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Abstract

Rings in which every element is the sum of an idempotent and a unit are said to be
clean rings and this notion was introduced by W.K. Nicholson in the study of exchange
rings. Since then various generalizations of clean rings have been obtained by many
authors. The algebraic theory of semirings has experienced remarkable growth in
recent years. A semiring, which extends the concepts of a ring and a distributive
lattice, has seen significant development. In this thesis we have introduced the concept
of clean semiring and exchange semiring as a generalization of clean ring and exchange
ring. We also aim to shed light on different generalizations of clean semiring. Here
some characterizations of certain classes of clean semirings are studied.

First, the concept of clean semiring and exchange semiring is discussed. The
concept of clean ring was introduced by W.K. Nicholson in his study of exchange rings.
In this thesis we have introduced the concept of clean semiring as a generalisation
of clean ring. A semiring is said to be clean if its every nonzero element can be
written as the sum of an idempotent and a unit. We have studied the notion of clean
semiring and obtained some important characterizations of clean semiring. We have
also studied the notion of exchange semiring and found out the connection between
clean semiring and exchange semiring.

In this thesis, we have introduced and studied the concept of strongly clean semir-
ing. Let S be a semiring. An element a € S is called strongly clean if a = e4+u with
e an idempotent in S and u a unit in S such that eu = ue. A semiring S is said to be
strongly clean if every nonzero element of S is strongly clean. We have mainly studied
the notion of strongly clean semiring and obtained some important characterizations

of strongly clean semiring in connection with exchange semiring, antisimple semiring

11
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and additively regular semiring.

We have also introduced the concept of k-unit clean semiring which generalizes
the notion of clean ring as well as clean semiring. Let S be a semiring with identity
1. An element a € S\ {0} is said to be a k-unit if there exist ry,ry € S such that
1 4+ ria = rea and 1 + ar; = ary. Basically, k-units are the generalization of units in
a semiring with zero element. An element a € S is called k-unit clean if a = e + u,
where e is an idempotent and u is a k-unit of S. A semiring S is said to be k-unit
clean if every nonzero element can be written as the sum of an idempotent and a
k-unit. We have obtained some important characterizations of k-unit clean semiring
in connection with exchange semiring, antisimple semiring and inverse semiring.

Let S be a semiring. An element r € S is said to be k-regular element if there
exist 11,79 € S such that r + rryr = rror. An element a € S is called k-regular clean
if a = e 4+ r, where e is an idempotent and r is a k-regular element of S. A semiring
S is said to be a k-regular clean semiring if every element can be written as the sum
of an idempotent and a k-regular element of S. In this thesis, we have introduced the
concept of k-regular clean semiring which generalizes the notion of clean ring, clean
semiring and k-unit clean semiring. We have obtained some important characteriza-
tions of k-regular clean semiring in connection with antisimple semiring, additively
inverse semiring and zeroic semiring.

Motivated by the work of k-unit clean semiring and clean index of a ring, in this

thesis, we have introduced the concept of k-unit clean index of a semiring S. If

S = be the formal triangular matrix semiring and k-unit clean index of S is
O B

finite then, in this thesis, we have determined k-unit clean index of A and B. Finally,
we have characterized the semirings of k-unit clean indices 1 and 2, with the help of
some other class of semirings.

We have introduced the concept of nil clean semiring. A semiring is said to be
nil clean semiring if every element can be written as the sum of an idempotent and
a nilpotent element. We have obtained some important results of nil clean semiring

in connection with duo semiring, k-duo semiring, exchange semiring, k-semipotent



semiring.

M
O B

be the formal triangular matrix semiring and nil clean index of S is finite then we

We have introduced the concept of nil clean index of a semiring S. If S =

have determined nil clean index of semirings A and B. We have also determined the
relation between nil clean index and k-unit clean index of a semiring S. Finally, we
have characterized the semirings of nil clean indices 1 and 2, with the help of some

other class of semirings.
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Chapter 1

Introduction

1.1 Introduction

Ring theory plays a role in advanced algebra, both in theoretical exploration and
practical application. Advanced algebra is characterized by its emphasis on the sys-
tematic investigation of abstract algebraic structures. Several works have been done
on different generalizations of ring theory. Among them, the study of semirings has
become a great interest of the recent researchers. The algebraic theory of semirings
has experienced remarkable growth in recent years. A semiring, which extends the
concept of a ring and a distributive lattice, has seen significant development. The
concept of semirings was first introduced by Vandiver in 1934. Semirings are algebraic
structures that are found in various branches of mathematics and computer science.
The study of semirings has evolved since the 1950s and they play a crucial role in
different areas. The set of natural numbers, along with the usual addition and multi-
plication operations forms a semiring. This simple example illustrates how semirings
naturally arise in elementary mathematical structures. On the other hand semir-
ings arise naturally in such diverse areas of mathematics as formal languages and
automata theory, topology, graph theory, coding theory, linear algebra and matrix
theory, commutative ring theory.

The units and idempotents of a ring are key elements determining the structure
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of the ring. A ring R is said to be regular in the sense of von Neumann, if for every
element r € R there exists an element x € R such that r = rzr. A ring R is unit
regular, if for any a € R, a = aua for some unit u € R. Note that if a = aua then
a = eu~! where e = au; conversely if a = eu then a = au~'a. Thus for a unit regular
ring R, a = eu for some idempotent e and unit v in R. In ring theory, there is another
notion of regularity which is known as strongly regular ring. The class of strongly
regular rings is stronger than the class of unit regular rings. An element a € R is
said to be strongly regular if there exists an element x € R such that a = a?z with
ar = za. A ring R is called a strongly regular ring if every element of R is strongly
regular. Equivalently we can say that for a strongly regular ring R, a = ue = eu for
some e? = e and u € U(R) where U(R) is the set of all elements in R. Clean rings are
additive analogs of unit regular rings whereas strongly clean rings are the additive
analogs of strongly regular rings. Hence a ring R is said to be a clean ring if for each
a € R there exist an idempotent e and a unit u in R such that a = e + u and R is
said to be a strongly clean ring if for each for each a € R there exist an idempotent
e and a unit u in R such that a = e + u with eu = ue.

In 1972, R. B. Warfield [4] introduced the concept of exchange ring. Later in 1977,
W. K. Nicholson [7] introduced the concept of clean ring as a subclass of exchange
ring. From the definition of clean ring it is clear that every Boolean ring, division ring
and local ring is a clean ring. But the converse does not hold. After the introduction
of clean ring, in 1999, Nicholson [18] introduced another class of clean ring, named
as a strongly clean ring. He proved that every strongly clean ring is also an exchange
ring.

In this thesis, we have studied the notion of clean rings in a semiring setting. In
[62], we have introduced the notion of clean semiring and exchange semiring as a
generalization of clean ring and exchange ring and in [63], we have introduced the
notion of strongly clean semiring as a generalization of strongly clean ring.

In [11], Adhikari and Sen defined that a semiring S is said to satisfy the condition
(C)iffor all a € S\{0} and for all s € S, there are sy, so € S such that s+s1a = sqa. If

S has an identity 1 then condition (C”) is equivalent to the condition (C), 14+s1a = sqa
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that holds for each a € S\ {0} and suitable s1,s, € S. In [20], Adhikari and Sen
defined a nonzero element, satisfying condition (C'), as the left semi-invertible element.
They defined the right semi-invertible element similarly. According to Adhikari and
Sen a nonzero element is semi-invertible if it is both right and left semi-invertible.
Throughout this thesis, we have renamed the semi-invertible (left semi-invertible,
right semi-invertible) element as the k-unit (left k-unit, right k-unit) element. If S
becomes a ring then the k-unit element becomes a unit element. But in semiring
theory, these two notions are not the same. In this thesis, we have introduced the
concept of k-unit clean semiring as a generalization of clean semiring.

Following the concept of the clean ring, different works have been done by many
authors on the generalization of the clean ring. In 2013, N. Ashrafi and E. Nasibi
[43] introduced the notion of r-clean ring as a generalization of clean ring where they
defined that an element in a ring R is said to be r-clean if it can be written as the sum
of an idempotent and a regular element and R is called r-clean ring if every element
of R is r-clean. In 1951, S. Bourne [1] first introduced the concept of regularity in
semiring theory. According to Bourne, a semiring S is considered regular if, for every
element s € S there exist elements 2/, z” € S such that the equation s + sx”s = sz’s
holds. But in 1970, H. Subramnian [3] defined that a semiring S is Von Neumann
regular if for each z € S there exists y € S such that z = 2%y. In a ring, Von
Neumann regularity and Bourne regularity are the same concept but in a semiring
with absorbing zero element, Von Neumann regularity implies Bourne regularity but
the converse does not always hold. In 1996, Adhikari, sen and Weinert [14] renamed
the notion Bourne regularity of a semiring as k-regularity. In this thesis, we have
introduced the notion of k-regular clean semiring as a generalization of r-clean ring.

After the introduction of clean ring by Nicholson [7], in 2012, T.K. Lee and Y.
Zhou [41] introduced the concept of clean index of rings. They defined for an element
a in aring R, &(a) = {e € R:¢e* = e;a—e € U(R)}. The clean index of R,
denoted by in(R), was defined by in(R) = sup{|&(a)| : a € R}. Taking the concept
of clean index of rings in mind and using the concept of k-unit clean semiring, we

have introduced the concept of k-unit clean index of a semiring in this thesis.
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Among many investigations concerning variants of the clean and strongly clean
properties of a ring, two interesting variants that have grabbed the attention of the
researchers are nil clean and strongly nil clean properties. In 2013, A. J. Diesl [45],
first introduced the notion of nil clean ring and strongly nil clean ring. If a is a
nilpotent element in a ring R then (1 — a) is an invertible element in R. By using
this property, in[45] Diesl proved that every (strongly) nil clean ring is (strongly)
clean. Basically clean ring is a generalization of nil clean ring. Following Diesl, many
authors ([44], [58], [51]) have worked on nil clean and strongly nil clean rings. In this
thesis, we have introduced the notion of nil clean semiring as a generalization of nil
clean ring. In semiring theory, every nil clean semiring is not clean. We have also
provided an example to support this statement.

After the introduction of nil clean ring by Diesl, in 2014, K. D. Basnet and J.
Bhattacharyya introduced the concept of nil clean index of rings. For any element
a in a ring R, they defined n(a) = {e € R : e* = e,a — e € nil(R)} where nil(R)
is the set of all nilpotent elements in R. The nil clean index of R, denoted by
Nin(R) = sup{|n(a)| : @ € R}. Taking the concept of nil clean index of rings in mind
and using the concept of nil clean semiring, we have introduced the concept of nil

clean index of a semiring in this thesis.

The present thesis entitled “Study of Some Aspects of Clean Semirings” has been

carried out to study different types of clean semirings.

1.2 Overview of the Thesis:

The entire thesis comprises eight chapters mentioned below. Unless otherwise stated,
all results of Chapters 2, 3, 4, 5, 6 , 7 and 8 have actually been contributed by the
author of the thesis himself under his Ph.D. supervisor, some of which may be the
upgradation of existing results for semirings.

Chapter 1 : Introduction & Preliminaries

In the first chapter we discuss the background and motivation of this study and
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also present some preliminary definitions and important results which are relevant for
this thesis. We also discuss a brief introductory ideas about the thesis.

Chapter 2 : Clean Semiring

In this chapter, the concept of clean semiring and exchange semiring is discussed.
The concept of clean ring was introduced by W.K. Nicholson in his study of exchange
rings. In this thesis we have introduced the concept of clean semiring as a gener-
alization of clean ring. A semiring is said to be clean if its every nonzero element
can be written as the sum of an idempotent and a unit. We study the notion of
clean semiring and obtain some important characterizations of clean semiring. We
also study the notion of exchange semiring and find out the connection between clean
semiring and exchange semiring.

Chapter 3 : Strongly Clean Semiring

In this chapter, we have introduced and studied the concept of strongly clean
semiring. Let S be a semiring. An element a € S is called strongly clean if a = e+u
with e an idempotent in S and u a unit in S such that eu = ue. A semiring S is said
to be strongly clean if every nonzero element of S is strongly clean. We mainly study
the notion of strongly clean semiring and obtain some important characterizations
of strongly clean semiring in connection with exchange semiring, antisimple semiring
and inverse semiring.

Chapter 4 : On k-Unit Clean Semiring

In chapter 4, we have introduced the concept of k-unit clean semiring which gen-
eralizes the notion of clean ring as well as clean semiring. Let S be a semiring with
identity 1. An element a € S\ {0} is said to be a k-unit if there exist ry,ry € S
such that 1 4+ riya = roa and 1 + ary = ar,. Basically, k-units are the generalization
of units in a semiring with zero element. An element a € S is called k-unit clean if
a = e + u, where e is an idempotent and u is a k-unit of S. A semiring S is said to
be k-unit clean if every nonzero element can be written as the sum of an idempotent
and a k-unit. We obtain some important characterizations of k-unit clean semiring
in connection with exchange semiring, antisimple semiring and inverse semiring.

Chapter 5 : On k-Regular Clean Semiring
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In this chapter, we introduce the concept of k-regular clean semiring which gener-
alizes the notion of clean ring, clean semiring and k-unit clean semiring. An element
r in a semiring S is said to be k-regular element if there exist 71,79 € S such that
r—+rrir = rror. An element a € S is called k-regular clean if a = e 4 r, where e is an
idempotent and r is a k-regular element of S. A semiring S is said to be a k-regular
clean semiring if every element can be written as the sum of an idempotent and a k-
regular element of S. We obtain some important characterizations of k-regular clean
semiring in connection with antisimple semiring, inverse semiring and zeroic semiring.

Chapter 6 : On k-Unit Clean Index of Semirings

A semiring is called k-unit clean (resp. uniquely k-unit clean) semiring if every
nonzero element can be (resp. uniquely) expressed as the sum of an idempotent and
a k-unit. Motivated by the work on k-unit clean semiring, we introduce the concept
of k-unit clean index of a semiring S. Fora € S,let £(a) ={e € S:e?=¢, a=e+u,
for some u € Ug(S)}, where Uy (S) is the set of all k-unit elements in S. We denote
the k-unit clean index of S by indy(S) and we define this by indy(S) = sup{|{(a)] :

a€ St IfS= be the formal triangular matrix semiring then we show
O B

that indy(A) < indi(S) and ind,(B) < indi(S). Finally, we characterize semirings
of k-unit clean indices 1 and 2.

Chapter 7 : Nil Clean Semiring

In this chapter, we have introduced the concept of nil clean semiring. The concept
of nil clean ring was introduced by A.J. Diesl in 2013. A semiring is said to be nil clean
semiring if every element can be written as the sum of an idempotent and a nilpotent
element. We obtain some important results of nil clean semiring in connection with
duo semiring, k-duo semiring, exchange semiring, k-semipotent semiring. We also
define nil clean index, nin(S), of a semiring S.

Chapter 8 : On Nil Clean Index of Semirings

Motivated by the work of nil clean semiring, in this chapter we have introduced
the concept of nil clean index of semiring. We have obtained some results related to

nil clean index of a semiring and established a connection between k-unit clean index
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and nil clean index of a semiring. Finally, we have characterized the semirings of nil

clean indices 1 and 2, with the help of some other class of semirings.

1.3 Preliminaries & Prerequisites

In this section, we recall some definitions and results of semirings which we use in

this thesis.

Definition 1.3.1. [17] A non-empty set S with two binary operations +’ and ‘.’ is
said to be a semiring if
(i) (S,+) is a commutative semigroup,
(17) (S,.) is a semigroup,
(1ii) a.(b+c) = a.b+ a.c and
(iv) (b+c).a =b.a+ c.a for all a,b,c € S.

A semiring S is called a semiring with zero element ‘0’ if a + 0 = 0+ a = a and
0a=al0=0forallacs.

A semiring S is called a semiring with identity ‘1’ if 1.a = a.1 = a for all a € S.

A semiring may or may not have a zero and an identity element.

Unless otherwise stated, a semiring (S,+,.) will be denoted simply by S and
multiplication ‘.” will be denoted by juxtaposition.

By the product AB of two non-empty subsets A and B of a semiring S, we mean

the set {> a;b; : a; € A,b; € Bn € N},
i=1

Definition 1.3.2. [19] A semiring (S,+,-) is said to be commutative if (S,-) is

commutative.

Definition 1.3.3. Let (S,+,.) be a semiring with zero element 0°. A subset T of S
is a subsemiring of S if (i) 0 € S, (ii) for any t1,to € S = t; +13 € S and t1t5 € S.

Definition 1.3.4. [16, 24] Let S be a semiring and I be a nonempty subset of S.
Then I is said to be a left ideal (resp. right ideal) of S if (i) a1,a0 € I = a;+as € I,
(17) sa € I (resp. as € I) for all s € S and for all a € I. On the other hand, I is
said to be an ideal of S if it is both a left ideal and a right ideal of S.
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If S is a semiring with zero element 0" and I is a left ideal or a right ideal or an
itdeal of S, then 0 € I.

Let a be an element in semiring S and 0 € S. Then Sa = {sa:s € S} (aS = {as :
s € S}) becomes a left ideal (resp. right ideal) of S. The left ideal (resp. right ideal)
generated by a z'sndeﬁned as (a)y ={sa:se S} UJ{na:neN}J{sa+na:se€Sne

N} where na:Za ((a), ={as:se€ S} U{na:n e N} U{as+na:s e S ,neN}).

i=1
Definition 1.3.5. [17] For each left ideal (resp. right ideal, ideal) I of a semiring S,
the k-closure I of I is defined by

I={a€S:a+a;=ay for someay,ay €I}

A left ideal (resp. right ideal, ideal) I of a semiring S is said to be a left k-ideal (resp.
right k-ideal, k-ideal) of S if I = 1.

Definition 1.3.6. If S is a semiring with identity element 1 and a € S, then it can
be easily verified that (a); = Sa = {sa : s € S}. We define this ideal as a principal
left ideal generated by a. Similarly we define principal right ideal generated by a. If
S is a commutative semiring then (a) = (a); = (a),. We define this ideal as principal

ideal generated by a

Definition 1.3.7. Let S be a semiring with identity 1” and a be an element in S.

Define the principal left k-ideal generated by a as

a_)l:%:{bES:b+31a232af07"80m631,32ES}

—~

Similarly, principal right k-ideal generated by a is defined as
(a), =aS ={b€ S:b+as; = as, for some s1,5, € S}

If S is a commutative semiring then

. We define this ideal as principal k-ideal generated by a.
Unless otherwise stated we consider a semiring (.5, +, .) with zero element ‘0" and

identity element ‘1’ throughout this thesis.
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Lemma 1.3.8. [19] If I and J are two left k-ideals (resp. right k-ideals, k-ideals) of
S then I N J is also a left k-ideal (resp. right k-ideal, k-ideal) of S.

Definition 1.3.9. [17] Let A be a non-empty subset of a semiring S. Then the k-
closure of A, denoted by A, is defined as : A= {a € S:a+b=c for someb,cc A}.

Definition 1.3.10. [35] A semiring S is said to be left subtractive if every left ideal
of S is k-ideal i.e. if I is a left ideal of S such that for v,y € S; x+yel andx €l
then y € 1.

Similarly, we define right subtractive semiring. A semiring S is said to be sub-

tractive if it is both left and right subtractive.

Lemma 1.3.11. [17] Let S be a semiring. Then for any two non-empty subsets A, B
of S, we have the following :
(i) ACA, (ii) AC B=> AC B, (iii) A=A and (iv) AB = A B.
Definition 1.3.12. [11] A proper (left, right) k-ideal I of a semiring S is called a
maximal (left, right) k-ideal of S if there is no proper (left, right) k-ideal J of S
satisfying I C J C S.

We denote Jacobson radical of a semiring S by Ji(S) and it is defined as the

intersection of all maximal left k-ideals of S

Definition 1.3.13. [19] Let S be a commutative semiring. A proper ideal P of S is
said to be a prime ideal of S if ab € P implies that either a € P or b € P.

An ideal P is said to be a prime k-ideal of S if P is a prime ideal of S as well as
P=P.

Definition 1.3.14. [35] A semiring S is said to be left artinian (left k-artinian)
semiring if for every descending chain of Iy O I, O I3 D ......... left ideals (left k-
ideals) there exists a positive integer n such that I; = I, for all i > n. Similarly, we
define right artinian (right k-artinian) semiring analogously.

A semiring S is said to be artinian (k-artinian) semiring if it is both left artinian

(left k-artinian) and right artinian (right k-artinian).
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Definition 1.3.15. Let (S,+,.) and (5',+,.) be two semirings with zero elements
0s, 05 and identity elements 1g, 1 respectively. Then a mapping f : S — S’ is said
to be a semiring homomorphism if f(x +vy) = f(x) + f(y), f(zy) = f(x)f(y) for all
z,y €5, f(0s) =05 and f(1ls) = 1.
A homomorphism f : S — S’ is said to be an epimorphism if ‘ f’ is surjective.
A homomorphism f : S — S’ is said to be a monomorphism if ‘ f is injective.
A homomorphism f : S — S’ is said to be an isomorphism if ‘ f’ is both injective

and surjective.

Definition 1.3.16. Let {S;}ic; (where I is an index set) be a family of semirings.

Then the direct product S = H S; is a semiring with respect to two binary operations
icl

(xi)i + (yi)i = (xi +yi)i and (2:)i(yi)i = (xivi)i, where (2;); = (x1,22,..., 24, ...) and

(Yi)i = (Y1, Y25 s Ui, --) for all (z;)i, (vi)i € .

Definition 1.3.17. [19] A semiring S is called an additively cancellative semiring if
a+b=a+c=b=c foralla,b,ceS.

An element a of a semiring S is left multiplicatively cancellable if and only if
ab = ac only when b = c for any b,c € S. Right multiplicatively cancellable elements
are similarly defined. An element of S is multiplicatively cancellable if it is both
left and right multiplicatively cancellable. A semiring S is said to be [left, right]
multiplicative cancellative if every nonzero element of S is [left, right] multiplicatively

cancellable.

Definition 1.3.18. [19] A non-zero element “a” of a semiring S is said to be a zero

divisor if there exists Og # b € S such that ab = Og.

Definition 1.3.19. [20] A semiring S is said to be a semidomain if for any a,b € S,
ab = 0g tmplies that either a = 0g or b = 0g.
In other words, a semiring is said to be a semidomain if it does not contain any

zero divisor.

Definition 1.3.20. [19] An element a in S\{0} is called a unit element if there exists

an element b € S such that ab = ba = 1. We denote the set of all unit elements of a
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semiring S by U(S). A semiring S is said to be a division semiring if every non-zero

element a € S is a unit. A commutative division semiring is called a semifield.

Definition 1.3.21. [20] Let S be a semiring. An element a € S\ {0} is said to be a
left k-unit (right k-unit) if there exist r1,79 € S (s1,89 € S) such that 1 + ria = ra
(1+as; = asy). An element a € S\{0} is said to be a k-unit if it is both left and right
k-unit. We denote the set of all k-unit elements of a semiring S by Ux(S). Let S be
a commutative semiring. Then S is called a k-semifield if every non-zero element of

S is a k-unit.

Theorem 1.3.22. 20/ If a € S\ {0}, 1 + ria = ma and 1 + as; = asy hold for
suitable r; and s; € S, then there exist r,s € S such that 1 4+ra = sa and 1+ ar = as

hold.

Example 1.3.23. [20] Let S = N{ be the set of all non-negative integers. Define two
operations + and . on S by a+b = maz{a,b} and a.b= usual multiplication in S for

all a,b € S. Then (S,+,.) is a k-semifield since its every nonzero element is k-unit.

Theorem 1.3.24. [20] If a,b € S\ {0} satisfy the relations
(D14 ra =rya, 1+ ary = ary;
(2)1 + 510 = s9b, 1 4 bsy = bsy; where ry,r9, 81,59 € S
then 1+ xab = yab and 1 + abx = aby hold for suitable x,y € S.

Definition 1.3.25. [10] Let S be a semiring and E*(S) denotes the set of all additive
idempotent elements in S i.e. EF(S)={a € S:a+a=a}.
A (left, right) k-ideal I of S is said to be a full (left, right) k-ideal of S if ET(S) C I.

Definition 1.3.26. [19/ Let S be a semiring. Then the center of S, denoted by Z(S5),
is defined by Z(S) = {z € §: xzy = yx for all y € S}.

Now we define different class of semirings.

Definition 1.3.27. [3] An element ‘a’ of a semiring S is said to be reqular if there
exists an element x € S such that a = axa. A semiring S is said to be reqular if every

element of S is reqular.
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Definition 1.3.28. A semiring S is called strongly reqular if for every elementr € S

there exist x,y € S such that v’z =r and yr> =r

Proposition 1.3.29. A semiring S is strongly reqular if and only if for each element

r € S there exists some element z € S such that rzr =r with rz = zr.

Proof. Let S be a strongly regular semiring and r € S. Then there exist x,y € S such
that r2z = r and yr? = r. Thus yr?x = yr and yr’z = rz i.e. ro = yr. This implies

that rar = ryr = r. Let z = rz?. Then rzr = r(ra?)r = r?z%r = r’zer = rar = r.

Now rz = r(ra?) = r*z?> = (r?z)z = rx and hence zr = (ra®)r = (ra)(ar) =
(yr)(xr) =y(rar) =yr =rz =rz.

Converse follows from definition. O]

Definition 1.3.30. Let S be a semiring. An element e € S is said to be an idempotent
element if €* = e.

An idempotent e € S is said to have a complement in S if there exists an idem-
potent ey in S such that e +e; = 1.

An idempotent e € S has an absorbing complement in S if there exists an idem-
potent ey € S such that e +e; =1, e+ see; = e and e; + ejes = ey forall s € S.

An idempotent e € S has a strong absorbing complement in S if there exists an
idempotent e; € S such that ey is an absorbing complement of e and ee; = eqe.

An idempotent e € S has an orthogonal complement in S if there exists an idem-
potent ey in S such that e + e, =1 and ee; = e1e = 0.

We denote the set of all idempotent elements in a semiring S by 1d(S).

A semiring S is said to be a Boolean semiring if x> = x for all x € S.

Definition 1.3.31. /5] A semiring S is called an inverse semiring if (S, +) is an
inverse semigroup, i.e. for each a € S there exists a unique element a’ € S such that

a+d +a=aandd +a+d =d.

There are some properties for an inverse semiring S which are as follows :
(x+y) =2"+y =y +2, (/) =z and zy = (zy) =2’y for all z,y € S.
A commutator [x,y] of an inverse semiring S is defined by [z,y] = 2y + ¥z =

xy +ya' for x,y € S.
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An inverse semiring S is called centroid semiring if for every a € S, (a 4 @) is in
the center of S i.e. (a+a')b="0b(a+d’) for all b e S.

An inverse semiring S is called additively absorbing semiring if a + (a + a')b = a
for all a,b € S.

An inverse semiring S is said to be an additively absorbing centroid semiring if it

is a centroid semiring as well as additively absorbing semiring.

Definition 1.3.32. [2// Let S be a semiring. A left S-semimodule is a commutative
monoid (M, +) with additive identity O for which we have a function S x M — M,
denoted by (A, ) — Ao and called scalar multiplication, which satisfies the following
conditions for all s1,s9 € S and my,my € M :

(1) (s182)m1 = s1(samy), (i7) s1(mq + mg) = symy + syme, (1ii) (s1 + s9)my =

symy + semy, (1v) Imqg = myq, (v) $10 = 0y = Omy.

Right S-semimodules are defined in an analogous manner. Unless otherwise stated
in this thesis, S-semimodules will always mean left S-semimodules. If R and S are
semirings then an (R, S)-bisemimodule (M, +) is both a left R-semimodule and right
S-semimodule satisfying the additional that (rm)s = r(ms) for all m € M, r € R
and s € S. If M is a S-semimodule then it is in fact an (.S, Z(5))-bisemimodule with
scaler multiplication defined by m.s = sm. In particular, if S is commutative then
any S-semimodule is an (S5, S)-bisemimodule.

A S-semimodule M satisfying the condition that for every element m € M there

exists an element m’ € M satisfying m +m’ = 0, is a left S-module.

Definition 1.3.33. [19] A nonempty subset N of a S-semimodule M is a subsemi-
module of M if and only if N is closed under addition and scalar multiplication. This
implies Oy € N. Subsemimodules of right S-semimodules and subbisemimodules are

defined analogously. A subsemimodule which is an S-module is a submodule.

Let T' be a nonempty subset of an S-semimodule M. Then the intersection of all

subsemimodules of M containing 7" is a subsemimodule of M called the subsemimod-

i=1

k
ule generated by T" and it is denoted by ST, where ST = {Z Ati A eSt;eT keN

}.
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If T = {t,ts,....,t,} then ST = {Z Nti =\ € S,t; € T}. If M = ST then M

i=1
is called finitely generated S-semimodule.
Definition 1.3.34. [19] A S-semimodule M s the direct sum of subsemimodules N
and N’ of M if every element m of M can be uniquely written as m = n +n', where

n € N andn' € N' and it is denoted by M = N @ N'. In this case we also say that

N s a direct summand of M.

Definition 1.3.35. [19] A nonzero S-semimodule M is indecomposable if and only if
there do not exist nonzero subsemimodules N and N' of M satisfying M = N @ N'.

An S-semimodule which is not indecomposable is decomposable.

Definition 1.3.36. [17] Let M be a S-semimodule. Let U # () a subset of M. Then
U is called linearly independent (over S) ifz QU = Z Buu for oy, B, € S and any

uelF ueF

finite subset F' # () of U implies o, = B, for all w € F. The subset U of M is called
a basis of M if U is linearly independent and generates M. Moreover M is called free

S-semimodule if M has a basis.

Definition 1.3.37. [35] A subsemimodule sK of a semimodule sM is said to be a
subtractive semimodule if for allm,m’ €g M, that m+m’,m € K impliesm’ € ¢K;

sM s said to be subtractive semimodule if it has only subtractive subsemimodules.

A M
Definition 1.3.38. [19, 24] Let S = , where A and B be two semirings and
O B

M be the AMpg bi-semimodule. Then S becomes a semiring with respect to usual matriz

ay m az m ajaz  aymg +mib
addition and multiplication defined by ! ! 2 I Rt 172
0 bl 0 b2 0 blb2

for all a1,a9 € A, by,by € B and my,me € M. The semiring S is called formal

triangular matrix semiring.

Definition 1.3.39. ([14], [54]) A semiring S is called a k-regular semiring if for each

a € S there exist x,y € S such that a + ara = aya.

Example 1.3.40. The semiring defined in FExample 1.3.23, is a k-reqular semiring.
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Remark 1.3.41. A regular semiring S is also a k-reqular semiring but the converse
is not true, in general. Suppose a semiring S is reqular and a € S. Then there exists
x € S such that a = axa. This shows that a + aya = axa + aya for any y € S.
So a + aya = a(x + y)a that is a + aya = aza, where z = x +y. This shows that
S is k-regular. But if we consider Ezample 1.3.23 , we can check that (N§,+,.) is

k-regular but not reqular.

Definition 1.3.42. [50] If S is a commutative semiring with identity element, then

S is called a semidomain if ab =0, a,b € S implies a =0 or b = 0.

Definition 1.3.43. [54] An element e € S is said to be k-idempotent (or almost
idempotent) if € + e = €*. If every element of a semiring S is k-idempotent or

almost idempotent then S is called k-idempotent or almost idempotent semiring.

Definition 1.3.44. [38] Let S be a semiring. An element a € S is said to be nilpotent
if a* = 0 for some positive integer k. The least positive integer k satisfying a* = 0
is called the milpotent index of a. A semiring is called nil if every element of the
semiring is nilpotent. We denote the set of all nilpotent elements by N(S).

A semiring S is called a reduced semiring if S has no nonzero nilpotent element.

Definition 1.3.45. An element a in a semiring S is right w-regular if there exists
x € S such that a® = a"'x for some integer n > 1. The left w-reqular is defined
analogously. An element a € S is called strongly m-reqular if it is both left and right
m-reqular. A semiring S is called strongly w-regular semiring if every element of S is

strongly mw-reqular.

Definition 1.3.46. [19] A semiring S is called a simple semiring if 1 +a =1 for all

a€es.

Definition 1.3.47. [17] A semiring S is called a mono-semiring if a + b = ab for all
a,bes.

Definition 1.3.48. [19] Let S be a semiring. Let us define P(S) = {0} U {r +1:

r € S}. Then P(S) is a subsemiring of the semiring S. A semiring S is said to be an
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antisimple semiring if S = P(S). A semiring S is said to be semi-antisimple if every
nonzero non k-unit element s can be written as s = s +1 for some s’ € S. If S has

no nonzero non k-unit element then S is also called semi-antisimple (vacuously).

Definition 1.3.49. Let S be a semiring and I be a k-ideal of S. Now define a relation
kr on S such that akib <= a + 11, = b+ iy for some 11,15 € I. Then k; becomes
a congruence relation on S and it is known as Bourne congruence relation. Let S/I
denotes the set of all congruence classes with respect to k; and we denote |aly, = (a+1)
as the congruence class of a for any a € S. Hence S/I = {(a+ I)la € S}. Now S/I
becomes a semiring with respect to the operations (a + 1)+ (b+1) = (a+b) + I and
(a+I1)b+1)=ab+ I for all a,b € S. This semiring is called quotient semiring.

Now we introduce some basic notes about lattices, there is a relation between
lattices and semirings as we see in future, e.g. lattices help us to provide a good
example for semirings which satisfies some conditions. All of the definitions and facts

in this section can be found in [9].

Definition 1.3.50. A nonempty set L together with two binary operations \V and N
(read “join” and “meet” respectively) on L is called a lattice if it satisfies the following
identities: L1: (a) xVy=yVax (b) x ANy =yAx (commutative laws)

L2: (a) xV (yVz)=(xVy Vz(b)zA(yAz)=(xAy)Az (associative laws)

L3: (a) xVao=x (b) x Nx =z (idempotent laws)

Lj: (a) 2V (zANy)=x (b) x A (xVy)=x (absorption laws) for all x,y,z € L.

Definition 1.3.51. A binary relation < defined on a set A is a partial order on the
set A if the following conditions hold identically in A:

(1) a<a (it) a<aandb<a implya=">. (1ii) a < b and b < c imply a = ¢

If in addition for every a,b € A (iv) a < b or b < a then we say that < is a totally

order relation A.

Definition 1.3.52. A nonempty set P with a partial order relation < is called a

partial order set or poset, denoted by (P, <).
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If a,b in a poset(P, <) such that a < b, we say a and b are comparable. Two

elements of a poset may not be comparable.

”

Example 1.3.53. The set of natural numbers N, under less than or equal “ < 7 is a

poset.
Example 1.3.54. The set of natural numbers N, under divisibility is a poset.

Example 1.3.55. Let A be any nonempty set and P(A) denotes the power set of A,
i.e. the set of all subsets of A. Then “C” is a partial order relation on A. Hence

(P(A), Q) is a poset.

Example 1.3.56. The set of real numbers R with usual ordering “<” is a totally

ordered set.

Definition 1.3.57. Let A be a subset of a poset P, a € P is an upper bound of A, if
x <a foralxe A An elementp € P is the least upper bound of A or supremum of
A (supA) if p is an upper bound of A and a <b for every a € A implies that p < b.
similarly, we can define what it means for p to be a lower bound of A and for p to be

the greatest lower bound of A also called the infimum of A (infA).

Definition 1.3.58. A poset L is a lattice if and only if for every a,b € L both
sup{a,b} and inf{a,b} exist in L.

The two definitions 1.3.50 and 1.3.58 of a lattice are equivalent in the following
sense: (1) If L is a lattice by the first definition, then define < on L by a < b if
and only if @ = a Ab. (2) If L is a lattice by the second definition, then define the
operations V and A by a V b = sup{a,b} and a A b = inf{a,b}.

The details of the proof has been given in [9]

Example 1.3.59. Let us consider the subset of natural numbers L = {1,2,3,6}.
Define two binary operations V and A on L by aVb = lem(a,b) and aNb = gcd(a,b).
Then (L,V,N) forms a lattice as it satisfies the identities: L1-Lj.

From Definition 1.3.58 the next Theorem follows
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Theorem 1.3.60. Let L be a poset, then L is a lattice if and only if every nonempty
finite subset of L has sup and inf.

Theorem 1.3.61. [9] Let L be a lattice, then for any x,y,z € L, we have
(i) zA(yVz)>(xAy)V(xA:z).
(1)) zV(yANz) < (xVy A(zVz2).

Definition 1.3.62. A distributive lattice is a lattice which satisfies either of the dis-
tributive laws: D1: x A(yV z) = (x Ay) V(T A z)
D2:xVv(yNz)=(zVy) AN(zVz), for any x,y,z € L.

Theorem 1.3.63. [9] A lattice L satisfies D1 if and only if it satisfies D2.

Definition 1.3.64. A lattice (L,V, ) is a bounded lattice if there exist constants
0,1 € L satisfying the following:

(D)azAl=zandxV1=1 foralzel,

(2) cAN0=0andxV 0=z forallz € L.

Example 1.3.59 is a bounded lattice since 6 is the greatest element and 1 is the
least element of L. Moreover, L is a bounded distributive lattice.

6

1
Hasse diagram of lattice L

Definition 1.3.65. [9] Let L be a bounded lattice and x € L. An element y € L is
called a complement of x if t Ny =0 and xVy =1. L is called complemented lattice

if every element has a complement.
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Example 1.3.66. Example 1.3.59 is a complemented lattice, since it is a bounded

lattice and every element has a complement.

In the follwing section we introduce some basic concepts of cyclic monoids. All of

the definitions and facts in this section can be found in [39, 13].

Definition 1.3.67 ([13, 39]). A monoid M, which can be generated by a single el-
ement is called cyclic monoid i.e. (M,4+) be a cyclic monoid if for a € M, M =
{naln € N§} =< a >, where 0a = 0, the identity of M. There are two types of
cyclic monoids, finite and infinite cyclic monoid. If there is no repetitions in the
list {0,a,2a,....,na,...} then (M,+) becomes infinite cyclic monoid and isomorphic
to (Ng,+). Let (M,+) be a finite cyclic monoid. Now there are two cases:

Case-1 ma = 0 = Oa for some natural number m. Then M becomes a cyclic
group.

Case-1I na # 0 for any natural number n. Then the set {x e N: (3 y € N) za =
ya,x # y} is non-empty and so has a least element. Let us denote the least element
by m and call it index of the element a. Now the set {x € N : (m+x)a = ma} is non-
empty and so it too has a least element r which we call the period of a. Thus (m+r)a =
ma. Hence ma = (m+r)a =ma+ra = (m+r)a+ra = (m-+2r)a which implies that
ma = (m + qr)a for all ¢ € N§ Let m +r =1 where r € N. Hence ma = (m + r)a.
By the minimality of m and r we may deduce that 0,a,2a,.....,ma,...,(m +1r — 1)a
are all distinct. Let s > m. Fither s—m > r ors—m < r. Ifs—m < r
then s = mm+ 1,.....m +r — 1. If s —m > r then by division algorithm, it
follows that s = m +qr +u, ¢ > 0 and 0 < u < (r — 1). Hence in this case
sa = (m+qr+ua=(m-+qr)a+ua=ma+ua=(m+u)a. Thus M =< a >=
{0,a,2a,...,ma,..(m+r—1)a}. Hence | < a > |=m-+r which is also the order of a.
It is also proved in [13] that the subset K, = {ma, (m+1)a, (m+2)a, ....... , (m+r—1)a}
of M is formed a cyclic group.

An example of a cyclic monoid with generator ¢ is the monoid defined on the set

{icli € {0,1,2,....k +n — 1}} by means of the following addition rules:
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eict+jc=(i+j)cifi+j<k+n;
eictjc=[k+rem(i+j—kn)lcifi+j>k+n;
e Oc =0 is the identity.

We refer to this monoid as Cy . Clearly Cy,, is cyclic monoid with generator c.

Theorem 1.3.68. (Characterization of cyclic monoids) [39]: Every cyclic monoid is

isomorphic with either (N, +) or Cy.,, for some k,n € N§, n > 0.

Remark 1.3.69. If we think of Cy,, in the following way, the reason for the name
cyclic becomes clear. First there is the beginning piece of the monoid consisting of
0,c¢,2¢,......kc. Then comes the cyclic part consisting of ke, (k+1)c, (k+2)c, ...... , (k4
n—1)c, (k+n)c = ke. At the end of the list we are back to the element kc. After that
the cyclic part repeats itself : (k+n+1)c=(k+1)c,(k+n+2)c=(k+2)c,......

We list some properties of the cyclic monoids C ,

o |Cin| =Fk+n.

e For every m € N§ with m > 0, there are precisely m nonisomorphic cyclic
monoids with m elements, viz, C,,_; for k =1,2,3,...,m.

o If £ > 0, then no element of Cj, but 0 is invertible.

e In Cy, every element is invertible (in other words, Cy,, is a cyclic group of order

Remark 1.3.70. Let (M,+) be a finite cyclic monoid and E*(M) be the set of all
idempotent elements in M. Then from Theorem 1.3.68 it follows that |E™(M)| =
|E(Cyn)| for some k,n € N§, where n > 0. Hence |ET(M)| = 1 when k in the
monoid, C,, equals to 0 and |ET(M)| = 2 when k > 0.
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Clean semiring

2.1 Introduction

In the last several years, there has been a growing interest in developing the alge-
braic theory of semirings and their applications in different branches of mathematics,
computer science, quantum physics and many other areas of science. Semirings are
certainly the most natural generalization of rings and bounded distributive lattices.
Investigating semirings and their representations, researchers have to use the meth-
ods and techniques of both ring and lattice theory as well as diverse techniques and
methods of categorical and universal algebra.

Nowadays, there is a large literature of clean ring theory since many people are
interested to study about clean ring and related areas. Certainly the idempotents
and units of a ring play very important roll for determining the structure of the clean
ring. An element of a ring is called clean if it is the sum of an idempotent and a unit
of that ring. A ring R is called clean if every element of R is clean. On the other
hand, a ring R is called unit regular if for any @ € R, a = aua for some unit u in R.
Equivalently, one can say a ring R is unit regular if a = eu for some idempotent e
and unit v in R. Hence a ring R is unit regular if each element of R is the product
of an idempotent and a unit. Surprisingly, every unit regular ring is a clean ring i.e.
every element of a unit regular ring can also be written as the sum of a unit and an

idempotent. Thus the “sum” analog of the unit regular condition is the notion of

21



CHAPTER 2. CLEAN SEMIRING 22

a clean ring. R. B. Warfield [4] defined a ring R to be an exchange ring if the left
R-module R has finite exchange property. W. K. Nicholson [7] proved that a ring R
is an exchange ring if and only if for each a € R, there exists an idempotent e in R
such that e € Ra and (1 —e) € R(1 —a). The notion of clean ring was introduced by
W. K. Nicholson [7] in 1977 in a study of exchange rings. He also proved that clean
rings are exchange rings but the converse does not always hold. A ring with central
idempotents is clean if and only if it is an exchange ring. Since then various results
of different types of clean rings have been obtained by many authors ([28], [43], [34],
[52], [30], [26], [18], [59], [60], [32]).

In this chapter, we introduce the notion of clean semiring and obtain some impor-
tant results about clean semiring. Finally, we study the notion of exchange semiring

and find out the connenction between these two classes of semirings.

2.2 Definition, Examples & Some Basic Results

Definition 2.2.1. An element of a semiring S is said to be clean if it can be written
as the sum of an idempotent and a unit in S. A semiring S is called a clean semiring

if every nonzero element of S is clean.

Remark 2.2.2. Let S be a semiring and a be an element in S. Note that an element
b of S is an additive inverse of a if and only if a+b =0 ([19]). Denote the set of
all elements of S having additive inverse, by V(S). The set V(S) is non-empty as
0eV(9).

It can be easily seen that a semiring S is a ring if and only if V(S) = S.

Now suppose that in a semiring S; 0 = e + u, where ¢ = ¢ and v € U(S). Since
u € U(S), there exists v € S such that uv = vu = 1. So we have 0 = 0v = (e +u)v =
ev+uv=ev+1. Letb=ev. Then 1 +b=0. Thus z +xb=z(1+b) =20 =0 for
allz € S. Sox € V(S) and hence S =V (S). This shows that S becomes a ring.

To avoid this situation, we take a semiring S is clean if every nonzero element of

S can be written as the sum of an idempotent and a unit in S.
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Example 2.2.3. Fvery clean ring is an example of clean semiring. But we give some

examples of clean semirings, which are not clean rings.

(i)

(i)

(iii)

(iv)

Every semifield (division semiring) is an example of a clean semiring as its

every nonzero element is a unit.

Let RS be the set of all non-negative real numbers and QfF be the set of all
non-negative rational numbers. Then RS and Qf are semifields with respect to
usual addition and multiplication. Thus in particular, both RS and Qg are clean

SemiTings.

Let 7 be the set of integers. We consider the sets S = Z|J{+o0} and S" =
Z|J{—o0}. Wedefine “®” and “©” on S and S’ respectively by adb = min(a, b)
and a ©b = a+0b, a ®b = max(a,b) and a ©b = a+ b for all a,b € Z.
The operations “®” and “©” are referred to as tropical addition and tropical

multiplication respectively.

Then (S,®,0) [(S",®,®)] forms a min tropical semiring (or min-plus semir-
ing) [resp. maz tropical semiring (or max-plus semiring )| with zero element
“hoo” and identity element 07 [resp. with zero element “—oc0” and identity
element 0”]. Hence (S, ®,®) and (S',®,®) are clean semirings as both these

are semifields.

a 0 0 0
Let My(RY) = { cabe RTY U .
0 b 00

Define “+7 and “” in My(R{) by

mazx(a,c) 0 a 0 c 0 ac 0
and . = .
max (b, d) 0 b 0 d 0 bd
Then Mg ), +,.) isa semzﬁeld and hence it is a clean semiring.

Consider S = {0,1}. Define the two operations “+” and “” in S as follows :

+ 0] 1 0|1
00| 1 01010
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Then (S,+,.) forms a Boolean semiring which also a semifield and hence it is

a clean semiring.

(v) Consider S = {0,1,2,3} . Define the operations “+” and “.” in S as follows :

+10|1|2|3 01|23
0012|383 010|000
11112383 110|123
212181388 2101233
31818138 310|333

Here 0 is the zero element and 1 is the identity of S. Also1=0+1,2=1+1,
3=3+1. Hence (S,+,.) is a clean semiring.

(vi) Consider S ={0,1,2,3} . Define the operations “+” and “” as follows :

+10|1]2|38 0112|383
o(0|1(2|3 010|000
111|12|3)|1 1101|238
21213812 2101213
31311123 310|833

Then (S, +,.) is a clean semiring, since 1 =0+1,2=1+1and 3 =1+ 2.

(vii) Consider the set S = {1,2,3}. Define the operations “+” and “” as follows :

+ 1|23 1123
111123 111123
2122|838 212123
313|183 318133

Let R be the field of real numbers with respect to the usual addition and multi-

plication.

Let us consider the direct product 8" =R x S. Then S’ is a clean semiring with

respect to componentwise addition and multiplication which is not a semifield.
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Proposition 2.2.4. Let S be a multiplicative cancellative artinian semiring with

identity element 1. Then S is a division semiring hence a clean semiring.

Proof. Let S be a multiplicatively cancellative artinian semiring with identity 1. So S
is left artinian as well as right artinian semiring. To show that S is division semiring
we have to prove that every nonzero element of S is a unit. Let a #£ 0 € S. Let us
consider the principal left ideal generated by a, (a); = {sa : s € S}. Let y € (a?),
then y = s'a® = (s'a)a for some s’ € S, which belongs to (a);. So (a?); C (a);.
Similarly we can show that (a®); C (a?);, (a*); C (a®); and so on ... So we have
(a); 2 (a?); D (a®); 2 (a%);..., which is the decreasing chain of left ideals of S.
Since S is left artinian, there exists m € N such that (a*); = (a™); for all i > m.
Now a™ € (a™); = (a™™);. So there exists s” € S such that a™ = s”a™"™. So we

have o™ = (s"a)a™.

Since S is multiplicatively cancellative and a # 0, a™ # 0 ,
so we have 1 = §”a...(1) . S is also a right artinian semiring. Hence in a similar

manner, there exists ¥ € N such that (a*), = (a’), for all i > k. So we have

k k+1 S/// "

a® =a , where s” € S. since S is multiplicatively cancellative and a # 0, a* # 0.

Therefore,1 = as™” ...(2). From equations (1) and (2), we have as”a = as”a. Since
S is multiplicatively cancellative and a # 0, s” = s = s. Thus sa = as = 1 and
s # 0, since s”, 8" # 0. Hence a is a unit element of S. So every nonzero element is a

unit of S'. Hence S is a division semiring . Thus S is a clean semiring from Example

2.2.3(i). O

Now we prove that homomorphic image and direct product of clean semiring(s)

is clean which are two basic results of clean semirings.
Theorem 2.2.5. Every homomorphic image of a clean semiring is clean.

Proof. Let S be a clean semiring with identity 15 and S’ be a semiring with identity
lg,. Let f: S — S" be an onto homomorphism. Then S’ is the homomorphic image
of the clean semiring S. We have to show that S’ is a clean semiring. Since f is an
onto homomorphism, so 8" = {f(a) : a € S}. Now f(1lg) = 1g is the identity element
of S’. Let ' # 0 € S’. Then there exists a(# 0) € S such that f(a) = s'. Since S is

clean so we can write a = e + u, where e = e € S and u is a unit in S. Thus there
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exists v € S such that uv = vu = 1g. So we have ' = f(a) = f(e+u) = f(e) + f(u),
since f is a homomorphism. Now [f(e)]> = f(e)f(e) = f(e?) = f(e). Hence f(e)
is an idempotent in S’. Now f(u)f(v) = f(uw) = f(lg) = 1lg = f(ls) = f(vu) =
f()f(u). This shows that f(u) is a unit in S’. So s’ is the sum of an idempotent
f(e) and a unit f(u) of S’. Since s’ is an arbitrary nonzero element of S’; it follows

that S’ is a clean semiring. ]

Theorem 2.2.6. Let {S; : 1 = 1,2,...,n} be a finite family of semirings such that

n
each semiring S; has no zero element. Then the direct product of semirings S = H S;
i=1
1s clean if and only if each semiring S; is clean.

Proof. Suppose that each semiring S; of the family {S; : i = 1,2,...,n} be clean.

Since no S; has zero and each S; is clean, so every element of S; is written as the

sum of an idempotent and a unit for all i« = 1,2,...,n. Let (z1,29,...,2,) € S,
where each z; € S;. So we have x; = e; + u;, where ¢; is an idempotent of S;
and w; is a unit of S; for all ¢ = 1,2,...,n. Thus it follows that (x1,z2,...,2,) =
(e14ut,ea+us,...,en+uy) = (e1,€a,...,e,)+ (ur,us,...,u,). Hence every element

of S is written as the sum of an idempotent and a unit of S. Consequently, S is a

clean semiring. i

Conversely, suppose that S = HSZ» is clean. We have to show that each S; is
clean. Let us consider the mappingi:;i 0 S — S; defined by m;((z1, 22, ...,%,)) = x;
for all (zq,2,...,2,) € S. Then 7; is an onto homomorphism from S = H S; to S;.

i=1
Thus by Theorem 2.2.5, S; is clean for all ¢ = 1,2,...,n and hence the proof. O

2.3 Connection With Some Classes of Semirings

Definition 2.3.1. A semiring S is said to be strongly clean if every nonzero element

a of S can be written as a = e + u for some €? = ¢ and u € U(S) with eu = ue.

Definition 2.3.2. For a k-ideal I of a semiring S, we say that idempotents lift modulo
I if for each element x € S such that x + I = 22 + I there is some idempotent e € S

withx +1=e+ 1.



CHAPTER 2. CLEAN SEMIRING 27

Theorem 2.3.3. Let S be an additively cancellative strongly clean semiring such that
every idempotent of S has a complement in S. Then idempotents lift modulo every

k-ideal of S.

Proof. Let S be a strongly clean semiring and I be a k-ideal of S. Let z € S.
If x € I then clearly the result follows. Let x does not belong to I. Since S is
strongly clean, x = f + u, where f is an idempotent and u is a unit in S with
uf = fu. Now f has a complement, say e; in S. So we have e; + f = 1. Also there
exists v € S such that wv = vu = 1, since v is a unit in S. Let z + I = 2% + I.
Then (f+u)+ 1 = (f+u)P+1 = (f+u)+1=(f+futuf+u*)+]—=
(u+ f) +iy = (uz + fu+ f +is), where iy,i € I. So u + iy = ux + fu + is,
since S is additively cancellative. Now multiplying from right side by v, we have
uwv+i) = uxv+ fuv+iy, = 144 = urv+ f+i,. Again by multiplying from left side by
v, we have v+1i] = zv+vf +i5. Now multiplying from right side by f, it follows that
vf+1) = xzvf+vf+il. Since S is additively cancellative, we find that i{’ = zvf+1}'.
So xvf € I, since I is a k-ideal of S. Also since uf = fu, multiplying from left side
by v, we have vuf = vfu = f = vfu. Now multiplying from right side by v, it
follows that fv = vf. Thus zfv € I implies that zf € I. Now zf = (u+ f)f =
zf=uf+f=zaf=fut+f=zof=f+fu=zxf=f(f+u) = xf = fz. So
fr € 1. Again since u + 1; = ux + fu + io, multiplying from left side by v, we have
l1+ig=x+vfut+is = (e1+ f)+i3 = 2 +vfu+iy. Now multiplying left side by u
and right side by v, it follows that uejv+ufv+i5s = urv+ f +1i5. So adding both side
by fv, we have ueiv +ufv+ fu+is = uzv+ f+ fo+is = uev+ (u+ f) fo+is =
urv + f + fv+ig = uev +xfv+is = urv+ f + fv+ig. Since xf € I, so xfv € I.
Hence uejv+iy = uzv+ f+ fo+ig. Also fr e I = f(u+f) €l = fu+f € l. So
fuv+ fv € I which implies that f+ fv € I. Thus it follows that ue;v+17 = uzrv+1is.
Consequently, ue;v + I = uxv + I. Now multiplying from left side by v + I, we have
(v+1)(ueyv+1) = (v+I)(uzv+1) = (eyv+1) = (xv+1). Again multiplying from
right side by u+1, it follows that (e;v+1)(u+1) = (zv+I)(u+1) = (e1+1) = (z+1),
where e; is an idempotent. Thus idempotents lift modulo k-ideal I. Hence the

proof. O]
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Note 2.3.4. Let S be an antisimple reduced semiring. If I be a nonzero proper k-ideal
of S then there exists an element (5 0) € S such that x € I. Since S is antisimple,
there exists an element x’' € S such that x = 1+ a', where ' ¢ I. Now we have

x+1=1. Hence (14 2') + I = I which implies that [ = (1 4+ 1) + (' + I).

Definition 2.3.5. Let S be a semiring such that every idempotent of .S has absorbing
complement in S. Then S is said to be exchange semiring if for each x(# 0) € S,
there exists an idempotent e € S such that e € S(1+ ) and e; € Sz, where e; is an

absorbing complement of e in S.

Theorem 2.3.6. Let S be a commutative antisimple reduced semiring such that the
k-closure of every proper ideal is proper and every idempotent of S has absorbing

complement in S. Then S is an exchange semiring if and only if S is a clean semiring.

Proof. Let S be a clean semiring. If I = 0 then a + I = a? + I implies that a = a2,
which gives a is an idempotent in S. Hence idempotents lift modulo the zero ideal.
Let I be a nonzero k-ideal of S. Since S'is a commutative antisimple reduced semiring,
from Note 2.3.4 we can say that S/I is additively cancellative. Since every idempotent
has absorbing complement in S and S a is clean semiring, Theorem 2.3.3 implies that
idempotents lift modulo I. Hence idempotents lift modulo every k-ideal of S. Let
r#0€S. If (22 + ) is a unit in S then z and (1 + x) become unit which implies
(z) = S and (1 +x) = S, so the proof is done. Let (22 + z) be non unit in S. Now
(z+1)+2z(z+1)=04+1+22*+20 =22 +3x+1=2*+or+ax+1+2°+z=
(x+1)2 4+ a(x+1). So (x+1)+ (22 +z) = (x+ 1)> + (22 + ). Since idempotents
lift modulo every k-ideal of S, there exists an idempotent e? = e € S such that
(x+ 1)+ (22 +2) = e + (22 + ). Let e; be an absorbing complement of e. Then
(er4+2)+ @2 +z)+[1+ (22 +2) =1+ (22 +2). Let (224 ) = 0. Since S is
antisimple and x # 0, (? + x) = 0 implies that 1 has an additive inverse in S. So we

have e € (1 +z) and e; € (z). Let (22 + x) # 0. Then (22 + ) is a nonzero proper

k-ideal of S, otherwise (2? + ) becomes unit, since the k-closure of every proper

ideal is proper. Hence from Note 2.3.4, we have (e; + x) + (22 + ) = (22 + x) which

implies that (e; + ) € (22 +z). So e; + = € (z) which implies that e; € (x). Now
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(e1+x) € (1 + z). Thus there exist a,b € S such that e; +z+a(1+z) = b(1+2) =
eter+r+a(l+z) =b(l+z)+e = (1+z)+a(l4+2z) =b(1+2z)+e. Soec (1+z).
Since x is arbitrary nonzero element of S, it follows that S is an exchange semiring.

Conversely, suppose that S is an exchange semiring. Let x # 0 € S. If x is a
unit then x can be written as the sum of an idempotent and a unit. Let x be not
a unit element in S. Since S is antisimple, we have x = 2’/ 4+ 1, where 2’ # 0 € S
otherwise x becomes a unit in S. Since S is a exchange semiring and ' # 0, there
exists an idempotent e* = e such that e € m and e; € m, where e; is an
absorbing complement of e. This implies that e = ¢ € (z) and €? = e; € (o).
Thus there exist a,b,a;,b; € S such that e + ax = bx, ea = a = ae, eb = b = be
and e; + 12’ = b2/, eta; = a1 = ajeq, e;tby = by = biey. Since e; is an absorbing
complement of e, it follows that e4+e; = 1, e+see; = e and e;+ejes = e forall s € S.
So aie + a; = a; which implies that aje + aje = aje. Now (a+b+ a1+ b)(2' +e) =
ax' +bx' +a1x' +b12’' +ae+be+ae+bie =ar’ +a+bxr’ +b+a 7’ +bi7' +ae+biee; =
ar +bx+a1x' + b’ +are+biee; = ax+e+axr+ax’ + ey +ax’ +ae+ae+bee; =
1+ ax’ 4+ ae + ax’ + ae + a2’ + are + a1’ + aje = 1+ 2a(2’ + €) + 2a1(2' + €) =
1+ (2a+2aq) (2’ +e). Since S is commutative, we find that (2’ + ¢) is semi-invertible.
Since the k-closure of every proper ideal is proper, (2’ + €) is an unit of S. Thus

x=2'4+1= (2 +e) + eg=unit+idempotent. So x is a clean element in S. Since z is

arbitrary nonzero element of S, it follows that S is a clean semiring. O
Theorem 2.3.7. A Boolean semiring S, is clean iff it is antisimple.

Proof. Let S be an antisimple Boolean semiring. We have to show that S is a clean
semiring. Let x # 0 € S. Since S is antisimple, we can write x = 2’ 4+ 1 for some
2’ € S. Since S is Boolean, 2’ is an idempotent of S and 1 is a unit element of S. So
x is clean and hence S is a clean semiring.

Conversely, let S be a clean semiring. Let z # 0 € S. Then x can be written as
the sum of an idempotent and a unit in S. Since 1 is the only unit in .S, we can write

2

x = e+ 1 for some e* = e. Thus §' is an antisimple semiring. O]

Now we give an example of an antisimple Boolean semiring i.e. a clean semiring.
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Example 2.3.8. Consider the set S = {0,1,2}. Define the operations “+” and “”

on S as follows :

+ 10|12 0|12

0|12 01010)|0
111|121 11011)|2
21212 21022

Then (S,+,.) is an antisimple Boolean semiring and hence it is a clean semiring.

Definition 2.3.9. A semiring S is called strongly regular if for every element r € S

there exist x,y € S such that r?z = r and yr? = r.

Theorem 2.3.10. Let S be an antisimple and strongly reqular semiring such that

every idempotent of S has an absorbing complement. Then S is a clean semiring.

Proof. To show that S is a clean semiring we have to show that every nonzero element
r € S is the sum of an idempotent and a unit in S. If r is a unit in S then we are
done. So let us consider r # 0 € S and r is not a unit in S. Since S is an antisimple
semiring, so there exists ' € S such that » = ' + 1, where " # 0. Since S is a
strongly regular semiring, for ' € S there exists z € S such that r’zr’ = 7/ with
r'z = zr', by Proposition 1.3.29. Let us consider e = r'z. Then e?> = e and hence
e is an idempotent of the semiring S. Also e must be non zero otherwise ' = 0.
If e = 1 then 'z = 2zr’ = 1. This shows that 7’ is an unit and hence r is clean.
So let e # 1. Since every idempotent of S has an absorbing complement, so there
exists an idempotent ¢/ € S such that e +¢ = 1, e + ree’ = e and ¢ + €er = ¢
for all r € S. Here ¢ # 0 otherwise e = 1. Let u = 1" + ¢ and v = ze + ¢. Now
w = (r'+¢e)(ze+e€) =1zet+r'e +eze+e =eet+r'zr’e e’z 4+€ =e+r'r'ze +
er'zz+e =e+r'ee +eez+ e =e+e = 1. Similarly, vu = 1. So uv = vu =1 and
hence w is a unit in S. Now we have u+e = (r'+¢é)+e=1"+ (¢ +e)=1r"+1=r.
So r can be written as the sum of an idempotent and a unit in S i.e. r is a clean
element in S. Since r is an arbitrary nonzero element of .S, it follows that S is a clean

semiring. O
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Example 2.3.11. In Ezample 2.2.3 (vi), we observe that S is an antisimple and
strongly regular semiring in which every idempotent of S has absorbing complement.

So S is a clean semiring.

The converse of Theorem 2.3.10 is not true. For this we consider the following

example.

Example 2.3.12. Take S = N{, the semiring of all non-negative integers with respect
to the usual addition and multiplication. Let us consider I = AN§. Then I is a k-ideal
of S. Now for all a,b € S, ak;b <= a + 4i; = b+ 4iy for some iy,i2 € S, defines
a congruence ky of S, where k; denotes the congruence defined by I. Let us consider
the set of congruence classes S" = S/ky with respect to kr. Then S" = {[0], [1], [2], [3]}
becomes a ring with respect to the operations [a] + [b] = [a +b] and [a][b] = [ab] for all
la], [b] € S". Since every ring is a semiring, S’ is an antisimple clean semiring and
every idempotent of S" has absorbing complement. But S’ is not strongly reqular as

2] can not be written as [2] = [2]*[a] for any [a] € 5.
From above Theorem 2.3.10, we have the following result :

Corollary 2.3.13. Let S be a commutative antisimple reduced regular semiring such

that every idempotent of S has an orthogonal complement. Then S is a clean semiring.

2.4 Quotient Semiring of Clean Semiring

Theorem 2.4.1. [11, 16] Let S be a semiring with identity 1. Then each proper
k-ideal (left k-ideal) of S is contained in a maximal k-ideal (maximal left k-ideal) of
S.

Theorem 2.2.5 implies that if S is clean semiring then S/I is also clean, but the
converse is not true in general, which follows from Example 2.3.12. In this example,
S" = S/k; = S/I is clean semiring since, [1] = [0] + [1], [2] = [1] + [1], [3] = [0] + [3],
but S = N{ is not clean. The converse holds for some class of semirings.

Finally, we have the following characterization of clean semiring.
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Theorem 2.4.2. Let S be a commutative antisimple reduced semiring such that the
k-closure of every proper ideal of S is proper and every idempotent has a complement
in S. Let I be a nonzero k-ideal of S and J,(S) be the Jacobson radical of S such that
I C Ji(S). Then S is clean if and only if S/1 is clean and idempotents lift modulo 1.

Proof. Suppose that S/ is clean and idempotents lift modulo /. To show that S is
clean we have to show that every nonzero element of S is clean. Let » € S and r # 0.
Then either r is a unit or a nonzero non unit element of S. If r is a unit then r is a
clean element in S. Let r # 0 and r be a non unit. Now there are two possibilities :
either r € I or r ¢ I. If r € I then r 4+ I = I which is the zero element of S/I. Now
since S is antisimple and r #£ 0, so r = r' + 1, where 1’ # 0 otherwise r will be a unit
element in S. Now if 7/ is non unit then (') is a proper ideal of S. We assume that k-
closure of every proper ideal is proper, hence m is a proper k-ideal of S. since every
proper k-ideal of S is contained in some maximal k-ideal by Theorem 2.4.1, ' € M’,
where M’ is some maximal k-ideal of S. Since S is commutative semiring, J;(.5) is the
intersection of all maximal k-ideals of S. Now r € I C J;(S). So we have r € M’ and
hence 1 € M’ which contradicts that M’ is a maximal k-ideal of S. Thus ' must be a
unit of S. Hence r is clean. Let 7 ¢ I. Then r+ I is a nonzero element of S/I. Since
S/1 is clean, so r+1 = (e+1)+(xz+1), where e+ is an idempotent and z+1 is a unit
of S/I. Now (e+1)* = e+ 1 = e+ I. Since idempotents lift modulo I, there exist an
idempotent e; € S such that e+ 1 =e; + 1. So we have (r+1) = (e1 + 1)+ (z + 1),
where e? = e; € S. Now I C Ji(S) and x + I is a unit of S/I. We have to show that
x is a unit of S. Since z + [ is a unit of S/I, so there exists y + I € S/I such that
(x+Dy+1)=1+1=axy+1=1+1= (zy+2a')+1 = I, by Note 2.3.4.
So (zy + ') € I C Ji(S), since [ is a k-ideal. Now if x is non unit, (x) is a proper
ideal of S. Thus @ is a proper k-ideal of S according to our assumption. Since each
proper k-ideal of S is contained in a maximal k-ideal of S by Theorem 2.4.1, x € M,
where M is a maximal k-ideal of S. Therefore, xy € M. So we have ' € M. Now
142" € J)(S) and 2’ € M, hence 1 € M, which contradicts that M is proper. Hence
xisaunit of S. Now r+1 = (ey+ 1)+ (v + 1), where e; & I, otherwise r+ I will be a

unit of S/I which implies that 7 is a unit of S. But we take  is a non unit of S. Now
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e1 is an idempotent element and z is a unit element of S. Thus either e; = 1 or e; is an
idempotent except 1. Suppose that e; # 1. From given condition e; has a complement
in S, so there exists an idempotent e] € S such that e +e; = 1 and €] # 0 otherwise
ep =1 Nowr+I=(e;+1)+(x+1)= (r+1)+(e]/+1I)=(zr+1)+(1+1). Since
r ¢ I, sor #0. Since S is antisimple, there exists r” € S such that » = r” 4+ 1, where
" & I otherwise r becomes a unit in S. Now ((r"+¢e{)+1)+(1+1) = (x+1)+(1+1).
From Note 2.3.4, we have (7" +¢€)+1 =z + 1. Since x + [ is a unit of S/I, we have
(r"+ef)+ 1 is a unit of S/I and since I C J;(S), we have r” + € is a unit of S. Thus
we can write r =" + 1 =1"+ (e + €f) = ey + (1" + €}), where e; is an idempotent
and " + €] is a unit in S. So r can be written as the sum of an idempotent and a
unit of S. Now if e; = 1, then we have r + I = (z + 1) + (1 + I). Now r =" + 1.
Sor" 4+ 1 =x+ 1. Since x + I is a unit of S/I, so v + I is a unit of S/I. Similarly,
we can say that r” is a unit of S. Hence we can write r = 1 + 7”. So every nonzero
element of S is written as the sum of an idempotent and a unit in S. Hence S is a
clean semiring.

Conversely, suppose that S is a clean semiring. We have to show that S/I is a
clean semiring. Let us define a mapping ¢ : S — S/I by ¢(x) =x+ I for all x € S.
Then S/I is a homomorphic image of the clean semiring S. Hence S/I is clean, by
Theorem 2.2.5. Now since I = (1 +I) + (2’ + I) and every idempotent of S has a

complement in S, so we get idempotents lift modulo I by Theorem 2.3.3. O]
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Strongly Clean Semiring

3.1 Introduction

There is a large literature about clean ring, strongly clean ring and related areas
in ring theory. Idempotents and units play a very crucial role for determining the
structure of strongly clean rings. An element of a ring is called clean if it is the sum
of an idempotent and a unit where as an element of a ring is called strongly clean if
it is the sum of an idempotent and a unit which commute in that ring. A ring R is
called clean ring (resp. strongly clean) if every element of R is clean (resp. strongly
clean). Now a ring R is called a unit regular ring if for any a € R, a = aua for some
unit u in R. Equivalently, one can say that a ring R is unit regular if a = eu for some
idempotent e and unit u in R. In ring theory there is another notion of regularity
which is known as strongly regular ring. The class of strongly regular ring is stronger
than the class of unit regular rings. An element a € R is said to be strongly regular if
there exists an element x € R such that a = a®x with ax = za and this is equivalent
to say that a = ue = eu for some ¢* = e € R and u € U(R). A ring R is called
a strongly regular ring if every element of R is strongly regular. Clean rings are
additive analog of unit regular rings where as strongly clean rings are additive analog
of strongly regular rings. Surprisingly, every strongly regular ring is a strongly clean
ring. In general, clean rings are not strongly clean. But in the class of commutative

rings and also in the class of rings with central idempotents, both the notions clean

34
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and strongly clean coincide. R. B. Warfield [4] defined a ring R to be an exchange ring
if the left R-module R has finite exchange property. W. K. Nicholson [7] proved that
a ring R is an exchange ring if and only if for each a € R, there exists an idempotent
e in R such that e € Ra and (1 —¢) € R(1 — a). A ring with central idempotents
is clean if and only if it is an exchange ring. In 1999, Nicholson [26] introduced the
notion of strongly clean ring. Since then various results of strongly clean rings have
been obtained by some authors ([26], [34], [29], [32], [36]).

There has been a remarkable growth of the theory of semirings and their appli-
cations in several branches of mathematics. We have recently introduced the notion
of clean semiring in [62] as a generalization of clean ring. The main motivation of
this article is to give some characterizations of strongly clean semiring and obtain
some results related to strongly clean semiring. We also study the notion of exchange
semiring and find out the connection between strongly clean semirings and exchange

semirings with the help of some other class of semirings.

3.2 Definition & Examples

In the previous chapter we give the definition of strongly clean semiring (Definition

2.3.1). Clearly, every commutative clean semiring is a strongly clean semiring.

Remark 3.2.1. Let S be a semiring with the zero element 0 and identity element 1
anda € S. Then an element b of S is an additive inverse of a if and only if a+b = 0.
Denote the set of all elements of S having additive inverses by V(S). The set V(S)
is non-empty as 0 € V(5).

It can be easily seen that a semiring S is a ring if and only if V(S) = S.

Now suppose that in a semiring S; 0 = e + u, where € = ¢ and v € U(S). Since
u € U(S), there exists v € S such that uv = vu = 1. So we have 0 = 0v = (e +u)v =
ev+uv=ev+1. Letb=ev. Then 1 +b=0. Thus v+ b= x(1+b) =20=0 for
allz € S. Sox € V(S) and hence S =V (S). This shows that S becomes a ring.

To avoid this situation, we take a semiring S is strongly clean if every nonzero

element of S' can be written as the sum of an idempotent and a unit in S that commute
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with each other.

Example 3.2.2. Fvery strongly clean ring is an example of a strongly clean semiring.
But we give some examples of strongly clean semirings that are not strongly clean

Tings.

1. Every semifield (division semiring) is an example of a strongly clean semiring

as its every nonzero element is a unit.

2. Consider S = {0,1,2,3}. Define the operations “+” and “” on S as follows :

+10|1]2|3 011123
010123 010(0]0]0
1111231 110111238
21218112 2101213
31311123 3101333

Take Sy = Ng, the semiring of all non-negative integers with respect to the
usual addition and multiplication. Let us consider I = 4ANS. Then I is a
k-ideal of S1. Now for all a,b € Sy, akib <= a + 4iy, = b + 415 for some
11,19 € S1, defines a congruence k; on Sy, where k; denotes the congruence
defined by I. Let us consider the set of congruence classes S' = Si/k; with
respect to ky. Then S" = {[0], [1], [2], [3]} becomes a semiring with respect to the
operations [a] + [b] = [a + b] and [a][b] = [ab] for all [a],[b] € S". Now consider
S = (8 xS\ {(0,[1]),(0,[2]),(0,[3])}. Then S" is a strongly clean semiring

with respect to component wise addition and multiplication.

3. Consider S = {0,1,2}. Define the operations “+” and “” on S as follows :

+ 10|12 0112
010|1)|2 010]|0]|0
111|121 11012
212112 21022
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Let (D, +,.) be a division ring. Now consider S; = [D x (S '\ {0})]J{(0p,0)}.
Then Sy is a strongly clean semiring with respect to component wise addition

and multiplication.

3.3 Elementary Results

Theorem 3.3.1. Let S be an additively absorbing semiring with identity 1. Suppose
that 1 +1 = 2. If2 € U(S), then S is strongly clean if and only if every nonzero
element belongs to the set S; = {a € S\ {0} :a=(z+1)+u,2*> =1, uz = zu,u €
U(S)}.

Proof. Let S be a strongly clean semiring and a # 0. Then 27'a # 0, since 2 € U(S).
Since S is strongly clean, 27'a = e + u and eu = ue for some idempotent e and unit
w in S. This implies that a = 2e + 2u. Since u is a unit and S is an additively
absorbing semiring, u + 1+ 1" = u[l + u™' + (u™')'] = ul = u. Then a = 2e + 2u =
2¢e+ (2u+1+1") =[(2e+1")+ 1]+ 2u. Now (2e+1")(2e +1') = 2e2e+2¢' +2¢' + 1 =
2e+2e+2¢ +2¢'+1=1. (2e +1')2u = 2e2u + 1"2u = 22ue + 2ul’ = 2u2e + 2ul’ =
2u(2e + 1'). Hence a € S;.

Conversely, suppose that a # 0. Then 2a # 0 and 2a € S;. So 2a = (z+1)+u, 2° =
l,uz = zu for some u € U(S). This implies that a = 27'(2 + 1) + 27 'u. Now
2714+ 127 2 +1) =27127 (22 4 24+ 24+ 1) =2712712(2 +1) = 271 (2 + 1) and 27 'u
is a unit, since 2 € U(S). Also 271 (z + 1)27lu = 27127 zu+ ) = 27127 (uz +u) =
27271 (2+1), since 2 € U(S) and 2s = s2 forall s € S. So271s = s27 forall s € S.

Thus a is a strongly clean element in S and hence S is a strongly clean semiring. [J

Proposition 3.3.2. Let S be an additively absorbing semiring and e* = e(# 0) € S
such that (e); be a full principal left ideal of S. If a(# 0) € S is strongly clean in eSe,

then a is strongly clean in S.

Proof. Suppose that a = f +v and fv = vf, where f2 = f € eSe, v € eSe is a unit.
Clearly, e is the identity of eSe. Thus there exists w € eSe such that vw = wv = e.
Then u = v + (1’ +¢€) is a unit in S (with ™! =w + (' +¢)) and e; = f + (1 +¢€)



CHAPTER 3. STRONGLY CLEAN SEMIRING 38

is an idempotent because (1 + ¢’) is an absorbing complement of the idempotent e.
Now ey +u=f+(1+e)+v+(1'+e)=f+v+e +e+1+1". Again ET(S) C (e),.
Since 1 4+ 1" € E*(S), we have e + 1+ 1’ = se for some s € S. Thus ¢/ +1+ 1" = s'e.
Hencee+e' +141" =se+se. Soey+u= f+v+se+se=f+[e+(se+se)wv =
fHle+sw+swv=f+1v=f+v=a,since S is an additively absorbing semiring.
Now eu = [f+ (1+€)]v+ (1 +e)]=fo+f+fetv+l+e+evte+e =
fo+f'+f+v+1"+v+e= fo+1 +e. Similarly, ue; = fo+ 1 +e, since vf = fo.

Thus e; +u = a and e;u = ue;. Hence a is a strongly clean element in S. O
pro

Definition 3.3.3. The left annihilator of an element a of a semiring S is I(a) = {s €

S :a+ sa = a} and the right annihilator of a is 7(a) = {s € S : a + as = a}.

Theorem 3.3.4. Let S be a strongly clean centroid semiring such that every idem-

potent of S has an orthogonal complement in S. Then eSe is strongly clean semiring

for all e = e(#£0) € S.

Proof. Let a(# 0) € eSe. Then a € S. Since S is strongly clean, a = g + u, where
g*> =g € S and u is a unit such that gu = ug. As g has a orthogonal complement in
S, there exists g? = g; € S such that ¢ +¢g; = 1 and gg1 = 19 = 0. Let z € r(a).
Then a +ax =aie (g+u)+(g+u)r=g+uie gl+z)+ull+z)=9g+u
... (i). By multiplying on both sides by g; from left, we have g;u(1+ x) = gju. Now
g+ g1 =1 = gu+ gyu = gu + ugy, since gu = ug. Hence gu = gyug;. Similarly,
ugr = g1ugy. So gru = ug;. Thus it follows that ug, (1 + ) =ugs = (1 +x) = ¢1
... (1), since wis a unit in S. Hence z € r(g;). Sor(a) C r(g1). Now adding equations
(i) and (i7), we find that 1+ z+u+ur =14+u= (14+u)+ (1 +uw)z = (1 +u).
Hence x € r(1 4+ u). So r(a) C r(1 4 u). Similarly, I(a) C I(¢1) and I(a) C (1 4 u).
Now e has an orthogonal complement e; in S, so e +e; = 1 and ee; = eje = 0.
Hence ae; = 0 = a4+ ae; = a. So e; € r(a) C r(1 + u). Thus it follows that
(14+u)+(14+ue; =(1+u) = 1+u+e; +ue; =1+ u. Similarly, {(a) CI(1+ u)
implies that 1+u+e;+eju = 14+u. Hence 1+u+e;+ue; = 14+u+e;+eyu. Multiply
from left on both side by e and from right on both side by e; and apply ee; = eje = 0,
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it gives eue; + eue; = eue;. Now eue; + eu'e; = e(u+u')e; = eey(u+ ') = 0. Hence
eue; = 0 = eu = eue, adding both side by eue and applying e 4+ e; = 1. Similarly,
ue = eue which implies that eu = ue. Now r(a) C r(g;) and l(a) C I(g;). Hence
e1 € r(g1) and ey € I(g1). So gitgier = g1 and g1+e1g1 = g1 By using gg1 = 919 = 0,
we have gie;9 = 0 ... (#i7) and ge;g; = 0 ... (iv). Adding ge;g on both side of (i),
(g + g1)e1g = gerg = e1g = geig. Similarly, ge; = ge;g. Hence ge; = e;g. Now
e+e =1= eg+eg=ge+ e g = eg = ege, multiplying from left on both side
by e. Similarly, ge = ege. Hence eg = ge. Now (ege)(ege) = egege = eggee = ege.

So ege is an idempotent of eSe. Now eu = ue implies that (eue)(eu™te) = eueu™te =

1 1 1 1

euule = e = ele = eu lue = eu luee = euleue = (eu'e)(eue). So eue is a unit
in eSe. Now a = g +u and a = ese for some s € S, €2 = e. So eae = ese = a.
Therefore, a = eae = e(g + u)e = ege + eue. Finally, (ege)(eue) = egeue = eeqgue =
eque = euge = eugee = euege = (eue)(ege). Hence a is a strongly clean element in

eSe. Consequently, eSe is a strongly clean semiring. O

Since semiring is a generalization of rings and bounded distributive lattices, we

have the following remark:

Remark 3.3.5. In Theorem 3.3.4 if we consider (S, +,.) as a ring with identity 1 then
for each element a € S there exists an unique element (—a) such that a + (—a) = 0.
Hence o' = (—a). For anya,b € S, it also implies that a(b—b) = (b—b)a. Let e be any
idempotent of S.Then (1 — e€) is an orthogonal complement of e as (1—e)?> = (1 —e),
et(l—e)=1ande(l—e)=(1—e)e=0. Thus S becomes a strongly clean centroid
ring such that every idempotent has an orthogonal complement in S. Hence eSe is
strongly clean ring for all €* = e(# 0) € S by Theorem 3.8.4, since every ring is a
Semiring.

Let (S, V, A\) be a bounded distributive lattice in Theorem 3.3.4. Let 1 is the greatest
element and 0 is the least element of S. Hence sV 0 =35, sN0=0andsVvV1=1,
sAN1=s forall s € S. Hence 1 is the identity and O is the absorbing zero element
of S. Let there exist two elements u,v € S such that u Nv=1. Thenu=uAN1l=

uN(uAv)=(uAu)ANv=uAv, sinccs\Ns=3s foralls € S. Hence uw=1. Thus
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1 us the only unit element of S. If a is the clean element of S then a = eV 1 = 1.
If S is strongly clean bounded distributive lattice then S = {0,1}. Thus (S,V,A) is
centroid semiring such that every idempotent of S has an orthogonal complement in

S. Hence eSe is strongly clean semiring for all e 20 € S by Theorem 3.3.4.

Note that for a nonzero idempotent e in .S, eSe is strongly clean does not always

imply that S is strongly clean which follows from the following example :

Example 3.3.6. Consider S = {1,2,3,6}, the subset of natural numbers N. Now
define two binary operations A and \V on S by aAb = ged(a,b) and aVb = lem(a,b) for
alla,b € S. Then (S,V,A) is a bounded distributive lattice. Hence S is a commutative
semiring. Let 2 € S. Then 2 NS N2 ={1,2} which is strongly clean semiring, since

2 =1V 2 = idempotent+unit. But S is not strongly clean semiring.

3.4 Connection With Some Classes of Semirings

Theorem 3.4.1. Let S be a strongly clean inverse semiring such that every idempo-

tent has an absorbing complement in S. Then S is an exchange semiring.

Proof. Let y # 0. Then y' # 0. Since y' is strongly clean, we can write vy = e + u,
eu = ue, where e = e € S and u is a unit of S. So ey = e+ eu = ey + ey =
eteutey=ce(y+vy)=ce(l+y)+eu Nowy+y +y=y= (1+y)+y+y) =
(1+y) = (y+v) € S(1 +y). Soeu=ue € S(1+y) = e € S(1 + y). Now e has an
absorbing complement €2 = e; € S. Thuse;+e=1= e+eje = e = e+u+tee =
e+u = y +ee =1y = ee € Sy. Again e1y = eje + equ = equ € Sy
Since eu = ue, uy’ = y'v which implies v~ = y'u~!. Hence e; € Sy’ = Sy, since

y+vy +y=yand (S,+) is commutative. Hence S is an exchange semiring. ]

Since semiring is a generalization of rings and bounded distributive lattices, we

have the following remark:

Remark 3.4.2. If (S,+,.) is a strongly clean ring in Theorem 3.4.1 then similarly by

Remark 3.3.5, it follows that S is an inverse semiring such that every idempotent has
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an absorbing complement in S. Hence Theorem 3.4.1 implies that S is an exchange
Semiring.

If (S, V,A) be a strongly clean bounded distributive lattice in Theorem 3.4.1 then
S ={0,1} by Remark 3.3.5, where 0 is the least element and 1 is the greatest element
of S. This implies (S,V,A\) is an inverse semiring such that every idempotent of S
has an absorbing complement in S. Hence S is an exchange semiring by Theorem

3.4.1

The converse of the Theorem 3.4.1 is not true which follows from the following

example :

Example 3.4.3. Consider S = {1,2,3,6}, the subset of natural numbers N. Now
define two binary operations A\ and \V on S by a Nb = ged(a,b) and aV b = lcm(a,b)
for all a,b € S. Then (S,V,A) is a bounded distributive lattice and hence a semiring.
Now S is an inverse exchange semiring such that every idempotent has absorbing

complement in S, but S is not strongly clean semiring.

Definition 3.4.4. A semiring S is said to be k-semipotent if every nonzero left k-ideal

I of S that is not contained in J;(.S), contains a nonzero idempotent.

Proposition 3.4.5. Let S be an inverse exchange semiring such that the set [S \
U'(S)|NET(S) is contained in every nonzero principal left k-ideal of S. Then S is

k-semipotent.

Proof. Let S be an inverse exchange semiring. Let (z); be a nonzero proper left k-
ideal of S such that ¢ J;(S). Then to show that S is k-semipotent we have to
show that there exists €2 = e # 0 such that e € (z);. Suppose €2 = e € (x); implies
that e = 0. Now if a € S such that axr = 0 then 1 + ax = 1 is left k-unit. Let
a € S such that ax # 0. Since S is exchange, there exists 2 = e € S such that
e € (1+az), and e; € (ax);, where ey is an absorbing complement of e in S. Now
e; € m implies that e; € @ So according to the assumption, e; = 0. Hence

1 € (14 az),. This implies that (1 + az) is left k-unit for all « € S. The claim
is that = € Ji(S). If x ¢ Ji(S) then there exists a maximal left k-ideal M such
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that © ¢ M. Here M must be a nonzero maximal left k-ideal otherwise 1 € (:L'_)l
which contradicts that @ is proper. Let M; = m Then M is the left k-
ideal containing M. Hence 1 € M;. So we have 1+ (my + s1z) = (mg + sox), where
my,me € M and s1, 9 € S. Since x & U'(S), (s22)+ (s22) € [S\U'(S)|NET(S). So
L+ (my+s12)+ (s2x) = ma+sex+ (s2x) = 14 (514 55)x+my1 = ma+(s22)+ (s92)".
Now b = 1+ (51 + sh)x is left k-unit. Since M is nonzero maximal left k-ideal,
(s9x) + (sex)’ € M according to the condition. Hence b € M which contradicts that
M is maximal. Hence z € Ji(S). So our assumption is wrong. Thus there exists

e? = e # 0 such that e € (z);. Hence S is a k-semipotent semiring. O

Definition 3.4.6. A nonzero idempotent e of a semiring .S is a primitive idempotent

if for any nonzero idempotent f of S such that f € Se implies that Sf = Se.

Definition 3.4.7. A semiring S is said to be k-local semiring if it has unique maximal
left k-ideal.

An idempotent e of S is said to be k-local idempotent if the semiring eSe is k-local.

Proposition 3.4.8. Let S be a k-semipotent inverse semiring such that the set [S \
U'(S)|NET(S) is contained in every nonzero principle left k-ideal of S. Then every

primitive idempotent is k-local.

Proof. Let e be the primitive idempotent of S and J;(S) is the intersection of all
maximal left k-ideals of S. Let a ¢ Ji(eSe). If {0} is the maximal left k-ideal of
eSe then due to the maximality of {0}, a is left k-unit element of eSe. Suppose
{0} is not the maximal left k-ideal of eSe. Let x € Ji(S)[()eSe. So x € Ji(5)
and x € eSe. Consider an arbitrary element y € S. Then (ey)r € Ji(S). Thus
1+ (ey)z is left k-unit. So there exist s;, s, € S such that 1 + s1(1 + eyx) =
so(l+eyr) = etesi(1+eyx) = eso(1+eyr) = e+esi(1+eyx)e = esy(l+eyr)e =
e+esi(e+ eyr) = esa(e + eyxr) = e+ esie(e + (eye)(exe)) = esqze(e + (eye)(exe)).
Thus e + (eye)z is left k-unit in eSe for any y € S. Our claim is that x € Ji(eSe).
Suppose z ¢ Ji(eSe). So there exists a maximal left k-ideal M of eSe and M is

nonzero such that z ¢ M. So e € M + (x); which implies that e + m; + (esge)r =

mo + (esse)x for s, s4 € S and my,me € M. Now [e + essz + e(s)x)] + my =
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mao + e(s4x + sjx) => e+ e(ss + sy)r +my = mo + e(sy + sy)ex. Since x € Ji(5),
so x & U'(S). Hence (syz) + (sax) € [S\ U'(S)|ET(S). Now M # {0}. So there
exists eme # 0 € M. According to the condition, s,z + s,z € S(eme). Thus there
exist a,b € S such that (syz+ sjx)+a(eme) = b(eme) = e(sqx+syx)+ (ea)(eme) =
(eb)(eme) = e(sqx + syz) + (eae)(eme) = (ebe)(eme). Since M is left k-ideal of
(eSe), so e(syx + sjx) € M. Hence e + e(s3 + s))x € M. But e + e(s3 + s)x is left
k-unit element of eSe. This contradicts that M is proper. Hence x € J(eSe). So
if {0} is not the maximal left k-ideal of eSe, J;(S)[(eSe C Ji(eSe). Now a is an
element of eSe such that a & Ji(eSe). So a & J;(S). Since S is k-semipotent, there
exists a nonzero idempotent f € S such that f € Sa C Se. Hence Sf C Sa C Se.
Since e is primitive idempotent, Sf = Se. So Sa = Se. Hence e € Sa. Therefore,
there exist ¢,d € S such that e + ca = da = e + eca = eda = e + (ece)a = (ede)a.
Since a & Jj(eSe), so we find that a is a left k-unit element of eSe. So eSe is a k-local

semiring. Hence every primitive idempotent is k-local. O

From Theorem 3.4.1, Proposition 3.4.5 and Proposition 3.4.8, we have the follow-

ing result :

Theorem 3.4.9. Let S be a strongly clean inverse semiring such that every idempo-
tent has absorbing complement in S and the set [S\ U'(S)]( ET(S) is contained in

every nonzero principle left k-ideal of S. Then every primitive idempotent is k-local.

Example 3.4.10. In a semiring S, every primitive idempotent is k-local does not
mean that S is a strongly clean semiring. Let S = Ng be the set of all non-negative
integers. Define two operations + and . on S by a + b = max{a,b} and a.b= usual
multiplication in S for all a,b € S. Then (S,+,.) is an additively idempotent k-local
semiring with idempotents 0 and 1. Note that 1 is the only primitive idempotent of S

and 151 = S is k-local. But S is not strongly clean semiring.

Lemma 3.4.11. Let S be an additively absorbing centroid semiring and a € S such

that ea = ae for some idempotent e in S. Then the following conditions are equivalent

(1) ae has a multiplicative inverse in eSe.
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(i1) e € Sa and l(a) C I(e).

(iii) e € aS and r(a) C r(e).

Proof. First we prove that (i) <= (i¢). Suppose that (i) holds. Let zea = e = eax =
aex, where x € eSe. Then e € Sa C Sa. Let s € I(a). Then a + sa = a. Now
e+ se = aex + saex = (a + sa)ex = aex = e. So s € [(e) and hence I(a) C l(e). Now
assume that (ii) holds i.e. ¢ € Sa and I(a) C I(e). Then there exist by, b, € S with
eb1 = b1, eby = by such that e+ bja = bya. Let bie = ¢; = c1e, bae = ¢y = cye for some
c1,09 € Sand x = e(by+by)e. Then za = e(by+bs)ea = (eby+eby)ea = (by+by)ea and
e+xa = e+ (by+by)ea = e+bjac+bsae = byae+byae = (bee+boe)a = (ca+co)a = ca,
where ¢ = 2¢o € S. So ce = ¢. Now e +xa+ 2'a = ca + 2'a = e+ va + xd =
(c+2")a= e+ z(a+da) = Xa, where X = 2/ + c. Since S is additively absorbing
semiring and x = e(b;+by)e, so e = Xa = (eXe)(ae). Now (e+aX')a = ea+a(X'a) =
ea+a(Xa) =ea+ae’ =ae+ae’ =ale+e€). Soa+(e+aX')a=a+ale+¢€)=a.
Hence (e 4+ aX') € l(a) Cl(e). Thuse+ (e+aXe=e=ce+e+a(X'e) =e =
eteta(Xe) =e=et+e+aX' =e=ce+aX' =c+e = e+aX +aX =
e+eé+aX =ec+X(a+d)=e+e+aX = Xa+X(a+d)=Xa+ (Xa)' +aX.
So Xa =a(X + X')+aX = e =aX = e = (ae)(eXe). Hence ae = ea is a unit

element in eSe. The proof of (i) < (éi7) is analogous. O

Definition 3.4.12. Let S be a semiring such that every idempotent has absorbing
complement in S. Then S is said to be strongly exchange semiring if for each a(# 0)
in S, the following holds : E*(S) C (a); and there exists an idempotent e; € S with
absorbing complement e such that (i) eja = aey, (ii) e; € S(1+a) and e € Sa, (i)

I(1+a) C Se and I(a) C Se;.

Theorem 3.4.13. Let S be an additively absorbing centroid semiring. Then S is

strongly clean if and only if S is strongly exchange semiring.

Proof. Let S be strongly exchange and a(# 0) € S. Then o' # 0. Thus there
exists €2 = e; such that e;a’ = d’e;, ey € S(1+ ), e € Sa, since Sa = Sa’ and
[(1+a’) C Se, I(a) C Sey, since I(a) C I(a’), where € = e is an absorbing complement

of e;. Let y € Se. Then there exist A, B € S such that y+Ae = Be = y+ Ae+(A+
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B)(e1+¢€)) = Be+(A+B)(e1+¢€)). Nowe+e; =1. Soy+ A(l+¢€))+ Bley+¢)) =
B(l+¢€)+Aleg+¢€) = y+Al+¢€))+(A+B)=B(l+¢€)+(A+B) =
y+(1+€))+A(1+¢)) = B(l+e))+(1+¢)) = y+(1+A)(1+€)) = (1+B)(1+¢}) =
y e S(1+¢€,). Thus Se C S(1+¢}). Hence [(14+a') C S(1+¢}). Let y; € S(1+¢€}).
Then there exist ay, by € S such that y;+a;(14€}) = b1 (1+€)) = y1e1+ai(e1+€)) =
bi(e1+e€)) = yrer+(er+e))ar = (e1+€))by = yre1+(e1a1+e1a)) = (e1b1+eb)) =
yier + e1 + e1(ay +a)) = e; +e1(by +b)) = e1 + y1e1 = e;. Hence y; € l(ey).
So I(1 +d') C l(e;). From e;a’ = d’ey, we have e;(1 +a') = (1 + da’)e;. Thus
from Lemma 3.4.11, it follows that e;(1 + a’) = (1 + @)e; is a unit in e;5e;. So
[er(1+ )] = ei(I' +a) = €} + eja is a unit in e;Se;. Again ET(S) C Sa. Hence
(e1+¢€)) € Sa. So (e+e,+¢€}) € Sawhich implies that (1+¢}) € Sa. Now let 1, € Se;.
Then there exist ag, by € S such that ys + ase; = beey = ya€| + aze] = bye}. Now
adding these two equations, we find that yo(1+¢€}) + (azer +aze]) = (beeg + bae)) =
po(1+ €) + el + ab) = eh(by + b)) = (1+¢h) + (1 +€l) = (1+el). Hence
Yo € 1(1 +¢€}). So Se; C I(1 +¢). Since eja’ = d'ey, so a(l +¢)) = (1+ €))a.
Similarly, from Lemma 3.4.11, it follows that a(l 4+ ¢}) = (1 4 €})a is a unit in
(1+¢€))S(1+€)). Now uy = €] + eja is a unit in e;Se; with inverse vy (say) and
us = a + €ja is a unit in (1 4 €})S(1 + €}) with inverse vy (say). Since S is an
additively absorbing centroid semiring, it follows that w; + us is a unit in S with
inverse v; + vg. So (a + €ja+ €} +e1a) = a+e€j(1+a+d)=a+e]is aunit in
S with inverse v; + v5. Now e; € m. Thus there exist as,bs € S such that
e1t+az(1+a') =bs(1+a’) = e1+(ag+aza’) = (b3 +b3a’) = e +az+asa = by +bia.
e1+az+asa+e)+as+aza = bg+ba+ b +bsa = (e1+¢€))+(az+ay) + (as+aj)a =
(bs+b%) + (bs+b5)a. .. (7). Since EX(S) C Sa, (az+aj), (bs+bs) € Sa, so there exist
t1,ta,t3,t4 € S such that (ag+ajy) +tia = tea. .. (i1) and (b3 +b}) +tza = tya. .. (iii).
Let t =ty +t3 and s = t; + t4. Then (a3 + aj) + sa = (bs + b3) +ta... (iv). Adding
both side of equation (i) by (s + t3)a and using equations (ii7) and (iv), we have
(e1+€})) +pa+ (as+ah)a = (bs+bs)a+ qa, where p = (t +t4) and ¢ = (s+1t4). Thus
(er+€))+pa+(az+as)a+ (el +e1)+p a+(as+as)a = qa+(bs+bs)a+q a+(bs+bs)a =
(er+e)+(p+p)a+ (az+a)a= (¢+¢)a+ (bs+by)a = a+ (e1 +¢}) = a, by
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adding both side by a and using the fact that S is an additively absorbing centroid
semiring. Hence a = (a +¢)) + e; = unit + idempotent. Now (a + €} )e; = ae; + €} =
era + € = ey(a+ €)), since a’e; = eja’. Since a is any nonzero element of S, so S is
a strongly clean semiring.

Conversely, suppose that S is a strongly clean semiring. Let a # 0 € S. Then
a #0. Let z € ET(S). Then ¢ +2 = z ie. 2’ = z. If v is any unit in S, then
vtz =u+r+z=ull+ulr+ultr] =ul =u for any u € U(S). Since S is
strongly clean, so @’ = e; + u1, eju; = uje;, where €2 = e; and u; € U(S). Hence
d+r=d+r+r=e+uy+zr+x =€ +u =d. Sozx € Sa’ = Sa. Thus
E*(S) C Sa for each a # 0 € S. Now @' = e; +uy, e;u; = uje;. Let e; # 0. Then
ae; = e; +uie; = e; + equp = er(eg +uy) = e1d’. Hence (e1d) = (d'e;) = e1a =
aey. Since S is a strongly clean additively absorbing centroid semiring, according to
Theorem 3.4.1, we have e; € S(1+ a) and (1 +¢,) € Sa/ = Sa, where (1+ €}) is an
absorbing complement of idempotent e;. Let y € [(14+a). Then (1+a)+y(l+a) =
(1+a) = 1+y(1+a) =1 = 1+y[(1+e)+u] =1 = (1+¢&) +y(1+e}) +yu) =
(1+e) = u ' (1 +e) +yu (1+e) +y =u"(1+¢e), since eyu; = use; so
et = uj e, Hence y € S(1+¢)) = I(1+a) C S(1+¢,). Let y; € I(a). Then
a+ya=a= d+yad =d = e +u +yi(er +u1) = e + uy, since e(# 0)
and e; is strongly clean element. Hence e; + b+ b = e; for any b € S. Therefore,
e1tyiler+ur) = ep = e; +yre Fyuy = e = u; ter +yiug ter +yr = uj tey, since
e1u; = uie. S0 Y € Se, which implies {(a) C Se;. Hence S is strongly exchange
semiring if e; # 0. If e; = 0 then ¢/ = w;. So a = v} = v} + 1+ 1, where 1 + 1
is an idempotent of S. Then similarly we can show that S is a strongly exchange

semiring. O

Now the focus of our investigation is another question namely whether the nonzero
center of a strongly clean additively absorbing centroid semiring is itself strongly clean.

But this question has negative answer which follows from following example :

Example 3.4.14. Let R be a strongly clean ring with nonzero center Z(R) such
that Z(R) is not strongly clean ([56]). Now consider S = {0,1,2,3}. Define two
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operations “+7 and “.” on S as follows :
+10|1|2)|3 01|23
0|10(1|2]|3 0101000
11112381 110|123
21218312 2101213
31811123 3103|383

Now consider S; = [R x (S\ {0})]U{(Or,0)}. Then S; is a strongly clean additively
absorbing centroid semiring with respect to component wise addition and multiplica-

tion but its center Z(Sy) is not strongly clean.

Definition 3.4.15. An element a of an inverse semiring S is optimally clean if it
admits a strongly clean decomposition a = e + u, eu = ue such that for every b € S,
there exists x € S with [a,z] = [e,b], where [x,y] denotes the commutator of z,y in

S.

An inverse semiring is optimally clean if every nonzero element is optimally clean.

Theorem 3.4.16. Let S be an optimally clean additively absorbing centroid semiring

with nonzero center Z(S). Then Z(S) is a strongly clean semiring.

Proof. Let a(# 0) € Z(S). Then a = e + u, eu = ue for some idempotent e € S and
u € U(S), which in addition, has the property that for every b € S, there exists x € S
with [a, x] = [e, b]. This implies that az+a2'a = eb+b'e = za+z'a = eb+b'e. Adding
both side by 1, it implies that 1 = 1+eb+b'e = 1+be = 1+ebfor allb € S. For being
an additively absorbing centroid semiring S, it satisfies 1 + x4+’ = 1 for all z € S. If
uy,uz € U(S) then U = wyuy € U(S). Now U+141 = U[1+U'+(U~')] = U. Since
a€ Z(9),ar = zaforall x #0. So ex+ur = ze+ru = l+er+ur = l+ex+ru =
l4+ur =14+zu = 14+1"4ur = 1+1"+auforallz # 0in S. Since 2(# 0) € Sand S
is strongly clean, x = e; + u; and eju; = uye; for some e% = ey and uy € U(S). Thus
14+1+ue; +uuy = 14+1"+equt+uu = ey +uu; = equ+uu. Hence ux = zu for all
x#0. Sou € Z(5). Again, for all b € S, eb+ ub = be + bu = eb+ ub = be + ub —>
ebe 4+ ube = be + ube, multiplying from right on both side by e. Adding both side by
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u'be, it follows that ebe + ube + u'be = (1 + u + u')be = be. Since u'be = ube’, we
have ebe + ub(e + €') = be. Since S is a centroid semiring, ub(e + €') = (e + €')ub. So
ebe+eub+e'ub = be = ebe+eube+e'ube = be = [e+(e+¢)ulbe = be = ebe = be.
Similarly, it can be proved that eb = ebe. Hence eb = be for all b € S. So e € Z(S).

Hence Z(S) is a strongly clean semiring. O

Definition 3.4.17 ([19]). Let S be a semiring with identity. An S-semimodule P
is projective if ¢ : M — N is surjective S-homomorphism of S-semimodules M , N
and if « : P — N s an S-homomorphism then there exists an S-homomorphism

B P — M satisfying o = a.
Proposition 3.4.18. [19] Every free S-semimodule is projective.

Definition 3.4.19 ([19]). An S-semimodule N is a retract of an S-semimodule M
if there exists a surjective S-homomorphism 6 : M — N and an S-homomorphism

¥ : N — M satisfying the condition that Qo is the identity map on N.
Proposition 3.4.20. [19] Any retract of a projective S-semimodule is projective.

Definition 3.4.21. Let M be a finitely generated free S-semimodule. Then any basis
of M has finite number of elements. A semiring S is called projective-free if every
finitely generated projective S-semimodule M is free and every basis of M has same

number of elements.

Proposition 3.4.22. Let S be a projective-free semiring and every idempotent of S

has an orthogonal complement in S. Then the only idempotents of S are 0 and 1.

Proof. Let e; be a nonzero idempotent of S and e, be its orthogonal complement.
Then e; + e; = 1 and ejes = eze; = 0. Now ey # eg otherwise e; = 1 = 0 which
implies S is trivial. Since e; + ey = 1, {e1,ea} generates S-semimodule S. Now S
is free S-semimodule as 1 is a basis. Se; is the retract of S-semimodule S, since
0 : S — Se; defined by 0(s) = se; for all s € S, is a surjective S- homomorphism and
¥ Sey — S defined by 9(se;) = se; for all s € S, is an S-homomorphism such that

their composition 6ot is an identity map on Se;. Now S is projective S-semimodule,
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by Proposition 3.4.18. Hence Se; is finitely generated projective S-semimodule, by
Proposition 3.4.20 and so is free. Similarly, Se, is free S-semimodule. Let A and B be
bases of S-semimodules Se; and Ses respectively. Since ejes = 0, Seq () Sey = {0}.
It can be easily seen that A|J B is a basis of S. Since S is projective-free semiring,
Al B = {a} for some a # 0 € S. Since e; # 0, so A = {a} and B = ¢. Since ¢
spans only the 0 S-semimodule, Se; = 0. Hence e; = 0 which implies e; = 1. Hence

the proof. O

Theorem 3.4.23. Let S be a projective-free semiring such that every idempotent has
orthogonal complement in S. Let x +x € Ji(S) for all x € S\ U'(S), where U'(S) is
the set of all left k-unit elements in S. Now the following are equivalent :

(i) S is a k-local semiring,

(17) S is an exchange semiring,

(1ii) S is a k-semipotent semiring.

Proof. (i) = (ii). Suppose that S has a unique maximal left k-ideal M and x # 0

in S. Let (z); and (1 + x); be two proper left k-ideals of S. Since every proper left

k-ideal is contained in a maximal left k-ideal, so x € M and (1 + z) € M which

implies that 1 € M, a contradiction. Hence either 1 € (x); or 1 € (1 + x);. Hence S

is an exchange semiring.

(i) = (ii1). Let (z); be a nonzero principal left k-ideal of S such that z & .J;(.S).
Suppose 1 & (z);. Let s € S. If sz = 0 then (1 + sz) = 1 is left k-unit. Suppose
sz # 0. Since S is exchange, either 1 € (sz); or 1 € (1 + sx);. But 1 € (sx); as our

assumption was 1 & (z);. Hence (1 + sx) is left k-unit for all s € S. The claim is that
x € J)(S5). If it is not, then there exists a maximal left k-ideal M such that = & M.
So by the maximality of M, it follows that 1+ (m; + s12) = (mg + sex) for some
mi,my € M and s1,89 € S. Now (1 4 sz) +my = ma + (S22 + sox) ... (3), where
s = (s1+ s5). Since 1 & (z);, sox & U'(S) s0 (s9 + spz) € Ji(S) according to the
condition. Hence form equation (3), we have (14 sx) € M which is a contradiction as

(14 sz) is left k-unit. Hence z € Jy(S). So our assumption is wrong. Thus 1 € (z);.

Hence S is a k-semipotent semiring.
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(1ii) = (i). Let S be a k-semipotent semiring and z # 0 € S. If x € J;(5)
then we have nothing to proof. Let z ¢ J;(S). Then (z); ¢ J(S). Since S has
only nonzero idempotent 1, follows from Proposition 3.4.22 and S is k-semipotent,

1 € (x);. Hence z is a left k-unit element. Thus S is a k-local semiring. O
From Proposition 3.4.22, we have the following result :

Theorem 3.4.24. Let S be a projective-free semiring such that every idempotent has
orthogonal complement in S. Let x +x € Ji(S) for all x € S\ U'(S), where U'(S) is
the set of all left k-unit elements in S. Then S is a clean semiring if and only if S is

a strongly clean semiring.

Theorem 3.4.25. Let S be a projective-free semiring such that every idempotent has
orthogonal complement in S. Let x + x € J)(S) for all x € S\ U'(S), where U'(S) is
the set of all left k-unit elements in S. Then S is local, exchange and k-semipotent

semiring if S is a strongly clean semiring.

Proof. From Proposition 3.4.22, it follows that S has only two idempotents 0 and 1.
Let M be the maximal left k-ideal and L be a proper left k-ideal such that L ¢ M.
Then there exists x € L such that x € M. Let M; = m Then M; is the left k-
ideal containing properly M. So M; = S. Thus there exist mq, ms € M and s1,s9 € S
such that 1+ (my + s12) = (Mg + s22) = 1+ my + (s12 + s12) = mg + sz... (1),
where s = (s1+82). Since € L and L is proper left k-ideal, so sy, sz € U'(S). Thus
(s12 4 s1z), (sx + sx) € Ji(S). If sx = 0 then equation (1) implies that 1 € M which
is a contradiction as M is a maximal left k-ideal of S. Let sz # 0. Then sz =1+ u
for some unit w € S. Thus (1 +u)+ (1+u) € J,(S) = (1+1)(1 +u) € J,(S). From
equation (1), 1+mi+(siz+s12) = mo+1+u...(2). If (1+1) € U'(S), then there exist
1,02 € Ssuch that 14¢1(1+41) = co(14+1) = (14+u)+c1 (14+1)(14u) = co(1+1)(1+u)
which implies that (1 +u) € J;(S). Hence from equation (2), we have 1 € M — a
contradiction. Let (1+1) ¢ U’(S). Then (14+1)4 (14+1) € Ji(S). Now equation (2)
implies that « € M which is again a contradiction. So L C M. Hence S is a k-local

semiring. Since S is a semiring as stated in Theorem 3.4.23, the three notions local,

exchange and k-semipotent are equivalent for S. Hence the theorem follows. O
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But the converse of Theorem 3.4.25 is not true which follows from the following

example.

Example 3.4.26. Let S = N{ be the semiring of all non-negative integers with respect
to usual addition and multiplication. Let P = 2Ng. Then P is a prime k-ideal of S.
Consider the localization of S at P which is defined as Sp = {[m/n] : m € S;n €
S\ P}. Then Sp is a commutative semiring with respect to following binary operations
o [ma/na] @[ma/na] = [ming + many/ning| and [my/ni] O[ma/na] = [mima/nins|
for all my,mqy € S, ny,ng € S\ P. Then (Sp,P, () is a projective-free k-local
semiring such that [1/1]@[1/1] = [2/1] € Ji(Sp) but Sp is not a clean semiring.
Here [m/n] denotes the equivalence class of m/n such that a/b € [m/n] if and only if

na = mb.

Hence if S is a projective-free semiring such that every idempotent has orthogonal
complement in S and z 4+ z € J;(S) for all x € S\ U'(S), where U'(S) is the set of
all left k-unit elements in S then the implications below should now be clear.

Clean Semiring <= Strongly Clean Semiring = k-Local Semiring <= Ex-

change Semiring <= k-Semipotent Semiring.



Chapter 4

On k-unit Clean Semiring



Chapter 4

On k-unit Clean Semiring

4.1 Introduction

Rings in which every element is the sum of an idempotent and a unit are said to
be clean rings and this notion was introduced by W.K. Nicholson [7] in 1977 in the
study of exchange rings. In this paper [7], he also proved that a ring with central
idempotents is clean if and only if it is exchange. A ring R is unit regular if for
any a € R there exists a unit v € R such that a = aua. Equivalently, a ring R is
unit regular if each element a of R is the product of an idempotent and a unit i.e.
a = eu for some idempotent e and unit u in R. Basically, clean rings are the additive
analog of unit regular rings. Since then various generalizations of clean rings have
been obtained by many authors ([28], [30], [42], [59]). There has been a remarkable
growth of the algebraic theory of semirings over last several years. Semiring is a
generalization of ring and distributive lattice. In [62], we have introduced the notion of
clean semiring and exchange semiring. Units and idempotents play very important roll
for determining the structure of clean ring as well as clean semiring. But in a semiring
with absorbing zero element ‘0’ and identity element ‘1’, there is a generalization
of units which are called k-units. It is quite natural to ask what happens if we
replace unit element by k-unit element in the definition of clean semiring. Considering
this fact in mind, in this paper we introduce the concept of k-unit clean semiring

which generalizes both clean ring and clean semiring. A semiring is said to be k-unit

o2
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clean semiring if each of its nonzero element can be written as the sum of a k-unit
and an idempotent. In this paper, we obtain some important results about k-unit
clean semiring and establish a connection between k-unit clean semiring and exchange

semiring for some class of semirings.

4.2 Definition & Examples of k-Unit Clean Semir-
ings

Definition 4.2.1. An element of a semiring S is said to be k-unit clean if it can be
written as the sum of an idempotent and a k-unit in S. A semiring S is called a

k-unit clean semiring if every nonzero element of S is k-unit clean.

Definition 4.2.2. A semiring S is said to be strongly k-unit clean semiring if every
nonzero element a of S can be written as a = e+ u for some k-unit u and idempotent

e with eu = wue.

Remark 4.2.3. Let S be a semiring. Suppose that a € S. Note that an element b
of S is an additive inverse of a if and only if a +b = 0 ([19]). Denote the set of
all elements of S having additive inverses by V(S). The set V(S) is non-empty as
0eV(9).

It can be easily seen that a semiring S is a ring if and only if V(S) = S.

2 =¢ and u is a k-unit.

Now suppose that in a semiring S; 0 = e + u, where e
Since u is a k-unit, there exist s1,s9 € S such that 1 + squ = sou and 1 + us; = us,.
So we have 0 = sge + sou = sge + 1 + syu = 1 4 (s1u + sq2€). Let b = (s1u + sqe).
Then 1+b=0. Thusx +2b=x(1+b) =20 =0 for allz € S. Sox € V(S) and
hence S =V (S). This shows that S becomes a ring.

To avoid the above situation, we take a semiring S is k-unit clean if every nonzero

element of S can be written as the sum of an idempotent and a k-unit in S.

Example 4.2.4. (i) Every clean semiring and clean ring are examples of k-unit

clean semiring.
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(ii) Let S = N§ be the set of all non-negative integers. Define two operations +
and . on S by a + b = max{a,b} and a.b = usual multiplication in NJ. Then
(Ng, +,.) forms a semiring with additive identity 0 and multiplicative identity 1.
In fact, for all nonzero integers a, 1+a = a holds. Thus (S,+,.) is a k-semifield

hence k-unit clean semiring.

(i1i) Consider S ={0,1,2}. Define the operations “+” and “” on S as follows :

+|0|1)|2 0|12
010|1)|2 01010]|0
111|121 110112
21212 210 2|2

Then (S,+,.) forms a semiring. Let N§ be the set of all non-negative integers.
Define two operations + and . on NI such that a + b = maz{a,b} and a.b =
usual multiplication in N§ . Then (N§, +,.) forms a semiring with multiplicative
identity 1 and additive identity 0. Let us consider S; = (0,0) U [N x (S \
{0})]. Then Sy forms a semiring with respect to component wise addition and
multiplication. This Sy 1s an example of k-unit clean semiring but it is neither

a k-semifield nor a clean semiring.

4.3 Elementary Results of k-Unit Clean Semiring

Theorem 4.3.1. Homomorphic image of a k-unit clean semiring is a k-unit clean

Semaring.

Proof. Let S be a k-unit clean semiring with identity 1g and S’ be a semiring with
identity 1g/. Let f : S — S’ be an onto homomorphism. Then S’ is the homomorphic
image of the k-unit clean semiring S. We have to show that S’ is a k-unit clean
semiring. Since f is an onto homomorphism, so S’ = {f(a) : a € S}. Now f(1s) = 1g
is the identity element of S’. Let s’ # 0 € S’. Then there exists a(# 0) € S such that

f(a) = §'. Since S is k-unit clean so we can write a = e + u, where ¢ = ¢ € S and u
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is a k-unit in .S. Thus there exist s1, so € S such that 1+ s;u = sou and 1g +us; =
usy. So we have s’ = f(a) = f(e +u) = f(e) + f(u), since f is a homomorphism.
Now [f(e)]* = f(e)f(e) = f(e*) = f(e). Hence f(e) is an idempotent in S’. Now
f(Ls + s1u) = f(squ) == [(1s) + [(s1u) = f(s2u) = 1o + f(s1)f(u) = [f(s2) f(u),
since f is a homomorphism. Similarly we can show that 1 + f(u) f(s1) = f(u) f(s2).
Hence f(u) is a k-unit in S’. So s’ is the sum of an idempotent f(e) and a k-unit
f(u) of S’. Since s is an arbitrary nonzero element of S’; it follows that S’ is a k-unit

clean semiring. ]

Theorem 4.3.2. Let S be an additively cancellative strongly k-unit clean semiring
such that every idempotent of S has a complement. Then idempotents lift modulo

every k-ideal of S.

Proof. Let S be an additively cancellative strongly k-unit clean semiring such that
every idempotent of S has a complement in S and I be a k-ideal of S. Let x € S.
If x € I then clearly the result follows. Let x does not belong to I. Since S is
strongly k-unit clean, x = e + u, where e is an idempotent and u is a k-unit in
S with eu = ue. Now e has a complement, say e; in S. So we have e + e¢; = 1.
Since w is a k-unit in S, there exist s;,s9 € S such that 1 + sju = spu ... (i) and
1+usy =usy ... (it). Lebx+ I =2+ 1. Then (e+u)+1=(e+u)’+1=
(e+u)+1=(e+eutue+u?)+1 = (e+u)+i = (e+ eu+ur)+ iy, where
Q1,09 € I. So u+ 1y = ux + eu+ iy ... (iii), since S is additively cancellative. Now
multiplying from left side by e, we have eu + i} = eux + eu + iy, = @} = eux + i),
where i} = eiy € I and @, = eiy € I. Hence euxr € I, since I is a k-ideal of S.
Since eu = ue and re = ex, we have uxe € I. Since [ is a k-ideal of S, we have
re = ex € I = e+ eu € I. Now adding both side of equation (iii) by e, we
have (e + u) + iy = ux + (e + eu) + is. Since x = e+ u and e + eu € I, we have
T 414 = uxr + iy = xu+ i, = xsy + i) = zus; + i ... (), where i}, € I. Now

multiplying equation (7i7) from right side by ss, we have usy + i = uxsy + eusy + i .

/11

By using equation (ii), we have (1 +us;) +1i] = x4+ zus; +e+eus; +1. Now adding
both side by ey, it follows that e; + (1 4 usy) + ] = x + zus; + 1 + eus; + 4. Since
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S is additively cancellative, it follows that e; +usy + ] = © + zus; + eus; + i . Now

adding both side by es;, we have e; + xsy + i = x + xus; + 5. Thus adding both
side by 4} +1i5 and using equation (iv), we get e; +1i3 = x + 144, where 3,74 € I. Hence
e; +1 = x + I, where e; is an idempotent. Thus idempotents lift modulo k-ideal

I. O
Now we have the following characterization of k-unit clean semiring.

Theorem 4.3.3. Let S be a commutative antisimple semiring such that every idem-
potent has a complement. Let I be a nonzero k-ideal of S and J,(S) be the Jacobson
radical of S such that I C Ji(S). Then S is k-unit clean if and only if S/1I is k-unit

clean and idempotents lift modulo 1.

Proof. Suppose that S/I is k-unit clean and idempotents lift modulo I. To show
that S is k-unit clean, we have to show that every nonzero element of S is k-unit
clean. Let r # 0 € S. Then either r is a k-unit or a non k-unit element in S. If
r is a k-unit then r is a k-unit clean element in S. Let r be a non k-unit. Then
there are two possibilities : either r € I or r ¢ I. If r € [ then r + 1 = I. Since
S is antisimple and r #£ 0, so r = r’ 4+ 1, where r’ # 0 otherwise r becomes a k-unit
because every unit is a k-unit. Now 7/ must be k-unit otherwise m is a proper
k-ideal of S. Hence ' € M, where M is a maximal k-ideal of S. Thus it follows
that 1 € M as r € I C J)(S). This is a contradiction. Hence r is k-unit clean.
Let » ¢ I. Then r + I is a nonzero element of S/I. Since S/I is k-unit clean,
r+1 = (e+ 1)+ (x+I), where (e + I) is an idempotent and = + I is a k-unit of
S/I. Now (e+1)*> = e?>+ 1 = e+ I. Since idempotents lift modulo 7, there exists an
idempotent e; € S such that e+ 1 =e; + 1. So we have r + 1 = (e; + 1) + (z + I).
Now I C J;(S) and = + I is a k-unit of S/I, so there exist sy + I, s + 1 € S/I such
that (1+ 1)+ (s1+)(x+1)=(se+(z+]) = (1+s12)+ 1= (s9z+1) =
(1 4+ s12) + i1 = (s2x + iz) for some i1,y € I. Now if x is not a k-unit then @ is a
proper k-ideal of S. Since each proper k-ideal is contained in a maximal k-ideal, so
x € My, where M; is a maximal k-ideal of S. Hence sz, sox € M;. Since I C Ji(5),

i1,19 € Ji(S). Hence 1 € My, which contradicts that M; is proper. Thus x is a k-unit
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of S. Now r+1 = (eg + 1)+ (z + I), where e; ¢ I, otherwise r + I is a k-unit of
S/I which implies that r is a k-unit of S. But we take r is a non k-unit element.
Now e; is an idempotent and x is a k-unit of S. Thus e; = 1 or ey is an idempotent
except 1. Suppose that e; # 1. From given condition e; has a complement in S, so
there exists an idempotent e, € S such that es +e; = 1 and e # 0 otherwise e; = 1.
Nowr+I=(eg+I)+(@+I) = (r+e)+I=1+1)+(@x+1I) ... (). Since
r(# 0) ¢ I and S is antisimple, there exists r; € S such that r = r; + 1. From
equation (i), we have (r1 +e) + (1+1) = (1+1)+ (x+1) ... (i4). Since S is
antisimple and [ is a nonzero k-ideal of S, S/I is additively cancellative from Note
2.3.4 . Hence from equation (ii), we have (r1 4+ e2) + I = (x + I). Thus (ry +e2) + I
is a k-unit of S/I which implies that (r; + e3) is a k-unit of S. Thus we can write
r=ri+1=r;+ (e; +e3) = e + (r1 + e2), where e; is an idempotent and (r; + e3)
is a k-unit of S. Hence r is a k-unit clean element of S. Now if e; = 1, then we have
r+I=(x+1)+(1+1) ... (iii). Now r = r; + 1. Hence from equation (iii), we have
(ri +1) = (z+ 1) is a k-unit of S/I which implies that 7, is a k-unit of S. Hence r
is k-unit clean. Since 7 is arbitrary nonzero element of S, it follows that S is k-unit
clean.

Conversely, suppose that S is a k-unit clean semiring. Let us define a mapping
¢: S — S/Iby ¢(x) =x+1 for all z € S. Then S/I is a homomorphic image
of the k-unit clean semiring S. Hence S/I is k-unit clean, by Theorem 4.3.1. Since
S/1 is additively cancellative and every idempotent of S has a complement, we get

idempotents lift modulo I, by Theorem 4.3.2. m

Theorem 4.3.4. Let S be an antisimple inverse semiring. Then all nonzero idem-

potent and k-idempotent elements of S are k-unit clean.

Proof. Let e be a nonzero idempotent element in S. Since S is an antisimple inverse
semiring, e can be written as e = e + 14+ 1. Now (2e 4+ 1")(2e + 1') = (2¢)? + 2¢' +
2¢/ +1 = 2(2e) + 2 +2¢ +1 = 2e+2e+2¢ +2' +1 =1+ 2e+ 2¢. Hence
U+ (2e+1) 2+ 1) =142 +2 +1=(2+ 1)+ 1'(2e +1') = (2¢ + 1')(1 + 1').
Thus 1 + (2e +1)(2¢/ + 1) = (2e + 1')(1 + 1’). This implies that (2e + 1) is right
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k-unit. Similarly, it can be shown that (2e + 1') is left k-unit. Hence (2¢ + 1') is a
k-unit element of S. Now (1+¢)> =1+¢ +¢ +e=1+¢. Hence (1+¢€)is an
idempotent of S. Now (2e + 1)+ (14+¢)=e+e +e+1+1 =e+1+1 =c.
Consequently, e is a k-unit clean element of S.

Let e be a nonzero k-idempotent in S. Then e?+ e =¢e? = e’ +€ = e’ ... (i).
Now e = e+ 1+ 1, since S is an antisimple inverse semiring. By using equation (7),
it follows that (e+1")(¢'+1") = ee’+e' +e+1=ee'+e+1 =1+ (e+1')e’. Similarly,
it can be shown that 1 +¢€'(e +1") = (¢/ + 1')(e + 1'). So (e + 1’) is a k-unit element
of . Thuse=e+1+1 = (e+ 1) + 1. Hence e is a k-unit clean element of S. [

Theorem 4.3.5. Let S be an antisimple strongly reqular semiring such that every

idempotent has a complement in S. Then S is a k-unit clean semiring.

Proof. Let y(# 0) € S. Then there exists € S such that y = x + 1, since S
is antisimple semiring. Again since S is a strongly regular semiring, there exists
z € S such that x = xzz and xz = zx. Let e = xz. Then e is an idempotent of
S. According to the given condition, e has a complement in S. Thus there exists
e? =e; € Ssuch that e4+e; =1 ... (i). Now ez = 22z = ze. From equation (i),
we have eze + e12e = ze = ejeze + e2ze = ejze. Using ez = ze and e} = e, we
get e;ze +eyze = ejze ... (ii). Now (x 4 e1)(2ze + e1) = x2ze + xey + e12ze + €1 =
xze + xze + xey + ejze + ejze + e, Using equations (i) and e = xz, we have
(x +e1)(2ze + e1) = e+ e1 + xe; + egze + xze. Multiplying on both side of equation
(i) by e; and using e? = e;, we have ejee; + e; = e;. Thus (z + e1)(2ze + ¢;) =
14 xee; +ejee; +e1ze +xze =1+ (x4 e1)ee; + (x +e1)ze = 1+ (v + 1) (ze + eey).
Similarly, we can show that (2ze+e;)(x+e1) = 1+ (ze+ere)(z +e;1). Thus (z+e€;)
is a k-unit of S. Hencey =z +1=x+ (e+e1) = (r+e1)+e. Soy is a k-unit clean

element of S. Consequently, S is a k-unit clean semiring. O

But the converse of Theorem 4.3.5 does not true. In Example 4.2.4(ii), S is an
antisimple k-unit clean semiring such that every idempotent has a complement in S

but there are no strongly regular elements in S except 0 and 1.
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Definition 4.3.6. A semiring S s called strongly p-reqular if for each a € S, there

ezists some b € S such that na + aba = (n + 1)a with ab = ba, for some n € N.

Definition 4.3.7. An element e in a semiring S is called p-idempotent if ne + e =

(n+ 1)e for some n € N.

Theorem 4.3.8. Let S be an antisimple strongly p-reqular semiring such that for
every p-idempotent e € S there exists an idempotent e; € S such that e +e; = 1.

Then S is a k-unit clean semiring.

Proof. Let S be an antisimple strongly p-regular semiring satisfying above condition.
Let x(# 0) € S. Since S is antisimple, there exists a € S such that z = a + 1. Now
for a € S there exists b € S such that na + aba = (n + 1)a ... (i) with ab = ba,
for some n € N. Multiplying from right on both side of equation (i) by b, we find
that nab + (ab)? = (n + 1)ab. Let e = ab = ba. Then e is a p-idempotent element
in S. According to the given condition, there exists an idempotent e; € S such that
e+e =1 ... (i1). Now (a+e1)((n+ 1)be + e; + n) = a(n + 1)be + ae; + na +
er(n+1)be + ey +ney ... (iii). Since ab = ba, eb = be. Multiplying equation (ii) by
be, we have ejbe + ebe = be = e be + be? = be = e be + be? + nbe = be + nbe =
erbe+(n+1)be = (n+1)be, since e*+ne = (n+1)e. Hence from equation (i74), we have
(a+er)((n+1)be+e+n) = alerbe+(n+1)be|+ae; +na+e (n+1)be+ey+ne;y ... (iv).
Equation (i) can be written as na + ae = (n + 1)a = nae; + aee; = (n+ 1)ae; =
aey + aey + ...+ aey (n-times) +aee; = (n + 1)ae; ... (v). From equation (i7), it
follows that e; + ee; = e; = ae; + aee; = ae;. Hence equation (v) can be written
as nae; = (n + 1)ae; = na = na + aey, by using equation (ii). Now equation (iv)
can be written as (a + e1)((n + 1)be + e; + n) = aerbe + a(n + 1)be + na + e1(n +
1)be + ey + ee; + ney = €% + ee; + e + (a + e1)ejbe + n(a + e1)be + n(a + ;) =
1+ (a + e1)(erbe + nbe +n). Thus (a + ;1) is a right k-unit element of S. Similarly,
we can show that ((n+ 1)be +e; +n)(a + e1) = 1 + (beey + nbe + n)(a + e1). Thus
(a + e1) becomes a left k-unit element of S. So (a + €;) is a k-unit element of S.
Since every idempotent element of S is a p-idempotent of S, e; is also a p-idempotent

of S. Thus there exists an idempotent e, € S such that e; + e; = 1. Therefore,
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r=a+1=a+ (eg +e2) = (a+e1)+ ea. Hence x is a k-unit clean element. This

implies that S is a k-unit clean semiring. O

4.4 Connection With Some Classes of Semirings

Definition 4.4.1. An element a in a semiring S is right w-reqular if there exists
x € S such that a® = a" ' for some integer n > 1. The left w-reqular is defined
analogously. An element a € S is called strongly m-reqular if it is both left and right
m-reqular. A semiring S is called strongly mw-regular semiring if every element of S is

strongly m-reqular.

Proposition 4.4.2. If a is strongly w-reqular element in a semiring S then there

exist v,y € S such that "'z = a™ and ya" ! = a™ for some integer n > 1.

Proof. Since a is strongly m-regular, there exist z,y € S such that "™z = a" and

ya™tl = @™ for some integers m,n > 1. If m < n, ya™ = a™ = ya™ """ =

ama"™ = ya"t! = a”. If m > n, then a" = a""lx = a"2? = "33 = ... =

n+m-—n ,.m—n

a T = a™

m . m—"n

2™ ", Now ya™"l = ya™zm™ = Mz = a". Hence the

proof. O]

Proposition 4.4.3. If a is a strongly m-reqular element in a semiring S then a" is

strongly regular for some integer n > 1 and there exists b € S such that ab = ba,

n n+1b

a” = a

Proof. The proof of a” is strongly regular, follows from Proposition 4.4.2. If r € S is

2 = 7 follows

strongly regular then there exists z € S such that r?z =r, rz = zr, rz
from [62]. Let ¢ € S such that cr = rc. Then zrc = zer = zer?z = 2r?cz = rez = orz,
i.e. ¢ commutes with rz = 2r. Now zc = 2%rc = z.2rc = zcar = 2rcz = carz = cz.
Hence z commutes with every element ¢ which commutes with r. Here a™ is strongly
regular for some integer n > 1. Therefore, there exists z € S such that a*"z = a™ and
az = za, since a commutes with a”. Thus a” = a""a" 1z = a"'b, where b = a" 12

and ab = a"z = a" 'za = ba. m
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Theorem 4.4.4. Let S be an antisimple strongly w-reqular semiring such that every

idempotent has strong absorbing complement in S. Then S is a k-unit clean semiring.

Proof. Let a(# 0) € S. Since S is antisimple and a # 0, a = a; + 1 for some a; € S.
Since S is strongly m-regular semiring, there exists b; € S such that a} = a”'b; for
some integer n > 1 and a;b; = bya;, by Proposition 4.4.3. Hence a] = a’f“bl =
alt?? = a0 = = a0 = b} = albla?, since aiby = bia;. Let f = aby.
Then f is an idempotent in S. Then f? = f. According to given condition, there
exists ff = fisuchthat f+fi =1...(1), ffi = fif, f+sffi=fand fi+fifs=fi
for all s € S. Since a1by = bay, a1f = fa;. From equation (i), we can write
arftafi = far+ fran = aif+afr = a1 f+ fran = aif fita L = a1 f fr+ fraafi.
Adding both side by f, it follows that f + a;f; = f + fiai1fi. Now adding both side
by fi, we get 1 + a1 fi = 1+ fiaifi...(¢d). Similarly, like equation (ii), we have
14 fiag = 1+ fiayfi...(ii). Thus from (i) and (ii7), it follows that 1 + a;f; =
14 fiaq...(iv). Multiplying equation (iv) from left and right side by f; we have
fi+ fiaer = fi+ fiarfi = fi + a1 f1...(v). Similarly, for all integers n > 1, we
can show that 1 +alf; = 1+ fia}...(vi) and fi + fia} = fi +a} fi...(vii). Now
atf =at. Let w= (a}+ f1) and wy = (b7 f + f1). Then ww; = (a + f1) (V] f + f1) =
atbi f+ay i+ [ibY f+ i = frai fhi+ A0 f+f = fral A+ A0+ = f+H =1,
where 07 f = fb}, since a1by = byay. Similarly, we can show that w;w = 1. Hence w
isaunit in S. Now fw = f(a} + f1) = fab + ffi = apbla} + ffr = a} f+atb} f f1 =
ai(f+0ffi)=aif=a andwf = (al+ fi)f =ai + fif =ai+ffi = flai +fi) =

n

fw. Hence wf = fw = a}. Let n be an even integer such that n > 2. Now
[fai+fi(1+a)] e} w™ f+(2a1+2a3+. . +2a7 1) f+fi(l+a1+a2+ad+. . +a] )] =
f+Qa+2a3+. .. +2a N far+ far fi(l+a;+a2+. .. +ai )+ fi(l+ay)a} wt f+
A +a)(2a +2a3 +.. 42" ) f+ il +a) fi(l+a1 +a?+... +aP™h) ... (viii).
So we have fi(14a)fi(l+ay +a?+4...+a}™) = fi+ fiay + fra? + ...+ fra? ™' +
fiar + fiai + fra3 + ...+ fia} ... (ix). Now from equation (i), we have fw + fifw =
fw = fifw+ fifw = fifw = fia} + fia} = fia}. Hence from equation (iz),
we get fi(l+a)fi(l+a+a +a2+...+a" ") = fi + (friar + fra?) + (fra1 +

fiad) + (fiad + fiad) + (frad + fial) + . 4 (fiad ™! + fia?) + (fiai™! + fral) =
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A+ fi+a) (e +a)+ fi(l+a) (@3 +ad)+.. .+ fil+a)a! " + fi(l+a)a} ! =
fi+fi(l+ar)(2a;+2a3+. . .+2a"1). Now using equation (vii) and using the equation
a,f = fay, we can write the equation (viii) as [fay+ fi(1+a1)][a}  w ™" f4(2a; +2a3 +
A2 Y il ta a2 +ad . +at Y] = f4far(2a0+2a3+. 4200 Far (14
a a2+ A+ ff(ra)a w4 ff(1TRa) (2 +2a8 4. 420+ £+
fi(l4a1)(2a1+2a3+. . . +2a7Y) = 1+[far + fi(1+a1)][2a1+2a3 +. . .+2a7!]. Hence
[fai+ fi(14a1)] = (a1 + f1) is a right k-unit element of S. Similarly, it can be shown
that [fwtal ' +(2a1+2a3+. . . +2a7 ) f+fi(14+ar+. . . +at D) [far+fi(1+a))] = 1+
[2a;+2a3+. . .+2a} ) [far+ fi(14+a1)]. Hence fai+fi(1+a;1) = (a1 +f1) is left k-unit
of S. This implies that (a;+ f1) is a k-unit element of S if n > 2 is an even integer. Let
n be an odd positive integer. If n = 1 then a; is a strongly regular element and hence
by Theorem 4.3.5, it follows that (a;+ f;) is a k-unit of S. Let n > 3 be an odd integer.
Now [fai+fi(14+a)][a} 'wt f+ f(2a1+2a3+. . 4+2a} )+ f1(1+a +a3+. . +ai )] =
f+fai(2a,+2a3 4. . . 4+2a7 ) da ffi(l+a+ai+. . . 4a? D+ fi(l4+a))a} fw ™ f+
ff(l4a1)(2ay +2a3+. .. +2a7 )+ fi(l+ay) fr(14+a; +a+...+a?") ... (x). Since
a? = fw, we can write the equation (iz) as fi(1 +a1)fi(l+a; +a2+...+a}™") =
fi + fiar + fiad 4+ ..+ fiatt 4 fiag + fid? + fiad oo+ fidl = fi 4 fifw +
(frar + fra?) + (frar + frad) + (fra} + fra}) + (frad + fra}) +. .+ (frai 72 + frad ™) +
(a7 + fia?™Y) = fi + A1+ a1)200 + fL(1+ a1)2a} + ..+ A(1 + a1)2a77%) =
fi+ fill+a1)[2a; +2a3+ . .. +2a"2]. Put the value of this in equation (z) and using
ayf = fay, the equation (z) becomes [fa; + f1(1+a1)][a} 'w™ f+ f(2a; +2a3 +. .. +
207 )+ fi(l4+ar+a2+...+a? ) = f+ far(2a1 +2a3 + ...+ 207 )+ fL+ fL(1+
a1)(2a; +2a3 + ...+ 2a""?) = 1+ [fag + f1(1 +a1)][2a1 + 2a3 + ... + 2a77?]. Hence
[far + fi(1 4+ a1)] = (a1 + f1) is right k-unit of S. Similarly, it can be shown that
[fw™ e + (201 +2a3 + ...+ 2" ) f+ Al +ar+...+al D][far + Ll +a))] =
1+ [2a; + 2a3 + ...+ 2a}7?|[fay + fi(1 + a1)]. This implies that (a; + f1) is left
k-unit and hence a k-unit in S for an odd integer n > 3. Thus (a; + f1) is k-unit
in all possible cases of n. Hence a = a1 +1 = (a; + f1) + f. So S is a k-unit clean

semiring. N

Corollary 4.4.5. Let S be an antisimple artinian semiring such that every idempotent
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has strong absorbing complement in S. Then S is a k-unit clean semiring.

Proof. Since S is artinian, it is left and right artinian. Let a € S. Then there exist
some integers m,n > 1 such that (a); 2 (a*); 2 (a®); 2 ... 2 (a™); = (™), = ...
and (a), 2 (a?), 2 (a®), 2 ... D (a"), = (a"™), = ..., where (a); and (a), denote
the principal left and right ideal generated by a respectively. Thus there exist z,y € S

m—+1

such that a™ = za and a"™ = a""'y. This implies that a is strongly m-regular.

The rest of the proof follows from Theorem 4.4.4. O

Corollary 4.4.6. Let S be an antisimple finite semiring such that every idempotent

has strong absorbing complement in S. Then S is a k-unit clean semiring.

Theorem 4.4.7. Let S be an inverse strongly k-unit clean semiring such that every

idempotent has an absorbing complement in S. Then S is an exchange semiring.

Proof. Let y # 0 in S. Then 3’ # 0 in S. Since 3 is strongly k-unit clean, we
can write ¥/ = e + u, eu = ue, where €2 = ¢ € S and v is a k-unit of S. So

/

ey =et+eu = eyt+ey =et+eu+ey = ely+vy) =el+y)+eu Now
y+y+y=y= 1+y +@+y)=010+y) = (y+y) € S(1+y). Thus
eu = ue € S(1+y) . Since u is a k-unit of S, so there exist s1,5, € S such
that 1 + syu = sou ... (i) and 1 + us; = usy ... (i7). Multiplying from right
on both side of equation (i) by e, we have e + sjue = syue. Hence e € S(1 + y).
According to given condition, e has an absorbing complement e = e¢; € S. Now
er+e=1=cetee=e=cetutee=c+u=y +ee=1y = ere € SYy.
Again e,y = ejeteu = equ € Sy'. Now ede; = 1 = euteyu = eutue; ... (iii),
since eu = we. Multiplying from right on both side of equation (i) by e;, we have
e1 + sjue; = sque; = e1 + (81 + s2)eu+ sjue; = (81 + Sz)eu + squer. Using equation
(#4i), it implies that e; + (s1+$2)eu+sie1u = (s1+82)eu+sse1u = e+ seu+sjeju =
seu + saeju, where s = (s1+ $2). Hence e; + se + seu+ sjequ = se + seu + spequ =

e1 + sey + sieiu = sey’ + ssequ, since ey = e + eu. Now eju € Sy’ implies that

e1 € Sy’ = Sy. O

The converse of Theorem 4.4.7 is not true. This follows from the following example
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Example 4.4.8. Consider the semiring S which is defined in Example 3.4.3. Then S
15 an tnverse exchange semiring such that every idempotent has absorbing complement

mn S, but S is not strongly k-unit clean semiring.

Definition 4.4.9. Let S be a commutative semiring and J;(S) be the Jacobson rad-
ical of S. Then S is said to be semi-boolean semiring if S/J,(S) is Boolean and
idempotents lift modulo J(S).

Theorem 4.4.10. Let S be an antisimple commutative semi-Boolean semiring such
that every idempotent has a complement in S. Then S is a k-unit clean semiring and
each k-unit u of S can be expressed as uw = v + f with v € 1 4+ J)(S) and f is an

1dempotent.

Proof. If J;(S) = {0}, then S becomes an antisimple Boolean semiring. Thus from
Theorem 2.3.7, it follows that S is a clean semiring and hence S is a k-unit clean
semirng as every unit of S is a k-unit of S. Let u be a k-unit in .S. Then u # 0. Since
S is antisimple, there exists u; € S such that u = u; + 1. Now u? = uy, since S is
Boolean. Hence u = uy + 1 = (14 0) + uy, where (14 0) € 1+ J;(5).

Let J;(S) # {0}. Let © # 0. Then there exists x; € S such that x = z; + 1.
Now (x + Ji(9))? = 22 + Ji(S) = x + J;(S). Since idempotents lift modulo J;(.9),
r+ Ji(S) = e+ Ji(S) ... (i), where ¢ = ¢ € S. Now e has a complement in S.
This implies that e + e; = 1, for some idempotent e; € S. Hence from equation (i),
we have (x +e1) + Ji(S) =14+ J(S) = (z1 + 1 +e1) + Ji(S) =1+ J(S) ... (i1).
Since S is antisimple and J;(S) # {0}, from Note 2.3.4, we can write equation (i7) as
(x1+e1)+ Ji(S) = Ji(S) = (z1+e€1) € Ji(S). Hence z = (21 +e1) +e. This implies
that if J;(S) # {0}, every element of S can be written as a sum of an idempotent and
an element of its Jacobson radical J;(S). Now let a # 0. Then there exists b € S such
that a =b+1=(e+0b)+1=e+ (1+by), where by € J;(S). Since b; € Jy(5), so
(14 b1) is a k-unit of S. Hence S is a k-unit clean semiring. If u is a k-unit, then by

similar argument, we get u = f + ¢, where ¢ € 1+ J;(S) and f is an idempotent. [

The converse of the above result is not true, in general.
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Example 4.4.11. Consider the semiring S defined in Example 2.2.3(vi). Then S is
a clean semiring and hence a k-unit clean semiring. Fvery k-unit element u can be
written as u = v + f, where v € 1 + Ji(S) and f*> = f. But S is not semi-boolean

semiring because there exists no idempotent element e € S such that 2 + J;(S) =

e+ Ji(S) holds.

But in particular, if the set of idempotents of S i.e. Id(S) forms a subsemiring of
S then the converse of the above result also holds.

Let x ¢ Ji(S). Then =z # 0. So z + Ji(S) = (e + u) + Ji(S), where u is a
k-unit and e is an idempotent of S. According to the given condition, u = v + f,
where v € 1+ Ji(S) and f € Id(S). Thus v = 1 4+ b, where b € J;(S). Hence
c+J(S)=(e+v+ )+ D(S)=(e+1+b+ f)+ J(S) = (e+ f+1)+ J(5).
Since 1d(.S) is a subsemiring of S, £ = e+ f + 1 is an idempotent of S which implies
x+ Ji(S) = E+ J;(S). Hence S is a semi-boolean semiring,.

Theorem 4.4.12. Let S be a commutative inverse semiring with idempotents 0 and
1. Then S a k-unit clean semiring if and only if S is a k-local semiring and semi-

antisimple semiring.

Proof. Let S be a k-local semiring and semi-antisimple semiring with unique maximal
k-ideal M. Let z # 0. If x is a k-unit of S then we have nothing to proof. Let z
be not a k-unit element of S. Then x € M, since S is a k-local semiring. Since S is
semi-antisimple, there exists x; € S such that x = 21 + 1. If z; is not a k-unit then
x1 € M. This implies that 1 € M, which is a contradiction. Hence x; is a k-unit
element of S. Thus z is a k-unit clean element of S.

Conversely, let S be a k-unit clean semiring. Let z # 0. Let S be an additive
idempotent semiring. Then either z = u, or x = u, + 1 where w,, u, € U(S). Hence
either z = u, or x = = + 1. In both cases x is a k-unit element of S. Hence every
nonzero element is a k-unit which implies S is k-local and semi-antisimple(vacuously).
Let S be not an additive idempotent semiring. Let x # 0 be not a k-unit of S. Then
x = u + 1 for some k-unit v € S. Hence S is semi-antisimple. Let I be any nonzero

proper k-ideal in S. Then there exists a(#)0 € I such that a ¢ Ug(S). Hence
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a =uy + 1 for some uy; € Ug(S5). Thusa+1+1=u;+1+1U+1=uy+1=a=
(141) €I. So ET(S) C I. Thus every nonzero proper k-ideal in S is full k-ideal.
Since & & Ug(S), (sz’) &€ Ux(S) for any s € S. Thus if sz’ # 0 then sz’ = 1 + uy
for some uy € Ug(S). Hence sa’ + sz =1+ sx + uy = s(z + 2’) = (1 + sx) + us.
Here (1 + sz) # 0, otherwise x becomes a k-unit of S. If (1 + sx) is not a k-
unit then (1 4 sx) € J, where J is a nonzero proper k-ideal of S. By previous
argument, E1(S) C J which implies that s(x 4+ 2’) € J. Hence uy € J which is a
contradiction. So (1 + sz) is a k-unit of S. Thus (1 + sx) € Ug(S) for any s € S.
Let © ¢ J;(S). Then there exists a maximal k-ideal M; such that x ¢ M;. Since
x is not a k-unit, M; # 0. Now there exist my,my € M; and s1,s2 € S such that
14+ (mq + s1x) = (Mo + s9x) = 1+ my + (51 + sh)x = my + so(x + 2’). Since
Et(S) C My, b =1+ (s1 + sh)x € My which is a contradiction because b € U(S).
Hence z € Ji(S) if x is nonzero and not a k-unit of S. Therefore, S is a k-local

semiring. O

4.5 Extensions of k-Unit Clean Semiring

Let S be a semiring and x be an indeterminate. Suppose that S|[z]] denotes the set

of all expressions of the form f = Z aix’, a; € 8. If g = Z bz’ is also an element
i=0 =0
of S[[z]], we define addition and multiplication in S|[z]] as follows :

fHg=>"(a;i+b)z" and fg =32, d;a’, where d; = Z aybs, 1 =0,1,2,....

r+s=1
Then S|[z]] is called the semiring of formal power series (in the indeterminate x)

over S. We say that f = ¢ if and only if a; = b; for all non-negative integers ¢ and ay

is called the constant term of f. If a; =0 for i =0,1,2,...,r — 1 but a, # 0, then f

is said to be of order r. If ag # 0 then f is said to be of order 0.

Proposition 4.5.1. [20] An element f = Z a;x" is k-unit in S[[x]] if and only if ag
i=0

s k-unit in S.

Theorem 4.5.2. Let S be a semiring. Then S is k-unit clean if and only if every

nonzero element of S[[x]] of order r (r > 0) is of the form x"u such that u is a k-unit
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clean element of S[[x]].

Proof. Let S be a k-unit clean semiring and f = Z a;z' be a nonzero element of order
r. Then a,(# 0). Since S is k-unit clean, a, :Z:e(jn + u,., where e, is an idempotent
and u, is a k-unit in S. Now f = z"(a, + @, 11T + ary27® + ...) = x"u, where
U= a,+a,17+a,12°+... € S[[z]]. Then u = e, + U, + a4 1T+ apy22’+... = e, +g.
By Proposition 4.5.1, g is a k-unit element in S|[[z]]. Since S is a subsemiring of S|[x]],
e, is an idempotent of S[[x]]. Hence u is a k-unit clean element of S[[z]].
Conversely, suppose that a(# 0) € S and every nonzero element of S[[z]] of order
r (r > 0) is of the form z"u such that u is a k-unit clean element of S[[z]]. Then a is a
nonzero element of S[[z]] of order 7 = 0. Then a = e+u, where e = eg+ejx+esx?+. ..
is an idempotent of S[[z]] and u = ug + uyx + ugz® + ... is a k-unit of S[[z]]. Hence
a = eg + up, where e is an idempotent of S and wug is a k-unit of .S, by Proposition

4.5.1. Hence a is a k-unit clean element of S. This implies that S is a k-unit clean

semiring. N

But the Theorem 4.5.2 does not hold for polynomial semiring S[z] which follows

from the following example :

Example 4.5.3. Consider S = {0,1,2,3}. Define the operations “4+” and “” as

follows :
+10|1]2|3 01|23
010|123 010|000
11112381 110|123
21213|1)|2 21012|1)|3
3131|283 310|313|3

Now S is a clean semiring and hence a k-unit clean semiring.
Let S be a semiring which is defined above. Consider the polynomial f(x) =
22+ 22 = x(2+x) in S[z]. Here (2+ ) is not a k-unit clean element in S[z] because

neither (2 + x) nor (14 x) is a k-unit element in S|x].
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Theorem 4.5.4. Let A and B be two semirings without zero element and with mul-
tiplicative identity 14 and 1p respectively. Let (M,+) and (N,+) be two additive
abelian monoids with additive identity 0y and Oy are (B, A) bi-semimodule and
(A, B) bi-semimodule respectively such that b0y, = 0y = Opa and aOy = Oy =

Onb for all a € A and b € B. Let us consider the set of all matrices of the

a n
form T = ca€e AmeMmne Nbe By. Then T forms a semiring in
m b
) . . o ap m
which addition is defined componentwise and multiplication is defined by
mi bl
az T3 a1az aing + niby

= . Then T 1is a k-unit clean semiring if and
mo bQ mias + blmg b1b2

only if A and B are k-unit clean semirings.

Proof. Let A and B be two k-unit clean semirings without zero element and with

a n
multiplicative identity 14 and 1p respectively. Let €T, wherea € A, b e B,
m b

m € M and n € N. Then there exist idempotents e; € A, e; € B and k-units u; € A,

a n er On U N
us € B such that a = e; +u; and b = ex+uy. Now =

m b Op €9 m U
Since u; € A and uy € B are two k-units, there exist s;,s5 € A and s3,s4 € B such

that 14 + sju; = sauy, 14 + u1S1 = u1Se and 1g + Sgus = Saus, 1 + UsS3 = U9 Sy.

14 Oy U n S1 §1NS3 + S9N Sy 14 Opn
Now + =
Op 1p m  Us| | s3msy 4+ samss S3 Op 1p
U181 U181MN83 + U189N Sy + NS5
+
ms1 + UsS3MS| + Ua84MSo U9 S3
14+ uisg U181MS3 + U189NS4 + NS3
msS1 + UaS3MS| + Ua84MSo 1B + U983
U159 U181MS3 + U1S2MS4 + NSy
msS1 + UsS3MS1 + US4 Sy U984
U189 (14 4+ u1$1)ns3 + uySansy
(13 + U283)m81 + U284MSo U9 Sy
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U1 S9 u189m(s3 + S4)
ugS4m(sy + s9) U9 Sy
Uy n S9 SoMS3 + S1NSy
Now
m Us S4mS1 + S3MmSg Sy
U189 U189MS3 + U1S1MS4 + NSy
MSo + US4 S| + U283MSo US4
U182 U1S9NS3 + (u181 + 1A)TLS4
(1B + U253>m32 + U9S84M S U9 Sy
U1 S9 u189m (83 + S4)
ugs4m(s1 + S2) U5y
upr n{ . . .. .
Hence is a right k-unit element of 7. Similarly, it can be shown that
m  Us
14 Opn S1 S1ns3 + S$9ns4| |uy n
+ =
Oy 1B S3MS1 + S4MSo S3 m U
So SoMS3 + S1NSy Uq

. . Uy mn
. This implies that is a left
$4mMS1 + S3MSo Sa m Uy m o Uy

k-unit element of 7" and hence a k-unit element of T'. Since e; and ey are idempotent

€ N
elements of A and B respectively, ' is an idempotent element of T'. Hence
OM €9
a n . . . . .
is a k-unit clean element of 7. Thus it follows that 7" is a k-unit clean
m b
semiring.

Conversely, let T" be a k-unit clean semiring. Let a € A and b € B. Then

a Oy a Oy er
€ T and hence k-unit clean element of 7. Thus = +
O b Op b mi €
uyr Ny

= FE + U, where F is an idempotent and U is a k-unit element of T". Thus

My Uz
a=e;+u; and b= ey + us. It can be easily proved that e; and e, are idempotents

and u; and us are k-units of A and B respectively. Hence A and B are k-unit clean

semirings. O
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From Theorem 4.5.4, by taking N = O which is (A, B) bi-semimodule, we have

the following result :

Corollary 4.5.5. Let A and B be two semirings without zero element and with mul-
tiplicative identity 14 and 1p respectively. Let (M,+) be an additive abelian monoid
with additive identity 0y which is (B, A) bi-semimodule such that b0y, = 0y = Opra

for all a € A and b € B. Let us consider the set of all matrices of the form

a 0
T = ca€e Ame M,be B . Then T forms a semiring in which addi-
m b

a; 0 as 0
tion is defined componentwise and multiplication is defined by ' 2 =
my by may by

109 0

myas + bimy  b1by
Then T is a k-unit clean semiring if and only if A and B are k-unit clean semir-

mgs.
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Chapter 5

On k-regular Clean Semiring

5.1 Introduction

Rings in which every element is the sum of an idempotent and a unit are said to
be clean rings. The notion of clean ring was introduced by W. K. Nicholson [7] in
1977 in the study of exchange rings. A ring R is called Von Neumann regular if for
any a € R there exists an element x € R such that a = axa. Also a ring R is said
to be unit regular if for any a € R, there exists a unit v € R such that a = aua.
Basically, clean rings are the additive analog of unit regular rings. Since then various
generalizations of clean rings have been obtained by many authors ([28], [30], [42],
[59]). There has been a remarkable growth of the algebraic theory of semirings over
last several years. Semiring is a generalization of ring and distributive lattice. In
[1], S. Bourne introduced the notion of regularity in semiring as a generalization of
regular ring. According to Bourne, a semiring S is regular if for every element s € S
there exist elements 2/, 2" € S such that s + sx”s = sa’s. If S becomes a ring then
this definition coincides with Von Neumann regularity of a ring. But Von Neumann
regularity and Bourne regularity are not equivalent in semiring. To distinguish the
notion of Bourne regularity of a semiring from the notion of Von Neumann regularity
it was renamed as k-regularity in [14] by Adhikari, Sen and Weinert. In [62], we have
introduced the notion of clean semiring and we have also worked on the concept of k-

unit clean semiring as a generalization of clean semiring in chapter 4. We notice that

71
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every k-unit element in a semiring S is k-regular but the converse is not true. Hence
k-regular elements are the generalization of k-unit elements in a semiring S. In this
chapter, we introduce the concept of k-regular clean semiring which generalizes the
notion of k-unit clean semiring. A semiring S is said to be k-regular clean semiring
if every element of S can be written as the sum of an idempotent and a k-regular
element of S. In this chapter, we obtain some important characterizations about

k-regular clean semiring.

5.2 Definition & Example

Definition 5.2.1. An element of a semiring S' is said to be k-regular clean if it can
be written as the sum of an idempotent and a k-regular element of S. A semiring S

is called a k-regular clean semiring if every element of S is k-regular clean.

Example 5.2.2. (i) Every clean ring, clean semiring, k-unit clean semiring are

k-reqular clean semirings.
(i1) Every k-reqular semiring is a k-regular clean semiring.
(i1i) Every Boolean semiring is a k-regular clean semiring.

(iv) Let S = N§ be the set of all non-negative integers. Define two binary oper-
ations ‘+” and *." on S by a + b = max{a,b} and a.b = ab. Then (N7, +,.)

forms a semiring with additive identity 0 and multiplicative identity 1. Let

a b
My(Ng) = ca,b,e,d € NJ 3. Since S is additive idempotent k-
c d

reqular semiring with zero element, My(Ny) is k-reqular semiring with zero ele-
ment. Now S = N{ is also the semiring of all non-negative integers with respect
to the usual addition and multiplication. Let I = ANJ. Then I is a k-ideal of
S. Let k; denotes the bourne congruence defined by I. Let S = S/k; denotes
the set of all congruence classes with respect to ky. Then S = {[0],[1],[2], [3]}

becomes a semiring with respect to the operations [a] + [b1] = [a1 + b1] and
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[a1][b1] = [a1b1] for all [a1],[b1] € S'. Let E = My(N§) x S". Then E is a k-
reqular clean semiring with respect to componentwise addition and multiplication

but E 1s not clean, k-unit clean and k-reqular semiring.

5.3 Elementary Results

Proposition 5.3.1. Let a € S and a + axa be k-reqular element for some x € S.

Then a is a k-reqular element in S.

Proof. Since a + axa is k-regular element for some z € S, there exist b,c € S such
that (a + aza) + (a + aza)b(a + axa) = (a + aza)c(a + axa). This implies that
a+a(x + b+ bax + zab + zrabar)a = a(c + car + rac + racax)a. This shows that a

is a k-regular element in S. [

Proposition 5.3.2. Homomorphic image of a k-reqular clean semiring is k-reqular

clean.

Proof. Let (S’,+,.) be the homomorphic image of the semiring (S,+,.). Then f :
S — S’ be an onto homomorphism. Let s’ € S’. Since f is onto, there exists
s € S such that f(s) = s'. Since S is k-regular clean semiring, s = e + r, where
e? =e € S and ris a k-regular element in S. s’ = f(s) = f(e+7) = f(e)+ f(r). Now
fle)f(e) = f(e*) = f(e), since f is a homomorphism. Since r is a k-regular element
in 9, there exist z,y € S such that r+rzr = ryr. Hence f(r+rxr) = f(ryr), since f
is well-defined. So f(r) + f(r)f(x)f(r) = f(r)f(y)f(r), since f is a homomorphism.
Thus f(e) is an idempotent and f(r) is a k-regular element in S’. Hence s’ is a

k-regular clean element in S” which implies S’ is k-regular clean semiring. ]

Proposition 5.3.3. Arbitrary direct product of semirings S = H S; (I is an index
iel
set) is k-regular clean semiring if and only if each S; is k-reqular clean.

Proof. Let S; be k-regular clean semiring for each i € I. Let (a;); = (a1, a2,as,...,a;,....

S. Now a; = e; + r; where e; is idempotent of .S; and r; is k-regular element of .S; for

each ¢ € I. Thus there exist x;,y; € S; such that r; + r;x;r; = r;y;r; for each ¢ € I.
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Hence (a;); = (e;); + (r;);- Now it can be easily proved that (e;); is an idempotent
of S and (r;); + (ri)i(x)i(r:)i = (r:)i(yi)i(r;); which implies that (r;); is a k-regular
element in S. Hence (q;); is a k-regular clean element in S. So S is k-regular clean
semiring.

Conversely, let S be a k-regular clean semiring. Let us define a mapping m; : S —
Si, by mi((8);) = s; for all (s;); € S. Clearly 7; is an onto homomorphism from S to
S;. Hence S; is a homomorphic image of S for each ¢+ € I. Thus by Proposition 5.3.2,

it follows that S; is k-regular clean for each i € I. n

Let S be a semiring and I be a k-ideal of S. Now define a relation k; on S such
that ak;b <= a + i1 = b+ iy for some iy,75 € I. Then k; becomes a congruence
relation on S and it is known as Bourne congruence relation. Let S/I denotes the
set of all congruence classes with respect to k; and we denote [a]y, = (a + I) as the
congruence class of a for any a € S. Hence S/I = {(a+ 1) | a € S}. Now S/I
becomes a semiring with respect to the operations (a+ 1)+ (b+ 1) = (a+b) + I and
(a+1)(b+1I)=ab+ 1 forallabeS.

Proposition 5.3.4. Let S be a k-regular clean semiring and I be a k-ideal of S.

Then S/I is a k-regular clean semiring.

Proof. Define a mapping ¢ : S — S/I by ¢(a) = [ax, = (a+I) for all a € S. Then
¢ is an onto homomorphism, where ¢(0g) = I = 0g/; and ¢(lg) = (1 +1) = 1g;.

Hence the proof follows from proposition 5.3.2. O

Theorem 5.3.5. Let S be an antisimple inverse semiring such that every idempotent
of S has a complement. Let I be a nonzero k-reqular k-ideal in S such that idempotents
can be lifted modulo I. Then S is a k-reqular clean semiring if and only if S/I is a

k-regular clean semiring.

Proof. Let S be a k-regular clean semiring. Then S/I is also a k-regular clean semir-
ing, by Proposition 5.3.4.
Conversely, let S/I be a k-regular clean semiring. Since [ is a nonzero k-ideal

of S, so there exists x(# 0) € I. Again © = z; + 1 for some z; € S, since S is
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antisimple. Again since S is an inverse semiring, so there exists 1’ € S such that
1+1"+1=1 Thusa+1+1" =2, +1+1+1=2;,+1= 2. Since [ is a
k-ideal of S, 1 + 1’ € I which implies E*(S) C I. Hence [ is a full k-ideal of S.
Let a € I. Then a is a k-regular element in I and hence in S, since [ is a k-regular
ideal of S. Thus a = 0 + a is a k-regular clean element of S. Let a ¢ I. Then
there exists a; € S such that a = a; + 1, since S is antisimple. Thus (a + I) € S/I.
So(a+1I)=(e+I)+(r+1)...(i), where (e + I) is an idempotent of S/I and
(r + 1) is a k-regular element of S/I. Now (e +I)> = e+ 1 = e+ I. Since
idempotents lift modulo I, there exists e? = e; € S such that e + [ = e¢; + I. Since
(r + 1) is a k-regular element of S/I, so there exist (z + I),(y + I) € S/I such that
r+D+0+De+Dr+1)=0+Dy+Dr+1)= (r+1)+ (rar +1) =
(ryr+1I) = (r+I)+(rar+ry'r+1) = r(y+y')r+1. Since ET(S) C I, soy+y € 1.
Thus (r + r(z +y')r) + I = I. Therefore, r + r(x 4+ y')r € I. Since [ is a k-regular
k-ideal of S, r+r(x+y')r is a k-regular element of I C S. Thus by Proposition 5.3.1,
it follows that r is a k-regular element of S. Since every idempotent has a complement
in S, there exists e2 = e, such that e; + e; = 1. Hence from equation (i), we have
(ate)+I=0+D)+(r+1)= [(ar+e)+ I+ A+1)=1A+D)+(r+1)...(i).
Since S is antisimple and I be a nonzero k-ideal of S, S/I is additively cancellative
from Note 2.3.4. Hence from equation (ii), we have (a; + e3) + 1 = (r + I). Thus
(a1 + e3) is a k-regular element of S. Therefore, a = (a; + 1) = (a1 + e2) + e1. Hence
a is a k-regular clean element of S if a ¢ I. Considering all cases, we find that S is a

k-regular clean semiring. O

Theorem 5.3.6. Let S be an antisimple inverse semiring in which 1+1 = 2 is a unit
element and every idempotent of S has a complement. Then S is a k-reqular clean
semiring if and only if every nonzero element of S is the sum of a k-regular element

and a square root of 1.

Proof. Suppose that S is a k-regular clean semiring. Let  # 0. Now (z +1)/2 € S.
So(z+1)/2=r+e... (i), where r is a k-regular element and e is an idempotent

element of S. Since S is antisimple, so x = z7 4+ 1 for some x; € S. Hence z+1+4+1' =
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r+1+1+1=21+1=2. Thusz+1=2r+2e = o+1+1' = (2e+1)+2r = 2z =
(2e+1')+2r. Since e has a complement in S, there exists e? = e; such that e+e; = 1.
Hence 1 +e+e¢ =e;+e+e+e =e +e=1. Now (2e+1)2 = (2e+1)(2e+ 1) =
2e2e+2¢' +2¢'+1=2(2e)+2(2¢)+1=e+et+etet+e+e+e+e+1=e+e +1,
since e + ¢’ € ET(S). Hence (2¢ +1')? = 1. Since r is a k-regular element in S, there
exist 7,7y € S such that r + rryr = rror = 2r + (2r)(r1/2)(2r) = (2r)(r2/2)(2r).
This imples that 2r is a k-regular element of S. Hence x = sum of k-regular element
of S and an element of square root of 1.

Conversely, let z # 0. Then 2x # 0, since 2 € U(S). If z is a unit element then
x is a k-regular clean element, since x = 0 + = and every unit element is k-regular.
Assume z is not a unit in S. Since S is antisimple, so 2x + 1 + 1’ = 2z. Hence
2x + 1" # 0 otherwise x becomes a unit. According to the condition, 2z + 1" =t +r,
where t € S such that t> = 1 and 7 is a k-regular element in S. So 2z =t+1+r =
r=(t+1)/2+7/2. Now [(t+1)/2][(t+1)/2] = (> +t+t+1)/2.2 = (1+1+t+1)/2.2 =
(242t)/2.2 = (t+1)/2, since 2 € U(S). Since r is a k-regular element and 2 € U(5),
r/2 is also a k-regular element of S. Hence z is a k-regular clean element in S.

Consequently, S is a k-regular clean semiring. O]

Definition 5.3.7. [19] A semiring S is said to be zeroic semiring if for each a € S,

there exists x € S such that a +x = x.

Proposition 5.3.8. Let S be a zeroic semiring. Then S is a k-regular clean semiring

if and only iof S is a k-regular semiring.

Proof. Let S be a k-regular clean semiring. Let a € S. Then a = e + r, where ¢? = ¢

and r is a k-regular element of S. Since S is zeroic and r is k-regular, there exists
z € S such that r+rzr = rzr. Similarly, there exists z; € S such that e+ezie = ezje.
Soa+a(z+z1)a = (e+71)+(e+7)(2+21)(e+r) = (e+r)+(ez+ez+rz+rz)(e+7) =
e+r+ezetezr+eziet+ezyr+rze+rzr+rzie+rzir =e+ezie+r+rzr+ezetezr+
exyr+rze+rzie+rzar = eze+rzrt+ezetezr+exnr+rze+rzie+rzr = a(z+z)a.

Thus a is a k-regular element of S. Hence S is a k-regular semiring.



CHAPTER 5. ON k-REGULAR CLEAN SEMIRING 7

The converse part clearly follows because every k-regular semiring is a k-regular

clean semiring. ]

5.4 Ideals & k-Ideals of A Zeroic k-Regular Clean
Semiring

Proposition 5.4.1. Let S be a k-reqular semiring. Then every ideal of S is k-reqular.

Proof. Let I be an ideal of a k-regular semiring S. Let r € I C S. Since S is k-regular
semiring, there exist x,y € S such that r + rxr = ryr. Hence rar + rerar = ryrar
and ryr + reryr = ryryr which implies that r + rar + rxryr = ryryr. Hence
r+rer+rryr+rerer = ryryr+rerer = r+reryr +ryrer = ryryr +rerer —
r+r(zry +yra)r = r(yry + xzra)r. Let a = (zry + yrz) and b = (xrz + yry). Then
a,b € I sincer € I and [ is an ideal of S. Thus r 4+ rar = rbr. Hence r is a k-regular

element in / which implies that [ is k-regular ideal of S. [

Proposition 5.4.2. Let S be a zeroic semiring. Then every ideal of S is k-reqular

clean if S is k-regular clean semiring.

Proof. Let I be an ideal of a semiring S. Let a € I C S. Since S is zeroic k-regular
clean semiring by Proposition 5.3.8 it follows that a is a k-regular element in S. Again
from Proposition 5.4.1 it follows that a is a k-regular element in I. Thus a =0+ a
is the k-regular clean expression of a in ideal /. Since a is an arbitrary element of I,

I is k-regular clean semiring. O]

Proposition 5.4.3. [/9] Let S be a k-reqular semiring. If R be a right k-ideal of S
and L be a left k-ideal of S then RN L = RL.

Proposition 5.4.4. [15] Let S be a semiring. Then < a >, < a >; C aSa.

Definition 5.4.5. A proper k-ideal Q) of a semiring S is called a k-semiprime ideal
of S if I* C Q implies that I C Q for any k-ideal I of S.

Theorem 5.4.6. Let S be a commutative zeroic semiring. Then S is a k-reqular

clean semiring if and only if every k-ideal of S is k-semiprime.
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Proof. Let I be a k-ideal of S such that A% C I for any k-ideal A of S. Since S is a
zeroic k-regular clean semiring, by Proposition 5.3.8, it follows that S is a k-regular
semiring. Thus by Proposition 5.4.3, it follows that A = ANA = AA = A2 C I, since
A? C T and I =1I. Thus I is a k-semiprime ideal of S.

Conversely, suppose that every k-ideal of S is k-semiprime. Since S is commu-

tative, aSa is a k-ideal of S and hence k-semiprime. Now from Proposition 5.4.4,

we find that <a><a>C<a><a>CaSa = <a> C aSa because aSa is
k-semiprime. Since a € < a >, so a € aSa. Thus a is a k-regular element of S. Hence

by Proposition 5.3.8, it follows that S is a k-regular clean semiring. O

5.5 Extensions of k-Regular Clean Semiring

The formal power series of a k-regular clean semiring is not k-regular clean which

follows from the following example :

Example 5.5.1. Let S = (N, +,.), where a+b = min{a, b} and a.b = max{a,b} for
alla,b € N anda+0=a=0+a and a.0 =0 = 0.a for alla € Ny. Then S forms a k-
reqular clean semiring. Since S is an additive idempotent semiring as well as a zeroic
semiring, S[[x]] is also an additive idempotent semiring as well as a zeroic semiring.
If possible, let S[[z]] be a k-reqular clean semiring. Then by Proposition 5.3.8, it
follows that S|[z]] is a k-reqular semiring. Let f(x) =2+ x4+ 2®> +2° +... € S[z]].
Then there exists g(x) = ag+a1x+agz’+. .. € S[[z]] such that f(x)+ f(z)g(z)f(x) =
f@)glx)f(z) = L+z+2>+..)+2+z+2>+..) (a0 +amz + azx® +...)(2 +
r4+22+..) = Q2+z+22+ . a+amr+ari+. . )2+ +22+..) =
(24z+x%+...)+[2a0+ (2a0+2a1 +2a0)x + (2a0+2a;1 + ag+ 2as +2a1 +2a0) 2> +. . .| =
[2ao + (2ag + 2a; + 2ao)x + (2a¢ + 2a1 + ag + 2as + 2a1 + 2a¢)z* + .. .]. Comparing the
coefficients on both sides we have 2+ 2ag = 2ay . .. (i), 1+ 2a; + 2a9 = 2ag + 2a; =
14 2(ag + a1) = 2(ag + aq) ... (it) and so on. Equation (ii) implies that 2 is a k-unit
element of S, which is a contradiction. Hence f(x) is not k-reqular clean element.

Thus S[[z]] is not k-reqular clean semiring.
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Proposition 5.5.2. Let S be a semiring. Let f = Zaixi be a formal power series
i=0
such that a; € apSag for alli =1,2,3,... Then f is a k-reqular element in S[[z]] if

and only if ag is a k-reqular element in S.

Proof. Let f = Zaimi be a k-regular element in S[[z]]. Then there exists g =
i=0

o0 o0
Zbixi € S[[z]] and h = Zciwi € S|[z]] such that f+ fgf = fhf. Thus it follows
tilzl?at ag + agbpayg = aocoao.i:TOhis implies that ag is a k-regular element in S.
Conversely, let ayg be a k-regular element in S. Then there exist by, cyg € S such
that ag + apbpag = agcoap ... (i). We are now looking for g,h € S|[z]] such that
f+ fgf = fhf holds. According to the condition a; + agr;a9 = agy;ae for all
i=1,2,3,..., where z;,y; € S. Multiplying both sides of equation (i) from right by
y1a0, we have agy;ap+aoboaoyi1ao = agcoaoyiap = ai1+aor1ao+aoboa; +agboaoriag =
apCoay + apCoaoT1ag = a1 + agboa; + agCoapr1ag = apCoay + agCoaoT1ay - - . (ii). Then
a1boag+agboaiboag+agcoapxiagboay = agcoarboag+agcoapriaoboag - - . (iii) and ajcoag+
apboa coap + agCoapTiagCoay = agCoalCoGo + agCoGoT1apCody - - - (iv). Adding equations
(77i) and (iv), we have ajbyag + ag[bpaiby + coaico + coapriapby + coapriapcolay =
a1Coag + ag[boayco + coarby + coapriagco + coapriagbolag - .. (v). Adding equations (i7)
and (v), we have aj + agboa; + a1boag + ag[boaibo + coarco + coagriagby + coapriancy +
Coo1]ag = agCoa+aicoao~+ag[boaico+coarby+coaoriaoco+coaoriaoby+coapri|ag =
a1+ agboay +ai1bgag+agbiag = agcoar +aicoag+agciag, where by = boa1bg+ coarco+kq,
c1 = boaicog+coarbg+ky and ki = cpagri+coaoriagby+coagriagcy. Suppose there exist
ba, b3, ..., by, c2,C3,..., ¢y and ko, k3, ..., k,, such that the equation a,, + agboa,, +
.o+ agbpag + ... + anboag = agcoty, + ...+ agCpmag + ... + apmcoag holds, where
by, = boaybo + coameco + boam—_1b1 + cotpm_1c1 + ... + boa1by—1 + co@1Cm—_1 + k,, and
Cm = boa,,co+ coambo+boam—1¢1+CcoQm—1b1+. . .+boaicp—1+coa1by—1+k,,. Nowa, €
aoSag for n = 1,2, 3, ... By using this condition, similarly as equation (i), we get a,, +
aoboay, + agCooT,ag = agColy + agcoaoTnag forn = 1,2, 3, ... Again similar as equation
(v), we get anbia,+agboa,bia,+agcoa,cia,+agcoaor,aobia, +agcoaoTyaoCia, = aycia+

apboancra, + agcoanbia, + agcoapT,aocia, + agcoaoTnagbia, . . . (vi).
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Putting n = m + 1; t = 0 and r = 0 in equation (vi), we have a,,+1bpao +
a0bom11boao + AoCom11C0a0 + A0Coa0Tm +1a0boa0 + ACOAT 1 1A0C0A0 = Umy1C000 +
aobo@m1Coao + AoCoUm11boan + AoCoATm1100COA + ACoANTrm11a0boaY.

Putting n = m; t = 0,7 =1 and t = 1,7 = 0 in equation (vi), we get a,,bpa; +
aobo @y, boay + agCoay, Coa + agCoaoTmagboar + agCotox,aoCoas = amcoar + agboa,coar +
aOCOamb0a1 + agCoGoTpAnCoay + CL(]CoCL(].TmCL()bOal and

ambiag + apboam,biag + apColm,ciag + apCodoTmaoCiag + agColoTmaobiay = amciag +
aobomCiag + agCot,,biag + agColoTmaocio + AgColoXmaobiag.

Again puttingn = m—1;t =0,r =2, t =2 r =0and ¢t = 1,r = 1 in
equation (vi) we have, a,,_1bpas + agbot,,—1boas + agCot.,—1coas + agCoaoTm_1a9coas +
AoCoATm—1A0boa2 = Ap—1Coa2 + AboGm—1C0oa2 + AoCoAm—1boas + aoCoaoTm—1a0Coa2 +
aoCoapTm—1anboas,

10200 + Apbo @y, —1b2a0 + A0 Co A —1C2a0 + ACoAY T —1A0C2a0 + ACoAYTrm—1a0b2a0 =
Apn—1C200 + Agbo QA —1C2a0 + AoCoGm—1b2ag + A9CoAT 1 —100C2a0 + A0COANTm—1a0b2ay and

Am—1b1a1 + Apboam—1D1a1 + ACoU—1C1a1 + A9 CoANT -1 A C1A1 + Ao CoAYT m—1G0b1aT =
Apm—1C1071 + aoboam,1C1a1 + aoc()am,lblal + ApCoAgTm—_100C1aQ71 + aocoagxm,laoblal.

Puttngn =1t=m,r=0,t=m—-1,r=1,t=m—2,r =2 ......... t =
l,r=m-—1landt=0,r=m.

a1bya0 + agboarb,,ag + agcoarcag + agCoox1aoCmag + agCotox1aobmag = a1¢mag +
aoboa1Cmay + agCoa1bmag + agColoT1a0Cman + AoCoaoT1aoby,ao,

a1bm—1a1 + apbo@1 by 101 + ACoA1 Cry—1G1 + Ao CoAYT1 A Cry—1G1 + Ao CoAYT1AD—101 =
a1Cm—1a1 + apboa1Cr—1a1 + agCoa1bp_1a1 + AoCoaOT1ACH—1a1 + AoCoaoT1a0b,—101,

a1y 202+ apboa1by,—2a2 + agCoa1 Cp—2a2 + AgCoaeT1A0Cr—2a2 + AoCoaoT1a0Dm 202 =
a1Cm—202 + Aoboa1Cr—2a2 + agCoa1bp—2a2 + ACoANT1A0Cr—2a2 + AoCoaGT1a0bM—202,

10101 + apboa101,—1 + agCoa1C1Am—1 + A0CoANT1AC1 Urn—1 + A9 CoAOT1 0D Ap—1 =
a1C1Am—1 + Aobo@1C1Am—1 + ApCoa1D1Arm—1 + ACoANT1ACI A1 + A0CoAOT1 QD1 A1

and a1 bga,,+agboa1bo,+aocod Colm+agCoaox100CoGm+aoCotox10boGm = a1Coam+

a0b0a1CQCLm + CL()C(]CleOam + ApCooT1a0CHAy, + aoCoaol’laoboam.
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and also, @41 + apbotmi1 + AoCoAT 1100 = AoCoAm+1 + ACOANTm1100-

Adding all the above equations we have, a,,.1 + agboms1 + aobmar + agb,_1a2 +
oo+ agbeay,—1 + agbiay, + agbmirao + amboar + ambiag + am-_1boas + ay_1b2ag +
Am—1brar + ...+ arbyao + arby a1 + . ..+ a1boy, + amr1boao = aoCoAmt1 + AoCp a1 +
AoCm—102 + ... + ApC2Am—1 + AC1Am, + AoCr11Q0 + A CoQ1 + ApC1ao + Apm-1Co02 +
Qp—1C200 + Qpp_1C1G1 + ... + A1CnA0 + A1Cpm_101 + ... + A1CoAm + Qpmy1Coay, Where
bing1 = boGpm11b0 + Comg1Co + bo@mb1 + Coamer + . ..+ boarby, + o1 Cry + kg1, Cg1 =
botm+1C0o + Comi1bo + bo@mC1 + Coamby + ... + boa1Cy + Coa1byy + kg1 and kg =
Co0Tmi1 + - - - + CoATm11A0Co + CoUoTmi1a0by. Thus we find g, h € S[[z]] such that

f+ fgf = fhf holds. Hence f is a k-regular element in S[[z]]. O

From Proposition 5.3.8 and Proposition 5.5.2, we have the following result :

Corollary 5.5.3. Let S be a zeroic semiring. Let f = Zaixi be a formal power
i=0
series such that a; € agSag for all v = 1,2,3... Then f is a k-reqular clean element

in S|[z]] if and only if ag is a k-reqular clean element in S.

Theorem 5.5.4. (1) Let A be a k-unit clean semiring without zero element and
with multiplcative idendity 14 and B be a k-reqular clean semiring with zero ele-
ment Og and with multiplicative idendity 1. Let (M,+) and (N,+) be two additive
abelian monoids with additive identity 0y and Oy which are (B, A) bi-semimodule
and (A, B) bi-semimodule respectively such that 00y, = 0p = Opa and a0y =

Ony = Onb for all a € A and b € B. Let us consider the set of all matrices of

a n
the form T = ca€AmeMneN,be B . ThenT forms a semiring
m b
. . e ‘ Cae ap M
in which addition is defined componentwise and multiplication is defined by
my by
as MNo a1a9 aing + nlbg

= . Then T s a k-regular clean semiring.
meo bg mias + b1m2 blbg

(2) Let T be a k-regular clean semiring. Then Both A and B are k-regular clean

SeMITINgs.
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Proof. (1) Let A be a k-unit clean semiring without zero element 04 and with mul-

tiplicative identity 14 and B be a k-regular clean semiring with zero element Opg

a n
and with multiplicative idendity 1p. Let € T, where a € A, b € B,
m b

m € M and n € N. Then there exist idempotents e; € A, es € B, k-unit ele-

ment u; € A and k-regular element ro € B such that a = e; + u; and b = ey + 7.

a n er On Uy n ) ) ) )
Now = + . Since u; € A is k-unit, there exist s1,s9 € A

m b Op €9 m T
such that 14 + sju; = souy, 14 + u1s1 = w19 and since ro is a k-regular element in

B, there exist x,y € B such that ry + roxry = royrs.

Uy n Uy n S1 S1NT + Sany Uy n
Now +
m Ty m Ty Trmsy + Yymss T m Ty
U1 n- N U181 ULSINT + U1Sony +nx| |up n
B m 79 MS1 + T2TMSy1 + raymss ToX m 79
-ul n- n U181UL ULSIN + ULSINXT2 + UL S2NYT2 + NITT2
B m Ty MS1UL + TeXMS UL + TYMSoUy + XM T9TTo
Ul + ULS1U N+ UIS1N + ULSINTTy + UL S2NYT2 + NI
™M+ MS1uUy + MexXmsiUy + raYymsaUy + roxm Tr9 + oxTy
B uy(1a + s1uq) (1a +upsi)n + (u181 + La)naery + uy sonyrs
m(1a + syup) + rexm(la + syuy) + roymssuy ToyTy
B U1S2Uq ULS2MN + UL SaNTTy + UL S2NYT2 (1>
B MSaU1 + TeXMSoU + ToYMSoUy ToyYTe o
Uy n S9 Sonx + SNy Uy n
Also
m To rmss + yms; Y m 79
U189 ULS2NT + UL S1NY + NY Uy n
- mMSg + roXMSg + raYyms, oy m T
[ U1 S9U ULS2N + ULS2NXT2 + UL SINYT2 + NYT2
| MS2Uy + roxmsouy + Toymsiuy + r2ym T2YT2
B Uq S9llq U1S9n + uySenxry + (14 + uysy)nyry
MmSouy + Toxrmsauy + roym(siug + 14) Toyrs
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U1 89U U1SoN + U1S2NTTe + U1 S2NYTo (2)

msSoUy + roxrmssuy + roymsouy ToYro

U n
From (1) and (2), it follows that ! is a k-regular element of 7. Since e,

m To
. . et Onf .
and e, are idempotent elements of A and B respectively, is an idempotent
Orv €2
a nj| )
element of T. Hence is a k-regular clean element of T. Consequently, it
m b

follows that T is a k-regular clean semiring.

(2) let T be a k-regular clean semiring. Define a mapping ¢ : T — A by

a n a n
10} = q for any € T. Now it can be proved that ¢ is an onto
m b m b

homomorphism from semiring 7" to A. Hence A is the homomorphic image of T
Thus A is k-regular clean semiring from Proposition 5.3.2. Similarly, we can prove

that B is k-regular clean semiring. O]

In Theorem 5.5.4, by taking N = O which is (A, B) bi-semimodule, we have the

following result :

Corollary 5.5.5. Let A be a k-unit clean semiring without zero element and with
multiplcative idendity 14 and B be a k-reqular clean semiring with zero element Op
and with multiplicative idendity 1g. Let (M,+) be an additive abelian monoid with
additive identity Oy which is (B, A) bi-semimodule such that b0y, = 0y = Opa

for all a € A and b € B. Let us consider the set of all matrices of the form

a 0
T = ca€ AmeM,be B ). Then T forms a semiring in which addi-
m b

a; O az 0
tion 1s defined componentwise and multiplication is defined by ' ? =
ma b1 mo bg

a10a9 . ..
. Then T 1is a k-regular clean semiring.

mias + b1m2 b1b2
Simalarly, if T is a k-reqular clean semiring then both A and B are k-reqular clean

SEMATINgs.
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Let S be a semiring and M be a S-semimodule. The trivial semiring extension
of S by M is the semiring S; = S o« M whose underlying semiring is S x M with
addition defined by (a,m) + (a1, m1) = (a + a1, m + my) and multiplication defined

by (a,m)(a1,my) = (aay,amy + aym).

Theorem 5.5.6. Let S be a semiring without zero element and M be a S-semimodule.
Then the trivial semiring extension of S by M, S; = S «x M is a k-reqular clean

semiring if S is a k-unit clean semiring.

Proof. Let S be a k-unit clean semiring without zero element. Let (a,m) € S;. Then
a = e + u, where e is an idempotent and w is a k-unit element in S. Thus there
exist s1, 9 € S such that 1 + s;u = syu and 1+ us; = use. Now we have (a,m) =
(e+u,m) = (e,057)+ (u, m). This implies that (u, m)+ (u, m)(s1, s3m+sam)(u, m) =
(u,m) + (usy, usim +usim + sym)(u, m) = (u,m) + (usyu, usym + us?m + ussm +

usym) = (u + usyu,m + usym + usim + u?sim + usym) = (usqu, usem + us;m +

u*stm + u?sim) = (usou,usom + u(l + usy)sym + u?sim) = (usqu, uspsym +
usim + usom) = (usqu, u’ss(sy + sa)m + usam) ... (i). Again (u,m)(s2, s189m +
sasim)(u,m) = (usz,usisam + usasym + som)(u,m) = (usqu, usom + u?sysem +
u?ses1m + usom) = (usqu,usom + (usy + u)sam + ulsysym) = (usyu, usem +
u?sim + u?ses1m) = (usqu, u?sy(sy + s1)m + usym) ... (#4). Now from equations

(7) and (i) we can say that (u,m) is a k-regular element in S;. Also (e, 0xr)(e, 0pr) =
(e,e0p +€0pr) = (e,0pr). So we find that (e, 05/) is an idempotent in S;. Thus (a, m)

is a k-regular clean element in S;. Consequently, S; is a k-regular clean semiring. [J

In the following corollary we consider semimodules over semirings whose addition

is idempotent and we call such semimodules as idempotent semimodules.

Corollary 5.5.7. Let S be a semiring with zero element such that it is not a ring,
1 £ 0 and M be an idempotent S-semimodule. Suppose that S = S o< M 1is the
trivial extension of S by M. Let T = {(0,0x)} U{(a,m) € S : a #0}. Then T is a

k-regular clean semiring if S is a k-unit clean semiring.

Proof. Suppose (a,m) € T such that a # 0. Then a = e+u, where e is an idempotent

in S and w is a k-unit in .S. Thus there exist s;, sy € S such that 1 4+ s;u = syu and
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1 4+ us; = usy. Now there are two possible cases - either s, s # 0 or 57 = 0, s5 # 0.
Note that sy can not be zero because S is not a ring. If s; = 0 then u = usyu
and m = usem. Thus (u,m) + (u,m)(0,0x)(u,m) = (u,m)(s2,0x)(u,m), since
m +m = m for all m € M. Hence (a,m) = (e,0p) + (u,m). So (a,m) is a k-regular
clean element in T'. If sy, 5 # 0 then from Theorem 5.5.6, it follows that (a,m) is a

k-regular clean element in 7. Hence T' is a k-regular clean semiring. O]

But the converse of the above Corollary 5.5.7 is not true which follows from the

following example.

Example 5.5.8. Let ZJ be the set of all non-negative integers. Define two operations
+ and . on S by a + b = max{a,b} and a.b = usual multiplication in ZJS. Then

(Zg&,+,.) forms a k-regular clean semiring with additive identity O and multiplicative

a
identity 1. Let S = ca,byc,d € ZS . Then S forms a semiring under
c d

usual matriz addition and multiplication. Let M = {0g}. Then M is an idempotent
S-semimodule. Let S1 = S o< M be the trivial extension of S by M. Then S; =
{(05,09)} J{(A,O05) : A # Og € S}. If S is a k-unit clean semiring, then S

becomes a k-unit semiring, since S is additive idempotent i.e. every element of S

becomes a k-unit. But is not a k-unit element of S. Hence S is a k-reqular
00

clean semiring but S is not a k-unit clean semiring.

Proposition 5.5.9. Let S be a commutative semiring. Suppose that Ry(S) denotes
the set of all k-regular elements of S. Let S = S o< M be the trivial extension of S
by M. Then Ry(S)) = {(a,m) € Sy : a € Ry(S),m € aM }.

Proof. Suppose that (a,m) € S;, where a € Ry (S) and m € aM. Then there ex-

ist my,my € M such that m + am; = amy...(i). Since a € Ri(S), there exist

z,y € S such that a + ara = aya. Thus a + a’x = a*y...(ii). Adding both side of

equation (i) by a®z(m; + my) and using equation (i7), we have m + (a + a*x)m; +
2

a’rmy = (a + a’x)ms + a’zmy; = m + a*(ymy + amy) = a*(ymy + M) =

m+a*msz = a’*my . .. (i1), where ms = ymy +xmsy and my = ymo+xm;. Now (a,m)+
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(a,m)(0,m3)(a,m) = (a,m) + (0,ams)(a,m) = (a,m) + (0,a*m3) = (a,m + a*ms) =
(a,a*my) = (a,ams), by using equation (iii). Now (a,ams) + (a,ams)(z, 22ams +

2ams + ay*ams + xams)(a,ams) = (a,ams) +

y*ams)(a,ams) = (a,ams) + (az, ax
(axa,axams + a*x*ams + a*y*ams + axams) = (aya, ayams + axams + a*r?ams +
a*y*ams) = (aya, ayams + (a + a*z)rams + a*y*ams) = (aya, ayams + a*yrams +
a*y?ams) = (aya, ayams + a*y(x +y)ams) . .. (iv). Also we have (a, ams)(y, ryams +
yrams)(a,ams) = (ay, axyams+ayzrams+yams)(a, ams) = (aya, ayams+a’zyams+
a*yrams + ayams) = (aya,ayams + (a + a*x)yams + a*yrams) = (aya, ayams +
a*y?ams + a*yrams) = (aya, ayams + a*y(x + y)ams) . .. (v). Equations (iv) and (v)
are equal, which implies that (a, ams) is a k-regular element in S;. Thus from Propo-
sition 5.3.1, we find that (a,m) is a k-regular element in S;. Thus (a,m) € Ri(S1).
Again if (a,m) € R(S1), then there exist (ay,my), (az, ms) € Sy such that (a,m) +
(a,m)(a1,my)(a,m) = (a,m)(az, mz2)(a,m). Thus (a,m) + (aai,am; + aym)(a,m) =
(aaz,amy + agm)(a,m) = (a,m) + (aaia, 2aa1m + a*my) = (aaqa, 2aasm + a*msy).
Hence a + aaja = aasa and m + a(2aym + amy) = a(2asm + ams). Thus a € Rg(S)

and m € aM. Hence the proof. m

Theorem 5.5.10. Let S be a commutative zeroic semiring not necessarily contain
multiplicative identity and M be a S-semimodule. Let S; =S o< M andT = {(a,m) €
Si:m € aM}. Then T is a k-regular clean subsemiring of Sy, consisting of all the

k-regqular clean elements of S1 if and only if S is a k-reqular clean semiring.

Proof. Let S be a k-regular clean semiring. Then S is a k-regular semiring which
follows from Proposition 5.3.8. Let (ai,my), (ag,my) € T. Then m; € a;M and
my € a;M. Then there exist ms, my, ms, mg € M such that my +ayms = aymy . .. (i)
and mo+agms = agme . .. (7). Since aq is a k-regular element and S is a commutative
zeroic semiring, there exists x € S such that a; + a?z = a?x. Now from equation (i),
we have my + aymg + a?x(ms + my) = aymy + alx(ms + my) = my + a?x(ms +
my) = adx(ms +my) = my +aym’ = aym’ ... (i7i), where m' = a;x(msz + my) €
M. Similarly, from equation (i7), we have mgy + agm” = asm” ... (iv), where m"” =

asy(ms + mg) € M for some y € S. Equation (éiz) implies that my + a;m’ + aom’ =
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arm’+agm’ = my+(a;+ax)m’ = (a1 +az)m’ ... (v). Similarly, equation (iv) implies
that ma + (a1 +az)m” = (a1 +az)m” ... (vi). Adding equations (v) and (vi), we have
(my +ms) + (a1 + az)(m’ +m") = (a1 + az)(m' +m") = (my +my) € (a1 + az) M.
Multiplying both side of equations (z) by as and (i7) by a1, we have agm; 4+ ajasms =
ai1a9my, a;ms + ajasms = ajasmg. Now adding these two equations, we find that
ayma + aymy + aras(ms +ms) = ajas(my +mg) = (aymy + aymy) € ajasM. Hence
T becomes a subsemiring of S;. Let (a,m) € T. Then by previous method there
exists ; € S and m; € M such that a + aria = azia and m + a’x;m; = a’ximy.
Now (a,m) + (a,m)(z1, z1mz)(a,m) = (a,m) + (azx1, axymy; + x1ym)(a, m) = (a,m) +
(axia,axym + a*zymy + axym) = (axia, 2ax,m + a*zymy) = (a, m)(xy, vymz)(a, m).
Hence (a,m) is a k-regular clean element in 7', since (a, m) = (0,0;) + (a, m), where
(0,0y,) is an idempotent element in 7. Hence T is a k-regular clean subsemiring of S;.
Now let (a, m) be any k-regular clean element of ;. Then (a, m) = (e, ms)+ (71, mo),
where (e1,mg)? = (€1, mg) and (ry,mg) be a k-regular element of S; for mg, mg € M
and ey, € S. Hence a = e; + 1 and m = mg + mgy. By Proposition 5.5.9, we have
r1 is a k-regular element of S and mg € r; M. Thus there exists m"” € M such that
mg + rim"” = rm” = mg + ri(m"” + mg) = ri(m” +ms) ... (vii). Now (e1,m§) =
(€2, e1mg + eymg) = €2 = ey, eymg + e;mg = mg. Hence e;mg + e;mg = e;mg = mg
which implies that mg+e;mg = eymg = mg+e1(mg+m"™) = ey (mg+m™) ... (viii).
Adding equations (vii) and (viii), we have (mg + mg) + (e1 + r1)(ms +m") = (e1 +
1) (mg + m") = m + a(mg + m") = a(mg + m") = m € aM. Hence T consists
of all the k-regular clean elements of ;.

Conversely, suppose that the condition holds for T'. Let a € S. Then (a,0y) € T
Thus (a,0y) is a k-regular clean element of S;. Hence (a,0y) = (e, m1g) + (r,m11)
where (e,myg) is an idempotent and (r,mq;1) is a k-regular element in S;. Thus
a = e+ r. Now clearly e? = e and using the Proposition 5.5.9, we have r is a k-
regular element of S. Thus a is a k-regular clean element of S. Hence S is a k-regular

clean semiring. O
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5.6 Corner Semiring of k-Regular Clean Semiring
Corresponding To A Pierce Trivial Idempo-
tent

Definition 5.6.1. [57] Let S be a semiring and e € 1d(S). Then e is called the pierce
trivial idempotent of S if e has a complement e, such that eSe;Se = 0 = e;SeSe;

and ey 1s called the pierce trivial complement of e.

Proposition 5.6.2. Let S be a semiring with e € 1d(S). Let ey be the Pierce trivial
complement of e. If S is a k-reqular clean semiring then both eSe and e;Se, are

k-regular clean semirings.

Proof. Let S be a k-regular clean semiring. Let exe € eSe for x € S. Since S is a
k-regular clean semiring, z = ey + r1, where ey € Id(S) and ry is a k-regular element
in S. Thus there exist x1,y; € S such that r| + rixy71 = r1y171. Hence exe = eeqe +
erie...(i) and erje + eryzyrie = eryyrie. .. (it). Now (eege)(eege) = eeseese + 0 =
eeseese+eegerese = eey(e+eq)ese = eege since eSepSe = 0. Hence eege is an idempo-
tent of eSe. Now erjxirie = eri(e+ej)xi(e+er)rie = (erie+erier)ri(erie+eirie) =
(eryexi+erieixy)(erie+eire) = erjexierieteriexieirieteriejrierie+erie;rierie.
Since eSe;Se = 0, eryzyrie = erjexierie = (erie)(exie)(erie). Similarly, eryy e =
(er1e)(eyre)(erre). Hence erje is k-regular element in eSe. Thus eSe is a k-regular
clean semiring. Again since e;SeSe; = 0, in a similar way it can be proved that e;Se;

is a k-regular clean semiring. O

But the converse of the Proposition 5.6.2 is not true which follows from the fol-

lowing example :

Example 5.6.3.

Consider S = {0,1,2,3} . Define the operations “+” and “” in S as follows :



CHAPTER 5. ON k-REGULAR CLEAN SEMIRING 89

+10|1112]38 011|238
0101|283 0ol0|0|0]|0
1111233 110|123
21213138 2102|338
313131338 3101833
Now consider S = ca,b,e,d € S . Define two binary operations on S’
c d
such_that _ _ N
a; b as b ap+ay by +b
1 b ® 2 2 @ 2 by 2 and
C1 d1 Co dg Cc1 + Co d1+d2
a; b o as by _ ayas a1by + bidy for all a; b ’ as by c
Cq dl Co dg Cla2+d102 d1d2 C1 dl Co d2

S'. Then (S',@,®) forms a semiring.

10 00 10
Let E1 = and E2 = . Then E1 @ E2 = and
0 0 01 01

EQSOEOQSOE=EQYOEQOSOE =

a 0 0 0
NOWE1®S/®E1: ca€e S andEQQS'OEQZ :de S
0 0 0 d
0 3
both are k-regular clean semirings. Also S’ is a zeroic semiring and is not
0 0

a k-regular element. Thus from Proposition 5.3.8, we can conclude that S’ is not a

k-regular clean semiring.

Definition 5.6.4. [53] Let S be a semiring and e € 1d(S). Then e is called a right
semicentral (left semicentral) idempotent of S if e has a complement e; such that
eSe; = 0 (resp. e;Se = 0). If e is both right semicentral and left semicentral then e

1s called central idempotent of S.

Theorem 5.6.5. Let E = {ey, ey, ..., e,} be pairwise orthogonal right semicentral or

left semicentral idempotents of a semiring S such that e +es+ ...+ e, = 1. Then
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S is a k-reqular clean semiring if and only if e;Se; is a k-reqular clean semiring for

each v =1,2,3,...,m.

Proof. Since E is the set of all pairwise orthogonal idempotents, so e;e; = d;;¢;. Let ¢;
be right semicentral idempotent for each ¢ = 1,2,..., m. Thus there exists €, € 1d(S)
such that e; + ¢, =1 and ¢;5¢; =0 for i = 1,2,3,...,m. Let S be a k-regular clean
semiring. Now for each i, we have e;Se.Se; = 0 = e,Se;Se;. Thus e; is pierce trivial
idempotent semiring for each ¢. Hence e;Se; is a k-regular clean semiring for each

1=1,2,...,m, by Proposition 5.6.2.

Conversely, let e;Se; be a k-regular clean semiring for each i = 1,2,...,m. Let us
e1Se; O o .- O
. O 62562 O cee O
define a mapping ¢ : S — . . _ ‘ by
@) @) o - epSen
e;se; 0 o --- 0
0 epses 0 - 0 )
o(s) = _ T _ for all s € S. Since e;Se; = 0 for each
0 0 o - €mSEm
i=1,2,3,...,m, we have e;Se; = ¢;S. Thus it can be shown that ¢ is a homomor-
phism. Now let ¢(s1) = ¢(s2) = e151€1 = €152€1,€281€2 = €259€9, ..., €516y =
EmS26m = €181 = €182,€28] = €389, ...,6mS1 = €8s = (e1 +ea+ ...+ ey)s =

(e1+e2+...4€y)sy = 51 = s9, since e; +eé2+...4+e, = 1. Hence ¢ is one-one. Let

€1r1€e1 0 0 cee 0
. 0 ear9ey 0 --- 0
there exist x1, x9,x3,...,x,, € S such that ' _ . . €
0 0 o .- emTmCm
e15¢e; O o .- O
O 62562 O cee O
@) @) o - epSen

Then there exists s; = e1x1 + €3%s + . .. + €mZm € S such that
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€1T1€1 0 0 0
O [HHDHIH) O 0 . :
o(s1) = , since e;e; = d;;¢;. Hence ¢ is
0 0 0 EmLmCm
e1Se; O O O
O 62562 O O . .
onto. Thus S = . Since e;Se; is a k-regular clean
@) O O emSem
61561 O O tee O
. O 62562 O L O
semiring for each i = 1,2, 3, ..., m; it follows that
O O O emSem

is a k-regular clean semiring. Since every homomorphic image of a k-regular clean
semiring is a k-regular clean semiring [Proposition 5.3.2] , we find that S is a k-regular
clean semiring.

Similarly, the proof holds if each e; is a left semicentral idempotent for ¢ =

1L,2,...,m. 0

Corollary 5.6.6. Let E = {ey, e, ..., e} be pairwise orthogonal central idempotents
of a semiring S such that ey +es+ ...+ e, = 1. Then S is k-reqular clean semiring

if and only if e;Se; is a k-reqular clean semiring for each i =1,2,3,...,m.

Proof. Since e; is a central idempotent for each i = 1,2,3,...,m, e¢;s = se; for all
s€S. Thuse;+(e1+ea+...+e1+e1+...+en) =1and e;S(e;+ea+...+e 1+
eir1+...+ey) =0. Since e;ej = d;5e;, (e1+ex+...+e1+e1+...+ey) € 1d(S).
Hence e; is a right semicentral idempotent for each ¢ = 1,2,...,m. Thus the proof

follows from Theorem 5.6.5. O

Converse of the Proposition 5.6.2 holds with respect to some conditions, which

follows from the following result.

Theorem 5.6.7. Let S be a semiprime semiring with e € 1d(S). Let ey be the pierce

trivial complement of e. Then eSe and ey Sey both are k-regular clean semirings if
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and only if S is a k-reqular clean semiring.

Proof. Since e; is the pierce complement of e, so eSe;Se = 0 = e;5eSe;. Now

SeSe S = {Z Tieyie1z; : T, Yi, 2% € S,n € N 3 is an ideal of S and (SeSe;S)? = 0.

i=0
Since S is a semiprime semiring, it follows that SeSe;S = 0. Hence eSe; = 0.
Similarly, Se;SeS = 0 implies that e;.Se = 0. Thus e, e; are central idempotents and

e, e; are othogonal idempotents such that e + e; = 1. Hence the proof follows from

Corollary 5.6.6. |
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6.1 Introduction

Rings in which every element is the sum of an idempotent and a unit are said to be
clean rings and this notion was introduced by W.K. Nicholson [7] in 1977 in the study
of exchange rings. Since then, several authors have acquired various generalizations of
clean rings ([28], [30], [42], [59]). Lee and Zhou introduced the concept of clean index
of aring in [41] and in [47] they extended their study about the concept of clean index
of a ring. In [55], Basnet and Bhattacharyya defined weakly clean index of a ring R.
The algebraic theory of semirings has experienced remarkable growth in recent years.
A semiring, which extends the concepts of a ring and a distributive lattice, has seen
significant development. In [62], we have introduced the notion of clean semiring and
exchange semiring. Units and idempotents play very important roll for determining
the structure of clean ring as well as clean semiring. However, in semirings, there
is a broader concept of units, known as k-units. Let S be a semiring. An element
a € S\ {0} is said to be a k-unit if there exist ry,7y € S such that 1 + ra = rqa
and 1 4 ary = ary. We denote the set of all k-unit elements of a semiring S by

2

Ur(S). An element a € S is said to be k-unit clean if a = e + u for some e* = e and

u € Uk(S). A semiring S is called k-unit clean if every nonzero element of S is k-unit

93
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clean. Inspired by the works done in [55],[41],[47] and the concept of k-unit clean
semiring, we introduce the notion of k-unit clean index of a semiring S. For a € S,
let £(a) ={e € S:e*=¢, a=e+u for some u € U,(S)}. The k-unit clean index
of S, denoted indi(S) and is defined by indi(S) = sup{|£(a)| : @ € S}, where |£(a)]
denotes the cardinality of the set £(a). Let S be a semiring and P(S) = {0} U {s =
s' 4+ 1 for some s’ € S}. Then P(S) becomes a subsemiring of S. The semiring S is
said to be a antisimple semiring if S = P(S). In this paper, we determine the k-unit
clean index of any subsemiring 7" of a semiring S, where S is an antisimple semiring

with finite k-unit clean index such that every idempotent of S has a complement. We

A M
also give some examples of semirings with finite k-unit clean index. If S =
O B

be the formal triangular matrix semiring then we determine that indy(A) < indg(S)
and indg(B) < indg(S). Finally, we characterize the semirings of k-unit clean indices

1 and 2, with the help of some other class of semirings.

6.2 Definition and Examples

Definition 6.2.1. A semiring S is said to be uniquely k-unit clean semiring if every
nonzero element a of S can be uniquely written as a = e + u for some k-unit u and

idempotent e.

Example 6.2.2. (i) Let S = N be the set of all non-negative integers. Define two
operations + and . on S by a +b = mazx{a,b} and a.b = usual multiplication in N{ .
Then (Ng,+,.) forms a semiring with additive identity 0 and multiplicative identity
1. In fact, for all nonzero integers a in S, 1 + a = a holds. Thus every nonzero
element of S is a k-unit in S. Now for each a(# 0) € S, we have {(a) = {0,1}.
Hence indy(S) = 2.

(i1) Let n € N and consider I, = {1,2,3,...,n}. Then I, forms a semiring
with respect to binary operations a + b = min{a,b} and a.b = max{a,b} for all
a,b € I,,. Note that 1 is the identity and n is the zero element of I,. Now &(1) =

{1,2,3,...,n} = I,. Hence indx(S) > n. Again each element in I, is idempotent.
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So indi(S) < n. Consequently, indg(S) = n.

6.3 Elementary Results

Lemma 6.3.1. Let I be a nonzero k-ideal of a commutative semiring S such that

I CJ(9). If (uy + 1) is a k-unit of S/I then uy is a k-unit of S.

Proof. Let (u; + 1) be a k-unit of S/I. Then there exist (sy + 1), (sa+ 1) € S/I such
that (1+ 1)+ (s1+)(ur +1) = (so+ [)(ug + 1) i. e. (1+s1uq) +1 = (squy + 1).
This implies that (1 4 sqjuq) + 4; = Souq + i2... (1), where iy,i € I C Ji(5). If uy
is not a k-unit in .S, m is a proper k-ideal of S. Since every proper k-ideal of S is
contained in some maximal k-ideal of S by Theorem 2.4.1, it follows that u; € M for

some maximal k-ideal M of S. Since iy,iy € J;(S) C M, from equation (1) we have

1 € M which contradicts that M is proper. Hence u; is a k-unit in S. O

Lemma 6.3.2. Let S be a commutative antisimple semiring. Suppose I is a nonzero
k-ideal of S such that I C Ji(S) and idempotents lift modulo I. Then |£(0+ )] <1
for the quotient semiring S/I, where 0+ I is the zero element of S/1.

Proof. To prove |£(0 + I)| < 1 it is sufficient to show that there exists at most one
idempotent of S/I, belongs to £(0 + I). If possible, let 0+ 1 = (e +I) + (u + 1),
where (e 4+ I) € 1d(S/I) and (u+ I) € Ug(S/I). Since idempotents lift modulo I,
(e+1)= (¢ +1), where ¢’ € Id(S). Also by Lemma 6.3.1, it follows that u € U(S5) .
Then 041 = (¢ +u)+ 1= (¢ +u) € I C Ji(S)...(1). If & & Uy(S) then (¢) is a
proper k-ideal of S. Again by Theorem 2.4.1, we find that ¢’ € M for some maximal
k-ideal M of S. Since J;(S) C M, from equation (1) we have u € M. This contradicts
that M is a proper k-ideal of S. Hence ¢’ € Ui (S). Thus there exist s,¢ € S such that
14se =te! = (1+se')+1 =te+1 = ('+s€')+1 =te'+1 = (1+e' +se')+1 =
(1+te)+1 = (¢ +te)+1=(1+te)+1...(2). Since S is antisimple and I is
a nonzero k-ideal of S, it follows that S/ is an additively cancellative semiring from

Note 2.3.4. Hence from equation (2), it follows that (¢’ +1) = (1+1) = (e+ ). So
if there exists any (e +1) € {(0+ 1) thene+ I =1+ 1. Thus |£(0+ ])] < 1. O
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Lemma 6.3.3. Let S be a commutative antisimple semiring such that ind,(S) =n <
oo and every idempotent of S has a complement in S. Suppose I is a nonzero k-ideal

of S such that I C J,(S) and idempotents lift modulo I. Then indy(S/I) < n.

Proof. Let us suppose that indi(S/I) > n. Then from Lemma 6.3.2, and since
idempotents lift modulo I, there exists (a + I) # (0 + I) € S/I for some a € S
such that a + 1 = (fi + 1) + (w; + I)... (1) for i = 1,2,3,...,m, m > n, where
(fi+ 1) e 1d(S/I) and (u; + 1) € Up(S/I) for all i = 1,2,...,m, m > n such that
(fi+1)# (f;+1) fori # j,4,5 € {1,2,...,m}, m > n. Since idempotents lift
modulo I, there exists e; € 1d(S) such that (f;+1) = (e;+ 1) foreachi =1,2,... ,m.
So e; # e; for i # j; 4,5 € {1,2,3,...,m}. Since (a + I) # (0 + I), we have
a # 0. Since S is antisimple, a = a; + 1 for some a; € S. Thus from equation
(1) we have, (a1 + 1) + p; = (e; + u;) + ¢; - - . (2) for some p;,¢; € I C Jy(.S). Since
every idempotent has a complement, there exists e, € Id(S) such that e; + ¢, = 1
fori=1,2,3,...,m, m > n. Now adding both side of equation (2) by €, we have
(a1 +¢€)+1]+pi=1+w)+q¢=[(ar+¢€)+1]+1=(1+u;)+I. Since S is
antisimple and [ is a nonzero k-ideal of S, S/I is additively cancellative from Note
2.3.4. Hence (a; +¢€;) + 1 = u; + I € Up(S/I). From Lemma 6.3.1, it follows that
(a1 + €}) is k-unit for each i. Hence a = a1 +1 = (a1 +¢€) +€; = e; + (a1 + €])
for i = 1,2,3,...,m, m > n such that e; # e; for ¢ # j which contradicts that
ind,(S) = n. Hence indy(S/1) < n. O

The above Lemma 6.3.3 does not hold for arbitrary semiring which follows from

the following example :

Example 6.3.4. Let S = N be the semiring of all non-negative integers with respect
to usual addition and multiplication. Then Ji(S) = {0}. Let I = 3N§. Then I is a
k-ideal in S such that I € Ji(S). Then S/I = S/k; = {[0],[1], [2]}, where kr is the
Bourne congruence defined by I on S. Now indy(S) =1 and [2] = [1]+[1] = [0] +[2].
Hence indy(S/T) > 2 > 1 = ind(S).

Lemma 6.3.5. If S be a commutative semiring such that ind(S) <n, n > 1, every

idempotent has a complement in S and I be a k-ideal of S with I C Jy(S), then every
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idempotent of S/I can be lifted to at most n idempotents of S.

Proof. Let a € S such that a®> + I = a + I. If possible, let a + I = e + I, where e is
an idempotent in S. Suppose that e has a complement e; in S. So e +e; = 1. Hence
(a+e)+I=1+1. Thus from Lemma 6.3.1, it follows that (a + e1) is a k-unit in
S. Hencea+1=a+(e;1+e) =e+ (a+ep). Thus e € £(1+a). Since [£(1+a)| < n,

there are atmost n such idempotents e. O]

In [1], Bourne defined that an element r in a semiring S is said to be right semireg-
ular element of S if there exist v/, r” € S such that r+r'+rr" =" +rr”. If S becomes
a ring, this definition reduces to one usually given for right quasi-regularity in a ring.

We define right quasi-regular element in a semiring S in following way :

Definition 6.3.6. An element s in a semiring S is said to be right quasi-reqular
element of S if there exist s1,s9 € S such that s + s1 + s$1 = So + S$S9. Left quasi-
reqular element of S is defined analogously. An element of S is said to be quasi-reqular

if it is both right and left quasi-reqular.
We denote the set of all quasi-regular elements of a semiring S by Q(.5).
Proposition 6.3.7. Let S be a semiring. Then 1+ Q(S) C Ux(S).

Proof. Let ¢ € Q(S). Then q is right and left quasiregular in S. Thus there exist
1,42, 43, qs € S such that g+q1+qq = 2 +qqz ... (1) and ¢+¢3+q3q¢ = @a+qaq . . . (2).
Adding both side of equation (1) by 1, we have 1 + g+ ¢ +qq1 = 1 + g2 + qgo. This
implies that (1 +¢)(1 +q) =1+ (1 + q)ge. Hence (1 + ¢) is a right k-unit element
of S. Similarly, by using equation (2) it can be proved that (1 + ¢) a is left k-unit
element of S. Thus (1 + ¢q) € Ug(S). Consequently, 1+ Q(S) C Ui(95). O

The converse of the above Proposition 6.3.7 does not hold. This follows from the

following example :

Example 6.3.8. Let us Consider the semiring S which is defined in Example 2.2.3(iv)

. Then S is an additive idempotent semiring. Consider the set of all 2 X 2 matrices
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a b
c d

respect to usual matriz addition and multiplication. Since S s an additive idempotent

over S by My(S) = { :a,b,e.de S}. Then Ms(S) becomes a semiring with

a

semiring, My(S) is also an additive idempotent semiring. Let be any element
c d
_ a b a b a b| |la b a b a b| |la b
in Ms(S). Now + + = + :
c d c d c d| |c d c d c d| |c d

b
Hence | € Q(My(S)). Thus My(S) = Q(My(S)). Consider the element A =
d

01 10
€ My(S). Then A% = = Iny(s). Hence A is a unit element in My(S)

10 01
which implies that A € Up(My(S)). But there does not exist any B € My(S) such

that A = Iy, s) + B holds. Hence Ui (Ma(S)) € Inys) + Q(Ma(S)).
But in particular, we have the following result :

Proposition 6.3.9. Let S be a nontrivial semiring such that Ug(S) C P(S). Then
1+ Q(S) = Uk(9).

Proof. Let u € Ug(S). Since S is nontrivial semiring and Uy (S) C P(S), there exists
u; € S such that u = u; + 1. Since u € Ug(5), there exist s1,s9 € S such that
1+ su=su...(1)and 1 +us; = usy...(2). Using u = uy + 1 in equation (2), we
have 14 (u1+1)s; = (u1+1)s9. Now 14uis1+81 = u1Sa+52 = ug+ug(uysy)+urs; =
uy(uys2) 4 w12 which implies that w; is right quasiregular. Similarly, using u = u; +1
in equation (1) we can show that u; is left quasiregular. Hence u; is a quasiregular
element in S. Thus U(S) € 1+ Q(S). The reverse part follows from Proposition
6.3.7. So we find that 14+ Q(S) = Uk(9). O

Lemma 6.3.10. Let S be an abelian semiring and e be a nonzero idempotent such
that Ug(eS) C P(eS) and e has a complement e; € S. Let indi(S) =n < oco. Then
1 <indg(eS) < indg(S).

Proof. Since indy(S) = n < oo, there exists an element z € S such that x = e; + u;

for ¢ = 1,2,3,...,n such that e; # e; for i # j. Again since e # 0, we have
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ex = ee; +eu; fori =1,2,3,...,n. Since S is abelian, so ee; are idempotents and eu;
are k-units of eS for all i. Hence indy(eS) > 1. We prove that indy(eS) % indy(S).
If possible, let indy(eS) > n. Then there exists ey € eS for some y € S such that
ey =eb; +eU;...(1) for i = 1,2,3,...,m m > n such that eE; # eFEj; for i # j,
where eE; € Id(eS) and eU; € Ug(eS) for ¢ = 1,2,3...,m, m > n. Thus from
Proposition 6.3.9, Ug(eS) = e + Q(eS). So eU; = e + es;, where es; € Q(eS) for
i=1,2,...,m, m > n. Hence equation (1) implies that ey = eE; + e+ es;...(2)
for i =1,2,3,...,m. Since e has a complement ¢; in S, so ¢ = e; and e + ¢; = 1.
Adding both side of equation (2) by ey, it follows that ey +e; = eF; + 1+ es; ... (3)
for i = 1,2,3,...,m, m > n. Now eE; € Id(eS) C Id(S) for i = 1,2,3,...,m,
m > n and eE; # eE; for i # j, 4,7 € {1,2,3,...,m}. Now Q(eS) C Q(S) and by
Proposition 6.3.7, it follows that 1 4+ Q(S) C Ux(S). Thus from equation (3), we find
an element t = (ey + e;) € S such that |£(t)] > m, m > n which contradicts that
ind(S) = n. Hence indy(eS) < indy(S). O

Lemma 6.3.11. Let S be an antisimple abelian semiring such that indy(S) < co and
every idempotent of S has a complement in S. If T' be any nonzero subsemiring of S
with identity element 17 such that S and T may or may not share the same identity

element, then ind(T) < indy(S).

Proof. Let t € Uy(T). Then there exist t1,t2 € T such that 17 + tt; = tt5... (1) and
1y 4+ t1t = tot ... (2). Since T is a nonzero subsemiring of S and ¢ is a k-unit element
in T', so t # 0, otherwise T becomes a zero subsemiring of S. Since S is antisimple,
there exists s € Ssuch thatt =14+s=— 1t =1p+sly = 1lp+1psforall s € S. From
equation (1), it follows that 17+ (1 + 8)t; = (14 8)te = 1y + 11+ st; = to + sty =
slp + sty + s*t; = sty + 8%ty ... (3). Since 17 is the identity element of T, 1% = 17.
Now 17s = slp for all s € S, since S is abelian. Thus from equation (3), it follows
that sl + sty + (sly)(st1) = sto+ (sly)(ste). Hence slp is right quasiregular element
in S. Similarly, from equation (2), it follows that slz is left quasiregular element in
S. So slp € Q(S) and hence Ui(T') C 17 + Q(S). Let indi(S) = n. If indi(T) > n

then there exists ¢ € T such that t' = e¢; +u; for i = 1,2,3,...,m, m > n. Also
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e; # e; for i # j, where e; € Id(T) and u; € Ug(T) for all ¢ = 1,2,3,...,m. Thus
t'=e;+ 1r + ¢;, where ¢; € Q(S) for i = 1,2,3,...,m. Let e be the complement of
lr, since 1p € Id(S). Hence ' +e=e;+ (Ir+e)+¢ =t +e=¢e+1+¢q...(4).
From Proposition 6.3.7, it follows that 1 4+ Q(S) C Uk(S). Hence 1 + ¢; € Ui(S) for
i=1,2,3,...,m. If b =1t + e then equation (4) implies that [{(b)] > m and hence

indy(S) > m > n which is a contradiction. Thus indy(T) < indg(S). O

Similar to the proof of Lemma 3 in [41], we have the following result :

Lemma 6.3.12. Let S = A x B be the direct product of of two semirings A and B
such that indi(A) = m and indi(B) = n. Then indy(S) = indy(A)ind,(B) = mn.

Lemma 6.3.13. Let (A, +1,-1) and (B, +2,-2) be two semirings such that A= B. If
indi(A) = n for some n € N, then ind,(B) = n.

Proof. Since A = B, there exists an isomorphism ¢ : A — B such that ¢(04) = 0p
and ¢(14) = 1p. Since indg(A) = n, there exists an element a € A such that a =
e;+1u; for (i =1,2,3,...,n) and e; # e; for i # j, where e? = ¢; € A and u; € Ug(A)
for each i. Since ¢ is a homomorphism from A to B, so ¢(a) = ¢(e;) +2 d(u;), ¢(e;)
is an idempotent and ¢(u;) is a k-unit in B for each i. Now if ¢(e;) = ¢(e;) for
some i # j, 4,5 € {1,2,3,...,n}, then e; = e;, since ¢ is one-one. This contradicts
that e; # e; for i # j. Thus ¢(e;) # ¢(e;) for i # j. Hence indy(B) > n. Suppose
indi(B) > n. Then there exists an element b € B such that |£(b)| > n. Thus there
exist By, Es, B3, ..., Ey, € 1d(B), m > n such that b = E;+,U;, where U; € Ug(B) for
eachi=1,2,3,...,mand E; # E; for © # j. Since ¢ is an onto homomorphism from
A to B, there exist a,e;,u; € A for i = 1,2,3,...,m such that ¢(a) = b, ¢(e;) = E;
and ¢(u;) = U; for i = 1,2,3,...,m. Again it can be easily verified that e; € Id(A)
and u; € Ugp(A) for i = 1,2,3,...,m. Thus ¢(a) = ¢(e; +1 v;)) = a = €; +1 u;
for i = 1,2,3,...,m, since ¢ is one-one homomorphism. If e; = e; for ¢ # j then
o(e;) = ¢(ej) = E; = E; which is a contradiction. Hence [{(a)| > m > n which

contradicts that indy(A) = n. Thus ind,(B) < n and hence indy(B) = n. O

But the converse of the above Lemma does not hold which follows from the fol-

lowing Example.
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Example 6.3.14. Let A be the Boolean semifield, defined in Example 2.2.8 (iv) and
B be the semiring, defined in Example 4.2.4 (ii). In both semirings A and B there
are only trivial idempotents {0,1}. Hence indi(A) < 2 and indi(B) < 2. Now in
semiring A, 1 =1+ 1 and 1 = 0+ 1. Hence |£(1)] = 2. Thus indx(A) = 2. Again,
in the semiring B, every monzero element is a k-unit. Hence for each a # 0 € B,

|€(a)] = 2. Thus ind,(B) = 2. But two semirings A and B are not isomorphic.

6.4 k-Unit Clean Index of Formal Triangular Ma-

trix Semiring

Lemma 6.4.1. Let S = , where A and B be two semirings with zero element
O B

04 and Op, identity element 14 and 1p respectively, M be the 4Mp bi-semimodule.
Uy m

Then Ug(S) = tug € Up(A), ug € Up(B), me M
0 (5)
Uy m

Proof. Let T = , where u; € Ui(A) and uy € Ug(B). Then there exist
0 U9

ur,up € A and U3-,U4 € B such that 14 + sju; = Souy, 1a + u1sy = u1So and 1g +

14 O §1 S1MS3 + Somsy| |up m
S3lUg = Sals, 1 + UsS3 = UsSy. Now + =
0 1B 0 S3 0 U9
14 O
_|_
0 1p
S1U;  S1M + S1MS3Us + S9MS4USY souy  sym(lp + s3ug) + Somsyus
0 S3U9 0 S4U9
SolU1 S1MS4Uo + S2MS4 U . So  §1MSy + SoaMS3 Uy m
. Again =
0 S4U9 0 S4 0 U9
Solly  SoMm + S1MS U + SoMS3Us Soty  Som(lp + S3us) + S1ms, Uz
0 S4Us 0 S4Us
Soll] S1MS4U9 + S9N S U9 . o o .
Hence T is left k-unit in S. Similarly it can be
0 SqUo
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proved that 7T is right k-unit in S. Hence T' € Ug(5).

Uy m
Conversely, let ' € Ug(S). Then it is easy to prove that u; € Ug(A) and
0 U9
U € Uk(B)
Lemma 6.4.2. Let S = , where A and B be two antisimple inverse semiring

O B
such that every idempotent of A and B has a complement. Let indy(A) = m and

indg(B) =n, M be the AMp bi-semimodule. Then either ind(S) > n(m —1)+1 or

indi(S) > 2nm.

Proof. Since indi(A) = m and indi(B) = n, there exist a € A and b € B such
that a = e¢; +u; for i = 1,2,3,...,m, e; # e, for ¢ # k and b = E; + U;, for j =
1,2,3,4,...,n, E; # E, for j # t, where e; € Id(A), u; € Uy(A) for i =1,2,3,...,m
and E; € Id(B), U; € Uy(B) for j =1,2,3,...,n.

Case - I : Let e;, M(1p+ E) + (1a+¢j )M Ej, = 0 for some 4o € {1,2,3,...,m}
and jo € {1,2,3,...,n}. Then e;;M(1p + E})) = 0, (14 + ¢ )ME;, = 0 and
eiw(lp + Ej) = 0 for all w € M. Thus e;,w + e;,wEj = 0 = e;,w + e;,wkj +
ey Wk, = e wEj, = e,,w(lp + Ej, + Ef) = ej,wEj, ... (1). Let e € Id(B) and e
has a complement e; € B. Then e+ e¢; = 1g. Thus I +e+ée =e; +e+e+¢é =
eg + e = 1. Hence from equation (1), it follows that e, w = e;,wEj, for all

w € M. Similarly, from (14 + €} )ME;, = 0, it follows that wEj, = e;,wkj;, for

la+d w
all w € M. Hence e;;w = wEj, for all w € M. Let A = €S,
0 b
la+d w la+e;, 0O u,  w ‘
where w(# 0) € M. Then = + for i =
0 b 0 E; 0 U
1,2,3,...,mand j = 1,2,3,...,n. Since e¢; € Id(A) for each i = 1,2,3,...,m,
, la+e; O w, w
(1 +¢;) € Id(A) for each i. Hence € 1d(S) and e Ui(9)
0 E; 0 U
follows from Lemma 6.4.1 for each ¢ = 1,2,3,...,m and for each j = 1,2,3,...,n.

If a(#£ 0) € A then a = a3 + 14 for some a; € A, since A is antisimple. Hence
a+1la+1y=a1+1a+14+1,=0a;+14 =a. Sincee; € {(a) fori=1,2,3,...,m
and e; # e for i« # k, i,k € {1,2,3,...,m} at least (m — 1), e; are not equal to
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0. Let e, ex(# 0) € &(a) and i # k. If possible, let 14 + €, = 14 + ¢€). Then
1A+€;+€i+€k = 1A+€;g+ei+€k — lyt+e =14+ = 1:4+1A+€k =
1"y+14+e; = e, = e; which contradicts that e; # ey, for i # k. Hence 14+€ # 14+e€,

la+d w late, w w, 0

for e;, ex(# 0) and i # k. Again = " . Now
0 b 0 E; 0 U,
la+e, w la+e, w la+e;, w+e w+wky la+ej, w+ejw+ e,w
0 E 0 E, 0 B, 0 E
La+e; (la+e +e,)w la+e, w la+e, w
atey (Late,+e) — | AT T . Hence | ™ € Id(S)
0 E 0 B, 0 K

!/

(Y
Again, from Lemma 6.4.1, it follows that | € Uk(S). Hence indi(S) >
0 Ujo
n(m—1)+1.
Case - II : Let e;M(1p + E}) + (14 +€j)ME; # 0 for all 4,j. Let w;; # 0 €
eiM(1p + Ej) + (14 + e;)ME; for each pair (4,7). Let wy = esmi(lp + Ej) +
€; Wiy €; Wiy €; eiwij—i—wijEj

(1A + e;)ngj. Now = . EWi = eiml(lg +
0 E| |0 E 0 E

E;) + (62' -+ e;)m2Ej = €;1M + eimlEJ’» + 6¢m2Ej + e§m2Ej and wijEj = €im1<Ej +
E;) + (1A + eg)mQEj = GimlE]‘ + GimlE]/- + mQEj + engEj- So €iWij + UJZ']‘E]' =

€;mq + €im1E§ + eingj + Bgngj + eimlEj + eimlE; + mQEj + €;m2Ej = €im1<1B +

€; Wi
E§)+egm2E]~+m2Ej = szl(lB—f-E;)—f—(lA—f-G;)ngj = Wiy - Thus ! € ]d(S)

0 E;
for each pair (7, 7). Let ky = {1,2,...,m}and ks = {1,2,...,n}. Letw = kZ . Wij-
1ER1,)ER2
a w € Wi e; 0 .
Then w € M. Let C' = . Then £(C) D { , 1<i<m,1<
0 b 0 Bl |0 B

Jj < n,w;; #0 € M}. Hence ind,(S) > 2nm. From Case : I and Case : II it follows
that either indg(S) > n(m — 1) + 1 or indg(S) > 2nm. O

Theorem 6.4.3. Let A and B be two semirings and 4Mpg be a nontrivial bisemimod-
ule. If S = is a formal triangular matriz semiring, then indg(A) < indg(S)
and indy(B) < indg(S).

Proof. Let indg(A) = n. Then there exists an element a € A such that a = e; + u;,
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e; # e; for i # j, where e; € Id(A) and u; € Up(A) for i =1,2,3,...,n.
Case - I : Let e;M = 0y;. Let m # 0p;. Then e;m = 0y,. Consider the element

a m e; Oum u; m|
Ay € S such that A; = . Then A; = + (1 =
0 (13 + 13) 0 1p 0 1p
a m er m ur On .
1,2,3,...,n). Also A; = = + . Since e; € Id(A)
0 (1p+1p) 0 1z| |0 1z
e; Oum er m
for i = 1,2,3,....,n and egsM = 0y, for each i and € 1d(S).
0 1B 0 1B

u; m
Again from Lemma 6.4.1, it follows that € Ui (A) for each i and for all m €

0 1p
e; Oa| . ey m .
M. Hence £(A;) D (1=1,2,3,...,n), . Hence indg(S) >
0 1B 0 1B
(n+1) > n.
Case - II : Let ey M # 0j;. Then there exists m; € M such that e;m; # 0yy.
a em e; 0 u; exm
Let B, = Y € S. Then B, = ML G =1,2,3,. ).
0 ]-B 0 OB 0 ]—B
a em er em u; 0 e; O
Also B; = R I + VM Hence £(B1) 2 M
0 1p Op 0 1gp 0 0

0 Op

0

€1 erm

(1=1,2,3,...,n), ] } In this case also indi(S) > (n+1) > n. Similarly,
it can be proved that ind,(B) <

Remark 6.4.4. Let S be a commutative k-local semiring such that every idempotent

has an orthogonal complement. Then S has only trivial idempotents.

Proof. Let e be an idempotent element in S and e; be its orthogonal complement.
Then e +e; = 1 and ee; = eje = 0. Since S is a commutative k-local semiring, S
has unique maximal k-ideal J;(S). If e € Ui(S), then there exist s1,s9 € S such that
1+ s1e = s9e => €1 + s1ee; = sgee; =—> e = 0. Hence e = 1. Let e € Ug(S). Then
by Theorem 2.4.1, it follows that e € J,(S). If ey € J,(S), then e + ¢, = 1 € Ji(5)
which is a contradiction. Hence e; € Ug(S). Thus e; = 1 and hence e = 0. So S has

only trivial idempotents. [l
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Remark 6.4.5. [37] The cardinality of any set is obviously a cardinal number.

Lemma 6.4.6. [37] If K is a set of cardinal numbers, then sup(K)(= |JK) is a

cardinal number..

We refer to [37] for rudimentary definitions and results, related to cardinal num-
bers and their elementary properties.
M

Theorem 6.4.7. Let S = , where A be a commutative k-local semiring
O B

such that every idempotent of A has orthogonal complement and A/ Jj(A) % N /2N{,
B is a uniquely k-unit clean semiring such that every idempotent has an orthogonal
complement in B, (M,+) is a nontrivial (i.e M # 0) cyclic monoid which is not a

group and s Mg is bisemimodule. Then either indg(S) = |[M|+1 orindy(S) = |M|+2.

Proof. Let 14 +u € Ji(A) for all u € Ug(A). Then 14 + 14 = 24 € Ji(A), since
14 € Ug(A). Now let = & Ji(A). Since A is a commutative k-local semiring, Theorem
2.4.1 implies that x € Ui(A). Hence 14 + = € Ji(A) according to our assumption.
Thus (14 + x) + J,(A) = Ji(A). Since 24 € Ji(A), so 14 + J(A) = = + J(A).
Hence A/J;(A) = N§/2N§ by the mapping ¢ : A/J(A) — Ni/2N§ defined by
#(04 + J(A)) = 0+ 2NJ and ¢(14 + Ji(A)) = 1 + 2Ng, which contradicts our
assumption. Hence there exists uy € Ug(A) such that 1+ ug € Ug(A). Now we have
following two cases :

Case - I : Let (M, +) be a finite cyclic monoid such that it is not a group. Remark
1.3.67 implies that there exists a generator a; of M with index m € N and period
r € N. Hence (m + r)a; = ma;. So M = {0y, a1,2a4,...may,...(m+r —1)as}.
Let E* (M) denotes the set of all idempotent elements in M. From Remark 1.3.67, it
follows that K,, = {may,(m+1)ay,...,(m+r—1)a;} becomes a cyclic group. Hence

K,, has only one idempotent element. Again due to the minimality of the index and

period of ay, 0y is the only idempotent element of M in {0y, aq,2aq,...,(m —1)a;}
. 1A + ug Mmaq
Hence |E*T(M)| = 2. Consider the element o = € S. Then
0 1p
OA OM 1A w .
£(a) D : for all w € M. Hence indi(S) > |[M|+ 1. Let

0 Op 0 Op
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a Wo . . . .. .
o = € 5. Since A is a commutative k-local semiring such that every idem-

0 b
potent of A has orthogonal complement, by Remark 6.4.4 it follows that [d(A) =

w

{04,14}. Then &(ay) C ‘ ; €S :ee€éla), fe&D), w=ew+wf ). Since
0

B is uniquely k-unit clean semiring, so f = fy € £(b). Thus we have &(ay) C

e w

0 f

€S :ee{0,1a}, f=fo, w=ew+uwfy, = VoUWV (say), where we

04 w 14 w
have V = eSS w=wfypand V] = eSS w=w+wf

0 fo 0 fo
Now fy has a complement f; € B which implies that fy + fi = 1. Hence w =

w4+ wfy <= wfy+wfy = wfy < wfy € ET(M). Hence [£(a1)] < [VoUVI| <
Vol + V1| < |M|+|ET(M)| < |M|+2. Since «; is an arbitrary element of S, indy(S)
is equal to either | M|+ 1 or |[M|+ 2.

Case - IT : Let (M, +) be an infinite cyclic monoid. Then M = {0, aq, 2a4, 3a4, ...},
where na; # 0 for all n € N and na; = ma, if and only if n = m for n,m € N. So
(M,+) = (N7, +) from Theorem 1.3.68, which implies that |[M| = |[N§| = Ry. Hence
|ET(M)| = 1, since (Nj,+) has only idempotent element 0. For any n € N7, con-

la+uy na 1a ia 14 0 0q O
sider «,, = AT "1 Then E(ay) 2 4 A 4

0 g 0 0z |0 0s| |0 0p
fori=1,2,3,...n. Hence |{(a,)| > n+2. Now ind,(S) = sup{|¢(a)| : « € S}. Thus

ind,(S) > |€(a,)] for every n € NJ = ind,(S) > (n +2) > n for every n € NJ.
Remark 6.4.5 implies that |(a)| is a cardinal number for each o € S. Hence Lemma
6.4.6 implies that ind(S) is also a cardinal number. Let indy(S) < Wy. Since Vg is the
smallest infinite cardinal number [37], ind(S) is a finite cardinal number. Hence there

exists a positive integer m such that ind;(S) = m which contradicts that ind,(S) > n

a w
for every n € N§. Hence ind,(S) > Ry = |[M|+1. Let 8, = ° be any element of
0 b

S. Then similarly, like Case - I, we have |{(01)| < |M|+|ET(M)]. Since |ET(M)| =1,
1€(51)] < |[M|+ 1 and S, is an arbitrary element of S, indy(S) = |M| + 1. O

Lemma 6.4.8. Let S be a semiring and (M, +) be a nontrivial finite cyclic monoid
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which is not a group. Let M be a right S-semimodule. Then (M, +) is indecomposable.

Proof. Since M is a nontrivial finite cyclic monoid which is not a group, there exists
a # 0y € M such that M = {0y, «v,...,ma,...,(m+7r —1)a}, where m € N is the
index of o and r € N is the period of . If possible, let M be not indecomposable.
Then there exist nonzero subsemimodules M; and My of M satisfying M = M; ® M.
Thus we can write « = my + my for some m; € M; and myg € M,. Our claim
is that neither my; # 0p nor mo # 0y If my = 0p then @« = my € My, If
m) € M; then m| = ta, where 0 <t < (m +r —1). Thus m}| = tmy € M,. Hence
my = mi+0y = 0p+tmj. By the uniqueness of the representation, we have m} = 0y
which implies that M; = 0,, a contradiction. Thus m; # 0,,;. Similarly, it can be
shown that mgy # 057 Hence my =ty and my = toar for 0 < ty,t5 < (m +1r — 1).
So (t1ta)a = ty(tar) = ta(thr) € My () My = {0p}. Hence (t1t2)ac = 0py = Ocv. This
contradicts that (M, +) is not a group. Thus (M, +) is indecomposable. O

Lemma 6.4.9. Let S = , where A be a semiring such that every idempotent
O B

of A has an orthogonal complement and indi(A) = n, B is a semiring such that
indy(B) = m, aMpg is a nontrivial bisemimodule (i.e M # (0)). If (M,+) be a finite
cyclic monoid that is not a group, then indg(S) > n + [n/2)(|M| — 1), where [n/2)

denotes the least integer greater than or equal to n/2.

Proof. Since M is nontrivial finite cyclic monoid, there exists a(# 0p/) € M such
that M = {0y, v,...,ma,...,(m +r — 1)a}, where m € N is the index of a and
r € N is the period of a. Let ¢ = |M|=m+randa=¢;+u; (i =1,2,3,...,n) be
distinct k-unit clean expressions of a in A. Let e = ¢ € A and E be the orthogonal
complement of e. Hence (M, +) = eM & EM. Remark 6.4.8 implies that (M, +) is
indecomposable. Hence either eM = M or EM = M. Let us assume that e;M =

M, esM =M, ..., e,M =M and Eq M = M, ..., E,M = M.
, a (m+r—1)a
Case - I : Let s > n— s (i.e,s > [n/2)). Then for T = :
0 1p
€; OM €; w . .
we have {(T) 2 , ,1<i<n, 1<j<s, w(#0y)eM

0 Op 0 Op
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Then ind,(S) > n+s(g—1) > n+[n/2)(|M|—1).
Case-II:Letn—s > s. Thenn/2 > sand hence n—s > n/2 (i.e,n—s > [n/2)).
a (m+r—1a e; On e; w

Thus for 77 = , it follows that £(T7) 2 , o1
0 13 + 13 0 1B 0 1B

i<n, s+1<j<n, w(#0y) € M. Sowefind that ind,(S) > n+(n—s)(g—1) > n+
(n/2)(|M|—1). Again, if we take F\M = M, EsM = M, ..., E;M = M and eg 1 M =
M,...,e,M = M then similarly we can prove that indy(S) > n+[n/2)(|M|-1). O

6.5 Characterization of Semirings of k-Unit Clean

Indices 1 and 2

Theorem 6.5.1. Let S be an antisimple semiring such that every idempotent of S
has an absorbing complement. Then indy(S) = 1 if and only if S is abelian and for

any0#£e? =e€ S, e+u#v for any u,v € Up(S).

Proof. Let e? = e € S and e; be the absorbing complement of e in S. Then e+¢; = 1,
e+ see; = e and e; + ejes = ey for all s € S. Now e0 = 0e = 0. Let s (#
0) € S. Since S is antisimple, there exists s; € S such that s = s; + 1. Now
etesie+1l = (etesie)+1 =e+ (1+es1e). Also (e + ersie)(e + e1s1e) =
e+eeis1et+e1sie+ejsee s1e = e+ (6+elsleel)elsle+ e1s1e = e+ees1et+ejsie=
e+ (e; + eeq)sie = e + e;sie. Hence (e + egsie) is an idempotent of S. Again
1+ (1+esie)(14ersie) = 14+ 1+e1s1e+er1sietersieersie = 1+ 14eesie+epsie+
e1sietersieersie = 1+1+(etesieer)ersietersiete;sie = 24eersietesietesie =
2+e1sietersie = 2(1+e1s1e). Thus (14 e1s1€) is a k-unit in S. Since indy(S) = 1,
we have e + e1816 = e = e + es1e + e1816 = e + esje =— ¢ + sje = ¢ + esje —
(1+s1)e =e(l+ s1)e = se = ese for all s € S. Similarly, it can be shown that
es = ese for all s € S. Thus es = se for all s € S. Hence S is abelian. If e + u = v,
where €2 = e € S and u, v € Uy(S), then e+u = v+0 are two k-unit clean expressions
of same element in S. Consequently, e = 0, since indy(S) = 1.

Conversely, let a = e; + u; = €3 + us ... (1) be two k-unit clean expressions of a

in S. Now e; and e, are idempotents in S. Let €2 = e3 be an absorbing complement

IN
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of e; and €2 = e4 be an absorbing complement of e;. Since ey + segey = ey for all
s € S, we have ejey + ujey = €€y + Ugey = ey + €164 + U1y = €9 + Usey —>
ereq + (ureq + €3) = (ugeq + €2). Since S is abelian, so (e1e4)(e1e4) = €3e? = ejey.
Now uy,us € Ug(S). Thus there exist s1,s2 € S such that 1 + sju; = spu; and
1+ usy = upse. Also (saey + 1)(urey + €2) = saqujeq + Saegen + ujey + € —
eq+ s1ureq + Soesey +ures +e3 = ea+eq+ (s1+ ujes = 14 (s1+ 1)ugey. Since ey is
the absorbing complement of e; and S is abelian, 1 + (s + 1)ujey = €4 + €9 + (51 +
Dujes+ (s14+1)eses = 1+ (s1e4+e4)(ures+e2). Thus (ujeq+e2) is a left k-unit of S.
Again (ujes+es)(s2es4+1) = uregsoestujes+egsaes+es = uySaest+uieq+essoes+es =
€4+ urs1€4 + urey + €989e4 + €3 = €4 + €3 + Sgeaey + urS1es +ures = 1+ ugeq(s; + 1),
since S is abelian. Now 1 + (ujeq + ex)eq(s1 + 1) = 1 4 (ureq + e2)(eqs1 + €4) =
1 4+ ure481 + urey + e9€481 + €064 = €9 + €4 + ure481 + u1ey + esey4 + €648 = €9 +
eq + egeq + eqe981 + urey + uresS) = €9 + €4 + ureysy +ureqs = 1+ ujeq(sy + 1), since
ey is the absorbing complement of e5. Thus (ujeq + €3) is a right k-unit of S. Hence
(ureq + €9) is a k-unit of S. Similarly, (uses + €2) is also a k-unit of S. According
to the condition, ejey = 0 which implies e; = ejes. Again multiplying both side
of equation (1) by ez, we have eje3 + ujes = egeg + usey = €1 + eje3 + ujes =
e1+ exes + uses = e; + ujez = eses + (eg + uges). Similarly, by previous method we
can prove that (ujes+e;) and (uges +e;) are k-units of S. According to the condition

ege3 = 0 = e1eg = e9. Hence e; = ey. Thus indg(S) = 1. O

Theorem 6.5.2. Let S be a semiring such that every idempotent of S has an or-
thogonal complement. Then ind,(S) = 1 if and only if S is abelian and for any
0#£el=c€ S, etuv for any u,v € Uy(S).

Proof. For every idempotent e € S, there exists an idempotent e; € S such that
e+ e =1 and ee; = e;e = 0. Now the rest of the proof is similar to the proof of

Theorem 6.5.1. O

Theorem 6.5.3. Let S be a commutative antisimple k-semipotent semiring such that
Ji(S) # 0 and every idempotent has an absorbing complement in S. Then indy(S) = 1
if and only if S/Jy(S) is Boolean and Id(J;(S)) = {0}.
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Proof. Let S be a commutative antisimple k-semipotent semiring such that the con-
dition holds. Let ¢ = ¢ € S such that e + v = v for any u,v € Ug(S). Hence
(e+u)+ Ji(S) =v+ Ji(S) = (e+ Ji(S)) + (u+ Ji(S5)) = (v+ Ji(5)) ... (1). Since
u € Ug(9), there exist sy, sy € S such that 1+ syu = seu. Hence (1 4 syu) + J;(S) =
sou—+ Ji(S) = (14 J,(S)) + (s1u+ J,(S)) = (squ+ J;(S)). Since S/J;(S) is Boolean,
(u+ Ji(S)) + (s1u+ Ji(S)) = (squ + Ji(S)) = (u+ Ji(S)) + (sou + Ji(S)) = (1 +
Ji(S)) + (sou+ Ji(S)). Since S is antisimple and J;(S) # 0, from Note 2.3.4 it implies
that (u+ J;(S)) = (1+ J;(S)). Similarly, it can be proved that v+ J;(S) = 14 J;(.9).
Hence from equation (1) it follows that (e + J;(S)) 4+ (1 + J;(S)) = (1 + Ji(S)). Hence
(e 4+ Ji(S)) = Ji(S) = e € Ji(S). Thus e = 0 according to the condition. Hence
indg(S) = 1 from Theorem 6.5.1.

Conversely, let ind,(S) = 1. Let S/J;(S) is not Boolean. Then there exists
a € S such that a® + Ji(S) # a + J;(S) which implies that a # 0. Since S is
antisimple there exists ¢ € S such that a = ¢+ 1. We claim that ¢ + ¢ € J;(S). If
+ce J(S) then ?+c+ Ji(S) = Ji(S) = A +c+c+1+J(S) = c+ 1+ J(S) =
(c+1)2+ J(S) = (c+ 1)+ Ji(S) = a* + Ji(S) = a + Ji(S), this contradicts our
assumption. Hence ¢ +c¢ ¢ J(S) = (2 + ¢) € Ji(S). Since S is k-semipotent there
exists €2 = e # 0 € S such that e € (2 +¢). So e+ 51(c® + ¢) = s5(c2 + ¢) for some
s1,89 € S. Hence e+ (esie)(e(c® + c)e) = (esqe)(e(c? +c)e) = e+ (es1e)(ece)(e(c+
1)e) = (esqe)(ece)(e(c+ 1)e), since S is commutative. Hence ece, e(c+ 1)e are k-unit
elements in eSe. Since eSe is a nonzero subsemiring of S, by Lemma 6.3.11, it follows
that indy(eSe) < indy(S). Hence indy(eSe) = 1. Now 0+ e(c+ 1)e =ece+e...(1).
Since ing(eSe) = 1, from equation (1) it implies e = 0 which is a contradiction. Hence
S/Ji(S) is Boolean semiring. Let 2 = ¢ € J;(S) and b= 1+e¢. (b) = {s € S|s+s5,b=
Sob, 1,89 € S}. since S is commutative, @ is a k-ideal of S. If @ is a proper k-ideal
of S then from Theorem 2.4.1 it follows that b € M, where M is a maximal k-ideal of
S. Thus 1+e € M =1 € M, since e € J;(S). This contradicts that M is maximal

k-ideal of S. Hence 1 € (b) which implies that b € U(S). Sob=1+e=0+ (1 +e).
Since ind,(S) =1, e = 0. Thus Id(J;(S)) = {0}. O
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Lemma 6.5.4. If T = , where A and B are two semirings such that

@)
indi(A) = indy(B) = 1 and A Mg is a bisemimodule with |M| = 2, then indy(T) = 2.

Proof. Let Mg be a bisemimodule with |M| = 2. So M = {0y, m}.
Case - I : Suppose that w + w = w for any w € M.

g m 04 O 04 m
Consider oy = 4 € T. Then &(ag) = 4 , 4 . This
a OM
implies that indy(T) > |{(aw)| > |M| = 2. For any a; = e T, We
0 b
€ OM .
have (1) = s e€&(a), fe&(d)p. Hence |{(ar)] < 1, since |{(a)] <
0 f
a m
indy(A) = 1 and [£(b)| < indx(B) = 1. Consider any ay = € T. Now
0 b
w+m = m for any w € M, since |[M| = 2 and m +m = m. Hence &(ay) =

€eT: ecéla),feld),w=ew+wfp. Since [{(a)] < 1,[£(b)] < 1 and
0 f
|M| = 2, it follows that |£(ay)| < 2. Hence indy(T) = 2.
Case - II : Suppose that w + w = 0y for any w € M.

. 1A OM OA w .
Consider 5, = € T. Then &(By) = :w € M . This

0 23 0 1B

a x
implies that indi(S) > |£(Bo)| > |M| = 2. For any 8 = € T, where x is any
b

0
element in M, £(0) = R €&(a),f€&(b),w=ew+wf p. Since |M| = 2,
|€(a)| < 1 and |£(b)| <1, it follows that |£(5)| < 2. Hence ind(T') = 2. O

Let S be a semiring and M be the S-bisemimodule. The trivial extension of
semiring S by M is the semiring S; = S o« M whose underlying semiring is S x M
with addition defined by (a,m) + (a1, m1) = (a + a1, m + m;) and multiplication

defined by (a,m)(ai,my) = (aay, amy + aym).
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Lemma 6.5.5. Let S be a semiring and M be the S-semimodule. Let S =S o M.
Then (u,m) € Ux(Sy) if and only if u € Ug(S).

Proof. Since u € Ug(S) there exist s1, so € S such that 14+s1u = squ and 1+us; = uss.
Now (1,04)+(s1, stm+s3m)(u, m) = (1,0n)+ (s1u, sim~+usim—+usim) = (syu, (1+
us)sim + usim) = (Sou,usesym + usam) = (syu,usa(sy + s2)m)...(1). Again,
(82, 5189m + s9s1m)(u, m) = (Sou, Som + usy1Sem + usesym) = (Sou, (1 + usy)som +
uS9s1M) = (Sou, ussm+usasym) = (squ, usay(s1+s2)m) ... (2). Hence from equations
(1) and (2) we can say that (u,m) is left k-unit in S’. Similarly, we can show that
(u,m) is right k-unit in S;. Thus (u,m) € Ug(5").

Conversely let (u,m) € Ug(S7). Then it can be easily verified that u € Ui(S) O

Theorem 6.5.6. Let S be a semiring and M be the S-semimodule such that (M, +)
is not a group. Let S1 =S oc M. Then indi(S1) = 2 if |[M| =2 and ind,(S) = 1.

Proof. Let M = {0y, m}. Since (M, +) is a monoid which is not a group, m + m =
m. Hence (1,m)(1,m) = (1,1m + 1m) = (1, m +m) = (1,m). Thus (1,m) is an
idempotent in S;. Take a = (2,m) € S;. Then (2,m) = (1,m) + (1,m) = (1,0y) +
(1,m). Now Lemma 6.5.5 implies that (1,m) is a k-unit in S; since 1 is a k-unit in
S. Hence we have &(a) D {(1,0x), (1, m)}. Hence indy(S;) > |[£(a)| > 2. Consider,
a; = (a,0p7). Then £(ay) = {(e,0n) € 51 : e € (a)} which implies that [{(ay)| <1
since |{(a)] < 1. Take any as = (a,m) € Si. since w +m = m for any w € M,
again using the Lemma 6.5.5 we get &(an) = {(e,w) € Sy : e € £(a),w = ew + ew}.
Since |£(a)| < 1 and |M| = 2, we have |{(a2)| < 2. Hence indi(S;) < 2. Thus
indy(Sy) = 2. O

Definition 6.5.7. A semiring S is called an elemental semiring if the idempotents

of S are trivial and 14+ u = v for some u,v € Ug(S).

Theorem 6.5.8. Let S be an abelian semiring such that every idempotent of S has an
orthogonal complement in S. Let Ug(eS) C P(eS) for every idempotent e* = e (# 0).
Then indy(S) = 2 if and only if one of the following holds :

(1) S is an elemental semiring.

(2) S = A x B, where A is an elemental semiring and indg(B) = 1.
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Proof. Let S be an elemental semiring. Since S has only trivial idempotents, we have
|€(a)] <2 foralla € S. Soindy(S) < 2. But 1+ u = v for some u,v € Ug(S) implies
that indg(S) > 2, by Theorem 6.5.2. So indg(S) = 2. If (2) holds then indy(S) = 2
by (1) and Lemma 6.3.12.

Now we show the reverse part. Since S is abelian and ind(S) # 1, there exists
0 # e =e®> € S such that e + u = v for some u,v € Uy(S), by Theorem 6.5.2. Thus
e+eu=-ev...(i). Since u,v € Ug(S) and S is abelian, so eu, ev € Ui(eS) and hence
indi(eS) > 2, by Theorem 6.5.2. But indy(eS) < indg(S) = 2, by Lemma 6.3.10.
So ind(eS) = 2. By assumption, let e; be the orthogonal complement of e. Let
A=eS and B =¢,S. Let us define ¢ : S — A x B by ¢(s) = (es,eys) for all s € S.
Since S is abelian and e; is the orthogonal complement of e, it can be proved that
¢ is one-one and onto homomorphism from S to A x B such that ¢(0) = (0,0) and
(1) = (e,e1) = identity of A x B. Hence S = A x B. Thus by Lemma 6.3.13, it
follows that ind(S) = indx(A x B). Now e; = 0+ e; be the k-unit clean expression
of e; in B. Hence indy(B) > |£(e1)| > 1. If indi(B) > 2, then there exists an element
b € B such that b has at least 3 k-unit clean expressions in B. Let b = e; 4+ u; for
i = 1,2,3 such that e; # e; for i # j, where ¢; € Id(B) and u; € Uy(B) for each
i. Consider the element (14,0) € A x B. Now (14,b) = (04,¢;) + (14, u;) for each
i =1,2,3, we have (04,€;) # (04,¢;) for i # j. Hence indy(A x B) > |{(14,b)] > 3
which contradicts that ind,(S) = 2. Hence indy(B) < 2 = finite = k. Thus from
Lemma 6.3.12, it follows that ind(S) = indx(A)ind,(B) = 2k. Hence 2k = 2 implies
that k = 1. So indi(B) = 1. Let f be a nontrivial idempotent in A = eS. According
to the assumption, f has an orgthogonal complement f; in S. Hence I} = fie = ef;
is the orthogonal complement of f in A. Similarly, A = fA x F1A. Since f is the
nontrivial idempotent of A, f, F} # 0. Multiplying both side of equation (7) by f and
Fy, we have f + f(eu) = f(ev)...(i1) and Fy + Fi(eu) = Fi(ev)...(i7i). Since S is
abelian, f(eu), f(ev) € Uy(fA) and Fi(eu), Fi(ev) € Up(F1A). Thus indy(fA) > 2
and indi(F1A) > 2 from Theorem 6.5.2. Again since S is abelian, fA = fS and
F1A = F1S. So by assumption, Ux(fA) C P(fA) and Ug(F1A) C P(F1A). Thus
by Lemma 6.3.10, we have indy(fA),ind,(F1A) < indx(A) = 2. So indi(fA) =
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indi(F1A) = 2. Thus Lemma 6.3.12 implies that ind,(A) = 2 x 2 = 4 which is a
contradiction. Hence (1) follows if e = 1 or (2) follows if e # 1. O

Lemma 6.5.9. If a semiring S has an idempotent element e and ey is its orthogonal
eSe eSe;

complement in S then S =
e1Se e Se;

) eSe eSe; ese esep
Proof. Let us define a mapping ¢ : S — by ¢(s) = for
e1Se e1Se; ei1se  e1sep
all s € S. Clearly the mapping is well-defined. Let s1,s2 € S. Now ¢(s; + s2) =
e(s1 + s2)e  e(s; + s2)e es1e + esqge  esje; + esqeq esie  esie;
e1(s1+ sa)e er(s1+ s9)e €151€ + €150 €e151€1 + €159€1 €151 €151€]
€eSqe €Sqeq €5189€ €5152€1
= ¢(s1) + ¢d(s2). Now ¢(s152) = - o(s1)9(s2) =
€182€ €159€1 €1581S2€ €15152€1
es1e es1eq €Soe €Sq€e
€151€ €181€61 €1S2€ €152€1

€51e89€ + 5161596  €51€89e] + es1€e159€1 esi(e+eq)see  esie+ eq)sqer

€1581€89€ + €151€182€6 €1581€82¢e1 + €1581€182€1 6181(6 +-€1)82€ 6181(6 +-€1)82€1

esisge  esissey |
since e + e; = 1. Hence ¢(s152) = ¢(s1)p(s2). Clearly, ¢(0) =
€15182€ €15152€1

0 0 e O
and ¢(1) = . Hence ¢ is a homomorphism. Let ¢(s1) = ¢(sq) for
0 0 0 e

es1e eS1e1 €Sq€ €S9€1
$1,89 € S. Then = . Thus esje = esse, esje; =

€151€ €181€61 €1S2€ €1S2€1
esqeq, e151€ = e1Sqe and ejs1e; = e1S0eq. Hence es; = esy and ey = e189 which

i . ) ese  esie; eSe eSe;
implies that s; = s5. Hence ¢ is one-one. Let A = €

e182€ €183€1 e1Se e;Se;
for some s, s1, 59,53 € S. Take a = ese + esje; + €189 + e153e1. Then a € S. Since
e+e; =1 and ee; = eje = 0, it can be easily verified that ¢(a) = A. Hence ¢ is onto.

eSe eSe;
Thus S = ) O

e1Se eS¢

Theorem 6.5.10. Suppose a semiring S has a non-central idempotent which has
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M
an orthogonal complement in S. Then indy(S) = 2 if and only if S = ,
O

B
where A and B are two semirings such that ind,(A) = indx(B) = 1 and sMp is a

bisemimodule with |M| = 2.

Proof. Let e be a non-central idempotent of S and e; be its orthogonal complement

in S. Then e+ e; = 1 and ee; = e;e = 0. Let indy(S) = 2. From Lemma 6.5.9, it
eSe eSe;

follows that S = . Now both eSe; and e;Se can not be equal to zero
e1Se e1Sey

otherwise e becomes a central idempotent. Let eSe; # 0 and e;Se # 0. Then there
exists exre; (# 0) € eSe; and there exists ejye (# 0) € e Se for x,y € S. Suppose
there exists erie; € eSe; for some x; € S such that exie; # 0 and exie; # exe;.
Let a = e+ 1+ exe; + exje;. Then 1+ (1 + exey + exqer)(1 + exe; + exiey) =
14 (1 + exey + exie; + exer + exier) = 2 4 2exe; + 2exie; = 2(1 + exey + exyey).
Hence (1 + exe; + exyey) is a k-unit in S. Similarly, (1 4 exey), (1 + exie1) € Ug(S).
Then (e+exe;)(e+exe;) = e+exey. Similarly, (e+exie) € Id(S). Then (e+exe;)+
(exre1+1) = (e+exier) + (exe; +1) = e+ (exe; +exre; + 1) are three distinet k-unit
clean expressions of a which contradicts that indi(S) = 2. Hence eSe; = {0, exe; }.
Similarly, we can prove that e;Se = {0, e;ye}. Now we have the following cases :

Case - I : Suppose that ere; + ere; = exe; and ejye + eqye = ejye. Then
(1+exe; +erye)(1+exe; +e1ye) = 1+exey +ejye+exe; +exeyye+ erye + eyyere; =
1+ exey + exejexe; + exeye + eyye + eyyexe, + ejyeeiye, since ee; = ere = 0. Hence
(14+exe; +erye)(l+exes +eye) = 1+exer (1+exe; +erye) +eye(l+exe; +ejye) =
1+ (exe; +e1ye)(14exe; +e1ye). Thus (1+exe;+eyye) is left k-unit. Similarly, it can
be shown that (14 exe; + eye) is right k-unit. Thus (14 exe; + e1ye) € Ug(S). Now
(14+exer)(l+exey) = 14exe; +exe; +exejexre; = 1+exe; +exejexe; = 1+exey(1+
exer) = 1+ (1 + exey)exe;. Hence (14 exey) € Up(S). Similarly, (14 eyye) € Ui(S).
Also (e + exey), (e + eyye) are idempotents in S. Let b = e + exe; + e;ye + 1. Then
(e +exer) + (1 +eye) = (e + erye) + (1 + exey) = e+ (1 + evey + eyye) are three
distinct k-unit clean expressions of b. This is not possible as indy(S) = 2.

Case - II : Suppose that exe; +exe; = exe; and e;ye +ejye = 0. Then exeye =
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(exey + exey)ye = ex(eyye + erye) = ex(0) = 0. Similarly, e;yere; = 0. Now 14 (1+
exe; +ejye)(l+exe; +eye) = 1+ 1+ exe; +eyye+exe; + exejye + egye + eyyexe; =
1+ 1+exe; +exe; +eyer +eye; = 2(1+exe; +ejye). Thus (14 exe; +eyye) € Ur(S).
Hence (e + exer) + (1 + eyye) = (e + erye) + (1 + exey) = e + (1 + exey + eyye) are
three distinct k-unit clean expressions of b which is not possible, since indy(S) = 2.

Case - III : Suppose that exe; + exe; = 0 and ejye + e;ye = eyye. Similar to
the Case - 11, in this case also we have three distinct k-unit clean expressions of b.

Case - IV : Suppose that exe; + exe; = 0 and ejye + e;ye = 0. Then e+ 1 =
(e + exer) + (1 + exe;) = (e + eyye) + (1 + eyye) are three distinct k-unit clean
expressions in S which contradicts that indy(S) = 2.

Now considering all possible cases, we have either eSe; = {0} or e;Se = {0}.

eSe eSe; o
Let e;Se = {0}. Then § = . The next claim is that indg(eSe) =

0 61561
indg(e1Se;) = 1. Since e = 0 + e, indi(eSe) > 1. Similarly, indg(e;Se;) > 1.

. . . , eSe eSe;
Again from Theorem 6.4.3, it folows that indy(eSe) < indy and
0 61561

eSe eSe;

indi(e1Sey) < indk<
0 61561

). Since indi(S) = 2, it follows from Lemma

eSe eSe;
6.3.13 that ind; = 2. Hence indy(eSe) = indy(e1Se1) = 1.
0 61561
M
Conversely, let S = , where A and B are two semirings such that
O B

indy(A) = indi(B) = 1 and 4 Mg be a bisemimodule with |M| = 2. Then indy(S) = 2

follows from Lemma 6.5.4. OJ
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Nil Clean Semiring

7.1 Introduction

In the last several years there has been a growing interest in the structure of rings
whose elements are sums of certain special elements. In 1954, Zelinsky [2] introduced
the concept of 2-good rings where he defined that a ring R is called 2-good if every
element is a sum of two units of R. A ring R is called (strongly) clean ring if every
element is a sum of an idempotent and a unit (that commute with each other). In 1977
Nicholson [7] introduced the concept of clean rings. After that, in 1999 Nicholson [18]
introduced the notion of strongly clean rings. Since then various works on different
types of clean rings, have been obtained by many authors ([28], [43], [34], [31] [32]).
In 2013, Diesl [45] introduced two interesting variants of the clean property of rings
where he defined that an element of a ring is called (strongly) nil clean if it is a sum of
an idempotent and a nilpotent element (that commute with each other) and a ring is
called (strongly) nil clean if every element is (strongly) nil clean. Surprisingly, nil clean
and strongly nil clean rings are naturally connected to clean and strongly clean rings.
Diesl in [45] (Proposition 3.4), proved that every (strongly) nil clean ring is (strongly)
clean ring. “Let R be a nil clean ring and n be a positive integer. Is M, (R) nil clean
?”. To find the answer to this question, in [44], Breaz et al. proved that if R is any
commutative nil clean ring then M, (R) is nil clean. Later, Kosan et al.[51] continued

the study of nil clean and strongly nil clean rings with a focus on the structure and

117
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construction of strongly nil clean rings and the question of when a matrix ring is nil
clean. The algebraic theory of semirings has experienced remarkable growth in recent
years. A semiring, which extends the concepts of a ring and a distributive lattice,
has seen significant development. Motivated by the works ([7], [18]), we have already
introduced the concept of clean semiring [62] and strongly clean semiring [63]. In this
chapter, we have introduced the concept of nil clean semiring. The main motivation of
this section is to give some important results related to nil clean semiring. We study
the notion of exchange semiring and k-semipotent semiring to find its connection with

nil clean semiring with the help of some other class of semirings.

7.2 Definition, Examples & Some Elementary Re-
sults

Definition 7.2.1. An element of a semiring S is said to be nil clean if it can be
written as the sum of an idempotent and a nilpotent element in S. A semiring S is

called a nil clean semiring if every element of S' is nil clean.

Definition 7.2.2. A semiring S is said to be strongly nil clean if every element a of
S can be written as a = e + b for some idempotent e € S and b € N(S) such that
eb = be.

Example 7.2.3.

Consider S = {0,1}. Define the two operations “+” and “” in S as follows :

+ 101 .01
0101 010]|0
111]1 1101

Then (S,+,.) forms a semiring which is also known as a Boolean semifield. Let

a b
T»(S) = { la,b,c € S}. Then Ty(S) becomes a nil clean semiring with respect
0 c

to usual matriz addition and multiplication.
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Proposition 7.2.4. (1) Every homomorphic image of a nil clean semiring is nil
clean.

(2) Let {S; : i = 1,2,...,n} be a finite family of semirings. Then the direct
product of semirings S = HSZ- 1s mil clean if and only if each semiring S; is nil
clean. -

Any arbitrary direct product of nil clean semirings is not nil clean which follows

from the following example:

Example 7.2.5. Let S = N, be the set of all non-negative integers. Then I = mNg
becomes a k-ideal of S forooany m € S. Now consider the arbitrary direct product of
quotient semirings S’ = H Ng/2"Ng. Then each Ni/2™Ng is nil clean semiring
but the element ([0], [2], [277]1,:1 ) € 5" is not nil clean.

Remark 7.2.6. If {S,} is a family of semirings for which there is a fized number
K such that no nilpotent in any S, has nilpotent index larger than K then the direct

product H Sy is nil clean if and only if each S, is nil clean.

Remark 7.2.7. Bourne in [1] showed that if n is a nilpotent element with nilpotent

index k, in a semiring S then there exist n',n” € S such that n+n'+nn' =n" +nn"
i=k—1 i=k

andn+n'+n'n =n"+n"n, wheren’' = Z n* andn” = Zn%_l. Hencen € Q(S).
i=1

i=1 —
Since Proposition 6.3.7 implies that 1 + Q(S) C Ug(S), hence (1 +n) € Ug(95).
Proposition 7.2.8. Every k-ideal of a nil clean semiring is nil clean semiring.

Proof. Let I be a k-ideal of a nil clean semiring S. Let a € I. Since S is nil
clean, a = e + b where e € Id(S) and b is a nilpotent element in S. For b, there
exist by,by € S such that b+ by + bby = by + bby and b + by + bib = by + byb,
which follows from Remark 7.2.7. Now ea = e +eb... (i), eaby = eby + ebb; ... (ii)
and eaby = eby + ebby . .. (i7i). Adding equations (i) and (ii), we have ea + eab; =
e+ eb+eby +ebby = e+ e(b+ by + bby) = e+ eby + ebby = e + eaby (from equation
(737)). Since [ is a k-ideal of S and a € [, it implies that e € I, hence b € I. Thus, [

is a nil clean semiring. O
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Proposition 7.2.9. Let I be a left or a right k-ideal of a semiring S and a € I. If
a = e+b with eb = be, is the strongly nil clean expression of a in the semiring S then

e,bel.

Proof. Let I be a left k-ideal of the semiring S anda € I. Nowa =e+b, 2 =c € S,
b € N(S) with eb = be. From Remark 7.2.7, it follows that b € Q(5). Hence there
exist by,by € S such that b + by + bib = by + beb. Now ea = e + eb = e + be,
biea = bie+ bieb = bie + bibe. Similarly, byea = boe + bobe. biea+ ea = e+ be + bie +
bibe = e+ (b+ by +bib)e = e + (bye + babe) = e + byea. Hence, e € Sa C I. Since [
is a left k-ideal of S, we get b € I. Hence the proof.

Similarly, the result is true when I is a right k-ideal of S. m

Corollary 7.2.10. If S is a strongly nil clean semiring then every left and right

k-ideal is strongly nil clean.
Proof. The proof follows from the above Proposition 7.2.9 m

Remark 7.2.11. If A is a non-empty subsemiring of a semiring S. Then A is also

a subsemiring of S.

Proof. Since A is non-empty and A C A, A is also non-empty. Let =,y € A. Then
T+ a3 = ag and y + a3 = ay, for some ay, ay, a3, a4 € A. Thus, (z +y) + (a1 + a3) =
(az + a4). Since A is a subsemiring of S, (a; + a3) € A and (as + a4) € A. Hence
(x+y) € A. Let z1,y1 € A. Hence 21 +as = ag and y, +a; = ag, for as, ag, az, ag € A.
Hence z1y1 +x1a74+as5y, +asa; = agag. Now xa7+asar; = agar and asy, +asa; = asasg.
Hence x1y; + agay + asy; + asay; = agag + asa; = 1y + agar + a5as = agag + a5a7.
Since A is a subsemiring of S, agar, asas, agas, asa; € A which implies that z1y; € A.

So, A is a subsemiring of S. ]

Proposition 7.2.12. Let S be a semiring and e be any idempotent of S. Then

a € eSe is strongly nil clean in S if and only if it is strongly nil clean in eSe.

Proof. Let a € eSe is strongly nil clean in S. So, a = e; + b for some idempotent

e; and nilpotent b of S such that e;b = be;. Now Se is the left k-ideal of S and
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eSe C Se. Hence a € Se. From Proposition 7.2.9, it follows that e;,b € Se. Thus,

a = e +b...(1) where e; is an idempotent element in Se and b is a nilpotent
i=k—1

element in Se. From Remark 7.2.7 we can say that there exist b’ = Z b* and
i=1

i=k

A mefl such that b+ b + b = bV’ + V" holds. Since b € Se and Se is
i=1

the left k-ideal of S, V/,b” € Se. Now a = e; + b with e;b = be;, which implies

aey1 + aerb = eg + eb+ elb + e bb = eg + e1b” + b’ = eq + aerb” ... (2). Since
e1 € Se and V',V € Se, e1b/, e1b" € Se. Since eSe is the right k-ideal of Se, by using
equation (1) and (2) we can say that e;, b € eSe. Hence a is strongly nil clean in eSe.

The reverse implication follows immediately. O]

Corollary 7.2.13. If S is a strongly nil clean semiring and e is any idempotent of

S, then the closure of the corner semiring eSe is also strongly nil clean semiring.

Proof. The proof follows from the Proposition 7.2.12. m

7.3 Connection With Some Classes of Semirings

Theorem 7.3.1. If S is a strongly nil clean semiring such that every idempotent has

a strong absorbing complement in S then S is an exchange semiring.

Proof. Let a # 0 € S. Since S is strongly nil clean, a = e + b, €2 = ¢, b € N(S)
with eb = be. From the Proposition 7.2.9, it follows that e € Sa since Sa is the left
k-ideal of S containing a. Let e; be the absorbing complement of e. e +e¢; =1 =
er+e+b=14b= e +a=14+b= e +ea=¢e(l+b) = e(l+a)=
e1(1 +b). From Remark 7.2.7, it follows that, b + by 4+ bby = by + bbs ... (i) and
b+by+b1b=by+byb...(ii) where by, by € S. Now, adding both side of equations (i)
by 1, it implies that, 1 4 s;(1+b) = so(1 + b), where s; = by and s5 = (1 +b;). Now,
e1+s1(1+b)e; = so(1+b)e; = e1+s1(1+b)er+(s1452)b = sa(1+b)es+(s1+52)b =
er + s1((1 4+ b)ey +b) + s2b = so((1 + b)ey + b) + s1b... (it7). Since e + e; = 1 and
eb = be, we have eb +eb = eb+bey = b+eb=b+bey = b+eb+e =
b+beg +eg = b+e(1+0b) =b+ (14 b)e;. Hence from equation (iii), we have
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er + si(er(1+b) +b) + s2b = sy(er(1 +b) +b) + s1b = e; + s1e1(1+b) + (s1 +
S2)b = s9e1(1+b) + (814 $2)b = e1 + s1e1(1 +b) + (s1+ $2)b+ (51 + s2)(1 + ) =
spe1(1 +b) + (s1 + s2)b + (s1 + s2)(1 + e). Since e1(1 + a) = e1(1 + b), we have
er+sie1(14a)+(s1+52) (14+a) = sqeq(1+a)+(s1+52)(14a). Thuse; € S(1 + a). Since
e is the strongly absorbing complement of e, e +e; = 1, e + see; = e, e; + e1es = €1
for all s € S such that ee; = eje. Now e 4+ e; = 1 implies that 1 + see; = 1 and
14+ees =1forall s € S. By using ee; = eje, we have e; +seje = e and e+eejs = e
for all s € S. Hence e is also the absorbing complement of e;. Thus S is an exchange

semiring. O

Corollary 7.3.2. If S is an abelian nil clean semiring such that every idempotent

has an absorbing complement in S then S is an exchange semiring.

Proof. Since S is abelian, all idempotents of S are in the center of S. Hence S is

strongly nil clean semiring. Thus, the proof follows from Theorem 7.3.1. [

The converse of Theorem 7.3.1 is not true in general, which follows from the

following Examples

Example 7.3.3. (i) Consider S = {0,1,2,3} . Define the operations “+” and “”

as follows :
+ 101123 011123
010(1]2|3 010(0]0]0
11112581 110(112]8
2121812 200|213
313111283 3101 3|3]|83

Then (S,+,.) is a commutative exchange semiring such that every idempotent of S
has an absorbing complement, but S is not nil clean semiring.

(i) Let S = NJ be the set of all non-negative integers. Define two operations +
and . on S by a4+ b= maz{a,b} and a.b= usual multiplication in S for all a,b € S.

Then S is a commutative exchange semiring but not nil clean semiring.
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Definition 7.3.4. A semiring S is called left (right) duo semiring if every left (right)
ideal of S is two-sided ideal and S is called left (right) k-duo semiring if every left
(right) k-ideal of S is two sided k-ideal.

Remark 7.3.5. If S is a left duo semiring then for each a € S, aS C Sa.

Proof. Let a € S. Then Sa is a left ideal containing a. Let s be any element in S.
Since S is a left duo semiring Sa becomes a two-sided ideal containing a. So, as € Sa

for any s € S. Hence a5 C Sa. O

Note 7.3.6. Let S be a left duo semiring. If a is a nilpotent element of S then sa

becomes a nilpotent element in S for any s € S.

Proof. Let a® = 0 for some k € N. Now for any s € S, (sa)* = (sa)(sa)(sa) ... (sa)
(k times). Since S is a left duo semiring, by repeatedly using the Remark 7.3.5, we
can get (sa)f = s;a* = 0 for some s; € S. Hence sa is a nilpotent element in S for

any s. O

Definition 7.3.7. A semiring S is said to be left (right) quasi duo semiring, if every
maximal left (right) ideal of S is two-sided ideal and S is called left (right) k-quasi

duo semiring if every mazximal left (right) k-ideal of S is two sided k-ideal.

Remark 7.3.8. A left k-duo semiring is always left k-quasi duo semiring but the
converse is not true in general. For a left k-quasi duo semiring S, the Jacobson

radical Ji(S), is a two-sided ideal.

Example 7.3.9. Let T5(S) be the upper triangular matriz semiring over S, where S is
00 10 01 11

the semiring, defined in Example 7.2.3. Now M, = , , ,
0 0 0 0 0 0 0 0

and My = ,
0 0 0 1 0 0 0 1

in the semiring To(S). It can be verified that they are also two-sided k-ideals in T5(S).

0 0 0 0 0 1 01
, , are only two mazimal left k-ideals

Hence Ty(S) is the example of left k-quasi duo semiring, but it is not left k-duo semir-
00 10

ing since I = : is the left k-ideal but not a right k-ideal of T5(S).
00 00
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Proposition 7.3.10. Let S be a left k-quasi duo semiring. Then S is k-semipotent,

if S is strongly nil clean semiring.

Proof. Let (z); be a proper left k-ideal of S such that = ¢ Ji(S). To show that S
is k-semipotent, we have to show that there exists €2 = e # 0 such that e € (z);.

Suppose, (z); contains no nonzero idempotent. Let y € (z);. Since S is strongly

nil clean semiring there exists idempotent e; and there exists nilpotent b; in S such

that y = e; + by with e;b; = bie;. Now Proposition 7.2.9 implies that e; € (y);.

Since y € (2);, (y); € (x);. Hence e; € (z);. According to our assumption, we
have e; = 0. Hence y = by is a nilpotent. Since x ¢ J;(S), there exists a maximal
left k-ideal M of S such that z ¢ M. Hence, M C m which implies that
1e m Thus there exist mq1, my € M and sg, s3 € S such that 1 +mq + sox =
my + s3x = (1 + ny) + my = mg + ng...(1), where sox = ny and szx = ng are
nilpotent elements of S. There exist ko, k3 € N such that né” = 0 and nlg?’ = 0.
Now 1+ ny € Ug(S), follows from Remark 7.2.7. Suppose 1 + ny = uy. Hence we

s .. (2). Since S is left k-quasi duo semiring, M is a

have (ug +mq)* = (mg + n3)
two-sided k ideal of S. Again using n]§3 = 0 in equation (2), we get ugi” € M. Since
uy € Uy(S), uks € U,(S) from Theorem 1.3.24 which contradicts that M is maximal
left k-ideal of S. Thus our assumption is wrong. Hence there exists e = ¢ # 0 € @

Hence S is k-semipotent. O]

Example 7.3.11. Let T5(S) be the upper triangular matriz semiring over S, where
S is the semiring, defined in Fxample 7.2.3. From Fxample 7.3.9 we can say that
T5(S) is a left k-quasi duo semiring. Now T5(S) is also a strongly nil clean semiring
since its each element is either an idempotent or a nilpotent element. Hence from

Proposition 7.3.10, it follows that, To(S) is an example of a k-semipotent semiring.

Corollary 7.3.12. Let S be a left k-duo semiring. Then S is k-semipotent, if S is

strongly nil clean semiring.

Proof. Since every left k-duo semiring is left k-quasi duo semiring, the proof follows

from Proposition 7.3.10. O]
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Corollary 7.3.13. If S is a commutative nil clean semiring, then S is k-semipotent

Semiring.

Proof. Since S is commutative, S is a left k-quasi duo semiring. Hence the proof

follows from Proposition 7.3.10. [

Definition 7.3.14. An element a of a semiring S is called unipotent if it can be

written as a = 1+ b for some nilpotent element b.
Lemma 7.3.15. If S is a left duo semiring then all nilpotent elements are in J;(S).

Proof. Let x be a nilpotent element of S such that x ¢ J;(S). Then there exists a
maximal left k-ideal M of S such that = ¢ M. Now, M + () is a left k-ideal of
S properly containing M. Hence 1 € m Thus there exist mi,my € M and
s1, 82 € S such that 14 (my+s12) = (ma+$2x) = (1+s12)+mq = ma+s9z ... (1).
Let £ € N be the nilpotent index of x. Since, S is left duo semiring, from Note 7.3.6,
it follows that (s;2)* = di2* = 0 and (s22)* = dyz* = 0 for some d;, d, € S. Remark
7.2.7 implies that (1 4 s12), (1 + sex) € Ug(S). Let uy = 1 + sy and ug = 1 4 soz.
Thus from equation (1) we have (u; +m1)* = (my+s,x)* ... (2). Since S is a left duo
semiring, M is a two-sided k-ideal of S. Using, the fact that M is a two sided k-ideal
and using (s17)F = 0 = (sp2)*, in equation (2), we have u¥ € M. Since u; € U,(S),

uf € Ug(S) from Theorem 1.3.24 which contradicts that M is maximal left k-ideal of
S. Thus z € Ji(9). O

Proposition 7.3.16. Let S be a left duo semiring such that every idempotent of S
has an orthogonal complement. Then a k-unit w in S s nil clean if and only if it is

unipotent.

Proof. Let u € Ug(S5), such that u = e 4+ b for some idempotent e and nilpotent b in

S. Let 1 € (e);. Then (e); is a proper left k-ideal. From Theorem 2.4.1 we can say
that e € M, where M is a maximal left k-ideal of S. From Lemma 7.3.15, it follows
that b € J,(S) € M. Hence u € M, which contradicts that M is maximal left k-ideal.

Hence 1 € (e);. Thus there exist by,by € S such that 1 + bje = bae...(1). Let e; be

the orthogonal complement of e, ee; = e;e = 0. Hence from equation (1) we have
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e; = 0 which implies that e = 1. So, u = 1 + b is unipotent. The reverse implication

follows immediately. O

Theorem 7.3.17. If S is a commutative semiring with only trivial idempotents then
S 1s nil clean semiring if and only if

(1) S is k-local semiring.

(2) Every k-unit element is unipotent.

(3) Ji(S) is nil.

Proof. Let S be a nil clean semiring. Since every commutative semiring is left duo
semiring, by Lemma 7.3.15 we can say that every nilpotent element is in J;(S). Let
x & Ji(S). Since S is nil clean and S has only trivial idempotents, x = 1 + b for
some nilpotent element b. From Remark 7.2.7, it implies that © € Ug(S). Thus S is
k-local semiring and if u € Ug(S), then from Proposition 7.3.16, it follows that u is
unipotent. Let y € J;(S). Then y = 0+ by = by for some nilpotent b; € S. Hence
Ji(S) is nil.

Conversely, let conditions (1) ,(2) and (3) hold. Let a € J;(S). Then a is nilpotent.
Hence a is a nil clean element since a = 0+ a. Let b &€ J)(S). Since S is k-local
semiring, b € U (5). Hence condition (2) implies that b in unipotent. Thus b =1+n

where n is a nilpotent element. This implies that S is nil clean semiring. O]

Theorem 7.3.18. Let S be an abelian left k-quasi duo semiring such that every
tdempotent has an orthogonal complement. Then S is a Boolean semiring if and only

if S is nil clean semiring and J;(S) = 0.

Proof. Let S be a nil clean semiring and J;(S) = 0. Let n be a nilpotent element of
S with nilpotent index k;. Our claim is that n € J;(S). Let n € J;(S). Proposition
7.3.10 implies that S is k-semipotent. Hence there exists e? = e # 0 such that
e € W So, e + s;n = son for some s1,85 € S. Since S is abelian, we have

k;—le — enk—Qe — enk—3

e+ (esye)(ene) = (esqe)(ene). This gives en e=...=ene=0
which implies that e = 0 , a contradiction. Hence n € J;(S). According to the
condition J;(S) = 0. So, n = 0. Since S is nil clean semiring and 0 is the only

nilpotent element, every element of S is idempotent. Hence S is Boolean semiring.
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Conversely, let S be Boolean semiring. Then clearly, S is a nil clean semiring
since every element of S is idempotent. Let x € J;(S) and z; be the orthogonal
complement of 2. Then z + 2y = 1...(1) and zz; = 232 = 0...(2). If 1 & (z1);,
then from Theorem 2.4.1 we get 1 € M;, where M; is a maximal left k-ideal of S.
Since J;(S) € M, from equation (1) it follows that 1 € M;, which contradicts that

M; is a maximal left k-ideal of S. Hence 1 € (z1);. So there exist s1, s € S such that

1+ syz1 = sex1. Thus by using equation (2), we have © = 0. Hence J;(S) =0. O

7.4 Extensions of Nil Clean Semiring

Theorem 7.4.1. Let S be a semiring and n be a positive integer. Then S is nil
clean semiring if and only if T,,(S) is nil clean, where T,(S) is the set all n x n

upper-triangular matrices over S.

aix aiz Az
0 azx a

Proof. Let S be anil clean semiring and A € T,,(S) where A= | 0 0 as;3

0O 0 O
Now a;; = 0 for ¢ > j and a;; = e;;+n;; for i < j < n, where i e {1,2,3,---n}. Hence
€11 €12 €13 ce €1in ni1z Nig Ni3 T Nin
0 e e23 c €an 0 mnox nog Tt Non
we can write A= | 0 0 es3 esn| T 10 0 nass Nan | =
0O 0 O . €nn 0 0 0 - Nn

E + N. Clearly, E is an idempotent of T.(S). ‘Let ny; be the nilpotent element of S
with nilpotent index k; for each i =1,2,3,.....,n. Let k = max{ky, ko, --k,}. Then
it can be verified that N' = 0 where [ = nk. Thus N is a nilpotent element of T},(S).
Hence, A is a nil clean element which implies that 7,,(S) is nil clean semiring.
Conversely, let T,,(S) be a nil clean semiring. Since S is the homomomorphic image

of T,,(S), from (1) of Proposition 7.2.4, it follows that S is nil clean semiring. O

A1n

A2n,

A3p | -
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A M
Theorem 7.4.2. Let S = , where A and B are two semirings, M be the
N B

AMp bi-semimodule and N be the gNa bi-semimodule. Then S becomes a semiring

. . ., . apr ny az M2
with respect to usual matriz addition and multiplication defined by
ny b ny by

a10a9 ayma + mqbe
for all a,as € A, by,by € B, my,mo € M and ni,ny €

nias + blnz blbg
N. Then S is a nil clean semiring if and only if A and B are nil clean semirings

a m
Proof. Let A and B be two nil clean semirings. Let T = ' " e S, Now

ny b
a; = e; +x; and by = ey + @9, where €2 = e; € A, 11 is a nilpotent element in

A and €2 = ey € B, z, is a nilpotent element in B. Hence we can write T =

er Oum Ty My ) .
-+ = E + N. Suppose the nilpotent index of x; and x5 are ky
On e niy T2

and ky respectively. Let k = max{ki,k2}. Hence z¥ = y* = 0. According to the

. . . . . k x]f m2 OA m2
multiplication rule, defined in the semiring S, N* = _ for some
k
ng Yy ny Op
04 ma| [04 m 04 O
my € M and for some ny € N. Hence N* = 2 2| _ M
n2 OB N2 OB ON OB

Hence if [ = 2k, then it can be proved that N' = 0. Thus, N is a nilpotent element

in S. Clearly, E is an idempotent element in S. Hence S is nil clean semiring.
Conversely, let S be a nil clean semiring. Since, A and B are homomorphic

images of S, from (1) of Proposition 7.2.4, it follows that A and B are two nil clean

semirings. 0

Example 7.4.3. Consider the semiring S, where S is defined in Example 2.2.3(iv).

Then S is a commutative nil clean semiring. But the 2 X 2 matrix semiring over S,

01
Ms(S) is not nil clean semiring since is not a nil clean element in My(S).

10
Hence, the matrix semiring of a commutative nil clean semiring is not nil clean.

Proposition 7.4.4. [2}] Let S be a semiring and n be a positive integer. If I is an
ideal of S then M,(I) = {[a;;] € M, (S)|a;; € I for all 1 <i,j < n} is an ideal of
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M,(S). Moreover every ideal of M, (S) is of this form, for a unique I.

Proposition 7.4.5. [38] Let A = (a;;) € M,(S) where S is a commutative semiring.

If every element of S is nilpotent then the matrixz A is nilpotent.

Theorem 7.4.6. Let S be a commutative nil clean semiring such that every idempo-

tent has an orthogonal complement. Let J(M,(S)) be the intersection of all mazimal

k-ideals of M,(S). Then J(M,(S)) is nil.

Proof. Since S is a commutative nil clean semiring and J;(.S) is the k-ideal of S,
from Proposition 7.2.8, it follows that J;(S) is also nil clean. Let a € J;(S). Then
there exists an idempotent e € J;(S) and nilpotent element b € J;(S) such that
a =e+b. Let e; be the orthogonal complement of e in S, Then e+e; =1...(1) and
eep =ee=0...(2). If 1 ¢ @, then from Theorem 2.4.1, we get e; € My, where
M, is a maximal k-ideal of S. Since J;(S) C M, from equation (1) it follows that
1 € M;, which contradicts that M; is a maximal k-ideal of S. Hence 1 € @. So
there exist s1,s2 € S such that 1+ sje; = syeq. Thus by using equation (2), we have
e = 0. Hence, a is a nilpotent element in S. Thus, J;(.S) is nil. Since J(M,,(5)) be the
proper k-ideal of M,,(.S), from Proposition 7.4.4 it follows that J(M,,(S)) = M, (I) for
some ideal I. Also, it can be easily shown that I is a proper k-ideal of S. Our claim
is that I C J;(S). Suppose, I Z J;(S). Then there exists x € I such that = ¢ J;(.5).
Hence there exists a maximal k-ideal M such that 2 ¢ M. Thus M c M + (z). So,
1e m which implies that 1 4+ my + s;z = mg + sox ... (1) where my, mg € M
and x1, 79 € S. Again by using the Proposition 7.4.4, we can say that M, (M) is an
ideal in M, (S). Since M is a maximal k-ideal of S, M, (M) is the proper k-ideal of
M, (S). Hence M, (M) C L from Theorem 2.4.1, where L is a maximal k-ideal of
M, (S). Let E;; denotes the matrix of M, (S) having the (7, j) entry equals to 1 and all
other entries equal to 0 for 1 <4, j <n. Let M,; denotes the matrix of M, (S) whose
(i,4) entry is m; and all other entries equal to 0 and A;; denotes the matrix whose
(4,7) entry is s;z and all other entries equal to 0 for 1 <7 <n and j = 1,2. Now, by
using equation (1), we can write Ey; + E; My Ey; + EjAnEq = ExMpEy + EyApEy
for 1 <4 <mn. Since M;; € M, (M) C L and A;; € J(M,(S)) C L for 1 <i <n and
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for j = 1,2, it follows that E;; € L for each . Thus F11 + Eys+ ...+ E,, =1 € L
which contradicts that L is a maximal k-ideal of M, (S). Hence I C .J;(S) which
implies that J(M,(S)) C M, (J;(S)). Since S is commutative semiring and J;(S) is
nil, from Proposition 7.4.5, it follows that J(M,,(S)) is nil. O
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Chapter 8

On Nil Clean Index of Semirings

8.1 Introduction

Lee T. K., Zhou, Y introduced the concept of the clean index of a ring in [41] and
[47]. In [55] Basnet et al. defined the weakly clean index of a ring R and in [4§]
they introduced the concept of nil clean index of a ring. Inspired by these works, in
chapter 6 we have already introduced the notion of k-unit clean index of a semiring.
In this chapter we have introduced the notion of nil clean index of a semiring. For
an element a in a semiring S, let n(a) = {e € S : € = e,a = e + n for some
nilpotent element n € S} and nil clean index of S, denoted nin(S), is defined by
nin(S) = sup{|n(a)| : @ € S}. We have obtained some results related to nil clean
index of a semiring and established a connection between k-unit clean index and nil
clean index of a semiring. Finally, we have characterized the semirings of nil clean

indices 1 and 2, with the help of some other class of semirings.

8.2 Elementary Results

Lemma 8.2.1. (1) Let S be a commutative semiring and n be any nilpotent element
of S. Then nin(S) > 1 and |n(n)| = 1.
(2) If f : S — S is a homomorphism, then e € n(a) implies f(e) € n(f(a)), and

for converse part f must be isomorphism.

131
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(3) If a semiring S has atmost n idempotent elements, then nin(S) < n.

Proof. (1) Since n is a nilpotent element of S, n = 0 + n. Hence 0 € n(n). So,
nin(S) > 1. Let e be another idempotent of S such that e € n(n). Hence, n = e+ ny,
where n; is a nilpotent element in S. Suppose, there exists a positive integer k such

that n* = n,* = 0. Hence n* = (e + ny)* = n* = e+ (Vens + (§)en? + (§)end +

A (F)ent  rnk = 0= e[t + B+ B2+ B)nd o+ (et = e

Since every commutative semiring is a duo semiring, from Lemma 7.3.15, it follows

that ny € J;(S). Thus u = 14 b for some b € Ji(S). If u & Uy(S) then (u) is a proper
k-ideal of S. From Theorem 2.4.1, we can say that v € M, where M is a maximal
k-ideal of S. This implies that 1 € M since b € J;(S) C M. This is a contradiction
since M is maximal k-ideal of S. Hence w is a k-unit in S. Hence there exist s, 59 € S
such that 1+ us; = uss = e + eus; = eusy = e = 0. Hence |n(n)| = 1.

(2) The proof is straightforward and (3) follows from the definition of nil clean

index of semiring. O

Lemma 8.2.2. Let S be a commutative additively cancellative semiring such that
every idempotent has a complement in S and every k-unit is unipotent. If I is a
nonzero nil k-ideal and nin(S) < n then every idempotent of S/I can be lifted to

atmost n idempotents of S.

Proof. Let (x 4+ I) be an idempotent element in S/I for some x € S. If possible
x+ 1 = e, + I, for some idempotent e, € S. Let e; be the complement of e, in
S. Hence (x +e)+1 =1+1...(1). Since, I is a nil k-ideal, every element of [ is
nilpotent element in S. Since S is commutative, Lemma 7.3.15 implies that I C J;(.5).
Now (z + ;) + I is a k-unit in S/I which follows from equation (1). Hence Lemma
6.3.1 implies that (z+e;) € Ug(S). Since every k-unit is unipotent, (z +e;) = (1+b)
for some nilpotent element b € S. Hence x + 1 = 1 + (e, + b). Since S is additively
cancellative, © = e, + b, which implies e, € n(z). Since |n(z)| < nin(S) < n, there

are atmost n such idempotents. O

Lemma 8.2.3. Let T be a subsemiring of a semiring S, where S and T may or may

not share the same identity, then nin(T) < nin(S).
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Proof. Since, T' is a subsemiring of S, all the idempotents and nilpotent elements of
T are idempotents and nilpotents of S respectively. If €2 = e € T such that e € ny(a),
where a € T, then there exists a nilpotent element b € T such that a = e + b. Also,
e,b € S. Hence e € ng(a). Thus nr(a) C ns(a). So, sup.er|nr(a)| < supser|ns(a)| <
supaes|ns(a)|. Thus, nin(T) < nin(S). O

Lemma 8.2.4. If S =T, x Ty be the direct product of two semirings Ty and Ty, then
nin(S) = nin(Ty)nin(Ty).

Proof. The proof is same as in [48]. O

Lemma 8.2.5. Let (A,+1,-1) and (B, +2,-2) be two semirings such that A = B. If

nin(A) = n for some n € N, then nin(B) = n.

Proof. The proof of the above Lemma is similar to the proof of Lemma 6.3.13, since
definition of nin(S) is similar to that of indy(S) where k-unit element is replaced by

nilpotent element of S. O]

From Remark 6.4.5 and Lemma 6.4.6 we can say that nin(S) is a cardinal number.
Since Wy is also a cardinal number ([37]), it may be possible that there exists a semiring

with nin(S) = Ny.

Theorem 8.2.6. Let S be a semiring such that nin(S) = any finite natural number

or Vo. Then indi(S) > nin(S), where ind(S) is the k-unit clean index of S.

Proof. Definition of indy(S) is similar to that of nin(S) where nilpotent element is
replaced by k-unit. Let nin(S) = k where £ € N. Then there exists an element
xr € S such that x = e; + n; for 1 = 1,2,3,...,k where ¢; is idempotent and n;
is nilpotent for each i and e; # e; for ¢ # j. Hence z +1 = ¢; + (n; + 1). From
Remark 7.2.7, it follows that (n; + 1) € Ug(S) for each i. Hence e; € {(z + 1) for
each i. Thus indi(S) > k = nin(S). Let nin(S) = Ny. If indi(S) < N then indy(S)
becomes a natural number, since Nq is the smallest infinite cardinal number ([37]).
Let indg(S) = n where n € N. Since nin(S) = N, there exists at least one element
a € S such that |n(a)| > n. Then similarly by the previous argument we can show that

|€(a+1)| > n which contradicts that indy(S) = n. Hence indi(S) > Ng = nin(S). O
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8.3 Nil Clean Index of Formal Triangular Matrix
Semiring

A M
Lemma 8.3.1. (1) Let S = , where A, B be two semirings , (M,+) be a

O B

nontrivial cyclic monoid which is not a group and sMp bi-semimodule. Let nin(A) =
n and nin(B) = m. Then nin(S) > |M]|.

(2) If (M, +) is a finite cyclic monoid which is not a group and every idempotent
in A has an orthogonal complement then nin(S) > n + [n/2)(|M| — 1), where [n/2)

denotes the least integer greater than or equal to n/2.

Proof. (1) Since M is finite cyclic monoid, there exists o # 0y € M such that M =
{0n, ..., may, ..., (m+r —1)a}, where m € Ny is the index of a and r € N is the
Iy (m+7r—1)a

0 OB
Now for any w € M there exists w; € M such that w + w; = (m +r — 1)a. Hence

period of a. Let ¢ = |[M| = m + r. Consider the element 7' =

1 A W 0 A Wi . . . .
T = + = idempotent + nilpotent in S, where w is any element

0 Op 0 Op
of M and w; is an element of M corresponding to w, such that w+w; = (m+r—1)a.

1a w
Thus { 4 |lwe M} Cn(T). Hence nin(S) > [n(T)| > (m+r) = |M].
B
Let M be an infinite cyclic monoid and a be the generator of m. Then (M, +)

(Ng,+). Hence |[M| = |NJ| = Ro. Now nin(S) = sup{|n(a)| : « € S}. Since the

~

cardinality of any set is obviously a cardinal number, follows from Remark 6.4.5,
In(a)] is a cardinal number for each a € S. Hence Lemma 6.4.6 implies that nin(S)
is also a cardinal number. Suppose nin(S) < Vy. Since Xy is the smallest infinite
cardinal number ([37]), nin(S) is the finite cardinal number. Hence there exists
m € N such that nin(S) = m. Let ¢ € N such that ¢ > m. Consider the element

1a qa

1A 1a
ag = € S. Then n(ay) 2
0 Op 0 Op

M is infinite cyclic monoid and it is not a group, elements in 7' are all distinct.

eS|l = 0,1,2,3,...q}: T. Since

Hence nin(S) > |n(ay)| > (¢ + 1) > m which contradicts that nin(S) = m. So,
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nin(S) > Ry > |INJ| = |[M]|.
(2) Since nin(A) = n, there exists a € A such that a = e; + n; for (I =
1,2,3,...,n), where e; # e; for i # j. Let E; be the orthogonal complement of e; for
(i=1,2,3,...,n). Let ¢2 = e € A and E be the orthogonal complement of e. Now,
(M,+) = eM & EM. Lemma 6.4.8 implies that (M, +) is indecomposable. Hence
either eM = M or EM = M. we can assume egM = M, esM = M,...,e,M = M
and E,.yM =M, Ec.oM =M,...,E,M = M where s € {1,2,3,...,n}.
Case-1: s > n — s (ie, s > [n/2)). Then for T = a (mtr=la , wWe
0 OB
e; 0 ej w

0 0g| |0 0
nin(S) >n+s(g—1) >n+[n/2)(|]M|—1).

have n(T) 2 { 1 <i<nl1l<j<sw#0y € M}. Then

case-Il: n —s > s=n/2>s=n—s>n/2 (i.e, n —s > [n/2)). Then for
a (m+r—1a e; 0 e; w ‘
T, = , we have n(T}) 2 { , A<i<ns+1<

Jj <n,w # 0y € M}. Hence nin(S) >n+(n—s)(¢g—1) >n+[n/2)(¢—1) >
n+ [n/2)(|M|—1). If we take ExM = M, EsM =M, ..., E;M = M and e; 1M =
M, ... ,e,M = M then similarly we can prove that nin(S) > n-+[n/2)(|M|—-1). O

Theorem 8.3.2. Let A and B be two semirings and 4 Mpg be a nontrivial bi-semimodule.
If S = is a formal triangular matriz semiring, then nin(A) < nin(S) and
nin(B) < nin(S).

Proof. Let nin(A) = n. Hence there exists an element a € A such that a = e; + n;,
e; # e; for i # j, where e; € Id(A) and n; are nilpotent elements of A for i =

1,2,3,...n.
Case - I: Let eeM = 0p. Let m # 0p;. Then eym = 0. Consider the

a m e; Opf n; m
element A; = . Then A; = + for (i =1,2,3,...,n).
0 1B 0 1B 0 OB
er m nq OM . .
Also, A, = + . Since, e; € Id(A) for each i = 1.2,3,...,n and

0 1p 0 Op
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e; Oy €1 m . . .
erM = 0y, and € 1d(S) for each i = 1,2,3,...,n. Again, since
0 ]-B 0 1B
n;, m
n; are nilpotent elements of A for each 1, are nilpotent elements in S for
0 Op

e; On e m
each i and for all m € M. So, n(4;) 2 (1=1,2,3,...,n), .
0 1p 0 1p

Hence, nin(S) > [n(A41)| > (n+1) > n.
Case - II Let ey M # 0p7. Then there exists my € M such that e;m; # 0yy.

a em e; O n; em
Let B, = R My YU for (i =1,2,3,...,n). Also By =
0 Op 0 Op 0 1p
er eym ny 0 e; 0O er exm
PP M Thusp(By) 2 Ma=123..n,]" "
0 Op 0 Op 0 Op 0 Op
In this case also, nin(S) > |n(By)| > (n+ 1) > n. Similarly, it can be proved that
nin(B) < nin(S). O

8.4 Characterization of Semirings of Nil clean In-
dices 1 & 2

Lemma 8.4.1. nin(S) = 1, if and only if S is abelian and for any 0 # e* = e € S,

e + ny # ny for any nilpotent ny,ny € S.

Proof. Suppose nin(S) = 1. Let e = e € S and e} = e; be the orthogonal comple-
ment of e. Now for any s € S, e +ese; = (e +esey) + 0 where, (e +esep)(e+esey) =
e + ese; + eseje + esejese; = e + eseq, Since ee; = eje = 0, (6561)2 = esejese; = 0
and eseje = 0 . As, nin(S) = 1, we have e = e + ese; = ee; = ee; + ese; —
ese; = 0 = ese + ese; = ese =—> es = ese. If we consider the element e + ey se then
similarly it can be proved that se = ese for all s € S. Hence es = se for all s € S and
for any e? = e € S. Hence S is abelian. Let there exists a nonzero idempotent e in S
such that e +n; = ny for some nilpotent elements nq{,n, € S. Then e + ny = 0 + ns.
Since nin(S) = 1, e = 0, which contradicts our assumption.

conversely, let a = e; +n; = ey + ng... (1) are two nil clean expressions of a in
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S. Let e2 = ez be the orthogonal complement of e; and e = e, be the orthogonal
complement of e5. Thus ejeg+n1e4 = eses+nsey = e1e4+n164 = Noey since egey = 0.
Since S is abelian, eje4 is an idempotent element in S. Again since S is abelian and
n1,no are nilpotent elements in S, nqey4, noey are nilpotent elements in S. According
to the condition, ejey, = 0 => eje4 + €160 = €169 => €1 = e1e5. Again from equation
(1), it follows that eje3 + nijes = eses + nges = ese3 + ngeg = njes since ejez = 0.
Again according to the condition esez3 = 0 = ege3+e9e1 = €961 = €9 = e9€1 = €163.

Hence e; = es which implies that nin(S) = 1. O

Theorem 8.4.2. If S is a semiring such that every idempotent has an orthogonal

complement in S, then S is an abelian semiring if and only if nin(S) = 1.

Proof. (=) This follows from Lemma 8.4.1.

(«<=) Let S be an abelian semiring and e be a nonzero idempotent of S. Suppose,
e + ny = ny for nilpotent elements ny,n, € S. Hence nlfl =0 and n§2 = 0 for
ki,ky € N. Let k = max{ky,ko}. Hence e + en; = eny = [e(1 + ny)]F = (eny)F.
Since S is abelian, we have e(1 + n;)* = enf = 0. Now Remark 7.2.7 implies that
(14 n1) € Ui(S), hence (1 + ny)* € Ug(S) from [20]. Let u = (14 nq)*. So, eu = 0.
Now there exist si,s9 € S such that 1 + us; = usy = e+ eus; = euss = e =0
which is a contradiction. Hence for any 0 # e¢? = e € S, e +n; # ny for any nilpotent

elements ny,ne € S. Thus from Lemma 8.4.1 it follows that nin(S) = 1. O

Lemma 8.4.3. Let S be a semiring such that its every proper homomorphic image
is nil clean and every idempotent has orthogonal complement. If nin(S) = 1, then
either S is nil clean or S has only trivial idempotents such that 1 4+ ny # ng for any

nilpotent ni,ny € S.

Proof. Suppose S is not nil clean. Let e be a non-trivial idempotent of S. Since
nin(S) = 1 and every idempotent of S has orthogonal complement, from Theorem
8.4.2, it follows that S is abelian. Hence €S and e;S become two ideals of S where e;
is the orthogonal complement of e. Let y € eS. Then there exist s, s, € S such that
Yy + es; = esy...(1). Multiplying both side of equation (1) by e;, we have e;y = 0.
Hence y = ey € eS. Thus eS is the k-ideal of S. Similarly, e;.5 is the k-ideal of S.
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Define a function f : S — eS xe1S by f(s) = (es, ers) for all s € S. Clearly, f is well-
defined. Let 5,51 € S. Then f(s+s1) = (e(s+s1),e1(s+s1)) = (es+esy, e1s+e1s1) =
(es,e18) + (esy,e181) = f(s) + f(s1). Now f(ss1) = (essy,erss1). Since S is abelian,
we have f(ss1) = (esesy,e1se1s1) = (es,e1s)(esy,e181) = f(s)f(s1) for all 5,5, € S.
Hence f is a homomorphism. Let a,b € S such that f(a) = f(b) = (eq,e1a) =
(eb,e1b) = ea = eb,eja = e1b. Hence, ea + eja = eb + e;b = a = b since
e+ e; = 1. Thus f is one-one. Let (ex,e1y) € €S x 1S for some z,y € S. Then
flex + e1y) = (e(ex + e1y), e1(ex + e1y)) = (ex, e1y), since ee; = eye = 0. So, f is
onto. Hence S = eS x e1.5. Since, €S, €S are two homomorphic images of eS x e;.5
and S = eS x e 9, eS and ;S are two homomorphic images of S. Since e is the non-
trivial idempotent of S and e; is the orthogonal complement of e, eS = eS # S and
e1S = eSS # 5. Thus eS,e,S are two proper homomorphic images of S. According
to the condition €S, e; S are nil clean semirings. Thus by (1) and (2) of Proposition
7.2.4, it follows that S is nil clean semiring which contradicts our assumption. Hence
S has only trivial idempotents. Again since nin(S) = 1, from Lemma 8.4.1, we have

1+ ny # ny for any nilpotent element ny,ny € S. O

Lemma 8.4.4. Let S be a semiring and M be the S-semimiodule. Let S1 =5 o M.

Then (n,m) is a nilpotent in Sy if and only if n is a nilpotent in S.

Proof. Let n be a nilpotent element of S. Then there exist a positive integer k
such that n* = 0. Now (n,m)* = (n*,my) = (0,my) for some my € M. Thus
(n,m)?* = (0,m3)(0,my) = (0,0msy + 0my) = (0,0,7). Hence (n,m) is a nilpotent
element of 5]. O

Proposition 8.4.5. Let S and M be the S-semimodule such that (M,+) is not a
group. Let Sy =S o< M. Then nin(S1) =2 if |M| =2 and nin(S) = 1.

Proof. Since |M| = 2, M = {0y, m} where m # 0y. (M, +) is a monoid which is not
a group, hence m+m = m. Let « = (1,m) € S;. Then («)? = (1,m)(1,m) = (1,m+
m) = (1,m) = a. Hence « is an idempotent of ;. Also (0,m)(0,m) = (0,0m-+m0) =
(0,047). Thus (0,m) is a nilpotent element in S;. Now (1,m) = (1,0,) + (0,m) =
(1,m) + (0,m) = (1,m) + (0,0p7). Hence we have n(a) 2 {(1,0x),(1,m)}. Hence
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nin(Sy) > 2. Consider, ay = (a,0y) for some a € S. Then n(ay) = {(e,0p) € 57 :
e € &(a)} which implies that |n(aq)| < 1 since |n(a)| < 1. Take ay = (a,m) € 5.
Since, w +m = m, for all w € M, n(as) = {(e,w) € S : e € n(a),w = ew + ew}.
Since |n(a)] < 1 and |M| = 2, we have |n(az)| < 2. Hence nin(S;) < 2. So,
nin(Sy) = 2. O

Theorem 8.4.6. Let S be a semiring such that every idempotent has an orthogonal

A M
complement in S. Then nin(S) = 2 if and only if S = , where A and B
O B

are two semirings such that nin(A) = nin(B) = 1 and s Mp is a bisemimodule with

M| = 2.

Proof. Let nin(S) = 2. Hence from Theorem 8.4.2 it follows that S is non-abelian

semiring. Let e be the non-central idempotent of S and e; be its othogonal comple-

eSe eSe;
ment. From Lemma 6.5.9 it follows that S = . Now both eSe; and

e1Se e1Sey
e1Se can not be equal to zero otherwise e becomes a central idempotent. Let eSe; # 0

and e;Se # 0. Then there exist x,y € S such that exe; # 0 € eSe; and eyye # 0 €
e1Se. Suppose, exie; € eSey for some x; € S such that exie; # 0 and exje; # exe.
Now a = e+exe; +exie; = (e+exer)+exie; = (e+exieq)+exe; = e+ (exe; +exer).
Now (e + exe)(e + exe;) = e + exe; + exeje + exejere; = e + exey, since e; is the
orthogonal complement of e, ee; = e;e = 0. Hence e + exe; is an idempotent of S.
Similarly, (e 4+ ezjep) is an idempotent of S. Now (exe;)(exe;) = 0. Hence exe; is
a nilpotent element of S. Similarly exje;, (exe; + exie;) are nilpotent elements of
S. Hence the element a has three distinct nil clean expressions which contradicts
that nin(S) = 2. Hence eSe; = {0,exe;}. Again, let e;yje € e;Se for some y; € S
such that e;y;e # 0 and e1y;e # ejye. Then in a similar way this contradicts that
nin(S) = 2. Hence e;Se = {0,e1ye}. Let p = exe; and ¢ = eyye. Now there are
several cases:

Case- I p+p =pand ¢+ q = q. Now pgp € {0,exe;}. Let pgp = 0 =
erejyexe; = 0. Hence e +p+qg=(e+p)+qg=(e+q)+p=e+ (p+q). previously,
we prove that e + p, e 4+ ¢ are idempotents of S and p, ¢ are nilpotents of S. Now



CHAPTER 8. ON NIL CLEAN INDEX OF SEMIRINGS 140

(p+q)* = (ewey + erye)? = (ewerye + eyyere;)? = (exeiyexeiye + eyyexeiyere;) = 0,
since we take pgp = exejyexe; = 0. Hence (p + ¢) is a nilpotent element of S. If
e = e+ p then ee; = ee; + pe;. Since ee; = eje = 0, pey = 0. Thus p = 0 .
Similarly, ¢ = 0 if e = e 4+ ¢ which contradicts our assumption. Let e +p = e + q.
Then also we get ¢ = 0 which also contradicts that ¢ # 0 . Hence there exist three
different nil clean representations of e 4+ p + ¢ which is not possible since nin(S) = 2.
Hence pgp = 0 is not possible. Thus pgp = p which implies that pg and gp are
idempotents in S. Let f =pq, g =qp and Ay = fSf, By = gSg. Now A, and B; are

subsemirings of eSe and e;Se; respectively. Since eSe; = {0,p} and e;Se = {0, ¢},
fSf eSe; eSe eSey

L = is a subsemiring of with respect to usual matrix
e1Se gSg e1Se e1Se;

addition and multiplication. Since nin(S) = 2, from Lemma 8.2.5 it follows that

eSe eSe; L
nin = 2. Thus Lemma 8.2.3 implies that nin(L) < 2. Let us
e1Se e1Se;

0 0 0
consider the element o = Ip € L. Then a = o + = ! +
0 g q 0 q 9
0 p 0
= are three distinct nil clean expressions of o which again
0 0 q g 0
contradicts that nin( ) 2. Hence the Case - I is not possible. ]

Case - Il p+p =pand ¢+ q = 0. Hence gp = eyyere; = eyy(exe; + exe;) =
eyexe; +ejyere; = (eyye+eyye)re; = (0)xre; = 0. Similarly, pg = 0. Now e+p+q =
(e+p)+q=(e+q)+p=-e+(p+q). Clearly, (e+p), (e+q) are idempotents and p, ¢
are nilpotents in S. Since p> = 0,¢* =0, (p+ ¢)> = pq+ qp = 0 which implies (p + q)
is a nilpotent element in S. Hence there exist three different nil clean expressions of
e + p + q, which contradicts nin(S) = 2. Hence this case is not possible.

Case - IIl p+ p = 0 and g + ¢ = ¢, Similar to the case-II, in this case also we
have three different nil clean expressions of e + p + ¢ which is not possible.

Case -IVp+p=0andq+q=0. Thene=c+0=(e+p)+p=(e+q)+q
are three distinct nil clean expressions of e which contradicts that nin(S) = 2.

Considering all possible cases, we have either eSe; = 0 or e;.Se = 0. Without
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eSe eSe;

any loss of generality we can assume e;Se = 0. Hence S = where
0 81861

leSe1| = 2. Our next claim is that nin(eSe) = 1 and nin(e;Se;) = 1. Now, e = e+0
and e; = e; + 0 are nil clean expression of e and e;. Hence nin(eSe) > 1 and
nin(e;Se;) > 1. From Theorem 8.3.2 it follows that nin(eSe) < nin(S) = 2 and
nin(e;Se1) < nin(S) = 2. Hence nin(eSe) = 1 and nin(e;Sey) = 1.

Conversely, let S = , where A and B be two semirings such that nin(A) =
0 B

nin(B) = 1 and 4Mp is a bi-semimodule with |M| = 2. So M = {0;;,m}. Case-I:

g m
w~+ w = w for any w € M. Consider the element oy = 4 . Then n(ap) 2

0 Op
a 0

1A 0 1A m . .
, . It follows that nin(S) > 2. Consider any «; = :
0 Op 0 Op 0 b

n(on) = { ¢V ce €nla),f € n(b)}. Hence |n(aq)| < 1, since |n(a)] < 1 and

0 f
a m
In(b)| < 1. Consider any as = . Now w4+ m = m for any w € M, since
0 b
e w
IM| = 2 and m +m = m. Hence n(az) = { 0 ce € na), f e nbd),w =

ew+ wf p. Because |n(a)| < 1,|n(b)| < 1 and |M| = 2 it implies that |n(az)| < 2.

Hence nin(S) < 2. So nin(S) = 2.
Case: 2 w+w =0 for any w € M.
1a

. 0 1,4 w
Consider the element [, = . Then n(5) 2 cw e M
0 Op 0 0

a x
which implies that indi(S) > |n(6o)| > |M| = 2. For any f = e T,
0 b

77(6):{ ‘ I; :eEn(a),fEn(b),w:ew+wf}. Because |[M| =2, |n(a)| < 1
0

and |n(b)| < 1, it follows that |n(5)| < 2. Hence nin(S) = 2.
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9.1 Introduction

In previous chapters we have defined different types of clean semirings. We have
discussed several properties of those semirings. We have also proved several charac-
terization results for those semirings. We conclude this thesis by investigating the

inter-relation among those types of semirings.

9.2 The relation among different types of clean
semirings

In chapter 2 and chapter 3 we have discussed the concept of clean semiring and
strongly clean semiring respectively. We have observed that every strongly clean
element in a semiring S is clean element but the converse does not always hold.
Hence every strongly clean semiring is clean semiring but every clean semiring is not
strongly clean semiring. In chapter 4 and 5 we have introduced the concept of k-unit
clean semiring and k-regular clean semiring respectively. Let v be a k-unit element in
a semiring S. Then there exist s1, so € S such that 1+s1u = ssu = u+us,u = ussu.
So, u is a k-regular element in S. Hence every k-unit element in a semiring is k-regular

but the reverse implication does not always hold. Hence every k-unit clean semiring
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is k-regular clean semiring. If a semiring S has an absorbing zero element then it can
be proved that every unit element is k-unit element. Hence every clean semiring is
k-unit clean semiring but the converse is not true always.

Hence we have the following pictorial presentation of different types of clean semir-

ings.

K-regular
clean semiring

K-unit clean
semiring

Clean semiring

Strongly

clean
semiring

Figure 1

we have already stated that the reverse implications in the above diagram does

not always hold. Now we provide required examples to support the statement.

Example 9.2.1. Let E == M,(N$) x S’ be the semiring which is defined in Example
5.2.2(iv). Then E is k-regular clean semiring but not k-unit clean. Let S be the
semiring defined in FExample 3.4.10. Then S is k-unit clean semiring but not a clean

semiring. In [56] J. Ster gave an Example [Example 2.3.] of a clean ring which is
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not strongly clean ring. Since every ring itself is a semiring and every clean ring and
strongly clean ring is clean semiring and strongly clean semiring respectively, this is

the required example of clean semiring which is not strongly clean semiring.

In chapter 3 we have already stated that, if S is a commutative semiring or S is a
semiring with central idempotents then the two notions clean and strongly clean for
the semiring S, coincide. In the next Proposition we have tried to prove that when a

k-unit clean semiring becomes a clean semiring.

Proposition 9.2.2. Let S be an additively absorbing semiring. Then S is a clean

semaring if S is k-unit clean.

Proof. Let a # 0 € S. Since S is k-unit clean, a = e+u, where e is an idempotent and
u is a k-unit element in S. Hence there exists s1, sy € S such that 1+s1u = sou... (1)
and 1+ us; = usy...(2). Since S is additively absorbing centroid semiring we can
write from equation (1), 14+sju+sju = ssu+sju = 1+sju+1'(s1u) = (s9+s))u =
1+ (1+1)(s1u) = (8] + s2)u = (s} + s2)u = 1. Similarly, from equation (2), we can
prove that u(s} + sg) = 1. Hence u is a unit elememt in S. Thus a is a clean element

in S. So, S is a clean semiring. O]

In the next Proposition we have proved that when a k-regular clean semiring is

k-unit clean.

Proposition 9.2.3. If S is a multiplicatively cancellative k-regular clean semiring

then S is a k-unit clean semiring.

Proof. Let a # 0. Since S is multiplicatively cancellative semiring, it has only idem-
potents 0 and 1. Since S is k-regular clean, either a = r or a = 1 4 ry, where r and
r1 are k-regular elements in S and r # 0. If a = r then there exist z,y € S such that
a+ axra = aya. Since a # 0 and S is both left and right multiplicatively cancellative,
we have 1 +za = ya and 1+ ax = ay. Hence a is a k-unit element in .S which implies
that a is k-unit clean. Let a = 1 +r{. If r; = 0 then a = 1 is k-unit clean element. If
r1 # 0 then similarly we can say that r; is a k-unit. Hence in both cases a is k-unit

clean. Thus S is k-unit clean semiring. O
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In [45] A. J. Diesl introduced the concept of nil clean ring and he proved that
every nil clean ring is clean. In chapter 7 we have introduced the concept of nil clean
semiring. Now we provide an example which implies that a nil clean semiring need

not be a clean semiring.

Example 9.2.4. Let S = {0,1} be the Boolean semifield and T»(S) be the semiring
of 2 X 2 upper triangular matrices over S, which are defined in Fxample 7.2.3. Then

T5(S) is a zeroic nil clean semiring. If To(S) is k-reqular clean semiring then Ts(S)

becomes a k-reqular semiring from Proposition 5.53.8, but 1s not a k-regular

0 0
element in T5(S). Hence T5(S) is not a k-reqular clean semiring. Thus from Figure

1 of section 9.2, it follows that T(S) is not clean and k-unit clean semiring.
Conversely, if S is the semiring defined in Example 2.2.8(vi), then S is a clean
semiring but not a nil clean semiring since 2 is not a nil clean element in S. If S
s the semiring defined in Example 3.4.10, then S is k-unit clean semiring but not
a nil clean semiring since S has no nil clean element except 0 and 1. Let Ms(S)
be the set of all matrices over the Boolean semifield S = {0,1} which is defined in
Ezample 2.2.3(iv). Then Ms(S) becomes a k-reqular clean semiring with respect to

usual matriz addition and multiplication, but Ms(S) is not a nil clean semiring since
01

10

is not a nil clean element in My(S).

Proposition 9.2.5. Let S be a nil clean semiring. Then every nonzero element in
the subsemiring P(S) of S, which is defined in Definition 1.3.48, becomes a k-unit

clean element in S.

Proof. Let S be a nil clean semiring. Suppose, a € P(S) and a # 0. Then there exist
an element a; € S such that a = a; + 1. Since S is nil clean, a; is a nil clean element
of S. Let a; = e + b, where e is an idempotent in S and b is a nilpotent element in
S. Thus, a =a;+1=(e+b)+1=e+(1+0b). Since b is a nilpotent element in
S, Remark 7.2.7 implies that (1 4 b) € Ui(S). Hence a is a k-unit clean element in
S. O
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Corollary 9.2.6. Let S be a nil clean semiring. Then every element in P(S) becomes

a k-regular clean element in S.

Proof. Since 0 = 0 + 0 is the k-regular clean presentation of 0, 0 is a k-regular clean
element in S. Let a # 0 € P(S). Proposition 9.2.5 implies that a is a k-unit clean
element in S. In section 9.2 we have already proved that every k-unit element is

k-regular element in a semiring, which implies that a is a k-regular clean element in

S. ]

Thus If S is an antisimple semiring i.e. if S = P(S) then we have the following

pictorial presentation for the semiring S:

k-Unit Clean k-Regular

Semiring Secnlﬁ?illll o

.
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List of symbols

1d(S)
U(s)

Ux(5)
Ry, (S)
N(S)
|4

Z(S

P

S)
nin(S)

Set of all integers

Set of all natural numbers

Set of all non-negative integers

Set of all rationals

Set of all positive rationals

Set of all real numbers

Set of all non-negative real numbers

Set of all idempotent elements in S

Set of all unit elements in semiring S

Set of all k-unit elements in semiring S
Set of all k-regular elements in semiring S
Set of all nilpotent elements in semiring S
Cardinality of a set A

Center of a semiring S

k-Unit clean index of a semiring S

Nil clean index of a semiring S
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