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Chapter 1

Introduction and Preliminaries

“The most beautiful thing we can experience is the mysterious. It is the source of all true
art and science.”

- Albert Einstein

1.1 General introduction

Mathematical modelling in epidemiology is an important branch of basic science. Epi-
demiology is the branch of science where the patterns and determinants of health, illness,
disease conditions and associated factors at population level are studied. The meaning of
the Greek terms epi, demos, and logos are respectively upon, people and study [1]. So
the word epidemiology means the study of what is upon the people. The Greek physician

1



Hippocrates (460 - 377 B.C.E.) who described the connection between environment and
disease, is considered the father of epidemiology [2].
Although the history of epidemiology is very lengthy, but the mathematical study and
analysis of infectious diseases is only about three hundreds and fifty years old. John
Graunt (1620 - 1674) was honoured for first statistical study of infectious diseases. Daniel
Bernoulli worked on smallpox by using mathematical methods in 1766 [3 - 4]. In the early
twentieth century, William Hamer did commanding work on measles. He was the first
to use the mass action law in mathematical modelling of infectious diseases. Sir Ronald
Ross is considered as the father of modern mathematical epidemiology for his command-
ing work on malaria. He discovered that malaria transmits from mosquitoes to humans
and then humans to mosquitoes. He worked for the prevention of malaria and derived
a threshold number, which is nothing but the basic reproduction number that provides
whether the disease can persist or not. For his work on malaria, the Nobel prize was
awarded to Sir Ronald Ross in 1902. But, the mathematical epidemic model proposed
by Kermack and McKendrick in 1927 [5] has helped to reach the subject mathematical
epidemiology to a new level. They proposed a deterministic epidemic model for the first
time and provided biological interpretation by analysing the model using mathematical
tools. More developments and progresses have been particularly made during the past
three decades. Numerous mathematical models have been formulated by the researchers
to study the dynamical behavior of various infectious diseases which show rich non-linear
phenomena [6 - 7]. Mathematical modelling in epidemiology has become powerful and
important tool to understand the infectious disease dynamics and to improve control of
infection in the population. A good epidemic model is an intelligent model which is able
to predict any possible outbreak of the disease and is effective in reducing the transmission
of the disease. It is a simplest version of reality in Biology [8 - 9].
The novel coronavirus disease (COVID-19) is a worldwide infectious disease in the current
time [10 - 14]. Including this year the world faces severe attack by coronavirus several
times, some of those are: (i) SARSCoV occurred in China and then spread many neigh-
bouring countries in 2002 - 2003 [15], (ii) MERS-CoV appeared in 2012 throughout the
Middle East [16 - 17], (iii) SARS-CoV-2 was first identified in China in December 2019
and the whole world has been suffering from it [18]. Though the infection of COVID-19
was first reported in Wuhan, China in December 2019, due to human movement it spread
throughout the world. The emergence of COVID-19 occurred in a crucial time because
that time was the spring festival time in China, so a large number of people moved from
one place to another places [19] and the disease started to spread to huge number of
people who moved from their working place to their home land as a consequence the
disease spreads to the whole world. COVID-19 have killed enormous people throughout
the world.
The plague of Athens is the first serious epidemic mentioned by the historians that hurt
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the city of Athens in 430-426 B.C.E. [20 - 21]. The Black Death is the one of the most
well documented epidemics that struck the Mediterranean and Europe and killed 50-100
million people in 1348-1350 [22]. The Bombay plague in the years 1905-1906, the influenza
pandemic in the early twentieth century, the H1N1 swine flu pandemic in the year 2009
are some of other notable epidemic all over the world.

1.2 Basic concept of mathematical epidemiology

Mathematical models have become extremely important tools in understanding and an-
alyzing the spread and control of infectious diseases. Though the SIR model is one of
the simplest epidemiological models, it is still one of the most popular and mainly used
to study infant viral and bacterial infections. There are few models, used for childhood
disease is SEIR model, one which adds a class of exposed (E) individuals. Similar mod-
els like SAIR, introducing asymptomatic class (A) are fruitful for analyzing epidemic
like COVID-19. There are many modifications of the SIR model, including those that
include births and deaths, where upon recovery there is no immunity (SIS model), where
immunity lasts only for a short period of time (SIRS), where there is a latent period of
the disease where the person is not infectious (SEIS and SEIR), and where infants can
be born with immunity (MSIR).
In the modeling of infectious illnesses, the incidence rate is crucial in determining the
behavior of phenomena. Kermack and Mckendrick proposed the transmission rate as βSI
in 1927. Capasso et al. [23] proposed a nonlinear occurrence g(I)S for g′(I) < 0 that
permits for particular “behavioral” effects. With behavioral modifications, Capasso and
Serio inspired their approach. The potential damage of infection may become extra or-
dinarily high during times of high occurrence, leading to major behavioral modifications
that minimize the actual risk of illness [24]. Goel and Nilam [25], Wei and Chen [26],
Capasso et al. [27 - 28], Zhang et al. [29], Anderson and May [30], including Kumar and
Nilam [31 - 32], only a few writers have drawn attention towards the significance of taking
nonlinear incidence rates into account while studying the relationship between infectious
transmission and illness [33]. Li et al. [34] presented a SIR model with f(S, I) = βSI

1+γI
.

Wang and Ruan [35] proposed the following SIR transmission dynamics with a fixed
treatment rate:

h(I) =

{
n for I > 0,

0 for I = 0.

Zhang and Liu [36], who also provided a superior treatment rate (Holling type II) as a
continuously differentiable function that populates at the largest benefit, as shown below:
h(I) = mI

1+nI
for I ≥ 0,m > 0, n > 0, where m is the cure rate and n is the rate of

limitation in the availability of treatment.
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The basic reproduction number [37] of a system gives a threshold which can be inter-
preted as the number of secondary infections that one infectious individual produces in a
population consisting only of susceptible individuals. It is a measure of the disease trans-
missibility in the population. How rapidly the disease spreads that depends on the value
of the basic reproduction number. Generally the basic reproduction number is denoted
by R0. The definition of R0 states that it must be non-negative (i.e. zero or positive). If
there is no transmission of infection then R0 must be zero. Again the stability of disease
free equilibrium point (the point at which the population remains in disease free state)
is strongly dependent on the value of R0. It has been well established that the disease
free equilibrium point is stable if R0 < 1 and unstable if R0 > 1. So making R0 less than
unity is very effective for controlling any infectious disease which can be possible if proper
controlling measures like awareness, vaccination and treatment are taken into account.
To control an outbreak, it is important to identify the most important parameters which
strongly influence R0 that can help the public health authorities to prevent and control
the spreading of infectious diseases in population.

1.3 Motivation and Research Background

A mathematical modelling of infectious disease is critical for better understanding the
transmission patterns of the disease and evaluating control strategies. It serves as moti-
vation for mathematical and biological experts to investigate and evaluate the dynamical
systems that regulate such diseases in order to anticipate their spread and control in the
long term. Fractional order modeling is a useful tool that has been used to explore the
nature of diseases since the fractional derivative is an extension of the integer-order deriva-
tive. In order to replicate real-world issues, several innovative fractional operators with
various properties have been designed. In addition, the integer derivative has a local iden-
tity, whereas the fractional derivative has a global character. Numerous varieties of frac-
tional derivatives, both with and without singular kernels, are available today. Leibniz’s
query from 1695 marks the beginning of the fractional derivative. The fractional deriva-
tive also improves in the improvement of the system’s consistency domain. We have the
derivatives of Caputo, Riemann-Liouville, and Katugampola for singular kernels. There
are two varieties of fractional derivatives without singular kernels: the Caputo-Fabrizio
fractional derivative, which has an exponential kernel, and the Atangana-Baleanu frac-
tional derivative, which has a Mittag-Leffler kernel. While memory and genetic properties
are involved, working with fractional-order derivatives is crucial because it provides a more
accurate technique to describe COVID-19 outbreaks. Numerous academic articles, mono-
graphs, and novels have provided evidence to support this claim; for instance. Over these
years, several types of fractional calculus, for example, Riemann–Liouville , Caputo, Ca-
puto–Fabrizio, Katugampola, Atangana–Baleanu, Hadamard etc. have been introduced
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to study the dynamics of the epidemic models, each displaying certain advantages and
disadvantages. We have used the Caputo–Fabrizio operator because of its possession of a
nonlocal and nonsingular exponential kernel and is found to be best suited to analyze the
dynamics of COVID-19. The dynamics of COVID-19 transmission are described using a
fractional order SIQR model. We investigate the disease’s impact using an appropriate
mathematical model in context of the Caputo–Fabrizio fractional differential equation,
motivated by early research. One of the several variations of the conventional SIR model
is the SIQR model. It has been observed that quarantining the infected individuals is a
better measure to control the spread of the disease. Motivated by the current research,
we present and analyze different models using fractional derivative. The Caputo deriva-
tive is particularly useful for discussing real-world situations since it permits traditional
beginning and boundary conditions to be used in the derivation, and the derivative of
a constant is zero, whereas the Riemann–Liouville fractional derivative does not. It is
quite challenging to genuinely create an appropriate mathematical model using classical
differentiation in the situation of COVID-19 because to the large number of uncertain-
ties, unknowns, and disinformation. Generally, non-local operators are better suited for
such circumstances because, depending on whether power law, fading memory, or over-
lap effects are taken into account, they can represent non-localities and certain memory
effects.

1.4 Preliminaries

We provide the reader with some useful definitions and characteristics of fractional deriva-
tives [38 − 49].

Definition 1.4.1. Let f ∈ Cn([t0, ∞+), IR), the Caputo derivative of fractional order
α > 0 is defined by

C
t0
Dα

t f(t) =
1

Γ(n−α)

∫ t

t0

f (n)(s)

(t−s)α−n+1 ds,

where Γ(·) represents the Gamma function, t ≥ t0, n ∈ Z+ and α ∈ (n− 1, n).

Definition 1.4.2. Let f ∈ Cn([t0, ∞+), IR), the Caputo-Fabrizio fractional derivative
of order 0 < α ≤ 1 is defined by

CF
t0

Dα
t f(t) =

M(α)
(1−α)

∫ t

t0
exp[−α(1−x)

(1−α)
] d
dx
(f(x))dx,

where M(α) is a normalization function which depends on α and satisfies M(0) = M(1) =
1.

Definition 1.4.3. The Laplace transform for the fractional operator of order 0 < α ≤ 1
for m = 0, 1, 2, ... is defined as L

{
CF
t0

Dm+α
t f(t)

}
(p) = 1

(1−α)
L(f (m+1)(t))L(exp(− αt

(1−α)
)).
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Lemma 1.4.1. The Laplace transform of the derivative of Caputo

L
{
C
t0
Dα

t f(t)
}
= pαF (p)−

n−1∑
j=0

pα−j−1f j(t0),

where F (p) = L {f(t)} .

Lemma 1.4.2. For any B ∈ Cn×n where C be the complex plane and c, d > 0,
the Laplace transform of Mittag-Leffler function is defined as L

{
td−1Ec,d(Btc)

}
=

sc−d(sc −B)−1, for Re(s) > ∥B∥
1
c , where Re(s) denotes the real portion of s..

Lemma 1.4.3. One parametric and two parametric Mittag-Lefflar functions are described
as follows: Eα(z) =

∑∞
j=0

zj

Γ(αj+1)
and Ea1,a2(z) =

∑∞
j=0

zj

Γ(a1j+a2)
, where α, a1, a2 ∈ R+.

Lemma 1.4.4. Consider the system C
t0
Dα

t u(t) = g(t, x), t0 > 0 with initial condition
u(t0) = ut0 , where α ∈ (0, 1], g : [t0,∞) × Ω → IRn, Ω ∈ IRn, if Lipschitz condition is
satisfied by g(t, x) with respect to x, then there exists a solution of the above system on
[t0,∞)× Ω which is unique.

Lemma 1.4.5. Let 0 < α ≤ 1, ϕ(t) ∈ C [a, b]. If C
t0
Dα

t f(t) ≥ 0
(
C
t0
Dα

t f(t) ≤ 0
)
, t ∈ (a, b)

then ϕ(t) is a increasing (decreasing) function for t ∈ [a, b].

Lemma 1.4.6. Consider the following fractional-order system:

C
t0
Dα

t X(t) = Φ (X) , Xt0 = (x1
t0
, x2

t0
, ..., xn

t0
), xi

t0
> 0, i = 1, 2, .., n,

with 0 < α ≤ 1, X(t) = (x1(t), x2(t), ..., xn(t)) and Φ(X) : [t0,∞) → Rn×n. The equilib-
rium points of the above system are evaluated by solving the following system of equations:
Φ(X) = 0. These equilibrium points are locally asymptotically stable iff each eigenvalue

λ of the Jacobian matrix J(X) =
∂(Φ1,Φ2, ...,Φn)

∂(x1, x2, ..., xn)
calculated at the equilibrium points

satisfy |arg(λi)| > απ
2
.

Lemma 1.4.7. Suppose g(t) ∈ R+ be a differentiable function. Then, for any t ≥ t0,
C
t0
Dα

t

[
g(t)− g∗ − g∗ ln g(t)

g∗

]
≤

(
1− g∗

g(t)

)
C
t0
Dα

t g(t), g∗ ∈ R+, ∀α ∈ (0, 1).

Lemma 1.4.8. The applications of Fractional ordered optimal control problem (FOCP)
have grown in recent decades [50 − 52]. Agrawal [51] has introduced general form of
FOCPs in the Riemann-Liouville sense and suggests a numerical method to solve FOCP
using Lagrange multiplier technique. In traditional integer order optimal control problems,
the calculus of variations is the common method. Pontryagins principle is one of the most
useful approaches to solve optimal control problem. There are several works where these
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methods are employed in Fractional ordered optimal control problems. Let u be a pseudo-
state vector and X = [x1, x2, . . . , xn] ∈ Rn is the input vector and X is the admissible
control of the dynamical system C

t0
Dα

t u = f(u, x, t), u(0) = u0. The system’s pseudo-state
is supposed to reach final condition ug in the unknown final time Tg. The control x ∈ X
must be chosen for all t ∈ [0, Tg] to minimize the objective functional J which is defined

by the application and can be abstracted as J = A(u(Tg)) +
∫ Tg

0
F [u(t), x(t)]dt.

The constraints on the system dynamics can be adjoined to the Lagrangian F by in-
troducing time-varying Lagrange multiplier vector λ, whose elements are called the co-
states of the system. This motivates the construction of the Hamiltonian H defined for all
t ∈ [0, Tg].
H(u(t), x(t), λ(t)) = λT (t)f(u(t), x(t)) + f(u(t), x(t)). Where λT stands for transpose of
λ. Pontryagin’s minimum principle states that the optimal state trajectory u∗, optimal
control x∗, and corresponding Lagrange multiplier vector λ∗ must minimize the Hamilto-
nian H so that [53]:
(i)H(u∗(t), x∗(t), λ∗(t)) ≤ H(u∗(t), x(t), λ∗(t)),

(ii)∂A(u)
∂Tg

+H(Tg) = 0 for u = u(Tg),

(iii)RLDα
Tg
λT = ∂H

∂u
at u = u∗,

(iv)∂H
∂x

at x = x∗ and ∂2H(u∗(t),x∗(t),λ∗(t))
∂x2 ≤ 0, where RL

t0
Dα

t f(t) =
−1

Γ(1−α)
d
dz

∫ t

Tg

f(z)dz
(t−z)α

is the

Right-Liouville derivative of order α. These four conditions are the necessary conditions
for optimal control.

1.5 Organization of the thesis

Based on the above mentioned factors, we have formulated and analyzed seven different
epidemic models in seven chapters (Chapter 2 to Chapter 8). In Chapter 2 to 6, we
have formulated and analyzed the epidemic models for some particular infectious diseases
(COVID-19, Dengue) whereas in Chapter 7 to 8, we have studied the general epidemic
models.

Chapter 1: In this chapter, we have studied brief introduction of epidemiology with
some mathematical preliminaries.

Chapter 2: In this chapter, the dynamics of COVID-19 transmission are described
using a fractional order SIQR model. The stability analysis of the model is performed.
To obtain semi-analytic solutions to the model, the Iterative Laplace Transform Method
[ILTM] is implemented. Real-time data from COVID-19 cases in India and Brazil is
employed to estimate the parameters of the fractional order SIQR model. Numerical
solutions obtained using Adam-Bashforth-Moulton predictor-corrector technique is com-
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pared with those obtained by ILTM. Based on the COVID-19 cases data in India and
Brazil, collected upto 1st August, 2020, we estimated the basic reproduction number R0

to be 1.7824 and 2.767 respectively. We observe that the proposed SIQR model with
fractional order derivatives comply with the real time data in case of infected and recov-
ered individuals. It is observed that the fractional order of the derivatives is more effective
in studying the dynamics of the spread of COVID-19 in comparison to integral order of
the SIQR model. Modeling using fractional-order derivatives is often more efficient than
modeling with integer-order derivatives because the option of derivative order gives one
more degree of freedom, resulting in a better fit to real-time data with less inaccuracy
than the integer-order model. According to our understanding of the challenges, the inci-
dence of disease transmission must be reduced, or a large part of the population would be
afflicted in a very short span of time. For successful isolation and control of the disease’s
transmission, common preventative methods include lockdown, curfews, and the designa-
tion of containment zones.

Chapter 3: In the present chapter, a fractional order SEIR model with vaccination
has been proposed. The positivity and boundedness of the solutions have been verified.
The stability analysis of the model shows that the system is locally as well as globally
asymptotically stable at disease-free equilibrium point E0 when R0 < 1 and at epidemic
equilibrium E1 when R0 > 1. We have demonstrated the global stability of the equilibrium
points by constructing the Lyapunov function. It has been found that introduction of the
vaccination parameter η reduces the reproduction number R0. Based on the COVID-19
cases data in India, collected upto 1st August, 2021, we estimated the basic reproduction
number R0 without vaccination to be 3.67 and with vaccination to be 1.55. The param-
eters are identified using real-time data from COVID-19 cases in India. To numerically
solve the SEIR model with vaccination, the Adam-Bashforth-Moulton technique is used.
MATLAB (2018a) was used for graphical presentation and numerical simulations. It has
been observed that the SEIR model with fractional order derivatives of the dynamical
variables is much more effective in studying the effect of vaccination than the integral
model. As is evident from our study that vaccination is an effective method in control
and prevention of the COVID-19 disease. The model described in this research may be
used to investigate the dynamics of various epidemic illnesses, as well as the function of
vaccination in successful transmission control. Our investigation suggests that the pri-
mary task of health officials, policymakers, and experts should be to implement the most
appropriate vaccination plan to fight against the disease. It is very important that the
transmission of diseases is controlled at an early stage to avoid a massive impact on the
population.
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Chapter 4: This chapter presents a study of an SEIRV epidemic model with optimal
control in the context of the Caputo fractional derivative of order 0 < α ≤ 1. The stability
analysis of the model is performed. The stability analysis of the model shows that the
system is locally as well as globally asymptotically stable at disease-free equilibrium point
E0 when R0 < 1 and at epidemic equilibrium E1 when R0 > 1. Sensitivity analysis shows
that R0 is directly proportional to the birth rate of susceptible individuals Λ, the rate of
infection of susceptible individuals β and the rate of progression from exposed to infected
individuals δ1, all of which may be controlled with the effective execution of vaccination
drives. Also we have discussed the optimal control of fractional order SEIRV model with
vaccination as the control parameter w. We have used the Pontryagin’s Maximum Prin-
ciple to provide the necessary conditions needed for the existence of the optimal solution
to the optimal control problem. It is evident that if the control measure w is employed
then the transmission of the disease may be checked and eradicated. Additionally, the
optimal control value w∗ has been determined to minimize the cost of vaccination. We
have assumed a final time tg = 100 for optimal control. The Adam-Bashforth-Moulton
predictor-corrector method is implemented to solve the SEIRV model numerically. Nu-
merical simulations are presented using MATLAB to validate the efficacy and impact of
the control parameter. We have comparatively studied the model values and real scenario
of Brazil starts from 10th April 2021 and continues up to 100 days. It has been observed
that our model fits with α = 0.85 with realistic data. For analyzing COVID-19 trans-
mission dynamics, the fractional order of the SEIRV model is found to be better than
the integral order. The order of derivative can differ from region to region. If we vary
the order of derivatives while keeping other parametric values fixed, the results will be
different.

Chapter 5: In this chapter, the fractional order SEIQRD compartmental model of
COVID-19 is explored with six different categories in the Caputo approach. A few find-
ings for the new model’s existence and uniqueness criterion, as well as non-negativity and
boundedness of the solution, have been established. The model’s fundamental reproduc-
tion numberRCovid19 was also calculated using the next generation matrix technique. The
Routh-Hurwitz consistency criteria and La-Salle invariant principle are used to analyze
the dynamics of the equilibrium. When RCovid−19 < 1 at infection-free equilibrium, we
prove that the system is locally asymptotically stable and unstable if RCovid−19 > 1. We
also observed that RCovid−19 < 1, the system is globally asymptotically stable. The main
objective of this study is to investigate the COVID-19 transmission dynamics in Italy, in
which the first case of Coronavirus infection 2019 (COVID-19) was identified on January
31st in 2020. In addition, the fractional-order Taylor’s approach is utilized to approximate
the solution to the proposed model. The model’s validity is demonstrated by comparing
real-world data with simulation outcomes. From the 1st of January 2022 to the 31st of
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January 2022, we have compared model values with real-world scenarios in Italy. Real
data was also used to fit the model in order to forecast infected population instances in
real life. In real-world dynamical processes, such as epidemic propagation, fractional cal-
culus plays a vital role. Currently, research on a vaccine to avert the COVID-19 pandemic
is showing promising results, with Pfizer claiming that their vaccine has a 95 effectiveness
rate. However, it will be some time before the vaccinations are widely distributed around
the world. This study looked at the many consequences of wearing face masks, and it was
discovered that wearing face masks on a consistent and suitable basis can help reduce the
propagate of the COVID-19 disease. As a result, wearing a face mask should be made
mandatory until everyone has access to vaccinations.

Chapter 6: Dengue is a vector borne disease caused by the dengue viruses of four
serotypes, DEN 1 to DEN 4 and is a mosquito borne disease. After malaria, the Dengue
and is transmitted into human population by the bite of female adult Aedes mosquitoes.
In this chapter, we have analyzed the dynamics of dengue transmission in a four com-
partment host population and a three compartment vector population with two control
parameters pertaining to measures taken to prevent mosquito bites and measures of treat-
ment techniques and a three compartment mosquito population with a control parameter
characterizing the inhibition of breeding of mosquitoes. The basic reproduction num-
ber is obtained using the Next Generation Matrix method. Stability of the equilibrium
points and sensitivity analysis of model parameters are discussed. The dengue fever free
equilibrium is locally and globally stable when R0 < 1 and unstable when R0 > 1. The
sensitivity analysis, which allows us to determine the key parameters in the proposed
model. The Euler method is utilized to approximate the solution to the fractional order
dengue model. Numerical simulations are carried out to illustrate the impact of control
measures in the disease transmission regarding the case study of Singapore. The case
study of Singapore is used to validate the findings and it is observed that the model
system fits the realistic data for Caputo order α = 0.85. Thus, we may be convinced
that the fractional order Caputo derivates are more effective in studying epidemic models
with real time data than integral order derivatives. The basic reproduction number R0

is obtained by next generation matrix method. The objective of our work has been to
construct the objective function J(p1, p2, p3) is to minimize the cost of implementation of
the control parameters. Hence, as the use of mosquito repellents and other personal pro-
phylactic measures along with treatment efforts for infected individuals increases there is
a considerable decrease in the number of infected human population. This is also the case
with the use of certain biological and chemical controls over the detection and elimination
of vector breeding sources. With an increase in the environmental management programs
and source reduction methods there is a decrease in the infected vector population which
in turn causes a decrease in the infected human population.
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Chapter 7: In this chapter, the fractional order SIR model with a Holling type II
saturated incidence rate and treatment rate are explored in the Caputo order fractional
derivative approach. The existence and uniqueness criterion, as well as non-negativity
and boundedness of the solution of the new model have been established. The stability
analysis of the model shows that the system is locally as well as globally asymptotically
stable at disease-free equilibrium point E0 when R0 < 1 and at epidemic equilibrium E∗

when R0 > 1. For R0 = 1 at E0 the model exhibits a forward bifurcation. We discov-
ered via numerical simulations that managing the treatment of infectiouss in accordance
with the Holling type II treatment rate can result in more efficient management of the
new infection. The stability of the endemic equilibrium in the model has been tested
using the Routh-Hurwitz criterion. The simulation results predict that the infection will
worsen as the rate of transmission rises, but that it will stabilize due to the accessibility
of treatment centres. Additionally, when the amount of inhibition used by the infected
increases, infection will also decline. Using simulation results, we also discovered that
the population’s treatment must be carefully coordinated with the resources that are
available in order to completely eradicate the virus. An essential tool for understanding
the dynamics of epidemics is epidemic modelling. When there is forward bifurcation,
the disease-free equilibrium loses stability as R0 approaches unity and a stable endemic
equilibrium emerges. The graphical depiction of the efficiency of theoretical solutions is
displayed by the numerical simulations. Effectively reducing the infection from society
will need knowledge, adequate treatment for infectious diseases, and the availability of
health resources. Moreover, by using the appropriate Lyapunov function, we were able to
show that the equilibrium was globally stable. We have also noticed that fractional order
is crucial to population dynamics. Fractional-order Taylor’s approach is utilized to ap-
proximate the solution of the proposed model. Graphical demonstrations and numerical
simulations have been presented using MATLAB.

Chapter 8: In this chapter, we analyze a fractional order susceptible-infected-recovered
(SIR) mathematical model with nonlinear incidence rate and nonlinear treatment rate
for the control of infectious illness. The incidence rate of infection is considered as Holling
type II and the treatment rate is considered as Monod-Haldane (MH) type. The existence
and uniqueness criteria for the new model, as well as the non-negativity and boundedness
have been established. The stability of the model demonstrates that the system is locally
and globally asymptotically stable at the disease-free equilibrium point E0 when R0 < 1
and the epidemic equilibrium E1 when R0 > 1. We also provide an ideal control strategy
for the SIR model using the treatment rate as a control parameter. The R-H criteria
has been used to examine the stability of the model’s endemic equilibrium. Numerical
simulations provide the visualisation of the efficacy of theoretical solutions. Comprehen-
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sive information, suitable infectious disease treatment methods, and the availability of
healthcare services are required for the successful decrease of infection within society.
In addition, we showed the global stability of the equilibrium state by choosing an ap-
propriate Lyapunov function. The optimum solution to the optimal control issue must
meet certain requirements, which we have established using the Pontryagain’s Maximum
Principle. It is obvious that the disease’s spread can be stopped and eliminated if the
control measure v∗ is used. Additionally, we have the ideal control value v∗ to reduce
the cost of vaccination. The solution of the suggested model is approximated using the
fractional order Taylor’s method. With the help of MATLAB (2018a), we have performed
numerical simulations and have illustrated the results through graphical representations.
As a consequence, changing the derivatives’ order may change the stability requirements
for equilibrium locations without changing any other parametric variables.

Chapter 9: The final chapter includes summary with a brief discussion on the scope
for future research work.
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Chapter 2

Dynamics of SIQR epidemic model
with fractional order derivative

“Life is a school of probability.”
- Walter Bagehot

This chapter is based on the paper
Dynamics of SIQR epidemic model with fractional order derivative, Partial
Differ. Equ. Appl. Math., 5, 100216, 2022.
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2.1 Introduction

The first case of corona virus infection in human species with symptoms similar to com-
mon cold [54] were reported in 1965 by Tyrrell and Bynoe. However, after numerous
mutations, the virus has ultimately proved to be catastrophic in Wuhan, Hubei Province,
China, in 2019. Henceforth, the virus was named SARS-CoV-2 and the disease was de-
clared to be COVID-19. The devastation spread quickly throughout multiple nations,
prompting the World Health Organization to identify a pandemic on March 11, 2020 [55].
No sooner had the futile efforts of the doctors and the administrative heads of states suc-
cumbed to the wrath of the virus, researchers from all areas of science sprang to activity.
Along with medical researches going on in full swing, the study of the transmission of the
disease, effect of preventive measures, prediction of future outbreaks and potential control
strategies were also investigated extensively. The simple epidemic model by Kermack and
Mckendrick in 1927 [56] is among the initial works on mathematical modelling of infectious
diseases which later on proved to be the building block of further research [56, 57, 79]. In
order to study such mathematical models, the entire population is primarily divided into
subclasses, namely, susceptible individuals S(t), infected individuals I(t), the quarantined
individuals Q(t) and the recovered individuals R(t). Integral order ordinary differential
equations are common among epidemiological modelling of biological systems [58, 59].
However, there are certain reservations regarding the integral order of the differential
equations in such models. Such restrictions are taken into account by a comparatively
new and emerging area of mathematical calculus, namely the fractional-order differential
equations [60 - 64]. In fact, fractional-order differential equations (FODEs) and their
applications have been intensively investigated and used in biology, physics, chemistry,
biochemistry, hydrology, engineering and medicine [65 - 69].
The stability results of the fractional order dengue model have been discussed in [70].
Some interesting results are obtained in [71] on modelling the Hepatitis-C Virus replica-
tions by a fractional-order differential mathematical model. Particularly,fractional calcu-
lus has been applied in studying epidemic models related to different infectious diseases
[72 - 73]. Thus, extensive studies have evolved various techniques to construct real and
approximate solutions to such fractional order differential equations [74 - 76].

2.1.1 Research background and motivation

A mathematical modelling of infectious disease [77] is critical for better understanding the
transmission patterns of the disease and evaluating control strategies. It serves as moti-
vation for mathematical and biological experts to investigate and evaluate the dynamical
systems that regulate such diseases in order to anticipate their spread and control in the
long term. The four epidemiological divisions that assess the susceptible part of individ-
uals, the infected, the quarantine, and the recovered, have characterized basic definitions
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of infectious diseases. One of the several variations of the conventional SIR model is
the SIQR model. It has been observed that quarantining the infected individuals is a
better measure to control the spread of the disease. Over these years, several types of
fractional calculus, for example, Riemann–Liouville , Caputo, Caputo–Fabrizio, Katugam-
pola, Atangana–Baleanu, Hadamard etc. have been introduced to study the dynamics of
the epidemic models, each displaying certain advantages and disadvantages. Zhang et al.
[78] developed the unique asymptotic stability criteria for fractional-order gene regulation
systems with time delay. Wu et al. [79] investigated global uniform asymptotical stability
for fractional-order gene regulatory networks with time-varying delays and structured un-
certainties. Based on the vector Lyapunov function, Zhang et al. [80] presented a unique
stability condition for fractional-order composite systems with time delay. We have used
the Caputo–Fabrizio operator because of its possession of a nonlocal and nonsingular ex-
ponential kernel and is found to be best suited to analyze the dynamics of COVID-19 [38
- 47]. The dynamics of COVID-19 (Coronavirus Disease-2019) transmission are described
using a fractional order SIQR model. We investigate the disease’s impact using an appro-
priate mathematical model [SIQR model] in context of the Caputo–Fabrizio fractional
differential equation, motivated by early research.
The purpose of the present chapter is to:

• To study local stability as well as global stability of the model system.

• The Iterative Laplace Transform Method has been used to generate semi-analytic
solutions to the model system.

• Determination of the Basic Reproduction number and Equilibrium points.

• To confirm the Iterative Laplace TransformMethod’s predictions, the Adam-Bashforth
scheme is applied to the SIQR model.

• To confirm the findings and prevent the growth of COVID-19, a numerical simulation
was used.

The following is an overview of the chapter’s structure: Mathematical model with
fractional order derivative is discussed in Section 2.2. Section 2.3 discusses some funda-
mental results of the proposed model system. Section 2.4 is focused to a description of
the Model’s stability analysis and stability criterion. In Section 2.5, we perform Adam-
Bashforth-Moulton predictor-corrector scheme for the SIQR model. In Section 2.6, nu-
merical simulation and discussion are presented via MATLAB. Section 2.7 includes the
validation of the model with real time data. Finally, Section 2.8 constitutes the conclusion
of the chapter.
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2.2 Model formulation

Let us consider the case of a Susceptible –Infected – Quarantine – Removed (SIQR) epi-
demic. The SQIR disease transmission model is derived assuming several strong assump-
tions [81]. The population (N) is divided into four classes: the susceptible individuals (S),
the infected individuals (I), the quarantine individuals (Q) and the recovered individuals
(R) at any time t ≥ 0. Now

N(t) = S(t) + I(t) +Q(t) +R(t). (2.1)

Individuals who are Susceptible in this model are those who are at risk of becoming
infected. Quarantine is defined as an infected person who exhibits signs of the disease
and is isolated. Quarantined individuals who recover from the disease are considered as
Recovered. The differential equations governing the SIQR model are given as:

Figure 2.1: The Diagram of the SIQR model.

DtS(t) = λ− βSI − µS,

DtI(t) = βSI − (γ + µ)I,

DtQ(t) = γI − (δ + µ)Q,

DtR(t) = δQ− µR.

(2.2)

The model (2.2) having fractional order derivatives with the Caputo-Fabriozio (CF)
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operator of order 0 < α ≤ 1 have been proposed as follows:

CFDα
t S(t) = λ− βSI − µS,

CFDα
t I(t) = βSI − (γ + µ)I,

CFDα
t Q(t) = γI − (δ + µ)Q,

CFDα
t R(t) = δQ− µR,

(2.3)

with initial condition S(0) = S0 > 0, I(0) = I0 ≥ 0, Q(0) = Q0 ≥ 0, R(0) = R0 ≥ 0.

λ Natural birth rate
µ Natural death rate
β Contact rate between S and I
γ Infection rate of Q class
δ Recovery rate

Table 2.1: The parameters of the model and their descriptions.

2.3 Analysis of the model

2.3.1 Non-negativity and boundedness of solutions

Proposition 2.3.1. All the variables are positive for all t ≥ 0. The closed region Ω =
{(S, I,Q,R) ∈ R4 : 0 < N ≤ λ

µ
} is positive consistent for the model (2.3).

Proof. From the model (2.3), CFDα
t S(t) = λ− βSI − µS ≥ −(βI + µ)S.

Therefore, S(t) ≥ S(0)exp(−
∫ t

0
(βI + µ), dp) > 0.

Now, CFDα
t I(t) = βSI − (γ + µ)I ≥ −(γ + µ)I.

Therefore, I(t) ≥ I(0)exp(−
∫ t

0
(γ + µ) dp) > 0.

Also, CFDα
t Q(t) = γI − (δ + µ)Q ≥ −(δ + µ)Q.

We have, Q(t) ≥ Q(0)exp(−
∫ t

0
(δ + µ) dp) > 0.

Again, CFDα
t (S + I +Q+R)(t) = λ− µ(S + I +Q+R).

Therefore, CFDα
t N(t) = λ− µN .

Thus, limt→∞ Sup N(t) ≤ λ
µ
.

Therefore, the model (2.3) is bounded by λ
µ
. Thus S, I and Q are positive functions and

Ω is positively consistent of the system (2.3).
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2.3.2 Basic reproduction number, Disease-free equilibrium, Epi-
demic equilibrium state

The basic reproduction number, indicated by R0, is defined as the predicted number
of secondary cases created by a single Susceptible individual’s infection. The disease-
free equilibrium point is locally asymptotically stable when R0 < 1 and unstable when
R0 > 1. Since the considered model has disease-free equilibrium at (λ

µ
, 0, 0, 0). So, an

effective strategy should be developed, when a pandemic breaks out so that R0 reduces to
less than 1 as soon as possible. Using next generation matrix method [37, 49], the leading
eigen value of the matrix FV −1 may be used to calculate the reproduction number (R0)
where,

F =

[βλ
µ

0

0 0

]
and V =

[
µ+ γ 0
−γ µ+ δ

]
.

Therefore, the reproduction number (R0) =
βλ

µ(µ+γ)
.

2.3.3 Iterative scheme

Consider the model (2.3) along with initial conditions. Applying the Laplace transform
to both sides of model (2.3), we derive

pLS(t)− S(0)

p+ α(1− p)
= L(λ− βSI − µS),

pLI(t)− I(0)

p+ α(1− p)
= L(βSI − (γ + µ)I),

pLQ(t)−Q(0)

p+ α(1− p)
= L(γI − (δ + µ)Q),

pLR(t)−R(0)

p+ α(1− p)
= L(δQ− µR).

(2.4)
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Rearranging, we get

LS(t) =
S(0)

p
+

p+ α(1− p)

p
L(λ− βSI − µS),

LI(t) =
I(0)

p
+

p+ α(1− p)

p
L(βSI − (γ + µ)I),

LQ(t) =
Q(0)

p
+

p+ α(1− p)

p
L(γI − (δ + µ)Q),

LR(t) =
R(0)

p
+

p+ α(1− p)

p
L(δQ− µR).

(2.5)

Using inverse Laplace transform of the equations (2.5), we get

S(t) = S(0) + L−1[
p+ α(1− p)

p
]L(λ− βSI − µS),

I(t) = I(0) + L−1[
p+ α(1− p)

p
]L(βSI − (γ + µ)I),

Q(t) = Q(0) + L−1[
p+ α(1− p)

p
]L(γI − (δ + µ)Q),

R(t) = R(0) + L−1[
p+ α(1− p)

p
]L(δQ− µR).

(2.6)

Using initial conditions, we get the recursive equations given by,

Sn+1(t) = Sn(0) + L−1[
p+ α(1− p)

p
]L(λ− βSnIn − µSn),

In+1(t) = In(0) + L−1[
p+ α(1− p)

p
]L(βSnIn − (γ + µ)In),

Qn+1(t) = Qn(0) + L−1[
p+ α(1− p)

p
]L(γIn − (δ + µ)Qn),

Rn+1(t) = Rn(0) + L−1[
p+ α(1− p)

p
]L(δQn − µRn).

(2.7)

2.4 Stability analysis

To obtain the equilibrium points of the system (2.3) we have,
i.e., CFDα

t S(t) =
CF Dα

t I(t) =
CF Dα

t Q(t) =CF Dα
t R(t) = 0.
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We have two equilibrium points given by E0(
λ
µ
, 0, 0, 0) and E1(S

∗, I∗, Q∗, R∗) where

S∗ = β
µ+γ

, I∗ = λ
µ+γ

− βµ
(µ+γ)2

, Q∗ = γI∗

µ+δ
, R∗ = δQ∗

µ
.

For further analysis, the Jacobian matrix of the system (2.3) at any equilibrium point
(S, I,Q,R) is given by

J =


−βI − µ −βS 0 0

βI βS − (µ+ γ) 0 0
0 γ −(µ+ δ) 0
0 0 δ −µ

 .

Theorem 2.4.1. The disease-free equilibrium of the system (2.3) is locally stable if R0 <
1and unstable if R0 > 1.
Proof. At the equilibrium point E0(

λ
µ
, 0, 0, 0), the Jacobian matrix becomes,

J(E0) =


−µ −βλ

µ
0 0

0 βλ
µ
− (µ+ γ) 0 0

0 γ −(µ+ δ) 0
0 0 δ −µ

 .

The characteristic roots of the matrix J(E0) are −µ,−µ, –(µ+ δ) and (µ+ γ)(R0 − 1).
Since the first three roots are negative and other will be negative if R0 < 1 and positive
if R0 > 1. Thus the equilibrium point E0 is locally asymptotically stable if R0 < 1 and
unstable if R0 > 1.

Theorem 2.4.2. If R0 > 1, the epidemic equilibrium E1(S
∗, I∗, Q∗, R∗) is locally asymp-

totically stable.
Proof. At the equilibrium point E1(S

∗, I∗, Q∗, R∗), the Jacobian matrix becomes,

J(E1) =


−βI∗ − µ −βS∗ 0 0

βI∗ βS∗ − (µ+ γ) 0 0
0 γ −(µ+ δ) 0
0 0 δ −µ

 .

The characteristic equation of the matrix J(E1) is (−µ−x)(−µ− δ−x)(x2−ax+ b) = 0.
Where, a = βS∗ − βI∗ − (2µ+ γ) and b = βI∗(µ+ γ) + µ(µ+ γ)− βµS∗.
The roots of the characteristic equations J(E1) are x1 = −µ < 0, x2 = (µ + δ) < 0 and
other two satisfies the following quadratic equation,

x2 − ax+ b = 0. (2.8)

It is noted that the roots of (2.8) will be negative if a < 0 and b > 0.

Theorem 2.4.3. The disease-free equilibrium point of the system (2.3) is globally asymp-
totically stable if R0 < 1 and unstable if R0 > 1.
Proof. Considering the suitable Lyapunov function as F = I.
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Calculative the time fractional derivative of the above function
CFDα

t F (t) = CFDα
t I(t).

Utilizing system (3.3) we get,
CFDα

t F (t) = βSI − (γ + µ)I ≤ [βS − (γ + µ)]I.
Since, S = λ

µ
≤ N , it follows that,

CFDα
t F (t) ≤ I(γ + µ)[R0 − 1].

Hence if R0 < 1, then CFDα
t F (t) < 0. By LaSalle’s extension to Lyapunov’s principle,

the disease-free equilibrium point is globally asymptotically stable and unstable if R0 > 1.

Theorem 2.4.4. If R0 > 1, the epidemic equilibrium E1 is globally asymptotically stable
if (2I − I∗Q

Q∗ − IQ∗

Q
) ≤ 0.

Proof. Consider the model (2.3) and R0 > 1, so that the epidemic equilibrium E1 of
model exists.
We consider the following non-linear Lyapunov function of Goh-Volterra type:
V = (S − S∗ − S∗log S

S∗ ) + (I − I∗ − I∗log I
I∗
) + (Q−Q∗ −Q∗log Q

Q∗ ).
The time fractional derivative of the above function is,
CFDα

t V (t) = (1− S∗

S
) CFDα

t S(t) + (1− I∗

I
) CFDα

t I(t) + (1− Q∗

Q
) CFDα

t Q(t).

Utilizing system (2.3) we get,
CFDα

t V (t) = (λ−βSI−µS− S∗(λ−βSI−µS)
S

)+ ((βSI− (γ+µ)I)− I∗(βSI−(γ+µ)I)
I

)+ ((γI−
(δ + µ)Q)− Q∗(γI−(δ+µ)Q)

Q
).

At steady state from equation (2.3), we have
λ = βS∗I∗ + µS∗, (γ + µ) = βS∗, (δ + µ) = γI∗

Q∗ .
Using the condition of steady state of the above equation, we have
CFDα

t V (t) = (βS∗I∗ + µS∗ − βSI − µS − S∗(βS∗I∗+µS∗−βSI−µS)
S

) + ((βSI − βS∗I∗) −
I∗(βSI−βS∗I)

I
) + ((γI − (γI

∗Q
Q∗ )− Q∗(γI−( γI

∗
Q∗ )Q)

Q
).

Further simplification gives,
CFDα

t V (t) = −µ
S
(S − S∗)2 − βI∗

S
(S − S∗)2 + γ(2I − I∗Q

Q∗ − IQ∗

Q
).

Thus, CFDα
t V (t) ≤ 0 if (2I − I∗Q

Q∗ − IQ∗

Q
) ≤ 0.

By LaSalle’s extension to Lyapunov’s principle, the epidemic equilibrium E1 is globally
asymptotically stable if (2I − I∗Q

Q∗ − IQ∗

Q
) ≤ 0.

2.5 The SIQR model’s Adam - Bashforth - Moulton

predictor - corrector scheme

For fractional order initial value problems of any variety, the Adams-Bashforth-Moulton
technique is the most used numerical method. Consider the fractional differential equation
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as follows:

CDα
t Wj(t) = fj(t,Wj(t)),W

r
j (t)(0) = W r

j0, r = 0, 1, 2, ..., [α], j ∈ N. (2.9)

where W r
j0 is the arbitrary real number, α > 0 and in the Caputo interpretation, Dα

t

is the fractional differential operator, which is equal to the well-known Volterra integral
equation

Wj(t) =
n∑

j=0

W r
j0

tn

n!
+

1

Γ(α)

∫ t

0

(t− v)α−1fj(v,Wj(v))dv. (2.10)

We use Adam’s-Bashforth-Moulton predictor-corrector technique to understand the nu-
merical solution of a nonlinear fractional SIQR model. The algorithm is represented in
the following way.
Let h = T

m
, tn = nh, n = 0, 1, 2, ...,m.

The corrector values are defined as,

Sn+1(t) = S(0) +
hα1

Γ(α1 + 2)
(λ− βSp

n+1I
p
n+1 − µSp

n+1)

+
hα1

Γ(α1 + 2)

n∑
j=0

α1,j,n+1(λ− βSjIj − µSj),

In+1(t) = I(0) +
hα2

Γ(α2 + 2)
(βSp

n+1I
p
n+1 − (γ + µ)Ipn+1)

+
hα2

Γ(α2 + 2)

n∑
j=0

α2,j,n+1(βSjIj − (γ + µ)Ij),

Qn+1(t) = Q(0) +
hα3

Γ(α3 + 2)
(γIpn+1 − (δ + µ)Qp

n+1)

+
hα3

Γ(α3 + 2)

n∑
j=0

α3,j,n+1(γIj − (δ + µ)Qj),

Rn+1(t) = R(0) +
hα4

Γ(α4 + 2)
(δQp

n+1 − µRp
n+1) +

hα4

Γ(α4 + 2)

n∑
j=0

α4,j,n+1(δQj − µRj).

(2.11)
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The corresponding predictor values are given as,

Sp
n+1 = S(0) +

1

Γ(α1)

n∑
j=0

β1,j,n+1(λ− βSjIj − µSj),

Ipn+1 = I(0) +
1

Γ(α2)

n∑
j=0

β2,j,n+1(βSjIj − (γ + µ)Ij),

Qp
n+1 = Q(0) +

1

Γ(α3)

n∑
j=0

β3,j,n+1(γIj − (δ + µ)Qj),

Rp
n+1 = R(0) +

1

Γ(α4

n∑
j=0

β4,j,n+1(δQj − µRj),

(2.12)

where,

αi,j,n+1 =


n(α+1) − (n− α)(n+ 1)α, if j = 0,

(n− j + 2)(α+1) + (n− j)(α+1) − 2(n− j + 1)(α+1), if 0 ≤ j ≤ n,

1, if j = 1,

and
βi,j,n+1 =

hα1

α
[(n+ 1− j)α1 − (n− j)α1 ], 0 ≤ j ≤ n and i = 1, 2, 3, 4.

2.6 Numerical simulation and discussion

We will explore into numerical simulations of the Caputo-Fabrizio Coronavirus model
(2.3) in this section. From the data given in [55], we use the total initial population
of India N(0) = 1382339513. At t = 0, we have N(0) = S(0) + I(0) + Q(0) + R(0).
From the data given in [55], I(0) = 1401737, Q(0) = 350435, R(0) = 1184321 as on
1st August, 2020. Therefore, initial susceptible individuals are determined as S(0) =
N(0)− I(0)−Q(0)−R(0) = 1379403021.

We can achieve an approximate solution to (2.3) by using ILTM up to four terms as
given below:

S(t) = 1.348475481619412 × 109 + (2.06157397629214 × 107 − 2.06157397629214 ×
107t)α + (9979277.478555693− 9979277.478555693t)α2 +
(213892.1387878844− 427784.2775757688t+ 106427.94759027788t2)α2 +
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Parameter Value Reference
λ 0.0182 Estimated
µ 0.0073 [55]
β 0.25172 Estimated
γ 0.3448 Estimated
δ 0.05 [55]

Table 2.2: In the instance of COVID-19 in India, the estimated parametric values are as
follows.

(4908.80807228498−14726.42421685494t+7861.062639637445t2−983.7531468944577t3)α3+
(268.45068326930414−805.3520498079124t+536.9013665386083t2−89.48356108976805t3)α3+
(−11.689062445747911+46.7562497829916t−13.32137452984554t2−7.364625025553762t3+
1.5207065071168033t4)α4+(−0.7335655572328584+3.667827786164292t−5.125093038775163t2+
3.0050236604151244t3 − 0.7090605251997234t4 + 0.05244550408194907t5)α5

+ (−0.00492636944404962 + 0.029558216664297716t− 0.05415069498430903t2 +
0.04259896675896235t3 − 0.015321087824711106t4 + 0.0024426254074567154t5

−0.00013502096139782384t6)α6+(−0.000013122966745592261+0.00009186076721914583t−
0.00020996746792947618t2 + 0.00022309043467506846t3 − 0.00012029386183459572t4 +
0.00003324484908883373t5−0.000004374322248530754t6+2.083010594538454×10(−7)t7)α7,

I(t) = 1012335.068983295 + (258876.91049060074− 258876.91049060074t)α +
(95516.35617971071−95516.35617971071t)α+(12420.173869269402−24840.347738538803t+
6344.312276269353t2)α2+(22551.882711126695−45103.76542225339t+11747.782261432008t2)α2

+(385.19267736198077−1155.5780320859421t+172.50028042425208t2+70.56575675621251t3)α3+
(−268.45068326930414+805.3520498079124t−536.9013665386083t2+89.48356108976805t3)α3+
(−80.87273314550815+323.4909325820326t−310.64491003955067t2+99.92642061680984t3−
9.234189473054808t4)α4+(0.7335655572328584−3.667827786164292t+5.125093038775163t2−
3.0050236604151244t3 + 0.7090605251997234t4 − 0.05244550408194907t5)α5 +
(0.00492636944404962−0.029558216664297716t+0.05415069498430903t2−0.04259896675896235t3+
0.015321087824711106t4 − 0.0024426254074567154t5 + 0.00013502096139782384t6)α6 +
(0.000013122966745592261− 0.00009186076721914583t+ 0.00020996746792947618t2 −
0.00022309043467506846t3 + 0.00012029386183459572t4 − 0.00003324484908883373t5 +
0.000004374322248530754t6 − 2.083010594538454× 10−7t7)α7,

Q(t) = 1226844.644274208− 232197.10714117886α +
(−306048.1919000001+306048.1919000001t)α−89257.51364467504α2+(−231367.0251+
462734.0502t− 115683.51255t2)α2 − 17632.368283945347α3 + 92.56179559125607α4 +
7.713482965938004t4α4 + 1

6
t3(17817.49187512786α3 − 555.3707735475364α4) +
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t(232197.10714117886α+178515.02728935008α2+52897.10485183604α3−370.2471823650243α4)+
1
2
t2(−89164.9518490838α2 − 53082.228443018554α3 + 647.9325691387925α4),

R(t) = 1624099.713711325−43416.78594852515α+(−638557.57078218+638557.57078218t)α−
2617.7612636548674α2+(231554.70369109−463109.40738218t+115777.351845545t2)α2+
13258.700591944958α3−2209.783431990826t3α3+t(43416.78594852515α+5235.522527309735α2−
39776.101775834875α3) + 1

2
t2(−2617.7612636548674α2 + 39776.101775834875α3).

Figure 2.2 shows the behavior between susceptible individuals versus time for different
fractional order α. We observe that number of susceptible individuals decreases with time
because they are getting into infected class. Figure 2.3 is indicating the relation between
infected individuals versus time with different fractional order α. An increases in the value
of α leads to decreases in the infection rate in the infected individuals. We see in Figure
2.4 that number of quarantine individuals increases with time for changes in the values of
the fractional order α. The number of recovered individuals grows exponentially, as shown
in Figure 2.5 when α decreases. Figure 2.6 shows the behavior of recovered individuals

Figure 2.2: Dynamical behavior of susceptible individuals S(t) with regard to time (days)
for various values of α.

for different recovery rate δ versus time with α = 0.9. A decreases in the recovery rate
δ causes a decreases in the number of recovered individuals as expected. We now study
effect of the COVID -19 pandemic on the Brazilian population [131]. From the data given
in [131] the total initial population of Brazil N(0) = 209500000 as on 1st August 2020. Us-
ing (2.1) at t = 0 we have N(0) = S(0)+I(0)+Q(0)+R(0). From the data given in [131],
I(0) = 2167100, Q(0) = 541775, R(0) = 2152361 as on 1st August, 2020. Therefore, ini-
tial susceptible population is determined as S(0) = N(0)−I(0)−Q(0)−R(0) = 204638764.

25



Figure 2.3: Dynamical behavior of infected individuals I(t) with regard to time (days)
for various values of α.

Figure 2.4: Dynamical behavior of quarantine individuals Q(t) with regard to time (days)
for various values of α.
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Figure 2.5: Dynamical behavior of recovered individuals R(t) with regard to time (days)
for various values of α.

Figure 2.6: The dynamics of recovered individuals for different values of δ with respect
to time (days).
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Parameter Value Reference
λ 0.01867 Estimated
µ 0.00626 [131]
β 0.315 Estimated
γ 0.3333 Estimated
δ 0.04 [131]

Table 2.3: The estimated parametric values are as follows in Brazil.

We achieve an approximate fractional order solution by applying ILTM to four terms
in a succession, as shown below:

S(t) = 1.988324783119671× 108 + (5766154.964132981− 5766154.964132981t)α
+(42994.313931732555−85988.62786346511t+21575.945826256426t2)α2+(−2886.972994182714+
8660.918982548143t−4384.476770316121t2+498.7743044475575t3)α3+(4.17314911233352−
16.692596449334072t−14.670688294784533t2+16.130469846513165t3−2.3387206164314174t4)α4+
(1.2076687365300693−6.038343682650347t+8.449330559097664t2−4.81440661545906t3+
1.0993855080902668t4 − 0.07968347888673288t5)α5 + (0.0022060561968627744−
0.01323633718117665t+0.02445116550820208t2−0.0195702694327723t3+0.00723995188278034t4−
0.0011994028218474224t5+0.00006982319726061211t6)α6+(−0.00006151578090385235+
0.0004306104663269664t− 0.0009842524944616376t2 + 0.00104576827536549t3 −
0.0005638946582853133t4 + 0.0001558399782897593t5 − 0.00002050526030128412t6 +
9.764409667278152× 10−7t7)α7,

I(t) = 2076914.236797711 + (111128.28717407388− 111128.28717407388t)α +
(−20702.38871722496+41404.77743444992t−10396.275037363199t2)α2+(−302.1686554503082+
906.5059663509248t−466.65206741227087t2+55.221424917565585t3)α3+(63.243214166524844−
252.9728566660994t+250.6279597707888t2−83.54683312537152t3+7.956750889669616t4)α4+
(−1.2076687365300693+6.038343682650347t−8.449330559097664t2+4.81440661545906t3−
1.0993855080902668t4 + 0.07968347888673288t5)α5 + (−0.0022060561968627744 +
0.01323633718117665t−0.02445116550820208t2+0.0195702694327723t3−0.00723995188278034t4+
0.0011994028218474224t5 − 0.00006982319726061211t6)α6 + (0.00006151578090385235−
0.0004306104663269664t+ 0.0009842524944616376t2 − 0.00104576827536549t3 +
0.0005638946582853133t4 − 0.0001558399782897593t5 + 0.00002050526030128412t6 −
9.764409667278152× 10−7t7)α7,

Q(t) = 2556591.201558373 + (−1936032.837279405 + 1936032.837279405t)α +
(−81404.66029879282+162809.32059758564t−40736.007990638325t2)α2+(2688.651702308761−
8065.9551069262825t+4100.333235946969t2−470.56051121273583t3)α3+(−67.3556824838279+
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269.4227299353116t−235.74488869339768t2+67.3556824838279t3−5.6129735403189915t4)α4,

R(t) = 2259922.883515276 + (−189988.44328005833 + 189988.44328005833t)α +
(81882.89643428754−163765.79286857508t+40941.44821714377t2)α2+(543.6633304944202−
1630.9899914832604t+ 815.4949957416302t2 − 90.61055508240335t3)α3.

Figure 2.7 depicts the behavior of susceptible individuals over time and Figure 2.8
indicates the relation between infected individuals and time for different values of α.
Figure 2.9 depicts that the number of quarantined individuals grows with time for changes
in the values of α. Figure 2.10 depicts that the number of recovered individuals will
increases with time and a decrease in the fractional order α leads to a drop in the number
of recovered individuals in the Brazilian population.

Figure 2.7: The behavior susceptible individuals S(t) with respect to time (days) with a
change in the values of α.

2.7 Data fitting and model validation

The data fitting and model validation of the system (2.3) for infected and recovered cases
are described in this section. The parametric values are given in Table 2.2. Figure 2.12
and Figure 2.13 depict the graphical representation of the infected and the recovered
individuals respectively of the system (2.3) and the real time data of the same reported
in India from 1st July to 15th July 2020 [55]. The results of model (2.3) thus obtained
are in complete agreement with the real time data.
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Figure 2.8: The behavior of infected individuals I(t) with regard to time (days) when α
changes.

Figure 2.9: The behavior quarantine individual Q(t) with regard to time (days) when α
changes.
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Figure 2.10: The behavior recovered individuals R(t) with regard to time (days) when α
changes.

Figure 2.11: Variation of total quarantine individuals and recovered individuals of system
(2.3) corresponding to Table 2.3 for α = 0.9 with respect to time (days).
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Figure 2.12: Plot of the infected individuals of the system (2.3) and real time data.

Figure 2.13: Plot of the recovered individuals of the system (2.3) and real time data.

32



2.8 Conclusion

The fractional order derivatives using the Caputo-Fabriozio of order 0 < α ≤ 1 of the
SIQR model were explored in this chapter. Based on the COVID-19 cases data in India
and Brazil, collected upto 1st August, 2020, we estimated the basic reproduction number
R0 to be 1.7824 and 2.767 respectively. Modeling using fractional-order derivatives is
often more efficient than modelling with integer-order derivatives because the option of
derivative order gives one more degree of freedom, resulting in a better fit to real-time
data with less inaccuracy than the integer-order model. We used the Iterated Laplace
Transform Method to solve our proposed model and compared the results to numerical
solutions obtained utilizing the Adams–Bashforth–Moulton predictor corrector technique.
The parameter values in (2.3) have been estimated using the real time data given in [55,
131] and is presented in Table 2.2 and Table 2.3. In section 2.4, E0 and E1 are determined,
along with their stability analysis. In section 2.7, we observe that the proposed SIQR
model with fractional order derivatives comply with the real time data in case of infected
and recovered individuals. Thus, it may be considered to be an effective model to study
contagious diseases. According to our understanding of the challenges, the incidence of
disease transmission must be reduced, or a large part of the population would be afflicted
in a very short span of time. For successful isolation and control of the disease’s trans-
mission, common preventative methods include lockdown, curfews, and the designation
of containment zones.
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Chapter 3

Study of fractional order SEIR
epidemic model and effect of
vaccination on the spread of
COVID-19

“To us probability is the very guide of life.”
- Bishop Butler

This chapter is based on the paper
Study of Fractional Order SEIR Epidemic Model and Effect of Vaccination
on the Spread of COVID-19, Int. J. Appl. Comput. Math., 8(237), 2022.
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3.1 Introduction

Since its inception, human race has encountered and battled deadly epidemics and pan-
demics due to mass infection caused by viruses, for example SARS, HIV, AIDS, H5N1,
Chicken pox and Small pox, etc. Modelling and analysis of such epidemic behavior has
been an integral part of research in the areas of Biological and Physical Sciences [82-
86]. Though the SIS, SIR or SIRS models [58, 59] have been employed to study illness
transmission, the incubation time has been thought to be insignificant. Hence, a new
kind of model called SEIR was introduced. Similar other factors may influence the pop-
ulation dynamics of certain infectious diseases. Vaccination is one such component that
plays an important role in the prevention and control of such illnesses. In 2006, Gumel,
McCluskey and Watmough [87] considered an SV EIR model to discuss the significance
of an anti-SARS vaccine, where V accounts for the vaccinated population. In 2016, Wang
et al. [88] studied the stability of an SVEIR model. However, both the studies and many
others, were guided by integral order differential operators of the dynamical variables.
In this communication we have considered Caputo order fractional derivatives of a four
compartmentalized population with vaccination.
At present times an extensive investigation [89 - 102] of the spread of the highly con-
tagious Coronavirus disease with alarming fatality rate is being carried out. Different
models exist in epidemiology to forecast and explain the complexities of an epidemic.
Kermack and Mckendrick developed one such epidemic model in 1927 [5]. Tang, Wang,
Li, and Bragazzi [95] proposed a compartmental deterministic model that took illness
progression, patient epidemiological status, and prevention approaches into account. The
SIR model is most widely used for analyzing and forecasting disease progression adopted
in 1991 [103] by Anderson et al. However, all these models were based on integral order
derivatives. Differential equations using fractional differential operators have been found
to be useful in depicting epidemic scenarios for a variety of infectious diseases [63, 64,
104 - 106]. Several approaches for generating precise and approximate solutions to frac-
tional order differential equations have been developed as a result of extensive research
[74, 75, 167, 168]. Several fractional operators have been devised to explore the dynamics
of epidemic systems, including Caputo–Fabrizio, Riemann–Liouville, Caputo, Hadamard,
Atangana–Baleanu, Katugampola, and others. We employed the Caputo operator to ex-
amine the dynamics of COVID-19, since it has a nonlocal and nonsingular exponential
kernel [38, 44, 109 - 112]. The dynamical and nonstandard computational study of a
heroin epidemic model is discussed by Raza et al. [113]. For more related publications,
see Refs. [114 - 120].
As stated earlier, vaccination is a crucial method for eradicating infectious diseases. Covid-
19 vaccination has recently been confirmed as a successful method of preventing the spread
of the disease. Theoretical findings indicate that the Covid-19 vaccination approach dif-
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fers from traditional vaccination methods in terms of achieving disease eradication at low
vaccination doses. India started administering COVID-19 vaccines on January 16, 2021.
170,153,432 doses have been administered in this country as of 10 May 2021 [121- 122].
Covishield (a Serum Institute of India-manufactured version of the Oxford–AstraZeneca
vaccine) and Covaxin, which were utilised in India at the start of the programme, are now
licensed vaccinations (developed by Bharat Biotech). In April 2021, Sputnik V has been
licensed as a third vaccination, with delivery beginning in late May 2021.
The objective of the current chapter is:

• The model’s dynamical behavior and stability are investigated.

• The Basic Reproduction Number and Equilibrium Points are calculated.

• Numerical simulation to confirm the results and regulate the spread of COVID-19.

• In India, the model was validated and discussed in the COVID-19 instances.

The chapter is structured as follows: Section 3.2 discusses a mathematical model with a
fractional order derivative. Section 3.3 discusses some fundamental results of the proposed
model system. Section 3.4 is devoted to the discussion of stability analysis and stability
criterion of the Model. For the SEIR model with vaccination parameter, we use the
Adam-Bashforth-Moulton scheme in Section 3.5. The numerical simulation and discussion
are given in Section 3.6 using MATLAB. The conclusion of the chapter is presented in
Section 3.7.

3.2 Model formulation

At time t ≥ 0, the total population (N) is divided into four classes, namely, the susceptible
(S), the exposed (E), the infected (I) and the recovered (R) class. Thus

N(t) = S(t) + E(t) + I(t) +R(t). (3.1)

The SEIR model with integer order [123, 124] is expressed as follows:

DtS(t) = λ− βSI − µS − ηS,

DtE(t) = βSI − (k + µ)E,

DtI(t) = kE − (γ + µ)I,

DtR(t) = γI − µR + ηS.

(3.2)
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Figure 3.1: The SEIR model is depicted as a diagram.

We analyze the SEIR model with vaccination in this presentation, utilizing the Caputo
operator of order 0 < α ≤ 1.

CDα
t S(t) = λ− βSI − µS − ηS,

CDα
t E(t) = βSI − (k + µ)E,

CDα
t I(t) = kE − (γ + µ)I,

CDα
t Q(t) = γI − µR + ηS.

(3.3)

The initial conditions are S(0) = S0 > 0, E(0) = E0 > 0, I(0) = I0 > 0, R(0) = R0 ≥ 0.

λ birth rate of susceptible individuals
µ death rate
β contact rate from S to E
γ recovery rate
k progression rate exposed to infected
η vaccination rate

Table 3.1: The parameters of the model and their descriptions.
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3.3 Analysis of the model

3.3.1 Non-negativity and boundedness of solutions

Proposition 3.3.1. The region Ω = {(S,E, I, R) ∈ R4 : 0 < N ≤ λ
µ
} is non-negative

invariant for the model (3.3) for t ≥ 0.
Proof. We have
CDα

t (S + E + I +R)(t) = λ− µ(S + E + I +R)(t).
Therefore, CDα

t N(t) + µN = λ.
Taking Laplace transform [125], we have
pαL(N(t))− pα−1N(0) + µL(N(t)) = λ

p
.

So, L(N(t)) = pαN(0)
pα+1+µ

+ λ
pα+1+µ

.

Applying inverse Laplace transform [126 - 128], we get
N(t) = N(0)Eα,1(−µtα) + λtαEα,α+1(−λtα).
According to Mittag-Leffler function,
Ec,d(z) = zEc,c+d(z) +

1
Γ(d)

.

Thus, limt→∞ Sup N(t) ≤ λ
µ
.

As a result, the functions S,E, I, and R are all non-negative.

3.3.2 Basic reproduction number

The basic reproduction number R0 may be obtained from the maximum eigenvalue of the
matrix FV −1 where,

F =

[
0 βλ

µ+η

0 0

]
and V =

[
µ+ k 0
−k µ+ γ

]
.

Therefore, the reproduction number (R0) =
kβλ

(µ+η)(µ+k)(µ+γ)
.

3.4 Stability analysis

The system’s equilibrium may be found by solving the system (3.3). The disease-free
equilibrium points E0 and the epidemic equilibrium point E1 of the system (3.3) are ob-
tained from
i.e., CDα

t S(t) =
CDα

t E(t) = CDα
t I(t) =

CDα
t R(t) = 0.

The mode (3.3) has two equilibrium points namely E0(
λ

µ+η
, 0, 0, λη

µ(µ+η)
) andE1(S

∗, E∗, I∗, R∗)
where
E0 is the disease-free equilibrium point and E1 is the unique epidemic equilibrium point
of the system (2.3), where

S∗ = (µ+γ)(µ+k)
βk

, E∗ = (µ+γ)I∗

k
, I∗ = λk

(µ+γ)(µ+k)
− (µ+η)

β
, R∗ = γI∗+ηS∗

µ
.
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The Jacobian matrix (J) of the system (3.3) at (S,E, I, R) is given by

J =


−βI − µ− η 0 −βS 0

βI −(µ+ k) βS 0
0 k −(µ+ γ) 0
0 0 γ −µ

 .

Theorem 3.4.1. When R0 < 1, the point E0 of the system (3.3) is locally asymptotically
stable, and when R0 > 1, it is unstable.
Proof. The Jacobian matrix (J) at E0 becomes,

J(E0) =


−µ− η 0 − λβ

µ+η
0

0 −(µ+ k) λβ
µ+η

0

0 k −(µ+ γ) 0
0 0 γ −µ

 .

Now (−µ−η),−µ, –(µ+γ) and (µ+k)(R0−1) are the roots of the characteristic equation.
The equilibrium point E0 is locally asymptotically stable or unstable according as R0 < 1
or R0 > 1.

Theorem 3.4.2. If R0 > 1, the epidemic equilibrium E1(S
∗, E∗, I∗, R∗) is locally asymp-

totically stable.
Proof. The Jacobian matrix J at E1 becomes,

J(E1) =


−βI∗ − µ− η 0 −βS∗ 0

βI∗ −(µ+ k) βS∗ 0
0 k −(µ+ γ) 0
0 0 γ −µ

 .

The characteristic equation is (−µ− x)(x3 + ax2 + bx+ c) = 0.
Where, a = βI∗ + 3µ+ k + γ + η,
b = (βI∗ + µ+ η)(2µ+ k + γ) + (µ+ k)(µ+ γ)− βkS∗,
c = (βI∗ + µ)(µ+ k)(µ+ γ)− (µ+ η)βkS∗.
Applying Routh-Hurwitz condition, the model (3.3) is locally asymptotically stable at E1

as a > 0, b > 0, ab > c.

Theorem 3.4.3. When R0 < 1, the system (3.3) is globally asymptotically stable and
unstable if R0 > 1 at E0.
Proof.Using the approprite Lyapunov function as F = B1E +B2I.
The aforementioned function’s time fractional derivative is
CDα

t F (t) = B1
CDα

t E(t) +B2
CDα

t I(t).
Utilizing system (3.3) we get,
CDα

t F (t) = B1(βSI − (k + µ)E) +B2(kE − (γ + µ)I).
Using little perturbation from (3.3), we have
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B1 = λk,B2 = (µ+ k)(µ+ η).
Since, S = λ

µ+η
≤ N , It follows that,

CDα
t F (t) ≤ I(γ + µ)(µ+ k)(µ+ η)[R0 − 1].

Hence if R0 < 1, then CDα
t F (t) < 0. As a result of LaSalle’s use of Lyapunov’s concept

[38, 129], the point E0 is globally asymptotically stable and unstable if R0 > 1.

Theorem 3.4.4. The equilibrium point E1 is globally asymptotically stable if R0 > 1.
Proof.The non-linear Lyapunov function of Goh-Volterra form is as follows:
V = (S − S∗ − S∗log S

S∗ ) + (E − E∗ − E∗log E
E∗ ) +Q(I − I∗ − I∗log I

I∗
).

Taking Caputo derivative, we get
CDα

t V (t) = (1− S∗

S
) CDα

t S(t) + (1− E∗

E
) CDα

t E(t) +Q(1− I∗

I
) CDα

t I(t).
Using system (3.3) we get,
CDα

t V (t) ≤ (λ−βSI−µS−ηS−S∗(λ−βSI−µS−ηS)
S

)+ ((βSI−(k+µ)E)−E∗(βSI−(k+µ)E)
E

)+ Q((kE−
(γ + µ)I)− I∗(kE−(γ+µ)I)

I
).

At steady state from equation (2.3), we have
λ = βS∗I∗ + µS∗ + ηS∗

Using the condition of steady state of the above equation, we have
CDα

t V (t) ≤ (βS∗I∗+µS∗+ηS∗−βSI−µS−ηS− S∗(βS∗I∗+µS∗+ηS∗−βSI−µS−ηS)
S

)+((βSI−
(k + µ)E)− E∗(βSI−(k+µ)E)

E
) +Q((kE − (γ + µ)I)− I∗(kE−(γ+µ)I)

I
).

Taking all infected classes that do not have a single star (*) from the above equation and
equal to zero:
S∗βI − (µ+ k)E +Q(kE − (µ+ γ)I) = 0.
The steady state was slightly perturbed between (3.3) and the above equation, resulting in:

Q = S∗β
(µ+γ)

, (µ+ k) = I∗S∗β
E∗ , k = (µ+γ)I

E∗ .
Further simplification gives,
CDα

t V (t) ≤ (βS∗I∗ + µS∗ + ηS∗ − µS − S∗(βS∗I∗+µS∗−µS−ηS)
S

) + (−βSIE∗

E
+ βS∗I∗) +

(−βS∗I∗EI∗

IE∗ + βS∗I∗).
Using A.M ≥ G.M., we have
(2− S

S∗ − 2S∗

S
≤ 0, (3− S∗

S
− I∗E

IE∗ − SE∗I
E

≤ 0. Thus, CDα
t V (t) ≤ 0 for R0 > 1.

The point E1 is globally asymptotically stable if R0 > 1.

3.5 Predictor-corrector technique for the SEIR model

The Adams-Bashforth-Moulton approach is the most extensively employed numerical ap-
proach for fractional order initial value circumstances. Let us consider

CDα
t Lj(t) = gj(t, Lj(t)), L

r
j(t)(0) = Lr

j0, r = 0, 1, 2, ..., [α], j ∈ N, (3.4)
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where Lr
j0 ∈ R is equal to the well-known Volterra integral equation

Lj(t) =
n∑

j=0

Lr
j0

tn

n!
+

1

Γ(α)

∫ t

0

(t− u)α−1gj(u, Lj(u))du. (3.5)

The algorithm is explained as follows
Let h = T

m
, tn = nh, n = 0, 1, 2, ...,m.

Corrector formulae:

Sn+1(t) = S(0) +
hα1

Γ(α1 + 2)
(λ− βSp

n+1I
p
n+1 − µSp

n+1 − ηSp
n+1)

+
hα1

Γ(α1 + 2)

n∑
j=0

α1,j,n+1(λ− βSjIj − µSj − ηSj),

En+1(t) = I(0) +
hα2

Γ(α2 + 2)
(βSp

n+1I
p
n+1 − (k + µ)Ep

n+1)

+
hα2

Γ(α2 + 2)

n∑
j=0

α2,j,n+1(βSjIj − (k + µ)Ej),

In+1(t) = Q(0) +
hα3

Γ(α3 + 2)
(kEp

n+1 − (γ + µ)Ipn+1)

+
hα3

Γ(α3 + 2)

n∑
j=0

α3,j,n+1(kEj − (γ + µ)Ij),

Rn+1(t) = R(0) +
hα4

Γ(α4 + 2)
(γIpn+1 − µRp

n+1 + ηSp
n+1)

+
hα4

Γ(α4 + 2)

n∑
j=0

α4,j,n+1(γIj − µRj + ηSj).

(3.6)
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Predictor formulae:

Sp
n+1 = S(0) +

1

Γ(α1)

n∑
j=0

β1,j,n+1(λ− βSjIj − µSj − ηSj),

Ep
n+1 = I(0) +

1

Γ(α1)

n∑
j=0

β1,j,n+1(βSjIj − (k + µ)Ej),

Ipn+1 = Q(0) +
1

Γ(α1)

n∑
j=0

β1,j,n+1(kEj − (γ + µ)Ij),

Rp
n+1 = R(0) +

1

Γ(α1)

n∑
j=0

β1,j,n+1(γIj − µRj + ηSj),

(3.7)

where,

αi,j,n+1 =


n(α+1) − (n− α)(n+ 1)α, if j = 0,

(n− j + 2)(α+1) + (n− j)(α+1) − 2(n− j + 1)(α+1), if 0 ≤ j ≤ n,

1, if j = 1,

and
βi,j,n+1 =

hα1

α
[(n+ 1− j)α1 − (n− j)α1 ], 0 ≤ j ≤ n and i = 1, 2, 3, 4.

3.6 Numerical simulation and discussion

In this part, we use the mathematical software MATLAB (2018a) to do rigorous numerical
simulations of the findings produced by Adam’s Bashforth-Moulton predictor-corrector
system. The model has been discussed in both the cases of without vaccine corresponding
to η = 0 and with vaccine corresponding to η = 0.1

Figure 3.2 shows the behavior of susceptible individuals with time for different frac-
tional order α in both cases of with and without vaccination. We observe that number of
susceptible individuals decreases with time for all values of α. At a given period, however,
the number of susceptible individuals grows as the value of decreases, suggesting that the
fractional order derivatives of the dynamical variables produce greater benefits in deter-
mining the number of susceptible individuals. Moreover, the administration of vaccine
shows that the number of susceptible individuals is always less than those in the case of
without vaccination for different values of α as expected.
Figure 3.3 indicates the relation between exposed individuals and time for different frac-
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Parameter Value [without vaccination] Value [with vaccination] Reference
λ 0.0182 0.0182 Estimated
µ 0.0073 0.0073 Estimated
β 0.476 0.476 Estimated
η 0.0 0.01 Model to fit
γ 0.286 0.286 [131, 132]
k 0.071 0.071 [131, 132]
R0 3.67 1.55 Estimated

Table 3.2: Estimated values of parameters.

Figure 3.2: Plots of S(t) for different values of α = 0.6, 0.8, 1.0 with respect to time (days)
with vaccination and without vaccination.

tional order α in both cases of with and without vaccination. We observe that the number
of exposed individuals increases with time for all values of α. However, at a fixed time t
the number of exposed individuals decreases with a decrease in the value of α. Further-
more, the introduction of vaccination shows that the number of exposed individuals is
less than those in the case of without vaccination for different values of α as expected.
Figure 3.4 represents the behavior of the number of infected individuals with time for

different fractional order α in both cases of with and without vaccination. We observe
that the number of infected individuals decreases consistently with time for different frac-
tional values of α which further decreases with the use of vaccines.
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Figure 3.3: Plots of E(t) for different values of α = 0.6, 0.8, 1.0 with respect to time (days)
with vaccination and without vaccination.

The behavior of recovered individuals with time is shown in Figure 3.5. It is evident from
the graph that the number of recovered individuals increases with time for all values of
α. It may also be deduced that the recovered individuals increases because of the impact
of vaccines.
Figure 3.6 shows the time series analysis of the SEIR model with vaccination for

R0 = 1.55 and parameter values given in Table 3.2. The two equilibrium points are
E0 = (1.0520, 0, 0, 1.4411) and E1 = (0.6795, 0.0825, 0.0199, 1.7104). It shows that with
varying initial values, model system (3.3) has an endemic equilibrium and is globally
asymptotically stable, confirming our theoretical results in Theorem 3.4.4.

3.7 Conclusion

In this chapter, we have discussed the fractional order derivatives with the Caputo op-
erator of order 0 < α ≤ 1 of SEIR model with vaccination. Based on the COVID-19
cases data in India, collected upto 1st August, 2021, we estimated the basic reproduction
number R0 without vaccination to be 3.67 and with vaccination to be 1.55. Thus, it
shows that introduction of the vaccination parameter η reduces the reproduction number
R0. The parameter values in (3.3) have been estimated using the real time data given in
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Figure 3.4: Plots of I(t) for various values of α = 0.6, 0.8, 1.0 with respect to time (days)
with vaccination and without vaccination.

Figure 3.5: Plots of R(t) for different values of α = 0.6, 0.8, 1.0 with respect to time (days)
with vaccination and without vaccination.
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Figure 3.6: Time series plot of all individuals with vaccination and various initial condi-
tions, parameter values are given in Table 3.2.

[131, 1321] and are presented in Table 3.2. We have demonstrated the global stability of
the equilibrium points by constructing the Lyapunov function. The choice of a derivative
order is often more appropriate for modeling complex data due to its freedom and re-
duced error. This benefit can be utilized in real time data since the data is typically less
accurate than the integer-ordered model. As is evident from our study that vaccination
is an effective method in control and prevention of the COVID-19 disease. The model
described in this research may be used to investigate the dynamics of various epidemic
illnesses, as well as the function of vaccination in successful transmission control. Our
investigation suggests that the primary task of health officials, policymakers, and experts
should be to implement the most appropriate vaccination plan to fight against the disease.
It is very important that the transmission of diseases is controlled at an early stage to
avoid a massive impact on the population. Some of the preventive measures that can be
utilized are the enforcement of curfews, checkpoints, and containment zones. These can
be used to prevent the spread of contamination.
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Chapter 4

Dynamics of Caputo fractional order
SEIRV epidemic model with optimal
control and stability analysis

“The important thing is not to stop questioning. Curiosity has its own reason for existing.”
- Albert Einstein

This chapter is based on the paper
Dynamics of Caputo Fractional Order SEIRV Epidemic Model with Opti-
mal Control and Stability Analysis, Int. J. Appl. Comput. Math. 8(1),
1-25, 2022.
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4.1 Introduction

The first instances of corona virus infection in humans in 1965, with symptoms that were
comparable to the common cold were first reported by Tyrrell and Bynoe [54]. From De-
cember 2019, a new coronavirus known as SARS-COV-2 has been identified in a number
of nations, infecting thousands of individuals worldwide with a higher mortality rate. The
virus, however, proved deadly in Wuhan, Hubei Province, China, in 2019, after multiple
modifications [133]. Henceforth, the virus was named SARS-CoV-2 and the disease was
declared to be COVID-19. The spread of the disease with fatal consequences soon accel-
erated in several countries and was declared a pandemic by World Health Organization
on 11th March 2020. It can harm the respiratory tract in a variety of ways, from a typical
cold to more serious diseases like SARS [134]. COVID-19 has recently engulfed most of
the world’s countries, infecting a huge number of individuals. COVID-19 has had a signif-
icant impact on people’s lives and has resulted in significant economic losses. Coronavirus
(formally known as COVID-19) has killed 4,336,797 individuals and infected 205,468,881
individuals throughout the world since it first emerged in China (as on Aug 12, 2021)
[83].
Epidemic mathematical models may help in various aspects, including analyzing the role
of epidemic propagation and suggesting effective control measures. The idea that epidemic
disease transmission patterns may be expressed mathematically dates back to 1766, when
Daniel Bernoulli published an article describing the impact of smallpox variolization on
lifespan [135]. The epidemiological model created by Kermack and Mckendrick during
1927 is an example of a mathematical model that can be useful in studying the devel-
opment and prevention of infectious illness [5]. Differential equations of integral order
are commonly used in epidemiology modelling of biological processes [58, 59, 136, 137].
Many studies have been conducted in this field of mathematics, and it has been shown
that differential equations using fractional operators are effective in demonstrating epi-
demic models linked to many infectious illnesses [63, 64, 103 - 105]. Tang, Wang, Li, and
Bragazzi [95] proposed a compartmental mathematical approach that would combine the
disease’s clinical progression, the patient’s epidemiological state, and intervention mea-
sures. There are several concerns, however, about the integral order of the differential
equations in such models. Fractional order differential equations, a relatively new and
growing topic of mathematical calculus, takes into account such constraints. Various ap-
proaches for constructing actual and approximate solutions to fractional order differential
equations have emerged throughout time as a result of extensive research [74, 75, 76, 108,
138, 139]. Because of its memory effects, fractional-order models have been investigated
for mimicking actual occurrences in recent decades [140]. In [141], the SEIRA mathe-
matical model is analyzed using the Atangana–Baleanu fractional derivative method with
the Mittag-Leffler kernel. Furthermore, because fractional models have been shown to
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be capable of accurately representing chaotic systems, they have surfaced in a variety of
domains dealing with chaos, including physics, biology, and finances [142 - 144].

4.1.1 Research background and motivation

Fractional derivatives are a powerful tool for describing memory and heredity features in
a wide range of systems and phenomena. Fractional-order differential equations preserve
the function’s fundamental information in stacked form. We have such an additional vari-
able (order of the derivative) in fractional-order modeling that is beneficial for numerical
methods. Fractional-order modeling has been used to investigate the disease transmission
dynamics. In addition, the integer-order differentiation is local, whereas the fractional
differentiation is not so. This behavior helps in the simulation of epidemic situations.
Furthermore, the fractional derivative has the capability to improve the system’s stability
zone. The calculus of fractional order system adds an additional parameter to the model-
ing framework, which helps in numerical simulations. When talking about real problems,
the Caputo derivative is highly useful since it allows traditional starting and boundary
conditions be included in the derivation, and the derivative of a constant is zero, that is
not the case with the Riemann–Liouville fractional derivative. In this study, a fractional
SEIRV model with optimum control has been created using Caputo fractional-order dif-
ferential equations, motivated by the aforementioned studies and the benefits of Caputo
fractional-order differential equations.

The objectives of this chapter are:

• Investigate the SEIRV model’s dynamical behavior and stability.

• Determine the Basic Reproduction number and Equilibrium points.

• The model system is subjected to an optimal control analysis by controlling ‘vacci-
nation rate’ parameter.

• Application of the Adam-Bashforth-Moulton predictor-corrector technique to obtain
numerical solution.

The chapter is organized as follows: SEIRV model with fractional derivative in Ca-
puto sense is discussed in Section 4.2. The existence and uniqueness of the model solution,
including positivity and boundedness are established in Section 4.3. The stability anal-
ysis and stability criterion of the model system are discussed in Section 4.4. We also
provide an optimal control strategy for an SEIRV model using the control parameter
“vaccination rate” in Section 4.5. In Section 4.6, we perform Adam-Bashforth-Moulton
predictor-corrector scheme for the SEIRV model. In Section 4.7, numerical simulation
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and discussion are presented via MATLAB. Section 4.8 includes the validation of the
model with real time data. Finally, Section 4.9 includes the conclusion of the chapter.

4.2 Model formulation

The entire population (N) is divided into five categories, namely, the susceptible individu-
als (S), the exposed individuals (E), the infected individuals (I), the recovered individuals
(R) and the vaccinated individuals (V ) at any time t ≥ 0. Thus

N(t) = S(t) + E(t) + I(t) +R(t) + V (t). (4.1)

The SEIRV model with vaccination in the sense of integral order is defined as follows

Figure 4.1: The SEIRV model is represented schematically.

on the basis of the flow diagram:

DtS(t) = Λ− βS(t)I(t)− δ0S(t)− δS(t),

DtE(t) = βS(t)I(t)− (δ0 + δ1)E(t),

DtI(t) = δ1E(t)− (δ0 + δ2)I(t),

DtR(t) = δ2I(t)− δ0R(t),

DtV (t) = δS(t)− δ0V (t).

(4.2)
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In this communication, we consider the SEIRV model using fractional order derivatives
[145- 153] with Caputo operator of order 0 < ν ≤ 1.

CDν
t S(t) = Λν − βνS(t)I(t)− δν0S(t)− δνS(t),

CDν
tE(t) = βνS(t)I(t)− (δν0 + δν1 )E(t),

CDν
t I(t) = δν1E(t)− (δν0 + δν2 )I(t),

CDν
tR(t) = δν2I(t)− δν0R(t),

CDν
t V (t) = δνS(t)− δν0V (t).

(4.3)

Λ birth rate of susceptible individuals
δ0 the rate of mortality of all individuals
β the rate of infection of susceptible individuals
δ the rate of vaccination
δ1 the rate of progression from exposed to infected individuals
δ2 the recovery rate of infected individuals

Table 4.1: The parameters of the model and their descriptions.

It is found that the model system’s time dimension (4.3) is correct as both sides of
the model system’s equations have dimension (time)−ν [153]. Next, let us consider t0 = 0
and disregarded the superscript ν of all parameters and the system becomes:

CDν
t S(t) = Λ− βS(t)I(t)− δ0S(t)− δS(t),

CDν
tE(t) = βS(t)I(t)− (δ0 + δ1)E(t),

CDν
t I(t) = δ1E(t)− (δ0 + δ2)I(t),

CDν
tR(t) = δ2I(t)− δ0R(t),

CDν
t V (t) = δS(t)− δ0V (t).

(4.4)

The initial conditions are S(0) = S0 > 0, E(0) = E0 > 0, I(0) = I0 > 0, R(0) = R0 ≥
0, V (0) = V0 ≥ 0.
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4.3 Analysis of the model

4.3.1 Positivity and boundedness of solutions

Proposition 4.3.1. For all t ≥ 0, the variables are positive. The closed region Ω =
{(S,E, I, R, V ) ∈ R5 : 0 < N ≤ Λ

δ0
} is positive invariant for the system (4.4).

Proof. From the model (4.4), we have CDν
t (S +E + I +R+V )(t) = Λ− δ0(S +E + I +

R + V )(t).
Therefore, CDν

tN(t) + δ0N = Λ.
Using Laplace transform, we obtain
pνL(N(t))− pν−1N(0) + δ0L(N(t)) = Λ

p

So, L(N(t)) = pνN(0)
pν+1+δ0

+ Λ
pν+1+δ0

.
Applying inverse Laplace transform, we get
N(t) = N(0)Eν,1(−δ0t

ν) + ΛtνEν,ν+1(−δ0t
ν).

According to Mittag-Leffler function,
Ec,d(z) = zEc,c+d(z) +

1
Γ(d)

.

Thus, limt→∞ Sup N(t) ≤ Λ
δ0
.

Hence the model (4.4) is bounded above by Λ
δ0
. Thus S,E, I, R, and V are all positive

functions, and the system (4.4) is positive invariant.

4.3.2 Existence and uniqueness

This section demonstrates that the system (4.4) has a unique solution. To begin with, we
rewrite system (4.4) in the following manner:
CDν

t S(t) = G1(t, S(t)),
CDν

tE(t) = G2(t, S(t)),
CDν

t I(t) = G3(t, S(t)),
CDν

tR(t) = G4(t, S(t)),
CDν

t V (t) = G5(t, S(t)),
where
G1(t, S(t)) = Λ− βS(t)I(t)− δ0S(t)− δS(t), G2(t, S(t)) = βS(t)I(t)− (δ0 + δ1)E(t),
G3(t, S(t)) = δ1E(t)− (δ0 + δ2)I(t), G4(t, S(t)) = δ2I(t)− δ0R(t),
G5(t, S(t)) = δS(t)− δ0V (t).
Taking integral transform on both sides of the above equations, we obtain
S(t)− S(0) = 1

Γ(ν)

∫ t

0
(t− p)(ν−1)G1(p, S)dp,

E(t)− E(0) = 1
Γ(ν)

∫ t

0
(t− p)(ν−1)G2(p, E)dp,

I(t)− I(0) = 1
Γ(ν)

∫ t

0
(t− p)(ν−1)G3(p, I)dp,

R(t)−R(0) = 1
Γ(ν)

∫ t

0
(t− p)(ν−1)G4(p,R)dp,
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V (t)− V (0) = 1
Γ(ν)

∫ t

0
(t− p)(ν−1)G5(p, V )dp.

The kernels Gi, i = 1, 2, 3, 4, 5, fulfill the Lipschitz condition and contraction, as demon-
strated.

Theorem 4.3.1. G1 satisfies the Lipschitz condition and contraction if the following con-
dition holds: 0 ≤ βa1 + δ0 + δ < 1.
Proof.For S and S1,
∥G1(t, S)−G1(t, S1)∥ = ∥−βI(t)(S(t)− S1(t))− δ0(S(t)− S1(t))− δ(S(t)− S1(t))∥
=> ∥G1(t, S)−G1(t, S1)∥ ≤ (β ∥I(t)∥+ δ0 + δ) ∥(S(t)− S1(t))∥.
Suppose K1 = βa1 + δ0 + δ, where ∥I(t)∥ ≤ a1 is a bounded function.
So ∥G1(t, S)−G1(t, S1)∥ ≤ K1 ∥(S(t)− S1(t))∥.
For G1, the Lipschitz condition is obtained, and if 0 ≤ βa1 + δ0 + δ < 1, then G1 is a
contraction.
In the same manner, Gj, j = 2, 3, 4, 5 satisfy the Lipschitz condition as follows:
∥G2(t, E)−G2(t, E1)∥ ≤ K2 ∥(E(t)− E1(t))∥,
∥G3(t, I)−G3(t, I1)∥ ≤ K3 ∥(I(t)− I1(t))∥,
∥G4(t, R)−G4(t, R1)∥ ≤ K4 ∥(R(t)−R1(t))∥,
∥G5(t, V )−G5(t, V1)∥ ≤ K5 ∥(V (t)− V1(t))∥,
where K2 = (δ1 + δ0), K3 = (δ2 + δ0), K4 = δ0, K5 = δ0.
For j = 2, 3, 4, 5, we obtain 0 ≤ Kj < 1, then Gj are contractions. Consider the following
recursive patterns, as suggested by the system (4.4):
ϕ1n(t) = Sn(t)− Sn−1(t) =

1
Γ(ν)

∫ t

0
(t− p)(ν−1)(G1(p, Sn−1)−G1(p, Sn−2))dp,

ϕ2n(t) = En(t)− En−1(t) =
1

Γ(ν)

∫ t

0
(t− p)(ν−1)(G2(p, En−1)−G2(p, En−2))dp,

ϕ3n(t) = In(t)− In−1(t) =
1

Γ(ν)

∫ t

0
(t− p)(ν−1)(G3(p, In−1)−G3(p, In−2))dp,

ϕ4n(t) = Rn(t)−Rn−1(t) =
1

Γ(ν)

∫ t

0
(t− p)(ν−1)(G4(p,Rn−1)−G4(p,Rn−2))dp,

ϕ5n(t) = Vn(t)− Vn−1(t) =
1

Γ(ν)

∫ t

0
(t− p)(ν−1)(G5(p, Vn−1)−G5(p, Vn−2))dp,

with S0(t) = S(0), E0(t) = E(0), I0(t) = I(0), R0(t) = R(0) and V0(t) = V (0).
Throughout the above system, we compute the norm of its first equation, and then

∥ϕ1n(t)∥ = ∥Sn(t)− Sn−1(t)∥ =
∥∥∥ 1
Γ(ν)

∫ t

0
(t− p)(ν−1)(G1(p, Sn−1)−G1(p, Sn−2))dp

∥∥∥
=> ∥ϕ1n(t)∥ ≤ 1

Γ(ν)

∑t
0

∥∥(t− p)(ν−1)(G1(p, Sn−1)−G1(p, Sn−2))dp
∥∥.

Possessing Lipschitz’s condition, we have
∥ϕ1n(t)∥ ≤ 1

Γ(ν)
K1

∫ t

0

∥∥(ϕ1(n−1)(p))
∥∥ dp.

In similar aspect, we obtain
∥ϕ2n(t)∥ ≤ 1

Γ(ν)
K2

∫ t

0

∥∥(ϕ2(n−1)(p))
∥∥ dp,

∥ϕ3n(t)∥ ≤ 1
Γ(ν)

K3

∫ t

0

∥∥(ϕ3(n−1)(p))
∥∥ dp,

∥ϕ4n(t)∥ ≤ 1
Γ(ν)

K4

∫ t

0

∥∥(ϕ4(n−1)(p))
∥∥ dp,

∥ϕ5n(t)∥ ≤ 1
Γ(ν)

K5

∫ t

0

∥∥(ϕ5(n−1)(p))
∥∥ dp.
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As a result, we may write
Sn(t) =

∑n
i=0 ϕ1i(t), En(t) =

∑n
i=0 ϕ2i(t), In(t) =

∑n
i=0 ϕ3i(t), Rn(t) =

∑n
i=0 ϕ4i(t), Vn(t) =∑n

i=0 ϕ5i(t).

Theorem 4.3.2. A system of solutions described by the SEIRV model (4.4) exists if
there exists t1 such that ( 1

Γ(ν)
t1Kj) < 1.

Proof. We have
∥ϕ1n(t)∥ ≤ ∥Sn(0)∥ [ 1

Γ(ν)
tK1]

n,

∥ϕ2n(t)∥ ≤ ∥En(0)∥ [ 1
Γ(ν)

tK2]
n,

∥ϕ3n(t)∥ ≤ ∥In(0)∥ [ 1
Γ(ν)

tK3]
n,

∥ϕ4n(t)∥ ≤ ∥Rn(0)∥ [ 1
Γ(ν)

tK4]
n,

∥ϕ5n(t)∥ ≤ ∥Vn(0)∥ [ 1
Γ(ν)

tK5]
n.

Thus, the system is continuous and has a solution. Now we’ll explain how the functions
listed above may be used to construct a model solution of (4.4). We make the assumption
that
S(t)− S(0) = Sn(t)− P1n(t), E(t)−E(0) = En(t)− P2n(t), I(t)− I(0) = In(t)− P3n(t),
R(t)−R(0) = Rn(t)− P4n(t), V (t)− V (0) = Vn(t)− P5n(t).

So, ∥P1n(t)∥ =
∥∥∥ 1
Γ(ν)

∫ t

0
(G1(p, S)−G1(p, Sn−1))dp

∥∥∥
≤ 1

Γ(ν)
tK1 ∥S − Sn−1∥.

We get the result by repeating the process.
∥P1n(t)∥ ≤ [ 1

Γ(ν)
t]n+1Kn+1

1 K

=> ∥P1n(t)∥ → 0 as n → ∞ .
Similarly, we may establish that
∥Pjn(t)∥ → 0, j = 2, 3, 4, 5 as n → ∞ .
To examine the uniqueness of the solution, we assume that there is another solution of
the system, such as S1(t), E1(t), I1(t), R1(t) and V1(t). Then
S(t)− S1(t) =

1
Γ(ν)

∫ t

0
(t− p)(ν−1)(G1(p, S)−G1(p, Sn−1))dp.

Taking norm we have
∥S(t)− S1(t)∥ = 1

Γ(ν)

∫ t

0
∥(G1(p, S)−G1(p, Sn−1))∥ dp.

From Lipschitz condition
∥S(t)− S1(t)∥ = 1

Γ(ν)
tK1 ∥S(t)− S1(t)∥ .

Thus

∥S(t)− S1(t)∥ (1−
1

Γ(ν)
tK1) ≤ 0. (4.5)

Theorem 4.3.3. The model system (4.4) has a unique solution, provided that (1 −
1

Γ(ν)
tK1) > 0.

Proof. Assuming that condition (4.5) is valid,
∥S(t)− S1(t)∥ (1− 1

Γ(ν)
tK1) ≤ 0.
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Then ∥S(t)− S1(t)∥ = 0. So we have S(t) = S1(t).
Similarly, we can prove that E(t) = E1(t), I(t) = I1(t), R(t) = R1(t), V (t) = V1(t).

4.3.3 Equilibrium points and Basic reproduction number

The disease-free equilibrium points E0 and the epidemic equilibrium point E1 of the
system (4.4) are obtained from
i.e., CDν

t S(t) =
CDν

tE(t) = CDν
t I(t) =

CDν
tR(t) = CDν

t V (t) = 0.
We have E0(

Λ
δ+δ0

, 0, 0, 0, Λδ
δ0(δ+δ0)

) and E1(S
∗, E∗, I∗, R∗, V ∗) where

S∗ = (δ1+δ0)(δ2+δ0)
βδ1

, E∗ = I∗ (δ2+δ0)
δ1

, I∗ = Λδ1
(δ1+δ0)(δ2+δ0)

− (δ+δ0)
β

, R∗ = δ2I∗

δ0
, V ∗ = (δ1+δ0)(δ2+δ0)δ

βδ0δ1
.

The basic reproduction number, indicated by R0, is the estimated number of secondary
cases generated by infection of a single susceptible individual. Using next generation
matrix method [92, 154], the reproduction number (R0) can be obtained from the leading
eigenvalue of the matrix FV −1 where,

F =

[
0 βΛ

(δ+δ0)

0 0

]
and V =

[
(δ + δ0) 0
−δ1 (δ2 + δ0)

]
.

Therefore, the reproduction number (R0) =
βΛδ1

(δ+δ0)(δ1+δ0)(δ2+δ0)
.

Each parameter is obviously dependent on ν. So R0 is a function of ν. For analysis
purpose, we have fixed the value of ν. If we change the value of ν, then all other parametric
values will be changed and this will change the value of R0.

4.3.4 Significance of sensitivity parameters

This section shows the impact of altering parameter values on the R0, reproduction num-
ber’s perceived usefulness. The crucial parameter, which might be a critical threshold for
illness management, must be identified.
The following are the mathematical representations of R0’s sensitivity index towards the
parameters Λ, β, δ, δ0, δ1, δ2 :
∂R0

∂Λ
= βδ1

(δ+δ0)(δ1+δ0)(δ2+δ0)
, ∂R0

∂β
= δ1

(δ+δ0)(δ1+δ0)(δ2+δ0)
, ∂R0

∂δ
= − Λβδ1

(δ+δ0)2(δ1+δ0)(δ2+δ0)
,

∂R0

∂δ1
= Λβδ0

(δ+δ0)(δ1+δ0)2(δ2+δ0)
, ∂R0

∂δ2
= − Λβδ1

(δ+δ0)(δ1+δ0)(δ2+δ0)2
,

∂R0

∂δ0
= −Λβδ1[3δ20+2δ0(δ+δ2+δ0)+(δδ1+δ1δ1+δδ2)]

[(δ+δ0)(δ1+δ0)(δ2+δ0)]2
.

It is inferred that some derivatives seem positive, and that the basic reproductive number
R0 increases as any of the aforementioned positive value parameters Λ, β, δ1 is increased.
The proportionate reaction to the proportion stimulation is used to calculate the elastic-
ity. We have
EΛ = Λ

R0

∂R0

∂Λ
= 1, Eβ = β

R0

∂R0

∂β
= 1, Eδ1 =

δ1
R0

∂R0

∂δ1
= δ0

δ1+δ0
.

As a result, we observed that EΛ, Eβ and Eδ1 are positive. This means that increasing
the values of the parameters Λ, β, δ1 raises the value of the fundamental reproduction
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number R0. The fundamental reproduction number might vary a lot depending on how
these factors are changed. A highly sensitive component should be computed with care,
since even slight variations might result in significant quantitative systemic changes.

4.4 Stability analysis

For stability analysis, the Jacobian matrix of the system (4.4) at disease-free equilibrium
point E0 is given by J0 = P , where

J =


P11 0 P13 0 0
0 P22 P23 0 0
0 P32 P33 0 0
0 0 P43 P44 0
P51 0 0 0 P55

 ,

where P11 = −(δ0 + δ), P13 = −βS0, P22 = (δ0 + δ1), P23 = βS0, P32 = δ1, P33 = (δ0 +
δ2), P43 = δ2, P44 = δ0, P51 = δ, P55 = δ2.

Theorem 4.4.1. When R0 < 1, the disease-free equilibrium point of the system (4.4) is
locally asymptotically stable, and when R0 > 1, it is unstable.
Proof.The characteristic equation of J0 is given by determinant (P −λI5) = 0. The roots
of the characteristic equation are −δ0,−δ0,−(δ + δ0) and λ2 − λ(P22 + P33) + (P22P33 −
P23P32) = 0. By Routh-Hurwitz Criterion, the roots are negative if (P22 + P33) < 0 and
(P22P33 − P23P32) > 0.
Now (P22P33 − P23P32) > 0
=> (δ1 + δ0)(δ0 + δ2)− βδ1

δ+δ0
> 0

=> R0 < 1.
Since the first three roots are negative and other roots will be negative if R0 < 1 and
positive if R0 > 1 Therefore the equilibrium point E0 is locally asymptotically stable or
unstable according as R0 < 1 or R0 > 1.

Theorem 4.4.2. When R0 < 1, the disease-free equilibrium point E0 of the system (4.4)
is globally asymptotically stable, and unstable when R0 > 1.
Proof.Taking the appropriate Lyapunov function into consideration.
F = δ1E + (δ0 + δ1)I.
The time fractional derivative of the above function is
CDν

t F (t) = δ1
CDα

t E(t) + (δ0 + δ1)
CDα

t I(t).
From (4.4) we get,
CDν

t F (t) = δ1(βSI − (δ0 + δ1)E) + (δ0 + δ1)(δ1E − (δ0 + δ2)I).
Now,
CFDν

t F (t) ≤ I(δ + δ0)(δ2 + δ0)[R0 − 1].
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Hence if R0 < 1, then CDν
t F (t) < 0. Hence, by LaSalle’s extension to Lyapunov’s prin-

ciple [129, 130], the disease-free equilibrium point E0 is globally asymptotically stable and
unstable if R0 > 1.

Theorem 4.4.3. If R0 > 1, the epidemic equilibrium E1 = (S∗, E∗, I∗, R∗, V ∗) is locally
asymptotically stable.
Proof.The characteristic equation is (−δ0 − λ)(−δ0 − λ)(λ3 + Aλ2 +Bλ+ C) = 0.
Where, A = −(G11+G22+G33), B = G11(G22+G33)+(G22G33−G23G32+G13G21G32), C =
−G11(G22G33 −G23G32 +G13G21G32),
where G11 = −βI∗ − δ − δ0, G22 = −δ1 − δ0, G22 = −δ2 − δ0, G23 = βS∗, G32 = δ1, G13 =
−βS∗, G23 = βI∗, G21 = βI∗.
Since A > 0, C > 0, AB > C, by Routh-Hurwitz Criterion, the system (4.4) is locally
asymptotically stable at E1.

Theorem 4.4.4. The epidemic equilibrium E1 is globally asymptotically stable if if R0 >
1.
Proof.The Goh-Volterra form’s non-linear Lyapunov function is defined as
W = (S − S∗ − S∗log S

S∗ ) + (E − E∗ − E∗log E
E∗ ) +Q(I − I∗ − I∗log I

I∗
).

Using Lemma 1.4.7 and then the above function’s time fractional derivative is,
CDν

tW (t) ≤ (1− S∗

S
)CDα

t S(t) + (1− E∗

E
)C Dα

t E(t) +Q(1− I∗

I
) CDα

t I(t).
Using system (4.4) we get,
CDν

tW (t) ≤ (Λ−βSI−δ0S−δS−S∗(Λ−βSI−δ0S−δS)
S

)+((βSI−(δ0+δ1)E)−E∗(βSI−(δ0+δ1)E)
E

)+

Q((δ1E − (δ0 + δ2)I)− I∗(δ1E−(δ0+δ2)I)
I

).
At steady state from equation (4.4), we have
Λ = βS∗I∗ + δ0S

∗ + δS∗

Using the condition of steady state of the above equation, we have
CDν

tW (t) ≤ (βS∗I∗ + δ0S
∗ + δS∗ − βSI − δ0S − δS − S∗(βS∗I∗+δ0S∗+δS∗−βSI−δ0S−δS)

S
) +

((βSI − (δ0 + δ1)E)− E∗(βSI−(δ0+δ1)E)
E

) +Q((δ1E − (δ0 + δ2)I)− I∗(δ1E−(δ0+δ2)I)
I

).
Adding all infected classes without a single star (*) from the above equation to zero:
S∗βI − (δ0 + δ1)E +Q(δ1E − (δ0 + δ2)I) = 0.
The steady state was somewhat perturbed between (4.4) and the above equation, yielding:

Q = S∗β
(δ0+δ2)

, (δ0 + δ1) =
I∗S∗β
E∗ , δ1 =

(δ0+δ2)I∗

E∗ .
Further simplification gives,
CDν

tW (t) ≤ (βS∗I∗ + δ0S
∗ + δS∗ − δ0S − S∗(βS∗I∗+δ0S∗+δS∗−δ0S)

S
) + (−βSIE∗

E
+ βS∗I∗) +

(−βS∗I∗EI∗

IE∗ + βS∗I∗).
We have an arithmetic mean that is greater than the geometric mean.
(2− S

S∗ − S∗

S
≤ 0, (3− S∗

S
− I∗E

IE∗ − SE∗I
E

≤ 0. Hence, CDν
tW (t) ≤ 0 for R0 > 1.

Hence W is a Lyapunov function. If R0 > 1, the epidemic equilibrium E1 is globally
asymptotically stable, according to LaSalle’s Invariance Principle [129].
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4.5 SEIRV model with optimal control

Vaccination is an important tool in the fight against infectious illnesses. The vaccine
against Covid-19 has recently been proven to be an effective means of stopping the dis-
ease’s transmission. Ding et al. [50] and Agarwal et al. [51] have contributed on optimum
control theory in fractional calculus. Pontryagain’s maximal principle [52] strikes at the
core of the concept of optimal control in fractional calculus. Our goal is to incorporate
the effectiveness of vaccination through a control measure namely w (0 ≤ w(t) ≤ 1) and
to identify the best control w∗ to minimize the cost function J(w) of the control strategy.
The cost function

J(w∗) = min (J(w(t))) with J(w) =

(∫ tg

0

[E + I + A1w
2] dt

)
, (4.6)

subject to

CDν
t S(t) = Λ− βS(t)I(t)− δ0S(t)− δS(t), S(0) = S0 > 0,

CDν
tE(t) = βS(t)I(t)− (δ0 + δ1)E(t), E(0) = E0 ≥ 0,

CDν
t I(t) = δ1E(t)− (δ0 + δ2)I(t), I(0) = I0 ≥ 0,

CDν
tR(t) = δ2I(t)− δ0R(t), R(0) = R0 ≥ 0,

CDν
t V (t) = δS(t)− δ0V (t), V (0) = V0 ≥ 0,

(4.7)

where 0 ≤ w(t) ≤ 1.

Theorem 4.5.1. Let w(t) be a measurable control function on [0, tg]. Then an optimal
control w∗ to minimize the objective function J(w) of (4.6) with w∗ = max [min(w, 1), 0],

w = (ϵ1−ϵ5)S
2A1

. where (S,E, I, R, V ) is the corresponding solution of the system (4.7).
Proof.The Hamiltonian has been analyzed in the following manner:
H = [E+ I+A1w

2]+ ϵ1(Λ−βS(t)I(t)− δ0S(t)−wS(t))+ ϵ2(βS(t)I(t)− (δ0+ δ1)E(t))+
ϵ3(δ1E(t)− (δ0 + δ2)I(t)) + ϵ4(δ1E(t)− (δ0 + δ2)I(t)) + ϵ5(wS(t)− δ0V (t)),
with ϵi(t), i = 1, 2, 3, 4, 5 are the adjoint variables with ϵi(tg) = 0, expressed in the canon-
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ical equations:

RLDν
t ϵ1(t) = −∂H

∂S
= ϵ1(βI(t) + δ0 − w)− ϵ2(βI(t))− ϵ5(w),

RLDν
t ϵ2(t) = −∂H

∂E
= −1 + ϵ2((δ1 + δ0)E(t))− ϵ3(δ1),

RLDν
t ϵ3(t) = −∂H

∂I
= −1 + ϵ1(βS(t))− ϵ2(βS(t)) + ϵ3(δ2 + δ0)− ϵ4(δ2),

RLDν
t ϵ4(t) = −∂H

∂R
= ϵ4δ0,

RLDν
t ϵ5V (t) = −∂H

∂V
= ϵ5δ0.

(4.8)

As a result, the issue of determining w∗ that minimizes H in the presence of (4.7) is
recast as minimizing the Hamiltonian with regard to the control. We then establish the
following optimum condition using the Pontryagin principle:
∂H
∂w

= 2A1w + (ϵ1 − ϵ5)S = 0,
which may be solved using state and adjoint variables to yield
w = (ϵ1−ϵ5)S

2A1
.

For the best control w∗, take into account the control constraints as well as the sign of ∂H
∂w

.
As a result, we get

w∗ =


0 if ∂H

∂w
< 0,

w if ∂H
∂w

= 0,

1 if ∂H
∂w

> 0.

By substituting w∗ to the equation, the optimal condition may be determined for the system
(4.7).

4.6 Adam-Bashforth-Moulton predictor-corrector scheme

for the SEIRV model

The Adams-Bashforth-Moulton strategy is the most widely used numerical technique
for addressing any fractional order initial value problems. Let’s look at the fractional
differential equation below.

CDν
t Fj(t) = gj(t, Fj(t)), F

r
j (t)(0) = F r

j0, r = 0, 1, 2, ..., [α], j ∈ N. (4.9)
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where F r
j0 ∈ R is equal to the well-known Volterra integral equation

Fj(t) =
ν∑

n=0

F r
j0

tn

n!
+

1

Γ(ν)

∫ t

0

(t− u)ν−1gj(u, Fj(u))du. (4.10)

The algorithm is explained as follows
Let h = T

m
, tn = nh, n = 0, 1, 2, ...,m.

Corrector formulae:

Sn+1(t) = S(0) +
hν

Γ(ν + 2)
(Λ− βSp

n+1I
p
n+1 − δ0S

p
n+1 − δSp

n+1)

+
hν

Γ(ν + 2)

n∑
j=0

α1,j,n+1(Λ− βSjIj − δ0Sj − δSj),

En+1(t) = E(0) +
hν

Γ(ν + 2)
(βSp

n+1I
p
n+1 − (δ0 + δ1)E

p
n+1)

+
hν

Γ(ν + 2)

n∑
j=0

α1,j,n+1(βSjIj − (δ0 + δ1)Ej),

In+1(t) = I(0) +
hν

Γ(ν + 2)
(δ1E

p
n+1 − (δ0 + δ2)I

p
n+1)

+
hν

Γ(ν + 2)

n∑
j=0

α1,j,n+1(δ1Ej − (δ0 + δ2)Ij),

Rn+1(t) = R(0) +
hν

Γ(ν + 2)
(δ2I

p
n+1 − δ0R

p
n+1) +

hν

Γ(ν + 2)

n∑
j=0

α1,j,n+1(δ2Ij − δ0Rj),

Vn+1(t) = V (0) +
hν

Γ(ν + 2)
(δSp

n+1 − δ0V
p
n+1) +

hν

Γ(ν + 2)

n∑
j=0

α1,j,n+1(δSj − δ0Vj).

(4.11)
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Predictor formulae:

Sp
n+1 = S(0) +

1

Γ(ν)

n∑
j=0

Θj,n+1(Λ− βSjIj − δ0Sj − δSj),

Ep
n+1 = I(0) +

1

Γ(ν)

n∑
j=0

Θj,n+1(βSjIj − δ0 + δ1)Ej),

Ipn+1 = Q(0) +
1

Γ(ν)

n∑
j=0

Θj,n+1(δ0 + δ2)Ij),

Rp
n+1 = R(0) +

1

Γ(ν)

n∑
j=0

Θj,n+1(δ2Ij − δ0Rj),

V p
n+1 = V (0) +

1

Γ(ν)

n∑
j=0

Θj,n+1(δSj − δ0Vj),

(4.12)

where,

νj,n+1 =


n(ν+1) − (n− ν)(n+ 1)ν , if j = 0,

(n− j + 2)(ν+1) + (n− j)(ν+1) − 2(n− j + 1)(ν+1), if 0 ≤ j ≤ n,

1, if j = 1,

and
Θj,n+1 =

hν

ν
[(n+ 1− j)ν − (n− j)ν ], 0 ≤ j ≤ n.

4.7 Numerical simulation and discussion

In this section, we perform rigorous numerical simulations to evaluate and verify the
analytical results of our model system (4.4). Using mathematical software MATLAB
(2018a version), we have employed Adam’s-Bashforth-Moulton predictor-corrector scheme
to obtain numerical solution to the system (4.4).
We investigate numerical simulations of the model system (4.4) for India in the Caputo
sense, using the parameters listed in Table 4.2. We estimate and anticipate the progression
of the COVID-19 pandemic using recent Indian data up to the 10th of August 2021 [83]. In
the India scenario, Table 2 is utilized for simulation. The following figures were produced
to examine the behavior of the model (4.4) under various initial conditions.
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Parameter Value Reference
Λ 0.0182 [123]
δ 0.01 Model to fit
β 0.476 [155]
δ0 0.0073 [123]
δ1 0.071 [156]
δ2 0.286 [155]

Table 4.2: Estimated values of parameters for India.

Figure 4.2 demonstrates the dynamical behavior of all individuals for fractional order
ν = 0.82. The comparison of the number of susceptible, infected, exposed and recovered
individuals in case of δ = 0 and δ = 0.01 is quite obvious. The number of susceptible
individualsis more for δ = 0 than δ = 0.01. Similar is the case with exposed individuals
and infected individuals. However, in case of recovered individuals, it is just the opposite,
due to obvious reasons. Now, the recovered individuals will be more in case of δ = 0.01
than in case of δ = 0. Figure 4.3 depicts the dynamical behavior of all individuals with
a vaccination rate of 0.01 at fractional orders of ν = 0.8, 0.9, 1 and the value of R0 is
1.55. The purpose of this study is to demonstrate the importance of the COVID-19
vaccination rate. When we enforced a vaccination rate, the basic reproduction number
decreases. Figure 4.4(a) to 4.4(e) shows the time series of susceptible individuals, exposed
individuals, infected individuals, recovered individuals and vaccinated individuals across
a time period of [0,100] with optimal control taking fractional order ν = 1. Vaccination
is a critical component in preventing people from COVID-19, and various ideas have
been proposed in which vaccination rates are viewed as quite beneficial. As a result, the
addition of the vaccination parameter decreases the reproduction number R0. For the
simulation of the optimal control problem subject to the model (4.4) corresponding to
Table 4.2 in the India scenario, we used a final time of tg = 100. Figure 4.5 depicts the
time series of optimal control variable w∗ and optimal cost J∗.

4.8 Data fitting and model validation

The data fitting and model validation of the system (4.4) for Infected population in Brazil
are described in this section. From the 10th of April to the 19th of July, 2021, we compared
the model values with the real scenario for Brazil. The total initial population of Brazil
is around 209500000 [83]. The parametric values are given in Table 4.3. We have taken
t = 1 day as time unit and t = 100 as final time. Table 4.4 recommends day wise Infected
population from 10th April, 2021 to 19th July, 2021. Figure 4.6 depict time series solution
of Infected population of the system (4.4) for Table 4.3 taking ν = 0.8, 0.85, 0.9.
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Figure 4.2: Comparison of dynamical behaviour of all individuals with respect to time for
fractional order ν = 0.82, δ = 0 and δ = 0.01.
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Figure 4.3: Dynamical behaviour of all individuals with respect to time with a vaccination
rate, δ = 0.01 and fractional order ν = 0.8, 0.9, 1.
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Figure 4.4: With respect to time, the time series of the model system (4.4) corresponds
to Table 4.2.
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Figure 4.5: Time series of optimal control variable w∗ and optimal cost J∗ with parameter
values corresponding to Table 4.2.

Figure 4.6: Time series solution of Infected population of the system (4.4) for Table 4.3
taking ν = 0.8, 0.85, 0.9.
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Parameter Value Reference
Λ 0.0187 [123]
δ 0.01 Model to fit
β 0.32 [155]
δ0 0.0063 [123]
δ1 0.344 [156]
δ2 0.041 [155]

Table 4.3: The estimated parametric values are as follows in Brazil.

Day Infected population
10/04/2021 1,269,000
20/04/2021 1,285,000
30/04/2021 1,270,000
10/05/2021 1,111,000
20/05/2021 1,068,000
30/05/2021 1,108,000
09/06/2021 1,128,000
19/06/2021 1,257,000
29/06/2021 1,227,000
09/07/2021 813,700
19/07/2021 825,000

Table 4.4: Day wise Infected population of Brazil from 10th April, 2021 to 19th July,
2021.

4.9 Conclusion

In this chapter, we have discussed the optimal control of fractional order SEIRV model
with vaccination as the control parameter w. Based on the COVID-19 cases data in
India, collected upto 10th August, 2021, we estimated the basic reproduction number
R0 without vaccination to be 3.67 and with vaccination to be 1.55. The fractional-order
derivatives are usually more suitable in modeling since the choice of the derivative order
provides one more degree of freedom and this leads to better fit to the real time data
with less error than the integer-order model. A comparison of the number of individuals
in different compartments for ν = 0.82 has been presented in Figure 4.2 in case of δ = 0
and δ = 0.01. The stability analysis of the model shows that the system is locally as
well as globally asymptotically stable at disease-free equilibrium point E0 when R0 < 1
and at epidemic equilibrium E1 when R0 > 1. Sensitivity analysis shows that R0 is
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directly proportional to the birth rate of susceptible individuals Λ, the rate of infection of
susceptible individuals β and the rate of progression from exposed to infected individuals
δ1, all of which may be controlled with the effective execution of vaccination drives. We
have used the Pontryagin’s Maximum Principle to provide the necessary conditions needed
for the existence of the optimal solution to the optimal control problem. Adam-Bashforth-
Moulton predictor-corrector technique has been used to obtain numerical solutions to the
system. Numerical simulations are presented using MATLAB to validate the efficacy and
impact of the control parameter. It is evident that if the control measure w is employed
then the transmission of the disease may be checked and eradicated. Additionally, the
optimal control value w∗ has been determined in Theorem 4.5.1 to minimize the cost of
vaccination given by J(w) =

∫ tg
0
[E+I+A1W

2]dt. We have assumed a final time tg = 100
for optimal control. The order of derivative can differ from region to region. If we vary
the order of derivatives while keeping other parametric values fixed, the results will be
different (Figure 4.6). This demonstrates that the order of derivative is important in
system simulation. We have comparatively studied the model values and real scenario of
Brazil starts from 10th April 2021 and continues up to 100 days. It has been observed
that our model fits with ν = 0.85 with realistic data.
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Chapter 5

Fractional order SEIQRD epidemic
model of Covid-19: a case study of
Italy

“Look deep into nature, and then you will understand everything better”
- Albert Einstein

This chapter is based on the paper
Fractional order SEIQRD epidemic model of Covid-19: a case study of
Italy, , PLoS ONE, 18(3), e0278880, 2023.
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5.1 Introduction

The world is still addressing the Coronavirus illness 2019 (COVID-19), which is caused by
the new Coronavirus SARSCoV-2, a highly aggressive virus that attacks the individual
respiratory system. The hospitalized individuals’ ailments were linked to the marine and
moist animal industries in Wuhan, Hubei Province, China [157]. COVID-19 spreads from
person to person by touching contaminated surfaces and inhalation of infected persons’
respiratory droplets [158]. Those who have been infected with COVID-19 have reported
high fever, persistent cough, and exhaustion. Nonetheless, depending on the immune sys-
tem, COVID-19 symptoms and consequences differ from person to person. People with
a strong immune response seem to be more likely to get mild - to - moderate illnesses as
well as recover avoid going to the hospital. Various investigations, however, have identi-
fied other symptoms such as neurological illnesses and gastroenteritis of different severity
[159, 160]. With so many waves of infection, the illness caused numerous deaths in many
countries. COVID-19 outbreaks have occurred in Italy, with the population suffering the
effects of the consequences. The number of confirmed incidence and mortality in every
phase has been published, and there appears to be an increasing incidence. On Febru-
ary 21, 2020, the first Italian victim of COVID-19, a 38-year-old male hospitalized at
Codogno Hospital in Lodi, was diagnosed. On the 12th of February, 2022, it has infected
over 424,636,034 people over the world, resulting in 5903,485 deaths and 349,857,774 re-
coveries [161]. According to reports, the mortality rate in waves 1 and 2 was 1 %. Many
social programmers and events have been discontinued or extended as a result of the epi-
demic. The T-20 cricket world cup will be hosted in Australia in 2020, while the Summer
Olympics, which were scheduled to be held in Tokyo, have been postponed. The Indian
Premier League, one of the most popular cricket events, has been relocated from India to
the United Arab Emirates.
Its importance has been demonstrated by the construction of mathematical models in the
fields of epidemiology and physics. The Coronavirus infection has been examined by sev-
eral researchers from various perspectives. While biologists and mathematicians working
on the systems of the COVID-19 disease analyzed and constructed mathematical systems
based on real-world cases from various countries, and offered information on the infection’s
peak and clearance. In this context, [160, 161] are some mathematical models that have
been developed for this disease. The information from Italy is taken into account, and a
mathematical model for the COVID-19 disease is developed, with its study reported in
[162]. [163] examines the number of genuine instances from the Mexican population using
a mathematical model. [164] proposes a fractional SEIR model utilizing the wavelet
approach. The authors investigated the influence of social distance and other factors
that might be regarded important for the reduction of COVID-19 infection in [165]. The
authors used a mathematical modeling technique to evaluate genuine infected patients
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from Saudi Arabia and generated results on disease eradication in the nation [166]. [167]
describes a comparative study of Coronavirus infection dynamics. In [168, 170, 99, 97,
44] suggests some additional relevant work on COVID-19 modeling and associated illness
outcomes. In [123], Paul et al. analyzed the scenario analysis of COVID-19 pandemic us-
ing SEIR epidemic model. A deeper understanding of the pandemic dynamics, including
the characteristics of Covid-19 transmission, was made possible by the modeling tech-
nique [169, 170]. We have previously published research on fractional order phenomena
[97, 99, 100]. The novel fractional operator has shown to be quite effective in solving a
variety of mathematical modeling problems as well as some recent work on COVID-19
[171 - 174]. From the study of data obtained from Wuhan, Li et al. [14] calculated the
epidemiology and discovered the mean incubation time was 5.2 days. The authors of [175,
176] highlighted some interesting outcomes of Corona virus disease. In [177] introduced
deeper investigation of modified epidemiological computer virus model containing the Ca-
puto operator. Furthermore, the researchers in [178 - 183] analyzed fractional derivatives
of the COVID-19 infection models and presented some recommendations for infection
minimization in the form of lockdown and control measures.

5.1.1 Motivation and research background

Fractional order modeling is a useful tool that has been used to explore the nature of
diseases since the fractional derivative is an extension of the integer-order derivative. In
order to replicate real-world issues, several innovative fractional operators with various
properties have been designed. In addition, the integer derivative has a local identity,
whereas the fractional derivative has a global character. Numerous varieties of fractional
derivatives, both with and without singular kernels, are available today. Leibniz’s query
from 1695 marks the beginning of the fractional derivative. The fractional derivative also
improves in the improvement of the system’s consistency domain. We have the derivatives
of Caputo, Riemann-Liouville, and Katugampola for singular kernels [126, 184]. There
are two varieties of fractional derivatives without singular kernels: the Caputo-Fabrizio
fractional derivative [38], which has an exponential kernel, and the Atangana-Baleanu
fractional derivative, which has a Mittag-Leffler kernel [185]. While memory and genetic
properties are involved, working with fractional-order derivatives is crucial because it
provides a more accurate technique to describe COVID-19 outbreaks. Numerous aca-
demic articles, monographs, and novels have provided evidence to support this claim;
for instance, [186 - 193]. Motivated by the current research, we present and analyze
the SEIQRD model in Caputo sense. The Caputo derivative is particularly useful for
discussing real-world situations since it permits traditional beginning and boundary con-
ditions to be used in the derivation, and the derivative of a constant is zero, whereas the
Riemann–Liouville fractional derivative does not. It is quite challenging to genuinely cre-

71



ate an appropriate mathematical model using classical differentiation in the situation of
COVID-19 because to the large number of uncertainties, unknowns, and disinformation.
Generally, non-local operators are better suited for such circumstances because, depend-
ing on whether power law, fading memory, or overlap effects are taken into account, they
can represent non-localities and certain memory effects.

5.1.2 Structure of the chapter

In Section 5.2, we have established the SEIQRD epidemic model of Covid-19 in Ca-
puto sense. We have investigated the existence, uniqueness, non-negative, boundedness
criterion and stability analysis of the solution of model in Section 5.3. In Section 5.4,
the fractional-order Taylor’s approach in Caputo derivative is utilized to approximate the
solution to the proposed model. The numerical study is given using MATLAB (2018a) in
Section 5.5. Finally, the chapter’s conclusion is found in Section 5.6.

5.2 Model formulation

The mathematical model of COVID-19 transmission formulated in this study was moti-
vated by the study of [99, 100]. In the present study, the model will be divided into six
compartments [see Figure 5.1]. The total human population to be considered is denoted
as N(t), and at any time, it comprises of the susceptible (S), exposed (E), infected (I),
quarantined (Q), recovered (R), and death (D) compartments, respectively. Thus

N(t) = S(t) + E(t) + I(t) +Q(t) +R(t) +D(t). (5.1)

Now we formulate the SEIQRD model with fractional order derivatives with Caputo
operator of order 0 < ϕ ≤ 1.

CDϕ
t S(t) = ãϕ − b̃ϕ(1− α̃ϕβ̃ϕ)S(t)I(t)− c̃ϕS(t),

CDϕ
t E(t) = b̃ϕ(1− α̃ϕβ̃ϕ)S(t)I(t)− (ẽϕ + c̃ϕ)E(t),

CDϕ
t I(t) = ẽϕE(t)− (f̃ϕ + g̃ϕ + h̃ϕ + c̃ϕ)I(t),

CDϕ
t Q(t) = f̃ϕI(t)− (k̃ϕ + l̃ϕ + c̃ϕ)Q(t),

CDϕ
t R(t) = g̃ϕI(t) + k̃ϕQ(t)− c̃ϕR(t),

CDϕ
t D(t) = h̃ϕI(t) + l̃ϕQ(t).

(5.2)

Now for the sake of convenience of calculation, we redefine the parameters [see Table
5.1] as a = ãϕ, b = b̃ϕ, α = α̃ϕ, β = β̃ϕ, c = c̃ϕ, e = ẽϕ, f = f̃ϕ, g = g̃ϕ, h = h̃ϕ, l = l̃ϕ, k =
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Figure 5.1: Depicts a flow chart of the proposed SEIQRD model.

a Recruitment rate into S
b Contact rate
α Percentage of people who use a face mask
β The efficacy of face masks
c Mortality rate of all individuals
e Progression rate from E to I
f Isolation rate for I
g Recovery rate of I
h Death rate of I due to COVID-19 disease
k Recovery rate of Q
l Death rate of Q due to COVID-19 disease

Table 5.1: The parameters of the model and their descriptions.

k̃ϕ. Thus, the modified model system (5.2) can be finally written in the following form
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with initial conditions,

CDϕ
t S(t) = a− b(1− αβ)S(t)I(t)− cS(t),

CDϕ
t E(t) = b(1− αβ)S(t)I(t)− (e+ c)E(t),

CDϕ
t I(t) = eE(t)− (f + g + h+ c)I(t),

CDϕ
t Q(t) = fI(t)− (k + l + c)Q(t),

CDϕ
t R(t) = gI(t) + kQ(t)− cR(t),

CDϕ
t D(t) = hI(t) + lQ(t).

(5.3)

The initial conditions are S(0) > 0, E(0) > 0, I(0) > 0, Q(0) > 0, R(0) > 0, D(0) > 0.

5.3 Analysis of the model

5.3.1 Existence and uniqueness

The following are the necessary and sufficient conditions for a fractional order system’s
solution to exist and be unique:

Theorem 5.3.1. For each initial condition, there exists a unique solution of fractional
order system (5.3).
Proof.We are looking for a sufficient condition for the presence and uniqueness of system
(5.3) solutions in the region Π× (0, T ] where
Π = {(S,E, I,Q,R,D) ∈ IR6 : max(|S| , |E| , |I| , |Q| , |R| , |D|) ≤ M}. The method em-
ployed in [194] is used. Denote Y = (S,E, I,Q,R,D) and Y = (S̄, Ē, Ī, Q̄, R̄, D̄).
Consider a mapping
F (Y ) = (F1(Y ), F2(Y ), F3(Y ), F4(Y ), F5(Y )), F6(Y )), where

F1(Y ) = a− b(1− αβ)S(t)I(t)− cS(t),
F2(Y ) = b(1− αβ)S(t)I(t)− (e+ c)E(t),
F3(Y ) = eE(t)− (f + g + h+ c)I(t),
F4(Y ) = fI(t)− (k + l + c)Q(t),
F5(Y ) = gI(t) + kQ(t)− cR(t),
F6(Y ) = hI(t) + IQ(t).
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For Y, Y ∈ Π:∥∥F (Y )− F (Y )
∥∥

=
∣∣F1(Y )− F1(Y )

∣∣+ ∣∣F2(Y )− F2(Y )
∣∣+ ∣∣F3(Y )− F3(Y )

∣∣+ ∣∣F4(Y )− F4(Y )
∣∣

+
∣∣F5(Y )− F5(Y )

∣∣+ ∣∣F6(Y )− F6(Y )
∣∣

=
∣∣a− b(1− αβ)S(t)I(t)− cS(t)− a+ b(1− αβ)S̄(t)Ī(t) + cS̄(t)

∣∣+∣∣b(1− αβ)S(t)I(t)− (e+ c)E(t)− b(1− αβ)S̄(t)Ī(t) + (e+ c)Ē(t)
∣∣+∣∣eE(t)− (f + g + h+ c)I(t)− eĒ(t) + (f + g + h+ c)Ī(t)

∣∣+∣∣fI(t)− (k + l + c)Q(t)− f Ī(t)− (k + l + c)Q̄(t)
∣∣+∣∣gI(t) + kQ(t)− cR(t)− gĪ(t)− kQ̄(t) + cR̄(t)

∣∣+∣∣hI(t) + IQ(t)− hĪ(t)− lQ̄(t)
∣∣

≤ (c+ 2b(1− αβ)M)
∣∣(S − S̄)

∣∣+ (2e+ c)
∣∣(E − Ē)

∣∣+ (2f + 2g + 2h+ c)
∣∣(I − Ī)

∣∣
+(2k + 2l + c)

∣∣Q− Q̄
∣∣+ c

∣∣R− R̄
∣∣

≤ G1

∣∣S − S̄
∣∣+G2

∣∣E − Ē
∣∣+G3

∣∣I − Ī
∣∣+

G4

∣∣Q− Q̄
∣∣+G5

∣∣R− R̄
∣∣

≤ G
∥∥Y − Y

∥∥ ,where G = max{G1, G2, G3, G4, G5},

G1 = (c+2b(1−αβ)M), G2 = (2e+c), G3 = (2f+2g+2h+c), G4 = (2k+2l+c), G5 = c.

As a result, F (Y ) fulfils the Lipschitz [195] requirement. Hence the system (5.3) exists
and is unique.

5.3.2 Positivity and boundedness of solutions

Proposition 5.3.1. The region Ω = {(S,E, I,Q,R,D) ∈ R6 : 0 < N ≤ a
c
} is non-

negative invariant for the model (5.3), for all t ≥ 0.
Proof. We have
CDϕ

t (S + E + I +Q+R +D)(t) = a− c(S + E + I +Q+R +D)(t).
Therefore, CDϕ

t N(t) + cN = a.
Using Laplace transform and Lemma 1.4.1, we have
zϕL(N(t))− zϕ−1N(0) + cL(N(t)) = a

z
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So, L(N(t)) = zϕN(0)
zϕ+1+c

+ a
zϕ+1+c

.
Applying inverse Laplace transform, we have
N(t) = N(0)Eϕ,1(−ctϕ) + atϕEϕ,ϕ+1(−ctϕ).
According to Mittag-Leffler function,
Ec,d(x) = xEc,c+d(x) +

1
Γ(d)

.

Thus, limt→∞ SupN(t) ≤ a
c
.

As a result, the function S,E, I,Q,R and D are all non-negative.

5.3.3 The equilibrium points of the system

The system’s equilibrium may be found by solving the model (5.3) i.e.,
i.e., CDϕ

t S(t) =
CDϕ

t E(t) = CDϕ
t I(t) =

CDϕ
t Q(t) = CDϕ

t R(t) = CDϕ
t D(t) = 0.

The model (5.3) has two equilibrium points namely, the infection free equilibrium
E0(

a
c
, 0, 0, 0, 0, 0) and E1(S

∗, E∗, I∗, Q∗, R∗, D∗) where

S∗ = (e+c)(f+g+h+c)
eb(1−αβ)

, E∗ = I∗ (f+g+h+c)
e

, I∗ = c
b(1−αβ)

(RCovid 19 − 1), Q∗ = f
k+l+c

I∗, R∗ =

(g + kf
k+l+c

)I∗, D∗ = 0.

5.3.4 The basic reproduction number of the system

The next-generation matrix technique is used to calculate the model’s basic reproduction
number RCovid 19, which may be obtained from the maximum eigenvalue of the matrix
FV −1 [37, 49] where,

F =

[
0 β(1−αβ)a

c

0 0

]
and V =

[
(e+ c) 0
−e (f + g + h+ c)

]
.

Therefore, RCovid 19 =
β(1−αβ)ae

c(e+c)(f+g+h+c)
.

5.3.5 Stability behavior at E0

The Jacobian matrix of the model (5.3) at E0 is given by JE0 = A, where

J =


A11 0 A13 0 0
0 A22 A23 0 0
0 A32 A33 0 0
0 0 A43 A44 0
P51 0 0 0 A55

 ,

where A11 = −a,A22 = −(e + c), A32 = e, A13 = −β(1−αβ)a
c

, A23 = β(1−αβ)a
c

A33 =
−(f+g+h+c), A43 = f, A53 = g, A63 = h,A44 = −(k+ l+c), A54 = k,A64 = l, A55 = −c.
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Theorem 5.3.2. When RCovid 19 < 1, the system (5.3) is globally asymptotically stable,
and unstable when RCovid 19 > 1 at E0.
Proof.Using the appropriate Lyapunov function
F = eE + (e+ c)I.
The aforementioned function’s time derivative is
CDϕ

t F (t) = eCDϕ
t E(t) + (e+ c)CDϕ

t I(t).
From (5.3) we get,
CDϕ

t F (t) = e(b(1− αβ)SI − (e+ c)E) + (e+ c)(eE − (f + g + h+ c)I).
Now,
CDϕ

t F (t) ≤ I(e+ c)(f + g + h+ c)[RCovid 19 − 1].
Hence if RCovid 19 < 1, then CDϕ

t F (t) < 0.
As a result of LaSalle’s use of Lyapunov’s concept [129, 130], the point E0 is globally
asymptotically stable and unstable if RCovid 19 > 1.

Theorem 5.3.3. If RCovid 19 > 1, the system (5.3) is globally asymptotically stable at E1.
Proof.The Lyapunov function of the Goh-Volterra form’s is as follows:
W = (S − S∗ − S∗log S

S∗ ) + (E − E∗ − E∗log E
E∗ ) + L(I − I∗ − I∗log I

I∗
).

Using Lemma 1.4.7 and taking Caputo derivative, we get
CDϕ

t W (t) ≤ (1− S∗

S
) CDϕ

t S(t) + (1− E∗

E
) CDϕ

t E(t) + L(1− I∗

I
) CDϕ

t I(t).
Using (5.3) we get,
CDϕ

t W (t) ≤ (a − b(1 − αβ)SI − cS − S∗(a−b(1−αβ)SI−cS
S

) + ((b(1 − αβ)SI − (e + c)E) −
E∗(b(1−αβ)SI−(e+c)E)

E
) + L((eE − (f + g + h+ c)I)− I∗(eE−(f+g+h+c)I)

I
).

Equation (5.3) gives us the steady state,
a = b(1− αβ)S∗I∗ + cS∗.
Using the condition of steady state of the above equation, we have
CDϕ

t W (t) ≤ (b(1−αβ)S∗I∗ + cS∗ − b(1−αβ)SI − cS − S∗(b(1−αβ)S∗I∗+cS∗−b(1−αβ)SI−cS
S

) +

((b(1−αβ)SI−(e+c)E)−E∗(b(1−αβ)SI−(e+c)E)
E

)+L((eE−(f+g+h+c)I)− I∗(eE−(f+g+h+c)I)
I

).
Taking all infected classes that do not have a single star (*) from the above equation and
equal to zero:
b(1− αβ)S∗ − (e+ c)E + L(eE − (f + g + h+ c)I) = 0.
The steady state was slightly perturbed with the above equation, resulting in:
L = b(1−αβ)S∗

(f+g+h+c)
, (e+ c) = I∗b(1−αβ)S∗

E∗ , e = (f+g+h+c)I∗

E∗ .
Further simplification gives,
CDϕ

t W (t) ≤ (b(1−αβ)S∗I∗+ cS∗− cS− S∗(b(1−αβ)S∗I∗+cS∗−cS
S

)+ (−E∗(b(1−αβ)SI)
E

+ I∗b(1−
αβ)S∗) + (−E∗(b(1−αβ)S∗I∗)

IE∗ + I∗b(1− αβ)S∗).
Using A.M ≥ G.M ., we have
(2− S

S∗ − S∗

S
≤ 0, (3− S∗

S
− I∗E

IE∗ − SE∗I
E

≤ 0. Thus, CDϕ
t W (t) ≤ 0.

The point E1 is globally asymptotically stable if RCovid 19 > 1.
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5.4 Numerical procedure

As discussed in Theorem 5.3.1, the solution of the system (5.3) is unique. To obtain the
numerical solution of the system (5.3), Taylor’s theorem will be used.
As a result, we proceed with the model’s 1st equation as follows:

CDϕ
t S(t) = Λ1(t, S, E, I,Q,R,D), S(0) = S0, t > 0. (5.4)

Consider the set of points [0,A] as the points on which we are prepared to approximate
the system’s solution. Actually, we are unable to calculate S(t), which will be system’s
necessary solution. We divide [0,A], into P sub-intervals [tr, tr+1] of length, i.e.,m = A

P
,

using the nodes tr = rm, for r = 0, 1, 2, . . . , P . We extend the Taylor’s theorem at t = t0,
we have a constant k ∈ [0, A], so that

S(t) = S(t0) +
C Dϕ

t S(t){
mϕ

Γ(ϕ+ 1)
}+C D2ϕ

t [S(t)]t=k{
m2ϕ

Γ(2ϕ+ 1)
}. (5.5)

Now substitute CDϕ
t S(t0) = Λ1(((t0), S(t0), E(t0), I(t0), Q(t0), R(t0), D(t0))) and t = t1 in

(5.2), which provides

S(t1) = S(t0) + Λ1(((t0), S(t0), E(t0), I(t0), Q(t0), R(t0), D(t0))){
mϕ

Γ(ϕ+ 1)
}

+ CD2ϕ
t [S(t)]t=k{

m2ϕ

Γ(2ϕ+ 1)
}.

(5.6)

If m is small, we ignore the higher terms, then (5.3) implies

S(t1) = S(t0) + Λ1(((t0), S(t0), E(t0), I(t0), Q(t0), R(t0), D(t0))){
mϕ

Γ(ϕ+ 1)
}. (5.7)

A general formula of expanding about tr = tr +m, is

S(tr+1) = S(tr) + Λ1(((tr), S(tr), E(tr), I(tr), Q(tr), R(tr), D(tr))){
mϕ

Γ(ϕ+ 1)
}. (5.8)

In similar way, we get

E(tr+1) = E(tr) + Λ1(((tr), S(tr), E(tr), I(tr), Q(tr), R(tr), D(tr))){
mϕ

Γ(ϕ+ 1)
}. (5.9)

I(tr+1) = I(tr) + Λ1(((tr), S(tr), E(tr), I(tr), Q(tr), R(tr), D(tr))){
mϕ

Γ(ϕ+ 1)
}. (5.10)
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Q(tr+1) = Q(tr) + Λ1(((tr), S(tr), E(tr), I(tr), Q(tr), R(tr), D(tr))){
mϕ

Γ(ϕ+ 1)
}. (5.11)

R(tr+1) = R(tr) + Λ1(((tr), S(tr), E(tr), I(tr), Q(tr), R(tr), D(tr))){
mϕ

Γ(ϕ+ 1)
}. (5.12)

D(tr+1) = D(tr) + Λ1(((tr), S(tr), E(tr), I(tr), Q(tr), R(tr), D(tr))){
mϕ

Γ(ϕ+ 1)
}. (5.13)

5.5 Numerical study

Numerical simulations employing Taylor’s theorem are carried out with the help of MAT-
LAB software to support the mathematical study of the system (5.3). This section is
divided into four parts. The stability of our proposed model is discussed at E0 and E1 in
Part 1. Part 2 delves into the dynamical behavior of all individuals of various fractional
orders. Part 3 is to explore the varying effects of face masks. Part 4 is to determine
whether the model (5.3) fits the data. One of the key components in the verification of
an epidemiological model is the fitting of the parameters. We ran numerical simulations
to contrast the output of our model with actual data from a number of reports released
by the World Health Organization and Worldometer [161, 162]. Italy has a population of
about 60,278,248 people [196]. In Italy, there are 7.2 births per 1000 people [197]. The
computed recruiting rate is 7.21×60278248

1000×365
= 1191 per day.

Parameters Value Source
a 1191 Estimated
b 0.98159 [197]
α 0.1 Estimated
β 0.7 [197]
c 0.0006 [161]
e 0.1× 10−5 [162]
f 0.0007 [197]
g 0.05 [197]
h 0.015 Estimated
k 0.053 [197]
l 0.012 Model to fit

Table 5.2: Estimated values of parameters for India:

Part 1:
The stability of our suggested model is discussed in this section. The parameter values
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used for the numerical simulations in Part 1 is provided in Table 5.2. Figures 5.2(a) to
5.2(e) depict the nature of all cases corresponding to ϕ = 0.98. From the following figures,
we have observed that the system is locally asymptotically stable at E0.
Part 2:

Figure 5.2: Time series of all classes correspondence to Table 5.2 taking ϕ = 0.98 of
system (5.3).

To analyze the dynamical behavior of all people, the values of the parameters in Table
5.2 are employed. Figures 5.3(a) to 5.3(f) depict all individuals’ behavior over time for
various fractional orders ϕ. Figure 5.3(a) depicts that the number of susceptible individu-
als increases when ϕ changes from 0.8 to 0.95. An increasing value of ϕ leads to decrease
in the exposed rate in the exposed population in Figure 5.3(b). We see in Figure 5.3(c)
that number of infected individuals increases when ϕ changes from 0.8 to 0.95. Figure
5.3(d) depicts that the number of quarantined individuals increases with time when ϕ
decreases. The number of recovered individuals increases when ϕ changes from 0.8 to
0.95 in Figure 5.3(e). Figure 5.3(f) depicts that the number of death individuals increase
with time when ϕ increases.
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Part 3:

Figure 5.3: Dynamic of all classes over time for various values of ϕ = 0.8, 0.85, 0.90, 0.95.

Part 3 of the numerical simulation investigates at how changing value impacts the fun-
damental reproduction number calculated in this work. Table 5.2 shows the parameter
values utilized in the numerical simulations for Part 3. The acquired findings are shown in
Table 5.3 after computing the fundamental reproduction numbers and utilizing the model
parameters from Table 5.2. Table 5.3 shows that if a higher number of individuals in a
community constantly utilize face masks, the COVID-19 epidemic can be decreased.
Figure 5.4 depicts that the values of RCovid−19 decreases when α increases. The various
consequences of wearing face masks were also investigated in this study, and it was discov-
ered that wearing face masks on a consistent and suitable basis can inhibit the spreading
of the COVID-19 pandemic. The impact of α and ϕ on the Infected individuals (I(t)) is
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Parameter Value RCovid 19

α 0.1 (10%) 1.423 > 1
α 0.5 (50%) 0.973 < 1
α 0.8 (80%) 0.659 < 1

Table 5.3: Numerical simulation of the varying effects of α.

Figure 5.4: Variation of RCovid 19 under α.

depicted in Figures 5.5(a) and 5.5(b). Based on the following figures, it can be noted that
the implementation of maximum portion of population who use a face masks in order to
effectively reduce COVID-19 transmission.
Part 4:
This section describes the data matching and model validation of the system (5.3) for
Infected instances. Table 5.2 depicts the parametric values.

Figure 5.6 depicts the graphical representation of the infected cases respectively of the
model (5.3) and the real infected cases in Italy [see Table 5.4] from 1st January 2022 to
31st January 2022 [162].
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Figure 5.5: Dynamics of I(t) under α and ϕ.

Figure 5.6: Graph of the infected class of the proposed model (5.3) and real infected data.
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Day Total reported data Source
01/01/2022 635795 [162]
06/01/2022 7077458 [162]
11/01/2022 7864100 [162]
16/01/2022 8763280 [162]
21/01/2022 9637171 [162]
26/01/2022 10383904 [162]
31/01/2022 10983280 [162]

Table 5.4: The number of Infected cases in Italy, from 1st January 2022 to 31st January
2022.

5.6 Conclusion

The present study’s possible goal is to develop a mathematical model for studying COVID-
19 transmission patterns using actual pandemic cases in Italy, assisted by epidemiological
modeling. The fractional order SEIQRD model was constructed and explored in this
chapter in order to better explain the dynamics of the COVID-19 epidemic in Italy. We
employed nonlinear analysis to demonstrate the model’s existence and uniqueness. The
model’s fundamental reproduction number was also calculated using the next generation
matrix technique. In order to stop the virus from spreading throughout the nation, our
main goal is to establish the fundamental reproductive number and equilibrium. Fur-
thermore, the global stability at the points E0 and E1 has been demonstrated. The
results reveal that if RCovid−19 < 1, the point E0 is globally asymptotically stable. Also if
RCovid−19 > 1, the point E1 is global asymptotic stable. Furthermore, using the fractional
Taylor’s approach, numerical analysis was done to establish an approximate solution for
the suggested model. From the 1st of January 2022 to the 31st of January 2022, we have
compared model values with real-world scenarios in Italy. Real data was also used to
fit the model in order to forecast infected population instances in real life. In real-world
dynamical processes, such as epidemic propagation, fractional calculus plays a vital role.
The strength of memory effects, which is regulated by the order of fractional derivatives,
is discovered to be dependent on the system dynamics. If the order of derivatives for the
same set of parametric values is changed, the results will be changed (Figure 5.3). This
study looked at the many consequences of wearing face masks, and it was discovered that
wearing face masks on a consistent and suitable basis can help reduce the propagate of
the COVID-19 disease (Figure 5.4 and Figure 5.5). Currently, research on a vaccine to
avert the COVID-19 pandemic is showing promising results, with Pfizer claiming that
their vaccine has a 95% effectiveness rate. However, it will be some time before the vacci-
nations are widely distributed around the world. As a result, wearing a face mask should

84



be made mandatory until everyone has access to vaccinations.
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Chapter 6

Optimal Control Analysis of
Fractional Order Dengue Model - A
Case Study of Singapore

“We can only see a short distance ahead, but we can see plenty there that needs to be
done”

- Alan Turing

This chapter is based on the paper
Optimal Control Analysis of Fractional Order Dengue Model - A Case
Study of Singapore.(Communicated)
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6.1 Introduction

Vector borne diseases (VBD) have posed a constant threat to human livestock and have
thus proven to be a potential public health challenge in tropical and sub-tropical countries
where climatic conditions are congenial to the growth and transmission of such diseases.
There have been various global targets to arrest the spread of such diseases due to their
serious effect on the socio-economic development of human population. Vector control
strategies are an integral part of all national programs of the affected countries. How-
ever, the sustainability of such measures have always been questionable due to prevailing
poverty conditions, rapid urbanization, concurrent population growth, changes in climatic
conditions etc. Thus, certain holistic approaches aligned to the principle of study for ef-
fective prevention of such vector borne diseases are required which in turn demands for a
thorough analysis of the dynamics of the mathematical models of these diseases. Research
of such mathematical models will help in significant strengthening of entomological pur-
suits and in the acceleration of vector control measures to reduce the risk and burden on
human population. A substantial proportion of the VBDs are contributed by Dengue in
the tropical countries [199]. Besides urban localities, there has been an upsurge of dengue
incidence in certain rural areas. Dengue fever, mainly caused by the dengue virus has the
serotypes, DEN 1 to DEN 4 and is a mosquito borne disease. After malaria, the Dengue
fever infection is the deadliest mosquito-borne disease with thousands of deaths and more
than 390 million infections [200, 201] worldwide. According to a report published in 2012,
more than 100 countries are affected by dengue fever [203]. Mosquito bites are the major
transmission routes to human population. Hence, control measures must include certain
personal prophylactic measures viz. use of mosquito repellent creams, liquids, coils, mats
etc., use of bed nets for sleeping infants and young children during day time to prevent
mosquito bite, biological control viz. use of larvivorous fishes in ornamental tanks, foun-
tains, etc., use of biocides, chemical control viz. use of chemical larvicides like abate in
big breeding containers, aerosol space spray during day time, environmental management
and source reduction methods, health education and sensitizing and involving the com-
munity for detection of breeding places and their elimination. Mathematical models that
characterize the dynamics of dengue disease have been a field of research for many years
[204 - 207]. Modeling is a useful tool in studying the transmission dynamics of the disease
and to determine the factors that are responsible for its spread in order to impose effective
measures to control its spread. Many researchers [208 - 217] have proposed different epi-
demic models to study the transmission dynamics of dengue disease where integral order
differential equations have been used. However, there are certain reservations regarding
the integral order [218, 219] of the differential equations in such models. Such restrictions
are taken into account by a comparatively new and emerging area of mathematical cal-
culus, namely the fractional order differential equations. It has been observed that such
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models are efficiently demonstrated by differential equations involving fractional operators
[104, 220 - 223]. Extensive studies have evolved various techniques to construct real and
approximate solutions to such fractional order differential equations [224, 225]. Several
types of fractional operators, for example, Caputo–Fabrizio, Riemann–Liouville, Caputo,
Hadamard,Atangana–Baleanu, Katugampola, etc. have been introduced to study the
dynamics of the epidemic models. We have used the Caputo operator because of its pos-
session of a non-local and non-singular exponential kernel and is found to be best suited
to analyze the dynamics of dengue disease.

In this chapter, we have studied the dynamics of dengue transmission in a four com-
partment human population with two control parameters pertaining to measures taken to
prevent mosquito bites and measures of treatment techniques and a three compartment
mosquito population with a control parameter characterizing the inhibition of breeding
of mosquitoes. Validation of the analytic or numerical results obtained are required to
establish the novelty of the work. As is done in other biological models [226, 227], here we
have considered case of disease transmission in Singapore [228] to generate the parameter
values and compare our results with real time data. It have been observed that the total
number of dengue cases in Singapore in 2022 was 31,892. There is an increase of 515%
compared to 5182 cases reported during the same epidemiological week (1-51th week)
in 2021. In comparison to other South east asian countries in the northern hemisphere,
Singapore shows an alarming upsurge.

6.1.1 Arrangement of the chapter

We have formulated a fractional order dengue model in Caputo sense in Section 6.2. The
existence, uniqueness, non-negativity, boundedness and stability analysis are discussed in
Section 6.3. The sensitivity analysis of the proposed model is discussed in Section 6.4.
In Section 6.5, we also provide an optimal control method for a fractional order dengue
model using three control parameters. The suggested model’s approximate solution is
discussed in Section 6.6 using Euler technique in the Caputo derivative. In Section 6.7, the
MATLAB-based numerical analysis is presented. Lastly the Section 6.8 covers conclusion
of this chapter.

6.2 Model formulation

The total human population (NH) is divided into four classes: Susceptible (SH), Exposed
(EH), Infected (IH), Recovered (RH) and total mosquito population (NM) is divided into
three classes: Susceptible (SM), Exposed (EM), Infected (IM).
Since a mosquito infected with dengue would carry the virus for the whole of its exis-
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Figure 6.1: Flow diagram of the dengue model.

tence, we have not taken into account any recovered classes in the mosquito population.

Parameters Biological meaning
bH birth rate of human population
bM birth rate of mosquito population
dH death rate of human population
dM death rate of mosquito population
βH transmission rate from mosquito to human
βM transmission rate from human to mosquito
γH incubation rate of human population
γM incubation rate of mosquito population
ηH recovery rate of human population
rH proportion of effective treatment of dengue
rM mosquito killing efficiency

Table 6.1: Significance of the relevant parameters.

Three control functions are used in the proposed model, two of which are for humans
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(controls p1 and p2) and one for mosquitoes (control p3). Using mosquito nets or other
insect repellents to protect people from mosquito bites is represented by the control p1.
Therefore, we add (1-p1) to the rate of illness transmission in order to decrease the infection
rate as a result of increased public knowledge. For the purpose of treating sick people,
the control p2 is used. The mosquito-killing operations to lower the mosquito population
are represented by the control p3. The model’s governing differential equations [229 - 233]
may be stated in the following format while taking into account all of the aforementioned
presumptions:

CDα
t SH(t) = bH − (1− p1)βHSHIM − dHSH ;SH(0) ≥ 0,

CDα
t EH(t) = (1− p1)βHSHIM − (dH + γH)EH ;EH(0) ≥ 0,

CDα
t IH(t) = γHEH − rHp2ηHIH − dHIH ; IH(0) ≥ 0,

CDα
t RH(t) = rHp2ηHIH − dHRH ;RH(0) ≥ 0,

CDα
t SM(t) = bM − (1− p1)βMSMIH − rMp3SM − dMSM ;SM(0) ≥ 0,

CDα
t EM(t) = (1− p1)βMSMIH − (rMp3 + γM + dM)EM ;EM(0) ≥ 0,

CDα
t IM(t) = γMEM − (rMp3 + dM)IM ; IM(0) ≥ 0,

(6.1)

and CDα
t denotes the Caputo operator.

6.3 Fundamental mathematical results

We assert the following outcome.

6.3.1 Existence and uniqueness

Theorem 6.3.1. The system (6.1) has a unique solution.
Proof. Let us take Ω× [0, τ ], where
Ω = {(SH , EH , IH , RH , SM , EM , IM) ∈ IR7 : max(|SH | , |EH | , |IH | , |RH | , |SM | , |EM | , |IM |) ≤
K} where τ and K are finite positive real numbers. Denote X = (SH , EH , IH , RH , SM , EM , IM)
and X = (S̄H , ĒH , ĪH , R̄H , S̄H , ĒH , ĪH).
Let G(X) = (G1(X), G2(X), G3(X), G4(X), G5(X)), G6(X), G7(X)), where

G1(X) = bH − (1− p1)βHSHIM − dHSH ,
G2(X) = (1− p1)βHSHIM − (dH + γH)EH ,
G3(X) = γHEH − rHp2ηHIH − dHIH ,
G4(X) = rHp2ηHIH − dHRH ,
G5(X) = bM − (1− p1)βMSMIH − rMp3SM − dMSM ,
G6(X) = (1− p1)βMSMIH − (rMp3 + γM + dM)EM ,
G7(X) = γMEM − (rMp3 + dM)IM .
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For X,X ∈ Ω:∥∥G(X)−G(X)
∥∥

=
∣∣G1(X)−G1(X)

∣∣+ ∣∣G2(X)−G2(X)
∣∣+ ∣∣G3(X)−G3(X)

∣∣+ ∣∣G4(X)−G4(X)
∣∣

+
∣∣G5(X)−G5(X)

∣∣+ ∣∣G6(X)−G6(X)
∣∣+ ∣∣G7(X)−G7(X)

∣∣
=

∣∣bH − (1− p1)βHSHIM − dHSH − (bH − (1− p1)βH S̄H ĪH − dH S̄H)
∣∣+∣∣(1− p1)βHSHIM − (dH + γH)EH − ((1− p1)βH S̄H ĪM − (dH + γH)ĒH)

∣∣+∣∣γHEH − rHp2ηHIH − dHIH − (γHĒH − rHp2ηH ĪH − dH ĪH)
∣∣+∣∣rHp2ηHIH − dHRH − (rHp2ηH ĪH − dHR̄H)

∣∣+∣∣bM − (1− p1)βMSMIH − rMp3SM − dMSM − (bM − (1− p1)βM S̄M ĪH − rMp3S̄M − dM S̄M)
∣∣+∣∣(1− p1)βMSMIH − (rMp3 + γM + dM)EM − ((1− p1)βM S̄M ĪH − (rMp3 + γM + dM)ĒM)

∣∣+∣∣γMEM − (rMp3 + dM)IM − (γM ĒM − (rMp3 + dM)ĪM)
∣∣

≤ dH
∣∣(SH − S̄H)

∣∣+ 2(1− p1)βH

∣∣(SHIM − S̄H ĪM)
∣∣+ (dH + 2γH)

∣∣EH − ĒH

∣∣
+(rHp2ηH + dH)

∣∣IH − ĪH
∣∣+ (dH)

∣∣RH − R̄H

∣∣+ 2(1− p1)βM

∣∣IHSM − ĪH S̄M

∣∣+
dM

∣∣(SM − S̄M)
∣∣+ (rMp3 + dM + 2γM)

∣∣EM − ĒM)
∣∣+ (rMp3 + dM)

∣∣IM − ĪM)
∣∣

≤ F1

∣∣SH − S̄H

∣∣+ F2

∣∣EH − ĒH

∣∣+ F3

∣∣IH − ĪH
∣∣+

F4

∣∣RH − R̄H

∣∣+ F5

∣∣SM − S̄M

∣∣+ F6

∣∣EM − ĒM

∣∣+ F7

∣∣IM − ĪM
∣∣

≤ F
∥∥X −X

∥∥ ,where F = max{F1, F2, F3, F4, F5, F6, F7},

F1 = dH , F2 = (dH + 2γH), F3 = (2(1− p1)βH + rHp2ηH + dH), F4 = (dH),
F5 = (dM + 2(1− p1)βM), F6 = (rMp3 + dM + 2γM) and F7 = (rMp3 + dM).

Thus, Lipschitz’s requirements [150] are met by G(X). As a result, X(t) is the only
solution to the model (6.1).

6.3.2 Non-negativity and boundedness

We shall now demonstrate that model solutions are not negative. First, we’ll suppose
that every model parameter is positive, we have
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CDα
t SH(t)|SH=0 = bH > 0,

CDα
t EH(t)|EH=0 = (1− p1)βHSHIM ≥ 0,

CDα
t IH(t)|IH=0 = γHEH ≥ 0,

CDα
t RH(t)|RH=0 = rHp2ηHIH ≥ 0,

CDα
t SM(t)|SM=0 = bM > 0,

CDα
t EM(t)|EM=0 = (1− p1)βMSMIH ≥ 0,

CDα
t IM(t)|IM=0 = γMEM ≥ 0.

As a result, the model’s whole set of solutions remains positive.

Theorem 6.3.2. All solutions of system (6.1) are bounded.
Proof. Now N(t) = SH(t) + EH(t) + IH(t) +RH(t) + SM(t) + EM(t) + IM(t), then

CDα
t N(t) ≤ (bH + bM)− dHNH(t)− dMNM(t).

Therefore,
CDα

t N(t) + (dH + dM)N(t) ≤ (bH + bM).

Using the preceding equation’s Laplace transform:

zαF (z)− zα−1N(0) + (dH + dM)F (z) ≤ (bH + bM)

z
, where F (z) = L {N(t)}

⇒ F (z)(zα+1 + z(dH + dM)) ≤ zαN(0) + (bH + bM)

⇒ F (z) ≤ zαN(0) + (bH + bM)

zα+1 + z(dH + dM)

=
zαN(0)

zα+1 + z(dH + dM)
+

(bH + bM)

zα+1 + z(dH + dM)
.

Using inverse Laplace transform:

N(t) ≤ N(0)Eα,1(−(dH + dM)tα) + (bH + bM)tαEα,α+1(−(dH + dM)tα).

Using the results of Mittag Leffler function [235, 236], we get

Ec,d(x) = xEc,c+d(x) +
1

Γ(d)
.

Hence,

N(t) ≤ (N(0)− (bH + bM)

(dH + dM)
)Eα,1(−(dH + dM)tα) +

(bH + bM)

(dH + dM)
.

So the system solutions are bounded.
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6.3.3 Equilibrium points

The equilibrium points are obtained from the steady state condition CDα
t SH(t) = 0,

CDα
t EH(t) = 0, CDα

t IH(t) = 0, CDα
t RH(t) = 0, CDα

t SM(t) = 0, CDα
t EM(t) = 0

and CDα
t IM(t) = 0. i.e.,

bH − (1− p1)βHSHIM − dHSH = 0,

(1− p1)βHSHIM − (dH + γH)EH = 0,

γHEH − rHp2ηHIH − dHIH = 0,

rHp2ηHIH − dHRH = 0,

bM − (1− p1)βMSMIH − rMp3SM − dMSM = 0,

(1− p1)βMSMIH − (rMp3 + γM + dM)EM = 0,

γMEM − (rMp3 + dM)IM = 0.

(6.2)

The equations (6.2) yield two equilibrium points, namely
The dengue fever free equilibrium (DFFE) E0(

bH
dH

, 0, 0, 0, bM
dM

, 0, 0).
The dengue fever endemic equilibrium (DFEE)

E1(SH
∗, EH

∗, IH
∗, RH

∗, SM
∗, EM

∗, IM
∗), (6.3)

where
S∗
H = bH

(1−p1)βHIM
∗+dH

, E∗
H = (rHp2ηH+dH)IH

∗

γH
, R∗

H = (rHp2ηH)IH
∗

dH
, S∗

M = bM
(1−p1)βM IH

∗+dM+rMp3

and E∗
M = (rMp3+dH)IM

∗

γM
.

6.3.4 Basic Reproduction Number

The fundamental reproduction number R0 of the model, obtained as the largest eigenvalue
of the matrix FV −1 [90,123], is calculated using the next-generation matrix approach
where,

F =


0 0 (1−p1)βHbH

dH
0

0 0 0 0

0 0 (1−p1)βM bM
dM

0

0 0 0 0

 and

V =


(γH + dH) 0 0 0

−γH (rHp2ηH + dH) 0 0
0 0 (rMp3 + γM + dM) 0
0 0 −γM (rMp3 + dM)

 . Therefore,

R0 =

√
γH2βMbM(1− p1)

dM(rMp3 + dM)(rMp3 + dM + γM)(γH + dH)(rHp2ηH + dH)
. (6.4)
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6.4 Stability analysis

The stability study of DFFE and DFEE is performed in this part. Both equilibrium
points with reference to local stability are discussed using the fundamental reproduction
number (R0).
The Jacobian matrix (J0) must be calculated at the equilibrium locations specified in
equation (6.1) in order to examine the stability of the system. Now

J0(SH , EH , IH , RH , SM , EM , IM) = G; (6.5)

G =



G11 0 0 0 0 0 G17

G21 G22 0 0 0 0 G27

0 G32 G33 0 0 0 0
0 0 G43 G44 0 0 0
0 0 G53 0 G55 0 0
0 0 G63 0 G65 G66 0
0 0 0 0 0 G76 G77


,

where

G11 = −(1− p1)βHIM − dH , G17 = −(1− p1)βHSH , G21 = (1− p1)βHIM , G22 = −(γH + dH),
G27 = (1− p1)βHSH , G32 = γH , G33 = −rHp2ηH − dH , G43 = rHp2ηH , G44 = −dH ,
G53 = −(1− p1)βMSM , G55 = −(1− p1)βMIH − rMp3 − dM , G63 = (1− p1)βMSM ,
G65 = (1− p1)βMIH , G66 = −(rMp3 + γM + dM), G76 = γM , G77 = −(rMp3 + dM).

6.4.1 Local stability

The stability of two equilibrium points, E0 and E1, will be examined in this section. The
following theorems illustrate the findings of the stability analysis of various equilibria.

Theorem 6.4.1. E0 is locally asymptotically stable of the system (6.1) if R0 < 1, other-
wise it is unstable.
Proof. At E0 the Jacobian matrix is given by J0(

bH
dH

, 0, 0, 0, bM
dM

, 0, 0) =

−bH 0 0 0 0 0 −(1− p1)βH
bH
dH

−(γH + dH) 0 0 0 0 0 (1− p1)βH
bH
dH

0 γH rHp2ηH − dH 0 0 0 0
0 0 rHp2ηH −dH 0 0 0
0 0 −(1− p1)βM

bM
dM

0 −dM 0 0

0 0 (1− p1)βM
bM
dM

0 0 −(rMp3 + γM + dM) 0

0 0 0 0 0 γM −(rMp3 + dM)


.
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The eigenvalues of the system are λ1 = −dH , λ2 = −dH , λ3 = −dM . As a result,
|arg(λi)| = π > απ

2
(i = 1, 2, 3) where 0 < α < 1. The following equation provides the six

more eigenvalues
λ4 + A1λ

3 + A2λ
2 + A3λ+ A4 = 0, (6.6)

where
A1=(dH + γH)(rHp2ηH + dH) + (rMp3 + dM)(rMp3γM + dM),
A2=(dH + γH)(rHp2ηH + dH) + (rMp3 + dM)(rMp3γM + dM)(dH + γH)(rHp2ηH + dH) +
(rMp3 + dM)(rMp3γM + dM),
A3= 2(rMp3 + dM)(rMp3γM + dM)(dH + γH)(rHp2ηH + dH),

A4=(1−R0
2) (rMp3+dM )(rMp3γM+dM )(dH+γH)(rHp2ηH+dH)dH

βHγM bM
.

Thus, E0 is locally asymptotically stable if R0 < 1, otherwise the DFFE is unstable with
the help of Routh–Hurwitz criterion.

Theorem 6.4.2. E1 is locally asymptotically stable of the system (6.1).
Proof. At E1 the Jacobian matrix is given by

J1 = U, (6.7)

where,

U =



U11 0 0 0 0 0 U17

U21 U22 0 0 0 0 U27

0 U32 U33 0 0 0 0
0 0 U43 U44 0 0 0
0 0 U53 0 U55 0 0
0 0 U63 0 U65 U66 0
0 0 0 0 0 U76 U77


,

where

U11 = −(1− p1)βHIM
∗ − dH , U17 = −(1− p1)βHSH

∗, U21 = (1− p1)βHIM
∗, U22 = −(γH + dH),

U27 = (1− p1)βHSH
∗, U32 = γH , U33 = −rHp2ηH − dH , U43 = rHp2ηH , U44 = −dH ,

U53 = −(1− p1)βMSM
∗, U55 = −(1− p1)βMIH

∗ − rMp3 − dM , U63 = (1− p1)βMSM
∗,

U65 = (1− p1)βMIH
∗, U66 = −(rMp3 + γM + dM), U76 = γM , G77 = −(rMp3 + dM).

The eigenvalues of the system are λ1 = −dH , it follows that |arg(λ1)| = π > απ
2

where 0 < α < 1. The remaining six eigenvalues are given by the following equation
λ6 +B1λ

5 +B2λ
4 +B3λ

3 +B4λ
2 +B5λ+B6 = 0, where

B1=−(U11 + U22 + U33 + U55 + U66 + U77),
B2=(U11+U22)(U33+U55)+(U11+U22+U33+U55)(U66+U77)+U11U22+U33U55+U66U77,
B3= -[(U11+U22)U33U55+(U33+U55)U11U22+(U66+U77){U11U22+U33U55(U11+U22)(U33+
U55)}+ (U11 + U22 + U33 + U55)U66U77],
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B4= U11U22U33U55+{(U11+U22U33U55+U11U22(U33+U55)}(U66+U77)+{(U11+U22)(U33+
U55) + U11U22 + U33U55}U66U77,
B5= -[U11U22U33U55(U66 + U77) + {(U11 + U22)U33U55 + U11U22(U33 + U55)}(U66 + U77)−
U32U27U76U55U65 + U27U76U32U63 + U32U21U17U63U76],
B6= -[U11U22U33U55U66U77−U11U32U27U76U55U66+U55U32U27U76U63−U21U17U76U32U535U65+
U21U17U76U32U55U63].
By the Routh–Hurwitz criterion, E1 is locally asymptotically stable.

6.5 Sensitivity analysis

The model parameters that have a financial impact on the fundamental rate of reproduc-
tion of different infectious illnesses are identified via sensitivity analysis. Epidemiologists
may predict the crucial elements that are essential to the dynamics of disease transmission
by using this technique. In order to gain an understanding of the model parameters that
need to be retained or monitored in order to avoid or control the effects of the illness, we
must discover the values of the sensitivity indices. If we wish to stop the transmission of
infection, we must identify the model parameters that are essential for understanding how
illnesses spread. We must estimate the change of the fundamental reproduction number
R0 with regard to different model parameters in order to calculate the normalised forward
sensitivity index of the fundamental reproduction number R0.
The normalized sensitivity index W p

R0
= ∂R0

∂p
. p
R0

is calculated using the normalized sensi-
tivity index of R0 where p is the parametric space of R0.
The sensitivity index [237] will be used to assess how each parameter affects an outbreak
of a disease so that precautions can be taken to stop it from spreading. In this instance,
we want to estimate significant model parameters that influence the fundamental repro-
duction number R0. We have,
W bM

R0
= 1

2
,W rH

R0
= −1

2
rHp2ηH

(rHp2ηH+dH)
,W dH

R0
= −dH

2
[ 1
(γH+dH)

+ 1
(rHp2ηH+dH)

],W βM

R0
= 1

2
,W γH

R0
=

1
2
γH(γH+2dH)
(γH+dH)

,W γM
R0

= −γM
2

1
(rMp3+dM+γM )

,W ηH
R0

= −1
2

rHp2ηH
(rHp2ηH+dH)

,W rM
R0

= − rM
2
[ p3
(rMp3+dM )

+
p3

(rMp3+dM+γM )
],W p1

R0
= − p1

2(1−p1)
,W p2

R0
= −1

2
rHp2ηH

(rHp2ηH+dH)
,

W p3
R0

= −p3
2
[ rM
(rMp3+dM )

+ rM
(rMp3+dM+γM )

],W dM
R0

= −dM
2
[ 1
dM

+ 1
dM (rMp3+dM )

+ 1
dM (rMp3+dM+γM )

].

6.6 Optimal control

The area of optimal control theory in fractional derivatives has been improved by Agarwal
et al. [51] and Ding et al. [50]. Three control parameters are employed in the proposed
model, two of which are for humans p1 and p2, and one for mosquitoes p3. The control p1
depicts the actions taken to use mosquito nets to protect people from mosquito bites. For
the purpose of treating sick people, the additional control p2 is used. In order to lower
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the mosquito population, the control p3 indicates mosquito eradication operations. Here,
we make the assumption that all controls, as they are implemented in accordance with
requirement, are functions of time t. Our major goal is to reduce the overall loss brought
on by diseased hosts and mosquitoes as well as the expense of applying three treatments.
Therefore, the goal of the best control is to reduce the number of affected people and
mosquitoes while also keeping the three controls’ implementation costs to a minimum. In
order to minimize costs, we create the cost function as follows:
J(p1

∗(t), p2
∗(t), p3

∗(t)) = min (J(p1(t), p2(t), p3(t))) with

f

0

[B1EH +B2IH +B3RH +B4EM +B5IM +
A1

2
p1

2 +
A2

2
p2

2 +
A3

2
p3

2] dt

)
,

(6.8)
subject to

CDα
t SH(t) = bH − (1− p1)βHSHIM − dHSH ;SH(0) ≥ 0,

CDα
t EH(t) = (1− p1)βHSHIM − (dH + γH)EH ;EH(0) ≥ 0,

CDα
t IH(t) = γHEH − rHp2ηHIH − dHIH ; IH(0) ≥ 0,

CDα
t RH(t) = rHp2ηHIH − dHRH ;RH(0) ≥ 0,

CDα
t SM(t) = bM − (1− p1)βMSMIH − rMp3SM − dMSM ;SM(0) ≥ 0,

CDα
t EM(t) = (1− p1)βMSMIH − (rMp3 + γM + dM)EM ;EM(0) ≥ 0,

CDα
t IM(t) = γMEM − (rMp3 + dM)IM ; IM(0) ≥ 0,

(6.9)

where 0 ≤ p1(t), p2(t), p3(t) ≤ 1.

Theorem 6.6.1. Let (p1(t), p2(t), p3(t)) be three measurable control functions on [0, tf ],
each with a value in [0,1]. Then the three optimal controls (p1

∗(t), p2
∗(t), p3

∗(t)) min-
imizing the objective function J(p1(t), p2(t), p3(t)) of (6.8) are given by p1

∗(t) = max

[min(p1, 1), 0], p1 = (ϵ2−ϵ1)(βHSHIM )+(ϵ6−ϵ5)(βMSM IH)
A2

, p2
∗(t) = max [min(p2, 1), 0], p2 =

(ϵ3−ϵ4)(ηHrHIH)
A2

, p3
∗(t) = max [min(p3, 1), 0], p3 =

rM (ϵ5+ϵ6+ϵ7)(IM+EM+SM )
A3

.
Proof. The Hamiltonian has been studied using the following approach:
H = [B1EH + B2IH + B3RH + B4EM + B5IM + A1

2
p1

2 + A2

2
p2

2 + A3

2
p3

2] + ϵ1(bH − (1 −
p1)βHSHIM − dHSH) + ϵ2((1 − p1)βHSHIM − (dH + γH)EH) + ϵ3(γHEH − rHp2ηHIH −
dHIH)+ ϵ4(rHp2ηHIH − dHRH)+ ϵ5(bM − (1− p1)βMSMIH − rMp3SM − dMSM)+ ϵ6((1−
p1)βMSMIH − (rMp3 + γM + dM)EM) + ϵ7(γMEM − (rMp3 + dM)IM),
the adjoint variables with ϵi(t), i = 1, ..., 7, written in terms of the canonical equation, we
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have ϵi(tf ) = 0:

RLDα
t ϵ1(t)(t) = − ∂H

∂SH

= −ϵ1((1− p1)βHIM − dH)− ϵ2((1− p1)βHIM),

RLDα
t ϵ2(t)(t) = − ∂H

∂EH

= −B1 + ϵ2((dH + γH))− ϵ3(γH),

RLDα
t ϵ3(t)(t) = − ∂H

∂IH
= −B2 + ϵ3(rHp2ηH + dH)− ϵ4(rHp2ηH) + ϵ5((1− p1)βMSM)

−ϵ6((1− p1)βMSM),

RLDα
t ϵ4(t)(t) = − ∂H

∂RH

= −B3 + ϵ4dH ,

RLDα
t ϵ5(t)(t) = − ∂H

∂SM

= −ϵ5((1− p1)βMIH − dM)− ϵ6((1− p1)βMIH),

RLDα
t ϵ6(t)(t) = − ∂H

∂EM

= −B4 + ϵ6(rMp3 + γM + dM)− ϵ7γM ,

RLDα
t ϵ7(t)(t) = −B5 + ϵ1((1− p1)βHSH)− ϵ2((1− p1)βHSH) + ϵ7(rMp3 + dM).

Thus, the challenge of decreasing the Hamiltonian with regard to the control instead of
finding p∗1, p

∗
2, p

∗
3 that minimises H in the presence of (6.9) is restated. The Pontryagin

principle [52] is then used to create the ideal situation shown below:
∂H
∂p1

= A1p1 + (ϵ1 − ϵ2)(βHSHIM) + (ϵ5 − ϵ6)(βMSMIH),
∂H
∂p2

= A2p2 + (ϵ4 − ϵ3)(rHηHIH),
∂H
∂p3

= A3p3 − rM(ϵ5 + ϵ6 + ϵ7)(IM + EM + SM).
With adjoint variables and state variables, the following results may be obtained:
p1 =

(ϵ2−ϵ1)(βHSHIM )+(ϵ6−ϵ5)(βMSM IH)
A2

, p2 =
(ϵ3−ϵ4)(ηHrHIH)

A2
, p3 =

rM (ϵ5+ϵ6+ϵ7)(IM+EM+SM )
A3

.
For the optimal control p∗i for i = 1, 2, 3, take into account the control limitations and the
sign of the function ∂H

∂pi
.

As a result, we get

p∗i =


0 if ∂H

∂pi
< 0,

pi if ∂H
∂pi

= 0,

1 if ∂H
∂pi

> 0.

For the model system (6.9), the ideal circumstance might be determined by using p∗i .
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6.7 Numerical procedure

Using the technique described in [238], we offer the solution to the model (6.1) in this
part. We express the model (6.1) in the following format to have a numerical scheme:

CDα
t u(t) = U(t, u(t)), u(0) = u0, t > 0, (6.10)

where u = (SH , EH , IH , RH , SM , EM , IM) ∈ R7. In addition to satisfying the Lipschitz
requirement, the continuous function U(t, u(t)) is employed, where u0 denotes the starting
state vector. When we apply the Caputo integral to both sides of (6.10), we get:

u(t) = u0 +
1

Γ(α)

∫ t

0

(t− p)α−1U(p, u(p))dp. (6.11)

We assume a uniform grid on [0, A] with w = A
m
as the step size and m ∈ N as the number

of iterations. As a result, after using the Euler technique [239], equation (6.11) has the
structure shown below:

un+1 = u0 +
wα

Γ(α + 1)

n∑
j=0

((n− j + 1)α − (n− j)α)U(tj, u(tj)), n = 0, 1, 2, ...,m. (6.12)

Consequently, using the aforementioned approach, we arrived at the iterative formulas
shown below for the relevant classes of the model (6.1),
SH(n+1)

= SH0 +
wα

Γ(α+1)

∑n
j=0((n− j + 1)α − (n− j)α)(bH − (1− p1)βHSHjIMj − dHSHj),

EH(n+1)
= EH0 +

wα

Γ(α+1)

∑n
j=0((n− j+1)α− (n− j)α)((1−p1)βHSHjIMj − (dH + γH)EHj),

IH(n+1)
= IH0 +

wα

Γ(α+1)

∑n
j=0((n− j + 1)α − (n− j)α)(γHEHj − rHp2ηHIHj − dHIHj),

RH(n+1)
= RH0 +

wα

Γ(α+1)

∑n
j=0((n− j + 1)α − (n− j)α)(rHp2ηHIHj − dHRHj),

SM(n+1)
= SM0 +

wα

Γ(α+1)

∑n
j=0((n−j+1)α−(n−j)α)(bM −(1−p1)βMSMjIHj−rMp3SMj−

dMSMj),
EM(n+1)

= EM0 +
wα

Γ(α+1)

∑n
j=0((n− j +1)α − (n− j)α)((1− p1)βMSMjIHj − (rMp3 + γM +

dM)EMj),
IM(n+1)

= IM0 +
wα

Γ(α+1)

∑n
j=0((n− j + 1)α − (n− j)α)(γMEMj − (rMp3 + dM)IMj).

6.8 Numerical discussion

In this part, we adopt numerical methods to verify the existence, uniqueness and stability
of the solutions of model (6.1) and the impact of the control parameters on the human
and mosquito population. We have included Euler’s theorem into the numerical system
using the mathematics programme MATLAB. The numerical output of model simulations
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and related results are divided into the following several categories:

Parameters Values Reference
bH 10 [240]
bM 3.09 [240]
dH 0.004 [241]
dM 0.07 [241]
βH 0.0005 Assumed
βM 0.0012 Assumed
γH 0.01 [242]
γM 0.009 [242]
ηH 0.034 [243]
rH 0.31 [244]
rM 0.021 [244]
p1 0.002 Assumed
p2 0.05 Assumed
p3 0.0001 Assumed

Table 6.2: Parameter values for numerical study.

Case 1: Dynamical features of the human sub-population for different frac-
tional orders

To analyze the dynamics of the behaviour of human sub populations, the parame-
ter values in Table 6.2 are employed. All human sub-population behaviour over time
for several fractional orders α is shown in Figures 6.2 (a) through 6.2 (c). According
to Figure 6.2, the dengue outbreak has caused a fast rise in the susceptible population,
whereas the exposed and infectious populations originally increased over time but have
then decreased. The high incidence of dengue transmission is the cause of the rise, while
many interventions like treatment and other safety measures are the cause of the decline.
Because most dengue patients need prompt care, the graph of recovered group shows a
rise owing to a high treatment rate, and a reduction due to a decline in dengue cases.

Case 2: Dynamical features of the mosquitoes sub-population for different
fractional orders

To analyze the dynamics of the behaviour of the mosquito sub-population, the pa-
rameter values in Table 6.2 are employed. All mosquitoes sub-population behaviour over
time for several fractional orders α are shown in Figures 6.3 (a) through 6.3 (c). Figure
6.3 illustrates how the dengue outbreak causes susceptible Aedes aegypti mosquitoes to
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(a) (b) (c)

Figure 6.2: Time series of human sub-populations for α =0.94, 0.96, 0.98.

(a) (b) (c)

Figure 6.3: Time series solution of mosquitoes sub-populations for α =0.94, 0.96, 0.98.

decline quickly while the infected mosquito population first increases but then gradually
declines over time.The high rate of human-to-human transmission of dengue is responsible
for both the peaks and troughs of the illness, which are ascribed to both human behaviour
and mosquito lifespan. The vertical transmission of the disease by infected Aedes aegypti
mosquitoes causes a decline in susceptible eggs.

Case 3: Impact of βH and βM on IH for α = 0.98

Figure 6.4(a) depicts the impact of βH on IH for α = 0.98. It is noted that the total
number of infected human populations (IH) rises as the value of βH increases. The impact
of βM on IH for α = 0.98 is depicted in Figure 6.5(b). It indicates that as βM rises, so do
the populations of infected human people.

Case 4: Impact of control measure to determine the value of R0

The value of R0 is calculated using the parameter values in Table 6.2. Simulated
Figures 6.5(a) and 6.5(b) show how the control strategies affect the dynamics of dengue
illness transmission for α = 0.98. Figure 6.5(a) demonstrates that managing the incu-
bation rate of transmission of the disease is crucial if we want to regulate the rate of
incubation by showing that γH and γM have an identical influence on R0. From Figure
6.5(b), it is noted that the parameter dM has more influence on R0 as compared to dH .
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(a) (b)

Figure 6.4: Impact of βH and βM on IH for α = 0.98.

(a) (b)

Figure 6.5: (a) Influence of γH and γM on R0. (b) Influence of dH and dM on R0.

Case 5: Contour plots of R0 for dH versus dM and γH versus γM with α = 0.98

Contour plots of R0 for dH versus dM and γH versus γM with α =0.98 are shown in
Figure 6.6. Figure 6.6(a) shows that when dH and dM decline, the value of R0 decreases.
Figure 6.6(b) further shows that when γH and γM grow in value, the value of R0 rises.

Case 6: Optimal control

For the study of optimal control, we choose the parameter values A1 = 1, A2 =
10, A3 = 10, B1 = 10, B2 = 10000, B3 = 1000, B4 = 100, B5 = 10, bH = 0.1, bM =
0.01, dH = 0.004, dM = 0.071, βH = 0.0005, βM = 0.0011, γH = 0.01, γM = 0.0092, ηH =
0.031, rH = 0.31, rM = 0.005. Figure 6.7 shows the time series solution of all popula-
tions with optimal control during time period of [0, 200] days in the system (6.9) taking
α = 0.98. Figure 6.7 depicts the time series of optimal cost J and the control variables
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(a) (b)

Figure 6.6: (a) Contour plot of R0 for dH versus dM . (b) Contour plot of R0 for γH versus
γM with α = 0.98.

p1, p2, p3. For optimal control, we selected a final time of tf = 200. To put it in another
way, the general public must continue to be very aware of the existence of dengue fever
and to take all reasonable precautions to avoid being bitten by mosquitoes and to elimi-
nate them when necessary.

Case 7: Model validation with real data

This section describes model validation of the proposed model (6.1) with real data in
Singapore for Infected human population. From 18th week, 2020 to 23rd week, 2020, we
contrasted the model results with the actual Singapore reality. The parametric values are
given in Table 6.2. Table 6.3 suggests week-by-week infected population estimates from
18th week, 2020 to 23rd week, 2020. Figure 6.9 depicts time series solution of infected
human population of the system (6.1) for the parameters values given in Table 6.2 taking
α = 0.7, 0.8, 0.85, 0.9. It has been noted that our model system matches realistic data
with α = 0.85.

Case 8: Dynamical features of IH for different values of p1, p2 and p3 with α =
0.85.

The parameters values in Table 6.2 are used to examine the effect of p1, p2 and p3
with α =0.85 on IH . In Figures 6.10(a) to 6.10(c), it is evident that as p1, p2, and p3
increase, the number of infected human population decreases drastically. Among all con-
trol measures, p1 is seen as more sensitive with respect to p2 and p3 on Infected human
population (IH).

Case 9: Dynamical features of IM for different values of p1, p2 and p3 with α
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(a) (b)

(c) (d)

(e) (f)

(g)

Figure 6.7: Time series solution with optimal control of the model system (6.1) for α =
0.98.
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(a) (b)

(c) (d)

Figure 6.8: Time series solution of optimal cost J and control variables p1, p2, p3.
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Figure 6.9: Time series solution of IH of the model (6.1) for α = 0.7, 0.8, 0.85, 0.9.

(a) (b) (c)

Figure 6.10: Dynamics of IH for different values of p1, p2 and p3 with α = 0.85.
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Week Infected human population Reference
18 391 [245]
19 505 [245]
20 527 [245]
21 622 [245]
22 732 [245]
23 870 [245]

Table 6.3: Week wise infected human population of Singapore from 18th week, 2020 to
23rd week, 2020.

(a) (b) (c)

Figure 6.11: Dynamics of IM for different values of p1, p2 and p3 with α = 0.85.

= 0.85

The parameter values in Table 6.2 are used to examine the effect of p1, p2 and p3 with
α =0.85 on IM . It is evident from Figures 6.11(a) through 6.11(c) that as p1, p2 and
p3 increase, the number of infected mosquitoes in the population decreases drastically.
Among all control measures, p1 is seen as more sensitive with respect to p2 and p3 on
Infected mosquito population (IM).

Case 10: Study of sensitivity

This part explains the sensitivity analysis, which allows us to determine the key pa-
rameters in the proposed model. With the help of Table 6.2, the sensitivity indices are
visually shown as a bar chart in Figure 6.12 to help identify the dominating parameters
whos increase or reduction has a significant impact on the suggested model that is linked
to those parameters. The parameters βM and bM in the shown bar chart (Figure 6.12) are
the most sensitive. The basic reproduction number thus grows together with an increase
in the levels of these sensitive factors. Table 6.4 depicts the sensitivity indices of R0 versus
of the proposed model parameters.
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Parameters Sensitivity Index Values

bM W bM
R0

0.5
rH W rH

R0
-0.0032

dH W dH
R0

-0.22086

βM W βM

R0
0.5

γH W γH
R0

0.0064
γM W γM

R0
-0.05996

ηH W ηH
R0

-0.0032
rM W rM

R0
-0.000728

dM W dM
R0

-0.48775
p1 W p1

R0
-0.001

p2 W p2
R0

-0.0032
p3 W p3

R0
-0.00073

Table 6.4: Sensitivity indices of R0 versus model parameters.

6.9 Conclusion

In this chapter, we have analysed the dynamics of dengue transmission in a four com-
partment host population and a three compartment vector population with two control
parameters pertaining to measures taken to prevent mosquito bites and measures of treat-
ment techniques and a three compartment mosquito population with a control parameter
characterizing the inhibition of breeding of mosquitoes. The case study of Singapore is
used to validate the findings and it is observed in Figure 6.9 that the model system fits the
realistic data for Caputo order α = 0.85. Thus, we may be convinced that the fractional
order Caputo derivates are more effective in studying epidemic models with real time
data than integral order derivatives. As is apparent from Theorem 6.3.1 and 6.3.2, the
system possesses a one solution which are positive and bounded. The dengue fever free
equilibrium point (E0) and the dengue fever endemic equilibrium point (E1) are given by
the equation (6.3). The basic reproduction number R0 given in equation (6.4) is obtained
by next generation matrix method. The value of the model parameters given in Table 6.2
are used to determine the numerical value of R0. Figures 6.4(a) and 6.4(b) show that the
impact of incubation rate in human population γH and incubation rate of mosquito pop-
ulation γM on the reproduction number is almost the same whereas the impact of death
rate of mosquito population dM is more than the death rate of human population dH on
R0. The objective of our work has been to construct the objective function J(p1, p2, p3)
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Figure 6.12: Plot of Sensitivity indices of R0 versus each model parameters.
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given in (6.8) to minimise the cost of implementation of the control parameters. The
decreasing nature of the objective function for optimal control parameters p1

∗, p2
∗, p3

∗ is
apparent from the time series plot given in Figure 6.7(a). It is also evident from Fig-
ures 6.9 and 6.10 that both the number of infected human population and number of
mosquito population decreases significantly for increasing values of p1, p2 and p3 wherein
p1 is more sensitive. Hence, as the use of mosquito repellents and other personal prophy-
lactic measures along with treatment efforts for infected individuals increases there is a
considerable decrease in the number of infected human population. This is also the case
with the use of certain biological and chemical controls over the detection and elimination
of vector breeding sources. With an increase in the environmental management programs
and source reduction methods there is a decrease in the infected vector population which
in turn causes a decrease in the infected human population.
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Chapter 7

Dynamical behavior of a fractional
order SIR model with stability
analysis

“To isolate mathematics from the practical demands of the sciences is to invite the sterility
of a cow shut away from the bulls.”

- Chebyshev

This chapter is based on the paper
Dynamical behavior of a fractional order SIR model with stability analysis,
Results in Control and Optimization, 10, 100212, 2023.
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7.1 Introduction

Epidemiology is the study of the prevalence and risk factors for contamination in the hu-
man population. It is also frequently referred to as the organism biology of public health.
Mathematical models of infectious diseases enable the comprehension of infectious disease
transmission and dissemination, the detection of variables influencing transmission in or-
der to pinpoint efficient control techniques, and the evaluation of regard to the goal and
intervention strategies. Kermack and McKendrick [5, 246] described deterministic sys-
tems for infectious illnesses. Several researchers have explored different types of epidemic
systems by examining different models like SI [247], SIS [57], SIR [248 -250], SIRS [31],
SEIR [123, 252, 257], SIQR [90], SEIRV [99, 100], and others to better understand the
process of disease transmission. Infectious disease management has been harder during
the last few decades. Because of its safety and expense, vaccination is one of the most
essential health interventions for preventing disease of infectious illnesses. Indeed, A num-
ber of vaccine-preventable infectious diseases, including smallpox, have been drastically
reduced or even eradicated as a consequence of high vaccination, according to [253].
In the modeling of infectious illnesses, the incidence rate is crucial in determining the
behavior of phenomena. Kermack and Mckendrick [5] proposed the transmission rate as
βSI in 1927. Capasso et al. [23] proposed a nonlinear occurrence g(I)S for g′(I) < 0 that
permits for particular “behavioral” effects. With behavioral modifications, Capasso and
Serio inspired their approach. The potential damage of infection may become extraor-
dinarily high during times of high occurrence, leading to major behavioral modifications
that minimize the actual risk of illness [24]. Goel and Nilam [25], Wei and Chen [26],
Capasso et al. [27,28], Zhang et al. [29], Anderson and May [30], including Kumar
and Nilam, only a few writers have drawn attention towards the significance of taking
nonlinear incidence rates into account while studying the relationship between infectious
transmission and illness [33]. Li et al. [34] presented a SIR model with f(S, I) = βSI

1+γI
.

Li et al. [254] investigated non symmetric response of the complex dynamics of Kopel
model with between oligopolists. For more publication on this theme, one can see [255
- 258]. It is well known that treatment rates are crucial in avoiding and limiting the
spread of illnesses. We are aware that the therapy resources in any community are in-
sufficient. As a result, selecting a successful treatment rate is critical for limiting disease
transmission. In the lack of efficient treatment options and vaccinations, epidemic preven-
tion methods focus on efficient preventative measures [259 - 261]. In recent years, many
findings involving the study of various issues employing Atangana-Baleanue-Caputo oper-
ators, generalised proportional fractional integral operators, have been established. Some
recent work can indeed be viewed as [236, 262 - 264]. Wang and Ruan [265] proposed the
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following SIR transmission dynamics with a fixed treatment rate:

h(I) =

{
n for I > 0,

0 for I = 0.

Zhang and Liu [266], who also provided a superior treatment rate (Holling type II) as a
continuously differentiable function that populates at the largest benefit, as shown below:
h(I) = mI

1+nI
for I ≥ 0,m > 0, n > 0,

where m is the cure rate and n is the rate of limitation in the availability of treatment.
Zhang et al. [267], Zhou et al. [268] and Dubey et al. [251] have investigated this nonlin-
ear saturation treatment rate in a somewhat different manner. Seidu et al. [269] focused
on the thorough cost-effectiveness analysis of Holling’s Type II predation form and stan-
dard incidence for controlling maize streak virus disease.
Till now a lot of works on fractional order models have been published [270 - 274]. Das
et al. [275] considered a Fractional Ordered COVID-19 Model Incorporating Comorbid-
ity and Vaccination. Veisi et al. [276] had explore the novel fractional-order feedback
management of COVID-19 prevalence.

7.1.1 Motivation and research background

Fractional order modelling is a powerful method that has been used to study the nature of
sickness since it is an extend of the integer-order derivation. Additionally, the fractional
order derivation has a global dimension as opposed to the local identity shared by the
integer order derivation. The Caputo derivative, as opposed to the Riemann Liouville
fractional derivative, permits the use of conventional beginning and steady state in the
derivation and has the advantage that the derivative of a constant is 0. Motivated by the
current research, the fractional order SIR compartmental model with a Holling type II
and saturated treatment rate are explored in this chapter with three different categories
in the Caputo approach. A few findings for the new models existence and uniqueness
criterion, as well as positivity of the solution, have been established. We have discussed
the stability analysis of our proposed model at E0 as well as E∗. Additionally, the system
solution is approximated using the fractional order Taylor’s technique. We have studied
graphical significance and numerical simulations via MATLAB software.

7.1.2 Structure of the chapter as follows

In Section 7.2, we have established the SIR epidemic model in Caputo sense. We have
investigated the existence, uniqueness, non-negativity, boundedness criterion and stability
analysis of the solution of model in Section 7.3. We have studied forward bifurcation
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theoretically at E0 of our proposed model in Section 7.4. In Section 7.5, the fractional-
order Taylor’s approach in Caputo derivative is utilized to approximate the solution to
the proposed model. Verification of results numerically of the system in Section 7.6 via
MATLAB. Finally the Section 7.7 covers conclusion of the work.

7.2 Model formulation

In this part, we have proposed a mathematical model with an assumption that the whole
population size N(t), which is categorised into three classes: susceptible S(t), infected
I(t), and recovered R(t). Therefore, we have

Figure 7.1: The proposed SIR model’s flow diagram.

C
t0
Dα

t S(t) = Λα − µαS(t)− βαS(t)I(t)

1 + γαI(t)
, S(t)|t=0 = S(0) > 0,

C
t0
Dα

t I(t) =
βαS(t)I(t)

1 + γαI(t)
− mαI(t)

1 + nαI(t)
− (µα + δα + rα)I(t), I(t)|t=0 = I(0) > 0,

C
t0
Dα

t R(t) =
mαI(t)

1 + nαI(t)
+ δαI(t)− µαR(t), R(t)|t=0 = R(0) > 0,

(7.1)

where 0 < α ≤ 1, and C
t0
Dα

t denotes the Caputo operator [148, 149, 232, 278]. The term
βαS(t)I(t)
1+γαI(t)

represents Holling type II saturated incidence rate. Also the term h(I) = mαI
1+nαI

defines the Holling type II treatment rate.
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Λ recruitment rate
µ death rate
β transmission rate
γ inhabitory rate
m cure rate
n rate of limitation in the availability of treatment
δ recovery rate
r disease induced mortality rate

Table 7.1: Significance of the relevant parameters.

7.3 Analysis of the system

7.3.1 Positivity and boundedness

Theorem 7.3.1. All solutions of the model (7.1) initiating from (S(t0), I(t0), R(t0)) are
non-negative.
Proof. Suppose, Y (t0) = (S(t0), I(t0), R(t0)) ∈ Γ+ =

{
(S, I, R) ∈ Γ+ : S, I, R ∈ IR+

}
as

the initial point of solution of the model (3.1). Firstly, let us consider that there exists a
constant τ , t0 ≤ t < τ such that

S(t) > 0, for t0 ≤ t < τ,
S(τ) = 0,
S(τ+) < 0.

With the help of system (7.1), we have

C
t0
Dα

t S(t)|S(τ)=0 = 0.

We have S(τ+) = 0 with the help of [277], contradicts our assumption that S(τ+) < 0.
Therefore, we get S(t) ≥ 0,∀t ∈ [t0,∞). Similarly, we have I(t) ≥ 0 and R(t) ≥ 0,∀t ∈
[t0,∞).

Theorem 7.3.2. All solutions of system (7.1) are bounded.
Proof. Now N(t) = S(t) + I(t) +R(t), then

C
t0
Dα

t N(t) = C
t0
Dα

t S(t) +
C
t0
Dα

t I(t) +
C
t0
Dα

t R(t)
= Λα − µαN(t)

Therefore,
C
t0
Dα

t N(t) + µαN(t) ≤ Λα.
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Applying Laplace transform on both sides of the above equation and using Lemma 1.4.1,
we have

zαF (z)− zα−1N(0) + µαF (z) ≤ Λα

z
, where F (z) = L {N(t)}

⇒ F (z)(zα+1 + zµα) ≤ zαN(0) + Λα

⇒ F (z) ≤ zαN(0) + Λα

zα+1 + zµα

=
zαN(0)

zα+1 + zµα
+

Λα

zα+1 + zµα
.

Using inverse Laplace transform on both sides of the above equation,

N(t) ≤ N(0)L−1

{
zα

zα+1 + zµα

}
+ ΛαL−1

{
1

zα+1 + zµα

}
.

Applying Lemma 1.4.2 on the above equation, we acquire

N(t) ≤ N(0)Eα,1(−µαtα) + ΛαtαEα,α+1(−µαtα).

From the properties of Mittag Leffler function [277], we get

Ec,d(x) = xEc,c+d(x) +
1

Γ(d)
.

Hence,

N(t) ≤ (N(0)− Λα

µα
)Eα,1(−µαtα) +

Λα

µα
.

As a result, the system solutions are bounded.

7.3.2 Existence and uniqueness

Theorem 7.3.3. The system (7.1) initiating from (S(t0), I(t0), R(t0)) ∈ Γ+ always pos-
sess a unique solution in the region Γ+, t ≥ t0.
Proof. Let us consider the region Γ+×[t0, τ ], where Γ

+ = {(S, I, R) ∈ IR3 : max(|S| , |I| , |R|) ≤
M} and τ is finite. We denote Y (t) = (S(t), I(t), R(t)) and Y (t) = (S̄(t), Ī(t), R̄(t)).
Henceforth we denote Y (t) = Y and Y (t) = Y . Consider F (Y ) = (F1(Y ), F2(Y ), F3(Y )),
where

F1(Y ) = Λα − µαS(t)− βαS(t)I(t)

1 + γαI(t)
,

F2(Y ) =
βαS(t)I(t)

1 + γαI(t)
− mαI(t)

1 + nαI(t)
− (µα + δα + rα)I(t),

F3(Y ) =
mαI(t)

1 + nαI(t)
+ δαI(t)− µαR(t).
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For any Y, Y ∈ Ω:∥∥F (Y )− F (Y )
∥∥

=
∣∣F1(Y )− F1(Y )

∣∣+ ∣∣F2(Y )− F2(Y )
∣∣+ ∣∣F3(Y )− F3(Y )

∣∣
=

∣∣∣∣Λα − µαS(t)− βαS(t)I(t)

1 + γαI(t)
− (Λα − µαS̄(t)− βαS̄(t)Ī(t)

1 + γαĪ(t)
)

∣∣∣∣+∣∣∣
1 + γαI(t)

− mαI(t)

1 + nαI(t)

S(t)Ī(t)

1 + γαĪ(t)
− mαĪ(t)

1 + nαĪ(t)
− (µα + δα + rα)Ī(t))

∣ ∣∣∣+∣∣∣∣ mαI(t)

1 + nαI(t)
+ δαI(t)− µαR(t)− (

mαĪ(t)

1 + nαĪ(t)
+ δαĪ(t)− µαR̄(t))

∣∣∣∣
≤ µα

∣∣(S(t)− S̄(t)
∣∣+ 2βα

∣∣∣∣( S(t)I(t)

1 + γαI(t)
− S̄(t)Ī(t)

1 + γαĪ(t)
)

∣∣∣∣+ 2mα

∣∣∣∣ I(t)

1 + nαI(t)
− Ī(t)

1 + nα ¯

∣∣∣∣+
(µα + 2δα + rα)

∣∣(I(t)− Ī(t)
∣∣+ µα

∣∣(R(t)− R̄(t)
∣∣

≤ (µα + 2βαM)
∣∣(S(t)− S̄(t)

∣∣+ (µα + 2δα + rα + 2mαM)
∣∣(I(t)− Ī(t)

∣∣+ µα
∣∣(R(t)− R̄(t)

∣∣
≤ G1

∣∣S(t)− S̄(t)
∣∣+G2

∣∣I(t)− Ī(t)
∣∣+G3

∣∣R(t)− R̄(t)
∣∣

≤ G
∥∥Y − Y

∥∥ ,where G = max{G1, G2, G3},

G1 = (µα + 2βαM), G2 = (µα + 2δα + rα + 2mαM) and G3 = µα.

Thus, F (Y ) satisfies Lipschitz’s criteria [37]. So Y (t) is a unique solution of the model
(7.1).

The first two equation of the system (7.1) are free from the effect of R(t). Without
loss of generality, it is sufficient to consider first two equations of the system (7.1) for the
analysis purpose:

C
t0
Dα

t S(t) = Λα − µαS(t)− βαS(t)I(t)

1 + γαI(t)
, S(t)|t=0 = S(0) > 0,

C
t0
Dα

t I(t) =
βαS(t)I(t)

1 + γαI(t)
− mαI(t)

1 + nαI(t)
− (µα + δα + rα)I(t), I(t)|t=0 = I(0) > 0.

(7.2)
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7.3.3 Equilibria of system (7.2)

Let C
t0
Dα

t S(t) = 0 and C
t0
Dα

t I(t) = 0, then the model (7.2) has two equilibrium points
namely,

1. The infection free equilibrium E0(
Λα

µα , 0).

2. The endemic equilibrium E∗(S
∗, I∗) where

S∗ = Λα+I∗(Λαnα−mα−µα−δα−rα)−nα(µα+δα+rα)I∗2

µα(1+nαI∗)
and XI∗2 + Y I∗ + Z = 0 where

X = nα(µαγα + βα)(µα + δα + rα) ,
Y = nαµα(µαγα + βα) + (µα + δα + rα)(Λαnα − µα −mα − δα − rα)− Λαµαnαγα

and Z = (Λαβα − µα −mα − δα − rα).

7.3.4 The basic reproduction number of the system

The next-generation matrix technique [279] is used to calculate the model’s basic repro-
duction number R0, which may be obtained from the maximum eigenvalue of the matrix
FV −1 where,

F =

[βαΛα

µα 0

0 0

]
andV =

[
mα + µα + δα + rα 0

βαΛα

µα µα

]
.

Now, FV −1 =

[ βαΛα

µα(mα+µα+δα+rα)
0

0 0

]
. The eigenvaules of the matrix FV −1 are 0 and

βαΛα

µα(mα+µα+δα+rα)
.

Therefore, R0 = βαΛα

µα(mα+µα+δα+rα)
.

7.3.5 Dynamic behavior

At the equilibrium positions calculated below, the Jacobian matrix must be determined
to signify the stability locally of the model system.

J(S, I) =

[
A B
C D

]
where

A = −µα − βαI

1 + γαI
,

B = − βαS

(1 + γαI)2
,

C =
βαI

(1 + γαI)2
,

D = − mαS

(1 + nαI)2
− (µα + δα + rα).
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7.3.6 Local stability

At E0, we have

J

(
Λα

µα
, 0

)
=

[
−µα −βαΛα

µα

0 −(mα + µα + δα + rα)

]
.

The eigenvalues of the system are λ1 = −µα,λ2 = −(mα + µα + δα + rα). It follows
that |arg(λi)| = π > απ

2
(i = 1, 2) where 0 < α < 1. Using Lemma 1.4.6, the point E0 is

locally asymptotically stable (LAS).
Now, at E∗(S

∗, I∗), we have

J(S∗, I∗) =

[
E F
G H

]

where

E = −µα − βαI∗

1 + γαI∗
,

F = − βαS∗

(1 + γαI∗)2
,

G =
βαI∗

(1 + γαI∗)
,

H =
βαS∗

(1 + γαI∗)2
− mα

(1 + nαI∗)2
− (µα + δα + rα).

The characteristic equation is λ2+(E+H)λ+(EH−FG) = 0. We have −(E+H) < 0
and the roots are

λ1,2 =
−(E +H)

2
±

√
(E +H)2 − 4(EH − FG)

2
.

If EH > FG then |arg(λ1,2)| = π > απ
2
; 0 < α < 1. Since (E +H)2 − 4(EH − FG =

(E −H)2 + 4FG. Using Lemma 1.4.6, the point E∗ is LAS in SI plane.

7.3.7 Global stability

Theorem 7.3.4. The infection free equilibrium point E0 of system (7.2) is globally asymp-
totically stable.
Proof. Using the appropriate function L = (S − S0 −

∫ S

S0
lim
t→0+

G(S0,I)
G(g,I)

dg) + I.

Then C
t0
Dα

t L = (1− S
S0
)Ct0D

α
t S +C

t0
Dα

t I

= −µα(S−S0)
2

S
+ βαS0I

1+γαI
− mαI

1+nαI
− (µα + δα + rα)I
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= −µα(S−Λα

µα
)
2

S
+ (µα+δα+rα+mα)(R0−1)I

1+γαI

− [mαnα−γα(µα+δα+rα+mα)−nαγα(µα+δα+rα+mα)I]I2

(1+γαI)(1+nαI)
.

Since all parameters of the system are positive, then C
t0
Dα

t L ≤ 0 if R0 ≤ 1 and C
t0
Dα

t L =
0 if S = S0 =

Λα

µα , I = I0 = 0.

Thus E0 is globally asymptotically stable (by LaSalles Lyapunov’s concept).

Theorem 7.3.5. The point E1(S
∗, I∗) of system (7.2) is globally asymptotically stable.

Proof. Let us consider the following hypothesis:

H(1) :
mαI∗

1 + nαI∗
+

(1 + I)βαS∗I∗

1 + IγαI∗
+

mα

1 + nαI∗

≤ [
mαI

1 + nαI
+

βαS∗2

S + SγI∗
+ I∗(

Sβα

1 + γα
+

mα

1 + nαII∗
)].

Since (S∗, I∗) is the endemic equilibrium point of model (7.2), then

Λα − µαS∗ =
βαS∗I∗

1 + γαI∗
,
βαS∗I∗

1 + γαI∗
=

mαI∗

1 + nαI∗
+ (µα + δα + rα)I∗.

Let us consider the Goh-Volterra form as

W (S, I) =

(
S − S∗ − S∗ ln

S

S∗

)
+

(
I − I∗ − I∗ ln

S

S∗

)
.

Now, along the integral curves of (7.2):

C
t0
Dα

t W (S, I) ≤ S − S∗

S
C
t0
Dα

t S(t) +
I − I∗

I
C
t0
Dα

t I(t), (using Lemma 1.4.7)

=
mαI∗

1 + nαI∗
+

(1 + I)βαS∗I∗

1 + IγαI∗
+

mα

1 + nαI∗

−[
mαI

1 + nαI
+

βαS∗2

S + SγI∗
+ I∗(

Sβα

1 + γα
+

mα

1 + nαII∗
)].

Hence, by H(1), we have

C
t0
Dα

t W (S, I) ≤ 0,∀(S, I) ∈ Ω

and C
t0
Dα

t W (S, I) = 0 if (S, I) = (S∗, I∗). So, the point E1(S
∗, I∗) is asymptotically stable

globally.
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7.4 Forward bifurcation

For R0 = 1. first we assume that S = u1 and I = u2. Then the system (7.2) can be
written as

C
t0
Dα

t u1 = Λα − µαu1 −
βαu1u2

1 + γαu2

≡ g1,

C
t0
Dα

t u2 =
βαu1u2

1 + γαu2

− mαu2

1 + nαu2

− (µα + δα + rα)u2 ≡ g2,

Now, the linearized matrix at E0 and at the bifurcation parameter βα = βα
∗ = µα(mα+µα+δα+rα)

Λα

of the above system is given by

J =

[
−µα −Λαβα

∗
µα

0 0

]
.

At R0 = 1, J has a zero eigen value and another eigen value of J has a negative real part.
So, the above system’s behaviour cannot be predicted using the linearization method. As
a result, we use central manifold theorem [280] to study the system’s behaviour at the
infection-free equilibrium point. The bifurcation constants
c1 =

∑2
i,j.k=1(

∂2gk
∂ui∂uj

)E0 and

c2 =
∑2

i,j.k=1(
∂2gk

∂ui(∂βα)∗
)E0

where x = (x1, x2) and y = (y1, y2)
t are left and right eigenvectors of J corresponding to

a zero eigen value respectively. So, we get x1 = 0, x2 = 1 and y1 = −βα
∗ Λ

α

(µα)2
, y2 = 1.

The non zero partial derivatives of the function (g′i) for i = 1, 2 of the above system at

R0 = 1 and βα = βα
∗ are ( ∂2g2

∂u1∂u2
)E0 = βα

∗ , (
∂2g2

∂u2∂u1
)E0 = βα

∗ and ( ∂2g2
∂u2∂βα

∗
)E0 =

Λα

µα .

Therefore c1 = x2(2y1y2β
α
∗ ) = −2 (βα

∗ )
2Λα

(µα)2
< 0 and c2 = x2y2

Λα

µα = Λα

µα > 0.
As a result, the bifurcation is forward.

7.5 Numerical procedure

As discussed in Theorem 7.3.3, the system (7.2) obtains a unique solution. To obtain the
solution of the system (7.2), Taylor’s theorem will be used. As a result, we proceed with
the model’s 1st equation as follows:

C
t0
Dα

t S(t) = u1(t, S, I), S(0) = S0, t > 0. (7.3)

Consider the set of points [0,A] as the points on which we are prepared to approximate the
system’s solution. Actually, we are unable to calculate S(t), which will be the system’s
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necessary solution.We divide [0,A], into P subintervals [tj, tj+1] of length, i.e.,w = A
P
, using

the nodes tj = jw, for j = 0, 1, 2, . . . , P . We extend the Taylor’s theorem at t = t0, we have

a constant k ∈ [0, A], so that S(t) = S(t0) +
C
t0
Dα

t S(t){ wα

Γ(α+1)
}+C

t0
D2α

t [S(t)]t=k{ w2α

Γ(2α+1)
}.

Now substitute C
t0
Dα

t S(t) = u1(t0, S(t0), I(t0)) and t = t0 in the above equation which
provides
S(t1) = S(t0) + u1(t0, S(t0), I(t0)){ wα

Γ(α+1)
}+C

t0
D2α

t [S(t)]t=k{ w2α

Γ(2α+1)
}.

If m is small, we ignore the higher terms, then
S(t1) = S(t0) + u1(t0, S(t0), I(t0)){ wα

Γ(α+1)
}.

A general formula of expanding about tj = tj + w, is
S(tj + 1) = S(tj) + u1(tj, S(tj), I(tj)){ wα

Γ(α+1)
}.

In similar way, we get
I(tj + 1) = I(tj) + u1(tj, S(tj), I(tj)){ wα

Γ(α+1)
}.

7.6 Numerical simulation and discussion

To access and validate the analytical results of our model system (7.2) in this section,
we employ detailed numerical simulations. Approximation and numerical approaches
have been developed although most fractional order differential equations do not have
exact analytic solutions. In the numerical technique, we have used Taylor’s theorem via
MATLAB software.

Parameters Values Reference
Λ 3 Assumed
µ 0.04 Assumed
β 0.004 Assumed
γ 0.0005 Model to fit
m 0.03 Assumed
n 0.006 Assumed
δ 0.02 Model to fit
r 0.003 Assumed

Table 7.2: Parameter values for numerical study.

Case 1: Stability analysis.
In this situation, the stability of our proposed model is explored. Table 7.2 lists the
parameters that were employed in this case’s numerical simulations. Figures 7.2(a) to
7.2(c) depict the time series solution of infected individuals corresponding to α =0.90, 0.94
and 0.98. From the following figures, we have observed that the system (7.2) is LAS at
E0, confirming our theoretical results. Figures 7.3(a) to 7.3(c) depict the stability globally
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(a) (b) (c)

Figure 7.2: Time series solution of all individuals for values of α =0.90,0.94,0.98.

(a) (b) (c)

Figure 7.3: Phase portrait diagram for values of α =0.90,0.94,0.98.

of the model system (7.2) at E∗ with different initial condition taking α=0.90, 0.94, 0.98,
confirming our theoretical results.

Case 2: Impact of β on I for α =0.95, 0.98.
The impact of β on infected individuals is depicted in Figures 7.4(a) and 7.4(b). Based on
Figure 7.4(a), it may be noted that the individuals of infected increase when β changes
from 0.004 to 0.008 for α =0.95. Figure 7.4(b) depicts that the infected individuals
decreases initially but after certain time it increases for α =0.98.

Case 3: Nature of I with control and without control for α=0.98.
The infected individuals with and without M-H treatment rates are depicted in Figure
7.5. The figure depicts that when the infected population is treated based on the M-H
treatment rate, there are fewer infected people overall, but there are more infected people
overall when the M-H cure rate is not taken into account. As a result, the M-H process
to improve is crucial in preventing the spread of illness across society.

Case 4: Impact of γ on I forα =0.95, 0.98.
The impact of γ on infected individuals is depicted in Figures 7.6(a) and 7.6(b). Based on
the Figure 7.6(a), it may be noted that the infected individuals increases when γ changes
from 0.0075 to 0.0035 for α =0.95. Figure 7.6(b) depicts that the infected individuals

123



(a) (b)

Figure 7.4: Impact of β on I for α =0.95, 0.98.

Figure 7.5: Nature of I with control and without control for α=0.98.
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decreases with time when γ changes from 0.0035 to 0.0075 for α =0.98.
Case 5: Impact of δ on I for α =0.95, 0.98.

Figure 7.6: Impact of γ on I forα =0.95, 0.98.

The impact of δ on infected individuals is depicted in Figures 7.7(a) and 7.7(b). Based on
the Figure 7.7(a), t may be noted that the infected individuals increases initially but after
certain time it decreases when δ changes from 0.005 to 0.001 for α =0.95. Figure 7.7(b)
depicts that the infected individuals increases initially but after certain time it decreases
as γ changes from 0.005 to 0.001 for α =0.98.

Case 6: Contour plots of R0 for β versus m with α =0.87, 0.92 and 0.97.
Contour plot shows R0 with β versus treatment rate m for different fractional order (using
Table 7.2). In Figure 7.8, we observed that the value of R0 decreases for decreasing value
of m and β.

7.7 Conclusion

In this chapter, the fractional order SIR model with a Holling type II saturated incidence
rate and treatment rate are explored in the Caputo order fractional derivative approach.
Investigating how E0 and E∗ behave with regard to stability, it is discovered that the
disease-free equilibrium is locally asymptotically stable when R0 < 1 and unstable when
R0 > 1. For R0 = 1 at E0 the model exhibits a forward bifurcation with the parameter
βα = βα

∗ . We discovered via numerical simulations that managing the treatment of
infectiouss in accordance with the Holling type II treatment rate can result in more
efficient management of the new infection.
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Figure 7.7: Impact of δ on I forα =0.95, 0.98.

(a) (b) (c)

Figure 7.8: Contour plots of R0 for β versus m with α =0.87, 0.92 and 0.97.
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The stability of the endemic equilibrium in the model has been tested using the Routh-
Hurwitz criterion. The simulation results predict that the infection will worsen as the rate
of transmission rises, but that it will stabilise due to the accessibility of treatment centres.
Additionally, when the amount of inhibition used by the infected increases, infection will
also decline. Using simulation results, we also discovered that the population’s treatment
must be carefully coordinated with the resources that are available in order to completely
eradicate the virus. An essential tool for understanding the dynamics of epidemics is
epidemic modelling. When there is forward bifurcation, the disease-free equilibrium loses
stability as R0 approaches unity and a stable endemic equilibrium emerges. The graphical
depiction of the efficiency of theoretical solutions is displayed by the numerical simulations.
Effectively reducing the infection from society will need knowledge, adequate treatment
for infectious diseases, and the availability of health resources. Moreover, By using the
appropriate Lyapunov function, we were able to show that the equilibrium was globally
stable. We have also noticed that fractional order is crucial to population dynamics.
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Chapter 8

Study of fractional order SIR model
with M-H type treatment rate and
its stability analysis

“But in my opinion, all things in nature occur mathematically.”
- Rane Descartes

This chapter is based on the paper
Study of a fractional order SIR model with M-H type treatment rate and
its stability analysis. (Communicated).
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8.1 Introduction

Epidemiology, sometimes compared to the biological study of public health, focuses on
the prevalence and underlying causes of infection susceptibility among the general pop-
ulation. The use of mathematical models to study such communicable diseases makes it
easier to comprehend how diseases spread, to identify elements that affect transmission for
efficient control efforts, and to assess goals and intervention approaches. Systematically
introducing deterministic models for infectious illnesses, Kermack and McKendrick [1,
246]. To better understand the process of disease transmission, a number of researchers
have investigated various epidemic systems by looking at various models, such as those
developed by SI [247], SIS [281], SIR [25, 31, 32, 148 - 250], SIRS [31], SEIR [25, 123,
251,282], SIQR [90], SEIRV [97, 100]. Infectious disease management has been harder
during the last several decades. One of the most important health measures for avoiding
infectious diseases is vaccination because of its safety and cost. Indeed, high vaccination
rates have resulted in dramatic reductions or even elimination of a variety of infectious
illnesses, such as smallpox [253], SARS-CoV-2 infection [283, 284].
In the modeling of infectious illnesses [285 - 289], the incidence rate is crucial in deter-
mining the behavior at phenomena. In 1927, Kermack and Mckendrick [23] proposed the
transmission rate as βSI. The interaction effect is a linearly rising count of the amount
of pathogens in this incidence rate, which is unsuitable for a vast population. As a result,
Capasso and Serio [23] proposed a nonlinear occurrence g(I)S for g′(I) < 0 that permits
for particular “behavioral” effects. With behavioral modifications, Capasso and Serio in-
spired their approach. The potential damage of infection may become extraordinarily high
during times of high occurrence, leading to major behavioral modifications that minimize
the actual risk of illness [24]. Goel and Nilam [25], Wei and Chen [26], Capasso et al. [27,
28], Zhang et al. [29], Anderson and May [30], Li et al. [34], including Kumar and Nilam
[31, 32]. A few writers [250, 291,292], have drawn attention to the significance of taking
nonlinear incidence rates into account when studying the relationships between infectious
transmission and illness. Li et al. [34] presented a SIR model with f(S, I) = βSI

1+γI
.

It is well known that treatment rates are crucial in avoiding and limiting the spread of
illnesses. We are aware that the therapy resources in any community are insufficient. As
a result, selecting an effective treatment rate is critical for limiting disease transmission.
Due to lack of efficient treatment options and vaccinations, epidemic prevention methods
focus on efficient preventative measures. Wang and Ruan [35] proposed the following SIR
transmission dynamics with a fixed treatment rate:

h(I) =

{
n for I > 0,

0 for I = 0.

Zhang and Liu [36], who also provided a superior treatment rate (Holling type II) as a
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continuously differentiable function that populates at the largest benefit, as shown below:
h(I) = mI

1+nI
for I ≥ 0,m > 0, n > 0, wherem represents the cure rate and n represents the

limitation rate in treatment availability. Zhang et al. [267], Zhou et al. [268] and Dubey
et al. [251] have investigated this nonlinear saturation treatment rate in a somewhat
different manner.

8.1.1 Motivation and Research Background

A particularly useful tool for modelling an infectious disease system that includes past
illness states, a memory of past disease patterns, a profile of genetic diversity, etc. is
fractional calculus [293 - 296]. When compared to an integer order model, using fractional
order derivatives to fine-tune complicated dynamics within a disease system produces a
more accurate picture. Because it expands the possibilities of integer-order derivatives,
fractional order modelling is a useful tool for analyzing disease features. The integer
order derivative is limited to local characteristics, but the fractional order derivative has a
broad scope. When the system’s consistency domain is improved, the fractional derivative
likewise does better. In this chapter, three potential categories using the Caputo technique
are studied using the fractional order SIR compartmental model with nonlinear incidence
rate and nonlinear treatment rate. The saturated incidence rate of infection is considered
as Holling type II and the treatment rate is considered as Monod-Haldane (MH) type. The
existence and uniqueness criteria for the new models, as well as the solution’s positivity,
have been established, among other conclusions. Both at E0 and E1, we have covered the
stability analysis of our suggested model. For estimating the system solution, Taylor’s
approach is also used. We used the MATLAB (2018a) programme to run numerical
simulations and analyze the graphical significance.

8.1.2 Chapter structure

We developed the SIR epidemic model in Section 8.2 in an environment of the Caputo
derivative. In Section 8.3, the model’s solution has been examined in terms of its existence,
uniqueness, non-negativity, boundedness criteria, and stability analysis. Using the control
parameter treatment rate, we also provide an ideal control strategy for a SIR model in
Section 8.4. The suggested model’s approximate solution is discussed in Section 8.5 using
the fractional-order Taylor’s technique in the Caputo derivative. In Section 8.6, the
MATLAB-based numerical analysis is presented. Section 8.7 is where the chapter comes
to a conclusion.
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8.2 Formulation of the model system

We have introduced a mathematical framework that posits the division of the entire pop-
ulation, denoted as N(t), into three distinct categories: susceptible individuals denoted
as S(t), infected individuals denoted as I(t), and individuals who have recovered, repre-
sented as R(t).
The sub-populations at different times may vary, but the total of all sub-populations re-
mains constant, denoted as N . This can be expressed as S(t) + I(t) + R(t) = N . The
term βSI

1+γI
is the Holling type II functional response representing the saturated incidence

rate of infection among susceptible where β is the transmission rate between susceptible
and infected population. Also the term mI

1+n2I
represents Monod-Haldane type treatment

rate, which describes the non-monotonic behavior of the treatment rate due to limitations
in the availability of effective treatments. Table 8.1 provides a summary of the symbols
used in the proposed model system.

Figure 8.1: The proposed SIR model’s flow diagram.

C
t0
Dα

t S(t) = Λ− µS(t)− βS(t)I(t)

1 + γI(t)
, S(t)|t=0 = S(0) > 0,

C
t0
Dα

t I(t) =
βS(t)I(t)

1 + γI(t)
− mI(t)

1 + nI2(t)
− (µ+ δ + r)I(t), I(t)|t=0 = I(0) > 0,

C
t0
Dα

t R(t) =
mI(t)

1 + nI2(t)
+ δI(t)− µR(t), R(t)|t=0 = R(0) > 0,

(8.1)

where 0 < α < 1, and C
t0
Dα

t denotes the Caputo operator.
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Parameters Biological meaning
Λ recruitment rate
µ death rate
β transmission rate
γ inhabitory rate
m treatment rate
n limitation rate in resources availability
δ recovery rate
r disease induced mortality rate
S susceptible population
I infected population
R recovered population
N total population
R0 basic reproduction number

Table 8.1: Significance of the relevant parameters

8.3 Analysis of the system

8.3.1 Model existence and model uniqueness

Theorem 8.3.1. The model (8.1), with an initial condition of (S(t0), I(t0), R(t0)) belong-
ing to the positive region Γ+, invariably exhibits a singular solution within the domain Γ+

for all time points t ≥ t0.
Proof. Let Ω = {(S, I, R) ∈ IR3 : max(|S| , |I| , |R|) ≤ M} where τ and M are finite
positive real numbers for the region Ω × [t0, τ ]. Let Y = (S, I, R) and Y = (S̄, Ī , R̄).
Consider a mapping F (Y ) = (F1(Y ), F2(Y ), F3(Y )), where

F1(Y ) = Λ− µS(t)− βS(t)I(t)

1 + γI(t)
,

F2(Y ) =
βS(t)I(t)

1 + γI(t)
− mI(t)

1 + nI2(t)
− (µ+ δ + r)I(t),

F3(Y ) =
mI(t)

1 + nI2(t)
+ δI(t)− µR(t).
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For any Y, Y ∈ Ω:∥∥F (Y )− F (Y )
∥∥

=
∣∣F1(Y )− F1(Y )

∣∣+ ∣∣F2(Y )− F2(Y )
∣∣+ ∣∣F3(Y )− F3(Y )

∣∣
=

∣∣∣∣Λ− µS − βSI

1 + γI
−

(
Λ− µS̄ − βS̄Ī

1 + γĪ

)∣∣∣∣+∣∣∣∣ βSI

1 + γI
− mI

1 + nI2
− (µ+ δ + r) I −

(
βS̄Ī

1 + γĪ
− mĪ

1 + nĪ2

)
+ (µ+ δ + r) Ī

∣∣∣∣+∣∣∣∣ mI

1 + nI2
+ δI − µR−

(
mĪ

1 + nĪ2
+ δĪ − µR̄

)∣∣∣∣
≤ Λ

∣∣(S − S̄
)∣∣+ 2β

∣∣∣∣( SI(t)

1 + γI
− S̄Ī

1 + γĪ

)∣∣∣∣+ 2m

∣∣∣∣( I

1 + nI2
− Ī

1 + nĪ2

)∣∣∣∣+
(µ+ 2δ + r)

∣∣(I − Ī
)∣∣+ µ

∣∣(R− R̄
)∣∣

≤ (Λ + 2βM)
∣∣(S − S̄

)∣∣+ (µ+ 2δ + r + 2mM)
∣∣(I − Ī

)∣∣+ µ
∣∣(R− R̄

)∣∣
≤ G1

∣∣S − S̄
∣∣+G2

∣∣I − Ī
∣∣+G3

∣∣R− R̄
∣∣

≤ G
∥∥Y − Y

∥∥ ,where G = max{G1, G2, G3},

G1 = (Λ + 2βM) , G2 = (µ+ 2δ + r + 2mM) and G3 = µ.

Thus, F (Y ) satisfies Lipschitz’s criteria. So Y (t) is a unique solution of the model (8.1),
with the help of Lemma 1.4.4.

8.3.2 Boundedness and non-negativity

Theorem 8.3.2. Any solutions originating from the initial condition
(S(t0), I(t0), R(t0)) in the model (8.1) are characterized by non-negative values.
Proof. Let Y (t0) = (S(t0), I(t0), R(t0)) ∈ Γ+ be the initial solution of (8.1). Firstly, we
shall prove that S(t) ≥ 0 for all t ≥ 0. For this, we assume that S(t) ≥ 0 not true. Then
there exists a τ > 0, such that

S(t) > 0 for t0 ≤ t < τ,
S(t) = 0 for t = τ,
S(t) < 0 for τ < t < τ + ϵ for ϵ > 0.
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With the help of system (8.1), we have

C
t0
Dα

t S(t)|S(τ)=0 = Λ > 0.

Using Lemma 1.4.5, for any 0 < ϵ << 1, we have S(τ + ϵ) = S(τ) + 1
α

dα

dtα
S(t)ϵα.

As a result, S(τ + ϵ) ≥ 0, contradicts our assumption that S(t) < 0 for τ < t < τ + ϵ.
Therefore, we get S(t) ≥ 0, ∀t ∈ [t0,∞). Similarly, we have I(t) ≥ 0 and R(t) ≥ 0,∀t ∈
[t0,∞).

Theorem 8.3.3. All solutions of system (8.1) are bounded.
Proof. Now N(t) = S(t) + I(t) +R(t), then

C
t0
Dα

t N(t) = C
t0
Dα

t S(t) +
C
t0
Dα

t I(t) +
C
t0
Dα

t R(t)
= Λ− µN(t).

Therefore,
C
t0
Dα

t N(t) + µN(t) ≤ Λ.

We get (using Lemma 1.4.1):

zαF (z)− zα−1N(0) + µF (z) ≤ Λ

z
, where F (z) = L {N(t)}

⇒ F (z)(zα+1 + zµ) ≤ zαN(0) + Λ

⇒ F (z) ≤ zαN(0) + Λ

zα+1 + zµ

=
zαN(0)

zα+1 + zµ
+

Λ

zα+1 + zµ
.

Using inverse Laplace transform:

N(t) ≤ N(0)Eα,1(−µtα) + ΛtαEα,α+1(−µtα).

From the properties of Mittag Leffler function [279], we get

Ec,d(x) = xEc,c+d(x) +
1

Γ(d)
.

Hence,

N(t) ≤ (N(0)− Λ

µ
)Eα,1(−µtα) +

Λ

µ
.

As a result, the system solutions are bounded.
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The impact of R(t) on the first two equations in system (8.1) is unaltered. System
(8.1) might be converted to a two-dimensional system on the presumption that the whole
population N is constant. The third equation of the system (8.1) is traditionally omitted.
As a result, we have:

C
t0
Dα

t S(t) = Λ− µS(t)− βS(t)I(t)

1 + γI(t)
, S(t)|t=0 = S(0) > 0,

C
t0
Dα

t I(t) =
βS(t)I(t)

1 + γI(t)
− mI(t)

1 + nI2(t)
− (µ+ δ + r)I(t), I(t)|t=0 = I(0) > 0.

(8.2)

8.3.3 Equilibrium points of the model (8.2)

Let C
t0
Dα

t S(t) = 0 and C
t0
Dα

t I(t) = 0. The model (8.2) has two equilibrium points namely,

1. The infection free equilibrium E0(
Λ
µ
, 0).

2. The endemic equilibrium E1(S
∗, I∗) where

S∗ = Λ+I∗(−m−µ−δ−r)+I∗2(Λn)−n(µ+δ+r)I∗3

µ(1+nI∗2)
and XI∗3 + Y I∗2 + ZI∗ +W = 0 where

X = n(µγ + β)(µ+ δ + r) , Y = µn(µ+ δ + r)− βΛn,
Z = (µγ + β)(m+ µ+ δ + r) and W = µ(µ+m+ δ + r)− Λβ.

8.3.4 The basic reproduction number

The next-generation matrix [37] technique is used to calculate the model’s basic reproduc-
tion number R0, which may be determined from the largest eigenvalue of the matrix FV −1

where, F =

[βΛ
µ

0

0 0

]
and V =

[
m+ µ+ δ + r 0

βΛ
µ

µ

]
. Therefore, R0 = βΛ

µ(m+µ+δ+r)
.

8.3.5 Stability analysis at E0

Let us consider
J0(S, I) = F where,

F =

[
F11 F12

0 F22

]
, where

F11 = −µ, F22 = −(m+ µ+ δ + r), F12 = −βΛ

µ
.
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Theorem 8.3.4. The point E0 of the system (8.2) is locally asymptotically stable.
Proof. At E0 the Jacobian matrix is given by

J0(
Λ

µ
, 0) =

[
−µ −βΛ

µ

0 −(m+ µ+ δ + r)

]
.

The eigenvalues of the system are λ1 = −µ, λ2 = −(m + µ + δ + r). It follows that
|arg(λi)| = π > απ

2
(i = 1, 2) where 0 < α < 1. Therefore E0 is asymptotically stable

locally by Lemma 1.4.6.
To discuss the global stability at E0 of system (8.2), first we assume that G((S(t), I(t)) =
βS(t)I(t)
1+γI(t)

, is always positive, monotonically increasing and continuously differentiable for
all S > 0 and I > 0. That satisfies the following conditions:
C1 : G((S(t), I(t)) > 0, G

′
S((S(t), I(t)), G

′
I((S(t), I(t)) for S > 0 and I > 0.

C2 : G((S(t), 0) = G((0, I(t)) = 0, G
′
S((S(t), 0) = 0, G

′
I((S(t), 0) > 0 for S > 0 and I > 0.

C3 : G
′
I((S(t), 0) is increasing with respect to S(t) > 0.

C4 :
G

′
S((S0,0)

G
′
I((S(t),0)

< 1 for S(t) > S0;
G

′
S((S0,0)

G
′
I((S(t),0)

> 1 for S(t) ∈ (0, S0).

Theorem 8.3.5. Suppose that (C1) to (C4) are satisfied, the point E0 of system (8.2) is
globally asymptotically stable.
Proof. Using the appropriate function L = (S − S0 −

∫ S

S0
lim
t→0+

G(S0,I)
G(g,I)

dg) + I.

The aforementioned function’s time derivative is
C
t0
Dα

t L = (1− S
S0
)Ct0D

α
t S +C

t0
Dα

t I

= −µ(S−S0)
2

S
+ βS0I

1+γI
− mI

1+nI2
− (µ+ δ + r)I

=
µ(S − Λ

µ
)
2

S
+

(µ+ δ + r +m)(R0 − 1)I

1 + γI

− [−γ(µ+ δ + r +m) +mnI − nγ(δ + r +m)I2]I2

(1 + γI)(1 + nI2)
.

Since all parameters of the system are positive, then C
t0
Dα

t L ≤ 0 if R0 ≤ 1 and C
t0
Dα

t L =
0 if S = S0 =

Λ
µ
, I = I0 = 0.

The point E0 is asymptotically stable globally.

8.3.6 Stability analysis at E1

At E1(S
∗, I∗), we get

J(S∗, I∗) =

[
E F
G H

]
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where

E = −µ− βI∗

1 + γI∗
,

F = − βS∗

(1 + γI∗)2
,

G =
βI∗

(1 + γI∗)
,

H =
βS∗

(1 + γI∗)2
− m(1− nI∗

2
)

(1 + nI∗2)2
− (µ+ δ + r).

Theorem 8.3.6. The point E1(S
∗, I∗) of system (8.2) is asymptotically stable locally.

Proof. The characteristic equation is λ2 + (E + H)λ + (EH − FG) = 0. We have
−(E +H) < 0 and the roots of the characteristic equation are

λ1,2 =
−(E +H)

2
±

√
(E +H)2 − 4(EH − FG)

2
.

If EH > FG then |arg(λ1,2)| = π > απ
2
; 0 < α < 1, since (E +H)2 − 4(EH − FG =

(E −H)2 + 4FG. Using Lemma 1.4.6, the point E1 is locally asymptotically stable in the
SI plane.

Theorem 8.3.7. The point E1(S
∗, I∗) of system (8.2) is globally asymptotically stable.

Proof. Let us consider the following hypothesis:

H(1) :
mI∗

1 + nI∗2
+

(1 + I)βS∗I∗

1 + IγI∗
+

m

1 + nI∗2

≤ [
mI

1 + nI2
+

βS∗2

S + SγI∗
+ I∗(

Sβ

1 + γ
+

m

1 + nII∗2
)].

Since (S∗, I∗) is the endemic equilibrium point of model (8.2), then

Λ− µS∗ =
βS∗I∗

1 + γI∗
,
βS∗I∗

1 + γI∗
=

mI∗

1 + nI∗2
+ (µ+ δ + r)I∗.

Let us consider the Goh-Volterra form as

W (S, I) =

(
S − S∗ − S∗ ln

S

S∗

)
+

(
I − I∗ − I∗ ln

S

S∗

)
,
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Now, along the integral curves of (8.2):

C
t0
Dα

t W (S, I) ≤ S − S∗

S
C
t0
Dα

t S(t) +
I − I∗

I
C
t0
Dα

t I(t), (using Lemma 1.4.7)

=
mI∗

1 + nI∗2
+

(1 + I)βS∗I∗

1 + IγI∗
+

m

1 + nI∗2

−[
mI

1 + nI2
+

βS∗2

S + SγI∗
+ I∗(

Sβ

1 + γ
+

m

1 + nI2I∗2
)]

Hence, by H(1), we have

C
t0
Dα

t W (S, I) ≤ 0,∀(S, I) ∈ Ω (3.5)

and C
t0
Dα

t W (S, I) = 0 if (S, I) = (S∗, I∗). So, the point E1(S
∗, I∗) is asymptotically stable

globally.

8.4 SIR model with optimal control

One of the most important tools in the fight against infectious illnesses is the treatment
rate. On the subject of optimal control theory in fractional derivatives, Ding et al. [50]
and Agarwal et al. [51] have contributed. The fractional optimum control principle is
fundamentally challenged by Pontryagain’s maximum principle [52]. Our goal is to utilise
the control measure v (0 ≤ v(t) ≤ 1) to account for the value of immunisation and to
choose the optimum control v∗ to reduce the cost function J(v) of the control strategy.
The cost function:

J(v∗) = min (J(v(t))) with J(v) =

(∫ tf

0

[I + A1v
2] dt

)
, (8.3)

subject to

C
t0
Dα

t S(t) = Λ− µS(t)− βS(t)I(t)

1 + γI(t)
, S(0) > 0,

C
t0
Dα

t I(t) =
βS(t)I(t)

1 + γI(t)
− vI(t)

1 + nI2(t)
− (µ+ δ + r)I(t), I(0) > 0,

C
t0
Dα

t R(t) =
vI(t)

1 + nI2(t)
+ δI(t)− µR(t), R(t)|t=0 = R(0) > 0,

(8.4)

where 0 ≤ v(t) ≤ 1.
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Theorem 8.4.1. Let v(t) be a measurable control function on [0, tf ], with v(t) ∈ [0, 1].
Then there exists an optimal control v∗ to minimize J(v) of (8.3) with v∗=max [min(v, 1), 0],

v = (ϵ2−ϵ3)I
2A1(1+nI2)

.
Proof. The following method has been used to study the Hamiltonian:
H = [I + A1v

2] + ϵ1(Λ − µS(t) − βS(t)I(t)
1+γI(t)

) + ϵ2(
βS(t)I(t)
1+γI(t)

− vI(t)
1+nI2(t)

− (µ + δ + rI(t)) +

ϵ3(
vI(t)

1+nI2(t)
+ δI(t)− µR(t)),

with adjoint variables ϵi(t), i = 1, 2, 3 expressed as:

RL
t0

Dα
t ϵ1(t)(t) = −∂H

∂S
= −ϵ1(−µS(t)− βI

1 + γI
)− ϵ2

βI

1 + γI
,

RL
t0

Dα
t ϵ2(t)(t) = −∂H

∂I
= −1− ϵ1(−

βS

(1 + γI)2
)− ϵ2(−

βS

(1 + γI)2
− v(1− nI2)

(1 + nI2)2
− (µ+ δ + r))

−ϵ3(
v(1− nI2)

(1 + nI2)2
+ δ),

RL
t0

Dα
t ϵ3(t)(t) = −∂H

∂R
= ϵ3µ.

As a result, the issue of decreasing the Hamiltonian with regard to the control is now the
problem of finding v∗ that minimises H in the context of (8.4). The Pontryagin principle
is then used to produce the following ideal circumstance:
∂H
∂v

= 2A1v + (ϵ2 − ϵ3)(
I

1+nI2
).

It may be solved with adjoint variables and state variables to produce:
v = (ϵ2−ϵ3)I

2A1(1+nI2)
.

Consider the control restrictions and the sign of the function ∂H
∂v

for the best control v∗.
As a result, we get

v∗ =


0 if ∂H

∂v
< 0,

v if ∂H
∂v

= 0,

1 if ∂H
∂v

> 0.

The ideal circumstance for the model system may be obtained by applying v∗ to the equation
above (8.3).
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8.5 Numerical procedure

The model system (8.2), as stated in Theorem 8.3.1, has a single solution. Taylor’s
theorem will be used to find the model’s numerical solution. Then,

C
t0
Dα

t S(t) = u1(t, S, I), S(0) = S0, t > 0. (8.5)

Consider the set of points [0,A] as the points on which we are prepared to approximate the
system’s solution. Actually, we are unable to calculate S(t), which will be the system’s
necessary solution.We divide [0,A], into P subintervals [tj, tj+1] of length, i.e.,w = A

P
, using

the nodes tj = jw, for j = 0, 1, 2, ..., P . We extend the Taylor’s theorem at about t = t0,
we have a constant k ∈ [0, A], so that
S(t)= S(t0)+

C
t0
Dα

t S(t) { wα

Γ(α+1)
}+ C

t0
D2α

t [S(t)]t=k { w2α

Γ(2α+1)
}.

Now substitute C
t0
Dα

t S(t) = u1(t0, S(t0), I(t0)) and t = t0 in the above equation which
provides
S(t1)=S(t0)+u1(t0, S(t0), I(t0)) { wα

Γ(α+1)
}+C

t0
D2α

t [S(t)]t=k { w2α

Γ(2α+1)
}.

If m is small, we ignore the higher terms, then
S(t1)=S(t0)+ u1(t0, S(t0), I(t0)) { wα

Γ(α+1)
}. A general formula of expanding about tj =

tj + w, provides
S(tj + 1)=S(tj)+ u1(tj, S(tj), I(tj)){ wα

Γ(α+1)
}.

Similarly, we have
I(tj + 1)=I(tj)+ u1(tj, S(tj), I(tj)) { wα

Γ(α+1)
}.

8.6 Numerical discussion

In this part, we evaluate and verify the analytic results of our model system (8.1) us-
ing detailed numerical simulations. Although the majority of fractional order differential
equations lack accurate analytic solutions, approximation and numerical methods have
been devised. Through the mathematical software MATLAB (2018a), we have employed
Taylor’s theorem in the numerical scheme. Following are several categories for the nu-
merical output of model simulations and the accompanying findings:
Case 1: Dynamical features of all population for different fractional orders
The parameters’ values in Table 8.2 are used to examine people’s dynamic behaviour.
All individuals’ behaviour over time for different fractional orders α is shown in Figures
8.2(a) through 8.2(c). The number of susceptible people rises as α moves from 0.90 to
0.98, as seen in Figure 8.2(a). The number of infected people rises over time as α rises,
as seen in Figure 8.2(b). When α in Figure 8.2(c) goes from 0.90 to 0.98, there are more
people who have been found.
Case 2: Stability analysis of the proposed model
We address in this instance the stability of our proposed model. In this instance, Table
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Parameters Values Reference
Λ 5 Estimated
µ 0.05 Assumed
β 0.003 Assumed
γ 0.06 Model to fit
m 0.03 Assumed
n 0.04 Assumed
δ 0.002 Model to fit
r 0.02 Assumed

Table 8.2: Parameter values for numerical study.

(a) (b) (c)

Figure 8.2: The behavior of all individuals for values of α =0.90,0.94,0.98.

8.2 contains the parameter values utilised for the numerical simulations. When α changes
from 0.90 to 0.98, Figures 8.3(a) to 8.3(f) depict the time series solution of susceptible
and infected individuals. From the following figures, we have observed that the system
(8.1) is asymptotically stable locally at E0, confirming our theoretical results in Theorem
6. Figures 8.4(a) to 8.4(c) depicts the global stability of system (8.1) at E1 with different
initial condition taking α=0.90, 0.94, 0.98, confirming our theoretical results in Theorem
8.3.5.

Case 3: Impact of α on S and I
Figures 8.5(a) and 8.5(b) show the effects of α on susceptible and infected people. It can
be shown from Figure 8.5(a) that the number of susceptible persons rises as α increases.
Figure 8.5(b) shows that the number of infected people first declines but then rises over
time.
Case 4: Mean density of S and I under γ
Plotting the mean densities of S and I with respect to gamma for different fractional
orders is shown in Figure 8.6. As seen in Figure 8.6(a), the mean density of susceptible
people rises as the value of α rises. Figure 8.6(b) shows that as the values of α fall, the

141



(a) (b) (c)

(d) (e) (f)

Figure 8.3: Time series solution of all individuals for values of α =0.90,0.94,0.98.

(a) (b) (c)

Figure 8.4: Phase portrait diagram for values of α =0.90,0.94,0.98.

(a) (b)

Figure 8.5: Dynamics of S and I under α.
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(a) (b)

Figure 8.6: Mean density of S and I under γ for α=0.90, 0.94, 0.98.

(a) (b)

Figure 8.7: Mean density of S and I under δ for α=0.90, 0.94, 0.98.

mean density of infected people rises with regard to γ.
Case 5: Mean density of S and I under δ
Figure 8.7 shows the plot of mean density of S and I with respect to δ for various frac-
tional order. Figure 8.7(a) shows that the mean density of susceptible people rises as the
value of α rises. Figure 8.7(b) shows that as the values of α decline, the mean density of
infected people rises with regard to δ.

Case 6: Variation of γ under S and I for α = 0.98
Figure 8.8 shows the effect of γ on S and I with time for α=0.98. Figure 8.8(a) demon-
strates a rise in the number of vulnerable people as the inhabitory rate γ drops and reaches
its stable state, but the illness is not completely eradicated since it will continue to exist
at a much lower level. We noticed that the infected population drops when the inhabitory
rate γ rises in Figure 8.8(b). Thus, it is assumed that preventative actions conducted by
vulnerable and sick individuals will aid in reducing the spread of illness.

Case 7: Variation of δ under S and I for α = 0.98
Figure 8.9 shows the effect of δ on S and I with time for α=0.98. As the recovery rate
δ declines and reaches its steady state, Figure 8.9(a) depicts a rise in the number of sen-
sitive people. In Figure 8.9(b), we observed that the infected population decreases when
recovery rate δ changes from 0.001 to 0.003.

Case 8: Variation of δ under S and I for α=0.98
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(a) (b)

Figure 8.8: Variation of γ under S and I for α=0.98.

(a) (b)

Figure 8.9: Variation of δ under S and I for α=0.98.

(a) (b)

Figure 8.10: When α=0.9, the time series of the model system (8.1) corresponds to Table
8.2.
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(a) (b)

Figure 8.11: With parameter values matching to Table 8.2 for α=0.9, a time series of the
ideal control variable v∗ and the ideal cost J∗ is produced.

Figures 8.10(a) through 8.10(b) depict the time series of people who are vulnerable to
infection, those who have been infected, and those who have recovered over a time period
of [0, 100], with optimum control using fractional order α=0.9. Infectious illness preven-
tion depends heavily on treatment rates, and several theories have been put out in which
vaccination rates are seen as very advantageous. The reproduction number R0 falls as
a consequence of the inclusion of the treatment rate parameter. We chose a final time
of tf=100 for the simulation of the optimum control problem governed by model (8.1),
which corresponds to Table 8.2. The time series of the ideal cost J∗ and the ideal control
variable v∗ are shown in Figure 8.11.

8.7 Conclusion

The mathematical model used in this chapter aims to depict the dynamics of infectious
disease when the ratio of infected to susceptible populations is high, taking into account
the effects of inhibitory activity, behavioural changes that occur during epidemics, and the
limitations of treatment facilities. Analyzing the stability characteristics of equilibrium
points corresponding to no infection and sustained infection states, it is shown that the
disease-free equilibrium is locally asymptotically stable when R0 < 1 and unstable when
R0 > 1.
The R-H criteria has been used to examine the stability of the model’s endemic equi-
librium. The simulation results predicts that the infection will worsen as the rate of
transmission rises, but that it will stabilise due to the accessibility of treatment centres.
Furthermore, the prevalence of the infection decreases proportionally when the amount
of suppression used by the affected people increases. The results of our simulation also
showed that, in order to successfully eradicate the virus, the treatment of the population
must be closely coordinated with the resources at hand. Understanding the complexi-
ties of disease outbreaks is made possible by the use of epidemic modelling. Numerical
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simulations provide the visualisation of the efficacy of theoretical solutions. Comprehen-
sive information, suitable infectious disease treatment methods, and the availability of
healthcare services are required for the successful decrease of infection within society. In
addition, we showed the global stability of the equilibrium state by choosing an appropri-
ate Lyapunov function.
The importance of fractional order to population dynamics has also been noted. The
optimum solution to the optimal control issue must meet certain requirements, which
we have established using the Pontryagain’s Maximum Principle. It is obvious that the
disease’s spread can be stopped and eliminated if the control measure v∗ is used. Ad-
ditionally, Theorem 8.4.1 has identified the ideal control value v∗ to reduce the cost of

vaccination, as shown by J(v) =
(∫ tf

0
[I + A1v

2] dt
)
. For optimum control, we presume a

final time tf = 100. As a consequence, changing the derivatives’ order may change the
stability requirements for equilibrium locations without changing any other parametric
variables. We are unable to analyse our findings using an integer order method since we
have achieved so little theoretical advancement in this fractional order framework. We
find a variety of biological modelling outcomes based on fractional differential equations
in this work.
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Chapter 9

Summary and future scopes

In the classical epidemic models, it is assumed that the state of the system at every time
is not dependent on the previous history i.e. the system is memoryless. But in reality the
memory plays a great role on the evolution of epidemic process. As for example, when
a particular area is infected by some highly infectious disease then the human society
avoids that area to save themselves from the infection. The memory effect can be incor-
porated in the epidemic models through fractional calculus. The intent of this thesis was
to observe the effect of fractional derivatives in population dynamics and mathematical
epidemiology. The theoretical foundations of fractional calculus were laid over a century
ago, but the past few decades have witnessed a resurgence of interest due to the discov-
ery of increasing numbers of power-law phenomena in a wide variety of fields. Modelling
such phenomena in terms of ordinary differential equations of integer order typically leads
to unwieldy sets of equations that come out contrived. On the other hand, differential
equations of fractional order tend to naturally capture intrinsic phenomena in complex
dynamical systems. These fractional-order equations tell us about the underlying struc-
ture of the systems that produce them is, in some cases, yet to be specified. Nevertheless,
the evidence suggests that fractional-order dynamic behavior may be related to fractal
structure, implying that the multi-scale properties of both structure and function are
fundamentally linked. There are many variations of fractional calculus and theories of
fractional calculus that are developing day by day. Fractional calculus has made a signifi-
cant contribution in the field of physical science in few decades and nowadays researchers
are concentrating on the application area of fractional calculus in biological fields. Though
lack of numerical algorithms have barred the developments of this topic, many accurate
and efficient algorithms for numerical simulations strengthen the connection between the-
oretical studies and real world observations. My wish is to contribute in more complex
and advanced field of fractional ordered systems.

Keeping the above perspective, we hope that the following future research works can be
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carried out.

• The implications of interface reduction on epidemic dynamic nature are now being
investigated. Our goal is to modify the SEIR compartmental model to account for
the varying levels of population isolation.

• Future studies should use the methodology provided in this work to the third wave
of infected patients in Italy to assess the efficacy of existing COVID-19 prevention
strategies.

• The present dengue model with fractional order derivatives in Chapter 6 may be ex-
tended to further research. Here we have considered exact values of the parameters
in the real domain. However, assigning an exact number may seem to be too restric-
tive in comparison to assignment with a degree of membership or non-membership
to the concerned domain. The above notion is the onset of non-standard analysis,
which is the future scope of work for this model.

• In our next research, we’ll look at how chaotic systems are affected by the generalized
Caputo operator. The new operator can also be used to bring additional dynamical
properties and features to existing fractional systems or equations that have practical
applications.

• The proposed SIR model in Chapter 8 may be analyzed further to explore chaotic
solutions and various forms of bifurcations by incorporating time delay parameters.
More than one control parameter may be used to better understand the treatment
strategies and management of the spread of the disease.
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