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Chapter 1

Introduction

A considerable amount of research has been devoted in recent years to the study

of distributed algorithms for autonomous multi-robot system. A multi-robot

system, which are collectively referred to as robot swarms consists of a set of au-

tonomous mobile computational entities, called robots, that coordinate with each

other to achieve some well defined goals, such as forming a given pattern, explo-

ration of unknown environments etc. These robot swarms draw inspiration from

the coordinated behaviors observed in nature such as ant colonies, swarms of bees,

the collective movements of fish, the flocking of birds, and more [11,76,101,103].

Despite the individual entities in these biological swarms having limited capabili-

ties, they can collectively achieve complex objectives through group interactions.

The primary goal of swarm robotics is to replicate this concept by creating a sys-

tem consisting of a large number of uncomplicated, generic robots. These robots

work together to perform complex tasks without relying on centralized control

mechanisms. Since there’s no central control, robot swarms operate as distributed

systems, meaning that each robot independently executes an algorithm based on

its own observations.

The utilization of swarms composed of low-cost, less powerful, and uncomplicated

robots is emerging as a practical substitute for employing a solitary, high-powered,

and expensive robot. This strategy offers numerous benefits compared to tradi-

tional single-robot approaches. The production of a single advanced robot with

1
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intricate structure and control systems can be prohibitively costly. In contrast,

the individual components of a robot swarm, characterized by their simplicity and

generality, are economical and can be manufactured in large quantities. Conse-

quently, even if a swarm comprises a substantial number of such robots, it can

still be notably more budget-friendly than a solitary powerful robot.

In specific tasks where recovering and reusing robots after completion isn’t feasi-

ble, opting for expensive robots becomes economically unfeasible. In such scenar-

ios, robot swarms present a suitable alternative solution. Additionally, swarming

offers advantages in terms of stability and resilience compared to single-robot

systems. A malfunction in a single robot’s component can significantly impede

its functionality, whereas a swarm can continue progressing toward its objective

even if some individual robots encounter issues or cease working. This ability

to withstand malfunctions or faults makes robot swarms especially appealing for

addressing large-scale tasks in hostile or hazardous environments.

Due to its potential applications across a wide array of practical challenges, such

that robotics [8,10,47,102], control [19,46,69,70], Artificial Intelligence [53,54,68],

engineering [59, 104] and other large scale problems [1, 60, 75, 82, 96, 97, 107], the

distributed coordination of robot swarms has garnered substantial research at-

tention. Early explorations in this field were primarily undertaken within the

artificial intelligence community where, one of the initial studies within this com-

munity demonstrated how basic local interactions among swarm members could

result in intricate global behaviors. Additional investigations within the AI do-

main examined scenarios where simple autonomous robots were tasked with col-

lecting and aggregating objects distributed within a rectangular region. These

studies aimed to showcase the effectiveness of stigmergic communication among

the robots. There were also alternative approaches explored within the AI com-

munity, such as planner-based architectures, information requirement theory, and

Swarm Intelligence. These approaches shared the common trait of being experi-

mental in nature, with a focus on demonstrating practical outcomes rather than

formal correctness proofs for the algorithms.

In contrast, within the distributed computing community, the study of robot
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swarms was primarily approached the subject from a computational standpoint,

seeking to understand how different robot features and capabilities related to the

solvability of tasks. Subsequently, there has been a series of theoretical inquiries

into the computational aspects of robot swarms from a distributed computing

perspective. In these theoretical studies, the primary goal is to determine the

minimum capabilities required for robots to solve specific problems. The empha-

sis in these works lies in rigorous mathematical proofs rather than empirical or

experimental evidence. The overarching aim of this research is to gain a clear

understanding of how various robot attributes and capabilities, such as memory,

communication, sensing, synchronization, and agreement among local coordinate

systems, interact with the swarm’s computability. For example, we have dedi-

cated one of the chapters in understanding the difference in computational ca-

pabilities of a robot swarm acting under full visibility and limited visibility

conditions.

Traditionally the spatial environments in which autonomous mobile entities oper-

ate can be classified into two fundamental settings. The first setting, which is the

discrete setting is where the domain is represented by a simple graph. This setting

is suitable for scenarios like mobile robots in communication networks [24,58].

The second setting or the continuous setting is where the domain is a connected

region of R2 or Euclidean plane. This setting is applicable to situations where

robots traverse a continuous terrain or navigate through space. In the context

of the continuous universe, extensive research efforts have been conducted within

distinct communities of researchers [7, 8, 10, 19, 47, 68]. These efforts have given

rise to the well-established and mature field of autonomous mobile robots, which

encompasses areas such as swarm robotics, robotic networks, and mobile sen-

sor networks. Researchers from various disciplines, including robotics, control

systems, artificial intelligence, engineering, and more recently, distributed com-

puting, have contributed to advancing this field.

In Section 1.1, we give an overview of standard models of robot swarms considered

in theoretical studies. In Section 1.2, we discuss the earlier works in this direction.

Section 1.3 gives a brief overview of the thesis.
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1.1 Theoretical Framework

This section provides an overview of the theoretical framework under which the

computational and complexity issues related to distributed computing by robot

swarms are studied. The framework covers a large spectrum of settings. The

different sets of assumptions regarding the capabilities of the robots and the

environment in which they operate give rise to several variations of the framework.

1.1.1 The Robots

We consider a team R = {r0, . . . , rn} of computational entities which are viewed

as points and called robots. The robots can move freely and continuously. The

robots can operate in discrete domain represented by a simple graph or in contin-

uous domain represented by Euclidean Plane R2. The graph may be static, where

there is no change in the nodes and links of the graph, or it may be dynamic,

where there may be change in the links or edges.

First of all we define some common terms which will be frequently used in our

discussion:

1. anonymous: The robots do not have unique identifiers.

2. identical: The robots are indistinguishable by their appearance.

3. homogenous: All the robots execute the same algorithm.

4. autonomous: The robots act without any centralized control.

We have considered three different problems in this thesis and hence the overall

characteristics of the robot swarms have varied according to the problems.

A robot may or not have distinct identifiers, which are usually bit strings of con-

stant length distinguishing one robot from the other. When the robots do not

have distinct identifiers they are called anonymous as mentioned above. When

the underlying domain is the Euclidean Plane, robots can move freely and contin-

uously in the plane. If the underlying domain is a static graph then a robot can
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move from one node to a neighbouring node freely. When the underlying domain

is a dynamic graph, robot can move from one node to a neighbouring node if the

edge between them is not missing. Two robots moving in opposite direction on

the same edge are not able to detect each other.

The robots may or may not have any persistent memory. When the robots do

not have any memory they are called oblivious. They do not remember any data

from the previous round. When the robots do have persistent memory they can

only save finite bits of information from the previous round.

The communication between the robots can be of various types. There may be no

communication at all, while on the other hand there may be local communication

or even more powerful global communication. In the graph models we have

considered in this thesis, irrespective of static or dynamic, the communication is

local, the communication between two robots is possible if and only if they are

co-located at a node. In Chapter 5, where we have considered Euclidean Plane,

communication if at all present is in the form of lights.

Each robot has its own local coordinate system and it always perceives itself at

its origin; there might not be consistency between these coordinate systems.

1.1.2 Look-Compute-Move Cycle

The robots do not have access to any global coordinate system. Each robot has

its own local coordinate system, whose origin always coincides with the position

of the robot and hence it changes with the robot as it moves. The robots operate

in Look − Compute−Move (LCM) cycles. When activated a robot executes a

cycle by performing the following three operations:

1. Look: The robots activate its sensors to obtain a snapshot of the positions

occupied by the robots according to its co-ordinate system.

2. Compute: The robot executes its algorithm using the snapshot as input.

The result of the computation is a destination point.
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3. Move: The robot moves to the computed destination. If the destination is

the current location, the robot stays still.

All robots are initially idle. The amount of time to complete a cycle is assumed

to be finite, and the Look is assumed to be instantaneous. The robots may not

have any agreement in terms of their local coordinate system.

1.1.3 Visibility

Each robot is capable of observing its surroundings. There are three main models

regarding the visibility of the robots.

Full visibility: In full visibility model, the robots have sensorial devices that

allows it to observe the positions of the other robots in its local co-ordinate

system.

Limited visibility: In limited visibility model, a robot can only observe upto a

fixed distance Vr from it. Suppose, rp(t) denote the position of a robot r at

the beginning of round t. Then we define the circle with center at rp(t) and

radius Vr to be the Circle of V isibility of r at round t. Here the radius Vr

is same for all the robots. The result of Look operation in round t will be

the position of the robots and lights(if any) of the robots inside the circle

of visibility.

We now define the V isibility Graph, G = (V,E) of a configuration. Let C

be a given configuration. Then all the robot positions become the vertices

of G and we say an edge exists between any two vertices if and only if the

robots present there can see each other. A necessary condition for a robot

swarm trying to solve a problem collectively is that the V isibility Graph

of the initial configuration must be connected.

Obstructed visibility: In the obstructed visibility or opaque robot model, the

visibility range of each robot is unlimited, but its visibility can be obstructed

by the presence of other robots. Formally, two robots are able to see each

other if and only if no other robot lies on the line segment joining them.
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1.1.4 Memory and Communication

Based on the memory and communication capabilities, there are four models:

OBLOT ,LUMI,FST A and FCOM.

OBLOT : One of the most widely explored and well-established models in this

context is referred to as OBLOT . In this model, robots are characterized

as both silent and oblivious. When we say robots are silent, it means that

they lack explicit communication capabilities. Additionally, when we de-

scribe them as oblivious, it implies that they possess no memory of prior

observations, calculations, or actions. In other words, at the conclusion of

each cycle involving looking, computing, and moving, all information ac-

quired during that cycle, including observations, computations, and actions

taken, is completely erased. Consequently, any computations made during

a cycle are solely based on what is observed in the current cycle, without

any retention of past data or actions.

LUMI: In this model, each robot is equipped with a visible light that can take

on a finite number of predefined colors. This light is not only visible to

the robot itself but also to other nearby robots. These lights serve a dual

purpose as a limited form of explicit communication and a kind of memory

for the robots. During the LOOK phase, a robot observes the positions

of other robots that are within its visibility range, along with the colors

of their lights, as well as the color of its own light. Subsequently, based

on this information, the robot performs computations using a designated

algorithm to determine both a destination point and a color. The robot then

changes the color of its light to the chosen one and moves to the computed

destination.

One crucial feature is that the color of a robot’s light persists from one

LOOK − COMPUTE −MOV E cycle to the next. This means that the

chosen color is not erased at the end of a cycle and is retained when the

robot enters the LOOK phase of the subsequent cycle. It’s worth noting

that a robot equipped with a light that has only one possible color effec-



8

tively behaves the same as a robot with no light at all. Consequently, the

LUMI model represents an extension of the OBLOT model, offering more

capabilities due to the introduction of persistent, multicolored lights.

FST A: In the FST Amodel, robots share a common characteristic withOBLOT
in that they are silent, but they differ by having finite memory. Each robot

in FST A is equipped with a light, but unlike LUMI, this light is only

visible to the robot itself. During the LOOK phase, a robot observes the

positions of other robots within its field of view but cannot perceive the col-

ors of their lights. However, it can see the color of its own light. Following

this observation, the robot engages in computations using a specified algo-

rithm to determine both a destination point and a color. Subsequently, the

robot adjusts its light to match the chosen color and moves to the calculated

destination.

It’s important to note that in FST A, robots can only perceive the color

of their own light and not the lights of other robots, setting it apart from

LUMI. Nevertheless, if a robot in FST A has a light with only one avail-

able color, its capabilities become equivalent to those of a robot in the

OBLOT model.

FCOM: In the FCOMmodel, robots share a common characteristic withOBLOT
in that they are oblivious, but they have a finite number of communication

bits at their disposal. Similar to LUMI, each robot in FCOM is equipped

with a light. However, there is a distinction in that a robot’s light is only

visible to other robots and not to itself. During the LOOK phase, a robot

observes the positions of other robots within its field of view, including

the colors of their lights, but it cannot perceive the color of its own light.

Subsequently, based on this observation, the robot executes computations

using a designated algorithm to determine both a destination point and a

color. The robot then adjusts its light to match the chosen color and moves

to the calculated destination.

It’s important to highlight that in FCOM, robots can see the lights of other

robots but not the color of their own light, setting it apart from LUMI.
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However, if a robot in FCOM has a light with only one available color,

its capabilities are essentially the same as those of a robot in the OBLOT
model.

1.1.5 Activation and Synchronization

Based on the activation and timing of action of the robots, there are three mod-

els: fully synchronous (FSYNC), semi-synchronous (SSYNC) and asynchronous

(ASYNC).

Fully synchronous: In model, time is conceptually divided into discrete global

rounds. During each of these rounds, all the robots are simultaneously

activated. They collectively take snapshots of their surroundings at the

same moment, and subsequently, they carry out their movements in a syn-

chronized manner. Consequently, the LOOK, COMPUTE, and MOV E

phases of the robots are coordinated and occur concurrently within these

global rounds.

Semi-synchronous: The SSYNC model aligns with the model FSYNC, dif-
fering only in the aspect that not all robots are necessarily activated during

every round. However, it’s important to note that in the SSYNC model,

each robot is guaranteed to be activated infinitely many times over time.

Asynchronous: The ASYNC model represents the most general and flexible

framework. In this model, robots are activated independently, and each

robot carries out its cycles without synchronization with others. The du-

ration of time spent in LOOK, COMPUTE, MOV E, and inactive states

is finite but not limited or predictable. Importantly, this duration can vary

between different robots and is not uniform. Consequently, the robots lack

a common, synchronized notion of time.

In this ASYNC model, certain unique characteristics emerge. For instance,

a robot can be observed while in motion, which means computations may

be based on outdated information regarding positions. Additionally, the
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configuration perceived by a robot during the LOOK phase can undergo

significant changes before the robot actually executes its move. This level

of unpredictability and asynchrony makes the ASYNC model the most

versatile but also the most challenging among the considered models.

1.1.6 Movement of the Robots

The movement of the robots in each of the three domains: Euclidean plane, static

graph and dynamic graph are different.

In our study in Euclidean plane domain usually the robots are assumed to move

along straight line. In FSYNC and SSYNC, the speed of the robot is not impor-

tant as all movements terminate before the next global round starts. However,

certain studies also allow the robots to move along curved trajectories. How-

ever, in ASYNC, the speed determines the duration of the MOVE operation of

the robot in that LOOK-COMPUTE-MOVE cycle. Regardless of the speed, the

movement of a robot may stop before the robot reaches its destination. In this

regard, there are two main models.

Rigid: In the Rigid movement model, each robot can travel to its intended

destination without any interruptions or disruptions.

Non-Rigid: In the Non-Rigid movement model, In the Non-Rigid movement

model, a robot’s movement may come to a halt before it reaches its intended

destination. However, within this model, there exists a specific distance

parameter, denoted as δ > 0 (where δ > 0 ), that plays a crucial role. Here

are the key properties related to δ:

If the robot’s destination is at a distance no greater than δ, then the robot

is guaranteed to reach that destination without interruption.

If the robot’s destination is at a distance greater than δ > 0, the robot

will travel at least the distance δ > 0 toward the destination before any

potential halt or interruption occurs.
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The inclusion of this distance parameter, δ > 0, is essential because it

ensures that the model does not permit frequent interruptions after covering

distances like 1
2
, 1
4
, 1
8
, . . ., and so on. Without δ, the model would not allow

any robot to traverse a distance greater than 1. Importantly, whether the

value of δ is known to the robots or not may vary within this model.

If the underlying domain is a static graph then a robot can move from one

node to an adjacent node. Any number of robots are allowed to move via

an edge. If the graph is port-labelled, i.e, it’s edges have port numbers then

when a robot moves from a node u to node v, it is aware of the port through

which it enters v.

When the underlying domain is a dynamic graph, robot can move from one

node to a neighbouring node if the edge between them is not missing. Two

robots moving in opposite direction on the same edge are not able to detect

each other.

1.2 Related Literature

In this section, a comprehensive overview of theoretical studies related to dis-

tributed computing by robot swarms is presented. The primary focus in this

field is to accomplish tasks in a distributed manner. Over the past two decades,

significant attention has been dedicated to the study of various problems such

as Pattern Formation [14, 21, 99, 105] , Point Formation [4, 13, 22, 23, 33,

38, 42, 82, 86], Line Formation [88, 95, 106] , Circle Formation [12, 28, 29,

31,35,37,40,98] , Convex Hull Formation [52,90,92,93], Mutual Visibil-

ity [2, 6, 32, 72,85].

The Pattern Formation problem entails robots being provided with a desired

pattern represented as coordinate points within a coordinate system. The robots,

however, lack knowledge of the global coordinate system associated with these

points. To address this problem, the first step involves developing a strategy

that enables all robots to agree on a global coordinate system. Subsequently,

the robots must be placed sequentially at their respective destinations. The
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prescribed pattern can take various forms, such as a point, a line, a circle, or any

arbitrary shape. In general, for a fixed pattern, the robots are not provided with

specific coordinate points.

The Point Formation problem, also known as Gathering, requires robots to

converge at an unknown point. Similarly, there are Line Formation, Circle For-

mation, and Convex Hull Formation problems. In the Convex Hull Formation

problem, robots are arranged in a way that ensures mutual visibility among all

robots, a concept referred to as Mutual Visibility. It’s important to note that

solving the Mutual Visibility problem doesn’t automatically solve the Convex

Hull Formation problem. However, achieving Convex Hull Formation results in

a mutually visible pattern. Solving these problems heavily relies on the spatial

universe, the scheduling of robot actions, and the robots’ working memory.

Fundamental problems like Gathering, Arbitrary Pattern Formation, and Mutual

Visibility have been extensively studied in grid environments. In contrast, the

Line Formation and Circle Formation problems have mainly been investigated in

continuous Euclidean planes. The Line Formation problem serves as a founda-

tion for solving more complex problems like Convex Hull Formation and Pattern

Formation. In [15], an intermediate configuration is introduced where all robots

except one form a line segment. The Line Formation problem was first discussed

in [106] using a different model. In [88], the problem is examined concerning total

agreement and partial agreement on the coordinate system. The Line Formation

problem is also connected to spreading problem, where robots initially placed

arbitrarily on the plane need to spread evenly within a given region. This study

focuses on the one-dimensional case, where robots must form a line and position

themselves uniformly on it.

The Circle Formation problem requires robots to position themselves along a

circular circumference. If robots are evenly spaced on the circumference, it’s

known as Uniform Circle Formation. Early work on Circle Formation was

presented by Sugihara and Suzuki [98], who proposed a heuristic distributed

algorithm. Later improvements were made by Tanaka [100], Suzuki and Yamasi-

hita [99], and Défago and Konogaya [28], considering various scenarios involving
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robot memory and coordination. These studies often assumed synchronization

models and made specific assumptions about the robots’ abilities.

The Mutual Visibility problem, which involves ensuring that all robots are visible

to each other, was first addressed by Di Luna et al. [32] in continuous Euclidean

planes. They achieved Mutual Visibility by forming a convex N-gon, where N is

the number of robots. Later work by Sharma et al. [91] improved the algorithm’s

round complexity in the Fsync model. The problem was also explored with

luminous robots in [72], introducing more complexities regarding robot memory

and synchronization.

Dispersion was introduced in [9] where the problem was considered in specific

graph structures such as paths, rings, trees as well as arbitrary graphs. In [9], the

authors assumed k = n, i.e., the number of robots k is equal to the number of

nodes n. They proved a memory lower bound of Ω(log k) bits at each robot and a

time lower bound of Ω(logD) rounds for any deterministic algorithm to solve the

problem in a graph of diameter D. They then provided deterministic algorithms

using O(log n) bits of memory at each robot to solve Dispersion on lines, rings

and trees in O(n) time. For rooted trees they provided an algorithm requiring

O(∆ + log n) bits of memory and O(D2) rounds and for arbitrary graphs, they

provided an algorithm, requiring O(n log n) bits of memory and O(m) rounds

(m is the number of edges in the graph). In [61], a Ω(k) time lower bound

was proved for k ≤ n. In addition, three deterministic algorithms were provided

in [61] for arbitrary graphs. The first algorithm requires O(klog∆) bits of memory

and O(m) time, (∆ = the maximum degree of the graph), the second algorithm

requires O(D log∆) bits of memory and O(∆D) time, and the third algorithm

requires O(log(max(k,∆))) bits of memory and O(mk) time. A deterministic

algorithm was provided in [62] that runs in O(min(m, k∆) log k) time and uses

O(log n) bits of memory at each robot. In [64], the problem was studied on

grid graphs. The authors presented two deterministic algorithms on anonymous

grid graphs that achieve simultaneously optimal bounds with respect to both

time and memory complexity. For the first algorithm, the authors considered

the usual local communication model where a robot can only communicate with
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other robots that are present at the same node. Their second algorithm works in

global communication model where a robot can communicate with other robots

present anywhere on the graph. In the local communication model, they showed

that the problem can be solved in an n-node square grid graph in O(min(k,
√
n))

time with O(log k) bits of memory at each robot. In the global communication

model, the authors showed that it can be solved in O(
√
k) time with O(log k)

bits of memory at each robot. In [63], the authors extended the work in global

communication model to arbitrary graphs. They gave three deterministic algo-

rithms, two for arbitrary graphs and one for trees. For arbitrary graphs, their first

algorithm is based on DFS traversal and has time complexity of O(min(m, k∆))

and memory complexity of Θ(log(max(k,∆))). The second algorithm is based

on BFS traversal and has time complexity O(max(D, k)∆(D + ∆)) and mem-

ory complexity O(max(D,∆ log k)). The third algorithm in arbitrary trees is a

BFS based algorithm that has time and memory complexity O(Dmax(D, k)) and

O(max(D,∆ log k)) respectively. In [94], an algorithm was presented that does

not require global knowledge of m, k and ∆ as in [62] but still solves the problem

by keeping the asymptotically same running time and also with slightly smaller

memory space i.e., O(log(k + ∆)) bits. Recently in [66], as algorithm was pre-

sented that solves Dispersion in O(min{m, k∆}) time with Θ(log(k +∆)) bits

of memory at each robot. This is the first algorithm for Dispersion that is opti-

mal in both time and memory in arbitrary anonymous graphs of constant degree,

i.e., ∆ = O(1). Furthermore, this result holds in both synchronous and asyn-

chronous settings. In [80], randomization was used to break the Ω(log k) memory

lower bound for deterministic algorithms. In particular, the authors considered

anonymous robots that can generate random bits and gave two deterministic algo-

rithms that achieve dispersion from rooted configurations on an arbitrary graph.

The memory complexity of the algorithms are respectively O(max{log∆, logD})
and O(∆). For arbitrary initial configurations, they gave a random walk based

algorithm that requires O(log∆) bits of memory, but the robots do not termi-

nate. In [3], the problem was studied on dynamic rings. Dispersion in arbitrary

anonymous dynamic graphs was studied in [65] where authors provided some

impossibility, lower and upper bound results. Fault-tolerant Dispersion was
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considered for the first time in [78] where the authors studied the problem on a

ring in presence of Byzantine robots. Byzantine robots on arbitrary anonymous

graphs was then considered in [79]. Dispersion under crash faults was consid-

ered in [84]. In [48] the authors investigated the role of communication among

co-located robots in achieving dispersion.

The problem of Exploration by mobile robots in static anonymous graph has

been studied extensively in the literature [5, 24, 24, 30, 34, 45, 83]. Prior to [71],

there have been a few works on Exploration of dynamic graphs, but under

assumptions such as complete a priori knowledge of location and timing of topo-

logical changes (i.e., offline setting) [36,55,57,77] or periodic edges (edges appear

periodically) [39,56] or δ-recurrent edges (each edge appears at least once every δ

rounds) [57] etc. In the online or live setting where the location and timing of the

changes are unknown, distributed Exploration of graphs without any assump-

tion other than being always connected was first considered in [71]. In particular,

they considered the problem on an always connected dynamic ring. They proved

that without any knowledge of the size of the ring and without landmark node,

Exploration with partial termination is impossible by two robots even if the

robots are non-anonymous and have chirality. They also proved that if the robots

are anonymous, have no knowledge of size, and there is no landmark node then

Exploration with partial termination is impossible by any number of robots

even in the presence of chirality. On the positive side the authors showed that

under fully synchronous setting, if an upper bound N on the size of the ring is

known to two anonymous robots, then Exploration with explicit termination

is possible within 3N − 6 rounds. They then showed that for two anonymous

robots, if chirality and a landmark node is present, then exploration with ex-

plicit termination is possible within O(n) round, and in the absence of chirality

with all other conditions remaining the same, Exploration with explicit ter-

mination is possible within O(n log n) rounds, where n is the size of the ring.

They have also proved a number of results in the semi-synchronous setting (i.e.,

not all robots may be active in each round) under different assumptions. Then

in [74], the authors considered robots with unique identifiers and edge crossing

detection capability in a ring without any landmark node. They showed that Ex-
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ploration with explicit termination is impossible in the absence of landmark

node and the knowledge of n by two robots with access to randomness, even in

the presence of chirality, unique identifiers and edge-crossing detection capabil-

ity. In the absence of randomness even Exploration with partial termination

is impossible in the same setting. With three robots under fully synchronous

setting, the authors showed that Exploration with explicit termination is pos-

sible by three non-anonymous robots with edge-crossing detection capability in

absence of any landmark node. Removing the assumption of edge-crossing detec-

tion and replacing it with access to randomness, the authors gave a randomized

algorithm for Exploration with explicit termination with success probability

at least 1 − 1
n
. Exploration of an always connected dynamic torus was con-

sidered in [51]. In [50] the problem of Perpetual Exploration (i.e., every

node is to be visited infinitely often) was studied in temporally connected (i.e.,

may not be always connected but connected over time) graphs. Other problems

studied in dynamic graphs include Gathering [16, 73, 81], Dispersion [3, 63],

Patrolling [27] etc.

Investigations regarding the computational power of robots under synchronous

schedulers was done by the authors Flocchini et. al. in [44]. Main focus of the

investigation in this work was which of the two capabilities was more important:

persistent memory or communication. In the course of their investigation they

proved that under fully synchronous scheduler communication is more powerful

than persistent memory. In addition to that, they gave a complete exhaustive

map of the relationships among models and schedulers.

In [17], the previous work of characterizing the relations between the robot models

and three type of schedulers was continued. The authors provided a more refined

map of the computational landscape for robots operating under fully synchronous

and semi-synchronous schedulers, by removing the assumptions on robots’ move-

ments of rigidity and common chirality. Further authors establish some prelim-

inary results with respect to asynchronous scheduler.

The previous two works considered that the robots was assumed to have unlim-

ited amounts of energy. In [18], the authors removed this assumption and started
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the study of computational capabilities of robots whose energy is limited, albeit

renewable. In these systems, the activated entities uses all its energy to execute

an LCM cycle and then the energy is restored after a period of inactivity. They

studied the impact that memory persistence and communication capabilities have

on the computational power of such robots by analyzing the computational re-

lationship between the four models {OBLOT ,FST A,FCOM,LUMI} under

the energy constraint. They provided a full characterization of this relationship.

Among the many results they proved that for energy-constrained robots, FCOM
is more powerful than FST A.

In all the three above mentioned works, the robots had full visibility. A robot uses

its visibility power in the Look phase of the LCM cycle to acquire information

about its surroundings, i.e., position and lights (if any) of other robots. The

biggest drawback of full visibility assumption is that it is not practically feasible.

So, recently some of the authors [7, 41, 49, 87] have considered limited visibility.

For example, in [41] they considered that the robots can see up to a fixed radius

V from it. So it was important to study the power of different robot models

under limited visibility.

In summary, the field of distributed computing by robot swarms encompasses

a wide range of problems, from basic gathering and formation tasks to more

complex challenges involving memory constraints, synchronization models, and

non-trivial spatial environments. Researchers continue to explore and develop

algorithms to address these problems in various settings and under different as-

sumptions.

1.3 Overview of the Thesis

The main focus of this thesis is not limited to studying the computational as-

pects of a single problem, under different model assumptions. Rather the subject

matter of this thesis can be interpreted from two broad perspectives. The first is

solving a particular problem with minimum number of assumptions, and finding

the optimal value of various parameters with which the problems can be solved.
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The second is investigating, what affect does various capabilities such as memory,

communication, synchronicity have on the problem solving capacity of a robot

swarm. Pertaining to the first perspective, in our thesis, we solve the problem of

Dispersion in an arbitrary graph with optimal memory, and we solve the prob-

lem of Exploration in dynamic ring, by removing the assumption of landmark

node, with minimum number of robots. Pertaining to the second perspective,

in our thesis, we investigate what affect variation in the power or capability of

visibility have on the computational capability of a robot swarm. Here, we also

investigate the relation between the capabilities of visibility and synchronicity

and whether limitation in capability can be enhanced by strengthening another

capability.

In Chapter 2, we study theDispersion problem on an arbitrary connected graph,

where the robots are anonymous. Here, we consider that all the robots are located

at the same node in the initial configuration. When the robots have identifiers,

the leader election process which can be done deterministically, but in our case

as the robots are anonymous we take the help of coin-tossing, i.e., the leader

election process is probabilistic. We solve the problem with optimal amount of

memory. In Chapter 3, we consider the Exploration problem, and to solve

it in a dynamic ring without any landmark,i.e., any special node which can be

distinguished from other nodes. In this chapter we assume the power of chirality,

i.e., all the robots have a common clockwise and anticlockwise direction. We

define another problem, Meeting and solve it in the presence of chirality as an

essential step to solve the overall problem of Exploration. In Chapter 4, we

solve the same problem as Chapter 3 but by removing the assumption of chirality.

This changes the whole scenario as solving the problem of Meeting becomes

difficult without chirality. Therefore we have to define a new problem called

Contiguous Agreement to solve the problem of Meeting, and eventually

Exploration is solved. Then in Chapter 5, we make a comparative analysis of

what affect does variation in the visibility capability have on the compuatational

capability of a robot swarm. Finally in Chapter 6, we discuss some directions for

future research.



Chapter 2

Memory Optimal Dispersion by
Anonymous Mobile Robots

The Dispersion problem asks k ≤ n robots, initially placed arbitrarily at the

nodes of an n-node anonymous graph, to reposition themselves to reach a config-

uration in which each robot is at a distinct node of the graph.

It is easy to see that the problem cannot be solved deterministically by a set

of anonymous robots. Since all robots execute the same deterministic algorithm

and initially they are in the same state, the co-located robots will perform the

same moves. This is true for each round and hence they will always mirror

each other’s move and will never do anything different. Hence, throughout the

execution of the algorithm, they will stick together and as a result, dispersion

cannot be achieved. Using similar arguments, it can be shown that the robots

need to have Ω(log k) bits of memory each in order to solve the problem by any

deterministic algorithm [9]. However, it has been recently shown in [80] that if

we consider randomized algorithms, i.e., each robot is given access to a fair coin

which can be used to generate random bits, then Dispersion can be solved by

anonymous robots with possibly o(log k) bits of memory. In [80], the authors gave

an algorithm requiring O(log∆) bits of memory. However, in this algorithm, the

robots do not terminate. As for terminating algorithms, the authors presented

two algorithms for Dispersion from a rooted configuration, i.e., a configuration

in which all robots are situated at the same node. The first algorithm requires

19
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each robot to have O(max{log∆, logD}) bits of memory, where ∆ and D are

respectively the maximum degree and diameter of G. The second algorithm

requires each robot to have O(∆) bits of memory. In [80], it is also shown that

the robots require Ω(log∆) bits of memory to achieve dispersion in this setting.

Notice that while the memory requirement of the second algorithm is clearly

ω(log∆), that of the first algorithm too can be ω(log∆) depending on the values

of ∆ and D. The question of whether the problem can be solved with O(log∆)

bits of memory at each robot was left as an open problem. In our work, we answer

this question affirmatively by presenting an algorithm with memory complexity

O(log∆). The lower bound result presented in [80] implies that the algorithm is

asymptotically optimal with respect to memory complexity.

The rest of the chapter is organized as follows. In Section 2.1, some basic defi-

nitions and a formal description of the model and the problem are presented. In

Section 2.2, we present the main algorithm which solves the problem. In Section

2.3, we the correctness proofs of our main algorithm. In Section 2.4 we finally

present the main result obtained.

2.1 Model and Definitions

In this section, we first present a formal description of the model. Next we

introduce some definitions and then formally state the problem.

2.1.1 Technical Preliminaries

Graph We consider a connected undirected graph G of n nodes, m edges, di-

ameter D and maximum degree ∆. For any node v, its degree is denoted by

δ(v) or simply δ when there is no ambiguity. The nodes are anonymous, i.e.,

they do not have any labels. For every edge connected to a node, the node has

a corresponding port number for the edge. For every node, the edges incident to

the node are uniquely identified by port numbers in the range [0, δ − 1]. There

is no relation between the two port numbers of an edge. If u, v are two adjacent
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nodes then port(u, v) denotes the port at u that corresponds to the edge between

u and v.

Robots Robots are anonymous, i.e., they do not have unique identifiers. The

set of all robots in the graph is denoted by R. Each robot has O(log∆) bits of

space or memory for computation and to store information. Each robot has a fair

coin which they can use to generate random bits. Each robot can communicate

with other robots present at the same node by message passing: a robot can

broadcast some message which is received by all robots present at the same node.

The size of a message is no more than its memory size because it cannot generate

a message whose size is greater than its memory size. Therefore, the size of a

message must be O(log∆). Also, when there are many robots (co-located at a

node) broadcasting their messages, it is not possible for a robot to receive all of

these messages due to limited memory. When there is not enough memory to

receive all the messages, it receives only a subset of the messages. The view of

a robot is local: the only things that a robot can ‘see’ when it is at some node,

are the edges incident to it. The robots have access to the port numbers of these

edges. It cannot ‘see’ the other robots that may be present at the same node.

The only way it can detect the presence of other robots is by receiving messages

that those robots may broadcast. The robots can move from one node to an

adjacent node. Any number of robots are allowed to move via an edge. When a

robot moves from a node u to node v, it is aware of the port through which it

enters v.

Time Cycle We assume a fully synchronous system. The time progresses in

rounds. Each robot knows when a current round ends and when the next round

starts. Each round consists of the following.

• A robot first performs a series of synchronous computations and commu-

nications. These are called subrounds. In each subround, a robot performs

some local computations and then broadcasts some messages. The messages

received in the ith subround are read in the (i+ 1)th subround. The local
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computations are based on its memory contents (which contains the mes-

sages that it might have received in the last subround and other information

that it had stored) and a random bit generated by the fair coin.

• A robot then either remains at the current node or moves through some

port.

2.1.2 Problem Statement

A team of k (≤ n) robots are initially at the same node of the graph G. The

Dispersion problem requires the robots to re-position themselves so that i) there

is at most one robot at each node, and ii) all robots have terminated within a

finite number of rounds.

2.2 The Algorithm

2.2.1 Local Leader Election

Before presenting our main algorithm, we give a brief description of the Lead-

erElection() subroutine. We adopt this subroutine from [80]. When k ≥ 1

robots are co-located together at a node, LeaderElection() subroutine allows

exactly one robot to be selected as the leader within one round. Formally, 1) if

k = 1, the robot finds out that it is the only robot at the node, 2) if k > 1, after

finitely many subrounds (with high probability 1), i) exactly one robot is elected

as leader, ii) all robots can detect when the process is completed. Each robot

starts off as a candidate for leader. In the first subround, every robot broadcasts

‘start’. If a robot finds that it has received no message, it then concludes that it is

the only robot at the node. Otherwise, it concludes that there are multiple robots

at the node and does the following. In each subsequent subround, each candidate

flips a fair coin. If heads, it broadcasts ‘heads’, otherwise it does not broadcast

anything. If a robot gets tails, and receives at least one (‘heads’) message, it

1Throughout we use “high probability” to mean probabilty at least 1− k−c, where c ≥ 1
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stops being a candidate. This process is repeated until exactly one robot, say

r, broadcasts in a given subround. In this subround, r broadcasts ‘heads’, but

receives no message, while all other non-candidate robots have not broadcasted,

but received exactly one message. So r elects itself as the leader, and all robots

detect that the process is completed. The process requires O(1) bits of memory

at each robot and terminates in O(log k) subrounds with high probability.

2.2.2 Overview of the Algorithm

In this subsection, we present a brief overview of the algorithm. The execution

of our algorithm can be divided into three stages. In the first stage, the robots,

together as a group, perform a DFS traversal in the search of empty nodes,

starting from the node where they are placed together initially. We shall call this

node the root and denote it by vR. Whenever the group reaches an empty node,

they perform the LeaderElection() subroutine to elect a leader. The leader

settles at that node, while the rest of the group continues the DFS traversal. Note

that the settled robot does not terminate. This is because when the robots that

are performing the DFS return to that node, they need to detect that the node is

occupied by a settled robot. Recall that a robot cannot distinguish between an

empty node and a node with a terminated robot. Therefore, the active settled

robot helps the travelling robots to distinguish between an occupied node and an

empty node, and also provides them with other information that is required to

correctly execute the DFS. The size of the travelling group decreases by one, each

time the DFS traversal reaches an empty node. The first stage completes when

each robot has found an empty node for itself. Let rL denote the last robot that

finds an empty node, vL, for itself. Although dispersion is achieved, this robot will

not terminate. The other settled robots do not know that dispersion is achieved

and will remain active. Therefore rL needs to revisit those nodes and ask the

settled robots to terminate. First rL will return to the root vR via the rootpath

which is the unique path in the DFS tree from vL to vR. This is the second stage

of the algorithm. In the third stage, rL performs a second DFS traversal and

asks the active settled robots to terminate. Since the active settled robots play
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Variable Description
role It indicates the role that the robot is playing in the algo-

rithm. It takes values from {explore, settled, return,
acknowledge, done}. Initially, role← explore.

entered It indicates the port through which the robot has entered the
current node. Initially, entered ← ∅. For simplicity, assume
that it is automatically updated when the robot entered a
node.

received It indicates the message(s) received by the robot in the current
subround. After the end of each subround, the messages are
erased, i.e., it is reset to ∅. Initially, received← ∅.

direction It indicates the direction of movement of a robot during a
DFS traversal. It takes values from {forward, backward}.
Initially, direction← forward.

parent For a settled robot on some node, it indicates the port number
towards the parent of that node in the DFS tree. Initially,
parent← ∅.

child For a settled robot on some node that is on the rootpath, it
indicates the port number towards the child of that node in
the DFS tree that is on the rootpath. Initially, child← ∅.

visited For a settled robot on some node, it indicates whether the
node where the robot is settled has been visited by rL in the
third stage. Initially, visited← 0.

Table 2.1: Description of the variables used by the robots

a crucial role in the DFS traversal, rL needs to be careful about the order in

which it should ask the settled robots to terminate. Finally, rL terminates after

it returns to vL.

A pseudocode description of the algorithm is given in Algorithm 1. In Table

2.1, we give details of the variables used by the robots. If variable name is

some variable, then we shall denote the value of the variable stored by r as

r.variable name.
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Algorithm 1: Dispersion
1 Procedure Dispersion()
2 r ← myself
3 if r.role = settled then
4 Settled() // Algorithm 2
5 else if r.role = explore then
6 Explore() // Algorithm 3
7 else if r.role = return then
8 Return() // Algorithm 4
9 else if r.role = acknowledge then

10 Acknowledge() // Algorithm 5
11 else if r.role = done then
12 Terminate()

Algorithm 2: Algorithm for role settled
1 Procedure Settled()
2 if I am queried then
3 Broadcast(role = settled, parent = r.parent, child = r.child, visited = r.visited)
4 else if r.received = “Set child x” then
5 r.child← x
6 else if r.received = “Set visited = 1” then
7 r.visited← 1
8 else if r.received = “terminate” then
9 Terminate()

Algorithm 3: Algorithm for role explore
1 Procedure Explore()
2 Query()
3 if r.received = ∅ then
4 LeaderElection()
5 if I am alone then
6 r.role← return
7 Move through r.entered
8 else if I am elected as leader then
9 r.role← settled

10 r.parent← r.entered
11 else if I am not elected as leader then
12 if r.entered = ∅ then
13 Move via port 0
14 else
15 if (r.entered+ 1 = r.entered) mod δ then
16 r.direction← backward

17 Move via port (r.entered+ 1) mod δ

18 else if r.received = “role = settled, parent = x, child = ∅, visited = 0” then
19 if r.direction = forward then
20 r.direction← backward
21 Move via port r.entered
22 else if r.direction = backward then
23 if (r.entered+ 1) mod δ = x then
24 Move via port (r.entered+ 1) mod δ
25 else
26 r.direction← forward
27 Move via port (r.entered+ 1) mod δ
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Algorithm 4: Algorithm for role return
1 Procedure Return()
2 Query()
3 if r.received = “role = settled, parent = x, child = ∅, visited = 0” then
4 if x ̸= ∅ then
5 Broadcast(“Set child r.entered”)
6 Move via port x
7 else
8 Broadcast(“Set child r.entered”)
9 r.direction← forward

10 r.role← acknowledge
11 r.entered← ∅

Algorithm 5: Algorithm for role acknowledge
1 Procedure Acknowledge()
2 Query()
3 if r.received = “role = settled, parent = x, child = y, visited = 0” then
4 Broadcast(“Set visited = 1”)
5 if r.entered = ∅ then
6 Move via port 0
7 else
8 if r.entered = (r.entered+ 1) mod δ then
9 r.direction← backward

10 Broadcast(“terminate”)
11 else if y = (r.entered+ 1) mod δ then
12 Broadcast(“terminate”)

13 Move via port (r.entered+ 1) mod δ

14 else if r.received = “role = settled, parent = x, child = y, visited = 1” then
15 if r.direction = forward then
16 r.direction← backward
17 Move via port r.entered
18 else if r.direction = backward then
19 if x = (r.entered+ 1) mod δ then
20 Broadcast(“terminate”)
21 else if y = (r.entered+ 1) mod δ then
22 r.direction← forward
23 Broadcast(“terminate”)
24 else
25 r.direction← forward

26 Move via port (r.entered+ 1) mod δ

27 else if r.received = ∅ then
28 if r.direction = forward then
29 r.direction← backward
30 else if r.direction = backward then
31 r.role = done

32 Move via port r.entered
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Figure 2.1: Configuration at the start of the Algorithm

2.2.3 Detailed Description of the Algorithm

In the starting configuration, all robots are present at a single node, refer to

Figure 2.1. We call this node the root node and denote it by vR. Initially, role

of each robot is explore. In the first stage, the robots have to perform a DFS

traversal together as a group. This group of robots is called the exploring group,

refer to Figure 2.2.

Whenever the exploring group reaches an empty node (a node with no settled

robot), one of the robots will settle at that node, i.e., it will change its role to

settled and remain at that node. For the rest of the algorithm, it does not

move. However, it stays active and checks for any received messages. A settled

robot can receive three types of messages as the following:

• it may receive a query about the contents of its internal memory

• it may receive an instruction to change the value of some variable

• it may be asked to terminate

When queried about its memory, it broadcasts a message containing its role,
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Exploring Group

Settled Robot

Figure 2.2: The Exploring Group

parent, child and visited. If it is asked to change the value of some variable or

terminate, then it does so accordingly. Any robot with role explore, return or

acknowledge, in the first subround of any round, broadcasts a message querying

about internal memory of any settled robot at the node. If it receives no message

in the second subround, then it concludes that there is no settled robot at that

node. Whenever the robots find that there is no settled robot at the node, during

the first stage, they start the LeaderElection() subroutine to elect a leader.

For any robot r, LeaderElection() results in one of the following outcomes:

• it is elected as the leader

• it is not elected as the leader

• it finds that it is the only robot at that node

In the first case, it changes r.role to settled and sets r.parent equal to r.entered.

Recall that r.entered is the port through which it entered the current node and in

the beginning, r.entered is set to ∅. We shall call r.parent the parent port of the

node where r resides. We shall refer to a robot that has set its role to settled as

a settled robot. In the second case, it will continue the DFS: if r.entered = ∅, it
leaves via port 0 and if r.entered ̸= ∅, it leaves via port (r.entered+1) mod δ. If
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Figure 2.3: The Configuration at the end of the first stage

(r.entered+ 1) = r.entered mod δ, it changes its variable direction to backward

before exiting the node. Recall that the variable direction is used to indicate the

direction of the movement during a DFS traversal. In the third case, it changes

r.role to return.

Now consider the case where the robots find that there is a settled robot at the

node. If the direction is set to forward when they encounter the settled robot, it

indicates the onset of a cycle. So the robots change the direction to backward and

leave the node via the port through which they entered it. Now suppose that the

direction is set to backward when they encounter the settled robot. Recall that

the robots have received from the settled robot, say a, a message which contains

a.parent. The robots check if a.parent is equal to the port number through which

it entered, say z, plus 1 (modulo the degree of the node). If yes, it implies that

the robots have moved through all edges adjacent to the node, and hence they

leave the node via a.parent which is the port through which they entered for the

first time. If no, then it means that they have not moved through the port (z+1)

mod δ before. So they change the direction to forward and leave via (z+1) mod

δ.



30

Figure 2.4: The Configuration at the beginning of the third stage

The DFS traversal in the first stage ends when a robot, say rL, with role set

to explore, finds that it is the only robot at a node, say vL. Recall that when

this happens, rL changes its role to return. At this point, the first stage ends,

and the second stage starts, refer to Figure 2.3. It then leaves vL via the port

through which it entered. In each of the following rounds where the role of rL is

return, it does the following. In the first subround, it broadcasts a query. In the

next subround, it receives a message from the settled robot at that node which

contains its parent. If the obtained value of parent, say x, is not ∅, it means that

rL is yet to reach the root vR. Then rL broadcasts an instruction for the settled

robot to change the value of its child to the port via which rL entered the node.

This value of child will be called the child port of the node. After broadcasting

the instruction, rL leaves through the port x. If x = ∅, then it means that rL

has reached the root vR. In this case, rL broadcasts the same instruction and

then changes the values of rL.role, rL.direction and rL.entered to respectively

acknowledge, forward and ∅ . At this point the second stage ends, and the third

stage starts, refer to Figure 2.4.

In the following rounds, rL with role acknowledge does the following. In the

first subround, it broadcasts a query. It either receives a reply or does not. If it
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receives a message, then it contains the values of parent, say x, and child, say y,

and visited of the settled robot at that node. Now, the value of variable visited

can be 0 or 1. If the value of visited is 0, it denotes that the settled robot is

visited for the first time in the third stage. Then in the next subround, the robot

rL then broadcasts a message instructing the settled robot to change the value of

its variable visited to 1. Now (rL.entered+1) mod δ can be equal to rL.entered

(the case of one degree node) or y or neither of them. In the former case, it

changes its variable direction to backward. In the first two cases, it broadcasts

a message instructing the settled robot to terminate and leaves through port

(rL.entered+1) mod δ. If (rL.entered+1) mod δ is neither equal to rL.entered,

nor equal to y, rL just exits through (rL.entered+1) mod δ without broadcasting

any message for termination. If the value of visited is 1, it denotes that the settled

robot has been visited before in the third stage. If the value of variable direction

of rL is forward, it changes the value of direction to backward and exits through

the port through which it entered the node at the previous round. Otherwise

the value of variable direction of rL is backward. In this case, three sub-cases

arise. If (rL.entered + 1) mod δ is equal to x, then rL broadcasts a message

instructing the settled robot to terminate, and then rL exits through the port

(rL.entered + 1) mod δ. Otherwise if, (rL.entered + 1) mod δ is equal to y,

then also rL broadcasts a message instructing the settled robot to terminate,

changes the variable direction to forward and then rL exits through the port

(rL.entered + 1) mod δ. If (rL.entered + 1) mod δ is neither equal to x, nor y,

then rL changes direction to forward and exits through (rL.entered+1) mod δ.

Now, we consider the case where rL in third stage does not receive any answer to

its query. If its direction is set to forward, it changes its direction to backward

and then exits through the same port by which it entered the node in the previous

round. If its direction is set to backward, then it means that rL was at vL in the

previous round. So rL changes its role to done and leaves the node through the

port via which it entered. Then it will reach vL in the next round and it will find

that its role is done and terminate, refer to Figure 2.5.



32

root

Figure 2.5: Configuration at the end of the third stage. The red colour indicates that
all the robots have terminated.

2.3 Correctness proof and Complexity Analysis

The first stage of our algorithm is the same as that of [80]. The robots simply

perform a DFS traversal. Whenever a new node is visited, one of the robots

settles there. The DFS continues until k distinct nodes are visited. To see that

the DFS traversal can be correctly executed in our setting, it suffices to verify

that the robots can correctly ascertain 1) if a node is previously visited and 2)

if all neighbors of a node have been visited. For 1), observe that the presence

of settled robot at a node indicates that the node has already been visited. So,

when the robots with direction forward go to a node which has a settled robot,

it backtracks, i.e., it changes its direction to backward and leaves the node via

the port through which it had entered. For 2), observe that the port p through

which robots first enter a node v is set as its parent port, i.e., the robot settled

at v sets its variable parent to p. Then the robots will move through all other

ports with direction forward in the order p + 1, p + 2, . . . , δ − 1, 0, 1, . . . , p − 1

(unless the DFS is stopped midway for k distinct nodes have been visited). This

is because if the robots leaves via a port q (with direction forward), it re-enters v
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via the same port q after some rounds (with direction backward) and then leaves

via (q + 1) mod δ(v) (with direction forward) in the next round if (q + 1) mod

δ(v) ̸= p. Clearly, when (q + 1) mod δ(v) = p, it indicates that the robots have

moved through all ports other than p with direction forward, i.e., all neighbors

of v have been visited. The robots can check if (q + 1) mod δ(v) = p because

their variable entered is equal to q and the variable parent of the robot settled

at v is equal to p. Inspecting the pseudocodes, it is easy to see that these are

correctly implemented in the algorithm. Therefore we have the following result.

Lemma 2.1. There is a round t1, at the beginning of which

1. each node of G has at most one robot

2. role of exactly one robot rL is explore and the role of the remaining k − 1

robots is settled

3. if V ′ ⊆ V is the set of nodes occupied by robots, then G[V ′] (the subgraph

of G induced by V ′) is connected

4. if E ′ ⊆ E is the set of edges corresponding to the variable parent of robots

in R \ {rL} and variable entered of rL, then the graph T = T (V ′, E ′) is a

DFS spanning tree of G[V ′],

5. rL is at a leaf node vL of T .

In the following lemmas, we present some observations regarding the execution

of DFS traversal in the first stage.

Observation 2.1. If v is a non-rootpath node, then the exploring group leaves it

via its parent port once. If v is a rootpath node other than vL, then the exploring

group leaves it via its child port once.

Observation 2.2. Suppose that v is a non-rootpath node and the exploring group

leaves v through its parent port at round t with direction backward. If the ex-

ploring group returns to v at some round t′, t < t′ ≤ t1, then its direction must

be forward.
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Observation 2.3. Suppose that v is a rootpath node and the exploring group

leaves v through its child port at round t with direction forward. If the exploring

group returns to v at some round t′, t < t′ ≤ t1, then its direction must be

forward.

There is a unique path, i.e., the rootpath vR = v1, v2, . . . , vs = vL in T (V ′, E ′)

from vR to vL. Furthermore, for any consecutive vertices vi, vi+1 on the path 1)

if i+ 1 < s, the variable parent of the settled robot at vi+1 is set to port(vi+1, vi)

and 2) if i+1 = s, the variable entered of robot rL at vi+1 is set to port(vi+1, vi).

So, according to our algorithm, rL will move along this path to reach vR. For each

node vi, i < s, on the rootpath, when rL reaches vi along its way to vR, it instructs

the settled robot at vi to set its variable child to port(vi, vi+1). Therefore, we have

the following result.

Lemma 2.2. There is a round t2, at the beginning of which

1. rL is at vR with rL.role = return

2. each node of T (V ′, E ′) \ {vL} has a settled robot

3. if vR = v1, v2, . . . , vs = vL is the rootpath and ri is the settled robot at

vi, i < s, then ri.child = port(vi, vi+1)

4. if r is a settled robot on a non-rootpath node, then r.child = ∅

From round t2 + 1, rL will start a second DFS traversal. This DFS traversal is

trickier than the earlier one because the settled robots will one by one terminate

during the process. Recall that the settled robots played an important role in the

first DFS. We shall prove that rL will correctly execute the second DFS traversal.

In fact, we shall prove that the DFS traversal in the first stage is exactly same

as the DFS traversal in the third stage in the sense that if the exploring group is

at node v at round i < t1 (in the first stage), then rL is at node v at round t2 + i

(in the third stage).

Let us first introduce a definition. In the following definition, whenever we say

‘at round’, it is to be understood as ‘at the beginning of round’. Round i in the
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first stage is said to be identical to round j in the third stage if the exploring

group at round i and rL at round j are at the same node, say u and one of the

following holds:

I1 At round i, there is no settled robot at u, the exploring group contains more

than one robot and the variable direction for each robot in the exploring

group is set to forward. At round j there is a settled robot at u with its

variable visited set to 0. The variables direction and entered of rL at round

j are equal to those of each robot in the exploring group at round i.

I2 At round i, there is a settled robot at u, the variable direction for each robot

in the exploring group is set to forward and the variable entered for each

robot in the exploring group is ̸= ∅. At round j, either there is a terminated

robot at u, or there is a settled robot at u with its variable visited set to

1. The variables direction and entered of rL at round j are equal to those

of each robot in the exploring group at round i .

I3 At round i, there is a settled robot at u, the variable direction for each robot

in the exploring group is set to backward and the variable entered for each

robot in the exploring group is ̸= ∅. At round j, there is an active settled

robot at u with its variable visited set to 1. The variables direction and

entered of rL at round j are equal to those of each robot in the exploring

group at round i .

Lemma 2.3. Round i is identical to t2 + i for all 1 ≤ i < t1.

Proof. We prove this by induction. At the beginning of round 1, the exploring

group (consisting of more than one robot) is at the root node vR, there is no

settled robot at vR, and the variables direction and entered of each robot in

the exploring group are set to forward and ∅ respectively. Note that when the

robot rL enters the root node vR at round t2, it sets its direction and entered to

forward and ∅ respectively, and does not move (See line 8-11 in Algorithm 1).

Hence at the beginning of round t2 + 1, rL is at node vR, with its direction and
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entered set to forward and ∅ respectively. Furthermore, there is a settled robot

at vR at round t2 + 1. This is the robot which was elected as the leader in round

1 and had settled there. Since the variable visited of this robot was initially set

to 0 and it has been not instructed to change it thus far, it is still set to 0 at

the beginning of t2 + 1. These observations imply that I1 holds and round 1 is

identical to t2 + 1.

Now assume that round j is identical to round t2 + j for all 1 ≤ j ≤ i− 1, i < t1.

We shall prove that round i is identical to round t2 + i. Let the robot rL be at

node u at round t2 + i− 1. Then it implies that the exploring group was at node

u at round i− 1. Now we can have following three cases.

Case 1. Suppose that at round i − 1, 1) there is no settled robot at u, 2) the

exploring group contains more than one robot and 3) the variable direction for

each robot in the exploring group is set to forward. Suppose that their variable

entered are set to p. Then the robots will perform the LeaderElection()

protocol and one of them will settle. The remaining robots will move via 0 if

p = ∅ or otherwise, will move via (p+1) mod δ. In the later case, the robots will

change their direction to backward iff (p+1) mod δ = p. Since we assumed that

round i− 1 is identical to round t2+ i− 1, at the beginning of round t2+ i− 1, 1)

rL is at u, 2) there is a settled robot at u with its variable visited set to 0, and 3)

the variables direction and entered of rL are equal to forward and p. According

to our algorithm, rL will move via 0 if p = ∅ or otherwise, will move via (p + 1)

mod δ. In the later case, rL will change its direction to backward iff (p+1) mod

δ = p ⇔ δ(u) = 1. Hence the exploring group at round i and rL at t2 + i must

be at the same node, say v, and have same values of direction and entered. So

now it remains to show that one of I1, I2 or I3 is true for round i and t2 + i. For

this, consider the following two cases.

Case 1a. First consider the case where the exploring group and rL exit u with

direction forward at round i − 1 and t2 + i − 1 respectively. At the beginning

of round i, the exploring group has more than one robots as i < t1. Now, at the

beginning of round i, v either has no settled robot or has a settled robot. In the

first case, it implies that exploring group is entering v for the first time at round
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i. The robots will then perform the LeaderElection() protocol and one of

them, say a, will settle. By the induction hypothesis, it implies that rL will enter

v for the first time in the third stage at round t2 + i. Hence the settled robot a

must be there with the value of visited set to 0. So I1 holds and hence round i is

identical to round t2 + i. In the second case, it implies that the exploring group

had entered v at some previous round j < i. Then by the induction hypothesis,

rL had visited v at round t2 + j < t2 + i. Hence, if the robot a is active, then

variable visited of a is 1, or otherwise a has terminated. So I2 holds and hence

round i is identical to round t2 + i.

Case 1b. Now consider the case where the exploring group and rL exit u with

direction backward at round i− 1 and t2 + i− 1 respectively. This implies that

u is a one degree node. Also, the exploring group and rL were at v at round

i − 2 and t2 + i − 2 respectively. Therefore, there must be a settled robot, say

b, present at v , when the exploring group visits it at round i, as the node was

visited earlier. So when rL enters v at round t2 + i, if b is still active, its visited

value is set to 1 and I3 holds. We prove that this is the only case. For the sake of

contradiction, let us assume that b has terminated. Consider the following cases.

• First let v be a non-rootpath node. Since b has terminated, it implies

that rL had exited v via its parent port with direction backward at some

round t2 + l < t2 + i− 1. Then by the induction hypothesis, the exploring

group exited v via its parent port with direction backward at some round

l < i − 1. But then the fact that the exploring group returns to v with

direction backward at round i contradicts Observation 2.2.

• Now let v be a rootpath node. Since b has terminated, it implies that

rL had exited v via its child port with direction forward at some round

t2 + l < t2 + i− 1. Then by the induction hypothesis, the exploring group

exited v via its child port with direction forward at some round l < i− 1.

But then the fact that the exploring group returns to v with direction

backward at round i contradicts Observation 2.3.

Case 2. At the beginning of round i− 1, 1) there is a settled robot at u, 2) the
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variable direction for each robot in the exploring group is set to forward and 3)

the variable entered for each robot in the exploring group is p ̸= ∅. According to

our algorithm, the exploring group will change their direction to backward and

leave the node via p. Since we assumed that round i − 1 is identical to round

t2+ i− 1, at the beginning of round t2+ i− 1, rL is at u, there is either an active

settled robot at u with its variable visited set to 1 or a terminated robot, and the

variables direction and entered of rL are equal to forward and p respectively.

According to our algorithm, rL will change it direction to backward and leave

the node via p. Hence the exploring group at round i and rL at t2 + i must be at

the same node, say v, both having direction set to backward and entered set to

port(v, u).

It is clear that the exploring group and rL was at v at rounds i− 2 and t2 + i− 2

respectively. Hence, there is a settled robot at v, say a, at round i, as it had been

visited at least once before. Also, a is still situated at v at round t2 + i, either

active or terminated. If it is active, then the value of its variable visited is 1, as

rL had been at v at round t2 + i − 2. So, in this case I3 holds. Using the same

arguments as in Case 1b, we can show that this is the only possible case.

Case 3. At the beginning of round i− 1, 1) there is a settled robot at u, say a,

2) the variable direction for each robot in the exploring group is set to backward

and 3) the variable entered for each robot in the exploring group is p ̸= ∅. Let

the parent of a be equal to x. According to our algorithm, the robots will not

change their direction if (p + 1) mod δ = x (Case 3a), and otherwise, it will

change it to forward (Case 3b). In any case, they will leave the node via port

(p+1) mod δ. Since we assumed that round i− 1 is identical to round t2 + i− 1,

at the beginning of round t2 + i − 1, 1) rL is at u, 2) there is a settled robot at

u with its variable visited set to 1, and 3) the variables direction and entered of

rL are equal to backward and p respectively. Since a settled robot does not move

or change its parent, the settled robot at u at round t2+ i− 1 is a and its parent

is set to x. According to our algorithm, rL will not change its direction if (p+1)

mod δ = x (Case 3a), and otherwise, it will change it to forward (Case 3b). In

any case, they will leave the node via port (p+ 1) mod δ. Hence at round i and
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t2 + i, the exploring group and rL must be at the same node, say v, with same

direction and entered. So now it remains to show that one of I1, I2 or I3 is true

for round i and t2 + i.

Case 3a. Clearly in this case v must have been visited at least once before

round i in the first stage. Hence a robot, say c, is already settled there at round

i. Hence, at round t2+ i, either c is active with visited set to 1, or is terminated.

In the first case, I3 holds and hence we are done. We can prove that the later

case is impossible using the same arguments as in Case 1b.

Case 3b. If there is no settled robot at v at round i, then the exploring group

is visiting v for the first time and one of them, say b, will settle there. It implies

from our induction hypothesis that rL is also visiting v for the first time in the

third stage at round t2 + i. Hence it will find b with its visited set to 0. So I1

holds. If there is a settled robot at v at round i, say c, then at round t2 + i, v

has c which is either terminated or its variable visited set to 1. So we see that

I2 holds.

Lemma 2.4. By round t2 + t1 all the settled robots have terminated.

Proof. A settled robot at a non-rootpath node will terminate if rL moves from

that node to its parent and a settled robot at a rootpath node will terminate if

rL moves from that node to its child. So the result follows from Observation 2.1

and Lemma 2.3.

Lemma 2.5. At round t2 + t1 + 2, rL terminates at vL.

Proof. It follows from Lemma 2.3 that rL will be at vs−1 at round t2+ t1−1. It is

easy to see that it will then move to vs = vL with direction forward. So at round

t2 + t1, rL is at vL with direction set to forward. Since vL has no settled robot,

rL will change its direction to backward and exit through the port through which

it entered vL. But moving through this port leads to vs−1. The settled robot at

this node is already terminated by Lemma 2.4. Hence at round t2 + t1 + 1, rL

enters with direction backward a node where it does not receive any message. So



40

it will then change its role to done and exit the port through which it entered

the node. Therefore, at round t2 + t1 + 2, rl again returns to vL, this time with

role done, and hence will terminate.

Lemma 2.6. Algorithm 1 is correct.

Proof. It follows from the above results that at round t2+t1+2, dispersion accom-

plished and all robots have terminated. Hence Algorithm 1 solves Dispersion

from any rooted configuration.

2.4 The Main Result

Lemma 2.7. Algorithm 1 requires O(log∆) bits of memory at each robot and

this is optimal in terms of memory complexity.

Proof. The LeaderElection() subroutine costs O(1) bits of memory for each

robot. Among the variables, role, visited and direction costs O(1) bits of mem-

ory, and the variables entered, parent, child, received costs O(log∆) bits of

memory for each robot. Hence the algorithm requires O(log∆) bits of mem-

ory at each robot. The optimality follows from the lower bound result proved

in [80].

Lemma 2.8. Algorithm 1 requires Θ(k2) rounds in the worst case.

Proof. Exactly k distinct nodes are visited in our algorithm. In the first stage,

movement of the exploring group takes O(m′) rounds where m′ is the number

of edges in the subgraph of G induced by these k vertices. Clearly m′ = O(k2).

So the first stage requires O(k2) rounds. The third stage requires (k2) rounds as

well since apart from the last two rounds, it is exactly identical to the first stage.

Clearly the second round takes O(k) rounds. So the overall round complexity is

O(k2).

To see that Ω(k2) rounds may be required, consider the graph of size k in Fig.

2.6. Here port(vR, v1) = 0, port(v1, vR) = 0, port(v1, v2) = 1, port(v1, vL) = 2.
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Figure 2.6: An example where Algorithm 1 requires Θ(k2) rounds to complete.

Here, after reaching v1, the exploring group will go v2. It is easy to see that Θ(k2)

rounds will be spent inside the (k − 3)−clique. Finally the last robot will return

to v1 and then move to vL.

Hence we establish the following result.

Theorem 2.1. The Dispersion problem can be solved with O(log∆) bits of

memory at each robot (which is optimal in terms of memory complexity) and

Θ(k2) rounds in the worst case.

2.5 Concluding Remarks

In this chapter, we have presented a memory optimal randomized algorithm for

Dispersion from rooted configuration by anonymous robots. This resolves an

open problem posed in [80]. Time complexity of our algorithm is Θ(k2) rounds

in the worst case. Any algorithm that solves the problem requires Ω(k) rounds

in the worst case. To see this, consider a path with n ≥ k nodes with all robots

initially at one of its one degree nodes. An interesting open problem is to close

this gap.
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For arbitrary configurations, the random walk based algorithm presented in [80]

requires the robots to stay active indefinitely. Therefore an interesting open

question is whether it is possible to solve the problem by anonymous robots from

non-rooted configurations without requiring robots to stay active indefinitely.



Chapter 3

Exploring a Dynamic Ring
without Landmark, with
Chirality

In Chapter 2, we studied the Dispersion problem, and gave an algorithm which

was optimum in terms of memory complexity when the robots considered were

anonymous. In this Chapter we study the Exploration problem, which is

another relevant problem to understand the power of a robot swarm in graph

topology.

Consider a team of robots located at the nodes of a graph. The robots are able

to move from a node to any neighboring node. The Exploration problem asks

for a distributed algorithm that allows the robots to explore the graph, with the

requirement that each node has to be visited by at least one robot. Being one

of the fundamental problems in the field of autonomous multi-robot systems, the

problem has been extensively studied in the literature. However, the majority

of existing literature studies the problem for static graphs, i.e., the topology of

the graph does not change over time. Recently within the distributed computing

community, there has been a surge of interest in highly dynamic graphs: the

topology of the graph changes continuously and unpredictably. In highly dynamic

graphs, the topological changes are not seen as occasional anomalies (e.g., link

failures, congestion, etc), but rather integral part of the nature of the system

43
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[67, 89]. We refer the readers to [20] for a compendium of different models of

dynamic networks considered in the literature. If time is discrete, i.e., changes

occur in rounds, then the evolution of a dynamic graph can be seen as a sequence

of static graphs. A popular assumption in this context is always connected (Class

9 of [20]), i.e., the graph is connected in each round.

In the dynamic setting, the Exploration problem was first studied in [71]. In

particular, the authors studied the Exploration problem in a dynamic but

always connected ring by a set of autonomous robots. They showed that Ex-

ploration is solvable by two anonymous robots (robots do not have unique

identifiers) under fully synchronous setting (i.e., all robots are active in each

round) if there is a single observably different node in the ring called landmark

node. They also proved that in absence of a landmark node, two robots cannot

solve Exploration even if the robots are non-anonymous and they have chi-

rality, i.e., they agree on clockwise and counterclockwise orientation of the ring.

The impossibility result holds even if we relax the problem to Exploration

with partial termination. As opposed to the standard explicit termination set-

ting where all robots are required to terminate, in the partial termination setting

at least one robot is required to detect exploration and terminate. If the robots

are anonymous, then Exploration with partial termination with chirality re-

mains unsolvable in absence of a landmark node even with arbitrary number of

robots. Then in [74], the authors considered the Exploration problem (without

chirality and requiring explicit termination) with no landmark node. Since the

problem cannot be solved even with arbitrary number of anonymous robots, they

considered non-anonymous robots, in particular, robots with unique identifiers.

Since the problem is unsolvable by two non-anonymous robots, they considered

the question that whether the problem can be solved by three non-anonymous

robots. They showed that the answer is yes if the robots are endowed with edge

crossing detection capability. Edge crossing detection capability is a strong as-

sumption which enables two robots moving in opposite directions through an edge

in the same round to detect each other and also exchange information. In collab-

orative tasks like exploration, the robots are often required to meet at a node and

exchange information. However, the edge crossing detection capability allows two
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robots to exchange information even without meeting at a node. The assumption

is particularly helpful when the robots do not have chirality where it is more dif-

ficult to ensure meeting. Even if we do not allow exchange of information, simple

detection of the swap can be useful in deducing important information about the

progress of an algorithm. In [74], it was also shown that the assumption of edge

crossing detection can be removed with the help of randomness. In particular,

without assuming edge crossing detection capability, they gave a randomized al-

gorithm that solves Exploration with explicit termination with probability at

least 1− 1
n
where n is the size of the ring. Therefore this leaves the open question

that whether the problem can be solved by a deterministic algorithm by three

non-anonymous robots without edge crossing detection capability.

In this chapter, we answer this question affirmatively, in particular we give a

deterministic algorithm that solves Exploration in presence of chirality by

three non-anonymous robots without edge-crossing detection capability. As basic

ingredients of our algorithm, we introduce a problem called Meeting which

is crucial in our attempt to solve the problem of Exploration. In the next

chapter, we shall use the ideas that we come up with in this chapter to extend

our results in non-chiral settings.

The rest of the chapter is organized as follows, in Section 3.1, we describe the

model and terminology used in the paper. In Section 3.2, we describe the algo-

rithm. The correctness proofs are presented in Section 3.3.

3.1 Model and Terminology

We consider a dynamic ring of size n. All nodes of the ring are identical. Each

node is connected to its two neighbors via distinctly labeled ports. The labeling

of the ports may not be globally consistent and thus might not provide an orien-

tation. We consider a discrete temporal model i.e., time progresses in rounds. In

each round at most one edge of the ring may be missing. Thus the ring is con-

nected in each round. Such a network is known in the literature as a 1-interval

connected ring.
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We consider a team of three robots operating in the ring. The robots do not have

any knowledge of the size of the ring. Each robot is provided with memory and

computational capabilities. An robot can move from one node to a neighbouring

node if the edge between them is not missing. Two robots moving in opposite

direction on the same edge are not able to detect each other. An robot can only

detect an active robot co-located at the same node i.e., if an robot terminates

it becomes undetectable by any other robot. Two robots can communicate with

each other only when they are present at the same node. Each robot has a unique

identifier which is a bit string of constant length k > 1, i.e., the length k of the

identifier is the same for each robot. For an robot r, its unique identifier will

be denoted by r.ID. Also val(r.ID) will denote the numerical value of r.ID.

For example val(00110) = 6, val(10011) = 19, etc. Hence for any robot r,

val(r.ID) < 2k.

Each robot has a consistent private orientation of the ring, i.e., a consistent notion

of left or right. If the left and right of all three robots are the same then we say

that the robots have chirality. By clockwise and counterclockwise we shall refer

to the orientations of the ring in the usual sense. These terms will be used only

for the purpose of description and the robots are unaware of any such global

orientation if they do not have chirality. For two robots r1 and r2 on the ring,

d⟳(r1, r2) and d⟲(r1, r2) denotes respectively the clockwise and counterclockwise

distance from r1 to r2. In this chapter we assume that the robots have chirality.

We consider a fully synchronous system, i.e., all three robots are active in each

round. In each round, the robots perform the following sequence of operations:

Look: If other robots are present at the node, then the robot exchanges messages

with them.

Compute: Based on its local observation, memory and received messages, the

robot performs some local computations and determines whether to move

or not, and if yes, then in which direction.

Move: If the robot has decided to move in the Compute phase, then the robot

attempts to move in the corresponding direction. It will be able to move
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only if the corresponding edge is not missing. An robot can detect if it has

failed to move.

During the execution of algorithm, two robots can meet each other in two possible

ways: (1) two robots r1 and r2 moving in opposite direction come to the same

node, or, (2) an robot r1 comes to a node where there is a stationary robot r2.

In the second case we say that r1 catches r2. If two robots r1, r2 are moving in

opposite direction on the same edge in the same round, then we say that r1 and

r2 swaps over an edge.

Figure 3.1: The robot with the smallest ID, in this case r1 stops moving first, during
the Meeting protocol

3.2 Description of the Algorithm

Since the robots have agreement in direction we shall use the terms clockwise

and counterclockwise instead of right and left respectively. In Section 3.2.0.1, we

present an algorithm for Meeting where at least two robots are required to meet

at a node. Then in Section 3.2.0.2 we shall use this algorithm as a subroutine to

solve Exploration.
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Figure 3.2: If the other two robots keep moving long enough one of them is guaranteed
to meet r1

3.2.0.1 Meeting by robots with Chirality

We have three robots placed arbitrarily at distinct nodes of the ring. Our ob-

jective is that at least two of the robots should meet. The algorithm works in

several phases. The lengths of the phases are 2j+k, j = 0, 1, 2, . . .. In phase j, an

robot r tries to move clockwise for the first val(r.ID)2j rounds, and then remains

stationary for (2k − val(r.ID))2j rounds.

Notice that in each phase, the robot with the smallest ID value stops trying to

move first, refer to Figure 3.1. The main idea behind the algorithm is that if the

remaining robots keep trying to move for long enough, then a meeting should

take place. The intuition is the following. Once the first robot stops moving,

the remaining two robots are trying to move towards it. If the closer one is not

blocked by edge removals in too many rounds then it will be able to catch the
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Figure 3.3: The robot r2 might get stuck due to disappearence of an edge

Figure 3.4: In that case r3 catches up with r2

static robot within a certain time, refer to Figure 3.2. Otherwise if the robot is

blocked for too long, refer to Figure 3.3 then it will get caught by the third robot,

refer to Figure 3.4. This is because in the rounds where the robot is blocked,

the third robot is able to make progress as at most one edge may disappear in
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each round. Using this observation, we can show that our algorithm guarantees

a meeting at or before the pth phase where p = ⌈log 2n⌉. So the algorithm solves

the problem within 2k
∑p

i=0 2
i < 2k+⌈logn⌉+2 rounds. This is formally stated in

Theorem 3.1. The proof of the theorem is given in Section 3.3.1.

3.2.0.2 Exploration with Termination by robots with Chirality

We consider three robots in the ring having chirality. For simplicity, assume that

the robots are initially placed at distinct nodes of the ring. We shall later remove

this assumption. Our plan is to first bring two of the robots at the same node

using the Meeting algorithm described in Section 3.2.0.1. Then one of them

will settle at that node and play the role of landmark node. Then the situation

reduces to a setting similar to [71]. However, we cannot use the same algorithm

from [71] in our case. This is because unlike in [71] we have to ensure that the

robot acting as landmark also terminates. However, our algorithm uses ideas

from [71]. We shall now give a description of the algorithm.

Initially all the robots start with their state variable set to search. Until an robot

meets another robot, it executes the Meeting algorithm described in Section

3.2.0.1. Now according to Theorem 3.1, two robots are guaranteed to meet within

2k+⌈log 2n⌉+2 rounds from the start of the algorithm. On meeting, the robots

compare their IDs and the one with smaller ID changes its state to settled

and stops moving. The other robot changes its winner variable to True and

henceforth, abandons its phase-wise movement and attempts to move clockwise in

each round. Let us now describe the case when an robot with state search meets

the settled robot. If an robot with winner = False encounters the settled

robot it also abandons its phase-wise movement and henceforth, tries to move in

the clockwise direction in every round. If an robot with winner = True meets

the settled robot r, then it indicates that it is meeting the settled robot for the

second time and hence all nodes of the ring have been explored. The robot can

also calculate the size of the ring as it is equal to the number of successful moves

between the two meetings. The robot assigns this value to the variable RSize and

also informs the settled robot about it. Then the robot will continue to move
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in the clockwise direction for 2n more rounds. Both these robots will terminate

after the completion of these 2n rounds. Now consider the case when an robot

with state = search and winner = True meets an robot with state = search

and winner = False. If the robot with winner = True already knows n, i.e., it

has visited the settled robot twice, then both of them terminates immediately.

If the robot with winner = True does not already know n, then it changes its

state to forward and continues to move in the clockwise direction every round.

On the other hand, the robot with winner = False changes its state to bounce

and starts moving in the counterclockwise direction. This phenomenon is called

the formation of settled-forward-bounce triplet. In this case, both the robots

initiate a variable TTime to keep track of the number of rounds elapsed after

triplet formation.

After the triplet is created, the robot with state forward will continue to move

in clockwise direction. The robot with state bounce will move counterclockwise

and then on fulfillment of certain conditions, it may change its state to return

and start moving clockwise. Then it may again change its state to bounce and

start moving counterclockwise. The period between any two such state changes

will be called a run. While moving in the clockwise direction with state forward,

the robot keeps count of the number of successful steps with state forward in the

variable FSteps. The variable BSteps (resp. RSteps) is used to keep count of

the number of successful steps with state bounce (resp. return) in the current

run. Also while moving in the counterclockwise direction with state bounce,

the variable BBlocked counts the number of unsuccessful attempts to move in

that run. An robot r with state bounce will change its state to return if one

of the following takes place: 1) r.BBlocked exceeds r.BSteps or 2) the robot

r encounters the settled robot twice in the same run. An robot r with state

return will change its state to bounce if r meets with the robot with state

forward and r.RSteps > 2r.BSteps, where BSteps was counted in the last run

with state bounce. Here the main idea is that the robots will try to gauge the

size of the ring. An robot may be able to find the size n exactly or calculate an

upper bound of n. An robot can exactly find n only if it visits the static settled

robot twice in the same direction. In this case it will also inform the settled
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robot about n. Clearly when this happens the ring has been explored completely.

However, the two robots cannot terminate immediately because the third robot

is not aware of this. So the robots will remain active till TTime = 16n, i.e., 16n

rounds from the time when the triplet was created. It should be noted here that

the settled robot initially did not know the time when the triplet was created.

It came to know about this from the TTime value of some robot that it met and

initiated its own TTime counter accordingly. Now it can be shown that within

these 16n rounds the third robot will meet one of the two robots that already know

n. These two robots will terminate immediately upon meeting. Now consider the

case where an robot is able to find an upper bound of n. This happens when one

of the following three takes place: 1) the forward robot meets the robot with

state bounce, 2) the forward robot catches the robot with state return, 3) the

robot with state return catches the forward robot with RSteps ≤ 2BSteps.

It can be shown in each of the cases, these two robots will be able to correctly

calculate an upper bound SBound of n. Furthermore these cases imply that

the ring has been already explored completely. However, the two robots cannot

terminate immediately because the settled robot is not aware of this. Therefore

in order to acknowledge the settled robot, these two robots will start moving

in opposite directions for SBound more rounds and then terminate. Clearly one

of them will be able to meet the settled robot.

The pseudocodes of the described procedure are given in Algorithm 6, 7, 8, 9

and 10. It can be shown that this strategy solves Exploration with explicit

termination in 2k+⌈logn⌉+3 + 23n = O(n) rounds.

This is stated in Theorem 3.2, the supporting lemmas of the theorem proved in

Section 3.3.2 and the main theorem is proved in Section 3.3.3.
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Algorithm 6: The algorithm executed by an robot r with state search

1. Until another robot is found, execute the algorithm for Meeting described in
Section 3.2.0.1.

2. Upon the first meeting do the following.

2.1 If two robots are encountered in the first meeting, then set r.state←
bounce and move counterclockwise. Also initiate the counter r.TT ime.
Otherwise if there is exactly one robot r′ then do the following.

2.2. If r′.state = search and r′.winner = False then do the following. If
val(r.ID) < val(r′.ID), then set r.state← settled and remain at the
current node. Otherwise if val(r.ID) > val(r′.ID), then set
r.winner ← True and keep moving clockwise until the next meeting. Also
initiate a counter SCount to count the number of successful steps since
the first meeting with r′.

2.3. If r′.state = search and r′.winner = True, then set r.state← bounce

and move counterclockwise. Also initiate the counter r.TT ime.

2.4. If r′.state = settled, then keep moving clockwise until the next meeting.

3. Upon any subsequent meeting do the following.

3.1. If only one robot r′ is encountered with r′.state = search, then do the
following.

3.1.1. If r′.winner = False and r.RSize = ∅, then set r.state← forward

and move clockwise. Also initiate the counter r.TT ime.

3.1.2. If r′.winner = True and r′.RSize = ∅, then set r.state← bounce and
move counterclockwise. Also initiate the counter r.TT ime.
Otherwise, if r′.winner = True and r′.RSize ̸= ∅, then terminate.

3.2. If only one robot r′ is encountered with r′.state = settled, then do the
following.

3.2.1. If r.winner = True, then set r.RSize← r.SCount = n (since r′ is
encountered for the second time) and inform r′ about n. Keep
moving clockwise for 2n more rounds and then terminate.

3.2.2. If r.winner = False and r′.RSize ̸= ∅, then terminate.

3.3 If two robots are encountered then there must be an robot r′ with state
search. Then execute 3.1.1. or 3.1.2. whichever is applicable.
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Algorithm 7: The algorithm executed by an robot r with state settled

1. Do not move. Terminate on one of the following conditions.

1.1. If the other two robots are present at the same time and one of them has
state forward, then terminate immediately.

1.2. If an robot r′ is encountered such that r′.SBound ̸= ∅, then terminate
immediately.

1.3. If n is already known, i.e., r.RSize ̸= ∅, and an robot r′ is encountered
that does not know n, i.e., r′.RSize = ∅, then terminate immediately.

1.4. If an robot r′ with state search informs r′.RSize = n, then terminate
after 2n more rounds.

1.5. If an robot r′ with state forward or return informs r′.RSize = n and
r′.TT ime, then initiate counter r.TT ime with starting value
r.TT ime← r′.TT ime and terminate after the round when
r.TT ime = 16n.

3.3 Correctness Proofs

3.3.1 Proof of Theorem 3.1

Lemma 3.1. Let r1, r2 and r3 be three robots in the ring such that at round t,

0 ≤ d⟳(r1, r3) < d⟳(r1, r2). If r1 remains static and both r2 and r3 try to move

clockwise for the next 2n rounds, then within these 2n rounds either r2 meets r1

or r3 meets r2.

Proof. Assume that at round t, d⟲(r1, r2) = x and d⟲(r2, r3) = y. We have

x + y ≤ n. Within the next 2n rounds, if r2 is able to move clockwise for at

least x rounds, then it will meet r1 and we are done. So assume that r2 does not

meet r1. Suppose that r2 succeeds to make a move x′ < x times in the next 2n

rounds. This means that r2 remains static for 2n−x′ rounds. Therefore, r3 moves

clockwise in those 2n−x′ rounds when r2 is static. Hence, d
⟲(r2, r3) decreases in

these rounds. Recall that initially we had d⟲(r2, r3) = y. Also, in the x′ rounds

when r2 was able to move, d⟲(r2, r3) may or may not have increased depending
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Algorithm 8: The algorithm executed by an robot r with state forward

1. Until a new meeting, keep moving clockwise. Maintain the counters
r.FSteps← number of successful steps with state forward and r.TT ime←
number of rounds since the triple was formed.

2. If all three robots meet at a node then terminate immediately. Otherwise upon
meeting an robot r′, do the following.

2.1. If r.RSize = ∅ ∧ r′.RSize ̸= ∅ or r.RSize ̸= ∅ ∧ r′.RSize = ∅ then
terminate immediately. Otherwise, do the following.

2.2. If r′.state = settled, then infer r.RSize← r.SCount = n (since r′ is
encountered for the second time) and inform r′ about n. Keep moving
clockwise and terminate after the round when r.TT ime = 16n.

2.3. If r′.state = bounce, set r.SBound← r.FSteps+ r′.BSteps. Then keep
moving clockwise for r.SBound rounds and then terminate. If the
settled robot is met meanwhile, then terminate immediately.

2.4. If r′.state = return, then do the following.

2.4.1. If r catches r′, then set r.SBound← r.FSteps+ r′.BSteps. Then
keep moving clockwise for r.SBound rounds and then terminate. If
the settled robot is met meanwhile, then terminate immediately.

2.4.2. If r′ catches r and r′.Rsteps > 2r′.Bsteps, then keep moving
clockwise until the next meeting. Otherwise if r′.Rsteps ≤ 2r′.Bsteps,
then set r.SBound← r.FSteps+ r′.BSteps+ 1. Then keep moving
clockwise for r.SBound rounds and then terminate. If the settled
robot is met meanwhile, then terminate immediately.
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Algorithm 9: The algorithm executed by an robot r with state bounce

1. Maintain the counters r.BSteps← number of successful steps with state
bounce in the current run, r.BBlocked← number of unsuccessful attempts
with state bounce in the current run and r.TT ime← number of rounds since
the triple was formed. Until a new meeting or fulfillment of the condition
r.BBlocked > r.BSteps, keep moving in the counterclockwise direction. If
r.BBlocked > r.BSteps is satisfied, change r.state← return and move
clockwise.

2. If all three robots meet at a node then terminate immediately. Otherwise upon
meeting any robot r′, do the following.

2.1. If r.RSize = ∅ ∧ r′.RSize ̸= ∅ or r.RSize ̸= ∅ ∧ r′.RSize = ∅ then
terminate immediately. Otherwise, do the following.

2.2. If r′.state = settled then do the following.

2.2.1. If it is the first meeting with r′ in the same run, then keep moving
counterclockwise until a new meeting or fulfillment of the condition
r.BBlocked > r.BSteps. Also initiate a counter SCount to count the
number of successful steps since the first meeting with r′ in the
current run.

2.2.2. If it is the second meeting with r′ in the same run, then set
r.RSize← r.SCount = n. Change r.state← return and move
clockwise.

2.3. If r′.state = forward, then set r.SBound← r′.FSteps+ r.BSteps. Then
keep moving counterclockwise for r.SBound rounds and then terminate. If
the settled robot is met meanwhile, then terminate immediately.
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Algorithm 10: The algorithm executed by an robot r with state return

1. If the size of the ring is already known, i.e., r.RSize = n, then keep moving
clockwise and terminate after the round when r.TT ime = 16n. Otherwise, keep
moving in the clockwise direction until a new meeting. Maintain the counters
r.RSteps← number of successful steps with state return in the current run
and r.TT ime← number of rounds since the triple was formed.

2. If all three robots meet at a node then terminate immediately. Otherwise upon
meeting any robot r′, do the following.

2.1. If r.RSize = ∅ ∧ r′.RSize ̸= ∅ or r.RSize ̸= ∅ ∧ r′.RSize = ∅ then
terminate immediately. Otherwise, do the following.

2.2. If r′.state = forward, then do the following.

2.2.1. If r′ catches r, then set r.SBound← r.FSteps+ r′.BSteps. Then
move counterclockwise for r.SBound rounds and then terminate. If
the settled robot is met meanwhile, then terminate immediately.

2.2.2. If r catches r′ then do the following.

2.2.2.1. If r.RSteps ≤ 2r.BSteps then set
r.SBound← r.FSteps+ r′.BSteps+ 1. Then move
counterclockwise for r.SBound rounds and then terminate. If the
settled robot is met meanwhile, then terminate immediately.

2.2.2.2. Otherwise, if r.RSteps > 2r.BSteps, then change
r.state← bounce and move counterclockwise.
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on whether r3 respectively failed or succeeded to move in those rounds. Now

notice that

2n− x′ ≥ n+ x+ y − x′ (since n ≥ x+ y)

> n+ y (since x > x′)

> x′ + y (since n > x′)

This implies that r3 will catch r2. This completes the proof that within the 2n

rounds either r2 meets r1 or r3 meets r2.

Using Lemma 3.1, we shall prove Theorem 3.1 which states that our algorithm

ensures a meeting within 2k+⌈logn⌉+2 rounds.

Theorem 3.1. The above algorithm solves Meeting for three robots with chiral-

ity. The algorithm ensures that the meeting takes place within 2k+⌈logn⌉+2 rounds.

Proof. Let p = ⌈log 2n⌉ = ⌈log n⌉ + 1. Hence p is the smallest positive integer

such that 2p ≥ 2n. If two robots have met before the pth phase, then we are

done. If not, we show that a pair of robots is guaranteed to meet during the

pth phase. Recall that in this phase, an robot r should (attempt to) rotate

clockwise for val(r.ID)2p rounds, and then remain stationary for the remaining

(2k − val(r.ID))2p rounds. Let r1 be the first robot to come to rest in that

phase, say at round t. Let r2 be the robot closest to r1 in the counterclockwise

direction and r3 be the third robot. We have val(r2.ID)2p − val(r1.ID)2p ≥ 2n

and val(r3.ID)2p−val(r1.ID)2p ≥ 2n. This implies that both r2 and r3 attempts

to move for at least 2n rounds after r1 comes to rest at round t. By Lemma 3.1,

either r2 and r1 meets, or r3 and r2 meets. So the meeting takes place within

2k
∑p

i=0 2
i < 2k+⌈logn⌉+2 rounds.

3.3.2 Correctness Proof of Lemmas prerequisite to Theo-
rem 3.2

Lemma 3.2. There exists a round T1 ≤ 2k+⌈logn⌉+2 when two of the robots with

state search meet and a settled robot is created.
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Proof. This follows from Theorem 3.1 since the robots execute the algorithm from

Section 3.2.0.1 until they meet another robot.

Lemma 3.3. Suppose that r1 and r2 meets at round T1 and r1 becomes settled.

There is a round T2, with T1 < T2 < 2k+⌈logn⌉+3, when the third robot r3 meets

either r1 or r2.

Proof. At round T1, r1 and r2 meet and r1 becomes settled. After T1, r2 is trying

to move clockwise in each round. On the other hand, since r3 is still executing

the Meeting algorithm, it will try to move clockwise on some rounds and on

other rounds, will not try to move at all. Now if both r2 and r3 try to move

clockwise for some 2n consecutive rounds together, then by Lemma 3.1 either

r2 meets r3 or r3 meets r1. Clearly, this is guaranteed to happen in any phase

l, where l ≥ p = ⌈log 2n⌉. Now suppose that T1 belongs to the jth phase. By

Lemma 3.2, j ≤ p. If j < p, then the required meeting should take place in or

before the pth phase and if j = p, then the required meeting will take place in

pth or (p+ 1)th phase. Therefore, we have T2 ≤
∑p+1

i=0 2
i+k < 2k+⌈logn⌉+3.

Lemma 3.4. Within T2+4n rounds either all three robots terminate or a settled-

forward-bounce triple is created.

Proof. Recall that by Lemma 3.3, at round T2, either r3 meets r1 or r3 meets r2.

In the latter case, a settled-forward-bounce triple is created and we are done.

So consider the other case where r3 meets the settled robot r1. Before this

meeting, r3 was trying to move clockwise in some rounds, while in other rounds,

it was not trying to move at all. After meeting r1, r3 will try moving clockwise

in each round. Then by Lemma 3.1 within 2n rounds (i.e., within T2+2n rounds

from the beginning), either r2 meets r1 again, or r3 meets r2. In the latter case,

a settled-forward-bounce triple is created, and we are done. So consider the

other case where r2 meets r1 for the second time. Thus r2 finds out n (the size of

the ring) and also informs r1 about it. Then r2 will keep moving clockwise for 2n

more rounds and then terminate. Also r1 will remain active for 2n more rounds

and then terminate. Now within these 2n rounds, r3 will meet either r1 or r2 and
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terminate immediately. Therefore, within T2 + 4n rounds either all three robots

terminate or a settled-forward-bounce triple is created.

Suppose that at round T3 ≤ T2+4n a settled-forward-bounce triple is formed.

We shall denote by r1, r2 and r3 the robots with states settled, forward and

bounce respectively. We shall say that the robots r2 and r3 agree on an upper

bound of n if one of the following events occur at any round after T3. We show in

Lemma 3.5 that indeed if one of the following events take place then the robots

can find an upper bound of n.

Event 1. The robot r2 with state forward and r3 with state bounce meet each

other at a node and neither of them know n.

Event 2. The robot r2 with state forward catches r3 with state return at a

node and neither of them know n.

Event 3. The robot r3 with state return catches r2 with state forward at a

node and r3.Rsteps ≤ 2r3.Bsteps and neither of them know n.

Lemma 3.5. If one of Event 1-3 takes place, then

1. exploration is complete,

2. r2 and r3 can infer an upper bound N of n such that n ≤ N ≤ 3n and will

set it as SBound.

Proof. Event 1. Consider a run of r3, starting when it met r2 and changed its

state to bounce and ending when it met r2 again (Event 1). Then it is easy to

see that all nodes of the ring have been explored by r2 and r3. Upon meeting,

both r2 and r3 set SBound = r2.FSteps+r3.BSteps. Clearly SBound ≥ n. Also

since both r2 and r3 do not know n, r2.FSteps < n and r3.BSteps < 2n. To

see the first inequality observe that if r2.FSteps ≥ n then it implies that r2 with

state forward has met r1. But recall that r2 has already met r1 before when it

was in state search and moving in the same direction. This implies that r2 can
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infer n by counting the number of successful steps since the first meeting. For

the second inequality observe that if r3.BSteps ≥ 2n then it implies r3 has met

r1 twice in the same run and therefore can infer n by counting the number of

successful steps from the first and second meeting. Hence SBound < 3n.

Event 2. Suppose that at some node u, r2 and r3 meet each other and con-

tinue moving in clockwise (with state forward) and counterclockwise (with state

bounce) direction respectively. Then suppose that at node v, r3 changes its state

to return and its direction to clockwise. Then after sometime r2 catches r3 (Event

2). Clearly all nodes in the counterclockwise path from u to v have been visited by

r3 and all nodes in the clockwise path from u to v have been visited by r2. Hence

all nodes in the ring have been together explored by r2 and r3. Upon meeting,

they both set SBound = r2.FSteps + r3.BSteps. Clearly r3.BSteps = d⟲(u, v)

and r2.FStep ≥ d⟳(u, v). Hence SBound ≥ d⟳(u, v) + d⟲(u, v) = n. Also by

previous argument SBound < 3n.

Event 3. Suppose that at some time r2 and r3 meet each other at node u

and continue moving in clockwise (with state forward) and counterclockwise

(with state bounce) direction respectively. Then at some time r3 changes its

state to return (when we have r3.BBlocked = r3.BSteps + 1) and its direction

to clockwise. Then after sometime it catches r2 and finds that r3.RSteps ≤
2r3.BSteps (Event 3). We show that this implies that exploration is complete.

If r2 and r3 swapped over an edge at some round in between, then it implies that

all nodes of the ring have been explored and we are done. Otherwise we have

r3.RSteps = r3.BSteps + r2.FSteps at the time of meeting. Since r3.RSteps ≤
2r3.BSteps, we have r2.FSteps ≤ r3.BSteps. Also recall that r3.BBlocked =

r3.BSteps + 1. Now if r2 had been able to successfully execute a move during

each of those rounds when r3 was blocked with state bounce, we must have

had r2.FSteps > r3.BSteps. But since r2.FSteps ≤ r3.BSteps, r2 with state

forward and r3 with state bounce must have been blocked at the same round.

This can only happen if r2 and r3 are blocked on two ends of the same missing

edge. This implies that the ring has been explored. Upon meeting both r2 and r3

set SBound = r2.FSteps+r3.BSteps+1. If they had swapped over an edge then



62

clearly SBound ≥ n. Otherwise we showed that r2 and r3 were blocked at two

adjacent nodes of the ring, say v and w respectively. Then r3.BSteps ≥ d⟲(u,w)

and r2.FStep ≥ d⟳(u, v). Hence SBound ≥ d⟳(u, v) + d⟲(u,w) + 1 = n. Also by

previous argument SBound < 3n+ 1 =⇒ SBound ≤ 3n.

Lemma 3.6. Suppose that r2 and r3 meet at some round T and r3 changes its

state to bounce. If they do not meet again for 10n rounds then all three robots

are guaranteed to find out n

Proof. Assume that r2 and r3 do not meet for 10n rounds from T . Now at round

T , r3 changes its state to bounce. By round T+4n either r3 has made 2n successful

moves in the counterclockwise direction or the condition BBlocked > BSteps is

fulfilled. In the former case r3 finds out n and changes its state to return. In

the latter case also r3 changes its state to return. Therefore within 4n rounds

r3 is guaranteed to start moving in clockwise direction, say at round T ′ ≤ T +4n

i.e., from T ′ onwards both r2 and r3 are moving in the same direction. Therefore

within 2n rounds either r2 and r3 meet each other or one of them meets r1. Since

we assumed that r2 and r3 do not meet, the latter takes place.

Case 1: Suppose that r1 meets r2. Then both r1 and r2 find out n (if not

already known). Within 2n rounds r3 comes to r1 and also find out n (if not

already known). So within 4n rounds from T ′, i.e. 8n rounds from T all three

robots find out n.

Case 2: Suppose that r1 meets r3. Then within next 2n rounds r2 meets r1.

Then by the arguments of Case 1, all three robots will find out n within next 2n

rounds. Therefore, within 6n rounds from T ′, i.e., 10n rounds from T , all three

robots find out n.

Lemma 3.7. Within 16n rounds after T3, either all three robots find out n or

r2, r3 agree on an upper bound of n.

Proof. Let us refer to the meeting of r2 and r3 at round T3 as their 1st meeting.

If r2 and r3 do not meet each other again for 16n rounds, then by Lemma 3.6 all
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three robots will find out n, and we are done. Therefore we assume that r2 and

r3 meet again at least once after T3 within 16n rounds. Let ti denote the time

between the ith and (i + 1)th meeting. In view of Lemma 3.6 we can assume

that ti ≤ 10n because otherwise all three robots will find out n, and we are done.

Also if any one of these meetings is of the type Event 1-3, then we are done as

such meetings allow r2 and r3 to agree on an upper bound of n (c.f. Lemma 3.5).

So let us assume that such meetings do not occur. Therefore in each meeting

after T3, r3 with state return catches r2 with state forward. If at the time of

any meeting after T3, r3 is aware of n (by meeting r1 twice in a run with state

bounce), then we are done. This is because r2 finds out n from r3 at the time of

the meeting and r1 also had already found out n from r3. So assume that this

does not happen at any of the meetings. Notice that if we can show that one

such meeting takes place after r2 visits r1, then we are done. To see this observe

that if r2 visits r1 then r2 finds out n and also informs r1 about it. Then r3 also

comes to know about n in the next meeting between r2 and r3. So we complete

the proof by showing that a meeting between r2 and r3 takes place within 16n

rounds from T3 with r2 having already met r1.

Recall that ti denotes the time between the ith and (i + 1)th meeting. Let fsi,

bsi and rsi denote the number of successful steps made during this time by r2

with state forward, r3 with state bounce and r3 with state return respectively.

First we claim that if r2 and r3 swap over an edge between their ith and (i+1)th

meeting, then r2 will find out n before the (i+ 1)th meeting. Since the (i+ 1)th

meeting is not of the type Event 3, we have rsi > 2bsi. If bsi > n, then rsi >

2n > n. This means that r3 with state return meet r1. But then r2 must have

met r1 before this meeting and found out n. So let bsi ≤ n. Then it is not difficult

to see that bsi+fsi = n+rsi. Again using rsi > 2bsi, we have fsi > n+ bsi > n.

This implies that r2 have met r1 and found out n. So assume that r2 and r3 do

not swap in between the ith and (i+1)th meeting. Then we have rsi = bsi+fsi.

Furthermore we have ti ≤ 2bsi+1+fsi+rsi. Here 2bsi+1 is an upper bound on

the time needed by r3 to switch state from bounce to return. To see this, recall

that r3 changes its state to return if one of the following takes place: (1) it finds

out n by meeting r1 twice, (2) r3.BBlocked > r3.BSteps is satisfied. Since we
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assumed that (1) does not take place, r3 must have changed its state to return

because of (2). Since this happens when the number of failed attempts to move

exceeds the number of successful moves, we can conclude that 2bsi+1 is an upper

bound on the time needed by r3 to switch state from bounce to return. Also,

fsi+ rsi is an upper bound on the time needed for r3 with state return to catch

r2. This is because the number of successful moves by r3 is rsi and the number

of failed attempts to move by r3 is bounded by fsi since each failed move by r3

implies a successful move by r2. Substituting the value of rsi in the inequality we

get, ti ≤ 3bsi + 2fsi + 1. Since this meeting is not of the type Event 3, we have

rsi > 2bsi =⇒ fsi > bsi. Therefore ti < 6fsi. Let k be the smallest integer such

that t1+ . . .+ tk ≥ 6n. So we have 6n ≤ t1+ t2+ . . .+ tk < 6(fs1+ fs2+ . . . fsk)

=⇒ n < fs1+fs2+ . . . fsk. This implies that r2 makes enough progress to meet

r1 before the (k + 1)th meeting. Therefore after the (k + 1)th meeting all three

robots have found out n. It remains to show that this meeting takes place within

16n rounds from T3. For this observe the following. It follows from the definition

of k (which implies that t1 + . . . + tk−1 < 6n) and the fact that tk ≤ 10n that

t1 + . . .+ tk < 16n.

Lemma 3.8. Within 19n rounds after T3 exploration of the ring is complete and

all three robots terminate.

Proof. By Lemma 3.7 within 16n rounds after T3 either all three robots find out

n or r2, r3 agree on an upper bound of n. In the former case the robots will

terminate when TTime = 16n, i.e., after 16n rounds from T3. Now in the latter

case when r2 and r3 meet at a node to agree on an upper bound N of n, they will

move in opposite directions for N more rounds. Within these N rounds one of

them will meet r1 and both will terminate. The other robots will terminate after

the completion of these N rounds. Recall that by Lemma 3.5, N < 3n. Hence in

this case all the three robots terminate within 19n rounds after T3.
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3.3.3 The Main Result

From the discussions and the results proved in the above subsection we can finally

arrive at the following conclusion,

Theorem 3.2. Exploration with explicit termination is solvable by three robots

with chirality in 2k+⌈logn⌉+3 + 23n = O(n) rounds.

Proof. By Lemma 3.8, the exploration is complete and all three robots terminate

within T3 + 19n rounds. By Lemma 3.4, T3 ≤ T2 + 4n and by Lemma 3.3,

T2 < 2k+⌈logn⌉+3. Therefore our algorithm solves Exploration with explicit

termination by three robots with chirality in 2k+⌈logn⌉+3 + 23n = O(2kn) rounds.

Recall that we assumed that the robots are placed initially at distinct nodes

of the ring. We now show that this assumption is not necessary if the initial

configuration has two robots r1, r2 at the same node and the third robot r3 at

a different node. Then the case reduces to the situation when the first meeting

takes place. Then r1 and r2 will change their state to settled and forward while

r3 will execute the Meeting algorithm with state search. The algorithm will

progress as before and achieve exploration with termination.

If all three robots are in the same node in the initial configuration then the

three robots will compare their identifiers and will change their state to settled,

forward and bounce accordingly. Again, the algorithm will progress as before

and achieve exploration with termination.

3.4 Concluding Remarks

In this chapter we have solved the problem of Exploration with only three

robots, without landmark. Here we have assumed chirality, i.e., the robots have

a common clockwise and anti-clockwise direction. In the next chapter, we shall

solve the problem by removing the assumption of chirality.
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Chapter 4

Exploration of a Dynamic Ring
without Landmark in the absence
of Chirality

In Chapter 3, we solved the Exploration problem in a dynamic ring without

landmark but in the presence of chirality. In this chapter, we will solve the

problem in the absence of chirality. The techniques we developed in the previous

chapter is very crucial as we shall employ the same techniques with some minor

operational changes. First of all we shall see what are the challenges possessed

in solving this problem due to the absence of chirality. We must note that a

crucial part of our algorithm in Chapter 3 is ensuring that two robots must

meet at a node. But in the absence of chirality determining the time bound

within which two robots are guaranteed to meet is a problem. Note that in

Chapter 3 ensuring that two robots meet had been the first step in designing the

algorithm for exploration. But in the absence of chirality, the whole idea becomes

inapplicable.

Therefore we define and solve a new problem called Contiguous Agreement

which requires the robots to agree on some common direction for some number of

consecutive rounds. Then we solve Meeting in the absence of chirality by using

these two algorithms as subroutine. In particular, the main idea is to simulate

the Meeting algorithm with chirality in the period when the robots agree on

67
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a common direction. Our Contiguous Agreement protocol can be useful for

solving other problems as it can be used as a tool to transform certain algorithms

that functions in presence of chirality to algorithms that work without chirality.

After meeting, one of the robots will become landmark as planned. From there

we solve Exploration with termination using a strategy which is partly similar

to [71]. Overall, the round complexity of our algorithm is Θ(n), where n is the

size of the ring. This is asymptotically optimal as there are n nodes to be explored

and in each round, three robots can visit at most three nodes. Furthermore, our

algorithm solves the problem with optimum number of robots as in view of the

impossibility results of [71], the problem cannot be solved with two robots in this

setting.

The chapter is organized as follows. We discuss about the model and basic

assumptions in Section 4.1. Then in Section 4.2, we introduce and solve a new

problem called Contiguous Agreement. Then in Section 4.3 we use the

Contiguous Agreement algorithm to solve Meeting. Finally in Section

4.4 we solve Exploration with explicit termination without chirality.

4.1 Model and Definitions

The model that we describe here is almost same as that of Chapter 3. But still

the details are repeated for clarity’s sake.

We consider a dynamic ring of size n. All nodes of the ring are identical. Each

node is connected to its two neighbors via distinctly labeled ports. The labeling

of the ports may not be globally consistent and thus might not provide an orien-

tation. We consider a discrete temporal model i.e., time progresses in rounds. In

each round at most one edge of the ring may be missing. Thus the ring is con-

nected in each round. Such a network is known in the literature as a 1-interval

connected ring.

We consider a team of three robots operating in the ring. The robots do not have

any knowledge of the size of the ring. Each robot is provided with memory and

computational capabilities. An robot can move from one node to a neighbouring
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node if the edge between them is not missing. Two robots moving in opposite

direction on the same edge are not able to detect each other. An robot can only

detect an active robot co-located at the same node i.e., if an robot terminates

it becomes undetectable by any other robot. Two robots can communicate with

each other only when they are present at the same node. Each robot has a unique

identifier which is a bit string of constant length k > 1, i.e., the length k of the

identifier is the same for each robot. For an robot r, its unique identifier will

be denoted by r.ID. Also val(r.ID) will denote the numerical value of r.ID.

For example val(00110) = 6, val(10011) = 19, etc. Hence for any robot r,

val(r.ID) < 2k.

Each robot has a consistent private orientation of the ring, i.e., a consistent

notion of left or right. In this chapter the robots are unaware of any such global

orientation i.e., they do not have chirality.

We consider a fully synchronous system, i.e., all three robots are active in each

round. In each round, the robots perform the following sequence of operations:

Look: If other robots are present at the node, then the robot exchanges messages

with them.

Compute: Based on its local observation, memory and received messages, the

robot performs some local computations and determines whether to move

or not, and if yes, then in which direction.

Move: If the robot has decided to move in the Compute phase, then the robot

attempts to move in the corresponding direction. It will be able to move

only if the corresponding edge is not missing. An robot can detect if it has

failed to move.

During the execution of algorithm, two robots can meet each other in two possible

ways: (1) two robots r1 and r2 moving in opposite direction come to the same

node, or, (2) an robot r1 comes to a node where there is a stationary robot r2.

In the second case we say that r1 catches r2. If two robots r1, r2 are moving in
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opposite direction on the same edge in the same round, then we say that r1 and

r2 swaps over an edge.

4.2 Contiguous Agreement

In this section we define a new problem called Contiguous Agreement. Three

robots with unique identifiers are placed at three different nodes in the ring. In

each round, each robot chooses a direction according to a deterministic algorithm

based on its ID and current round. The requirement of the problem is that the

robots have to choose the same direction for some N consecutive rounds where

N is a constant unknown to the robots.

Before presenting the algorithm, we describe the construction of modified iden-

tifiers which will be used in the algorithm. Recall that r.ID is a binary string

of length k. We now describe the construction of the corresponding modified

identifier r.MID which is a binary string of length k(k−1)
2

+ k + 1. We shall first

concatenate a string of length k(k−1)
2

at end of r.ID. Let us write k(k−1)
2

= l. To

define the string, we shall identify each position of the string as, instead of an in-

teger from [l] = {1, . . . , l}, a 2-tuple from the set S = {(u, v) ∈ [k]× [k] | u < v}.
In order to formally describe this, let us define a bijection ϕ : S → [l] in the fol-

lowing way. Notice that |S| = l. Arrange the elements of S in lexicographic order.

For any (u, v) ∈ S, we define ϕ((u, v)) to be the position of (u, v) in this arrange-

ment. For example, if k = 4, then the elements of S, arranged in lexicographic

order, are (1,2), (1,3), (1,4), (2,3), (2,4), (3,4). Therefore, we have ϕ((1, 2)) = 1,

ϕ((1, 3)) = 2, ϕ((1, 4)) = 3, ϕ((2, 3)) = 4, ϕ((2, 4)) = 5 and ϕ((3, 4)) = 6. Now

we define the string of length l that will be concatenated with r.ID. The ith bit

of the string is the Z2 sum of the uth and vth bit of r.ID where (u, v) = ϕ−1(i).

After the concatenation, we get a string of length k + l = k + k(k−1)
2

. Finally we

append 0 at the beginning of this string to obtain r.MID of length k(k−1)
2

+ k+1

(See Fig. 4.1).

We now present the algorithm that solves Contiguous Agreement. The algo-

rithm works in phases with the length of the phases being 2j
(

k(k−1)
2

+ k + 1
)
, j =
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1 1

(3,4)(2,4)

0+
1
=

1

1+
1=

0

The original identifier

The modified identifier

Figure 4.1: The construction of the modified identifier.

0, 1, 2, . . .. For a string S and a positive integer t, let Dup(S, t) denote the string

obtained by repeating t times each bit of string S. For example, Dup(101, 3) =

111000111. For the jth phase, the robot r computes Dup(r.MID, 2j). Notice

that the length of the jth phase is equal to the length of Dup(r.MID, 2j). In the

ith round of the jth phase, r moves left if the ith bit of Dup(r.MID, 2j) is 0 and

otherwise moves right.

The idea behind the algorithm is the following. Let us first look at the 0th phase.

If the local orientations of all three robots are the same (say left = counterclock-

wise for each robot) then all three robots will choose the same direction in the

first round. This is because MIDs of all robots start with 0 and in the first round

all robots choose left which is the counterclockwise direction. Now if the local

orientations of all three robots are not the same, still two of the robots will be

in agreement. There are three possible cases based on which two robots have

the same local orientation. Notice if there is an index where the bit of the MIDs

of those two robots are equal, but is different from that of third robot, then all

robots will choose the same direction in the round corresponding to that index.

It can be shown that such indices exist for each of the three possible cases. This
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implies that there is a round in the 0th phase in which all three robots choose the

same direction. Hence for j = ⌈logN⌉, the robots will choose the same direction

for N consecutive rounds in the jth phase. The formal proof of correctness of

algorithm is given below.

Theorem 4.1. There is an algorithm that solves Contiguous Agreement.

Proof. Let us denote the three robots by r1, r2 and r3. For a binary string S and

an index 1 ≤ α ≤ |S|, we denote by S[α] the αth bit of S. We first show that in

the 0th phase, there is a round in which all three robots choose the same direction.

In the 0th phase, each robot ri uses the string Dup(ri.MID, 20) = ri.MID to set

its direction. First consider the case where all three agree on the orientation, say

the left according to each of the robots is the counterclockwise direction. Clearly

if there is an index α where the strings r1.MID, r2.MID and r3.MID have the

same bit, i.e., r1.MID[α] = r2.MID[α] = r3.MID[α], then the robots will decide

the same the direction in the αth round of the 0th phase. Now suppose that the

robots do not agree on orientation. Consider the case where left according to r1, r2

is the counterclockwise direction (i.e., r1 and r2 have agreement on orientation),

while left according to r3 is the clockwise direction. Clearly in this case, if there

is an index α such that r1.MID[α] = r2.MID[α] ̸= r3.MID[α], then the robots

will decide the same the direction in the αth round of the 0th phase. Therefore,

it follows from the above discussion that it suffices to show that ∃ indices α, β,

γ and η such that,

1. r1.MID[α] = r2.MID[α] = r3.MID[α]

2. r1.MID[β] = r2.MID[β] ̸= r3.MID[β]

3. r1.MID[γ] = r3.MID[γ] ̸= r2.MID[γ]

4. r2.MID[η] = r3.MID[η] ̸= r1.MID[η]

Recall that each of the strings start with 0. Hence, we have α = 1. Since r1.ID ̸=
r2.ID, ∃ an index a so that r1.ID[a] ̸= r2.ID[a]. Without loss of generality, let

r3.ID[a] = r1.ID[a], i.e., r1.ID[a] = r3.ID[a] ̸= r2.ID[a]. So we let γ = a + 1
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which fulfills the requirement that r1.MID[γ] = r3.MID[γ] ̸= r2.MID[γ]. We

add 1 here because of the 0 appended at the beginning of the MIDs. Similarly

since r1.ID ̸= r3.ID, ∃ an index b ̸= a so that r1.ID[b] ̸= r3.ID[b]. Without loss

of generality, let r2.ID[b] = r1.ID[b], i.e., r1.ID[b] = r2.ID[b] ̸= r3.ID[b]. So we

let β = b+1. So now it remains to find the index η. We take η to be the index of

MID where we put the sum of the βth bit of MID (β−1th bit of ID) and the γth

bit of MID (γ − 1th bit of ID). We have to show that r2.MID[η] = r3.MID[η]

̸= r1.MID[η]. For the equality, observe the following.

r2.MID[η] = r2.MID[β] + r2.MID[γ]

= (1 + r3.MID[β]) + (1 + r3.MID[γ]) (for x, y ∈ Z2, x ̸= y ⇐⇒ x = y + 1)

= r3.MID[β] + r3.MID[γ]

= r3.MID[η]

To prove the inequality, we assume for the sake of contradiction that r1.MID[η] =

r2.MID[η]. This leads to a contradiction as shown in the following.

r1.MID[η] = r2.MID[η]

=⇒ r1.MID[β] + r1.MID[γ] = r2.MID[β] + r2.MID[γ]

=⇒ r2.MID[β] + (1 + r2.MID[γ]) = r2.MID[β] + r2.MID[γ]

=⇒ 1 = 0

Hence, we show that there is round in the 0th phase where all three robots will

decide the same direction. It immediately follows from the proof that there are 2j

consecutive rounds in the jth phase where all three robots will choose the same

direction. Hence, for j = ⌈logN⌉, the robots will choose the same direction for

N consecutive rounds in the jth phase.
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4.3 Meeting by robots without Chirality

In Section 3.2.0.1, we describe an algorithm that solves Meeting by robots with

chirality. In the current setting where robots do not have chirality, the main idea is

to use the strategy of Contiguous Agreement so that the robots can implicitly

agree on a common direction and solve Meeting by employing the strategy from

section 3.2.0.1. Similar to the algorithm for Contiguous Agreement, our

algorithm for Meeting also works in phases. In the algorithm for Contiguous

Agreement the length of the phases were 2j
(

k(k−1)
2

+ k + 1
)
, j = 0, 1, 2, . . ..

For Meeting, the phases will be of length 2j+k
(

k(k−1)
2

+ k + 1
)
, j = 0, 1, 2, . . ..

In the jth phase of the algorithm an robot r uses the string Dup(r.MID, 2j+k)

to decide its movement. Notice that the length of Dup(r.MID, 2j+k) is equal

to the length of the jth phase. The string Dup(r.MID, 2j+k) is a concatenation

of
(

k(k−1)
2

+ k + 1
)
blocks of length 2j+k where each block consists of all 0’s or

all 1’s. Our plan is to simulate the Meeting algorithm from Section 3.2.0.1.

So, in the 2j+k rounds corresponding to each block, the robot r will (try to)

move in the first val(r.ID)2j rounds and will be stationary for the remaining(
2k − val(r.ID)

)
2j rounds. If the block consists of 0’s, then the movement will

be towards left and otherwise towards right. It can be shown that the algorithm

solves the problem within k22k+⌈logn⌉+3 rounds as stated in Theorem 4.2. Refer

to Figure 4.3.

Theorem 4.2. Meeting is solvable by three robots without chirality in k22k+⌈logn⌉+3

rounds.

Proof. Let p = ⌈log 2n⌉. If two robots have met before the pth phase, then

we are done. Otherwise, we show that a pair of robots must meet during

the pth phase. Recall that in the pth phase, an robot r uses the bits of the

string Dup(r.MID, 2p+k) to decide its movement in each round. Each block of

Dup(r.MID, 2p+k) is 2p+k bits long. From the proof of Theorem 4.1 it follows

that there is a block inDup(r.MID, 2p+k) so that the robots have an agreement in

direction in the rounds corresponding to that block. Recall that the robots simu-

late the Meeting algorithm from Section 3.2.0.1 in the rounds corresponding to
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Figure 4.2: The robots meeting for the first time in without chirality
setting

Figure 4.3: The robots agreeing on a common direction

each block. Hence it follows from Theorem 3.1 that two robots are guaranteed to

meet during the rounds corresponding to the aforesaid block. Therefore, the algo-

rithm ensures that the meeting takes place within 2k
(

k(k−1)
2

+ k + 1
)∑p

i=0 2
i <

k22k+⌈logn⌉+3 rounds.

4.4 Exploration with Termination by robots with-

out Chirality

For simplicity, assume that the robots are placed arbitrarily at distinct nodes of

the ring. We shall remove this assumption at the end of this section. Initially

the state variable of all three robots are set to search. We shall adopt a strategy
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similar to the one used in Section 3.2.0.2. In fact, we only need to make some

modifications in the algorithms to be executed by the robots with state search

and settled.

The robots will execute the Meeting algorithm described in Section 4.3 until

another robot is encountered. The robots will keep count of the number of rounds

since the beginning in the variable STime. Now by Theorem 4.2, two of the

robots are guaranteed to meet within k22k+⌈logn⌉+3 rounds. Upon meeting, the

robots will agree on a common direction, say the right direction of the robot

with larger ID, refer to Figure . Without loss of generality, assume that the

agreed direction is the clockwise direction. The robot with smaller ID, say r1,

will become the settled robot and the one with larger ID, say r2, will continue

moving in the clockwise direction. The robot r1 will save the port number leading

to the agreed direction, i.e., clockwise. Let r3 denote the third robot which is

still executing the Meeting algorithm. It can be shown (see Section 4.4.1)

that a second meeting is guaranteed to take place on or before (⌈log 2n⌉ + 1)th

phase, i.e., within k22k+⌈logn⌉+4 rounds from the start of the algorithm. Recall

that in Section 3.2.0.2 where the robots had chirality, the second meeting took

place either between r2 and r3, or between r3 and r1, refer to Figure 4.5 and 4.6.

However, in the current setting where the robots do not have chirality, the second

meeting may also take place between r1 and r2. This is because r3 is moving in

clockwise direction in some rounds and counterclockwise in other rounds. Hence

there is a possibility that r2 and r3 may swap over an edge and r1 meets r2 first,

refer to Figure 4.4. However, even then it is not difficult to show (see Section

4.4.1) that r3 is guaranteed to meet r1 or r2 , on or before (⌈log 2n⌉+1)th phase

i.e., within k22k+⌈logn⌉+4 rounds from the start of the algorithm.

Now consider the following cases depending on which of the two robots meet on

the second meeting.

1. Suppose that the second meeting takes place between r1 and r2. In this

case the ring has been explored and r2 finds out n and informs r1 about

it. Then r2 will continue moving in the clockwise direction. Both robots

will terminate after the round when STime = k22k+⌈logn⌉+4. Recall that
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Figure 4.4: The first case of second meeting.

r3 is guaranteed to meet one of them in the meantime and will terminate

immediately.

2. Suppose that the second meeting takes place between r2 and r3. Then r2

informs r3 about the agreed direction. Hence the case reduces to the setting

of Section 3.2. Therefore r2 and r3 will change their state to forward and

bounce respectively and execute the algorithms as before.

3. Now suppose that the second meeting takes place between r1 and r3. In

this case r3 will come to know about the agreed direction and again the

case reduces to the setting of Section 3.2. So r3 will continue to move in

the agreed direction i.e., clockwise.

It follows from the above discussions that the robots will terminate after exploring

the ring within k22k+⌈logn⌉+4 + 23n = O(n) rounds.
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Figure 4.5: The second case of second meeting, subcase 1.

4.4.1 The Main Results

From the discussions in the above subsection and Theorem 4.1 and Theorem 4.2,

we get the following result,

Theorem 4.3. Exploration with explicit termination is solvable by three robots

without chirality in k22k+⌈logn⌉+4 + 23n = O(n) rounds.

Proof. The robots will execute the Meeting algorithm described in Section 4.3

until another robot is encountered. By Theorem 4.2, two of the robots are guaran-

teed to meet within k22k+⌈logn⌉+3 rounds. Upon meeting, the robots will agree on

a common direction, say the clockwise direction. The robot with smaller ID, say

r1, will become the settled robot and the one with larger ID, say r2, will continue

moving in the clockwise direction. Let r3 denote the third robot which is still

executing the Meeting algorithm. Observe that r2 and r3 will try to move in the

same direction for some 4n consecutive rounds in the (⌈log 2n⌉+ 1) = ⌈log 4n⌉th
phase. Within the first 2n rounds a meeting should take place by Lemma 3.1. If

this meeting involves r3 then we are done. Otherwise r1 and r2 meet each other

and then by again applying by Lemma 3.1, r3 will meet one of them within the

following 2n rounds.
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Figure 4.6: The second case of second meeting, subcase 2.

Now there are three cases depending on which of the two robots meet on the

second meeting: the second meeting takes place between r1 and r2 (Case 1), the

second meeting takes place between r2 and r3 (Case 2) and the second meeting

takes place between r1 and r3 (Case 3). It follows from the discussions in Section

4.4 that the robots will terminate after exploring the ring within k22k+⌈logn⌉+4 +

23n = O(n) rounds.

Recall that we assumed that the robots are placed initially at distinct nodes

of the ring. We now show that this assumption is not necessary if the initial

configuration has two robots r1, r2 at the same node and the third robot r3 at

a different node. Then the case reduces to the situation when the first meeting

takes place. Then r1 and r2 will change their state to settled and forward while

r3 will execute the Meeting algorithm with state search. The algorithm will

progress as before and achieve exploration with termination.

If all three robots are in the same node in the initial configuration then the

three robots will compare their identifiers and will change their state to settled,
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forward and bounce accordingly. Again, the algorithm will progress as before

and achieve exploration with termination.

4.5 Concluding Remarks

In this chapter, we showed that Exploration (with explicit termination) in a

dynamic always connected ring without any landmark node is solvable by three

non-anonymous robots without chirality. This is optimal in terms of the number

of robots used as the problem is known to be unsolvable by two robots. Our

algorithm takes O(k22kn) rounds to solve the problem where n is the size of the

ring and k is the length of the identifiers of the robots. An interesting question

is whether the problem can be solved in O(poly(k)n) rounds. However with

k = O(1) the round complexity is O(n). This is asymptotically optimal as there

are n nodes to be explored and in each round three robots can visit at most three

nodes. A challenging problem that remains open is Exploration in a dynamic

network of arbitrary underlying topology. Except for some bounds on the number

of robots obtained in the recent work [50], almost nothing is known.



Chapter 5

The Computational Landscape of
Autonomous Mobile Robots: The
Visibility Perspective

5.1 Introduction

In this chapter, we consider robots to be autonomous, anonymous, identical,

homogenous and moving and operating in the Euclidean plane. The robots are

viewed as points and they operate according to the traditional Look-Compute-

Move (LCM) cycles in synchronous rounds. In Look phase robots take a snap-

shot of the space, in the Compute phase the robots execute its algorithm using

the snapshot as input, then move to the computed destination in Move phase.

The robots are collectively able to perform some tasks and solve some problems.

In recent times, exhaustive investigation has also been done [17,44] about the is-

sues of memory persistence and communication capability, have on the solvabil-

ity of a problem and computational capability of a system. In light of these facts,

four models have been identified and investigated, OBLOT , LUMI, FST A and

FCOM.

In the most common model OBLOT , in the addition to standard assumptions

of anonymity and uniformity, the robots are silent, i.e., without explicit means

of communication, and oblivious, i.e., they have no persistent memory to record

81
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information of previous cycles.

The other model which is generally considered as antithesis to OBLOT model,

is the LUMI model first formally defined in [25, 26], where the robots have

both persistent memory and communication, although it must be noted that the

remembering or communicating can be done only in limited capacity, i.e., the

robots can remember or communicate finite number of bits.

Two new models have been introduced in [43] by eliminating one of the two capa-

bilities of LUMI model, in each case. These two models are FST A and FCOM.

In FST A model the communication capability is absent while in FCOM model

the robots do not have persistent memory. In [44] these models have been con-

sidered to investigate the question is it better to remember or to communicate?.

In this work we consider another factor, i.e., visibility, which helps to inves-

tigate the matter from a different angle and is of interest from both theoret-

ical and practical point of view. If M denotes a model and σ is a scheduler

then traditionally Mσ denotes a model M under scheduler σ. Here M ∈
{OBLOT ,FST A,FCOM,LUMI} and σ ∈ {FSY NCH,SSY NCH}. We

here define MV
σ denotes a model M under scheduler σ and visibility state V .

Here V ∈ {F .V .,L.V .}. Here F .V . denotes the full visibility model and L.V .
denotes the limited visibility model. In limited visibility model, each robot can

view upto a constant radius of their position and the initial visibility graph is

connected.

All the works done till now had given the full visibility power to the robots. So

we try to answer a number of questions,

• Does restriction on visibility have no significant impact whatsoever on the

computational power of a model? In other words, is any problem which is

solvable in full visibility model, solvable in limited visibility model also?

• If the answer to the second question mentioned above is no, then can the

impairment be always adjusted by minor adjustments, i.e., by keeping the

model intact but by making the scheduler more powerful?
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• If the answer to the above question is also no, then what are the cases

where the lack of full visibility can be compensated? Can all the cases be

classified?

We have shown the answer to the first question is no, e.g., we have proved that

FST AFL.V. < FST AFF .V.. This result turns out to be true for all the four models

{OBLOT , FST A, FCOM,LUMI}. After we got answer to our first ques-

tion, we tried to answer our second question. A definite answer to the sec-

ond question shall give us some insight about whether any one of the two pa-

rameters of visibility and synchronicity have any precedence over the other.

But as we shall see this does not happen. For e.g., we got the result that

FCOMF
L.V. ⊥ FCOMS

F .V., which effectively shows that both the capabilities

are important, and deficiency in one of the parameter cannot be compensated

by making the other parameter stronger. In the process, we have defined a new

problem EqOsc which we have shown to be unsolvable unless the scheduler is

fully synchronous, but solvable if the scheduler is fully synchronous, even under

limited visibility in FST A and FCOM models. The third question as of now,

yet remains unanswered, and subject to further investigations.

The results presented in this chapter gives a whole new insight to the parameter

of visibility and its relevance relative to the parameter of synchronicity, one that

requires exhaustive analysis, even beyond the amount of investigation that had

been done in this chapter.

Investigations regarding the computational power of robots under synchronous

schedulers was done by the authors Flocchini et. al. in [44]. Main focus of the

investigation in this work was which of the two capabilities was more important:

persistent memory or communication. In the course of their investigation they

proved that under fully synchronous scheduler communication is more powerful

than persistent memory. In addition to that, they gave a complete exhaustive

map of the relationships among models and schedulers.

In [17], the previous work of characterizing the relations between the robot models

and three type of schedulers was continued. The authors provided a more refined
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map of the computational landscape for robots operating under fully synchronous

and semi-synchronous schedulers, by removing the assumptions on robots’ move-

ments of rigidity and common chirality. Further authors establish some prelim-

inary results with respect to asynchronous scheduler.

The previous two works considered that the robots was assumed to have unlim-

ited amounts of energy. In [18], the authors removed this assumption and started

the study of computational capabilities of robots whose energy is limited, albeit

renewable. In these systems, the activated entities uses all its energy to execute

an LCM cycle and then the energy is restored after a period of inactivity. They

studied the impact that memory persistence and communication capabilities have

on the computational power of such robots by analyzing the computational re-

lationship between the four models {OBLOT ,FST A,FCOM,LUMI} under

the energy constraint. They provided a full characterization of this relationship.

Among the many results they proved that for energy-constrained robots, FCOM
is more powerful than FST A.

In all the three above mentioned works, the robots had full visibility. A robot uses

its visibility power in the Look phase of the LCM cycle to acquire information

about its surroundings, i.e., position and lights (if any) of other robots. The

biggest drawback of full visibility assumption is that it is not practically feasible.

So, recently some of the authors [7, 41, 49, 87] have considered limited visibility.

For example, in [41] they considered that the robots can see up to a fixed radius

V from it. So it was important to study the power of different robot models

under limited visibility.

The rest of the chapter is organized as follows, in Section 5.2, we describe the

contributions in the chapter in brief. In Section 5.3, we describe the model and

associated definitions in brief. In Section 5.4, we describe the Angle Equal-

ization Problem and in Section 5.5 we compare the power of visibility and

synchronicity by introducing the Equivalent Oscillation Problem.
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5.2 Our Contributions

Let MX
V denote a model M under scheduler X with visibility V . Here M ∈

{OBLOT , FST A, FCOM,LUMI}, X ∈ {F ,S}, here F and S denotes

FSY NCH and SSY NCH schedulers respectively, and V ∈ {F .V .,L.V .}. ABC ≥
DEF denotes that the model A, under scheduler B and visibility C is computation-

ally not weaker than the model D under scheduler E and visibility F , ABC > DEF
denotes that the model A under scheduler B and visibility C is computationally

more powerful than the model D under scheduler E and visibility F , ABC ≡ DEF
denotes that the model A under scheduler B and visibility C is computationally

equivalent to the model D under scheduler E and visibility F and ABC ⊥ DEF
denotes that the model A under scheduler B and visibility C is computationally

incomparable with the model D under scheduler E and visibility F .

We first examine the computational relationship under a constant model and

scheduler between limited and full visibility conditions. We find that in both

fully synchronous and semi-synchronous cases, a model under full visibility is

strictly more powerful than a model under limited visibility. We get the following

results:

1. OBLOT FF .V. > OBLOT FL.V.

2. FST AFF .V. > FST AFL.V.

3. FCOMF
F .V. > FCOMF

L.V.

4. LUMIFF .V. > LUMIFL.V.

5. OBLOT SF .V. > OBLOT SL.V.

6. FST ASF .V. > FST ASL.V.

7. FCOMS
F .V. > FCOMS

L.V.

8. LUMISF .V. > LUMISL.V.
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Next step is examining the computational relationship between the four models

under consideration, namely, {OBLOT ,FST A,FCOM,LUMI} under limited

visibility between fully synchronous and semi-synchronous schedulers. We find

that under limited visibility conditions each of the three models are more powerful

under fully synchronous scheduler.

9. OBLOT FL.V. > OBLOT SL.V.

10. FST AFL.V. > FST ASL.V.

11. FCOMF
L.V. > FCOMS

L.V.

12. LUMIFL.V. > LUMISL.V.

Together with the three results mentioned immediately above, we also get an idea

which of the capabilities, visibility or synchronicity is more powerful. From the

previous results we generally conclude thatMS
L.V. <MS

F .V. andMS
L.V. <MF

L.V..

If we can prove that MF
L.V. ≥ MS

F .V., then it shall imply that by making the

scheduler stronger, the limitation in visibility can be compensated. Similarly if

we can prove that MS
F .V. ≥ MF

L.V., then it shall imply that by giving complete

visibility, the weakness in terms of scheduler can be compensated. But after our

detailed investigation it has been revealed that neither of the above cases happen

and in generalMF
L.V. ⊥MS

F .V.. Specifically the results are:

13. OBLOT FL.V. ⊥ OBLOT SF .V.

14. FST AFL.V. ⊥ FST ASF .V.

15. FCOMF
L.V. ⊥ FCOMS

F .V.

16. LUMIFL.V. ⊥ LUMISF .V.

5.3 Model and Definitions

In this section, we shall present a formal description of the model. Then we

mention some definitions and notations that will be used throughout the chapter.
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5.3.1 The Basics

In this chapter we consider a team R = {r0, . . . , rn} of computational entities

moving and operating in the Euclidean Plane R2, which are viewed as points and

called robots. The robots can move freely and continuously in the plane. Each

robot has its own local coordinate system and it always perceives itself at its

origin; there might not be consistency between these coordinate systems. The

robots are identical: they are indistinguishable by their appearance and they

execute the same protocol, and they are autonomous, i.e., without any central

control.

The robots operate in Look−Compute−Move (LCM) cycles. When activated

a robot executes a cycle by performing the following three operations:

1. Look: The robots activate its sensors to obtain a snapshot of the positions

occupied by the robots according to its co-ordinate system.

2. Compute: The robot executes its algorithm using the snapshot as input.

The result of the computation is a destination point.

3. Move: The robot moves to the computed destination. If the destination is

the current location, the robot stays still.

All robots are initially idle. The amount of time to complete a cycle is assumed

to be finite, and the Look is assumed to be instantaneous. The robots may not

have any agreement in terms of their local coordinate system. By chirality, we

mean the robots agree on the same circular orientation of the plane, or in other

words they agree on ”clockwise” direction. In our chapter, we do not assume the

robots to have a common sense of chirality.

5.3.2 The Computational Models

There are four basic robot models which are considered in literature, they are

namely, {OBLOT ,FST A,FCOM,LUMI}.
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In the most common model, OBLOT , the robots are silent: they have no explicit

means of communication; furthermore they are oblivious: at the start of the cycle,

a robot has no memory of observations and computations performed in previous

cycles.

In the next common model, LUMI, each robot r is equipped with a persistent

visible state variable Light[r], called light, whose values are taken from a finite

set C of states called colors (including the color that represents the initial state

when the light is off). The colors of the lights can be set in each cycle by r at the

end of its Compute operation. A light is persistent from one computational cycle

to the next: the color is not automatically reset at the end of a cycle; the robots

are otherwise oblivious, forgetting all other information from previous cycles. In

LUMI, the Look operation produces a colored snapshot; i.e., it returns the set

of pairs (position, color) of the robots. Note that if |C| = 1, then the light is not

used; this case corresponds to the OBLOT model.

It is sometimes convenient to describe a robot r as having k ≥ 1 lights, denoted

r.light1, . . . , r.lightk, where the values of r.lighti are from a finite set of colors Ci,

and to consider Light[r] as a k-tuple of variables; clearly, this corresponds to r

having a single light that uses
∏k

i=1|Ci| colors.

The lights provide simultaneously persistent memory and direct means of com-

munication, although both limited to a constant number of bits per cycle. Two

sub-models of LUMI have been defined and investigated , each offering only one

of these two capabilities.

In the first model, FST A, a robot can only see the color of its own light; that

is, the light is an internal one and its color merely encodes an internal state.

Hence the robots are silent, as in OBLOT , but are finite-state. Observe that

a snapshot in FST A is same as in OBLOT .

In the second model, FCOM, the lights external: a robot can communicate to

the other robots through its colored light but forgets the color of its own light

by the next cycle; that is, robots are finite-communication but are oblivious. A

snapshot in FCOM is like in LUMI except that, for the position x where the
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robot r performing the Look is located, Light[r] is omitted from the set of colors

present at x.

In all the above models, a configuration C(t) at time t is the multi-set of the n

pairs of the (x), where ci is the color of robot ri at time t.

5.3.3 The Schedulers

With respect to the activation schedule of the robots, and the duration of their

Look-Compute-Move cycles, the fundamental distinction is between the asynchronous

and synchronous settings.

In the asynchronous setting (ASYNCH), there is no common notion of time,

each robot is activated independently of others, the duration of each phase is

finite but unpredictable and might be different cycles.

In the synchronous setting (SSYNCH), also called semi-synchronous, time is

divided into discrete intervals, called rounds; in each round some robots are ac-

tivated simultaneously, and perform their LCM cycle in perfect synchronization.

A popular synchronous setting which plays an important role is the fully-synchronous

setting (FSYNCH) where every robot is activated in every round; the is, the ac-

tivation scheduler has no adversarial power.

In all two settings, the selection of which robots are activated at a round is

made by an adversarial scheduler, whose only limit is that every robot must

be activated infinitely often (i.e., it is fair scheduler). In the following, for all

synchronous schedulers, we use round and time interchangeably.

5.3.4 The Visibility Models

In our work we do comparative analysis of computational models with robots

having full and limited visibility. In full visibility model, denoted as F .V ., the
robots have sensorial devices that allows it to observe the positions of the other

robots in its local co-ordinate system.
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In limited visibility model, denoted as L.V ., a robot can only observe upto a

fixed distance Vr from it. Suppose, rp(t) denote the position of a robot r at the

beginning of round t. Then we define the circle with center at rp(t) and radius

Vr to be the Circle of V isibility of r at round t. Here the radius Vr is same for

all the robots. The result of Look operation in round t will be the position of the

robots and lights(if any) of the robots inside the circle of visibility.

We now define the V isibility Graph, G = (V,E) of a configuration. Let C be a

given configuration. Then all the robot positions become the vertices of G and

we say an edge exists between any two vertices if and only if the robots present

there can see each other.

The necessary condition for the problems we have defined in the chapter is that

the V isibility Graph of the initial configuration must be connected.

5.3.5 Some important definitions

We define our computational relationships similar to that of [44]. Let M =

{OBLOT ,FST A,FCOM,LUMI} be the robot models under investigation,

the set of activation schedulers be S = {FSY NCH,ASY NCH} and the set of

visibility models be V = {F .V .,L.V .}.

We denote by R the set of all teams of robots satisfying the core assumptions

(i.e., they are identical, autonomous, and operate in LCM cycles), and R ∈ R
a team of robots having identical capabilities (e.g., common coordinate system,

persistent storage, internal identity, rigid movements etc.). ByRn ⊂ R we denote

the set of all teams of size n.

By problem we mean a task where a fixed number of robots have to form some

configuration or configurations (which may be a function of time) subject to some

conditions, within a finite amount of time.

Given a model M ∈ M, a scheduler S ∈ S, visibility V ∈ V , and a team of

robots R ∈ R, let Task(M,S, V ;R) denote the set of problems solvable by R in

M , with visibility V and under adversarial scheduler S.
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Let M , N ∈ M, S1, S2 ∈ S and V1, V2 ∈ V . We define the relationships between

model M with visibility V1 under scheduler S1 and model N with visibility V2

under scheduler S2:

• computationally not less powerful (MS1
V1
≥ NS2

V2
), if ∀ R ∈ R we have

Task(M,S1;R) ⊇ Task(N,S2;R);

• computationally more powerful (MS1
V1

> NS2
V2
), if MS1

V1
≥ NS2

V2
and ∃R ∈ R

such that Task(M,S1, V1;R) \ Task(N,S2, V2;R) ̸= ∅;

• computationally equivalent (MS1
V1
≡ NS2

V2
), if MS1

V1
≥ NS2

V2
and MS1

V1
≤ NS2

V2
;

• computationally orthogonal or incomparable, (MS1
V1
⊥NS2

V2
), if ∃R1, R2 ∈ R

such that Task(M,S1, V1;R1) \ Task(N,S2, V2;R1) ̸= ∅ and Task(N,S2, V2;R2)

\ Task(M,S1, V1;R2) ̸= ∅.

For simplicity of notation, for a model M ∈ M, let MF and MS denote MFsynch

andMSsynch, respectively; and letMF
V (R) andMS

V (R) denote Task(M,FSY NCH, V ;R)

and Task(M,SSY NCH, V ;R), respectively.

5.3.6 Some Fundamental Comparisons

Trivially,

1. LUMI ≥ FST A ≥ OBLOT and LUMI ≥ FCOM ≥ OBLOT , when
the V isibility and Synchronicity is fixed.

2. FSYNCH ≥ SSYNCH ≥ ASYNCH when the model and V isibility is

fixed.

3. F .V . ≥ L.V . when the model and Synchronicity is fixed.
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5.4 ANGLE EQUALIZATION PROBLEM

In this section, we shall define a problem to show the limitation of limited visibility

over full visibility even when the model is very powerful. Our main motivation

here is to investigate whether restriction on visibility have any significant impact

whatsoever on the computational power of a model or not.

Definition 5.1. Problem Angle Equalization (AE): Suppose four robots r1,

r2, r3 and r4 are placed in positions A, B, C and D respectively, as given in

Configuration (I). The line AB makes an acute angle θ1 with BC and the line

CD makes an acute θ2 with BC. Here θ1 < θ2 < 90◦.

The robots must form the Configuration (II) without any collision. The robots r2

and r3 must remain fixed in their positions.

5.4.1 Algorithm for AE problem in OBLOT SF .V

Figure 5.1: Configuration (I) of Prob-
lem AE

Figure 5.2: Configuration (II) of
Problem AE

Under full visibility conditions, each robot can see all the robot locations in the

plane. Now each robot can uniquely identify its position in the plane. Therefore

whenever the robot r1 is activated, it will move to the position A′ such that the

∠A′BE = θ2. The rest of the robots will not move. After the robot r1 moves
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Figure 5.3: Visibility Range Gap

all the robots can perceive that Configuration (II) is obtained and henceforward

there will be no further movement of the robots. Hence the problem is solved.

Lemma 5.1. ∀ R ∈ R4, AE ∈ OBLOT SF .V .

Corollary 5.0.1. ∀ R ∈ R4, AE ∈ OBLOT FF .V .

Proof. Follows from Lemma 5.1.

Corollary 5.0.2. ∀ R ∈ R4, AE ∈ FST ASF .V .

Proof. Follows from Lemma 5.1.

Corollary 5.0.3. ∀ R ∈ R4, AE ∈ FST AFF .V .

Proof. Follows from Corollary 5.0.1.

Corollary 5.0.4. ∀ R ∈ R4, AE ∈ FCOMS
F .V .

Proof. Follows from Lemma 5.1.

Corollary 5.0.5. ∀ R ∈ R4, AE ∈ FCOMF
F .V .

Proof. Follows from Corollary 5.0.1.
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Corollary 5.0.6. ∀ R ∈ R4, AE ∈ LUMISF .V .

Proof. Follows from Lemma 5.1.

Corollary 5.0.7. ∀ R ∈ R4, AE ∈ LUMIFF .V .

Proof. Follows from Corollary 5.0.1.

5.4.2 Impossibility of Solving AE Problem in Limited Vis-
ibility Model

Lemma 5.2. ∃ R ∈ R4, AE ̸∈ LUMIFL.V..

Proof. Let there exists an Algorithm A to solve the problem in LUMIFL.V.. If

Configuration (II) has to be formed from Configuration (I) then the robot r1 must

know the value of the angle it has to form. If r1 has to move to the position A′

such that the ∠A′BE = θ2, then the robot r1 must know the position of two

robots r3 and r4 respectively in the initial configuration, i.e., the positions C and

D respectively. Unless the position C is known, the robot r1 cannot perceive that

it has to form the angle with respect to the extended line of the line segment. And

unless it knows the position D, it cannot perceive the value θ2 that it has to form.

But if Vr = BC + ϵ, then it is not possible for the robot r1 to see them from the

initial configuration. Also according the requirement of the problem the robots

r2 and r3 cannot move. Therefore to solve the problem r1 must move. Now, if

r1 has to move, unless r1 performs the required move to form Configuration (II)

in one move, it has to move preserving the angle θ1. This is because r1 does not

know the fact that θ1 < θ2. The argument holds for r4. And we have already

seen that the initial configuration does not give the required information to form

Configuration (II) in one move.

Now the only way the robot r1 can move preserving the angle, is by moving

along the line segment AB. Now note that if r1 reaches B, the angle becomes

0. Also as collisions are not allowed the robot r1 cannot cross B. Similarly, the

robot r3 can only move along line segment CD and it cannot cross the position
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C. Now, by moving along the line segments AB and CD respectively, however

much the two robots r1 and r4 may come closer to B and C respectively, the

adversary may choose the value of ϵ in such a way that the position C is outside

the visibility range of r1 and B is outside the visibility range of r2, refer to Figure

5.3. Note that the robots r2 and r3 cannot see r4 and r1 respectively, therefore

it is also unknown to them which robot should perform the required move to

form Configuration (II). Though r2 and r3 can measure the angles θ1 and θ2

respectively. It is not possible to store the value of the angles with finite number

of lights. Hence the problem cannot be solved.

From Lemma 5.2 follows:

Corollary 5.0.8. ∃ R ∈ R4, AE ̸∈ LUMISL.V.

Corollary 5.0.9. ∃ R ∈ R4, AE ̸∈ FST AFL.V.

Corollary 5.0.10. ∃ R ∈ R4, AE ̸∈ FST ASL.V.

Proof. Follows from Corollary 5.0.8

Corollary 5.0.11. ∃ R ∈ R4, AE ̸∈ FCOMF
L.V.

Corollary 5.0.12. ∃ R ∈ R4, AE ̸∈ FCOMS
L.V.

Proof. Follows from Corollary 5.0.8

Corollary 5.0.13. ∃ R ∈ R4, AE ̸∈ OBLOT FL.V.

Corollary 5.0.14. ∃ R ∈ R4, AE ̸∈ OBLOT SL.V.

Proof. Follows from Corollary 5.0.8

We get the following results:

Theorem 5.1. OBLOT FF .V. > OBLOT FL.V.

Proof. From Corollary 5.0.1 and Corollary 5.0.13.
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Theorem 5.2. OBLOT SF .V. > OBLOT SL.V.

Proof. From Lemma 5.1 and Corollary 5.0.14.

Theorem 5.3. FST AFF .V. > FST AFL.V.

Proof. From Corollary 5.0.3 and Corollary 5.0.9.

Theorem 5.4. FST ASF .V. > FST ASL.V.

Proof. From Corollary 5.0.2 and Corollary 5.0.10.

Theorem 5.5. FCOMF
F .V. > FCOMF

L.V.

Proof. From Corollary 5.0.5 and Corollary 5.0.11.

Theorem 5.6. FCOMS
F .V. > FCOMS

L.V.

Proof. From Corollary 5.0.4 and Corollary 5.0.12.

Theorem 5.7. LUMIFF .V. > LUMIFL.V.

Proof. From Corollary 5.0.7 and Lemma 5.2.

Theorem 5.8. LUMISF .V. > LUMISL.V.

Proof. From Corollary 5.0.6 and Corollary 5.0.8.

5.5 EQUIVALENT OSCILLATION PROBLEM

After we have seen the amount of impact V isibility has on the computational

power of a model, the next natural question that comes to one’s mind is that

whether the deficiency in the visibility can be compensated by making some other

parameter stronger. We particularly choose the parameter of Synchronicity and

see whether synchronicity can compensate limited visibility.
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Definition 5.2. Problem Equivalent Oscillation (EqOsc): Let three robots

r1, r2 and r3 be initially placed at three points B, A and C respectively. AB =

AC = d. Let B′, C ′ be points collinear on the line such that AB′ = AC ′ = 2d
3
.

The robots r1 and r3 have to change their positions from B to B′ and back to B,

C to C ′ and back to C respectively, while always being equidistant from r2, i.e.,

A (Equidistant Condition).

More formally speaking, if there is a round t such that the robots r1 and r3 is at

B and C respectively, then there must must exist a round t′ > t, such that r1 and

r3 is at B′ and C ′ respectively. Similarly if at round t′, r1 and r3 is at B′ and

C ′ respectively, then there must exist a round t′′ > t′, such that r1 and r3 is at B

and C respectively (Oscillation Condition).

Figure 5.4: Illustration of EqOsc problem

We prove that this problem is not solvable in LUMISF .V..

Lemma 5.3. ∃ R ∈ R3, EqOsc ̸∈ LUMISF .V..

Proof. Let the the robots r1, r3 be able to successfully execute the movements

satisfying the conditions of the problem till round t. Let at the beginning of

round t+ 1 the robots r1 and r3 be at the points B and C respectively. So next

the robots r1 and r3 must move to the points B′, C ′ respectively. Note that the

robots must move together or otherwise the equidistant condition is not satisfied.

From round t + 1 we activate only one of the terminal robots alternatively. Let

at rounds t+1, t+3, t+5,......., the robot r1 is activated and let at rounds t+2,

t+ 4, t+ 6,......, the robot r3 is activated.

Now whenever r1 or r3 makes a movement(when they are activated) the equidis-

tant condition is violated. If neither r1 nor r3 makes any movement indefinitely
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then the oscillating condition is violated.

The problem cannot be solved in LUMISF .V..

From Lemma 5.3 following result naturally follows,

Corollary 5.8.1. ∃ R ∈ R3, EqOsc ̸∈ FST ASF .V. and, ∃ R ∈ R3, EqOsc ̸∈
FCOMS

F .V..

5.5.1 Solution of problem Equivalent Oscillation in FST AFL.V.

We now give an algorithm to solve the problem in FST AFL.V.. The pseudocode

of the algorithm is given below.

Algorithm 11: Algorithm AlgEOSTA for Problem EqOsc executed by each
robot r in FST AFL.V.
1 d = distance from the closer robot;
2 A = Position of the middle robot;
3 if not a terminal robot then
4 Remain static
5 else
6 if Light = Off or Light = F then
7 Light ← N

8 Move to a point D on the line segment such that AD = 2d
3

9 else
10 Light ← F

11 Move to a point D on the line segment such that AD = 3d
2

Description and Correctness of AlgEOSTA Let the three robots r1, r2 and

r3 be at B, A, and C respectively. Here Vr > AB, and Vr > AC, but Vr < BC.

So there are three robots among which there is one robot which can see two other

robots except itself, we call this robot the middle robot. The other two robots can

see only one other robot except itself. We call each of these two robots terminal

robot. The terminal robots are initially at a distance D from the middle robot.

Whenever a robot is activated it can understand whether it is a terminal or a

middle robot. Now, each of the robots save a light which is initially saved to

Off . If a robot perceives that it is a middle robot it does not do anything. If
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it is a terminal robot and its light is set to Off or F , it changes its light to N

and moves closer a distance two-third of the present distance from the middle

robot, and if its light is set to N , it changes its light to F and moves further

to a distance 1.5 times of the present distance from the middle robot. As we

consider a fully synchronous system both the terminal robots execute the nearer

and further movement alternatively together, and hence our problem is solved.

Hence we get the following result:

Lemma 5.4. ∀ R ∈ R3, EqOsc ∈ FST AFL.V..

Theorem 5.9. FST AFL.V. > FST ASL.V.

Proof. By Corollary 5.8.1 the problem cannot be solved in FST ASL.V., and, triv-
ially FST AFL.V. ≥ FST ASL.V..

Theorem 5.10. FST AFL.V. ⊥ FST ASF .V.

Proof. By Corollary 5.8.1 and Lemma 5.4, EqOsc cannot be solved in FST ASF .V.
but can be solved in FST AFL.V..

Similarly, by Corollary 5.0.9 and 5.0.2 AE cannot be solved in FST AFL.V. but
can be solved in FST ASF .V.. Hence the result.

5.5.2 Solution of problem Equivalent Oscillation in FCOMF
L.V.

We now give an algorithm to solve the problem in FCOMF
L.V.. The pseudocode

of the algorithm is given below.
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Algorithm 12: Algorithm AlgEOCOM for Problem EqOsc executed by each
robot r in FCOMFL.V.
1 d = distance from the closer robot;
2 A = Position of the middle robot;
3 if not a terminal robot then
4 Remain static
5 if Visible light = NIL or FAR then
6 Light ← FAR

7 else if Visible light = NEAR then
8 Light ← NEAR

9 else
10 if Visible light = NIL or Visible light = NEAR then
11 Light ← NEAR

12 Move to a point D on the line segment such that AD = 2d
3

13 else if Visible light = FAR then
14 Light ← FAR

15 Move to a point D on the line segment such that AD = 3d
2

Description and Correctness of AlgEOCOM Let the three robots r1, r2 and

r3 be at B, A, and C respectively. Here Vr > AB, and Vr > AC, but Vr < BC.

So there are three robots among which there is one robot which can see two other

robots except itself, we call this robot the middle robot. The other two robots can

see only one other robot except itself. We call each of these two robots terminal

robot. Whenever a robot is activated it can understand whether it is a terminal

or a middle robot. Now, each of the robots has a light which is initially saved to

NIL. If a robot perceives that it is a middle robot it can see the lights of the

two terminal robots. If it perceives the lights of the terminal robots to be set to

NIL or FAR, it sets its own light to FAR. And if it perceives the lights of the

terminal robots to be set to NEAR, it sets its own light to NEAR. The middle

robot only changes its light but does not change its position. If it is a terminal

robot it can only see the light of the middle robot. If the light of the middle

robot is set to NIL or NEAR, the terminal robot changes its light to NEAR

and moves closer to a distance which is two-third of the present distance from the

middle robot. And if the light of the middle robot is set to FAR, it changes its

light to FAR and moves away to a distance 1.5 times the present distance from

the middle robot. As we consider a fully synchronous system both the terminal

robots execute the nearer and further movement alternatively together, and hence
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our problem is solved.

Hence we get the following result:

Lemma 5.5. ∀ R ∈ R3, EqOsc ∈ FCOMF
L.V..

Theorem 5.11. FCOMF
L.V. > FCOMS

L.V.

Proof. By Corollary 5.8.1 the problem cannot be solved in FCOMS
L.V., and, triv-

ially FCOMF
L.V. ≥ FCOMS

L.V.. Hence our theorem.

Theorem 5.12. FCOMF
L.V. ⊥ FCOMS

F .V.

Proof. By Corollary 5.8.1 and Lemma 5.5, EqOsc cannot be solved in FCOMS
F .V.

but can be solved in FCOMF
L.V..

Similarly, by Corollary 5.0.11 and 5.0.4 AE cannot be solved in FCOMF
L.V. but

can be solved in FCOMS
F .V.. Hence the result.

5.5.3 Similar deductions in OBLOT and LUMI

Theorem 5.13. OBLOT FL.V. ⊥ OBLOT SF .V.

Proof. We have proved that the problem AE cannot be solved in OBLOT FL.V. but
can be solved in OBLOT SF .V..

Now we consider the problem Rendezvous which was proved to be impossible

in OBLOT SF .V. in [99]. Now we claim that in our model the problem is possible

to solve in OBLOT FL.V.. This is because in our model we assume the visibility

graph of the robots in the initial configuration to be connected. Now when there

are only two robots in the initial configuration this means, all the robots in the

initial configuration can see each other. Hence in this case the problem reduces to

OBLOT F model. Now it is well known that rendezvous problem is solvable in

this model, as the robots just move to the mid-point of the line segment joining

them. Hence the result.
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Theorem 5.14. OBLOT FL.V > OBLOT SL.V.

Proof. Trivially OBLOT FL.V ≥ OBLOT SL.V. and by Theorem 5.13 the problem

Rendezvous is solvable in OBLOT FL.V but not in OBLOT SL.V..

Lemma 5.6. ∀ R ∈ R3, EqOsc ∈ LUMIFL.V..

Proof. From Lemma 5.4 and 5.5.

Theorem 5.15. LUMIFL.V. ⊥ LUMISF .V.

Proof. By Lemma 5.2 and Corollary 5.0.7 the problem AE cannot be solved in

LUMIFL.V. but can be solved in LUMISF .V..

By Lemma 5.3 and 5.6 , the problem EqOsc cannot be solved in LUMISF .V. but
can be solved in LUMIFL.V.. Hence, the result.

Theorem 5.16. LUMIFL.V > LUMISL.V.

Proof. Trivially LUMIFL.V ≥ LUMISL.V. and by Lemma 5.6 and Lemma 5.3 the

problem EqOsc is solvable in LUMIFL.V but not in LUMISL.V..

5.6 Concluding Remarks

We have initiated the analysis of computational capabilities of mobile robots

having limited visibility. The models {OBLOT ,FST A,FCOM,LUMI} have
been considered by us, and we have more or less exhaustively analyzed the possible

relationships when the model is fixed.



Chapter 6

Conclusion

In this chapter, we conclude the thesis by subsuming all the technical results from

the previous chapters and also highlight some interesting directions for future

research.

In Chapter 2, we studied the Dispersion problem on arbitrary graphs with

anonymous robots. We have presented a memory optimal randomized algorithm

for Dispersion from rooted configuration by anonymous robots. This resolves

an open problem posed in [80]. Time complexity of our algorithm is Θ(k2) rounds

in the worst case. Any algorithm that solves the problem requires Ω(k) rounds

in the worst case. To see this, consider a path with n ≥ k nodes with all robots

initially at one of its one degree nodes. An interesting open problem is to close

this gap.

Open Problem 1. Give an algorithm for Dispersion from rooted configuration,

which requires Ω(k) rounds, or, improve the time lower bound to Ω(k2).

For arbitrary configurations, the random walk based algorithm presented has been

presented in [80] but it requires the robots to stay active indefinitely. Therefore

an interesting open question is whether it is possible to solve the problem by

anonymous robots from non-rooted configurations without requiring robots to

stay active indefinitely.

Open Problem 2. Give an algorithm for Dispersion from arbitrary configu-
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ration, where the robots eventually terminate and which requires O(log∆) bits of

memory at each robot.

In Chapter 3 and Chapter 4, we considered the Exploration problem. In Chap-

ter 3 we considered the problem in the chirality and Chapter 4 we removed the

assumption of chirality. We showed that Exploration (with explicit termina-

tion) in a dynamic always connected ring without any landmark node is solvable

by three non-anonymous robots without chirality. This is optimal in terms of the

number of robots used as the problem is known to be unsolvable by two robots.

Our algorithm takes O(k22kn) rounds to solve the problem where n is the size

of the ring and k is the length of the identifiers of the robots. An interesting

question is whether the problem can be solved in O(poly(k)n) rounds.

Open Problem 3. Give an algorithm for Exploration in a dynamic ring,

which requires O(poly(k)n) rounds, k is the length of the identifiers of the robots.

However with k = O(1) the round complexity is O(n). This is asymptotically

optimal as there are n nodes to be explored and in each round three robots can

visit at most three nodes. A challenging problem that remains open is Explo-

ration in a dynamic network of arbitrary underlying topology. Except for some

bounds on the number of robots obtained in the recent work [50], almost nothing

is known.

Open Problem 4. Investigate the problem of Exploration in a dynamic net-

work of arbitrary underlying topology..

In Chapter 5, we have analysed computational capabilities of mobile robots having

limited visibility under fully synchronous and semi-synchronous schedulers. We

have considered all the four models {OBLOT ,FST A,FCOM,LUMI}, and we

have more or less exhaustively analyzed the possible relationships when the model

is fixed. But a huge amount of interesting questions still remains to be solved.

The possible future directions are outlined in the following two open problems.

Open Problem 5. Investigate the cross-model relationships under limited visi-

bility conditions.
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Open Problem 6. Investigate the computational relationships when the sched-

uler is asynchronous.

,
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