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ABSTRACT 
Title: Different aspects of complex valued functions of higher dimension 
Index No. 94/22/Maths./27 

The prime concern of the present thesis focuscs on some investigation and ex 
plorationm covering various aspects of higher dimensional complex valued functions. 

The thesis consists of Eight Chapters. 

Chapter One deals with the preliminaries of hybrid as well as hyperbolic hybrid 
numbers and also their flavour on certain types of probabilistic measurable spaces. Also 
the introductory theories concerning the influence of higher dimensional complex valued 
functions in Nevanllina's Value distribution theories mainly both p-adic analysis and 
bicomplex analysis are briefly discussed in this chapter. 

In Chapter Two, we define a new notion of sets, termed as symmetric hybrid 
number & skew symmetric hybrid number and study some of their algebraic properties. 
The key result of this chapter is to establish that the set of non-lightlike hybrid number 
forms a non-abelian group under multiplication and also to find a normal subgroup of 
it. Moreover, the existance of subrings and also their ideals is the prime concern under 
some additional conditions. 

The prime concern of Chapter Three is to introduce a notion of a hyperbolic 
hybrid valued probabilistic measurable space to generalize 'Kolmogorov's system of ax 
ioms'. The probability which we define here may take values e, and e_ for the certain 
event other than 1 which is the key difference from the probability in R, where e 
and e are very special kind of zero divisors in the ring of hybrid numbers. In this 
work we also prove the usual properties of probability theory like extended addition 
theorem, Boole's inequality, continuity theorem, Bonferroni's inequalities etc. by this 
new measure. 

Chapter Four focuses on the study of the conditional probability under the flavor 
of hyperbolic hybrid valued probabilistic measurable space, a generalization of Kol 
mogorov's system of axioms'. We prove the well known result 'Multiplication Theorem 
in this probabilistic space and then generalize it in this context. In this work we also 
extend the Bayes' theorem and the law of total of probability by this new measure. 

In Chapter Five, we consider T as an algebraically closed p-adic complete feld 
of characteristic zero. We define L-order of growth p*() and L'-type al'(w) of an 
entire function ý(w) = Gw" on T and show that p() and o" (0) satisfy the 
Same relations as in complex analysis with regards to the coefficients (. We denoteL* 
cotype of by y () depending on the number of zeros inside the disks is very useful 



and we show under certain wide hypothesis *() > p().o(). We check that 
p(o)= p(), a(w) = a(), where ' is the derivative of ). 

The main goal of Chapter Six is to prove the bicomplex version of Enström-Kakeya 
theorem [if P(2) = , k= 0)"ape* is a polynomial of degree n with real coefficients 
satisfying 0 < aj < ag < an. then all zeros of P(2) lie in |2 <1| and some of its 
consequences. Some examples are provided to justify the results obtained. 

Chapter Seven is about the investigation of some common fixed point theorems in 
bicomplex valued metric spaces under both rational type contraction mappings satisfy 
ng E. A. property and intimate mappings. Our results generalize some earlier results 
(Rajput & Singh, 2014; Meena, 2015) and extend some existing theorems (Azam et al. 
2011; Rouzkard & Imdad, 2012) regarding common fixed point theorems in complex 
valued metric spaces. A few examples are also provided to justify the results obtained. 

Chapter Eight is mainly based on future prospects including further course of 
work and also their applications of the works as carried out in the thesis. 

s.9.24 (Prof. Praksh Chandra Mali) 

Professor DEPARTMENT OF MATHEMATICS 
Jadavpur University Kolkata - 700 032, West Bengal 

Sangjab Kumar lla 05.09. 2b24 
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thesis
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ű Partial order relation on the set of hyperbolic hybrid numbers

H The empty set

C1 The set of all complex numbers

C2 The set of all bicomplex numbers

H The set of all hyperbolic numbers

N The set of all natural numbers

Q The set of all rational numbers

R The set of all real numbers

Z The set of all integers

Ph The set of hyperbolic hybrid numbers

T The set of all hybrid numbers

TC1 The set of non-lightlike hybrid numbers of unit character

TNL The set of non-lightlike hybrid numbers

£ Probabilistic measure

£H Hyperbolic hybrid valued probabilistic measure

À Partial order relation on the set of complex numbers

Ài2 Partial order relation on the set of bicomplex numbers

Υ℘ bicomplex valued metric
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Chapter 1

Introduction

1.1 Preliminaries.

1.1.1 Introduction to Hybrid Numbers.

In the last century, a lot of researchers works with some two-dimensional systems
like complex, dual and hyperbolic which have the most significant roles in various
aspects such as algebraic, geometric, physics, engineering, etc. The geometry of the
Euclidean plane, the Minkowski plane and the Gallian plane can be described with the
help of complex numbers

C1 “ tk1 ` ik2 : k1, k2 P R, i2 “ ´1u,

dual numbers

D “ tv1 ` εv2 : v1, v2 P R, ε2 “ 0u

and hyperbolic numbers

H “ tϑ1 ` hϑ2 : ϑ1, ϑ2 P R,h2 “ 1u.

We know that the complex numbers, dual numbers and hyperbolic numbers can be
described as the quotient of the polynomial ring Rrxs by the ideal generated by the
polynomials x2 ` 1, x2 and x2 ´ 1 respectively. i.e.,

C1 “ Rrxs{ ă x2 ` 1 ą, D “ Rrxs{ ă x2 ą and H “ Rrxs{ ă x2 ´ 1 ą.

S. Olariu {cf. [42],[43] & [44]} defined a different generalization of n-dimensional
complex numbers terming them ‘twocomplex numbers’, ‘threecomplex numbers’, etc.
Actually, Olariu used the name ‘twocomplex numbers’ instead of hyperbolic numbers.
In these series of papers the geometrical and the algebraic properties of these numbers
are thoroughly studied. The set of ‘threecomplex’ numbers is defined as

C3 “ tŽ “ k1 ` hk2 ` kk3 : k1, k2, k3 P R and h2
“ k,k2

“ h,hk “ 1u.

1



Anthony Harkin and Joseph Harkin [28] generalized the two dimensional complex
numbers as

Cp “ tZ “ k1 ` ik2 : k1, k2 P R and i2 “ pu.

Here they gave some trigonometric relations for this generalization. In [10] Catoni et.al.
(2004) defined two dimensional hypercomplex numbers as

Cξ,η “ tZ “ k1 ` ik2 : i
2

“ ξ ` iη, k1, k2, ξ, η P R, i R Ru

and extended the relationship amongst these numbers and Euclidean & semi-Euclidean
geometry. This generalization is also expressible as a quotient ring Rrxs{ ă x2´ηx´ξ ą.

A theory of commutative two dimensional conformal hyperbolic numbers as a gen-
eralization of the theory of hyperbolic numbers is presented by Zaripov [67].

In [45] Mustafa :Ozdemir (2018) defined a new generalization of set containing com-
plex, hyperbolic and dual numbers as different from above generalizations. This new
number system appears to be four-dimensional and it can be viewed as a two dimen-
sional set of numbers, since it can be represented in a generalized two dimensional
plane, called hybridian plane in R4.

The following definitions are due to :Ozdemir [45].

Definition 1.1.1 [45] A number of the form Z “ d1`d2i`d3ε`d4h, where d1, d2, d3, d4
P R, i2 “ ´1, ε2 “ 0,h2 “ 1 and satisfying the relation ih “ ´hi “ i ` ε is called hybrid
number. The set of hybrid numbers is denoted by T, and defined by

T “ tZ “ d1 ` d2i ` d3ε ` d4h : d1, d2, d3, d4 P R,i2 “ ´1, ε2 “ 0,h2
“ 1,

ih “ ´hi “ i ` εu.

The geometry corresponding to the hybrid numbers is called ‘Hybridian plane ge-
ometry ’ and it is a two-dimensional subspace of R4. The real part 1d1

1 of the hybrid
number Z “ d1 ` d2i ` d3ε` d4h is called ‘scalar part ’ and is denoted by SpZq whereas
the remaining part d2i ` d3ε ` d4h is called ‘vector part ’ and is denoted by V pZq.

For any two hybrid numbers Z1 “ e0`e1i`e2ε`e3h, and Z2 “ f0`f1i`f2ε`f3h, ei, fi P

R, i “ 0, 1, 2, 3 the equality, addition, subtraction, multiplication by a scalar s P R and
multiplication of two hybrid numbers are defined as follows

Z1 “ Z2 ðñ e0 “ f0, e1 “ f1, e2 “ f2, e3 “ f3,

Z1 ˘ Z2 “ pe0 ˘ f0q ` pe1 ˘ f1qi ` pe2 ˘ f2qε ` pe3 ˘ f3qh,

sZ1 “ se0 ` se1i ` se2ε ` se3h

2



and

Z1.Z2 “ pe0 ` e1i ` e2ε ` e3hq.pf0 ` f1i ` f2ε ` f3hq

“ pe0f0 ´ e1f1 ` e2f1 ´ e1f2 ` e3f3q ` pe0f2 ` e1f0 ` e1f3

´ e3f1qi ` pe0f2 ` e2f0 ´ e2f3 ` e3f2 ` e1f3 ´ e3f1qε

` pe0f3 ` e3f0 ` e1f2 ` e2f1qh.

The ‘`’ operation is both commutative and associative. The null element is 0 and
the inverse element of Z is ´Z. As a consequence of these properties, pT,`q forms an
abelian group.

For the above multiplication of hybrid numbers we can use the following table of
hybrid units.

. 1 i ε h

1 1 i ε h
i i -1 1 ´ h ε ` i
ε ε 1+h 0 -ε
h h -ε ´ i ε 1

Multiplication table of Hybrid units

From the above table it is clear that the multiplication operation in the hybrid
number system is not commutative. But the multiplication is associative.

Definition 1.1.2 [45] The conjugate of a hybrid number Z “ d1 ` d2i ` d3ε` d4h is
defined by

Z “ SpZq ´ V pZq “ d1 ´ d2i ´ d3ε ´ d4h.

This conjugation of a hybrid number is additive, involutive and multiplicative
operation on T. i.e., for any two hybrid numbers Z1 and Z2

a. Z1 ` Z2 “ Z1 ` Z2

b. pZ1q“ Z1

c. Z1.Z2=Z1.Z2.

Definition 1.1.3 [45] The real number CpZq “ ZZ “ d21 ` pd2 ´ d3q
2 ´ d23 ´ d24 is called

the character of the hybrid number Z.

Since CpZq P R, so depending on the value of CpZq a hybrid number can be catego-
rized into three parts, spacelike, timelike, or lightlike according as the character is
negative, positive or zero.

Also, the real number
a

|CpZq| is called the norm of the hybrid number Z and is
denoted by }Z}.

3



Definition 1.1.4 [45] The inverse of the hybrid number Z “ d1 ` d2i ` d3ε ` d4h,
}Z} ‰ 0 is defined as

Z´1 “
Z

CpZq
.

Therefore, we can conclude that a lightlike hybrid number never possesses an inverse.

Definition 1.1.5 [45] For the hybrid number Z “ d1 ` d2i ` d3ε ` d4h, the vector
εZ “ ppd2 ´ d3q, d3, d4q is called the hybrid vector of Z.

Definition 1.1.6 [45] The real number CεpZq “ ´pd2 ´d3q2 `d23 `d24 is called the type
of the hybrid number Z.

Depending on the real value of the type of a hybrid number, it is classi-
fied as ‘complike (elliptic)’, ‘hiperlike (hyperbolic)’ or ‘duallike (parabolic)’ for
CεpZq ă 0, CεpZq ą 0 or CεpZq “ 0 respectively. Also, the real number

a

|CεpZq| is called
the norm of the hybrid vector of Z and is denoted by N pZq.

Scalar Axis

Hybrid Axis

A(a,N pZq)

a

N pZq

Figure 1.1: Hybridian Coordinate System

1.1.1.1 Idempotent Representation of hyperbolic Hybrid Numbers.

Let us denote the set of hyperbolic hybrid numbers as Ph. Every hyperbolic
hybrid number Z “ d1 ` d2i ` d3ε ` d4h can be written as

Z “ s ` Hv

4



where H “
d2i ` d3ε ` d4h

N pZq
and H2 “ 1.

Now, let us consider two numbers e` “
1 ` H

2
and e´ “

1 ´ H

2
. These two numbers

are satisfying the equalities, }e`} “ }e´} “ e`e´ “ 0, e`
2 “ e`, and e´

2 “ e´

and are called idempotent elements. Since, }e`} “ }e´} “ 0, so e`, e´ P S and
both are mutually complementary idempotent elements. Thus, the two principal ideals
Ph

e`
:“ e`.Ph and Ph

e´
:“ e´.Ph in the ring Ph have the following properties

Ph
e`

X Ph
e´

“ t0u and Ph
“ Ph

e`
Y Ph

e´
(1.1)

and property (1.1) is known as the idempotent decomposition of Ph. With the help of
these idempotent elements e` and e´, every hyperbolic hybrid number can be uniquely
expressed as their linear combination

Z “ ps ` vqe` ` ps ´ vqe´ “ z`e` ` z´e´ (1.2)

where z` “ s`v P R and z´ “ s´v P R and this representation is called the idempotent
representation [45] of a hyperbolic hybrid number.

1.1.2 Introduction to Probabilistic Measurable Space.

A useful mathematical model for describing the notion of uncertainty is the prob-
ability theory. The stochastic models that are frequently used in physics, biology and
economics would be insignificant without probability theory. E. Borel (1871- 1956), S.
N. Bernstein (1880- 1968) and A. N. Kolmogorov (1903- 1987) are the main contributors
to the probability in the modern era.

In the year 1933, the Russian mathematician Andrei Nikolaevitch Kolmogorov
proposed his modern perspective to study the probability theory by introducing the
notion of a probability space. Actually, he introduced an alternative approach in for-
malizing the probability by three axioms known as ‘Kolmogorov’s axioms’ [34], which
opens a new direction of thoughts where one can explore the probability theory under
the flavor of measure theory where the probability space is a measurable space with
total mass equal to 1 and a random variable is a real valued measurable function {cf.
[33], [47], [40], [41] & [61]}.

Definition 1.1.7 A probabilistic measurable space pΩ,Σ,£q is a triplet formed by a set
Ω which has no structure but represents the sample space of a random experiment, a
σ-field of subsets Σ of Ω and a measure £ on the measurable space pΩ,Σq which satisfies
£pΩq “ 1.

Example 1.1.1 Let us consider the random experiment of throwing a die. Here the
sample space Ω is t1, 2, 3, 4, 5, 6u. Then event space Σ will be the set of all subsets of
Ω. Now define a measure or probability function £ on the measurable space pΩ,Σq as

£pAq “
number of outcomes in the event A

6
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where A P Σ. Then for the events P “ t1, 3, 5u, Q “ t2u and R “ Ω we have £pP q “
1
2
,£pQq “ 1

6
and £pRq “ 1.

1.1.3 Introduction to Bicomplex numbers.

In this section, we give some basic ideas about bicomplex numbers.

Definition 1.1.8 [38] The set C2 of bicomplex numbers is defined as C2 “ tη : η “

r0 ` ir1 ` jr2 `kr3 : r0, r1, r2, r3 P Ru or equivalently C2 “ tη : η “ η1 `η2j : η1, η2 P C1u

, where C1 is the set of complex numbers with imaginary unit i such that i2 “ j2 “

´k2 “ ´1 and ij “ ji “ k. Thus we can think of bicomplex numbers as the complex
numbers with complex coefficients.

Definition 1.1.9 [38] For any bicomplex number η “ η1`η2j the conjugation is defined
in the following way:

ηi “ η1 ` η2j, ηj “ η1 ´ η2j, ηk “ η1 ´ η2j.

Definition 1.1.10 [38] Depending on the conjugation of bicomplex number w “ z1`z2j
there are three types of modulus as follows:

|η|
2
i :“ η.ηi “ η21 ` η22 P Cpiq

|η|
2
j :“ η.ηj “ |η1|

2
´ |η2|

2
` 2Repη1η2qj P Cpjq

|η|
2
k :“ η.ηk “ |η1|

2
` |η2|

2
´ 2Impη1η2qk P D.

Definition 1.1.11 [38] The norm function ∥.∥ : C2 Ñ R` pR` denote the set of all
non negative real numbers) is defined as follows:
If η “ η1 ` jη2 “ ξ1e ` ξ2e

: P C2, then

∥η∥ “
a

t|η1|2`|η2|2u “

d

"

|ξ1|2`|ξ2|2
2

*

.

From this, we can define the set of zero divisors NC of C2, called the null ´ cone, as

NC “ tη “ η1 ` η2j : η
2
1 ` η22 “ 0u “ tηpi ˘ jq|η P Cpiqu.

Definition 1.1.12 [21] The inverse of η “ η1 ` jη2 exists if ∥η∥ ‰ 0 and it is defined
as

η´1
“

1

η
“
η1 ´ jη2
η21 ` η22

.

If η “ ϑ0 ` iϑ1 ` jϑ2 ` kϑ3, ϑ0, ϑ1, ϑ2, ϑ3 P R, then
1

η
“

ˆ

ϑ0g ` ϑ1w

l

˙

` i

ˆ

ϑ1g ´ ϑ0w

l

˙

´ j

ˆ

ϑ2g ` ϑ3w

l

˙

´ k

ˆ

ϑ3g ´ ϑ3w

l

˙

,

where g “ ϑ2
0´ϑ2

1`ϑ2
2´ϑ2

3, w “ 2ϑ0ϑ1`2ϑ2ϑ3 and l “ g2`w2 “ pϑ2
0 ` ϑ2

1 ` ϑ2
2 ` ϑ2

3q
2
´

4 pϑ0ϑ3 ´ ϑ1ϑ2q
2 . Obviously 1

η
exists if l ‰ 0.

*******************
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Chapter 2

A study on some algebraic
properties of hybrid number

2.1 Introduction.

Definition 2.1.1 A hybrid number is called symmetric if it’s imaginary part and dual
part both are same
i.e. the hybrid number, NS “ d1 ` d2i` d3ε` d4h is called symmetric hybrid number if
d2 “ d3.

The following example is a symmetric hybrid number.

Example 2.1.1 The hybrid number 2 ` 3i ` 3ε ` h is a symmetric.

Definition 2.1.2 The set of symmetric hybrid numbers with free hyperbolic unit is
called null-hyperbolic and is denoted by ZSH̄

.

Example 2.1.2 ´1` i` ε is an example of null-hyperbolic symmetric hybrid number.

Definition 2.1.3 A hybrid number is called skew-symmetric hybrid number if it’s scalar,
dual and hyperbolic coefficients are vanish.

Example 2.1.3 Z “ 2i is an example of a skew-symmetric hybrid number.

2.2 Lemmas.

Lemma 2.2.1 For any two hybrid numbers Z1,Z2 the following equality holds

CpZ1.Z2q “ CpZ1q.CpZ2q.
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2.3 Theorems.

In this section, we present the main results of the chapter.

Theorem 2.3.1 Symmetric hybrid numbers can never be elliptic.

Proof. The type of any symmetric hybrid number NS “ d1 ` d3i ` d3ε ` d4h is

CεpNSq “ ´pd3 ´ d3q
2

` d23 ` d24 “ d23 ` d24 ě 0.

So, a symmetric hybrid number is either hyperbolic or parabolic, but it can never be
elliptic.

Remark 2.3.1 The character for any symmetric hybrid number NS “ d1 ` d3i` d3ε`

d4h is CpNSq “ d21 ´ d23 ´ d24.
Thus, NS may be spacelike, timelike or lightlike for d21 ă d23 ` d24, d21 ą d23 ` d24 or
d21 “ d23 ` d24 respectively.

Theorem 2.3.2 A skew-symmetric hybrid number never be spacelike as well as hyper-
bolic.

Proof. Character of a skew-symmetric hybrid number, Z “ d2i is CpZq “ d22 ě 0 and
therefore it is either timelike or lightlike, it never be spacelike.
Now, the type of a skew-symmetric hybrid number Z “ d2i is CεpZq “ ´d22 ď 0 and
hence it is either elliptic or parabolic but never be hyperbolic.

Theorem 2.3.3 The set NS is a subgroup of T under 1`1.

Proof. The proof of the theorem is trivial.

Remark 2.3.2 The group pNS,`q is abelian as hybrid addition is commutative.

Theorem 2.3.4 The set of null-hyperbolic symmetric hybrid numbers is a normal sub-
group of symmetric hybrid numbers.

Proof. Clearly, ZSH̄
is a non empty subset of NS as 0 P ZSH̄

.
Let, Z1 “ e1 ` e3i ` e3ε, Z2 “ f1 ` f3i ` f3ε P ZSH̄

.
Now, Z1 `Z2 “ pe1 ` f1q ` pe3 ` f3qi` pe3 ` f3qε P ZSH̄

and Z´1
1 “ ´e1 ´ e3i´ e3ε P ZSH̄

.
Therefore, pZSH̄

,`q is a subgroup of pNS,`q and as pNS,`q is abelian implies pZSH̄
,`q

is normal in pNS,`q.
Theorem 2.3.4 leads us to the following remarks.

Remark 2.3.3 The set of null-hyperbolic symmetric hybrid numbers is also a normal
subgroup of hybrid numbers.

Remark 2.3.4 Let A “ pT,`q and Y “ pZSH̄
,`q. Then A{Y forms the quotient

group.

9



Remark 2.3.5 Let L “ pNS,`q and Y “ pZSH̄
,`q. Then L{Y forms the quotient

group.

Remark 2.3.6 As Y “ pZSH̄
,`q is a normal subgroup of A “ pT,`q and L “ pNS,`q

is a subgroup A “ pT,`q with Y Ă L Ă A then L{Y is a subgroup of A{Y.

Theorem 2.3.5 The set of all symmetric hybrid numbers NS does not form a group
under the operation ‘hybrid Multiplication’.

Proof. Let, Z1 “ e1 ` e3i ` e3ε ` e4h and Z2 “ f1 ` f3i ` f3ε ` f4h PZs. Then

Z1.Z2 “ e1f1 ` e3f1i ` e3f1ε ` e4f1h ` e1f3i ´ e3f3 ` e3f3ph ` 1q

` e4f3p´i ´ εq ` e1f3ε ` e3f3p1 ´ hq ` e4f3ε ` e1f4h

` e3f4pi ` εq ´ e3f4ε ` e4f4

“ pe1f1 ` e3f3 ` e4f4q ` pe3f1 ` e1f3 ´ e4f3 ` e3f4qi

` pe3f1 ` e1f3qε ` pe4f1 ` e1f4qh.

Clearly, Z1.Z2 R NS.
Hence, pNS, .q is not a group.
The following example ensures the above fact.

Example 2.3.1 Let, Z1 “ 1 ` i ` ε ` h, Z2 “ i ` ε ` 2h P NS

Then,Z1.Z2 “ i ´ 1 ` h ` 1 ´ ε ´ i ` ε ` 1 ´ h ` ε ` 2h

` 2pi ` εq ´ 2ε ` 2

“ 3 ` 2i ` ε ` 2h,

not a symmetric hybrid number.

The following remark is immediate in the view above.

Remark 2.3.7 The set of non-lightlike symmetric hybrid number whose dual and hy-
perbolic coefficients are in a constant ratio forms an abelian group under hybrid multi-
plication.

Theorem 2.3.6 The set of all non-lightlike hybrid numbers forms a group under the
hybrid multiplication.

Proof. Let TNL “ tZ P T : CpZq ‰ 0u and Z1,Z2 P TNL.
Then, CpZ1q ‰ 0, CpZ2q ‰ 0.
Using Lemma-2.2.1, CpZ1.Z2q ‰ 0 and hence Z1.Z2 P TNL.
Here Ze “ 1 ` 0.i ` 0.ε ` 0.h P TNL acts as the identity in TNL.
Let Z´1 be the inverse of Z P TNL.
Therefore, CpZ.Z´1q “ CpZeq “ 1 ñ CpZq.CpZ´1q “ 1
and CpZ´1q “ 1

CpZq
‰ 0 [ since CpZq ‰ 0].
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Thus, Z´1 P TNL.
As associative property is hereditary, it implies that the set of non-lightlike hybrid
numbers TNL forms a group under multiplication.
The following corollary is immediate in view of above.

Corollary 2.3.1 The group TNL is non-commutative.

Proof. We know that pTNL, .q is a group.
Now, let Z1 “ e1 ` e2i ` e3ε ` e4h,Z2 “ f1 ` f2i ` f3ε ` f4h P TNL. Then

Z1.Z2 “ pe1 ` e2i ` e3ε ` e4hq.pf1 ` f2i ` f3ε ` f4hq

“ pf1e1 ´ f2e2 ` f3e2 ` f2e3 ` f4e4q ` pf2e1 ` f1e2

` f4e2 ´ f2e4qi ` pf3e1 ` f4e2 ` f1e3 ´ f4e3 ´ f2e4

` f3e4qε ` pf4e1 ´ f3e2 ` f2e3 ` f1e4qh

whereas

Z2.Z1 “ pf1e1 ´ f2e2 ` f3e2 ` f2e3 ` f4e4q ` pf2e1 ` f1e2

´ f4e2 ` f2e4qi ` pf3e1 ´ f4e2 ` f1e3 ` f4e3 ` f2e4

´ f3e4qε ` pf4e1 ` f3e2 ´ f2e3 ` f1e4qh.

Thus, Z1.Z2 ‰ Z2.Z1 and hence pTNL, .q is a non-abelian group.

Theorem 2.3.7 The set of all hybrid numbers of unit character is normal in TNL.

Proof. Let TC1 “ tZ P T : CpZq “ 1u,
which is non-empty as 1 “ 1 ` 0.i ` 0.ε ` 0.h P TC1 .
Let Z1,Z2 P TC1 , then CpZ1.Z2q “ 1.
Thus, Z1.Z2 P TC1 .
Let Z´1

1 be the inverse of Z1 P TC1 .
Now, CpZ1.Z

´1
1 q “ CpZeq “ 1

i.e., CpZ´1
1 q “ 1

CpZ1q
“ 1 [as CpZ1q “ 1]

Thus, Z´1
1 P TC1 .

Hence, TC1 is a subgroup of TNL.
Let ℵ P TNL and Z P TC1
Now, CpℵZℵ´1q “ CpℵqCpZqCpℵ´1q “ CpℵqCpℵ´1q “ Cp1q “ 1, non zero.
Therefore, ℵZℵ´1 P TC1 and hence TC1 is a normal subgroup of TNL.
This proves the theorem.

Remark 2.3.8 The set of lightlike hybrid numbers does not form a group under hybrid
multiplication as the inverse of any element does not exist.

Theorem 2.3.8 The set TQ “ tZ “ q1 ` q2i ` q3ε ` q4h : q1, q2, q3, q4 P Qu forms a
subring of T.
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Proof. Clearly 0 P TQ and let Z1 “ e1 ` e2i ` e3ε ` e4h &
Z2 “ f1 ` f2i ` f3ε ` f4h P TQ
Now, Z1 ´ Z2 “ pe1 ´ f1q ` pe2 ´ f2qi ` pe3 ´ f3qε ` pe4 ´ f4qh P TQ
and also
Z1.Z2 “ pe1f1 ´ e2f2 ` e3f2 ` e2f3 ` e4f4q ` pe2f1 ` e1f2 ´ e4f2 ` e2f4qi
` pe3f1 ´ e4f2 ` e1f3 ` e4f3 ` e2f4 ´ e3f4qε ` pe4f1 ` e3f2 ´ e2f3 ` e1f4qh P TQ
Therefore, TQ is a subring of the ring T.
This completes the proof.

Remark 2.3.9 The set TZ “ tZ “ z1 ` z2i ` z3ε ` z4h : z1, z2, z3, z4 P Zu is also a
subring of T.

Proof. The proof is omitted as it is similar to the previous one.

Theorem 2.3.9 The set Tℜ “ tZ “ ϖ1

2
` ϖ1`ϖ2

2
i ` ϖ1

2
ε` ϖ2

2
h : ϖ1, ϖ2 P Zu is a right

ideal of T.

Proof. Clearly Tℜ is a subring of T.
Let Z “ ϖ1

2
` ϖ1`ϖ2

2
i ` ϖ1

2
ε ` ϖ2

2
h P Tℜ and ℵ “ d1 ` d2i ` d3ε ` d4h P T. Then

Z.ℵ “
ϖ1d1
2

`
ϖ1d1 ` ϖ2d1

2
i `

ϖ1d1
2

ε `
ϖ2d1
2

h `
ϖ1d2
2

i ´
ϖ1d2 ` ϖ2d2

2

`
ϖ1d2
2

ph ` 1q `
ϖ2d2
2

p´ε ´ iq `
ϖ1d3
2

ε `
ϖ1d3 ` ϖ2d3

2
p1 ´ hq

`
ϖ2d3
2

ε `
ϖ1d4
2

h `
ϖ1d4 ` ϖ2d4

2
pε ` iq `

ϖ1d4
2

p´εq `
ϖ2d4
2

“
ϖ1d1 ´ ϖ2d2 ` ϖ1d3 ` ϖ2d4 ` ϖ2d3

2
`
ϖ1d1 ` ϖ1d2 ` ϖ1d4

2
`ϖ2d4 ` ϖ2d1 ´ ϖ2d2

2
i `

ϖ1d1 ´ ϖ2d2 ` ϖ1d3 ` ϖ2d3 ` ϖ2d4
2

ε

`
ϖ2d1 ` ϖ1d2 ´ ϖ1d3 ´ ϖ2d3 ` ϖ1d4

2
h

Therefore, Z.ℵ P TRI and hence Tℜ is a right ideal of T.

Corollary 2.3.2 The subring Tℜ is not an left ideal of T.

Proof. Let Z “ ϖ1

2
` ϖ1`ϖ2

2
i` ϖ1

2
ε` ϖ2

2
h P Tℜ and ℵ “ d1 ` d2i` d3ε` d4h P T. Then
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ℵ.Z “
d1ϖ1

2
`
ϖ1d2
2

i `
ϖ1d3
2

ε `
ϖ1d4
2

h `
ϖ1d1 ` ϖ2d2

2
i ´

ϖ1d2 ` ϖ2d2
2

`
ϖ1d3 ` ϖ2d3

2
ph ` 1q `

ϖ1d4 ` ϖ2d4
2

p´ε ´ iq `
ϖ1d1
2

ε `
ϖ1d2
2

p1 ´ hq

`
ϖ1d4
2

ε `
d1ϖ2

2
h `

d2ϖ2

2
pε ` iq `

ϖ2d3
2

p´εq `
ϖ2d4
2

“
ϖ1d1 ´ ϖ2d2 ` ϖ1d3 ` ϖ2d3 ` ϖ2d4

2
`
ϖ1d2 ` ϖ1d1 ` ϖ2d1

2
´ϖ1d4 ´ ϖ2d4 ` ϖ2d2

2
i `

ϖ1d3 ´ ϖ2d4 ` ϖ1d1 ` ϖ2d2 ´ ϖ2d3
2

ε

`
ϖ1d4 ` ϖ1d3 ` ϖ2d3 ´ ϖ1d2 ` ϖ2d1

2
h

“
ν1
2

`
ν2
2
i `

ν3
2
ε `

ν4
2
h psayq

where ν1 “ ϖ1d1´ϖ2d2`ϖ1d3`ϖ2d3`ϖ2d4; ν2 “ ϖ1d2`ϖ1d1`ϖ2d1´ϖ1d4´ϖ2d4`

ϖ2d2; ν3 “ ϖ1d3´ϖ2d4`ϖ1d1`ϖ2d2´ϖ2d3; and ν4 “ ϖ1d4`ϖ1d3`ϖ2d3´ϖ1d2`ϖ2d1
Clearly, ν1 ‰ ν3 and so ℵ.Z R Tℜ.
Therefore, Tℜ is not left ideal.
The following example validates the above result.

Example 2.3.2 Consider Z “ i ` h P T, ℵ “ p´1
2
qi ` 1

2
h P Tℜ.

But, ℵ.Z “ 1 ´ i ´ ε R Tℜ.

Theorem 2.3.10 The set TL “ tZ “ ϖ1

2
` ϖ1´ϖ2

2
i ` ϖ1

2
ε` ϖ2

2
h : ϖ1, ϖ2 P Zu is a left

ideal of T.

Proof. Let Z “ ϖ1

2
` ϖ1´ϖ2

2
i` ϖ1

2
ε` ϖ2

2
h P TL and ℵ “ d1 ` d2i` d3ε` sh P T. Then

ℵ.Z “
ϖ1d1 ` ϖ2d2 ` ϖ1d3 ´ ϖ2d3 ` ϖ1d2 ` ϖ2d4

2
`
ϖ1d2 ` ϖ1d1 ´ ϖ2d1 ´ ϖ1d4 ` ϖ2d4 ` ϖ2d2

2
i

`
ϖ1d3 ´ ϖ1d4 ` ϖ2d4 ` ϖ1d1 ` ϖ1d4 ` ϖ2d2 ´ ϖ2d3

2
ε

`
ϖ1d4 ` ϖ1d3 ´ ϖ2d3 ´ ϖ1d2 ` ϖ2d1

2
h

Therefore, ℵ.Z P TL and hence TL is a left ideal of T.
This proves the theorem.

Corollary 2.3.3 The subring TL is not a right ideal of T.

Proof.

Z.ℵ “
ϖ1d1 ` ϖ2d2 ` ϖ1d3 ´ ϖ2d3 ` ϖ2d4

2
`
ϖ1d1 ´ ϖ2d1 ` ϖ1d2 ´ ϖ2d2 ` ϖ1d4 ´ ϖ2d4

2
i

`
ϖ1d1 ´ ϖ2d2 ` ϖ1d3 ` ϖ2d3 ´ ϖ2d4

2
ε `

ϖ2d1 ` ϖ1d2 ´ ϖ1d3 ` ϖ2d3 ` ϖ1d4
2

h

“
δ1
2

`
δ2
2
i `

δ3
2
ε `

δ2
2
h psayq.
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Clearly, δ1 ‰ δ3 and so Z.ℵ R TL.
So, TL is not right ideal.

Example 2.3.3 Consider Z “ 1
2

´ i ` 1
2
ε ` 3

2
h; ℵ “ i ` h, then

Z.ℵ “ 3 ´ 2i ´ 3ε ` h R TL.

2.4 Future Prospects

In the line of works as carried out in this chapter one may think of exploring
some properties by taking into account some different kinds of ideals and also may try
to investigate the results in higher dimensional system.

*******************

The works of this chapter have been accepted for publication and to appear in
Journal of the Indian Academy of Mathematics (UGC CARE Listed), Vol.
46, No. 2, ISSN: 0970-5120.
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Chapter 3

Hyperbolic hybrid valued
probabilistic measures under the
flavour of Kolmogorov’s axioms

3.1 Introduction, Definitions and Notations.

Definition 3.1.1 Consider the set Ph Y t0, 1u as H and let pΩ,Σq be a measurable
space, a function £H : Σ ÞÑ H with the properties:

(i) for any event F P Σ, £HpFq ů 0,

(ii) for the certain event Ω, £HpΩq “ p, where p is either 1 or e` or e´, and

(iii) for a given sequence tFnu Ă Σ of pairwise disjoint events,

£H

˜

8
ď

n“1

Fn

¸

“

8
ÿ

n“1

£H pFnq

is called a H-valued probabilistic measure, or a H-valued probability, on the σ-algebra of
events Σ and the triplet

`

Ω,Σ,£H

˘

is called a H-probabilistic space.

Since, £HpFq P H. So, it can be expressed as

£HpFq “ Γ1pFqe` ` Γ2pFqe´.

Now Property piq of H-valued probabilistic measure implies that

Γ1pFq ě 0 and Γ2pFq ě 0, @F P Σ.

From Property piiq we get that

£HpΩq “ p “ Γ1pΩqe` ` Γ2pΩqe´,

i.e.,
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(I) If p “ 1 then Γ1pΩq “ 1,Γ2pΩq “ 1.

(II) If p “ e` then Γ1pΩq “ 1,Γ2pΩq “ 0.

(III) If p “ e´ then Γ1pΩq “ 0,Γ2pΩq “ 1.

The Property piiiq of £H implies that

Pi

˜

8
ď

n“1

Fn

¸

“

8
ÿ

n“1

PipFnq for i “ 1 and 2.

Therefore one can say that, in general, the H-valued probabilistic measure is equiva-
lent if we consider a pair of unrelated usual R-valued measures on the same measurable
space.

Here we can observe that Γ1 is a probabilistic measure in Cases (I) and (II); Γ2 is a
probabilistic measure in Cases (I) and (III) whereas Γ2 and Γ1 are trivial measures for
the Cases (II) and (III) respectively. Also, Cases (II) and (III) can be viewed as two
different embedding of the R-valued probabilistic measures into H-valued probabilistic
measures. We can associate such R-valued measures with our newly developed H-valued
probabilistic measure which only takes zero divisors as its values.

3.2 Lemmas.

Lemma 3.2.1 The sets Ph
e`

“ tr1e` : r1 P Ru “ Re` and Ph
e´

“ tr2e´ : r2 P Ru “

Re´ satisfy the following properties

a. µ P Ph
e`

ðñ µe` “ µ;

b. ν P Ph
e´

ðñ νe´ “ ν.

Lemma 3.2.2 Let us consider a set Ph` “ tz`e` ` z´e´ : z`, z´ ě 0u and a relation
ű on Ph in such a way that for any two hyperbolic hybrid numbers ζ1 and ζ2, ζ1 ű ζ2
if and only if ζ2 ´ ζ1 P Ph`.

Clearly this relation is a reflexive, antisymmetric and transitive relation and
hence it is a poset (partial order relation) on Ph.

The poset ű have the following properties:
For ζ1, ζ2, ζ3ζ4 P Ph and ξ P Ph`,

a. If ζ1 ű ζ2 then ξζ1 ű ξζ2.

b. If ζ1 ű ζ2 and ζ3 ű ζ4 then ζ1 ` ζ3 ű ζ2 ` ζ4.

c. If ζ1 ű ζ2 then ´ζ2 ű ´ζ1.

Now we are in a position to prove our main results.
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3.3 Main Results.

In this section, we prove the main results of this chapter.

Theorem 3.3.1 The H-valued probability of the null event and a complementary event
of F P Σ are respectively, 0 and p ´ £HpFq.

Proof. We know that F Y FA “ Ω,F X FA “ H and so that

£HpFq ` £HpFA
q “ £HpΩq “ p

£HpFA
q “ p ´ £HpFq.

Now, £HpHq “ £HpΩAq “ p ´ P pΩq “ 0.
Hence, the result follows.

Theorem 3.3.2 If F1,F2, ...,Fn P Σ are n events, then

£H

ˆ n
ď

i“1

Fn

˙

“

n
ÿ

i“1

£HpFiq ´
ÿ

1ďiăjďn

£HpFi X Fjq

`
ÿ

1ďiăjăkďn

£HpFi X Fj X Fkq (3.1)

´ ... ` p´1q
n´1£HpF1 X F2 X .... X Fnq.

Proof. By the help of mathematical induction we can prove the theorem. Since for
n “ 2, F1 Y F2 “ F1 Y pF1

A X F2q and also F2 “ pF1 X F2q Y pF1
A X F2q, then

£HpF1 Y F2q “ £HpF1q ` £HpF1
A

X F2q

“ £HpF1q ` £HpF2q ´ £HpF1 X F2q.

Therefore, Equation (3.1) holds for n=2.
Now, suppose that Equation (3.1) is true for n “ r.
i.e,.

£H

ˆ r
ď

i“1

Fi

˙

“

r
ÿ

i“1

£HpFiq ´
ÿ

1ďiăjďr

£HpFi X Fjq

`
ÿ

1ďiăjăkďr

£HpFi X Fj X Fkq

´ ... ` p´1q
r´1£HpF1 X F2 X .... X Frq.
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Then, for n “ r ` 1

£HpF1 Y ... Y Fr Y Fr`1q

“£H

ˆ„ r
ď

i“1

Fi

ȷ

Y Fr`1

˙

“£H

ˆ r
ď

i“1

Fi

˙

` £HpFr`1q ´ £H

ˆ„ r
ď

i“1

Fi

ȷ

X Fr`1

˙

“

r`1
ÿ

i“1

£HpFiq ´
ÿ

1ďiăjďr

£HpFi X Fjq `
ÿ

1ďiăjăkďr

£HpFi X Fj X Fkq ´ ¨ ¨ ¨ `

p´1q
r´1£HpF1 X F2 X .... X Frq ´

„ r
ÿ

i“1

£HpFiFr`1q ´
ÿ

1ďiăjďr

£HpFiFjFr`1q

` ¨ ¨ ¨ ` p´1q
r´1£HpF1 X F2 X ¨ ¨ ¨ X Fr`1q

ȷ

“

r`1
ÿ

i“1

£HpFiq ´
ÿ

1ďiăjďr`1

£HpFi X Fjq `
ÿ

1ďiăjăkďr`1

£HpFi X Fj X Fkq

´ ¨ ¨ ¨ ` p´1q
n£HpF1 X F2 X ¨ ¨ ¨ X Fr`1q.

Thus, Equation (3.1) is also true for n “ r ` 1 and hence this proves the theorem.
This results is the extension of ‘Addition Theorem’ in this probability space.

Theorem 3.3.3 If F,U P Σ with F Ă U then

£HpFq ű £HpUq.

i.e., £HpFq and £HpUq are comparable with respect to the partial order ű.

Proof. As U “ U X Ω “ U X pF Y FAq “ pU X Fq Y pU X FAq “ F Y pFA X Uq. Since,
F X pFA X Uq “ H, thus, £HpUq “ £HpFq ` £HpFA X Uq, and also since £HpFA X Uq ů 0,
so we get £HpFq ű £HpUq.

Corollary 3.3.1 Since, for given F P Σ,F Ď Ω, therefore £HpFq is always comparable
with £HpΩq and also, £HpFq ű £HpΩq “ p. Hence, for any F P Σ, 0 ű £HpFq ű p.

Corollary 3.3.2 If £HpΩq “ e` then for any random event F there exists r P r0, 1s

such that £HpFq “ re`. Again, if £HpΩq “ e´ then for any random events there also
exists t P r0, 1s such that £HpFq “ te´.

Theorem 3.3.4 Given n events F1,F2, ...,Fn there follows:

£H

ˆ n
ď

i“1

Fi

˙

ű

n
ÿ

i“1

£HpFiq. (3.2)
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Proof. Since for any two events F1 and F2, we have

£HpF1 Y F2q “ £HpF1q ` £HpF2q ´ £HpF1 X F2q

ű £HpF1q ` £HpF2q r7 £HpF1 X F2q ů 0s

Thus, the result (3.2) is true for n “ 2.
Let us suppose that the result (3.2) is true for n “ m.
Now, for n “ m ` 1,

£HpF1 Y F2 Y ... Y Fm`1q ű£HpF1 Y F2 Y ... Y Fmq ` £HpFm`1q

ű£HpF1q ` £HpF2q ` ... ` £HpFm`1q.

Thus, the result (3.2) is true for all n P N.
This proves the result.

Remark 3.3.1 Theorem 3.3.4 is analogous to ‘Boole’s inequality’ in H-probabilistic
space.

Theorem 3.3.5 For any n events F1, F2,. . . ,Fn the following relation holds

£H

ˆ n
ď

i“1

Fi

˙

ů

n
ÿ

i“1

£HpFiq ´
ÿ

1ďiăjďn

£HpFi X Fjq. (3.3)

Proof. From the addition theorem, we get that

£HpF1 Y F2 Y F3q “ £HpF1q ` £HpF2q ` £HpF3q ´ £HpF1 X F2q´

£HpF2 X F3q ´ £HpF3 X F1q ` £HpF1 X F2 X F3q

£H

ˆ 3
ď

i“1

Fi

˙

ů

3
ÿ

i“1

£HpFiq ´
ÿ

1ďiăjď3

£HpFi X Fjq.

Thus, the result (3.3) is true for n “ 3.
Now, we will prove the result by the help of mathematical induction.
Let us suppose that the result (3.3) is true for n “ k, i.e.,

£H

ˆ k
ď

i“1

Fi

˙

ů

k
ÿ

i“1

£HpFiq ´
ÿ

1ďiăjďk

£HpFi X Fjq.
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Now, for n “ k ` 1

£H

ˆ k`1
ď

i“1

Fi

˙

“£H

ˆ„ k
ď

i“1

Fi

ȷ

Y Fk`1

˙

“£H

ˆ k
ď

i“1

Fi

˙

` £HpFk`1q ´ £H

ˆ„ k
ď

i“1

Fi

ȷ

X Fk`1

˙

“£H

ˆ k
ď

i“1

Fi

˙

` £HpFk`1q ´ £H

ˆ k
ď

i“1

pFi X Fk`1q

˙

ů

„ k
ÿ

i“1

£HpFiq ´
ÿ

1ďiăjďk

£HpFi X Fjq

ȷ

` £HpFk`1q ´ £H

ˆ k
ď

i“1

pFi X Fk`1q

˙

.

From Theorem 3.3.4, we get that

´£H

ˆ k
ď

i“1

pFi X Fk`1q

˙

ů ´

k
ÿ

i“1

£HpFi X Fk`1q

and therefore,

£H

ˆ k`1
ď

i“1

Fi

˙

ů

k`1
ÿ

i“1

£HpFiq ´
ÿ

1ďiăjďk

£HpFi X Fjq ´

k
ÿ

i“1

£HpFi X Fk`1q

£H

ˆ k`1
ď

i“1

Fi

˙

ů

k`1
ÿ

i“1

£HpFiq ´
ÿ

1ďiăjďk`1

£HpFi X Fjq.

Thus, the theorem is also true for n “ k ` 1 and hence this proves the theorem.

Theorem 3.3.6 If F1 Ă F2 Ă ... Ă Fn Ă ... and F :“ F1 Y F2 Y ... Y Fn Y ... then

lim
nÑ8

£HpFnq “ £HpFq “ £H

ˆ 8
ď

n“1

Fn

˙

.

Proof. Since the given sequence of events is expanding, so we get that

n
ď

i“1

Fi “ Fn and lim
nÑ8

Fn “

8
ď

i“1

Fn. (3.4)

Now if we take some events as U1 “ F1,U2 “ F2 X FA
1, ...,Un “ Fn X FA

n´1, then
Ui X Uj “ H, for all i ‰ j and i, j “ 1, 2, ..., n and hence

8
ď

n“1

Fn “

8
ď

n“1

Un and £H

ˆ 8
ď

n“1

Un

˙

“

8
ÿ

n“1

£HpUnq. (3.5)
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Now, from (3.4) and (3.5), we obtain that

£H

ˆ

lim
nÑ8

Fn

˙

“£H

ˆ 8
ď

n“1

Fn

˙

“

8
ÿ

n“1

£HpUnq

“ lim
nÑ8

n
ÿ

i“1

£HpUiq

“ lim
nÑ8

£H

ˆ n
ď

i“1

Ui

˙

“ lim
nÑ8

£H

ˆ n
ď

i“1

Fi

˙

“ lim
nÑ8

£HpFq.

This completes the proof.

Remark 3.3.2 We call the theorem as ‘Continuity theorem’ of the H-probability.

Theorem 3.3.7 For any two events F and U,

£HpFA X Uq “ £HpUq ´ £HpF X Uq.

Proof. Since, FA X U and F X U are disjoint events and pFA X Uq Y pF X Uq “ U, then

£HpUq “ £HpFA
X Uq ` £HpF X Uq

or,£HpFA
X Uq “ £HpUq ´ £HpF X Uq.

This proves the theorem.

Corollary 3.3.3 For any n events F1,F2, ...,Fn

£HpF1 X F2 X ... X Fnq ů p ´

n
ÿ

i“1

£HpFA
iq (3.6)

and

£HpF1 X F2 X ... X Fnq ů

n
ÿ

i“1

£HpFiq ´ pn ´ 1qp. (3.7)

Proof. Applying the ‘Boole’s inequality’ on the events FA
1,F

A
2, ...,F

A
n, we get that

£HpFA
1 Y FA

2 Y ... Y FA
nq ű

n
ÿ

i“1

£HpFA
iq

or, £HrpF1 X F2 X ... X Fnq
A
s ű

n
ÿ

i“1

£HpFA
iq

or, £HpF1 X F2 X ... X Fnq ů p ´

n
ÿ

i“1

£HpFA
iq. (3.8)
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Again,

n
ÿ

i“1

£HpFA
iq “p ´ £HpF1qp ´ £HpF2q ` ...p ´ £HpFnq

“np ´

n
ÿ

i“1

£HpFA
iq. (3.9)

Now, combining Equations (3.8) and (3.9), we obtain that

£HpF1 X F2 X ... X Fnq ů

n
ÿ

i“1

£HpFiq ´ pn ´ 1qp.

This proves the result.

Remark 3.3.3 Equations (3.6) and (3.7) are the ‘Bonferroni’s inequalities’ in H-
valued probabilistic space.

Corollary 3.3.4 If F1 Ą F2 Ą ... Ą Fn Ą ... and F :“ F1 X F2 X ... X Fn X ... then

lim
nÑ8

£HpFnq “ £HpFq “ £H

ˆ 8
č

n“1

Fn

˙

.

3.4 Future Prospects

The works as carried out in this chapter can be extended from the view point of the
conditional hyperbolic hybrid valued probabilistic measure in the next chapter.

*******************

The works of this chapter have been accepted for publication and to appear in
Journal of the Indian Academy of Mathematics (UGC CARE Listed), Vol.
46, No. 2, ISSN: 0970-5120.
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Chapter 4

Some studies on the conditional
hyperbolic hybrid valued
probabilistic measures

4.1 Preliminaries.

In 18th-century renowned British mathematician Thomas Bayes introduced a mathe-
matical formulation known as ‘Bayes’ Theorem’ for determining conditional probability.
The principle of conditional probability is the likelihood of an outcome occurring based
on a outcome that has already been occured in similar circumstances.

Definition 4.1.1 Conditional probability space is a set Ω equipped with a σ-finite mea-
sure £ defined on a σ-algebra Σ of sets in Ω.

In this chapter we prove the ‘multiplication theorem’ and its generalization in the
hyperbolic hybrid valued probabilistic measurable space. Also, the extended version of
Bayes’ theorem and the law of total probability are deduced here in this context.

4.2 Theorems.

In this section, we present the main results of the chapter.
The following definition is relevant.

Definition 4.2.1 Consider a probabilistic measurable space
`

Ω,Σ,£H

˘

. Let F and U
be two events. The conditional probability £HpF|Uq of the event F under the condition
that the event U has already been occurred is defined as follows:

(a) £HpF|Uq “
£HpFXUq

£HpUq
if £HpUq ą 0 and £HpUq R SH; where SH is the set of hyper-

bolic zero divisor
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(b) £HpF|Uq “ £HpFq if £HpUq “ 0;

(c) £HpF|Uq “
£HpFXUq

r1
e` ` £HpFqe´ if £HpUq “ r1e`, r1 ą 0;

(d) £HpF|Uq “ £HpFqe` `
£HpFXUq

r2
e´ if £HpUq “ r2e´, r2 ą 0.

Now we shall show that Item (c) and Item (d) are in a complete agreement with Item
(a).
For any event F, we have

£HpFq “ Γ1pFqe` ` Γ2pFqe´.

Therefore, £HpF|Uq “
£HpFXUq

£HpUq
can be written as

£HpF|Uq “
Γ1pF X Uq

Γ1pUq
e` `

Γ2pF X Uq

Γ2pUq
e´ “ Γ1pF|Uqe` ` Γ2pF|Uqe´,

whereas £HpF|Uq “
£HpFXUq

r1
e` `£HpFqe´ and £HpF|Uq “ £HpFqe` `

£HpFXUq

r2
e´ can be

written as

£HpF|Uq “
£HpF X Uq

r1
e` ` £HpFqe´

“
Γ1pF X Uqe` ` Γ2pF X Uqe´

Γ1pUq
e` ` pΓ1pFqe` ` Γ2pFqe´qe´

“
Γ1pF X Uq

Γ1pUq
e` ` Γ2pFqe´

“ Γ1pF|Uqe` ` Γ2pF|Uqe´

and

£HpF|Uq “ £HpFqe` `
£HpF X Uq

r2
e´

“ pΓ1pFqe` ` Γ2pFqe´qe` `
Γ1pF X Uqe` ` Γ2pF X Uqe´

r2
e´

“ Γ1pFqe` `
Γ2pF X Uq

Γ2pUq
e´ “ Γ1pF|Uqe` ` Γ2pF|Uqe´.

Therefore, it is clear that (a) is completely agree with (c) and (d).

Now, we prove a theorem focusing the measurable space pU,ΣUq as a H-valued
probabilistic space.

Theorem 4.2.1 For a fixed event U, with £HpUq ‰ 0, the measurable space pU,ΣUq

where ΣU is the σ–algebra of the set of events of the form F X U with F P Σ forms a
H-valued probabilistic space under the measure £Hp.|Uq.
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Proof. It is clear that £HpF|Uq ů 0.
Next, we show that £HpU|Uq “ p.
Case-I: If £HpUq R SH, then

£HpU|Uq “
£HpU X Uq

£HpUq
“

£HpUq

£HpUq
“ 1.

Case-II: If £HpU|Uq “ r1e`, then

£HpU|Uq “
£HpU X Uq

r1
e` ` £HpUqe´ “

£HpUq

r1
e` “ e`.

Case-III: If £HpU|Uq “ r2e´, then

£HpU|Uq “ £HpUqe` `
£HpU X Uq

r2
e´ “

£HpUq

r2
e´ “ e´.

Now, let F “
Ť8

k“1 Fk with Fi X Fj “ H for i ‰ j, then
Case-I: If £HpUq R SH, then

£HpF|Uq “
£HpF X Uq

£HpUq
“

£Hp
Ť8

k“1 Fk X Uq

£HpUq

“

ř8

k“1£HpFk X Uq

£HpUq
“

8
ÿ

k“1

£HpFk X Uq

£HpUq

“

8
ÿ

k“1

£HpFk|Uq.

Case-II: If £HpUq “ r1e`, since for any k, Fk X U Ă U and as F X U Ă U.
Now if £HpFk X Uq “ ske` then

£HpF X Uq “ se` “ Γ1pF X Uqe` “ Γ1

ˆ 8
ď

k“1

Fk X U

˙

e`

“

8
ÿ

n“1

Γ1pFk X Uqe` “

8
ÿ

n“1

ske`.
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Hence

£HpF|Uq “
£HpF X Uq

r1
e` ` £HpFqe´ “

s

r1
e` ` Γ2pFqe´

“
1

r1

8
ÿ

k“1

ske` `

8
ÿ

k“1

Γ2pFkqe´

“

8
ÿ

k“1

ˆ

sk
r1
e` ` Γ2pFkqe´

˙

“

8
ÿ

k“1

`

Γ1pFk|Uqe` ` Γ2pFkqe´

˘

“

8
ÿ

k“1

£HpFk|Uq.

Similarly, we can show for £HpUq “ r2e´.

Therefore,
`

U,ΣU,£Hp.|Uq
˘

is a probabilistic space.
The following theorem ensures the multiplication rule for the conditional probability

in a hyperbolic hybrid valued probabilistic space.

Theorem 4.2.2 If F and U be two events of the probabilistic space
`

Ω,Σ,£H

˘

, then

£HpF X Uq “ £HpUq£HpF|Uq.

Proof. To prove the theorem the following cases arise.
Case-I: If £HpUq ą 0 and £HpUq R SH, then

£HpF|Uq “
£HpF X Uq

£HpUq

or, £HpF X Uq “ £HpUq£HpF|Uq.

Case-II: Let £HpUq “ 0.
As F X U Ă U, then £HpF X Uq “ 0.

6 £HpF X Uq “ £HpUq£HpF|Uq.

Case-III: Suppose £HpUq “ r1e` such that r1 ą 0, then

£HpF|Uq “
£HpF X Uq

r1
e` ` £HpFqe´,

therefore

£HpUq£HpF|Uq “ r1£HpF|Uqe` “ £HpF X Uqe`. (4.1)
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As F X U Ă U, we get that

£HpF X Uq “ Γ1pF X Uqe` ` 0.e´ “ Γ1pF X Uqe`.

Therefore Equation (4.1) can be written as

£HpUq£HpF|Uq “ Γ1pF X Uqe` “ £HpF X Uq.

Case-IV: In a similar way one can conclude for £HpUq “ r2e´ with r2 ą 0.
We call this theorem as “Multiplication Theorem” in H-valued probabilistic space.
Now, we wish to extend Theorem 4.3.2 for n events.

Theorem 4.2.3 If n random events F1,F2, ...,Fn satisfy any one of the following con-
ditions:
(i) £HpF1 X ¨ ¨ ¨ X Fnq is not a zero-divisor.
(ii) (a) There exists τ0 P t1, . . . , nu such that £HpFτ0q “ tτ0e`, with tτ0 ą 0,
it implies that, £HpFτ0q is a zero-divisor in H`

e`
and also

(b) £H

ˆ

Şn
l“1 Fl

˙

belongs to H`
e`
.

(iii) (a) There exists τ0 P t1, . . . , nu such that £HpFτ0q “ rτ0e´, with rτ0 ą 0, it implies
that, £HpFτ0q is a zero-divisor in H`

e´
and also

(b) £H

ˆ

Şn
l“1 Fl

˙

belongs to H`
e´
.

Then

£HpF1 X ¨ ¨ ¨ X Fnq “ £HpF1q£HpF2|F1q . . .£HpFn|F1 X ¨ ¨ ¨ X Fn´1q. (4.2)

Proof. Let us first consider Condition piq holds. Since

n´1
č

i“1

Fi Ă

n´1
č

i“1

Fi Ă ¨ ¨ ¨ Ă F1 (4.3)

and as

£H

`

n
č

l“1

Fl
˘

“ Γ1

`

n
č

l“1

Fl
˘

e` ` Γ2

`

n
č

l“1

Fl
˘

e´ R SH,0

we get Γ1

`
Şn
l“1 Fl

˘

ą 0 and Γ2

`
Şn
l“1 Fl

˘

ą 0 which implies £HpFlq R SH,0 for all

l P t1, . . . , nu and also for all k P t1, . . . , n ´ 1u, £H

`
Şn´k
i“1 Fi

˘

is a strictly positive
hyperbolic hybrid number.
Therefore, all conditional probabilities £H

`

Fk|
Şk´1
i“1 Fi

˘

, where k P t2, . . . , nu are well-
defined, which leads to

£H

ˆ n
č

l“1

Fl

˙

“ Γ1pF1qΓ1pF2|F1q . . .Γ1

ˆ

Fn|

n´1
č

l“1

Fl

˙

e`

` Γ2pF1qΓ2pF2|F1q . . .Γ2

ˆ

Fn|

n´1
č

l“1

Fl

˙

e´,
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and therefore (4.2) agrees.
Now, let Condition piiq holds.

From the hypothesis that£H

ˆ

Şn
l“1 Fl

˙

is a positive zero-divisor, let us assume£H

ˆ

Şn
l“1 Fl

˙

“

te`, t ą 0, which implies Γ1

ˆ

Şn
l“1 Fl

˙

“ t ą 0.

Suppose that τ0 “ mint0, 1, . . . , nu such that £HpFτ0q is a zero divisor which implies

£H

ˆ

Şk
l“1 Fl

˙

“ ske`, then

£H

ˆ

Fk`1|

k
č

l“1

Fl

˙

“

£H

ˆ

Şk`1
l“1 Fl

˙

sk
e` ` £HpFk`1qe´ for k ě τ0.

Also, we have

£H

ˆ

Fτ0 |

τ0´1
č

l“1

Fl

˙

“

£H

ˆ

Şτ0
l“1 Fl

˙

£H

ˆ

Şτ0´1
l“1 Fl

˙ “
ske`

£H

ˆ

Fτ0 |
Şτ0´1
l“1 Fl

˙ “
sk

Γ1

ˆ

Şτ0´1
l“1 Fl

˙e`.

Hence

£HpF1q£HpF2|F1q . . .£H

ˆ

Fτ0 |

τ0´1
č

l“1

Fl

˙

. . .£H

ˆ

Fn|

n´1
č

l“1

Fl

˙

“Γ1pF1qΓ1pF2|F1q . . .Γ1

ˆ

Fτ0 |

τ0´1
č

l“1

Fl

˙

. . .Γ1

ˆ

Fn|

n´1
č

l“1

Fl

˙

e`

“Γ1pF1 X F2 X ¨ ¨ ¨ X Fnqe`

“£HpF1 X F2 X ¨ ¨ ¨ X Fnq.

By similar argument, (4.2) follows for the Condition piiiq.

Remark 4.2.1 The above result is the generalization of ‘Multipication Theorem’ in
hyperbolic hybrid valued probabilistic space.

Definition 4.2.2 Let F and U be two random events.

1. Event F is called independent of the event U if £HpF|Uq “ £HpFq.

2. Event U is called independent of the event F if £HpU|Fq “ £HpUq.

3. F and U are called mutually independent if F is independent of U and U is inde-
pendent of F.
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Let us take into account all possible cases.

(i) Suppose that at least one of these two probabilities £HpFq and £HpUq equals zero,
£HpFq “ 0 (say) then £HpF X Uq “ 0, which leads to

£HpU|Fq “ £HpUq and £HpF|Uq “ 0 “ £HpFq.

Therefore, the events F and U are mutually independent.
If £HpFq “ £HpUq “ 0, then by definition, £HpF|Uq “ £HpFq and £HpU|Fq “

£HpUq, thus F and U are mutually independent.
Therefore, in any scenario it agrees with £HpF X Uq “ £HpFq£HpUq.

(ii) Assume that both probabilities £HpFq and £HpUq are not in SH,0.

Now the event F is independent of the event U implying

£HpF|Uq “ £HpFq “
£HpF X Uq

£HpUq

i.e., £HpF X Uq “ £HpFq.£HpUq

i.e., £HpF X Uq “ £HpUq.£HpFq.

From the above, one can conclude that event F is independent of event U if and
only if event U is independent of event F and therefore both events F and U are
mutually independent.

(iii) Let us consider both probabilities £HpFq and £HpUq be zero–divisors and both of
which belong to He`

. So, there exist two positive real numbers r and t such that
£HpFq “ re` and £HpUq “ te`, therefore we get Γ1pFq “ r and Γ1pUq “ t whereas
Γ2pFq “ Γ2pUq “ 0 which implies that 0 ď Γ1pFXUq “ s and Γ2pFXUq “ 0, thus
£HpF X Uq “ se`.
Let F is independent of U; then

re` “ £HpFq “ £HpF|Uq “
£HpF X Uq

t
e` ` £HpFqe´

“
Γ1pF X Uq

t
e` “

s

t
e`; (4.4)

therefore, F is independent of U if and only if r “ s
t
.

Suppose, r “ s
t
. Then we get that

£HpU|Fq “
£HpF X Uq

r
e` ` £HpUqe´ “

s

r
e` “

s

s{t
e`

“ te` “ £HpUq; (4.5)

this leads us to the fact that U is independent of F, and hence events F and U are
mutually independent.
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Now from any one of (4.4) and (4.5), we can say that for independent events F
and U

£HpF X Uq “£HpF X Uqe` “ rte` “ pre`qpte`q

“£HpFq£HpUq.

The case where both probabilities £HpFq and £HpUq are in He´
is also similar.

(iv) Let £HpFq and £HpUq be both zero-divisors such that £HpFq “ re` ‰ 0 and
£HpUq “ te´ ‰ 0, and conversely.

As F X U Ă F and F X U Ă U, we have Γ1pF X Uq “ Γ2pF X Uq “ 0.

Thus, £HpF X Uq “ 0.

Now,

£HpF|Uq “
£HpF X Uq

t
e´ ` £HpFqe´ “ re` “ £HpFq,

which implies that F is independent of U. Again

£HpU|Fq “
£HpF X Uq

r
e` ` £HpUqe´ “ £HpUqe´ “ te´ “ £HpUq,

Hence, event U is independent of event F.
Therefore events F and U are always mutually independent with

£HpFq£HpUq “ pre`qpte´q “ 0 “ £HpF X Uq.

(v) Finally, assumes that any one of the events £HpFq and £HpUqis zero–divisor and
another is invertable hyperbolic hybrid number.

Let £HpFq “ re` ‰ 0,£HpUq “ t1e` ` t2e´ R SH,0.

Therfore

s :“ Γ1pF X Uq ě 0 and Γ2pF X Uq “ 0.

Thus, F is independent of U which implies

£HpF|Uq “
£HpFXUq

£HpUq
“

se`

t1e``t2e´
“ s

t1
e` “ £HpFq “ re`,

ùñ r “
s

t1
.

Now,

£HpU|Fq “
£HpFXUq

r
e` ` £HpUqe´ “

Γ1pFXUq

r
e` ` Γ2pUqe´
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“ s
r
e` ` Γ2pUqe´ “ t1e` ` t2e´ “ £HpUq,

therefore, U is independent of F.
Actually, F and U are mutually independent if and only if one of them is inde-
pendent of the another one.
Thus from the above we can say that one has for independent events that s “ rt1,
therefore

£HpF X Uq “ se` “ pre`qpt1e`q “ £HpFq£HpUq.

From the above, we can state the following corollaries.

Corollary 4.2.1 Let F and U be two random events. Then F is independent of U if
and only if U is independent of F.

Corollary 4.2.2 For any two mutually independent events F and U, the multiplication
theorem takes the form

£HpF X Uq “ £HpFq£HpUq.

Theorem 4.2.4 If F and U are mutually independent events then F and UA,FA and U,
FA and UA are also.

Proof. We prove it for F and UA elsewhere other cases can be proved in similar manner.
As F “ pF X Uq Y pF X UAq, £HpFq “ £HpF X Uq ` £HpF X UAq and thus,

£HpF X UA
q “ £HpFq ´ £HpF X Uq “ £HpFq ´ £HpFq£HpUq. (4.6)

Also, we can factorize £HpFq but the consequent computation depends on the value of
£HpΩq and therefore, the following cases may arise:

(1) If £HpFq R SH,0 then £HpΩq R SH,0 and therefore p “ 1. Thus we have

£HpF X Uq “ £HpFqp1 ´ £HpUqq “ £HpFq£HpUq,

which implies F and UA are mutually independent.

(2) Let £HpFqre` P SH,0, as F X UA Ă F, then £HpF X UAq “ se` for some s ě 0;
consider £HpUq “ t1e` ` t2e´, which leads us to the following subcases:

(a) If £HpΩq “ 1 R SH,0 then

£HpUA
q “ 1 ´ £HpUq “ p1 ´ t1qe` ` p1 ´ t2qe´,
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thus,

se` “ £HpF X UA
q “re` ´ re`pt1e` ` t2e´q “ re` ´ re`pt1e`q

“rp1 ´ t1qe` “ pre`qpp1 ´ t1qe`q “ £HpFq£HpUA
q.

Therefore, F and UA are mutually independent.

(b) Let £HpΩq “ e` (It is obvious, £HpΩq “ e´ is impossible) then it is necessarily
£HpUq “ t1e` and £HpUAq “ p1 ´ t1qe`, hence

£HpF X UA
q “ re` ´ re`t1e` “ pre`qp1 ´ tqe` “ £HpFq£HpUA

q.

Therefore, F & UA are mutually independent.

(3) In similar way the case £HpFq “ r2e´ can be treated easily.

Definition 4.2.3 Let F1,F2...,Fn be n random events, are said to be mutually (or
jointly) independent if for any subset of indices Ai1 , Ai2 , . . . , Aim such that 1 ď i1 ă

i2 ă .... ă im ď n pm P t2, . . . , nuq the following equality holds:

£HpFi1 X ... X Fimq “ £HpFi1q...£HpFimq.

If the equality holds for m “ 2 only, then the random events are called pair–wise
independent. In general, pairwise independence and joint independence of events are
different notions.

If F1,F2, . . . ,Fn are mutually independent events then the general multiplication
theorem will be

£HpF1 X F2 X ¨ ¨ ¨ X Fnq “ £HpF1q£HpF2q . . .£HpFnq.

Definition 4.2.4 Let F1,F2, . . . ,Fn be pairwise disjoint random events with positive
(not necessarily strictly) probabilities in a H-valued probabilistic space pΩ,Σ,£Hq such
that F1 YF2 Y¨ ¨ ¨YFn “ Ω. Then tF1,F2, ...,Fnu is called a fundamental (or complete)
system of events (FSE).

Theorem 4.2.5 Let F be a random event and tF1,F2, ...,Fnu be a fundamental system
of events in H-valued probabilistic space pΩ,Σ,£Hq. Then

£HpFq “
řn
i“1£HpHiq£HpF|Fiq.

Proof. Since F “ F X Ω “ F X

´

Yn
i“1 Fi

¯

“ Yn
i“1F X Fi and the events F X Fi are

pairwise disjoint then

£HpFq “

n
ÿ

i“1

£HpF X Fiq.

Now we can apply Theorem 4.2.2 (‘Multiplication Theorem’ ) which leads us to the
required result.
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Remark 4.2.2 The above result is the ‘Law of Total Probability’ in Hyperbolic Hybrid
valued probabilistic space or it can also be called ‘Complete hyperbolic hybrid valued
probability formula’.

Now, we state and prove the ‘Bayes’ theorem’ in hyperbolic hybrid valued proba-
bilistic space.

Theorem 4.2.6 Let us consider the hyperbolic hybrid valued probabilistic space pΩ,Σ,£Hq,
a random event F and a fundamental system of events tF1,F2, . . . ,Fnu. Now,

(1) if £HpFq is an invertible hyperbolic hybrid number, then

£HpFk|Fq “
£HpFkq.£HpF|Fkq

řn
i“1£HpFiq.£HpF|Fiq

“
£HpFkq.£HpF|Fkq

£HpFq
; (4.7)

(2) if £HpFq “ re`, where r ą 0, then

´

£HpFkq.£HpF|Fkq ´ £HpFk|Fq.
n
ÿ

i“1

£HpFiq.£HpF|Fiq

¯

e` “ 0. (4.8)

(3) if £HpFq “ te´, where t ą 0, then

´

£HpFkq.£FpF|Fkq ´ £HpFk|Fq.
n
ÿ

i“1

£HpFiq.£HpF|Fiqe´

¯

“ 0. (4.9)

Proof.

(1) Let us consider an invertible hyperbolic hybrid number £HpFq. Then by Theorem
4.2.2, we get that

£HpF X Fkq “ £HpFkq£HpF|Fkq “ £HpFq£HpFk|Fq,

which proves one part of Equation (4.7).
The other part of Equation (4.7) can be proved by using Theorem 4.2.5.

(2) Let £HpFq “ re`, where r is a positive real number. Then Theorem 4.2.2 gives
that

£HpFq£HpFk|Fq “ £HpFkq£HpF|Fkq. (4.10)

Clearly, the R.H.S. of (4.10) is an element of He`
as L.H.S. of (4.10) belongs to

He`
. Since the definition of £HpF|Fkq contains the factor £HpF X Fkq and also

F X Fk Ă F, we get £HpF X Fkq P He`
.

Now, using Lemma 3.2.1, Equation (4.10) becomes

0 “ £HpFkq£HpF|Fkq ´ £HpFk|Fq£HpFq

“ p£HpFkq£HpF|Fkq ´ £HpFk|Fq£HpFqqe`.

Therefore, we can obtain Equation (4.8) by using Theorem 4.2.5.
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(3) Similarly we can prove Equation (4.9) for £HpFq “ te´ where t ą 0.

4.3 Future Prospects

The works under the umbrella of Chapter 3 and Chapter 4, the exploration of
probability distribution in the hyperbolic hybrid valued probabilistic measurable space
may be an open problem for the future workers in this branch. Also, under this flavor
the techniques of expectation are still virgin.

********************

The works of this chapter have been accepted for publication and to appear in
Journal of the Calcutta Mathematical Society (UGC CARE Listed), ISSN:
2231-5314.
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Chapter 5

Some comparative growth
properties of p-adic entire functions
and their derivatives

5.1 Introduction, Definitions and Notations.

Let us consider T to be an algebraically closed field of zero characteristic which is com-
plete with respect to a p-adic absolute value |.| (for an example Cp). For any θ P T and
R P s0,`8r, the closed and open discs are defined by d̄pθ, Rq “ tϱ P T : |ϱ ´ θ| ď Ru

and dpθ, Rq “ tϱ P T : |ϱ ´ θ| ă Ru respectively. Also circle of radius R and center
at θ is Cpθ, Rq “ tϱ P T : |ϱ ´ θ| “ Ru. Furthermore, the set of power series with an
infinite radius of convergence GpTq is the T-algebra of analytic functions in T. In
non-Archimedean analysis Rodriganez [48] defined an entire function on T as a Taylor
series

8
ÿ

n“0

cnω
n

with convergence on all of T; an analytic function as a Laurent series which convergence
on a certain domain D. Also, M pTq denote the field of meromorphic functions in T
(i.e., field of fractions of GpTq) i.e., a meromorphic function is a quotient of two entire
functions. Given ℏ P M pTq , we will denote by q pℏ, rq , the number of zeros of ℏ in
d̄p0, rq, taking multiplicity into account.

Many of the series that appear in non-Archimedean analysis have small domain of
convergence. For example,

expp pzq “

8
ÿ

n“0

zn

tn
converges for |z| ă p

´1
pp´1q ;

logp p1 ` zq “
ÿ

p´1q
n`1 z

n

n
converges for |z| ă 1.
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Analytic functions inside disc or in the whole field T were introduced in [1], [23] and
[24].

Let ℏ P GpTq and r ą 0, then we denote by |ℏ| prq the number

sup t|ℏpϱq| : |ϱ| “ ru ,

where |.| prq is a multiplicative norm on GpTq . Moreover if ℏ is not constant the |ℏ|prq
is a strictly increasing function of r and tends to `8 with r. So there exists its inverse
function

x|ℏ| : p|ℏp0q|,8q Ñ p0,8q with lim
sÑ8

x|ℏ|psq “ 8.

Therefore for any two entire functions ℏ1 P GpTq and ℏ2 P GpTq the ratio |ℏ1|prq

|ℏ2|prq
as r Ñ 8

is called the growth of ℏ1 with respect to ℏ2 in terms of their multiplicative norm.
Somasundaram et.al [55] introduced the notion L-order and L-lower order for en-

tire functions where L ” L prq is a positive continuous function increasing slowly i.e.,
L pδrq „ L prq as r Ñ 8 for every positive constant δ. The most generalized concept for
L-order (lower order) for entire function are L˚-order (lower order) which is introduced
by Sato [53].

For t P r0,8q and k P N, we define

logrks t “ logplogrk´1s tq and exprks t “ exppexprk´1s tq,

where N be the set of all positive integers. We also denote as

logr0s t “ t and expr0s t “ t.

Throughout this chapter, log denotes the Neperian logarithm.
Here we mean to introduce and study the notion of L˚ order of growth and L˚ type

of growth for function of order t. We will also introduce a new notion of L˚ cotype of
growth in relation with the distribution of zeros in disks which plays an important role
in processes that are quite different from those in complex analysis.

Definition 5.1.1 [37] Let ψ P GpTq ,the order of growth of ψ or the order of ψ in
brief, denoted by ρ pψq is defined as

ρpψq “ lim
rÑ8

sup
log plog p|ψ| prqqq

log r
.

We say that ψ has finite order if ρpψq ă `8.

Definition 5.1.2 [8] Let ψ P GpTq of order t, where t P r0,`8r. Then the cotype of
ψ, denoted by Ψ pψq is defined as

Ψ pψq “ lim
rÑ8

sup
q pψ, rq

rt
.
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Definition 5.1.3 [8] Let ψ P GpTq of order t.Then the type of growth of ψ or the type
of ψ in brief denoted by σ pψq is defined as

σ pψq “ lim
rÑ8

sup
log p|ψ| prqq

rt
.

Definition 5.1.4 [20] The L˚-order ρL
˚

pψq of an entire function ψ P GpTq is defined
as

ρL
˚

pψq “ lim
rÑ8

sup
logr2s

|ψ| prq

log rreLprqs
.

Definition 5.1.5 Let ψ P GpTq. Then L˚-cotype of ψ, denoted by ΨL˚

pψq is defined as

ΨL˚

pψq “ lim
rÑ8

sup
q pψ, rq

treLprqu
ρL˚

pψq
.

Definition 5.1.6 Let ψ P GpTq. Then L˚-type of ψ, denoted by σL
˚

pψq is defined as

σL
˚

pψq “ lim
rÑ8

sup
log p|ψ| prqq

treLprqu
ρL˚

pψq
.

Definition 5.1.7 [8] An entire function
`8
ř

n“1

cnω
n P GpTq satisfies Hypothesis L when

the sequence
´

|cn´1|

|cn|

¯

nPN
is strictly increasing.

5.2 Lemmas.

In this section we present the following lemma which will be needed in the sequel.

Lemma 5.2.1 [24] Let

ψ pωq “

`8
ÿ

n“0

cnω
n

P GpTq.

Then for all s ą 0 we have

|ψ| psq “ sup
ně0

|cn| sn “
ˇ

ˇcqpψ,rq

ˇ

ˇ sqpψ,rq
ą |cn| sn

for all n ą q pψ, sq . Moreover if ψ is not a constant, the function in s : |ψ| psq is strictly

increasing and tend to `8 with s. If ψ is transcendental, the function in s : |ψ|psq

sm
tends

to `8 with s, whenever m ą 0.

Lemma 5.2.2 {cf. [8], [24]} Let ψ P GpTq be non-identically zero and let s1, s2 P

s0,`8r with s1 ă s2.Then

ˆ

s2

s1

˙qpψ,sq

ě
|ψ| ps2q

|ψ| ps1q
ě

ˆ

s2

s1

˙qpψ,s1q

.
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Lemma 5.2.3 [8] Let

ψ pωq “

`8
ÿ

n“0

cnω
n

P G
0
pTq.

such that ρpψq P s0,`8r . Then

σL pψq ρLpψqe “ lim
nÑ8

sup
´

n p|cn|q
1
n

¯

.

Lemma 5.2.4 Let

ψ pωq “

`8
ÿ

n“0

cnω
n

P G
0
pTq.

such that ρpψq P s0,`8r . Then

σL
˚

pψq ρL
˚

pψqe “ lim
nÑ8

sup
´

n
`

|cn| eLp|cn|q
˘

1
n

¯

.

Proof. The proof of Lemma 5.2.4 can be carried out in the line of Lemma 5.2.3 and
therefore its proof is omitted.

5.3 Main Results.

In this section we state the main results of the chapter.

Theorem 5.3.1 Let ψ P GpTq be not identically zero. If there exists θ ě 0 such that

lim
rÑ8

sup

#

q pψ, rq

preLprqq
θ

+

ă `8

then ρL
˚

pψq is the lower bound of the set of θ P r0,`8r such that

lim
rÑ8

sup

#

q pψ, rq

preLprqq
θ

+

“ 0.

Moreover, if

lim
rÑ8

sup

"

q pψ, rq

preLprqq
t

*

“ b P s0,`8r ,

then ρL
˚

pψq “ t. If there exists no θ such that

lim
rÑ8

sup

#

q pψ, rq

preLprqq
θ

+

ă `8

then ρL
˚

pψq “ `8.
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Proof. At first we will prove that given ψ P GpTq be non constant and if for some
t ě 0,

lim
rÑ8

sup

"

q pψ, rq

preLprqq
t

*

is finite, then ρL
˚

pψq ď t.
Consider,

lim
rÑ8

sup

"

q pψ, rq

preLprqq
t

*

“ b P r0,`8r.

Let us take ε ą 0, then we can find a positive real number G ą 1 such that |ψ| pGq ą e2

and
q pψ, rq

preLprqq
t ď b ` ε@r ě G

and hence by Lemma 5.2.2

|ψ| prq

|ψ| pGq
ď

ˆ

r

G

˙qpψ,rq

ď

ˆ

r

G

˙rtpb`εq

.

As G ą 1, we have

log p|ψ| prqq ď log p|ψ| pGqq ` rt pb ` εq plog prqq .

When p ą 2, q ą 2, we have

log pp ` qq ď log ppq ` log pqq .

Now, applying the above inequality with p “ log p|ψ| pGqq and q “ rt pb ` εq plog prqq

when rt pb ` εq plog prqq ą 2 that gives

log plog p|ψ| prqqq ď log plog |ψ| pGqq ` t log prq ` log pb ` εq ` log plog prqq

i.e.,

log plog p|ψ| prqqq

log preLprqq
ď

log plog |ψ| pGqq ` t log prq ` log pb ` εq ` log plog prqq

log preLprqq
.

Hence,

lim
rÑ8

sup
log plog p|ψ| prqqq

log preLprqq
ď lim

rÑ8

t log prq

log preLprqq
ď lim

rÑ8

t log prq

log prq
“ t.

6 ρL
˚

pψq ď t. (5.1)

This proves the first part of the theorem.
Conversely, we will show that ρL

˚

pψq ě t.
First we shall prove that given ψ P GpTq is not identically zero and if for some t ě 0,
we have

lim
rÑ8

q pψ, rq

rt
ą 0,
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and

lim
rÑ8

q pψ, rq

preLprqq
t ą 0,

then ρL
˚

pψq ě t.
By hypothesis, there exists a sequence pπnqnPN such that

lim
rÑ8

q pψ, rq

pπneLpπnqq
t ą 0.

Thus there exists b ą 0 such that

lim
rÑ8

q pψ, rq

pπneLpπnqq
t ě b.

Now assuming |ψ| pr0q ě 1, therefore by Lemma 5.2.1 we get that

|ψ| pπnq ě 1@n.

Taking ϖ ą 1 and using Lemma 5.2.2

|ψ| pϖπnq

|ψ| pπnq
ě pϖq

qpψ,πnq
ě pϖq

”

btπneLpπnqu
t
ı

i.e.,

log p|ψ| pϖπnqq ě log p|ψ| pπnqq ` b
␣

πne
Lpπnq

(t
¨ log pϖq .

Since |ψ| pπnq ě 1, we have

log plog p|ψ| pϖπnqqq ě log pb log pϖqq ` t log
`

πne
Lpπnq

˘

.

Therefore,
log plog p|ψ| pϖπnqqq

log pπneLpπnqq
ě t `

log pb log pϖqq

log pπnq

for all n P N. So,

lim
rÑ8

sup
log plog p|ψ| pϖπnqqq

log preLprqq
ě t

i.e.,
ρL

˚

pψq ě t. (5.2)

Combining Equations (5.1) and (5.2) we can say that

ρL
˚

pψq “ t.

Thus the theorem is proved.
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Example 5.3.1 Suppose that for each r ą 0 we have

q pψ, rq P
“

rt log r, rt log r ` 1
‰

,

L prq “ log plog rq
1
θ .

If we take
q pψ, rq “ rt log r

then of course for every θ ą t, we have

lim
rÑ8

q pψ, rq

treLprqu
θ

“ lim
rÑ8

rt log r

rθ
!

plog rq
1
θ

)θ

“ lim
rÑ8

1

rθ´t
“ 0

and

lim
rÑ8

q pψ, rq

treLprqu
t “ lim

rÑ8

rt log r

rt
!

plog rq
1
θ

)t

“ lim
rÑ8

plog rq1´ t
θ “ 8.

So, there exists no t ą 0 such that

lim
rÑ8

sup
q pψ, rq

treLprqu
t ă `8.

Theorem 5.3.2 Let ψ pωq “
`8
ř

n“0

cnω
n P GpTq. Then

ρL
˚

pψq “ lim
nÑ8

ˆ

n log n

´ log |cn| ¨ eLp|cn|q

˙

.

Proof. If ρL
˚

pψq ă `8, the proof is identical in the complex context.
Let us suppose that ρL

˚

pψq “ `8. If possible let,

lim
nÑ8

sup

ˆ

n log n

´ log |cn| ¨ eLp|cn|q

˙

ă `8. (5.3)

Let us take s P N such that

n log n

´ log |cn| ¨ eLp|cn|q
ă s@n P N (5.4)

and

lim
rÑ8

sup
q pψ, rq

treLprqu
s “ `8.
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So we take a sequence pπmqmPN such that

lim
mÑ8

q pψ, πmq

tπmeLpπmqu
s “ `8. (5.5)

Set um “ q pψ, πmq ,m P N. So,

um log pumq ă s
`

´ log |cum | eLp|cum |q
˘

“ seLp|cum |q
¨ log

ˆ

1

|cum |

˙

.

Hence

pumq
um ă

1

|aum |
seLp|cum |q

i.e.,
1

pumq
um ą |cum |

seLp|cum |q

.

Therefore,

|cum |
seLp|cum |q

´

πme
Lpπmq

¯sum
ă

´

πme
Lpπmq

¯sum

pumq
um

i.e.,

p|ψ| pπmqq
seLp|aum |q

ă

$

&

%

´

πme
Lpπmq

¯s

um

,

.

-

um

,

whereas Lemma 5.2.1 gives that

lim
πmÑ8

|ψ| pπmq “ `8,

hence,
´

πme
Lpπmq

¯s

ą um

where m P N (a large number)

lim
mÑ8

q pψ, πmq

tπmeLpπmqu
s ď 1,

which contradicts Equation p5.5q.
Therefore Equation p5.4q is impossible and hence,

lim
nÑ8

ˆ

n log n

´ log |cn| ¨ eLp|cn|q

˙

“ `8 “ ρL
˚

pψq .
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Theorem 5.3.3 Let ψ P GpTq be not identically zero. Then

ρL
˚

pψq “ ρL
˚ `

ψ{
˘

.

Proof. From Theorem 5.3.2,

ρL
˚ `

ψ{
˘

“ lim
nÑ8

ˆ

n log n

´ log |pn ` 1q cn`1| ¨ eLp|pn`1qcn`1|q

˙

.

But since 1
n

ď |n| ď 1, we have

lim
nÑ8

ˆ

n log n

´ log |pn ` 1q cn`1| ¨ eLp|pn`1qcn`1|q

˙

“ lim
nÑ8

ˆ

n log n

´ log p|cn`1|q ¨ eLp|cn`1|q

˙

“ lim
nÑ8

sup

ˆ

pn ` 1q log pn ` 1q

´ log p|cn`1|q ¨ eLp|cn`1|q

˙

“ ρL
˚

pψq .

Corollary 5.3.1 The derivation on GpTq restricted to the algebra GpT, tq ( resp. G0 pTq

) provides the algebra with a derivation.

Theorem 5.3.4 Let ψ P GpTq such that ρL
˚

pψq P s0,`8r . If

σL
˚

pψq “ lim
nÑ8

log p|ψ| prqq

treLprqu
ρL˚

pψq

then
ΨL˚

pψq ě ρL
˚

pψqσL
˚

pψq .

Proof. Let

ψ pωq “

`8
ÿ

m“0

cmω
m.

Without loss of generality, we consider that ψ p0q “ 1. Let t “ ρL
˚

pψq, l “ 1
ρL˚

pψq

and pC p0, SmqqmPN be the sequence of circles having at least one zero of ψ, where
Sm ă Sm`1. Suppose that the Hypothesis L satisfied by ψ. By Lemma 5.2.1, each
circle C p0, Smq ,m P N contains a unique zero of ψ and also ψ has no other zero in T.
Furthermore, for each m P N, we have Sm “

|cm´1|

|cm|
and consequently q pψ, Smq “ m,m P

N. Now, when r P rSm, Sm`1r , ψ admits exactly m zeros in d p0, rq and therefore when

r “ Sm,
qpψ,rq

treLprqu
t is maximum in rSm, Sm`1r. Consequently, we have

ΨL˚

pψq “ lim
nÑ8

sup
m

tSmeLpSmqu
t .
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So, for εm ą 0 and
lim

nÑ`8
sup εm “ 0,

we get that
m

tSmeLpSmqu
t “ ΨL˚

pψq ` εm.

Therefore,

Sm “

ˆ

m

ΨL˚
pψq ` εm

˙
1
t

“

ˆ

m

ΨL˚
pψq ` εm

˙l

. (5.6)

Now, let pφ pmqqmPN be a strictly increasing sequence of integers and also consider the
expression

E pmq “ log
`

|ψ|
`

Sφpmq

˘˘

“

φpmq
ÿ

k“1

log
`

Sφpmq

˘

´ logSk.

By Equation p5.6q we have

E pmq “ l

$

’

’

’

&

’

’

’

%

φ pmq ¨ logφ pmq ´ φ pmq ¨ logpΨL˚

pψq ` εφpmqq ´

φpmq
ř

k“1

log pkq `

φpmq
ř

k“1

log
`

ΨL˚

pψq ` εk
˘

,

/

/

/

.

/

/

/

-

“ l

$

&

%

φ pmq ¨ logφ pmq ´ φ pmq ¨ logφ pmq ` φ pmq ` O p1q ´

φ pmq logpΨL˚

pψq ` εφpmqq `

φpmq
ř

k“1

log
`

ΨL˚

pψq ` εk
˘

,

.

-

.

Hence,

E pmq “ l

#

φ pmq ` O p1q ´ φ pmq logpΨL˚

pψq ` εφpmqq `

φpmq
ÿ

k“1

log
´

ΨL˚

pψq ` εk

¯

+

.

(5.7)

We assume that

σL
˚

pψq “ lim
rÑ8

log p|ψ| prqq

treLprqu
t

and let us consider a sequence tφ pmqumPN such that

lim
mÑ`8

q
`

ψ, Sφpmq

˘

!

Sφpmqe
LpSφpmqq

)t “ ΨL˚

pψq
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i.e.,

lim
mÑ`8

φ pmq
!

Sφpmqe
LpSφpmqq

)t “ ΨL˚

pψq .

Obviously, we can check that

σL
˚

pψq “ lim
mÑ8

log
`

|ψ|
`

Sφpmq

˘˘

!

Sφpmqe
LpSφpmqq

)t

“ lim
mÑ8

E pmq
!

Sφpmqe
LpSφpmqq

)t .

From Equation p5.7q we get that

σL
˚

pψq

“ lim
mÑ8

l

#

φ pmq ` O p1q ´ φ pmq log
`

ΨL˚

pψq ` εφpmq

˘

`

φpmq
ř

k“1

log
`

ΨL˚

pψq ` εk
˘

+

!

Sφpmqe
LpSφpmqq

)t

“ lim
mÑ8

lφ pmq

!

1 `
Op1q

φpmq
´
`

log
`

ΨL˚

pψq ` εφpmq

˘˘

)

!

Sφpmqe
LpSφpmqq

)t ` lim
mÑ8

l
φpmq
ř

k“1

log
`

ΨL˚

pψq ` εk
˘

!

Sφpmqe
LpSφpmqq

)t

i.e.,

σL
˚

pψq “ l ¨ lim
mÑ8

φ pmq
␣

1 ´ log
`

ΨL˚

pψq ` εφpmq

˘(

!

Sφpmqe
LpSφpmqq

)t ` lim
mÑ8

l
φpmq
ř

k“1

log
`

ΨL˚

pψq ` εk
˘

!

Sφpmqe
LpSφpmqq

)t

“ l ¨ ΨL˚

pψq ¨

´

1 ´ log ΨL˚

pψq

¯

` lim
mÑ8

l
φpmq
ř

k“1

log
`

ΨL˚

pψq ` εk
˘

!

Sφpmqe
LpSφpmqq

)t . (5.8)

Hence, from p5.8q

φpmq
ř

k“1

log
´

ΨL˚
pψq`εk

¯

#

Sφpmqe
LpSφpmqq

+t admits a limit when m tends to 8 which is

σL
˚

pψq ´ l ¨ ΨL˚

pψq ¨

´

1 ´ log ΨL˚

pψq

¯

.

Since
lim
mÑ8

sup
`

εφpmq

˘

“ 0,
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we can check that

lim
mÑ8

φpmq
ř

k“1

log
`

ΨL˚

pψq ` εk
˘

!

Sφpmqe
LpSφpmqq

)t ď lim
mÑ8

φ pmq log ΨL˚

pψq
!

Sφpmqe
LpSφpmqq

)t

“ ΨL˚

pψq log ΨL˚

pψq . (5.9)

Indeed, let us fix ω ą 0 and let M P N be such that εk ď ω for all k ą M and

M
ř

k“1

log
`

ΨL˚

pψq ` εk
˘

!

Sφpmqe
LpSφpmqq

)t ď ω @ φ pmq ą M.

Then

φpmq
ř

k“M`1

log
`

ΨL˚

pψq ` εk
˘

!

Sφpmqe
LpSφpmqq

)t ď log
´

ΨL˚

pψq ` ω
¯ φ pmq
!

Sφpmqe
LpSφpmqq

)t

ď log
´

ΨL˚

pψq ` ω
¯

ΨL˚

pψq . (5.10)

So, from Equation p5.9q and p5.10q we get that

lim
mÑ8

φpmq
ř

k“1

log
`

ΨL˚

pψq ` εk
˘

!

Sφpmqe
LpSφpmqq

)t ď ω ` log
´

ΨL˚

pψq ` ω
¯

ΨL˚

pψq .

This is true for each ω ą 0.Hence from Equation p5.8q we have

σL
˚

pψq “ l

$

’

’

’

&

’

’

’

%

ΨL˚

pψq ´ ΨL˚

pψq log ΨL˚

pψq ` lim
mÑ8

φpmq
ř

k“1

log
`

ΨL˚

pψq ` εk
˘

!

Sφpmqe
LpSφpmqq

)t

,

/

/

/

.

/

/

/

-

.

By using Equation p5.9q we obtain from above that

σL
˚

pψq ď lΨL˚

pψq ,

i.e.,

σL
˚

pψq ď
1

ρL˚
pψq

ΨL˚

pψq ,

i.e.,
ρL

˚

pψqσL
˚

pψq ď ΨL˚

pψq .

Hence the theorem is proved.
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Theorem 5.3.5 Let ψ P GpTq be not identically zero, of order t P s0,`8r . Then

σL
˚

pψq “ σL
˚ `

ψ{
˘

.

Proof. By Lemma 5.2.4 we have

σL
˚ `

ψ{
˘

ρL
˚

pψ{qe “ lim
nÑ8

sup
´

n
`

|n ` 1| |cn`1| e
Lp|pn`1qcn`1|q

˘

t
n

¯

“ lim
nÑ8

sup

ˆ

´

pn ` 1q
`

|n ` 1| |cn`1| e
Lp|pn`1qcn`1|q

˘

t
n

¯

n
n`1

˙

“ lim
nÑ8

sup

ˆ

´

pn ` 1q
`

|n ` 1| |cn`1| e
Lp|pn`1qcn`1|q

˘

t
n`1

¯

n
n`1

˙

“ σL
˚

pψq ρL
˚

pψqe.

From Theorem 5.3.3 we get that

ρL
˚

pψq “ ρL
˚ `

ψ{
˘

and since ρL
˚

pψq ‰ 0, we can see that

σL
˚

pψq “ σL
˚ `

ψ{
˘

.

This proves the theorem.

5.4 Future Prospects

In the line of work as carried out in this chapter, one may think of finding out
various problem on relative pp, q, tqLth Ψorder (lower order)[22], type in the p-adic
ground where Ψ : r0,8q Ñ p0,8q be a non-decreasing unbounded function, satisfying
the following two conditions:

lim
rÑ8

logrpsr

logrqsΨprq
“ 0

and

lim
rÑ8

logrqsΨpαrq

logrqsΨprq
“ 1

for some α ą 1 and this treatment can be done under the flavour of bicomplex analysis.
As a consequence, the derivation of relevant results is still open to the future workers
of this branch.

********************

The works of the chapter have been communicated.
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Chapter 6

A note on the bicomplex version of
Enstr:om-Kakeya theorem

6.1 Preliminary Definitions and Notations.

In this section, we give some basic definitions about bicomplex numbers which will be
needed in this sequel.

Definition 6.1.1 [46] Idempotent representation is one of the important presentations
of a bicomplex number. The bicomplex numbers e :“ 1`ij

2
, e: :“ 1´ij

2
are linearly inde-

pendent in the C1-linear space C2 and e` e: “ 1, e´ e: “ ij, e.e: “ 0, e2 “ e, e:2 “ e:.
Any number η “ η1 ` jη2 P C2 can be uniqely expressed as η “ pη1 ´ iη2qe` pη1 ` iη2qe

:.
This representation is named as idempotent representation of η.

Definition 6.1.2 [46] The complex spaces X1 “ tη1 ´ iη2 : η1, η2 P C1u and X2 “

tη1 ` iη2 : η1, η2 P C1u are called the auxiliary complex spaces. Each point η1 ` jη2 “

pη1 ´ iη2qe ` pη1 ` iη2qe: P C2 associates the points η1 ´ iη2 P X1 and η1 ` iη2 P X2.
Also to each pair of points pη1 ´ iη2, η1 ` iη2q P X1 ˆ X2 there is a uniqe point in C2.

Definition 6.1.3 [46] An open discus Dpξ; τ1, τ2q with centre ξ “ ξ1e ` ξ2e
: and radii

τ1 ą 0, τ2 ą 0 is defined as

Dpξ; τ1, τ2q “ tω1e ` ω2e
:

P C2 :|ω1 ´ ξ1| ă τ1, |ω2 ´ ξ2| ă τ2u.

Definition 6.1.4 [46] A closed discus D̄pξ; τ1, τ2q with centre ξ “ ξ1e ` ξ2e
: and radii

τ1 ą 0, τ2 ą 0 is defined by

D̄pξ; τ1, τ2q “ tω1e ` ω2e
:

P C2 :|ω1 ´ ξ1| ď τ1, |ω2 ´ ξ2| ď τ2u.

Definition 6.1.5 [46] If τ1 ą 0 , τ2 ą 0 both are equal to τ̃ , then the discus is called a
C2- disc and is denoted by Dpξ; τ, τq “ Dpξ; τq.
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6.2 Lemmas.

In this section we present lemmas which will be needed in the sequel.

Lemma 6.2.1 [46] Let rB “ ĂB1e` ĂB2e
: :“ tϱ1e`ϱ2e

: : ϱ1 P ĂB1, ϱ2 P ĂB2u be a domain

in C2. A bicomplex function K “ K1e ` K2e
: : rB Ñ C2 is holomorphic if and only if

both the component function K1 and K2 are holomorphic in ĂB1 and ĂB2 respectively .

Lemma 6.2.2 [46] Let K be a bicomplex holomorphic function defined in a domain
rB “ ĂB1e` ĂB2e

: :“ tϱ1e`ϱ2e
: : ϱ1 P ĂB1, ϱ2 P ĂB2u such that Kpϱq “ K1pϱ1qe`K2pϱ2qe

:,

for all ϱ “ ϱ1e ` ϱ2e
: P rB. Then, Kpϱq has zero in rB if and only if K1pϱ1q and K2pϱ2q

both have zero at ϱ1 in ĂB1 and at ϱ2 in ĂB2 respectively.

The following lemma is termed as Schwarz’s lemma in C1.

Lemma 6.2.3 [9] If hpωq is holomorphic in | ω |ď λ in C1, hp0q “ 0 and | hpωq |ď M
for | ω |“ λ, then

|hpωq| ď
M |ω|
λ

.

6.3 Theorems.

In this section we present the main results of this chapter.

Theorem 6.3.1 Let Kpϱq “
ř8

j“0 µjϱ
j be a bicomplex entire function with real positive

coefficients and for some c ě 1, t ą 0

cµ0 ě tµ1 ě t2µ2 ě ... .

Then Kpϱq does not vanish in the open discus Dp0; τ0, τ0q where τ0 “ t
2c´1

.

Proof. Since µj “ µje ` µje
: and ϱ “ ϱ1e ` ϱ2e

:, then Kpϱq can be expressed as

Kpϱq “

8
ÿ

j“0

pµje ` µje
:
qpϱ1e ` ϱ2e

:
q
j

“

8
ÿ

j“0

pµje ` µje
:
qpϱj1e ` ϱj2e

:
q

“

8
ÿ

j“0

µjϱ
j
1e `

8
ÿ

j“0

µjϱ
j
2e

:

“ K1pϱ1qe ` K2pϱ2qe
:.

Since Kpϱq is holomorphic in any closed discus D̄p0; t, tq Ă C2, 0 ă t ă 8, in view of

Lemma 6.2.1, K1pϱ1q and K2pϱ2q both are holomorphic respectively in ĂB1 “ tϱ1 P X1 :|
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ϱ1 |ď tu Ă C1 and ĂB2 “ tϱ2 P X2 :| ϱ2 |ď tu Ă C1.

Clearly, lim
jÑ8

µjt
j “ 0 .

Now, let us consider

Fpϱ1q “ pϱ1 ´ tqK1pϱ1q,

“ ´tµ0 ` pµ0 ´ tµ1qϱ1 ` pµ1 ´ tµ2qϱ
2
1 ` ...

“ ´tµ0 ` pµ0 ´ cµ0 ` cµ0 ´ tµ1qϱ1 ` pµ1 ´ tµ2qϱ21 ` ...

“ ´tµ0 ` p1 ´ cqµ0ϱ1 ` pcµ0 ´ tµ1qϱ1 ` pµ1 ´ tµ2qϱ
2
1 ` ...

i.e, Fpϱ1q “ ´tµ0`p1´cqµ0ϱ1`Gpϱ1q, whereGpϱ1q “ pcµ0´tµ1qϱ1`pµ1´tµ2qϱ
2
1`... .

For |ϱ1| “ t, we have

|Gpϱ1q| “|pcµ0 ´ tµ1qϱ1 ` pµ1 ´ tµ2qϱ
2
1 ` ...|

ď|cµ0 ´ tµ1||ϱ1|`|µ1 ´ tµ2||ϱ1|2 ` ...

“ pcµ0 ´ tµ1qt ` pµ1 ´ tµ2qt
2

` ...

“ cµ0t.

As Gpϱ1q is holomorphic in | ϱ1 |ď t, Gp0q “ 0 and | Gpϱ1q |ď cµ0t for | ϱ1 |“ t,
applying Lemma 6.2.3, we get that

| Gpϱ1q | ď
cµ0t|ϱ1|

t
“ cµ0|ϱ1|, for |ϱ1| ď t.

Now, for |ϱ1| ă t, it follows that

|Fpϱ1q| ě| ´ tµ0 ` p1 ´ cqµ0ϱ1|´|Gpϱ1q|
ě|tµ0 ` pc ´ 1qµ0ϱ1| ´ cµ0|ϱ1|
ě tµ0 ´ pc ´ 1qµ0|ϱ1| ´ cµ0|ϱ1|

“ tµ0 ´ p2c ´ 1qµ0|ϱ1| ą 0 if |ϱ1| ă
t

2c ´ 1
.

Hence for both |ϱ1| ă t and |ϱ1| ă τ0, |K1pϱ1q| ą 0 where τ0 “ t
2c´1

.

Similarly, |K2pϱ2q| ą 0 if |ϱ2| ă τ0 .

Therefore K1pϱ1q and K2pϱ2q do not vanish respectively in ĂB1

1

“ tϱ1 P ĂB1 :| ϱ1 |ă τ0u

and ĂB2

1

“ tϱ2 P ĂB2 :| ϱ2 |ă τ0u.

Hence by Lemma 6.2.3, Kpϱq “ K1pϱ1qe ` K2pϱ2qe: does not vanish in ĂB1

1

e ` ĂB2

1

e: “

Dp0; τ0, τ0q.
This proves the theorem.
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Remark 6.3.1 Theorem 6.3.1 is in fact the bicomplex version of Enstr:om-Kakeya the-
orem tcf.r27su.

Remark 6.3.2 The following example with related figure ensures the validity of Theo-
rem 6.3.1.

Example 6.3.1 Let Kpϱq “ eϱ ´ 1
2
.

Then, Kpϱq “ 1
2

` ϱ `
ϱ2

2!
` . . . .

Here, µ0 “ 1
2
, µj “ 1

j!
, j “ 1, 2, . . . .

We see that all the coefficients are positive real numbers and for c “ 1, t “ 1
2
,

cµ0 ě tµ1 ě t2µ2 ě . . . .

Hence by Theorem 6.3.1, Kpϱq “ eϱ ´ 1
2
does not vanish in Dp0; .5, .5q .

1

j

i

k

Dp0; .5, .5q

Figure 6.1: Zero free region of Kpzq “ eϱ ´ 1
2

Theorem 6.3.2 Let Kpϱq “
ř8

j“0 µjϱ
j be an entire function in C2 with real positive

coefficients such that for some c ď 1, t ą 0 and γ ě 1

cµ0 ď tµ1 ď t2µ2 ď ¨ ¨ ¨ ď tγµγ ě tγ`1µγ`1 ě . . . .

Then Kpϱq does not vanish in the open discus Dp0; τ0, τ0q where τ0 “
tµ0

p1´2cqµ0`2µγtγ
.

55



Proof. As in Theorem 6.3.1, we have

Kpϱq “

8
ÿ

j“0

µjϱ
j
1e `

8
ÿ

j“0

µjϱ
j
2e

:

“ K1pϱ1qe ` K2pϱ2qe
:.

Clearly, Kpϱq is holomorphic in any closed discus D̄p0; t, tq Ă C2, 0 ă t ă 8 and so

by Lemma 6.2.1, K1pϱ1q and K2pϱ2q both are holomorphic respectively in ĂB1 “ tϱ1 P

X1 :| ϱ1 |ď tu Ă C1 and ĂB2 “ tϱ2 P X2 :| ϱ2 |ď tu Ă C1.

Also, lim
jÑ8

µjt
j “ 0 .

Let

Fpϱ1q “ pϱ1 ´ tqK1pϱ1q

“ pϱ1 ´ tqpµ0 ` µ1ϱ1 ` µ2ϱ
2
1 ` ¨ ¨ ¨ ` µγϱ

γ
1 ` µγ`1ϱ

γ`1
1 ` . . . q

“ ´tµ0 ` pµ0 ´ tµ1qϱ1 ` pµ1 ´ tµ2qϱ21 ` ¨ ¨ ¨ ` pµγ´1 ´ tµγqϱγ1`

pµγ ´ tµγ`1qϱ
γ`1
1 ` . . .

“ ´tµ0 ` pµ0 ´ cµ0 ` cµ0 ´ tµ1qϱ1 ` pµ1 ´ tµ2qϱ21 ` ¨ ¨ ¨ ` pµγ´1 ´ tµγqϱγ1`

pµγ ´ tµγ`1qϱ
γ`1
1 ` . . .

“ ´tµ0 ` p1 ´ cqµ0ϱ1 ` pcµ0 ´ tµ1qϱ1 ` pµ1 ´ tµ2qϱ
2
1 ` ¨ ¨ ¨ ` pµγ´1 ´ tµγqϱγ1`

pµγ ´ tµγ`1qϱ
γ`1
1 ` . . .

i.e.,Fpϱ1q “ ´tµ0 ` p1 ´ cqµ0ϱ1 ` Gpϱ1q, where

Gpϱ1q “ pcµ0 ´ tµ1qϱ1 ` pµ1 ´ tµ2qϱ
2
1 ` ¨ ¨ ¨ ` pµγ´1 ´ tµγqϱγ1 ` pµγ ´ tµγ`1qϱ

γ`1
1 ` . . . .

Also, for |ϱ1| “ t ,

|Gpϱ1q| ď|cµ0´tµ1||ϱ1|`|µ1´tµ2||ϱ1|2`¨ ¨ ¨ `|µγ´1´tµγ||ϱ1|γ`|µγ ´tµγ`1||ϱ1|γ`1` . . . .

“ ptµ1 ´ cµ0qt ` ptµ2 ´ µ1qt2 ` ¨ ¨ ¨ ` ptµγ ´ µγ´1qt
γ ` pµγ ´ tµγ`1qtγ`1 ` . . .

“ tγ`1µγ ´ cµ0t ` tγ`1µγ

“ p2tγµγ ´ cµ0qt .

Now, Gpϱ1q is holomorphic in | ϱ1 |ď t. Also, Gp0q “ 0 and |Gpϱ1q| ď p2tγµγ ´ cµ0qt
for | ϱ1 |“ t. So using Lemma 6.2.3, we get that

|Gpϱ1q| ď
p2tγµγ ´ cµ0qt|ϱ1|

t
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“ p2tγµγ ´ cµ0q|ϱ1| , for |ϱ1| ď t.

For |ϱ1| ă t, we see that

|Fpϱ1q| ě| ´ tµ0 ` p1 ´ cqµ0ϱ1|´|Gpϱ1q|
ě tµ0 ´ p1 ´ cqµ0|ϱ1| ´ p2tγµγ ´ cµ0q|ϱ1|

“ tµ0 ´ tp1 ´ 2cqµ0 ` 2tγµγu|ϱ1| ą 0 if |ϱ1| ă
tµ0

p1´2cqµ0`2tγµγ
.

Therefore for |ϱ1| ă t,

|K1pϱ1q| ą 0 if |ϱ1| ă τ0 where τ0 “
tµ0

p1´2cqµ0`2tγµγ
.

Similarly, |K2pϱ2q| ą 0 if |ϱ2| ă τ0 .

Hence both K1pϱ1q and K2pϱ2q have no zeros respectively in ĂB1

1

“ tϱ1 P ĂB1 :| ϱ1 |ă τ0u

and ĂB2

1

“ tϱ2 P ĂB2 :| ϱ2 |ă τ0u.

Consequently, by Lemma 6.2.2, Kpϱq “ K1pϱ1qe`K2pϱ2qe
: has no zero in ĂB1

1

e` ĂB2

1

e: “

Dp0; τ0, τ0q .
Thus the theorem is established.

Remark 6.3.3 Theorem 6.3.2 can be regarded as the bicomplex version of Theorem 1
of A. [2].

Remark 6.3.4 The following example with given figure justifies the validity of Theorem
6.3.2.

Example 6.3.2 Let us consider Kpϱq “ eϱ `
ϱ2

2
´

ϱ
2

` 2.

Then, Kpϱq “ 3 `
ϱ
2

` ϱ2 `
ϱ3

3!
` . . . .

Here, µ0 “ 3, µ1 “ 1
2
, µ2 “ 1, µj “ 1

j!
, j “ 3, 4, . . . .

So it follows that all the coefficients are positive real numbers and for c “ 1
6
, t “ 1

and γ “ 2,
cµ0 ď tµ1 ď t2µ2 ď ... ď tγµγ ě tγ`1µγ`1 ě ...

where τ0 “
tµ0

p1´2cqµ0`2tγµγ
“ .75 .

Hence by Theorem 6.3.2, we obtain that Kpϱq “ eϱ `
ϱ2

2
´

ϱ
2

` 2 does not vanish in
Dp0; .75, .75q .

The bicomplex version of Theorem B of Aziz & Mohammad [3] can be seen in the
next theorem.
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1

j

i

k

Dp0; .75, .75q

Figure 6.2: Zero free region of Kpϱq “ eϱ `
ϱ2

2
´

ϱ
2

` 2

Theorem 6.3.3 Let Kpϱq “
ř8

j“0 µjϱ
j be a bicomplex entire function with complex

coefficients such that µ0 ‰ 0 and for some t ą 0

|µ0| ě t|µ1| ě t2|µ2| ě . . . .

Then no zero of Kpϱq lie in the open discus Dp0; τ0, τ0q

where τ0 “
t|µ0|

|µ0|`||µ0|´µ0|`2
ř8

j“1||µj |´µj |tj
.

Proof. We can write Kpϱq as

Kpϱq “

8
ÿ

j“0

µjϱ
j
1e `

8
ÿ

j“0

µjϱ
j
2e

:

“ K1pϱ1qe ` K2pϱ2qe
:.

Since Kpϱq is holomorphic in any closed discus D̄p0; t, tq Ă C2, 0 ă t ă 8 , by

Lemma 6.2.1, K1pϱ1q and K2pϱ2q both are holomorphic respectively in ĂB1 “ tϱ1 P X1 :|

ϱ1 |ď tu Ă C1 and ĂB2 “ tϱ2 P X2 :| ϱ2 |ď tu Ă C1.

Also, lim
jÑ8

µjt
j “ 0 .
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Let

Fpϱ1q “ pϱ1 ´ tqK1pϱ1q

“ ´tµ0 ` pµ0 ´ tµ1qϱ1 ` pµ1 ´ tµ2qϱ21 ` ...

“ ´tµ0 ` Gpϱ1q, where Gpϱ1q “

8
ÿ

j“1

pµj´1 ´ tµjqϱ
j
1.

For |ϱ1| “ t,

|Gpϱ1q| “|
ř8

j“1pµj´1 ´ tµjqϱ
j
1|

“|
ř8

j“1tp|µj´1| ´ t|µj|q ` pµj´1´|µj´1|q ` tp|µj| ´ µjquϱj1|

ď
ř8

j“1||µj´1| ´ t|µj||tj `
ř8

j“1||µj´1| ´ µj´1|tj `
ř8

j“1||µj| ´ µj|tj`1

“
ř8

j“1p|µj´1| ´ t|µj|qtj `
ř8

j“1||µj´1| ´ µj´1|tj `
ř8

j“1||µj| ´ µj|tj`1

“ tp|µ0|`||µ0| ´ µ0| ` 2
ř8

j“1||µj| ´ µj|tjq .

Since Gpϱ1q is holomorphic in | ϱ1 |ď t,Gp0q “ 0 and |Gpϱ1q| ď tp|µ0|`||µ0| ´ µ0| `

2
ř8

j“1||µj| ´ µj|tjq for | ϱ1 |“ t, by Lemma 6.2.3, we get that

|Gpϱ1q| ď
tp|µ0|`||µ0| ´ µ0| ` 2

ř8

j“1||µj| ´ µj|tjq|ϱ1|
t

“ p|µ0|`||µ0| ´ µ0| ` 2
ř8

j“1||µj| ´ µj|tjq|ϱ1| for |ϱ1| ď t .

Therefore for |ϱ1| ă t,

|Fpϱ1q| ě t|µ0|´|Gpϱ1q|

ě t|µ0| ´ p|µ0|`||µ0| ´ µ0| ` 2
8
ÿ

j“1

||µj| ´ µj|tjq|ϱ1| ą 0

if |ϱ1| ă
|µ0|t

|µ0|`||µ0| ´ µ0| ` 2
ř8

j“1||µj| ´ µj|tj

Hence for |ϱ1| ă t,

|K1pϱ1q| ą 0 if |ϱ1| ă τ0 where τ0 “
|µ0|t

|µ0|`||µ0|´µ0|`2
ř8

j“1||µj |´µj |tj
.

Similarly for |ϱ1| ă t, |K2pϱ2q| ą 0 if |ϱ2| ă τ0 .
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Thus both K1pϱ1q and K2pϱ2q have no zeros respectively in ĂB1

1

“ tϱ1 P ĂB1 :| ϱ1 |ă τ0u

and ĂB2

1

“ tϱ2 P ĂB2 :| ϱ2 |ă τ0u.

Consequently, by Lemma 6.2.2, Kpϱq “ K1pϱ1qe`K2pϱ2qe
: has no zero in ĂB1

1

e` ĂB2

1

e: “

Dp0; τ0, τ0q .
This completes the proof of the theorem.

Remark 6.3.5 The following example with related figure ensures the validity of Theo-
rem 6.3.3.

Example 6.3.3 Let Kpϱq “ 6 ` p2 ` 3iqϱ ` p3 ´ iqϱ2 ` ϱ3 .

Here, µ0 “ 6, µ1 “ 2 ` 3i, µ2 “ 3 ´ i, µ3 “ 1, µj “ 0, j “ 4, 5, ... .

For t “ 1, the condition of Theorem 6.3.3 is satisfied.

Now, τ0 “
|µ0|t

|µ0|`||µ0|´µ0|`2
ř8

j“1||µj |´µj |tj
« .4 .

Hence by Theorem 6.3.3, the polynomial Kpϱq has no zero in Dp0; .4, .4q .

1

j

i

Dp0; .4, .4q

k

Figure 6.3: Zero free region of Kpϱq “ 6 ` p2 ` 3iqϱ ` p3 ´ iqϱ2 ` ϱ3

The following theorem can be deduced analogously to Theorem 4 of Aziz & Mohammad
[3] under the treatment of bicomplex analysis.

Theorem 6.3.4 Let Kpϱq “
ř8

j“0 µjϱ
j be an entire function in C2 with each µj P C1

and µ0 ‰ 0 . Also, let for some t ą 0, c ě 1

tc|µc| ě tc`1|µc`1| ě tc`2|µc`2| ě ... .
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Then Kpϱq has no zero in the open discus Dp0; τ0, τ0q,

where τ0 “
t|µ0|

|µ0|`2|µc|tc`||µc|´µc|tc`2
řc´1

j“1|µj |tj`2
ř8

j“c`1||µj |´µj |tj
.

Proof. Kpϱq can be written as

Kpϱq “

8
ÿ

j“0

µjϱ
j
1e `

8
ÿ

j“0

µjϱ
j
2e

:

“ K1pϱ1qe ` K2pϱ2qe
:.

As Kpϱq is holomorphic in any closed discus D̄p0; t, tq Ă C2, 0 ă t ă 8 , So by

Lemma 6.2.1, K1pϱ1q and K2pϱ2q both are holomorphic respectively in ĂB1 “ tϱ1 P X1 :|

ϱ1 |ď tu Ă C1 and ĂB2 “ tϱ2 P X2 :| ϱ2 |ď tu Ă C1.

Clearly, lim
jÑ8

µjt
j “ 0 .

Let

Fpϱ1q “ pϱ1 ´ tqK1pϱ1q

“ ´tµ0 ` pµ0 ´ tµ1qϱ1 ` pµ1 ´ tµ2qϱ
2
1 ` ...

i.e., Fpϱ1q “ ´tµ0 ` Gpϱ1q, where Gpϱ1q “

8
ÿ

j“1

pµj´1 ´ tµjqϱ
j
1.

Now, for |ϱ1| “ t,

|Gpϱ1q| “|
8
ÿ

j“1

pµj´1 ´ tµjqϱ
j
1|

ď|
c
ÿ

j“1

pµj´1 ´ tµjqϱ
j
1|`|

8
ÿ

j“c`1

pµj´1 ´ tµjqϱ
j
1|

ď

c
ÿ

j“1

|µj´1 ´ tµj|tj`|
8
ÿ

j“c`1

tp|µj´1| ´ t|µj|q ` pµj´1´|µj´1|q ` tp|µj| ´ µjquϱj1|

ď

c
ÿ

j“1

p|µj´1| ` t|µj|qtj `

8
ÿ

j“c`1

||µj´1| ´ t|µj||tj `

8
ÿ

j“c`1

||µj´1| ´ µj´1|tj`

8
ÿ

j“c`1

||µj| ´ µj|tj`1
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“ p|µ0|`|µc|tcqt ` 2t
c´1
ÿ

j“1

|µj|tj `

8
ÿ

j“c`1

p|µj´1| ´ t|µj|qtj`||µc| ´ µc|tc`1
`

2t
8
ÿ

j“c`1

||µj| ´ µj|tj

“ tp|µ0| ` 2|µc|tc`||µc| ´ µc|tc ` 2
c´1
ÿ

j“1

|µj|tj ` 2
8
ÿ

j“c`1

||µj| ´ µj|tjq.

Clearly, Gpϱ1q is holomorphic in | ϱ1 |ď t,Gp0q “ 0 and |Gpϱ1q| ď tp|µ0| `

2|µc|tc`||µc| ´ µc|tc ` 2
řc´1
j“1|µj|tj ` 2

ř8

j“c`1||µj| ´ µj|tjq for |ϱ1| “ t.
Hence by Lemma 6.2.3, we get that

|Gpϱ1q| ď
tp|µ0| ` 2|µc|tc`||µc| ´ µc|tc ` 2

řc´1
j“1|µj|tj ` 2

ř8

j“c`1||µj| ´ µj|tjq|ϱ1|
t

“p|µ0| ` 2|µc|tc`||µc| ´ µc|tc ` 2
c´1
ÿ

j“1

|µj|tj ` 2
8
ÿ

j“c`1

||µj| ´ µj|tjq|ϱ1| for |ϱ1| ď t.

Therefore for |ϱ1| ă t, we get that

|Fpϱ1q| ě t|µ0|´|Gpϱ1q|

ě t|µ0| ´ p|µ0| ` 2|µc|tc`||µc| ´ µc|tc ` 2
c´1
ÿ

j“1

|µj|tj ` 2
8
ÿ

j“c`1

||µj| ´ µj|tjq|ϱ1| ą 0

if |ϱ1| ă
t|µ0|

|µ0| ` 2|µc|tc`||µc| ´ µc|tc ` 2
řc´1
j“1|µj|tj ` 2

ř8

j“c`1||µj| ´ µj|tj
.

Consequently, for |ϱ1| ă t,

|K1pϱ1q| ą 0 if |ϱ1| ă τ0 where τ0 “
t|µ0|

|µ0|`2|µc|tc`||µc|´µc|tc`2
řc´1

j“1|µj |tj`2
ř8

j“c`1||µj |´µj |tj
.

Similarly, for |ϱ1| ă t, |K2pϱ2q| ą 0 if |ϱ2| ă τ0 .

Therefore K1pϱ1q and K2pϱ2q both have no zeros respectively in ĂB1

1

“ tϱ1 P ĂB1 :|

ϱ1 |ă τ0u and ĂB2

1

“ tϱ2 P ĂB2 :| ϱ2 |ă τ0u.

Finally by Lemma 6.2.2, Kpϱq “ K1pϱ1qe ` K2pϱ2qe
: has no zero in ĂB1

1

e ` ĂX2

1

e: “

Dp0; τ0, τ0q .
Thus the theorem is proved.

Remark 6.3.6 The following example with respective figure justifies the validity of
Theorem 6.3.4.
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Example 6.3.4 Let Kpϱq “ eϱ `
ϱ2

2
` p´1

2
` 1

2
iqϱ ` 2 ` 4i .

Then, Kpϱq “ 3 ` 4i ` p1
2

` 1
2
iqϱ ` ϱ2 `

ϱ3

3!
` ... .

Here, µ0 “ 3 ` 4i, µ1 “ 1
2

` 1
2
i, µ2 “ 1, µj “ 1

j!
, j “ 3, 4, ... .

For t “ 1, c “ 2 ,
tc|µc| ě tc`1|µc`1| ě tc`2|µc`2| ě ... .

Now, τ0 “
t|µ0|

|µ0|`2|µc|tc`||µc|´µc|tc`2
řc´1

j“1|µj |tj`2
ř8

j“c`1||µj |´µj |tj
« .59 .

Hence by Theorem 6.3.4 ,

Kpϱq “ eϱ `
ϱ2

2
` p´1

2
` 1

2
iqϱ ` 2 ` 4i

has no zero in Dp0; .59, .59q .

1

j

i

k

Dp0; .59, .59q

Figure 6.4: Zero free region of Kpϱq “ eϱ `
ϱ2

2
` p´1

2
` 1

2
iqϱ ` 2 ` 4i
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6.4 Future Prospects.

In the line of the works as carried out in this chapter one may think of the extension
of the results obtained dealing with n-dimensional bicomplex numbers with the help of
the idempotents 0, 1, 1˘i1i2

2
, 1˘i2i3

2
, ..., 1˘in´1in

2
in Cn. As a consequence, the problem of

taking the coeffiecients of the power series in Cn is still virgin and may be considered
as an open problem to the future researchers of this branch.

On the other hand, generalization of the Enstr:om Kakeya theorem can be thought
of through polynomial coefficients relaxation. In fact this study introduces the gener-
alizations of this theorem selectively relaxing polynomial coefficients. Analysing these
relationships classical theorems understanding, revealing fresh insights and mathemat-
ical opportunities within the Enstr:om-Kakeya context are enriched. This approach
provides valuable insights into the distribution of zeros across a broader spectrum of
polynomials, offering new avenues for understanding and characterizing polynomial be-
haviour.

********************

The works of this chapter have been published in Journal of Xi’an University
of Architecture & Technology (JXAT), Vol. XII, Issue IX (2020), pp. 593-
603, ISSN: 1006-7930.
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Chapter 7

Common fixed point theorems in
bicomplex valued metric spaces
under both rational type
contraction mappings satisfying E.
A. property and intimate mappings

7.1 Existing Literature

During the last fifty years, fixed point theories in complex valued metric spaces are
emerging areas of works in the field of the complex as well as functional analysis.The
fixed point theorem, generally known as the Banach’s contraction mapping principle [5]
appeared in explicit form in Banach’s thesis in 1922. The famous theorem states that
Let pX, pq be a complete metric space and T be a mapping of X into itself satisfying
p pTu, Tvq ď kp pu, vq , @u, v P X, where k is a constant in p0, 1q . Then, T has a unique
fixed point x˚ P X. Banach’s fixed point theorem plays a major role in the fixed point
theory. Rajput & Singh [51] and Meena [39] respectively proved some common fixed
point theorems under rational type contraction mappings and intimate mappings in
the set bicomplex numbers. Many properties on the set bicomplex numbers C2 are
scattered over a number of books and articles {cf.[25],[46]& [49]}. Searching for special
algebras, Segre published a paper [52] in which he treated an algebra whose elements
were bicomplex numbers. Rochon and Shapiro [49] presented some varieties of algebraic
properties of both bicomplex numbers and hyperbolic numbers in a unified manner.
Elena et al. [25] showed how to introduce elementary functions such as polynomials,
exponentials and trigonometric functions in this algebra as well as their inverses which is
not possible in the case of quaternions incidentally. They showed how these elementary
functions enjoy the properties that are very similar to those enjoyed by their complex
counterparts. Some interesting results on fixed point theory are established by Tripathy
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et al.{cf. [62], [63] & [64]} using fuzzy metric. Azam et al. [4] made a generalization
by introducing a complex valued metric spaces using some contractive type conditions.
Although there are several number of generalization such as rectangular metric spaces,
pseudo metric spaces, fuzzy metric spaces, quasi metric spaces, quasi semi metric spaces,
probabilistic metric spaces, D-metric spaces and cone metric spaces including bicomplex
valued metric spaces, yet the area of research in bicomplex valued metric spaces is not
expanded to a remarkable stage compared to the other metric spaces till now. Jebril et
al. {[31]&[32]} and Choi et al. [13] respectively investigated some fixed point theorems
under rational contractions for a pair of mappings and with two weakly compatible
mappings in C2. Recently Rouzkard & Imdad [50] extended and improved the common
fixed point theorems more general than the result of Azam et al. [4].
We write regular complex number as w “ w1 ` iw2 where w1 and w2 are real and
i2 “ ´1. Let R and C1 be the set of real and complex numbers respectively and w1 ,
w2 P C1. The partial order relation À on C1 is defined as follows:

w1 À w2 if and only if Re pw1q ď Re pw2q and Im pw1q ď Im pw2q .

Thus w1 À w2 if one of the following conditions is satisfied piqRe pw1q “ Re pw2q and
Im pw1q “ Im pw2q, piiqRe pw1q ă Re pw2q and Im pw1q “ Im pw2q , piiiqRe pw1q “

Re pw2q and Im pw1q ă Im pw2q and pivqRe pw1q ă Re pw2q and Im pw1q ă Im pw2q .
We write w1 Ä w2 if w1 À w2 and w1 ‰ w2 i.e., one of piiq , piiiq and pivq is satisfied

and we write w1 ă w2 if only pivq is satisfied.

7.2 Definitions and Notations

Azam et al. [4] defined the complex valued metric space in the following way.

Definition 7.2.1 Let C be a non empty set whereas C1 be the set of complex numbers.
Suppose that the mapping p̆ : C ˆ C Ñ C1, satisfies the following conditions

pd1q 0 À p̆ pu,wq , for all u,w P C and p̆ pu,wq “ 0 if and only if u “ w;
pd2q p̆ pu,wq “ p̆ pw, uq for all u,w P C;
pd3q p̆ pu,wq À p̆ pu, tq ` p̆ pt, wq , for all u, t, w P C.
Then p̆ is called a complex valued metric on C and pC, p̆q is called a complex valued

metric space.

The space C2 is the first in an infinite sequence of multicomplex spaces which are
generalization of C1.

A bicomplex number η “ r0 ` ir1 ` jr2 ` kr3 puk P R; k “ 0, 1, 2, 3q is said to be

degenerated if the matrix

ˆ

r0 r1
r2 r3

˙

is degenerated i.e., if the determinant

∆puq “

ˇ

ˇ

ˇ

ˇ

r0 r1
r2 r3

ˇ

ˇ

ˇ

ˇ

“ r0r3 ´ r1r2 “ 0.
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The partial order relation Ài2 on C2 was defined by Choi et al. [13] as u Ài2 v if
and only if u1 À u2 and v1 À v2, where u1, u2, v1, v2 P C1. The bicomplex valued metric
Υ℘ : BˆB Ñ C2 on a non-empty set B and the structure pB,Υ℘q on C2 were defined
by Choi et al. [13] accordingly.

Considering η “ r0 ` ir1 ` jr2 ` kr3 prk P R; k “ 0, 1, 2, 3q and by the Definition
1.1.11, this can be defined as

}w} “

b

r20 ` r21 ` r22 ` r23.

One can easily verify that

0 Ài2 u Ài2 v ñ }u} ď }v} ; }u ` v} ď }u} ` }v} ; }αu} “ α }u} ; }u} ď }1 ` u} ,

for any u, v P C2 and α P R. If we consider the case that 0 Äi2 u “ r0 ` ip1 ` jp2 `

kp3 ppk P R; k “ 0, 1, 2, 3q (i.e., at least one of pk’s is positive) and u is degenerated,
then γ “ pp20 ` p21 ` p22 ` p23q

2
´ 4 pp0p3 ´ p1p2q

2 will be positive and therefore u willbe
invertible.
By the deduction of Rochon & Shapiro[49], we get the following results

piq }uv} ď
?
2 }u} }v}for any u, v P C2 ; .

piiq }uv} “ }u} }v}for any u, v P C2 with at least one of them is degenerated;
piiiq

›

›

1
u

›

› “ 1
}u}

for any degenerated bicomplex number u with 0 Äi2 u.

Definition 7.2.2 [4] Let tπnu be sequence in B and π P B. If for every c P C2, with
0 ă c there is n0 P N such that Υ℘ pπn, πq ă c for all n ą n0, then π is called the limit
of tπnu and we write lim

nÑ8
πn “ π or πn Ñ π as n Ñ 8.

Definition 7.2.3 [4] If every Cauchy sequence is convergent in C2 then the space is
called a complete bicomplex valued metric space.

Definition 7.2.4 [7] Let f and g be two self-maps defined on a set B. Then f and g
are said to be weakly compatible if they commute at their coincidence points.

Definition 7.2.5 [65] Let h1, h2 : B Ñ B be two self mappings of a bicomplex valued
metric space pB,Υ℘q . The pair ph1, h2q are said to satisfy E. A. property if there exists
a sequence tπnu in B such that lim

nÑ8
h1πn “ lim

nÑ8
h2πn “ t for some t P B.

Definition 7.2.6 [57] The self mappings h1, h2 : B Ñ B are said to satisfy the com-
mon limit in the range of h1 property pCLRs propertyq if there exists a sequence tπnu

in B such that lim
nÑ8

h1πn “ lim
nÑ8

h2πn “ u for some u P h1pBq.

Definition 7.2.7 [65] Let h1 and h2 be self maps on a bicomplex valued metric space
pB,Υ℘q . Then the pair th1, h2u is said to be h2´intimate if and only if αΥ℘ ph2h1πn, h2πnq

À αΥ℘ ph1h1πn, h1πnq , where α “ lim sup tπnu or lim inftπnu is a sequence in B such
that lim

nÑ8
h1πn “ lim

nÑ8
h2πn “ t for some t in B.
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Some common fixed point results are established by Rajput & Singh [51] for rational
type contraction mapping in C1 on which they have proved the following theorem.

Theorem 7.2.1 [51] Let pC, p̆q be a complex valued metric space and 𭟋1,𭟋2,𭟋3,𭟋4 :
C Ñ C be four self mappings satisfying the following conditions

piq 𭟋1 pCq Ď 𭟋4 pCq , 𭟋2 pCq Ď 𭟋3 pCq ,
piiq For all u, v P C and 0 ă α ă 1,

p̆ p𭟋1u,𭟋2vq À α
rp̆ p𭟋1u,𭟋3uq p̆ p𭟋1u,𭟋4vq ` p̆ p𭟋2v,𭟋4vq p̆ p𭟋2v,𭟋3uqs

p̆ p𭟋1u,𭟋4vq ` p̆ p𭟋2v,𭟋3uq

`β

“

tp̆ p𭟋1u,𭟋4vqu
2

` tp̆ p𭟋2v,𭟋3uqu
2
‰

p̆ p𭟋1u,𭟋4vq ` p̆ p𭟋2v,𭟋3uq
,

piiiq The pairs p𭟋1,𭟋3q and p𭟋2,𭟋4q are weakly compatible and
pivq The pair p𭟋1,𭟋3q or p𭟋2,𭟋4q satisfies E. A. property if the range of mappings

𭟋3 pCq or 𭟋4 pCq is closed subspace of C then 𭟋1,𭟋2,𭟋3 and 𭟋4 have a unique common
fixed point in C.

Meena [39] investigated a common fixed point for intimate mappings in C1. He
proved the following theorem in his paper.

Theorem 7.2.2 [25] Let 𭟋1,𭟋2,𭟋3 and 𭟋4 be the four mappings from a complex valued
metric space pC, p̆q into itself, such that

paq 𭟋1 pCq Ă 𭟋4 pCq and 𭟋2 pCq Ă 𭟋3 pCq ,

pbq p̆ p𭟋1u,𭟋2vq À αp̆ p𭟋3u,𭟋4vq ` β
p̆ p𭟋1u,𭟋3uq ¨ p̆ p𭟋2v,𭟋4vq

p̆ p𭟋1u,𭟋4vq ` p̆ p𭟋3u,𭟋2vq ` p̆ p𭟋3u,𭟋4vq
,

for all u, v P C and p̆ p𭟋1u,𭟋4vq ` p̆ p𭟋3u,𭟋2vq ` p̆ p𭟋3u,𭟋4vq ‰ 0, where α, β are
non-negative real numbers with α ` β ă 1,

pcq p𭟋1,𭟋3q is 𭟋3´intimate and p𭟋2,𭟋4q is 𭟋4´intimate and
pdq 𭟋3 pCq is complete.
Then 𭟋1,𭟋2,𭟋3 and 𭟋4 have a unique common fixed point in C.

Our results are the generalizations and as well as the extensions of the above the-
orems which are established by Rajput & Singh [51] and Meena [39]. Here the results
of Rochon et al.[49] and Elena et al. [25] have helped us. Also we have taken some
concepts from the papers of Choi et al. [13] and Jebril et al. [31].
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7.3 Main Result

In this section we prove some theorems with supporting lemma and examples.

Theorem 7.3.1 Let pB,Υ℘q be a bicomplex valued metric space and Ψ1,Ψ2,Ψ3,Ψ4 :
B Ñ B are four self mappings on B Ď C2 satisfying the following conditions

piq Ψ1 pBq Ď Ψ4 pBq ,Ψ2 pBq Ď Ψ3 pBq ;
piiq For all τ, τ 1 P B and 0 ă α, β, α ` β ă 1,

Υ℘ pΨ1τ,Ψ2τ
1
q Ài2 α

rΥ℘ pΨ1τ,Ψ3τqΥ℘ pΨ1τ,Ψ4τ
1q ` Υ℘ pΨ2τ

1,Ψ4τ
1qΥ℘ pΨ2τ

1,Ψ3τqs

Υ℘ pΨ1τ,Ψ4τ 1q ` Υ℘ pΨ2τ 1,Ψ3τq

`β

“

tΥ℘ pΨ1τ,Ψ4τ
1qu

2
` tΥ℘ pΨ2τ

1,Ψ3τqu
2
‰

Υ℘ pΨ1τ,Ψ4τ 1q ` Υ℘ pΨ2τ 1,Ψ3τq
;

piiiq The pairs pΨ1,Ψ3q and pΨ2,Ψ4q are weakly compatible and
pivq The pair pΨ1,Ψ3q or pΨ2,Ψ4q satisfies E. A. property.
If the range of mappings Ψ3 pBq or Ψ4 pBq is closed subspace of C2 then Ψ1,Ψ2,Ψ3

and Ψ4 have a unique common fixed point in C2.

Proof. Suppose that the pair pΨ2,Ψ4q satisfies E. A. property in C2. Then there exists
a sequence tπnu in C2 such that lim

nÑ8
Ψ2πn “ lim

nÑ8
Ψ4πn “ t for some t P C2. Further

since Ψ2 pBq Ď Ψ3 pBq , there exists a sequence tπ1
nu in C2 such that Ψ2πn “ Ψ3π

1
n.

Therefore lim
nÑ8

Ψ3π
1
n “ t. Now we claim that lim

nÑ8
Ψ1π

1
n “ t. If possible,let lim

nÑ8
π1
n “ r ‰ t.

Then by putting τ “ π1
n, τ

1 “ πn in the condition piiq we have

Υ℘ pΨ1π
1
n,Ψ2πnq Ài2

α
rΥ℘ pΨ1π

1
n,Ψ3π

1
nqΥ℘ pΨ1π

1
n,Ψ4πnq ` Υ℘ pΨ2πn,Ψ4πnqΥ℘ pΨ2πn,Ψ3π

1
nqs

Υ℘ pΨ1π1
n,Ψ4πnq ` Υ℘ pΨ2πn,Ψ3π1

nq

`β

“

tΥ℘pΨ1π
1
n,Ψ4πnqu

2
` tΥ℘pΨ2πn,Ψ3π

1
nqu

2
‰

Υ℘ pΨ1π1
n,Ψ4πnq ` Υ℘ pΨ2πn,Ψ3π1

nq
.

By taking limit as n Ñ 8, we get that

Υ℘ pr, tq Ài2 α
rΥ℘ pr, tqΥ℘ pr, tq ` Υ℘ pt, tqΥ℘ pt, tqs

Υ℘ pr, tq ` Υ℘ pt, tq
` β

“

tΥ℘ pr, tqu
2

` tΥ℘pt, tqu
2
‰

Υ℘ pr, tq ` Υ℘ pt, tq

i.e, Υ℘ pr, tq Ài2 α
tΥ℘ pr, tqu

2

Υ℘pr, tq
` β

tΥ℘pr, tqu
2

Υ℘ pr, tq

i.e., Υ℘ pr, tq Ài2 pα ` βqΥ℘ pr, tq ,

which implies
p1 ´ α ´ βqΥ℘ pr, tq Ài2 0.

Therefore we have }Υ℘ pr, tq} ď 0. Hence r “ t. i.e., lim
nÑ8

Ψ1π
1
n “ lim

nÑ8
Ψ2πn “ t. Now

suppose that Ψ3pC2q is a closed subspace of C2. Then t “ Ψ3u for some u P C2.
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Subsequently we have lim
nÑ8

Ψ1π
1
n “ lim

nÑ8
Ψ2πn “ lim

nÑ8
Ψ3π

1
n “ lim

nÑ8
Ψ4πn “ t “ Ψ3u. Now

we prove that Ψ1u “ Ψ3u i.e., Ψ1u “ t. By putting τ “ u and τ 1 “ πn in condition piiq
we get that

Υ℘ pΨ1u,Ψ2πnq Ài2

α
rΥ℘ pΨ1u,Ψ3uqΥ℘ pΨ1u,Ψ4πnq ` Υ℘ pΨ2πn,Ψ4πnqΥ℘ pΨ2πn,Ψ3uqs

Υ℘ pΨ1u,Ψ4πnq ` Υ℘ pΨ2πn,Ψ3uq

`β

“

tΥ℘ pΨ1u,Ψ4πnqu
2

` tΥ℘ pΨ2πn,Ψ3uqu
2
‰

Υ℘ pΨ1u,Ψ4πnq ` Υ℘ pΨ2πn,Ψ3uq
.

Taking limit as n Ñ 8 in the above, we have

Υ℘ pΨ1u, tq Ài2 α
tΥ℘ pΨ1u, tqu

2

Υ℘ pΨ1u, tq
` β

tΥ℘ pΨ1u, tqu
2

Υ℘ pΨ1u, tq
,

which implies p1 ´ α ´ βqΥ℘ pΨ1u, tq Ài2 0. Therefore we get }Υ℘ pΨ1u, tq} ď 0. So
Ψ1u “ t “ Ψ3u. Hence u is a coincidence point of pΨ1,Ψ3q. Now the weak compatibility
of pair pΨ1,Ψ3q implies that Ψ1Ψ3u “ Ψ3Ψ1u or Ψ1t “ Ψ3t. On the other hand since
Ψ1 pC2q Ď Ψ4 pC2q, there exists a point v in C2 such that Ψ1u “ Ψ4v “ t. Now we
show that v is a coincidence point of pΨ2,Ψ4q . i.e., Ψ2v “ Ψ4v “ t. So by putting
τ “ u, τ 1 “ v in condition piiq we have

Υ℘ pΨ1u,Ψ2vq Ài2 α
rΥ℘ pΨ1u,Ψ3uqΥ℘ pΨ1u,Ψ4vq ` Υ℘ pΨ2v,Ψ4vqΥ℘ pΨ2v,Ψ3uqs

Υ℘ pΨ1u,Ψ4vq ` Υ℘ pΨ2v,Ψ3uq

`β

“

tΥ℘ pΨ1u, tvqu
2

` tΥ℘ pΨ2v,Ψ3uqu
2
‰

Υ℘ pΨ1u,Ψ4vq ` Υ℘ pΨ2v,Ψ3uq
.

Now by taking limit as n Ñ 8, we obtain that

Υ℘ pt,Ψ2vq Ài2 α
rΥ℘ pt, tqΥ℘ pt, tq ` Υ℘ pΨ2v,Ψ4vqΥ℘ pΨ2v, tqs

Υ℘ pt,Ψ4vq ` Υ℘ pΨ2v, tq

` β

“

tΥ℘ pt,Ψ4vqu
2

` tΥ℘ppΨ2v, tqu
2
‰

Υ℘ pt,Ψ4vq ` Υ℘ pΨ2v, tq

Ài2 α
Υ℘ pΨ2v,Ψ4vqΥ℘ pΨ2v, tq

Υ℘ pt, tq ` Υ℘ pΨ2v,Ψ4vq
` β

“

tΥ℘ pt, tqu
2

` tΥ℘ppΨ2v, tqu
2
‰

Υ℘ pt, tq ` Υ℘ pΨ2v, tq

Ài2 α
Υ℘ pΨ2v,Ψ4vqΥ℘ pΨ2v, tq

Υ℘ pΨ2v,Ψ4vq
` β

tΥ℘ pΨ2v, tqu
2

Υ℘ pΨ2v, tq
,

which implies Υ℘ pt,Ψ2vq Ài2 αΥ℘ pΨ2v, tq`βΥ℘ pΨ2v, tq i.e., p1 ´ α ´ βqΥ℘ pt,Ψ2vq Ài2

0. Therefore, we have }Υ℘ pt,Ψ2vq} ď 0. Hence t “ Ψ2v. So Ψ2v “ Ψ4v “ t and v
is the coincidence point of Ψ2 and Ψ4. Also the weak compatibility of pair pΨ2,Ψ4q

implies that Ψ2Ψ4v “ Ψ4Ψ2v or Ψ2t “ Ψ4t. Therefore t is a common coincidence point
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of Ψ1,Ψ2,Ψ3 and Ψ4. Now we have to show that t is a common fixed point of Ψ1,Ψ2,Ψ3

and Ψ4. Putting τ “ u, τ 1 “ t in condition piiq we have

Υ℘ pt,Ψ2tq “ Υ℘ pΨ1u,Ψ2tq

Ài2 α
rΥ℘ pΨ1u,Ψ3uqΥ℘ pΨ1u,Ψ4tq ` Υ℘ pΨ2t,Ψ4tqΥ℘ pΨ2t,Ψ3uqs

Υ℘ pΨ1u,Ψ4tq ` Υ℘ pΨ2t,Ψ3uq

` β

“

tΥ℘ pΨ1u,Ψ4tqu
2

` tΥ℘ pΨ2t,Ψ3uqu
2
‰

Υ℘ pΨ1u,Ψ4tq ` Υ℘ pΨ2t,Ψ3uq
.

By putting Ψ4t “ Ψ2t and Ψ3u “ Ψ1u in the above inequality we obtain that

Υ℘ pt,Ψ2tq “ Υ℘ pΨ1u,Ψ2tq

Ài2 α.0 ` β

“

tΥ℘ pΨ1u,Ψ2tqu
2

` tΥ℘ pΨ2t,Ψ1uqu
2
‰

Υ℘ pΨ1u,Ψ2tq ` Υ℘ pΨ2t,Ψ1uq

Ài2 β
2 tΥ℘ pΨ2t,Ψ1uqu

2

2Υ℘ pΨ1u,Ψ2tq
,

which implies that

Υ℘ pt,Ψ2tq “ Υ℘ pΨ1u,Ψ2tq Ài2 βΥ℘ pΨ1u,Ψ2tq

i.e., p1 ´ βqΥ℘ pΨ1u,Ψ2tq Ài2 0.

Therefore }Υ℘ pΨ1u,Ψ2tq} ď 0. Hence Ψ2t “ Ψ1u “ t. But Ψ2t “ Ψ4t “ t. Therefore,
we get Ψ1t “ Ψ2t “ Ψ3t “ Ψ4t “ t. i.e., t is a common fixed point. If we take Ψ4 pC2q

is closed then similar argument arises and if we take E. A. property of the pair pΨ1,Ψ3q

then also similar result is obtained.
Uniqueness:
Let us assume that t̄ be another common fixed point of Ψ1,Ψ2,Ψ3 and Ψ4. i.e.,

Ψ1t̄ “ Ψ2t̄ “ Ψ3t̄ “ Ψ4t̄ “ t̄. Then by putting τ “ t̄ and τ 1 “ t in the condition piiq we
have

Υ℘ pΨ1t̄,Ψ2tq Ài2 α
rΥ℘ pΨ1t̄,Ψ3t̄qΥ℘ pΨ1t̄,Ψ4tq ` Υ℘ pΨ2t,Ψ4tqΥ℘ pΨ2t,Ψ3tqs

Υ℘ pΨ1t̄,Ψ4tq ` Υ℘ pΨ2t,Ψ3t̄q

` β

“

tΥ℘pΨ1t̄,Ψ4tqu
2

` tΥ℘pΨ2t,Ψ3t̄qu
2
‰

Υ℘ pΨ1t̄,Ψ4tq ` Υ℘ pΨ2t,Ψ3t̄q

Ài2 α.0 ` β

“

tΥ℘pt̄, tqu
2

` tΥ℘pt, t̄qu
2
‰

Υ℘ pt̄, tq ` Υ℘ pt, t̄q

i.e., Υ℘ pt̄, tq Ài2 β
2 tΥ℘ pt, t̄qu

2

2Υ℘ pt̄, tq
“ β.Υ℘ pt̄, tq ,

which gives that p1 ´ βqΥ℘ pt̄, tq Ài2 0. Therefore we have }Υ℘ pt̄, tq} ď 0 which implies
that t̄ “ t. Hence Ψ1t “ Ψ2t “ Ψ3t “ Ψ4t “ t is the unique common fixed point of
Ψ1,Ψ2,Ψ3 and Ψ4.

Thus the proof of the theorem is established.
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Lemma 7.3.1 Let Ψ3 and Ψ4 be self maps on a bicomplex valued metric space pB,Υ℘q .
If the pair tΨ3,Ψ4u is Ψ4´intimate and Ψ3t “ Ψ4t “ p P C2 for some t in C2 then
Υ℘ pΨ4p, pq Ài2 Υ℘ pΨ3p, pq .

Proof. We consider the sequence πn “ t for all n ě 1. So lim
nÑ8

Ψ3πn “ lim
nÑ8

Ψ4πn “

Ψ3t “ Ψ4t “ p P C2. Since the pair tΨ3,Ψ4u is Ψ4´intimate, we have

Υ℘ pΨ4Ψ3t,Ψ4tq “ lim
nÑ8

Υ℘ pΨ4Ψ3πn,Ψ4πnq

Ài2 lim
nÑ8

Υ℘ pΨ3Ψ3πn,Ψ3πnq “ Υ℘ pΨ3Ψ3t,Ψ3tq ,

which implies Υ℘ pΨ4p, pq Ài2 Υ℘ pΨ3p, pq .
This completes the proof of the lemma.

Theorem 7.3.2 Let pB,Υ℘q be a bicomplex valued metri space and Ψ1,Ψ2,Ψ3 and Ψ4

be four self mappings on B Ď C2 such that
paq Ψ1 pBq Ă Ψ4 pBq and Ψ2 pBq Ă Ψ3 pBq ,
pbq For all τ, τ 1 P C2,

Υ℘ pΨ1τ,Ψ2τ
1
q Ài2 αΥ℘ pΨ3τ,Ψ4τ

1
q

` β
Υ℘ pΨ1τ,Ψ3τq .Υ℘ pΨ2τ

1,Ψ4τ
1q

Υ℘ pΨ1τ,Ψ4τ 1q ` Υ℘ pΨ3τ,Ψ2τ 1q ` Υ℘ pΨ3τ,Ψ4τ 1q
,

and Υ℘ pΨ1τ,Ψ4τ
1q ` Υ℘ pΨ3τ,Ψ2τ

1q ` Υ℘ pΨ3τ,Ψ4τ
1q ‰ 0, where α, β are non-negative

real numbers with α `
?
2β ă 1;

pcq pΨ1,Ψ3q is Ψ3´intimate and pΨ2,Ψ4q is Ψ4´intimate and
pdq Ψ3 pBq is complete.
Then Ψ1,Ψ2,Ψ3 and Ψ4 have a unique common fixed point in C2.

Proof. Let π0 be any arbitrary point in C2. Then by condition paq , there exists a
point π1 P C2 such that Ψ1π0 “ Ψ4π1. Also for π1 P C2 we can choose a point π2 P C2

such that Ψ2π1 “ Ψ3π2 and so on. Inductively we can define a sequence tπnu in C2

such that π2n “ Ψ1π
1
2n “ Ψ4π

1
2n`1 and π2n`1 “ Ψ2π

1
2n`1 “ Ψ3π

1
2n`2. Then by pbq we

have

Υ℘ pπ2n, π2n`1q “ Υ℘

`

Ψ1π
1
2n,Ψ2π

1
2n`1

˘

Ài2 αΥ℘

`

Ψ3π
1
2n,Ψ4π

1
2n`1

˘

` β
Υ℘ pΨ1π

1
2n,Ψ3π

1
2nq .Υ℘

`

Ψ2π
1
2n`1,Ψ4π

1
2n`1

˘

Υ℘

`

Ψ1π1
2n,Ψ4π1

2n`1

˘

` Υ℘

`

Ψ3π1
2n,Ψ2π1

2n`1

˘

` Υ℘

`

Ψ3π1
2n,Ψ4π1

2n`1

˘

Ài2 αΥ℘ pπ2n´1, π2nq

` β
Υ℘ pπ2n, π2n´1q .Υ℘ pπ2n`1, π2nq

Υ℘ pπ2n, π2nq ` Υ℘ pπ2n´1, π2n`1q ` Υ℘ pπ2n´1, π2nq
,
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which implies that

}Υ℘ pπ2n, π2n`1q} ď α }Υ℘ pπ2n´1, π2nq} ` β

›

›

›

›

Υ℘ pπ2n, π2n´1q .Υ℘ pπ2n`1, π2nq

Υ℘ pπ2n´1, π2n`1q ` Υ℘ pπ2n´1, π2nq

›

›

›

›

ď α }Υ℘ pπ2n´1, π2nq} ` β
}Υ℘ pπ2n, π2n´1q .Υ℘ pπ2n`1, π2nq}

}Υ℘ pπ2n´1, π2n`1q ` Υ℘ pπ2n´1, π2nq}

ď α }Υ℘ pπ2n´1, π2nq} ` β

?
2 }Υ℘ pπ2n, π2n´1q} . }Υ℘ pπ2n`1, π2nq}

}Υ℘ pπ2n´1, π2n`1q ` Υ℘ pπ2n´1, π2nq}
.

We know that
}Υ℘ pπ2n`1, π2nq} ă }Υ℘ pπ2n´1, π2n`1q ` Υ℘ pπ2n´1, π2nq}

i.e.,
}Υ℘ pπ2n`1, π2nq}

}Υ℘ pπ2n´1, π2n`1q ` Υ℘ pπ2n´1, π2nq}
ă 1.

Therefore, we get that

}Υ℘ pπ2n, π2n`1q} ď α }Υ℘ pπ2n´1, π2nq} ` β
?
2 }Υ℘ pπ2n, π2n´1q}

ď

´

α `
?
2β

¯

}Υ℘ pπ2n´1, π2nq}

i.e., }Υ℘ pπ2n, π2n`1q} ď γ }Υ℘ pπ2n´1, π2nq} , where γ “

´

α `
?
2β

¯

.

Also, we have

Υ℘ pπ2n`2, π2n`1q

“ Υ℘

`

Ψ1π
1
2n`2,Ψ2π

1
2n`1

˘

Ài2 αΥ℘

`

Ψ3π
1
2n`2,Ψ4π

1
2n`1

˘

` β
Υ℘

`

Ψ1π
1
2n`2,Ψ3π

1
2n`2

˘

.Υ℘

`

Ψ2π
1
2n`1,Ψ4π

1
2n`1

˘

Υ℘

`

Ψ1π1
2n`2,Ψ4π1

2n`1

˘

` Υ℘

`

Ψ3π1
2n`2,Ψ2π1

2n`1

˘

` Υ℘

`

Ψ3π1
2n`2,Ψ4π1

2n`1

˘

Ài2 αΥ℘ pπ2n`1, π2nq ` β
Υ℘ pπ2n`2, π2n`1q .Υ℘ pπ2n`1, π2nq

Υ℘ pπ2n`2, π2nq ` Υ℘ pπ2n`1, π2n`1q ` Υ℘ pπ2n`1, π2nq

“ αΥ℘ pπ2n`1, π2nq ` β
Υ℘ pπ2n`2, π2n`1q .Υ℘ pπ2n`1, π2nq

Υ℘ pπ2n`2, π2nq ` Υ℘ pπ2n`1, π2nq
,

which implies that

}Υ℘ pπ2n`2, π2n`1q} ď α }Υ℘ pπ2n`1, π2nq} `

›

›

›

›

β
Υ℘ pπ2n`2, π2n`1q .Υ℘ pπ2n`1, π2nq

Υ℘ pπ2n`2, π2nq ` Υ℘ pπ2n`1, π2nq

›

›

›

›

ď α }Υ℘ pπ2n`1, π2nq} ` β
}Υ℘ pπ2n`2, π2n`1q .Υ℘ pπ2n`1, π2nq}

}Υ℘ pπ2n`2, π2nq ` Υ℘ pπ2n`1, π2nq}

ď α }Υ℘ pπ2n`1, π2nq} ` β

?
2 }Υ℘ pπ2n`2, π2n`1q} . }Υ℘ pπ2n`1, π2nq}

}Υ℘ pπ2n`2, π2nq ` Υ℘ pπ2n`1, π2nq}
.
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Again since }Υ℘ pπ2n`2, π2n`1q} ď }Υ℘ pπ2n`2, π2nq ` Υ℘ pπ2n, π2n`1q}, therefore we get
that

}Υ℘ pπ2n`2, π2n`1q} ď α }Υ℘ pπ2n`1, π2nq} ` β
?
2 }Υ℘ pπ2n`1, π2nq}

ď

´

α `
?
2β

¯

}Υ℘ pπ2n`1, π2nq}

i.e., }Υ℘ pπ2n`2, π2n`1q} ď γ }Υ℘ pπ2n`1, π2nq} .

Thus we have

}Υ℘ pπn`1, πn`2q} ď γ }Υ℘ pπn, πn`1q} ď γ2 }Υ℘ pπn´1, πnq} ď ... ď γn`1
}Υ℘ pπ0, π1q} .

So for any m ą n, we obtain that

}Υ℘ pπn, πmq} ď }Υ℘ pπn, πn`1q} ` }Υ℘ pπn, πn`1q} ` ... ` }Υ℘ pπm´1, πmq}

ď γn }Υ℘ pπ0, π1q} ` γn`1
}Υ℘ pπ0, π1q} ` ... ` γm´1

}Υ℘ pπ0, π1q} ,

which implies }Υ℘ pπn, πmq} ď
γn

1´γ
}Υ℘ pπ0, π1q} Ñ 0 as m,n Ñ 8. So the sequence

tπnu = tΨ3π
1
2nu is a Cauchy sequence in Ψ3 pC2q. Again since Ψ3 pC2q is complete,

therefore the sequence tπnu converges to a point p “ Ψ3u for some u P C2. Thus
Ψ1π

1
2n,Ψ3π

1
2n,Ψ2π

1
2n`1,Ψ4π

1
2n`1 Ñ p as n Ñ 8. Now

Υ℘

`

Ψ1u,Ψ2π
1
2n`1

˘

Ài2 αΥ℘

`

Ψ3u,Ψ4π
1
2n`1

˘

` β
Υ℘ pΨ1u,Ψ3uq .Υ℘

`

Ψ2π
1
2n`1,Ψ4π

1
2n`1

˘

Υ℘

`

Ψ1u,Ψ4π1
2n`1

˘

` Υ℘

`

Ψ3u,Ψ2π1
2n`1

˘

` Υ℘

`

Ψ3u,Ψ4π1
2n`1

˘

implies that

›

›Υ℘

`

Ψ1u,Ψ2π
1
2n`1

˘
›

›

ď α
›

›Υ℘

`

Ψ3u,Ψ4π
1
2n`1

˘
›

›

`

›

›

›

›

›

β
Υ℘ pΨ1u,Ψ3uq .Υ℘

`

Ψ2π
1
2n`1,Ψ4π

1
2n`1

˘

Υ℘

`

Ψ1u,Ψ4π1
2n`1

˘

` Υ℘

`

Ψ3u,Ψ2π1
2n`1

˘

` Υ℘

`

Ψ3u,Ψ4π1
2n`1

˘

›

›

›

›

›

ď α
›

›Υ℘

`

Ψ3u,Ψ4π
1
2n`1

˘
›

›

` β

›

›Υ℘ pΨ1u,Ψ3uq .Υ℘

`

Ψ2π
1
2n`1,Ψ4π

1
2n`1

˘›

›

›

›Υ℘

`

Ψ1u,Ψ4π1
2n`1

˘

` Υ℘

`

Ψ3u,Ψ2π1
2n`1

˘

` Υ℘

`

Ψ3u,Ψ4π1
2n`1

˘
›

›

ď α
›

›Υ℘

`

Ψ3u,Ψ4π
1
2n`1

˘›

›

` β
}Υ℘ pΨ1u,Ψ3uq} .

›

›Υ℘

`

Ψ2π
1
2n`1,Ψ4π

1
2n`1

˘›

›

›

›Υ℘

`

Ψ1u,Ψ4π1
2n`1

˘

` Υ℘

`

Ψ3u,Ψ2π1
2n`1

˘

` Υ℘

`

Ψ3u,Ψ4π1
2n`1

˘
›

›

.

Taking limit as n Ñ 8, we have }Υ℘ pΨ1u, pq} ď α }Υ℘ pΨ3u, pq}, therefore we get
}Υ℘ pΨ1u, pq} “ 0. i.e., Ψ1u “ p “ Ψ3u. Again since Ψ1 pC2q Ă Ψ4 pC2q , therefore there
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exists a v P C2 such that Ψ1u “ Ψ4v “ p.
Now applying pbq we have

Υ℘ pp,Ψ2vq “ Υ℘ pΨ1u,Ψ2vq Ài2 αΥ℘ pΨ3u,Ψ4vq

` β
Υ℘ pΨ1u,Ψ3uq .Υ℘ pΨ2v,Ψ4vq

Υ℘ pΨ1u,Ψ4vq ` Υ℘ pΨ3u,Ψ2vq ` Υ℘ pΨ3u,Ψ4vq
,

which implies that

}Υ℘ pp,Ψ2vq} ď α }Υ℘ pΨ3u,Ψ4vq}

` β
}Υ℘ pΨ1u,Ψ3uq .Υ℘ pΨ2v,Ψ4vq}

}Υ℘ pΨ1u,Ψ4vq ` Υ℘ pΨ3u,Ψ2vq ` Υ℘ pΨ3u,Ψ4vq}

ď α }Υ℘ pΨ3u,Ψ4vq}

` β

?
2 }Υ℘ pΨ1u,Ψ3uq} . }Υ℘ pΨ2v,Ψ4vq}

}Υ℘ pΨ1u,Ψ4vq ` Υ℘ pΨ3u,Ψ2vq ` Υ℘ pΨ3u,Ψ4vq}
.

Thus }Υ℘ pp,Ψ2vq} “ 0 and this gives that p “ Ψ2v “ Ψ4v “ Ψ1u “ Ψ3u. Now
since Ψ1u “ Ψ3u “ p and pΨ1,Ψ3q is Ψ3´intimate, therefore by Lemma 7.3.1, we have
}Υ℘ pΨ3p, pq} ď }Υ℘ pΨ1p, pq}. Also by pbqwe have

Υ℘ pΨ1p, pq “ Υ℘ pΨ1p,Ψ2vq Ài2 αΥ℘ pΨ3p,Ψ4vq

` β
Υ℘ pΨ1p,Ψ3pq .Υ℘ pΨ2v,Ψ4vq

Υ℘ pΨ1p,Ψ4vq ` Υ℘ pΨ3p,Ψ2vq ` Υ℘ pΨ3p,Ψ4vq
.

i.e., }Υ℘ pΨ1p, pq} ď α }Υ℘ pΨ3p, pq}, which yields that }Υ℘ pΨ1p, pq} “ 0. Therefore
Ψ1p “ p and Ψ3p “ p. Similarly, we can show that Ψ2p “ Ψ4p “ p.

Uniqueness
Let us consider that p and q are two common fixed points of Ψ1,Ψ2,Ψ3 and Ψ4 such

that p ‰ q. Then using pbq we get that

Υ℘ pp, qq “ Υ℘ pΨ1p,Ψ2qq Ài2 αΥ℘ pΨ3p,Ψ4qq

` β
Υ℘ pΨ1p,Ψ3pq .Υ℘ pΨ2q,Ψ4qq

Υ℘ pΨ1p,Ψ4qq ` Υ℘ pΨ3p,Ψ2qq ` Υ℘ pΨ3p,Ψ4qq

Ài2 αΥ℘ pp, qq .

i.e.,}Υ℘ pp, qq} ď α }Υ℘ pp, qq} , which implies that p “ q.
This completes the the proof of the theorem.

Example 7.3.1 Let H “ tπ1, π2u Ă C1 with Υ℘ : H ˆ H Ñ C12 is defined by

Υ℘ pπ1, π2q “

#

1, if π1 ‰ π2

0, if π1 “ π2.
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Then pH,Υ℘q is a complete bicomplex valued metric space. Define Ψ1,Ψ2,Ψ3,Ψ4 :
H Ñ H by Ψ1τ “ π1

1 for all τ P H, Ψ3π
1
1 “ Ψ4π

1
2 “ π1

2 and Ψ3π
1
2 “ Ψ4π

1
2 “ π1

1.
Then all the conditions of above theorem are satisfied except intimate condition. We
see that }Υ℘ pΨ3Ψ1π

1
2,Ψ3π

1
2q} “ }Υ℘ pπ1

2, π
1
1q} ą 0 “ }Υ℘ pΨ1Ψ1π

1
2,Ψ1π

1
2q} , where tπ1

2u

is a constant sequence in C2 such that Ψ1π
1
2 “ Ψ3π

1
2 “ π1

1. Thus the pair pΨ1,Ψ3q is not
Ψ3´intimate. Therefore Ψ1,Ψ3 and Ψ4 do not have a common fixed point.

Example 7.3.2 Let us define Υ℘ : C1 ˆ C1 Ñ C2 by Υ℘ pπ1, π2q “ i2 }π1 ´ π2} where
π1 “ x1 ` i1y1 and π2 “ x2 ` i1y2. Then pC1,Υ℘q is a complete bicomplex valued
metric space. Define Ψ1,Ψ2,Ψ3,Ψ4 : C2 Ñ C2 as Ψ1τ “ 0,Ψ2τ “ 0, Ψ3τ “ τ
and Ψ4τ “ τ

2
. Clearly Ψ1 pC2q Ă Ψ4 pC2q and Ψ2 pC2q Ă Ψ3 pC2q . Now consider-

ing the sequence
␣

πn “ 1
n
, n P N

(

in C2 we get lim
nÑ8

Ψ1πn “ lim
nÑ8

Ψ3πn “ 0. Also we

have lim
nÑ8

Υ℘ pΨ3Ψ1πn,Ψ3πnq Ài2 lim
nÑ8

Υ℘ pΨ1Ψ1πn,Ψ1πnq . Thus the pair pΨ1,Ψ3q is

Ψ3´intimate. Again since lim
nÑ8

Υ℘ pΨ4Ψ2πn,Ψ4πnq Ài2 lim
nÑ8

Υ℘ pΨ2Ψ2πn,Ψ2πnq, there-

fore the pair pΨ2,Ψ4q is Ψ4´intimate. Further, the mappings satisfy all the conditions
of the above theorem. Hence Ψ1,Ψ2,Ψ3 and Ψ4 have a unique common fixed point in
C2.

7.4 Future Prospects

In the line of the works as carried out in this chapter one may think of the
deduction of fixed point theorems using common limit in the range (CLR) property,
expansive metric and other different types of metrices under the flavour of bicomplex
analysis. This may be an active area of research to the future workers in this branch.

*******************

The works of this chapter have been published in South East Asian Journal of
Mathematics and Mathematical Sciences (SEAJMMS) (SCOPUS Indexed),
Vol. 17, Issue 1 (2021), pp. 347-360, ISSN: 0972-7752 (Print); ISSN: 2582-
0850 (Online).
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Chapter 8

Future course of work

8.1 Introduction

Quasi-ideals in a semiring are the generalization of one-sided right ideals and left ideals.
Bi-ideals are generalized forms of the quasi-ideals. Steinfeld [54] initially defined the
quasi-ideals for semigroups and rings. Iseki [30] introduced this concept for semirings
without zero and proved some results. Shabir et al. [56] characterized semirings by the
properties of their Quasi-ideals. For different aspects of bi-ideals one may also view {cf.
[14], [15], [16], [17] & [18]}.

Definition 8.1.1 A nonempty set S is said to form a semiring with respect to two
binary operations called Addition (`) and Multiplication (˚), if the following condition
are satisfied.

(i) pS,`q is a commutative semigroup,

(ii) pS, ˚q is a non-commutative semigroup and

(iii) ς1 ˚ pς2 ` ς3q “ ς1 ˚ ς2 ` ς1 ˚ ς3 and pς1 ` ς2q ˚ ς3 “ ς1 ˚ ς3 ` ς2 ˚ ς3, @ ς1, ς2, ς3 P S.

Example 8.1.1 The set of hybrid numbers T is a semiring as it forms a commutative
semigroup under addition and also forms a non-commutative semigroup under hybrid
multiplication with distributive laws.

Definition 8.1.2 A subsemiring of a semiring pS,`, ˚q is a nonempty subset T pro-
vided it is itself a semiring under the operation of S.

Example 8.1.2 The set of non-lightlike hybrid numbers TNL is a subsemiring of the
semiring T.

Definition 8.1.3 A nonempty subset I of a semiring pS,`, ˚q, is called a right(left)
ideal of S if it satisfies the conditions that ς1 ` ς2 P I, ς1ς2 P I @ς1, ς2 P S, and
ς1 P I pa P Iq, @ς1 P I, a P S. I is called an ideal of S if it is both left and right ideal.
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Definition 8.1.4 [30] Let pS,`, ˚q be a semiring. A quasi-ideal Q of S is a subsemi-
group pQ,`q of S such that SQ X QS Ď Q.

Each quasi-ideal of a semiring S is its subsemiring. Every one-sided ideal of S is its
quasi-ideal. Since intersection of any family of quasi-ideals of S is its quasi-ideal [56],
so intersection of a right ideal IR and a left-ideal IL of S is a quasi-ideal of S. Both
the sum and the product of two or more quasi-ideals of S need not be its quasi-ideal [56].

Let X and Y be two arbitrary subsets of a ring R. The product XY is defined
as the additive subgroup of R which is generated by the set of all products ξ1ξ2 where
ξ1 P X and ξ2 P Y .

Definition 8.1.5 A bi-ideal B5 of a ring R is defined as a subring B5 of R satisfying
the following condition

B5RB5
Ď B5.

Definition 8.1.6 Let Ds be subring of a ring R. For a positive integer m, Dm
s is

defined as follows:

D1
s “ Ds, Dm

s “ Dm´1
s Ds.

D0
s is defined as an operator element such that D0

sR “ RD0
s “ R.

A subring Ds of a ring R is said to be an pm,nq ideal of R if Dm
s RDn

s Ď Ds where m
and n are non-negative integers.

8.2 Lemmas

Lemma 8.2.1 Every one sided (left or right) ideal of a ring R is a bi-ideal of R.

Proof. The proof is omitted.

Lemma 8.2.2 The intersection of a left ideal and a right ideal of a ring R is also a
bi-ideal of R.

Proof. The proof is omitted.

Lemma 8.2.3 The intersection of a bi-ideal B5 of a ring R and of a subring Ds of R
is a bi-ideal of the ring Ds.

Proof. Let C “ B5 X Ds. Since B5 is a bi-ideal of R, therefore B5 is a subring of R
satisfying B5RB5 Ď B5. We know that the intersection of two subrings of a ring is again
a subring of that ring. So C is a subring of the ring R. Since, Ds is a subring of R and
C Ď Ds so CDsC Ď DsDsDs Ď Ds.
Also, CDsC Ď B5DsB5 Ď B5RB5 Ď B5.
Combining the above two relations, CDsC Ď B5 X Ds “ C.
Hence C is bi-ideal of the ring Ds.
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8.3 Theorems

In this section we present the main results of this chapter.

Theorem 8.3.1 The subring Tℜ “ tZ “ ϖ1

2
` ϖ1`ϖ2

2
i ` ϖ1

2
ε ` ϖ2

2
h : ϖ1, ϖ2 P Zu of

the ring T is a bi-ideal of T.

Proof. From Theorem 2.2.9, we have Tℜ is a right ideal of T.
As, Tℜ.T Ď Tℜ, so Tℜ.T.Tℜ Ď Tℜ.Tℜ Ď Tℜ.
Hence Tℜ is a bi-ideal of T.

Theorem 8.3.2 The subring TL “ tZ “ ϖ1

2
` ϖ1´ϖ2

2
i ` ϖ1

2
ε ` ϖ2

2
h : ϖ1, ϖ2 P Zu of

the ring T is a bi-ideal of T.

Proof. The proof is omitted as it is similar to the previous one.

Remark 8.3.1 The subring I “ tZ “ ϖ
2

` ϖ
2
i ` ϖ

2
ε : ϖ P Zu of T is a bi-ideal of T.

Theorem 8.3.3 The intersection of the bi-ideal Tℜ and the subring TNL of T is a
bi-ideal of T.

Proof. The proof of the theorem is trivial and it follows from Lemma 8.2.3

Remark 8.3.2 The relationship between quasi-ideal and bi-ideal also ensures the va-
lidity of the above results in quasi-ideal.

Remark 8.3.3 In view of Definition 8.1.6, a bi-ideal B5 of a ring R can be regarded
as p1, 1q-ideal in R. Therefore the results 8.3.1, 8.3.2 and 8.3.3 can be respectively
extended for (m,n)-ideal of T.

*******************
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