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ABSTRACT

Title: Different aspects of complex valued functions of higher dimension
Index No. 94/22/Maths. /27

The prime concern of the present, thesis focuses on some investigation and ex-
ploration covering various aspects of higher dimensional complex valued functions.

The thesis consists of Eight Chapters.

Chapter One deals with the preliminaries of hybrid as well as hyperbolic hybrid
numbers and also their flavour on certain types of probabilistic measurable spaces. Also
the introductory theories concerning the influence of higher dimensional complex valued
functions in Nevanllina’s Value distribution theories mainly both p-adic analysis and
bicomplex analysis are briefly discussed in this chapter.

In Chapter Two, we define a new notion of sets, termed as symmetric hybrid
number & skew symmetric hybrid number and study some of their algebraic properties.
The key result of this chapter is to establish that the set of non-lightlike hybrid number
forms a non-abelian group under multiplication and also to find a normal subgroup of
it. Moreover, the existance of subrings and also their ideals is the prime concern under
some additional conditions.

The prime concern of Chapter Three is to introduce a notion of a hyperbolic
hybrid valued probabilistic measurable space to generalize ‘K. olmogorov’s system of ax-
ioms’. The probability which we define here may take values e, and e_ for the certain
event other than 1 which is the key difference from the probability in R, where e,
and e_ are very special kind of zero divisors in the ring of hybrid numbers. In this
work we also prove the usual properties of probability theory like extended addition
theorem, Boole’s inequality, continuity theorem, Bonferroni’s inequalities etc. by this
new measure.

Chapter Four focuses on the study of the conditional probability under the flavor
of hyperbolic hybrid valued probabilistic measurable space, a generalization of ‘Kol-
mogorov’s system of axioms’. We prove the well known result ‘Multiplication Theorem’
in this probabilistic space and then generalize it in this context. In this work we also
extend the Bayes’ theorem and the law of total of probability by this new measure.

In Chapter Five, we consider T as an algebraically closed p-adic complete field
of characteristic zero. We define L*-order of growth p®*®) and L*-type o=* (1)) of an
entire function ¢ (w) = Yo, c,w™ on T and show that p2*®) and o* () satisfy the
same relations as in complex analysis with regards to the coefficients ¢,. We denoteL*-
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List of Mathematical Symbols

The below list describes several symbols that will be used later within the body of the
thesis

complex valued metric

¢

Partial order relation on the set of hyperbolic hybrid numbers

QA

The empty set

®

The set of all complex numbers

&

The set of all bicomplex numbers
The set of all hyperbolic numbers
The set of all natural numbers
The set of all rational numbers

The set of all real numbers

N B O Z2 =

The set of all integers

Ph The set of hyperbolic hybrid numbers

< The set of all hybrid numbers

%c,  The set of non-lightlike hybrid numbers of unit character
Tnr  The set of non-lightlike hybrid numbers

£ Probabilistic measure

£y Hyperbolic hybrid valued probabilistic measure

< Partial order relation on the set of complex numbers

<, Partial order relation on the set of bicomplex numbers

T,  bicomplex valued metric

1X
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Chapter 1

Introduction

1.1 Preliminaries.

1.1.1 Introduction to Hybrid Numbers.

In the last century, a lot of researchers works with some two-dimensional systems
like complex, dual and hyperbolic which have the most significant roles in various
aspects such as algebraic, geometric, physics, engineering, etc. The geometry of the
Euclidean plane, the Minkowski plane and the Gallian plane can be described with the
help of complex numbers

Cy={t +iby: &, eR,i%2 = —1},
dual numbers
D = {v; +¢eby : by, 03 € R, 2 = 0}
and hyperbolic numbers
H = {¢; + hdy : 91,95 € R, h? = 1}.

We know that the complex numbers, dual numbers and hyperbolic numbers can be
described as the quotient of the polynomial ring R[x] by the ideal generated by the
polynomials 2 + 1, r? and 1> — 1 respectively. i.e.,

Ci=R[i]/ <?+1>D=R[t]/<®*>and H=R[z]/ <1*—-1>.

S. Olariu {cf. [42],[43] & [44]} defined a different generalization of n-dimensional
complex numbers terming them ‘twocomplex numbers’, ‘threecomplex numbers’, etc.
Actually, Olariu used the name ‘twocomplex numbers’ instead of hyperbolic numbers.
In these series of papers the geometrical and the algebraic properties of these numbers
are thoroughly studied. The set of ‘threecomplex’ numbers is defined as

Cs={3=1% +ht, + ks : £, 8, & ecRand h? =k k*=h hk = 1}.



Anthony Harkin and Joseph Harkin [28] generalized the two dimensional complex
numbers as

C,={3=08 +ity: 8,6 eRand i’ = p}.

Here they gave some trigonometric relations for this generalization. In [10] Catoni et.al.
(2004) defined two dimensional hypercomplex numbers as

Cﬁﬂ? = {3 :El—i_iEQ:iQ :£+in7él7é27£7n€R7i¢R}

and extended the relationship amongst these numbers and Euclidean & semi-Euclidean
geometry. This generalization is also expressible as a quotient ring R[x]/ < r? —nr—¢& >.

A theory of commutative two dimensional conformal hyperbolic numbers as a gen-
eralization of the theory of hyperbolic numbers is presented by Zaripov [67].

In [45] Mustafa Ozdemir (2018) defined a new generalization of set containing com-
plex, hyperbolic and dual numbers as different from above generalizations. This new
number system appears to be four-dimensional and it can be viewed as a two dimen-
sional set of numbers, since it can be represented in a generalized two dimensional
plane, called hybridian plane in R%.

The following definitions are due to Ozdemir [45].

Definition 1.1.1 [/5] A number of the form Z = 014+0,i+036+04h, where 01,05,03,04
eR,i? = —1,e%2 = 0,h? = 1 and satisfying the relation ih = —hi = i + ¢ is called hybrid
number. The set of hybrid numbers is denoted by T, and defined by

T = {3 201+02i+036+04h201,02,03,04€R,i2 = —1,82 =O,h2 = 1,
ih = —hi=1i+¢}.

The geometry corresponding to the hybrid numbers is called ‘Hybridian plane ge-
ometry’ and it is a two-dimensional subspace of R*. The real part ‘0] of the hybrid
number 3 = 07 + 051 + 03¢ + 04h is called ‘scalar part’ and is denoted by S(3) whereas
the remaining part 051 + 03¢ + 0,4h is called ‘vector part’ and is denoted by V'(3).

For any two hybrid numbers 31 = ¢yp+eji+ese+esh, and 35 = fo+f1i+f2e+fsh, e, f; €

R,7 = 0,1, 2,3 the equality, addition, subtraction, multiplication by a scalar s € R and
multiplication of two hybrid numbers are defined as follows

31 =32 = ¢o=Fo,e1 = fi,e2 = 2,03 = |3,
31+ 32 = (e = fo) + (e1 £ F1)i + (e2 £ f2)e + (e3 = f3)h,

531 = seg + sej1 + seqse + sesh



and

31.32 = (eo + eli + e9€ + egh).(fg + fll + fzﬁ + fgh)
= (eofo — e1f1 + eafi — e1f2 + esf3) + (eof2 + e1fo + e1fs
— egfl)i + (eofg + egfo — 22f3 + egfg + elfg — €3f1)€
+ (€0f3 + egfo + elfg + ezfl)h.
The ‘+’ operation is both commutative and associative. The null element is 0 and

the inverse element of 3 is —3. As a consequence of these properties, (¥, +) forms an
abelian group.

For the above multiplication of hybrid numbers we can use the following table of
hybrid units.

1 i ¢ h |
11 i € h
il -1 1—-h e+i
el e 1+h 0 -€
h|h -1 € 1

Multiplication table of Hybrid units

From the above table it is clear that the multiplication operation in the hybrid
number system is not commutative. But the multiplication is associative.

Definition 1.1.2 [/5] The conjugate of a hybrid number 3 = 01 + 021 + 03¢ + 04h s
defined by _
3 = S<3) — V(B) = 01 — Dgi — 038 - 04h.

This conjugation of a hybrid number is additive, involutive and multiplicative
operation on ¥. i.e., for any two hybrid numbers 3; and 39

a. 31+ 32 =31+ 32

b. (31)= 31
C. 31.32=§-$~

Definition 1.1.3 [/5] The real number C(3) = 33 = 02 + (05 — 03)? — 02 — 02 is called
the character of the hybrid number 3.

Since C(3) € R, so depending on the value of C(3) a hybrid number can be catego-
rized into three parts, spacelike, timelike, or lightlike according as the character is
negative, positive or zero.

Also, the real number 4/|C(3)] is called the norm of the hybrid number 3 and is
denoted by |3].



Definition 1.1.4 [/5] The inverse of the hybrid number 3 = 01 + 021 + 03¢ + 04h,
|3] # 0 is defined as

e

Therefore, we can conclude that a lightlike hybrid number never possesses an inverse.

3
3

Definition 1.1.5 [/5] For the hybrid number 3 = 01 + 051 + 03¢ + 04h, the vector
e3 = ((02 — 03),03,04) is called the hybrid vector of 3.

Definition 1.1.6 [/5] The real number C.(3) = — (0 —03)* +03 + 07 is called the type
of the hybrid number 3.

Depending on the real value of the type of a hybrid number, it is classi-
fied as ‘complike (elliptic)’, ‘hiperlike (hyperbolic)’ or ‘duallike (parabolic)’ for
C.(3) <0,C.(3) > 0orC.(3) = 0 respectively. Also, the real number 4/|C.(3)] is called
the norm of the hybrid vector of 3 and is denoted by N (3).

Hybrid Axis

Q

N(Z)g---mmmmmmmee A(N(Z))

Scalar Axis

[ e |

Figure 1.1: Hybridian Coordinate System

1.1.1.1 Idempotent Representation of hyperbolic Hybrid Numbers.

Let us denote the set of hyperbolic hybrid numbers as PY. Every hyperbolic
hybrid number 3 = 07 + 05i + 03¢ + 04h can be written as

3=s+Hv



0ol + 03¢ + 04h

where H = and H? = 1.

N(3) - H

| 1+ -
Now, let us consider two numbers e, = and e_ = — These two numbers
are satisfying the equalities, |e.| = |le_| = e;e. = 0,e;? = e,, and e_? = e_
and are called idempotent elements. Since, |e,| = [le_| = 0, so e;,e_ € & and

both are mutually complementary idempotent elements. Thus, the two principal ideals
Pg+ :=e,..PY and P! :=e_.PY in the ring P" have the following properties

772+ AP ={0} and P"= 772+ u Pl (1.1)

and property ([1.1)) is known as the idempotent decomposition of P?. With the help of
these idempotent elements e, and e_, every hyperbolic hybrid number can be uniquely
expressed as their linear combination

3=(s+v)e;+(s—v)e_ =j,e, +j3_e_ (1.2)

where 3, = s+v e Rand 3_ = s—v € R and this representation is called the idempotent
representation [45] of a hyperbolic hybrid number.

1.1.2 Introduction to Probabilistic Measurable Space.

A useful mathematical model for describing the notion of uncertainty is the prob-
ability theory. The stochastic models that are frequently used in physics, biology and
economics would be insignificant without probability theory. E. Borel (1871- 1956), S.
N. Bernstein (1880- 1968) and A. N. Kolmogorov (1903- 1987) are the main contributors
to the probability in the modern era.

In the year 1933, the Russian mathematician Andrei Nikolaevitch Kolmogorov
proposed his modern perspective to study the probability theory by introducing the
notion of a probability space. Actually, he introduced an alternative approach in for-
malizing the probability by three axioms known as ‘Kolmogorov’s axioms’ [34], which
opens a new direction of thoughts where one can explore the probability theory under
the flavor of measure theory where the probability space is a measurable space with
total mass equal to 1 and a random variable is a real valued measurable function {cf.

[33], [47], [40], [41] & [61]}.

Definition 1.1.7 A probabilistic measurable space (2,3, £) is a triplet formed by a set
Q which has no structure but represents the sample space of a random experiment, a

o-field of subsets 3 of Q2 and a measure £ on the measurable space (2, ¥) which satisfies
£(Q2) =1.

Example 1.1.1 Let us consider the random experiment of throwing a die. Here the
sample space Q is {1,2,3,4,5,6}. Then event space ¥ will be the set of all subsets of
Q. Now define a measure or probability function £ on the measurable space (€,%) as

number of outcomes in the event A

6

£(2) =



where 20 € ¥. Then for the events P = {1,3,5},Q = {2} and R = Q we have £(P) =
5, £(Q) = ¢ and £(R) = 1.

1.1.3 Introduction to Bicomplex numbers.

In this section, we give some basic ideas about bicomplex numbers.

Definition 1.1.8 [38] The set Cy of bicomplex numbers is defined as Cy = {n : n
ro+iry +jro+krs : ro,r, 9,73 € R} or equivalently Co = {n :n = ny+m2j : n1,m2 € Cy
, where C; is the set of complex numbers with imaginary unit i such that i® = j?
—k? = -1 and ij = ji = k. Thus we can think of bicomplex numbers as the complex
numbers with complex coefficients.

——

Definition 1.1.9 [38] For any bicomplex number n = n1+nsj the conjugation is defined
i the following way:

T, =T+, T;=m—1d, Tp="11—T]
Definition 1.1.10 [38/ Depending on the conjugation of bicomplex number w = z+ 23]
there are three types of modulus as follows:

[nl? == n.7; = nt + 15 € C(0)

7 :=n1; = [m|* — [n2|* + 2Re(m7)j € C(5)

0l == .7, = Im[? + [nol* — 2Im(m7p)k € D.

Definition 1.1.11 [38/ The norm function ||.|| : Co — Rt (RT denote the set of all
non negative real numbers) is defined as follows:
If n = m + jn2 = &1e + &el € Cy, then

Il = TP = /{5

From this, we can define the set of zero divisors NC of Cs, called the null — cone, as

NC = {n=m+mnaj 0 +m5 =0} = {n(i + j)ln e C(i)}.

Definition 1.1.12 [21] The inverse of n = ny + jno exists if |n|| # 0 and it is defined
as

151’24“52‘2}

= L _m—gm
noont+ o
If?? = 190 + Z191 +j192 + k?};, 190,191,192,193 € R, then

1 1909 + ﬁlm . 1919 — 190?0 . 7929 + 193?0 1939 — 1931‘0
o)) ) )
n

where g = V3—02+93—103, w0 = 2000, +20203 and | = g*+1w0? = (92 + 9?2 + 95 + 19%)2—
4 (Y3 — 791192)2. Obviously % exists if [ # 0.
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Chapter 2

A study on some algebraic
properties of hybrid number

2.1 Introduction.

Definition 2.1.1 A hybrid number is called symmetric if it’s imaginary part and dual
part both are same

i.e. the hybrid number, Mg = 01 + 021 + 03€ + 04h s called symmetric hybrid number if
02 = 03.

The following example is a symmetric hybrid number.

Example 2.1.1 The hybrid number 2 + 3i + 3¢ + h is a symmetric.

Definition 2.1.2 The set of symmetric hybrid numbers with free hyperbolic unit is
called null-hyperbolic and is denoted by 3s,, .

Example 2.1.2 —1+ i+ ¢ is an example of null-hyperbolic symmetric hybrid number.

Definition 2.1.3 A hybrid number is called skew-symmetric hybrid number if it’s scalar,
dual and hyperbolic coefficients are vanish.

Example 2.1.3 3 = 2i is an example of a skew-symmetric hybrid number.

2.2 Lemmas.

Lemma 2.2.1 For any two hybrid numbers 31, 32 the following equality holds
C(31-32) = C(31)-L(32)-



2.3 Theorems.

In this section, we present the main results of the chapter.

Theorem 2.3.1 Symmetric hybrid numbers can never be elliptic.

Proof. The type of any symmetric hybrid number 9t = 07 + 031 + 03¢ + 04h is
C.(Mg) = — (03 —03)* +03 +05 =035 +0; = 0.

So, a symmetric hybrid number is either hyperbolic or parabolic, but it can never be
elliptic. m

Remark 2.3.1 The character for any symmetric hybrid number Mg = 01 + 031+ 03¢ +
o,h is C(Mg) = 07 — 02 — 0.

Thus, Ns may be spacelike, timelike or lightlike for 9% < 0% + 0%, 02 > 02 + 0% or
0% = 02 + 0% respectively.

Theorem 2.3.2 A skew-symmetric hybrid number never be spacelike as well as hyper-
bolic.

Proof. Character of a skew-symmetric hybrid number, 3 = 05i is C(3) = 93 > 0 and
therefore it is either timelike or lightlike, it never be spacelike.

Now, the type of a skew-symmetric hybrid number 3 = .i is C.(3) = —02 < 0 and
hence it is either elliptic or parabolic but never be hyperbolic. m

Theorem 2.3.3 The set Mg is a subgroup of T under '+’.
Proof. The proof of the theorem is trivial. m

Remark 2.3.2 The group (Ng, +) is abelian as hybrid addition is commutative.

Theorem 2.3.4 The set of null-hyperbolic symmetric hybrid numbers is a normal sub-
group of symmetric hybrid numbers.

Proof. Clearly, 35, is a non empty subset of 915 as 0 € 3.

Let, 31 =e¢; + 23i + e3¢, 32 = fl + fgl + f3€ € 3SH'

Now, 31+ 32 = (21 + fl) + (23 + fg)l + (63 + fg)&‘ € 35H and 3;1 = —¢; —e3l—e3e € BSH'
Therefore, (35, +) is a subgroup of (Mg, +) and as (Mg, +) is abelian implies (3, +)
is normal in (Ng, +). m

Theorem leads us to the following remarks.

Remark 2.3.3 The set of null-hyperbolic symmetric hybrid numbers is also a normal
subgroup of hybrid numbers.

Remark 2.3.4 Let A = (T, +) and Y = (3s,,+). Then A/ forms the quotient
group.



Remark 2.3.5 Let £ = (Ng,+) and Y = (3s,,+). Then £/ forms the quotient
group.

Remark 2.3.6 AsQ) = (35, +) is a normal subgroup of A = (T, +) and £ = (Ng, +)
is a subgroup A = (T, +) with P < £ < A then £/ is a subgroup of A/Y).

Theorem 2.3.5 The set of all symmetric hybrid numbers Ng does not form a group
under the operation ‘hybrid Multiplication’.

Proof. Let, 31 =e¢; + €3i + e3¢ + 24h and 32 = fl + fgi + f3€ + f4h 638. Then

31.32 = e1f1 + esfii + esfie + esfih + eifsi — esfs + esfs(h + 1)
+ eqf3(—i— ) + e1fze + esfs(1 — h) + e4fse + e1f4h
+ esfs(i+ €) — esfse + esfs
= (e1f1 + esfs + eafs) + (esfi + erfs — eafs + esfa)i
+ (esfy + e1fs)e + (esf1 + e1fs)h

Clearly, 31.32 ¢ Ns.
Hence, (Mg, .) is not a group. =
The following example ensures the above fact.

Example 2.3.1 Let, 31 =1+i+ec+h, 33 =i+c+2heMNy

Th6n731.32=i—1+h+1—€—i+€+1—h+€+2h
+2(i+e)—2c+2
=3+4+2i+¢+ 2h,

not a symmetric hybrid number.
The following remark is immediate in the view above.

Remark 2.3.7 The set of non-lightlike symmetric hybrid number whose dual and hy-
perbolic coefficients are in a constant ratio forms an abelian group under hybrid multi-
plication.

Theorem 2.3.6 The set of all non-lightlike hybrid numbers forms a group under the
hybrid multiplication.

Proof. Let TNL = {3 €% C(S) # 0} and 31,32 S TNL-

Then, C(31) # 0,C(32) # 0.

Using Lemma C(31.32) # 0 and hence 31.32 € Ty

Here 3, =1+ 0.i+ 0.c + 0.h € Ty, acts as the identity in Tyy.
Let 37! be the inverse of 3 € Ty,.

Therefore, C(3.37') =C(3.) =1=C(3)C(3 ") =1

and C(37!) = ﬁ # 0 [ since C(3) # 0].

10



ThUS, 3_1 € TnNL.

As associative property is hereditary, it implies that the set of non-lightlike hybrid
numbers ¥ forms a group under multiplication. =

The following corollary is immediate in view of above.

Corollary 2.3.1 The group %1, is non-commutative.

Proof. We know that (¥yz,.) is a group.
NOW, let 31 =e¢; + egi + e3¢ + 24h, 32 = fl + fgl + f38 + f4h € ‘ZNL- Then

31-32 = (e1 + el + e3e + esh).(f1 + foi + fze + f4h)
= (fre1 — foea + fgea + foes + faeq) + (F2e1 + freo
+ faey — foeq)i 4 (Faer + faeo + fres — faes — faey
+fsea)e + (faer — fze2 + faes + frea)h

whereas

32.31 = (fie1 — faea + fsea + foeg + faes) + (o1 + freo
— faeo + faea)i + (Fser — faeo + fres + faes + foeq
— f3€4>€ + (f421 + f322 — f2€3 + f124)h.

Thus, 31.32 # 32.31 and hence (T, .) is a non-abelian group. =

Theorem 2.3.7 The set of all hybrid numbers of unit character is normal in Tyy.

Proof. Let T, = {3€T:C(3) =1},

which is non-empty as 1 =1+ 0.i+ 0.e + 0.h e T¢,.

Let 31,32 € T¢,, then C(31.32) = 1.

Thus, 31.32 € ‘ECI.

Let 31_1 be the inverse of 3; € T,.

Now, C(31.37) =C(3.) =1

ie,C(37") = C(%1) =1 las C(31) = 1]

ThUS, 31_1 € Tcl.

Hence, %¢, is a subgroup of Ty

Let N e Ty and 3 € T¢,

Now, C(R3R™) = C(R)C(3)C(NX) = C(R)C(R™!) = C(1) = 1, non zero.
Therefore, N3R™! € ¢, and hence T¢, is a normal subgroup of Tyy.
This proves the theorem. m

Remark 2.3.8 The set of lightlike hybrid numbers does not form a group under hybrid
multiplication as the inverse of any element does not exist.

Theorem 2.3.8 The set Ty = {3 = q1 + qoi + q3e + q4h : q1, 92, 93,94 € Q} forms a
subring of ¥.

11



Proof. Clearly 0 € g and let 3; = ¢; + e2i + e3e + ¢sh &

32 = f1 + foi + fae + fsh € Tg

Now, 31 — 32 = (e1 — f1) + (e2 — f2)i + (es — f3)e + (ea — fa)h € T

and also

31.32 = (e1f1 — eafo + e3fo + eofs + eafs) + (eafi + e1fo — esfo + eofs)i

+ (€3f1 — €4f2 + elfg + 24f3 + €2f4 — €3f4)6 + (€4f1 -+ €3f2 — egfg + 21f4)h S TQ
Therefore, Tg is a subring of the ring ¥.

This completes the proof. m

Remark 2.3.9 The set Tz = {3 = 31 + 321 + 336 + 340 © 31,32,33,34 € Z} is also a
subring of .

Proof. The proof is omitted as it is similar to the previous one. m

Theorem 2.3.9 The set Ty = {3 = T+ + ZL22i + Zle + Z2h : wy, wy € Z} is a right
1deal of X.

Proof. Clearly Ty is a subring of ¥.
Let 3 = %+%i+%€+%hefw and N =07 + 021 + 03¢ + 04h € €. Then

w101 w1071 + w907 . w101 w901 w109, w109 + w909
N = h -
3 5 + 5 i+ 5 € + 5 + 51 5

0 . 0 03 + 0
w102 (—5—1)+w1 3€+w13 W2 3(1—h)

2 2

w203 W104 w104 + WQ04 . W104 w204

+ €+ h + €+1) + —€) +
2 2 2 ( ) 2 (=¢) 2

w101 — w909 + w103 + wWy0y + w903 n w101 + @109 + @104
2 2
+w204 + ?IJQDl - WQDQi . w101 — w202 + w103 + w203 + WQD4€
2 2
w901 + w109 — w103 — W03 + w104
2

w202

(h+1)+

h

Therefore, 3.8 € Tr7 and hence Ty, is a right ideal of T. m
Corollary 2.3.2 The subring Tg is not an left ideal of X.

Proof. Let 3 = %—F@i—k%é—k%heﬁﬁ and N = 0 + 021+ 03¢ + 04h € €. Then
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. Dlwl w102 . wlbg W104 w101 + ZUQDQ . wlbg + WQOQ

N3 = + i € h + i—
3 2 2 2 2 2 2
w103 + w0 w104 + w90 . w70 w10
SR RANLE L 23(h+1)+—142 2 (e —i) + ;15+ 122(1—h)
w104 01702 02709 . wy03 w0y
€ h + e+4+1)+ —£) +
2 2 2 ( ) 2 (—¢) 2
B w101 — W90o + w103 + w903 + a0y n w109 + w101 + w20,
B 2 2
—?IJ104 - WQD4 + w202i n w103 — ?I/'204 + w101 + w202 — Wnge
2 2
w104 + wlbg + ’Zﬂgog — wlbg + walh
2

151 vy, V3 Vy
= —+—i+—e+—h
2+21+2€+2 (say)

where v = w101 — w909+ w103+ w03+ w90y; Vo = w10+ w101 + W01 — w104 — W04+
wWalsy; V3 = wW103— W04+ w0101 +wW202—w903; and vy = w104+ ww103+ w203 — w102+ 0201
Clearly, v # v3 and so N.3 ¢ Tg.

Therefore, Ty is not left ideal. m

The following example validates the above result.

Example 2.3.2 Consider 3 =i+he T, X = (—3)i+ she Typ.

But, N3 =1—1—¢c¢ Ty.

Theorem 2.3.10 The set Ty = {3 = G + 25721 + Zle + Z2h: wy, wy € Z} is a left
ideal of X.

Proof. Let 3 = %' + 5221+ Fle + Z2h € T and N = 0y + 020 + 03¢ + sh € T. Then

w101 + wQDQ + w103 — w203 + wlbg + w204 n wlbg + wlbl — ZUQDl — W104 + w204 + w202i

N.3 =
2 2
w103 — w104 + w904 + w101 + @104 + W09 — WQag,g
2
w104 + w103 — YDQU;)) — W102 + Wleh

2

Therefore, 8.3 € T, and hence T, is a left ideal of ¥.
This proves the theorem. m

Corollary 2.3.3 The subring T, is not a right ideal of ¥.

Proof.
3 N — w101 + w202 + wlbg — w203 + WQ04 i w101 — w201 + w102 - w202 + w104 - ?IJ204i
S 2 2
w101 - WQDQ + w103 + wag — WQD4€ n Wgol + W102 — w103 + w203 + W104h
2 2
01 02, 03 0o
=—+ —i+—ec+—=h .
y Tt gt gh )
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Clearly, 6, # 63 and so 3.8 ¢ T,.
So, T, is not right ideal. =

Example 2.3.3 Consider 3 = % —i+ %8 + %h; N =1i+h, then
AN=3-2i—3c+h¢%,.

2.4 Future Prospects

In the line of works as carried out in this chapter one may think of exploring
some properties by taking into account some different kinds of ideals and also may try
to investigate the results in higher dimensional system.

Kokok ok ok ok sk ok ok kokokokokosk sk k sk k

The works of this chapter have been accepted for publication and to appear in
Journal of the Indian Academy of Mathematics (UGC CARE Listed), Vol.
46, No. 2, ISSN: 0970-5120.
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Chapter 3

Hyperbolic hybrid valued
probabilistic measures under the
flavour of Kolmogorov’s axioms

3.1 Introduction, Definitions and Notations.

Definition 3.1.1 Consider the set P" U {0,1} as $ and let (Q2,X) be a measurable
space, a function £¢ : % — $ with the properties:

(i) for any event Fe X, £5(F) =0,
(ii) for the certain event Q, Ly(Q) = p, where p is either 1 or e, ore_, and

(111) for a given sequence {F,} < ¥ of pairwise disjoint events,

£~6<U3n) = Z‘EY) (Sn)

15 called a $H-valued probabilistic measure, or a $H-valued probability, on the o-algebra of
events Y and the triplet (Q, X, fﬁ) 1s called a $H-probabilistic space.

Since, £4(§) € H. So, it can be expressed as

£5(8) = T'i(F)es + a(Fe-.

Now Property (i) of $-valued probabilistic measure implies that
I'i(F) = 0and I'y(F) =0, V§eX.
From Property (i7) we get that
£5(2) = p =T1(Q)es +Ta(Qe_,

ie.,
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(I) If p=1then I';(2) = 1,T9(22) = L.
(IT) If p = e4 then I';(2) = 1,T'5(2) = 0.
(ITT) Tf p = e_ then [} (Q) = 0, T5(Q) = 1.

The Property (iii) of £ implies that

B( EOJ Sn> = i P;(§,) fori=1and 2.
n=1

n=1

Therefore one can say that, in general, the $)-valued probabilistic measure is equiva-
lent if we consider a pair of unrelated usual R-valued measures on the same measurable
space.

Here we can observe that I'y is a probabilistic measure in Cases (I) and (IT); I'y is a
probabilistic measure in Cases (I) and (III) whereas I'y and I'; are trivial measures for
the Cases (II) and (III) respectively. Also, Cases (II) and (III) can be viewed as two
different embedding of the R-valued probabilistic measures into $)-valued probabilistic
measures. We can associate such R-valued measures with our newly developed $-valued
probabilistic measure which only takes zero divisors as its values.

3.2 Lemmas.

Lemma 3.2.1 The sets P = {rie; : r1 € R} = Rey and P)_ = {re_ : r; e R} =
Re_ satisfy the following properties
a. [ € 772+ — pey = [

b. veP) = rve =v.

Lemma 3.2.2 Let us consider a set P'" = {2, e, +2_e_:2,,z_ >0} and a relation
< on PY in such a way that for any two hyperbolic hybrid numbers ¢, and (o, & < G
if and only if ( — ¢ € PO,

Clearly this relation is a reflexive, antisymmetric and transitive relation and
hence it is a poset (partial order relation) on PP.

The poset < have the following properties:
For (1,(2,(3¢s € P" and £ € PV,

a. If (1 Z (o then £(; < &
b. If (; < ¢» and (3 < (4 then (; + (3 < (o + 4.
c. If Cl < CQ then —42 < —Cl.

Now we are in a position to prove our main results.
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3.3 Main Results.

In this section, we prove the main results of this chapter.

Theorem 3.3.1 The $-valued probability of the null event and a complementary event
of § € X are respectively, 0 and p — £(F).

Proof. We know that F U " = Q.3 n§ = & and so that

£5(3) + £5(F°) = £5(Q2) = p
£5(gc) =p— £Ls(F).

NOW, £ﬁ(@) = £5(QC) =p— P(Q) = 0.
Hence, the result follows. m

Theorem 3.3.2 If 51,82, ...,8, € X are n events, then

%(Us) - Z LG - ) 53

1<i<j<n

+ D> £5@ing 0k (3.1)

1<i<j<k<n

— ...+ (_1)n_1£ﬁ(31 N %2 N ....MN Sn>

Proof. By the help of mathematical induction we can prove the theorem. Since for

n=2 % U == U (ST and also Tz = (F1 N T2) U (F1° N Fa), then

L£6(F1UF2) = £5(F1) + £.F’)({§18 N 52)
= L5(81) + £5(T2) — L5(81 N F2)-

Therefore, Equation (3.1) holds for n=2.
Now, suppose that Equation (3.1) is true for n = r.
ie,.

fﬁ(Q&) =§ffﬁ(&) - D £EnF)

I<i<j<r

+ Z Lo(§in SN Tk)

I<i<j<k<r

— ...+ (—1)r71£5§(3"1 M 8'2 N ..M Sr)

18



Then, forn =r + 1

fﬁ(@l V... Ud U Sr-&-l)

=L ([ O &] U Srﬂ)
—fﬁ(U&) + Lg(Srr1) — (lu&] ﬂ&«ﬂ)

SR PN EEIR PNCEE A

I<i<y<r I<i<j<k<r

()" ' 5(FNTa 0 F) — [Z L6 (Fi8rs1) — Z L£6(FiT;8r+1)
i1

1<i<j<r

44 (_1)7"*1055(3'1 NGaNeoN 3r+1)]

r+1

:Zfﬁ(gi)_ DY £FnF) D £s@inTinF)

I<i<j<r+1 I<i<j<k<r+l

— e (D)5 (Fi 0T N Frgr).

Thus, Equation (3.1)) is also true for n = r + 1 and hence this proves the theorem.
This results is the extension of ‘Addition Theorem’ in this probability space. m

Theorem 3.3.3 If §,U e X with § < U then

£5(3) < £5(4).
i.e., £4(§) and £5(M) are comparable with respect to the partial order <

Proof. AsUU=UnQ=UnFuF)=BLnTuUnF) =T u@F ). Since,
T (F ) =, thus, £4(U) = £5(F) + £ n L), and also since L5(F° N U) =0,
so we get £4(F) £ £o(L). =

Corollary 3.3.1 Since, for given § € X,§ < Q, therefore £5(F) is always comparable
with £5(Q) and also, £5(F) 2 £5(Q) = p. Hence, for any § € 2,0 < £4(F) < p.

Corollary 3.3.2 If £4(2) = ey then for any random event § there exists v € [0, 1]
such that £4(§) = vey. Again, if £5(2) = e_ then for any random events there also
exists t € [0, 1] such that £4(F) = te_.

Theorem 3.3.4 Given n events §1, 5o, ..., 5n there follows:

fﬁ(ua) 2 ). (32)
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Proof. Since for any two events §; and §», we have
L£5(81 U F2) = £6(F1) + £6(F2) — £5(F1 N T2)
2 Ly(F1) + £5(82) [ £5(F1 0 F2) = 0]

Thus, the result (3.2) is true for n = 2.
Let us suppose that the result (3.2)) is true for n = m.
Now, forn =m + 1,

Lo@F1UT2U o UFmg1) LL(F1UT2U oo UFm) + L£6(Fms1)

<
LL5(81) + £5(82) + .+ L5y(Fmr1).

Thus, the result (3.2) is true for all n € N.
This proves the result. m

Remark 3.3.1 Theorem [5.5.4] is analogous to ‘Boole’s inequality’ in $-probabilistic
space.

Theorem 3.3.5 For any n events §1, §2,...,8n the following relation holds
L, ( U &) = 2 L) — Z Lg(Si 0 ) (3.3)
i=1 i=1 1<i<j<n

Proof. From the addition theorem, we get that

La(F1UT2UFs) = £5(81) + £5(F2) + £6(F3) — £5(81 N F2)—
LoF2nFs) — £5(F3nF1) + £5(F1 0 T2 F3)

3 3
fﬁ(U&) >Z£ﬁ(3i)— Z £5(8i 0 3;)-
i=1 i=1 1<i<j<3

Thus, the result (3.3)) is true for n = 3.
Now, we will prove the result by the help of mathematical induction.
Let us suppose that the result (3.3)) is true for n =k, i.e.,

k k
&(Us) = 260 - Y £E0w)

i=1 1<i<j<k
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Now, forn =k +1

o (Us) - ([ U] o500)
=£ﬁ(U& + £o(Frr) — £g ([Us] N @m)

=1

)
=£ﬁ<03)+£5 (Tkt1) — (OSmSm)

1=

1
k k
>[Z£5§(Sz> - £5(8i 0 5;) ] + L£5(Sr1) — (U (8i N Frra )

i=1 I<i<j<k i=1

From Theorem [3.3.4] we get that

k k
_'£57J(U(3:Z ﬂ%’k+1)> > _2 £5§(3’iﬁ%’k+l)
i=1

i=1

and therefore,

k+1 k+1 k
£5(U&-)>Z£ﬁ(&-)— > £5@in ) Z (i O Fhr1)
=1 =1

I<i<j<k i=1
k+1 k+1
£ﬁ( U 31) S E@) - ) £@nT).
i=1 i-1 l<i<j<k+1

Thus, the theorem is also true for n = k£ + 1 and hence this proves the theorem. =

Theorem 3.3.6 [f§icFoc...cFpC ... andF:=F1 UF2U ... UFp U ... then

ti £5(5,) = £5(8) = £5( )

Proof. Since the given sequence of events is expanding, so we get that

n

USi =3 and lim §, = Os (3:4)
=1

Now if we take some events as $; = Fp, 4y = Fo 0 F5, .., 8, = Fn 0 T4, then
nil; =, foralli# jandi,j=1,2,..,n and hence

o0

U5 = Ut and £ Ut ) = 35 4500 35)
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Now, from (3.4) and (3.5), we obtain that
n—0o0 et
0
= Z £ (8h,)
n=1
— 7}5502 £5(4)

i 5 s

=1

n—ao0 n—o0

— lim £;,(Ugi) = lim £4(5).
i=1

This completes the proof. m
Remark 3.3.2 We call the theorem as ‘Continuity theorem’ of the $-probability.
Theorem 3.3.7 For any two events § and 4,
£6(F ) = Lo(Uh) — £5(F n 4L).
Proof. Since, §° n U and § n 4 are disjoint events and (F* N U) U (F N L) = 4, then
£(8) = £5(F° 0 ) + £4(F 0 40

or, £5(F A U) = £5(U) — £4(F n W).

This proves the theorem. m

Corollary 3.3.3 For any n events §1,82, -+, Sn

=1
and
L5(F1 02 nFa) =D Ly(F) — (n—1)p. (3.7)
i=1

Proof. Applying the ‘Boole’s inequality’ on the events %, T3, ..., §*, we get that

£o(F UTEU L UFL) 2D £s(F)
=1

or, £ﬁ[(31 N %2 MN...MN 371)[:] < Z "Ef)(gg)

i=1

or, £6(F1 0T 0 Fa) = p— D L5(F). (3.8)

i=1
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Again,
D £s(85) =p — L5(F1)p — £5(82) + b — £5(Fn)
=1

=np — ), £5(57). (3.9)

Now, combining Equations (3.8)) and (3.9)), we obtain that
.£f_)<$1 NEaN...N S'n) > Z £5(&) — (TL — 1)]3
i—1

This proves the result. m

Remark 3.3.3 FEquations (@ and are the ‘Bonferroni’s inequalities’ in $-
valued probabilistic space.

Corollary 3.3.4 If§1 2Fo2 .. 28,2 ...andF:=F1nFan ..., N ... then

tim £5(5) = £5() = £5( (15

3.4 Future Prospects

The works as carried out in this chapter can be extended from the view point of the
conditional hyperbolic hybrid valued probabilistic measure in the next chapter.

xRk KRR Rk KRk
The works of this chapter have been accepted for publication and to appear in

Journal of the Indian Academy of Mathematics (UGC CARE Listed), Vol.
46, No. 2, ISSN: 0970-5120.
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Chapter 4

Some studies on the conditional
hyperbolic hybrid valued
probabilistic measures

4.1 Preliminaries.

In 18th-century renowned British mathematician Thomas Bayes introduced a mathe-
matical formulation known as ‘Bayes’ Theorem’ for determining conditional probability.
The principle of conditional probability is the likelihood of an outcome occurring based
on a outcome that has already been occured in similar circumstances.

Definition 4.1.1 Conditional probability space is a set Q) equipped with a o-finite mea-
sure £ defined on a o-algebra X of sets in €.

In this chapter we prove the ‘multiplication theorem’ and its generalization in the
hyperbolic hybrid valued probabilistic measurable space. Also, the extended version of
Bayes’ theorem and the law of total probability are deduced here in this context.

4.2 Theorems.

In this section, we present the main results of the chapter.
The following definition is relevant.

Definition 4.2.1 Consider a probabilistic measurable space (Q, PN £ﬁ). Let § and 34
be two events. The conditional probability £g(F|U) of the event F under the condition
that the event Y has already been occurred is defined as follows:

(a) Lg(FW) = % if £5(80) > 0 and £4(U) ¢ Sg; where &y is the set of hyper-

bolic zero divisor
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(b) £5(SU) = £5(F) if £5(U) =0
(c) £(FlW) = £28e 4 £4(Fe_ if Lg(H) = 14,1 > 0;
(d) £5(B18) = £5(F)es + 228Me_ if £(4) = rse_, vy > 0.

Now we shall show that Item (c) and Item (d) are in a complete agreement with Item

(a).

For any event §, we have
£5(F) =T (F)es + Ta(F)e-

Therefore, £5(FU) = ’gfg, S(Q)u) can be written as

N o o - TiSkDes F (e

L5(F|L) =

whereas £q(F|U) = M&r + L5(Fe and £4(FU) = £4(F)ey + M;u)e can be

written as

£ (3I41) = M b L (e

CINF e, +Ty(F e
'y (L)

IE (L[) e, + FQ(S)G_
1 (3lhes + Ta(F]he-

er + (I (Fer + 2 (Fe-)e-
0

and

Ls(BI4) = Lo(F)es + %jme_
= (T1(§)es + Do(Fe e, + D@ n ey +Dr(F e

%)
Iy (3 N ﬂ) _
T T Ty (§8hes + To(F|the

= F1<3’)e+ +
Therefore, it is clear that (a) is completely agree with (¢) and (d).

Now, we prove a theorem focusing the measurable space (L, ¥y) as a $-valued
probabilistic space.

Theorem 4.2.1 For a fized event i, with £4(8) # 0, the measurable space (4, Xy)
where Yy is the o—algebra of the set of events of the form § n U with § € ¥ forms a
$9-valued probabilistic space under the measure £g(.|L).
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Proof. It is clear that £(F|4) =0
Next, we show that £g(LU[Ll) = p.
Case-I: If £5(4) ¢ Gy, then

Lo ntl)  £y(th)

Lq(UY) = = =1.
M =0 W) T L)
Case-II: If £(UJL) = tje, then
£ LU
fﬁ(ﬂ’ﬂ) - MQ_A'_ + £ﬁ(u)e_ = 51( )e+ = e+.
1 1

Case-III: If £4(U[L) = rpe_, then

L(880) = £5(Wes + Me _ £’1<ﬂ)

Now, let § = U,;‘Ozlgk with §; N §; = & for i # j, then
Case-I: If £5(4) ¢ Gy, then

LsFnt)  Ls(Upy 8k 0 1)

GO =L@ T LW
_ 2 L@ ) _ i L5 8k 0 4)
Lg(H) = L)
i 5 (kL.

Case-II: If £(U) = ve,, since for any k, §x n U < U and as Fn U < 4L
Now if £5(Fr N U) = sge, then

Ly(F i) =se, =T1(Fn e, = Fl(USk mil)e+

2 Skmﬂe+—25ke+

n=1 n=1
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Hence

Ly@l) = 220 e 4 £(F)e. — § +Ta(§)e-

S

—e, + Fg(Sk)e_)
151

I
s =1~

= D £o(Bl8).

>
Il
_

Similarly, we can show for £g(4l) = tee_.

Therefore, (il,, Sy, £ 5(|il)) is a probabilistic space. m
The following theorem ensures the multiplication rule for the conditional probability
in a hyperbolic hybrid valued probabilistic space.

Theorem 4.2.2 If § and L be two events of the probabilistic space (Q, PN £ﬁ), then
£5(F N U) = L)L (F|Y).

Proof. To prove the theorem the following cases arise.
Case-I: If £5(4) > 0 and £4(4) ¢ Sy, then

L35 = L2804

or, £5(Smﬂ) = £ﬁ(ﬂ)£ﬁ(8|ﬂ)

&
)
E

Case-II: Let £4(4) = 0.
As F il c i, then £4(F n ) =0.

S Eg(F ) = Lg(M) £4(FILL).

Case-III: Suppose £g(4) = rye, such that t; > 0, then

£
£53ls) = 250 e 4 @e.
therefore
£5(U) £5(FIL) = v1£5(F|tes = £6(F N We,. (4.1)
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As § n U c i we get that
Ls(F ) =T1(FnWe, +0.e_ =T1(FnYe,.
Therefore Equation (4.1)) can be written as
L) £5(FIU) = T1(F N ey = £5(F N L).

Case-IV: In a similar way one can conclude for £4() = roe_ with vty > 0. =
We call this theorem as “Multiplication Theorem” in $)-valued probabilistic space.
Now, we wish to extend Theorem 4.3.2 for n events.

Theorem 4.2.3 If n random events §1,352, ..., Sn satisfy any one of the following con-
ditions:
(1) £5(F1 0 - N Fn) is not a zero-divisor.
(i1) (a) There exists 1o € {1,...,n} such that £4(F,) = t,ey, with t,, >0,
it implies that, £(§,) is a zero-divisor in H{  and also

(b) £4 ( N, Sl) belongs to H .
(111) (a) There exists g € {1,...,n} such that £4(Fr,) = tr,e_, with v, > 0, it implies
that, £4(§r,) is a zero-divisor in HZ  and also

(b) £ ( Ny Sl) belongs to H .

Then

L5100 Fn) = £6(81) Lo (S2lF1) -+ L5(FnlE1 0 N Fna). (4.2)

Proof. Let us first consider Condition (7) holds. Since

n—1 n—1
ﬂ&'cﬂ&'c'“cgl (43)
i=1 i=1

and as

.f:ﬁ((i]gl) = rl(ﬁgl)e+ + Fg(ﬁ&)e_ ¢ G0

1=1 =1

we get Fl(ﬂle&) > (0 and FQ(ﬂyzl&) > 0 which implies £(F;) ¢ Gg, for all
[ €{l,...,n} and also for all k € {1,...,n — 1}, i}J( ?:_lk&) is a strictly positive
hyperbolic hybrid number.

Therefore, all conditional probabilities £3, ({S’k] ﬂf;ll Si), where k € {2,...,n} are well-
defined, which leads to

fﬁ( ﬂs) LT3 T (srﬂs)

n—1
+ Do (F)T2(F2/81) - . T (m N &)e,
=1
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and therefore (4.2) agrees.
Now, let Condition (i) holds.

From the hypothesis that £ ( Ny Sl) is a positive zero-divisor, let us assume £ (ﬂl"_l 3’1> =

te,,t > 0, which implies F1<ﬂl"=1 &) =t>0.
Suppose that 7o = min{0, 1,...,n} such that £5(§,,) is a zero divisor which implies

Ly ( ﬂle 31) = s,e,, then

k+1
k "55( =1 S
L (SkJrl‘ ﬂgz) = poy e; + Ly(Fkr1)e— for k= .
=1
Also, we have
T0—1 "Eﬁ( ;—il Sl)
Sr€ S
Ly (Sm| ﬂ Sl) = = R = i e,.
= £y <ﬂ?iil 3:) Ly (w N &) Pl(ﬂgl &)

Hence
T0—1 n—1
£5(B0) £n(Bal) - £5 (sm| N &) Ly (w N &)
=1 =1

T0—1 n—1
=T (F)T1(8elF1) ... T (w N sl) LTy (s N &)e+
=1 =1

=F1(31 NF2n--N Sn)e+
=£ﬁ(31 NFaN--N Sn)

By similar argument, (4.2)) follows for the Condition (i7i). m

Remark 4.2.1 The above result is the generalization of ‘Multipication Theorem’ in
hyperbolic hybrid valued probabilistic space.

Definition 4.2.2 Let § and U be two random events.
1. Event § is called independent of the event L if £4(F|HU) = £5(F).
2. Event M is called independent of the event § if £o(UF) = L (LL).

3. § and Y are called mutually independent if § is independent of L and L is inde-
pendent of §.
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Let us take into account all possible cases.

(i)

(i)

(iii)

Suppose that at least one of these two probabilities £4(§) and £ () equals zero,
L5(F) =0 (say) then L(F nU) =0, which leads to

£5(UF) = L5(8) and L5(F]Lh) = 0 = £5(F).

Therefore, the events § and 4l are mutually independent.

If £4(F) = £5(4) = 0, then by definition, £5(F|H) = £5(F) and £5(U|F) =
L (L), thus § and U are mutually independent.

Therefore, in any scenario it agrees with £5(F N U) = L£5(F)L5(LL).

Assume that both probabilities £4(F) and £5(4) are not in Sg .
Now the event § is independent of the event 4 implying

L£5(SU) = £5(F) = %

i, £5(F 0 8) = £4(F).£4(80)
i.e., £5($mﬂ) = fjﬁ(ﬂ)fﬁ(&)

From the above, one can conclude that event § is independent of event 4l if and
only if event 4 is independent of event § and therefore both events § and il are
mutually independent.

Let us consider both probabilities £¢(F) and £g(4) be zero—divisors and both of
which belong to $e,. So, there exist two positive real numbers v and t such that
£5(F) = ve; and £5(U) = te,, therefore we get I';(§F) = v and I'; (U) = t whereas
'3 (F) = ' (4) = 0 which implies that 0 < T'; (Fn ) = s and Ty (F nU) = 0, thus
Lo(F ) = se,.

Let § is independent of 4; then

£
te, = £a(3) = L5310 = 28 L £ (3e
r u
= —1(3tﬁ )eJr = %e+; (4.4)

therefore, § is independent of 4 if and only if v = £.
Suppose, t = 1. Then we get that

£ b
£5§(u‘3) = @e+ + fg(ﬂ)e_ = %e_,_ = 557£

= tey = £5(W); (4.5)

€+

this leads us to the fact that il is independent of §, and hence events § and i are
mutually independent.
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Now from any one of (4.4) and (4.5), we can say that for independent events §
and 4

Lg(F N th) =£5(F N e, = tte, = (ve;)(tey)

=L5(8) L5 (80).

The case where both probabilities £4(§) and £4(4) are in o_ is also similar.
Let £5(F) and £g(4U) be both zero-divisors such that £4(§) = ve; # 0 and
L) = te_ # 0, and conversely.
AsFrnihc Fand §Fn i c i we have I'1(F n i) = Ty (F n ) = 0.
Thus, £4(F N U) = 0.

Now,

L5(F|Lh) =

we + £5(3)e, =te, = £.6(3'>7

which implies that § is independent of . Again

£5(Smﬂ)
T

L (U[F) = er + L£g(tle. = £g(U)e_ =te_ = L4(L),

Hence, event 4 is independent of event §.
Therefore events § and 4 are always mutually independent with

£5(8) £a(U) = (vey)(te) = 0= £5(F N 4).

Finally, assumes that any one of the events £4(§) and £g(4)is zero—divisor and
another is invertable hyperbolic hybrid number.

Let £5§(S) =tre; # O, £y)(u) = tle+ + toe_ ¢ 6570‘
Therfore

s:=T1(F U =0and Ty(F n i) =0.

Thus, § is independent of & which implies

La(Fnl e
Lo(Bl) = 2000 = E — e, = £4(3) = tey,
S
— t = —,
t

Now,




= §e+ + Fg(il)e_ =te, +the = £5(il),

therefore, 4 is independent of §.

Actually, § and 4 are mutually independent if and only if one of them is inde-
pendent of the another one.

Thus from the above we can say that one has for independent events that s = tt;,
therefore

£5(F N il) = se, = (vey)(tier) = £5(T) L (L0).
From the above, we can state the following corollaries.

Corollary 4.2.1 Let § and L be two random events. Then § is independent of L if
and only if L is independent of §.

Corollary 4.2.2 For any two mutually independent events § and U, the multiplication
theorem takes the form

L5(F ) = £4(F)Ls(L).

Theorem 4.2.4 If § and 3\ are mutually independent events then F and U, F and Y,
¢ and U° are also.

Proof. We prove it for § and 4° elsewhere other cases can be proved in similar manner.

AsTF=Fn) U FnU), £6(F) = £5(F n ) + £5(F 0 YY) and thus,
L£5(F n8) = £5(F) — £5F nU) = £5(F) — £5(3)£5(L1). (4.6)

Also, we can factorize £g(F) but the consequent computation depends on the value of
£5(Q) and therefore, the following cases may arise:

(1) If £4(F) ¢ G5 then £4(N2) ¢ Sy and therefore p = 1. Thus we have
£a(F N lh) = £65(F)(1 = £5(8) = £5(3) £ (W),

which implies § and U° are mutually independent.

(2) Let £5(F)re, € Gy, as F N U = F, then L4(F N UY) = se, for some 5 > 0;
consider £ () = tje, + tye_, which leads us to the following subcases:

(a) If £5(Q) =1 ¢ 65’0 then

Lo =1— L4580 = (1—t)e, + (1 —ty)e_,

33



thus,
se, = £45(F nU) =re, —re,(tie, + e ) =re, —te,(te,)
=t(1 —t)e; = (ve;)((1 - t)ey) = £5(F)£5(80).
Therefore, § and 4° are mutually independent.
(b) Let £4(£2) = e, (It is obvious, £(€2) = e_ is impossible) then it is necessarily
L) = tiey and L5(U") = (1 — t;)e,, hence
£5(F i) = e, —vertie, = (vey)(1—tley = £4(F)£y(L0).

Therefore, § & 4° are mutually independent.

(3) In similar way the case £4(F) = raoe_ can be treated easily. m

Definition 4.2.3 Let §1,F2...,8n be n random events, are said to be mutually (or
jointly) independent if for any subset of indices A;,, Aiy, ..., Ai,, such that 1 < ip <
Qg < oo <l <n (me{2,...,n}) the following equality holds:

DEfJ(gil M. ﬁS"ILm) = £ﬁ<3{11)£ﬁ<32m)

If the equality holds for m = 2 only, then the random events are called pair—wise
independent. In general, pairwise independence and joint independence of events are
different notions.

If §1,52,...,8, are mutually independent events then the general multiplication
theorem will be

im

'fi)(Sl NF2Nn- 0 Sn) = £5§(31)£5§(32) e £5§<Sn)

Definition 4.2.4 Let Fi, Fs, ..., F, be pairwise disjoint random events with positive
(not necessarily strictly) probabilities in a $-valued probabilistic space (2, %, £y) such
that Fiu Fau- - F, = Q. Then {F1, Fa, ..., Fn} is called a fundamental (or complete)
system of events (FSE).

Theorem 4.2.5 Let § be a random event and {Fi, Fa, ..., Fn} be a fundamental system
of events in $-valued probabilistic space (2,3, £g). Then

£6(F) = 2y £5(Hi) £6(3|F2).

Proof. Since §=3nQ =3n ( Ui E) = Ul ;8§ n F; and the events § n F; are
pairwise disjoint then

£53) = £5F n F).

=1

Now we can apply Theorem m (‘Multiplication Theorem’) which leads us to the
required result. m
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Remark 4.2.2 The above result is the ‘Law of Total Probability’ in Hyperbolic Hybrid
valued probabilistic space or it can also be called ‘Complete hyperbolic hybrid valued
probability formula’.

Now, we state and prove the ‘Bayes’ theorem’ in hyperbolic hybrid valued proba-
bilistic space.

Theorem 4.2.6 Let us consider the hyperbolic hybrid valued probabilistic space (2, %, £g),
a random event § and a fundamental system of events {Fy, Fa, ..., Fn}. Now,

(1) if £5(F) is an invertible hyperbolic hybrid number, then

£5(Fr) L@ Fr)  _ £o(Fr)-£5(81F)
Yiic1 £5(Fi)-£5(F1F) £4(3) 7

(2) if £5(F) = vey, where v > 0, then

Lo (FilS) =

(4.7)

(£5(F0)-£5(§1F0) = £5(Fil§). ), £5(F)-£5(3F) Jer = 0. (48)
(3) if £&(F) = te_, where t > 0, then
(£0(70 £5(8170) = £5(7) Y, 5F)-L5@1Fe.) 0. (49)

Proof.

(1) Let us consider an invertible hyperbolic hybrid number £ (). Then by Theorem
M.2.2] we get that

L£5(§ 0 Fi) = L5(Fi) £5(8|Fr) = £5(8) £ (FrlT),

which proves one part of Equation (4.7)).
The other part of Equation (4.7)) can be proved by using Theorem m

(2) Let £5(F) = ves, where t is a positive real number. Then Theorem [1.2.2] gives
that

£5(8) Lo (FrlS) = £5(Fi) £ (| F)- (4.10)

Clearly, the R.H.S. of (4.10) is an element of $, as L.H.S. of (4.10) belongs to
$e, . Since the definition of £g(§|F;) contains the factor £4(§ N Fi) and also
§nFr 3§, we get £o(F N Fi) € Ne, -
Now, using Lemma [3.2.1] Equation (£.10) becomes
0= £5(Fr) £5(31Fr) — £ (FklT)£5(T)
= (£ (Fi) £6(8|Fk) — £5(FilT) £5(5))er

Therefore, we can obtain Equation (4.8]) by using Theorem .
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(3) Similarly we can prove Equation (4.9) for £4(§) = te_ where t > 0.

4.3 Future Prospects

The works under the umbrella of Chapter 3 and Chapter 4, the exploration of
probability distribution in the hyperbolic hybrid valued probabilistic measurable space
may be an open problem for the future workers in this branch. Also, under this flavor
the techniques of expectation are still virgin.

>k >k ok kKR koK sk ok sk sk kokokokokoskokk

The works of this chapter have been accepted for publication and to appear in
Journal of the Calcutta Mathematical Society (UGC CARE Listed), ISSN:
2231-5314.
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CHAPTER FIVE

&)

o)

SOME COMPARATIVE GROWTH
PROPERTIES OF P-ADIC ENTIRE
FUNCTIONS AND THEIR
DERIVATIVES




Chapter 5

Some comparative growth
properties of p-adic entire functions
and their derivatives

5.1 Introduction, Definitions and Notations.

Let us consider T to be an algebraically closed field of zero characteristic which is com-
plete with respect to a p-adic absolute value |.| (for an example C,). For any 6 € T and
R € ]0, +f, the closed and open discs are defined by d(6, R) = {oe T:|o— 0] < R}
and d(0,R) = {oe€ T :|o— 0| < R} respectively. Also circle of radius R and center
at 0 is C(0,R) = {0€ T : |o— 0| = R}. Furthermore, the set of power series with an
infinite radius of convergence O(T) is the T-algebra of analytic functions in T. In
non-Archimedean analysis Rodriganez [48] defined an entire function on T as a Taylor

series
o0
>
n=0

with convergence on all of T; an analytic function as a Laurent series which convergence
on a certain domain D. Also, M (T) denote the field of meromorphic functions in T
(i.e., field of fractions of O(T)) i.e., a meromorphic function is a quotient of two entire
functions. Given h € M (T), we will denote by ¢ (f,r), the number of zeros of A in
d(0,r), taking multiplicity into account.

Many of the series that appear in non-Archimedean analysis have small domain of
convergence. For example,

X ,n
exp, (3) = Z ‘E—n converges for 3] < p®- 1>
n=0

log, (14+3) = Z "Ha converges for 3] < 1.
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Analytic functions inside disc or in the whole field T were introduced in [1], [23] and
[24].
Let i e O(T) and r > 0, then we denote by |A| (r) the number

sup {|h(0)| : |o| = 1},

where |.| (r) is a multiplicative norm on O(T) . Moreover if  is not constant the |h|(r)
is a strictly increasing function of r and tends to +o0 with r. So there exists its inverse
function

1]+ (|5(0)],50) — (0,0) with lim [A|(s) = 0.

S§—00

Therefore for any two entire functions h; € O(T) and hy € O(T) the ratioIZ;IE:; asr — o0
is called the growth of A; with respect to hy in terms of their multiplicative norm.

Somasundaram et.al [55] introduced the notion L-order and L-lower order for en-
tire functions where L = L (r) is a positive continuous function increasing slowly i.e.,
L (0r) ~ L(r) as r — oo for every positive constant §. The most generalized concept for
L-order (lower order) for entire function are L*-order (lower order) which is introduced
by Sato [53].

For t € [0,90) and k € N, we define

log*l ¢ = log(log[k*” t) and exp!* t = exp(exp*~1¢),
where N be the set of all positive integers. We also denote as
log[o] t =tand expl?t =t

Throughout this chapter, log denotes the Neperian logarithm.

Here we mean to introduce and study the notion of L* order of growth and L* type
of growth for function of order t. We will also introduce a new notion of L* cotype of
growth in relation with the distribution of zeros in disks which plays an important role
in processes that are quite different from those in complex analysis.

Definition 5.1.1 [37] Let ¢ € O(T) ,the order of growth of 1 or the order of ¥ in
brief, denoted by p () is defined as

o) = lim sup 2818 WI(D)),

7—00 log r

We say that v has finite order if p(1)) < +c0.

Definition 5.1.2 [§] Let ¢ € O(T) of order t, where t € [0, +0o[. Then the cotype of
Y, denoted by W (v) is defined as

q(wﬂ“)'

rt

U (¢) = lim sup

T—00
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Definition 5.1.3 [§/ Let ¢ € O(T) of order t. Then the type of growth of 1 or the type
of ¥ in brief denoted by o (V) is defined as

o (¢) = lim sup log(]rw‘

r—00

Definition 5.1.4 [20] The L*-order p** (¥)) of an entire function v € O(T) is defined

as
. . log! ] (r)
L _
p (w) - 7"11—>HOIO sup log [T@L(T)] .

Definition 5.1.5 Let 1) € O(T). Then L*-cotype of ¥, denoted by WX (1) is defined as

pL (1) = lim sup _ 4T @, 7;)* oL
r—00 {TeL(r)}P

Definition 5.1.6 Let 1) € O(T). Then L*-type of ¥, denoted by o™ () is defined as

o log (el (1)
o (¥) =M e

+
Definition 5.1.7 [§] An entire function ) c,w™ € O(T) satisfies Hypothesis L when
n=1

len—1]
[en]

the sequence ( > 18 strictly increasing.
neN

5.2 Lemmas.
In this section we present the following lemma which will be needed in the sequel.
Lemma 5.2.1 [Z]|] Let

+00

P (w) = > cuw™ € O(T).

n=0

Then for all s > 0 we have
|¢| (5) = Slilo) ‘Cn| s" = ‘cq(w,r)| Sq(z/z,r) > ’cn| s"

for alln > q (v, s). Moreover if 1 is not a constant, the function in s : || (s) i

s
icreasing and tend to +oo0 with s. If 1 is transcendental, the function in s : 'ﬁ',&f
to +o0 with s, whenever m > 0.

strictly
) tends

Lemma 5.2.2 {c¢f. [8], [Z4]} Let v € O(T) be non-identically zero and let s',s" €
10, +oo[ with s < s".Then

S_” q(,s) . |¢| (S//) _ S_” q(,s")
s’ Tl T\ '




Lemma 5.2.3 [§] Let
+o0
Y (w) = Z cuw™ € O°(T).
n=0

such that p(y) € 10, +0o[. Then

3=

ot () p*()e = lim sup (n (Jeu)

n—0o0

Lemma 5.2.4 Let X
Y (W) = ) cuw" € D(T).
n=0
such that p(1) € 10, +oo[. Then
o™ () " (¥)e = lim sup (n (e 6L(|tn|))ﬁ> '

Proof. The proof of Lemma 5.2.4 can be carried out in the line of Lemma 5.2.3 and
therefore its proof is omitted. m

5.3 Main Results.

In this section we state the main results of the chapter.

Theorem 5.3.1 Let ¢ € O(T) be not identically zero. If there exists 0 = 0 such that

lim sup{m} <+

r—00 (rek(r) )9

then p=* (1) is the lower bound of the set of 6 € [0, +0[ such that

: q ()
}1_{2) Sup { (reL(r))e } -

q(¥,r)

(ret®)’

then p™* () = t. If there exists no 6 such that

lim sup Q(?ﬂﬂ")e < +00
r—0o0 (TeL(T)>

Moreover, if

lim sup {

7—00

}=be]0,+oo[,

then p** (¢) = +0.
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Proof. At first we will prove that given ¢ € O(T) be non constant and if for some

t>0,
lim sup {—q (¥, rl}
r—00 (T@L(T))
is finite, then p* (1) < t.
Consider,
lim sup { a(v, r)t} =be [0, +o0l.
P00 (reln)
Let us take € > 0, then we can find a positive real number G > 1 such that || (G) > €2
and
M <b+evVr=g
(rel()

and hence by Lemma [5.2.2]

As G > 1, we have

log (4] (r)) < log (|¢](G)) + 7" (b +¢) (log () -
When p > 2, ¢ > 2, we have

log (p + q) < log (p) +log (q) .

Now, applying the above inequality with p = log (|¢)| (G)) and ¢ = 7" (b + €) (log (1))
when rf (b + ¢) (log (1)) > 2 that gives

log (log (|| (r))) < log (log [¢] (G)) + tlog (r) + log (b + ¢€) + log (log (7))

ie.,
log (log (|4] (1)) _ lo (log [ (6)) + ¢ log (r) + log (b + ) + log (log (1))
log (rel) log (re*(r)) ‘
Henee (141 (1) (r)
' log (log (|| (r))) tlog () _tlog(r) _
PSP g (reF0) S blog (ref0T) S e Tog (r)

o (y) <t (5.1)

This proves the first part of the theorem.
Conversely, we will show that p* (1) > t.
First we shall prove that given ¢ € O(T) is not identically zero and if for some ¢ > 0,

we have
i 4 (¥,7)

r—00 Tt

> 0,
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and
q(,7)

r—00 (reL("”)>t ’

then po* (¢) > t.
By hypothesis, there exists a sequence (7,),,. such that

q(,r)

lim ;> 0.
r—00 (WneL(T(n)>

Thus there exists b > 0 such that
lim M > b.

r—00 (ﬂ-ne[/(ﬂn) )t
Now assuming [¢| (9) > 1, therefore by Lemma we get that
[¢] () = 1n.

Taking @ > 1 and using Lemma
‘IM (Wﬂ'n) (b, mn) [b{T( eL(ﬂn)}t]
— = ()™ = (w)"
] ()
ie.,
- t
log (|¢] (@) = log (¢ (m4)) + b {me"™}" - log ().

Since [¢)| (m,) = 1, we have

log (log (|¢| (wmy))) = log (blog (w)) + tlog (WneL(””)) :

Therefore,
log (log (|¢| (wm))) _ , , log (blog (w))
log (mel(m)y =~ log (7,,)

for all n € N. So,
log (log ([¢| (@)

i >
TILI& sup log (reL(T)) >t
ie.,
*
Pt (¥) = t.
Combining Equations (5.1)) and (5.2)) we can say that
P (W) =t

Thus the theorem is proved. m
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Example 5.3.1 Suppose that for each r > 0 we have
q(Y,r) € [rt logr, ' logr + 1] ,
L(r) = log(log 7")% :

If we take
q(,r) =1'logr

then of course for every 0 > t, we have

q(¥,r) : r*logr
= lim ——%
r—00 {7”6 (7‘)} r—00 ) {(10g7’>§}
. 1
= Jim s =0
and
¢
gl L rtlogy

R () S {(log r)é}t

= lim (1og7")1_5 = 0.
r—00

So, there exists no t > 0 such that

lim sup M < +o0.

r—o0 {rel }t

+00
Theorem 5.3.2 Let ¢ (w) = Y, ¢uw" € O(T). Then
n=0

o2 (1) = lim ( nlogn ) ‘

n—w \ —log |c,| - eLllenD)

Proof. If p~* (1) < 400, the proof is identical in the complex context.
Let us suppose that p™ (¢) = +oo. If possible let,

li nlogn <+
o2 P\ Tlogen] - elead '

Let us take s € N such that

1
nlogn < sV¥ne N

—log|cy,| - ellenD)

and

q(,r)

TIL% sup m = +400.
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So we take a sequence (7,,), .y such that

lim 4 WeTm)
m—o0 {ﬂmeL(ﬂ'm)}

Set u,, = q (¢, m,),m e N. So,

U log (uyn) < s(—logle,,|e"wnD)

1
cum

Hence 1
Um
(Um) < | |86L(\cum|)
Um
lLe.,
1 )
> ¢y,
() o
Therefore,
L(mm) SUm,
seL(‘cumD L(mm)\ S¥m <7Tm€ >
’cuﬂq ‘ <7Tm ) < (um)um
lLe.,

seL(‘aum |) (WmeL(Trm)> h
(1] (7)) <y

whereas Lemma [5.2.1] gives that

lim |¢| <7Tm) = +0,

Tm —>00

hence,
L(rm) \ ®
(™) >

where m € N (a large number)

which contradicts Equation (/5.5).
Therefore Equation (5.4)) is impossible and hence,

lim ( nlogn ) — +o0 = p" ().

n—wo \ — log ‘cn’ . eL(enl)
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Theorem 5.3.3 Let ¢ € O(T) be not identically zero. Then
P () = o (v) .

Proof. From Theorem [5.3.2

L* (/Y _ 1 nlogn
P (¢) T}EIOIO<—log](n+1)cn+1]-eL((n+1)cn+1|) ’

But since £ < [n| < 1, we have

. nlogn
im
n—n \ —log|(n + 1) ¢,qq| - eLU+Denial)

. nlogn

= lim

n—w \ — log (‘cm_l’) . eL(len+1l])

( (n+1)log(n+1) )

_ log (|cn+1‘) . eL(|Cn+1|)

=" ().

= lim sup
n—ao0

Corollary 5.3.1 The derivation on O(T) restricted to the algebra O(T,t) (resp. O°(T)
) provides the algebra with a derivation.

Theorem 5.3.4 Let 1) € O(T) such that p** (1) € 10, +oo[ . If

e _ oy log ([9](r))
or () = lim, (et} )

then
U (y) = p" () o ().
Proof. Let
+o0
P (w) = Z Crw'™.
m=0
Without loss of generality, we consider that 1 (0) = 1. Let t = p** (¢), | = ——

pL* ()
and (C(0,55)),,en be the sequence of circles having at least one zero of 1, where

Sm < Sma1. Suppose that the Hypothesis L satisfied by ¢. By Lemma [5.2.1] each
circle C (0, S,,) ,m € N contains a unique zero of 1 and also ¢ has no other zero in T.
Furthermore, for each m € N, we have S,, = lem=1l anq consequently ¢ (¢, S,,) = m,m €

lem]

N. Now, when r € [S,,, Sms1[, ¥ admits exactly m zeros in d (0, 7) and therefore when

r =S, {Q(zz’(’r)}t is maximum in [S,,, Spmy1[. Consequently, we have
re ("
m
U () = li —
(¥) e P (S, el (Sm)}!
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So, for g, > 0 and
lim supe,, =0,

n—+00
we get that
m . %
ey e
Therefore,
m i
Sm = | =77
<\I/L* (¥) + Em)
1
m
- (wme) >0

Now, let (¢ (m))

expression

ey De a strictly increasing sequence of integers and also consider the

E (m) = log (] (S Z log (S —log Sk.

By Equation (5.6 we have

@ (m) -log ¢ (m) — ¢ (m) - log (VX" (¢) + () — Z log (k) +

E(m) = 1 o(m)
2 log (V2 (1) + <)
@ (m) -logp (m) — ¢ (m) - logsO( ) p(m)+0(1) -
= ! © (m) log(TL™ () + Ep(m)) + Z log (\I/L (¥) +€k)
Hence

E(m) = {90 (m) + O (1) — @ (m) log(T=* () + £ ) Z log (@L ) + &?k)} .
(5.7)
We assume that

S () — tim 105 (1 ()

) {reL(r)}t

and let us consider a sequence {¢ (m)}, . such that

i 1 (Vs Sem))

o0 {Sw(m)eL(Sw(m)}t -
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ie.,

li (p(m) - = \IIL* 'QZ) )
mir?oo {S@(m)eL(Sv(m))} ( )

Obviously, we can check that

oL () = wlll_rgo log (W’L(itp(m)))t
{Sam)@ ( “’(m))}

= lim E(m) ;-
" {Sw(m)eL(Sv(m))}

From Equation (5.7)) we get that

o (¥)
(m)
l {gp (m) +0 (1) — @ (m) log (\I]L* (¢) + &p(m)) + SOZ log (leL* ('@ZJ) n Ek)}

= lim t =

o {S¢(m)eL(Sw(m))}

o(m)
om _ x ; o (O

=i " {1 * oty — (o8 (V7 (:b )+ 590(771)))} + lim Zeew +t€k)

m—ao {Scp(m)eL(Sw(m)) } m—o0 {S@(m)eL(s‘P(m)) }

)

p(m .
o (¢) =[- lim L4 (m) {1 — log (\IJL* (¢) + Sw(m))} + lim l kgl log (‘1; (1/}) + gk)

t t
m—o0 L(S,(m m—0 L(So(m

(m)
Z¢Z log (UL* () + &)
— 1w () - (1 — log UL* (¢)> + lim —=! . (5.8)
" {Smm)eL(S‘”“”’)}

(m)
S tog (W () +er)
Hence, from (j5.8)) == ~ admits a limit when m tends to oo which is

{Swm)eL(Sw(m)}

o () =10 (@) (1-10g U ()

Since
lim sup (Ecp(m)) =0,

m—00
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we can check that

log (WL*
L) gt ()
B el B L

= U () long (). (5.9)
Indeed, let us fix w > 0 and let M € N be such that ¢, < w for all £ > M and

log (‘I’L* (V) + €k)

Spm€ oL (Seim)) }t

<w Y p(m)> M.

,-A—\ HME

Then

I:(%m—il o (\IIL* W)+ gk) L* p (m)
{S@(m)eL(Sw(m)) }t =l (\II s w> {S¢(m)eL(S¢(m>)}t

< log (IIJL* () + w) W (). (5.10)
So, from Equation (5.9)) and (5.10) we get that

(m)
WZ log (\I/L () + ak)
lim £=L < w+log (\IJL* () + w) T () .
" {Sso(m)eL(s“”‘”’)}

This is true for each w > 0.Hence from Equation (5.8) we have

(m)
3 log (W () + =)
o () = 1{ UL (¢) — UF* () log TX* () + lim ~=2 :
m—o0 {S@(m) eL(Sw(m))}

By using Equation (5.9)) we obtain from above that
ot () <19 (1Y),

ie.,

- P () P (1) < UF ().

Hence the theorem is proved. m
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Theorem 5.3.5 Let 1) € O(T) be not identically zero, of order t € 10, +oo[. Then
ot (1) =" (¥).
Proof. By Lemma 5.2.4 we have

t
o (w/) PE())e = lim sup (n (|n + 1] [eps1] eL(K”H)‘”“')) ")

/N

= lim sup
n—a0

(n+1) |n + 1| [epq1] eL(l(n+1)tn+1|))n)n+1)

_t N\ nril
= lim sup <n+1 |n—|—1||Cn+1\eL(|("+1)cn+1|))n+1> +1)
n—0o0
= " (W) " (W)e.

From Theorem 5.3.3 we get that

7~ N~

P (W) =t (V)
and since p¥* (v) # 0, we can see that
o () =™ ().

This proves the theorem. m

5.4 Future Prospects

In the line of work as carried out in this chapter, one may think of finding out
various problem on relative (p,q,t) L'" Worder (lower order)[22], type in the p-adic
ground where ¥ : [0,00) — (0,90) be a non-decreasing unbounded function, satisfying
the following two conditions:

loglPly
lim

8 Toglaw () ~ Y

and d
a
iy L0 (ar)
r—>00 log[Q]\Ij(r)

for some a > 1 and this treatment can be done under the flavour of bicomplex analysis.
As a consequence, the derivation of relevant results is still open to the future workers
of this branch.

>Hkook skoskook sk kok sk kokook skokok skokokok

The works of the chapter have been communicated.
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CHAPTER SIX

o)

A NOTE ON THE BICOMPLEX
VERSION OF ENSTROM-KAKEYA
THEOREM




Chapter 6

A note on the bicomplex version of
Enstrom-Kakeya theorem

6.1 Preliminary Definitions and Notations.

In this section, we give some basic definitions about bicomplex numbers which will be
needed in this sequel.

Definition 6.1.1 [/6] Idempotent representation is one of the important presentations
of a bicomplex number. The bicomplex numbers e := 4 et .= 1_2” are linearly inde-
pendent in the C,-linear space Co ande+el = 1,e —el =ij e.el =0,e?> = e,e? = e.
Any number n = 0y + jns € Cq can be unigely expressed asn = (n; —in2)e + (n +ing)el.
This representation is named as idempotent representation of 1.

Definition 6.1.2 [/6] The complex spaces X1 = {m —iny : m,n2 € Ci} and Xy =
{m +iny : m,me € C1} are called the auxiliary complex spaces. Each point ny + jne =
(m —ino)e + (. + iny)e’ € Cy associates the points ny — iny € Xy and ny + iny € Xs.
Also to each pair of points (my — iny, 1 + ing) € X1 x Xy there is a unige point in Cs.

Definition 6.1.3 [/6] An open discus D(&;7,79) with centre & = £1e + &el and radii
71 > 0,70 > 0 is defined as

D(€;7_1,7_2) = {wle + WQeT € CQ Z|£U1 — €1| < T1, |w2 — §2| < ’7'2}.

Definition 6.1.4 [[6] A closed discus D(&;71,75) with centre £ = £1e + el and radii
71 > 0,70 > 0 is defined by

D(&m1,7) = {wie +we € Cy tfon — & < 7, |wz — &f < 1}

Definition 6.1.5 [[6] If 11 > 0, 5 > 0 both are equal to 7, then the discus is called a
Cs- disc and is denoted by D(&;71,7) = D(&; 7).
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6.2 Lemmas.

In this section we present lemmas which will be needed in the sequel.

Lemma 6.2.1 [/6] Let B = gle%—‘ggef {Qle~|—ggeT 01 € %,1’ 09 € %;} be a domain
in Cy. A bicomplex function 8 = R1e + Kel : B — Cy is holomorphic if and only if
both the component function K1 and Ks are holomorphic in ’Bl and %2 respectively .

Lemma 6.2.2 [/6] Let R be a bzcomplex holomorphzc function defined in a domain
B = Bre+Brel = {Q1e+92eT 01€B1, 00 € %2} such that £(o) = £;(01)e+Ka(0o)el,
for all 0 = p1e + pse’ € % Then, R(0) has zero in B if and only if R1(01) and R(02)
both have zero at o1 in %1 and at 0o in %; respectively.

The following lemma is termed as Schwarz’s lemma in C;.

Lemma 6.2.3 [9] If h(w) is holomorphic in | w |< X in Cq, §(0) =0 and | h(w) |[< M
for|w|= A, then
Miw|
< —.
)] < 2

6.3 Theorems.

In this section we present the main results of this chapter.

Theorem 6.3.1 Let K(p) = Z;io w;@ be a bicomplex entire function with real positive
coefficients and for some ¢ = 1,t >0

g =ty = e = ... .
Then R(p) does not vanish in the open discus D(0; 1y, 79) where 1o = 37 .

1

Proof. Since p; = pje + ,ujeT and o = g1e + psel, then £(p) can be expressed as

Klo) = 2, (nje + e ef)(oe + pel)’

8

<.
Il
o

D, (1ie + e e')(ole + dje’)

I
8

<.
Il
o

I
[M]8

piote + Z 0%’
7=0

= ﬁl(gl)e + ﬁz(@g)eT

Since R g is holomorphic in any closed discus D(0;t,t) = Cy,0 < t < o0, in view of
1} R1(01) and Ka(02) both are holomorphic respectively in %1 ={01€ X1 |

<.
Il
o

Lemma
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o |<t}c G and‘%;z{ggefgﬂgﬂét}c(cl.
Clearly, limyu;t/ =0 .
j—

Now, let us consider

S(o1) = (01 —t)Ri(01),
= —tpg + (o — tiy) o1 + (p1 — tps)of + ...
= —tpo + (fo — cpto + cpo — tpn)or + (pa — tps) o} + ...
= —tpg + (1 — ) poor + (cpo — tuy)or + (p1 — tps)oF + ...

i.e, §(o1) = —tpo+(1—c)poo1+®(01), where &(o1) = (cpo—tpy) o1+ (1 —tps) 02 +... .

For || = t, we have
G (01)] =[(cto — tp)or + (pn — tpa)of + .|
<lepo =t ||+l — tpallosf* + ...
= (cpo — tpn )t + (p1 — tpo)t* + ...
= Cﬂot.
As &(p1) is holomorphic in | g1 |< ¢, (0) = 0 and | &(01) |< cugt for | o1 |= ¢,
applying Lemma [6.2.3] we get that

Cluot
|6(0) | < L2012

= cuglo1], for |o1| <t
Now, for |o1| < t, it follows that
[§(00)] =] = tpo + (1 = ©)poer| =& (01|

>|tpo + (¢ — 1)poo1| — cpolon]
> tpo — (¢ — 1)polor| — cpoloi]

=tup— (2c —1 if .
po — (2 )M0|91|>01|01|<2c_1

Hence for both [g1| <t and |o1] < 70, [R1(01)] > 0 where 75 = 755 .
Similarly, [R2(02)| > 0 if |02 < 79 -

Therefore £;(01) and R2(02) do not vanish respectively in %1/ = {0 € %Jl | o1 |< 10}
~/ ~
and By = {02 € By :| 02 |< 70}

Hence by Lemma [6.2.3] (o) = £1(01)e + Ha(02)e’ does not vanish in Sgl/e + @gleT =
D(0; 79, 79)-
This proves the theorem. m
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Remark 6.3.1 Theorem|6.5.1] is in fact the bicomplex version of Enstrom-Kakeya the-
orem {cf.[27]}.

Remark 6.3.2 The following example with related figure ensures the validity of Theo-
rem [G.3 1.

Example 6.3.1 Let R(p) = e®— 5 .
Then, R(0) = 1+ 0+ % +...

Here, py = %,,uj = %,j =1,2,... .

We see that all the coefficients are positive real numbers and for ¢ = 1,t = % ,

c,uo>t,u1>t2,u2>... .

Hence by Theorem R(o) = €2 — 5 does not vanish in D(0;.5,.5) .

Figure 6.1: Zero free region of R(z) = e? — 1

Theorem 6.3.2 Let R(p) = Z;io wi¢’ be an entire function in Cy with real positive
coefficients such that for some ¢ < 1,t >0 and v > 1

o Sty < tPpe < <y =0 =

Then R(p) does not vanish in the open discus D(0; 1y, 7o) where 1o = 072()2‘% .
Y
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Proof. As in Theorem [6.3.1] we have

00] a0
R(0) = > widle + Y picbe’
j=0 =0
= Ri(o1)e + Ra(02)e’.

Clearly, £(p) is holomorphic in any closed discus D(0;t,t) = Cy,0 < t < o0 and so
by Lemma Ri(01) and Ry(p2) both are holomorphic respectively in B; = {g; €
Xi:lo|<t)cCiand By = {0 € Xy 1| 02 [< t} = Cy.

Also, limyu;t? =0 .
j—00
Let

§(01) = (o1 =) Ka(an)
= (01 — t)(po + p101 + H20? + - 4 py0] + pyg10] T )
= —tpo + (o — tur)or + (1 — tpo)ot + + -+ + (o1 — tpy) o] +
(/M - tMH)Q?H + ...
= —tpo + (ko — ¢t + cpto — tpn)or + (1 — tha) oy + -+ + (Hy—1 — ty) 0] +
(ty — tptgn) el ™ + .
= —tpo + (L — c)poor + (cpo — tpa)or + (1 — tpa)of + - + (y—1 — tiy) 0] +

(hy — tﬂvH)QYH +..

ie.§(o1) = —tpo + (1 = )poor + &(e1), where
&(01) = (cpo —tpa)or + (i — tpa) 02 + -+ + (Hy1 — ty) 0] + (pty — tiyrn)o] 4.

Also, for |o1| =1t ,

18 (e0)| <lepo—tpullonl+lpn —tuallor ++ -+l r —ts loa oy — by ller 7+
= (tpa — cpio)t + (tpo — pa)t + -+ (tey — py—1)7 + (py — tpge)0 4
— O — oot +
= (267 — cpo)t

Now, &(p;) is holomorphic in | g1 |< t. Also, &(0) = 0 and |&(01)] < (287 1y — cpio)t
for | o1 |=t. So using Lemma we get that

(287 11y — cpao)t] 01

|®<Ql)| < ¢
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= (267py — cpo)|ea] , for |oi| < t.
For |p1| < t, we see that

1§ (01)] =| — tuo + (1 — ¢)poo1|—[B(01)|
= tpo — (1 — ¢)polor| — (267 iy — cpio)] o1

Therefore for |p;| < t,

|ﬁ1(@1)| > 0 if |Q1| < To where To = (1—2();7#% .

Similarly, [R2(02)| > 0 if |02 < 70 -

Hence both R;(p1) and £2(p2) have no zeros respectively in ’gl, = {01 € ’gl | o1 |< 0}
~/ ~
and By = {02 € By 1| 02 |< 7o}

Consequently, by Lemma/|6.2.2) £(0) = £ (01)e+H2(02)el has no zero in Bl e+B, el =
D(0; 79, 7) -
Thus the theorem is established. m

Remark 6.3.3 Theorem[6.53.3 can be regarded as the bicomplex version of Theorem 1
of A. [2].

Remark 6.3.4 The following example with given figure justifies the validity of Theorem
632

Ezxzample 6.3.2 Let us consider R(p) =e? + % — 2 + 2.
Then, ﬁ(g)=3+§+g2+§—?+... .
H@T@, Mo = 37/“L1 = %7#2 = 17/~L] = %7‘7 = 3747"' .

So it follows that all the coefficients are positive real numbers and for ¢ =
and v = 2,
Clo < tul < tQILLQ < ... < tW,u,y = t7+1,u,y+1 = ...

— Lo —
where Ty = =200 r2m, = 10 -

Hence by Theorem |6.5.9, we obtain that K(o) = e + %2 — 2 + 2 does not vanish in
D(0;.75,.75) .

The bicomplex version of Theorem B of Aziz & Mohammad [3] can be seen in the
next theorem.
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Figure 6.2: Zero free region of £(p) = e?+ £ — £ + 2

Theorem 6.3.3 Let R(p) = Z]O'io wi¢’ be a bicomplex entire function with complex
coefficients such that g # 0 and for some t > 0

ol = tli| = |pa| = ...

Then no zero of K(p) lie in the open discus D(0;1q, 7o)

t|po|
where Ty = .
0™ Tuol+Trol—pol+2 X7 Mg [ — a5 87

Proof. We can write K(p) as

o0 0]
fl0) = > mjole+ ). pjcdel
j=0 =0
= Rio1)e + Rz(02)e’.

Since £(p) is holomorphic in any closed discus D(0;¢,t) < Cy,0 < t < o0 , by
Lemma [6.2.1} &;(01) and Ky(02) both are holomorphic respectively in B, = {0, € X; |

—~

o1|<t} < Ciand By = {gs € Xo:| oo [< t} < Cy.

Also, limyu;t? =0 .
j—
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Let

§(01) = (01 — ) fa(a1)
= —tpo + (po — tpa)or + (11 — tl@)@% .
a0
= —tpo + &(01), where &(g;) = E(Mjfl — tp;)or.
=

For |oi| = t,
18 (00)] =| 272, (151 — tpy)al]
=| 2 {(ja] = ) + (=g ]) + t(lps] — )}yl
< 2ialligal = gl + 25 gl — gyl + 2500 | — g7
= > (gl =t D+ 35 gl — |t + 357 g | — |
= t(|po|+ o] — pol + 22577, 15| — p51t7)

Since &(py) is holomorphic in | g1 |< ¢, &(0) = 0 and |&(01)| < €(|po|+]||po| — ol +
232 gl = pslt7) for | o1 |= t, by Lemma we get that

t(|pol+ 1110l — ol +2 3572 5] — p151t7) |
/

&(01)] <

= (luol+1pol = pol + 2252 1| = pslt7)|oa] for |ar| <t

Therefore for |p;| < ¢,

[§(e1)] = t[pol =18 (e1)]

o8]
> tlpo] — (ol +111t0l — ol +2 || = pslt7) 02 > 0

j=1
. | polt
if |o1] < .
o]+l pz0] = pol +2 2577 || p5] — pjltd
Hence for |o1| < t,
181(01)| > 0if |01 < 70 where 15 = luolt

ol +lpol—pol+2 3552 llps =zt

Similarly for |o1| < t, |Ra(02)| > 0 if 02| < 70 .
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Thus both £;(01) and Rs(02) have no zeros respectively in %,1/ = {01 € Q?l | o1 |< 10}
~/ ~
and %2 = {Q2€%22| 02 |< To}.

Consequently, by Lemma/|6.2.2) £(0) = £ (01)e+£2(02)el has no zero in ’gl/e—l—gg/eT =
D(0; 70, 79) -
This completes the proof of the theorem. m

Remark 6.3.5 The following example with related figure ensures the validity of Theo-
rem [6.3.3.

Exzample 6.3.3 Let R(0) =6+ (2+ 3i)o+ (3 —1)0* + 0° .
Here, po = 6,11 =2+ 30,00 =3 — 4, u3 = 1,05 = 0,7 = 4,5, ... .

For t =1, the condition of Theorem[0.3.5 is satisfied.

¢
Now, 19 = lolt -~ 4.
2 10 Tuol+Tmol—pol+2 X7 1Ty [— w169

Hence by Theorem the polynomial K(o) has no zero in D(0;.4,.4) .

Figure 6.3: Zero free region of £(g) = 6 + (2 + 3i)o + (3 —14)0* + ¢*

The following theorem can be deduced analogously to Theorem 4 of Aziz & Mohammad
[3] under the treatment of bicomplex analysis.

Theorem 6.3.4 Let R(p) = Z;OZO w;@ be an entire function in Cy with each p; € Cy
and po # 0 . Also, let for somet > 0,¢>1

t el =t peqa] =t prega| =
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Then R(o) has no zero in the open discus D(0; 1y, 7o),

tlpol
Lol 42l e [t6+ e | —pre [t +2 251 [ [T +2 55 o gl =i 187

where T =

Proof. R(o) can be written as
0¢] ) o0 )
0) = Y miole + > pole!
=0 =0
= Ri(o1)e + ﬁ2(@2)eT-

As R Q is holomorphic in any closed discus D(0;t,¢t) < Cy,0 < t < o , So by
Lemma [6.2.1] £ ( Q1 ) and Ka(02) both are holomorphic respectively in B, = {01 € X1 |
01 ’< t} C (C1 and %2 = {QQ € %2 | 02 ‘< t} C Cl-

Clearly, lim gt/ =0 .
j—0
Let

§(01) = (01 — t)Ri(01)
= —tpo + (po — tpr)or + (p1 — tue)of +

oe]

ie., §(o1) = —tpo + &(01), where &(p;y) = Z(uj_l — tiu;) 0.

J=1

Now, for |o1| = t,

8

B (o0)| =] ) (11 — ty)a

j=1

a

<

/

Z(Ny 1ty Q“H Z Hij— l_tﬂj)91|

|
Jj=1 Jj=c+1

< Y lmjor =t +] Z {2l =t ) + (jr=lpial) + t(ps] — 1)} il

a

j=1 j=c+1
C © .
< (| + g DE + Z it | =t + Y o] — i+
J=1 Jj=c+1 J=c+1
m .
gl = !
Jj=c+1
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c—1 Q0

= (ol etV + 26 D st + D7 (gl = tlpag DE + e — et +

j=1 j=c+1
w -
2t 3 gl = sl
J=c+1
c—1 - 0 ‘
= t(|ol + 2lpelt el = pelt +2 Y sl +2 37 M| — pslt).
j=1 j=c+1

Clearly, &(0;) is holomorphic in | g1 |< ¢,8(0) = 0 and |&(p1)| < t(|uo| +

2’,Uc|tc+||:uc| - Mc'tc + 22;;11‘:uj|tj + QZﬁcﬁ-lHﬂjl - :uj|tj> for |Ql| =t
Hence by Lemma [6.2.3, we get that

(1ol + 2lpaet ]|l — prelts + 2 511t + 23357 oy [lmg| — ps19) |en |
t

c—1 00

= (o] + 2lpelt+ el — prelt +2 Y g1t +2 D7 [pg] = 1187 oa] for o] < t.
j=1 Jj=c+1

t
B(01)| <

Therefore for |p;| < t, we get that

[§(e1)| = t[pol =& (1)

c—1 0

> tlpo] — (o] + 21t +]te] — prelt” + 2D |t +2 Y7 Mgl = pilt)|ea| > 0
j=1 j=c+1

t| 1ol
o] + 2l prelte+ [ pre| — prelte + 23571 st + 2357 gl — gt

if [o1] <

Consequently, for |o;| < t,

tlpo|
o +2]pe [t + | pre| —peltc+2 Z;;ll slt7+2 3557 gl =pgltd

|ﬁ1(91)| > 0 if |Q1| < Tg where 1p =
Similarly, for |o1| < t, [Ra(02)| > 0 if |0a] < 70 .

Therefore £;(01) and R3(02) both have no zeros respectively in %1, = {01 € gl q
~ 1/ ~
01|< 70} and By = {02 € By :| 02 |< 70}

Finally by Lemma [6.2.2) £(0) = fi1(01)e + R2(02)e’ has no zero in ‘gl,e + )?;/eT =
D(0;70,7o) -
Thus the theorem is proved. m

Remark 6.3.6 The following example with respective figure justifies the wvalidity of
Theorem [6.5.4].
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Exzample 6.3.4 Let K(0) = €? + 92—2 +(—5+3)o+2+4i.

Then, R(o) =3+ 4i + (5 + Li)o+ >+ & + ... .

Her’e, Ho :3—'_427[’[’1 :%—’_%Z M2 = 17,“] = %7] :3747

Fort=1,c=2,

t el =t pesr| = 62 pesa] =

t|pol

~ .59 .

Now, 7o = o e e e e B2 el
Hence by Theorem[6.3.4) ,

2 . .

Rlo)=e?+ & + (=5 +51)o+2+4i

has no zero in D(0;.59,.59) .

Figure 6.4: Zero free region of K(p) = e? + &
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6.4 Future Prospects.

In the line of the works as carried out in this chapter one may think of the extension
of the results obtained dealing with n-dimensional bicomplex numbers with the help of
the idempotents 0, 1, 1%1@'2’ 1%”3, e lii’;‘li" in C,,. As a consequence, the problem of
taking the coeffiecients of the power series in C,, is still virgin and may be considered

as an open problem to the future researchers of this branch.

On the other hand, generalization of the Enstrom Kakeya theorem can be thought
of through polynomial coefficients relaxation. In fact this study introduces the gener-
alizations of this theorem selectively relaxing polynomial coefficients. Analysing these
relationships classical theorems understanding, revealing fresh insights and mathemat-
ical opportunities within the Enstrom-Kakeya context are enriched. This approach
provides valuable insights into the distribution of zeros across a broader spectrum of
polynomials, offering new avenues for understanding and characterizing polynomial be-
haviour.

>k >k sk kKR koK ok ok sk sk kokokokokokokk

The works of this chapter have been published in Journal of Xi’an University
of Architecture & Technology (JXAT), Vol. XII, Issue IX (2020), pp. 593-
603, ISSN: 1006-7930.
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CHAPTER SEVEN

%

o)

COMMON FIXED POINT THEOREMS
IN BICOMPLEX VALUED METRIC
SPACES UNDER BOTH RATIONAL
TYPE CONTRACTION MAPPINGS
SATISFYING E. A. PROPERTY AND

INTIMATE MAPPINGS




Chapter 7

Common fixed point theorems in
bicomplex valued metric spaces
under both rational type
contraction mappings satisfying E.
A. property and intimate mappings

7.1 Existing Literature

During the last fifty years, fixed point theories in complex valued metric spaces are
emerging areas of works in the field of the complex as well as functional analysis.The
fixed point theorem, generally known as the Banach’s contraction mapping principle [5]
appeared in explicit form in Banach’s thesis in 1922. The famous theorem states that
Let (X,p) be a complete metric space and T' be a mapping of X into itself satisfying
p(Tu, Tv) < kp (u,v),Yu,v € X, where k is a constant in (0,1). Then, T has a unique
fixed point £* € X. Banach’s fixed point theorem plays a major role in the fixed point
theory. Rajput & Singh [51] and Meena [39] respectively proved some common fixed
point theorems under rational type contraction mappings and intimate mappings in
the set bicomplex numbers. Many properties on the set bicomplex numbers C, are
scattered over a number of books and articles {¢f.[25],[46]& [49]}. Searching for special
algebras, Segre published a paper [52] in which he treated an algebra whose elements
were bicomplex numbers. Rochon and Shapiro [49] presented some varieties of algebraic
properties of both bicomplex numbers and hyperbolic numbers in a unified manner.
Elena et al. [25] showed how to introduce elementary functions such as polynomials,
exponentials and trigonometric functions in this algebra as well as their inverses which is
not possible in the case of quaternions incidentally. They showed how these elementary
functions enjoy the properties that are very similar to those enjoyed by their complex
counterparts. Some interesting results on fixed point theory are established by Tripathy
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et al{cf. [62], [63] & [64]} using fuzzy metric. Azam et al. [4] made a generalization
by introducing a complex valued metric spaces using some contractive type conditions.
Although there are several number of generalization such as rectangular metric spaces,
pseudo metric spaces, fuzzy metric spaces, quasi metric spaces, quasi semi metric spaces,
probabilistic metric spaces, D-metric spaces and cone metric spaces including bicomplex
valued metric spaces, yet the area of research in bicomplex valued metric spaces is not
expanded to a remarkable stage compared to the other metric spaces till now. Jebril et
al. {B1]&[32]} and Choi et al. [13] respectively investigated some fixed point theorems
under rational contractions for a pair of mappings and with two weakly compatible
mappings in Cy. Recently Rouzkard & Imdad [50)] extended and improved the common
fixed point theorems more general than the result of Azam et al. [4].

We write regular complex number as w = w; + iws where w; and w, are real and
i = —1. Let R and C; be the set of real and complex numbers respectively and w; ,
wy € Cq. The partial order relation < on C; is defined as follows:

w; < wsy if and only if Re (wy) < Re (wy) and Im (wy) < Im (ws) .

Thus w; < wy if one of the following conditions is satisfied (7) Re (w1) = Re (wy) and
Im(wy) = Im(ws), (17) Re (wy) < Re(wy) and Im (wy) = Im(wsy), (i) Re (wy) =
Re (wg) and I'm (wy) < Im (wy) and (iv) Re (wy) < Re (ws) and Im (wq) < Im (wy) .

We write wy £ wy if wy < we and wy # ws i.e., one of (i), (i7i) and (iv) is satisfied
and we write wy < wy if only (iv) is satisfied.

7.2 Definitions and Notations

Azam et al. [4] defined the complex valued metric space in the following way.

Definition 7.2.1 Let € be a non empty set whereas Cy be the set of complex numbers.
Suppose that the mapping p : € x € — Cq, satisfies the following conditions

(dy) 02 plu,w), for all u,w e € and p (u,w) = 0 if and only if u = w;

(da) p(u,w) = p(w,u) for all u,w € ¢;

(ds) p(u,w) L plu,t)+p(t,w), for al u,t,w e €.

Then p is called a complex valued metric on € and (€, p) is called a complex valued
metric space.

The space C, is the first in an infinite sequence of multicomplex spaces which are
generalization of C;.

A bicomplex number 1 = rq + ir; + jro + krg (up € R; £ =0, 1, 2, 3) is said to be

degenerated if the matrix < :O :1 is degenerated i.e., if the determinant
2 T3
o T
A(u) = = — = 0.
(w) I rorg — 112 =0
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The partial order relation <;, on Cy was defined by Choi et al. [13] as u <;, v if
and only if u; < up and vy < vy, Where uy, us, v1, v € Cy. The bicomplex valued metric
T, : B xB — C; on a non-empty set B and the structure (B, T,,) on C, were defined
by Choi et al. [13] accordingly.

Considering n = 1o + iry + jro + krs (1 € R; £ = 0, 1, 2, 3) and by the Definition
this can be defined as

Jwl = /73 + 73 413 + 12,
One can easily verify that
0 iy u Zip v = fuf < oll; JJu+ o] < ful + o] ; Joul =a fuf;u] <1+,

for any u, v € Cy and o € R. If we consider the case that 0 <;, w = ¢ + ip1 + jp2 +
kps (preR; k=0,1, 2, 3) (Qi.e.7 at least one of pi’s is positive) and u is degenerated,
then v = (p2 + p? + p + p3)” — 4 (pops — p1p2)” will be positive and therefore u willbe
invertible.
By the deduction of Rochon & Shapiro[49], we get the following results

(i) Jluv] < V2 |ul Jv]for any u, ve Cy ;.

(1) |uv| = |ul |v|for any u, v € Cy with at least one of them is degenerated;
(1i1) ‘ 2= m for any degenerated bicomplex number v with 0 £, u.
Definition 7.2.2 [j] Let {m,} be sequence in B and m € B. If for every c € Cy, with
0 < ¢ there is ng € N such that T, (7, m) < ¢ for all n > ng, then m is called the limit
of {m,} and we write Jl_l)lc}own =T orm, — T a8 N — 0.
Definition 7.2.3 []/ If every Cauchy sequence is convergent in Cy then the space is
called a complete bicomplex valued metric space.

Definition 7.2.4 [7/ Let f and g be two self-maps defined on a set B. Then § and g
are said to be weakly compatible if they commute at their coincidence points.

Definition 7.2.5 [63] Let h1,bo : B — B be two self mappings of a bicomplex valued
metric space (B, Y,). The pair (b1, bs) are said to satisfy E. A. property if there exists
a sequence {m,} in B such that lim by, = lim bom,, =t for some t € B.

n—aoo n—0oo

Definition 7.2.6 [57] The self mappings b1, bs : B — B are said to satisfy the com-
mon limit in the range of by property (CLRs property) if there exists a sequence {m,}
in B such that lim b7, = lim hom, = u for some u € h1(*B).

n—aoo n—aoo

Definition 7.2.7 [65] Let by and by be self maps on a bicomplex valued metric space
(°B,Y,) . Then the pair {b1, b2} is said to be hy—intimate if and only if oYX, (haby 7y, bom,)
< aY, (hibim,, bim,), where a = limsup {m,} or liminf{m,} is a sequence in B such
that nlirrglof]lﬂn = nlirrolohyrn =t for somet in ‘B.
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Some common fixed point results are established by Rajput & Singh [51] for rational
type contraction mapping in C; on which they have proved the following theorem.

Theorem 7.2.1 [51)] Let (€,p) be a complex valued metric space and F 1, F o, F 3, F 4 :
¢ — € be four self mappings satisfying the following conditions

(1) F1(€) = F4(Q), F2(€) = F3(9),

(7i) For allu,ve € and 0 < a < 1,

%

B (P, Fav) < a[p(Fm, F3U)I?(F1U, I 4v) +]?(ng, F4v)p(F2v, F 3u)]
p(Fiu, F 4v) + D (F 2v, F 3u)
|5 (F vu, Fa0)} + {5 (F2v, F 3u)}?]
D (Fu, F4v) + p(F v, F 3u)

+0

Y

(1it) The pairs (F1,F3) and (F o, F 4) are weakly compatible and

(tv) The pair (F1,F 3) or (F o, F 4) satisfies E. A. property if the range of mappings
F5(€) or F4(€) is closed subspace of € then F 1, F 2, F 3 and F 4 have a unique common
fized point in €.

Meena [39] investigated a common fized point for intimate mappings in C;. He
proved the following theorem in his paper.

Theorem 7.2.2 [25] Let F 1, F 2, F 3 and F 4 be the four mappings from a complez valued
metric space (€, p) into itself, such that
(@) F1(€) c F4(€) and F 2 (€) < F3(C),

o g D (Fau, Fsu) - p(F2v, F 4v)
b Fiu, F =< Fsu, F + 80— - — ,
(O (Fru, F2v) 5 ap (Fau, Fav) 51? (F1u, F 4v) + P (F 3u, F 20) + D (F su, F 4v)

for all u,v € € and p(Fu, F 4v) + p(F su, F 2v) + p(F su, F 4v) # 0, where a, 3 are
non-negative real numbers with o + [ < 1,

(¢) (F1,F3) is F s—intimate and (F o, F 4) is F 4—intimate and

(d) F5(€) is complete.

Then F 1, F 2, F 3 and F 4 have a unique common fized point in €.

Our results are the generalizations and as well as the extensions of the above the-
orems which are established by Rajput & Singh [51] and Meena [39]. Here the results
of Rochon et al.[49] and Elena et al. [25] have helped us. Also we have taken some
concepts from the papers of Choi et al. [I3] and Jebril et al. [31].
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7.3 Main Result

In this section we prove some theorems with supporting lemma and examples.

Theorem 7.3.1 Let (B,Y,) be a bicomplex valued metric space and Wy, Wy, Ws, Wy :
B — B are four self mappings on B < Cy satisfying the following conditions
(Z) U, (%) c vy (%) , Wy (%) c U, (%) ;
(7i) For all 7,7" € B and 0 < o, B, + B < 1,
[Tp (\1117', \1137') Tp (\111’7', \1147'/) + Tp <\I/2T/, \1147'/) Tp (\1127'/, \1137')]
Tp (‘IflT, \1147'/) + Tp (\IIQT,, ‘1137')
({7 (U1, War' )} + {Ly, (Uo7, Usr) 1]
Tp (\1117', ‘1/47'/) + Tp (\1127',, \1137') ’

Tp (‘1117', \IIQT/) 51'2 [0

+0

(1i1) The pairs (U1, ¥3) and (U, Wy) are weakly compatible and

(iv) The pair (Vq,W3) or (Vy, Uy) satisfies E. A. property.

If the range of mappings W3 (B) or W4 (*B) is closed subspace of Cy then Wy, Wy, Wy
and ¥y have a unique common fized point in Cs.

Proof. Suppose that the pair (U,, W) satisfies E. A. property in C,. Then there exists

a sequence {m,} in Cy such that lim Wym, = lim ¥ym, = t for some ¢t € C,. Further
n—00 n—0o0

since Wy (B) < W3 (B), there exists a sequence {7/} in Cy such that Vom, = Usnl,.

Therefore lim W3n/ = t. Now we claim that lim Wyn/, = ¢. If possible,let lim 7/, = r # ¢.
n—00 n—00 n—0

Then by putting 7 = 7/, 7" = m, in the condition (ii) we have
Ty (Ui, Uorry) i
o [T@ (‘1’17’(’%, \1137'(';1) Tp (\11171';1, \1147Tn) + Tp (\Ifgﬂ'n, \1147Tn) T@ (\1127'('”, \11377;)]
Tp (\11171-7/1’ \If47Tn) + Tp (\Ilg’ﬂ'n, \1’371';1)
(Yo (Ui, Uymy) Y + { X (T, Tar, )}
T, (VUym), Uymy,) + T, (Worr,, Uanl)

+6

By taking limit as n — o0, we get that

T (’f‘ t) <. [T@ (’I", t) T@ (’I", t) + T@ (tv t) Tp (t7 t)] + [{T@ (T’ t)}2 + {Tp(tv t>}2]
N T, (r,t) + T, (¢, 1) Y, (r,t) + Y, (1)

: Yo ()} | {(Tu(r )}

ie, T, (rt) <ip T0r1) + 3 T 0)

Le., T, (rt) <iy (o + 5) Y, (1,t),

which implies
(1—a—-p)T,(rt) <, 0.

Therefore we have | T, (r,¢)| < 0. Hence r = ¢. i.e., lim Uy, = lim Wym, = ¢t. Now
n—00 n—ao0

suppose that W3(Cy) is a closed subspace of Cy. Then t = Wiu for some u € Cs.
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Subsequently we have lim Uy7r), = lim Womr, = lim Uy, = lim Yym, =t = Ysu. Now
n—aoo n—aoo n—0oo n—0oo
we prove that W u = Wau i.e., ¥ju = t. By putting 7 = u and 7/ = 7,, in condition (i7)

we get that

Tp (\IfllL, \Ifg’ﬂ'n) 51'2
[Tp (\Iflu, \1/31,6) Tp (\Illu, \11477'”) + Tp (‘I’Qﬂ'n, \11477'”) Tg:, (\11271'”, \Pgu)]
T@ (\Illu, \1147Tn) + Tp (‘11271'”, qng)
(T (Tyu, Wum,)} + { Ty, (Tamy, Uau)}]
Tp (\Illu, ‘11477'”) + Tp (\Ifg’ﬂ'n, \Ijgu)

«

+0

Taking limit as n — oo in the above, we have

{To (Wyu, 1)}’
T, (Viu,t)

T (W1, )}

Y (Tru,t) <, ,
KJ( 1U, ) « Tg) (\Iflu,t)

+p

which implies (1 —a — ) Y, (¥1u,t) <4, 0. Therefore we get | Y, (¥qu,t)| < 0. So
Uyu =t = Wau. Hence u is a coincidence point of (W, ¥3). Now the weak compatibility
of pair (¥y, ¥3) implies that Uy Vsu = W3V u or ¥t = Wst. On the other hand since
Uy (Cy) € Uy (Cy), there exists a point v in Cy such that Vyu = Yyv = t. Now we
show that v is a coincidence point of (¥, Wy). ie., Wov = Yyv = t. So by putting
T = u,7 = v in condition (ii) we have

[Tp (\Illu, \IJ3U> Tp (\Illu, \114’0) + Tp (\IJQU, \1141}) T@ (\IIQU, \IJ3U)]
T, (Vyu, yv) + Ty, (Wav, Wau)
[{Tp (Vyu, tv)}2 +{T,, (¥qv, \Ifgu)}z]
T, (Vyu, Vo) + Ty, (Wav, Wau)

Tp (\Illu, \IIQ’U) 51‘2 (6]

+0

Now by taking limit as n — o0, we obtain that

[T, (8, ) Y, (E,1) + T, (Wav, Uyv) Ty, (Yav, t)]
Tp (t, \I/4U) + Tp (\1121), t)

+ 6 [{Tp (t> \1141))}2 + {TKD«\I}?Q}? t)}z]
Tp (t, \114’0) + Tp (\1]2?], t)
< T (Wov, Wav) Ty (Yov,8) 8 (Y, (£, )} + {To((Tov,1)}?]
TR, () + T, (Pav, Ugo) T, (t,t) + Y, (Uav,t)
< Tp (\IJQ/U, \114’0) Tp (qJQ’U, t) {Tp (\IJQ'U, t>}2
~iz @ Tp (\IIQU, \114’0) Tp (\1127]7 t) ’

Tp (t, \IJQ'U) $i2 [0

+ 0

which implies T, (£, Vo) <4, oYy, (Vov, £)+57, (Vov,t) e, (1 —a—F) T, (¢, Yov) <5y
0. Therefore, we have |1, (¢, Uov)| < 0. Hence t = Wyv. So Wyv = ¥yv = ¢ and v
is the coincidence point of Wy and W,. Also the weak compatibility of pair (Wy, ¥y)
implies that UoW v = Wy Wyv or Wot = Wyt. Therefore ¢ is a common coincidence point
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of ¥, W,, U3 and ¥,. Now we have to show that ¢ is a common fixed point of Wy, Wy, W3
and U,. Putting 7 = u, 7" =t in condition (i) we have
T@ (t, \IIQt) = Tp (\Iflu, Wgt)
s [Tp (‘Ifl’lj,, \Ilgu) Tp (\Illu, ‘If4t) + Tp (‘I’Qt, ‘If4t) Tp (\Ifgt, \11316)]
~ Tp (\Iflu, \If4t) + Tp (\Ifgt, \IJ3U)

[{Ty (Tru, Oat)}? + {Ty (Tat, Tau)}?]

Tp (\Illu, \I/4t> + Tp (\IIQt, \113'&)
By putting Ut = Uyt and U3u = ¥yu in the above inequality we obtain that

T, (t, Wat) = Ty, (Vyu, Ust)

[{Tp (\Illu, \Ijgt)}2 + {Tp (\Ifgt, \1111,6)}2]

Tp (\Iflu, ‘Ifzt) + Tp (‘I’Qt, ‘Pl’U/)
2 {Tp (‘Ijgt, \I/1U>}2

QT@ (‘I’lu, \Dgt)

+

$i2 a.0 + 6

<i, B

which implies that

Tp (t, ‘;[lgt) = Tp (llllu, \Ilgt) 52‘2 5Tp (\Illu, ‘;[fgt)
i.e., (]_ - ﬁ) T@ (\Illu, \Ilgt) ﬁiQ 0.

Therefore | Y, (¥1u, Ust)| < 0. Hence Uyt = Uyu = t. But Wot = Wyt = t. Therefore,
we get Uyt = Wt = Wat = Wyt = ¢. i.e., t is a common fixed point. If we take W, (Cy)
is closed then similar argument arises and if we take E. A. property of the pair (Vq, U3)
then also similar result is obtained.

Uniqueness:

Let us assume that ¢ be another common fixed point of ¥, Wy, W3 and Wy. i.e.,
Uyt = Wyt = Wt = Wyt = t. Then by putting 7 = ¢ and 7" = ¢ in the condition (i7) we
have

[T, (Uyt, Ust) T, (UhE, Wyt) + Yo, (Uat, Uyt) Yo, (Uat, Ust)]
T, (Uyt, Uyt) + Y, (Uat, Ust)
(T (1, Uat)}? + {1y (Wat, Ust)}’]
T, (Uit, Uat) + T, (Vat, Ust)
(Yot D)) + {To(t,D)]
T (1) + Ty (4,1)
2{1, (LD i
——— = (.71, (¢t
QTp(t,t) B @(7)7
which gives that (1 — 8) Y, (¢,t) <y, 0. Therefore we have | Y, (¢,¢)| < 0 which implies
that t = t. Hence Ut = Wyt = W3t = Wyt = ¢t is the unique common fixed point of
‘I’l, \IJQ, \Ilg and \114.
Thus the proof of the theorem is established. m

T@ (‘1112?, \Ijgt) $i2 (e

51’2 a.0 + B

i.e., Tp (t_, t) 51’2 ﬁ
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Lemma 7.3.1 Let U3 and ¥, be self maps on a bicomplex valued metric space (B, Y,,).
If the pair {V3, Uy} is Yy—intimate and Vst = Uyt = p € Cy for some t in Cy then
Tp (‘1’429717) 5@'2 TK) (\I[3p7p) .

Proof. We consider the sequence m, = t for all n > 1. So lim V37, = lim ¥,m, =
n—0oo n—o0

Vst = Wyt = p € Cy. Since the pair {V3, U,} is ¥,—intimate, we have

Tp (@4@315, ‘I’4t> = lim Tp (\D4\I/37Tn, \11471'”)

n—o0

ﬁiz hm Tga (\1/3‘11377'7“ \11371'”) = Tp <\I/3\113t, \Ifgt) s
n—ao0

which implies T, (W4p, p) <ip T (Wsp, p) -
This completes the proof of the lemma. =

Theorem 7.3.2 Let (B, T,,) be a bicomplex valued metri space and Wy, Vo, ¥y and Wy
be four self mappings on B < Cy such that

(a) Uy (B) < ¥y (B) and ¥, (B) < U3 (B),

(b) For all T,7" € Cy,

Tp (\1117'7 \1127',) 51'2 O[Tp (\1137', \1147'/)
n 5 Tp (\1]17', \1137') Tp (\1’27'/, \1[47'/)
Tp (\1117', \1147'/) + Tp (\Ing, \1127',) + Tp (\113’7', \1147'/) ’

and Lo, (U7, Wat’) + T, (Uar, Uor’) + T, (UsT, Uyt’) # 0, where o, f are non-negative
real numbers with o + /28 < 1;

(c) (¥, W3) is Wg—intimate and (Vo, Uy) is Vy—intimate and

(d) U5 (*B) is complete.

Then Wi, Vy, VU3 and ¥, have a unique common fized point in Cs.

Proof. Let my be any arbitrary point in Cs. Then by condition (a), there exists a
point m; € Cy such that ¥ymy = Wy, Also for m; € Cy we can choose a point my € Cy
such that Wom; = Wamy and so on. Inductively we can define a sequence {m,} in C,
such that my, = Wymh, = Wynh, ; and mo,qq = Vorh, .1 = Wsnh, ». Then by (b) we
have

Y (Ton, Tons1) = Ty (\Plﬂénv \1[27Tén+1)
Siy @Y (U5, Uay )
T, (Uimy,, Usmy,) . T (\Ij2ﬂ-én+l7 \1147T§n+1)
Ty (\Ijlﬂém ‘I’4W§n+1) +71, (\IISWém ‘Ij27§n+1) +71 (\Ij:”ﬂ-én? ‘1'47T§n+1)
Zip &Y (Ton_1, T2n)
48 Tp (71-2n77T2n71) -Tp (772n+1,7T2n) :
Y, (Ton, Tan) + Lo (Man—1, Ton+1) + Lo (Tan—1, T2n)

+
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which implies that

Tp (7T2n7 72n71> -Tp (7T2n+17 7T2n)
N o v T s Eom
1Ty (Ton, Ton—1) Lo (Tons1, Ton) |
Iy (T2n—1, T2nt1) + L (Tan—1, Tan) |
V2| Ty (wan, o) - [ Tp (Tani1, 720) |

HT@ <7T2n717 7TQn+1) + Tgo (ﬂ-anla 7T2n)” .

< « HT@ (7T2n—1a 7T2n)|| + /8

< af Ty (Tan—1, T2n)| + B

We know that
HTp (7T2n+1> 77'211)“ < HTp (7"271717 7T2n+1) + Tp (7]'271717 7T2n)H

e HT@ (7T2n+177T2n)H <1

U ”Tp (7T2n717 7T2TL+1> + Tgo (7T2n71> 7T2n)H

Therefore, we get that

1T (on, Tons) | < | Ty, (Ton—1, T20) | + BV2[ Ly (on, T2n1) |

< (a + \/55) 1T (Ton—1, T25) ||

Le., HTp (7T2m772n+1)|| <y Hng (7T2n—1, 7T2n)” , where v = (a + ﬁﬁ) .

Also, we have

TKJ (7T2n+2a 7T2n+1)
=T (\Ijlﬂénw» ‘Ij?ﬂénﬂ)
51’2 O/I‘p (\11371';”_’_2, \1147Tén+1)
+ 8 T, (\Ijlﬂén%? \113715%2) Ty (\Dﬂémh \I’47T§n+1)
T, (\Ijlﬂén+27 \Ij4ﬂ—én+1) + 7Ty (\Ij3ﬂ—én+27 \1127Tén+1) + 7T, (\1137Tén+2a \1147Tén+1)
Tp (7T2n+2, 7T2n+1) -Tp (7T2n+l> 7T2n)
Ty (Tons2, Ton) + Lo (Tont1, T2nt1) + Lo (Tont1, T2n)
Tp <7T2n+27 7T2n+1) -Tp (7T2n+17 7T2n)
+6T (mr Ton) + Ly (7 Ton)
o (Tan+2, Ton o (M2n+1, T2n

51’2 an (7T2n+17 7T2n) + ﬁ

= an (71—2n+17 7T2n)

which implies that

Ton+2, 7T2n+1) -Tp (7T2n+17 Ton,

Ty (
1T (T2n+2, Tant1) [Ty (mant1, 720 )| + Hﬁ’rp (Tony2, Tan) + T

)
© (71'2n+17 ﬂ-Qn)
HTp (71-2n+27 7Tzn+1) 'Tp (772n+17 Wzn)H
”Tp (7T2n+2, 7T2n) + Tp (7T2n+17 7T2n) H

\/5 ”Tp (7T2n+2>7T2n+1)H . ”Tp (7T2n+1>7f2n)\|

< oYy (Mo, mon)|| + B

< afT : +
Q H © (7TQn+1 7T2n)” ﬁ ||Tp (71.2714_27 7T2n) + Tgo (77'2n+17 7T2n)”
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Again since | T, (Ton+2, Tont1)| < [| Ty (T2nt2, Tan) + Lo (T2n, Ton+1)||, therefore we get
that

HT@ (Tont2, Tont1)|| < @ HTp (T2n+1, Ton) || + 5\@ HT@ (Tant1, Tan) ||
< (a + \/§5> HTp (7T2n+17 7T2n)H
< 7 ”Tp (7r2n+17 7T2n)H .

ie., [Ty (m2nt2, Tont1)l]

Thus we have
I Yo (Tarr, Tas2)| < 7 [T (7, o) | < 2N L (Tag, ma) | < o <™ T (700, )]
So for any m > n, we obtain that

1o (n, mn) [ < [T (s )|+ [T (0, g )|+ 4 [V (1, 70 |

Ve (o, m)| + 4™ X (o, )| + o+ ™| L (0, 1)

NN

which implies | Y, (7, 1) < % IT, (w9, m1)| — 0 as m,n — 0. So the sequence
{mn} = {W3m),} is a Cauchy sequence in U3 (Cy). Again since U3 (Csy) is complete,
therefore the sequence {m,} converges to a point p = Wsu for some u € Cy. Thus
Uy rh,, Warh,, Worh, 1, Uymh, .1 — p as n — 0. Now

Tp (\Illu, \1127757“_1) 51’2 an (\Iji’)ua \11477-;71-&-1)

+8 T, (Vru, W3u) T, (ql?ﬂénﬂa \1147Tén+1)
Ty (Ui, Wymh, ) + Lo (Vau, Worh, ) + Ty, (Psu, Wyrh, )

implies that

| 7o (Wru, Uomy, )|
S« HTP (\I’Bu? qj47rén+1) H
Ty, (Vu, Vau) T, (‘D27Tén+1> \1147r§n+1)
Ty (Vru, Uarh, 1) + Yo (U, Uarh, 1) + Ty (Vau, Uarh, 1)

<a|T, (Vsu, Uumh, )|

+ |8

3 ”T@ (Vru, Ysu) T, (\1127T§n+1: qj47Tén+1) H
HTP (llflu, \1147r§n+1) + 7T, (\Ilgu, \Ilgﬁén+1) + T, (\Ifgu, \1147T§n+1) H
< a| Ty (Vau, Warh,. ) |
|7 (Pru, Tyu)| - | Ty (Pormhypr, Yarh, i) |
HTp (U, Uymh, 1) + Ty (Pau, Uorh, ) + Ty (Usu, Uymh, ) H .

+

Taking limit as n — o0, we have || T, (¥1u, p)| < oY, (¥su, p)|, therefore we get
IT, (Yqu,p)| = 0. ie., Yyu = p = Ysu. Again since ¥ (Cy) < W, (Cy), therefore there

5



exists a v € Cy such that ¥yu = Wyv = p.
Now applying (b) we have

T, (p, Yaov) = Ty, (Vru, Yov) <4, oYy, (Vau, Uav)

" 5 T@ (\Illu, \113'11,) Tp (\IIQ'U, \114?})
T, (Uyu, Uv) + Ty, (Vsu, Uov) + Ty, (Vgu, Uyv)’

which implies that
ITe (p, Vo) < | Ty (Wsu, Uyv))
HTK) (\Illu, \Ijgu) Tp (\IIQ’U, \I/4U)H

O (W, Wa0) & Ty, (Wyu, Uy0) + T (U, Uy
< afT, (Vsu, Yyo)|
V2[ T, (Wyu, Ogu)| . [Ty, (Uav, Uyo)|
1T, (Uyu, Ugv) + T, (Vsu, Uov) + Ty, (Vsu, Ugv)||

+p

Thus | T, (p, ¥ov)| = 0 and this gives that p = Vyv = Vv = Vyu = Ysu. Now
since Uyu = Vau = p and (Vq, V3) is U3—intimate, therefore by Lemma|7.3.1, we have
IT, (Usp,p)| < [Ty (Uyp,p)|. Also by (b)we have

Tp (\Ijlp7p) = Tp (qllpu ‘IIQU) 3@'2 an (\113])7 \1141})
i 5 Tp (‘Iflp, \Ifgp) TBO (\IIQU, \I]4U)
Tp (‘Plp, ‘1141)) + Tp (\Ifgp, \IJQU) + T@ (\Ilgp, \114’0) .

ie., [Ty, (Uip,p)| < oY, (¥sp,p)|, which yields that | T, (¥1p,p)| = 0. Therefore
Uyp = p and ¥3p = p. Similarly, we can show that Wop = Uyp = p.

Uniqueness

Let us consider that p and ¢ are two common fixed points of ¥, ¥y, W5 and W, such
that p # ¢. Then using (b) we get that

T, (p,q) =Ty (Vip, ¥aq) <ip, @Yy, (Usp, Uyq)
T, (Uyp, Usp) . Ty, (Vaq, Vuq)
Uip, Waq) + T, (Usp, Waq) + T, (¥sp, Waq)

<i, &Yy (P, q) -

T

ie,|T, (p, @) <Y, (p,q)|, which implies that p = ¢.
This completes the the proof of the theorem. m

Example 7.3.1 Let H = {m,m} < C; with T, : H x H — Cy3 is defined by

1, if mp # mo

0, if T = mo.

TP (7177T2) = {
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Then (H,Y,) is a complete bicomplex valued metric space. Define Wy, Wy, W3, Wy -
H - H by U7 = 7] for all 7 € H, W3n| = Yyn), = 75 and Yyl = Uy = n}.
Then all the conditions of above theorem are satisfied except intimate condition. We
see that | Ty (W3Wymy, Usmy)| = [Ty (my, m1)| > 0 = | Tg (W1 Wiy, Uim))||, where {m)}
is a constant sequence in Cy such that Vil = Usnl, = 1. Thus the pair (V1, V3) is not
Us—intimate. Therefore W1, V3 and W4 do not have a common fixed point.

Example 7.3.2 Let us define T, : C; x C; — Cy by Y, (m1,m3) = ig |m — w2 where
T = o1 + i1y and ™ = %o + i1y2. Then (Cy,Y,) is a complete bicomplex valued
metric space. Define Wy, Wy, W3, Wy : Co — Cy as V7 = 0, Vst = 0, U7 = 7T
and Wyt = . Clearly ¥, (Cy) < Wy (Cy) and ¥y (Cy) < W3(Cy). Now consider-

g the sequence {7Tn = %,ne N} in Cy we get T}iﬂrg@‘lﬁm = T}Lﬁololpgﬂn = 0. Also we

have Hm Y, (VsWym,, Usm,) <, Um Y, (U1Wy7m,, Uim,). Thus the pair (Uq,Vs) is
n—oo n—00

Us—intimate. Again since im Y, (U Womr,, Uym,) <ipy Um Y, (WoWom,, Yom,), there-
n—0o0 n—0o0

fore the pair (Vy, Wy) is Wy—intimate. Further, the mappings satisfy all the conditions
of the above theorem. Hence Wy, Vo W3 and ¥y have a unique common fixed point in

C,.

7.4 Future Prospects

In the line of the works as carried out in this chapter one may think of the
deduction of fixed point theorems using common limit in the range (CLR) property,
expansive metric and other different types of metrices under the flavour of bicomplex
analysis. This may be an active area of research to the future workers in this branch.

KRR skookosk ko ok sk skoskoskoskoskok kokk
The works of this chapter have been published in South East Asian Journal of
Mathematics and Mathematical Sciences (SEAJMMS) (SCOPUS Indexed),

Vol. 17, Issue 1 (2021), pp. 347-360, ISSN: 0972-7752 (Print); ISSN: 2582-
0850 (Online).
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Chapter 8

Future course of work

8.1 Introduction

Quasi-ideals in a semiring are the generalization of one-sided right ideals and left ideals.
Bi-ideals are generalized forms of the quasi-ideals. Steinfeld [54] initially defined the
quasi-ideals for semigroups and rings. Iseki [30] introduced this concept for semirings
without zero and proved some results. Shabir et al. [56] characterized semirings by the
properties of their Quasi-ideals. For different aspects of bi-ideals one may also view {cf.
[14], [15], [16], [I7] & [18]}.

Definition 8.1.1 A nonempty set S is said to form a semiring with respect to two
binary operations called Addition (+) and Multiplication (x), if the following condition
are satisfied.

(1) (S,+) is a commutative semigroup,

(i1) (S, *) is a non-commutative semigroup and

(i) 1+ (2 +63) =qr*+q*cg and (1 + )+ =c 3 +q*g, Va, o, GES.
Example 8.1.1 The set of hybrid numbers T is a semiring as it forms a commutative

semigroup under addition and also forms a non-commutative semigroup under hybrid
multiplication with distributive laws.

Definition 8.1.2 A subsemiring of a semiring (S, +,*) is a nonempty subset T pro-
vided it is itself a semiring under the operation of S.

Example 8.1.2 The set of non-lightlike hybrid numbers Ty is a subsemiring of the
semiring ‘%.

Definition 8.1.3 A nonempty subset T of a semiring (S, +, ), is called a right(left)
ideal of S if it satisfies the conditions that ¢ + ¢ € Z, <150 € I V¢, € S, and
G€Z (ael), VaeZ, acS. I is called an ideal of S if it is both left and right ideal.
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Definition 8.1.4 [30] Let (S, +, ) be a semiring. A quasi-ideal Q of S is a subsemi-
group (Q,+) of S such that SQ n QS < Q.

Each quasi-ideal of a semiring § is its subsemiring. Every one-sided ideal of S is its
quasi-ideal. Since intersection of any family of quasi-ideals of S is its quasi-ideal [56],
so intersection of a right ideal Zx and a left-ideal Z, of § is a quasi-ideal of S. Both
the sum and the product of two or more quasi-ideals of S need not be its quasi-ideal [56].

Let X and Y be two arbitrary subsets of a ring R. The product XY is defined
as the additive subgroup of R which is generated by the set of all products & &, where
(&teXand &€ ).

Definition 8.1.5 A bi-ideal B’ of a ring R is defined as a subring B’ of R satisfying
the following condition

BRB < B
Definition 8.1.6 Let © be subring of a ring R. For a positive integer m, ®7 is
defined as follows:
Dl =2, D" =2"'D,.
DY is defined as an operator element such that DR = RDY = R.

S

A subring ©; of a ring R is said to be an (m,n) ideal of R if OTRD? < D, where m
and n are non-negative integers.

8.2 Lemmas

Lemma 8.2.1 FEwvery one sided (left or right) ideal of a ring R is a bi-ideal of R.

Proof. The proof is omitted. m

Lemma 8.2.2 The intersection of a left ideal and a right ideal of a ring R is also a
bi-ideal of R.

Proof. The proof is omitted. m

Lemma 8.2.3 The intersection of a bi-ideal B’ of a ring R and of a subring ®, of R
s a bi-ideal of the ring ®s.

Proof. Let C = B’ n®,. Since B’ is a bi-ideal of R, therefore B’ is a subring of R
satisfying B*RB> < B’. We know that the intersection of two subrings of a ring is again
a subring of that ring. So C is a subring of the ring R. Since, ®; is a subring of R and
CcD,50CO,LDDD, D,

Also, CD,C < B8’ < B'RB’ < B’.

Combining the above two relations, CD,C < B’ n D, = C.

Hence C is bi-ideal of the ring ®,. =
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8.3 Theorems

In this section we present the main results of this chapter.

Theorem 8.3.1 The subring T = {3 = T + ZI=2i + Zle + 22h : wy,w, € Z} of
the ring T s a bi-ideal of X.

Proof. From Theorem 2.2.9, we have Ty is a right ideal of ¥.
AS, TrL C ‘Z;R, SO0 TH.L.%Th € T . T € T
Hence Ty is a bi-ideal of €. m

Theorem 8.3.2 The subring T, = {3 = T+ + 25221 + e + Z2h : w, wy € Z} of
the ring T s a bi-ideal of X.

Proof. The proof is omitted as it is similar to the previous one. m
Remark 8.3.1 The subringl = {3 = 5 + $i+ §ec:w e Z} of T is a bi-ideal of T.

Theorem 8.3.3 The intersection of the bi-ideal T and the subring Tyr of T is a
bi-ideal of ¥.

Proof. The proof of the theorem is trivial and it follows from Lemma [ ]

Remark 8.3.2 The relationship between quasi-ideal and bi-ideal also ensures the va-
lidity of the above results in quasi-ideal.

Remark 8.3.3 In view of Definition a bi-ideal B> of a ring R can be regarded
as (1,1)-ideal in R. Therefore the results [8.3.1], 18.3.4 and |8.5.5 can be respectively
extended for (m,n)-ideal of .

SKokok ok ok ok sk ok ok kokokokokosk sk kkk
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