Geom. 63 (2022), 599-620, DOI: 10.1007/s13366-
021-00590-3.
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In the present Chapter, we shall study the case F(x)x — G(z)F(x) = 0 for all
z € f(R) and F, G two nonzero generalized skew-derivations of R. More precisely,

we prove the following:

Theorem 5.1.1. Let R be a prime ring of characteristic different from 2, Q, be the
right Martindale quotient ring of R and C' = Z(Q,) be the extended centroid of R.
Suppose that f(x1,...,x,) is a noncentral multilinear polynomial over C and F, G

are two nonzero generalized skew-derivations of R. If
F(z)r — G(z)F(z) =0
for all x € f(R), then one of the following holds:
1. F =G = 1d, the identity map on R;

2. there exist a,p € Q, such that F(x) = ax and G(z) = pxp~! for all x € R,
with p~ta € C;

3. there exist a,c,p € Q, such that F(z) = ax + prp~'c and G(z) = pxp~! for
all v € R, with f(R)? € C and p~'(a —¢) € C;

4. there erist a,p € Q, such that F(z) = ax — prp~ta and G(x) = —pxp~! for
all z € R, with f(R)* € C.

5.2 Some reductions in case of inner generalized

skew derivations.

Here we look attentively at the case of inner generalized skew derivations associated
to the same inner automorphism and collect a number of results which can be deduced
by others present in the literature.

We assume that F(z) = ax + prp~tc and G(x) = bx + pxp~iq for all x € R and for
some a,b,c,p,q € Q.. Now F(x)x — G(x)F(x) =0 for all x € f(R) gives

(ax + prp~te)r — (bx + prp~'q)(ax + prp~'e) = 0
for all x € f(R). Left multiplying by p~! to the above expression, we get

(p~tax +ap~te)x — (p~tbr + 2p~q)(ax 4+ pxpte) =0,
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that is

(p~tax + zp~te)xr — p~toz(ax + prp~ic) — xp~iqax

—xptqprp~tc =0 (5.2.1)
for all z € f(R). Therefore, we consider the generalized polynomial identity
a12% + zasx + agrasx + asrasrag + razras = 0 (5.2.2)

for all x € f(R), where a; = p~ta, as = p~'(c — qa), a3 = —p~'b, ay = a, a5 = p,
ag =p~'c, ap = —p~gp.
We firstly state the following result, which is a direct consequence of [44, Lemma

2.4):

Lemma 5.2.1. Let R be a noncommutative prime ring of char (R) # 2, Q, be its
right Martindale quotient ring and also C' the extended centroid of R. If f(x1,. .., xy)
18 a non-central multilinear polynomial over C' and aq, as, as, as, as, ag, a7 € R such
that R satisfies (5.2.2), then either az € C or as € C or ag € C.

Moreover, we also get the following five Lemmas:

Lemma 5.2.2. Let R be a prime ring of char (R) # 2, C the extended centroid of
R and f(x1,...,2,) a non-central multilinear polynomial over C.

If ay,a9,a3,a4 € R such that
a1x? + rasr + rasras = 0
for all z € f(R), then either az or ay is central.

Lemma 5.2.3. Let R be a prime ring of char (R) # 2, C the extended centroid of R
and f(x1,...,2,) a non-central multilinear polynomial over C. If ai,as,a3,a4 € R
such that

a1 + asxasr + rauw =0
for all x € f(R), then either as or as is central.

Lemma 5.2.4. Let R be a prime ring of char (R) # 2, C the extended centroid of
R and f(x1,...,2,) a non-central multilinear polynomial over C.

If ay, a9, a3, ay, as, ag, ar,ag € R such that
amz? + zasx + asrasr + rasrag + arrtag =0

for all x € f(R), then either az or ay are central and either as or ag are central.
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Lemma 5.2.5. Let R be a prime ring of char (R) # 2, C the extended centroid of
R and f(x1,...,2,) a non-central multilinear polynomial over C.

If a1, a0, a3, ay,as, ag, a7y € R such that
a12? + xasx + asrasx + vas + agr’ar =0
for all x € f(R), then either as or a4 are central.

Lemma 5.2.6. (see [42, Proposition 2.7]) Let R be a prime ring of char (R) # 2,
C' the extended centroid of R and f(x1,...,x,) a non-central multilinear polynomial

over C. If ay,as,as,ay, a5 € R such that
2 2 2
a1x” + xasr + asray + x7as = 0
for all x € f(R), then ay is central.

For sake of brevity, we omit the proofs of Lemmas 5.2.2, 5.2.3, 5.2.4, 5.2.5 and
5.2.6. To be more precise, those results can be proved by using the same techniques
and computations contained in [44, Lemma 2.4].

We finally recall the following result:

Lemma 5.2.7. [10, Lemma 3] Let R be a noncommutative prime ring with Utumi
quotient ring U and extended centroid C, and f(x1,...,x,) be a multilinear polyno-
mial over C', which is not central valued on R. Suppose that there exist a,b,c,q € U
such that (ax + xb)x — x(cx + xq) = 0 for all x € f(R). Then one of the following
holds:

(1)a,qe C andq—a=b—c=a € C;

(2) f(x1,...,2,)? is central valued on R and there exists « € C such that ¢—a =
b—c=a;

(3) char (R) =2 and R satisfies sy.

5.3 The proof of Main Theorem for inner gener-
alized skew derivations.

We start with the following:

Lemma 5.3.1. Let R be a noncommutative prime ring of char(R) # 2, Q, be its
right Martindale quotient ring and C' be its extended centroid. Also let f(xq,...,x,)
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be a noncentral multilinear polynomial over C' and a,b,c,p,q € Q, such that R
satisfies (5.2.1).
If p~tb € C, then one of the following holds:

1. pta,pte(b+q), b+ q € C with (a+c)(b+q—1)=0;
2. f(R?eC,b+qeC and pHclb+q) —a} =pHec— (b+q)a} € C;
3. ptce C withpta=—pc—(b+q)(la+c)) €.

Proof. As p~'b € C, (5.2.1) becomes

(p~tax + xp~te)r — x(p~tbax + p~tbprp~ic) — xp~lqax
—aptgprp~tc =0, (5.3.1)

that is
ptax? + zp~(c —ba — qa)x — xp~ (b + q)pzplc =0 (5.3.2)

for all x € f(R).
Then by Lemma 5.2.2, either p~(b+ ¢)p € C or p~'c € C.

Case-1: When p~*(b+q)p € C.
Then p~!(b+ q)p € C implies b+ g € C' and hence from above

ptax® +xp~t(c —ba — qa)x — 2*p~Le(b+q) =0 (5.3.3)
for all z € f(R), which can be re-written as
{p~Yax +zp~to)tr — 2{p (b + q)ax + xp~te(b+q)} = 0. (5.3.4)

Then by applying Lemma 5.2.7, we have the following results:

eptaeC, ple(b+q) € Cwith {p~te(b+q)—pla} = {p le—p ' (b+qla} =
acC.

Now {p~'e(b+q) —p~ta} = {p~lc = p (b +q)a} gives (a+c)(b+q—1) = 0.
Thus we obtain conclusion (1).

e f(R?eCand {ple(b+q) —pta} ={ptc—p b+ qa}l=acC.

Case-2: When p~lce C.

In this case (5.3.2) yields

ptar® +apt(c—ba —qa)r — xp (b4 q)cxr = 0, (5.3.5)
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that is
{plax—l—xpl(c— (b—i—q)(a—i—c))}x =0 (5.3.6)

for all z € f(R). Then by Lemma 5.2.7, p~ta = —p~'(c — (b+ q)(a + ¢)) € C. This

is our conclusion (3). O

Lemma 5.3.2. Let R be a noncommutative prime ring of char(R) # 2, Q, be its
right Martindale quotient ring and C' be its extended centroid. Also let f(xq,...,x,)
be a noncentral multilinear polynomial over C and a,b,c,p,q € Q, such that R
satisfies (5.2.1).

If p~tc € C, then one of the following holds:

1. p~ ', pta,p~te(b+q),b+q € C with (a+c)(b+q—1) = 0;
2. f(R?eC,b+q,p'beC andp{c(b+q) —a} =p Hec— (b+qa} € C;
3. plbeC withpta=—pc—(b+q)(a+c)) eC;
4.a+ceCandpta+c)(l—b)=pHa+c)geC.
Proof. By (5.2.1),
pHa+c)a? —pthr(a+c)r —axptqla+c)r =0 (5.3.7)

for all z € f(R). Then by Lemma 5.2.3, either p~'b € C ora+ce C. If p~'b e C,
we have our conclusions (1)-(3) by Lemma 5.3.1. Thus we consider the case when
a+ce C. By (5.3.7),

{pHa+c) (1 =b)x —zpt(a+c)gxr =0 (5.3.8)

for all z € f(R). By Lemma 5.2.7, p~'(a +¢)(1 —b) = p~'(a + ¢)q € C. This is our

conclusion (4). O

Lemma 5.3.3. Let R be a noncommutative prime ring of char (R) # 2, Q, be its
right Martindale quotient ring and C' be its extended centroid. Also let f(xq,...,x,)
be a noncentral multilinear polynomial over C and a,b,c,p,q € Q, such that R
satisfies (5.2.1).

If p € C, then one of the following holds:

1. a,b,c(b+q),q € C with (a+c)(b+q—1) =0;

2. f(R?*eC,qbeC andclb+q)—a=c— (b+q)acC;
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3. a,b,c € C witha=—c+ (b+q)(a+c) € C;
4. a,ce Cand (a+c)(1—0b)=(a+c)geC.
Proof. By (5.2.1),
(ax 4+ xc)x — bx(ax + xc) — xqax — xqre = 0, (5.3.9)
that is
ar?® + z(c — qa)xr — brax — xqrec — bx’c =0 (5.3.10)

for all x € f(R). Then by Lemma 5.2.4, either ¢ € C or ¢ € C. In case ¢ € C, we

have p~'c € C' and so we get conclusions (1)-(4) by Lemma 5.3.2. So ¢ € C and
hence by (5.3.10),

ar?® 4+ x(c — ga)r — brax — x?qc — bx*c =0 (5.3.11)

for all x € f(R). Again by Lemma 5.2.5, either b € C' or a € C. Now b € C implies
p~'b € C and then conclusions (1)-(3) follows by Lemma 5.3.1. Thus we consider
the case only @ € C'. Then (5.3.11) becomes

(a —aq — ab)z? + xcx — br’c — x2qe =0 (5.3.12)

for all z € f(R). This implies by Lemma 5.2.6, ¢ € C and hence p~'c € C and so

we are done again by Lemma 5.3.2. [

Lemma 5.3.4. Let R be a noncommutative prime ring of characteristic different
from 2, Q, be its right Martindale quotient ring and C be its extended centroid.
Suppose that f(xy,...,x,) be a noncentral multilinear polynomial over C, F(z) =

ar + prp~ic and G(z) = bx + pxp~tq for some a,b,c,p,q € Q, such that
F(x)r — G(z)F(z) =0

for all x € f(R). Then one of the following holds:

1. F(z) = (a+c)x and G(z) = pxp~" for all x € R, with p~'(a + ¢) € C;

2. F(x) = ax + pxp~tc and G(z) = pxp~" for all x € R, with f(R)*> € C and
pHa—c)€C;

3. F(x) = azx — prp~ta and G(x) = —paxp~! for all x € R, with f(R)*> € C.
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Proof. By hypothesis, we have
(ax + prp~te)x — (bx + pxp~'q)(ax + prp~c) =0
for all z € f(R). Left multiplying by p~! to the above expression, we get
(p~tax + xp~te)r — (p~tbr + 2p'q)(ax + prptc) = 0,

that is

1

(p~tazx + xp~te)x — p~tbrax — p~baprp~ic — xp~lqax

—xptgprp~te =0 (5.3.13)

for all z € f(R). Then by Lemma 5.2.1, either p~'b € C or p € C or p~tc € C.
Thus we consider the three cases:

Case-1: When p~tb e C.

Then by Lemma 5.3.1 one of the following holds:

e pla,pte(b+q),b+q € C with (a+c)(b+q—1) =0. Sinceb+q—1 €
C, we have either b+¢ = 1l ora+c = 0. If a+c¢ = 0, we have p~'F(z) =
ptar +xp~tc=ap~t(a+c) = 0 and hence F = 0, a contradiction. Thus we have
b+ ¢q=1and so p~la,p~tc € C. Therefore, F(x) = ax + pxp~tc = (a + ¢)x and
plG(x) =ptbx +aptq=ap ' (b+q) = zp ! and so G(z) = prp~! for allz € R
with p~*(a + ¢) € C. This is our conclusion (1).

e f(RP€C,b+qe Candp Helb+q)—a} =p Hc— (b+q)a} € C. The
last case implies (b + g — 1)(a + ¢) = 0, which again implies either b + ¢ = 1 or
a+c=0. Ifb+q=1, then p~!(c —a) € C and hence F(x) = ax + prp~'c and
p'G(x) = p~tox + xp~tq = 2p~ (b + q) and so G(z) = prp~t(b+ q) for all x € R,
as desired in conclusion (2).

On the other hand, if a + ¢ = 0, then F(z) = ar + prp~lc = ax — prp~la
and p~'G(z) = p~tbx + xzp~lq = 2p~ (b + q) and so G(x) = (b + q)pxp~* for all
r € R, withb+q e Cand p'{c(b+q) —a} € Cie,plab+q+1) € C. As
b+q+1¢€ C, we have either b+ ¢+ 1 =0 or p~ta € C. Since p~ta € C implies
F(x) = ax — pxp~ta = 0, a contradiction. Hence b+ q = —1. This is our conclusion
(3).

e plce Cwithp~ta = —p~'(c— (b+q)(a+ ) € C. Therefore, p~'F(zx) =

Lax + ap~tc = p~H(a + ¢)x and p~'G(z) = p~tbx + xp~tq = 2p~ (b + ¢q) and so

o
F(z) = (a+ ¢)xr and G(z) = prp~'(b+ q) for all x € R, with p~'(a +¢) € C i.e.,

(a+c)pteCandpta=—ptlc—(b+q)(atc) ie ptb+qg—1)(a+c)=0,
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ie., (b+q—1)(a+c)p~' = 0. This implies either b+¢q—1=0or (a +c)p~! = 0.
In the last case (a + ¢)p~! = 0 implies a + ¢ = 0 and then F = 0, a contradiction.
Thus b+ ¢ = 1 and so conclusion (1) is obtained.

Case-2: When p~tce C.

By Lemma 5.3.2 one of the following holds:

ep b, pta,pte(b+q),b+q € C with (a+¢)(b+q—1) = 0. Since p~'b € C,
conclusions follow by Case-1.

e f(RPeC,b+qptbeCand p Hc(b+q) —a} =p{c— (b+q)a} € C.
Here also p~!b € C and hence conclusions follow by Case-1.

eplbe Cwithpta=—ptc—(b+q)(a+c)) e C. Again conclusions follow
by Case-1 as p~tb e C.

eat+ceCandp (atc)(1-b)=p(at+c)geC. Thus (a+c)(1—b—q) =0.

If 0 # a+ c € C, then these relation yields b+¢g=1and p (1 -0) =plqe C
and hence F(z) = ax + prp~tc = (a + c¢)xr and G(x) = bx + pxp~tq = (b+ q)x = =,
which is a particular case of conclusion (1), when p € C.

If a +c =0, then F(x) = ax + prp~'c = (a + c¢)x = 0, a contradiction.

Case-3: When p € C.

By Lemma 5.3.3 one of the following holds:

e abcb+q),qeC with (a+c)(b+q—1)=0.

e f(R?PeC,qbeCandcb+q)—a=c—(b+qaecC.

eabceCwitha=—c+ (b+q)latc)eC.

ea,ccCand (a+c)(l—0b)=(a+c)geC.

In the first three cases, as p,b € C, we have p~'b € C and so conclusions follow
by Case-1.

The last case gives conclusion (1) as discussed in the last case of Case-2. [

In particular, for 0 # p € C, we have the following Corollary from above.

Corollary 5.3.5. Let R be a noncommutative prime ring of characteristic different
from 2, @Q, be its right Martindale quotient ring and C' be its extended centroid.
Suppose that f(xq,...,x,) be a noncentral multilinear polynomial over C, F(x) =

ax + zc and G(x) = bx + xq for some a,b,c,q € Q, such that
F(z)x — G(z)F(x) =0

for all x € f(R). Then one of the following holds:
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1. F(x)=(a+c)x and G(x) =z for allx € R, with a+ c € C;
2. F(z) = azx + zc and G(z) =z for all z € R, with f(R)* € C and a — ¢ € C;
3. F(x) = ax — za and G(x) = —x for all x € R, with f(R)* € C.

We now consider the case of inner generalized skew-derivations having associated

automorphism o, which is not necessarily X -inner.

Lemma 5.3.6. Let R be a noncommutative prime ring of characteristic different
from 2, Q, be its right Martindale quotient ring and C' be its extended centroid.
Suppose that f(x1,...,x,) be a noncentral multilinear polynomial over C, F(x) =
ax + a(x)c and G(x) = bx + a(x)q for some a,b,c,q € Q, and a € Aut(R), such
that
F(z)r — G(z)F(z) =0
for all x € f(R). Then one of the following holds:
1. F =G = 1d, the identity map on R;

2. there erist a,p € Q, such that F(x) = ax and G(x) = prp~' for all x € R,
with p~ta € C;

3. there exist a,c,p € Q, such that F(x) = ax + prp~'c and G(z) = pxp~! for
all v € R, with f(R)? € C and p~'(a —¢) € C;

4. there erist a,p € Q, such that F(x) = ax — prp~ta and G(x) = —pxp~! for
all z € R, with f(R)? € C.

Proof. If o is X-inner, we are done by Lemma 5.3.4. Moreover, in case « is the
identity map on R, then both F' and G are generalized derivations of R and then
we are done by Corollary 5.3.5. Therefore we assume that « is X-outer and it is not
the identity map on R.

Under these assumptions we show that a number of contradictions follows.

By [25, Theorem 1] that R and @), satisfy the same generalized polynomial identities

with automorphisms. Therefore @, satisfies
O(wy, ... 1) = (af(:rl,...,mn) —i—a(f(a:l,...,xn))c)f(xl,...,:vn)
—<bf(x1, wn) +alf(a, . ,:L‘n))q)
(af(:cl, )+ o f, ,xn))c> —0. (5.3.14)
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Moreover, @, is a centrally closed prime C-algebra. If ¢ = ¢ = 0, then we are done
again by Lemma 5.3.4 as particular case and hence we assume that either ¢ # 0 or
q # 0. Then it follows by [25, Main Theorem| that ®(z1,...,2,) is a non-trivial
generalized identity for @),.. By [74, Theorem 1|, @), is primitive with non-zero socle.
Since « is an outer automorphism and any (z;)*word degree in ®(xq,...,z,) is
equal to 2 and char(R) = 0 or char(R) = p > 2, then by [25, Theorem 3|, @,

satisfies the generalized polynomial identity

(af($1a~~->$n) +fa(yla"'ayn)c)f(zla"'7$n)
—(bf(a:l,...,xn) —|—f°‘(y1,...,yn)q) (af(xl,...,xn) +fa(y1,...,yn)c)
=0

(5.3.15)
where f*(z1,...,2,) is the polynomial obtained from f(xi,...,x,) by replacing
each coefficient v, with a(7,). Notice that f*(z1,...,z,) is not central valued on
R.

From (5.3.15), @, satisfies (in particular when yi, ..., y, = 0)
af(xy,...,x0)* = bf(x1,...,20)af(z1,...,2,) =0 (5.3.16)
and (in particular when xq,..., 2z, = 0)
1, yn)af“ (i, .o yn)c = 0. (5.3.17)

Applying Corollary 5.3.5, (5.3.16) implies that a € C' and b = 1.
Moreover, (5.3.17) implies that ¢ = 0 or ¢ = 0.
Let ¢ = 0 and then ¢ # 0. Then by (5.3.15) (asa € C, b =1 and ¢ = 0), Q,

satisfies

(1, yn)gaf(zy, ..., x,) =0

which implies ga = 0, i.e., a = 0. Then F(z) = ax + a(z)c = 0, a contradiction.
Next let ¢ = 0 and then ¢ # 0.
Then by (5.3.15) (as a € C, b= 1 and ¢ = 0), Q, satisfies

1, yn)ef(xr, . oyxn) — flon, o x0) f (Y1, oo yn)c = 0,

that is
I, flxy,...,2,)] =0 Vai,...,2, €Q,
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where ¢ = f*(y1,...,yn)c. This implies ¢ € C. Notice that, in this situation and
since f*(y1,...,Yyn) cannot be central valued on @, it must be ¢ ¢ C'. On the other

hand, since [, ¢] = 0, it follows that

(Y1, Yn),cle=0

is a generalized identity for @,. But, in such eventuality, [57, Theorem 1] implies a

contradiction. O

5.4 The proof of Main Theorem in the general

case.

In light of the results obtained in the previous Section, Theorem 5.1.1 is proved if

any one of the following cases holds:
1. d =06 =0, that is both F' and G are centralizers of R;

2. « is the identity map on R, that is both F' and G are generalized derivations

of R;

3. both d and § are inner skew derivations of R, that is both F' and G are inner

generalized skew derivations of R.
Thus in all that follows, we assume that
1. either d # 0 or d #0;
2. « 18 not the identity map on R;
3. d and ¢ are not simultaneously inner skew derivations of R.

In consideration of what has just been said, in the last part of our paper we prove
that these assumption drive us to a number of contradictions. To do this we need
the following:

Fact: Let R be a prime ring, D be an X-outer skew derivation of R and o be
an X -outer automorphism of R. If ®(x;, D(x;), a(x;)) is a generalized polynomial
identity for R, then R also satisfies the generalized polynomial identity ®(z;,y;, z;),

where x;, y; and z; are distinct indeterminates ([27, Theorem 1]).
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The Proof of Theorem 5.1.1

By [23], we have F(x) = ax + d(z) and G(z) = bz + 6(x), for all x € R, where
a,b € Q, and d,é are skew derivations of R. Thus R satisfies

Uy, ..., xp,d(x),. .., d(x,),0(x1),...,0(x,)) =
(af(:vl,...,xn) +d(f(z,. .. ,xn)))f(xl,...,xn)

—(bf(xl,...,xn) +0(f(z1,. .. ,xn))) (af(a:l,...,a:n) +d(f(xy,... ,xn))>
= 0. (5.4.1)

The action of the skew derivation d on any monomial of f(xy,...,x,) can be de-

scribed as follows:

d(”" () -fvaw)) = d(Y5)To(1) *** Ton)

n—1
Ta(70) 2520 ATo)  + To())ATa(41)) Toi+2) -+ Ta(n)-

So we have

d(f(z1,..., 1)) = fxe, ..., 2,)

n—1
+ 2 oes, MVo) 2ojmo UTo(1)  ** To(i)) A To(j+1))To(42) " To(n)-

Since R satisfies (5.4.1), then it satisfies

(af(xl, o)+ U, Ty
+ 3 es, 00) 720 o) -+ To() ) ATo( 1) ) To (i) - 'l’a(n)) flxe, .. zn)
—<bf(x1, oo xn) + (T, )
+ desn a(7s) Z;:ol UATo(1) *** To())0(To(j+1)) To(jt2) * - '$o(n))
.(af(xl, vy )+ [, 1)

n—1
2 oes, ¥(Ve) 20520 UTo()  ++ To()) Ao (j11)) Ta(ii2) - - -’Eow) =0. (5.4.2)

First we prove that none of d and § could be inner.
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Assume that d(x) = ur — a(z)u, for some u € Q.. Then, by [27, Theorem 2]
(@t o) = alf e zau) o) = (o)
@) + e, @(0) img ATo(t)  T0(3)8(To(r41)) To(42) - 'l’a(n))

.(m+uﬁ@h”w%)—Mﬂm,”w@m>:0 (5.4.3)

is also satisfied by Q.. Since, § is not inner, then (5.4.3) implies that Q, satisfies
the following

((a +u)f(ze,.. . xn) —alf(z, ... ,xn))u>f(:c1, N (bf(a:l, ey T)
1)+ B, 200) I 0l -t oty 2
((a +u)f(xy, ... xn) —alf(xyg,... ,xn))u) = 0. (5.4.4)
In particular Q, satisfies
(Zaesn (Ye) 22520 (o) To()Yoli41)Ta(+2) 'f'fo(m)

(m+mﬂm,“@@—aguhnﬂmm):o (5.4.5)

In case there is an invertible element q € Q, such that a(x) = qrq™", for all

x € R, then we write (5.4.5) as follows
(desn Yo Xm0 o)) o) Yolj+1)Ta(i+2) " '$a<n>>
.((a +u)f(xy, ... xn) —qf(xq,. .. ,xn)q_lu) =0 (5.4.6)
and replacing any Yo(j+1) 0Y QYo(j+1), it follows that Q). satisfies
q (desn Yo Ym0 Tall) " To(i)Ya(i+1)Tali+2) " '%m))
((a +u)f(xy,. .., xn) —qf(xq, ... ,xn)qlu) = 0. (5.4.7)
In particular, Q, satisfies blended component

qf(xla vy Li—1,Yis Tit1y - - - wrn) ((a + u)f($17 s 7xn) - qf(xla s 7'xn>qlu) = 07

1

that is (left multiplying by ¢~ and replacing y; by ;)

f(xla tee 7xn)(a+u)f($la s 7xn) - f(xla cee 7xn>Qf(x17 s ,:Un)q_lu =0.
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By Lemma 5.2.2, either ¢ € C or ¢~'u € C. Since « is not the identity map, then
q& C. Thus ¢ 'u € C, d =0 and Q, satisfies f(x1,...,xp)af(x1,...,x,). This

implies a = 0. Thus F' =0, a contradiction.
On the other hand, if o is outer, by (5.4.5) Q, satisfies

n—1
(Zaesn O‘(%) Zj:o Ro(1) " Ra(DYo(j+1) Lo (542) © '%(n)>

((a Fu) (@, ) — f(z0 zn)u> ~0. (5.4.8)

Forxz1 =0 and yp =0 in (5.4.8), with k =2,...,n, one has that Q), satisfies

Y W)z 2o Tae2) T (215 s 2n)u =0
G’GSTL

implying that f*(x1,...,x,)%u is an identity for Q,. This gives u =10 (i.e., d =0).

Then (5.4.8) reduces to

<Za€5n OZ(VU) Z;l:_(]l Zo(1) " Ro()Yo(j+1) Lo (j+2) * " ° xo’(n)) le(Il, . ,.Tn)
=0 (5.4.9)

which is satisfied by Q.

In particular, Q, satisfies blended component

(Zaesn a(vs) Z;.:Ol Zo(1) - " zo(n_l)yo(n)>af(x1, oo my) =0 (5.4.10)

Replacing z; by a(z;) and y; by a(z) fori = 1,2,...,n, from above relation Q,

satisfies
<a(f(zl, . ,zn))>af(x1, ceyxy) =0,

that is caf(x1,...,2,) =0, where ¢ = a(f(z1,...,2n)). This implies da = 0, that
is, a(f(z1,...,2n))a =0 forall z1,...,z, € Q.. This impliesa =0. Thus F =0, a

contradiction.
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Conversely, assume now §(x) = v — a(z)v, for some v € Q,.. Hence, as above,
(af(:vl, o)+ )
2 pes, A0%) X50g o) -+ o)) Ao 1) To(42) - '%(n)) fl@y, o)
— <(b—|— V) f(x1,. . ) —alf(xg, ... ,xn))v)
<af(x1, v xn) + f Uy, )
+ D pes, (Vo) Z;:S ATo1)  * To()) A To(j41))To(j+2) - - -xa(n)) =0(5.4.11)

18 also a generalized differential identity for Q.. Also in this case, d is not inner, so

that @, satisfies the generalized identity
(af(xl, o)+ T, T)
+ e, W0) o0 A@or) -+ To() Zo41) To(i12) - '%(n)) flar,. o an)
—((b—i— V) f(x1, .. 2,) —alf(xg, ... ,xn))v)
<af(x1, o) + )
+ 3 es, @(Ve) X000 Ta(t) * * Ta()) Zo(ir1) To(j+2) - - -a:o(n)) =0. (5.4.12)
Here (), satisfies the blended component
(Zaesn a(76) X720 HTa(r) o)) Zo(i41)Toli2) '%m)) flwy,. )
—((b—l— V) f(xg, ... z) —a(f(xg, ... ,xn))v)
(Zaesn a(e) Y020 aTo() * * Ta(h)) Zo(+1)Tali+2) - - -%(n)> =0. (5.4.13)
If a(x) = qxq™!, for all x € R, then we write (5.4.13) as follows
(Zaesn Yo 2jm0 dTo(1) ** To(d ™ Zol+1)To(i42) " '%(n)) flar, o )
— ((b +0)f(x1, .. xn) — qf (2, . .. ,xn)q_1v>

—1 _
(Zaesn Vo D im0 QTo()) " To(HA " Zo(i+1)To(j+2) 'ﬂfa(n)) =0 (54.14)
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and replacing zy(j+1) bY qzs(j4+1, it follows that Q, satisfies
n—1
Q(Zaesn Yo Zj:() To(1) """ To(j)Ro(j+1) Ta(j+2) -xg(n)) flz, ..o xy)
- ((b + U)f(xla s 7'T7Z) - qf(xh s ,l’n)ql'l})

q (Zaesn Vo Z;:é To(1) " * To(j)2e(j+1) Lo(j+2) * *° ﬂia(n)> = 0. (5.4.15)

In particular, Q, satisfies any blended component

qf (T, @is1, Ziy Tigy e oo Tn) f(T1, 000, X0)
(0 0o = af o))
.qf(l‘l, vy Li 15 R Ljg 1y e - - ,{En) = O, (5416)

U and replacing z; by x;)

that is (left multiplying by q~
s (q—1<b+v>f<x1,...,xn> - f(xh---’m‘-’_l“)q‘f(“’ o) =0

By Lemma 5.2.3, and again by the fact that « is not the identity map, it follows
that ¢~ (b +v) € C.Thus Q, satisfies

<f(1;1, coy @) — fla, . ,xn)qlbq)f(xl, ey @) = 0.
This implies b =1 (see [10, Lemma 3]). Then left multiplying by q~*, (5.4.16) yields

flaey, oo iy, zi Tty - o Tp) f(T1, -0, Tp)

—f(z1, .. wn) f(T1, o T, 26y Tigd, -2 ) = 0. (5.4.17)
Replacing z; by [p,x;] for some p ¢ C, Q, satisfies
D, f(z1,. . xn)]f(xe, ..o xn) — fz, ..o xn)[p, f(2, ..., 2,)] = 0. (5.4.18)

By [77], p € C, a contradiction.

Hence we may assume that o is not inner. Thus, by (5.4.13), Q. satisfies
n—1
(Zaesn (7o) Zj:o Yo(1) " Yo()Zo(j+1)To(j42) " -:L‘U(n)> flze, .. xy)
— ((b +o)f(x1,...,20) — [*(y1,- - ,yn)v>

‘(ZUESn (o) Z;:ol Yo(1) " " Yo(h)Ro(+1) Ta(j+2) " %(n)) =0. (5.4.19)
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In particular, for x1 =0, Q, satisfies

fYr, -y yn)v (Zaesn (7s) Z;:é Yo(1) =" " Yo(j)R1To(j+2) " ° wa(n))
=0, (5.4.20)

that gives f*(y1, .., Yn)0f*(Y1, ... yn) = 0. This implies v =0 (i.e., 6 =0). Then
by (5.4.19), Q. satisfies

n—1
(ZJESn (o) ijo Yo(1) """ Yo(4)Ro(i+1)La(5+2) -wo(n))f(xl, Ceey Ty

—bf(w1,... 7). (Zaesn (Vo) Y020 Yo(t) -+ * Yo(i) Zo(i+1) Ta(j+2) - - '%(m)
— 0. (5.4.21)

In particular, Q, satisfies blended component

n—1
(zgesn (1) S ity -+ ~y0<n_1>za<n>) )

—bf([)?l, B axn)- (Zaesn CY(’YU) Z;:ol Yo1) « - 'yg(n_l)zg(n)> =0. (5.4.22)

Replacing y; by a(y;) and z; by a(y;) for i = 1,2,...,n, from above relation @,

satisfies

alf(yr, - syn)) [T, o yxn) = bf (21, . xn)a(f (Y1, -+, ¥n)) =0, (5.4.23)

that is ¢ f(x1,...,x,) — 0f(21,...,2,)¢ = 0, where ¢ = a(f(y1,...,yn)). This
implies ¢ € C' (see [38, Lemma 2.1]), that is, f(y1,-..,yn) s central valued, a con-

tradiction.

By the above argument, in all that follows we may assume that both d and o are

not inner skew derivations of R.

In order to prove the final part of the Theorem we need to divide the argument
i several cases.

Case 1: d=0

In this case, 0 # 0 is not an inner skew derivation. Hence, by [27, Theorem 2]
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and (5.4.2), Q, satisfies the following:
af(xy,...,xn)% — (bf(:zcl, oo xn) + (T, 1)

+ 3 e, AV0) X720 Al@o(r) - To ()0 (To(j 1)) To(ira) - '%(m)
af(xy,...,z,) =0. (5.4.24)

This last relation leads to (5.4.3) as a particular case, and we get a contradiction as
above.

Case 2: ) =0

In this case, 0 # d is not an inner skew derivation and we may reduce (5.4.2) to

the following identity for Q,:
(af($1, e ) + U, 1)
+3 e, @(Ve) Xig ATo(1) - To())A(To(j 1)) To(ir2) - - 'xcr(n)) fla, ..o )
—bf(z1,...,2,). (af(xl, o)+ f U, 1)
+ Yges, 4(10) XG0 0oy 2o(3))d(Ta (1) To(ir2) - ﬂfa(n)) =0.(5.4.25)
Since d is not inner, by (5.4.25) it follows that Q, satisfies the generalized identity
(af(xl, e )+ U, 1)
+ Zaesn a(Ys) Z;:ol Oé(%(l) e $a(j))2a(j+1)%(j+2) T %(n)) [z, .. 2)
—bf(x1,...,x,). (af(a:l, o)+ U, )
+ Yges, 4(00) X0 o) - Ta(i)) 20(+1)Ta(+2) '%(m) = 0. (54.26)
Here (), satisfies the blended component
(Zoesn (Vo) Y50 AlTo(1)  +* To () Zo(41) To(i42) - '%<n>) flar, o @)

~bf (21, .., @) (Zoesn (Vo) 2520 (To(t) -+ To()) Z0(i41) Talit2) - '%(m)
— 0. (5.4.27)

which is particular case of (5.4.13). By the same argument as above, it leads to

a contradiction.
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Case 3: {d,d} is linearly C-independent modulo inner skew deriva-

tions of R.
In this case, since d and d are associated with the same automorphism, by relation

(5.4.2) it follows that R satisfies the generalized identity
<af(:v1, vy )+ fU ey, )
+3 s, 00) X520 A(To(t) -+ o)) 2o+ 1) Toli42) - '$o<n)> flar, .o )

—(bf(xl, oo xn) F oz, 1)

+ e, AV0) X720 l@o(1) - To() Yo 41)To(j12) - '%m))
.(af(xl, o)+ U, 1)

+ Xges, ¢(00) g (To(1) - Toti)) 2041 Tati+2) - 'ﬂfcr(n)) = 0. (54.28)
Thus R satisfies blended component
<Zoesn (V6) X120 U Eo(r) - To () Yo+ 1) To(42) - ‘%(m)

'(Zoesn (V) Z?:_ol A(To(1) " To()) Zo(j+1) To(j+2) * - '%(n)) =0. (5.4.29)

In relation (5.4.29), for any o € S, and for any j =0,...,n—1, we replace Yy (1)

with 2,(j41y. Hence R satisfies

n—1 2
(Z a(7s) Z a(To(1)  ** To(j)) Zo(j+1) To(j+2) - 'l’o(n)) =0. (5.4.30)

oESy 7=0

Notice that, if a(x) = pxp~!, for any v € R, (5.4.30) reduces to

2
(Z (%o Zp%(l To()P (1) Tali+2) a(n)> = 0. (5.4.31)
oESK

Here, for any o € S, and for any j = 0,...,n — 1, we replace z,(j4+1) with

PTo(j+1)- Lherefore R satisfies

(pfa(xl, . ,xn))2 = 0. (5.4.32)

In this case, as a consequence of [96, Theorem 2] and since f(x1,...,x,) is not

central valued on R, it follows the contradiction p = 0.
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On the other hand, if o is not X -inner, (5.4.30) implies that

2
(32 o) =0

UES’n

is an identity for R and, as above, a contradiction follows.

Case 4: {d,¢} is linearly C-dependent modulo inner skew derivations
of R

Under our last assumption, there exist \,u € C, q € Q, and v € Aut(R) such
that \d(z) 4+ pé(x) = qx — y(x)q, for any x € R. Recall that d and § are not inner
skew derivations, so that both X # 0 and p # 0.
Here we write §(x) = px — y(x)p + nd(x), where p = p~'q and n = =A=' # 0.
Hence R satisfies

(af(:r:l, vy ) + [y, 1)
+ 2 es, (%) X52g U@or) -+ o)) Ao 1) Totr2) - 'xa(m) flay, . @)
—<(b+p)f(:1:1,...,xn) —v(f (1, wn))p + 0 f e, )
1 T, 1010) 8 a0y latson ot o
.(af(xl,...,xn) + fUxy, ..., )

+ s, @(Ve) Y00 alTo) -+ To())ATo(j41)) To(i42) - - fEa(n)) = 0.(5.4.33)

Since d is outer, by [27, Theorem 1] and relation (5.4.33), it follows that R

satisfies
(af(:r:l, v ) + [y, 1)
+ D es, W0) Yoo UTo(r) *+* To(h) Yo+ 1) To(i42) - '$o<n>> [y, o)
—<(b—|—p)f(x1, o) = Y(f(oy, )+ nf N, )
1Y e, (Vo) Yojmg ATo(t) - To() Yo +1)To(j2) - xo(n))
.(af(xl, e )+ fU T, T)

+ 2 es, ¢(V0) Z;Z(} ATo(1) * " To(G))Yo(j+1)To(j+2) ** '%(n)> =0. (5.4.34)
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In particular, For x1 =0 in (5.4.34) and since n # 0, R satisfies

n—1 2
(Z (o) D o) - To()JY1o(ir) - '%m)) =0

gESy 7=0

which has the same flavour of the identity (5.4.30), exchanging the role that the
variables z,(j11) assumed in (5.4.30) with the one that y, assumes in the latter
relation. Thus, by using the same above argument, we get a contradiction. Thus the

proof of the theorem is completed. a



Chapter 6

A Result Concerning b-generalized
Skew Derivations on Multilinear
Polynomials in Prime Rings

6.1 Introduction

In this Chapter, unless otherwise stated, R always denotes a prime ring with center
Z(R). Q. denotes its right Martindale quotient ring. The center of Q, is denoted
by C' and is called the extended centroid of the ring R.

In [10], Argac and De Filippis have studied the identity

F(FX)FX) = F(X)G(f(X)) =0

forall X = (z1,...,x,) € R" and descried the forms of the maps, where f(xy, ..., z,)
18 a multilinear polynomial over C' and F, G are two generalized derivations on prime
ring R. In [90], Tiwari also studied the generalization of the work of Argac and De
Filippis [10]. In [62], De Filippis and Di Vincenzo studied the following:

Let K be a commutative ring with unity, R be a prime K -algebra and f(x1, ..., x,)
a multilinear polynomial over K, not central valued on R. If d is a nonzero deriva-

tion and F' 1s a nonzero generalized deriwation on R such that
d([F(f(X)), f(X)]) =0

for all X = (z1,...,x,) € R", then all possible forms of the maps are described.
From the definition of b-generalized derivation we can easily see that generalized

derivation is a 1-generalized derivation and we can define a map F : R — @,

OThis work is published in Commun. Algebra  51(3) (2023), 887-901, DOI:
10.1080/00927872.2022.2118205.
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by F(x) = ax + bxc for all x € R, where a,b,c € Q, which is called inner b-
generalized derivation. The b-generalized derivations appeared canonically in [28]
and were studied recently in [76, 80, 83].

In this line of investigation Dhara [35], generalized the above result of [62] by
replacing F with a b-generalized derivation.

Many researchers have investigated generalized skew derivations from wvarious
points of view.

It is natural to consider a map which will be common generalization of these above
maps. In view of this idea De Filippis [32] introduced the new map b-generalized skew
derivation

It is very easy to check that b-generalized skew derivation generalizes the concept
of generalized skew derivation as well as b-generalized derivation. The map x —
ax +ba(zx)c is an example of b-generalized skew derivation of R which is called inner
b-generalized skew derivation of R. There are few papers which recently studied the
b-generalized skew derivations (viz. [63], [64], [65]). In the present Chapter our
motivation is to study b-generalized skew derivation in prime rings.

In [39], Dhara, Argac and Albas described the structure of additive maps d, F' and
G satisfying d(F(f(X))f(X) = f(X)G(f(X))) =0 for all X = (z1,...,2,) € R",
where f(x1,...,2T,) is a multilinear polynomial over extended centroid C' and d is a
nonzero derivation and F,G are two generalized derivations on prime ring R with
char (R) # 2.

On the other hand, Carini and De Filippis [18] proved that if R be a prime ring
of char (R) # 2, U the Utumi ring of quotients, § a nonzero derivation of R, G
a nonzero generalized derivation of R, and f(xy,...,x,) a non-central multilinear
polynomial over C' such that 6(G(f(X))f(X)) =0 for all X = (z1,...,2,) € R,
then there exist a,b € U such that G(z) = ax and §(x) = [b,z| for all x € R, with
[b,a] =0 and f(x1,...,2,)* is central-valued on R.

Further, Dhara and Argac [38] extended the above result replacing derivation &
with another generalized derivation F, that is, F(G(f(X))f(X)) = 0 for all X =
(x1,...,2,) € I", and then gave the complete description of the additive maps F
and G, where I is a non-zero two-sided ideal of R.

In [41], Dhara and De Filippis gave the complete description of generalized
derivations F and G when F*(f(X))f(X) — f(X)G*(f(X)) = 0 for all X =
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(1,...,2,) € I, where I is a non-zero two-sided ideal of R. Then in [61], De Filip-
pis, Scudo and Wei studied the situation replacing F? and G? with two b-generalized
skew derivations in prime ring.
In [47], Dhara, Kar and Kuila studied the case d(F?*(f(X))f(X))

= f(X)G*(f(X)) for all X = (x1,...,2,) € I" and obtained the forms of the maps
F and G, where F and G are two generalized derivations. In the present Chapter
our main goal is to study the above situation replacing F* and G* with two different
b-generalized skew derivations and d with an inner derivation in prime ring. In this
line of investigation recently, Prajapati and Gupta [87] studied |a, F(f(X))f(X)] €
C for all X = (xq,...,x,) € R", where F is a b-generalized skew derivation of R.

More precisely we prove the following Theorem.

Theorem 6.1.1. Let R be a prime ring of characteristic different from 2, Z(R) its
center, Q, its right Martindale quotient ring, C its extended centroid, f(x1,...,T,)

a non-central multilinear polynomial over C, b € @, and F, G two b-generalized

skew derivations of R. If there exists a € R\Z(R) such that

[a,F(f(a:l,...,xn))f(q:l,...,xn)] = f(xl,...,xn)G(f(xl,...,xn))

2

for any xv,...,x, € R, then f(z1,...,2,)° is central valued on R and there exist

p,q € Q, such that F(z) = px, G(x) = zq for all x € R with [a,p] = q.
In particular, if G =0, we have the following corollary.

Corollary 6.1.2. Let R be a prime ring of char (R) # 2, Q, its right Martindale
quotient ring, C its extended centroid and b € Q.. Also let f(x1,...,x,) be a
multilinear polynomial over C which is not central valued on R. Suppose that F' is
a b-generalized skew derivation of R and a ¢ Z(R) such that

[a,F(f(xl,...,xn))f(ﬁl,...,xn)] =0

for all xy,...,x, € R. Then there exist p € Q, such that F(x) = px for all x € R

with f(z1,...,2,)? is central valued on R and [a,p] = 0.

Remark 6.1.1. We notice that, in case F' and G are generalized derivations of R,
Theorem 6.1.1 is a direct consequence of [40, Corollary 1.5].
In light of this, in all that follows we will assume that at least one of F' and G

s not a generalized derivation of R.
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6.2 F and G be inner b-generalized skew deriva-

tions

First we consider that F' and G are two inner b-Generalized skew derivations with
associated inner automorphisms.

Then there exists some fixed b, ¢, p,q, u,v € Q, with invertible p such that F(z) =
cx + bprp~tu, G(x) = qv + bpzp~v for all x € R. Then by our hypothesis

(0, F(2)a] = 2G ()
forall x € {f(z1,...,2,)|21, ..., 2, € R}, we have
acx?® + abprp~tux — cx’a — bprptuzra — xqr — xbprp v =0 (6.2.1)

forall x € {f(z1,...,2,)|21,..., 2, € R}.

This can be written as
Az® 4+ PrDx — cx’a — BrDxa — 2qv — xBxE = 0 (6.2.2)

for all x € {f(z1,...,2,)|21,..., 0, € R}, where A = ac, P = abp, D = p~'u, B =
bp, E = p~tv. In light of Remark 6.1.1, in all that follows we may assume that
B=bp¢C.

Proposition 6.2.1. Let R = M,,(C), m > 2, be the ring of all m x m matrices
over the infinite field C of characteristic different from 2. If R satisfies (6.2.2) and
a,B ¢ Z(R), then D, E € Z(R).

Proof. By our hypothesis, R satisfies the generalized polynomial identity

Af(xy, ..., 2.)* + Pf(xy, ..., 20)Df(21,...,2,)
—cf(xy,...,zn)%a — Bf(xy,...,2,)Df(x1,...,7,)a
—f(xy, .. xn)qf (e, . ) — f(og, ..o xn)Bf(xy, ... 2,)E =0. (6.2.3)

Firstly suppose D ¢ Z(R). Now we show that this assumption leads to a con-
tradiction.
Since a ¢ Z(R), B ¢ Z(R) and D ¢ Z(R) by [62, Lemma 1] there exists a C-
automorphism ¢ of M,,(C) such that ¢(a), ¢(B) and ¢(D) have all non-zero entries.
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Clearly, R satisfies the generalized polynomial identity

A(A) f(xy, ..., 20)? + O(P)f(x1, ..., 22)0(D) f(1,...,2,)
—¢(0)f(x1,. .., 20)?¢(a) — A(B) f(x1, ..., 22)8(D) f (@1, ..., 2n)d(a)
—f(x1, . xn)0(Q) (21, o) — f(1, .y 20)O(B) f(21, ...y x0)O(E)
=0. (6.2.4)

By e;;, we mean the usual matrix unit with 1 in (¢, j)-entry and zero elsewhere. Since

f(z1,...,2,) is not central valued, by [78] (see also [82]), there exist ui,...,u, €
M, (C) and v € C — {0} such that f(uq,...,u,) = vew, with k& # I. Moreover,
since the set {f(z1,...,2,) 1 x1,..., 2, € M,,,(C)} is invariant under the action of

all C-automorphisms of M,,(C), then for any i # j there exist xy, ..., 2z, € M;,,(C)
such that f(z1,...,x,) = e;;. Hence by (6.2.4), we have

o(P)eijp(D)eij — ¢(B)eijp(D)eijp(a) — eijd(q)es; — eijd(B)eid(E)
— 0, (6.2.5)

Then left and right multiplying by e;;, it follows e;;¢(B)e;;¢(D)e;j¢(a)e;; = 0, which
is a contradiction, since ¢(a), ¢(B) and ¢(D) have all non-zero entries. Thus we
conclude that D € Z(R).

Since D € Z(R), then (6.2.3) reduces to

Af(zy,...,20)* + PDf(xq,...,2,)*
—cf(z1,...,2n)%a— BDf(z1,...,2,)%
—f(z1, .. xn)qf(zr, .. xn) — f(x1, .o x0)Bf(z1,. .., 20)E=0. (6.2.6)

Replacing f(z1,...,z,) with e;; in (6.2.6) yields
_eijqeij — eijBeijE =0. (627)

Right multiplying by e;; yields e;;Be;;Fe;; = 0 implying B € Z(R) or E € Z(R).
Since B ¢ Z(R), E € Z(R). O

Proposition 6.2.2. Let R = M,,(C), m > 2, be the ring of all m x m matrices over
the field C' of characteristic different from 2. If R satisfies (6.2.2) and a, B ¢ Z(R),
then D,E € Z(R).
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Proof. In case C' is infinite, the conclusions follow by Proposition 6.2.1.

Now we assume that C' is a finite field. Consider that K be an infinite field which
is an extension of the field C, also R = M,,(K) & R®¢ K. Then the multilinear
polynomial f(xy,...,x,) is central-valued on R if and only if it is central-valued on

R. Consider the generalized polynomial

U(zy,...,2,) = Af(zy,...,2.)* + Pf(xy,...,2,)Df(21,...,7,)
—cf(x1,...,w0)%a — Bf(ay,...,0,)Df(21,...,2,)a
—f(x1, .. xn)qf(xy, .. )
—f(x1, ..., xn)Ff(xq,...,2,)F. (6.2.8)

which is also a generalized polynomial identity for R. Also, it is a multi-homogeneous

of multi-degree (2,...,2) in the indeterminates xi,...,z,. Hence the complete lin-
earization of W(xy,...,x,) gives a multilinear generalized polynomial
Q(z1,. .., Tn, Y1, ..., Ys) in 2n indeterminates, moreover
Qxy, o T, Ty ey Tp) = 2" (2, T).
Clearly the multilinear polynomial Q(z1,..., 2., y1,...,¥s) is a generalized polyno-

mial identity for R and R too. Since char(C) # 2 we obtain ¥(ry,...,r,) = 0 for

all r1,...,7, € R and then conclusion follows from Proposition 6.2.1. O

Lemma 6.2.3. Let R be a primitive ring of characteristic different from 2, with
nonzero socle Soc(R), which is isomorphic to a dense ring of linear transformations
of a vector space V' over C, such that dimcV = oo. If R satisfies (6.2.2) and
a,B ¢ Z(R), then D, E € Z(R).

Proof. Suppose either D ¢ C or E ¢ C. Since a,B ¢ C and f(xy,...,x,) is not
central valued, there exist hq, ..., h, 2 € Soc(R) such that

[a,ho] #0, [B,hi] #0,

either [D, hy| # 0 or [E, he] # 0,

and f(hs, ..., hnpio) ¢ C.

Since V' is infinite dimensional over C, by Martindale’s theorem (see Theorem
1.6.6) we get for any e* = e € soc(R), eRe = M;(C) with t = dimcVe. By Litoff’s
theorem (see Theorem 1.6.7), there exist an idempotent element e € soc(R) such
that

ho, ..., hnio € eRe;



b-Generalized skew-derivations 109

and
ahg, hoa, Bhi, h1B, Dho, ho D, Eho, ho E € eRe.

Since R satisfies generalized identity

e{A(exe)? + P(exe)D(exe) — c(exe)*a — B(exe)D(exe)a
—(exe)q(exe) — (exe)B(exe)E}le =0, (6.2.9)

the subring eRe satisfies

(eAe)x?® + (ePe)x(eDe)x — (ece)x?*(eae) — (eBe)x(eDe)x(eae)
—zeqex — x(eBe)z(eFe) = 0. (6.2.10)

By Proposition 6.2.2, we get one of the following:
(i) eae € eC, which contradicts with the choice of hy;
(ii) eBe € eC', which contradicts with the choice of hy;
(iv) eDe,eFEe € eC', which contradicts with the choice of hs. O

Lemma 6.2.4. Let R be a prime ring of char (R) # 2, Q, be its right Martindale
quotient ring and C' be its extended centroid. Also consider f(xy,...,x,) be a non-
central multilinear polynomial over C' and b,c,p,q,u,v € Q, with invertible p. Let
F(x) = cx + bpxp~'u and G(x) = qx + bprp~'v for allz € R. Let 0 # a € R\Z(R)
be such that [a, F(z)z] = 2G(x), for all z € f(R). Ifbp & C, then p~tu,p~'v € C,

f(xy,...,2,)% central valued on R and [a,u] = v.

Proof. By our hypothesis, R satisfies the generalized polynomial
[a, F(2)z] = 2G(x)

for all z € {f(x1,...,2,)|21,...,2, € R}, that is

2

acx?® + abprptux — cxta — bprptura — xqx — xbprp v =0 (6.2.11)

for all z € {f(x1,...,2n)|21,...,2, € R}.

We re-write it as

U(zy,. .. ) = acf(zy, ... 2,)? + abpf (e, ... x)p~ uf (2, ... 2,)
—ef(x1, . wn)2a — bpf (@, .. aa)p uf (@, . a)a

F @1y @) @1y ) — F(@1, e @)L (@1, s ) p

=0 (6.2.12)
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for all zq,...,2, € R. Since R and @), satisfy same generalized polynomial identity
(GPI) (see [24]), Q, satisfies ¥(z1,...,2,) = 0 and we may assume a ¢ C.

Case-1. Let R does not satisfy any nontrivial GPI.

Then V(zy,...,x,) = 0is a trivial GPI for Q,. Let T'= Q, ¢ C{x1, 22, ..., 2.},

the free product of @, and C{zy,...,x,}, the free C-algebra in noncommuting
indeterminates 1, xs,...,2,. Then, U(xy,...,z,) is zero element in T" = @, *¢
C{Qll,xg, R ,.Cl}n}.

Sub-case-i. Let {1,a,p v} is linearly C- independent.
In this case by (6.2.12),

flxy, ..., z)bpf(zy,...,2)p o =0€T
and
—cf(z1,...,x0)%a —bpfay,...,2)p uf(zy,...,20)a=0¢€T.
Since bp ¢ C, first relation gives p~lv = 0, i.e., v = 0.

The second relation gives

{ef(xy,...,zn) +bpf(z1,. .., 20)p tubf(zy,...,20)a=0€T

which implies p~tu € C.

Thus, in any case, F' and G are generalized derivations of R and the conclusion
follows from Remark 6.1.1.

Sub-case-ii. Let {1,a,p~'v} is linearly C- dependent.

In this case, since a ¢ C, there exist oy, ay € C such that p~'v = aja+ay. Then

by (6.2.12),

acf(xy, ..., xn)* +abpf(xy, ..., x0)p uf(xy, ... 2,)
—cf(z1, .. xn)?a —bpf(zy,...,x0)p tuf(zy,...,20)a
—f(x1, .. xn)qf(xy, ... 2)
—f(x1, ..., x)bpf(z1, ..., 20)(1a+az) =0 € T. (6.2.13)
Since a ¢ C, {1, a} is linearly C-independent. Hence by (6.2.13), we have

—cf(z1, .. xn)%a —bpf(zy,. .., x0)p ' uf(z1,...,20)a
—f(x1,.. . xn)bpf(z1,. .., 20)0na=0€T. (6.2.14)

This can be re-written as

{Cf(ajla cet 7xn) + bpf(xlv s >xn)p_1u
+f (w1, 2y f(e, . n)aa =0 € T, (6.2.15)
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This relation implies that {1,¢, bp} is linearly C-dependent. Since bp ¢ C, there
exists (1, B2 € C such that ¢ = 51bp + 5. Then by (6.2.15), we have

{(Bibp + B2) f(z1, .. ) +bpf(zr, .. 20)p M
+f(z1, . w)bp} f(21, . n)ana =0 € T. (6.2.16)

Since bp ¢ C, {1,bp} is linearly C-independent and hence by (6.2.16)

bpf(xy,...,x){B1 +p u}f(zy,...,z0)0na=0€T (6.2.17)

and

flz, .. yxn){Pa+bp}f(z1,...,2n)c0a=0€T. (6.2.18)

In particular (6.2.18) implies that S5 4+ bp = 0, which is a contradiction.

Case-II. Let R satisfies a nontrivial GPL

In this case ¥(xq,...,2,) = 0 be a non-trivial generalized polynomial identity
for .. By Martindale’s theorem (see Theorem 1.6.6) we get (), be a primitive
ring with nonzero socle soc(R) with C' as its associated division ring. Therefore by
Jacobson’s theorem (see Theorem 1.6.5) we get ), is isomorphic to a dense ring of

linear transformations of a vector space V over C.

Then by Proposition 6.2.2 and Lemma 6.2.3, it follows p~'u,p~'v € C and we
obtain the required conclusion by applying Remark 6.1.1. [

Lemma 6.2.5. [36, Lemma 2.9] Let R be a non-commutative prime ring of charac-
teristic different from 2, a,b,c,v € Q,., and p(r1,...,r,) be any polynomial over C
which is not an identity for R. If ap(r)+p(r)b-+cp(r)v =0 for allr = (r1,...,1m,) €
R", then one of the following holds:

1. bbveCanda+b+cvo=0;
2. a,ce C and a+ b+ cv =0;

3. a+b+cv=0 and p(ry,...,r,) is central valued on R.

Proposition 6.2.6. Let R be a prime ring of char (R) # 2 with right Martindale
quotient ring Q, and extended centroid C. Also f(x1,...,x,) be a multilinear poly-

nomial over C' which is not central valued on R. Suppose that F(z) = cx + ba(zx)u,
G(z) = gz + ba(x)v for some b,c,q,u,v € Q,, o € Aut(R) and a ¢ Z(R) such that

la, F(x)z] = 2G(x)
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for all x € {f(x1,...,2)|T1,..., 2, € R}. Then there exist ¢,q € Q, such that
F(z) = cx, G(x) = qv with f(z1,...,x,)* is central valued on R and |a,c] = q € C.

Proof. By the hypothesis F(z) = cx + ba(x)u and G(z) = gz + ba(x)v for all
z € f(R) and for some fixed b,c,q,u,v € @,. If o is inner automorphism, then
by Lemma 6.2.4, we obtain our conclusions. Moreover, it is clear that, if b = 0
then the conclusion follows from Remark 6.1.1. Thus we assume that « is an outer
automorphism and b # 0.

Now

gives

[a, (cf(x1, ..., xn) +bal(f(x1, ..., z))u) f(21,. .., x,)]
= fx1, ... mp)(qf (z1, ..., 20) + ba(f(x1, ..., 2,))0) (6.2.19)

for all z1,...,2, € R.
By [24], we know that R and @, satisfy the same generalized polynomial identities
with coefficients in @),.. Thus

la, (cf(x1,...,2n) +ba(f(x1,. .., z0)u) f(21, ..., 2,)]
= f(x1,. .. x)(qf (21, ..., 20) + ba(f (21, ..., 2,))0) (6.2.20)

for all z1,...,2, € Q,.

Since a € Aut(R), an outer automorphism of R, by [74], we get from above

la, (cf(x1, ..., x0) +0f (Y1, Yn)w) f(z1, ..., 20)]
= f(x1,...,zp)(qf (1, ..., 20) +F0F (Y1, -, Yn)V) (6.2.21)

for all xq,..., 20, Y1, ...,y € Q.. In particular, (), satisfies the blended component
[a,cf(z1,...,20)% = floy, ..., 2.)qf(z1,...,T0) (6.2.22)

and
la,bf“(y1, ... yn)uf(xy, ... 20)] = flx1, .. x0)0f (Y1, -, yn)v.  (6.2.23)

Application of Remark 6.1.1 to (6.2.22) gives f(x1,...,2,)? is central valued and
la,c] = q € C. The equation (6.2.23) gives

ab f(xy, .. xn) =V f(x1, .. xn)a— f(ag, ..., 2,)0" =0 (6.2.24)
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where 0 = bf*(y1,...,yn)u and 0" = bf*(y1,...,y,)v. By Lemma 6.2.5, one of the
following holds:

(i) v, a € C with al/ — b'a — b” = 0; which gives contradiction, as a ¢ C.

(i) ab/,b' € C with ab/ — V'a — V" = 0; In this case, since a ¢ C, we must have
b =0and v = 0. Thus bf*(y1,...,yn)u = 0 and bf*(y1,...,y,)v = 0 for all
Yl -y Yn € Q. Since f*(y1,...,yn) is not central valued, by applying Lemma 6.2.5
and since b # 0, we have u = 0 = v. Then F and G both becomes generalized

derivations, and hence conclusion follows again by Remark 6.1.1. O]

Corollary 6.2.7. Let R be a prime ring of char (R) # 2 with right Martindale
quotient ring Q, and extended centroid C'. Also f(xy,...,x,) be a multilinear poly-
nomial over C'" which is not central valued on R. Suppose that for some ¢ € @Q,,
a € Aut(R) and a ¢ Z(R)

la,c(z — a(x))x] =0

for allx € {f(x1,...,z,)|x1,..., 2, € R}. Then a = Id (identity map).

Corollary 6.2.8. Let R be a prime ring of char (R) # 2 with right Martindale
quotient ring Q, and extended centroid C. Also f(x1,...,x,) be a multilinear poly-

nomial over C which is not central valued on R. Suppose that for some ¢,c € Q,,
a € Aut(R) and a ¢ Z(R)

[a,c(x — a(x))x] = zd (x — alx))

for all x € {f(x1,...,x,)|x1,..., 2, € R}. Then a = Id (identity map).

6.3 Proof of Main Theorem.

To prove our Main Theorem, we need the following Lemma.

Lemma 6.3.1. [42, Proposition 2.4] Let R be a noncommutative prime ring of char-
acteristic different from 2 and C' be its extended centroid. Also let f(xq,...,x,) be
a multilinear polynomial over C which is not central valued on R. If

ai, as, as, ayq, as, ag € R such that
a17‘2 + asrasr + a4r2a5 + agrasras = 0

for all r € {f(z1,...,xn)|21,...,2, € R}, then either az € C or as € C or ag = 0.
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More over we state the following remark.

Remark. Suppose that f(xy,...,x,) be a multilinear polynomial over C, then

f(xh cee 7xn) - Z Volo(1)To(2) - - - Lo(n),
O'ESn

where v, € C and S,, be the symmetric group of n symbols. If d be a skew derivation

associated with an automorphism « then

d(%%(l)%(z) . -%(n)) = d(%)%(l)%(z) Lo (n)

n—1

+a(vs) ) lTo)To() -+ To(j))d(Zo(j11)) To(j12) - - Ton)

=0
s0 we get
d(f(zy,...,20)) = fY21, ..., 20)
n—1
+ Z Oz(’)/g) a(.iEg(l):EU(g) .. .ZBU(j))d(ZL‘U(j+1)).TU(J~+2) - Zo(n), (6.3.1)
c€Sn 7=0
where f4(x1,...,x,) be a multilinear polynomial given from f(z1,...,x,) by replac-
ing each coefficients ~y, with d(v,). Also we use f*(xq,...,x,) to denote a mul-
tilinear polynomial given from f(xy,...,x,) by replacing each coefficients 7y, with
a(Ys)-

Proof of Theorem 1.1. Since F and G are b-generalized skew derivations, so
by [65, Lemma 3.3] we have F(x) = cx + bd(x), G(x) = qx + bd(x) for all x € R
and b,c,q € Q,, where d,d are two skew derivations on R. If d and & both are
skew inner derivations, then the result follows from Proposition 6.2.6. Also when
b =0 then F and G becomes generalized derivations and hence conclusion follows
by [40, Corollary 1.5]. So we assume that b # 0 and d,0 both are not skew inner
derivations.

Since any skew derivations of R can be uniquely extended in Q, and by [27,
Theorem 2] R and Q, satisfy the same generalized polynomial identities with a single

skew derivation, (), satisfies

[a, (cf(:vl, ey Tp) F0d(f (2, ... ,:vn))>f(931, . ,xn)]
- f(:r;l,...,:cn)<qf(:c1,...,xn) +b5(f(:c1,...,ycn))). (6.3.2)
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Now we have the following cases.

Case I: When d be skew inner and 6 be outer.

Then we can write F(x) = cx + ba(x)u and G(x) = qr + bd(x). By the hypothesis

[a, (cf(ml, ce X)) F boz(f(xl, . ,xn))u>f(x1, . ,xn)}
_ f(xl,...,xn)<qf(x1,...,a:n)+b5(f(x1,...,xn))>. (6.3.3)

Using the value of 6(f(xy,...,2,)) from (6.5.1) in the above equation we get

[a, (cf(xl, ey T) —i—boz(f(xl,...,xn))u)f(xl, . ,xn)}
— f(xl,...,xn)<qf(x1,...,:vn) +b(f5(x1,...,xn)

n—1
+ Z (67 '70 Z « Ig(l)l’a(g) .. .xa(j))5($g(j+1))l’g(j+2) <o Ia(n))). (634)

ceSn 7=0

As § is outer, using [27] we get

[a, (cf(xl, cey X)) F boz(f(a:l, . ,xn))u)f(xl, . ,xn)}
= f(:vl,...,mn)(qf(ml,...,xn) +b(f‘5(x1,...,a:n)

n—1
+ Z a(v, Za Lo Zo(2) - - - Lo()) Zo(i+1) To(j+2) - - .xa(n))>, (6.3.5)
oES, j=
where zZy(j41) = 0(To(j+1)). In particular, Q, satisfies the blended component

n—1
f(l'la s 7xn)b Z a(VU) Z:O a<m0(1)xa(2) cee xa(j))za(j+l)xo(j+2) - To(n)
J:

gESy

= 0. (6.3.6)

Let a be an inner automorphism. Then there exists p € Q, such that o(z) = prp~?

for all x € R and hence it follows that

n—1
f(@r, . ,zn)b D0 7 ;}P(%(l)l’a@) . -$o(j))p_12a(j+1)$o(j+2) - To(n)

O'ESn .7
=0. (6.3.7)
Replacing z; with px;, we have
flzy, ... xn)bpf(xy,...,2,) =0 (6.3.8)

which implies bp = 0, i.e., b =0, contradiction (since we consider that b # 0).
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Let a be an outer automorphism. Then from (6.3.6)

n—1
flwe,... 2,)b ZS (Vo) Zoyaa)ya(z)---yg(j)za(j+1)$a(j+2)---%(n)
oEdn J=

= 0. (6.3.9)

In particular Q, satisfies blended component

Il, s T b Z 7{7 Z Yo)Yo(2) - - - Yo (j) - - - Yo(n—1)Ra(n) = 0(631())

O’ESn

Replacing y; with a(y;) and z; with &(yi), we have

flz, ... xn)bal(f(yr, ... yn)) = 0. (6.3.11)

This implies bo(f (Y1, - - -, yn)) = 0, since f(x1,...,x,) is noncentral valued so b = 0,

contradiction.

Case II: When d be outer and 6 be skew inner.

Then we can write F(x) = cx + bd(x) and G(x) = qx + ba(x)v. By our hypothesis

[a, <cf(x1, o) Fd(f (e, ,a:n))>f(x1, o ,a:n)}
= f(xq,... ,xn)<qf(:c1, cey ) ba(f(a:l, . ,xn))v>. (6.3.12)

Using the value of d(f(x1,...,x,)) from (6.53.1) in the above equation we get

[a, <cf(x1, o) ([N, )

n—1
+ Z a(vs) Z ATo()To(2) - - To()) A To(j+1))Ta(j+2) - - .wg(n)))f(azl, cey )

ocES 7=0
= f(xy,... ,a:n)<qf(x1,...,:vn) +b04(f(x1,...,xn))v>.

As d is outer, by using [27] we get

[a, (cf(a:l,...,:cn) +b(fd(a:1,...,:cn)

n—

1
+ Z ’yg Z o\ o(1 ):Eg(g) .. .$g(j))yg(j+1)xg(j+2) .. .ng(n))>f(x1, Ce ,;En)

0ESh j=0
= f(a;l,...,xn)<qf(a:1,...,$n) —|—ba(f(:v1,...,l‘n))v>.

In particular, Q), satisfies

[a, (b 2, aly )Z_) U (1)To( >---$a<j>)ya(j+1)%<j+2>---xom))

ocESH

Sz, oo z,)| =0. (6.3.13)
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Replacing y; with x — o(x), we have

[a, (b(f(a:l, o zn) — alfla,. ,xn)))>f(x1, x| =0

By Corollary 6.2.7, o = Id (identity map). Then assuming y; = x; in (6.5.13) we

have
a,bf(xy, ... ,xn)Q] =0, (6.3.14)
that s
abf(zy,...,0,)* = bf(w1,...,2,)%a = 0. (6.3.15)

Then by Lemma 6.2.5, since a ¢ C, one of the following holds:

(i) ab,b e C;

(ii) ab — ba = 0 with f(x1,...,2,)? is central valued.

In the first case when b € C, then F' and G becomes generalized derivations and
hence conclusion follows by [40, Corollary 1.5].

Thus we consider the second case, i.e., [a,b] = 0 with f(x1,...,x,)* is central

valued. Now for some p ¢ C, we replace y; = [p, x;] in (6.3.13) and then obtain

[a, b ,f(xl,...,xn)]f(xl,...,xn)} =0. (6.3.16)

Since [a,b] = 0, this yields

b[a, D, f(x1,...,2n)]f (21, ... ,xn)} = 0. (6.3.17)

This can be written as

bapf(zi,...,x)% —baf(xy, ..., x.)pf (21, ..., 2,)

—bpf(x1,.. ., xn)2 +0f (1, ..., 2x)pf (21, ..., m)a = 0. (6.3.18)

Then by Lemma 6.5.1, either b=0 orp e C ora € C. In any case a contradic-

tion follows.

Case III: When d and ) both be outer.
We have F(z) = cx + bd(z) and G(z) = qx + bd(x), where d,d both are outer.

We divide this case into two sub-cases.
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Sub-case i: {d,d} is linearly C-independent modulo inner skew deriva-
tions of R.

In this subcase our hypothesis gives
[a, (cf(xl, )+ bd(f(a, ,xn))>f(:v1, . ,xn)]
_ f(xl,...,xn)(qf(a:l,...,xn) +b(5(f(x1,...,a:n))>. (6.3.19)
Using the value of d(f(x1, ..., 2,)) and 5(f(z1,. .., 2a)) from (6.9.1) in the above

equation we get

[a, <cf(:r1, o) (N, )

n—1
+ Z ’70 Z « :L‘U(l)l‘a(g) .. .xa(j))d(xg(j+1))£(,(j+g) .. .ZL’U(n)))f(ZEh e ,$n)

c€Sn 7=0

= f(:z;l,...,xn)<qf(x1,...,xn) +b(fd(x1,...,xn)

n—1
+ D 010) D al@o)Ta(z) - - - To())0 (To(i+1) To(i+2) - - -»’Uo(m))-

0ESh 7=0

As d, § both are outer derivations, so by using [27], Q. satisfies
[a, (cf(xl, cey ) F b(fd(xl, cey Ty

n—1
+ Z ’Ya Za To(1)Lo(2) - - -%(j))ya(jﬂ)%(g‘n) .- -xa(n)))f<x17 e Jn)

€Sy 7=0

= f(a:l,...,xn)<qf(x1,...,xn) —i—b(fd(xl,...,;z:n)

n—1
+ 3 al1e) D Ao To(a) -+ To() Zo(41)To(42) - - - %m)))-
7=0

O'GSn

In particular, Q, satisfies the blended component

n—1
f(iﬂh e ;xn)b ZS 04(%) Zo 04(%(1)%(2) . -%(j))%(jﬂ)%(;’ﬂ) - To(n)
gEon J=
= 0. (6.3.20)

This is same as (6.3.6), so by the same argument we leads to a contradiction.

Sub-case ii: {d,0} is linearly C-dependent modulo inner skew deriva-

tions of R.
Under the assumption of this subcase there exist A\, u € C and q; € Q,. such that

M(z) + pd(z) = e — a(x)q
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for all x € R. Since d,é both are not inner skew derivations, so A, both are

nonzero. W€ can U/’I"it@
d(x) = Bo(x) + prx — a(z)pr

where B = —\"tu and p1 = X" q.
Hence R satisfies
[a, (cf(xl, @) UBS(F(xns - ) + bprf (@, )
“ba(f(a,. .. ,xn))pl)f(xl, . ,xn)}
_ f(xl,...,:zcn)<qf(a:1,...,wn) —|—b(5(f(x1,...,xn))>. (6.3.21)
Using the value of (f (1, ..., xn)) from (6.9.1) in the above equation we get

[a, (cf(ml, cey ) F bﬁ(f5(a:1, Ceey Ty)

n—1
+ 3 al10) Y U Te)To) - To())0(Za(41))Ta(42) - - - To(m))

0cESH 7=0

opf (s ... xn) — ba(f(z, . .. ,xn))p1>f(:1:1, . ,xn)]
:f(xl,...,xn)<qf(x1,...,xn)-|—b(f5(x1,...,xn)

n—1
+ > al10) Y () To@) - To()) I (Ta(i41)) Ta(is2) - - - %(n)))-

0ESh 7=0

As § is an outer derivation so by using [27] we get
[a, <cf(w1, cey ) F bﬁ(f‘s(xl, ey T)

n—1
+ Z a(vy) Z A Tr(1)To(2) - - - To(j))Zo(j41)To(j+2) - - .:Eg(n)) +bprf(x1,. .., 2p)
gESy 7=0

—ba(f(xq,... ,mn))pl)f(xl, e ,xn)}
= f(xy,..., xn)<qf(x1,...,a:n) +b(f5(:1:1, ey )

n—1
+ Z Oé(’)/g Z o ZL’U(l)l’U .. .Jfg(j))zg(j+1)xa(j+2) .. .$U(n))>.

In particular, ), satisfies the blended component

n—1
[a, (bﬁ > a(yy) Z ATr(1)To(2) - - - To(j))Zo(j41)To(j+2) - - .xg(n))f(:z:l, . ,xn)}
‘7:

O’ESn

= f(l‘l, Ce ,l‘n)b Z; ( ) Z (l’g 1)1’,7(2 (j))zg(j+1)xg(j+2) ce {L’g(n). (6322)
S 7=0
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Replacing y; with a skew-derivation h(x) = x — a(x), we have

[a,bﬁh(f(:cl, cx)) fla, ,xn)]
= f(xq,... ,:z:n)bh(f(xl, o ,xn)), (6.3.23)

that is
[a,bﬁ(f(a:l,...,xn) —oz(f(:L‘l,...,xn)>f(x1,...,a:n)]
— f(z1,. .. ,a:n)b<f(a:1, ) — alfla, .. ,a:n)>. (6.3.24)

By Corollary 6.3.2 and since b # 0, it follows o = Id. Then F and G are b-

generalized derivations. In this case (6.3.22) reduces to

[a,bﬂéf(xl,...,zi,...,xn)f(xl,...,:vn)]

= f(z1,...,20)b ;)f(ml, ey Ziy e Tp). (6.3.25)
In particular,
a,bBf(z1, ... ,xn)ﬂ = F(z1, ., 2)bf (20, ) (6.3.26)

By Remark 6.1.1b € C with |a,bB] = b and f(z1,...,2,)? is central valued implying

b =0, which is again a contradiction. This completes the proof of the theorem. a

Corollary 6.3.2. Let R be a prime ring of char (R) # 2, Q, its right Martindale
quotient ring, C its extended centroid and b € Q.. Also let f(z1,...,x,) be a
multilinear polynomial over C' which is not central valued on R. Suppose that F' and

G are two b-generalized skew derivations of R such that
[F(u)u,G(v)v] =0

for all u,v € f(R), where f(R) = {f(x1,...,z,)|x1,..., 2, € R}. Then there exist
p,q € Q, such that F(x) = px, G(z) = qr for all x € R with f(xy,...,1,)% is
central valued on R and [p,q] = 0.

Proof. Let a = F(u)u. Then by hypothesis

[a,G(f(:Ul, ooy ) fz, . ,xn)} =0
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for all zq,...,z, € R. By Corollary 6.2.7, there exists some ¢ € (), such that
G(x) = qx for all x € R with f(zy,...,z,)? is central valued on R and [a,q] = 0.
Now [a, ¢] = 0 implies that

[F(f(z1,...,2)) f(21,...,3,),q] =0

for all z1,...,z, € R. Again applying Corollary 6.2.7, we conclude that there exists
some p € @, such that F(z) = px for all z € R with f(zy,...,7,)? is central valued
on R and [p,q] = 0, as desired. ]
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Chapter 7

Some Identities Related to
Multiplicative
(generalized)-derivations in Prime
and Semiprime Rings

7.1 Introduction

In this Chapter, we develop the idea of generalized derivation of a ring R. Note that
a mapping F' : R — R s a generalized derivation if the following conditions are

satisfied:
1. Fx+vy) = F(x)+ F(y) for allz,y € R;
2. F(xy) = F(x)y + xd(y) for all x,y € R; for some derivation d of R.

Now the question arises what will happen if the additivity conditions or some
other conditions be removed from the definition. In this regard many authors intro-
duce several related maps in this literature.

In this Chapter R denotes an associative ring with the center Z(R). In [31],
Daif and Tammam-FEl-Sayiad introduced the notion of the multiplicative general-
1zed derivation. It 1s obvious that every generalized derivation is a multiplicative
generalized deriwation of R, but the converse need not be true in general. Thus mul-
tiplicative generalized derivations are the large number of maps covering the concept

of derivations, generalized derivations and left multiplier maps etc. One can find an

O This work is published in Rend. Circ. Mat. Palermo, IL. Ser 72 (2023), 1497-1516, DOI:
10.1007/512215-022-00743-w
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example of multiplicative generalized derivation, which s neither a derivation, nor

a generalized derivation.

Example 7.1.1.
oS S
Let R=1 0 0 S |, whereS isthe set of all integers. Define the mappings F,d :
0 0 0
b 0 0 b 0 a b 00 b
R— R byd c|l=100c¢c|landF| 0 0 ¢ |=|0 0 ac
0 00 0 00 0 00 00 0

Then it is easy to verify that d is additive, but F is not additive map in R. Moreover,
F(zy) = F(x)y + xd(y) and d(xy) = d(x)y + xd(y) holds for all x,y € R. Hence,
F is a multiplicative generalized derivation associated with a derivation d, but F is

not a generalized derivation of R (since F' is not additive map).

Further, if d be any map (not necessarily a derivation), then F becomes a mul-
tiplicative (generalized)-derivation associated with the map d. In [37], Dhara and
Ali introduced the notion of multiplicative (generalized)-derivation. The concept of
multiplicative (generalized)-derivation covers the concept of multiplicative general-

1zed derivation as well as generalized derivation.

Example 7.1.2.
Let R = C|0, 1], the ring of all continuous (real or complex valued) functions. Define
the mappings F, D : R — R by
af(x) + f(x)log|f(z)|, when f(z)#0
P = {

0, otherwise
where a € C' 1s a fived element and

f(z)log|f(z)], when f(z)#0
D(7)(e) = { .
0, otherwise.
Then, it is straightforward to check that F satisfies the condition F(fg) =

F(f)g + fD(g) for all f,g € C|[0,1], but F' and D are not additive. Thus F' is
a multiplicative (generalized)-derivation, but F is neither a generalized derivation

nor a multiplicative generalized derivation.

Many papers in literature have investigated about the commutativity of prime

and semiprime rings satisfying certain functional identities involving derivations

and generalized derwvations (see [2], [6], [11], [12], [15], [29], [35], [48]. [50], [93]).
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In [11], Asharf et al. proved for a prime ring R having a nonzero ideal I and
F' a generalized derivation on R associated with nonzero derivation d that if R
satisfies any one of the following: (1) F(xy) —xy € Z(R) for all z,y € I, (2)
F(zy) + 2y € Z(R) for all z,y € I, (3) F(zy) —yx € Z(R) for all xz,y € I, (4)
F(zy) +yx € Z(R) for allz,y € I, (5) F(x)F(y) —xy € Z(R) for all z,y € I, (6)
F(z)F(y) +xy € Z(R) for all z,y € I; then R must be commutative.

From above it is natural to consider the situation F(x)F(y) £ yx € Z(R) which
has been studied by B. Dhara in [48].

In [34], B. Dhara has studied the situations when a generalized derivation F acts
as homomorphism or anti-homomorphism in a nonzero left ideal of a semiprime
ring R. Albas [2] consider the situations with central values, that is, (1) F(zy) —
F(z)F(y) € Z(R), (2) F(zy) + F(2)F(y) € Z(R), (3) F(zy) — F(y)F(x) € Z(R),
(4) F(xy) + F(y)F(z) € Z(R); for all z,y in some suitable subset of R.

Recently, in [50], Dhara et al. studied these situations of Albas [2] in semiprime
Tings.

Combining all these above relations, Tiwari et al. [93] considered the following
situations:

(i) G(xy) £ F(z)F(y) £ vy € Z(R) for allx, y € I;

(i) G(xy) £ F(x)F(y) £ yz € Z(R) for all x, y € I;

(11i) G(zy) £ F(y)F(x) £ zy € Z(R) for all z, y € I;

(v) G(zy) £ F(y)F(z) £ yx € Z(R) for allx, y € I;

(v) G(zy) £ F(y)F(x) + [z,y] € Z(R) for allz, y € I;;

(vi) G(zy) £ F(z)F(y) £ [a(x),y] € Z(R) for all z, y € I;

where I 1s a non-zero ideal in prime ring R and o : R — R is any mapping.

There is also ongoing interest to study above relations replacing generalized deriva-
tions F, G with multiplicative (generalized)-derivations or multiplicative generalized
derivations. For example, we refer the reader to [5], [9], [37], [46], [51], [52],
[94]; where further references can be found. Let F' be a multiplicative (generalized)-
derivation of R with associated map g. In [37], Dhara and Ali studied the following
identities in semiprime ring: (1) F(zy) £xy € Z(R), (2) F(zy) £yzx € Z(R), (4)
Fz)F(y) £ 2y € Z(R), (6) F(x)F(y) £ yz € Z(R) for all x,y € \; where X is a

nonzero left sided ideal in R.
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Dhara and Mozumder investigated in [51] the cases when a multiplicative gen-
eralized derivation F' satisfies the identities: (1) F(xy) — F(x)F(y) € Z(R), (2)
F(zy)+ F(x)F(y) € Z(R), (3) F(zy) - F(y)F(z) € Z(R), (4) F(ay)+ F(y)F(z) €
Z(R), (5) F(zy) — g(y)F(x) € Z(R); for all x,y in some suitable subset of R.

Recently, in [{6], Dhara et al. studied the following identities in semiprime
rings: (1) [d(x), F(y)] = %[, y], (2) [d(x), F(y)] = £x oy, (3) [d(x), F(y)] = 0,
(4) F(lz,y]) £ [6(x),6(y)] £ [z,9] = 0, (3) d'([z,y]) £ [6(x),0(y)] £ [z,y] = 0, (6)
d'([z,y]) £[6(x),6(y)] = 0, (7) F(zoy) £ d(x)od(y) £xoy =0, (8 d(xoy) =+
dz)od(y) £xoy=0, (9)d(xoy)L£d(x)od(y) =0, for all x,y € X\, where F is
a multiplicative (generalized)-derivation of R associated to the map d, and 6, d' are
multiplicative derivations of R.

In the present Chapter, our motivation is to study the identities in semiprime
TIngs:

(1) F(lz,y]) + Gyx) +

(2) F(zoy)+ G(yx) +

(3)F (zy) + G(yx) +

(4)F ([, y]) + G(
(5)F(xoy)+ G(zy
(6)F ([, y)) + Glya) + < )P
(7)F(2)F(y) — G(yx) — zy + yx € Z(R); for all z,y € X, where X\ is a nonzero
left ideal of R and F,G are multiplicative (generalized)-derivations of R associated

r) —zy € Z(R),

to the maps d and g respectively.

7.2 Preliminary Results

Throughout this paper we shall make use of the following identities without any

specific mention :

[y, 2] = aly, 2] + [, 2]y
[z, y2] = yle, 2] + [, y]2
o (yz) = (woy)z —ylr,z] = y(z o 2) + [z, y]z.
We shall use the following facts to prove our theorems:

Fact-1 [30, Lemma 2] (a) Let R be a semiprime ring and the center of a nonzero
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one-sided ideal is contained in the center of R; in particular, any commutative one-
sided ideal is contained in the center of R.

(b) If R is a prime ring with a nonzero central ideal, then R must be commutative.

Fact-2 (see [81, Theorem 2(ii)] or [43]) Let R be a prime ring and X\ be a non-
zero left ideal of R. If there exist a derivation d of R such that [xPd(x?),2"], = 0

for all x € X and k,p,q,r are fized positive integers, then either Ad(A) = 0 or
AN Al = (0).

Fact-3 Let R be a prime ring and I be a non-zero ideal of R. If there exist a
deriwation d of R such that d(I) =0, then d(R) = 0.

Proof. By the hypothesis, d(x) = 0 for all x € I. Taking z = zr, r € R we get
xd(r) =0 for all x € I. Therefore d(r) = 0, for all » € R implying d(R) = 0. O

Fact-4 Let R be a prime ring and I be a non-zero ideal of R. If [I,I] =0 then

R is commutative.

Proof. By the hypothesis, [z,y] = 0, for all 2,y € I. Taking © = xr, r € R we get
x[r,y] = 0 for all z,y € I. Again taking y = ys, s € R we get zy[r,s| = 0 for all
x,y € I implying [r, s] = 0 for all r, s € R, that is R is commutative. ]

7.3 Main Theorem

Theorem 7.3.1. Let R be a semiprime ring with center Z(R) and A a nonzero left
ideal of R. Suppose that F' and G are two multiplicative (generalized)-derivations of
R associated with maps d and g on R respectively. If

F([z,y]) + Gyz) + d(2)F(y) + =y € Z(R)
for all x,y € A, then A[d(x), x]s = (0) and A[zg(x),z]s = (0) for all x € .
Proof. By the hypothesis, we have

F([z,y]) + G(yx) + d(x)F(y) + zy € Z(R) (7.3.1)
for all x,y € A. Replacing y by yx in (7.3.1) we obtain

F(la,y)z + [, yld(2) + G(yw)r + yrg()
+d(z)F(y)r + d(z)yd(x) + zyz € Z(R) (7.3.2)
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for all z,y € A, which gives

(F([z, y]) + Gyz) + d(x) F(y) + zy)x
[z, yld(x) + yzg(z) + d(z)yd(z) € Z(R) (7.3.3)

for all z,y € A. Since F([z,y]) + G(yz) + d(x)F(y) + zy € Z(R) for all z,y € A,
we have [(F([z,y]) + G(yx) + d(x)F(y) + zy)z, x] = 0 for all z,y € \. Commuting
both side of (7.3.3) with x we get

[z, yld(z), 2] + [yzg(x), =] + [d(x)yd(z), ] = 0 (7.3.4)
for all 2,y € A. Left multiply by z to (7.3.4), we get
o([x, yld(x), 2] + zlyzg(x), 2] + [wd(x)yd(z), 2] = 0 (7.3.5)
for all z,y € A. Replacing y by zy in (7.3.4), we obtain
o[z, yld(x), ] + zyzg(z), 2] + [d(z)zyd(z), 2] = 0 (7.3.6)

for all z,y € \. Subtracting (7.3.5) from (7.3.6), we obtain

[[d(z), z]yd(z), 2] = 0 (7.3.7)
for all z,y € A. This implies
[[d(x), x]yld(x), x], ] = 0, (7.3.8)
that is
[d(2), z]yld(x), 2]z — z[d(x), 2]y[d(z), 2] = 0 (7.3.9)

for all z,y € A. Replacing y by y[d(z), z]u in (7.3.9), where u € \ we obtain
(), 2lyld(x), 2luld(z), 2]z — z[d(z), 2]y[d(z), 2Ju[d(z),z] =0  (7.3.10)
for all z,y,u € A. By using (7.3.9), (7.3.10) yields
(), 2lyz[d(z), 2]uld(z), ] — [d(z), 2)y[d(z), eleufd(z), 2] =0 (7.3.11)
for all ,y,u € A. This gives
(), z]y[[d(z), 2], 2]uld(x), ] = 0 (7.3.12)

for all x,y,u € A. Thus we have [[d(x), z], z]y[[d(z), z], z]u[[d(x), x],z] = 0 for all
z,y,u € A, that is (A[[d(z), z],z])® = (0) for all x € \. Since R is semiprime ring, it
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contains no nonzero nilpotent left sided ideals and hence A[[d(z), z], z] = (0) for all
T E AN
Replacing y by yz in (7.3.4), we have

[z, y]zd(x), 2] + [yx®g(x), z] + [d(x)yxd(z), ] = 0 (7.3.13)

for all z,y € A. Right multiplying (7.3.4) by x and then subtracting from (7.3.13),

we get
[z, ylld(2), z], 2] + [yx[g(2), 2], 2] + [d(z)y[d(z), =], 2] =0 (7.3.14)

for all z,y € X\. Again replacing y by yz in (7.3.14) and right multiplying (7.3.14)

by z, we get two equations. Subtracting one of them from another yields
[z, ylld(x), x]2, 2] + [yz[g(x), 22, 2] + [d(2)y[d(z), 2], 2] = 0 (7.3.15)

for all z,y € A. Since A[[d(z),z],z] = (0) for all z € A, [yz]g(z), ]2, 2] = 0 for
all z,y € A. Replacing y by ty, we have 0 = [tyx[g(z), z]2, 2] = [t, z|yx[g(z), z]2
for all z,y € XA and t € R. We can replace t with x[g(z),z] and then obtain
zlg(x), x])oyzlg(x), x]s = 0 ie., z[g(x), x]aRyx[g(z),z]s = (0) for all x,y € A. Since
R is semiprime ring, A[zg(z), z]o = (0) for all z € A.

Thereby, the proof is completed. O]

Corollary 7.3.2. Let R be a prime ring with center Z(R) and X a nonzero left ideal
of R. Suppose that F' and G are two multiplicative generalized derivations of R

associated with deriwations d and g on R respectively. If
F(lz,y]) + Glyz) + d(x)F(y) + zy € Z(R)
for all x,y € A, then either Add(\) = (0) and Ag(\) = (0) or A[X\, A] = (0).

Proof. By Theorem 7.3.1, we have A[d(x),z]; = (0) and A|zg(x),z]s = (0) for all
x € A. By Fact 2, Ad(\) = (0) and Ag(A\) = (0) or A[\, A] = (0). O

Corollary 7.3.3. Let R be a prime ring and I a nonzero ideal of R. Suppose that F
and G are two multiplicative generalized derivations of R associated with derivations
d and g on R respectively. If F([z,y]) + G(yx) +d(x)F(y)+xy =0 for all z,y € I,
then one of the following holds:

1. F(z) =G(z) = —x for allz € R;

2. R is commutative, d =0 and G(x) = —x for all x € R.
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Proof. By Corollary 7.3.2 and Fact-3, Fact-4, we get either d = g = 0 or R is

commutative.

Case 1: Whend=g=0.
Then the identity reduces to

F(x)y — F(y)x + G(y)x + 2y =0 (7.3.16)
for all z,y € I. Replacing = by xt we obtain
F(x)ty — F(y)zt + G(y)at + aty = 0 (7.3.17)

for all z,y,t € I. Now right multiply by ¢ to (7.3.16), and then subtracting from
(7.3.17) we get

(F(2) +2)[t,y] =0 (7.3.18)

for all z,y,t € I. Putting x = ar, r € R, we have (F(z) + z)R[t,y] = (0) implying
F(x)+x = 0 for all x € I or [I,I] = (0). The case [[,I] = (0) implies R is
commutative by Fact-4 and then conclusion follows by Case-2. On the other hand,
when F(z) = —z for all x € I, putting x = rz,r € R, we get (F(r)+r)x = 0 for all
x € I, implying F(r) = —r for all € R. We have from (7.3.16), (G(y) + y)xr =0
for all x,y € I, implying G(y) +y = 0 for all y € I. Putting y = ry,r € R, we get

G(r) +r =0 for all » € R, thus we obtain our conclusion (1).

Case 2: When R is commutative.

Then the identity reduces to
G(zy) +d(x)F(y) + 2y =0 (7.3.19)
for all x,y € I. Replacing y by yz we obtain
G(zy)z + zyg(z) + d(x)F(y)z + d(z)yd(z) + zyz = 0 (7.3.20)

for all z,y,z € I. Now right multiplying by z to (7.3.19), and then subtracting
from (7.3.20) we get zyg(z) + d(x)yd(z) = 0, that is y(xg(z) + d(z)d(z)) = 0 for all
x,y,z € 1. Since R is prime ring, xg(z) + d(z)d(z) = 0 for all z,y, z € I. Replacing
x by tx, we obtain 0 = txg(z) + td(x)d(2) + d(t)zd(z) = d(t)zd(z) for all x,t,z € 1.
This implies d(I) = (0) so by Fact-3, d = 0 on R. Then zg(z) + d(x)d(z) = 0 for all
z,y,z € I implies g = 0. Thus by (7.3.19), we have (G(x)+z)y = 0 for all z,y € I,
implying G(z) +x = 0 for all = € I. Putting © = rz,r € R, we get (G(r)+r)z =0
for all x € I, implying G(r) = —r for all » € R. This is our conclusion (2). O
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Similarly, following theorem can be proved easily.

Theorem 7.3.4. Let R be a semiprime ring with center Z(R) and X a nonzero left
ideal of R. Suppose that F' and G are two multiplicative (generalized)-derivations of
R associated with the maps d and g on R respectively. If

F(zoy)+ Gyx) +d(x)F(y) + zy € Z(R)
for all x,y € A, then A[d(z),x]s = (0) and Nzg(zx),x]s = (0) for all x € A.

Corollary 7.3.5. Let R be a prime ring with center Z(R) and X a nonzero left ideal
of R. Suppose that F' and G are two multiplicative generalized derivations of R

associated with deriwvations d and g on R respectively. If
Flzoy) + Glyr) + d(x)F(y) + vy € Z(R)
for all x,y € X\, then either Ad(\) = (0) and Ag(\) = (0) or A[A\, \] = (0).

Corollary 7.3.6. Let R be a prime ring and I a nonzero ideal of R. Suppose that F
and G are two multiplicative generalized derivations on R associated with derivations
d and g on R respectively. If F(xoy)+ G(yzx)+ d(x)F(y) +xy =0 for all z,y € I,
then one of the following holds:

1. G(x) = —F(z) = for allz € R;
2. R is commutative with 2F(x) + G(xz) +x =0 for all x € R.

Proof. By Corollary 7.3.5, we get either d = g = 0 or R is commutative.

Case 1: Whend =g =0.
Then the identity reduces to

F(z)y+ F(y)x + G(y)x + 2y =0 (7.3.21)
for all x,y € I. Replacing = by zt we obtain
F(x)ty + F(y)at + G(y)at + aty = 0 (7.3.22)

for all z,y,t € I. Now right multiply by ¢ to (7.3.21), and then subtracting from
(7.3.22) we get (F(z) + z)[t,y] = 0 for all z,y,t € I. Replacing = with xr, where
r € R, we have (F(z) + z)R[t,y] = (0) for all z,y,t € I. By primeness of R, either
F(z) = —x forall z € I or [I,1] = (0). The first case gives F'(z) = —z for all x € [

and by Fact-4 the second case implies R is commutative. If F((x) = —z for all x € I,
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then from (7.3.21) we get (G(y) —y)z = 0 for all z,y € I implying G(x) = x for all
x € I and therefore G(z) = z for all z € R and F(z) = —x for all x € R. In the

second case when R is commutative, conclusion follows by Case-2.

Case 2: When R is commutative.

Then the identity reduces to
2F(zy) + G(zy) + d(x)F(y) + 2y =0 (7.3.23)
for all =,y € I. Replacing y by yz we obtain
2F (xy)z + 2xyd(2) + G(zy)z + 2yg(2)
+d(2)F(y)z + d(x)yd(z) + zyz =0 (7.3.24)
for all x,y,z € I. Now right multiply by z to (7.3.23), and then subtracting from
(7.3.24) we get
2zyd(z) + zyg(z) + d(x)yd(z) =0 (7.3.25)

for all z,y, z € I, that is 2zd(z) + zg(z) + d(z)d(z) = 0 for all x, z € I. Replacing «
by xt we obtain t(2zd(z)+xg(2)+d(z)d(z))+xd(t)d(z) = 0 that gives xd(t)d(z) =0
for all z, ¢,z € I. By primeness of R, it yields d(I) = (0), so by Fact-3 d(R) = (0).
Then from (7.3.25), zyg(z) = 0 for all z,y,z € I. Again by primeness of R, it gives
g(I) = (0) and hence g(R) = (0). Therefore from (7.3.23) we get 2F (z)+G(z)+x =
0 for all x € I. Putting x = rx, r € R, we get (2F(r)+G(r)+r)x=0foral z € [
which implies 2F(r) + G(r) +r =0 for all r € R. O

Theorem 7.3.7. Let R be a semiprime ring with center Z(R) and A a nonzero left
ideal of R. Suppose that F' and G are two multiplicative (generalized)-derivations of
R associated with the maps d and g on R respectively. If

Fay) + Glyz) +d(x)F(y) + [2,y] € Z(R)
for all x,y € A, then N[d(x),x]s = (0) and A[zg(x),x]s = (0) for all x € .
Proof. By the hypothesis, we have

F(zy) + G(yx) + d(x)F(y) + [z,y] € Z(R) (7.3.26)
for all =,y € A\. Replacing y by yx in (7.3.26) we obtain

F(zy)z + zyd(x) + G(yx)x + yrg(x)
+d(x)F(y)x + d(z)yd(x) + [z,y]zr € Z(R) (7.3.27)
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for all z,y € I. This gives

(F(zy) + Gyx) + d(z) F(y) + [2,y])x
+ayd(z) + yxg(z) + d(z)yd(x)+ € Z(R) (7.3.28)

for all z,y € A\. Commuting both side with z and then using the fact F(zy) +
G(yz) +d(z)F(y) + [z,y] € Z(R) for all x,y € A\, we have

[zyd(z), x] + [yxg(z), ] + [d(x)yd(z), 2] =0 (7.3.29)

for all x,y € \. Replacing y by zy and left multiplying by = in (7.3.29), we get two

equations; subtracting one from another yields
[[d(2), z]yd(x), 2] = 0 (7.3.30)

for all z,y € A. This is same as (7.3.7), in Theorem 7.3.1. Therefore by the same
argument of Theorem 7.3.1, we can conclude \[d(z),z]y = (0) for all z € .

Replacing y by yz in (7.3.29), we have
[vyxd(x), 2] + [ya*g(x), 2] + [d(z)yzd(r), 2] = 0 (7.3.31)

for all x,y € A. Right multiplying (7.3.29) by x and then subtracting from (7.3.31),

we get
[my[d(m),x],x] + [yx[g(x), ZL‘], :L‘] + [d(:)ﬁ)y[d(I), ZL‘], :L‘] =0 (7332)

for all z,y € X\. Again replacing y by yz in (7.3.32) and right multiplying (7.3.32)

by x, we get two equations. Subtracting one of them from another yields
[zyld(z), 2]z, ] + [yzlg(2), 2]z, ] + [d(2)y[d(2), 2]5,2] =0 (7.3.33)

for all z,y € A. Since A[[d(z),z],z] = (0) for all z € A, [yx[g(z),z]2,2] = 0 for
all z,y € A. Replacing y by ty, we have 0 = [tyx[g(z), z]2, x] = [t, z|yx[g(z), z]2
for all z,y € A and t € R. We can replace t with z[g(x),z] and then obtain
zlg(z), xlayzxlg(x), z]2 = 0 ie., x[g(z), x]aRyz[g(x), z]e = (0) for all x,y € A\. Since
R is semiprime ring, A\[zg(z), z]2 = (0) for all x € .

Thereby, the proof is completed.

By similar manner, the same conclusion hold for F(zy) + G(yx) + d(z)F(y) —
[z,y] € Z(R) for all x,y € I. O
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Corollary 7.3.8. Let R be a prime ring with center Z(R) and X\ a nonzero left ideal
of R. Suppose that F' and G are two multiplicative generalized derivations of R

associated with derivations d and g on R respectively. If
Fay) + Gyz) +d(x)F(y) + [z,y] € Z(R)
for all x,y € A, then either A\d(\) = (0) and Ag(\) = (0) or A[X, A] = (0).

Corollary 7.3.9. Let R be a prime ring and I a nonzero ideal of R. Suppose that F
and G are two multiplicative generalized derivations of R associated with derivations

d and g on R respectively. If
Fley) + Glyx) + d(@) F(y) + [2,y] = 0
for all xz,y € I, then one of the following holds:
1. —=F(z) =G(x) =x for allx € R;
2. R is commutative, d =0 and F(z) + G(z) =0 for all x € R.

Proof. By Corollary 7.3.8, we get either d = g = 0 or R is commutative.

Case 1: Whend = g=0.
Then the identity reduces to

F(x)y+ G(y)x + [z,y] =0 (7.3.34)
for all =,y € I. Replacing = by xt we obtain
F(x)ty + G(y)xt + [xt,y] =0 (7.3.35)

for all z,y,t € I. Now right multiply by ¢ to (7.3.34), and then subtracting from
(7.3.35) we get

(F(x) +2)[t,y] = 0 (7.3.36)

for all z,y,t € I. Replacing x with zr, where r € R, we have (F(z)+z)R]t,y] = (0)
for all x,y,t € I. By primeness of R, either F(x) = —z forallz € [ or [I,I] = (0). If
[I,I] = (0) then R is commutative, conclusion follows by Case-2. When F(z) = —x
then from (7.3.34) we get G(z) = —F(z) for all x € I which is the conclusion (1).

Case 2: When R is commutative.
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Then the identity reduces to
F(zy) + G(xy) + d(z)F(y) =0 (7.3.37)
for all z,y € I. Replacing y by yz we obtain
F(xy)z + zyd(z) + G(xy)z + xyg(2) + d(x)F(y)z + d(z)yd(z) = 0 (7.3.38)

for all z,y,z € I. Now right multiply by z to (7.3.37), and then subtracting from
(7.3.38) we get

xyd(z) + xyg(z) + d(z)yd(z) = 0 (7.3.39)

for all z,y,z € I, that is zd(z) + zg(z) + d(z)d(z) = 0 for all x,z € I. Replacing
x by xt we have t(xd(z) + xg(2) + d(x)d(z)) + zd(t)d(z) = 0 for all x,t,z € I, that
is xd(t)d(z) = 0 for all z,t,z € I. By primeness of R we get d(I) = (0) so by
Fact-3 d(R) = (0). Then from (7.3.39) we get xyg(z) = 0 for all z,y,z € I. Again
by primeness of R we get g(I) = (0) hence by Fact-3 g(R) = (0). Therefore from
(7.3.37) we get F(z) + G(z) = 0, for all x € I. Putting x = rz,r € R, we get
(F'(r) + G(r))z =0, for all x € I. This implies F'(r) + G(r) = 0, for all r € R, our

conclusion (2). O

Similarly, following corollary is straightforward.

Corollary 7.3.10. Let R be a prime ring and I a nonzero ideal of R. Suppose
that F' and G are two multiplicative generalized derivations on R associated with

derivations d and g on R respectively. If
Flay) + Glyz) + d(@)F(y) - [z,5] = 0
for all z,y € I, then one of the following holds:
1. F(z) =—-G(x) =z for all x € R;
2. R is commutative, d =0 and F(z) + G(z) =0 for all x € R.

Theorem 7.3.11. Let R be a semiprime ring with center Z(R) and X\ a nonzero left
ideal of R. Suppose that F' and G are two multiplicative (generalized)-derivations of
R associated with the maps d and g on R respectively. If

F(lz,y]) + G(xy) + d(z)F(y) + yr € Z(R)

for all z,y € X, then \[d(z),z]s = (0) and 2*[g(z),z]3 = 0 for all x € \.
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Proof. By the hypothesis, we have
F([z,y]) + G(zy) + d(z)F(y) + yx € Z(R) (7.3.40)
for all =,y € A\. Replacing y by yx in (7.3.40) we obtain

Flz, y)z + [z, yld(z) + G(zy)r + zyg(z)
+d(z)F (y)x + d(z)yd(z) + y2* € Z(R) (7.3.41)

for all =,y € A. This gives

(F([z,y]) + Gzy) + d(z)F(y) + yx)x
+x, yld(z) + zyg(x) + d(x)yd(z) € Z(R) (7.3.42)

for all z,y € A\. Commuting both side with = and then using F([z,y]) + G(zy) +
d(x)F(y) +yr € Z(R) for all z,y € A\, we get

(2, y)d(x), ) + [eyg(a), ] + [d(x)yd(x), ] = 0 (7.3.43)

for all z,y € A. Replacing y by xy and left multiplying by x in (7.3.43) respectively,

we obtain two equations. Subtracting one from another yields
[[d(2), 2]yd(x), 2] = 0 (7.3.44)

for all z,y € A. This is same as (7.3.7) in Theorem 7.3.1. Therefore by the same
argument of Theorem 7.3.1, we can conclude that A[d(z), z]s = (0) for all x € .
Replacing y by yx in (7.3.43) and right multiplying (7.3.43) by x, we obtain two

equations. Subtracting one from another gives
[z, y]ld(x), 2], 2] + [wylg(x), 2], «] + [d(2)y[d(z), 2], 2] =0 (7.3.45)

for all z,y € \. Again, replacing y by yx in (7.3.45) and right multiplying (7.3.45)

by x, we obtain two equations. Subtracting one from another we obtain
[z, ylld(x), x]s, 2] + [xy[g(), x], 2] + [d(2)yld(2), 2]z, 2] =0 (7.3.46)

for all z,y € \. Since \[d(z),z]y = (0) for all z € A, we have from above
[zylg(2), ]2, 2] = 0 (7.3.47)

for all z,y € . In particular, 2?[g(z), z]3 = 0 for all x € \. O
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Corollary 7.3.12. Let R be a prime ring with center Z(R) and X\ a nonzero left
ideal of R. Suppose that F' and G are two multiplicative generalized derivations of

R associated with derivations d and g on R respectively. If
F(lz, y]) + Gay) + d(@) F(y) +yx € Z(R)
for all x,y € A, then either Ad(\) = (0) and Ag(\) = (0) or A[A\, \] = (0).

Corollary 7.3.13. Let R be a prime ring and I a nonzero ideal of R. Suppose
that F' and G are two multiplicative generalized derivations on R associated with

derivations d and g on R respectively. If
F(la,y]) + G(ay) + d(2)F(y) +yz =0
for all x,y € I, then one of the following holds:
1. F(z) = —G(x) =x for all x € R;
2. R is commutative, d =0 and G(x) = —x for all x € R.

Proof. By Corollary 7.3.12, we get either d = g = 0 or R is commutative.

Case 1: Whend =g =0.
Then the identity reduces to

F(z)y — F(y)z + G(x)y +yr =0 (7.3.48)
for all z,y € I. Replacing y by yt we obtain
F(x)yt — F(y)te + G(z)yt + ytz =0 (7.3.49)

for all z,y,t € I. Now right multiply by ¢ to (7.3.48), and then subtracting from
(7.3.49) we get

(F(y) —y)lz, 1] =0 (7.3.50)

for all z,y,t € I. Putting y = yr, r € R we have (F(y) — y)R[z,t] = (0) implying
either F(y) = y for all y € [ or [I,I] = (0). If [I,I] = (0) then by Fact-4 we
get R is commutative and conclusion follows by case-2. On the other hand when
F(y) = y for all y € I, putting y = ry, r € R, we get (F(r) —r)y = 0 for all
y € I, implying F(r) = r for all » € R. Putting this value of F(z) in (7.3.48) we
get (G(z) +x)y =0 for all z,y € I. Taking x = xr,r € R we get (G(z)+xz)Ry =0,
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implying G(z) +z = 0 for all x € I. Again taking © = rz,r € R we get G(r) = —r

for all r € R, which is our conclusion (1).

Case 2: When R is commutative.

Then the identity reduces to
G(zy) + d(x)F(y) + xy =0 (7.3.51)
for all =,y € I. Then by Corollary 7.3.3 case-2, we have our conclusion (2). O

Stmilarly, we can prove the following theorem.

Theorem 7.3.14. Let R be a semiprime ring with center Z(R) and X a nonzero left
ideal of R. Suppose that F' and G are two multiplicative (generalized)-derivations
of R associated with the maps d and g on R respectively. If F(x oy) + G(xy) +
d(z)F(y) + yxr € Z(R) for all x,y € A, then Ad(x),z], = (0) and 2*[g(x),x]3 = 0
for all x € \.

Corollary 7.3.15. Let R be a prime ring with center Z(R) and \ a nonzero left
ideal of R. Suppose that F' and G are two multiplicative generalized derivations of

R associated with derivations d and g on R respectively. If
F(zoy) + Gay) + d(x)F(y) +yr € Z(R)

for all z,y € A, then either Ad(\) = (0) and Ag(\) = (0) or A\, A] = (0).

Corollary 7.3.16. Let R be a prime ring and I a nonzero ideal of R. Suppose
that F' and G are two multiplicative generalized derivations on R associated with

derivations d and g on R respectively. If
F(xoy)+ G(zy) +d(z)F(y) +yz =0
for all x,y € I, then one of the following holds:
1. F(x) =—G(x) = —x for allxz € R;
2. R is commutative with 2F(x) + G(xz) +x =0 for all x € R.

Proof. By Corollary 7.3.15, we get either d = g = 0 or R is commutative.

Case 1: Whend=g=0.
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Then the identity reduces to
Fx)y+ F(y)e +G(x)y +yr =0 (7.3.52)
for all z,y € I. Replacing y by yt we obtain
F(x)yt+ F(y)te + G(x)yt + ytz =0 (7.3.53)

for all z,y,t € I. Now right multiply by ¢ to (7.3.52), and then subtracting from
(7.3.53) we get

(F(y) +y)lt,z] =0 (7.3.54)

for all z,y,t € I. Putting y = yr, r € R, we have (F(y) + y)R[t,xz] = (0) implying
Fly)+y =0forally € T or [I,I] = (0). The case [[,I] = (0) implies R is
commutative and then conclusion follows by Case-2. On the other hand, when
F(y) = —y for all y € I, we have from (7.3.52), (G(z) —z)y = 0 for all y € I,
implying G(z) — 2 = 0 for all y € I. Thus we obtain our conclusion (1).

Case 2: When R is commutative.

Then the identity reduces to
2F(zy) + G(zy) + d(x)F(y) + 2y =0 (7.3.55)

for all z,y € I. which is same as (7.3.23), in Corollary 7.3.6. Therefore by the same

argument of Corollary 7.3.6, we get conclusion (2). O

Theorem 7.3.17. Let R be a semiprime ring with center Z(R) and A a nonzero left
ideal of R. Suppose that F' and G are two multiplicative (generalized)-derivations of

R associated with derivations d and g on R respectively. If
F(lz,y]) + Glyz) + d(y) F(z) — vy € Z(R)
for all z,y € X\, then \[d(z),z]s = (0) and 2?[g(z),z]3 = 0 for all x € \.
Proof. By the hypothesis, we have
F([z,y]) + G(yx) + d(y)F(z) — 2y € Z(R) (7.3.56)
for all z,y € A\. Replacing = by zy in (7.3.56) we obtain

F([z,y))y + [z, y]d(y) + G(yx)y + yrg(y)
+d(y)F(z)y + d(y)zd(y) — xy* € Z(R) (7.3.57)
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for all =,y € A. This gives
(F([z,y]) + Gyx) + d(y) F(x) — zy)y
+z, yld(y) +yzg(y) + d(y)zd(y) € Z(R) (7.3.58)

for all z,y € A. Since F([z,y]) + G(yz) +d(y)F(z) —zy € Z(R) for all x,y € A\, we

have from above

[z, yld(y), y] + [yrg(y),y] + [d(y)xd(y),y] =0 (7.3.59)

for all z,y € \. This is same as (7.3.43) in Theorem 7.3.11. Then by same argument

conclusions follows. O

Corollary 7.3.18. Let R be a prime ring with center Z(R) and X\ a nonzero left
ideal of R. Suppose that F' and G are two multiplicative generalized derivations of
R associated with derivations d and g on R respectively. If F([x,y]) + G(yz) +
d(y)F(z) —zy € Z(R) for all z,y € A, then either Ad(\) = (0) and Ag(\) = (0) or
AN Al = (0).

Corollary 7.3.19. Let R be a prime ring and I a nonzero ideal of R. Suppose
that F' and G are two multiplicative generalized derivations on R associated with
derivations d and g on R respectively. If F([z,y]) + G(yx) + d(y)F(x) —zy = 0 for
all z,y € I, then one of the following holds:

1. F(z) =G(x) =x for allx € R;
2. R is commutative, d =0 and G(x) = x for all x € R.
Proof. By Corollary 7.3.18, we get either d = g = 0 or R is commutative.

Case 1: Whend=g=0.
Then the identity reduces to

F(x)y— F(y)xr+G(y)r —xy =0 (7.3.60)
for all x,y € I. Replacing x by zt we obtain
F(x)ty — F(y)zt + G(y)at — aty =0 (7.3.61)

for all z,y,t € I. Now right multiply by ¢ to (7.3.60), and then subtracting from
(7.3.61) we get

(F(z) —2)[t,y] =0 (7.3.62)
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for all z,y,t € I. Putting z = ar, r € R, we have (F(x) — z)R[t,y] = (0) implying
F(z) —x = 0 for all z € I or [I,I] = (0). The case [I,I] = (0) implies R is
commutative and then conclusion follows by Case-2. On the other hand, when
F(z) = zx for all x € I, we have from (7.3.60), (G(y) — y)xr = 0 for all z € I,
implying G(y) — y = 0 for all y € I. Thus we obtain our conclusion (1).

Case 2: When R is commutative.

Then the identity reduces to
G(yzr) +d(y)F(x) —yx =0 (7.3.63)
for all z,y € I. Replacing x by zz we obtain
G(yr)z + yrg(z) + d(y)F(x)z + d(y)xzd(z) — yxz =0 (7.3.64)

for all z,y,z € I. Now right multiply by z to (7.3.63), and then subtracting from
(7.3.64) we get

yxg(z) + d(y)xd(z) =0 (7.3.65)

for all x,y,z € I, that is yg(z) + d(y)d(z) = 0. Replacing y by yt we obtain
(yg(z) + d(y)d(2))t + yd(t)d(z) = 0, this gives yd(t)d(z) = 0 for all y,z,t € I. By
primeness of R we get d(I) = (0) so by using Fact-3 d(R) = (0). Then from (7.3.65),
xyg(z) = 0 for all z,y,z € I. Again by primeness of R we get g(I) = (0) hence
by Fact-3 we get g(R) = (0). Therefore from (7.3.63), we get G(z) —z = 0 for all
x € I, which is the conclusion (2). O

Theorem 7.3.20. Let R be a semiprime ring with center Z(R) and X\ a nonzero left
ideal of R. Suppose that F' and G are two multiplicative (generalized)-derivations of
R associated with the maps d and g on R respectively. If

F(z)F(y) — Glyz) — vy +yx € Z(R)
for all x,y € \, then A\z[d(x),z]y = (0) and 2*[g(x),x]3 =0 for all x € \.
Proof. By the hypothesis, we have

F(z)F(y) — G(yx) —zy +yx € Z(R) (7.3.66)
for all z,y € A. Putting y = yz in (7.3.66), we obtain

F(z)F(yz) — G(yzx) — [z,yz] € Z(R) (7.3.67)
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for all z,y, z € A, this gives
F(z)F(y)z + F(z)yd(z) — G(yzzx) — y|x, z] — [z,y]z € Z(R)  (7.3.68)
for all z,y, z € A\. Commuting both sides with z, we have
F(x)F(y)z + F(2)yd(z) — G(yzz) — y[z, 2] — [z,y]z, 2| =0, (7.3.69)
that is
[F(2)F(y)z — [z, y]z, 2] + [F(2)yd(z) — G(yzz) — y[z,2],2] =0 (7.3.70)
for all z,y,z € A\. By using (7.3.66), this relation reduces to
G(yz)z, 2] + [F(z)yd(z) — G(yzx), 2] — [ylz,2],2] =0 (7.3.71)
for all z,y,2 € \. Putting z = 2% in (7.3.71), we have
[G(y2?)z, 2] + [F(2*)yd(2), 2] — [G(yz?),2] = 0 (7.3.72)
for all z,y, z € A\, which gives

[G(yz)2, 2] + [F(2)zyd(2) + zd(2)yd(z2), 2] — [G(yz)z + y2?g(2), 2]
— 0. (7.3.73)

This can be written as
[F(2)eyd(2), 2] + [2d(2)yd(z), 2] — [y=g(2), ] = O (7.3.74)
for all z,y,z € \. Putting y = 2y in (7.3.71), we have
[G(zyx)z, 2] + [F(z)zyd(2) — G(zyzx), 2] — [zy[z, 2], 2] =0 (7.3.75)
for all z,y, z € A. Assuming = = z, we have
(G(2y2)z, 2] + [F(2)zyd(2) — G(2y2?),2] = 0 (7.3.76)
for all y, z € \. This gives
(G(zy2)z, 2] + [F(2)2yd(2), 2] — [G(2y2)z + 2yzg(z), z] = 0, (7.3.77)
that is

[F(2)zyd(z), z] = [zyzg(2), 2] (7.3.78)
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for all y,z € A. From (7.3.74) and (7.3.78), we get
[ey29(2), 2] + [d(2)yd(2), 2] - [y2%6(2), 4] = O (7.3.79)
for all y, z € A\. Now putting y = zy in (7.3.79), we have
z[2y2g(2), 2] + [2d(2)zyd(2), 2] — z[yz%g(z), 2] = 0 (7.3.80)

for all y,z € A. Left multiplying (7.3.79) by z and then subtracting from (7.3.80),

we get

[[zd(2), z]yd(z),2z] =0 (7.3.81)
for all y, z € X\. Again putting y = yz in above relation, we get

[[zd(2), z]yzd(z),2] =0 (7.3.82)

for all y,z € A. Now right multiplying (7.3.81) by z and then subtracting from
(7.3.82), we get

[[2d(2), 2ly[d(2), 2], 2] = 0 (7.3.83)
for all , = € A and hence
[2ld(2), 2]yzld(2), 2], 2] = (7.3.84)
for all y, z € A. This implies
2[d(2), 2yz[d(2), 2]z — 22[d(2), 2lyz[d(2), 2] = 0 (7.3.85)

for all y, z € A. In above relation replacing y with yz[d(z), z]u, we get
2[d(2), 2lyz[d(2), 2Juzld(2), 2]z — 22[d(2), 2lyz[d(2), 2Juzld(z), 2] = O (7.3.86)
for all y, z,u € A. Using (7.3.85), (7.3.86) gives
2[d(2), 2Jy=2[d(2), 2Juzld(2), 2] — 2[d(2), 2Jyz[d(2), 2)zuzld(z), 2] = 0 (7.3.87)
for all y, z,u € A, that is
2[d(2), 2lyl2[d(2), 2], 2Juz[d(z), 2] = 0 (7.3.88)

for all y,z,u € X\. This implies [z[d(2), 2], z]y[z]d(2), 2], z]u[z[d(2), 2], 2] = O for all
y,z,u € A, that is, (A[z[d(z), 2]

,2])? = (0) for all z € R. Since R is a semiprime
ring, we can conclude that \z[d(z), z]s = (0) for all z € R.
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Now we replace y with yz in (7.3.78) and then obtain
[F(2)2y2d(2), 4 = [25729(2), 7 (7.3.89)

for all y,z € A. Right multiplying by z in (7.3.78) and then subtracting from
(7.3.89), we get

[F(2)zyld(2), 2], 2] = [2y=[g(2), 2], 2] (7.3.90)
for all y, z € A\. Again applying same argument,
[F(2)zyld(2), 2]2, 2] = [2y2[9(2), 2]2, 2] (7.3.91)

for all y, z € A. Replacing y by yz and using the fact Az[d(z), z]o = (0) for all z € R,

2
we get [zyz2[g(2), 2]z, 2] = 0 for all y,z € A\. This implies that z%[g(2), z]3 = 0 for

all z € A [l

Corollary 7.3.21. Let R be a prime ring with center Z(R) and X\ a nonzero left
ideal of R. Suppose that F' and G are two multiplicative generalized derivations of

R associated with derivations d and g on R respectively. If
F()F(y) - Glyz) — oy + yz € Z(R)
for all x,y € A, then either Ad(\) = (0) and Ag(X) = (0) or A[A\, A] = (0).

Corollary 7.3.22. Let R be a prime ring with center Z(R). Suppose that F and
G are two multiplicative generalized derivations on R associated with derivations d

and g on R respectively. If
F(z)F(y) — Glyx) —xy +yz =0
for all z,y € R, then one of the following holds:
1. d =0 that is F is a left centralizer mapping and G(x) = x for all x € R;
2. R is commutative, d = g = 0, that is F' and G both are left centralizer mapping.

Proof. By Corollary 7.3.21, we get either d(R) = g(R) = (0) or R is commutative.

Case 1: When d(R) = g(R) = (0).
Then the identity reduces to

F(z)F(y) — G(y)r — [z,y] =0 (7.3.92)



Some identities related to multiplicative (generalized)-derivations 145

for all z,y € R. Replacing y by yt we obtain
F(x)F(y)t — G(y)te — ylz,t] = [2,y]t =0 (7.3.93)

for all z,y,t € R. Now right multiply by ¢ to (7.3.92), and then subtracting from
(7.3.93) we get

(Gy) —y)[z,t] =0

for all x,y,t € R. By primeness of R we get, either G(y) —y = 0 for all y € R or
[z,t] = 0 for all z,¢ € R, that is R is commutative, conclusion follows by Case-2.

On the other hand, G(y) =y for all y € R. thus we obtain our conclusion (1).

Case 2: When R is commutative.

Then the identity reduces to
F(x)F(y) — G(zy) =0 (7.3.94)
for all z,y € R. Replacing y by yz we obtain
F(x)F(y)z + F(x)yd(z) — G(xy)z — xyg(z) =0 (7.3.95)
for all x,y, 2z € R, this gives
F(x)yd(z) — zyg(z) = 0. (7.3.96)

Again taking ¢ = xz we get, F(z)zyd(z) + zd(z)yd(z) — zzyg(z) = 0, that is
(F(z)yd(z) —2yg(z)) 2+ zd(z)yd(z) = 0 implying zd(z)yd(z) = 0 for all z,y, z € R.
By primeness of R we get d(z) = 0 for all z € R. Putting d(z) = 0 in (7.3.96), we
get xyg(z) = 0. By primeness of R we get g(z) = 0 for all z € R. Thus we obtain

our conclusion (2). O

Example 7.3.1.

Let us consider the ring R = 0 GF(2) | . Then R is not a prime ring,
0 0
0 01 011 000
as| 001 [R[OOT1]=]000
000 0 00 000
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0 a b 0 0 b
Define the mappings F,G,d,g : R — RbyF| 0 0 ¢ | = 0 0 & |,
000 00 O
a b 00 b
Gl 00 c¢c|[=]00 ac | and also
00 0 0
b 0 a b 0 00
d c |=9] 0 0 ¢c|=1]1020 ¢
0 000 000

Then it is easy to verify that d and g are derivations. F' and G are not additive
maps in R, but F(zy) = F(x)y + xd(y) and G(zy) = G(x)y + xg(y) hold for all
x,y € R. Hence, F' and G are multiplicative generalized derivations associated with
the derivations d and g respectively. Assuming both sided ideal I = R, we have
F(lz,y]) + Gyz) + d(2)F(y) + 2y = 0, F(zoy) + G(yz) + d(z)F(y) + 2y = 0,
F(zy) + G(yz) + d(z)F(y) + [z,y] = 0, F(zy) + G(yz) + d(z)F(y) — [z,y] = 0,
F([x,y]) + G(zy) + d(z)F(y) + yx = 0 for all z,y € I. Since F(x) # —x and
G(x) # —x for all z € R, R is noncommutative, d # 0, the primeness hypothesis
18 not superfluous in Corollary 7.53.3, Corollary 7.3.6, Corollary 7.3.9, Corollary
7.3.10, Corollary 7.3.13.

Example 7.3.2.
0 GF(2) GF(2)
Let R=1| 0 0 GF(2) | . As above, R is not prime.

0
0 a b 0 —a O
Define the mappings F,G,d,g: R— Rby F| 0 0 ¢ | =10 0 ¢ |,
000 0 0 O
0 a b 00 b
Gl 00 c|=]00 ¢ | andalso
000 00 0
0 a b 0 a b 0 0 b
dl 00 ¢c |=9g] 00 ¢c¢c|=]00c
000 000 000
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Then it is easy to verify that F' and G are multiplicative generalized derivations
associated with the derivations d and g respectively. Assuming both sided ideal I = R,
we have F(z)F(y) — G(yx) —xy+yx =0 for all z,y € I. Since d # 0 and G(x) # x
for all x € R, R is noncommutative, the primeness hypothesis is not superfluous in
Corollary 7.3.22.
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Chapter 8

A Note on b-generalized
(cr, B)-derivations in Prime Rings

8.1 Introduction

Let R be a prime ring with center Z(R) and extended centroid C. For any x,y € R,
set [x,ylaps = za(y) — B(y)z and (x 0 y)ap = za(y) + B(y)x. Obviously (1,1)-
derivation is a simply derivation, where 1 denotes the identity map. For some fized
a € R, the map x — aa(x) — f(x)a is an example of («, B)-derivations which is
called inner (a, B)-derivations.

FEvery (a, B)-derivations are generalized (o, 3)-derivations. The maps of the form
x +— aa(z) + B(x)b for some a,b € R is an example of generalized derivation which

is said to be an inner generalized (cv, B)-derivation.

Many papers in the literature have investigated about the commutativity of prime
and semiprime rings satisfying some functional identities involving derivations and
generalized derivations (see [2], [6], [11], [12], [15], [29], [33], [34], [45]. [48], [50],
[93]).

In [11], Ashraf et al. proved for a prime ring R having a nonzero ideal I and
a generalized derivation F' on R associated with a nonzero derivation d that if R
satisfies any one of the following: (1) F(xy) — xy € Z(R) for all x,y € I, (2)
F(zy) + 2y € Z(R) for all z,y € I, (3) F(xy) +yx € Z(R) for all xz,y € I, (4)
F(zy) —yx € Z(R) forall x,y € I, (5) F(x)F(y) +xy € Z(R) for all z,y € I, (6)
F(x)F(y) —xy € Z(R) for all z,y € I; then R must be commutative.

O This work is Published online in Georgian Math. J., DOI: 10.1515/gmj-2023-2121
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There is ongoing interest to study the identities replacing generalized deriva-
tions with generalized (v, B)-derivations. Several authors studied the commutativity
in prime and semiprime rings admitting («, 8)-derivations and generalized (v, (3)-
derivations which satisfy appropriate algebraic conditions on appropriate subsets of
the rings (see [8], [20], [49], [73], [84]).

Let R be a prime ring and F, G be two generalized («, )-derivations with as-
sociated (v, B)-derivations d and g respectively. Recently, in [20] Garg studied the
following identities in prime rings

(i) Glay) + d(@) F(y) = 0;

(ii) G(zy) + d(z) F(y) + a(yr) = 0;

(iii) G(xy) + d(y)F(z) = 0;

(iv) Gay) + d(y)F(x) + alyz) = O;

(v) Glay) + F(y)F(x) = 0;

(vi) G(zy) + F(x)F(y) = 0;

for all z,y € L, where L is a square closed Lie ideal of R.

More recently, in [66] Filippis and Wei introduced a new mapping b-generalized
(o, B )-derivation.
This mapping is a common generalization of generalized skew derivation and general-
ized (o, B)-derivation. The maps of the form x — ac(z)+bB(z)c for some a,b,c € R
is an example of b-generalized (o, B)-derivation of R with associated word (b, o, B, d),
where d(z) = [(z)c — ca(z) for all v € R. Such b-generalized (o, 3)-derivations is
called inner b-generalized (o, B)-derivations.

The aim of the present Chapter is to extend many known results for b-generalized
(o, B)-derivations. More precisely, we study the following algebraic identities involv-

ing b-generalized (ci, 3)-derivation in prime rings:
1. F(zy) + a(zy) + alyz) = 0;
2. F(zy) + G(z)ay) + a(yz) = 0;
3. F(zy) + Gyz) + a(zy) + a(yz) = 0;
4. F(z)F(y) + G(z)aly) + alyz) = 0;

5. F(zy) +d(x)Fi(y) + alzy) = 0;
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6. F(zy) + d(z)Fi(y) = 0;
7. Fay) + d(z)Fi(y) + alyz) = 0;

8. F(zy) + d(z)Fi(y) + azy) + a(yx) = 0;
9. F(zy) +d(x)Fi(y) + alyr) — alzy) = 0;

10. [F(x),x] = 0; 11. (F(x)ox) = 0;

a,B a,B
12. F([x,y]) = [m,y] ;18 F(x o y) = (x o y) ; for all x,y in some
a,B a,B
suitable subset of R, where F,F, and G are three b-generalized (v, B)-derivations of

R associated to the mapping d,d and g respectively for 0 #b € R.

8.2 Preliminary Results

Throughout this paper, o and [ will denote automorphisms of R. We shall use

without explicit mention, the following basic identities:
1. [y, 2] = aly, 2] + [z, 2]y;
2. [x,yz| = ylz, 2] + [z, y]z;
3. (xoyz)=(xoy)z—ylzr,z] =y(roz)+ [x,y|z;
4. (wyoz)=a(yoz) =l zly = (voz)y+uly z];
5. [zy, 2las = 2y, 2las + [z, B(2)]y = 2[y, a(2)] + [z, 2]apy:
0. [2,y2lap = BT, Zap + [, Ylapa(2);
7. (x0yz)ap = (zoyapa(z) = BT, 2las = By) (@ 0 2)ap + [, Ylasa(2);
8. (xyoz)as=x(yo 2)as — [7,8(2)]y = (w0 2)asy + zly, a(2)];
for all z,y, 2 € R.

Fact-1 [66]: Let R be a prime ring, o, f € Aut(R), 0 £Ab€ R, d: R — R be an
additive mapping of R and F be the b-generalized (o, B)-derivation of R associated
to the mapping d. Then d is an («, B)-derivation of R.
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8.3 Main Results

Theorem 8.3.1. Let R be a prime ring, X a nonzero left ideal of R, 0 # b € R and
F be a b-generalized (o, 8)-derivation of R associated with the (o) derivation d. If
F(zy) + a(xy) + a(yx) = 0 for all x,y € X, then R is commutative, (N)d(\) = (0)
and F(x) = =2a(z) for all x € \.

Proof. By the hypothesis, we have
F(zy) + a(zy) + a(yzr) =0 (8.3.1)
for all z,y € X\. Replacing z? in place of z in (8.3.1), we obtain
F(z%y) + a(2?y) + alyz?) =0 (8.3.2)
for all z,y € A\. Again replacing zy in place of y in (8.3.1), we obtain
F(z%y) + a(2?y) + a(zyx) =0 (8.3.3)
for all z,y € A\. Now subtracting (8.3.2) from (8.3.3), we obtain
a(yr?®) — a(zyz) =0 (8.3.4)

for all z,y € A, that is a(yz® — zyz) = 0, implying [z,y]lr = 0 for all z,y € \.
Replacing y by ry for r € R, we obtain [z, ry|lx = r[z,y|z + [z,r]yx = 0, that is
[z,r]yx = 0. Since A is nonzero so [x,r| = 0 for all » € R. Replacing = by tx we
get [tx,r] = tlx,r] + [t,r]x = 0 for all t,r € R, that is [¢t,r]x = 0. Again since A is
nonzero left ideal of R so [t,r] =0 for all ¢, € R, so R is commutative.

From (8.3.1), by using commutativity of R we get
F(zy) 4+ 2a(zy) =0 (8.3.5)
for all =,y € A. Replacing y by yz for z € A\, we obtain
Floy)a(z) + ba(ay)d() + 2a(zy)a(z) = 0 (5.3.6)
for all z,y, z € A. Right multiply by a(z) to (8.3.5), we get
F(zy)a(z) + 2a(zy)a(z) =0 (8.3.7)
for all z,y,z € A. Subtracting (8.3.6) from (8.3.7), we obtain

bB(x)B(y)d(z) =0 (8.3.8)
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for all z,y, z € A. Replacing y by ry for r € R, we obtain

bB(x)B(ry)d(z) =0 (8.3.9)

for all z,y,z € XA and r € R, that is b3(x)B(r)B(y)d(z) = 0. Now replacing r by
B7(d(2)r), we get bB(x)d(z)rB(y)d(z) = 0 for all » € R. Thus, by primeness of
R we get either 5(z)d(z) = 0 or bB(x)d(z) = 0 for all z,z € A, therefore in both
conditions we get b5(x)d(z) = 0 for all z,z € A\. Again taking x = rz for r € R
we get b5 (r)5(x)d(z) = 0, that is bRB(x)d(z) = (0). By primeness of R and using
b # 0 we get f(x)d(z) = 0 for all z,z € A, that is S(A\)d(N\) = (0). Thereby, the
proof is completed. O

Corollary 8.3.2. Let R be a prime ring, 0 # b € R and F be a b-generalized (o, )-
derivation of R associated with the («,f) derivation d. If F(zy)+a(zy)+a(yz) =0
for all x,y € R, then R is commutative, d =0 and F(x) = —2a(x) for all x € R.

Proof. By Theorem 8.3.1 and considering A = R we get the result. O]

Theorem 8.3.3. Let R be a prime ring, X\ a nonzero left ideal of R, 0 # b € R
and F, G are two b-generalized («,f)-derivations of R associated with the («,3)
derivations d, g respectively. If F(xy)+ G(x)a(y) + a(yz) =0 for all x,y € A, then
one of the following holds:

1. B(N)d(N) = (0), A[]A, Al = (0) and a(N)b = (0);
2. BA)A(A) = (0), A\ Al = (0) and B(A)g(A) = (0).
Proof. By the hypothesis, we have
F(zy) + G(x)a(y) + a(yz) =0 (8.3.10)
for all x,y € A. Replacing zz in place of x in (8.3.10), we obtain
F(zzy) + G(xz)a(y) + a(yzrz) =0 (8.3.11)
for all x,y,z € A\. Again replacing zy in place of y in (8.3.10), we obtain
F(zzy) + G(x)a(zy) + alzyz) =0 (8.3.12)
for all x,y,z € \. Subtracting (8.3.11) from (8.3.12), we obtain

bB(x)g(z)a(y) + alyrz — zyz) =0 (8.3.13)
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for all z,y, z € A, which gives
bB(x)g(z)a(y) + afyx,z] =0 (8.3.14)

for all z,y,z € A\
Now replace yz in place of y in (8.3.10), we obtain

Fley)a(z) + b5(zy)d(z) + G(x)a(y)a(z) + alyzr) = 0 (8.3.15)

for all z,y,z € A. Right multiplying (8.3.10) by «(z) and then subtracting from
(8.3.15), we get

bB(xy)d(z) + a(ylz,z]) =0 (8.3.16)

for all z,y,z € A\. Taking z = x we get bf(xy)d(x) = 0, that is b5(x)5(y)d(x) = 0
for all z,y € A. Replacing y by ry for r € R we obtain b5 (z)B(r)5(y)d(z) = 0.
Now replacing r by 87 (rb) we get bB3(z)rbB(y)d(z) = 0 for all r € R. Thus, by
primeness of R we get either b3(y)d(x) = 0 or b3(x) = 0 for all z, y € X\. We consider
two sets 171 = {z € A : bF(N)d(x) = (0)} and Ty = {x € X : bB(x) = 0}, then T} and
T, form two additive subgroups of A such that 77 UTy, = \. Therefore either T} = A
or To = A, that is, either bf(y)d(x) = 0 for all z,y € X or bF(z) = 0 for all z € .
Both of these two conditions together imply that b3(y)d(x) = 0 for all z,y € A.
Replacing y by ry for r € R we obtain bf(r)S(y)d(z) = 0, that is bRS(y)d(z) = (0).
Thus, by primeness of R and using b # 0 we get S(A)d(\) = (0).

Taking B(A)d(A) = (0), then from (8.3.16) we get a(y[z,z]) = 0for all z,y, z € A,
that is A[\, A] = (0). Again left multiplying (8.3.14) by a(t) and using A\[A, \] = (0),
we get a(t)bf(x)g(z)a(y) = 0 for all x,y,z,t € A. Replacing y by ry, r € R in
the last expression and using primeness of R, we conclude that «a(t)b3(x)g(z) = 0.
Again taking = by rz, r € R we get a(t)b5(r)B(x)g(z) = 0 for all » € R. Thus by
primeness of R we get either a(A\)b = (0) or S(A)g(A\) = (0). Thus, the proof of the

theorem is completed. O

Corollary 8.3.4. Let R be a prime ring, 0 #b € R and F, G are two b-generalized
(o, )-derivations of R associated with the («,f) derivations d, g respectively. If
F(zy) + G(x)a(y) + a(yz) = 0 for all x,y € R, then d = g =0, R is commutative
and F(z) + G(z) = —a(x) for all z € R.

Proof. By Theorem 8.3.3 and considering A = R, we get one of the following;:

(1) d = 0, R is commutative and b = 0, contradiction;
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(2) d =g =0 and R is commutative.

When R is commutative and d = 0 the identity F(zy) + G(z)a(y) + a(yx) = 0
becomes {F(x) + G(z) + a(x) }a(y) = 0 for all z,y € R. Therefore by primeness of
R we get F(z) + G(z) = —a(x) for all z € R. O

Theorem 8.3.5. Let R be a prime ring, X\ a nonzero left ideal of R, 0 # b € R
and F, G are two b-generalized (o, )-derivations of R associated with the («,3)
derivations d, g respectively. If F(xy) + G(yz) + a(xy) + a(yx) = 0 for all z,y € A,
then one of the following holds:

2. B(N)d(A) = (0) and B(A)g(A) = (0).
Proof. By the hypothesis, we have
F(zy) + G(yx) + a(zy) + a(yr) =0 (8.3.17)

for all z,y € A

Case-I: Replacing yx in place of y in (8.3.17), we obtain

F(zy)a(z) + bB(zy)d(z) + Gyz)a(z) + bB(yx)g(x)
+a(zy)a(zr) + a(yz)a(z) =0 (8.3.18)

for all z,y € A. Right multiplying (8.3.17) by a(z) and then subtracting from
(8.3.18), we get

bB(zy)d(x) + bB(yz)g(z) =0 (8.3.19)

for all z,y € \. Taking y = 87!(b)y, we obtain

bB(x)bB(y)d(x) + b*B(y)B(x)g(x) =0 (8.3.20)

for all x,y € . Left multiplying (8.3.19) by b and then subtracting from (8.3.20),

we get

{b8(x)b — 12B(2)}Bly)d(x) = 0, (8.3.21)

that is b[5(z),b]f(y)d(z) = 0 for all z,y € A. Replacing y by ry for r € R,
[B(x),b]5(r)B(y)d(x) = 0 for all » € R. Thus, by primeness of R we
[B(z),b] = 0 or f(N)d(x) = (0) for all x € A. We consider two sets

we obtain b

get either b
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Ty ={z € X:b[B(x),b] =0} and Ty, = {x € A : f(A\)d(z) = (0)}, then T} and T5
form two additive subgroups of A such that T} UT; = A. Therefore either T} = A or
Ty, = A, that is, either b[5(z),b] = 0 for all x € X or B(N\)d(z) = (0) for all z € A,
hence either b[5(N),b] = (0) or B(A)d(X) = (0).

Case-II: Replacing zy in place of x in (8.3.17), we obtain

F(zy)a(y) + bB(xy)d(y) + Gyz)a(y) + bB(yx)g(y)
+a(zy)a(y) + a(yz)a(y) =0 (8.3.22)

for all z,y € A Right multiplying (8.3.17) by «(y) and then subtracting from
(8.3.22), we get

bB(wy)d(y) + bB(yx)g(y) =0 (8.3.23)

for all z,y € \. Taking x = 37!(b)z, we obtain

v*B(xy)d(y) + bB(y)bB(x)g(y) = 0 (8.3.24)

for all z,y € A\. Left multiplying (8.3.23) by b and then subtracting from (8.3.24),

we get

{bB(y)b = b*B(y)}B(x)g(y) =0, (8.3.25)

that is b[5(y),b]B(x)g(y) = 0 for all 2,y € A. Replacing = by rx for r € R,
( ),b]ﬁ(r) ( ) (y) = 0 for all » € R. Thus, by primeness of R we
get either b[f(y),b] = B(N)g(y) = (0) for all y € A\. We consider two sets
Th ={y € X:bB(y), ] = O} and Ty = {y € A : B(N)g(y) = (0)}, then T7 and T
form two additive subgroups of A such that T} UT; = A\. Therefore either T} = A or
T, = ), that is, either b[3(y),b] = 0 for all y € A or S(A)g(y) = (0) for all y € A,
hence either b[3(A),b] = (0) or B(A)g(A) = (0).
Therefore, from above two results we can conclude that either b[G(\),b] = (0) or
B(A)d(A) = (0) and 5(A)g(A) = (0). Thus, the proof of the theorem is completed.
[

we obtain b[8(y

Corollary 8.3.6. Let R be a prime ring, 0 #b € R, F and G are two b-generalized
(o, )-derivations of R associated with the (a,[3) derivations d and g respectively. If
F(zy)+G(yx) + a(xy) + a(yz) = 0 for all z,y € R, then one of the following holds:

1. b€ Z(R), that is F' and G are two generalized (o, ) derivations;
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2.d=g=0and F =G = —a«;
3. d=g=0, R is commutative and F'+ G = —2a.

Proof. By Theorem 8.3.5 and considering A = R, we get one of the following:
(1) b[B(x),b] =0 for all z € R; (2) d = g = 0.

Case I: When b[3(x),b] = 0 for all z € R. Taking x = xt, we get b[5(xt),b] = 0,
that is b5 (z)[B(t),b] = 0 for all z,t € R. By primeness of R and using b # 0, we
get [B(t),b] = 0 for all t € R, that is b € Z(R). Thus, F, G are two generalized
(o, B)-derivations of R, this is our conclusion (1).

Case II: When d = g = 0, then F(zy) + G(yx) + a(zy) + a(yx) = 0 implies
that

{F(2) + a(z)}aly) + {G(y) + ay)}a(z) = 0 (8.3.26)

for all x,y € R. Taking xt in place of x for t € R, we obtain

{F(2) + a(z)}a(t)aly) +{G(y) + a(y)}a(z)alt) = 0 (8.3.27)

forall x,y,t € R. Right multiply (8.3.26) by () and then subtracting from (8.3.27),
we get {F(z) + a(z)}e(t), a(y)] = 0 for all z,y,t € R. By primeness of R we get
either R is commutative or F'(z) = —a(z) for all z € R. When F(x) = —a(x) for all
x € R, then from (8.3.26) we get {G(y) + a(y)}a(x) =0 for all z,y € R. Again by
primeness of R we conclude that G(y) = —a(y) for all y € R, this is our conclusion
(2). On the other hand when R is commutative then F'(xy)+G(yz)+a(zy)+a(yzr) =
0, implies {F(z) + G(z) + 2a(x) }a(y) = 0 for all z,y € R. By primeness of R we
get F(x) + G(z) = —2a(z) for all x € R, this is our conclusion (3). O

Theorem 8.3.7. Let R be a prime ring, A a nonzero left ideal of R, 0 # b € R, F and
G are two b-generalized (o, )-derivations of R associated with the (o) derivations
d and g respectively. If F(z)F(y)+ G(z)a(y) +a(yzx) =0 for all x,y € A\, then one
of the following holds:

1. B(A)d(a‘l(b))\)b = (0) and A\, A] = (0);
2. B(AN)d(X) = (0) and A\[X, \] = (0).
Proof. By the hypothesis, we have

F(x)F(y) + G(z)a(y) + a(yz) =0 (8.3.28)
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for all z,y € A. Replacing yz in place of y, we obtain
F(z)F(y)a(z) + F(x)bB(y)d(z) + G(x)a(y)a(z) + a(yzz) =0 (8.3.29)

for all x,y,z € A. Right multiplying (8.3.28) by «a(z) and then subtracting from
(8.3.29), we get

F(z)b(y)d(2) + a(yza — yzz) = 0,
that is
F(x)bB(y)d(z) + a(ylz, z]) = 0 (8.3.30)
for all 7,y,z € A. Assuming z = z, we get
F(2)b3(y)d(z) = 0 (8.3.31)

for all x,y € A. Replacing y by ry for r € R, we obtain F(z)b5(r)B(y)d(x) = 0.
Thus, by primeness of R we get either F(x)b = 0 or 5(y)d(z) = 0 for all z,y € \.
We consider two sets 77 = {x € A : F(x)b =0} and T, = {z € X\ : f(\)d(x) = (0)},
then T} and T3 form two additive subgroups of A such that 77 U T, = A. Therefore
either 77 = X or Tp = A, that is, either F'(z)b = 0 for all z € X or S(A)d(z) = (0)
for all = € A, that is either F'(z)b =0 for all x € A or S(N\)d(A) = (0).

Case I: When F(z)b =0 for all z € ), taking x = za~'(b)t for t € \ we get
bB3(x)d (e (b)t)b =0 for all z,t € X. Replacing « by rz for r € R we obtain
b3(r)B(z)d(at(b)t)b = 0. Thus, by primeness of R and using b # 0 we get
B(x)d(a™'(b)t)b = 0 for all x,t € A, that is B(N)d(a~(b)A)b = (0). Also from
(8.3.30) we get a(y[z,x]) = 0, that is A\[A\, A\] = (0), this is our conclusion (1).

Case II: When S(A)d(A) = (0), then from (8.3.30) we get a(y[z, z]) = 0, that is
A\, A] = (0), this is our conclusion (2). O

Corollary 8.3.8. Let R be a prime ring, 0 #b € R, F and G are two b-generalized
(o, )-derivations of R associated with the (a,[3) derivations d and g respectively. If
F(x)F(y) + G(x)a(y) + a(yx) =0 for all x,y € R, then R is commutative and one
of the following holds:

1. d=g =0, that is F' and G are two left o multiplier mapping of R;

2. d(a™'(b)) = 0.
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Proof. By Theorem 8.3.7 and taking A\ = R, we get one of the following:

(1) d(a="(b)R)b = (0) and R is commutative; (2) d = 0 and R is commutative.
Case I: When d = 0 and R is commutative, the identity F'(z)F(y)+G(z)a(y)+

a(yz) = 0 reduces to

F(z)F(y) + G(z)a(y) + a(zy) =0 (8.3.32)
for all z,y € R. Replacing x by xz, we get

F(2)F(y)a(z) + Gle)aly)alz) + bB(2)g(z)aly) + alzy)a(z) = 0 (8.3.33)

for all z,y,z € R. Right multiplying (8.3.32) by «(z) and then subtracting from
(8.3.33), we get bB(z)g(z)a(y) = 0 for all z,y, z € R. By primeness of R and using
b # 0 we can conclude that g = 0, this is our conclusion (1).

Case II: When R is commutative and d(a~(b)R)b = (0), that is d(a ™' (b)t)b =
0 for all ¢ € R, then replacing ¢ by ta(b) we get 3(a™'(b))B(t)d(a (b)) = 0 for
all t € R. By primeness of R we get either S(a™(b)) = 0 or d(a”'(b)) = 0. If
B(a™'(b)) = 0 then b = 0, contradiction. On the other hand d(a~*(b)) = 0, thus
the proof is completed. O

Theorem 8.3.9. Let R be a prime ring, 0 #b € R and F, Fy are two b-generalized
(o, )-derivations of R associated with the same («,() derivation d. If F(zy) +
d(x)Fi(y) +a(zy) =0 for all z,y € R, then d = 0, Fy is a left a multiplier mapping
of R and F = —«a.

Proof. By the given condition
F(zy) 4+ d(x)Fi(y) + a(zy) =0 (8.3.34)
for all z,y € R. Substituting y = yz, we obtain
F(zyz) + d(x)Fi(yz) + a(zyz) = 0, (8.3.35)
that is

F(zy)a(z) +bp(zy)d(z) + d(z) (Fi(y)a(z) + bB(y)d(2))
+a(zy)a(z) =0 (8.3.36)

for all z,y,z € R. Right multiplying (8.3.34) by «(z) and then subtracting from
(8.3.36), we get

bB(zy)d(z) + d(z)bS(y)d(z) =0 (8.3.37)
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for all z,y, z € R. Above relation implies

{bB(x) + d(x)b}5(y)d(z) =0 (8.3.38)

for all z,y,z € R. Since R is prime, either b5(z) 4+ d(z)b = 0 for all z € R or
d(R) = (0).

Case I: In this case we consider
bB(x) 4+ d(z)b =0 (8.3.39)

for all z € R. Replacing x with 371(b)x, we get v*B(z) + d(37(b)x)b = 0, that is
b2 B(z)+d(871(b))a(z)b+bd(x)b = 0 for all x € R. By using b3(x)+d(x)b = 0 for all
r € R, this relation yields d(87!(b))a(z)b = 0 for all x € R. By primeness of R and
using b # 0 we get d(371(b)) = 0. Now replacing = with 37(b) in b3(x) +d(z)b =0
for all x € R, we get b*> = 0. Thus right multiplying by b, b3(x) + d(x)b = 0 for all
x € R yields bB(x)b =0 for all z € R and hence b = 0, a contradiction.

Case II: Next assume that d = 0. Then by hypothesis, we have {F(z) +
a(x)}a(y) = 0 for all z,y € R, implying F(z) + a(z) = 0 for all x € R and
Fi(zy) = Fi(x)a(y), that is F} is a left multiplier mapping of R, as desired. H

e Since F is a b-generalized («, 3)-derivation on R associated to the (o, [)-
derivation d of R, F — « is also a b-generalized («, 3)-derivation on R associated to
the («, B)-derivation d of R. Thus replacing F' with F' — « in Theorem 8.3.9, the

following Theorem 1s straightforward.

Theorem 8.3.10. Let R be a prime ring, 0 # b € R and F, Iy are two b-generalized

(o, B)-derivations on R associated with the same (v, B)-derivation d. If
F(ay) + d(x)Fi(y) = 0
for all x,y € R, then F =0 and Fy is left multiplier mapping of R.

Theorem 8.3.11. Let R be a prime ring, 0 # b € R and F, Iy are two b-generalized
(o, )-derivations of R associated with the same (a,f3)-derivation d. If F(xy) +
d(z)Fi(y) + a(yz) = 0 for all z,y € R, then R is commutative, d = 0, Fy is a left
multiplier mapping of R and F(x) = —a(x) for all x € R.

Proof. By the hypothesis, we have

F(zy) +d(z)Fi(y) + a(yz) =0 (8.3.40)
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for all z,y € R. Replacing yz in place of y in (8.3.40), we obtain
F(xyz) + d(z)Fi(y2) + a(yzz) = 0, (8.3.41)
that is

F(zy)a(z) + bB(wy)d(2) + d(x) Fi(y)a(2) + d(x)bB(y)d(2) + a(yzz)
-0 (8.3.42)

for all z,y,z € R. Right multiplying (8.3.40) by «(z) and then subtracting from
(8.3.42), we get

bB(zy)d(z) + d(z)bS(y)d(z) + a(yzx —yzxz) =0 (8.3.43)
for all x,y, z € R, which gives

bB(x)B(y)d(z) + d(x)bB(y)d(z) + alylz, x]) = 0 (8.3.44)

for all x,y,z € R.
Now replacing z by x in (8.3.44), we obtain

{06(x) + d(x)b}B(y)d(x) = 0 (8.3.45)
for all x,y € R. Since R is prime, either b3(x)+ d(x)b =0 or d(x) = 0 for all z € R.
We consider two sets Ty = {x € R: d(x) =0} and To = {x € R : bB(z)+d(z)b =0},
then T7 and T, form two additive subgroups of R such that T} UT; = R. Therefore
either 71 = R or Ty = R, that is, either d(z) =0 for all z € R or b5(z) + d(x)b =0
for all z € R.

Case I: When b5(x) + d(z)b = 0 for all z € R, this is same as (8.3.39) in
Theorem 8.3.9. Therefore by same argument of Case-1 in Theorem 8.3.9 we have a

contradiction.

Case II: When d = 0, then from (8.3.44) we get a(y[z,z]) = 0 for all z,y, z € R,
that is y[z,2] = 0 for all z,y,z € R implying R is commutative. Applying R is
commutative and d = 0, equation (8.3.40) yields {F(z) + a(x)}a(y) = 0 for all
x,y € R. By primeness of R we get F(x)+ «a(z) = 0 for all z € R. Also in this case
Fi(zy) = Fi(z)a(y), that is F} is a left  multiplier mapping of R, as desired. [

e Since F is a b-generalized («, [3)-derivation on R associated to the (o, 3)-
derivation d of R, F + « and F — « are also b-generalized («, B)-derivations on
R associated to the («, 5)-derivation d of R. Thus replacing F with F 4+ « and

F — a in Theorem 8.3.11 respectively, the following Theorems are straightforward.
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Theorem 8.3.12. Let R be a prime ring, 0 # b € R and F, Fy are two b-generalized
(o, B)-derivations on R with associated the same («, B) derivation d of R. If

F(ry) +d(x)Fi(y) + a(yr) + a(zy) =0

for all x,y € R, then R is commutative, d = 0, F} is a left multiplier mapping of R
and F = —2a.

Theorem 8.3.13. Let R be a prime ring, 0 # b € R and F, Iy are two b-generalized

(o, B)-derivations on R with associated the same («, B) deriwvation d. If
F(xy) + d(x)Fi(y) + a(yz) — a(ry) = 0

forall x,y € R, then R is commutative, d = 0, Fy is a left multiplier mapping of R
and F = 0.

Theorem 8.3.14. Let R be a prime ring, 0 #£ b € R and F be a b-generalized (o,(3)-
derivation of R associated with the (o) derivation d. If [F(m),x]aﬁ = 0 for all
x € R, then one of the following holds:

1. R is commutative;
2. F(z) = pa(x) for some p € C.
Proof. By the hypothesis, we have
[F(x),2],,=0 (8.3.46)
for all x € R. Linearizing (8.3.46), we obtain
[F(z).y], ,+ [Fly)a], ;=0

for all z,y € R. Replacing yx in place of y, we obtain

[F(2),y], sa(@) + By) [F(x), 2]
+[F(y), 2], sa(x) + [bB(y)d(x), 2], , =0

for all z,y € R, that is

[bﬂ(y)d(x)7 :L'] B =0
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for all z,y € R. Taking y = 371(b)y, we obtain

B26(y)d(2). 2], =0

for all z,y € R. This implies

b[bB(y)d(x),x] 4+ [b, B(2)]bB(y)d(x) = 0

for all z,y € R, that is

[b, B()]bB(y)d(x) = 0 (8.3.47)

for all z,y € R. By primeness of R we get either [b, B(x)} b=0ord(x)=0forallz €
R. We consider two sets T = {z € R: d(z) =0} and Tb = {z € R: [b, B(x)]b =0},
then T} and T5 form two additive subgroups of R such that 77 UT, = R. Therefore
either Ty = R or Ty = R, that is, either d(z) = 0 for all z € R or [b, 3(z)|b = 0 for
all x € R.

Case I: When d = 0, then F(zy) = F(x)a(y) forallz,y € R, thatis (a ' F)(zy) =
(a7 F)(z)y for all x,y € R. By using [70, Lemma 2| we can conclude that, there
exist A € C such that (a™'F)x = Az for all z € R, that is F(z) = a(\)a(zr) = pa(z)
where p = () € C, this is our conclusion (2).

Case II: When [b, 3(z)]b = 0 for all z € R. Taking z = tz, we obtain
b, B()B()]b = BWIb A6 + [b, B(E)] Ba)b = bS] B@)b = O for all 2, € R.
Thus by primeness of R and using b # 0, we get [b, 5(t)] = 0 for all t € R, that is
b € Z(R), hence F is a generalized («,f3)-derivations of R. From [84, Corollary 3.7],
we get either d = 0 or R is commutative. When d = 0, by Case-I we arrive to our

conclusion (2), on the other hand we get our conclusion (1). O

Theorem 8.3.15. Let R be a prime ring, 0 # b € R and F be a b-generalized (a,(3)-
derivation of R associated with the (a,3) derivation d. If (F(z) o x)aﬂ =0 for all
x € R, then one of the following holds:

1. b€ Z(R), that is F is a generalized (o, B)-derivation of R;
2. F(x) = pa(x) for some p € C.
Proof. By the hypothesis, we have

(F(z)o x)aﬁ =0 (8.3.48)
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for all € R. Linearizing (8.3.48), we obtain

(F(z)oy), ,+ (Fly)oz), ,=0 (8.3.49)

for all x,y € R. Replacing yz in place of y, we obtain

(F(z)oyz), ,+ (F(y)a(z) +bB(y)d(x)) ox), ;=0 (8.3.50)

for all z,y € R. Since (F(y)o(z)ox) g = (F(y) o x)aﬂa(:c), we have from above

(F(z) oy), salx) = By)[F(), 2],
+(F(y) o a:)aﬁa(x) + (bB(y)d(x) o x)aﬁ =0 (8.3.51)

for all ,y € R. By (8.3.49), above relation yields

(bB(y)d(z) o x) 5 = B(y) [F(x), 2], ;=0 (8.3.52)

for all z,y € R. Taking y = 871(b)y, we obtain

(0*B(y)d(x) o x), , = bB(y) [F(2), 2], ;=0 (8.3.53)

for all z,y € R. Left multiplying (8.3.52) by b and then subtracting from (8.3.53),

we get

(b*B(y)d(z) o x)a,ﬁ — b(bB(y)d(z) o m)aﬁ =0 (8.3.54)

for all z,y € R. This implies

b(bB(y)d(w) o), , — [b, B(x)]bB(y)d(w) — b(bB(y)d(z) 0 x) , ;=0

for all x,y € R. By cancelation of first and third terms, above relation gives

(b, 8(x)]bB(y)d(z) =0 (8.3.55)

for all z,y € R. This is same as (8.3.47) in Theorem 8.3.14. Thus, by same argument
we can obtain either F(z) = pa(z) for all x € R, where p € C or b € Z(R), i.e., F

is a generalized (o, [3)-derivation of R. O

Theorem 8.3.16. Let R be a prime ring, 0 # b € R and F be a b-generalized (o,(3)-
derivation of R associated with the (a,3) derivation d. If F([z,y]) = [x,y}aﬁ for
all x,y € R, then one of the following holds:

1. R 1s commutative;
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2. F(z) = pa(x) for some p € C.
Proof. By the hypothesis, we have

F([z.9]) = [2,9], 4 (8.3.56)
for all 7,y € R. Replacing yz in place of , we obtain
F([z,y])a(z) + bB([z,y))d(x) = [2, Ylasa(@) + B(Y)[z, T]a,s
for all 7,y € R, that is
bB([z, y])d(x) = 0 (8.3.57)

for all z,y € R. Taking y = 7(b)y, we obtain

bB([z, B~ (b)y))d(x) = 0 (8.3.58)
for all z,y € R. This implies
b*B([z, y)d(x) + bB([z, B~ (b)]y)d(z) = 0 (8.3.59)
for all z,y € R, that is
bB([z, B~ (B)])B(y)d(x) =0 (8.3.60)

for all z,y € R. By primeness of R we get either b3([x, 571 (b)]) = 0 or d(z) = 0
for all x € R. We consider two sets 7} = {z € R : d(z) =0} and Tr = {z € R :
bB([x, 571(b)]) = 0}, then T} and Ty form two additive subgroups of R such that
T1 UTy = R. Therefore either T} = R or Ty, = R, that is, either d(z) = 0 for all
z € Ror bB([x, 571(b)]) =0 for all x € R.

Case I: When d = 0, then by applying similar process of Case-I in Theorem
8.3.14, we get F(x) = pa(x) where p € C, this is our conclusion (2).

Case I1: When b3([z, 371(b)]) = O for all z € R, then 871 (b)[z, 371(b)] = 0 for all
r € R. Therefore 371(b) € Z(R), that is b € Z(R), hence F is a generalized («,/3)-
derivation of R. From [84, Corollary 3.7], we get either d = 0 or R is commutative.
When d = 0, by Case-I we can conclude our conclusion (2), on the other hand we

get our conclusion (1). O

Theorem 8.3.17. Let R be a prime ring, 0 # b € R and F be a b-generalized («,(3)-
derivation of R associated with the (,3) derivation d. If F(zoy) = (z o y)aﬁ for
all x,y € R, then one of the following holds:
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1. R 1s commutative;

2. F(x) = pa(z) for some p € C.

Proof. By the hypothesis, we have

F(I o y) = (Jj o y)aﬁ (8.3.61)

for all z,y € R. Replacing yx in place of y, we obtain

F(zoy)a(r) +bp(zoy)d(x) = (r o y)apa(r) — By)[z, 2las

for all z,y € R, that is

bB(z o y)d(x) + B(y)[z, x]as =0 (8.3.62)

for all z,y € R. Taking y = 37(b)y, we obtain

bp(x o B (b)y)d(x) + bB(y) [z, x]as = 0 (8.3.63)

for all x,y € R. This implies

b2B(x o y)d(x) + bB([z, 57 (D)]y)d(z) + bB(Y)[x, ]as = 0 (8.3.64)

for all z,y € R, that is

bB([x, 71 (0)])B(y)d(x) = 0 (8.3.65)

for all z,y € R. This is same as (8.3.60) in Theorem 8.3.16. Thus, by same argument

of Theorem 8.3.16 and using [84, Corollary 3.7, we can obtain our results. [

Example 8.3.1.

Let 7Z be the set of all integers. Next, we consider a ring

R = { (g Z) |z, y € Z}. Then it is clear that R is not prime ring, because

o 8 O O

1 0 2 Ty
R = (0). Define the maps F,d,a,3 : R — R by F =
2o ) = 0 o e e rt (o)
0 Ty 0 —y Ty Ty r 'y
and d = . Also = and 3 =
0 00 0 0 00 0 0 0 0

-y

0 ) Then F is a b-generalized («, [3)-derivation on R associated with (o, 3)
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1 0
deriwation d, where b = (0 0) 18 a nonzero fixed element of R and «, 8 are two

0
automorphisms of R. Let us consider a nonzero left ideal of R, A\ = { (O f;) |z €

Z} Then we see that F(XY) 4+ a(XY)+a(YX) =0 for all X,Y € X but R is not
commutative, b # 0 and F # —2«a. Therefore the primeness hypothesis in Theorem

8.3.1 is not superfluous.
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