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ABSTRACT

The dissertation actually focuses on the theoretical study of the cosmic
evolution of black holes and the neutron stars (mainly high massive neutron
stars) with the primary observational manifestation, through the present ac-
celerated universe under the framework of modified gravity theories. Black
holes (BHs) and Neutron stars (NSs) are incredibly high dense relativistic
objects that have given a unparalleled semblance of physics in utmost phys-
ical environments. These objects are a powerful source of electromagnetic
radiation and relativistic particles. General relativity (GR hereafter) ex-
hibits good agreement and to work fully enough during the local weak field
tests of gravity. However, difficulties and challenges come when applied to
the massive relativistic objects, the entire Universe including dark entities
and the singularities of space-time.

It is believed that quantum gravity can resolve these complications but
a commonly adopted theory is still absent. So, modifications of GR which
may indicate the quantum corrections are extensively argued. During my
research, I have also studied the stability and phase transitions of the ro-
tating BHs embedded in dark energy where quantum corrected thermody-
namic parameters of the BHs are investigated. GR can also be constructed
by using the tetrad field as the dynamical variable instead of the metric
where the torsional scalar 7' is considered to be the underlying Lagrangian.
The corrections corresponding to the higher energy scale may appear as

terms of higher order of torsion with a nonlinear function of 7. The f(7T)



gravity may possess new features and provide new angles to supervise the
geometry of space-time. Further we have also employed the concept of
minimal matter-gravity coupling through the modified f(R,T) gravity to
model the massive NSs where R is the Ricci scalar and T denotes the trace
of energy-momentum tensor. This f(R,T") theory is the generalization of
f(R) modified theories of gravity where the coupling between geometry and

matter plays a crucial role to realize space-time geometry.

On the other hand, a series of observational evidence have put the stan-
dard cosmology in a dilemma. Scientists are in confusion in the choice of
perfect gravity theory and in the choice of the matter contained. The stan-
dard cosmology with Einstein gravity and normal matter can not support
the present cosmic acceleration phase of the Universe. Cosmologists are
trying to accommodate the observational prediction of the present acceler-
ated Universe by applying the following two options : (i) Einstein gravity
with some exotic matter having large negative pressure known as dark en-
ergy (DE) (ii) modified gravity theory with usual matter. Again modified
gravity theory, comes in a natural way to accommodate the tensions in the
present expansion rate of the Universe and as an alternative way to modify-
ing the standard model of particle physics through dark matter, which has
also been tested to explain the late-time cosmic acceleration and it supports

the local gravitational tests.

Einstein’s GR become quite successful in predicting various gravita-
tional phenomena related to the solar system observations and also in case
of strong-field situations but it faces difficulty to solve the mysteries related
with DE and other puzzles. Besides, few questions in modern cosmology
remain unsolved. Moreover, it is also shown by the scientists that as a
quantum field theory, GR is renormalizable only if we can include higher
order curvature terms in its action. Further, applications of GR become
not necessary at small time and length scales and also for Planck energy
scales. In this scenario, scientists have successfully argued that by incorpo-
rating changes in the geometric part of Einstein’s GR theory can explain
the early-time inflation and also late time accelerated expansion of the Uni-

verse.



One promising route to investigate these relativistic stars is to study
their physical properties of matter by which they are formed. For the stellar
matter if energy is conserved, can be approximated by the perfect fluid
and a correlation between the space-time metric and the stellar structure
can be found. In GR, this is famous Tolman-Oppenheimer-Volkoff (TOV
hereafter) equation. Further, the equation of state (EoS hereafter) of the
core matter is also necessary for understanding the interior structure of the
stars. A mathematical co-relation between matter density and pressure is
very much needed to close the system of differential equations. Physically,
EoS represents the connection between the pressure and density which can
describe the properties of the core stellar matter. For the stars like a NS in
which the matter is so dense that a total relativistic treatment is required for
understanding their properties. However, the modified theories of gravity
essentially change the TOV equations and as a result of that astrophysical
properties of the compact stars (e.g., maximum mass, moment of inertia,

mass-radius relation etc.) are also varied in some way.

In recent times, there are very firm arguments on the presence and im-
pacts of anisotropy (unequal tangential and radial pressure at the interior
of the NSs) on the massive NSs with core nuclear matter at extremely
high pressures and densities. Scientists have also demonstrated that the
existence of anisotropy can cause crucial changes in the principal proper-
ties as well as characteristics of the neutron stars. Recent observations on
compact stars (NICER survey) strongly indicate and also disclose various
evidences for the presence of anisotropic fluid inside the core in case of mas-
sive NSs. The presence of anisotropy is very crucial because the anisotropic
repulsive force allows larger mass and more compact structure of the NSs
compared to an isotropic fluid in GR. In our work we have introduced
modified Chaplygin gas (MCGQG) as an anisotropic fluid at the interior of the
NSs. The MCG can unify the dark matter (DM) and DE significantly. The
anisotropic compact stars can accommodate more mass than their general
relativistic counterparts. This thesis investigates computational and math-
ematical methods of our theoretical understanding about the physics of the

NSs. The study focuses on the macroscopic properties, relativistic behavior



and various important observable characteristics of the NSs. Further, the
mass-radius relation, tidal deformability of the binary NS systems etc. are

also very interesting properties to study for the researchers.

The EoS helps to understand the properties of the core nuclear matter
of the compact stars at extremely high density and pressure. But still the
EoS is not fully understood and the hunt for a general and realistic EoS
continues. Different models of the NSs have proposed various types of EoS
depending on the underlying physics. The recent discovery of gravitational
waves by LIGO from the compact binary coalitions and few highly mas-
sive pulsars from the NICER survey have put some constraints on several
properties and FoS of the NSs. These can predict several crucial quanti-
ties, such as the maximum stable mass, lowest possible radius, spherically
stable equilibrium configuration etc., which allow them to rule out vari-
ous non-physical models based on various astronomical observations and

measurements.

This current work exhibits a natural way to write a general and real-
istic EoS with few parameters that can reduce and approximate various
other different EoS. Astronomical observations and measurements are then
used to constrain different parameter values systematically. For spherically
symmetric compact star structures there are various known solutions of Ein-
stein’s field equations which are very popular. I have applied the famous
Krori-Barua (KB) and Tolman-Kuchowicz (TK) solutions in modeling re-
alistic NSs during my research. In these types of singularity free solutions
the space-time metric meets the physical requirements of a real compact
star under spherical symmetry and in the background of modified gravity

theories.

The main aim for considering the TK and KB space-time solutions are
to investigate the gravitational theories that deviate from the standard GR
or beyond the conventional framework. These metrics can regenerate a
substitute metric that can be applied to explain the space-time geometry
for some specific cases. By culturing this space-time we want to explore
its implications and effective applications in realizing gravity, cosmology,

nature of space-time and other related phenomena. In my work, I have



introduced the existence of modified Chaplygin gas (MCG) as an exotic
fluid inside the core of these NSs as a candidate of DE and also solved
the Einstein-Maxwell field equations. Also the effect of the quintessence
field is examined. I have also incorporated modified TOV equations under
modified gravity. Furthermore, we have matched the interior space time of
the spherical star to the exterior Schwarzschild line element at its surface to
obtain the unknown constants of our working model. For a charged compact

star the exterior metric is chosen as the Reissner-Nordstrom metric.

I have found out that, exotic fluids have a great impact on the EoS of the
core nuclear matter and even on the stability of the compact stars. Pressure
anisotropy reduces the tidal deformability of the charged neutron stars in
an appreciable amount and helps to get a more compact structure. We have
also found out that it leads to a certain phase transition between the core
and crust of the NSs. But surprisingly, the compact stars are still able to
maintain their spherically stable and equilibrium configuration. Further, we
can put constraints on several macroscopic parameters of the compact stars.
Additionally, to establish the physical viability of our constructed model,
we have evaluated various significant properties of the NSs like mass-radius
relationship, tidal deformability, compactness, sound velocity, anisotropy,
energy density, effective pressure, adiabatic index, energy conditions, sur-
face redshift etc. During my research, in order to confirm the reliability of
the NS models which I have constructed, I have applied two different tests
to investigate the stability of the obtained model in modified gravity. First,
I have analyzed the relativistic adiabatic indices of the NSs under spherical
symmetric space-time for an anisotropic fluid. Second, I have demonstrated
the validity of the modified TOV equations considering the spherical stel-
lar system under hydrostatic equilibrium where all the acting forces on the
system neutralize each other. We defined all the different forces as given
by the Tolman mass formula. I have also confronted the models with data
from other neutron stars to examine its validity with a broad extent of
astrophysical observations. The mass-radius relationship, I obtained from
different models, corresponding to diverse selection of the boundary density

is compatible with the nuclear saturation density as required boundary con-



ditions, depicts the consistency of these models. These models can predict
masses in the lower mass gap between 2.2 — 5.3M. Furthermore, I have
confronted the compactness parameter as predicted by these models with
the compactness bound given by Buchdahl. Again, by using the DEC re-
striction, I have calculated the maximum allowed mass and lowest possible
radius of the massive anisotropic compact stars. We also have confronted
all the necessary restrictions on the EoS and different properties of the mas-
sive NSs based on recent astronomical observations like gravitational wave
detection and NICER data. Further, recent observations of NICER survey
on the pulsars PSRJ0030 + 0541 and PSR.J0740 + 6020 have put forward
a surprising fact that these two pulsars have nearly the same size but the
later pulsar contains more mass (more compact structure) than the former
pulsar. This observation offers evidence against more squeezable models of
the NSs. But significantly, the existence of anisotropic force at the interior
of the NSs at tremendous high density and pressure, which I have found
during the research, can justify the non-squeezability of the NSs as its mass
increases. The presence of MCG type fluid inside the core of the NSs may
also support this non-squeezable nature of the NSs as I have got evidence

of that during my research.

I have got an explicit scenario of the evolution of rotating black holes
and various types of massive and anisotropic neutron stars through accel-
erating space-time in the background of modified gravity. The NS models
which I have constructed can even explain the existence of super massive
NSs by applying the modified f(T) and f(R,T) gravity theories in the
mass range between 2.2 — 5.3M. Surprisingly, the current astronomical
observations by LIGO-VIRGO-KAGRA detectors also can predict the ex-
istence of highly massive NSs which is detected through the observations
of gravitational wave, GW 190814 with mass 2.68 M, and with a linear EoS
and the surface density consistent with nuclear saturation density. Further
the detected gravitational wave G 230529, also indicates the existence of
massive intermediate object with mass in between 2.5 — 4.5M, which is
widely believed as the NS by the scientists. Interestingly, from the current

models and investigations during the research, all the derived outcomes



have become compatible with physically adopted regimes which reveals the

physical viability of my present work.



PREFACE

I am of the opinion that everyone at least once during his life, grasps the necessity
to create his or her personal class : this is what happened to me and here is the result,
which, however, should be seen as a work still in progress. Actually, this class is not
completely original, but it is a blend of all the best ideas that I have found in a number
of guides, tutorials, blogs and tex.stackexchange.com posts. In particular, the main
ideas come from two sources :

e My own study of various research papers, articles and books and

e The research work done at the Jadavpur University, under the supervision of
Professor Subenoy Chakraborty (Supervisor) and at the University of Burdwan, under
the supervision of Dr. Ritabrata Biswas (Co-Supervisor).

This thesis is based on several papers and organised in seven parts. The first Chapter,
the only one chapter under Part I, is introductory and covers the most essential fea-
tures of the thesis as Chapter 1. Next, there is a bunch of chapters, devoted to all
reports of my entire research work, which are under the Part I/ to Part VI. These
different parts comprise the chapters based on research outputs of 5 separate papers
jointly published with Dr. Biswas and 4 research papers which are under review. The
Part /1 and Part /1] each comprises two chapters upto Chapter 5. The Chapter 6
and Chapter 7 are two separate chapters under Part IV and Part V respectively.
The rest of the chapters (4 chapters) upto Chapter 11 all are under the Part V1.

I have to point out my contributions to the studies reported in this thesis. I was the

X



principal author and contributor and Ritabrata Biswas was co-author for all the pub-
lished papers in various international peer-reviewed journals. I conceived and planned
the study, performed the literature review, wrote up the discussion of the literature,
interpreted findings and wrote the paper. Dr. Biswas conceived and planned the study,
collected and analyzed parts of the data, interpreted findings and was responsible for
reviewing the entire work and writing a few pages. On the other hand I can gratefully
point out that Professor Chakraborty also has contributed significantly to the research
design and study, interpretation and presentation of results with final layout. Dr. Ri-
tabrata also significantly contributed to the submission and revision process. The last
Part VII comprises the final Chapter 12 of the thesis, is a summary of the research
conducted and also a brief discussion on the scope and future application of the present
work.

In the course of my research, I learned that no task can be completed in professional
isolation without any interaction with the others. discussions arising from differences
of opinion or approach, and most particularly any criticism, can of course be time
consuming and even painful to deal with, but I believe it has not only kept me from
making mistakes, but also added clarity.

Here is just a outline of the design of this entire thesis for easy and clear under-

standing as follows :

e Part [ : The Chapter 1 is the introduction chapter of this thesis work.

e Part I : Chapter 2 and Chapter 3 contain material from the research articles as

mentioned below:

“Repulsive gravitational force and quintessence field in f(7") gravity: How anisotropic
compact stars in strong energy condition behave.” by M. Bandyopadhyay and R.
Biswas. Mod. Phys. Lett. A. (February, 2021).

https://doi.org/10.1142/S0217732321500449.

“Impacts of modified Chaplygin gas on super-massive neutron stars embedded in
quintessence field with f(7') gravity.” by M. Bandyopadhyay and R. Biswas. Int.
J. Mod. Phys. D. (January, 2023).

https://doi.org/10.1142/S0218271823500062.



“Confrontation of f(T) =T + £T? Modified Gravity with Charged X-ray Binaries
Embedded in modified Chaplygin gas under Tolman-Kuchowicz Spacetime” by M.
Bandyopadhyay and R. Biswas. (Under Review, January 2024).

“Investigating the Equation of state, Stability and Mass-Radius relationship of
Anisotropic and Massive Neutron Stars embedded in f(R,7T) modified gravity” by M.
Bandyopadhyay and R. Biswas. Int. J. Geom. Methods Mod. Phys. (Accepted, April 2024).

https://doi.org/10.1142/S0219887824502037.

e Part /1] : In Chapter 4, I have briefly discussed the implications of General Rela-
tivity theory and its consequences w.r.t. the present scenario of the accelerating phase
of the Universe. In Chapter 5, I have made a detailed discussion on the basic con-
struction of f(7") and f(R,T) modified gravity theories with their active applications

in astrophysical studies and cosmology.
e Part IV : Chapter 6 is based on the research paper

“Future of the accelerating Universe: Estimation of the Hubble parameter and
Deceleration parameter under current Observations” by M. Bandyopadhyay and R.
Biswas. (Under Review, March, 2024).

e Part V : Chapter 7 is based on the research article

“Investigation on the stability and quantum phase transition of the charged rotat-
ing Kiselev Black Hole embedded in Quintessence field with quantum fluctuation of
entropy.” by M. Bandyopadhyay and R. Biswas. Int. J. Geom. Methods Mod.
Phys. (September, 2023).

https://doi.org/10.1142/S021988782450021X.

e Part VI : The Chapters 8 to 11 contains the materials from the below research

papers:

“Nuclear Matter Equation of State and Stability of Charged Compact Stars Embed-
ded in f(7T) Modified Gravity, under Cosmic Acceleration.” by M. Bandyopadhyay
and R. Biswas. Int. J. Geom. Methods Mod. Phys.. (December, 2023).

https://doi.org/10.1142/S021988782450097X.



“Confrontation of f(T) =T + £T? Modified Gravity with Charged X-ray Binaries
Embedded in modified Chaplygin gas under Tolman-Kuchowicz Spacetime” by M.
Bandyopadhyay and R. Biswas. (Under Review, January 2024).

“Investigating the Equation of state, Stability and Mass-Radius relationship of
Anisotropic and Massive Neutron Stars embedded in f(R,7T) modified gravity” by M.
Bandyopadhyay and R. Biswas. Int. J. Geom. Methods Mod. Phys. (Accepted, April 2024).

https://doi.org/10.1142/S0219887824502037.

“Isolated Compact Star RX J1856.5—3754 in f(R,T) Modified Gravity in Tolman-
Kuchowicz Spacetime” and R. Biswas.
(Under Review, February 2024).

e Part VII : The Chapters 12 contains the conclusion of the entire thesis work.

Kolkata, May 2024



NOTATION AND CONVENTIONS

The notations and conventions used in this thesis are as follows:

e Throughout the thesis, we take the natural units by requiring ¢ = 1.

e The fundamental constants 167G, h have been set to unity (Sometimes, when

G = 1 units, it will be mentioned specifically).
e We have chosen the signature of the metric g,, to be (+, -, -, -)

e The mass per baryon is taken as, m; = 1.66 x 10727 kg.

e Nuclear density is taken as 2.7 x 10 g em™3.

e The relation between gravitational constant G with the reduced Planck mass Mp
and the Planck mass Mpy is Mp = \/8177; = 2.4357 x 10'® GeV and Mp; = \/Lé =
1.2211 x 10* GeV respectively.

e The symbol x? = 87G.

e We set ¢ = 1 in thermodynamic discussions and the pressure p is chosen as c% in

units of g em 3.

e In GR we have take the Christopher symbol as

o o gOéV
IS = L= (G + Goru — Gou)
The Riemann tensor is given as

R =T —T» 4T°T) —T°T)

UVE LV, K B,V Ut oK pET ov

. , _ PA
The Ricci tensor: R, = R},

The Ricci scalar: R = g" R,
The Einstein-Hilbert action: Spy = w2 [ diz/—g

167G

The energy momentum tensor can be derived via 6S,, = @ [ d*xT"5g,,

(All terms are discussed properly in the text of the related chapter respectively.)



e In f(T) gravity, the fundamental variables that describe the manifold geometry
are the vierbein fields e4(z*). They form an orthonormal basis for the tangent space-
time at each point z*, i.e., es - eg = nap where nap = diag(+1,—1,—1,—1) is the
Minkowski metric for the tangent space-time.

The component form of the vierbein vector is given by e4 = €/,0,

The metric of physical space-time can be expressed as g,,(x) = nage) (z)e] (z)

Moreover, the vierbein components follow the relations efje; = 6%, elyel} = 65

. . . . A — A\ A A A
The Weitzenbdck connection is defined as I',, = exd,e;; = —e;/0,e3
; LA = TA P A A A
e The torsion tensor: Ty, = 1", — '), = ei(duey — dvey,)

e The difference between the Levi-Civita and Weitzenbock connections is known as

the contortion tensor, which becomes K/ = —% (T;W =T — Té“’)
e The superpotential is defined as L = % (Klﬁ“’ + 00T — 5ZT§“)

e The torsion scalar is defined as T' = SHT%,



“There are many modes of thinking about the world around us and our place in it.
I like to consider all the angles from which we might gain perspective on our amazing

Universe and the nature of existence.”

— John A. Wheeler



“Don’t take rest after your first victory because if you fail in second, more lips are

waiting to say that your first victory was just luck 7.

—Dr. A.P.J. Abdul Kalam
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Part I

INTRODUCTION AND MOTIVATION



“The 1magination is more important than knowledge.”

—Albert Einstein



CHAPTER 1

BRIEF OVERVIEW ON COMPACT
STARS

1.1 Astrophysics of Compact Stars : Evo-

Iution under Cosmic Acceleration

1.1.1 Basic Ideas

To know the unknown and to see the unseen is inborn to humans.

The quest begins with the death of a star and looking after its remarkable evolution
through accelerated spacetime of the Universe.

It is very amazing that few super massive stars are about the current age of the
Universe. These stars during their whole life span keep a lot of information about
the Universe. So, undoubtedly studying on their evolution process is the best way to
understand the Universe as well as to reveal its secrets.

The first ever direct detection of the gravitational waves (GWs hereafter) took place
in the year 2015 by the two detectors of LIGO observatory. A new field of gravitational
wave astronomy and possible cosmology has opened up by the observed GWs signal

from a coalescing binary black hole. Further, GWs from the coalescence of a binary NS

1
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in August 2017, by LIGO and Virgo interferometers have also been observed along with
the detection of I' ray burst by Fermi-GBM and by INTEGRAL. So, in this way, GW
astronomy has been opened for scientists to look at the secrets of the Universe through
it. In recent times, due to the improvements in the sensitivities of the ground based
interferometers, cosmologists expect that GWs from various astrophysical sources (like
black holes and neutron stars) will soon be observed. Moreover, several other detectors,
such as pulsar timing arrays, LISA space interferometer, Einstein Telescope etc. will
explore the Universe up to cosmological distances. Thus, its very exciting for the

scientists that we are indeed in a period for GW astrophysics and cosmology.

Molecular clouds or better to say, collapsing clouds of dust and gas are the birth-
place of the stars, over the course of a million years or more. During these years a
protostar settles down to a main-sequence star. The life-span of a star from a few
million years to trillions of years depends on the initial mass. When the star is young
or in main sequence, although the super strong gravity drags matter inside but the
nuclear reactions (fusion) of hydrogen atoms at the core radiate energy in the outward
direction. As a result enough pressure is produced to retain the proper size of the
star as well as a stable equilibrium structure. During this sub-giant phase, the star
gradually prospers in size until it achieves the red-giant phase. Eventually, however,
as soon as the nuclear fuel in the core becomes exhausted, the fusion halts, and the
outward pressure starts to drop rapidly. Except for the pressure, core of the star col-
lapses by itself until something else provides support. The outer layers of the star are
banished as a planetary nebula and left the remnant behind. For most of the stars,
those around (1 — 8) times the solar mass (M), the assistance comes from the gas
of electrons surrounding the nuclei as the pressure from degenerate electrons which is
enough to support the core. These stars are usually composed of carbon and oxygen
and result is a low mass white dwarf. If the progenitor star has the mass in the range
(8 = 10) M, “oxygen-neon-magnesium” stars can form, but they are rare. The number

of white dwarfs in the Galaxy is expected to be of the order of 10%°.

But for larger mass stars, the gravitational pull overcome the electron degeneracy

pressure inside the core and electrons are pushed to merge with protons in the nuclei
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and as a result neutrons are produced. Now, the nuclei becomes more unstable with
extra neutrons and then neutrons start to drip out of the nuclei and mix with the gas
of electrons that surrounds them. Mainly, the stars with the mass around ten or more
times the mass of the Sun can fulminate in a supernova and their inert core enriched
with iron collapse into the utmost dense neutron star or black hole (Fig. 1). In case of

NSs, neutron degeneracy pressure supports against the further collapse.

Fig—1

LIFE CYCLE OF HIGH MASS STARS

Figure 1.1: Schematic diagram shows the different stages of the life cycle of a massive
star. Figure credit: Veronika Bychkova.

The neutron stars actually result from the supernova explosion of a massive star,
combined with gravitational collapse. Mainly, these stars are the collapsed core of the
massive giant stars of mass around ten to twenty-five times the mass of the Sun or even
more depending on its metal rich core. It is the densest known class of stellar objects
except black holes. Theoretically from Chandrasekhars limit, in general, these neutron
stars have a radius of the order of 10.1 kilometers and a mass about 1.4M. But from
the “Tolman-Oppenheimer-Volkoff” limit (or TOV limit hereafter) gives the precise
range of upper bound to the cold, non-rotating neutron stars as 2.2 to 2.5 times solar
masses, before further collapse to a denser form, most likely a black hole, as explained

in Chapter 9. This limit is also under rigorous investigation after the detection of the
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first gravitational wave from the two merging neutron stars to have collapsed into a
black hole as discussed in Chapter 10.

For the case of a rapidly spinning neutron star, the idea of an upper bound of the
mass is still under investigation. Till now, as we do not know the exact equation of
state (EoS hereafter) of the core nuclear matter of the neutron stars, we cannot say
anything conclusively about any of the observed properties of the neutron stars. So,
everything is under minute research and the quest continues. Furthermore, at present
time, as our universe is under accelerated expansion phase, how these stars evolve and
what impact they have imprinted is a matter of immense interest (Fig. 2).

Fig—2
Thin atmosphere:

H, He, C, vlr

Outer crust: ions, electrons

Inner crust: ion lattice, soaked
in superfluid neutrons (SFn)

N, Outer core liquid: e-, |, SFn,

perconducting protons
-Inner core: unknown

~nudear density

1 g 4x10" gcm™
NES2 ~— “neutron drip”

Figure 1.2: Schematic presentation of the possible composition of a NS. Figure credit:
K.C. Gendreau et al. (2012), SPIFE, 8443,13.

1.1.2 Astrophysics of the Neutron Stars

After the end of the thermonuclear evolution of a star, the internal pressure can no
longer sustain the inward gravitational attraction and the star collapses. If the mass
of the progenitor star is in between 8 My to 20Mg, i.e., 8My < M < (20 — 30) M,
the evolutionary path of the star is different. The exothermic nuclear reactions can

proceed all the way to Fe®®. Indeed, no element heavier than Fe® can be generated
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by fusion of lighter elements through exothermic reactions. The reaction process in

which the Fe®® produces, starts with silicon burning as

Si% 4+ 8728 — Ni%6 4~ |
N — Co® +et +v. and

Co°% — Fe? + et + 1,

The Ni% which forms in the reaction becomes unstable and decays again to form C0°
which is unstable again and decays further to form stable Fe®®, at last.

In addition, due to the increase in core density, the inverse -decay stars to occur
through which electrons are captured by protons forming neutrons and neutrinos be-
comes more and more efficient. These endothermic reactions subtract energy to the
star through huge number of neutrino emission. The neutrinos are forming through

the process as follows:
e +tp—rn+rv. |,

A huge number of neutrinos are created both in the silicon burning reactions and
in the inverse f-decay process and leave the star, subtracting energy from the core.
Again, v photons are also produced in the reaction. At very high temperature about
10 K, the number of high energy photons (> 8MeV) is enough to ignite the iron

photo-disintegration process as
v+ Fe’s — 13He* + 4n

It is also an endothermic process which helps to subtract further energy to the core of

the star and process also produces enormous number of neutrons.

1.1.2.1 An Overview

Neutron stars are the natural laboratories of cold matter with highest densities (almost
nuclear density) in the Universe. The matter at the core of the neutron stars is at

3 and

extreme densities such as central densities can reach or even exceed 10¥gm cm™
may reach upto 10°gm em ™3 which is almost hundred times the density of the nucleus

of an atom but surprisingly in its lowest possible energy configuration. These compact
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objects have given the opportunity to test the general relativity (GR hereafter) theory
and offered unique insight to astrophysics of the compact stars as well as physics of

matter.

Various astronomical observations and also different experiments in the laboratory
have constrained the EoS of the super dense matter at the core. We don’t realize how
this cold dense matter (CDM) operates and behaves exactly. It does not exist on the
Earth even. The fundamental physical models such as standard cosmological model
or the theory of quantum chromodynamics (QCD) can describes the interactions of
the color-charged quarks and gluons that make up protons and neutrons and other
particles is tabulated in Table 1., is valid at these large scales. The uncertainty in case
of these models does not matter so much. The different phases of matter described by

quantum chromodynamics, is given in Fig. 3 as a schematic diagram.

Table 1.
Sl No. | Name of Particles Examples of Particles
1 Fermions Leptons (neutrinos, electrons, muons,..) and Quarks
2 Bosons force mediators, photons, gluons,..
3 Baryons (fermionic) Nucleons (neutrons, protons) and Hyperons
4 Meson (bosonic) pions, kaons

Table 1.1: Example of the different particles in the classes relevant to NSs cores and
ground states
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Fig—3
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Figure 1.3: Schematic representation of the phases of matter as described by quantum
chromodynamics. QCD phase diagram in the temperature vs. baryochemical potential
(T, ug) plane. The arrows indicate the expected crossing through the confinements
transition during the expansion phase in heavy-ion collisions at different accelerators.
The (dashed) freeze-out curve indicates where hadro-chemical equilibrium is attained
i the final stage of the collision. The ground-state of nuclear matter at T = 0 and
up = 0.93 GeV and the approximate position of the QCD critical point at ug ~ 0.4
GeV are also indicated. Figure credit: A. K. Topaksu.

The ultra strong magnetic field of a neutron star can be approximated as a dipole
(as a bar magnet). This strong magnetic field probably originated in the progenitor
star. At the time of supernova, this field becomes compressed and concentrated by
the gravitational collapse, which gives birth to the neutron star. Like our Earth, the
magnetic dipoles of the neutron stars are not aligned with the axis of rotation. At
the star-surface, the magnetic poles are in different places than the poles of rotation
as shown in Fig. 4. As the star rotates rapidly, a pulse of radiation is observed every
time when one of the magnetic poles passes through the field of view of an observer.
Depending on orientation, an observer can see one or two pulses for every rotation. Till
now, most observed NSs are the pulsars which are rapidly spinning with relativistic

electrons emitting radiation in cones from their magnetic poles.
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Fig—4

Pulsar Wind
(particles)

Magnetic
Axis

Magnetic
Field Lines

Figure 1.4: Schematic diagram of rotating magnetised neutron star and its magneto-
sphere. Note that, the magnetic field is that of a dipole inclined 40° to the wvertical
rotation axis. Also the proposed regions for generation of pulsed radiations are indi-
cated. Figure credit: Kaspi et al. (2006).

If the NS is in a binary system, the orbital motion modulates the pulse frequency.
If the companion star in the binary system is also a NS, the orbital dynamics become
highly relativistic and very much complicated. This type of inspiralling NSs gives
birth to the most fascinating natural event of the production of gravitational waves
and whenever they start to coalesce. Observations on gravitational redshift, tidal
deformability, pulse period, and the advance over time of the orbital period allow
precise determination of the two NS masses as well as their moment of inertia, I.
Hulse and Taylor, in the year 1975 first discovered the binary system composed of a
neutron star and a pulsar [1], but the first double-pulsar system, PSR J07373039, was
discovered in 2003 [2].

1.1.2.2 Choosing the Neutron Stars

The first ever direct detection of the gravitational waves (GWs hereafter) took place in
the year 2015 by the two detectors of LIGO observatory. A new field of gravitational

wave astronomy and possible cosmology has opened up by the observed GWs signal

8
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from a coalescing binary black hole. Further, GWs from the coalescence of a binary NS
in August 2017, by LIGO and Virgo interferometers have also been observed along with
the detection of I' ray burst by Fermi-GBM and by INTEGRAL. So, in this way, GW
astronomy has been opened for scientists to look at the secrets of the Universe through
it. In recent times, due to the improvements in the sensitivities of the ground based
interferometers, cosmologists expect that GWs from various astrophysical sources (like
black holes and neutron stars) will soon be observed. Moreover, several other detectors,
such as pulsar timing arrays, LISA space interferometer, Einstein Telescope etc. will
explore the Universe up to cosmological distances. Thus, its very exciting for the

scientists that we are indeed in a period for GW astrophysics and cosmology.

Further, during the inspiral phase of two NSs in a binary system, NS deformation
can occur by the tidal gravitational field of the companion star. Interestingly, this
tidal deformability also depends on the EoS of the interior of the NS. This in turn
affects the phase of the GW signal in such a way that we are able to detect it through
advanced interferometers, uncovered the possibility of obtaining trace on the EoS of
the NS. This leading milestone when the LIGO/Virgo detectors observed the GW sig-
nal named GW 170817 from a the coalescence of NS-NS binary. A large number of
telescopes also identified the total transient electromagnetic spectrum that strength-
ened the association with a NS-NS merger. This sensational event then marked the

beginning of the era of multi-messenger astrophysics.

From our perspective, the neutron star is a bizarre state of matter. A mass about
equal to that of the Sun to a region 20 km to 30 km in diameter. The core material
is almost all neutrons as predicted so far. The density of the core material is of the
order of nuclear density at the center. It’s almost impossible to imagine from being on
the Earth. The gravitational field near to the surface of the neutron star is enormous
and the tidal force will pulverize to dust any solid object which approaches closer than
a few thousand kilometers. We know these stars exist and we can predict masses of a
few which are in binary systems. There is no straightforward measure of the radii or

the internal structure. We would dearly like to know more.

So, needless to say that these stars really have an evolved mechanism at the interior.

9
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Various astronomical observations like detection of gravitational waves, super massive
pulsars from the NICER sky survey etc. have also revealed very interesting and new
features on these stars which have put constraints on the behavior of several parameters
of the neutron stars. Their mass and radius is still unpredictable and there is no such
a particular theory to describe them precisely. At the same time merging neutron star
systems has created a lot of enthusiasm and a lot of questions on their evolution through
spacetime under an accelerated Universe. As we still don’t know the exact EoS of the
core nuclear matter of these stars, our hunt continues. The key topic of investigation
in this thesis is to study of evolution of the neutron star through accelerated spacetime
and to get a precise EoS of the core nuclear matter.

By comparing the obtained result from various models with the astronomical ob-
servations, we can get the idea of mass, radius and various other important properties
of the NSs out there in the Universe. These observations help us to put constraints
or even rule out different non-physical theories used to describe such dense systems at
extremely high pressure, density and temperature. We can also test the EoS which can
perfectly describe the core matter and high nuclear densities. Thus, NSs serve as an
excellent astronomical laboratory for studying how the laws that govern our Universe
cause matter to behave under extreme physical environments with high densities and
energies. We can inspect the effect of dark matter and dark energy originating from
the large-scale modern cosmology by measuring the M — R relations of the massive

NSs with extreme compactness but in spherically stable and equilibrium configuration.

1.1.2.3 Theory to the Discovery

As proposed by Landau, just after the discovery of neutrons by sir J. Chadwick in
1932 that, in analogy to the white dwarfs which are supported by the electron de-
generacy pressure, these stars are also supported by the neutron degeneracy pressure.
We already aware from the Paulis Exclusion Principle that any two electrons can not
occupy the same energy state. This in turn produces the degeneracy pressure that
supports the core of the star against further collapse. Neutron stars as being the rem-

nants of supernova is first suggested by Baade and Zwicky in the year 1934 [3]. In
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1939, using Einstein’s general relativity theory, Tolman introduced a theoretical stellar
structure applying the relativistic equations of stellar structure [4]. This pioneering
work of Tolman, has given the concept of maximum mass possessed by a neutron star.
Interestingly, this maximum mass limit becomes the same order as the Chandrasekhar
mass of white dwarf that subsists in Newtonian Gravity. Later, from further theoretical
investigations, it was realized that neutron stars are rapidly rotating and possess an
intense magnetic field around themselves. Pacini predicted that the strong magnetic
field of the rapidly rotating neutron stars can produce radio waves [5]. But, we have to
wait till 1967, when Bell and Hewish discovered the first radio pulsar to get the con-
firmation of the real existence of the neutron stars [6]. Just after that discovery, Gold
has investigated the neutron stars and gave a model of rapidly rotating and intense

magnetized neutron star with extreme compactness [7].

1.1.2.4 The Magnetic Fields

One very important property of neutron stars is that they have nearly infinite electrical
conductivity i.e., they are superconductors. Therefore, electric current flow with essen-
tially no resistance and magnetic fields diffuse very little in superconductors; fields do
not diffuse in or out of them. So, the magnetic field within them is said to be frozen
into the stellar matter. This means that any field line that passes through a given
fluid element (stellar matter) is trapped in that fluid element and moves and deforms
with it. A magnetic field that is deformed i.e., stretched or compressed responds by
applying a restoring Lorentz force on the fluid. We can find the strongest magnetic
field B (in Gauss), at the poles of the neutron stars. We can measure the magnetic
field strength of a neutron star as

1
2

3c2I PP

1.1
87T2T6 ) ( )

where ¢ is the velocity of light, » denotes the radius, time period P and I denotes
the rotational moment of inertia of the neutron star. We are still not sure exactly

how strong the magnetic field is before the supernova. The natural magnetic field at
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the Earth’s surface is about 0.7 G whereas in the case of a neutron star’s surface it is
of the order of 10'? G. This is stronger than any field in our experience. Even in the
laboratory we can create a steady magnetic field of strength about 107 G. The materials
available on the Earth are not capable of retaining such a strong field. Thus when from
the other stellar core, the neutron star formed after the collapse, the magnetic field
that already trapped in the core is enhanced by a factor of (%’)2. This factor almost
becomes 10'? times. Indeed the highest observed magnetic field of the neutron stars

reaches nearly 10> G but a more typical value is of the order of 10'2 G.

Surprisingly, even a 10° G electromagnet would crush itself because the steel would
not be strong enough to hold it up. The magnetic field of the neutron stars is high
enough that the atoms of its core material have a normal structure and instead the
electron orbits become highly distorted and flattened. The neutron stars with super
strong magnetic fields are called magnetars, which generate bursts of gamma rays due
to sudden re-arrangements of the magnetic field. Unfortunately we do not know much
about them. But investigations are going on to realize their nature and EoS of the core

nuclear matter.

1.1.2.5 Radiation from the Neutron Stars

If we consider a simple model of a pulsar with magnetic dipole moment ;. and rotating at
frequency €2, then the radiated power of the electromagnetic radiation can be measured
as

2
Lem = @Minl s (12)

where 1, denotes the component of dipole moment transverse to the rotational axis.

This energy comes from the rotational energy of the pulsar as

I
B = 592 : (1.3)
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where I denotes the moment of inertia of that NS (pulsar). The spindown luminosity

% of the pulsar can be measured as

dE  d I
dt dt

P
—QQ} =4r— | (1.4)

where (2 is denoted as QF’T.

Two regions have been proposed by the scientists as the origin of the high energy
radio pulses. The polar-cap model of the neutron stars assume pair production in
the magnetosphere at the pole where the magnetic field is the strongest. It predicts
photon generation by the inverse-Compton process or by curvature radiation, close
to the surface of the star. The particles which are traveling back to the surface and
heating the polar-cap region are the main source for this type of radiation. But another
model assumes that the origin of the radio pulses is the region between the last open
field lines and null-charge surface which is denoted as outer-gap. The origin of the
radiating particle is a pair cascade. Again, some heating is expected from the energetic
particles returning to the surface. These models are also not fully successful to explain

the predicted spectra and pulse shape.

Most of the pulsars with low P and high E emit pulsed X-rays. This spectra may
be either thermal or non-thermal depending on the origin. The X-rays are produced
from the hot surface of the stars whereas the magnetosphere gives the non-thermal
spectrum. There are two pulses per cycle at all energies from radio to gamma rays and
no such a variation is noticed between the wavebands for the pulse shape and phase.
As a matter of interest, the pulsed radiation represents only approx 1 percent of the

pulsar’s spin down energy.

In the case of a rotating magnetized neutron star, the production of non-thermal
pulses has been investigated by Kaspi et al. in the year 2006 [8]. A rotating and highly
magnetized neutron star has a strong surface charge. Electric fields pull these charges
from the surface to fill sections of the magnetosphere. The magnetosphere is filled
with regions of negative and positive charge divided by the null-charge surface where

the magnetic field is perpendicular to 2. The magnetic field and the space-charge co-
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rotate with the neutron star out to the radius where the co-rotation velocity becomes
maximum (=~ ¢). At a very far distance co-rotation must be stopped.

Traditionally, this speed-of-light cylinder is supposed to be the origin of emission
of the radio pulses. Thus a pulse of radiation is only shown when one of the magnetic
poles rotates through the observer’s line of sight. Radio waves are elevated by the
synchrotron process when the electrons co-rotating and move along the magnetic field
lines but still the width of the resultant beam of electromagnetic radiation is not fully
understood.

Only thermal radiation is understood better. The interior of a young neutron star
is expected to be very hot (~ 10'? K) and surrounded by the crust which is insulating
in nature. Heat is conducted along, rather across field lines, the magnetic poles should
be hotter than the rest of the star surface. The temperature is expected to be in the
range 10° — 10% K after a few years of formation, because of huge neutrino emission
from the core. In this low temperature most of the light the star emits is in X-rays.
According to GR, a strong gravitational field above the surface may bend pulses from

the far side of the star towards the observer.

1.1.2.6 Rotation and Spin Down

The intense low-frequency electromagnetic radiation of the neutron stars produces a
torque which slows the rotation. A large fraction of energy in this low-frequency radia-
tion is transferred quickly to high energy electrons and magnetic fields. These electrons
form a relativistic wind flowing outwards from the neutron stars. But, unfortunately till
now the exact mechanism behind this creation of high energetic accelerated electrons
is not understood and further investigations are going on.

A rotating magnetic dipole of the neutron star with period P radiates electro-
magnetic energy at the rotational frequency 2 = %’r. The torque associated with the
radiation which slows down the rotation of the neutron stars. This is how the rotational
energy is converted to radiation and the star starts to spin more slowly. It is assumed
that the torque is proportional to 2", where n is denoted as the “braking index”. This

index is a measure of how well the slowing neutron star follows this strictly electro-
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magnetic behavior. In case of few pulsars we can even measure the rate of change of

time period P and using this, we can calculate the breaking index as

QQ PP
02 P2
where € can be denoted as
Q= —rQ" | (1.6)
where x and n are the time independent free parameters and & is given as
2u7
= =3 . 1.7
ST =R (L.7)

In case of only electromagnetic radiation from the neutron star, the value of n becomes
3. The value n < 3 indicates that some of the torque is from the particles accelerated
in the magnetosphere and the source of the relativistic wind. After integrating the

above equation from an initial time ¢ = 0, we get

1 1 1
t = — 1.8
" n—l[ﬂnl(t) ﬂ] | (18)

where Qo = Q(ty) denotes the angular velocity at birth. Using this equation we can

measure the age of the pulsars. The age of the neutron stars can be calculated as
. PO n—1
P

When the axis of the magnetic dipole becomes perpendicular with the axis of ro-

P
Tage = ————=

(n—1)P Q) < Qo) - (1.9)

tation, the torque becomes maximum. We can obtain several quantities related to the

neutron stars from the observed time period P(measured in seconds) and the rate of

spin down (P). We can calculate the rotational moment of inertia I from the proposed
EoS of the nuclear material at the core of the neutron stars. Usually, the value of I is

2

around 10%gm em? s72 for a typically proposed neutron star of mass 1.4M, with ra-

dius about 10km. We can calculate the rotation energy (E in ergs) and the rate of loss
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of this energy (E in ergs s—') can be calculated by following equation (1) where the
negative sign in E indicates the loss of rotational energy. The X-ray emitting neutron
stars generally have a high value of E.

om2] . 4TI P
= and B =—2"

E P2 P3

(1.10)

1.1.2.7 The Glitch

In the case of pulsars, a regular period which increases steadily with time, may become
discontinuous somehow. This discontinuity is called glitches in the timing. During a
glitch, the frequency of radio pulsations, v, increases suddenly by ~ 1 part in 10° and
the derivative in frequency, ©, increases by ~ 1 part in 10? and then recovers steadily
from this transient change. Duration of this change is almost 10 to 100 days. As for

example, a glitch is monitored in vela pulsar to occur roughly in every 2.5 years.

The core-crust concept (Fig. 5) of the neutron stars as also in our work, may be the
most possible explanation of this observed phenomenon of glitch, in the case of pulsars.
Just imagine a star quake changing the shape of the crust and suddenly lowering the 1
by a small amount. It is then obvious from the conservation of angular momentum, to

increase its spin rate. The crust then settles back to a new equilibrium configuration.
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Figure 1.5: Schematic diagram of core and crust of a rotating magnetised neutron star.
Figure credit: Chandra X-ray Observatory (Supernova Remnant Cassiopeia A).

Glitches exhibit a rare opportunity to realize about the interior structure of the
neutron stars. But, much has been learned from radio-timing data alone [9]. A glitch
which can have a duration of < 1 minute, indicates a sudden change in configuration
of the solid crust and/or a change in the coupling in the crust, which rotates at the
observed rate, to the loosely coupled stellar interior. Some part of the interior, not tied
strongly to the torque-producing magnetic field, gets a little ahead of the crust, then
suddenly locks to and speeds the rotation of the crust. Current theory favors superfluid
protons as the loose component in the inner crust. Whatever the mechanism behind
the glitch, during glitch, rotational energy should be dissipated in the interior and will
heat the interior region of the neutron star where the change occurred. The timescale
of the flow of energy to the surface depends on the size of the neutron star, the nature
of the glitch mechanism and the structure of the outer layers. The amount of thermal
energy generated and conducted to the surface could be enough to cause an observable
increase in the temperature of the star’s surface. Moreover, useful information can be
acquired about the glitch mechanism from the observations of X-ray, emitting from the

surface of the neutron stars.
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1.1.2.8 Neutron Star Cooling

The core of a neutron star cools by neutrino emission whereas the crust of the star
cools by the process of conduction. The highly massive neutron stars cool more rapidly.
The temperature of the core of a newly born young neutron star is about 10'* — 102
K. But the star starts to radiate energy at a high rate through the neutrino emission
from the core at a huge amount. As a result, it starts to cool down rapidly and almost
after 10 — 100 years of formation, its temperature becomes 10¢ — 10" K. It is believed
that, this cooling process by neutrino emission dominates and continues upto the age
about 10° years but after that the star starts to cool through the process of photon
emission.

Upto the age of about 100 years, the crust of the NS star is thermally coupled with
the core which is almost transparent to neutrinos but after that age it turns to a major
X-ray source at about 10° K. The temperature of the surface of the neutron star can be
measured from its luminosity as a function of its age as Lx = 4wr?0T*, by considering
it as a black body and using a reasonable value of the radius. Investigations suggest
that the cooling curve of a neutron star is independent of its EoS of the core nuclear
matter.

For the neutron stars of mass around 1.4M, neutrinos are emitted by the process
of modified Urca process. This process is comparatively slower than the direct Urca
process. The modified Urca process needs a third nearby particle for the conservation
of both energy and momentum. The direct Urca process occurs for neutron stars with
higher mass and very high core density with the presence of plenty of photons inside
the core. In this process the rate of cooling is very fast and neutrino emission also
increases.

Rapid neutrino emission during the cooling of the neutron star may also occur due
to the presence of exotic particles inside the core such as mesons at very high nuclear
density. The atmosphere surrounding the neutron star is thick enough to absorb the
X-rays. The higher energy photons coming from deeper layers may have the possibility
to be absorbed by the atmosphere. So, to determine the surface temperature of the

star through spectrum analysis is not so reliable. The observed spectra from the
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neutron stars which almost fits with the blackbody spectra, yield surface temperatures
sometimes 2 times higher than the actual value of it. The presence of a very strong
magnetic field may also have a crucial effect on the ejected X-ray spectra from the

neutron stars.

1.1.2.9 Neutron Star Accretion

In our Universe, accreting compact objects have offered us the unique insights into
the core astrophysical ideas of the last stages of stellar evolution and to culture the
physics of matter at extreme environment or physical conditions [10]. Till now, we
have discovered but not fully understood the thermonuclear flashes from the surface
and periodic pulsation in X-rays emitted by the rapidly spinning neutron stars. The
mass measurement process of the neutron stars is still under question but provides the
strongest evidence for the existence of black holes in the Universe. A compact star can
also accrete matter from a companion star if the companion star is losing its mass in
the form of a stellar wind and does not fill its Roche Lobe. The companion star should

have the mass > 100, in order to drive a strong stellar wind.

1.1.2.10 Neutron Stars as the Powerful Source of the Gravitational Waves

The NSs can be excited by a small perturbation that oscillates into a set of normal
modes. Again, these normal modes can also be excited during various astrophysical
processes, such as the formation of a proto-NS, collapse of a compact binary NS system.
The strong oscillations can be found from the hot and differentially rotating proto-
NSs. Further, if there is major rearrangements in the internal structure (during giant
flares of magnetars) of the NSs or during the glitches we can also get the oscillations
of excited normal modes. These coherent vibrations in turn becomes the significant
source of gravitational radiation. As for examples during core collapse and bounce the
consecutive compressions and expansions of the core density induces oscillations in the
new-born proto-NS. During this process, the non-linear coupling between the normal
modes of the proto-NS produces the GWs. The computation of these normal modes

of a NS is quite complicated. It involves both perturbations of the metric around and

19



Chapter 1. Brief Overview on Compact Stars

inside the NS. Moreover, in also involves the perturbations of the variables of the core
matter of the NSs.

Further, during the inspiral phase of two NSs in a binary system, NS deformation
can occur by the tidal gravitational field of the companion star. Interestingly, this
tidal deformability also depends on the EoS of the interior of the NS. This in turn
affects the phase of the GW signal in such a way that we are able to detect it through
advanced interferometers, uncovered the possibility of obtaining trace on the EoS of
the NS. This leading milestone when the LIGO/Virgo detectors observed the GW sig-
nal named GW 170817 from a the coalescence of NS-NS binary. A large number of
telescopes also identified the total transient electromagnetic spectrum that strength-
ened the association with a NS-NS merger. This sensational event then marked the

beginning of the era of multi-messenger astrophysics.

1.1.3 Shortcomings of General Relativity Theory

It is very interesting as well as very enthusiastic to understand that when Newtonian
gravity was discovered no one knew and also never imagined that it was just a weak field
limit of a more complex theory of gravity as GR. In the same way, it feels, after getting
the evidence of the accelerated Universe, that GR is the limit of some more complex
theory of gravity that we still do not know. This may be like history is repeating itself.

General Relativity (GR) theory has been developed by Albert Einstein between
the years 1907 to 1915. According to this theory, the effect of gravitation between
masses is due to the warping of spacetime surrounding them by themselves only. GR
has flourished as a vital tool in modern astrophysics [11]. It supports the base of
understanding of black holes. GR is also a crucial part of the framework of construction
of the standard “Big Bang model” of cosmology.

GR is quite successful in describing the gravitational interactions in the standard
AC' DM model. It provides the best formalism to describe spacetime geometry. It has
shown remarkable agreement to the local tests such as perihelion precession tests of
gravity done within the Solar System. At the same time, it has also passed all other ex-

perimental and observational tests of gravity such as Lunar laser ranging experiments,
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anomalous perihelion of Mercury, classical test of gravitational redshift, lensing of light
from the background of the stars, gravitational time dilation etc. Even outside the
solar system, This theory also has a very good agreement with the tests like changes
in the orbital period of binary pulsars as for producing gravitational waves which has
been discovered recently [12]. The GR theory shows us how the presence and motion

of matter (mass) affect the spacetime curvature [13].

Despite these outstanding successes, however, there still remains few reasons to
suspect GR as not a complete theory. Some unresolved issues still remain there which
shows that GR is not providing us the full scenario. One main reason is the presence of
singularity in the study of various cosmological phenomena leading to a predictability
loss. GR is not providing agreements with the observed results for the large scales
(larger than the Solar system), i.e., the deviations from GR on cosmological scales. The
size of such types of deviations should be constrained. Besides, horizons in GR possess
temperature, entropy etc. without any natural explanation of these thermodynamic
properties. On the other hand, we still don’t have any quantum theory of gravity like
other known interactions (electromagnetic, weak and strong) already have. This is
conclusive enough to say that, either we need to modify our understanding of quantum

field theory or the understanding of GR or both.

1.1.3.1 The ACDM model and arising Problems

Till at present time, AC'DM model is considered to be the best fit model of cosmology.
It is widely accepted also by the cosmologists. According to this model, our Universe
has evolved through some different phases with time after the Big-Bang and the stages
of evolution of our Universe can be distinguished as first inflation, then our Universe
enters in a radiation dominated era which follows a matter dominated (Baryonic and
Dark matter) epoch and in the last states finally a DE dominated epoch at late times
(Fig. 6).
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Figure 1.6: Schematic diagram of the expanding Universe with its different stages.
Figure credit: D. E. Gary, Intro to astronomy, Lecture (26).

Now, assuming matter as a perfect fluid (isotropic and homogeneous) and consid-

ering energy conservation (V#T,, = 0),the Friedmann equation yields
p+3Hp1+w) =0 | (1.11)

where for the perfect fluid, w = % and wy = —1, the vacuum pressure (P = —p). the

solution of the above equation can be written as

a0>3(1+w) (
1.12)

P:P0<

a
where the integration constant ag, py are their respective values at present time. So,

the critical density in terms of Hubble constant H can be written as

3
Pc = %Hg as HO = H(to) . (113)

Again, by using the density parameter and the friedmann equation we will get the
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equation that gives the percentage contributions of different epoch to our Universe as

Though, still now the controversy amongst the cosmologists persists about the exact
shape of the Universe, various present dat study from independent sources like CMBR
from WMAP [14], BOOMERanG [15] and the data from the Planck telescope [117]
confirms that our Universe is flat. Data from CMB confirms that the contribution
of radiation dominated and curvature dominated epochs are negligible. So, the above
equation (8) reduces to Q4+, = 1. The best fit values we get in the present day from
cosmic microwave background radiation (CMBR) data is that ), ~ 0.3 and Q, ~ 0.7
[119]. All these results are obtained by applying the GR and from the ACDM model

so far.

Various cosmological observations are successfully explained by using the ACDM
model and it has become a very satisfying model till date. But, the problem arises
when we go for the calculations of energy contributions of the accelerating Universe.
This model predicts that around 70% of the Universe is dominated by an unknown
form of energy with large negative pressure. This energy is something that still needs
observational evidence for its existence and is named as dark energy (DE). The same
goes for the dark matter which also contributes around 25% of the Universe. However,
even though these components have yet to be detected, it does not indicate about the
inaccuracy of the model. This may change our concept of the composition of the Uni-
verse. Furthermore, the real issue with this model is that we also don’t know how these
components interact. This model also doesn’t provide that fundamental view either.
Besides, this model faces some problems due to the included cosmological constant A.
One issue is the cosmological coincidence problem [109](the energy densities associated
with DE and DM are of the same order in this present epoch) and another one is the
fine tuning problem. Also the tension in Hubble constant in cosmology is considered

widely as a major problem for the AC'DM model.
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1.1.4 Modifications of GR Theory: The Motivation to study

Despite tremendous success, GR still has faced some challenges during its applica-
tion, in order to explain some observed astrophysical phenomenon. We have already
discussed it earlier. We can also think that in few cases of observation GR is not pro-
viding the full picture and modification of this theory is needed. At the same time, a
few questions also arise which lead me to think about modified gravity theories instead

of GR. The main questions which arise in my mind are as follows:

1. Is GR giving correct results or predictions on large scales as it is not well tested

in cosmological scales 7

2. Why gravity can not have any quantum background? As GR also does not have

any well defined quantum limit as well.

3. In order to explain the accelerated Universe, the concept of dark energy has been
postulated by the scientists which have a large negative pressure and the concept of

“repulsive gravity” is just opposite to our conventional idea of Einstein’s gravity. Why?

Again, the idea of modified gravity can explain the concept of accelerated expansion
of the Universe which GR does not. So, the modifications or corrections to GR are

very much required indeed.

In order to provide the solution to the accelerated Universe incorporating dark
energy, instead of using cosmological constant A, we can use the idea of modified gravity
[19]. GR is not well tested in the large universal scales also. The consideration of the
presence of dark matter is required to explain the rotational curves of the galaxies. The
modified gravity theories can also be used to explain dark matter [20]. But here, in this
work of the thesis we will mainly focus on tackling the problem of dark energy by using
the concept of modified gravity. This thesis will try to show how these modified gravity
theories may be applied to provide answers for the late time cosmic acceleration.

The main aim of the modified gravity theory is to address the current issues facing
the ACDM model and to focus on the current accelerated expansion of the Universe.
These theories are actually the modifications of GR theory and can take any form of

it. The main goal of these theories is to provide a general theory that can reproduce
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the results of GR over small distances for astronomical masses (where GR undoubtedly
shows success) and that clearly relate large scale observations like accelerated Universe.
These theories help us to think about GR in a new way and give a deeper understanding
of the theory indeed. The models in modified gravity also divulge how those theories
precisely work. There are indeed a few ways to modify gravity and in this thesis we are
mainly focusing on two main examples only. One method will look at finding higher
orders of the Torsional scalar in the action in f(7") gravity, similar to f(R) gravity
but possess new features with new angle of investigations. The other will look to
modify the curvature of spacetime through the minimal coupling between the matter
and geometry of space-time in f(R,T) gravity.

Throughout this thesis we will work with a (—, +, +, 4+) metric signature.

1.1.4.1 GR in a nutshell: A Brief Review of Previous Reading

The modified gravity theories are nothing but the modifications of the GR theory. So,
it is more convenient to use the term “modified GR”, instead of “modified gravity”.
Actually for any theory of gravity if it goes beyond GR, we generally use the term
“modified gravity”. Now, before coming to deal with the modified gravity theory, it’s
best to make a fleeting recap on GR. GR actually provides a geometrical interpretation
of gravity.

The description of GR can be made by an action as

R

where g denotes the determinant of the metric tensor field g, of rank 2, R is denoted
as the Ricci scalar and Ly, is the Lagrangian density which describes various forms of
energy such as dark matter, baryons, radiations etc (collectively described by ). The
whole integration is taken over the four dimensional spacetime z# (u =0, 1,2, 3).

From the above equation (5), we can derive the Einstein’s field equations as

R
G = Ry — g = 87GT), where T, =1,, , (1.16)
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where R, is the Ricci tensor and 7),, is the energy-momentum tensor associated with
Ly. The L.H.S. of the equation takes on purely geometric terms whereas the R.H.S.
of the equation specifies the energy that subsists in the Universe. According to GR,
the Einstein tensor G, is divergence free which confirms the conservation of energy
and momentum, i.e., V,G* =0 = V,T* = 0.

In order to build up any new sets of equations one needs to change either or both
sides of the Einstein’s field equations. In cosmology, the energy-momentum tensor, 7},

for any perfect fluid takes the form as

T = (P + p)uyu, — Py, (1.17)

where P, p and u, are the pressure, density and four velocity of the fluid. Here
we have neglected the fluid’s heat flux and anisotropic stress. Again, motivated by
the cosmological principle, the line element of the spatially flat Friedmann-Lemaitre-

Robertson-Walker spacetime metric (under spherical symmetry) took the form as

d 2
ds® = —dt* + a*(t) L Tk 5+ r2dw2} where k=0,+£1 (1.18)
— kr
where a = —— is the cosmological scale factor in terms of redshift factor z. The value

142z
of k defines the curvature of the Universe. k = 0 denotes the flat Universe whereas

= 1 for positively curved hyper surface and k = —1 gives the negative curvature of

the Universe.

1.1.4.2 Concept of Dark Energy: Idea of the Accelerated Universe

Now, from the energy-momentum conservation, V, 7" = 0, we can get the equations

of our expanding Universe as

N 2
H25<§) =8rGp (1.19)

(g) - —%WG(p—I— 3P) and (1.20)
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p=—3H(p+P) , (1.21)

where the “overdot” denotes the derivative of the quantity w.r.t. physical time ¢ and
H is the “Hubble” constant (%) These above equations actually specify the rate at
which our Universe expands. The equation (15) gives the idea of the matter dominated
Universe with a = 1. Solving equations (13) and (15), we can find the present day value
of the scale factor (a(t) describes the relative change in the size of the Universe with
time) at present time. The matter dominated era of the Universe is now almost well
understood.

But, in the present situation, what actually matters is to explain the observed
accelerated expansion of our Universe. Moreover, the present accelerated expansion
of the Universe has put the standard cosmology in dilemma. There is a conflict in
the choice of gravity theory or in the choice of the matter that exists. The standard
cosmology with normal matter (obeying the strong energy condition) and applying GR
can not support this accelerated phase. So, in this situation, either Einstein’s gravity
with some exotic matter (possessing large negative pressure known as dark energy) or
modified gravity theory with usual matter, may be applicable to explain this situation.
Scientists have postulated the existence and concept of repulsive gravity through the
presence of dark energy to explain the accelerated Universe. GR can only explain the
radiation and matter dominated era of the universe till now. However, hope is there
that we can make corrections in the existing GR theory which can accommodate the
effects of dark energy as what we think of it possess. But unfortunately, we are still
unaware of it.

Now, in this critical situation, the equation (14) has put some focus on how to
solve this puzzle of the Universe. This equation gives us the concept of dark energy
(DE). Only this equation shows us that the Universe is under acceleration if and only if
a > 0. But at the same time this same equation also implies that the Universe should

be dominated by a mysterious form of energy characterized by % < —%. Currently
we are not aware about any form of this energy which can show this behavior and

also its exact nature is still a mystery to us. It is believed that this dark energy
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is uniform across space and avail almost 68% of the total energy of the present day
observable Universe. DE is also considered as the dominant energy component as well.
Cosmologists are trying endlessly to solve this maze by incorporating various models

such as “Quintessence Model” of dark energy but still not getting the success in hand.

1.1.4.3 Key Equations of Modified Gravity

The new equations in modified gravity actually adds something new in the Einstein’s
field equations. Let us consider the best fit model of cosmology at present, the AC'DM

model. The field equations of this model can be written from the action

A

% as (122)

R
5= [ atoy=g | ooy + L) -

Gy + Mgy, = 87GT (1.23)

which generally contains something new. The extra term, A in the above equation (17)
leads to changes on the background quantities of the expansion equations (13 to 15) of
the Universe and also the Poisson equation (relates matter density with gravitational

potential), which are relevant to the structure formation of the Universe, given as
V20 = 47Gop,, (1.24)

where 0p,, = pm — pm and @ is the gravitational potential. In “Quintessence Model”
of the accelerated Universe incorporating the effects of dark energy, shows that the
density fluctuations of such types of scalar field (filed produces due to the effect of
DE) propagates through space with the speed of light (c¢? = 1), i.e., the field does not
have noticeable amount of density fluctuations on sub-horizon scales as it still under
GR theory of gravity. The presence of this field is only detectable in the change of
background pressure and density but indirectly through its effect on the expansion rate

of the Universe H.

In modified gravity the relation between matter density and gravitational potential
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can be written as

S = /d4x\/—g {% + Ly (Y, g) — Ayp|  which implies (1.25)
m
Guw =87G [T +T%,] (1.26)

where A, is the general scalar Lagrangian and associated energy-momentum tensor
is denoted by T%,. Now, here comes the interesting fact of using modified gravity as
this scalar field can develop appreciable density fluctuations in the sub-horizon scales.
In this model of scalar field of DE, the gravitational potential counts for both the

contributions of matter and arbitrary chosen scalar field as
V20 = 470G [0py + Op,] - (1.27)

The scalar field is said to be “minimally coupled” to the metric. It is more practical
to say that, the action of the scalar field ¢ is coupled with the \/—g term only. At
the same time, modified gravity can also accommodate additional degrees of freedom

non-minimally coupled to the metric.

Now, the equations (12) and (17) simultaneously gives the Friedmann equation as

8 Ak
2 P dp— —_—— —
H* = 37TG,0+ 5T (1.28)

where H is the Hubble parameter and its present time value is believed to be about

70 km s~ Mpc!

The matter density of the universe at present time (p = 9 x 107*"kg m™3) is not
enough alone to achieve a flat Universe at £ = 0. So, a vacuum energy provided by
the extra term A to make up the shortfall for this. The present observations such as
Luminosity distance of Type Ia supernova, baryon acoustic oscillations (BAO), CMBR

anisotropies etc. strengthened the presence of dark energy in the cosmological model.
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1.1.5 Black Holes : A Brief Review

A black hole (BH hereafter) is a region of spacetime where gravity is so strong that noth-
ing, including light and other electromagnetic waves, can escape from its tremendous
gravitational pull. Einstein’s theory of general relativity predicts that a sufficiently
compact massive object can deform spacetime surrounding it, to form a BH. BHs are
the simplest among the families of compact stars. Einstein’s general relativity, where a
central singularity and some inner horizons such as Cauchy horizons, Innermost Stable
Circular Orbit (ISCO) etc are intertwined by an event horizon, can be used to treat
these objects. Quantum fluid studies also uncover the fact that they even can radiate,
named as “Hawking radiation”. Vacuum perturbations, which generate virtual pairs
of particles, are the origin of this BH radiation. At one time, tidal forces draw them
aloof, one falls in and the other escapes away giving this radiation. This idea leads us
to consider the BHs as thermodynamic systems. In physics, BH thermodynamics is
the area of study that seeks to reconcile the laws of thermodynamics with the existence
of the BH event horizon. Also, a BH may stop to evaporate and then it may become
stable at the quantum ground state. Thermodynamics and related topics are emergent

ways to culture BH physics.

A BH acts like an ideal black body, as it reflects no light. Moreover, quantum field
theory (QFT) in curved spacetime predicts that event horizons emit Hawking radia-
tion, with the same spectrum as a black body of a temperature inversely proportional
to its mass. This temperature is of the order of billionths of a kelvin for stellar black
holes. BHs are essentially impossible to observe directly. BH parameters like mass,
charges, angular momenta etc. are the thermodynamic variables of the first law. One
of the best ways to look into what happened to the BH at the quantum scale is to
study the thermal fluctuations which is discussed in Chapter 7. We get the knowledge
about the microscopic origin of entropy from it. As a matter of fact, it is statistical
fluctuation that may be illustrated as the quantum corrections. We need a theory of
quantum gravity for practicing this type of quantum corrections in a strong gravita-

tional system. It can be done via some quantum theories of gravity like string theory
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or loop quantum gravity. Meanwhile, it is found that leading order corrections to the
BH entropy may be logarithmic. It is actually an important term when the BH’s size is
small. Consequently, it can be considered to test quantum gravity. Such thermal fluc-
tuations can be considered as small perturbations around the equilibrium temperature
of the BH.

The idea of such a compact object with such a strong gravitational field was first
considered in the 18th century by John Michell and Pierre-Simon Laplace. Again, in
1916, Karl Schwarzschild found the first modern solution of GR that would characterize
a BH. David Finkelstein, in 1958, first published the interpretation of “black hole” as
a region of space from which nothing can escape. BHs were long considered a mathe-
matical curiosity- it was not until the 1960s that theoretical work showed they were a
generic prediction of GR. The discovery of NS by Jocelyn Bell Burnell in 1967 sparked
interest in gravitationally collapsed compact objects as a possible astrophysical reality.
The first BH known was C'ygnusX — 1, identified by several researchers independently
in 1971.

1.1.6 The Scope of the Work

The title of the thesis reflects the main focus is to develop a flexible and modular
framework or model, for investigating both BHs and NSs structure with their various
properties to get a clear picture of their evolution through accelerated spacetime. On-
going theoretical research aims to refine our understanding of the behavior of matter
under these extreme conditions. We have modeled the NSs such that it can easily
expandable also to include more and exciting physics in the future. At the same time,
we have also built up a realistic NS model with precise EoS of the core nuclear matter,
incorporating the effect of dark matter under the accelerated phase of the Universe.
Not only that, we have also investigated the thermodynamic parameters of the rotat-
ing black holes through the quantum approach of gravity where we have applied the
generalised uncertainty principle to understand the evolution of the parameters related
to the black holes under dark energy dominated Universe. Here, we will also discuss

the scope of this thesis work briefly.
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Neutron stars are one of the most utmost compact objects of the Universe. The
densities of these types of stars can even exceed those of atomic nuclei and gravita-
tional fields also. Their observable physical properties and structure have created a lot
of mystery as well as enthusiasm amongst the researchers. If we can realize the exact
EoS of their constituent core matter, it is possible to explore a new era of astrophysics
and cosmology. Various theoretical and observational research on NSs have revealed
plenty of information but still very little is understood. It is obvious that the structural
characteristics of these compact objects can be determined by the EoS which clearly
depicts how its density, energy and pressure are related to each other. Various obser-
vational research on these stars, such as measurements of their masses and radii, can
provide valuable constraints on the properties of the EoS.

The physical properties of the NSs are also of immense interest to researchers.
Neutron star pulsation and emission of electromagnetic waves (X-rays and Gamma
rays) may be the effect of their heavily strong magnetic field. Thermal properties of
the NSs are also a matter of great interest due to its very high surface temperature.
Observations on their gravitational fields can test the GR as well. Various observational
researches are going on by using a variety of techniques, including telescopes (radio and
X-ray), gravitational wave detectors and optical telescopes.

These observations are often combined with theoretical models to gain a more
complete understanding of the properties of neutron stars and black holes. In a nutshell,
this is the main focus of this thesis. Actually I have a few quarries regarding the black
holes as well as neutron stars. throughout this research, I have tried to find out the
most possible answers of those questions. The questions which have driven me to make
a rigorous study on these mysterious compact objects are as follows :

eWhy general theory of relativity is not enough for studying those compact objects
under accelerated Universe?

eDoes any alternative theory of GR is possible to develop for the study of those
objects?

eDoes the modified gravity theories are suitable enough to investigate those objects?

eWhat are the advantages of modified gravity theory over general relativity theory?
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Which theory is more suitable then?

els it possible to investigate the evolution of the rotating charged black holes em-
bedded in dark energy, through measuring the quantum corrected thermodynamic
parameters?

eHow these compact objects evolved through dark energy dominated Universe?

eWhat kind of effect the dark energy have on those compact objects?

1.1.7 Organization of the Thesis

We shall provide a chapter wise summary of the thesis now. This thesis is composed
of seven different parts comprising a total of twelve chapters.

1. The introductory part of this thesis includes a single chapter, C'hapter 1, where
a brief review of some necessary background topics have been discussed.

2. The second part comprises of two chapters, C'hapter 2 and Chapter 3.

3. The third part comprises of two chapters, C'hapter 4 and Chapter 5.

4. The fourth part comprises of one chapter, C'hapter 6.

5. The fifth part also comprises of only one chapter, C'hapter 7.

6. The sixth part comprises of four chapters, C'hapter 8 to C'hapter 11.

7. The concluding part seven contains a single chapter, C'hapter 12 giving the sum-
mary of the thesis and presenting the future outlook.

The results presented in this thesis are derived from the work done in the following
papers:

1. “Repulsive gravitational force and quintessence field in f(7T') gravity: How

anisotropic compact stars in strong energy condition behave.” by M. Bandyopad-

hyay and R. Biswas. Mod. Phys. Lett. A. (February, 2021).

2. “Impacts of modified Chaplygin gas on super-massive neutron stars embedded
in quintessence field with f(7) gravity.” by M. Bandyopadhyay and R. Biswas. Int.
J. Mod. Phys. D. (January, 2023).

3. “Investigation on the stability and quantum phase transition of the charged
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rotating Kiselev Black Hole embedded in Quintessence field with quantum fluctuation
of entropy.” by M. Bandyopadhyay and R. Biswas. Int. J. Geom. Methods Mod.
Phys.. (September, 2023).

4.  “Nuclear Matter Equation of State and Stability of Charged Compact Stars
Embedded in f(7') Modified Gravity, under Cosmic Acceleration.” by M. Bandy-
opadhyay and R. Biswas. Int. J. Geom. Methods Mod. Phys.. (December, 2023).

5. “Future of the accelerating Universe: Estimation of the Hubble parameter and
Deceleration parameter under current Observations” by M. Bandyopadhyay and R.
Biswas. (Under Review, March, 2024).

6. “Confrontation of f(T) = T + £T% Modified Gravity with Charged X-ray
Binaries Embedded in modified Chaplygin gas under Tolman-Kuchowicz Spacetime”
by M. Bandyopadhyay and R. Biswas. (UnderReview, February 2024).

7. “Investigating the Equation of state, Stability and Mass-Radius relationship
of Anisotropic and Massive Neutron Stars embedded in f(R,T) modified gravity”
by M. Bandyopadhyay and R. Biswas. Int. J. Geom. Methods Mod. Phys.
(Accepted, April 2024).

8. ‘“Isolated Compact Star RX.J1856.5 — 3754 in f(R,T) Modified Gravity in
Tolman-Kuchowicz Spacetime” and R. Biswas. (UnderReview, February 2024).
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Part II

THEORETICAL FOUNDATION OF THE NEUTRON STARS



“Things changed with the discovery of neutron stars and black holes - objects with

gravitational field so intense that dramatic space and time-warping effects occur”.

—Paul Charles William Davies



CHAPTER 2

THE STRUCTURE OF NEUTRON
STARS

2.1 The Stellar Structure: Spherical Sym-

metric Configuration

It’s nothing but the mysterious and beautiful gravity that governs the life-cycle (life
and death) of stars, and the balance between gravity and pressure, accompanying a lot
of tussles. They have started to form initially from sparse collapsing clouds of gas and
dust due to gravity. The pressure of this collapsing cloud later converts into energy
due to which fusion reactors starts and illuminates the whole Universe. In case of the
massive stars like NSs, gravity starts to govern their lives from the beginning. NSs
are the examples of final defense against the crushing force of gravity in the nature.
These stars are the most compact configuration matter in the Universe that may be
compressed into before imploding, forming a black hole. In order to model the compact
stellar structure of the NSs, a thorough understanding on the process about the balance
of gravity and pressure is very much needed. Due to the extreme gravitational fields

in the NSs, we should incorporate the relativistic effects from Einsteins general theory
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of relativity (GR), which modifies the concept of Newtonian gravity.

We are mainly investigating static NS structure under spherical symmetry and
equilibrium. Thus, we only need to consider hydrostatic physics and related equations.
Our aim for this chapter is to obtain the basic equations to construct the structural
profile of the NSs and to investigate their evolution under accelerated Universe. In this
chapter we will only confine our interest on the internal structure of the neutron star,
i.e., mainly three regions such as outer crust, an inner crust and a core.

The cold matter EoS ascertain the macroscopic properties of NSs, which can be
potentially extractable from various astrophysical measurements and observations. It
is expected that the NSs can be traced by applying the same one parameter EoS.
In order to establish this EoS, data on multiple NS observations are required by the
help of which we can constrain the properties of the single NS EoS. Isolated NSs are
mainly characterized by their mass, radius, and spin frequency but in case of massive
binary pulsars, the spin-orbit coupling is very important to understand the moments
of inertia of the NSs. At the same time, atmospheric and crust properties are very
much required to determine the behavior of bursts, glitches and also other properties
of the NSs. Observations of such astronomical processes are very sensitive to realize
the NSs physics beyond the cold EoS. In this chapter, we will only focus to investigate
the M — R relation of the NSs instead of investigating the properties that derive from
the core EoS (specifically the EoS which are well-constructed by using the perfect fluid

concept with cold high-density equilibrium matter).

2.1.1 Inner Structure of Neutron Stars

The interior of a NS can be modeled, as in Figure 7 which is widely accepted config-
uration. The interior can be divided into various layers of distinct composition and
thickness which surrounds the unknown mysterious core. The interior of a NS mainly
consists of three regions. Starting from the exterior region, we will first get an outer
crust with thickness about 0.3 km, an inner crust region with thickness around 0.5 km,
and at last the innermost core region which extends about 10 km. The assumed tem-

perature of the core matter at the NS interior is 7' = 0K and that matter is transparent
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to neutrinos as already mentioned in the previous chapter. The first assumption is jus-
tified because at extreme high densities of typical NSs, neutrons have a Fermi energy
Er = kT which corresponds to temperatures T about 3 x 10172 K, whereas shortly
after almost one year of their birth NSs reach temperatures as T < 10°K << Tr. The
other assumption depends on the fact that the mean free path of neutrinos in the core
nuclear matter of the NSs at T' < 10° K is very much larger than the typical radius of
a NS.

Fig—17
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Figure 2.1: Schematic diagram of cross section of a neutron star illustrating various
regions. See text for more discussions. Figure credit: G. F. Burgio and 1. Vidana,
August, 2020.

2.1.1.1 The Outer Crust Region

Several models on neutron stars have shown that the interior of the neutron star can be
divided into main two regions - crust and core. We have also investigated the “crust-
core” concept of the neutron star interior but in f(7") modified gravity, a completely
different approach compared to normal GR based investigations on neutron stars [21].
Our model strongly supports the “crust-core” structure of the neutron stars. We have
also got the evidence of this type of internal structure as we have found out the region

which can divide the interior of the neutron star into two different regions like core and
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crust. Significantly we have also shown in our research that, in this particular region,
the pressure and density of the neutron star matter shows a significant behavior. These
two crucial parameters show a step-like phase transition in this region which can divide
the interior of the neutron star. The step-like phase transitions occur in the region
which is almost at a distance half of the radius of the massive neutron star. The
graphical variations of these parameters with radius clearly depicts the fact. Our
investigations show that for massive neutron stars with a radius around 12.1 km, this
region lies at a distance of about 6.5 km.

The density of matter in the outer crust region ranges from 107gm cm=3 to 4 x
10'tgm em™3. It’s made up of a heavy nuclei lattice immersed in an electron gas. These
electrons can move freely through the crust. In this region, at such a density, nucleons
are formed individual nuclei to minimize the Coulomb repulsive force and stabilize
against the [ decay. As we go from the external boundary region to the internal
one, the density increases and in turn inverse -decay process becomes more and more
efficient and a huge number of neutrons are produced. The newly produced neutrinos
leave the star as usual. In this region pressure is mainly due to the degenerate electron
gas. As the density reaches around p = 4 x 10 gm em™3 all bound states available
in the nuclei for neutrons are filled up. Neutrons can no longer live bound to nuclei
and start leaking out which is called neutron drip. The composition of this region can
be found out by making Gibbs free energy of the nucleons minimum. So, it is very
essential to know about the nucleus binding energy for different isotopes and isobars.
But we have not studied that during our research. The interior crust region of the
neutron star is also divided into two parts as outer crust region and inner crust region.

Here, we have discussed only the interior structure of the massive neutron stars.

2.1.1.2 The Inner Crust Region

In this region, the density becomes of the order of nuclear density as 3 x 10'*g cm =3

and the neutron gas gives the dominant contribution to the high pressure. In this
region, the stellar matter is the mixture of two phases: one phase is rich in protons,

indicated as “Proton Rich Matter” and the another phase is superfluid neutron rich
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matter. Moreover, the electron gas exists to secure charge neutrality condition. So, to
determine the fundamental state of the stellar matter in this region one has to specify
the density of these two phases. The spherical drops of nuclei which is surrounded by
a gas of electrons and neutrons, ensures the minimum energy condition. But as soon
as the density becomes of the order of nuclear density, it is not possible to separate
these two phases. At super high nuclear density, a homogeneous fluid as a mixture of

protons, neutrons and electrons is formed.

From our constructed model in modified f(7") gravity with quintessence field as
dark matter, we have found that in this region density can reach upto of the order of
10*°gm em ™3 and the pressure of this region also becomes of the order of 103¢dyne cm =2
[88]. At these high densities the properties of core matter can be obtained from ex-
perimental data on neutron rich nuclei. Conversely, densities that exist in the core are
presently unreachable in a laboratory. Consequently the available models of EoS at
supranuclear densities are based on theoretical models only and partially constrained
by empirical data. The EoS proposed to culture the core nuclear matter of the NSs is

beyond the scope of this chapter. We will discuss and give some focus on it in the next

chapter of this thesis.

2.1.1.3 The Mysterious Core Region

The core of a neutron star is still acting as a mysterious region. The composition
of the core nuclear matter is still unknown and several researches are going on and
several models are building up. But unfortunately we still know a very little about
the core. The EoS of the core nuclear matter can help us to investigate and realize
about different macroscopic properties of the neutron star like its mass, radius, spin,
tidal deformability etc. different researchers can only guess about the core matter

composition and structure as shown in Fig 8.

43



Chapter 2. The Structure of Neutron Stars

Fig—8
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Figure 2.2: Schematic diagram of the structure of a neutron star. The diagram shows
a segment through a neutron star. The core extends out to about 1 km and has a
density of 10*® kgm=3. Its substance is not well known however it could be a neutron
solid, quark matter or a pion concentrate. It may not even exist. From 1 km out to 9
km, there is a “neutron fluid”, a superfluid made up of neutrons and superconducting
protons and electrons. The density in this region is between 2 x 107 and 10*® kgm=3.
In the inner crust, there is a lattice of neutron-rich nuclei with free degenerate neutrons
and a degenerate relativistic electron gas. The neutron fluid pressure increases as the
density increases. The outer crust is solid and its matter is similar to that found in
white dwarfs, ie heavy nuclei (mostly Fe) forming a Coulomb lattice embedded in a
relativistic degenerate gas of electrons. The density falls away relatively quickly in this
region, down to a billion kgm™3 in the outer crust. On the very surface of the neutron
star, densities fall below a billion kgm ™ and matter consists of atomic polymers of F'e®®
i the form of a close packed solid. The atoms become cylindrical, due to the effects
of the strong magnetic fields. Stresses and fractures in the crust cause the glitches in
the pulse period. Figure credit: Lecture notes on “Neutron star structure”, University
College London, July, 2011.

The density of the core matter may beyond nuclear density as peore > 10'4g em=3.

the core nuclear matter is composed of a homogeneous fluid of proton, neutron and
electron, in f-equilibrium. If it is possible to make the Gibbs free energy minimum to
find that matter in the core under stable condition. It is possible only if protons are
about 10% of the total. Several processes may develop at this type of higher density

core. For instance, electrons become more energetic and their kinetic energy increases
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and so does the chemical potential. Indeed the chemical potential is the energy needed
to insert in a gas in equilibrium, a new particle in the same state, and this energy
increases if the state is more energetic. Thus, at some high density the electrons
chemical potential become larger than the rest mass of the muon m,- = 105MeV.
At this point neutron decay may occur and neutrinos are produced which can easily
escape from the core but the other particles like neutrons, electrons and protons are
trapped inside the core. The neutrons are in a superfluid state inside the core at
such high density and pressure. So, neutrons must be treated as ultra-relativistic
particles. Moreover, the main and maximum contribution to the core pressure comes
from neutrons. Since they are more massive than electrons, the total energy also will

be now provided by the neutrons themselves.

Neutrons are also the fermions. However, the pressure they generate cannot be
associated with the Pauli exclusion principle. Because at the core densities we can
no longer treat neutrons as non interacting particles, as we did for the degenerate
electron gas in white dwarfs. Indeed, if we would assume that the neutron star is
composed of non interacting neutrons, we would find a maximum mass of 0.7M,, which
is exceedingly too low. It is lower than the Chandrasekhar limit and also lower than
the mass of any observed neutron star. Depending on the particular way researchers
choose to model neutron interaction for a different composition. For instance in some
models heavy baryons may form. Through the transitions different types of bosons may
form, disobeying Pauli’s exclusion principle, which leads to Bose-Einstein condensate
may form at the deepest region of the core. Further, since nucleons are known to
be composite objects of size around 0.5 — 1.0 fm, corresponding to a density about
10*°g em =3, if the density in the core reaches this value, matter undergoes a transition

to a new phase, in which quarks are no longer confined into nucleons or hadrons.

So, from the above information about the interior structure of a massive neutron
star, it is quite clear that, at the densities that are expected to occur in the inner core
of a neutron star, the EoS of matter at this supranuclear densities depends on the
modeling of neutron interactions. The model predicts the typical mass and radius in

the range within (1.1—3.2) M, and (10— 14) km respectively. Thus, the surface gravity

45



Chapter 2. The Structure of Neutron Stars

is of the order of g’;—]g ~ 107! and therefore GR must be used to determine the structure
of such stars. But, at the same time application of GR in modeling these types of stars
can not provide a singularity free solution for the relativistic stars. Again at the same
time, due to the accelerating universe, GR can not also accommodate the tension in
the Hubble parameter. In this situation, modifications of GR theories provide a unique
way to model these massive relativistic compact objects avoiding the above mentioned
problem which arises with GR. So, keep this in mind we have introduced the idea of
f(T) and also f(R,T) modified gravity in our research and quite successfully modeled
the massive neutron stars with their stable equilibrium configuration. Furthermore,
the derived results from our model are highly compatible with other observations on
Neutron stars. In what follows we shall first introduce the tools that are needed to
describe perfect fluids in modified general relativity, then we shall derive the equilibrium
equations of a compact star, on the assumption that the fluid in the interior behaves

as a perfect fluid.

2.1.2 The Newtonian Stellar Structure of Neutron stars

For any stable star against self-gravitating collapse, the strong inwards force of gravity
must be countered by an equal outward force of pressure. For different static models
of the NSs, one can solve for the one-dimensional structure of the star at any time by
balancing these forces radially throughout the profile from the core to the surface. As
long as the net force acting in each volume element of the star is zero, the star is in
equilibrium. In the Newtonian formulation, gravity is an ordinary force acting on both

objects, described as

F = P (2.1)

,
where GG denotes the gravitational constant, M and m are denoted as center of mass
of two different objects, r is the distance between the objects and 7 denotes the unit
vector in the direction of the gravitational force acting between the two bodies. Now,

if we choose ¢(r) as the gravitational potential through which the force of gravity acts
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between the stars, then Poissons equation in Newtonian gravity gives
V2¢(r) = 4mp(r)G (2.2)

where p(r) is the mass density and V? is the Laplace operator. As we have considered
the spherically symmetric configuration of the neutron stars, we have used spherical
polar coordinates, the only nonzero component of the gradient of the potential, V¢ is

the radial part, Z—‘f. So, the Newtonian gravitational potential can be expressed as

dp  Gm(r)
dr ~ r?

(2.3)

where m(r) is interpreted as the cumulative mass inside radius r of the star and is
given by
dm(r)
dr

= dnrip . (2.4)

So, from this above equation we can easily point out the mass, M of a star with

spherical structure of radius R as
R
M = 47rp/ ridr . (2.5)
0

Now, for the star to be in equilibrium, the gravitational force must be balanced by

a pressure force. So, we get

dP(r) dp  Gm
dr Par = r2 (2:6)

where P(r) is the pressure inside the star. In this way the interior gets an equilibrium.

We have now introduced all the fundamental variables, such as mass, radius, density
and pressure, we need to describe the structure profile of our modeled NSs. These above
coupled equations (3), (4) and (6) governing the stellar structure under hydrostatic
equilibrium (Newtonian). They describe the mass and gravitational potential, along
with the counterbalancing pressure, all as a function of radial distance from the core.

However, we seemingly have no equation for the actual density of the NSs. During my
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research, we have modeled the NSs in modified gravity in order to find a realistic and
general EoS for the stars. This topic has been discussed in the following Chapter 3
elaborately.

Various attempts have been made, and are continuously worked at, to improve the
shortcomings of GR theory and give alternating explanations of gravity for some of the
uncomfortable consequences of applying this theory to the whole Universe, where we
have discovered the need for substances like dark matter and dark energy to explain the
reality we observe around us like accelerating phase of the Universe, CMBR, BAO etc.
So far these alternative theories of gravity have had little success at describing as many
of the different ways our Universe behaves and are able to simplify the problems that
arises with Einsteins GR theory. It is very interesting to show from our research on
neutron stars using f(7') and f(R,T) modified gravity theories, these newly proposed
alternative gravity theories can accommodate the effect of dark matter as well as dark
energy and also can produce a singularity free solution to the stars. Even these modified
gravity theories can accommodate the tension in the Hubble parameter as well. As
such, the theory described in the Chapter 4, with emphasis on the remaining relativistic
version. Thus, when studying NSs, the main variable is in fact how we choose to model

the EoS, which we will come back in chapter 3.

2.1.3 Law of conservation of Baryon Number

A fundamental equation in the study of stellar structure is the conservation of par-
ticle number. Let us consider a perfect fluid with fixed chemical composition and in
thermodynamic equilibrium. The motion of the fluid is described by a vector field, the
four-velocity u®. Let us also consider a fluid element of volume V' with n number of
particles. So, the volume V' contains nV particles, therefore, if 7 is the proper time as-
sociated to the pressure P of the flow of the fluid, the conservation of particles number

can be written as

%(n\/) =0 . (2.7)
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The above equation is not covariant. So, as generalization of the above law for any

reference frame can be written as
(nu®).e =0 . (2.8)

In case of a star, n denotes the baryon number density which is conserved by all
interactions. As baryons are much heavier than electrons and neutrinos, the ‘“rest
mass” of the star is assumed to be the contribution of baryons only. If it is assumed
that the star does not contain antimatter and the contribution of mesons are negligible

then baryon number coincides with n3.

2.1.4 Static, Spherically Symmetric Neutron Star Structure
in f(T) Gravity

2.1.4.1 Mathematical Formulation of Covariant f(7T") Gravity

The simplest model of a neutron star is a spherically symmetric, non-rotating perfect
fluid, supported against gravitational collapse by its pressure. The general form of

spacetime metric as

g = g/wdmudxy . (29)

Now, in tetrad formalism, after transformation, tangent space metric n becomes
n= ;06" . (2.10)
The component wise relation between g and 7 can be written as
G = nijﬁfﬂl{ cand 1 = gw,efe;f , (2.11)

where

ni; = diag[—1,1,1,1] and el'e; = 0. (2.12)

14
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So, using proper tetrad formalism componentwise, the torsion tensor takes the form as

TS, = e (Oue), — 61,62) =17 (2.13)

% 2

where T', is the non-vanishing Christoffel symbols. Now, the torsional scalar after

contraction becomes

T=T,5" , (2.14)
where after considering super potential, the term S becomes
pv 1 7 v [ 1 By v B
S = 3 (I + Ter = T0) + 5 (ouy” — o) (2.15)

Now in TEGR, taking torsion 1" as the Lagrangian and /—g¢ as the tetrad determinant,
f(T) gravity is expressed as follows

1

S[GZ,CI)A] = —2

/d4xe [V=gf(T)] + /d4xe [V=9Ln(®4)] , (2.16)

where G = ¢ =1 and Ly (®4) is matter Lagrangian. Now, if we take the variation of

the above equation (15) w.r.t. the tetrad, we get

2

o0 (VIS )+ Lew = varsel (2.17)

where \/ﬁTg e’? is the energy-momentum tensor related to the matter, denoted as Tﬁatte”

and fr denotes %.

So, according to our model in f(7T') gravity, Einstein equation can be written in

terms of matter, quintessence field and electromagnetic field as
G = 87G (T + T2, +TLM) (2.18)

where T, corresponds to the energy-momentum tensor of the quintessential field whose

EoS parameter becomes w, as (—1 < w, < —%) and the energy-momentum tensor of
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the electromagnetic field is given by

1 (4 1
EEVM = E (95 Fy,&le/ - ZguyFéwFﬂ6> y (219)

where Maxwell Field tensor is denoted by F,, = ®,, —®,, . So, electromagnetic field

equations of Maxwell are

(\/ _gFHV>W: 47TJ'U’\/— 7F[,u1/,6] =0 y (2.20)

where, four-vector of current is denoted as J* , holds J* = ou*, with charge density
parameter 0. Now, the energy-momentum tensor of the ordinary matter analogous to

anisotropic fluid becomes

Tmeter =\ fgThe! = (p+ p)ut’ — peguw + (0r — PV (2.21)

where u* and v* are the four-velocity and the radial four-vector respectively. Further,
they also holds uw,u” = 1, v,v¥ = —1 and u,v* = 0. In the above equation (13),
energy density is denoted by p , p, and p; are radial pressure and transverse pressure

respectively.

2.1.4.2 Spherically Symmetric Stellar Equations

In case of relativistic massive neutron stars, if we consider that they are in spherical

symmetry, for interior space-time, we can take into account the metric as
ds® = —e"Mdt* + Mdr? +r? (d6* + sin? 0do?) (2.22)

where a(r) and b(r) are the unknown metric functions rely on the radial coordinate 7.

Here, in case of our investigation, we choose a(r) and b(r) as

a(r) = Br*+Cr¥ and b(r) = Ar* | (2.23)
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where applying physical conditions and choosing suitable values of z,y and z, we can
find out the arbitrary constants like A, B and C' of our model. In case of some early
investigations in this covariant f(7T') gravity spin parameter is set to zero. But later,
modern researches have upgraded tetrad metric with restoring the spin parameter.
Now, we can choose the proper tetrad under Lorentz transform, for the above metric

as

[eL] = diag [ew, "% sin 6 cos ¢, —rsinfsin g, r sin(@)] . (2.24)

So, for the above metric, T'(r) and T"(r) can be written as

T(r)= 2e 0 (e@ — 1) (ebg) —-1- TQI(T)> and (2.25)

r2

T'(r) = 2 ( g 1) { (r) + 2 (r) (eb(z” . m’(r)ﬂ . (2.26)

72 r
where prime ' denotes the derivative w.r.t. r. Therefore, with the 4—velocity and
equation (13), the anisotropic fluid EoS along with quintessence field in f(T") gravity

takes the form,

dmp, + E* = U ){(62 1)(2+a’r)+rb'}fT+ feTTTJrTb(e +rb —1)

4 r2eb
(2.27)
1 , /
e~ 5= 5 = = &) = o (26 <1 o) and (229
Am {pe + (Bwg + 1)pg} + E* = — g +r2a? = 2(rb +1%a")
- fT—TT (4 —de? +4¢b — 6m/> fr (2.29)
4reb
1
" Areb (m +b(2+7“a + 2rd )) 7
where frr denotes dTJ;

Now, we can consider the electric field £ inside the sphere of radius r with ¢(r) as
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the total charge inside, as

I 1
E(r)= / Arrioe? dr = T—2q0r€ ., QGande>0 . (2.30)

)
In our model, we gave taken the anisotropic fluid as MCG. So, the EoS of MCG becomes

Y

_E , &=1and x# -1 . (2.31)

p(r)MCG =X

where y, ¥ and ¢ are the free parameters. We have also chosen the torsional scalar

f(T) in case of our model as
f(T)=T+aT? . (2.32)

So, solving the above equations (15), (18), (21), (23) and (24), we get the expression
of energy density of MCG as

Cape T A @2T2y2e 247 4 Amr2y(1 + x)
4m2r2(1 + x)?

L (et ayBr

4 Br? r2(1+ x)? ’

Pmca) =ae
(2.33)
+

where 7 is given as 7 = (xBr® + yCr¥ 4+ zAr?).

After that, we can also found the expressions of radial pressure, p, and transverse

pressure, p; as

AT PV a2r2e2Ar*

4 4Arr? (14 x)?
Bae 4" 7r3(1+ x) e AT (1 —rA +e7247)
a 4r? (om' + /a2 (1 + X)e—%’“z) r?

pr =axe”

and
(2.34)

93



Chapter 2. The Structure of Neutron Stars

are™ " [xrz(x — 1)Bre=? (3w, + 1)e 4 a

— o A z _ 1 y—2
b= 2 Tomz T TrEAT Hyly = 1O
q2 ,d)e—QA'r‘z
ot dn(14y)
(2.35)

So, the quintessence field density p, becomes
1 —Ar* 2 —Ar*
_L|atve T upeoy Lo _are
8 | 4nr2(1+ x) r 1672r2(1 + x)
T+ \/a2r2y2e 247 4 Arr2y(1 + x)
422 (1 + x)?

Pq
(2.36)

2.1.4.3 The Trace-Energy Tensor for Perfect Fluid: MCG

In our study, we have considered the form of f(T') as, f(T) = T + oT? for simplicity.

Here, in this model, we can get the Einstein tensor in the form as
G =T5 +T5, (2.37)

where the effective energy-momentum tensor Tﬁy, after absorbed all the non linear

terms of effective f(7") fluid, can be written as

Ts, = %(fTT — )9 — S €] fr+ (1 = fr)gumw - (2.38)

Now, from the above equation (36), we get that if we choose a = 0, we get, fr = 1 and
(frT — f) =0 and also T i, = 0. Only in this condition of f(T) gravity in our model,
the above equation reduces to Einstein equations. So, we can say from our model that

when a = 0, our NS model becomes equivalent to the GR model of NSs.
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2.1.4.4 Conservation of the Trace-Energy Tensor for Perfect Fluid

The law of conservation is satisfied by the stress-energy tensor, i.e., T#” = 0. Now, as
we know that

1
uy,(uh),, = i(uuu“);y =0 , (2.39)

So, the stress-energy tensor under contraction can be written as

u, T = wutu” (p+p) , + (p+p) (wutul, +uul,u”) +u’p, = —u”p, — (p+p)u;, =0

(2.40)
On the other hand, baryon number conservation gives
up, =—(p+pul, = wu”n,y (2.41)
’ n
which implies
dp p+pdn
— = — 2.42
dr n dr ( )
Again, from the first law of thermodynamics we have
dp  p+pdn ds
— = — T— 2.43
dr n dr o dr ( )
the above two equations are compatible if and only if
ds
— =0 2.44
dt ’ ( )

which means that a fluid element does not exchange heat with its surroundings, as it
must be for a perfect fluid. Thus, the contraction of the stress-energy tensor conserva-
tion law with the fluid four velocity and the baryon number conservation, implies that

a perfect fluid is isentropic.
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2.1.4.5 The Maximum Mass with Stability: Matching of Matrices with Boundary

Conditions

Now, we will Apply matching condition between interior space-time metric of the neu-

tron star with the Reissner-Nordstrm’s exterior region metric given as
2 r q’ 2 r q° o 2 2002 1 w2 2
ds* = = (1= 2+ 5 )d?* + (1 -2+ 5| dr®+1?(d0° +sin”0dg?) , (2.45)
roor roor

where 0 < 60 <7, 0 < ¢ <27 and r, = 2m(r) with m being the mass of the compact
star, ¢ is charge within the boundary of the compact star, r is the radius of the compact

star. We took that at the boundary, r = R with g; = g/ and g = g;.

Now in this condition, from the above matching conditions of two metrics, we get

1— T—}% + % = BRHTCRY and (2.46)
T'g q AR?
1—E+ﬁ:€_ . (247)

So, after solving those above equations and also applying boundary conditions we

obtain,

1 2
A:-Em(1—"’—g+q—) : (2.48)

. 1 /]"g q2 m q2 ,r.g q2 -1
b= Rz(z—y) [_y In (1 - E + ﬁ) +2 <7 - ﬁ 1— E + ﬁ and (249)

_ 1 ry 4 m ¢ ry ¢ -
C—m[xln(“ﬁﬁ)‘?(?—ﬁ =Rt (2.50)

Now, first putting all the values of m, R, and ¢ we find out the values of A, B and C.
After that using the values of A, B and C' we obtain the values of different parameters

for our model.
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We know that, because of the non-linear nature of the gravitational field, instead
of the total mass, effective mass of these compact stars comes into play which is the
material mass combined with the energy of the gravitational field associated with that
star. But, as we know the energy density pr of these massive NSs, we can define the

active mass of these NSs in f(7') gravity quite easily by using the equation
R
m(R) = 47r/ p(R)R*dR . (2.51)
0

According to our model the above equation takes the form as

(14 x)? B (14 x)?
(2.52)

m(R) = /R [aemz T+ \/a272y26_2“”z + 4rr2p(1 + x) N <¢6_ATZ(1 +x) N ayBr*
0

Now, using the above equation, we can easily calculate the active mass of the massive
NSs (see Table 2) numerically after applying the values our model parameters and we
can effectively find out the impact of MCG and f(7') gravity, on the mass of those

massive neutron stars.

Actually in GR, “ADM” mass gives the active mass at a asymptotic flat space-time
and as in case of null infinity this mass is calculate as “BS” mass. But, in case of a
finite hyper-surface active mass can be calculated as “MS” mass which can reduce to
asymptotically in BS or ADM mass as well in certain conditions. In fact, these types of
masses has utilized only the field equations of gravitation and change the gravitational
energy and material mass into space-time geometry. If we have any known solution of
the material source and the metric, then it is possible to find out the active mass in
terms of density (p) and pressure(p) as using any chosen EoS. These masses are closely
related with the gravitational field equations because active mass can be calculated
by using various integrations of field equations. This idea is used in case of modified
gravity theories in order to find out gravitational mass of any relativistic objects. We
also uses the same idea in our work in case of calculating gravitational mass of those
compact stars (see Fig 9). The very important “mass-radius” relation of the neutron

stars with the presence of modified chaplygin gas a the core, under f(7") modified
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gravity is shown in the Fig. 10 [23].

Table 1..

SI No. NSs M (Mz) M (Mg) R (km) R’(km)
1 PSR J1614-2230 1.97 1.98684 13.01 12.27
PSR J03484-0342 2.01 2.08723 13.01 12.12
PSR J1748-2446ad 2.10 2.16247 17.01 12.01
PSR J0740+6620 2.08 2.12579 12.39 12.08
PSR J2215+4-5135 2.27 2.29963 13.01 11.89

O =~ WD

Table 2.1: Values of Observed Mass M, Mass from Model M’, Observed Radius R and
Radius from Model R’ of few NSs from our model.

Fig—9
[p=2.20130265x10% dyne cm™?, p=257891263x10"® gm cm™}
M(M.)
zof
15k
1af
osf
I 1 I i —I "I ..... R{km]
10.5 11.0 11.5 12.0 12.5 12.0

Figure 2.3: Represents the variation of mass with radius of massive compact stars under
critical pressure and density.
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Fig —10
Mazs M (Mass) VS r (Radius) plot
M
s
B A=
e A=15
g A=2

.l----""."""I""I—IIII-.-:-Inr(km:]

10.5 11.0 11 5 12.0 12.5

124 &

Figure 2.4: Represents the variation of mass with radius of massive compact stars as
a function of anisotropic force at the interior of the neutron star.

2.1.5 The Buchdahl Theorem: Limit of Compactness for Neu-

tron stars

A theorem proved by Buchdal in the year 1959 establishes that the maximum value
that the ratio % in case of a star of constant energy-density should be less than g,

M
o R

ie < g, is much more general. The theorem is based on the only assumption that
the star is static, and that the energy density is positive, and monotonically decreasing

function of the radial coordinate, i.e.,
P
p>0 and — <0 . (2.53)

No assumption is made on the EoS that relates p and the pressure p.

From the theorem, we also get the idea that R > g and science the Schwarzschild
radius is Rg = 2M, this means that a star cannot have radius smaller than the
Schwarzschild radius. The variation of the compactness factor of the massive neutron

stars in the framework of f(R,T) gravity is shown in the Fig. 11. [24].
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Fig—11
The Variation of Compactness factor with Radius for different values of a

m
T

-------- a=0.1
30r a=0.5
s a=1
20F
1.0F
05k

Sos '113' T Tis 2o izs - 20 R(km}

Figure 2.5: Represents the variation of compactness factor with radius of super massive
compact stars as a function of matter-geometry coupling parameter .

60



“The cosmos provides the only laboratory where sufficiently extreme conditions are
ever achieved to test new ideas on particle physics..... By studying things like neutron

stars, we are in effect learning something about fundamental physics”.

—Martin John Rees



CHAPTER 3

THE EQUATION OF STATE FOR
NEUTRON STARS

3.1 The Equation of State of Core Matter
of Neutron Stars: The Microphysics

In physics, an equation of state (EoS) is a governing equation that describes the state
of matter under a given set of conditions (external, internal or both). First of all,
a rough idea about what type of matter can be found in the deep core of a NS and
what might be the composition of this mysterious matter, we have discussed in the
previous chapters 1 and 2. Matter is everything made of stuff that has a nonzero rest
mass, and occupies some volume in spacetime. Up close, stuff is molecules, atoms, and
particles, like neutrons, protons, and electrons. Massless particles, like photons, are
usually not considered as matter, but are rather categorized as radiation. As we will see
a particular example in the following chapters, some types of matter are given special
names because of the way they behave. Fig. 12 shows the schematic presentation of

the neutron star core.
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Fig —12
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Figure 3.1: Internal structure of a NS. Phase transitions to states of matter contain-
ing deconfined quarks, hyperons and meson condensates are possible at the densities
encountered in the inner core. Figure credit: 3G Science White Paper.

So an EoS describes different states of a given distribution of matter and for the
different phases the EoS becomes distinct as well. As for example, the matter distri-
bution, in the case of water in different phases as liquid, solid or gas can be assigned
an appropriate and distinct EoS. Such phase transitions usually infer a discontinuous
change in behavior. For the EoS of the core matter of the NSs, we are looking at in this
current chapter, we have included possible phase transitions of pressure and density
throughout the profile of our investigated (modeled) NSs.

The particle composition at the core of the NSs is still uncertain, including the
possible states and phase transitions of the expected composition. As already men-
tioned, this is the ultimate variable in studying NSs and is the connection between the
structural part of chapter 2 and the following chapters. We are for now modeling the
neutron star to be of pure neutrons. The core matter densities of the NSs of masses
range from one to two times of the solar mass, is much higher than the central densi-
ties of terrestrial atomic nuclei. At such extreme densities, scientists are expecting the
presence of quarks and hadrons inside the core of the neutron stars. But the possibil-

ity of phase transition and also the nature of hadron to quark phase transition is still
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beyond the reach of the researchers.

As in case of our research model in f(7') modified gravity on the massive neutron
stars with mass about 2M, we have find out the presence of anisotropic force which
is repulsive in nature, due to the pressure difference radial and tangential direction at
the interior of these massive compact stars [88]. The anisotropic force along with the
internal hydrostatic force encounters the effects the of forces due to modified gravity
as well as sufficiently high the attractive pull of gravitational forces to maintain the
hydrostatic equilibrium inside the star [26]. All these forces are produced from the
modified TOV equation of our model in f(R,7T) modified gravity. The production
of hydrostatic equilibrium condition also supports the more compact structure of the
star under stable and spherical equilibrium configuration of the compact stars with
existence of anisotropy inside the star as well. We can see the graphical plots of all
these forces which create the hydrostatic equilibrium at the interior of the compact

system in Fig. 13.

Fig—13
Different forces in f(R, T) gravity vs Radius ()

Foresin f(R, T) gravity

20+

Figure 3.2: Represents the various forces of the modified TOV equation with radius r,
creating equilibrium. See text for more discussions.
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3.1.1 The Properties of Core Matter

The behavior of the core matter is responsible for the structural evolution and dynamics
of the NSs. Further, the properties exhibited by the NSs are also greatly affected by
the EoS of the core matter. During most of the time in the life-cycle of a NS, the bulk
of its core matter is cold and degenerate, i.e., the matter is at temperatures below the
Fermi temperature of its constituent particles. So the particles are in their respective

ground states. We can estimate the Fermi temperature also.

If we consider p as the chemical potential at the temperature 7'= 0 K and rr as
the radius of the chosen Fermi sphere in momentum space which is scaled by A, then
we have g = % for any particle of mass m. Now, with the spatial volume V' and
for the number of states N, the Fermi sphere is 2(27) 3V (37r%) for the particles with
the spin g So, it is clear that at T'= 0 K, this N defines the total number of particles
in the volume V. Again, the Fermi temperature T% can be written as

h? N

(3#7)% g0 =kTp . (3.1)

So, at below this temperature the particles are degenerate and their total energy and
chemical potential will be approximately equal to those calculated at 0K temperature
[27]. Above nuclear density, the temperature of the nucleons is about Tr > 10" K.
Though the NSs are born with very high temperatures of about 10K but they cool
to 108K within a month and in less than a million years the temperature falls to
10°K [28]. The region which is temperature dependent for an isolated NS is a layer of
thickness about 1 m and this region contains only a small fraction of the NS matter.
The EoS of the core matter of the NSs at 0K temperature almost entirely determines
the structure of the star. We have also considered the non-magnetic NS matter. This
approximation is very appropriate for the NSs with the magnetic field B < 10%G

because the magnetic energy density is very much smaller than the pressure density.
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3.1.2 Thermodynamics of Neutron Star: Application of First

and Second Law of Thermodynamics

3.1.2.1 Thermodynamic Variables to Study the Neutron Star Interior

The structure of the NSs at large scales will depend on averaged properties of the small
piece of matter chosen as the thermodynamic variable. For the degenerate matter,
these properties are totally determined by n which denotes the average number density
of baryons measured in the comoving frame. Now, with the total energy density p
measured in this frame and applying the first law of thermodynamics we get the heat
gained per baryon, d(@) as
1

dQ = d(%) +pd(=) (32)
where % denotes the volume per baryon, energy per baryon is doted by £ and p is
the pressure. In case of the reversible process, dQ)Q = T'ds, where s is denoted as the

entropy per baryon and 7T is the temperature of the system.

On the other hand, from the second law of thermodynamics, we have

dp = pTds + (3.3)

PP
n
where p = myn is denoted as average rest mass per baryon of the NS matter, dispersed

to infinity. Again, if the ground state energy density of a NS is p(n) then the pressure

of the matter via the first law of thermodynamics, as

Q.|Q.
IR

(3.4)

Pm="n

Below the Fermi temperature, the entropy per baryon is almost uniform over the
star. So, the increase in density and pressure will be approximated as isentropic, with

ds = 0. Thus both processes are adiabatic and reversible. Thus now we have

dp = ]%dp , (3.5)
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which gives
predp o (3.6)
p dp
where I' is denoted as the adiabatic index which characterizes the change in pressure
per change in volume when entropy becomes constant. Under equilibrium condition,

I' also characterizes the response of matter to density perturbations as long as the

perturbations are slow enough. The sound speed in the fluid is given as

_ o

=5 (3.7)

Vs

3.1.3 The Equation of State under Modified Gravity

The EoS of matter in NSs is usually described by using p(p). A well defined EoS
(pressure as a function of energy density) is very much essential to solve the equations
for stellar structure which is the main focus in this chapter. The microscopic stability
of matter requires a monotonically increasing EoS, i.e., Z—i > 0, otherwise the star will
start to collapse. For the matter to satisfy causality condition, the sound speed v, as
given in above equation, through the matter must be less than 1, i.e., v5 < 1.

For NSs, the core matter will be in equilibrium under various reactions involving
both nuclear and electromagnetic interactions. But the timescales of achieving chemical
and nuclear equilibrium are all short compared to the lifetime of NSs. In the context
of nuclear physics, the EoS is generally constructed to minimize the internal energy

per baryon as a function of number density.

3.1.3.1 The Equation of State with the presence of both Quintessence field and Mod-

ified Chaplygin Gas in f(T') Gravity

Many cosmologists are exploring the possibility that the vast majority of the energy in
the universe is in the form of an undiscovered substance called “quintessence”, about
which we have discussed in detail in the next Chapter. By numerous observations
and experiments, now they reshape the field also. In cosmology, quintessence is a real

form of energy distinct from any normal matter or radiation, or even “dark matter”.
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Its bulk properties energy density, pressure etc. lead to novel behavior and unusual
astrophysical phenomena. So far its existence has only been inferred indirectly from
a range of observations, but a number of current and planned experiments will make
direct searches for this elusive form of energy. Radial pressure is not equal to the
tangential pressure in case of the compact stars and as the density of the stars exceeds
the nuclear density, it is obvious that the pressure at the interior becomes anisotropic

which proves the electromagnetic field and mass distribution inside the compact stars.

We actually got the singularity free solution for a charged fluid sphere in general
relativity using KB metric so it is quite easy to incorporate f(T') gravity, which gives
linear relations between various parameters in case of study of the compact stars. It
is known to us that quintessence has the striking physical characteristic that it causes
the expansion of the universe to speed up. Most forms of energy, such as matter or
radiation, cause the expansion to slow down due to the attractive force of gravity. For
quintessence, however, the gravitational force is repulsive, and this causes the expansion
of the universe to accelerate in this type of field. We also know that quintessence
differs from the cosmological constant. Quintessence in the explanation of dark energy
becomes dynamic and it changes over time, unlike the cosmological constant which
does not change. Quintessence can be either attractive or repulsive depending on the
ratio of its kinetic and potential energy. For this type of repulsive force it is evident
that a more massive distribution of matter would exist which can be explained in our
work as the existence of quintessence fields and dark matter and its distribution inside

the compact stars.

Now, the matter energy-momentum tensor corresponding to anisotropic quintessence

fluid becomes

T%attar = (p + pt)u,uull — Pt9uv + (pr - pt)U;ﬂJV 5 (38)

where, u* is the four-velocity, v* is the radial four-vector and they are satisfying u,u” =
1, v,0” = —1 and u,v* = 0. Here p is the energy density, p, is the radial pressure and

pe is the transverse pressure and T}, is the energy momentum tensor which consists of
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pq the quintessential field energy density and state parameter w, (—1 < w, < —%) So,

with the presence of anisotropic fluid, the field equations in f(7")gravity take the form

as

f 1 e Jr
drprE2=L _Jrp_ = @yl .
T + 1 p T(a +b) 5 (3.9)

L\ fr |
drp, — B> = (T — = | = — = 1
7Tp ( T2) 2 4 ? (3 0)
T - a’ a 1 fT f
4 E*= = Pt [+ =) =) | = —= 3.11
Dy + {2+e {2+(4+2T>(a )H 5 1 (3.11)
We have chosen the f(T') gravity as

fT)=pT+p5 (3.12)

where § and (3; are integrating constants and to simplify the equation we took 5, = 0.

We also took strange core matter equation of state as “MIT BAG model”,
1

Now, in our work we have chosen three unknown parameters as- p, P,, p;. Solving the

above field equations (Einstein-Maxwell field equations) we can derive these parameters

as follows
3(A4+ B) _42
e el e U B .14
(A+B> —_A 2
=~ ‘e "3 _B 1
Pr o ¢ P Bn (3.15)
1 7 3 2 2 2 1 —Ar? 1
p=g {(53—5/14—37’ —ABr+T—2)e B—3|+Bn (3.16)

We can even calculate the anisotropic parameter inside the core of the neutron star
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due to the presence of quintessence field as

1 1 :
A= [p—p]=2Bn— DL <3B —2A+ B*? - ABr* + —2> e B L (3.17)
r

8mr2 8w

The variations of radial pressure p,., transverse pressure p; and the energy density

p is shown in the Fig. 14, Fig. 15 and Fig. 16 respectively.

Fig—14
Variation of radial pressure ( oy} with Radius (R)
Pr
s[ B p=2.57891263x10"% gm cm™

fa
T

Figure 3.3: Represents the variation of the radial pressure p, dyne cm =2 with the radius
R (km) of the neutron star.
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Fig—15
Variation of tangential pressure (g ) with Radius (R)
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Figure 3.4: Represents the variation of the transverse pressure p, dyne cm™2 with the
radius R (km) of the neutron star.

Fig —16
Variation of density () with Radius (R)
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Figure 3.5: Represents the variation of the core energy density p with radius R (km)
of the massive neutron star.
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3.1.3.2 The Equation of State with Modified Chaplygin Gas in f(7T) Gravity

The torsional scalar T', for the spherically symmetric structure of the compact stars is
given by
2
T= ¢ (5 - 1) (5 - rA') . (3.18)
r

EoS of the chosen fluid MCG is given as

p(r)mce = (90/)—%) , (=1 and p# -1, (3.19)

where ¢, 1 and ( are free parameters and energy density is denoted by p. The effective

energy-momentum tensor 7, analogous to the f(7") fluid, becomes

. 1 -

Ty = §(fTT - f)g;w - QSW/aJ + (1 - fT)GlW . (320)
The above equation in the form of an anisotropic fluid, effectively can be written as

T = [(p+ p)ut” — PG + (Dr — Pe)VV] (3.21)

where u* and v* denotes four velocity and space like four vector respectively. They
also follows, u,u” = 1, v,0” = —1 and u,v* = 0. Besides, radial pressure and the

transverse pressure is denoted by p, and p; respectively.

In this model in f(7') modified gravity, the expressions of effective energy density
p, radial pressure p, and transverse pressure p; at the interior of the compact object

can be written as

ngﬂﬁ —B[ e§—1> 2+ 1AL+ @) +rB| fr
%2 ./ ,
i)
i [1/’(1:;90) -B (eB—1+rB')] 7
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—)e’B <26g —2— rA’)} T frr

2
Y+ o) e P (24 +rA% - B'(2+r4)+ 27’A")}

se P14+ )r? A% —rB (2+rA) + 2¢r* A"] fr

(3.23)

(3.24)

Now, according to this new model, the variations of radial pressure p,, transverse

pressure p; and the energy density p is shown in the Fig. 17, Fig. 18 and Fig. 19

respectively.

Fig — 17
pr (radial pressure) V3 r(radius)plot

----- p=157891263x10" gmcm™

L]

— k)

2 - B 8 10

Figure 3.6: Represents the variation of the radial pressure p, dyne ecm=2 with the radius
R (km) of the neutron star.
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Fig — 18
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Figure 3.7: Represents the variation of the transverse pressure p; dyne cm™2 with the
radius R (km) of the neutron star.

Fig—19
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Figure 3.8: Represents the variation of the core energy density p with radius R (km)
of the massive neutron star.
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3.1.3.3 The Equation of state with Modified Chaplygin Gas in f(7") Gravity under

Tolman-Kuchowicz Spacetime

Here, the static spherically symmetric interior space-time metric is chosen as

ds? = —eA) g2 + eB) 42 + r2d0? , (325)

where the unknown metric potentials, A(r) and B(r) are purely radial and dQ* =
sin?0d¢? + dH*. The range of 7 is from 0 to oo and 0 < 6 < 7, 0 < ¢ < 2.

As our main aim is to get a singularity free and physically reasonable model of the
charged compact star, for our study, we have chosen the following Tolman-Kuchowicz

(TK) ansatz as

B0 =11 ar? +br* and ) = C2ePr

, (3.26)

where a, b, C' and D are constants.
Now, using this matter distribution and from the above space-time metric, the

Tolman-Oppenheimer-Volkoff (TOV hereafter) equations can be written in modified

form as
dpr (p+pr) 3 2 3 dp  dp, = dp
dr - m (m + 4mr pr)‘i_;(pt pr)"‘m % + dar + 2% (327)
and
dﬂ;ff) =dmr’p (3.28)

where m(r) is the enclosed mass within the radius r. Now for the above metric, the

proper tetrad is chosen as

A(r)  B(r)

[e2] = diag [GT, ez sinfcosp, —rsinfsing, Tsinﬁ} ) (3.29)

[0}

So, the torsional scalar 7', for the above metric is given by

2 r r
T = e B0 (eBé) — 1) <eB§) -1- T‘A'(r)) : (3.30)

76



Chapter 3. The Equation of State for Neutron Stars

Again, in our model we have chosen the modified gravity in the form of f(7') as
f(T)=T+ET* and €>0 (3.31)

where £ is a small positive constant and for & — 0 generates the GR field equations.

Now, for the line element of the spherical metric, the field equations in f(7") modified

gravity becomes

8o+ L _ gy LB 3.32
P+ = (r)+ 50 —e"") (3.32)
T T T
21 A
8mpr¢ — % = ﬁ(e_B(T) - 1)+ 46_3(7’) and (3.33)
2 1 " 1
8rpfe + L = 2o 4+ 247(r) + A = B(NA() + S (A1) = B(1)] . (3.34)

where the quantities pP¢ pP¢ and pP“ are the density, radial pressure and transverse

pressure in Einstein Gravity respectively and can be written as

BG §
= o - r 2 ) 335
p pto-(p—pr—2p) (3.35)
pf¢ =pe + 8%(/) +3p, +2p,) and (3.36)
pC = pi+ 8%(/) +p+4p) (3.37)

Our main focus is to find out the solutions of the system, governed by the above
equations, which entirely specify the behaviour of the interior of the X-ray binaries.
p, pr and p; are the density, radial pressure and tangential pressure in modified f(7')

gravity respectively. The differentiation w.r.t. r is denoted by prime.

Now, employing the metric coefficients as chosen by TK ansatz, in the above field
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equations, we have obtained the following sets of equations as

2 2 b 2 2b4 b26
87rpEG+q—:3a+(a + 5b)r% + 2abr* + b°r | (3.38)

72

gc ¢ a—2D+br’

8mp i . and (3.39)
2
1
8mpPY + q_4 = —[-a+2D+ (D(a+ D) — 2b)r? + aD*r* + bD*r%] | (3.40)
r T
where 7 is the function of r and is given by
=1 +ar*+brt) . (3.41)

So, according to our current model, the effective components, i.e, effective density, ra-
dial and transverse pressure of the X-ray binaries respectively in f(7) modified gravity,

can be written as

7 Jr

E,p 20
=2f+ 2

A
i

[(2b +aD) (24 r(a+b)Y(1+¢)+r(20+ D)]

D) {a+ D+ (2 +aD))| T'frs (3.42)

(1+
J; >( )(b—1+r2D)] ,

pT:—gf—[@D(ZT:@Q@—(@—FD)—FT?(%—F@D))}
2 (3.43)
__x a a r Jr an
Ao [2(a+b+2D) + ¢ (a+b)br'] . d
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b= — gf+%[4{a+b+(2b+aD)7‘}+4aD—290{b+D—2a}]{__T
+ % [¢(1 + o)t —r(a+b){2+r(b+ D)}] g
- ) (3.44)
_ {m (2@5 —2—r'b+ aD))] T’ frr
_ % [_@D(lg S0>2{2a +rb— D(2+71b) +2r*(a+ D — 1)}

3.1.3.4 The Equation of State with Modified Chaplygin Gas in f(R,T) Gravity under

Tolman-Kuchowicz Spacetime

In this work, we have chosen the spherically symmetric metric as

ds? = —eA g2 + B0 G2 412402 (3.45)

where the unknown metric functions, A(r) and B(r) are purely radial (r varies from 0
to 00) and d? = sin?0d¢* +db?, 0 < 0 < 7, 0 < ¢ < 27. Here, for our purpose to get
a singularity free and stable compact star model, we have chosen the metric potentials

according to the Tolman-Kuchowicz ansatz as
AN = 7(r) =14 ar? +br* and PO = 2P| (3.46)

where a, b, C' and D are constants (model parameters). Again, to incorporate matter-

curvature coupling effect, we have considered the f(R,T") modified gravity in the form

F(RT) = fi(R) + fo(T) = R+ 26T as fi(R)=R and f(T) =2%T , (347)

where £ is the coupling constant (small and positive) and £ = 0 can reproduce the GR
field equations. The term 2£7T induces a time dependent coupling between matter and

curvature.
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In modified gravity, the field equations along the line element, can be written as

smpl! +€(3p —p) = {BT(T)eBm + % (1- 63(”)} ) (3.48)
8mpe!f —&(p —3p) = [ ( )e_B(T) + le (e_B(T) — 1)] and (3.49)

8rpi!! —&(p—3p) = ;163(” {214”(7“) +A%(r) = A'(r)B'(r) + %(A/(T) - B’(T))] :
(3.50)
where prime (') represents the derivative w.r.t. 7. p// pe/f and 8mpif! are effective
density, radial pressure and transverse pressure respectively in Einstein’s gravity and

can be written as

. §

P =ptlo—p =) (3.51)
m

pi = p, + %(P +3p, +2p,) and (3.52)
¢ §

pifl =p+ g(ﬂ +pr+4p) (3.53)

Now, the modified TOV equation in modified gravity can be written as

A(r)
2

dpr 2 5 dp dpr dpt
S —pr) + = | L 2 —0 |
dr +r(pt p)+(2§+87r) dr+ dr * dr

where m(r) is the total mass enclosed within the radius r of the NS RX .J1856.5 —3754.
Here, conservation equations of Einstein’s gravity can be reconstructed by putting

& = 0. Now, applying the metric potentials, we have obtained

[87p +£(3p — p)] 7% = [3a+ (a® + 5b)r? + 2abr* + b*r%] (3.55)
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[8mptft —&(p—3p)| 7= —(a—2D + br*) and (3.56)

8mp?l — &(p — 3p)] 7? = [-a+ 2D+ (D(a + D) — 2b)r* + aD*r* + bD*r°]
(3.57)

In this present model, we have taken the existence of MCG at the core of this star.

The EoS of this fluid takes the form

P(T)MCG:SDP—% , 0<(¢<1 and p# -1 (3.58)

where ¢, 1 and ( are free parameters and p is the energy density and p(r) is the radial

pressure.

Now, we have solved the above field equations and got the matter density and

pressure in Einstein’s gravity as

3¢ (a+ D+ (20 + aD)r?* + bDr?)

ool =+ = , (3.59)
. ¢o(a+ D+ (2b+aD)r* + bDr?
T —l ( e ) ) and (3.60)
p =y + 16i72 [—5a+ 7D + (—2a® — 8b+ aD + 2D?) r?]
; (3.61)

+ [{3bD + 2a(=2b+ D*)}r" + 2b(—b + D*)r°]

16772

Now, we have solved the above equations and obtained the expressions of matter

density, radial pressure and transverse pressure in f(R,T) modified gravity as

(a+ D+ (2b+ aD)r? + bDr?)
(€ + dm)7? ’

1
p== |30+ 4 (3.62)
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¢ (a+ D+ (2b+ aD)r* + bDr*)

T and (3.63)

Pr = |:_77Z}+

D= | Y€+ A7+ 1D~ 12) = 2a(6 + dm) + 20+ DY}E + )

¥
2(€ + an)?

+ {%[41)@ +41) — 2b(7€ + 127)r? + a{2D(€ + 47)r? — (7€ + 12@}]}

(3.64)
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Part 111

FOCUSING ON THE ALTERNATIVE THEORIES OF GRAVITY: THE
MODIFIED GRAVITY



“Because gravity shapes space and time, it allows space-time to be locally stable but

globally unstable”.

—Stephen William Hawking



CHAPTER 4

THEORY OF GENERAL RELATIVITY :
A CONCISE OVERVIEW

4.1 Einstein’s Theory of Gravity: An Overview
on General Relativity and Accelerat-

ing Universe

4.1.1 General Relativity Theory: A Brief Proposition

In the year 1979, the unified theory of three fundamental forces (out of four ) of
nature (Electromagnetic force, Strong Nuclear force and Weak Nuclear force) has been
established by the scientists. These all four fundamental forces are believed to be
related and unite into a single force at a very high energy scale, i.e., Plank scale.
But unfortunately scientists can not unify the remaining force of gravitation in the
“Grand Unified Theory” [29]. The gravitational force is described as the curvature
of spacetime by famous scientist Albert Einstein in his renowned “General theory of
Relativity” (GR) [30]. The fundamental forces which are already mentioned, except

gravity, all have their discrete quantum field and their interactions can be moderated
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through elementary particles as described by the standard model of particle physics.
So, at present it’s a challenge to the researchers to find the quantum gravity theory to
quantize the gravitational field. Till now one of the best known theories in the way of

unifying all these four fundamental forces is the “String Theory” [31].

In the special theory of relativity, Einstein incorporated Newtonian gravity theory
in the relativistic framework, in 1905. But in 1915, almost a decade after, he published
his pioneering work, the general theory of gravity which deals with the geometrical
approach of gravitational force. Gr actually treats gravity as the property of spacetime.
The idea of basic differences between the local inertial frame of reference to the rotating
reference frame leads to the proposition of GR, which was also motivated by the laws
given by Ernest Mach on observing distant stars in the galaxy. GR is completely
different from classical approaches in several cases like during the measurement of
gravitational lensing, gravitational red-shift etc. of distant stars. Nowadays it’s the
main concern to find the quantum aspect of GR which will be self consistent. GR
relates the energy-momentum of matter (present in the Universe) to the geometry
of spacetime. Einstein specified this relation through a system of nonlinear partial
differential equations (PDE) which are popularly known as “Einstein’s Field Equations”
(EFE hereafter) which is a symmetric tensor equation in 4 dimension and each tensor
has ten independent components [30]. One can determine the geometry of the space-
time/gravitational field by using EFE similarly to find the electromagnetic fields by

applying Maxwell’s electromagnetic equations. The EFE can be written in the form

R 8rG
R/U’ - ng + Agw = FTMV s (41)

where R, 9, and T}, are the Ricci curvature tensor, metric tensor and stress-energy
tensor respectively. c is the speed of light in vacuum and G and A denote the Newton’s
gravitational constant and Einstein’s cosmological constant respectively. Here, R =
9w R* is the scalar curvature. From the above equation Newton’s law of gravitational
force can also be recovered if the speed between the objects is very less than ¢ along

with a weak gravitational field. When 7}, becomes zero, the field equation describes a
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vacuum. The main interesting term A, was introduced by Einstein in 1917 to explain
the static and finite Universe which was later rejected by him in 1931 when the idea
of expanding Universe has came in front by the observations the redshift of distant
galaxies and most physicists agreed to set it zero. But interestingly this constant
has been reintroduced again in 1998 by the physicists believing it might be positive
from the observational evidence of accelerating expansion of the Universe. The current
standard cosmological model, the ACDM model (See Fig. 20) which incorporates the
cosmological constant A again, is the simplest model to explain the present accelerated

expansion of our Universe dominated by the DE (~ 68%) (See Fig. 21).

Fig — 20
Dark Energy
Accelerated Expansion
Afterglow Light
Pattern  Dark Ages Development of
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13.77 billion years

Figure 4.1: Represents the schematic representation of the timeline of the Universe in
the ACDM model. The last third of the timeline represents the accelerated expansion
with dark energy dominated era. Figure credit: NASA/ LAMBDA Archive / WMAP

Science Team.
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Fig —21
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Figure 4.2: Represents the estimated ratios of dark matter and dark energy in the
Universe. Figure credit: WMAP results.

GR has become the most essential tool for astrophysical studies in modern times.
It provides the foundation of the basic understandings of black holes. GR also helps to
construct the standard “Big Bang” model of cosmology and provides the foundation of
the ACDM model of cosmology. But a few problems also arise during explanation of
the accelerating expansion of the Universe using GR. One of the main contradictions

with quantum field theory is known as “cosmological constant problem”.

4.1.2 The Schwarzschild Spacetime: The concept of interior

Schwarzschild metric for non-rotating spherical objects

Einstein’s description about geometry of curved spacetime using GR has the most
compulsive consequence of spacetime singularities, at intense gravity which exists at
the junction between GR and quantum mechanics. Gravitational singularities are the
main concern for the objects with tremendous high density (like at the core of black
holes). GR predicts the formation of singularity inside any object collapsing beyond a
certain point would form a BH. For the stars this is known as “Schwarzschild radius”.

A spacetime singularity is said to occur whenever geodesic motion of a freely falling

90



Chapter 4. Theory of General Relativity : A Concise Overview

particle under gravity suddenly pops out of existence. On the other hand the theory
of “Penrose-Hawking singularity” gives the idea of the existence of a very complicated
geodesic for the infalling particles. The violation of such a geodesic is considered
to be the singularity. Here comes another contradiction between GR and quantum
mechanics as the later one does not permit particles to occupy a space smaller than
their wavelength.

The Schwarzschild solution (Named after Karl Schwarzschild) of GR, is an exact
solution of the EFEs which is the most general spherically symmetric vacuum solution
[32]. The Schwarzschild BH is surrounded by the spherical boundary (event horizon)

under the radius which is known as Schwarzschild radius of the BH and is given by

2GM

T'Seh — C2 (42)
The Schwarzschild metric is given as
2GM 2GM
ds* = —(1 — )dt + (1 — =—=)"tdr? + r*do* + r*sin*0d¢* . (4.3)
r r

The solution of the above equation is asymptotically flat and has two singularities,

at r = 0 and another one is at r = 222M . The approximation of Schwarzschild solution is

very useful for describing the non-rotating or slowly rotating astronomical objects like
stars. The Schwarzschild solution of EFE is valid only outside the gravitational object.
In order to describe the gravitational field both inside and outside the gravitating body
the Schwarzschild solution must be matched with some suitable interior solution at the
boundary, such as the interior Schwarzschild metric.

The exterior Schwarzschild solution at (r > rg) and the interior Schwarzschild
solution at (0 < 7 < rg) with singularity at » = 0 are completely different approaches
or separate solution. These two solutions are separated by the singularity at r = rg.
The Schwarzschild coordinates do not provide any physical connection between the two
patches. Therefore r = rg is called “coordinate singularity”. It is possible to make the
Schwarzschild metric regular at » = rg by using a different coordinate system and then

only the extended external solution becomes relatable with the interior solution. But
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still the singularity at » = 0 is a different case.

In the case of an interior Schwarzschild solution at (0 < r < rg) with singularity
at r = 0, the solution is applicable in the interior of a non-rotating spherical astro-
physical body. The density of the fluid it consists of inside the core should be constant
throughout the body and at the boundary surface the pressure should be zero. We have
discussed the interior Schwarzschild metric in Chapter 8 which we have used during
our research to describe the interior of an non-rotating, massive and spherical neutron

star in f(7') modified gravity model.

4.1.2.1 The way of avoiding Coordinate Singularity of the Schwarzschild metric

The coordinate singularity of Schwarzschild metric at r = 2GTM can be avoided by em-
ploying a different coordinate system making the metric regular at the event horizon.
In order to do so, one of the popular coordinate systems has been proposed by Kruskal
and Szekeres. This new coordinate system covers the entire spacetime manifold of max-
imally extended Schwarzschild metric (Fig. 22). Also this coordinate system should be
well behaved at the point of physical singularity. In their pioneering work, they have
introduced a new time coordinate 7 and new spatial coordinate x in place of ¢t and r

in Schwarzschild metric. Now the newly formed extended Schwarzschild metric with

Kruskal coordinate becomes

em2at (—dr? + dx?) + r*(df” + sin® 0d¢?) | (4.4)

where 7 and y are denoted as

T = <QC§M — 1>é exrp {ZLC?LM} sinh (ZLCT’LM> and (4.5)

() el () o

The event horizon in this new coordinate system is located at 7 = £y and curvature

singularity is at 72 — x? = 1.
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Fig — 22
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Figure 4.3: Represents the Kruskal-Szekeres coordinates of Schwarzschild metric. Fig-
ure Credit: D. Liust and W. Vieeshouwers, 2019. See text for more discussions.
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4.1.3 The concept of Black Holes: Theoretical Overview

In the year 1784, the idea of a highly massive and super dense compact object with
tremendous gravitational attractive force was first proposed by English astronomer
John Michell and he referred these bodies as “Dark Stars” and predicted that these
non-radiative super-massive objects can only be detected through gravitational effects
on nearby visible objects. At that time there was no suitable theory or evidence to
prove the existence of such types of compact bodies and they also did not have any
clue about how the path of light ray would be in the vicinity of these super-massive
objects until the famous theory of GR is proposed by Albert Einstein. In his theory of
GR he showed that the spacetime surrounding these types of objects is curved in such
a way that the geodesic light travels on never leaves the surface of the star.

A black hole (BH) is a highly dense compact object which has a tremendously
strong gravity and due to this gravity it curved the spacetime surrounding it in such
a way that nothing including all electromagnetic waves has enough energy to escape

from its gravitational pull. The GR can predict successfully the existence of it as the
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deformed spacetime of a sufficient compact mass can lead to the formation of a BH.
GR also gives the idea of “event horizon”, the boundary of no escape surrounding the
BH and according to this theory BH has not any locally detectable features. But,
in contradiction, quantum field theory (QFT) predicts the radiation from the event
horizon of a BH, which is popularly known as “Hawking Radiation”. In 1916, K.
Schwarzschild first gave the exact solution of Einstein’s field equations that would
characterize a BH. But, the singularity found in Schwarzschild metric at the point of
Schwarzschild radius is a non-physical coordinate singularity was first showed by Sir

A. Eddington in 1924 and later by G. Lemaitre in 1933.

The idea of self gravitationally collapsed compact object was first established by the
discovery of a rapidly rotating neutron star by Jocelyn Bell Burnell in 1967. “Cygnus
X-17, a galactic X-ray source the first ever known BH (commonly accepted by the
scientists) was identified by several independent researchers in 1971. At end phase of
the lifecycle of the massive stars in the main sequence (See Fig. 23) are collapsed and
turned into a BH of stellar mass and then it starts to grow by absorbing the mass
from the surroundings. As a result of this interaction with surrounding matter, the
existence of a BH can be inferred. Some super-massive BHs also can form an accretion
disc surrounding them. The radio source at the center of our Milky Way galaxy is
known as “Sagittarius A”, and has been considered to be a super-massive BH with

mass about 4.3 million M.
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Fig — 23
Temperature (Kelvin)
30,000 10,000 5000 3000
-10 " I I I 1 . I [
r1e ""‘E;,:' T Swergants | 10,000
. "'ka::\:
i 5
0F k s -1 100
Absolute Luminosity
Magnitude (Sun=1)
+5 RS 1.0
* Main sequence .l
+0 |- . 2 0.01
White dwarfs . . L
+15 1 ! L1 1 L=

0 B A F G K M
Spectral Class

Figure 4.4: Represents the H-R diagram of the stars. Figure Credit: CHANDRA
X-ray Observatory: Educational materials (NASA).

The discovery of pulsars established the theoretical concept of the compact stars
and showed their physical relevance. After that the interest of the researchers on self
gravitating collapsing astrophysical objects has increased a lot. The thermodynamic
study on BHs was first formulated by Bardeen and Bekenstein along with Hawking
in the early 1970s. The laws of BH thermodynamics is very crucial to describe the
behavior of a BH in close analogy to the laws of thermodynamics by relating mass to
energy, surface gravity to temperature. The analogy was established by the predicting
effect of Hawking radiation, where using quantum cosmology Hawking showed that
BHs should radiate like a black body with a temperature proportional to the surface
gravity of the BH.

4.1.3.1 The Reissner-Nordstrom Metric

The Reissner-Nordstrom metric is a static solution to the Einstein-Maxwell field equa-

tions corresponding to a charged, non-rotating, spherically symmetric object. In spher-

95



Chapter 4. Theory of General Relativity : A Concise Overview

ical coordinate system Reissner-Nordstrom metric is given as

r

2 2 dr’
ds? = — <1 _mlr) q_2) dt* + . +r¥(sin0dg? + d6%) | (4.7)
r r (1 _ 2mlr) %)

where m(r) is the total mass enclosed within the boundary of the compact object with

radius r at the boundary (r = R) and ¢ is charged enclosed by the system.

4.1.3.2 The Tolman-Oppenheimer-Volkoff (TOV) Limit of the compact stars limiting

mass

In the year 1931, S. Chandrasekhar calculated the limiting mass of an non-rotating
spherical body containing electron-degenerate matter using special relativity theory
and showed that above this certain limit (Chandrasekhar limit at 1.4M) the objects
is unstable [33]. It is later verified by the discovery of white dwarf and if white dwarf
has a mass slightly greater than this limit, it will collapse into a more compact but
stable structure as a neutron star. Again in 1939, R. Oppenheimer and his collab-
orators, depending on Pauli’s exclusion principle, predicted about the limiting mass
(0.7My) of a neutron star above which the neutron stars also collapsed further to form
a BH [34]. But later more refined theoretical analysis has shown this analysis will be
approximately 1.5 to 3.0 Mg, corresponding to a stellar mass of 15 to 20 M. At the
same year 1996 additional work on it has given the precise limiting mass of a neutron
star before collapsing into a BH is in the range of 2.2 to 2.9 M. Furthermore, the
recent gravitational wave study (data from GW170817) in 2017 has refined this TOV
limit in the range 2.01 to 2.17 M.

Now by solving the EFEs for a given metric, the TOV equation in GR, of any
non-rotating spherically symmetric of isotropic material in gravitational equilibrium,
can be written as

3 —1
%:_GM/)(Hi) (Hzmp) (1_2GM) | 48

r? pc? Mc? rc?

where p(r) and P(r) are the density and pressure inside the star respectively. r denotes
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the radius of the spherical object and M (r) denotes the total mass within r. For a

solution to the TOV equation the spherically symmetric metric becomes

2GM
rc2

-1
ds2:_eA<r>c2dt2+(1‘ ) dr? + v (do? +sin? 0dg?) , (4.9)

where the metric potential A(r) is given as

dA(r) 2 apP
r <P+p02) dr (4.10)

This equation fully determines the equilibrium structure of a spherically symmetric
body when there is a standard EoS of the object. When the TOV equation is applied to

model a bounded spherical object in vacuum, two conditions are imposed as P(r) =0

and A =1 — Qgi\/[ at the boundary of the body and as a result the metric at the
boundary becomes continuous with the vacuum solution of the EFEs, the Schwarzschild

metric.

The total mass of the spherical system can be measured as

R
d
Mtotal = 47TP/ T'2d7" y _m = 47Tp7“2 . (411)
0 dr

4.1.4 The Accelerated Expansion of the Universe

Various observational evidence (CMB, BAO etc.) has shown the accelerated phase of
our Universe at present time. This actually means that the velocity of the distant
galaxy at which it recedes from the observer is increasing continuously with time. It is
believed that this era of the Universe started almost 5 billion years ago when the dark
energy dominated era had just begun. When the EFEs have been introduced by GR
theory, the reintroduction of the term cosmological constant A with positive value has
been incorporated to encounter the effect of cosmic acceleration of the Universe by the
cosmologists. This positive A is well considered as equivalent to the positive vacuum
energy. Alternative theories also have been developed to explain the accelerated phase

of the Universe by using the concept of cold dark matter along with positive A. This
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model till now is considered to be the best standard cosmological model which is
also famous as the ACDM model of cosmology. But this model has also faced some
drawbacks as it can not properly explain the “fine tuning” problem and “cosmological

coincidence” problem in cosmology.

In later time when the “Big-Bang” has been introduced by S. Hawking to explain
the origin and phase evolution of the Universe, it shows the agreement with the CMB
observations in 1965 [35] and supports the accelerated expansion of the Universe and
become wide acceptable model. The expansion of the Universe by its confined energy

can be defined by using Friedmann equation which is given as

i = (Y = Sy O (4.12)
=@ =3mCr = '

where x denotes the curvature of the Universe with total energy density p and a(t) is

the scale factor. The Hubble parameter H in terms of critical density p. of the Universe

H(a) =/ ngpc | (4.13)

where the density parameter took the form

can be written as

o=" (4.14)

4.1.4.1 The Dark Energy Domination Era of the Universe

It is hypothesized that the total energy density of our present Universe is due to the
contribution of curvature (x), matter (m), radiation (r) and the dark energy (DE). As
the scale factor increases, the contribution of each term decreases except DE. So, in
terms of each density parameter of these four different energy contributors, the Hubble

parameter can be written as

H(a) = V/Qpa 2 + Qa3 + Qa=t + Qppa=30+e) (4.15)
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These various density parameters are very important to calculate the acceleration of

the Universe. The evolution of the scale factor can be written as
a 4 3P
= _21G - 4.16
o =37 (p + ) , (4.16)

where the pressure P of the Universe depends on the chosen cosmological model.

Again, we also have

H(t) = % and % =—-H*(1+q) |, (4.17)

where ¢ is the deceleration parameter which becomes negative w.r.t. the current astro-
nomical observations and é(t) becomes positive. It shows that ultimate ‘Z—Ij is negative.
This clearly indicates the fate of our Universe, as predicted by the scientists and its
the “Big Rip”. We have discussed about it according to our research based on a newly
proposed cosmological model in f(R,T) modified gravity in the Chapter 12.

The cosmic microwave background anisotropy gave the clear indication of the accel-
erated Universe. Now, there should be a theoretical explanation of those observations.
This theoretical explanation can be done by two different approaches. First, one can
introduce a new kind of gravity theory like f(R), f(T) or f(R,T) theories of grav-
ity where the extra higher order terms in the modified Friedman equations and also
modified TOV equations are responsible for the accelerated Universe. The second way
is to introduce some exotic matter with large negative pressure, known as DE. In or-
der to justify the late time accelerated universe, one can choose any one of the above
approaches as either taking into account dynamical dark energy in the context of stan-
dard GR or modified gravity theory without adding any exotic fluid which violates the
strong energy condition as p + 3P > 0 for this kind of exotic matter.

We are in the era of dark energy dominated Universe at present situation. The
WMAP probe experiment indicates the existence of DE about 68 percent at present
Universe [36]. Till now cosmologists strongly believed that this DE is solely responsible
for the accelerated expansion of the Universe. But the exact nature and behavior of DE

is still unknown. Above all this DE behaves mysteriously in vacuum. There are many
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models that have been developed in order to interpret the DE component. Amongst
them are vacuum energy models [109], [38] and quintessence models [39], [40] have
become very popular. But all these models cannot successfully explain the mysteries
related to the “fine tuning problem” and “cosmic coincidence problem”. Now in recent
time research, Chaplygin gas and some of its modified versions are gaining attraction

to construct various effective cosmological models [42], [43].

4.1.5 Tension in the Hubble parameter: The Propositionl of

existence of Dark Matter

Two very strong evidences have been collected supporting the accelerated expansion
of the Universe by the observations of high redshift of type Ia supernova [41] and
visual absolute magnitude measurement of type Ia supernova at extreme luminosity
[44]. Also the observations of CMB, large scale structure of the cosmos and even grav-
itational lensing supported the accelerating Universe. From the apparent magnitude
observations we can calculate the cosmological distances and also the recession veloci-
ties of the galaxies. The relation between redshift (z) and the Hubble parameter (H)

is given as
1 dz
1+zdt

H(z) = (4.18)

One of the major problems in cosmology is to estimate the value of the Hubble
parameter precisely. But the tension arising in the Hubble parameter because various
methods applied to determine its value yield different values depending on the way of
measurement. It is not possible according to the current understanding of the Universe
using known physical laws. However, in the end, the Hubble parameter must be a single
number. So, our universe is expanding. It is well accepted by all but scientists do not
agree with the rate of expansion of the Universe. So, in this scenario, “Hubble Tension”
may be the first significant indication that cosmologists may have overlooked something
in the theory of origin and evolution of the Universe. Though another possibility may
also have this disagreement of the value of H as may be due to some error in one or

both of the estimation processes.

100



Chapter 4. Theory of General Relativity : A Concise Overview

However, one very effective and straightforward way to determine the value of
the Hubble constant is by measuring the distance of the galaxies and simultaneously
measuring their recessional velocities. In this method we can get the velocity of the
galaxies as a function of distance. Applying this method the value of H is estimated as
734+ 1 km s7' Mpc~!. The other way of measuring the value of H is by applying the
method of CMB anisotropy measurement. The second method gives the precise value
of H as 67.540.5 km s~! Mpc~!. The first one is known as “Late Time ” measurement
whereas the second one is denoted as “Early time” measurement. This disagreement
has created a lot of excitement amongst the cosmologists as the cosmological evolution
theories need to be rethought and which may lead to new discoveries.

Throughout the last two decades, it was a challenge to build a proper theoretical
cosmological model which sustains observations. The presence of exotic matter (DE
or quintessence or phantom energy) which is distributed homogeneously in all over the
Universe is considered to explain the accelerated Universe in various models but still
a best fit model is not achieved by the cosmologists. On the other hand exact EoS
of these types of exotic matters are also not known precisely. The standard ACDM
model uses an ad hoc assumption to construct it as P + p = 0 as a small change
in volume dV produces —PdV amount of change in energy in case of vacuum. This
kind of energy is similar to the “Casimir effect” where a small suction is present where
there is the formation of the virtual particles. The hidden mass problem evolved from
the observations of galactic rotational curve and which can be solved by incorporating
the imaginary exotic matter, popularly known as “Dark Matter” (DM)[45], [46]. The
presence of DM is believed to be present at the edges(outer region) of a galaxy which

causes the higher angular momentum [47].

4.1.6 Dark energy in the background of FLRW spacetime

There are various forms of DE within GR which can be used as dynamical alternatives
to ACDM model in an attempt to solve the coincidence problem but none of the
alternatives can give an idea of solving the problem related with vacuum energy. In

dynamical DE models have replaced the constant # by the newly proposed evolving
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energy density of a DE component and the EoS is constrained by w = —%.

Again, if A is considered as the vacuum energy, the value of cosmological energy
density becomes very small and we will get a highly fine tuned value of vacuum energy.
Surprisingly, the String theory provides a tantalizing possibility of various small regions

with particular small vacuum energy which exists inside the Universe. This leads to a

multitude of regions that form in some sense a “multiverse”, a highly speculative idea.

4.1.6.1 The Quintessence

It is possible to avoid the problems of phenomenological fluid models by constraining
the effective fluid speed to unity. A scalar field ¢ with a Lagrangian becomes effective
in this case. For any potential V' (¢) the effective sound speed depends on V. This
shows that the scalar field is non-adiabatic. The governing equations in this model can

be written as '
2

po="5 V(@) , (4.19)
Py = %2 -Vig) . (4.20)

Now the evolution of energy conservation equation becomes

b+3Hd+V'(¢p) =0 and (4.21)
K 8nG
H* + — = T(PT +omt+ps) (4.22)

As already mentioned this model opens up the possibility to solve the cosmological
coincidence problem but does not evade the cosmological fine tuning problem. The
quintessence potential remains arbitrary unless fundamental physics selects the poten-
tial. This quintessence model gives a viable possibility and computations are straight-
forward. The only possibility of this model that may in future the developments of

particle physics do select a candidate potential.
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4.1.7 The Chaplygin Gas model: A Unique Approach towards
Unification of DE and DM

On the other hand, phenomenological fluid models of DE are not so efficient. Adiabatic
fluid models becomes unstable to perturbations and the adiabatic sound speed becomes
imaginary for negative w as

P w
02:z:w—m : (4.23)

For a constant w model, the effective sound speed must be not equal to the adiabatic
speed of sound (c2 ,; # ¢2), i.e., dark energy model must be non-adiabatic. Otherwise
the model becomes physically unviable (¢2 < 0). The effective speed, which governs the
growth of inhomogeneities in fluid, must be positive and usually sets to 1 (cg off = 1).

But it is possible to avoid this constraint in an adiabatic fluid (¢} ;; = ¢3) if w is
sufficiently negative. This property of w is used by the “Chaplygin gas” fluid model
whose EoS is p = —/%, where A and « are constants, 0 < o < 1. This model provides
real adiabatic sound speed.

The Chaplygin gas (CG) model is proposed recently as the candidate of unified
DM and DE scenario, in which matter is considered to be a perfect fluid obeying an
exotic EoS. The most significant feature of this model is that it acts as dust (pressure
less fluid) like matter at an early stage and as the cosmological constant at later stages

(for large values of the scale factor) which tend to accelerate the Universe. In case of

simplest application the EoS of CG is taken in the form

p=—= (4.24)
P

where [ is a positive constant. This gas (CG) with the same EoS can admit a super
symmetric generalization [48] and this specific property of the EoS invokes interest
in String theory as well. CG is also applied successfully in Born-Infeld model whose

Lagrangian becomes
Lpr = —VB\/1—g"¢ b, . (4.25)
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Later this EoS of CG is also modified and it took a more generalized form as
generalized Chaplygin gas (GCG) and this new model is first introduces in the year
2002 [49], [50] with the EoS as

p=—— , 0<n<1 . (4.26)
o
Amendola in 2003 has found that the latest dada on CMB anisotropy favored the
GCG model as a candidate mixture of DE and DM [51]. On the other hand the dual
role GCG (as dust like matter and cosmological constant) model has been confronted
quite successfully with various observations and tests like CMB peak location, SN Ia
data, gravitational lensing etc.
Another very interesting and fruitful cosmological model has been proposed by
incorporating the concept of modified chaplygin gas (MCG) [52] which follows the EoS
as

p:ap—ﬁ ,a>0 and 0<n<1 . (4.27)
pn

The MCG model shows the radiation dominated era with a = % and also the acceler-
ated expansion era of later stage. The extended MCG model (EMCG), also has been

proposed in the year 2014 [53], which have the EoS as
p:iaipi—ﬂ O0<n<l . (4.28)
1 P

From the above EMCG EoS, the EoS of MCG can be recovered by setting » = 1 and
also the EoS of the higher order barotropic fluid can be recovered by putting r = 2.

4.1.7.1 The Interacting Quintessence

One of the unified DE and DM models is the interacting quintessence model. In this
approach, the quintessence and the cold DM interact with each other but not with
baryonic matter or photons. This model does not violate the current constraints from
the fifth force experiment as it does not interact with baryonic matter. It could lead

to a new way to solve the “coincidence problem” through the coupling between DE
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and DM and can explain the acceleration when p,, ~ ppg. During the coupling, the

energy conservation equations can be written as

é [cié L3HO+ V()] =Q and (4.29)

where rate of energy exchange due to interaction. For a given model of @), it is pos-
sible to choice the suitable parameters to make the model consistent with the recent

observational data (SNIa, BAO) on accelerating Universe.

4.1.8 The Detection of Gravitational Wave

The direct detection of gravitational waves (GW), has proved that Einstein’s theoretical
postulation of its existence as a consequence of GR, is absolutely correct, after a century
about its prediction in 1916. On 11** February 2016, the scientific collaboration of
LIGO and VIRGO has declared publicly the discovery of GW signal, detected by two
detectors of LIGO simultaneously [54]. This signal is named GW150914.

Albert Einstein described these GW as ripples in spacetime which results from his
GR theory. These waves are actually the intensity of gravity that are generated by
accelerated motion of gravitational masses and spread outward from the origin at the
speed of light. These waves also transport energy in the form of gravitational radiation.
First observational evidence of its existence was done by Hulse and Taylor by discovery
of orbital decay of a system of two binary pulsars. The orbital decay is matched with
the decay predicted by GR as energy lost to gravitational radiation.

In gravitational wave astronomy, the observations of GW signals give information
(data) about its source such as binary star systems composed of neutron stars, white
dwarfs and black holes. So, by studying GW we can infer a lot of information on those
massive relativistic objects. Various detected gravitational wave spectrum with sources

and detectors is shown in the Fig. 24.
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Fig — 24
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Figure 4.5: Represents the gravitational wave spectrum with sources and detectors.
Figure Credit: Goddard space flight Center (NASA).
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“Bverything likes to live where it will age the most slowly, and gravity pulls it there”.

—-Kip Stephen Thorne



CHAPTER 5

INTRODUCTION TO MODIFIED
GRAVITY THEORIES

5.1 Teleparallel Equivalent of General Rel-
ativity: Scope of the Modified Gravity

Theories

5.1.1 Theory of Modified gravity: A Brief Proposition

The progression of GR has experienced outstanding success over the decades as the
underlying theory of gravity. However, the establishment of quantum mechanics in
the 1920s and then quantum field theory has started to expose some of the limitations
of GR. Moreover, several limitations from various astronomical observations have also
focused attention on various shortcomings of GR. The Failure of GR theory not only
occurs on very small scale of the physical spectrum but also on larger scales such as
for galactic systems. In large scales, modifications of the standard model of particle
physics [55, 56], are essential to sustain GR. This has driven us to the concept of DM

that plays a crucial role in galaxies and their clusters [57, 58]. DM has shown great
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impact not only in the astrophysical context but also has an important role in the
cosmological context in the dynamics of the early Universe [59]. The best macroscopic
version of DM is popularly known as cold dark matter (CDM). Additional corrections
on the matter sector of GR are also needed to consider the very early Universe where
a rapid period of inflation is enforced to explain the extremely flat and homogeneous
Universe we observe at present [60]. On the other hand, modifications to the gravity
sector may also explain the features of galactic rotation curves such as in the case of
Starobinsky gravity [61] and conformal Weyl gravity [62]. Similarly, the accelerated
expansion of the Universe [63] also requires a cosmological constant A [64] to adequately

describe the observed expansion using GR.

So, GR can thus explain almost all phenomena provided sufficient and suitable mod-
ifications are considered in the matter sector so that we consider the widely accepted
concordance model in AC'DM plus inflation cosmology. However, the exotic nature of
these particle species remains a total mystery in terms of observations despite signifi-
cant theoretical advances in physics beyond the standard model of particle physics. In
the same vein, it may also be the case that the standard model of particle physics does
not require a significant restructuring for meeting these observational challenges and
it is that the gravitational section needs further revisiting. This may take the form
of extensions from GR or even modifications beyond GR that may be an alternative
to its original formulation. There have been numerous proposals for new theories of
gravity [65, 66] which are motivated either through phenomena or some theoretical
approach, as well as for other reasons such as from quantum physics. One interesting
possibility that has been gaining momentum in the literature in recent decades is that
of teleparallel gravity (TG) where curvature is replaced by torsion as the mechanism by
which geometric deformation produces a gravitational field. It does this by dislodging
the uniquely curvature-based Levi-Civita connection with a torsion-based teleparallel
connection. In fact, there are now thousands of publications related to the topic in
the literature. One of the many theories that torsion-based approaches to gravity has
produced is the teleparallel equivalent of general relativity (TEGR) which is dynam-

ically equivalent to GR, meaning that they cannot be distinguished through classical

110



Chapter 5. Introduction to Modified Gravity Theories

experiments.

The underlying geometry of GR is first revisited in the reference [67] and the founda-
tional ideas behind various concepts in teleparallel gravity (TG) are put on a concrete
mathematical basis. While another work [68] where the physics on which TEGR is
fully fleshed out together with potential future work on quantum gravity and quantum
field theory. These works again resurrect Einsteins original goal of reconciling gravity
with other branches of physics [69]. TEGR continues to be studied for potential ben-
efits as compared with GR such as in its quantum regime, and others. On the other
hand, TG has since undergone a renaissance with respect to (wrt) potential modified
theories of gravity. The first such modification was presented by Hayashi and Shirafuji
[70] where GR was slightly modified to allow for small deviations from TEGR through
a decomposition of its Lagrangian. However, the most impact suggested modification
came from Ferraro and Fiorini [71] where a form of f(7T) gravity first appeared in the
literature, and later by Linder [72]. The foundations of TG and its particular appli-
cation to TEGR, f(7') and some other teleparallel theories was explored in [73]. This
work built on foundational work represented in the book in [67] and covered important
advances on the issue of covariance in TG [74], among other topics. Another very
important work is [75] where foundational aspects, such as the Poincaré gauge gravity
origins of the theory, are explored but also many applications, both astrophysical and
cosmology. These are very important works in the community but the literature has
since drastically evolved with even more clarity on the covariant formulation of TG

and its relationship to metric-affine theories being more laid out.

5.1.2 The f(T) Modified Gravity: Basic Ideas and Overview

Over the last few decades, the role of torsion and its effect in gravity has been widely
researched. This leads to bring gravity closer to its gauge formulation and helps to
incorporate spin in a geometric illustration. In various torsional constructions, from
teleparallel gravity to Einstein-Cartan, and metric-affine gauge theories, concept tor-
sional gravity has been widely incorporated. In the paradigm the f(7') gravity, where

f(T) is chosen as an arbitrary function of the torsion scalar 7" becomes very successful
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in this field. Based on f(T') gravity theory, various important corresponding cosmo-
logical and astrophysical applications are also there in the literature. Particularly, the
search of cosmological solutions which arises from f(7") gravity in different eras (both
at the background and perturbation levels) along the cosmic expansion are attracting
the focus of the researchers in recent times. The main advantage of this f(T') grav-
ity theory is that the equations in f(7) gravity during its construction can provide a
theoretical interpretation of the late-time accelerated phase of the Universe. This is
an alternative way to study the cosmological constant and it can easily accommodate
the regular thermal expanding history including the radiation and cold dark matter
(CDM) dominated phases as well. On the other hand, if one want to trace back the
very early times of our Universe then for a particular class of f(7T") models, a sufficiently
long period of inflation can be achieved and hence can be investigated by cosmic mi-
crowave background (CMB) observations. Alternatively the Big Bang singularity can
be avoided at even earlier moments due to the appearance of non-singular bounces in

f(T) gravity theory.

Actually GR is based on the assumption that space and time constitute a single
structure assigned on Riemann’s manifolds. These manifolds are the dynamical struc-
tures that reproduce the Minkowski space-time in absence of gravity. In this sense,
gravity is conceived as the curvature of space-time. Any type of relativistic theory of
gravity, including GR, has to match some requirements to be self-consistent. First of all,
it has to reproduce the Newtonian theory in the weak-field limit, hence it has to explain
the dynamics related to planets and the galactic self-gravitating structures. Further,
it has to overcome various observational tests in the Solar System [76]. Moreover, by
the application of any new relativistic theory of gravity to construct a self-consistent
model at cosmological scales, it should reproduce the cosmological parameters such as

the expansion rate, the density parameter etc. to become successful theory.

According to the various assumptions on which GR is based on, Einstein postulated
that the gravitational field can also be described in terms of the metric tensor field ds? =
g dztdz”, with the same signature of Minkowski metric in four dimensions. Here, the

line element ds? is the covariant scalar related to the space-time measurements. Besides
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the metric coefficients are the gravitational potentials and the spacetime is curved by
the distribution of matter-energy sources according to the former Riemann’s intuition.
In other words, the shape of space-time is due to the distribution of mass of the
astronomical bodies in space. However, GR has faced some shortcomings at ultraviolet
and infrared scales. From the theoretical point of view, the shortcomings that GR is
actually facing, the non-renormalizability, the presence of singularities etc. Also we
don’t have a self-consistent theory of quantum gravity at present. From the recent
observational and experimental points of view, GR is no longer capable of explaining
the galactic or extra-galactic and cosmic dynamics, unless exotic forms of matter-energy
(interacting only at gravitational level) are considered. These elusive components are
addressed as DM and DE and constitute up to the 95% of the total cosmological bulk

of matter-energy [77].

5.1.2.1 The Concept and Importance of Torsional Field in Cosmology

One of the alternative theories of GR shows us that instead of changing the source
side of the EFEs, one can search for a geometrical point of view to accommodate the
missing matter-energy of the observed Universe. In order to do so, the dark sector
could be addressed by incorporating further geometric invariants into the standard
Hilbert-Einstein Action of GR. The effective Lagrangian of this new approach can
be derived by any quantization scheme on curved space-times [66]. Torsion can be
included in literature in various different forms. Generally, spin is considered to be the
source of torsion. But there are several other possibilities in which torsion emerges in
different contexts. In some cases a phenomenological counterpart is absent whereas in
some other cases torsion arises from sources without spin as a gradient of a scalar field.
Moreover, one can construct torsion tensors from the product of covariant bi-vectors
and vectors, and their respective spacetime properties.

The modification of GR with torsion is strongly felt today, since several questions
strictly depend on whether the spacetime connection is symmetric or not. GR is
essentially a classical approach which does not consider quantum effects. However, for

any theory acting at a fundamental level with gravity, these effects must be considered

113



Chapter 5. Introduction to Modified Gravity Theories

strictly. In a four dimensional space-time where the torsion tensors have some peculiar
properties is the first simple and straightforward generalization which tries to include
the spin fields of matter into the same geometrical scheme of GR. Besides, several
people think that torsion could have played some specific role in the dynamics of
the early Universe and it could have yielded macroscopically observable effects today.
In fact, the presence of torsion naturally gives repulsive contributions to the energy-
momentum tensor so that cosmological models become singularity-free [78, 79, 80,
81]. This feature essentially depends on spin alignments of primordial particles which
can be considered as the source of torsion. Again, if our Universe undergoes one
or several phase transitions, there is the possibility that torsion could give rise to
topological defects (e.g. torsion walls) [82, 83, 84] which today can act as intrinsic
angular momenta for cosmic structures as galaxies. Furthermore, the existence of
torsion in an effective energy-momentum tensor alters the spectrum of cosmological
perturbations giving characteristic lengths for large-scale structures as shown in the

reference [85].

Another way of classifying the torsional tensor follows the decomposition, at one
point of a U, space-time, of the torsion tensors into three irreducible tensors w.r.t. to
the Lorentz group. Moreover, one can use vectors and bi-vectors to identify their geo-
metrical properties. It follows that the elements of the second classification are gener-
ally expressed as a “combination of elementary torsion tensors”, while the “elementary
torsion tensors” are generally non-irreducible. So, beside Riemannian 4-dimensional
manifolds, U, manifolds is the first straightforward generalization which tries to include
the spin fields of matter into the same geometrical scheme of GR. The paradigm is that
the mass-energy is the source of curvature while the spin is the source of torsion. The
Einstein-Cartan-Sciama-Kibble (ECSK) theory is one of the most serious attempts in

this direction [86].

So, from above discussions the importance of torsion in any comprehensive theory of
gravity that takes into account the non-gravitational counterpart of the fundamental
interactions is quite clear. However, various articles have used torsion in different

forms. Generally the torsion is connected to the spin density of matter but in many
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examples are there where it cannot be derived from the spin matter and acquires
interpretations quite different from the models with spinning fluids and particles. There
are many independent torsion tensors with different properties. Torsion tensors can be
constructed as the tensor product of a simple covariant bi-vector and a contravariant
vector. Such objects are well understood in GR and they can be easily classified in
the reference [87]. We can identify these tensors separately by calling these tensors
as elementary torsion. So, torsional theories may be relevant in cosmology because of
the kinematical quantities such as shear, vorticity, acceleration, expansion and their

evolution equations, are modified by the presence of torsion.

5.1.2.2 Mathematical Formulation of Covariant f(7T") Gravity

As the spacetime manifold M be a parallelizable metric space, it is generally easy to
find a trivialization e, = €%, of the tangent bundle of the manifold. The dual vector
basis 1-form to e,, i.e., the tetrad is given by h* = hjdz", so that h(ep) = 0. We
have chosen the basic teleparallel theory of gravity using torsional scalar quantity 7" as
f(T) with the tetrad formalism concept. There is nonzero torsion with no curvature
in the background spacetime, which relates gravitation with tetrad and torsion. The

general form of spacetime metric is taken as
ds® = g, datdz” . (5.1)
In tetrad formalism after matrix transformation to a Minkowskian, it becomes
ds® = n;;0'0" | (5.2)
where 7 is the tangent space metric and

dat =el'g" | 0 = ezdx“ and (5.3)

Nij = dzag[—l, 17 17 1]7 eye;‘/ =0 . (54)

v
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The given root of the metric determinant is in the form
V=g =detle]] =e . (5.5)
The non-vanishing Christoffel symbols are,
re, =eldyel, = —e, e . (5.6)
The torsion tensor and con-torsion tensor can be written as

To, =€ (Ouel, — Oy€),) and (5.7)

1
K = —5 (T4 = To" =) (5.8)

The super potential S¥ took the form
v 1 pv By vBu
SHY = §(Ka + Ty — OpTg") . (5.9)
The torsion scalar in terms of contraction of tensors becomes,

T =78 | (5.10)

ur™ o

Now TEGR takes T as its Lagrangian and the modified f(7") considers an arbitrary

function of T instead, i.e.,

kel = = [ ' [V=GA(T) + VaLu(@a)] (5.11)

where G = ¢ = 1, Ly(®4) is the matter Lagrangian and /—g is the determinant of
the tetrad h%. Further the variation of the above equation w.r.t. the tetrad gives the

field equations as

2 ap o eg «
\/—__gﬁu (\/ —gso_ueafT) + Ef = TM 65 s (512)
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df

where fr denotes %

and the energy-momentum tensor 77 of matter is given by

5( _gLM) _ o
T = VT (5.13)

We considered in our work [88] that the compact stars contain both the quintessence

fields and electromagnetic field. So, Einstein equation can be taken as
G =87G (T, +T5, +ThY) (5.14)

where the terms have their usual meanings. The ordinary matter energy-momentum

tensor corresponding to anisotropic fluid along with anisotropic pressure becomes,

Ty = (p 4 punt” — piguw + (0r — pr)or” (5.15)

where, u* is the four-velocity, v* is the radial four-vector and they are satisfying u,u” =
1, v,0” = =1 and u,v* = 0. Here p is the energy density, p, is the radial pressure and
pt is the transverse pressure and T}, is the energy momentum tensor which consists of
pq the quintessential field energy density and state parameter w, (—1 < wy < —3). The
components of this tensor, require to satisfy additivity and linearity, which are given
as

1
T/ =T =—p, and T =T] = 5Bwa+ 1pg - (5.16)

Further, the energy-momentum tensor which represents the electromagnetic field

can be written as

1 [ 1
B =1 (95 FosFa — ZgMVFngHfS) , (5.17)

where, [, is Maxwell field tensor and ®,, is the four potential. The Maxwell’s corre-

sponding electromagnetic field equations are,

(V=gF"™),, = 47J"\/=g, Fius = 0, (5.18)
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where J* is the four-vector of current, satisfying all the conditions related to charge

density parameter o as, J* = out.

In this present model we have chosen the modified f(7') gravity in a simple linear

form as

f(T)=pT+p (5.19)

where # and (3, are integrating constants and to simplify the equation we took 3; = 0.

We also have chosen exotic matter EoS as,

1
pr=3(p—4B,) . (5.20)

where B, is the Bag constant. It is a generalised approach to use the MIT bag model
as it is the simplest EoS to investigate the equilibrium and stable structure of a NS.
We have considered the energy density and radial pressure of the chosen anisotropic

fluid in this model is connected through the relation
p=3p, +4B, . (5.21)
We have assumed the metric in spherically symmetric form to find out the interior
spacetime solution (KB metric) is in the form
ds® = —e"d? +e"Mdr? +r? (d6® +sin’*0d¢®) , 0<O<m , 0<¢<2r , (5.22)

where the unknown metric functions, a(r) and b(r) are purely radial (r varies from 0

to 00).

Under Lorentz transformation, the above line element remains invariant and the

tetrad matrix takes the form

N
o

L~
3

N

a(r

le}] = diag |e > e ,r,rsin(d)| . (5.23)
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As described by the KB metric(1975), in which the metric parameters becomes
a(r)=Br*+C , blr)=Ar* |, (5.24)

where A, B and C are the arbitrary constants, values of which can be determined by

imposing physical conditions.

Now taking(G = ¢ = 1) the Einstein-Maxwell equations can be written as,

T(r) = 2 (a’ + 1) and (5.25)

r r

T'(r) = 2 {a" + r—lz —T (b’ + 1) } : (5.26)

T T

where, prime denotes the differentiation w.r.t. the radial coordinate r.

Therefore the Field equations corresponding to the exotic fluid (quintessence) in

modified f(T) gravity becomes

47rp+E2:£—{T—%2—€Tb(a'+b’)}];—T : (5.27)

4rp, — E? = (T — T—) %T — £ : (5.28)

drp, + B? = {g+e—b{%ﬂ+(az,+2%) (a'—b’)Hf?T—g , (5.29)
C;:fT/fTT -0 and (5.30)

E(r)= %/Or Arrloerdr = % : (5.31)

where ¢(r) is the total charge inside the sphere of radius r and E' is the electric field

at the surface of the compact star.
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5.1.3 The f(R,T) Modified gravity: A Brief Introduction

We have considered another extension of standard GR which is famous as the modified
f(R,T) gravity theory, where the gravitational Lagrangian is given by an arbitrary
function of the Ricci scalar R and T, the trace of the energy-momentum tensor. The
dependence from T may be induced by exotic imperfect fluids or quantum effects.
In our model as the first step we have considered Einstein-Hilbert action in terms of
f(R,T) gravity as f(R,T) = R+ oT, where R is the Ricci scalar and T, the trace
of energy-momentum tensor with « as the coupling parameter between matter and
geometry. This helps to incorporate the minimal coupling between them. Also we
have solved modified TOV equations along with the field equations. The interior space
time of the spherical NS is matched to the exterior Schwarzschild line element at the

surface of the star to get the model parameters.

The f(R,T) gravity model depends on a source term which represents the variation
of the matter stress-energy tensor w.r.t. the metric. A general expression for this
source term is obtained as a function of matter Lagrangian L;; and each choice of
Ly would generate a specific set of field equations. Since in the present model, the
covariant divergence of the stress-energy tensor is nonzero, the motion of massive test
particles is non-geodesic. The extra acceleration due to the coupling between matter
and geometry is always present. The equations of motion of test particles are obtained
from a variational principle which can also be used to investigate the Newtonian limit

of the model and the expression of the extra acceleration is also obtained.

5.1.3.1 Mathematical Formulation of the Gravitational Field Equations of f(R, T)

Gravity

In this section, we have shown how f(R,T) gravity has been introduced by using
integration of the Ricci scalar R, over 4 dimension, after considering Einstein-Hilbert

action.

Again, in f(R,T) modified gravity, modified Einstein-Hilbert action takes the form,
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C4

167G

S = / \h|Lyrdiz + / F(R.T)|h|d'z | (5.32)

where |h| = det(h%) = \/—g describes the determinant of the tetrad (h%), Lj; represents
the matter Lagrangian and g = det(g,,). Now, if we consider the stellar matter as

perfect fluid then the energy-momentum tensor can be written as

2 0(L|h|)
, = — = Aomid) 5.33
! \h|  ogm (5.33)
Where ltS trace beCOIneS
T =g"T,, . (5.34)

The matter Lagrangian density Lj; depends only on the metric tensor components

g and not on its derivatives. So, we obtain

2 a(Lulh)
S VY o

(5.35)
Now, if we vary the Einstein-Hilbert action Sgg w.r.t. the metric tensor components

g, then we get

0SEH =

1
167

oT
ogH

{fR(R> T)SR+ fr(R,T) 59’“‘”} V—gd'z (5.36)

1 Guv w . 16m 0(y/=gL) —
o [ [ rmmg 4 SESIRO ] it

where fr(R,T) = % and f,(R,T) = % g;T) respectively. Again, from the variation

of the Ricci scalar gives
0R = 6(9" Ru) = Rubg™ + g™ {VAT), — V,0I0} (5.37)

where V) is the covariant derivative w.r.t. the symmetric connection I' associated to

the metric g.
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Moreover, the variation of the Christoffel symbol yields

A

g (6%
5F2V = T{vuégua + vuégau - Vaég;w} ) (538>

and again the variation of Ricci scalar provides

SR = [Ruw6g" + g, 00g"™ — V,V,09"™] . (5.39)

Therefore, for the variation of the action of the gravitational field we obtain

0Sgg =
1
16_77' [fR(Ra T)le(sgl”’ + fR(Ra T)Q,ul/Dégwj] V —gd4l’
1 . 5 gaﬁTa . (540)
~Ton { fr(R, T)V,V.,0¢" + fr(R, T)%ég“ } V—gd'z
1 Guw 167 d(v/—gLw) 4
- — = T)6g" —qd
T6n {Qf(R,)g e agw |V
We can define the variation of T" w.r.t. the metric tensor as
5(gaﬁTaﬁ)
T,LLI/ + @y,z/ = W 5 (541)
where
0391 ap
@lw =g ﬂw (542)

After integrating the second and third term of the above expression of dSgy par-

tially, the field equations of the f(R.T) model can be obtained as

Fa(R.T) Ry F (R, T) 00—V, (R T) = 8T (R, T) Ty fr(R. )0

(5.43)
It is very significant to point out that the above field equation gives the field equations
of f(R) gravity if we chose f(R,T) = f(R). Again the contraction of this equation

provides the relation between Ricci scalar R and the trace T of the trace-energy tensor
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as

fR<R, T)R + 3DfR<R, T) — 2f(R, T) = 8T — fT(R, T)T — fT<R, T)@ , ©= @Z ,
(5.44)

where the box operation O in terms of covariant derivative V,, is defined as O =

g"'V,V, and ©,, can be obtained as

O(,B aQLM

@NV = gwjvu — 2T;“, — 29 W

(5.45)

With considering the four velocity such as u,u* = 1.

Now, eliminating the term Ofr(R,T) between the above two equations, the gravi-

tational field equations can be written as

1

Fr(R TR = 5

Ry} + % (R.T) =
87{T,, — g—g”T} — fr(R, YT, — %T}
—hmjwmfﬂ§m+vmwﬁﬂﬂ

(5.46)

Again the covariant divergence of the field equation gives
V" | fr(R, TR, — % FIR,T) + (900 — V,.V,) fr(R, T)] =0 (5.47)

where f(R,T') is an arbitrary function of the Ricci scalar R and of the trace of the
stress-energy tensor 7', we obtain for the divergence of the stress-energy tensor 7),, the

equation

fT(R7 T)
87T — fT(R, T)

VT, = % (T + ©,u) VP Infr(R.T) +V"0,] . (5.48)

Next we have considered the calculation of the tensor ©,,, once the matter La-
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grangian is known. So, we have

5Ta5 5ga6 (9LM 82LM
- = M+ Jap -2 =
5g/“’ (Sg#’/ agﬂl/ agﬂl/agaﬂ
(5ga5 1 1
L =G089l — =9asT . (5.49
S M+2959u M = 59aptp (5.49)
O*Ly
Ogtroger
From the condition gn,,g°? = 0%, we have
5g045 (o3
59“1, c— gaagﬁ’y(su;y ’ (550)

where 0;,) is the generalised Kronecker symbol. So, we have

GMV::—2YLV+gMVLM-—29“55§§£%%E (5.51)
In the case of the electromagnetic field the matter Lagrangian is given by
Ly = —iFaﬁngMgﬁ” : (5.52)
167
where F,3 is the electromagnetic field tensor. In this case we obtain Ouv = —T,,.

In the case of a massless scalar field ¢ with Lagrangian Ly = ¢**Vana¢Vso, we
obtain ©,, = =T, + %T guv- The problem of the perfect fluids, described by an energy
density p, pressure p and four velocity u* is more complicated, since there is no unique

definition of the matter Lagrangian.

However, in the present study we assume that the stress-energy tensor of the matter

is given by
T = (p+ p)wptty, = PG s L =—p . (5.53)
The four velocity u, hold the conditions u,u* =1 and u*V u, = 0 respectively. Then,
with the above equation, we obtain for the variation of the stress-energy of a perfect

fluid the expression

T = =21, — Py - (5.54)
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5.1.3.2 Advantages of incorporating the f(R, T) Modified Gravity

The matter and time dependent terms in the gravitational field equations play the key
role of an effective cosmological constant. There is also the possibility of reconstruction
of arbitrary Friedmann-Robertson-Walker cosmology by an appropriate choice of a
function f(7'). The equations of motion corresponding to this model show the presence
of an extra force acting on test particles, and the motion is generally non-geodesic. It
is also possible to obtain an upper limit on the magnitude of the extra acceleration
in the Solar System by using the perihelion precession of Mercury, from this modified
gravity. This value of ag, obtained from the solar system observations, is somewhat

2 necessary to explain

smaller than the value of the extra acceleration ap ~ 10 8c¢m s~
the DM properties, as well as the pioneer anomaly [89, 90]. However, it does not deny
the possibility of the existence of some extra gravitational effects acting at both the
solar system and galactic levels. Though, the assumption of a constant extra force may
not be correct on larger astronomical scales.

Therefore, the predictions of the f(R,T) modified gravity model could lead to some
major differences, as compared to the predictions of standard GR, or other generalized
gravity models, in several problems of current interest, such as cosmology, gravitational
collapse or the generation of gravitational waves. The study of these phenomena may

also provide some specific signatures and effects, which could distinguish and discrim-

inate between the various gravitational models.
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Part IV

UNDERSTANDING THE PRESENT ACCELERATED UNIVERSE IN
THE CONTEXT OF f(R,7) MODIFIED GRAVITY :
CONFRONTATION WITH RECENT OBSERVATIONAL DATA



“Something deeply hidden had to be behind things”.

—Albert Einstein



CHAPTER 6

COSMOLOGY IN F(R,T) MODIFIED
GRAVITY: PREDICTING THE FUTURE
OF THE ACCELERATING UNIVERSE
THROUGH CURRENT OBSERVATIONS

6.1 Cosmological Model in f(R,T) Grav-
ity Embedded in Unified Dark Energy
and Dark Matter

6.1.1 Prelude

The newly proposed cosmological model deals with modified Chaplygin gasin f(R,T) =
R+ &(T) gravity, where &(T) is chosen as the linear combination of power law and log-
arithmic form under flat “Friedmann-Lemaitre-Robertson-Walker” space-time. It is
revealed that the model is compatible with current observational data and confronts

the deceleration and state parameters effectively. At large scale, the cultivated mod-
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ified Chaplygin gas can reproduce the results of the standard model except assuming
the prior subsistence of a cosmological constant. The model can predict the Big Rip
in future infinity and can tackle the difficulties related to the fine-tuning and the coin-

cidence problem practically.

Various observational evidence have revealed the present accelerated phase of the
universe [91, 92, 93]. The standard cosmology, using Einstein gravity with normal
matter, is unable to explain the above observational outcomes. Scientists are trying to
adapt the predicted accelerated expansion of the universe, by incorporating modified
gravity and proposing the existence of an exotic matter having an abundant amount
of negative pressure acquainted with dark energy (DE). The modified Chaplygin gas
(MCG hereafter) which has been considered in this present work is one of the fruitful
dark energy candidate models [252, 95] with the equation of state (EoS hereafter) as
p= (Ap — p%), where A, B and ¢ are all real constant parameters where 0 < ¢ <1
[96, 97]. Again, if we choose B = 0 the perfect fluid EoS can be recovered and for A = 0,
it is converted into generalized Chaplygin gas. Besides, MCG has been considered in
our work because of its minimum small x? value [95] and also it can unify both dark
energy and dark matter that leads to the accelerated universe with suitable negative
pressure. At large scale (later stage) its EoS is nearly equivalent to A (cosmological
constant). MCG will also satisfy (p + 3p) < 0 because of the Friedmann equation

g 47

R LA A (6.1)

On the other hand, the tensions in the expansion rate of the accelerated universe
at present, can be well accommodated by the modified gravity theory [98, 99, 100].
The model with modified gravity theory also helps to modify the standard model
alternatively in terms of dark matter [101, 102, 188]. Harko et al., have considered
Einstein-Hilbert action as f(R,T) where R, as the Ricci scalar and T as the trace of
energy-momentum tensor [104]. Though the above mentioned model is justified due to
the quantum effect as a conformal anomaly, but still the field equations have become

very much complicated and due to the matter-gravity coupling, the test particle does
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not follow a geodesic path. Again, a very simple form of f(R,T) has been chosen by
S. Chakraborty where the particles will follow the geodesic path [105]. f(R,T) gravity
model can also be successfully implemented to predict the accelerated universe and its
fate by G. Sardar et al. [106]. Moreover, the ACDM model has been considered as
the best fit cosmological model [107, 108]. But it can not accommodate the difficulties

related to the fine-tuning and the coincidence problem [109, 110].

The motivation of this current work is to explore the effective application of MCG
with f(R,T) = R+ £(T) modified gravity as a successful cosmological model during
the prediction of the present accelerated universe and about its future, in the context
of recent observations. This model can confront the fine-tuning problem and the coin-
cidence problem in a practical way. At the same time, the accuracy of the support of
the current choice of {(T') in f(R,T) modified gravity as a linear combination of power
law and logarithmic form, under flat “Friedmann-Lemaitre-Robertson-Walker” (FLRW

hereafter) space-time will also be examined with the present observational data.

6.1.2 Mathematical Construction of Basic Equations

In f(R,T) modified gravity theory [104], modified Einstein-Hilbert action takes the

form,

1 4

where T' = T},,g"" and L, represents the perfect matter fluid Lagrangian density which

gives the energy-momentum tensor as [111]

Mmg o agm

and the above equation (3) can be written in a simple form if Lj; depends only on g,,,

as
0Ly

gt

Ty = G Las — 2 (6.4)
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Again, for the perfect fluid, the energy-momentum tensor took the form as

T#l/ = [(p + p)u,uu,u _pg,uzz] with LM = —-p , (65)

where p and p are the total energy density and pressure of the perfect fluid respectively,

that fills the Universe.

So, in metric formalism, by using the variation w.r.t. the metric tensor, the field

equations for f(R,T) gravity becomes [104]

Of(R,T) 1 Of(R,T) _ Of(R,T)
TRMV_EJC(R’ T)Q;w_[vuvu - guuD] T - SWGTMV_(THV + @,uu) 8—T )
(6.6)

where the box operation O in terms of covariant derivative V,, is defined as O =

s

g"'V,V, and ©,, can be obtained as

O? Ly

I _ _ 98~ M
O = | 2T — 2Lpmgu — 29 g7 0go7

(6.7)

It is very interesting that from the above equation (6), the ACDM model can be
recovered by just replacing f(R,T) as f(R,T) = R + 2A with matter as dust i.e.
Ly = p, where A is the cosmological constant. Now, for the perfect fluid, considering
the restrictions on four velocity such as w,u* = 1 and v*V,u, = 0, the reduced form

of the above equation (7) as
Ouw = —pguw — 21, . (6.8)

So, in this current cosmological model, we have chosen f(R,T) = R+ &(T'), for which
the field equation (6) took the simplifies form as [105]

G = 87G | Ty = (T + ©,)€ (T) + Z5€(T)] . (6.9)
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6.1.3 Incorporating Modified Chaplygin Gas in f(R,7) modi-

fied gravity

As we have considered the spatially flat FLRW space-time [106], the modified Fried-
mann equations in terms of Hubble parameter (H = %) where a(t) is the cosmological

scale factor, can be written as

3H? = 871G {pm + (o + )€ (T) + ig)} and (6.10)
3H? +2H = —87G [pm + @} : (6.11)

Now, the above equations (10) and (11) as standard FLRW equations can be written
as

3H? = 87G(pm + pa) and (6.12)

3H?* 4+ 2H = —87G (pm + pa) (6.13)

where p,, and p,, are the energy density and pressure of the matter respectively. Again,

pa = (pm +pm)E (T) + LQT) and pg = —L;r) are the energy density and pressure respec-

tively due to the effect of modified gravity. These terms can produce the equivalent

contributions for dark fluid component.

Further, the conservation equations followed by the dark matter (DM hereafter)

and dark energy (DE hereafter) respectively can be written as

P+ 3H (pm + pm) =0 and (6.14)

pa+3H(pa+ps) =0 . (6.15)
Now, solving the above equation (14) we have got the energy density of the dark matter
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component as
pm = pmo(1+2)* as p, =0, (6.16)

where p,,0 is a constant and [z = ﬁ — 1} is the cosmological redshift.

Again, considering DE in the form of MCG whose EoS is given as

B
p= (Ap — —w) with A, B are real constants and 0<¢¥ <1 . (6.17)
p

Using the equations (15) and (17) we obtain the energy density in terms of scale factor

a(t) as

I B T+
pPMCG = (a3(1+w)(1+A) + i A) , (6.18)

where [ is the integrating constant. Now, the above equation (18) indicates that, when
a — oo i.e. at large scale the stable energy density is achievable if and only if ¢ > —1.
Further, 1+ A > 0 and B > 0 corresponds to the universe dominated by DE. So, the

effective EoS parameter becomes

B

1+
Pmvmca

Wepp = | A — (6.19)

As we have considered £(T') as the linear combination of power law and logarithmic

form, the f(R,T) modified gravity in our model took the form

where &, (1, P2 and m are arbitrary constants. Now applying the above choice and
using equations (12) and (13), we can get the simplified form of p; and p, of the fluid

as

Pd =
€o [Br(1 = Bwesr)™H{2m (L + wers) + (1 = 3weps) b (6.21)
1+ we
+ & {52 (2% +In[(1 - 3Weff)pm]):| and
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Pa = _§0 |:%(1 — ?)(,L)eff)mpT1 + Bgln{(l — 3weff)pm}} . (622)

According to our choice in f(R,T) gravity, the equation (19) took the form

Wy = — (1 — Bwess)In[(1 — 3wess) pm]
‘ [2(1 +wers) + (1= Bwers + 2m(1 + wegyp))In](1 — 3weff)pmﬂ . (6.23)

On the other hand, for the same choice of f(R,T), the first Friedmann equation

gives
H?(2) =¥ [pmo(1 4 2)° 4 & (B1(1 = 3wa) ™ [2m(1 4+ wa) + (1 = 3wa)] [pmo(1 + 2)°]™)]
+ ? [fo (ﬁg [% + In[(1 — 3wg) pmo(1 + z)g]] )]

(6.24)

Now, we can also define another dimensionless parameter in terms of dimensionless

density parameter €2,,0 = 5% as
0

2

_} = [Qmog +2)% + %”(1 — 3wa)™ " 2m(1 + wa) + (1 = 3wa)][Qmo(1 + z)?’]m]
(6.25)

It is very significant that the above new cosmological model reduces to ACDM model

if we set m =0 and Sy = 0.

6.1.4 Constraining MCG and Best fit values of the EoS and

Cosmological parameters : Observational Support

In the analysis, we have incorporated the present day value of Hy to make a robust
estimation of the parameters of our model and also utilizes the H(z) to impose severe
constraints. We have also applied the Markov Chain Monte Carlo (MCMC hereafter)
code Montepython3.5 method to estimate the required cosmological parameters only
[112]. This statistical analysis, through our model, implies a deep and valuable insight

on the observed cosmological acceleration and also reveals the nature and role of DE
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in the present expansion of the Universe. During analysis we have used the data sets
(Pantheon [113], BAO (BOSS DR12 [114], SMALLZ-2014 [115]) and HST [116]) and
have imposed a PLANK18 [117] prior.

The study of Type Ia supernova (SNIa hereafter) is one of the most efficient methods
of studying the DE dominated accelerated expansion of the Universe [118, 119]. Here
to find the constraints on the MCG parameters we have used the above mentioned dada
sets. The best fit values of the parameters, tabulated in the Table 1. are obtained by
considering minimum value of the y? function of u (distance modulus) of the dada set
[95]. The data set also gives the required parameters of our proposed model as tabulated
in the Table 2. In this work we have only measured the essential free parameters required
for analysis the present situation from cosmological model. In this model in f(R,T)
gravity, we have considered the values of a few base parameters as m = [-2, 2], 51 = 3.1
and By = 0.2. We have also chosen baryon density 100w, = [1.9, 2.5]; cold dark matter
(cdm) density weg, = [0.0,0.145]; Hubble parameter Hy = [60,80] km s~* Mpc~! and
wao = [—0.33,0.33], in flat space-time prior.

Table 1.
EoS parameters of MCG ¥ A B i
Best 0.572347031%  —0.17123%015  0.5443570357 | 1031.82316
Fit 05634710277 01675470172 05428770211 | 1031.82316
Values 0.5548170315 —0.16086101% 0.5437570217 | 1031.82316

Table 6.1: Best fit values of the MCG parameters of the present model using data set
(SNIa) with 1o confidence

The Hubble parameter and deceleration parameter in terms of cosmological redshift

z can be expressed as

1 dz
H(z) = — — 6.26
where % can be inferred as in the reference [120] and

dt

o) = —Z—‘j _ (1 +—Z > | (6.27)
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Table 2.

SI NO. | EoS parameters | Best fit Values Mean £+ o
1 100w, 2.251 2.248370 0215
2 Wedm 0.11803 0.117970 0051
3 H, 73.01 72.68370 1083
4 Qa0 0.745 0.738270 0152
5 Qo 0.2675 0.266570 0,55
6 Xmin 1031.8232

Table 6.2: MCMC result of the cosmological model parameters using data set (SNIa)
with 1o confidence.

6.1.5 Graphical Interpretations and Comparison of the model
with ACDM Model
Fig —25 Fig— 26
¥mpm deceleration parameter qfz) vs z plot
W | a
Hy
25 el
05f
X i 2 = L7
-05; ;’
n;s a‘m n;f ulza H‘ZE n;,n z '-F«D--

Figure 6.1: Represents the variation of the Hubble parameter H(z) as a function of
cosmological redshift z.

Figure 6.2: Represent the variation of the deceleration parameter q(z) with respect to
the redshift z.

Now, we can estimate the values of pgo and &y using the above tables as pg = 3902.01

and & = 1632.

137



Chapter 6. Cosmology in f(R,T) Modified Gravity: Predicting the Future of the Accelerating

Universe through current Observations

We have also compared our model with the ACDM model, in order to check the
suitability and viability of it by analysing Akaike Information criterion (AIC) [121, 122]
and Bayesian Information Criterion (BIC) [123, 124]. Generally, the best fit data is
shown by the lower values of AIC and BIC corresponds to the specific model. The

values are tabulated in Table 3.

Table 3.
S1I NO. | Cosmological Model AIC BIC AAIC ABIC
1 Present 1043.814 1074.012 -2.066 8.282
2 ACDM 1045.88  1065.73 0 0

Table 6.3: The values for AIC and BIC for present cosmological model and ACDM
model

6.1.6 Brief Discussions and Conclusion

In the context of various cosmological models of the present accelerated universe, till
now we have seen that mainly two types of approaches have been preferred. In order
to justify the late time accelerated universe, one can choose any one of the following
approaches as either taking into account dynamical dark energy in the context of
standard GR or modified gravity theory without adding any exotic fluid. But till now,
no such a highly acceptable cosmological model has been confirmed and the hunt for
the perfect model continues. Though, the ACDM model has a few drawbacks, it has
been considered to be the most effective cosmological model at present time. So, it
is very clear that these several cosmological models of present time by using any one
of the above approaches can never be accepted over ACDM model. So, it is obvious
that any one of the above approaches is not enough to reach our goal. In this scenario,
cosmologists are trying to construct a best fit cosmological model to demonstrate the
present observational data. In this situation, we have constructed a new cosmological
model by combining the two approaches and have found that it gives a better result to

observational data.
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We have done the detailed study of our newly proposed cosmological model which is
found to be preferable in the context of present observational universe. It can give good
predictions at the present situation for both state Q49 and deceleration parameter ¢(z).
At large scale wy will converge slowly and MCG has no future singularity. The stability
of this model does not depend on MCG EoS parameter B. Moreover, the difficulties
related to fine tuning and coincidence problem can also be solved as z — —1.

Now, using the calculated best fit values of the cosmological parameters we have
plotted a few most important cosmological parameters of our model and the figures
are given as Fig 25 and Fig 26. The present model becomes very interesting as we can
look into the universe at z < 0 and can predict about its future in a practical way.
The Figure 26 is very crucial as well as important. It shows that from our model, we
have got ¢(z) — —1 as z — —1. So, from these observations we can conclude that the
universe will continue its accelerating phase and go beyond the phantom region [125].
Further, we can predict about the Big Rip in the future as z — —1.

According to the AIC analysis, our model gives a very good observational support
for the considered data sets. Interestingly, as AAIC has become negative also, it
clearly depicts that maximum possibility of our present cosmological model is higher
than ACDM model. However, considering both AIC and BIC values, we can say that

our model can give the best observational support w.r.t. the considered data sets.
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Part V

COSMOLOGICAL EVOLUTION OF A CHARGED ROTATING BLACK
HOLE UNDER DARK ENERGY DOMINATED UNIVERSE



“Black holes ain’t as black as they are painted. They are not the eternal prisons they
were once thought. Things can get out of a black hole, both to the outside, and
possibly to another universe. So if you feel you are in a black hole, don’t give up.

There’s a way out”.

—Stephen Hawking



CHAPTER 7

BLACK HOLES UNDER DARK
ENERGY AFFECTED UNIVERSE

7.1 Stability and Quantum Phase Transi-
tion of the Charged Rotating Black Hole
Embedded in Quintessence Field

7.1.1 Prelude

Immediate local impacts of cosmic acceleration upon a rapidly rotating black hole are
very interesting in recent studies. In this article, the stability of a rapidly rotating black
hole and the minimum value of the ratio between the black hole’s angular momentum
to it’s mass which ensures the stability, are investigated simultaneously. Also, two
modern forms of uncertainty relations are proposed by enhancing the usual Heisenberg
algebra with superior terms, in order to supervise on thermodynamic properties of the
rotating black hole. An asymptotically flat Kiselev black hole solution, cultivated by
quintessence field is chosen for this purpose. The local shifts in space-time geometry

next to the rotating black hole can be resolved from a modified metric, occupying the
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surrounding space-time of the black hole. The angular momentum of a rotating black
hole depends on the rate of change in acquiring mass by it. On the other hand, at the
same time, due to the effect of the quintessence field, there exists repulsive gravitational
force inside the black hole. So, there is an uncertainty in the position of Innermost
Stable Circular Orbit as well as radius of the rotating black hole. This uncertainty
is also investigated in our work. Relying on two new forms of uncertainty principle,
the modified thermodynamic variables like black hole’s Hawking temperature, heat-
capacity, entropy at the black hole’s event horizon etc are computed under rotation.
Quantum corrections of black hole’s Hawking temperature, entropy, free-energy etc are
also explored. Further, quantum corrected heat capacity of the rotating black hole is
studied and also thermal stability is inquired. The existence of transitions of phase
in case of a rapidly rotating black hole are also found out. Again, quantum corrected
entropy of black hole contains logarithmic terms and their effects on thermal stability
of the rotating black hole are also discussed. Modifications in the mass-temperature,
specific heat etc of a rotating black hole are also presented according to the modified

extension parameters.

Black holes (BHs hereafter) are the simplest among the families of compact stars
[126, 301, 128]. Einstein’s general relativity (GR hereafter), where a central singularity
and some inner horizons such as Cauchy horizons, Innermost Stable Circular Orbit
(ISCO) etc are intertwined by an event horizon, can be used to treat these objects.
Quantum fluid studies [129] also uncover the fact that they even can radiate, named as
Hawking radiation. Vacuum perturbations, which generate virtual pairs of particles,
are the origin of this BH radiation. At one time, tidal forces draw them aloof, one
falls in and the other escapes away giving this radiation. This idea leads us to consider
the BHs as thermodynamic systems. In physics, BH thermodynamics is the area of
study that seeks to reconcile the laws of thermodynamics with the existence of the BH
event horizon. Also, a BH may stop to evaporate and then it may become stable at
the quantum ground state. Thermodynamics and related topics are emergent ways to
culture BH physics. Holographic principles [130] assists us to describe surface quan-

tities to the BH thermodynamics. BH entropy and temperature are holographically
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concerned to the horizon area and surface gravity respectively. The surface gravity of
a BH comes into play only when the BH is in equilibrium, i.e., stationary [131]. But in
our study, we choose rotating BH. BH parameters like mass, charges, angular momenta
etc are thermodynamic variables of the first law. One of the best ways to look into
what happened to the BH at the quantum scale is to study the thermal fluctuations
[132, 133]. We get the knowledge about the microscopic origin of entropy from it. As
a matter of fact, it is statistical fluctuation that may be illustrated as the quantum
corrections. We need a theory of quantum gravity for practicing this type of quan-
tum corrections in a strong gravitational system. It can be done via some quantum
theories of gravity like string theory or loop quantum gravity. Meanwhile, it is found
that leading order corrections to the BH entropy may be logarithmic [134, 135, 136].
It is actually an important term when the BH’s size is small. Consequently, it can
be considered to test the quantum gravity [137, 138, 139]. Such thermal fluctuations
can be considered as small perturbations around the equilibrium temperature of the
BH. The logarithmic correction effect on a BTZ BH [140], is observed to find thermal
fluctuations which can modify the stability of BH. Logarithmic term corrected thermo-
dynamics of Horava-Lifshitz BH [141] is also studied where extension to higher order
corrections are included with inverse of entropy. These corrections are very important
in order to calculate micro-canonical entropy of a BHs like Schwarzschild and BTZ
[142; 143]. Newly, an exponential term, has been raised to correct the entropy of a
BH. These exponential corrections in BH entropy may arise in any quantum theory of
gravity but it is negligible for a large horizon radius, while it is important when the
BH sizes become small. Since before, no thermodynamic analysis of a rotating BH has
been done with exponential entropy corrections. In this article, it has been done for

Kiselev BH [144].

At present, from different astronomical observations, we are already aware about
the late time cosmic acceleration of our universe [?, 315]. It is also assumed that the
cause of this type of cosmic acceleration is caused due to the existence of a mysterious
exotic matter with negative pressure and novel behaviour, well known as dark energy

or quintessence. Also, it is taken as an assumption that this weird exotic matter is
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distributed all over the universe like a homogeneous fluid. Quintessence is taken as
a real form of energy which is distinct from any normal matter or radiation or even
dark matter. In the case of symmetric BH metric, the effect of the quintessence field is
incorporated by Kiselev. Various thermodynamic quantities are resolved for different
values of quintessence state parameter, w, where —% > wy, > —land w, = ’;—Z (147, 148].
Phase transitions and thermodynamics in rotating Kiselev BH have been studied using
first order approximation of event horizon in order to study the thermodynamic mode
for all values of dark energy EoS. Thermodynamic relations for Kiselev and dilation
BHs are also investigated later. The instability of a large rotating BH surrounded by
quintessence has been also studied in the reference [149]. Previous thermodynamic
study on modified gravity BH also discloses the fact of instability for BHs as there is a
shift further from Einstein’s GR model [150]. Stephen Hawking, in early 1970’s applied
the theory of GR in order to bring out his famous horizon area theorem, according to
which the entire horizon area in a clasped system bearing BHs never decreases [151]. Tt
can merely enhance or remain the same. A few days later, Jacob Bekenstein observed
the semblance between the area theorem and entropy, i.e., also entropy of a closed
system never decays. It was remarked by Bekenstein that, in reality, BH’s area is
an exposure of its entropy [152]. This entropy required the BH temperature as a
direct conformity of radiation from the BH. Later Hawking, himself, in the year 1975,
confirmed that a BH can radiate by applying a quantum-mechanical method. Hawking
radiation is ejected with more competency if the tidal forces are strong enough near the
BH horizon. We already know that the temperature of a BH is inversely proportional
to the mass of the BH. This implies that higher the temperature of a BH, smaller its

mass.

In fact, Snyder has given the primary concept of smallest measurable fundamental
length much earlier [153, 154]. This model was very interesting as it sustained the full
Poincaré invariance. This model of Snyder does not get any extra attention at that
time but some recent approaches to the development of quantum gravity theory, like
string theory [155] showed the irresistible requirement of measuring smallest measurable

fundamental length. Now, in different cosmological researches we can observe many
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reuses of this model on behalf of modified Heisenberg algebra [156, 157]. There also
exists an anti-Snyder model. Again, quantum field studies have shown us the creation of
quantum particle which may cross the event horizon of the BH via quantum tunnelling
which results Hawking temperature and entropy of the BH. This tunnelling probability
may also increased by incorporating the GUP [158, 159, 160]. In the reference [161],
using the effect of GUP, quantum corrections of Hawking temperature and entropy of
a Schwarzschild BH has been investigated. Quantum aspects of BH entropy have been
studied in the references [162, 163]. Logarithmic corrections of entropy was studied by
the authors in [164]. Various types of BHs using GUP approach also have been studied.
T. Kanazawa et al. have studied noncommutative Schwarzschild BH using GUP [165].
G. Lambiase and F. Scardigli have studied Lorentz violation using GUP [166]. Further,
Kerr-Newman solution and energy in teleparallel equivalent of Einstein’s theory has

been also investigated by G. G. L. Nashed [167].

So far, the stability of a slowly rotating BH, like Kerr BH, has been found out and
researchers have shown that the ratio between BH’s angular momentum to it’s mass
must be much less than 1 for these cases. But the stability of a rapidly rotating BH,
has not been revealed yet. Also, the researchers are not able to determine, to ensure
the stability of a BH, how small the ratio of angular momentum to the BH mass has to
be. Several researches have been going on this field. Kiselev metric is a simple spheri-
cally symmetric BH solution which can be modified into other types of BH solutions by
changing the values of the parameters like, w, and o,. An asymptotically flat Kiselev
BH solution cultivated by quintessence field is chosen for our model. In this work, we
mainly inspect the various conditions for stability of a rapidly rotating BH and quan-
tum fluctuations of various parameters of the BH. We have also studied the ratio of
angular momentum to the BH mass in case of rapidly rotating BHs and tried to point
out minimum value of the ratio. At the same time, we have also investigated the fluctu-
ations in thermodynamic parameters of a rotating BH, embedded in quintessential field
under the background of cosmic acceleration of the present universe, due to its rapid
rotation. Thermodynamic behaviour of a rotating BH is actually observed in terms

of different parameters like radius of event horizon, mass of the BH, Hawking temper-
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ature, thermal heat capacity at the event horizon, entropy, surface gravity and also
the rate of emission etc. After that, we have also supervised the quantum corrections
of these thermodynamic parameters using modified Heisenberg uncertainty principle.
The anisotropic nature and the presence of repulsive gravitational force inside the BH
are observed. At the same time, phase transitions and thermal stability of the BH
are also analysed under the presence of both quintessence and modified uncertainty

relations for a fast rotating charged Kiselev BH.

7.1.2 Construction of Basic Mathematical Equations for Rapidly
Rotating Black Hole under Quintessence Filed

We know that the value of quintessence state parameter w, should remain in the range

of —% > w,; > —1. In order to comprehend the effect of quintessence field in the
neighbouring space-time geometry of a BH, it is necessary to construct a generalized
form of exact spherically symmetric solution. For this purpose, Einstein’s equations
satisfying BHs enclosed by quintessential matters with the energy-momentum tensor
has been considered. According to this tensor which obeys the additivity and linearity

conditions, the metric derived by Kiselev, can be expressed as,

d2
ds? = — f(r)dt? + 2§ 12(d? +sin20de?) , 0<O<m and 0<o<2r , (7.
f(r)
T
with
2M Q? o
f(r) = _T+7_T(3wj+1) ’ (7:2)

where M, r, and @) are the mass, radius of event horizon and charge of the BH, o,
and w, are normalized quintessence parameter and exotic matter equation of state
parameter around the BH respectively. The value of o, is of the order of 107*. The
small value of o, will not affect w, so much and the impact of w, will be visible clearly
from our present investigation. On the other hand, if we can make the contribution of
last two terms in the above equation (12) negligibly small, then for very small values

of those parameters o, and (), the function f(r) resembles to Schwarzschild metric.
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For a little increase in the value of o,, f(r) decreases slightly but as r increases, f(r)
increases initially and reaches to a maximum. But for further increment of r, f(r)
decreases slowly. In various research works the parameter o, is chosen in the range of
1072 to 10™*. Again in some study on BHs with GUP approach also o, is chosen as in

case of our model.

The relation between the energy density of quintessence field p, and w, is given as

1 rq>(3wq+1)
) (7.3)

8rGpy = —3wqﬁ<7
where the parameter, 7, has the dimension of length. It is the length at which grav-

itational field evolved by the quintessence grows strong. So, it is very clear that the

quintessence field can be portrayed by two parameters, r, and w,.

From the above equation (12), we can say that at, » = 0 there exists a curvature

singularity. Now, f(r) = 0 gives radius of BH event horizon as,

1
TR = — (1 +4/(1— 8Maq)) . (7.4)
204
The above equation (14) shows us that the event horizon exists only when M < ﬁ.
The mass of the BH for event horizon can be expressed as,
T'h
M = 5(1 —TRoy) . (7.5)

We can calculate the temperature of the BH at the event horizon using the equation,

1

T, =
h 471y,

(1 - 27"h0'q) . (76)
As, T'= 3=, the surface gravity of a BH at the event horizon can be expressed as,

1
Rp = 2_7“h(1 — 27“h0'q) (77)

Now, equating the equation (16) with the equation (5) and using the equation (15), we
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acquire the expression of entropy at the BH event horizon as,
Sy =n(rp)? (7.8)

which is expected from equation (3) and it is a direct evidence of the relation between
area and entropy of BHs. This entropy is known as the zeroth entropy of a BH and it is
denoted by Sy. From the expressions of BH mass and temperature at the event horizon
of a BH as from the above equations (15) and (16), we can compute the specific heat
of the BH as,

Cp = —2mry(1 — 2r0,) . (7.9)

Hence, it is obvious that for a BH to be thermodynamically stable if r, > ﬁ We
also can verify the thermodynamical stability of a BH by using the condition, which
states that, negative value of the specific heat can make the BH unstable and if the
specific heat blows up, that is the significance of a second order phase transition for the
BH. The rate of emission of a BH, in terms of photon which is known as BH radiation
becomes,

dM

where t is the time of occurrence of this emission. So, the rate of emission can be

expressed as,
dM 1

% XX W(l + 40'27”}% — 40'q7"h) . (711)

7.1.3 Incorporation of Generalized and Extended Heisenberg

Uncertainty Principle : A Quantum Approach

The uncertainty principle always get a novel attention in quantum physics. It is widely
accepted to be a fundamental limit on the measurement precisions of incompatible
observable. In the microphysics state, in quantum mechanics, Heisenberg uncertainty

principle in generalised form can be written as

AzAp > h (1 — %Ap + ﬁApQ) , (7.12)
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where the parameter [ is linked with the deformation parameter 6*¥, which is a byprod-
uct of noncommutative geometry. The current bounds on § works good for the (2,0)
ranked tensor. Violation of Lorentz invariance is also linked with the deformation
parameter $ of GUP approached study. GUP studied from the point of baryon asym-
metry, also denotes the values of 5. Again in the above equation, Lp is the Plank’s
length as already given in equation (8) and « is the dimensionless positive parameter
with upper bound of the order of 103!. For our work, by using extended Heisenberg

QQL%,
h2

uncertainty principal, we have chosen 5 =

So, the quadratic form of the above equation (22) can be written as,

2L2
Ap > T <1 + ah2PAp2) . (7.13)

The equation (22) can also be written as,

hAx 4o’ L%

From the early work of Snyder, where he used the idea of noncommutative geometry

to avoid the divergence in quantum field theory. In his work, he took the equations as

(X, P)] = ih(nw + 0P,P,) (7.15)
and
(X, X, =1ih0J, , [P,P]=0 |, (7.16)

where 7, is the metric tensor and given by [n,,| = diag[-1 1 1 1]. Here, the deformation
parameter, 0 is taken as, § o< L%. Here, J,, = z,p, — 2,p, with space-time indices
p and v generates Lorentz transformations2. From the above equations (25) and (26)
we can say that when 6 > 0 the Snyder model gives a discrete spatial and continuous
time spectrum whereas 6 < 0 gives just the opposite case, i.e., continuous spatial and

discrete time spectrum. This opposite case is known as anti-Snyder model.
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Now, according to the modified Snyder model

P =ih/(1 + aP?) | (7.17)

a0 _ Qolp

where o = M=

. M, and Lp are the Planck mass and Planck length respec-
tively. From equation (27) it is clear that a — 0 gives back the ordinary Heisenberg
algebra. The position and momentum operators, in the momentum space can be rep-
resented as

P=p, X=ih (1—|—ap2)5£p . (7.18)

Again using the binomial expansion, expanding the above equation (27) with respect

to deformation parameter «a, we get

« o? o’
X.Pl=ih(1+=-P*>——P*+ —PS— ... . 1
[,]z(—l—2 T ) (7.19)

The equations (27) and (29) gives the uncertainty relation after considering the average

values, in the modified form as,
(ax)ar) = 5{(VI+ar?)) .

>E((145P 2P+ )

_E(1+ S(p2y—@2(ply4 ) ,

>3 (1+%[(AP) +(P)2] — L [(AP)? + (PY] + oo ) :

where we have applied the property, (P**) > (P?)" and after using the above

\/

derivation of the modified uncertainty relation, the first order « gives,

(AX)(AP) > g\/l ol AP+ (P (7.20)

which is our required equation to find out the uncertainty in position. So, the utmost

smallest uncertainty in position X becomes

(AX) ~ h\/g . (7.21)

In the similar process, we also can obtain the required equation of finding out the
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uncertainty in momentum as well. For this purpose, we took the relation between

position X and momentum P as

X, P] = ih/(1 + BX2) | (7.22)

where, g = lé with anti de-Sitter radius [%. The position and momentum operators,
H

in the position representation can be represented as,

X=z |, P:?\/(lJrﬁx?)% . (7.23)

Again using the binomial expansion, expanding the above equation (32) with respect

to deformation parameter 3, we get

[X,P]=ih |1+ bz _ B—ZX‘* + —3X6 — e, : (7.24)

’ 2 8 16
Now, we use the equations (32) and (34) and also the property, (X?") > (X?)" and
after using the same above derivation like the equation (30), we can derive the modified

uncertainty relation for first order /5 as,

(AX)(AP) > g\/l + B[(AX)2+ (X)?] (7.25)

which is our required equation to find out the uncertainty in momentum. So, the

utmost smallest uncertainty in momentum P becomes,

(AP) ~ h\/g . (7.26)

7.1.4 Quantum corrections of Thermodynamic Parameters of

the Rotating Black Hole Surrounded by Quintessence

For any type of thermal agitation effect, the fluctuations in energy can be written as

(AE) = ;KBT , (7.27)
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where Kp is the Boltzmann constant and 7' is the temperature. Using the above
equation (36) we can derive the expression of temperature of any massless quantum

particle near BH horizon with mass M as

cAP

T —
Kg ’

(7.28)

where ¢ is the velocity of light and AP = A—CE. We can also derive the expression
of radius of event horizon of a rotating Kiselev BH by using the same equation like
equation (15) as

. 2G 1r h

r== 30 —rhaq)] . (7.29)

Here, we can see that, due to rotation of the BH and effect of quintessential field at
the same time, there is a variation of mass of the BH. These effects are incorporated
also. Now, using equation (39) and (15) we can also define the radius of the Kiselev

BH at the event horizon at (r = ;) as,
G
(AX) = 27TTh = 27; [T’h(l — Tth)] . (730)

We employ the equations (38) and (40) in the equation (35) and find

(e a0t o)) a2 15 (xS ) e

This is the quadratic equation using which we can get the idea of mass-temperature
relationship of a BH. Using this equation it is also possible to find out the uncertainty

in momentum of the BH.

Now, as we know for a rotating BH, its angular momentum J can be expressed as,

M2
g MGa (7.32)

C

where a is the spin parameter of the rotating BH. The value of a lies in between
maximum and minimum spin value of a BH, i.e., 0 < a < 1. We use the angular

momentum of a BH instead of ordinary momentum and using equation (38), again we
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also can derive the expression of temperature of any massless quantum particle near a

rotating BH horizon with mass M as,

T

c (MQG@

~ < ) with A(p) =p and A(X)==xz . (7.33)

C

The above equation gives the mass-temperature relationship of a rotating BH with
the spin parameter a with high approximation and neglecting higher order terms.
Without approximation using equations (30), (35)and (40)the above equation (43) can
be written as (AX)(KpT) = (27ry,) (KpT) = %/1+ B(AX)2.

We now employ the equation (40) and (43) in the equation (35) in order to find out

the uncertainty in the momentum of a rotating BH and can derive the equation as,

(2%% (1 — rho—q)}) (MZCG“) ~ %C\/1 + 8 <2wg (1 — rhaq)])2 o (7.34)

Now, we can also derive the equation which can give the uncertainty in position of the

Innermost Stable Circular Orbit of a spinning BH by using the equations (30), (40)
and (42), which gives,

(%g (1 —Thaq)]> <MQCGG) _ %\/1 +a (MZG“)Q (1)

From the above equation, we also can say that, for a spinning BH, its angular mo-

mentum is conserved but not constant as when the angular momentum changes, it
should be counterbalanced by the changing the position of the event horizon. As a
consequence of this fact the position of ISCO also changes depending on the spin of a

BH.

Here we assume the uncertainty in position (AX) for events near the event horizon
of a rotating BH. Now, using the equations (16), (29) and (30) we can obtain the

quantum corrected Hawking temperature, Ty of a rotating BH as,

-1

h M2Ga\”
Ty =T ?C\/l—ka( a) . (7.36)

Cc
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The above equation gives value of temperature depending on the quintessence field

effect on the BH along with the spinning effect of the BH.

The expression for the quantum corrected entropy for the rotating BH with quintessence

field effect and after using the equations (18) and (29) becomes,

M2Ga\*
So = Sy — 71 %\/14—@( G“) . (7.37)

C

Above quantum corrected entropy of the rotating BH also contains the logarithmic

terms and can be expressed as,

Sh = So + alnf(So) + Sl +nexpd50) (7.38)
0

where Sy = a, § and 7 are some constants. Also f(Sp) and ¢(Sp) are suitable

A
4z
functions of uncorrected BH entropy Sy. The exponential term is negligible for large
BH area, A. But its effect is important when the BH area is small, Therefore, it is
considered as a quantum effect for the small BH as well as logarithmic correction. This
quantum effect in our study is very much effective as the area of the event horizon
shrinks when the BH rotates faster due to its spin. Now, we have used quantum
corrected temperature and quantum corrected entropy in order to find the quantum

corrected heat capacity and using the equations (4), (19) and (29) it can be expressed

as,

L Ch {%C\/Ha(@)?] .
Q= 1—(1-2r40,) [% (1+a(Mcha)2)} . )

Physically, BH is may not be stable if it is small but for a rotating BH, when its event

horizon shrinks at the same time, the effect of quintessence field comes into play and it
has a important role in its stability. As the BH turns to big, there is a phase transition
of the BH from first order to second order. In this way a large BH goes to the stable

state and the specific heat becomes infinity.

The expression of quantum corrected Helmholtz free energy comes from using the
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equations (15), (47) and (49) and it is gives as,

-1

h M?Ga\” h M?Ga\”
Fo=M-TySg=M—|T, | =—/1+a ¢ Sp—mrn | =y /1+a ¢
2 c 2 c
(7.40)
Now, finally we can obtain the quantum corrected rate of emission given as,
2\ 2
dM 1 hc M?Ga
— x ———(1+4r;02) | —4/1 : 7.41
at > 1oz LA 2\/ +O‘< c ) (7.41)

The absolute smallest uncertainty in momentum which is derived in the equation (36),
gives the idea of lower bound value of the BH temperature. Using the equation (38)

along with equation (36) we can derive the lower bound temperature of the BH as,

he |
Tr = —1/ = . 42
L= KV 2 (7.42)

Now, the quadratic mass-temperature equation (41) has a solution like,
—3
M(Tq) = M) |1~ 375 (7.43)

where M (T},) = %. From he above mass-temperature function we can say that
for T;, = 0, it will back to its ordinary form. Now, using binomial expansion, the

equation (53) can be expanded as,

M(Ty) = M(T) {1 + }1% o } . (7.44)

We also observe that, using the equation (51), the specific heat of a BH can be expressed

as,

-2

dM 1 he M?Ga\?
_ 2 _ 2 2 oy [ €
C(Ty) =c o = C 167r2r}2l(1 + dryoy) 5 \/1 + ( . > : (7.45)
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By substituting equation (53) in the above equation, we obtain

172]°:
ctg) =cm) |1-37] (7.46)
where C(T}) = —%. We can also expand the above equation (56) as,
CTy) = oy |1+ 2% 4 (7.47)
Q)= h Az T . .

Now employing the equation (53) in order to find the entropy of a BH as,

1
hc® 1771 2
S(TQ) =S(Th)———3 |1 — =% 7.48
(o) =50 frar,T2 { 2T2] ’ (748)
where S(T}) = %. We also can expand the above equation (58) as,
472
S(TQ) = S(Th) 1+ F 4 . (749)
L

7.1.5 Graphical Interpretations and Observational Support

Now, in order to investigate the nature and various properties exhibited by the charged
and rotating Kiselev BH, we have plotted all the derived and quantum corrected impor-
tant parameters with respect to radius of event horizon, 7, and spin, a. In all the plots,
we have chosen the finite mass M and very low value (almost negligible) of charge, @
of the BH. The spin parameter a and the angular momentum, .J of the BH is chosen
in a fashion so that the ﬁ ratio becomes minimum and in our investigation the ratio
becomes near 0.5.

At the beginning, we have plotted the variations of quantum corrected Hawking
temperature Ty, derived by using extended HUP, with respect to the radius 7, and
spin parameter a, for different values of quintessence parameter of the rotating Kiselev
BH, respectively in figures 27a — 27c. We have chosen the value of o very small as,
a = 0.5 and the value of o, = 107* and J = 0.01. Here, we follow the existence of

points of inflection when the spin of the BH is not so fast. As spin grows high, chances
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of obtaining such a point becomes less. The temperature is overall decreasing with
the increase of radius of event horizon or the spin parameter both. At the same time,
interestingly we have observed that, at low value of quintessence field, the temperature
falls rapidly but as the quintessence field increases, the fall in temperature becomes

slower.

Fig—27a Fig—27b Fig—28c

uartum Corected Hawking Temparature, o), =-0.33 Quarntumm Corected Hawking Temperature, w, =-0.66 OQuartum Cormected Hawking Temperatine, &, =-1
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Figure 7.1: Represent the variations of Hawking Temperature, Ty with respect to 1,
and a for w, = —0.33.

Figure 7.2: Represent the variations of Hawking Temperature, Ty with respect to 1y
and a for w, = —0.66.

Figure 7.3: Represent the variations of Hawking Temperature, Ty with respect to 1y
and a for wy = —1.

After that, we have plotted the variations of quantum corrected entropy S¢, derived
by using extended HUP, with respect to the radius r, and spin parameter a, for different
values of quintessence parameter of the rotating Kiselev BH, respectively in figures
28a — 28¢. Here also, we have taken the same value of o, o, and J as chosen above.
The variation of entropy has shown a very strange nature. From these plots, entropy
is found to increase first and then decrease and approaches to zero as radius of event
horizon decreases and quintessence field increases.

Next, we have plotted the variations of quantum corrected heat-capacity Cg, de-
rived by using extended HUP, with respect to the radius r;, and spin parameter a, for
different values of quintessence parameter of the rotating Kiselev BH, respectively in

figures 29a — 29¢. We have kept the value of « very small as, « = 0.5 and the value of
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Fig—28a Fig—28b Fig—28c
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Figure 7.4: Represent the variations entropy, Sq with respect to 1, and a for w, =
—0.33.

Figure 7.5: Represent the variations of entropy, Sq with respect to ry, and a for w, =
—0.66.

Figure 7.6: Represent the variations of entropy, Sq with respect to ry, and a for w, =
—1.

o, =10"* and J = 0.01. These plots arises very interesting outcomes. However, heat
capacity is seen to decrease first and then through an infinite jump it becomes positive.
Then it again decreases to a value asymptotically equal to zero. This indicates that the
considered type of BH’s were in stable condition when they were not too big. Through
a second kind of phase transition it turns to be stable one. Again, as the quintessence
field increases, the phase transition becomes prominent with the decrease in the value
of the radius of the event horizon, as it approaches zero.

Now, we have plotted the variations of quantum corrected Helmholtz free energy
Fg, derived by using extended HUP, with respect to the radius 7, and spin parameter
a, for different values of quintessence parameter of the rotating Kiselev BH, respectively
in the figures 30a — 30c. We have chosen the value of o very small as, « = 0.5 and
the value of o, = 107* and J = 0.01. A more interesting thing is found when the free

energy is seen to have a cuspidal type of double points as it is plotted.

dM

We have also plotted the variations of quantum corrected rate of emission “-,

derived by using extended HUP, with respect to the radius r, and spin parameter a,

for different values of quintessence parameter of the rotating Kiselev BH, respectively
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Fig—29a Fig—29b Fig—29c
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Figure 7.7: Represent the variations of heat-capacity, Cq with respect to r), and a for
wg = —0.33.

Figure 7.8: Represent the variations of heat-capacity, Cq with respect to v, and a for
wg = —0.66.

Figure 7.9: Represent the variations of heat-capacity, Cq with respect to v, and a for
wg = —1.

Fig—30a Fig—30b Fig—30c
Quartum Cormected Free-Enerqy. wy=-0.33 Quartum Corrected Free-Enerdy. w, =-0.66 Quatmim Corected Free-Enerqy, 4 =-1
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Figure 7.10: Represent the variations of Helmholtz free energy, Fg with respect to 1,
and a for w, = —0.33.

Figure 7.11: Represent the variations of Helmholtz free energy, Fg with respect to 1,
and a for wy, = —0.66.

Figure 7.12: Represent the variations of Helmholtz free energy, Fg with respect to 1,
and a for wy = —1.

in figures 31a — 31c. We have chosen the value of a very small as, « = 0.5 and the

value of o, = 107% and J = 0.01. The change in mass changing rate is found to be a
q
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increasing function of the radius of event horizon.

Fig—3la Fig—31b Fig—3lc
Cuantum Comected rate of amission, w.,=-0,33 Quartn Cormected rate of emission, hlf-‘lﬁ’ﬁ Quartum Comected vt of emission, g=-1
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Figure 7.13: Represent the variations of quantum corrected rate of emission, = with
respect to vy, and a for wy, = —0.33.

Figure 7.14: Represent the variations of quantum corrected rate of emission, dd—]‘f with
respect to ry, and a for w, = —0.66.

Figure 7.15: Represent the variations of quantum corrected rate of emission, % with

respect to vy, and a for wy, = —1.

We have also shown the variation of quantum corrected Hawking temperature 71y,
Entropy, Sg, heat capacity, Co and Helmholtz free energy, Fy, respectively with respect
to the mass, M and charge, () of the BH in the figures 32 — 35. We have chosen the
value of BH’s angular momentum .J as J = 0.01. These plots indicates very interesting

facts of the Kiselev BH.

At last, we have plotted the variations of quantum corrected Helmholtz free energy
Fo with quantum corrected Hawking temperature T¢, derived by using extended HUP,
using quintessence parameter w, and spin parameter a of the rotating Kiselev BH,
respectively in the figure 36. We have chosen the value of a very small as, a = 0.5 and
the value of o, = 107%. This plot also yield a fascinating outcome as no double point

is found in the variation of the above mentioned parameters.
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Fig — 32 Fig — 33
Quantim Correctad Hawking Temperature, W, =—1 Quaram Corrected Brtropy, Wy =-1
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Figure 7.16: Represent the variations of quantum corrected Hawking Temperature, Tg
with respect to M and Q for w, = —1.

Figure 7.17: Represent the variations of quantum corrected entropy, Sg with respect to
M and @ for wy = —1.

Fig—34 Fig—35
Cuartum Corrected Heat Capacity, W =-1 GQuariur Comrected Free-Eneroy, Mg -—1
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Figure 7.18: Represent the variations of quantum corrected heat-capacity, Cq with
respect to M and Q) for w, = —1.

Figure 7.19: Represent the variations of quantum corrected Helmholtz free energy Fg,
with respect to M and Q) for w, = —1.

7.1.6 Brief Discussions and Conclusion

From our investigation of this special type of BH, we have got very interesting outcomes
which will motivate to study it further in future. We know that, BHs can evaporate with
time by radiating heat through the process of quantum tunnelling. So, the stability

of the BH depends on this tunnelling phenomenon also. This tunnelling effect can
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Fig — 36
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Figure 7.20: Represent the variations of Fg vs Ty, for wy, = —0.66 and J = 0.01.

be measured from the variation of Hawking temperature and entropy of a BH. In our
work, we have measured the variation of quantum corrected Hawking temperature with
respect to the spin, mass and charge of the BH and got very interesting result. The
Hawking temperature decreases rapidly with the increase of spin and mass of the BH
but the rate of fall of temperature decreases with time as the quintessence field comes
into play. As the effect of quintessence field increases, the repulsive gravitational force
inside the BH also increases and in turn dark matter distribution increases. Due to
this effect of quintessence field, the fall of Hawking temperature becomes slower, i.e,
the rate of tunnelling decreases as well as the stability of the BH with time increases.
So, from this result we can conclude that, a low mass, charged and rotating BH has
got its stability in space with time. The quintessence field plays a very crucial role on

the stability of the BH.

Again, the variation of quantum corrected entropy shows a peculiar nature. The
entropy does not depend on charge of the BH, when its mass is low. But, interestingly,
it increases with the increase in mass. For large mass, if we increase the charge,
entropy decreases and approaches to zero. In our work, from these plots, entropy is

found to increase first and then decrease and approaches to zero as radius of event
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horizon decreases and quintessence field increases. This is quite obvious and reveals
an attractive information about this BH. As, we already know that, as the area of BH
increases, the entropy also increases. But, due to the simultaneous effect of increasing
quintessence field and the mass of the BH, the radius of event horizon and the spin of
the BH decreases which turns entropy to decrease with time. This result also indicates
the stability of the BH with time. Besides, if we keep the mass of the BH constant,
then for a certain limit, the BH behaves as a natural system containing charge, i.e,
irreversible process and if we cross the limit, the BH behaves like irreversible system.
But, we have also got the fact that, the entropy increases with increases in mass and
charge simultaneously which is in good understanding with the entropy of any natural

system.

The plots of variation of quantum corrected heat capacity with respect to mass,
charge, spin and radius of event horizon, arises very interesting outcomes. However,
heat capacity is seen to decrease first and then through an infinite jump it becomes
positive. Then it again decreases to a value asymptotically equal to zero. This indicates
that the considered type of BH’s were in stable condition when they were not too big.
Through a second kind of phase transition it turns to be stable one. we also can observe
that, when mass is low the heat capacity does not depend on charge of the BH. But,
as we increase the mass, the heat capacity decreases and approaches to negative value.
This signifies that, BH is unstable when it’s mass is large. At the same time if we
increase the mass and charge simultaneously, we got the second order phase transition.
Again, as the quintessence field increases, the phase transition becomes prominent with

the decrease in the value of the radius of the event horizon, as it approaches zero.

In the plots of variation of quantum corrected Helmholtz free energy, we have found
that, if the charge of the BH is low then, this quantity becomes constant with the
variation of mass. But for increasing value of charge, Helmholtz free energy increases
with increase of mass of the BH. If we increase charge of the BH, keeping it’s mass
constant, Helmholtz free energy stars increasing slowly. From the variation of rate of
emission of the BH, we observe that, under the quintessence field effect the rate of

emission decreases with the increase in quintessence field.
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So, after a lot of observations and discussions on the variation of various crucial
parameters of a charged rotating BH, finally, we can say that, in this article, we have
cultivated a special kind of BH using modified Heisenberg algebra. A charged rotating
Kiselev BH, embedded in quintessence field has been chosen for this purpose. Various
important thermodynamic parameters have been investigated in order to study the
BH’s stability and its behaviour under the present situation of the universe. We have
also find out the minimum ratio of ﬁ, which is required for the stability. Quantum
corrections of those parameters have also been done. Their variation with the radius
of event horizon, spin, mass, charge and quintessence field shows different aspects of
our study. The effect of quintessence field on those parameters and as well as the
nature of the BH is a very crucial and interesting part of our investigation. We have
got very promising graphs. Results from graphical analysis show that the chosen BH
behaves not so much differently from other types of BH’s but still possesses some
unique properties and nature. These uncommon properties are very much interesting
for the future study and investigation on these types of BH’s. The phase transitions
play a crucial role in the thermal stability of this kind of BH. Application of extended
Heisenberg principle shows that BH temperature decreases on a long term but the
specific heat signifies that the BH may turn from unstable to stable through a second
order phase transition. Studies of free energy does not show any double point if it
varies with temperature. Furthermore, in case of our study, we got that in case of this
type of BH the ratio between angular momentum to the mass of the BH lies near 0.5,
as the minimum value for the stability. So, a rotating and charged BH, under the effect
of quintessence field has also got its stability by the variation of its mass, charge, spin

and radius of event horizon.
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Part VI

STRUCTURAL EVOLUTION OF THE NEUTRON STARS THROUGH
DARK ENERGY DOMINATED UNIVERSE : INVESTIGATING THE
EQUATION OF STATE AND THE PROPERTIES IN MODIFIED
GRAVITY



“It is a profound and necessary truth that the deep things in science are not found

because they are useful; they are found because it was possible to find them”.

—Julius Robert Oppenheimer



CHAPTER 8

ANISOTROPIC NEUTRON STARS IN
F(T) MODIFIED GRAVITY

8.1 Equation of State and Stability of Charged
Compact Stars in f(7') Modified Grav-

ity under Krori-Barua Spacetime

8.1.1 Prelude

This present work mainly focuses on modeling the charged compact stars and investi-
gating their properties in the framework of f(7") modified gravity, under the accelerated
phase of the universe. In this study we have introduced the modified gravity and dark
matter to culture the evolution of the charged neutron stars by considering the present
situation. True knowledge and proper study on the macroscopic parameters of the
compact stars are very much needed to realize the microscopic properties and behavior
of the core nuclear matter at very high density and pressure. The existence of mod-
ified Chaplygin gas as an exotic fluid inside the core of these stars in f(7') gravity

plays a very important role inside the stars. We have found out that, exotic fluid has
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a great impact on the equation of state of the core nuclear matter and even on the
stability of the compact stars. Pressure anisotropy reduces the tidal deformability of
the charged stars in an appreciable amount and helps to get a more compact structure.
But surprisingly, the compact stars are still able to maintain their spherically stable
and equilibrium configuration. Further, we can put constraints on several macroscopic
parameters of the compact stars and can investigate their evolution from our present

investigation.

In this decade mainly, search on compact stars has achieved a great height due to
NICER data release on neutron stars [168, 169]. Again, the binary star merger event is
the main source of detecting gravitational waves (GW hereafter). This discovery of GW
by LIGO/VIRGO [170, 171], is path breaking and has given enthusiasm to the scientists
for further study on the compact stars in various ways. A lot of research is going on
but still a generalized equation of state (EoS hereafter) of the core nuclear matter
of the compact stars at very high density and pressure is not found out [172, 293].
Scientists are trying to explain the accelerated phase of the universe by using the
modified gravity and incorporating the existence of dark matter with large negative
pressure, known as dark energy [184]. The discovery of gravitational waves and some
highly massive compact stars, has given the opportunity to culture the effect of dark
matter as well as the equation of state of the core nuclear matter of the compact stars
simultaneously. A rigorous investigation on the star macroscopic parameters like its
mass, radius etc. is needed to understand the actual EoS of the core nuclear matter.
A variety of assumptions are taken into account in order to get the proper EoS by
maintaining spherical configuration of the star [174, 175]. The recent discovery of GW
and few highly massive neutron stars [176, 296, 178, 298] have imposed some constraints
on its EoS and as well as its several macroscopic parameters. Recent studies suggest
the presence of pressure anisotropy inside the compact stars [180, 223] but exact reason
behind its origin and also its impact on the compact stars, under further investigation.
At this present time we are well aware about the accelerated phase of the universe
[182, 183]. Under the accelerated phase of the universe, the compact stars contain

which type of matter is also under debate. In this situation, general relativity (GR
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hereafter) theory has faced a few difficulties to give a proper explanation on these
types of highly massive and relativistic compact objects. Moreover GR theory can not
accommodate the tension in the Hubble Constant under the accelerated phase of the
universe. In order to solve the problems raised in the case of treating the compact
objects applying GR, various alternative theories come into play [185, 186, 187, 188].
Nowadays modified gravity theories instead of GR have gotten very much attention
in this regard because they can successfully handle the massive relativistic compact

objects by incorporating the dark energy [189, 190, 359, 192, 193].

The investigation on the charged compact objects using GR, have been studied
for a long time [272, 200, 201]. Study on the stability of charged fluid spheres using
Einstein-Maxwell field equations has become a good model for charged compact objects
like black holes (BH hereafter), strange quark stars etc [202, 207]. So, many methods
are there to study the amount of significant residual charge in compact stars [204, 205].
Equilibrium and stability of charged strange quark stars with charged perfect fluid, has
been studied in the reference [279]. In the reference [207], EoS of spherically charged
compact objects have been modeled by considering a Gaussian distribution of elec-
tric charge at the star’s surface. In the reference [383], the charged compact stars in
f(R) gravity have been investigated. Stellar models on charged compact stars using
f(G) gravity also have been studied in the reference [384]. Biswas et al., have studied
anisotropic strange stars in f(R,T) gravity [210]. On the other hand, several investiga-
tions on the modified f(7T') teleparallel gravity theories and symmetries in teleparallel
cosmology have been done in the references [212, 213]. In the references [211], analysis
of cosmological perturbations in the background of f(7T') gravity have been studied.
Again, different types of black hole (BH hereafter) solutions using gravitational waves
in f(T) gravity along with their stability, curvature and thermodynamic analysis have

been also investigated in the references [214, 215].

In this present work, our main aim is to get a realistic and generalized EoS of the
core nuclear matter of the charged compact stars and to investigate its properties and
structural evolution through the accelerated universe. We have also investigated the

origin and role of anisotropy on the compact stars. We have done our work under f(7')
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gravity because of its dominance over GR to handle the compact stars. At the same
time, modified gravity can also accommodate the tensions in the present accelerated
phase of expansion of the universe. Under this situation how compact objects are
able to maintain their spherically stable structure is also a surprising fact to study.
Here, we have chosen, f(T) = T + oT?, where T denotes torsional scalar and « as
a regulatory parameter. We also have chosen the presence of modified Chaplygin gas
(MCG hereafter) as an exotic fluid inside the star along with normal matter. This
will help us to study the anisotropy rigorously and also the impact of it on the stable
structure of the star. We can even study the role of dark matter inside the charged
compact star. In the references [192, 193], it is shown why the negative value of « is

not taken and discusses the effectiveness of the positive value of a. We have also taken
GZM2
A

small positive a in units of [190, 193]. We have done further investigations on

the compact stars here as an extension of our previous works.

8.1.2 Construction of Basic Mathematical Equations in f(7)
Gravity : The Stellar Equations under Spherical Sym-

metry

8.1.2.1 Incorporation of Modified Chaplygin Gas as Perfect Fluid

In the previous Chapter 5, the basic mathematical formulation of covariant f(T') gravity
has been discussed in detail. Here we have just shown the formulation of a few basic
equations for the construction of this present model. The torsional scalar T, for the

spherically symmetric structure of the compact stars is given as

T = ze_B (eg - 1) <€§ -1- rA’) : (8.1)

r2
EoS of the chosen anisotropic fluid is given as

p(T)MC’G’ = (SOP - %) ) €: 1 and ¥ 7& -1, (82)
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where ¢, 1 and ( are free parameters and energy density is denoted by p. The effective

energy-momentum tensor 7, analogous to the f(7") fluid, becomes
. 1 -
Ty = §(fTT - f)g;u/ - QSW(% + (1 - fT)GlW . (8-3)

The above equation (3), in the form of an anisotropic fluid, effectively can be written

as

7~_,uz/ = [(ﬂ + pt)uuuy — PtGuv + (pT - pt)vﬂvy] ) (84)

where u* and v* denotes four velocity and space like four vector respectively. They
also follows, u,u” = 1, v,0” = —1 and u,v* = 0. Besides, radial pressure and the

transverse pressure is denoted by p, and p; respectively.

8.1.2.2 Stellar Equations with Krori-Barua Metric Potentials and Modified TOV

Equation
Here, spherically symmetric interior space-time metric is chosen as
ds? = —eAMat? 4 POdr? 4 12d0? (8.5)

where the metric functions, A(r) and B(r) are dependent on radius r and dQ? =

sin?0dp? + dO*. For this investigation, we have chosen
A(r)y=br* +cr¥ and B(r)=ar® . (8.6)

Now, applying proper boundary conditions and taking suitable values of x, y and z,

values arbitrary model parameters a, b and ¢ can be found out.

Again, from the above metric, modified Tolman-Oppenheimer-Volkoff (TOV here-

after) equations took the form

dp- _ (p+pr)
dr r{r —2m(r)}

[m+Mﬁﬂ+§m—m] (8.7)
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and
dm(r)
dr

=dmr’p | (8.8)

where m(r) is the enclosed mass within the radius r of the compact star. Now for the

above metric, the proper tetrad is given as
[e2] = diag [e 2 e 2 sinfcosop, —rsinfsing, rsinf| . (8.9)

So, the effective density, radial and transverse pressure, of the above equation (4)

can be written as

p Z%f + i—f@‘B K@g - 1) 2+ rANY(1+ ) + TB'] fr
. [ 22 (eé - 1)} ' frp {@0(1 +9) 5 (8 —1+ TB,)} (8.10)
r(1+ ) o 4r? 7
2
D= — %f _ [¢(14‘:2S0) o B (1 By TA/):|
(8.11)
20 B B /
_meB|:2<e2—1>—|—’l7/}<62—2>TA]fT s and
P =— %f + %6_3 [4 —8e? +4e® — 2 <€§ - 3) TA/} Ir
+ %6_3 [W(1+)r?A” —rB' (2 +rA') + 2¢r°A"] fr
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T

8.1.2.3 Determination of Model Parameters : Application of Matching Conditions at

the Boundary

During our work, we have already chosen the spherical symmetric metric, describing
the interior space-time of the NSs. Now, in order to find out the metric coefficients

A(r), and B(r), in terms of some arbitrary free model parameters a, b and ¢, we have to
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match this interior space-time metric with the exterior space-time Reissner-Nordstrom

metric, given as

2 2 r
ds? = — (1 — 2mir) + L) a2y dr +r?(sin®0d¢? + do*) , (8.13)
r r2 (1 _2mln) %>

where m(r) is the total mass enclosed within the boundary of the NSs with radius
r = R at the boundary. Now, as we know the at the boundary surface of the NSs,
the various space-time variables, g,,, g and g4, are continuous between these two

space-time metrics. So, after applying matching conditions at » = R, the boundary

surface where g;; = g;; and g_. = g, gives the below constraints as

r r2

2
40y = (1200 L B) _ e ong 14

B(r) = (1 _2m) ‘-’—2) —er (8.15)

r 72

After solving the equations (13) and (14) we obtain the model parameters as

a= —Tizzn (1 _2mlr) q—2> , (8.16)

r 72

c= ry(i_y) [mln (1 - Qm(r)) L 3m) 2q—2) (1 _2mlr) z—z)_l] . (8.18)

r

So, by considering the known values of m(r) and r from different observations on
various charged compact stars, we can easily find out the values of required model

parameters for suitable values of z, y and z.
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8.1.3 Proposed Model : Physical Analysis

The study on the evolution of the compact stars has gotten very much attention during
the present decade because of their strange variations and nature and not only that
but also the proper study of their core nuclear matter with a generalized and realistic
EoS can give a strong proof of the reason behind the present accelerating universe.
At the same time in this situation their stability is also a matter of interest. Various
compact star models show the existence of anisotropy and charge inside the core of the
compact stars but the reason and their effect on the nature and stability of those stars
are under further investigation. These are actually investigated in this present work.
Our previous works also have given some focus on this matter.

For our study here we have considered three compact stars with different mass, given
in Table 1 [196, 197, 198]. Some useful rations have been calculated and tabulated in
Table 2. We already got enough observational evidence of our accelerating phase of
the universe. The presence of dark matter as an external fluid which has large negative
pressure is able to define this present situation. So, we have taken its presence inside
the core of the star as MCG. In this new work we have also considered a small positive
value of o and also investigated how it affects the compact stars. In this present work,
to focus on other observations more, we have chosen only one suitable set of values of

x, y and z to find out the model parameters A, B and C in Table 3.

Table 1.

Sl. No. Compact Stars M ops(Me) Tobs (K1) M(Mg) r(km)
1 SAX J1808.4-3658 0.88 &0.12 8.90 4= 1.20 0.88 8.90
2 PSR J0437-4715 1.44+0.12 10.01 £1.20 1.44 10.01
3 PSR J2215+5135 2.27+0.16 13.01 £1.21 2.27 13.01

Table 8.1: List of charged Compact stars

Now, using the above values of model parameters we can calculate the values of
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Table 2.
Sl. No. | Compact Stars ~ Mass M (M) Radius r(km) - %
1 SAX J1808.4-3658 0.88 8.90 0.265748 1.245848 x 1077
2 PSR J0437-4715 1.44 10.01 0.325423 1.325871 x 1077
3 PSR J2215+45135 2.27 13.01 0.427273 1.483513 x 10~ 7

Table 8.2: Values of Mass (M), Radius (r), % and g—z of different compact stars

Table 3.
SI No. | Compact stars a (km™?) b (km=2) c (km=2)
1 SAX J1808.4-3658 0.0001325462316 0.000032782622 -0.005467291562
2 PSR J0437-4715  0.0001568237142 0.000039670705 -0.005721587423
3 PSR J2215+5135 0.0001821536478 0.000046231587 -0.006823541285

Table 8.3: Values of the model parameters a, b and ¢ for x =4, y =2 and z = 3.

interior density, radial pressure and transverse pressure of those charged compact stars.

The values are tabulated in below table.

Table 4.

S1 No.

Compact stars

puce (gm em™?)

pr (dyne ecm™2)

pe (dyne cm™?)

1

SAX J1808.4-3658 1.4823642563 x 101° —1.3541287456 x 10%

1.7824736542 x 1036

2

PSR J0437-4715

1.5752389427 x 10"  —1.5142783268 x 10%

1.5438745234 x 10%

3

PSR J2215+5135  2.4012536891 x 10° —1.6147365891 x 10%

1.7523874562 x 103°

Table 8.4: Calculated values of pyroa, pr and p; of Compact stars using Table 3.

8.1.3.1 Verification of the Energy Conditions

Now from the above table 4., we can verify that different energy conditions (SEC, NEC

and WEC) are obeyed or not by the charged compact stars. If all the required energy

conditions are verified by those stars, we can say that our model is perfectly suitable

for the study of those types of stars.

From our investigational result we have got that,

E
p+pr+2pt+_20
47

2
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E2
EQ

The above result shows that all the energy conditions are strictly followed by the
charged compact stars in f(7') gravity. So, our model in modified gravity is absolutely

applicable for charged compact objects also.

8.1.3.2 Charge Distribution and The Electromagnetic Filed Equations

In modified gravity, the electromagnetic energy momentum tensor took the form [193,
265]

1 [ 4 1
EfVM = E (95 Fy,éle/ - ZguyFéwFu(s) 3 (822)

where, F),, is the antisymmetric Maxwell field tensor and ®(r) is the four potential.

Now, we can write

oe, 09,
y = — , 8.23
a oxt  Oxv ( )
which satisfies the Maxwell equations,
F' = —4mj*  and (8.24)
F,ul/;B + FVB;[J, + FB/,L;V =0 5 (825)
where j* is defied as the four-current vector.
So, from the equation (23), we can get the electric field as
o1 _  preg(r)
F*' = —e el (8.26)
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where ¢(r) is the net charged enclosed by the sphere of radius r and defined as

q(r) :47r/ peeTridr (8.27)
0

where p, is the proper charge density. Now, the electric field E? in f(T') modified

gravity can be obtained as
1
E?=_ (A — 3B — —) e Ao+ L gl B (8.28)

For a practical and physically accepted model E? should be zero at r = 0. Its variation
is shown in the graphical plot section of this article which becomes very interesting to

study.

8.1.3.3 Computation of Tidal Deformability

All these charged compact stars are in a binary system. So, their evolution is quite
interesting to study. Now,in equilibrium, if an external tidal field, E;; acts on the
compact stars, for their spherical shape, a quadruple moment, @);; is developed and
can be described as [180, 223]

Qij = —AE;; (8.29)

where A is the tidal deformability, given as [180]

where k is called the tidal love number which is given by

8
K — 57u5 2uld(y + Du* + (6y — 4)u® + (26 — 22y)u® + 3(5y — 8)u — 3y + 6] — 37log <

(8.31)
where u is given as u = *m(r), 7 = (1 — 2u)? 2u(y — 1) —y + 2] and y, is denoted
as y = y(r) |,=r. It can be determined by solving the differential equations, applying
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y(0) = 2 and which is given as

r%y(r) + 32 (r) +y(r) e [+ 4xr? (p, — p)] +72°Q(r) =0 | (8.32)

where the quantity Q(r) can be written as

. prt+p 6 B
Q(r) = 4meP") |50 + 9p, + % - ﬁeB( ) AP(r) . (8.33)
dp

So, by calculating, m(r), (r), P. and (p), using model parameters and then solving
modified TOV equation with the above differential equation simultaneously, we can

find out the tidal deformability and tidal love number of those charged compact stars.

8.1.3.4 Required Mass-Radius Relation with Compactness Factor

From our model, we can calculate the effective mass of the charged compact stars in

modified f(T) gravity as

m(r) =4m /R pR*dR
0
= 4r /OR [9f + i—feB [(e% - 1) 2+ r A1+ @) + rB/} fT} R%R
+4m /OR L(L“z)eB (e§ — 1)] T frr + {%63 (e —1+ rB’)] R*R .
(8.34)

The compactness factor u of compact objects, can be written as

R

R 2

[F(f‘i ¢ (- 1” Tfrrt V(Z—; Der(er—1s TB'” -
(8.35)

182



Chapter 8. Anisotropic Neutron Stars in f(7T") Modified Gravity

Now, incorporating those above equations, the radius of those charged compact stars

with exotic fluid inside can also be measured using our model in modified gravity.

8.1.3.5 Finding The Stability : The Effect of Anisotropy

Form our previous works, we have got that p, > p, for compact stars. This difference in
pressure, produces a anisotropic force at the interior of the charged compact stars and
in turn produces repulsive gravitational force, acting outward. This anisotropy has a
significant effect on the compactness as well as the stability of those compact objects.
The presence of exotic fluid (MCG) at the core of the NSs, increases this anisotropic
factor, leads to more compact structure. We can measure the anisotropic factor A,
from our model as
2

We also have got a positive anisotropy, acting at the interior of the charged compact
objects and we have also investigated it’s effect on other parameters of the charged
compact stars. This investigation will help us study the evolution of charged compact
objects more.

For relativistic adiabatic index I', plays crucial role on compact stars stability [193].
Various observations reveals that, I' > % is the required condition for any stable NS.
In case of achieving stability, f(T') gravity plays a very important roll as well as MCG
(exotic fluid) [192, 193]. We have got the proof that, due to the presence of MCG,
inside the NSs core, the small positive value of « is sufficient to make a stable and
equilibrium structure of the massive NSs in present accelerated phase of the universe.

Now, from this present work, we can measure I" as

I [pr + p} Ip, (8.37)

pr | Op

Again, from various observations [195, 196], the sound’s speed V, through the core
nuclear matter of a stable NSs, must be like 0 < V2 < 1 with high pressure of the order
of 103%dyne em~2 and high density about 10°dyne em =2 at the interior. Now, during

our investigation, due to the presence of MCG inside the core and with the effect of
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positive a;, V, becomes

Opy
dp

V, = (8.38)

So, it is very interesting to see that, condition of stability is also satisfied by our model
in f(t) gravity by the charged compact stars. Even from our this work, we can show
that

Vi-VZ] <1 , and Vy>Vy . (8.39)

ST

where V; and V,, are the speed of sound in transverse direction and radial direction
respectively at the interior of the charged compact stars. Also in our model, no causality
condition is violated with spherically symmetric configuration of the compact stars.

This makes our present model more relevant and effectively realistic.

8.1.3.6 Calculation of Surface Redshift : Determination of The Equilibrium

In this present investigation we also have checked the surface redshift of the charged
compact stars in order to investigate their stability. The surface redshift function is

denoted as Z(r)s [197, 198], can also be measured as

Zyr) = —— (8.40)

=

Astronomical observations reveals that, Z,(r) < 5 to ensure stable equilibrium con-

figuration of the NSs. We also have got same type of results. The value of Z4(r) in
f(T) gravity along with the presence of MCG and anisotropic pressure at the core of
the NSs, strongly and clearly suggests that in this model the star has also got stable

equilibrium configuration with a new realistic EoS.
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Table 5.
Sl No. | Compact stars ~ Mass from Model (M) radius from model r (km)
1 SAX J1808.4-3658 1.172461 10.564217
2 PSR J0437-4715 1.584725 11.285364
3 PSR J2215+45135 2.495372 11.985473

Table 8.5: Calculated values of Mass and radius from the model using Table 3. and
Table 4.

Table 6.

S1 No. Compact stars A Z r
1 SAX J1808.4-3658 0.00021 0.1560296 7.1202351
2 PSR J0437-4715  0.00038 0.2041023 16.230165
3 PSR J221545135 0.00058 0.2380231 25.812583

Table 8.6: Calculated values anisotropic factor A, surface redshift Z, and adiabatic
index I' from model using Table 3. and Table 4.

8.1.4 Graphical Interpretations of the Obtained Results : Ob-

servational Support

Here, we have discussed the variation of different parameters of charged compact stars
through graphical plots from our model. The Fig 37 shows the variation of transverse
pressure p; at the interior of the charged compact stars with high nuclear density.
It is very clear that the transverse pressure reduces as the radius of the star starts
increasing, i.e, as we go towards the surface of the charged compact star from its core,
transverse pressure starts decreasing and becomes almost zero at the surface of the
star. Now, the Fig 38 gives the variation of radial pressure p, with the radius of the
star. Radial pressure is also a decreasing function of r of the compact star. It decreases
sharply as we increase the radius of the star and becomes zero at the surface. The Fig
39 shows the variation of the core density of the stars with radius with high pressure
at the interior. It also shows a similar nature like transverse pressure. Density inside
the core is tremendously high but as we go towards the surface of the star it starts
decreasing and becomes almost zero at the star’s surface. The plot in the Fig 40 is

very important as well as crucial for our investigation on charged compact stars. The
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variation of sound speed through the core nuclear matter of the charged compact stars
is very interesting to study because it indicates the star’s stable region at the interior.
From our plot, we have found that at the interior of the charged compact star, sound
speed does not violate any causality condition. So we can say that the stars are in

stable condition with huge pressure and density at the core.

The plots in Fig 41 and Fig 42 are very important plots for the investigation of
compact objects. The Fig 41 indicates the mass-radius relationship of the chosen
charged compact stars of our model. From this plot we can get a clear idea about the
mass and radius of the charged compact objects and the plot also depicts the proof of
the calculated mass and radius of this work using our model in f(7) gravity. We can
also get the idea about minimum radius and maximum attainable mass by any charged
compact stars from these plots. The Fig 42 shows the impact of anisotropic factor on
the mass-radius relation of charged compact stars. It also shows that, if anisotropy
increases, the stars also get a more compact structure. The Fig 43 is very important
for our investigation also. It shows that, as the density of the exotic fluid increases, the
pressure anisotropy at the interior of the charged compact stars also increases. The plot
in Fig 44 shows the variation of adiabatic index of the star with its radius, as a function
of anisotropic factor. The adiabatic index is an increasing function of the radius of the
star. But as anisotropy of the star increases, the adiabatic index decreases. This
indicates that, upto a certain limit, the star can increase its compactness and stability.
Fig 45 shows the variation of surface redshift of the compact stars with radius as a
function of anisotropy. The Fig 46 gives the idea of variation of tidal deformability of

the charged compact stars.

The plot of the electric field as a function of the radius of the charged compact stars
at a very high core nuclear density in Fig 47 has become very interesting for this model.
The plot shows that the function E? is positive entirely inside the compact charged
sphere. Moreover, it is monotonic increasing upto about 7.5km inside the stars with

high pressure and density; then it starts decreasing monotonically.
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Fig—37 Fig— 38
p(tangential pressure) V3 riradius) plot Dy (radial pressure) V3 r(radius|plot
Gy -2
Py (km™) pr(km™)
Wpssm L et 5789126310" gm om? | I
12
Bt .
\\ 13- ‘-.
Bt gl '
A p=15780126340% gmem™
4Lk . &
"I"Ial"lf.’llllsl"'1|3'”1lzr(km) z;'91'31'¢|’(|{m)

Figure 8.1: Represents the variation of tangential(transverse) pressure pi(dyne cm™2)
with radius r(km) at high core density of charged compact stars.

Figure 8.2: Represents the variation of radial pressure p,(dyne cm™2) with radius r(km)
at high core density of charged compact stars.
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Figure 8.3: Represents the variation of core density p(dyne cm™3) with radius r(km)
at high pressure of charged compact stars.

Figure 8.4: Represents the variation of sound speed Vs with radius r(km) at high core
density and pressure of charged compact stars.
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Figure 8.5: Represents the variation of mass M (M) with radius r(km) at high pressure
and density of different charged compact stars.

Figure 8.6: Represents the variation of mass M (M) with radius r(km) at high core
density and pressure, as a function of anisotropic factor /N of charged compact stars.
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Figure 8.7: Represents the variation of anisotropic factor /N with radius r(km) as a
function of exotic fluid density ppyC'G, of different charged compact stars.

Figure 8.8: Represents the variation adiabatic index I with radius r(km) as a function
of anisotropic factor /A of charged compact stars.
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Fig—45
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Figure 8.9: Represents the variation of surface redshift Zs with radius r(km) as a
function of anisotropic factor /\, of different charged compact stars.

Figure 8.10: Represents the variation tidal deformability A with mass M(Mg) as a
function of anisotropic factor /\ of charged compact stars.
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8.1.5 Brief Discussions and Conclusion

This present work with charged compact stars, by using our model in f(7") gravity has
become very interesting in the context of recent astronomical observations on compact
stars through the accelerated phase of the universe. Our investigation on the impacts of
dark matter inside the core of the charged compact stars reveals various unknown facts
of the charged compact stars. From this present work we have got a clear idea about
the evolution of charged compact stars with the present situation of the universe. The
crucial role of modified gravity in explaining the evolution of the compact objects is
also established. Variations of different crucial parameters of the charged compact stars
from the graph plots depict their true evolving nature under cosmic acceleration. The
compact stars we have chosen for our study, have their companion star in the binary
system. So, investigation on them is very crucial and important also. We have found
a generalized and realistic EoS for the charged compact objects. At the same time
we have also investigated their evolution and the reason behind their compact stable

configuration maintaining mechanism through the accelerated universe, successfully.

Here, we have constructed a realistic model of charged NSs in the framework of f(T')
modified gravity by introducing a very simple and effective quadratic form of f(7T'), as
f(T) = T+aT? Nowadays, this type of compact star model, using modified gravity, is
very popular to study the curvature based gravity. Early time cosmic inflation can also
be described by introducing the quadratic terms of the torsional scalar. These make
our current model more reasonable in the extreme gravitational environment within the
neutron stars and also help to study the gravity in such a regime. This model may also
explain the existence of super-massive NSs. In this case of charged compact stars, f(T')
gravity plays a very crucial role to maintain their spherically stable and equilibrium
configuration. If we see the variations of density and both types of pressures, it is
very clear that effective density and pressure of the anisotropic f(T') fluid exhibits
sharp transitions with positive . When the modification term a becomes positive,
the EoS of the compact stars obeys the casual limit and the central density respects

causality. On the other hand, an effective f(7") fluid with positive o supports more
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matter contained inside the star compared to GR and the star gets a more compact
structure with stability. Moreover, due to the effects of pressure anisotropy of the
effective f(7T') fluid, stellar mass may increase by lowering central density. Again, in
this model when o = 0, fr = 1 and fr — f = 0. It can be checked easily from equation
(3) that 7,, = 0 and the Einstein tensor reduces to the Einstein equation in GR. In
this case only our model is identical to the GR and standard results can be recovered.
For e > 0, in case of GR with a very low positive value of «, the NSs can contain less
stellar matter with a given radius and the M — R curves become quite close to the
GR curves. But as a becomes more positive, the model moves away from the standard
gravity case. In case of GR as there exists nuclear degeneracy pressure which leads
to a maximum stellar mass limit. But, in case of f(7') modified gravity this stellar
mass limit may be conquered with the effects of radial and transverse pressure of the
effective f(T') fluid with small positive value of a. However, there still exists the upper
bound of the stellar mass due to the causality conditions. This new and interesting
feature of f(T') modified gravity is capable of accommodating various observations on

the NSs that are far beyond GR predictions.

From this investigation we have found that, as the density of the exotic fluid as
a dark matter increases at the interior of the charged compact stars, their anisotropy
increases. This increase in anisotropy helps the stars to get more compact structure.
But at the same time repulsive gravitational force, which acts outward direction, comes
into play and helps the star to be in stable condition. The graphical plots depict that,
as the density of MCG increases, the anisotropic factor also increases. This anisotropy
plays a crucial role inside the stars and its impact on various other parameters and their
variation as a function of it, clearly reveals the role of dark matter in case of charged
compact stars. The mass-radius relationship is very interesting here. We are able to
get the idea that the maximum attainable mass by any charged compact star is about
3.1Ms and minimum radius should be about 10.5km. Again the tidal deformability
has also played a very important role in case of them because of their binary companion
stars. From our investigation we can see that the tidal deformability of the charged

compact stars, containing dark matter, must be in the range of 375 < A < 550. As
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the anisotropy increases, the tidal deformability of the compact stars decreases in a
noticeable amount. We have also estimated the electric charge which has a crucial
effect on the compact structure of the stars. The surface electric field produced by this
charge distribution is about 10%* V/m.

So, conclusively, we can say that our present model can successfully explain the
nature and stable spherical configuration of the charged compact stars. It also reveals
the impacts of dark matter on them. The evolution of the charged compact stars
under the accelerated phase of the universe is investigated rigorously and discussed
clearly. The result we have got using our model, is absolutely comparable with other
astronomical observations on charged compact stars. This makes our model more

realistic and viable.
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CHAPTER 9

CHARGED X-RAY BINARIES IN F(T)
MODIFIED GRAVITY

9.1 Confrontation of f(7') Modified Grav-
ity with Charged X-ray Binaries Em-
bedded in modified Chaplygin gas un-

der Tolman-Kuchowicz Spacetime

9.1.1 Prelude

Significant deviations of the properties of spacetime surrounding the neutron stars
(NSs) can be predicted by using modifications of general relativity theory (GR). Amongst
them, f(7) modified gravity theory, with T" as the torsional scalar, is considered to
be an effective neutral extension of GR. In this study, singularity free modeling of the
massive and charged relativistic compact binary objects X5 and X7, in the framework
of f(T) =T + £T? modified gravity using Tolman-Kuchowicz (TK) metric potentials,
have been focused on. The modified Chaplygin Gas (MCG) equation of state (EoS) as

perfect fluid has been utilized to describe the core stellar matter. The interior space-
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time of the compact stars is matched with exterior Reissner-Nordstrom spacetime at
the boundary to derive the unknown constants of the model. We have obtained an
exact singularity-free analytical solution, for anisotropic perfect-fluid spheres under
hydrostatic equilibrium, which holds the stability criteria in the background of f(T')
modified gravity with small positive parameter £. Mass-radius relation has been ac-
quired for this realistic model of charged compact stars. Further, we have also evaluated
few important properties such as energy density, compactness factor, sound velocities,
effective pressures, tidal deformability, relativistic adiabatic index, surface-redshift etc.
of the charged NSs, to check the physical validity of the current model. Interestingly, it
is revealed that all the derived outcomes of this model became compatible and agreed
with astronomical observations, which shows the viability of the present model within

f(T) modified gravity.

Binary neutron stars (NSs hereafter) in the galaxy have always offered unique in-
sight to the astrophysical study of the end stages of stellar evolution as well as the
physics of matter under extreme physical environment. It has given us the oppor-
tunity to explore the properties and behavior of the core nuclear matter of the NSs
and to find out its exact equation of state (EoS hereafter). In recent time, one of the
most promising physical event of generation of the gravitational wave has occurred
due to the inspiral and coalescence of two NSs. The event, GW 170817 of binary neu-
tron star mergers have imposed constraints on several parameters related to the NSs
[216]. Proper understanding of different macroscopic properties like mass, radii, tidal
deformability etc of the NSs are required to realize and understand the astrophysics

behind them and needless to say, rigorous study is very much needed.

Several researches have shown the existence of the anisotropy inside the compact
objects [217, 230, 231]. Proper modeling of the massive NSs is very much necessary to
understand the properties of these stars and their core nuclear matter also. The utmost
effect of the interactions between relativistic nucleons on the pressure anisotropy due
to strong magnetic field at high nuclear density have been explored in the reference
[218]. Also, at high nuclear density, phase transitions inside the core and the reduction

of pressure along the radial direction (outward) have been examined [219, 220].
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In case of the binary NS system, tidal deformability actually indicates the pre-
merging stages of the two massive stars and as well as their phase evolution [221]. In
the reference [222], how tidal deformability of a binary NS system affects the tidal
EoS of the NSs and how tidal love number is related with the binary mass ratio, have
been examined. So, investigations on the mass-radius relation and tidal deformability
of the binary NSs become very important [223]. Flanagan and Hinderer have shown
how tidal deformability, A and tidal love number, x depend on the EoS of the stelar
matter and also found out the early phase evolution of them [224]. Again, in several
investigations, the tidal deformability A has been calculated for the NSs with mass
about 1.4 Mg, by considering linear expansion of A(m) [225]. Again, it is also difficult
to construct the exact EoS of the nuclear matter by observing the gravitational waves
only in GR. The inclusion of tidal deformability parameters with the modified theory
of gravity, rather than GR, may be more useful to understand the exact properties
and behavior of the nuclear matter inside the stars [226]. Tidal love number shows
the deformability in a body due to an external tidal force acting on the body. This
quantity gives the data about the core structure of the merging stars. The tidal love
number can also be calculated from gravitational waves [227]. Tidal deformability of
black holes (BH hereafter) in alternative theories of gravity has been studied in the
reference [228, 229].

In recent times, application of various modified theories in gravity in order to study
the massive compact stars has become very interesting and significant. One will get
a more generalized theory of gravity by implying f(7') modified gravity [230, 231].
General relativity (GR hereafter) has faced some difficulties to explain these types of
massive relativistic compact objects [232, 233]. Modified theories of gravity are quite
more suitable than GR for these types of stars [303]. Quantum corrections of GR
Lagrangian have become very famous in this field where Einstein-Hilbert action has
been modified by the Ricci scalar function, R [233]. The I-love-Q relations were studied
for the first time for binary NSs which became very crucial to study about the properties
of relativistic massive compact objects [235, 236]. The EoS of the core nuclear matter

of the massive NSs have been explored successfully in f(R) modified gravity theories
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of gravity [237, 238]. Several models of anisotropic compact stars in alternative gravity
theories have been investigated in the references [239, 240, 241]. MCG plays a very
important role in incorporating dark energy (DE) in the study of such types of compact
objects under cosmic acceleration [242, 243]. f(T') theories of gravity also provide the
possible explanation of accelerated expansion of the universe and help to incorporate
the dark energy (DE hereafter) [250, 352]. The M — R relationship with proper EoS
and precise measurement of the mass and radius of the massive NSs are very important

at high densities under cosmic acceleration where effect of DM can also be examined

In case of massive relativistic compact stars, the corrections corresponding to high
energy can be studied in terms of higher orders of the torsional scalar in f(T') gravity,
with a nonlinear function of T' [244, 359]. The f(T") modified gravity is different from
the GR theory because of its Lagrangian as the function f has nonlinear terms. This
shows that f(7') gravity may possess new features and open up new angles to explore
the spacetime geometry. Mainly, in f(7") gravity, field equations are of second order of
derivatives. In various formulations of f(T') gravity at early stages the frame dependent
nature has produced some complications in the study before finding a good tetrad
[296, 303]. This problem is solved by covariant formulation of the teleparallel gravity
which allows the researchers to pursue difficult problems like spherically symmetric
configurations in f(7) gravity. Again, the existence of massive relativistic compact
stars can be proved by considering a priori assumed metric with regularity of the
matter in f(7T") gravity. Furthermore, several types of compact star solutions in f(7")
gravity have been investigated rigorously using this approach. A correlation between
the stellar structure and the spacetime metric can be established if the stellar matter
is approximated by perfect fluid with conservation of energy. The EoS of the interior
matter is very much essential to the inner structure of the compact stars. The relation
between core matter density and core pressure is required for closing the system of
differential equations. Compact stars with polytropic EoS have been studied in the
reference. Recent observations indicate the existence of massive NSs with the mass

close or beyond GR prediction [291]. Moreover, this modified f(7") gravity model also

198



Chapter 9. Charged X-ray Binaries in f(T') Modified Gravity

becomes effective to turn away finite-time future singularities and to reduce Hubble

tension [268, 269, 270).

In the context of GR theory, the charged compact stars have been investigated
for a long period. The field equations can be used as an anisotropic system where
electric field intensity follows the anisotropy factor. These models have given us the
opportunity to investigate and understand the stability of a charged spherical system.
Various mechanisms have been introduced to account for the existence of residual
charge in the compact stars. Various solutions of the Einstein-Maxwell field equations
have been discovered to describe the models of charged compact objects [272, 280, 276].
Properties of the ultra-compact stars with dark matter have been studied by Kiczek and
Rogatko [278]. In the reference [117], stability and hydrostatic equilibrium of charged
strange quark stars with charged perfect fluid, against a radial perturbation has been
investigated. Compact star models with strange matter using MIT bag model EoS
and gaussian distribution of the surface charge have been investigated in the references

279, 280].

The existence of massive NSs may also be explained by applying the modified
gravity theories like f(T') gravity theory as studied in this current model. In this
current model, we want to investigate the realistic model of charged and massive binary
NSs. Our aim is to obtain the numerical stellar structure and find out the possible
impact of modifications of f(T') gravity. We have chosen a simple but realistic model
in which the quadratic terms of torsional scalar 1" can relate to the early time cosmic
acceleration. The EoS of the stable and cold matter at very high densities that exceeds
the saturation density of the nuclear matter can be well examined by the binary NSs
neutron rich matter at extreme conditions. The M — R relationship can be determined
by this EoS. So, precise measurement of the mass and radius of the massive NSs are very
important at high densities. The compact stars which have thermal radiation from the
surface and have low magnetic fields (< 10'°G) are mainly chosen for the study because
temperature distributions at their surface are not affected by the magnetic field. They
have also possessed other unique properties. This is why the low mass X-ray binaries

are very important for investigations on the EoS of the compact objects. In this study,
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for our investigation we have also chosen two X-ray binary compact stars X5 and X7
because they have highest flux towards the Earth and various studies on them have
put some constraints on the values of their mass and radius [258, 259, 260, 261, 262].
Our main motivation for this work is to study the various crucial properties of the
charged compact stars and to investigate its evolution under cosmic acceleration. At
the same time the effect of anisotropy on these properties have also been investigated.
As we already know that GR can not describe the EoS of these types of super massive
relativistic objects properly.

Again, several investigations have pointed out the presence of anisotropy inside the
NSs despite their symmetrical stable configuration. In this current study, we have in-
corporated the f(T') modified gravity, which can accommodate the cosmic acceleration
effectively in order to get an effective EoS of the core nuclear matter. Moreover, cos-
mologists are trying to explain the accelerated phase of the universe by choosing the
existence of dark matter with large negative pressure, known as dark energy. So, in
this model we have also incorporated the existence of modified Chaplygin gas inside
the core of the massive NSs. We have chosen f(T) = T + T2, where T is the torsional
scalar and ¢ is a free regulatory parameter. This model also helps us to study the
impacts of dark energy on these super massive NSs. In our previous work [230, 231},
we have shown why the negative value of £ is not chosen and also have discussed the
effectiveness of the positive value of it. Throughout our present work, we have chosen

o . . G2 MZ
small positive value of ¢ in the unit of —© [232].

9.1.2 Construction of Basic Mathematical Equations in f(T)
Gravity : The Stellar Equations under Spherical Sym-

metry
9.1.2.1 Mathematical Formulation of covariant f('T) Gravity

Generally the space time metric is taken as

g = gapdr®dz’ . (9.1)
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Again the tangent space metric in tetrad formalism takes the form after transformation

as

n = nah®h’ . (9.2)
So, we get that, spacetime metric, g and the tangent space metric 7 is related as
Jap = hg h% Tab and Nab = gaﬁegef : (93)

where 14, = diag(—1,+1,+1,+1) and tetrad is given by h* = k%, da*, so that h (e,) =
0. Now, considering componentwise and considering formalism of proper tetrad, the

torsion tensor can be written as [38]
Tg, = eq (0shs — 0yhG) =15, (9.4)

where T}, is denoted as the non-vanishing Christoffel symbol. So, the torsion scalar

with contraction of tensor can be written as,
T=TgS7 (9.5)
where taking into account the super potential, S%7 took the form as

1
S = (@ + 10 =10 + 5 (BT -1’ (9-6)

1
4

Now, Considering torsional scalar T as its Lagrangian and the f(7') gravity as an

arbitrary function of 7" with tetrad determinant /g, we can write

1
Stetsoal =5 [ W@+ [ iLutond's (0.7
where |h| = /g and Lj;(¢4) is the Lagrangian of the matter.

Now we got the field equation from the above equation (7) w. r. t. the tetrad as

2
20p (|l frS57eq) +

e =r1gel | (9.8)
R

D |~
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where fr is given by % and matter related energy-momentum tensor 7§ is given as

S(| | Lar)
hlreef = 221EM) 9.9
| |7—6 €q 5(hgé) ( )
Now, using equation (8) and extracting G, we get

Gu =T - (9.10)

So, the matter related effective energy-momentum tensor 7, analogous to the anisotropic

f(T) fluid, becomes

T/i\l//[atter = T = [(0 + P)wtt” — P + (Pr — P)OLV"] (9.11)
where u* and v* denotes four velocity and radial space like four vector respectively.
They also follows that, u,u” = 1, v,v¥ = —1 and w,v" = 0. Besides p denotes the
energy density and on the other hand, p, and p; denote the radial pressure and the

transverse pressure respectively.

9.1.2.2 Incorporation of Modified Chaplygin gas with electromagnetic field in f(T)

gravity

Now, as per our model, Einstein’s field equation in terms of matter, MCG and electro-

magnetic (EM hereafter) field, can be written as
G = 87G (T, ™ + TN + TN | (9.12)

MCG
where T/,

denotes the energy-momentum tensor related with MCG, which is present
inside the core of the super massive NSs as anisotropic perfect fluid and whose EoS is

chosen in our model as

Y

_E) , (=1, ¢o#—-1 and >0 |, (9.13)

p(r)vce = <90

where ¢, 1) and ( are all free parameters and p is the energy density.
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The energy momentum tensor related to EM filed becomes

1 [ 1
B = (95 FlsFu, — ZgMVFawFﬂ‘s) , (9.14)

where the field tensor of Maxwell given by F,, = (®,, —®,,). So, Maxwell’'s EM field

equations become

(VgF"),, =4rJ'/g and Fp,s=0 , (9.15)

where J#* denotes four vector of current and satisfy the relation with charge density
o that J* = out. Now by using equation (14), the expression for the electric field

becomes

r2

por A [M} 7 (9.16)

where ¢(r) denotes the net charge inside the sphere of radius r with proper charge

density p. and can be obtained as

q(r):47r/ peeBg)r2dr . (9.17)
0

9.1.2.3 Stellar Equations with Tolman-Kuchowicz Metric Potentials and Modified
TOV Equation

Here, the static spherically symmetric interior space-time metric is chosen as
ds? = —eM a2 + PO ar? 41240 | (9.18)

where the unknown metric potentials, A(r) and B(r) are purely radial and dQ? =
sin?0d¢? + dO*. The range of 7 is from 0 to oo and 0 < 6 < 7, 0 < ¢ < 2.
As our main aim is to get a singularity free and physically reasonable model of the

charged compact star, for our study, we have chosen the following Tolman-Kuchowicz

ansatz [254, 379] as

PO =1+ ar? + bt and A0 = 2P (9.19)

203



Chapter 9. Charged X-ray Binaries in f(T') Modified Gravity

where a, b, C' and D are constants.

Several researchers have already used this above approach successfully for modelling
compact objects in GR as well in modified gravity. Anisotropic spheres in f(R, Q)
modified gravity have been investigated by Javed et al. [281]. Model of Quark star
in massive Brans-Dicke gravity have been studied by Majid and Sharif [382]. Charged
compact stars in f(R) gravity have been studied in the reference [381]. Stellar model
with charge in f(G) modified gravity have been obtained by Naz and Shamir [381].
The model of anisotropic strange star in the framework of f(R,T) modified gravity
have been investigated in the reference [286]. Bhar et al. have been obtained a compact

star model by using modified EBG gravity [287].

Now, using this matter distribution and from the above space-time metric, the

Tolman-Oppenheimer-Volkov (TOV hereafter) equations can be written in modified

form as
dp. (p+pr) 3 2 £ dp  dp, dp
dr — r(r—2m(r)) (m+ 477p,) + ;(pt pr) + (2 +4m) [% * dr i 2%] and
(9.20)
d
”;;T) —dmrp (9.21)

where m(r) is the enclosed mass within the radius r. Now for the above metric, the

proper tetrad [41-43] is chosen as
[ed] = diag [e 2, e 2 sinfcosp, —rsinfsing, rszn@} . (9.22)

So, the torsional scalar T, for the above metric is given by

7= 2B (eB(z” . 1) (eB(z” 1 rA’(r)) . (9.23)

2
Again, in our model we have chosen the modified gravity in the form of f(7') as

f(T)=T+ET* and £€>0 (9.24)

204



Chapter 9. Charged X-ray Binaries in f(T') Modified Gravity

where ¢ is a small positive constant and for & — 0 generates the GR field equations.

Now, for the line element of the spherical metric of equation (18), the field equations

in modified gravity becomes

2 -B , 1
8o+ L = B+ (1 —eB0) (9.25)

r r r

2 !
EG q o 1 —B(r A (7”) —B(r
8t _ﬁ_r_?(e ™ _1) + ¢ ™ and (9.26)
S | " 1

8pFC 4 z—4 = ZefB(T) + 247 (r) + A% — B'(rA'(r) + ;(A'(r) —B'(r))] , (9.27)

where the quantities p¢, pF¢ and pF® are the density, radial pressure and transverse

pressure in Einstein Gravity respectively and can be written as

EG §
ot S (p—p—2p) 9.28
PP =p+ (o —pr = 2p1) (9.28)
P =pr+ %(p +3p, +2p)  and (9:29)
3
p% =pi+ (Pt petdp) (9.30)

Our main focus is to find out the solutions of the system, governed by the equations
(24) to (26), which entirely specify the behaviour of the interior of the X-ray binaries.
p, pr and p; are the density, radial pressure and tangential pressure in modified f(T")

gravity respectively. The differentiation w.r.t. r is denoted by prime.

The quantity ¢(r) in terms of the electric filed E(r) can be written as

By =40 (9.31)
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9.1.3 Proposed Model in f(T) Modified Gravity

9.1.3.1 Determination of the Parameters related to the Neutron Stars

Now, employing the metric coefficients as chosen in the equation (19), in the equations

(24) to (26), we have obtained the following sets of equations as

5G| ¢ 3a+ (a®+ 5b)r* + 2abrt + b*r®

8" + p : (9.32)
2 — 2D + br?

smpfG L AT 2T g (9.33)

r T

1
8mpPY + % = l-a+2D+ (D(a+ D) - 2b)r + aD*r* + bD*r%] | (9.34)
where 7 is the function of r and is given by

=(1+ar*+0br") . (9.35)

In this model, for the study of the effect of anisotropy, we have considered MCG
and its Eos is given by equation (13). Now using the equation (13), we have solved the
equations (31) to (33) and obtained the expressions of pP¢, pP¢ and pF® in Einstein
Gravity. Then applied these expressions in the equations (27) to (29) and solved
them in order to get the values of these quantities in f(7") modified gravity for our
investigation.

So, according to our current model, the effective components, i.e, effective den-
sity, radial and transverse pressure of the X-ray binaries respectively in f(7T") modified

gravity, can be written as

2y fr

f [(2b—|—aD) (24 7r(a+b)v(l+¢)+r(2b+ D)] —

_¢&
P=3

-
Ti { i D)(a+ D+ (2b+ aD))} T frr (9.36)
{ J; >( )(b—1+r2D)} ,
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£, [v(+¢)?

2 472
2¢?

r(1+ )

(1 - (a+ D)+ 1r*(2b+aD))

[2(a+b+2D)+¢(a+b)br4]“i_—T and

(9.37)

5 [4(a+b+ (20 +aD)r) +4aD — 2 (b+ D — 2a)) — Jr

52 W) —r(a+b) 2+r(b+ D)) — a
{ (1§—i 5 (2eF =200 aD))} T frr
L [ser

T2 4r

(9.38)

(2a +7b— D(2+rb) +2r*(a+ D — 1))

Now, the anisotropic factor in f(7") modified gravity is obtained as

1

A =g [BU(e +2m)

1 ©» )
N [Tz@ ) (2D = 50)e 4+ 8U(D — @) + {aD(E + dm) = 2b(5¢ + 8m)}r)

1 1 ) ,
T 3¢ + 4 7(€ + 4m) [{2D (27 — &) — a(¢ + 4m) — (b — D?)( + 4m)r?}]

(9.39)
Again the electric field E? in modified gravity is obtained as
’ =m [—dap(€ + 2m)(€ + 4n)]
+ m E{zau + )p(€ + 27m) — 2D(€ + 3m) + (D*¢ + 2b(€ + 2@)#}]
+ (3?14@ [% (2D€ + 2b(€ + 27)r* + ah (€ + 27 + Dgﬁ))}
(9.40)

For the physically viable model, it is required that E?(r = 0) = 0. We have estimated
from our current model, the surface electric filed of the charged compact star X7 is

of the order of 10%2 (V/m). The Fig. 53 shows the variation of the electric field with
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radius of the charged compact objects.
So, the energy density, radial pressure, transverse pressure, anisotropic factor and
the electric field in the f(7") modified gravity background have been successfully ob-

tained.

9.1.3.2 Finding the Constants of the Proposed Model

Now, in order to find the constants used in TK metric potentials, we have to match
smoothly the interior spacetime metric to the exterior spacetime at the boundary (r =
R) of the compact stars.

During our work, we have already chosen the spherical symmetric metric, describing
the interior space-time of the NSs. Now, in order to find out the metric coefficients as
given in the equation (19), we have matched this interior spacetime metric with the

exterior Reissner-Nordstrom metric [256, 257], given as

ds? = — (1 _ 2m(r) + q—z) dt*+ dr’ +r?(sin*0de*+d6?) , 0<O<m, 0<¢p <27 .

(9.41)
where m(r) is the total mass enclosed within the boundary of the NSs with radius
r = R at the boundary. Now, as we know the at the boundary surface of the NSs,
the various space-time variables, ¢,., g, and gy, are continuous between these two

spacetime metrics. So, after applying matching conditions at the boundary surface

(95 = g4 and (g, = g.), we have got the below constraints as

(1_E+§):C€ s (9.42)
M QZ 2 4\—1
M ¢ 22 DR?

where m(r = R) = M is the total mass within the boundary of the compact star.
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So, in order to calculate the model constants of our present work, we have solved
the equations (41) and (43) by applying the condition p,.(r = R) = 0 and hence we

have obtained

= eI T 262+ € M2 DI DR (0.

—1—aR*+x
b= B el (9.46)
2 1
C=e¢"2x2 and (9.47)
X M ¢

-1
where x = (1 — 2% + %—Z)

As the radial pressure vanishes at the boundary surface of the compact stars, it

gives the expression of the surface density of the compact star as

3p(a+ D+ (2b+ aD)R* + bDR*)

ps =+ 4(& + 4m)T3

(9.49)

Now, it is clear that, by considering the known values of m(r) and r from different
observations on various massive binary NSs, we can easily find out the required model
parameters and then substituting these values we can measure all the required quan-
tities related to the binary NSs. we have chosen two binary compact stars X5 by
assuming M = 1.4M, with R = 9.6 km and X7 by assuming M = 1.4M, with
R =11.1 km for our study and also assumed g = 0.0085 in case of our model [262].

209



Chapter 9. Charged X-ray Binaries in f(T') Modified Gravity

9.1.4 Physical Analysis of the Proposed Model

9.1.4.1 Nature of the Tolman-Kuchowicz metric potentials at the Boundary Surface

In case of this current model, for the asymptotically flat spacetime, the metric po-
tentials A(r) and B(r) does not tend to zero as r — oco. We have also taken the
spacetime signature as (-,+,+,+). Here, eA(") = C2ePm* and B = (1 + ar? + brt).
This implies, eAlr) |lr—0= ¢ > 0 and B l.—o= 1. Furthermore, we can also have,
(eAMY = 2rDeC+P* and (eB")) = 2are”™. This behaviour of the metric potentials
has given us the opportunity to match the inner spacetime to the exterior spacetime
smoothly at the boundary (r = R) of the compact stars. This helps to get the con-
stant parameters of our current model. It is also clear that in the interval (0, R), metric
potentials are behaving well.

A and eB") are shown in Fig. 10

The matching conditions of the metric potentials e
and Fig. 11. These plots clearly indicate the smooth matching of the metric potentials
at the boundary of the charged compact stars. This also depicts the physical validity

of the model using Tolman-Kuchowicz ansatz.

9.1.4.2 Finding the Cental Density and Pressure a function of ¢

In this f(7') modified gravity, the main thermodynamic variables of the compact stars
remains almost unaltered but they must obey some criteria. Now, at the centre of the

compact stars we have obtained by using Equations (35) to (37)

3p(a+ D) + (€ + 4m)

Pe = 1T an) and (9.50)
o v(a+ D)
De = — + —(f Tan) (9.51)

where p. and p. are the central density and central pressure of the compact stars
respectively. We can also find the corresponding quantities in GR by setting & = 0.
Various important parameters related to the compact stars as obtained from our model

is tabulated in Table 3 for the charged binary compact star X 7. Table 1 [262] and Table
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2 gives some important parameters about the chosen binary compact stars as for our

model.
Table 1.
Sl. No. | Compact Stars  Mys(Ms)  Tops(km) M(Mg) r(km)
1 X5 1.42+0.15 9.60707  1.40 9.60
2 X7 1.41+£0.10 111795  1.40 11.0
Table 9.1: Charged binary compact stars
Table 2.
Sl. No. | Compact Stars Mass M (M) Radius r(km) = z—z
1 X5 1.4 9.60 0.248367 1.251836 x 1077
2 X7 1.4 11.0 0.150768 1.182354 x 107

Table 9.2: Mass (M), Radius (r), % and g—z of the charged compact stars

Table 3.

SI. No. | ¢

p. (dyne cm™2)

ps (gm em™)

pe_(gm cm™)

0.00

2.680565 x 1034

2.354871 x 10%°

2.513483 x 10"

0.08

2.714562 x 103

2.424823 x 10

2.657281 x 10

0.16

2.807213 x 103

2.584721 x 101

2.710628 x 10

0.24

2.893482 x 10

2.672342 x 10'°

2.775691 x 10'°

O x| W DN —

0.32

2.956718 x 103

2.852387 x 10

2.912348 x 10

Table 9.3: Calculated values of p., ps and p. of X7 for different values of £ from the
model

The variation of radial pressure, transverse pressure and central density are shown
in Fig. 48, Fig. 49 and Fig. 50 respectively. The plots depicts that all these parameters

obey all the required physical conditions of the realistic compact stars.
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9.1.4.3 Observational Constraints

We have also plotted the variations of core matter density (p), radial pressure (p,),
transverse pressure (p;) etc. w.r.t. the radius of the compact stars which are shown
in graphical analysis section. The profiles show that all these parameters are positive
inside the boundary of the compact star i.e., for 7 € (0, R). These above quantities are
all monotonically decreasing functions of r. The radial pressure becomes zero at the
boundary surface but the transverse pressure and matter density remains positive at
the boundary of the compact star.

The central pressure becomes non-negative inside the fluid sphere depicts the phys-
ical acceptance of the current model i.e., p. > 0. Again, the Zeldovich condition [388],
’;—Z < 1 is fully satisfied by our model when 1) is positive only. Moreover applying this
must satisfy condition for any physically accepted compact star model we also have
obtained the valid range of £ as 0 < ¢ < 0.5. This is why we have also not considered
negative values of ¢ in this current model. The measured values of core density of the

charged compact stars, clearly indicated that the central fluid possess anisotropic form.

9.1.4.4 Verification of Causality Condition

We know that, in order to fulfill the criteria of a physically viable and realistic model,
it is essential to satisfy the causality condition and hydrostatic equilibrium by the
compact star model. To satisfy the causality condition, the sound velocity must be less
than the velocity of light, everywhere at the interior of the object. In case of our model,
radial sound velocity V. and transverse sound velocity V; both maintain causality i.e.,
(V2 , V;*) < 1. Again, according to Le Chatelier’s condition, (V> , V;?) > 0. These
two conditions implies that | V2 — V;? |< 1, which is also plotted for different values of
€.

For any realistic compact star, the “cracking” condition of Herrera [387] must be
obeyed for ensuring stability of the object under small radial perturbations. This
condition is also satisfied by the anisotropic and charged compact stars in our model.

Investigation proved that in the potentially stable region of the anisotropic compact
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stars, the radial velocity of sound crosses the transverse velocity of sound [386]. So, we

have obtained

—1<(V2=V?3 <0 for potentially stable region and (9.52)

0< (V2—=V? <1 for potentially unstable region . (9.53)

We have obtained from our current model

dp, 1
V= dpp =3 and (9.54)
dpt 2
Vie "I 9.55

It is also confirmed from our model that the speed of sound in transverse direction is
greater than that of in radial direction. So, it is conclusive to say that the causality
condition is not violated in case of our model. From all the above conditions and mea-
sured values it is clear that various stability conditions under spherical configuration
have been fully satisfied by the massive charged NSs under the present situation of the
universe. This makes our present model more relevant and effectively realistic. The
plots in Fig. 54 and Fig. 55, are indicating the variations and limits of the sound ve-
locities in different directions respectively, whereas the Fig. 56 indicates the variation

of stability factor at the interior of the charged binary compact stars.

9.1.4.5 Tidal Deformability and Tidal Love Number

Now, as we know that the equilibrium condition of NSs get tidally deformed due to the
presence of an external tidal field, E;;. At the same time due to the spherical symmetric
structure, the NSs will develop a quadruple moment, @;; [224]. The relation between

these two quantities can be described as

Qi = —AE; (9.56)
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where A is the tidal deformability, given as [224]

2 5
A= —%m , (9.57)

where k is called the tidal love number which is given as

8
K= gTMUS 2uld(y + Du* + (6y — 4)u® + (26 — 22y)u® + 3(5y — 8)u — 3y + 6] — 37prlog
(9.58)
where u is the compactness factor of the NS [263], is given as u = tm(r), T =

(1—2u)?[2u(y — 1) — y + 2] and the quantity y, is defined as y = y(r) |,—r and can be
determined by solving the differential equation numerically, with the initial condition

y(0) = 2 and which is given as

rd%y(r) + 32(r) + y(r)eP™) [1 + 47 (p, — p)} +72Q(r) =0 (9.59)

where the quantity Q(r) is given as

) 6
Q) = 17" [5p9p, + L - Doy L (960
dp

So, for spherically symmetric NSs, by calculating it’s mass m(r), radius (r), radial
pressure (F,), energy density (p) by using the metric coefficients (or model parameters)
and then solving the modified TOV equation and the above differential equation (58)
simultaneously, we can find out the tidal deformability and tidal love number of the

massive NSs. The dimensionless effective tidal deformability is given by

A:

m%)/\ . (9.61)

Again, in case of binary NSs merger, the dimensionless tidal deformability which

can be measured by detecting the gravitational wave, is given by

16 [(1+1290A 12+ @)As]
A= th 0 <1 9.62
B (Utqr | (iqp | Vith O<dmsl, (5.62)
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where A; and Ay are the tidal deformability of the two different stars in the binary
system respectively and the quantity ¢(m) = 2_? is the mass ratio of the binary system
of two NSs with mass m; and msy respectively and mq > my. The variation of A with

mass of the compact star as a function of anisotropy is shown in the Fig. 65.

On the other hand a specific mass combination in case of a binary NS system is

called chirp mass, M, and given as

(mlmz)% CI%
M,=———— =m

o mg)é 1—<1 N q)% (9.63)

The variations of the tidal love number and tidal deformability with mass as a
function of anisotropy factor in Fig. 51 and Fig. 52 respectively. These plots depict
the effect of anisotropy on these quantities of the binary charged compact stars as
well as on their stability. It is evident that the presence of anisotropy at the core of
these types of binary compact objects reduces the tidal deformable force in a significant
amount as compared to other non-anisotropic stars, predicted by GR. This is how these
anisotropic compact stars get more stability and get a more compact structure than
the stars without anisotropy. Due to the effect of anisotropy. These stars also can

acquire more mass as compared to their GR counterparts.

9.1.4.6 Verification of the Energy Conditions

Current proposed model of the charged compact stars will satisfy the weak energy
conditions (WEC), the strong energy condition (SEC), null energy condition (NEC)
and the dominant energy condition (DEC) if at each and every point inside the stellar

interior, the following inequalities holds :

E? E?
p+p. >0 , ptp+-—2>0 , p+-—=2>0, WEC. (9.64)
47 8
B2 E?
prpe20 o ptpt —20 . php 2t - 20, SEC (9.65)
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E2
prpr=0  ptpt =0, NEC (9.66)
E? E?
p—p =0, P+§ZO ) P—pr‘l'EZO DEC. (9.67)

In our study all the above mentioned energy conditions are satisfied and indicates the

physical viability of the present model.

9.1.4.7 Mass-Radius Relationship and Compactness Factor

Now, we have obtained the effective mass of the charged massive NSs in f(T") gravity

as

R

m(r) :47r/ pR*dR
0
=4

/R Ef + i—f [(20+aD) (2 +r(a+ )1+ ¢) +7(2b+ D)] fT—T R*dR
R 1 252 ,
+ 47r/0 > {m(bD){a + D+ (2b+ CLD)}} T frr
+ 471'/0 V(%@(a L D){b—1+ TQD}] R2dR
(9.68)

So, the effective mass of those super massive NSs using our model from the above

equation (39). On the other hand, compactness factor of NSs in our work, can be

written as
u(r) :%m(r)

= 47T/R {gf + i—Q [(2b4+aD) (24 r(a+b)Y(1 4+ ¢) +r(2b+ D)) g RdR
R 2¢2 '

n 47r/0 = [m(bD){a + D+ (2b+ aD)}] T frr
R

n 47r/0 {%(a +FD){b—1+ r2p}] RAR

(9.69)
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Now, using equations (67) and (68), we can also measure the radius of those super
massive charged NSs from our model. The calculated value of the mass and radius of
the two stars are tabulated below. The mass vs radius plot is absolutely interesting
for our investigation. Besides we have also plotted the variation of the compactness
factor of the charged NSs with radius of the stars and further investigated the effect of
anisotropy on this parameter. The outcome which is very amusing, we have discussed
later. The Fig. 60 shows the most important M — R relation of the charged compact
stars. We can also predict about the maximum possible mass of the X7 (Yellow line)
and X5(green line) and lowest possible radius of these two charged binary compact

stars.

For our model, as m(r) — 0 as r — 0. So, we can say that the mass function
is regular at the centre. We have also measured the compactness of the charged NSs
which lies in between 107" to & which obeys the Buchdahl limit [290]. The plot in the
Fig. 61 indicates the same. Further, it shows that, the compactness of the charged

binary compact stars increases as anisotropy at the interior of the star increases.

Table 4.
Sl No. | Compact stars Mass (M) Obtained (M) radius r (km) Obtained r (km)
1 X5 1.40 1.11258 9.60 11.58723
2 X7 1.40 1.12083 11.0 11.73241

Table 9.4: Calculated values of Mass and radius from the model with £ = 0.45

9.1.4.8 Anisotropic Nature

Interestingly, in our present work, we have got that pressure in radial direction (p,)
is different from the pressure in the transverse direction (p;), inside the core of the
massive charged NSs and actually p; > p,.. This pressure difference inside the core of
a NSs, produces anisotropic repulsive force which is acting outward direction and have

a great impact on the stability of the compact stars. We can measure the anisotropic
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force factor in this present work as (A'), at the core of massive NSs and given as

A= }% e —p] and A >0 . (9.70)

So, this model shows a positive anisotropy is acting inside the core and we also
have investigated its effect on several other crucial parameters of the massive NSs.
The origin of this anisotropy is the presence of MCG (as an exotic fluid at the core)
inside the NSs and as it increases, the star becomes more and more compact but still
finds its stable equilibrium avoiding the collapse. This is the very interesting nature of
the NSs which we have discussed later. Several plots in the graphical analysis section
show the effect of the anisotropy on various parameters of the charged compact stars.
Besides the Fig. 63 shows the variation of anisotropy factor itself against the radius of

the star at high core density.

9.1.4.9 Relativistic Adiabatic Index and The Stability

For relativistic compact objects, adiabatic index I', plays a important role on it’s
stability. The value of I' as if I' > % the NSs has got it’s stability. In this case of
achieving stability f(7T) gravity plays a very important roll as well as MCG. We have
got the proof that, due to the presence of MCG, inside the NSs core, the small positive
value of ¢ is sufficient to make a stable and equilibrium structure of the massive NSs
in the present accelerated phase of the universe. The relativistic adiabatic index can

be measured as

I = {pr—”} ap: (9.71)

pr ] dp

The above expression depicts that the adiabatic index depends on p% ratio. We
have also plotted its variation against r inside the stellar interior for different values of
&. The value of T' of the charged NSs, we have obtained from this model also confirms
the stability of the charged compact object under spherical configuration. The plot in

the Fig. 62 depicts the same.
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9.1.4.10 Surface Redshift and Equilibrium

The surface redshift function Zs(r) [48, 49] of the massive NSs can also be measured

by using the equation as

Zr)= ——— 1 (9.72)

As a part of our investigation, we have also checked the surface redshift parameter
Z(r) for the massive NSs and got a very interesting outcome. Astronomical observa-
tions suggests that for NSs, it should be like Z(r) < 5 to ensure stable equilibrium
configuration. We also have same type of results. The value of Z,(r) in f(T) grav-
ity along with the presence of MCG and anisotropic pressure at the core of the NSs,
strongly and clearly suggests that in this model the star has also got stable equilibrium
configuration with a new realistic EoS. The Fig. 64 shows the variation of Z,(r) with

radius as a function of &.

Table 5.
Sl No. | Compact stars A’ Zs(r) r
1 X5 0.00022 0.181462 5.120231
2 X7 0.00037 0.170413 5.230165

Table 9.5: Calculated values anisotropic force A’; surface redshift Zs(r) and adiabatic
index I' from the model with & = 0.45

Table 6.
Sl No. | Compact stars ‘C/—QQ ‘C/—t; DEC/(dyne cm™2)
1 X5 0.198753 0.108141  2.687234 x 103!
2 X7 0.208121 0.112582  2.784235 x 103

Table 9.6: Calculated values of ‘C/—f, Z—f and DEC(dyne cm™2) from the model with

& = 0.45 at the center of the charged compact objects
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9.1.4.11 Equilibrium of the Spherical Configuration of the Neutron Stars under Var-

1ous Force

Now in order to ensure the viability of this current model in modified gravity, we shall
examine the validity of the TOV equation. For this, we will assume that the charged
NSs, X7 and X7 are under equilibrium under different forces acting on the system.
There are four different forces acting on the present system, namely : the hydrostatic
force F},, the gravitational force Fj, anisotropic force F, and finally newly introduced

force related to modified gravity F,.

In this investigation, we have figured out the explicit form of these forces as follows

__dp,

Fp=——"" (9.73)
A(r
Fy=— 2( )(pﬂ») : (9.74)
2
F, = ;(pt —pr) and (9.75)
Ryt (p +2p,+1.) . (9.76)
" 81 + 2¢ g

The TOV equation in modified gravity can be written as in equation (20). Now the

equation can be written as

Fy+F,+F,+F,=0 . (9.77)

Now, the NS X7 is in a hydrodynamic equilibrium as the total forces verify the
equation (20). The plots of all the forces depicts that the negative gravitational force
compensates the positive forces to get a stable equilibrium. So, our model successfully
achieved the physical conditions of a charged and anisotropic compact star in stable
equilibrium under modified gravity. This can be also verified by the Fig in the graphical

section. It assured that the hydrodynamic stability holds true for the anisotropic and
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charged binary NSs X5 and X7. The Fig. 59 confirms the same.

9.1.5 Graphical Analysis : Observational Support

From our present model and investigations, through graphical plots variations of dif-
ferent parameters, of the charged NSs have shown. Plots have given some outstanding
outcomes which are very much interesting in the context of various astronomical ob-
servations. These variations also have made our chosen model entirely reliable and
physically acceptable.

The Fig. 48, shows the variation of radial pressure, p, with radius, r of the charged
NSs. The variation shows that it has a step-like soft phase transition inside the core
matter of the NSs at the distance, almost half of its radius (r ~ 5.56 km). The radial
pressure has its highest value at the center of the star and it decreases towards the
boundary of the star and at the boundary vanishes. The transverse pressure, p; in
Fig. 49 also has shown the variation in the same fashion but it does not vanish at the
boundary of the star (r = R ~ 11.65 km) but has some positive value when it reaches
the surface of the star. The core energy density, p also varies in the same pattern like
p¢ as in the Fig. 50. This type of nature of the radial pressure, transverse pressure and
energy density, inside the charged NSs is also supported by several other investigations
on them and has given birth to the core and crust concept of NSs [230]. This concept is
also clearly reflected by our model. We can see a phase transition at the point almost
middle at the interior of the charged NSs which helps to identify separately the core
and crust region of the star at high pressure and temperature clearly. Now we have
got very interesting results from the variation in the graphical plots between the tidal
love number and tidal deformability of the charged NSs with their mass in Fig. 51
and Fig 52 respectively, as a function of anisotropy. The variation shows that, as the
anisotropy inside the star increases, its compactness increases which in turn reduces
the tidal love number as well as tidal deformability. So, if anisotropy increases inside
the star, its tidal love number and tidal deformability both will decrease. So, it is
clear that anisotropy has a very crucial effect on the stability and equilibrium of the

charged binary compact stars. These plots reveal the utmost impact of anisotropy on
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these parameters. As anisotropy increases, the tidal deformability of compact stars
decreases in a noticeable amount. The Fig. 53 gives the variation of the electric field
as a function of the radius of the charged compact stars at high central density. The
plots in Fig. 54 and Fig 55 respectively are very crucial variations for our model as
they have shown that in case of our model no causality condition is violated. The Fig.
56 shows the variation of the stability factor with radius of the compact stars. This
plot is very important because it shows the potentially stable or unstable region inside
the charged compact stars.

The plots in Fig. 57 and Fig. 58 have given the most attractive and crucial
plot of our model. These plots show that how the chosen metric potentials, as in
our model, match smoothly at the boundary surface of the charged binary compact
stars. The matching of the interior and exterior metric potentials reveals the successful
applications of spacetime in case of this investigation. On the other hand the Fig. 59
also supports our modified gravity model by showing the stable equilibrium of the
present model of the charged compact stars. The most important plot of the M — R
relation of these stars is shown in the Fig. 60. The variation in this plot clearly reveals
the value of mass and radius of these NSs. The nature of the curves and values of this
parameter as shown by the curves are consistent with other astronomical observations
on the charged NSs through gravitational wave study. In the Fig. 61, Fig. 62, Fig. 63
and Fig. 64, gives the variation of different crucial parameters related to the charged
binary NSs like compactness factor, Adiabatic index, anisotropic factor and surface
redshift etc. respectively. Here in the Fig. 65, we have plotted the dimensionless tidal
parameter of the NSs as a function of the mass of the star. One can easily get the
value of the parameter by studying binary neutron star systems or by the study of

gravitational waves.

9.1.6 Final Remarks

In this investigation we have successfully developed a singularity free model of charged
binary compact stars X5 and X7 within the framework of f(7T") modified gravity with

the presence of an electric field. We have also successfully incorporated the physically
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Figure 9.1: Represents the variation of radial pressure p.[dyne cm™2] with radius r[km]
for a high value of central density and for small positive value of &.

Figure 9.2: Represents the variation of transverse pressure pi[dyne cm™2] with radius
rlkm] for a high value of central density and for small positive value of €.

Fig — 50
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Figure 9.3: Represents the variation of core density p [dyne ecm™>] with radius v [km]
for small positive value of & of the massive charged NSs.
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Fig—51 Fig — 52
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Figure 9.4: Tidal love number k for different values of anisotropic parameter A with
small positive value of & are plotted as a function of mass of the charged NS X7.

Figure 9.5: Tidal deformability A for different values of anisotropic parameter A with
small positive value of & are plotted as a function of mass of the charged NS X7.
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Figure 9.6: The variation of the electric field of the charged NSs with small positive
value of & at high core density.
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Figure 9.7: Represents the variation of square of the radial sound velocity V? with
radius r[km] for a high value of central density and for different small positive values

of €.

Figure 9.8: Represents the variation of square of the transverse sound velocity V;?
against radius r[km] for a high value of central density and for different small positive

values of &.

Fig — 56

Potentially stable or unstable region with radius r

10

08+

£:00
£0.08
S
o Fi
—

Figure 9.9: The variation of the stability factor | V2 — V.2 | of the charged NSs with
different small positive values of & at high core density.
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Fig— 57 Fig— 58
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Figure 9.10: Represents the matching condition of the metric potential e against
radius r{km] for the charged compact star X7.

Figure 9.11: Represents the matching condition of the metric potential e?™) against
radius r(km) for the charged compact star X7.

Fig — 59
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Figure 9.12: The various forces of the amended TOV equation given by Fq. (20) of the
charged compact stars X5 and X7.
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Figure 9.13: Represents the M — R relation for the charged compact stars.

Figure 9.14: Represents the variation of compactness factor for the charged compact
stars as a function of anisotropy A.

Fig— 62 Fig—63
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Figure 9.15: Represents the variation of adiabatic index I'(r) with radius r(km) for the
charged compact stars as a function of A.

Figure 9.16: Represents the variation of anisotropy factor A with radius r(km)for the
charged compact stars at very high central density.
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Fig — 64
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Figure 9.17: Represents the variation of surface redshift Zs(r) against radius r(km) for
the charged compact stars as a function of &.
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Figure 9.18: Represents the variation of dimensionless tidal deformability A with mass
m(Mg) for massive charged NSs as a function of A for small positive value of €.
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reasonable Tolman-Kuchowicz (TK) ansatz for the metric potentials which have shown
smooth matching at the stellar boundary obeying all the required physical conditions of
a singularity free model. Instead of considering an ad hoc equation of state p+p = 0, we
have introduced MCG EoS, exists as perfect fluid inside the core of the stars to examine
the impact of dark energy on the EoS of these types of stars and study their evolution
through accelerated expansion of the Universe. We have solved the system governing
equations using MCG EoS quite successfully as the system produces a stable and
spherically equilibrium configuration. Moreover, the behavior of various parameters
related to the charged compact stars we have obtained in this model, obeying all the
observational constraints and almost similar to the other astronomical observations.
This current model has been subjected to rigorous stability, regularity and causality
tests which reveals the crucial role of charge, anisotropy and & on the compact stars in
modified gravity. We have also tested the modified TOV equations by plotting various
forces produced from it which affects the stability and equilibrium of the total star
system. We have fixed the free constants which arise from the integration of the field

equations of our model successfully, by applying the proper boundary conditions.

In this investigation we also have successfully investigated the effect of anisotropy
on tidal deformability, mass-radius relation, adiabatic index, surface redshift etc. of the
charged, anisotropic binary NSs along with phase transitions at the interior. We have
got a clear idea about mass and radius of massive NSs using our model. Furthermore,
we have got a very realistic and generalized EoS of the core nuclear matter using f(7")
modified gravity accompanied by modified TOV equations. The result is beyond GR
predicted values and can avoid different cosmological issues during the present time
accelerated universe. From our investigation we also have got the clear picture on the
core-crust concept of the charged compact stars. Phase transitions of density and both
the pressure at the core-crust interface (at the distance half of the radius) are very
interesting and have a great impact on the stable compact structure of the massive
binary stars. Even, we are able to give a strong proof on the presence of anisotropic
fluid and its impact, inside the core. The role of anisotropy on the behavior and nature

of the compact stars is also revealed. Due to the presence of anisotropy at the interior,
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a repulsive force appears which acts outward from the center. This repulsive force
plays a crucial role to maintain the stability of the star. The very promising results
on X5 and X7, in the context of recent astronomical observations, which we have got
from our present model are very much consistent with other astronomical observations

as well. This makes our model more realistic and acceptable.

From the mass-radius relationship, we have got some interesting evidence. It is
clear from the plot that, for the NS X5 (yellow dotted line) with mass about 1.11M,
have the maximum radius around 11.6 km whereas the NS X7 (green dotted line) has
the mass 1.12M with the radius around 11.8 km. Again, we can also predict the
maximum possible mass and lowest possible radius of both these stars. They both can
possess a maximum mass of around 1.45M; with a radius about 10.2 km. So, this
result has given us a proper understanding about the massive charged binary NSs. At
the same time, variation in tidal deformability also reveals some interesting facts on
these types of stars. We have found that, for anisotropic charged NSs with mass around
1.15Mg, the maximum tidal deformability is around 550 but as anisotropy increases,
tidal deformability stars decreasing and becomes around 350, giving the star more
stable structure but more compactness with mass about 1.42M. This observation is
very important to explain the stability and equilibrium condition of the charged binary
NSs. Fig. 65 also reflects the fact of imposing constraints for the value of dimensionless
tidal deformability, through gravitational wave observations. So, it is very clear that
binary charged NSs in modified gravity can acquire more mass but still are able to

maintain their stable equilibrium configuration by decreasing its tidal deformability.

So, briefly we can say, what we have got from our investigation, we have obtained
a singularity free model of the charged anisotropic compact stars. We can even focus
on the origin and immediate effect of anisotropy on the nature and properties of NSs
which are just remarkable and under further investigation. Interestingly, the presence
of exotic fluid at the core of the compact stars and its role is also very crucial indeed.
The presence of MCG is the main reason behind the production of anisotropy at the
core, which makes the star more compact but at the same time stable. The stable

compact structure of the binary charged NSs in f(7") modified gravity with the direct
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impact of MCG on the mass-radius relationship and tidal deformability is crucial and
as well as attractive for further research on binary anisotropic NSs. The required EoS
of the core nuclear matter of the NSs from our model is more realistic and generalized
in the sense that we have got it with a very small positive value of £ and simultaneous
presence of exotic fluid at the core as dark matter. Setting £ as zero we can also recover
the GR results. This is how f(T') gravity plays a very important role in case of the
compact stars. Due to the presence of positive anisotropy inside, repulsive gravitational
force also comes into play and it has a great impact on the stability of the charged
compact stars in such a dense condition with high pressure.

After this above detail and clear discussions of our investigation, we can conclude
that this present working model is very interesting, realistic as well as self sufficient to
describe all possible nature and behavior of the charged NSs in a lucid way. It helps
to understand the binary compact stars in a more generalized manner with a realistic
EoS of the core nuclear matter. Moreover the compatibility of the results we have got,
with other observational results, reflects the importance and viability of the present

model in the background of f(7T") modified gravity.
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“Look up at the stars and not down at your feet. Try to make sense of what you see,

and wonder about what makes the Universe exist. Be curious”.

—Stephen Hawking



CHAPTER 10

ANISOTROPIC NEUTRON STARS IN
F(R,T) MODIFIED GRAVITY

10.1 The Effect of Anisotropy on Massive
Neutron stars in f(R,T) Modified Grav-

ity under Krori-Barua Space-Time

10.1.1 Prelude

In this present study, our main focus is to investigate, specially the mass-radius relation
and several important properties of massive neutron stars to realize the nature, behavior
and evolution of these kinds of compact objects through present time. Also, we want
to understand the equation of state of the core nuclear matter precisely with their
stable equilibrium configuration. We have chosen a few massive binary pulsars and
investigated on maximum attainable mass and lowest possible radius of them. We have
considered Einstein-Hilbert action as f(R,T) = R + o7, where R is the Ricci scalar
and T, the trace of energy-momentum tensor with a as the coupling parameter and also

used modified TOV equations. The interior space time of the spherical neutron star is
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matched to the exterior Schwarzschild line element at the surface of the star. The M —R
curve has given the maximum allowable mass is about 3.51M, with lowest possible
radius of around 10.5 km for the massive compact stars under stable equilibrium.
We have got a clear picture of structural evolution of massive neutron stars through
accelerating space-time and can put some constraints on several quantities related to
them. It is depicted from our present investigation that all the derived outcomes are
compatible with physically adopted regimes which reveals the viability of our current

model in the context of f(R,T) modified gravity.

The discovery of compact binary coalescence, by LIGO/VIRGO scientific collab-
oration has created a lot of enthusiasm amongst the researchers [291, 293, 292, 294].
Neutron stars (NSs hereafter) actually provides a extraordinary environment to look
into the matter at extremely high density. It has also given the opportunity to
study the massive relativistic objects in strong gravitational fields. The study on
the exact equation of state (EoS hereafter) of compact objects and their evolution
through the accelerated expansion of the universe are also matters of immense in-
terest in this decade. Recent observations of X-ray also provide the opportunity
to determine the mass and radii of NSs along with gravitational waves. The main
aim of the NISER mission is to study on millisecond pulsars and to determine their
mass and radii as well as EoS. So far, scientists are able to determine the mass of
few pulsars which leads to M = (1.97 £ 0.04 M) for PSR J1614 — 2230, PSR
J0348 + 0432 has M = (2.01 £ 0.04 M) and the other one is PSR J0740 + 6620,
with M = (2.14 £ 0.1 M) [295, 296, 297]. Very recently, Romani. et. al., have found
the mass of PSR J0952 — 0607 as M = 2.35 + 0.17M, [298]. Now, from the above
observations, it is very clear that a stiff equation of state is very much needed in or-
der to describe the high mass of these anisotropic compact stars under strong gravity
[299, 300, 301]. There are many alternative solutions to the field equations of GR, for
fluid spheres under spherical symmetry. Whereas Krori-Barua(KB) [342] solutions are
very famous for modelling realistic NSs as its metric satisfies the physical requirements
of a real star. This alternative KB metric can be applied in order to describe the ge-

ometry of space-time. Researchers also get the opportunity to explore its implications
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and applications in understanding the gravity precisely. However, various observa-
tional evidence have unlocked the accelerated expansion of the universe at present
[302, 303, 304]. Scientists are in the conflict of choosing the proper gravity theory as
well as the matter contained. Normal matter with Einstein’s gravity theory cannot
assist the above observational results. It suggests that the general relativity (GR here-
after) theory must be modified in order to explain this phenomena [305, 306, 307, 309].
Researchers have been trying to explain the accelerated universe using the presence of
dark energy [310, 349, 351]. Modified gravity theory is able to accommodate the ten-
sion in the present expansion rate of the present accelerated universe in a natural way.
This theory can also modify the standard cosmological model alternatively through
dark matter [313, 372, 315]. The significant deviation of the space-time around the
massive NSs can be well predicted by the modified f(R,T) gravity theory as a neutral
extension of GR. Generally, the positive dimensionless coupling parameter « of this
modified gravity theory predicts the massive and larger size of the compact stars com-
pared to GR theory. It is because of a new force resulting due to the matter-geometry

coupling [341].

Harko et al. [316], have proposed f(R,T) gravity as a generalized and arbitrary
function of f(R) gravity theory in order to establish a coupling between geometry and
matter with 7', as the trace of the energy-momentum tensor. The role of the matter
part in the lagrangian of gravity is justified due to the quantum effect as a conformal
anomaly. Indeed, the linear model of modified gravity as f(R,T) = R+ T, is a very
simple and most cultured model with a minimal matter-gravity coupling with various
cosmological aspects [317, 318, 319, 320]. Interestingly, the very important property of
this model is that, we get R = 0 outside the compact star and as a result of that the
exterior spacetime can still be explained by using the Schwarzschild exterior solution.
Further, the anisotropic sector of the compact stars can also be investigated by using
this f(R,T) modified gravity model governed by the term 6, [321, 374, 375, 324]. Be-
sides, the results of Einstein’s gravity theory can also be recovered by making « zero in
f(R,T) gravity theory [385, 329, 376, 331]. Furthermore, this very interesting f(R,T)

gravity, is one type of generalization of f(R) gravity which has become very significant
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and gained a lot of attention in recent times. In various cosmological investigations on
massive relativistic objects, the generalised matter-curvature coupling become signifi-
cant by using f(R,T) gravity [332, 333]. Solutions to relativistic compact stars have
been also studied in f(R,T) gravity [334, 356]. A few hypothetical models of quark
stars with their properties have been also studied in f(R, T') gravity [336, 337, 338, 339].
Beyond GR, the anisotropic space-time is very much relevant to the modified theories
of gravity. Several investigations in modified gravity theories are going to allow the
anisotropic contributions to the gravitational field by modifying Einstein’s field equa-
tions. Researchers can test and examine the implications of anisotropic space-time by

studying this anisotropic space-time.

For a few decades, scientists have been studying the EoS of equilibrated charge-
neutral matter and its inter-connections with the properties of the NSs. The massive
compact stars provide very important insights into the nature and behavior of the
matter under extreme conditions of strong magnetic fields and intense gravitational
fields. Proper knowledge and understanding of compact star properties may constrain
the nature of the EoS at supra-saturation densities. The study of the properties and
evolution in modified gravity is very much important in the context of recent astro-
nomical observations. The binary star merger event is the main source of detecting
gravitational waves (GW hereafter) also. The investigation on the mass-radius rela-
tions of the massive NSs through a modification of the Tolman-Oppenheimer-Volkoff
(TOV hereafter) equations induced by extended f(R,T) gravity theory has become
very interesting at present time. In this present work, we have taken a linear and
analytical extension of f(R,7T") and investigated the impacts of the parameter « to
the internal structure of the compact objects. We have also solved the modified TOV
equations for a uniform density inside the core of the NSs. We have investigated the
structural evolution of the compact stars through this present working model in the

background of f(R,T) modified gravity.
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10.1.2 Construction of Basic Mathematical Equations in f(R,T)
Gravity : The Stellar Equations under Spherical Sym-

metry
10.1.2.1 Mathematical Formulation of f(R,T) Gravity

Basic mathematical construction of f(R,T) gravity has been discussed in detail in the
Chapter 5. Here we have incorporated only few basic equations required to construct
this current model. In this section, we have supervised, in a nutshell, the methodology
used to obtain our main results by incorporating the f(R,T') extended gravity for-
malism after considering the spherical symmetry of the NSs. In this section, we have
shown how f(R,T) gravity has been introduced by using integration of the Ricci scalar
R, over 4 dimension, after considering Einstein-Hilbert action.

The relation between spacetime metric, g,,, and the tangent space metric 7 is given
by

Guw = h WY Nap (10.1)

where 17y, = diag(—1,+1,+1,+1) and the tetrad is given by h* = h{. dz*, so that
h® (ep) = 0y.

Again, in f(R,T) modified gravity, modified Einstein-Hilbert action takes the form,

c

4
_ 4 4

where |h| = det(h%) = \/—g describes the determinant of the tetrad (h%), Ls represents
the perfect matter fluid Lagrangian and g = det(g,,). Now, if we consider the stellar

matter as perfect fluid then we can assume the energy-momentum tensor as

T,uu - [(p + P) Uy Uy — pg,uzl] ) (103>

where T}, can be defined as

2 (Luh)

y=— 10.4
I |h| 89“” ( )
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So, in metric formalism, by using the variation w.r.t. the metric tensor, the equa-

tions (6) and (8) gives the field equation in f(R,T) gravity as

Ofr(R,T 1 Ofr(R,T

%Ruu_§f(}%7 T)guu_[vuvu - guuD] % = EMV+TMV_TMVfT(R7 T)_fT(R7 T)G)uu ;
(10.5)

where fr(R,T) = % g;’T) and f(R,T) = 4 g;’T) and E,, is the energy momentum

tensor related with the electromagnetic field of the NSs. Here, the box operation O in
terms of covariant derivative V,, is defined as 0 = ¢*"V,V, and ©,, can be obtained

as
O? Ly

O = gu V" — 2T, — 29/ ————
12 Iu o g aguyagaﬁ

(10.6)

With considering the four velocity such as u,u* = 1 and equations (8) and (9) gives

the reduced form of the above equation (10) as

0% Ly

M . 10.
il (10.7)

O = —pgu — 21, ,if we take, Ly = p and

Now, using the equations (6) and (7), we get the effective energy-momentum tensor in

f(R,T) modified gravity as

Tw/ = T/wa + % (f - RfR) uv — pg;wa - (g;u/D - Vuvu) fR . (10'8)

10.1.2.2 Field Equations in Krori-Barua Space-Time

In this work, we have chosen the spherically symmetric metric as

ds? = —e"Mdt? + M dr? 4+ 12d0% (10.9)

where the unknown metric functions, a(r) and b(r) are purely radial and dQ? =
sin?0dg® + df?. Here, for our purpose, we have chosen the metric potentials in terms
of Krori-Barua (KB) Ansatz [342] as

a(r)=Br*4+CrY and b(r)=Ar® |, (10.10)
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where under properly chosen physical conditions and taking worthy values of these
arbitrary constants x, y and z, we can easily find out the values of the model parameters
A, B and C' of this present work. For the specific values of x = 2 and y = z = 3,
the unknown radial functions a(r) and b(r) reduce to the forms in which anisotropic

quintessence star has been investigated in the reference [336].

Again, we have also chosen the realistic f(R,T) gravity as some separate arbitrary

functions of R and T respectively as

f(R,T)=fi(R)+ fo(T) =R+ aT as fi(R)=R and fo(T)=aT , (10.11)

in order to investigate the coupling between matter and curvature of space-time simul-

taneously where « is the coupling constant.

In this modified gravity formalism, the field equations along the line element of the

spherically symmetric metric can be written as [337]

1 a  ad? db d—b
Ay — _ — e bm/2 |2, 77 10.12
™ — a(p—3p) 5€ 5 + 1 1 + o ; (10.12)

L—e® ' (r)e b
_.I_

r2 r

dmp+a(3p—p) = { } and (10.13)

) 1 p (r)eb)
‘ bir)e } (10.14)

47rp—a(p—3p):[ = + "

where prime (’) represents the derivative w.r.t. r.

Now, the matter density p and the radial pressure p becomes

—b(r a"  d? adb d AW /2l ”
(10.15)

M2 T b(r)  d"  d?  d'b voo2\ o ebmr2 f
= | ) e (52 e S (e D)
(10.16)
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So, in f(R,T) gravity, the field equations can be written as

2 2+ S«
p= (14 «) [( 1—}-@)/{&1_&%2—’_2@&3] ’ (10.17)
—2 2
Dy = Tia) {(1 fa) k1 — (24 3a)ke + 2(1/{3] and (10.18)
—2 «Q
D = ira \ira K1+ aks —2(1 + a)ks| (10.19)

where k1, ko and k3 are given as

_ a  d?r dbv d b2\ . ol "
Ky = ae /2 {(?4—?—74'7) f1R+(———) fm_eb( )/2§f1—f1R} )

2 T
(10.20)

a a  d? db b a 2\ . /2L u
Ko = 1+ae b(r)/2 [(_7_Z+T+?) f1R+(§—;) f1R+eb( )/2§f1_f131 and
(10.21)

/ I

o) a 1 etz oy bood 1Y\ 1 "
Ky = ——e ()2 {( ————— + 2_7’) Jir + (—5 + 5 + ;) fir — eb(r)/2§f1 + flR:|
(10.22)

10.1.3 Proposed Model in f(R,T) Gravity

10.1.3.1 Finding the Constants of the Proposed Model: Application of Matching Con-

ditions at the Boundary

The exterior solution of modified f(R,T') gravity is the Schwarzschild solution as the
vacuum solutions of GR theory and modified f(R,T) gravity are equivalent [340]. We
have chosen the exterior space-time metric for the NSs as Schwarzschild metric as
2M 1
d82 = — (1 — —) dt2 + md?”z + TQ(Sin20d¢2 + d@Z) s (1023)

r
T
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where M is the total mass of the NS within it’s boundary (r = R) and r is it’s radius.
So, at the boundary surface of the NSs, between the exterior and interior metrics, the
space-time variables like gy, g.» and gy, are continuous, i.e, g, = ¢! and g; = g;;

and yield the below constraints as

2M o CRy

(1 — 7) = BHHCRY gnd (10.24)
oM .

(1 — ?) = AR (10.25)

For our investigation we have already chosen the interior static spherically symmet-
ric metric as given by equation (13) and the unknown metric function in terms of some
arbitrary constants A, B, and C' of our model as given by equation (14). The values
of these constant can be found out by using some observational data of compact stars
and applying matching conditions simultaneously under suitable boundary conditions.
The interior solution should behave as regular and as a result the energy-density, radial
and tangential pressures of the fluid which is under consideration must be non-singular
inside the core of the compact stars. It should behave regularly everywhere inside the

star.

Further, physical quantities as mentioned above, should have maximum values at
the stars center. The quantities will behave in a decreasing manner towards the surface
boundary of the star. Also the density, radial and tangential pressure all should be
positive in the range (0 < r < R). At the surface of the star, radial pressure p, must
be zero, i.e, (p, |.=r) = 0. But On the other hand, the tangential pressure p; does
not essentially have to be zero at stars surface. All the above considered matching
conditions at the boundary are strictly obeyed by the massive NSs which are chosen
in this model. The verification of the result has been indicated in the graphical plots

in the Fig 1 to Fig 4.

So, in order to get the values of our model parameters, we have solved the above

equations (27) and (28) by considering all the above boundary conditions and obtained
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1 IM
1 IM oM oM\ !
BZ‘E@T@Iwm(1‘7$)+7$<1‘7?) and (10.27)
1 oM oM oM\
C = Rea7) [xln (1 -5 ) + 7 (1 R ) (10.28)

Now, the values of A, B and C' can be calculated by putting the values of M and R
from various observations. Then we are able to find out the values of different crucial

parameters of our model related with the super massive NSs.

10.1.3.2 Determination of the Parameters related to the Neutron Stars

In terms of these chosen arbitrary constants, the solutions of the equations (17) — (19)

can be written as

2a€—Arz/2

14+ a)(1+2a)
2a€—Ar2/2

* (14 o)1+ 2«

p :< {(27(1 + ) (3B — ABr* + B*r?) + 4Aa + i—g(emz/z — 1)) flR}

(2 sanar =) 4 3aBr) fig - 24 30l — A+

(10.29)

2ae A/ . (2 + 3a)
_ r /22 1 . " Ar? Br(2 /
Dr At T20) [e (1+a)fi ozflR~|—(a 7* + Br( +a)+—r Jir
2(167141"2/2

- T ! —2A — ABr*" 2p? 20 eAr/2 an
Tt o)1) Kz (1+) (B =24 - ABr" + B*?) + — ( 1)>fm} d

(10.30)
p: =0 [eATZ/22(1 +2a)fi + (24 3a) fig — (27'04 (Ar(2+3a)) = Br(2+a) — %(1 + 0‘>> f{R]
s {A — Br®(1+2a) — %2(1 +a)(1- eATZ/Q) fuz} ;
(10.31)
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where 7 = (zBr* + yCr¥ + zAr?) and © = %

10.1.4 Physical Analysis

In this article, for our investigation, we have chosen the f(R,T) modified gravity
formalism to study the super massive NSs and as well as for obtaining the maximum
allowable mass by any binary NS in stable condition. Very recent discovery of Todd.
A. Thompson et. al., shows that they have found a compact object of about 3.3M
which indicates the low mass black hole or ultra massive NS [45]. On the other hand,
TOV limit in GR predicts the maximum allowable mass by any NS is about 3M
[46], but GR has some shortcomings in case of study of these super massive relativistic
compact objects. Few study on f(R) modified gravity agrees with the GR predicted
value whereas some other studies on f(7") modified gravity theories has shown that the
upper bound of the stellar mass of NSs may be about 3.2M, [47, 48].

So, in this context, we can say that the study of massive stellar compact objects on
the basis of these modified gravity theories alone, has arisen some controversial issues.
More investigations are needed to get the upper bound of maximum attainable mass
by the NSs. For this types of investigation NSs in binary systems are very important.
So, to avoid such type of controversy and getting a reliable compact structure of ultra
massive NSs we have chosen f(R,T) modified gravity formalism where, Ricci scalar
(R) and trace of energy-momentum tensor (7') has a coupling between them which
plays a crucial role in explaining the massive compact stars quite successfully through
the coupling between matter and curvature [62-64]. This formalism also provides us
a viable study on the structural evolution of the massive compact stellar objects with

the present evolution of the universe.

10.1.4.1 Observational Constraints

In case of our present model of the massive NSs in the framework of f(R,7T) modified
gravity, various properties of the massive stars are under different observational con-
straints. To get a spherically stable equilibrium condition, these constraints plays a

very crucial role. At the present time of the accelerated universe the study of the evolu-
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tion of the massive compact stars is very significant as well as important. The density,

tangential pressure and radial pressure should be positive i.e., p(0 < < 1) >0,

R
pr(0 < 5 <1)>0and p(0 < 5 <1)> 0. At the boundary (r = R) of the stars
radial pressure must be zero but tangential pressure is not necessary to be zero. These
conditions are well verified for the massive NSs in our model as shown in Fig. 66 to
71. The interior solutions of the stars must have a regular, non-singular pattern at the
core. The derived values of the density, radial pressure and tangential pressure of the
compact stars from our model shows that our current model supports that core of the
stars contains neutrons. Moreover, the value of the core energy density exhibits that
the fluid has an anisotropic form.

Again, the anisotropic parameter, A, should be zero at the centre of the star i.e.,
pr(r = 0) = pi(r = 0). Also A should be increasing at the surface of the stars. So,
it implies that the anisotropic force should be zero at the core. These conditions are
also verified by our model as shown in the Fig. 13. A(r > 0) > 0 is very crucial and
important as we have exhibited by our model. This condition makes the anisotropic
force repulsive in nature, allowing more mass with larger size of the compact stars.
Furthermore, gravitational red-shift must have a finite value at the interior and should
be positive. It decreases along the surface of the star from the core i.e., Zs(r) > 0.

This condition is also fulfilled by the massive NSs as shown in the Fig. 75.

10.1.4.2 Calculation of the Model Parameters

Here, for our investigation, we have chosen a few super massive NSs with their mass
and radius which are tabulated in Table 1 [297, 298, 326, 367, 385]. Also we have
chosen three different sets of suitable values of x, y and z respectively in order to
find the values of model parameters A, B and C, which are tabulated in Tables 2 — 4
respectively. It will also help us to get an idea about the most suitable sets of the values
of these parameters which we can use later for better results and investigations. The
values of the model parameters will help us to find the numerical values of different

important parameters related to the massive NSs.
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Table 1.
Sl. No. Neutron Star Mops(Mg)  Reps(km)  M(Mg) R(km)
1 PSR J0740+6620 2.08 +0.17 12.39+ 1.5 2.08 12.39
2 PSR J1748-2446ad 2.10£0.08 12.01 +1.2 2.10 12.01
3 4U1820-30 2.25+£0.12 10.01£1.2 2.25 10.01
4 PSR J2215+5135 2.27+0.15 13.01£1.2 2.27 13.01
5 PSR J0952-0607  2.35+0.17 10.01 £1.5 2.35 10.01

Table 10.1: List of few super massive NSs with mass (M) and radius (R)

Table 2.
S1 No. Neutron Star A(km=2) B(km™2) C(km™2)
1 PSR J0740+6620 0.0066151473 0.0048603446 -0.0001302372
2 PSR J1748-2446ad 0.0061887028 0.0033291857 -0.0001408375
3 4U1820-30 0.0053639625 0.0022327764 -0.0002513014
4 PSR J2215+5135 0.0042313125 0.0020167795 -0.0003540742
) PSR J0952-0607  0.0038645644 0.0011646550 -0.0005214305

Table 10.2: Values of the parameters A, B and C' by choosing x =2, y = 3 and z =4

Table 3.
S1 No. Neutron Star A(km™2) B(km™?) C(km=2)
1 PSR J07404+6620 0.0062851472 0.0047034232 -0.0000132503
2 PSR J1748-2446ad  0.005968733  0.0033180185 -0.0000148045
3 4U1820-30 0.0042396045 0.0028107761 -0.0000262071
4 PSR J2215+5135 0.0036813024 0.0022670954 -0.0000307417
) PSR J0952-0607  0.0024560461 0.0018460523 -0.0000549014

Table 10.3: Values of the parameters A, B and C' by choosing x =3, y =4 and z = 2

10.1.4.3 Calculation of Various Parameters related to the Neutron Stars as a Function

of «

So, from the above tables 2 — 4, we got the values of our model parameters using

equations (29) — (31) and incorporating the several suitable value sets of . y and z.
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Table 4.

S1 No. Neutron Star

A(km™2)

B(km™?) C(km™?)

—_

PSR J07404-6620  0.0068823574

0.0042356041 -0.000158235

PSR J1748-2446ad 0.0053821548

0.0039621583 -0.000260344

4U1820-30

0.0045232846

0.0025648723 -0.000362371

PSR J221545135  0.0036805241

0.0019635874 -0.000467741

O = | W D

PSR J0952-0607  0.0024564061

0.0015123872 -0.000579214

Table 10.4: Values of the parameters A, B and C' by choosing r =4, y =2 and z = 3

Now, we have applied these values of model parameters in the equations (23) —(25) and

got the various values of different crucial parameters of the NSs. During this calculation

of NS parameters we also varies the value of «, which is important to incorporate the

effect of coupling between momentum and curvature on those parameters. By this

coupling effect we can also able to investigate the present time evolution of the NSs by

minute observations of the changes of these parameters. These values are tabulated

in the following Tables 5 — 13. We have taken the sets of values of model parameters

from respective Tables 2 — 4 and used them for different values of «, in order to find

out those important parameters of those super massive NSs.

Tableb.
SI No. Neutron star p (gm cm™3) p, (dyne cm™2) pe (dyne em™)
1 PSR J07404+6620 2.5652389743 x 10* 1.7546238723 x 10%° 2.2321547823 x 10%°
2 PSR J1748-2446ad 2.3654872313 x 10* 1.6485012180 x 10%° 2.2080254189 x 10%°
3 4U1820-30 2.2832460021 x 10'° 1.4375874236 x 10%° 2.1658745624 x 103°
4 PSR J2215+5135  2.2153232581 x 10 1.3263548736 x 10%° 2.1045325621 x 10%°
) PSR J0952-0607  2.1700984321 x 10* 1.2352584763 x 10% 2.0223589456 x 103

Table 10.5: For a = 1.0, values of p, p, and p; of various massive NSs using Table 2.
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Table 6.
S1 No. Neutron star p (gm cm™3) p, (dyne cm™2) pi (dyne em™)
1 PSR J07404+6620 2.3473594682 x 10* 1.6233774282 x 10%° 2.2015698452 x 10%°
2 PSR J1748-2446ad 2.2116820362 x 10 1.5397258923 x 10%° 2.1524808721 x 10%°
3 4U1820-30 2.2005412675 x 101 1.4462356238 x 10%°  2.1084217912 x 103°
4 PSR J2215+5135  2.1914563257 x 10  1.3605846012 x 10%  2.0508542348 x 103
) PSR J0952-0607  2.1645650891 x 10* 1.2253015825 x 10% 2.0014225453 x 103

Table 10.6: For a = 0.5, values of p, p, and p; of various massive NSs using Table 2.

Table 7.
S1 No. Neutron star p (gm em™3) pr (dyne ecm™2) pi (dyne cm™?)
1 PSR J0740+6620 2.2265897434 x 10 1.5625894756 x 103° 1.8922354126 x 103¢
2 PSR J1748-2446ad 2.1956482356 x 10 1.4875216584 x 10%° 1.7825413789 x 106
3 4U1820-30 2.0123589647 x 10™  1.3612548635 x 10%°  1.5874369521 x 103
4 PSR J2215+5135 1.8745132158 x 10  1.2954862136 x 10% 1.3612549756 x 103°
) PSR J0952-0607  1.7895264135 x 10'* 1.1854723654 x 10%° 1.2456238923 x 10%°

Table 10.7: For a = 0.1, values of p, p, and p; of various massive NSs using Table 2.

Table 8.
SI No. Neutron star p (gm cm™3) p, (dyne cm™2) pi (dyne cm™?)
1 PSR J0740+6620  2.4723238974 x 10" 1.6854231978 x 10%° 2.2056489232 x 10%¢
2 PSR J1748-2446ad  2.3234548723 x 101°  1.5236482594 x 10%° 2.1462588022 x 103
3 4U1820-30 2.2452384721 x 10%  1.4425682392 x 10%°  2.0945267858 x 10
4 PSR J2215+5135  2.1923654784 x 101  1.3623145678 x 10%° 2.0123548934 x 10
) PSR J0952-0607  2.1256728314 x 10% 1.2825641238 x 10% 2.0023546782 x 103

Table 10.8: For a = 1.0, values of p, p, and p; of various massive NSs using Table 3.

Table 9.
SI No. Neutron star p (gm cm™3) p, (dyne cm™2) pi (dyne em™2)
1 PSR J07404+6620 2.3254123892 x 10* 1.5752469872 x 10%° 2.1645298412 x 10%°
2 PSR J1748-2446ad 2.2425836916 x 10 1.5256487295 x 10%° 2.1224808721 x 10%°
3 4U1820-30 2.1805413214 x 10 1.4645821354 x 10%° 2.0984217912 x 103°
4 PSR J2215+5135  2.1214542575 x 10 1.3845123697 x 10%°  2.0298562334 x 1036
) PSR J0952-0607  2.0723546829 x 10* 1.3205423981 x 10%  2.0009225459 x 103

Table 10.9: For a = 0.5, values of p, p, and p; of various massive NSs using Table 3.
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Table 10.

S1 No. Neutron star p (gm cm™3) p, (dyne cm™2) pi (dyne em™)

1 PSR J0740+6620 2.1674523197 x 10 1.5025843564 x 10%° 1.8856423924 x 10

PSR J1748-2446ad 2.1185469723 x 10  1.4472162354 x 10% 1.8225415628 x 10

4U1820-30 2.0745236894 x 10 1.3812358635 x 10%  1.7764343251 x 10%°

PSR J2215+5135  1.8456789231 x 101  1.3285412356 x 10%° 1.6458461254 x 103

QY = | W[ N

PSR J0952-0607  1.7552689742 x 10  1.2754391556 x 10%° 1.5823546879 x 10%¢

Table 10.10: For ao = 0.1, values of p, p,. and p; of various massive NSs using Table 3.
Table 11.

S1 No. Neutron star p (gm cm™3) p, (dyne cm™2) pi (dyne cm™?)

1 PSR J0740+6620  2.5423254612 x 10  1.5523648127 x 10%° 2.2154238524 x 107

PSR J1748-2446ad  2.4712543678 x 101  1.4852346185 x 10%  2.1621546625 x 103

4U1820-30 2.3645213879 x 10 1.3654127824 x 10%  2.0745241368 x 103

PSR J2215+5135  2.2745136527 x 101° 1.2845178963 x 10%° 2.0015486375 x 103

Y = W N

PSR J0952-0607  2.1854236942 x 10 1.1745236892 x 10% 2.0018953678 x 103

Table 10.11: For a = 1.0, values of p, p,. and p; of various massive NSs using Table 4.
Table 12.

S1 No. Neutron star p (gm em™3) pr (dyne em™2) p¢ (dyne cm™?)

1 PSR J0740+6620  2.4652489753 x 10 1.5352547683 x 10%° 2.1821548735 x 10

PSR J1748-2446ad  2.3854823596 x 101*  1.4875231456 x 10%° 2.1125468972 x 10

4U1820-30 2.2645892356 x 10 1.4187452364 x 10%  2.0531256476 x 10%°

PSR J2215+5135  2.2085697456 x 10 1.3345827691 x 10%  2.0054123875 x 103

Y = W N

PSR J0952-0607  2.1256789425 x 101 1.2745823612 x 10%° 2.0007254873 x 107

Table 10.12: For a = 0.5, values of p, p, and p; of various massive NSs using Table 4.
Table 13.

SI No. Neutron star p (gm cm™3) pr (dyne cm™2) pe (dyne cm™?)

1 PSR J0740+6620 2.3685412356 x 10'* 1.4925487326 x 10%° 1.8042568343 x 103

PSR J1748-2446ad  2.2754123856 x 10 1.4354827912 x 10%° 1.7156897252 x 10%°

4U1820-30 2.2164528783 x 10 1.3612458793 x 10%  1.6423561871 x 10%°

PSR J2215+5135  1.8923623575 x 10 1.2945782356 x 10%° 1.5712489325 x 107

O =~ W

PSR J0952-0607  1.6825413684 x 10* 1.2245872369 x 10 1.4824961374 x 103

Table 10.13: For a = 0.1, values of p, p, and p; of various massive NSs using Table 4.

10.1.4.4 Verification of the Energy Conditions

The energy conditions, which arises due to the restrictions on energy-momentum tensor

T, can be generalised to f(R,T) modified gravity theory beyond GR. The conditions
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put limits on various properties of the compact stars based on geometric properties.
In f(R,T) gravity, in terms of energy-momentum tensor, the energy conditions can be
expressed as T}, = diag(—p, pr, Pi, Dr)-

From various astronomical observations, it is expected that, the distribution of mass
inside the core of those super massive NSs must obey all energy inequalities. From the
above tables we already got the values of critical density p, radial pressure p, and
tangential pressure p; of those super massive NSs inside the core. In this condition
it is very easy to verify that, under critical pressure and density inside the core those
compact objects obey all energy conditions or not. From our present model we have

got that

(p=pr—2p) 20 , (p+p)>0 and (p+p)>0 :SEC (10.32)

So, from the above equation we can say that, the strong energy condition (SEC) is
fulfilled by the super massive NSs. Now, we have checked other energy conditions
[54] named as null energy (NEC), weak energy (WEC) and dominant energy condition
(DEC) as

(p+p) >0 and (p+p)>0 :NEC (10.33)
(p+p)>0 , p>0 and (p+p,)>0 :WEC (10.34)
(p—p-)>0 , p>0 and (p—p) >0 :DEC (10.35)

So, from the above equations (32) to (35), we can say that, in our present model,
all the required energy conditions are satisfied by these super massive NSs in f(R,T)

gravity.

10.1.4.5 Anisotropic nature and Analysis of stability

Interestingly, we have seen that inside the super massive NSs, the pressure in radial

direction somehow varies differently from the pressure in the tangential direction. The
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tangential pressure is higher than the radial pressure. Due to this pressure difference
inside, anisotropic force comes into play which in turn produces the repulsive gravi-
tational force, acting outward direction inside the core of these massive NSs. We can
calculate the anisotropic force Fj in terms of anisotropic parameter A, inside the super

massive NSs as

2
F, = - (pe —pr) . (10.36)

From our model we have got that, anisotropic pressure is always positive inside the
core of these super massive NSs i.e., A > 0. This also implies that, p; > p,. This
condition is also verified by the massive compact stars in our model.

Now, we have discussed about the most essential condition of these highly massive
NSs, under present situation of the universe, which is the stability of these stars. The
relativistic adiabatic index I', is the measure of stability for the compact stars. We have
got the values of the variation of the adiabatic index inside the core of the NSs from
our model, which exhibits their stability [55, 56]. If the value of T' is such that, ' > 3,

then the NSs are under stability. The relativistic adiabatic index can be measured as

p+p\ Opr
| . 10.37
( p )3/) ( )

In this model we have also measured the variation of I with the radius of the NSs

for different values of «. The values of I' are tabulated in below Table 14.

Table 14.
S1. No. Neutron Star I' fora=10 T fora=05 T fora=0.1
1 PSR J0740+-6620 22.25413 21.34652 19.15723
2 PSR J1748-2446ad 25.85642 23.24735 22.25841
3 4U1820-30 27.52183 26.32746 24.63217
4 PSR J22154-5135 31.13267 28.12463 26.52143
5 PSR J0952-0607 33.72314 30.87452 28.42315

Table 10.14: Values of adiabatic index (I") for various super massive NSs, using Table4.

Again, we know that the speed of sound v, inside the stellar region must be positive

252



Chapter 10. Anisotropic Neutron Stars in f(R,T) Modified Gravity

and be less or equal to the speed of light, i.e., 0 < v? < 1 and they should decrease

towards the boundary. Now, v, at the core of the massive NSs can be measured as

Op
=L . 10.
v, % (10.38)

This condition for the speed of sound is also satisfied in our model. Besides we also

can able to show from our model that,
(vZ,—02) <1 . (10.39)

So, it is very clear from all the above conditions which are fully satisfied by the
massive NSs in case of our investigation in f(R,T) gravity model, they all got their
stability under present situation. It is also verified from our model that, the speed of
sound in transverse direction is less than the speed of sound in radial direction. In
our model, we have also measured the variation of the sound speed through the core
material with the radius of the massive NSs. The massive compact stars structure also

fulfilled the causality conditions. The radial and tangential sound speeds are given as

and (10.40)

0=t (10.41)

10.1.4.6 Surface Redshift and Equilibrium

We can also measure the surface redshift function Z(r)s [60, 61] of the massive NSs by

using the equation as

Zyr) = ——— 1 (10.42)
==

In our present investigation, we have measured the variation of surface redshift with

the radius of the compact star for different massive NSs and not only that we have also
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measure the variation of Z4(r) for different values of coupling parameter «, which gives
a very interesting result. Various astronomical observations suggests that the value of
surface redshift for massive NSs should be < 5 in order to ensure stable equilibrium
[59, 60]. We also got the same type of result. The values of Z4(r) are tabulated in
below Table 15.

Table 15.
Sl. No. Neutron Star Zs(r) for a=1.0 Zy(r) for a =0.5 Z(r) for a =0.1
1 PSR J0740+4-6620 0.786413 0.665431 0.584587
2 PSR J1748-2446ad 0.656781 0.625891 0.552345
3 4U1820-30 0.525846 0.486235 0.425236
4 PSR J22154-5135 0.428934 0.385284 0.324278
5 PSR J0952-0607 0.382473 0.348547 0.277425

Table 10.15: Values of Surface redshift Z4(r) for various super massive NSs, using Table
4.

10.1.4.7 Modified TOV Equations and Mass-Radius Relation with Compactness Fac-

tor

Generally, the TOV equation predicts the upper bound to the mass of a NSs in GR
theory. At the same time it is more applicable for the cold and non-rotating NSs. This
equation also predicts about hydrostatic equilibrium of those compact stars containing
isotropic fluid distribution inside them [61]. On the other hand various astronomical
observations suggests that GR is not suitable for massive relativistic objects. So, as
we take the f(R,T) modified gravity formalism and rotating NSs for our investigation,
this equation should also be modified accordingly. We also consider a coupling between
momentum and curvature which plays a crucial roll on attaining a maximum mass by
the NSs before collapsing into a black hole. It is very interesting from the result of our
study that the upper bound of mass for NSs has been changed from TOV predicted
value. At the same time f(R,T) theory overcomes the shortcomings of GR theory

quite successfully. In our investigation, in f(R,T) extended gravity formalism, the
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generalised TOV equation takes the form

> (Pt p) - g—i = m(p’ —) . (10.43)

The above equation gives a very interesting outcomes of our investigation. The effective

mass of the super massive compact stars in our model, in f(R,T') gravity becomes
R
M(R) =47 / prR*dR
0

:47T/R@K27(1+a)(33 ABr® 4+ B*?) + 4Aa +2 (et /2 — >> fm} R%*dR
0

R
+ 47r/ © [((2 + 3a)(Ar — ;) + 3aB7“) firn— 2+3a)fir — fill+ Oz)eATZ/Q} R*dR
0

(10.44)

We can measure the effective mass of those super massive NSs using our model from
the above equation (47). The measured values of mass from our model of those massive
stars are tabulated below. Again the compactification factor of those massive compact

stars using our model, can be written as [325]

I
IS

R
w/ @K (1+a)(3B — ABr® + B*r 2)—|—4Aa+2 (A’”Z/2—1)) fm} RdR
0

+47T/R@ K 2+3a)(Ar_2)+3aBr> flp—(2+3a)fl — fi(1 4+ a)e ATZ/Q] RAR
0 T

(10.45)

Now, using the above equations (47) and (48), we can also measure the radius of those
super massive NSs from our model. The measured values of the mass and radius from
our model of those massive NSs are tabulated in below Tables 16 — 18. From the
measured values of these two important parameters, we can clearly observe the effect
of coupling parameter a minutely. It is very interesting to notice the momentum-

curvature coupling has a great effect on acquiring a high mass by the stars and as well

as on their stability.
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Table 16.
Sl. No. Neutron Star M(My) R(km) M(Mg) from model R(km) from model
1 PSR J07404-6620 2.08 12.39 2.12561 12.38036
2 PSR J1748-2446ad 2.10 12.01 2.16274 12.35537
3 4U1820-30 2.25 10.01 2.28523 12.31764
4 PSR J2215+45135 2.27 13.01 2.30842 12.30574
5 PSR J0952-0607 2.35 10.01 2.37547 12.26971

Table 10.16: For a = 0.1, Values of mass (M) and radius (R) of super massive NSs
from the model, using Table 4.

Table 17.
Sl. No. Neutron Star M(My) R(km) M(Mg) from model R(km) from model
1 PSR J07404-6620 2.08 12.39 2.25461 11.89368
2 PSR J1748-2446ad 2.10 12.01 2.28748 11.87537
3 4U1820-30 2.25 10.01 2.37523 11.85376
4 PSR J22154-5135 2.27 13.01 2.42842 11.82574
5 PSR J0952-0607 2.35 10.01 2.57547 11.80297

Table 10.17: For a = 0.5, Values of mass (M) and radius (R) of super massive NSs
from the model, using Table 4.

Table 18.
Sl. No. Neutron Star M(My) R(km) M(Mg) from model R(km) from model
1 PSR J0740+4-6620 2.08 12.39 2.89461 10.60768
2 PSR J1748-2446ad 2.10 12.01 3.28748 10.57753
3 4U1820-30 2.25 10.01 3.37523 10.53917
4 PSR J22154-5135 2.27 13.01 3.42842 10.52748
5 PSR J0952-0607 2.35 10.01 3.51547 10.50829

Table 10.18: For av = 1.0, Values of mass (M) and radius (R) of super massive NSs
from the model, using Table 4.
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10.1.5 Graphical Analysis : Observational Support

Now, in this section, we have plotted variations of several crucial measured parameters,
of those super massive NSs, using our model. Each graph depicts several important
and interesting facts on their variations. We have also varied the momentum-curvature
coupling parameter o with the NSs parameters and graphs shows the evolution of those
parameters through the present universe. So, from these graphical variations we can

get the idea of structural evolution of the massive compact stellar objects.

Fig. 66 shows the variation of radial pressure of those different massive NSs with
their radius. As more massive the NS, it’s radial pressure is also higher than the
others. We can see that the radial pressure is a perfectly decreasing function of radius
of the star. This means as the radius of the NS begins to increase, the pressure starts
decreasing towards the surface of the star from the core, which depicts that at the
core of the NSs the pressure becomes very high but as we go towards the surface from
the core, the pressure decreases and becomes zero at the surface. Again, Fig. 67
is very important and interesting. It shows the direct effect of momentum-curvature
coupling on the radial pressure of the stars. It is clear from three different values of
coupling parameter that, as matter-curvature coupling increases, the radius of the star
begins to decrease and the ”pressure curves” becomes more stiffer than the previous.
It indicates that, as the coupling increases, the stars shrinks in size and getting more
compact structure. At the same time the rate of decreasing of radial pressure increases
inside the core of the NSs, i.e., the radial pressure falls more rapidly inside as it shrinks
more and more in size due to increase in the space-time curvature around it. Now, Fig.
68 and Fig. 69 have shown the variation of tangential pressure of the massive compact
stars. These curves also have same type of nature. But at the boundary transverse

pressure almost vanishes but never becomes zero.

Fig. 70 gives the variation of core density of the different massive NSs with it’s
radius. As massive a NS is, its density is also higher than others. The density also
a decreasing function of radius but the ”density curves” are not so stiff like ”pressure

curves”. Inside the core, the density is very high as well as pressure but as we go
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towards the surface of the star from the core, the radius increases and core density
starts decreasing slowly. At the surface of the NSs, it almost vanishes but never becomes
zero. Now, the Fig. 71 shows the variation of core density of the massive NSs with the
momentum-curvature coupling parameter o. As the coupling increases, the star stars
to shrink in radius and at the same time core density also decreases in a slow rate from

core to surface.

We know the redshift of these compact objects are always a function of the radius
of that object. Here also we have plotted the variation of surface redshift of various
NSs according to their different mass in Fig. 72 It is very clear from the plots that
the surface redshift is monotonically decreasing function of the radius of the star. At
the same time, it is also clear that, if the mass of the NS is high, the redshift is also
high for that particular NS respect to others. The Fig 73, shows the variation of the
surface redshift with momentum-curvature coupling parameter a. It is very interesting
to show that, as the coupling increases, the mass of the stars also increases while the
radius decreases and in this situation surface redshift increases. These two plots also

depicts that the massive NSs are in stable equilibrium also under this critical situation.

The plots in the Fig 74 and Fig 75, are very crucial parameter plots for the massive
NSs. They shows the variation of sound speed and adiabatic index with radius of the
star respectively for different values of . Both plots describes the stability of the
massive NSs and tells about the future evolution of the star. The velocity of sound
speed inside the core of the star through the stellar matter always obey the causality
conditions, under extreme conditions of pressure, density and temperature. On the
other hand the variation in adiabatic index indicates that stability of the massive NSs

under such critical conditions with the present situation of the universe.

At last, we have plotted the most important and significant curve of our working
model as the curve between the mass and radius of the super massive NSs. These
curves not only explains the mass-radius constraints observed in the compact binary
coalescence, GWW190814 event but also explains the maximum attainable mass by any
massive NS. From these curves we can get the clear indication about the upper bound

of the mass as well as the lowest radius of the star at the same time. Again, as we
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varies the momentum-curvature coupling parameter during the plot of M — R curves, it
is also very interesting to find that the coupling has a crucial effect on gaining mass by
the NSs and also on increasing the space-time curvature around the NSs. The Fig. 76
shows the variation of mass with radius for different compact stars with different values
of a. It is very clear that as we start increasing the value of the coupling parameter,
the mass of the NSs starts increasing whereas the radius stars decreasing. For the
maximum value of «, the "mass-radius” curve has got it’s peak value of mass and the
lowest possible value of the radius at that point of peak mass. This is upto the point
where the massive NSs are still in stable equilibrium. From the mass-radius plot, it
is clear that the massive NSs in a mass range in between 2.0 — 2.5M will be in the
radius range of 12.0 —12.5 km. On the other hand, the massive NSs in a mass range in
between 2.5 — 3.0M, will be in the radius range of 11.8 — 12.0 km. Again, the massive
NSs which have mass almost 3.1M, or above, will must have radius not less than 10.5
km under stability. Fig. 77 has shown the variation of the compactness parameter of
the massive NSs with radius for different values of a. As « increases the compactness
also increases.

The Fig. 78 represents the variation of the anisotropic factor of the compact stars
with their radius as a function of the coupling parameter a. as the anisotropic force
inside the massive compact stars increases their, compactness increases and allowing
them to consume more mass. So, with positive coupling parameter in f(R,T) gravity
theory, the compact stars still have the ability to accommodate higher mass while

satisfying the stability conditions.

10.1.6 Brief Discussions and Conclusion

In this work, we have effectively modeled the massive compact stars in the framework
of f(R,T) modified gravity. From our investigation, we are able to give some focus
on the upper bound of the attainable mass and lowest possible radius by any super
massive NSs. We have mainly chosen some of super massive NSs in a binary system
to study their evolution under accelerated expansion of the universe. We have chosen

the binary system NSs because they possesses all the required properties for our study.
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Fig — 66 Fig—67
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Figure 10.1: Represents the variation of radial pressure p, with radius R(km) for dif-
ferent super massive NSs.

Figure 10.2: Represents the variation of radial pressure p, with radius R(km) of the
NSs as a function of the coupling parameter c.
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Figure 10.3: Represents the variation of transverse pressure p; with radius R(km) for
different super massive NSs.

Figure 10.4: Represents the variation of transverse pressure p; with radius R(km) of
the NSs as a function of the coupling parameter «.
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Fig—170 Fig—T1
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Figure 10.5: Represents the variation of core density p with radius R(km) for different
super massive NSSs.

Figure 10.6: Represents the variation of core density p with radius R(km) for different
values of coupling parameter c.
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Figure 10.7: Represents the variation of surface redshift Zs(r) with radius r(km) for
different super massive NSs.

Figure 10.8: Represents the variation of surface redshift Zs(r) as a function of c.

261



Chapter 10. Anisotropic Neutron Stars in f(R,T) Modified Gravity

Fig—74 Fig—175
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Figure 10.9: Represents the variation of sound speed vs with radius (r) for different
super massive NSs and for different values of a.

Figure 10.10: Represents the variation of adiabatic index T' with radius (r) for different
super massive NSs and for different values of a.
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Figure 10.11: Represents the variation of mass M(r) with radius R for different super
massive NSs and for different values of «.

Figure 10.12: Represents the variation of compactness factor @ with radius R for
different super massive NSs as a function of .
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Fig — 78
The Variation of Anigotropic factor with Radius for different values of @
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Figure 10.13: Represents the variation of anisotropic factor A of the massive compact
stars with radius R with higher positive values of coupling parameter c.

Even the existence of very strong gravitational field around the stars allow researchers
to examine GR, doppler effects, production of gravitational waves, tidal deformability
etc. of the compact stars. There is also mass transfer between the stars what would
lead us to investigate the structural evolution of the massive compact stars. Moreover,
we can get proper understanding about the exact EoS of the core nuclear matter of
those stars. This model of massive compact stars in f(R,T') gravity has been subjected
to strict regularity, stability and causality tests. It depicts the decisive role of coupling
between momentum and curvature of space-time. The free constants which arises
due to the integration of the field equations in our model, becomes fixed through the
application of the boundary conditions. The contribution of the modified gravity upon
the compact stars is revealed by the plots of various physical properties of the stars for
various values of the coupling constant. The results of our model is very interesting and
agrees with the other astronomical observations [65], which make our model realistic

and viable.

The mass-radius relationship curve clearly shows that the super massive pulsars

which have mass around 2.3M, must have radius of about 12.3 km and they must
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be in their stable equilibrium. Again, the super massive NS which have mass around
2.7TM, must have radius around 11.8 km under stability. This outcome undoubtedly
explains all the observed facts and mass-radius constraints during the gravitational
wave detection event. Now, if we look at the case where the coupling parameter with
it’s highest value as a = 1.0, the mass of the super massive NSs has also got it’s peak
value as around 3.51 M, with stability and lowest possible radius about 10.5 km. In
this critical conditions also they have managed to be in equilibrium. We have also
found that, the coupling constant actually lowers the density and pressure (in both
directions) at the interior of the compact stars and their is a increase in the mass of
the star and its compactness. The presence of anisotropy at the interior, leads to higher
values of surface redshift of the stars. The radial pressure and density bears a linear
relationship which is also clear from our assumption and f(R,T') stars have the ability
to acquire more mass as compared to their GR counterparts. From our result we can
also exhibit that A(r > 0) > 0 which implies that p; > p,. This condition is very much
crucial because of this repulsive anisotropic force comes into play inside the massive
NSs and as a result of this force larger size of NSs are allowed compared to an isotropic
fluid.

So, in brief, with positive coupling parameter in f(R, T') gravity theory, the compact
stars still have the ability to accommodate higher mass while satisfying the stability
conditions. We can conclude that, for massive NSs under spherically stable equilibrium
and highest possible space-time curvature, can attain maximum mass of around 3.51 M,

and lowest possible radius around 10.5 km.
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CHAPTER 11

[SOLATED NEUTRON STARS IN
F(R,T) MODIFIED GRAVITY

11.1 Impacts of f(R,T) Modified Gravity
on the Isolated Neutron Stars Em-
bedded in Modified Chaplygin Gas

under Tolman-Kuchowicz Spacetime

11.1.1 Prelude

Our main motive is to model and study the mass-radius relation of the specific isolated
compact star RX J1856.5—3754 in the background of the accelerated universe. We have
also focused on achieving the equation of state of the core nuclear matter under stable
equilibrium in f(R,T) modified gravity using Tolman-Kuchowicz metric potentials. We
have taken Einstein-Hilbert action with f(R,T) = R+ 2¢T, where R denotes the Ricci
scalar, 7' is the trace of energy-momentum tensor and £ is coupling parameter. We have
numerically solved modified Tolman-Oppenheimer-Volkoff equations by considering the

presence of modified Chaplygin gas (MCG hereafter) inside the star and also solved the
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field equations. We have got an explicit scenario of the structural evolution of neutron
stars through accelerating space-time. Interestingly, from our model and investigations,
all the derived outcomes have become compatible with physically adopted regimes

which reveals the physical viability of our current model.

Observations regarding the recessional speed of Type Ia supernova, fluctuation
categories in the density of the visible baryonic matter and many others ensured us to
believe regarding late time cosmic acceleration [343, 344, 345]. Conventional matter
with Einsteins gravity theory cannot accommodate above accelerated expansion. As
a consequence, modifications of either or both the sides of Einsteins field equations
were very much required [346, 347, 348]. Cosmologists have been trying to illustrate
the accelerated universe by using the presence of dark matter (DM hereafter) [349,
350, 351]. Existence of modified Chaplygin gas (MCG hereafter) is chosen as a DM

candidate to work at the core of a compact star.

General relativity (GR hereafter) is not singularity free while discussion of relativis-
tic compact objects is carried over. There are so many physically inspired modifica-
tions in GR, which can compute effective deviations in the features of space-time that
surrounds a neutron star (NS hereafter). Amongst these modified theories, f(R,T)
modified gravity theory with R as Ricci scalar and T' as traces of energy-momentum
tensor can accommodate the tension in the Hubble constant during the present acceler-
ated situation [352, 353, 354]. Besides using f(R,T) gravity theory we can investigate
the coupling between the matter and geometry of spacetime of an evolving compact
object [356, 357, 358]. Again by using the term 6,, in this modified gravity theory,
we can also study the anisotropic sector of the compact objects [359, 360, 361, 362].
Outside the compact star, f(R,T) = R+ 2£T gravity possess a vanishing curvature R.
Here £ is a coupling constant. So, the exterior spacetime of the star can be treated by
using the Schwarzschild exterior solution. Einstein’s gravity theory can be reproduced

at the terminal case to let the coupling constant, £ be zero [363, 364, 365, 366].

Recently in the context of f(R,T) modified theory of gravity, several anisotropic
charged and uncharged NS models are also proposed to examine the stability of the

spherical compact objects [367, 368, 369]. The stable and static structural config-
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uration of the compact objects in f(R,T) modified gravity have been explored by
Pretel et al. Bianchi type I (LRSBI) cosmological models with the presence of bulk
viscous fluid, under local rotational symmetry has been constructed by Mahanta in
modified f(R,T) gravity. Moreover, Singh et al. have inquired the particle formation
under f(R,T) gravity, by using flat Friedmann-Lemaitre-Robertson-Walker (FLRW
hereafter) metric and simultaneous presence of MCG [356]. Houndjo et al. have made
an experiment to reconstruct the Little Rip cosmological model in f(R,T) modified
gravity and reproduced the present phase of the universe without Big Rip . However,
Santos and Frest have proposed a violation of causality condition in f(R,T) modi-
fied gravity [360]. Static wormholes under spherical symmetry in modified f(R,T)
gravity have been explored by Zubair et al. Also isotropic Tolman VII solution in
f(R,T) gravity using gravitational decoupling method has been inspected by Azmat
and Zubair. The relevance of f(R, Matter) theories in cosmology that directly coupled
with the curvature and the matter, with the universal coupling has been also examined

in various investigations [373].

Under the present cosmic acceleration, the study on the nature and behavioral
changes of an isolated compact star and how the core nuclear matter equation of state
(EoS hereafter) has evolved, has become a very promising topic of research in recent
years. In this current investigation we have chosen a very interesting and mysterious
isolated compact star RX.J1856.5 — 3754 for our study [375, 376]. Here, we have
obtained an exact analytical solution of the isolated NSs by considering them as a
anisotropic fluid spheres in hydrostatic equilibrium under f(R,7T) modified gravity.
We have also incorporated the positive dimensionless coupling parameter £ by taking
into account the linear form of modified gravity as f(R,T) = R+2¢T. In general, with
the positive coupling parameter, the theory can predict a more compact and higher

mass star than what is predicted by GR [381, 383, 386].

We actually want to build a realistic model of compact stars and to investigate its
properties and EoS of the core nuclear matter in the background of modified f(R,T)
gravity. In this model we also have investigated how the dimensionless coupling pa-

rameter ¢ affects the internal structure of the isolated NSs. In this current model, the
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modified Tolman-Oppenheimer-Volkoff (TOV hereafter) system of equations are solved
numerically to find out the uniform density profile of the stars. At the same time, we
have also examined the effects of the extra anisotropic force and the force due to mod-
ified gravity that are originated from this theory. Furthermore, in the case of this type
of modified theories of gravity, anisotropic spacetime is very much relevant, in such a
study beyond GR. Investigating the space-time along with anisotropy, scientists can
test and refine the understandings on gravity and can also explore their implications

as well as effective observational signature.

One of the nearby and brightest young NS is RX J1856.5 — 3754 with a very strong
gravitational field. Interestingly, RX .J1856.5 — 3754 has not exhibited any indication
of activity such as variability or pulsations like other younger isolated NSs or binary
NSs. General relativistic studies on this star have shown that it possessed a mass about
0.9M, with radius almost 17 km. It is a soft X-ray pulsar and a member of a small
group of radio silent (thermal radiation emitting) and isolated NSs. But investigations
also suggest that it behaves as a normal radio pulsar and its surface temperature is
surprisingly high. Various researches have also been done on it during the last few
years to understand its mysterious behavior. It has also shown higher spin down power

and non-thermal emissions with various peculiar characteristics.

Various mysterious properties of this nearby cooling star have made this star ideal
for study further under cosmic acceleration in f(R,T) modified gravity. One can also
study the NSs thermal emission from the properties of this star. The presence of
core stellar matter as anisotropic fluid (MCG) also helps us to investigate the effect
of DM on this NS. The main aim of this study is to find out the properties of this
particular star and study the EoS of this type of stars. Scientists have been studying
the EoS of core nuclear matter and its inter-connections with the properties of the NSs
for a long time. We can reveal the structural evolution of the compact stars through
this present important study using our model in the framework of f(R,T) modified
gravity, applying Tolman-Kuchowicz (TK hereafter) metric potentials [391, 379]. These
metric potentials give a singularity free solution for the compact objects with stability.

Applying TK spacetime several investigations on the compact stars have been done in
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the references [389, 390].

11.1.2 Construction of Basic Mathematical Equations in f(R,
T) Gravity : The Stellar Equations under Spherical
Symmetry

11.1.2.1 Basic Mathematical Formulation

Here, we will formulate the primary equations of f(R,T') gravity by integration of
the Ricci scalar R and considering Einstein-Hilbert action which in f(R,T") modified

gravity becomes
1
SEH:/|h|LMd4x+§/f<R,T)|h|d4x CosG=1 (11.1)

where |h| = det(h%) = \/—g describes the determinant of the tetrad (h%), Ly represents
the perfect matter fluid Lagrangian and g = det(g,,). The energy-momentum tensor

in the diagonal form can be written as
Tg = diag(—p,prs P, Pe) - (11.2)

Now, if we consider the stellar matter as anisotropic perfect fluid then the energy-

momentum tensor becomes

T,uzz = [(p + P) UpUy — pg,ul/] ) (113>

where T, can be defined as [100]

2 9(Lalhl)

L= 11.4
= g .

So, in metric formalism, by using the variation w.r.t. the metric tensor, the equations
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(1) and (3) gives the field equation under modified f(R,T') gravity as

8f R,T 1 af R,T
RéR )_R,ul/_éf(R7 T)gm/_[v,uvy - g,uz/D] % = T#V—T#VfT(R, T)—fT(R7 T)QMV ’
(11.5)
where fr(R,T) = 8f<(911%€T) and fr(R,T) = %. Here, the box operation,“0”

(D’Alembert operator) in terms of covariant derivative V,, is defined as O = ¢**V,V,
and ©,, can be obtained as

O? Ly

O, = guwV* — 2T, — 2¢*° ————
/ Iu 1 9 Dl Dged

(11.6)

With considering the four velocity such as u,u* = 1, equations (3) and (4) gives the

reduced form of the above equation (5) as

Ow = —p9uw — 21, , if we take, Ly =p and % =0 . (11.7)
Now, using the equations (3) and (5), we get
T = oo+ 5 (f = BRI G = pgufr = (908 = V,V,) fu| - (118)
Again, taking the trace of the field equation (5) yields
Rfp(R,T) — 2f + 30fp(R,T) = T, . (11.9)

The above equation (9) is a non-linear second order differential equation describing
the dynamical nature of the Ricci scalar for f(R,T) modified gravity. This has a differ-
ent structure than the case of pure general relativistic algebraic form. The Lagrangian
of f(R,T) modified gravity consists of the stress-energy tensor 7),, as a non-minimal
coupling. As a byproduct, even at the region exterior to the compact object, Ricci
scalar does not vanish. This clearly depicts that, the chosen energy-momentum tensor
of the anisotropic perfect fluid and related EoS along with field equations in modified
f(R,T) gravity are far beyond the standard model of gravity and not at all constrained

by general relativistic assumptions, rather contain some significant and interesting new
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features of modified gravity theories.

Further, in this model in f(R,T) modified gravity, energy-momentum tensor of
matter is not conserved. An extra force (anisotropic force) comes into play which is
repulsive in nature may effect the gravitational field of the NS beyond GR and it might

be relevant at galactic scales as well.

11.1.2.2 Field Equations under Tolman-Kuchowicz Spacetime

In this work, we have chosen the spherically symmetric metric as

ds? = —eAl) 42 + B 4y2 4 r2d0? , (11.10)

where the unknown metric functions, A(r) and B(r) are purely radial (r varies from 0
to 00) and dQ? = sin?0d¢* +db?, 0 < 6 < 7, 0 < ¢ < 27. Here, for our purpose to get
a singularity free and stable compact star model, we have chosen the metric potentials

according to the Tolman-Kuchowicz ansatz as
AN = 7(r) =14+ ar? +br* and PO = 2P| (11.11)

where a, b, C' and D are constants (model parameters). In this present case, these
metric potentials A(r) and B(r) does not become zero as r — oo. Earlier, it was
effectively used by several researchers to construct a model of the compact stars both
in GR and modified gravities [87-90]. In the framework of Tolman-Kuchowicz (TK)
ansatz [391, 379], anisotropic spheres in f(R,G) gravity have been explored by Javed
et al. [380]. Biswas et al. have examined anisotropic strange stars in the background
of f(R,T) modified gravity.

Again, to incorporate matter-curvature coupling effect, we have considered the

f(R,T) modified gravity in the form
F(RT)=R+2T | (11.12)

where £ is the coupling constant (small and positive) and £ = 0 can reproduce the GR
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field equations. The term 2£T induces a time dependent coupling between matter and

curvature.

The field equations under modified gravity along with the line element (10), becomes

B'(r) _ , 1 _B(r
8mpll +€£(3p —p) = [ : )e B()+ﬁ(1—e B( ))} , (11.13)
A 1
8rplf —¢(p —3p) = [ ;r)e_B(r) + s (e_B(r) — 1)] and (11.14)

s — €(p— 3p) = 3o °0 [2A"<r> FAP() — A)B() + 2(A(r) - B'<r>>} 7
(11.15)
where prime (') represents the derivative w.r.t. r. p¢/ p¢// and 87Tpff I are effective
density, radial pressure and transverse pressure respectively in Einstein’s gravity and

can be written as

¢ §
P =ptlp—p=2) (11.16)

m
piffzpr+%(p+3pr+2pt) and (11.17)
! =pt+8%(p+pr+4pt) . (11.18)

Now, after taking covariant divergence of the equation (5) we have got

fr(R,T)
87T — fT(R, T)

9 VT

VHT,, = (T, + 0, )V Infr(R,T) + V'O, — . (11.19)

Above equation shows that, V#T),, # 0 if fr(R,T) # 0 which depicts that the system

will not be conserved.

Now, the modified TOV equation in f(R,T) gravity becomes

A(r)
2

dpr 2 6 dp dp’f' dpt
Sp—p) 4 —o |2 2™t — 0 | (1120
dr + r(pt pr) + (26 +8m) |dr ~ dr + dr ( )

(p+pr) -
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where m(r) is the total mass enclosed within the radius r of the NS RX .J1856.5 —3754.

Here, conservation equations of Einstein’s gravity can be reconstructed by putting

£ =0.

11.1.3 Proposed Model in f(R,T) Modified Gravity

11.1.3.1 Obtaining Neutron Star Parameters with MCG

Now, applying the metric potentials from equation (11), in the equations (13) — (15),

we obtain

[87Tpeff +&Bp—p)] 7° = [Ba+ (a® + 5b)r* + 2abrt + 627“6] , (11.21)

[87pfl — &(p—3p)| 7= —(a—2D + br*) and (11.22)

r

Sﬂpfff —&(p - 3p)] = [—a +2D + (D(a+ D) — 2b)7a2 + aD%r* + bD2T6:|
(11.23)

In this present model, we have taken the existence of MCG at the core of this star.

The EoS of this fluid takes the form

p(r)mcae = pp — % , 0<(<1 and p# -1 (11.24)

where @, 1 and ( are free parameters and p is the energy density and p(r) is the radial

pressure.

Now, using equation (24), we have solved the equations (21) — (23) and got the

expression of density and pressure in Einstein’s gravity as

3p{a+ D+ (2b+ aD)r? + bDr'}
16772 ’

pll =1+ (11.25)
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N o{a+ D+ (2b+ aD)r?* + bDr*}

ir_ d 11.26
r Y 16772 " ( )

T =g+ = [—Ba+ 7D + (=2a% — 8b+ aD + 2D?)] r’
1£m (11.27)

+ 153 (30D + 2a(=2b + D*)}r" + 2b(=b + D*)r*]

Now, we have solved the equations (16) — (18) after using the expressions given
in the equations (25) — (27) and obtained the expressions of matter density, radial

pressure and transverse pressure in f(R,T) modified gravity as

1 ¢ (a+ D+ (2b+ aD)r?* + bDr?)
P=3 {3¢+ EYE } : (11.28)
[ ¢la+D+(2b+aD)r*+bDr) n
pr = { Y+ T } d (11.29)
1 2 1 2 2
Dt ZW {@D(f +47)* + ;[—D(f —127) — 2a(§ + 4m) + 2(=b+ D?)) (€ + 4m)r }
+ m [%[41)(5 +Am) — 2b(TE + 127)r + a (2D(€ + 4m)r® — (7€ + 12@)]}

(11.30)

So, from the above equations (29) and (30), we can easily obtain the anisotropic

factor A of the NS, RX J1856.5 — 3754 in f(R,T) modified gravity as

1
“3etan) [8v(& + 2m)]
+ m [—2D(¢ —2m) — a(§ +4m) — (b— D*)(§ + 4m)r?]

(11.31)
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So, under the modified f(R,T) gravity, the density, radial pressure, transverse
pressure and anisotropic factor of the isolated NS RX J1856.5—3754 have been acquired

successfully.

11.1.3.2 Determination of the Model Constants : Application of Matching Conditions

at The Boundary

So, in order to obtain various model parameters of the TK metric potentials, we have
matched the interior solution in modified f(R,T) gravity to the exterior Schwarzschild
space-time as the vacuum solutions at the boundary » = R of the NS. In this work, we

have considered the exterior Schwarzschild metric as

2M dr?
ds? = — (1 - T) dtz—l—ﬁ+r2(sin29d¢2+d92) L 0<6<m 0<¢<or

where M is the total mass of the NS within its boundary (r = R). So, at the boundary
surface of the NSs, between the exterior and interior metrics, the space-time variables

like g4, grr and gy, are continuous, i.e, g, = g and g; = g;; and yield the relations

2M 2
(1 — 7) = C?P" and (11.33)

oM
<1 — 7) =(1+aR>+bRH" . (11.34)

For our investigation, the values of these constants a, b, C' and D can be found out
by using some observational data of the compact star as we have assumed for the star
RX J1856.5 — 3754 (M = 0.9M, R = 17km) and applying matching conditions simul-
taneously under suitable boundary conditions. The interior solution should behave as
regular and as a result the energy-density, radial and tangential pressures of the fluid
which is under consideration must be non-singular inside the core of the compact stars.

It should behave regularly everywhere inside the star. Further, physical quantities
as mentioned above, should have maximum values at the stars center. The quantities

will behave in a decreasing manner towards the surface boundary. Also the density,
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radial pressure ((p,) and transverse pressure ((p;) all should be positive in the range
(0 <7 < R). At the surface of the star, p, must be zero, i.e, (p, |,=r) = 0.

On the other hand, the tangential pressure p; does not essentially have to be zero
at stars surface. Moreover, during our work, we have chosen the metric potentials as
given in equation (16). So, we have (eA") |,_) = e“ > 0 and (") |,_o) = 1.

Furthermore, (e = 2Dre®+P and (eP() = 24re”™. These boundary con-
ditions allows the matching of interior space-time of the NS to exterior space-time at
star’s surface, (r = R, (0 <r < R)) smoothly and helps to get the model parameters
(constants) of our present model easily as for the well behaved metric potentials in the
interval (0, R).

Now, after solving the above equations (33) and (34) by considering all boundary

conditions we obtain

1

‘T RE+2m) (1 +3N?) [=2(¢ +2m) + (€ + 2m)(2 + DR*)N + 6D7N’R?]
(11.35)
"= {_1_CJ§Z+N] ’ (11.36)
C=eF (N3] and (11.37)
N [M
T R? {E} : (11.38)

where N = (1—2%)_1. Now, the values of a, b, C'and D can be calculated by employing
the values of M and R from the observations of the isolated NS RX J1856.5 — 3754.

11.1.4 Physical Analysis

11.1.4.1 Calculation of Neutron star Parameters

Here, we have verified both analytic and graphical resolution to examine the mathe-

matical and physical behaviour and properties of this current model.
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Now, at the boundary surface of the NS, p, vanishes which gives the surface density

of this star as

¢(a+ D+ (2b+ aD)R* + bDR?)
3(& + 4m)T?

ps =¥+ (11.39)

Again from the equations (28) — (30), we have got the expression of core density p,.

and core pressure p, of the isolated NS in modified f(R,T) gravity as

ola+ D)+ 3(€ + 4m)

Pe = 30+ ) and (11.40)
o v(a+ D)
pe=—9+ (€ + 4m) (11.41)

It is notable that we can get the corresponding quantities in GR by considering £ = 0.
Again, we have also obtained the density and pressure gradients by differentiating the
equations (28) — (30) and got the result that p’ |,—o= 0, p.. |,—o= 0 and p} |,—o= 0. We
have tabulated the measure values of the surface density, central pressure and density
respectively of the isolated compact star RX J1856.5 — 3754 from our current model
in the Table 1.

Table 1.
Sl. No. | & p. (dyne cm™) ps (gm ecm™3)  p. (gm ecm™3)
1 0.00 4.680565 x 103* 5.354871 x 10 6.513483 x 104
2 0.08 4.714562 x 103 5.424823 x 10 6.657281 x 10
3 0.16 4.807213 x 103 5.584721 x 10 6.710628 x 10
4 0.24 4.893482 x 10%* 5.672342 x 10 6.775691 x 104
5 0.32 4.956718 x 10%* 5.852387 x 10 6.912348 x 10

Table 11.1: Values of p., ps and p. of RX J1856.5 — 3754 for different values of £ from
the present model

From the above table, we can observe the values of the density and pressure at the
core of the isolated NS RX J1856.5 — 3754 in modified f(R,T) gravity. This clearly
indicates that, the main thermodynamic variables remain almost unaltered but must
respect some criteria. Moreover, the derived values from this model strongly agree

with other astronomical observations on anisotropic compact stars in spherically stable
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equilibrium. So the star RX J1856.5 — 3754 is also under stable equilibrium. The value

of the relativistic adiabatic index I' also indicates the same.

11.1.4.2 Observational constraints and Physically stable conditions

For any compact object, in order to maintain a stable equilibrium structure, its free
parameters should follow some restrictions. This constraints the value as well as the
range of various specific NS parameters. In this model, we have also obtained several
constraints on the properties of the star RX J1856.5—3754. The density, radial pressure
and tangential pressure should be positive at the interior of the star RX J1856.5—3754,
e, p(0<<1)>0,p(0< 5 <1)>0and p(0 < <1)>0.

The interior solutions of the star should be regular and non-singular so that energy
density, radial pressure and tangential pressure of the effective anisotropic fluid must
be non-singular at the interior of the NS. These parameters should be behaved as
regular throughout the interior of the star. In this model, we have also verified that,
p(r=0) >0, p.(r =0) >0 and p,(r = 0) > 0. Again at the boundary surface of the
isolated compact star, the radial pressure of the anisotropic fluid must be zero, i.e.,
p-(r = R) = 0. Though at the boundary, transverse pressure is not zero necessarily.
These conditions are also verified in our present model. These are also clear from the
graphical plots in the Fig. 1 to Fig. 3.

The measured core density of the isolated NS, from our current investigation, is
6.66 x4 gm cm =3 which clearly reveals that the central fluid possess anisotropic form
and at the same time shows the possibility of finding neutrons inside the core. The
anisotropic parameter should be zero at the center of the star and it should be increasing
towards the surface, i.e., A'(O < % < 1) > 0. This criteria has also been confirmed
from our current model.

For a physically accepted model, the pressure of the isolated NS should be non-
negative at the interior, i.e., p. > 0. Now, from our present model, applying the
Zeldivich condition [?], i.e., i)’—‘; < 1 we can get the valid range of values for the di-
mensionless coupling parameter £ for the isolated compact star RX J1856.5 — 3754,
which becomes 0 < ¢ < 0.5. This clearly reveals that why the negative values of the
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parameter &, which may produce from the modified TOV equation is not acceptable

for a valid and physically accepted model of a isolated compact star.

11.1.4.3 Verification of different Energy Conditions

Now, we will check that our proposed model will satisfy various energy conditions,
such as the null energy condition (NEC), the weak energy condition (WEC), the strong
energy condition (SEC) and the dominant energy condition (DEC) or not. Subsequent

inequalities must be satisfied simultaneously at every point inside the stellar model.

(p+p)>0 and (p+p,)>0 :NEC (11.42)
(p+p)>0 , (p+p)>0 and p>0 :WEC (11.43)
(p=pr—2p)20 , (p+p)=0 and (p+p) =0 :SEC (11.44)

and
(p—p)=>0 , (p—p)>0 and p>0 :DEC (11.45)

From the above expressions (42) — (45) and the present investigation on the NS
RX J1856.5 — 3754, we can say that, in case of our present model, all the required
energy conditions are satisfied in f(R,T) modified gravity.

11.1.4.4 Verification of the Causality Condition

If the present model of the NS RX .J1856.5 — 3754 obeys the causality and hydrostatic
equilibrium conditions then only our model will fulfill the physical requirements for the
realistic model of the isolated compact stars. The causality condition of the model is
that sound velocity everywhere inside the isolated NS must be less than the speed of

light. From our model, we have obtained the expressions of square of radial velocity
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v? and transverse velocity v? as

d 1
v? = d],); =3 and (11.46)
dpt 2
2T 11.47
Ut dp 3 ( )

So, the causality conditions are strictly obeyed by our model as both v and v < 1.
Again, according to the research on relativistic compact stars [51, 52|, we also have got
the idea of potentially stable and unstable regions of the star as

—1 < (v? —v?) <0 : Potentially stable region |,

0< (v2—v?) <1 : Potentially unstable region .

and the above two conditions implies that | (v? —v?) |< 1 for the star RX J1856.5 —
3754. From this model we can also verify the “cracking” condition of Herrera, which

deals with the stability of anisotropic compact stars under radial perturbation.

11.1.4.5 Anisotropic Nature Analysis

Interestingly, the radial pressure p, varies differently from the transverse pressure p;.
Due this difference in pressure inside, anisotropic force comes into play inside the star.
We can calculate the anisotropic force (A")in modified gravity, inside the NS by using

the equation (36) as

r 2 1
A=-A et an [8¢(€ + 2m)]

1 1 2
+ (€1 4m) | (€ + 47‘(’){(2D —5a) + (D — a)8t + {aD(§ + 4m) — 2b(5€ + 8m) }re}

L— —4Z4T) —Q ) — - D? 7'('7’2
e e T2PE - 2m) —al€ e+ dm) — (b= DA€+ dAm)r]

(11.48)

Now, A may be positive or negative and in turn the force also changes. Again this
force vanishes for isotropic case. From our model we have got that, anisotropic pressure

is always positive inside the core of this NS i.e., A" > 0. This also implies that,
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p: > pr. This is also verified for the compact star in our present model. The anisotropic
parameter vanishes at the centre of the isolated NS and stars increasing towards the
surface. This condition is very crucial because it supports the repulsive anisotropic
force inside the core of the NS. Moreover, this force allows a more compact star than

for an isotropic fluid case [377].

11.1.4.6 Relativistic Adiabatic Index and Stability

The relativistic adiabatic index (I'), is the measure of stability for the compact stars
[39-41]. It also shows the stiffness of the EoS of the star with given density. If the
value of IT" is such that, I' > %, then the NS is under stability. The relativistic adiabatic

index can be measured as

pr+pY\ Opr
I = _ 11.49
( Dr >0p ( )

The measured values of I' from our model, for different values of £ for RX J1856.5—3754
is tabulated in Table 2. The Fig. 9 also depicts the stability of the isolated compact

star.

11.1.4.7 Equation of state

The EoS of the NS RX J1856.5 — 3754 according to this model can be obtained by
using the following relations as p, = w,p and p; = wp

From the assumptions, it is clear that the linear relation exists between radial
pressure and density. The tangential pressure w.r.t. density almost follows a parabolic

curve.

11.1.4.8 Redshift and Equilibrium

We can also measure the surface redshift function Zg(r) [73, 74] of RX J1856.5 — 3754

by using the equation as

Zy(r) = —————1 . (11.50)
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In this present work, we have measured the numerical values of Z,(r) for different values
of &, which becomes very interesting. Various astronomical observations suggests that
the value of surface redshift for the compact stars should be < 5 in order to ensure

stable equilibrium. We also got the same type of result.

Again, the gravitational redshift of the RX J1856.5— 3754, according to the present

model can be calculated as

S = [ =1] = 2,00 = |

Ql~

and

dZdLT(T) =0 and d2§2gy) =

% < 0, at the origin.

So, the gravitational redshift of the star decreases monotonically with the radius of

the star. The Fig. 88 also verifies this.

Table 2.

7

SL No. | ¢ T A Z,(r)
0.00 4.768472 0.0002385 0.187562
0.08 4.853914 0.0002396 0.190245
0.16 4.942573 0.0002541 0.194587
0.24 5.103587 0.0003245 0.196354
0.32 5.119656 0.0003387 0.197523

O | W DN~

Table 11.2: Values of (T), (A") and Z,(r) of RXJ1856.5 — 3754 for different values of

¢ from the present model
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11.1.4.9 Mass- radius relation with Compactness Factor

The effective mass of the compact star RX J1856.5 — 3754 in case of our model in

f(R,T) gravity becomes

M(r) —47r/0 predr
r 1 r
- (1-)4 -
2( T>+ 2(& + 4m)
3

e E{% + (€ +2m) — 2D(E + 37) + (D€ +20(§ + 27)) 7 }}

3

[— (€ + 27) (€ + 47)]

2(& + 4m)

r3

1
ey {3{2175 +2b(€ + 27m)r® + a(é + 27 + ngﬂ)}]

(11.51)

We can measure the effective mass of the isolated NS using our model from the above
equation (58) and this also implies M (r) — 0 as r — 0, which shows the regularity of
M(r) at the interior.

Again, Compactness factor u(r) of this compact stars, using our model can be

written as
u(r) =3 M(1)
— 0=+ e e+ am)
+ %TTZM) E{za + (6 +2m) — 2D(§ + 3m) + (D¢ + 2b(§ + 2@)#}]
+ 2(§TT24W) {%{21}5 + 2b(€ + 27)r? + a(€ + 27 + D§r2)}}

(11.52)

For a neutron star u(r) € (107, 1) but if u(r) € (3, 3), it defines an ultra compact
3

star and a black hole is represented by u(r) = 1 [57, 58]. According to our model, the
measured compactness factor of RX J1856.5 — 3754 lies in between the proposed upper
and lower bound of the compactness factor [377] and also obey the Buchdahl limit
[358]. The measured values of u(r) have confirmed the verification of the inequalities

of our model for the compact star in f(R,T) modified gravity.
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Now, using the above equations (58) and (59), we can also measure the radius of
the NS RX J1856.5 — 3754 from our model. From the measured values of these two
important parameters, we can clearly observe the effect of the coupling parameter &
minutely. It is very interesting to notice the momentum-curvature coupling has a great
effect on acquiring more mass and getting a more compact structure by the star and

as well as on maintaining the stability.

Table 3.

SL. No. | & M(My)  R(km) u(r)

0.00 1.084236 11.395424 0.095146
0.08 1.092537 11.254783 0.097544
0.16 1.101358 11.238756 0.098303
0.24 1.109753 11.028752 0.100635
0.32 1.112384 11.015428 0.100984

O | W DN~

Table 11.3: Values of mass (M), radius (R) and u(r) of RX J1856.5— 3754 for different
values of ¢ from the present model

11.1.4.10 Verification of Equilibrium condition under different forces

Now in order to ensure the viability of this current model in modified gravity, we shall
examine the validity of the TOV equation [389]. For this, we will assume that the
NS, RX J1856.5 — 3754 is under hydrostatic equilibrium under different forces acting
on the system. There are four different forces acting on the present system namely,
the hydrostatic force Fj, the gravitational force Fj, anisotropic force Fj and newly
introduced force related to modified gravity F,,. In this investigation, we have figured

out the explicit form of these forces as follows:

dp,
F, = — £~ , (11.53)
A (r
Fy=— 2( )(p+pr) , (11.54)
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2
F,=—-(pt—pr) and (11.55)
r
F, =— 3 (p +2p,+1.) . (11.56)
8t + 2¢ g

Now, the equilibrium equation can be written as

Fh+F,+F,+F,=0 . (11.57)

The isolated NS RX .J1856.5 — 3754 is under the hydrodynamic equilibrium because
the total forces satisfy equation (20). The attractive gravitational forces compensates
the repulsive anisotropic forces to get a stable equilibrium. So, our model has success-
fully achieved the physical conditions of an isolated and anisotropic compact star in
stable equilibrium under f(R,T) modified gravity. This can be also be verified by the
Fig. 12 in the graphical section. It assured that the hydrodynamic stability holds true
for the isolated NS RX J1856.5 — 3754.

11.1.5 Graphical Interpretation : Observational Support

Here, we have plotted the variations of several important parameters, of the isolated
NS RX J1856.5 — 3754, which we have measured using our present model, for differ-
ent values of coupling parameter £. Each and every graph depicts crucial facts on
RX J1856.5 — 3754. The impact of momentum-curvature coupling parameter £ on the
parameters of the compact star is also investigated and the evolution of RX J1856.5 —
3754 under the present accelerated universe is clearly disclosed. This graphical anal-
ysis has given the clear concept of structural evolution of this compact stellar object
RX J1856.5 — 3754.

Fig 79 and Fig 80 show the variation of radial pressure and transverse pressure with
the radius for different values of € respectively. Again, Fig 81 also shows the variation of
density for different values of £. Both pressure and density are monotonically decreasing

functions of radius of the compact star. They possess a utmost value at the core and
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gradually decrease towards the surface of the compact star. The graphical variations
depicts that both pressures and density are not negative at the interior. At r = R,
p > 0 and p; > 0 for different values of ¢ but p, vanishes. It is very interesting as it
determines the size of the compact star. The direct impact of momentum-curvature
coupling on the size of the star and also on the pressures and density are revealed.
From different values of coupling parameters, it is clear that as the matter-curvature
coupling increases, the radius of the star begins to decrease and the star shrinks in size
and gets a more compact structure. Now, the Fig 82 and Fig 83 show the behavior of
sound velocities in different directions for various values of £. The radial sound velocity
does not depend on ¢ but transverse sound velocity clearly depends on the coupling
constant £&. As the value of ¢ increases, the transverse sound velocity also increases.
The variation of both the sound velocities inside the compact star indicates about the
fulfillment of the stability criterion at the core of the NS RX J1856.5 — 3754. The Fig

84 represents the stability factor of the isolated compact star for different values of €.

The Fig 85 and Fig 86 depict the variation of compactness factor and the mass
of RXJ1856.5 — 3754 with the radius of the star respectively for different values of
&. These variations are very important in case of the study of such isolated compact
stars. It helps to determine the mass-radius relation of the compact star. As the
coupling constant increases the compactness of the star as well as its mass. At the
same time, as p; > p,, the anisotropic force is repulsive within the boundary of the
star. The repulsive contributions of anisotropic force and the contributions of coupling
constant & helps the stabilization of the inner core of the star. In Fig 87, variations
of I'(r) is shown as a function of £. I'(r) is monotonic increasing function of radius
r and everywhere inside the star it is greater than 3. For higher values of &, T'(r)
takes higher values also. The higher values of I'(r) confirms the stability of the star
RX J1856.5 — 3754 from our model. The Fig 88 shows the variation of surface redshift
Zs(r) of the star for different values of £. It is positive and have a finite value inside
the star but decreases towards the stellar surface. The presence of anisotropy at the

core of RX J1856.5 — 3754 leads to higher surface redshift. The Fig 89 shows how the

anisotropic factor of the star varies with the radius of the star for different values of
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Fig— 79 Fig — 80

Radial pressure (p,) vs Radius () Transverse pressure (g;) vs Radius (1)

pkm?)

— 0R
— 0
£=0.15
- §<0.08
— 000

3 r(km) MRS r{km)

T N T
il 7 B 8 10

Figure 11.1: Represents the variation of radial pressure p, with radius r of RX J1856.5—
3754 for different values of &.

Figure 11.2: Represents the wvariation of transverse pressure p, with radius r of
RX J1856.5 — 3754 for different values of &.

&, From this variations we can say that the anisotropic factor increases towards the
boundary of the star and has became more positive near the boundary surface which

may leads to the greater stability in this region.

In Fig 90 and Fig 91, we have plotted the metric potentials e?) and eA") as a
function of the radius of the isolated compact star RX J1856.5 — 3754, respectively .
We can also see the exterior space-time in both the figures. It is very clear that the
metric potentials are free from the singularity and continuous at the interior of the star
and also independent of the coupling parameter &. At the boundary, the interior and

exterior metrics coincide with each other.

At last, we have plotted a very crucial and important variation of various forces of
the modified TOV equation of the isolated compact star RX J1856.5 — 3754, in the Fig
92. The figure assured the hydrodynamic stability of the present compact star model
under f(R,T) modified gravity. It also ensure the viability of the present model.
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Fig — 81

Density (o) vs Radius (1}

: T ‘ (k)

Figure 11.3: Represents the variation of energy density p with radius r for different
values of & of RX J1856.5 — 3754.

Fig — 82 Fig— 83

Radial sound speed (v,*) vs Radius (1) Transverse Sound Velocity vs Radius {r)

r(km)

———— 1{km)

] ] ] 10 4 B 8 10 12

Figure 11.4: Represents the variation of sound speed in radial direction V, with radius

r for different values of & of RX J1856.5 — 3754.

Figure 11.5: Represents the variation of sound speed in transverse direction V; with

radius v for different values of €& of RX J1856.5 — 3754.
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Fig — 84

Potentially stable or unstable region with radius r

s r(km)

Figure 11.6: Represents the stability factor (v? — v2) with radius r for different values

of & of RXJ1856.5 — 3754.

Fig—85
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Fig— 86
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Figure 11.7: Represents the variation of compactness factor u(r) with radius r for

different values of & of RX .J1856.5 — 3754.

Figure 11.8: Represents the variation of mass m(r) with radius r for different values

of £ of RXJ1856.5 — 3754.
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Fig — 87

Relativistic adianatic index I(r) vs Radius ()

o

Figure 11.9: Represents the variation of relativistic adiabatic index T'(r) with radius r

for different values of & of RX J1856.5 — 3754.

Fig— 88 Fig—89
Surface Redshift Z(r) vs Radius (r) Anisotropic factor (A) vs Radius ()
Z) Akm)
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Figure 11.10: Represents the variation of surface redshift Zs(r) with radius r for dif-
ferent values of & of RX J1856.5 — 3754.

Figure 11.11: Represents the variation of anisotropic factor A with radius r for different

values of & of RX J1856.5 — 3754.
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Fig—90 Fig—91
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Figure 11.12: Represents the matching condition of the metric potential e with
radius r for the isolated compact star RX J1856.5 — 3754.

Figure 11.13: Represents the matching condition of the metric potential e") with
radius v for the isolated compact star RX J1856.5 — 3754.

Fig — 92
Different forces inf(R, T) oravity vs Radius (7)
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Figure 11.14: Represents the various forces of the modified TOV equation with radius
r for the isolated compact star RX J1856.5 — 3754.

293



Chapter 11. Isolated Neutron Stars in f(R,T) Modified Gravity

11.1.6 Discussions and Conclusion

In this work, we have practically modeled the isolated compact star RX J1856.5 — 3754
in the background of f(R,T) modified gravity. We have introduced physically rea-
sonable Tolman-Kuchowicz ansatz for the metric potentials. The metric potentials are
singularity free and inside the boundary, they are continuous. Again, the metric poten-
tials are also independent of coupling constant £. We have also argued the consideration
of the equation of state p + p = 0 by most researchers during construction of electro-
magnetic mass models. In lieu of choosing this type of EoS, in this present work we
have adopted a modified Chaplygin gas model EoS. Our present model has been tested
through rigorous regularity, stability and causality conditions which clearly revealed
the impact of coupling constant £ and anisotropic fluid (MCG). From the integration
of field equations, the free constants raised are fixed by applying the proper boundary
conditions. We have focused on the maximum attainable mass and radius by the iso-
lated NS RX J1856.5 — 3754 in modified gravity. The contribution of modified gravity
on the isolated compact stars is also revealed. The outcomes of this present model
agree with the various other investigations, which make our current model realistic

and viable in the context of astronomical observations.

Moreover, the plausibility of the EoS of the anisotropic fluid MCG along with
modified f(R,T) gravity as we have chosen in our present model, is acceptable and
also verified by the modified TOV equation. As all the forces that defines the modified
TOV equation of a compact system, can produce a hydrodynamically equilibrium and
spherically stable configuration of the isolated NS RX J1856.5 — 3754, the viability of
our model is also verified. The additional force comes into play due to matter-curvature
coupling has a crucial effect to establish a stable compact structure, which is shown
in the Fig 14. Further, as the metric potential at the boundary of the compact star
coincides with each other, it also depicts the physical validity of the present model for
the compact star RX .J1856.5 — 3754 clearly. The positive coupling parameter &, gives
a more compact structure of a star as compared to the prediction of GR, which is also

verified from different other astronomical observations. We have also got a valid range

294



Chapter 11. Isolated Neutron Stars in f(R,T) Modified Gravity

of £ from our study. Using Zeldivich condition [?], we can also discard the negative
values of £ for a physically valid compact star model.

The mass-radius curve clearly shows that RX J1856.5 — 3754 possesses the mass
around 1.11M with radius about 11.4 km under its stable equilibrium. The mass of
this isolated compact star, RX J1856.5— 3754, increases when the value of the coupling
parameter £ increases progressively. This suggests that the star has the tendency to
acquire some nearby interstellar medium through its strong gravitational field. The
same trend of result was obtained by Astashenok et at. [377] in f(R) gravity in case
of a non-perturbative model. From our current working model we can conclude that
in f(R,T) gravity stars have larger masses as compared to their GR counterparts.
As the matter-curvature coupling increases, the radius of the star starts decreasing
and the star shrinks in size i.e., the compactness of the NS increases. The repulsive
contributions of anisotropic force and the impacts of coupling constant £ along with the
new gravitational force arises due to f(R,T') gravity helps the inner core of the star to
stabilize. These forces creates a hydrodynamic equilibrium condition for the compact
star and due to which it still manages to maintain its spherical equilibrium configuration
under accelerated universe. From the graphical analysis section we already have got a
clear idea about the nature and behavior of different parameters of RX J1856.5 — 3754.

So, this current model is a singularity free model of the isolated and anisotropic
NS RXJ1856.5 — 3754 in f(R,T) modified gravity. The matter-curvature coupling
plays a very crucial role in case of the evolution of the isolated compact stars. The
results of this present working model have been analyzed graphically and analytically.
The solutions of the field equations depend on the modified Chaplygin gas EoS, as it
is very popular for modeling the compact stars in dark sectors by several researchers.
Finally, it is also clear that by considering ¢ — 0, GR results in four dimensions can

be recovered.
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“The highest Education is that which does not merely gives us information but that

makes our life in harmony with all existence”.

—-Rabindranath Tagore



CHAPTER 12

CONCLUSION AND FUTURE
PROSPECTS

12.1 Final Remarks

12.1.1 Results and Discussion

12.1.1.1 Understanding Black Hole Thermodynamics under Dark Energy Dominated

Universe and Evolution of the Properties of Neutron stars

In this thesis, it was my main focus to study the structural evolution of the massive
compact objects (mainly various massive Neutron stars), through the accelerated phase
of the Universe which is dominated by dark energy. At the same time I have also
investigated the realistic EoS of the mysterious core matter of these massive relativistic
compact objects through modeling the NSs in modified gravity. Various important
properties of the NSs also have been studied w.r.t. the recent phase evolution of
the Universe. I have also studied the thermodynamic evolution of the charged and
rotating BHs using the quantum approach with the help of the Heisenberg uncertainty
principle, in the dark energy regime. In this thesis, I have explored the theoretical and

observational research on the structural characteristics and physical properties of the
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Neutron stars.

In different chapters, we have already discussed in detail about the advantages of
incorporating the modified Chaplygin gas and Quintessence field along with modified
gravity for modeling the NSs. Using this unique approach we have got a more gener-
alized way to study the properties of the NSs with a realistic EoS and also have got
some unique features of the NSs as a part of our investigations. More interestingly, I
am able to construct a new cosmological model in f(R,T) gravity under the approach
of unifying dark energy and dark matter, which can not only predict about the fate of
our Universe quite successfully but also provides the value of Hubble parameter which
is perfectly compatible with the observational results of recent accelerating Universe.
Our investigation has proven that the massive NSs, beyond the limiting mass given by
Tolman by using GR, can exists in nature and during the evolution process throughout

their life they can possess more compact structure with stability.

Through the investigation we have got the clear idea of how the NSs gets a more
compact structure while maintaining spherically stable and equilibrium configuration
under the dark energy domination. We have shown the existence of physical anisotropy
inside the compact objects and also discussed its effect on the stability of the NSs.
Besides, the modified TOV equations that we have got from our model in modified
gravity has shown how different forces come into play to maintain the stable equilibrium
configuration of the massive NSs. On the other hand the existence of charge in the
surface of the NSs creates a huge electric field at the surface of the stars but the exact
effect of charge on the various properties of NSs are still under investigation. From our
study, we can give the clue about the maximum attainable mass with lowest possible
radius of the NSs during its evolution process. I have focused on the question: can we
think of a systematic method to characterize the NS EoS by a lesser number of model
independent parameters such that astrophysical surveys can be used to limit their
values? This present work has demonstrated that the EoS can be well-modeled at very
high nuclear density by using the concept of modified gravity as in f(7") and f(R,T)
gravity theories. EoS with exotic matter as MCG and quintessence field required several

parameters though the number of parameters can be waned by fixing the boundary
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conditions between the regions of the compact stars.

So, throughout my entire research, basically I have looked for the suitable answers
of some quarries related to the black holes and neutron stars. Precisely the questions
are as follows :

e How do the black holes evolve through accelerated spacetime? Is it possible to
investigate the thermodynamic evolution of the black hole parameters using quantum
approach? How effective is the quantum approach to study the black hole evolution?

e How does the neutron star properties evolved through accelerated phase of the
Universe? What is upper bound of the mass of the neutron stars? Is there any maxi-
mum mass limit for the neutron stars?

e Which theory is more suitable for studying the neutron stars over GR? What
are the advantages of the modified gravity theories? How effective are these modified
theories?

e Does the existence of massive neutron stars in the mass gap between 2.2 —5.3M
possible? If so, how can they achieve a spherically stable equilibrium configuration
under such extreme conditions? How dark energy affects them?

e [s it possible to get a realistic and generalized EoS for the core matter of the
neutron stars under extreme high density, pressure and temperature? Is there any new
mechanism evolved inside the neutron stars which can justify the non-squeezability as
its mass increases?

I have also got very strong support from various recent cosmological observations
which gives potential to my entire investigations. The data from the detected gravi-
tational wave, GW190814 indicates that there exists a super massive neutron star of
mass about 2.68M . Further the gravitational wave, GIW 230529 confirms the existence
of the massive compact object in the mass gap between 2.5 —4.5M,. Besides, from the
NICER data the existence of the pulsar PSR.J0952 — 0607 with mass about 2.35+0.17
has been confirmed by the scientists. Even the observational data from NICER of two
different pulsars PSR.J0030+ 0451 and PSR.J0740+ 6020 has given surprising evidence
against the more squeezable nature of the neutron stars. According to NICER data,

these two pulsars have almost the same size irrespective of their different mass. The
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later pulsar is more massive than the former but still not more compact (squeezed) in
size w.r.t. the former. This phenomenon indicates the existence of a new mechanism
inside the neutron stars which I can explain from my compact star models with the

presence of anisotropy and dark energy inside the core of the neutron stars.

12.1.1.2 TImpacts of Modified gravity to Understand the Present Universe

At the same time our constructed cosmological model in the context of f(R,T’) modified
gravity helps to understand the accelerated phase of the Universe profoundly through
the evolution of the Hubble parameter under dark energy domination. Further, from
the value of the deceleration parameter, we can even predict about the future of this
accelerating Universe. Further, the study of the evolution of the thermodynamic pa-
rameters of the black holes through the quantum corrections give a deep insight on
the evolution of black holes and their properties under accelerated expansion of the

Universe.

12.1.1.3 Structural Characteristics of the Neutron Stars

I have considered my goal to construct a reformed framework planned to investigate
the NS structure, its physical properties and the EoS of the core material it contains.
Throughout the thesis, I have also tried to design a closed system with logical structure
and physically viable EoS. I have started with realizing the NS structure by resolving
the modified Einstein’s field equations combined with the specific choice of the EoS, and
closing with a minute profile of various properties of neutron stars by using modified
gravity theories. In this way, I have investigated the main features of the NSs and
got the results in good agreement to other equivalent and sophisticated astronomical
observations. This study, the addition of further exotic equations of state considering
additional properties and phase transitions are also investigated by defining the EoS
through some the of pressure-density relationship or parameterizations by incorporating
the presence of modified Chaplygin gas.

The properties of different types of neutron stars in various spacetime geometry for

any given structural model, i.e., choice of EoS by using the different modified gravity

302



Chapter 12. Conclusion and Future Prospects

theories. This is concentrated into chapters 8 to 11. The structure of the NSs can
be determined by the properties of its constituents, which includes electrons, protons,
neutrons and also possibly other exotic particles. The central region of these compact
stars is believed to be composed of strongly bounded neutrons. The outer region of
the neutron stars may contain a mixture of electrons, protons and other particles. On
the other hand, the EoS of the matter inside the neutron stars is a crucial parameter
that determines the structure and properties of the neutron stars. The EoS actually
describes the relationship between density, pressure and temperature of the matter
inside the compact stars. The theoretical EoS of the neutron star matter has been
constructed using a variety of models, some of which are investigated in this thesis as

well including effective field theories.

The observations on the masses and radii of the NSs have provided important
confinements on EoS of the core matter of the star. Mass of the NSs can be measured
using pulsar timing observations and the radii can be inferred from the analysis of X-
ray spectra emitted from their surfaces. Recent observations have also provided strong
evidence for relatively large neutron star radii, which suggests that the EoS of the

matter of the NSs may be relatively soft.

12.1.1.4 Physical Properties the Neutron Stars

Astrophysicists are very much interested about a number of properties of the neu-
tron stars including their surface temperature, rotational properties and magnetic field
strength. The surface temperature of the star is determined by the balance between
the energy emitted by the star and the energy produced in its core through nuclear
reactions. The magnetic field of the neutron stars can reach upto 10 G. This im-
mensely strong magnetic field can produce a lot of significant phenomena including
pulsar emission, magnetic flares and particle acceleration. The rotational energy of the
neutron stars can be tapped into by accreting matter from a companion star, producing

X-ray emission and other observable phenomena.

303



Chapter 12. Conclusion and Future Prospects

12.1.2 Future Prospects

The neutron stars are fascinating and mysterious objects with unique structural char-
acteristics and physical properties. Theoretical models and observational investigations
have provided a deep and significant insight into the nature and various properties of
these compact objects including their internal composition, EoS of core matter, mag-
netic field strength and rotational properties. These studies on NSs continue to be a
vibrant area of research, with ongoing efforts to refine theoretical models and develop
new observational techniques. Recent advancement of gravitational wave astronomy

has opened up the new way for studying the neutron stars mergers and their aftermaths.

The investigated models in this thesis can construct a fully realistic NS with all
its exotic properties and exact EoS of the core matter. These models give the idea of
constructing a general and realistic EoS of the core matter. At the same time, the non-
squeezable nature of the NSs with the increase in its mass, can also be justified from
these models. A few general features like powerful magnetic fields as well as electric
field strengths at the surface are still needed to model which can reveal the exciting
observed properties of the pulsars. Rapid neutrino emission during the cooling of the
neutron star may also occur due to the presence of exotic particles inside the core such
as mesons at very high nuclear density. The atmosphere surrounding the neutron star
is thick enough to absorb the X-rays. The higher energy photons coming from deeper
layers may have the possibility to be absorbed by the atmosphere. So, to determine
the surface temperature of the star through spectrum analysis is not so reliable. The
observed spectra from the neutron stars which almost fits with the blackbody spectra,
yield surface temperatures sometimes 2 times higher than the actual value of it. The
presence of a very strong magnetic field may also have a crucial effect on the ejected

X-ray spectra from the NSs.

In our Universe, accreting compact objects have offered us the unique insights
into the core astrophysical ideas of the last stages of stellar evolution and to culture
the physics of matter at extreme environment or physical conditions. Till now, we

have discovered but not fully understood the thermonuclear flashes from the surface
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and periodic pulsation in X-rays emitted by the rapidly spinning neutron stars. The
mass measurement process of the neutron stars is still under question but provides the
strongest evidence for the existence of black holes in the Universe. A compact star can
also accrete matter from a companion star if the companion star is losing its mass in
the form of a stellar wind and does not fill its Roche Lobe. The companion star should

have the mass > 10M, in order to drive a strong stellar wind.

The NSs can be excited by a small perturbation that oscillates into a set of normal
modes. Again, these normal modes can also be excited during various astrophysical
processes, such as the formation of a proto-NS, collapse of a compact binary NS system.
The strong oscillations can be found from the hot and differentially rotating proto-
NSs. Further, if there is major rearrangements in the internal structure (during giant
flares of magnetars) of the NSs or during the glitches we can also get the oscillations
of excited normal modes. These coherent vibrations in turn becomes the significant
source of gravitational radiation. As for examples during core collapse and bounce the
consecutive compressions and expansions of the core density induces oscillations in the
new-born proto-NS. During this process, the non-linear coupling between the normal
modes of the proto-NS produces the GWs. The computation of these normal modes
of a NS is quite complicated. It involves both perturbations of the metric around and
inside the NS. Moreover, in also involves the perturbations of the variables of the core

matter of the NSs.

Further, during the inspiral phase of two NSs in a binary system, NS deformation
can occur by the tidal gravitational field of the companion star. Interestingly, this
tidal deformability also depends on the EoS of the interior of the NS. This in turn
affects the phase of the GW signal in such a way that we are able to detect it through
advanced interferometers, uncovered the possibility of obtaining trace on the EoS of
the NS. This leading milestone when the LIGO/Virgo detectors observed the GW sig-
nal named GW 170817 from a the coalescence of NS-NS binary. A large number of
telescopes also identified the total transient electromagnetic spectrum that strength-
ened the association with a NS-NS merger. This sensational event then marked the

beginning of the era of multi-messenger astrophysics.
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12.1.3 Conclusion

The study of neutron stars is a rapidly evolving field of research that combines theoret-
ical modeling with astronomical observations across a range of wavelengths. Advances
in our understanding of the structural characteristics and physical properties of the
neutron stars will continue to be driven by a combination of theoretical and observa-
tional research. My aim is to construct a massive compact stellar object and study its
physical consequences in the framework of modified gravity theories as an alternative

to GR.

As an alternative to GR, the modified gravity theories play an essential role to
understand the basic physics of the compact objects like the BHs and NSs. For the
NSs, these theories basically switch the TOV equations and therefore various astro-
physical properties are also altered. From this thesis one can easily understand the
very prominent impact of anisotropy in case of NSs under extreme high pressure and
density. My work reveals that presence of anisotropy causes effective changes in the
main characteristics of the NSs. The evolved repulsive force, behaves against the at-
tractive gravitational force, due to anisotropy at the core of these stars leads to achieve
a more compact (high mass) but stable equilibrium configuration. The non-squeezable
nature of the neutron stars with the increase in its mass, can also be justified due to
the presence of anisotropy inside the neutron stars. The major finding of my research
establishes the fact that the massive NSs in the lower mass gap between 2.1 — 5.3M,
can exist in nature. The gravitational wave detection of two merging compact stars
already predicts the massive NSs of mass about 2.68M,, which is far beyond the pre-
dicted maximum mass of the NSs as 2.1M. At the same time, the generalized and
realistic EoS, of the core nuclear matter of the NSs, which I have constructed during
my work, provides the core matter density compatible with nuclear saturation density

and a linear EoS for the massive NSs.

So, ultimately I can say that my thesis will help to understand the structural
characteristics and physical properties of the neutron stars more in the background

of modified gravity theories as an alternative to GR and also under the dark energy
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domination phase of the Universe. Also the investigations on black holes clearly reveals
their thermodynamic evolution process under accelerated Universe. This study will
not only deepen our knowledge of these massive relativistic compact objects, their
evolution process but also provide insights into fundamental physics and the evolution
of the Universe as a whole. Further, the cosmological model in the background of the
modified gravity gives the significant interpretation about the accelerated Universe and

its fate.
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Appendix A

ABBREVIATIONS
(O ST Chaplygin gas
CMB..oiiiiii Cosmic Microwave Background
GOG Generalised Chaplygin gas
MOG i Modified Chaplygin gas
L T Neutron Star
EMCG.....oiee Extended modified Chaplygin gas
TG Teleparallel Gravity
TEGR.....oooii Teleparallel Equivalent of General Relativity
QMO Quantum Monte Carlo
DOF i Degrees of Freedom
D Dark Energy
DM Dark Matter
NGR New General Relativity
A g o TR USRS with respect to
FLRW...cooii FriedmannLemaitreRobertsonWalker
LH S Left hand side
STEGR........... Symmetric Teleparallel Equivalent of General Relativity
HDE . .o Holographic Dark Energy
PIDE. .o Pilgrim Dark Energy
HO T . Hubble Space Telescope
JWIST e James Web Space Telescope
CMASS. e Constant stellar MASS
MOMO .. Markov chain Monte Carlo
BINGO................ Baryon acoustic oscillation In Neutral Gas Observations

BAO. ..o Baryonic Acoustic Oscillations



Appendix B

CONSTANTS and VALUES

The numerical values of various constants with units, which are used during the work

are tabulated in below Tables B.1 and B.2.

Table B.1 : Natural constants (in cgs unit) as used in the work.

Constant Explanation Applied Value
G Gravitational constant 6.67430 x 10~ 8cm? g~ts72
c Speed of light in vacuum 2.99792 x 10%em s7!
h Reduced Planck constant 1.05457 x 10~%"erg s
my, Muon mass 1.88353 x 1025
Me Electron mass 9.10938 x 10~%¢
m, Proton mass 1.67262 x 10~%'g
Mo, Neutron mass 1.67493 x 10~%¢g
kg Boltzmann’s constant 1.38065 x 10~ 0erg K1
osp Stefan-Boltzmann’s constant  5.67037 x 10~°erg cm 2K 257!

Table B.2 : Auxiliary constants (in cgs unit) as used in the work.

Constant Explanation Applied Value
Prue Nuclear density 2.80 x 104g em =3
no Nuclear saturation QMC  1.60 x 10%cm =3
Mg, Solar mass 1.98841 x 1033¢g
R, Solar radius 6.9570 x 10%%cm
Rso Schwarzschild radius 2.95325 x 10°cm
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