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Preface

For as long as rings and algebras have been studied for their own sakes, it has been

a problem of interest to determine the consequences of various special identities and con-

versely, to find sufficient conditions on a given ring which ensure that a specified identity

holds. Ring derivation is a branch of algebra in which we study about the structure of

additive maps as well as structure of rings by analyzing some functional identities in-

volving additive maps. These additive maps are derivation, skew derivation, generalized

derivation, generalized skew derivation, b-generalized derivation, multiplicative general-

ized derivation, multiplicative (generalized) derivation, etc. It is well known that there is

a strong relationship among the functional identities involving derivations and generalized

derivations and the structure of the rings. This thesis is mainly intended to find out the

structure of above mentioned additive maps satisfying some functional identities on dif-

ferent subsets of prime and semiprime rings. A simple and well known functional identity

[d(x), x] = 0 for all x ∈ R, where R is a prime ring and d is a nonzero derivation on R, was

studied by Posner [80]. On that article, he got a wonderful structure of R. Henceforth,

several researchers studied several functional identities and got marvelous results. We

have also studied some problems in this line of investigation. This thesis contains seven

chapters. Chapter-wise brief information is given bellow:

Chapter 1 is basically devoted for introductory purpose. Some basic definitions, pre-

liminaries and prerequisites have been collected from other references which are needed

for the development of the subsequent chapters in this thesis.

Dhara and Ali [31] gave a precise definition of multiplicative (generalized) derivation

and studied some standard situations. In Chapter 2, we have studied some identities

vi



PREFACE vii

of multiplicative (generalized) derivation of a semiprime ring. Some examples have been

given at the end of this chapter concluding that semiprimeness hypothesis in the theorems

are not superfluous.

The study of commuting and centralizing maps was initiated by Posner [80]. There,

he proved that if a prime ring has a nonzero centralizing derivation, then the prime

ring is commutative. Brešar [9] generalized Posner’s result by considering co-centralizing

derivations and also proved that, if two nonzero derivations of a prime ring R are co-

centralizing on R, then R must be commutative. De Filippis et al.[49] and Carini et

al.[13] generalized result of Brešar [9] acting on a noncentral Lee ideal. In Chapter 3,

we have inspected an identity involving three generalized derivations on a noncentral Lee

ideal of R, which extends the above results.

A number of authors have studied some functional identities involving noncentral

valued multilinear polynomial. In chapter 4, we have studied the identity d(F 2(x)x) =

xG2(x) for all x ∈ f(I); where f is a noncentral valued multilinear polynomial, I is a two

sided ideal of a prime ring R, d is a derivation and F , G are generalized derivations of R.

Chapter 5 has dealt with another identity involving derivations and generalized deriva-

tions acting on multilinear polynomials in prime ring.

Eroǧlu and Argaç [43] studied the identity F 2(x)x ∈ C for all x ∈ f(R), where C

is the extended centroid of R, F is a generalized derivation of a prime ring R and f

is a multilinear polynomial. Recently, Yadav [90] has described all possible forms of the

maps, when F 2(x)d(x) = 0 for all x ∈ f(R), where d is a derivation and F is a generalized

derivation of R. Chapter 6 has been dedicated to study the above identity with central

value.

Lastly, in Chapter 7, we have studied an identity involving X-generalized skew deriva-

tion in prime rings.
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Chapter 1

Introduction, Preliminaries and
Prerequisites

This chapter is devoted for preliminary materials and notations which are used in the

subsequent chapters. Since all basic notations are not possible to mention here, we refer

the books by Herstein [59] and Jacobson [63, 64] for more details.

Throughout this thesis, by R we mean an associative ring and ideal of a ring means two

sided ideal. A functional identity on a ring R is an identity that involves some functions as

well as elements of R. The usual goal, when considering these identities is to describe the

form of the mappings appearing in the identity or, when this is not possible, to determine

the structure of the ring admitting this identity.

1.1 Some Special Classes of Rings

Now we recall the definions of prime and semiprime ideals in rings.

Definition 1.1.1. Let R be a ring. An ideal P of R is said to be a prime ideal if for any

two ideals A,B in R, AB ⊆ P implies either A ⊆ P or B ⊆ P .

Definition 1.1.2. Let R be a ring. An ideal P of R is said to be a semiprime ideal of R

if for any ideal A in R, A2 ⊆ P implies A ⊆ P .

1



INTRODUCTION, PRELIMINARIES AND PREREQUISITES 2

The following well known theorems provide characterizations of prime ideal and semiprime

ideal in a ring :

Theorem 1.1.1. Let P be an ideal of a ring R. Then the following are equivalent :

(i) P is a prime ideal of R;

(ii) If a, b ∈ R such that aRb ⊆ P , then either a ∈ P or b ∈ P ;

(iii) If < a >, < b > are principal ideals in R such that < a >< b >⊆ P , then either

a ∈ P or b ∈ P ;

(iv) If U and V are right ideals in R, then UV ⊆ P implies either U ⊆ P or V ⊆ P ;

(v) If U and V are left ideals in R, then UV ⊆ P implies either U ⊆ P or V ⊆ P .

Theorem 1.1.2. Let Q be an ideal of a ring R. Then the following are equivalent :

(i) Q is a semiprime ideal of R;

(ii) If a ∈ R be such that aRa ⊆ Q, then a ∈ Q;

(iii) If < a > is a principal ideal in R such that < a >2⊆ Q, then a ∈ Q;

(iv) If U is a right ideal in R, then U2 ⊆ Q implies U ⊆ Q;

(v) If U is a left ideal in R, then U2 ⊆ Q implies U ⊆ Q.

Definition 1.1.3. A ring R is said to be a prime ring if the zero ideal is a prime ideal

in R.

Example 1.1.1. 1. Every domain is a prime ring, since zero ideal is a prime ideal.

2. Every simple ring is a prime ring.

3. Matrix ring over prime ring is a prime ring.

Theorem 1.1.3. The following conditions are equivalent in a ring:

1. R is a prime ring;
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2. If A,B are two ideals of R such that AB = 0, then either A = 0 or B = 0;

3. If a, b ∈ R such that aRb = (0), then either a = 0 or b = 0.

Similarly, semiprime ring is defined as follows :

Definition 1.1.4. A ring R is said to be a semiprime ring if the zero ideal is a semiprime

ideal in R.

Example 1.1.2. 1. Every prime ring is a semiprime ring.

2. If R1 and R2 are nonzero prime rings, then R1

⊕
R2 is a semiprime ring.

It is clear from the definition, every prime ring is semiprime ring, but the converse is

not true always. For example, Z
⊕

Z is a semiprime ring, but not a prime ring.

Theorem 1.1.4. The following conditions are equivalent in a ring:

1. R is a semiprime ring;

2. If A is an ideal of R such that A2 = 0, then A = 0;

3. If a ∈ R such that aRa = (0), then a = 0.

Lemma 1.1.5. [60, Lemma 1.1.1] If R is a prime ring with no nonzero nilpotent elements,

then R has no zero divisor.

Recall that the center of R, is denoted by Z(R) and defined by Z(R) = {x ∈ R : xr =

rx for all r ∈ R}.

Lemma 1.1.6. [60, Lemma 1.1.5] Let R be a semiprime ring and I be a one-sided ideal

of R. Then Z(I) ⊆ Z(R). Further, if I is commutative, then I ⊆ Z(R).
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Lemma 1.1.7. [60] Let I be a nonzero one-sided ideal of a prime ring R. If I ⊆ Z(R),

then R is a commutative ring.

Lemma 1.1.8. Center of a prime ring does not contain zero divisor.

Lemma 1.1.9. Let R be a prime ring with center Z(R). If zr ∈ Z(R) for some 0 6= z ∈

Z(R) and r ∈ R, then r ∈ Z(R).

Let us now define annihilator of a ring R. Let X be any nonempty subset of R.

The subsets r(X) := {y ∈ R : xy = 0 for all x ∈ X} and l(X) := {y ∈ R : yx =

0 for all x ∈ X} of R are called right annihilator of X and left annihilator of X respec-

tively. An element p of R is called annihilator of X, if p ∈ r(X) as well as p ∈ l(X).

Now we have the following results:

Lemma 1.1.10. [60] A ring R is prime if and only if the right annihilator of a nonzero

right ideal of R is (0).

Lemma 1.1.11. [60, p. 6] Let R be a semiprime ring and I be an ideal of R. Then

r(I) = l(I) and I ∩ r(I) = (0).

Definition 1.1.5. A ring R is said to be n−torsion free, where n is a positive integer, if

for any x ∈ R, nx = 0 implies x = 0.

It is easy to say that whenever a ring R is n−torsion free, then char(R) 6= n. But

converse of the above result is not true for all rings. The primeness is required for the

converse statement to be true. Thus for a prime ring R, char(R) 6= n if and only if R is

n−torsion free.
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1.2 Commutator Identities in Rings

For any x, y ∈ R, the symbol [x, y] stands for the commutator or Lie product xy− yx and

the symbol x ◦ y stands for the anti-commutator or Jordan product xy + yx.

We recall some basic commutator identities in a ring R as follows : For any x, y, z ∈ R,

[xy, z] = x[y, z] + [x, z]y; [x, yz] = y[x, z] + [x, y]z;

(xy ◦ z) = x(y ◦ z)− [x, z]y = x[y, z] + (x ◦ z)y;

(x ◦ yz) = (x ◦ y)z − y[x, z] = [x, y]z + y(x ◦ z).

Moreover,

[[x, y], z] + [[y, z], x] + [[z, x], y] = 0.

The last identity is called as Jacobi Identity.

For x, y ∈ R, set [x, y]0 = x, [x, y]1 = [x, y] = xy − yx, and then an Engel type

polynomial [x, y]k = [[x, y]k−1, y], k = 1, 2, . . ..

Definition 1.2.1. An additive subgroup L of R is said to be a Lie ideal of R, if [u, r] ∈ L

for all u ∈ L and r ∈ R.

Clearly, every ideal of a ring R is a Lie ideal of R. It is noted that a Lie ideal of a ring

R may not be an ideal of R.

• A Lie ideal L is said to be square closed if u2 ∈ L for all u ∈ L.

Definition 1.2.2. Let S be a nonempty subset of a ring R. A map f : R → R is called

commuting (resp. centralizing) on S if [f(x), x] = 0 for all x ∈ S (resp. [f(x), x] ∈ Z(R)

for all x ∈ S).

Definition 1.2.3. Let S be a nonempty subset of a ring R. Two maps f, g : R→ R are

called co-commuting (resp. co-centralizing) on S if f(x)x−xg(x) = 0 for all x ∈ S (resp.

f(x)x− xg(x) ∈ Z(R) for all x ∈ S).
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1.3 Ring of Quotients

In the study of generalized identities in prime and semiprime rings it will be seen that

ring of quotients plays a crucial role. For us the most important ring of quotients is the

maximal right ring of quotients or Utumi ring of quotients. It was first constructed by Y.

Utumi [87]. Another important ring of quotients is used here, two-sided ring of quotients

or Martindale ring of quotients. This ring of quotients was introduced by Martindale [78]

as a tool to study prime rings satisfying a generalized polynomial identity.

1.3.1 Utumi Ring of Quotients

Let R be a prime ring and D = {J} be the collection of all dense right ideals of R, and

consider T to be the set of all R-homomorphisms f : JR → RR, where J ranges over D

and J and R are regarded as right R-modules. So T = {(f ; J)| J ∈ D, f : JR → RR},

where (f ; J) denotes f acting on J .

We define (f ; J) ∼ (g;K) if there exists L ⊆ J ∩ K such that L ∈ D and f = g

on L. One readily check that ‘∼’ is indeed an equivalence relation, let [f ; J ] denote

the equivalence class determined (f ; J) ∈ D and we let U denote the collection of all

equivalence classes of T with respect to ‘∼’. We then define addition and multiplication

of equivalence classes as follows:

[f ; J ] + [g;K] = [f + g; J ∩K]

and

[f ; J ][g;K] = [fg; g−1(J)].

One easily checks that the addition and multiplication is well-defined [6, pp. 55]. Under

these operations it is readily seen that U forms a ring with respect to above addition and

multiplication. This ring U is called Utumi ring of quotients. Some important properties

are given in the following proposition:
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Proposition 1.3.1. [6, Proposition 2.1.7] U satisfies:

1. R is a subring of U ;

2. For any q ∈ U there exists J ∈ D such that qJ ⊆ R;

3. For any q ∈ U and J ∈ D, qJ = 0 if and only if q = 0;

4. For any J ∈ D and f : JR → RR there exists q ∈ U such that f(x) = qx for all

x ∈ J .

Furthermore, properties (1)− (4) characterize ring U up to isomorphism.

1.3.2 Martindale Ring of Quotients

For a prime ring R, a nonzero two-sided ideal is obviously a dense right ideal of R. In

the above construction if we consider only nonzero two-sided ideals instead of dense right

ideals, then we obtain the Martindale ring of quotients(see [78]). Here we shall denote

this ring by Q.

Proposition 1.3.2. [6, Proposition 2.2.1] Let R be a semiprime ring. Then Q satisfies:

1. R is a subring of Q;

2. For any q ∈ Q there exists J ∈ D such that qJ ⊆ R;

3. For any q ∈ Q and J ∈ D, qJ = 0 if and only if q = 0;

4. For any J ∈ D and f : JR → RR there exists q ∈ Q such that f(x) = qx for all

x ∈ J .

Furthermore, properties (1)− (4) characterize ring Q up to isomorphism.
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Some important facts are as follows:

• Q can be naturally regarded as a subring of U [6, Proposition 2.2.2] and can be char-

acterized as follows: for a ∈ U , we have a ∈ Q if and only if aI ⊆ R for some nonzero

two-sided ideal I of R.

• Also for a prime ring R, the corresponding rings of quotients Q and U both are prime

ring [44, p. 74].

• Z(Q) = Z(U), where Z(Q) and Z(U) are centers of Q and U respectively [6, Remark

2.3.1].

Definition 1.3.1. The center of the Martindale ring of quotients as well as the Utumi

ring of quotients is called the extended centroid of R. And S = RC is called the central

closure of R.

The extended centroid of R is denoted by C. It is very well known that C forms a

field, when R is prime ring [6, p. 70]. In fact, S is a prime ring containing R. Further

S is contained in Q ⊆ U . If R has a unit element then C = Z(S). If R is a simple ring

with unit element then Q = S = R i.e., R is its own central closure. We refer to [60, 78]

for more details.

1.4 Some Special Type of Additive Maps in Rings

Let R be a ring. A map f : R → R is called additive map if it preserves the additive

structure of R, i.e. f(x+ y) = f(x) + f(y) for all x, y ∈ R.

Definition 1.4.1. Let R be a ring. An additive mapping d : R→ R is called a derivation

of R if d(xy) = d(x)y + xd(y) holds for all x, y ∈ R.

An example of derivation is the usual derivation d on the polynomial ring R = F [x]
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given by

d(
t∑
i=0

aix
i) =

t∑
i=1

iaix
i−1

Let us consider the ring R ,

R =

{(
a b

0 c

)
: a, b, c ∈ Z

}
,

where Z is the set of all integers. Let us define a mapping d : R→ R by

d

(
a b

0 c

)
=

(
0 nb

0 0

)
: a, b, c ∈ Z,

where n is any fixed integer. Then it is obvious that d is a derivation on R.

However, there is another fundamental class of derivations. The mapping da : R→ R

defined by da(x) = [a, x] for all x ∈ R, for fixed a ∈ R is a derivation of R. This kind

of derivations are called as inner derivations of R. When a derivation of a ring is not

inner, called outer derivation .

Remark 1.4.1. Let d be a derivation of a ring R. Then d(Z(R)) ⊆ Z(R).

The notion of derivation was extended by Brešar [8] in 1991. He first introduced the

concept of generalized derivation which was further studied algebraically by Hvala [62] in

1998.

Definition 1.4.2. Let R be a ring. An additive mapping F : R→ R is called a generalized

derivation, if there exists a derivation d : R→ R such that F (xy) = F (x)y + xd(y) holds

for all x, y ∈ R.

Here this mentioned derivation d is called an associated derivation of the generalized

derivation F . Thus it is evident from the above definition that every derivation is a

generalized derivation of R with respect to a associated derivation itself. When d = 0,
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then generalized derivation becomes F (xy) = F (x)y for all x, y ∈ R, which is called a left

multiplier mapping of R. Some authors have used the notion of left centralizer instead

of left multiplier in a ring. Thus generalized derivation of a ring covers the concept of

derivation as well as the concept of left multiplier mapping in a ring. We now recall the

following definitions:

Definition 1.4.3. Let R be an associative ring and α be an automorphism of R. An

additive mapping d : R→ R is called a skew derivation of R if

d(xy) = d(x)y + α(x)d(y)

holds for all x, y ∈ R. Here α is called the associated automorphism of d.

Definition 1.4.4. An additive mapping G : R → R is said to be a generalized skew

derivation of R, if there exists a skew derivation d of R with associated automorphism α

such that

G(xy) = G(x)y + α(x)d(y)

holds for all x, y ∈ R. Here d is said to be an associated skew derivation of G and α is

called an associated automorphism of G.

The concept of the map X-generalized skew derivations was introduced by De Filippis

and Wei in [54].

Definition 1.4.5. Let R be an associative ring, b ∈ Q, d : R→ R a linear mapping and

α be an automorphism of R. A linear mapping F : R → R is called an X−generalized

skew derivation of R, with associated term (b, α, d) if F (xy) = F (x)y + bα(x)d(y) for all

x, y ∈ R.

It is very easy to check that the concept of X−generalized skew derivation generalizes

the concept of generalized skew derivation as well as b-generalized derivation. The map
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x 7→ ax+bα(x)c is an example of X-generalized skew derivation of R with associated map

(b, α, d), where a, b, c ∈ R are fixed elements and d(x) = α(x)c−cx for all x ∈ R. Such X-

generalized skew derivations of R are called as inner X-generalized skew derivations

of R.

1.5 Generalized Polynomial Identity (GPI)

Let R be an associative ring and let X = {x1, x2, . . .} be an infinite set of non-commutative

indeterminates. The classical approach to the theory of polynomial identities of a ring R

was to consider identical relations inR of the form p[x] = 0, where p[x] =
∑
α(i)xi1xi2 · · · xin

is a polynomial in the xj with coefficients α(i) which are integers or belong to a commuta-

tive field F over which R is an algebra. The main result in the theory of these identities is

due to Kaplansky [63, p. 226] which states that a primitive ring satisfying a polynomial

identity of degree d is a finite-dimensional algebra over its center, and its dimension is

≤ [d/2]2.

The generalized polynomial identities to be dealt with are of the form:

P [x] =
∑

αi1πj1αi2πj2 · · ·αikπjkαik+1
= 0,

where the πj are monomials in the indeterminates xj and the elements aiλ appear both

as coefficients and between the monomials πj. More precisely, one considers a prime ring

R and S = RC, its central closure. Consider S < x >= S ∗C {X}, the free product of

S and {X} over C. The elements of S < x > are called the generalized polynomials.

By a nontrivial generalized polynomial, we mean a nonzero element of S < x >. An

element m ∈ S < x > of the form m = q0y1q1y2q2 . . . ynqn, where {q0, q1, . . . , qn} ⊆ S and

{y1, y2, . . . , yn} ⊆ X, is called a monomial ( some of the qi can be 1 also). q0, q1, . . . , qn

are called the coefficients of m. Each f ∈ S < x > can be represented as a finite sum of

monomials. Such a representation is certainly not unique.



INTRODUCTION, PRELIMINARIES AND PREREQUISITES 12

Let B be a set of C-independent vectors of S. By a B-monomial, we mean a monomial

of the form u0y1u1y2u2 . . . ynun, where {u0, . . . , un} ⊆ B and {y1, y2, . . . , yn} ⊆ X. Let

V = BC, the C-subspace spanned by B. Then any V -generalized polynomial f can be

written in the form
∑
αimi, where αi ∈ C and mi are B-monomials, in the following

manner: First fix a representation of f with all of its coefficients in V and express each

coefficient of the given representation as a linear combination of elements of B. Then

substitute these linear combinations into the representation of f and expand the resulting

expression using the distributive law. Finally, we collect similar terms to get our desired

form.

It is also obvious that such representation of a given f in terms of B-monomials is

unique. If B is chosen to be a basis of S over C, the B-monomials span the whole S < x >.

The uniqueness of representation in terms of B-monomials gives a practical criterion

to decide whether a given generalized polynomial f is trivial or not: Pick a basis B for

the C-subspace spanned by the coefficients of a given representation of f . Express f as a

linear combination of B-monomials in the way explained above. Let us say f =
∑
αimi,

where αi ∈ C and mi are B-monomials. Then f is trivial if and only if αi = 0 for each i.

This simple criterion will be used frequently in several chapters.

Remark 1.5.1. If we consider T = U∗CC{X}, the free product of U and the free algebra

C{X} over C. And if a1, a2 ∈ U are linearly independent over C and a1g1(x1, . . . , xn) +

a2g2(x1, . . . , xn) = 0 ∈ T , where

g1(x1, . . . , xn) =
n∑
i=1

xihi(x1, . . . , xn)

and

g2(x1, . . . , xn) =
n∑
i=1

xiki(x1, . . . , xn)

for hi(x1, . . . , xn), ki(x1, . . . , xn) ∈ T , then both g1(x1, . . . , xn) and g2(x1, . . . , xn) are zero

element of T .
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Definition 1.5.1. S is said to satisfy generalized polynomial identity if there exists an

0 6= f ∈ S < x > such that f(s1, s2, . . . , sn) = 0 for all si ∈ S.

Definition 1.5.2. The polynomial with n variables

sn(x1, . . . , xn) =
∑
σ∈Sn

(−1)σxσ(1)xσ(2) . . . xσ(n),

where (−1)σ is +1 or −1 according as σ being an even or odd permutation in symmetric

group Sn, is called the standard polynomial of degree n.

Theorem 1.5.1. Amitsur-Levitzki Theorem: Let R be a commutative ring. Then

Mn(R) satisfies s2n.

Theorem 1.5.2. [17, Theorem 2] Let R be a prime ring with its Utumi ring of quotients

U . For any dense submodule M of U , the GPIs satisfied by M are the same as the GPIs

satisfied by U .

Theorem 1.5.3. [17, Theorem 3] Let R be a prime ring with its Utumi ring of quotients

U . Let M and N be two dense submodules of U . If M satisfies a GPI, then M satisfies

a GPI of N .

Let R be a prime ring with its Utumi ring of quotients U . Let Der(U) be the set

of all derivations of U . By a derivation word we mean an additive map ∆ of the form

∆ = d1 . . . dn with each di ∈ Der(U).

A differential polynomial is a generalized polynomial of the form Φ(∆j(xi)) involving

non-commutative indeterminates xi which are acted by derivation words ∆j as uniary

operation and with coefficients from U . Φ(∆j(xi)) is said to be differential identity on

S ⊆ U , if Φ(∆j(xi)) assumes the constant value 0 for any assignment of values from S to

its indeterminates xi.

Theorem 1.5.4. [69, Theorem 3] Let R be a semiprime ring, U its Utumi ring of quotients

and IR a dense R-submodule of UR. Then I and U satisfy the same differential identities.
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1.6 Some Important Results

Theorem 1.6.1. [6, Proposition 2.5.1] Every derivation of a prime ring R can be uniquely

extended to a derivation of the Utumi ring of quotients U .

Theorem 1.6.2. [71, Theorem 3] Every generalized derivation g on a dense right ideal of

R can be uniquely extended to U and assumes the form g(x) = ax+ δ(x) for some a ∈ U

and a derivation δ on U .

Theorem 1.6.3. [52, Lemma 1.5] Suppose that A1, . . . , Ak are non scalar matrices in

Mt(C), where t ≥ 2 and C is infinite field. Then there exists an invertible matrix P ∈

Mm(C) such that any matrices PA1P
−1, . . . , PAkP

−1 have all nonzero entries.

Theorem 1.6.4. [65, Theorem 2]Kharchenko’s Theorem:

Let R be a prime ring, U be its Utumi ring of quotient and I an ideal of R. Let Φ(∆j(xi)) =

0 be a reduced differential identity for I. Then Φ(zij) = 0 is GPI for U , where zij = 0 are

distinct indeterminates.

In particular, we have:

If d is a nonzero outer derivation of R and Φ(x1, . . . , xn, d(x1), . . . , d(xn)) = 0 is a differ-

ential identity on R, then U satisfies GPI Φ(x1, . . . , xn, z1, . . . , zn) = 0, where x1, . . . , xn,

z1, . . . , zn are distinct indeterminates.

Theorem 1.6.5. [63]Jacobson Density Theorem:

Let R be a (left) primitive ring with RV a faithful irreducible R-module and D = End(RV ).

Then for any natural number n, if v1, . . . , vn are D-independent in V and w1, . . . , wn are

arbitrary in V , then there exists r ∈ R such that rvi = wi, i = 1, . . . , n.

Theorem 1.6.6. [78, Theorem 3]Martindale Theorem:

Let R be a prime ring with its extended centroid C. Then S = RC satisfies a GPI over
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C if and only if S contains a minimal right ideal eS(hence S is primitive) and eSe is a

finite dimensional division algebra over C, where e is idempotent.

Theorem 1.6.7. [6, 45, 63]Litoff’s Theorem:

Let R be a primitive ring with nonzero socle H = Soc(R) and b1, . . . , bm ∈ H. Then there

exists an idempotent e ∈ H such that b1, . . . , bm ∈ eRe and the ring eRe is isomorphic to

Mn(C).

Fact 1.6.8. Let R be a prime ring and Φ(x1, . . . , xn) = 0 be a nontrivial GPI for R. By

Theorem 1.5.2, U also satisfies the same GPI Φ(x1, . . . , xn) = 0. When C is infinite,

we know that U ⊗C C also satisfies the GPI Φ(x1, . . . , xn) = 0, where C is the algebraic

closure of C. By [42, Theorems 2.5 and 3.5], both U and U ⊗C C are prime and centrally

closed, and hence we may replace R by U or U ⊗C C according to C finite or infinite.

Then R is centrally closed over C. By [78] R is a primitive ring having nonzero socle

soc(R) with C as its associated division ring. Hence R is isomorphic to a dense ring of

linear transformations of a vector space V over C (By Jacobson’s theorem [63, p.75]).



Chapter 2

Multiplicative
(Generalized)-Derivations and Left
Ideals in Semiprime Rings

2.1 Introduction

Over the last several years, a number of authors studied the commutativity in prime and

semiprime rings admitting derivations and generalized derivations. Daif and Bell [22]

proved that if R is a semiprime ring, I a nonzero ideal of R and d a nonzero derivation

of R such that d([x, y]) = ±[x, y] for all x, y ∈ I, then I ⊆ Z(R). In particular, if I = R,

then R is commutative. Herstein [61] proved that if R is a 2-torsion free prime ring with a

nonzero derivation d of R such that [d(x), d(y)] = 0 for all x, y ∈ R, then R is commutative.

Further, these results ware extended by replacing derivations with generalized derivations.

Ashraf et al. [5] studied for a prime ring R with a generalized derivation F associated

to a nonzero derivation d that if R satisfies any one of the following conditions: (1)

d(x) ◦F (y) = 0, (2) [d(x), F ((y)] = 0, (3) d(x) ◦F (y) = x ◦ y, (4) d(x) ◦F (y) + x ◦ y = 0,

(5) [d(x), F (y)] = [x, y], (6) [d(x), F (y)] + [x, y] = 0, (7) d(x)F (y) ± xy ∈ Z(R), for all

x, y ∈ I, where I is a nonzero ideal of R, then R must be commutative. Dhara et al.[32]

0This work is published in Rend. Circ. Mat. Palermo, II. Ser., 70 (2021), 631-640.

16
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studied these identities in semiprime rings.

In the present chapter, we want to investigate these identities satisfied by left sided

ideals in a semiprime ring. Moreover, the maps involved in the identities not necessarily

to be additive. A multiplicative derivation of R is a mapping D : R → R which satisfies

D(xy) = D(x)y+xD(y) for all x, y ∈ R. So a multiplicative derivation will be a derivation

when it is an additive map. Daif [21] introduced the concept of multiplicative derivation,

which was motivated by the work of Martindale [79]. Further, Goldmann and Šemrl

gave the complete description of these maps in [58]. Further, the notion of multiplicative

derivation was extended in [23] to multiplicative generalized derivation. A mapping F :

R→ R (not necessarily additive) is called a multiplicative generalized derivation of R, if

there exists a derivation d of R such that F (xy) = F (x)y + xd(y) holds for all x, y ∈ R.

In the above definition, if we take d is any map (not necessarily additive or derivation),

then F is said to be a multiplicative (generalized)-derivation which was introduced by

Dhara and Ali [31]. In [31], Dhara and Ali gave the precise definition of multiplicative

(generalized)-derivation as follows: A map F : R → R (not necessarily additive) is said

to be a multiplicative (generalized)-derivation, if there exists a mapping d : R → R (not

necessarily additive nor a derivation) such that F (xy) = F (x)y + xd(y) for all x, y ∈ R.

Example 2.1.1. Let Z be the set of all integers. Next, let R =




0 a b

0 0 c

0 0 0

 : a, b, c ∈ Z

.

Define the maps F and d : R → R as follows: F


0 a b

0 0 c

0 0 0

 =


0 a 0

0 0 ac3

0 0 0

 and
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d


0 a b

0 0 c

0 0 0

 =


0 a2 b2

0 0 −c

0 0 0

 . Then it is straightforward to verify that F is a multiplica-

tive (generalized)-derivation associated with a map d. Since F and d are not additive,

thus F can not be generalized derivation as well as multiplicative generalized derivation.

Thus multiplicative (generalized)-derivation covers the concept of generalized deriva-

tions and multiplicative generalized derivations. Therefore, multiplicative (generalized)-

derivations are the large number of maps containing derivations, generalized derivations,

multiplicative generalized derivation etc. Recently, few papers investigated identities in-

volving multiplicative (generalized)-derivations (see [1], [3], [31], [38], [39], [57], [86]).

In the present chapter, our motivation is to study the identities replacing general-

ized derivation by multiplicative (generalized)-derivation acting on left sided ideals in

semiprime rings. More precisely, we investigate the following identities: (1) [d(x), F (y)] =

±[x, y], (2) [d(x), F (y)] = ±x◦y, (3) [d(x), F (y)] = 0, (4) F ([x, y])±[δ(x), δ(y)]±[x, y] = 0,

(5) d′([x, y])± [δ(x), δ(y)]± [x, y] = 0, (6) d′([x, y])± [δ(x), δ(y)] = 0, (7) F (x ◦ y)± δ(x) ◦

δ(y)±x ◦ y = 0, (8) d′(x ◦ y)± δ(x) ◦ δ(y)±x ◦ y = 0, (9) d′(x ◦ y)± δ(x) ◦ δ(y) = 0 for all

x, y ∈ λ, where F is a multiplicative (generalized)-derivation of R associated to the map

d, and δ, d′ are multiplicative derivations of R.

2.2 Main Results

Theorem 2.2.1. Let R be a 2-torsion free semiprime ring, λ a nonzero left ideal of R

and F : R → R a multiplicative (generalized)-derivation of R associated with the map

d : R→ R. If [d(x), F (y)] = ±[x, y] for all x, y ∈ λ, then λ[d(x), x] = (0) for all x ∈ λ.

In particular, when R is prime ring and d is a derivation of R, then λ[λ, λ] = (0).
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Proof. By our assumption, we have

[d(x), F (y)] = ±[x, y] (2.2.1)

for all x, y ∈ λ. Putting x = xz, where z ∈ λ, in (2.2.1) we get

[d(x)z + xd(z), F (y)] = ±([x, y]z + x[z, y]) (2.2.2)

for all x, y, z ∈ λ. This implies

d(x)[z, F (y)] + [d(x), F (y)]z + x[d(z), F (y)]

+[x, F (y)]d(z) = ±([x, y]z + x[z, y]) (2.2.3)

for all x, y, z ∈ λ. Applying (2.2.1), (2.2.3) yields that

d(x)[z, F (y)] + [x, F (y)]d(z) = 0 (2.2.4)

for all x, y, z ∈ λ. Substituting zx for x in (2.2.4), we get

(d(z)x+ zd(x))[z, F (y)] + z[x, F (y)]d(z) + [z, F (y)]xd(z) = 0 (2.2.5)

for all x, y, z ∈ λ. Left multiplying (2.2.4) by z, we obtain

zd(x)[z, F (y)] + z[x, F (y)]d(z) = 0 (2.2.6)

for all x, y, z ∈ λ. Subtracting (2.2.6) from (2.2.5) we get

d(z)x[z, F (y)] + [z, F (y)]xd(z) = 0 (2.2.7)

for all x, y, z ∈ λ, that is,

d(z)x[z, F (y)] = −[z, F (y)]xd(z) (2.2.8)



A NOTE ON MULTIPLICATIVE (GENERALIZED)-DERIVATIONS ... 20

for all x, y, z ∈ λ. Replacing x with xd(z)t we have

d(z)xd(z)t[z, F (y)] = −[z, F (y)]xd(z)td(z) (2.2.9)

for all x, y, z ∈ λ. Right multiplying (2.2.8) by td(z)x[z, F (y)], we get

d(z)x[z, F (y)]td(z)x[z, F (y)] = −[z, F (y)]xd(z)td(z)x[z, F (y)] (2.2.10)

for all x, y, z ∈ λ. By using (2.2.9), it yields

d(z)x[z, F (y)]td(z)x[z, F (y)] = d(z)xd(z)t[z, F (y)]x[z, F (y)] (2.2.11)

for all x, y, z ∈ λ. By (2.2.8), we can write d(z)t[z, F (y)] = −[z, F (y)]td(z) and hence

(2.2.11) reduces to

d(z)x[z, F (y)]td(z)x[z, F (y)] = −d(z)x[z, F (y)]td(z)x[z, F (y)] (2.2.12)

that is 2d(z)x[z, F (y)]td(z)x[z, F (y)] = 0 for all x, y, z, t ∈ λ. Since R is 2-torsion free

ring, d(z)x[z, F (y)]td(z)x[z, F (y)] = 0 for all x, y, z, t ∈ λ. This gives td(z)x[z, F (y)]

Rtd(z)x[z, F (y)] = (0) for all x, y, z, t ∈ λ. Since R is semiprime ring, td(z)x[z, F (y)] = 0

for all x, y, z, t ∈ λ. So we can say that

λd(z)λ[z, F (y)] = (0)

for all y, z ∈ λ. Let {Pα|α ∈ I} be a family of prime ideals of R such that
⋂
Pα =

(0). We can say either λd(z) ⊆ Pα or λ[z, F (y)] ⊆ Pα, so that [z, F (y)]λd(z) ⊆ Pα or

d(z)λ[z, F (y)] ⊆ Pα. By (2.2.8), [z, F (y)]λd(z) ⊆ Pα implies that d(z)λ[z, F (y)] ⊆ Pα and

hence d(z)λ[z, F (y)] ⊆
⋂
Pα, that is, d(z)λ[z, F (y)] = (0), for all y, z ∈ λ.

Hence we have d(z)x[z, F (y)] = 0 for all x, y, z ∈ λ. Putting y = yz, we get

0 = d(z)x[z, F (yz)] = d(z)x[z, F (y)z + yd(z)] = d(z)x[z, yd(z)],
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for all x, y, z ∈ λ. Hence [z, yd(z)]x[z, yd(z)] = 0 for all x, y, z ∈ λ. Since R is a semiprime

ring, it follows that x[z, yd(z)] = 0 for all x, y, z ∈ λ. Replacing y with d(z)y, we have

x[z, d(z)yd(z)] = 0 (2.2.13)

for all x, y, z ∈ λ, that is,

x(zd(z)yd(z)− d(z)yd(z)z) = 0 (2.2.14)

for all x, y, z ∈ λ. Replacing y by yd(z)u

x(zd(z)yd(z)ud(z)− d(z)yd(z)ud(z)z) = 0 (2.2.15)

for all x, y, z, u ∈ λ. Using (2.2.14), we obtain

x(d(z)yd(z)zud(z)− d(z)yzd(z)ud(z)) = 0 (2.2.16)

for all x, y, z, u ∈ λ, which gives

xd(z)y[d(z), z]ud(z) = 0 (2.2.17)

for all x, y, z, u ∈ λ. This implies that x[d(z), z]y[d(z), z]u[d(z), z] = 0 for all x, y, z, u ∈ λ,

that is, (λ[d(z), z])3 = (0) for all z ∈ λ. Since a semiprime ring contains no nonzero

nilpotent left ideals, it follows that λ[d(z), z] = (0) for all z ∈ λ.

In case R is prime ring and d is a derivation of R, we have from above that x[z, yd(z)] =

0 for all x, y, z ∈ λ. Replacing y with ty, where t ∈ λ, we have 0 = x[z, yd(z)] =

x[z, t]yd(z). Since R is prime ring, for each z ∈ λ, either λ[z, λ] = (0) or λd(z) = (0).

Since z ∈ λ, for which λ[z, λ] = (0) and λd(z) = (0) holds, form two additive subgroups

of λ, union of which is λ, therefore, either λ[λ, λ] = (0) or λd(λ) = (0).

In case λd(λ) = (0), we have by (2.2.1) replacing x with xt that [d(x)t, F (y)] = ±[xt, y]

which yields d(x)[t, F (y)] = ±x[t, y]. Left multiplying by λ, we obtain λx[t, y] = (0) for

all x, t, y ∈ λ. Since R is prime, λ[λ, λ] = (0).
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Corollary 2.2.2. Let R be a 2-torsion free semiprime ring, F : R → R a multiplicative

(generalized)-derivation of R associated with the map d : R→ R. If [d(x), F (y)] = ±[x, y]

for all x, y ∈ R, then [d(x), x] = 0 for all x ∈ R.

Theorem 2.2.3. Let R be a 2-torsion free semiprime ring, λ a nonzero left ideal of R

and F : R → R a multiplicative (generalized)-derivation of R associated with the map

d : R→ R. If [d(x), F (y)] = ±x ◦ y for all x, y ∈ λ, then λ[d(x), x] = (0) for all x ∈ λ.

In particular, when R is prime ring and d is a derivation of R, then λ[λ, λ] = (0).

Proof. By the hypothesis, we have

[d(x), F (y)] = ±x ◦ y (2.2.18)

for all x, y ∈ λ. Replacing x by xz in (2.2.18) we obtain

[d(x)z + xd(z), F (y)] = ±xz ◦ y (2.2.19)

which implies that

d(x)[z, F (y)] + [d(x), F (y)]z + x[d(z), F (y)] + [x, F (y)]d(z)

= ±{(x ◦ y)z + x[z, y]} (2.2.20)

for all x, y, z ∈ λ. In view of (2.2.18), the expression reduces to

d(x)[z, F (y)] + x[d(z), F (y)] + [x, F (y)]d(z) = ±x[z, y] (2.2.21)

for all x, y, z ∈ λ. Putting x = zx, we have

d(z)x[z, F (y)] + zd(x)[z, F (y)] + zx[d(z), F (y)] + z[x, F (y)]d(z)

+[z, F (y)]xd(z) = ±zx[z, y]. (2.2.22)
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Left multiplication of (2.2.21) by z yields

zd(x)[z, F (y)] + zx[d(z), F (y)] + z[x, F (y)]d(z) = ±zx[z, y] (2.2.23)

for all x, y, z ∈ λ. Subtracting (2.2.23) from (2.2.22), we have

d(z)x[z, F (y)] + [z, F (y)]xd(z) = 0 (2.2.24)

for all x, y, z ∈ λ. The last expression is the same as the relation (2.2.7) and hence using

the similar argument as used in the Theorem2.2.1, we get the required result.

Corollary 2.2.4. Let R be a 2-torsion free semiprime ring, F : R → R a multiplicative

(generalized)-derivation of R associated with the map d : R→ R. If [d(x), F (y)] = ±x ◦ y

for all x, y ∈ R, then [d(x), x] = 0 for all x ∈ R.

Similarly, following theorem is straightforward.

Theorem 2.2.5. Let R be a 2-torsion free semiprime ring, λ a nonzero left ideal of R

and F : R → R a multiplicative (generalized)-derivation of R associated with the map

d : R→ R. If [d(x), F (y)] = 0 for all x, y ∈ λ, then λ[d(x), x] = (0) for all x ∈ λ.

Theorem 2.2.6. Let R be a 2-torsion free semiprime ring, λ a nonzero left ideal of R

and F : R → R a multiplicative (generalized)-derivation of R associated with the map

δ : R → R. If d : R → R is a multiplicative derivation of R such that F ([x, y]) ±

[d(x), d(y)] ± [x, y] = 0 for all x, y ∈ λ, then λ[d(x), x] = (0) and λ[δ(x), x] = (0) for all

x ∈ λ.

Proof. First, we begin with the situation

F ([x, y]) + [d(x), d(y)] + [x, y] = 0 (2.2.25)
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for all x, y ∈ λ. Replacing yx in place of y in (2.2.25), we obtain

F ([x, y])x+ [x, y]δ(x) + [d(x), d(y)x] + [d(x), yd(x)] + [x, y]x = 0 (2.2.26)

for all x, y ∈ λ. Right multiplying (2.2.25) by x, we get

F ([x, y])x+ [d(x), d(y)]x+ [x, y]x = 0 (2.2.27)

for all x, y ∈ λ. Now subtracting (2.2.27) from (2.2.26), we get

[x, y]δ(x) + d(y)[d(x), x] + [d(x), yd(x)] = 0 (2.2.28)

for all x, y ∈ λ. Substituting xy instead of y in (2.2.28), we obtain

x[x, y]δ(x) + (xd(y) + d(x)y)[d(x), x] + x[d(x), yd(x)] + [d(x), x]yd(x) = 0(2.2.29)

for all x, y ∈ λ. Left multiplying (2.2.28) by x and then subtracting from (2.2.29), we get

d(x)y[d(x), x] + [d(x), x]yd(x) = 0 (2.2.30)

for all x, y ∈ λ, that is

d(x)y[d(x), x] = −[d(x), x]yd(x) (2.2.31)

for all x, y ∈ λ. Replacing y with yd(x)t, where t ∈ λ, we have

d(x)yd(x)t[d(x), x] = −[d(x), x]yd(x)td(x) (2.2.32)

for all x, y, t ∈ λ. Right multiplying (2.2.31) by td(x)y[d(x), x], we get

d(x)y[d(x), x]td(x)y[d(x), x] = −[d(x), x]yd(x)td(x)y[d(x), x] (2.2.33)

for all x, y, t ∈ λ. By using (2.2.32), it yields

d(x)y[d(x), x]td(x)y[d(x), x] = d(x)yd(x)t[d(x), x]y[d(x), x] (2.2.34)
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for all x, y, t ∈ λ. By (2.2.31), we can write d(x)t[d(x), x] = −[d(x), x]td(x) and hence

(2.2.34) reduces to

d(x)y[d(x), x]td(x)y[d(x), x] = −d(x)y[d(x), x]td(x)y[d(x), x] (2.2.35)

that is 2d(x)y[d(x), x]td(x)y[d(x), x] = 0 for all x, y, t ∈ λ. Since R is 2-torsion free ring,

d(x)y[d(x), x]td(x)y[d(x), x] = 0 for all x, y, t ∈ λ.

This implies that td(x)y[d(x), x]Rtd(x)y[d(x), x] = (0) for all x, y, t ∈ λ. Since R is

semiprime ring, td(x)y[d(x), x] = 0 for all x, y, t ∈ λ. This implies y[d(x), x]Ry[d(x), x] =

(0) for all x, y ∈ λ. Again, by semiprimeness of R, λ[d(x), x] = (0) for all x ∈ λ.

Then replacing y with ty, t ∈ R in (2.2.28), we obtain

t[x, y]δ(x) + [x, t]yδ(x) + (td(y) + d(t)y)[d(x), x]

+t[d(x), yd(x)] + [d(x), t]yd(x) = 0 (2.2.36)

for all x, y ∈ λ, t ∈ R. Left multiplying (2.2.28) by t and then subtracting from (2.2.36),

we get

[x, t]yδ(x) + d(t)y[d(x), x] + [d(x), t]yd(x) = 0 (2.2.37)

for all x, y ∈ λ, t ∈ R. Using the fact λ[d(x), x] = (0) for all x ∈ λ, we get

[x, t]yδ(x) + [d(x), t]yd(x) = 0 (2.2.38)

for all x, y ∈ λ, t ∈ R. Put y = yx in (2.2.38) and get

[x, t]yxδ(x) + [d(x), t]yxd(x) = 0 (2.2.39)

for all x, y ∈ λ, t ∈ R. Right multiplying (2.2.38) by x and then subtracting from (2.2.39),

we obtain by using λ[d(x), x] = (0) for all x ∈ λ that [x, t]y[δ(x), x] = 0 for all x, y ∈ λ,
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t ∈ R. In particular, [δ(x), x]y[δ(x), x] = 0, that is y[δ(x), x]Ry[δ(x), x] = (0) for all

x, y ∈ λ. By semiprimeness of R, λ[δ(x), x] = (0) for all x ∈ λ.

Using similar approach we conclude that the same result holds for all other cases.

Corollary 2.2.7. Let R be a 2-torsion free semiprime ring and F : R→ R a multiplicative

(generalized)-derivation of R associated with the map δ : R → R. If d : R → R is a

multiplicative derivation of R such that F ([x, y])± [d(x), d(y)]± [x, y] = 0 for all x, y ∈ R,

then [d(x), x] = 0 and [δ(x), x] = 0 for all x ∈ R.

Replacing F (x) = δ(x) or F (x) = ∓x+δ(x), following Corollaries are straightforward.

Corollary 2.2.8. Let R be a 2-torsion free semiprime ring, λ a nonzero left ideal of R

and d, δ : R→ R two multiplicative derivations of R. If δ([x, y])± [d(x), d(y)]± [x, y] = 0

for all x, y ∈ λ, then λ[d(x), x] = (0) and λ[δ(x), x] = (0) for all x ∈ λ.

Corollary 2.2.9. Let R be a 2-torsion free semiprime ring, λ a nonzero left ideal of R

and d, δ : R→ R two multiplicative derivations of R. If δ([x, y])± [d(x), d(y)] = 0 for all

x, y ∈ λ, then λ[d(x), x] = (0) and λ[δ(x), x] = (0) for all x ∈ λ.

Theorem 2.2.10. Let R be a 2-torsion free semiprime ring, λ a nonzero left ideal of R and

F : R→ R a multiplicative (generalized)-derivation of R associated with the map δ : R→

R. If d : R→ R is a multiplicative derivation of R such that F (x◦y)±d(x)◦d(y)±x◦y = 0

for all x, y ∈ λ, then λ[d(x), x] = (0) and λ[δ(x), x] = (0) for all x ∈ λ.

Proof. We begin with the situation

F (x ◦ y) + d(x) ◦ d(y) + x ◦ y = 0 (2.2.40)

for all x, y ∈ λ. Replacing yx by y in (2.2.40), we have

F (x ◦ y)x+ (x ◦ y)δ(y) + d(x) ◦ (d(y)x+ yd(x)) + (x ◦ y)x = 0 (2.2.41)
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that is

F (x ◦ y)x+ (x ◦ y)δ(x) + (d(x) ◦ d(y))x− d(y)[d(x), x]

+(d(x) ◦ y)d(x) + (x ◦ y)x = 0 (2.2.42)

for all x, y ∈ λ. Right multiplying (2.2.40) by x and then subtracting from (2.2.42), we

get

(x ◦ y)δ(x)− d(y)[d(x), x] + (d(x) ◦ y)d(x) = 0 (2.2.43)

for all x, y ∈ λ. Substituting xy instead of y in (2.2.43), we obtain

x(x ◦ y)δ(x)− xd(y)[d(x), x]− d(x)y[d(x), x]

+x(d(x) ◦ y)d(x)− [d(x), x]yd(x) = 0 (2.2.44)

for all x, y ∈ λ. Left multiplying (2.2.43) by x and then subtracting from (2.2.44), we get

d(x)y[d(x), x] + [d(x), x]yd(x) = 0 (2.2.45)

for all x, y ∈ λ. This is same as the relation (2.2.30) and hence using the similar argument,

we get the required result.

Using similar techniques with some necessary variations we can conclude that the same

result holds for all other cases.

Corollary 2.2.11. Let R be a 2-torsion free semiprime ring and F : R→ R a multiplica-

tive (generalized)-derivation of R associated with the map δ : R → R. If d : R → R is a

multiplicative derivation of R such that F (x◦y)±d(x)◦d(y)± (x◦y) = 0 for all x, y ∈ R,

then [d(x), x] = 0 and [δ(x), x] = 0 for all x ∈ R.

Replacing F (x) = δ(x) or F (x) = ∓x+δ(x), following Corollaries are straightforward.
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Corollary 2.2.12. Let R be a 2-torsion free semiprime ring, λ a nonzero left ideal of R

and d, δ : R→ R two multiplicative derivations of R. If δ(x ◦ y)± d(x) ◦ d(y)± x ◦ y = 0

for all x, y ∈ λ, then λ[d(x), x] = (0) and λ[δ(x), x] = (0) for all x ∈ λ.

Corollary 2.2.13. Let R be a 2-torsion free semiprime ring, λ a nonzero left ideal of R

and d, δ : R→ R two multiplicative derivations of R. If δ(x ◦ y)± d(x) ◦ d(y) = 0 for all

x, y ∈ λ, then λ[d(x), x] = (0) and λ[δ(x), x] = (0) for all x ∈ λ.

Example 2.2.1. Let Z be the set of all integers. Next, let R =




0 a b

0 0 c

0 0 0

 : a, b, c ∈ Z

.

Note that R is not semiprime for


0 1 1

0 0 0

0 0 0

R


0 1 1

0 0 0

0 0 0

 = (0).

Define the maps F, d : R→ R as follows: F


0 a b

0 0 c

0 0 0

 =


0 a 0

0 0 −c

0 0 0

 and d


0 a b

0 0 c

0 0 0

 =


0 a b2

0 0 −c

0 0 0

. Then F is a multiplicative (generalized)-derivation associated with the map

d. Then we find that [d(x), F (y)] = ±[x, y] for all x, y ∈ R. It is easy to check that

[d(x), x] 6= 0 for all x ∈ R. So semiprimeness hypothesis in Corollary 2.2.2 is not super-

fluous.

Example 2.2.2. Let Z be the set of all integers. Next, let R =




0 a b

0 0 c

0 0 0

 : a, b, c ∈ Z

.

It is clear from above that R is not semiprime ring.



A NOTE ON MULTIPLICATIVE (GENERALIZED)-DERIVATIONS ... 29

Define the maps F, d : R→ R as follows: F


0 a b

0 0 c

0 0 0

 =


0 a 0

0 0 c

0 0 0

 and d


0 a b

0 0 c

0 0 0

 =


0 a b2

0 0 −c

0 0 0

. Then F is a multiplicative (generalized)-derivation associated with the map

d. Then we find that [d(x), F (y)] = ±x ◦ y for all x, y ∈ R. Since [d(x), x] 6= 0 for all

x ∈ R the semiprimeness assumption in Corollary 2.2.4 is crucial.

Example 2.2.3. Let Z be the set of all integers. Next, let R =




0 a b

0 0 c

0 0 0

 : a, b, c ∈ Z

.

It is clear from above that R is not semiprime ring.

Define the maps F, d, δ : R→ R as follows: F


0 a b

0 0 c

0 0 0

 =


0 a 0

0 0 ac3

0 0 0

, δ


0 a b

0 0 c

0 0 0

 =


0 a2 b2

0 0 −c

0 0 0

 and d


0 a b

0 0 c

0 0 0

 =


0 a 0

0 0 −c

0 0 0

. Then F is a multiplicative (generalized)-

derivation associated with the map δ and d is a multiplicative derivation of R. We find

that (1) F ([x, y]) + [d(x), d(y)] + [x, y] = 0 and (2) F (x ◦ y) + d(x) ◦ d(y) + x ◦ y = 0 for

all x, y ∈ R. It is easy to check that [d(x), x] 6= 0 and [δ(x), x] 6= 0 for all x ∈ R. So the

semiprimeness hypothesis in Corollary 2.2.7 and Corollary 2.2.11 is not superfluous.



Chapter 3

Generalized Derivations Commuting
on Lie Ideals in Prime Rings

3.1 Introduction

The study of commuting and centralizing maps was initiated by Posner [80]. The Posner’s

result [80] states that existence of a nonzero centralizing derivation in a prime ring implies

the ring to be commutative. A number of authors have extended Posner’s result in several

ways. Brešar in [9], generalized Posner’s result by considering co-centralizing derivations.

Brešar proved in [9], that if d and δ are two nonzero co-centralizing derivations in a prime

ring R (i.e., d(x)x − xδ(x) ∈ Z(R) for all x ∈ R), then R must be commutative. Later,

Lee and Wong [68] studied the co-centralizing derivations in a noncentral Lie ideal of a

prime ring R. More precisely Lee and Wong proved that if d(x)x− xδ(x) ∈ Z(R) for all

x ∈ L, then either d = δ = 0 or R satisfies s4, where L is a noncentral Lie ideal of R.

In [11], Carini et al. studied a result with left annihilator condition and replacing

derivations by generalized derivations. More precisely, authors proved in [11] that if R

is a prime ring with char (R) 6= 2, L is a noncentral Lie ideal of R and H, G are two

nonzero generalized derivations of R such that a(H(u)u − uG(u)) = 0 for all u ∈ L and

0This work is published in Ann. Univ. Ferrara 69 (2023), 159-181.
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for some 0 6= a ∈ R, then one of the following holds:

1. there exist b′, c′ ∈ U such that G(x) = c′x and H(x) = b′x+ xc′ with ab′ = 0;

2. R satisfies s4 and there exist b′, c′, q′ ∈ U such that G(x) = c′x + xq′ and H(x) =

b′x+ xc′ with a(b′ − q′) = 0.

Let f(x1, . . . , xn) be a noncentral multilinear polynomial over C and F , G are two

nonzero generalized derivations of R. For some S ⊆ R, denote the set

f(S) = {f(x1, . . . , xn)|x1, . . . , xn ∈ S}. In [4] Argaç and De Filippis studied the case

F (x)x − xG(x) = 0 for all x ∈ f(I) in prime ring R, where I is an ideal of R and then

obtained the structures of the maps F and G. In [47], De Filippis and Dhara investigated

the above result with central values i.e., G(x)x−xH(x) ∈ C for all x ∈ f(I) in prime ring

and then determined the structures of the maps, where I is a nonzero right ideal of R. In

a recent paper [82], Tiwari studied the situation F (u)G(u)− uH(u) = 0 for all u ∈ f(R)

and obtain all possible forms of the maps F and G. Like previous papers, it is natural

to investigate the situation of [82] with central values i.e., F (u)G(u)− uH(u) ∈ C for all

u ∈ f(R). In the present chapter, we study more general case on Lie ideal in prime ring.

More precisely, we prove the following:

Theorem 3.1.1. Let R be a prime ring of characteristic different from 2, U its Utumi

ring of quotients, C its extended centroid, L a non-central Lie ideal of R and F , G and

H three generalized derivations of R. If

[F (u)G(u)− uH(u), u] = 0

for all u ∈ L, then one of the following holds:

(1) there exist a, c, q, p, p′ ∈ U such that F (x) = ax, G(x) = cx+xq and H(x) = px+xp′,

for all x ∈ R, with a, ac− p, p′ − aq ∈ C;
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(2) there exist a, c, p ∈ U such that F (x) = xa, G(x) = cx and H(x) = px, for all

x ∈ R, with ac− p ∈ C;

(3) there exist c, p ∈ U , λ, µ ∈ C and a derivation h of R such that F (x) = µx,

G(x) = cx + λh(x) and H(x) = px + h(x), for all x ∈ R, with µc − p ∈ C and

λµ = 1;

(4) R satisfies s4, the standard identity of degree 4.

As an immediate application of Theorem 3.1.1, when G(x) = x for all x ∈ R, we have

the following corollary. This gives particular case of Theorem 1 in [49].

Corollary 3.1.2. Let R be a prime ring with char(R) 6= 2, U be the Utumi ring of

quotients of R and C = Z(U) be the extended centroid of R. Let L be a non-central Lie

ideal of R, F and H be two non-zero generalized derivations of R. If

[F (u)u− uH(u), u] = 0

for all u ∈ L, then one of the following holds:

(1) there exist a, p ∈ U such that F (x) = xa and H(x) = px for all x ∈ R, with

a− p ∈ C;

(2) R satisfies s4.

As an immediate application of Theorem 3.1.1, when H = 0, we have the following

corollary. This gives Theorem 1 in [13].

Corollary 3.1.3. Let R be a prime ring with char(R) 6= 2, U be the Utumi ring of

quotients of R and C = Z(U) be the extended centroid of R. Let L be a non-central Lie

ideal of R, F and G be two non-zero generalized derivations of R. If

[F (u)G(u), u] = 0
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for all u ∈ L, then one of the following holds:

(1) there exist a, c ∈ U such that F (x) = xa and G(x) = cx with ac ∈ C;

(2) R satisfies s4.

3.2 The Case of Inner Generalized Derivations

In this section, we consider the case when F,G and H are three inner generalized deriva-

tions of R, that is, F (x) = ax + xb, G(x) = cx + xq and H(x) = px + xp′ for all

x ∈ R, where a, b, c, q, p, p′ ∈ U . Moreover, we consider the case when L = [R,R]. Then

[F (u)G(u)− uH(u), u] = 0 for all u ∈ [R,R] becomes

[
a[x1, x2]c[x1, x2] + a[x1, x2]2q + [x1, x2]m[x1, x2]

+[x1, x2]b[x1, x2]q − [x1, x2]2p′, [x1, x2]
]

= 0 (3.2.1)

for all x1, x2 ∈ R and m = bc− p. This is a generalized polynomial identity (GPI) for R.

Now we investigate this generalized polynomial identity.

Lemma 3.2.1. Let K be a field with char(K) 6= 2, R = Mm(K) be the ring of all m×m

matrices over K, Z(R) the center of R, a, b, c,m, p′, q elements of R. If m ≥ 3 and R

satisfies (3.2.1), then one of the following holds:

(1) a ∈ Z(R);

(2) c, q ∈ Z(R).

Proof. Say a =
∑

kl aklekl, c =
∑

kl cklekl and q =
∑

kl qklekl for 0 6= akl, ckl, qkl ∈ K. Let

i, j, k be three different indices. Choose [x1, x2] = [eij, eji] = eii − ejj in (3.2.1) and then

we have
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[
a(eii − ejj)c(eii − ejj) + a(eii + ejj)q + (eii − ejj)m(eii − ejj)

+(eii − ejj)b(eii − ejj)q − (eii + ejj)p′, eii − ejj
]

= 0. (3.2.2)

Right multiplying by ejj and left multiplying by ekk in the above relation, we get

aki(cij − qij)− akj(cjj + qjj) = 0. (3.2.3)

For any inner automorphism ϕ of Mm(K), we have

[
ϕ(a)[x1, x2]ϕ(c)[x1, x2] + ϕ(a)[x1, x2]2ϕ(q) + [x1, x2]ϕ(m)[x1, x2]

+[x1, x2]ϕ(b)[x1, x2]ϕ(q)− [x1, x2]2ϕ(p′), [x1, x2]
]

(3.2.4)

is a GPI for R. In particular, let ϕ(x) = (1 + eik)x(1 − eik) for all x ∈ R. If we denote

ϕ(a) =
∑

kl a
′
klekl, ϕ(c) =

∑
kl c
′
klekl and ϕ(q) =

∑
kl q
′
klekl for a′kl, c

′
kl, q

′
kl ∈ K, and using

relation (3.2.3), it follows that

a′ki(c
′
ij − q′ij)− a′kj(c′jj + q′jj) = 0

that is

aki(ckj − qkj) = 0. (3.2.5)

We consider the automorphism ψ(x) = (1 + eij)x(1− eij) for all x ∈ R and if we denote

ψ(a) =
∑

kl a
′′
klekl, ψ(c) =

∑
kl c
′′
klekl and ψ(q) =

∑
kl q
′′
klekl for a′′kl, c

′′
kl, q

′′
kl ∈ K, and using

above we have

a′′ki(c
′′
kj − q′′kj) = 0. (3.2.6)

This implies

aki(cki − qki) = 0. (3.2.7)
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Then by [51, Proposition 1], either a ∈ Z(R) or c− q ∈ Z(R).

Now we consider the automorphism χ(x) = (1 + ejk)x(1 − ejk) for all x ∈ R and if we

denote χ(a) =
∑

kl a
′′′
klekl, χ(c) =

∑
kl c
′′′
klekl and χ(q) =

∑
kl q
′′′
klekl for a′′′kl, c

′′′
kl, q

′′′
kl ∈ K,

then using relation (3.2.3), it follows that

a′′′ki(c
′′′
ij − q′′′ij )− a′′′kj(c′′′jj + q′′′jj) = 0

that is

akj(ckj + qkj) = 0. (3.2.8)

Then by [51, Proposition 1], either a ∈ Z(R) or c+ q ∈ Z(R).

Thus if a /∈ Z(R), then c + q, c− q ∈ Z(R), implying c, q ∈ Z(R). Thus we conclude

that either a ∈ Z(R) or c, q ∈ Z(R).

Lemma 3.2.2. Let R be a prime ring with char(R) 6= 2. If (3.2.1) is a trivial generalized

polynomial identity for R, then one of the following holds:

(1) c = −q ∈ C, p′,m+ bq ∈ C;

(2) a, q, p′, ac+m+ bq ∈ C.

Proof. By Theorem 1.5.2, we know that R and U satisfy the same generalized polynomial

identities (GPIs). Therefore, U satisfies[
a[x1, x2]c[x1, x2] + a[x1, x2]2q + [x1, x2]m[x1, x2]

+[x1, x2]b[x1, x2]q − [x1, x2]2p′, [x1, x2]

]
= 0. (3.2.9)

Since this is a trivial GPI for U , either {a, 1} is linearly C-dependent or U satisfies(
a[x1, x2]c[x1, x2] + a[x1, x2]2q

)
[x1, x2] = 0 (3.2.10)
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that is

a[x1, x2]
(
c[x1, x2] + [x1, x2]q

)
[x1, x2] = 0. (3.2.11)

In the last case, q ∈ C and c+ q = 0. Then by relation (3.2.9), U satisfies[
[x1, x2](m+ bq)[x1, x2]− [x1, x2]2p′, [x1, x2]

]
= 0 (3.2.12)

which is

[x1, x2]

{
(m+ bq)[x1, x2]2 − [x1, x2](p′+m+ bq)[x1, x2] + [x1, x2]2p′

}
= 0.

Since this is a trivial GPI for U , p′,m+ bq ∈ C. This is our conclusion (1).

On the other hand, when {a, 1} is linearly C-dependent, i.e., a ∈ C, we have by (3.2.9)[
[x1, x2](ac+m)[x1, x2] + [x1, x2]2(aq − p′) + [x1, x2]b[x1, x2]q, [x1, x2]

]
= 0,(3.2.13)

which is

[x1, x2]

(
(ac+m)[x1, x2]2 + [x1, x2](aq − p′)[x1, x2] + b[x1, x2]q[x1, x2]

−[x1, x2](ac+m)[x1, x2]− [x1, x2]2(aq − p′)− [x1, x2]b[x1, x2]q

)
= 0. (3.2.14)

This implies that {1, aq−p′, q} is linearly C-dependent. Let α11+α2(aq−p′)+α3q = 0.

Let α2 = 0. Then q ∈ C. By (3.2.14),

[x1, x2]

(
(ac+m)[x1, x2]2 + [x1, x2](aq − p′)[x1, x2] + bq[x1, x2]2

−[x1, x2](ac+m)[x1, x2]− [x1, x2]2(aq − p′)− [x1, x2]bq[x1, x2]

)
= 0. (3.2.15)

This implies aq − p′ ∈ C and hence U satisfies

[x1, x2]

(
(ac+m+ bq)[x1, x2]− [x1, x2](bq + ac+m)

)
[x1, x2] = 0.
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This implies ac+m+ bq ∈ C. Thus conclusion (2) is obtained.

Let α2 6= 0. Then α11+α2(aq−p′)+α3q = 0 gives aq−p′ = β1q+β2, where β1, β2 ∈ C.

Then by (3.2.14)

[x1, x2]

(
(ac+m)[x1, x2]2 + [x1, x2]β1q[x1, x2] + b[x1, x2]q[x1, x2]

−[x1, x2](ac+m)[x1, x2]− [x1, x2]2β1q − [x1, x2]b[x1, x2]q

)
= 0. (3.2.16)

Since this is trivial GPI for U , q must be in C and hence U satisfies

[x1, x2]

(
(ac+m+ bq)[x1, x2]− [x1, x2](ac+m+ bq)

)
[x1, x2] = 0. (3.2.17)

This implies ac+m+ bq ∈ C. This is our conclusion (2).

Lemma 3.2.3. [49, Lemma 3] Let R be a prime with char(R) 6= 2. If a, b, c, q ∈ U such

that

[a[r1, r2] + [r1, r2]b, [r1, r2]]k[r1, r2]− [r1, r2][c[r1, r2] + [r1, r2]q, [r1, r2]]k = 0

for all r1, r2 ∈ R, then one of the following holds:

(1) a, q, b− c ∈ C;

(2) R satisfies s4 and a− b+ c− q ∈ C.

Lemma 3.2.4. Let R be a prime ring with char(R) 6= 2 and C be its extended centroid.

Let a, b, c, q ∈ R. If R satisfies a nontrivial GPI

[
[x1, x2]a[x1, x2] + [x1, x2]2c+ [x1, x2]b[x1, x2]q, [x1, x2]

]
= 0

then one of the following holds:
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(1) a, b, bq + c ∈ C;

(2) q, c, a+ bq ∈ C;

(3) R satisfies s4.

Proof. First we aim to prove that either b ∈ C or q ∈ C. By Theorem 1.5.2, U satisfies

[
[x1, x2]a[x1, x2] + [x1, x2]2c+ [x1, x2]b[x1, x2]q, [x1, x2]

]
= 0. (3.2.18)

Let C be the algebraic closure of C. Since U satisfies (3.2.18), U ⊗C C also satisfies

(3.2.18) (see Fact 4.2.1). In view of [42, Theorems 2.5 and 3.5], both U and U ⊗C C are

prime and centrally closed. We may replace R by U or U ⊗C C according as C finite or

infinite. Then R is centrally closed over C. By Martindale’s theorem [78], R is then a

primitive ring with a nonzero socle soc(R) and C as its associated division ring. In light

of Jacobson’s theorem [63, p.75], R is isomorphic to a dense ring of linear transformations

of a vector space V over C. If dimCV = k, by density of R, R ∼= Mk(C), the ring of all

k× k matrices over C. In this case, we substitute [x1, x2] = [eij, ejj] = eij for any i 6= j in

above relation, we have eijbeijqeij = 0, which implies bjiqji = 0. Then by [51, Proposition

1], either b ∈ Z(R) or q ∈ Z(R).

Next, we assume that dimCV = ∞. If b ∈ C or q ∈ C, then we are done. So we

assume that b /∈ C and q /∈ C. Hence there exists r1, r2 ∈ soc(R) such that [b, r1] 6= 0 and

[q, r2] 6= 0.

By Litoff’s theorem (Theorem 1.6.7), there exists an idempotent e2 = e ∈ soc(R) such

that r1, r2, br1, r1b, qr2, r2q ∈ eRe; where eRe ∼= Mk(C), the ring of all k×k matrices over

C. Note that eRe satisfies
[
[x1, x2]eae[x1, x2]+[x1, x2]2ece+[x1, x2]ebe[x1, x2]eqe, [x1, x2]

]
=

0. Thus by above finite dimensional case, we conclude that ebe, eqe ∈ Ce. Then
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br1 = (ebe)r1 = r1(ebe) = r1b and qr2 = (eqe)r2 = r2eqe = r2q contradicting with

the choices of r1 and r2.

Thus we conclude that in any case, either b ∈ C or q ∈ C. We consider the following

two cases:

Case-I. Suppose b ∈ C.

Then U satisfies

[[x1, x2]a[x1, x2] + [x1, x2]2(bq + c), [x1, x2]] = 0,

that is [
[x1, x2]

(
a[x1, x2] + [x1, x2](bq + c)

)
, [x1, x2]

]
= 0.

Hence by Lemma 3.2.3 both a and bq + c ∈ C or R satisfies s4.

Case-II. Suppose q ∈ C.

Then U satisfies

[[x1, x2](a+ bq)[x1, x2] + [x1, x2]2c, [x1, x2]] = 0,

that is [
[x1, x2]

(
(a+ bq)[x1, x2] + [x1, x2]c

)
, [x1, x2]

]
= 0.

Hence by Lemma 3.2.3 both a+ bq and c ∈ C or R satisfies s4.

Lemma 3.2.5. Let R be a prime ring with char(R) 6= 2 and a, b, c,m, p′, q are elements of

R. Assume that a ∈ C. If R satisfies a nontrivial GPI (3.2.1), then one of the following

holds:

(1) b, ac+m, bq + aq − p′ ∈ C;
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(2) q, aq − p′, ac+m+ bq ∈ C;

(3) R satisfies s4.

Proof. Since a ∈ Z(R), by (3.2.1) R and so U satisfies

[
[x1, x2](ac+m)[x1, x2] + [x1, x2]2(aq − p′) + [x1, x2]b[x1, x2]q, [x1, x2]

]
= 0.

By Lemma 3.2.4, one of the following holds:

(i) ac+m, b, bq + aq − p′ ∈ C;

(ii) q, aq − p′, ac+m+ bq ∈ C;

(iii) R satisfies s4.

Lemma 3.2.6. Let R be a prime ring with char(R) 6= 2 and a, b, c,m, p′, q are elements

of R. Assume that c, q ∈ C. If R satisfies (3.2.1), then one of the following holds:

(1) a, p′,m+ bq ∈ C;

(2) c+ q = 0, p′,m+ bq ∈ C;

(3) R satisfies s4.

Proof. Since c, q ∈ C, by (3.2.1) R and so U satisfies[
a(c+ q)[x1, x2]2 + [x1, x2](m+ bq)[x1, x2]− [x1, x2]2p′, [x1, x2]

]
= 0. (3.2.19)

This is [
a(c+ q)[x1, x2] + [x1, x2](m+ bq), [x1, x2]

]
[x1, x2]

−[x1, x2]

[
[x1, x2]p′, [x1, x2]

]
= 0 (3.2.20)
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Hence by Lemma 3.2.3, one of the following holds:

(i) a(c + q), p′,m + bq ∈ C; In this case, if c + q 6= 0, then a ∈ C. Thus we have

conclusions (1) and (2).

(ii) R satisfies s4.

Proposition 3.2.7. Let R be a prime ring with char(R) 6= 2. If (3.2.1) is a generalized

polynomial identity for R, then one of the following holds:

(1) a, b, ac+m, bq + aq − p′ ∈ C;

(2) a, q, p′, ac+m+ bq ∈ C;

(3) c, q, a, p′,m+ bq ∈ C;

(4) c, q, p′,m+ bq ∈ C with c+ q = 0;

(5) R satisfies s4.

Proof. If (3.2.1) is a trivial generalized polynomial identity for R, then the conclusions

follows by Lemma 3.2.2. So we assume that (3.2.1) is nontrivial GPI for R. By Fact 1.6.8,

R is isomorphic to a dense ring of linear transformations of a vector space V over C. If

dimCV = k, by density of R, R ∼= Mk(C), the ring of all k× k matrices over C. If k = 2,

we have our conclusion (5), otherwise by Lemma 3.2.1, either a ∈ C or c, q ∈ C. Then

the conclusions follows by Lemma 3.2.5 and Lemma 3.2.6.

Next we assume that dimCV =∞. If a ∈ C or c, q ∈ C, then the conclusions follows

by Lemma 3.2.5 and Lemma 3.2.6. Thus, we assume that

(i) a /∈ C;

and (ii) either c /∈ C or q /∈ C.

Because of infinite dimensionality of V , R and so soc(R) can not satisfy any polynomial

identities.
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We know that if [r, x] = 0 for all x ∈ soc(R), then r ∈ C. Thus there exist

t1, t2, t3, t4, t5, t6, t7 ∈ soc(R) such that

(i) [a, t1] 6= 0;

(ii) either [c, t2] 6= 0 or [q, t3] 6= 0;

(iii) s4(t4, t5, t6, t7) 6= 0.

By Litoff’s theorem (Theorem 1.6.7), there exists e2 = e ∈ soc(R) such that

• t1, t2, t3, t4, t5, t6, t7 ∈ eRe;

• at1, t1a, at2, t2a, at3, t3a, at4, t4a, at5, t5a, at6, t6a, at7, t7a ∈ eRe;

• ct1, t1c, ct2, t2c, ct3, t3c, ct4, t4c, ct5, t5c, ct6, t6c, ct7, t7c ∈ eRe;

• qt1, t1q, qt2, t2q, qt3, t3q, qt4, t4q, qt5, t5q, qt6, t6q, qt7, t7q ∈ eRe,

where eRe ∼= Mk(C), the ring of all k × k matrices over C. Note that eRe satisfies

[
eae[x1, x2]ece[x1, x2] + eae[x1, x2]2eqe+ [x1, x2]eme[x1, x2]

+[x1, x2]ebe[x1, x2]eqe− [x1, x2]2ep′e, [x1, x2]
]

= 0.

Then by Lemma 3.2.1, one of the following holds:

(i) eae ∈ eC, which contradicts with the choice of t1 ∈ soc(R);

(ii) ece, eqe ∈ eC, which contradicts with the choices of t2, t3 ∈ soc(R);

(iii) eRe satisfies s4, which contradicts with the choices of t4, t5, t6, t7 ∈ soc(R).

Thus the proof is completed.

3.3 Proof of Theorem 3.1.1

To prove the theorem, we need the following Propositions.

Proposition 3.3.1. Let R be a prime ring with char(R) 6= 2. Let U be the Utumi ring of

quotients of R and C = Z(U) be the extended centroid of R, L a non-central Lie ideal of
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R. If F and G are two non-zero generalized derivations of R and H(x) = px+ xp′ for all

x ∈ R, for some p, p′ ∈ U such that

[F (u)G(u)− uH(u), u] = 0

for all u ∈ L, then one of the following holds:

(1) there exist a, c, q ∈ U such that F (x) = ax and G(x) = cx + xq for all x ∈ R, with

a, ac− p,−aq + p′ ∈ C;

(2) there exist a, c ∈ U such that F (x) = xa and G(x) = cx for all x ∈ R, with

p′, ac− p ∈ C;

(3) R satisfies s4.

Proof. By [7, Lemma 1], there exists a nonzero ideal I of R such that 0 6= [I, I] ⊆ L. By

assumption, I satisfies

[F ([x, y])G([x, y])− [x, y]H([x, y]), [x, y]] = 0.

By Theorem 1.6.2, there exist a, c ∈ U and derivations d, g of U such that F (x) = ax+d(x)

and G(x) = cx+ g(x). By Theorem 1.5.2, we have[
(a[x, y] + d([x, y]))(c[x, y] + g([x, y]))− [x, y](p[x, y] + [x, y]p′), [x, y]

]
= 0 (3.3.1)

for all x, y ∈ U . If d and g are inner derivations, i.e., d(x) = [b, x] and g(x) = [q, x] for

all x ∈ U , then F (x) = (a + b)x − xb and G(x) = (c + q)x − xq for all x ∈ U . Then by

Proposition 3.2.7 one of the following holds:

• a + b, b, (a + b)(c + q) − b(c + q) − p, bq − (a + b)q − p′ ∈ C; Thus F (x) = ax and

G(x) = (c+ q)x− xq with a, a(c+ q)− p, aq + p′ ∈ C. This is conclusion (1).
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• a + b, q, p′, (a + b)(c + q)− b(c + q)− p + bq ∈ C; Thus F (x) = (a + b)x − xb = xa

and G(x) = cx with p′, ac− p ∈ C. This is conclusion (2).

• c + q, q, a + b, p′,−b(c + q) − p + bq ∈ C; Thus F (x) = xa and G(x) = cx with

c, p′, ac− p ∈ C. This gives conclusion (2).

• c + q, q, p′,−b(c + q) − p + bq ∈ C with c = 0; Thus F (x) = (a + b)x − xb and

G(x) = cx = 0, a contradiction.

• R satisfies s4. This is conclusion (3).

Next assume that d and g are not both inner derivations. We consider the following

two cases:

Case-I: Let d and g be C-dependent modulo inner derivations of U , that is αd+βg =

adm, where α, β ∈ C and adm(x) = [m,x] for all x ∈ U .

Subcase-i: Let α = 0. Then g(x) = [m′, x] for all x ∈ U , where m′ = β−1m. Since g is

inner, d must be outer. By (3.3.1), we have[
(a[x, y] + d([x, y]))(c[x, y] + [m′, [x, y]])− [x, y](p[x, y] + [x, y]p′), [x, y]

]
= 0(3.3.2)

for all x, y ∈ U . Since d is outer, by Theorem 1.6.4,[
(a[x, y] + [s, y] + [x, t])(c[x, y] + [m′, [x, y]])− [x, y](p[x, y] + [x, y]p′), [x, y]

]
= 0

for all x, y, s, t ∈ U . In particular, U satisfies blended component[
([s, y] + [x, t])(c[x, y] + [m′, [x, y]]), [x, y]

]
= 0

for all x, y, s, t ∈ U . Replacing s with [a′, x] and t with [a′, y] for some a′ ∈ U − C, we

have [
[a′, [x, y]](c[x, y] + [m′, [x, y]]), [x, y]

]
= 0
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for all x, y ∈ U . By Proposition 3.2.7, one of the following holds: (i) a′ ∈ C, a contradic-

tion; (ii) m′ ∈ C and c = 0. In this case G = 0, a contradiction. (iii) R satisfies s4, as

desired.

Subcase-ii: Let α 6= 0. Then d(x) = λg(x) + [b′, x] for all x ∈ U , where λ = −α−1β

and b′ = α−1m. By (3.3.1), we have[
(a[x, y] + λg([x, y]) + [b′, [x, y]])(c[x, y] + g([x, y]))

−[x, y](p[x, y] + [x, y]p′), [x, y]

]
= 0 (3.3.3)

for all x, y ∈ U . By Theorem 1.6.4, U satisfies[
(a[x, y] + λ([s, y] + [x, t]) + [b′, [x, y]])(c[x, y] + [s, y] + [x, t])

−[x, y](p[x, y] + [x, y]p′), [x, y]

]
= 0. (3.3.4)

In particular, U satisfies blended component (for s = 0)[
λ[s, y](c[x, y] + [s, y] + [x, t]) + (a[x, y] + λ([s, y] + [x, t]) + [b′, [x, y]])[s, y], [x, y]

]
= 0.

Again from above U satisfies blended component (for t = 0)[
λ[s, y][x, t] + λ[x, t][s, y], [x, y]

]
= 0. (3.3.5)

This is a PI. Hence for s = e31, y = e12, x = e21, t = e11, we have

[
λ[s, y][x, t] +

λ[x, t][s, y], [x, y]

]
= −λe31 = 0 implying λ = 0. Hence from (3.3.4),

[
(a[x, y] + [b′, [x, y]])(c[x, y] + [s, y] + [x, t])

−[x, y](p[x, y] + [x, y]p′), [x, y]

]
= 0. (3.3.6)
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Replacing s with [q, x] and t with [q, y], for some q /∈ C we have[
(a[x, y] + [b′, [x, y]])(c[x, y] + [q, [x, y]])

−[x, y](p[x, y] + [x, y]p′), [x, y]

]
= 0. (3.3.7)

Then by Proposition 3.2.7, since q /∈ C, we must have b′ ∈ C. Hence d = 0. Thus from

(3.3.6), U satisfies[
a[x, y](c[x, y] + [s, y] + [x, t])− [x, y](p[x, y] + [x, y]p′), [x, y]

]
= 0. (3.3.8)

In particular, U satisfies [
a[x, y]([s, y] + [x, t]), [x, y]

]
= 0. (3.3.9)

For t = 0 and s = x, we have [a, [x, y]][x, y]2 = 0 which implies a ∈ C (see [34, Lemma

3]). Since F (x) = ax and F is nonzero, we must have a 6= 0 and hence U satisfies

[[x, y]([s, y] + [x, t]), [x, y]] = 0. This is a polynomial identity (PI) and hence by [67,

Lemma 2] there exists a field K such that U ⊆Mn(K), n > 1 and the matrix ring Mn(K)

satisfies [[x, y]([s, y] + [x, t]), [x, y]] = 0. But for x = e12, y = e22, s = e21, t = 0, we have

0 = [[x, y]([s, y] + [x, t]), [x, y]] = −e12, a contradiction.

Case-II: Let d and g be C-independent modulo inner derivation of U .

Applying Theorem 1.6.4 to (3.3.1), U satisfies[
(a[x, y] + [u, y] + [x, v])(c[x, y] + [s, y] + [x, t])− [x, y](p[x, y] + [x, y]p′), [x, y]

]
= 0.

In particular, U satisfies blended components[
([u, y] + [x, v])([s, y] + [x, t]), [x, y]

]
= 0. (3.3.10)

Assuming u = x, v = 0, U satisfies [[x, y]([s, y] + [x, t]), [x, y]] = 0, which leads to a

contradiction, as above.
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Proposition 3.3.2. Let R be a prime ring with char(R) 6= 2. Let U be the Utumi ring of

quotients of R and C = Z(U) be the extended centroid of R, L a non-central Lie ideal of

R. If G and H are two non-zero generalized derivations of R and F (x) = ax+ xb for all

x ∈ R, for some a, b ∈ U such that

[F (u)G(u)− uH(u), u] = 0

for all u ∈ L, then one of the following holds:

(1) there exist a′, c, q, p, p′ ∈ U such that F (x) = a′x, G(x) = cx + xq and H(x) =

px+ xp′ for all x ∈ R, with a′, a′c− p,−a′q + p′ ∈ C;

(2) there exist a′, c, p ∈ U such that F (x) = xa′, G(x) = cx and H(x) = px for all

x ∈ R, with a′c− p ∈ C;

(3) there exist p, c ∈ U , λ, µ ∈ C and a derivation h of R such that F (x) = µx,

G(x) = cx + λh(x) and H(x) = px + h(x) for all x ∈ R, with µc − p ∈ C and

λµ = 1;

(4) R satisfies s4.

Proof. If H is inner, then conclusion follows by Proposition 3.3.1. Thus we assume that H

is outer. Again by [7, Lemma 1] there exists a nonzero ideal I of R such that 0 6= [I, I] ⊆ L.

Thus I satisfies

[(a[x, y] + [x, y]b)G([x, y])− [x, y]H([x, y]), [x, y]] = 0.

By Theorem 1.6.2, there exist a, c ∈ U and derivations d, g of U such that G(x) = cx+g(x)

and H(x) = px+ h(x). By Theorem 1.5.2, we have[
(a[x, y] + [x, y]b)(c[x, y] + g([x, y]))− [x, y](p[x, y] + h([x, y])), [x, y]

]
= 0(3.3.11)
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for all x, y ∈ U . We consider the following two cases:

Case-I: Let g and h be C-dependent modulo inner derivation of U , that is αg+βh =

adm, where α, β ∈ C and adm(x) = [m,x] for all x ∈ U .

If α = 0, then h is inner, a contradiction. Thus assume that α 6= 0. Then g(x) =

λh(x) + [b′, x] for all x ∈ U , where λ = −α−1β and b′ = α−1m. By (3.3.11), we have[
(a[x, y] + [x, y]b)(c[x, y] + λh([x, y]) + [b′, [x, y]])

−[x, y](p[x, y] + h([x, y])), [x, y]

]
= 0 (3.3.12)

for all x, y ∈ U . By Theorem 1.6.4, U satisfies[
(a[x, y] + [x, y]b)(c[x, y] + λ([s, y] + [x, t]) + [b′, [x, y]])

−[x, y](p[x, y] + [s, y] + [x, t]), [x, y]

]
= 0.

In particular, U satisfies blended component[
(a[x, y] + [x, y]b)(λ([s, y] + [x, t]))− [x, y]([s, y] + [x, t]), [x, y]

]
= 0 (3.3.13)

and thus for t = 0 [
λ(a[x, y] + [x, y]b)[s, y]− [x, y][s, y], [x, y]

]
= 0. (3.3.14)

In particular for s = x, we have[
λ(a[x, y] + [x, y]b), [x, y]

]
[x, y] = 0.

Then by [27, Lemma 3] one of the following holds: (i) a, b ∈ C; (ii) R satisfies s4

and a − b ∈ C. The last case gives our conclusion (4). In the first case, when a, b ∈ C,

then by (3.3.14), (λ(a + b)− 1)[x, y][[s, y], [x, y]] = 0. This implies either λ(a + b) = 1 or

[x, y][[s, y], [x, y]] = 0.
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Let [x, y][[s, y], [x, y]] = 0. This is a polynomial identity (PI) and hence by [67, Lemma

2] there exists a field K such that U ⊆ Mn(K), n > 1 and the matrix ring Mn(K)

satisfies [x, y][[s, y], [x, y]] = 0. But for x = e12, y = e21 and s = e11 − e22, we have

0 = [x, y][[s, y], [x, y]] = 4e21 which leads to a contradiction, as char(R) 6= 2.

Let λ(a+ b) = 1. Then by (3.3.12)[
(a+ b)[x, y](c[x, y] + [b′, [x, y]])− [x, y]p[x, y], [x, y]

]
= 0. (3.3.15)

Which gives [
[x, y]((a+ b)c+ b′ − p)[x, y]− [x, y]2(a+ b)b′, [x, y]

]
= 0 (3.3.16)

for all x, y ∈ U . We re-write it as

[x, y]

[
((a+ b)c+ b′ − p)[x, y]− [x, y](a+ b)b′, [x, y]

]
= 0 (3.3.17)

for all x, y ∈ U . Then by Lemma 3.2.3, one of the following holds:

(i) (a + b)c + b′ − p ∈ C and (a + b)b′ ∈ C; In this case if a + b = 0 then F = 0,

a contradiction. Thus assume that 0 6= a + b = µ ∈ C. Then b′ ∈ C and µc − p ∈ C.

Hence F (x) = µx, G(x) = cx+ λh(x) and H(x) = px+ h(x) for all x ∈ R with λ, µ ∈ C,

µc− p ∈ C and λµ = 1. This is our conclusion (3).

(ii) R satisfies s4, as desired in conclusion (4).

Case-II: Let g and h be C-independent modulo inner derivations of U .

Applying Theorem 1.6.4 to (3.3.11), U satisfies[
(a[x, y] + [x, y]b)(c[x, y] + ([s, y] + [x, t]))− [x, y](p[x, y] + ([u, y] + [x, v])), [x, y]

]
= 0.

In particular, U satisfies blended components[
[x, y]([u, y] + [x, v]), [x, y]

]
= 0, (3.3.18)
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which leads to a contradiction, as above.

Proposition 3.3.3. Let R be a prime ring with char(R) 6= 2. Let U be Utumi ring of

quotients and C = Z(U) be the extended centroid of R, L a non-central Lie ideal of R. If

F and H are two non-zero generalized derivations of R and G(x) = cx+ xq for all x ∈ R

such that

[F (u)G(u)− uH(u), u] = 0

for all u ∈ L, then one of the following holds:

(1) there exist a, c, q, p, p′ ∈ U such that F (x) = ax, G(x) = cx+xq and H(x) = px+xp′

for all x ∈ R, with a, ac− p,−aq + p′ ∈ C;

(2) there exist a, c′, p ∈ U such that F (x) = xa, G(x) = c′x and H(x) = px for all

x ∈ R, with ac′ − p ∈ C;

(3) there exist p, c′ ∈ U , λ, µ ∈ C and a derivation h such that F (x) = µx, G(x) =

c′x+ λh(x) and H(x) = px+ h(x) for all x ∈ R, with µc′ − p ∈ C and λµ = 1;

(4) R satisfies s4.

Proof. If H is inner or F is inner, then conclusion follows by Proposition 3.3.1 and Propo-

sition 3.3.2. Thus we assume that H as well as F are outer. By [7, Lemma 1] there exists

a nonzero ideal I of R such that 0 6= [I, I] ⊆ L. Thus I satisfies

[F ([x, y])(c[x, y] + [x, y]q)− [x, y]H([x, y]), [x, y]] = 0.

By Theorem 1.6.2, there exist a, c ∈ U and derivations d, g of U such that F (x) = ax+d(x)

and H(x) = px+ h(x). By Theorem 1.5.2, we have[
(a[x, y] + d([x, y]))(c[x, y] + [x, y]q)− [x, y](p[x, y] + h([x, y])), [x, y]

]
= 0(3.3.19)
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for all x, y ∈ U . We consider the following two cases:

Case-I: Let d and h be C-dependent modulo inner derivations of U , that is αd+βh =

adm, where α, β ∈ C and adm(x) = [m,x] for all x ∈ U .

If β = 0, then d is inner, a contradiction. Thus assume that β 6= 0. Then h(x) =

λd(x) + [b′, x] for all x ∈ U , λ ∈ C. By (3.3.19), we have[
(a[x, y] + d([x, y]))(c[x, y] + [x, y]q)− [x, y](p[x, y] + λd([x, y]) + [b′, [x, y]]), [x, y]

]
= 0

for all x, y ∈ U . By Theorem 1.6.4, U satisfies[
(a[x, y] + [s, y] + [x, t])(c[x, y] + [x, y]q)

−[x, y](p[x, y] + λ([s, y] + [x, t]) + [b′, [x, y]]), [x, y]

]
= 0.

In particular, U satisfies blended component[
([s, y] + [x, t])(c[x, y] + [x, y]q)− [x, y](λ([s, y] + [x, t])), [x, y]

]
= 0.

Replacing s with [a′, x] and t with [a′, y], for some a′ /∈ C, from above U satisfies[
[a′, [x, y]](c[x, y] + [x, y]q)− [x, y][λa′, [x, y]], [x, y]

]
= 0.

Then by Proposition 3.2.7, either c, q, λa′ ∈ C with c+ q = 0 or R satisfies s4. We are to

consider the first case, for which we have λ = 0. Thus h becomes inner, a contradiction.

Case-II: Let d and h be C-independent modulo inner derivations of U .

Applying Theorem 1.6.4 to (3.3.19), U satisfies[
(a[x, y] + ([s, y] + [x, t]))(c[x, y] + [x, y]q)− [x, y](p[x, y] + ([u, y] + [x, v])), [x, y]

]
= 0.

In particular, U satisfies blended components[
[x, y]([u, y] + [x, v]), [x, y]

]
= 0, (3.3.20)
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which leads to a contradiction, as above.

Proof of Theorem 3.1.1 Since L is a noncentral Lie ideal of R, by [7, Lemma 1]

there exists a nonzero ideal I of R such that 0 6= [I, I] ⊆ L. Thus I satisfies

[F ([x, y])G([x, y])− [x, y]H([x, y]), [x, y]] = 0

for all x, y ∈ I. By Theorem 1.6.2, there exist a, b, c ∈ U and derivations d, g, h of U such

that F (x) = ax + d(x), G(x) = bx + g(x) and H(x) = cx + h(x). By Theorem 1.5.2, we

have [
(a[x, y] + d([x, y]))(b[x, y] + g([x, y]))− [x, y](c[x, y] + h([x, y])), [x, y]

]
= 0(3.3.21)

for all x, y ∈ U . If any one of h, d and g is inner then conclusion follows by Proposition

3.3.1, Proposition 3.3.2 and Proposition 3.3.3 respectively. Our aim is now to prove that,

if all derivations h, d, g are not inner, then a number of contradictions follows. We have

the following two cases:

Case-I. h, d and g are linearly C-independent modulo inner derivations of U .

Applying Theorem 1.6.4 to (3.3.21), U satisfies[
(a[x, y] + [s, y] + [x, s′])(b[x, y] + [t, y] + [x, t′])

−[x, y](c[x, y] + [m, y] + [x,m′]), [x, y]

]
= 0.

In particular, U satisfies blended component(for s = s′ = 0),[
([s, y] + [x, s′])(b[x, y] + [t, y] + [x, t′]), [x, y]

]
= 0.

Again from above U satisfies blended component(for t = t′ = 0)[
([s, y] + [x, s′])([t, y] + [x, t′]), [x, y]

]
= 0.
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This is a polynomial identity (PI) and hence by [67, Lemma 2] there exists a field K

such that U ⊆Mn(K), n > 1 and the matrix ring Mn(K) satisfies

[
([s, y] + [x, s′])([t, y] +

[x, t′]), [x, y]

]
= 0. But for x = s = t = e11, y = e12, s

′ = e21, t
′ = 0, we have 0 =[

([s, y] + [x, s′])([t, y] + [x, t′]), [x, y]

]
= e12, a contradiction.

Case-II. h, d and g are linearly C-dependent modulo inner derivations of U .

Since in this case h, d and g are linearly C-dependent modulo inner derivations of U , that

means there exist α, β, γ ∈ C and q ∈ U such that

αd(x) + βg(x) + γh(x) = [q, x], (3.3.22)

for all x ∈ R. If both α and β are zero, then γ must be nonzero, which arises a contra-

diction, since h is not an inner derivation. So, at least one of α and β must be nonzero.

Without loss of generality, we assume that α 6= 0. Then by (3.3.22), we have that

d(x) = β′g(x) + γ′h(x) + [q′, x] (3.3.23)

for all x ∈ R and β′ = −α−1β, γ′ = −α−1γ, q′ = α−1q. Now from (3.3.23), using the

value of d, in (3.3.21) we get,[
(a[x, y] + β′g([x, y]) + γ′h([x, y]) + [q′, [x, y]])(b[x, y] + g([x, y]))

−[x, y](c[x, y] + h([x, y])), [x, y]

]
= 0. (3.3.24)

We are now to consider the following two cases:

Sub-case-i.When g and h are linearly C-independent modulo inner derivations of U .

Applying Theorem 1.6.4 to (3.3.24), U satisfies[
(a[x, y] + β′([s, y] + [x, s′]) + γ′([t, y] + [x, t′]) + [q′, [x, y]]).

(b[x, y] + [s, y] + [x, s′])− [x, y](c[x, y] + [t, y] + [x, t′]), [x, y]

]
= 0 (3.3.25)
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In particular, U satisfies blended component[
(γ′([t, y] + [x, t′]))(b[x, y] + [s, y] + [x, s′])− [x, y]([t, y] + [x, t′]), [x, y]

]
= 0.(3.3.26)

This again implies that U satisfies[
(γ′([t, y] + [x, t′]))([s, y] + [x, s′]), [x, y]

]
= 0. (3.3.27)

This is a polynomial identity (PI) and hence by [67, Lemma 2] there exists a field K such

that U ⊆ Mn(K), n > 1 and the matrix ring Mn(K) satisfies

[
(γ′([t, y] + [x, t′]))([s, y] +

[x, s′]), [x, y]

]
= 0. In particular, for x = s = t = e11, y = e12, t′ = e21 and s′ = 0, we get

0 =

[
(γ′([t, y] + [x, t′]))([s, y] + [x, s′]), [x, y]

]
= γ′e13, which implies that γ′ = 0. Then by

(3.3.26), U satisfies [
[x, y]([t, y] + [x, t′]), [x, y]

]
= 0. (3.3.28)

This again a polynomial identity for U and hence there exists a field K such that U ⊆

Mn(K), n > 1 and the matrix ring Mn(K) satisfies

[
[x, y]([t, y] + [x, t′]), [x, y]

]
= 0. But

for x = e12, y = e22, t = e21, t
′ = 0, we have 0 =

[
[x, y]([t, y] + [x, t′]), [x, y]

]
= −e12, a

contradiction.

Sub-case-ii.When g and h are linearly C-dependent modulo inner derivations of U .

Since in this case h and g are linearly C-dependent modulo inner derivations of U ,

that means there exist θ, η ∈ C and p ∈ U such that

θg(x) + ηh(x) = [p, x],

for all x ∈ R. Since g and h are not inner derivations, here we may assume both θ 6= 0

and η 6= 0. Since θ 6= 0, we have that

g(x) = η′h(x) + [p′, x],
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for all x ∈ R and η′ = −θ−1η, p′ = θ−1p. Putting the value of this g(x) on (3.3.23) we get

d(x) = β′′h(x) + [q′′, x]

for all x ∈ R and β′′ = (β′η′ + γ′), q′′ = (β′p′ + q′). Thus we may write relation (3.3.24)

as follows:

[(
a[x, y] + β′′h([x, y]) + [q′′, [x, y]]

)(
b[x, y] + η′h([x, y]) + [p′, [x, y]]

)
−[x, y]

(
c[x, y] + h([x, y])

)
, [x, y]

]
= 0.

By Theorem 1.6.4, U satisfies[(
a[x, y] + β′′([t, y] + [x, t′]) + [q′′, [x, y]]

)(
b[x, y] + η′([t, y] + [x, t′]) + [p′, [x, y]]

)
−[x, y]

(
c[x, y] + ([t, y] + [x, t′])

)
, [x, y]

]
= 0

In particular, U satisfies the blended component[
β′′
(

[t, y] + [x, t′]

)(
b[x, y] + η′([t, y] + [x, t′]) + [p′, [x, y]]

)
+

(
a[x, y] + β′′([t, y] + [x, t′]) + [q′′, [x, y]]

)(
η′([t, y] + [x, t′]

)
−[x, y]

(
[t, y] + [x, t′]

)
, [x, y]

]
= 0.

In particular for t′ = 0, we have[
β′′[t, y]

(
b[x, y] + η′[t, y] + [p′, [x, y]]

)
+

(
a[x, y] + β′′[t, y] + [q′′, [x, y]]

)
η′[t, y]

−[x, y][t, y], [x, y]

]
= 0. (3.3.29)

Replacing t with −t, we have[
− β′′[t, y]

(
b[x, y]− η′[t, y] + [p′, [x, y]]

)
−
(
a[x, y]− β′′[t, y] + [q′′, [x, y]]

)
η′[t, y]

+[x, y][t, y], [x, y]

]
= 0. (3.3.30)
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By adding above two relation and then using char (R) 6= 2, we have[
β′′[t, y]η′[t, y] + β′′[t, y]η′[t, y], [x, y]

]
= 0

that is [
β′′η′[t, y]2, [x, y]

]
= 0

for all x, y, t ∈ U . This is again a polynomial identity for U and hence there ex-

ists a field K such that U ⊆ Mn(K), n > 1 and the matrix ring Mn(K) satisfies[
β′′η′[t, y]2, [x, y]

]
= 0. If k = 2 then R satisfies s4 which is our conclusion. If k ≥ 3, then

for t = e12, y = e21, x = e32, we have 0 =

[
β′′η′[t, y]2, [x, y]

]
= −β′′η′e31. This implies that

β′′η′ = 0. If β′′ = 0, then d is inner, a contradiction. If η′ = 0, g is inner, a contradiction.

Thus the proof of the theorem is completed.



Chapter 4

Generalized Derivations of Order 2
and Multilinear Polynomials in
Prime Rings

4.1 Introduction

The commuting and centralizing maps are tightly connected with the behavior of the ring.

Wong in [89] prove that if f(x1, . . . , xn) is not central-valued multilinear polynomial on R

and d, δ are derivations of R such that d(u)u−uδ(u) ∈ Z(R) for all u ∈ f(R), then either

d = δ = 0 or d = −δ and f(x1, . . . , xn)2 is central-valued on R, except when char (R) = 2

and R satisfies s4. In [40], Dhara and Sharma studied the case when char (R) 6= 2, d a

derivation of R and I a right ideal of R such that d2(u)u − ud2(u) = 0 for all u ∈ f(I),

and then obtained that either [f(x1, . . . , xn), xn+1]xn+2 is satisfied by I, or there exists

b ∈ U such that d(x) = [b, x] for all x ∈ R, with b2 = 0 and bI = (0).

In [10], Carini and De Filippis proved that if char (R) 6= 2, d a nonzero derivation of

R, F a nonzero generalized derivation of R such that d(F (u)u) = 0 for all u ∈ f(R), then

f(x1, . . . , xn)2 is central-valued on R and there exists a ∈ U such that F (x) = ax for all

x ∈ R. Moreover, d is an inner derivation of R such that δ(a) = 0. In [35], Dhara and De

0This work is published in Acta Math. Vietnam. 47 (2022), 755-773.
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Filippis studied the situation F 2(u)u − uG2(u) = 0 for all u ∈ f(I) where F and G are

two generalized derivations of R and I is an ideal of R and then obtain all possible forms

of the maps.

In [85], Tiwari et al. considered the situation d(F 2(u)u−uF 2(u)) = 0 for all u ∈ f(R),

where d is a nonzero derivation of R and F is a nonzero generalized derivation of R. They

proved that if char (R) 6= 2, then there exists a ∈ U with a2 ∈ C such that either

F (x) = ax or F (x) = xa for all x ∈ R. Recently in [43], Eroǧlu and Argaç studied the

case when F 2(u)u ∈ C for all u ∈ f(R), where F is a nonzero generalized derivation of

R.

Motivated by above results, it is natural to ask what happen in case d(F 2(u)u) = 0

for all u ∈ f(R). In the present chapter, we study more general case d(F 2(u)u) = uG2(u)

for all u ∈ f(I) and then determine forms of the maps, where d is a derivation, F,G two

generalized derivations of R and I is a both sided ideal of R. More precisely, we prove

the following theorem:

Theorem 4.1.1. Let R be a prime ring of char (R) 6= 2, 3, U its Utumi ring of quotients

and C its extended centroid, I be a two sided ideal of R, f(x1, . . . , xn) a multilinear

polynomial over C, that is noncentral-valued on R, F , G be two generalized derivations

of R and d be a derivation of R. If

d(F 2(u)u) = uG2(u)

for all u ∈ f(I), then one of the following holds:

1. there exist b, q ∈ U such that F (x) = xb and G(x) = xq for all x ∈ R, with

b2 = 0 = q2;

2. there exist b, p ∈ U such that F (x) = xb and G(x) = px for all x ∈ R, with

b2 = 0 = p2;
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3. there exist b, q ∈ U such that F (x) = bx and G(x) = xq for all x ∈ R, with

b2 = 0 = q2;

4. there exist b, p ∈ U such that F (x) = bx and G(x) = px for all x ∈ R, with

b2 = 0 = p2;

5. there exist a, b, p ∈ U such that d(x) = [a, x], F (x) = xb and G(x) = xp for all

x ∈ R, with p2 = 0, b2 ∈ C and f(x1, . . . , xn)2 is central valued;

6. there exist a, b, p ∈ U such that d(x) = [a, x], F (x) = xb and G(x) = px for all

x ∈ R, with p2 = 0, b2 ∈ C and f(x1, . . . , xn)2 is central valued;

7. there exist a, b, q ∈ U such that d(x) = [a, x], F (x) = bx and G(x) = xq for all

x ∈ R, with d(b2) = q2 and f(x1, . . . , xn)2 is central valued;

8. there exist a, b, p ∈ U such that d(x) = [a, x], F (x) = bx and G(x) = px for all

x ∈ R, with d(b2) = p2 and f(x1, . . . , xn)2 is central valued.

Corollary 4.1.2. Let R be a prime ring of char (R) 6= 2, 3, U its Utumi ring of quotients

and C its extended centroid, I be a two sided ideal of R, f(x1, . . . , xn) a noncentral-valued

multilinear polynomial over C on R, F be a generalized derivation of R and d be a nonzero

derivation of R. If

d(F 2(u)u) = 0

for all u ∈ f(I), then one of the following holds:

1. there exists b ∈ U such that F (x) = xb for all x ∈ R, with b2 = 0;

2. there exists b ∈ U such that F (x) = bx for all x ∈ R, with b2 = 0;

3. there exist a, b ∈ U such that d(x) = [a, x], F (x) = bx for all x ∈ R, with d(b2) = 0

and f(x1, . . . , xn)2 is central valued on R.
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Let F and G be two generalized derivations of R. In [2], Ali et al. studied the

commutator [G(u)u,G(v)v] = 0 for all u, v ∈ f(R). This result was further generalized

by Dhara et al. [32] setting the commutator identity [F (u)u,G(v)v] = 0 for all u, v ∈ f(R).

In the same flavor, we have the following Corollary.

Corollary 4.1.3. Let R be a prime ring of char (R) 6= 2, U its Utumi ring of quotients

and C its extended centroid, I be a two sided ideal of R, f(x1, . . . , xn) a noncentral-valued

multilinear polynomial over C on R, F and G be two generalized derivations of R. If

[F 2(u)u,G2(v)v] = 0

for all u ∈ f(I), then one of the following holds:

1. there exists b ∈ U such that F (x) = bx or F (x) = xb for all x ∈ R, with b2 = 0;

2. there exists a ∈ U such that G(x) = ax or G(x) = xa for all x ∈ R, with a2 = 0;

3. there exist a, b ∈ U such that F (x) = bx and G(x) = ax for all x ∈ R, with

[a2, b2] = 0 and f(x1, . . . , xn)2 is central valued on R.

Proof. Let c = G2(v)v, v ∈ f(I). Then applying above Corollary 4.1.2 (if derivation d in

Corollary 4.1.2 is inner, then char (R) 6= 3 is not required as in proof in Theorem 4.1.1),

we conclude one of the following:

1. there exists b ∈ U such that F (x) = xb for all x ∈ R, with b2 = 0;

2. there exists b ∈ U such that F (x) = bx for all x ∈ R, with b2 = 0;

3. there exist b ∈ U such that F (x) = bx for all x ∈ R, with [b2, G2(v)v] = 0, where

v ∈ f(I) and f(x1, . . . , xn)2 is central valued on R. In this case again applying

Corollary 4.1.2, we have one of the following:
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(i) there exists a ∈ U such that G(x) = xa for all x ∈ R, with a2 = 0;

(ii) there exists a ∈ U such that G(x) = ax for all x ∈ R, with a2 = 0;

(iii) there exist a, b ∈ U such that G(x) = ax for all x ∈ R, with [b2, a2] = 0 and

f(x1, . . . , xn)2 is central valued on R.

Thus the conclusion follows.

Corollary 4.1.4. Let R be a prime ring of char (R) 6= 2, 3, I be a two sided ideal of R,

f(x1, . . . , xn) a multilinear polynomial over C on R, d, δ and g be three nonzero derivations

of R. If

d(δ2(u)u) = ug2(u)

for all u ∈ f(I), then f(x1, . . . , xn) must be central valued on R.

Corollary 4.1.5. Let R be a prime ring of char (R) 6= 2, 3, I be a two sided ideal of R,

d, δ and g be three nonzero derivations of R. If

d(δ2(x)x) = xg2(x)

for all x ∈ I, then R must be commutative.

4.2 Some Results

In all that follows, we assume that R is a prime ring, U be its Utumi ring of quotients,

C = Z(U) the center of U . Let f(x1, . . . , xn) be a multilinear polynomial over C.

The following facts are very essential to prove our main result.

Fact 4.2.1. [68, Proposition] Let A be an algebra over an infinite field k and K be a field

extension over k. If A satisfies a GPI p(r1, . . . , rn) = 0, so does A⊗k K.
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Fact 4.2.2. [74, Lemma 2] Let T be a K-algebra with 1 and R = Mm(T ), m ≥ 2.

Let f(x1, . . . , xn) be a multilinear polynomial over K. Let u = (A1, . . . , Ak) be a simple

sequence of matrices from R.

(a) If u is even, then f(u) is a diagonal matrix.

(b) If u is odd, then f(u) = aeij for some a ∈ T and i 6= j.

Fact 4.2.3. Let R be a prime ring, d1, . . . , dn ∈ Der(U), Φ(x
∆j

i ) is a differential identity

on R, involving n derivation words ∆i, . . .∆n. Assume that each ∆i is a derivations words

of the following form

∆j = d
s1,j
1 d

s2,j
2 . . . dsm,jm j = 1, . . . , n

and let

s = maxsi,j, i = 1, . . . ,m j = 1 . . . , n.

If d1, . . . , dm are C-linearly independent modulo Dint and s < p, if char(R) = p 6= 0, then

Φ(yji) is a generalized polynomial identity on R, where yji are distinct indeterminates.

Fact 4.2.4. Let f(r1, . . . , rn) be the multilinear polynomial over the field C and d, δ are

derivations on R.

We shall use the notation

f(r1, . . . , rn) = r1r2 · · · rn +
∑

σ∈Sn,σ 6=id

ασrσ(1)rσ(2) · · · rσ(n)

for some ασ ∈ C, and Sn denotes the symmetric group of degree n.

Then we have

d(f(r1, . . . , rn)) = fd(r1, . . . , rn) +
∑
i

f(r1, . . . , d(ri), . . . , rn),
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where fd(r1, . . . , rn) be the polynomials obtained from f(r1, . . . , rn) replacing each coeffi-

cients ασ with δ(ασ). Similarly, by calculation, we have

d2(f(r1, . . . , rn)) = fd
2

(r1, . . . , rn) + 2
∑
i

fd(r1, . . . , d(ri), . . . , rn)

+
∑
i

f(r1, . . . , d
2(ri), . . . , rn)

+
∑
i 6=j

f(r1, . . . , d(ri), . . . , d(rj), . . . , rn),

and

d3(f(r1, . . . , rn)) = fd
3

(r1, . . . , rn) + 3
∑
i

fd
2

(r1, . . . , d(ri), . . . , rn)

+3
∑
i

fd(r1, . . . , d
2(ri), . . . , rn) + 6

∑
i 6=j

fd(r1, . . . , d(ri), . . . , d(rj) . . . , rn)

+
∑
i

f(r1, . . . , d
3(ri), . . . , rn) + 3

∑
i 6=j

f(r1, . . . , d(ri), . . . , d
2(rj) . . . , rn)

+6
∑
i 6=j 6=k

f(r1, . . . , d(ri), . . . , d(rj) . . . , d(rk), . . . , rn)

and

dδ(f(r1, . . . , rn)) = fdδ(r1, . . . , rn) +
∑
i

f δ(r1, . . . , d(ri), . . . , rn)

+
∑
i

fd(r1, . . . , δ(ri), . . . , rn) +
∑
i

f(r1, . . . , dδ(ri), . . . , rn)

+
∑
i 6=j

f(r1, . . . , d(ri), . . . , δ(rj), . . . , rn).
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and

dδ2(f(r1, . . . , rn)) = fdδ
2

(r1, . . . , rn) +
∑
i

f δ
2

(r1, . . . , d(ri), . . . , rn)

+2
∑
i

fdδ(r1, . . . , δ(ri), . . . , rn) + 2
∑
i

f δ(r1, . . . , dδ(ri), . . . , rn)

+2
∑
i 6=j

f δ(r1, . . . , d(ri), . . . , δ(rj), . . . , rn)

+
∑
i

fd(r1, . . . , δ
2(ri), . . . , rn) +

∑
i

f(r1, . . . , dδ
2(ri), . . . , rn)

+
∑
i 6=j

f(r1, . . . , d(ri), . . . , δ
2(rj), . . . , rn)

+2
∑
i 6=j

fd(r1, . . . , δ(ri), . . . , δ(rj), . . . , rn)

+2
∑
i 6=j

f(r1, . . . , dδ(ri), . . . , δ(rj), . . . , rn)

+2
∑
i 6=j 6=k

f(r1, . . . , δ(ri), . . . , d(rj), . . . , δ(rk), . . . , rn).

Fact 4.2.5. [4, Lemma 3] Let R be a noncommutative prime ring and f(x1, . . . , xn) be

a non-central valued multilinear polynomial on R. Suppose that there exist a, b, c, q ∈ U

such that (af(r) + f(r)b)f(r) − f(r)(cf(r) + f(r)q) = 0 for all r = (r1, . . . , rn) ∈ Rn.

Then one of the following holds:

(1) a, q ∈ C and q − a = b− c = α ∈ C;

(2) f(x1, . . . , xn)2 is central valued on R and there exists α ∈ C such that q − a =

b− c = α;

(3) char (R) = 2 and R satisfies s4.

In particular, we have the following facts.

Fact 4.2.6. Let R be a noncommutative prime ring and f(x1, . . . , xn) be a non-central

valued multilinear polynomial on R. Suppose that there exist a, b, q ∈ U such that af(r) +

f(r)bf(r)− f(r)2q = 0 for all r = (r1, . . . , rn) ∈ Rn. Then one of the following holds:
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(1) a, q ∈ C and q − a = b = α ∈ C;

(2) f(x1, . . . , xn)2 is central valued on R and there exists α ∈ C such that q−a = b = α;

(3) char (R) = 2 and R satisfies s4.

Fact 4.2.7. Let R be a noncommutative prime ring and f(x1, . . . , xn) be a non-central

valued multilinear polynomial on R. Suppose that there exist a, q ∈ U such that af(r)2 −

f(r)2q = 0 for all r = (r1, . . . , rn) ∈ Rn. Then one of the following holds:

(1) q = a ∈ C;

(2) f(x1, . . . , xn)2 is central valued on R and there exists α ∈ C such that q = a;

(3) char (R) = 2 and R satisfies s4.

Fact 4.2.8. [33, Corollary 2.9] Let R be a prime ring of char (R) 6= 2, d and δ two

nonzero derivations of R. If

d(δ(f(x1, . . . , xn))f(x1, . . . , xn)) = 0

for all x1, . . . , xn ∈ I, then f(x1, . . . , xn) is central valued on R.

Fact 4.2.9. [29, Lemma 2.9] Let R be a noncommutative prime ring of char (R) 6= 2,

a, b, c, c′ ∈ U , p(x1, . . . , xn) be any polynomial over C, which is not an identity for R. If

ap(r) + p(r)b+ cp(r)c′ = 0 for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

(1) b, c′ ∈ C and a+ b+ cc′ = 0;

(2) a, c ∈ C and a+ b+ cc′ = 0;

(3) a+ b+ cc′ = 0 and p(x1, . . . , xn) is central valued on R.
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4.3 When Derivation and Generalized Derivations are

Inner

Let d(x) = [a, x], F (x) = bx+xc and G(x) = px+xq for all x ∈ R for some a, b, c, p, q ∈ U .

Then the hypothesis d(F 2(x)x) = xG2(x) for all x ∈ f(R) becomes

[a, b2x2 + 2bxcx+ xc2x] = xp2x+ 2xpxq + x2q2

(4.3.1)

for all x ∈ f(R). This implies

ab2x2 + 2abxcx+ axc2x− b2x2a− 2bxcxa− xc2xa

= xp2x+ 2xpxq + x2q2

(4.3.2)

which can be written as

a1x
2 + 2a2xcx+ axa3x− a4x

2a− 2bxcxa− xa3xa

= xa5x+ 2xpxq + x2a6 (4.3.3)

for all x ∈ f(R), where a1 = ab2, a2 = ab, a3 = c2, a4 = b2, a5 = p2, a6 = q2.

Lemma 4.3.1. Let C be an infinite field and R = Mm(C) be the ring of all m×m matrices

over C, m ≥ 2. Suppose that char (R) 6= 2 and f(x1, . . . , xn) a noncentral multilinear

polynomial over C. If a1, a2, a3, a4, a5, a6, a, b, c, p, q ∈ R such that (4.3.3) holds for

all x ∈ f(R), then either a or b or c are scalar matrices.

Proof. Let a, b, c be not scalar matrices. Then by Theorem 1.6.3, there exists an invertible

matrix P such that PaP−1, PbP−1 and PcP−1 have all nonzero entries. Write PaP−1 =∑
i,j

a′ijeij, PbP
−1 =

∑
i,j

b′ijeij and PcP−1 =
∑
i,j

c′ijeij. Then a′ij, b
′
ij and c′ij are all nonzero
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for any i and j. Since Ψ(x) = PxP−1 for all x ∈ R is an automorphism, by (4.3.3), we

have

Pa1P
−1x2 + 2Pa2P

−1xPcP−1x+ PaP−1xPa3P
−1x− Pa4P

−1x2PaP−1

−2PbP−1xPcP−1xPaP−1 − xPa3P
−1xPaP−1

= xPa5P
−1x+ 2xPpP−1xPqP−1 + x2Pa6P

−1 (4.3.4)

for all x ∈ f(R). Since f(x1, . . . , xn) is not central valued on R, by Fact 4.2.2, there exist

some matrices x1, . . . , xn ∈ Mm(C) and 0 6= α ∈ C such that f(x1, . . . , xn) = αekl, k 6= l.

Thus for x = αekl ∈ f(R), equation(4.3.4) gives

2Pa2P
−1eklPcP

−1ekl + PaP−1eklPa3P
−1ekl

−2PbP−1eklPcP
−1eklPaP

−1 − eklPa3P
−1eklPaP

−1

= eklPa5P
−1ekl + 2eklPpP

−1eklPqP
−1 (4.3.5)

Left and right multiplying by ekl in both side we get 2eklPbP
−1eklPcP

−1eklPaP
−1ekl = 0,

that is b′lkc
′
lka
′
lk = 0. This contradicts with the fact that a′ij, b

′
ij and c′ij are all nonzero for

any i and j.

Thus either a or b or c are scalar matrices.

Lemma 4.3.2. Let C be a field and R = Mm(C) be the ring of all m×m matrices over C,

m ≥ 2. Suppose that char (R) 6= 2 and f(x1, . . . , xn) a noncentral multilinear polynomial

over C. If a1, a2, a3, a4, a5, a6, a, b, c, p, q ∈ R such that (4.3.3) holds for all x ∈ f(R),

then either a or b or c are scalar matrices.

Proof. If we assume C is infinite, then the conclusions follow by Lemma 4.3.1.
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Now let C be finite and let K be an infinite field which is an extension of the field C.

Let R = Mm(K) ∼= R ⊗C K. Notice that the multilinear polynomial f(x1, . . . , xn) is

central-valued on R if and only if it is central-valued on R. Suppose that the generalized

polynomial Q(x1, . . . , xn) such that

Q(x1, . . . , xn) = a1f(x1, . . . , xn)2 + 2a2f(x1, . . . , xn)cf(x1, . . . , xn)

+af(x1, . . . , xn)a3f(x1, . . . , xn)− a4f(x1, . . . , xn)2a

−2bf(x1, . . . , xn)cf(x1, . . . , xn)a− f(x1, . . . , xn)a3f(x1, . . . , xn)a

−f(x1, . . . , xn)a5f(x1, . . . , xn)− 2f(x1, . . . , xn)pf(x1, . . . , xn)q − f(x1, . . . , xn)2a6.

Moreover, it is a multi-homogeneous of multi-degree (2, . . . , 2) in the indeterminates

x1, . . . , xn. Hence the complete linearization of Q(x1, . . . , xn) is a multilinear generalized

polynomial Θ(x1, . . . , xn, y1, . . . , yn) in 2n indeterminates and

Θ(x1, . . . , xn, x1, . . . , xn) = 2nQ(x1, . . . , xn).

It is clear that the multilinear polynomial Θ(x1, . . . , xn, y1, . . . , yn) is a generalized polyno-

mial identity for both R and R (see Fact 4.2.1). Since char (C) 6= 2, then Q(x1, . . . , xn) =

0, for all x1, . . . , xn ∈ R and then the conclusion follows from Lemma 4.3.1.

Corollary 4.3.3. Let C be a field and R = Mm(C) be the ring of all m × m matrices

over C, m ≥ 2. Suppose that char (R) 6= 2 and f(x1, . . . , xn) a noncentral multilinear

polynomial over C. If a1, a2, a3, a4, a5, a6, a, b, c, p, q ∈ R such that (4.3.3) holds for

all x ∈ R, then either a or b or c are scalar matrices.

Lemma 4.3.4. Let R be a noncommutative prime ring of char (R) 6= 2, U be its Utumi

quotient ring and C its extended centroid. Let f(x1, . . . , xn) be a multilinear polynomial



GENERALIZED DERIVATIONS AND MULTILINEAR POLYNOMIALS 69

over C, noncentral-valued on R. Suppose that a1, a2, a3, a4, a5, a6, a, b, c, p, q ∈ R such

that (4.3.3) holds for all x ∈ f(R). Then either a ∈ C or b ∈ C or c ∈ C.

Proof. By hypothesis we have

Ψ(r) = a1f(r)2 + 2a2f(r)cf(r) + af(r)a3f(r)− a4f(r)2a− 2bf(r)cf(r)a

−f(r)a3f(r)a− f(r)a5f(r)− 2f(r)pf(r)q − f(r)2a6 (4.3.6)

for all r = (r1, . . . , rn) ∈ Rn. By Theorem 1.5.2, U satisfies Ψ(r1, . . . , rn).

On contrary we assume that a /∈ C, b /∈ C and c /∈ C. Let Ψ(r1, . . . , rn) = 0

is a trivial GPI for U . Then as a /∈ C the term 2bf(r)cf(r)a can not be cancelled

with a1f(r)2 or 2a2f(r)cf(r) or af(r)a3f(r) or −f(r)a5f(r) and as b /∈ C, the term

2bf(r)cf(r)a can not be cancelled with −f(r)a3f(r)a or −2f(r)pf(r)q or −f(r)2a6. Thus

−a4f(r)2a − 2bf(r)cf(r)a = 0, that is

(
− a4f(r) − 2bf(r)c

)
f(r)a = 0 is a trivial GPI

for r = (r1, . . . , rn) ∈ Un. Since c /∈ C, the term 2bf(r)cf(r)a can not be cancelled with

−a4f(r)2a and hence the term 2bf(r)cf(r)a appears nontrivially, a contradiction.

Next assume that, Ψ(r1, . . . , rn) = 0 is a non-trivial GPI for U . In this case by Fact

1.6.8, R is isomorphic to a dense ring of linear transformations of a vector space V over

C.

Assume first that V is finite dimensional over C, that is, dimCV = m. By density

of R, we have R ∼= Mm(C). Since f(r1, . . . , rn) is not central valued on R, R must be

noncommutative and so m ≥ 2. In this case by Lemma 4.3.2, we get either a or b or c are

in C. If V is infinite dimensional over C, then by [88, Lemma 2], the set f(R) is dense

on R and hence R satisfies

a1r
2 + 2a2rcr + ara3r − a4r

2a− 2brcra

−ra3ra− ra5r − 2rprq − r2a6 = 0. (4.3.7)
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For any e2 = e ∈ soc(R) we have eRe ∼= Mt(C) with t = dimCV e. We want to show that

in this case also either a or b or c are in C. To prove this, let none of a, b, c be in C. Then

a, b, c do not centralize the nonzero ideal soc(R). Hence there exist h1, h2, h3 ∈ soc(R)

such that [a, h1] 6= 0, [b, h2] 6= 0, [c, h3] 6= 0. By Litoff’s Theorem (Theorem 1.6.7), there

exists an idempotent e ∈ soc(R) such that ah1, h1a, bh2, h2b, ch3, h3c, h1, h2, h3 ∈ eRe.

We have eRe ∼= Mt(C) with t = dimCV e. Since

ea1er
2 + 2ea2erecer + eaerea3er − ea4er

2eae− 2eberecereae

−rea3ereae− rea5er − 2repereqe− r2ea6e = 0 (4.3.8)

for all r ∈ eRe, by Corollary 4.3.3, either eae or ebe or ece are central elements of eRe.

Thus

ah1 = eah1e = (eae)h1e = eh1eae = eh1ae = h1a

or

bh2 = ebh2e = (ebe)h2e = eh2ebe = eh2be = h2b

or

ch3 = ech3e = (ece)h3e = eh3ece = eh3ce = h3c,

a contradiction.

Thus we have proved that either a or b or c are in C.

In the same manner as above, we can prove the following Lemmas.

Lemma 4.3.5. Let R be a noncommutative prime ring of char (R) 6= 2, U be its Utumi

quotient ring and C its extended centroid. Let f(x1, . . . , xn) be a multilinear polynomial

over C, noncentral-valued on R. Suppose that a1, a2, a3, a4, a5, a6, a7, a8 ∈ U such that

a1xa2x− x{a3xa4 + a5x+ 2a6xa7 + xa8} = 0
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holds for all x ∈ f(R). Then either a1 ∈ C or a2 ∈ C.

Lemma 4.3.6. Let R be a noncommutative prime ring of char (R) 6= 2, U be its Utumi

quotient ring and C its extended centroid. Let f(x1, . . . , xn) be a multilinear polynomial

over C, noncentral-valued on R. Suppose that a1, a2, a3, a4, a5 ∈ U such that

a1x
2 − x2a1 = xa2x+ 2xa3xa4 + x2a5

holds for all x ∈ f(R). Then either a3 ∈ C or a4 ∈ C.

Lemma 4.3.7. Let R be a noncommutative prime ring of char (R) 6= 2, U be its Utumi

quotient ring and C its extended centroid. Let f(x1, . . . , xn) be a multilinear polynomial

over C, noncentral-valued on R. Suppose that a1, a2, a3, a4, a5, a6, a7 ∈ U such that

a1x
2 − a2x

2a3 − xa4x− 2xa5xa6 − x2a7 = 0

holds for all x ∈ f(R). Then either a5 ∈ C or a6 ∈ C.

Lemma 4.3.8. Let R be a noncommutative prime ring of char (R) 6= 2, U be its Utumi

quotient ring and C its extended centroid. Let f(x1, . . . , xn) be a multilinear polynomial

over C, noncentral-valued on R. Suppose that a1, a2, a3, a4 ∈ U such that

a1x
2 + a2x

2a3 + xa4x = 0

holds for all x ∈ f(R). Then a4 ∈ C.

Lemma 4.3.9. Let R be a noncommutative prime ring of char (R) 6= 2 with Utumi

quotient ring U and extended centroid C, and f(x1, . . . , xn) be a multilinear polynomial

over C, which is not central valued on R. Suppose that F and G are two inner generalized

derivations of R and d is a nonzero inner derivation of R such that d(F 2(f(r))f(r)) =

f(r)G2(f(r)) for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:
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1. there exist a, p ∈ U such that F (x) = xa and G(x) = xp for all x ∈ R, with

a2 = 0 = p2;

2. there exist a, p ∈ U such that F (x) = xa and G(x) = px for all x ∈ R, with

a2 = 0 = p2;

3. there exist a, p ∈ U such that F (x) = ax and G(x) = xp for all x ∈ R, with

a2 = 0 = p2;

4. there exist a, p ∈ U such that F (x) = ax and G(x) = px for all x ∈ R, with

a2 = 0 = p2;

5. there exist a, b, p ∈ U such that d(x) = [a, x], F (x) = xb and G(x) = xp for all

x ∈ R, with p2 = 0, b2 ∈ C and f(x1, . . . , xn)2 is central valued;

6. there exist a, b, p ∈ U such that d(x) = [a, x], F (x) = xb and G(x) = px for all

x ∈ R, with p2 = 0, b2 ∈ C and f(x1, . . . , xn)2 is central valued;

7. there exist a, b, p ∈ U such that d(x) = [a, x], F (x) = bx and G(x) = xp for all

x ∈ R with, [a, b2] = p2 and f(x1, . . . , xn)2 is central valued;

8. there exist a, b, p ∈ U such that d(x) = [a, x], F (x) = bx and G(x) = px for all

x ∈ R, with [a, b2] = p2 ∈ C with f(x1, . . . , xn)2 is central valued.

Proof. Suppose that for some a, b, c, p, q ∈ U , d(x) = [a, x], F (x) = bx+xc, G(x) = px+xq

for all x ∈ R. By hypothesis, we have

[a, b2f(r)2 + 2bf(r)cf(r) + f(r)c2f(r)]

= f(r)p2f(r) + 2f(r)pf(r)q + f(r)2q2 (4.3.9)
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that is,

ab2f(r)2 + 2abf(r)cf(r) + af(r)c2f(r)

−b2f(r)2a− 2bf(r)cf(r)a− f(r)c2f(r)a

= f(r)p2f(r) + 2f(r)pf(r)q + f(r)2q2 (4.3.10)

for all r = (r1, . . . , rn) ∈ Rn. By Theorem 1.5.2, above identity is also satisfied by U .

By Lemma 4.3.4, either a ∈ C or b ∈ C or c ∈ C. Since d is nonzero, a /∈ C.

Now we consider the following cases:

Case 1: When b ∈ C. In this case, we have

[a, f(r)(b+ c)2f(r)] = f(r)p2f(r) + 2f(r)pf(r)q + f(r)2q2 (4.3.11)

that is,

af(r)(b+ c)2f(r)− f(r){(b+ c)2f(r)a− p2f(r)− 2pf(r)q − f(r)q2} = 0

for all r = (r1, . . . , rn) ∈ Un. By Lemma 4.3.5, it yields (b + c)2 ∈ C, since a /∈ C. Then

(4.3.11) reduces to

a(b+ c)2f(r)2 − f(r)2a(b+ c)2 = f(r)p2f(r) + 2f(r)pf(r)q + f(r)2q2

for all r = (r1, . . . , rn) ∈ Un, which again implies by Lemma 4.3.6, that either p ∈ C or

q ∈ C.

• If p ∈ C, then

a(b+ c)2f(r)2 − f(r)2{a(b+ c)2 + (p+ q)2} = 0

for all r = (r1, . . . , rn) ∈ Un.

By Fact 4.2.7, one of the following holds:
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(1) a(b + c)2 = a(b + c)2 + (p + q)2 ∈ C. This yields (p + q)2 = 0. Moreover, since

a /∈ C, a(b+ c)2 ∈ C implies (b+ c)2 = 0. Thus F (x) = x(b+ c) and G(x) = x(p+ q) for

all x ∈ R, with (b+ c)2 = 0 = (p+ q)2.

(2) f(x1, . . . , xn)2 is central valued on R and (p+ q)2 = 0. Thus F (x) = x(b+ c) and

G(x) = x(p + q) for all x ∈ R, with (p + q)2 = 0 and f(x1, . . . , xn)2 is central valued on

R.

• If q ∈ C, then

[a(b+ c)2, f(r)2] = f(r)(p+ q)2f(r) (4.3.12)

that is

a(b+ c)2f(r)2 − f(r)2a(b+ c)2 − f(r)(p+ q)2f(r) = 0 (4.3.13)

for all r = (r1, . . . , rn) ∈ Un. By Fact 4.2.6, one of the following holds:

(1) a(b + c)2 ∈ C and (p + q)2 = 0. Moreover, since a /∈ C, a(b + c)2 ∈ C implies

(b + c)2 = 0. Thus F (x) = x(b + c) and G(x) = (p + q)x for all x ∈ R, with (b + c)2 =

0 = (p+ q)2.

(2) f(x1, . . . , xn)2 is central valued on R and (p+ q)2 = 0. Thus F (x) = x(b+ c) and

G(x) = (p+ q)x for all x ∈ R with f(x1, . . . , xn)2 is central valued on R and (p+ q)2 = 0.

Case 2: When c ∈ C.

In this case, we have

[a, (b+ c)2f(r)2] = f(r)p2f(r) + 2f(r)pf(r)q + f(r)2q2 (4.3.14)

which is

a(b+ c)2f(r)2 − (b+ c)2f(r)2a− f(r)p2f(r)− 2f(r)pf(r)q − f(r)2q2 = 0

for all r = (r1, . . . , rn) ∈ Un. By Lemma 4.3.7, either p ∈ C or q ∈ C.
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• If p ∈ C, we have

[a, (b+ c)2f(r)2] = f(r)2(p+ q)2 (4.3.15)

that is

a(b+ c)2f(r)2 − (b+ c)2f(r)2a− f(r)2(p+ q)2 = 0 (4.3.16)

for all r = (r1, . . . , rn) ∈ Un. By Fact 4.2.9, one of the following holds:

(i) a(b+c)2, (b+c)2 ∈ C with a(b+c)2− (b+c)2a− (p+q)2 = 0. Now 0 6= (b+c)2 ∈ C

and a(b+ c)2 ∈ C yields a ∈ C, a contradiction. Hence (b+ c)2 = 0. Thus F (x) = (b+ c)x

and G(x) = x(p+ q) for all x ∈ R with (b+ c)2 = 0 = (p+ q)2.

(ii) a, (p+ q)2 ∈ C with a(b+ c)2 − (b+ c)2a− (p+ q)2 = 0, a contradiction as a /∈ C.

(iii) a(b + c)2 − (b + c)2a − (p + q)2 = 0 with f(x1, . . . , xn)2 is central valued. Thus

F (x) = (b + c)x and G(x) = x(p + q) for all x ∈ R with [a, (b + c)2] = (p + q)2 and

f(x1, . . . , xn)2 is central valued.

• If q ∈ C, we have

[a, (b+ c)2f(r)2] = f(r)(p+ q)2f(r) (4.3.17)

for all r = (r1, . . . , rn) ∈ Un. By Lemma 4.3.8, (p+ q)2 ∈ C and so

{a(b+ c)2 − (p+ q)2}f(r)2 − (b+ c)2f(r)2a = 0.

By Fact 4.2.9, one of the following holds:

(i) a ∈ C with a(b+ c)2 − (p+ q)2 − (b+ c)2a = 0, a contradiction as a /∈ C.

(ii) a(b+c)2− (p+q)2, (b+c)2 ∈ C with a(b+c)2− (p+q)2− (b+c)2a = 0. In this case

(p + q)2 = 0, a(b + c)2, (b + c)2 ∈ C. Again if (b + c)2 6= 0, then a ∈ C, a contradiction.

Therefore, (b + c)2 = 0. Thus F (x) = (b + c)x and G(x) = (p + q)x for all x ∈ R, with

(b+ c)2 = 0 = (p+ q)2.
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(iii) a(b + c)2 − (p + q)2 − (b + c)2a = 0 with f(x1, . . . , xn)2 is central valued. Thus

F (x) = (b+ c)x and G(x) = (p+ q)x for all x ∈ R, with [a, (b+ c)2] = (p+ q)2 ∈ C with

f(x1, . . . , xn)2 is central valued.

4.4 Proof of Theorem 4.1.1

By Theorem 1.6.2, there exist derivations d′ and δ on U , b, p ∈ U such that F (x) =

bx+d′(x) and G(x) = px+δ(x). Thus F 2(x) = b(bx+d′(x))+d′(bx+d′(x)) = b2x+bd′(x)+

d′(b)x+ bd′(x) + d′2(x) = F (b)x+ 2bd′(x) + d′2(x) and G2(x) = G(p)x+ 2pδ(x) + δ2(x).

By hypothesis

d

(
F (b)f(r)2 + 2bd′(f(r))f(r) + d′2(f(r))f(r)

)

= f(r)

(
G(p)f(r) + 2pδ(f(r)) + δ2(f(r))

)
for all r = (r1, . . . , rn) ∈ Rn. Since I, R and U satisfy the same GPIs (see Theorem 1.5.2)

as well as the same differential identities (see Theorem 1.5.4)

d

(
F (b)f(r)2 + 2bd′(f(r))f(r) + d′2(f(r))f(r)

)
= f(r)

(
G(p)f(r) + 2pδ(f(r)) + δ2(f(r))

)
(4.4.1)

for all r = (r1, . . . , rn) ∈ Un.

If either d = 0 or F = 0, then by [35], we get our conclusions.

Thus we assume that d and F are nonzero maps. If d, d′ and δ are all inner maps,

then by Lemma 4.3.9, we have our all conclusions of Theorem 4.1.1. Thus, to prove our

Theorem 4.1.1, we need to consider when all of d, F and G are not inner. Therefore, we

have the following cases:
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• d is inner, d′ and δ are not both inner.

• d′ is inner, d and δ are not both inner.

• δ is inner, d and d′ are not both inner.

• d, d′ and δ all are outer.

Case-I: When d is inner, d′ and δ are not both inner.

In this case, let d(x) = [a, x] for all x ∈ U . Then

[
a,

{
F (b)f(r) + 2bd′(f(r)) + d′2(f(r))

}
f(r)

]
= f(r)

{
G(p)f(r) + 2pδ(f(r)) + δ2(f(r))

}
(4.4.2)

for all r = (r1, . . . , rn) ∈ Un, where d′, δ are two derivations on U .

Now we consider the following two sub-cases:

Sub-case-i: Assume that δ is inner derivation of U

Let δ(x) = [q, x] for all x ∈ U , for some q ∈ U .

By (4.4.2), U satisfies[
a,

{
F (b)f(r) + 2bd′(f(r)) + d′2(f(r))

}
f(r)

]
= f(r)

{
G(p)f(r) + 2p[q, f(r)] + [q, [q, f(r)]]

}
. (4.4.3)

We know that d′(f(r1, . . . , rn)) = fd
′
(r1, . . . , rn) +

∑
i

f(r1, . . . , d
′(ri), . . . , rn), and

d′2(f(r1, . . . , rn)) = fd
′2

(r1, . . . , rn) + 2Σ
i
fd

′
(r1, . . . , d

′(ri), . . . , rn)

+Σ
i
f(r1, . . . , d

′2(ri), . . . , rn) + Σ
i 6=j
f(r1, . . . , d

′(ri), . . . , d
′(rj), . . . , rn).

By Fact 4.2.3, since char (R) 6= 2, we can replace d′(ri) with xi and d′2(ri) with yi in

(4.4.3), and then U satisfies blended component

[a,Σ
i
f(r1, . . . , yi, . . . , rn)f(r1, . . . , rn)] = 0. (4.4.4)
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In particular, replacing yi with [p′, ri] for some p′ /∈ C, we have

[a, [p′, f(r1, . . . , rn)]f(r1, . . . , rn)] = 0 (4.4.5)

which implies by Fact 4.2.8, a ∈ C, a contradiction.

Sub-case-ii: Assume that δ is outer derivation of U

Let d′ and δ are C-dependent modulo inner derivations of U , say αd′ + βδ = adq′ ,

where α, β ∈ C, q ∈ U and adq′(x) = [q′, x] for all x ∈ U . Since δ is outer, α 6= 0 and

hence d′(x) = λδ(x) + [q′′, x] for all x ∈ U , for some λ ∈ C and q′′ ∈ U . Moreover,

d′2(x) = d′(λδ(x) + [q′′, x]) = d′(λ)δ(x) + λd′δ(x) + [d′(q′′), x] + [q′′, d′(x)]

= d′(λ)δ(x) + λ2δ2(x) + 2λ[q′′, δ(x)] + [d(q′′), x] + [q′′, [q′′, x]]. (4.4.6)

From (4.4.2), we obtain[
a,

{
F (b)f(r) + 2bλδ(f(r)) + 2b[q′′, f(r)] + d′(λ)δ(f(r))

+λ2δ2(f(r)) + 2λ[q′′, δ(f(r))] + [d(q′′), f(r)] + [q′′, [q′′, f(r)]]

}
f(r)

]
= f(r)

{
G(p)f(r) + 2pδ(f(r)) + δ2(f(r))

}
(4.4.7)

for all r = (r1, . . . , rn) ∈ Un. By Fact 4.2.3, since char (R) 6= 2, we can replace δ(ri) with

xi and d′2(ri) with yi in (4.4.7), and then U satisfies blended component[
a, λ2Σ

i
f(r1, . . . , yi, . . . , rn)f(r1, . . . , rn)

]
= f(r1, . . . , rn)Σ

i
f(r1, . . . , yi, . . . , rn).

In particular,

[a, λ2f(r1, . . . , rn)2] = f(r1, . . . , rn)2, (4.4.8)

that is (aλ2 − 1)f(r1, . . . , rn)2 − f(r1, . . . , rn)2(aλ2) = 0. By Fact 4.2.7, f(r1, . . . , rn)

is central valued, a contradiction.

Case-II: When d′ is inner, d and δ are not both inner.
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In this case, let d′(x) = [a′, x] for all x ∈ U . Then F is also inner. Let F (x) = bx+ xc

for all x ∈ R, and for some b, c ∈ U . Then U satisfies

d

{
b2f(r)2 + 2bf(r)cf(r) + f(r)c2f(r)

}
= f(r)

{
G(p)f(r) + 2pδ(f(r)) + δ2(f(r))

}
(4.4.9)

for all r = (r1, . . . , rn) ∈ Un, where d, δ are two derivations on U . If d is inner, then we

have contradiction by Case-I(ii) (when λ = 0).

So we assume that d is outer.

Sub-case-i: Let d and δ be C-dependent modulo inner derivations of U

Let αd + βδ = adq, where α, β ∈ C, q ∈ U and adq(x) = [q, x] for all x ∈ R. Since d

is outer, β 6= 0 and hence δ(x) = λd(x) + [q′, x] for all x ∈ U , for some λ ∈ C and q′ ∈ U .

δ2(x) = δ(λd(x) + [q′, x]) = δ(λ)d(x) + λδd(x) + [δ(q′), x] + [q′, δ(x)]

= δ(λ)d(x) + λ2d2((x)) + 2λ[q′, d(x)] + [δ(q′), x] + [q′, [q′, x]]. (4.4.10)

From (4.4.9), we obtain

d

{
b2f(r)2 + 2bf(r)cf(r) + f(r)c2f(r)

}
= f(r)

{
G(p)f(r) + 2pλd(f(r)) + 2p[q′, f(r)] + δ(λ)d(f(r))

+λ2d2((f(r))) + 2λ[q′, d(f(r))] + [δ(q′), f(r)] + [q′, [q′, f(r)]]

}
(4.4.11)

for all r = (r1, . . . , rn) ∈ Un. By Fact 4.2.3, we can replace d(ri) with xi and d2(ri) with

yi in (4.4.11), and then U satisfies blended component

0 = f(r1, . . . , rn)λ2Σ
i
f(r1, . . . , yi, . . . , rn). (4.4.12)

In particular,

λ2f(r1, . . . , rn)2 = 0. (4.4.13)
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As f(r1, . . . , rn) = 0 is not an identity for U , λ = 0 and so δ is inner. By applying

Theorem 1.6.4 in (4.4.11), we can replace d(ri) with xi and d2(ri) with yi, and then U

satisfies blended component

b2Σ
i
f(r1, . . . , xi, . . . , rn)f(r1, . . . , rn) + b2f(r1, . . . , rn)Σ

i
f(r1, . . . , xi, . . . , rn)

+2bΣ
i
f(r1, . . . , xi, . . . , rn)cf(r1, . . . , rn) + 2bf(r1, . . . , rn)cΣ

i
f(r1, . . . , xi, . . . , rn)

+Σ
i
f(r1, . . . , xi, . . . , rn)c2f(r1, . . . , rn)

+f(r1, . . . , rn)c2Σ
i
f(r1, . . . , xi, . . . , rn) = 0. (4.4.14)

In particular,

b2f(r1, . . . , rn)2 + 2bf(r1, . . . , rn)cf(r1, . . . , rn) + f(r1, . . . , rn)c2f(r1, . . . , rn) = 0,

that is, F 2(f(r))f(r) = 0 for all r = (r1, . . . , rn) ∈ Un. Hence by (4.4.9), f(r)G2(f(r)) = 0

for all r = (r1, . . . , rn) ∈ Un. Thus by [35], we have our conclusions.

Sub-case-ii: Let d and δ be C-independent modulo inner derivations of U

Then by applying Theorem 1.6.4 in (4.4.9), we can replace d(ri) with xi, d
2(ri) with

yi, δ(ri) with si and δ2(ri) with ti, and then U satisfies blended component

f(r1, . . . , rn)Σ
i
f(r1, . . . , ti, . . . , rn) = 0 (4.4.15)

which implies in particular f(r1, . . . , rn)2 = 0 and so U satisfies identity f(r1, . . . , rn) = 0,

a contradiction.

Case-III: When δ is inner, d and d′ are not both inner.

In this case G is inner and so we may assume G(x) = px+ xq for all x ∈ R, for some

p, q ∈ U . Then U satisfies

d

{
F (b)f(r)2 + 2bd′(f(r))f(r) + d′2(f(r))f(r)

}
=

{
f(r)p2f(r) + 2f(r)pf(r)q + f(r)2q2

}
(4.4.16)



GENERALIZED DERIVATIONS AND MULTILINEAR POLYNOMIALS 81

for all r = (r1, . . . , rn) ∈ Un, where d, d′ are two derivations on U . If d is inner, then d′

must be outer and hence conclusion follows by Case-I(i). If d′ is inner, then d must be

outer and hence conclusions follows by Case-II(i) (when λ = 0).

So we assume that both d and d′ are outer.

Sub-case-i: Let d and d′ be C-dependent modulo inner derivations of U

Assume αd+βd′ = adq, where α, β ∈ C, q ∈ U and adq(x) = [q, x] for all x ∈ R. Since

d′ is outer, α 6= 0 and so d(x) = λd′(x) + [q′, x] for all x ∈ U , for some λ ∈ C and q′ ∈ U .

From (4.4.16), we obtain

λd′
{
F (b)f(r)2 + 2bd′(f(r))f(r) + d′2(f(r))f(r)

}
+

[
q′, F (b)f(r)2 + 2bd′(f(r))f(r) + d′2(f(r))f(r)

]
= f(r)

{
f(r)p2f(r) + 2f(r)pf(r)q + f(r)2q2

}
(4.4.17)

for all r = (r1, . . . , rn) ∈ Un. By applying Fact 4.2.3, since char (R) 6= 2, 3, we can replace

d′(ri) with xi, d
′2(ri) with ti and d′3(ri) with yi in (4.4.17), and then U satisfies blended

component

λΣ
i
f(r1, . . . , yi, . . . , rn)f(r1, . . . , rn) = 0. (4.4.18)

In particular,

λf(r1, . . . , rn)2 = 0. (4.4.19)

As f(r1, . . . , rn) = 0 is not an identity for U , λ = 0 and so d is inner, a contradiction.

Sub-case-ii: Let d and d′ be C-independent modulo inner derivations of U

Then by applying Fact 4.2.3 in (4.4.16), we can replace d(ri) with xi, d
′(ri) with yi,

d′2(ri) with zi and dd′2(ri) with si, and then U satisfies blended component

Σ
i
f(r1, . . . , si, . . . , rn)f(r1, . . . , rn) = 0 (4.4.20)
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which implies in particular f(r1, . . . , rn)2 = 0 and so U satisfies identity f(r1, . . . , rn) = 0,

a contradiction.

Case-IV: When δ, d and d′ are all outer.

Sub-case-i: When d, δ and d′ be C-independent modulo inner derivations of U .

By 4.2.3, we replace d(ri),d
′(ri), d

′2(ri), dd
′2(ri), δ(ri) and δ2(ri) with mi, ni, n

′
i, ti, xi

and yi respectively in (4.4.1) and then U satisfies the blended component:∑
i

f(r1, . . . , ti, . . . , rn)f(r1, . . . , rn) = 0.

In particular, replacing t1 with r1 and t2 = . . . = tn = 0, we get the identity f(r1, . . . , rn)2 =

0 for all r1, . . . , rn ∈ U . This implies the contradiction f(r1, . . . , rn) = 0 for any r1, . . . , rn ∈

R.

Sub-case-ii: When d, δ and d′ be C-dependent modulo inner derivations of U .

This implies there exist λ, µ, γ ∈ C and q ∈ U such that

λd(x) + µd′(x) + γδ(x) = [q, x] (4.4.21)

for all x ∈ R. If we consider µ = γ = 0, then definitely λ 6= 0, which implies the

contradiction that d is inner derivation.

So to move forward we have to consider (µ, γ) 6= (0, 0).

Without loss of generality, we assume that µ 6= 0.

By (4.4.21), we have that

d′(x) = λ′d(x) + γ′δ(x) + [q′, x] (4.4.22)

where λ′ = −µ−1λ, γ′ = −µ−1γ, q′ = µ−1q and for all x ∈ R. If the expression of d′(x)

, has been calculated on (4.4.22) we put on (4.4.1), leads a differential identity in which

the derivation words those appear of the type: d, δ, d2, δ2, d2δ, dδ2, dδd, d3.
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Now let d, δ be linearly C−independent modulo inner derivations, using the Fact 4.2.3

again, we may replace each d3(ri) and dδ2(ri) with yi and ti respectively and U satisfies

the blended components

λ′2
∑
i

f(r1, . . . , yi, . . . , rn)f(r1, . . . , rn) = 0

and

γ′2
∑
i

f(r1, . . . , ti, . . . , rn)f(r1, . . . , rn) = 0.

In above two expressions, putting y1 = r1, r2 = . . . = rn = 0 on the former and t1 =

r1, r2 = . . . = rn = 0 on the latter, we get

λ′2f(r1, . . . , rn)2 = 0

and

γ′2f(r1, . . . , rn)2 = 0

for all r1, . . . , rn ∈ U . Being a nonzero multilinear polynomial f , we get λ′ = 0 and γ′ = 0.

From the values of λ′ = 0 and γ′ = 0 we get λ = 0 and γ = 0, which force d′ to be inner

derivation, this leads to a contradiction.

Now consider the case d, δ are linearly C−dependent modulo inner derivations. Then

there exist suitable η, ϑ ∈ C and p ∈ U such that

ηd(x) + ϑδ(x) = [p, x] (4.4.23)

for all x ∈ R. Here both η and ϑ are nonzero, otherwise we get the contradiction of one

of d and δ is inner.

Consider ϑ 6= 0, then we may write

δ(x) = η′d(x) + [p′, x] (4.4.24)
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where η′ = −ϑ−1η, p′ = ϑ−1p and for all x ∈ R. Hence (4.4.22) and (4.4.23) lead to

d′(x) = (λ′ + γ′η′)d(x) + [q′ + γ′p′, x] (4.4.25)

for all x ∈ R. Once again, we substitute d′ in (4.4.1). In this case we arrive at a differential

identity in which the derivation words that appear are of the type: d, d2, d3. Since d is not

inner, we may replace each d(ri), d
2(ri), d

3(ri) with yi, ti, zi respectively. In particular,

U satisfies the blended component

(λ′ + γ′η′)2
∑
i

f(r1, . . . , zi, . . . , rn)f(r1, . . . , rn) = 0.

In particular,

(λ′ + γ′η′)2f(r1, . . . , rn)2 = 0

for all r1, . . . , rn ∈ U . This says that λ′ + γ′η′ = 0 and d′ is an inner derivation, which is

again a contradiction.

This completes the proof of the theorem.



Chapter 5

Generalized Derivations Acting on
Multilinear Polynomials in Prime
Rings

5.1 Introduction

In [73], Lee and Shiue showed that if R is a prime ring, f(x1, . . . , xn) a noncentral mul-

tilinear polynomial over C and d a nonzero derivation of R such that d(u)u ∈ C for all

u ∈ f(R), then char(R) = 2 and R satisfies s4. Further, Filippis and Dhara [48] extend

the above result to generalized derivation by considering F (u)u = 0 for all u ∈ f(ρ),

where ρ a nonzero right ideal and F is a generalized derivation of R. They found out

the all possible structures of F . In [25], Demir and Argaç give a generalization of the

above result [48] by taking F (u)u ∈ C for all u ∈ f(ρ), where ρ a nonzero right ideal of

R. Then F (x) = ax, where a ∈ C and f(r1, . . . , rn)2 is central valued on R, except when

char(R) = 2 and R satisfies s4.

Furthermore, Eroǧlu and Argaç [43] extended the above result [25] and determined

all possible structures of F by considering F 2(u)u ∈ C for all u ∈ f(R) and F is a

0This work is published in Bol. Soc. Mat. Mex. 28 (2022), Article no. 64.
https://doi.org/10.1007/s40590-022-00458-z.
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generalized derivation of R. Few years back Dhara and Filippis [35] studied the identity

F 2(u)u = uH2(u) for all u ∈ f(I), where F , H are two nonzero generalized derivations of

R, I is an ideal of R and determined all possible forms of F and G.

In a paper, Tiwari [83] described two generalized derivations F and H of R satisfying

the condition F 2(u)u = H(u2) for all u ∈ f(R). In a recent paper, Yadav [90] described all

possible forms of the maps when F 2(u)d(u) = 0 for all u ∈ f(R), where F is generalized

derivation of R and d is a nonzero derivation of R. Motivated by the above situations

and combining [83, 90], in the present chapter our motivation is to consider the situation

F 2(u)d(u) = H(u2)

for all u ∈ f(I), where F,H are two generalized derivations and d is a derivation of R

and I is a non-zero ideal of R. More precisely, we prove the following:

Theorem 5.1.1. Let R be a prime ring of characteristic different from 2, I a nonzero

ideal of R, U its Utumi ring of quotients and C its extended centroid. Suppose that

f(x1, . . . , xn) be a noncentral multilinear polynomial over C, F and H be two generalized

derivations of R and d be a nonzero derivation of R such that

F 2(f(r))d(f(r)) = H(f(r)2)

for all r = (r1, . . . , rn) ∈ In. Then one of the following holds:

1. there exists a ∈ U such that F (x) = xa, H(x) = 0 for all x ∈ R with a2 = 0;

2. there exist a, p ∈ U such that F (x) = xa, H(x) = [p, x] for all x ∈ R with a2 = 0

and f(R)2 ∈ C;

3. there exists a ∈ U such that F (x) = ax, H(x) = 0 for all x ∈ R with a2 = 0;

4. there exist a, p ∈ U such that F (x) = ax, H(x) = [p, x] for all x ∈ R with a2 = 0

and f(R)2 ∈ C.
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5.2 Preliminary Results

In the sequel, unless specifically stated, R always denotes a prime ring with center Z(R),

Utumi ring of quotients U and extended centroid C.

Fact 5.2.1. [4, Lemma 1] Let R be a noncommutative prime ring, a, b ∈ U , p(x1, . . . , xn)

be any polynomial over C, which is not an identity for R. If ap(r) − p(r)b = 0 for all

r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

(1) a = b ∈ C,

(2) a = b and p(x1, . . . , xn) is central valued on R,

(3) char (R) = 2 and R satisfies s4.

Fact 5.2.2. [42, Theorem 3.5] If A is a closed prime algebra over a field Φ and F is an

extension field of Φ, then A
⊗

Φ F is a closed prime algebra over F .

Fact 5.2.3. [83, Corollary 1.3] Let R be a non commutative prime ring of characteristic

different from 2, I an ideal of R and U be its Utumi ring of quotients with extended

centroid C and f(x1, . . . , xn) be a noncentral multilinear polynomial over C. Suppose that

F is a non zero generalized derivation of R such that F 2(f(x1, . . . , xn))f(x1, . . . , xn) = 0

for all x1, . . . , xn ∈ I. Then one of the following holds:

(i) there exists a ∈ U such that F (x) = xa for all x ∈ R with a2 = 0;

(ii) there exists a ∈ U such that F (x) = ax for all x ∈ R with a2 = 0.

Fact 5.2.4. [80, Theorem 1] Let R be a prime ring of characteristic not 2 and d1, d2

derivations of R such that the iterate d1d2 is also a derivation; then at least one of d1, d2

is zero.

Fact 5.2.5. [37, Lemma 2.2] Let R be a noncommutative prime ring of characteristic

different from 2 with Utumi quotient ring U and extended centroid C, and f(x1, . . . , xn)
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be a multilinear polynomial over C, which is not central valued on R. Suppose that there

exist a, b, q ∈ U such that af(r)2 + f(r)2q + f(r)bf(r) = 0 for all r = (r1, . . . , rn) ∈ Rn.

Then one of the following holds:

(1) a, q ∈ C and q + a = −b ∈ C;

(2) f(r1, . . . , rn)2 is central valued on R and q + a = −b ∈ C.

5.3 The Case of Inner Generalized Derivations and

Inner Derivation

In this section, we consider the case when F and G both are inner generalized derivations

of R and d is a nonzero derivation of R. Let F (x) = ax + xb, G(x) = px + xq and

d(x) = [c, x] for all x ∈ R, for some a, b, p, q, c ∈ U .

To study this situation, first we study the following generalized polynomial identity

a1ua2u+ a3ua4u+ ua4u− a1u
2a2 − a3ua5ua2 − ua6ua2 = a7u

2 + u2a8 (5.3.1)

for all u ∈ f(R), where a1, . . . , a8 ∈ U .

We analyze this generalized polynomial identity in prime ring. In all that follows, let

R be a prime ring with extended centroid C, char (R) 6= 2 and f(r1, . . . , rn) a multilinear

polynomial over C which is not central valued on R.

Proposition 5.3.1. Let R = Mm(C), m ≥ 2, be the ring of all m×m matrices over the

field C, f(r1, . . . , rn) a non-central multilinear polynomial over C. If for some a1, . . . , a8 ∈

R, R satisfies

a1ua2u+ a3ua4u+ ua4u− a1u
2a2 − a3ua5ua2 − ua6ua2 = a7u

2 + u2a8

for all u ∈ f(R), then either a2 ∈ C.Im or a3 ∈ C.Im or a5 ∈ C.Im.
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Proof. We assume first that C is an infinite field. By hypothesis, R satisfies the generalized

polynomial identity

a1f(r1, . . . , rn)a2f(r1, . . . , rn) + a3f(r1, . . . , rn)a4f(r1, . . . , rn)

+f(r1, . . . , rn)a4f(r1, . . . , rn)− a1f(r1, . . . , rn)2a2

−a3f(r1, . . . , rn)a5f(r1, . . . , rn)a2 − f(r1, . . . , rn)a6f(r1, . . . , rn)a2

= a7f(r1, . . . , rn)2 + f(r1, . . . , rn)2a8. (5.3.2)

We assume first that a2 /∈ C.Im and a3 /∈ C.Im and a5 /∈ C.Im. By Theorem 1.6.3 there

exists an invertible matrix P in Mm(C) such that Pa2P
−1, Pa3P

−1 and Pa5P
−1 have all

non-zero entries. Note that R = Mm(C) must satisfies

Pa1P
−1f(r1, . . . , rn)Pa2P

−1f(r1, . . . , rn)

+Pa3P
−1f(r1, . . . , rn)Pa4P

−1f(r1, . . . , rn)

+f(r1, . . . , rn)Pa4P
−1f(r1, . . . , rn)− Pa1P

−1f(r1, . . . , rn)2Pa2P
−1

−Pa3P
−1f(r1, . . . , rn)Pa5P

−1f(r1, . . . , rn)Pa2P
−1

−f(r1, . . . , rn)Pa6P
−1f(r1, . . . , rn)Pa2P

−1

= Pa7P
−1f(r1, . . . , rn)2 + f(r1, . . . , rn)2Pa8P

−1. (5.3.3)

Given that f(x1, . . . , xn) is non central valued. Hence by Fact 4.2.2, there exist ma-

trices r1, . . . , rn ∈ Mm(C) and 0 6= γ ∈ C such that f(r1, . . . , rn) = γeij, with i 6= j.

Replacing this value of f(r1, . . . , rn) in (5.3.3), we get

Pa1P
−1eijPa2P

−1eij + Pa3P
−1eijPa4P

−1eij

+eijPa4P
−1eij − Pa3P

−1eijPa5P
−1eijPa2P

−1 − eijPa6P
−1eijPa2P

−1

= 0. (5.3.4)
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Then multiplying by eij in above relation from both sides, it follows

eijPa3P
−1eijPa5P

−1eijPa2P
−1eij = 0.

This leads to a contradiction as Pa2P
−1, Pa3P

−1 and Pa5P
−1 have all non-zero entries.

Next we assumes that C is finite field. Let K be an infinite field which is an extension

of the field C. Let R = Mm(K) ∼= R⊗C K. Since multilinear polynomial f(x1, . . . , xn) is

non-central-valued on R, so it is also non-central-valued on R. Consider the generalized

polynomial

P (r1, . . . , rn) =

a1f(r1, . . . , rn)a2f(r1, . . . , rn) + a3f(r1, . . . , rn)a4f(r1, . . . , rn)

+f(r1, . . . , rn)a4f(r1, . . . , rn)− a1f(r1, . . . , rn)2a2

−a3f(r1, . . . , rn)a5f(r1, . . . , rn)a2 − f(r1, . . . , rn)a6f(r1, . . . , rn)a2

−a7f(r1, . . . , rn)2 − f(r1, . . . , rn)2a8 (5.3.5)

which is a generalized polynomial identity for R.

Moreover, it is a multi-homogeneous of multi-degree (2, . . . , 2) in the indeterminates

r1, . . . , rn.

Linearizing the variable r1, that is, replacing r1 with r1 + s1 in P (r1, . . . , rn) = 0, we

obtain

P (r1 + s1, . . . , rn) = 0 (5.3.6)

which implies

P (r1, . . . , rn) + P (s1, . . . , rn) + Θ1(r1, . . . , rn, s1) = 0 (5.3.7)
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where

Θ1(r1, . . . , rn, s1) =

a1f(r1, . . . , rn)a2f(s1, . . . , rn) + a1f(s1, . . . , rn)a2f(r1, . . . , rn)

+a3f(r1, . . . , rn)a4f(s1, . . . , rn) + +a3f(s1, . . . , rn)a4f(r1, . . . , rn)

+f(r1, . . . , rn)a4f(s1, . . . , rn) + f(s1, . . . , rn)a4f(r1, . . . , rn)

−a1f(r1, . . . , rn)f(s1, . . . , rn)a2 − a1f(s1, . . . , rn)f(r1, . . . , rn)a2

−a3f(r1, . . . , rn)a5f(s1, . . . , rn)a2 − a3f(s1, . . . , rn)a5f(r1, . . . , rn)a2

−f(r1, . . . , rn)a6f(s1, . . . , rn)a2 − f(s1, . . . , rn)a6f(r1, . . . , rn)a2

−a7f(r1, . . . , rn)f(s1, . . . , rn)− a7f(s1, . . . , rn)f(r1, . . . , rn)

−f(r1, . . . , rn)f(s1, . . . , rn)a8 − f(s1, . . . , rn)f(r1, . . . , rn)a8.

Since P (r1, . . . , rn) = 0 and P (s1, . . . , rn) = 0, we have Θ1(r1, . . . , rn, s1) = 0 for all

r1, . . . , rn, s1 ∈ R. Note that Θ1(r1, . . . , rn, r1) = 2P (r1, . . . , rn).

Again linearizing the situation (i.e., replacing r2 with r2 + s2) in Θ1(r1, . . . , rn, s1) = 0

and using it, we obtain Θ2(r1, . . . , rn, s1, s2) = 0 such that

Θ2(r1, . . . , rn, r1, r2) = 22P (r1, . . . , rn).

Continuing this process of linearization, after complete linearization of P (r1, . . . , rn) = 0,

we get

Θn(r1, . . . , rn, s1, . . . , sn) = 0

for all r1, . . . , rn, s1, . . . , sn ∈ R, where Θn(r1, . . . , rn, s1, . . . , sn) is a multilinear general-

ized polynomial in 2n indeterminates, such that

Θn(r1, . . . , rn, s1, . . . , sn) = 2nP (r1, . . . , rn).
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Clearly the multilinear polynomial Θn(r1, . . . , rn, s1, . . . , sn) is a generalized polynomial

identity for R and R too (see Fact 4.2.1). Since char(C) 6= 2 we obtain P (r1, . . . , rn) = 0

for all r1, . . . , rn ∈ R and then conclusion follows from above when C was infinite.

Proposition 5.3.2. Let R be a prime ring of char (R) 6= 2, U the Utumi ring of quotients,

C the extended centroid of R and f(r1, . . . , rn) a non-central multilinear polynomial over

C. If for some a1, . . . , a8 ∈ U , R satisfies

a1ua2u+ a3ua4u+ ua4u− a1u
2a2 − a3ua5ua2 − ua6ua2 = a7u

2 + u2a8,

then either a2 ∈ C or a3 ∈ C or a5 ∈ C.

Proof. Since R and U satisfy the same generalized polynomial identities (see Theorem

1.5.2), U satisfies

a1f(r1, . . . , rn)a2f(r1, . . . , rn) + a3f(r1, . . . , rn)a4f(r1, . . . , rn)

+f(r1, . . . , rn)a4f(r1, . . . , rn)− a1f(r1, . . . , rn)2a2

−a3f(r1, . . . , rn)a5f(r1, . . . , rn)a2 − f(r1, . . . , rn)a6f(r1, . . . , rn)a2

−a7f(r1, . . . , rn)2 − f(r1, . . . , rn)2a8 = 0. (5.3.8)

Suppose that this is a trivial GPI for U . For sake of clearness, we denote X =

f(r1, . . . , rn). Then

a1Xa2X + a3Xa4X +Xa4X − a1X
2a2

−a3Xa5Xa2 −Xa6Xa2 − a7X
2 −X2a8 (5.3.9)

is zero element in T = U ∗C C{r1, . . . , rn}, the free product of U and C{r1, . . . , rn}, the

free C-algebra in noncommuting indeterminates r1, . . . , rn (see Remark 1.5.1).

From Remark 1.5.1 {1, a2, a8} is linearly C-dependent. There exist α1, α2, α3 ∈ C such

that α1 + α2a2 + α3a8 = 0. If α3 = 0, then α2 can not be zero and hence a2 ∈ C, as
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desired. Thus we assume that α3 6= 0. Then a8 = αa2 + β for some α, β ∈ C. Then by

(5.3.9),

a1Xa2X + a3Xa4X +Xa4X − a1X
2a2

−a3Xa5Xa2 −Xa6Xa2 − a7X
2 −X2(αa2 + β) = 0 ∈ T. (5.3.10)

Again, if a2 ∈ C, we have our conclusion. So we assume that a2 /∈ C. Then by Remark

1.5.1 from equation (5.3.10) we get,

−a1X
2a2 − a3Xa5Xa2 −Xa6Xa2 −X2αa2 = 0 ∈ T (5.3.11)

that is

{a1X + a3Xa5 +Xa6 + αX}Xa2 = 0 ∈ T. (5.3.12)

Again from Remark 1.5.1 {1, a1, a3} is linearly C-dependent. Let β1 +β2a1 +β3a3 = 0. If

β2 = 0, then a3 ∈ C, as desired. So we assume that β2 6= 0. Then a1 = λa3 + µ for some

λ, µ ∈ C. Then by (5.3.12),

{λa3X + µX + a3Xa5 +Xa6 + αX}Xa2 = 0 ∈ T. (5.3.13)

Assume a3 /∈ C. Then by Remark 1.5.1

a3X(λ+ a5)Xa2 = 0 ∈ T. (5.3.14)

This implies either a3 = 0 or a5 = −λ ∈ C or a2 = 0, as desired.

Next suppose that (5.3.8) is a non-trivial GPI for U . By Fact 1.6.8, R is isomorphic

to a dense ring of linear transformations of a vector space V over C. Assume first that V

is finite dimensional over C, that is, dimCV = m. By density of R, we have R ∼= Mm(C).

Since f(r1, . . . , rn) is not central valued on R, R must be noncommutative and so m ≥ 2.
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In this case, by Proposition 5.3.1, we get that either a2 or a3 or a5 are in C. If V is

infinite dimensional over C, then for any e2 = e ∈ soc(R) we have eRe ∼= Mt(C) with

t =dimCV e. Since a2, a3, a5 are not in C, there exist h1, h2, h3 ∈ soc(R) such that

[a2, h1] 6= 0 [a3, h2] 6= 0, [a5, h3] 6= 0. By Litoff’s Theorem (see Theorem 1.6.7), there

exists idempotent e ∈ soc(R) such that a2h1, h1a2, a3h2, h2a3, a5h3, h3a5, h1, h2, h3 ∈ eRe.

Since R satisfies generalized identity

e{a1f(er1e, . . . , erne)a2f(er1e, . . . , erne) + a3f(er1e, . . . , erne)a4f(er1e, . . . , erne)

+f(er1e, . . . , erne)a4f(er1e, . . . , erne)− a1f(er1e, . . . , erne)
2a2

−a3f(er1e, . . . , erne)a5f(er1e, . . . , erne)a2 − f(er1e, . . . , erne)a6f(er1e, . . . , erne)a2

−a7f(er1e, . . . , erne)
2 − f(er1e, . . . , erne)

2a8}e = 0,

the subring eRe satisfies

ea1ef(r1, . . . , rn)ea2ef(r1, . . . , rn) + ea3ef(r1, . . . , rn)ea4ef(r1, . . . , rn)

+f(r1, . . . , rn)ea4ef(r1, . . . , rn)− ea1ef(r1, . . . , rn)2ea2e

−ea3ef(r1, . . . , rn)ea5ef(r1, . . . , rn)ea2e− f(r1, . . . , rn)ea6ef(r1, . . . , rn)ea2e

−ea7ef(r1, . . . , rn)2 − f(r1, . . . , rn)2ea8e = 0.

Then by the above finite dimensional case, either ea2e or ea3e or ea5e are central

elements of eRe. Thus either a2h1 = (ea2e)h1 = h1ea2e = h1a2 or a3h2 = (ea3e)h2 =

h2(ea3e) = h2a3 or a5h3 = (ea5e)h3 = h3(ea5e) = h3a5, in any case we get a contradiction.

Thus, we have proved that either a2 or a3 or a5 are in C.

Lemma 5.3.3. Let R be a noncommutative prime ring of characteristic different from 2,

U the Utumi ring of quotients, C be its extended centroid and f(r1, . . . , rn) be a noncentral

multilinear polynomial over C. Suppose for some a, b, p, q, c ∈ U , F (x) = ax+xb, H(x) =
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px+ xq and d(x) = [c, x] for all x ∈ R with c /∈ C. If

F 2(f(r))d(f(r)) = H(f(r)2)

for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

1. a ∈ C, (a+ b)2 = 0, p = −q ∈ C;

2. a ∈ C, (a+ b)2 = 0, f(R)2 ∈ C and p+ q = 0;

3. b ∈ C, (a+ b)2 = 0, p = −q ∈ C;

4. b ∈ C, (a+ b)2 = 0, f(R)2 ∈ C and p+ q = 0.

Proof. By our hypothesis, R satisfies

(a2f(r) + 2af(r)b+ f(r)b)(cf(r)− f(r)c) = pf(r)2 + f(r)2q

that is

a2f(r)cf(r) + 2af(r)bcf(r) + f(r)b2cf(r)− a2f(r)2c− 2af(r)bf(r)c− f(r)b2f(r)c

= pf(r)2 + f(r)2q (5.3.15)

for all r = (r1, . . . , rn) ∈ Rn. Then by Proposition 5.3.2, either a ∈ C or b ∈ C or c ∈ C.

Since c /∈ C, either a ∈ C or b ∈ C.

If a ∈ C, then F (x) = x(a+ b) and hence F 2(x) = x(a+ b)2 for all x ∈ R.

If b ∈ C, then F (x) = (a+ b)x and hence F 2(x) = (a+ b)2x for all x ∈ R.

Therefore, in any case F 2 becomes a generalized derivation of R. Assume F 2 = G, a

generalized derivation of R. By hypothesis

G(f(r))d(f(r)) = H(f(r)2)



GENERALIZED DERIVATIONS ACTING ON MULTILINEAR POLYNOMIALS 96

for all r = (r1, . . . , rn) ∈ Rn. By [29, Main Theorem], G = 0 and H(f(r)2) = 0 i.e.,

pf(r)2 + f(r)2q = 0 for all r = (r1, . . . , rn) ∈ Rn.

Now G = 0 implies F (x) = x(a + b) with (a + b)2 = 0 or F (x) = (a + b)x with

(a+ b)2 = 0.

Moreover, pf(r)2 + f(r)2q = 0 for all r = (r1, . . . , rn) ∈ Rn implies by Fact 5.2.1,

p, q ∈ C with p+ q = 0 or f(R)2 ∈ C with p+ q = 0.

Thus in any cases we have our conclusions.

5.4 Proof of Theorem 5.1.1

This is the final section which is dedicated to the proof of Theorem 5.1.1.

By Theorem 1.6.2, generalized derivations F and H have their forms F (x) = ax + δ(x),

H(x) = px+ h(x) for some a, p ∈ U and δ, h derivations on U .

Then F 2(x) = F (ax+ δ(x)) = F (a)x+ 2aδ(x) + δ2(x).

By hypothesis, we have(
F (a)f(r) + 2aδ(f(r)) + δ2(f(r))

)
d(f(r)) = pf(r)2 + h(f(r)2)

for all r = (r1, . . . , rn) ∈ In. By Theorem 1.5.4, we have(
F (a)f(r) + 2aδ(f(r)) + δ2(f(r))

)
d(f(r)) = pf(r)2 + h(f(r)2) (5.4.1)

for all r = (r1, . . . , rn) ∈ Un.

If d, δ and h all are inner derivations, then by Lemma 5.3.3, we have our conclusions

of Theorem 5.1.1. Thus, to prove Theorem 5.1.1, we need to consider the following cases.

• d, δ are inner, h is outer.
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• d, h are inner, δ is outer.

• δ, h are inner, d is outer.

• d is inner, δ, h are outer.

• δ is inner, d, h are outer.

• h is inner, d, δ are outer.

• d, δ and h all are outer.

Case-1: d, δ are inner, h is outer.

Let d(x) = [c, x] and δ(x) = [q, x] for all x ∈ R and for some c, q ∈ U . By (5.4.1), U

satisfies (
F (a)f(r) + 2a[q, f(r)] + [q, [q, f(r)]]

)
[c, f(r)] = pf(r)2 + h(f(r)2) (5.4.2)

By Theorem 1.6.4, we can replace h(f(r1, . . . , rn)) by fh(r1, . . . , rn)+
∑
i

f(r1, . . . , yi, . . . , rn)

in (5.4.2) and then U satisfies blended component

0 =
∑
i

f(r1, . . . , yi, . . . , rn)f(r1, . . . , rn) + f(r1, . . . , rn)
∑
i

f(r1, . . . , yi, . . . , rn).

In particular, for y1 = r1 and y2 = · · · = yn = 0 we have f(r1, . . . , rn)2 = 0 implying

f(r1, . . . , rn) = 0 for all r1, . . . , rn ∈ U , a contradiction.

Case-2: d, h are inner, δ is outer.

Let d(x) = [c, x] and h(x) = [q, x] for all x ∈ R and for some p, q ∈ U . By (5.4.1), U

satisfies (
F (a)f(r) + 2aδ(f(r)) + δ2(f(r))

)
[c, f(r)] = pf(r)2 + [q, f(r)2]. (5.4.3)
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Applying Theorem 1.6.4 to (5.4.3), we can replace δ(f(r1, . . . , rn)) with f δ(r1, . . . , rn)+∑
i

f(r1, . . . , yi, . . . , rn) and δ2(f(r1, . . . , rn)) with

f δ
2
(r1, . . . , rn)

+2
∑
i

f δ(r1, . . . , yi, . . . , rn) +
∑
i

f(r1, . . . , ti, . . . , rn) +
∑
i

f(r1, . . . , yi, . . . , yj, . . . , rn)

in (5.4.3) and then U satisfies blended component

∑
i

f(r1, . . . , ti, . . . , rn)[c, f(r1, . . . , rn)] = 0. (5.4.4)

In particular, above relation yields f(r1, . . . , rn)[c, f(r1, . . . , rn)] = 0 for all r1, . . . , rn ∈

U , which implies c ∈ C, a contradiction.

Case-3: δ, h are inner, d is outer.

Let δ(x) = [p′, x] and h(x) = [q, x] for all x ∈ R and for some p′, q ∈ U . By (5.4.1), U

satisfies (
F (a)f(r) + 2a[p′, f(r)] + [p′, [p′, f(r)]]

)
d(f(r)) = pf(r)2 + [q, f(r)2] (5.4.5)

Since d is outer, by Theorem 1.6.4, we can replace d(f(r1, . . . , rn)) by fd(r1, . . . , rn) +∑
i

f(r1, . . . , yi, . . . , rn) in (5.4.5) and then U satisfies blended component

(
F (a)f(r1, . . . , rn) + 2a[p′, f(r1, . . . , rn)]

+[p′, [p′, f(r1, . . . , rn)]]

)∑
i

f(r1, . . . , yi, . . . , rn)] = 0. (5.4.6)

In particular, we obtain from above relation(
F (a)f(r) + 2a[p′, f(r)] + [p′, [p′, f(r)]]

)
f(r) = 0,

that is

F 2(f(r))f(r) = 0
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for all r = (r1, . . . , rn) ∈ Un. From Fact 5.2.3 we arrive the conclusions (1), (2) of our

Theorem 5.1.1.

Case-4: d is inner, δ, h are outer.

Let d(x) = [c, x] for all x ∈ R and for some c ∈ U . By (5.4.1),(
F (a)f(r) + 2aδ(f(r)) + δ2(f(r))

)
[c, f(r)] = pf(r)2 + h(f(r)2) (5.4.7)

for all r = (r1, . . . , rn) ∈ Un.

Sub-case-i: Assume next that δ and h are C-independent modulo inner derivations of

U . Then by Theorem 1.6.4, we can replace h(f(r1, . . . , rn)) by fh(r1, . . . , rn)+
∑
i

f(r1, . . . , xi, . . . , rn)

and δ(f(r1, . . . , rn)) by f δ(r1, . . . , rn) +
∑
i

f(r1, . . . , yi, . . . , rn) in (5.4.7) and then U sat-

isfies blended components

0 =
∑
i

f(r1, . . . , xi, . . . , rn)f(r1, . . . , rn)

+f(r1, . . . , rn)
∑
i

f(r1, . . . , xi, . . . , rn). (5.4.8)

This is same as (5.4.4) and then by same argument it leads to a contradiction.

Sub-case-ii: Assume that δ and h are C-dependent modulo inner derivations of U , say

αδ + βh = ad′q, where α, β ∈ C, q′ ∈ U and ad′q(x) = [q′, x] for all x ∈ R.

Since δ is outer, α 6= 0 and hence δ(x) = λh(x) + [q, x] for all x ∈ U , where

λ = −βα−1 and q = α−1q′. Then δ2(x) = λh(δ(x)) + [q, δ(x)] which yields δ2(x) =

λh(λ)h(x) +λ2h2(x) +λh([q, x]) +λ[q, h(x)] + [q, [q, x]]. Thus replacing the values of δ(x)

and δ2(x) in (5.4.7) and then applying Theorem 1.6.4, we can replace h(f(r1, . . . , rn))

with fh(r1, . . . , rn) +
∑
i

f(r1, . . . , yi, . . . , rn) and h2(f(r1, . . . , rn)) with

fh
2
(r1, . . . , rn)

+2
∑
i

fh(r1, . . . , yi, . . . , rn) +
∑
i

f(r1, . . . , ti, . . . , rn) +
∑
i

f(r1, . . . , yi, . . . , yj, . . . , rn)
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and then U satisfies blended component

λ2
∑
i

f(r1, . . . , ti, . . . , rn)[c, f(r1, . . . , rn)] = 0. (5.4.9)

Since λ 6= 0, we have from above

∑
i

f(r1, . . . , ti, . . . , rn)[c, f(r1, . . . , rn)] = 0. (5.4.10)

In particular, f(r1, . . . , rn)[c, f(r1, . . . , rn)] = 0 for all r1, . . . , rn ∈ U , which implies c ∈ C,

a contradiction.

Case-5: δ is inner, d, h are outer.

Let δ(x) = [p′, x] for all x ∈ R and for some p′ ∈ U . By (5.4.1), U satisfies(
F (a)f(r) + 2a[p′, f(r)] + [p′, [p′, f(r)]]

)
d(f(r)) = pf(r)2 + h(f(r)2) (5.4.11)

Sub-case-i: Let d and h be C-independent modulo inner derivations of U .

By Theorem 1.6.4, we can replace in (5.4.11) d(f(r1, . . . , rn)) with fd(r1, . . . , rn) +∑
i

f(r1, . . . , yi, . . . , rn) and h(f(r1, . . . , rn)) with fh(r1, . . . , rn) +
∑
i

f(r1, . . . , ti, . . . , rn) in

(5.4.11) and then U satisfies blended component

0 = f(r1, . . . , rn)
∑
i

f(r1, . . . , ti, . . . , rn)

+
∑
i

f(r1, . . . , ti, . . . , rn)f(r1, . . . , rn). (5.4.12)

This is same as (5.4.3) and thus by same argument we have our conclusions.

Sub-case-ii: Let d and h be C-dependent modulo inner derivations of U . Then h(x) =

λd(x) + [q′, x] for all x ∈ U , for some 0 6= λ ∈ C. From (5.4.11), U satisfies(
F (a)f(r) + 2a[p′, f(r)] + [p′, [p′, f(r)]]

)
d(f(r))

= pf(r)2 + λd(f(r)2) + [q′, f(r)2]. (5.4.13)
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Applying Theorem 1.6.4 to (5.4.13), we can replace d(f(r1, . . . , rn)) with fd(r1, . . . , rn)+∑
i

f(r1, . . . , yi, . . . , rn) in (5.4.13) and then U satisfies blended component

(
F (a)f(r1, . . . , rn) + 2a[p′, f(r1, . . . , rn)]

+[p′, [p′, f(r1, . . . , rn)]]

)∑
i

f(r1, . . . , yi, . . . , rn)

= λ
∑
i

f(r1, . . . , yi, . . . , rn)f(r1, . . . , rn)

+λf(r1, . . . , rn)
∑
i

f(r1, . . . , yi, . . . , rn). (5.4.14)

In particular, for t1 = r1 and t2 = · · · = tn = 0, we have(
F (a)f(r) + 2a[p′, f(r)] + [p′, [p′, f(r)]]

)
f(r) = 2λf(r)2 (5.4.15)

that is

F 2(f(r))f(r) = 2λf(r)2. (5.4.16)

Then by [83] either F (x) = ax or F (x) = xa, for some a ∈ U with a2 ∈ C.

When F (x) = ax, then by (5.4.16) we get (a2 − 2λ)x2 = 0 for all x ∈ f(R). This implies

a2 = 2λ, as f(R) /∈ C.

Similarly, when F (x) = xa we get a2 = 2λ.

Now from the main identity F 2(u)d(u) = H(u2) and using a2 = 2λ from above two

cases we get

λ[d(u), u] + (p+ q′)u2 − u2q′ = 0 (5.4.17)

for all u ∈ f(R). Using Theorem 1.6.4 to (5.4.17), then U satisfies a blended component

λ
[∑

i

f(r1, . . . , yi, . . . , rn), f(r1, . . . , rn)
]

= 0.
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Putting yi = [q′′, xi], for some q′′ /∈ C and for all i ∈ {1, . . . , n} in the above blended

component we get
[
λq′′, f(r)

]
2

= 0, for all r = (r1, . . . , rn) ∈ Rn. Then by Fact 5.2.4 we

get λq′′ ∈ C, implies λ = 0 as q′′ /∈ C.

Hence, from (5.4.17) we get (p + q′)u2 − u2q′ = 0. So from Fact 5.2.5 we have one of

the following:

(a) q′ ∈ C and p = 0;

(b) f(R)2 ∈ C and p = 0.

Using the case-(a), we have that F (x) = ax or F (x) = xa with a2 = 0 and

H(x) = px+ h(x)

= px+ λd(x) + [q′, x]

= px+ [q′, x]

= 0,

for all x ∈ R, which is nothing but our conclusions (1) and (3) of the Theorem 5.1.1.

Using the case-(b), we conclude F (x) = ax or F (x) = xa with a2 = 0 and

H(x) = px+ h(x)

= px+ λd(x) + [q′, x]

= [q′, x]

for all x ∈ R along with f(R)2 ∈ C, which gives our conclusions (2) and (4) of the
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Theorem 5.1.1.

Case-6: h is inner, d, δ are outer.

Let h(x) = [p′, x] for all x ∈ R, for some p′ ∈ U . By (5.4.1), U satisfies(
F (a)f(r) + 2aδ(f(r)) + δ2(f(r))

)
d(f(r)) = pf(r)2 + [p′, f(r)2]. (5.4.18)

Sub-case-i: Let d and δ be C-independent modulo inner derivations of U . By applying

Theorem 1.6.4 to the above relation, we can replace d(f(r1, . . . , rn)) with fd(r1, . . . , rn) +∑
i

f(r1, . . . , yi, . . . , rn) and δ2(f(r1, . . . , rn)) with

f δ
2
(r1, . . . , rn) + 2

∑
i

f δ(r1, . . . , si, . . . , rn)

+
∑
i

f(r1, . . . , ti, . . . , rn) +
∑
i

f(r1, . . . , si, . . . , yj, . . . , rn)

in (5.4.18) and then U satisfies blended component∑
i

f(r1, . . . , ti, . . . , rn)
∑
i

f(r1, . . . , yi, . . . , rn) = 0. (5.4.19)

In particular, for t1 = r1, t2 = · · · = tn = 0, y1 = r1 and y2 = · · · = yn = 0 we have

f(r1, . . . , rn)2 = 0 which implies f(r1, . . . , rn) = 0, a contradiction.

Sub-case-ii: Let d and δ be C-dependent modulo inner derivations of U . Then d(x) =

αδ(x) + [q, x] for all x ∈ U , for some 0 6= α ∈ C. From (5.4.18), U satisfies(
F (a)f(r) + 2aδ(f(r)) + δ2(f(r))

)
(αδ(f(r)) + [q, f(r)])

= pf(r)2 + [p′, f(r)2]. (5.4.20)

By applying Theorem 1.6.4 to (5.4.20), we can replace δ(f(r1, . . . , rn)) with f δ(r1, . . . , rn)+∑
i

f(r1, . . . , yi, . . . , rn) and δ2(f(r1, . . . , rn)) with

f δ
2
(r1, . . . , rn)

+2
∑
i

f δ(r1, . . . , yi, . . . , rn) +
∑
i

f(r1, . . . , ti, . . . , rn) +
∑
i

f(r1, . . . , yi, . . . , yj, . . . , rn)
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in (5.4.20) and then U satisfies blended component

α
∑
i

f(r1, . . . , ti, . . . , rn)
∑
i

f(r1, . . . , yi, . . . , rn) = 0. (5.4.21)

In particular, for t1 = r1, y1 = r1, y2 = · · · = yn = 0 and t2 = · · · = tn = 0, we have

αf(r1, . . . , rn)2 = 0 which implies f(r1, . . . , rn) = 0, a contradiction.

Case-7: d, δ and h all are outer.

Sub-case-i: Let d, d′ and δ be C-independent modulo inner derivations of U .

We can replace h(f(r1, . . . , rn)) with fh(r1, . . . , rn) +
∑
i

f(r1, . . . , ti, . . . , rn) in (5.4.1)

and then U satisfies blended component

0 = f(r1, . . . , rn)
∑
i

f(r1, . . . , ti, . . . , rn)

+
∑
i

f(r1, . . . , ti, . . . , rn)f(r1, . . . , rn). (5.4.22)

This is same as (5.4.3) and thus by same argument we have our conclusions.

Sub-case-ii: Let d, δ and h be C-dependent modulo inner derivations of U i.e., α1d+

α2δ+α3h = ada′ for some α1, α2, α3 ∈ C and a′ ∈ U . Then at least one of α1, α2, α3 must

be nonzero. Let α1 6= 0. Then we can write d = β1δ+β2h+ ada′′ for some β1, β2 ∈ C and

a′′ ∈ U .

Then by (5.4.1), we have(
F (a)f(r) + 2aδ(f(r)) + δ2(f(r))

)(
β1δ(f(r)) + β2h(f(r)) + [a′′, f(r)]

)
= pf(r)2 + h(f(r)2) (5.4.23)

for all r = (r1, . . . , rn) ∈ Un.

If δ and h are C-independent modulo inner derivations, then by Theorem 1.6.4, we

substitute the following values, δ(f(r1, . . . , rn)) by

f δ(r1, . . . , rn) + Σ
i
f(r1, . . . , ti, . . . , rn),
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δ2(f(r1, . . . , rn)) by

f δ
2

(r1, . . . , rn) + 2Σ
i
f δ(r1, . . . , ti, . . . , rn)

+Σ
i
f(r1, . . . , zi, . . . , rn) + Σ

i 6=j
f(r1, . . . , ti, . . . , tj, . . . , rn),

and h(f(r1, . . . , rn)) by

fh(r1, . . . , rn) + Σ
i
f(r1, . . . , yi, . . . , rn),

in (5.4.23) and then U satisfies blended components(
Σ
i
f(r1, . . . , zi, . . . , rn)

)(
β1Σ

i
f(r1, . . . , ti, . . . , rn)

)
= 0 (5.4.24)

and (
Σ
i
f(r1, . . . , zi, . . . , rn)

)(
β2Σ

i
f(r1, . . . , yi, . . . , rn)

)
= 0. (5.4.25)

Both the situations imply β1 = β2 = 0, which implies that d is inner derivation, a

contradiction.

If δ and h are C-dependent modulo inner derivations, then assume that h(x) = λδ(x)+

[q′′, x] for all x ∈ U , where λ ∈ C and q′′ ∈ U . Then by (5.4.23)(
F (a)f(r) + 2aδ(f(r)) + δ2(f(r))

)(
(β1 + β2λ)δ(f(r)) + [β2q

′′ + a′′, f(r)]

)
= pf(r)2 + λδ(f(r)2) + [q′′, f(r)2] (5.4.26)

for all r = (r1, . . . , rn) ∈ Un.

Using Theorem 1.6.4, we substitute the following values in (5.4.26)

δ(f(r1, . . . , rn)) by

f δ(r1, . . . , rn) + Σ
i
f(r1, . . . , ti, . . . , rn),

and δ2(f(r1, . . . , rn)) by

f δ
2

(r1, . . . , rn) + 2Σ
i
f δ(r1, . . . , ti, . . . , rn)
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+Σ
i
f(r1, . . . , zi, . . . , rn) + Σ

i 6=j
f(r1, . . . , ti, . . . , tj, . . . , rn).

Therefore, U satisfies the blended component

Σ
i
f(r1, . . . , zi, . . . , rn)(β1 + β2λ)Σ

i
f(r1, . . . , ti, . . . , rn) = 0.

This gives that β1 + β2λ = 0. Thus d(x) = β1δ(x) + β2h(x) + [a′′, x] = (β1 + β2λ)δ(x) +

[β2q
′′ + a′′, x] = [β2q

′′ + a′′, x], that is, d is inner, a contradiction.

This completes the proof of the theorem.



Chapter 6

Generalized Derivations of Order 2
with Derivations Acting on
Multilinear Polynomials with
Centralizing Conditions

6.1 Introduction

In [56], it is proved that if F1 and F2 are generalized derivations of a prime ring R having

char(R) 6= 2, such that F1(x)F2(x) = 0 for all x ∈ R, then there exist elements p, q ∈ U

such that F1(x) = xp and F2(x) = qx for all x ∈ R and pq = 0. Moreover the above

identity is studied by Carini et al [12] replacing x with multilinear polynomial and then

obtained the structures of F1 and F2.

Furthermore, Eroǧlu and Argaç [43] determined all possible structures of F by con-

sidering F 2(u)u ∈ C for all u ∈ f(R), where F is a generalized derivation of R and

f(x1, . . . , xn) is a multilinear polynomial over C. More recently, Yadav [90] described all

possible forms of the maps when F 2(u)d(u) = 0 for all u ∈ f(R), where F is generalized

derivation of R and d is a nonzero derivation of R. He proved the following:

Let R be a noncommutative prime ring of char(R) 6= 2, U be its Utumi quotient ring,

0This work is accepted for publication in Bol. Soc. Paran. Mat.
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C be its extended centroid and f(x1, . . . , xn) be a noncentral multilinear polynomial over

C. Suppose that d is a nonzero derivation of R and G is a generalized derivation on R. If

G2(f(r))d(f(r)) = 0

for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

1. there exists a ∈ U such that G(x) = ax for all x ∈ R with a2 = 0;

2. there exists a ∈ U such that G(x) = xa for all x ∈ R with a2 = 0.

In this Chapter we extend Yadav’s result [90] in central case. More precisely, we study

the following:

Theorem 6.1.1. Let R be a noncommutative prime ring of char(R) 6= 2, U be its Utumi

quotient ring, C be its extended centroid and f(x1, . . . , xn) be a noncentral multilinear

polynomial over C. Suppose that d is a nonzero derivation of R and G is a generalized

derivation on R. If

G2(f(r))d(f(r)) ∈ C

for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

1. there exists a ∈ U such that G(x) = ax for all x ∈ R with a2 = 0;

2. there exists a ∈ U such that G(x) = xa for all x ∈ R with a2 = 0.

6.2 When Derivation and Generalized Derivations are

Inner

We dedicate this section to prove the Theorem 6.1.1 in case both the generalized derivation

G and the derivation d are inner, that is, there exist a, b, c ∈ U such that G(x) = ax+ xb
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and d(x) = [c, x] for all x ∈ R. Then G2(f(r))d(f(r)) ∈ C for all r = (r1, . . . , rn) ∈ Rn

implies

a2f(r)cf(r) + 2af(r)bcf(r) + f(r)b2cf(r)− a2f(r)2c− 2af(r)bf(r)c− f(r)b2f(r)c ∈ C.

This gives

a′f(r)cf(r)2 + 2af(r)pf(r)2 + f(r)p′f(r)2

+f(r)a′f(r)2c+ 2f(r)af(r)bf(r)c+ f(r)2b′f(r)c

−a′f(r)2cf(r)− 2af(r)bf(r)cf(r)− f(r)b′f(r)cf(r)

−f(r)a′f(r)cf(r)− 2f(r)af(r)pf(r)− f(r)2p′f(r) = 0 (6.2.1)

for all r = (r1, . . . , rn) ∈ Rn, where a′ = a2, b′ = b2, p = bc and p′ = b2c.

Proposition 6.2.1. Let C be a field and R = Mm(C) be the ring of all m ×m matrices

over C, m ≥ 2. Suppose that char (R) 6= 2 and f(x1, . . . , xn) a noncentral multilinear

polynomial over C. If a, b and c ∈ R such that (6.2.1) holds for all r = (r1, . . . , rn) ∈ Rn,

then either a or b or c is scalar matrix.

Proof. By our assumption, (6.2.1) is a generalized polynomial identity of R. Suppose that

all of a, b and c are not scalar matrices.

Case-I: Suppose that C is infinite field.

As we assumed a /∈ C.Im and b /∈ C.Im and c /∈ C.Im, by Theorem 1.6.3 there exists an

invertible matrix P in Mm(C) such that PaP−1, PbP−1 and PcP−1 have all non-zero
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entries. Clearly R satisfies

Pa′P−1f(r)PcP−1f(r)2 + 2PaP−1f(r)PpP−1f(r)2

+f(r)Pp′P−1f(r)2 + f(r)Pa′P−1f(r)2PcP−1

+2f(r)PaP−1f(r)PbP−1f(r)PcP−1 + f(r)2Pb′P−1f(r)PcP−1

−Pa′P−1f(r)2PcP−1f(r)− 2PaP−1f(r)PbP−1f(r)PcP−1f(r)

−f(r)Pb′P−1f(r)PcP−1f(r)− f(r)Pa′P−1f(r)PcP−1f(r)

−2f(r)PaP−1f(r)PpP−1f(r)− f(r)2Pp′P−1f(r) = 0 (6.2.2)

for all r = (r1, . . . , rn) ∈ Rn. By hypothesis f(x1, . . . , xn) is non central valued. Hence

by Fact 4.2.2, there exist matrices r1, . . . , rn ∈ Mm(C) and 0 6= γ ∈ C such that

f(r1, . . . , rn) = γeij, with i 6= j. We replace this value of f(r1, . . . , rn) in (6.2.2), we

get

2eijPaP
−1eijPbP

−1eijPcP
−1 − 2PaP−1eijPbP

−1eijPcP
−1eij

−eijPb′P−1eijPcP
−1eij − eijPa′P−1eijPcP

−1eij

−2eijPaP
−1eijPpP

−1eij = 0. (6.2.3)

Now multiplying by eij in (6.2.3) from right side, we get

2eijPaP
−1eijPbP

−1eijPcP
−1eij = 0, this implies eijPaP

−1eijPbP
−1eijPcP

−1eij = 0, as

char(R) 6= 2. This is a contradiction as PaP−1, PbP−1 and PcP−1 have all non-zero

entries.

Case-II: When C is finite field.

Let K be an infinite field which is an extension of the field C. Let R = Mm(K) ∼= R⊗CK.
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Since multilinear polynomial f(x1, . . . , xn) is non-central-valued on R, so it is also non-

central-valued on R. Consider the generalized polynomial

φ(r1, . . . , rn) =

a′f(r)cf(r)2 + 2af(r)pf(r)2 + f(r)p′f(r)2

+f(r)a′f(r)2c+ 2f(r)af(r)bf(r)c+ f(r)2b′f(r)c

−a′f(r)2cf(r)− 2af(r)bf(r)cf(r)− f(r)b′f(r)cf(r)

−f(r)a′f(r)cf(r)− 2f(r)af(r)pf(r)− f(r)2p′f(r)

which is a generalized polynomial identity for R.

Moreover, it is a multi-homogeneous of multi-degree (2, . . . , 2) in the indeterminates

r1, . . . , rn.

Hence the complete linearization of φ(r1, . . . , rn) is a multilinear generalized polynomial

Θ(r1, . . . , rn, s1, . . . , sn) in 2n indeterminates, moreover

Θ(r1, . . . , rn, s1, . . . , sn) = 2nφ(r1, . . . , rn).

Clearly the multilinear polynomial Θ(r1, . . . , rn, s1, . . . , sn) is a generalized polynomial

identity for R and R too (see Fact 4.2.1). Since char(C) 6= 2 we obtain φ(r1, . . . , rn) = 0

for all r1, . . . , rn ∈ R and then conclusion follows from above when C was infinite.

Proposition 6.2.2. Let R be a prime ring of char (R) 6= 2, C the extended centroid of

R and f(x1, . . . , xn) a non-central multilinear polynomial over C. If R satisfies (6.2.1),

then either a or b or c is scalar matrix.

Proof. Since R and U satisfy the same generalized polynomial identities (see Theorem
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1.5.2), U satisfies

a′f(r)cf(r)2 + 2af(r)pf(r)2 + f(r)p′f(r)2

+f(r)a′f(r)2c+ 2f(r)af(r)bf(r)c+ f(r)2b′f(r)c

−a′f(r)2cf(r)− 2af(r)bf(r)cf(r)− f(r)b′f(r)cf(r)

−f(r)a′f(r)cf(r)− 2f(r)af(r)pf(r)− f(r)2p′f(r) (6.2.4)

for all r = (r1, . . . , rn) ∈ Un. Suppose that this is a trivial GPI for U . So,

a′f(r)cf(r)2 + 2af(r)pf(r)2 + f(r)p′f(r)2

+f(r)a′f(r)2c+ 2f(r)af(r)bf(r)c+ f(r)2b′f(r)c

−a′f(r)2cf(r)− 2af(r)bf(r)cf(r)− f(r)b′f(r)cf(r)

−f(r)a′f(r)cf(r)− 2f(r)af(r)pf(r)− f(r)2p′f(r) (6.2.5)

is zero element in T = U ∗C C{r1, . . . , rn}, the free product of U and C{r1, . . . , rn}, the

free C-algebra in noncommuting indeterminates r1, . . . , rn. This implies {1, c} is linearly

C−dependent, that is c ∈ C, as desired. Let us assume c /∈ C, then by (6.2.5)

{f(r)a′f(r) + 2f(r)af(r)b+ f(r)2b′}f(r)c = 0 ∈ T. (6.2.6)

This again implies that {1, b, b′} is linearly C−dependent. There exist α1, α2, α3 ∈ C such

that α1 + α2b + α3b
′ = 0. If α3 = 0, then α2 6= 0 and hence b ∈ C, as desired. Thus we

assume α3 6= 0 and b /∈ C. Then by (6.2.6)

{f(r)a′f(r) + 2f(r)af(r)b+ αf(r)2b+ βf(r)2}f(r)c = 0 ∈ T. (6.2.7)

Assume a /∈ C, then 2f(r)af(r)bf(r)c appears nontrivially in (6.2.7), which is a contra-

diction. So, either a or b or c is central, as desired.
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Next suppose that (6.2.4) is a non-trivial GPI for Q. By Fact 1.6.8, R is isomorphic

to a dense ring of linear transformations of a vector space V over C. Assume first that V

is finite dimensional over C, that is, dimCV = m. By density of R, we have R ∼= Mm(C).

Since f(r1, . . . , rn) is not central valued on R, R must be noncommutative and so m ≥ 2.

In this case, by Proposition 6.2.1, we get that either a or b or c is in C. If V is infinite

dimensional over C, then for any e2 = e ∈ soc(R) we have eRe ∼= Mt(C) with t =dimCV e.

Since a2, a3, a5 are not in C, there exist h1, h2, h3 ∈ soc(R) such that [a, h1] 6= 0, [b, h2] 6= 0,

[c, h3] 6= 0. By Litoff’s Theorem (see Theorem 1.6.7), there exists idempotent e ∈ soc(R)

such that ah1, h1a, bh2, h2b, ch3, h3c, h1, h2, h3 ∈ eRe. Since R satisfies generalized identity

e

{
a′f(er1e, . . . , erne)cf(er1e, . . . , erne)

2 + 2af(er1e, . . . , erne)pf(er1e, . . . , erne)
2

+f(er1e, . . . , erne)p
′f(er1e, . . . , erne)

2 + f(er1e, . . . , erne)a
′f(er1e, . . . , erne)

2c

+2f(er1e, . . . , erne)af(er1e, . . . , erne)bf(er1e, . . . , erne)c

+f(er1e, . . . , erne)
2b′f(er1e, . . . , erne)c− a′f(er1e, . . . , erne)

2cf(er1e, . . . , erne)

−2af(er1e, . . . , erne)bf(er1e, . . . , erne)cf(er1e, . . . , erne)

−f(er1e, . . . , erne)b
′f(er1e, . . . , erne)cf(er1e, . . . , erne)

−f(er1e, . . . , erne)a
′f(er1e, . . . , erne)cf(er1e, . . . , erne)

−2f(er1e, . . . , erne)af(er1e, . . . , erne)pf(er1e, . . . , erne)

−f(er1e, . . . , erne)
2p′f(er1e, . . . , erne)

}
e = 0,
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then the subring eRe satisfies

ea′ef(r1, . . . , rn)ecef(r1, . . . , rn)2 + 2eaef(r1, . . . , rn)epef(r1, . . . , rn)2

+f(r1, . . . , rn)ep′ef(r1, . . . , rn)2 + f(r1, . . . , rn)ea′ef(r1, . . . , rn)2ece

+2f(r1, . . . , rn)eaef(r1, . . . , rn)ebef(r1, . . . , rn)ece

+f(r1, . . . , rn)2eb′ef(r1, . . . , rn)ece− ea′ef(r1, . . . , rn)2ecef(r1, . . . , rn)

−2eaef(r1, . . . , rn)ebef(r1, . . . , rn)ecef(r1, . . . , rn)

−f(r1, . . . , rn)eb′ef(r1, . . . , rn)ecef(r1, . . . , rn)

−f(r1, . . . , rn)ea′ef(r1, . . . , rn)ecef(r1, . . . , rn)

−2f(r1, . . . , rn)eaef(r1, . . . , rn)epef(r1, . . . , rn)

−f(r1, . . . , rn)2ep′ef(r1, . . . , rn) = 0.

Then by the above finite dimensional case, either eae or ebe or ece is central element

of eRe. Thus either ah1 = (eae)h1 = h1(eae) = h1a or bh2 = (ebe)h2 = h2(ebe) = h2b or

ch3 = (ece)h3 = h3(ece) = h3c, in any case we get a contradiction.

Hence, we say that either a or b or c is in C.

By the same way as above we can prove the following propositions.

Proposition 6.2.3. Let R be a prime ring of char (R) 6= 2, C the extended centroid of R

and f(x1, . . . , xn) a non-central multilinear polynomial over C. If c and k ∈ R such that

f(r)kcf(r)2 − f(r)kf(r)cf(r)− f(r)2kcf(r) + f(r)2kf(r)c = 0

for all r = (r1, . . . , rn) ∈ Rn, then either k ∈ C or c ∈ C.

Proposition 6.2.4. Let R be a prime ring of char (R) 6= 2, C the extended centroid of R

and f(x1, . . . , xn) a non-central multilinear polynomial over C. If c and k ∈ R such that

kf(r)cf(r)2 − kf(r)2cf(r)− f(r)kf(r)cf(r) + f(r)kf(r)2c = 0
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for all r = (r1, . . . , rn) ∈ Rn, then either k ∈ C or c ∈ C.

Lemma 6.2.5. Let R be a noncommutative prime ring of char(R) 6= 2, U be its Utumi

quotient ring, C be its extended centroid and f(x1, . . . , xn) be a noncentral multilinear

polynomial over C. Suppose for some a, b, c ∈ U , G(x) = ax + xb, and d(x) = [c, x] for

all x ∈ R with c /∈ C. If

G2(f(r))d(f(r)) ∈ C

for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

1. G(x) = (a+ b)x for all x ∈ R with (a+ b)2 = 0;

2. G(x) = x(a+ b) for all x ∈ R with (a+ b)2 = 0.

Proof. By the hypothesis, we have

(
a2f(r) + 2af(r)b+ f(r)b2

)(
cf(r)− f(r)c

)
∈ C (6.2.8)

that is

[(
a2f(r) + 2af(r)b+ f(r)b2

)(
cf(r)− f(r)c

)
, f(r)

]
= 0 (6.2.9)

for all r = (r1, . . . , rn) ∈ Rn. Then by Proposition 6.2.2, either a ∈ C or b ∈ C or c ∈ C.

Since c /∈ C, so either a ∈ C or b ∈ C.

If a ∈ C, it follows by (6.2.8) that

f(r)(a+ b)2
(
cf(r)− f(r)c

)
∈ C.

Commuting both sides with f(r), we get

f(r)(a+ b)2cf(r)2 − f(r)(a+ b)2f(r)cf(r)− f(r)2(a+ b)2cf(r) + f(r)2(a+ b)2f(r)c = 0

for all r = (r1, . . . , rn) ∈ Rn. Then by Proposition 6.2.3, (a+ b)2 ∈ C.
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If b ∈ C, it follows by (6.2.8) that

(a+ b)2f(r)
(
cf(r)− f(r)c

)
∈ C.

Commuting both sides with f(r), we get

(a+ b)2f(r)cf(r)2 − (a+ b)2f(r)2cf(r)− f(r)(a+ b)2f(r)cf(r) + f(r)(a+ b)2f(r)2c = 0

for all r = (r1, . . . , rn) ∈ Rn. Then by Proposition 6.2.4, (a + b)2 ∈ C. Thus in both the

above cases we have (a+b)2 ∈ C and hence we can write G(x) = (a+b)x or G(x) = x(a+b)

for all x ∈ R with (a+ b)2 ∈ C.

Thus our hypothesis G2(f(r))d(f(r)) ∈ C gives f(r)
[
(a + b)2c, f(r)

]
∈ C for all

r = (r1, . . . , rn) ∈ Rn or
[
(a + b)2c, f(r)

]
f(r) ∈ C for all r = (r1, . . . , rn) ∈ Rn. Then by

[73] we have (a+ b)2c ∈ C. This implies (a+ b)2 = 0 as c /∈ C.

Thus we arrive either G(x) = (a + b)x or x(a + b), with (a + b)2 = 0. These are our

required conclusions.

6.3 Proof of Theorem 6.1.1

In light of the notion in Theorem 1.6.2, generalized derivation G has its form G(x) =

ax+ δ(x) for some a ∈ U and δ is a derivation on U .

By hypothesis, we have(
G(a)f(r) + 2aδ(f(r)) + δ2(f(r))

)
d(f(r)) ∈ C

for all r = (r1, . . . , rn) ∈ Rn. By Theorem 1.5.4, we have(
G(a)f(r) + 2aδ(f(r)) + δ2(f(r))

)
d(f(r)) ∈ C (6.3.1)

for all r = (r1, . . . , rn) ∈ Un.
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If d and δ both are inner derivations, then by Proposition 6.2.2, we have our conclusions

of Theorem 6.1.1. Thus, to prove our Theorem 6.1.1, we need to consider the case when

not both of d and δ are inner. Indeed we have to consider the two following cases.

• d and δ are linearly C-independent modulo inner derivations of U .

• d and δ are linearly C-dependent modulo inner derivations of U .

Case-1: When d and δ are linearly C-independent modulo inner derivations of U .

By (6.3.1) U satisfies{
F (a)f(r1, . . . , rn) + 2a

{
f δ(r1, . . . , rn) +

∑
i

f(r1, . . . , δ(ri), . . . , rn)
}

+f δ
2
(r1, . . . , rn) + 2

∑
i

f δ(r1, . . . , δ(ri), . . . , rn) +
∑
i

f(r1, . . . , δ
2(ri), . . . , rn)

+
∑
i 6=j

f(r1, . . . , δ(ri), . . . , δ(rj), . . . , rn)

}{
fd(r1, . . . , rn)

+
∑
i

f(r1, . . . , d(ri), . . . , rn)
}
∈ C,

for all r1, . . . , rn ∈ U . Since d and δ are not inner, by Kharchenko’s theorem (Theorem

1.6.4), U satisfies{
F (a)f(r1, . . . , rn) + 2a

{
f δ(r1, . . . , rn) +

∑
i

f(r1, . . . , xi, . . . , rn)
}

+f δ
2
(r1, . . . , rn) + 2

∑
i

f δ(r1, . . . , xi, . . . , rn) +
∑
i

f(r1, . . . , yi, . . . , rn)

+
∑
i 6=j

f(r1, . . . , xi, . . . , xj, . . . , rn)

}{
fd(r1, . . . , rn)

+
∑
i

f(r1, . . . , zi, . . . , rn)
}
∈ C.

In particular U satisfies the blended component

∑
i

f(r1, . . . , yi, . . . , rn)
∑
i

f(r1, . . . , zi, . . . , rn) ∈ C. (6.3.2)
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Putting yi = [q′, ri] for each i ∈ {1, . . . , n}, for some q′ /∈ C and z1 = r1, z2 = . . . , zn = 0,

we get

[q′, f(r1, . . . , rn)]f(r1, . . . , rn) ∈ C

for all r1, . . . , rn ∈ U . Then by [73] we get q′ ∈ C, which is a contradiction.

Case-2: When d and δ are linearly C-dependent modulo inner derivations of U .

In this case we get α, β ∈ C and q ∈ U such that αd + βδ = adq. It is clear from

the context that (α, β) 6= (0, 0). So without loss of generality we arrive the following two

sub-cases:

Sub-case-i: When α = 0.

Then we get δ(x) = [p, x], where p = β−1q. It is obvious that d is not inner, otherwise we

get contradiction. Now from (6.3.1) we have

(a′2f(r1, . . . , rn) + 2a′f(r1, . . . , rn)b′ + f(r1, . . . , rn)b′2)d(f(r1, . . . , rn)) ∈ C

for all r1, . . . , rn ∈ U and a′ = a+ p, b′ = −p ∈ U . Now from above we can write(
a′2f(r1, . . . , rn) + 2a′f(r1, . . . , rn)b′ + f(r1, . . . , rn)b′2

)
.(

fd(r1, . . . , rn) +
∑
i

f(r1, . . . , d(ri), . . . , rn)
)
∈ C. (6.3.3)

Since d is not inner, by Kharchenko’s theorem (Theorem 1.6.4)(
a′2f(r1, . . . , rn) + 2a′f(r1, . . . , rn)b′ + f(r1, . . . , rn)b′2

)
.(

fd(r1, . . . , rn) +
∑
i

f(r1, . . . , yi, . . . , rn)
)
∈ C.

In particular U satisfies the blended component(
a′2f(r1, . . . , rn) + 2a′f(r1, . . . , rn)b′ + f(r1, . . . , rn)b′2

)
.∑

i

f(r1, . . . , yi, . . . , rn) ∈ C,
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that is [(
a′2f(r1, . . . , rn) + 2a′f(r1, . . . , rn)b′ + f(r1, . . . , rn)b′2

)
.

∑
i

f(r1, . . . , yi, . . . , rn), f(r1, . . . , rn)

]
= 0. (6.3.4)

Replacing yi by [q, ri], for some q /∈ C in (6.3.4) we have[(
a′2f(r1, . . . , rn) + 2a′f(r1, . . . , rn)b′ + f(r1, . . . , rn)b′2

)
[
q, f(r1, . . . , rn)

]
, f(r1, . . . , rn)

]
= 0, (6.3.5)

which is similar as (6.2.9) of Lemma 6.2.5, so from there we get our conclusions (1) and

(2) of Theorem 6.1.1.

Sub-case-ii: When α 6= 0.

Then we have d = µδ + adc, for some µ ∈ C and c ∈ U . Here δ never be an inner

derivation, otherwise both d and δ will be inner, a contradiction. Then from (6.3.1) we

have (
G(a)f(r1, . . . , rn) + 2aδ(f(r1, . . . , rn)) + δ2(f(r1, . . . , rn))

)
(
µδ
(
f(r1, . . . , rn)

)
+
[
c, f(r1, . . . , rn)

])
∈ C (6.3.6)

for all r = (r1, . . . , rn) ∈ Un. This is a differential identity containing the terms of the

type δ and δ2. As, δ and δ2 are outer, by Kharchenko’s theorem (Theorem 1.6.4) δ(ri)

and δ2(ri) can be replaced by xi and yi respectively in (6.3.6). And hence U satisfies the

blended component∑
i

f(r1, . . . , yi, . . . , rn)µ
∑
i

f(r1, . . . , xi, . . . , rn) ∈ C. (6.3.7)

Replacing yi by [q, ri], where q /∈ C and x1 = r1, x2 = . . . = xn = 0 in (6.3.7) we get

µ
[
q, f(r1, . . . , rn)

]
f(r1, . . . , rn) ∈ C,
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that is, [
µq, f(r1, . . . , rn)

]
f(r1, . . . , rn) ∈ C.

So by [73] we get µq ∈ C, this says µ = 0. Then from (6.3.6) we get(
G(a)f(r1, . . . , rn) + 2aδ(f(r1, . . . , rn))

+δ2(f(r1, . . . , rn))

)[
c, f(r1, . . . , rn)

]
∈ C (6.3.8)

for all r1, . . . , rn ∈ U . Again from above, putting the expressions of δ(f(r1, . . . , rn)) and

δ2(f(r1, . . . , rn)) and then using Kharchenko’s theorem (Theorem 1.6.4) we will find a

blended component satisfied by U as follows:

∑
i

f(r1, . . . , yi, . . . , rn)[c, f(r1, . . . , rn)] ∈ C. (6.3.9)

In particular y1 = r1 and y2 = · · · yn = 0 we get

f(r1, . . . , rn)[c, f(r1, . . . , rn)] ∈ C

for all r1, . . . , rn ∈ R. Then from [73] we get c ∈ C. Finally we get µ = 0 and c ∈ C,

which implies d = 0, a contradiction.

This completes the proof.



Chapter 7

X-Generalized Skew Derivations and
Commutators with Central Values in
Prime Rings

7.1 Introduction

Let F,G be two generalized derivations of R. Recently, De Filippis and Rania [50]

studied the commutator [A,B] = 0 in prime rings, where A = {[F (u), u]|u ∈ f(R)},

B = {[G(v), v]|v ∈ f(R)} and f(R) = {f(r1, . . . , rn)|r1, . . . , rn ∈ R}. In the paper

authors described the possible forms of the additive maps F and G.

In the present Chapter, our motivation is to study the above situation when the ad-

ditive maps F and G are X-generalized skew derivations of R. Recently, the concept of

the map X-generalized skew derivations was introduced by De Filippis and Wei in [54].

The concept of X-generalized skew derivations generalizes the concept of generalized skew

derivations as well as b-generalized derivations in R.

We recall now the following definitions. Let R be an associative ring and α be an

0This work is communicated to Southeast Asian Bull. Math.
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automorphism of R. An additive mapping d : R→ R is called a skew derivation of R if

d(xy) = d(x)y + α(x)d(y)

holds for all x, y ∈ R. Here α is called the associated automorphism of d. An additive

mapping G : R → R is said to be a generalized skew derivation of R, if there exists a

skew derivation d of R with associated automorphism α such that

G(xy) = G(x)y + α(x)d(y)

holds for all x, y ∈ R. Here d is said to be an associated skew derivation of G and α is

called an associated automorphism of G. Obviously, every skew derivations are generalized

skew derivations, but the converse need not be true. The mapping x 7→ ax− α(x)b is an

example of generalized skew derivation which is called inner generalized skew derivation

of R. Chang first introduced this notion and studied the situation involving generalized

skew derivation. In fact, in the paper Chang studied the situation h(x) = af(x) + g(x)b

for all x ∈ R, where a, b ∈ R and f, g and h are generalized (α, β)-derivations of a prime

ring R. Many researchers have investigated generalized skew derivations from various

points of view. Eremita et al. [41] determined the structure of generalized skew deriva-

tions implemented by elementary operators. In [77] Liu et al. described the structure

of generalized skew derivations with nilpotent values on rings and Banach Algebras and

analogous results are also obtained in C∗-algebras and standard operator algebras on Ba-

nach spaces (see [75]). Qi and Hou [81] characterized generalized skew derivations on nest

algebras.

On the other hand recently, Kosan and Lee [66] introduced the notion of b-generalized

derivations. Let d : R → Qr be an additive map and b ∈ Qr. Then an additive

map F : R → Qr is said to be a b-generalized derivation with associated map d if
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F (xy) = F (x)y + bxd(y) for all x, y ∈ R. Obviously, a generalized derivation is a 1-

generalized derivation of R. Thus we write that F is associated with the pair of maps

(b, d). For some a, b, c ∈ Qr(R), the map x 7→ ax+ bxc is a b-generalized derivation with

the pair of maps (b, d), where d(x) = [x, c] for all x ∈ R; which is called inner b-generalized

derivation of R. It is proved in [66] that if R is a prime ring and b 6= 0, then the asso-

ciated map d must be a derivation of R. The b-generalized derivations were introduced

and studied recently in few papers (viz. [28], [72], [76]).

Let F be an inner generalized skew derivation of R with associated inner automor-

phism α(x) = bxb−1 for all x ∈ R and associated inner skew derivation d(x) = ax−α(x)a

for all x ∈ R. Then F (xy) = F (x)y + α(x)d(y) = F (x)y + bxb−1(ay − byb−1a) =

F (x)y + bx[b−1a, y] for all x, y ∈ R, which is a b-generalized derivation of R with associ-

ated derivation d(x) = [b−1a, x] for all x ∈ R. It is very easy to prove that any generalized

skew-derivation of R with associated skew-derivation d, where α(x) = bxb−1 for all x ∈ R

an inner automorphism, is a b-generalized derivation of R with the associated map b−1d.

Thus it is natural to consider the common generalization of these maps. In view of this

idea De Filippis [46] introduced the new map as follows:

Definition. Let R be an associative ring, b ∈ Qr, d : R → R a linear mapping and

α be an automorphism of R. A linear mapping F : R → R is called an X−generalized

skew derivation of R, with associated term (b, α, d) if F (xy) = F (x)y + bα(x)d(y) for all

x, y ∈ R.

It is very easy to check that X−generalized skew derivation generalizes the concept of

generalized skew derivation as well as b-generalized derivation. The map x 7→ ax+ bα(x)c

is an example of X-generalized skew derivation of R with associated map (b, α, d), where
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a, b, c ∈ R are fixed elements and d(x) = α(x)c − cx for all x ∈ R. Such X-generalized

skew derivations of R are called as inner X-generalized skew derivations of R. There

are few papers which recently introduced and studied the X-generalized skew derivations

(viz. [53], [54], [55]). In the present paper our motivation is to study X-generalized skew

derivation in prime rings.

De Filippis and Di Vincenzo [52] studied a situation for generalized derivation as fol-

lows:

Theorem A. Let R be a prime ring of char (R) 6= 2 and let f(r1, . . . , rn) be a multilinear

polynomial over C, not central valued on R. If d is a nonzero derivation of R and F is a

nonzero generalized derivation of R such that

d([F (f(r)), f(r)]) = 0

for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

1. there exists λ ∈ C such that F (x) = λx for all x ∈ R;

2. there exist a ∈ U , Utumi ring of quotients, such that F (x) = ax + xa + λx for all

x ∈ R, and f(r1, . . . , rn)2 is central valued on R.

This result further studied by Dhara [28] assuming F as b-generalized derivation of

R and obtained the same structure of the maps. Moreover, Dhara [30] studied the case

when F is generalized skew derivation of R and d is an inner derivation of R.

Recently, Tiwari and Prajapati [84] studied the result of [28] with central values.

Tiwari and Prajapati [84] proved the following:

Theorem B. Let R be a prime ring of char (R) 6= 2 and F a b-generalized derivation on

R. Let f(r1, . . . , rn) be a multilinear polynomial over C which is not central valued on R.
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If d is a nonzero derivation on R such that

d([F (f(r)), f(r)]) ∈ C

for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

1. there exists λ ∈ C such that F (x) = λx for all x ∈ R;

2. there exist a ∈ U , Utumi ring of quotients, and λ ∈ C such that F (x) = ax+xa+λx

for all x ∈ R and f(r1, . . . , rn)2 is central valued on R.

The main goal of the present chapter is to investigate the situation of [30] with central

values assuming F as an X-generalized skew derivation. Then we determine the form of

the map. More precisely, we prove the following theorem.

Theorem 7.1.1. Let R be a noncommutative prime ring of char (R) 6= 2, Qr be its

right Martindale quotient ring and C be its extended centroid. Let f(r1, . . . , rn) be a

noncentral multilinear polynomial over C. If F is an X-generalized skew derivation of R

and a ∈ R− C such that

[a, [F (f(r)), f(r)]] ∈ C

for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

1. there exists λ ∈ C such that F (x) = λx for all x ∈ R;

2. there exist b ∈ Qr and λ ∈ C such that F (x) = bx + xb + λx for all x ∈ R and

f(r1, . . . , rn)2 is central valued on R.

As an application of Theorem 7.1.1, the following Corollaries are straightforward.
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Corollary 7.1.2. Let R be a noncommutative prime ring of char (R) 6= 2. Let f(r1, . . . , rn)

be a noncentral multilinear polynomial over C. If F is an X-generalized skew derivation

of R such that

[F (f(r)), f(r)] ∈ C

for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

1. there exists λ ∈ C such that F (x) = λx for all x ∈ R;

2. there exist b ∈ Qr and λ ∈ C such that F (x) = bx + xb + λx for all x ∈ R and

f(r1, . . . , rn)2 is central valued on R.

The next Corollary generalizes the well known result of De Filippis and Rania [50].

Corollary 7.1.3. Let R be a noncommutative prime ring of char (R) 6= 2 and Qr be its

right Martindale quotient ring. Let f(r1, . . . , rn) be a noncentral multilinear polynomial

over C. If F and G are two X-generalized skew-derivations of R such that

[[F (u), u], [G(v), v]] = 0

for all u, v ∈ f(R), then one of the following holds:

1. there exists λ ∈ C such that F (x) = λx for all x ∈ R;

2. there exists µ ∈ C such that G(x) = µx for all x ∈ R;

3. f(r1, . . . , rn)2 is central valued on R and either there exist b ∈ Qr and λ ∈ C such

that F (x) = bx + xb + λx for all x ∈ R or there exist c ∈ Qr and µ ∈ C such that

G(x) = cx+ xc+ µx for all x ∈ R.
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Proof. If [F (u), u] ∈ C for all u ∈ f(R), then by Corollary 7.1.2, we have our conclusions

(1) and (3).

Similarly, if [G(v), v] ∈ C for all v ∈ f(R), we have our conclusions (2) and (3).

If [F (f(r1, . . . , rn)), f(r1, . . . , rn)] is not central valued onR, then we choose r1, . . . , rn ∈

R such that [F (f(r1, . . . , rn)), f(r1, . . . , rn)] = a /∈ C. By hypothesis

[a, [G(f(r)), f(r)]] = 0

for all r = (r1, . . . , rn) ∈ Rn. By Theorem 7.1.1, we have our conclusions (2) and (3).

7.2 Preliminaries

We recall some known facts, which will be useful to prove our Theorem 7.1.1.

Fact 7.2.1. For prime ring R, following statements hold:

1. Every generalized derivation of R can be uniquely extended to Qr [70, Theorem 3].

2. Any automorphism of R can be uniquely extended to Qr [18, Fact 2].

3. Every generalized skew derivation of R can be uniquely extended to Qr [15, Lemma

2].

Fact 7.2.2. [55, Lemma 3.2] Let F : R→ R be an X−generalized skew derivation of R,

with associated term (b, α, d). If R is prime ring, then d is a skew derivation of R with

associated automorphism α.
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Fact 7.2.3. Let R be a prime ring and F : R→ R be an X−generalized skew derivation

of R, with associated term (b, α, d). Then F can be uniquely extended to Qr. Moreover,

the form of F will be F (x) = ax+ bd(x), where a ∈ Qr.

Proof. As above by Fact 7.2.2, d must be a skew derivation. Define T : R → R by

T (x) = F (x)− bd(x). We have

T (xy) = F (x)y + bα(x)d(y)− bd(x)y − bα(x)d(y) = (F (x)− bd(x))y = T (x)y

for all x, y ∈ R. Thus T is a left multiplier map of R. By [62, Lemma 2], T can be

extended to Qr with its form T (x) = ax for all x ∈ R, and for some a ∈ Qr. Since

F (x) = T (x) + bd(x) and both T and d can be uniquely extended to Qr, we conclude that

F can also be uniquely extended to Qr and its form will be F (x) = ax+bd(x) with a ∈ Qr.

Fact 7.2.4. Let R be a prime ring and F : R→ R be an X−generalized skew derivation

of R. Suppose that F is associated to inner skew derivation d(x) = ux − α(x)v and

inner automorphism α(x) = pxp−1 for all x ∈ R. Then as above F (x) = ax + bd(x) =

ax + b(ux − α(x)v) = ax + b(ux − pxp−1v) = (a + bu)x − bpxp−1v = a′x + b′xc′, where

a′ = a+ bu, b′ = −bp, c′ = p−1v ∈ Qr.

Fact 7.2.5. Chuang and Lee [20] studied polynomial identities with a single skew deriva-

tion. They proved that if G(xi, D(xi)) is a generalized polynomial identity for R, where R

is a prime ring and D is an outer skew derivation of R, then R also satisfies the generalized

polynomial identity G(xi, yi), where xi and yi are distinct indeterminates. Furthermore,

they observe [20, Theorem 1] that in the case G(xi, D(xi), α(xi)) is a generalized polyno-

mial identity for a prime ring R, D is an outer skew derivation of R and α is an outer

automorphism of R, then R also satisfies the generalized polynomial identity G(xi, yi, zi),

where xi, yi, and zi are distinct indeterminates.



X-GENERALIZED SKEW DERIVATIONS AND COMMUTATORS 129

Fact 7.2.6. By [20], if d is a non-zero skew-derivation of R and

Φ(x1, . . . xn, d(x1), . . . d(xn))

is a skew-differental polynomial identity of R, then one of the following statements holds:

1. either d is inner skew derivation of R;

2. or R satisfies the generalized polynomial identity Φ(x1, . . . xn, y1, . . . yn).

7.3 Proof of Theorem 7.1.1

In this section, first we deals with the situation when F is an inner X-generalized skew

derivation of R with associated inner automorphism. By Fact 7.2.4, F has its form

F (x) = bx+pxc for all x ∈ R, for some b, c, p ∈ Qr. So we need the following proposition:

Proposition 7.3.1. [85, Proposition 4.1] Let R be a noncommutative prime ring of char

(R) 6= 2 and C be its extended centroid. Suppose that f(r1, . . . , rn) be a noncentral multi-

linear polynomial over C and F (x) = bx+pxc for all x ∈ R, for some b, c, p, b′, p′, c′ ∈ Qr.

If a ∈ R− C such that

[a, [F (f(r)), f(r)]] ∈ C

for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

1. there exists λ ∈ C such that F (x) = λx for all x ∈ R;

2. there exist b ∈ Qr and λ ∈ C such that F (x) = bx + xb + λx for all x ∈ R and

f(r1, . . . , rn)2 is central valued on R.

Lemma 7.3.2. Let R be a noncommutative prime ring with char (R) 6= 2, a, b, c ∈ Qr,

p(r1, . . . , rn) be any polynomial over C, which is not central valued in R. If [c, [a, p(r)]] ∈ C

for all r = (r1, . . . , rn) ∈ Rn, then either c ∈ C or a ∈ C.
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Proof. Let S = {p(r1, . . . , rn)|r1, . . . , rn ∈ R}. Let G be the additive subgroup of R

generated by the set S. Then S 6= {0}, because p(r1, . . . , rn) is nonzero valued on R.

By hypothesis, [c, [a, x]] ∈ C for any x ∈ G. By [16], either G ⊆ Z(R) or G contains a

noncentral Lie ideal L of R. Since p(r1, . . . , rn) ∈ G and p(r1, . . . , rn) is not central valued

on R, G 6⊆ Z(R). Thus G contains a noncentral Lie ideal L of R. By [7, Lemma 1], there

exists a noncentral two sided ideal I of R such that [I, R] ⊆ L. Then by assumption,

[c, [a, [x1, x2]]] ∈ C for all x1, x2 ∈ I. By [84, Lemma 3.6], either c ∈ C or a ∈ C.

Lemma 7.3.3. Let R be a noncommutative prime ring with char (R) 6= 2, a(6= 0), b(6= 0) ∈

R, p(r1, . . . , rn) be any polynomial over C, which is not an identity for R. If ap(r)b ∈ C

for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

1. ab ∈ C and p(r1, . . . , rn) is central valued on R;

2. b ∈ C with ab = 0.

Proof. If p(r1, . . . , rn) is central valued on R, then our assumption ap(r)b ∈ C for all

r = (r1, . . . , rn) ∈ Rn yields ab ∈ C and hence we obtain our conclusion (1).

Hence, assume next that p(r1, . . . , rn) is not central valued on R. Let G be the additive

subgroup of R generated by the set S = {p(r1, . . . , rn)|r1, . . . , rn ∈ R}. Then S 6= {0}. By

our assumption we get axb ∈ C for any x ∈ G. By [16], either G ⊆ Z(R) or G contains

a noncentral Lie ideal L of R. Since p(r1, . . . , rn) is not central valued on R, G 6⊆ Z(R)

and hence G contains a noncentral Lie ideal L of R. By [7, Lemma 1], there exists a

noncentral two sided ideal I of R such that [I, R] ⊆ L. In particular, a[x1, x2]b ∈ C for

all x1, x2 ∈ I and so by [17] a[x1, x2]b ∈ C for all x1, x2 ∈ Qr. If a[x1, x2]b = 0 for all

x1, x2 ∈ Qr, then by [36, Lemma 2.8], b ∈ C with ab = 0, as desired in conclusion (2).

If 0 6= a[x1, x2]b ∈ C, then by Theorem 1 in [14], Qr is a PI-ring and so it is a finite

dimensional central simple C-algebra. It follows from Lemma 2 in [67] that there exists
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a suitable field K such that Qr ⊆ Mt(K), the ring of all t × t matrices over the field

K, and moreover Mt(K) satisfies a[x1, x2]b ∈ K · It. Since there exist x1, x2 ∈ Mt(K)

such that 0 6= a[x1, x2]b ∈ K · It, a must be invertible. Hence [x1, x2]b ∈ K · a−1 for all

x1, x2 ∈Mt(K). For x1 = eij, x2 = ejj, we have [x1, x2] = eij and so eijb ∈ K · a−1. Since

rank of eijb is ≤ 1, it can not be invertible in Mt(K) for t ≥ 2 and hence it must be

zero. Therefore eijb = 0 implying b is diagonal matrix. Let b =
t∑
i=1

biieii. Since for any

automorphism φ of R, 0 6= φ(a)[x1, x2]φ(b) ∈ C, we can write φ(b) is also diagonal matrix.

Thus for each j 6= 1, we have (1 + e1j)b(1 − e1j) =
t∑
i=1

biieii + (bjj − b11)e1j is diagonal.

This implies bjj = b11 for any j 6= 1. Therefore, b is central.

Thus we have b ∈ C and then we have ab[x1, x2] ∈ C, i.e., [ab[x1, x2], [x1, x2]] = 0 for

all x1, x2, x3 ∈ R. This implies [ab, [x1, x2]][x1, x2] = 0 for all x1, x2 ∈ R. By [26], ab ∈ C

and so a ∈ C. Since ab 6= 0, ap(r)b ∈ C for all r = (r1, . . . , rn) ∈ Rn yields p(r1, . . . , rn)

is central valued on R, a contradiction.

Lemma 7.3.4. Let R be a noncommutative prime ring with char (R) 6= 2. Let f(r1, . . . , rn)

be a multilinear polynomial over C, not central valued on R. If F (x) = ax+ bα(x)c is an

inner X-generalized skew derivation of R and q ∈ R− C such that

[q, [F (f(r)), f(r)]] ∈ C

for all r = (r1, . . . , rn) ∈ Rn, then one of the following holds:

1. there exists λ ∈ C such that F (x) = λx for all x ∈ R;

2. there exist b ∈ Qr and λ ∈ C such that F (x) = bx + xb + λx for all x ∈ R and

f(r1, . . . , rn)2 is central valued on R.

Proof. If α is an inner automorphism, then the result follows by Proposition 7.3.1. So we

assume that α is outer automorphism of R. By hypothesis, we have
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[q, [af(r1, . . . , rn) + bα(f(r1, . . . , rn))c, f(r1, . . . , rn)]] ∈ C (7.3.1)

for all r1, . . . , rn ∈ Qr. If c = 0, then it yields [q, [a, f(r1, . . . , rn)]f(r1, . . . , rn)] ∈ C for all

r1, . . . , rn ∈ Qr. By [24, Lemma 2.4], a ∈ C, which is our conclusion (1).

So we assume that c 6= 0. Since the degree of any (xi)
α-word in (7.3.1) is equal to one,

by [19, Theorem 3] Qr satisfies generalized polynomial identity

[q, [af(r1, . . . , rn) + bfα(y1, . . . , yn)c, f(r1, . . . , rn)]] ∈ C. (7.3.2)

In particular, Qr satisfies the blended component

[q, [bfα(y1, . . . , yn)c, f(r1, . . . , rn)]] ∈ C. (7.3.3)

Then by Lemma 7.3.2, bfα(y1, . . . , yn)c ∈ C for all y1, . . . , yn ∈ Qr. Since f(r1, . . . , rn) is

noncentral valued, fα(r1, . . . , rn) is also noncentral valued. Thus by Lemma 7.3.3, we have

b = 0. Then (7.3.1) yields [q, [a, f(r1, . . . , rn)]f(r1, . . . , rn)] ∈ C for all r1, . . . , rn ∈ Qr.

By [24, Lemma 2.4], a ∈ C, which is our conclusion (1).

As a particular case we have the following Corollary.

Corollary 7.3.5. Let R be a noncommutative prime ring of char (R) 6= 2 and C be its

extended centroid. Let f(r1, . . . , rn) be a multilinear polynomial over C, not central valued

on R. If δ(x) = a(x−α(x)) is an inner X-generalized skew derivation of R and q ∈ R−C

such that

[q, [δ(f(r)), f(r)]] ∈ C

for all r = (r1, . . . , rn) ∈ Rn, then δ = 0, that is, a(α(x)− x) = 0 for all x ∈ R.
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Proof of Theorem 7.1.1:

As we remarked in Fact 7.2.2 and Fact 7.2.3, the X-generalized skew derivation F has

its form F (x) = bx+ pd(x) for all x ∈ R, where b, p ∈ Qr and d is a skew-derivation of R.

Since any skew derivation of R can be uniquely extended in Qr and by [20, Theorem 2] R

and Qr satisfy the same generalized polynomial identities with a single skew derivation,

Qr satisfies

[a, [bf(r1, . . . , rn) + pd(f(r1, . . . , rn)), f(r1, . . . , rn)]] ∈ C. (7.3.4)

If d(x) = cx−α(x)c is an inner skew derivation of Qr, then F (x) = (b+ pc)x− pα(x)c

for all x ∈ Qr. By Lemma 7.3.4, we have our conclusions.

Thus we assume that d is an outer skew derivation of Qr. We denote

f(r1, . . . , rn) =
∑
σ∈Sn

γσrσ(1)rσ(2) · · · rσ(n),

where γσ ∈ C. Let fd(r1, . . . , rn) be the polynomial obtained from f(r1, . . . , rn) by re-

placing each coefficients γσ with d(γσ). Hence

d(f(r1, . . . , rn)) = fd(r1, . . . , rn)

+
∑
σ∈Sn

α(γσ)
n−1∑
j=0

α(rσ(1) · · · rσ(j))d(rσ(j+1))rσ(j+2) · · · rσ(n).

Thus Qr satisfies

[a, [bf(r1, . . . , rn) + pfd(r1, . . . , rn)

+p
∑
σ∈Sn

α(γσ)
n−1∑
j=0

α(rσ(1) · · · rσ(j))d(rσ(j+1))rσ(j+2) · · · rσ(n), f(r1, . . . , rn)]] ∈ C.

In this case by [20, Theorem 1], Qr satisfies

[a, [bf(r1, . . . , rn) + pfd(r1, . . . , rn)

+p
∑
σ∈Sn

α(γσ)
n−1∑
j=0

α(rσ(1) · · · rσ(j))yσ(j+1)rσ(j+2) · · · rσ(n), f(r1, . . . , rn)]] ∈ C.
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In particular, Qr satisfies the blended component

[a, [p
∑
σ∈Sn

α(γσ)
n−1∑
j=0

α(rσ(1) · · · rσ(j))yσ(j+1)rσ(j+2) · · · rσ(n),

f(r1, . . . , rn)]] ∈ C. (7.3.5)

Then two cases arises:

Case-I: α is an inner automorphism of Qr.

There exists q ∈ Qr such that α(x) = qxq−1 for all x ∈ Qr. Thus, α(γσ) = γσ for all

coefficients involved in f(r1, . . . , rn). Then replacing yi by xi − α(xi) in above relation,

we have that Qr satisfies

[a, [p(f(r1, . . . , rn)− α(f(r1, . . . , rn))), f(r1, . . . , rn)]] ∈ C,

that is

[a, [pδ(f(r1, . . . , rn)), f(r1, . . . , rn)]] ∈ C,

where δ(x) = x − α(x) for all x ∈ Qr is a skew derivation of Qr. Then by Corollary

7.3.5, pδ = 0, that is p(α(x) − x) = 0 for all x ∈ Qr. Since α(x) = qxq−1, we have

p(qxq−1 − x) = 0 for all x ∈ Qr. Multiplying by q from right side, we get p[q, x] = 0 for

all x ∈ Qr. This implies either p = 0 or q ∈ C. If p = 0, then F becomes generalized

derivation. If q ∈ C, then α becomes identity map and hence F becomes b-generalized

derivation. In any case, conclusion follows by Theorem A.

Case-II: α is an outer automorphism of Qr.

Since the degree of any (xi)
α-word in (7.3.5) is equal to one, by [19, Theorem 3] Qr

satisfies generalized polynomial identity

[a, [p
∑
σ∈Sn

α(γσ)
n−1∑
j=0

zσ(1) · · · zσ(j)yσ(j+1)rσ(j+2) · · · rσ(n), f(r1, . . . , rn)]] ∈ C.(7.3.6)

In particular, Qr satisfies blended component

[a, [p
∑
σ∈Sn

α(γσ)zσ(1) · · · zσ(n−1)yσ(n), f(r1, . . . , rn)]] ∈ C. (7.3.7)
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Replacing zi by α(zi) and yi by α(zi) for i = 1, 2, . . . , n, we get that Qr satisfies

[a, [pα(f(z1, . . . , zn)), f(r1, . . . , rn)]] ∈ C, (7.3.8)

that is

[a, [c′, f(r1, . . . , rn)]] ∈ C, (7.3.9)

where c′ = pα(f(z1, . . . , zn)). Now as f(r1, . . . , rn) is noncentral valued, by Lemma 7.3.2,

either a ∈ C or c′ = pα(f(z1, . . . , zn)) ∈ C for all z1, . . . , zn ∈ Qr. By hypothesis a /∈ C

and hence c′ = pα(f(z1, . . . , zn)) ∈ C for all z1, . . . , zn ∈ Qr which yields pf(z1, . . . , zn) ∈

C for all z1, . . . , zn ∈ Qr. This implies [p, f(z1, . . . , zn)]f(z1, . . . , zn) = 0 for all z1, . . . , zn ∈

Qr, implying p ∈ C (see [73]). If p = 0, then F (x) = bx for all x ∈ R. In this

case, [a, [b, f(r1, . . . , rn)]f(r1, . . . , rn)] = 0 for all r1, . . . , rn ∈ Qr, which implies by [33,

Corollary 2.9] b ∈ C. This is our conclusion (1). On the other hand if 0 6= p ∈ C, then

pα(f(z1, . . . , zn)) ∈ C for all z1, . . . , zn ∈ Qr implies f(r1, . . . , rn) ∈ C for all r1, . . . , rn ∈

Qr, a contradiction. 2
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