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Preface

The thesis entitled Semi-Markov Decision Processes and Perfect Information
Semi-Markov Stochastic Games concentrates on proving the existence of solutions
for various finite discounted and undiscounted semi-Markov decision processes and
perfect information semi-Markov,/ Stochastic games. We also discuss some efficient
algorithms to solve such special classes of semi-Markov decision processes and semi-

Markov (Stochastic) games. The main results are stated as follows:

The first chapter is introductory in nature. Here we present the required definitions
and introduce the notations used in this dissertation. We also present a brief survey on
the literature of zero-sum two person matrix games. To introduce stochastic games, we
start from the very beginning of Markov decision processes and its different payoff crite-

rion. Finally we describe semi-Markov decision processes as well as semi-Markov games.

In the second chapter, we study Semi-Markov Decision Processes (SMDPs) With
Vector Pay-offs under discounted as well as limiting ratio average payoff (undiscounted)
structure and prove the existence of pure stationary/semi-stationary Pareto-optimal
strategies. We also discuss efficient algorithms to compute pure stationary and pure
semi-stationary Pareto-optimal strategies for both the discounted and undiscounted

(limiting ratio average) SMDP models with vector rewards respectively.

In the third chapter, we study Undiscounted Perfect Information Semi-Markov
Stochastic Games and prove the existence of the value and a pair of optimal pure
semi-stationary strategies for both the players. An algorithm has also been provided
in this chapter to solve such stochastic/semi-Markov games. Some numerical examples
are added too.



vii

The thesis ends with a chapter on Undiscounted Semi-Markov Decision Processes
With Countably Infinite Action Spaces. We establish the existence of a near-optimal
pure semi-stationary strategy of the decision maker in such SMDP models. The analysis
here is done without putting any bounded condition on the reward structure. However,
we allow strategies/policies with finite support only. We also propose an efficient
algorithm to compute the value and a near-optimal pure semi-stationary strategy of
the decision maker in such a semi-Markov decision process. We further develop an
optimality equation of such SMDP model using a recurrence condition.
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Abbreviations

LP
MOLP
MDP
SMDP
SG
SMG
PISMG
PISG

Linear Programming

Multi Objective Linear Programming
Markov Decision Process

Semi-Markov Decision Process
Stochastic Game

Semi-Markov Game

Perfect Information Semi-Markov Game

Perfect Information Stochastic Game
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Glossary of Notation

Although the chapterwise special notations are specified in the respective chapter,

still we mention below some most frequently used notations:

Spaces
R"™ real n-dimensional space
R the real line
Rk the space of real m x k matrices
R real z-dimensional space including the point 400
R% real z-dimensional space including the point —oo
N set of natural numbers
S the state space of the player/ decision maker
A and B action space of player-I and player-II respectively
P(D) the family of probability distributions on a finite set D
Vectors
!t the transpose of a vector x
em, an m-dimensional vector of all ones
zly the standard inner product of vectors in R"

l’Zy x22y1722177n

>y T >y, t=1,...n

Sets
A(s) action set of player-I in the state s € S
B(s) action set of player-1I in the state s € S
K set of all admissible triplets {(s,,7) | s € S,i € A(s),j € B(s)}
|a] cardinality of a finite set «

Matrices
A=((a;j)) amatrix with real entries a;;
det (M) the determinant of a square matrix M
M1 the inverse of a matrix M
Al the transpose of a matrix A

I, the identity matrix of order n



val(A) minimax value of a matrix game A

History and Strategy Spaces

histy, the space of all histories upto n-th decision epoch

IT; and IIo  spaces of all behavioural strategies of player-I and player-11

F} and F3 spaces of all stationary strategies of player-I and player-I1

Fy? and Fy,¥  spaces of all pure stationary strategies of player-I and player-I1

¢ and & spaces of all semi-stationary strategies of player-I and player-11

&P and &P spaces of all pure semi-stationary strategies of player-I and
player-11

Miscellaneous Symbols

For SGs and SMGs: For (m,m) € 111 x Il

Pr (.| X1 =15) the probability measure determined by (71,72)
and initial state s € S.
Er (.| X1 =35) the expectation operator determined by (71,72)

and initial state s € S.

vg(s,m1,m2) the total expected 5 discounted pay-off of

player-I in the state s € S in the zero-sum case.
vg(m1,m2) the § discounted pay-off vector [vg(s,m1,m2)]7_¢
vg(s) the  discounted value in the state s € S.
o(s,m1,m2) the expected undiscounted (limiting ratio average)

pay-off player-I in the state s € S in the zero-sum case.

(s) the undiscounted (limiting ratio average) value
in the state s € S.
Q(f1, f2) transition probability matrix for (f1, fo) € Ff x F3

Q*(f1, f2) Cesaro limiting matrix of Q(f1, f2)



xi

For SMDPs with vector rewards:

7] (r,s) the total expected  discounted pay-off

(real valued) of the decision maker

in the state s € S using the strategy = € II.
Vi(r,s) the § discounted value profile of the decision maker

for the [ x 1 reward vector 7 = (ry,---,7).
!/

C’ountg (s) the counter of the state s € S

o(r,s,m) the expected undiscounted (limiting ratio average)
pay-off of the decision maker in the state s € S.
o(r,s,m) the expected undiscounted (limiting ratio average)

pay-off profile of the decision maker.

For SMDPs with countably infinite action space:

o the undiscounted (limiting ratio average) SMDP with
countably infinite action space.
r, the n(€ N)-truncated SMDP corresponding to I's.
Voo () the undiscounted (limiting ratio average) value of I'y
Un($) the undiscounted (limiting ratio average) value of I';,
Numbering

For internal referencing Section j in Chapter ¢ is denoted by 7.5 and i.j.k is used to
refer Item k of Section 7 in Chapter i. For example, the triple 2.3.5 refers to Item 5 in
Section 3 of Chapter 2. All items (e.g., Lemma, Theorem, Example, Remark etc.) are
identified in this fashion. For equation, (i.j.k) is used to refer Equation k in Section j
in Chapter i. We use brackets [ | for a bibliographical reference.



List of Research Papers

K. G. Bakshi. Semi-Markov Decision Processes with Vector Pay-Offs (2022).
Proceedings of the Seventh International Conference on Mathematics and Comput-

ing, Advances in Intelligent Systems and Computing. DOI: https://doi.org/10.1007 /978-
981-16-6890-6_ 76. Published

S. Sinha, K. G. Bakshi. On Zero-Sum Two Person Perfect Information Semi-
Markov Games (2023). Proceedings of the Ninth International Conference on
Mathematics and Computing, Lecture Notes in Networks and Systems 697. DOI:
https://doi.org/10.1007/978-981-99-3080-7 23. Published

K. G. Bakshi, S. Sinha. On Zero-Sum Two Person Perfect Information
Stochastic Games (2023): Accepted for publication in the Journal of Calcutta
Mathematical Society.

K. G. Bakshi, S. Sinha. Undiscounted Semi-Markov Decision Processes
With Vector Pay-Offs: Communicated

K. G. Bakshi, S. Sinha. Semi-Markov Decision Processes With Count-

ably Infinite Action Space: Communicated



Table of contents

1 Background and Preliminaries 1
1.1 Theory Of Games . . . . . . . . . .. 1
1.1.1  Zero-Sum Two Person Games (Matrix Games) . . . . . . . . .. 1
1.2 Introduction To Stochastic Games . . . . . . . . . .. ... ... .... 2
1.2.1 Finite Zero-Sum Two Person Stochastic Games . . . . . . . .. 3

1.2.2  Discounted Pay-Off Criterion In Zero-Sum Two Person Stochastic
Games . . . ... 4
1.2.3  Undiscounted Zero-Sum Two Person Stochastic Games . . . . . 5
1.3 Markov Decision Processes . . . . . . . . ... ... L. 7
1.3.1 Discounted Pay-Off Criterion In An MDP . . . . .. ... ... 8
1.3.2 Linear Programming For Solving Discounted MDPs . . . . . . . 9
1.3.3 Limiting Average Pay-Off Criterion In An MDP . . . . . . . .. 11
1.3.4 Linear Programming Formulation For Limiting Average MDPs . 15
1.4 Semi-Markov Games . . . . . .. .. ... . 16
1.4.1 p-Discounted Semi Markov Games . . . . . ... .. ... ... 19

1.4.2  Zero-Sum Two-Person Semi-Markov Games Under Limiting Ratio
Average (Undiscounted) Pay-off . . . . .. ... ... ... ... 21
1.5 Semi-Markov Decision Processes . . . . . . . ... .. ... ... .... 23
1.5.1  B-Discounted Semi-Markov Decision Processes . . . . . . . .. 25
1.5.2 Limiting Ratio Average Pay-Off Criterion in SMDP . . . . . . . 26
1.6 Results obtained in this thesis . . . . . . . ... ... ... ... .. .. 29
2 Semi-Markov Decision Processes With Vector Pay-Offs 31
2.1 Introduction . . . . . . .. . 31
2.1.1 Preliminaries . . . . . . . ... ... 32

2.1.2  Discounted Semi-Markov Decision Processes With Vector Pay-Offs 33
213 Main Results . . . . .. . ... 34



Table of contents xiv

2.1.4  An Algorithm To Compute Stationary Pareto-optimal Strategies

Of A Discounted SMDP . . . .. ... ... ... .. ...... 38

2.1.5 Numerical Example . . . . .. .. ... 0000000 38
2.1.6  Undiscounted Semi-Markov Decision Processes With Vector Pay-

Offs . . . 41

2.1.7 Main Result . . . . . ... ... 42
2.1.8 Algorithm To Compute A Pure Semi-Stationary Pareto-Optimal

Strategy For An Undiscounted SMDP . . . . . . ... ... .. 43

2.1.9 Numerical Example . . . . . . . . ... ... ... ... ..., 45

2.2 Concluding Remarks . . . . . ... .. . oL 47

3 Zero-Sum Two Person Undiscounted Perfect Information Stochastic

and Semi-Markov Games 48

3.1 Zero-Sum Two Person Undiscounted Perfect Information Stochastic Game 48

3.2

3.1.1 Introduction . . . . . . . . . ... ... 48
3.1.2  Preliminaries . . . . . . . ... ... 49
3.1.3 Undiscounted Zero-Sum Two Person Stochastic Games . . . . . 51
3.1.4  Undiscounted Markov Decision Processes . . . . . . . . ... .. 52
3.1.5 Main Result . . . . ... .. ... ... 53
3.1.6  Algorithm To Solve An Undiscounted Zero-Sum Two Person
Perfect Information Stochastic Game . . . . . . . ... .. ... 60
3.1.7 Numerical Examples . . . . . .. .. ... ... ... ... 61
Undiscounted Perfect Information Semi-Markov Games . . . . . . . .. 68
3.2.1 Introduction . . . . . . . ... 68
3.2.2  Preliminaries . . . . . . . .. .. 68
3.2.3  Zero-Sum Two-Person Semi-Markov Games Under Limiting Ratio
Average (Undiscounted) Pay-off . . . . .. ... ... ... ... 70
3.2.4  Zero-Sum Two Person Perfect Information Semi-Markov Games 72
3.25 Main Result . . . . . ... ... 72
3.2.6 Calculating the Cesaro Limiting Matrix Of A Transition Matrix 80
3.2.7 Policy Improvement Algorithm For Solving An Undiscounted
Zero-Sum Two Person Perfect Information Semi-Markov Game . 80
3.2.8 Numerical Example . . . . .. ... ... 0oL 81
3.2.9 Concluding Remarks . . . . . ... ... ... .. 85



Table of contents

XV
4 Undiscounted Semi-Markov Decision Processes With Countably Infi-
nite Action Spaces 86
4.1 Introduction . . . . . . . ... 86
4.1.1 Preliminaries And Notations . . . . . . . ... ... ... .... 87
4.1.2  Undiscounted Pay-Off Criterion In An SMDP Model With Finite
State And Action Spaces . . . . . .. ... L 89
4.1.3 eN-Optimal Strategies For The Decision Maker In An Infinite
Undiscounted SMDP Model . . . . . .. .. ... ... ... .. 90
4.1.4 Algorithm To Compute Value And A Near-Optimal Pure Semi-
Stationary Strategy In An Undiscounted SMDP With Countably
Infinite Action Spaces . . . . . . .. ... 91
4.1.5 Numerical Example . . . . . . . . ... ... ... 92
4.1.6 Concluding Remarks . . . . . ... ... ... ... .. ..., 97
References 98



Chapter 1

Background and Preliminaries

1.1 Theory Of Games

A theory of Games of strategy was introduced in mathematics between 1928 [47]
and 1944. John Von Neumann is known as the pioneer of the theory of games. In 1944,
his work with Morgenstern was a seminal publication of the book: ‘Theory Of Games
And Economic Behaviour’ [48]. A game is simply a set of descriptive rules. A play of
the game includes every particular instance in which the game is played from beginning
to end. The participants are called the players. A game consists of a sequence of
moves of the players, while a play comprises a sequence of choices made by them. The
decisive step in the mathematical treatment of games is the normalisation achieved
by introduction of pure strategies(actions). A pure strategy is a plan formulated by
a player prior to the start of a play, which covers all of the possible decisions which
he may face during any play permitted by the rules of the game. Von Neumann first

considered games with a finite number of pure strategies i.e., finite games.

1.1.1 Zero-Sum Two Person Games (Matrix Games)

These games are played by two players and what one player wins, other player loses. If
player-1 chooses his i-th pure strategy (i = 1,2,---,m) and player-II chooses his j-th
pure strategy (j =1,2,---,n)[m,n € N|, then the zero-sum two person game can be
described by the m x n matrix Ay,,x, = a(,j), where a(i,j) is the payment given to
player-I by player-11. Mixed strategies (lotteries on the set of pure strategies) for player-I
and II are denoted by the m-tuple z = (x1,22, -+, %) and n-tuple y = (y1,y2, -+, Yn)
respectively with z; >0 (Vi=1,2,---,m), y; >0, (Vj=1,2,---,n) and Y7 z; =1,
Z?:l y; = 1. The expected payment to the player-I by player-1I is denoted by the
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bilinear function ¢(z,y), where ¢(z,y) denotes the payment to player-I by player-II
when player-1 and II plays their mixed strategies x and y respectively. Let X and Y
be the set of mixed strategies available to player-I and II respectively. The bilinear

function is defined in the cartesian product of X and Y and it is calculated as:
o(x,y) = S i miagy; = T Ay
The minimax theorem asserts that
max, min, ¢(z,y) = min, max, ¢(z,y)

The unique minimax value of ¢ is called the value of the game and it is denoted by
val(A) (i.e., val(A) = ¢(x*,y*)). The optimal mixed strategy pair of player-I and I is
denoted by (z*,y*), satisfying

o(z*,y) > o(x*,y*) > ¢(x,y*), V(z,y) € X x Y.

1.2 Introduction To Stochastic Games

Shapley (1953) ([42]) introduced ‘Stochastic games’ in his paper, which are also called
Markov games. If two players play a matrix game repeatedly over an infinite time
horizon and the average payoff is considered, then the value of this infinitely repeated
game coincides with the value of the one shot game (by Folk Theorem [11]). Shapley
introduced the idea of not playing the same matrix game everyday (i.e., in every stage
of the game), but playing one among finitely many matrix games, with a motion among
them governed by the present game and the actions chosen there in such a manner
that the game is certain to stop in finite time almost surely. Then the payoffs of
the players can be formulated as the ratio of two bilinear forms. Minimax theorem
for such games was established by von Neumann [35] and an elementary proof was
subsequently given by Loomis [26]. Shapley’s stochastic games are called ‘Stopping
Stochastic Games’ nowadays. Thus stopping stochastic games were born naturally from
matrix games. Since 1953, the theory of stochastic games has been extended in various
directions. Stochastic games with zero stop probabilities (where stop probabilities are
zero everywhere) have also been studied under discounted as well as undiscounted
pay-offs (Gillette [12], Hoffman-Karp [13]).



1.2 Introduction To Stochastic Games 3

1.2.1 Finite Zero-Sum Two Person Stochastic Games

A zero-sum two person finite stochastic game is described by a collection of five objects
I'=<S,{A(s) :s € S},{B(s) : s € S},q,r >, where S ={1,2,--- 2} is the finite non-
empty state space and A(s) ={1,2,---,ms},B(s) ={1,2,--- ,ns} are respectively the
non-empty sets of admissible actions of the players I and II respectively in the state
s. Let us denote K = {(s,4,j) : s € S,i € A(s),j € B(s)} to be the set of admissible
triplets. For each (s,i,5) € K, we denote ¢(. | s,7,7) to be the transition law of the
game. Finally r is the real valued functions on K, which represents the immediate
(expected) reward for the player-1 (whereas -r is the reward for the player-11). Let us
consider player-1 as the maximiser and player-1I as the minimiser in the zero-sum two
person stochastic game.

The Stochastic game over infinite time is played as follows. At the 1-st decision epoch,
the game starts at s € S and the players I and II simultaneously and independently
choose actions 7 € A(s) and j € B(s) respectively. Consequently player-I and II get
immediate rewards r(s,i,j) and —r(s,7,7) respectively and the game moves to the
state s with probability q(s/ | s,4,7). After reaching the state s on the next decision
epoch, the game is repeated over infinite time with the state s replaced by s Shapley
extended the idea of defining SGs where Zsresq(s/ | s,4,7) <1 for all (s,i,j) € K and
the play terminates with probability 1 —37 Sq(s/ | s,1,7) < 1. Such games are called
‘stopping SGs’. The ‘non-stopping SGs’ are those where ZS/eSq(s/ | s,i,7) =1 for all
(s,i,7) € K, i.e., the play never terminates.

By a strategy (behavioural) m; of the player-I, we mean a sequence {(m1)n(. |
histp) o2, where (m), specifies which action is to be chosen on the n-th decision
epoch by associating with each history hist,, of the system up to n-th decision epoch
(where hist,=(s1,a1,b1,82,a2,b2+,Sn—1,an-1,bp—1,8n) for n > 1, hist; = (s1) and
(sg,ax,Ji) € K are respectively the state and actions of the players at the k-th decision
epoch) a probability distribution (71),(. | hist,) on A(sy,). Behavioural strategy o for
player-II can be defined analogously. Generally by any unspecified strategy, we mean
behavioural strategy here. We denote I1; and Il to be the sets of strategy (behavioural)
spaces of the players I and II respectively. A strategy w1 = {m1,}°2 is called a station-
ary strategy if 3 a map f: 5 — P(A) = {P(A(s)) : s € S}, where P(A(s)) is the set of
probability distribution on A(s) such that w1, = f for all n and f(s) € P(A(s)). A sta-
tionary strategy for player-I is defined as z tuple f = (f(1), f(2),--, f(2)), where each
f(s) is the probability distribution on A(s) given by f(s) = (f(s,1), f(s,2),---, f(s,ms)).
f(s,1) denotes the probability of choosing action i in the state s by player-1. By similar
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manner, one can define a stationary strategy g for player-II as g = (¢(1),¢9(2),---,g(2))
where each ¢(s) is the probability distribution on B(s). Let us denote F} and F3 to
be the set of stationary strategies for player-I and II respectively.

A stationary strategy is called pure if any player selects a particular action with
probability 1 while visiting a state s. We denote Fy” and F,” to be the set of pure

stationary strategies of the players I and II respectively.

1.2.2 Discounted Pay-Off Criterion In Zero-Sum Two Person

Stochastic Games

The notion of discounted pay-off in stochastic game is applied directly from dynamic

programming. We define the discounted pay-off of the players as follows:

Definition 1.1. Let us consider a pair of behavioural strategies (mwy,ma) € (I} X Ilg).
For a finite zero-sum two person stochastic game we define the [-discounted pay-off for
player-1 from player-1I as

oo

v5(8,7m1,72) = Ery o[ Y. B™ (X, Ay Bin) | X1 = 8] (1.1)

m=1
Where 7(X,, Am, Brm) is the expected reward for the player-1 by player-1I [where
X, is the state on the mth decision epoch and A,,, B,, are the action chosen by
player-T and II respectively on the m-th decision epoch]. The existence of value and a
pair of optimal pure stationary strategies for the players in a -discounted zero-sum

two person stochastic games were established by Shapley [42] and Blackwell [2].

Definition 1.2. A pair of stationary strategies (f{, f5) € F} x F5 is called optimal if
forallseS:
Uﬁ(&fikan) > Uﬂ(&fik?f;) > Uﬁ(saflafék)v(flan) € Fls X F28 (12)

Shapley proved the uniqueness of the vector [vs(s, f{, f3)].x1 as a function of the
initial state s € S. We denote this value vector by vg = [v3(s)].x1-

Theorem 1.2.1. The value vector vg of the B-discounted stochastic game is the unique

solution of the system of equations:



1.2 Introduction To Stochastic Games 5

vg(s) =valr(s,i,5)+8 Y q(s/ | s,z’,j)vﬁ(sl)}‘v’s es. (1.3)
s'es
The above set of equations is also known as Shapley equation for stochastic games.
Furthermore, a pair of pure stationary strategies (f{, f5) is called a pair of optimal
strategies for the discounted stochastic games if and only if for all s € S, (f{(s), f5(s))
is a pair of optimal strategies of the matriz game in the right hand side of equation
(1.3).

1.2.3 Undiscounted Zero-Sum Two Person Stochastic Games

Let (X1,A1, B1,X2,A2,Ba,--+) be a co-ordinate sequence in S x (A x B x .5)*>. Given
behavioural strategy pair (m1,m2) € 11 x I, initial state s € S, there exists a unique
probability measure Py, ., (. | X1 =) (hence an expectation Ex (.| X1 =s5)) on the
product o- field of S x (A x B x S)* by Kolmogorov’s extension theorem. For a pair of
strategies (m1,m2) € 111 x Il for the players I and II respectively, the limiting average
(undiscounted) pay-off for player-I from player-I1, starting from a state s € S is defined
by:

.1 &
o(s,m1,m2) = l%rglorcl)f ﬁEmm mzz:l[T(Xm,Am,Bm) | X1 =] (1.4)

Alternatively, for any pair of stationary strategies (f1, f2) € Ff x Fy of player-I and

I, we write the undiscounted pay-off for player-I from player-1I as:

n

1 m
qb(svfl)fQ):nlL)IF&Oﬁglr (s7f17f2) (15)
(as we know the limit exists for stationary strategy pair (fi, f2)) for all s € S.
Where r™(s, f1, f2) is the expected reward for player-I at the m-th decision epoch,

when player-1 chooses f1 and player-II chooses fa respectively and the initial state is s.

Definition 1.3. For a pair of stationary strategies (f1, f2) € F} x F3, we define the

transition probability matriz by:
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QUf1, f2) = la(s | s, fi(s), fals)))?

!
5,5 =1’

where q(s' | 5, f1(s). f2(s)) = Tieas) Zjen(s 4(5 | 5,1.9)f1(5,1) f2(5.J) is the proba-
bility is that the system jumps to the state s from given state s when the players play
the stationary strategies fi and fs respectively.
Lemma 1(Kemeney and Snell, 1976, [21]) Let @ be any z x z Markov matrix, then
the sequence lim,, .~ % S _1 QM (f1, f2) converges as n — oo to a Markov matrix Q*
(the Cesaro limiting matrix) such that QQ* = Q*Q = Q*Q* = Q*.
For each (f1, f2) € F} x F5, we define r(f1, f2) = [r(s, f1, f2)]2x1 as the expected reward,

where for each s € S,

(8, J1, f2) = Xica(s) ZjeB(s) T (8:4:7) f1(s,4) f2(s, 7).

Now we have the following result:

Proposition 1 For each pair of pure stationary strategies (f1, f2) € Ffp x FOP,

B(s, f1, f2) = [Q*(f1, f2)r(f1, f2)](s)Vs € S.

Where Q*(f1, f2) is the Cesaro limiting matrix of Q(fi, f2).

Definition 1.4. A zero-sum two person undiscounted stochastic game is said to have a
value vector ¢ = [¢(s)]2x1 if Supy e, infryetr, @(s,m1,m2) = @(s) = infr, e, SUPL er,
o(s,m1,ma) for all s € S. A pair of strategies (n7,m3) € Iy, xIly is said to be an optimal
strategy pair for the players if ¢(s,m,m2) > ¢(s) > ¢(s,m1,75) for all s €S and all
(7T1,7T2) e Il x I1s.

Previously Mertens and Neyman [31] proved the existence of a value in a zero-sum
two person undiscounted stochastic game but optimal strategies need not exist. But
e-optimal strategies may exist for both the players, i.e., given € > 0 there exists a pair

of strategies (mye,m2¢) € 117 x Il such that

(8,71, m2) > P(s) — € and ¢(s,71,m2¢) < P(s)+¢€ for all s € S and all
(7T1,7T2) e II; x Iy

Mertens and Neyman [31] have also showed the relationship between the discounted

and undiscounted value of a zero-sum two person SG, which is:

limgy1 (1= B)vg(s) = ¢(s) for all s € S.
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1.3 Markov Decision Processes

Markov decision process (MDP) is a special case of dynamic programming. It is named
after Andrey Markov. In the mid of twentieth century, the two topics, i.e., Stochastic
games and Markov decision processes were studied extensively. Further formulation
was done by Bellman [1]. Analysis of Manne[30], Blackwell [2], Derman [4] were also
studied in literature. An MDP is nothing but an SG in which player-I (or player-II) is

a dummy.

Definition 1.5. A finite MDP is defined by an ordered quadruple < S, A= A(s),q,r >,
where S is the finite state space(={1,2,---,z}), A(s) ={1,2,--- ,ms} is the set of finite
actions available for the decision maker in the state s € S, q(.| s,a) is the transition
probability to move to a new state from the state s while choosing the action a € A(s)
and r is a function from S x A — R, where r(s,a) denotes the immediate reward for the
action a € A(s) taken by the decision maker. Note that for any s € S, q(s/ | s,a) >0
and Zslesq(s/ | s,a) =1Vae€ A(s), seS.

The process (i.e., MDP) proceeds over infinite time horizon (t =1,2,---) as follows:
(i) At the first decision epoch (i.e.,t = 1) the system starts from an initial state s € S.
(ii) Now the decision maker chooses an action a from the available set of actions A(s).
(iii) As a result, the decision maker gets an immediate reward r(s,a). and the system
moves to a new state s € S with transition probability q(sl | s,a).
(iv) After the transition to the next day, the process is repeated over and over again

with s replaced with 5.

Definition 1.6. By a strategy (behavioural) 7 of the decision maker, we mean a
sequence {(m)n (. | histy)}o2,, where (), specifies which action is to be chosen on the n-
th decision epoch by associating with each history hist, of the system up to nth decision
epoch (where histy,=(s1,a1,+,Sp—1,an—1,5n) for n>1, hist; = (s1) and (sg,ax) € K
are respectively the state and actions of the players at the k-th decision epoch) a
probability distribution (), (. | histy) on A(sy). Generally by any unspecified strategy,
we mean behavioural strategy here. We denote 11 to be the set of strategy (behavioural)
spaces of decision maker. A strateqy g = {gn}o>; is called Markov if g, depends on the
history hy,, through the current state s, and the decision epoch number n. A strategy
m={mp}22 is called a stationary strategy if 3 a map f: S —P(A) ={P(A(s)) :s€ S},
where P(A(s)) is the set of probability distribution on A(s) such that m, = f for all
n and f(s) € P(A(s)). A stationary strategy for the decision maker is defined as z
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tuple f = (f(1),f(2), -+, f(2)), where each f(s) is the probability distribution on A(Ss)
given by f(s)=(f(s,1),f(s,2), -+, f(s,ms)). f(s,a) denotes the probability of choosing
action a in the state s by the decision maker. Let us denote F'® to be the set of stationary
strategies for the decision maker.

A stationary strategy is called pure if any player selects a particular action with
probability 1 while visiting a state s. We denote F°P to be the set of pure stationary

strategies of the decision maker.

1.3.1 Discounted Pay-Off Criterion In An MDP

Suppose 0 < 3 < 1 is the discount factor we consider in the MDP model. Then the
total discounted pay-off of the decision maker for a behavioural strategy = € I over

the infinite horizon will be
o0
v(s,m) = Ex[ Y. B (X, A) | X1 = 5] (1.6)
m=1

Let us take M =max(, ) | 7(s,a) |. This leads

|vg(s,m) [<K MY o0 gt = % Vse S,mell

Previously Blackwell [2] and Maitra [29] considered Markov strategies in Markov deci-
sion models. Let g = {g,}72; be a Markov strategy, then the transition matrix Q(gn)
is defined for the transition from nth day to (n+1)th day and r(g,) be the expected
reward vector for the nth day. Thus the n-th step transition matrix is defined by
Qn(9) =Q(91)Q(g2) -~ Q(gn). Thus the total 8- discounted pay-off using the Markov

strategy ¢ will be the z x 1 column vector:

Uﬁ(g) - ioﬁnQn(g)T(gn—o—l); (17)

where Qo(g) = I is the identity matrix of dimension z x z. Now, if we consider the

stationary strategy f, then g, = f, Vn € {1,2--- ,00}. Thus we obtain:

o0

vs(f) =22 B"Q"(f)r(f). (1.8)

n=0
For each 0 < 8 < 1, the matrix SQ(f) is a sub-stochastic matrix, with all the rows

having a fixed row-sum < 1. Thus lim;,, . 5"Q"(f) = 0. Furthermore:
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dim (1= BQUNI +BQUN +BQ*(f)+ -+ 8" Q"1 (/)]
= lim [1-6"Q"(f)] =1

n—oo

Since det[I — ™"Q™(f)] # 0 for sufficiently large n, we conclude (I —SQ(f)) is a non-

singular matrix and

(o.9]

(I=BQ(N) " =>8"Q"(f) (1.9)

n=0

Substituting(1.9) to (1.8) we get the value vector for a stationary strategy f € F*:

vs(f) = (I =BQf)r(f) (1.10)

Definition 1.7. A strategy 7* € 11 is called an optimal strategy for a [(-discounted
MDP if

vg(s,m*) > wvg(s,m), Vrell and Vs € S.

Bellman [1] and Blackwell [2] proved the existence of optimal stationary strategy
in a discounted MDP. An efficient linear programming (LP) algorithm to compute an

optimal stationary strategy for a discounted MDP is discussed below:

1.3.2 Linear Programming For Solving Discounted MDPs

Let us consider a discounted MDP with discount factor 5 € [0,1). Then the optimal
control problem for the discounted MDP is:

maxvg(f)

subject to the constraints:

fers.

For a stationary strategy f* which achieves the maximum of the objective func-

tion is called the optimal stationary strategy and the corresponding value vector
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vg(f*) = maxwg(f) is called the discounted value of the MDP. Multiplying (1.10) by
(I = BQ(f)) we get:

vp(f) =r(f)+BQ(f)vs(f) (1.11)

Now any optimal stationary strategy f* must satisfy (1.11). Thus we get for any

optimal stationary strategy f*

va(f*) =r(f*) +BRUM)vs(f7) (1.12)
Moreover, the value vector vg must satisfy the optimality equation, i.e.,
v(s) = mjgc){r(s,a) +8> q(s/ | s,a)vﬁ(s/)},s es (1.13)
acA(s /
s €S

Thus the value vector is the optimal solution of the following LPP:
LP 1.1

min Y7 Tv(s)

subject to the constraints:

v(s) > r(s,a)—i—ﬁzsxesq(s/ \ s,a)v(s/), a€ A(s),seSs.

The co-efficients % in the objective function can be interpreted as the equal probability
that the process starts in any given state. Now by associating each constraint to a
variable x4, we get the following dual LPP:

DLP 1.1

max 5 D acA(s) 7(8,0)Tsq

subject to the constraints:

Yses Cacaw(s,8) = Ba(s | s.a)|za=1,5 €8
Tgq >0

where 4(s, s/) is the Kronecker delta function. Now we state the main result associating

the linear programming problem to the discounted Markov decision process.
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Theorem 1.3.1. (a) The dual-primal linear programming problem, i.e,. LP 1.1 and
DLP 1.1 possesses finite optimal solutions.

(b)If vo = (vo(1),---,v0(2)) is the optimal solution of the LP 1.1 then vg =wq is the
value vector of the discounted MDP.

(c)Let xg = {z" | s € S,a € A(s)} be an optimal solution of the DLP 1.1. Define
T = LacA(s)Lo" Jor each s € S. Then xj >0 and the strategy f*(s,a) defined by

sa

f*(s,a) = J;OS ,a€ A(s), seS.

is the optimal strategy of the LP.

Corollary 1.3.1.1. (a)The value vector of the MDP is the unique solution of the
optimality equation (1.13)
(b)Let s € S and a} € A(s) is the action which achieves the mazimum value in the

optimality equation (1.13), i.e.,

va(s) = {r(s,a)+8 3 qls | s,a)vs(s)} (1.14)
ses
= argjé){r(s,a)ﬂtﬁgscz(s | s,a)up(s )}

where vg(s) is the solution of (1.13) and the stationary strategy f* € F* is defined by:

1 ifa=aj

0 otherwise

f*(87a> = {

for each s € S. Then f* is the pure optimal stationary strategy of the [-discounted
MDP.

1.3.3 Limiting Average Pay-Off Criterion In An MDP

Let us consider a behavioural strategy = € II, then the undiscounted (limiting average

pay-off) of the decision maker is defined by:

o(s,m) = liminfn_xx)% A Er[r(Xm, Am) | X1 = 5], Vs € S.

Definition 1.8. A behavioural strategy ©* is called an optimal strategy in the undis-
counted MDP if



1.3 Markov Decision Processes 12

o(s,m) > p(s,m), Vr €Il and Vs € S.

This optimal strategies are also often called Derman [4] optimal strategies, as they
are obtained by Derman’s average reward criterion [4]. Define ¢(s) = sup,em ¢(s,7),
Vs € S. Then ¢(s) is called the limiting average value of the MDP, with initial state
seS.

Definition 1.9. (Chain structures in MDPs) An MDP is said to be communicating
if for every s,s/ € S, there exists a strateqy f € F®, such that a state s is accessible
from state s in the Markov matriz Q(f).

A state is called absorbing if the transition probability to any other state is zero for any
stationary strateqy f of the decision maker. An absorbing MDP is an MDP in which all
states, but one are absorbing for any stationary strategy f € F® of the decision maker.
An MDP is irreducible (also called completely ergodic) if the Markov chain Q(f) is
irreducible for every stationary strategy f € F°.

An MDP is said to be unichain if the embedded Markov chain for each strategy is
unichain, i.e., if the Markov chain Q(f) has at most one closed irreducible recurrent
class plus a possibly empty set of transient states for all strateqy f € F°.

An MDP is called a Multichain if it is not a unichain MDP, i.e., there exists a strateqy
f € F? for which the Markov chain Q(f) has at least two ergodic classes.

Now as the state space S is closed (i.e., any state s ¢ S can not be reached from
any state s € 9), it follows that every Markov chain has at least one irreducible class.
Let S1,5%,---,5 be all irreducible classes of a finite state Markov chain. Then the

stochastic matrix () can be written as:

Q1 0 0 0

0 Qy - 0 0

Q=] S :

0 0 O 0
Qi Qe - Quinyr R+ |

where for each [ € {1,2,--- L}, @ is a square matrix corresponding to the [-th ir-
reducible class S; of the Markov chain. The states belonging to irreducible classes
are called recurrent states and remaining class of states Spy1 corresponding to the
bottom block are transient states. The matrix Q(z41) represents the probabilities
with which the system vanishes from the transient states into [-th irreducible class.
Now we concentrate on the following results by Blackwell [2] to establish a relationship

between Derman [4] and Blackwell [2] optimality.
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Lemma 1.3.2. Let Q be a Markov matriz of dimension z X z.

[+Q+Q%++Q"
n+1

(a) Then the sequence converges to a Markov matriz Q* as n — oo such

that:
QR =QQ=Q' Q" =Q"

(b) Q* has the following form:

Q1 0 0 0
0 Q3 0 0
Q"= : : : ; :
0 0 Q% 0
L Q?L—H)l Q?L—H)Q Q?L—H)L 0 i

where for each l € {1,2,--- L}, Qf has identical rows, each equaling q, the unique
invariant distribution associated to Qf, i.e., the unique solution to ¢fQ; = q, qf >0

and Yses,q (s) =1, and where

Q?L.H[)l = ([_ QL+1>_1Q(L+1)ZQ77 le {1727 T 7L}

(c) rank(l —Q)+rank(Q*) =z

(d) For every column vector ‘¢’ of dimension z x 1, the system has a unique solution:

Qr=z and Q" xr = Q*c

(d) Define H(B) => 7" "(Q" —Q*) and H = (I —Q+Q*)—Q*. Then the matrix
(I —(Q—Q%")) is non-singular and H(B) — H as  — 1. Also,

HPB)Q*=Q"H(B)=HQ*"=Q"H=0
and
[-QH=H(I-Q)=1-Q"

These results were also established by Kemeny and Snell [21]. For the unichain

case, we have the following results:

Lemma 1.3.3. (Puterman [38]) Let Q be a z x z Markov matriz of a unichain Markov
chain. Then Q* has the following properties:
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(a) Each row of Q* is identical and equal to the vector ¢* = (¢*(1),q*(2) -+ ,q¢*(2)),
which is the invariant distribution of Q).
(b) Each component of q* is strictly positive for the recurrent states and is zero for the

transient states.

Given a stationary strategy f € F'®, the limiting average pay-off can be written as:

(s, f)= liminfnﬁoo%ZﬁL:l (s, f) for all s € S,

where 1" (s, f) is the expected pay-off of the decision maker on the m-th decision epoch,
when he/she plays stationary strategy f € F* and the initial state is s.
We have

and for m=1,2,3,---

(s, ) = N egr(s, Ham s s, f) = [QH(H)r(H)](s).

Let ¢(f) = [0(s, f)]2x1 be limiting average pay-off vector. We can express it as:

O(f) = lmn o0 |3 020 Q(F)r(f)] = [limn o0 v SA0 Q7 ()] ()

Thus using lemma 1.3.2, we can write ¢(f) = Q*(f)r(f).
Now the following theorem establishes the relationship between Blackwell [2] and

Derman[4] optimality.

Theorem 1.3.4. (Derman [4]) Let us consider f € F'® to be a stationary strategy

chosen by the decision maker. Let Q*(f) to be the Cesaro limiting matriz associated

with Q(f). Then,

(i) va(F) = L5+ y(f) + (5, f)

where x(f) is the unique solution of

(I =Q(f))x =0 and Q*(f)z = Q*(f)r(f),

and y(f) is the unique solution of
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(I =Q(f)y=r(f)—=(f) and Q*(f)y =0,
and €(B,f) =0 as 1 1.

(ii) limpy1 (1= B)vg(f) = o(f).-

The above theorem gives the relationship between discounted and undiscounted
pay-offs when the values of 51 1. Derman [4] proved that there exists a pure stationary

strategy f* which is limiting average optimal as well as -discounted optimal in the
MDP for values of § near 1.

Theorem 1.3.5. (i) There exists a value of 5, namely By such that V(3 € [Pp,1)

va(f*) = maxgenvg(m)

(ii) With f* described above, we have

P(f*) = maxyer (7).

1.3.4 Linear Programming Formulation For Limiting Average
MDPs

Hordijk and Kallenberg [15] proved that a general limiting average pay-off MDP can

be solved by a single linear programming problem. Let us consider the following

linear programming problem with the variables x = (z(1),2(2),---,2z(2)) and y =
(y(1),y(2),--,y(2)).
LP 1.2

min} Z_; dsx(s)

subject to:

(2) g(s) > 2% _ q(s | s,a)g(s), s €S, a € As)

S =1 / !/
(b) g(s)+h(s) > r(s,a)+3%_ (s |s,a)h(s), s€ S, a€ Als).
where ds > 0,s € S are numbers such that Y ;cgds =1. The dual of the above linear

programming problem is given as follows:

DLP 1.2
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max Y5 1 YaeA(s) (8, 0)%sa

with respect to the constraints:

()71 Yaca(s)(0(s,5 ) —als | 5,0))75a =0, 5 €S
(b)ZaGA(s) Ty, + Zg:l ZaeA(s)(6(575 ) - Q(S | 57a)>ysa =d,
(C)Tsq,Ysa =0, s €S, a€ A(s).

Theorem 1.3.6. (Hordijk and Kallenberg [15]) Suppose (x,y) an optimal solution of
the DLP 1.2. Then the stationary strateqy f* € F* defined by

Tsq, >0 segz{s|x5a>0}

*(s) = as € A(s), such that .
ff(s)=a (s), suc a{ysas>0 P

is limiting average optimal. If (g,h) is an optimal solution of LP 1.2, the g is called
the value vector of the undiscounted MDP.

1.4 Semi-Markov Games

The notion of stochastic games can be generalised in a setup, where the transition
time between successive states are dependent on the current state, next state, action
chosen on current state and an arbitrary probability distribution. The game ceases to
be strictly Markovian, but it retains enough of it’s Markovian property to be called a
‘Semi-Markov game’. Such games have been widely studied in literature (e.g. Lal-Sinha
22], Luque-Vasquez [27], Vega-Omaya [46]). In simple words, semi-Markov game is
an extension of semi-Markov decision process(SMDP)(which is an one player game)
to more than one player. So, some basic ideas of an SMDP can be extended in a
straightforward way to semi-Markov games. However, the essential points have an
independent development. For instance, to show the existence of optimal strategies
for the players we must analyse the minimax and maximin equations and ensure
the interchange of minimum and maximum in the corresponding optimality equation.
These games have been studied under discounted as well as undiscounted (limiting

ratio average) pay-offs in the literature.
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Definition 1.10. A zero-sum two-person finite SMG is described by a collection
of objects T' =< S, {A(s) : s € S},{B(s) : s € S},q, P,r >, where S ={1,2,---,z} is
the finite non-empty state space and A(s) ={1,2,--- ,ms},B(s) ={1,2,--- ,ns} are
respectively the non-empty sets of admissible actions of the players I and II respectively
in the state s. Let us denote K ={(s,i,7):s € S,i € A(s),j € B(s)} to be the set of
admissible triplets. For each (s,i,j) € K, we denote q(. | s,i,7) to be the transition
law of the game. Given (s,i,7) € K and s € S, let TZ-SJ-S/ be the transition time random
variable which denotes the time for a transition to a state s from a state s by a pair
of actions (i,7) € A(s) x B(s). Let Pi‘;-s/ = Prob(Tff/ <t) for each (s,i,j) € K,s €5 be
a probability distribution function on [0,00) and it is called the conditional transition
time distribution function. Finally r is the real valued functions on K, which represents
the immediate (expected) rewards for the player-I (and —r is the immediate reward for

player-II).

Let us consider player I as the maximiser and player II as the minimiser in the
zero-sum two person SMG. The semi-Markov game over infinite time is played as
follows. At the 1st decision epoch, the game starts at s € S and the players I and II
simultaneously and independently choose actions i € A(s) and j € B(s) respectively.
Consequently player T and II get immediate rewards r(s,1,j) and —r(s,1,) respectively
and the game moves to the state s with probability q(s/ | s,7,7). The sojourn time to
move from state s to the state s is determined by the distribution function Pijsl(.).
After reaching the state s on the next decision epoch, the game is repeated over infinite

time with the state s replaced by s

By a strategy (behavioural) m of the player I, we mean a sequence {(m1)n(. |
histy)}o ;, where (m), specifies which action is to be chosen on the n-th decision
epoch by associating with each history hist,, of the system up to nth decision epoch
(where hist,=(s1,a1,b1,82,a2,b2+,Sn—1,an-1,bp—1,8n) for n > 1, hist; = (s1) and
(sg,ax,jr) € K are respectively the state and actions of the players at the k-th decision
epoch) a probability distribution (m1),(. | hist,) on A(s,). Behavioural strategy mo
for player II can be defined analogously. Generally by any unspecified strategy, we
mean behavioural strategy here. We denote II; and Il2 to be the sets of strategies
(behavioural) of the players I and II respectively.

A strategy f = {fn}>2 for the player I is called semi-Markov if for each n, f,, depends
on s1,S, and the decision epoch number n. Similarly we can define a semi-Markov
strategy g = {gn}52; for the player II.

A stationary strategy is a strategy that depends only on the current state and not
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on the decision epoch number. A stationary strategy for player I is defined as z
tuple f = (f(1),f(2),---,f(2)), where each f(s) is the probability distribution on A(s)
given by f(s) = (f(s,1), f(s,2), -+, f(s,ms)), where f(s,i) denotes the probability of
choosing action ¢ in the state s. By similar manner, one can define a stationary strategy
g for player Il as g = (g(1),9(2),- -+, g(2)) where each g(s) is the probability distribution
on B(s). Let us denote F} and F3 to be the set of stationary strategies for player I
and IT respectively.

A stationary strategy is called pure if any player selects a particular action with
probability 1 while visiting a state s. We denote Fy” and F;" to be the set of pure
stationary strategies of the players I and II respectively.

A semi-stationary strategy is a semi-Markov strategy which is independent of the
decision epoch n, i.e., for a initial state s; and present state s,, if a semi-Markov
strategy g(s1,Sn,n) turns out to be independent of n, then we call it a semi-stationary
strategy. Let & and &5 denote the set of semi-stationary strategies for the players I
and 1T respectively and &¥ and & denote the set of pure semi-stationary strategies
for the players I and II respectively.

For a general semi-Markov game model, we need some regularity condition i.e., infinite
number of transitions do not occur in finite time interval. Also, Luque-Vasquez [27]
and Lal-Sinha [22] studied some continuity and boundedness assumptions. If K is
endowed with discrete topology in a finite semi-Markov game, then all the previous

assumptions are satisfied trivially. Thus, we have the following assumptions:
1. There exists a finite number M such that | r(s,7,j) |[< M, for all (s,i,5) € K.

2. For all s € S, A(s) and B(s) are compact subsets of the action spaces A and B

respectively.

3. For all s,s/ € S and t, the reward function r(s,i,j),sz, (t) and q(s/ | s,i,j) are
jointly continuous on A(s) x B(s).

4. There exists € > 0 and T € N such that:

Syesd(s 18:4,) S Pi(t) S 1—e V(s j) € K.

The above inequality states that there exists a probability of at least € that the
transition time is greater than 7'. From Shapley [42] we can conclude that if all the

transition times are identical, then the SMG reduces to a Markov (Stochastic) game.
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1.4.1 [-Discounted Semi Markov Games

Given a pair of behavioural strategies (71,m2) € (II1 x II2), the S-discounted pay-off

for player-I from player-II in a semi-Markov game is

o
vg(s,m1,m2) =Er; Z 5(71+T2+W+Tm)r(XmaAmaBm) | X1 =] (1.15)

m=1
Where 71 =0 and 7 is the time between the (k — 1)th and kth decision epoch (k > 2).
Note that 75 is a random variable which depends on (X}_1,Ag_1,Bx_1 and X}) for
each k.
For a pair of stationary strategies (f1, f2) € F} x F5, we can write the discounted
pay-off for player-I as:

vals, fr f2) =r(s, f f2)+ 50 3 S [a(s | s,a,b)v5(s , f1, f2)
s'eSacA(s) beB(s) (1.16)

X ZBtPab ) f1(s,a) fa(s,b), for alls € S.

Where (s, f1, f2) = >_acA(s) 2-beB(s) r(s,a,b) f1(s,a)f2(s,b). Let us denote vg(f1, f2) =
[a(s, f1, f2)]=x1, r(f1, f2) = [r (3;f1>f2)]z><1 and

Ms(f1, f2) = [acas) Coen(s) 4(s | 5,a,0) 01 BPY(2) fi(s,a) fals, b))

ss—l

Then (1.16) can be expressed as a matrix equation:

vs(f1, f2) = r(f1, f2) + Mg(f1, f2)vs(f1, f2) (1.17)

For a pair of stationary strategies, the total discounted pay-off for the player-I can

be calculated by the following result:

Theorem 1.4.1. Let (f1, f2) € F} X F3 be a pair of stationary strategies of the players-1
and II respectively. The the value vector vg(f1, f2) is the unique solution of:

=r(f1,f2) + Mp(f1, f2) X, (1.18)

such that
vs(fr, f2) = I = Mg (f1, f2)]"'r(f1, fo). (1.19)
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Proof. The sum of the s-th row of the matrix Mg(f1, f2) can be written as:

T ab

S als |5.a.0) S B P (1) fuls,a) fals.b) = By g, [8] < 1

a€A(s) beB(s) t=1

Thus we can conclude that the matrix Mpg(f1, f2) is a sub stochastic matrix whose sum
of all row-elements is strictly less than 1. Now following similar technique as MDP

model, we conclude that (I —Mg(f1, f2)) is non-singular and

(I=Mps(fr, f2)) = Sp20 ME(f1, f2)

Thus we can conclude that X = [I — Mg(f1, f2)]"'r(f1, f2) is the unique solution of
(1.18). O

Now we define value vector and the optimal strategy pair of the players in a

[-discounted zero-sum two person semi-Markov game.

Definition 1.11. A zero-sum two person [(-discounted semi-Markov game has a value
vg(s) for the initial state s € S if

inf,er1, SUP, err, V3(8, T, M) = v3(8) = Supy, e, infr,em, va(s,m1,m2) for all s € S.

A pair of strategies (w7, m3) is called an optimal strategy pair of the players if

vg(s,my,m2) > vg(s, 77, m3) > vg(s,m,m5) for all s € S and (m1,m2) € I x IIs.

Luque-Vasquez[27] and Lal-Sinha [22] showed that under some boundedness and
continuity assumptions, a discounted zero-sum two person semi-Markov game has a
value and a pair of pure stationary optimal strategies for countable state space, com-
pact action space and continuous sojourn time. The Shapley equation for such games
has been obtained by them also. Thus we have the following result for a discounted

zero-sum two person semi-Markov game:

Theorem 1.4.2. The value vector vg of zero-sum two person semi-Markov game

satisfies the Shapley equation

vg(s) =val[r(s,a,b)+ > q( s | s,a,b)vp(s ZBtPab t)Vse S (1.20)
s'es
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Furthermore (fT, f5) is an optimal pure stationary strategy pair if and only if (f{(s), f5(s))
is a pair of pure optimal stationary strategy pair of the matriz game in the right hand
side of the above equation (1.20) for all s € S.

1.4.2 Zero-Sum Two-Person Semi-Markov Games Under Lim-

iting Ratio Average (Undiscounted) Pay-off
Let (X1,A1,B1,X2,A2,Ba--+) be a co-ordinate sequence in S x (A x B x S)*. Given

behavioural strategy pair (m,m2) € 111 X Ilg, initial state s € S, there exists a unique
probability measure Py, ., (. | X1 =s) (hence an expectation Ex (.| X1 =s5)) on the
product o- field of S x (A x B x .5)* by Kolmogorov’s extension theorem. For a pair
of strategies (m1,m2) € I} x Iy for the players I and II respectively, the limiting ratio
average (undiscounted) pay-off for player I, starting from a state s € S is defined by:

]Eﬂ'lﬂ'2 Z;Lm:l [T(XTI’uAm:Bm”Xl:S]
n—o0 IE‘ITITFQ Z;Zl[%(Xm,Am,Bm)‘XIZS] ’

¢(s,m1,m2)= liminf

Here 7(s,i,j) = ZS/GSq(s/ | 5,4,7) L, tPZ»?S/(t) is the expected sojourn time in the
state s for a pair of actions (,j) € A(s) x B(s). For a finite semi-Markov game, the
transition times are finite. Furthermore, they are positive and can never be zero again
by the fact that the transition times are t =1,2,---,T. Thus we have the following
observation:

Observation: There exists an € > 0 and a finite number M (> €) such that:
e <7(s,4,7) < M for all (s,i,7) € K.

Definition 1.12. For each pair of stationary strategies (f,g) € F{ x F5 we define
the transition probability matriz as Q(f,g) = [q(sl | S, f,9)]2xz, where q(s/ |'s, f,9) =
DicA(s) ZjGB(S)Q(SI | 's,4,7)f(s,4)g(s,j) is the probability that starting from the state s,
next state is s when the players choose strategies f and g respectively (For a stationary

strategy f, f(s,i) denotes the probability of choosing action i in the state s).

For any pair of stationary strategies (f,g) € F}y x F5 of player I and II, we write
the undiscounted pay-off for player I as:

¢<$,f,g) = hmnHoo m fOI' all s € S

Where (s, f,g) and 7" (s, f,g) are respectively the expected reward and expected

sojourn time for player I at the m th decision epoch, when player I chooses f and player
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IT chooses g respectively and the initial state is s. We define r(f,g) = [r(s, f,9)]2x1,

T(f,9)=17(s, f,9)]:x1 and o(f,g) = [o(s, f,9)].x1 as expected reward, expected sojourn
time and undiscounted pay-off vector for a pair of stationary strategy (f,g) € F} x F5.

Now
Tm(S,f,g) :Zslespfgngzsl ‘XI/:S>71(3/7fag>
= ZS’GST(S ,f7g)qm_1(8 ‘ Safvg)
=[Q"(f.9)r(f,9)I(s)
and

(5. £.9) = TyesPro(Xm= s | X = $)7(s, f.9)
= 25/65'7_—(8 7fag)qm_l(8 ‘ $7f7g)
=[Q" 1 (f.9)7(f,9)I(s)

Since Q(f,g) is a Markov matrix, we have by Kemeny et al., [21]

limn_mo%Z%:l Q™ (f,g) exists and equals to Q*(f,g).

It is obvious that

lims00 5 Y1 7 (f,9) = [Q*(f,9)r(f,9)](s)

and
limy, 00 5 ey 77(f,9) = [Q(F,9)7(f,9))(s).
Thus we have for any pair of stationary strategies (f1, f2) € F} x F3,

@ (a)r(fa)l
o(s,1,9) = 7oy F o

where Q*(f,g) is the Cesaro limiting matrix of Q(f,g).

‘Z)) forall se S

Definition 1.13. A zero-sum two person undiscounted semi-Markov game is said to

have a value vector ¢ = [¢(S)].x1 if

SUPr ety Infryerm, ¢(s,m1,m2) = ¢(s) = infryerm, Supr, en, ¢(s,m1,m2) for all s € 5.

A pair of strategies (r},m5) € I, xIly is said to be an optimal strategy pair for the
players if ¢(s,n{,m2) > ¢(s) > ¢(s,m1,73) for all s € S and all (71, m2) € 1} x Is.
Throughout this paper, we use the notion of undiscounted pay-off as limiting ratio

average pay-off.
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For the undiscounted case, the following result by Lal-Sinha [22] is very significant.

Theorem 1.4.3. If there exists a bounded function h* € B(S) and a constant g* € R

satisfying the equation:

h*(s) =val{r(s,i,j) +stesq(s/ | s,i,j)h*(s/) —g*7(s,4,7)} for all s€ S

where B(S) is the set of all bounded measurable functions on S, then the undiscounted
semi-Markov game has a value g* in every state and both players have stationary

optimal strategies.

1.5 Semi-Markov Decision Processes

Semi-Markov decision processes(SMDPs) were introduced by Jewell [19] and Howard
[16] and later generalised by Ross [40], Lippman [25], Federgruen and Tijms et al.[9]. It
is a generalisation of Markov decision processes(MDPs) in a larger class of dynamical
models. SMDPs are used in modelling stochastic control problems arising in MDPs
where the sojourn(transition) time is a random variable depending on the present state,
the next state and the action chosen in the present state. A finite SMDP is similar to
an MDP, where the state changing occurs according to Markov property. These models
are useful in the field of inventory management, production engineering, reliability

testing and queuing theory.

Definition 1.14. A finite semi-Markov decision process is defined by the pen-tuple
< S, A={A(s):s€ S}, q,P,r >, where the state space S ={1,2,---,z} is a non-empty
finite set and A is the finite action set for the decision maker. A subset A(s) C A is
defined as the set of admissible actions for the state s of the decision maker. The set of
admissible state-action pairs is defined by K ={(s,a):a € A(s),s€ S} C Sx A. For
cach € K, q(.| x) is the transition law. Given (s,a) € K and s € S, let T, be the
sojourn(transition)time random variable(discrete) denoting the time from state s to
state s by an action a € A(s). For each (s,a) € K, s €8, P, (t) = Prob(t¢, <t) is a
probability distribution function on (0,00) given K X S and it is called the conditional
transition time distribution function. r is a real valued function on K (i.e., r: K - R

is the reward function) which is called the immediate reward function.

The process, i.e., SMDP proceeds over infinite time as follows:
At the first decision epoch, the process starts at a state s € S. The decision maker

looks at s and chooses an action a € A(s). Then he/she gets an immediate reward
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r(s,a). At next decision epoch the system moves to a new state s € S with probability
q(s/ | s,a). P¢,(.), which denotes the transition time distribution function, determines
the sojourn time from the state s to state s/, when the decision maker chooses action
a. After the transition to the state s on the next decision epoch, the above described
process with s replaced by s/, is repeated all over again, and thus SMDP proceeds over

infinite time period. Clearly, for identical transition times, an SMDP reduces to an

MDP.

Definition 1.15. By a strategy (behavioural) m of the decision maker, we mean a
sequence {(my)(. | histy)}o2 1, where (my,) specifies which action is to be chosen on the
n-th decision epoch by associating with each history hist, of the system up to nth
decision epoch (where hist,=(s1,a1,82,a2, " ,Sp—1,an—1,8n) for n > 1, hist; = (s1)
and (sg,ar) € K are respectively the state and actions of the decision maker at the k-th
decision epoch) a probability distribution (7),(. | hist,) on A(sy). We denote 11 to be
the sets of strategies (behavioural) of the decision maker.

A strategy f={fn}>2, for the decision maker is called semi-Markov if for each n, f,
depends on si,sy and the decision epoch number n.

A strategy f={fn}>2, is called stationary if 3 a map : S — P(A), such that (i)
fn=E6VneN, ie., fo(.|s1,82,-,8n=35) =&(s) and (ii) £(s) has a finite ‘support’
in A(s), i.e., £(s) € P(A(s)) for each s € S. Let us denote F* as the set of stationary
strategies of the decision maker.

A stationary strategy is called pure if any player selects a particular action with
probability 1 while visiting a state s. We denote F*P to be the set of pure stationary
strategies of the decision maker.

A strategy g = {gn}>2, is called semi-stationary strateqy if there exists a map & :
S'x S —P(A) such that (i) gn(.| s1=5,-+,sn=5)=&(s,8 ) for all 51,82, ,5n € S,
neN and (ii) f(s,s/) has a support in A(s/) for each pair (S,S/) €S xS. So, it can also
be viewed as a semi-Markov strategy which is independent of the decision epoch n, i.e.,
for a initial state sy and present state so, if a semi-Markov strategy g(s1,52,n) turns
out to be independent of n, then we call it a semi-stationary strategy. Let £° denote
the set of semi-stationary strategies and £°P denote the set of pure semi-stationary

strategies of the decision maker.

We consider a sequence of co-ordinates (X1, A1, Xo, A2,--+) in S x (A x ). For a
specified probability distribution 1 on (S,QS ) and a strategy 7 € II, we can conclude
from Kolmogorov’s extension theorem that there exists an unique probability measure
on the Borel-o field of S x (A x S)°°, such that the marginal distribution of X7 is  and
for each n € N and almost surely A,, € A(X,,). For a degenerate probability distribution
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n at s € S, we denote P.(. | X1 = s) to be the probability measure determined by 7
and 7 and the corresponding expectation operator is E;(. | X7 = s). For every strategy
7 € 1T we have a sequence of random rewards (X, A;,) which denotes the immediate
reward on the m-th decision epoch (m =1,2,3,---), where X,,, and A,, are respectively
the state and action chosen on that decision epoch. The expectation of r(X,,, Ay,) is
well defined and will be denoted by:

Ex[r(Xm,Am) | X1 =s].

1.5.1 [(-Discounted Semi-Markov Decision Processes

We consider SMDP model where rewards are discounted by a discount factor 8 € [0, 1).
It means that a reward ‘r’ at time ‘¢’ is equivalent to a reward r3¢ at t =0, i.e., the
initial time. For each § € [0,1) and a fixed initial state s € S, the total discounted
pay-off for a strategy 7 € Il is defined by:

vg(s,m) = Bx[ 3 BT HT0)p (X, Aj) | X = 5] (1.21)

m=1
where 71 = 0 and 71 (k > 1) is the time between (k—1)th and k-th decision epochs. 7y
is a random variable depending on X1, Ap_1 and X}, where X € S and Ay € A(X})

are respectively the state and action at the k-th decision epoch.

Definition 1.16. A strategy 7 is called and optimal strateqy for the discounted SMDP
if

vg(s,m*) > wvg(s,m) for all s € S,m e Il.

Let us denote vg(s)= suprenvg(s,m)Vs € S. Now for a stationary strategy f € F*,
initial state s € S and reward function r, we have from (1.14)

vg(s, f) = B[y gttty (X, A,)| Xi =]

m=1

= Efr(X1,41)] +E[E{ f: gt tTmle (X, Am) | histg, 72}]

m=1

(s, )L EBPEH S B (X, An) | hista, )

m=3

= 7r(s,f) +E[f™vg(f,X2)] Vs € S being an initial state. (1.22)

Which implies
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va(s, f)=r(s, f)+ > Z q( s | s,a)vp(s / Btha t)] f(s,a) (1.23)

a€A(s) Li'es

where f(s,a) is the probability of choosing action ’a’ when system is in state s’

Now putting equation (1.23) in matrix form we get

v(f) =r(f)+ Ps(fvs(f), (1.24)
where vg(f) = {vg(s,f)}le is the value vector, r(f) = [r(s, f)],.; and

Po(f) = [Sacags als | 5,) [° BdP, () f(s,a)]

s,s =1

7(s, f) can be calculated as qc 4(5)7(s,a) f(s,a). Here Ps(f) is a sub-stochastic
matrix whose all rows have a sum strictly less than 1. Using this fact and by induction,

we can further write (1.24) as

vs(f) = (I = Ps(f)) " r(f)- (1.25)

Theorem 1.5.1. (Howard [16], Ross [40]) The value vector of a discounted SMDP

with discount factor B is the unique solution of the optimality equation

v5(8) = mazgeas)1r(s,a) + Z q( s | s,a)vg(s / 5th“ (1)}, ses. (1.26)
s'es

Further a strategy f* € F*® is an optimal stationary strategy if and only if f*(s) is an
optimal action of (1.26).

A p-discounted SMDP can be solved via linear programming problem (Puterman

(38]).

1.5.2 Limiting Ratio Average Pay-Off Criterion in SMDP

For a behavioural strategy 7 € II, the limiting ratio average pay-off for the decision

maker can be defined as:

En 3o [F(Xom Am)| X1 =] for all s€ S.

¢1(57ﬂ): hmlnfn*)oo Eﬂ'zm 1[T(Xm,Am)|X ]

and



1.5 Semi-Markov Decision Processes 27

. Eﬂ' n_ X’rruA'm X1=
2(s,m)=limsup,,_, 5~ %ZZ:[[;EXmAm;tX;?] for all s € S.

Where 7(s,a) = Es/esq(s/ | 5,a) o tdP,(t | a) is the expected sojourn time in the
state s when decision maker chooses the action a € A(s). We assume that 7(s,a) is

bounded away from zero for each (s,a) € K.

Definition 1.17. A strategy ©* is called an optimal strategy under limiting ratio

average pay-off if
P1(s,7) = 1(s,m) (d2(s,7*) > ¢a(s,m))

Let ¢1(s) = supseg(¢1(s,m)) and da(s) = supseg(¢2(s,m)). Then ¢1(s) (resp. da(s))
is called the limiting ratio average value of the undiscounted SMDP for the initial state
s € S. For a stationary strategy f € F'* and s € S, let (s, f) = Xca(s)7(s,a).f(s,a),

T(8,f) = Xaeas) T(s5,a) f(s,a) and q(s | s,f) = Xacas)a(s | s,a)f(s,a). Then the
reward vector, sojourn time vector and transition probability matrix can be defined

respectively as: r(f) = [r(s, f)]zx1, 7(f) = [7(s, f)]2x1 and Q(f) = [q(sl | s, f)]2xz. Let
Q"(f)= [qm(s/ | s, f)]2xz where qm(sl | s, f) is the m-step transition probability from

state s to s under the stationary strategy f.

Lemma 1.5.2. (Doob, theorem 2.1, page- 175) [6] Let Q = [q(s/ | $)]zxz be a transition
probability matriz. Then 3 a stochastic matriz Q* = [q(s | $)]sxz, which is called the

Cesaro-limiting matrixz of Q), is defined as:

lim,, 00 %Z%:l q"(s |s)=q"(s |s) s,s €8

Now by Sinha et.al [43] we have the following result to compute the undiscounted

(limiting ratio average) pay-off of the decision maker.
Proposition 1.5.3. Let f € F® be a stationary strategy, then

P15, f) = p2(s, f) = [[gi((ffg% foralls€ S.

Where Q*(f) is the Cesaro limiting matriz of Q(f).
Previously Xiaobo et.al [20] showed that optimal pure stationary strategies may

not exist in the undiscounted (limiting ratio average) SMDP model. The following

example illustrates the fact:
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13 4 7
12
(1,0,0,0,0) (0,1,0,0,0) (3,5,0,0,0)
4 2 2
Example 1.1. State-1: 9 State-2: 3 State-3: 3
(0,0,0,1,0) (0,1,0,0,0) (0,0,0,0,1)
2 1.6 1.5
15 5
State-4: | (1,0,0,0,0) | State-5: | (0,0,1,0,0)
5 3

,
Where a cell | (¢1,¢2,43,q4,q5) | represents that r is the immediate rewards of the

=
playes, q1, g2, q3, q4, q5 represents that the next states are 1, 2, 3, 4 and 5 respectively

and 7 is the expected sojourn time if this cell is chosen at present. There are 8
pure stationary strategies in this SMDP model, which are given by f; = (1,1,1,1,1),
fo=1(1,2,1,1,1), f3=(1,1,2,1,1), f1=(1,2,2,1,1), f5 =(2,1,1,1,1), fo =(2,2,1,1,1),
fr=1(2,1,2,1,1) and fg =(2,2,2,1,1). One can verify that:

1 0000 10000
01000 01000
QU=Q ()| 5 5 000, Q(s)=Q(fa)={0 0 5 0 3|,
1 0000 10000
£ 200 0] 00 2 0 3|
(3 00 2 0] (2 00 5 0]
01000 01000
Q(fs)=Q*(fe)=] 3% 2 0 ¢ 0, QUnN=Q(fs)=]|00 3 0 3
0030 10000
630350 00503

One can verify that ¢(f1) = (3.25,2,2.625,3.25,2.625), ¢1(f2) = (3.25,1.875,2.639,

3.25,2.639), ¢1(f3) = (3.25,2,1.778,3.25,1.778), ¢1(f1) = (3.25,1.875,1.778,3.25,1.778),
61 (f5) = (3.429,2,2.667,3.429,2.667), ¢1 (f5) = (3.429,1.875,2.687,3.429,2.687), 1 (f+) =
(3.429,2,1.778,3.429,1.778) and ¢1(fs) = (3.429,1.875,1.778,3.429,1.778). The value
vector of this SMDP is (3.429,2,2.687,3.429,2.687) but no pure stationary strategies
exist in this example since ¢1(3) = 2.687 is attained by fg only, whereas ¢1(2) =2 >

1.875 = ¢1(2, f6)-
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Now, we state a very important result from Sinha et al.[43] which states the
existence of a pure semi-stationary strategy instead of stationary strategy in an

undiscounted (limiting ratio average) SMDP.

Theorem 1.5.4. (i)There exists pure semi-stationary strategies g, and g” € &P such
that:

qﬁl(s,g/) > ¢1(s,m) and gzﬁg(s,g//) < ¢a(s,m) for all m €1l and all s € S.
(ii) There exists pure semi-stationary strategies g* and g** € &P such that:
61(s,9%) < ¢1(s,m) and qﬁg(s,g/l) > ¢o(s,m) for all m €1l and all s € S.

Note: The first statement of theorem 1.5.4 asserts the existence of pure optimal
semi-stationary strategies for an SMDP under maximisation (with liminf objective)
and minimisation (with limsup objective) problems respectively. The second statement
asserts the existence of such optimal policies when the optimisation problems are

reversed.

1.6 Results obtained in this thesis

The dissertation is divided into four chapters including introduction and literature
review. In chapter 2 we deal with discounted /undiscounted (limiting ratio average)
SMDP with vector pay-offs. In chapter 3 we consider undiscounted (limiting ratio
average) perfect information semi-Markov /stochastic games and prove the existence
of optimal pure semi-stationary/stationary strategy pair of the players. Chapter 4
presents the existence of a near-optimal pure semi-stationary strategy of the decision
maker in an undiscounted (limiting ratio average) SMDP with countably infinite action
space. The summary of the results obtained in each chapter are given below:

In the 2nd chapter semi-Markov decision processes with vector rewards are studied
under discounted as well as undiscounted (limiting ratio average) pay-off criterion.
The notion of optimality is replaced by Pareto-optimality here. We show that a
pure stationary/ semi-stationary Pareto-optimal strategy exists for the discounted
and undiscounted (limiting ratio average) SMDP. We also propose an algorithm for
discounted SMDP with vector rewards to compute all the stationary Pareto-optimal
strategies of the decision maker. For the undiscounted case, we use an existing algorithm
by Mondal(2020)[33] to compute a pure semi-stationary Pareto-optimal strategy of the

decision maker.
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In chapter 3 we study zero-sum two-person perfect information semi-Markov games
as well as stochastic games (PISMGs/ PISGs) under limiting ratio average (limiting
average) payoff criteria and prove that these games have a value and both the maximiser
and the minimiser have optimal pure semi-stationary (stationary) strategies. We arrive
at the result by first fixing an arbitrary initial state and forming the matrix of
undiscounted payoffs corresponding to each pair of pure stationary strategies of the two
players and proving that this matrix has a pure saddle point (as optimality in the pure
stationary /semi-stationary strategy space is equivalent to optimality in the behavioural
strategy space, so it is necessary to only consider pure stationary/ semi-stationary
strategies to prove the optimality of strategies of the players). In the case of PISG, we
further use the results by Derman [5] to prove the existence of optimal pure stationary
strategy pair of the players. A crude but finite step algorithm is given to compute
such an optimal pure stationary/ semi-stationary strategy pair of the players in a
PISG/PISMG.

Chapter 4 deals with undiscounted semi-Markov decision processes with countably
infinite action spaces, where the state space is finite and the action spaces of the
decision maker are (possibly) countably infinite. Here we do not put any restrictions on
the rewards. We prove that in such model, the value of the decision process exists and
the decision maker has a near-optimal pure semi-stationary strategies. We have shown
this result by exploiting the results of Sinha et. al [44] as the decision process can be
regarded as a one player game. We also propose an efficient algorithm to compute the

value and a near-optimal pure semi-stationary strategy of the decision maker.



Chapter 2

Semi-Markov Decision Processes
With Vector Pay-Ofis

2.1 Introduction

Semi-Markov decision processes(SMDPs) were introduced by Jewell [19] and Howard
[16] and later generalised by Ross [40], Lippman [25], Federgruen and Tijms et al.[9]. It
is a generalisation of Markov decision processes(MDPs) in a larger class of dynamical
models. SMDPs are used in modelling stochastic control problems arising in MDPs
where the sojourn(transition) time is a random variable depending on the present state,
the next state and the action chosen in the present state. A finite SMDP is similar
to an MDP, where the state changing occurs according to Markov property. Pareto-
optimality is generally studied in multi criterion optimisation theory. For details see
[49]. Owen [37] showed the usefulness of Pareto-optimality in the field of co-operative
game theory. Chatterjee et al.[3] showed that in a Markov decision process(discounted)
with vector pay-offs, pure-stationary Pareto-optimal strategies exist. We generalise
this result to both discounted and undiscounted (limiting ratio average) semi-Markov
decision processes.

The results of this chapter are organised as follows. Section 2.1.1 contains preliminar-
ies and basic definitions about SMDPs. Section 2.1.2 deals with discounted semi-Markov
decision processes and definition of Pareto-optimal strategies of a discounted SMDP. In
section 2.1.3, we show the existence of a pure stationary Pareto-optimal strategy in a
discounted SMDP. Section 2.1.4 contains an algorithm to compute a stationary Pareto-
optimal strategy of the decision maker. Section 2.1.5 contains an numerical example
establishing our algorithm. Further in section 2.1.6 we concentrate on undiscounted

(limiting ratio average pay-off) SMDP. In section 2.1.7 we show the existence of a pure
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semi-stationary Pareto-optimal strategy in an undiscounted SMDP. In section 2.1.8
we modify an algorithm proposed by Mondal [33] to calculate a pure semi-stationary
Pareto-optimal strategy of the decision maker in an undiscounted SMDP. The chapter

concludes with a numerical example based on the algorithm described in section 2.1.8.

2.1.1 Preliminaries

Definition 2.1. A finite semi-Markov decision process is defined by the collection of
five objects < S, A={A(s):s € S},q,P,r> where the state space S ={1,2,---,2}(# ¢)
is a non-empty finite set and A is the finite action set for the decision maker. A subset
A(s) C A is defined as the set of admissible actions for the state s of the decision maker.
The set of admissible state-action pairs is defined by k4 = {(s,a) :a € A(s),s € S}
C SxA. For each x € kg, q(.|x) is the transition law. Given (s,a) € kg and
s €8, let Te, be the sojourn(transition)time random variable(discrete) denoting the
time from state s to state s by an action a € A(s). For each (s,a) € ka, s €8s,
P, (t) = Prob(t?, <t) is a probability distribution function on (0,00) given kg4 xS
and it is called the conditional transition time distribution function. Without loss of
generality we write P instead of P;s, (t) in some cases. T is a real valued function on k4

(i.e., r: K4 — R is the reward function) which is called the immediate reward function.

At the first decision epoch, the process starts at a state s; € S. The decision
maker looks at s; and chooses an action a; € A(sy). Then he / she gets an immediate
reward 7(s1,a1). At next decision epoch the system moves to a new state sy € S
with probability g(s2 | s1,a1). Pg,(.), which denotes the transition time distribution
function, determines the sojourn time from the state s; to state ss, when the decision
maker chooses action aj. After the transition to the state s9 on the next decision
epoch, the above described process with s; replaced by so, is repeated all over again,
and thus SMDP proceeds over infinite time period. Clearly, for identical transition

times, an SMDP reduces to an MDP.

Definition 2.2. By a strategy (behavioural) 7 of the decision maker, we mean a
sequence {(m)n(. | histy)}>2,, where (7)y, specifies which action is to be chosen on the
n-th decision epoch by associating with each history hist, of the system up to nth
decision epoch (where hist,=(s1,a1,82,a2, " ,Sp—1,0n—1,5n) for n > 2, hist; = (s1)
and S, ap are respectively the state and action of the decision maker at the k-th
decision epoch) a probability distribution (m)(.| hist,) on A(sy). Generally by any

unspecified strateqy, we mean behavioural strategy here.
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A strategy f = {fn}>2 is called stationary if 3 a map & : S — P(A), such that (i)
fan=E6VneN, de., fu(.|s1,--,sn=35)=E&(s) and (it) £(s) has a finite ‘support’ in
A(s), ie., &(s) € P(A(s)) for each s € S.

A strategy is called a policy, when for any m = {(7),}5,, each (), is degenerate

probability distribution.

Let us denote Il and F* as the respective classes of all behavioural and sta-
tionary strategies of the decision maker. We consider a sequence of co-ordinates
(X1,A1,X2,As,---) in S x (Ax ). For a specified probability distribution 5 on (S,2°)
and a strategy m € 11, we can conclude from Kolmogorov’s extension theorem that there
exists an unique probability measure on the Borel-o field of S x (A x S)°°, such that
the marginal distribution of X7 is 1 and for each n € N and almost surely A, € A(X,,).
For a degenerate probability distribution n at s € S, we denote Pr(.| X1 =s) to be
the probability measure determined by 1 and 7 and the corresponding expectation
operator is E;(. | X1 = s). For every strategy 7 € II we have a sequence of random
rewards r(X,,, Ay,) which denotes the immediate reward on the m-th decision epoch
(m=1,2,3,---), where X,, and A,, are respectively the state and action chosen on
that decision epoch. The expectation of 7(X,,, Ay,) is well defined and will be denoted
by

Ex[r(Xm,Am) | X1 =s]. (2.1)

2.1.2 Discounted Semi-Markov Decision Processes With Vec-

tor Pay-Offs

In this section we consider SMDP model where rewards are discounted by a discount
factor B € [0,1). It means that a reward r at time ¢ is equivalent to a reward r/3? at

t =0, i.e., the initial time.

Definition 2.3. For each § € [0,1) and a fized initial state s € S, the total discounted
pay-off for a strateqy w € Il is defined by

Vi (r,s) =Ba[ Y- B4l (X, A | X = 5] (2.2)

m=1
where 71 =0 and 7;(1 > 2) is the time between (i —1)th and i-th decision epochs. T;
is a random variable depending on X;_1,A;—1 and X;, where X; € S and A; € A(X;)
are respectively the state and action at the ith decision epoch(each X; and A; is a
random variable ¥i > 1). For an SMDP with a fixed initial state s, strategy m and
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different reward functions r1,72,--- 17, the discounted value profile(or pay-off profile)
w.r.t. 7= (r1,r2, -+ ,17) is defined by

Vg (r,s) = (V5 (ri,s),--, Vg (r1,s)). (2.3)

We denote P(B) to be the set of probability distributions on the set B and
R™ as the set of n tuples of real numbers, where n € N. For x = (z1,x9, -+ ,2,),
y = (y1,92,"  ,yn) € R™, we assume that comparison(equality) between these two

vectors is comparison(equality) between their respective co-ordinates, i.e., for any
x,y € R" x>y holds if x; > y;, Vi=1,2,--- ,n.

Definition 2.4. For a discounted SMDP I"' =< S, A,q, P,7 > with reward vector v =
(ri,ro,---,17) a strategy ™ € 11 is called Pareto-optimal such that for all s € S, if

there is no strategy m € II such that both Vg*(F,s) <Vj (r,s) and VB”* (r,s) # Vi (r,s)
hold, i.e., P any strategy 7 such thatV 1< j <lI, we have Vﬂ”*(rj,s) <Vi (rj,s) and
31 < j <, we have Vﬁ”*(rj,s) <V§ (rj,s).

For a Pareto-optimal strategy n*, the corresponding value profile or discounted

value profile Vi ’ (7,s) is referred to as a Pareto-optimal point.

Definition 2.5. Given a B-discounted SMDP I' =< S, A, q, P,r > with vector reward
function ¥ = (ry,ra,---,r7), a strategy 7 € 11 is called sufficient for Pareto-optimality
if for every discount factor p € 10,1), s € S and a Pareto-optimal strateqy ™ such that

Vi (r,s) < Vg (7,5) (2.4)

where, T = (11,19, ,1]).

2.1.3 Main Results

Theorem 2.1.1. There exist pure stationary Pareto-optimal strategies for discounted
SMDPs, with vector pay-offs.

Proof. Suppose 11,19, ,7; are the given reward functions of the discounted SMDP
with reward vector 7 and discount factor 5 € [0,1). Now we construct a reward function

Tsum as follows

Tsum =71+ T2+ +71.
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i.e., for all s € S, we have rgum(s,a) =ri(s,a)+ra(s,a)+---+r;(s,a), where a € A(s).
Let f* be a pure stationary strategy, which is optimal for the reward function 7gy,,. Our
objective is to show that f* is Pareto-optimal, which proves the corollary. Let us assume
by contradiction that f* is not Pareto-optimal. Then there exists a strategy 7 €1l such
that for all s € S, Vﬁf*(f,s) < V7 (r,s) and for some 1 < j <[, Vﬁf*(rj,s) <VF (rj,s),

where 7 = (r1,rg,---,77). Thus we have

* l *
Vﬁf (Tsum, ) = > V/Bf (rj,s)
i=1

l /
<2 VF (1j9)
j=1

= V5 (rsumss)- (2.5)

This leads to the contradiction that f* is optimal for rgy,. Thus f* is a pure

stationary Pareto-optimal strategy. O

Note that, pure strategies are not sufficient strategies for Pareto-optimality. This

holds for pure stationary strategies also. The following example illustrates this fact.

Example 2.1. Consider an SMDP with reward vector © = (r1,72), discount factor
B €[0,1) with state space S = {s1,s2}. A(s1) = {a},a?}, A(s2) = {al} are the action
sets chosen on state s; and s respectively. The reward vectors, sojourn times and

transition probabilities are given as

state s1 state so
(1,0)
aj | (1{2(1)},0) (0,0)
(0,1) a3 | (0,1{1(1/2),2(1/2)})
af | (0,1{3(1)})

(r1,72)

/ /
(qi{c1(t1), ca(t2)}, @2{91(t1). 92(t)})
ward vector is ¥ = (r1,72), q1,q2 are transition probabilities which denote that next states

where the rectangle represents that the re-

are s1, So respectively. ci,co;q1,92 are the discrete transition times and tl,tg;t;,t; are
the transition time probability distributions for the states s1,so respectively, if this cell

is chosen at present.



2.1 Introduction 36

Let us fix the initial state s1 once and for all. Consider f to be a stationary strategy,
defined by f = {(2, 2) (1)}. This means the decision maker chooses action al and a?
each with probability 1 5 in the state s1. In state sy the decision maker chooses action
as with probability 1.

Now from equation (1.24) discussed in section 1.5.1, the sub-stochastic matriz

8 i
Ps(f) = [ 20 ) } Here 7(f) = [F(s1, f),7(s2, f)] where 7(si, f) = [r1(si, f),
2
ra(si, f)], (i =1,2). The entries of 7(s1, f) can be calculated as r1(s1, f) = 5.1+ 3.0
and r3(s1, f) = %.04— %.1. Similarly we can calculate 7(s2, f). Thus from (1.25) we get

the value profile of the discounted SMDP Vﬁf(sl, ) =((1—- 6(1+6))(2, 3)). Now clearly f

is a Pareto-optimal strategy and we can not get a better value profile than Vﬂf(sl, r) by

any other pure stationary strateqy. This example shows that pure stationary strategies

are not sufficient for Pareto-optimality.

Let us consider 1 (Xpmes') O be the reward function, which denotes that the reward

is 1 when the system is in the state s on the m-th decision epoch and 0 otherwise For
a strategy m € I1, a fixed initial state s € .S once and for all, and a specified discount
factor € [0,1), we define the counter of the state s €89 as

C’ountﬁ Z plnmet+rm)] | X1 =s]. (2.6)

(Xm:s/)
Theorem 2.1.2. Suppose a stationary strateqy f € F® is given, the initial state s and
discount factor € [0,1) is fized in the above discussed SMDP model. Consider the
vector & = (x1,x9, -+ ,x,) of z variables, where S ={1,2,--- 2} is the finite state space,

then the set of z equations
T

Tg= 5(3,5 S als | 5,0)T 1 ZﬁtP(Tgsu =1t)].f(s,a) (2.7)

acA(s) s"es =1

has a unique solution C’ount% ’f(s), VS,S/ €Ss.

Proof. We claim that, C’ount% (s)=6(s,s )—I—ZaeA [Zsuesq(s | s a)Countﬂ ’f(sl/)]
sE, BtP(TgS// =1)].f(s,a). The proof of the above claim proves the theorem. Now,
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we have

C’ount% J(S) _ Ef[z 5(71+T2+-..—|—Tm)1

m=1

(Xm=s") | X1 = S]

— §(s,8)+EE{ S Bt o} | hista, )]

m=2

(2.8)

(where, we write E instead of E¢(. | X1 = s)) Thus from (2.8) we have

Countﬁ ’f( ) = 5(3,31)+E[672.C’0unt8 ’f(XQ)]

= 5(3,5/)—1- > Z q( s \s a)Countj, ’f Zﬂ PLa(t)| - f(s,a)
a€A(s) Ls"es
(2.9)

The uniqueness follows from the uniqueness of values under stationary strategies[10].

Thus our theorem is proved. O

Now, we define Pareto-curve and the basic structure of a multi-objective linear

programming problem.

Definition 2.6. Let I' =< S, A,q, P,7 > (where 7 = (r1,72,- -+ ,17) is the vector reward
function) be a discounted SMDP with discount factor B (0 < 5 < 1) with vector reward.
Let s € S be an arbitrary but fized initial state in the SMDP model I'. The Pareto curve
Par®(T,s,7) of the SMDPT =< S, A,q, P, > can be defined as the set of all of value
profiles with | co-ordinates such that for each p € Parﬁ(F, s,T) there is a Pareto-optimal
strategy T such that Vﬂ”* (r,s) =p.

Definition 2.7. Consider following optimisation problem

Maximise z1(Z) = 1T

Mazimise z2(Z) = ca

Mazximise z(T) = ¢

Subject to A.x>b, T>0. A is a matriz of order m x| (meN) and b is a vector of
order mx 1. & >0 is a vector of [(€ N) variables. Here ¢; (i=1,2,---,1)s are vectors
of co-efficients.
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The set of equations above is the basic set up of multi-objective linear programming
problem. We often use the abbreviation MOLP, instead of multi-objective linear
programming problem to avoid complexity. In the above problem, [ objective functions
are to be optimised (here, maximised). In a multi-objective optimisation, unlike a
single objective optimisation, there is no typical optimal solution, i.e., which is optimal

for all objective functions.

2.1.4 An Algorithm To Compute Stationary Pareto-optimal
Strategies Of A Discounted SMDP

Puterman [38] previously showed that an SMDP with discount factor 0 < g < 1
can be solved by using a linear programming. We now propose a multi objective
linear programming algorithm to solve a [-discounted SMDP, with finite state space
S=1{1,2,---,z} and a vector reward 7 = (71,72, ,r;) for [ € N. Consider the following
linear programming problem:

MOLP 2.1

mMax Y512 qeA(s) Ti(8,a)Tsq for i € 1,2, 1

subject to the constraints:
/

() acaw Tta = 8(s.0) + Xy cs Xyeawlalt | s a)ag, Sy B/P(rs, = y)), t,s € 5.
(il)ztq > 0 for t € S,a € A(t).

Let us consider 4, for t € S and a € A(t) to be any solution of the above multi-objective
linear programming problem. Let x; = 3¢ 4(1) Tta- This solution derives a stationary
strategy which chooses action a at state ¢ with probability %‘1 The LP with the i-th
objective maximises the discounted reward for the i-th reward function r; over the set
of stationary strategies. Furthermore, from the solution of the above multi-objective
linear programming we can compute the pay-off profile. We illustrate the above MOLP

(multi-objective linear programming) algorithm in the following example.

2.1.5 Numerical Example

Example 2.2. Consider the following (- discounted SMDP T"' =< S, A,q,r, P > with
finite state space S ={1,2,3}, A(2) = A(3) ={1,2} and A(1) = {1}. Here, the vector

reward function is defined by ¥ = (r1,72). The model is given as follows:
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(2,3)
, (1,1) L(0,1{1(5),2(3)},0)
State-1: (1{1(1)}.0,0) State-2: 2 2(472)
(0,1{1(3).2(3)},0)
(3,1)
I GG AGL300)0
(3,5)
(5{1(3).2(3),:3(3)}, 3 {1V}, 3{2(D})

(r1,72)

(@ {e1(t)} a2 {1 (t) } a3 {da(t])})

where the rectangle

represents that the reward

vector is ¥ = (11,72), q1,92,q3 are transition probabilities which denote that next states

are 1, 2 and 3 respectively. c1;g1 and dy are the discrete transition times and tl;tll and

t/ll are the transition time probability distributions for the states 1,2 and 3 respectively,

if this cell is chosen at present. If we fix the initial state to be 1, then we can write the

MOLP with respect to the variables (x11,221,%22,231,732) as follows:

fi= max(xu +2x91 + 4199 + 3231 + 31‘32)
and

fo =max(x11 + 3w21 + 2722 + 31 + H32)

with respect to the constraints:

2 ) g
(D1 =142 (8% + ;3631(6;6) + ;:U:;QW
2 2
252
(iyos + o= Lo

(2.10)
(2.11)

(2.12)
(2.13)

Now, if we fix the value of = 0.5, then the Pareto-optimal solutions of the above

MOLP is:
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11 21 22 31 32
0.3681 | 0.0327 | 0.0000 | 0.0248 | 0.0000
0.3682 | 0.0325 | 0.0000 | 0.0248 | 0.0000
0.3682 1 0.0326 | 0.0000 | 0.0248 | 0.0000

The values of the objective functions corresponding to each Pareto-optimal solution are

given below:

f1 J2
0.5079 | 0.49126
0.50839 | 0.49119
0.50852 | 0.49112

Now, if we plot the values of the objective function corresponding to each Pareto-optimal

solution, then the Pareto-curve will look like this:

0.49128

049126

0.49124

049122

04912

049118

0.49116

049114

049112 . . . .
0.5081 0.5082 0.5083 0.5084 0.5085

Fig. 2.1 Pareto Curve
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Thus, from the above set of solutions, we can calculate a stationary Pareto-optimal
strategy for the decision maker. Taking the values of x4, (t € S,a € A(t)) from 2nd
row of the above table, the optimal stationary strategy is f*={1,(1,0),(1,0)} and the
pay-off profile corresponding to this solution is: (0.50839,0.49119).

2.1.6 Undiscounted Semi-Markov Decision Processes With
Vector Pay-Offs

A finite semi-Markov decision process (SMDP) with finite state and action spaces is
defined by a collection of objects < S, A= A(s):s € S,q,P,r >, where S ={1,2,---,z}
is the finite state space, A(s) ={1,2,---,ms} is the finite admissible action space in
the state s € S. The transition probability is denoted by q(sl | s,a) for each s,s/ €S,
ie., q(sl | s,a) >0 and Zs/esq(s/ | s,a)=1. P?,(.) is the conditional time distribution
function on [0,00) and 7(s,a) is the immediate (expected) reward. The process starts at
s state s € S and the decision maker chooses an action a € A(s). Consequently he/she
receives an immediate reward 7(s,a) and the system moves to the next state s €S
with probability ¢(s | s,a) and following transition time distribution P, (.). Once the
transition to the state s is completed, on the next decision epoch, the entire process,
with s replaced by s is repeated over and over again. Thus the SMDP proceeds over
infinite time. The definitions of behavioural, Markov, stationary, semi-Markov and
semi-stationary strategies are defined similarly as in Chapter 1. Let (X1, Ay, Xo, Ag,--+)
be a co-ordinate sequence in S x (A x S)*°. Given a behavioural strategy = € II and an
initial state s € S, there exists a unique probability measure P (. | X7 = s) (hence an
expectation E.(. | X1 =s)) on the product o-field of S x (A x S)* by Kolmogorov’s

extension theorem.

Definition 2.8. For a behavioural strategy m € Il and a single reward function r, the

limiting ratio average pay-off is defined as:

.. E:>" _ r(Xm,Am)| X1=
o(r,s,m) = liminf, E”[%W—_ll;ﬂ((xm,Am))”Xll:;)]] forall s€S.

The expected sojourn time here is defined by:

7(s,0) = Yy ogals | s,a) J§tdP,(t] a).

We assume that 7(s,a) is bounded away from zero for all (s,a) € K, where K =

{(s,a) | s € S,a € A(s)}. In this section we consider an undiscounted semi-Markov
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decision process where instead of a single reward function, a vector reward function is
considered. Thus the notion of optimality is changed to Pareto-optimality here. For an
undiscounted SMDP with a fixed initial state s, strategy 7 € Il and /(I € N) different
reward functions 71,72, -+ ,7, the undiscounted value profile(or pay-off profile) w.r.t.

r=(ry,re,---,r) is defined by

gb(’I:,S,W) = (¢(T1,8,7T),"' ,¢(’I“l,$,7T)). (214)

Definition 2.9. For an undiscounted SMDP T with reward vector 7 = (ri,ra, -+ ,r]),
a strategy ©* € 11 is called Pareto-optimal if there is no strategy 7 €11 such that both
o(r,s,m) < ¢(77,s,7r/) and (7, s,7*) # qﬁ(F,s,wl) hold, i.e., # any strategy 7 such that
V1< 5 <1, we have ¢(rj,s,m*) < gzﬁ(rj,s,wl) and 31 < j <1, we have ¢(rj,s,7*) <
Qb(rjvsvﬂ—/)-

For a Pareto-optimal strategy 7*, the corresponding value profile or undiscounted
value profile ¢(7,s,7*) is referred to as a Pareto-optimal point.
The next theorem investigates the existence of a pure semi-stationary Pareto-optimal

strategy for an undiscounted SMDP with vector rewards.

2.1.7 Main Result

Theorem 2.1.3. There exist pure semi-stationary Pareto-optimal strategies for undis-
counted SMDPs, with vector pay-offs.

Proof. Suppose ri,ry,---,r; are the given reward functions of the undiscounted SMDP

with reward vector r. Now we construct a reward function rg,,, as follows

Tsym =T1+ T2+ -+ 1.

Let us fix an initial state s € S. Now by Sinha et al.[43], we know that for a
semi-Markov decision process with limiting ratio average pay-off (undiscounted SMDP),
there exists an optimal pure semi-stationary strategy f* = (f{, f5, -+, f&,---, f), where
f& is a pure stationary strategy of the decision maker in the undiscounted SMDP, when
the initial state is s. Suppose, fF be a pure stationary strategy, which is optimal for
the reward function rg,,, for the initial state s € S. Our objective is to show that f;
is Pareto-optimal, for the initial state s € S in the undiscounted SMDP which proves
the theorem. Let us assume by contradiction that f; is not Pareto-optimal. Then
there exists a strategy m € Il such that ¢(7,s, f¥) < ¢(7,s,7) and for some 1 < j <1,

o(rj,s, ) < ¢(rj,s,m), where ¥ = (r1,72,--- ,77). Thus we have
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l

¢(rsum757fs Z¢T]78 fs

7=1
l
< Zgb Tj,8,T)
7=1
= O(Tsum, S, ). (2.15)

This leads to the contradiction that fJ is optimal for rg,y, for the initial state
s € S. Thus f; is a pure stationary Pareto-optimal strategy of the undiscounted
SMDP for the initial state s € S. Consequently, f*={f{, f5, -+, f¥,---,f;} is the
pure-semi stationary Pareto strategy for the undiscounted SMDP with vector reward

F:<T1,T’2,"',Tl). O

2.1.8 Algorithm To Compute A Pure Semi-Stationary Pareto-
Optimal Strategy For An Undiscounted SMDP

Here we use an existing algorithm by Mondal (2020) [33] to compute the value and an
optimal pure semi-stationary strategy of the decision maker. We extend the reward
function to a vector reward function here to compute a pure semi-stationary Pareto-
optimal strategy of the decision maker.

Suppose I' be an undiscounted SMDP with vector reward function 7 = (r1,re, -+ ,17).
Let sop be a fixed but arbitrary initial state of I'. We consider the following linear
programming problem in the variables v(sp), g = (gs:s € .5) and h = (hs : s € 5) as:

LP :minv(sp)

subject to
gs > Z q(s/ | 5,a)g, Vs € S,a € A(s). (2.16)
s'es
gs+hs >1(s,a) —v(so)T sa+2qs|sa)h Vs e S,ae Als). (2.17)
s'es
5 < 0. (2.18)

The variables v(sg), (gs : s € S,s0 # s) and (hs : s € S) are unrestricted in sign. The
dual linear programming problem of this primal for the variables x = (24, : s € S,a €
A(s)) and y = (ysq : s € S,a € A(s)) and t is given by
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DLP :max Ry, where Rs = Y352 acA(s)T(5,0)Tsq

subject to

S Y {0(s.s) —aq(s | s.0)}asa=0Vs €S. (2.19)

s€SacA(s)
>ooxg Y Z{(Sss s]sa)}ysa—OVs €S—{so} (2.20)

acA(s') sES acAls)
Z x80a+z Z {6(3750)_(](30 | Saa)}ysa_t:()- (2.21)

a€A(so) s€SacA(s)
Yo D T(s,a)zse =1 (2.22)
s€SacA(s)

Tsa,Ysa > 0 Vs € S,a € A(s),t > 0. (2.23)

where 6(s,s ) is the Kronecker delta function. For a feasible solution (z,y,t) of the

DLP, we define the following sets associated with the feasible solution:

Sy={s€S: >acA(s) Tsa > 0}
Sy ={s€5:Xaca(s)Tsa=0and Ygea(s)¥sa > 0}
Sa:y = {S es: ZGGA(S) Tsq = 0 and ZGGA(S) Ysq = 0}

Thus S = S, US, U Sy, where S;,S, and S, are pairwise disjoint sets. A pure
stationary strategy corresponding to the feasible solution (z,y,t) of the DLP is defined
by

xyt, where s is the fixed but arbitrary initial state myt( s) = as,s € S such that:

a if s€S; and x4q >0
/

as=14 a itseSyandy >0
arbitrary if s € S,

From [33], we have the following theorem.

Theorem 2.1.4. Let (x*,y*,t*) be an optimal solution of the DLP. Then fffg*t* is a
pure stationary optimal strateqy of the SMDP for the initial state sg.
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2.1.9 Numerical Example

Example 2.3. Consider an undiscounted SMDP T with five states S = {1,2,3,4,5},
A1) ={1,2} = A(2) = A(3) = A(4). A(5) ={1}. Rewards, transition probabilities and

expected sojourn times for the decision maker are given below:

(11,10) (2,3) (2,3)
(3,4,0,0,0) (3,%,0,0,0) (0,0,1,0,0)
1.1 1 0.9
State-1: State-2: State-3:
(1,1) (4,2) (4,5)
(3,2,0,0,0) (2,1,0,0,0) (0,0,1,0,0)
1.1 1.1 1
(4,2)
1 1
70707077
R 5.5
State-4: 23 State-5: | (£,0,%,0,0)
’ 2
(0,0,0,1,0)
1.1

Now we get the following undiscounted SMDP r by converting the reward vectors to a
single reward in each cell from this SMDP:

21 5 5
(3,%.0,0,0) (3,5,0,0,0) (0,0,1,0,0)

State-1: L1 State-2: ! State-3: 0-9
2 6 9

(3,2,0,0,0) (2,£,0,0,0) (0,0,1,0,0)

1 1.1 1

11
State-4: State-5: (%,07 %,0,0)
2
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Next we implement our LP algorithm to solve this SMDP and obtain pure semi-

stationary strateqy of the decision maker. For a fixed initial state so, the DLP in the

variables © = (x11,212, 221,222, 31,232, 41,242, T51), Y = (Y11,Y12,Y21,Y22, Y31, Y32, Y41,
y42,Y51) and t can be written as

max Rso = 21211 + 2219+ dxo1 + 6292 + D31 + 97130 + 6241 + D40 + 11251

subject to
3211 +4x19 — 3w91 — 4299 — 3141 — 2251 =0 (2.24)
—3x11 —4x10+ 3221 + 4190 =0 (2.25)
251 =0 (2.26)
241 =0 (2.27)
2251 —x41 =0 (2.28)
6211 + 6212 + 3y11 + 4y12 — 3y21 — 4y22 — 3ya1 — 2y51 —65(s0, 1)t =0 (2.29)
6221 + 6222 — 3y11 — 4y12 + 3y21 +4y22 — 66(s0,2)t =0 (2.30)
331 + 3232 — 2y51 — 30(50,3)t = 0 (2.31)
x41 + 242 + Y41 — 9(50,4)t =0 (2.32)
2x51 + 2y51 — Y41 — 20(80,5)t =0 (2.33)
211 +0.9212 + 221 + 1.1290 + 231 + 2232 + 2241 + 1. 1142 + 2251 =1 (2.34)
x,y,t > 0. (2.35)

The solution of the above linear prgramming problem by dual-simplex method for differ-
ent initial states sg are given by:

(i) For sp=1: max Ry = 3.8806, x = (0,0.4478,0.5970,0,0,0,0,0,0),

y = (0,0.8955,0,0,0,0,0,0,0), t = 1.0448.

(7i) For sp = 2: max Ry = 3.8806, = = (0,0.4478,0.5970,0,0,0,0,0,0),

y = (0,0.8955,0,0,0,0,0,0,0), t = 1.04.

(7ii) For sy =3: max Rz =4.5, x =(0,0,0,0,0,0.5,0,0,0),

y=(0,0,0,0,0,0,0,0,0), t =0.5.

(iv) For sy =4: max Ry = 4.4525, = = (0,0.2190,0.2920,0,0.5109,0,0,0,0),

y = (0,0.4380,0,0,0,0,0,1.0219,0), ¢t = 1.0219.

(v) For sy =5: max Ry = 4.379492, x = (0,0.0864553,0.115274,0,0,0.403458,0,0,0),
y=(0,0.172911,0,0,0,0,0,0,0.605187), t = 0.605187.
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Thus, we find that the SMDP has a pure semi-stationary Pareto-optimal strategy,
which is given by f* = (fi 15, 13, 1, f2), where f{=(2,1,1,1,1) and f5 =(2,1,2,1,1)
and f3=(2,1,1,2,1), ff=(2,1,1,1,1) = f3.

2.2 Concluding Remarks

In this chapter, we deal with vector reward function instead of a single reward function
in both discounted and undiscounted (limiting ratio average) SMDP. Thus the concept
of Pareto optimality comes into play. We prove the existence of pure stationary/ semi-
stationary Pareto-optimal strategies in discounted and undiscounted SMDP models
respectively. Also, we can find a stationary/ semi-stationary Pareto-optimal strategy
of the decision maker in the discounted as well as undiscounted SMDP models by the

algorithms discussed in the sections 2.1.4 and 2.1.8.



Chapter 3

Zero-Sum Two Person
Undiscounted Perfect Information

Stochastic and Semi-Markov Games

3.1 Zero-Sum Two Person Undiscounted Perfect

Information Stochastic Game

3.1.1 Introduction

Stochastic games are generalisations of Markov decision processes (MDPs) to the case
of two or more players. Shapley (1953) [42] introduced ‘Stochastic games’, which is
also known as Markov games these days. If two players play a matrix game repeatedly
over the infinite time horizon and the limiting average payoff is considered, then the
value of this infinitely repeated game coincides with the value of the one shot game
(by Folk Theorem [11]). Shapley [42] introduced the idea of not playing the same
matrix game everyday (i.e., in every stage of the game), but playing one among finitely
many matrix games, with a motion among them governed by the present game and
the actions chosen there in such a manner that the game is certain to stop in finite
time. Then the payoffs of the players can be formulated as the ratio of two bilinear
forms. Neumann [36] established the minimax theorem for such games and Loomis
[26] gave an elementary proof of this theorem. The case of non-terminating limiting
average stochastic games was studied by Gillette [12] and Hoffman and Karp [13] . By
undiscounted pay-off we mean limiting average pay-off in this paper. Gillette [12] and

Liggett and Lippman [24] previously proved the existence of a pure stationary optimal
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strategy pair of the players in an undiscounted perfect information stochastic game. We
propose an alternate proof of the result by Liggett and Lippman [24] which is simple
and straightforward. By forming the matrix of undiscounted payoffs corresponding to
each pair of pure stationary strategies (for each initial state) of the two players we prove
that this matrix has a pure saddle point, which is essentially a pure semi-stationary
strategy pair of the players. Then we prove the existence of optimal pure stationary
strategy pair of the players by using the results by Derman [5]. We consider the
policy-improvement algorithm to compute an optimal pure stationary strategy pair
of the players. This is a best response algorithm, in which each player looks for his
own undiscounted optimal strategy. As the set of pure stationary strategies is finite,
so this is a finite step algorithm and it terminates in finite time (Raghavan and Syed
(2002) [39]) . This section of the chapter 3 is organised as follows. Section 3.1.2
contains definitions and properties of an undiscounted two person zero-sum stochastic
game considered under limiting average pay-off. Section 3.1.5 contains main result of
this paper. In section 3.1.6 we propose a policy improvement algorithm to compute
an optimal stationary strategy pair of the players in a zero-sum two person perfect
information undiscounted stochastic game. Section 3.1.7 contains some numerical

examples illustrating our theorem and proposed algorithm.

3.1.2 Preliminaries

A zero-sum two person finite stochastic game is described by a collection of five objects
I'=<S{A(s):s€ S}, {B(s): s € S},q,r >, where S ={1,2,---,z} is the finite non-
empty state space and A(s) ={1,2,---,ms}, B(s) ={1,2,--- ,ns} are respectively the
non-empty sets of admissible actions of the players I and II respectively in the state
s. Let us denote K = {(s,i,7): s € S,i € A(s),j € B(s)} to be the set of admissible
triplets. For each (s,i,5) € K, we denote ¢(. | s,7,7) to be the transition law of the
game. Finally r is the real valued functions on K, which represents the immediate
(expected) reward for the player-1 (whereas -r is the reward for the player-1I). Let us
consider player-I as the maximiser and player-1I as the minimiser in the zero-sum two
person stochastic game.

The Stochastic game over infinite time is played as follows. At the Oth decision epoch,
the game starts at sp € S and the players I and II simultaneously and independently
choose actions ig € A(sg) and jg € B(sg) respectively. Consequently player-I and 1T get
immediate rewards 7(sg, %0, jo) and —r(sg, %0, jo) respectively and the game moves to the
state s; with probability ¢(s | 0,70, 70). After reaching the state s; on the next decision
epoch, the game is repeated over infinite time with the state sg replaced by s1. Shapley
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extended the idea of defining SGs where Y-, c5q(s1 | 50,40, 70) <1 for all (so,70,jo) € K
and the play terminates with probability 1 =>4 c5q(s1 | s0,%0,70) < 1. Such games are
called ‘stopping SGs’. The ‘non-stopping SGs’ are those where Y 5 q(s1 | s0,%0,J0) =1
for all (so,i0,70) € K, i.e., the play never terminates.

By a strategy (behavioural) m; of the player-I, we mean a sequence {(m1)y(. |
histy) o2, where (m1), specifies which action is to be chosen on the n-th decision
epoch by associating with each history hist,, of the system up to nth decision epoch
(Where histn:(so,ao,bg,sl,al,bl ,5n717an717bn7175n) for n > 2, hist; = (So) and
(sg,ar,jr) € K are respectively the state and actions of the players at the k-th decision
epoch) a probability distribution (m1),(. | hist,) on A(s,). Behavioural strategy mo
for player -II can be defined analogously. Generally by any unspecified strategy, we
mean behavioural strategy here. We denote II; and Il to be the sets of strategy
(behavioural) spaces of the players I and II respectively. A strategy f = { f,;}%c‘:l for
the player-I is called semi-Markov if for each n, f;l depends on sg, s, and the decision
epoch number n. Similarly we can define a semi-Markov strategy g = { g;l}zozl for the
player-II.

A strategy m = {m1,}52; is called a stationary strategy if 3 a map f: 5 —P(A) =
{P(A(s)) : s € S}, where P(A(s)) is the set of probability distribution on A(s) such
that 71, = f for all n and f(s) € P(A(s)). A stationary strategy for player-I is defined
as z tuple f = (f(1),f(2),---,f(z)), where each f(s) is the probability distribution
on A(s) given by f(s) = (f(s,1),f(s,2), -+, f(s,ms)). f(s,i) denotes the probability
of choosing action ¢ in the state s by player-1. By similar manner, one can define a
stationary strategy ¢ for player-1I as g = (g(1),9(2),---,9(2)) where each g(s) is the
probability distribution on B(s). Let us denote I} and F3 to be the set of stationary
strategies for player-I and II respectively. A semi-stationary strategy is a semi-Markov
strategy which is independent of the decision epoch n, i.e., for a initial state sg and
present state s, if a semi-Markov strategy f/(so,sl,n) turns out to be independent of
n, then we call it a semi-stationary strategy. Let us denote £ and &5 to be the set of
semi-stationary strategies for player-I and II respectively.

A stationary strategy is called pure if any player selects a particular action with
probability 1 while visiting a state s. We denote Fy” and F,” to be the set of pure
stationary strategies of the players I and II respectively. Also £;7 and &7 are denoted

as the set of pure semi-stationary strategies for the player-I and II respectively.
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Definition 3.1. A zero-sum two person SGT =< S,{A(s):s€ S},{B(s):s€S},q,r >
is called a perfect information stochastic game (PISG) if the following properties hold
(1)S = S1US2,51N Sy = ¢.

(ii)] B(s) |=1, for all s € Sy, i.e., on Sy player-II is a dummy (i.e., for states
{1,2,---,| S1 |} player-1I has only 1 action).

(iii)] A(s) |=1, for all s € Sy, i.e., on So player-1 is a dummy (i.e., for states
{IS1]+1,| S1|+2,---,| S1| +|S2 |} player-1 has only 1 action).

3.1.3 Undiscounted Zero-Sum Two Person Stochastic Games

Let (Xo, Ao, Bo, X1,A1,B1--+) be a co-ordinate sequence in S x (A x B x 5)*°. Given
behavioural strategy pair (m1,m2) € 11 x Iy, initial state s € S, there exists a unique
probability measure Py, (. | Xo =s) (hence an expectation Er 1, (.| Xo=s)) on the
product o- field of S x (A x B x S)* by Kolmogorov’s extension theorem. For a pair of
strategies (m1,m2) € I} x Iy for the players I and II respectively, the limiting average
(undiscounted) pay-off for player-I from player-11, starting from a state s € S is defined
by:

o 1 <
Qb(S, 1, 7T2) = 1%{1_1}01(1}‘ TH]ETFNI’Q n;O[T<Xm7 A’ITL7 Bm) | XO = 5] (31)
Alternatively, for any pair of stationary strategies (f1, f2) € F} x Fy of player-I and
I, we write the undiscounted pay-off for player-I from player-1I as:

n

o5, f1, fo) = lim —— 3 (s f1, f2) (3.2)

n—oon 4+ 1 0

(as limit exists for a pair of stationary strategies (f1, f2)) for all s € S. Where
(s, f1, f2) is the expected reward for player-I1 at the m-th decision epoch, when

player-I chooses f1 and player-II chooses fs respectively and the initial state is s.

Definition 3.2. For a pair of strategies (f1, f2) € F{ x F5, we define the transition
probability matrix by:



3.1 Zero-Sum Two Person Undiscounted Perfect Information Stochastic Game 52

QUf1, f2) = la(s | s, fi(s), fals)))?

!
5,5 =1’

where Q(S | 87f1(8)7f2<8)) = ZiEA(S) ZjGB(s) Q(S | S,i,j)fl(S,i)fQ(S,j) is the probability
is that the system jumps to the state s from given state s when the players play the

stationary strategies fi1 and fo respectively.

Lemma 3.1.1. (Kemeney and Snell, 1976, [21]) Let Q be any z x z Markov matriz,
then the sequence lim,, o n%rl >om—0 Q" (f1, f2) converges as n— oo to a Markov matriz
Q* (the Cesaro limiting matriz) such that QQ* = Q*Q = Q*Q* = Q*.

For each (f1, f2) € F{ x F5, we define r(f1, f2) = [r(s, f1, f2)]2x1 as the expected reward,
where for each s € 5,

T(37f17f2) = ZiGA(s) ZjGB(s) T(‘S?ivj)fl(‘g?i)f?(s’j)'

Now we have the following result:

Proposition 1 For each player of pure stationary strategies (f1, f2) € Fy¥ x Fy?,

o(s, f1, f2) = [Q*(f1, fa)r(f1, f2)](s)Vs € S.

Where Q*(f1, f2) is the Cesaro limiting matriz of Q(f1, f2).

Definition 3.3. A zero-sum two person undiscounted stochastic game is said to have

a value vector ¢ = [p(s)].x1 if

SUP,r, err, iy etn, @(8,m1,m2) = @(s) = infr, e, supy em, ¢(s,71,7m2) for all s € S.
A pair of strategies (n},m5) € I, xIly is said to be an optimal strategy pair for the
players if

(s, m,m2) > d(s) > ¢(s,m1,m3) for all s €S and all (71, m2) € 111 x 3.

3.1.4 Undiscounted Markov Decision Processes

A finite (state and action spaces) Markov decision process (MDP) is defined by a
collection of four objects '=< S, A = {A(s):s€S},G,7 >, where S ={1,2,--- 2z} is the
finite state space, fl(s) ={1,2,---,d} is the finite set of admissible actions in the state s.
cj(sl | s,a) is the transition probability (i.e., cj(s/ | s,a) >0 and ZS/€SQ(SI | s,a) =1) that
the next state is s, where s is the initial state and the decision maker chooses action a

in the state s. The decision process proceeds over infinite time just as stochastic game,
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where instead of two players we consider a single decision maker. The definition of
strategy spaces for the decision maker is same as in the case of stochastic games. Let
us denote II, F'¥, F*P as the set of behavioural, stationary, pure-stationary strategies
respectively of the decision maker. Let (Xg, Ag, X1, A1,--+) be a coordinate sequence
in S x (Ax S)>. Given a behavioural strategy « € II, initial state s € S, there exists a
unique probability measure P (. | Xg =s) (hence an expectation E(. | Xg=s)) on the
product o- field of S x (A x $)°° by Kolmogorov’s extension theorem.
For a behavioural strategy m € II, the expected limiting average pay-off is defined

by

~ 1 n

¢(s,m) = liminf

n—00 n_|_1

Eq[#( X, Am) | Xo = 5. (3.3)
0

m=

forall se S.

3.1.5 Main Result

Theorem 3.1.2. Any zero-sum two person undiscounted perfect information Stochastic

game has a solution in pure stationary strategies.

Note: Liggett and Lippmann (1969) [24] gave the first correct proof of the above
theorem. But their proof is indirect as well as involved. The proof given below is direct

and straightforward.

Proof. Let ' =< 5 =51US2,A={A(s):s€ S1},B={B(s):s € S52},q,7 > be a zero-
sum two person perfect information Stochastic game under limiting average pay-off,
where S = {1,2,---,z} is the finite state space. We assume that in | 51 | number of
states, player-1I is a dummy and for states {| Sy | +1,---,| S1 |+ | S2 |} player-I is a
dummy. Without loss of generality, we assume that each player has d number of pure
actions in each state where they are non-dummy. Thus, player-I has | Sy | .d number of
pure actions available in each state s € S, where he/she is non-dummy and player-I1I
has | Sa | .d number of pure actions where he/she is non-dummy in the PISG I'. Let us

the consider the pay-off matrix A(s) for the initial state s € S:

(s, f1,91) o(s, f1,92) - (8, £1,98,).0)
¢(5,f2,91) ¢(87f2792) ¢(87f27g\52|.d)

A(8)15,].dx|Sa|.d =

(s, fisi.a:91)  9(8: fisiar92) - O(S, f|S1].d> 9|Ssl.d)

Where (f1, f2,-++, fis,].¢) and (91,92, - , g|s,|.4) are the pure stationary strategies chosen

by player-I and II respectively. In order to prove the existence of a pure semi-stationary
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strategy, we have to prove that this matrix has a pure saddle point for each initial state
s € S. Now by Shapley ([8], theorem 2.1 page-6) if A is the matrix of a two-person
zero-sum game and if every 2 x 2 submatrix of A has a saddle point, then A has a
saddle point. So, we concentrate only on a generic 2 X 2 submatrix and prove by

contradiction that it has a saddle point. We consider the 2 x 2 submatrix:

65, fing5) 05, fir,)
¢(57fi’7gj) (b(sa i/’gj/)

Where i i € {1,2,-+,| St | .d},(i#7) and j,j € {1,2,--,| S| .d},(j #j). Now, by

suitably renumbering the strategies, we can write the above sub-matrix as:

¢(S7flagl) ¢(37f17.g2)
o(s, f2,91)  &(s, f2,92)

Using the definition of ¢(s, f1, f2) in section 3.1.3, we get that

Cb(safiagj) = Z q*(sl | S’f%gj)r(slvfi’gj)

S1 e S14+S2
t= v=S51+1
where
‘ ) fils,) s€5
fZ(sw)_{ 1 s €Sy
and
( ) B 1 se 5
IS = g(s,.) s€Ss.

We consider the following two cases when A(s) can not have a pure saddle point.

Case-1: ¢(s, f1,91) is row-minimum and column-minimum, ¢(s, f1,g2) is row-
maximum and column-maximum, ¢(s, f2,91) is row-maximum and column-maximum
and ¢(s, f2,92) is row-minimum and column-minimum. These four conditions can be

written as:
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1. ¢(Svf1’gl) < ¢(S,f1,gz)'
2. ¢(87f17g1> < ¢<5>f27g1)'
3. 05, f2,92) < 9(s, f2,91).
4. ¢(37f2792) < ¢(37f1,92)-
Thus using the equation (x) we get the following inequalities:
S1 S1+S2
Z[q*(t ‘ Safl.)r(tufl.)] + Z [q*(?) ‘ 8,9,1)7’(?1,9,1)] (34)
t=1 v=51+1
S1+52
Z (t|s, frt f)l+ > la"(v]s,g92)r(v,g2)]
v=S1+1
Sl 51‘1‘52
Dolat s, et f)l+ Do la (vl s,g1)r(v,g1)] (3.5)
t=1 v=S1+1
S1+8S2
< Z t | S f2 (tan)] + Z [(]*(U ‘ Sag.l)r(vag.l)]
v=S1+1
51 S1+52
Ylatt] s, f2)rt )l + Do la*(v]s,g2)r(v,g.2)] (3.6)
t=1 v=S1+1
S1+S2
< Z (s, fo)r(t, f2)l+ > [a"(v]s,91)r(v,g1)]
v=51+1
Sl S1+S2
Yolatt] s, f2)rt o)l + Do g (v]s,g2)r(v,g.2)] (3.7)
t=1 v=51+1
S14+S2
< Z (s, frt f)l+ D [a"(v]s,92)r(v,g2)]
v=S1+1
Hence, (3.4) yields
S14+S2
Yo d'(w]s,g2)r(v,g2)—q (v |s,91)r(v,91) >0 (3.8)
v=S1+1
(3.6) yields
S1+52
Y. lsg0)r(v,g1) = (v]s,92)r(v,g2) >0 (3.9)

v=S1+1
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From (3.8) and (3.9) we clearly get a contradiction. Now we consider the next case:

Case-2: ¢(s, f1,91) is row-maximum and column-maximum, ¢(s, f1,g2) is row-

minimum and column-minimum, ¢(s, f2,¢1) is row-minimum and column-minimum

and @(s, fa,92) is row-maximum and column-maximum. These four conditions can be

written as:

—_

N

@

>

- (s, f1,91) > 0(s, f1,92).
¢(s, f1,91) > 6(s, f2, 91)-
O(s, f2,92) > &(s, 2, 1)-
o(s, f2,92) > ¢(s, f1,92)-

We can re-write them as follows:

S1

Z[q*(t | S?fl

t=1

>Z (t|s, f1)r
51

Z[q*(t | 87f1

t=1

>3l (t] 5. fa)r

> 1" (t] s, fa)r

t=1

> Z[q*(t | S’fQ

Z[q*(t | S>f2

t=1

> la*(t]s fr)r

t=1

S14+52
(t, fi)l+ > |
v= Sl+1
S1+52
(t, f1.)]+ Z
V= Sl—i—l
S1+S2
)+ > |
v= S1+1
S1+4S2
(t, f2)l+ > |
v= Sl+l
S1+S52
(t, f2.)] + Z
v=51+1
S14+52
(t, fo)]+ Z
v= Sl+1
S1452
)+ > |
v= Sl-i-l
S1+52

A+ D g

v=51+1

(v]s,91)r(v,9.1)]

(v]s,92)7(v,92)]

(v]s,91)r(v,9.1)]

(v]s,91)r(v,9.1)]

(v]s,92)r(v,9.2)]

(v]s,91)r(v,9.1)]

(v]s,92)r(v,92)]

(v]s,92)r(v,g2)]

(3.10)

(3.11)

(3.12)

(3.13)



3.1 Zero-Sum Two Person Undiscounted Perfect Information Stochastic Game 57

Hence, (3.10) yields

S1+52

> ¢ (v]s,9.0)rw,91)—q" (v]s,92)r(v,g2) >0 (3.14)
v=S51+1

and (3.12) yields

S1+S2

> ¢ (v]s,92)r(v,92)— ¢ (v]s,g1)r(v,g1) >0 (3.15)
v=S1+1

From (3.14) and (3.15) we clearly get a contradiction. Thus, every 2 x 2 subma-
trix has a pure saddle point and by Shapley ([8], theorem 2.1, page-6) we conclude
that the matrix A(s) has a pure saddle point, namely (fs,gs) for some s € S. Now
fr=f1, f2 - fe,o-, f2) and g* = (91,92, ,9t,-++ ,92) Where f; and g; are the pure
stationary strategies for the initial state ¢ chosen by player-I and II respectively. As we
know, optimality among pure stationary strategy space is equivalent to optimality in
behavioural strategy space also, it is sufficient to consider only pure stationary strategy
space to compute the optimal pure stationary strategies of the players. Thus, it only
remains to prove the following lemma to prove the existence of pure stationary strategy

pair which is optimal for the players:

Lemma 3.1.3. Let us fiz an initial state t € S in the PISG T'. Suppose (ft,qg:t) €
F{? x F5P be an optimal pure stationary strategy pair of the players in A(t) satisfying:

B(t, fr,9t) < B(t, f1,9)Vg € F3Pand for some initial state t € S. (3.16)

Let us denote Dy to be the t-th row of the bi-matriz identifying the strategy pair (fi,gt),
i.e., Dy = ((fe(t,1),09:(¢,1)) -+, (fe(t,d),g:(t,d)), where d is the total number of pure
actions in state t for both the players. Let f* = (f1(1,1), f2(2,2),---, fz(z,d)) and
g = (01(1,1),92(2,2),-+ ,g.(2,d)). Then (f*,g*) € Fy¥ x F3¥ is a pure stationary
strategy pair of the players identified by the bi-matrix D* having Dy as its t-th row. We

can write the bi-matriz D* as:

(fl(Ll)vgl(lal)) (f1(172)agl(172)) (fl(lvd)vgl(lvd))
) (f2(2,1),92(2,1)))  (f2(2,2),92(2,2)) -+ (f2(2,d),92(2,d))

zxd —

(fz('z?l)vgz(zal)) (fz(ZaQ)agz(ZaQ)) (fz(z7d)7gz(z>d))
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and the pair (f*,g*) satisfies:

o(t, f*,9%) < (L, f*,9)Vg € F3P NVt € S.

Proof. For an initial state t € S(={1,2,---,z}) and a pair of behavioural strategy

(m1,m2) € II1 x Iy of the players, we consider the 2.d? component vector:

T2 t t t t
&t = {xp111, Tpri2, ot 7xnzd2}

where z! b = 12 1Pﬂ17T2(Xm:s/,Am:a,Bm:b|X0:t).
Let 6“1” () = limy, 00 £71™2(¢), whenever the limit exists and lim,, oo 2? t

, ns'ab  Ts'ab
Denote ©(£71™2(t)) = > €5 2acA(s') 2beB(s') Ly oy T(5,a,0). Then

o(t,m,m) = lim inf DD xislab.r(s ,a,b) = linrgiorcl)f[lem (t)].r
s'eSacA(s' ) beB(s")
= liminfO(£7172)(t)

n—o0

Where 7 is the reward vector of order zd?. When (my,m2) is a pure stationary strategy

pair (f,g), the above limit exists and we can write

o(t, f,9) = liminf O(19)(t) = lim O(&;%)(¢) (3.17)

Define ©(£79(t)) = limy, 00 O(£19(t)), considering that the limit exists for all pure
stationary strategy pair (f,g) € Fy¥ x Fy?.

Let p(s/ |, f*,g") be the transition probability from the state ¢ to s defined for the
strategy pair (f*,¢*). As this is a stochastic game, we can apply the Markov property
that for any two states x,y € S and m,n € N,

pn—&—m(l,’y) = P(Xn—i-m:y’XO:x)

= ZP Xp=z2|Xo=2)P(Xpim=y|Xo=12,X,=2)
zeS

= Zp"(x,z)P(Xner =y| Xo=2,X,,=2)
z€S

= > p (. 2)p"(2y) (3.18)

zeS
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where p™(z,y) is the m-th step transition probability from the state z to y. Now using
the above property and using the definition of &/19¢ (t) we have

O (1) = (X pls [ 1./7,g")e ()
s'es
= > p(S/ | t,f*,g*)@(fftgt(s/))[as © is a continuous function(3.19)
s'es

Now, as (ft,g¢) is an optimal pure stationary strategy pair for the players when the

initial state is t, we can write (3.19) as

Ol () = 3 p(s | t, 5,970 (5)) (3.20)

ses

Now iterating (3.20) [ times we get

o)) = S (s |t f5,9)0E % (5) (3.21)

s'es

If we expand the right hand side of the above expression, the right hand side becomes:

1’tfg ZZ Z Sab sab]+ _'_p ‘tfg ZZ Z SCLb sab]

s€SacA(s)beB(s) s€SacA(s) beB(s)
(3.22)
Thus we can write (3.22) as
@(gftgt (t)) = Z Z Z 3 a, b sab
s€SacA(s)beB(s)
= ol @1) (3.23)
Thus from (3.16), (3.17) and (3.23) we get that
O(t,f*,97) < ¢(t, f*,9)Vt € S and Vg € F,".
[l

By similar manner we can show that ¢(¢, f*,g*) > ¢(t, f,g*)Vt € S and Vf € F}*.
Thus the pair (f*,g*) is the optimal pure stationary strategy pair of the players in the
PISGT. O
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3.1.6 Algorithm To Solve An Undiscounted Zero-Sum Two

Person Perfect Information Stochastic Game

Let I' be a zero-sum two person perfect information stochastic game. We consider the
following policy-improvement algorithm to compute optimal stationary strategies of
the players. This is a best response algorithm, in which each player looks for his own
undiscounted optimal strategy. The algorithm is stated below:

Step 1: Choose a random pure stationary strategy for player-II g.

Step 2: Find the undiscounted optimal pure stationary strategy fi for player-I in the
MDP I'(gg).

Step 3: if g; is undiscounted optimal pure stationary strategy for player-1I in I'( f3),
set (f*,9%) = (fr,gx) and stop.

Step 4: else find the best response undiscounted optimal pure stationary strategy
gr+1 for player-IT in the MDP T'(fz), set k= k+1 and go to step 2. As the set of pure
stationary strategy pair of the players is a finite set, the algorithm stops in finite time.
Note: The process of finding an undiscounted optimal strategy for an undiscounted
MDP I' =< 5, A = {A(s) : s € S},4,# > was proposed by Hordijk et al.(1985) [14]. It

consists of a linear programming problem with several parameters as given below:

maXZ§=1 ZaGA(s) T(Sa a)wsa
subject to:

71 Yaears)(0(s,8) —als | s,0))wsa=0,5 €S

S acA(s) Wsa T X5y Saca(s)(0(s.5) —a(s | 5,0))ysa = Fs, 5 €S
wsq >0 Vs e S and a € A(s).

where s > 0 are given numbers for each s € S, such that } ,c¢8s = 1. The undis-

counted optimal pure stationary strategy is computed as:

fr(s) = gt

ZaeA(s)wga

where w?, is the optimal solution of the above LP. By Hordijk et al.[14], this pure
stationary strategy is average optimal as well. We elaborate the above algorithm by

following examples:
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3.1.7 Numerical Examples

Example 3.1. Consider a PISG T with three states S ={1,2,3}, A(1) ={1,2} = A(2),
A3) ={1}, B(1) ={1} = B(2) and B(3) ={1,2,3}. In this ezample player-I is a
dummy player here for the state 3 and player-1I is dummy for states 1 and 2. Rewards

and transition probabilities for the players are given below

5 1
11 1 2
77770 *,0,* 3 4 2
State-1: (3:3,0) State-2: (3.0.3) State-3: 11 111
7 0.5 (0,5,3) | (1,0,0) | (5,7,7)
(0,1,0) (0,0,1)
where a cell " represents that r is the immediate reward function and
(q1,92,43)

(q1,92,q3) are the transition probabilities that the next states are 1, 2 and 3 respec-
tively if this cell is chosen at present state. The pure strategies for player-I are: fo=
{(1,0),(1,0),1}, f1={(1,0),(0,1),1}, fo={(0,1),(1,0)},f3 ={(0,1),(0,1)}. The pure
strategies of player-II are: go ={1,1,(1,0,0)}, g1 = {1,1,(0,1,0)}, g2 = {1,1,(0,0,1)}.
Firstly we fix the strategy g1 of the player-1I in T'. Thus we get a reduced MDP T'(gy)

given below:

5 1
11 12
110 10,2 4
State-1: (3:2:0) State-2: (3.0.5) State-3:
7 0.5 (1,0,0)
(0,1,0) (0,0,1)

Now we formulate the following linear programming problem in the variables x =
(711,712,721, 722,231) and y = (Y11,Y12,Y21,Y22,Y31) to obtain player-I's undiscounted
optimal strateqy:

max R =5x11 4+ 7x19 + 221 + 0.5299 + 42371
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subject to
3x11 + 6219 — 2291 — 6231 =0 (3.24)
—3x11 — 6212 + 6221 + 6292 =0 (3.25)
—4x91 — 6292 + 6231 =0 (3.26)
6211 + 6712 + 3y11 + 6y12 — 2y21 — 6y31 = 651 (3.27)
2x21 + 2x22 — Y11 — 2y12 + 2y21 + 2y22 = 252 (3.28)
12231 — 8y91 — 12999 + 12y31 = 1233 (3.29)
z,y > 0. (3.30)

We fix 1 = B2 = B3 = % The solution of the above linear programming problem by
dual-simplex method is given below:

max R =4, x =(0,0.375,0.375,0,0.25), y = (0,0.111,0,0.111,0).

Now by the method to compute optimal pure stationary strategy described in section
3.1.6, we get that f° = {(0,1),(1,0),1} 4s the optimal pure stationary strategy for
player-1 in T'(g1). Now we fix this strategy for player-1. Thus we get a resultant MDP

as follows:

3
0,3.3)
7 1 4

State-1: State-2: L a9 State-3:
(0,1,0) (3,0,3) (1,0,0)
2
(5:2:1)

We formulate the linear programming problem of the above MDP for the variables

r = (x11,221,231,232,233) and y = (y11,Y21,Y31,Y32,Y33) as follows:

min R = Tx11 + 221 + 3w31 + 4732 + 2233
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subject to
6111 — 2w91 — 62320 — 3233 = 0 (3.31)
—4x11 +4x91 — 2231 — 233 =0 (3.32)
—8x91 + 6131 + 12232 + 9233 =0 (3.33)
6211 +3y11 — 2y21 — 6y32 — 3ys3 = 601 (3.34)
4x91 — dy11 +4y21 — 2y31 — Y33 = 42 (3.35)
12231 + 12232 + 12233 — 8y21 + 6y31 + 12y32 + Jy33 = 1253 (3.36)
x,y > 0. (3.37)

The solution of the above LP by dual-simplex method is given below:

min R = 2.4667, = (0.2333,0.3,0.17866,0,0), y = (0.333,0.1667,0,0,0). So by the
same method described in section 3.1.6, we compute the optimal pure stationary strategy
for player-1I as: ¢° ={1,1,(1,0,0)}. As we observe g1 is not optimal in I'(fy), we now
fix the strategy ¢° for player-II in the PISG T'. Thus, we get a reduced MDP T'(g°)

which is given below:

5 1

11 1 2
77770 7a077 3
State-1: (2 2 ) State-2: (3 3) State-3: 11
7 0.5 0,5,3)

(0,1,0) (0,0,1)

Now we formulate the following linear programming problem in the variables v =
(z11, 212,721, 22, 231) and y = (y11,Y12,Y21,Y22,Y31) to obtain player-I's undiscounted

optimal strategy:

max R =5x11 + 7Tx12 + x21 + 0.5229 + 3731
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subject to
3211+ 6219 — 2191 =0 (3.38)
—3x11 — 6212 + 6291 + 6299 — 3231 =0 (3.39)
—8x91 — 12199 + 6231 =0 (3.40)
6211 + 6212 +3y11 + 6y12 — 221 = 631 (3.41)
2w91 + 2792 — Y11 — 2y12 + 2y21 + 2y22 — Y31 = 232 (3.42)
12231 — 8y21 — 12y22 + 6y31 = 1253 (3.43)
x,y > 0. (3.44)

We fix 1 = B2 = B3 = % The solution of the above linear programming problem by
dual-simplex method is given below:

max R =2.778, x = (0.222,0,0.333,0,0.444), y = (0,0.111,0,0.111,0).

Now by the method to compute optimal pure stationary strategy described in section
3.1.6, we get that f' = {(1,0),(1,0),1} is the optimal pure stationary strategy for
player-I in T'(g"). Now we fix the strategy for player-I in the PISG T'. The resultant
MDP is given below:

3
(0.3,3)
5 1 4
State-1: 11 State-2: 19 State-3:
(57570) (3?073) (17070)
2
(5:2:1)

We formulate the linear programming problem of the above MDP for the variables

= (T11,%21,%31,732,233) and y = (y11,Y21,Y31,Y32,Y33) as follows:

min R, = 5111+ To1 + 3731 +4x32 + 2233
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subject to
3111 — 2w91 — 6232 — 32133 = 0 (3.45)
—2x11 +4x91 — 2231 — 233 =0 (3.46)
—8x91 + 6231 + 12232 + 9233 =0 (3.47)
6211 +3y11 — 2y21 — 6y32 — 3ys3 = 601 (3.48)
491 — 2y11 +4y21 — 2y31 — Y33 = 452 (3.49)
12231 + 12232 + 12233 — 8y21 + 6y31 + 12y32 + Jy33 = 1253 (3.50)
x,y > 0. (3.51)

The solution of the above LP by dual-simplex method is given below:
min R = 2.778, x = (0.222,0.333,0.444,0,0), y = (0.333,0.1667,0,0,0). So by the same
method described in section 3.1.6, we compute the optimal pure stationary strateqy for
player-1I as: g* ={1,1,(1,0,0)}.

Thus the algorithm stops in this step and we get the optimal pure (limiting average)
stationary strategy (F*,G*) = (fo0,90)-

Example 3.2. Consider a PISG T" with four states S ={1,2,3,4}, A(1) ={1,2} = A(2),
A(3)={1}, B(1)={1} = B(2) and B(3) ={1,2} = B(4). In this ezample player-I is
a dummy player here for the state 3 and 4 and player-1I is a dummy player for states 1

and 2. Rewards and transition probabilities for the players are given below:

2 1
11 12
7?77070 7707770 5 0
State-1: (3,3 ) State-2: (3 3 ) State-3: 11
3 0.5 (0,0,5,5) | (0,0,1,0)
(0,1,0,0) (0,0,1,0)
11 12
State 4: | |
(5)07570) <1a07070>
where a cell " represents that r is the immediate reward function
(q1,92,93,94)

and (q1,92,q3,q4) are the transition probabilities that the next states are 1, 2, 3 and

4 respectively if this cell is chosen at present state. The pure strategies for player-

I are: fO - {(170)7(1’0))1’1}7 fl = {(170)7<071)’1’1}; f2 = {(071)7(170>7171}:f3 -
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{(0,1),(0,1),1,1}. The pure strategies of player-II are: go={1,1,(1,0),(1,0)}, g1 =
{1,1,(1,0),(0,1)}, g2 ={1,1,(0,1),(1,0)} and g3 ={1,1,(0,1),(0,1)}. Firstly set k=0
and we fix the strategy go of the player-II in I'. Thus we get a reduced MDP T'(go)

given below:

State-1:

State-2:

1
1 2
2,0,%2.0
(5.0.5.0) State-3:
0.5
(0,0,1,0)
11
State 4: {1
(iaoaivo)

Now we formulate the following linear programming problem in the variables

= (211,212,721, 722, 31,232, T41,T42) and y = (Y11,Y12,Y21,Y22,Y31, Y32, Y41, Y42) to ob-

tain player-1's undiscounted optimal strategy:

subject to

We fix 1 = o= 3= 1=

max R =2x11 4+ 3x12 + 221 +0.5292 + dx31 + 1141

3x11 +6x192 — 2291 — 3141 =0
—3x11 — 6219 + 6121 + 6220 =0

—4x91 — 6199 + 3131 — 3141 =0

by dual-simplex method is given below:

2x41 — 31 + 2241 =204
z,y > 0.

—3x31+ 6241 =0
6211 + 6212 + 3y11 +6y12 — 2y21 — Y41 = 651
2x91 + 2292 — 3y11 — 6Y12 + 6Y21 + 6y22 = 232

6231 — 4y21 — 6y22 + 3y31 — 3ya1 = 1233

. The solution of the above linear programming problem
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max R = 5.6875, x = (0,0.1250,0,0.1250,0.5000,0.2500), y = (0,0.1250,0,0.2500,0,0).
Now by the method to compute optimal pure stationary strategy described in section
3.1.6, we get that = {(0,1),(0,1),1,1} is the optimal pure stationary strategy for
player-1 in I'(go). Now we fix this strateqy for player-1. Thus we get a resultant MDP

as follows:
3 0.5 5 0
State-1: State-2: State-3: 11
(0,1,0,0) (0,0,1,0) (0,0,5,5) | (0,0,1,0)
11 12
State 4: | |
(§a0>§70) (1?07070)

Now we formulate the following linear programming problem in the wvariables x =

(711,212,721, 722,731,732, T41,742) and y = (Y11,Y12,Y21,Y22,Y31,Y32,Y41,Y42) to obtain
player-1's undiscounted optimal strategy:

min R = 3211 +0.5221 + 5231 + 11241 + 122492

subject to
2711 — 241 — 2249 =0 (3.61)
—11+ 221 =0 (3.62)
a1 + w31 — 41 =0 (3.63)
—x31 + 2241 + 2749 =0 (3.64)
2211+ 2y11 — ya1 — 2ya2 = 261 (3.65)
21 — Y11+ Y21 = B2 (3.66)
2x31 + 2232 — 221 + Y31 — Y41 = 203 (3.67)
T41 + 42 — Y31 + 2ya1 + ya2 = 204 (3.68)
x,y > 0. (3.69)

The solution of the above LP by dual-simplex method is given below:

min R = 5.6875, x = (1,0.1250,0.5,0,0.011,0), y = (0.1250,0.2500,0,0,0,0). So by the
same method described in section 3.1.6, we compute the optimal pure stationary strategy
for player-1I as: go = {1,1,(1,0),(1,0))}. Thus the algorithm stops in this step and we
get the optimal pure (limiting average) stationary strategy (F*,G*) = (f2,90)-



3.2 Undiscounted Perfect Information Semi-Markov Games 68

3.2 Undiscounted Perfect Information Semi-Markov

Games

3.2.1 Introduction

A semi-Markov game (SMG) is a generalisation of a Stochastic (Markov) game (Shap-
ley(1953) [42]). Such games have already been studied in the literature (e.g. Lal-
Sinha(1992) [22], Luque-Vasquez(1999) [28], Mondal(2015) [34]). Single player SMGs
are called semi-Markov decision processes (SMDPs) which were introduced by Jew-
ell(1963) [18] and Howard(1971) [17]. A perfect information semi-Markov game
(PISMG) is a natural extension of perfect information stochastic games (PISGs)
(Raghavan et al.(1997) [45]), where at each state all but one player is a dummy (i.e.,
he has only one available action in that state). Note that for such a game, perfect
information is a state property. In this paper, we prove that such games (PISMGs)
have a value and both players have pure semi-stationary optimal strategies under undis-
counted (limiting ratio average) pay-offs. We prove this by showing the existence of a
pure saddle point in the pay-off matrix of the game for each initial state. This section
of chapter 3 is organised as follows. Section 3.2.2 contains definitions and properties of
an undiscounted two person zero-sum semi-Markov game considered under limiting
ratio average pay-off. Section 3.2.5 contains main result of this paper. In Section 3.2.6
we state the algorithm to compute a Cesaro limiting matrix of a transition matrix,
proposed by Lazari et al. [23]. In section 3.2.7 we give a policy improvement algorithm
to solve an undiscounted zero-sum two person perfect information semi-Markov game.
section 3.2.8 contains a numerical example illustrating our theorem. Section 3.2.9 is

reserved for the conclusion.

3.2.2 Preliminaries

A zero-sum two-person finite SMG is described by a collection of objects I' =< S, { A(s) :
se€ SH{B(s):s€ S},q,P,r >, where S ={1,2,--- 2} is the finite non-empty state
space and A(s) ={1,2,---,ms},B(s) = {1,2,--- ,ns} are respectively the non-empty
sets of admissible actions of the players I and II respectively in the state s. Let us
denote K = {(s,i,j):s € S,i € A(s),j € B(s)} to be the set of admissible triplets. For
each (s,i,7) € K, we denote q(. | s,7,7) to be the transition law of the game. Given
(s,4,7) € K and ses , let T;i , be the transition time random variable which denotes the
time for a transition to a state s from a state s by a pair of actions (1,7) € A(s) x B(s).
Let PY, = PT’Ob(Tj‘i/ <t) for each (s,i,j) € K, s € S be a probability distribution

Ss
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function on [0,00) and it is called the conditional transition time distribution function.
Finally 7 is the real valued functions on K, which represents the immediate (expected)
rewards for the player-I (and —r is the immediate reward for player-1I). Let us con-
sider player-I as the maximiser and player-II as the minimiser in the zero-sum two
person SMG. The semi-Markov game over infinite time is played as follows. At the
1st decision epoch, the game starts at s; € .S and the players I and II simultaneously
and independently choose actions i; € A(s1) and j; € B(s1) respectively. Consequently
player I and II get immediate rewards r(s1,%1,/1) and —r(s1,41,71) respectively and the
game moves to the state sy with probability ¢(s2 | s1,%1,71). The sojourn time to move
from state s1 to the state sz is determined by the distribution function P;'7%(.). After
reaching the state s on the next decision epoch, the game is repeated over infinite

time with the state s; replaced by ss.

By a strategy (behavioural) m of the player I, we mean a sequence {(m1)n(. |
histy)}52 1, where (m1)y specifies which action is to be chosen on the n-th decision
epoch by associating with each history hist,, of the system up to nth decision epoch
(where hist,=(s1,a1,b1,82,a2,b2+,Sp—1,an-1,bpn—1,5n) for n > 2, hist; = (s1) and
(Sg,ar,jr) € K are respectively the state and actions of the players at the k-th decision
epoch) a probability distribution (71),(. | hist,) on A(s,). Behavioural strategy mo
for player II can be defined analogously. Generally by any unspecified strategy, we
mean behavioural strategy here. We denote II; and Ils to be the sets of strategies
(behavioural) of the players I and II respectively.

A strategy f={fn}52, for the player I is called semi-Markov if for each n, f, depends
on si1,s, and the decision epoch number n. Similarly we can define a semi-Markov
strategy g = {gn}s>; for the player II.

A stationary strategy is a strategy that depends only on the current state. A stationary
strategy for player I is defined as z tuple f = (f(1),f(2),---,f(z)), where each f(s)
is the probability distribution on A(s) given by f(s) = (f(s,1), f(s,2),---, f(s,ms)).
f(s,i7) denotes the probability of choosing action 7 in the state s. By similar manner,
one can define a stationary strategy ¢ for player II as g = (¢(1),4(2),---,9(z)) where
each g(s) is the probability distribution on B(s). Let us denote F} and F3 to be the
set of stationary strategies for player I and II respectively.

A stationary strategy is called pure if any player selects a particular action with
probability 1 while visiting a state s. We denote Fy” and Fy” to be the set of pure
stationary strategies of the players I and II respectively.

A semi-stationary strategy is a semi-Markov strategy which is independent of the
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decision epoch n, i.e., for a initial state s; and present state s,, and decision epoch n, if
a semi-Markov strategy g(si,sp,n) turns out to be independent of n, then we call it a
semi-stationary strategy. Let £§ and &5 denote the set of semi-stationary strategies for
the players I and II respectively and &7 and &7 denote the set of pure semi-stationary

strategies for the players I and II respectively.

3.2.3 Zero-Sum Two-Person Semi-Markov Games Under Lim-

iting Ratio Average (Undiscounted) Pay-off

Let (X1,A1,B1,X2,A92,B2--+) be a co-ordinate sequence in S X (A x B x S)*. Given
behavioural strategy pair (m1,m2) € 11 x I, initial state s € S, there exists a unique
probability measure Py ., (. | X1 =s) (hence an expectation E (.| X1 =s)) on the
product o- field of S x (A x B x S)* by Kolmogorov’s extension theorem. For a pair
of strategies (m1,m2) € I1; x Iy for the players I and II respectively, the limiting ratio
average (undiscounted) pay-off for player I, starting from a state s € S is defined by:

E“l""Q Z:anl [r(Xm,Am,Bm )| X1=s5]
0 By o 1 [F(Xom,Am, Bm)| X1=5]"

¢(s,m1,m2)= liminf

Here 7(s,i,7) = ZS'GSQ(SI | 5,4,7) Jo td Py (t) is the expected sojourn time in the state
s for a pair of actions (i,7) € A(s) x B(s). We assume that 7(s,4,7) is bounded away
from zero for all (s,7,j) € K.

Definition 3.4. For each pair of stationary strategies (f,g) € F{ x F5 we define
the transition probability matriz as Q(f,g) = [q(s/ | S, f,9)]2xz, where q(s/ |'s, f,9) =
DicA(s) ZjeB(s)q(sl | s,4,7)f(s,4)g(s,j) is the probability that starting from the state s,
next state is s when the players choose strategies f and g respectively (For a stationary
strateqy f, f(s,i) denotes the probability of choosing action i in the state s).

For any pair of stationary strategies (f,qg) € F{ X F5 of player I and II, we write
the undiscounted pay-off for player I as:

¢(Safag) = limy, 00 % f07“ all s€ S.

m=1 7"

Where (s, f,g) and T™(s, f,q) are respectively the expected reward and expected
sojourn time for player-1 at the m-th decision epoch, when player-I chooses f and

player-1I chooses g respectively and the initial state is s.
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We define 7(f,g) = [r(s, f,9)|2x1, T(f,9) = [T(5, f,9)]2x1 and ¢(f,g) = [#(s, f,9)]2x1

as expected reward, expected sojourn time and undiscounted pay-off vector for a pair

of stationary strategy (f,g) € F} x F5. Now

’l“m(S,f,g) :ZS’eS]P)fg(/XmZS/ |X1/:$)7’(8/,f,g)
= ZSIEST(S 7f>g)qm_1(5 ‘ Safvg)
=[Q" ! (f.9)r(f,9)](s)

and
(s, f,9) :Zs’espfg(/X =5 |X1—S)( ,f59)
:ZS/GS%(S 7f7 ) (S |57f7g)
= [Q™ ' (f,9)7(f,9)](s)

Since Q(f,g) is a Markov matrix, we have by Kemeny et al., [21]

limn_m)% n_1QM(f,g) exists and equals to Q*(f,g).

It is obvious that

My o0 & o1 7™ (f,9) = [Q*(f,9)r(f.9)](s)

and

lim o0 5 Y1 77 (f,9) = [Q°(£.9)7(f.9)](5)-

Thus we have for any pair of stationary strategies (f1, f2) € F1 X Fb,

_ Q" (£.9)r(£,9)](s)
o(s, f,9) O (F 7 F )]()forallses

where Q*(f,g) is the Cesaro limiting matrix of Q(f,g).

Definition 3.5. A zero-sum two person undiscounted semi-Markov game is said to

have a value vector ¢ = [(S)].x1 if

SUPr, err, infroetr, @(8,m1,m2) = @(s) = infr, e, supy e, ¢(s,71,7m2) for all s € S.

A pair of strategies (w7,m3) € 111, xIly is said to be an optimal strategqy pair for the
players if

(s, 71, m2) > ¢(s) > ¢(s,m1,m5) for all s € S and all (w1, m2) € 111 x 1.

Note: Throughout this paper, we use the notion of undiscounted pay-off as limiting

ratio average pay-off.
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3.2.4 Zero-Sum Two Person Perfect Information Semi-Markov

Games

A zero-sum two person SMG is denoted by I' =< S, {A(s) : s € S},{B(s) : s € S},q, P,r >,
where S ={1,2,---,z} is the finite non-empty state space and A(s) ={1,2,---,ms},
B(s) ={1,2,--- ,ns} are respectively the non-empty sets of admissible actions of the
players I and II respectively in the state s. Let us denote K = {(s,i,j):s € S,i €
A(s),7 € B(s)} to be the set of admissible triplets. For each (s,i,j) € K, we denote
q(.]s,1,7) to be the transition law of the game whereas P /(. [4,7) is a distribution
function on [0,00) given K x S, which is called the conditional transition (sojourn)
time distribution. Finally » and —r are real valued functions on K, which represent
the immediate (expected) rewards for the players I and II respectively. Let us consider
player-1 as the maximiser and player-II as the minimiser in the zero-sum two person
perfect information SMG. I is called a perfect information semi-Markov game (PISMG)
if the following properties hold

(i)S = S1US2,51N S = ¢.

(ii)| B(s) |=1, for all s € 51, i.e., on Sy player-II is a dummy (i.e., for states {1,2,---,
| S1 |} player-II has only 1 action).

(iii)| A(s) |=1, for all s € Sy, i.e., on Sy player-I is a dummy (i.e., for states {| Sy | +1,
| S| +2,---,| 51|+ | S2|} player-I has only 1 action).

3.2.5 Main Result

Theorem 3.2.1. Any zero-sum two person undiscounted perfect information semi-
Markov game has a solution in pure semi-stationary strategies under limiting ratio

average pay-offs.

Proof. Let ' =< S =51USy, A={A(s):s€51},B={B(s):s€ S2},q,P,r > be a
zero-sum two person perfect information semi-Markov game under limiting ratio aver-
age pay-off, where S = {1,2,,---z} is the finite state space. Let us fix an initial state
s € S. We assume that in | S7 | number of states (i.e., states {1,2,---,51}), player-II is
a dummy and from states {| S1 | +1,---,| S1 |+ | S2 |} player-I is a dummy. We assume
that in this perfect information game, player-I has dq,ds,--- ,dg, number of pure actions
in the states where he is non-dummy and similarly player-II has tg, 11,t5,+2, - ,ts,+5,
number of pure actions available in the states where he is non-dummy. Let D; = Hleldi

and Do = Hf:l_glsjltz Let us the consider the pay-off matrix
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¢(57f17gl> (b(S’flqu) ¢<87f17gD2)
¢(87f2791> ¢<S7f2792) ¢(87f27gD2)

ADl XDQ =

(b(S’fDlagl) ¢(87fD17g2> (b(S?fDlang)
Where (fi1, f2,---, fp,) and (g1,92, -+ ,9p,) are the pure stationary strategies chosen

by player-I and II respectively. In order to prove the existence of a pure semi-stationary
strategy, we have to prove that this matrix has a pure saddle point for each initial
state s € S. Now by theorem 2.1 (“Some topics in two-person games”, in the Advances
in Game Theory.(AM-52), Volume 52, 1964, page-6) proposed by Shapley [7], we know
that, if A is the pay-off matrix of a two-person zero-sum game and if every 2 x 2 sub-
matrix of A has a saddle point, then A has a saddle point. So, we concentrate only on a

2 x 2 matrix and observe if it has a saddle point or not. We consider the 2 x 2 sub-matrix:

[ 6(s, fi,95) (s, firg;) }
¢(Safi’agj) (b(safiagj’)

Where i 7i € {dlde T )dsl}a (Z 7& ) ) and ja] € {t51+17t51—|—27 T 7t51—|—52}7 (] 7&] ) NOW)
by suitably renumbering the strategies, we can write the above sub-matrix as:

. o(s, f1,.91) &(s, f1,92)
2X2 —
o(s, f2,91) @(s, f2,92)

Now we know

L 0" W fi)r (B fi )00 62 (0" (v]s,.5)r(v,9.5)]
Lt fo) P (4 Fi )+ Y016 2 1 0% (v]s,g.5)7(v9.5)]

We replace ¢(s, fi.,g.;) by the expression above in the matrix A. Let us rename the

¢(S fl 79])

elements of the 2 x 2 sub-matrix as we consider the following two cases when A can

not have a pure saddle point.
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Case-1: ¢(s, f1,91) is row-minimum and column-minimum, ¢(s, f1,g2) is row-
maximum and column-maximum, ¢(s, f2,¢1) is row-maximum and column-maximum
and ¢(s, f2,92) is row-minimum and column-minimum. These four conditions can be

written as:

¢(s, f1,91) < d(s, f1,92)-
o(s, f1,91) < &(s, f2,91)-
o(s, f2,92) < d(s, f2, 1)
o(s, f2,92) < d(s, f1,92)-

So, the above four inequalities can be written elaborately as:

—_

ro

w

W

Plat (] s, )t A+ 20062 [0 (v ] 5,9.0)r(v,9.0)]
L g7t | )0 1)) 4 2506 [ (o | 5,9.)7(0,0.1)] (870
P lat (] s, fu)r(t )1+ 20052 (g4 (0] 5,92)1(v,9.)]
Dalat (] s, AT L)+ S0 07 (0] 5,9.2)7(v,9.2)]
P lgt(t ] s, f)r(t, fu)]+ 205502 [0 (v | 5,90)r(v,9.0)]
Plgr(t] s, f)R(E A+ S5 1[0 (v ] 5,9.0)7(v,9.0)]
P lgt(t] s, fo)r(t, f2)] + 2052 [0 (v | 5,90)r(v,9.0)]
Plg* (8] s, f2 )7 (E f2)] + S05502 [0 (v ] 5,9.0)7(v, 9.)]
(3.71)
P lg* (] s, f2)r(t, f2)l + 200572 [q* (v ] 5,9.2)7(v, 9.2)]
S g (| o fo )76 o)) + TOLE (0 | 5,9.2)7(0,92)] 512
S, . v=51+1 v|S, U, 3.
S La (¢ | 5, fo)r(E, f2.)] fizf;[q*@ | 5,9.1)7(v,9.1)]
Dla*(t ] s fo )Tt )] + 00502 0% (v | 5,91)7(0,9.0)]
20" o) )+ B 0] 39207 (0,92) 3.73)
Dalgt(t] s, )7t f2)] + S05572 1 [0% (v ] 5,9.2)7(v,9.2)]
P lg(t ] s, )t fu)] + 20052 [aF (v ] 5,92)r(v, 9.2)]
_1[q*<t s, )T fL)]+ 200572 0% (v | 5,9.2)7(0,9.2)]

We rename the strategies fi,f2.,9.1 and g2 as 1., 2., .1 and .2 respectively to avoid
notational complexity. Hence, (3.70) yields
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S1 S1+52
Y ¢ (t]s, )" (v] s, 2) 7t 1)r(v,.2) = r(t,1.)7(v,.2)]
t=1v=51+1
S1 S1+52
33 ¢ (t]s1)q" (v] s, D)[r(t,1)7(v,. 1) (3.74)
t=1v=S51+1

S1+S52 S1+52

—r(v, )7L D> > ¢ (v] s, 1) [F(v, )r(v,.2) = r(v,.1)7(v,.2)] > 0

v=S51+1v=51+1
(3.72) yields

S1 S1+59
S5 (] 520w | D2 (0, 1) — (1,270, 1)
t=1v=S51+1

S1+8S2 S1+S52

+ Z Z ¢ (v]s,.2)¢" (v]s, D[T(v,.2)r(v,.1)

v=51+1v=51+1

S1 S1+52
—r(v,.2)7(v,.1)]+ 21 %: ¢ (t]s,2)q" (v |,s.2)[r(t,2.)7(v,.2) = 7(¢,2.)r(v,.2)] >0
t=1v=51+1
(3.75)
(3.71) yields
S1 51
Z;Zq (t]s,1)q"(t]s,.2)[7(t,1)r(t,2.) —r(t,1.)7(t,2.)]
t=1t
S1 S1+852
+> > ¢ (t]s,1)g" (v] s, 1) r(v,1.)7(t,.1)
t=1v=5;+1
S1 S1+52
—r(t,1)7 (v, D] +>. > ¢ (t]s,2)¢" (v]s,.)[7(v,.Dr(t,2.) —r(v,.1)7(£,2.)] > 0
t=1v=51+1

(3.76)
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(3.73) yields

S1 51

z;Zq (t|s,1.)q"(t]s,.2)[r(t,1.)7(t,2.) —r(t,2.)7(t,1.)]
t=1t
S1 S1+52

+>. > d(t]s2)¢" (v]s, 2)[r(v, 2)7(t2)

t=1v=51+1
S1 S1+52

—r(t,2)7(v,2)]+> . > ¢ (t]s,1)¢" (v]s,.2)[r(t1.)7(v,.2) — r(v,.2)7(¢,1.)] > 0

t=1v=51+1
(3.77)

Using the fact that, 0 < q*(s/ | s,a) <1, (where s,s/ €{1,2,---,z}, a is the action
chosen by either player-I or II) and adding (3.74) and (3.75), we get

S1 S1+52 S1 S1+52
S>3 r(v,.2) —rt,1)7 (v, 2)+> . > ( 7(v,.1) = 7(t,1.)r(v,. 1))+
t=1lv= 51—|—1 t=1v= Sl—i—l
S1 51452 S1 51152
> 2 ( 7(t,2.) —r(t,2)7(v, 1))+ >, D]
t=1v= Sl+1 t=1v=S1+1
(r(t,2.)7(v,.2) = 7(t,2.)r(v,.2)) >0
(3.78)
Similarly adding (3.76) and (3.77), we get
S1 S1+52 S1 S1+52
Y| r(t,1) —r(v,.2)71)+> Y 7(t,1.) = 7(v,.D)r(t,1.))+
t=1lv= 51+1 t=1lv= Sl—l—l
S1 S1+859 S1 S1+8S2
> 2 (v, ) =r(v, 7(#2))+> >
t=1v= Sl+1 t=1v=8;+1
(r(v,.2)7(t,2.) = 7(v,.2)r(t,2.)) > 0
(3.79)

From (3.78) and (3.79) we clearly get a contradiction. Now we consider the next case:
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Case-2: ¢(s, f1,91) is row-maximum and column-maximum, ¢(s, f1,g2) is row

-minimum and column-minimum, ¢(s, f2,¢1) is row-minimum and column-minimum

and ¢(s, fa,92) is row-maximum and column-maximum. These four conditions can be

written as:

—_

- 0(s,f1,91) > ¢(5, f1,92).
o(s, f1,91) > (s, f2, 91)-
¢(s, f2,92) > &(s, f2,91)-
¢(s, f2,92) > &(s, f1,92)-

ro

b

s

We can re-write them as follows:

Palg* (] s, )t )]+ 2002 [0 (v ] 5,9.0)r(v,9.0)]
zf:a[q*ms FTE A+ 2052 [0 (0] 5,9.0)7(0,94)]
Sk lg*(t ] s, fL)r(t f)l + 20857 [gH (v ] 5,9.2)r(v,9.2)]
zfﬂq*( t] s, f)7(t f)]+ 20052 (v ] 5,0.2)7 (v, 9.2)]

P lgt(t ] s, )t fu)]+ 2052 [a* (v ] 5,90)r(v,9.0)]

Plar(t] s )R f)]+ S0 (07 (v ] 5,0.0)7 (0, 9.)]

>Z§1[*(H8f2)7“(t S+ glgil[ ¢*(v]5,90)r(v,91)]
St ] s, fo) 7 ( f2 )]+ 2005 0% (v ] 5,9.0)7 (v, 9.0)]

PLlat(t] s, fo)r(t, f2)] + 20052 [a" (v ] 5,9.2)r(v,9.2)]

Palat(t] s, f2)7(t f2)] + S5 (g7 (v ] 5,9.2)7(v, 9.2)]

[q*( | s, fo)r(t f2)] + 0062 [0 (v ] 5,9.0)r(v.9.0)]

Plar(t] s, )7 (4 2 )] + 50552 [a* (v ] 5,9.0)7(0,9.0)]
zt gt ] s fo )t f2)] + 20552 (g (v | 5, 9.2)r(v, 9.2)]

P lg(t] s, f2 )70t f2 )] + S0 0" (v ] 5,92)7(0,9.2)]

[Q*(t|8f1)7"(t FOIH S22 (g (v ] 5,92)r(v,9.2)]

P la (] s, fL)T( FL)]+ S0 [0 (v ] 5,0.2)7(0,9.2)]

Like the previous case we also rename the strategies fi, fo.,g1. and g2, as 1., 2.

.2 respectively to avoid notational complexity. Hence, (3.80) yields:

(3.80)

(3.81)

(3.82)

(3.83)

.1 and
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S1 S1+52
Z Z g (l],s)g*(t|s,1)[7(t,1.)r(v,. 1) —r(t,1.)7(v,.1)]
t=1v=51+1
S1 S1+52
33 (s 1) (], s2)[r(t1)7(v,.2) = 7(t,1)r(v,.2)]  (3.84)
t=1v=S51+1
S1+S2 S1+55
+ > > (]2 (v]s,.2)[r(v,.1)7(v,.2) = r(v,.2)T(v,.1)] > 0
v=5S1+1v=51+1
(3.82) yields
S1 S1+59
S ¢ (t]s,2)¢" (v],s.2)[r(v,.2)7(¢,2.) = 7(v,.2)r(t,2.)]
t=1v=S1+1
S1 S1+59
33 ¢ (t]s,2)¢" (v ], 8. D[F(v, . )r(t,2.) = 7(£,2.)r(v,.1)]  (3.85)
t=1v=S51+1
S14+S2 S1+52
+ Z Z *(w]s, . 1)¢"(v]s,.2)[r(v,.2)T(v,.1) = T(v,.2)r(v,.1)] >0
v=S1+1v=51+1
(3.81) yields
S1 S1+59
S ¢ (t]s,2)¢" (v],s.1)[r(v, 1)7(t,2.) —r(t,.2)T(v,.1)]
t=1v=8;+1
S1 S1+S52
+> Y ¢ (t]s,1)g" (v],s.1)[r(t,1)T(v,.1) — (v, . 1)7(¢,1.)] (3.86)
t=1v=S51+1
—l—iiq (t]s,2)q"(t]s,1.)[r(t,1.)7(¢,2.) —7(¢,1.)r(t,2.)] > 0
t=1t=1
(3.83) yields
S1 S1+52
S ¢ (t]s,1)g" (v],s.2)[r(v,.2)7(t, 1) —r(t,1.)7(v,.2)]
t=1v=51+1
S1 S1+5
3 3 ¢ (t]s.2)¢ (v ],5.2)[r(t,2)7(v,.2) —r(v,.2)7(t,2.)] (3.87)
t=1v=51+1
—l-zlzlq (t]s, *(t]s,1)[r(t,2)7(t,1.) —r(t,1.)7(t,2.)] > 0

t=1t=1
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Similarly using the fact that 0 < q*(s/ | s,a) <1, (where s,sl €{1,2,---,z}, a is the
action chosen by either player-I or II in the state s) and adding (3.84) and (3.85), we get

S1 S1+8S2 S1 S1+59
SUY (R 2 L)~ 27 1)+ Y S (v DR L) — F(o, Dt 1)+
t=1lv= 5'1+1 t=1v= S1+1
S1 S1+859 S1 S1+8S2
DD 7, 1) —r(o, DFE2.)+>. >
t=1v= Sl-‘rl t=1v=51+1
(r(v,.2)7(t,2.) —r(t,.2)7(v,2.)) >0
(3.88)
Now adding (3.86) and (3.87) we get
S1 S1+8S2 S1 S1+59
Y| r(v,.2) —r(t,1)7(v,.2)+ > > | T(v,. 1) =7(t, 1)r(v,.1))+
t=1v= Sl—l—l t=1v= S1+1
S1 S1+52 S1 S1+52
DD 7(t,2) —r(t,2)7(v, 1) +>. >
t=1v= Sl-‘rl t=1v=51+1
(r(t,.2)7(v,2.) —r(v,.2)7(t,2.)) > 0
(3.89)

From (3.88) and (3.89) we get a contradiction. Thus, every 2 x 2 sub-matrix has a
pure saddle point and by theorem 2.1 by Shapley ([7], (page-6)), the matrix A has a
pure saddle point and the game I' has a pure stationary optimal strategy pair for each
initial state. Suppose (f1, f2,---, f2) be optimal pure stationary strategies for player-I
when the initial states are 1,2,--- 2z respectively and (g1,92,---,¢-) be optimal pure
stationary strategies for player-1I when the initial states are 1,2,-- -, z respectively. Now
using the result by Mondal (2017) [32], which states that if a strategy is optimal among
the set of pure semi-stationary strategies then it is optimal among the set of behavioural
strategies also, we can state that f* = (f1, f2, -+, f.) and ¢* = (91,92, - ,g.) are the
optimal pure semi-stationary strategies for player-I and II respectively in the perfect

information semi-Markov game I'. O]
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3.2.6 Calculating the Cesaro Limiting Matrix Of A Transition
Matrix

Lazari et al.,(2020) [23] proposed an algorithm to compute the Cesaro limiting matrix

of any Transition (Stochastic) matrix () with n states. The algorithm runs as follows:

Input: Let the transition matrix @ € M, (R) (where M, (R) is the set of n xn
matrices over the field of real numbers).

Output: The Cesaro limiting matrix Q* € M, (R).

Step 1: Determine the characteristic polynomial Cg(z) =| Q — 21, |.

Step 2: Divide the polynomial Cg(2) by (z—1)™1) (where m(1) is the algebraic
multiplicity of the eigenvalue zp = 1) and call it quotient 7'(2).

Step 3: Compute the quotient matrix W =T'(Q).

Step 4: Determine the limiting matrix QQ* by dividing the matrix W by the sum of its

elements of any arbitrary row.

3.2.7 Policy Improvement Algorithm For Solving An Undis-
counted Zero-Sum Two Person Perfect Information Semi-

Markov Game

Let I" be an undiscounted zero-sum two person perfect information semi-Markov game.
We consider the following policy-improvement algorithm to compute an optimal pure
semi-stationary strategy pair of the players. In what follows we describe the major
steps of the algorithm:

Step 1: Fix an initial state sp € S ={1,2,---,5s0,---,2} in the PISMG T.

Step 2: Choose a random pure stationary strategy for player-II gz in I'.

Step 3: Find the best response optimal pure stationary strategy fi (for the initial
state sg) of player-I in the SMDP I'(gy) using the algorithm given by Mondal (2020,[33])
described in section 2.1.8.

Step 4: if g; is an optimal pure stationary strategy (for the initial state sg) for
player-II in I'(fy), set (f3,95,) = (fk,gx) and stop.

Step 5: else find a best response optimal pure stationary strategy gy for player-I1
(for the same initial state sg) in the SMDP T'(fy), set k = k+ 1 and go to step 2.
Step 6: Repeat the above process for all initial states sg € {1,2,---,z} and obtain an
optimal pure-semi stationary strategy pair (f*,g"), where f* = (f§, fi, -+, fi, =+, f)
and ¢* = (95,97, 195, 1 92)-
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Note: As the number of pure stationary strategy pairs for both the players are finite

in number, this algorithm stops in finite number of steps.

3.2.8 Numerical Example

Example 3.3. Consider a PISMG T" with four states S ={1,2,3,4}, A(1) ={1,2} =
A(2), B(1) = B(2) ={1}, B(3) = B(4) ={1,2}, A(3) = A(4) ={1}. Player-II is the
dummy player in the state 1 and 2 and player-1 is the dummy player for the states 3
and 4. Rewards, transition probabilities and expected sojourn times for the players are

given below

1.1 3.1
11 11
7777()’0 7777()’0
(32 i (33 i 3 5.8
State-1: ! State-2: . State-3:| (0,0,1,0) | (0,0,1,0)
1 2
(3.3.0,0) (3.3.0,0)
0.9 1.1
4 2
State-4: | (3,0,3,0) | (3,0,3,0)
2 1.1
r

Where a cell| (q1,q2,q3,q4) | represents that r is the immediate rewards of the play-

T

ers, q1, q2, q3, q4 represents that the next states are 1, 2, 3 and 4 respectively and
T 1is the expected sojourn time if this cell is chosen at present. Here player-1 is
the row player and player-1I is the column player. Player-I has the pure station-
ary strategies f1 = {(1,0),(1,0),1,1}, fo={(1,0),(0,1),1,1}, f3 ={(0,1),(1,0),1,1}
and fy ={(0,1),(0,1),1,1}. Similarly the pure stationary strategies for player-I1I
are g1 = {1,1,(1,0), (L)}, g2 = {1,1,(1,0), (0, 1)}, g3 = {1,1,(0,1),(1,0)} and g1
{1,1,(0,1),(0,1)}. Now fix the initial state to be 1 in the PISMG T". We fiz the strategy
g2 =91,1,(1,0),(0,1)} for player-II in the PISMG T". Thus, we get a resultant SMDP
['(g2), which is given below:
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1.1 3.1
(3:3:0,0) (33:0,0) 3
1 1
State-1: ! State-2: 3 State-3: | (0,0,1,0)
1
(3.3.0,0) (3.3.0,0)
0.9 1.1
2
. 1 1
State-4: | (3,0,3,0)
1.1

Now, by the linear programming algorithm, given by Mondal (2020)[33], the lin-

ear programming problem with respect to the variables x = (x11,%12,%21,%22,%31,%41),

y = (y11,Y12, Y21, Y22,Y31,y41) and t is:

max R1 = 1.1z11 + x12 +3.1291 + 3299 + 3231 + 2241

with respect to the constraints:

3111 + 2719 — 3w91 — 42990 — 3231 =0 (3.90)

—3x11 —4x12 + 3291 + 2799 =0 (3.91)

ca=0  (3.92)

12(x11 + x12) + 6y11 + 8y12 — 6Y21 — 8y22 — 3ya1 — 120(s0, 1)t =0 (3.93)
12(x21 + x22) — 6y11 — 8y12 + 6Y21 + 4y22 — 128(s0,2)t =0 (3.94)

2w31 — Y41 — 20(s0,3)t =0 (3.95)

241 +ya1 — 0(80,4)t =0 (3.96)

211+ 0.9219 + 291 + Llzgy + oy + Llzgp =1 (3.97)

z,y,t >0 (3.98)

Where 5(3,3/) is Kronecker delta function. Now solving the above LPP by dual-simplex
method, we get x = (0,0.3545,0.4556,0,0.5,0.5). So, we get the optimal pure stationary
strategy f for player-I in the SMDP I'(g2) as f' = {(0,1),(1,0),1,1}. Now fix this
strategy for player-1 in the original PISMG T'. The reduced SMDP T'(f1) is given below:
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1 3.1 3 5.8
State-1: | (3,2,0,0) | State-2: | (3,3,0,0) | State-3: | (0,0,1,0) | (0,0,1,0)
0.9 1 1 2
4 2
State-4: | (1,0,1,0) | (3,0,1,0)
2 1.1

Now solving again by the above algorithm, the linear programming problem with re-

spect to the variables x = (x11, 221,231,232, T41,%42), Y = (Y11,Y21, Y31, Y32, Y41, Y42) and
t is given by:

min Ro = x11 +3.1x12 + 3231 + 5.8230 + 4241 + 2749

with respect to the constraints:

4x11 +3x9] —3x41 — 3242 =0 (3.99)

a1y 43291 =0 (3.100)

41+ 242 =0 (3.101)

611 +4y11 + 3y21 — 3ya1 — 3ya2 — 66(s0, 1)t =0 (3.102)
321 — 2y11 + Y21 — 30(50,2)t = 0 (3.103)

2(x31 +x32) — 241 — 42 — 26(80,3)t =0 (3.104)

T41 + 242+ Ya1 +ya2 — 6(s0,4)t =0 (3.105)

0.9211 + 212 + 231 + 232 + 2241 + L1z = 1 (3.106)
x,y,t >0 (3.107)

Solving the above LPP by dual-simplex method, and applying Mondal’s algorithm
(2020,[33]) we get the optimal pure stationary strategy of player-II in the SMDP T'(f1)
is gt = {1,1,(0,1),(1,0)}. Now fix this strategy for player-II in the PISMG T'. The
resulting SMDP T'(g') is given below:

1.1 3.1
11 11
7777070 777a070
(33 i (33 i 53 1
State-l:ilState-Q: 3 State-3: | (0,0,1,0) | State-4: (%,O,%,O)
2 2
(5.5,0,0) (3.5,0,0)
0.9 1.1
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Now we solve the above SMDP by previously mentioned algorithm.The linear

programming problem with respect to the variables © = (x11,712,%21,22,T31,%41),

Y= (y11,¥12,¥21,Y22,Y31,y41) and t is given below:

max Rg =1.1x11 +x12+ 3.1x91 + 3292 + 5.8x31 + 4147

with respect to the variables:

3x11 +4x19 — 3w31 — 4799 — 3741 =0 (3.108)

—3x11 —4x10+ 3221 + 4299 =0 (3.109)

241 =0 (3.110)

2(x11 +212) +y11 +4y12 — 3y21 — 4y22 — 3ya1 — 20(s0,1)t =0 (3.111)
3(x21 +x22) — w11 — 2212 + Y21 + 2y22 — 3(50,2)t =0 (3.112)

231 — ya1 —20(s0,3)t =0 (3.113)

x41 +ya1 — 9(50,4)t =0 (3.114)

211 +0.9219 + 291 + 1. 1299 + 2231 + 2241 = 1 (3.115)

z,y,t >0 (3.116)

Solving the above LPP by dual-simplex method and applying previously mentioned
algorithm we get the optimal pure stationary strategy of player-I in the above SMDP is
f?=1{(0,1),(1,0),1,1}. Fizing the above strategy of player-I in the PISMG T', we get
another resultant SMDP T'(f?) as:

1 3.1 3 5.8
State-1: | (3,2,0,0) | State-2: | (3,3,0,0) | State-3: | (0,0,1,0) | (0,0,1,0)
0.9 1 1 2
4 2
State-4: (%,0,%,0) (%,O,%,O)
2 1.1

Again applying Mondal’s algorithm (2020,[33]), the linear programming problem with

respect to the variables © = (x11,%21, 231,232, 241,%42), Y = (Y11, Y21, Y31, Y32, Y41, Y42) and
t is given by:
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min Ry = x11 +3.1x91 + 3231 + 5.8239 + 4241 + 2249

211+ 221 — 241 — T42 =0 (3.117)

11 —x91 =0 (3.118)

41+ 242 =0 (3.119)

11+ Y11 — Y21 — Y41 — Y42 — (50, 1)t =0 (3.120)
T91 + Y11 — Y21 — 0(s0,2)t =0 (3.121)

231 + 32 + Ya1 +ya2 — 6(s0,3)t =0 (3.122)

T41 + a2 + Ya1 +ya2 — 6(s0,4)t =0 (3.123)

0.9211 + 221 + 231 + 2239 + 2141 + 1.1x40 =1 (3.124)
z,y,t >0 (3.125)

Solving the above LP by dual-simplex method we get the optimal pure stationary strategy
for player-IT g?> = (1,1,(0,1),(1,0)) and the objective functional value is 2.2985. Thus
for the initial state so =1, the optimal pure stationary strategy pair of the players is
(f,97) = (f3,93). Similarly by fixing the initial states 2, 3 and 4 in the PISMG T’
respectively and following the same process above, we get the optimal pure stationary
strategy pairs as (fs,93), (f1,93) and (f1,92). Thus the optimal pure semi-stationary
strateqy pair of the players in the PISMG T is given by (f*,g*), where f*=(fs, f3, f1, f1)
and g* = (g3, 93,93,92) and the value vector is given by (2.2985,2.2985,2.9,0.9).

3.2.9 Concluding Remarks

In this chapter we proved the existence of the value and a pair of optimal pure
stationary/semi-stationary strategies for the players in an undiscounted zero-sum two
person stochastic/semi-Markov game. It is worthwhile to look into the corresponding

non-zero sum version of undiscounted perfect information semi-Markov games.



Chapter 4

Undiscounted Semi-Markov
Decision Processes With Countably

Infinite Action Spaces

4.1 Introduction

In this section we investigate undiscounted semi-Markov decision processes with count-
ably infinite action spaces where the state space is finite and the action space of the
decision maker is (possibly) countably infinite. If there is any state where the number
of actions is finite, then we can repeat a particular cell in that state to make the
action space of that state countably infinite. However, we made no restrictions on the
rewards. By undiscounted pay-offs we mean limiting ratio average pay-offs here. We
prove that in such a model, the value of the decision process exists and the decision
maker has near-optimal pure semi-stationary strategies. We have shown this result
by exploiting the results of Sinha et. al [44] as the decision process can be regarded
as a one player game. Thus the results can be applied for an undiscounted SMDP
having finite states and countably many actions. We will refer to such SMDP as an
infinite SMDP model. From the point of view of modelling real phenomena, the model
with countably many actions can be used in a situation where the decision-maker has
finitely many actions, but the cardinality of that set is not known appropriately. In this
paper, we are considering maximisation problem for the infinite-SMDP. We organise
this chapter as follows: section 4.1.1 contains the preliminaries and notations of an
undiscounted infinite SMDP. In section 4.1.2 we define the undiscounted (limiting ratio

average) pay-off criteria of an SMDP. In section 4.1.3, we define e N (near)-optimal
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strategy of the decision maker in an infinite SMDP and prove the existence of value
and near-optimal pure semi-stationary strategies of an infinite SMDP. In section 4.1.4
we propose an algorithm to find the value of an undiscounted infinite SMDP and
the near-optimal pure semi-stationary strategies of the decision maker. Also, later in
that section, we propose an optimality equation of such an SMDP model under some

recurrence/ergodicity conditions.

4.1.1 Preliminaries And Notations

An undiscounted semi-Markov decision process with countably infinite action space,
considered in this process, is denoted by I'no =< S, {A(s) : s € S}, {r(s,a):s € S,a €
A(s)}, {q(s/ | s,a):s€ S,a€ A(s)},{7(s,a):s€ S,a € A(s)} > which consists of a finite
state space S = {1,2,---,z}. For each s € .S we associate a countable set of actions
A(s) ={1,2,...}. The process is controlled by a decision maker. When the system
is in the state s, the controller chooses an action a € A(s) and gets an immediate
reward 7(s,a). Let us denote K = {(s,a):s € S,a € A(s),} to be the set of admissible
tuples. For each (s,a) € K, we denote ¢(. | s,a) to be the transition law of the game.
Given (s,a) € K and s €3, let 7!, be the transition time random variable which
denotes the time for a transition to a state s from a state s by the action a € A(s). Let
P?, = Prob(r?, <t) for each (s,a) € K, s € 5 be a probability distribution function
on [0,00) and it is called the conditional transition time distribution function. The
process moves to a state s €S with probability q(sl | s,a), where q(s/ | s,a) >0 and
Sy Sq(sl | s,a) = 1. Thus the process repeats over infinite time with s replaced by s

Here the strategies of the decision maker is restricted to strategies with
finite support, i.e., for each w €1l there is k € N, such that with probability
1 the decision maker chooses one of the first k cells in all states, for all
histories. Mathematically, the decision maker chooses mixed actions from
UrenAg; where Ay ={a e R*:a > O,Zf::l a; =1;a; =0 for i > k}.

We now discuss about the definitions of strategy spaces of the decision maker
in an undiscounted SMDP, where the state and the action space are finite. By a
strategy (behavioural) 7 of the decision maker, we mean a sequence {(7),(. | histy)}o2;,
where (), specifies which action is to be chosen on the n-th decision epoch by
associating with each history hist,, of the system up to nth decision epoch (where
hist,=(s1,a1,82,a2, "+ ,Sn—1,an-1,5n) for n > 1, hist; = (s1) and (sg,ar) € K are
respectively the state and actions of the players at the k-th decision epoch) a probability
distribution (m),(. | hist,) on A(sy). Generally by any unspecified strategy, we mean
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behavioural strategy here. We denote II to be the set of strategy (behavioural) spaces
of decision maker. A strategy g = {gn}ne; is called Markov if g,, depends on the history
hist,, through the current state s, and the decision epoch number n. A strategy
m={m,}52 is called a stationary strategy if 3 a map f:S — P(A) = {P(A(s)):s € S},
where P(A(s)) is the set of probability distribution on A(s) such that m, = f for all n
and f(s) € P(A(s)). A stationary strategy for the decision maker is defined as z tuple
f=f(1),f(2),---,f(2)), where each f(s) is the probability distribution on A(s) given
by f(s) = (f(s,1),f(s,2), -+, f(s,ms)) (where mg =| A(s) |,s €S, ). Where, f(s,a)
denotes the probability of choosing action a in the state s by the decision maker. Let
us denote F° to be the set of stationary strategies for the decision maker.

A stationary strategy is called pure if any player selects a particular action with
probability 1 while visiting a state s. We denote F*P to be the set of pure stationary
strategies of the decision maker. A strategy g = {gn}re; is called semi-stationary
strategy if there exists a map & : 5 x S — P(A) such that (i) gn(. | s1 =15, ,5, =
s/) = {(s,sl) for all s1,s9,---,5, €S, n €N and (ii) f(s,s/) has a support in A(sl) for
each pair (s, s/) € .5 xS, So, it can also be viewed as a semi-Markov strategy which is
independent of the decision epoch n, i.e., for a initial state s; and present state s,, if a
semi-Markov strategy ¢(s1,sn,n) turns out to be independent of n, then we call it a
semi-stationary strategy. Let £° and &°P denote the set of semi-stationary and pure
semi-stationary strategies respectively for the decision maker.

For each undiscounted SMDP with countably infinite action space, defined as ['y,
we associate a truncated SMDP I',,, where I'y, is defined as I';, =< S, {Ay(s) : s € S},
{r(s,a):s€S,acAn(s)},{q(s | s,a):s € S,a € Ay(s)} > where Ay, (s) C A(s) consists
of the actions for which a < mn. Thus, the truncated game can be found from I" by
deleting all cells in I' for which a > n where n € N. We show that the value of the
infinite SMDP model exists in R7, where R7 = (RU{+00})?. In an undiscounted
infinite SMDP, any strategy with finite support n € N, can be identified with the
strategies in I';,. By completion with zeros in the cells of the n-truncated SMDP | the
strategies for the decision maker in n-truncated SMDP T'),, can be identified with finite
support strategies of the decision maker in I'o. Similarly by deleting zeros from the
cells of the infinite SMDP, finite support strategies of the decision maker in Iy, can be

identified with strategies of the decision maker in I';, for n sufficiently large.
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4.1.2 Undiscounted Pay-Off Criterion In An SMDP Model
With Finite State And Action Spaces

Suppose I' =< S, A,q, P,r > be an undiscounted SMDP with finite state space S ac-
tion space A. Let (X1, A1, X2,A42,---) be a co-ordinate sequence in S x (A x .S)*.
Given a strategy m € II and an initial state s € S, there exists a unique probability
measure P, (. | X; = s), hence an expectation E;(. | X1 = s) on the product o-field of
S x (A x S)*® by Kolmogorov’s extension theorem. For a behavioural strategy 7 € 11,

the limiting ratio average pay-off for the decision maker can be defined as:

P (s5,7)= liminf, o EZ %gi[[;'g);z’j:;‘éi?] forall s€ S.

and

¢*(s,m)= limsup,,_, g: %gigg:ﬁ:;gij for all s € S.

Where 7(s,a) = Zszesq(s/ | 5,a) [ootdP, 4 (t | a) is the expected sojourn time in the
state s when decision maker chooses the action a € A(s). We assume that 7(s,a) is
bounded away from zero for each (s,a) € K, where K = {(s,a) :s € S,a € A(s)}

Definition 4.1. A strategy ©* € 11 is called an optimal strategy under limiting ratio

average pay-off if
(s, %) > ¢l(s,m) (¢%(s,7*) > ¢?(s,7)) for all m €11 and all s € S.

Let v (s) = sup,es(6!(s,7)) and v3(s) = sup,es(62(s,7)). Then vl(s) (resp. v*(s))
is called the limiting ratio average value of the undiscounted SMDP for the initial state
s € S. For a stationary strategy f € F* and s € S, let r(s, f) = Xaca(s) 7(s,a).f(s,a),
%(S7f) = ZaGA(S)%(Sua)f(&a) and Q(s ’ S7f) = ZaGA(S) Q(s ’ S,a)f(S,CL). Then the
reward vector, sojourn time vector and transition probability matrix can be defined
respectively as: (f) = [r(s, o1, 7(f) = [7(s, F)loxt and Q(F) = la(s’ | 5, f)]ans- Let
Q" (f)=14"(s | s,f)]zx» where ¢"'(s | s, f) is the m-step transition probability from

state s to s under the stationary strategy f.

Lemma 4.1.1. (Doob, theorem 2.1, page- 175) [6] Let Q = [q(s/ | $)]2xz be a transition
probability matriz. Then 3 a stochastic matriz Q* = [q*(s/ | $)]2xz, which is called the

Cesaro-limiting matrixz of Q), is defined as:

. / ! /
limy, o0 231 g™ (s | 5)=gq*(s | s) s,s €83
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From the above lemma and Sinha et al. [43], we have the following result:

Proposition 4.1.2. Let f € F* be a stationary strateqy, then:

O(s, f) = 8 (s, f) = (s, f) = {GHERC) for alls € S

where Q*(f) is the Cesaro-limiting matriz of the transition matriz Q(f) and ¢(s, f) is
the undiscounted pay-off of the decision maker. Define v(s) = sup,cg(o(s, f)). Then
v(s) is called the limiting ratio average value of the undiscounted SMDP for the initial

state s € S.

For a stationary strategy f € F'* and all s € S, we denote the limiting ratio average
pay-off and the value of the n-truncated SMDP associated with an infinite undiscounted
SMDP as ¢y (s, f) and v,. Also for a stationary strategy f € F'* (with finite support) and
for all s € S, the pay-off function (limiting ratio average pay-off) for the undiscounted
SMDP with countable actions is denoted as ¢o(s, f).

4.1.3 eN-Optimal Strategies For The Decision Maker In An
Infinite Undiscounted SMDP Model

In this section we define the e N-optimal or near-optimal strategies for the decision
maker in an infinite undiscounted SMDP model, assuming the infinite SMDP is a

maximisation problem.

Definition 4.2. A strategy n}y is called an eN-optimal strategy if there exists a
Voo € RY such that for all € >0 and N > 0(€ N) and for all s € S, the following
inequality holds:

Voo(8) — € if 1o(s) €R

bools Te) 2 { N if Voo(8) = +00

Then vso s called the value vector of the SMDP T .

Now we prove the following theorem to establish the fact that there exists an

eN-optimal pure semi-stationary strategy of the decision maker in the undiscounted
SMDP model.
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Theorem 4.1.3. (i) lim, oo vy, exists and equals to Voo

(i) The decision maker has a near-optimal pure semi-stationary strateqy in I's.

Proof. We know from Sinha et.,al ([43], 2017), for an undiscounted (limiting ratio
average) SMDP, the value and optimal pure semi-stationary strategy exists. Now the
semi-stationary strategy space of I',, ;1 contains that of I';. Thus the value vector
Up+1, 1.e., the maximal value in I', 4 will lie above vy, that of I'),. So, {v,}52, is an
increasing sequence and hence it converges to a point w € R7 co-ordinate wise (where
Ry =RU{oc}). We prove that w is the value of 'y, i.€., W = V.

Let m be any strategy with finite support for the decision maker in I's. Then it can
be seen as a strategy for the decision maker in I'), for some n € N. Now we fix ng € N
to be large enough. Now considering the ng-truncated SMDP T',,,, we know by Sinha
et al.(2017) [43] the decision maker has an optimal pure semi-stationary strategy in
I'py. Suppose fp  is the optimal pure semi-stationary strategy of the decision maker
in I'ny. Now by theorem 1 of [43], we have vy, = dn, (f,r,) = &no(7) co-ordinate wise,
for all m € II. Since {v,}72, is an increasing sequence converging to w € R%, we have
W > vpy > Ppy () for all m € I1. Thus we have w > vs. Now take € > 0. As {v,}72,
converges to w, there exists an n; € N such that vy, (s) > w(s) —e if w(s) is finite and
Un, (s) > N if w(s) = +oo0. Now considering the truncated SMDP T',,,, we get a pure

semi-stationary strategy f, of the decision maker, having a value vector vy, . Thus we

have
. w(s)—e ifw(s)eR
Sy fn) = Uny(8) >
Combination of the above arguments proves our theorem 4.1.3. O]

4.1.4 Algorithm To Compute Value And A Near-Optimal Pure
Semi-Stationary Strategy In An Undiscounted SMDP
With Countably Infinite Action Spaces

We propose an efficient algorithm to compute the value and a near-optimal pure semi-
stationary strategy of the decision maker in an undiscounted SMDP with countably
infinite action space. We follow the algorithm proposed by Mondal (2020) [33] to
compute optimal pure semi-stationary strategy of the decision maker and value vector

in each truncated SMDP. The steps of our algorithm are given below:
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Step 1: Fix € > 0 and a large positive integer N € N.

Step 2: Given n € N, consider the truncated SMDPs I';, and T, 41.

Step 3: Fix an initial state sg € S.

Step 4: Apply the algorithm by Mondal ([33], 2020) discussed in section 2.1.8, to
compute optimal pure stationary strategies f50* and f;% for the initial state sq of the
SMDPs T, and I’y 41 respectively and also the values vy, (so) and vy,41(Sp), for given n.
Step 5: if

(1)] vnt1(s0) — vn(so) |< € then v,41(s0) = veo(s0) and f,;57 is a near-optimal pure
stationary strategy for the initial state sg.

do Repeat step 4 and 5(i) for all sg € S = {1,2,--,z} to get fi 4 ={f1* 1, f2%,,,
05, 74} as a near-optimal pure semi-stationary strategy.

end do

or

else if

(ii)| vn41(s0) |> N for all s € S, then v,41(s0) = +00 = vso(s0) and f;% is a near-

optimal pure stationary strategy for the initial state sg.

do Repeat step 4 and 5(i4) for all so € S ={1,2,--- .z} toget fi = {fr . f2, -, 200,
-, f71} as a near-optimal pure semi-stationary strategy.

end do

or

else if (iii)| vp+1(s0) —vn(s0) |= 0 then v,11(s0) = vo(s0) and f;%] is a pure station-

ary strategy for the initial state sq.

do Repeat step 4 and 5(iii) for all so € S={1,2,--+,2} to get fi = {fix, f25,,
05, f7h ) as an optimal pure semi-stationary strategy.

end do

end if

Step 6: Replace n by n+1 and return to step 3.

4.1.5 Numerical Example

Example 4.1. Consider an undiscounted infinite SMDP T« with three states S =
{1,2,3}, A(1) = A(2) = A(3) ={1,2,---}. Thus in all states, the decision maker has
action sets whose cardinality is not finite. Rewards, transition probabilities and expected

sojourn times for the decision maker are given below:
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1 1 1
(1,0,0) (1,0,0) (3.5
1 2.1 3.4
20-86 1+1 (1+3)
(1,0,0) (3,0,3) (3,3.%)
1 2.1 3.4
30-86 1+3+3) (1+35+3)
State-1: State-2: State-3:
(1,0,0) (3,0,2) .5 5)
1 2.1 3.4
n0-86 1+ 5+ -9) (1+g+- %)
(17070) (%7071_%> (1_%7ﬁ7ﬁ)
1 2.1 3.4

We can write the reward function as:
r(1,n) =n080 r(2,n) =32, (1/n?) and r(3,n) = 352, (1/n?) for n € N.
The transition probabilities can be written as:
p(1|L,n)=1,p(2]1,n)=0, p(3|1,n)=0.
p(1]2,n) =1, p(2[2,n) =0, p(3|2,n)=1-L.
p(1]3.n) = 1= . p(2] 3.m) = . p(3] 3.m) = 1.
The mean sojourn times are given as:
7(l,n)=1, 7(2,n) =2.1, 7(3,n) = 3.4.
For each n € N we write the linear programming problem with respect to the variables

T = (T1n, Ton, 3n),Y = (Yin,Y2n,Ysn) and t for this model as:

. 1 1
max|[> ,> n0802, + >y 2 Tan + >y 73T3n

With respect to the constraints:

(i) —Laon+ (5 — )2z, =0

(71) xopn — ﬁxgn =0

(iii) (£ —D)aon + (1— )23, =0

(iv) Tin + _%QQn + (% - 1>y3n - 5solt =0

(U) Ton +Top — ﬁ%n - 5302t =0

(m’) T3y + (% — 1):(:2” + (1 — ﬁ)xgn — (550315 =0
(vii)[x1n + 2129, + 3.423,] = 1
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where T1p,T2n, T3, Yin,Y2n, Ysn,t => 0 for all n € N. Let us fir N = 100 in this case.

The values of vp4+1 and vy, for each n € N are given below.

Value of n Up, Un+1
1 (1,1,1) (1.828427,1.828427,1.828427)
2 (1.828427,1.828427,1.828427) (2.196152,2.196152,2.196152)
3 (2.196152,2.196152,2.196152) (3,3,3)
4 (3,3,3) (4.180340,4.180340,4.180340)
5 (4.180340,4.180340,4.180340) (6.696938,6.696938,6.696938)
6 (6.696938,6.696938,6.696938) (8.520259,8.520259, 8.520259)
7 (8.520259,8.520259, 8.520259) (12.627417,12.627417,12.627417)
8 (12.627417,12.627417,12.627417) (17,17,17)
9 (17,17,17) (23.622777,23.622777,23.622777)
10 (23.622777,23.622777,23.622777) (30.482873,30.482873,30.482873)
11 (30.482873,30.482873,30.482873) (37.569219,37.569219, 37.569219)
12 (37.569219,37.569219, 37.569219) (45.872167,45.872167,45.872167)
13 (45.872167,45.872167,45.872167) (53.383203,53.383203,53.383203)
14 (53.383203,53.383203,53.383203) (59.094750,59.094750,59.094750)
15 (59.094750,59.094750,59.094750) (67,67,67)
16 (67,67,67) (77.092796,77.092796, 77.092796)
17 (77.092796,77.092796,77.092796) (85.367532,85.367532,85.367532)
18 (85.367532,85.367532,85.367532) (92.819080,92.819080,92.819080)
19 (92.819080,92.819080, 92.819080) (99.442719,99.442719,99.442719)
20 (99.442719,99.442719,99.442719) | (108.234090, 108.234090, 108.234090)

1000 (1851.73,1851.73,1851.73) (1866.5,1866.5,1866.5)

Now applying our algorithm, we conclude voo = (+00,+00,4+00). Now for the initial
state 1 the optimal pure stationary strategy is fi = (0,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,1,0). Similarly for the initial state 2 and 3, the optimal pure stationary strate-
gies are f3 =(0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1) and f3 = (0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,1). Thus f*=(f{, f3, f3) is the pure near-optimal semi-stationary

strategy.
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Note: In this undiscounted SMDP model with countably infinite action space, we
have not put any restriction on the reward function. However if we assume the reward
function to be uniformly bounded over all state-action pair and further assuming some
ergodicity conditions on the SMDP model, we can establish an optimality equation of
an undiscounted SMDP model with countable action space. We state the ergodicity

condition below:

C1: There is a state 29 € S and a finite number T such that E¢[T,, | Xo=y] <T
for all y € S and for all stationary strategies f € F* with finite support (where
Ty, =infln > 1| X,, = Xo]).

To establish the optimality equation, we use a data transformation introduced
by Schweitzer (1971) [41]. Let I'oo =< S, A,q,7,7 > be an undiscounted SMDP with
countable action space. Here, the mean sojourn time is 7(s,a) in a state s, when
the decision maker chooses an action a € A(s). We assume that 7(s,a) is bounded
away from zero for each (s,a) € K, where K ={(s,a):s€ S,a€ A(s)} €S x A. Now,
we associate the semi-Markov model a discrete time Markov decision process, with
state space S = S, countable action space A(s) = {A(s) = A(s) : s € S}, one step
reward 7(s,a), one-step transition time 7(s,a) = 1 and one-step transition probabilities
cj(s/ | s,a), where s,s €S, and a € A(s). We define them in the following:

) = £

and

(s | 5,0) = i) 465, 5),

where 0(s, s/) is Kronecker delta function defined as d(s, s/) =1ifs=s and 0 otherwise.

The parameter 7 is chosen such that:

0<n< inf(&a){%} if (s | s,a) <1 for some (s,a)K.

and n=11f g(s| s,a) =1 for all (s,a) € K.

The associated [-discounted Markov decision process with countable action space
is defined by f‘ﬁo =< S‘,fl,qﬂf >. For any 8 € (0,1), we know that the Markov decision
process with countable action space, has a value v (s) € R% (considering maximisation
problem) for s € S and has a near-optimal pure stationary strategy. Following similar

methods, as described in [44], we can also verify that the value of the above said
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Markov decision process, satisfies the optimality equation, i.e.,

02 (s) = max [P(s,a)+f3 > cj(s/ | s,a)v2 (s)] forall sesS. (4.1)
a€A(s) ses
Assumption: To establish the optimality equation in the SMDP model, we
assume that the reward function of the Markov decision process as well as
the semi-Markov decision process is uniformly bounded, i.e., | 7(s,a) |< M,
for all (s,a) € K = {(s,a):s€ S,a € A(s)}, where K CSx A and M >0 is a
positive real number.

Now we prove the following lemma to establish the optimality equation of our

SMDP model.

Lemma 4.1.4. Let so € S be fized. Define HB (s) = v5 (s) —v5 (sg). Suppose
| HS (s) |< K for all s€ S and all B € (0,1). Then

(i) There exist bounded functions h(s) and a constant v* satisfying:

/

h(s) = max, 4, [F(s,0) =v* + 5 gd(s | s,a)h(s)]

(ii)For some sequence Bp 11, h(s) =limy_o0 Hfg(s).

(iii)hmn%oo(l - 6n)vgg (30) =",

Proof. Define V2 (s) = (1—8)v2 (s). Then,

VA (s0) + HE(s) = (1= B)vS(s0) + v (s) — v (s0) (4.2)
= 05 () = BvZ(s0) (4.3)
— max [F(s,a)+8 Y 4(s | s,0)HD(s)] (from(4.1))  (4.4)

a€A(s) ses

Now as the state space S is finite and HZ (s) is bounded for all § € (0,1), there exists
a sub-sequence (3, 11 such that HZ7(s) converges to some h(s) for all s € S. Also
for 5 € (0,1), VB (sg) = (1= B)E (s0) < (1—B)M, as | #(s,a) |< M for all (s,a) € K.
Thus without any loss of generality, we assume that V27 (sq) converges to v* as 3, 1 1.

Thus the lemma is proved. O

From the above lemma, we have the following equation
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Which implies

nh(s) = arengé)[r(s,a) —v* 7 (s,a)+ > q(s/ | s,a)nh(sl)], s€eS. (4.6)
s'es

Thus putting nh(s) = h(s), we have the following optimality equation for an undis-

counted SMDP with countable action spaces:

h(s) = aré%)[r(s,a) —v* 7 (s,a)+ 3 qls | s,a)h(s))]. (4.7)
s'es

4.1.6 Concluding Remarks

We conclude this chapter by showing that for an undiscounted (limiting ratio average)
SMDP with countably infinite action space, instead of an optimal pure semi-stationary
strategy, the decision maker has a near-optimal pure semi-stationary strategy. Also,
under some ergodicity conditions we can establish the optimality equation of such
SMDP model. By our proposed algorithm we can efficiently find the value and a near-
optimal pure semi-stationary strategy of the decision maker. However, it is interesting
to look into an undiscounted zero-sum two person perfect information semi-Markov
game, where a non-fixed player in each state has countably infinite actions. The
existence of near-optimal pure semi-stationary strategies in such scenarios is worth

studying.
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