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Chapter 1

Introduction

Swarm robotics is a niche within the field of robotics that places a strong emphasis
on accomplishing tasks using robots that possess only the most fundamental
capabilities. This approach has garnered significant attention and research focus
over the last two decades. The central challenge in swarm robotics revolves around
coordinating multiple robots effectively to work together in harmony. Unlike
traditional robotics, where individual robots often have extensive capabilities and
functionality, swarm robots are intentionally designed to be simplistic. They are
equipped with only basic features and functionalities to reduce cost, complexity,

and development efforts.

The reasons behind this simplicity is rooted in practicality. Building and deploy-
ing robots with advanced capabilities can be prohibitively expensive and tech-
nically intricate. In contrast, designing and deploying a swarm of robots with

minimal capabilities is a far more economical and straightforward endeavor.

The real-world applications of swarm robotics are diverse and encompass areas
such as search and rescue missions, environmental monitoring, precision agri-
culture, and industrial automation. In these scenarios, the collective power of
numerous simple robots working together can offer distinct advantages. These
advantages include enhanced scalability, fault tolerance, and cost-effectiveness,
making swarm robotics an attractive solution for many challenging tasks. In sum-

mary, swarm robotics is characterized by its pursuit of task completion through



the collaboration of robots with minimal capabilities. This approach has gained
traction due to its potential to address coordination challenges while providing a
cost-effective and practical alternative to complex, high-capability robotic solu-

tions.

This concept draws inspiration from the collective behavior of social animals,
such as ants and bees, where individual organisms with limited capabilities col-
laborate to achieve complex objectives. Robot swarms have gained significant
attention in robotics research and various application domains due to their po-
tential advantages in scalability, fault tolerance, and cost-effectiveness. Robot
swarms have a wide range of applications across various fields due to their ability
to work collectively and efficiently. Here are some notable applications of robot

swarms:

Search and Rescue: Robot swarms can be deployed in disaster-stricken areas to
search for survivors and assess damage. They can cover large areas quickly,
locate people in need of help, and transmit critical information back to

rescue teams.

Precision Agriculture: Swarms of agricultural robots can plant seeds, monitor
crop health, and apply fertilizers or pesticides more precisely. They can
work continuously, reduce the need for manual labor, and optimize resource

usage.

Environmental Monitoring: Robot swarms can be used to monitor environmen-
tal conditions in oceans, forests, or urban areas. They can collect data on

temperature, humidity, pollution levels, and wildlife behavior.

Manufacturing and Logistics: In manufacturing, swarms of robots can collabo-
rate to assemble products efficiently. In logistics, they can work together
to optimize warehouse operations, package sorting, and inventory manage-

ment.

Aerial Surveillance: Drones in swarms can provide aerial surveillance for secu-

rity, crowd monitoring, or wildlife tracking. They can cover large areas



simultaneously and capture data from multiple angles.

Medical Applications: Robot swarms can assist in minimally invasive surgeries
by providing precise control and visualization. They can also transport

medical supplies in hospital environments.

Construction and Infrastructure: Swarms of construction robots can work to-
gether to build structures, lay bricks, or perform maintenance tasks. They

can improve efficiency and safety on construction sites.

Exploration and Mapping: Swarms of autonomous robots can explore unknown
or hazardous environments, such as caves, mines, or other planets. They

can create detailed maps and collect data without putting humans at risk.

Underwater Exploration: In marine research, robot swarms can study the ocean,
including coral reefs, shipwrecks, and marine life. They can be deployed for

extended periods and reach depths that are difficult for humans.

Military and Defense: Swarms of drones or ground robots can be used for re-
connaissance, surveillance, and communication relay in military operations.

They can provide a tactical advantage by enhancing situational awareness.

Entertainment and Art: Robot swarms can create visually stunning light shows
or choreographed performances for entertainment purposes. They offer

unique possibilities for artistic expression and audience engagement.

These are just a few examples of the diverse applications of robot swarms. As
technology continues to advance and researchers develop new algorithms and
capabilities, the potential for robot swarms in various industries is expected to

expand even further.

1.1 Theoretical Framework

This section provides an overview of the theoretical framework under which the

computational and complexity issues related to distributed computing by robot



swarms are studied. The framework covers a large spectrum of settings. The
different sets of assumptions regarding the capabilities of the robots and the

environment in which they operate give rise to several variations of the framework.

1.1.1 The Robots

A robot swarm is a collection of computational entities known as “robots” each
possessing the ability to perform local computations and move independently.
These robots exhibit several key characteristics: they are autonomous (lacking
centralized control), anonymous (lacking unique identifiers), identical (physically

indistinguishable), and homogeneous (executing the same algorithm).

In terms of their physical attributes, most literature in this field assumes the
“point robot” model, which simplifies robots to dimensionless points in a two-
dimensional plane. However, this simplistic representation ignores the practical
reality that even small robots have physical dimensions. To address this limi-
tation, the “fat robot” model was introduced in the literature. In the fat robot
model, robots are depicted as identical disks, acknowledging that they occupy
physical space, making it a more realistic representation for scenarios involving

physical interactions and constraints.

1.1.2 Visibility

Robots have capability of observing its surroundings. There are mainly three

types of models regarding the visibility of the robots.

Full visibility: Full visibility is the common visibility model. In this model,

each robot is able to observe all the other robots in the domain.

Limited visibility: In the limited visibility model, the visibility range of each
robot is limited i.e. a robot can not observe the entire domain of robots.
There is a finite distance D > 0 such that two robots can see each other if

and only if the distance between them is < D.



Obstructed visibility: In the obstructed visibility or opaque robot model, the
visibility range of each robot is unlimited, but its visibility can be obstructed
by the presence of other robots. Formally, two robots p and ¢ are able to
see each other if and only if no other robot lies on the line segment joining

p and q.

1.1.3 Local Coordinate Systems

Each robot maintains its own local coordinate system. For every robot, its current
location serves as the origin in this coordinate system, and this origin moves with
the robot as it changes position. Importantly, there is no overarching global
coordinate system accessible to any of the robots. Moreover, each robot employs
its own unique unit of length for measurements. However, it’s possible for some
level of consistency to exist among the local coordinate systems employed by the
robots, leading to the categorization of four primary models based on the extent

of this consistency.

Two axis agreement: The robots agree on the direction and orientation of both

axes.

One axis agreement: The robots agree on the direction and orientation of only

one axis.

Chirality: The robots agree on cyclic orientation i.e., clockwise and anticlock-

wise.

No agreement: There is no assumption on consistency among the local coordi-

nate systems.

1.1.4 Look-Compute-Move Cycle

The activation of robots operate according to the Look-Compute-Move (LCM)
cycle. In each cycle, a previously idle or inactive robot wakes up and executes

the following steps.



Look: A robot takes a snapshot of the positions of the other robots according

to its own local coordinate system.

Compute: Based on the perceived configuration, the robot executes computa-
tions according to an algorithm whether to stay put or to move to the

destination point. The deterministic algorithm is same for all robots.

Move: The robot either remain stationary or makes a move to a destination

point.

After executing a Look-Compute-Move cycle, the robot becomes inactive. Then
after some finite time, it wakes up again to perform another Look-Compute-Move

cycle.

1.1.5 Memory and Communication

Based on the memory and communication capabilities, there are four models:
OBLOT (oblivious), FST.A (finite state), FCOM (finite communication) and
LUMT (luminous).

OBLOT: The most general and well studied model is OBLOT. Here robots
are assumed to be silent and oblivious. The robots are silent as they have
no explicit means of communication. The robots are oblivious in the sense
that they have no memory of past observations, computations and actions,
i.e., at the end of each Look-Compute-Move cycle, all obtained information
(observations, computations, and actions) are erased. Therefore, the com-
putation in each cycle is based solely on what is observed in the current

cycle.

FSTA: In FSTA, the robots are silent, but have finite memory. As in LUMZ,
each robot is equipped with a light. However, the light of a robot is only
visible itself. In Look, a robot observes the positions of robots visible to it,
but not their lights. However, it can see the colour of its own light. Then

based on this, the robot performs computations according to an algorithm



to decide a destination point and colour. Then the robot sets its light to
that colour and moves to the computed destination. Note that FST A with

one colour is also the same as OBLOT .

FCOM: In FCOM, the robots are oblivious, but have finite communication
bits. Here, each robot is equipped with a light. However, the light of a
robot is only visible to others, but not to itself. In LOOK, a robot observes
the positions of robots visible to it and also their lights, but it cannot see the
colour of its own light. Then based on this, the robot performs computations
according to an algorithm to decide a destination point and colour. Then
the robot sets its light to that colour and moves to the computed destination.
Again, FCOM with one colour is the same as OBLOT .

LUMZI: In this model, each robot is equipped with a visible light which can
assume a finite number of predefined colours. The light of a robot is visible
to itself and also by other robots. The lights serve both as a weak explicit
communication mechanism and a form of memory. In Look, a robot ob-
serves the positions of robots visible to it, along with their lights and also its
own light. Then based on this, the robot performs computations according
to an algorithm to decide a destination point and colour. Then the robot
sets its light to that colour and moves to the computed destination. The
light is persistent in the sense that the colour of the light is not erased at
the end of a Look-Compute-Move cycle and is retained in the Look phase of
the next Look-Compute-Move cycle. Notice that a robot having light with
only one possible colour has the same capability as the one with no light.
Therefore, LUMZT generalizes the OBLOT model.

1.1.6 Activation and Synchronization

There are three models: fully synchronous (FSYNC), semi-synchronous (SSYNC)
and asynchronous (ASYNC) based on the activation and timing of action of the

robots (See also Fig 1.1).



Fully synchronous: Time can be logically divided into global rounds in FSYNC.
All of the robots are activated for each round. They execute their actions
simultaneously after taking the snapshots at the same moment. As a result,

the robots’ Look, Compute, and Move phases are synchronized.

Semi-synchronous: The sole difference between the FSYNC and SSYNC models
is that not every robot is always activated in every round in the SSYNC

model. Every robot, though, is activated infinitely often.

Asynchronous: ASYNC is the most general model. The robots are activated
independently and each robot initiates its cycle individually. The amount
of time spent in Look, Compute, Move and inactive states are finite but
unbounded, unpredictable and not same for different robots. The robots
do not have a common understanding of time as a result. Additionally, a
moving robot can be observed, allowing calculations to be relied on outdated
positional data. Additionally, before a robot moves, the configuration that

it perceives during the Look phase may alter dramatically.

1.1.7 Movement of the Robots

In the study of robot movements, there are typically two main models considered:
“Rigid” and “Non-Rigid.” These models pertain to how robots move, whether
they follow straight lines or can take curved trajectories. Additionally, the speed
of movement plays a role in determining the duration of robot movements in

different scenarios:

Rigid Movement Model: In the RIGID movement model, each robot is capable of
reaching its intended destination without any interruptions in its path. This
means that the robot’s movement is continuous, and there are no pauses or
halts along the way. The robot smoothly moves from its starting point to

its final destination.

Non-Rigid Movement Model: In the NON-RIGID movement model, a robot’s

movement may pause or stop before it reaches its intended destination.
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Figure 1.1: The three main models concerning the synchronization of the robots.
Here rq, ro and rs indicate three robots and green, pink and blue colour respectively
indicate the LOOK, COMPUTE and MOVE state of robots r1, 79, r3

However, there is a critical distance parameter denoted as 0 > 0. This
parameter is significant because it ensures that: if the robot’s destination is
within a distance of no more than § units away, then the robot is guaranteed
to reach its destination without interruptions. If the destination is farther
away, at a distance greater than ¢ units, then the robot is guaranteed to
traverse at least a distance of ¢ units toward its destination before any

potential interruptions occur.

These movement models are crucial in the analysis of robot behavior and coor-
dination, especially in scenarios where robots need to reach specific locations or

perform tasks while accounting for potential interruptions or variations in their



10

movement capabilities.

1.1.8 Topologies under discrete and continuous domain

In this case, robots operate in both continuous and discrete domains, such as a
plane or a continuous circle, and the network is modeled as a graph. Examples

of some topologies under discrete and continuous domains are given below:

Ring: A ring network is a network topology in which each node connects to
exactly two other nodes, forming a single continuous pathway for signals

through each node.

Tree: A tree is an undirected graph in which any two nodes are connected by

exactly one path, equivalently a connected acyclic undirected graph.

Infinite Grid: An infinite path is the graph P = (Z, E), where E = {(i,i + 1)|i € Z}.
An infinite grid can be defined as the Cartesian product G = P x P. Assume
that the infinite grid G is embedded in the Cartesian plane R2.

Continuous Circle: In a continuous domain, a circle is a geometric shape that
consists of all points that are at a fixed distance (known as the radius) from
a central point (known as the center). The circle has no discrete points,
and it is a smooth and continuous curve with an infinite number of points

along its circumference.

1.1.9 Fault tolerance

In the realm of robotics, it is common to assume that robots always operate
flawlessly without any errors. However, in reality, robots can experience failures.
These failures are typically categorized into two main types: Crash faults and

Byzantine faults.

Crash Faults: A crash fault occurs when a robot encounters a problem that

causes it to stop functioning permanently. These problems can be caused by
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hardware malfunctions, software glitches, or other issues that render the robot
inoperative. Crash faults, while significant, are generally considered simpler to

address compared to Byzantine faults.

Byzantine Faults: Byzantine faults pose a more complex challenge. In this
scenario, a faulty robot may exhibit unpredictable and arbitrary behavior, which
can include providing incorrect information to other robots or engaging in ma-
licious actions. Byzantine faults encompass crash faults as a subset. Dealing
with Byzantine faults demands the development of robust fault-tolerant algo-
rithms and mechanisms to ensure the correct operation of a robotic system in the

presence of such unpredictable faults.

1.1.10 Orientation of the Robots

In a multi-robot system, each individual robot (‘r’) has its own distinct unit
of measurement for length and establishes its local cartesian coordinate system.
This local system defines the directions and orientations of coordinate axes, all
centered around the robot’s position. When there is no presumption of uniformity
or consistency among these local coordinate systems, we refer to it as “disorienta-
tion.” In this context, it means that the coordinate systems of different robots can
be significantly dissimilar. To understand the level of agreement or consistency

among these local coordinate systems, we can identify various forms:

Global Consistency: This represents the strongest form of agreement. It occurs
when all robots within the system unanimously concur on the directions
and orientations of all coordinate axes, effectively making their coordinate

systems identical.

k-Axes Agreement: This is an another form of consensus. It means that all
robots agree on at least ‘k’ axes (where ‘k’ is a positive integer, less than
the total number of axes, denoted as ‘d’) in terms of their directions and

orientations.
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Additionally, there is a concept called “Chirality”, which refers to the robots’
alignment on a cyclic orientation, such as choosing to follow either a clockwise
or counterclockwise direction in their coordinate systems. It’s worth noting that
even when global geometric agreement exists, there may still be differences among
the robots in terms of the unit of length they use to measure distances. This
means that they might agree on directions and orientations, but they might em-

ploy different units for measuring lengths.

However, in scenarios where all robots have the same visibility radius, as seen in
the unit-disc model of limited visibility, they do manage to reach an agreement on
the unit of length. This demonstrates that under specific conditions, a consensus

on the unit of length can be achieved, despite potential variations in other aspects.

1.1.11  Multiplicity Detection

In the context of robots residing on the same point or vertex, the concept of
multiplicity arises. There are four distinct types of multiplicity detection, each
designed to limit the capabilities of the robots as much as possible. Here are

definitions for these four types:

Global Weak Multiplicity Detection Ability: A robot possesses global weak mul-
tiplicity detection ability when it can determine whether a multiplicity (i.e.,
multiple robots occupying the same point) exists at any given point or ver-
tex in the system. This ability allows the robot to identify the presence of

multiplicity globally across the entire system.

Global Strong Multiplicity Detection Ability: A robot is said to have global
strong multiplicity detection ability when it can accurately compute the
precise number of robots that make up a multiplicity at any given point
or vertex in the system. This means it can determine the exact count of

robots in a multiplicity globally across the system.

Local-Weak Multiplicity Detection Ability: A robot exhibits local-weak multi-

plicity detection ability when it can detect the presence of a multiplicity at
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a specific point or vertex only if it itself is part of that multiplicity. In other
words, it can identify multiplicity locally but only if it is directly involved

in it.

Local-Strong Multiplicity Detection Ability: A robot possesses local-strong mul-
tiplicity detection ability when it can accurately calculate the precise num-
ber of robots forming a multiplicity at a particular point or vertex only if
it is part of that multiplicity. It can determine the exact count of robots in

a multiplicity but only within its local context.

These definitions describe various levels of multiplicity detection capabilities,
ranging from the ability to detect multiplicity globally across the entire system
to the more limited abilities restricted to local observations and participation in

the multiplicity.

1.2 Related Literature

In this section, we present a brief survey of theoretical studies on the computa-
tional and complexity issues related to distributed computing by robot swarms.
The ARBITRARY PATTERN FORMATION (APF) is one of the fundamental prob-
lem in distributed computing. This problem has been studied in various set-
tings. In the Euclidean plane, this problem was first studied by Suzuki and Ya-
mashita [51]. They provided a complete characterization of the class of pattern
formable in FSYNC and SSYNC for anonymous robots with unbounded memory.
Then Flochhini [35] studied the cases of solvability of this problem under vari-
ous assumptions. They showed that without a common coordinate system APF
problem is not solvable, but when there are both axes-agreement, the problem
can be solved. Furthermore, with one axis agreement, any odd number of robots
can form an arbitrary pattern, but an even number of robots cannot in the worst
case. Later in [53] they characterized the families of pattern formable by oblivi-
ous robots in FSYNC and SSyNc. In [29] authors have established a relationship
between LEADER ELECTION and ARBITRARY PATTERN FORMATION of robots
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under asynchronous scheduler. Later they also showed that the arbitrary pattern
formation is possible to solve when n > 4 with chirality (resp. n > 5 without
chirality) if and only if leader election is solvable. In [15] authors consider the
arbitrary pattern formation problem with four robots in the asynchronous model
with or without chirality. In [11] authors have solved the APF problem with inac-
curate movement where the formed pattern is very similar to the target pattern,
but not exactly the same. A randomized pattern formation problem was studied
in [14]. In [19] authors have shown some configurations where embedded pattern
formation is solvable without chirality and some configuration where embedded

pattern formation are deterministically unsolvable.

For grid network the arbitrary pattern formation was first studied by [10] in
OBLOT model with full visibility. Later in [17] authors studied the APF on a
regular tessellation graph. In [39] they provide randomized algorithm with full
visibility and oblivious robots and with obstructed visibility and LU MZ robots,

both APF algorithms are time and move optimal.

Another interesting direction of solving this problem is when visibility is limited.
Yamauchi in their paper [54] first showed that oblivious robots under FSyNc
model with limited visibility can not solve APF. Therefore, they considered
non-oblivious robots with unlimited memory. For these robots, they presented
algorithms that work in FSYNC with non-rigid movements and in SSYNC with
rigid movements. After that in [43], the authors have solved this problem in an
infinite grid under 2 hop visibility. The problem was studied in a synchronous
setting for robots with constant-size memory, where the robots agree on a common

coordinate system.

A special case of formation problem is mutual visibility problem [1] and gathering
problem [49]. In mutual visibility, robots are opaque so the main task is to
form a configuration where no three robots are co-linear. Recently APF problem
was solved in euclidean plane in [12] with opaque robots and in [9] with fat
robots considering the luminous model. In an infinite grid, the arbitrary pattern
formation problem was studied in [41] with opaque robots and in [42] with fat

robots. The work in [52] solves APF in the obstructed visibility model without any
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agreement in the coordinate system, where they showed that the run time to solve
APF is bounded above by the time required to elect a leader. Another special case
of formation problem, Uniform circle formation is investigated in [2,31]. Das et
al. solved the problem of forming a sequence of patterns in a given order ( [25]).
Further, they extended the sequence of pattern formation problems for luminous
robots in [24]. There are many works ( [18,36]) where the pattern can be formed
by robots with multiplicities. Pattern formation in the presence of faulty robots

is an important topic of research.

In distributed system there are huge research studied with faulty robots. In [3]
authors studied the gathering of robots with the presence of crash and byzantine
faulty robots. After that gathering of robots with the presence of fault are studied
in different domains also. In [26] authors provided the gathering of robots with
fault in a ring. In [8] they introduced the gathering on a grid with faulty robots.
Pattern formation in the presence of faulty robots is first introduced by [47].
In [47] they studied the formation of patterns allowing crash fault robots on

plane.

But in all these works they only consider that all robots perform one individual
task. But in [6] authors first showed that two specific but different tasks can be
done by robots simultaneously on a plane. They showed that gathering and circle
formation can be done by oblivious robots in a plane simultaneously with two
different teams of robots using one-axis agreement. In [17], authors considered
multiplicity points in the target pattern that needs to be formed. So their work is
also capable of forming an arbitrary pattern along with an additional multiplicity
point. But by following their algorithm a robot on team gathering might end up
forming a pattern and also a robot on team arbitrary pattern formation might

end up on the multiplicity point.

In distributed computing, the GATHERING of mobile robots has been the focus
of intensive investigation under various computational power and communication
varieties. This problem has been thoroughly studied both in continuous and dis-
crete domains. There are few surveys on this problem [7,20,33]. In the continuous

case, both the gathering and the rendezvous problems have been investigated in
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the context of swarm of autonomous mobile robots operating in one and two-
dimensional spaces. In these works, robots either gather or converge to a single
point. Here we mainly focus on the gathering of robots when a robot has limited
visibility. In [4] authors showed that without chirality and any agreement on
the local coordinate system, robots can gather (resp. converge) under FSyNC
(SSYNC) scheduler. Flocchini et al., in their paper [34], provided an algorithm
solving the gathering problem by robots in a plane under limited visibility and
ASYNC scheduler. They have assumed that all robots agree on the orientation of
both coordinate axes. After that in [28] authors provided an algorithm solving
the gathering under limited visibility and a tight run-time analysis of the algo-
rithm. In [48], authors provided a time optimal algorithm for the gathering of

robots on a plane under limited visibility under asynchronous scheduler.

In the discrete case, the robots are dispersed in a network modeled as a graph
and are required to gather at a single node and terminate. The main difficulty
in solving the problem is symmetry. In the paper [38], authors showed that,
the gathering of asynchronous oblivious robots in a bipartite graph with a local
vision (i.e a robot can see its immediate neighbor only). Also, in [21], authors have
provided an algorithm of rendezvous in an arbitrary graph. Another interesting
way of research in swarm robotics is to investigate if a problem is robust against
faulty robots. In [13], authors studied the gathering of robots in a network
with byzantine robots. Also in [3,27], authors provided gathering algorithms
considering the crash and byzantine faults. In recent days, researchers started
to investigate dynamic graphs [16] also. In [44], Di Luna et al. started the
investigation of gathering in dynamic rings. In [22,45] the gathering of robots
in polygon terrain has been studied. In [37] an optimal gathering algorithm for
robots on a triangular grid with 1-hop visibility under semi synchronous scheduler
has been provided. There is huge research work on the gathering of robots on
grid networks [5,23].

There are some recent works where robots are on a continuous circle. In [30,
40], authors showed an algorithm solving the rendezvous of mobile agents with

different speeds in a cycle. In [32], authors start the investigation of solving
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GATHER and ELECT by the set of robots R deployed in a continuous cycle C,
they primarily focus on ELECT. But in their model, robots have no visibility i.e
they can only see if they are at the same location. After that Di Luna et al. [46],
prove that with limited visibility 7, gathering of anonymous and oblivious robots
is possible in SSYNC scheduler but it is impossible to gather all robots when

visibility is less than or equals to § on continuous circle C.

1.3 Overview of the Thesis

The central focus of this thesis revolves around addressing the challenges posed
by two critical problems in the realm of distributed computing by robot swarms:
the “ARBITRARY PATTERN FORMATION” problem and the “GATHERING” prob-
lem. These problems stand at the core of research within this field, with numerous
existing solutions, each built upon varying assumptions. However, the primary
objective of this thesis is to tackle these distributed problems while making min-

imal assumptions.

Specifically, our aim is to develop algorithms that can effectively operate in asyn-
chronous settings, which is a notable departure from many existing approaches.
Furthermore, we prioritize the minimization of both the number of robot move-
ments and the time required to achieve the desired outcomes. Another critical
aspect of our research involves considering the notion of visibility. In a specific
study, we delve into the challenges posed by limited visibility and examine its
significant impact on the feasibility of solving various tasks using robots. This
investigation underscores the inherent difficulties associated with limited visi-
bility when attempting to accomplish tasks within the context of robot swarm

coordination.

In Chapter 2 and Chapter 3, we study the move optimal and time optimal AR-
BITRARY PATTERN FORMATION on a two dimensional infinite rectangular grid.
In the standard continuous setting, the robots can move in any direction and by
any amount. On an infinite grid, the movements of the robots are restricted only

along grid lines. The infinite grid setting, however, allows the robots to have a
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partial agreement on coordinate system as they can align the axes of their local
coordinate systems along the grid lines. In Chapter 4, we consider the GATH-
ERING and ARBITRARY PATTERN FORMATION of oblivious robots on an infinite
rectangular grid by two teams of robots. Here a robot does not know the task
of another robots. Then in Chapter 5, we consider the gathering of robots on
a continuous circle. Here we consider robots have limited visibility. Finally in

Chapter 6, we discuss some directions for future research.



Chapter 2

Move Optimal Arbitrary Pattern
Formations on Infinite Grid by
Oblivious robots

In distributed systems robot swarm coordination problems are being studied for
the last two decades. ARBITRARY PATTERN FORMATION (APF) is a fundamental
coordination problem for autonomous robot swarms. The goal of this problem
is to design a distributed algorithm that guides the robots to form any specific
but arbitrary pattern given to the robots as an input. In this context, the main
research difficulties are which patterns can be formed and how they can be formed.
In the Euclidean plane, robots can move in any direction for a very small amount
of distance, but it is not always possible for robots with weak capabilities to
move accurately. So it is interesting to consider this type of problem in grid
terrain, where robot movement is restricted in-between grid points. In practical
applications, the interest has shifted to using a large number of simple robots
which are easy to design and deploy, and have minimal capabilities to make the

system cost-effective.

Leader election is an important task for the pattern formation problem, where a
unique robot is elected as a leader (See section 2.4.1). In [10] an arbitrary pattern
formation algorithm is given in an infinite rectangular grid under asynchronous

scheduler considering OBLOT model. We aim to solve the arbitrary pattern

19
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formation problem in an infinite rectangular grid by a swarm of robots with
the optimal number of moves under a fully asynchronous scheduler. This work
proposes an algorithm that solves the APF problem in an infinite rectangular grid
with the optimal number of robot moves in OBLOT model. Our work shows that

the algorithm proposed in [10] is not move optimal asymptotically.

2.1 Robot Model

Classical oblivious Robots: In the first problem the OBLOT model is con-
sidered for the robots. In this model, robots are anonymous, identical, and obliv-
ious, i.e. they have no memory of their past rounds. They can not communicate
with each other. All robots are initially in distinct positions on the grid. The
robots can see the entire grid and all other robots’ positions which means they
have global visibility. This implies the robots are transparent and hence visibility
of a robot can not be obstructed by another robots (this is an assumption for
simplifying the problem). Robots have no access to any common global coordi-
nate system. They have no common notion of chirality or direction. A robot
has its local view and it can calculate the positions of other robots with respect
to its local coordinate system with the origin at its own position. There is no
agreement on the grid about which line is x or y-axis and also about the positive
or negative direction of the axes. As the robots can see the entire grid, they will

set the axes of their local coordinate systems along the grid lines.

Look-Compute-Move cycles: An active robot operates according to the Look-
Compute-Move cycle. In each cycle a robot takes a snapshot of the positions of
the other robots according to its own local coordinate system (Look); based on
this snapshot, it executes a deterministic algorithm to determine whether to stay
put or to move to an adjacent grid point (Compute); and based on the algorithm
the robot either remain stationary or makes a move to an adjacent grid point
(Move). When the robots are oblivious they have no memory of past configu-

rations and previous actions. After completing each Look-Compute-Move cycle,
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the contents in each robot’s local memory are deleted.

Scheduler: We assume that robots are controlled by a fully asynchronous ad-
versarial scheduler (ASYNC). The robots are activated independently and each
robot executes its cycles independently. This implies the amount of time spent in
Look, Compute, Move and inactive states is finite but unbounded, unpredictable

and not same for different robots. The robots have no common notion of time.

Movement: In discrete domains, the movements of robots are assumed to be
instantaneous. This implies that the robots are always seen on grid points, not
on edges. However, in our work, we do not need this assumption. In the first
proposed move optimal algorithm, we assume the movements are to be instanta-
neous for simplicity. However, this algorithm also works without this assumption.
In that case, the robots are asked to wait and do nothing if they see a robot on
a grid edge. In the second proposed time-optimal algorithm no such assumption
is required. That is, if a robot sees any robot on an edge, it still does its job as
directed by the algorithm. The movement of the robots is restricted from one

grid point to one of its four neighboring grid points.

Measuring Run-time: Generally, time is measured in rounds in fully syn-
chronous settings. But as robots can stay inactive for an indeterminate time
in semi-synchronous and asynchronous models, epochs are considered instead of
rounds. During an epoch, it is assumed that all robots are activated at least once.

Here in the second algorithm, we calculate the run-time with respect to epochs.

Next, we describe the Arbitrary Pattern Formation problem in an infinite rect-

angular grid in the next section.

2.2 Problem description

Problem Statement

Suppose a swarm of robots is placed in an infinite rectangular grid such that
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no two robots are on the same grid node and the configuration formed by the
robots is asymmetric. The Arbitrary Pattern Formation (APF) problem asks to
design a distributed algorithm following which the robots autonomously can form
any arbitrary but specific pattern, which is provided to the robots as an input,

without scaling it or colliding with another robot.

Let’s discuss some facts about the problem. The input target pattern can be any
arbitrary pattern. The required distributed algorithm has to be independent of
the input target pattern, that is, the same algorithm should work for any target
input pattern. The whole target pattern is given to all the robots but no robot
knows its target position beforehand. The target pattern can be provided to the
robots with respect to some coordinate system but the robots initially do not
agree on any coordinate system. Robots are not allowed to scale the pattern
configuration but are allowed to transform or rotate it. From the motivation
from [50] we assume that the initial configuration of robots is asymmetric. But
the target pattern can be any pattern (can possibly be symmetric). The algorithm

solving APF must take care that no two robots collide.

In the next two section, we provide an algorithm that solves the Arbitrary Pattern
Formation problem in OBLOT model.

2.3 Owur Contribution:

In this work, our goal is to solve APF problem under the full visibility model
optimally in terms of energy. Energy is measured by the number of moves made
by the robots required to solve the problem. First, we define the input size of
the problem. Let k be the number of robots in the input configuration. Suppose
the dimensions of the smallest enclosing rectangles of the initial configuration of
the robots and the pattern to be formed are respectively m x n and M x N. Let
D = max{m,n, M, N} and D' = max{D, k}.

In [10] authors provided an algorithm solving APF problem in OBLOT model.
But the solution is not optimal in terms of energy because the algorithm proposed
in [10] needs all total O(kD?) = O(D"®) moves. Also in [10] authors showed that
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any algorithm solving APF requires £2(D’?) total moves. In this work, we propose
an algorithm that solves the APF problem in OBLOT model which requires
O(D") total robot moves, which is asymptotically optimal.

2.4 Optimal move APF Algorithm (APFOpt-
Move)

2.4.1 Agreement on global co-ordinate system

Here we consider an infinite rectangular grid G as a cartesian product P x P,
where P is an infinite (from both sides) path graph. The infinite grid G is
embedded in the Cartesian Plane R?. We know that the solvability of Arbitrary
pattern formation depends on the symmetries of the initial configuration of the
robots. Here we are assuming that the initial configuration is asymmetric. The
robots do not have an access to any global coordinate system even though each
robot can form a local coordinate system aligning the axes along the grid lines.
To form the target pattern the robots need to reach an agreement on a global
coordinate system. This subsection provides details of the procedure that allows

the robots to reach an agreement on a global coordinate system.

For a given configuration (C) formed by the robots, let smallest enclosing rect-
angle, denoted by s.rect(C), is the smallest grid aligned rectangle which contains
all the robots. Suppose the s.rect of the initial configuration Cj is a rectangle
R = ABCD of size m x n, such that m > n > 1. Let |AB| = n. Then consider
the binary string {s;} associated with a corner A, A\sp as follows. Scan the grid
from A along the side AB to B and sequentially all grid lines of s.rect(Cz) parallel
to AB in the same direction. And s; = 0, if the position is unoccupied and s; = 1
otherwise (fig 2.1). Similarly construct the other binary strings Apa, Acp and
Apc (here we consider only the smaller sides of the s.rect(C)). Since the initial
configuration is asymmetric we can find a unique lexicographically largest string.

If Aap is the lexicographically largest string, then A is called as the leading corner
of R.
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Next, suppose R is an m x m square, then consider the eight binary strings
AAB, ABA, AcD> ADC, ABC, A\CB; AAD, Apa. Again since initial configuration is
asymmetric, we can find a unique lexicographically largest string among them.

Hence we can find a leading corner here as well.

Next, let C; be a line AB, we will have two strings Aap and Ag4. Since Cy is
asymmetric then A 45 and Ag4 must be distinct. If A 45 is lexicographically larger

than Agy4, then we choose A as the leading corner.

Now for either case, if Asp is the lexicographically largest string then the leading
corner A is considered as the origin, and the x— axis is taken along the AB line.
If C; is not a line then the y— axis is taken along the AD line. If A\4p is a line
then the y— coordinate of all the positions of robots is going to be zero and in

this case, the y— axis will be determined later.

For any given asymmetric configuration C if A4 is the largest associated binary
string to C then the robot causing first non zero entry in Asp is called head let
‘H and the robot causing last non zero entry in Asp is called as tail let T. We
denote the i** robot of the A4 string as r;_;. A robot other than head and tail is
called Inner robot. Further we denote C' = C \ {tail} and C” = C\ {tail, head}
and C" = C \ {Head}, Let Cr be the target configuration and s.rect(Cr) = Rr.
Let Rr is a rectangle of size M x N with M > N. We can calculate the binary
strings associated with corners in the same manner as previous. Cr is expressed in
the coordinate system with respect to the origin, where origin will be the leading
corner. Let the A’B’C'D’ be the smallest rectangle enclosing the target pattern
with A'B’ < B'C". Let Mg p be the largest (may not be unique) among all other
strings. Then the target pattern is to be formed such that A = A’, A’B’ direction
is along the positive x axis and A’D’ direction is along the positive y axis. If
target pattern have symmetry then we have to choose any one among the larger
string and fixed the coordinate system. So as previously said headisyger Will be
the first one and tail;q,4e; Will be the last one in the s.rect of Cr. Also we define
CT/ =Cr \ {tailtarget}a CT” = CT\ {headtarget, tailtarget}7 CT”/ = CT\ {hea'dtarget}-
We denote the headyiq,qer position as ¢y and tailigrger position as ty—;. Let H; be

the horizontal line having the height i from z-axis. Let for each i there are p(i)
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1 7

Figure 2.1: Here the binary string of AB is 11000010000010000001101000000000010.
Similarly by calculating the associated strings of BA, CD and DC (only smaller sides)
and comparing in lexicographically order, AB is the largest string. H and 7 are head
and tail respectively.(as described in section 2.4.1)

target positions on H;. We denote the target positions of Hy as tg, ti...... p(0)—1
from left to right. For H; we denote the target positions as t,) to ,(0)+p(1)—1 from
right to left. For Hy we denote the target positions as t,0)4p(1) 10 tp(0)+p(1)+p(2)—1
from right to left. Similarly we can denote all other target positions on H;, i > 0

except tailig,ger. Next we give some relevant definitions.

Definition 2.1 (Inner robot). A robot that is not head or tail in a configuration

1s called an inner robot.

Definition 2.2 (Compact Line). A line is called compact if there is no empty

grid point between two robots.
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2.4.2 A brief outline of APFOptMove algorithm

In this algorithm, our goal is to make APF with move optimal. For this, robots
initially form a line and then form the arbitrary pattern that is given as input.
We can divide our algorithm into eight phases. Since the initial configuration
is asymmetric, the robot can agree on a global coordinate system. So robots
can recognize where the pattern can be formed. Here robots have to maintain
the coordinate system during their movements. When a robot wakes up, it can
be in any phase among the eight phases. So, as the robots are oblivious they
can check by their condition in which phase it is currently in. The conditions
are expressed in the Boolean function listed in Table 2.1. As the movement of a
robot is restricted in the discrete domain, here we have to maintain the movement
without collision throughout the algorithm. As maintaining the asymmetry is
another main challenge of our algorithm, in the first three phases the head will
be put at the origin and the tail will expand to the smallest enclosing rectangle for
another robot can move but the head and tail remain unchanged and asymmetry
also maintained. In phase four robots form a line on the z-axis without the tail
and one inner robot of C’. In phase five all robots move to the fixed target position
sequentially without a head and tail. In the last three phases, the head and tail
will reach their fixed target positions. During these phases movement of robots
are difficult as here the coordinate system may change. But here we showed that
asymmetry and global coordinate will be maintained in all phases. In this way,

arbitrary pattern formation can be done.

2.4.3 Detailed description of the eight phases

Phase 1: A robot is in phase 1 then tail will move upwards and all other robots
will remain static. When in phase 1 ={S; A S} A ={S5 A Sy} is true.

Theorem 2.1. If we have an asymmetric configuration C at some time t, then

by phase 1
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So | C=Cr

Sy | ¢ =Ch

Sy | z-coordinate of the tail in C = x Coordinate of ti4pget in Cr

Sz | m>max{N,n} +2

Sy | m > 2.max {M,V} where v is the length of the vertical side of the smallest
enclosing rectangle of C’

S5 | The head in C is at the origin.

Se | n>max{N + 1,H + 1,k} where H is the length of the horizontal side of
the smallest enclosing rectangle of C’

Sy | C"=CY

Sg | C' has a non-trivial reflectional symmetry with respect to a vertical line.
So C = C{,’«/.

S1p | Line formation on z-axis without tail and one inner robot.

Table 2.1: The Boolean variable on the left is true if and only if the condition on the
right is satisfied.

o After one move upward, the new configuration is still asymmetric and the

coordinate system remains unchanged.

e after one move by the tail upwards —{S; N\ Sa} = true

Proof. Let ABC' D be the initial smallest enclosing rectangle at any time t, and let
the binary string associated with AB be the largest with |AB| = n and |[AD| = m,
m > n. So initially the tail is on the side C'D. But after the tail moves upward
the smallest enclosing rectangle changes. Let the new rectangle is ABC'D’. Here
tail 7 is now on the side C"D’. Now let T is the only robot initially on side C'D
then it is obvious that A% > \i)’. But if there are multiple robots on C'D then

let ¢ is the p'™ and ¢ term of A\%9% and A%4. Then,

Case-1: When p = ¢ then ¢ is the middle robot of CD, here p'* term is the last
1 occurs in A\%% so if we calculate the binary string of first (p — 1) term of AB

and BA in the new s.rect then also we get N5 > Ng4.
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Case-2: When p > ¢ then if we calculate the binary strings of A9% and A\%4
then T will be appear earlier in BA, than AB. Now if we calculate the binary
strings of first ¢ term of AB and BA then \%%|, > A%¥,. Also A4%|, > A%%,.
But A9% > %4, So we have A\4%|, > A\%%|,. Finally we can say A%, > A%,

SO /\new > )\new

Case-3: When p < ¢ in that case when 7 robot move upward then in the new

s.rect we can calculate that in this case also \}% > AL

So in all the cases N5 > AN¥4. Now we show that the binary string of AB is
larger than C'D’. As T is the tail so we know that the binary string of AB is
larger than C'D, but when the tail robot moves one step upward in that case as
there is no robot other than the tail in C'D’ so if we calculate binary string it
will be A4% > Ag7h.

In this case, ABC'D’ is a non-square grid, so four binary strings to consider
here. By calculating we can say that AB is the largest binary string in this new
smallest enclosing rectangle. So the new configuration is still asymmetric. So the
coordinate system is unchanged. As the tail moves upward so the z-coordinate
remains unchanged, so ={S; A Sy} remains the same after one move by the tail
robot. [

Phase 2: In this phase head H will move left towards the origin. When the
algorithm is in phase 2 then either S3 A .Sy A =55 A—=S7 or =55 A S3 A Sy A S5 A S,

1s true.

Theorem 2.2. If we have an asymmetric configuration C at time t in phase 2
then

1. after one move by the head robot to the left, the new configuration is still

asymmetric and the coordination system is not changed.

2. after a finite number of moves by the head to the left S5 is true and phase

2 terminates.
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Proof. As ABCD is the smallest enclosing rectangle of all robots, let A 45 be the
lexicographically largest string, after one move of the head to the left, now also
Aap is the largest string. Let at the i*" term the first 1 occurs in A4z, then in the
other strings all the (i — 1) terms are 0. But when the head moves one distance
to the left then the new string form is now the largest. So the new configuration
is asymmetric and the global coordinate will not change. So (1) is true, similarly

by the finite number of moves head move to the origin then S5 true. m

Phase 3: The goal of this phase is to make Sg true. In this phase the robots
will check either Sy is true or false. When algorithm is in phase 3 then S3 A Sy A
S5 A =56 A —.S7; = true. When Sy is false, then the tail will move rightwards and
the rest will remain static. But when Sy is true, the C’ has a nontrivial reflectional

symmetry with respect to a vertical line V.

Let the smallest enclosing rectangle is R = ABCD where |AB| = n and |AD| =
m , m > n. Let Ay be the lexicographically largest string. In this case tail will

move right and after finite number of move we have S3 A Sy AS5A S A—=S7 = true.

Theorem 2.3. If we have an asymmetric configuration C at some time t then in

phase 3

1. after one move rightward the new configuration is still asymmetric and the

global coordinate system remain unchanged.
2. after one move Sy A S5 A =S7 = true.

3. after finite number of moves by the tail to the rightwards S3AS4AS5NASgA—S7

= true.

Proof. Let the smallest enclosing circle at time t is ABCD, where \sp is the

largest string. After one move by the tail rightward there may arise two cases.

Case-1: Suppose now tail robot is at C', then by one move of tail the new s.rect
is APQD, where |[AP|= (n+ 1). Now it is easy to check that as m > n + 2 so
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m > n+ 1. So we get that AD > AP. This implies that the new configuration
is still not square, so we have to consider here only four binary strings, and as
earlier \4p will be a larger string. So we can conclude that the configuration is
still asymmetric and the coordinate system is not changed by one move of the tail.
It is easy to check that S; and Sy are true here but not S;. After the movement
of the tail, S3 may become false, so we are in phase 1 then. Then the tail moves

upwards and one upwards move still has S3 A Sy A S5 A Sg A =57 is true.

Case-2: Let after one move by the tail the smallest enclosing circle remain
unchanged. As in this phase, the head is in origin and the tail has moved until S,
true, in the binary string of C'D or DC' is smaller than AB. Also in this phase,
Ss is not true. So we must have AB larger string than BA, so finally we get \"}%
> N4, Note that Sy is either true or false in phase 3 by a finite number of moves

of the tail the configuration remains asymmetric.

If Sg is true then there may happen two cases:

D R 7.C_ o
D . C
{ ‘
H 5 ,
i ® e
A BB

Figure 2.2: Case-1: C’ has a vertical symmetry and tail will move rightwards
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Figure 2.3: Case-2: C’ has a vertical symmetry and tail will move leftwards

Case-1: There is a vertical symmetry in C’ but if we consider ABC' D then the
tail is rightward of vertical symmetry line V. Then tail will move rightwards and

after a finite number of moves, Sg is true (fig 2.2).

Case-2: When the tail is in the left portion with respect to the vertical sym-
metric line V. Then tail will not move rightwards (fig 2.3). It will move to the
left one more step than D, then the coordinate system will be changed. B will be
then origin and x-axis = BA and y-axis = BC. Then the case will be the same

as case-1.

Phase 4: In this phase the configuration satisfies S3 A Sy A S5 /A Sg A =57 A=St
= true. Other than the tail and one inner robot, all other inner robots form a

line on the z-axis. In phase four, the head is in origin, and all the robots on the
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x-axis first make the line compact, i.e. there is no empty grid point between two
robots. After the z-axis becomes compact, when a robot r; is on H; and there
are no robots in between H; and the x-axis and the right part of r; is empty in
its horizontal line, then the robot moves to the x-axis. This procedure is done
one by one by robots. In between this movement, no collision will occur. Finally
when a robot sees that except for itself and tail all other inner robots are on the
x-axis then it will not move to the z-axis (fig 2.4). So all the inner robots other

than the tail and one inner robot form a line on the z-axis.

Theorem 2.4. If we have an asymmetric configuration C such that Sz A\ Sy A S5 /A
Se A S7S19 = true then in phase 4 after finite number of moves by the robots

S10 becomes true and phase 4 terminates.

Figure 2.4: Line formation of robots on x axis without tail and last inner robot.

Proof. In previous phases when the tail robot expands the smallest enclosing
rectangle and the head robot moves to the origin, then in this phase robots that
are on the z-axis make the line compact. In this move, a robot will move to its
left grid point if it is empty, so the robot’s movement is in the left direction. So

collision will not occur. A robot r; which is on a horizontal line (let Hy) first
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checks that all the down lines robots are on the z-axis or not, if yes then when a
robot sees that the right side of its horizontal line has also no robots, it will move
to the z-axis. In this way, robots move down to the x-axis one by one. So the
movement of the robot is sequential here. A robot will not move until it sees that
it is the rightmost robot in its horizontal line and there is no more robot in the
down horizontal lines other than the z-axis. As the s.rect is expanded by the tail
robot in the previous phases, a robot always gets a path in the grid and moves to
the z-axis. So collision will not occur in this movement. Finally without the tail
and one inner robot, after a time all other robots will form a line on the x-axis.

Hence Sy is true. O

Phase 5: In this phase, inner robots will move to the fixed target one by one.
When one inner robot sees that all other robots without itself and the tail are
on the x-axis then it moves to t;_5. We call this inner robot as Last inner robot.
When a robot on the z-axis sees that the Last inner robot is at its target position
then i robot from the left on the z-axis will reach to t; target position when it

sees that from t;,; to tx_o positions are occupied (fig 2.5).
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Figure 2.5: Target formation without head and tail.
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Theorem 2.5. If we have an asymmetric configuration initially at some time t

then in phase 5

1. By movement of inner robots the new configuration is still asymmetric and

the coordinate system remains the same.

2. After any move of the inner robots in this phase C" = CJ and phase 5

terminate and Sy becomes true.

Proof. As the head is in origin and the tail robot expands the s.rect of the initial
configuration, so by the movement of inner robots, the coordinate system will
not change and the configuration remains asymmetric. Here our main concern is
collision. In this phase an inner robot r; moves to target position ¢; when ¢,
to t,_o positions are occupied by robots. As of last inner robot moves to t;_s at
the start of this phase. Let us denote the robots on the z-axis from left to right
as rg,7r1,...,"k—3. Lhen firstly rp_3 reaches t;_3, then r;_4 reaches t;_4 and so
on. Finally, 7, moves to #;. As the movement in this phase is sequential that is
no other robot moves until one moving robot reaches its target position. Also
since the target positions are ordered in such a way that every inner robot will
find a unblock path to reach its target position. So here no collision will occur.

Eventually, each inner robot reaches its target position. So finally S7 is true.

Phase 6: The tail will move to the left until the z-coordinate matches with the

tailyarger- In this phase, the tail will move to make S true.

Theorem 2.6. If we have an asymmetric configuration C at some time t then

after a finite number of moves of robots, phase 6 terminates and Sy becomes true.

Proof. In phase 6 if we have an asymmetric configuration, then depending on
whether Sg is true or not there are two cases. Let the smallest enclosing rectan-
gle of C be ABC'D where A is the origin and AB = x-axis and AD = y-axis. Let
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Figure 2.6: When Sg is true in phase 6

without tail the smallest enclosing rectangle is AB’C'D’. In this phase without
tail, all the robots are now on AB'C'D’.

Case-1: Let Sg is not true i.e. there is no symmetry in C’. Then the tail
robot will move on the C'D side, no matter where tailigrger is AB will be the

lexicographically largest string. Finally tail will move up to Sy will true.

Case-2: Let Sg is true (fig 2.6). Since there is symmetry in C’, here the head
robot is in A. Let P be the point of intersection between B’C’ and C'D. In this
case when the tail robot moves left in the line C'D, then it will move up to that
point whose z-coordinate is the same as tail;qrge;. In this move by the tail when
it will reach a point let R which is in between P and D then a vertical symmetry
will be created. The tail robot’s destination can not be [P,R] because then B’
will be the head. So when the tail crosses R there will be a vertical symmetry. In
this case also S; hold. When the tail robot moves left in C' D then in other cases

coordinate system remains invariant and S holds.
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So in both cases when phase 6 terminates then Sy A S3 A Sy A S5 A S7 true. [

Phase 7: The aim of this phase is that Head will moves to headi,ger (fig 2.7).
Consider a configuration that is asymmetric and in phase 7, then with respect to
the global coordinate system as fixed, let ABC'D is the smallest enclosing rect-
angle and A4p be the lexicographically largest string. Clearly head is on the side
AB and the tail is on C'D. If we mark all the target points on the grid then let
the smallest rectangle be AB'C'D. Let headqrger be the final position of head,

then by finite move head will move to headiqget-

Theorem 2.7. Let C be the asymmetric configuration at time t in phase 7 then
by a finite number of moves by the head to the right, phase 7 terminate when
_'S() A Sl A Sg A Sg = true.

Proof. Let ABC' D be the smallest enclosing circle of an asymmetric configuration
C of phase 7, Here AB is the lexicographically largest string. Now we have to
plot the smallest enclosing rectangle of the target pattern with respect to our
current coordinate system. This phase aims to move the head robot from the
origin A to its fixed target position, which will be in the right direction of A on
AB. As there may be vertical symmetry in target configuration when the head
moves to its target then also vertical symmetry will happen. So in all the cases,
AB will be a lexicographically larger string when the head robot moves to its
target position. So when the head reaches its final position phase 7 terminates
and =Sy A S7 A Sy A Sy is true. O

Phase 8: Tail moves downwards up to tailigrge:. In this phase the position of
tail will be upward of tailisyger. So when in phase 8 tail will move downwards to
the point tailyrger (fig 2.7). So when in phase 8 then =5y A Sy A Se = true, but

after tail move then Sy is true.
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Figure 2.7: In phase 7 head move to it’s fixed target and in phase 8 tail move to its
target point.

Theorem 2.8. If we have a configuration C at some time t then in phase 8 after

a finite number of moves by the tail, Sy becomes true.

Proof. In this phase by a finite number of moves by the tail robot, the arbitrary
pattern given as input will form. After phase 6 may be the configuration has

symmetry or not.

1. Let the configuration is asymmetric. Then the tail robot is now on the C'D
side, where ABC'D is the smallest enclosing rectangle. Let AB'C’D’ be the
s.rect of the target configuration. Then tail;s,ger Will be in the downwards
vertical line of the tail. So when the tail robot moves down to its target

position AB will be always a lexicographically larger string.

2. Let the configuration is asymmetric but the position of tailisge: is on the
upper side or in its horizontal line or downside. This is only possible when

the initial configuration is the same as the target without the tail’s position.
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In this case, the tail will move to its position. No symmetry will occur during

this move of the tail.

3. Let the configuration is symmetric. As the initial configuration is asymmet-
ric the symmetry may arise in phase 7, so when there is a vertical symmetry
then let ABCD be the s.rect and AB and BA be the larger string, as Sy
is true here so the target position for tail will be the downside of its recent

position and after it moves and reaches to its tail;q,qe: then Sy is true.
n

In figure 2.8 we presented the algorithm APFOPTMOVE by a flow chart. Starting
from any asymmetric configuration where Sy is not true, we can observe that the
path ends, where Sy is true, passing through a finite number of phases. So we

can conclude that.

Theorem 2.9. The APFOPTMOVE solves the Arbitrary pattern formation prob-
lem within finite time in OBLOT model.

2.4.4 Move Complexity of the algorithm

Suppose the dimensions of the smallest enclosing rectangles of the initial config-
uration of the robots and the pattern to be formed are respectively m x n and
M x N. In [10] author proved that any algorithm solving the arbitrary pat-
tern formation problem in an infinite grid requires (kD) moves, where D =
max {m,n, M, N} that is, D = max{AB,CD, A'B’,C"D’'} and, k is the number
of robots. Let D' = max{k,D}. Then the mentioned result in [10] becomes
that any algorithm solving the arbitrary pattern formation problem in an infi-
nite grid requires 2(D'?) moves. We show that our algorithm requires O(D’)
moves for each robot. Which gives the total number of required movements is
O(kD') = O(D’Q), which is asymptotically optimal. In Phase 1, Phase 2, and
Phase 3 of our algorithm, only one robot moves. So a robot participating in these

phases uses O(D’) move. Then in phase 4 a robot comes down on the z-axis to
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Figure 2.8: Flow Chart of the Algorithm APFOPTMOVE

form a compact line and in phase 5 a robot reaches its target position from the
x-axis, so here also a robot in total has to move at most 4D steps. In phase 6,
phase 7, and phase 8 only one robot moves, and that robot needs to make O(D’)
moves. So we can conclude that any phase of our algorithm requires O(D’) moves
for a robot, which is asymptotically optimal. Since starting from any asymmetric
configuration, our algorithm terminates via a finite number of phases among 8

phases, so we can finally conclude the following theorem.

Theorem 2.10. Arbitrary pattern formation is solvable by optimal O(D’Q) moves
in an asynchronous scheduler by oblivious robots from any asymmetric configura-

tion.
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Now we observe that the time complexity of the APFOPTMOVE is O(D'?). We
observed in the proof of Theorem 2.10 that each robot makes O(D’) moves. Hence
in worst case for each robot O(D’) epochs are sufficient. Since the movements

of robots are sequential in this algorithm, the algorithm must terminate within
O(kD') = O(D") epochs. We record this result in following Theorem.

Theorem 2.11. The APFOPTMOVE algorithm solves the APF problem within

O(D'®) epoch time under asynchronous scheduler.

2.5 Concluding Remarks

This chapter studies algorithm for ARBITRARY PATTERN FORMATION (APF)
problem on an infinite rectangular grid by a robot swarm starting from any asym-
metric initial configuration in classical OBLOT robotic model. This work gives
an algorithm for the APF problem in OBLOT model which is asymptotically
move optimal. Suppose the dimensions of the smallest enclosing rectangles of the
initial configuration of the robots and the pattern to be formed are respectively
m xn and M x N. If D' is the maximum of the number of robots and D where
D = max {m,n, M, N}, then the algorithm uses total O(D’?) movements to solve
the APF problem. Unfortunately the move optimal algorithm in OBLOT model
is not time optimal, so studying for an algorithm in OBLOT, which is both
move optimal and time optimal, could be a possible direction from this work. If
there are more than one robot in a node of a network then that point known as
Multiplicity point. One can consider another version of APF problem where the
initial or the target configuration of robots can have more than one robot in one

position.



Chapter 3

Time and Move Optimal
Arbitrary Pattern Formations on

Infinite Grid by Luminous
Robots

We aim to solve the arbitrary pattern formation problem in an infinite rectan-
gular grid by a swarm of robots with the optimal number of moves and within
optimal time under a fully asynchronous scheduler. First, in chapter 2 proposes
an algorithm that solves the APF problem in an infinite rectangular grid with the
optimal number of robot moves in OBLOT model but not time optimal. Fur-
thermore, we propose another algorithm for solving APF problem on an infinite
rectangular grid considering in LU MZ model for robots which is both move and
time optimal. This work also shows that APF problem can be solved faster than

the algorithm proposed in [10] by introducing communicable memory.

3.1 Robot Model

Robots with lights: In this problem the LUMZ model has been considered.
In this model, the robots are anonymous and identical and they have constant
memory (finite number of lights). Each robot has a light that can assume one color

at a time from a constant number of different colors. All the other assumptions

41
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are the same as the classical oblivious robots model.

Look-Compute-Move cycles: An active robot operates according to the Look-
Compute-Move cycle. In each cycle a robot takes a snapshot of the positions of
the other robots according to its own local coordinate system (Look); based on
this snapshot, it executes a deterministic algorithm to determine whether to stay
put or to move to an adjacent grid point (Compute); and based on the algorithm
the robot either remain stationary or makes a move to an adjacent grid point
(Move). When each robot is equipped with an externally visible light, which can
assume a O(1) number of predefined colors, the robots communicate with each
other using these lights. The lights are not deleted at the end of a cycle. In this

algorithm we use one light which takes off, head and line colours.

Scheduler: We assume that robots are controlled by a fully asynchronous ad-
versarial scheduler (ASYNC). The robots are activated independently and each
robot executes its cycles independently. This implies the amount of time spent in
Look, Compute, Move and inactive states is finite but unbounded, unpredictable

and not same for different robots. The robots have no common notion of time.

Movement: In discrete domains, the movements of robots are assumed to be
instantaneous. This implies that the robots are always seen on grid points, not on
edges. However, in our work, we do not need this assumption. In the time-optimal
algorithm, robots movement may be instantaneous or not. No such assumption
is required. That is, if a robot sees any robot on an edge, it still does its job as
directed by the algorithm. The movement of the robots is restricted from one

grid point to one of its four neighboring grid points.

Measuring Run-time: Generally, time is measured in rounds in fully syn-
chronous settings. But as robots can stay inactive for an indeterminate time
in semi-synchronous and asynchronous models, epochs are considered instead of

rounds. During an epoch, it is assumed that all robots are activated at least once.
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Here in the algorithm, we calculate the run-time with respect to epochs.

Paper Robot | Visibility No. of | Move Com- | Time Com-
Model | Model Colours plexity plexity
[10] OBLOT | Unobstructed | - O(D") Q(D"?)[Res.3.1]
[42] LUMTI | Obstructed 9 - -
APFOPTMOVE| OBLOT | Unobstructed | - O(D’?)[Th.2.10]| O(D’?)[Th.2.11]
(optimal)
FASTAPF LUMZT | Unobstructed 3 O(D"?)[Th.3.10]| O(D’)[Th.3.9]
(optimal) (optimal)

Table 3.1: Comparison Table.

3.2 Our Contribution:

In this work, our goal is to solve APF problem under the full visibility model
optimally in terms of time. Time can be measured by the total number of epochs
required to solve the problem. First, we define the input size of the problem.
Let k£ be the number of robots in the input configuration and suppose the di-
mensions of the smallest enclosing rectangles of the initial configuration of the
robots and the pattern to be formed are respectively m x n and M x N. Let
D = max{m,n, M, N} and D' = max{D, k}.

In this work, we propose algorithm that solves APF in LUMZ model. This
algorithm requires O(D’) epoch time which is faster than the algorithm proposed
in [10]. This also establishes that our algorithm is asymptotically time optimal
in LUMZT model. Although we cannot tell that the algorithm proposed in [10]
is not time optimal because it is done in OBLO7T which is a weaker model than

LUMZT. Further, we also show that the algorithm is move optimal as well.

Although all above-mentioned works in this subsection are done under the full
visibility model, in [42] authors solve APF under obstructed view considering fat
robots. However, authors did not do any complexity analysis. Authors in [42]

used 9 colors to solve the problem where our algorithm uses only 3 colors. The
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above discussion is briefly presented in Table 3.2.

Paper Robot | Visibility No. of | Move Com- | Time Com-
Model | Model Colours plexity plexity
[10] OBLOT | Unobstructed | - o(D?) Q2(D'*)[Res.3.1]
[42] LUMTI | Obstructed 9 - -
APFOPTMOVE| OBLOT | Unobstructed | - O(D’?)[Th.2.10]| O(D’*)[Th.2.11]
(optimal)
FASTAPF LUMT | Unobstructed | 3 O(D'*)[Th.3.10]| O(D')[Th.3.9]
(optimal) (optimal)

Table 3.2: Comparison Table.

3.3 Optimal time APF Algorithm (FastAPF)

This section proposes an algorithm, named FASTAPF for APF which is time
optimal and move optimal as well. Before going to the algorithm, for convenience
let go through some definitions, notions supporting the algorithm. Let ABCD
be the unique smallest rectangle enclosing a given initial configuration, where
AB > BC. If ABCD is not square then consider the set of strings S to be
{AaB, ABa, Acp, Apc}. If ABCD is square then consider the set of strings S to

be {)\ABy )\BAa )\CDa )\DC7 >\BC7 )\CB7 )\AD7 ADA}

3.3.1 Coordinate System setup

If the given configuration is asymmetric then S contains a lexicographically
strictly largest string. Let Asp be the largest among other strings in S. Then
robots consider A as the origin and AB direction as the positive z axis and AD
direction as the positive y axis. In such a case, the first robot in Asp string is
said to be head.

Each robot has a light. This light can take two colors, namely, head and line
which are readable as well as communicable. The light can indicate another state

when the light is off. We denote this one as off color.
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Next suppose in a given configuration there is a robot, call it head, with head
color on the boundary of ABC'D. There are two cases, firstly if the head is not
situated in any corner and another when the head is at a corner of the ABCD,
say A. For the first case we assume that the head is on the side AB, such that
AB > CD. For such a case consider A as origin, AB direction as positive x
axis, and AD direction as positive y axis. For the second case, consider the head
robot is situated at a corner, say A. In such a case consider A as the origin. If
AB > BC then consider AB direction as positive z axis and AD direction as
positive y axis. If AB = BC, then we assume the configuration is asymmetric
and hence there is a lexicographically strictly largest string, say Aap is S. In
such a case consider the AB direction as a positive z axis and AD direction as a

positive y axis.

Definition 3.1 (Tail robot).

Case-1: (When there exist no robot with head color) In this case we assume that
the configuration is asymmetric. The last robot in the lexicographically strictly
largest string in S is said to be Tail.

Case-11: (When there exist a robot with head color) In this case the tail is the

rightmost robot of the topmost horizontal line.

Let the A’B’C'D’ be the smallest rectangle enclosing the target pattern with
A'B" > B'C’". Let Ayp be the largest (may not be unique) among all other
strings in S for the target pattern. We denote the " target position in A p
string as t;. Then the target pattern is to be formed such that A = A’, A’B’
direction is along the positive x axis and A’D’ direction is along the positive
y axis. headigrger Will be the first one and tailigrger Will be the last one in the
ABC'D.

Let s = max{AD,A’D'}. Let name the lines parallel and above to z axis by
H,,Hy,...,H,, Name the vertical lines from left to right as V4, V5,..., where
V1 is the y-axis. Let at any time ¢ the configuration be C(t). Let in the target
pattern the number of robots in H; line be n;. Let in C(t) the total number of
robots below the line H; be b;. Let in C(t) the total number of robots above the

line H; be a;. Let b, = ZKi n; and a; = > ._.n;. A horizontal line H; is said to

j>i
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be saturated if a; = a; and b; = b In Figure 3.1 H; is a saturated line.

n;
Hg 4
H; 1
Hg 2
H; 3
H, 3
H; 4
H, 0
H, 2

Figure 3.1: In this example the configuration has one Saturated line. In the target
pattern the number of robots in H; line be n;. Here observe that 3 robots are initially
in Hs and also n5 = 3, so Hj is a saturated line

The next subsection describes all the intermediate procedures of FASTAPF.

3.3.2 Elements of the algorithm

In order to optimize the time, our main motive is to make the algorithm so
that it allows parallel movement of robot as much as possible avoiding collision.
The algorithm is divided into six procedures. Initially, since the configuration is
asymmetric, a robot that activates at first can find out the things listed in Table
3.3.

1 | Smallest enclosing rectangle ABCD
with AB > BC

2 | If the configuration is asymmetric,
lexicographically largest string Aap
3 | Head robot

4 | Tail robot

Table 3.3
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Throughout the algorithm, the head robot remains head using head color as
the flag. And further, the coordinate system remains unaltered throughout the
algorithm that has been taken care of. Once there exist a robot with head color
and hence the head robot is fixed. Any robot other than the head or tail is said

to be inner robot. Next, we define terminologies for different configurations.

1. Cinst = Initial configuration

2. Ciarget = Target configuration

3. C = A possible configuration from initial configuration
4. C' = C\ {Head}

5. C" = C\{Tail}

6. C" =C\ {Head,Tail}

7. éarget = Ctarget \ {Head}

8. Cerget - Cta'rget \ {TCM,Z}
9. Clggrget = Ctarget \ {Head, Tazl}

Next we define different conditions on configuration.

CO C= Ctarget
Ch C'= Cgarget
Cy " = Ct/izrget
Cs C" = Cégrget

C4 | arobot with head color.

C5 | Head color is at corner.

Cs | All inner robots are with 1line color except those who are on a saturated
line.

C7 | Tail is at a point with z-coordinate max{AB + 1,A’B’ + 1,k} and y-
coordinate max{BC, B'C"}.

Table 3.4: Boolean functions
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3.3.3 Detailed description and Correctness

The algorithm is described here by six procedures and we will discuss these pro-

cedures in details.

1. Procedure-I: Input: =C3V (C3 A =Cy A =Cy)

In the first procedure, Head identifies itself and turns its head colour on. If
the smallest enclosing rectangle of the initial configuration is a non square
rectangle, then head robot goes to the origin if it is not. But if the initial
configuration is square, then after the head robot turns on its head colour,
the tail will move rightwards and make the configuration rectangle. After

that, the head will move to the origin.
Output: Cy A Cy is true.

Discussion This procedure gets executed when either there is an inner
robot not at its target position or all inner robots are at their target but
neither head nor tail is at its target position. In such a case, the head robot
first turns on its head colour and then moves leftwards until it reaches its
origin if the smallest enclosing rectangle of the initial configuration is a non
square rectangle. But when the initial configuration is square, then head
robot turns on head colour and then first tail robot moves right up to the
configuration becoming a rectangle. After that the head robot moves left
towards origin. Note that if the input configuration is asymmetric, then the
configuration throughout the procedure remains asymmetric. And also, the

things listed in Table 3.3 remain unchanged.

Theorem 3.1. If we have an asymmetric configuration C at some time t,

e after one move by head robot leftward, the new configuration is still

asymmetric and the coordinate system remains unchanged.

e after finite move of robots by procedure-1, Cy N\ Cs will be true.

Proof. When —C5 V (C3 A =Cy A =Cy) is true, then first the head robot

will be selected. The head robot turns on its head color and moves left
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towards the origin if the smallest enclosing rectangle of the configuration is
a non square rectangle. Note that if the initial configuration is square, then
after the head turns on its color, the tail will move rightwards and make
the configuration rectangle. After that, the head will move to origin if it
is not. There will be no symmetry as the head robot is with head colour
on and the configuration becomes a rectangle after the tail robot moves
rightwards. As the head robot turns on its head color and moves left, then
the global coordinate will be maintained throughout the movement of head
robot. Because \4p is the lexicographically largest string and head robot
is the first robot of this string. So when the head robot moves left the new
string will be larger than the previous one. So the global coordinate will
not be changed and when it reaches the origin by finite number of moves,
then C4 A C5 will be true. O

. Procedure-II: Input: C; A —Cy

In this procedure, the head moves to its target position and turns off its

head color if it is on.

Output: Cy is true.

Discussion This procedure gets executed when every robot except the
head is at their respective target position. In this procedure, the head
occupies its target position and turns off its head color if it is on. Now the
head target must be on the z-axis, so either head needs to move right or
left to reach its destination in this procedure. If the head needs to move
left then clearly the things listed in Table 3.3 remain unchanged. Also
in the other case, since the head target is the first target position of the
lexicographically largest string of the target pattern, the listed things in

Table 3.3 remain unchanged.

Theorem 3.2. If we have an asymmetric configuration C at some time t,

then by finite move of head robot of procedure-1I, Cy is true.
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Proof. When all the robots are in their target positions without the head
robot and the colour of the head robot is not on, then it will move to its
target position as it will be on the x-axis and Cj will be true. But if the
head colour is on but head robot is not in its target position and all the
other robot is in target position. Then the head robot will be at origin and
its target position will be either at the origin or in the rightward direction
of head robot. If the target of head robot is in origin then it will turn off
its head colour and Cy will be true. If the target is rightwards then head
robot moves to its target and turns off its colour and Cj will be true. In
this procedure, only head robot moves and within the move, the robot is
with head colour. So no collision and symmetry will occur within the move
of head robot. So after finite move of head, the Cy will be true. O

. Procedure-III: Input: (Cy A =Ch)V (Cy A Cs5 A Cs)

Case-1: If the y-coordinate of the tail target is the same as the y-coordinate

of the tail, then the tail reaches at target by horizontal movements.

Case-1I: 1f the y-coordinate of the tail target is not the same as the y-

coordinate of the tail, then we consider the following cases.

Case-11A: If the y-coordinate of the tail target is greater than the y-coordinate

of the tail, then move upwards until Case-I is achieved.

Case-1IB: If the y-coordinate of the tail target is less than the y-coordinate
of the tail, move horizontally so that the z-coordinate of the tail target
becomes the same as the z-coordinate of the tail. Then the tail moves

downwards until condition Cj is true.

Output: Cy V C] is true.

Discussion This procedure gets executed when either the pattern except
the tail is formed (Cy A =Ch) or all inner robots are at their target position
and the head is at the origin with head color (Cy A C5 A C3). For both cases,
careful movement is assigned to the tail robot. For all the cases it can be
checked that the things listed in Table 3.3 remain unchanged. If the input



51

configuration was Cy A —(C'y, after execution of this procedure the target
pattern is formed (Cp). And if the input pattern was Cy A C5 A C3 then
after execution of this procedure the resulting configuration is such that the

target pattern is formed except head robot.
Theorem 3.3. If we have an asymmetric configuration C at time t, then

(a) by the movement of tail robot of procedure-III, the global coordinate

will be maintained.

(b) there will be no collision in procedure-1II and Cy \V Cy will be true.

Proof. In this procedure, the tail robot will move to its target position. In
case-I, the tail robot will move in its horizontal line. Within this move,
there is head robot with head colour. So, if all the other robots are in their
target position then by the move of tail in its horizontal line, Cj will be true.
In this procedure only one robot will move, so collision also does not occur
and the coordinate system remains unchanged. In case-IIA, tail will move
upward, and when the y-coordinate matches then move in the horizontal
line. Here also, only the tail robot will move and there exists a head robot
with head colour. So symmetry and collision will not occur and the global
coordinate will be maintained. In the last case, when tail target is on the
downside of the tail robot, the tail will first move in its horizontal line. In
the path of tail’s move, there will be no other robot, as in this procedure,
all the other inner robots are in their target positions. As the embedding of
target is done in such a way that there will be no other robot in the tail’s
move. When the x coordinate matches, then the tail moves downwards. So

in all the cases, by the move of tail robot Cy VvV C; will be true. O

. Procedure-1V: Input: Cy N C5 A =C3 A =CY

In this procedure the tail moves right until its z-coordinate becomes max{AB+
1, A’B'+ 1,k}. Then the tail moves upward until its y-coordinate becomes
max{BC, B'C"}.

Output: C is true.
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Discussion This procedure gets executed when at least one inner robot
is not at its target position and the head robot is at its origin. In this
procedure, the robot moves rightwards in order to ensure that there is
enough big smallest rectangle of the current configuration for procedure-V
and procedure-VI to execute and also to ensure that AB > BC so that the

coordinate system does not change.

Theorem 3.4. If we have an asymmetric configuration C at time t, then

wn procedure-1V,

(a) by the move of tail robot the global coordinate system will not changed.

(b) after finite move of tail robot, C7 will be true.

Proof. This procedure will start when there exists a head robot with head
colour at the origin. So the asymmetry will be maintained. Now also, here
only the tail robot will move, so there will be no collision. Now the tail
robot moves up to z- coordinate matches max{AB + 1, A’B"+ 1, k} and y-
coordinate becomes max{BC, B'C"}. By this move of tail robot, AB > BC
will be maintained and also a robot with head colour is at origin. So the
global coordinate will be maintained. So by the finite move of tail robot,
C7 will be true. O

. Procedure-V: Input: Cy N Cs5 A =Cs AN C7 A —=Cg

In this procedure, if an inner robot is not on a saturated horizontal line
then it checks whether its 1ine color is on or not. If the 1ine color is not
on, then it counts the number of robots below it. Let’s say the number is
b. Then the robot counts the number, say, [ of robots on the left side to it
in its horizontal line. Let v = b+ [+ 1. Then the robot tries to move to the

" vertical line in its horizontal line. If v vertical line is in its left (right)

t
v
and its left (right) grid point is empty then it moves to left (right). When

a robot reaches the v*" vertical line, the robot turns on its 1ine color.

Output: Cg is true (Figure 3.2).
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Discussion These procedures are executed when the head robot is at the
origin with its head color on and the tail robot’s coordinate is (max{AB +
1,A'B'+1,k}, max{BC, B'C"}) and there is at least one inner robot which
is not on the saturated line and with no line color. In this procedure, such
robot reaches at v** vertical line and turns on its line color. At the end
of this procedure in the configuration, the head and tail remain at their
starting position and each inner robot is either with 1line color on or on a
saturated line. In these procedures since no robot jumps through horizontal

lines, so no collision of robots takes place.
Theorem 3.5. If we have a configuration C at time t, then in procedure-V,

(a) by the move of inner robots, coordinate system will be maintained.
(b) no collision will occur.

(c) after finite move by inner robots, Cg will be true.

Proof. This procedure will start when head robot is at origin with head
colour and tail at a position satisfying C7 true. So by the movements of
inner robots, co-ordinate system will not change. In this procedure, inner
robots move in horizontal lines. In one horizontal line, robots will calculate
their destination point and move left or right. In this move, if it sees that
its destination is left or right, it will only move if it sees it’s left or right is
empty. Here, robots are numbered in such a way, that if a robot r wants to
move to v'" vertical line and its destination is on the left, then the robots
on the left of 7’s destination will be also left of v** vertical line. So one
by one robots on a particular horizontal line will move to its vertical line.
So as the movement in each horizontal line is sequential, collision will not
occur. After the move of robots, there will be one robot in each vertical line

with colour line. So after finite moves of inner robots, Cs will be true. [J

. Procedure-VI: Input: Cy AN C5 AN ~C35 N C7; N\ Cy

In this procedure, there are two exhaustive cases.
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Figure 3.2: When Cj true

Case-1I: This is the case when the robot sees that its own horizontal line is
not saturated. In such a case, the robot counts its vertical line number. Let
the robot be at v vertical line. Then it moves to the horizontal line which
contains the v{* target position by vertical movements until it reaches there
(Figure 3.3).

Case-II: This is the case when the robot sees that its own horizontal line
is saturated. In this case firstly if its 1ine color is on, then it turns it off.
Otherwise, if the robot is the & robot on its horizontal line from the left,
then it tries to reach the k' target position on that horizontal line. If k™
target position in its horizontal line is in its left (right) and its left (right)
grid point is empty then it moves to left (right).

Output: C45 is true.

Discussion In the input configuration of this procedure an inner robot is
either on a saturated line or not on a saturated line but with its 1ine color
on. In this procedure, no two inner robots with line color on are on the
same vertical line. In this procedure, two types of movements are happening
simultaneously. Firstly robots with line color on but not on a saturated line

do vertical movements and rests do horizontal movements. Eventually, all
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robots will reach their destined horizontal line and all horizontal lines will
become saturated. Next, we need to show no two robots collide in this
procedure. We can guarantee that if no robot with line color reaches a
saturated line. Now from the definition of a saturated line, one can note
that every robot below a saturated line has its target horizontal line below
the saturated line. And also every robot above a saturated line has its
target horizontal line above the saturated line. Hence no robot making
vertical movement will reach a saturated line where horizontal movement

is possibly happening. Hence this procedure is collision-free.

Theorem 3.6. If we have a configuration C at time t, then in procedure- VI,

(a) by the move of inner robots global coordinate will be maintained and

no collision will occur.

(b) by finite move of inner robots Cs will be true.

Proof. In this procedure inner robots first move in its vertical line and after
this move when it is in a saturated line, then it will move left or right and
reach its target position. After procedure-V, there exists exactly one robot
in each vertical line with 1ine colour, or the robots are on saturated line. In
case-I, when in each vertical line exactly one robot exists, then robot moves
up or down by calculating its target position. As one robot will move in
each vertical line, so collision will not occur. Another case is, when robots
see that it is in a saturated line. In that case, robots similarly move left or
right one by one sequentially. So collision will not happen. As within this
move of inner robots, head and tail are at positions maintaining Cy A Cs
and C7 true. So global coordinate will be maintained. After finite moves of

inner robots, C's will be true and the procedure terminates. O

The next subsection formally presents the algorithm FastAPF in flow chart form.
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Figure 3.3: Procedure VI illustration

3.3.4 Algorithm FastAPF

The main algorithm FASTAPF is presented below in the flow chart in Figure 3.4.
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Figure 3.4: Algorithm FASTAPF flow chart
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Starting from any possible configuration where Cj is not true, in the flow chart,
we can observe that the path ends to the C configuration passing through some

procedures. Hence we conclude the following.

Theorem 3.7. The FASTAPF algorithm solves the APF problem in LUMTI

model.

3.3.5 Time Complexity and Movement analysis of Fast APF
algorithm

We show that each of six procedures included in FASTAPF algorithm takes O(D’)
epoch. The flow chart in the Figure 3.4 shows that starting from any asymmetric
initial configuration the algorithm terminates via executing a finite number of
these procedures. This will prove our claim that, the algorithm FASTAPF solves
APF problem in O(D’) epochs.

In Procedure-I, Procedure-11, Procedure-III, and Procedure-IV only one robot is
making its move. And in each of these procedures, a robot does O(D) moves, so
all the procedures can take D epochs in the worst case to complete. In Procedure-
V in each horizontal line, robots are making horizontal parallel movements. On
a horizontal line H;, for all robots to reach the destined vertical line maximum
it will take 2D’ epochs. Hence Procedure-V takes at most 2D’ epochs to com-
plete. In procedure-VI, a robot with line color makes vertical movements. All
vertical movements in this procedure happen simultaneously. So all the vertical
movements are done in max{BC, B'C’'} epochs. Then in a saturated line hori-
zontal movements happen in order to reach the target positions. Similarly, this
also takes 2D’ epochs in the worst case. Hence this procedure also takes O(D’)

epochs. Hence we conclude this discussion with the following theorem.

Theorem 3.8. The FASTAPF algorithm solves the APF problem in LUMTI
model in O(D') epochs.

Next, we show that the algorithm proposed in [10] takes O(D'?) epochs to com-
plete, which will prove that the FASTAPF algorithm is faster. In phase 4 of
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the proposed algorithm in [10] a robot might need to make 2(D?) movements.
Therefore this algorithm requires £2(D"*) epoch time to complete. We state this

in the following result.

Result 3.1. Algorithm proposed in [10] requires 2(D'") epoch time to solve Ar-

bitrary Pattern Formation problem.

|

N
NS

Figure 3.5: An image related to Theorem 3.9

Now we show that our algorithm is asymptotically optimal in time. Let’s consider
an initial configuration of robots has the smallest enclosing rectangle a square of
length n and each grid point of the square has a robot. Thus there are k = n?
robots in total. Let the target pattern be a compact line. Then we can see
that the farthest point on the line (wherever it may be placed) from the initial
configuration is at least k_T" =k */TE (See Figure 3.5). Hence there is a robot

2
E_ vk vk
2

27 2
ceiling value) is necessary. In this case, note that D = k. Hence, we can state

that at least needs to move steps. Hence at least % — epochs (assume

the following.

Theorem 3.9. Any algorithm solving APF problem requires £2(D’) epochs.
The above result shows that the algorithm FASTAPF is time optimal asymptot-

ically. Next, we show that algorithm FASTAPF is also move optimal.

Theorem 3.10. Algorithm FASTAPF all total requires at most O(D'®) robot

movements.

Proof. Any robot participating in Procedure-I, Procedure-II, Procedure-III, or

Procedure-IV makes at most 2D’ moves. Next any robot participating in Procedure-
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V only makes a horizontal move of length at most D’. Next any robot partici-
pating in Procedure-VI makes at most a vertical move (if the robot is not on a
saturated horizontal line) of maximum length D’ followed by a horizontal move
of maximum length D’. Hence for each procedure, a robot participating in that
procedure makes O(D’) moves in that procedure. Since starting from any asym-
metric configuration the algorithm FASTAPF terminates via passing through
a finite number of procedures. Hence for each robot, it needs to make O(D’)

moves. Thus, total number of required robot moves in algorithm FASTAPF is
O(kD') = O(D"). O

3.4 Concluding Remarks

This chapter studied algorithm for ARBITRARY PATTERN FORMATION (APF)
problem on an infinite rectangular grid by a robot swarm starting from any
asymmetric initial configuration in classical LUMZ robotic model. This work
proposed algorithm for the APF problem in LUMZ model which is asymptot-
ically time optimal and move optimal as well. Suppose the dimensions of the
smallest enclosing rectangles of the initial configuration of the robots and the pat-
tern to be formed are respectively m xn and M x N. Let D = max {m,n, M, N}
and D' = max{D, k}, then the algorithm takes total O(D’) epoch time and total
O(D'?) moves to solve the APF problem. The algorithm in this chapter which is
time optimal and move optimal is in LUMZ model, so studying for an algorithm
in OBLOT, which is both move optimal and time optimal, could be a possible
direction from this work. Also another version of APF problem where the initial
or the target configuration of robots can have multiplicity points can consider for

further research.
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Chapter 4

Oblivious Robots Performing
Different Tasks on Grid Without
Knowing their Team Members

The GATHERING and ARBITRARY PATTERN FORMATION are two vastly stud-
ied problems by researchers in the field of swarm robot algorithms. These are
one of the fundamental tasks which can be done by autonomous robots in differ-
ent settings. In the gathering problem, n number of robots initially positioned
arbitrarily meets at a point not fixed from earlier within finite time. It is not
always easy to meet at a point with very weak robots in the distributed system.
Similarly, the Arbitrary pattern formation problem is such that robots have to
form a given pattern that is given as input to the robots within a finite time. In
literature, there are several works that have considered either gathering or arbi-
trary pattern formation problem separately. But none of those works consider
robots deployed in the same environment working on two different tasks. The
environment of robot swarm needs periodic maintenance for making the environ-
ment robust from faults and some other factors. So if the same robot swarm
deployed in the environment can do the maintenance apart from doing the spe-
cific task assigned to them, it would be more cost-effective. From this motivation
and practical interest, in [6] authors first studied the problem where two teams
of oblivious robots work on two different tasks, namely gathering and circle for-

mation on a plane. Here the crucial part is that a robot knows to which team

61
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it belongs, but it can not recognize another robot’s team. The novelty of the
problem would have gone away a bit if the robots are luminous and gathering
team robots put a color on a light to indicate which team they belong to. But the
main motivation of this problem is to extend the work for more than two different
tasks and for assigning different colors for different tasks would make the number
of colors unbounded. For this reason, it is convenient to solve the problem with
the least possible capabilities for the robot swarm. Also OBLO7T model is more
self-stabilized and fault tolerant. For these reasons, in our work, we also consider
robots to be oblivious. Now it is challenging to design a distributed algorithm by
which two different teams of oblivious robots can do two different tasks simulta-
neously on a discrete domain because, in any discrete graph, the movements of

robots become restricted. So avoiding collision becomes a great challenge.

In this work, we have provided a collision-less distributed algorithm following
which two teams of oblivious robots with weak multiplication detection ability
can do two different tasks namely gathering and arbitrary pattern formation
simultaneously on an infinite rectangular grid under the asynchronous scheduler.

Here we assume that the initial configuration is asymmetric.

4.1 Robot Model

In this section, we shall first formally describe the model. Then we introduce the

problem statement of this chapter.

Robots Robots are anonymous, identical, and oblivious, i.e. they have no
memory of their past rounds. They can not communicate with each other. There
are two teams between the robots. One is Ty4,s and the other team is 7,. A robot
r only knows that in which team it belongs to between this two. But a robot
can not identify to which team another robot belongs. All robots are initially in
distinct positions on the grid. The robots can see the entire grid and all other
robots’ positions which means they have global visibility. This implies the robots

are transparent and hence the visibility of a robot can not be obstructed by
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another robot. Robots have no access to any common global coordinate system.
They have no common notion of chirality or direction. A robot has its local
view and it can calculate the positions of other robots with respect to its local
coordinate system with the origin at its own position. There is no agreement on
the grid about which line is x or y-axis and also about the positive or negative
direction of the axes. As the robots can see the entire grid, they will set the axes
of their local coordinate systems along the grid lines. Also, robots have weak
multiplicity detection capability, which means a robot can detect a multiplicity

point but cannot count the number of robots present at a multiplicity point.

Look-Compute-Move cycles An active robot operates according to the Look-
Compute-Move cycle. In each cycle a robot takes a snapshot of the positions of
the other robots according to its own local coordinate system (Look); based on
this snapshot, it executes a deterministic algorithm to determine whether to stay
put or to move to an adjacent grid point (Compute); and based on the algorithm
the robot either remain stationary or makes a move to an adjacent grid point
(Move). When the robots are oblivious they have no memory of past configu-
rations and previous actions. After completing each Look-Compute-Move cycle,

the contents in each robot’s local memory are deleted.

Scheduler We assume that robots are controlled by a fully asynchronous ad-
versarial scheduler (ASYNC). The robots are activated independently and each
robot executes its cycles independently. This implies the amount of time spent
in Look, Compute, Move, and inactive states are finite but unbounded, unpre-
dictable, and not the same for different robots. The robots have no common

notion of time.

Movement In discrete domains, the movements of robots are assumed to be
instantaneous. This implies that the robots are always seen on grid points, not
on edges. However, we do not need this assumption. In the proposed algorithm,

we assume the movements are to be instantaneous for simplicity. However, this
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algorithm also works without this. The movement of the robots is restricted from

one grid point to one of its four neighboring grid points.

4.2 Problem Description

We define a problem on an infinite rectangular grid where n oblivious, identical,
autonomous robots are dispersed on the vertices of the infinite rectangular grid.
In [6] they solved two conflicting tasks by robots on a plane where one team
of robots gather at a point and another team of robots form a circle on the
plane. But here robots are on an infinite rectangular grid and solve two different
distributed problems. Here are two teams of oblivious robots where one team is
7T, and the other team is 7Ta,r. The goal of the robots of 7, is to meet all the
robots of this team to a point on an infinite rectangular grid. Another team is
Taps where the goal of this team is to form a particular pattern that is given as

input. The next section provides the algorithm for solving this problem.

4.3 The Main Algorithm

4.3.1 Global Coordinate Agreement

Here we have to first fix the global coordinate system and then we aim to gather
the 7, robots to the origin and form the arbitrary pattern by 74, robots with
respect to the coordinate (0,2). So let us consider an infinite rectangular grid G
as a cartesian product P x P, where P is an infinite (from both sides) path graph.
The infinite rectangular grid G is embedded in the Cartesian Plane R?. Here,
some robots will gather at a point and other robots will form an arbitrary pattern
on the grid. Here we are assuming that the initial configuration is asymmetric. A
robot can form a local coordinate system aligning the axes along the grid lines but
the robots do not have an access to any global coordinate system even. To form
the target pattern the robots need to reach an agreement on a global coordinate

system. In this subsection, we will provide the details of the procedure that allows
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Figure 4.1: ABCD is the smallest enclosing rectangle of initial configuration. H and
T are head and tail of the configuration. A is the origin and the target configuration
will be embedded with respect to (0,2). A’B'C’D’ is the smallest enclosing rectangle
of target configuration

the robots to reach an agreement on a global coordinate system.

For a given configuration (C) formed by the robots, let the smallest enclosing rect-
angle, denoted by s.rect(C), be the smallest grid-aligned rectangle that contains
all the robots. Suppose the s.rect of the initial configuration Cj is a rectangle
R = ABCD of size m x n, such that m > n > 1. Let |AB| = n. Then consider
the binary string {p;} associated with a corner A, A\sp as follows. Scan the grid
from A along the shorter side AB to B and sequentially all grid lines of s.rect(Cr)
parallel to AB in the same direction. And p; = 0, if the position is unoccupied

and p; = 1 otherwise. Similarly construct the other binary strings Aga, A\cp and
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Apc. Since the initial configuration is asymmetric we can find a unique lexico-
graphically largest string. If Asp is the lexicographically largest string, then A is
called the leading corner of R.

Next, suppose R is an m X m square, then consider the eight binary strings A4z,
ABA, Ac¢Ds ADC, ABC, ACB, Aap, Apa. Again since the initial configuration is
asymmetric, we can find a unique lexicographically largest string among them.

Hence we can find a leading corner here as well.

Next, let C; be a line AB, we will have two strings Asp and Ags. Since Cj is
asymmetric then A4 and A\gs must be distinct. If A 4p is lexicographically larger

than Agy4, then we choose A as the leading corner.

Now for either case, if Asp is the lexicographically largest string then the leading
corner A is considered as the origin, and the x— axis is taken along the AB line.
If C; is not a line then the y— axis is taken along the AD line. If C; is a line then
the y— coordinate of all the positions of robots is going to be zero and in this case,
the y— axis will be determined later. For any given asymmetric configuration C
if Agp is the largest associated binary string to C then the robot causing the first
non-zero entry in Ayp is called head let H and the robot causing last non zero
entry in Ap is called as tail let 7. We denote the i*" robot of the Asp string as

ri—1. A robot other than the head and tail is called inner robot. Further we
denote C" = C \ {tail} and C" = C \ {tail, head} and C" = C \ {head}.

Let Ciarger be the target configuration for the Ty4,r robots and s.rect(Cigrget) =
Riarget- Let Rigrger is a rectangle of size M x N with M > N. We can calculate the
binary strings associated with corners in the same manner as previously. Cigrger 1S
expressed in the coordinate system with respect to the point (0,2), where (0, 2)
will be the leading corner. Let the A’B'C’D’ be the smallest rectangle enclosing
the target pattern with A’'B’ < B'C’. Let Aap be the largest (may not be
unique) among all other strings. Then the target pattern is to be formed such
that A is the origin and pattern embedded with respect to the position (0,2),
A’B’ direction is along the positive x axis and A’D’ direction is along the positive
y axis. If the target pattern has symmetry then we have to choose any one

among the larger string and fixed the coordinate system. So as previously said
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headyqrqer Will be the first one and tailigrger Will be the last one in the s.rect of
Ciarget- Also, we define Cyjy,q is the configuration when all 7, robots are at same
point and Ciarger configuration is formed. Ci,. = Crinai \ {tailiarget }» C}/maz =
Ctinar \{head s get, tailiarget } C}’gml = Cfina \{headiarger }. We denote the headyqrget
position as t; and taili,ge¢ position as t,. Let H; be the horizontal line having
the height i from the x-axis. Let for each i there are p(i) target positions on H;.
We denote the target positions of Hy as t;......t50)—1 from left to right. For H;
we denote the target positions as ) to t,0)4p(1)—1 from right to left. For H,
we denote the target positions as £p0)4p(1) tO Lp0)4+p(1)+p2)—1 from right to left.

Similarly, we can denote all other target positions on H;, i > 0 except tailiqyget-

4.3.2 Brief Discussion of Algorithm

Let the initial configuration is Cz, the final configuration is Cyine. Robots are
operating on an infinite grid. There are two teams of robots where one is 7, and
another one is Ta,s (let us assume that |7;| > 2). 7, robots will gather at the
same point on the grid and the robots of Ty4,; will form a pattern on the grid.
Note that the gathering point will not be a target point of the target pattern. A
robot only knows in which team it belongs between 7, and 7a,s. A robot has no
information about to which team other robots belong. Robots first fix the global
coordinate system. The target will form with respect to the point (0,2) and the
gathering will occur at the origin. When a robot awakes up it first calculates the
head robot and tail robot. In the first three stages, the head robot will move
to the origin and the tail robot will expand the smallest enclosing rectangle for
maintaining the asymmetry of the configuration. Then in the stage 4 all the inner
robots now move to the x-axis and make a line on the x-axis. Note that a line
is called compact line when there is no empty grid point between two robots.
So robots on the x-axis first make the line compact then one by one inner robot
from upward horizontal lines move down to the x-axis. After this in stage 5 the
robot which is not on a line say r, will move to its closest endpoint of the line if
it € 7, or it will move one step upward if it belongs to 7a,s. In the next stage

after a multiplicity point is formed or calculating the position of the tail, robots
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on the x-axis move to the fixed target positions which are either the origin or the
target positions. Robots will move from right to left with respect to the position
of the head sequentially. As all inner robots are on the x-axis so the robot € 7,
can always find the neighboring grid lines empty, so the robot can move to the
origin by choosing any path to the origin if all the robots are on a line. If a robot
can see the tail robot then it will choose the neighboring line of the x-axis in the
direction of the ta:l for its movement. In this way, one by one all inner robots
move to their fixed target positions. Next if tail sees that all inner robots move
to their target positions it will move to their fixed position. In the last stage if
the head robot is in the gathering team then it will not move but if it is in the
APF team then when without its position all the pattern formation is done it will
move to its position. Note that within the algorithm no two robots collide without
the gathering point and the coordinate system remains unchanged. Within finite
time all 7, robots move to the same point and the 74, robots form the fixed

pattern that is given as input.

4.4 Correctness

4.4.1 Description of the Stages

The main difficulty of this problem is a robot does not know which team another
robot belongs to. The robot only knows about its own team. Here we will show
that there will not arise any symmetry and no collision will occur. The global
coordinate system will also not change. The algorithm is divided into eight stages.

In this situation, the global coordinate will fix as we mention in sec 4.3.1

Stage-1 Input: {Py NPy N —(Ps A\ Fg)} is true.

The ta:l robot will move upwards and all other robots will remain static.

Aim: The aim is to make {P5 A Fs} = true. After finite number of moves by tail
robot stage-1 completes with {Py A =P A Ps A Py} is true.

Theorem 4.1. If we have an asymmetric configuration C in stage 1 at some time



PO C= Cfinal

P1 C'= C}inal

P, | All 7, robots are at a same point

P3 CApf = Ctarget

P, | The current configuration is asymmetric

Ps | m=max{N,n}+2

Ps | m = 2.max{M,V} where V is the length of the
vertical side of the smallest enclosing rectangle
of

P; | The head in C is at the origin

Ps |n > max{N+1,H +1,k} where H is the
length of the horizontal side of the smallest en-
closing rectangle of C’

Py | Line formation on x-axis without tail

Py | C' has a non-trivial reflectional symmetry with
respect to a vertical line

Pll "= C},;nal

Pry ¢’ = C}/inal

Pi3 | m>max{N,n}+2, m>2 max{M,V} and m
is odd

P14 | There exist a multiplicity point
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Table 4.1: If any of the Boolean variable P; where 0 < ¢ < 14 on the left column is
true then the corresponding condition on the right column is satisfied and vice versa.

t, then

1. after one mowve by the tail towards upward, the new configuration is still

asymmetric and the coordinate system remains unchanged.

2. after a finite number of moves by the tail towards upward, stage 1 terminates
with (Ps A\ Pg)= true.

Proof. Let C be the asymmetric configuration where ABCD be the smallest en-

closing rectangle of the initial configuration and |AB| = n, |AD| = m, m > n. By

one move of the tail robot towards upward, the new smallest enclosing rectangle

is ABC'D'. Let r be the tail robot and after the movement of r it is now on the

edge C'D’'. As A4p is the largest lexicographically string. So Aap > Apa. Now
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the new strings associated to the corner A of the smaller side of ABC'D’" be X,

and Mg 4.

Let r be the only robot on C'D. Then it is easy to see that Xy5 > N,. But when
there are more than one robot on C'D, then we have to show that by movement
of tail robot XN,5 > N, is true. Let r corresponds to the i term and j** term
of Aap and Agy. If ¢ = j then r is the middle robot of C'D. Then when tail
moves upward one step, the increase number of 0’s of X,z and N, are same. So
Nyg > NBA. Now if i < j then if we calculate the binary strings of A4p and Aga
then tail will be appear earlier in BA, than AB. Now if we calculate the binary
strings of first j term of AB and BA then Agal; > Ng4l;- Also Aagl; > Nyplj-
But Aap > Apa. So we have A\yp|; > Apal;. Finally we can say Nyg|; > Nzl
s0 Ny > Nga. When i < j in that case when tail robot move upward then in

the new SER we can calculate that in this case also X,z and Ng 4.

So in all the cases N 5 > N,. Now we show that the binary string of AB is
larger than C'D’. As we know that the binary string of AB is larger than C'D,
but when the tail robot moves one step upward in that case as there is no robot

other than the tail in C"D’ so if we calculate binary string it will be N5 > A\i/ .

In this case, ABC'D’ is a non-square grid, so four binary strings to consider
here. By calculating we can say that AB is the largest binary string in this new
smallest enclosing rectangle. So the new configuration is still asymmetric. So the
coordinate system is unchanged. As the tail moves upward so the z-coordinate

remains unchanged.

Stage-2 Input: {Py A =Py A Ps A Ps A —Pr} is true.

The head robot will move to origin. So head robot will move towards left if it is
not initially at the origin. In this move head robot will remain head.

Aim: After finite number of moves by the head robot stage-2 completes when
{Py N =Py N\ Ps \ Ps A\ P} is true.
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Figure 4.2: Case-1: C’ has a vertical symmetry and tail will move rightwards

Theorem 4.2. If we have an asymmetric configuration C in stage 2 at some time
t, then

1. after one move by the head leftwards, the new configuration is still asym-

metric and the coordinate system is unchanged.

2. after finite number of moves by the head, P; becomes true, and Stage 2
terminates with {Py N —~Piy N Ps \ Ps \ Pr} true.

Proof. Let C be the initial configuration and ABCD be the smallest enclosing
rectangle. As A4p is the largest string so the position of head robot is the first
1 in the largest string. Let ¢ be the first position of 1 in Ayp string. So there is
no 1 before i*" position. Now when head robot moves left then the 1 will occur
earlier than the 7" position. So A4z remains the lexicographically largest string

upto head reaches origin. So 1) and 2) holds. O
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Stage-3 Input: {Py AN =Py A Ps A Ps A P; A —Fg} is true.
The tail robot will move rightwards.
Aim: The main aim of this stage is to make Py true. After movement of robots

{P4/\ﬂP14/\P5/\P6/\P7/\P8}istrue.

Theorem 4.3. If we have an asymmetric configuration C in stage 3 at some time

t with Pyg 1s false, then

1. after one move by the tail rightwards, the new configuration is still asym-

metric and coordinate system is unchanged.
2. after one move by the tail robot rightwards, Py becomes true.

3. after finite number of moves by the tail, { Py N =Py A Ps AN Ps A P; A\ Pg} is

true.

Proof. Let ABCD is the smallest enclosing circle at time ¢, where A4p is the

largest string. After one move by the tail rightward there may arise two cases.
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Case-1: Let the smallest enclosing circle remain unchanged after one move by
the tail rightward. As in this phase, the head is in origin and the tail has moved
until Ps and P is true, in the binary string of C'D or DC' is smaller than AB.
Also in this phase, Pjg is not true. So we must have AB larger string than BA,
so finally we get Nyg > Ng4.

Case-2: Suppose now tail robot is at ', then by one move of tail the new SER
is APQD, where |[AP|= (n+1). Now it is easy to check that as m > n + 2 so
m > n+ 1. So we get that AD > AP. This implies that the new configuration
is still not square, so we have to consider here only four binary strings, and as
earlier A4p will be a larger string. So we can conclude that the configuration is
still asymmetric and the coordinate system is not changed by one move of the
tail. It is easy to check that Py and P; are true here but not P5. After the
movement of the tail, Ps may become false, so we are in stage 1 then. Then the

tail moves upwards and one upwards move still has Ps A Py A P A Ps—Py5 is true.

Note that Py is either true or false in stage 3 by a finite number of moves of the

tail the configuration remains asymmetric.

In this stage the robots will check if Py is true or false. If Pjq is true then there

may arise two cases:

Case-1 If tail is in the rightwards of the vertical symmetric line they it will

move and make Py true.

Case-2 If the tail robot is in the left direction of the vertical symmetric line
then it will not move rightwards. T'ail will then move in leftwards upto one more

step than D (fig 4.3). In this case the co-ordinate system will be changed.
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Theorem 4.4. If we have an asymmetric configuration C in stage 3, then after

finite number of moves by the tail robot, the configuration remains asymmetric.

Stage-4 Input:{Py AN =Py A Ps AN Ps N P; A Py A =Py} is true.

The inner robots will move to the x-axis and form a line. Other than the tail
robot, all other inner robots form a line on the z-axis. In stage four, the head is
in origin, and all the robots on the x-axis first make the line compact, i.e. there
is no empty grid point between two robots. After the z-axis becomes compact,
when a robot r; is on H; and there are no robots in between H; and the z-axis
and the right part of r; is empty in its horizontal line, then the robot moves to the
xr-axis. This procedure is done one by one by robots. In between this movement,
no collision will occur. So all the inner robots other than the ta:l form a line on
the x-axis.

Aim: When all the inner robots move to x-axis then {Py A =Pi4 A Ps A Ps A\ Pr A
Py A\ Py} is true.

Theorem 4.5. If we have an asymmetric configuration C at some time t, with

{Py N—=Piy N Ps A\ Ps A Pr N\ Py APy} is true, then

1. after any move by the inner robots the configuration is asymmetric and

coordinate system is unchanged.

2. after finite number of moves by the inner robots Py becomes true and stage 4

terminates with with {Py N —~Piy N Ps A Ps N Pr A\ Ps A\ Py} is true.

Proof. In stage 4, head robot is in origin and tail robot is at a position satisfying
Ps N Py A Ps is true. In this scenario, when robots on x axis move left then
the string associated to AB becomes larger than the previous one. Also in this
stage one by one horizontal line’s robots will move to the x axis. The movement
of robots on a horizontal line will be from right to left. So in this movement
by the inner robots, coordinate system will not change and as the movement is
sequential so no collision will occur by the movement of inner robots. By finite
moves by the robots all inner robots are on x axis without the tail robot. Then

stage 4 terminates. O
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Figure 4.4: Any r; € 7, moves to A and r; € T, moves to fixed target positions one
by one.

Stage-5 Input: Py NP4 AP35 A P; A Py is true.

One robot which is not on a compact line will move to its closest end point of
that line following the shortest path if it € 7,. As without one robot all other
robots are on line so that one robot will move downwards. Then P4 is true. Or
when (Py A =Py A P; A Py) A (Ps A Ps A\ Pg) is true then that one robot will move

upward from its position if it € Ta,r. By this move P53 will be true.

Aim: P4/\_|P14/\P7/\P9/\<P13\/P14) is true..
After this stage if Py is true then all robots will fix the multiplicity point as

origin, the compact line is as x axis and the other perpendicular axis as y axis.

Theorem 4.6. If we have an asymmetric configuration C in stage 5, then after

movement of one robot either one multiplicity point will create or Py3 will be true.

Proof. After the stage 4, all the inner robots are on x axis. When the tail robot

is in team Ta,s then it will move upward one step and makes Py3 true. Without
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Figure 4.5: A multiplicity point at A and some of the Ty, robots form the pattern

the tail all other robots are on line so head robot will not change and the Asp
remains the lexicographically largest string. So the coordinate system will not
change. Now when the tail robot is in team 7, then it will move downwards. In
this case also, tail will move downwards to its nearest corner. As all other robot
is in x axis, when tail robot move downwards, the coordinate system does not
change untill it reaches the nearest corner robot. But when tail robot reaches
its nearest corner robot, then one multiplicity point will create. Afterwards the
multiplicity point will be treated as origin and the line where other robots are
placed treated as x axis. Any line perpendicular to the line treated as y axis. So
in this way by the move of the tail robot either P4 that is one multiplicity point
or Pz will be true. O

Stage-6 Input: Pi3V Py is true.
When the tail robot will see that P53 is true then it will not move. An inner
robot when sees that it is the rightmost robot on x-axis and P,3 is true and there

exists robots at the positions tx_1, tx_g.....tx_i41 where 1 < i < k (let ¢, be the
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position of tail) then that inner robot will move upwards to t;_; if it € Ta,s. If
the robot € 7T, then it will move to the origin. Note that in this case robot can fix
the global coordinate so it will move to the origin by choosing the first horizontal
line in the positive direction of the y-axis. When a rightmost robot of team APF
on x-axis sees that Pz is true and no robot on target positions then it will move
to t;_;. Note that when a left most robot without head on x axis of APF team
sees that only tailg,ger Or tailiyrger and headyqrger are not occupied by robots then
the robot will move to tailiy,ger. Again if Pjy is true then the rightmost robot on
x-axis sees that there exist robots on tx,tx_1.....tx_;+1 Where 1 <7 < k then that
inner robot moves upward to t;_; if it € Taps. If it € 7, then move to multiplicity
point. Here when a robot can see all robots on a line then it will fix that line
as the x-axis and anyone perpendicular line as the y-axis and the multiplicity
point as the origin. So the robot € 7, moves to the origin by choosing the first
horizontal line in the positive direction of y-axis. In this way, the inner robots
move to their target positions one by one.

Aim: After this stage P4 A Pis is true.

After this stage, the multiplicity will be the origin and as the target pattern will
be formed with respect to (0,2) so either there will be a robot at tailgge+ or the
tail robot will be at a position maintaining Pj3 true. So we can choose the larger

side as the y-axis and the other one as the x-axis.

Theorem 4.7. If we have an asymmetric configuration C in stage 6 at time t,
then after a finite number of moves by the inner robots stage 6 terminates and

Py is true.

Proof. In this stage, all the inner robots on the line x-axis will move to its des-
tination point which will be either on the target position or the origin. Let, P;3
is true. In that case, the tail robot will be at a position maintaining the P;3 is
true. So the inner robots on the x axis will move one by one. As Pj3 is true, so
the rightmost robot on x axis first moves either at ¢;_; if it is € T4,y or it will
move to origin. The robot will move to the origin choosing the first horizontal
line. As without tail, all robots are on x axis, and the target embedding is with

respect to (0,2) position. So there will be no robot on the first horizontal line
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Figure 4.6: Flow chart of the algorithm

above x axis. So the robots of x axis from right to left will move to the position,
either at tx_1,tr_o..... or move to origin. So within this sequential movements of
robots, no collision will occur and configuration remain asymmetric. Now when
Py, is true. In that case, the multiplicity point will be origin and the robots on
a line will be x axis. The perpendicular any direction of x axis will be y axis. So
the rightmost robot on x axis will move ¢, if it is € 74, or move to the origin.
Here also, robots move one by one. So no collision and symmetric configuration
will occur. If Pjy true and head and tail both are € 7, then by this stage F will
be true. Also when tail is in 7, but head is in 7y,, then by this stage P; will be
true and then it will be in stage 8. But if head and tail are in T4,y and Py3, then

by the movement of inner robots, P will be true and stage 6 terminates. O

Stage-7 Input:In this stage P4 A Pio A =Py is true.
If tail € Ta,s then move to the position of the tailyq ger. But if tail € T, then the
tail will move to the origin. If tail € 7T, then the tail will move downwards up

to the x-axis and then move towards the multiplicity point (By P;3 condition we
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can say that there will be no robot in this path of tail’s movement).

Aim: Py is true.

Theorem 4.8. If we have an asymmetric configuration C in stage 7 at time t

then after the finite number of moves stage 7 terminates with Pyy is true.

Proof. When in stage 7, without head and tail robots, all the other robots are
in target positions. So if tail € Ta,s then there is no robot on the position of
tatligrger. The tail robot will first moves left up to the x-coordinate of tailigrget
and then move down towards tailigrge:. In this move, as P4 already true, so nu
symmetry will occur and only one robot will move in this stage. So collision will
not occur also. When the tail robot reaches the tailiyger, then the Py will be
true. But when the tail robot is in team gather and P is true, then all inner
robots form the pattern with respect to (0,2). So there is no robot on the x axis.
Tail robot first move downwards and then move left through the x axis towards
the origin. In the path of tail robots move, there is no other robot will be present
as P4 and Py, are true. So after the movement of tail robot, P;; will be true and

stage 7 terminates. O

Stage-8 Input: Py N\ Py is true.
If head robot is in gather team then it will not move. So then Fj is true. But if
it belongs to T4, then it moves to upward and then to the position of head;qyge:-

Aim: After the movement of head then Py is true.

Theorem 4.9. If we have an asymmetric configuration C in stage 8 at time t

then by the move of head robot, stage 8 terminates and Py is true.

Proof. When in stage 8, then head robot if is in team gather then F, is already
true. As head will not move in this case. But if head is in 74, then in this stage
all the other robots are in their destination points without the head robot. As
already P4 is true, and there are |7, > 2), so here by the move of head robot

Py, remains true. As the pattern will be form with respect to the (0, 2) point, so
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head will upward and then move to its destination point. If After the movement

of head robot, Py becomes true. [

So after completing these stages P, and P; conditions will be true. No collision
will occur during the movement of robots throughout the algorithm. So the gath-
ering and arbitrary pattern formation will be done by the robots simultaneously
on an infinite grid by oblivious robots.

The proposed algorithm is depicted in the flowchart in fig 4.6. Starting from any
configuration where = F, from the diagram fig 4.6 each directed path starting from
the node where —F, ends at the node where F, is true. Hence we can conclude

the theorem.

Theorem 4.10. Gathering and Arbitrary pattern formation are solvable in ASYNC

by Taps and T, robots from any asymmetric initial configuration.

4.5 Concluding Remarks

In this work, we claim that by our algorithm two different teams of robots can
simultaneously gather and form an arbitrary pattern on an infinite rectangular
grid. A robot only knows that in which team it belongs to between gathering
and APF. To our knowledge in a grid network, this is the first work where two
different tasks are performed simultaneously by two different teams of robots.
Here we assume the grid is infinite and the visibility is full. So for further work,
we can extend this work by assuming limited visibility and also when the grid is

finite.



Chapter 5

Gathering of Finite Memory
Robots on a Circle under Limited
Visibility

In swarm robotics, robots achieving some tasks with minimum capabilities is the
main focus of interest. In the last two decades, there is a huge research interest
in robots working on coordination problems. It is not always easy to use robots
with strong capabilities for real-life applications, as making these robots is not
at all cost-effective. If a swarm of robots with minimum capabilities can do the
same task then it is effective to use swarm robots rather than using robots with
many capabilities, as designing these robots of the swarm is very much cheaper

and simple than making robots with many capabilities.

The gathering is a very vastly studied problem by researchers. This is one of the
fundamental tasks of autonomous robots in the distributed system. The gathering
problem requires n robots that are initially positioned arbitrarily must meet at a
single point within finite time. Note that the meeting point is not fixed initially.
When there are two robots, then this task is called rendezvous. It is not always
easy to meet at a point by very weak robots in the distributed system. So, it
is challenging to design a distributed algorithm to gather some robots that are

inexpensive and with fewer capabilities.

In this work, we investigate the gathering of robots on a circle. The robots are on

81
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a perimeter of a circle of fixed radius and they can only move along the perimeter
of that circle. Here the robots have limited visibility which means each robot can
see only the points on the circle that have an angular distance strictly smaller
than a constant 6 from the robot’s current location, where 0 < 6 < w. Here
angles are expressed in radians. This problem becomes trivial if a unique leader
can be chosen who remains the leader throughout the algorithm. But even with
chirality, electing a unique leader is not so much trivial even when the robots
can not see only one point on the circle. Also even if a unique leader is elected,
making sure that the leader remains the leader throughout the execution of the
algorithm is another challenge that has to be taken care of. This challenge makes
this problem quite nontrivial and interesting. Here we investigate the gathering
of robots in an asynchronous scheduler on a circle with limited visibility with
FST A robots.

5.1 Robot Model

In the problem, we are considering the FST.A robot model. The robots are
anonymous and identical, but not oblivious. Robots have finite persistent mem-
ory. Robots cannot communicate with each other. Robots have weak multiplicity
detection capability, i.e., robots can detect a multiplicity point, but cannot deter-
mine the number of robots present at a multiplicity point. All robots are placed
on a circle of fixed radius. The robots agree on a global sense of handedness.
All robots move at the same speed and their movement is rigid. Robots oper-
ate in Look-Compute-Move cycle. In each cycle, a robot takes a snapshot of
the positions of the other robots according to its own local coordinate system
(Look); based on this snapshot, it executes a deterministic algorithm to deter-
mine whether to stay put or to move to another point on the circle. (Compute);
and based on the algorithm the robots either remain stationary or make a move
to a point (Move). We assume that robots are controlled by a fully asynchronous
adversarial scheduler (ASyYNcC). The robots are activated independently and each

robot executes its cycles independently. This implies the amount of time spent in
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look, compute, move, and inactive states are finite but unbounded, unpredictable,
and not necessarily the same for different robots. We assume that the look and
compute phase together in an LCM cycle of a robot is not instantaneous. The
robots have no common notion of time. Here the initial configuration is asym-
metric. Robots have limited visibility which means a robot cannot see the entire
circle. Let a and b be two points on a circle C, then the angular distance between
a and b is the measure of the angle subtended at the center of C by the shorter
arc with endpoints a and b. A robot has visibility 7, which means that it can see

all the other robots which are with angular distance less than 7.

5.2 Our contribution

Under full visibility, gathering on a circle by robots in an asynchronous scheduler
is not so difficult when robots agree on a global sense of handedness. But exclud-
ing one point from visibility makes the gathering problem a bit difficult. Here
we have proposed an algorithm solving the gathering of robots on a circle with
FSTA robot model under ASYNC scheduler and visibility 7. The work that is
most related to our work is done by Di Luna et al. [46]. In their work, they have
shown that robots on a circle can not gather if the visibility is less or equal to
5 and provided an algorithm under SSYNC scheduler with OBLOT robots con-
sidering a robot’s having 7 visibility. In their given algorithm, a robot can cross
its neighbor’s position. But for an asynchronous scheduler, it is not possible.
By crossing the neighbor’s position two multiplicity points may be created at an
angular distance 7 under the asynchronous scheduler. So the configuration can
become symmetric. So motivated by this if we want to extend this work, the first
challenge is to design an algorithm where OBLOT robots can gather at a point
on the circle under ASYNC scheduler. But to design that, it has to be made sure
that if two multiplicity points are formed, the angular distance between them
must not be 7. Finally from that two multiplicity points, all robots gather at a
point. But as the visibility is 7, a robot can not distinguish whether its antipodal

exists or not. In the OBLOT model, with an asynchronous scheduler, it may
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happen that two antipodal robots decide to move by an algorithm. But we can
not allow two antipodal robots to move to their neighbors’ positions in the same
direction, as neighbors also can be antipodal. If any one robot moves clockwise,
but not to its neighbor’s position or counterclockwise then, as the robots are
oblivious, they can not distinguish whether its antipodal existed or not, in the
initial configuration. So, it is not easy to design such an algorithm where all
robots finally gather at a point on the circle with oblivious robots, maintaining
the asymmetric configuration. Now, if a robot has finite memory it can distin-
guish by its state. So we consider here the FST .4 model where robots have finite
persistent memory. However, we only compromise the obliviousness of the robots

to get the liberty of asynchronous scheduler.

However, we do not consider a general asynchronous scheduler. Because if two
robots are at angular distance 7 and if the time taken to complete the look and
compute phase is instantaneous then by considering FST A robots it may happen
that a robot can not distinguish whether there exists a robot outside its visibility
or not. Precisely, we assumed that in the LCM cycle of a robot, it takes a
nonzero time (non instantaneous) to finish its look and compute phase together.
If an algorithm can be designed that works under asynchronous scheduler by
introducing finite memory, it would be of great practical interest as equipping
robots with memory is not at all hard or much costlier. In this work, our main
achievement is that, by equipping the robots with finite memory, we have gained
a deterministic gathering algorithm that works under asynchronous scheduler. So

this assumption is fairly realistic in a practical scenario.

5.3 Definitions and preliminaries

Definition 5.1 (Configuration). A configuration is a pair (C,, f,) where C, is
the set of all points on the circle and f, : C, — {0,1,2} is a function defined as:

0 if there is no robot on x
fp(x) =< 1 if there is exactly one robot on x (5.1)

2 if there is more than one robot on x
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Definition 5.2 (Rotationally Symmetric Configuration). A configuration with
no multiplicity point is said to be rotationally symmetric if there is a nontrivial

rotation with respect to the center which leaves the configuration unchanged.

Definition 5.3 (Antipodal robot). A robot r is said to be an antipodal robot if
there exists a robot ' on the angular distance 7 of the robot. In such a case, r

and 1’ are said to be antipodal robots to each other.

Note that a robot that is not antipodal is said to be non antipodal robot.

Definition 5.4. Let r' and r" be two robots in a configuration positioned at dis-
tinct positions. Then cwAngle(r', ") (ccwAngle(r',r")) is the angular distance

from r'" to r" in clockwise (counter clockwise) direction.

Definition 5.5 (Angle sequence). Let r be a robot in a given configuration with
no multiplicity point and let ri,ro,...,7, be the other robots on the circle in

clockwise order. Then the angular sequence for robot r is the sequence
(cwAngle(r,ry), cwAngle(ry, re), cwAngle(ra, r3), . . ., cwAngle(r,, r)).

We denote this sequence as S(r). We further denote the sub sequence
(cwAngle(r,ry), cwAngle(ry, re), cwAngle(ry, r3), . . ., cwAngle(r;_1,7;))

of S(r) as S(r,r;). Further, we call cwAngle(r,r1) as the leading angle of r.

Note that as the configuration is initially rotationally asymmetric, by results from

the paper [46] we can say that all the robots have distinct angle sequences.

Definition 5.6 (Lexicographic Ordering). Let @ = (ay, ..., a,) andb = (by, ..., by)
be two finite sequences of reals of same length. Then a is said to be lexicograph-
tcally strictly smaller sequence if a; < by or there exists 1 < k < n such that
a; = b; foralli =1,2,....k and a1 < bry1. a s said to be lexicographically

smaller sequence if either a = b ora is lexicographically strictly smaller sequence.

Definition 5.7 (True leader). In a configuration, a robot with the lexicographi-

cally smallest angular sequence is called a true leader.
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If the configuration is rotationally asymmetric and contains no multiplicity point,
there exists exactly one robot which has strictly the smallest lexicographic angle
sequence. Hence, there is only one true leader for such a configuration. Since
a robot on the circle cannot see whether its antipodal position is occupied by a
robot or not. So a robot can assume two things: 1) the antipodal position is
empty, let’s call this configuration Cy(r) 2) the antipodal position is nonempty,
let’s call this configuration C(r). So a robot r can form two angular sequences.
One considering Cy(r) configuration and another considering C;(r). The next
two definitions are from the viewpoint of a robot. If the true leader robot can
confirm itself as the true leader, we call it Sure Leader. If the true leader or some
other robot has an ambiguity of being a true leader depending on the possibility
of Cy(r) or C(r) configuration, then we call it Confused Leader. There may be
the following possibilities.

e Possibility-1: Cy(r) configuration has rotational symmetry, so C(r) is the

only possible configuration.

e Possibility-2: C(r) configuration has rotational symmetry, so Cy(r) is the

only possible configuration.

e Possibility-3: Both Cy(r) and C1(r) has no rotational symmetry, so both

Co(r) and Ci(r) can be possible configurations.

Definition 5.8 (Sure leader). A robot r in a rotationally asymmetric configura-
tion with no multiplicity point is called Sure Leader if v is the true leader in Cy(r)

and Cy(r) configurations.

Note that, the Sure leader is definitely the true leader of the configuration. Hence
at any time if the configuration is asymmetric and contains no multiplicity point,

there is at most one Sure leader.

Definition 5.9 (Confused leader). A robot r in a rotationally asymmetric con-
figuration with no multiplicity point is called a Confused Leader if both Cy(r) and
C1(r) are possible configurations and r is a true leader in one configuration but

not in another.
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Definition 5.10 (Follower robot). A robot in an asymmetric configuration with
no multiplicity point is said to be a follower robot if it is neither a sure leader nor

a confused leader.

Definition 5.11 (Expected leader). A robot in an asymmetric configuration with
no multiplicity point is said to be an expected leader if it is not a follower robot.

That is, an expected leader is either a sure leader or a confused leader.

Note that the above definitions are set in such a way that the sure leader (or, a
confused leader or, a follower robot) can recognize itself as a sure leader (or, a

confused leader or, a follower robot).

Definition 5.12. For two robots r and v’ situated at different positions on the
circle such that cwAngle(r,r’) = 6 we define [r,r'] as the set of points x on the
circle such that 0 < cwAngle(r,x) < 0 and (r,r") as the set of points x on the
circle such that 0 < cwAngle(r,z) < 0.

Definition 5.13. Let r be a robot in a configuration, then another robot ri is
said to be situated at the left of r if cwAngle(r,m) > 7 and said to be at right if
cwAngle(r,ry) < .

Note that, the true leader of the configuration can become a confused leader and
a robot other than the true leader can also become a confused Leader. The next

results lead us to find the maximum possible number of expected leaders.

Proposition 5.1. Let (ay,...,a;) be the angular sequence of the true leader, say
ro, in a rotationally asymmetric configuration with no multiplicity point. Then

there cannot be another robot v with all of the following properties.

1. " is at left side to rg,
2. S(r',rg) = (a1, az,...,a;),

3. First i angles of S(ro) respectively are ai,as,...,a;—1 and a;.
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Proof. We prove this result by contradiction. If possible let there be such a robot
r’. Then note that S(ro) is @ = (a1,...,a;, Gip1, ..., Ax_i, a1, ..,a;) and S(r’)
is ap = (a1,...,Q;,01,...,0;,Q41,...,05—;). Since ry has the strictly smallest
angular sequence, so a; is the smallest angle in the configuration and also a;,; <
ay, which leads to a;11 = a;. Next, we show that a; = a;42. Since the a
is strictly the smallest angular sequence so a;1o < as. If a;19 < ag, then the
angular sequence (@;i1,...,0x_i, a1, ...,0;,a1,...,q;) is smaller than a, which is
a contradiction. Hence as = a;15. Therefore by a similar argument, we can show
that a,y; = a; for j = 3,...,7. Now if 2¢ = k then we see that a = a;, which
contradicts the fact that the configuration is rotationally asymmetric. Otherwise,
proceeding similarly we can show that ag;y; = a;, for j = 1,2,...,i. Repeating
the same argument we can show that ap,y; = a;, for j = 1,2,...,4. Since there
are finitely many angles, so after finite number of steps we must end up having
that k = ¢ti where t > 2 and a = a3 = (a4,...,a;,a1,...,a;...,0a1,...,a;), which

is again a contradiction. O

Next, we state a simple observation in the following Proposition 5.2.

Proposition 5.2. Suppose there is a rotationally asymmetric configuration with
no multiplicity point where the true leader is o, then on including a robot, say
r, on the circle at an empty point without bringing any rotational symmetry, the

true leader of the new configuration must be in [ro,7].

For a confused leader r, there may be two possibilities. The first one is when
r is a true leader in Cy(r) configuration, but not in Ci(r). The second one is
when 7 is a true leader in C}(r) configuration, but not in Cy(r). We show that
the second possibility cannot occur. We formally state the result in the following

Proposition.

Proposition 5.3. If a robot r is a confused leader in asymmetric configuration
with no multiplicity point, v is the true leader in Cy(r) configuration but r is not

the true leader in Cy(r) configuration.

From Proposition 5.3 one can observe that if the true leader of an asymmetric

configuration with no multiplicity point is a confused leader then its antipodal
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position must be empty. And also, if a robot, which is not the true leader of
the configuration, becomes a confused leader then its antipodal position must be

non-empty. We record these observations in the following Corollaries.

Corollary 5.0.1. In a rotationally asymmetric configuration with no multiplicity
point if the true leader of the configuration is a confused leader then its antipodal

position must be empty.

Corollary 5.0.2. In a rotationally asymmetric configuration with no multiplicity
point if a robot other than the true leader becomes a confused leader then its

antipodal position must be non-empty.

Proposition 5.4. Let C be a rotationally asymmetric configuration with no mul-
tiplicity point and L be the true leader of the configuration, then another expected
leader r of C must satisfy cwAngle(L,r) > .

Proof. 1f possible let there be another expected leader r such that cwAngle(L,r) <
7. Since r is not the leader of the configuration, so » must be a confused leader.
Hence from Proposition 5.3 we have that r is true leader in Cy(r) configuration
and L is the true leader of C(r) configuration. This contradicts the Proposi-
tion 5.2.

O

Result 5.1. For any given rotationally asymmetric configuration with no multi-

plicity point, there can be at most one confused leader other than the true leader.

Let C be a rotationally asymmetric configuration with no multiplicity point. Then
C will have a true leader and from above Proposition 5.2 there can be at most
one more confused leader. Hence we can have the following four exhaustive cases
for C.

1. C has exactly one expected leader and that is a sure leader.
2. C has exactly one expected leader and that is a confused leader.

3. C has exactly two expected leaders and both are confused leaders.
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4. C has exactly two expected leaders. One of them is a sure leader and another

one is a confused leader.

The Fig. 5.1 and Fig. 5.2 give the existence of all four above cases. For the third

case, we observe two properties in the following Propositions.

SL cL
CL %

Figure 5.1: In the left figure only one sure leader (SL) and the right figure two
confused leaders (CL) in the configuration.

cL SL
cL
Figure 5.2: In the left figure only one confused leader (CL) and the right figure one
sure leader (SL) and one confused leader (CL).

Result 5.2. If for a rotationally asymmetric configuration with no multiplicity

point if there are two confused leaders then they cannot be antipodal of each other.

Proof. Let p and g be two confused leaders of a rotational asymmetric configura-
tion with no multiplicity point. Now one of p and ¢ must be the true leader of the

configuration. Without loss of generality let p be the leader of the configuration.
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Then from the Corollary 5.0.1 antipodal position of p must be empty. Hence

another confused leader ¢ cannot be at the antipodal position of p. O

Result 5.3. If for a rotationally asymmetric configuration with no multiplicity
point if there are two confused leaders then their clockwise neighbors cannot be

antipodal to each other.

Proof. 1f possible let the clockwise neighbors of two confused leaders be an-
tipodal to each other. Let L be the true leader of the configuration and r be
another confused leader. Then from Proposition 5.4 and Result 5.2 we have
cwAngle(L,r) > m. Then the leading angle of L becomes strictly greater than
the leading angle of r (Figure 5.3). This contradicts the fact that L is the true

leader of the configuration. O

T

Figure 5.3: An image related to Result 5.3

5.4 Proposed Algorithm

In this section, we describe the proposed algorithm that works for asynchronous
robots with finite memory. The initial configuration is rotationally asymmetric
and the robots are at distinct points on the circle. Each robot has 7 visibility,
which means, a robot cannot see its antipodal position. Each robot can move
at a uniform speed on the arc of the circle. The proposed algorithm is provided
in the Algorithm 1. Before discussing this algorithm, we define a safe clockwise

neighbor.
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Definition 5.14 (Safe neighbor). Suppose r is an expected leader which is con-
fused and s is the first clockwise neighbor of r. The robot s is said to be a safe
neighbor of r if the first clockwise neighbor of the true leader of Cy(r) configuration

s not antipodal to s.

Discussion of the Algorithm: Robots are initially dispersed on distinct points
of a circle and the initial configuration is rotationally asymmetric. Robots have
limited visibility. A robot cannot see its antipodal position. As the initial config-
uration is rotationally asymmetric, each robot has distinct angle sequences. On
getting activated a robot r first checks whether it is the only robot in its visibility.
If yes, then it moves 7/2 angle clockwise. Otherwise, it looks for a multiplicity
point. If there is any multiplicity point in the visible configuration then there
are two possibilities. Possibility number one, r itself is located at a multiplic-
ity point, and possibility number two is not located at a multiplicity point. If
r is not located at a multiplicity point, and one of the multiplicity points is a
clockwise or anticlockwise neighbor of 7, then r moves to the closer multiplicity
point. Suppose r is located on a multiplicity point. For such a case, if there is
another multiplicity point other than where r is located, and that multiplicity
point is at a clockwise distance less than 7 then r» moves to that multiplicity
point. Next, if there is no multiplicity point in the visible configuration, then it
decides whether it is an expected leader or a follower robot. If r is a follower
robot then, it does nothing. If r is a sure leader and its state is off, then it
moves to its first clockwise neighbor. If r is a confused leader then it checks its
state. If its state is terminate then it does nothing. If its state is off then there
are several cases. Case-I: If the first clockwise neighbor of r is safe, then r» moves
to its neighbor’s position. Case-II: If the first clockwise neighbor of r is not safe
and Cy(r) configuration has another confused leader other than r, then r does
nothing. Case-III: If neither of Case-I or Case-II holds then r changes its state

to moveHalf and moves 6/2 angular distance clockwise.

Now suppose, on getting activated, r is at the state moveHalf. If the first clock-

wise neighbor of r, say 7/, is not antipodal then r changes its state to terminate
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and does not move. Otherwise, let s be the robot at the antipodal position of
r" and the leading angle of r is /2. Then if there is a robot visible to r in the
arc [s — %R, s+ 2R) (let R is the radius of the circle) then r changes its state
to terminate and move /2 angular distance counterclockwise. If 7’ is antipodal
and there is no robot visible to r in the arc [s — gR, 5+ gR), then r changes the

state to moveMore and moves #/4 angular distance clockwise.

Next, suppose on getting activated, r is at the state moveMore. If the first clock-
wise neighbor of 7, say 7/, is not antipodal, then r changes its state to terminate
and does not move. Otherwise, let s be the robot at the antipodal position of
r" and the leading angle of r is /4. If there is a robot visible to 7 in the arc
[s — 2R, s+ %R), then r changes its state to terminate and move 30/4 angular
distance counterclockwise. If r’ is antipodal and there is no robot visible to r
in the arc [s — %R, s+ %R), then r changes the state to off and moves at the

position of its first clockwise neighbor.

Note that, according to the definition of sure leader (confused leader, follower
robot), a robot can identify itself whether it is a sure leader (confused leader,

follower robot) or not.

Now, we formally present the proposed algorithm in the form of a pseudo code
(Algorithm 1). Next, we categorize an initial configuration that is rotationally

asymmetric with no multiplicity points in the following:

e Configuration-A: Only the expected leader is the true leader of the config-
uration. If the expected leader is a confused leader then its clockwise first

neighbor is safe.
o Configuration-B: There are two expected leaders in the configuration.

— Configuration-BI: when the confused leader which is not the true

leader, finds its clockwise first neighbor safe.

— Configuration-BII: when the confused leader which is not the true

leader, finds its clockwise first neighbor unsafe.
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Algorithm 1: Gathering algorithm for visibility =

1 The algorithm is executed by a generic robot r with initial state off;
Input: The set of points occupied by robots visible to r

Output: Destination point for robot r

if there is a robot visible then

2

3 if there is no multiplicity point then

4 if if the robot r has state off then

5 if the robot r is the sure leader then

6 ‘ move to its clockwise neighbor’s position;

7 else if the robot r is a confused leader then

8 if the clockwise first neighbor of r is safe then

9 ‘ move to the position of its clockwise first neighbor ;

10 else if Cy(r) configuration does not have another confused leader

other than r then
11 0 + leading angle of r ;
12 change the state to moveHalf and move % angular distance
clockwise ;

13 else if the robot r has the state moveHalf then

14 0 + 2 x leading angle of r;

15 s < the antipodal position of r;

16 if clockwise neighbor of r is non antipodal then

17 ‘ change the state to terminate;

18 else if there is no robot in the arc [s — gR, s+ gR) then

19 change the state to moveMore;

20 move g angular distance clockwise;

21 else if there is a robot in the arc [s — %R7 s+ gR) then

22 change the state to terminate;

23 L move g angular distance counterclockwise;

24 else if the robot r has the state moveMore then

25 0 + 4 x leading angle of r;

26 s < antipodal position of r;

27 if clockwise neighbor of r is non antipodal then

28 | change the state to terminate;

29 else if there is no robot in the arc [s — 34—9R, s+ %R) then

30 change the state to off;

31 move to the position of its clockwise first neighbor;

32 else if there is a robot in the arc [s — 3R, s + 9R) then

33 change the state to terminate;

34 L move % angular distance counterclockwise;
35 else if there is a multiplicity point but the robot r is not at any multiplicity point

then

36 if its clockwise or counter-clockwise neighbor is a multiplicity point then
37 L Move to the closer multiplicity point;
38 else if Only visible position is a multiplicity point then

39 if clockwise angular distance from the multiplicity point is < 7/2 then
40 L Move to the multiplicity point;
a1 else

42 L Move 7 distance in clockwise direction;
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e Configuration-C: One expected leader which is a confused leader, sees that

its clockwise first neighbor is not safe.

5.5 Correctness and the Main Results

We will prove that, if all robots are initially placed on a rotationally asymmetric
configuration with no multiplicity point then, execution of Algorithm 1 ensures
that all robots eventually meet at a point within finite time and no longer move
under the asynchronous scheduler. First, we show that, from the initial con-
figuration, within finite execution of Algorithm 1, at least one and at most two
multiplicity points will be created by robots. Then, from a configuration with one
or two multiplicity points, the robots eventually gather at one of the multiplicity

points and do not move further.

Lemma 5.1. If the initial configuration is of type configuration-A, then within

finite execution of Algorithm 1, at least one multiplicity point will form.

Proof. In the initial configuration, let L be the only expected leader which is
either a sure leader or, a confused leader, that finds its first clockwise neighbor
safe. Then from the Algorithm 1, L moves to its clockwise neighbor, say, s.
All robots other than L in the initial configuration are follower robots. If on
activation, a robot recognizes itself as a follower robot, then it does not move.
Therefore, until L starts its move towards s, no other robot will move. Also,
we claim that s does not decide to move on activation until L finishes its move.
Thus, if the claim is correct, a multiplicity point will form where s is located, in

the initial configuration.

To prove the above claim, let’s consider a moment when L is moving toward s
and s gets activated. At this moment, the leading angle of L is strictly smaller
(not even equal) than the leading angle of s, and s can see the leading angle of
L. Hence, at this moment, s remains a follower, and s does not decide to move

while L is moving. O]
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Lemma 5.2. If the initial configuration is type configuration-B, then after finite

time execution of Algorithm 1 at least one multiplicity point will form.

Proof. Let in the initial configuration there be two expected leaders. Then there
are two possibilities, either there is one sure leader and one confused leader or,

there are two confused leaders.

One sure leader and one confused leader: Let L and r be respectively the
sure leader and confused leader in the initial configuration. Let s and 7’ be the

first clockwise neighbors of L and r respectively.

Case-I (When L starts moving first) In this case, if the sure leader L, gets
activated, when the confused leader has not started moving, the robot L moves
where s is located. If L starts moving first then the leading angle of L remains
strictly smallest at any point of time after the move (because the speed of each
robot is the same) until L reaches s. The leading angle of L is visible to s, and
s remains a follower robot until L reaches s. Hence, s does not move when L is

approaching it. Thus, a multiplicity point is formed where s is located initially.

Case-II (When r starts moving first or simultaneously with L) In this case, if
r starts moving first then it moves clockwise at a distance depending on r finds

its clockwise neighbor safe or not.

Case-1IA (When r finds its first clockwise neighbor safe) In this case, r starts
moving towards 7’ in the clockwise direction. There can be two possibilities,
either the leading angle of r is equal to that of L or, greater than that of L. For
the first case, L and r must not be antipodal to each other. While r is moving
the leading angle of r remains the smallest angle in the configuration (even if L
starts moving simultaneously with 7). Hence, r’ remains a follower robot until
r reaches r’. So, a multiplicity point is formed where r’ is located in the initial
configuration. For the second case, the leading angle of L is visible to 7/, which is
strictly smaller than its own leading angle. Hence, ' remains a follower robot and
remains static when r is approaching " until L moves and creates a multiplicity

point at the location of s.
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Case-1IB (When r finds its first clockwise neighbor unsafe) There are two pos-
sibilities in this case; (1) robot L wakes up before r starts moving (2) robot L
wakes up after r starts moving. For the first possibility, we show that a multi-
plicity point will be formed where s is located. Here, according to the proposed
Algorithm, r only moves in the major arc joining the initial position of the r
and r’. All the follower robots except s can see the leading angle of r which
is the strictly smallest angle at the time. Also, for the robot s, it can see the
leading angle of L. So except L, no robot moves when r is moving in the major
arc joining the initial position of r and 7' until a multiplicity point is formed.
Hence, when L moves to s a multiplicity point must be formed. Now consider
the second case, when r starts moving before L wakes up for the first time. In
this case, r moves g angle clockwise turning its state to moveHalf, where 6 is
the leading angle of r in the initial configuration. While making this move if L
gets activated then it identifies itself as a follower robot because the leading angle
of r is strictly smaller than that of L. And for a similar reason as discussed in
the previous case, no other initial follower robot also moves. After finishing the
move, when r next time gets activated, L robot is visible to r (If condition in line
23 is true), then it returns to its initial positions turning its state to terminate.
Hence the initial configuration is restored and further on waking up r does not
do anything, as it becomes a confused leader with the state terminate. After
the initial configuration is restored, when L wakes up, it moves to s forming a

multiplicity point there.

Two confused leaders: Let L and r be two confused leaders in the initial
configuration such that, L is the true leader of the configuration. Then first we
show that r must find its clockwise first neighbor to be safe. From Proposition 5.2,
we have that L and r are not antipodal of each other. And from Proposition 5.4,
we have cwAngle(L,r) > m. Thus, the first clockwise neighbors of r and L
cannot be antipodal to each other. Since L is the true leader of the present
configuration, so C1(r) is the present configuration. Hence, from the definition
of the safe neighbor, the first clockwise neighbor of r is safe. If L starts moving

first (this happens when L finds its first clockwise neighbor safe), then using a
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similar reason as used in Lemma 5.1 a multiplicity point will be formed where s
is located initially. If r starts moving first, then 7’ can see both the leading angles
of L and r, so unless L forms a multiplicity point at the location of s, 7’ does not

move while r is approaching it.

]

Lemma 5.3. If the initial configuration is type configuration-C, then after finite

time execution of Algorithm 1 at least one multiplicity point will form.

Proof. When the initial configuration is of type configuration-C then the only
expected leader, say r, is a confused leader with its first clockwise neighbor, say

s, not safe. In this case, the confused leader r changes its state to moveHalf
0
2
antipodal position of s be s’. Observe that after r starts its move, s’ robot may be

and moves 5 angle clockwise where 6 is the leading angle of r initially. Let the
elected as a confused leader as s’ cannot see the angle cwAngle(r, s). As r is the
true leader of the configuration even when it is moving, for ', r is also the true
leader in the configuration C}(s’). Thus, s’ finds its first clockwise neighbor as
safe. Suppose, before the next activation of r, s’ starts moving then the clockwise
first neighbor, say s”, can see the leading angle of r which is smaller than that
of s’. Hence s” does not move while s approaches it. Thus a multiplicity point is

formed where s” is initially located. Next, suppose s’ does not move until r gets
0
4
clockwise. Similarly, if before the third activation of r, s’ starts moving, then a

activated next, then by the condition of line 20 in algorithm 1, » moves 7 angle
multiplicity point is formed where s” is located initially. Otherwise, on the third
activation, by line 31 of algorithm 1, » moves to its first clockwise neighbor. Now,
throughout this, s can see the leading angle of r, so it does not move unless it
sees a multiplicity point somewhere else. Hence, a multiplicity point is formed

where s is located initially when 7 reaches there. O]

Theorem 5.1. Let C be a rotationally asymmetric configuration with no multi-
plicity point, then after finite execution of Algorithm 1 at least one multiplicity

point will be created.
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s ' s
r '
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T

Figure 5.4: Movement of one confused leader (r) in type configuration-C where initial
color of r is of f, blue color indicates moveHalf and red color indicates moveMore

Proof. Let C be a rotationally asymmetric configuration with no multiplicity
point. Then there can be three exhaustive possible configurations, Configuration-
A, Configuration-B, and Configuration-C. From lemma 5.1, lemma 5.2, and

lemma 5.3 we can say that, for any of these configurations, at least one multi-

plicity point will form. O

Lemma 5.4. From any rotationally asymmetric configuration with no multiplic-
ity point, within finite execution of Algorithm 1, the robots can form at most two

multiplicity points, and then all robots gather at a point on the circle.

Proof. From Theorem 5.1, we can say that at least one multiplicity point will
form by the robots on the circle. We will now show that, from any rotationally
asymmetric initial configuration with no multiplicity point, at most two multi-
plicity points will be formed by finite execution of Algorithm 1. From the two

multiplicity points all robots will eventually gather at a point on the circle.

Configuration-A

Suppose the initial configuration is of type Configuration-A. Then the initial
configuration contains only one expected (true) leader, say L. The expected
leader is either a sure leader or a confused leader who finds its clockwise first
neighbor safe to move. Let s be the clockwise first neighbor of L. Let r be the

robot (if exists) antipodal to L. On getting activated, L starts moving toward
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s. In the initial configuration, all robots but L are follower robots so, they don’t
move until L has not started moving. While L is approaching s, the leading angle
of L is the strictly smallest angle in the configuration, because the moving speed
of each robot is the same, and in the initial configuration, the leading angle of L
is the smallest angle of the configuration. While L is approaching s, the leading
angle of L is also visible to s. Hence, s remains a follower robot and does not
move, while L is moving toward s. Thus, a multiplicity point will be formed

where s is located.

Now, we investigate the possible location where another multiplicity point will be
formed. If the antipodal position of s is empty in the initial configuration, then
all robots can see the leading angle of L, when L is moving toward s. Thus, all
robots except L remain followers and do not move until L reaches s. Hence, only
one multiplicity point is formed at the location of s, and also, all robots can see
the multiplicity point. After the formation of the multiplicity point, according to
the proposed algorithm (line 35 — 37 in algorithm 1), the neighbor robots of the
multiplicity point reach their location one by one. Hence, after a finite time, all

robots gather at the multiplicity point.

Now, suppose, the antipodal position of s is occupied by a robot say, r’. Note
that, there cannot be any robot in the interval (r,7’) in the initial configuration,
otherwise L wouldn’t be the true leader of the initial configuration. Now, when
L is moving toward s, only 7’ cannot see the leading angle of L. So r’ can become
an expected leader, precisely, a confused leader at this time. Also, if v’ becomes
a confused leader then it must find its first clockwise neighbor, say s', safe to
move. Hence, ' might decide to move toward s’. Thus, a multiplicity point can
be formed where s is located in the initial configuration. Since s and s are not
antipodal to each other, the two formed multiplicity points cannot be antipodal
to each other. The rest of the robots only move to reach a multiplicity point,

thus no new multiplicity point is formed.

Next, we show that, if the multiplicity point formed first at the location of s
then it always remains a multiplicity point. As we discussed, s does not decide

to move if it is activated while L is approaching s. Also, after the formation of
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the multiplicity point at s, neither L nor s moves from that position. A robot
getting activated while located at a multiplicity point only decides to leave the
multiplicity point through the proposed algorithm (the line 38—40 of algorithm 1).
But the if condition at line 42 is not true for a robot situated at the multiplicity
point formed at the initial position of s, because the other possible multiplicity

point is at more than 7 distance from it.

Except for 7/, all robots can see the leading angle of L when L is approaching
s. And after a multiplicity is formed, all robots but ' can see the multiplicity
point at s, and we show that this multiplicity point remains. So, none of these
robots will move with the intention to form a new multiplicity point. They only
move with the purpose of reaching a multiplicity point. Now, the only robot that

might move to form a multiplicity point is r’.

If v moves to form a multiplicity point then after the move either a multiplicity
is formed where s’ is located in the initial configuration, or before ' reaches, s’
decides to move at the multiplicity point where s is located. So, for the latter
case, the multiplicity point is not ultimately formed at the initial location of s'.
And only one multiplicity point is formed at s which is visible to all the remaining
robots. So all the robots are gathered after a finite time. Now, for the former
case, two multiplicity points will be formed. The multiplicity point at s is visible
to all because the antipodal position is vacated when r’ moves from there. But
the other multiplicity point might not be visible by a robot, say s”, situated
at the antipodal position of s’. But anyway, all the robots eventually reach a
multiplicity point. Here, cwAngle(s’,s) < 5. So, if a robot at the multiplicity
points s’ is activated it reaches s. Now for the robot at s”, since the multiplicity
point at s is closest to s”, so after finite time it reaches there as well. Hence after

a finite time, all robots gather at the location of s.

If v does not move to form a multiplicity point then all robots but 7’ can see
the multiplicity point at s. They all move to the multiplicity point eventually.
If ¥ does not move at all while all the robots are approaching the multiplicity
point, then after all the robots reached the multiplicity point at s, then for »/,

else condition at line 42 of the algorithm becomes true. Then it moves 7 and
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after the move when it wakes up it can see the multiplicity point. And then it

will reach the multiplicity point which completes the gathering.

Configuration-B

One sure leader and one confused leader: Let L and r be respectively the
sure leader and confused leader of the initial configuration. Let the first clockwise
neighbors of L and r be s and ' respectively. Let [ be the location of L in the

initial configuration.

Case-I: (When r sees its first clockwise neighbor safe) Let first L and r are not
antipodal. Leading angles of » and L may be equal or not. Let first the leading
angles are not the same. In this case, the position of » must be in the antipodal
of s. So if L starts its move first, in that current configuration r remains an
expected leader, and its neighbor is safe. So r moves to its clockwise neighbor.
Here without r, all followers can see the angle cwAngle(L, s). So, when L starts
its move, then cwAngle(L, s) is strictly the smallest angle of the configuration.
So, no other follower robots will move except r until a multiplicity point is formed
at s. Now, let r start its move first, then it may happen that L is either elected
as a sure leader or, becomes a follower. So if L is elected as a sure leader and
starts its move then two multiplicity points will form. Here, without s and the
antipodal position of r/, all followers can see the leading angle of r, but s and »’

will not move as it can see the robot L as leader.

If leading angles are the same then r may or may not be in the antipodal of s.
Let r is at the antipodal of s. So, if L starts its move first, then in that current
configuration, r will be elected as confused leader. So when it moves to its safe
neighbor, two non antipodal multiplicities are formed. But, if r starts its move
first, and after that L wakes up then L will not be an expected leader. Now, if
L wakes up earlier but does not start its move then two multiplicity points will
form when it moves. Also, if r is not at the antipodal of s, then » and L both
can see the leading angle of each other. So, if anyone starts their move and after

that, the other one wakes up, then the other one will not be an expected leader.
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Thus if both L and r are in the move phase then they move to their neighbors

forming two multiplicity points.

If L and r are antipodal but the neighbors are safe (i.e neighbors are not antipo-
dal) then if L starts its move earlier, and after that r wakes up, then r will not be
a confused leader. But if r is in the move phase then, when it reaches its neighbor,
two non antipodal multiplicity points will form. If r starts its move earlier then
L may become a follower or confused leader. So if L is elected as an expected
leader, and its neighbor is safe then two multiplicity points will form. But after
r starts its move it may happen that L is elected as a confused leader and L sees
that its neighbor is unsafe. Then L will change its state to moveHalf and move
to the middle of its leading angle. But as r is in its move phase, so it will reach
r’. Now, when L wakes up next, it will see its neighbor is not antipodal. So L
changes its state to terminate. In that case, only one multiplicity will form. We
can conclude that in all the above mentioned cases, if two multiplicity points are
formed, they are not antipodal.

Observe that in all the above cases, if two multiplicity points are formed then
they are exactly at the position s and . If only one multiplicity point is formed
at the position between 7’ or s then all the followers will move to that position,
and finally gathering of robots will occur at that multiplicity point. It may hap-
pen that there exists a robot in the antipodal position of that multiplicity point.

Then either that robot cannot see any robot or it may be elected as an expected

™
27
the multiplicity point. If it is elected as an expected leader then it will move to

leader. If it cannot see any robot, it will move clockwise %, and then it can see
its neighbor and so two multiplicity points are formed which are visible to each
other. From these two multiplicity points finally, robots gather at the initially
formed multiplicity point. If both the two multiplicity points are formed, they
are not antipodal so they are visible to each other. Then the follower robots
will move to a multiplicity point that is nearest to them. So, finally there exist
only two multiplicity points in the configuration and as the clockwise distance of
r’ is smaller with the other multiplicity point at s, robots at r’ finally move to
the position at s. Within this move, if a robot sees more than two multiplicity

points then it will wait until it sees two multiplicity points in the configuration.
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So finally all robots gather at position s.

Case-II: (When r sees its first neighbor is unsafe) Before discussing this case

we first establish an observation.

Let r1 and r5 be two robots where r; is moving clockwise, and r, takes a snapshot
at an LCM cycle when ry is at the antipodal position of 75 in its move. Let ry
decide to move an angular distance 6 clockwise. Since we assumed that for a
robot, the Look and Compute phase together in an LCM cycle takes a nonzero
time, so if 1 keeps on moving throughout the LCM cycle of 7, then r; travels an

angle that is strictly greater than 6.

When r sees its first neighbor is unsafe, then it will move to the midpoint of its
leading angle changing its state to moveHalf. After this move, if r can see the L
robot, it will move back to its initial position by changing its state to terminate.
But if in the current configuration, r cannot see the L robot then L must be in
the antipodal of . So, r changes its state to moveMore, and move to the midpoint
of its leading angle of that current configuration. From the above observation,
we can conclude that after completing this move, r can see either the robot L
at the antipodal arc (i.e., the arc from [ to the location of s in the clockwise
direction) of its leading angle or a multiplicity point at s. So r changes its state
to terminate, and it will stop at that position. Thus, in this case, only one
multiplicity point will form when the L robot moves to its neighbor s. So from
this one multiplicity point, the gathering of robots will occur at s, in the same

manner as we mentioned above in case-I.

Two confused leaders: Let L be the confused leader which is the true leader
of the configuration. r be another confused leader of the configuration. s and r’
be the first clockwise neighbors of L and r respectively. Let A be the antipodal
position of L and B is the antipodal position of s. We show in Proposition 5.2
that L and r cannot be antipodal of each other. The position of r will be in [B, L),
and r cannot be in (A, B). If r is in (A, B) then, as it is confused its antipodal
must exist, but that antipodal position will be in (L, s) which is a contradiction

as s is the first clockwise neighbor of L. We show in lemma 5.2 that r will find
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its clockwise first neighbor safe. When L sees its clockwise neighbor is not safe
and in its Cy(L) configuration another confused leader exists, then L will not
move. But if L also sees its clockwise neighbor is safe then it will move to its
clockwise neighbor. So as we have discussed thoroughly in the above case-I, either
one or two multiplicity points will form on the circle. So from that one or two
multiplicity points all robots finally gather at a point on the circle similarly as

we argued above in case-I.

Configuration-C

If the initial configuration is C, then initially the configuration contains only one
expected leader, say r. The expected leader is a confused leader, and it finds
its first clockwise neighbor unsafe. In this case, according to our algorithm, r
first decides to move clockwise 6/2 distance after changing its state to moveHalf,
where @ is the leading angle of r initially. Let 7’ be the clockwise first neighbor
of r. First, suppose the antipodal position of 7’ is unoccupied initially. After
r starts its move, the leading angle of r is visible to all and, it is the strictly
smallest angle in the configuration. Thus, while this move is on and till when
r gets activated next time, all other robots remain followers, and thus do not
move. Next, when r gets activated, according to the proposed algorithm, r again
moves clockwise an angular distance 6/4, changing the state to moveMore. While
this move is going on, still the leading angle of r is visible to all and, it is the
strictly smallest angle in the configuration. Thus, while this move is on and till
when r gets activated next, all other robots remain followers. Thus they do not
move. Next, when r gets activated, according to the proposed algorithm, » moves
to its first clockwise neighbor. Thus, one multiplicity point is formed where r/
is located. This multiplicity point is visible to all the remaining robots. Hence,
following the proposed algorithm, all robots eventually gather at this multiplicity

point.

Secondly, let the antipodal position of 7’ is occupied by a robot, say s. Then while
r is moving, s can get activated and become a confused leader. Then s decides to

start its move. When r gets activated, it changes its state to moveHalf and starts
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to move clockwise /2 angular distance. While this move is going on, s might
become a confused leader. If so, then s must find its clockwise first neighbor to
be safe. So s would move to its clockwise neighbor. If s does not move at all,
then similarly from the argument of the last paragraph, » moves to its clockwise
neighbor forming a multiplicity point there. Otherwise, if s starts to move, then
if r gets its snapshot, while s is moving, r will find its clockwise neighbor is not
antipodal. Hence, r does not move to form the multiplicity point. And only one
multiplicity point will be formed at the position of the first clockwise neighbor,
say &', of s. If the first multiplicity point is formed at the position of 7/, then
another multiplicity point can be formed at the position of s’. Note that, both

the multiplicity points are not antipodal to each other.

If one multiplicity point is formed, then following the argument from the initial
Configuration, eventually, all robots gather at the multiplicity point. If two
multiplicity point is formed then according to the algorithm eventually, all the
robots reach one of the multiplicity points. Since cwAngle(s’,r’) < m, according
to the proposed algorithm, eventually, robots at the multiplicity point s’, gather
at the multiplicity point where r’ is located. Finally, all robots gather at the
multiplicity point at r’.

O

Hence, we can conclude the following theorem.

Theorem 5.2. There exists a gathering algorithm that gathers any set of robots
with finite memory and m wvisibility from any initial rotationally asymmetric con-

figuration under asynchronous scheduler.

5.6 Concluding Remarks

In this work, we present a gathering algorithm of robots with finite memory on
a circle under an asynchronous scheduler with visibility 7. Robots are initially
at distinct positions on the circle, forming any rotationally asymmetric config-

uration. We assume that each robot has finite persistent memory. For future
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studies on this problem, it will be interesting, if one can give a gathering algo-
rithm when robots are oblivious or the visibility is less than 7. Here we consider
the non-standard asynchronous scheduler, so it will be interesting if one can give

an algorithm under standard asynchronous scheduler.

For oblivious robots, the gathering algorithm of this chapter will not work under
asynchronous scheduler, as the confused leader can not distinguish whether its
antipodal robot exists or not by moving half of the angle with its neighbor. But
we only consider here the clockwise movement of the robots. So if one robot
moves counterclockwise then there may exist a gathering algorithm. But by
the counterclockwise move, it is not easy to design such an algorithm, where
two non antipodal multiplicity points form while maintaining the asymmetric
configuration. So, it is an open problem to show, if there exists any gathering

algorithm with the OBLOT robot model under an asynchronous scheduler.
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Chapter 6

Conclusion

In this chapter, we conclude the thesis by subsuming all the technical results from
the previous chapters and also highlight some interesting directions for future

research.

In Chapter 2, we studied algorithm for ARBITRARY PATTERN FORMATION
(APF) problem on an infinite rectangular grid by a robot swarm starting from any
asymmetric initial configuration in classical OBLOT robotic model. This work
gives an algorithm for the APF problem in OBLOT model which is asymptoti-
cally move optimal. Suppose the dimensions of the smallest enclosing rectangles
of the initial configuration of the robots and the pattern to be formed are re-
spectively m x n and M x N. Let D = max {m,n, M, N} and D' = max{D, k}
where k is the total number of robots, then the algorithm uses total O(D'?) move-
ments to solve the APF problem. Unfortunately the move optimal algorithm in
OBLOT model is not time optimal, so studying for an algorithm in OBLOT,
which is both move optimal and time optimal, could be a possible direction from
this work. Another direction of open problem is, if we consider the symmetric
configuration, then in which types of configuration, we can provide the algorithm

by which arbitrary pattern formation is solvable.

Open Problem 1. Provide deterministic algorithm which is time optimal by
oblivious robots and characterize the symmetric configurations from which ARBI-

TRARY PATTERN FORMATION is solvable on infinite rectangular grid.
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In Chapter 3, we studied the algorithm for ARBITRARY PATTERN FORMATION
(APF) problem on an infinite rectangular grid by a robot swarm starting from
any asymmetric initial configuration in classical LU/ MZ robotic model. This work
proposed algorithm for the APF problem in LU MZ model which is asymptotically
time optimal and move optimal as well. Suppose the dimensions of the smallest
enclosing rectangles of the initial configuration of the robots and the pattern
to be formed are respectively m x n and M x N. Let D = max{m,n, M, N}
and D' = max{D, k} where k is the number of robots, then the algorithm takes
total O(D’) epoch time and total O(D’?) moves to solve the APF problem. The
algorithm in this chapter which is time optimal and move optimal is in LUMZT
model, so studying for an algorithm in OBLOT , which is both move optimal and
time optimal, could be a possible direction from this work. Also another version
of APF problem where the initial or the target configuration of robots can have

multiplicity points can consider for further research.

Open Problem 2. Can ARBITRARY PATTERN FORMATION be solved with
OBLOT robots under asynchronous scheduler which is time and move optimal
on an infinite rectangular grid? Another one open problem is to solve APF by

considering the multiplicity points in the initial or target configuration.

In Chapter 4, in this work, we claim that k oblivious, identical, autonomous robots
are dispersed on the vertices of the infinite rectangular grid and robots can do two
different tasks namely gathering and arbitrary pattern formation simultaneously
on an infinite rectangular grid under the asynchronous scheduler. In this work,
we have provided a collision-less distributed algorithm following which two teams
of oblivious robots with weak multiplication detection ability. Here we assume
that the initial configuration is asymmetric. There are two teams of oblivious
robots where one team is 7, and the other team is T4,¢. A robot only knows to
which team it belongs, but a robot does not know to which team another robot
belongs to. The goal of the robots of 7, is to meet all the robots of this team to
a point on an infinite rectangular grid. Another team is 7a,s where the goal of
this team is to form a particular pattern that is given as input. Here we assume

the grid is infinite and the visibility is full. So for further work, we can extend
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this work by assuming limited visibility and also when the grid is finite.

Open Problem 3. Investigate ARBITRARY PATTERN FORMATION and GATH-
ERING by two different teams of oblivious robots when the visibility is limited and
also in finite grid. Another direction of research involves exploring the capabilities

of robots to perform more than two tasks simultaneously on a grid network.

In Chapter 5, we present a gathering algorithm of robots with finite memory on a
continuous circle under an asynchronous scheduler with visibility 7. Robots are
initially at distinct positions on the circle, forming any rotationally asymmetric
configuration. We assume that each robot has finite persistent memory. For
future studies on this problem, it will be interesting, if one can give a gathering
algorithm when robots are oblivious or the visibility is less than 7w. Here we
consider the non-standard asynchronous scheduler, so it will be interesting if one

can give an algorithm under standard asynchronous scheduler.

For oblivious robots, the gathering algorithm of this chapter will not work under
asynchronous scheduler, as the confused leader can not distinguish whether its
antipodal robot exists or not by moving half of the angle with its neighbor. But
we only consider here the clockwise movement of the robots. So if one robot
moves counterclockwise then there may exist a gathering algorithm. But by
the counterclockwise move, it is not easy to design such an algorithm, where
two non antipodal multiplicity points form while maintaining the asymmetric
configuration. So, it is an open problem to show, if there exists any gathering

algorithm with the OBLOT robot model under an asynchronous scheduler.

Open Problem 4. Investigate GATHERING by OBLOT robots under asyn-
chronous scheduler with © visibility. Another direction is to investigate the gath-

ering of robots when the visibility is less than 7.
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