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PREFACE

The present doctoral thesis is a collection of research works done on the studies
of various types of submanifolds of some differentiable manifolds. Most of
those works are already published in various reputed national and international
journals at different times. This thesis consists of seven chapters.

In the Introduction chapter, we have explained the background of the works
and the main results at which we have arrived in the following sections.

In the second chapter, we have discussed about anti-invariant submanifolds
of indefinite Sasakian manifold, indefinite Kenmotsu manifold, indefinite trans-
Sasakian manifold, indefinite LP-Sasakian manifold and have obtained some
results regarding the relation between the structure vector field of a manifold and
the anti-invariance of the submanifold. Also we have obtained some results on
totally umbilical, totally geodesic submanifolds.

In the third chapter, we have discussed *-#-Ricci-Yamabe solitons on anti-
invariant submanifolds of Kenmotsu manifold with respect to a quarter symmetric
metric connection and then we have studied contact CR-submanifolds of trans-
Sasakian manifolds with respect to a quarter symmetric non-metric connection.
First, We have obtained some results regarding a Kenmotsu manifold admitting
a *-1-Ricci-Yamabe soliton. Next, we have proved some curvature properties of
anti-invariant submanifolds of Kenmotsu manifold admitting a quarter symmet-
ric metric connection. Then, we have obtained a result regarding anti-invariant
submanifolds of Kenmotsu manifold admitting a *-77-Ricci-Yamabe soliton with
respect to a quarter symmetric metric connection. Further, we have studied the
nature of a *-17-Ricci-Yamabe soliton and solitons appeared as its particular cases
on anti-invariant submanifolds of Kenmotsu manifold with respect to a quarter
symmetric metric connection when the vector field becomes a conformal Killing
vector field. Finally, we have given an example of a 3-dimensional Kenmotsu
manifold admitting a *-7-Ricci-Yamabe soliton to verify a relation. In this chapter,
we have also dealt with the study of trans-Sasakian manifolds with respect to
a quarter symmetric non-metric connection. We have stated and proved some
results regarding a contact CR-submanifold of a trans-Sasakian manifold with
respect to a quarter symmetric non-metric connection. We have investigated
totally geodesic leaves and integrability of the distributions. Moreover, we have
studied totally umbilical contact CR-submanifolds of trans-Sasakian manifolds.
At last, we have provided an example of a 3-dimensional trans-Sasakian manifold
admitting a quarter symmetric non-metric connection to verify a relation.



In the fourth chapter, we have analysed briefly some properties of a hemi-slant
submanifold of an (LCS),-manifold. We have discussed about some necessary
and sufficient conditions for distributions to be integrable and obtain some results
in this direction. We have also studied the geometry of leaves. At last, we have
constructed a suitable example.

In the fifth chapter, we have discussed quasi hemi-slant (QHS) submanifolds
of trans-Sasakian manifolds and then, we have introduced the general notion of
such submanifolds in metallic Riemannian manifolds. At first, we have obtained
various results satisfied by QHS submanifolds of trans-Sasakian manifold. Fur-
ther, we have obtained necessary and sufficient conditions for integrability of
the distributions related to these submanifolds, for these distributions to define
totally geodesic foliations and also for a submanifold of a trans-Sasakian manifold
to be totally geodesic. Moreover, we have concluded the necessary and sufficient
condition for a QHS submanifold of a trans-Sasakian manifold to be a locally
product Riemannian manifold. Then, we have constructed an example of a QHS
submanifold of a trans-Sasakian manifold. Next, we have studied some properties
of submanifolds, specially QHS submanifolds of metallic and golden Rieman-
nian manifolds. We have found out a necessary and sufficient condition for a
submanifold to be QHS in metallic and golden Riemannian manifolds and also
have obtained the integrability conditions for the distributions. At last, we have
constructed an example of a QHS submanifold of a metallic Riemannian manifold.

In the sixth chapter, we have studied screen-slant lightlike submanifolds,
totally contact umbilical screen-slant lightlike submanifolds, totally contact um-
bilical radical screen-transversal lightlike submanifolds, contact screen generic
lightlike (CSGL) submanifolds, totally umbilical CSGL submanifolds and minimal
CSGL submanifolds of indefinite Kenmotsu manifold. We have proved a charac-
terization theorem of totally contact umbilical screen-slant lightlike submanifolds
of an indefinite Kenmotsu manifold. We further have proved some results on a
totally contact umbilical radical screen-transversal lightlike submanifold of an
indefinite Kenmotsu manifold, such as the necessary and sufficient conditions for
the screen distribution to be integrable and for the induced connection on the sub-
manifold to be a metric connection. Next, we have studied CSGL submanifolds of
indefinite Kenmotsu manifolds. We have investigated the necessary and sufficient
conditions for the induced connection on a CSGL submanifold to be a metric
connection, for integrability & parallelism of some associated distributions, and
for some distributions to be totally geodesic foliations. We have also discussed
about non-parallel distributions and more than one necessary and sufficient con-
ditions for a CSGL submanifold to be mixed geodesic. We have further studied
some properties satisfied by proper totally umbilical CSGL submanifolds and the
necessary and sufficient conditions for minimality of an associated distribution &
also of a CSGL submanifold. At last, we have constructed an example of a CSGL
submanifold of an indefinite Kenmotsu manifold.
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In the seventh chapter, we have dealt with the study of some properties of anti-
invariant submanifolds of trans-Sasakian manifold with respect to a new affine
connection called Zamkovoy connection. We have discussed the nature of Ricci
flat, concircularly flat, {-projectively flat, M-projectively flat, {-M-projectively flat,
pseudo projectively flat and ¢-pseudo projectively flat anti-invariant submanifolds
of trans-Sasakian manifold admitting Zamkovoy connection. Moreover, we have
studied Ricci soliton along with 7-Ricci-Yamabe soliton and two more solitons
arose as its particular cases on Ricci flat, concircularly flat, M-projectively flat and
pseudo projectively flat anti-invariant submanifolds of trans-Sasakian manifold
admitting the aforesaid connection. At last, we have made some conclusions
after observing all the results and have provided an example of an anti-invariant
submanifold of a trans-Sasakian manifold in which all the results of this chapter
can be verified very easily.
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INTRODUCTION

The theory of submanifolds has the origin in the study of geometry of plane
curves initiated by Fermat. Nowadays, it has gained prominence in computer
design, image processing, economic modeling, mathematical physics and me-
chanics except modern differential geometry. In Mathematics, more specifically
in Differential Geometry, a submanifold of a manifold is a subset which is itself
structure wise a manifold such that the inclusion between the subset and the man-
ifold becomes an embedding. The concept of submanifolds has a vast variety of
classifications depending upon the decompositions and properties of the tangent
and normal bundles of the concerned submanifolds. That’s why, more we study
about the theory of submanifolds, more we find that there still remain miles to go
and undoubtedly, this is perhaps the reason lying behind the beauty of this theory.

History of “Theory of Submanifolds” has been evaluated slowly but fruitfully
over time. In the beginning, simplest forms of the submanifolds like invariant and
anti-invariant submanifolds were studied. Later, the generalisation process’ took
place and gradually more and more classifications evolved. Slant, hemi-slant,
CR-submanifolds were introduced in this way. Here we have also discussed about
such submanifolds in the second, third, fourth and seventh chapters of this thesis.
Moreover, the most interesting fact is that, this generalisation process is still ongo-
ing and the recent discovery of quasi hemi-slant (QHS) submanifolds is its proof.
Now, we would like to humbly mention that, we have also indulged ourselves in
this never ending process by introducing the general notion of QHS submanifolds
for metallic Riemannian manifolds which is given in the fifth chapter here.

Although the study of submanifolds of Riemannian manifolds went too far,
in case of semi-Riemannian manifolds, the structures of the submanifolds take
a new turn such as for lightlike submanifolds due to the degeneracy of the
functioning metric, and thus, the study of submanifolds of semi-Riemannian
manifolds created much enthusiasm among the geometers. Here, we have also
analysed some types of lightlike submanifolds and tried to find some new results
as far as possible in the sixth chapter.

We now enlighten about the basic concepts which we have instituted in find-
ing all the results of the subsequent chapters in this thesis.

B We start with the following definition of almost contact metric manifolds



given by D. E. Blair in [23].

Definition 1.1. Let M be an odd dimensional differentiable manifold equipped
with a metric structure (¢, ¢,7,$) consisting of a (1,1) tensor field ¢, a vector
field ¢, a 1-form 7 and a Riemannian metric § satisfying the following relations—

¢*X = —X+n(X)E n(8) =1, nop =0, ¢Z =0, (1.1)
$(PX, 9Y) = (X, Y) —n(X)n(Y), (1.2)
$(@X,Y) = —3(X,9Y), n(X) =3(X,8) VX,Y € x(M), (1.3)

then M is called almost contact metric manifold.

B Next, Kenmotsu manifold is named after K. Kenmotsu who introduced its
notion in 1972 [84] as a particular classification of almost contact manifolds with
the following definition.

Definition 1.2. An almost contact metric manifold M(¢, &, 7, §) is called Kenmotsu
manifold if VX,Y € x(M),

(Vx@)Y = g(¢X,Y)E —(Y)¢X, (1.4)
Vx&=X-1n(X), (1.5)

where V is the Levi-Civita connection on M for the Riemannian metric §.

B Now, we define trans-Sasakian manifold, which was introduced by J. A. Oubina
in 1985 [108]. J. C. Marrero characterised the local structure of trans-Sasakian
manifolds of dimension n > 5 in [100] and there he proved that a trans-Sasakian
manifold of dimension n > 5 is either cosymplectic or a-Sasakian or -Kenmotsu.
Trans-Sasakian structures of type (0,0), («,0) and (0,p) are cosymplectic, a-
Sasakian and B-Kenmotsu respectively. The definition is as follows:

Definition 1.3. An odd dimensional manifold M with the almost contact metric
structure (¢, ¢, 17, ) is called a trans-Sasakian manifold of type (&, B) if the following
equation holds

(Vx¢)Y = alg(X, V)& —n(YV)X] + Blg(¢pX, Y)E — n(Y)¢pX] (1.6)

for smooth functions « and 8 on Mand VX, Y € F(TM). Hence, a trans-Sasakian
manifold of type (0,0), (1,0) and (0,1) is called cosymplectic manifold [118],
Sasakian manifold [101] and Kenmotsu manifold [4] respectively.

On a trans-Sasakian manifold M, authors in [100] and [108] have obtained

Vx¢ = —apX + B[X — 5(X)Z]. (1.7)

B We now turn our attention to paracontact structures leading to Lorentzian



concircular structure which is the context in the fourth chapter of our discussion
on hemi-slant submanifolds.

Definition 1.4. An n-dimensional Lorentzian manifold M is a smooth connected
paracompact Hausdorff manifold with a Lorentzian metric § i.e., M admits a
smooth symmetric tensor field § of type (0,2) such that, for each point p, the
tensor §p : T,M x T,M — R is a non-degenerate inner-product of signature
(=, 4, .., +), TpM denotes the tangent vector space of M at p and R is the real
number space.

Note. A non-zero vector X, € T,M is known to be spacelike, null or light-
like, or timelike according as §,(X,, X,) > 0,= 0 or < 0 respectively.

Definition 1.5. If M is a differentiable manifold of dimension n and there
exists a (¢, ¢, 1) structure (¢ is a tensor of type (1,1), ¢ is a vector field and 7 is a
1-form) satisfying

PP =1+7®E (&) =-1 ¢&) =0, 109 =0, (1.8)

then M is called an almost paracontact manifold.

Definition 1.6. If a differentiable manifold M with an almost paracontact structure
(¢,¢,n) admits a Lorentzian metric § satisfying

(X, ¢Y) = (X, Y) + n(X)n(Y), (X, &) = n(X) (1.9)

for all vector fields X,Y on M, then M is called a Lorentzian almost paracontact
manifold and we have,

3(X,¢Y) = 3(¢X,Y),
28(pX,Y) = (Vxn)Y + (Vyn)X.

Definition 1.7. In a Lorentzian manifold (M, §), a vector field P defined by
(X, P) = A(X) for any X € I['(TM), is called concircular if

(VxA)(Y) = a{g(X,Y) + w(X)A(Y)},

where a is a non-zero scalar and w is a closed 1-form and V denotes the operator
of covariant differentiation of M with respect to §.

Let M admit a unit timelike concircular vector field &, called the structure
vector field of the manifold, then (&, &) = —1. Since ¢ is a unit concircular vector
field, it follows that there exists a non-zero 1-form # such that §(X,¢) = n(X).
The following equations hold—

(Vxn)Y = a[g(X,Y) +1(X)n(Y)], « #0,
Vxa = Xa = da(X) = pn(X)



for all vector fields X,Y on M and « is a non-zero scalar function related to p, by

—(Ga).

Definition 1.8. Let ¢X = %@XC, from which it follows that ¢ is a symmet-
ric (1,1) tensor and we call it the structure tensor on the manifold. Thus, an
n-dimensional Lorentzian manifold M together with a unit timelike concircu-
lar vector field ¢, its associated 1-form 7 and a (1,1) tensor field ¢ is called a
Lorentzian Concircular Structure manifold i.e. (LCS),-manifold. Specially, if &« =1,
then we obtain Lorentzian para-Sasakian structure i.e. LP-Sasakian structure of
Matsumoto [87].

In an (LCS),-manifold (n > 2), the following relations hold—

PP =T+n®¢& (&) =-1,

where I denotes the identity transformation of the tangent space TM,

95 =0, o¢ =0, Z(X,¢Y) = Z(PX,Y), rank(@) =21, (1.10)
S(¢X,¢Y) = &(X,Y) +n(X)n(Y),§(X, ) = n(X), (1.11)
R(X,Y)¢ = (= p)[n(Y)X = n(X)Y] (1.12)
VX,Y € T(TM).
Also an (LCS),-manifold satisfies—
(Vx@)Y = a[g(X, V)T + 21 (X)n(Y)E +n(Y)X], (1.13)
Vx¢& = apX. (1.14)

B The difference between almost contact and indefinite almost contact manifolds
lies in the nature of the associated metric and hence one can notice the simple
difference in their definitions which is none other than the addition of the symbol
€ to which assigned the value §(&,&) = £1. Then, let’s look upon the definition:

Definition 1.9. A (21 + 1)-dimensional semi-Riemannian manifold (M, §) is
called an indefinite almost contact metric manifold if it admits an indefinite almost
contact structure (¢, &, 1), where ¢ is a tensor field of type (1,1), ¢ is a vector
tield and 7 is a 1-form, satisfying for all vector fields Z, W on M [23],

P*Z=—-Z+n(Z)Enop=0,¢;=0,7() =1, (1.15)
§(pZ,9W) = 3(Z,W) —en(Z)n(W), (1.16)
$(Z,8) =en(Z2),8(pZ,W) = —g(Z,pW). (1.17)

Here e = §(,¢) = +1

B Based on the structure equations, an indefinite almost contact metric manifold



M is classified as follows [23]:-

Definition 1.10. An indefinite almost contact metric manifold M(¢,¢,7,§) is

called an indefinite Sasakian manifold if for all vector fields Z, W on M,

(Vzp)W = Z(Z, W) —en(W)Z, (1.18)
V&= —€epZ, (1.19)

where V is the Levi-Civita connection for the semi-Riemannian metric g

B In [41], U. C. De and A. Sarkar introduced and studied the notion of e-
Kenmotsu manifolds with indefinite metric by giving an example of a trans-
Sasakian manifold with « = 0, B = 1. Thus indefinite Kenmotsu manifolds
comes into the picture and we have thoroughly studied some semi-Riemannian
submanifolds in its context in the sixth chapter of this thesis. The definition is
given by:

Definition 1.11. An indefinite almost contact metric manifold M(¢, &, 7, §) be-
comes an indefinite Kenmotsu manifold with the structure equations—

(Vzp)W = Z(¢pZ, W) — en(W)9Z, (1.20)
Vz& =eZ —en(Z)e. (1.21)
for all vector fields Z, W on M.

Definition 1.12. An indefinite almost contact metric manifold M(¢,¢, 7, &) is
called an indefinite trans-Sasakian manifold of type («, B) if

(Vzp)W = a[g(Z, W)E — en(W)Z] + B[3(¢Z, W)E — en(W)$Z], (1.22)
Vzi = —eapZ + ep[Z —n(Z)g] (1.23)

for smooth functions «, f on M and for all vector fields Z, W on M.

Definition 1.13. A differentiable manifold M of dimension 7 is called indefinite
Lorentzian para-Sasakian manifold (briefly, indefinite LP-Sasakian manifold) if it admits
an almost paracontact structure (¢, &,7) along with an indefinite Lorentzian
metric § which satisfy for all vector fields Z, W on M,

$*Z=Z+1(2)¢nE) = -1,
8(G,¢) = —en(2) = e3(2,8), 97 = 0,7(¢pZ) =0,
3PZ, W) = 3(Z, W) —en(Z)n(W).

In this manifold, we also have,

(Vz)W = §(Z,W)E + en(W)Z + 2en(Z)n(W)g, (1.24)
Vz& = e¢Z. (1.25)



B Now, we are finally heading to our soul concept i.e. the concept of sub-
manifolds which has opened a door to the researchers for experimenting many
beautiful structures in addition to those of the main manifolds and thus it has
curved the paths of research of many researchers like me.

Let ¢ be a differentiable map from a manifold M into a manifold M and let
the dimensions of M, M be n,m (n < m) respectively. If at each point p of M,
(¢+)p is a 1-1 map i.e., if rank(¢) = 1, then ¢ is called an immersion of M into M.

If an immersion ¢ is one-one i.e., if ¢(p) # ¢(q) for p # g, then ¢ is called an
imbedding of M into M.

Definition 1.14. If the manifolds M, M satisfy the following two conditions,
then M is called a submanifold of M—

() Mc M,

(ii) the inclusion map i from M into M is an imbedding of M into M.

Let ¢ : (M,g) — (M, §) be an isometric immersion from an n-dimensional
Riemannian manifold (M, g) into m-dimensional Riemannian manifold (M, §).

We denote the Levi-Civita connections on M" and M"™ by V and V respec-
tively. Then the formulae of Gauss and Weingarten are given by

VxY = VxY +h(X,Y), (1.26)
VxV = —AyX 4+ VxV (1.27)

for X,Y € Ty(M) and V € T} M, where h, A, V' are the second fundamental form,
the shape operator, the normal connection respectively.

Moreover, the shape operator A and the second fundamental form / are
related by
g(h(X,Y),V) = g(AVX,Y) (1.28)

B As we have said before, there exists a vast variety of submanifolds, some of
those, which have made the pillars of our study, are given in the following manner.

Definition 1.15. A submanifold M of a manifold M is called totally geodesic
if 1 = 0 or equivalently Ay =0 VV € T} M.

Definition 1.16. A submanifold M of a manifold M is called minimal if the
mean curvature vector H satisfies H = % =0.

Definition 1.17. A submanifold M of a manifold M is called totally umbilical if
h(X,Y)=g(X,Y)H. (1.29)



Definition 1.18. A submanifold M of a manifold M is called invariant if VX €
‘M, ¢X € T:M Vx € M.

Definition 1.19. [151] A submanifold M of a manifold M is called anti-invariant if
X € Ty(M) = ¢X € T4HM Vx € Mie.

(X, pY) =0 VX,Y € x(M). (1.30)

Definition 1.20. Let M be a submanifold isometrically immersed in a differ-
entiable manifold M and & be tangent to M. Then the tangent bundle TM
decomposes as TM = D@ < ¢ >, where D is the orthogonal distribution to .
Now, for each non-zero vector X tangent to M at x such that X is not propor-
tional to ¢, we denote the angle between ¢X and D, by 6(X). M is called slant
submanifold if the angle 6(X) is constant, which is independent of the choice of
x € Mand X € Ty(M)— < §x >. The constant angle 6 € [0, 7] is then called the
slant angle of M in M. If 6 = 0, then the submanifold is invariant, if 6 = 7%, then
the submanifold is anti-invariant and if 6 # 0, 7, then the submanifold is proper
slant.

According to A. Lotta [95], when M is a proper slant submanifold of M with
slant angle 6, then VX € T'(TM),

T2(X) = — cos? (X — 5(X)&). (1.31)

B A. Carriazo [26] introduced hemi-slant submanifolds as a special case of bi-
slant submanifolds and he called them pseudo-slant submanifolds.

Definition 1.21. A submanifold M of a differentiable manifold M is called
hemi-slant if there exist two orthogonal distributions Dy and D+ satisfying [91]—
(i) TM = Dy ® Dt < & >,

(ii) Dy is a slant distribution with slant angle 0 # 7,

(iii) D+ is totally real i.e., (,I)DL C T+M.

A hemi-slant submanifold is called proper if 6 # 0, 7.

If we denote the dimensions of the distributions D+ and Dy by m; and my
respectively, then we have—
(i) if my = 0, then M is anti-invariant,
(i) if mq =0, 6 = 0, then M is invariant,
(iii) if m; =0, 6 # 0, then M is proper-slant with slant angle 6,
(iv) if mqymy #0, 6 € (0, %), then M is proper hemi-slant.

B R. Prasad et al. introduced the notion of quasi hemi-slant submanifold in
Sasakian manifolds [121] as a generalization of invariant, anti-invariant, semi-
invariant, slant, hemi-slant and semi-slant submanifolds.



Definition 1.22. [121] Quasi hemi-slant submanifold M of an almost contact mani-
fold M is a submanifold that admits three orthogonal complementary distribu-
tions D, Dy, D+ such that

(i) TM admits the orthogonal direct decomposition
TM=D&Dyg®D'® < &>, (1.32)

(ii) the distribution D is invariant i.e., $D = D,

(iii) the distribution Dy is slant with constant angle 6 and hence, 6 is called slant
angle,

(iv) the distribution D+ is ¢ anti-invariant i.e., D+ C T+ M.

In the above case, 8 is called the quasi hemi-slant angle of M, and M is called
proper [121] if D # {0}, Dy # {0}, D+ # {0} and 6 # 0, F.

Let the dimensions of the distributions D, Dy, D+ be ny, ny, ns respectively,
then we obtain the following particular cases [121]—
(i) if n1 = 0, then M is a hemi-slant submanifold,
(ii) if np = 0, then M is a semi-invariant submanifold,
(iii) if n3 = 0, then M is a semi-slant submanifold.

Now, it can be concluded from the definitions of invariant [78], anti-invariant
[131], semi-invariant [13], slant [127], hemi-slant [126] and semi-slant [89] sub-
manifolds that, quasi hemi-slant submanifold is a generalization of all these kinds
of submanifolds [121].

From the definition of quasi hemi-slant submanifold given above, it is clear
that if D # {0}, Dy # {0}, D+ # {0}, then dim(D) > 2, dim(Dy) > 2 and
dim(D+) > 1. Thus, we have the following remark [121]—

Remark 1.1. For a proper quasi hemi-slant submanifold M, dim(M) > 6.

B A. Bejancu first gave the definition of CR-submanifolds in 1986 [11], which is
given below.

Definition 1.23. A submanifold M of an almost contact manifold M is called
contact CR-submanifold if ¢ is tangent to M and there is a differential distribution
D and its orthogonal complementary distribution D+ such that

(i) D is invariant under ¢ i.e. $(D) C D and

(ii) D* is anti-invariant under ¢ i.e. ¢(D+) C T+ M,

where D (respectively D) is called horizontal (respectively vertical) distribution.

M is called &-horizontal (respectively &-vertical) if & € D (respectively & € D).



Now,
TM =D ® D" and T*M = ¢(DH) @y, (1.33)

where 3 is a normal sub-bundle invariant to ¢. For X € I'(TM) and V € I'(T* M)
we write
X =PX+ QX (1.34)

and
¢V =BV +CV, (1.35)

where PX € D, QX € D+, BV = tan(¢V) and CV = nor(¢V).

[Zeﬁnition 1.24. [101] A contact CR-submanifold M of an almost contact manifold
M is called a contact CR-product if M is locally a Riemannian product of M and
M+, where MT and M+ denote the leaves of D and D respectively.

B On a smooth manifold M, a distribution D is the assignment to each point
x € M of a subspace D, of the tangent space Ty(M). A distribution D is smooth
at a point x if any tangent vector X,y € Dy can be locally extended to a smooth
vector field X on some open set U € M such that X,y € D, for every y € U.

Definition 1.25. A connected submanifold N of M is called an integral mani-
fold of the distribution D if (¢.)xN = D, Vx € N, ¢ being the imbedding of N
into M. If there is no other integral manifold of D which contains N, then N is
called a maximal integral manifold of D. Thus, D = U,ecpDy is a distribution on
M.

Definition 1.26. We say that a distribution D is involute if for every two sec-
tions X, Y of D, the commutator [X, Y] is a section of D.

Definition 1.27. Let D denote an integrable distribution on M, then the col-
lection of integrable manifolds of D is called a foliation.

Definition 1.28. A maximal connected integral manifold of D is called a leaf of the
foliation.

B The concepts of Ricci flow and Yamabe flow were introduced simultaneously
by R. S. Hamilton ([70], [71]). He observed that the Ricci flow can be used well
in simplifying the structure of a manifold. He developed the concept to answer
Thurston’s geometric conjecture stating that each closed 3-manifold admits a
geometric decomposition. Ricci soliton emerged as a self-similar solution to
the Ricci flow [71] and as did Yamabe soliton. These solitons are equivalent in
dimension 2 but in greater dimensions, these two do not agree since Yamabe
soliton preserves the conformal class of the metric but Ricci soliton does not in
general. An interpolation soliton, called Ricci-Bourguignon soliton corresponding
to Ricci-Bourguignon flow, was considered and further studied by G. Catino and
L. Mazzieri ([27], [28]), but this soliton depends on a single scalar. In 2019, S.



Guler and M. Crasmareanu [62] introduced a new geometric flow called Ricci-
Yamabe flow as a scalar combination of Ricci flow and Yamabe flow.

Definition 1.29. Ricci-Yamabe flow of type (p,q) is an evolution for the metrics on
Riemannian or semi-Riemannian manifolds defined as [62]

% (t) = —2pRic(t) +qr(t)g(t), g(0) = go,

where p, q are scalars. Due to the signs of p, g, this flow can also be a Riemannian
flow or semi-Riemannian flow or singular Riemannian flow. A Ricci-Yamabe flow
of type (p,q) is called [62]—

(i) Ricci flow if p =1, g =0;

(ii) Yamabe flow if p =0, g = 1;

(iii) Einstein flow [28] if p =1, g = —1.

Definition 1.30. Naturally, a soliton to the Ricci-Yamabe flow is called Ricci-
Yamabe soliton. Ricci-Yamabe soliton of type (p,q) on a Riemannian complex
(M, g) is represented by the quintuplet (g, V, A, p,q) satisfying the following
equation—
Lyg+2pS+ (2A —qr)g =0,

where Lyg is the Lie derivative of the Riemannian metric ¢ along the vector
tield V, r is the scalar curvature, S is the Ricci tensor and A, p,q are scalars.
This soliton is called shrinking, steady or expanding according as A < 0, A =0
or A > 0 respectively. Ricci-Yamabe soliton of type (0,4) and (p,0) are called
g-Yamabe soliton and p-Ricci soliton respectively. These solitons are studied by
many geometers ([18], [19], [22], [35], [38], [61], [136], [137]).

Therefore, A Ricci-Yamabe soliton of type (p, q) is called—

(i) Ricci soliton if p =1, g = 0 given by

Lyg+25+2Ag =0, (1.36)
(ii) Yamabe soliton if p = 0, g = 1 given by

Lyg+ (2A—r)g=0,
(iii) Einstein soliton if p =1, g4 = —1 given by

Lyg+25+(2A+7r)g=0,

M J. T. Cho and M. Kimura introduced the notion of 7-Ricci soliton as an advance
extension of Ricci soliton in 2009 [37]. Analogously in 2020 [138], M. D. Siddiqi

and M. A. Akyol introduced the concept of #-Ricci-Yamabe soliton as a general-
ization of Ricci-Yamabe soliton.
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Definition 1.31. #-Ricci-Yamabe soliton of type (p, q) is represented by the sextuplet
(¢, V, A, 1, p,q) on a Riemannian manifold M satisfying the following equation—

Lyg +2pS+ (2A —qr)g +2un@n =0, (1.37)

where Ly g is the Lie derivative of the Riemannian metric ¢ along the vector field
V, r is the scalar curvature, S is the Ricci tensor, # ® 7 is a (0, 2)-tensor field and
A, 1, p,q are scalars. The soliton is called shrinking, steady or expanding accord-
ingas A <0, A =0or A > 0 respectively. 7-Ricci-Yamabe soliton of type (0, q)
and (p,0) are called g-n7-Yamabe soliton and p-n-Ricci soliton respectively. Recently,
in 2021, G. Somashekhara et al. studied 7-Ricci-Yamabe solitons on submanifolds
of some indefinite almost contact manifolds concerning Riemannian and quarter
symmetric metric connection [140].

Definition 1.32. In 2020, S. Dey and S. Roy [46] defined x-#-Ricci soliton as
a generalizalion of #-Ricci soliton as follows—

Leg +25" +2Ag +2un @1 =0,

where §* is the *-Ricci tensor which was first introduced by S. Tachibana [141].

Definition 1.33. Recently, S. Roy et al. [123] introduced the notion of *-#-
Ricci-Yamabe soliton as a generalizalion of 77-Ricci-Yamabe soliton and defined it
as follows—

Leg +2pS* + (2A —qr*)g +2un @1 =0, (1.38)
where r* = Tr(S*) is the *-scalar curvature. A *-7-Ricci-Yamabe soliton is called —
(i) *-n-Ricci soliton if p =1, g = 0;

(ii) *-n7-Yamabe soliton if p =0, g = 1;
(iii) *-#-Einstein soliton if p =1, g = —1.

B K. L. Duggal and A. Bejancu initiated the study of lightlike submanifolds
in 1996 [48]. The fact about these submanifolds that their tangent and normal
bundles have non-null intersection unlike the Riemannian submanifolds makes
them even more interesting to analyse in detail.

Definition 1.34. A submanifold (M™, g) immersed in a proper semi-Riemannian
manifold (M™*",§) is called a lightlike submanifold [48] if the metric ¢ induced
from ¢ is degenerate and the radical distribution Rad(TM) = TM N T+M is of
rank 7 such that 1 < r < m. Let S(TM) be a screen distribution which is a
semi-Riemannian complementary distribution of Rad(TM) in TM, i.e.

TM = Rad(TM) @i S(TM).

Let us consider a screen transversal vector bundle S(T+M), which is a semi-
Riemannian complementary vector bundle of Rad(TM) in T+ M, i.e.

T+ M = Rad(TM) @ oy S(TTM).
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Since for any local basis {¢;} of Rad(TM), there exists a local null frame {N;}
of sections with values in the orthogonal complement of S(T+-M) in S(TM)+
such that (&, N;) = d;j and g(N;, N;) = 0, it follows that there exists a lightlike
transversal vector bundle Itr(TM) locally spanned by {N;}. Let tr(TM) be the
complementary (not orthogonal) vector bundle to TM in TM. Now we have the
following decompositions [48]—

TM|y = TM @ tr(TM),
tr(TM) = S(TEM) @op, 1tr(TM),
TM|pm = S(TM) @oppy [Rad(TM) & Itr(TM)] Sy S(TM).

A submanifold (M, g,S(TM),S(T+M)) of M is called

(i) r-lightlike if r < min{m,n},

(ii) co-isotropic if r = n < m, S(T+M) = {0},

(iii) isotropic if r = m < n, S(TM) = {0},

(iv) totally lightlike if r = m = n, S(TM) = {0} = S(T+M).

B Zamkovoy connection is named after S. Zamkovoy who introduced its notion
in 2009 [154].

Definition 1.35. For an n-dimensional almost contact metric manifold M(¢, &, 1, g)
consisting of a (1,1)-tensor field ¢, a vector field ¢, a 1-form # and a Riemannian
metric ¢ with the Riemannian connection V, Zamkovoy connection V* is defined
as [154]—

VY = VxY + (Vxn)(Y)§ —n(Y)Vx& + 1 (X)pY. (1.39)

B Curvature is the central subject in Riemannian geometry. It measures distance
between a manifold and a Euclidean space.

Definition 1.36. K. Yano introduced the notion of concircular curvature tensor
C of type (1,3) on an n-dimensional Riemannian manifold M as [148]—

r

C(X,Y)Z =R(X,Y)Z — O

gV, Z)X - g(X, Z)Y]
for all smooth vectors fields X, Y, Z € x(M), where R is the Riemannian curva-
ture tensor of type (1,3) and r is the scalar curvature.

Hence, if we consider C* as the concircular curvature tensor with respect to
Zamkovoy connection, then for a (2 + 1)-dimensional manifold we have

r*

8(Y, 2)X = ¢(X, Z)Y] (1.40)

for all smooth vectors fields X,Y,Z € x(M), where R* is the curvature tensor
and r* is the scalar curvature with respect to Zamkovoy connection.
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Definition 1.37. K. Yano and S. Bochner introduced the notion of projective
curvature tensor P of type (1,3) for an n-dimensional Riemannian manifold M as
[150]—

P(X,Y)Z = R(X,Y)Z — ﬁ[S(Y,Z)X _S(X,2)Y],

for all smooth vectors fields X, Y, Z € x(M), where S is the Ricci tensor of type
(0,2).
Thus, for dimension (21 + 1) we have

P*(X,Y)Z = R*(X,Y)Z — %[S*(Y,Z)X — S$*(X,Z)Y], (1.41)

where we consider P*, S* respectively as the projective curvature tensor and the
Ricci tensor with respect to Zamkovoy connection.

Both of the above curvature tensors represent the deviation of a manifold
from being a manifold of constant curvature ([150], [148]).

B G. P. Pokhariyal and R. S. Mishra introduced the notion of M-projective
curvature tensor on a Riemannian manifold in 1971 [114]. Later R. H. Ojha stud-
ied its properties ([105], [106], [107]). This curvature tensor was further discussed
by many researchers ([29], [30], [96], [116], [139]).

Definition 1.38. The M-projective curvature tensor M of rank 3 on an n-dimensional
Riemannian manifold M is given by —

1
2(n—1)

[g(Y,Z2)QX — g(X,Z)QY]

M(X,Y)Z =R(X,Y)Z — S(Y,Z)X — S(X, Z)Y]

1
C2(n—1)

for all smooth vectors fields X,Y,Z € x(M), where Q is the Ricci operator.

Thus, for a (2n + 1)-dimensional manifold, considering M* as the M-projective
curvature tensor with respect to Zamkovoy connection we get

M*(X,Y)Z = R*(X,Y)Z — 4in[s*(y,Z)x S (X, 2)Y]
3, 2)Q X~ 8(X, 2)Q7Y], (142)

where Q* is the Ricci operator with respect to Zamkovoy connection.

B B. Prasad introduced the notion of pseudo projective curvature tensor in
a Riemannian manifold of dimension n > 2 in 2002 [117]. Its properties were

13



further studied by many researchers on various manifolds ([98], [103], [104], [132],
[145]).

Definition 1.39. The pseudo projective curvature tensor P of rank 3 on an n-
dimensional Riemannian manifold M is given by —

P(X,Y)Z = aR(X,Y)Z + b[S(Y, Z)X — S(X, Z)Y] + cr[g(Y, Z)X — (X, Z)Y]

for all smooth vectors fields X,Y,Z € x(M), where a, b, ¢ are non-zero constants
related as ¢ = —% (-2 +b).

Thus, for a (2n + 1)-dimensional manifold, considering P* as the pseudo
projective curvature tensor with respect to Zamkovoy connection we get

P*(X,Y)Z = aR*(X,Y)Z+b[S*(Y, Z)X — S*(X, Z)Y] + cr*[g(Y, Z) X — (X, Z2)Y],

(1.43)
where a, b, ¢ are non-zero constants related as—

1 a
C__Zn—i—l(%er)' (1.44)

B The metallic structure J, a polynomial structure defined by S. 1. Goldberg

_ pH/PPt4g

and K. Yano [60], is inspired by the metallic number 0}, ; = —5——, which is
the positive solution of the equation x> — px —q = 0 for p,qg € N [59]. These
0, numbers are members of the metallic means family or metallic proportions

(as generalizations of the golden number ¢ = % = 1.618...) which was intro-
duced by V. W. de Spinadel [45]. Golden mean, silver mean, bronze mean, copper
mean, nickel mean etc. are examples of the members of the metallic means family.

M. Crasmareanu and C. E. Hretcanu first instituted the golden structure on
a Riemannian manifold in 2008 [39] and later they generalized these structures
as metallic structures on Riemannian manifolds in 2013 [77]. Thus we got the
notions of metallic and golden Riemannian manifolds.

Definition 1.40. Let M be an n-dimensional manifold endowed with a (1,1)
tensor field J. This structure | is called metallic structure if it satisfies the following
relation—

J2=p]+al (1.45)
for p,q € IN, where I is the identity operator on I'(TM). Then the pair (M, J)

is called metallic manifold [77]. In particular, if p = g = 1, then this manifold is
called golden manifold [39].

Definition 1.41. Moreover, if a metallic (or golden) manifold (M, J) is endowed
with a Riemannian metric § such that ¢ is J-compatible i.e.

SUX,Y) =&(X,JY) (1.46)
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VX,Y € T(TM), then the triplet (M, g, ]) is called metallic (or golden) Riemannian
manifold [77]. Then we have

SUX,JY) =g(JPX,Y) = pg(JX,Y) +q3(X,Y). (1.47)

After devoting the 1st Chapter to introduction, we have dedicated the 2nd
Chapter to the study of anti-invariant submanifolds of some indefinite almost
contact and paracontact manifolds. This chapter has been divided into four
sections consisting of the discussions on anti-invariant submanifolds of indefi-
nite Sasakian manifold, indefinite Kenmotsu manifold, indefinite trans-Sasakian
manifold and indefinite LP-Sasakian manifold respectively. We have proved that,
when the structure vector field is normal, a submanifold of an indefinite Sasakian
manifold becomes totally geodesic and consequently anti-invariant. We have
also deduced that, for an anti-invariant submanifold of an indefinite Sasakian
manifold or indefinite Kenmotsu manifold or indefinite trans-Sasakian manifold
or indefinite LP-Sasakian manifold, with the structure vector field tangent, if
the shape operator vanishes for a normal vector field, then the tangent space,
with the structure tensor acted upon it, becomes parallel with respect to the
normal connection. Again, we have found the result that, for a submanifold of
an indefinite LP-Sasakian manifold with the structure vector field tangent, the
structure vector field becomes parallel with respect to the induced connection
if and only if the submanifold is anti-invariant. In addition, we have provided
some examples.

The 3rd Chapter consists of six sections. After the first and second sections
namely Introduction and Preliminaries respectively, in the third section, we have
found out the relations between the soliton scalars in a Kenmotsu manifold
admitting *-1-Ricci-Yamabe soliton and also the relations between the curvature
tensors, Ricci tensors, scalar curvatures of an anti-invariant submanifold of a Ken-
motsu manifold with respect to the Levi-Civita connection and quarter symmetric
connection. We have also shown that the Lie derivatives along the structure
vector field with respect to the Levi-Civita connection and quarter symmetric
connection are equal in an anti-invariant submanifold of a Kenmotsu manifold
admitting *-7-Ricci-Yamabe soliton. Moreover, we have studied the nature of a
conformal Killing vector field on an anti-invariant submanifold of a Kenmotsu
manifold admitting *-#-Ricci-Yamabe soliton with respect to quarter symmetric
connection. In addition, we have given an example of a Kenmotsu manifold
admitting *-7-Ricci-Yamabe soliton verifying a relation in the fourth section. The
tifth section has three subsections. After establishing the relations between the
curvature tensors, Ricci tensors, scalar curvatures of a trans-Sasakian manifold
with respect to the Levi-Civita connection and quarter symmetric non-metric con-
nection, in the three subsections, we have studied contact CR-submanifolds of a
trans-Sasakian manifold with respect to quarter symmetric non-metric connection,
we have investigated totally geodesic leaves and integrability of the distributions
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and also, we have discussed totally umbilical contact CR-submanifolds of trans-
Sasakian manifolds. At last, in the sixth section, we have given an example of
a trans-Sasakian manifold admitting quarter symmetric non-metric connection
verifying a relation.

We have investigated some properties of a hemi-slant submanifold of an
(LCS),-manifold in the 4th Chapter dividing it into five sections. After giving
introduction in the first section and discussing preliminaries in the second sec-
tion, we have checked the conditions of integrability of the distributions in the
third section and studied the geometry of leaves in the fourth section. In the
fifth section, we have constructed an example of a hemi-slant submanifold of an
(LCS),-manifold.

The topic of the 5th Chapter is quasi hemi-slant (QHS) submanifolds of some
differentiable manifolds like trans-Sasakian manifolds and metallic Riemannian
manifolds. After Introduction and Preliminaries sections, the third section deals
with the study of some properties of a QHS submanifold of a trans-Sasakian
manifold. In the fourth section, we have obtained the necessary and sufficient
conditions of integrability of some distributions and also for some distributions
to define totally geodesic foliations. We have also made the conclusions that
both the invariant and slant distributions are not integrable and do not define
totally geodesic foliations as well. In the fifth section, we have constructed an
example of a QHS submanifold of a trans-Sasakian manifold. The sixth section
deals with the study of QHS submanifolds of metallic Riemannian manifold,
which notion has been already introduced by us in the Preliminaries section
of this chapter. In this section, we have established some properties of a QHS
submanifold of a metallic (or golden) Riemannian manifold. Moreover, we have
obtained the necessary and sufficient conditions for a submanifold to be QHS
in metallic and golden Riemannian manifolds, for integrability of the associated
distributions, and also for parallelism of the normal connection on the tangent
space of a QHS submanifold of a locally metallic (or locally golden) Riemannian
manifold. Finally, in the seventh section, we have constructed an example of a
QHS submanifold of a metallic Riemannian manifold.

6th Chapter has been dedicated to the study of various types of lightlike
submanifolds of indefinite Kenmotsu manifolds. This chapter has seven chapters
except the Introduction and Preliminaries sections summing up to a total of nine
sections. In the third and fourth sections, we have stated and proved some results
satisfied by screen-slant and totally contact umbilical screen-slant submanifolds
of indefinite Kenmotsu manifolds respectively. In the fifth section, we have de-
rived four results on totally contact umbilical radical screen-transversal lightlike
submanifolds among which first three produce the necessary and sufficient condi-
tions for the screen distribution to be integrable, for the local second fundamental
form on the screen distribution to vanish and for the induced connection to be a
metric connection. From the sixth section onwards, we have discussed contact
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screen generic lightlike (CSGL) submanifolds of indefinite Kenmotsu manifolds,
where we have imposed totally umbilicality in the seventh section and minimality
in the eighth section. In the sixth section, we have deduced the necessary and
sufficient conditions for the induced connection to be a metric connection, for
integrability and parallelism of some associated distributions, for some distribu-
tions to define totally geodesic foliations and for the submanifold to be mixed
geodesic. Moreover, we have also found out the non-parallel distributions. In the
seventh section, we have obtained some properties of a proper totally umbilical
CSGL submanifold of an indefinite Kenmotsu manifold. In the eighth section,
minimality of a distribution and the submanifold itself have been analysed. At
last, in the ninth section, an example of a CSGL submanifold of an indefinite
Kenmotsu manifold has been constructed.

We have covered the discussion on anti-invariant submanifolds of trans-
Sasakian manifold admitting Zamkovoy connection in the 7th Chapter, which
contains total nine sections, where the first two are devoted to the introduction
and preliminaries required for this chapter. Going through all the results of
third to seventh sections, at the end of the seventh section, we have made three
conclusions on an anti-invariant submanifold M of a trans-Sasakian manifold
along with a condition satisfied such as—if M admits Zamkovoy connection
and M is Ricci flat, concircularly flat, M-projectively flat or pseudo-projectively
flat, then M becomes 77-Einstein; if M is concircularly flat, M-projectively flat or
pseudo-projectively flat with respect to Zamkovoy connection, then a Ricci soliton
becomes shrinking, steady or expanding depending upon three conditions; for
horizontal vector fields, M becomes ¢-projectively flat, -M-projectively flat and
¢-psudo projectively flat with respect to Zamkovoy connection if and only if
it is so with respect to Riemannian connection. In the eighth section, we have
proved that if M admits an #-Ricci-Yamabe soliton with respect to Zamkovoy
connection, then M is #-Einstein with respect to Zamkovoy connection and with
respect to Riemannian connection under a condition as well. Observing all the
results obtained in the four subsections of the eighth section, we have deduced
the conditions under which an 7-Ricci-Yamabe soliton, a g-7-Yamabe soliton and
a p-n-Ricci soliton are shrinking, steady or expanding when M is concircularly
flat, M-projectively flat or pseudo projectively flat, next Ricci flat, concircularly
flat, M-projectively flat or pseudo projectively flat, and then, concircularly flat, M-
projectively flat or pseudo projectively flat with respect to Zamkovoy connection
respectively. Finally, in the ninth section, we have given an example of an
anti-invariant submanifold of a trans-Sasakian manifold.
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ANTI-INVARIANT SUBMANIFOLDS OF SOME INDEFINITE
ALMOST CONTACT AND PARACONTACT MANIFOLDS

2.1 Introduction

The study of geometry of anti-invariant submanifolds has been carried out by
many researchers ([5], [25], [36], [81], [129], [149]) on various manifolds. In 1977,
anti-invariant submanifolds of Sasakian space forms [151] were discussed by
K. Yano and M. Kon. In 1985, H. B. Pandey and A. Kumar investigated about
anti-invariant submanifolds of almost paracontact manifolds [110]. In 2018, C. S.
Bagewadi and S. Venkatesha studied extensively anti-invariant submanifolds of
S-manifold and (e)-Sasakian manifold ([6], [7]). Motivated from their works, in
this chapter, we have established some new results on anti-invariant submanifolds
of some indefinite almost contact and paracontact manifolds.

This chapter consists of six sections. The four sections following the Intro-
duction and Preliminaries sections are devoted to the study of anti-invariant
submanifolds of indefinite Sasakian manifold, indefinite Kenmotsu manifold,
indefinite trans-Sasakian manifold and indefinite LP-Sasakian manifold respec-
tively.

2.2 Anti-invariant submanifolds of an indef-
inite Sasakian manifold

In this section, we obtain some results on anti-invariant submanifolds of indefinite
Sasakian manifold. Those are as follows—

Theorem 2.2.1. Let M be a submanifold of an indefinite Sasakian manifold M such that
the structure vector field ¢ is tangent to M. If M is totally umbilical, then M is totally
geodesic.

Proof. Since ¢ is tangent to M, from (1.26) we have,
Vx& = Vx&+h(X,2),

where the vector fields X and Y are tangent to M.
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Using (1.19) we get
—epX = Vxi+h(X, Q).

Equating tangential and normal components we obtain

e(pX)" = —Vxg,
e(¢pX)" = —h(X, Q).

Putting X = ¢ in the second equation (as ¢¢ = 0) we get h(¢, &) = 0.

Let us assume that M is totally umbilical, then h(X,Y) = ¢(X,Y)H. Putting
X =Y = we get

8(¢,8)H = +H = h(Z, ) =0
=H=0

and hence, h = 0. Thus, M is totally geodesic.

Theorem 2.2.2. Let M be a submanifold of an indefinite Sasakian manifold M such that
the structure vector field ¢ is tangent to M. Then ¢ is parallel with respect to the induced
connection on M if and only if M is an anti-invariant submanifold in M.

Proof. Let the structure vector field ¢ be tangent to M, then from (1.19) and
(1.26) we have,
—e¢pX =VxC=VxC+h(X,Q). (2.2.1)

Now, let ¢ be parallel with respect to the induced connection on M, then we
have Vx& = 0 and h(X,¢&) € T M.

From (2.2.1) we have,

— X = h(X,¢)
= ¢X = —€h(X,{).

Hence, ¢X is normal to M i.e., X € T M. Thus, M is anti-invariant.

Conversely, let M be anti-invariant, then for X € Ty(M), $X € T M, so from
(2.2.1) and as h(X, &) € T M, we have,

— epX = h(X,E)
= V& =0 (by (22.1))

= ¢ is parallel with respect to the induced connection on M.

Theorem 2.2.3. Let M be a submanifold of an indefinite Sasakian manifold M. If
¢ is normal to M, then M is totally geodesic and consequently M is anti-invariant.
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Proof. Let ¢ be normal to M, then (1.27) implies
Vx& = —AsX + VxC. (2.2.2)

Using (1.19), (2.2.2) and taking inner product with Y, we obtain for any X, Y
tangent to M,

€g(PpX,Y) = g(AsX,Y). (2.2.3)
Interchanging X, Y in (2.2.3) and then adding we get
§(A:X,Y) +g(AsY, X) = €[g(¢X,Y) +g(¢Y, X)] =0 (by (1.3))
=g(A¢X,Y) =0 (since Ag is symmetric)
—g(h(X,Y),8) =0 (by (1.28))
=h=0
=A:X =0.
Hence, M is totally geodesic.

Thus, by (2.2.2),
V¢ = VxE = —epX (by (1.19))
=¢X € T M.

Hence, M is anti-invariant.

Theorem 2.2.4. Let M be an anti-invariant submanifold of an indefinite Sasakian
manifold M such that the structure vector field & is tangent to M. If Ay X = 0 for any
V € THM, then ¢(Ty(M)) is parallel with respect to the normal connection.

Proof. In order to show that ¢(Tx(M)) is parallel with respect to the normal con-
nection V+, we have to show that for every local section ¢Y in ¢(Ty(M)) C T; M,
Vx(¢Y) is also a local section in ¢(Tx(M)).

Now, (Vx¢)Y = Vx¢Y — ¢(VxY)

= (X, V)Z—en(Y)X = —ApyX + VxpY — ¢p(VxY + h(X,Y)) (by (1.18),
(1.26), (1.27))

= Vx¢Y =3(X,Y)E —en(Y)X + Ay X + ¢(VxY + h(X,Y)).
Taking inner product with V € T{ M, using (1.28) and as Ay X = 0 for any
Ve TxLM, we have,
g(Vx¢Y,V) = 3(X,Y)g(¢, V) — en(Y)g(X, V) + 8(Apy X, V) + g(¢(VxY), V)
+8(Ph(X,Y), V)

=g(p(VxY),V)
= VxpY = ¢(VxY).
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Hence the proof.

Theorem 2.2.5. Let M be a submanifold of an indefinite Sasakian manifold M, then M
is anti-invariant if and only if D is integrable, where D is the orthogonal subspace of TM
to ¢ so that TM = D& < ¢ >.

Proof. Let X,Y € D, then X,Y € T(TM),

8([X,Y],8) = g(VxY,§) — g(VyX,{)
= Xg(Y,¢) —g(Y, Vx{) — Y8(X,¢) + 8(X, Vy?)
—8(Y, —epX) +g(X, —e¢Y) (by (1.19))
= €g(¢X,Y) — eg(X, 9Y)
= eg(¢X,Y) +eg(¢X,Y) (by (1.17))
= 2eg3(¢X,Y).

Hence, [X,Y] € D if and only if ¢X is normal to Y i.e., X € T M i.e., M is
anti-invariant. Therefore, D is integrable if and only if M is anti-invariant.

2.3 Anti-invariant submanifold of an indefi-
nite Kenmotsu manifold

Here we consider an anti-invariant submanifold of an indefinite Kenmotsu mani-
fold and using its structure equations we state and prove the following theorem:

Theorem 2.3.1. Let M be an anti-invariant submanifold of an indefinite Kenmotsu
manifold M such that the structure vector field & is tangent to M. If Ay X = 0 for any
V € THM, then ¢(T(M)) is parallel with respect to the normal connection.

Proof. In order to show that ¢(Tyx(M)) is parallel with respect to the normal con-

nection V-, we have to show that for every local section ¢Y in ¢(Ty(M)) C T; M,
Vx(¢Y) is also a local section in ¢(Tx(M)).

Now, (qub)Y = ?X(PY — cp(VXY)

= G(PX,Y)E — en(Y)PX = —ApyX + VY — (VxY +h(X,Y)) (by (1.20),
(1.26), (1.27))

= Vx¢Y = Apy X + Z(@X, V)& — en(Y)pX + p(VxY) + p(h(X,Y)).
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Taking inner product with V € T{ M, using (1.28) and as Ay X = 0 for any
Ve TxLM, we have,

g(VxoY,V) = g(Apy X, V) + §(¢X,Y)g(E, V) —en(Y)g(¢pX, V)
+8(@(VxY), V) +g(ph(X,Y), V)
= —en(Y)g(¢X, V) +8(¢(VxY), V)
= VoY = ¢(VxY —en(Y)X).

Hence the result.
B Example of an indefinite Kenmotsu manifold.

We consider the 3-dimensional manifold M ={(x,y,z) € R® : z # 0}, where
(x,y,z) are standard coordinates of R,

. a a a . .
The vector fields e = €25y, €2 = €25, €3 = —€zy; are linearly independent at

each point of M.

€
00
pe; = —en, ey = e1, pez = 0.
9’2 =—-Z+n(2), 1(Z) = eg(Z,e3), n(¢) = 1.

8(PZ,9W) = g(Z,W) —en(2)y(W); Z,W € I(TM).

e 00
Indefinite metric g = | 0 0].
€

[61163] = €eq, [62/ 63] = €6y, [61162] =0.
By Koszul’s formula

2¢(VxY,Z) = Xg(Y,Z)+Yg(Z,X) - Zg(X,Y) = g(X,[Y, Z]) — g(Y, [X, Z]) +
+8(Z,[X,Y)),

we calculate—

velei% = €€y, veleZ - O/ velel = —e€eg,
Ve,e3 = €€y, Ve,e0 = —€e3, Ve,e1 =0,
ve3€3 = 0, Vgsez = 0, vg3€1 =0.

Vx§ = e(X = n(X)¢) for § = e3.

(¢,&,1,8) forms an indefinite Kenmotsu structure in R3.
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2.4 Anti-invariant submanifolds of an indef-
inite trans-Sasakian manifold

In this section, we state and prove two theorems related to submanifolds and
anti-invariant submanifolds of an indefinite trans-Sasakian manifold respectively.

Theorem 2.4.1. Let M be a submanifold of an indefinite trans-Sasakian manifold
M such that the structure vector field & is tangent to M. If M is totally umbilical, then
M is totally geodesic.

Proof. Since ¢ is tangent to M,
Vx& = Vx¢ +h(X,§).
Using (1.23) we get
—eapX +ep[X —n(X)¢] = V& +h(X, ).
Equating tangential and normal components we obtain
Vx¢ = —ea(¢X)' +epX —epy(X)¢,
h(X,§) = —ea(pX)"

=h(g,¢) =0 (since ¢ = 0)
—g(&,&)H=+H =0
=H=0.

Hence, h(X,Y) = g(X,Y)H = 0 and so, h = 0 = M is totally geodesic.

Theorem 2.4.2. Let M be an anti-invariant submanifold of an indefinite trans-Sasakian
manifold M such that the structure vector field & is tangent to M. If Ay X = 0 for any
V € T+ M, then ¢(Ty(M)) is parallel with respect to the normal connection.

Proof. In order to show that ¢(Tyx(M)) is parallel with respect to the normal con-
nection V+, we have to show that for every local section ¢Y in ¢(Ty(M)) C T; M,
Vx(¢Y) is also a local section in ¢(Ty(M)).

Using (1.22), (1.26), (1.27) we get

(Vx@)Y = VxpY — ¢(VxY)

= —Apy X+ VoY — ¢(VxY) — ¢p(h(X,Y)) = a[3(X, Y)E — en(Y)X]
+ BI§(¢X, Y)E —en(Y)pX]

= VY = Ay X + ¢(VxY) + ¢(h(X,Y)) + a[3(X,Y)E — en(Y)X]
+ B3 (X, Y)E — en(Y)¢X].
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Since AyX = 0 for any V € T M, using (1.28) we have,

g(VxpY, V) = g(ApyX, V) + g(¢(VxY), V) + g(¢ph(X,Y), V)
+a[g(X,Y)g(E, V) —en(Y)g(X, V)]
+BIS(¢X, Y)g(E, V) —en(Y)g(¢pX, V)]
= g(p(VxY), V) — Ben(Y)g(¢pX, V)
= Vx¢Y = ¢(VxY — Ben(Y)X).

—_—

Hence the proof.
B Example of an indefinite trans-Sasakian manifold.

Let IR? be a 3-dimensional Euclidean space with regular coordinates (x,y,z).
In R3 we define,

p)
n=dz—ydx, { = g,

08 =3 9(5) = —F—vh 9(2) =0

<

The semi-Riemannian metric g is defined by the matrix:

ey’ 0 —ey
¢=[0 0o o |
—ey 0 €

(¢,¢,1,8) forms an indefinite trans-Sasakian structure in R3.

2.5 Anti-invariant submanifolds of an indef-
inite LP-Sasakian manifold

In this section, first we state and prove two theorems regarding submanifolds of
an indefinite LP-Sasakian manifold and then in the last theorem, we get an impor-
tant result concerning anti-invariant submanifolds of an indefinite LP-Sasakian
manifold.

Theorem 2.5.1. Let M be a submanifold of an indefinite LP-Sasakian manifold M
such that the structure vector field ¢ is tangent to M. If M is totally umbilical, then M
is totally geodesic.

Proof. Since ¢ is tangent to M,
Vx¢ = Vx& +h(X, Q).

Using (1.25) we get
epX = VxC+h(X, Q).
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Equating tangential and normal components we obtain
e(@X)" = Vx¢,
e(¢X)* = h(X, ).
Putting X = ¢ in the second equation we get
(g, ¢) =0 (as ¢¢ = 0).
Let us assume that M is totally umbilical, then (X, Y) = ¢(X,Y)H.

Putting X =Y = ¢ we get
h(¢,¢) =g(¢,¢)H = 0 = H and hence h(X,Y) = 0.

Hence, M is totally geodesic.

Theorem 2.5.2. Let M be a submanifold of an indefinite LP-Sasakian manifold M
such that the structure vector field ¢ is tangent to M. Then ¢ is parallel with respect to
the induced connection on M if and only if M is an anti-invariant submanifold in M.

Proof. Using (1.25), (1.26) we have,
epX = Vx& = Vx&+h(X,?). (2.5.1)

Now let ¢ be parallel with respect to the induced connection on M, then we
have,
Vxé =0.

From (2.5.1) we get

epX = h(X, )
=¢pX = eh(X,{).

Hence, ¢X is normal to M, ¢X € TxL M. Thus, M is anti-invariant.

Conversely, let M be anti-invariant, then for X € Ty(M), ¢X € TXLM, and so
from (2.5.1) we get as h(X,¢&) € TS M,

epX = h(X,{)

and so from (2.5.1) we have, Vx¢ = 0 = ¢ is parallel with respect to the induced
connection on M.

Theorem 2.5.3. Let M be an anti-invariant submanifold of an indefinite LP-Sasakian
manifold M such that the structure vector field & is tangent to M. If Ay X = 0 for any
V € THM, then ¢(Ty(M)) is parallel with respect to the normal connection.
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Proof. To show that ¢(Tx(M)) is parallel with respect to the normal connec-

tion V+, we have to show that for every local section ¢Y in ¢(Ty(M))) C T M,
Vx(¢Y) is also a local section in ¢(Tx(M)).

Using (1.24), (1.26), (1.27) we obtain

X, Y)E+en(V)X +2en(X)n(Y)E = (Vx§)Y = Vx¢Y — p(VxY)
= —Apy X + VoY — p(VxY +h(X,Y)

)
=Vx9Y = (X, Y)5 +en(Y)X +2en(X)n(Y)E + Apy X + ¢(VxY) + ¢(h(X, Y)).

Since AyX = 0 for any V € T{M, using (1.28) we have

g(VxpY, V) =g(X,Y)g(&, V) +en(YV)g(X, V) + 2en(X)n(Y)g(E, V)
+8(ApyX, V) + 8(¢p(VxY), V) + g(¢h(X,Y), V)
= g(¢(VxY),V)
= Vx¢Y = ¢(VxY).

Hence the proof.
B Example of an indefinite LP-Sasakian manifold.

Let R3 be a 3-dimensional Euclidean space with regular coordinates (x,y,z)
In IR® we define,

= —dz—ydx, { = L and (%) = 5, ¢(5) = 5% —Vae, ¢(5) = 0.

—ey® 0 ey
The Lorentzian metric g is defined by the matrix: g = 0 0 0 ].

ey 0 —e
(¢,¢,1,8) forms an indefinite Lorentzian Para-Sasakian structure in R3.
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SOME SUBMANIFOLDS OF SOME DIFFERENTIABLE
MANIFOLDS WITH RESPECT TO QUARTER SYMMETRIC
CONNECTIONS AND ADMITTING *-7-RICCI-YAMABE
SOLITON

3.1 Introduction

CR-submanifold was introduced by A. Bejancu ([9], [10], [11]) and several re-
search papers on the geometry of CR-submanifolds such as [90], [92], [93], [101]
have been written till date. Some research papers on CR-submanifolds of trans-
Sasakian manifolds are given by [85], [102], [128], [130]. M. Ahmad studied
CR-submanifolds of Lorentzian para-Sasakian manifolds endowed with a quarter
symmetric metric connection [2] and T. Pal et al. discussed CR-submanifolds
of (LCS),-manifolds with respect to a quarter symmetric non-metric connection
[109] in detail. Motivated from their works, in this chapter, we have studied some
submanifolds like anti-invariant submanifolds and CR-submanifolds of some
differentiable manifolds like Kenmotsu manifolds and trans-Sasakian manifolds
with respect to quarter symmetric metric connection and non-metric connection
respectively.

This chapter consists of six sections. After Introduction and Preliminaries
sections, in the third section, we have discussed *-7#-Ricci-Yamabe solitons on
anti-invariant submanifolds of Kenmotsu manifold with respect to a quarter
symmetric metric connection. First, we have obtained some results regarding
a Kenmotsu manifold admitting a *-#-Ricci-Yamabe soliton. Next, we have
proved some curvature properties of anti-invariant submanifolds of Kenmotsu
manifold admitting a quarter symmetric metric connection. Then, we have
obtained a result regarding anti-invariant submanifolds of Kenmotsu manifold
admitting a *-1-Ricci-Yamabe soliton with respect to a quarter symmetric metric
connection. Further, we have studied the nature of a *-#-Ricci-Yamabe soliton
and solitons appeared as its particular cases on anti-invariant submanifolds
of Kenmotsu manifold with respect to a quarter symmetric metric connection
when the vector field becomes a conformal Killing vector field. Finally, in the
fourth section, we have given an example of a 3-dimensional Kenmotsu manifold
admitting a *-7-Ricci-Yamabe soliton to verify a relation. In the fifth section, we
have dealt with the study of trans-Sasakian manifolds with respect to a quarter
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symmetric non-metric connection. We have stated and proved some results
regarding a contact CR-submanifold of a trans-Sasakian manifold with respect
to a quarter symmetric non-metric connection. We have investigated totally
geodesic leaves and integrability of the distributions. Moreover, we have studied
the totally umbilical contact CR-submanifolds of trans-Sasakian manifolds. At
last, in the sixth section, we have provided an example of a 3-dimensional trans-
Sasakian manifold admitting a quarter symmetric non-metric connection to verify
a relation.

3.2 Preliminaries

On an n-dimensional (1 is odd) Kenmotsu manifold M(¢, ¢, 7, g), the following
relations hold [84] VX, Y € x(M),

R(X,Y)¢ =n(X)Y —n(Y)X, (3.2.1)
R(X, Q)Y = g(X, Y)é n(Y)X, (3-2.2)
R(X,$)¢ =n(X)¢ - X, (3-2.3)
(Vxn)Y =g(X,Y) —n(X)n(Y), (3-2.4)
S(X,6) =—(n—1)n(X), (3-2.5)
Q¢ =—(n—-1), (3.2.6)

where R is the Riemannian curvature tensor, S is the Ricci tensor and Q is the
Ricci operator of M.

Now from [72] we have that the *-Ricci tensor S* on an n-dimensional «-
cosymplectic manifold M is given by

S*(X,Y) =S(X,Y) +a*(n—2)g(X,Y) +a®n(X)n(Y) VX, Y € x(M).

Hence, putting « = 1, we obtain that, on an n-dimensional Kenmotsu manifold
M, §* is given by VX, Y € x(M),

S*(X,Y) = S(X,Y) + (n - 2)g(X, Y) + 5 (X)n(Y), (3:27)
and hence, we get the *-scalar curvature r* is given by
r=r+mn-1)> (3.2.8)

where r is the scalar curvature of M.
We now write down some definitions.

Definition 3.2.1. Quarter symmetric linear connection on a smooth manifold M
introduced by S. Golab [58], is a linear connection V such that its torsion tensor
T defined by

T(X, Y) = VXY — VYX — [X, Y] VX,Y € X(M)
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satisfies the following equation—

T(X,Y) =n(Y)pX —n(X)pY. (3.2.9)

If $X = X in particular, then it reduces to semi-symmetric connection introduced
by A. Friedmann and J. A. Shouten [56]. Further, if (Vxg)(Y,Z) = 0 (or # 0)
VXY, Z € X(M), then V is called a quarter symmetric metric (or non-metric) connec-

tion [43].

Let us consider a linear connection V on a trans-Sasakian manifold M given
by [109] _ )
VxY =VxY+n(Y)pX +a(X)¢Y, (3.2.10)

where 4 is a 1-form associated to a vector field A on M by
(X, A)=a(X) (3.2.11)

VX, Y € x(M). If T be the torsion tensor of M with respect to V, then from
(3.2.10) we find,

T(X,Y) = (V)X — n(X)pY +a(X)pY — a(Y)pX. (3.2.12)
Furthermore VX, Y, Z € x(M),
(Vxg)(Y,Z) = —n(Y)g($X, Z) — n(2)8(¢X, Y). (3-2.13)

Thus, v given in (3.2.10) satisfying (3.2.12) and (3.2.13) is a quarter symmetric
non-metric connection.

Now, for M with respect to V we get

(Vx¢)Y = ag(X,Y)E + Bg(¢X, Y)&E+ (1 — a)y(Y)X — B (Y)pX — W(X)’Z(Y)C |
3.2.14

Vx¢ = (1—a)pX + B[X — n(X)g]. (3.2.15)

and

Next, let V and V be the Levi-Civita connection and a linear connection on
an almost contact metric manifold M respectively such that VX,Y € x(M),

VxY = VxY + H(X,Y), (3.2.16)

where H is a (1,1) tensor field. For V to be a quarter symmetric metric connection
on M we have [43],

H(X,Y)=Z[T(X,Y)+T(X,Y)+ T'(Y,X)], (3.2.17)

N —
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where VX,Y,Z € x(M),
¢(T(X,Y),Z) =¢(T(Z,X),Y). (3.2.18)
Now, using (3.2.9) in (3.2.18) we get
T'(X,Y) = g(X, )¢ —n(X)¢Y. (3-2.19)
Then, applying (3.2.9) and (3.2.19) on (3.2.17) we obtain
H(X,Y) = —n(X)¢pY. (3.2.20)

Hence, from (3.2.16) we have, a quarter symmetric metric connection V on a
Kenmotsu manifold M is given by VX, Y € x(M),

VxY = VxY —n(X)¢Y. (3.2.21)

Definition 3.2.2. A vector field V is called conformal Killing vector field if and only
if the following relation holds—

Lyg = 2xg, (3.2.22)

where « is a function of the co-ordinates. If x is not a constant, then V is called
proper. Also, if x is a constant, then V is called homothetic vector field and if
k is non-zero, then V is called proper homothetic vector field. If ¥ = 0, then V
becomes Killing vector field.

3.3 *-17-Ricci-Yamabe solitons on anti-invariant
submanifolds of Kenmotsu manifold with
respect to a quarter symmetric metric
connection

Let M(¢,&,7,8) be an n-dimensional Kenmotsu manifold (1 is odd) admitting
a *-77-Ricci-Yamabe soliton given by (1.38). Applying (1.5) on the following
equation—

(Leg) (Y, Z) = g(VyE, Z) +8(Y,VzE) VY, Z € x(M),

we get
(Leg)(Y, 2) = 2[8(Y, 2) = (Y)n(2)). (3:3.1)

Now, from (1.38) we have

(Leg)(Y, Z) +2pS*(Y, Z) + 2A —qr*)g(Y, Z) + 2un(Y)n(Z) = 0. (3.3.2)
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Applying (3.2.7), (3.2.8) on (3.3.2) we get
(Leg) (Y, Z) +2pS(Y, Z) + [2A — q{r + (n = 1)*} +2p(n — 2)]g(Y, Z)

+2(p+ ) (Y)n(2) = 0. (3:33)
Using (3.3.1) in (3.3.3) we get

2pS(Y,Z) + 2(A +1) —g{r 4+ (n — 1)*} +2p(n — 2)]g(Y, Z)

F2(p +p = Dy(Y)(Z) = 0. (33-4)
Putting Y = Z = ¢ in (3.3.4) and then using (3.2.5) we obtain

A=+ (n-1)2). (3:35)
Hence, we state that—

Theorem 3.3.1. If an n-dimensional Kenmotsu manifold admits a x-n-Ricci-Yamabe
soliton, then the soliton scalars A, u, q are related by the following equation—

/\+y:g{r+(n—1)2}.

Let {¢;}"_; be an orthonormal frame of TM, then putting Y = Z = ¢; and
replacing the value of y from (3.3.5) in (3.3.3) we get

2div(E) 4+ 2pr 4+ [2A —g{r+ (n =12} +2p(n —2)|n+2p +g{r+(n—1)>} =24 =0

= A= —”ZU—_(? + (g - %) {r+(n-17} (3:36)

where div(¢) is the divergence of ¢.

Replacing the value of A from (3.3.6) in (3.3.5) we obtain

1 .
p=—ldio(g) + pir+(n - 1)%}]. (3.3-7)
Thus, we have the following corollary —

Corollary 3.3.1. If an n-dimensional Kenmotsu manifold admits a x-n-Ricci-Yamabe
soliton, then the soliton scalars A, u, p, q are related by the equations (3.3.6) and (3.3.7).

Now, let us consider an m-dimensional anti-invariant submanifold M of an
n-dimensional (n > m) Kenmotsu manifold M admitting a quarter symmetric
metric connection V given by (3.2.21). Let R, S, r be the Riemannian curvature
tensor, Ricci tensor, scalar curvature of M with respect to the Levi-Civita con-
nection V respectively and R, S, 7 be the curvature tensor, Ricci tensor, scalar
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curvature of M with respect to V respectively.

Using (1.4), (1.5), (1.30), (3.2.21) in
R(X,Y)Z =VxVyZ - VyVxZ—VxyZ ¥X,Y,Z € x(M)
we obtain
R(X,Y)Z = R(X,Y)Z = n(X)n(Z)¢Y +5(Y)n(Z)$X. (3-3.8)

Taking inner product of (3.3.8) with W € x(M) and applying (1.30) in the
resultant equation we get

R(X,Y,Z,W)=R(X,Y,Z,W). (3-3.9)
Contracting (3.3.9) over X and W we obtain
S(Y,Z)=5(Y,Z), (3.3.10)
and again contracting (3.3.10) over Y and Z we obtain
F=r. (3.3.11)

Hence, we state that—

Theorem 3.3.2. For an anti-invariant submanifold M of a Kenmotsu manifold ad-
mitting the quarter symmetric metric connection V,

(i) the curvature tensor R of M with respect to V is given by
R(X,Y)Z=R(X,Y)Z—n(X)n(Z)pY + n(Y)n(Z)pX VX,Y,Z € x(M),
(i) R(X,Y,Z,W) =R(X,Y,Z,W) ¥X,Y,Z,W € x(M),

(iii) the Ricci tensors S and S of M with respect to V and V respectively are equal,
(iv) the scalar curvatures r and 7 of M with respect to V and V respectively are equal.

Now, let M admit a *-7-Ricci-Yamabe soliton with respect to V. Replacing n
by m in (3.3.3) we get VY, Z € x(M),

(Leg) (Y, Z) +2pS(Y, Z) + [2A — q{r+ (m — 1)*} + 2p(m — 2) g(Y, Z)

+2(p +u)n(Y)n(Z) = 0. (3.3.12)

Similarly, with respect to V we have
(Leg)(Y, 2) +2pS(Y, Z) + [2A — {7 + (m = 1)*} + 2p(m — 2)]3(Y, Z)

+2(p+u)n(Y)n(Z) =0, (3.3.13)
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where L¢ is the Lie derivative along ¢ with respect to V.

Using (3.3.10), (3.3.11) in (3.3.13) and comparing the resultant equation with
(3.3.12) we obtain

(Leg) (Y, 2) = (Leg)(Y, Z). (3-314)
Thus, we have the following theorem —

Theorem 3.3.3. For an anti-invariant submanifold of a Kenmotsu manifold admitting
the x-n-Ricci-Yamabe soliton with respect to the quarter symmetric metric connection V,
the Lie derivatives along ¢ with respect to V and V are equal.

Next, let M be an m-dimensional anti-invariant submanifold of an n-dimensional
(n > m) Kenmotsu manifold M admitting a *-7-Ricci-Yamabe soliton (g, V, A, i1, p,q)
with respect to a quarter symmetric metric connection V given by (3.2.21) such
that V is a conformal Killing vector field given by (3.2.22). Then, replacing ¢ by
Vin (3.3.13) we get VY, Z € x(M),

(Lvg) (Y, Z) +2pS(Y, Z) + [2A — q{F + (m — 1)*} + 2p(m — 2)3(Y, Z)

+2(p +u)n(Y)n(Z) = 0. (3.3.15)

Applying (3.3.14) (by replacing ¢ by V), (3.2.22), (3.3.10), (3.3.11) on (3.3.15)
we obtain

2k +2A —g{r + (m —1)*} +2p(m —2)]g(Y, Z) +2pS(Y, Z) +2(p + 1)y (Y)n(Z) = 0.

(3.3.16)
Taking Y = Z = ¢ in (3.3.16) and using (3.2.5) (by replacing n by m) we get

2k + 24 — g{r+ (m —1)*} +2p(m — 2)] = 2p(m — 1) + 2(p+p) =0
=K = —(A+]/t)+g{r+(m—1)2}. (3.3.17)
Therefore, we have the following theorem—

Theorem 3.3.4. Let an m-dimensional anti-invariant submanifold of a Kenmotsu
manifold admit a x-n-Ricci-Yamabe soliton (g, V, A, u, p, q) with respect to the quarter
symmetric metric connection V. If V' is a conformal Killing vector field given by (3.2.22),
then

K= —(A+p)+ 2 {r+(m—1)%).
Now, putting g = 0 in (3.3.17) we get

K=—(A+p) (3-3.18)

and hence, we state that—
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Corollary 3.3.2. Let an m-dimensional anti-invariant submanifold of a Kenmotsu
manifold admit a x-1j-Ricci soliton with respect to the quarter symmetric metric connec-
tion V. If V is a conformal Killing vector field, then (3.3.18) holds.

Again, putting g = 1 in (3.3.17) we have

1
K=—A+p)+5{r+(m-1)% (3:3.19)
and thus, we have the following corollary—
Corollary 3.3.3. Let an m-dimensional anti-invariant submanifold of a Kenmotsu
manifold admit a x-n-Yamabe soliton with respect to the quarter symmetric metric con-

nection V. If V is a conformal Killing vector field, then (3.3.19) holds.

Finally, putting 4 = —1 in (3.3.17) we obtain

1
k=—(A+pu) —E{r+(m—1)2} (3.3.20)
and hence, we have another corollary —

Corollary 3.3.4. Let an m-dimensional anti-invariant submanifold of a Kenmotsu
manifold admit a x-yj-Einstein soliton with respect to the quarter symmetric metric
connection V. If V is a conformal Killing vector field, then (3.3.20) holds.

3.4 Example of a Kenmotsu manifold admit-
ting a *-7-Ricci-Yamabe soliton

Now, we give the following example of a 3-dimensional Kenmotsu manifold
admitting a *-#-Ricci-Yamabe soliton and verify the relation (3.3.5) on it.

Let us consider the 3-dimensional manifold M ={(x,y,z) € R3: z # 0}, where
(x,y,z) are standard co-ordinates of IR>.

The vector fields e; = z%, ey = z%, e3 = —z% form a linearly independent

frame on M.
Let g be the Riemannian metric defined by
glei,e)) =1ifi=jand g(e,e;) =0if i #j, i,j=1,2,3.
Let ¢ be the (1,1) tensor field defined by

pe; = —ea, ey = e1, pez = 0.
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Hence, we have 4)2Z = —Z+n(Z)¢ and g(¢pZ,9W) = g(Z, W) — ﬂ(Z)iZ(W)

VZ,W € x(M), where 7 is the 1-form defined by #(Z) = g(Z,e3) VZ € x(M) so
that § = e3 satisfying (&) = 1.

Let V be the Levi-Civita connection with respect to g, then we have
le1,e3] = e1, [e2,e3] = ez and [e;,ej] = O for all other values of i, ].
By Koszul’s formula given by VX, Y, Z € x(M),

2¢(VxY,Z) = Xg(Y,Z) +Yg(Z,X) — Zg(X,Y) — g(X, [Y, Z]) — g(Y, [X, Z])

we calculate—

Vee1 = —e3, Veeo =0, Ve ez =ey,
vt,’zel - O/ vt,’zez = —¢€3, veze?) = ey,
Ve,e1 =0, Veeo =0, Veez = 0.

Hence, it can be easily verified that Vx¢ = X —#(X)¢ and (Vx¢)Y =
2(@X, V) —n(YV)pX VX, Y € x(M) for & = es.

Therefore, M(¢,¢,1,¢) is a Kenmotsu manifold.

Now, let M admit a *-5-Ricci-Yamabe soliton given by (1.38). We now verify
the relation (3.3.5).

Let us take Y = Z = e3. Then, from (3.3.1) we have
(Leg)(es e3) = 0. (3.4.1)
The Riemannian curvature tensor R is given by VX,Y,Z € X(M),
R(X,Y)Z =VxVyZ —VyVxZ -V ixyZ.

Therefore, we calculate—

R(ei,e1)er =0, R(ep, e1)e; = —ep, R(es e1)er = —e3,
R(€1,€2)€2 = —ey, R(Ez, 62)62 - OI R(e?)/eZ)eZ = —és3,
R(eq,e3)e3s = —e1, R(ex,e3)e3 = —ep, R(e3,e3)ez = 0.

From the above relations we obtain

S(e1,e1) = =2, S(ez, e2) = =2, S(es, e3) = —2. (3.4.2)
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Hence, the scalar curvature is given by
3
r=1Y S(ee) = —6. (3-4.3)
i=1
Now, putting n = 3 and Y = Z = e3 in (3.3.3) we get
(Leg) (e e3) +2pS(es, e3) + [2A4 — qfr + 22} 4 2p|g(es, e3) +2(p + u) = 0.

Using (3.4.1), (3.4.2), (3.4.3) in the above equation we obtain
Mbp=—q=2{=6+2") = {r+(n—1)

, which shows that A, u, g satisty the relation (3.3.5).

3.5 Trans-Sasakian manifolds with respect
to a quarter symmetric non-metric con-
nection

This section consists of three subsections but before proving the results of those
subsections, we now first compute the curvature tensor, Ricci tensor and scalar
curvature of a trans-Sasakian manifold with respect to the quarter symmetric

non-metric connection V given in (3.2.10).

Let with respect to V and V, the curvature tensors of an n-dimensional trans-
Sasakian manifold M (n is odd) of type («, B) be R and R respectively, the Ricci

tensors of M be S and S respectively and the scalar curvatures of M be 7 and 7
respectively. Then we obtain VX, Y, Z € x(M),

R(X,Y)Z = R(X,Y)Z +da(X,Y)pZ + (1 — a)[a(Y)7(Z)X — a(X)n(Z)Y]

+a[-n(YV)n(Z2)X +n(X)n(2)Y —a(X)g(Y, Z)¢ +a(Y)g(X, Z)¢ + g(¢Y, Z)pX
—8(¢X, 2)pY] + B27(2)g(¢pX, Y) — a(X)g(9Y, Z)G +a(Y)g(¢X, Z)¢
+a(X)n(Z2)pY —a(Y)n(Z)pX — g(Y, Z)pX + (X, Z)pY] + a(X)n(Y)n(Z)¢
—a(Y)n(X)n(Z2)¢, (3-5.1)
after contraction we obtain

S(Y,Z2) =8(Y,Z) +da(Y,¢pZ) + [(n —1)(1 — &) + & — AB — 1a(Y)y(Z)

+—an+a(Q)n(YV)n(2) + [af1 —a(Z)} — ABI(Y, Z2)
+H—aA + {1 —a(Z)}g(9Y, Z) + Ba(¢Y)n(Z) (3-5-2)
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and

F=7F+pu+[(n—1)(1—20) —2ABJa(Z) — AB(n — 1) — ad?, (35:3)
where A = trace(¢) and u = trace(da). Thus, we have the following:
Theorem 3.5.1. R, S and 7 of an n-dimensional trans-Sasakian manifold M of type

(a, B) with respect to the quarter symmetric non-metric connection V are given in (3.5.1),
(3.5.2) and (3.5.3) respectively.

3.5.1 Contact CR-submanifolds of a trans-Sasakian
manifold with respect to a quarter symmetric
non-metric connection

In this subsection, we state and prove some results regarding a contact CR-
submanifold M of a trans-Sasakian manifold M with respect to the quarter
symmetric non-metric connection given in (3.2.10).

Let V be the induced connection on M from the: connection W_ and V be
the induced connection on M from the connection V. Let h and h be second
fundamental forms with respect to V and V respectively. Then we have for
X, Y eT(TM), )

VxY =VxY+h(X,Y). (3.5.4)

From (1.26), (3.2.10) and (3.5.4) we get
VxY +h(X,Y)=VxY+h(X,Y)+7n(Y)pX + a(X)pY. (3.5.5)
Using (1.34) in (3.5.5) we get
PVxY +QVxY +h(X,Y) = PVxY + QVxY +h(X,Y) +n(Y)pPX + (Y)pQX
+a(X)pPY + a(X)pQY. (3.5.6)

Comparing horizontal, vertical and normal parts from both sides of (3.5.6) we
get

PVxY = PVxY +75(Y)pPX + a(X)pPY, (3.5.7)
QVxY = QVyxY, (3.5-8)
h(X,Y) = h(X,Y) +n(Y)pQX + a(X)pQY. (3-5.9)

Now, for X,Y € D from (3.5.5) we get
VxY =VxY+n(Y)pX + a(X)pY (3.5.10)

and

h(X,Y) =h(X,Y). (3.5.11)
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Hence, we have the following:

Theorem 3.5.1.1. If M is a contact CR-submanifold of a trans-Sasakian manifold

M admitting the quarter symmetric non-metric connection V, then
(i) the induced connection V on M is also a quarter symmetric non-metric connection,
(ii) the second fundamental forms h and h are equal.

Again for X € [(TM) and V € T(T+M) from Weingarten formula for quarter
symmetric non-metric connection V we have

VxV = —AyX + VxV. (3.5.12)

Also from (1.27) and (3.2.10) we get
VxV = —AyX + V£V +a(X)¢V. (3.5.13)

From (3.5.12) and (3.5.13) we obtain
—AyX + V%V = —AyX + ViV +a(X)¢V. (3.5.14)

Now, for Z € T'(D+) we have ¢Z € T(T+M) and hence, from (3.5.14) we
obtain

—Apz X+ VXpZ = —Apz X + Vx¢Z +a(X)[-Z +1(Z)E],
from which we get
AgpzX = ApzX —a(X)[-Z +n(2)¢] (3.5.15)
and

Vx¢Z = Vi¢Z. (3.5.16)

Theorem 3.5.1.2. Let M be a contact CR-submanifold of a trans-Sasakian manifold

M of type (w, B) with respect to the quarter symmetric non-metric connection V, then
VX,Y e T(TM),

PVx¢PY — PAyoyX = ¢P(VxY) +ag(X,Y)PE + Bg(¢pX,Y)PE

+(1 = a)y(Y)PX = pp(Y)pPX — 3n(X)n(Y)Pg, (3-5.17)

QVx¢PY — QApoyX = Bh(X,Y) + ag(X,Y)QZ + (1 — a)n(Y)QX
+Bg($X, Y)QZ — n(X)n(Y)Q¢, (3.5.18)
I(X,pPY) + Vx¢QY = ¢pQ(VxY) + Ch(X,Y) — py(Y)$QX.  (3.5.19)

Proof. From (3.2.14) we have VX, Y € T'(TM),

Vx¢Y — p(VxY)
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= ag(X, Y)&+ Bg(¢X, V)¢ + (1 = a)yp(Y)X = py(Y)pX — n(X)y(Y)G. (3.5.20)
Applying (1.34), (1.35), (3.5.4) and (3.5.12) on (3.5.20) we get
PV x¢PY + QV x¢PY + h(X,pPY) — PApoy X — QApoy X + VxpQY — pP(VxY)
—pQ(VxY) — Bh(X,Y) — Ch(X,Y) = ag(X,Y)P{ + ag(X,Y)QZ + Bg(¢X,Y)PE
+B8(9X, Y)QZ + (1 —a)y(Y)PX + (1 — a)(Y)QX — i (Y)¢PX — py(Y)pQX
= (X)n(Y)PE —n(X)n(Y)QE. (3.5-21)

Equating horizontal, vertical and normal parts from both sides of (3.5.21) we
get (3.5.17), (3.5.18) and (3.5.19) respectively.

3.5.2 Totally geodesic leaves and integrability of the
distributions

In this subsection, we obtain the necessary and sufficient conditions of inte-
grability of the distributions D and D+ of a contact CR-submanifold M of a
trans-Sasakian manifold M in different cases. We also discuss the cases where
the leaves of D and D are totally geodesic.

Lemma 3.5.2.1. Let M be a contact CR-submanifold of a trans-Sasakian manifold

M of type (a, B) with respect to the quarter symmetric non-metric connection V. Then
VZ,W € D+,

PPIW, Z] =ApwZ — ApzW — a(Z)[=W + n(W)Z] + a(W)[=Z + 5 (Z)¢]
+ (@ =1)[n(Z)W —n(W)Z].

Proof. VZ,W € D+, VoW = (V)W + ¢(VzW).
Using (1.34), (1.35), (3.2.14), (3.5.4) and (3.5.12) in the above equation we get
VoW = AgwZ + ¢P(VzW) + ¢Q(VzW) + BR(W, Z) + Ch(W, Z)

+ag(W, Z2)¢ + (1 —a)n(W)Z — pn(W)pZ — 1(Z)n(W)Z. (3.5.22)
Also from (3.5.19) we get

VW = Q(VZW) + Ch(W, Z) — pin(W)¢Z. (3.5-23)
Using (3.5.23) in (3.5.22) we obtain

PP(T2W) =~ Ay Z = B, 2) — (W, 2)2-+ (e~ DUONZ 4 1(DVE.
3.5.24

39



Interchanging Z and W in (3.5.24) and subtracting (3.5.24) from the resultant
equation we get

$P[W,Z] = A¢WZ — A¢ZW + (a =) [n(Z)W —n(W)Z].
Using (3.5.15) in the above equation we obtain

PPIW, Z] =AgwZ — ApzW — a(Z)[=W + n(W)Z] + a(W)[-Z + 3 (Z)¢]
+ (a = 1)[n(Z)W —n(W)Z].

Theorem 3.5.2.1. Let M be a contact CR-submanifold of a trans-Sasakian manifold M
of type («, B) with respect to the quarter symmetric non-metric connection V. Then the

distribution D is integrable if and only if VZ,W € D+,
AgwZ — ApzW =a(Z)[-W + 1 (W)¢] — a(W)[-Z +1(Z)¢]
+ (a =D)[p(W)Z — n(Z)W].

Proof. It is obvious from Lemma 3.5.2.1.

Corollary 3.5.2.1. Let M be a ¢-horizontal contact CR-submanifold of a trans-Sasakian
manifold M of type («, B) with respect to the quarter symmetric non-metric connection
V. Then the distribution D+ is integrable if and only if

VZ,W € D+, ApwZ — ApzW = a(W)Z — a(Z)W.

Remark 3.5.2.1. Let M be a contact CR-submanifold of a trans-Sasakian manifold M
of type («, B) with respect to V. Then the distribution D is integrable if and only if
vZ,W e D+,

ApwZ — AgzW = a[n(W)Z — 5(Z)W].
Remark 3.5.2.2. Let M be a §-horizontal contact CR-submanifold of a trans-Sasakian
manifold M of type («, B) with respect to /. Then the distribution D= is integrable if
and only if VZ,W € D+,

Theorem 3.5.2.2. Let M be a contact CR-submanifold of a trans-Sasakian manifold M

of type («, B) with respect to the quarter symmetric non-metric connection V. Then the
distribution D is integrable if and only if VX,Y € D,

h(X,¢Y) = h(¢pX,Y).
Proof. From (3.5.11) and (3.5.19) we have VX,Y € D,
¢Q(VxY) = h(X,¢Y) — Ch(X,Y). (3.5-25)
Interchanging X and Y in (3.5.25) and subtracting the resultant equation from

(3.5.25) we get
PQ[X, Y] = h(X, ¢Y) — h(Y, ¢X).
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Hence, the distribution D is integrable if and only if VX,Y € D, h(X, ¢Y) =
h(pX,Y).

Remark 3.5.2.3. Let M be a contact CR-submanifold of a trans-Sasakian manifold
M of type (a, B) with respect to V. Then the distribution D is integrable if and only if
VX,Y € D, h(X,¢Y) = h(¢X,Y).

Theorem 3.5.2.3. Let M be a contact CR-submanifold of a trans-Sasakian manifold M

of type («, B) with respect to the quarter symmetric non-metric connection V. If the leaf
of D is totally geodesic in M, then VX,Y € D,Z € D+,

—8(M(X,Y),9Z) + (a = 1)y(2)g(X,Y) + Bn(Z)g(¢X,Y) + n(X)n(Y)n(Z) = 0.

Proof. As the leaf of D is totally geodesic in M, Vx¢Y € D VX,Y € D (since
¢Y € D). Now, VZ € D= from (3.5.21) we have

PP(VxZ) = —ApzX + Vx¢Z — pQ(VxZ) — ph(X, Z)
Ha = )n(Z2)X + py(Z2)¢X + n(X)n(Z)E. (3.5.26)
Using (1.3), (1.28), (1.34), (1.35) and (3.5.26) we get

=g(VxpY,Z) = —g(¢Y,VxZ) = —g(¢Y,P(VxZ)) = g(Y,¢P(VxZ))
—8(ApzX,Y) + (a = 1)(2)8(X,Y) + B(Z)g(¢X, Y) +n(X)n(Z)n(Y)
—g(M(X,Y),¢Z) + (a = 1)y(2)g(X,Y) + Bn(Z)g(¢X,Y) + (X)) (Y)n(Z).

Corollary 3.5.2.2. Let M be a ¢-horizontal contact CR-submanifold of a trans-Sasakian
manifold M of type (a, B) with respect to the quarter symmetric non-metric connection

V, then the leaf of D is totally geodesic in M if and only if VX, Y € D, Z € D™,
e(h(X,Y),¢Z) = 0.
Proof. The direct part follows from Theorem 3.5.2.3.

Conversely, VX,Y € D,Z € D™ (since ¢Y € D),

0= g(h(X,$Y),¢Z) = g(Vx$Y,$Z) = g(pVxY,$Z) = g(VxY,Z) = g(VxY, Z)

which implies that VX, Y € D, VxY € D. Hence, the leaf of D is totally geodesic
in M.

Theorem 3.5.2.4. Let M be a contact CR-submanifold of a trans-Sasakian manifold M

of type («, B) with respect to the quarter symmetric non-metric connection V. If the leaf
of DL is totally geodesic in M, then VZ, W € D+, X € D,

gh(X,Z2),¢W) + a(X)g(Z, W) + an(X)g(Z, W) — a(X)(Z)n(W) — n(X)n(Z)n(W)
=0.
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Proof. As the leaf of D is totally geodesic in M, VZ,W € D+,VzW € D+. Now
from (3.5.21) we have

pP(VzW) = —ApwZ + VZz¢W — ¢pQ(VZW) — W)

¢h(Z,
+a=1)n(W)Z + pn(W)PZ +n(Z)n(W)¢ — ag(Z, W)¢. (3.5-27)
Takmg inner product of (3.5.27) with X € D we get (since VzW € D1)

n(Z

)1 (W) (X).
) (3.5.28)
Using (1.3), (1.28) and (X, Z) = h(X,Z) + a(X)¢Z (obtained from (3.5.9)) in
(3.5.28) we get
— [8(M(X, 2),pW) + a(X)(Z, W) — a(X)n(Z)n(W)] — an(X)g(Z, W)
+p(X)n(Z)n(W).
Corollary 3.5.2.3. Let M be a ¢-horizontal contact CR-submanifold of a trans-Sasakian
manifold M of type («, B) with respect to the quarter symmetric non-metric connection

V. If the leaf of D is totally geodesic in M, then VZ, W € D+, X € D,
g(h(X,Z),¢W) +a(X)g(Z, W) + an(X)g(Z, W) = 0.

Corollary 3.5.2.4. Let M be a ¢-vertical contact CR-submanifold of a trans-Sasakian
manifold M of type («, B) with respect to the quarter symmetric non-metric connection

V. If the leaf of D is totally geodesic in M, then VZ,W € D+, X € D,

§(M(X, Z),¢W) +a(X)g(Z, W) —a(X)(Z)n(W) = 0.
Theorem 3.5.2.5. Let M be a ¢-horizontal contact CR-submanifold of a trans-Sasakian
manifold M of type (a, B) with respect to the quarter symmetric non-metric connection

V. If M is a contact CR-product, then VX € D,W € D+,
ApgwX +a(X)W +an(X)W = 0.

Proof. As the leaf of D is totally geodesic in M, from Corollary 3.5.2.3 we have
VZ,W e D+, X eD,

S(ApwX +a(X)W +an(X)W, Z) =0,

§(@P(VzW), X) = —g(ApwZ, X) — ag(Z, W)y (X) +

which implies that
ApwX +a(X)W +an(X)W € D. (3.5.29)
Again as the leaf of D is totally geodesic in M and VY € D, ¢Y € D, we have
Vx¢Y € D. Hence, we get

(AW X +a(X)W +an(X)W,Y) = g(Apw X, Y) = g(h(X,Y),pW)
= —g(ph(X,Y), W) = —g(¢(VxY = VxY), W) = —g(¢(VxY), W)
= —g(@xqu, W) =—¢g(VxpY,W) =0 (using (1.3),(1.28),(3.2.14), (3.5.4),
(3.5.11)),
which implies that
AgwX +a(X)W +an(X)W € D*. (3.5.30)
From (3.5.29) and (3.5.30) we obtain Agw X + a(X)W + an (X)W = 0.
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3.5.3 Totally umbilical contact CR-submanifolds

In this subsection, we study totally umbilical contact CR-submanifolds of a trans-
Sasakian manifold with respect to V.

Let M be a totally umbilical contact CR-submanifold of a trans-Sasakian
manifold M of type («, B) with respect to V, then from (1.6) we have VZ, W € D+,

VzgW — ¢(VzW) = a[g(Z, W) — (W) Z] — py(W)¢Z. (3.5:31)
Using (1.26), (1.27) and (1.34) in (3.5.31) we get
—ApwZ + Vz¢W = ¢P(VzW) + ¢Q(VzW) + ph(Z, W)

+a[g(Z,W)E —n(W)Z] — (W) Z. (3.532)
Taking inner product of (3.5.32) with Z and using (1.28) we get

~8(h(Z,2),9W) = g(ph(Z, W), Z) + a[g(Z,W)y(Z) =y (W)I|Z|)].  (3.5:33)

Using (1.29) in (3.5.33) we get

S(H, W) = — |\Zl||2 8(Z, W)g(¢H, Z) + a{g(Z, W)n(Z) — n(W)||Z||*}].

(3-5-34)
Interchanging Z and W in (3.5.34) and using (1.3) we get
1
8(¢H, Z) = W[—g(Z, W)g(H, W) + a{g(Z, W) (W) — n(Z) | W|*}].
(3-5:35)
Substituting (3.5.35) in (3.5.34) we obtain
" ow) = _8EZW) [— L (Z W)e(H, oW
+ﬁ{g<z, W)n(W) — n(Z)HWHZ}] - ﬁ{g(& W)n(Z) — y(W)|1Z)%}
1 8(ZW)? } H oW + o8 Z W) {W(W)g(Z, W)
> |1 (e st o) + S 7 [T 2
W
+a [—W(Zﬂgz(nzz ) _ ﬂ(W)] = 0. (3.5.36)

Hence, from (3.5.36) we get the following theorems:

Theorem 3.5.3.1. Let M be a {-vertical totally umbilical contact CR-submanifold
of a trans-Sasakian manifold M of type («, B) with respect to V/, then dim(D~+)=1.

Theorem 3.5.3.2. Let M be a ¢-horizontal totally umbilical contact CR-submanifold of a
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trans-Sasakian manifold M of type («, B) with respect to \/, then
(i) M is minimal in M

or (ii) dim(D+)=1

or (iii) H € T ().

Remark 3.5.3.1. Theorem 3.5.3.2 also holds good in case of considering M with respect
to the quarter symmetric non-metric connection V.

3.6 Example of a trans-Sasakian manifold
admitting a quarter symmetric non-metric
connection

Here we give an example of a 3-dimensional trans-Sasakian manifold from [115]
and verify the relation (3.5.1) on it.

Let us consider a 3-dimensional manifold M = {(x,y,z) € R3: z # 0}, where
(x,y,z) are the standard co-ordinates of IR3. Let the vector fields

0 0 0 0 0
_ =2z o - — -2z _ = —
Fr=e (E)x + E)y)' 2 ¢ <ax ay)' Es 0z

are linearly independent at each point of M. Let ¢ be the Riemannian metric

defined by
0, fori #7
s(e ) ={ 3 for 7]

and 7 be the 1-form defined by 7(X) = ¢(X, E3) VX € x(M). Let ¢ be the (1,1)
tensor field defined by ¢E1 = Ey, ¢Ex = —E;1, ¢pE3 = 0. Then we have 7(E3) =
1, $2(X) = —X+1(X)Es, g(@X,0Y) = g(X,¥) - n(X)1(Y) VX, Y € x(M). Let
V be the Riemannian connection on M with respect to the metric g. Then we
obtain [Ey, E;] = 0, [Ey, E3] = 2E;, [Ey, E3] = 2E;. Now, using Koszul’s formula
for g, it can be calculated that

Vi Ey = —2E3, Vg, E» =0, Vg, E3 = 2Ey,

Ve,E1 =0, Vi, Ey = —2E;3, Vi, E3 = 2B,

Vie,E1 =0, VE,E, =0, Vi, E3 =0.

Since {Ey, Ep, E3} forms a basis for M, then any vector field X,Y € x(M) can

be written as

X = x1E1 + x2Ey +x3E3, Y = y1E1 +y2E2 + y3E3,

where xi, i € R, i=1,2,3. Hence, g(X, Y) = X1Yy1 + X2Y2 + X3Y3.
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Thus 3
VxY = 2x1y3E1 + 2x2y3Ey — 2(x1y1 + x212) E3. (3.6.1)

Therefore Vx& = —a¢pX + B[X — 1(X)&] VX € x(M) holds fora =0, B =2
and & = E3. Thus, (M, g) is a 3-dimensional trans-Sasakian manifold of type

0,2).

We set A = E1. Then a(X) = ¢(X,E1) = x1 VX = x1E1 + x2Ep + x3E3 € x(M).
Hence, using (3.6.1) in (3.2.10) we get

VxY = (2x1y3 — x2y3 — x1y2) E1 + (2x2y3 + x1y3 + x1y1) E2 — 2(x1y1 + x212) E3.
(3.6.2)

Also for Z = z1E1 + zE> + z3E3 € x(M) we have
(@Xg)(Y,Z) = XoY321 — X1Y322 + (X2y1 — X1Y2)23 # 0.

Hence, V(given by (3.6.2)) is a quarter symmetric non-metric connection on M.
Now, we will verify the relation (3.5.1) for X = Eq,Y = E», Z = E,.
Using the values of VE,E; (i,j = 1,2) given above, we obtain
R(Eq, Ez)Ey = —4Ey, (3.6.3)
and using (3.6.2) we obtain
R(E1, Ep)E; = —4E; — 2E,. (3.6.4)
Now, from (3.5.1) we get ﬁ(El, E;)E; = R(Ey, E)E; — 2E; which is satisfied

by (3.6.3) and (3.6.4). Hence, the relation (3.5.1) holds for X = E;, Y = E,, Z = Ej.
Similarly we can prove that the relation (3.5.1) holds for other values of X,Y,Z €

X(M).
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HEMI-SLANT SUBMANIFOLD OF (LCS),- MANIFOLD

4.1 Introduction

There are various types of works done on hemi-slant submanifolds. H. I. Abu-
tuqayqah worked on geometry of hemi-slant submanifolds of almost contact
manifolds [1]. M. A. Khan et al. discussed about totally umbilical hemi-slant
submanifolds of Kihler [3] and cosymplectic manifolds [86], and they also dis-
cussed about a classification on totally umbilical proper slant and hemi-slant
submanifolds of nearly trans-Sasakian manifold [88]. B. Laha et al. studied totally
umbilical hemi-slant submanifolds of LP-Sasakian manifold [91] and hemi-slant
submanifolds of Kenmotsu manifold [112]. H. M. Tastan et al. discussed about
hemi-slant submanifolds of a locally product Riemannian manifold [144] and a
locally conformal Kihler manifold [143]. Another important works on hemi-slant
submanifolds were done by A. Lotta in 1996 [95], by M. A. Lone et al. in 2016 [94]
and by M. S. Siddesha et al. in 2018 [134]. Also, S. K. Hui et al. studied totally
real and contact CR-submanifolds of (LCS),-manifolds in 2018 [79] and in 2021
[80] respectively. Motivated from these works, in this chapter, we have analysed
some properties regarding distributions and leaves of hemi-slant submanifold of
(LCS),-manifold.

This chapter consists of five sections. After Introduction and Preliminaries
sections, in the third and fourth sections, we have stated and proved all the main
results. At last, in the fifth section, we have constructed a suitable example.

4.2 Preliminaries

Let M be a submanifold of an (LCS),-manifold M with Lorentzian almost para-
contact structure (¢,¢,1,¢), and let V be the Levi-Civita connection on M, V
be the induced connection on the tangent bundle TM and V+ be the induced
connection on the normal bundle T+M of M.

Forany X € T'(TM),
¢X = TX + FX, (4.2.1)
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where TX is the tangential component and FX is the normal component of ¢X.
Similarly, for any V € I['(T+M),
oV =tV + 1V, (4.2.2)

where tV and fV are the tangential component and the normal component of
¢V respectively.

The covariant derivatives of the tensor fields T, F, t, f are defined as—

(VxT)Y = VxTY — TVxY, (4.2.3)
(VxF)Y = VxFY — FVyY, (4.2.4)
(Vxt)V = VxtV —tV5V, (4.2.5)
(Vxf)V = VxfV = fVxV (4.2.6)

VX,Y €T(TM),V € T(T+M).

Let M be a hemi-slant submanifold of an (LCS),-manifold M, then for any
XeIl(TM),
X = PX + PoX + (X)E, (4.2.7)

where Py, P, are projection maps on the distributions D, Dy respectively. Now,
operating ¢ on (4.2.7), we get

X = P X + pP X + 5(X)¢C.
Using (1.8) and (4.2.1), we obtain
TX+FX=FP X+ TPhX+ FPX.
On comparing the tangential and normal components, we get

TX = TP, X,
FX = FP,X + FPX.

If we denote the orthogonal complement of ¢(TM) in TM by y, then the
normal bundle T+M can be decomposed as

T+M = F(D1) @ F(Dy) @ . (4.2.8)

Since D and Dy are orthogonal distributions, g(X,Y) = 0 for each X € D+ and
Y € Dy. Hence, by (1.11) and (4.2.1), we have

VZ € D+, W € Dy, g(FZ,FW) = g(¢Z,¢W) = g(Z, W) = 0,

which shows that F(D'), F(Dy) are mutually perpendicular. So, (4.2.8) is an
orthogonal direct decomposition.
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4.3 Conditions of integrability of the distri-
butions of hemi-slant submanifolds of
(LCS),-manifold

In this section, we discuss about some necessary and sufficient conditions for
distributions to be integrable and obtain some results in this direction.

Theorem 4.3.1. Let M be a hemi-slant submanifold of an (LCS),-manifold M, then
VZ,W € D+, AgwZ = ApzW — an(W)Z — an(Z)W — 2a(Z)(W)E.

Proof. On using (1.28), we have
§(ApwZ, X) = g(h(Z,X),9W) = g(¢h(Z, X), W) = g(¢VxZ, W) — g(¢pVxZ, W)
= g(¢pVxZ,W) = g(Vx¢Z, W) — g((Vx¢)Z, W).
Again using (1.13) and (1.27), we get
8(ApwZ,X) = 8(Apz X + Vx¢Z,W) — ag(g(X, Z)¢ +2n(X)n(Z) +1(Z)X, W)
= 8(ApzX, W) — ag(X, Z)(W) — 2an(X)n (Z)n(W) — “’7(2)8( X, W)
= 8(h(W, X),¢Z) — ag(X, Z)n(W) — an(Z)g(X, W) — 2an(X)n (Z)(W)

—g(A¢zW—fX’7( )Z = an(Z)W = 2a5(Z)n(W)¢, X)
= AgwZ = ApzW —an(W)Z — an(Z)W — 2an(Z)n(W)g.

Theorem 4.3.2. Let M be a hemi-slant submanifold of an (LCS),-manifold M. Then
the distribution Dy © D is integrable.

Proof. For X,Y € Dy @ D+,

8([X,Y],¢) = g( VxY, ) - 8(VyX, )
—8(VxZ,Y) +8(VyE, X)
—8(apX, Y) + g(agY, X)
=0. (by (1.10))

Since TM = Dy @ D@ < & >, therefore [X,Y] € Dy @ D*. So, Dy ® D+ is
integrable.

Theorem 4.3.3. Let M be a hemi-slant submanifold of an (LCS),-manifold M. Then
the anti-invariant distribution D is integrable if and only if VW € D+, W is a scalar
multiple of ¢.

Proof. For Z, W € D+, from (1.13), we have

(Vzp)W = a[g(Z, W)E +21(Z)n(W)E + (W) Z]. (4-3.1)
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After some calculations and using (4.2.1), (4.2.2), we get
—ArwZ +V2FW — TV ;W — FV;W — th(Z,W) — fh(Z,W)

= a[g(Z,W)¢ +2n(Z)n(W)¢ +n(W)Z]. (4.3-2)

Comparing tangential components, we have
—ApwZ = TVW — th(Z,W) = «[g(Z, W)E + 2(Z)n(W)¢ +n(W)Z].  (4.3.3)
Interchanging Z, W, we obtain
—ArW = TVWZ — th(W, Z) = alg(W, Z)E + 20(W)y(Z)E + 1(Z)W]. (434)
Subtracting (4.3.3) from (4.3.4) and using the fact that / is symmetric, we have
ApwZ — ApzW + T(VzZW = VwZ) = a[n(Z)W — n(W)Z]. (4.3-5)
From (4.3.5), we have
ApwZ — ApzW + T([Z,W]) = a[n(Z)W — n(W)Z]. (4.3.6)

Now D+ is integrable if and only if [Z, W] € D+ and as D+ is anti-invariant,
¢D+ C T+M and so, T[Z, W] = 0.

Hence, from (4.3.6), D is integrable if and only if ApyZ — ApzW = a[n(Z)W —
n(W)Z].

From Theorem 4.3.1, we have as TW =0 =TZ,

ApwZ — ApzW = ApwZ — ApzW = —an(W)Z — an(Z)W — 2an(Z)n(W)¢
=a[(Z)W —n(W)Z] = —an(W)Z — an(Z)W — 2an(Z)n(W)¢
=2an(Z)W + 2an(Z)n(W)¢ =0
=1(Z)W +1(Z)n(W)¢ =0
=W +n(W)¢ =0.

Hence the result is proved.

Theorem 4.3.4. Let M be a hemi-slant submanifold of an (LCS),-manifold M. Then
the slant distribution Dy is integrable if and only if VX,Y € D,

P (VxTY —VyTX — ApyX + ApxY) = 0. (4.3.7)

Proof. We denote by Py, P, the projections on D+, Dy respectively. VX,Y € Dy, we
have from (1.13),

(Vx9)Y = af[g(X,Y)S +2n(X)n(Y)S +1(Y)X]. (4.3-8)
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On applying (1.26), (1.27), (4.2.1), (4.2.2), we have
(Vx¢)Y = VxTY + h(X,TY) — ApyX + VFY
—(TVxY + FVxY) — (th(X,Y) + fh(X,Y))
= a[g(X, V)& +2n(X)n(Y)E +n(Y)X]. (4-3-9)

Comparing tangential components, we get

VXTY = ApyX = TVxY — th(X,Y) = a[g(X, Y) 4+ 2n(X)5(Y)S +n(Y)X].
(4.3.10)
Interchanging X, Y in (4.3.10) and subtracting the resultant from (4.3.10), we
obtain
VXTY — VyTX - AFyX + AFXY - TVXY + TVyX = Dc[ﬂ(Y)X - ﬂ(X)Y]

= T[X,Y] = VxTY = VyTX — Apy X + ArxY —a[n(Y)X —n(X)Y]. (4.3.11)

Since X,Y € Dy, ;X = 0 = P1Y. Applying P; to both sides of (4.3.11), we
have
PlT[X, Y] = Pl(VXTY —VyTX — Apy X + Apxy),

which implies (4.3.7).

4.4 Geometry of leaves of hemi-slant sub-
manifold of (LCS),-manifold

In this section, we derive a result regarding the totally geodesic leaves of an
associated distribution.

Theorem 4.4.1. Let M be a hemi-slant submanifold of an (LCS),-manifold M. If
the leaves of D+ are totally geodesic in M, then VX € Dg and Z,W € D+,

g(h(Z,X),FW) + g(th(Z,W),X) = 0. (4-4-1)
Proof. From (1.13), (1.26), (1.27), (4.2.1) we have
~ApwZ +VzFW — ¢V zW — ph(Z, W) = a[g(Z, W)E + 2 (W) (Z) + (W) Z].

Comparing tangential components and on taking inner product with X € Dy,
we obtain

—¢(ArwZ, X) — g(TVzW, X) — g(th(Z, W), X) = 0.

The leaves of D+ are totally geodesic in M if for Z, W € D+,V,W € D+. So,
TV,;W = 0.

Thus, g(ArwZ, X) + ¢(th(Z, W), X) = g(h(Z, X), FW) + g(th(Z, W), X) = 0.
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4.5 Example of a hemi-slant submanifold of
n (LCS),-manifold

Let M(R?, ¢, ¢,1,¢) denote the manifold R” with the (LCS)-structure given by —

=3 88,17—— dz+l_zlbda
14 . . . .
§; da' ®da' ®db' @db') —n®1,

o) =0 ¢(%):% i=1,2,3,4, and

(p(a.) forz—12and<p(a):—ifori:34
ob! ab? oat "

where (a',a?,a%,a%, b, b2, b3, b4, z) € R°.
Let us consider a 5-dimensional submanifold M of M defined by

3_ 33
(a',a% a3, a, b1, 0%, 0%, b, 2) > (cos aa’ + sin wa?, cos Bb* + sin Bb?, g \/gb ,

6!4 . b4
V3
Then it can be easily proved that M is a hemi-slant submanifold of M by
choosing the slant distribution Dy =< e1,e, > with slant angle |a — | and the
totally real distribution D! =< e3,e4 >, where e; = sin 57 — COS Dé%, er =
sin [3% — cos ﬁ%, e3 = % + %, ey = % + % such that {ey, e, e3,¢e4, ¢} forms
an orthogonal frame on TM so that TM = Dy & D+ < & >.

,32).
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QUASI HEMI-SLANT SUBMANIFOLDS OF SOME
DIFFERENTIABLE MANIFOLDS

5.1 Introduction

The notion of slant submanifold was introduced by B. Y. Chen in 1990 [33] as a
generalization of holomorphic and totally real immersions. Later he collected
many consequent results in his book [34]. Further slant submanifold was gen-
eralized as semi-slant, pseudo-slant, bi-slant and hemi-slant submanifolds etc.
in different types of differentiable manifolds. Many geometers studied invari-
ant [78], anti-invariant [131], semi-invariant [147], slant [127], semi-slant [89],
pseudo-slant [42] and bi-slant [135] submanifolds of trans-Sasakian manifolds in
different times. On the other hand, the concept of quasi hemi-slant submanifold
was introduced recently by R. Prasad et al. in 2020 [121] as a generalization of
invariant, anti-invariant, semi-invariant, slant, hemi-slant and semi-slant subman-
ifolds. Later in 2020-2021, R. Prasad along with some other researchers discussed
this submanifold in various types of manifolds ([119], [120], [122]). However,
the general notion of quasi hemi-slant submanifolds of metallic Riemannian
manifolds has not been introduced yet.

The notion of golden structure on a Riemannian manifold was introduced
by M. Crasmareanu and C. E. Hretcanu in 2008 [39]. They also investigated the
properties of golden structure related to the almost product structure [76] and on
some invariant submanifolds in a Riemannian manifold [75]. Later they general-
ized metallic structures as golden structures on Riemannian manifolds [77]. A. M.
Blaga studied the properties of the conjugate connections by a golden structure
and expressed their virtual and structural tensor fields and their behaviour on
invariant distributions. Also, she studied the impact of the duality between the
golden and almost product structures on golden and product conjugate connec-
tions [16]. Further, she along with C. E. Hretcanu discussed the properties of
the metallic conjugate connections [20] where they expressed the virtual and
structural tensor fields and analysed their behaviour on invariant distributions.
Recently in 2018, they worked on invariant, anti-invariant and slant submanifolds
[21], and also on semi-slant submanifolds [74] in metallic Riemannian manifolds.
Some properties regarding the integrability of the golden Riemannian structures
were investigated by A. Gezer et al. in 2013 [57]. In 2017, the connection adapted
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on the almost golden Riemannian structure was studied by F. Etayo et al. [55].

Motivated from the aforesaid research works, in this chapter, we have dis-
cussed quasi hemi-slant (QHS) submanifolds of trans-Sasakian manifolds and
then, we have introduced the general notion of such submanifolds in metallic Rie-
mannian manifolds besides establishing some results later. This chapter consists
of seven sections. After Introduction and Preliminaries sections, the third section
deals with some results satisfied by a QHS submanifold of a trans-Sasakian
manifold. In the fourth section, we have obtained the necessary and sufficient
conditions for integrability of the distributions related to this submanifold, for
these distributions to define totally geodesic foliations and also for a submanifold
of a trans-Sasakian manifold to be totally geodesic. At the end of the fourth
section, we have concluded the necessary and sufficient condition for a QHS
submanifold of a trans-Sasakian manifold to be a locally product Riemannian
manifold and also we have made two other conclusions after observing the results.
In the fifth section, we have constructed an example of a QHS submanifold of a
trans-Sasakian manifold. Next, in the sixth section, we have obtained a necessary
and sufficient condition for a submanifold to be QHS in metallic and golden
Riemannian manifolds, and also the integrability conditions for the associated
distributions along with some properties satisfied by them. At last, in the seventh
section, we have constructed an example of a QHS submanifold of a metallic
Riemannian manifold.

5.2 Preliminaries

Let M be a submanifold of a trans-Sasakian manifold M with almost contact
metric structure (¢,&,7,¢), and let V be the Levi-Civita connection on M, V
be the induced connection on the tangent bundle TM and V+ be the induced
connection on the normal bundle T+M of M.

We have VX € T(TM),
$pX =TX + NX, (5.2.1)

where TX, NX are the tangential and normal components of $X on M respec-
tively.

Similarly, we have VYV € T(T+M),
PV =tV +nV, (5.2.2)

where tV, nV are the tangential and normal components of ¢V on M respectively.
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The covariant derivatives of the tangential and normal components written in
the equations (5.2.1), (5.2.2) are given by VX,Y € [(TM),V € T(T+M),

(VxT)Y = VxTY — TVxY, (5.2.3)
(VxN)Y = V¢kNY — NVyY, (5.2.4)
(Vxt)V = VxtV — tVxV, (5.2.5)
(Vxn)V = VxnV —nVxV. (5.2.6)

Let M be a QHS submanifold of a trans-Sasakian manifold M and the projec-
tions of X € T(TM) on the distributions D, Dy, D be PX, QX, RX respectively,
then we have VX € T'(TM),

X =PX+ QX+ RX+n(X)¢. (5.2.7)
Using (5.2.1) in (5.2.7) we get
$X = TPX + NPX+TQX + NQX + TRX + NRX.

Since ¢D = D, quL C T+M, we have NPX = 0, TRX = 0 and hence, we
obtain

X =TPX +TQX + NQX + NRX. (5.2.8)

Comparing (5.2.8) with (5.2.1) we have
TX =TPX+TQX, (5.2.9)
NX = NQX + NRX. (5.2.10)

From (5.2.8) we have the following decomposition—
¢(TM) = TD @& TDy & NDy & ND*. (5.2.11)
Again, since NDy C [(T+M), ND+ C I'(T+M), we have another decomposition—
T*M = NDy & ND* & U, (5.2.12)

where yu is the orthogonal complement of NDy & ND* in T'(T+M) and it is
anti-invariant with respect to ¢ [121].

Next, let M be an m-dimensional submanifold of the n-dimensional metallic
(or golden) Riemannian manifold (M, §,]) with n,m € N and n > m. Let
T M, TXLM be the tangent space and normal space of M at x € M respectively.
Then the tangent space Ty M of M can be decomposed as TyM = TyM & Ti M. Let
for any X € T(TM) and V € T(T+M), the tangential parts are TX,tV € T(TM)
and the normal parts are NX,nV € I'(T+M) of ] X, JV respectively so that

JX =TX + NX, (5.2.13)
JV =tV +nV. (5.2.14)
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T, N, t,n satisfy the following relations VX,Y € ['(TM), U,V € T(T+M),

3(TX,Y)=g§(X,TY), (5.2.15)
g(nU,V)=gU,nV), (5.2.16)
Z(INX, U) = g(X, tU). (5.2.17)

Let r = n — m be the co-dimension of M in M and {N;}/_, be a local or-
thonormal basis of T M for x € M. We assume that the indices «, 8 run over the
range {1,...,7}. Then JX and JN, can be decomposed into tangential and normal
components as [77]

r

JX =TX+ ) ua(X)Na, (5.2.18)
a=1
r

JNo = Ga + Z a,pNg, (5.2.19)
p=1

where ¢, are vector fields, u, are 1-forms and (a,x/;)r is an r X r matrix of smooth
real functions on M.

Using (5.2.13), (5.2.14) in (5.2.18), (5.2.19) we get

Z Uy (X) Ny, (5.2.20)

IN, = C(X, (5.2.21)
r

nN, = Z aypNp. (5.2.22)
p=1

Remark 5.2.1. [74] If {N;}/_, be a local orthonormal basis of T+ M, where r is the
co-dimension of M in M, and Ay = An, for any « € {1,..,r}, then we obtain
VX,Y € T(TM),

VxNy = —A X + V)L(N,X, (5.2.23)
ho (X, Y) = §(AuX,Y). (5.2.24)

Remark 5.2.2. [74] The normal connection V5 Ny has the decomposition VN, =
Y51 lap(X)Np for a € {1,..,r} and VX € T(TM), where (lyp), is an r x r ma-

trix of 1-forms on M. Moreover [73] §(Ny, Ng) = 84p implies that §(V Ny, Ng) +

§(Na, VxNg) = 0 which is equivalent to l,g = —lg, for any a,p € {1,...,r} and
VX e T(TM).

From (1.46) it follows that VX,Y,Z € T(TM),

g(VxY, Z) = (Y, (Vx])Z). (5.2.25)

55



Hence, if M is an isometrically immersed submanifold of the metallic Rieman-
nian manifold (M, g, J), then [20] VX, Y,Z € T(TM),

§(VxT)Y,Z) = §(Y, (VxT)Z). (5-2.26)

Now we can define locally metallic (or locally golden) Riemannian manifold
analogously as a locally product manifold [113] in the following manner [73]—

Definition 5.2.1. A metallic (or golden) Riemannian manifold (M, g, ]) is called
locally metallic (or locally golden) Riemannian manifold if | is parallel with respect to
the Levi-Civita connection V on M, i.e. V] = 0.

We now state some propositions regarding submanifolds of locally metallic
(or locally golden) Riemannian manifolds [74].

Proposition 5.2.1. Let M be a submanifold of a locally metallic (or locally golden)
Riemannian manifold (M, §,]), then VX, Y € T(TM),

T[X, Y] =VxTY —VyTX — Anyy X + AnxY, (5.2.27)

N[X,Y] = h(X,TY) — h(TX,Y) + V¥NY — V¢ NX. (5.2.28)

Proposition 5.2.2. Let M be a submanifold of a locally metallic (or locally golden)
Riemannian manifold (M, g, ]), then VX,Y € T(TM), V € T(T+M),

(VXT)Y AnyX +th(X,Y), (5.2.29)
(VxN)Y = nh(X,Y) — h(X, TY), (5.2.30)
(Vxt)V =A,v X — TAyX, (5.2.31)
(Vxn)V = —h(X,tV) — NAyX. (5.2.32)

Proposition 5.2.3. Let M be a submanifold of a locally metallic (or locally golden)
Riemannian manifold (M, §, ]) with co-dimension r, then the structure (T, g, uq, Ca,
(aup)r) induced on M by the metallic (or golden) Riemannian structure (g, ]) satisfies
the following properties [73] VX,Y € T(TM)—

(VXT)Y = Y ha(X, V)& + Y ua(Y)AlX, (5.2.33)
a=1 a=1
(Vxua)Y = —ha(X, TY) + Y [ug X) + hg(X, Y)ag,). (5.2.34)
p=1
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Proposition 5.2.4. Let M be a submanifold of a locally metallic (or locally golden)
Riemannian manifold (M, §,]), then VX, Y € T(TM),

T[X,Y] = VxTY — VyTX — Zr: [y (Y) A X — uy(X) ALY, (5.2.35)
a=1
N[X,Y] = g {(Vyu)X — (Vxua) Y} + ﬁ; {1 (X)) — 1t (V)1 () H N,
(5.2.36)

B Now, we introduce the following definition—

Definition 5.2.2. Quasi hemi-slant (QHS) submanifold M of a metallic Riemannian
manifold (M, g, ]) is a submanifold that admits three orthogonal complementary
distributions D, Dy, D+ such that

(i) TM admits the orthogonal direct decomposition
TM =D @ Dy ® D, (5.2.37)

(ii) the distribution D is invariant i.e., |[D = D,

(iii) the distribution Dy is slant with constant angle 6 and hence, 6 is called slant
angle,

(iv) the distribution D' is anti-invariant i.e., JD+ C T-M.

In the above case, 8 is called the quasi hemi-slant angle of M, and M is called
proper if D # {0}, Dy # {0}, D+ # {0} and 6 # 0, %.

Let the dimensions of the distributions D, Dy, D be ny, ny, ns respectively,
then we obtain the following particular cases—
(1) if n1 = 0, then M is a hemi-slant submanifold,
(ii) if np = 0, then M is a semi-invariant submanifold,
(iii) if n3 = 0, then M is a semi-slant submanifold.

Let M be a QHS submanifold of a metallic Riemannian manifold (M, §, ) and
the projections of X € I'(TM) on the distributions D, Dy, D+ be PX, QX, RX
respectively, then we have VX € I'(TM),

X =PX+ QX+ RX. (5.2.38)
Using (5.2.13) in (5.2.38) we get
JX =TPX+ NPX+TQX+ NQX + TRX + NRX.
Since JD = D, JD+ C T+M, we have
JPX =TPX, NPX =0, TRX =0, (5.2.39)
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and hence, we obtain
JX =TPX+TOX+ NQX+ NRX. (5.2.40)
Comparing (5.2.40) with (5.2.13) we have
TX =TPX+ TQX, (5.2.41)

NX = NQX + NRX. (5.2.42)

From (5.2.40) we have the following decomposition—
J(TM) = TD @& TDy & NDy & ND*. (5.2.43)
Again, since NDy C T(T+M), ND* C I'(T+M), we have another decomposition—
T*M = NDy @ ND*+ @, (5.2.44)

where y is the orthogonal complement of NDy & ND+ in I'(T+M) and it is
anti-invariant with respect to J.

Moreover, for any X € I'(TM) we have

gUQX, TQX) _ [TQX]||

0(X) = _ _
<0s0(X) = 1roxox] ~ 7ox]

(5.2.45)

5.3 QHS submanifolds of trans-Sasakian man-
ifold

This section deals with some results satisfied by a QHS submanifold of a trans-
Sasakian manifold.

Theorem 5.3.1. Let M be a submanifold of a trans-Sasakian manifold M of type
(«,B), then VX,Y € T(TM),

VXTY = Ay X = T(VxY) = th(X,Y) = a[g(X,Y)E — n(Y)X]
+B8(TX, V) —n(Y)TX], (5.3.1)
(X, TY) + V¥NY — N(VxY) —nh(X,Y) = —py(Y)NX. (5.3.2)
Proof. Using (5.2.1) in (1.6) we get
(Vx¢)Y = alg(X,Y) —n(Y)X] + B[g(TX, V) —n(Y)(TX + NX)].  (5.33)

Again, using (1.26), (1.27), (5.2.1) and (5.2.2) in (Vx¢)Y = Vx¢Y — ¢(VxY)
we obtain

(Vx¢)Y = VxTY + h(X,TY) — AnyX + VENY — th(X,Y) — nh(X,Y)
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—T(VxY) = N(VxY). (5.3.4)

Equating tangential and normal components of (5.3.3), (5.3.4) we obtain (5.3.1)
and (5.3.2) respectively.

Using (5.2.3) and (5.2.4) respectively in (5.3.1) and (5.3.2), we conclude the
following —

Corollary 5.3.1. Let M be a submanifold of a trans-Sasakian manifold M of type
(a,B), then VX, Y € T(TM),

(VxT)Y = AnyX + th(X, Y) +a[g(X, )& — 1 (Y)X] + B[g(TX, V)¢ — n(Y)(TX],)
5-3.5
(VxN)Y = —h(X,TY) +nh(X,Y) — By(Y)NX. (5.3.6)

Next, we state the following theorem [121]—

Theorem 5.3.2. Let M be a QHS submanifold of a trans-Sasakian manifold M of
type (a, B), then

TD = D, TDg = Dy, TD+ = {0}, tNDy = Dy, tND+ = D+,

Now, using (5.2.1) and (5.2.2) on ¢* = —I+ 7 ® & we get the following
theorem—

Theorem 5.3.3. Let M be a submanifold of a trans-Sasakian manifold M of type
(«, B), then

(i) T>+nN=—-I+y®Z&onTM,

(i) NT +tN =0on TM,

(iii) Tt +n? = —I on T+M,

(iv) Nt +tn =0 on T+M,

where 1 is the identity operator.

Next, we have the following theorem [111]—

Theorem 5.3.4. Let M be a QHS submanifold of a trans-Sasakian manifold M of
type (a, B), then VX,Y € T'(Dy),

(i) T>X = —(cos? 9)X

(ii) g(TX, TY) = (cos?0)g(X,Y),
(iii) g(NX,NY) = (sin?0)g(X, Y).
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Theorem 5.3.5. Let M be a submanifold of a trans-Sasakian manifold M of type
(a, B), then VX € T(TM),V € T(T+M),

VxtV — Ay X + T(AyX) — tVxV = Bg(NX, V)g, (53-7)
h(X,tV) + VxnV + N(AyX) — nVxV = 0. (5.3.8)

Proof. Using (1.26), (1.27), (5.2.1) and (5.2.2) in (Vx¢)V = Vx¢V — ¢(VxV) we
get

(Vxp)V = VxtV +h(X,tV) — Ayy X+ VinV 4+ T(AyX) + N(AyX) —tVxV —nVxV.

Again, applying (1.6) and then (5.2.1) in the left hand side of the above
equation we obtain

B[g(NX, V)] = VxtV +h(X,tV) — A,y X + VxnV + T(AyX) + N(AyX)

—t(VxV) —n(VxV). (5.3.9)

Equating tangential and normal components from both sides of (5.3.9) we get
(5.3.7) and (5.3.8) respectively.

Now, using (5.2.5) and (5.2.6) in (5.3.7) and (5.3.8) respectively we conclude
the following—

Corollary 5.3.2. Let M be a submanifold of a trans-Sasakian manifold M of type
(2, B), then VX € T(TM),V € T(T+M),

(Vxt)V = Ay X — T(AvX) + Bg(NX, V)g, (5.3.10)
(Vxn)V = —h(X,tV) — N(AyX). (5.3.11)
Theorem 5.3.6. Let M be a submanifold of a trans-Sasakian manifold M of type (a, B),

then VX € T(TM),
Vx& = —aTX — BT?X, (5.3.12)

h(X,§) = —aNX — fnNX. (5.3.13)
Proof. Using (1.26), (5.2.1) and Theorem 5.3.3.(i) in (1.7) we obtain

Vx&+h(X,&) = —a(TX + NX) + B[-T? — nN]X.

Equating tangential and normal components from both sides of the above
equation we get (5.3.12) and (5.3.13) respectively.

Theorem 5.3.7. Let M be a QHS submanifold of a trans-Sasakian manifold M of
type (&, B), then VX,Y € T(D"),

ApxY = Apy X if and only if ¢[X,Y] = 2Bg(X,PY)¢. (5.3-14)
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Proof. Replacing V by ¢Y in (1.27) and then applying (1.6), (1.26) and the fact that
Y € T(D) we get

ag(X, V) + Bg(9X, V)G + ¢p(VxY) + h(X,Y) = —Apy X + VY.

Equating tangential components from both sides of the above equation we
obtain

AgyX = —ag(X,Y)¢ — Bg(¢X, Y)E — ¢p(VxY). (5.3.15)

Interchanging X, Y in (5.3.15) and then subtracting (5.3.15) from the resultant
equation we have

ApxY — Apy X = ¢[X, Y] = 2Bg(X, 9Y)S, (5.3.16)

from which we get (5.3.14).

Theorem 5.3.8. Let M be a QHS submanifold of a trans-Sasakian manifold M of
type (a, B), then VX,Y € T(D @ Dy & D*),

g([X,Y],¢) =2a8(TX,Y), (5.3.17)
g(VxY,&) = ag(TX,Y) — Bcos?0g(X,Y). (5.3.18)

Proof. Applying (5.3.12) and Theorem 5.3.4.(i) on the following equation
g([X,Y],8) = 8(VxY,§) —g(VyX, &) = =g(Y, Vx{) +8(X, Vx¢)
and after simplifying we obtain (5.3.17).
Again, using (1.26) we have
§(VxY,§) = g(VxY, &) + h(X,Y)n(g) = =g(Y, Vx&) + h(X,Y).

Now, applying (5.3.12) and Theorem 5.3.4.(i) on the above equation we get
(5.3.18).

Thus the proof is completed.

5.4 Integrability of distributions and decom-
position theorems

In this section, we obtain the necessary and sufficient conditions for integrability
of the distributions related to the proper QHS submanifolds of a trans-Sasakian
manifold, for these distributions to define totally geodesic foliations and also for
a submanifold of a trans-Sasakian manifold to be totally geodesic. At the end, we
make three conclusions after observing the results.
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Theorem 5.4.1. Let M be a proper QHS submanifold of a trans-Sasakian manifold
M of type («, B), then the invariant distribution D is not integrable.

Proof. Let X,Y € T'(D), then using (1.26), ¢(VxY,&) = —g(Y,Vx¢) and then
(1.7), g§(¢X,Y) = —g(X, ¢Y) in the following equation

g([X/ Y]/ (:) = g(vXY — VyX, é)
we get on simplifying,
8([X,Y], &) = 2ag (X, Y). (5.4.1)
Applying (5.2.7), (5.2.8) on (5.4.1) we obtain g([X, Y], &) = 2ag(TPX, PY) # 0.
Thus, D is not integrable.

Theorem 5.4.2. Let M be a proper QHS submanifold of a trans-Sasakian mani-
fold M of type (a,B), then the distribution D& < & > is integrable if and only if
VX,Y €eT(D® < &>),Z € T(Dy @ D),

e(TVxY —TVyX,TQZ) + g(nh(X,Y) —nh(Y,X),NQZ + NRZ) =0. (5.4.2)
Proof. Using (1.2) in ¢([X,Y],Z) = g¢(VxY,Z) — g(VyX, Z) we get
g([X,Y],Z) = g(pVxY,¢Z) — g(¢VyX, ¢$Z),
on which applying (1.26), (5.2.1), (5.2.2), (5.2.8) and after simplifying we get
g(X,Y],Z) = g(TVxY —TVyX,TQZ) + g(nh(X,Y) —nh(Y,X),NQZ + NRZ).

Hence, ¢([X,Y],Z) = 0 if and only if (5.4.2) holds and thus the proof is
completed.

Theorem 5.4.3. Let M be a proper QHS submanifold of a trans-Sasakian manifold
M of type (a, B), then the slant distribution Dy is not integrable.

Proof. Let X, Y € I'(Dy). Applying (5.2.7) and (5.2.8) in (5.4.1) we have ¢([X, Y], &) =
2a¢(TQX 4+ NQX, QY) # 0 and hence the proof is completed.

Theorem 5.4.4. Let M be a proper QHS submanifold of a trans-Sasakian mani-
fold M of type (,B), then the distribution Dy < & > is integrable if and only if
VX,Y €T(Dg® < & >),Z € T(D @ D),

g(n(VxY) —n(VyX),NRZ) + cos*g(AxY — AyX,PZ) = 0. (5.4.3)
Proof. Using (1.2) in ¢([X,Y],Z) = g(VxY,Z) — g(VyX, Z) we get
§([X,Y],Z) = g(¢VxY,9Z) — g(pVy X, 9Z),

on which applying (1.27), (5.2.1), (5.2.2), (5.2.8), Theorem 5.3.4.(ii) and after
simplifying we get

g([X,Y],Z2) = cos?0g(AxY — AyX,PZ) + g(n(VxY) —n(VyX), NRZ).
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Therefore, g([X,Y],Z) = 0 if and only if (5.4.3) holds and hence the proof is
completed.

From the above theorem, using (1.32) and (5.2.12) respectively we conclude
the following—

Corollary 5.4.1. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of
type («, B), then the distribution Do < & > is integrable if VX,Y € T(Dy® < ¢ >),

AxY — AyX € T(Dy @ D), (5.4.4)
n(VxY) = n(VyX) € T(NDy @ ). (5.4.5)

Theorem 5.4.5. Let M be a proper QHS submanifold of a trans-Sasakian manifold
M of type (w, B), then the anti-invariant distribution D is integrable if and only if
VX,Y € T(D1),Z € T(D @ Dg)

g(Vx¢Y — Vy¢X,NQZ) = 0. (5.4.6)
Proof. Using (1.2) in g([X,Y],Z) = ¢(VxY,Z) — g(VyX, Z) we get
s([X,Y],Z2) = g(Vx9Y,¢$Z) — g(Vy¢X, ¢Z),

on which applying (1.27), (1.28), (5.2.8) and Theorem 5.3.2 we get after simplifica-
tion,

g([X,Y],Z) = g(Vx¢Y — Vy¢X,NQZ).

Thus, ¢([X,Y],Z) = 0 if and only if (5.4.6) holds and hence the proof is
completed.

Using (5.2.12) in the above theorem we conclude the following—

Corollary 5.4.2. Let M be a proper QHS submanifold of a trans-Sasakian manifold M
of type («, B), then the anti-invariant distribution D= is integrable if VX,Y € T(D%),
Vx¢Y — VigX € T(NDL & p).

Theorem 5.4.6. Let M be a submanifold of a trans-Sasakian manifold M of type
(, B), then M is totally geodesic if and only if VX,Y € T(TM),V € T(T+M),

(VXxTY — ANy X, tV) 4+ g(h(X, TY) + V¥NY,nV) = 0. (5.4.7)
Proof. Applying (1.2) we have ¢(VxY, V) = ¢(Vx¢Y,dV).

Further, using (1.26), (1.27), (5.2.1), (5.2.2) in the above equation we obtain on
simplifying,

g(VxY, V) = g(VxTY — Ay X, tV) + g(h(X, TY) + V¥ NY,nV).  (5.4.8)
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Now, M is totally geodesic <= h =0 <= VX,Y € [(TM), VxY = VxY
(from (1.26)) <= ¢(VxY,V) = 0VV € I(T+M). Hence, from (5.4.8) we have,
M is totally geodesic if and only if (5.4.7) holds. Thus the proof is completed.
Theorem 5.4.7. Let M be a proper QHS submanifold of a trans-Sasakian manifold
M of type (a, B), then the invariant distribution D does not define a totally geodesic
foliation on M.

Proof. Let X,Y € T (D). Using (1.7) and the fact that X € T(D) in g(VxY,¢) =
—g(Y,Vx¢) we get ¢(VxY, &) = —Bg(X,Y) +ag(Y,$X) # 0, and hence the
proof is completed.

Theorem 5.4.8. Let M be a proper QHS submanifold of a trans-Sasakian manifold
M of type («, B), then the distribution D& < ¢ > defines a totally geodesic foliation on
M ifand only if VX,Y € T(DD < ¢ >),Z € T(Dg® D),V € T(T+M),

§(VxTY,TQZ) = —g(h(X,TY),NZ), (5-4.9)
e(VxTY,tV) = —g(h(X,TY),nV). (5.4.10)

Proof. Applying (1.2) we have ¢(VxY,Z) = ¢(Vx¢Y,$»Z) on which using (1.26)
and (5.2.8) we get

¢(VxY,Z) = ¢(VxTY, TQZ) + ¢(h(X,TY),NZ),
which implies that ¢(VxY, Z) = 0 if and only if (5.4.9) holds.

Again, applying (1.2) we have ¢(VxY,V) = ¢(Vx¢Y,¢V) on which using
(1.26), (5.2.2) and (5.2.8) we obtain

g(VxY,V) = g(VxTY,tV)+ ¢(h(X,TY),nV).
Hence, we have ¢(VxY, V) = 0 if and only if (5.4.10) holds.
Thus the proof is completed.
Theorem 5.4.9. Let M be a proper QHS submanifold of a trans-Sasakian manifold
M of type (a, B), then the slant distribution Dy does not define a totally geodesic foliation
on M.

Proof. Let X,Y € I'(Dg). Applying (1.7) and the fact that X € I'(Dy) on
8(VxY,¢) = —g(Y, Vx{), we get g(VxY, &) = —Bg(X,Y) +ag(¢X,Y) #0.

Hence the proof is completed.

Theorem 5.4.10. Let M be a proper QHS submanifold of a trans-Sasakian manifold M
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of type (&, B), then the distribution Dg® < & > defines a totally geodesic foliation on M
ifand only if VX,Y € T(Dy®d < & >),Z € T(D® DY),V e I(T+*M),

g(VxTQY — AnoyX, TPZ) + g(h(X, TQY) + V¥NQY,NRZ) =0, (5.4.11)
g(VXTQY — Anoy X, tV) + g(h(X, TQY) + VxNQY,nV) = 0. (5.4.12)

Proof. Applying (1.2) we have ¢(VxY,Z) = ¢(Vx¢Y,$pZ) on which using (1.26),
(1.27) and (5.2.8) we get

g(VxY,Z) = g(VxTQY — AnoyX, TPZ) + g(h(X, TQY) + VxNQY, NRZ),
which implies that g(VxY, Z) = 0 if and only if (5.4.11) holds.

Again, applying (1.2) we have ¢(VxY,V) = ¢(Vx¢Y,$V) on which using
(1.26), (1.27), (5.2.2) and (5.2.8) we obtain

g(VxY, V) = g(VxTQY — Anoy X, tV) + g(h(X, TQY) + VxNQY,nV),
which implies that ¢(VxY, V) = 0 if and only if (5.4.12) holds.
Thus the proof is completed.

Theorem 5.4.11. Let M be a proper QHS submanifold of a trans-Sasakian mani-
fold M of type (w, B), then the anti-invariant distribution D+ defines a totally geodesic
foliation on M if and only if VX,Y € T(D*),Z € T(D & Dy),V € T[(T+M),

g(AnyX, TZ) = g(VxNY,NQZ), (5.4.13)
g(ANYX, tV) = g(VxNY,nV). (5.4.14)

Proof. Applying (1.2) we have g(VxY,Z) = g(Vx¢Y, $pZ) on which using (1.27)
and (5.2.8) we obtain

¢(VxY,Z) = —g(AnyX, TZ) + g(VxNY,NQZ),
which implies that g(VxY, Z) = 0 if and only if (5.4.13) holds.

Now, applying (1.2) we have ¢(VxY,V) = g(Vx¢Y,¢$V) on which using
(1.27), (5.2.2) and (5.2.8) we get

g(VxY,V) = —g(Any X, tV) + g(V%NY,nV),
which implies that ¢(VxY, V) = 0 if and only if (5.4.14) holds.

Thus the proof is completed.
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From Theorems 5.4.8, 5.4.10 and 5.4.11, we reach to the following conclusion—

Conclusion 5.4.1. Let M be a proper QHS submanifold of a trans-Sasakian mani-
fold M of type (a,B), then M is a locally product Riemannian manifold of the form
Mp x Mp, x Mp. if and only if equations (5.4.9)-(5.4.14) hold, where Mp, Mp,, Mp.
are leaves of the distributions D, Dy, D respectively.

Next, Theorems 5.4.1 and 5.4.3 give us the following conclusion—

Conclusion 5.4.2. Let M be a proper QHS submanifold of a trans-Sasakian mani-
fold M of type («, B), then both the invariant distribution D and the slant distribution
Dy are not integrable.

Again, observing Theorems 5.4.7 and 5.4.9 we conclude the following—

Conclusion 5.4.3. Let M be a proper QHS submanifold of a trans-Sasakian mani-
fold M of type («, B), then both the invariant distribution D and the slant distribution
Dy do not define a totally geodesic foliation on M.

5.5 Example of a QHS submanifold of a
trans-Sasakian manifold

Let R?"*! = C" x R be the (21 + 1)-dimensional Euclidean space endowed with
the almost contact metric structure (¢, ¢, 77, g) defined by

P(xt, 2%, ., a2 1) = (=T, X2 x K2, L, X, 0),
0
¢ = etg, n=etdt, g =e %k,

where (xl, x2, ..., x*", t) are cartesian coordinates and k is the Euclidean Rieman-

nian metric on R***1. Then (¢, ¢,7,g) is a trans-Sasakian structure on R?**1 of
type (0, —e™").
For 0 € (0, %), we have, the map given by
x(ull Up, Uz, Uy, Us, Ug, 1/[7) — (ull Up COs 9/ O/ Uus sin 9/ usz, Uy, Us, Ug, O/ 0/ 1/[7)

defines a 7-dimensional submanifold M of R!! with the trans-Sasakian structure
described above. Further, let

0 0
_ Lt _ Lt
= B
0 0 0
E — t = i _— E = t—
3=¢ (C0598x2 —i—sm98x4>, 4=€57
0 0 0
E5 =e ax5/ E6 e axgi E7 e at g/
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then {E;}7_, is an orthonormal frame of TM.
If we define the distributions as
D =< Ey,Ey >, Dy =< E3,E4 >, D =< Es, Eg >,

then it is clear that
TM=D®Dg®D'® < &>

and D is an invariant distribution since ¢ E; = E; and ¢E, = —Eq, Dy is a slant
distribution with slant angle 6 € (0, ) since g(¢Es, Es) = cosf = —g(Es, ¢Es4),
D+ is an anti-invariant distribution since ¢E5 = ¢! =25 and ¢pEs = —e' 2.

Therefore, M is a QHS submanifold of the trans-Sasakian manifold (IRH, $,¢,1,9).

5.6 QHS submanifolds of metallic Rieman-
nian manifolds

In this section, we find out a necessary and sufficient condition for a submanifold
to be QHS in metallic and golden Riemannian manifolds and also obtain the inte-
grability conditions for the associated distributions along with some properties
satisfied by them. At last, we construct an example of a QHS submanifold of a
metallic Riemannian manifold.

Theorem 5.6.1. If M is a QHS submanifold of a metallic Riemannian manifold (M, g, ])
with the quasi hemi-slant angle 0, then VX,Y € [(TM),

g(TQX, TQY) = cos” 8[pg(JQX, QY) +43(QX, QY)], (5.6.1)
g(NX,NY) = —sin®6[pg(JQX, QY) + q3(QX, QY)] — [pg(JRX, RY)
+g3(RX, RY)]. (5.6.2)

Proof. Replacing X by X + Y in (5.2.45) and then using (1.47) we get

g(TQX, TQY) = cos 03(JQX, JQY) = cos®6[pg(JQX, QY) + 43(QX, QY)],
which gives (5.6.1).
Again from (5.2.40), (5.2.42) we have
TOQX =]X—-TPX — NX,
on which applying (5.2.38), (5.2.39) we obtain

TOX = JOX + JRX — NX
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and using it in (5.6.1) we get
g(JQX,JQY) +&(JRX, JRY) +§(NX,NY) = cos” 6[pg(JQX, QY) +43(QX, QY)].
Now applying (1.47) on the above equation we get

(pg(JQX,QY) +q§(QX, QY)] + [p§(JRX, RY) + q3(RX, RY)] + (N X, NY)
— cos?0[pg(JQX, QY) + g3(QX, QY)],

which gives (5.6.2).

Corollary 5.6.1. If M is a QHS submanifold of a golden Riemannian manifold (M, §, ])
with the quasi hemi-slant angle 0, then VX,Y € [(TM),

g(TQX,TQY) = cos”0[3(JQX, QY) + §(QX, QY)], (5.6.3)
Z(NX,NY) = —sin®6[§(JQX, QY) + §(QX, QY)] — [§(JRX, RY) + §(RX, RY)].
(5.6.4)

Proof. Putting p = g = 1 in Theorem 5.6.1, we get the required results.

Theorem 5.6.2. If M is a QHS submanifold of a metallic Riemannian manifold (M, §, ])
with the quasi hemi-slant angle 0, then

T?*Q = cos®0[p]Q + 9Q). (5.6.5)

Proof. Using (5.2.15) in (5.6.1) we get

g(T*QX,QY) = cos®f[pg(JQX, QY) + q3(QX, QY)]

which gives (5.6.5).

Corollary 5.6.2. If M is a QHS submanifold of a golden Riemannian manifold (M, g, ])
with the quasi hemi-slant angle 0, then

T2Q = cos?6(J + 1)Q, (5.6.6)
where [ is the identity mapping on I'(Dy).
Proof. Putting p = g = 1 in Theorem 5.6.2, we get the required result.
Theorem 5.6.3. An immersed submanifold M of a metallic Riemannian manifold
(M, §,]) is QHS if and only if there exists a constant A € [0,1) such that D* = {X €
[(TM) : T?X = A(p] X + gX)} is a distribution and D*+ = D.
Proof. If M is QHS, then putting cos?6 = A € [0,1) in (5.6.5) we get VX € ['(TM),

T?QX = A[pJQX + qQX],
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which implies that QX € I'(D*) and hence, Dy C D*.

Again, since from (5.2.39) we have TRX = 0, T?’RX = A(pJRX + gRX) holds
for A = 0 and thus, RX € I'(D*) which implies that D+ C D*.

Therefore, Dy & D+ C D*.
Next, let X € I'(D*) be a non-zero vector field, then by (5.2.38) we have

X = PX 4+ QX + RX.

Now using (5.2.39), (1.45) we have
pTPX + gPX = pJPX 4+ gPX = J?PX = J(JPX) = J(TPX) = T(TPX) = T?PX.
Again, as X € I'(D*), from the above equation we get on using (5.2.39),

pTPX + gPX = A(pTPX + gPX)
=(A —1)(pTPX + gPX) =0

=pTPX +qPX =0 (since A #1)
_ 2
=TPX = 7‘7PX = PX =0 (since % £0 for p,g € N)

=X =QX+RX € Dy® D+
=D* C Dy ® D*.

Thus, we conclude that D* = Dy @& D+ and consequently D*+ = D.
Conversely, let there exists a constant A € [0,1) such that D* = {X € T(TM) :
T?X = A(p]X + gX)} is a distribution and D**+ = D. Then from (5.6.5) we get
for X € T'(D¥),
cos?0(X) = A = cos(X) = VA = 0(X) = cos ™ (VA),
which does not depend on X.

We can consider the orthogonal decomposition TM = D & Dy & D

Now, for X € T'(D*), Y € I(D*+) = I'(D) we have on applying (5.2.13),
(5.2.15),

§XJPY) = g(X,J(JY)) = §(X, T]Y) = (TX,]Y) = (TX, TY) = §(T*X,Y).
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Again, since X € I'(D*), using (1.47) we get from the above equation

pE(X,JY) +48(X,Y) = A[pg(JX,Y) +4q3(X,Y)]
=&(X,JY) =A8(JX,Y)
=&(X,JY) = Ag(X,]Y) (by (146))
=3(X,JY) =0 (since A #1)
=JY € T(D*+) =T(D)
=JD C D i.e. D is invariant.
Next, let X € T(D+) CT(Dg@® D+) =T(D*) and Y € [(TM) =T(D @ Dg @
D+). Then as before we get
§(X,JY)=0

=3(JX,Y) =0 (by (1.46))

=JX € T(T*M)

=JD*+ C T*M i.e. D" is anti — invariant.

Therefore M is a QHS submanifold of (M, g, ]).

Corollary 5.6.3. An immersed submanifold M of a golden Riemannian manifold
(M, §,]) is QHS if and only if there exists a constant A € [0,1) such that D* = {X €
[(TM) : T>X = A(JX + X)} is a distribution and D*+ = D.

Proof. Putting p = q = 1 in Theorem 5.6.3, we get the required results.

We now state and prove some results on QHS submanifolds of locally metallic
(or locally golden) Riemannian manifolds:—

Theorem 5.6.4. If M is a QHS submanifold of a locally metallic (or locally golden)
Riemannian manifold (M, §, |) with co-dimension r, then

(i) the distribution D is integrable if and only if VX,Y € T'(D),
(Vyua )X = (Vxuy)Y Va € {1,...,1}, (5.6.7)

(ii) the distribution Dy is integrable if and only if VX,Y € I'(Dy),

P(VxTY — VyTX) = Zr: 118 (Y)PALX — 1, (X)PALY], (5.6.8)
a=1

(iii) the distribution D™ is integrable if and only if VX,Y € T(D%),

U (X)ARY = up (Y)A X Vo € {1, ..., 1} (5.6.9)
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Proof. (i) Let X,Y € T(D), then X = PX, Y = PY.

Now, D is integrable if and only if [X,Y] € T'(D) and [X,Y] € I'(D) if and
only if N[X, Y] = 0. Thus, D is integrable if and only if N[X, Y] = 0.

As [D € D, NX = 0 = NY. Hence, from (5.2.35) we have u,(X)l5(Y) =
ua (Y)lp(X) = 0.

Thus, from (5.2.36) we get

N[X,Y] =0 < Zr:[(Vyua)X— (Vxuy)Y] =0

a=1

= D is integrable if and only if (Vyu,)X = (Vxua)Y Va € {1,...,r}.
(i) Let X, Y € T(Dy), then X = QX, Y = QY.

Now, Dy is integrable if and only if [X,Y] € I'(Dy) and [X, Y] € T'(Dy) if and
only if PT[X, Y] = 0. Therefore, Dy is integrable if and only if PT[X,Y] = 0.

Again, from (5.2.35) we obtain

PT[X,Y] =0 <= P(VxTY — VyTX) = Z (11 (Y) PAa X — 11 (X) PAg(Y)].

a=1

(iii) Let X, Y € T(D%), then X = RX, Y = RY.

Now, D+ is integrable if and only if [X,Y] € ['(D+) and [X,Y] € T(D4) if
and only if T[X,Y] = 0. Thus, D is integrable if and only if T[X, Y] = 0.

As JD+ C T*M, TX = 0 = TY. Hence, from (5.2.35) we have
TIX,Y] =0 <= uy(X)AY = uy(Y)AX Va € {1,..,7}.

Theorem 5.6.5. If M is a QHS submanifold of a locally metallic (or locally golden)
Riemannian manifold (M, g, ]), then

(i) the distribution D is integrable if and only if VX,Y € T(D),
WX, TY)=h(TX,Y), (5.6.10)
(ii) the distribution D is integrable if and only if VX € T(D), V € T(T+M),
JAy X = Ay JX, (5.6.11)
(iii) the distribution Dy is integrable if and only if VX,Y € T'(Dy),
P(VxTY — VyTX) = P(ANyX — AnxY), (5.6.12)
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(iv) the distribution D+ is integrable if and only if VX,Y € T(D4),
AnxY = AnyX. (5.6.13)
Proof. (i) D is integrable if and only if [X,Y] € T(D) and [X,Y] € T'(D) if and
only if N[X, Y] = 0 which implies that D is integrable if and only if N[X,Y] = 0.
As |[D C D, NX =0 = NY. Hence, from (5.2.28) we have
N[X,Y] =0 <= h(X,TY) = h(TX,Y).
(ii) Again, for X,Y € T(D) and V € T(T+M),
0=g¢(h(X,TY)—h(TX,Y),V)
(X, ]Y), V) — g(h(JX,Y),V) (since TX = JX, TY = JY)
S(AvX,JY) = &(Av]X,Y) (by (1.28))

= 8(JAVX,Y) = §(Av]X,Y) (by (1.46))
=§(h(X,TY) —h(TX,Y),V) =0 < JAyX = AyJX.

Hence, from Theorem 5.6.5.(i) we obtain (5.6.11).

(iii) Dy is integrable if and only if [X,Y] € I'(Dy) and [X, Y] € T'(Dy) if and only
if PT[X, Y] = 0 which implies that Dy is integrable if and only if PT[X, Y] = 0.

Hence, from (5.2.27) we obtain
PT[X, Y] =0 <~ P(VxTY — VYTX) = P(ANyx — ANXy).

(iv) D* is integrable if and only if [X,Y] € T(D*) and [X,Y] € T(D%) if and
only if T[X, Y] = 0 which implies that D+ is integrable if and only if T[X, Y] = 0.

As JD+ C T*M, TX = 0 = TY. Hence, from (5.2.27) we get
T[X,Y] =0 < AnxY = AnyX.
Theorem 5.6.6. If M is a QHS submanifold of a locally metallic (or locally golden)
Riemannian manifold (M, §,]), then N is parallel if and only VX € T(TM), V €
[(T+M),
Ay X = TAyX = AyTX. (5.6.14)
Proof. Now, for X,Y € T(TM), V € T(T+M),
(X, Y), V) = §UR(X,Y), V) = §(h(X,Y),nV) (by (127)).
From (5.2.30) we have
§((VxN)Y,V) = §(nh(X,Y),V) = §(h(X,TY),V)
(X, Y),nV) =(h(X,TY),V) (by (5.2.16))
(A X,Y) = §(AvX, TY) (by (1.28))
(A
(A

WX, Y) = §(TAVX,Y) (by (5.2.15))
2wX —TAyX,Y) =0
Anvx = TAVX. (5.6.15)
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Again from (5.2.30) we have

S(VxN)Y, V) = g(nh(X,Y),V) — g(h(X,TY),V)
= §((X,Y),nV) - 3(h(X,TY),V) (by (5.2.16))
= §(AwY, X) — G(AyTY,X) (by (1.28))
= 3(AwY —AyTY,X) =0
= AnpY = AyTY. (5.6.16)

Combining (5.6.15), (5.6.16) we obtain (5.6.14).

5.7 Example of a QHS submanifold of a
metallic Riemannian manifold

Let us consider the Euclidean space R with usual Euclidean metric. Let J :
R1? — R0 be the metallic structure defined by

](Xll XZ/ X3/ X4/ X5/ X6/ X7/ X8/ X9/ XlO)
- (lel UXZ/ 5—X3/ (7X4/ UX5/ 0X6/ 5—X7/ a'XSI UX9/ (TX10),

/P2 +4q . . _ —\/p2+4
where 0 = 0p; = M > ( is a metallic number,aszW:p—0<O,
and p,q € IN.

Now, by simple calculations we get 0> = po + g and similarly 32 = p& + q.
Hence, we have

]2 (Xll XZ/ X3/ X4I X5I X6I X7I X8/ X9I XlO)
= (P] + ql) (Xll XZ/ X3/ X4/ X5/ X6/ X7/ XS/ X9/ XlO)

so that R forms a metallic Riemannian manifold together with the usual Eu-
clidean metric and the metallic structure | defined above.

Next, let M = {(u,a1,ap,a3) : u > 0,; € (0,%)} and f : M — R be the
immersion given by

f(u, a1, 00, a3) = (1.cosaq, 1 sinaq, U COS &y, U SIN Ay, U COS A3, U SIN A3, U, X1, X, K3).
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We consider an orthonormal frame {Z1, Z5, Z3, Z4} on TM such that

Z zl(coszx i+sinoc i+cosoc i+s1noc I + cosw I + sinu I
179 19x, 19x, 29x3 29x4 39xs 39xs
0
+$10)I
Zzzi(—smali—kcosall—ki)
\/i axl 0 X2 aX9
Zgzi(—smaz I -I—Cosoczi-l—i)
V2 X3 oxy  Oxg
1 _ . _ 0 — 9d
Z4:—_(—0\/(_7—51noc3+a\/5—cosoc3+a —0’—).
q(o’ — 0') 0X5 0Xg 0xy

Thus, we have

JZ _ ! 0 Ccos « + osina I + 0 cosw I + osina I + o cosa J
L) 19y, 19x, 29x3 29x4 39xs

+ osina J +0o J
38 X6 8x10
]ZzZU'Zz, ]Z3:0'Zg,

JZ4 = 1 (q\/(;ai sin s — q\/——cosoc3—q J )
5

Vale—0) o

Hence, taking the distributions as

D =< Zy,7Z3>, Dp=< 21>, Dt =< Z4 >

we have that the distribution D is invariant, the distribution D+ is anti-invariant
and the distribution Dy is slant with the slant angle 0 given by

1 8021 Zh) 1 2P PRt

0 = cos 0s
| Z1 |- ]1]Z1 ] V3po +po+4q

Therefore, TM = D & Dy & D+ and hence, M is a QHS submanifold of R0.

Note. According to V. W. de Spinadel, besides carrying the name of metals,
the metallic means family have common mathematical properties that attach a
fundamental importance to them in modern investigations about the search of
universal roads to chaos, and the metallic numbers found many applications in
researches that analyse the behaviour of non linear dynamical systems when they
proceed from a periodic regime to a chaotic one.

Golden mean is known from ancient times as an expression of harmony
of many famous constructions (Taj Mahal, the Parthenon in Athens, the Great
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Pyramid of Giza, Temple of Zeus, the Great Mosque of Kairouan, the United
Nations Building in New York), paintings (the Last Supper Monalisa by Leonardo
da Vinci, the Starry Night by Vincent van Gogh) and music (many of Mozart’s
piano sonatas’, Beethoven’s fifth symphony, Genesis’ Firth of Fifth song). It also
appears as an expression of the objects from the natural world (snail shells, pine
cones, strawberry seeds, tree branches, flower petals, spiral galaxy, hurricanes,
DNA molecules) possessing pentagonal symmetry. Even, the ratios of human
forearm to human hand and systolic blood pressure to diastolic blood pressure
of people less prone to cardiac arrest are golden ratios.
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LIGHTLIKE SUBMANIFOLDS OF INDEFINITE KENMOTSU
MANIFOLD

6.1 Introduction

K. L. Duggal introduced the geometry of lightlike submanifolds in 1996 along
with A. Bejancu [48] and later in 2010, he along with B. Sahin wrote another book
on it [54]. In between, B. Sahin characterized lightlike submanifolds in many
ways. In 2006, he introduced the notion of transversal lightlike submanifolds and
studied some differential geometric properties of those submanifolds [124]. In
2008, he initiated the study of screen transversal lightlike submanifolds [125]. R. S.
Gupta introduced the notions of slant and screen slant submanifolds in indefinite
Kenmotsu manifolds respectively in 2011 with A. Sharfuddin [66] and in 2010
with A. Upadhyay [67]. R. S. Gupta and A. Sharfuddin also conceptualised
screen transversal lightlike submanifolds in the context of indefinite cosymplectic
manifolds in 2010 [64] and later in the context of indefinite Kenmotsu manifolds
in 2011 [65]. In 2012, S. M. K. Haider et al. studied totally contact umbilical
screen transversal lightlike submanifolds of an indefinite Sasakian manifold [69]
and recently, in 2021, A. Yadav et al. investigated the existence of totally contact
umbilical screen-slant lightlike submanifolds of indefinite Sasakian manifolds
[146]. As the tangent and normal bundles have non-trivial intersection in lightlike
submanifolds, many researchers used this theory widely in their works such as

[12], [47], [49], [50], [51], [53], [83]-

K. Yano and M. Kon introduced the notion of generic submanifolds as the
generalization of CR-submanifolds in 1980 [152]. Generic submanifold is the most
general case of submanifolds because CR-submanifolds include holomorphic, as
well as totally real submanifolds as subspaces. Also, screen CR-lightlike submani-
fold has invariant and anti-invariant lightlike submanifolds as its particular cases.
Hence, generic lightlike submanifolds must include CR-lightlike submanifolds. K.
L. Duggal and D. H. Jin introduced the concept of generic lightlike submanifolds
of an indefinite Sasakian manifold in 2012 [50]. In 2015, D. H. Jin and J. W. Lee
turther studied generic lightlike submanifolds of an indefinite Kahler manifold
[83] but yet, this concept did not contain proper screen CR-lightlike submanifolds.
Hence, later in 2019, screen generic lightlike submanifold was introduced by B.
Dogan et al. [47]. In 2020, R. S. Gupta modified this concept in the context of
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contact geometry and introduced a general notion of screen generic lightlike
submanifolds of an indefinite Sasakian manifold with the structure vector field
tangent to the submanifold [63].

Motivated from the works mentioned above, in this chapter, we have studied
various types of lightlike submanifolds of indefinite Kenmotsu manifolds. This
chapter is divided into nine sections. After Introduction and Preliminaries
sections, in the third section, we have proved some results regarding screen-slant
lightlike submanifolds of an indefinite Kenmotsu manifold. In the fourth section,
we have proved a characterization theorem of totally contact umbilical screen-
slant lightlike submanifolds of an indefinite Kenmotsu manifold. In the fifth
section, we have further proved some results on a totally contact umbilical radical
screen-transversal lightlike submanifold of an indefinite Kenmotsu manifold,
such as the necessary and sufficient conditions for the screen distribution S(TM)
to be integrable and for the induced connection V to be a metric connection. In
the sixth section, we have investigated the necessary and sufficient conditions for
the induced connection on a contact screen generic lightlike (CSGL) submanifold
of an indefinite Kenmotsu manifold to be a metric connection, for integrability
& parallelism of some associated distributions, and for some distributions to be
totally geodesic foliations. We have also discussed about non-parallel distributions
and more than one necessary and sufficient conditions for a CSGL submanifold to
be mixed geodesic. In the seventh and eighth sections respectively, we have further
studied some properties satisfied by proper totally umbilical CSGL submanifolds
and the necessary and sufficient conditions for minimality of an associated
distribution & also of a CSGL submanifold. At last, in the ninth section, we
have constructed an example of a CSGL submanifold of an indefinite Kenmotsu
manifold.

6.2 Preliminaries

In this section, we write down some definitions related to lightlike submanifolds
which we have taken into account while obtaining the results of the sections
following this chapter.

We start with the definition of totally contact umbilical lightlike submanifold
given below.

Definition 6.2.1. [153] A lightlike submanifold (M, g) of an indefinite Kenmotsu
manifold M (¢,¢,1,§), with the structure vector field ¢ tangent to M, is called a

totally contact umbilical lightlike submanifold if for a vector field a transversal to M
and VZ,W € T'(TM),

W(Z,W) = [8(Z,W) = n(Z)n(W)]a +5n(Z)h(W, &) + n(W)h(Z,8),  (6.2.1)
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where & is a symmetric bilinear form on I'(TM) with values in I'(tr(TM)) known
as the second fundamental form of M. If « = 0, then M is called a totally contact
geodesic lightlike submanifold.

Now, equating components of (6.2.1) belonging to Itr(TM) and S(T+M)
respectively we have [52]

W(Z,W) = [g(Z,W) = n(Z)n(W)]a; + n(Z)K (W, &) + n(W)H(Z,8),  (6.2.2)
W(Z,W) = [8(Z,W) = n(Z)y(W)]as +n(Z)h*(W, ) +n(W)h*(Z,¢), (6.2.3)

where h'(Z,W) = L(h(Z,W)), h*(Z,W) = S(h(Z,W)) (L, S are the projection
morphisms of t(TM) on Itr(TM), S(T+M) respectively) and «; € T(Itr(TM)),
as € T(S(T+M)). h' and h* are called the lightlike second fundamental form and the
screen second fundamental form of M respectively.

Let M be a lightlike submanifold of an indefinite Kenmotsu manifold M and
V, V be the Levi-Civita connections on M, M respectively. The Gauss and
Weingarten formulae are given by —

VxY = VxY +h(X,Y) VX, Y € T(TM), (6.2.4)
VxV = -AyX + VLV VX € T(TM), V € T(tr(TM)), (6.2.5)

where VxY, AyX € I(TM) and h(X,Y), VLV € T'(tr(TM)). Here A is a linear
operator on TM known as the shape operator and V' is a linear connection on
tr(TM) known as the transversal linear connection on M.

Now, the equations (6.2.4) and (6.2.5) further reduce to—
VxY = VxY +H(X,Y) +1(X,Y) VX, Y € T(TM), (6.2.6)
VxV = —AyX + DY X, V) +D*(X,V) VX € [(TM), V € I'(tr(TM)),
where D!(X, W) = L(V4LW), D*(X, W) = S(VLW).
In particular, we have

VxU = —AyuX + VLU + D*(X,U) YU € T(Itr(TM)), (6.2.7)
VxW = —AwX + VW + DX, W) YW € T(S(T+M)), (6.2.8)

where V! and V* are linear connections on Itr(TM) and S(TM) called the light-
like transversal connection and the screen transversal connection on M respectively.

Again, from (6.2.6)-(6.2.8) we get

(h*(X,Y), W) +&(Y, D' (X,W)) = g(AwX,Y), (6.2.9)

g
g(D*(X,U),W) = g(U, AwX). (6.2.10)
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Let P be the projection morphism of TM on S(TM), then we have VX,Y €
[(TM), V € I(Rad(TM)),

VxPY = VxPY + h* (X, PY), (6.2.11)

VxV = —-Ay X + ViV, (6.2.12)
where I1* is the local second fundamental form on S(TM) and A* is the shape op-
erator of Rad(TM), V4PY, A}, X € T(S(TM)) and h*(X, PY), ViV € T(Rad(TM)).
Here V* and V* are induced connections on S(TM) and Rad(TM) respectively.

From (6.2.11) and (6.2.12) we have

g(hl(X, PY),Z) = g(AX,PY), (6.2.13)
g(h*(X,PY),N) = g(AnX, PY), (6.2.14)
g(hl(X/Z)/Z) =0, A,Z=0. (6.2.15)

Although the induced connection V on M is not a metric connection, V*
and V*! are metric connections on S(TM) and Rad(TM) respectively. As V is a
metric connection on M, from (6.2.6) we get VX,Y,Z € T(TM),

(Vxg)(Y,Z) = g(h(X,Y),Z) + §(H(X,Z),Y). (6.2.16)

Definition 6.2.2. [49] A lightlike submanifold (M, g) of an indefinite Kenmotsu
manifold M(¢, &, 7,§), with the structure vector field ¢ tangent to M, is called
totally umbilical if there exists a smooth transversal vector field H € T'(tr(TM))
on M, which is called the transversal curvature vector field of M, such that VZ, W €
h(Z,W) = g(Z,W)H. (6.2.17)

From (6.2.6), (6.2.8) and (6.2.17), we easily conclude that M is totally umbilical

if and only if on each coordinate neighbourhood, there exist smooth vector fields
H' € T(Itr(TM)), H® € T(S(T+M)), such that YV € T(S(T+M)),

W(z,W)=g¢(z,W)H!, D'(z,V) =0, (6.2.18)
h(Z,W) = g(Z,W)H". (6.2.19)

Definition 6.2.3. [8] A lightlike submanifold (M, g) of an indefinite Kenmotsu
manifold M (¢,¢,1,8), with the structure vector field ¢ tangent to M, is called
minimal if

(i) »* = 0 on Rad(TM),

(ii) trace(h) = 0 with respect to g restricted to S(TM).

Definition 6.2.4. [63] An r-lightlike submanifold (M, g,S(TM),S(T+M)) of
an indefinite Kenmotsu manifold M((p, ¢,n,§), with the structure vector field ¢
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tangent to M, is called contact screen generic lightlike (CSGL) submanifold if the
following conditions are satisfied —
(i) Rad(TM) is invariant with respect to ¢ i.e.,

¢$(Rad(TM)) = Rad(TM), (6.2.20)
(ii) there exists a subbundle Dy of S(TM) such that
Do = ¢(S(TM)) N S(TM), (6.2.21)

where Dy is a non-degenerate distribution on M.

From Definition 6.2.4 we get
S(TM) = Dy @® D' @® o < € >, (6.2.22)

where D’ is a complementary non-degenerate distribution to Dy in S(TM) such
that
(D) £ S(TM), $(D') £ S(TM).

Let Py, P; and P’ be the projection morphisms on Dy, Rad(TM) and D’
respectively, then we have VX € T'(TM),

X = P0X+P1X-|-P’X—|—17(X)§ (6.2.23)
=X = PX+ P'X +5(X)¢, (6.2.24)

where
D = Do @y, Rad(TM), (6.2.25)

so that

™ = Rad(TM) Dorth S(TM) = Rad(TM) Dorth [DO > D/@orth <& >]
= TM =D& D'y < &>, (6.2.26)
D is invariant i.e. ¢(D) = D and PX € T(D), P'X € T(D").

From (6.2.20) we have
PX =TX + wX, (6.2.27)

where TX and wX are the tangential and transversal parts of ¢X respectively.
Also, it is clear that ¢(D’) # D'.

Again, VY € T(D’),
oY =TY + wY, (6.2.28)

where TY € T(D') ande wY € T(S(T+M)).

Similarly, VW € T'(tr(TM)),
$W = BW +CW, (6.2.29)
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where BW and CW are the tangential and transversal parts of ¢W respectively.

Definition 6.2.5. A lightlike submanifold (M, g) of an indefinite Kenmotsu
manifold M(¢,&,7,§) is called proper CSGL submanifold if Dy # {0}, D' # {0}
and then, from Definition 6.2.4 we have—

(A) dim(Rad(TM)) = 2s > 2 (by condition (i)),

(B) dim(Dy) = 2a > 2 (by condition (ii)),

(C) dim(D’) = 2p > 2 so that dim(M) > 7 and dim(M) > 11,

(D) any proper 7-dimensional CSGL submanifold must be 2-lightlike,

(B) index(M) > 2 (by condition (i), since M is an indefinite Kenmotsu manifold).

Proposition 6.2.1. [63] A contact SCR-lightlike submanifold (M, g) of an indefi-
nite Kenmotsu manifold M (¢, &, n,§) is a CSGL submanifold such that the distribution
D’ is totally anti-invariant i.e.,

S(T*M) = wD' @y, (6.2.30)
where u is a non-degenerate invariant distribution (¢(u) = u).

Definition 6.2.6. [83] An r-lightlike submanifold (M, g) of an indefinite Kenmotsu
manifold M(¢, &, 1, §) is called generic r-lightlike submanifold if there exists a screen
distribution S(TM) of M such that

¢(S(TTM)) C S(TM). (6.2.31)

Proposition 6.2.2. [63] A generic r-lightlike submanifold (M, g) of an indefinite Ken-
motsu manifold M(¢,&,n,§) is a screen generic lightlike submanifold with u = {0}.

Proposition 6.2.3. [63] Any CSGL submanifold (M, g) of an indefinite Kenmotsu
manifold M(¢, &, 1, §) is an invariant lightlike submanifold if D' = {0}.

Definition 6.2.7. [63] A CSGL submanifold (M, g) of an indefinite Kenmotsu
manifold M(¢,¢&,n,§) is called D-geodesic if

h(X,Y)=0 VX,Y € T(D), (6.2.32)
which implies that, M is D-geodesic if
(X, Y)=0=n(XY) VX,Y € [(D). (6.2.33)
Definition 6.2.8. M is called mixed geodesic if
h(X,Y) =0 VX eT(D), Y €T (D' @y < E>). (6.2.34)

Definition 6.2.9. [67] Let (M, g) be a 2g-lightlike submanifold of an indefinite
Kenmotsu manifold M(¢,¢, 1, §) of index 2g such that 2g < dim(M) with struc-
ture vector field ¢ tangent to M, then M is called a screen-slant lightlike submanifold
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of M if the following conditions are satisfied —

(i) Rad(TM) is invariant with respect to ¢ i.e. ¢(Rad(TM)) C Rad(TM),

(ii) for any non-zero vector field Y tangent to S(TM) = D&y, < & > aty € M,
the angle 6(Y) (known as the slant angle) between ¢Y and S(TM) is constant,
where D is the complementary distribution to < ¢ > in S(TM) and Y, ¢ are
linearly independent.

M is called proper if D # {0}, 8 # 0,7 and is called a screen real lightlike
submanifold if 0 = 7.

Definition 6.2.10. [125] An r-lightlike submanifold (M, g) of an indefinite Ken-
motsu manifold M(¢,¢&,7,§) is called a screen-transversal lightlike submanifold if
¢(Rad(TM)) C S(T+M).

Definition 6.2.11. [125] A screen-transversal lightlike submanifold (M, g) of an in-
definite Kenmotsu manifold M(¢, ¢, 1, §) is called a radical screen-transversal light-
like submanifold if S(TM) is invariant with respect to ¢ i.e. $(S(TM)) C S(TM).

Note. [82] Here, without loss of generality, the structure vector field ¢ of the
indefinite Kenmotsu manifold M is assumed to be spacelike i.e. §(¢,&) =€ = 1.

6.3 Screen-Slant Lightlike Submanifolds

In this section, we prove some results regarding screen-slant lightlike submani-
folds of an indefinite Kenmotsu manifold.

Let (M, g) be a screen-slant lightlike submanifold of an indefinite Kenmotsu
manifold M(¢,&,7,§). Then we have the following decomposition—

TM = Rad(TM) ©orth DSorin < & > .

Let P, Q be the projection morphisms of TM on Rad(TM), D respectively,
then for any X € I'(TM), we have

X =PX+ QX +y(X)¢, (6.3.1)
where PX € T'(Rad(TM)), QX € T'(D).
Again, for any X € I'(TM), we have
pX = TX + wX, (6.3.2)

where TX € I'(TM) and wX € T'(tr(TM)) are the tangential and transversal
components of ¢ X respectively.
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Now, applying ¢ on (6.3.1) we get
$pX = TPX + TQX + wQX. (6.3.3)
S(T+M) can be decomposed as
S(T+M) = wQ(S(TM)) or 1,
where y is an invariant subspace of TM.
Then for any W € T'(S(T+M)), we have
¢W = BW +CW, (6.3.4)
where BW € T(S(TM)), CW € T'(S(T+M)).
Also, for any N € I'(Itr(TM)),
¢N = CN, (6.3.5)

where CN € I'(Itr(TM)).

Now, we state and prove some results: —

Theorem 6.3.1. Let (M, g) be a 2q-lightlike submanifold of an indefinite Kenmotsu
manifold (M, §) with constant index 2q < dim (M), then M is a screen-slant lightlike
submanifold if and only if there exists a constant A € [—1,0] such that VX € T(S(TM)),

(PoT)*X = A[-X 4+ n(X)E], (6.3.6)
where A = cos? 07 )-
Proof. The proof follows from Theorem 3.1 in [68].

Corollary 6.3.1. Let (M, g) be a screen-slant lightlike submanifold of an indefinite
Kenmotsu manifold (M, §), then VX,Y € T(TM),

g(TQX, TQY) = cos” b5t [§(X, Y) — (X)n(Y)], (6.3.7)
$(wQX, wQY) = sin®fg(ran[g(X,Y) — n(X)n(Y)]. (6.3.8)

Proof. The proof follows from Corollary 3.2 in [68].

Theorem 6.3.2. Let (M,g) be a screen-slant lightlike submanifold of an indefinite
Kenmotsu manifold (M, §), then VX,Y € T(TM),

(VxT)Y = Ay X + BE(X,Y) + §(¢X, Y)E —n(V)TX,  (6.3.9)
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(Vxw)Y = Ch(X,Y) 4+ CH (X, Y) — h¥ (X, TY) — h' (X, TY) — D'(X, wY)
—1(Y)wX, (6.3.10)
where (VxT)Y = VxTY — T(VxY) and (Vxw)Y = ViwY — w(VxY).

Proof. From (1.20) we get
Vx9Y = VY +§(¢X,Y)E - n(Y)pX.
Applying (6.3.2) on the above equation we obtain
Vx(TY + wY) = ¢VxY + §(¢X, Y)E — n(Y)(TX + wX),
on which applying (6.2.6), (6.2.8), (6.3.2), (6.3.4), (6.3.5) we get
VxTY + 1 (X, TY) + 1 (X, TY) — Apy X + ViwY + D' (X, wY)
=TVxY +wVxY +Ch (X,Y) + B (X,Y) + Ch* (X, Y) + §(¢X, Y)E
—n(Y)(TX + wX).

Equating tangential and transversal components of the above equation we
obtain (6.3.9) and (6.3.10) respectively.

6.4 Totally Contact Umbilical Screen-Slant
Lightlike Submanifolds

In this section, we prove the following characterization theorem of totally con-
tact umbilical screen-slant lightlike submanifolds of an indefinite Kenmotsu
manifold: —

Theorem 6.4.1. Let (M, g) be a totally contact umbilical screen-slant lightlike sub-
manifold of an indefinite Kenmotsu manifold (M, §), then at least one of the following
statements is true—

(i) M is a screen real lightlike submanifold,

(i)) D = {0},

(iii) if M is a proper screen-slant lightlike submanifold, then as € T'(p).

Proof. For any Y = QY € I'(D), from (6.2.1) we have
h(TQY, TQY) = ¢(TQY, TQY)a,

on which applying (1.17), (1.20), (6.2.4), (6.2.6), (6.2.8), (6.3.1), (6.3.2), (6.3.7) we
get

$(VroyQY + H (TQY, QY) + 1 (TQY, QY)) + AwoyTQY — VigywQY
— DN(TQY,wQY) — VoyTQY — g(TQY, TQY)&
= cos?0g(Y,Y)a,
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which (by the help of (6.2.2), (6.2.3), (6.3.2)) reduces to—

TVrrQY + wVroyQY + Augy TQY — VigywQY — D(TQY, wQY)
- VTQyTQY — g(TQY, TQY)@
= cos?0g(Y,Y)a,

since g(TQY,QY) = g(¢Y,Y) = —g(Y,¢Y) = —g(TQY,QY) = g(TQY,QY) =
0.

Equating transversal components of the above equation we obtain

wV7yQY — VigywQY — D! (TQY,wQY) = cos® 63(Y, Y)a. (6.4.1)
Now, taking covariant derivative of (6.3.8) with respect to TQY we get
§(VigywQY, wQY) = sin® 63 (Vi Y, Y). (6.4.2)
Again, from (6.3.8) we have
§(wVToyQY,wQY) = sin® fg( Tor Y, Y). (6.4.3)

Now, taking inner product of (6.4.1) with wQY we obtain

$(wVroyQY, wQY) — §(VigywQY, wQY) = cos® 63(Y,Y)§(as, wQY)
= cos?0g(Y,Y)§ (s, wQY) =0 (by (6.4.2),(6.4.3))

:Q:gorY:OOrIXSGF(V)I

which implies either M is a screen real lightlike submanifold or D = {0} or
as € I'(p) if M is proper.

This completes the proof.

6.5 Totally Contact Umbilical Radical Screen-
Transversal Lightlike Submanifolds

In this section, we prove some results on a totally contact umbilical radical screen-
transversal lightlike submanifold M of an indefinite Kenmotsu manifold M, such
as the necessary and sufficient conditions for the screen distribution S(TM) to be
integrable and for the induced connection V to be a metric connection.

Theorem 6.5.1. Let (M, g) be a totally contact umbilical radical screen-transversal light-

like submanifold of an indefinite Kenmotsu manifold (M, §), then S(TM) is integrable if
and only if as has no component in ¢(Rad(TM)).
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Proof. For any X,Y € I'(S(TM)) and N € I'(Rad(TM)), using (1.16), (1.17),
(1.20), (6.2.3), (6.2.6) we get

(X, Y], N) = g(1*(X,9Y) = I°(Y, 9X),pN) = 23(X, ¢Y)&(as, oN),

which implies that [X, Y] € T(S(TM)) VX,Y € T'(S(TM)) if and only if §(as, ¢N) =
0 VN € T'(Rad(TM)).

This completes the proof.

Theorem 6.5.2. Let (M, g) be a totally contact umbilical radical screen-transversal
lightlike submanifold of an indefinite Kenmotsu manifold (M, §), then h*(X,Y) = 0 if
and only if as has no component in ¢(Rad(TM)).

Proof. For any X,Y € I'(S(TM)), using (1.20), (6.2.6) we have
Vx¢Y +H (X, ¢Y) + 1 (X, ¢Y) = 3(¢X, Y)E—n(Y)pX +p(VxY +H (X, Y)+ 1 (X,Y)).

Taking inner product of the above equation with ¢N for any N € I'(Rad(TM)),
we obtain

(X, ¢Y),pN) = g($VxY, ¢N).

Now, using (1.16), (6.2.3), (6.2.11) in the above equation we get
$(as, N)g(X, ¢Y) = g(h*(X,Y),N),

which implies our assertion.

Theorem 6.5.3. Let (M, g) be a totally contact umbilical radical screen-transversal light-
like submanifold of an indefinite Kenmotsu manifold (M, §), then the induced connection
V on M is a metric connection if and only if as has no component in ¢(Rad(TM)).

Proof. For any X € I'(TM) and N € I'(Rad(TM)), using (1.20) we get
Vx¢N —¢(VxN) = Z(¢X,N)Z,
on which applying ¢ and then using (1.15) we obtain
VxN = —¢(Vx¢N).

Using (6.2.6), (6.2.8) in the above equation, taking inner product with Y €
I'(S(TM)) and then using (1.17) we get

§(VxN,Y) = —g(AsnX, 9Y) + Z(Vi¢N, ¢Y) +§(D'(X,¢N), ¢Y),
in which using (6.2.3), (6.2.9) we obtain

8(VxN,Y) = —g(X,¢Y)g(as, §N).
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Therefore, V is a metric connection on M if and only if Rad(TM) is parallel if
and only if VxN € I'(Rad(TM)) VX € I'(TM), N € T'(Rad(TM)) if and only if
Z(as,¢N) =0 VN € I'(Rad(TM)).

This completes the proof.

Theorem 6.5.4. Let (M, g) be a totally contact umbilical radical screen-transversal
lightlike submanifold of an indefinite Kenmotsu manifold (M, §), then

(i) ApnX = [X — (X)&)g(s, §N) + 7 (X)¢N + D'(X,9N) VX € T(S(TM)),

N e T'(ltr(TM)),

(ii) ApnX = X§(as, N) + D'(X,¢N) VX € [(Rad(TM)), N € I(Itr(TM)).

Proof. Replacing W by ¢N in (6.2.9) we have
g(ApNX,Y) = g(I°(X,Y),¢N) + §(Y, D' (X, ¢N)),
on which applying (1.21), (6.2.3), (6.2.6) we get

S(ApNX,Y)

=[8(X,Y) = n(X)n(Y)]§(as, pN) +7(X)§(Y, #N) + 1 (Y)Z(X, $N)
+&(Y,D'(X,¢N))

= ApnX = [X = (X)&]§(as, ¢N) + 7(X)pN + §(X, pN)E + D'(X, ¢N).

Then (i) and (ii) follow from the above equation restricting X to S(TM) and
Rad(TM) respectively.

6.6 CSGL Submanifolds

In this section, we investigate the necessary and sufficient conditions for the
induced connection V on a CSGL submanifold M of an indefinite Kenmotsu
manifold M to be a metric connection, for integrability & parallelism of some as-
sociated distributions, and for some distributions to be totally geodesic foliations.
We also discuss about non-parallel distributions and more than one necessary
and sufficient conditions for M to be mixed geodesic.

Theorem 6.6.1. Let (M, g) be a CSGL submanifold of an indefinite Kenmotsu manifold
(M, §) with the structure vector field & tangent to M, then the induced connection V on
M is a metric connection if and only if VX,Y € T(Rad(TM)), U € T(S(TM)),

SO (X, ¢Y), wl) + G (X, $Y),wl) = g(X,V)p(U).  (66.1)
Proof. From (1.20) we have VX,Y € I'(Rad(TM)),

(Vx)Y = VoY —p(VxY) = §(¢X,Y) (as n(Y) =0),
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on which applying ¢ and then using (1.15) we get
VxY = —¢(Vx¢Y) - g(X, Y)Z. (6.6.2)
Using (6.2.6), (6.2.12), (6.2.27), (6.2.29) in (6.6.2) we obtain
VxY +h(X,Y) = TA} X + wAjy X — BV*3¢Y — CVY¢Y
—BH (X, ¢Y) — CH (X, pY) — BH(X,¢Y) — Ch* (X, 9Y) — g(X, Y)E.  (6.6.3)
Equating the tangential parts from both sides of (6.6.3) we get
VxY =TAp X - BV*%¢Y — BH (X,pY) — BE(X,9Y) — g(X,Y)E  (6.6.4)

Now, we know that V is a metric connection if and only if Rad(TM) is a
parallel distribution i.e., g(VxY,U) =0 YU € T(S(TM)).

From (6.6.4), on applying (1.17) and (6.2.27), we have YU € I'(S(TM)),
g(VxY,U) = g (X,9Y), wl) + §(1* (X, $Y), wl) — g(X, Y)y(U),

which implies that g¢(VxY, U) = 0 if and only if (6.6.1) holds. This completes the
proof.

Theorem 6.6.2. Let (M, g) be a CSGL submanifold of an indefinite Kenmotsu manifold
(M, §) with the structure vector field & tangent to M, then

(i) the distribution Dy is integrable if and only if VX,Y € T'(Dy), Z € T'(Rad(TM)),
N e T(Itr(TM)), V € T(S(T+M)),

(VY — VigX, TZ) + g(Bh*(X,¢Y) — Bi*(Y,$X),TZ) =0,  (6.6.5)
F(H* (X, oY) — h*(Y,pX),pN) =0, (6.6.6)
g(VipY — VigpX,BV) + §(h* (X, ¢Y) — h*(Y,¢X),CV) = 0; (6.6.7)

(ii) the distribution D’ is integrable if and only if (6.6.5), (6.6.6), (6.6.7) hold VX,Y €

r(D’);

(iii) the distribution D is integrable if and only if VX,Y € T(D), V € T(S(T*+M)),
¢(VxTY — VyTX,BV) + §(h(X, TY) — h(Y, TX),CV) = 0. (6.6.8)

Proof. (i) VX,Y € I'(Dy), using (1.21) in the following equation

(X, Y1,8) = g(VxY,$) — §(VyX, &) = —g(Y, Vx¢) + §(X, Vy{),

we have
$([X,Y],¢) =0. (6.6.9)
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Now, VZ € I'(Rad(TM)), using (1.16) we have
(X, Y], Z) = g(pVxY — Vv X, ¢Z).

Applying (1.15), (1.17), (1.20), (6.2.11), (6.2.27) and (6.2.29) on the above
equation we obtain

3([X,Y],Z) =g(Vx¢pY — Vy¢pX,TZ) + g(Bh* (X, pY) — Bh*(Y, $pX), TZ).

(6.6.10)
Again, VN € T'(Itr(TM)), using (1.16) we have
(X, Y], N) = g(¢VxY — ¢VyX,¢N),
in which using (1.15), (1.17), (1.20) and (6.2.11) we get
§(X, Y], N) = g (X, 9Y) — " (Y, $X), ¢N). (6.6.11)

Also, VV € T(S(T+M)), using (6.2.16) we have
(XYL, V) = §(¢VxY — pVyX,¢V),
on which applying (1.15), (1.17), (1.20), (6.2.11) and (6.2.29) we get
$([X,Y],V) = g(VpY — VidpX,BV) + (h* (X, ¢Y) — h* (Y, $X),CV). (6.6.12)

From (6.6.9)—(6.6.12), we can conclude that VX,Y € T'(Dy), [X,Y] € I'(Dy)
if and only if VZ € T'(Rad(TM)), N € T(Itr(TM)), V € T(S(T+M)), equations
(6.6.5), (6.6.6) and (6.6.7) hold.

(ii) The proof is similar as of (i).
(iii) VX, Y € T'(D), similarly as (6.6.9) we have
g([X,Y],¢) =0. (6.6.13)
Now, YV € T'(S(T+M)), using (1.16) we have
(X, Y], V) = §(VxY — VX, ¢V).
Using (1.15), (1.20), (6.2.4) and (6.2.29) in the above equation we obtain
3([X, Y], V) =¢(VxTY —VyTX,BV)+ §(h(X,TY) — h(Y,TX),CV). (6.6.14)

From (6.6.13) and (6.6.14), we conclude that VX,Y € T'(D), [X,Y] € T(D) if
and only if YV € T(S(T+M)), equation (6.6.8) holds.

Theorem 6.6.3. Let (M, g) be a CSGL submanifold of an indefinite Kenmotsu manifold
(M, §) with the structure vector field & tangent to M, then
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(i) the distribution Dy is not parallel,
(ii) the distribution D’ is not parallel,
(iii) the distribution D is not parallel.

Proof. (i) Let X,Y € I'(Dy), then using (1.21) in the following equation

8(VxY, &) = —§(Y, Vx{),

we get ¢(VxY,¢) = —3(X,Y) # 0 since Dy is non-degenerate. Hence, Dy is not
parallel.

(ii) The proof is similar as of (i).

(iii) Let X, Y € I'(D) = I'(Dg @y Rad(TM)), then using (1.21) in the following
equation

§(VxY, &) = —§(Y, Vx),

we get ¢(VxY, &) = —3(X,Y) # 0 since Dy is non-degenerate. Hence, D is not
parallel.

Theorem 6.6.4. Let (M, g) be a CSGL submanifold of an indefinite Kenmotsu manifold
(M, §) with the structure vector field & tangent to M, then

(i) the distribution Do@,y, < & > is parallel if and only if VX € T(TM), Y €
P(Do@orth < C >)/

(X, TY) + ViwY = 0;
(ii) the distribution D' @y, < & > is parallel if and only if VX € T(TM), Y €
1_‘(D/@orth < g >)/
V}}TY — Ay X € F(D,@orth <¢ >)/
(X, TY) + ViwY = 0;
(iit) the distribution D®oy, < ¢ > is parallel if and only if VX € T(TM), Y €
T(D® o < & >), VxTY has no component in ¢(S(T+M)).
Proof. (i) Let X € T(TM), Y € T(DoBopn, < € >).
Now, for Z € T'(Rad(TM)), using (1.16) we have

g(VxY,Z) = §(VxY,¢Z),
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which leads to the following equation with the help of (1.15), (1.20), (6.2.5), (6.2.11)
and (6.2.27)—
§(VxY,Z) = g(VXTY — AwX,TZ)

= ¢(VxY,Z2) =0 <= g(VXTY - A X,TZ) =0. (6.6.15)
Again, for N € I'(Itr(TM)), using (6.2.20) we have

g(VxY,N) = g(VxY,¢N).

Applying (1.15), (1.20), (6.2.5), (6.2.11), (6.2.27) and (6.2.29) on the above
equation we get

g(VxY,N) = ¢(V4TY — Ay X,BN) + §(h*(X,TY) + ViwY,CN)
= ¢(VxY,N) = 0 if and only if

¢(VXTY — AwyX,BN) =0, (6.6.16)
§(h* (X, TY) + ViwY,CN) = 0. (6.6.17)

Also, for V € T(S(T+M)), using (6.2.20) we have
g(VxY,V) = &(VxY,¢V),
in which using (1.15), (1.20), (6.2.5), (6.2.11), (6.2.27) and (6.2.29) we get
g(VxY, V) = g(VLTY — A,y X, BV) + g(h*(X, TY) + ViwY,CV)
= ¢(VxY,V) =0if and only if

¢(VXTY — Ay X,BV) =0, (6.6.18)
§(h* (X, TY) + ViwY,CV) = 0. (6.6.19)
The distribution Do®yy, < ¢ > is parallel if and only if VX € T'(TM),
Y € T(Do@oyn < & >), VxY € T(Do@opn < € >).

Now, combining (6.6.15), (6.6.16), (6.6.18) and then (6.6.17), (6.6.19) respectively,
we have, VxY € I'(DyBo < ¢ >) if and only if

g(V5TY — Ay X, ¢U) =0 VYU € T'([Rad(TM) & Itr(TM)] @opn S(THM))
< VXTY — Ay X € T(Do®op, < & >), and

§(h* (X, TY) + ViwY, W) =0 YW € T(Itr(TM) @opn S(THM)) = [ (tr(TM))
< h*(X,TY) + VkwY = 0.

(ii) The proof is similar as of (i).
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(ii) Let X € T(TM), Y € T(D®gpy, < & >). For V € T(S(T+M)), using (1.16) we
have )
g(VxY,V) = g(VxY, V),

which leads to the following equation by the help of (1.15), (1.20), (6.2.4) and
(6.2.27)—
¢(VxY, V) = g(VxTY,pV). (6.6.20)

Now, the distribution D@, < ¢ > is parallel if and only if VX € I'(TM),
Y e 1—‘(D@orth <¢ >)/ VxY € 1—'(D@orth <¢ >)'

Therefore, from (6.6.20), we get, the distribution D®,,y, < § > is parallel if
and only if VxTY has no component in ¢(S(T+M)).

Theorem 6.6.5. Let (M,g) be a CSGL submanifold of an indefinite Kenmotsu man-
ifold (M,§) with the structure vector field & tangent to M, then the distribution
Do@orin, < & > is a totally geodesic foliation in M if and only if M is Do® gy, < & >-
geodesic and D@y, < ¢ > is parallel with respect to V on M.

Proof. Do@rn < ¢ > is a totally geodesic foliation in ~]\71 if and only if VX, Y €
1—’(I?O@O;’th < § >), VxY € I(Do®orn < ¢ >) ie, §(VxY,Z) = §(VxY,N) =
§(VxY,V) =0 VZ € T(Rad(TM)), N € T(Itr(TM)), V € T(S(T+M)).

Now, from (6.2.30), we have VX, Y € T(Dy@yp, < € >), N € T(Itr(TM)), V €
I(S(T+M)),

g(VxY,N) =g(h'(X,Y),N),
§(VxY, V) =g(h(X,Y),V).

Hence, if Do@,, < € > is a totally geodesic foliation in M, then VxY €
I'(Do@on < ¢ >) and thus, from the above two equations, we get H(X,Y) =
0=h(X,Y) = Mis Dy@o < & >-geodesic and from (6.2.6), VxY = VxY €
['(Do@opin < & >) so that Do®gyy, < € > is parallel with respect to V on M.

Conversely, if M is Dy@qyy, < ¢ >-geodesic, then 1/ (X,Y) =0 = h*(X,Y) and
hence, from (6.2.6), VxY = VxY € T[(TM). As DyDyy, < & > is parallel with
respect to V on M, VxY = VxY € T(Do®oy, < & >) = Do®op, < & > is a
totally geodesic foliation in M.

Theorem 6.6.6. Let (M,g) be a CSGL submanifold of an indefinite Kenmotsu man-
ifold (M,§) with the structure vector field & tangent to M, then the distribution
D' @orn < & > is a totally geodesic foliation in M if and only if M is D' @gp, < & >-
geodesic and D' @ 4, < & > is parallel with respect to V on M.

Proof. The proof is similar as of Theorem 6.6.5.
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Theorem 6.6.7. Let (M, g) be a CSGL submanifold of an indefinite Kenmotsu man-
ifold (M, §) with the structure vector field ¢ tangent to M, then the distribution
D®opn, < & > is a totally geodesic foliation in M if and only if h° = 0 on DDy, < & >.

Proof. D&y < ¢ > is a totally geodesic foliation in M if and only if VX,Y €
I(D®ory, < & >), VxY € T(D®g, < ¢ >) e, §(VxY,V) =0 VYV €
[(S(T+M)).

Now, from (6.2.6), we have VX,Y € T(D@ypy < & >), V € T(S(T+M)),

g(VxY,V) = g(VxY +H (X, Y) + ¥ (X,Y),V) = §(h*(X,Y),V)
=§VxY,V)=0 < K(X,Y)=0.
Hence, the proof is completed.
Theorem 6.6.8. Let (M, g) be a CSGL submanifold of an indefinite Kenmotsu manifold
(M, §) with the structure vector field ¢ tangent to M. If M is mixed geodesic, then
VX eT(D), Y €ET(D'@op, < & >), Z € T(Rad(TM)), V € T(S(T+M)),

(i) ((VXT)Y, Z) = g(AwyX — n(Y)¢X, Z), D' (X,wY) = —H'(X, TY), (6.6.21)
(ii) g(AwyX — VxTY, BV) = §(VSwY + 1*(X,TY),CV). (6.6.22)

Proof. Let M be mixed geodesic, then VX € T(D), Y € T(D'@p, < & >),

WX, Y)=0= §(h(X,Y),Z) =0 = §(h(X,Y),V)

(H(X,Y),Z) =0 VZ € T(Rad(TM)), (6.6.23)
§(h*(X,Y),V) =0 VV € T(S(T+M)). (6.6.24)

=

o

(i) We have, on using (6.2.6) and (6.6.23), VX € T(D), Y € T(D'®yu, < & >),
Z € T(Rad(TM)),

Replacing Z by ¢Z in (6.6.25) we have

$(VxY,¢Z) = §(VxY,9Z),

on which applying (1.20), (6.2.6), (6.2.8), (6.2.28) to the left side and (1.17), (6.2.27)
to the right side we obtain

g(VxTY — AwyX, Z) + (Y)g(9X, Z) + §(D'(X,wY), Z) + §(h (X, TY), Z)

=g(T(VxY),Z). (6.6.26)
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Comparing the tangential and transversal parts of (6.6.26) from both sides, we

get respectively

§(VxTY — AwyX, Z) +1(Y)g(¢X, Z) = g(T(VxY), Z)
=8(VXTY — Ay X +1(Y)¢9X, Z) = g(T(VxY),Z)
=g((VxT)Y,Z) = g(AwyX —n(Y)$X, Z),

and

DY (X, wY) +H (X, TY) =0
=D/ (X, wY) = K (X, TY).

(ii) By the help of the equations (6.2.6), (6.2.8), (6.2.28) and (6.2.29) we have

3(VxpY,pV) = g(VxTY — Auy X, BV) + §(ViwY + (X, TY),CV). (6.6.27)

Now, using (6.2.6) and (6.6.24) we have

g(VxY, V) =g (X,Y),V)=0. (6.6.28)

Again, using (1.16) we have

S(VxY, V) =g(¢(VxY),pV).

Using (1.15), (1.16) and (1.20) in the above equation we obtain

g(VxY, V) =g(Vx¢Y, V). (6.6.29)

Equations (6.6.28) and (6.6.29) imply

3(VxoY,pV) = 0. (6.6.30)

Equations (6.6.27) and (6.6.30) lead to

g(VxTY — Auy X, BV) + §(ViwY + h*(X,TY),CV) =0
=¢(AwyX — VxTY,BV) = §(VwY + I (X, TY),CV).

Theorem 6.6.9. Let (M, g) be a CSGL submanifold of an indefinite Kenmotsu manifold
(M, §) with the structure vector field & tangent to M, then M is mixed geodesic if and

only if VX € T(D), Y € T(D'@p, < & >),

D'(X,wY) = —h (X, TY), (6.6.31)
wW(AgyX — VxTY) = C(h*(X, TY) + ViwY). (6.6.32)

Proof. Let X € T'(D), Y € T(D'® g < & >), then from (1.15) we have

P*Y =Y +5(Y)2
=¢(¢Y) = =Y +n(Y)¢,
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on which applying (6.2.28) we get
P(TY +wY) = -Y +n(Y)C.

Now, differentiating the above equation with respect to X i.e., operating with
V x on both sides we obtain

(Vx@)PY + ¢(VXTY) +¢(VxwY) = =Vx¥ = (Y, Vx{)¢ +1(Y) VxS,
in which using (1.20), (1.21), (6.2.4), (6.2.6), (6.2.8), (6.2.27) and (6.2.29) we obtain
[T(VxTY) + w(VxTY) + B (X, TY) + CH (X, TY) + Bh¥ (X, TY) + Ch* (X, TY)]
+[~TAuy X — WAy X + BV%wY + CV5%wY + BD!' (X, wY) + CD' (X, wY)]
+28(X,Y)G = n(X)n(Y)§
= —VxY—h(X,Y)+7n(Y)X. (6.6.33)
Equating the transversal parts from both sides of (6.6.33), we have
h(X,Y)

= [w(AuyX — VXTY) — C(h*(X, TY) + ViwY)] — C(K (X, TY) + D'(X, wY)).
(6.6.34)
Now, M is mixed geodesic if and only if h(X,Y) = 0 VX € T'(D), Y €
[(D'®on < € >). Hence, from (6.6.34), we have, M is mixed geodesic if and
only if the equations (6.6.31) and (6.6.32) hold.

Theorem 6.6.10. Let (M, g) be a CSGL submanifold of an indefinite Kenmotsu manifold
(M, §) with the structure vector field & tangent to M. If M is mixed geodesic, then
VX eT(D), Y €T(D'@orn < & >),

(VxT)Y = Apy X + ¢(TX, Y)& — (Y)TX, (6.6.35)
wVxY =1 (X, TY) 4+ ViwY. (6.6.36)

Proof. As M is mixed geodesic, we have, VX € T'(D), Y € T(D'@pu, < & >),
h(X,Y)=0. (6.6.37)

From (6.2.28) we have
oY =TY 4+ wY,

which gives us, on differentiating both sides with respect to X,
(V;«p)Y + (P(VXY) = VxTY + VxwY.

Now, using (1.20), (6.2.4), (6.2.6), (6.2.8), (6.2.27), (6.2.29) and (6.6.37) in the
above equation we obtain

(X, Y)E —n(Y)pX + TVxY +wVxY
= VxTY +H (X, TY) + 1 (X, TY) — Apy X + ViwY + D' (X, wY),
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on which applying (6.6.31) we have

X, Y)E—n(V)pX +TVxY +wVxY = VxTY +1¥(X, TY) — Ay X + ViwY.

(6.6.38)

Again, comparing the tangential and transversal parts from both sides of
(6.6.38), we have respectively

STX,YV)E—n(VTX = (VxT)Y — A,y X (using (6.2.27))
= (VxT)Y = Aoy X + g(TX, Y)& — n(Y)TX,
wVxY =1 (X, TY) + ViwY.

6.7 Totally Umbilical CSGL Submanifolds

In this section, we study some properties satisfied by a proper totally umbilical
CSGL submanifold M of an indefinite Kenmotsu manifold M.

Theorem 6.7.1. Let (M, g) be a proper totally umbilical CSGL submanifold of an
indefinite Kenmotsu manifold (M, §) with the structure vector field & tangent to M, then

s & T(p).
Proof. Let X, Y € IT'(TM), then from (6.2.27) we have
PY =TY + wY.
Now, differentiating the above equation with respect to X, we get
(Vx¢)Y +¢(VxY) = VxTY + VxwY.

Applying (1.20), (6.2.6), (6.2.8), (6.2.27) and (6.2.29) on the above equation we
obtain

(TX,Y)E —n(Y)TX —5(Y)wX + T(VxY) + w(VxY)
+ BH/(X,Y) + CH'(X,Y) + Bh*(X,Y) + Ch* (X, Y)
= VxTY + B (X, TY) + 1 (X, TY) — Ay X + ViwY + D' (X, wY).

Comparing the tangential and transversal parts of the above equation, we get
respectively

g(TX,Y)&E —y(Y)TX + T(VxY)+ BH(X,Y) + Bh*(X,Y) = VxTY — Ay X,
(6.7.1)
—1(V)wX + w(VxY) +Ch (X, Y) + Ch(X,Y)

= (X, TY) + h* (X, TY) 4+ ViwY + D' (X, wY). (6.7.2)
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Again, from (6.2.2) and (6.2.3), we have respectively

Ch'(X,Y) = [g(X,Y) — n(X)n(Y)]Ca; + 7(X)CH (Y, &) + n(Y)CH (X, &), (6.7.3)
Ch(X,Y) = [¢(X,Y) — n(X)n(Y)]Cas + 7(X)Ch*(Y, &) + 1(Y)Ch* (X, &). 6o
7.4

Adding (6.7.3), (6.7.4) and then using (6.7.2) to replace the value obtained in
the left hand side of the resultant equation, we get

n(Y)wX —w(VxY)+h (X, TY) + 1 (X, TY) + ViwY + D' (X, wY)

= [g(X,Y) = n(X)n(Y)]C(a; + as) +5(X)C[H' (Y, &) + 1 (Y, &)]
+n(Y)C[H (X, &) + 1 (X, 8)]. (6.7.5)

Let X,Y € [(D), then ¢X,9Y € [(¢(D)) = I(D) = ¢X = TX, ¢Y = TY
and wX =0 = wY. Also, #(X) = 0 =75(Y). Hence, from (6.7.5) we obtain

—w(VxY)+H (X, TY) + 1 (X, TY) = g(X,Y)C(a; + as). (6.7.6)
Equating the S(T+M)-components from both sides of (6.7.6), we have
—w(VxY)+h (X, TY) = g(X,Y)Cas. (6.7.7)

Replacing X by ¢X, Y by ¢Y in (6.7.7) and then using (1.16) and #(X) =0 =
n(Y), we get

—w(Vex¢Y) + 1 (¢X, ¢*Y) = g(X,Y)Cas. (6.7.8)
Again, from (6.2.3) and with the help of (1.15), (1.16) we have
(X, ¢7Y) = g(X, ¢Y)as. (6.7.9)

Now, applying (6.7.9) on (6.7.8) we obtain
—w(Vpx9Y) + (X, ¢Y)as = g(X,Y)Cas. (6.7.10)

Putting X = ¢Y in (6.7.10) and using the fact that g(Y, ¢Y) = —g(¢Y,Y) =
(Y, ¢Y) =0, we get
8(@Y, 9Y)as = w(Vyy¢Y),

which gives, on replacing ¢Y by Y,
(Y, Y)as = w(VeyY). (6.7.11)

Let Y € T(Dy), then (6.7.11) gives s ¢ I'(1) since Dy is a non-degenerate
distribution.

Theorem 6.7.2. Let (M, g) be a proper totally umbilical CSGL submanifold of an

indefinite Kenmotsu manifold (M, §) with the structure vector field & tangent to M, then
the induced connection V is a metric connection on DB,y < ¢ >.
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Proof. Equating Itr(TM)-components from (6.7.6), we have VX,Y € I'(D),
(X, TY) = g(X,Y)Ca. (6.7.12)

Replacing X by ¢X, Y by ¢Y and then using (1.16), (6.2.2) and 7(X) =0 =
n(Y), we get
(X, ¢Y)a; = g(X,Y)Ca;. (6.7.13)
Now, interchanging X, Y and then applying (1.17), we obtain
—8(X,¢Y) = g(X,Y)Ca;. (6.7.14)

Subtracting (6.7.14) from (6.7.13) we get

29(X, ¢Y)a; = 0. (6.7.15)

Putting X = ¢Y in (6.7.15) we have

28(9Y, ¢Y)a; =0
=ua; =0 (6.7.16)

since D = Do®,1, < ¢ > and Dy is non-degenerate.

Again, applying (6.7.16) and 1(X) = 0 = 5(Y) on (6.2.45), we get VX, Y €
(D),
H(X,Y)=0. (6.7.17)

By (1.21) and (6.2.6) we have
Vx§+H(X,8) + 1 (X, ) = X —n(X),

which gives, on equating the tangential and transversal parts from both sides
respectively

Vx¢ = X—-n(X)g, (6.7.18)
W (X,¢) =0, (6.7.19)
(X, &) = 0. (6.7.20)

Combining (6.7.17) and (6.7.19) we get
hl =0on D&y, < é >
= Vg =0on DD,y < ¢ > (by (6.2.16))

= V is a metric connection on D&, < ¢ >.
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6.8 Minimal CSGL Submanifolds

In this section, we find the necessary and sufficient conditions for minimality
of the distribution Dy®,,;, < ¢ > associated to a CSGL submanifold M of an
indefinite Kenmotsu manifold M and also of M itself.

Theorem 6.8.1. Let (M, g) be a CSGL submanifold of an indefinite Kenmotsu man-
ifold (M, §) with the structure vector field ¢ tangent to M, then the distribution
Do@on < ¢ > is minimal if and only if VxX + Vex¢pX € T(Do@opn, < G >)
VX € T(Do@opin < & >).

Proof. From the description of Dy, it is clear that Dy®,y, < ¢ > is minimal
if and only if #° = 0 on Do, < & >. Now, let X € T(Do®gp < & >).

For V € T(S(T+M)), by the help of the equations (1.17), (1.20), (6.2.6) and
(6.2.9), we obtain

§(VxX,pV) = —g(AvX, ¢X) — §(I*(X, X),¢V). (6.8.1)
Also, using (1.15), (1.16), (1.20), (6.2.6), (6.2.9) and 17(X) = 0 = 5(V), we get
§(Vpx9pX, V) = g(AvpX, X) — (I (¢X, pX), ¢V
= 8(Vpx¢X, V) = g(¢X, Ay X) — (I (¢X, ¢ X),pV) (6.8.2)
since A is symmetric on S(T+M).
Addition of (6.8.1) and (6.8.2) gives
S(VxX + Vyx¢X,pV) = —§(h° (X, X) + h*(¢X, $X), $V),

which implies that #* = 0 on Do®Boyy < § > <= VxX+ Vyx¢pX € T (Do®ortn
< g >).

Theorem 6.8.2. Let (M,g) be a CSGL submanifold of an indefinite Kenmotsu man-
ifold (M, §) with the structure vector field ¢ tangent to M, then M is minimal if
and only if h*|gegerary = 0 and trace(AZ )|sirmy = O, trace(Av,)|sirmy = 0,
Zy € T(Rad(TM)), V, € T(S(T+M)).

Proof. Putting X = ¢ in (1.21) and then using (1.15) in the right side and (6.2.4) in
the left side, we have

Vel +h(¢,¢) =0
= (& ) = 0. (6.8.3)

Now;, let us consider a quasi orthonormal frame {Z1, ..., Zy, €1, ..., €m—2r-1, C,

Ni, -, Noy, V4, ..., Vy_o, } such that {e;}3" are tangent to Dy and {ej}g;f{*l are
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tangent to D’ with signatures {e;}7"" %1, Z; € I'(Rad(TM)), Ny € T'(Itr(TM)),
V, € T(S(T+M)). Then we have

trace(h)|s(rmy = trace( ) Dy + trace(h)|pr (by 6.8.3)
m—2r—1

— Zel (eive;) +h(eie)]+ Y. €ilh(ej,ef) +h(ej,e;)]
j=2a+1
2a 1 2r 1 n—2r
= Zez{ Zg 61,61 Zk)Nk+—2 Z g 61,81) VP)VP:|
i=1 p=
m—2r—1 l 1 n— 2r
j:2a+1 "=
Again, from (6.2.9) and (6.2.13), we have respectlvely
g(H (i), Zk) Nk = (A%, ei,e) N, (6.8.5)
g(l’ls (E]', 6]'), Vp)Vp = g(AVpej, Ej)Vp. (686)
Applying (6.8.5) and (6.8.6) on (6.8.4), we obtain
n—2r
tmce(h)]s(TM 2 trace( AZk)|Do€BD’ + Z trace( Avp)’DO@D/
k=1 p=1

= trace(h)|sirary =0 <= trace(AZ)|s(rmy = 0 = trace(Av,)|s(rm),  (6.8.7)

Using Definition 6.2.3, we conclude that, M is minimal if and only if (6.8.7)
holds and #°[gaa(rm) = O.

6.9 Example of a CSGL submanifold of an
indefinite Kenmotsu manifold

Let us consider the 13-dimensional manifold M = {(x!, ..., x!3) € R13: x13 £ 0},
where (x!, ..., x!3) are the standard coordinates in R13. Then M forms an indefinite
Kenmotsu mamfold together with the indefinite almost contact metric structure
(¢,¢,1,8) such that § is the semi-Riemannian metric defined by

g(eie)) =1 fori=1,2,3,4,5,6,13 and §(e;,¢;) = —1 for i = 7,8,9,10,11,12,
g(el-,e]-) =0 Vi 7&], i j: 1 13,

where {¢;}12, are linearly independent vector fields at each point of TM given by

e = x13@ fori=1,2,3,4,56 and ¢; = —x13$ fori=7,8,9,10,11,12,13;

pe1 = —ez, pey = e1, Ppe3 = —ey, Pey = €3, Pes = —ep, Pee = es,
Pe7 = —eg, Peg = e7, Peg = —e1g, Pe1g = €9, Pe1r = —enp, Penr = e, pez =0;
1
o _ .13 _ = 13
C=e3= "X 573 1= x13dx
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Now, the map given by
x(uy, up, Uz, Uy, s, g, uy) = (U1, Uy, Uz, Uy, us, g, 0,0, Uy, Uy, Ug, Uz, Uy)
defines a 7-dimensional submanifold M of M, where
Ey =e1+ey, Ex =extey, Es =es5, Ey=¢¢, Es =e3+e1n, Es =es+eq1, E7=¢

form a local orthogonal basis of TM = Rad(TM) @y, S(TM) = D @ D'®4,
< & > such that D = Rad(TM) ®op Do and S(TM) = Dy @ D'@ppyy < & >
with Rad(TM) = < E1,E; >, Dy = < E3,E4 >, D' = < E5,E¢ > so that D =
< Eq,E, E3,E4 > and S(TM) = < E3,E4,Es5,E¢, E7 >.

Again, tr(TM) = S(T*M) @, Itr(TM) such that Itr(TM) = < Ni,Np >
and S(T*M) = < Vq,V,, V3,V >, where

Ny =e, Np=e

so that g(El,Nl) =1 = g(Ez,Nz), g(Ez,Nl) =0 = g(El,Nz), g(Nl,Nz) =0,
and
Vi=en, Vo=epn, Vz=e7, V4 =¢

such that wD’ = < V4,V > and p = < V3,V > satisfying ¢(u) = pu since
PpV3 = —Vy, ¢pVy = V3.

NOW, 47E1 = —Ez, QDEZ = El, qug = —E4, 47E4 = Eg, 47E5 = —é4 + €11, (PE6 =
e3 —e1p, PE; = ¢ = 0 so that gb(Rlld(TM)) = Rad(TM), Dy = (P(S(TM)) N
S(TM), ¢(D) = D and $(D') £ S(TM), $(D') £ S(T-M).

Therefore, M is a CSGL submanifold of M.

Note. The primary difference between the theory of lightlike submanifolds and
the classical theory of Riemannian or semi-Riemannian submanifolds arises due
to the fact that, in the first case, a part of the normal bundle lies in the tangent
bundle of the submanifold such that the intersection of the tangent bundle and
the normal bundle is called the radical or lightlike or null distribution, whereas,
in the second case, that intersection is null. Hence we can see that, the lightlike or
null cone of a semi-Euclidean space is a typical example of lightlike submanifold
of a semi-Riemannian manifold. This unique property of lightlike submanifolds
has made it an interesting topic for the researchers since its conceptualization
and the author is no exception.

Geometry of lightlike submanifolds is used in Mathematical Physics, in partic-
ular, in general theory of relativity since lightlike submanifolds produce models
of different types of horizons for e.g. event horizons, Cauchy horizons, Kruskal’s
horizons. Lightlike hypersurfaces are also studied in the theory of electromag-
netism, radiation fields, Killing horizons, asymptotically flat spacetimes. Lightlike
submanifolds appear as smooth parts of event horizons of the Kruskal and Keer
black holes.
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SOME SOLITONS ON ANTI-INVARIANT SUBMANIFOLDS OF
TRANS-SASAKIAN MANIFOLD ADMITTING ZAMKOVOY
CONNECTION

7.1 Introduction

The notion of Zamkovoy connection was introduced by S. Zamkovoy in 2009
[154]. Later A. Biswas and K. K. Baishya applied this connection on generalized
pseudo Ricci symmetric Sasakian manifolds [15] and on almost pseudo symmetric
Sasakian manifolds [14]. This connection was further studied by A. M. Blaga in
2015 [17]. In 2020, A. Mandal and A. Das worked in detail on various curvature
tensors of Sasakian and Lorentzian para-Sasakian manifolds admitting this new
connection ([96], [97], [98], [40]), and recently in 2021, they discussed LP-Sasakian
manifolds equipped with this new connection and conharmonic curvature tensor
[99]. Motivated from these research works, in this chapter, we have obtained
some results by considering some solitons like Ricci solitons and 77-Ricci-Yamabe
solitons on anti-invariant submanifolds of trans-Sasakian manifold admitting
Zamkovoy connection.

This chapter consists of nine sections. After Introduction and Preliminaries
sections, in the third, fourth, sixth and seventh sections, Ricci flat, concircularly
flat, M-projectively flat and pseudo projectively flat anti-invariant submanifolds of
a trans-Sasakian manifold admitting Zamkovoy connection have been discussed
respectively. Ricci solitons on those submanifolds have also been studied. Also
we have found out the conditions under which an anti-invariant submanifold
of a trans-Sasakian manifold is {-projectively, ¢-M-projectively and ¢-pseudo
projectively flat with respect to Zamkovoy connection if and only if it is so
with respect to Riemannian connection in the fifth, sixth and seventh sections
respectively. At last, three conclusions are made after observing all the results.
The eighth section, which concerns the topic 77-Ricci-Yamabe solitons on anti-
invariant submanifolds of trans-Sasakian manifold with respect to Zamkovoy
connection, is further subdivided into four subsections dealing with the study
of 7-Ricci-Yamabe soliton, g-77-Yamabe soliton and p-77-Ricci soliton on an anti-
invariant submanifold of a trans-Sasakian manifold, where the submanifold is (i)
Ricci flat, (ii) concircularly flat, (iii) M-projectively flat and (iv) pseudo projectively
flat respectively with respect to Zamkovoy connection. At last, three conclusions
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are made after observing all the results of these four subsections. Finally, in the
ninth section, an example of an anti-invariant submanifold of a trans-Sasakian
manifold is given in which all the results can be verified very easily.

7.2 Preliminaries

In this section, we first cite some basic definitions from [40], [96] and [97] which
we have instituted in the results later on. Those are given as:-

Definition 7.2.1. A (2n + 1)-dimensional manifold M is called Ricci flat with
respect to Zamkovoy connection if $*(X,Y) =0 VX,Y € x(M).

Definition 7.2.2. [40] A (2n + 1)-dimensional manifold M is called concircu-
larly flat with respect to Zamkovoy connection if C*(X,Y)Z =0 VX,Y,Z € x(M).

Definition 7.2.3. [97] A (21 + 1)-dimensional manifold M is called projectively flat
with respect to Zamkovoy connection if P*(X,Y)Z =0 VX,Y,Z € x(M).

Definition 7.2.4. [97] A (2n + 1)-dimensional manifold M is called ¢-projectively
flat with respect to Zamkovoy connection if P*(X,Y)& =0 VX,Y € x(M).

Definition 7.2.5. [96] A (21 + 1)-dimensional manifold M is called M-projectively
flat with respect to Zamkovoy connection if M*(X,Y)Z =0 VX,Y,Z € x(M).

Definition 7.2.6. [96] A (21 + 1)-dimensional manifold M is called ¢-M-projectively
flat with respect to Zamkovoy connection if M*(X,Y)& =0 VX,Y € x(M).

Definition 7.2.7. [98] A (21 + 1)-dimensional manifold M is called pseudo pro-
jectively flat with respect to Zamkovoy connection if P*(X,Y)Z =0 VX,Y,Z €

xX(M).

Definition 7.2.8. [98] A (21 + 1)-dimensional manifold M is called ¢-pseudo pro-
jectively flat with respect to Zamkovoy connection if P*(X,Y)¢ =0 VX, Y € x(M).

Here S*,C*, P*, M*, P* are the Ricci tensor, the concircular curvature tensor given
by (1.40), the projective curvature tensor given by (1.41), the M-projective curva-
ture tensor given by (1.42), the pseudo projective curvature tensor given by (1.43)
of M respectively with respect to the Zamkovoy connection V* represented by
(1.39), where R*, Q*,r* are the curvature tensor, Ricci operator, scalar curvature
with respect to V*.

Next, let us consider a trans-Sasakian manifold M?**1(¢, ¢, 1, ¢) of type (a, B).
Then, M satisfies the following relations [44]—

(Vxn)Y = —ag(¢X,Y) + B8 (X, Y) —n(X)n(Y)], (7.2.1)
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R(X, V)& = (a® = ) (V)X — n(X)Y] + 2ap[(Y)$pX — 7(X)¢Y]

+H(Ya)pX — (Xa)pY + (YB)$*X — (XB)$*Y], (7.2.2)

R(E,Y)X = (% — B)[$(X, Y)E — n(X)Y] +2aB[g(¢X, V)& + 7(X)pY] + (Xa)pY
+8(¢X, Y)(grad o) — g(¢pX, pY)(grad B) + (XB)[Y —n(Y)¢], (7.2.3)
S(X,&) = [2n(a* — B*) — I (X) — (pX)a — (2n — 1)(XP), (7.2.4)

Q¢ = [2n(a® — B%) — EBIG + @(grad a) — (2n — 1)(grad B), (7.2.5)

VXY € X(M), where R, S, Q are the Riemannian curvature tensor, the Ricci
tensor, the Ricci operator of M respectively.

Moreover, we state a lemma which later proves to be quite useful in getting
the results of the sections following this chapter.

Lemma 7.2.1. [133] In a (2n + 1)-dimensional trans-Sasakian manifold of type («, B),
if p(grad o) = (2n — 1)(grad B), then {B = 0.

Using (1.7), (7.2.1) on (1.39) we get the expression of Zamkovoy connection on
M as—

VxY = VxY +7(X)¢Y +an(Y)pX — B (Y)X + Bg(X, Y)¢ — ag(¢pX, Y)E (7.2.6)
with torsion tensor

T*(X,Y) = (1= a)[n(X)pY — n(Y)pX] + Bn(X)Y — n(Y)X] + 2a8(X, 4>1(/)C- |
7.2.7
Again, we have

(Vx)(Y, Z) = Vxg(Y, Z) = g(VxY, Z) = g(Y, VxZ).

Then, using (7.2.6) in the above equation we obtain V*¢ = 0, i.e. Zamkovoy
connection is a metric compatible connection on M.

Now applying (1.30) in (7.2.6) and (7.2.7) respectively we get the expression
of Zamkovoy connection on an anti-invariant submanifold M of M as—

VY = VxY +3(X)pY +an(Y)pX — By(Y)X + Bg(X,Y)E (7.2.8)

with torsion tensor

T°(X,Y) = (1= a)[n(X)pY —n(Y)9X] + B[n(X)Y — 5(Y)X].

Setting Y = ¢ in (7.2.8) and then using (1.7) we obtain

V¢ =0. (7.2.9)
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Applying (1.6), (1.7) and (7.2.8) on the following equation
R*(X,Y)Z =VXxVYZ - V{VXZ — VTX’Y]Z,
we get VX, Y, Z € x(M),

R*(X,Y)Z =R(X,Y)Z + &2[n(X)Y — (V) X]n(Z) + B[n(X)pY — n(Y)pX]n(Z)
+B2g(Y, Z2)X — g(X, Z)Y] + aB[g(X, Z)pY — g (Y, Z)¢pX]

+B[Vyg(X,Z) — Vxg(Y,2)]¢. (7.2.10)
Consequently, if {B = 0 and dim(M) = 2n + 1, then we have
S*(Y,Z) = S(Y,Z) — 2na®y(Y)n(2) +2np*g(Y, Z), (7.2.11)
which implies that
Q*Y = QY — 2na?y(Y)& + 2np?Y, (7.2.12)
r* =r—2na®+2n(2n + 1) (7.2.13)

Here R* & R, S* & S, Q" & Q, r* & r are the curvature tensors, Ricci tensors,
Ricci operators, scalar curvatures of M with respect to the Levi-Civita connection
V and the Zamkovoy connection V* given by (7.2.8) respectively.

7.3 Ricci flat anti-invariant submanifolds of
trans-Sasakian manifold with respect to
Zamkovoy connection

This section consists of the study of the nature of a (21 4 1)-dimensional Ricci
flat anti-invariant submanifold M of a trans-Sasakian manifold M of type («, B)
with respect to the Zamkovoy connection V* given by (7.2.8) and further a Ricci
soliton on it.

Since M is Ricci flat with respect to V*, then S*(Y,Z) = 0, hence, (7.2.11)
implies—
S(Y,Z) = 204y (Y)1(Z) - 21%(Y, 2). (730

Thus, using Lemma 7.2.1 and (7.3.1) we state that—
Theorem 7.3.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-

Sasakian manifold M of type (a, B) is Ricci flat with respect to the Zamkovoy connection
V*, then M is n-Einstein if ¢p(grad o) = (2n — 1)(grad B).
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Next, let us consider a Ricci soliton (g, ¢, A) on M, then from (1.36) we get

(Leg) (Y, Z) +25(Y,Z) +2Ag(Y,Z) =0
=¢(VyE Z)+g(VzEY) +25(Y,Z) +2)g(Y,Z) = 0.

Using (1.7) and (1.30) on the above equation we obtain
25(Y,Z) +2(A + p)g(Y, Z) = 2pn(Y)n(Z) = 0.
Setting Z = ¢ we get

5(Y,¢) = =An(Y). (7.3-2)
Putting Z = ¢ in (7.3.1) we obtain
S(Y,¢) = 2n(a® — p2)n(Y). (7:3-3)

Now, equating (7.3.2) and (7.3.3) we get
A =2n(p*—a?),
which is < 0, = 0 or > 0 according as |B| < |«|, |B| = |a| or |B| > |a| respec-
tively.

Thus, using Lemma 7.2.1 we state that—

Theorem 7.3.2. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a, B) is Ricci flat with respect to the Zamkovoy connection
V*, then a Ricci soliton (g,&,A) on M is shrinking, steady or expanding according as
|B| < ||, |B] = |a|or |B| > |a| respectively, provided ¢(grad o) = (2n — 1)(grad B).

7.4 Concircularly flat anti-invariant subman-
ifolds of trans-Sasakian manifold with
respect to Zamkovoy connection

This section deals with the study of the nature of a (21 + 1)-dimensional concir-
cularly flat anti-invariant submanifold M of a trans-Sasakian manifold M of type
(«, B) with respect to the Zamkovoy connection V* given by (7.2.8) and also a
Ricci soliton on it.

From (7.2.11) we get

r* =r—2na®+2n(2n + 1) (7.4.1)

As M is concircularly flat with respect to V*, from (1.40) we have

r*

2n(2n+1)
8(Y,Z).

R*(X,Y)Z = 8(Y,2)X - (X, 2)Y]

=S5*(Y,Z) =

2n +1
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Using (7.2.11) and (7.4.1) on the above equation we obtain

r — 2nu?

S(Y,2) = =, =5-8(Y, Z) + 2na’y ()1 (2), (7.4-2)

which, on using Lemma 7.2.1, shows that—

Theorem 7.4.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is concircularly flat with respect to the Zamkovoy
connection V*, then M is n-Einstein if ¢p(grad o) = (2n — 1)(grad B).

Setting Z = ¢ in (7.4.2) we get

r + 4n2a?

S8(Y,¢) = 2n+1

n(Y). (7.4.3)
Next, let us consider a Ricci soliton (g, ¢, A) on M, then equating (7.3.2) and

(7.4.3) we get

r+ 4n?n?
2n+1

4

which is < 0, = 0 or > 0 according as r > —4n?a?,r = —4n%a® or r < —4n’a?
respectively.

Hence, using Lemma 7.2.1 we have the following theorem—

Theorem 7.4.2. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is concircularly flat with respect to the Zamkovoy
connection V*, then a Ricci soliton (g,¢,A) on M is shrinking, steady or expand-
ing according as r > —4n?a®,r = —4n?a® or r < —4na® respectively, provided

$(grad o) = (2n —1)(grad B).

7.5 (¢-projectively flat anti-invariant subman-
ifolds of trans-Sasakian manifold with
respect to Zamkovoy connection

In this section, it will be proved that a (21 4 1)-dimensional anti-invariant sub-
manifold M of a trans-Sasakian manifold M is ¢-projectively flat with respect to
the Zamkovoy connection V* given by (7.2.8) if and only if it is so with respect
to Levi-Civita connection under certain conditions.
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If ¢(grad ) = (2n — 1)(grad B), then using Lemma 7.2.1 from (1.41), (7.2.10)
and (7.2.11) we have

P*(X,Y)Z =R*(X,Y)Z — %[S*(Y,Z)X —S%(X,2)Y]

=R(X,Y)Z +a*[7(X)Y = n(Y)X]n(Z)
+Bln(X)pY —n(V)pX]y(Z) + B*[g(Y, Z)X — §(X, Z)Y]
+apg(X, Z)pY — g(Y, Z)9pX] + B[Vyg(X, Z) — Vxg(Y, Z)]¢
- %[S(Y Z)X —2nan(Y)n(Z)X 4 2np3g(Y, Z)X
—S(X,2)Y 4 2na®n(X)n(Z)Y — 2nB?g(X, Z)Y]

=P(X,Y)Z +a*[n(X)Y =5 (Y)X]n(Z)

(

— 1
+Bly(X)PY — n(YV)pX]n(Z) + p*[8(Y, Z)X — g(X, 2)Y]
+aplg(X, Z)¢pY —3(Y, Z)¢ X]+5[Vyg(X Z) = Vxg(Y,Z)|g
(Y

— [ ()n(2)X + pPg(Y, Z)X + 2 (X)n(2)Y — p*3(X, 2)Y],
which implies
PY(X,Y)¢ = P(X,Y)E + (ap + B)[n(X)¢Y = n(YV)$Y] + B[Vyn(X) = Vxn(Y)]E.
Again, using (1.7), (1.30) on (7.2.1) we get
Vxn(Y) =0, (7.5.1)
and applying it on the preceding equation we obtain
PY(X,Y)¢ = P(X,Y)§ + B(a + 1) [n(X)pY —1(Y)pX]
= P*(X,Y){ =P(X,Y){ifa = —1or B =0o0r X,Y are horizontal vector fields.

Therefore we state that—

Theorem 7.5.1. A (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a, B) is &-projectively flat with respect to the Zamkovoy con-
nection V* if and only if it is so with respect to the Riemannian connection V if x = —1
or B = 0 or the vector fields are horizontal, provided ¢(grad o) = (2n — 1)(grad B).

7.6  M-projectively flat anti-invariant subman-
ifolds of trans-Sasakian manifold with
respect to Zamkovoy connection

In this section, a (21 + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (&, B) has been taken and its nature is studied when
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it is M-projectively flat and {-M-projectively flat with respect to the Zamkovoy
connection V* given by (7.2.8). Also a Ricci soliton on M is discussed.

If M is M-projectively with respect to V* then from (1.42) we have

R'(X,Y)Z = 1 [S°(Y,2)X ~ S* (X, Z)¥] + - [3(Y, 2)QX — ¢(X, 2)Q"]

*

= S*(Y,Z) =

.
78 2). (7.6.1)

If ¢p(grad a) = (2n — 1)(grad B), then using (7.2.11) and (7.4.1) on (7.6.1) and
by Lemma 7.2.1 we obtain
r — 2na?
2n+1 ¢
from which we conclude that—

S(Y,Z) = (Y, Z) +2na*y(Y)y(2), (7.6.2)

Theorem 7.6.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is M-projectively flat with respect to the Zamkovoy
connection V*, then M is n-Einstein if ¢p(grad o) = (2n — 1)(grad p).

Putting Z = ¢ in (7.6.2) we have

2,2
5(v,8) = "y (), 763)

Let us consider a Ricci soliton (g,&,A) on M, then equating (7.3.2) and (7.6.3)
we get

4 2,2
A= _M,
2n+1
which is < 0, = 0 or > 0 according as r > —4n?a?, r = —4n’a® or r < —4n%a?

respectively.
Hence, by using Lemma 7.2.1 we state the following theorem—

Theorem 7.6.2. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is M-projectively flat with respect to the Zamkovoy
connection V*, then a Ricci soliton (g,¢,A) on M is shrinking, steady or expand-
ing according as r > —4n%a?, r = —4n?a® or r < —4n%a® respectively, provided
¢(grad o) = (2n —1)(grad B).

Now if ¢(grad o) = (2n — 1)(grad B), then applying (7.2.10), (7.2.11) and
(7.2.12) on (1.42) we have
M (X,Y)Z =M(X,Y)Z + a*[1(X)Y — n(Y)X]n(Z) + B[n(X)pY — n(Y)¢X]y(Z)

+ap[g(X, 2)pY —g(Y, Z)pX] + B[Vvg(X, Z) = Vxg(Y, Z)]¢
o2 o2
+ 5l (n(2)X = n(X)n(Z2)Y] + 5 [8(Y, 2)n(X) — (X, Z)y(Y)]¢.
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Putting Z = ¢ in the above equation and using (7.5.1) we obtain
2
. . «
M*(X,Y)¢ = M(X, Y)G + Bla+ 1)[n(X)pY — n(Y)¢X] + = [n(X)Y — 5 (Y)X],
which implies that M*(X,Y)Z = M(X,Y)¢ if X, Y are horizontal vector fields.

Thus, we have the following theorem—

Theorem 7.6.3. A (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is &-M-projectively flat with respect to the Zamkovoy
connection V* if and only if it is so with respect to the Riemannian connection V if the
vector fields are horizontal, provided ¢(grad o) = (2n —1)(grad B).

7.7 Pseudo projectively flat anti-invariant
submanifolds of trans-Sasakian mani-
fold with respect to Zamkovoy connec-
tion

This section deals with the study of a pseudo projectively flat anti-invariant

submanifold M of a trans-Sasakian manifold M of type (a, ) admitting the

Zamkovoy connection V* given by (7.2.8) along with a Ricci soliton on it. Also

the condition is established under which M is ¢-pseudo projectively flat with

respect to Zamkovoy connection if and only if it is so with respect to Riemannian
connection.

Since M is pseudo projectively flat with respect to V*, from (1.43) we have
aR*(X,Y)Z =b[S*(X,2)Y = S*(Y,2)X] +cr*[g(X,2)Y — g(Y, Z)X]

= (a+2nb)S*(Y,Z) = —2cnr*g(Y, Z). (7.7.1)

Applying (1.44), (7.2.11), (7.4.1) and the condition ¢(grad ) = (2n —1)(grad p)
of Lemma 7.2.1 on (7.7.1) we obtain

r— 2na?
2n+1

S(Y,Z) = 2na®n(Y)n(Z) + g(Y, 7). (7.7.2)
Thus, we state that—
Theorem 7.7.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-

Sasakian manifold M of type (a,B) is pseudo projectively flat with respect to the
Zamkovoy connection V*, then M is n-Einstein if p(grad o) = (2n — 1)(grad B).
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Setting Z = ¢ in (7.7.2) we have

r + 4n?a?

8(Y,¢) = 2n+1

n(Y). (7.7.3)

Now, considering a Ricci soliton (g,¢,A) on M we have (7.3.2) and then
equating it with (7.7.3) we get

4 2.2
Ao At
2n+1
which is < 0, = 0or > 0 according as r > —4n2a?, r = —4n%a? or r < —4n%a?

respectively. Thus, we get the following theorem—

Theorem 7.7.2. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a,B) is pseudo projectively flat with respect to the
Zamkovoy connection V*, then a Ricci soliton (g,¢,A) on M is shrinking, steady
or expanding according as r > —4n%a?, r = —4na® or r < —4n2a? respectively,

provided ¢(grad o) = (2n — 1)(grad B).
Now, if ¢(grad a) = (2n — 1)(grad B), then putting Z = ¢ in (1.43) and using
(1.44), (7.2.10), (7.2.11), (7.4.1), (7.5.1) we obtain
P*(X,Y)E =P(X,Y)& + ap(a+ 1)[y(X)$Y — y(Y)9X]

+ (a+2nb)a?[n(X)Y —n(Y)X]

n
2n+1
= P*(X,Y)¢ = P(X,Y)¢ if X,Y are horizontal vector fields.

Hence, we state that—

Theorem 7.7.3. A (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a,B) is &-pseudo projectively flat with respect to the
Zamkovoy connection V* if and only if it is so with respect to the Riemannian connection
V if the vector fields are horizontal, provided ¢(grad o) = (2n — 1)(grad B).

From Theorems 7.3.1, 7.4.1, 7.6.1 and 7.7.1 we make the following conclusion—

Conclusion 7.7.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) admitting Zamkovoy connection is

(i) Ricci flat,

(ii) concircularly flat,

(iii) M-projectively flat or

(iv) pseudo projectively flat,

then M is y-Einstein if ¢(grad o) = (2n — 1)(grad B).
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Next, observing Theorems 7.4.2, 7.6.2 and 7.7.2 we reach to the following in-
teresting conclusion—

Conclusion 7.7.2. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is

(i) concircularly flat,

(ii) M-projectively flat or

(iii) pseudo projectively flat

with respect to Zamkovoy connection, then a Ricci soliton (g,&,A) on M is shrinking,
steady or expanding according as r > —4n?a?, r = —4n?a® or r < —4n?a? respectively,
provided ¢(grad o) = (2n — 1)(grad B).

Again, observing Theorems 7.5.1, 7.6.3 and 7.7.3 we conclude that—

Conclusion 7.7.3. For horizontal vector fields, a (2n + 1)-dimensional anti-invariant
submanifold M of a trans-Sasakian manifold M of type («, B) is

(i) ¢-projectively flat,

(ii) {-M-projectively flat and

(iii) ¢-pseudo projectively flat

with respect to Zamkovoy connection if and only if it is so with respect to Riemannian
connection, provided ¢p(grad o) = (2n — 1)(grad B).

7.8 #n-Ricci-Yamabe solitons on anti-invariant
submanifolds of trans-Sasakian mani-
fold with respect to Zamkovoy connec-
tion

This section deals with the topic of #-Ricci-Yamabe solitons on anti-invariant
submanifolds of trans-Sasakian manifold with respect to Zamkovoy connection.
This section is further subdivided into four subsections but before proceeding
to these subsections, here two theorems are proved concerning the nature of a
(2n + 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold
M of type («, B) when an 7-Ricci-Yamabe soliton of type (p,q) is considered on
it with respect to the Zamkovoy connection V* given by (7.2.8).

Let (8,6, A, u, p,q) be an y-Ricci-Yamabe soliton on M with respect to V*, then
from (1.37) we have VY, Z € x(M)

(Lzg) (Y, Z) +2pS™(Y, Z) + (2A —qr*)g (Y, Z) + 2un(Y)y(Z) = 0
=8(VyE, 2) +8(V7zE,Y) +2pS*™(Y, Z) + 2A — qr*)g (Y, Z) + 2un (Y)y(Z) = 0.
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Using (7.2.9) in the above equation we get

5'(v,2) = (T2 st 2) - (B)noom(). (78.1)

Hence we state the following theorem—

Theorem 7.8.1. Let (g,&, A, u, p,q) be an y-Ricci-Yamabe soliton on an anti-invariant
submanifold M of a trans-Sasakian manifold M of type («, B) with respect to the
Zamkovoy connection V*, then M is nj-Einstein with respect to V*.
Again if (B = 0, then using (7.2.11) and (7.2.13) in (7.8.1) we obtain
g{r —2na? +2n(2n +1)p*> — 21}
2p
~ [znoﬁ - (%)]U(Y)W(Z).

Thus applying Lemma 7.2.1 we have the following theorem—

—2np?|q(Y,Z)

S(Y,Z) = [

Theorem 7.8.2. Let (g,8,A, 1, p,q) be an n-Ricci-Yamabe soliton on a (2n + 1)-
dimensional anti-invariant submanifold M of a trans-Sasakian manifold M of type («, B)
with respect to the Zamkovoy connection V*, then M is n-Einstein with respect to
Riemannian connection, provided ¢(grad o) = (2n — 1)(grad B).

7.8.1 7-Ricci-Yamabe solitons on Ricci flat anti-invariant
submanifolds

Here #-Ricci-Yamabe soliton of type (p, g), g-7-Yamabe soliton and p-#-Ricci soli-
ton on a (2n + 1)-dimensional anti-invariant submanifold M of a trans-Sasakian
manifold M of type (a, B) are discussed, where M is Ricci flat with respect to the
Zamkovoy connection V* given by (7.2.8).

Let (g,¢, A, 1, p,q) be an 5-Ricci-Yamabe soliton on M, then from (1.37) we
have VY, Z € x(M)

(Leg)(Y,Z) +2pS(Y, Z) + (2A — qr)g(Y, Z) + 2un(Y)n(Z) = 0
=8(Vyg, Z) +g(VzE,Y) +2pS(Y, Z) + (2A — qr)g(Y, Z) + 2un(Y)n(Z) = 0.

Using (1.7) and then applying (1.30) in the above equation we get

ps(0,2)+ (A= T )a(Y,2)+ (= (@) = 0.

Setting Z = ¢ in the above equation we obtain

ps(t,8) = (5= n)um. 782)
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Now if (B = 0 and M is Ricci flat with respect to V*, then from (7.2.11) we
have
S(Y,Z) = 2na®n(Y)n(Z) — 2np?g(Y, Z).

Setting Z = ¢ in the above equation and multiplying both sides by p we obtain

pS(Y,¢) = 2np(a® — p*)y(Y). (7.8.3)

Equating (7.8.2) and (7.8.3) we get

r
A= % —p—2np(a® — 7). (7.8.4)
Hence from (7.8.4) and applying Lemma 7.2.1 we conclude the following theorem—

Theorem 7.8.1.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is Ricci flat with respect to the Zamkovoy connec-
tion V*, then an n-Ricci-Yamabe soliton (g,&, A, 1, p,q) on M is shrinking, steady
or expanding according as & —u < 2np(a® — 2), L —u = 2np(a® — p?) or
T —u > 2np(a® — B?) respectively, provided ¢(grad o) = (2n —1)(grad B).

Now from (7.8.4) we get, when p = 0 then A = % — u, and when g = 0 then
A = —u+2np(B? — a?). Thus from Theorem 7.8.1.1 we respectively conclude the
following results—

Corollary 7.8.1.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a
trans-Sasakian manifold M of type (a, B) is Ricci flat with respect to the Zamkovoy
connection V*, then a g-n-Yamabe soliton (g,&, A, i, q) on M is shrinking, steady
or expanding according as qr < 2u, qr = 2u or qr > 2u respectively, provided
p(grad o) = (2n —1)(grad B).

Corollary 7.8.1.2. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a, B) is Ricci flat with respect to the Zamkovoy connection
V*, then a p-n-Ricci soliton (g,¢, A, i, p) on M is shrinking, steady or expanding ac-
cording as 2np(B* — a®) < u, 2np(B? — &) = u or 2np(B? — &) > u respectively,
provided ¢(grad o) = (2n — 1)(grad B).

7.8.2 n-Ricci-Yamabe solitons on concircularly flat anti-
invariant submanifolds

This subsection deals with the study of #-Ricci-Yamabe soliton of type (p,q),
g--Yamabe soliton and p-#-Ricci soliton on a (21 4 1)-dimensional concircularly
flat anti-invariant submanifold M of a trans-Sasakian manifold M of type («, B)
with respect to the Zamkovoy connection V* given by (7.2.8).
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Since M is concircularly flat with respect to V*, from (1.40) we have

r*

R (X, Y)Z = ——
(X,7) 2n(2n+1)

[8(Y, 2)X = g(X, 2)Y],

which implies that

*

5°(Y,2) = ( T 1) (Y, 2). (7.8.5)

Let {B = 0, hence using (7.2.11) and (7.2.13) in (7.8.5) we obtain

- 2
S(Y,Z) = (%) 2(Y, Z) + 2022y (Y)5(2). (7.8.6)

Putting Z = ¢ in (7.8.6) and then multiplying both sides by p we get

2.2
ps(0,8) = p(“ 3ty )0 78)

Next, let (g,¢, A, 1, p,q) be an y-Ricci-Yamabe soliton on M, then equating
(7.8.2) and (7.8.7) we obtain

r r+ 4n?a?
AZ%‘”"”(W)' 7.8.8)

Thus, applying Lemma 7.2.1, from (7.8.8) we state the following theorem—

Theorem 7.8.2.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is concircularly flat with respect to the Zamkovoy
connection V*, then an n-Ricci-Yamabe soliton (g,¢, A, u,p,q) on M is shrinking,

H : qar r+4n2a? qar _ r+4n2a?
steady or expancinzg according as & —u < p( Tl ), & —u = p( T ) or
r+4n“a

L —u > p(55HEE) respectively, provided ¢p(grad o) = (2n —1)(grad ).

Now from (7.8.8) we have, when p = 0 then A = & — 11, and when g = 0 then

A=—-u—p (%ﬁ’ff‘z) Thus from Theorem 7.8.2.1 we respectively conclude the

following results—

Corollary 7.8.2.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is concircularly flat with respect to the Zamkovoy
connection V*, then a g-n-Yamabe soliton (g,&, A, 1, q) on M is shrinking, steady
or expanding according as qr < 2u, qr = 2u or qr > 2u respectively, provided
p(grad o) = (2n —1)(grad B).

Corollary 7.8.2.2. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is concircularly flat with respect to the Zamkovoy
connection V*, then a p-n-Ricci soliton (g,&, A, u,p) on M is shrinking, steady or

/ ; r 712062 r 1’12042 r l/lzﬂéz
expanding according as —p < p(“3H%), —p = p("HlF-) or = > p(HH")
respectively, provided ¢p(grad o) = (2n — 1)(grad B).
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7.8.3 1-Ricci-Yamabe solitons on M-projectively flat
anti-invariant submanifolds

Here #-Ricci-Yamabe soliton of type (p, q), g-7-Yamabe soliton and p-y-Ricci soli-
ton on a (21 + 1)-dimensional anti-invariant submanifold M of a trans-Sasakian
manifold M of type (a, ) are discussed, where M is M-projectively flat with
respect to the Zamkovoy connection V* given by (7.2.8).

Since M is M-projectively flat with respect to V*, from (1.42) we have

R(X,Z = (8 (Y,2)X = S'(X, 2)Y] + L3, 2)Q'X ~ g(X, 2)Q"Y]

from which we have

which is same as the equation (7.8.5). Hence, proceeding similarly as the previous
subsection we get the following results—

Theorem 7.8.3.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is M-projectively flat with respect to the Zamkovoy
connection V*, then an n-Ricci-Yamabe soliton (g,&, A, u,p,q) on M is shrinking,

: : qr r+4n’a? qr _ r+4n’a®
steady or expamiz;zg according as & —p < p("5rgE), T —pn = p(5H
r+4n‘o

T—u>p( TR ) respectively, provided ¢p(grad o) = (2n —1)(grad B).

) or

Corollary 7.8.3.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is M-projectively flat with respect to the Zamkovoy
connection V*, then a q-n-Yamabe soliton (g,&, A, i, q) on M is shrinking, steady
or expanding according as qr < 2u, qr = 2u or qr > 2u respectively, provided
¢(grad o) = (2n —1)(grad B).

Corollary 7.8.3.2. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, B) is M-projectively flat with respect to the Zamkovoy

connection V*, then a p-n-Ricci soliton (g,¢, A, u,p) on M is shrinking, steady or

expanding according as —p < p("RIEE), —p = p(THEE) or —p > p(“HEL)
respectively, provided ¢(grad ) = (2n — 1)(grad B).

7.8.4 1n-Ricci-Yamabe solitons on pseudo projectively
flat anti-invariant submanifolds

This subsection deals with the study of #-Ricci-Yamabe soliton of type (p,q),
g--Yamabe soliton and p-y-Ricci soliton on a (21 4 1)-dimensional pseudo pro-
jectively flat anti-invariant submanifold M of a trans-Sasakian manifold M of
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type (a, B) with respect to the Zamkovoy connection V* given by (7.2.8).

Since M is pseudo projectively flat with respect to V*, from (1.43) we have
aR*(X,Y)Z =b[S*(X,Z2)Y = S* (Y, Z)X] + cr*[3(X,2)Y — g(Y, Z)X],
which implies that
(a+42nb)S*(Y,Z) = —2cnr*g(Y,Z2).

Let ¢B = 0, then applying (1.44), (7.2.11) and (7.2.13) in the above equation we
get

r— 2na?
s(v,2) = (55T ). 2) + 2un(nn(2),

which is same as the equation (7.8.6). Hence proceeding similarly as the Subsec-
tion 7.8.2 we reach to the following results—

Theorem 7.8.4.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-

Sasakian manifold M of type (a,B) is pseudo projectively flat with respect to the

Zamkovoy connection V*, then an y-Ricci-Yamabe soliton (g,&, A, 1, p,q) on M is

shrinking, steady or 2exzpanding according as & — y < p(rzﬁ’fl"g), T—u= p(fﬁffg)
qar _ r+4n‘a

or & —u > p(L5EE) respectively, provided ¢(grad «) = (2n —1)(grad p).

Corollary 7.8.4.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a
trans-Sasakian manifold M of type (a,B) is pseudo projectively flat with respect to
the Zamkovoy connection V*, then a g-n-Yamabe soliton (g,¢, A, u,q) on M is shrink-
ing, steady or expanding according as qr < 2u, qr = 2u or qr > 2u respectively,
provided ¢(grad o) = (2n — 1)(grad B).

Corollary 7.8.4.2. If a (2n + 1)-dimensional anti-invariant submanifold M of a
trans-Sasakian manifold M of type (w, B) is pseudo projectively flat with respect to
the Zamkovoy connection V*, then a p-y-Ricci soliton (g,&, A, y, p) on M is shrink-

. . . 2,2 2,2
ing, steady or expanding according as —p < p(ré,%ﬁlrf‘ ), —u = (%ﬁ’if‘ ) or
r+-4n®a?

—p > p (5555 respectively, provided ¢(grad o) = (2n —1)(grad B).

Now, after carefully looking into the results of the four subsections of third
section we reach to the following three conclusions.

First, observing Theorems 7.8.2.1, 7.8.3.1 and 7.8.4.1 we get the following—
Conclusion 7.8.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-

Sasakian manifold M of type (&, B) is
(i) concircularly flat,
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(ii) M-projectively flat or

(iii) pseudo projectively flat

with respect to Zamkovoy connection, then an y-Ricci-Yamabe soliton (g,&, A, 1, p,q)
on M is shrinking, steady or expanding according as & — u < p(w), T—

2n+1
u= p(%) or % —u > p(’éi’ffz) respectively, provided ¢p(grad ) = (2n —

1)(grad ).

Next, observing Corollaries 7.8.1.1, 7.8.2.1, 7.8.3.1 and 7.8.4.1 we have

Conclusion 7.8.2. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (&, B) is

(i) Ricci flat,

(ii) concircularly flat,

(iii) M-projectively flat or

(iv) pseudo projectively flat

with respect to Zamkovoy connection, then a q-y-Yamabe soliton (g,&, A, i, q) on M is
shrinking, steady or expanding according as qr < 2u, qr = 2 or qr > 2y respectively,
provided ¢(grad o) = (2n — 1)(grad B).

At last, observing Corollaries 7.8.2.2, 7.8.3.2 and 7.8.4.2 we reach to the third
conclusion—

Conclusion 7.8.3. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-

Sasakian manifold M of type (&, B) is

(i) concircularly flat,

(ii) M-projectively flat or

(iii) pseudo projectively flat

with respect to Zamkovoy connection, then a p-n-Ricci soliton (g, &, A, u, p) on M is

shrinking, steady or expanding according as —p < p(%), —pi = p(%) or
r+-4n®a?

—pu > p (5555 respectively, provided ¢(grad o) = (2n —1)(grad ).

7.9 Example of an anti-invariant submani-
fold of a trans-Sasakian manifold

Finally, we give the following example in which all the results proved in this
chapter can be verified very easily.

Unit sphere S° is a trans-Sasakian manifold of type (—1,0) [142]. We here
state an example of an anti-invariant submanifold of S° from [151] as:—

Let | = (ass) (t,s = 1,2,3,4,5,6) be the almost complex structure of C> such
that ap;; 1 =1, api—10i = —1 (i = 1,2,3) and all the other components are o.
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Let S1( \f)
C3. The position vector X of S! x S! x S in $° in C2 has components given by —

={zeC:[z?=1}. Wecons1der51(\f)><Sl(\f)><51(\/)1ns5 in

X = ﬁ(cos ul,sin ul,cos uz,sin uz,cos u3,sin u3),
where u!, u?, u? are parameters on each Sl(\%).

Let X; = gXH then we have

1
X1 = —=(—sin ul,cos ul,0,0,0,0 ,
1 \/5( )
1
X, = —(0,0, —sin uz,cos u2,0,0 ,
2 \/g( )
1
X3 = (0,0,0,0, — sin 13, cos u3).

S

The vector field & on S° is given by—

(—sin ul, cos ul, —sin u?, cos u?, —sin 1%, cos u3).

é‘:]X:ﬁ

Since ¢ = X; + Xp + X3, £ is tangent to ST x S! x S'. Also the structure tensors
(¢, &, 1) of S° satisfy

X =JXi+ (X)X, i=1,23,

which shows that ¢X; is normal to St x S x S! for all i. Thus, S! x S! x Sl is an
anti-invariant submanifold of S°.
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Abstract. In this paper we discuss about anti-invariant submanfolds of indefinite Sasakian
manifold, indefinite Kenmotsu manifold, indefinite trans-Sasakian manifold, indefinite LP-Sasakian
manifold and obtain some results regarding the relation between the structure vector field of a manifold
and the anti-invariance of the submanifold. Also we obtain some results on totally umbilical, totally

geodesic submanifolds.
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fold.

1. Introduction. A (2n+1)-dimensional semi-Riemannian manifold (M, g§) is
called an indefinite almost contact manifold if it admits an indefinite almost contact
structure (¢, &,n), where ¢ is a tensor field of type (1,1), £ is a vector field and 7 is a
1-form, satisfying for all vector fields X,Y on M (Blair, 1976),

P*X = —X +n(X)§,n0¢p=0,6¢ =0,n(¢) = 1, (L.1)
9(9X,9Y) = g(X,Y) —en(X)n(Y), (1.2)
9(X,8) = en(X),3(6X,Y) = —g(X, 8Y). (1.3)
Here € = g(§,&) = £1 and V is the Levi-Civita connection for a semi-Riemannian

metric g.
Based on the structure equations manifolds are classified as follows (Blair, 1976) :

® An indefinite almost contact metric structure (¢,&,7,g) is called an indefinite
Sasakian structure if for all vector fields Z, W on M,

(Vzo)W = en(W)Z — §(Z, W), (1.4)
Vz& = —epZ (1.5)
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® An indefinite almost contact metric structure (¢,&,n,g) is called an indefinite
trans-Sasakian structure of type («, ) if

(Vz¢)W = a[§(Z,W)¢ — en(W)Z] + Blg(¢Z, W)E — en(W ) Z], (1.6)
V€ = —cagZ + BlZ — n(Z)¢]. (1.7)

for functions «, 8 on M and for all vector fields Z, W on M.

@ In 2009, U.C. De and A.Sarkar introduced and studied the notion of e-Kenmotsu
manifolds with indefinite metric by giving an example of &« = 0, 5 = 1, then indefinite
almost contact metric structure (¢, &, 7, g) is called an indefinite Kenmotsu structure.
The structure equation thus becomes

(Vzo)W = §(¢Z, W) — en(W)oZ, (1.8)
V7€ = eZ —en(2)¢ (1.9)

The study of geometry of anti-invariant submanifolds is carried out by (Bagewadi,
1982, Brasil, Lobos and Mariano, 2008, Chen, 1974, Shahid, 1993 Ishihara and
Kon, 1977 and Yano, 1963) in various contact manifolds. In 1976-77, anti-invariant
submanifolds of Sasakian space forms (Yano, 1977) were discussed by K.Yano
and M.Kon. In 1985, H.B.Pandey and A.Kumar investigated about anti-invariant
submanifolds of almost para-contact manifolds (Pandey and Kumar, 1989). In 2018,
C.S.Bagewadi and S.Venkatesha studied extensively anti-invariant submanifolds of S-
manifold and (e)-Sasakian manifold (Bagewadi and Venkatesha, 2018). Motivated from
their work we have established some new results on anti-invariant submanifolds of
indefinite Sasakian manifold, indefinite Kenmotsu manifold, indefinite trans-Sasakian
manifold and indefinite LP-Sasakian manifold.

A differentiable manifold M of dimension n is called indefinite Lorentzian para-
Sasakian manifold (briefly, indefinite LP-Sasakian manifold) if it admits the structure
(¢,&,n) along with a Lorentzian metric (which is almost para-contact) g which satisfy
for all vector fields X,Y on M,

¢*X = X +n(X)E,
n(§) = -1,
9(§,6) = —¢,
n(X) = €g(X, ),
¢¢ =0,
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n(¢X) =0,
9(0X,9Y) = g(X,Y) — en(X)n(Y).
In this manifold we also have,
(Vx9)Y = §(X,Y)E + en(Y)X + 2en(X)n(Y)E, (1.10)
Vxé = epX. (1.11)
Let ¢ be a differentiable map from a manifold M into a manifold M’ and let the

dimensions of M, M’ be n, m respectively. If at each point p of M, (¢.), is a 1-1 map,
i.e., if rankp=n, then ¢ is called an immersion of M into M’.

If an immersion ¢ is one-one, i.e., if ¢(p) # ¢(q) for p # ¢, then ¢ is called an
imbedding of M into M’.

If the manifolds M, M satisfy the following two conditions, then M is called a
submanifold of M

i) M c M,

ii) the identity map i from M into M is an imbedding of M into M.

Let ¢ : (M,g) — (M,§) be an isometric immersion from an n-dimensional
Riemannian manifold (M, g) into m-dimensional Riemannian manifold (M,g). We

denote by V and V as Levi-Civita connection of M™ and M™ respectively. Then the
formulas of Gauss and Weingarten are given by

VxY = VxY +h(X,Y), (1.12)
VxV = —AyX + V§V. (1.13)

where h, A, V1 are the second fundamental form, the shape operator and the normal
connection respectively.

Moreover the shape operator Ay and the second fundamental form h are related by
for X,V € T,(M) and V € T;-(M).
A submanifold M is called

i) totally geodesic in M if h = 0 or equivalently Ay = 0 for all V e T+ M,

ii) minimal in M if the mean curvature vector H satisfies H = 0,

dim M -
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iii) totally umbilical if
h(X,Y) = g(X,Y)H, (1.15)

and

iv) anti-invariant if

X € T,(M) = ¢X € T (M). (1.16)
On a smooth manifold M, a distribution D is the assignment, to each point x € M,
of a subspace D, of the tangent space T,;(M). A distribution D is smooth at a point

z if any tangent vector X(,) € D, can be locally extended to a smooth vector field X
on some open set U € M such that X,y € D, for every y € U.

A connected submanifold N of M is called an integral manifold of the distribution
D if (¢x):N = D, ¥V x € N, ¢ being the imbedding of N into M. If there is no other
integral manifold of D which contains N, then N is called a maximal integral manifold
of D.

Thus D = |J D, is a distribution on M. We say that a distribution D is involute
xzeM

for every two sections X,Y of D, the commutator [X, Y] is a section of D.
Let D denote an integrable distribution on M, then the collection of integrable
manifolds of D is called a foliation.

A maximal connected integral manifold of D is called a leaf of the foliation.

2. Anti-invariant submanifolds of indefinite Sasakian manifold, indefinite
Kenmotsu manifold, indefinite trans-Sasakian manifold, indefinite LP-
Sasakian manifold. This chapter consists of four sections which are devoted to
the study of anti-invariant submanifolds of indefinite Sasakian manifold ,indefinite
Kenmotsu manifold, indefinite trans-Sasakian manifod and indefinite LP-Sasakian
manifold.

2.1 Anti-invariant submanifolds of an indefinite Sasakian manifold. In this
section we obtain some results on anti-invariant submanifolds of indefinite Sasakian
manifold. They are as follows

THEOREM 2.1.1 Let M be a submanifold of an indefinite Sasakian manifold M such
that the structure vector field € is tangent to M. If M s totally umbilical, then M is
totally geodesic.

Proof: Since £ is tangent to M, from (1.12) we have,
where the vector fields X and Y are tangent to M.
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Using (1.5) we get, —epX = Vx& + h(X,§).
Equating tangential and normal components we obtain,
«(0X)" = —Vx¢,
€(¢X)" = —h(X,£).
Putting X = £ in second equation(as ¢ = 0) we get h(£, &) = 0.
Let us assume that M is totally umbilical, then A(X,Y) = ¢g(X,Y)H. Putting
X =Y =& we get,

9(§&,§)H =+H =h(§,€) =0
= H =0 and so, h =0.

Thus M is totally geodesic.

THEOREM 2.1.2 Let M be a submanifold of an indefinite Sasakian manifold M such
that the structure vector field £ is tangent to M. Then & is parallel with respect to the
induced connection on M if and only if M is an anti-invariant submanifold in M .

Proof: Let the structure vector field £ be tangent to M, then from (1.5) and (1.12),
—epX = Vx& = Vx&+ (X, ). (2.1)

Now let £ be parallel with respect to the induced connection on M, then we have
Vx&=0and h(X,€) € T;-(M).
From (2.1),
= ¢X = —eh(X,9).

Hence ¢X is normal to M, ¢X € T;-(M). Thus M is anti-invariant.

Conversely, let M be anti-invariant, then by (1.16) if X € T,(M), then ¢X €
T (M), so from (2.1) and as h(X,€) € T;-(M),we have,

—epX = h(X,€)
= Vx&=0 (by (2.1))

= £ is parallel with respect to the induced connection on M.
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THEOREM 2.1.3 Let M be a submanifold of an indefinite Sasakian manifold M.

If € is normal to M, then M is totally geodesic and consequently M is anti-invariant.

Proof: Let £ be normal to M, then (1.13) implies
Vxé=—AcX + VxE.

Using (1.5) and (2.2), and taking inner product with Y we obtain,

€g(¢X,Y) = g(AcX,Y) for any X,Y tangent to M.

Interchanging X,Y in (2.3) and then adding we get,

9(AeX,Y) + g(AeY, X) = €[g(¢X,Y) + g(¢Y, X))
=0 (by (1.3))

= g(A¢X,Y) =0 (since A¢ is symmetric)
= g(h(X,Y),§) =0 (by (1.14))
= h=0

Thus M is totally geodesic.
Thus by (2.2),

Vxé = Vx¢

= —e¢X  (by (1.5))
= ¢X € Ty (M).

Hence M is anti-invariant.

(2.2)

THEOREM 2.1.4 Let M be a submanifold of an indefinite Sasakian manifold M such
that the structure vector field & is tangent to M. If Ay X = 0 for any V € T;-(M),

then ¢(Tx(M)) is parallel with respect to the normal connection.

Proof: To show that ¢(T,(M)) is parallel with respect to the normal connection V+,
we have to show that for every local section ¢Y € ¢(T,(M)),Vx(¢Y) is also a local

section in ¢(T,(M)).
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Now,

(Vx9)Y = VxoY — ¢(VxY)
= (V)X —§(X,Y)E = —Agy X + VxoY — ¢(VxY + h(X,Y))
(by (1.4), (1.12), (1.13))
= VxoY = —§(X,V)E+en(Y)X + Agy X + (VY + h(X,Y)).

Taking inner product with V' € T;-(M) we have,

g(VxaY,V) = —g(X,Y)g(&, V) + en(Y)g(X, V) + g(Agy X, V)
+g(¢VXY, V) + g(¢h(Xa Y)’ V)

Hence the proof.

THEOREM 2.1.5 Let M be a submanifold of an indefinite Sasakian manifold M, then
M is anti-invariant if and only if D is integrable.

Proof: Let X,Y € D, then X,Y € TM,

9([X,Y],€) = g(VxY, &) — g(Vy X,§)

= Xg(V.€) — g(Y,Vx§) — Yg(X,&) + g(X, Vy¢)

= —g(Y, —edX) + g(X, —e¢Y)  (by (1.5))

= €g(pX,Y) —eg(X, $Y)

= €9(0X,Y) +eg9(¢X,Y) (by (1.3))

= 2eg(0X,Y).
Hence [X,Y] € D if and only if ¢X is normal to Y, i.e., X € T;-(M) i.e., M is anti-
invariant. Hence D is integrable if and only if M is anti-invariant.

2.2 Anti-invariant submanifolds of an indefinite Kenmotsu manifold. Here
we consider an anti-invariant submanifold of an indefinite Kenmotsu manifold and using
it’s structure equation we state and prove the following theorem :

THEOREM 2.2.1 Let M be a submanifold of an indefinite Kenmotsu manifold M such
that the structure vector field & is tangent to M. If Ay X = 0 for any V € T;(M),
then ¢(T,(M)) is parallel with respect to the normal connection.
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Proof: To show that ¢(T;-(M)) is parallel with respect to the normal connection V-,
we have to show that for every local section ¢Y € ¢(T,(M)), Vi (¢Y) is also a local
section in ¢(T,(M)).

Now,
(Vx9)Y =VxoY — ¢(VxY)
= §(¢X,Y)E —en(Y)pX = —Agy X + VxoY — ¢(VxY + h(X,Y))
(by (1.8), (1.12),(1.13))
= VxoY = Ay X + §(¢X,Y)E — en(Y)oX + ¢(VxY) + ¢(h(X,Y)).
Taking inner product with V' € T;-(M) we have,
g(VxoY, V) = g(Asy X, V) + §(¢X,Y)g(&, V) — en(Y)g(pX, V)
+9(OVxY, V) + g(6(h(X,Y)), V)
= 0.
Hence the result.

® Example of an indefinite Kenmotsu manifold. We consider the 3-
dimensional manifold M = {(z,y,z) € R® : z # 0}, where (z,y,2) are standard
coordinates of R3.

The vector fields e; = eza%, ey = eza%, e3 = —ez% are linearly independent at each
pt. of M.
e 00
Indefinite metricg=1 0 ¢ 0
00 €

pe1 = —ez, gex = e1, ez = 0.
$*Z = ~Z +0(2)§,1(Z) = eg(Z, e3),n(€) = 1.
9(0Z,oW) = g(Z,W) — en(Z)n(W); Z,W € I'(T'M).
le1, e3] = eeq, [ea, €3] = €ea, [e1, 2] = 0.
By Koszul’s formula,
29(VxY,Z) = Xg(Y, Z) +Yg(Z,X) — Zg(X,Y) — g(X,[Y, Z])
—9(Y,[X, Z]) +9(Z,[X,Y]),
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We calculate

Ve, e3 = €e1, Ve ea =0, Ve = —ees.
Ve,€3 = €2, Ve,e9 =€e3, Ve,e1 =0.

Vese3 =0, Vezea =0, Vezer =0.
Vi€ = e(X —n(X)E) for €= es.

(¢,€,m,9) forms an indefinite Kenmotsu structure in R3.

2.3 Anti-invariant submanifolds of an indefinite trans-Sasakian manifold.
In this section state and prove two theorems related to the anti-invariant submanifolds
of an indefinite trans-Sasakian manifold.

THEOREM 2.3.1 Let M be a submanifold of an indefinite trans-Sasakian manifold M
such that the structure vector field & is tangent to M. If M 1is totally umbilical, then
M is totally geodesic.

Proof: Since £ is tangent to M,
Vx& = Vx&+h(X,¢).
Using (1.7) we get,
—eapX + ef[X —n(X){] = Vx&+ h(X,§).
Equating tangential and normal components,
Vx§=—ca(¢X)" +efX — efn(X)g,
(X, €) = —ea(¢X)*
= h(,€) =0 (since ¢§ =0)
= g(&HH =0
= H=0.

Hence h(X,Y) = g(X,Y)H = 0 and so, h = 0 = M is totally geodesic.

THEOREM 2.3.2 Let M be a submanifold of an indefinite trans-Sasakian manifold M
such that the structure vector field & is tangent to M. If Ay X = 0 for any V € T;-(M),
then ¢(Tx(M)) is parallel with respect to the normal connection.
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Proof: To show that ¢(T,(M)) is parallel with respect to the normal connection V=,
we have to show that for every local section ¢Y € ¢(T(M)), Vx(¢Y) is also a local
section in ¢(T,(M)).

Using (1.6), (1.12), (1.13) we get,

(Vx@)Y =VxoY — ¢(VxY)
= —Agy X 4+ VxoY — ¢(VxY) — ¢(h(X,Y)) = o[§(X,Y)E — en(Y) X]
+BG(¢X,Y)E — en(Y)$X]
= VxoY = Agy X + ¢(VxY) + ¢(h(X,Y)) + a[g(X, V)¢
—en(Y)X] + Blg(¢ X, Y)E — en(Y)pX].

Since Ay = 0 for any V € T;-(M), we have,

g(VxoY, V) = g(Agy X, V) + g(¢(VxY),V) + g(¢h(X,Y), V) + a[§(X,Y)g(£, V)
—en(Y)g(X, V)] + Bl3(¢X,Y)g(&, V) — en(Y)g(¢ X, V)].

Since ¢V € T;-(M) also, we have,
9(VxoY, V) =0.

Hence the proof.

® Example of an indefinite trans-Sasakian manifold. Let R? be a 3-
dimensional Euclidean space with regular coordinates (z,v,z). In R? we define,

n = dz — ydz, 522

0z’
0 0 0 0 0 0
*(0s) =3y (o3) =3 v ¢(52) °
> 0 —ey
The semi-Riemannian metric g is defined by the matrix: g = 0 0 O
—ey 0 €

(¢,€,m,g) forms an indefinite trans-Sasakian structure in R3.
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2.4 Anti-invariant submanifolds of an indefinite LP-Sasakian manifold.
In this section we first state and prove two theorems regarding submanifolds of an
indefinite LP-Sasakian manifold and then in the last theorem we get an important
result concerning anti-invariant submanifolds of an indefinite LP-Sasakian manifold.

THEOREM 2.4.1 Let M be a submanifold of an indefinite LP-Sasakian manifold M
such that the structure vector field & is tangent to M. If M is totally umbilical, then
M is totally geodesic.

Proof: Since £ is tangent to M,
Vx&=Vx&+h(X,¢).

Using (1.11) we get,
e X = Vx&{+h(X,§)

Equating tangential and normal components we obtain,
e(pX)" = Vx¢,
(@X)" = h(X,8).

Putting X = ¢ in second equation we get,
h(&,€) =0 (as ¢§ = 0).
Let us assume that M is totally umbilical, then
h(X,Y)=9g(X,Y)H.
Putting X =Y = ¢ we get,

and hence h(X,Y) = 0.
Hence M is totally geodesic.

THEOREM 2.4.2 Let M be a submanifold of an indefinite LP-Sasakian manifold M
such that the structure vector field & is tangent to M. Then & is parallel with respect to
the induced connection on M if and only if M is an anti-invariant submanifold in M.

Proof: Using (1.11), (1.12),

€pX = Vx& = Vxé+ h(X,€). (2.4)
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Now let € be parallel with respect to induced connection on M, then we have,
Vx&=0.
From (2.4) we get,

epX = h(X,¢)
= X = eh(X,¢).
Hence ¢X is normal to M, ¢X € T;-(M). Thus M is anti-invariant.

Conversely, let M be anti-invariant, then by definition of anti-invariant if X €
T.(M), then ¢X € T;-(M) and so from (2.4) we get as h(X, &) € T;-(M),

b X = h(X, )

and so, from (2.4) we have, Vx{ = 0 = ¢ is parallel with respect to the induced
connection on M.

THEOREM 2.4.3 Let M be a submanifold of an indefinite LP-Sasakian manifold M
such that the structure vector field & is tangent to M. If Ay X = 0 for any V € T;-(M),
then ¢(Tx(M)) is parallel with respect to the normal connection.

Proof: To show that ¢(T,(M)) is parallel with respect to the normal connection V-,
we have to show that for every local section ¢Y € ¢(Ty(M)), Vx(¢Y) is also a local
section in ¢(T,(M)).

Using (1.10), (1.12), (1.13) we obtain,
G(X,Y)§E+en(Y)X + 2en(X)n(Y)E
= (Vx¢)Y =VxoY — ¢(VxY)
= Ay X + VoY — ¢(VxY + h(X,Y))
= VoY = §(X,Y)E+en(V)X 4 2en(X)n(Y)E + ApY X + ¢(VxY) + ¢(h(X,Y)).
Since Ay = 0 for any V € T (M),
g(VxeY, V) = g(X,Y)g(&, V) + en(Y)g(X, V) + 2en(X)n(Y)g(&, V)
+9(Agy X, V) + 9(d(VxY),V) + g(o(h(X,Y)), V).

Since ¢V € T;-(M) for any V € T;-(M), by hypothesis, g(Vx¢Y, V) = 0.
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Hence the proof.
e Example of an indefinite LP-Sasakian manifold. Let R? be a 3-dimensional

Euclidean space with regular coordinates (z,y,2). In R? we define,

0

wi ¢ (52) = ay () =3 v #(52) =0

The Lorentzian metric ¢ is defined by the matrix:

—ey? 0 ey
g= 0 0 O
ey 0 —e

(¢,€,m, g) forms an indefinite Lorentzian Para-Sasakian structure in R3.
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Abstract. In this paper, we discuss *-7-Ricci-Yamabe solitons on anti-invariant submanifolds
of Kenmotsu manifold with respect to a quarter symmetric metric connection. We obtain some
results regarding a Kenmotsu manifold admitting a =-n-Ricci-Yamabe soliton. Further, we prove
some curvature properties of anti-invariant submanifolds of Kenmotsu manifold admitting a quarter
symmetric metric connection. Next, we obtain a result regarding anti-invariant submanifolds of
Kenmotsu manifold admitting a *-n-Ricci-Yamabe soliton with respect to a quarter symmetric metric
connection. Then, we study the nature of a %-n-Ricci-Yamabe soliton and solitons appeared as
its particular cases on anti-invariant submanifolds of Kenmotsu manifold with respect to a quarter
symmetric metric connection when the vector field becomes a conformal Killing vector field. Finally,
we give an example of a 3-dimensional Kenmotsu manifold admitting a *-n-Ricci-Yamabe soliton and

verify a relation on it.
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Keywords: Anti-invariant submanifold, Kenmotsu manifold, *-n-Ricci-Yamabe soliton,

quarter symmetric metric connection, conformal Killing vector field.

1. Introduction. The concepts of Ricci flow and Yamabe flow were introduced
simultaneously by R. S. Hamilton (1982, 1988). Ricci soliton emerged as a self-similar
solution to the Ricci flow (Hamilton, 1988) and as did Yamabe soliton. These solitons
are equivalent in dimension 2 but in greater dimensions, these two do not agree since

Yamabe soliton preserves the conformal class of the metric but Ricci soliton does not

281
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in general. In 2019, S. Guler and M. Crasmareanu (2019) introduced a new geometric
flow called Ricci-Yamabe flow as a scalar combination of Ricci low and Yamabe flow.
Ricci-Yamabe flow of type (p,q) is an evolution for the metrics on Riemannian or
semi-Riemannian manifolds defined as (Guler and Crasmareanu, 2019)
0
ag

where p, g are scalars. Due to the signs of p, ¢, this flow can also be a Riemannian flow

(t) = —2p Ric (t) +qr(t)g(t), g(0) = go,

or semi-Riemannian flow or singular Riemannian flow. A Ricci-Yamabe flow of type

(p, q) is called (Guler and Crasmareanu, 2019):
(i) Ricci flow if p=1, ¢ = 0;
(ii) Yamabe flow if p =0, ¢ = 1;
(iii) Einstein flow (Catino and Mazzieri, 2016) if p =1, ¢ = —1.

Naturally, a soliton to the Ricci-Yamabe flow is called Ricci-Yamabe soliton. Ricci-
Yamabe soliton of type (p,q) on a Riemannian complex (M, g) is represented by the

quintuplet (g, V, A, p, q) satisfying the following equation
Lyg+2pS+ 2\ —qr)g =0,

where Ly g is the Lie derivative of the Riemannian metric g along the vector field V,
r is the scalar curvature, S is the Ricci curvature tensor and A, p, g are scalars. This
soliton is called shrinking, steady or expanding according as A < 0, A=0or A >0

respectively.

J.T. Cho and M. Kimura introduced the notion of n-Ricci soliton as an advance
extension of Ricci soliton in 2009 (Cho and Kimura, 2009). Analogously in 2020 (Siddiqi
and Akyol, 2020), M. D. Siddiqi and M. A. Akyol introduced the concept of n-Ricci-
Yamabe soliton as a generalization of Ricci-Yamabe soliton. 7-Ricci-Yamabe soliton
of type (p, q) is represented by the sextuplet (g, V, A, i, p, ¢) on a Riemannian manifold
M satisfying the following equation

Lyg+2pS+ 2\ —qr)g+2un@n =0,
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where Ly g is the Lie derivative of the Riemannian metric g along the vector field V', r
is the scalar curvature, S is the Ricci curvature tensor, n ®n is a (0, 2)-tensor field and
A, b, P, q are scalars. The soliton is called shrinking, steady or expanding according as

A <0, A=0o0r A > 0 respectively.

In 2020, S. Dey and S. Roy (2020) defined x-n-Ricci soliton as a generalizalion of -

Ricci soliton as follows
Leg+ 25" +2 g+ 2un®@n =0,

where S* is the *-Ricci tensor which was first introduced by S. Tachibana (1959).

Recently, S. Roy et al. (2021) introduced the notion of *-n-Ricci-Yamabe soliton as

a generalizalion of n-Ricci-Yamabe soliton and defined it as follows
Leg+2pS™ + (22X —qr*)g +2un®@n = 0, (1.1)
where r* = Tr(S*) is the *-scalar curvature. A *-n-Ricci-Yamabe soliton is called
(i) #-n-Ricci soliton if p =1, ¢ = 0;
(ii) #-nm-Yamabe soliton if p =0, ¢ = 1;
(iii) *-n-Einstein soliton if p =1, ¢ = —1.

A linear connection V on a Riemannian manifold (M,g) is called a quarter

symmetric connection (Golab, 1975) if its torsion tensor 7' defined by
T(X,Y)=VxY —VyX — [X,Y] VX,Y € x(M) (1.2)
satisfies the following equation
T(X,Y) = 5(Y)6X — n(X)6Y. (1.3)
Moreover, if the connection V satisfies
(Vxg)(Y,Z) =0 VX.Y,Z € x(M), (1.4)

then V is called a quarter symmetric metric connection (De and Sengupta, 2000).
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Motivated by the works mentioned above, in this paper, we discuss *-n-Ricci-
Yamabe solitons on anti-invariant submanifolds of Kenmotsu manifold with respect
to a quarter symmetric metric connection. This paper is divided into three sections.
After introduction, in the second section, we mention some definitions and relations
which are used in the following section. The last, i.e. the third section consists of the
main results. In this section, we obtain some results regarding a Kenmotsu manifold
admitting a *-n-Ricci-Yamabe soliton. Further, we prove some curvature properties
of anti-invariant submanifolds of Kenmotsu manifold admitting a quarter symmetric
metric connection. Next, we obtain a result regarding anti-invariant submanifolds of
Kenmotsu manifold admitting a *-n-Ricci-Yamabe soliton with respect to a quarter
symmetric metric connection. Then, we study the nature of a x-n-Ricci-Yamabe
soliton and solitons appeared as its particular cases on anti-invariant submanifolds
of Kenmotsu manifold with respect to a quarter symmetric metric connection when
the vector field becomes a conformal Killing vector field. Finally, we give an example
of a 3-dimensional Kenmotsu manifold admitting a *-n-Ricci-Yamabe soliton and verify

a relation on it.

2. Preliminaries. Let M be an odd dimensional differentiable manifold equipped
with a metric structure (¢, &, 7, g) consisting of a (1,1) tensor field ¢, a vector field &,

a 1-form 7 and a Riemannian metric g satisfying the following relations—

¢2X =-X+ U(X)fa 77(5) =1, no¢p=0, p§ =0, (21)
9(¢X,9Y) = g(X,Y) — n(X)n(Y), (2.2)
g(¢X7Y) = _g(Xv ¢Y)> 77(X) = g(Xag) VX,Y € X(M)7 (2'3)

then M is called almost contact metric manifold (Blair, 1976).

Kenmotsu manifold is named after K. Kenmotsu who introduced its notion in 1972
(Kenmotsu, 1972). An almost contact metric manifold M (¢, £, n, g) is called Kenmotsu
manifold if VX, Y € x(M),

(Vx9)Y =g(¢X,Y)§ —n(Y)oX, (2.4)

Vx§ =X —n(X)E. (2.5)
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Also on an n-dimensional Kenmotsu manifold M, the following relations hold
(Kenmotsu, 1972) VX, Y € x(M),

R(X,Y)§ =n(X)Y —n(Y)X, (2.6)
R(X,§Y = g(X,Y)§ —n(Y)X, (2.7)
R(X,£)€ = n(X)§ — X, (2.8)
(Vxn)Y = g(X,Y) = n(X)n(Y), (2.9)
5(X,8) = =(n = 1)n(X), (2.10)
Q¢ = —(n—1)¢& (2.11)

Now from (Haseeb, Prakasha and Harish, 2021) we have that the *-Ricci tensor S* on

an n-dimensional a-cosymplectic manifold M is given by
S*(X,Y) = S(X,Y) +a?(n—2)g(X,Y) + a*n(X)n(Y) VX,V € x(M).
Hence putting o = 1 we obtain that on an n-dimensional Kenmotsu manifold M, S*
is given by VX,Y € x(M),
SYX,Y)=S5(X,Y)+ (n—2)9(X,Y) +n(X)n(Y), (2.12)
and hence we get the x-scalar curvature r* is given by
r* =71+ (n—1)>~% (2.13)

Let ¢ be a differentiable map from a manifold M into a manifold M and let the
dimensions of M, M be m, n respectively (n > m). If at each point p of M, (), is a

1-1 map, i.e., if rank ¥)=m, then ¥ is called an immersion of M into M.

If an immersion ¢ is one-one, i.e., if ¥(p) # ¥(q) for p # ¢, then ¢ is called an
imbedding of M into M.

If the manifolds M, M satisfy the following two conditions, then M is called a
submanifold of M

(i) M c M,

(ii) the inclusion map 4 from M into M is an imbedding of M into M.
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A submanifold M is called anti-invariant (Yano and Kon, 1977) if X € T,(M) =
¢X € TH(M) Yz € M, where T,(M), T;-(M) are respectively the tangent space
and the normal space at x € M. Thus in an anti-invariant submanifold M, we have
VX,Y € x(M),

9(X,9Y) =0. (2.14)

Let V and V be the Levi-Civita connection and a linear connection on an almost
contact metric manifold M respectively such that VX, Y € x(M),

VxY =VxY + H(X,Y), (2.15)
where H is a (1,1) tensor field. For V to be a quarter symmetric metric connection on
M we have (De and Sengupta, 2000),

H(X,Y) = YT(X,Y) + T'(X,Y) + T'(Y, X)), (2.16)
where VX, Y, Z € x(M),

Now, using (1.3) in (2.17) we get
T'(X,Y) = (X, $Y)§ — n(X)eY. (2.18)
Then, applying (1.3) and (2.18) on (2.16) we obtain
H(X,Y) = —n(X)eY. (2.19)

Hence from (2.15) we have, a quarter symmetric metric connection V on a Kenmotsu
manifold M is given by VX, Y € x(M),

VxY = VxY — n(X)eY. (2.20)

A vector field V is called conformal Killing vector field if and only if the following
relation holds

Ly g = 2kg, (2.21)

where « is a function of the co-ordinates. If x is not a constant, then V' is called proper.

Also, if k is a constant, then V is called homothetic vector field and if x is non-zero,

then V is called proper homothetic vector field. If Kk = 0, then V becomes Killing

vector field.
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3. Main Results. Let M (6,€,m,9) be an n-dimensional Kenmotsu manifold
admitting a *-7-Ricci-Yamabe soliton given by (1.1). Applying (2.5) on the following

equation

(Leg)(Y, Z) = g(Vy¢&, Z) + g(Y,VzE) VY, Z € x(M)
we get
(Leg)(Y. Z) = 2[g(Y, Z) — n(Y)n(Z)). (3.1)
Now, from (1.1) we have
(Leg)(Y. Z) +2pS™ (Y, Z) + (2A — qr*)g(Y, Z) + 2un(Y )n(Z) = 0. (3.2)
Applying (2.12), (2.13) on (3.2) we get
(Leg) (Y. Z) +2pS(Y, Z) + 21 — qfr + (n — 1)%}
+2p(n —2)|g(Y. Z) + 2(p + p)n(Y)n(Z) = 0. (3-3)
Using (3.1) in (3.3) we get
2pS(Y, Z) + [2(A + 1) — g{r + (n — 1)*} + 2p(n — 2)|g(Y, Z)
+2(p + 1= 1)n(Y)n(Z) = 0. (3.4)
Putting Y = Z = ¢ in (3.4) and then using (2.10) we obtain
At = g{r—i—(n—l)z}. (3.5)
Hence we can state that

THEOREM 3.1 If an n-dimensional Kenmotsu manifold admits a *-n-Ricci- Yamabe

soliton, then the soliton scalars X\, u, q are related by the following equation—
A p= g{r+(n—1)2}.
Let {e;}!"_; be an orthonormal frame of TM, then putting Y = Z = e; and replacing
the value of u from (3.5) in (3.3) we get
2div (&) + 2pr + [2X — ¢{r + (n — 1)®} + 2p(n — 2)|n
4204+ q{r+(n—1>%}—21=0
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= A== (12 Y -1, (3.5

n—1
where div(€) is the divergence of &.
Replacing the value of A from (3.6) in (3.5) we obtain
..
p=——ldiv (&) +p{r+ (n - 1)*}] (3.7)

Thus we have the following corollary

COROLLARY 3.1 If an n-dimensional Kenmotsu manifold admits a *-n-Ricci- Yamabe
soliton, then the soliton scalars A\, u,p,q are related by the equations (3.6) and (3.7).

Now, let us consider an m-dimensional anti-invariant submanifold M of an n-
dimensional (n > m) Kenmotsu manifold M admitting a quarter symmetric metric
connection V given by (2.20). Let R, S, r be the Riemannian curvature tensor,
Ricci tensor and scalar curvature of M with respect to the Levi-Civita connection
V respectively, and R, S, 7 be the Riemannian curvature tensor, Ricci tensor and

scalar curvature of M with respect to V respectively.

Using (2.4), (2.5), (2.14), (2.20) in
R(X,Y)Z =VxVyZ—VyVxZ —Vxy|Z VX,Y,Z € x(M)

we obtain

R(X,Y)Z = R(X,Y)Z = n(X)n(Z2)oY +n(Y)n(Z)¢X. (3-8)

Taking inner product of (3.8) with W € x(M) and applying (2.14) in the resultant

equation we get

R(X,Y,Z,W)=R(X,Y,Z,W). (3.9)

Contracting (3.9) over X and W we obtain
S(Y,Z) = S(Y, Z), (3.10)

and again contracting (3.10) over Y and Z we obtain

F=r. (3.11)
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Hence we can state that

THEOREM 3.2 For an anti-invariant submanifold M of a Kenmotsu manifold

admitting a quarter symmetric metric connection V, we have

(i) the Riemannian curvature tensor R of M with respect to V is given by

R(X,Y)Z = R(X,Y)Z —n(X)n(Z2)9Y +n(Y)n(Z)pX VX,Y,Z € x(M).

(il) R(X,Y,Z,W)=R(X,Y,Z W) VXY, Z,W € x(M),
(iii) the Ricci tensors S and S of M with respect to V and V respectively are equal,

(iv) the scalar curvatures v and 7 of M with respect to V and V respectively are equal.

Now, let M admit a *-n-Ricci-Yamabe soliton with respect to V. Replacing n by
m in (3.3) we get VY, Z € x(M),
(Leg)(Y, Z) +2pS(Y, Z) + [2A — ¢{r + (m — 1)}
+2p(m —2)|g(Y, Z) + 2(p + p)n(Y)n(Z) = 0. (3.12)
Similarly, with respect to V we have
(Leg)(Y. Z) + 2pS(Y. Z) + [2X — qfF + (m — 1)?)
+2p(m —2)|g(Y, 2) + 2(p + pw)n(Y)n(Z) = 0, (3.13)
where f)g is the Lie derivative along & with respect to V.
Using (3.10), (3.11) in (3.13) and comparing the resultant equation with (3.12) we

obtain
(Leg) (Y, Z) = (Leg)(Y, Z). (3.14)

Thus we have the following theorem

THEOREM 3.3 For an anti-invariant submanifold of a Kenmotsu manifold admitting
a *-n-Ricci- Yamabe soliton with respect to a quarter symmetric metric connection @,

the Lie derivatives along & with respect to V and V are equal.
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Next, let M be an m-dimensional anti-invariant submanifold of an n-dimensional
(n > m) Kenmotsu manifold M admitting a *-n-Ricci-Yamabe soliton (g, V, X, i, p, q)
with respect to a quarter symmetric metric connection V given by (2.20) such that V is

a conformal Killing vector field. Then, replacing £ by V in (3.13) we get VY, Z € x(M),
(Lvg)(Y, Z) + 2pS(Y, Z) + [2X — q{F + (m — 1)%}
+2p(m = 2)|g(Y, Z) + 2(p + w)n(Y)n(Z) = 0. (3.15)
Applying (3.14) (by replacing ¢ by V), (2.21), (3.10), (3.11) on (3.15) we obtain
2k 42X — q{r + (m — 1)} + 2p(m — 2)]g(Y, Z)
+2pS(Y,Z) + 2(p+ p)n(Y)n(Z) = 0. (3.16)
Taking Y = Z = £ in (3.16) and using (2.10) (by replacing n by m) we get
26 + 2\ — q{r + (m — 1)?} + 2p(m — 2)] = 2p(m — 1) +2(p+ ) =0
= k= —()\+u)+%{r+(m—1)2}. (3.17)

Therefore, we have the following theorem

THEOREM 3.4 Let an m-dimensional anti-invariant submanifold of a Kenmotsu
manifold admit a x-n-Ricci- Yamabe soliton (g,V, A\, u,p,q) with respect to a quarter

symmetric metric connection V. If V is a conformal Killing vector field, then
k=—(A+p)+ g{r + (m —1)%}.
Now, putting ¢ = 0 in (3.17) we get
k=—(A+pu) (3.18)

and hence we can state that

COROLLARY 3.2 Let an m-dimensional anti-invariant submanifold of a Kenmotsu
manifold admit a x-n-Ricci soliton with respect to a quarter symmetric metric
connection V. If V is a conformal Killing vector field, then (3.18) holds.
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Again, putting ¢ = 1 in (3.17) we have
1
/f:—()\+,u)+§{r+(m—1)2} (3.19)

and thus we have the following corollary

COROLLARY 3.3 Let an m-dimensional anti-invariant submanifold of a Kenmotsu
manifold admit a *-n-Yamabe soliton with respect to a quarter symmetric metric

connection V. If V is a conformal Killing vector field, then (3.19) holds.

Finally, putting ¢ = —1 in (3.17) we obtain
1
k=—(A+pn) — §{r+(m—1)2} (3.20)

and hence we have another corollary

COROLLARY 3.4 Let an m-dimensional anti-invariant submanifold of a Kenmotsu
manifold admit a x-n-Einstein soliton with respect to a quarter symmetric metric

connection V. If V is a conformal Killing vector field, then (3.20) holds.

At last, we give the following example of a 3-dimensional Kenmotsu manifold

admitting a *-n-Ricci-Yamabe soliton and verify the relation (3.5) on it.

EXAMPLE. Let us consider the 3-dimensional manifold M ={(x,y,z) € R : z # 0},

where (z,y, z) are standard co-ordinates of R3.
The vector fields e; = Za%v eg = Za%v ez = —z% form a linearly independent frame
on M.
Let g be the Riemannian metric defined by
glei,ej) =1 if i =j and g(e;,e;) =0 if i #j4, 4,5 =1,2,3.

Let ¢ be the (1,1) tensor field defined by

pe1 = —ez, pea = eq, pez = 0.

Hence we have ¢?Z = —Z +n(Z)¢ and g(¢Z,¢W) = g(Z, W) —n(Z)n(W) VZ,W €

x(M), where 7 is the 1-form defined by 1(Z) = g(Z,e3) YZ € x(M) so that £ = e3
satisfying n(§) = 1.
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Let V be the Levi-Civita connection with respect to g, then we have
le1,e3] = e1, [e2,e3] = ex and [e;,e;] =0 for all other values of i, j.
By Koszul’s formula given by VX,Y, Z € y(M),
29(VxY,2) = Xg(Y,2) +Yg(Z, X) = Zg(X,Y) — g(X,[Y, Z])
—9(Y,[X, Z]) + 9(Z,[X,Y])

we calculate

velel = —e€s, v61€2 = 05 v8163 = €1,
V62€1 = O, V6262 = —e3, ve2€3 = €2,
V6361 = 0, Ve3€2 = 0, Ve3€3 = 0.

Hence it can be easily verified that Vx& = X —n(X)§ and (Vx¢)Y = g(¢X,Y)E —
n(Y)pX VX,Y € x(M) for € = ej.

Therefore, M(¢,&,7,g) is a Kenmotsu manifold.

Now, let M admit a s-n-Ricci-Yamabe soliton given by (1.1). We now verify the
relation (3.5).

Let us take Y = Z = e3. Then, from (3.1) we have

(Leg)(es, e3) = 0. (3.21)

The Riemannian curvature tensor R is given by VXY, Z € x(M),

Therefore, we calculate

R(ey,e1)er = 0, R(ez,e1)er = —e2,  R(es,e1)er = —es,
R(ei,ez)ea = —e1,  R(ez,e2)ea =0, R(es,ez)ea = —es,
R(ey,e3)es = —e1,  R(eg,e3)es = —ea,  Rles,e3)ez = 0.

From the above relations we obtain

5(61,61) = —2, 5(62,62) = —2, 5(63,63) = -2 (3.22)
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Hence the scalar curvature is given by

3

r = Z S(ei, 61') = —6. (323)

i=1

Now, putting n =3 and Y = Z = e3 in (3.3) we get
(Leg)(ess e3) +2pS(es, e3) + [2X — q{r + 2%} + 2plg(es, e3) + 2(p + p) = 0.
Using (3.21), (3.22), (3.23) in the above equation we obtain
_ _ 49 2y _ 4 2
A p=—q= 5{—6+2 }_5{7‘—1—(71—1) }

which shows that A, u, g satisfy the relation (3.5).
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ABSTRACT. The present paper deals with the study of contact CR-submanifolds
of trans-Sasakian manifolds with respect to quarter symmetric non-metric con-

nection. We investigate totally geodesic leaves and integrability of the distri-

butions and also study the totally umbilical contact CR-submanifolds of trans-

Sasakian manifolds. At last we give an example to verify a relation.

1. INTRODUCTION AND PRELIMINARIES

Trans-Sasakian manifold was introduced by J.A. Oubina in 1985 [15] and the
local structure of trans-Sasakian manifolds of dimension n > 5 was completely
characterized by J.C. Marrero [12]. He proved that a trans-Sasakian manifold
of dimension n > 5 is either cosymplectic or a-Sasakian or S-Kenmotsu. Trans-
Sasakian structures of type (0,0), («,0) and (0,3) are cosymplectic, a-Sasakian
and [-Kenmotsu respectively.

An n-dimensional (n is odd and n > 1) manifold M with the almost contact
metric structure (¢,£,7,g) (where ¢, &, are tensor fields on M of type (1,1),
(1,0), (0,1) respectively and ¢ is a compatible metric with the almost structure)
is called a trans-Sasakian manifold of type («, [3) if the following equation holds

(Vx0)Y = alg(X,Y)¢ = n(Y)X] + Blg(¢X, Y)E = n(Y)oX] (1.1)

for smooth functions o and 3 on M and VX,Y € I'(TM). Hence a trans-
Sasakian manifold of type (0,0), (1,0) and (0,1) is called cosymplectic manifold
[18], Sasakian manifold [13] and Kenmotsu manifold [2] respectively.

On a trans-Sasakian manifold M, authors in [12] and [15] have obtained

V& = —adX + BIX —n(X)¢], (1.2)
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also due to the almost contact metric structure we have VX, Y € I'(T' M),
n(€) =1, ¢€ =0, nod =0, ¢*(X) = =X +n(X)g, (1.3)

9(0X,0Y) = g(X,Y) = n(X)n(Y), g(6X,Y) = —g(X,¢0Y). (1.4

Let M be an m-dimensional submanifold of an n-dimensional trans-Sasakian

manifold M (m < n) with induced metric g and induced connections V and V+

on TM and T+M respectively. Then for X,Y € I'(TM) and V € I(T+M),
Gauss and Weingarten formulae are given by

VxY = VxY 4+ h(X,Y) (1.5)
and .
VxV = Ay X + VxV (1.6)

respectively, where h and Ay are second fundamental form and shape operator
respectively for the immersion of M satisfying the relation [21]

M is totally umbilical if VX,Y € I'(T'M),
B(X,Y) = g(X,Y)H, (18)

where H is the mean curvature vector on M and M becomes minimal if H = 0
and totally geodesic if h = 0.

CR-submanifold was introduced by A. Bejancu [3, 4, 5]. There are several
research papers on geometry of CR-submanifolds [9, 10, 11, 13]. Some research
papers on CR-submanifolds of trans-Sasakian manifolds are given by [8, 14, 19,
20].

A submanifold M of a trans-Sasakian manifold M is called a contact CR-
submanifold if £ is tangent to M and there is a differential distribution D and its
orthogonal complementary distribution D+ such that [5]

(i) (D) € D and
(ii) ¢(D+) € THM,
where D (respectively D) is called horizontal (respectively vertical) distribution.

M is called &-horizontal (respectively E-vertical) if € € D (respectively &€ € D).

Now,
TM = D@ D* and T*M = ¢(D*) @ p, (1.9)

where g is a normal sub-bundle invariant to ¢. For X € T'(TM) and V € T'(T+ M)
we write

X = PX +QX (1.10)
and

¢V = BV + CV, (1.11)
where PX € D, QX € D+, BV =tan(¢V) and CV = nor(¢V).
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A contact CR-submanifold M of a trans-Sasakian manifold M is called a con-
tact CR-product [13] if M is locally a Riemannian product of M7 and M=, where
M7T and M+ denote the leaves of D and D+ respectively.

Quarter symmetric linear connection on a smooth manifold M introduced by
S. Golab [7], is a linear connection V such that its torsion tensor T is of the form
T(X,Y) = n(Y)6X —n(X)pY.

If X = X in particular, then it reduces to semi-symmetric connection introduced
by A. Friedmann and J.A. Shouten [6]. Further, if (Vxg)(Y,Z) # 0VX,Y,Z €

x(M), then V is called a quarter symmetric non-metric connection.

M. Ahmad studied CR~submanifolds of a Lorentzian para-Sasakian manifold
endowed with quarter symmetric metric connection [1] and T. Pal et al. dis-
cussed CR-submanifolds of (LC'S),-manifolds with respect to quarter symmetric
non-metric connection [16] in detail.

Motivated from all the research papers mentioned above and specially from
the work done by T. Pal et al. [16], in this paper we have studied contact
CR-~submanifolds of trans-Sasakian manifolds with respect to quarter symmetric
non-metric connection. We have investigated totally geodesic leaves and inte-
grability of the distributions and also have studied the totally umbilical contact
CR-submanifolds of trans-Sasakian manifolds. At last we have given an example
to verify a relation.

Let us consider a linear connection V on a trans-Sasakian manifold 1/ by [16]

VY = VY +07(Y)pX +a(X)sY, (1.12)
where a is a 1-form associated to a vector field A on M by
9(X, A) = a(X) (1.13)

VX,Y € x(M). If T be the torsion tensor of M with respect to %, then from
(1.12) we find

T(X,Y) = n(Y)opX — n(X)oY + a(X)¢Y — a(Y)oX. (1.14)

Furthermore VX, Y, Z € x(M),
(Vxg) (Y, Z) = —n(Y)g(6X, Z) — n(Z)g(¢X.Y) — 2a(X)g(¢Y, Z).  (1.15)

Thus V given in (1.12) satisfying (1.14) and (1.15) is a quarter symmetric non-
metric connection.

Now, for M with respect to V we get,

(Vxd)Y = ag(X,Y)E + Bg(dX,Y)E + (1 — a)n(Y)X — Bn(Y)oX — "(X)?ﬁ)é
and .

Vx& = (1—a)pX + BIX — n(X)g]. (1.17)
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We have used all the above equations in the next chapter of the paper.

2. TRANS-SASAKIAN MANIFOLDS WITH RESPECT TO QUARTER SYMMETRIC
NON-METRIC CONNECTION

This chapter consists of three sections but before proving the results of those
sections we now first compute the curvature tensor, Ricci tensor and scalar cur-
vature of a trans-Sasakian manifold with respect to the quarter symmetric non-
metric connection given in (1.12).

Let with respect to V and V, the curvature tensors of an n-dimensional trans-
Sasakian manifold M of type («, ) be Rand R respectively, the Ricci tensors of
M be S and S respectively and the scalar curvatures of M be 7 and 7 respectively.
Then we obtain VX,Y, Z € x(M),

R(X,Y)Z =R(X,Y)Z +da(X,Y)$Z + (1 — a)[a(Y)n(Z)X — a(X)n(Z)Y]

+ a[=n(Y)n(Z2)X + n(X)n(2)Y —a(X)g(Y, 2)§ + a(Y)g(X, Z2)§ + g(oY, Z)pX

— 9(0X, 2)9Y | + B[2n(Z)g(¢ X, Y )§ — a(X)g(dY, 2)€ + a(Y)g(0 X, Z)¢
+a(X)n(Z)pY — a(Y)n(Z)pX — g(Y, Z)¢X + g(X, Z)¢Y] + a(X)n(Y)n(Z)¢
—a(Y)n(X)n(2)g, (2.1)
after contraction we obtain,

S(Y,Z) = S8(Y,Z) + da(Y,¢Z) + [(n — 1)(1 — ) + a — \3 — 1]a(Y)n(Z)

+ [an+ a(@)In(Y)n(Z) + [of1 = a(§)} — ABlg(Y, Z)

+[;a)\+ﬁ{1—a(§)}]g(¢x Z)+Ba(¢Y)n(Z) (2.2)
F=7+u+[(n—1)(1-2a)—=2\8la(&) = AB(n—1)—a)?, (2.3)

where \ = trace(¢) and p = trace(da). Thus we have the following:

Theorem 2.1. ]fZ, S and T of an n-dimensional trans-Sasakian manifold M of
type (v, B) with respect to NV (given in (1.12)) are given in (2.1), (2.2) and (2.3)
respectively.

2.1. Contact CR-submanifolds of a trans-Sasakian manifold with re-
spect to quarter symmetric non-metric connection. In this section we
state and prove some results regarding a contact CR-submanifold M of a trans-
Sasakian manifold M with respect to the quarter symmetric non-metric connec-
tion given in (1.12).

Let V be the induced connection on M from the connection V and V be
the induced connection on M from the connection V. Let h and h be second
fundamental forms with respect to V and V respectively. Then we have for
X, Y eT(TM),

VxY = VxY +h(X,Y). (2.4)
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From (1.5), (1.12) and (2.4) we get
VxY +h(X,Y)=VxY +h(X,Y) +n(Y)pX + a(X)pY. (2.5)

Using (1.10) in (2.5) we get
PVXY +QVxY +h(X,Y) = PVxY +QVxY +h(X,Y)+n(Y)pPX +1(Y)sQX
+ a(X)oPY + a(X)pQY. (2.6)

Comparing horizontal, vertical and normal parts from both sides of (2.6) we
get

PVxY = PVxY +n(Y)pPX + a(X)9PY, (2.7)
QVyY = QVyY, (2.8)
h(X,Y) =h(X,Y)+n(Y)$QX + a(X)pQY. (2.9)
Now, for X, Y € D from (2.5) we get
VxY =VxY +n(Y)pX +a(X)pY (2.10)
and
h(X,Y)=hX,Y). (2.11)

Hence we have the following:

Theorem 2.2. If M is a contact CR-submanifold of a trans-Sasakian manifold
M admitting ¥V (given in (1.12)), then

(i) the induced connection ¥V on M is also a quarter symmetric non-metric con-
nection,

(1) the second fundamental forms h and h are equal.

Again for X € TM and V € T*+M from Weingarten formula for quarter
symmetric non-metric connection V we have

ViV = —ApX + VLV (2.12)

Also from (1.6) and (1.12) we get
ViV = —Ay X + VLV + a(X)oV. (2.13)

From (2.12) and (2.13) we obtain
— Ay X 4+ V5V = —Ay X + VLV 4+ a(X)oV. (2.14)

Now, for Z € D+ we have ¢Z € T+M and hence from (2.14) we obtain
—Apz X +V%0Z = —Apz X + V%0Z + a(X)[-Z +n(2)E]
from which we get
AgzX = AgyX — a(X)[~Z + n(2)e] (2.15)

and
Vx0Z = VydZ. (2.16)
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Theorem 2.3. Let M be a contact CR-submanifold of a trans-Sasakian manifold
M of type («, B) with respect to the quarter symmetric non-metric connection \Y,
(given in (1.12)), then VXY € TM,

PVx¢PY —PAygy X = ¢P(VxY)+ag(X,Y)PE+Bg(¢X,Y)Pé+(1—a)n(Y)PX

= Bn(Y)pPX —n(X)n(Y) P, (2.17)
QVxOPY —QAyqy X = Bh(X,Y)+ag(X,Y)Q&+(1-a)n(Y)QX+Bg(¢X,Y)QE
—n(X)n(Y)Q¢, ) ) (2.18)
WX, pPY)+V%6QY = ¢Q(VxY)+Ch(X,Y)=An(Y)pQX. (2.19)

Proof. From (1.16) we have VX,Y € T'M,
VxoY — ¢(VxY) = ag(X,Y)E+ Bg(sX,Y)E+ (1 — a)n(Y)X — Bn(Y)pX
—n(X)n(Y)E. (2.20)

Applying (1.10), (1.11), (2.4) and (2.12) on (2.20) we get
PVx¢PY+QVx¢pPY +h(X,pPY)—PAyoy X —QApqy X +V%6QY —pP(VxY)
—¢Q(VxY)=Bh(X,Y)—Ch(X,Y) = ag(X,Y)Pé+ag(X,Y)QE+Bg(6X,Y) PE
+B9(¢X,Y)QE+ (1 —a)n(Y)PX + (1 —a)n(Y)QX — Bn(Y)pPX — Bn(Y)pQX
—n(X)In(Y)PE—n(X)n(Y)QE. (2.21)

Equating horizontal, vertical and normal parts from both sides of (2.21) we get
(2.17), (2.18) and (2.19) respectively.
O

2.2. Totally geodesic leaves and integrability of the distributions. In
this section we obtain the necessary and sufficient conditions of integrability of
the distributions D and D+ of a contact CR-submanifold M of a trans-Sasakian
manifold M in different cases. We also discuss the cases where the leaves of D
and D+ are totally geodesic.

Lemma 2.4. Let M be a contact CR-submanifold of a trans-Sasakian manifold
M of type (a, B) with respect to N (given in (1.12)). Then ¥Z,W € D*,

QPW, Z] = AywZ — Az W — a(Z)[=W + n(W)E] + a(W)[—=2Z + n(Z)¢]

+ (= (Z)W —n(W)Z].

Proof. YZ,W € DY, VoW = (V)W + &(V W),

~ Using (1.10), (1.11), (1.16), (2.4) and (2.12) in the above equation we get
V3W = Agw Z + SP(V W)+ 6Q(V W) + BH(W, Z) + Ch(W, Z) + ag(W, Z)¢
+ (1 =a)n(W)Z = n(W)oZ —n(Z)n(W)E. (2:22)
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Also from (2.19) we get

VoW = 6Q(V W) + Ch(W, Z) — Bn(W)Z. (2.23)

Using (2.23) in (2.22) we obtain
OP(V W) = —Asw Z—=Bh(W, Z)—ag(W, Z)§+(a=1)n(W) Z+n(Z)n(W)§.(2.24)

Interchanging Z and W in (2.24) and subtracting (2.24) from the resultant
equation we get - -
OPIW, Z] = AgwZ — AgzW + (a = )In(Z)W — n(W)Z].

Using (2.15) in the above equation we obtain
OPW, Z] = Ayw Z — AgzW — a(Z)[=W + n(W)E] + a(W)[=Z + n(Z)¢]
+(a =D(2)W —n(W)Z]. -

Theorem 2.5. Let M be a contact CR-submanifold of a trans-Sasakian manifold
M of type (a, 3) with respect to N (given in (1.12)). Then the distribution D*
is integrable if and only if VZ,W € D+,

A((%gm_ ApzW = a(Z)[-W +n(W)E] — a(W)[=Z +n(2)¢] + (o — D[n(W)Z —
n :

Proof. 1t is obvious from Lemma 2.2.1.
O

Corollary 2.6. Let M be a &-horizontal contact CR-submanifold of a trans-
Sasakian manifold M of type (c, B) with respect to NV (given in (1.12)). Then the

distribution D is integrable if and only if
VZ,W € D+, AswZ — ApzW = a(W)Z — a(Z)W.

Remark 2.7. Let M be a contact CR-submanifold of a trans-Sasakian manifold
M of type (cv, B) with respect to V. Then the distribution D+ is integrable if and
only if VZ,W € D+,

Remark 2.8. Let M be a &-horizontal contact CR-submanifold of a trans-Sasakian
manifold M of type («, B) with respect to V. Then the distribution D* is inte-

grable if and only if VZ,W € D+,
AngZ = Ad)ZW

Theorem 2.9. Let M be a contact CR-submanifold of a trans-Sasakian manifold

M of type (a, B) with respect to NV (given in (1.12)). Then the distribution D is
integrable if and only if VXY € D,
B(X,0Y) = h($X.Y).

Proof. From (2.11) and (2.19) we have VX,Y € D,
QT xY) = h(X, 6Y) — Ch(X,Y). (2.25)

Interchanging X and Y in (2.25) and subtracting the resultant equation from
(2.25) we get
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PQIX,Y] = h(X,9Y) — h(Y, 0X).

Hence the distribution D is integrable if and only if VXY € D, h(X,¢Y) =
h(¢pX,Y).
[

Remark 2.10. Let M be a contact CR-submanifold of a trans-Sasakian manifold
M of type (o, B) with respect to V. Then the distribution D is integrable if and
only if VX, Y € D, h(X,9Y) = h(¢pX,Y).

Theorem 2.11. Let M be a contact CR-submanifold of a trans-Sasakian mani-
fold M of type (cv, B) with respect to ¥V (given in (1.12)). If the leaf of D is totally
geodesic in M, thenVX,Y € D, Z € D+,

—9(W(X,Y),0Z) + (a = 1)n(Z2)g(X.Y) + Bn(Z)g(6X,Y) + n(X)n(Y)n(Z) = 0.

Proof. As the leaf of D is totally geodesic in M, Vx¢Y € D VX,Y € D(since
Y € D). Now, VZ € D* from (2.21) we have

oP(VxZ) = —A¢ZX+V 0Z—pQ(VxZ)—dh(X, Z)+(a—=1)n(Z) X +Bn(Z)$X
+n(X)n(Z)€. (2.26)

Using (1.4), (1.7), (1.10), (2.11) and (2.26) we get
0=g(VxoY,Z) = —g(¢Y,VxZ) = —g(¢Y, P(Vx Z)) = g(Y,¢P(Vx Z))
= —g(A¢zX Y)+ (a—1)n(Z2)g(X,Y) + n(Z)g(oX,Y) +n(X)n(Z)n(Y)
= —g(h(X,Y),0Z) + (a — 1)?7(Z)g(X, Y)+ Bn(2)g(¢X,Y) +n(X)n(Y)n(Z). .

Corollary 2.12. Let M be a §-horizontal contact CR-submanifold of a trans-

Sasakian manifold M of type (a, B) with respect to V (given in (1.12)), then the

leaf of D is totally geodesic in M if and only if VX,Y € D,Z € D+,
g(h(X,Y),0Z) =0.

Proof. The direct part follows from Theorem 2.2.3.

Conversely, VX,Y € D, Z € D+ (since ¢Y € D),
0= g(h(X,6Y),62) = g(VxoY,67) = g(6V Y, 6Z) = g(VxY, Z) = g(VxY, Z)
which implies that VX, Y € D, VxY € D. Hence the leaf of D is totally geodesic
in M.
O

Theorem 2.13. Let M be a contact CR-submanifold of a trans-Sasakian man-
ifold M of type (ov, B) with respect to ¥V (given in (1.12)). If the leaf of D is
totally geodesic in M, then VZ,W € D+ X € D,

g(f(l)(K Z), oW)+a(X)g(Z, W)+an(X)g(Z, W) —=a(X)n(Z)n(W)=n(X)n(Z)n(W)

Proof. As the leaf of D+ is totally geodesic in M, VZ,W € D+ V,W € D*.
Now from (2.21) we have B B
OP(V W) = —AswZ + VoW — 9Q(VzW) — oh(Z, W) + (a — 1)n(W)Z
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+B8n(W)opZ+n(Z)n(W)E—ag(Z, W)E. (2.27)

Taking inner product of (2.27) with X € D we get (since VW € D*)
0=g(eP(VzW), X) = —g(Asw 2, X) — ag(Z, W)n(X) + n(Z)n(W)n(X).(2.28)

Using (1.4), (1.7) and h(X, Z) = h(X,Z) + a(X)pZ (obtained from (2.9)) in
(2.28) we get
0= —[g(A(X, 2), oW) + a(X)g(Z, W) = a(X)n(Z)n(W)] = an(X)g(Z, W)
+n(X)n(Z)n(W). .

Corollary 2.14. Let M be a §-horizontal contact CR-submanifold of a trans-
Sasakian manifold M of type (o, B) with respect to V (given in (1.12)). If the
leaf of D+ is totally geodesic in M, thenVZ,W € D+ X € D,

9(h(X, Z),oW) + a(X)g(Z, W) + an(X)g(Z, W) = 0.

Corollary 2.15. Let M be a §-vertical contact CR-submanifold of a trans-Sasakian
manifold M of type (v, B) with respect to NV (given in (1.12)). If the leaf of D+
is totally geodesic in M, then VZ,W € D+ X € D,

9(h(X, Z),oW) + a(X)g(Z, W) — a(X)n(Z)n(W) = 0.

Theorem 2.16. Let M be a §-horizontal contact CR-submanifold of a trans-
Sasakian manifold M of type («, B) with respect to NV (given in (1.12)). If M is
a contact CR-product, then VX € D,W € D+,

Apw X + a(X)W + an(X)W = 0.

Proof. As the leaf of D' is totally geodesic in M, from Corollary 2.2.3 we have
VZ,W e D+ X €D,

g(Apw X +a(X)W +an(X)W, Z) =0
which implies that

Apw X + a(X)W + an(X)W € D. (2.29)

Again as the leaf of D is totally geodesic in M and VY € D, ¢Y € D, we have
Vx®Y € D. Hence we get
G(Agw X + a(X)W + an(X)W,Y) = g(Agw X, Y) = g(h(X,Y), 6W)
= —g(oh( XY ), W) = —g(¢(VxY = VxY), W) = —g(o(VxY), W)
= —g(VxoY, W) = —g(VxoY, W) = 0 (using (1.4), (1.7), (1.16), (2.4), (2.11))
which implies that Agw X +a(X)W+an(X)W € D*. (2.30)

From (2.29) and (2.30) we obtain Azw X + a(X)W + an(X)W = 0.
0

2.3. Totally umbilical contact CR-submanifolds. In this section we study
totally umbilical contact CR-submanifolds of a trans-Sasakian manifold with re-
spect to V.
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Let M be a totally umbilical contact CR-submanifold of a trans-Sasakian man-
ifold M of type (a, 8) with respect to V, then from (1.1) we have VZ, W € D+,

VoW = o(VzW) = alg(Z, W)§ —n(W)Z] = Bn(W)éZ. (2.31)

Using (1.5), (1.6) and (1.10) in (2.31) we get
—Agw Z+Nz0W = ¢P(V W) +6Q(V W) +oh(Z, W) +alg(Z, W)E —n(W)Z]
— Bn(W)eZ. (2.32)

Taking inner product of (2.32) with Z and using (1.7) we get
—9(MZ,2), W) = g(¢h(Z, W), Z) + o[g(Z, W)n(Z) = n(W)[| Z]]*].  (2.33)
Using (1.8) in (2.33) we get
g(H, oW) = —ﬁ[ (2.W)g(6H., Z) + a{g(Z,W)n(Z) —n(W)I|IZ|[*}]. (2.34)

Interchanging Z and W in (2.34) and using (1.4) we get

9(0H, Z) = Z,W)g(H,oW)+a{g(Z,W)n(W)—n(Z)[W|*}]. (2.35)

T
Substituting (2.35) in (2.34) we obtain
g(H, oW) = —%[—WQ(Z W)g(H, oW )+mr={9(Z, W)n(W)—n(Z)|\W!|2}]
— 2 9(Z, Wn(Z) — n(W)]| 2|}
- [1 ~ 15 ||VVVV)H2} (H, 6W) + i [U(V?Wﬂlﬁ’w) -tz )] T [n(zﬂgni_’m N 77(W>]
= 0. (2.36)

Hence from (2.36) we get the following theorems:

Theorem 2.17. Let M be a {-vertical totally umbilical contact CR-submanifold
of a trans-Sasakian manifold M of type («, B) with respect V, then dimD+=1.

Theorem 2.18. Let M be a &-horizontal totally umbilical contact CR-submanifold
of a trans-Sasakian manifold M of type (o, B) with respect to V, then

(i) M is minimal in M

or (i) dimD+=1

or (i11) H € T'(p).

Remark 2.19. Theorem 2.3.2 also holds good in case of considering M with
respect to the quarter symmetric non-metric connection V (given in (1.12)).

3. EXAMPLE
Here we give an example of a 3-dimensional trans-Sasakian manifold from [17]

and then verify the relation (2.1).

Let us consider a 3-dimensional manifold M = {(z,y,2) € R?: z # 0}, where
(z,y, 2) are the standard co-ordinates of R3. Let the vector fields
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_ ,—22( 0 0 _ _,"22(0 _ O _ 0
By =e (%+a_y>’E2— € pr 6y>’E3_6z
are linearly independent at each point of M. Let g be the Riemannian metric
defined by

1, fori=j

and 7 be the 1-form defined by 1n(X) = ¢g(X, E3) VX € x(M). Let ¢ be the (1,1)
tensor field defined by ¢E) = Ey, ¢Fy = —Ey, ¢E3 = 0. Then we have n(FE3) =
L, ¢*(X) = =X +0(X)Es, g(¢X,0Y) = g(X,Y) = n(X)n(Y) VX,Y € x(M).
Let V be the Riemannian connection on M with respect to the metric g. Then
we obtain [Ey, Es] = 0, [Ey, Es] = 2E,, [Es, Es] = 2E,. Now, using Koszul’s
formula for g, it can be calculated that 3

Ve, By = —2FE3, Vg FEy=0, Vg E3 =2E],

Vi, B =0, Vi, Ey = —2E5, Vi, E3 = 25,

VB =0, Vi,E, =0, Vi,Es=0.

Since {Ey, By, E3} forms a basis for M, then any vector field X, Y € y(M) can
be written as
X =11y +x9Fy +13E3, Y = y1 By + yoBp + y3 B3,
where z;,y; € R, i =1,2,3. Hence g(X,Y) = x1y1 + 22y + x3y3.

Thus 6)(}/ = QIlygEl+2$2y3E2—2($1y1+$2y2)E3. (31)

Therefore Vx¢ = —apX + B[X —n(X){] VX € X(M) holds for a« = 0, g =2
and £ = F3. Thus (M, g) is a 3-dimensional trans-Sasakian manifold of type (0,2).

Weset A = Fy. Thena(X) = g(X, E1) = 21 VX = 21 E1+xs Esta3Es € x(M).
Hence using (3.1) in (1.12) we get

@XY = (2x1y3—x2y3—x1y2)E1+(2x2y3+x1y3+x1y1)E2—2(x1y1+332y2)E3. (32)

Also for Z = 2 Ey 4 2 Es + 2383 € x(M) we have
(Vxg)(Y, Z) = xoy3z1 — T1y320 + (T2 — T1Y2) 23 # 0.

Hence %(given by (3.2)) is a quarter symmetric non-metric connection on M.
Now, we will verify the relation (2.1) for X = E1,Y = Ey, Z = Fs.

Using the values of ﬁEiEj (1,7 =1,2,3) given above, we obtain

R(E1, Ey)Ey = —4E,, (3.3)
and using (3.2) we obtain é(El, Ey)Ey = —AE, — 2E;. (3.4)

Now, from (2.1) we get é(El, Ey)Ey = ]%(El, Ey)Ey — 2E5 which is satisfied by
(3.3) and (3.4). Hence the relation (2.1) holds for X = E},Y = E,, Z = F5. Simi-

larly we can prove that the relation (2.1) holds for other values of XY, Z € x(M).
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Abstract. In this paper, we analyse briefly some properties of hemi-slant sub-
manifold of (LCS)y,-manifold. Here we discuss about some necessary and sufficient
conditions for distributions to be integrable and obtain some results in this direction.
We also study the geometry of leaves of hemi-slant submanifold of (LC'S),-manifold.

At last, we give an example of a hemi-slant submanifold of an (LC'S),-manifold.

Key words and Phrases: (LCS)n-manifold, hemi-slant submanifold, integrablity,
leaves of distribution.

1. INTRODUCTION

An n-dimensional Lorentzian manifold M is a smooth connected paracom-
pact Hausdorff manifold with a Lorentzian metric §, that is M admits a smooth
symmetric tensor field g of type (0,2) such that for each point. the tensor g, :
TpM X TpM — R is a non-degenerate inner-product of signature (-,+,...,4), Tp]\ZT
denotes the tangent vector space of M at p and R is the real no. space. A non-zero
vector X, € TpM is known to be spacelike, null or lightlike, or timelike according
as gp(X,, X,) > 0,= 0 or < 0 respectively.

If M is a differentiable manifold of dimension n, and there exists a (¢,£,7)
structure satisfying

¢2 = I+7]®§a77(§) = _1a¢(§) 207770¢: 07
then M is called an almost paracontact manifold.

In an almost paracontact structure (¢, &,7, §)

7,9),
9(X,9Y) = g(¢X,Y),

2020 Mathematics Subject Classification: 53C05, 53C15, 53C40, 53C50.
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29(¢X.Y) = (Vxn)Y + (Vyn)X,
X =X +n(X)E,no¢p=0,0&) =0,n() =-1, (1.1)

where ¢ is a tensor of type (1,1), £ is a vector field, n is a 1-form and § is Lorentzian
metric satisfying

§(0X,9Y) = g(X,Y) + n(X)n(Y), g(X,§) = n(X) (1.2)
for all vector fields X,Y on M.

In a Lorentzian manifold (M, §), a vector field P defined by §(X, P) = A(X)
for any X € T'(TM), is called con-circular if
(VxA)(Y) = a{g(X,Y) + w(X)A(Y)},
where « is a non-zero scalar and w is a closed 1-form and V denotes the operator
of covariant differentiation of M with respect to §.

Let M admits a unit timelike concircular vector field ¢, called the structure
vector field of the manifold, then g(&, &) = —1, since £ is a unit concircular vector
field, it follows that 3 a non-zero 1-form 1 such that §(X, &) = n(X). The following
equations hold—

(Vxm)Y = alg(X,¥) +n(X)n(¥)], a #0,

Vxa = Xa = do(X) = pn(X),
for all vector fields X,Y on M and « is a non-zero scalar function related to p, by

p=—(a).

Let ¢ X = i? x&, from which it follows that ¢ is a symmetric (1,1) tensor
and call it the structure tensor on the manifold. Thus the Lorentzian manifold
M together with unit timelike concircular vector field &, its associated 1-form 7
and a (1,1) tensor field ¢ is called a Lorentzian Concircular Structure manifold i.e.
(LCS),-manifold. Specially, if « = 1, then we obtain LP-Sasakian structure of
Matsumoto [15]. In an (LCS),-manifold (n > 2), the following relations hold—

¢ =T+n@&n(E) = -1, N
where I denotes the identity transformation of the tangent space TM,

$¢=0,m09=0,5(X,0Y) = g(¢X,Y), rank¢ = 2n, (1.3)
90X, 90Y) = §(X,Y) +n(X)n(Y), §(X, ) = n(X), (1.4)
R(X,Y)E = (® = p)[n(Y)X — n(X)Y] (1.5)

VX,Y eTM.
Also (LCS),-manifold satisfies—
(Vx9)Y = a[g(X,Y)¢ + 2n(X)n(Y) +n(Y)X], (1.6)
Vx€=apX. (1.7)
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Let M be a submanifold of M with (LC'S),-structure (¢, £, 7, §) with induced
metric g and let V is the induced connection on the tangent bundle TM and V+
is the induced connection on the normal bundle T+M of M.

The Gauss and Weingarten formulae are characterized by—
VxY =VxY +h(X,Y), (1.8)
VxN = —AxX + V%N, (1.9)
VX,Y € TM,N € T+M,h is the 2nd fundamental form and Ay is the Weingarten
mapping associated with N via
g(ANX,Y) =g(h(X,Y),N). (1.10)

The mean curvature H is given by

k
1
H= E;h(ei,ei), (1.11)

where k is the dimension of M and {e;}¥_; is the local orthonormal frame on M.

For any X € I'(TM),
¢X =TX + FX, (1.12)

where T'X is the tangential component and F'X is the normal component of ¢ X.

Similarly, for any V € I'(T+ M),
PV =tV + fV, (1.13)

where tV, fV are the tangential component and the normal component of ¢V re-
spectively.

The covariant derivatives of the tensor fields T, F)t, f are defined as—
(VxT)Y =VxTY —TVyY, (
(VxF)Y = VxFY — FV Y, (
(Vxt)V = VxtV —tV%V, (1.16
(Vx )V =VxfV - [VxV (
VX, YeTM,VeT+M.

A submanifold is called—
i) invariant if V X € I'(TM), ¢X € T'(TM),
ii) anti-invariant if V X € (T M), ¢X € T(T+ M),
iii) totally umbilical if h(X,Y) = g(X,Y)H (1.18)
V X, Y e (TM), H is the mean curvature,
iv) totaly geodesic if A(X,Y) =0V X, Y € T'(T M),
v) minimal if H =0 on M.



78 P. KARMAKAR AND A. BHATTACHARY YA

Let M be a Riemannian manifold isometrically immersed in an almost contact
metric manifold (M, ®,&,m,9) and € be tangent to M. Then the tangent bundle
TM decomposes as TM = D& < £ >, where D is the orthogonal distribution to
&. Now for each non-zero vector X tangent to M at x, such that X is not propor-
tional to &, we denote the angle between ¢X and D, by 8(X). M is called slant
submanifold if the angle (X)) is constant, which is independent of the choice of
r € M and X € T,M— < & >. The constant angle 6 € [0, 7] is then called the
slant angle of M in M. If § = 0, then the submanifold is invariant, if § = 5, then
the submanifold is anti-invariant and if 6 # 0, 7, then the submanifold is proper
slant.

According to A. Lotta [9], when M is a proper slant submanifold of M with
slant angle 0, then V X € I'(T'M),

T?(X) = —cos?0(X — n(X)§). (1.19)

A. Carriazo [3] introduced hemi-slant submanifolds as a special case of bislant
submanifolds and he called them pseudo-slant submanifolds.

A submanifold M of an (LCS),,-manifold is called hemi-slant if there exist
two orthogonal distributions D and D+ satisfying [5]—
i)TM =D ® D+ < ¢ >,
ii) D? is a slant distribution with slant angle § # 5
iii) Dt is totally real i.e., pD+ C T+ M.

A hemi-slant submanifold is called proper if 6 # 0, 5.

CR-submanifolds and slant submanifolds are hemi-slant submanifolds with

s

slant angle 6 = 5 and D? = 0 respectively.

In the rest of this paper, we use M as a hemi-slant submanifold of an (LC'S),,-
manifold M. If we denote the dimensions of the distributions D+ and D? by mq, mo
respectively, then we have—

i) if mg = 0, then M is anti-invariant,

ii) if my = 0,0 = 0, then M is invariant,

iil) if my = 0,0 # 0, then M is proper-slant with slant angle 6,
iv) if mymg # 0,0 € (0, 5), then M is proper hemi-slant.

Let M be hemi-slant submanifold of an (LC'S),-manifold M, then for any
X € TM,

X = PLX + PX + n(X)E, (1.20)
where P;, P, are projection maps on the distributions D+, D? respectively. Now
operating ¢ on (1.20), we get

OX = OPLX + 6P X + n(X)oE.
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Using (1.1) and (1.12), we obtain
TX+FX =FPX+TPRX+FPX.

On comparing, we get
TX =TPX,
FX=FP X+ FPX.

If we denote the orthogonal complement of ¢(T'M) in T-M by u, then the
normal bundle T+ M can be decomposed as

T-M =F(DH) o F(D)® < > . (1.21)

Since F'(D+) and F(D?) are orthogonal distributions, g(X,Y) = 0 for each X € D+
and Y € DY. Hence by (1.5) and (1.12), we have

VZe D W e D, g(FZ,FW) = g(¢Z,¢W) = g(Z,W) = 0,
which shows that F(D>), F(D?) are mutually perpendicular. So, (1.21) is an or-
thogonal direct decomposition.

There are various types of works done on hemi-slant submanifolds. H. I.
Abutugayqah worked on geometry of hemi-slant submanifolds of almost contact
manifolds [1]. M. A. Khan et al. discussed about totally umbilical hemi-slant
submanifolds of Kahler manifolds [2] and of cosymplectic manifolds [4], and they
also discussed about a classification on totally umbilical proper slant and hemi-
slant submanifolds of a nearly trans-Sasakian manifold [6]. B. Laha et al. studied
totally umbilical hemi-slant submanifolds of LP-Sasakian manifold [7] and hemi-
slant submanifold of Kenmotsu manifold [10]. H. M. Tastan et al. discussed about
hemi-slant submanifolds of a locally product Riemannian manifold [12] and of a
locally conformal Kahler manifold [13]. Another important works on hemi-slant
submanifolds were done by A. Lotta in 1996 [9], by M. A. Lone et al. in 2016 [§]
and by M. S. Siddesha et al. in 2018 [11]. Motivated from these works, in this
paper, we analyse some properties regarding distributions and leaves of hemi-slant
submanifold of (LCS),-manifold.

2. MAIN RESULTS

In this section, we discuss about some necessary and sufficient conditions for
distributions to be integrable and obtain some results in this direction. We also
study the geometry of leaves of hemi-slant submanifold of (LC'S),-manifold.

Theorem 2.1. Let M be a hemi-slant submanifold of an (LCS),-manifold M,
thenV Z,W € DY, AywZ = ApzW — an(W)Z — an(Z)W — 2am(Z)n(W)E.

PROOF. On using (1.10), we have .
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= 9(¢VxZ, W) = g(Vx¢Z, W) — g(Vx9)Z, W).

Again using (1.6) and (1.9), we get
9(Asw Z,X) = g(ApzX + V% 0Z, W) — ag(g(X, Z)§ + 2n(X)n(2) +1(Z) X, W)
= 9(Apz X, W) — ag(X, Z)n(W) — 2an(X)n(Z)n(W) — an(Z)g(X, W)
=g(h(W, X),92) — ag(X, Z)n(W) — an(Z)g(X, W) — 2an(X)n(Z)n(W)
= 9(ApzW — an(W)Z — an(Z)W — 2an(Z)n(W)E, X)
= AgwZ = ApzW — an(W)Z — an(Z)W — 2an(Z)n(W)E.

Theorem 2.2. Let M be a hemi-slant submanifold of an (LCS),-manifold M.
Then the distribution D° @ D+ is integrable if and only if g([X,Y],€) =0V X,Y €
D’ ® D+.

Proor. For X,Y € D? @ D+,

g([X, }i]vg) = Q(Vny) - Q(VyX, f)

=—9(Vx&Y) +g(Vy¢, X)

= —g(a¢X,Y) + g(agY, X)

=0. (by (1.4))

Since TM = DY @ D+@ < ¢ >, therefore [X,Y] € D’ ® D+. So, D? @ D+ is
integrable.

Conversely, let DY @ D is integrable. Then V X,Y € DY @ D+ [X,Y] €
DY@ Dt. As TM = D? ® D1® < £ >, therefore g([X,Y], &) = 0.

Theorem 2.3. Let M be a hemi-slant submanifold of an (LCS),-manifold M.
Then the anti-invariant distribution D+ is integrable if and only if ¥ W € D+ W
is a scalar multiple of €.

ProOOF. For Z,W € D*, from (1.6), we have

(Vz2)W = alg(Z,W)é + 20(Z)n(W)E +n(W)Z). (2.1)

After some calculations and using (1.12), (1.13), we get
—~ApwZ +VLFW — TV zW — FV W —th(Z,W) — fh(Z,W) = a[g(Z, W )¢
+20(Z)n(W)§+n(W)Z]. (2.2)

Comparing tangential components, we have
—Apw Z=TV zW—=th(Z,W) = alg(Z, W)§+2n(Z)n(W)E+n(W) Z]. (2.3)

Interchanging Z, W, we obtain
—ApsW =TV Z—th(W. Z) = alg(W. Z)&+25(W)n(Z)E+n(W)Z). (2.4)

Subtracting (2.3) from (2.4) and using the fact that h is symmetric, we have
Apw Z—ApzW+T (VW -V wZ) = an(Z)W—-n(W)Z]. (2.5)
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From (2.5), we have
ArwZ = ApzW + T([2,W]) = a[n(Z)W —n(W)Z]. (2.6)

Now D+ is integrable if and only if [Z, W] € D+ and as D+ is anti-invariant,
¢D+ C T+ M and so, T[Z, W] = 0.

Hence from (2.6), D+ is integrable if and only if Apy Z—ApzW = a[n(Z)W—
n(W)Zz].

From Theorem 2.1, we have as TW =0=T2Z,
AswZ — ApzW = —an(W)Z — an(Z)W — 2an(Z)n(W)¢
= an(Z)W —n(W)Z] = —an(W)Z — an(Z)W — 2an(Z)n(W)§
= 2an(Z)W + 2am(Z)n(W)€ =0
= n(Z)W +n(Z)n(W)§ =0
= W 4+ n(W)& = 0. Hence the result is proved.

Theorem 2.4. Let M be a hemi-slant submanifold of an (LCS),-manifold M.
Then the slant distribution D is integrable if and only if V X,Y € D?,

P (VXxTY —VyTX) = a[n(Y)PL X — n(X)PY]. (2.7)

PRrROOF. We denote by Py, P, the projections on D+, DY respectively. V X,Y € D?,
we have from (1.6),

(Vxo)Y = a[g(X,Y)é + 2n(X)n(Y)E +n(Y)X]. (2.8)

On applying (1.8), (1.9), (1.12), (1.13), we have
(Vxd)Y = VxTY +h(X,TY) — Apy X + VxFY — (TVxY + FVxY)— (th(X,Y)
+h(X,Y)) = alg(X, Y)E+2n(X)n(Y)E+n(Y) X]. (2.9)

Comparing tangential components, we get
VxTY —Apy X —TVxY —th(X,Y) = a[g(X,Y)E{+ 2n(X)n(Y)E+n(Y) X]. (2.10)

Interchanging X,Y in (2.10) and subtracting the resultant from (2.10), we
obtain
VxTY —VyTX —Apy X+ ApxY —TVxY +TVy X = alp(Y)X —n(X)Y]. (2.11)

Since X,Y € D? FX = 0 = FY, applying P, to both sides of (2.11), we
have
Py(VxTY — VyTX) = a[n(Y)PL X — n(X)P,Y].

Theorem 2.5. Let M be a hemi-slant submanifold of an (LCS),,-manifold M. If
the leaves of D+ are totally geodesic in M, then ¥V X € D? and Z,W € D+,

g(W(Z,X), FW) + g(th(Z, W), X) = 0. (2.12)
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PrOOF. From (1.6), (1.8), (1.9), we have
VzoW +h(Z,oW) — Apw Z + N5 FW — ¢z W — ¢h(Z, W)
= alg(Z, W)¢ + 2n(W)n(Z)§ + n(W)Z].
Comparing tangential components and on taking inner product with X € D?,
we obtain

The leaves of D+ are totally geodesic in M if for Z,W € D+,V,W € D+.
So, TV ;W = 0.

Thus g(Apw Z, X) + g(th(Z, W), X) = 0.

Example. Now we give an example of a hemi-slant submanifold of an (LCS),-

manifold.

Let M(Rg, #,¢&,m, g) denote the manifold RY with the (LCS)-structure given

by—

¢=3L.n=j(~dz+ ¥, bida'),

gzngzl a' @ da’ @db@@db@) n®mn,

d(£ )= B(32%) = .0 =1,2,3,4, and

o(L 2 fori=1,2 and ¢(z) = — 52 for i = 3,4,

hre(a a2a yat, bt b2 b3 b 2) € RO,

Let us consider a 5-dimensional submanifold M of M defined by

. . _ 13 _p4
(at,a? a3, a* b1, b2, b3, b%, 2) — (cosaal + sinaa?, cosBb' + sinBb?, “\/; , a\fb 3z).

Then it can be easily proved that M is a hemi-slant submanifold of M by
choosing the slant distribution Dy =< e1,e2 > with slant angle | — 8| and the
totally real distribution D+ =< e3,es >, where e; = sina% - cosozé%, ey =
sin[3% - cosﬂ%, e3 = 8%3 + %, €4 = 8%4 + % such that {e1,eq,e3,€4,&}
forms an orthogonal frame on TM so that TM = Dy @ D@ < £ >.
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Abstract In this paper, we study quasi hemi-slant (QHS) submanifolds of trans-Sasakian
manifold. We obtain various results satisfied by these submanifolds. Further, we obtain nec-
essary and sufficient conditions for integrability of distributions related to these submanifolds,
for these distributions to define totally geodesic foliations and also for a submanifold of a trans-
Sasakian manifold to be totally geodesic. Moreover, we conclude the necessary and sufficient
condition for a QHS submanifold of a trans-Sasakian manifold to be a local product Riemannian
manifold. At last, we construct an example of a QHS submanifold of a trans-Sasakian manifold.

1 Introduction

The notion of slant submanifold was introduced by B. Y. Chen in 1990 [5] as a generalization
of holomorphic and totally real immersions. Later he collected many consequent results in his
book [2]. Further slant submanifold was generalized as semi-slant, pseudo-slant, bi-slant and
hemi-slant submanifolds etc. in different types of differentiable manifolds.

Many geometers studied invariant [8], anti-invariant [17], semi-invariant [19], slant [16],
semi-slant [9], pseudo-slant [7] and bi-slant [18] submanifolds of trans-Sasakian manifolds in
different times.

The concept of quasi hemi-slant submanifold was introduced recently by R. Prasad et al. in
2020 [13] as a generalization of invariant, anti-invariant, semi-invariant, slant, hemi-slant and
semi-slant submanifolds. Later in 2020-2021, R. Prasad along with some other researchers dis-
cussed this submanifold in various types of manifolds ([11], [12], [14]).

Motivated from the works mentioned above, in this paper, we study quasi hemi-slant (QHS)
submanifolds of trans-Sasakian manifold. This paper consists of four sections. After introduc-
tion, in the second section, we mention some definitions and properties related to the main topic.
The third section deals with some results satisfied by a QHS submanifold of a trans-Sasakian
manifold. In the fourth section, we obtain necessary and sufficient conditions for integrability
of distributions related to this submanifold, for these distributions to define totally geodesic fo-
liations and also for a submanifold of a trans-Sasakian manifold to be totally geodesic. At the
end of the fourth section, we conclude the necessary and sufficient condition for a QHS subman-
ifold of a trans-Sasakian manifold to be local product Riemannian manifold and also make two
other conclusions after observing the results. Finally, at last, we construct an example of a QHS
submanifold of a trans-Sasakian manifold.
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2 Preliminaries

In this section, we mention some definitions and properties related to quasi hemi-slant submani-
folds of trans-Sasakian manifold.

Let M be an odd dimensional differentiable manifold equipped with a metric structure (¢, £, 7, 9)
consisting of a (1,1) tensor field ¢, a vector field &, a 1-form n and a Riemannian metric ¢ satis-
fying the following relations—

P*X =X +n(X)¢ n(€) =1,n0¢=0, 6 =0, 2.1
9(¢X,9Y) = g(X,Y) — n(X)n(Y), (2.2)
g(¢X,Y) = _g(X7 (bY)v TI(X) = g(Xa f) VXaY € X(M)7 (23)

then M is called almost contact metric manifold [6].

An odd dimensional almost contact metric manifol~d M(¢,&,n,q) is cal~1ed trans-Sasakian
manifold of type (a, 8) («, B are smooth functions on M) if [6] VX,Y € x (M)

(Vx@)Y = alg(X,Y)¢ —n(Y)X] + Blg(6X,Y )¢ —n(Y)¢X], (2.4)

Vx€ = —agX + B[X —n(X)g], (2.5)

where V is the Levi-Civita connection on M.

Let ¢ be a differentiable map from a manifold M into a manifold M and let the dimensions
of M, M be n, m respectively. If at each point p of M, (ps)p is a 1-1 map i.e., if rank(p)=n,
then ¢ is called an immersion of M into M.

If an immersion ¢ is one-one i.e., if p(p) # ¢ (q) for p # ¢, then ¢ is called an imbedding of
M into M.

If the manifolds M, M satisfy the following two conditions, then M is called a submanifold
of M—
() M c M,
(ii) the inclusion map i from M into M is an imbedding of M into M.

Let M be a submanifold of M and A, h denote the shape operator, second fundamental form
respectively of the immersion of M into M, then the Gauss and Weingarten formulae of M into
M are given by [3]

VxY =VxY +h(X,Y), (2.6)

VxV =AyX + V%V 2.7)

VX,Y € [(TM),V € I(T+M), where V is the induced connection on M, V= is the connection
on the normal bundle 7+ M of M and Ay is the shape operator of M with respect to the normal
vector V € I'(T+M). Moreover, Ay and h are related by the following equation—

g(h(X,Y),V)=g(AvX,Y). (2.8)

The mean curvature vector is defined by

H = Ltrace(h) = 1377 h(e;, e:),

—n i=1
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where dim(M) = n and {e; }”, is an orthonormal basis of the tangent space of M.

We have VX € I'(T M),
60X =TX + NX, 2.9)

where T X, N X are the tangential and normal components of X on M respectively.

Similarly, we have VV € ['(T+M),
OV =tV +nV, (2.10)

where tV, nV are the tangential and normal components of ¢V on M respectively.

A submanifold M is called—

(1) totally umbilical if

MX,Y)=g(X,Y)H VX,Y e I(TM); 2.11)
(i1) totally geodesic if [4]
MX,Y)=0VX,Y eT(TM); (2.12)
(iii) minimal if
H=0. (2.13)

The covariant derivatives of the tangential and normal components given in the equations
(2.9), (2.10) are given by VX, Y € [(TM),V € [(T+ M),

(VxT)Y = VxTY — TVyY, (2.14)
(VxN)Y = V¥ NY — NVyY, (2.15)
(Vxt)V = VxtV —tVxV, (2.16)
(Vxn)V = VxnV —nVxV. (2.17)

Quasi hemi-slant submanifold M of a trans-Sasakian manifold M is a submanifold that ad-
mits three orthogonal complementary distributions D, Dg, D= such that [13]

(i) T M admits the orthogonal direct decomposition
TM =D& Dy @® D < € >, (2.18)

(i) the distribution D is invariant i.e., ¢D = D,
(iii) the distribution Dy is slant with constant angle 6 and hence @ is called slant angle,
(iv) the distribution D™ is ¢ anti-invariant i.e., pD+ C T+ M.

In the above case, @ is called the quasi hemi-slant angle of M, and M is called proper [13] if
D # {0}, Dy # {0}, D* # {0} and 6 # 0, %.

Let the dimensions of the distributions D, Dy, D+ be ny, ny, ns respectively, then we obtain
the following particular cases [13]—
(i) if ny = 0, then M is a hemi-slant submanifold,
(i1) if np, = 0, then M is a semi-invariant submanifold,
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(ii1) if n3 = 0, then M is a semi-slant submanifold.

Now, it can be concluded from the definitions of invariant [8], anti-invariant [17], semi-
invariant [1], slant [16], hemi-slant [15] and semi-slant [9] submanifolds that, quasi hemi-slant
submanifold is a generalization of all these kinds of submanifolds [13].

From the definition of quasi hemi-slant submanifold given above, it is clear that if D #
{0}, Dy # {0}, D+ # {0}, then dim(D) > 2, dim(Dy) > 2 and dim(D+) > 1. Thus, we have
the following remark [13]—

Remark 2.1. For a proper quasi hemi-slant submanifold M, dim(M) > 6.

Note. From now on, in this paper, we will write the term quasi hemi-slant in its abbreviated
form i.e., QHS.

Let M be a QHS submanifold of a trans-Sasakian manifold /7 and the projections of X €
(T M) on the distributions D, Dg, D+ be P, @), R respectively, then we have VX € I'(T M),

X =PX + QX+ RX +n(X)E. (2.19)
Using (2.9) in (2.19) we get
pX =TPX +NPX +TQX + NQX +TRX + NRX.
Since ¢D = D, ¢D+ C T+M, we have NPX =0, TRX = 0 and hence we obtain
pX =TPX +TQX + NQX + NRX. (2.20)
Comparing (2.20) with (2.9) we have

TX = TPX +TQX, 2.21)

NX =NQX + NRX. (2.22)

From (2.20) we have the following decomposition—
H(TM)=TD ®TDy ®NDgH ND+. (2.23)
Again, since NDy C I(T+M), ND+ C I'(T+ M), we have another decomposition—
T+*M = NDy & ND* & p, (2.24)
where i is the orthogonal complement of N Dy & N D+ in ['(T+ M) and it is anti-invariant with
respect to ¢ [13].
3 QHS submanifolds of trans-Sasakian manifold

This section deals with some results satisfied by a QHS submanifold of a trans-Sasakian mani-
fold.

Theorem 3.1. Let M be a submanifold of a trans-Sasakian manifold M of type (av, B), then
we have VX,Y € I'(TM),

VxTY —Any X =T(VxY) —th(X,Y) = a[g(X,Y){ —n(Y)X]+ Blg(TX,Y)§ —n(Y)TX],
3.1)

WX, TY) + VENY — N(VxY) — nh(X,Y) = —Bn(Y)NX. (3.2)
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Proof. Using (2.9) in (2.4) we get
(Vx@)Y = alg(X,Y)¢ —n(Y)X] + Bo(TX,Y)E —n(Y)(TX + NX).  (33)
Again, using (2.6), (2.7), (2.9) and (2.10) in (Vx¢)Y = Vx¢Y — ¢(VxY') we obtain
(Vx9)Y = VxTY+h(X,TY)~Any X+Vx NY —th(X,Y)—nh(X, Y)—T(VXY)—N(V(;X).

Equating tangential and normal components of (3.3), (3.4) we obtain (3.1) and (3.2) respec-
tively. O

Using (2.14) and (2.15) respectively in (3.1) and (3.2), we can conclude the following—

Corollary 3.1. Let M be a submanifold of a trans-Sasakian manifold M of type (c, 3), then
we have VX,Y e I'(TM),

(VxT)Y = Any X 4+ th(X,Y) 4 alg(X,Y)E —n(Y)X] + Blg(TX,Y)¢ —n(Y)TX], (3.5)

(VxN)Y = —h(X,TY) +nh(X,Y) — Bn(Y)NX. (3.6)

Next, we state the following theorem [13]—

Theorem 3.2. Let M be a QHS submanifold of a trans-Sasakian manifold M of type (o, ),
then we have
TD = D, TDy = Dy, TD+ = {0}, tNDy = Dy, tND+ = D*.

Now, using (2.9) and (2.10) on ¢> = —I + 1 ® & we get the following theorem —

Theorem 3.3. Let M be a submanifold of a trans-Sasakian manifold M of type (a, ), then
we get

QT?>+nN=-I+n®&onTM,

(i) NT +tN =0on TM,

(i) Tt+n?> = —-T on T+ M,

(iv) Nt +tn =0o0on T+ M,

where 1 is the identity operator.

Next, we have the following theorem [10]—

Theorem 3.4. Let M be a QHS submanifold of a trans-Sasakian manifold M of type (o, ),
then we have VX,Y € I'(Dy),

() T?X = —(cos®0) X,

(i) g(TX,TY) = (cos*0)g(X,Y),

(iii) g(NX, NY) = (sin?0)g(X,Y).

Theorem 3.5. Let M be a submanifold of a trans-Sasakian manifold M of type (a, (), then
we have VX € T(TM),V € T(T+ M),

VxtV — Ayv X + T(Ay X) —tVxV = Bg(NX, V), (3.7
h(X,tV) 4+ VxnV + N(Ay X) —nV%V = 0. (3.8)

Proof. Using (2.6), (2.7), (2.9) and (2.10) in (Vx @)V = Vx oV — ¢(VxV) we get
(Vx )V = VxtV +h(X,tV) — Ay X +VnV +T(Ay X) + N(Ay X) — tV%V —nV%V.

Again, applying (2.4) and then (2.9) in the left hand side of the above equation we obtain

Blg(NX,V)E] = VxtV+h(X, tV)= A, X+VxnVA+T(Ay X)+N(Ay X)—t(VxV)—n(Vx V).
(3.9)
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Equating tangential and normal components from both sides of (3.9) we get (3.7) and (3.8)
respectively. O

Now, using (2.16) and (2.17) in (3.7) and (3.8) respectively we conclude the following—

Corollary 3.2. Let M be a submanifold of a trans-Sasakian manifold M of type (c, 3), then
we get VX € [(TM),V € T(T+ M),

(Vxn)V = —h(X,tV) — N(Ay X). (3.11)

Theorem 3.6. Let M be a submanifold of a trans-Sasakian manifold M of type (a, B), then we
have VX € I'(TM),
Vxé=—alX — BT*X, (3.12)

hMX,§) = —aNX — fnNX. (3.13)
Proof. Using (2.6), (2.9) and Theorem 3.3.(i) in (2.5) we obtain
Vxé+h(X, €)= —a(TX + NX) + B[-T? — nN]X.

Equating tangential and normal components from both sides of the above equation we get (3.12)
and (3.13) respectively. O

Theorem 3.7. Let M be a QHS submanifold of a trans-Sasakian manifold M of type (o, ),
then we have ¥X,Y € I'(D%),

ApxY = Apy X if and only if ¢[X,Y] =2Bg(X, pY)E. (3.14)

Proof. Replacing V by ¢Y in (2.7) and then applying (2.4), (2.6) and the fact that Y € ['(D+)
we get

ag(X,Y)E+ Bg(¢X,V)E+ d(VxY) + oh(X,Y) = —Asy X + Vx Y.
Equating tangential components from both sides of the above equation we obtain
Agy X = —ag(X,Y)E — Bg(9X,Y)E — 6(VxY). (3.15)
Interchanging X, Y in (3.15) and then subtracting (3.15) from the resultant equation we have
AgxY — Agy X = 0[X,Y] - 28g(X, 6Y )¢ (3.16)

from which we get (3.14). O

Theorem 3.8. Let M be a QHS submanifold of a trans-Sasakian manifold M of type (o, B3),
then we have VXY € T'(D @ Dy © D1),

9([X,Y],§) = 2ag9(TX,Y), (3.17)

9(VxY,6) = ag(TX,Y) — feos’0g(X,Y). (3.18)
Proof. Applying (3.12) and Theorem 3.4.(i) on the following equation

g([X,Y],6) = 9(VxY,&) — g(Vy X, &) = —g(Y, Vx§) + 9(X, VyE)

and after simplifying we obtain (3.17).
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Again, using (2.6) we have
9(VxY, ) = g(VxY,&) + h(X,Y)n(€) = —g(Y, Vx€) + h(X,Y).
Now, applying (3.12) and Theorem 3.4.(i) on the above equation we get (3.18).

Thus the proof is completed. O

4 Integrability of distributions and decomposition theorems

In this section, we obtain necessary and sufficient conditions for integrability of distributions
related to the QHS submanifolds of a trans-Sasakian manifold, for these distributions to define
totally geodesic foliations and also for a submanifold of a trans-Sasakian manifold to be totally
geodesic. At the end, we make three conclusions after observing the results.

Theorem 4.1. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(c, B), then the invariant distribution D is not integrable.

Proof. Let X, Y € I'(D), then using (2.6), g(VxY, &) = —g(Y, Vx¢) and then (2.5), g(6X,Y) =
—g(X, ¢Y) in the following equation

g([Xa Y]ag) = g(vXY - VYXaé)
we get on simplifying,

g([X,Y],g)ZZOég(qbX,Y). 4.1)

Applying (2.19), (2.20) on (4.1) we obtain ¢([X,Y],&) = 2ag(TPX, PY) # 0. Thus, D is not
integrable. O

Theorem 4.2. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(cv, B), then the distribution D& < & > is integrable if and only if VXY e T(D® < £ >),Z €
['(Dg ® D),
g(TVxY —TVy X, TQZ) + g(nh(X,Y) — nh(Y,X),NQZ + NRZ) = 0. (4.2)
Proof. Using (2.2) in g([X,Y], Z) = g(VxY, Z) — g(Vy X, Z) we get
9((X,Y),Z2) = g(¢VxY,0Z) — g(¢Vy X, $Z)
on which applying (2.6), (2.9), (2.10), (2.20) and after simplifying we get
g([X, Y], Z) = g(TVxY —TVyX,TQZ) + g(nh(X,Y) — nh(Y, X), NQZ + NRZ).
Hence g([X,Y], Z) = 0 if and only if (4.2) holds and thus the proof is completed. O

Theorem 4.3. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(cv, B), then the slant distribution Dy is not integrable.

Proof. Let X, Y € I'(Dy). Applying (2.19) and (2.20) in (4.1) we have g([X, Y], &) = 2ag(TQX +
NQX,QY) # 0 and hence the proof is completed. O

Theorem 4.4. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(av, B), then the distribution Dy® < & > is integrable if and only if VX, Y € I'(Dp® < & >
),Z e (D@ D1),

g(n(Vx%Y) —n(VyX), NRZ) + cos*0g(AxY — Ay X, PZ) = 0. (4.3)

Proof. Using (2.2) in g([X,Y], Z) = g(VxY, Z) — g(Vy X, Z) we get
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9([X,Y], 2) = g(¢VxY,0Z) — g(¢Vy X, $Z)
on which applying (2.7), (2.9), (2.10), (2.20), Theorem 3.4.(ii) and after simplifying we get
9([X,Y], Z = cos?0g(AxY — Ay X, PZ) + g(n(V%Y) —n(Vs:X), NRZ).
Therefore, g([X,Y], Z) = 0 if and only if (4.3) holds and hence the proof is completed. O
From the above theorem, using (2.18) and (2.24) respectively we conclude the following—

Corollary 4.1. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(o, B), then the distribution Dg® < & > is integrable if VX,Y € T'(Dp® < € >),

AxY — Ay X € T(Dy @ D), (4.4)

n(VxY) —n(VyX) e (NDy @ p). 4.5)

Theorem 4.5. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(v, 8), then the anti-invariant distribution D is integrable if and only if VX,Y € T(D1),Z €
(D @ Dy)

9(VxoY — Vy¢X,NQZ) = 0. (4.6)

Proof. Using (2.2) in g([X,Y],Z) = g(VxY, Z) — g(Vy X, Z) we get
9([X,Y],2) = g(Vx oY, 0Z) - g(Vy ¢ X, $Z)
on which applying (2.7), (2.8), (2.20) and Theorem 3.2 we get after simplification,
9([X,Y], Z) = g(Vx oY — V30X, NQZ).
Thus ¢([X, Y], Z) = 0 if and only if (4.6) holds and hence the proof is completed. O
Using (2.24) in the above theorem we conclude the following—

Corollary 4.2. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(o, B), then the anti-invariant distribution D+ is integrable if VX,Y € T(D1), Vx¢Y —
Vi¢X € I(ND* @ p).

Theorem 4.6. Let M be a submanifold of a trans-Sasakian manifold M of type (a, ), then
M is totally geodesic if and only if VX,Y € T(TM),V € T(T+M),

g(VxTY — Any X, tV) + g(h(X,TY) + VxNY,nV) = 0. (4.7)
Proof. Applying (2.2) we have g(VxY,V) = g(Vx oY, pV).
Further, using (2.6), (2.7), (2.9), (2.10) in the above equation we obtain on simplifying,
g(VxY,V) = g(VxTY — Anyy X, tV) + g(h(X,TY) + VxNY,nV). 4.8)
Now, M is totally geodesic <=> h = 0 <=> VX,Y € ['(TM),VxY = VxY (from

(2.6))<=> g(VxY,V) = 0VV € ['(T+M). Hence from (4.8) we have, M is totally geodesic
if and only if (4.7) holds. Thus the proof is completed. O

Theorem 4.7. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(av, B), then the invariant distribution D does not define a totally geodesic foliation on M.
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Proof. Let X, Y € I'(D). Using (2.5) and the fact that X € I'(D) in g(VxY, &) = —g(Y,Vx&)
we get g(VxY, &) = —Bg(X,Y) 4+ ag(Y,¢X) # 0, and hence the proof is completed. O

Theorem 4.8. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(cv, B), then the distribution D& < £ > defines a totally geodesic foliation on M if and only if
VX,Y €(D),Z € I(Dyg ® D),V e T(T+ M),

g(VxTY,TQZ) = —g(h(X,TY),NZ), (4.9)

g(VxTY,tV) = —g(h(X,TY),nV). (4.10)

Proof. Applying (2.2) we have ¢(VxY, Z) = g(Vx¢Y, $Z) on which using (2.6) and (2.20) we
get

9(VxY,Z) = g(VxTY,TQZ) + g(W(X,TY),NZ)
which implies that g(V xY, Z) = 0 if and only if (4.9) holds.

Again, applying (2.2) we have g(VxY, V) = g(Vx¢Y, ¢V) on which using (2.6), (2.10) and
(2.20) we obtain

9(VxY,V) = g(VxTY,tV) + g(h(X,TY),nV).
Hence we have g(VxY, V) = 0if and only if (4.10) holds.
Thus the proof is completed. O

Theorem 4.9. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(cv, B), then the slant distribution Dy does not define a totally geodesic foliation on M.

Proof. Let X,Y € I'(Dy). Applying (2.5) and the fact that X € I'(Dy) on g(VxY, &) =
—g(Y, Vx§) we get g(VxY,§) = —Bg(X,Y) + ag(¢X,Y) # 0.

Hence the proof is completed. O
Theorem 4.10. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(cv, B), then the distribution Do® < & > defines a totally geodesic foliation on M if and only if
VXY e(Dg®d < € >),Z eT(D® D+),V e (T M),

9(VxTQY — Angy X, TPZ) + g(h(X,TQY) + V¥ NQY, NRZ) = 0, (4.11)

g(VXxTQY — Anoy X,tV) + g(h(X,TQY) + VL NQY,nV) = 0. 4.12)

Proof. Applying (2.2) we have g(VxY,Z) = g(Vx¢Y,¢Z) on which using (2.6), (2.7) and
(2.20) we get

9(VxY,Z) = g(VxTQY — Anoy X, TPZ) + g(h(X,TQY) + V£ NQY,NRZ)
which implies that g(V xY, Z) = 0 if and only if (4.11) holds.

Again, applying (2.2) we have g(VxY,V) = g(Vx¢Y,$V) on which using (2.6), (2.7),
(2.10) and (2.20) we obtain

g(VxY, V) =g(VxTQY — Angy X, tV) + g(h(X,TQY) + V¥ NQY,nV),

which implies that g(VxY, V') = 0 if and only if (4.12) holds.
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Thus the proof is completed. O

Theorem 4.11. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(o, B), then the anti-invariant distribution D+ defines a totally geodesic foliation on M if and
only if VXY € T(D*),Z e T(D @ Dy),V € T(T+ M),

9(Any X, TZ) = (V¥ NY,NQZ), (4.13)

g(Any X, tV) = g(VEx NY,nV). (4.14)
Proof. Applying (2.2) we have ¢(VxY, Z) = g(Vx¢Y, $Z) on which using (2.7) and (2.20) we

obtain )
which implies that g(VxY, Z) = 0 if and only if (4.13) holds.
Now, applying (2.2) we have g(VxY,V) = g(Vx¢Y, #V) on which using (2.7), (2.10) and
(2.20) we get 5
g(VxY,V) = —g(Any X, tV) + g(Vx NY,nV)
which implies that g(? xY, V) = 0if and only if (4.14) holds.
Thus the proof is completed. O

From theorems 4.8, 4.10 and 4.11, we reach to the following conclusion—

Conclusion 4.1. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of
type («, 3), then M is a local product Riemannian manifold of the form Mp x Mp, x Mp.
if and only if equations (4.9)-(4.14) hold, where Mp, Mp,, Mp. are leaves of the distributions
D, Dy, D+ respectively.

Next, theorems 4.1 and 4.3 give us the following conclusion—

Conclusion 4.2. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(o, B), then both of the invariant distribution D and the slant distribution Dy are not integrable.

Again, observing theorems 4.7 and 4.9 we can conclude the following—

Conclusion 4.3. Let M be a proper QHS submanifold of a trans-Sasakian manifold M of type
(cv, B), then both of the invariant distribution D and the slant distribution Dy do not define a
totally geodesic foliation on M.

Example. Now, we construct an example of a QHS submanifold of a trans-Sasakian mani-
fold.

Let R?"*! = C™ x R be the (2n + 1)-dimensional Euclidean space endowed with the almost
contact metric structure (¢, £, 7, g) defined by

1.2 2 _ 1 2 o1 2
ozt z?, . xmt) = (=™t —an e L a2t L 2™, 0),
_ o td . ot _ ot
§=c'2, n=etdt, g= ek,

where (z!,22,..., 22" 1) are cartesian coordinates and k is the Euclidean Riemannian metric

on R>"*1, Then (¢, &, 7, g) is a trans-Sasakian structure on R>"*! which is neither cosymplectic
nor Sasakian.

For 6 € (0, 3), we have, the map given by
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LI,'(Ul,’UQ, usz, U4, Us, Ue, U7) - (u17u2 COSH,O,UZ Sine, us3, u4, Uus, u670707u7)

defines a 7-dimensional submanifold M of R!! with the trans-Sasakian structure described
above. Further, let

then {E;}]_, is an orthonormal frame of 7M.
If we define the distributions as
D =< E|,E) >, Dy =< E3,E; >, D+ =< Es5, Eg >,

then it is clear that
TM =D @Dy ® D+ < € >

and D is an invariant distribution since ¢pF| = F, and ¢FE, = —FE], Dy is a slant distribution
with slant angle 6 € (0, 5) since g(¢E3, E4) = cosf = —g(FE3, ¢Ey), D+ is an anti-invariant
distribution since ¢Fs5 = et% and ¢Fg = — t%.

Therefore, M is a QHS submanifold of the trans-Sasakian manifold (R'!, ¢, ¢, 7, g).
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Abstract In this paper, we present the general notion of
quasi hemi-slant submanifolds of metallic Riemannian mani-
folds. We study some properties of submanifolds, specially
quasi hemi-slant submanifolds of metallic and golden Rie-
mannian manifolds. We obtain some necessary and suffi-
cient conditions for submanifolds to be quasi hemi-slant in
metallic and golden Riemannian manifolds and also obtain
integrability conditions for the distributions. At last, we con-
struct an example of a quasi hemi-slant submanifold of a
metallic Riemannian manifold.

Keywords Quasi hemi-slant (QHS) submanifold -
Metallic Riemannian manifold - Golden Riemannian
manifold

Significance of the work  The theory of submanifolds has

the origin in the study of geometry of plane curves initiated by
Fermat. Nowadays, it has gained prominence in computer design,
image processing, economic modeling, mathematical physics
and mechanics except modern differential geometry. Also,
according to De Spinadel, besides carrying the name of metals,
the metallic means family have common mathematical properties
that attach a fundamental importance to them in modern
investigations about the search of universal roads to chaos, and
the metallic numbers found many applications in researches that
analyse the behaviour of non linear dynamical systems when
they proceed from a periodic regime to a chaotic one. Golden
mean is known from ancient times as an expression of harmony
of many constructions, paintings and music. It also appears as an
expression of the objects from the natural world (flowers, trees,
fruits) possessing pentagonal symmetry.

P4 Payel Karmakar
payelkarmakar632 @gmail.com

Arindam Bhattacharyya
bhattachar1968 @yahoo.co.in

Department of Mathematics, Jadavpur University,
Kolkata 700032, India

Mathematics Subject Classification 53B20 - 53B25 -
53C15 - 53C20

1 Introduction

The notion of golden structure on a Riemannian manifold
was introduced by Crasmareanu and Hretcanu [1]. They
also investigated the properties of golden structure related
to the almost product structure [2] and on some invariant
submanifolds in a Riemannian manifold [3]. Later they
generalized metallic structures as golden structures on Rie-
mannian manifolds [4]. Blaga studied the properties of the
conjugate connections by a golden structure and expressed
their virtual and structural tensor fields and their behaviour
on invariant distributions. Also, she studied the impact of the
duality between the golden and almost product structures on
golden and product conjugate connections [5]. Further, she
along with Hretcanu discussed the properties of the metallic
conjugate connections [6] where they expressed the virtual
and structural tensor fields and analysed their behaviour on
invariant distributions. Recently, they worked on invariant,
anti-invariant and slant submanifolds [7], and also semi-
slant submanifolds [8] in metallic Riemannian manifolds.
Some properties regarding the integrability of the golden
Riemannian structures were investigated by Gezer et al. [9].
The connection adapted on the almost golden Riemannian
structure was studied by Etayo et al. [10].

The metallic structure J, a polynomial structure defined by
Goldberg and Yano [11], is inspired by the metallic number
_ prVPH4g

o 4 which is the positive solution of the equation

pq 2
x> —px—¢q=0 for p,q €N [12]. These o,, humbers are
members of the metallic means family or metallic proportions

(as generalizations of the golden number ¢p = %g =1.618..)
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which was introduced by De Spinadel [13]. Golden mean,
silver mean, bronze mean, copper mean, nickel mean etc. are
examples of the members of the metallic means family.

On the other hand, the concept of quasi hemi-slant subman-
ifold of Sasakian manifold was introduced by Prasad et al. [14]
as a generalization of invariant, anti-invariant, semi-invariant,
slant, hemi-slant and semi-slant submanifolds. Later, he along
with some other researchers discussed this submanifold in var-
ious types of manifolds. Recently, Karmakar and Bhattacha-
ryya [15] discussed about quasi hemi-slant submanifolds of
trans-Sasakian manifold. However, the general notion of quasi
hemi-slant submanifolds of metallic Riemannian manifolds
has not been introduced yet. Therefore, motivated by the works
mentioned above, in this paper, we introduce and study quasi
hemi-slant submanifolds of metallic Riemannian manifolds.

2 Preliminaries

Let M be an n-dimensional manifold endowed with a (1, 1)
tensor field J. This structure J is called metallic structure if it
satisfies the following relation

J=pl+ql (1)

for p, g € N, where [ is the identity operator on F(TM ). Then
the pair (M, J) is called metallic manifold. In particular, if
p = q = 1, then this manifold is called golden manifold.

Moreover, if g is J-compatible for the metallic (or golden)
structure J, i.e. if

gUX,Y)=gX,JY) 2)

VX, Y € I'(TM), then the triplet (M, ,J) is called metallic
(or golden) Riemannian manifold. Then we have

EUX,JY) = g(U*X,Y) = pgUX,Y) + g&(X. Y), 3

Next, let M be an m-dimensional submanifold of the
n-dimensional metallic (or golden) Riemannian manifold
(M,g,J) with n,m € N and n > m. Let TM, T+M be the
tangent space and normal space of M at x € M respec-
tively. Then the tangent space 7,M of M can be decom-
posed as T,M = T.M @ T-M. Let for any X € ['(TM) and
V € I(T*M), the tangential parts are TX, tV € ['(TM) and
the normal parts are NX,nV € I'(T+M) of JX, JV respec-
tively so that

JX =TX + NX, 4)
JV =tV +nV. (5)
T, N, t, n satisfy the following relations
VX,Y e (TM), U,V € I(T*M),

g8(TX,Y) =g(X,TY), (6)

@ Springer

gnU,V) =g(U.nV), (7

3(NX, U) =g(X, tU). 8)

Let r = n — m be the co-dimension of M in M and {N:}_,
be a local orthonormal basis of TXLM for x € M. We assume
that the indices «, § run over the range {1, ...,r}. Then JX
and JN, can be decomposed into tangential and normal
components as [4]

JX =TX + ) u,(X)N,, ©)
a=1

IN, =&, + ) ayN,, (10)
p=1

where &, are vector fields, u, are 1-forms and (a,y), is an
r X r matrix of smooth real functions on M.
Using Eqgs. (4), (5) in Egs. (9), (10) we get

r

NX = Z u (XN, (11
a=1

tN, =&,, (12)

nN, = 2 aopNp. (13)
p=1

Let V and V be the Levi-Civita connection on M and M
respectively. Then the Gauss and Weingarten formulae are
given by

VyY =VyY + h(X,Y), (14)

ViV =—A X+ VyV (15)

VX,Y € I(TM), V € T(T*M), where V* is the induced
connection on T+M called the normal connection, % is the
second fundamental form and A is the shape operator of M
related by

gh(X,Y),V) = g(A X, Y). (16)

Remark 1 [8] If {N,}/_, be a local orthonormal basis of
Tle , where r is the co-dimension of M in M, and A, =A N,
forany a € {1,...,r}, then we obtain VX, Y € I'(TM),

VN, == A X + ViN,, (17
h(X,Y) =g(A,X.Y). (18)
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Remark 2 [8] The normal connection V;Na has the
decomposition VyN, = ¥, 1,;(X)N; for a € {1,...,r}
and VX € I'(TM), where (/,5), is an rXr matrix of
1-forms on M. Moreover [16] §(N,, Ny) = 6, implies that
8(VyN,. Ny) + g(N,, V¥N,) = 0 which is equivalent to
la,; = —lﬂafor anya,f € {1,...,r}and VX € I'(TM).

The covariant derivatives of 7, N, t, n (given in Egs. 4, 5)
are given by VX, Y € I(TM), V € T(T* M),

(V4T)Y =V4TY — TV,Y, (19)
(VxN)Y =VyNY — NV, Y, (20)
(Vy)V =VytV —1V5V, 1)
(Vyn)V =VinV = nViV. (22)

From Eq. (2) it follows that VX, Y, Z € I'(TM),
B(VxY,2) = g, (V))2). (23)

Hence if M is an isometrically immersed submanifold
of the metallic Riemannian manifold (M, g,J), then [6]
VX,Y,Z e T(TM),

g(Vx1)Y,2) = g(Y,(VxD)2). (24)

Now we can define locally metallic (or locally golden) Rie-
mannian manifold analogously as a locally product manifold
[17] in the following manner [16].

A metallic (or golden) Riemannian manifold (M, g, J) is
called locally metallic (or locally golden) Riemannian mani-
fold if J is parallel with respect to V, i.e. V.J = 0.

We now state some propositions regarding submanifolds
of locally metallic (or locally golden) Riemannian manifolds

[8]:

Proposition 1 Let M be a submanifold of a locally metal-
lic (or locally golden) Riemannian manifold (M, g, J), then
VX,Y e T'(TM),

TX, Y] =VyTY =V, TX — App X + ApxY, (25)

N[X, Y] =h(X,TY) — h(TX,Y) + VyNY — VyNX. (26)

Proposition 2 Let M be a submanifold of a locally metal-
lic (or locally golden) Riemannian manifold (M, g, J), then
VX, Y e I(TM), V € I(T*M),

(Vi T)Y =AwX + th(X, Y), Q7

77
(VxN)Y =nh(X,Y) — h(X, TY), (28)
(Vy)V =A,, X — TA, X, (29)
(Vyn)V = = h(X,1V) — NAX. (30)

Proposition 3 Let M be a submanifold of a locally metallic
(or locally golden) Riemannian manifold M, 3,J) with co-
dimension r, then the structure (T, g, u,,&,, (aaﬂ),) induced
on M by the metallic (or golden) Riemannian structure (2,J)
satisfies the following properties [16] VX, Y € I'(TM)

(VDY = Y h(X.1)E, + Y, (NAX, 31)
a=1 a=1

(Vi)Y == hy (X, TY) + Y [up(V)l,y(X)
p=1 (32)

+ hy(X, V)ag,].

Proposition 4 Let M be a submanifold of a locally metal-
lic (or locally golden) Riemannian manifold (M, g, J), then
VX,Y e I'(TM),

T[X,Y] =V, TY — V,TX — Z[ua(Y)AaX
a=1 (33)
—u (XA, Y],

NIX, YT = D {(Vyu)X = (Vi)Y )+ Y (i, (Xl p(Y)
a=1 p=1

- ua(Y)laﬁ(X)}]Na'
(34)

Now, we introduce the following definition:

Quasi hemi-slant submanifold M of a metallic Riemann-
ian manifold (1\71, g,J) is a submanifold that admits three
orthogonal complementary distributions D, D,, D* such
that

(i) TM admits the orthogonal direct decomposition
TM =D& D, & D*, (35)

(ii) The distribution D is invariant i.e., JD = D,

(iii) The distribution Dy is slant with constant angle 6 and
hence 0 is called slant angle,

(iv) The distribution D" is anti-invariant i.e., JD* C T+M

In the above case, 0 is called the quasi hemi-slant angle of
M, and M is called properif D # {0}, D, # {0}, D* # {0}
and 0 # 0, %

@ Springer
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Let the dimensions of the distributions D, D,, D* be
n,, n,, ny respectively, then we obtain the following par-
ticular cases

(1) Ifn; =0, then M is a hemi-slant submanifold,
(i) Ifn, =0, then M is a semi-invariant submanifold,
(iii) Ifn; =0, then M is a semi-slant submanifold.

Note. From now on, in this paper, we will write the term
quasi hemi-slant in its abbreviated form i.e., QHS.

Let M be a QHS submanifold of a metallic Riemannian
manifold (M, g, J) and the projections of X € I'(TM) on the
distributions D, D,, D'beP, O, R respectively, then, we
have VX € I'(TM),

X = PX + OX + RX. (36)
Using Eq. (4) in Eq. (36) we get

JX = TPX + NPX + TOX + NOX + TRX + NRX.

Since JD = D, JD+ C T M, we have

JPX =TPX, NPX =0, TRX =0 37
and hence we obtain

JX = TPX + TOX + NOX + NRX. (38)
Comparing Eq. (38) with Eq. (4) we have

TX =TPX + TQX, 39)

NX =NQOX + NRX. (40)
From Eq. (38) we have the following decomposition
J(TM) = TD & TD, & ND, & ND*. (41)

Again, since ND, C [(T*M), ND* C T(T*M), we have
another decomposition

T*M = ND, & ND* & 4, (42)

where 4 is the orthogonal complement of ND, @ ND* in
[(T+M) and it is anti-invariant with respect to J.
Moreover, for any X € I'(TM) we have

gUOX. TOX) _ |ITOXI|
Irexi.lvox| — Ivexi

cosO(X) = (43)

3 QHS Submanifolds of Metallic (or golden)
Riemannian Manifolds

In this section, we obtain some necessary and sufficient

conditions for submanifolds to be quasi hemi-slant in
metallic and golden Riemannian manifolds and also obtain

@ Springer

the integrability conditions for the associated distributions
along with some properties satisfied by them. At last, we
construct an example of a quasi hemi-slant submanifold of
a metallic Riemannian manifold.

Theorem 1 IfM is a QHS submanifold of a metallic Rie-
mannian manifold (M, g, J) with the quasi hemi-slant angle
0, thenVX,Y € I'(TM),

Z(TOX, TQY) =cos” 0[pg(JOX, OY) + qZ(0X, QY)], (44)

Z(NX,NY) = — sin’ 0[pg(JOX, QY) + q3(QX, OY)]

. - (45)
— [pg(JRX,RY) + qg(RX,RY)].

Proof Replacing X by X + Y in Eq. (43) and then using
Eq. (3) we get
Z(TQX, TQY) = cos” 0g(JOX, JQY)

= cos” B[pg(JOX, QY) + qZ(0X, QY)]

which gives Eq. (44).
Again from Egs. (38) and (40) we have

TOX =JX —TPX — NX
on which applying Eqs. (36) and (37) we obtain
TOX =JOX + JRX — NX
and using it in Eq. (44) we get
8(JOX,JQY) + g(JRX,JRY) + g(NX,NY)
= cos” 0[pg(JOX, OY) + qZ(0X, QY)].
Now applying Eq. (3) on the above equation we get

[P&(JOX, QY) + q&(QX, OY)]
+ [pE(JRX, RY) + q3(RX,RY)] + g(NX,NY)
= cos’ 0[pg(JOX. QY) + 4Z(QX, QY)]

which gives Eq. (45). O
Corollary 1 If M is a QHS submanifold of a golden Rie-

mannian manifold (M, g, J) with the quasi hemi-slant angle
0, thenVX,Y € I'(TM),

Z(TQX, TQY) =cos” 0[Z(JOX, QY) + Z(0X,QY)],  (46)

g(NX,NY) = — sin” 0[g(JOX, QY) + g(0X, QY)]

_ _ 47)
— [8UJRX,RY) + 3(RX,RY)].

Proof Putting p = g = 1in Theorem 1, we get the required
results. O
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Theorem 2 [f M is a QHS submanifold of a metallic Rie-
mannian manifold (M , &, J) with the quasi hemi-slant angle
0, then

T?Q = cos’ O[pJQ + qQ]. (48)
Proof Using Eq. (6) in Eq. (44) we get

8(T?QX, QY) = cos? 0[pg(JOX, QY) + qg(0X, QY)]

which gives Eq. (48). O

Corollary 2 If M is a QHS submanifold of a golden Rie-
mannian manifold (M, g,J) with the quasi hemi-slant angle
0, then

T20 = cos? 6(J + O, (49)

where 1 is the identity mapping on I'(D,).

Proof Putting p = g = 1in Theorem 2, we get the required
result. o

Theorem 3 An immersed submanifold M of a metal-
lic Riemannian manifold (M,%,J) is QHS if and
only if there exists a constant A€ [0,1) such that
D* = {X eT(IM) : T>X = A(pJX + gX)} is a distribution
and D™ = D.

Proof If M is QHS, then putting cos® 8 = A € [0, 1)in Eq.
(48) we get VX € I'(TM),

T?0X = A[pJOX + qOX]

which implies that OX € I'(D*) and hence D, C D*.

Again, since from Eq. (37) we have TRX =0,
T?’RX = MpJRX + qRX) holds for A=0 and thus,
RX € I'(D*) which implies that D+ C D*,

Therefore, D, @ D+ C D*.

Next, let X € I'(D*) be a non-zero vector field, then by
Eq. (36) we have

X =PX+ 0X +RX.
Now using Eqgs. (37) and (1) we have

pTPX + gPX = pJPX + qPX = J*PX = J(JPX)
= J(TPX) = T(TPX) = T*PX.

Again, as X € I'(D*), from the above equation, we get on
using Eq. (37),

pTPX + gPX = A(pTPX + gPX)
= (A—DETPX +4¢qPX)=0
= pTPX + gPX =0 (since A # 1)
_ 2
= TPX = —IPX = PX = 0 (since L # 0 for p.g € N)
p p
=>X=Q0X+RX€D,®D*
= D* C D, ® D*.
Thus we conclude that D* = D, @ D* and consequently
D*t =D.
Conversely, let there exists a constant A € [0, 1) such that
D* = {X eT(TM) : T>X = A(pJX + gX)} is a distribution
and D** = D. Then from Eq. (48) we get for X € I'(D*),

cos20(X) = 4 = cos O(X) = V4 = 6(X) = cos™ (V1)

which does not depend on X.

We can consider the orthogonal decomposition
T™M =D & D, & D*.

Now, for X € I'(D*), Y € T'(D*1) =T'(D) we have on
applying Eqs. (4) and (6),

(X, J*Y) = g(X,J(JY)) = g(X, TIY) = §(TX,JY)
=3(TX,TY) = 5(T*X, Y).
Again, since X € I'(D*), using Eq. (3) we get from the above
equation
P&X,JY) +qg(X,Y) = A[pg(UX.Y) + qg(X,Y)]
= g(X,JY)=23(JX.,Y)
= g(X,JY) = 13X, JY) (by Eq. (2.2))
= 8(X,JY) =0 (since A # 1)
= JY e I(D*) =T(D)
= JD C D i.e. D isinvariant.

Next, let XeI(D!)CTI(D,® D) =T(D*)
Y e (TM) = T'(D @ D, & D). Then as before we get

and

gX,JY)=0
= g(JX,Y)=0 (by Eq. (2.2))
= JX e I(T*M)
= JD* C T*M i.e. D' is anti — invariant.

Therefore M is a QHS submanifold of M, gJ). O

Corollary 3 An immersed submanifold M of a
golden Riemannian manifold (M,3,J) is QHS if and
only if there exists a constant A€ [0,1) such that
D* ={X eT(IM) : T>X = AJX + X))} is a distribution
and D** = D.
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Proof Putting p = g = 1in Theorem 3, we get the required
results.

We now state and prove some results on QHS submani-
folds of locally metallic (or locally golden) Riemannian
manifolds: O

Theorem 4 IfM is a QHS submanifold of a locally metal-
lic (or locally golden) Riemannian manifold (M, g, J) with
co-dimension r, then

(i) The distribution D is integrable if and only if
vX,Y e I'(D),

(Vyu )X = (Vxu,)Y VYa e {1,...,r}, (50)

(ii) The distribution Dy is integrable if and only if
VX,Y € I'(Dy),

P(VxTY = VyTX) = ) [u(VPAX = u,(OPAY],  (51)

a=1

(iii) The distribution D* is integrable if and only if
VX, Y e (DY),

u,(X)A,Y = u (V)AX Ya € {1,...,r}. (52)

Proof (i) LetX,Y €I'(D),then X = PX, Y =PY.

Now, D is integrable if and only if [X, Y] € I'(D) and
[X, Y] € T'(D)if and only if N[X, Y] = 0. Thus, D is integra-
ble if and only if N[X, Y] = 0.

AsJD C D, NX = 0 = NY. Hence from Eq. (11) we have
a0y (V) = U (V)] (X) = 0.

Thus, from Eq. (34) we get
N[X,Y]=0 < [(Vyu )X — (Vxu,)Y] =0
a=1

= D is integrable if and only if (Vyu, )X
= (Vyu,)Y Va e {l1,...,r}.

(i) Let X, Y € I'(Dy), then X = 0X, Y = QY.

Now, D, is integrable if and only if [X, Y] € I'(D,) and
[X, Y] € I'(Dy) if and only if PT[X, Y] = 0. Therefore, D, is
integrable if and only if PT[X, Y] = 0.

Again, from Eq. (33) we obtain

PT[X,Y] =0 < P(V4TY — V,TX)

[, (Y)PA,X — u (X)PA (Y)].

a=1
(iii) Let X, Y € I'(D1), then X = RX, Y = RY.
Now, D+ is integrable if and only if [X, Y] € ['(D*) and
[X,Y] € T(DY) if and only if T[X, Y] = 0. Thus, D* is inte-
grable if and only if T[X, Y] = 0.

@ Springer

As JD* C T*M,TX = 0 = TY. Hence from Eq. (33) we
have
TIX, Y] =0 <= u,(X)A,Y

=u,(Y)A X Va e {1,...,r}.

O

Theorem S [If M is a QHS submanifold of a locally metal-
lic (or locally golden) Riemannian manifold (M, g, J), then

(i) The distribution D is integrable if and only if
VX,Y e I'(D),

KX, TY) = (TX,Y), (53)

(i1) The distribution D is integrable if and only if
VX eT(D), V € I(T*M),

JALX =A,JX, (54)

(iii) The distribution D, is integrable if and only if
VX,Y € I'(Dy),

P(V4TY — V,TX) = P(Ayy X — Ay Y), (55)

(iv) The distribution D* is integrable if and only if
VX,Y e (DY),

AnxY = ApyX. (56)

Proof (i) D is integrable if and only if [X, Y] € I'(D) and
[X, Y] € I'(D) if and only if N[X, Y] = 0 which implies that
D is integrable if and only if N[X, Y] = 0.

As JD C D, NX = 0 = NY. Hence from Eq. (26) we have

N[X,Y]=0 < h(X,TY)=WTX,Y).
(ii) Again, for X, Y € I'(D) and V € T(T*+M),

0 = g(h(X, TY) — h(TX,Y), V)
= 3(W(X,JY),V) — 3(h(JX, Y), V) (since TX
= JX, TY = JY)
= 3(A,X,JY) — 3(A,JX,Y) (by Eq. (2.16))
= BUAX.Y) - Z(A,JX,Y) (by Eq. (2.2))
= 3(h(X,TY) = h(TX,Y),V) =0 <> JA,X
= A, JX.

Hence from Theorem 5.(i) we obtain Eq. (54).

(iii) D, is integrable if and only if [X, Y] € I'(D,) and
[X,Y] € I'(Dy)if and only if PT[X, Y] = 0 which implies that
D, is integrable if and only if PT[X, Y] =0.

Hence from Eq. (25) we obtain
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PT[X,Y] =0 < P(VxTY — V,TX)
= P(AyyX — Ay Y).
(iv) D* is integrable if and only if [X,Y] € (DY) and
[X,Y] € (DY) if and only if T[X, Y] = 0 which implies that
D' is integrable if and only if T[X, Y] = 0.
As JD* C T*M,TX = 0 = TY. Hence from Eq. (25) we
get

TIX,Y] =0 < Ayl =AyyX.

O

Theorem 6 [If M is a QHS submanifold of a locally metal-
lic (or locally golden) Riemannian manifold (M, g, J), then
N is parallel if and only VX € T(TM), V € T(T*M),

A X =TAX =A,TX. (57)
Proof Now, for X,Y e I'(TM), V € I(T* M),

gnh(X,Y), V) = g(JhX.,Y),V)
= 3(h(X, Y),nV) (by Eq. (2.7)).

From Eq. (28) we have

F(VxNY, V) = §h(X, Y), V) = g(h(X, TY), V)
= 2(h(X, Y),nV) — g(h(X,TY), V) (by Eq. (2.7))
= B4, X.Y) - 3, X, TY) (by Eq. (2.16))
= 8 X. V) = Z(TAX.Y) (by Eq. (2.6))
= 3A, X —TAX,Y) =0
= Ay X = TA,X.

(58)

Again from Eq. (28) we have

Z(VxN)Y, V) = g(nh(X.Y),V) — g(h(X,TY), V)
=g(h(X,Y),nV)—g(h(X,TY),V) (by Eq. (2.7))
= 54,y Y. X) — 34, TY.X) (by Eq. (2.16)) (59)
= %A, Y —A,TY,X)=0
> A, Y =A,TY.

Combining Egs. (58) and (59) we obtain Eq. (57). O

Example We now construct an example of a QHS sub-
manifold of a metallic Riemannian manifold.

Let us consider the Euclidean space R!® with usual
Euclidean metric. Let J : R'® — R be the metallic struc-
ture defined by

J(X,, Xy, X5, Xy, X5, Xg, X7, X5, X9, X10)
= (0X,,0X,,0X;5,06X,,0X5,0X¢, 060X,
,0Xg,0Xy,0X),

D+ p2+4
where ¢ = ¢, = 2V

b > >0 is a metallic number,

_ —\/pr+4
6:[’ P taq

=p—o0<0,and p,geN.
Now, by simple calculations we get 6 = po + g and
similarly 6% = p& + q.

Hence, we have

JZ(XI,XZ,X3,X4,X5,X6,X7,X8,X9,X10)
=(@J+ ql)(X17X2’X37X4aX5,X69X7,X8,X9’X10)

so that R'° forms a metallic Riemannian manifold together
with the usual Euclidean metric and the metallic structure
J defined above.

Next, let M = {(u,a, 0y, a3) : u>0,a; € (0, %)} and
f : M — R!°be the immersion given by

fu, a0, a3)
= (ucosa;, usinay, U COS &y, 1 SIN Oy, U COS 3, U SIN O3

JU, g, Oy, 03).

We consider an orthonormal frame {Z,,Z,,Z;,Z,} on TM
such that

1 0 . 0 0 . 0
Z =—(cos — +sinq@; — + Cos ¥y — + Sin @, —
72 “ 0x, % 0x, = 0x3 © 0xy
+ cosa 9 +sina 9 + i)

3 0xs Poxg  oxyy /)’

1 . d d 0
Z, =—< —smmay— +cosa;— + —),
0x, 0x,

\/5 GX9
Z5 =L< - sinoczi +cosac2i + i),

\/E ()X3 ()X4 0x8
;< - 6\/;i sinaz + 6\/5i cos az
Vq(o — &) 0xs 0x¢

+o —6i>
ox; /"

Z4:

Thus we have

JZ —1(acosa J +osina J + & cosa J
1 =5 15 153 23
2 0 a 0.

X1 X2 X3
+osina i+o'cosoc i+asinat i+o-i)
20)64 36)(5 30x6 0xy9 /"

JZ, =6Z,, JZ; = 6Z,,

;_ <q\/;i sina; — q\/gi cos a3
Va(o — &) 0xs 0x¢

- _c—,i)
1 ox, /)’

JZ, =

Hence taking the distributions as

D=<27,,Z,> Dy=<Z, > D" =<7, >
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we have that the distribution D is invariant, the distribution
D' is anti-invariant and the distribution D, is slant with the
slant angle 6 given by

 8UZ,,2))
———— = CO0S
IZN1-11Z |

o 2p+ VPP +4g
\/3po + po +4q

Therefore, TM = D @ D, @ D' and hence M is a QHS
submanifold of R0,

0 = cos™

4 Conclusion

Although the concept of quasi hemi-slant submanifold

has been already introduced for contact metric manifolds,
in this paper, we have modified that previous concept
and introduced the general notion of quasi hemi-slant
(QHS) submanifolds of metallic Riemannian manifolds,
and further studied about it in detail. Also, we have
constructed an example of such submanifold. Hence, the
extensive applications of the topic of this paper (discussed
in “Significance of the work™) makes it an active and
interesting field for researchers of various fields.
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Abstract. We study totally contact umbilical screen-slant lightlike submanifolds and to-
tally contact umbilical screen-transversal lightlike submanifolds of an indefinite Kenmotsu
manifold. We prove a characterization theorem of totally contact umbilical screen-slant
lightlike submanifolds of an indefinite Kenmotsu manifold. We further prove some results
on a totally contact umbilical radical screen-transversal lightlike submanifold of an indefinite
Kenmotsu manifold, such as the necessary and sufficient conditions for the screen distribu-
tion S(T'M) to be integrable and for the induced connection V to be a metric connection.
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1. INTRODUCTION

The general theory of lightlike submanifolds of a semi-Riemannian manifold was
developed by Duggal and Bejancu in 1996 (see [3]). Later, Sahin characterized light-
like submanifolds in many ways. In 2006, he introduced the notion of transversal
lightlike submanifolds and studied some differential geometric properties of those
submanifolds (see [11]). In 2008, he initiated the study of screen transversal lightlike
submanifolds (see [12]). Gupta introduced the notions of slant and screen slant sub-
manifolds in indefinite Kenmotsu manifolds, respectively, in 2011 with Sharfuddin
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(see [7]) and in 2010 with Upadhyay (see [8]). Gupta and Sharfuddin also concep-
tualised screen transversal lightlike submanifolds in the context of indefinite cosym-
plectic manifolds in 2010 (see [5]) and later in the context of indefinite Kenmotsu
manifolds in 2011 (see [6]). In 2012, Haider et al. in [10] studied totally contact umbil-
ical screen transversal lightlike submanifolds of an indefinite Sasakian manifold and
recently, in 2021, Yadav et al. investigated the existence of totally contact umbilical
screen-slant lightlike submanifolds of indefinite Sasakian manifolds (see [13]).
Motivated by the works mentioned above, in this paper we study totally contact
umbilical screen-slant lightlike submanifolds and totally contact umbilical screen-
transversal lightlike submanifolds of indefinite Kenmotsu manifold. This paper is
divided into five sections. After introduction (first section) and preliminaries (second
section), in the third section, we prove some results regarding screen-slant lightlike
submanifolds of an indefinite Kenmotsu manifold. In the fourth section, we prove
a characterization theorem of totally contact umbilical screen-slant lightlike sub-
manifolds of an indefinite Kenmotsu manifold. In the last, i.e., the fifth section, we
further prove some results on a totally contact umbilical radical screen-transversal
lightlike submanifold of an indefinite Kenmotsu manifold, such as the necessary and
sufficient conditions for the screen distribution S(7'M) to be integrable and for the

induced connection V to be a metric connection.

2. PRELIMINARIES

A submanifold (M™, g) which is immersed in a proper semi-Riemannian manifold
(M mAn ) is called a lightlike submanifold (see [3]) if the metric ¢ induced from g is
degenerate and the radical distribution Rad(TM) = TM NTM+> is of rank r such
that 1 < 7 < m. Let S(T'M) be a screen distribution which is a semi-Riemannian
complementary distribution of Rad(T'M) in TM, i.e.,

TM = Rad(TM) ®orn S(TM).

Let us consider a screen transversal vector bundle S(TM=), which is a semi-
Riemannian complementary vector bundle of Rad(TM) in TM*, i.e.,

TM* = Rad(TM) Gopen, S(TM™).

Since for any local basis {{;} of Rad(T'M), there exists a local null frame {N;} of
sections with values in the orthogonal complement of S(T M) in S(T M)~ such that
g(&, N;) = d;; and g(N;, N;) = 0, it follows that there exists a lightlike transversal

2 Online first



vector bundle ltr(T'M) locally spanned by {N;}. Let tr(T'M) be the complemen-
tary (not orthogonal) vector bundle to TM in TM. Now we have the following
decompositions (see [3]):

TM|y =TM @ tr(TM), tr(TM) = S(TM"Y) Gopep lr(TM),
TM|n = S(TM) Goren [Rad(TM) @ lr(TM)] Goren S(TML).

A submanifold (M, g, S(TM), S(TM*L)) of M is called

> r-lightlike if r < min{m,n},

> co-isotropic if r =n < m, S(TM~+) = {0},

> isotropic if r =m <n, S(TM) = {0},

> totally lightlike if r = m =n, S(TM) = {0} = S(TM™).

An odd dimensional semi-Riemannian manifold (]Tj ,g) is called an indefinite al-
most contact metric manifold (see [1]) if it admits an indefinite almost contact struc-
ture (¢,&,n), where @ is a tensor field of type (1,1), £ is a vector field and 7 is a
1-form satisfying for all X, Y € x(M)

(2.1) J(eX,0Y) = g(X,Y) —en(X)n(Y), g(§,&) ==+,
(2.2) X = —X +n(X)E, g(X,€) =en(X),

(2.3) J(X,9Y) = —g(pX,Y),

(2.4) nop=0, p{=0, n¢) =1

De and Sarkar in [2] introduced the notion of e-Kenmotsu manifolds with indefi-
nite metric. An indefinite Kenmotsu manifold M (p,&,n,q) satisfies the following
structure equations for all X,Y € x(M):

(2.5) (Vx@)Y = G(pX,Y)E —en(Y)pX,
(2.6) Vx€ = e[X —n(X)E],
where V is the Levi-Civita connection for the semi-Riemannian metric g.
A lightlike submanifold M of an indefinite Kenmotsu manifold M, with the struc-

ture vector field £ tangent to M, is called a totally contact umbilical lightlike sub-
manifold (see [14]) if for a vector field « transversal to M and for all X, Y € T'(T'M),

27 X Y)=[g(X,Y) = n(X)n(Y)]a+n(X)hY, ) +n(Y)h(X, ),

where h is a symmetric bilinear form on I'(T'M) with values in I'(tr(7°M)) known as
the second fundamental form. If a = 0, then M is called a totally contact geodesic
lightlike submanifold.
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Now, equating components of (2.7) belonging to ltr(TM) and S(T M=), respec-
tively, we have (see [4])

(28)  A(X,Y)=[g(X,Y) = n(X)n(Y)]aw + n(X)h'(Y,€) + n(Y)h'(X, ),
(2.9)  w(X,Y) = [9(X,Y) = n(X)n(Y)]as +n(X)h*(Y, &) +n(Y)h*(X,€),

3

where h'(X,Y) = L(h(X,Y)), h*(X,Y) = S(h(X,Y)) (L, S are the projection
morphisms of tr(T'M) on ltr(TM), S(TM™), respectively) and o; € T'(ltr(TM)),
as € T(S(TM?1)). ht and h® are called the lightlike second fundamental form and
the screen second fundamental form of M, respectively.

Let M be a lightlike submanifold of an indefinite Kenmotsu manifold M and Vv,V
be the Levi-Civita connections on M, M , respectively. The Gauss and Weingarten

formulae are given by:

(2.10) VxY =VxY +h(X,Y) VX,Y e(TM),
(2.11) VxV =—-AyX + V4V VX eD(TM), V e I(tz(TM)),

where VxY, Ay X € I'(TM) and h(X,Y), V5V € T'(tr(TM)). Here A is a linear
operator on T'M known as the shape operator and V! is a linear connection on
tr(T'M) known as the transversal linear connection on M.

Now, the equations (2.10) and (2.11) further reduce to

(2.12) VxY = VxY +h(X,Y)+h*(X,Y) VXY € (TM),
VxV =—AyX +DYX,V)+ D*(X,V) VX eD(TM), V e (tx(TM)),

where D!(X,V) = L(V4 V), D*(X,V) = S(V V).

In particular, we have

(2.13) VxU = —AyX + V45U + D*(X,U) YU € I'(ltr(TM)),
(2.14) VxW = —Aw X + VW + DY(X, W) YW e (S(TM%')),

where V! and V* are linear connections on ltr(T'M) and S(T M) called the lightlike
transversal connection and the screen transversal connection on M, respectively.
Again, from (2.12)—(2.14) we get

(2‘15) E(hS(Xa Y),W) +§(Y7 Dl(Xa W)) :g(AWXa Y)v
(2.16) G(DS(X,U), W) = §(U, Aw X).
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Let P be the projection morphism of TM on S(T'M), then we have for all X,Y €
(TM), V e T'(Rad(TM)),

(2.17) VxPY = V5 PY + h*(X,PY),
(2.18) VxV =-AL X + ViV,

where h* is the local second fundamental form on S(7'M) and A* is the shape opera-
tor of Rad(T'M), V4% PY, A5, X € I'(S(TM)) and h*(X, PY), ViV € T'(Rad(TM)).
Here V* and V*! are induced connections on S(T'M) and Rad(T'M), respectively.

3. SCREEN-SLANT LIGHTLIKE SUBMANIFOLDS

In this section, we prove some results regarding screen-slant lightlike submanifolds
of an indefinite Kenmotsu manifold.

Let M be a 2q¢-lightlike submanifold of an indefinite Kenmotsu manifold M of
index 2¢ such that 2¢ < dim(M) with structure vector field ¢ tangent to M, then M
is called a screen-slant lightlike submanifold of M if the following conditions are
satisfied (see [8]):

(i) Rad(T'M) is invariant with respect to ¢, i.e., p(Rad(T'M)) C Rad(T M),

(ii) for any nonzero vector field Y tangent to S(TM) = D @oren (£) at y € M, the
angle 0(Y) (known as the slant angle) between @Y and S(TM) is constant,
where D is the complementary distribution to (£§) in S(T'M) and Y, & are
linearly independent.

M is called proper if D # {0}, 0 # 0, %TE, and is called a screen real lightlike
submanifold if 6 = %n. Then we have the decomposition

TM = Rad(TM) @orth D Soren (&) -

Let P, @ be the projection morphisms of TM on Rad(T'M), D, respectively, then
for any X € I'(T'M), we have

(3.1) X =PX+ QX +n(X)k,

where PX € T'(Rad(T'M)), QX € I'(D).
Again, for any X € I'(TM), we have

(3.2) 0X =TX + wX,

where TX € I'(TM) and wX € I'(tr(T'M)) are the tangential and transversal com-
ponents of X, respectively.
Now, applying ¢ on (3.1) we get

(3.3) 90X = TPX +TQX + wQX.
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S(TM+) can be decomposed as

S(TM™*) = wQ(S(TM)) @ortn 1,
where 4 is an invariant subspace of TM. Then for any W € I'(S(TM<1)), we have
(3.4) oW = BW + CW,

where BW € T'(S(TM)), CW € T'(S(TM1)).
Also, for any N € T'(ltr(TM)),

(3.5) ¢N =CN,

where CN e I'(Itr(T'M)).

Now, we state and prove some results.

Theorem 3.1. Let M be a 2q-lightlike submanifold of an indefinite Kenmotsu
manifold M with constant index 2q < dim(M), then M is a screen-slant lightlike
submanifold if and only if there exists a constant A\ € [—1,0] such that for all X €
D(S(TM)),

(3.6) (PoT)*X = A-X +n(X)g],

where \ = cos? 0| s(ra) -

Proof. The proof follows from Theorem 3.1 in [9]. O

Corollary 3.2. Let (M, g) be a screen-slant lightlike submanifold of an indefinite

Kenmotsu manifold (M,q), then for all X,Y € T'(TM),

(3.7) 9(TQX,TQY) = cos® 0l scran [9(X,Y) — en(X)n(Y)],
(38) 9(wQX,wQY) = sin®0]s(ran [g(X, Y) — en(X)n(Y)).
Proof. The proof follows from Corollary 3.2 in [9]. O

Theorem 3.3. Let (M, g) be a screen-slant lightlike submanifold of an indefinite
Kenmotsu manifold (M, q), then for all X,Y € I'(TM),

(3.9) (VxT)Y = Auy X + BR*(X,Y) + g(¢X,Y)§ —en(Y)TX,
(3.10) (Vxw)Y = Ch*(X,Y)+ ChY(X,Y) — h*(X,TY) — h' (X, TY)
— DY(X,wY) — en(Y)wX,

where (VxT)Y =VxTY —T(VxY) and (Vxw)Y = ViwY —w(VxY).
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Proof. From (2.5) we get
(3.11) VxeY = oVxY +g(oX,Y)E —en(Y)eX.
Applying (3.2) on (3.11) we obtain
Vx(TY +wY) = oVxY +§(X, V)¢ - en(Y)(TX + wX),
on which applying (2.12), (2.14), (3.2), (3.4), (3.5), we get

(3.12) VxTY +h(X,TY) + h*(X,TY) — Aoy X + ViwY + D'(X,wY)
=TVxY +wVxY +Ch(X,Y) + Bh*(X,Y) + Ch*(X,Y)
+ (X, V)¢ —en(Y)(TX +wX).

Equating tangential and transversal components of (3.12) we obtain (3.9) and (3.10),
respectively. O

4. TOTALLY CONTACT UMBILICAL SCREEN-SLANT LIGHTLIKE SUBMANIFOLDS

In this section, we prove the following characterization theorem of totally contact
umbilical screen-slant lightlike submanifolds of an indefinite Kenmotsu manifold.

Theorem 4.1. Let (M,g) be a totally contact umbilical screen-slant lightlike
submanifold of an indefinite Kenmotsu manifold (M,g), then at least one of the
following statements is true:

(i) M is a screen real lightlike submanifold,
(ii) D = {0},

(iii) if M is a proper screen-slant lightlike submanifold, then as € I'().

Proof. Forany Y = QY € I'(D), from (2.7) we have
WTQY,TQY) = g(TQY,TQY )a,
on which applying (2.3), (2.5), (2.10), (2.12), (2.14), (3.1), (3.2), (3.7), we get

o(VroyQY + hH(TQY,QY) + h*(TQY,QY)) + Aoy TQY — VigywQY
— DY(TQY,wQY) = VroyTQY — g(TQY, TQY )¢ = cos® 0g(Y, Y )a,
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which (by the help of (2.8), (2.9), (3.2)) reduces to

(41)  TVrovQY +wVrgyQY + AugyTQY — VigywQY — DNTQY,wQY)
— VrvTQY — g(TQY,TQY)E = cos® g (Y, Y e,

since g(TQY, QY) = §(¢Y,Y) = —§(Y,4¥) = —g(TQY,QY) = ¢(TQY,QY) = 0.
Equating transversal components of (4.1) we obtain

(4.2) wV Ty QY — VigywQY — DHTQY,wQY) = cos® 0g(Y,Y ).
Now, taking covariant derivative of (3.8) with respect to TQY we get
(4.3) I(VigywQY,wQY) =sin® 0g(Vigy Y, Y).
Again, from (3.8) we have
(4.4) J(WVroyQY,wQY) =sin®0g(Vigy Y, Y).
Now, taking inner product of (4.2) with wQY we obtain

9wV Ty QY,wQY) — g(v%QYwawaY) = cos? 09(Y,Y)g(as, wQY)
> cos? Bg(Y, Y )(e, wQY) = 0 (by (4.3), (4.4))
:>9:gorY:0oraS€I‘(u),

which gives that either M is a screen real lightlike submanifold or D = {0} or
as € I'(n) if M is proper. This completes the proof. O

5. TOTALLY CONTACT UMBILICAL RADICAL SCREEN-TRANSVERSAL
LIGHTLIKE SUBMANIFOLDS

In this section, we prove some results on a totally contact umbilical radical screen-
transversal lightlike submanifold M of an indefinite Kenmotsu manifold M , such
as the necessary and sufficient conditions for the screen distribution S(T'M) to be
integrable and for the induced connection V to be a metric connection.

First we state the following definitions from [12].

> An r-lightlike submanifold M of an indefinite Kenmotsu manifold M is called a
screen-transversal lightlike submanifold if o(Rad(TM)) C S(TM>).

> A screen-transversal lightlike submanifold M of an indefinite Kenmotsu mani-
fold M is called a radical screen-transversal lightlike submanifold if S(T'M) is
invariant with respect to ¢, i.e., p(S(TM)) C S(T'M).
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Next, we prove the following results.

Theorem 5.1. Let (M, g) be a totally contact umbilical radical screen-transversal
lightlike submanifold of an indefinite Kenmotsu manifold (M,g), then S(T'M) is
integrable if and only if ag has no component in p(Rad(T'M)).

Proof. Forany XY € I'(S(T'M)) and N € I'(Rad(T'M)), using (2.1), (2.3),
(2.5), (2.9), (2.12) we get

9([X, Y], N) = g(h* (X, 9Y) = h*(Y, 0 X), o N) = 29(X, pY)g(as, o N),
which implies that [X,Y] € I['(S(T'M)) for all X,Y € I'(S(TM)) if and only if

g(as,oN) =0 for all N € I'(Rad(T'M)).
This completes the proof. O

Theorem 5.2. Let (M, g) be a totally contact umbilical radical screen-transversal
lightlike submanifold of an indefinite Kenmotsu manifold (M, q), then h* = 0 if and
only if g has no component in p(Rad(T'M)).

Proof. Forany X,Y e I'(S(TM)), using (2.5), (2.12) we have

(5.1) VxpY + h(X, oY)+ h¥(X,pY)
=G(eX, V)¢ —en(Y)pX + o(VxY + BH(X,Y) + 1*(X,Y)).

Taking inner product of (5.1) with ¢N for any N € I'(Rad(7T'M)), we obtain
(5.2) g (X, ¢Y),oN) = g(¢VxY,oN).
Now, using (2.1), (2.9), (2.17) in (5.2) we get
9las, oN)g(X, oY) = g(h*(X,Y), N),
which implies our assertion. 0

Theorem 5.3. Let (M, g) be a totally contact umbilical radical screen-transversal
lightlike submanifold of an indefinite Kenmotsu manifold (M,g), then the induced

connection V on M is a metric connection if and only if oy has no component

in p(Rad(TM)).
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Proof. Forany X e I'(T'M) and N € I'(Rad(T'M)), using (2.5) we get
VxpN — o(VxN) = g(pX, N)E,
on which applying ¢ and then using (2.2), (2.4), we obtain
(5.3) VxN = —¢(VxeN).

Using (2.12), (2.14) in (5.3) and then taking inner product with Y € I'(S(T'M)) and
then using (2.3) we get

g(VxN,Y) = —g(An X, ¢Y) + §(VieN, pY) + G(D'(X, oN), oY),
in which using (2.9), (2.15), we obtain
g(VxN,Y) = —g(X,pY)g(as, oN).

Therefore, V is a metric connection on M if and only if Rad(7'M) is parallel if and
only if VxN € I'(Rad(T'M)) for all X € I'(T'M), N € I'(Rad(TM)) if and only if
g(as,oN) =0 for all N € T'(Rad(T'M)). This completes the proof. O

Theorem 5.4. Let (M, g) be a totally contact umbilical radical screen-transversal
lightlike submanifold of an indefinite Kenmotsu manifold (M, ), then

(1) ApnX = [X — en(X)€]g(as, oN) + en(X)pN + D'(X,pN) for all X €
L(S(TM)),N e I'(Itr(TM)),
(ii) AonX = Xg(as,oN)+ DY X, pN) for all X € I'(Rad(TM)), N € I'(Itr(TM)).
Proof. Replacing W by ¢N in (2.15) we have
9(Apn X, Y) = g(h*(X,Y), oN) + (Y, D'(X, oN)),

on which applying (2.6), (2.9), (2.12), we get

9( AN X, Y) = [g(X,Y) —n(X)n(Y)]g(as, oN) +en(X)g(Y, ¢N)
+en(Y)g(X,oN) + g(Y, D' (X, ¢N)),

which gives
(5.4) ApnX =[X —en(X)€]g(as, oN) + en(X)eN + g(X, pN)E + DX, ¢N).

Then (i) and (ii) immediately follow from (5.4) restricting X to S(T'M) and
Rad(T' M), respectively. O
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Abstract. The present paper deals with the study of some properties of anti-invariant
submanifolds of trans-Sasakian manifold with respect to a new non-metric affine connection
called Zamkovoy connection. The nature of Ricci flat, concircularly flat, £&-projectively flat,
M-projectively flat, £&- M-projectively flat, pseudo projectively flat and &-pseudo projectively
flat anti-invariant submanifolds of trans-Sasakian manifold admitting Zamkovoy connection
are discussed. Moreover, Ricci solitons on Ricci flat, concircularly flat, M-projectively
flat and pseudo projectively flat anti-invariant submanifolds of trans-Sasakian manifold
admitting the aforesaid connection are studied. At last, some conclusions are made after
observing all the results and an example of an anti-invariant submanifold of a trans-Sasakian
manifold is given in which all the results can be verified easily.
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1. INTRODUCTION

The notion of Zamkovoy connection was introduced by Zamkovoy in 2009, see [32].
Later Biswas and Baishya applied this connection on generalized pseudo Ricci sym-
metric Sasakian manifolds (see [1]) and on almost pseudo symmetric Sasakian mani-
folds (see [2]). This connection was further studied by Blaga in 2015, see [3]. In 2020,
Mandal and Das worked in detail on various curvature tensors of Sasakian and
Lorentzian para-Sasakian manifolds admitting this new connection (see [11], [12],
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[13], [6]), and recently in 2021, they discussed LP-Sasakian manifolds equipped with
this new connection and conharmonic curvature tensor, see [14].

For an n-dimensional almost contact metric manifold M (p,&,n, g) consisting of a
(1,1)-tensor field ¢, a vector field &, a 1-form 7 and a Riemannian metric g with the
Riemannian connection V, Zamkovoy connection V* is defined as (see [32])

(1.1) VY =VxY + (Vxn)(Y)E = n(Y)VxE+n(X)pY.

Ricci flow was introduced by Hamilton in 1982 (see [8]). He observed that it can
be used well in simplifying the structure of a manifold. He developed the concept to
answer Thurston’s geometric conjecture stating that each closed 3-manifold admits
a geometric decomposition. The Ricci flow equation (see [8]) is given by

dg
5 =
where g, S, t are, respectively, the Riemannian metric, Ricci curvature tensor and

928,

time. Ricci soliton, which is a self similar solution of the above equation, was also
introduced by Hamilton in [9]. It is represented by the triplet (g, V,\) (where V', A
are, respectively, a vector field and a constant) satisfying the equation

(1.2) Lyg+2S+2\g =0,

where Ly g is the Lie derivative of g along V' (see [9]). Ricci soliton is called shrinking,
steady or expanding according as A < 0, A = 0 or A > 0, respectively.
Curvature is the central subject in Riemannian geometry. It measures the distance
between an manifold and a Euclidean space.
Yano introduced the notion of concircular curvature tensor C of type (1,3) on
Riemannian manifold for an n-dimensional manifold M as
r

C(X,Y)Z = R(X,Y)Z — Ty

for all smooth vector fields X,Y,Z € x(M), where R is the Riemannian curvature
tensor of type (1,3) and r is the scalar curvature (see [29]).

Hence, if we consider C* as the concircular curvature tensor with respect to
Zamkovoy connection, then for a (2n + 1)-dimensional manifold we have

,',.*

13)  CAY)Z=RXY)Z-5m s

(Y, 2)X — g(X, 2)Y]

for all smooth vector fields X,Y, Z € x(M), where R* is the curvature tensor and r*
is the scalar curvature with respect to Zamkovoy connection.

Definition 1.1. A (2n + 1)-dimensional manifold M is called Ricci flat with
respect to Zamkovoy connection if S*(X,Y) =0 for all X,Y € x(M).
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Definition 1.2 ([6]). A (2n+ 1)-dimensional manifold M is called concircularly
flat with respect to Zamkovoy connection if C*(X,Y)Z =0 for all X,Y,Z € x(M).

Yano and Bochner introduced the notion of projective curvature tensor P of
type (1,3) for an n-dimensional manifold M as

P(X,Y)Z = R(X,Y)Z — — SS(Y, 2)X — S(X, 2)Y]

n J—
for all smooth vector fields X,Y, Z € x(M), where S is the Ricci tensor of type (0,2)
(see [30]). Thus, for dimension (2n + 1) we have

(1.4) P*(X,Y)Z = R*(X,Y)Z — %[S*(Y, Z)X — S*(X, 2)Y],

where we consider P* and S*, respectively, as the projective curvature tensor and
the Ricci curvature tensor with respect to Zamkovoy connection. Both of the above
curvature tensors represent the deviation of a manifold from being a manifold of
constant curvature (see [30], [29]).

Definition 1.3 ([12]). A (2n + 1)-dimensional manifold M is called projectively
flat with respect to Zamkovoy connection if P*(X,Y)Z =0 for all XY, Z € x(M).

Definition 1.4 ([12]). A (2n+1)-dimensional manifold M is called &-projectively
flat with respect to Zamkovoy connection if P*(X,Y )¢ =0 for all X, Y € x(M).

Pokhariyal and Mishra introduced the notion of M-projective curvature tensor
on a Riemannian manifold in 1971 (see [21]). Later Ojha studied its properties in
[17], [18], [19]. This curvature tensor was further discussed by many researchers,
see [4], [5], [11], [22], [26]. The M -projective curvature tensor M of rank 3 on an

n-dimensional manifold M is given by

M(X,Y)Z = R(X,Y)Z — ﬁ

[g(Y7 Z)QX - g(X7 Z)QY]

S(Y, Z)X — S(X, Z)Y]

1
S 2(n—1)

for all smooth vectors fields X, Y, Z € x(M), where @ is the Ricci operator (see [21]).
Thus, for a (2n + 1)-dimensional manifold, considering M* as the M-projective
curvature tensor with respect to Zamkovoy connection we get

1
(1.5) M*(X,Y)Z =R (X,Y)Z — 4—[5*(Y, )X — S*(X,2)Y]
n
1 * *
~ 1, Y, 2)Q7X — g(X, 2)Q7Y],
where Q* is the Ricci operator with respect to Zamkovoy connection.
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Definition 1.5 ([11]). A (2n+1)-dimensional manifold M is called M -projectively
flat with respect to Zamkovoy connection if M*(X,Y)Z =0 for all X,Y, Z € x(M).

Definition 1.6 ([11]). A (2n + 1)-dimensional manifold M is called £-M-
projectively flat with respect to Zamkovoy connection if M*(X,Y)¢ = 0 for all
X,Y € x(M).

Prasad introduced the notion of pseudo projective curvature tensor in a Rieman-
nian manifold of dimension n > 2 in 2002, see [23]. Its properties were further studied
by many researchers on various manifolds (see [13], [15], [16], [24], [28]). The pseudo
projective curvature tensor P of rank 3 on an n-dimensional manifold M is given by

P(X,Y)Z = aR(X,Y)Z + b[S(Y, Z2)X — S(X, 2)Y] + er[g(Y, Z) X — g(X, Z)Y]

for all smooth vectors fields X,Y,Z € x(M), where a, b, ¢ are nonzero constants
related as ¢ = —n"1(a(n — 1)71 +b), see [23].
Thus, for a (2n+1)-dimensional manifold, considering P* as the pseudo projective

curvature tensor with respect to Zamkovoy connection, we get

(1.6) P*(X,Y)Z = aR*(X,Y)Z 4+ b[S*(Y, 2)X — S*(X, Z)Y]
+or*[g(Y, 2)X — g(X, 2)Y],

where a, b, ¢ are nozero constants related as

(1.7) c—— 1 (i+b).

Coan+1\2n

Definition 1.7 ([13]). A (2n + 1)-dimensional manifold M is called pseudo
projectively flat with respect to Zamkovoy connection if P*(X,Y)Z = 0 for all
XY, Z € x(M).

Definition 1.8 ([13]). A (2n + 1)-dimensional manifold M is called £-pseudo
projectively flat with respect to Zamkovoy connection if P*(X,Y)¢ = 0 for all
X,Y € y(M).

Motivated by the works mentioned above, in this paper the study was done on Ricci
flat, concircularly flat, &-projectively flat, M-projectively flat, £&-M-projectively flat,
pseudo projectively flat and &-pseudo projectively flat anti-invariant submanifolds
of a trans-Sasakian manifold with respect to Zamkovoy connection. This paper
consists of seven sections. After introduction, the second section consists of a short
description of trans-Sasakian manifold and anti-invariant submanifold. In the third,
fourth, sixth and seventh section, Ricci flat, concircularly flat, M-projectively flat
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and pseudo projectively flat anti-invariant submanifolds of a trans-Sasakian manifold
admitting Zamkovoy connection are discussed, respectively. Ricci solitons on those
submanifolds are also studied. Also we have found out the conditions under which
an anti-invariant submanifold of a trans-Sasakian manifold is £-projectively, £-M-
projectively and &-pseudo projectively flat with respect to Zamkovoy connection if
and only if it is so with respect to Riemannian connection in the fifth, sixth and
seventh section, respectively. At last, three conclusions are made after observing
all the results and an example of an anti-invariant submanifold of a trans-Sasakian

manifold is given in which all the results can be verified easily.

2. PRELIMINARIES

Let M be an odd dimensional differentiable manifold equipped with a metric
structure (¢,&, 1, g) consisting of a (1,1) tensor field ¢, a vector field &, a 1-form 7
and a Riemannian metric g satisfying the relations

(2.1) ’X =-X+n(X)¢, 1) =1, nop=0, =0,
(2.2) 9(pX,0Y) = g(X,Y) —n(X)n(Y),
(2.3) g(PX,Y) = —g(X,9Y), n(X)=g9(X,§) VX, Y €x(M).

Then M is called almost contact metric manifold (see [7]). An almost contact metric
manifold M?2" 1 (p, £, n,g) is called trans-Sasakian manifold of type (c, B) (o, B are
smooth functions on M) if for all X, Y € x(M) (see [7])

(2.4) (Vxp)Y =alg(X,Y)§ —n(Y)X] + Blg(pX,Y)§ —n(Y)pX],
(2.5) Vx&=—apX + B[X —n(X)E].

In a trans-Sasakian manifold of type (o, 3), we have the following relations (see [7])

(2.6)  (Vxn)Y = —ag(pX,Y) + Blg(X,Y) = n(X)n(Y)],

(2.7)  R(X,Y)é = (o® = B2)[n(Y)X = n(X)Y] + 2a8[n(Y)pX — n(X)eY]
+[(Ya)pX — (Xa)pY + (YB)p? X — (XB)p?Y],

(2.8)  R(£,Y)X = (o = 82)[g(X,Y)E = n(X)Y] + 208[g(pX, Y)E 4+ n(X)pY]
+ 9(pX,Y)(grad a) — g(pX, pY)(grad 5)
+ (Xa)pY + (XB)[Y —n(Y)E],

(29)  S(X,8) =[2n(a® = %) = EA(X) — (pX)a — (2n — 1)(X ),

(2.10) Q¢ = [2n(a® — B%) — £BJ€ + p(grad ) — (2n — 1)(grad ).
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Now we state the following lemma.

Lemma 2.1 ([25]). In a (2n + 1)-dimensional trans-Sasakian manifold of type
(o, B), if p(grada) = (2n — 1)(grad B), then {6 = 0.

In 1977, anti-invariant submanifolds of Sasakian space forms were discussed by
Yano and Kon (see [31]). In 1985, Pandey and Kumar investigated anti-invariant
submanifolds of almost para-contact manifolds (see [20]). Recently, Karmakar and
Bhattacharyya studied anti-invariant submanifolds of some indefinite almost contact
and paracontact manifolds (see [10]).

Let ¢ be a differentiable map from a manifold M into a manifold M and let the
dimensions of M, M be n, m, respectively. If at each point p of M, (p.), is a 1-1
map, i.e., if rank o=n, then ¢ is called an immersion of M into M.

If an immersion ¢ is one-one, i.e., if ¢(p) # ¢(q) for p # ¢, then ¢ is called an
imbedding of M into M.

If the manifolds M, M satisfy the following two conditions, then M is called a
submanifold of M:

(i) M c M,
(ii) the identity map i from M into M is an imbedding of M into M.

A submanifold M is called anti-invariant if X € To(M) = X € T (M) for
all z € M, where T, (M), T;-(M) are, respectively, the tangent space and the nor-
mal space at x € M. Thus, in an anti-invariant submanifold M, we have for all
X,Y € x(M),

(2.11) 9(X,pY) =0.

3. RICCI FLAT ANTI-INVARIANT SUBMANIFOLDS OF TRANS-SASAKIAN MANIFOLD
WITH RESPECT TO ZAMKOVOY CONNECTION

This section consists of the study of the nature of a (2n+ 1)-dimensional Ricci flat
anti-invariant submanifold M of a trans-Sasakian manifold M of type («, 8) with
respect to Zamkovoy connection and further a Ricci soliton on it.

Using (2.5), (2.6) on (1.1) we get the expression of Zamkovoy connection on M as

(3.1) VXY = VxY +n(X)pY +an(Y)pX — pn(Y)X + Bg(X,Y)§ — ag(pX,Y)E
with torsion tensor
(3.2) T*(X,Y) = (1 —a)[n(X)pY —n(Y)pX]+ Bn(X)Y —n(Y)X]+2ag(X, pY)E.
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Again, we have

Then, using (3.1) in the above equation we obtain V*g = 0, i.e., Zamkovoy connection
is a metric compatible connection on M.

Now applying (2.11) in (3.1) and (3.2), respectively, we get the expression of
Zamkovoy connection on M as

(83) VY = VxY +0(X)pY +an(Y)eX — Bn(Y)X + Bg(X,Y)¢
with torsion tensor
THX,Y) = (1 - a)n(X)eY —n(Y)eX] + Bn(X)Y —n(Y)X].
Applying (2.4), (2.5) and (3.3) on the equation
RY(X,Y)Z =VXVyZ - VyVXZ —VixyZ
we get for all XY, Z € x(M),
(3.4) R*(X,Y)Z = R(X,Y)Z + *n(X)Y —n(Y)X]n(2)

+ B(X)eY —n(YV)eXn(Z) + 8*[g(Y, Z)X — g(X, Z)Y]
+ aﬁ[g(X7 Z)QOY - g(Y7 Z)SOX] + B[VYQ(X’ Z) - ng<Ya Z)]f

Consequently, if £8 = 0, then we have
(3.5) S*(Y,Z) = S(Y, Z) — 2na*n(Y)n(Z) + 2nB%g(Y, Z),
which implies that
(3.6) Q'Y = QY — 2na’*n(Y)¢ + 2nB2%Y.

Now if M is Ricci flat with respect to Zamkovoy connection, then S*(Y, Z) = 0,
hence (3.5) implies

(3.7) S(Y,2) = 2na*n(Y n(Z) — 2089(Y, Z).
Thus, using Lemma 2.1 and (3.7) we can state the following theorem.

Theorem 3.1. If a (2n+1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, ) is Ricci flat with respect to Zamkovoy connection,
then M is n-Einstein if p(grad o) = (2n — 1)(grad 3).

Next, let us consider a Ricci soliton (g,&, A) on M, then from (1.2) we get
(Leg)(Y, Z) + 28(Y, Z) + 2Ag(Y, Z) = 0
= 9(Vy&, Z) +9(V2EY) +25(Y, Z) + 2Xg(Y, Z) = 0.
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Using (2.5) and (2.11) on the above equation we obtain
28(Y, Z) + 20\ + D)g(Y; Z) — 280(¥)n(Z) = 0.
Setting Z = & we get
(3.8) S(¥,€) = —An(Y).
Putting Z = £ in (3.7) we obtain
(3.9) S(Y,€) = 2n(a® — B2)(Y).

Now, equating (3.8) and (3.9) we get A\ = 2n(8? — a?), which is < 0, = 0 or > 0
according to |B| < |a|, || = || or |B] > |a|. Thus, using Lemma 2.1 we can state
the following theorem.

Theorem 3.2. Ifa (2n+ 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (o, B) is Ricci flat with respect to Zamkovoy connection,
then a Ricci soliton (g,&,\) on M is shrinking, steady or expanding according to
18] < |a|, |B] = || or |B| > |a|, provided p(grad o) = (2n — 1)(grad j3).

4. CONCIRCULARLY FLAT ANTI-INVARIANT SUBMANIFOLDS OF TRANS-SASAKIAN
MANIFOLD WITH RESPECT TO ZAMKOVOY CONNECTION

This section deals with the study of the nature of a (2n + 1)-dimensional concir-
cularly flat anti-invariant submanifold M of a trans-Sasakian manifold M of type
(a, B) with respect to Zamkovoy connection given by (3.3) and also a Ricci soliton
on it. From (3.5) we get

(4.1) r* =1 —2na’ + 2n(2n + 1)5°.

As M is concircularly flat with respect to Zamkovoy connection, from (1.3) we have

,r,* ,',.*

R'(X,)Y)Z = —gV, 2)X —g(X,2)Y] = S*(Y,Z) = Y. Z).
(X7 = s oV, D)X = 9(X, 2)Y] = 5°(Y.2) = 50(V,2)
Using (3.5) and (4.1) on the above equation we obtain
r — 2na?
4.2 V,Z) = ———g(Y, Z) + 2no’*n(Y)n(Z
(4.2) S, 2) = - ——-9(Y, 2) + 2na"n(Y)n(2),

which, using Lemma 2.1, shows the following theorem.

Theorem 4.1. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, ) is concircularly flat with respect to Zamkovoy
connection, then M is n-Einstein if p(grad o) = (2n — 1)(grad 3).
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Setting Z = £ in (4.2) we get

r+ 4n?a?

(4.3) S(Y,€) = o1

ny).

Next, let us consider a Ricci soliton (g,&, A) on M, then equating (3.8) and (4.3)
we get
r+4n2a?
2n+1

which is < 0,= 0 or > 0 according to r > —4n?a?, r = —4n2a? or r < —4n’a

Y

Hence, using Lemma 2.1 we have the following theorem.

Theorem 4.2. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, ) is concircularly flat with respect to Zamkovoy
connection, then a Ricci soliton (g £, )\) on M is shrinking, steady or expanding
according to r > —4n®a?, —4n%a? or r < —4n%a?, provided p(grada) =

(2n — 1)(grad B).

5. f—PROJECTIVELY FLAT ANTI-INVARIANT SUBMANIFOLDS OF TRANS-SASAKIAN
MANIFOLD WITH RESPECT TO ZAMKOVOY CONNECTION

In this section, it will be proved that a (2n + 1)-dimensional anti-invariant sub-
manifold M of a trans-Sasakian manifold M is ¢-projectively flat with respect to
Zamkovoy connection if and only if it is so with respect to Levi-Civita connection
under certain conditions.

If p(grad ) = (2n — 1)(grad ), then using Lemma 2.1 from (1.4), (3.4) and (3.5)
we have

P*(X,Y)Z = R*(X,Y)Z — —[S*(Y, Z2)X — S*(X, Z)Y]
= R(X,Y)Z + *[n(X)Y —n(Y)X]n(Z)
+ BM(X)eY —n(YV)eXn(Z) + B*g(Y, Z)X — g(X, Z)Y]
oY —g(Y, Z)pX]+ B[Vyyg(X,Z) — Vxg(Y, 2)]¢

+aBlg(X, 2)
_ %[ (Y, 2)X — 2nan(Y)n(Z)X + 2n82g(Y. Z)X
~S(X, 2)Y + ma®n(X(Z)Y — 206%(X, Z)Y]
= P(X,¥)Z + o [g(X)Y — n(¥)Xn(2)

+ BI(X)eY —n(YV)eXn(Z) + B2[g(Y, 2)X — g(X, Z)Y]
+aBlg(X, 2)pY — g(Y, Z)pX]| + BIVyg(X, Z) = Vxg(Y, Z)|¢
— (Y )In(2)X + B2g(Y, Z)X + o*n(X)n(2)Y — 5%9(X, Z)Y].
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That implies

PYX,Y){=P(X,Y){+ (B + B)n(X)pY —n(Y)eY] + B[Vyn(X) — Vxn(Y)]E.
Again, using (2.5), (2.11) on (2.6) we get

(5.1) Vxn(Y) =0,

and applying it on the above equation we obtain

PH(X,Y)E = P(X,Y){+ Bla+ 1) [n(X)eY —n(Y)pX] = P*(X,Y){ = P(X,Y)¢

ifa=—1or 8=0o0r X, Y are horizontal vector fields. Therefore we can state the

following theorem.

Theorem 5.1. A (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, ) is &-projectively flat with respect to Zamkovoy
connection if and only if it is so with respect to Riemannian connection if o = —1
or 3 =0 or the vector fields are horizontal, provided p(grad a) = (2n — 1)(grad ).

6. M-PROJECTIVELY FLAT ANTI-INVARIANT SUBMANIFOLDS OF TRANS-SASAKIAN
MANIFOLD WITH RESPECT TO ZAMKOVOY CONNECTION

In this section, a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, 3) is taken and its nature is studied when it is
M-projectively flat and &-M-projectively flat with respect to Zamkovoy connection.
Also a Ricci soliton on M is discussed.

If M is M-projectively flat with respect to Zamkovoy connection, then from (1.5)

we have
RY(X.Y)Z = [[8°(V, 2)X = §°(X, 2)Y] + -[o(V, 2)Q°X — (X, 2)Q"Y]

and then

*

(6.1) S*(Y, Z)

— Y. Z).
2n+1g( Z)

If p(grada) = (2n — 1)(grad B), then using (3.5) and (4.1) on (6.1) and by
Lemma 2.1 we obtain

(6.2) S(Y, 2) = %g(x Z) + 2ma?n(Y)n(2),

from which we can conclude the following theorem.
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Theorem 6.1. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, ) is M -projectively flat with respect to Zamkovoy
connection, then M is n-Einstein if p(grad o) = (2n — 1)(grad 3).

Putting Z = £ in (6.2) we have

r+ 4n2a?

(6.3) S(v.6) =5 -

n(Y).
Let us consider a Ricci soliton (g, &, A) on M. Then equating (3.8) and (6.3) we get

r+ 4n2a?
2n+1

)

which is < 0,= 0 or > 0 according to r > —4n?a?, r = —4n2a? or r < —4n?a?.

Hence, by using Lemma 2.1 we can state the following theorem.

Theorem 6.2. If a (2n+1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («a, B) is M -projectively flat with respect to Zamkovoy
connection, then a Ricci soliton (g,&,\) on M is shrinking, steady or expanding
according to r > —4n2a?, r = —4n2a? or r < —4n2a?, provided p(grada) =
(2n — 1)(grad B).

Now if p(grad a) = (2n — 1)(grad ), then applying (3.4), (3.5) and (3.6) on (1.5)
we have

M*(X,Y)Z = M(X,Y)Z + *[n(X)Y —n(V)Xn(Z) + Bn(X)eY —n(Y)eX]n(Z)

+ aﬁ[g(X, Z)SDY - g(Y7 Z)SOX] + /B[VY.Q(X’ Z) - ng(Ya Z)]f

+ S I MDX —n(XOZ)Y]+ Fla(Y. Zn(X) — g(X, Zn(Y)lé.

Putting Z = £ in the above equation and using (5.1) we obtain
2

M*(X,Y)6 = M(X,Y)é+ Bla+1)[n(X)eY —n(Y)pX] + %[U(X)Y - n(Y)X],

which implies that M*(X,Y)¢ = M(X,Y)£if X, Y are horizontal vector fields. Thus,
we have the following theorem.

Theorem 6.3. A (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a, B) is &-M-projectively flat with respect to Zamkovoy
connection if and only if it is so with respect to Riemannian connection if the vector
fields are horizontal, provided ¢(grad o) = (2n — 1)(grad 3).
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7. PSEUDO PROJECTIVELY FLAT ANTI-INVARIANT SUBMANIFOLDS OF
TRANS-SASAKIAN MANIFOLD WITH RESPECT TO ZAMKOVOY CONNECTION

This section deals with the study of a pseudo projectively flat anti-invariant sub-
manifold M of a trans-Sasakian manifold M of type (a, ) admitting Zamkovoy
connection along with a Ricci soliton on it. Also the condition is established under
which M is &-pseudo projectively flat with respect to Zamkovoy connection if and
only if it is so with respect to Riemannian connection.

Since M is pseudo projectively flat with respect to Zamkovoy connection,
from (1.6) we have

aR*(X,Y)Z = b[S*(X, Z)Y — §*(Y, Z)X] + er*[9(X, 2)Y — g(Y, Z)X]
(7.1) = (a+2nb)S*(Y,Z) = —2¢enr*g(Y, Z).

Applying (1.7), (3.5), (4.1) and the condition ¢p(grada) = (2n — 1)(grad 5) of
Lemma 2.1 on (7.1) we obtain

r — 2na?

(7.2) S(Y.2) = ma*n(Y)n(2) + 5=

9(Y. Z).
Thus, we can state the following theorem.

Theorem 7.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a
trans-Sasakian manifold M of type (a, 3) is pseudo projectively flat with respect to
Zamkovoy connection, then M is n-Einstein if p(grad a) = (2n — 1)(grad ).

Setting Z = £ in (7.2) we have

r + 4n?a?

(73) S8 =

n(y).

Now, considering a Ricci soliton (g, &, \) on M we have (3.8) and then equating it
with (7.3) we get

\ r 4+ 4n2a?
N 2n+1 7’
which is < 0,= 0 or > 0 according to 7 > —4n%a?,r = —4n2a? or r < —4n?a?.

Thus, we get the following theorem.

Theorem 7.2. If a (2n + 1)-dimensional anti-invariant submanifold M of a
trans-Sasakian manifold M of type («, 3) is pseudo projectively flat with respect
to Zamkovoy connection, then a Ricci soliton (g,&,\) on M is shrinking, steady
or expanding according to r > —4n’a?, r = —4n2a? or r < —4n%a?, provided
p(grada) = (2n — 1)(grad ).
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Now, if p(grad a) = (2n — 1)(grad 3), then putting Z = £ in (1.6) and using (1.7),
(3.4), (3.5), (4.1), (5.1) we obtain

P(X,Y)6 = P(X,Y)¢ +aBla+ D)n(X)eY — (Y )eX]

+ (a+ 2nb)?(X)Y — n(Y)X]

n
2n+1
implies P*(X,Y)¢ = P(X,Y)¢ if X, Y are horizontal vector fields. Hence, we can

state the following theorem.

Theorem 7.3. A (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a, ) is {-pseudo projectively flat with respect to
Zamkovoy connection if and only if it is so with respect to Riemannian connection
if the vector fields are horizontal, provided p(grad o) = (2n — 1)(grad ).

From Theorems 3.1, 4.1, 6.1 and 7.1 we make the following conclusion.

Conclusion 7.1.
(i) Ricci flat,
(ii) concircularly flat,
(iii) M-projectively flat or
(iv) pseudo projectively flat
(2n + 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold M
of type (o, 8) admitting Zamkovoy connection is n-Einstein if p(grad ) = (2n—1) x
(grad 3).

Next, observing Theorems 4.2, 6.2 and 7.2 we reach the following interesting con-

clusion.

Conclusion 7.2. Ifa (2n+ 1)-dimensional anti-invariant submanifold M of a

trans-Sasakian manifold M of type (o, B) is

(i) concircularly flat,

(ii) M-projectively flat or
(iii) pseudo projectively flat
with respect to Zamkovoy connection, then a Ricci soliton (g, &, A\) on M is shrinking,
steady or expanding according to r > —4n2a?, r = —4n2a? or r < —4n2a?, provided
e(grada) = (2n — 1)(grad B3).

Again, observing Theorems 5.1, 6.3 and 7.3 we can conclude the following.

Conclusion 7.3. For horizontal vector fields, a (2n + 1)-dimensional anti-
invariant submanifold M of a trans-Sasakian manifold M of type (o, B3) is
(i) &-projectively flat,
(ii) &-M-projectively flat and
(iii) &-pseudo projectively flat
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with respect to Zamkovoy connection if and only if it is so with respect to Riemannian
connection, provided ¢(grad o) = (2n — 1)(grad 3).

Now we give the following example.

Example 7.1. Unit sphere S° is a trans-Sasakian manifold of type (—1,0)
(see [27]). We here state an example of an anti-invariant submanifold of S°
from [31] as:

Let J = (as) (t,s = 1,2,3,4,5,6) be the almost complex structure of C3 such
that ag;2,—1 =1, agi—1,2; = —1 (i = 1,2,3) and all the other components are 0. Let
Sl(%) ={z € C: |z|> = 3}. We consider Sl(\/ig) X Sl(%) X Sl(%) in S5 in C3.
The position vector X of S! x S' x S! in S® in C3? has components given by

1
X = %(cosul,smul,Cosu2,Slnu2,cosu37smu3),
1,2 .3

where u!, u?, u? are parameters on each S! (\%)

Let X; = %, then we have

1
X, = —(—sinut,cosul,0,0,0,0),
1= = )
1
Xy = —(0,0, —sinu?, cosu?,0,0),
2 \/§( )
1
X3 =—=(0,0,0,0, —sinu®, cosu?).

&

The vector field £ on S° is given by

1 ) . .
£ =JX = —(—sinu', cosu', — sinu?, cosu?, — sinu

V3

Since £ = X1 4+ X3 + X3, £ is tangent to S* x S' x S'. Also the structure tensors
(p,&,m) of S° satisfy

3 cosu?).

which shows that ¢X; is normal to S' x S! x St for all 4. Thus, St x S! x St is an
anti-invariant submanifold of S°.

Now the results proved in this paper can be verified in the example given above
very easily.

Acknowledgements. The author is thankful to the referee for valuable sug-
gestions leading to improving the quality of the paper.
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n-Ricci-Yamabe solitons on anti-invariant
submanifolds of trans-Sasakian manifold admitting
Zamkovoy connection

P. Karmakar

Abstract. The present paper deals with the study of n-Ricci-Yamabe
solitons on anti-invariant submanifolds of trans-Sasakian manifold with
respect to a new non-metric affine connection called Zamkovoy connection.
An n-Ricci-Yamabe soliton and also two more solitons arose as its partic-
ular cases are studied on Ricci flat, concircularly flat, M-projectively flat
and pseudo projectively flat anti-invariant submanifolds of trans-Sasakian
manifold with respect to the aforesaid connection. At last, some con-
clusions are made after observing all the results and an example of an
anti-invariant submanifold of a trans-Sasakian manifold is given in which
all the results can be verified very easily.

M.S.C. 2010: 53C05, 53C20, 53C25, 53C40, 53D15.

Key words: n-Ricci-Yamabe soliton; g¢-n-Yamabe soliton; p-n-Ricci soliton;
anti-invariant submanifold; trans-Sasakian manifold; Zamkovoy connection; n-Einstein
manifold; Ricci flat; concircularly flat; M-projectively flat; pseudo projectively flat.

1 Introduction

The concepts of Ricci flow and Yamabe flow were introduced simultaneously by R. S.
Hamilton in 1988[17]. Ricci soliton and Yamabe soliton emerged as limits of solutions
of Ricci flow and Yamabe flow respectively. These solitons are equivalent in dimension
2 but in greater dimensions, these two do not agree since Yamabe soliton preserves
the conformal class of the metric but Ricci soliton does not in general. In 2019, S.
Guler and M. Crasmareanu[16] introduced a new geometric flow called Ricci-Yamabe
flow as a scalar combination of Ricci flow and Yamabe flow. Ricci- Yamabe flow of type
(p,q) is an evolution for the metrics on Riemannian or semi-Riemannian manifolds
defined as[16]

(1.1) Lg(t) = —2pRic(t) + qr(t)g(t), 9(0) = go.

Balkan Journal of Geometry and Its Applications, Vol.27, No.2, 2022, pp. 50-65.
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where p, g are scalars. Due to the signs of p, ¢, this flow can also be a Riemannian
flow or semi-Riemannian flow or singular Riemannian flow. Naturally, Ricci-Yamabe
soliton emerged as the limit of solutions of Ricci-Yamabe flow. An interpolation soli-
ton, called Ricci-Bourguignon soliton corresponding to Ricci-Bourguignon flow, was
considered and further studied by G. Catino and L. Mazzieri ([7], [8]), but this soliton
depends on a single scalar.

Ricci-Yamabe soliton of type (p,q) on Riemannian complex (M, g) is represented
by the quintuplet (g, V, A, p, q) satisfying the following equation—

(1.2) Lyg+2pS+ 2\ —qr)g =0,

where Ly g is the Lie derivative of the Riemannian metric g along the vector field
V', r is the scalar curvature, S is the Ricci curvature tensor and A, p, ¢ are scalars.
This soliton is called shrinking, steady or expanding according as A < 0, A = 0 or
A > 0 respectively. Ricci-Yamabe soliton of type (0,¢q) and (p,0) are called ¢-Yamabe
soliton and p-Ricci soliton respectively. These solitons are studied by many geome-
ters([4], [5], [6], [11], [13], [15], [37], [38]).

J. T. Cho and M. Kimura introduced the notion of n-Ricci soliton as an advance
extension of Ricci soliton in 2009[12]. Analogously in 2020[39], M. D. Siddiqi and
M. A. Akyol introduced the concept of n-Ricci-Yamabe soliton as a generalization of
Ricci-Yamabe soliton. n-Ricci- Yamabe soliton of type (p, q) is represented by the sex-
tuplet (g, V, A, i, p, ¢) on a Riemannian manifold M satisfying the following equation—

(1.3) Lyvg+2pS+ 2\ —qr)g+2un@n =0,

where Ly g is the Lie derivative of the Riemannian metric g along the vector field
V, r is the scalar curvature, S is the Ricci curvature tensor, n @ n is a (0, 2)-tensor
field and A, u, p, ¢ are scalars. The soliton is called shrinking, steady or expanding
according as A < 0, A =0 or A > 0 respectively. n-Ricci-Yamabe soliton of type (0, q)
and (p,0) are called g-n-Yamabe soliton and p-n-Ricci soliton respectively. Recently,
in 2021, G. Somashekhara et al. studied n-Ricci-Yamabe solitons on submanifolds of
some indefinite almost contact manifolds concerning Riemannian and quarter sym-
metric metric connection[40].

The notion of Zamkovoy connection was introduced by S. Zamkovoy in 2009[45].
Later A. Biswas and K. K. Baishya applied this connection on generalized pseudo
Riccl symmetric Sasakian manifolds[1] and on almost pseudo symmetric Sasakian
manifolds[2]. This connection was further studied by A. M. Blaga in 2015[3]. In 2020,
A. Mandal and A. Das worked in detail on various curvature tensors of Sasakian and
Lorentzian para-Sasakian manifolds admitting this new connection([20], [21], [22],
[23]), and recently in 2021, they discussed LP-Sasakian manifolds equipped with this
connection and conharmonic curvature tensor[24]. Also, most recently in 2021, the
author studied curvature tensors and Ricci solitons with respect to this connection in
anti-invariant submanifolds of trans-Sasakian manifold[18].
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For an n-dimensional almost contact metric manifold M (¢, £, n, g) consisting of a
(1,1)-tensor field ¢, a vector field £, a 1-form 7 and a Riemannian metric g with the
Riemannian connection V, Zamkovoy connection V* is defined as[45]

(1.4) VY =VxY + (Vxn)(Y)§ = n(Y)Vx& +n(X)eY.

Curvature is the central subject in Riemannian geometry. It measures distance
between a manifold and a Euclidean space.

K. Yano introduced the notion of concircular curvature tensor C' of type (1,3) on
Riemannian manifold for an n-dimensional manifold M as[43]

C(X,Y)Z=R(X,Y)Z — ﬁ[g(Y7 )X —g(X,2)Y]

for all smooth vectors fields X,Y,Z € x(M), where R is the Riemannian curva-
ture tensor of type (1,3) and r is the scalar curvature.

Hence if we consider C* as the concircular curvature tensor with respect to
Zamkovoy connection, then for a (2n 4 1)-dimensional manifold M we have

(1.5) CH(X,Y)Z = R*(X,Y)Z = gy l9(Y. 2)X = g(X, 2)Y]
for all smooth vectors fields X,Y, Z € x(M), where R* is the curvature tensor and r*
is the scalar curvature with respect to Zamkovoy connection.

Definition 1.1. A (2n + 1)-dimensional manifold M is called Ricci flat with re-
spect to Zamkovoy connection if S*(X,Y) =0 VX,Y € x(M), where S* is the Ricci
curvature tensor with respect to Zamkovoy connection.

Definition 1.2. [23] A (2n + 1)-dimensional manifold M is called concircularly flat
with respect to Zamkovoy connection if C*(X,Y)Z =0 VX,Y,Z € x(M).

G. P. Pokhariyal and R. S. Mishra introduced the notion of M-projective cur-
vature tensor on a Riemannian manifold in 1971[31]. Later R. H. Ojha studied its
properties([27], [28], [29]). This curvature tensor was further discussed by many ge-
ometers([9], [10], [20], [32], [35]). The M -projective curvature tensor M of rank 3 on
an n-dimensional manifold M is given by[31]

NI(X,Y)Z = R(X,Y)Z — 5ip[S(Y, 2)X — S(X, 2)Y] — 315 [9(Y, 2)QX — 9(X, Z)QY]

2(n—1)

for all smooth vectors fields X,Y, Z € x(M), where @ is the Ricci operator.

Thus for a (2n + 1)-dimensional manifold, considering M* as the M-projective
curvature tensor with respect to Zamkovoy connection we get
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(LO)M*(X,Y)Z = R*(X,Y)Z~ 1, [S*(Y, 2) X =S (X, Z)Y]- 4, [9(Y, 2)Q" X —g(X, 2)Q"Y],

where Q* is the Ricci operator with respect to Zamkovoy connection.

Definition 1.3. [20] A (2n + 1)-dimensional manifold M is called M -projectively
flat with respect to Zamkovoy connection if M*(X,Y)Z =0 VXY, Z € x(M).

B. Prasad introduced the notion of pseudo projective curvature tensor in a Rie-
mannian manifold of dimension n > 2 in 2002[33]. Its properties were further studied
by many geometers on various manifolds([22], [25], [26], [34], [42]). The pseudo pro-
jective curvature tensor P of rank 3 on an n-dimensional manifold M is given by[33]

P(X,Y)Z = aR(X,Y)Z +b[S(Y,2)X — S(X, Z)Y] + cr[g(Y, 2)X — g(X, Z)Y]

for all smooth vectors fields X,Y,Z € x(M), where a, b, ¢ are non-zero constants

related as ¢ = —%( %+ b).

n

Thus for a (2n+ 1)-dimensional manifold, considering P* as the pseudo projective
curvature tensor with respect to Zamkovoy connection we get

(L7)  P*(X,Y)Z =aR"(X,Y)Z +b[S*(Y,2)X — S*(X, 2)Y] + er*[g(Y, 2)X — g(X, Z)Y],

where a, b, ¢ are non-zero constants related as

(1.8) ¢= =57 (o= + D).

Definition 1.4. [22] A (2n + 1)-dimensional manifold M is called pseudo projec-
tively flat with respect to Zamkovoy connection if P*(X,Y)Z =0 VX,Y,Z € x(M).

In 1977, anti-invariant submanifolds of Sasakian space forms[44] were discussed
by K. Yano and M. Kon. In 1985, H. B. Pandey and A. Kumar investigated about
anti-invariant submanifolds of almost para-contact manifolds[30]. Recently in 2020,
the author and A. Bhattacharyya studied anti-invariant submanifolds of some indefi-
nite almost contact and paracontact manifolds[19].

Let ¢ be a differentiable map from a manifold M into a manifold M and let the
dimensions of M, M be n, m respectively. If at each point p of M, (¢.), is a 1-1 map,
i.e., if rankyp=n, then ¢ is called an immersion of M into M.

If an immersion ¢ is one-one, i.e., if p(p) # ¢(q) for p # g, then ¢ is called an
imbedding of M into M.

If the manifolds M, M satisfy the following two conditions, then M is called a
submanifold of M —
(i) M c M,
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(ii) the inclusion map i from M into M is an imbedding of M into M.

A submanifold M is called anti-invariant if X € T,(M) = ¢X € T;-(M) Vz € M,
where T, (M), T;-(M) are respectively the tangent space and the normal space at
2 € M. Thus in an anti-invariant submanifold M, we have VX,Y € x(M),

(1.9) g(X,6Y) = 0.

Motivated by the works mentioned above, in this paper, the study has been done
on n-Ricci-Yamabe solitons on anti-invariant submanifolds of trans-Sasakian manifold
with respect to Zamkovoy connection. This paper is divided into three sections. After
the introduction, in the preliminaries section, definition and some properties of a
trans-Sasakian manifold of type («, 3) are given. After preliminaries, there remains
the third section which concerns the main topic and it is further subdivided into four
subsections dealing with the study of n-Ricci-Yamabe soliton, ¢g-n-Yamabe soliton and
p-n-Ricci soliton on an anti-invariant submanifold of a trans-Sasakian manifold, where
the submanifold is (i) Ricci flat, (ii) concircularly flat, (iii) M-projectively flat and
(iv) pseudo projectively flat respectively with respect to Zamkovoy connection. At
last, three conclusions are made after observing all the results of the four subsections
and an example of an anti-invariant submanifold of a trans-Sasakian manifold is given
in which all the results can be verified very easily.

2 Preliminaries

Let M be an odd dimensional differentiable manifold equipped with a metric struc-
ture (¢, &, 7, g) consisting of a (1,1) tensor field ¢, a vector field &, a 1-form 7 and a
Riemannian metric g satisfying the following relations—

(2.1) P*X ==X +n(X)E, n(E) =1, nop =0, ¢¢ =0,
(2:2) 9(¢X,¢Y) = g(X,Y) = n(X)n(Y),
(2.3) 9(3X,Y) = —g(X,¢Y), n(X) = g(X,&) VX,Y € x(M),

then M is called almost contact metric manifold[14].

An odd dimensional almost contact metric manifold M (#,€,1m,9) is called trans-
Sasakian manifold of type (o, 8) (o, B are smooth functions on M) if VX, Y € x(M)
[14]

(24) (Vx )Y = alg(X,Y)E —n(Y)X] + Blg(¢X,Y)E — n(Y)eX],
(2.5) Vx€=—a¢X + BIX —n(X)E].

In a trans-Sasakian manifold M2 of type (a, 8), we have the following relations[14]—
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(2.6) (Vxn)Y = —ag(¢X,Y) + Blg(X,Y) — n(X)n(Y)],

(2.7) R(X,Y)E = (a? = B2)[n(Y)X —n(X)Y] + 2a8[n(Y)oX — n(X)¢Y]
+H(Y)pX — (Xa)pY + (Y 3)¢* X — (X B)¢*Y],

(2.8) R(&,Y)X = (a® = B?)[g9(X, Y)E = n(X)Y] + 2aB[g(¢ X, Y)E + n(X)dY] 4 (X)pY
+9(¢X,Y)(grad o) — g(¢X, ¢Y)(grad B) + (XB)[Y —n(Y)E],

(2.9) S(X,€) = 2n(a® — 5%) — £8n(X) — (¢X)a — (2n — 1)(XB),
(2.10) Q¢ = [2n(a? — B%) — £BIE + dgrad @) — (2n — 1)(grad ).

Now we state the following lemma—

Lemma 2.1. [36] In a (2n + 1)-dimensional trans-Sasakian manifold of type (o, B),
if p(grad ) = (2n — 1)(grad B), then £6 = 0.

Using (2.5), (2.6) on (1.4) we get the expression of Zamkovoy connection on M as—
(2.11) VXY =VxY +n(X)oY +an(Y)eX — Bn(Y)X + g(X,Y)§ — ag(¢X, V)¢
with torsion tensor
(212)  TH(X,Y) = (1 = a)[n(X)oY —n(Y)¢X] + Bn(X)Y —n(Y)X] + 2a9(X, ¢Y)¢.

Again, we have

(Vxg)(Y,2) = Vxg(Y, Z) = g(V&Y, Z) = g(Y, VX Z).

Then, using (2.11) in the above equation we obtain V*g = 0, i.e. Zamkovoy con-
nection is a metric compatible connection on M.

Now applying (1.9) in (2.11) and (2.12) respectively we get the expression of
Zamkovoy connection on an anti-invariant submanifold M of M as—

(2.13) VY = VxY +0(X)Y +an(Y)pX — Bn(Y)X + Bg(X, Y )¢
with torsion tensor
THX,Y) = (1= a)[n(X)eY —n(Y)X] + Bn(X)Y —n(Y)X].
Setting Y = £ in (2.13) and then using (2.5) we obtain

(2.14) Vi€ =0.
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Applying (2.4), (2.5) and (2.13) on the following equation
R (X, Y)Z =ViVyZ -V Vi Z — VixyZ
we get VXY, Z € x(M),

(2.15) R*(X,Y)Z = R(X.Y)Z+a?[n(X)Y —n(Y) X]n(Z)+Bn(X)oY —n(Y)$X]n(Z)
+829(Y, 2) X —g(X, Z)Y]+aBg(X, Z)¢Y —g(Y., Z)pX]+B[Vy g(X, Z)-Vxg(Y, Z)]¢.

Consequently, if £ =0 and dim(M) = 2n + 1, then we have

(2.16) S*(Y,Z) = S(Y,Z) — 2na®n(Y)n(Z) + 2np%g(Y, Z)
which implies that

(2.17) Q*Y = QY — 2na’n(Y)¢ + 2nB2Y,

(2.18) r* =r—2na® +2n(2n + 1)5%

3 n-Ricci-Yamabe solitons on anti-invariant
submanifolds of trans-Sasakian manifold
with respect to Zamkovoy connection
This section deals with the main topic, i.e. n-Ricci-Yamabe solitons on anti-invariant
submanifolds of trans-Sasakian manifold with respect to Zamkovoy connection. This
section is further subdivided into four subsections but before proceeding to these sub-
sections, here two theorems are proved concerning the nature of a (2n+1)-dimensional
anti-invariant submanifold M of a trans-Sasakian manifold M of type («, 8) when an

n-Ricci-Yamabe soliton of type (p,q) is considered on it with respect to Zamkovoy
connection V* given by the equation (2.13).

Let (g,&, A, 11, p, q) be an n-Ricci-Yamabe soliton on M with respect to Zamkovoy
connection V*, then from (1.3) we have VY, Z € x(M)
(Leg)(Y,Z) +2pS* (Y, Z) + (2A — qr*)g(Y, Z) + 2pum(Y')n(Z) = O
= 9(Vy&, 2) +9(V38Y) + 2pS™(Y, Z) + (2X — qr*)g(Y, Z) + 2pun(Y)n(Z) = 0.
Using (2.14) in the above equation we get

(3.1) SHY, Z) = (T5.22)g(Y, Z) — (4)n(Y)n(Z).
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Hence we can state the following theorem—
Theorem 3.1. Let (g,&, A, i, p, q) be an n-Ricci- Yamabe soliton on an anti-invariant

submanifold M of a trans-Sasakian manifold M of type (v, B) with respect to Zamkovoy
connection, then M is n-Finstein with respect to Zamkovoy connection.

Again if £ = 0, then using (2.16) and (2.18) in (3.1) we obtain

S(Y, Z) _ [q{rfzna2+2r;§)2n+l)ﬁz,2>\} _ 2”52]{](3/, Z) + [2n042 . (%)}n(y)n(z)_

Thus applying lemma 2.1 we have the following theorem—

Theorem 3.2. Let (g,&, A\, i, p,q) be an n-Ricci-Yamabe soliton on a (2n + 1)-

dimensional anti-invariant submanifold M of a trans-Sasakian manifold M of type
(o, B) with respect to Zamkovoy connection, then M is n-Einstein with respect to
Riemannian connection, provided ¢(grad o) = (2n — 1)(grad ).

3.1 n-Ricci-Yamabe solitons on Ricci flat anti-invariant
submanifolds

Here n-Ricci-Yamabe soliton of type (p, q), ¢-n-Yamabe soliton and p-n-Ricci soliton
on a (2n + 1)-dimensional anti-invariant submanifold M of a trans-Sasakian manifold
M of type (a, B) is discussed, where M is Ricci flat with respect to Zamkovoy con-
nection V* given by the equation (2.13).

Let (g,&, A, 1, p, q) be an n-Ricci-Yamabe soliton on M, then from (1.3) we have

VY, Z € x(M)
(Leg)(Y, Z) + 2pS(Y, Z) + (2A — qr)g(Y, Z) + 2un(Y)n(Z) = 0

= 9(Vyv&, 2) +9(V2EY) +2pS(Y, Z) + (2A = qr)g(Y, Z) + 2pn(Y)n(Z) = 0.

Using (2.5) and then applying (1.9) in the above equation we get
pS(Y,Z) + (A + 8= %5)g(Y. Z) + (n— B)n(Y)n(Z) = 0.

Setting Z = £ in the above equation we obtain
(3:2) pS(Y.8) = (§ —A—u)n(¥).

Now if £8 =0 and M is Ricci flat with respect to V*, then from (2.16) we have

S(Y, Z) = 2n02(Y)n(Z) — 2082 (Y, 2).

Setting Z = £ in the above equation and multiplying both sides by p we obtain
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(3.3) pS(Y,€) = 2np(a? — B2)n(Y).
Equating (3.2) and (3.3) we get
(3.4) A=L —p—2np(a® — (?).
Hence from (3.4) and applying lemma 2.1 we conclude the following theorem—

Theorem 3.1.1. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a, B) is Ricci flat with respect to Zamkovoy connection,
then an n-Ricci- Yamabe soliton (g,&, A, 1, p, q) on M s shrinking, steady or expanding
according as 5 — i < 2np(a® — B%), & — p = 2np(a® — ?) or G — pu > 2np(a® — 5?)
respectively, provided ¢(grad o) = (2n — 1)(grad f).

Now from (3.4) we get, when p = 0 then A = & — 4, and when ¢ = 0 then
A = —u+ 2np(B? — a?). Thus from theorem 3.1.1 we respectively conclude the fol-
lowing results—

Corollary 3.1.1. If a (2n+1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (o, B) is Ricci flat with respect to Zamkovoy connec-
tion, then a g-n-Yamabe soliton (g,&, A, 1, q) on M is shrinking, steady or expand-
ing according as qr < 2, qr = 2u or qr > 2u respectively, provided ¢(grad o) =
(2n —1)(grad B).

Corollary 3.1.2. If a (2n+1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a, B) is Ricci flat with respect to Zamkovoy connection,
then a p-n-Ricci soliton (g,&, A, 1, p) on M is shrinking, steady or expanding according
as 2np(B8% — a?) < u, 2np(B? — a?) = p or 2np(B8% — a?) > u respectively, provided
¢(grad o) = (2n — 1)(grad B).

3.2 n-Ricci-Yamabe solitons on concircularly flat anti-invariant
submanifolds

This subsection deals with the study of n-Ricci-Yamabe soliton of type (p,q), ¢-n-
Yamabe soliton and p-n-Ricci soliton on a (2n + 1)-dimensional concircularly flat
anti-invariant submanifold M of a trans-Sasakian manifold M of type (o, B) with
respect to Zamkovoy connection V* given by the equation (2.13).

Since M is concircularly flat with respect to V*, from (1.5) we have

R*(X,Y)Z = 9(Y,Z)X — (X, 2)Y]

2n(£n+1) [
which implies that

(3.5) S*(Y, Z) = (557)9(Y, 2).
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Let €8 = 0, hence using (2.16) and (2.18) in (3.5) we obtain

(3.6) S(Y,Z) = (5229%) (Y, Z) + 2na®n(Y )n(Z).

Putting Z = ¢ in (3.6) and then multiplying both sides by p we get

(3.7) pS(Y,€) = p(rHinta® yy(v).

Next, let (g,&, A\, p,p,q) be an n-Ricci-Yamabe soliton on M, then equating (3.2)
and (3.7) we obtain

(3.8) A=

ol

— - p(THe)

Thus, applying lemma 2.1, from (3.8) we state the following theorem—

Theorem 3.2.1. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (o, B) is concircularly flat with respect to Zamkovoy
connection, then an n-Ricci- Yamabe soliton (g,&, A, 1,0, q) on M is shrinking, steady

or e:vpcin;iing according as & — p < p<7”+2i7fla2), T —p= p(irz‘ﬁflaz) or & —p >
(T'E‘ﬁ_f“ ) respectively, provided ¢(grad o) = (2n — 1)(grad B).

Now from (3.8) we have, when p = 0 then A = 4* — p, and when ¢ = 0 then

A= —pu— p(%). Thus from theorem 3.2.1 we respectively conclude the follow-

ing results—

Corollary 3.2.1. If a (2n+1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a0, B) is concircularly flat with respect to Zamkovoy
connection, then a g-n-Yamabe soliton (g,&,\, u,q) on M is shrinking, steady or ex-
panding according as qr < 2u, qr = 2u or qr > 2y respectively, provided ¢(grad o) =
(2n —1)(grad B).

Corollary 3.2.2. If a (2n+1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (o, B) is concircularly flat with respect to Zamkovoy con-
nection, then a p-n-Ricci soliton (g,&, A\, p, p) on M is shrinking, steady or expanding
according as —u < p(rgi’flo‘i)), —p = p(rzfﬁfl“?) or —pu > p(rzf;fl‘ﬁ) respectively,
provided ¢(grad o) = (2n — 1)(grad B).

3.3 n-Ricci-Yamabe solitons on M-projectively flat
anti-invariant submanifolds

Here n-Ricci-Yamabe soliton of type (p, q), ¢-n-Yamabe soliton and p-n-Ricci soliton
on a (2n + 1)-dimensional anti-invariant submanifold M of a trans-Sasakian mani-
fold M of type (o, B) is discussed, where M is M-projectively flat with respect to
Zamkovoy connection V* given by the equation (2.13).
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Since M is M-projectively flat with respect to V*, from (1.6) we have

R (X,Y)Z = E[S*(Y, 2)X — S*(X, Z)Y] + £[9(Y,2)Q*X — g(X, Z)Q*Y]

= In [ 4n

from which we have

*

S*(Y,2) = (5257)9(Y. Z)

which is same as the equation (3.5). Hence, proceeding similarly as the previous
subsection we get the following results—

Theorem 3.3.1. If a (2n+ 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type («, 8) is M-projectively flat with respect to Zamkovoy
connection, then an n-Ricci- Yamabe soliton (g,&, A, 1,0, q) on M is shrinking, steady

: : ar _ r+dn®a®\ gqr _  _ (r+4n’a’ ar _
or expanding according as 5 — p1 < p( Tl ), T K= p( Y ) or 5 —p >

(Tgi’ff2) respectively, provided ¢(grad o) = (2n — 1)(grad B).

Corollary 3.3.1. If a (2n+1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a, B) is M-projectively flat with respect to Zamkovoy
connection, then a g-n-Yamabe soliton (g,&, \, i, q) on M is shrinking, steady or ex-
panding according as qr < 2u, qr = 2u or qr > 2 respectively, provided ¢(grad o) =
(2n —1)(grad B).

Corollary 3.3.2. If a (2n+1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (o, 8) is M-projectively flat with respect to Zamkovoy
connection, then a p-n-Ricci soliton (g,&, A\, u,p) on M is shrinking, steady or ex-

y y T 712(12 T n2a2 T 77,2(12
panding according as —p < p( -;lwl ), - = p( -;iﬂ ) or —u > p( 'EfH_l )
respectively, provided ¢(grad o) = (2n — 1)(grad B).

3.4 n-Ricci-Yamabe solitons on pseudo projectively flat
anti-invariant submanifolds

This subsection deals with the study of n-Ricci-Yamabe soliton of type (p,q), ¢-n-
Yamabe soliton and p-n-Ricci soliton on a (2n + 1)-dimensional pseudo projectively
flat anti-invariant submanifold M of a trans-Sasakian manifold M of type (o, 8) with
respect to Zamkovoy connection V* given by the equation (2.13).

Since M is pseudo projectively flat with respect to V*, from (1.7) we have
aR* (X, Y)Z =b[S*(X,2)Y — S*(Y, 2)X] + er*[9(X, 2)Y — g(Y, Z)X]
which implies that

(a+2nb)S*(Y,Z) = —2cnr*g(Y, Z).
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Let £8 = 0, then applying (1.8), (2.16) and (2.18) in the above equation we get

— na2
S(Y, Z) = (55229-)9(Y, Z) + 2na®n(Y )n(Z)
which is same as the equation (3.6). Hence proceeding similarly as the subsection
3.2 we reach to the following results—

Theorem 3.4.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a
trans-Sasakian manifold M of type (v, B) is pseudo projectively flat with respect to
Zamkovoy connection, then an n-Ricci- Yamabe soliton (g,&, A\, p, p, q) on M is shrink-
ing, steady or expanding according as G — p < p(rgiffﬂ ), LT —p= p(r‘giﬁff) or

r+4n2a2

T —p> p(w) respectively, provided ¢(grad o) = (2n — 1)(grad j).

Corollary 3.4.1. If a (2n + 1)-dimensional anti-invariant submanifold M of a
trans-Sasakian manifold M of type (a, B) is pseudo projectively flat with respect to
Zamkovoy connection, then a g-n-Yamabe soliton (g,&, A\, u,q) on M is shrinking,
steady or expanding according as qr < 2u, qr = 2u or qr > 2u respectively, provided
d(grad o) = (2n — 1)(grad B).

Corollary 3.4.2. If a (2n + 1)-dimensional anti-invariant submanifold M of a
trans-Sasakian manifold M of type (o, 8) is pseudo projectively flat with respect to
Zamkovoy connection, then a p-n-Ricci soliton (g,&, A\, i, p) on M is shrinking, steady
or expanding according as —pu < p(rgi’flaz), —u = p(%) or —p > p(%)
respectively, provided ¢(grad o) = (2n — 1)(grad ).

Now, after carefully looking into the results of the four subsections of third section
we reach to the following three conclusions.

First, observing theorems 3.2.1, 3.3.1 and 3.4.1 we get the following—

Conclusion 1. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a, ) is (i) concircularly flat, (ii) M-projectively flat or
(iii) pseudo projectively flat with respect to Zamkovoy connection, then an 7-Ricci-
Yamabe soliton (g,&, A, i, p,q) on M is shrinking, steady or expanding according as
§—n < p(HET) 5~ = p(HE) or & — > p("HET) respectively,
provided ¢(grad o) = (2n — 1)(grad B).

Next, observing corollaries 3.1.1, 3.2.1, 3.3.1 and 3.4.1, we have

Conclusion 2. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a,) is (i) Ricci flat, (ii) concircularly flat, (iii) M-
projectively flat or (iv) pseudo projectively flat with respect to Zamkovoy connec-
tion, then a ¢-n-Yamabe soliton (g,&, A, i, ¢) on M is shrinking, steady or expanding
according as qr < 2u, qr = 2u or gr > 2u respectively, provided ¢(grad «) =
(2n — 1)(grad S).
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At last, observing corollaries 3.2.2, 3.3.2 and 3.4.2 we obtain the third conclusion:

Conclusion 3. If a (2n + 1)-dimensional anti-invariant submanifold M of a trans-
Sasakian manifold M of type (a, B) is (i) concircularly flat, (ii) M-projectively flat
or (iii) pseudo projectively flat with respect to Zamkovoy connection, then a p-
n-Ricei soliton (g,&, A\, i, p) on M is shrinking, steady or expanding according as

(;(,u <£(T)‘gi'f%;‘2), Iﬁl( = pd( ;‘%‘gffﬁ) or —p > p(r'gf:flaz) respectively, provided that
grad o) = (2n — 1)(gra .

Finally, we give the following example in which all the results proved in this paper
can be verified very easily.

Example. Unit sphere S° is a trans-Sasakian manifold of type (-1,0)[41]. We
here state an example of an anti-invariant submanifold of S° from [44] as:—

Let J = (ass) (t,s = 1,2,3,4,5,6) be the almost complex structure of C® such that
a2i2i—1 = 1, agi—1,2; = —1 (1 = 1,2,3) and all the other components are 0. Let
Sl(%) ={z € C:|z]* = §}. We consider Sl(%) X Sl(%) X Sl(%) in S° in C3.
The position vector X of S x S! x S' in S® in C? has components given by

1 1 2 2 3

X = %(cosu ,sin ul, cos u?, sin u?, cos u3, sin u?),

where u!', u?, u® are parameters on each S*(--).

&l

Let X; = %, then we have

X = (—sin u17COS U170>07070)7

Sl

X2 = %(0707 —sin ’uz’COS u27070)7

S

X5 = %(070,0,0, —sin u?, cos u3).

The vector field € on S® is given by

1 1 2 2

E=JX = %(—sinu ,cos ub, —sin u?, cos u?, —sin u3

,cos u3).

Since ¢ = X; + Xy + X3, € is tangent to S' x S! x S!. Also the structure ten-
sors (¢,&,m) of S5 satisfy

which shows that ¢X; is normal to S! x S! x S! for all 5. Thus S* x S' x St is
an anti-invariant submanifold of S5.
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